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Abstract 
 

This dissertation deals with the nonlinear dynamics and active/passive control of parametrically excited 

beam-like slender structures using piezoelectric actuators, viscoelastic damping materials and 

functionally graded materials (FGMs). First, the dynamics of smart slender beams is studied where the 

main focus is to investigate the usefulness of shear mode and extensional mode piezoelectric actuators 

in active control of complex nonlinear dynamics of the smart beams. Two smart beams are considered 

for separate use of the two different kinds of piezoelectric actuators; however, these beams are 

considered to operate under the transverse or axial compressive harmonic load while the actuators are 

activated by supplying the external electric field according to the velocity feedback control law. The 

dynamics of the smart beams is analysed by deriving the geometrically nonlinear electro-elastic 

incremental equations of motion in the finite element (FE) framework. The FE equations of motion are 

solved using Bathe time-integration method for evaluation of the transient responses, while the 

frequency responses are evaluated by implementing the harmonic balance method (HBM) in 

conjunction with a numerical continuation technique. The results for the transverse harmonic load 

reveal that both the actuators are capable of attenuating the large amplitude vibration of the smart 

beams; however, the application of the shear/extensional mode actuator is mainly limited to a certain 

extent of the load-amplitude. Under the axial compressive harmonic load, the dynamics of the smart 

beams in the pre-buckled state appears through the parametric instabilities. However, once the buckling 

occurs, the smart beams exhibit complex nonlinear dynamics due to the appearance of the snap-through 

periodic motion and the chaotic motion through the symmetry breaking, period-doubling/demultiplying 

and saddle-node bifurcations. The presented results mainly reveal the suitability of the shear mode and 

extensional mode piezoelectric actuators in active control of such dynamic instabilities and the 

associated complex motion of the smart beams. 
 

The subsequent study is carried out to investigate the usefulness of viscoelastic damping 

materials in passive control of complex dynamics of parametrically excited beams. The viscoelastic 

damping materials are used through the constrained-layer damping (CLD) arrangement and modelled 

using fractional Zener constitutive relation. The corresponding dynamic analysis is carried out by 

deriving full-order nonlinear FE models (FOMs) of CLD treated beams in the time and frequency 

domains, where the HBM is employed for the derivation of frequency-domain FOM. However, to 

achieve reduced computational time in evaluating nonlinear transient/frequency responses, the 

nonlinear FOMs are subsequently reduced to reduced-order FE models (ROMs).  
 

The nonlinear FOM in the time-domain is derived following the conventional formulation 

methodologies. However, the derivation of the nonlinear FOM in the frequency domain using HBM 

involves a tedious formulation mainly because of (a) an arbitrary number of harmonic terms in HBM 

and (b) the involvement of temporal derivative of stress/strain in the viscoelastic constitutive relation. 

Presently, this formulation of the HBM-based FOM is eased somewhat by introducing three new 

strategies, namely (a) a special factorization of the nonlinear strain-displacement matrix, (b) 

exploitation of orthogonality of Fourier basis functions and (c) reduction of various viscoelastic 

constitutive relations into a generalized mathematical form for the time-periodic stress/strain. The 

subsequent formulation of nonlinear ROMs is carried out at the elemental level without involving the 

full-order system matrices/vectors, where the primary contribution lies in the formulation of the 

nonlinear memory-load vector. It is observed that the present formulation of nonlinear ROMs at the 

elemental level yields a significant reduction of the computational time in the evaluation of nonlinear 

responses of CLD treated beams. Besides the reduced computational time, the accuracy of the nonlinear 

ROMs is achieved by proposing a new methodology for computation of appropriate reduced basis 

vectors (RBVs) using normal vibration modes (NMs), static modal derivatives (MDs) and proper 

orthogonal decomposition (POD) method. It is observed that the present RBVs are robust ones in 
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providing sufficient accuracy of the nonlinear ROMs, especially for accurate theoretical estimation of 

complex motion and dynamic bifurcations of CLD treated beams under the parametric excitation.    
 

Using these ROMs, the usefulness of CLD treatment in passive control of complex nonlinear 

dynamics of parametrically excited beams is investigated, where the CLD treatment is configured in 

three different viscoelastic layered beams, namely (a) PCLD treated beam, (b) three-layered viscoelastic 

beam and (c) five-layered viscoelastic beam. The corresponding dynamic analysis reveals very complex 

motion of these viscoelastic layered beams involving various dynamic instabilities and chaotic 

oscillations. Besides, these beams also undergo the large-amplitude vibration through the snap-through 

periodic oscillation with respect to the zero equilibrium state. The CLD treatment is capable of 

attenuating this complex dynamics as well as large-amplitude vibration through the three/five-layered 

configuration. However, the PCLD configuration is not a suitable one for controlling this complex 

dynamics although it possesses greater static stability in comparison to the other two layered beams. 
  

Finally, an FGM is taken as the material of a beam-like slender structure, where the main focus 

is to investigate the influence of graded material properties of the slender FGM structure on its nonlinear 

dynamic characteristics under the parametric excitation. This study is performed considering a pinned-

pinned vertical/inclined FG pipe conveying hot fluid with the steady/pulsatile flow velocity. The FG 

pipe is comprised of metal and ceramic constituents with the inner ceramic rich surface to withstand 

the high temperature of internal hot fluid. The equation of motion of the FG pipe is derived based on 

the Euler-Bernoulli beam theory and plug-flow model, and that is subsequently solved using Galerkin 

discretization in conjunction with the HBM/Runge-Kutta method. First, the divergence of the FG pipe 

is investigated where it is mainly revealed that the inclination of the pipe with the vertical axis yields 

buckling at a higher temperature while the type of the associated bifurcation changes from pitchfork to 

saddle-node bifurcation. On the basis of this static instability, the pre-buckled and post-buckled 

equilibrium states of the FG pipe are identified, and its nonlinear dynamics associated with each of 

these equilibrium states is subsequently studied based on the variations of some system parameters, 

namely inclination angle, temperature, graded exponent of FG material, mean flow velocity, amplitude 

of pulsatile flow velocity and material damping. The corresponding results reveal some notable 

nonlinear dynamic characteristics of the vertical/inclined FG pipe like the appearance of both the 

principal primary and secondary parametric resonances in the pre-buckled state, exchange between 

softening and hardening structural behavior through period doubling/period demultiplying/fold 

bifurcation, movement of saddle periodic orbit with temperature leading to the unequal domains of 

attraction over the post-buckled equilibrium states and appearance of higher order parametric 

resonances at low material damping. However, the graded exponent of FGM and inclination angle may 

be utilized as the tuning parameters to alleviate static/dynamic instabilities and the associated complex 

motion of the FG pipe. 
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Chapter  
1 

Introduction   

 

Beam-like structural elements are essential components of various engineering 

systems, which appear in different forms like drill strings in deep hole drilling 

(Dunayevsky et al., 1993; Gupta and Wahi, 2018), vibrating screens in vibratory 

machines (Zahedi and Babitsky, 2016), drills in high-speed drilling and milling 

machines (Huang and Kuang, 2007a), work piece in lathe operations (Huang and 

Yang, 2009), turbine blades (Sinha, 2005), robotic manipulator arms, power 

transmission belts, marine risers, fluid conveying pipes (Marynowski and 

Kapitaniak, 2014), etc. In common practice, these slender structural elements 

operate under the transverse and axial harmonic forces that are customarily 

known as direct and parametric harmonic excitations, respectively (Abou-Rayan 

et al., 1993; Ewins and Inman, 2001). The direct harmonic excitation acting in 

the transverse direction causes periodic oscillation of a beam element through 

forced resonance (Ewins and Inman, 2001). In the other type of load, i.e. 

parametric harmonic excitation along the axial direction, a beam element 

undergoes periodic or quasi-periodic oscillation through parametric 

resonance/instability (Bolotin, 1964). However, the parametric 

resonance/instability is more critical than the forced resonance (Jia and Seshia, 

2014; Zahedi and Babitsky, 2016) since the vibration amplitude grows 

exponentially with time under the parametric resonance. Moreover, a 

parametrically excited beam element may undergo complex dynamics once its 

buckling occurs due to the static counterpart of the parametric load (Abou-Rayan 

et al., 1993; El-Bassiouny, 2006; Emam and Abdalla, 2015). This complex 

dynamics of post-buckled beams appears with various dynamic instabilities and 

the associated complex motion, where chaotic oscillation may also arise 

depending on the amplitude/frequency of the parametric excitation (Abou-Rayan 

et al., 1993; El-Bassiouny, 2006; Emam and Abdalla, 2015). 

However, this complex motion of a parametrically excited slender structure 

usually leads to improper functionality in an engineering system and even 

fracture/fatigue failure. Therefore, a great deal of research has been reported in 

the literature for active/passive control of parametrically excited beam-like 

slender structures using different kinds of active materials, viscoelastic damping 

materials and functionally graded materials (FGMs) (Chen et al., 2002; Dwivedy 
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et al., 2007; Hosseini and Fazelzadeh, 2011; Lacarbonara et al., 2007; Li and Liu, 

2012; Lv et al., 2018; Mohanty et al., 2011; Pradhan et al., 2016; Ray and Kar, 

1996a; Sheng and Wang, 2018, 2019; Yao et al., 2015). However, the utilization 

of these materials in controlling or stabilizing a parametrically excited slender 

structure poses its complex geometrical and material configuration, which is 

commonly handled using the finite element (FE) procedure for theoretical study 

(Balamurugan and Narayanan, 2002; Kumar and Panda, 2016; Trindade, 2007; 

Trindade et al., 2001). Here, the nonlinear dynamical analysis using FE models 

usually involves high computational time, especially for evaluating nonlinear 

frequency responses and global bifurcation diagrams. In this aspect, reduced-

order FE models (ROMs) are recommended in a good number of available studies 

(Hollkamp et al., 2005; Mignolet et al., 2013; Touze et al., 2021).  

In this introductory chapter, a brief introduction is first presented on the 

mechanical resonances and the associated nonlinear dynamics of slender 

structures operating under the direct/parametric excitation. Next, a literature 

review is presented on the nonlinear dynamics/instability of parametrically 

excited slender structures. Subsequently, a brief introduction on viscoelastic, 

piezoelectric and FGMs is furnished along with the available studies on their use 

in control of vibration/dynamic instability of parametrically excited slender 

structures. In the next section, a literature review on the FE models for the 

nonlinear dynamic analysis of slender structures is presented, where the 

development of ROMs is mainly focused. Based on this literature review, the scope 

of the present research has been identified, and the objectives of the present thesis 

are furnished. The contributions in the field of nonlinear dynamics and control of 

slender structures made towards the preparation of this dissertation are 

delineated thereafter. In the end, the organization of the thesis is outlined. 

1.1. Mechanical resonances in slender structures 

Mechanical resonance is a phenomenon where the maximum amount of work 

done by the external harmonic excitation is transferred to the system resulting in 

its large amplitude vibration. As mentioned above, the applied dynamic forces on 

a slender structure are commonly classified as direct and parametric excitations 

(Abou-Rayan et al., 1993). A direct harmonic excitation usually appears in the 

form of additive force within the governing equation of motion. A classical example 

of a governing equation of motion of a nonlinear system under direct harmonic 

excitation is given in Eq. (1.1a), known as the nonlinear Duffing equation.  

2 2 3
2 32 cos( )n nx x x x x f t          (1.1a) 
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1 2cos( ) sin( ) (2 ) sin( )n n n nx c t c t f t t       (1.1b) 

In Eq. (1.1a), x  is the displacement of mass of the system;   and n  are the 

damping ratio and natural frequency of the system, respectively; 2  and 3  are 

the quadratic and cubic nonlinear coefficients, respectively; f  is the amplitude 

of harmonic excitation per unit mass, which appears as an additive force. Since 

it is an additive force, the oscillatory motion of the mass occurs at any frequency 

of excitation. However, the mechanical resonance of a linear undamped system 

appears when the frequency of excitation ( ) is equal to the natural frequency (

n ) of the system, and it is known as direct/forced resonance. It results in the 

linear growth of amplitude of vibration with time, which can be observed through 

the response of the undamped linear system ( 2 = 3 = =0, Eq. (1.1a)) at the 

resonant condition, as given in Eq. (1.1b) where 1c  and 2c  are the constants in 

terms of initial conditions. However, the damping ( ) in the system limits the 

amplitude of vibration.  

The parametric excitation usually appears through the time-varying 

parameters (mass, damping coefficient, stiffness) of a system. A classical example 

of the governing equation of motion of a parametrically excited nonlinear system 

is given in Eq. (1.2a), known as the nonlinear Mathieu equation (Bolotin, 1964).   

 2 2 3
2 32 (1 2 cos( )) 0n nx x t x x x             (1.2a) 

 1 2cos( 2) sin( 2)tx e c t c t    , 2 2 2( 2 ) (1 )n        , 

2 n    (1.2b) 

In Eq. (1.2a), the parametric excitation is evident through time varying stiffness 

of the system. Here,   is the dynamic counterpart of parametric excitation known 

as dynamic load parameter, while the natural frequency ( n ) is a function of 

static counterpart of parametric excitation known as static load parameter. Since 

the excitation appears in the form of a system parameter, the system remains at 

its static equilibrium. However, a sudden loss of stability of the system may occur, 

resulting in an oscillatory motion when the frequency ( ) of excitation is in the 

vicinity of 2 n r  where r  is a positive integer. This loss of stability is commonly 

known as parametric instability or parametric resonance. The corresponding 

amplitude of vibration grows exponentially with time, which can be observed 

through the response (Eq. (1.2b), (Bolotin, 1964)) of the undamped linear system 

( 2 = 3 = =0, Eq. (1.2a)) when 
2 2 2(1 )   . This condition provides a range of 

frequency for parametric instability/resonance, which increases with the rise in 
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the dynamic load parameter ( ). However, unlike the forced resonance, the 

amplitude of oscillation is not limited by the linear damping but it is restricted by 

the nonlinearity in system. Moreover, the linear damping eliminates the possibility 

of parametric instability/resonance at lower values of the dynamic load parameter 

( ) (Bolotin, 1964).  

However, for a multi-degree-of-freedom system, the parametric instability 

occurs in the vicinity of ( )i n j n r  , where i n  is the thi  modal natural 

frequency of the linearized system. This kind of parametric instability is known 

as combinatory parametric resonance. Moreover, the frequency range of 

instability increases with the increasing dynamic load parameter ( ), resulting in 

a wide frequency range of instability where the loss of stability occurs with the 

exponential growth of vibration amplitude. In this concern, parametric resonance 

is said to be more critical than forced resonance.  

The nonlinearity in the aforesaid systems (Eqs. (1.1a) and (1.2a)) mainly 

induces the variation of natural frequency with the amplitude of vibration, and it 

results in a wide frequency range of resonance. In the case of quadratic 

nonlinearity, the natural frequency decreases with the increase in the amplitude 

of vibration so that it is known as softening nonlinearity. Whereas cubic 

nonlinearity causes the rise of the natural frequency with the increase in the 

amplitude of vibration, and thus it is known as hardening nonlinearity. Further, 

the nonlinearity causes the appearance of mechanical resonance in a wide range 

of frequency ( ) satisfying the condition 
1

N

i n i
i

r p 


  ( 0,1,2,3,...,ip N ), 

(Amabili, 2008), where N  is the number of degrees of freedom of the system. In 

addition, the resonance also occurs when different modal natural frequencies are 

commensurate or nearly commensurate ( i n j n r  ). It is known as internal 

resonance, which mainly leads to the energy transfer among the different modes. 

However, in the case of slender structures under direct excitation, the 

governing equation of motion appears in a similar form, as given in Eq. (1.1a),  

where the commonly known mechanical resonances are primary ( at i n  ), 

super harmonic (at i n r  ) and internal (1:3, 1:2, 1:5, etc.) resonances. In the 

other case, i.e. for slender structures under parametric excitation, the 

corresponding governing equation of motion appears in a similar form, as given 

in Eq. (1.2a). The different mechanical resonances in this kind of dynamic system 

are (a) primary parametric resonance (at 2 i n r  , r =1, 3, 5…), (b) secondary 
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parametric resonance (at 2 i n r  , r =2, 4, 6 …), (c) combination resonance (at

( )i n i j n jp p r    ) and (d) internal resonances (1:3, 1:2, 1:5, etc.).  

Among these different kinds of parametric resonances, principal primary 

parametric resonance (at 2 i n  ) is said to be most critical one (Bolotin, 1964), 

and it is commonly characterized by an instability region (Kumar et al., 2022) in 

the two-dimensional domain of dynamic load parameter and frequency of 

excitation. This instability region is parametrically described by instability 

boundaries, origin of instability and width of instability, as shown in Fig. 1.1. The 

origin of instability mainly indicates the minimum value of the dynamic load 

parameter, which is required for the onset of parametric instability/resonance. In 

the case of an undamped system, the origin of instability coincides with the zero 

value of the dynamic load parameter and the frequency of parametric resonance 

(Fig. 1.1) (Bolotin, 1964). However, the incorporation of damping in the system 

results in a shift of the instability region towards a high value of the dynamic load 

parameter. Thus, the damping stabilizes the system at lower values of the 

dynamic load parameter (Bolotin, 1964). 

  

Fig. 1.1. A typical parametric instability region in the two-dimensional domain 

of excitation frequency and dynamic load parameter.  

 
 

1.2. Dynamics/instability of parametrically excited slender 

structures 
 

As mentioned in the previous section, the parametric excitation on a slender 

structure is commonly comprised of its static and dynamic counterparts that are 

known as static and dynamic parametric load parameters, respectively. Here, the 

TH-2877_166103022



6 
 

static load parameter induces compressive stress in a slender structure, which 

leads to a decrease in the effective stiffness of the structure. As a result, the 

slender structure undergoes static instability or divergence or buckling at a 

certain value of the static load parameter  (Bolotin, 1964; Paidoussis, 2014). This 

limiting value of the static load parameter is called the critical buckling load. 

However, the static instability of a straight and slender member leads to the 

bifurcation of its zero equilibrium position through pitchfork bifurcation resulting 

in two stable buckled equilibrium states and the unstable zero equilibrium, as 

shown in Fig. 1.2. The corresponding equilibrium states of the slender structure 

before and after the bifurcation are called as the pre-buckled and post-buckled 

states, respectively.  

 

Fig. 1.2. A schematic diagram for pitchfork bifurcation of zero equilibrium 

position of a slender structure with respect to static load parameter. 

 

Now, in any of the pre-buckled and post-buckled equilibrium states, a 

slender structure undergoes the aforesaid mechanical resonances due to the 

dynamic counterpart of the parametric load, where the associated motion of the 

structure appears in a complex manner depending on the value of static/dynamic 

load parameter, excitation frequency, material configuration, geometrical 

properties, boundary conditions, etc. A great deal of research has been addressed 

in the literature to explore complex motion of parametrically excited slender 

structures in both the pre-buckled and post-buckled states. Different kinds of 

practical slender structures are addressed in this available research, like beams, 

pipes, drill strings, twisted/untwisted drills, rods/cylinders, etc. Depending on 

the practical applications of these structures, different types of parametric 

excitations appear, namely periodic axial compressive load (Dunayevsky et al., 

1993; Huang and Yang, 2009), axial excitation through supports (Lei et al., 2017; 
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Zhou et al., 2020), axially moving load (Gouskov et al., 2007), axially moving mass 

(Paidoussis, 2014; Pao, 1970), temperature (Kar and Sujata, 1988; Qian et al., 

2009), etc. It shows a variety of slender structures and different types of 

parametric excitations, leading to a vast topic. However, in this thesis, the 

dynamics of two types of slender structural elements, namely beam and pipe, is 

focused for their operation under the parametric excitation in both the pre-

buckled and post-buckled states. The corresponding available research towards 

the exploration of dynamics of these slender structures is furnished in the 

following subsections.  

 

1.2.1.  Literature on dynamics of slender beams under periodic axial 

load in the pre-buckled state 
 

In the pre-buckled state, the dynamics of a parametrically excited slender beam 

commonly appears through the parametric resonance. The beam loses stability 

from its static equilibrium state and oscillates. Here, this instability/resonance 

appears mainly in three types, namely primary, secondary and combinatory 

parametric resonances depending on the dynamic load parameter, excitation 

frequency, geometrical/material properties and boundary conditions of a slender 

beam element. The corresponding oscillation of the beam element usually appears 

either in periodic or in quasi-periodic oscillations based on the type of parametric 

resonance/instability. However, in this concern of different types of parametric 

instabilities/resonances and the associated motion of slender beams, a good 

number of studies are available in the literature. 

Initially, a study on the dynamic stability of a simply-supported beam 

subjected to periodic axial load was carried out by Utida and Sezawa (1940).  

Later, similar studies were also carried out by many other researchers (Ahuja and 

Duffield, 1975; Iwatsubo et al., 1972; Somerset and Evan-Iwanowski, 1964). 

These studies revealed the uncoupled Mathieu-Hill governing equations of motion 

and the existence of parametric resonance around 2 n r  . At the same time, 

Iwatsubo et al. (1974, 1973) also carried out theoretical and experimental studies 

where they reported that the combination resonances do not occur for simply-

supported boundary condition. But, in the cases of clamped-clamped/clamped-

hinged boundary condition and cantilever beams, sum type ( ( )i n j n r    ) 

and sum/difference type ( ( )i n j n r    ) combination resonances appear, 

respectively, due to the corresponding coupled Mathieu-Hill governing equation 

of motion. It was also reported that the damping in the system leads to the 

reduction in the size of the instability region of simple parametric resonances. In 
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contrast, the enlargement or reduction of instability region appears for 

combination resonances depending on the ratio of modal damping coefficients of 

involved modes of vibration. Celep (1985) studied the dynamic stability of a pre-

twisted beam and reported that combination resonances may appear for the twist 

of the beam even for the simply-supported boundary condition. Further, various 

instability regions were reported in an experimental study (Dufour and Berlioz, 

1998) for the consideration of an additional constant or periodic torque to mimic 

the loading in drill string.  

Ahuja and Duffield (1975) conducted experimental and theoretical studies 

on the parametric instability of a beam element having linearly varying cross-

section under elastic foundation. These studies revealed that the slope factor of 

varying cross-section significantly influences the principal primary parametric 

instability region while the elastic foundation enhances the critical buckling load. 

Later, Mailybaev et al. (2004) addressed an optimal variation of the width of cross-

section for the reduction of instability region. Further, Svensson (2001), Li et al. 

(2015) and Zajaczkowski (1981) conducted experimental and theoretical studies 

to investigate instability regions of a beam and found that the damping reduces 

the size of the instability region. Shastry and Rao (1986) studied the effect of two 

symmetrically placed intermediate supports on the parametric instability region 

of a simply-supported/clamped beam. It was found that the instability regions do 

not alter when the intermediate supports are placed at a distance equal to one-

eighth of beam length from ends. Briseghella et al. (1998) presented a finite 

element (FE) formulation to evaluate the parametric instability region for beams 

and frames considering the effects of shear deformation, rotatory inertia, 

distributed axial loads, elastic soil, restraints and material damping.  

 All the aforesaid studies were carried out without considering the 

geometric nonlinearity of slender beams. However, Tezak et al. (1978) considered 

the geometric nonlinearity of slender beams and investigated nonlinear responses 

of hinged-clamped and hinged-hinged beams for the parametric excitation 

frequency near the twice/sum of the first two modal natural frequencies. It was 

revealed that internal (1:3) and combination resonances appear only for the 

hinged-clamped boundary condition. Corresponding to these resonances for 

hinged-clamped beams, Chin and Nayfeh (1999, 1997) reported complex 

dynamics including chaotic motion where they observed super critical Hopf/sub 

critical Hopf bifurcation, period-doubling bifurcation, cyclic-fold bifurcation and 

blue-sky catastrophes of equilibrium solutions. Zhang et al. (2005) considered the 

quintic nonlinearity of hinged-hinged beam subjected to the periodic axial load 

and observed local and codimension-3 degenerate bifurcations. Recently, Wang 
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and Zhu (2021a, 2021b) presented a study on the dynamic instability of 

hyperelastic beams and reported that the critical buckling load increases with the 

rise of Neo-Hookean material parameter. This variation of the material parameter 

also induces the transformation between softening and hardening structural 

behavior of the beams.   

1.2.2.  Literature on dynamics of slender beams under periodic axial 

load in the post-buckled state 

 

In the post-buckled state of a slender beam, it has two stable and one unstable 

equilibrium states, as shown in Fig. 1.2. The corresponding dynamics of the beam 

under the parametric excitation appears through the aforesaid 

resonances/instabilities. However, this dynamics of the post-buckled beam 

appears in a complex manner mainly because of the coexistence of multiple 

stable/unstable static equilibrium states. A good number of studies have been 

addressed in the literature towards the exploration of complex nonlinear 

dynamics of post-buckled beams under the parametric excitation.  

Initially, Szemplinska-Stupnicka et al. (1989), Zavodney and Nayfeh (1988) 

and Zavodney et al. (1990, 1989) studied the dynamic responses of a post-buckled 

beam near the fundamental and principal primary parametric resonances by 

considering a simplified one-degree-of-freedom system with quadratic and cubic 

nonlinearities. They found that the dynamics around double-well potentials 

involves period-doubling/demultiplying bifurcation and coexistence of periodic 

and/or chaotic attractors. In a similar work, Ariaratnam et al. (1989) and 

Ariaratnam and Namachchivaya (1986a) studied the characteristics of homoclinic 

orbits and chaotic dynamics of the same simplified system. The corresponding 

results were also qualitatively verified by conducting an experimental study on a 

buckled column by imposing periodic axial displacement at its ends.  

Abou-Rayan et al. (1993) conducted a theoretical study to address the 

complex dynamics of a simply-supported buckled beam under the periodic axial 

load. The complex dynamics mainly involves periodic/chaotic snap-through 

oscillation, periodic doubling/demultiplying routes to chaos, period-3/period-6 

attractors and coexistence of local and global periodic/chaotic attractors. Later, 

Chin et al. (1997) investigated the dynamics of a buckled beam considering 

fixed/hinged/sliding boundary conditions at the support ends. They reported the 

existence of two-to-one internal resonance. Also, the dynamics of the buckled 

beam involves different bifurcations (saddle-node, pitchfork, Hopf, symmetry-

breaking, type-I intermittency), jumping phenomena over multiple attractors and 

crises phenomena. Ji and Hansen (2000) conducted an experimental study to 
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investigate the nonlinear dynamics of a clamped-sliding buckled beam under the 

periodic axial load. They reported the influence of dynamic load parameter and 

frequency of excitation on the local/global periodic and chaotic responses of the 

buckled beam. The same study also revealed the influence of sliding frictional 

damping on the parametric instability region and chaotic response.  

Lestari and Hanagud (2001) presented exact solutions for the dynamics of a 

parametrically excited buckled beam with different types of end conditions. Later, 

Yabuno et al. (2003) conducted an experimental study on the parametric 

resonance at the second normal mode of a simply-supported buckled beam under 

the periodic axial load. They detected zero-to-one internal resonance between the 

first and second normal modes. El-Bassiouny (2006) investigated the dynamics of 

a post-buckled beam subjected to direct and parametric excitations, where the 

stability of the beam under different subharmonic resonances ( nr  , r =2, 3, 

4, 5, 6) is mainly studied. Emam and Abdalla (2015) studied the nonlinear 

dynamics of a simply-supported buckled beam under the periodic axial load near 

the principal primary parametric resonance. In this study, all possible attractors 

are explored by constructing global bifurcation diagram with respect to dynamic 

load parameter. The same study also reveals complex dynamics of the buckled 

beam, which involves different types of bifurcations (period-

doubling/demultiplying, symmetry breaking and cyclic-fold) and chaotic 

oscillations.  

Apart from the aforesaid homogeneous straight/buckled beams, the 

nonlinear dynamics of many other kinds of beams under parametric excitation 

has also been reported in the literature, namely geometrically imperfect beams 

(Farokhi and Ghayesh, 2019), micro beams (Farokhi and Ghayesh, 2018, 2016; 

Ghayesh et al., 2015; Ghayesh and Farokhi, 2016, 2015; Gutschmidt and 

Gottlieb, 2010, 2012), functionally graded beams (Ke et al., 2013; Lu and Chen, 

2020; Mohanty et al., 2012; Sheng and Wang, 2018), drill stings (Dunayevsky et 

al., 1993), axially oscillating cantilever beams with/without end mass (Anderson 

et al., 1996; Fey et al., 2011; Gurgoze, 1986; Hyun and Yoo, 1999; Zavodney and 

Nayfeh, 1989), axially moving beams (Marynowski and Kapitaniak, 2014), 

spinning pre-twisted beams/drills (Huang and Kuang, 2007b; Lee, 1995, 1994), 

etc. It is observed that the nonlinear dynamics of these beams appears almost 

similar to that for the parametrically excited straight/buckled beams. However, 

some changes in the dynamics due to the variation of different system parameters 

like material inhomogeneity, initial geometrical imperfection, size and geometry of 

structure, etc. are mainly identified and reported.  
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1.2.3.  Literature on the dynamics of slender pipes conveying 

steady/pulsatile fluid 
 

This section presents the dynamics/instability of another parametrically excited 

slender structure, i.e. a fluid conveying pipe. Pipes conveying fluid with the steady 

or pulsatile flow at moderate or high velocity are common elements in 

petrochemical industries, oil and gas industries, ocean mining, rocket and aircraft 

engines, power generating systems, etc. These flexible slender cylindrical 

elements are often susceptible to undergo instability due to flow-induced 

excitation. As it may lead to the failure of the associated engineering systems, 

their dynamic characteristics have been studied substantially by many 

researchers in the past four decades (Ibrahim, 2010; Paidoussis, 2014; Paidoussis 

and Li, 1993), and it is revealed that the dynamics of fluid conveying pipes appears 

through the interaction of inertia, elastic, centrifugal and Coriolis forces. The 

centrifugal and Coriolis forces arise from the internal fluid flow, and they are 

constant or time-varying forces depending on the steady or pulsatile flow velocity. 

The centrifugal force causes static/dynamic compressive stress in a pipe resulting 

in its static/dynamic instabilities. The static instability or buckling of a fluid 

conveying pipe usually occurs when the steady flow velocity exceeds a certain 

limiting value, and the pipe is supported through both ends. The internal fluid 

flow with steady flow velocity also causes the flutter instability of cantilever pipes. 

However, in many practical piping systems, the internal fluid flows with pulsatile 

velocity due to the bends, valves, pumps, change of cross-section, etc. This 

pulsatile fluid flow is usually attributed to a harmonic component of velocity over 

the mean flow velocity, and it induces dynamic compressive stresses in a pipe 

leading to the parametric resonance/instability of a pipe. However, in the 

following sections, the available research on the dynamics/instability of fluid 

conveying pipes is furnished separately for the steady and pulsatile flow velocity 

of internal fluid.  

1.2.3.1. Instability of pipes conveying fluid with steady flow velocity 
 

The initial studies on pipes conveying fluid with steady flow velocity were carried 

out to investigate their natural frequencies and the critical flow velocity for the 

onset of static instability/buckling (Ashley and Haviland, 1950; Chen and 

Rosenberg, 1971; Dimaggio and Li, 1964; Housner, 1952; Niordson, 1953; 

Paidoussis and Issid, 1974; Chen and Jendrzejczyk, 1985; Dodds and Runyan, 

1965; Jendrzejczyk and Chen, 1985; Liu and Mote Jr, 1974; Long Jr, 1955; 

Naguleswaran and Williams, 1968). In these earlier studies, fluid conveying pipes 
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are considered to be supported at both ends, and it was found that Coriolis force 

induces the deviation of classical normal modes. However, the internal 

pressurization in the fluid causes axial compressive stresses resulting in 

divergence/buckling beyond a certain value of it.  

The available studies on the linear analysis of fluid conveying pipes show 

the existence of coupled-mode flutter even though a fluid conveying pipe 

supported at both ends is a conservative gyroscopic system. However, the 

difference in the response due to the change of immovable end support to sliding 

support could not be traced by the linear analysis (Yoshizawa et al., 1985). These 

issues were sorted out by considering the geometric nonlinearity of the fluid 

conveying pipes (Holmes and Marsden, 1978; Holmes, 1978, 1977; Lunn, 1983; 

Thurman and Mote Jr, 1969; Yoshizawa et al., 1985), where it is revealed that 

pipes with supported ends cannot undergo flutter instability, and the linear 

analysis is not valid beyond the first divergence. However, various nonlinear 

models were addressed in the literature considering geometric nonlinearity due to 

stretching (Holmes, 1978, 1977), curvature (Thompson and Lunn, 1981), gravity, 

internal pressurization (Paidoussis, 2014; Semler et al., 1994), Poisson coupling 

(Gorman et al., 2000; Paidoussis, 2014), thermal effect, change in the cross 

sectional area (Olunloyo et al., 2007), etc.  Modarres-Sadeghi and Paidoussis 

(2009) and Nikolic and Rajkovic (2006) derived nonlinear models of fluid 

conveying pipes and reported that clamped-clamped/hinged-hinged/hinged-

clamped pipe loses stability similar to a slender beam via the supercritical 

pitchfork bifurcation where the buckled deflection of the pipe increases with the 

increase in the flow velocity. For the same boundary pairs, Sinir (2013) 

investigated the dynamic stability of a fluid conveying pipe in its different post-

buckled configurations where it is revealed that buckled configurations of the pipe 

beyond the first mode of buckling are unstable ones. Wang et al. (2017a) 

investigated 3D post-buckling behaviour of a fluid conveying pipe by deriving a 

3D theoretical model. They found that the first-mode natural frequency for the in-

plane motion of buckled pipe increases with the increase in the flow velocity, but 

the first-mode natural frequency corresponding to the out-of-plane motion is 

equal to zero; However, the second-mode and third-mode natural frequencies for 

the in-plane motion are approximately equal to their counterparts of the out-of-

plane motion and remain constant with the increasing flow velocity.  

1.2.3.2. Dynamics of pipes conveying pulsatile fluid 

The earlier studies on the dynamics of pipes conveying pulsatile fluid were carried 

out mainly to investigate the influence of flow parameters on the parametric 
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instability region (Chen and Rosenberg, 1971; Ginsberg, 1973; Paidoussis and 

Issid, 1974, 1976; Paidoussis and Sundararajan, 1975). In these studies, a pipe 

is supported at its both ends and conveys pulsatile fluid in the pre-buckled state. 

However, it was observed that the dynamic behaviour of the pipe is analogous to 

that for a beam under the periodic axial load while the instability region widens 

due to the increase in the mean flow velocity, pulsation velocity-amplitude and 

mass ratio (ratio of fluid mass to the total mass of system). Further, the parametric 

instability of a pipe may occur even when the pulsation of flow velocity is quite 

weak provided that the mean flow velocity is sufficiently high (Ariaratnam and 

Namachchivaya, 1986a). The same researchers (Ariaratnam and Namachchivaya, 

1986b) also reported that damping in the pipe system is an essential requirement 

to stabilize it. Seo et al. (2005) presented an FE model in conjunction with Bolotin 

method to evaluate the parametric instability region of fluid conveying pipes.   

Apart from the above linear analyses, nonlinear vibration of flexible pipes 

conveying pulsatile fluid was studied by many researchers (Gorman et al., 2000; 

Namachchivaya and Tien, 1989a, 1989b; Namchchivaya, 1989; Oz, 2001). These 

studies reveal that the pipes undergo periodic motion under subharmonic 

resonance and modulated periodic motion under combination resonance through 

subcritical/supercritical Hopf bifurcation. Later,  Jin and Song (2005) reported 

that a pipe conveying pulsatile fluid undergoes different types of motions in 

association with combination resonance. Further studies were carried out by 

many researchers to explore the dynamics of clamped-clamped pipes conveying 

pulsatile fluid (Czerwinski and Luczko, 2018, 2012; Luczko and Czerwiński, 2017, 

2016, 2015). These studies reveal that the vibration intensity of the pipe under 

parametric resonance increases with the increase of mean flow velocity, pulsation 

velocity-amplitude, length of hose and operating temperature. Also, the increase 

in the internal damping coefficient lessens the probability of the occurrence of 

parametric resonance. Further, Luczko and Czerwinski (2016) analyzed the 

dynamics of a clamped-clamped pipe conveying fluid with non-harmonic flow 

velocity in the form of the rectangular waveform. In this study, overlapping of 

secondary parametric resonances of various vibration modes was observed in the 

lower range of pulsation frequency, where the complex motion of pipes appears 

with the large vibration amplitude as well as the dynamic change of vibration 

modes.  

Czerwinski and Luczko (2018) and Luczko and Czerwinski (2017) 

presented nonlinear dynamics of a horizontal clamped-clamped fluid conveying 

pipe considering its gravity-induced static deformation. It was observed that the 

pipe undergoes complex non-planar vibration under the combination resonances 
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while the vibration of the same pipe appears in a plane for subharmonic 

resonances. Recently, Li et al. (2018) investigated the dynamics of a simply-

supported pipe conveying pulsatile fluid where a segment over the length of the 

pipe is made of soft material, and the rest is made of hard material. This study 

revealed that the probability of parametric instability reduces for decreasing 

length of the soft segment or if the soft and hard segments are taken with the 

clamped and pinned boundary conditions, respectively. 

Unlike the conventional simply-supported beams, the modal coupling 

coefficients do not vanish for simply-supported fluid conveying pipes resulting in 

the possibility of internal resonance. In this concern,  Panda and Kar (2008, 2007) 

addressed the appearance of 1:3 internal resonance associated with the first two 

normal modes of a pipe conveying pulsatile fluid. They also reported the 

appearance of periodic, quasiperiodic and chaotic responses associated with the 

saddle-node and Hopf bifurcations, jump phenomena and beating effect. Further, 

Mcdonald and Namachchivaya (2005a, 2005b) addressed the presence of 0:1 

internal resonance associated with the first two normal modes of a pipe for some 

flow velocities near the critical flow velocity. Wang (2009) studied the nonlinear 

dynamics of a simply-supported pipe conveying pulsatile fluid where the motion 

of the pipe in the transverse direction is constrained by a cubic spring at its middle 

point. This study revealed the rich dynamics of the pipe involving quasi-periodic 

motion and chaotic motion.  

The aforesaid studies were carried out considering the horizontal or vertical 

orientation of a pipe conveying pulsatile fluid. However,  in many industrial piping 

systems, similar fluid conveying pipes are laid in the inclined orientation (Alfosail 

et al., 2017; Lee and Kim, 1999; Lips and Meyer, 2011; Vigneaux et al., 1988; 

Wang and Bloom, 2001). In this aspect, Lee et al. (1995), Wang (2003) and Wang 

and Bloom (2001) studied linear dynamics of inclined pipes conveying pulsatile 

fluid and reported that the inclination angle with the vertical axis does not have 

much effect on the stability of a piping system. It may be due to the fact that the 

pipes possess sufficient rigidity against their static deformation under the 

gravitational force that arises due to the inclination angle with the vertical axis.  

However, Gan et al. (2015) considered a flexible cantilever pipe inclined with the 

vertical axis and studied its dynamics under the steady flow velocity of the internal 

fluid.   They found that the inclination of the cantilever pipe can significantly affect 

its dynamic behavior. Later, Peng et al. (2019) presented a three-dimensional 

dynamic analysis of an inclined pinned-pinned flexible pipe conveying pulsatile 

fluid. In this study, it was found that the motion of the pipe not only changes from 
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planar to non-planar but also involves complexity with various dynamic 

instabilities when the inclination angle with the horizontal/vertical axis increases.   

All the aforesaid studies on the dynamics of pipes conveying pulsatile fluid 

were carried out in the pre-buckled equilibrium state. However, a few studies are 

reported in the literature towards the exploration of dynamics of similar fluid 

conveying pipes in their post-buckled equilibrium state. Jayaraman and 

Narayanan (1996) investigated the nonlinear dynamic behaviour of a post-buckled 

pipe conveying pulsatile fluid. They found the appearance of a weak chaotic 

behaviour of the pipe for a small pulsation amplitude through the period-doubling 

bifurcation of local periodic motion, and this chaotic motion coexists with a global 

period-2 motion. However, as the pulsation amplitude increases, a sequence of 

symmetry breaking and period doubling bifurcation of global period-2 motion 

occurs resulting in a strong chaotic motion. Later, Zhang and Chen (2014) and 

Zhou et al. (2017) investigated steady-state response of post-buckled pipe near 

2:1 internal resonance associated with the first two normal modes. They reported 

that the oscillation amplitude involves the greater contribution of the second mode 

than the first mode. Also, the presence of the internal resonance leads to the 

subharmonic, superharmonic and sum/difference type combination resonances.  

Apart from the aforesaid studies, the research in this line has also been 

extended to investigate the change in the dynamics of a fluid conveying pipe due 

to the variation of different system parameters, namely boundary conditions 

(Askarian et al., 2017; Ghayesh et al., 2013), variable cross-section (Olunloyo et 

al., 2007), curvature of slender pipes (Czerwinski and Luczko, 2018; Li and Yang, 

2017), geometrical periodicity (Singh and Mallik, 1979; Yu et al., 2013, 2008), 

corrugated pipes (Wang et al., 2019), material damping (Deng et al., 2017a; Tang 

et al., 2018; Vassilev and Djondjorov, 2006), elastic constraints (Ghayesh et al., 

2011; Zhang et al., 2016), motion-limiting constraints (Peng et al., 2018; Wang, 

2009; Wang et al., 2017b), lumped mass (Ghayesh et al., 2011; Modarres-Sadeghi 

et al., 2007; Zhang et al., 2016), attached nozzles (Firouz-Abadi et al., 2013), 

elastic foundation (Vassilev and Djondjorov, 2006; Wang and Ni, 2008) and 

support vibration (Zhang and Chen, 2013; Zhou et al., 2020). 

1.2.4. Thermal effect on the stability of slender structures 

In many engineering systems like steam generators, heat exchangers, liquid 

propellant rocket engines, helicopter rotor blades, rotor blades in turbo 

machinery, industrial robotic structures, etc., beam-like slender structures 

operate in the thermal environment. The corresponding thermally induced stress 

within the structure may yield its thermo-elastic instability and/or enhance its 
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vibration while operating under a dynamic force. In this line, Raju and Rao ( 

1984a, 1984b) and Rao and Raju (1984) investigated the effect of the geometry of 

a beam on its thermal buckling characteristics. Later, Kar and Sujata (1988) 

studied the effect of thermal load on the dynamic stability of a beam under 

periodic axial load and found that the increasing temperature causes the 

reduction in the buckling load and the rise in the size of the parametric instability 

region. Similar studies are also addressed by Parida and Dash (2016) and 

Pradhan et al. (2016). However, Pradhan et al. (2016) presented static and 

dynamic stability analysis of an asymmetric sandwich beam and reported that 

symmetric beam has a better resistance against static buckling. Gao et al. (2017) 

investigated the dynamic buckling of Euler–Bernoulli beam–column considering 

the constant velocity of ends such that the compressive force in the beam 

increases gradually with time. From this study, it is revealed that the temperature 

rise decreases the time of buckling. Further, Manoach and Ribeiro (2004) studied 

the dynamics of a beam under the forced excitation and an applied thermal load 

through a time-varying ram function of heat flux. This study revealed that thermal 

load increases the amplitude of vibration, especially for constant total heat flux. 

The short duration heat flux produces large amplitude vibration. However, 

Warminska et al. (2014) studied the influence of the thermal load on the nonlinear 

dynamics of a beam under forced excitation. In their study, it was found that 

additional resonances appear at the low-frequency region while the increase in 

temperature may cause complex motion involving chaotic attractors. Further, the 

effect of thermal load on the nonlinear dynamics of a buckled axially moving beam 

under the forced excitation was studied by Kazemirad et al. (2013). It was 

observed that the increase in the amplitude of excitation results in the bifurcation 

of the periodic response of the beam into complex motion involving multi-periodic, 

quasi-periodic and chaotic responses. However, with the rise in temperature, the 

complex motion reduces to periodic motion for a wide range of amplitude of 

excitation.  A similar study was also conducted by Ghayesh and Amabili (2015) 

considering the pre-buckled state of an axially moving beam. They reported that 

the increase in temperature causes the increase of hardening nonlinear behaviour 

of the beam and the appearance of additional resonant peaks in the frequency 

response due to the energy transfer between different modes.   

In many engineering systems like heat exchangers, steam generators, 

nuclear reactors, etc., a fluid-conveying pipe operates in the thermal environment 

where the thermally induced compressive stress arises in the pipe material in 

addition to the similar stress due to fluid flow. In this line, Qian et al. (2009) and 

Gu et al. (2017) investigated the effect of thermal load on the critical flow velocity 
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for static instability of a fluid conveying pipe by considering linear/quadratic 

stress-temperature relation. It was found that the critical flow velocity greatly 

decreases with the increase in the temperature. Further, Zhao et al. (2015) 

conducted a similar study considering pulsatile fluid flow in a pipe and reported 

the possibility of chaotic oscillation of the pipe around a buckled equilibrium 

position.  

1.3. Vibration/instability control of parametrically excited slender 

structures 

The static/dynamic instabilities and the corresponding large amplitude vibration 

of slender structures commonly cause their improper functionality and/or 

fracture/fatigue failure. Therefore, a great deal of research has been reported in 

the literature for control of such parametrically exited slender structures using 

different types of active materials like magnetorheological materials (Hoseinzadeh 

and Rezaeepazhand, 2020; Yeh and Shih, 2006), magnetostrictive materials 

(Kumar et al., 2003), piezoelectric actuators (Chen et al., 2002; Lacarbonara et 

al., 2007; Reddy et al., 2021; Yao et al., 2015), electrorheological materials 

(Tabassian and Rezaeepazhand, 2013; Yeh et al., 2004; Yeh and Chen, 2005), 

shape memory alloy (Roslan et al., 2019; Tsai and Chen, 2002; Yusof et al., 2020), 

etc. Among these different kinds of active materials, piezoelectric materials have 

drawn the special interest of researchers because of their advantages of high 

actuation capability, low power requirement, capability in directional actuation, 

wide frequency range of application, etc. (Chen et al., 2002; Lacarbonara et al., 

2007; Li and Liu, 2012; Yao et al., 2015). However, besides these active materials, 

the use of passive damping materials like viscoelastic polymers has also been 

reported in the literature for control of dynamic instability and the associated 

vibration of parametrically excited slender structures (Dwivedy et al., 2007; Lv et 

al., 2018; Pradhan et al., 2016; Ray and Kar, 1996b). Apart from these active and 

passive damping materials, the utilization of functionally graded materials (FGMs) 

has also been addressed in a good number of available studies (Hosseini and 

Fazelzadeh, 2011; Mohanty et al., 2012, 2011; Sheng and Wang, 2019, 2018) for 

stabilizing parametrically excited slender structures operating in the thermal 

environment. However, in this line, the present study is focused on the utilization 

of viscoelastic damping materials, piezoelectric actuators and FGMs in control of 

static/dynamic instability and the associated motion of slender structures. A 

corresponding literature review is delineated in the following subsections.  
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1.3.1.  Passive control of vibration/instability of parametrically excited 

slender structures using viscoelastic materials  
 

Viscoelastic materials (VEMs) are homogeneous and isotropic materials, 

exhibiting both elastic and viscous damping properties during their time-

dependent deformation. However, the damping properties of viscoelastic materials 

are immensely exploited for vibration attenuation of thin-walled flexible 

structures. The commonly used VEMs in structural damping applications are 

Paracril-BJ, Polymer Blend, butyl rubber, Viton-B, Styrene-butadiene rubber 

(SBR), Soundcoat N5, 3M-467, LD-400, etc. (Jones, 2001). These damping 

materials are commonly used through two different damping mechanisms in 

vibration control of thin-walled flexible structures, namely unconstrained layer 

damping (UCLD) (Baz, 2019; Cortes and Elejabarrieta, 2007; Lumsdaine and 

Scott, 1998; Ungar and Kerwin Jr, 1964) and constrained layer damping (CLD) or 

passive constrained layer damping (PCLD) (Baz, 2019; Kung and Singh, 1998; 

Plunkett and Lee, 1970). In the UCLD, a viscoelastic layer is freely attached to the 

surface of a host structure (substrate layer), as shown in Fig. 1.3(a). During 

bending deformation of the overall structure, the viscoelastic layer undergoes 

extensional deformation, as shown in Fig. 1.3(b). In the CLD/PCLD, the 

viscoelastic layer is constrained by a stiff constraining layer, as shown in Fig. 1.3 

(c), leading to the shear deformation of the viscoelastic layer during the bending 

deformation of the overall structure, as shown in Fig. 1.3(d). This 

extensional/shear deformation of the viscoelastic layer causes energy dissipation 

during the transient deformation of the overall structure.  

 

Fig. 1.3. Schematic diagrams of (a) undeformed and (b) deformed states of 

substrate layer integrated with UCLD layer; (c) undeformed and (d) deformed 

states of substrate layer integrated with CLD/PCLD layer.   
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However, among these two viscoelastic damping techniques, the energy 

dissipation capability of CLD/PCLD treatment is significantly more than that for 

the UCLD treatment (Plunkett and Lee, 1970). So, viscoelastic damping materials 

are mostly utilized through CLD/PCLD treatment in vibration control of different 

kinds of structures operating under direct excitation (Baz, 2019; Gupta et al., 

2020; Li et al., 2020; Tomlinson, 1990; Zheng et al., 2006). Besides, the 

application of CLD treatment for parametrically excited structures has also been 

reported in the open literature. 

In an early work, Stevens and Evan-Iwanowski (1969) investigated the effect 

of material viscoelasticity on the principal primary parametric resonance of a 

column structure operating under a dynamic compressive load. It was observed 

that the material viscoelasticity significantly reduces the size of the instability 

region and also shifts the instability region towards a high value of the dynamic 

load parameter. Later, a similar study was carried out by Saito and Otomi (1979), 

considering simple and combination parametric resonances. Ray and Kar (1995) 

and Dwivedy et al. (2007) utilized CLD treatment for passive control of parametric 

instability of a symmetric sandwich beam for different boundary conditions, 

where it was revealed that the parametric instability region reduces significantly 

with the rise of damping in the beam by means of increasing the thickness of the 

constrained viscoelastic layer in the CLD arrangement. Ray and Kar (1996b, 

1996a) also studied the dynamic instability of multi-layered beams with 

constrained viscoelastic layers and beams with partial CLD treatment. These 

studies revealed the possibility of reduced parametric instability region and also 

improved stability against static compressive load by the use of CLD treatment. 

Pradhan et al. (2016) analyzed the dynamic instability of a CLD treated 

asymmetric sandwich beam and reported that the dynamic stability of the beam 

improves with the increasing material loss factor as well as the ratio of moduli of 

viscoelastic and substrate layers. In all the aforesaid studies, the viscoelastic 

material is modelled using Kelvin-Voigt model or frequency-independent 

properties. However, considering the frequency-dependent viscoelastic properties,  

Shih and Yeh (2005) proposed a solution methodology to find the parametric 

instability region of the viscoelastic beam where it was observed that the 

parametric instability region reduces with the increase in the viscoelastic beam 

length. 

In a few other studies (Lv et al., 2018; Zhu et al., 2018), the nonlinear 

dynamics of a parametrically excited axially moving symmetric viscoelastic 

sandwich beam with simply supported ends was analyzed where the parametric 

excitation appears through the axial velocity of the beam. Here, Lv et al. (2018) 
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mainly observed that the frequency range of trivial solution corresponding to the 

principal primary parametric resonance decreases first and then increases with 

the increase in the thickness of the viscoelastic layer. However, in the other study 

(Zhu et al., 2018), the nonlinear dynamics of the beam is investigated considering 

an additional periodic axial load, and it was observed that the complex motion of 

the beam arises involving periodic, quasi-periodic and chaotic responses. 

1.3.2.  Piezoelectric actuators in active control of vibration/instability 

of parametrically excited slender structures  
 

Piezoelectric materials belong to a special class of ceramics, which possess an 

important property of energy conversion from mechanical to electric field or vice 

versa. This property is exploited in the development of sensors and actuators, 

particularly for the shape/vibration control of flexible structures. In 1880, Curie 

brothers (Jacques and Pierre) first demonstrated the 

piezoelectricity phenomenon in natural materials such as quartz and Rochelle 

salt. It was observed that when the mechanical strain is imposed on these 

materials, they produce an electrical output. This property is known as the direct 

piezoelectric effect. Further, in 1881, Gabriel Lippmann theoretically proposed the 

converse piezoelectric effect, where an electrical input produces mechanical strain 

in these materials. However, the existence of the converse piezoelectric effect in 

the piezoelectric crystals was experimentally confirmed by Curie brothers. A 

detailed description of piezoelectric constitutive behaviour is available in (Arnau, 

2004; Cady, 2018; Heywang et al., 2008; Qin, 2012). However, the linear 

constitutive relations of piezoelectric ceramics under constant temperature are 

expressed in terms of some field parameters like stress (σ ), strain ( ε ), electric 

displacement ( D ) and electric field ( E ). Based on these field parameters (σ , ε ,

D , E ), thermodynamic potentials like internal energy (U ), enthalpy ( H ), 

Helmholtz free energy ( F ) and Gibbs free energy ( G ) can be defined, as given in 

Eq. (1.3) (Chee, 2000).  

 dH d d σ ε D E , dU d d E D σ ε , 

dF d d E D ε σ , dG d d  ε σ D E  

 

(1.3) 

These piezoelectric constitutive formulations (Eq. (1.3)) are utilized depending on 

the natural variables. For structural application, the natural variables are 

commonly considered as strain ( ε ) and electric field ( E ). Accordingly, the 

constitutive relations are expressed using the thermodynamic potential H  as 

(Chee, 2000),  

  σ C ε eE  (1.4) 
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 T D e ε E  (1.5) 

where, C  is the stiffness matrix for a constant electric field ( E ); e  is the 

piezoelectric matrix for the constant strain ( ε ) or the constant electric field ( E );

 is the electrical permittivity matrix for the constant strain ( ε ). Here, Eq. (1.4) 

represents the converse piezoelectric effect, while the direct piezoelectric effect is 

represented by Eq. (1.5). These converse (Eq. 1.4) and direct (Eq. 1.5) piezoelectric 

effects are utilized in the development of piezoelectric actuators and sensors, 

respectively, for structural applications (Thakkar and Ganguli, 2004).  

Some examples of piezoelectric ceramics are lead zirconate titanate (PZT), 

barium titanate, lead niobrate, lead lanthanum zirconate titanate (PLZT), 

ammonium dihydrogen phosphate, lithium sulfate, polyvinylidene fluoride (PVDF 

or PVF2), etc. However, for structural applications, piezoelectric actuators are 

usually made in the form of a thin wafer, as shown in Fig. 1.4, where a 

piezoelectric wafer is poled (P) either vertically (Fig. 1.4(a)) or horizontally (Fig. 

1.4(b)). These piezoelectric actuators are usually activated by the application of 

an external electric field ( zE ) through their top and bottom fully electrode 

surfaces. Here, for the vertically poled piezoelectric wafer (Fig. 1.4(a)), the primary 

actuation forces appear as the electrically induced normal stresses in the plane 

of the wafer. So, it is called as the extensional mode piezoelectric actuator (Sun 

and Zhang, 1995). In another type, i.e. for the horizontally poled piezoelectric 

wafer (Fig. 1.4(b)), the primary actuation forces appear as the electrically induced 

shear stresses in the transverse ( xz  or yz ) planes of the wafer. Thus it is known 

as the shear mode piezoelectric actuator (Sun and Zhang, 1995).     

 

Fig. 1.4. Schematic diagrams of the (a) extensional mode and (b) shear mode 

piezoelectric actuators.  

The extensional mode piezoelectric actuators are usually mounted over the 

surface of a host structure to provide the extensional actuation force against the 

bending deformation of the overall structure (Trindade, 2011, 2007; Kitio Kwuimy, 

2015; Giri et al., 2021). On the other hand, the shear mode piezoelectric actuators 

are commonly embedded in a host structure through the sandwich structural 

configuration, where the actuator at the core provides shear actuation force to 
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counteract the bending deformation of the sandwich structure (Baillargeon and 

Vel, 2005; Trindade, 2011, 2007; Trindade et al., 1999; Trindade and Maio, 2008).  

However, the extensional mode and shear mode piezoelectric actuators are 

extensively utilized for active control of flexible structures operating under the 

direct excitation (Baz, 2019; Belouettar et al., 2008; Li et al., 2016; Rechdaoui 

and Azrar, 2010; Yao et al., 2015; Batra and Geng, 2002; Benjeddou, 2007; 

Benjeddou et al., 1999; Raja et al., 2002; Sun and Zhang, 1995; Trindade et al., 

1999; Zhang and Sun, 1996; Trindade, 2007; Karagiannis et al., 2016). In 

parallel, the active control of parametrically excited beams has also been reported 

in the literature using extensional mode piezoelectric actuators, where linear 

(Chen et al., 2009; Ghandchi Tehrani and Kalkowski, 2016), nonlinear (Alhazza 

et al., 2008; Oueini and Nayfeh, 1999) and experimental (Alhazza et al., 2008; 

Chen et al., 2009; Ghandchi Tehrani and Kalkowski, 2016; Yabuno et al., 2001) 

analyses are presented to investigate the actuation capability of extensional mode 

piezoelectric actuators in control of parametric instability region and vibration of 

cantilever beams. These studies revealed that the extensional mode piezoelectric 

actuators are capable of stabilizing the beams in a wide range of the amplitude 

and frequency of parametric excitation. Similar studies for simply-supported 

beams under the axial harmonic load have also been presented by Chen et al. 

(2002), Lacarbonara et al. (2007), Li and Liu (2012) and Yao et al. (2015).  

Chen et al. (2002) investigated the parametric instability of a fiber-reinforced 

composite beam and reported that a thin piezoelectric actuator could significantly 

reduce the size of the instability region. Li and Liu (2012) carried out a similar 

study on isotropic beams and reported that the active damping provided by the 

piezoelectric actuator shifts the instability region towards a high value of the 

dynamic load parameter. Lacarbonara et al. (2007) conducted theoretical and 

experimental studies to propose an open-loop control technique using 

piezoelectric actuators for cancellation of principal primary parametric resonance 

associated with the skew-symmetric mode of a beam. Yao et al. (2015) investigated 

the effect of piezoelectric actuation on the modification of complex nonlinear 

vibration of a composite beam under combined axial and transverse harmonic 

loads. It was observed that the dynamics of the beam could be altered between 

chaotic and periodic motion using the piezoelectric actuation. All the aforesaid 

studies are carried out in the pre-buckled equilibrium state of flexible beams, 

where the capability of extensional mode piezoelectric actuators in controlling 

parametric instability is revealed. However, in this line, the usefulness of the 

shear mode actuators is not yet explored in the literature to the author's best 

knowledge. 
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1.3.3. Functionally graded materials (FGMs) in control of instability of 

parametrically excited slender structures  

 

When a structure operates in the thermal environment, it would have sufficient 

strength/toughness to sustain the mechanical load in addition to the high 

temperature resistant property. To achieve all these properties in a single 

structure, one needs to look for a composite made of metal and ceramic. However, 

if this composite is made in layered form, the corresponding mismatch of material 

properties at the inter-layer surface of two different material layers leads to its 

(composite) failure through delamination, especially at the high-temperature 

operation. Based on this shortcoming, the concept of FGM emerged (Koizumi, 

1993; Yamanouchi et al., 1990), where this composite material is made of metal 

and ceramic, but the volume fractions of the constituent materials vary smoothly 

from fully ceramic to fully metal in the desired direction. So, the properties of FGM 

change gradually from ceramic to metal properties in that direction. This gradual 

variation of material properties eliminates the possibility of delamination. At the 

same time, the ceramic constituent provides the high-temperature resistant 

property of the FGM, and the metallic constituent provides sufficient toughness 

in the composite (FGM) to sustain the mechanical load.  An FGM is commonly 

characterized as an isotropic material where the material properties vary in the 

direction of continuous variation of the volume fractions of ceramic and metal 

constituents. Usually, the volume fractions of constituents are varied following a 

power-law, as given in Eq. (1.6) where cV  and mV  are the volume fractions of 

ceramic and metal constituents, respectively; h  is the dimension of structure in 

z direction and n  is the graded exponent of FGM.   

2

2

n

c

z h
V

h

 
  
 

, (1 )m cV V   (1.6) 

The effective material properties of an FGM are usually determined following the 

rule of mixture. Accordingly, the material properties ( ( )P z ) of the FGM vary along 

the desired direction  ( z ) as (Reddy and Chin, 1998),  

( ) ( ) ( )m m c cP z P V z P V z   (1.7) 

where, cP  and mP  are the material properties of ceramic and metal constituents, 

respectively. However, having the aforesaid advantages of FGMs, these composites 

are extensively utilized for parametrically excited slender structures especially to 

improve their stability during operation in the thermal environment. Despite the 

recommended utilization of FGMs in the thermal environment, those are also used 

to improve the stability of slender structures operating at room temperature.  
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Ke et al. (2010), Mohanty et al. (2012, 2011) and Sheng and Wang (2018) 

addressed the advantage of thickness-wise graded properties of beams for their 

static/dynamic stability under the operation at room temperature. Similar studies 

have also been carried out by Arani et al. (2021) and Lu and Chen (2020) 

considering bidirectional graded properties of beam elements. These studies 

mainly reveal the improved static instability of a beam made of FGM. However, 

Mohanty et al. (2012, 2011) investigated the parametric instability of FG beams 

and sandwich beams with FG core for pinned-pinned ends. They found that the 

dynamic stability of FG beams composed of steel and aluminium improves when 

the bottom surface of the beams is made of steel instead of aluminium. Also, the 

dynamic stability of the sandwich beams improves as the thickness of the FG core 

increases.  

Further, Sheng and Wang (2018) studied nonlinear dynamics of FG beams 

under parametric and direct excitations, where different periodic and chaotic 

oscillations are observed by changing some system parameters like graded 

exponent, material damping and load parameters. Later, considering bidirectional 

graded properties of FG beams, Arani et al. (2021) investigated their dynamic 

stability and reported that the influence of the material properties on dynamics of 

the beams increases when graded properties are taken in axial direction instead 

of the thickness direction. A similar observation was also reported by Lu and Chen 

(2020). Vo et al. (2014) considered a sandwich beam with homogeneous hard/soft 

core and FG face layers. They reported that the natural frequencies and critical 

buckling load decrease for hard core and increase for soft core when the power-

law index increases or core-thickness decreases. Later, considering the geometric 

nonlinearity, Lanc et al. (2015) addressed the critical buckling load and post-

buckling responses of FG sandwich box beams. 

Considering thermal loads, Li et al. (2006) presented the post-buckling 

behavior of an FG beam with thickness-wise graded properties, where it was 

reported that the post-buckled deflection and the extensional deformation of the 

FG beam increase with the increase in the power-law index for a given 

temperature rise. Later, Ma and Lee (2012, 2011) considered shear deformation 

of the FG beam with its temperature-dependent material properties and found 

that buckling through pitchfork bifurcation does not occur for simply-supported 

FG beams. This study also revealed that the critical buckling temperature of 

classical beams is higher than that of shear deformable beams. Further, the effect 

of temperature distribution across the thickness of an FG beam on its 

static/dynamic behavior was studied by Majumdar and Das (2018) and Paul and 

Das (2016). However, similar studies on the static stability of FG box columns and 
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FG sandwich beams with viscoelastic core were also reported by Bhangale and 

Ganesan (2006) and Ramkumar and Ganesan (2008). 

 Piovan and Machado (2011) studied the parametric instability of FG box 

beams and found that the size of the parametric instability region enlarges for the 

decrease in the graded exponent. Shen et al. (2017) presented nonlinear free 

vibration characteristics of FG beams. Recently, Sheng and Wang (2019) studied 

the nonlinear dynamics of parametrically excited FG beams operating in the pre-

buckled state under the thermal environment. This study shows that the 

parametric resonance appears with the hardening nonlinear behavior of FG 

beams; however, the hardening nonlinearity reduces with the increase in the 

temperature. Further, in a few other studies (Alibeigloo, 2010; Bian et al., 2006; 

Gharib et al., 2008; Kiani et al., 2011; Li and Cheng, 2009), the piezoelectric 

actuators are attached to the surface of an FG beam, and the corresponding 

critical buckling temperature, as well as the static behavior of the beam, are 

investigated. It was observed that the critical buckling temperature increases due 

to the activated piezoelectric actuators. Besides, some available studies addressed 

the effect of linear/nonlinear elastic foundation on the stability of FG beams 

(Fallah and Aghdam, 2012, 2011; Komijani et al., 2014; Sun et al., 2016). These 

studies revealed that the critical buckling temperature increases due to the 

increase in the linear stiffness of the elastic foundation. However, the increase in 

the nonlinear stiffness of elastic foundation does not have much effect on the 

critical buckling temperature.  

FGMs are also considerably utilized in the design of fluid conveying pipes. 

In this line, the linear stability analysis of FG pipes conveying fluid with steady 

flow velocity was presented by An and Su (2017), Maalawi and EL-Sayed (2011) 

and Tang and Yang (2018). However, in these studies, the thermal environment 

is not considered, and the FG pipe is taken with axially graded properties. Similar 

studies were also addressed considering the graded properties of FG pipes across 

the wall-thickness (Deng et al., 2017b; Wang and Liu, 2016). These available 

studies reveal that FGM improves the stability of a pipe while the graded exponent 

is an important parameter to regulate stability boundaries. However, Hosseini and 

Fazelzadeh (2011) considered the thermal load for a cantilever FG pipe conveying 

fluid with steady flow velocity. In the same line, Eftekhari and Hosseini (2016) 

reported a similar study on the thermo-mechanical stability of a cantilever FG 

pipe spinning about its longitudinal axis. These studies reveal an indicative 

improvement of thermo-mechanical stability of the pipe when it is made of FGM 

instead of conventional isotropic material.  Recently, Dehrouyeh-Semnani et al. 

(2019) presented the nonlinear thermo-resonant behavior of a simply-supported 
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FG pipe conveying hot fluid under forced excitation. It was reported that the 

graded exponent regulates the backbone curve/frequency response. Also, the rise 

in temperature or fluid flow velocity causes augmented hardening structural 

behavior of the pipe.  

 

1.4. Methodologies for theoretical analysis of parametrically 

excited slender structures  

In the aforesaid literature on the instability/dynamics of parametrically excited 

slender structures, the corresponding theoretical analyses are carried out by 

deriving linear/geometrically nonlinear mathematical models mostly by using the 

Galerkin method or the FE procedure. The linear mathematical models are limited 

to the pre-buckled state of a slender structure, which provide the estimation of 

the onset of static/dynamic instability depending on different system parameters. 

However, for the precise analysis of the corresponding motion of a slender 

structure, one needs to proceed with nonlinear mathematical models, since the 

motion of a slender structure associated with its parametric 

instabilities/resonances usually appears in a complex manner involving various 

nonlinear phenomena like hardening/softening nonlinear behavior, existence of 

multiple attractors associated with periodic and chaotic responses, jumping 

phenomena among the attractors, different kinds of bifurcation of dynamic 

response, etc. (Abou-Rayan et al., 1993; Chin and Nayfeh, 1999; El-Bassiouny, 

2006; Emam and Abdalla, 2015; Jin and Song, 2005; Namachchivaya and Tien, 

1989; Tezak et al., 1978). These complex dynamics are commonly analyzed by 

evaluating nonlinear frequency responses and global bifurcation diagrams in the 

Galerkin or FE framework. Here, the global bifurcation diagrams can be 

constructed by deriving the nonlinear equations of motion in the time domain. 

However, for the evaluation of nonlinear frequency responses, the nonlinear 

equations of motion are to be solved in conjunction with other analytical methods 

like the method of multiple scales, generalized method of averaging, Lindstedt-

Poincare method, Krylov-Bogoliubov-Mitropolsky technique, homotopy 

perturbation method, etc. (Nayfeh, 2008; Yun and Temuer, 2015) or numerical 

methods like shooting method (Claeys et al., 2014; Ribeiro, 2004; Padmanabhan 

and Singh, 1995; Patel et al., 2009), orthogonal collocation method  (Karkar et al., 

2014) and harmonic balance method (HBM) (Detroux et al., 2015; Dimitriadis, 

2008; Karkar et al., 2014). Among these various methods for evaluation of 

nonlinear frequency responses, HBM is the most popular one because of its 

robustness, computational efficiency and accuracy in the representation of strong 
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nonlinearity, especially for non-smooth or stiffer nonlinear systems (Detroux et 

al., 2015; Dimitriadis, 2008; Karkar et al., 2014).  

Further, between the Galerkin and FE frameworks, the FE method is more 

robust one as it is capable of handling complex material configuration, geometry 

and boundary conditions in a structural problem. But, the major shortcoming of 

the FE procedure appears as a high computational time in the evaluation of 

nonlinear frequency responses and global bifurcation diagrams especially due to 

a large number of nodal degrees of freedom in the FE model. Another shortcoming 

with the FE procedure appears as the complexity in the formulation of the 

nonlinear FE model in conjunction with HBM, particularly for a complex 

mathematical form of material constitutive relation. However, looking into the 

robustness of FE procedure and HBM, a few studies in this dissertation are 

carried out using these methods while the aforesaid shortcomings are tackled 

following the corresponding available studies in the literature, as a review in these 

aspects is presented in the following two subsections.  

 

1.4.1.  HBM-based FE formulation for evaluation of nonlinear frequency 

responses of structural elements 

For the evaluation of nonlinear frequency responses in the FE framework using 

HBM, first, the FE equations of motion are to be derived in the time domain. Next, 

the time-domain equations are to be converted for periodic responses by invoking 

Fourier expansion of nodal displacements. Subsequently, Galerkin method is to 

be applied to reduce the resulting equation within a time-period, which basically 

yields the equations of motion in the frequency domain for the periodic responses. 

However, the implementation of Galerkin method needs the time-integration of all 

HBM-based expanded matrices/vectors in the FE model over a time period. This 

computation is usually carried out using a conventional numerical time-

integration method, which involves a good computational time (Blahoš et al., 

2020; Chen et al., 2001; MS et al., 2016). So, in some available studies (Dou and 

Jensen, 2015; Lewandowski, 1997, 1992), the time-integration is carried out 

analytically to reduce the computational time. But, this analytical approach may 

be a cumbersome one, especially for handling a robust FE formulation using a 

good number of harmonic terms in HBM. Therefore, with the same objective of 

reduced computational time, fast Fourier transform or discrete Fourier transform 

is utilized in some other studies (Blahoš et al., 2020; Dimitriadis, 2008; LaBryer 

and Attar, 2010), where the evaluation of stiffness terms at a good number of 

sampling points within the time-period is required for the computation of Fourier 

coefficient matrices corresponding to the nonlinear stiffness matrix.  
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However, the implementation of HBM in the FE framework is well 

established for the nonlinear frequency response analysis of elastic and 

piezoelectric structures (Blahos et al., 2020; Chen et al., 2001; Ms et al., 2016). 

But, the implementation of HBM for a viscoelastic structure is not yet fully 

developed (Jacques et al., 2010; Litewka and Lewandowski, 2017a, 2017b), since 

the aforesaid procedure does not work due to the involvement of temporal 

derivative/integral of stress/strain in the viscoelastic constitutive relations (Baz, 

2019) like fractional Zener model (Litewka and Lewandowski, 2017b), generalized 

Maxwell model (Amabili et al., 2019), Hereditary integral approach (Jacques et al., 

2010), etc.  

Initially, Bilasse et al. (2010) and Jacques et al. (2010) presented a FE 

formulation using Hereditary integral approach in conjunction with complex 

modulus approach for a viscoelastic material, where the harmonic form of 

displacement is taken in the complex domain. Later, Lewandowski and 

Wielentejczyk (2017), Litewka and Lewandowski (2017b, 2017a) and 

Wielentejczyk and Lewandowski (2017, 2019) presented FE formulations using 

fractional Zener model of viscoelastic materials. However, in these available 

studies, the FE formulation appears in a complex manner where HBM is 

implemented before FE discretization because of the temporal derivative/integral 

of stress/strain in the viscoelastic constitutive relation. Also, the HBM is 

implemented using one or two harmonic terms, which may not be sufficient to 

produce accurate nonlinear frequency responses of a viscoelastic structure.   

 

1.4.2. Reduced-order FE models for evaluation of time/frequency 

responses of structural elements   
 

The evaluation of nonlinear frequency responses and global bifurcation diagrams 

in the FE framework usually involves a high computational time because of a large 

number of nodal degrees of freedom in the FE model. In this concern, the reduced-

order FE model (ROM) is recommended in the literature. For the derivation of a 

ROM, one needs to select appropriate reduced basis vectors (RBVs). The 

subsequent construction of ROM involves the Galerkin projection of FE equations 

of motion onto the subspace spanned by RBVs. The resulting FE equations of 

motion appear in terms of the reduced-order linear/nonlinear system 

matrices/vectors, where a large number of degrees of freedom in the full-order FE 

model reduces to a small number of reduction coordinates corresponding to the 

RBVs (Hollkamp et al., 2005; Jain, 2019; Mignolet et al., 2013; Rutzmoser, 2018; 

Tiso et al., 2013). This reduction of the number of degrees of freedom in the FE 

model facilitates the computation of dynamic responses with a reduced 
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computational time; however, the accuracy of the ROM is an important concern 

that depends on the selection of RBVs. A great deal of research has been 

addressed in the literature for the development of ROM in the time domain for 

elastic structures (Allen et al., 2020; Cho et al., 2020; Dimitriu et al., 2017; 

Hollkamp et al., 2005; Jain, 2019; Jain and Tiso, 2018; Kumar et al., 2021; 

Mahdiabadi et al., 2021; Mignolet et al., 2013; Tiso et al., 2013; Touze et al., 2014; 

Vizzaccaro et al., 2020). Further, the implementation of HBM over a time-domain 

ROM has been addressed by Givois et al. (2019), Lazarus et al. (2012) and Weeger 

et al. (2014). Also, the reduction of frequency-domain full-order FE model based 

on HBM is addressed (Praveen Krishna and Padmanabhan, 2011) by using mode 

superposition, dynamic substructuring and component mode synthesis methods.  

These available studies mainly addressed the selection of RBVs and the 

subsequent construction of ROM. Accordingly, the basic RBVs available in the 

literature for the linear analysis of elastic structures are tangent eigen 

modes/vibration modes (VMs), Ritz vectors, Krylov vectors, etc. (Allen et al., 2020; 

Rutzmoser, 2018; Teunisse et al., 2017; Tiso et al., 2013). However, as these RBVs 

are originally proposed for linear analysis of an elastic structure, those may not 

produce accurate solutions in the geometrically nonlinear analysis of the same 

structure since it involves various nonlinear phenomena like bending-stretching 

coupling, bending-twist coupling, coupling between lower and higher vibration 

modes, etc. (Rutzmoser, 2018; Teunisse et al., 2017). However, this inaccuracy in 

the solution appears mainly due to the absence of relevant higher-order modes in 

RBVs (Hollkamp et al., 2005; Rutzmoser, 2018), which are required to capture the 

aforementioned nonlinear phenomena. So, the aforesaid RBVs are usually 

enriched with different kinds of basis vectors like companion/dual modes 

(Hollkamp et al., 2005), modal derivatives (MDs) (Jain and Tiso, 2018; Mahdiabadi 

et al., 2021; Witteveen and Pichler, 2014), proper orthogonal modes (POMs) (Lu 

et al., 2019), etc. 

However, in a nonlinear ROM, generally, the reduced-order linear system 

matrices/vectors do not involve much computational cost, while the reduced-

order nonlinear system matrices/vectors are to be formed repeatedly from the 

corresponding full-order system matrices/vectors for solving the reduced-order 

nonlinear equations of motion through an iterative solution procedure. So, the 

computational cost in a nonlinear ROM mainly arises for the computation of the 

reduced-order nonlinear system matrices/vectors (Jain, 2019; Rutzmoser, 2018; 

Tiso et al., 2013). To reduce this computational cost, as a first step, the RBVs can 

be taken in the elemental level to compute the reduced-order elemental system 

matrices/vectors, while the elemental quantities are summed over all elements 
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(Jain, 2015; Touze et al., 2014). It provides the advantage of significantly low 

computational cost, and also the computation can be carried out with low 

computer memory. Further, hyper reduction methods were proposed in some 

studies (Allen et al., 2020; Cho et al., 2020; Dimitriu et al., 2017; Jain, 2019; Jain 

and Tiso, 2018).  

However, for geometrically nonlinear structures, the system 

matrices/vectors in the nonlinear ROM can be derived completely in terms of the 

reduction coordinates without involving the full-order solution corresponding to 

the full-order FE model. A procedure in this direction is introduced by  Jain (2015) 

and Touze et al. (2014). However, such a method is usually called as direct or 

intrusive method (Touze et al., 2014). Alternatively, taking advantage of a 

polynomial system of equations in the ROM of a geometrically nonlinear problem, 

non-intrusive methods were also proposed. In these methods, the reduced-order 

linear/nonlinear stiffness coefficients are evaluated through a set of static full-

order solutions by enforcing a specific set of displacements or forces without 

accessing FE framework (Hollkamp et al., 2005; Vizzaccaro et al., 2020).  

The aforesaid ROMs are developed mainly for the linear/nonlinear 

dynamic analysis of elastic structures. These methods can be utilized for the 

derivation of ROMs for viscoelastic structures, but the RBVs would be derived 

considering the frequency-dependent material properties of viscoelastic 

structures (Rouleau et al., 2017). For this derivation of RBVs for viscoelastic 

structures, various methods have been proposed in the literature like iterative 

complex eigen solution method (ICES) (Lin and Lim, 1996; Vasques et al., 2010), 

multi-model (MM) method (Balmes, 1997), enriched Ritz method (ERM) 

(Boumediene et al., 2014; De Lima et al., 2010), modal strain energy (MSE) 

method (Johnson and Kienholz, 1982), iterative MSE (Trindade et al., 2000; Zhang 

and Chen, 2006), modified MSE (Hu et al., 1995; Merlette, 2006), MSE with first-

order corrective terms (MSEC) (Plouin and Balmès, 2000), rational Krylov 

approach with Taylor expansion of complex modulus (RKT) (Xie et al., 2018) and 

frequency-dependent rational Krylov approach (FSRK) (Jith and Sarkar, 2020).  

Using these RBVs, the derivation of ROMs for linear analysis of viscoelastic 

structures has been addressed in a good number of available studies (Bilasse and 

Oguamanam, 2013; De Lima et al., 2010; Ding et al., 2018; Jith and Sarkar, 2020; 

Kuether, 2019; Rouleau et al., 2017; Song et al., 2016; Xie et al., 2018; Zghal et 

al., 2015).  

However, besides the linear ROM of viscoelastic structures, a geometrically 

nonlinear ROM was reported by Song et al. (2016) using a non-intrusive method, 

where the nonlinear ROM of a viscoelastic beam is derived using Kelvin-Voigt 
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model. Further study on the development of nonlinear ROM for viscoelastic 

structures is not yet available in the literature to the author's best knowledge.  

1.5. Motivation and objectives of the present research 

From the aforesaid literature survey, it is clear that a great deal of research has 

already been reported towards the exploration of nonlinear dynamics of 

parametrically excited slender beams and fluid conveying pipes. Further, a good 

number of studies have also been reported on the active/passive control of 

static/dynamic instabilities and the associated complex motion of these slender 

structural elements using piezoelectric actuators, viscoelastic damping materials 

and FGMs. Besides, various mathematical models of the parametrically excited 

slender structures have also been addressed to analyze their instabilities and the 

associated nonlinear dynamics.   

However, in the context of active control of parametrically excited slender 

structures using piezoelectric actuators, the available literature (Section 1.3.2) 

shows an extensive application of extensional mode piezoelectric actuators (Fig. 

1.4(a)), where these actuators are utilized to stabilize the slender structures in the 

pre-buckled equilibrium state. It is observed that the extensional mode 

piezoelectric actuators are capable of stabilizing slender structures in a wide 

range of the amplitude of parametric excitation. However, in this line, the 

usefulness of the other one, i.e. shear mode piezoelectric actuator (Fig. 1.4(b)), is 

not yet explored in the open literature although this kind of piezoelectric actuator 

is commercially available and possesses various advantages over the extensional 

mode piezoelectric actuator  (Sun and Zhang, 1995; Zhang and Sun, 1996). So, 

the first objective of this study is decided to investigate the control capability of 

the shear mode piezoelectric actuators in control of parametric instability and the 

associated dynamics of a flexible beam in the pre-buckled state with reference to 

that for the extensional mode piezoelectric actuators. 

Besides the parametric instability of a flexible beam in the pre-buckled state, 

the same beam may also undergo complex nonlinear dynamics once its static 

instability/buckling appears under the parametric excitation. Here, different 

kinds of dynamic instabilities associated with the static instability cause the 

critical motion of the flexible beam along with the large amplitude vibration (Abou-

Rayan et al., 1993; Emam and Abdalla, 2015). However, the usefulness of the 

extensional mode and shear mode piezoelectric actuators in control of such 

critical nonlinear dynamics of flexible beams in the post-buckled state is not yet 

reported in the available literature. Therefore, it is also included within the first 

objective of this study.  
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For passive control of parametrically excited beam-like slender structures 

using viscoelastic damping materials, the available literature (Section 1.3.1) 

shows a good number of studies on the utilization of CLD treatment for controlling 

parametric instabilities of beams in the pre-buckled equilibrium state (Dwivedy et 

al., 2007; Lv et al., 2018; Pradhan et al., 2016; Ray and Kar, 1996a, 1996b, 1995; 

Shih and Yeh, 2005). Good effectiveness of the CLD treatment in the control of 

parametric instability at the pre-buckled state of beam-like structures is observed 

in these available studies. However, further research on this viscoelastic damping 

treatment for attenuation of complex nonlinear dynamics of a slender structure 

under the parametric excitation in the post-buckled state is not yet reported in 

the literature to the best knowledge of the author. Therefore, the second objective 

of the present study is to investigate the effectiveness of the CLD treatment in 

passive control of nonlinear dynamics of a parametrically excited beam, especially 

when it undergoes buckling or static instability. 

However, for accurate estimation of passive damping in the CLD treatment, 

the corresponding viscoelastic material is to be modelled using an advanced 

material constitutive model like fractional Zener model, generalized Maxwell 

model, Hereditary integral approach, etc. (Amabili et al., 2019; Baz, 2019; Galucio 

et al., 2004; Litewka and Lewandowski, 2017b; McTavish and Hughes, 1992; 

Zhou et al., 2016). Now, these material constitutive models involve temporal 

derivative/integral of stress/strain so that the derivation of the corresponding 

mathematical model of a viscoelastic structure for its nonlinear analysis in the 

time/frequency domain appears in a complex manner. Moreover, a high 

computational cost arises when modelling through FE procedure in handling 

complex material configuration, loading, etc. Here, the derivation of the nonlinear 

FE model in the time domain is somewhat straightforward, as observed in the 

literature (Bahraini et al., 2012; Baz, 2019; Payette and Reddy, 2013; Sahoo and 

Ray, 2019). But the derivation of the nonlinear FE model in the frequency domain 

involves complexity because of the associated solution methodologies like 

shooting method (Claeys et al., 2014; Ribeiro, 2004; Padmanabhan and Singh, 

1995), orthogonal collocation method  (Karkar et al., 2014) and harmonic balance 

method (HBM) (Detroux et al., 2015; Dimitriadis, 2008; Karkar et al., 2014). Here, 

HBM is the most popular one because of its robustness, computational efficiency 

and accuracy in the representation of strong nonlinearity, especially for non-

smooth or stiffer nonlinear systems (Detroux et al., 2015; Dimitriadis, 2008; 

Karkar et al., 2014).  

Now, in the use of HBM for FE modelling of a viscoelastic structure in the 

frequency domain, the HBM is to be implemented before the FE discretization 
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because of the temporal derivative of stress/strain in the constitutive relation 

(Jacques et al., 2010; Lewandowski and Wielentejczyk, 2017; Litewka and 

Lewandowski, 2017b). It poses a long expression of nonlinear stress vector 

associated with the Fourier basis functions, which complicates the subsequent 

formulation of the nonlinear stiffness matrix of the system. So, the available 

studies in this line are carried out considering one/two harmonic terms in the 

implementation of HBM (Jacques et al., 2010; Lewandowski and Wielentejczyk, 

2017; Litewka and Lewandowski, 2017a; Wielentejczyk and Lewandowski, 2019). 

But, for the accurate modelling of nonlinear dynamic characteristics of a 

viscoelastic structure in the frequency domain, one needs to consider a sufficient 

number of harmonic terms in the implementation of HBM, and it poses (i) the 

difficulty in handling a long and complex expression of nonlinear stiffness matrix, 

(ii) a high computational cost especially due to the requirement of numerical time-

integration of system matrices/vectors in the implementation of HBM and (iii) 

separate FE formulations for different viscoelastic constitute models. In order to 

ease these three difficulties, the third objective of this study is decided to present 

a generalized FE formulation for nonlinear frequency-response analysis of 

viscoelastic structures using HBM. 

Although this generalized FE formulation is expected to provide reduced 

computational time, the nonlinear frequency responses are to be evaluated using 

the full-order FE model. So, the concern of computational time still remains. The 

same concern also lies in the full-order FE model of a viscoelastic structure in the 

time domain especially for the construction of global bifurcation diagrams to 

study various dynamic instabilities and the associated motion of a viscoelastic 

structure. In this issue, the option is to formulate nonlinear ROMs of viscoelastic 

structures in the time and frequency domains.  

However, the formulation of ROM of viscoelastic structures has been 

demonstrated in a good number of available studies using various approaches in 

deriving the reduced basis vectors (RBVs) (Bilasse and Oguamanam, 2013; De 

Lima et al., 2010; Ding et al., 2018; Jith and Sarkar, 2020; Kuether, 2019; 

Rouleau et al., 2017; Song et al., 2016; Xie et al., 2018; Zghal et al., 2015). But 

all these available approaches in the derivation of RBVs are developed for linear 

analysis of a viscoelastic structure. So, these RBVs may not provide a nonlinear 

ROM with sufficient accuracy especially to model different nonlinear phenomena 

like bending-stretching coupling, bending-twist coupling, coupling between 

different vibration modes, etc. Therefore, further study on the enrichment of these 

RBVs is needed towards the development of ROM for the nonlinear analysis of 

viscoelastic structures.  
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Besides this concern of accuracy, another important issue is the reduced 

computational time that may be achieved appreciably by deriving the ROM 

through the elemental level computation of reduced-order system 

matrices/vectors completely in terms of reduced coordinates without involving the 

full-order solution (Jain, 2015; Touze et al., 2014). But, this elemental level 

computation involves difficulty, mainly for the formulation of (i) the reduced-order 

nonlinear memory-load vector in the time-domain ROM and (ii) the HBM based 

expended form of reduced-order nonlinear stiffness matrix in the frequency-

domain ROM. However, with these concerns, a fruitful formulation for nonlinear 

ROM of viscoelastic structures in the time/frequency domain is not yet available 

in the open literature. Therefore, the fourth objective of this study is to develop a 

methodology for enrichment of the aforesaid RBVs for nonlinear ROM of 

viscoelastic structures and also to present a fruitful elemental level formulation 

of the corresponding reduced-order system matrices/vectors. 

In many engineering systems like steam generators, heat exchangers, liquid 

propellant rocket engines, helicopter rotor blades, rotor blades in 

turbomachinery, industrial robotic structures, etc., beam-like slender structures 

operate under the thermal environment. The corresponding thermally induced 

stress within the structure may yield its thermo-elastic instability and/or enhance 

its vibration while operating under a dynamic force. A similar circumstance can 

be observed in pipes conveying hot pulsatile fluid, where the thermally induced 

compressive stress in a pipe is significantly more than the similar stress due to 

the flow velocity of fluid. So, the pipe undergoes static instability/buckling even 

at a very low velocity of the fluid. Therefore, the thermal environment hampers 

the functionality of the pipe. In this concern, the utilization of FGM made of 

ceramic and metal has been addressed in a few studies in the open literature 

(Section 1.3.3), where the hot surface of the pipe is made of ceramic to withstand 

a high temperature of the fluid and the material properties vary gradually from 

ceramic to metal across the pipe wall thickness. From these available studies, it 

is observed that the pipes have significantly improved thermo-elastic stability due 

to the use of FGM. However, further study on the various dynamic instabilities 

and the associated complex motion of FGM pipes in both the pre-buckled and 

post-buckled states is not yet addressed in the open literature. But this study is 

an obvious need for having knowledge in the practical design of FGM pipes. In 

this aspect, the last objective of this study is to explore the static/dynamic 

instabilities and the corresponding critical motion of vertical/inclined FGM pipes 

conveying a hot pulsatile fluid.   
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On the basis of the aforesaid five objectives, the following studies are carried 

out in this dissertation.  

 

(a) Nonlinear dynamics and active control of smart beams using 

shear/extensional mode piezoelectric actuators.  
 

(b) A generalized finite element formulation for nonlinear frequency response 

analysis of slender viscoelastic beams using harmonic balance method. 
 

(c) Reduced-order finite element formulation for the geometrically nonlinear 

dynamic analysis of slender viscoelastic beams. 
 

(d) Constrained layer damping treatment of post-buckled beams under 

parametric excitation: a theoretical study using reduced-order finite element 

formulation.  
 

(e) Nonlinear dynamics of functionally graded pipes conveying hot fluid. 
 

1.6. Contributions 

The following contributions in the field of nonlinear dynamic analysis and control 

of parametrically excited slender structures have been made towards the 

preparation of the dissertation. 

1. The usefulness of shear mode piezoelectric actuators in active control of 

parametric instability of a slender beam is investigated and presented. 
 

2. The actuation capability of shear mode and extensional mode piezoelectric 

actuators in control of complex nonlinear dynamics of slender beams under 

parametric excitation in the post-buckled equilibrium state is investigated 

and presented.  
 

3. A new generalized FE formulation is presented for geometrically nonlinear 

frequency response analysis of viscoelastic slender structures using HBM 

and various material constitutive models as Kelvin-Vogt model, Maxwell 

model, fractional Zener model, generalized Maxwell model and Heredity 

integral approach. The special features of this new formulation are as 

follows. 
 

(a) All types of viscoelastic material models are reduced to a single 

mathematical form by implementing HBM for the time-periodic 

stress/strain. It facilitates a common HBM-based FE formulation for 

all types of viscoelastic material models. 
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(b) A special factorization of the nonlinear strain-displacement matrix is 

introduced to ease the formulation of HBM based expanded forms of 

nonlinear stiffness matrix and tangent stiffness matrix.  
  

(c) The orthogonality of Fourier basis functions is exploited not only to 

reduce the number of terms in the HBM based expanded form of 

system matrices/vectors but also to decrease the computational time 

for time-integration in the implementation of HBM.   
   

4. A reduced-order FE model of viscoelastic slender structures is presented 

for their geometrically nonlinear analysis in the time domain based on the 

fractional Zener constitutive model. The contributions here are as follows. 
 

(a) A methodology for the enrichment of reduced basis vectors is proposed 

for sufficient accuracy of nonlinear ROMs of viscoelastic structures. 
 

(b) The elemental level computation of reduced-order system matrices 

and vectors is introduced through a special factorization of the 

nonlinear strain-displacement matrix. The reduced-order system 

matrices can be computed without involving the full-order solution. It 

facilitates a significant reduction of computational time and the 

requirement of computer memory.   
 

(c) A special formulation of nonlinear reduced-order memory-load vector 

based on the fractional Zener model is presented by introducing two 

new anelastic forces especially to reduce computational time.    
   

5. A reduced-order FE model of viscoelastic slender structures is formulated 

for their geometrically nonlinear analysis in the frequency domain using 

HBM. 
  

6. A comparative study is presented to address the best one among the MSE, 

MSEC, MM, ICES, RKT and FSRK approaches in selection and enrichment 

of reduced basis vectors for deriving nonlinear ROMs of viscoelastic 

structures.  

7. The performance CLD treatment in passive control of complex nonlinear 

dynamics of parametrically excited slender structures in the post-buckled 

equilibrium state is investigated and presented. 

8. The nonlinear dynamics of a slender FG pipe conveying steady/pulsatile 

hot fluid is thoroughly investigated in its pre-buckled and post-buckled 
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states. This study reveals the utility of FGM to mitigate the static and 

dynamic instabilities of fluid conveying slender pipes. 

9. The nonlinear dynamics of an inclined slender FG pipe conveying hot 

pulsatile fluid is also investigated thoroughly and presented. This study 

reveals the effect of inclination of a fluid conveying pipe on its 

static/dynamic instabilities and the associated complex motion. 

1.7. Organization of the thesis 
 

In Chapter 1, a brief introduction of various mechanical resonances and the 

associated nonlinear dynamics of slender structures operating under the 

parametric excitation is presented. This is accompanied by a literature review 

on the nonlinear dynamics/instability of parametrically excited slender 

structures. Subsequently, a brief introduction on viscoelastic, piezoelectric and 

FGMs is furnished along with the available studies on their use in the control of 

dynamics/instability of parametrically excited slender structures. Next, a 

literature review on the FE models for the nonlinear dynamic analysis of slender 

structures is presented where the development of reduced-order FE models is 

mainly focused. On the basis of this literature review, the scope of the present 

research has been identified, and the objectives of the present thesis are 

furnished.  

  Chapter 2 deals with the nonlinear dynamic analysis and active control of 

parametrically excited smart beams using shear mode and extensional mode 

piezoelectric actuators. First, the geometrically nonlinear electro-elastic 

incremental FE equations of motion are derived based on the velocity feedback 

control law, and then the HBM is implemented to evaluate the nonlinear 

frequency responses under the transverse/axial harmonic load. Subsequently, a 

methodology for the local stability analysis in the FE framework is presented using 

Floquet theory. Next, the numerical results are illustrated to explore the nonlinear 

dynamics of the smart beams in both the pre-buckled and post-buckled states 

where the active control capabilities of shear mode and extensional mode 

piezoelectric actuators are mainly focused.  

 Chapter 3 presents a generalized FE formulation for nonlinear frequency-

response analysis of viscoelastic structures using HBM. The HBM-based FE 

formulation is presented considering a viscoelastic sandwich beam and an 

arbitrary number of harmonic terms in HBM. This formulation is carried out by 

introducing three new strategies especially to ease the implementation of HBM in 

the FE framework, which are: (i) a special factorization of nonlinear strain-
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displacement matrix, (ii) exploitation of orthogonality of Fourier basis functions 

and (iii) reduction of various mathematical forms for viscoelastic constitutive 

behaviour into a generalized form for periodic stress/strain. The fruitfulness of 

this formulation is subsequently verified through the numerical illustrations.  

In Chapter 4, the nonlinear ROMs are derived in the time and frequency 

domains for the geometrically nonlinear FE analysis of viscoelastic structures 

using the fractional Zener constitutive model. First, the ROM is derived in the 

time domain, where the nonlinear memory-load vector is formulated in terms of 

two new anelastic forces, especially to enable the formulation of all reduced-order 

system matrices/vectors in the elemental level without involving the full-order 

solution. Subsequently, the ROM is derived in the frequency domain using HBM. 

Next, a methodology for the enrichment of RBVs that are utilized in literature for 

linear ROM of a viscoelastic structure is presented. Successively, the fruitfulness 

of the ROMs in achieving accurate results with less computational time is 

demonstrated through the numerical illustrations. Also, a comparative study is 

presented for a suitable approach in the selection of RBVs and the corresponding 

enrichment for the nonlinear analysis of viscoelastic structures with frequency-

dependent material properties. 

Chapter 5 presents a study on the passive damping capability of CLD 

treatment in the control of nonlinear dynamics of a parametrically excited beam, 

especially when it undergoes buckling or static instability. The theoretical 

analysis is carried out by considering the CLD treatment in three different layered 

beam configurations. For all these configurations, the nonlinear ROMs are first 

derived in the time and frequency domains. Subsequently, the numerical results 

are illustrated, where the fruitfulness of the ROMs in the estimation of very 

complex dynamics of the CLD treated layered beams under the parametric 

excitation at the post-buckled state is first verified. Next, the effectiveness of the 

CLD treatment in attenuation of these complex dynamics is investigated.  

Chapter 6 presents a study on the static/dynamic instabilities and the 

corresponding critical motion of vertical/inclined FGM pipes conveying hot 

pulsatile fluid. The geometrically nonlinear governing equation of motion of a 

pinned-pinned inclined FG pipe conveying hot pulsatile fluid is derived based on 

the Euler-Bernoulli beam theory and plug-flow model, and the solutions are 

obtained using Galerkin discretization in conjunction with the incremental 

HBM/Runge-Kutta method. In the numerical results, first, the effects of 

temperature, graded exponent of FGM and flow velocity on the static instability of 

the FG pipe are illustrated. Next, the effects of the same system parameters on 

the dynamic instabilities, as well as the associated motion, of the FG pipe are 
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investigated in both the pre-buckled and post-buckled states. Subsequently, the 

effect of the inclination of the FG pipe on its dynamics is presented.     

Finally, the important conclusions from the work carried out, and the 

future scope of the present thesis work are outlined in Chapter 7. The list of 

references is provided at the end of the thesis. 
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Chapter  
2 

Nonlinear dynamics and active control of smart beams 
using shear/extensional mode piezoelectric actuators  

 

2.1. Introduction 

The literature survey in the previous chapter shows a substantial number of 

studies on the active control of vibration/instability of smart beams under 

direct/parametric excitation (Section 1.3.2). It is observed from this literature 

review that the extensional mode piezoelectric actuators are capable of controlling 

both the linear and large amplitude vibration of flexible beams under direct 

excitation. On the other hand, the available studies on the control capability of 

shear mode piezoelectric actuators are limited to the linear dynamics of slender 

beams (Batra and Geng, 2002; Raja et al., 2002; Trindade et al., 1999), where it 

is revealed that shear mode actuator exhibits better control capability than that 

for the extensional mode actuator in control of cantilever beams and higher 

bending modes of vibration of beams with end supports. However, the attenuation 

of large amplitude vibration using shear mode actuator may be somewhat difficult 

since the geometrically nonlinear stiffness of flexible beams and the externally 

applied electric field to the actuator increase with the rise in the amplitude of 

vibration. An investigation in this concern is performed at present to explore the 

utility of the shear mode piezoelectric actuator in comparison to that of the 

extensional mode piezoelectric actuator for active control of large amplitude 

vibration of flexible beams operating under the direct excitation.  

Besides the direct excitation, a few studies in the available literature 

addressed the control of parametrically excited flexible beams using extensional 

mode piezoelectric actuators, where the actuators are used to control the 

parametric instability of slender beams in the pre-buckled state (Chen et al., 

2009; Lacarbonara et al., 2007; Yabuno et al., 2001; Yao et al., 2015). In these 

studies, it is observed that the active damping provided by the extensional mode 

piezoelectric actuator significantly reduces the parametric instability region, thus 

stabilizing the beams in a wide range of the amplitude of parametric excitation. 

However, in this line, the usefulness of the shear mode piezoelectric actuator is 

not yet explored in the literature to the best knowledge of this researcher. Apart 

from the parametric instability of a flexible beam in the pre-buckled state, the 

same beam may undergo complex nonlinear dynamics once its static 
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instability/buckling appears under the parametric excitation (Section 1.2.2). 

However, the usefulness of the extensional mode and shear mode piezoelectric 

actuators in control of such complex dynamics in the post-buckled state of a 

flexible beam is not yet reported in the open literature. 

Therefore, in this chapter, the usefulness of shear mode and extensional 

mode piezoelectric actuators in active control of dynamics of a clamped-clamped 

beam is investigated where the beam is considered to operate under the 

direct/parametric excitation in the pre-buckled or post-buckled equilibrium state. 

The main concerns of the overall study are as follows.   

(a) A comparative study on the active control capabilities of shear mode and 

extensional mode piezoelectric actuators in attenuation of large amplitude 

vibration of the clamped-clamped beam operating under the direct excitation.   

(b) Active control capability of shear mode piezoelectric actuators in comparison 

to that of the extensional mode piezoelectric actuators for controlling 

parametric instability of the clamped-clamped beam in its pre-buckled state. 

(c) Usefulness of shear mode and extensional mode piezoelectric actuators in 

active control of complex dynamics of the clamped-clamped beam under the 

parametric excitation in the post-buckled state.        

 

In the following sections, first, the geometrical configurations of two smart 

beams are described (Section 2.2) for the separate use of the extensional mode 

and shear mode piezoelectric actuators. Section 2.3 is devoted to the derivation of 

a geometrically nonlinear incremental finite element (FE) model of the smart 

beams. Section 2.4 contains the presently used active control strategies and their 

implementation for a closed-loop FE model of the smart beams. Section 2.5 

presents the implementation of the harmonic balance method (HBM) for the 

analysis of nonlinear dynamics of the smart beams in the frequency domain. The 

procedure for local stability analysis of the nonlinear frequency responses is 

furnished in Section 2.6. Section 2.7 presents the numerical results 

corresponding to the aforesaid investigation on the control capabilities of the 

extensional mode and shear mode piezoelectric actuators. Finally, in Section 2.8, 

the observations from this study are summarized.  

2.2. Present smart beams 

The extensional mode piezoelectric actuators are usually attached to the surface 

of a host structure for the actuation of bending deformation of the overall smart 

structure (Sun and Zhang, 1995; Trindade, 2007). Accordingly, for active control 

of a substrate beam using extensional mode actuators, a smart beam is 
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configured as shown in Fig. 2.1(a). The length ( L ) of the beam is divided into a 

number ( pn ) of uniform segments having the length of sL . In every segment, two 

identical actuator patches are attached to the top and bottom surfaces of the 

substrate beam (Fig. 2.1(a)). The length of the actuator patches is denoted by pL , 

and they are located centrally within the span of a segment. These actuator 

patches are poled in the vertical direction, and the external electric field is applied 

across their top and bottom fully electrode surfaces according to a closed-loop 

control strategy presented in Section 2.4. For the implementation of this control 

strategy, the velocity sensors ( iS , i   1, 2, 3…) are located following the length (

sL ) of segments as shown in Fig. 2.1(a). 

 

Fig. 2.1. Schematic diagrams of (a) a substrate beam integrated with 

extensional mode actuator patches (EMA beam) and (b) a sandwich beam 

having the shear mode actuator patches at the core (SMA beam).  

 

Unlike the extensional mode piezoelectric actuators, the shear mode 

piezoelectric actuators are usually located at the core of a thin-walled structure 

through the sandwich configuration (Sun and Zhang, 1995; Trindade, 2007). So, 

for the actuation of the beam using shear mode actuators, the smart beam is 

constructed in the sandwich configuration, as shown in Fig. 2.1(b) where an 

actuator patch is taken at the core of a segment ( sL ), and the gap between the 

actuator patches at the core is filled by foam. The shear mode actuator patches 

are poled along the longitudinal direction of the substrate beam, and they are 

activated by supplying external electric field across their top and bottom fully 
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electrode surfaces according to a shear-based active control strategy as presented 

in Section 2.4.  

However, for making a comparative study between these two kinds of 

piezoelectric actuators in active control of dynamics of a beam element, the shear 

mode actuator patches are arranged through the same number ( pn ) of patch 

segments as that are taken for the extensional mode actuator patches. Also, the 

velocity sensors ( iS , i   1, 2, 3…) for the sandwich beam are located in the same 

manner as that is for the extensional mode actuator patches. For the other 

geometrical dimensions, the total thickness ( ph ) of the extensional mode actuator 

patches over a typical cross-section of the smart beam (Fig. 2.1(a)) is considered 

as equal to the thickness of the shear mode actuator patches (Fig. 2.1(b)). Also, 

the total thickness ( fh ) of the substrate/face layers in the smart sandwich beam 

(Fig. 2.1(b)) equals to the thickness of the other substrate beam (Fig. 2.1(a)). Both 

the smart beams are taken with their clamped ends and operate under the same 

dynamic load. 

The substrate layers are considered to be made of an isotropic material. The 

foam is also considered to have isotropic material properties. Further, the 

extensional and shear mode actuator patches are considered to be made of the 

same piezoelectric material. However, for the sake of simplicity in the 

presentation, the smart beam with extensional mode actuators is presently called 

as extensional mode actuated (EMA) beam while the other smart beam with shear 

mode actuators is named as shear mode actuated (SMA) beam.  

2.3. Mathematical formulation  

According to the aforesaid material properties of the component materials in the 

smart beams and the poling direction of piezoelectric actuator patches, the 

material properties of the smart beams do not vary along the y -direction (Fig. 

2.1). Also, the transverse shear or extensional actuation force in the actuator 

patches do not vary in the y -direction. There is no applied mechanical force over 

the boundary surfaces of the smart beams in parallel to the xz -plane. Moreover, 

there is no body force in any direction of the reference coordinate system ( xyz ). 

Therefore, the smart beams may be considered as plane stress problems in the 

xz -plane (Fig. 2.1). Accordingly, the state of stress and the state of strain at any 

point in the xz -plane can be written as,  

T{ }x z xz  ε , T{ }x z xz  σ  (2.1) 
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where, x x   and z z  are the longitudinal and transverse normal 

strains/stresses, respectively; xz xz  is the transverse shear strain/stress in the 

xz -plane. The von Karman nonlinear strain-displacement relations at any point 

in the xz -plane can be written as, 

( )l N ε ε ε ,  

T

l

u w w u

x z x z

    
  

    
ε ,  

T
2

1
0 0

2
n

w

x

   
   

   

ε  (2.2) 

where, u  and w  are the displacements at any point in the xz -plane along the x  

and z  directions, respectively. The constitutive relations for the substrate beam 

or foam under the plane stress assumption can be written as, 

k kσ C ε , k k k
bEC C , 1,2k     

2

1 0
1

1 0
1 ( )

0 0 (1 ) / 2

k

k k

k

k








 
 

  
  

  

C  

(2.3a) 

where, the superscript k  indicates the materials for the substrate beam, foam 

and actuator patches as per its value as 1, 2 and 3, respectively;  
kE  and 

k  (

1,2k  ) are Young’s modulus and Poisson’s ratio, respectively. The top and bottom 

surfaces of the thin piezoelectric actuator patches are fully electrode surfaces. So, 

the electric field components xE , yE  and zE  along the x , y  and z  directions, 

respectively, can be assumed as, 0xE  , 0yE   and /z pE aV h   where V  is the 

applied voltage across the top and bottom electrode surfaces, and a  is equal to 2 

or 1 for EMA or SMA beam, respectively. Accordingly, the constitutive relations 

for the piezoelectric actuator patches under the plane stress assumption can be 

written as (Trindade, 2007),  

k k k
zE σ C ε e , T

33( )k k k
z zD E e ε , 3k   

2
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31 32 12 22 33 32 23 22( ) ( ) 0k k k k k k k k ke e C C e e C C  e  for extensional mode 

actuator 

 

 

 

 

 

 

 

(2.3b) 
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where, 
k
ijC  ( 3k  ) are the stiffness coefficients of the vertically or longitudinally 

poled piezoelectric actuators; 
k

ije  ( 3k  ) are the piezoelectric coefficients; 33
k  ( 3k 

) is the electrical permittivity along the z -direction and k
zD  ( 3k  ) is the electrical 

displacement along the z -direction.  

The smart beams are considered to be subjected to an axial compressive 

load ( t
ap ) through the support ends. Generally, the influence of this kind of load 

on the bending deformation of a beam is accounted by means of the pre-stress (

aσ ) in the beam (Chen et al., 2002; Ganesan and Kadoli, 2004; Lacarbonara et 

al., 2007). This pre-stress in the beam corresponds to its axial deformation only 

under the axial compressive load. Further, a beam element usually possesses a 

very high rigidity against its axial deformation. So, the linear axial deformation of 

the beam may be assumed where the corresponding pre-stress at any point in the 

beam varies linearly with the applied axial compressive load ( t
ap ). Accordingly, the 

pre-stress ( aσ ) in the beam element can be written as follows,  

0( , ) t
a ax z pσ σ  (2.4) 

where, 0σ  is the state of stress at a point in the beam corresponding to its linear 

axial deformation under the unit value of the applied axial compressive load ( t
ap

). However, introducing the axial compressive load in this form of the pre-stress, 

the first variation of the total potential energy of the smart beams can be written 

as, 

  
3

T T
0

3
1

( ) ( ) ( )
k k

k t k k k
p a z z

k
k A A

T p b dA E D b dA   




    ε σ ε σ  (2.5) 

where,   is the operator for the first variation; 
kA  is the area of 

thk material in 

the xz -plane of the smart beam. It may be noted here that the electric field ( zE ) 

is specified at any instant of time in the use of the piezoelectric actuators, and 

thus 0zE  . Substituting Eqs. (2.3a), (2.3b) and (2.2) in Eq. (2.5), the resulting 

expression for pT  can be obtained as, 

T3
T

T 3
1 0

( ) ( )
( )

( )k k

k
l n l n k k k

p l n zt k
k A Al n a

T b dA E bdA
p
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  

  


 
  

 
  

ε C ε ε
ε ε e

ε ε σ
 (2.6) 

Now, if the smart beams are considered to undergo vibration under the 

harmonically varying axial compressive load ( t
ap , Eq. (2.7)), then the first variation 
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of the total kinetic energy ( tT ) of the smart beams can be written as given in Eq. 

(2.8).  

(1 cos )t o
a ap p t    (2.7) 

3
T

1

( )
k

k k
t s s

k A

T bdA  


   d d , T{ }s u wd  (2.8) 

In Eqs. (2.7)-(2.8), o
ap  is the static counterpart of the axial compressive load ( t

ap ); 

  and   are the dynamic load parameter and excitation frequency, respectively; 

k  is the mass density of thk material in the smart beams; sd  is the displacement 

vector at any point in the xz -plane. The governing equation of motion of the smart 

beams can be derived by employing Hamilton’s principle as, 

2

1

( ) 0

t

p t

t

T T dt    (2.9) 

Substituting Eqs. (2.6) and (2.8) in Eq. (2.9), the following simplified equation can 

be obtained, 
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(2.10) 

For the sake of simplicity in the formulation, a dimensionless time unit ( ) is 

introduced as t  , and all subsequent equations are expressed in terms of 

this dimensionless time unit ( ). However, a state of vibration ( sd , , ) of the 

smart beams can be expressed with respect to a reference state of vibration ( i
sd ,

i , i ) through an incremental form as given in Eq. (2.11). Accordingly, the 

incremental forms of the strain vectors ( lε , nε ) are presented in Eq. (2.12) where

L , nL  and w
xL  are the operator matrices.  

( )i
s s s d d d , ( )i    , ( )i     (2.11) 
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(2.12) 
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Introducing Eqs. (2.11) and (2.12) in Eq. (2.10), the incremental form of the 

governing equation of motion of the smart beams can be obtained as, 

T
1 1 2

3
T 2 T

2
1 T

1 2 0
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( ) ( ) ( ) ( ) ( )
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(2.13) 

The FE model of the smart beams is derived by discretizing the xz -plane 

using nine-node isoparametric quadrilateral elements. The edges of a typical 

element are parallel to the reference coordinate axes in the xz -plane, and also a 

typical element is made of either of the three component materials ( 1, 2, 3k  ) in 

the smart beams. However, the displacement and strain vectors (Eqs. (2.11)-( 

2.12)) at any point in a typical element can be expressed in terms of the shape 

function matrix ( N ) and the elemental nodal displacement vectors (
i e
d ,

ed ) as 

follows, 

i i e
s d N d , e

s d N d ,  

i i e
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x xB L N   

 

 

 

 

 

 

(2.14) 

where, where 18I  is the unity matrix of size (18 18 ) and the symbol   represents 

Kronecker product. Introducing Eq. (2.14) in Eq. (2.13), the linearized incremental 

governing equation of motion for a typical element can be obtained as, 

2 T( )e e e e e e e e i e e e e
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(2.15) 

In Eq. (2.15), the superscript e  indicates the elemental quantities, and the various 

component matrices are given by,  
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(2.16) 

where, the superscript k  denotes the material of an element among the three 

kinds of materials ( k  1,2,3) in the smart beams; 1
ke  is the first component of 

piezoelectric coefficient vector 
k

e  (Eq. (2.3b)). Assembling the elemental equations 

(Eq. (2.15)), the governing equation of motion of the smart beams can be obtained 

as, 

2

1

( )
pn

p p pi T
i s stm m sm I pE E E

p

V     


      M d K d P P R P d C K d  (2.17) 

where, d  is the global nodal displacement vector; sM  and  stmK  are the global 

mass and tangent stiffness matrices, respectively; mP / P  is the global load vector 

per unit increment of  / ; smR  is the global residue vector excluding the electro-

elastic coupling effect in the actuators; pV  is the voltage applied to the actuator 

in the thp  segment; 
p

EP , 
p
EC  and 

p
EK   are the global matrices corresponding to 

the assembly of elemental matrices e
EP , e

EC  and e
EK , respectively, for the elements 

made of actuator material within the thp  segment.  

2.4. Active control strategy 

The piezoelectric actuator patches are presently utilized to counteract the bending 

deformation of the smart beams (Fig. 2.1). In the case of the SMA beam (Fig. 

2.1(b)), every shear mode piezoelectric actuator patch is utilized to counteract the 

mechanically induced transverse shear stress ( xz ) around its location. Now, this 

mechanical stress ( xz ) changes its sign at the antinodes of any bending mode 

shape of vibration of the smart beam. So, every shear mode actuator patch is 

presently activated by the feedback of the slope of bending at its location since 

the slope of bending also changes its sign at the antinodes. Further, to utilize the 
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shear actuation force in the form of the active damping force, the electric field ( zE

) is supplied to a shear mode actuator patch in proportion to the time-rate of 

change of the local slope of bending deformation of the smart beam. However, this 

velocity feedback control strategy is implemented by locating the velocity sensors 

over the ends of the actuator patch segments, as shown in Fig. 2.1(b). These 

sensors provide the transverse velocities at the ends of the actuator patch 

segments, which are used to supply the external voltage ( pV ) to the thp  actuator 

patch segment according to Eq. (2.18a). In Eq. (2.18a), 
pSw  and 

1pSw


 are the 

transverse velocities at the left and right ends of the thp  actuator patch segment, 

respectively, and sdk  is the velocity feedback control gain.  

1p pS S

p sd
s

w w
V k

L




     for SMA beam (2.18a) 

Similar to the shear mode actuator patches in the SMA beam (Fig. 2.1(b)), 

every extensional mode actuator patch in the EMA beam (Fig. 2.1(a)) also acts 

against the mechanically induced extensional stress ( x ) around the location of 

the actuator patch. However, since the beam undergoes bending deformation, the 

sign of the mechanical stress ( x ) changes from positive to negative or vice versa 

as one proceeds from the top to the bottom surface of the substrate beam over its 

any cross-section. Therefore, the direction of the extensional actuation force 

within the top actuator patch in any patch segment would be in opposition to that 

for the bottom actuator patch in the same patch segment. It can be achieved by 

reversing the direction of the applied electric field ( zE ) over the top and bottom 

actuator patches in a segment while both the actuators are poled in the same 

vertical direction. Physically, this arrangement can be achieved by grounding the 

electrodes at the interlayer surface of substrate beam and actuator patches. 

However, in any patch segment, the electric field ( zE ) is applied to the 

corresponding actuator patches by supplying the external voltage ( pV ) in 

proportion to the transverse velocity over that patch segment. For implementing 

this velocity feedback control strategy, the velocity sensors are arranged similar 

to that for the SMA beam (Figs. 2.1(a)-(b)), where the average transverse velocity 

over a patch segment (say, thp  actuator patch segment) is taken as given in Eq. 

(2.18b).  

1

2

p pS S

p ed

w w
V k




   for EMA beam (2.18b) 
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where, edk  is the velocity feedback control gain. The transverse velocities (
pSw , 

1pSw


) at the sensor points can be expressed in terms of the global nodal velocity 

vector ( d ) by introducing a transformation row matrix ( p
STN / p

ETN ). It yields the 

applied voltage ( pV ) in terms of the velocity vector ( d ) as follows, 

     
psd

p ST
s

k
V

L
  N d , 

1
( )

p p

p
S S STw w


  N d   for SMA beam (2.18c) 

2

ped
p ET

k
V   N d , 

1
( )

p p

p
S S ETw w


  N d   for EMA beam (2.18d) 

Using Eq. (2.18c) or Eq. (2.18d) in the Eq. (2.17), the simplified form of the 

governing equation of motion of the smart beams can be obtained as, 

2
i s st i s s           M d K d C d P P R , 

i
s sm i s R R C d , i s

st stm i N I K K K d ,  

T( )i
s l I N C C d C , i

m s  P P C d , 

1

,
pn

p
l cE

p

 C P f  
1

pn
p

N cE
p

 C C f , 

11 1 2 2 3( ) ( ) ... ( )p p pn n n

N E E E E E E E E

    
  

K K K K K K K K K ,  

( )
f

i s i s
I N d d I , 

1 2 3
...

np

i s
S S S Sw w w w 

  
d , 

psd
c ST

s

k

L
f N  for SMA beam, 

2

ped
c ET

k
f N  for EMA beam 

 

 

 

 

 

 

 

 

 

 

 

(2.19) 

In Eq. (2.19), sC  and stK  are the global damping and tangent stiffness matrices, 

respectively; P / P  is the global load vector per unit increment of  / ; sR  is 

the global residue vector; 
fNI  is the identity matrix of size ( f fN N ) where fN  is 

the number of nodal degrees of freedom. It may also be noted here that the 

matrices NK  and NC  are null matrices for the SMA beam. 

2.5. Implementation of the harmonic balance method  

For the evaluation of frequency responses of the smart beams, the governing 

equation of motion (Eq. (2.19)) is expressed in the frequency domain by 

implementing the HBM. According to this method, the solution ( d ) can be 

assumed following the Fourier series with the finite number ( H ) of harmonic 

terms as follows,  
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d S X , 

fN S Q I , 
  1 c sQ Q Q , 

 cos( 2) cos(2 2) cos(3 2) . . . cos( 2)c H   Q , 

 sin ( 2) sin (2 2) sin (3 2) . . . sin ( 2)s H   Q ,  
T

0 T T T( ) ( ) ( )c sX d d d
 

 

 

 

 

(2.20) 

where, 0
d , c

d  and s
d  are the nodal displacement amplitude vectors 

corresponding to the constant, cosine and sine terms, respectively. Substituting 

this solution (Eq. (2.20)) in Eq. (2.19) and then using the Galerkin method, the 

linearized incremental governing equation of motion in the frequency domain can 

be obtained as,  

t      K X R R R  

 
4

T 2

0

t i s i s st d


    K S M S C S K S , 
4

T

0

s d


 R S R , 

 
4

T

0

d


   R S P , 
4

T

0

d


   R S P  

 

 

 

 

(2.21) 

The solution of Eq. (2.21) provides the frequency responses of the smart beams 

when the beams operate under the harmonically varying axial compressive load 

(Eq. (2.7)). However, presently the frequency responses of the smart beams are 

also evaluated by applying a transverse harmonic point-load ( tp ) in the form as 

given in Eq. (2.22) where o
tp  is the load-amplitude. 

cos coso o
t t tp p t p    (2.22) 

The first variation of the external workdone ( W ) by this point-load can be written 

as, 

( , )l l
tx z

W w p   (2.23) 

where, the transverse harmonic point-load ( tp ) is applied at a node having the 

coordinates as lx  and lz . The first variation of the corresponding nodal 

displacement (
( , )l lx z

w ) under the point-load ( tp ) can be expressed in terms of 

the global nodal displacement vector ( d ) through a transformation column vector 

( sP ). Accordingly, the first variation of the external workdone ( W ) can be written 

as,  

 T
tW  d P , ( )t s tpP P ,

( , )l l

T
sx z

w  d P  (2.24) 
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The governing equation of motion of the smart beams under this transverse 

harmonic point-load can be obtained by adding the corresponding global nodal 

load vector ( tP , Eq. (2.24)) over the right-hand side of Eq. (2.17) while the effect of 

the applied axial load can be removed by assigning its zero-value ( t
ap  = 0). The 

subsequent formulation remains the same as presented previously, and the 

resulting governing equation of motion (Eq. (2.21)) can then be solved for the 

frequency responses of the smart beams under the transverse harmonic point-

load.  

2.6. Local stability analysis 

For the local stability analysis of a steady-state response, a small perturbation is 

to be provided over that response. If this perturbation vanishes with time, then 

the response is said to be a stable one; otherwise, it is an unstable response. 

However, for the specified dynamic load parameter ( ) and excitation frequency (

 ), the corresponding steady-state solution can be obtained by solving Eq. (2.21), 

and this solution also satisfies Eq. (2.19). Accordingly, for this known steady-state 

solution ( i d S X , Eq. (2.20)) at the specified load parameter ( ) and excitation 

frequency ( ) as i and i , respectively,  Eq. (2.19) can be written as,  

    2
i s st i s      M d K d C d 0  (2.25) 

where, the matrices stK  and sC  are the functions of i , i and 
i
d  (Eqs. (2.19) 

and (2.15)). Equation (2.25) represents the linear differential equations with the 

periodic coefficients, and thus the stability of the steady-state response (
i
d ) can 

be obtained using Floquet theory by expressing Eq. (2.25) in the state-space form 

as, 

( )t F Q F ,  

 
T

 F d d , 
1 1

2

( ) 1 1
( ) ( )

f fN N

t
s st s s

ii





 

 
 

  
 
 
 

O I

Q
M K M C

 

 

 

 

(2.26) 

where, 
fNO  is the null matrix of size ( )f fN N . According to Floquet theory, the 

stability characteristics of the steady-state solution can be obtained from the 

eigenvalues of the monodromy matrix or state transition matrix ( ) that can be 

derived by satisfying ( ) ( )T  F F  where T  is the time period of the steady-

state response. This monodromy matrix can be computed by the solution of Eq. 

(2.26) following the standard procedure (Peletan et al., 2013) in conjunction with 
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a numerical time-integration method. However, it involves a high computational 

cost because of a large number of nodal degrees of freedom in the FE model of the 

smart beams. In this concern, the local stability analysis can be carried out by 

deriving a reduced-order model of the system (Eq. (2.25)) without significant loss 

of accuracy. For this model reduction, the basis vectors are presently chosen from 

the proper orthogonal modes ( qΘ ) that can be evaluated by solving an eigenvalue 

problem, as illustrated in Eq. (2.27a).  

 fq N q I Θ   

 1 T

lN
 Ψ Ψ , 1 2 3 . .

lN
 
 

Ψ d d d d  

 

 

(2.27a) 

In Eq. (2.27a),   is the correlation matrix; q  and qΘ  are the proper orthogonal 

value (POV) and proper orthogonal mode (POM), respectively, for the thq  mode 

(Rizzi and Przekop, 2008). Here, the snapshot matrix (Ψ ) is composed of nodal 

displacement vectors ( id , 1,2,... li N ), where a nodal displacement vector can be 

taken at any instant of time from the steady-state transient response of a smart 

beam at an excitation frequency. Presently, the displacement vectors in the 

snapshot matrix are considered for different excitation frequencies that are 

chosen arbitrarily within the operating frequency range. However, a 

transformation matrix (Φ , Eq. (2.27b)) can be formed by choosing a suitable 

number of proper orthogonal modes ( qΘ , 1,2,... rj N ) for the coordinate 

transformation (Eq. (2.27c)) from the nodal (d ) to modal (V ) coordinates.  

1 2 3 . .
rN

   Φ Θ Θ Θ Θ   (2.27b) 

V d Φ   (2.27c) 

Now, the differential system (Eq. (2.25)) is projected over the basis (Φ ) to obtain 

the reduced-order state-space form of Eq. (2.25) as follows, 

( )r r r
t F Q F ,  

 
T

T Tr V V F ,  1 1

2

( ) 1 1
( ) ( )

r rN N

r
t r r r r

s st s s
ii





 

 
 

   
 
 

O I

Q
M K M C

 

T( )r
s sM Φ M Φ , T( )r

st stK Φ K Φ , T( )r
s sC Φ C Φ  

 

 

 

 

 

(2.28) 
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where, 
rNO  and 

rNI  denote the null matrix and identity matrix, respectively, with 

the size of ( r rN N ); the pre-superscript r  denotes the reduced-order system 

matrices or vectors. Now, the reduced-order monodromy matrix ( r ) can be 

computed by the solution of Eq. (2.28) following the standard procedure (Peletan 

et al., 2013), where the numerical time-integration is presently carried out using 

Bathe time integration method (Bathe, 2006). The steady-state frequency 

response ( i
d ) is said to be stable one when all moduli of eigenvalues of the 

monodromy matrix ( r ) are less than 1; otherwise, the solution is an unstable 

one. 

 

2.7. Results and discussion 

In this section, the suitability of the shear mode and extensional mode 

piezoelectric actuators in control of nonlinear vibration of the smart beams (Figs. 

2.1(a)-(b)) is investigated by evaluating the nonlinear dynamic responses of the 

beams in both the frequency and time domain. For the evaluation of dynamic 

responses in the frequency domain, the governing equation of motion (Eq. (2.19)) 

is first expressed in the frequency domain by implementing HBM, and then the 

resulting equation (Eq. (2.21)) is solved using a numerical continuation method 

(Cheung et al., 1990). However, a convergence study is first carried out to decide 

an appropriate number of elements in the FE model and also a suitable number 

of harmonic terms in the HBM, especially to achieve the results with sufficient 

numerical accuracy. This study is carried out through the evaluation of the peak 

displacement amplitude of the smart beams by increasing the number of 

harmonic terms, while, for each step of the increase in the number of harmonic 

terms, the number of elements in the FE model are increased for both the 

substrate layers and actuator patches. It is observed that a minimum number of 

200 elements (100 element divisions in x  direction and 2 element divisions in 

z direction) for the substrate layers and a minimum number of 16 elements (8 

element divisions in x  direction and 2 element divisions in z direction) for 

every actuator patch provide sufficient numerical accuracy in the result for any 

number of harmonic terms. Besides, for the implementation of HBM, the sufficient 

numerical accuracy in the results is achieved for the first six harmonic terms (

H 1,2,..,6., Eq. (2.20)) in the case of the parametric excitation and the first six 

even harmonic terms ( H 2,4,6, …,12., Eq. (2.20)) in the case of the direct 

excitation. The subsequent numerical results are evaluated following this 
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convergence study. The local stability of the nonlinear frequency responses is 

analyzed using Floquet theory as it is described in the previous section where the 

reduced-order model is derived by choosing a suitable number of proper 

orthogonal modes (POMs). Usually, a higher proper orthogonal value (POV) 

indicates greater contribution of the corresponding POM to the response (Rizzi 

and Przekop, 2008). So, POMs are first arranged according to the corresponding 

POVs in descending order, and then the first nine POMs ( 9rN  ) are taken based 

on a convergence study. However, for the evaluation of dynamic responses in the 

time domain, the equation of motion (Eq. (2.19) is solved using Bathe time 

integration method (Bathe, 2006). Here, the time-domain responses are mainly 

used for the construction of global bifurcation diagrams where the Poincare 

sections are selected at the intervals of the time-period ( 2  ) of excitation. 

 

Table 2.1 

Geometrical properties of the smart beams (Figs. 2.1(a)-(b)). 

Substrate beam/face layers  

of sandwich beam 
L  = 0.6 m, b  = 3 mm, fh  = 2 mm  

Piezoelectric actuator patches 
ph = 1 mm, p sL L = 0.8 

 

Table 2.2  

Material properties of component materials in the smart beams (Figs. 2.1(a)-

(b)). 

Material properties PZT5H (Erturk and Inman, 

2011) 

Aluminum Foam (Raja 

et al., 2002) 

Elastic properties  
11C  = 127 GPa, 33C  = 117.84 GPa,  

12C  = 80.21 GPa, 13C = 84.67 GPa,  

44C  = 22.99 GPa, 66C  = 23.47 GPa 

E = 70 

GPa, 

 = 0.3 

 

E =35.3 

MPa, 

 = 0.3822 

Electromechanical 

coefficients 
31e  = -6.6228 C/m2, 33e  = 23.24 

C/m2, 24e  = 17.03 C/m2 

       --      -- 

Density (  ) 7500 kg/m3 2700 

kg/m3 

32 kg/m3 

The geometrical properties of the smart beams (Figs. 2.1(a)-(b)) are given in 

Table 2.1. The substrate beam (Figs. 2.1(a)) and the face layers of the sandwich 

beam (Figs. 2.1(b)) are considered to be made of Aluminum. The piezoelectric 

actuators are considered to be made of PZT5H (Erturk and Inman, 2011). The 

material properties for all component materials in the smart beams are given in 

Table 2.2. With these material and geometrical properties of the smart beams, 

their controlled nonlinear frequency responses under the direct excitation ( o
tp = 
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0.01 N, Eq. (2.22)) are evaluated for different numbers ( pn ) of actuator patch 

segments over the length of a smart beam. The corresponding variation in the 

peak transverse displacement-amplitude at the fundamental resonance is 

illustrated in Table 2.3 for each of the SMA and EMA beams. Here, the increase 

in the number ( pn ) of actuator patch segments over the length of a smart beam 

yields their reduced length ( sL ), while the volume fraction of actuator patch in a 

typical patch segment is kept with a constant value ( p sL L = 0.8). It is achieved 

by reducing the length ( pL ) of actuator patches without alteration of total volume 

of actuator material in a smart beam. Also, for any number of actuator patch 

segments, the velocity sensors are located following the boundaries of the patch 

segments according to the aforesaid control strategy. However, it may be observed 

from the second column of Table 2.3 that the change in the number of actuator 

patch segments over the length of the SMA beam does not have much effect on 

the controlled vibration amplitude. In the third column of Table 2.3, similar 

results for the EMA beam show that the controlled vibration amplitude decreases 

slowly with the increasing number of actuator patch segments, and this change 

appears insignificantly as the number of actuator patch segments is more than 8.  

Table 2.3  
Transverse displacement amplitudes of SMA/EMA beam at the 

fundamental resonance under the direct excitation (
o
tp = 0.01 

N) for different numbers ( pn ) of actuator patch segments (SMA 

beam: sdk =150 and w  at / 2x L , z h ;  EMA beam: edk =70 

and w  at / 2x L , ( 2)pz h h  ).  

 

pn  

SMA beam 

w h  

EMA beam 

w h  

4 0.687 0.650 

6 0.654 0.520 

8 0.638 0.481 

10 0.630 0.465 

These results imply that the controlled response of a smart beam does not 

vary significantly when the number ( pn ) of actuator patch segments is altered 

according to the aforesaid strategy. So, the number of patch segments may be 

increased for reducing the length of piezoelectric actuator patches particularly to 

avoid possible breakage of these actuator patches during the large amplitude 

vibration of the smart beams. But it poses the requirement of a large number of 

velocity sensors leading to the complexity in the feedback control arrangement. In 
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view of these aspects, a suitable number of actuator patch segments would be 

considered for attenuation of large amplitude vibration of a smart beam, and it 

may be decided through experimental study by observing the appearance of 

breakage of piezoelectric actuator patches for a reduced number of patch 

segments.  

However, in the present theoretical study, the maximum transverse 

displacement-amplitude of a smart beam is considered around the thickness ( h ) 

of the beam, where four actuator patch segments ( pn = 4) are taken and the 

actuator patches are assumed to operate without their breakage. The control 

gains ( i
sdk , 1,2,3,.... pi n  ; i

edk , 1,2,3,.... pi n ) can be assigned with their different 

values over the actuator patch segments. However, for the sake of simplicity, 

presently all actuator patches in the SMA or EMA beam are considered to be 

activated with the uniform control gain ( i
sd sdk k ; i

ed edk k ). The ends of the smart 

beams are considered as fully clamped ends while they operate under the 

transverse harmonic point-load (Eq. (2.22)) or axial harmonic load (Eq. (2.7)).  

 

Fig. 2.2. Verification of the present FE formulation in handling the 

electromechanical coupling in the extensional mode or shear mode 

piezoelectric actuators (SMA: shear mode actuation; EMA: extensional mode 

actuation) (Ref. (Sun and Zhang, 1995)). 

In order to verify the present FE formulation for handling the 

electromechanical coupling in the piezoelectric actuator patches, the reference 

results are taken from Sun and Zhang (1995) for the static analysis of two smart 

cantilever beams. In the first one, an extensional mode piezoelectric actuator 

patch is mounted on the surface of the substrate beam while the second one is a 

sandwich beam with a shear mode piezoelectric actuator patch at the core. For 

each of these smart cantilever beams, the location of the activated piezoelectric 
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actuator patch is varied over the length of the beam, and the corresponding 

change in the transverse deflection at the free end of the beam is computed. These 

results are illustrated in Fig. 2.2 along with similar reference results (Sun and 

Zhang, 1995). It may be observed from Fig. 2.2 that the present results are in 

good agreement with the similar reference results, thus verifying the present FE 

formulation in handling electromechanical coupling in the extensional mode and 

shear mode piezoelectric actuators. 

 
 

Fig. 2.3. Verification of the present solution for nonlinear frequency 

response of clamped-clamped beams under the transverse harmonic point-

load ( n  is the fundamental natural frequency) (Ref. (Ribeiro, 2004)). 

 

2.7.1. Active control of nonlinear vibration of the smart beams under a 

direct excitation  

In this section, the control capability of the shear mode actuators is compared to 

that of the extensional mode actuators when the smart beams undergo large-

amplitude vibration under a transverse harmonic point-load ( tp , Eq. (2.22)) at 

the middle point ( lx , lz ) of the beams ( 2lx L , l Lz h ; Lh h  for the SMA beam 

and ( 2)L ph h h   for the EMA beam). The corresponding nonlinear frequency 

responses of the smart beams are evaluated by the solution of Eq. (2.21) for the 

transverse harmonic point-load only. However, Eq. (2.21) is solved using a 

numerical continuation method (Cheung et al., 1990), and this solution is first 

verified considering the smart beams with the negligibly thin ( 0ph  ) and 

deactivated ( 0sdk  , 0edk  ) actuator patches. The nonlinear frequency response 

at the middle point of these clamped-clamped beams is evaluated for the aforesaid 

transverse harmonic point-load. This result is plotted in Fig. 2.3 along with the 

similar result for an identical clamped-clamped isotropic beam analyzed in 
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(Ribeiro, 2004). For this verification, the length ( L ), width (b ) and thickness ( h ) 

of the beam are considered as 406 mm, 20 mm and 2 mm, respectively. The beam 

is considered to be made of Aluminum ( E = 71.72 GPa,  = 0.33,  =2800 kg/m3 

) while the load-amplitude ( o
tp ) is taken with a value as 0.134 N.   It may be 

observed from Fig. 2.3 that the present result is in good agreement with the 

similar reference result (Ribeiro, 2004). This comparison verifies the present 

derivation of Eq. (2.21) for the transverse harmonic point-load and also the 

implementation of the numerical continuation method (Cheung et al., 1990). 

 

Fig. 2.4. (a), (c) Controlled nonlinear frequency responses of the clamped-

clamped SMA/EMA beam; (b),(d) the corresponding variations of the externally 

applied electric field ( zE ). 

Figures 2.4(a) and 2.4(c) illustrate the nonlinear frequency responses of 

the SMA and EMA beams, respectively, for different values of the control gain ( sdk

/ edk ). The corresponding variations of the externally applied electric field ( zE ) is 

also shown in Figs. 2.4(b) and 2.4(d). The green and red points over a response 

curve indicate stable and unstable responses of the smart beams, respectively. 

These responses are evaluated within a frequency range around the fundamental 
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natural frequency while the load-amplitude ( o
tp ) is taken with a value as 0.01 N. 

Also, for every point on a response curve in Figs. 2.4(a) and 2.4(c), the 

corresponding electric field amplitudes over the actuator patches in a smart beam 

are computed, and the maximum one is plotted in Figs. 2.4(b) and 2.4(d).  

It may be observed from Fig. 2.4(a) that the peak displacement-amplitude of 

the SMA beam can be attenuated effectively by increasing the control gain ( sdk ). 

A similar observation is also obtained for the extensional mode actuators in 

controlling the large-amplitude vibration of the EMA beam (Fig. 2.4(c)). However, 

it is important to notice from the results in Figs. 2.4(a)-(d) that, for almost the 

same value of the peak displacement-amplitude, the corresponding applied 

electric field for the shear mode actuators is significantly more than that for the 

extensional mode actuators. This observation implies greater control capability of 

the extensional mode actuators. The results in Figs. 2.4(a)-(d) also show that the 

peak displacement-amplitude is attenuated by increasing the control gain ( sdk /

edk ), but the corresponding applied electric field ( zE ) does not change 

significantly. This advantage can be obtained for any value of the load-amplitude 

( o
tp ).  

 

Fig. 2.5. Variation of the applied electric field ( zE ) corresponding to the peak 

displacement-amplitude for different values of the load-amplitude (
o
tp ) ( sdk = 

400 and edk =400).  

However, if the load-amplitude rises for any value of the control gain ( sdk

/ edk ), then the applied electric field ( zE ) corresponding to the peak displacement 

amplitude increases significantly (Fig. 2.5). But, it is known that the functionality 

of piezoelectric actuators is restricted to a certain permissible value of the applied 

electric field. So, these results indicate that the application of the shear mode and 
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extensional mode actuators is mainly limited by the load-amplitude ( o
tp ), where 

extensional mode actuators are capable of working up to a large extent of the load-

amplitude in comparison to that for the shear mode actuators (Fig. 2.5). 

 

2.7.2. Active control of the smart beams under parametric excitation 

In this section, the nonlinear dynamics and active control of smart beams are 

investigated when they operate under the harmonically varying axial compressive 

load (Eq. (2.7)). Here, the smart beams lie either in the pre-buckled or in the post-

buckled equilibrium state depending on the value of the static counterpart ( o
ap ) 

of the axial load with reference to the critical buckling load ( crp ). However, the 

critical buckling load does not appear with the same value for both the SMA and 

EMA beams. So, the pre-buckled and post-buckled equilibrium states of the smart 

beams are presented in a uniform manner by specifying the static axial 

compressive load ( o
ap ) with reference to the corresponding critical buckling load (

crp ) through a static load parameter as o
r a crp p p . For a value of the static load 

parameter ( rp ) as less than 1, the smart beams would lie in the pre-buckled 

equilibrium state. Otherwise, the smart beams lie in the post-buckled equilibrium 

state. However, for any of these equilibrium states, the smart beams may undergo 

vibration through the parametric resonances or instabilities due to the dynamic 

counterpart ( o
ap ) of the axial load (Eq. (2.7)). The corresponding dynamics and 

active control of the smart beams are explored in the following subsections. 

2.7.2.1. Dynamics and active control of smart beams in the pre-buckled state 

Generally, the parametric instability of a beam element appears in three types, 

namely primary, secondary and combinatory parametric instabilities. All the three 

kinds of parametric instabilities may appear in the pre-buckled equilibrium state 

of the smart beams depending on the range of excitation frequency. However, the 

principal primary parametric instability is the most critical one that appears at 

the twice of the natural frequency of a beam ( 2 n ) (Bolotin, 1964). So, the 

dynamics and control of the smart beams in the pre-buckled equilibrium state 

are presently analyzed corresponding to the principal primary parametric 

instability. This kind of parametric instability of a beam element is usually 

characterized by an instability region in the two-dimensional domain of excitation 

frequency ( ) and dynamic load parameter ( ), and it is presently evaluated by 

solving Eq. (2.21). For obtaining the boundary of this parametric instability region, 
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the numerical continuation method (Cheung et al., 1990) is employed in solving 

Eq. (2.21) with the constraint of a very small value of the Euclidian norm ( 0A ) of 

the nodal amplitude vector ( X ). It may be noted here that a similar method is 

addressed in Pierre and Dowell (1985) for evaluation of the parametric instability 

region.  

However, a convergence study is presently carried out for the consideration 

of a small value of 0A , where the principal primary parametric instability regions 

for the SMA and EMA beams are evaluated by gradually decreasing the value of 

0A . These results are illustrated in Figs. 2.6(a)-(b). From these results, it is clear 

that a small value of 0A  may be taken as 10-6 for the evaluation of the instability 

region. With this small value of 0A , the present FE solution is verified by taking 

the reference results from Iwatsubo et al. (1973) for the principal primary 

parametric instability region of a clamped-clamped isotropic beam. These 

reference results and the presently computed FE results are illustrated in Fig. 

2.6(c). It may be observed from Fig. 2.6(c) that the present FE results are in good 

agreement with the similar reference results (Iwatsubo et al., 1973), and this 

comparison verifies the present FE solution for evaluation of the parametric 

instability region.  

 

Fig. 2.6. Convergence study for deciding the value of 0A  in the evaluation of 

the parametric instability regions for the (a) SMA beam and (b) EMA beam; (c) 

verification of the present FE solution for the evaluation of the parametric 

instability region (Ref. (Iwatsubo et al., 1973)). 

 

Figures 2.7(a) and 2.7(b) illustrate the principal primary parametric 

instability regions for the SMA beam where two different values of the static load 

parameter ( rp = 0.3, 0.7) are taken, and also the value of the control gain ( sdk ) is 

varied. Similar responses for the EMA beam are also illustrated in Figs. 2.7(c)-(d). 
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For any value of the static load parameter ( rp ), it may be observed from Figs. 

2.7(a)-(d) that the instability region reduces significantly for the increase in the 

control gain ( sdk / edk ). So, both the shear mode and extensional mode actuators 

are capable of retaining the initial undeformed state of the smart beams by 

avoiding the oscillation through parametric resonance. However, for a constant 

value of the control gain ( sdk / edk ), the instability region enlarges as the static 

load parameter ( rp ) increases. So, the active control capability of the actuators 

decreases with the increase in the static load parameter ( rp ).  It may also be 

observed from Figs. 2.7(a)-(b) or Figs. 2.7(c)-(d) that the shape of the instability 

region deviates significantly when the value of the static load parameter ( rp ) 

approaches 1 or the static axial compressive load ( o
ap ) approaches the critical 

buckling load ( crp ). This may be due to the influence of higher-order parametric 

instability regions that appear close to the principal primary parametric instability 

region when the static load ( o
ap ) approaches the critical buckling load ( crp ). 

 

Fig. 2.7. Parametric instability regions for (a) SMA beam with rp = 0.3, (b) SMA 

beam with rp = 0.7, (c) EMA beam with rp = 0.3, (d) EMA beam with rp = 0.7.  

Usually, a parametric instability region is characterized by its width of 

instability ( ) and the origin of the instability ( o ). The width of instability (
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) is basically a frequency range over the instability region at a given value of the 

dynamic load parameter ( ). The origin of instability is a point on the boundary 

of the instability region where the dynamic load parameter (  ) arises with its 

minimum value ( o ). However, from the results in Fig. 2.7, it seems that the width 

of instability ( ) can sufficiently be reduced and the origin of instability ( o ) can 

also be shifted beyond a desired value of the dynamic load parameter ( ) by 

increasing the control gain ( sdk / edk ). It is clarified in Figs. 2.8(a)-(b) by plotting 

the variations of o  and   with the control gain ( sdk / edk ) where a value of   is 

considered as 0.2 for the measurement of  . It may be observed from Figs. 

2.8(a)-(b) that   significantly decreases and even approaches zero-value as the 

control gain increases. Concurrently, the origin of instability ( o ) shifts linearly 

towards a high value of the dynamic load parameter ( ). However, the results in 

Figs. 2.8(a) reveal the minimum value of the control gain ( sdk / edk ) for shifting the 

origin of instability ( o ) to a desired value of   so that the smart beams can be 

stabilized within this desired value of  . For instance, the minimum value of the 

control gain is 270 or 70 to stabilize the SMA or the EMA beam for any value of 

the dynamic load parameter ( ) less than 0.1 (points T, T', in Figs 2.8(a)).  

 

Fig. 2.8. Variations of (a) the origin ( o ) of instability and (b) the width of 

instability (  at   0.2) with the control gain ( sdk / edk ).   

According to this observation, the minimum value of the control gain ( sdk /

edk ) at a given value of   may be marked as its ( sdk / edk ) threshold value for 

indicating the appearance of the parametric instability of the smart beams beyond 

that value of . If the control gain is assigned a value that is greater than its 

threshold value, then the parametric instability of the smart beams would not 

arise. Otherwise, the smart beams may undergo vibration due to the parametric 

instability as the corresponding nonlinear frequency responses of the smart 
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beams are illustrated in Figs. 2.9(a) and 2.9(c) for three different values of the 

control gain ( sdk / edk ). In these results, the dynamic load parameter ( ) is taken 

with a value as 0.2 where the threshold value of the control gain appears as sdk

=535 or edk =138 to stabilize the SMA or the EMA beam (points Q and Q' in Fig. 

2.8(a)). However, it may be observed from these results (Figs. 2.9(a) and 2.9(c)) 

that there is no vibration of the smart beams for the threshold value of the control 

gain ( sdk / edk ). As the control gain decreases from its threshold value, the smart 

beams vibrate through the parametric resonance, and the corresponding peak 

amplitude of vibration significantly increases with the decreasing control gain. 

The corresponding variations in the applied electric field are illustrated in (Figs. 

2.9(b) and 2.9(d)) where the maximum value of the applied electric field is 

computed and plotted in the same manner as described for the results in Fig. 2.4. 

However, the results in Figs. 2.9(b) and 2.9(d) show that a small decrease in the 

control gain yields a significant increase in the applied electric field, particularly 

for the shear mode actuators. It may also be observed that the shear mode 

actuators need significantly more applied electric field than that for the 

extensional mode actuators even though the peak amplitude of vibration remains 

almost the same for both the SMA and EMA beams. Therefore, the extensional 

mode actuators are more capable of controlling the parametric instability of a 

smart beam than the shear mode actuators. 

 

Fig. 2.9. (a), (c) Frequency responses of the SMA and EMA beams under the 

principal primary parametric resonance; (b), (d) the corresponding variations 

of the applied electric field ( zE ); (1: sdk = 535, 2: sdk = 530, 3: sdk  = 500; 1': edk  

= 138, 2': edk  = 135, 3': edk  = 125).   
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In the case where the control gain is lesser than its threshold value at a 

given value of  , the parametric instability of the smart beams would appear if 

the excitation frequency ( ) lies within the width of instability ( ) at that given 

value of  . So, for any excitation frequency ( ) outside of this width of instability 

( ), the smart beams are supposed to be stable ones. However, it may not 

always be true because of the hardening nonlinear structural behaviour of the 

smart beams. In order to corroborate this phenomenon, the SMA beam is taken 

with the dynamic load parameter ( ) as 0.2. The control gain ( sdk ) is taken as 

500 that is lesser than its threshold value ( sdk = 535). The excitation frequency (

 ) is considered as 390 rad/s that lies outside of the width of instability (  at 

 0.2, Figs. 2.9(a) and 2.7(a)). So, the SMA beam is supposed to be stable under 

these values of the parameters (  ,  , sdk ). Now, an external disturbance is 

provided to the SMA beam as an initial transverse displacement in the form of the 

fundamental bending mode shape of the smart beam, and the corresponding 

transient responses are evaluated for different values of the maximum transverse 

displacement ( itw ) in this mode shape. These transient responses and the 

corresponding variations of the applied electric field are illustrated in Figs. 

2.10(a)-(b). Here, the applied electric field ( zE ) is plotted corresponding to an 

actuator patch where it ( zE ) appears with its maximum value. However, similar 

transient responses for the EMA beam are also shown in Figs. 2.10(c)-(d) where 

the aforesaid parameters ( ,  , edk ) are taken with their values as,    0.2,   

= 305 rad/s and edk  = 125. 

It may be observed from these transient responses (Figs. 2.10(a) and 2.10(c)) 

that the SMA/EMA beam exhibits unstable response for a high value of the initial 

transverse deflection or disturbance, and the corresponding amplitude of 

vibration arises in the same manner as that appears in the frequency responses 

(Figs. 2.9(a) and 2.9(c)). So, the SMA/EMA beam may undergo parametric 

instability depending on the disturbance even though these beams are supposed 

to be stable for the aforesaid specified values of the parameters ( ,  , sdk  or edk

). This observation implies that the parametric instability of the smart beams is 

not only confined to the origin of instability ( o ) and width of instability ( ) but 

also dependent on the disturbance that ensues large amplitude vibration of the 

smart beams. However, for stable responses, it may also be noted from Figs. 

2.10(a)-(d) that the shear actuators need a very high electric field to stabilize the 

SMA beam in comparison to that for the extensional actuators in the EMA beam. 
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It again shows significantly greater control capability of the extensional mode 

actuators than that of the shear mode actuators. 

            

Fig. 2.10. (a), (c) Transient responses of the SMA ( =390 rad/s, sdk  =500) and 

EMA beams ( =305 rad/s, edk =125) for different initial transverse 

displacements ( itw ); (b), (d) the corresponding variations of the applied electric 

field ( rp =0.3,   =0.2).  

2.7.2.2. Nonlinear dynamics and control of smart beams in the post-buckled 

state 

In this section, the nonlinear dynamics and control of the buckled ( rp > 1) smart 

beams are analyzed mainly by varying the control gain ( sdk / edk ). The post-

buckled equilibrium state of the smart beams is considered with a value of the 

static load parameter ( rp ) as 1.05 while the dynamic load parameter ( ) is taken 

with a value as 0.02. Figure 2.11(a) shows the corresponding frequency response 

of the SMA beam for the control gain ( sdk ) as 3500. It may be observed from this 

figure that the stable and unstable dynamic responses of the SMA beam are 

associated with the three possible static equilibrium states, namely two post-

buckled equilibrium states (AB and A'B', Fig. 2.11(a)) and the initial undeformed 

equilibrium state ( / 0w h  , OM, Fig. 2.11(a)). It may be recalled here that stable 

and unstable responses are indicated by green and red colour, respectively. 

However, at a post-buckled equilibrium state, the SMA beam undergoes stable 

period-1 oscillation mainly through the fundamental resonance, where the 

oscillation with a fundamental frequency of / m  is denoted by period- m

oscillation. This periodic oscillation of the SMA beam is depicted here by the 
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corresponding maximum (1, 1’, Fig. 2.11(a)) and minimum (2, 2’, Fig. 2.11(a)) 

deflections of the beam during oscillation, where it is clear that two local periodic 

attractors or limit cycles appear with reference to the post-buckled equilibrium 

states. The corresponding variations in the applied electric field ( zE ) are 

demonstrated in Fig. 2.11(b). Here, the applied electric fields over the actuator 

patches are computed for every solution point on a response curve (Fig. 2.11(a)), 

and the maximum one is plotted. However, the results in Fig. 2.11(b) indicate the 

requirement of a high value of the applied electric field to activate the shear mode 

actuators, particularly at the peak amplitude of vibration. So, the dynamics of the 

SMA beam at a low value of the control gain ( sdk = 500) is also investigated 

subsequently, where the frequency response and the corresponding variation of 

the applied electric field are illustrated in Figs. 2.11(c) and 2.11(d), respectively.  

 

Fig. 2.11. (a), (c) Frequency responses of SMA beam in its post-buckled state (

rp = 1.05,   = 0.02, (a) sdk = 3500, (c) sdk  = 500); (b), (d) the corresponding 

variations of the applied electric field ((b) sdk = 3500, (d)  sdk  = 500).   

 

It may be observed from Fig. 2.11(c) in comparison to Fig. 2.11(a) that the 

SMA beam undergoes complex motion as the control gain ( sdk ) reduces. This 
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complex motion of the SMA beam appears through three types of local periodic 

attractors (E, E' (period-1); F, F' (period-1); G,G' (period-2); Fig. 2.11(c)) 

corresponding to the post-buckled equilibrium states and a global periodic 

attractor (H, Fig. 2.11(c)) with reference to the initial undeformed state of the SMA 

beam. The local attractors mainly involve principal primary parametric (period-2, 

G, G', Fig. 2.11(c)) and secondary parametric/fundamental (period-1, F, F', Fig. 

2.11(c)) resonances at the frequencies 2 n  and n , respectively, where n  is the 

fundamental natural frequency. One higher-order parametric resonance 

(superharmonic resonance, period-1 oscillation, E, E', Fig. 2.11(c)) at / 2n  is also 

observed. However, the global attractor appears with the snap-through motion of 

the SMA beam, and it continues from the principal primary parametric resonance 

(period-2) at the pre-buckled state of the SMA beam (Fig. 2.9). It may be noted 

here that the local fundamental resonance, local higher-order resonance and 

global snap-through motion appear through saddle-node (S) bifurcation while the  

 

Fig. 2.12. (a) Global bifurcation diagram corresponding to the critical zones 

(KN, QR) in Fig. 2.11(a); (b) the corresponding variation in the applied electric 

field ( zE ).  

local principal primary parametric resonance appears through the period-

doubling bifurcation (P) (Fig. 2.11(c)). However, Fig. 2.11(c) shows two critical 

zones (KN and QR) where there is no stable response of the SMA beam. It may be 

due to the fact that the solution (Eq. (2.20)) is taken with the limited number of 

harmonic terms ( H  = 1,2,3,…6) so that the other kinds of responses like 

aperiodic, chaotic and higher-order subharmonic responses (period-4, period-8, 

etc.) may not appear by this solution (Eq. (2.20), H = 1,2,...6). So, the motion of 

the SMA beam within these critical zones is investigated by evaluating the global 

bifurcation diagram, as shown in Fig. 2.12(a). In this construction of the global 
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bifurcation diagram, the Poincare sections are taken at the intervals of the time 

period of excitation ( 2  ) while the initial transients of the time response are 

ignored for the first 200 cycles of harmonic excitation, and the subsequent 50 

cycles are considered. 

 

Fig. 2.13. Responses of SMA beam at different excitation frequencies ( rp

=1.05,  =0.02, sdk =500); transient responses at (a)  = 49 rad/s, (b)  = 121.9 

rad/s; phase plots at (c)  = 49 rad/s, (d)  = 121.9 rad/s, (e)  = 71.2 rad/s, 

(f)  = 71.2 rad/s, (g)  = 72.8 rad/s; frequency spectrums at (h)  = 131.18 

rad/s, (i)  = 131.5 rad/s, (j)  = 136.8 rad/s.  

It may be observed from Fig. 2.12(a) that the local period-1 response of the 

SMA beam appears at the low-frequency region till   = 49 rad/s (Point F/F’), 

where chaotic motion (KN) evolves through the intermittent transition bifurcation 

(T). This bifurcation can be seen clearly through the transient response in Fig. 

2.13(a) and phase plot in Fig. 2.13(c) at a frequency   = 49 rad/s. This 

phenomenon occurs due to the disappearance of the stable solution after the 

cyclic-fold bifurcation at   = 49 rad/s (Point F/F’, Fig. 2.11(c)). With the increase 

in the frequency, the inverse symmetry breaking bifurcation (B) occurs around a 

frequency   = 71 rad/s (point G/G’, Figs. 2.11(c) and 2.12(a)), and the chaotic 

motion (KN, Fig. 2.11(c)) gradually reduces to snap-through motion (period-2). 

This bifurcation phenomenon can be observed through the phase plots in Fig. 
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2.13(e)-(g). However, besides the snap-through motion (period-2), the local period-

1 attractor also evolves at a frequency   = 85.6 rad/s (Point I/I’, Fig. 2.12(a)) 

through the period-demultiplying bifurcation (P). For further increase in the 

frequency, the chaotic attractor (QR, Fig. 2.11(c)) arises from the local period-1 

attractor at a frequency   = 121.9 rad/s (point G/G’, Figs. 2.11(c) and 2.12(a)) 

through the intermittent transition bifurcation (T). This bifurcation can be seen 

clearly by the transient response and phase plot in Figs. 2.13(b) and 2.13(d), 

respectively. However, with the increase in the frequency, period-demultiplying 

bifurcation (P) appears at a frequency   = 131.2 rad/s (point K/K’, Fig. 2.12(a)), 

and the chaotic attractor (QR, Fig. 2.11(c)) reduces to the local period-2 attractor 

where the corresponding frequency spectrums (Figs. 2.13(h)-(j)) reveal period-8, 

period-4 and period-2 responses at   = 131.18 rad/s,   = 131.5 rad/s,   = 

136.8 rad/s, respectively. 

 

Fig. 2.14. (a) Frequency response of SMA beam in its post-buckled state ( rp = 

1.05,   = 0.02, sdk =900) and (b) the corresponding variations of the applied 

electric field ( zE ).  

For this complex motion of the SMA beam, the corresponding variation in 

the applied electric field ( z ) is illustrated in Fig. 2.12(b). Here, for every attractor, 

the electric fields supplied to the actuators are computed over the aforesaid 50 

cycles of oscillation at every excitation frequency, and the corresponding 

maximum and minimum values of the supplied electric field are plotted. It may 

be observed from Fig. 2.12(b) that the chaotic motion of the SMA beam does not 

cause the requirement of a high value of the applied electric field. However, from 

the previous results (Figs. 2.11 and 2.12), it may be noted here that a high value 

of the control gain is to be assigned for reducing the complex motion of the SMA 
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beam. But, the corresponding applied electric field may exceed its permissible 

value for the shear mode piezoelectric actuators (Fig. 2.11(b)). So, the control gain 

is to be reduced, and it yields complex motion of the SMA beam (Fig. 2.11(c)), 

where a high electric field may again appear due to the global snap-through 

periodic motion (H, Fig. 2.11(d)) of the SMA beam. In this issue, an adjustment in 

the value of the control gain may be needed for the disappearance of the global 

snap-through periodic motion (H, Fig. 2.11(d)) within a reasonable value of the 

applied electric field, as a similar dynamic response of the SMA beam is shown in 

Figs. 2.14(a)-(b). But, the corresponding complexity in the dynamic responses may 

not reduce. Therefore, the shear mode piezoelectric actuator may not be capable 

of reducing the complex motion of smart beams.  

 

Fig. 2.15. (a), (c) Frequency responses of the EMA beam in its post-buckled 

state ( rp = 1.05,   = 0.02, (a) edk = 100, (c) edk  = 500); (b), (d) the corresponding 

variations of the applied electric field ((b) edk  = 100, (d)  edk = 500).  

Figures 2.15(a)-(d) illustrate the frequency responses of the buckled EMA 

beam for two different values of the control gain ( edk ). In these responses, the 
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motion of the EMA beam within the critical zones (KN and QR, Fig. 2.15(a)) is 

explained through the bifurcation diagram in Fig. 2.16. However, it is important 

to observe from the results in Figs. 2.11, 2.12, 2.15 and 2.16 that the frequency 

responses of EMA beam are almost similar to that for the SMA beam. But, the 

maximum value of the required electric field is significantly higher for the shear 

mode actuators than that for the extensional mode actuators. Also, the complex 

motion of a smart beam can be reduced by applying a low electric field when the 

extensional mode actuators are used instead of the shear mode actuators. This 

requirement of the low electric field for extensional mode actuators provides the 

scope for further increase in the control gain ( edk ) towards the low amplitude of 

vibration besides the reduction of complex motion, as it is clear from Fig. 2.17. 

 

Fig. 2.16. (a) Global bifurcation diagram corresponding to the critical zones 

(KN, QR) in Fig. 2.15(a); (b) the corresponding variation of the applied electric 

field ( zE ).  

 

Fig. 2.17.  (a) Frequency responses of the EMA beam at its post-buckled state 

( rp = 1.05,   = 0.02) for different values of the control gain ( edk ), (b) the 

corresponding variations of the applied electric field ( zE ). 

 

TH-2877_166103022



74 
 

 

Fig. 2.18. (a), (c) Frequency responses of the EMA beam in its post-buckled 

state ( rp = 1.05,   = 0.2, (a) edk  = 500, (c) edk  = 3500); (b), (d) the corresponding 

variations of the applied electric field ((b) edk = 500, (d) edk = 3500). 

Although these observations imply the suitability of the extensional mode 

actuators in control of smart beams, it is further verified by increasing the static 

( rp ) and dynamic ( ) load parameters. Figure 2.18 illustrates the nonlinear 

frequency responses of the EMA beam for two different values of the control gain 

( edk ) when the dynamic load parameter ( ) is increased to a value of 0.2. Figure 

2.19 also illustrates similar frequency responses of the EMA beam when the static 

load parameter ( rp ) is increased to a value of 1.1. However, it may be observed 

from these responses (Figs. 2.18(a) and 2.19(a)) in comparison to the earlier one 

(Fig. 2.15(a)) that the dynamics of the EMA beam changes to some extent due to 

the increase in the static and/or dynamic load parameters, particularly in the 

appearance of the local periodic attractors. For a high value of   with a low value 

of rp  (Fig. 2.18(a)), the local periodic attractors are in the development stage 

leading to period-1 attractors (M, Fig. 2.18(a)) only at higher excitation 

frequencies. These local period-1 attractors evolve through a stable undeformed 

state of the EMA beam within a small frequency zone (JM, Fig. 2.18(a)). Now, as 

the static load parameter increases from rp =1.05 (Figs. 2.18(a)) to rp =1.1 (Figs. 

2.19(a)), local period-2 attractors also appear through a small critical zone (QR, 
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Fig. 2.19(a)) where the chaotic oscillations arise similar to the critical zone QR in 

Fig. 2.15(a). Thus, at a high value of the dynamic load parameter (  ), the local 

periodic attractors gradually appear with the increase in the static load parameter 

( rp ). Further, a chaotic attractor is also observed to appear at lower frequencies 

(KN in Figs. 2.18(a) and 2.19(a)) where the global dynamics of the EMA beam 

arises. However, from the results in Figs. 2.18 and 2.19, it is clear that the 

complex motion and the corresponding amplitude of vibration of the EMA beam 

reduce significantly as the control gain ( edk ) increases while the applied electric 

field ( zE ) appears within the reasonable range. Therefore, the extensional mode 

actuators can also be used for higher values of the static and dynamic load 

parameters.  

 

 

Fig. 2.19. (a), (c) Frequency responses of the EMA beam in its post-buckled 

state ( rp = 1.1,   = 0.2, (a) edk = 500, (b) edk  = 3000); (b), (d) the corresponding 

variations of the applied electric field ((b) edk  = 500, (d)  edk  = 3000).  

2.8. Summary 

In this chapter, the nonlinear dynamics and active control of smart beams are 

investigated using the shear mode and extensional mode piezoelectric actuators. 

The numerical analysis is performed considering two smart beams for separate 
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use of the two kinds of piezoelectric actuators. These smart beams are considered 

to operate under the transverse or axial compressive harmonic load while the 

actuators are activated by supplying the external electric field according to the 

velocity feedback control law. The dynamics of the smart beams is analysed 

numerically by deriving the geometrically nonlinear electro-elastic incremental 

equations of motion in the finite element (FE) framework. The FE equations of 

motion are solved using Bathe time integration method for evaluation of the 

transient responses while the frequency responses are evaluated by implementing 

the harmonic balance method in conjunction with a numerical continuation 

technique.  

The results for the direct excitation of smart beam under transverse 

harmonic load reveal that the resonant displacement amplitude can be reduced 

to the desired range by increasing the control gain with a negligibly small change 

in the externally applied electric field. However, the externally applied electric field 

significantly increases with the increasing load-amplitude where the applied 

electric field may appear beyond its permissible value for the piezoelectric 

actuators. In this concern, the extensional mode actuators are capable of working 

up to a large extent of the load-amplitude in comparison to that for the shear 

mode actuators. However, the results for parametric excitation of the smart beams 

reveal the following observations. 

(a) In the pre-buckled state, the parametric instability region can be reduced 

significantly by increasing the control gain, and this control gain has a 

minimum value to stabilize the smart beams for a specified axial compressive 

harmonic load. Beyond this limiting value of the control gain, both the shear 

mode and extensional mode actuators work well to stabilize the smart beams. 

But, within the limiting value of the control gain, the shear mode actuator 

may not be a suitable one as it needs a very high electric field to attenuate 

the corresponding oscillation (period-2) of the smart beams.  

(b) It is observed that the parametric instability of the smart beams is not only 

confined to the corresponding instability region but also dependent on the 

external disturbance that ensues transverse deflection of the beams. 

However, once the dynamic instability arises for any of the reasons, the 

attenuation of the corresponding oscillation of the smart beams becomes a 

difficult task to the shear mode actuator as it needs significantly more applied 

electric field than that for the extensional mode actuator. 

(c) With the increase in the control gain at the post-buckled state of the smart 

beams, first, the global snap-through motion diminishes, and then the 

chaotic motion reduces to simple period-1 response corresponding to the 
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buckled equilibrium states. But the corresponding requirement of the 

external electric field for the shear mode actuator is significantly more than 

that for the extensional mode actuator. This difference further increases with 

the increase in the load parameters. So, the shear mode actuator may be 

utilized for low values of the load parameters while the extensional mode 

actuator performs well in the reduction of complex motion and also in 

attenuation of the large amplitude vibration of the smart beams. 
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Chapter  

3 

A generalized finite element formulation for nonlinear 

frequency response analysis of slender viscoelastic 

beams using harmonic balance method  

 

3.1. Introduction 

In the previous chapter, the active control of dynamic instability of a 

parametrically excited slender beam is investigated using shear mode and 

extensional mode piezoelectric actuators. Although this study shows a good 

control capability of the extensional mode piezoelectric actuator in attenuation of 

complex dynamics of the beam at its pre-buckled or post-buckled state, this kind 

of actuator cannot be used fruitfully for structural vibration control at a high 

frequency (Azvine et al., 1995). Moreover, the associated active control system 

appears with a complex configuration involving sensors, actuators, controllers 

and external power supply units. So, in the quest for a simpler damping 

arrangement for controlling parametric instability of beam-like slender 

structures, the application of CLD treatment has been addressed in a good 

number of available studies, as presented in Section 1.3.1.  

The CLD treatment provides passive damping through a constrained 

viscoelastic damping layer where the damping layer is constrained between the 

host structure surface and a stiff constraining layer. Here, the passive damping 

arises mainly by means of the transverse shear deformation of the constrained 

viscoelastic layer. So, this damping arrangement appears with a simple 

configuration, unlike the aforesaid active control system. The available studies 

(Section 1.3.1) show good damping effectiveness of this CLD treatment for 

controlling the dynamic instability of slender beams operating under the 

parametric excitation at the pre-buckled state. However, in practice, the same 

excitation may also cause various dynamic instabilities and the associated 

complex motion of the beams once they undergo static instability or buckling. The 

damping effectiveness of the CLD treatment in attenuation of such complex 

dynamics of slender beams in the post-buckled state is not yet addressed in the 

literature to the best knowledge of this researcher. Therefore, an objective of this 

dissertation is to investigate the effectiveness of the CLD treatment in passive 

TH-2877_166103022



79 
 

control of nonlinear dynamics of a parametrically excited beam, especially when 

it undergoes buckling or static instability. 

For this theoretical investigation, one needs to derive mathematical models 

of the CLD treated beams, where the FE procedure and HBM are presently 

preferred because of their robustness in the analysis of nonlinear structural 

dynamics (Section 1.4). Besides, for estimation of accurate damping in the CLD 

treatment, the viscoelastic material is to be modelled using the advanced 

viscoelastic constitutive relations like Generalized Maxwell model, Zener model, 

fractional Zener model, Heredity integral approach, etc. (Hasan et al., 2021; 

Amabili et al., 2019; Baz, 2019; Galucio et al., 2004; Litewka and Lewandowski, 

2017a; McTavish and Hughes, 1992; Zhou et al., 2016). However, these 

constitutive relations involve temporal derivative/integral of stress/strain. It 

poses complexity in the derivation of the geometrically nonlinear FE model of 

viscoelastic structures in conjunction with HBM. In this concern, some studies 

are available in the open literature (Bilasse et al., 2010; Jacques et al., 2010; 

Lewandowski and Wielentejczyk, 2017; Litewka and Lewandowski, 2017a, 2017b; 

Wielentejczyk and Lewandowski, 2019, 2017). Although these available HBM-

based FE models can be used for geometrically nonlinear frequency response 

analysis of viscoelastic structures, the shortcomings are observed as (a) separate 

FE formulation for each of the viscoelastic constitutive relations and (b) 

consideration of one or two harmonic terms in the implementation of HBM.  

The first shortcoming arises due to the change in the mathematical form 

from one to another viscoelastic constitutive model. However, it may be tackled 

by expressing the various viscoelastic constitutive relations in a generalized form 

for the time-periodic stress/strain. This generalized form of constitutive relation 

would facilitate a common HBM-based FE formulation for all types of viscoelastic 

constitutive models. 

The second shortcoming appears mainly due to the complexity in handling 

a long expression of the HBM-based expanded form of the nonlinear stiffness 

matrix in the FE model. Despite this complexity, one needs to consider a sufficient 

number of harmonic terms in the implementation of HBM for accurate modelling 

of nonlinear dynamic characteristics of a viscoelastic structure in the frequency 

domain. So, the FE formulation would be based on an arbitrary number of 

harmonic terms in HBM. However, the corresponding formulation may be 

simplified somewhat by the factorization of the nonlinear strain-displacement 

matrix in terms of a linear strain-displacement matrix and a nodal displacement 

matrix/vector. Here, the nodal displacement matrix/vector appears in multiple of 

the linear strain-displacement matrix so that it would ease the incorporation of 
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Fourier expansion of nodal displacements towards the derivation of a long and 

complex expression of the HBM based expanded form of the nonlinear stiffness 

matrix. 

However, the expanded form of the nonlinear stiffness matrix appears with 

a large number of stiffness terms due to the consideration of an arbitrary number 

of harmonic terms in HBM. Here, every stiffness term is to be reduced over a time-

period according to HBM, where a numerical time-integration method is 

commonly employed. So, another shortcoming of a high computational time arises 

due to this time-integration. In this aspect, the analytical method for the time-

integration of stiffness terms can be used as addressed in Lewandowski (1997, 

1992); however, this analytical approach for time-integration may be a 

cumbersome one especially for handling a robust FE formulation using a good 

number of harmonic terms in HBM. Alternatively, in some other studies 

(Dimitriadis, 2008; LaBryer and Attar, 2010), fast Fourier transform or discrete 

Fourier transform is utilized where the computational time decreases as 

compared to that for a conventional numerical time-integration approach. But it 

requires the evaluation of stiffness terms at a good number of sampling points 

within the time-period for the computation of Fourier coefficient matrices of the 

nonlinear stiffness matrix. However, the time-integration of stiffness terms may 

also be carried out by exploiting the orthogonality of Fourier basis functions. 

Although this analytical approach is not yet addressed in the literature for the 

implementation of HBM, it may provide the advantage of simplicity in the time-

integration of stiffness terms as well as the reduced computational time.   

On the basis of these three newly proposed formulation strategies, an FE 

formulation in conjunction with HBM is presented in this chapter for the 

nonlinear frequency response analysis of viscoelastic structures. This formulation 

is utilized in the subsequent chapters to investigate the damping effectiveness of 

the CLD treatment for attenuation of the complex dynamics of parametrically 

excited beams. However, the present HBM-based FE formulation may be called a 

generalized one since it is not limited to a particular type of viscoelastic 

constitutive relation. Also, it can be used for an arbitrary number of harmonic 

terms in HBM.  

In the following sections, an FE formulation of a viscoelastic sandwich 

beam using HBM is presented where all the aforesaid objectives are attained 

towards a new FE formulation of viscoelastic structures for their nonlinear 

dynamic analysis in the frequency domain. In Section 3.2, the basic approach of 

formulating the governing equation of motion is demonstrated. The subsequent 

formulation is carried out based on the aforesaid objectives, where Section 3.2.1 
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presents the mathematical formulation for the reduction of various time-domain 

viscoelastic constitutive models in a generalized form using HBM. Section 3.2.2 

illustrates the analytical time-integration by exploiting the orthogonality of 

Fourier basis functions. Section 3.2.3 presents a special formulation of the 

nonlinear strain vector in the FE framework to ease the derivation of the nonlinear 

stiffness matrix and the nonlinear FE equation of motion using HBM with an 

arbitrary number of harmonic terms. In the next section, i.e. Section 3.4, an FE 

model of the same viscoelastic sandwich beam is derived in the time-domain 

based on the fractional Zener constitutive model. This FE model in the time 

domain is utilized to verify the present FE formulation for viscoelastic structures 

using HBM, as the corresponding numerical results are presented in Section 3.5.  

 

Fig. 3.1. Schematic diagram of a sandwich beam with the viscoelastic core.  
 

3.2. Mathematical modelling of a viscoelastic sandwich beam  

Figure 3.1 shows a sandwich beam with the elastic face layers and viscoelastic 

core. The sandwich beam is represented in a reference Cartesian coordinate 

system ( xyz ), where the length, width and thickness of the sandwich beam are 

denoted by L , b  and h , respectively. Within the total thickness ( h ) of the 

sandwich beam, the thicknesses of the bottom face layer, top face layer and core 

layer are denoted by 1sh , 2sh  and vh , respectively. The material properties of any 

layer do not vary along the y -direction. Also, there is no externally applied 

mechanical force on the boundary surfaces parallel to the xz -plane. The ends of 

the sandwich beam are considered as fully clamped ends, and the beam operates 

under the transverse mechanical load. Further, there is no body force in any axial 

direction within the reference coordinate system. So, the sandwich beam is 

expected to undergo bending deformation in the xz -plane under the plane stress 

condition. Accordingly, the state of stress and the state of strain at any point in 

the xz -plane of the sandwich beam can be written, as given in Eq. (2.1). 

T{ }x z xz  ε , T{ }x z xz  σ  (2.1) 
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The Green-Lagrange strain-displacement relations at any point in the xz -plane 

can be written as  

( )l n ε ε ε ,  

T

l

u w w u

x z x z

    
  

    
ε ,  

T
2 2 2 2

1 1 1 1

2 2 2 2
n

w u w u w w u u

x x z z x z x z

                
           

                

ε  

 

 

 

 

(3.1) 

where, u  and w  are the displacements at any point in the xz -plane along the x  

and z -directions, respectively. The linear ( lε ) and nonlinear ( nε ) strain vectors 

can also be represented in terms of the displacement vector ( sd ) as follows 

l sε L d , (1 2) ( )n n s sε L d d ,   
T

s u wd  

T
T T T( ) ( ) ( )u w w u

x z x z
  
 

L L L L L ,  

1 2 1 2( ) ( ) ( ) ( ) ( )u u u u w w w w
n s s x s z s x s z   L d L d L L d L L d L L d L , 

T
T T

1 ( ) ( )u u u
x z

 
 

L L O L , ,  

T
T T

1 ( ) ( )w w w
x z

 
 

L L O L , 
T

T T
2 ( ) ( )w w w

z x
 
 

L O L L ,  

{ 0}u
x x  L , {0 }w

x x  L , { 0}u
z z  L , {0 }w

z z  L  

 

 

 

 

 

 

 

 

(3.2) 

In Eq. (3.2), O  is the null matrix of size (2 1) . However, the sandwich beam is 

considered to vibrate in the xz -plane under a time-dependent uniformly 

distributed transverse load ( tup )/transverse point-load ( tp ) at a point ( ,l lx z ) over 

the top surface of the beam. The corresponding first variations of the total 

potential energy ( pT ) and the total kinetic energy ( tT ) of the sandwich beam can 

be written as 

2
T T T

( , )
1

( ) ( ) ( ) ( )
l l

k

k k
p l n t s tu t s tz h x z

k A

T p p b b dA    




     ε ε σ l d l d ,   

2
T

1

( )
k

k k
t s s

k A

T bdA  


   d d , {0 1}t l  

 

 

 

(3.3a) 

coso
t tp p t , coso

tu tup p t  (3.3b) 

In Eq. (3.3a), the superscript k  indicates the material for the elastic face layers 

or the viscoelastic core according to its value as 1 or 2; 
kA  represents the area of 
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the thk  material in the xz -plane; 
k  and k

σ  are the mass density and stress 

vector, respectively, at any point in the thk  material. However, for the vibration 

analysis in the frequency domain, the transverse harmonic loads ( tp , tup ) are 

considered as given in Eq. (3.3b) where 
o
tp /

o
tup  and   are the amplitude and 

excitation frequency, respectively. Equation (3.3a) is substituted in the extended 

Hamilton’s principle (Eq. (2.9)) to obtain the equation of motion of the sandwich 

beam, as given in Eq. (3.4). 

T T
2

T T
1 ( , )

( ) ( )
0

( ) ( ) ( )k
l l

k k
s s l n k

k t s tu t s tA z h x z

bdA
p p b

   

  

 


 
 

d d ε ε σ

l d l d
 (3.4) 

Presently, a state of vibration ( sd , ) of the sandwich beam is expressed 

with respect to a reference state of vibration (
i

sd , i ) through their increments (

sd , ), as given in Eq. (3.5a). Accordingly, the incremental forms of the strain 

( lε , nε ) and stress ( k
σ ) vectors are given in Eq. (3.5b) where the pre-superscript i  

denotes a quantity corresponding to the reference state of vibration.   

 i
s s s d d d ,  i     (3.5a) 

( )i
l l l ε ε ε ,  1 2( )i

n n n n   ε ε ε ε , ( )k i k k σ σ σ , 

i i
l sε L d , l s ε L d ,  

(1 2)i i i
n n sε L d , 1

i
n n s ε L d , 2 (1 2)n n s  ε L d , 

( )i i
n n sL L d , ( )n n s L L d  

 

 

 

 

(3.5b) 

Substituting Eqs. (3.5a) and (3.5b) in Eq. (3.4), the incremental equation of motion 

of the sandwich beam can be obtained as 

T T
2 1 2

T T
1 ( , )

( ) ( ) ( ) ( )
0

( ) ( ) ( )k
l l

i k k k i
l n n s s s k

k t s tu t s tA z h x z

bdA
p p b

      

  

    


 
 

ε ε ε σ σ d d d

l d l d
 (3.6) 

In Eq. (3.6), the strain energy term, i.e. 
T

2( ) i k
nε σ  yields the geometric stiffness 

of the beam; however, it is simplified in a special manner as follows  

T T T
2( ) ( ) ( )i k u i k u w i k w

n g g g g     ε σ ε Γ ε ε Γ ε , 

u u
g g s ε L d , ,w w

g g s ε L d  
T

T T( ) ( )u u u
g x z

 
 

L L L ,  
T

T T( ) ( )w w w
g x z

 
 

L L L , 

 

i k i k
x xzi k

i k i k
xz z

 

 

 
  
  

Γ   

 

 

 

 

(3.7) 
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Introducing Eq. (3.7) in Eq. (3.6), the incremental equation of motion can be 

modified as 

T T
1

2
T T

1
T T

( , )

( ) ( ) ( ) ( )

( ) ( ) 0

( ) ( ) ( )
k

l l

i k k k i
l n s s s

u i k u w i k w k
g g g g

k A

t s tu t s tz h x z

bdA

p p b
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   

 




    
 
 

  
 
  
 

 

ε ε σ σ d d d

ε Γ ε ε Γ ε

l d l d

 
 

(3.8) 

3.3. Present HBM formulation  

The nonlinear frequency responses of the sandwich beam under the excitation 

can be evaluated by implementing HBM, where the periodic response is assumed 

following the Fourier series with a finite number ( H ) of harmonic terms as 

1

cos( ) sin( )
H

o c s
s s sm sm

m

m t m t 


  d d d d  (3.9) 

In Eq. (3.9), 
o
sd , 

c
smd  and 

s
smd  are the displacement amplitude vectors 

corresponding to the constant, cosine and sine terms, respectively. Accordingly, 

the periodic solutions for the strain vectors ( lε , nε ) appear as  

1

( ) ( ) cos( ) ( ) sin( )
H

o c s
l l l m l m

m

m t m t 


  ε ε ε ε , 

2

1

( ) ( ) cos( ) ( ) sin( )
H

o c s
n n n m n m

m

m t m t 


  ε ε ε ε  

 

 

(3.10) 

where, the superscripts o , c  and s  indicate the strain amplitude vectors 

corresponding to the constant, cosine and sine terms, respectively. It may be 

noted here that the nonlinear strain vector ( nε ) appears with 2H  number of 

harmonic terms since it is a quadratic function of the displacement vector ( sd , 

Eq. (3.2)). 

Generally, for the evaluation of nonlinear frequency responses of elastic 

structures in the FE framework, the corresponding FE equations of motion are 

first derived in the time domain. Subsequently, the FE equations of motion are 

expressed in the frequency domain by implementing the assumed periodic 

solution (Eq. (3.9)) according to HBM (Blahoš et al., 2020; Chen et al., 2001; MS 

et al., 2016). However, this procedure is not usually followed for the nonlinear 

frequency response analysis of a viscoelastic structure because of the temporal 

derivative/integral of stress/strain in the viscoelastic constitutive relations like 

Zener model, fractional Zener model, Maxwell model, generalized Maxwell model 

and hereditary integral approach. In this case of viscoelastic structures, a 

viscoelastic constitutive relation is first reduced for the periodic stress/strain by 
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implementing HBM. The subsequent FE formulation is based on this reduced 

constitutive relation (Lewandowski and Wielentejczyk, 2017; Litewka and 

Lewandowski, 2017a; Wielentejczyk and Lewandowski, 2019). Now, the reduced 

form of one type of viscoelastic constitutive relation appears differently from that 

of another type. So, every type of viscoelastic constitutive relation needs a separate 

FE formulation, as it is observed in the literature (Jacques et al., 2010; 

Lewandowski and Wielentejczyk, 2017; Litewka and Lewandowski, 2017a; 

Wielentejczyk and Lewandowski, 2019). However, presently all the aforesaid 

viscoelastic constitutive relations are reduced to a generalized form by 

implementing HBM. It facilitates not only the FE formulation in a uniform manner 

for all the constitutive relations but also the implementation of the orthogonality 

of Fourier basis functions, as demonstrated in the following sections.  

3.3.1. Reduction of time-domain constitutive relations for periodic 

stress/strain using HBM 

For an isotropic elastic material ( 1k  ) in the sandwich beam, the time-domain 

constitutive relation under the plane stress assumption can be written, as given 

in Eq. (2.3a). 

k kσ C ε , k k k
bEC C ,  

2

1 0
1

1 0
1 ( )

0 0 (1 ) / 2

k

k k
b k

k








 
 

  
  

  

C , 1k   

 

 

 

 

(2.3a) 

Now, for the periodic stress/strain, the constitutive relation (Eq. (2.3a)) can be 

reduced in a straightforward manner by substituting the periodic solutions of 

strain vectors (Eq. (3.10)). However, for the viscoelastic core ( 2k  ), its time-

domain constitutive relation according to the fractional Zener model  (Litewka and 

Lewandowski, 2017a) can be written as 

( ) ( ) ( )k k k
od dt E E d dt        σ σ C ε ε ,   

k k
o bEC C , 2k   

 

(3.11) 

where, oE  and E  are the relaxed and non-relaxed elastic moduli, respectively; 

  is the relaxation time and   represents the fractional-order time derivative. 

This constitutive relation (Eq. (3.11)) for a viscoelastic material can be reduced by 

introducing an anelastic strain ( ε , (Galucio et al., 2004)), as given in Eq. (3.12a) 

where the anelastic strain vector ( ε ) is defined in Eq. (3.12b).   
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k k tσ C ε ,  ( ) ( )t
oE E ε ε ε  (3.12a) 

( )d dt f   ε ε ε ,  ( )of E E E    (3.12b) 

Now, the periodic solution for the anelastic strain vector ( ε ) can be assumed 

similar to that for the other strain vectors ( lε , nε , Eq. (3.10)), as given in Eq. 

(3.12c).  

1

( ) ( ) cos( ) ( ) sin( )
H

o c s
l l l m l m

m

m t m t 


  ε ε ε ε , 

2

1

( ) ( ) cos( ) ( ) sin( )
H

o c s
n n n m n m

m

m t m t 


  ε ε ε ε  

 

 

(3.12c) 

Substituting these solutions for the strain vectors ( ,ε ε , Eqs. (3.10) and (3.12c)) in 

Eq. (3.12b)) and then making the coefficient vectors of all harmonic terms as equal 

to zero, one can obtain the anelastic strain amplitude vectors ( ( ) ,( ) , ( )o c s
l l m l mε ε ε ,

( ) ,( ) ,( )o c s
n n m n mε ε ε , Eq. (3.12c)) in terms of the other strain amplitude vectors (

( ) ,( ) , ( )o c s
l l m l mε ε ε , ( ) ,( ) ,( )o c s

n n m n mε ε ε , Eq. (3.10)). The resulting expressions can 

subsequently be used in Eq. (3.12a) to obtain the constitutive relation by 

eliminating the anelastic strain amplitude vectors as follows   

k k tσ C ε , 
t t t

l n ε ε ε  

1

( ) ( ) ( ) cos( ) ( ) ( ) sin( )
H

t o c c s s c s s c
l l m l m m l m m l m m l m

m

f f m t f f m t 


    ε ε ε ε ε ε

 

2

1

( ) ( ) ( ) cos( ) ( ) ( ) sin( )
H

t o c c s s c s s c
n n m n m m n m m n m m n m

m

f f m t f f m t 


    ε ε ε ε ε ε

 (3.13a) 

( ) 1 1 ( )c
m o m lf E E f c m 

   
 

, ( ) ( )s
m o m lf E E f s m  ,

 2 2
1 ( ) ( )m l lf f c m s m     , cos( 2), sin( 2)l lc s    

(3.13b) 

It may be noted from Eq. (3.13a) that the parameter 
s

mf  represents the material 

damping in the viscoelastic material. The same constitutive relation (Eq. (3.13a)) 

can also be used for the periodic stress/strain in an elastic material where 
c
mf  = 

1 and 
s

mf = 0. However, Eq. (3.13a) may be treated as a generalized form of the 

viscoelastic constitutive model for the periodic stress/strain, since other 

commonly used time-domain constitutive models like Kelvin-Voigt model (Baz, 

2019), Maxwell model (Baz, 2019), generalized Maxwell model (Amabili et al., 
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2019) and Hereditary integral approach (Jacques et al., 2010; Wang and Tsai, 

1988) can also be expressed in the similar form (Eq. (3.13a)) for the periodic 

variation of stress/strain.      

For the Kelvin-Voigt model of viscoelastic materials, the time-domain 

constitutive relation is given by (Baz, 2019), 

( )k k
v σ C ε ε , 1

k k
bEC C , 2k   (3.14a) 

where, v  and 1E  are the relaxation time and stiffness of a viscoelastic material, 

respectively. Now, to reduce this constitutive relation (Eq. (3.14a)) for the periodic 

strain, Eq. (3.10) can be utilized, and it yields the resulting constitutive relation 

in the form of Eq. (3.13a) where the parameters 
c
mf  and 

s
mf  appear as   

1c
mf  , s

m vf m   (3.14b) 

For the Maxwell model of viscoelastic materials, the corresponding time-

domain constitutive relation is given by (Baz, 2019) 

k k k
n n  σ σ C ε , 

k k
n bEC C , 2k   (3.15a) 

where, n  and nE  are the relaxation time and stiffness of a viscoelastic material, 

respectively. Now, introducing the periodic solution of strain (Eq. (3.10)), Eq. 

(3.15a) can be reduced in the same form, as given in Eq. (3.13a) where the 

parameters 
t
lε , 

t
nε , 

c
mf  and 

s
mf  appear as 

1

( ) ( ) cos( ) ( ) ( ) sin( )
H

t c c s s c s s c
l m l m m l m m l m m l m

m

f f m t f f m t 


   ε ε ε ε ε  

2

1

( ) ( ) cos( ) ( ) ( ) sin( )
H

t c c s s c s s c
n m n m m n m m n m m n m

m

f f m t f f m t 


   ε ε ε ε ε  

2 2( ) 1 ( )c
m n nf m m   , 

21 ( )s
m n nf m m    

 

 

 

(3.15b) 

In the case of the generalized Maxwell model (Amabili et al., 2019) with a 

finite number ( lN ) of Maxwell elements, the stress in a typical (say thn ) Maxwell 

element for the periodic strain can be expressed by Eq. (3.13a) where the 

parameters 
t
lε , 

t
nε , 

c
mf  and 

s
mf  are given in Eq. (3.15b). However, the sum of 

stresses in all Maxwell elements results in Eq. (3.13a) along with the following 

expressions for the parameters 
c
mf  and 

s
mf   

 2 2

1

1 ( )( ) 1 ( )
lN

c
m n o n n

n

f E E m m 


   , 

 2

1

( ) 1 ( )
lN

s
m n o n n

n

f E E m m 


   
(3.16) 
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In the hereditary integral approach, the time-domain constitutive relation is 

given by Eq. (3.17a) (Jacques et al., 2010; Wang and Tsai, 1988), where Y  is the 

relaxation modulus of a viscoelastic material. 

0

(0) ( ) ( )
t

k k
b u u uY dY d t d    σ C ε ε , 2k   (3.17a) 

However, for the periodic stress/strain, the relaxation modulus (Y ) can be 

obtained from the complex modulus (Eq. (3.17b)) of a viscoelastic material by 

assuming the harmonic form of strain ( 0
j te ε ε ), as given in Eq. (3.17c) where 

RE  and 
IE are the frequency-dependent storage and loss moduli of a viscoelastic 

material, respectively.   

( ) ( ) ( )R IE E j E     (3.17b) 

0

( ) (0) ( ) cos( )
t

R
u u uE Y dY d d      , 

0

( ) ( ) sin( )
t

I
u u uE dY d d      

 

 

(3.17c) 

Now, the constitutive relation in Eq. (3.17a) can be reduced in the form of Eq. 

(3.13a) using the periodic solution of strain vector (Eq. (3.10)) and the relations in 

Eq. (3.17c), where the parameters 
c
mf  and 

s
mf   appear in the form, as given in Eq. 

(3.17d).    

( )c R
m of E m E , ( )s I

m of E m E  (3.17d) 

In the above derivation, the time-domain viscoelastic constitute models, 

namely Kelvin-Voigt model, Maxwell model, Zener model, fractional Zener model, 

generalized Maxwell model and hereditary integral approach are reduced to a 

generalized form (Eq. (3.13a)) for the periodic stress/strain. It basically removes 

the requirement of the separate FE formulation of a viscoelastic structure for each 

of the aforesaid constitutive relations in the geometrically nonlinear frequency 

response analysis of the viscoelastic structure. This formulation of a generalized 

constitutive relation also provides an advantage of making a comparison study 

among the aforesaid different viscoelastic constitutive models in a straightforward 

manner, particularly for the evaluation of nonlinear frequency responses of a 

viscoelastic structure. It may also be noted here that the reduced form (
k k tσ C ε

, Eq. (3.13a)) of the viscoelastic constitutive relations appears similar to that (

k kσ C ε , Eq. (2.3a)) for the elastic material. So, the aforesaid viscoelastic 

constitutive relations can be handled easily in the formulation of the governing 
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equation of motion of a viscoelastic structure for its frequency response analysis, 

as it is demonstrated in the following sections.      

3.3.2.  Derivation of the governing equation of motion by exploiting the 

orthogonality of Fourier basis functions 

The Fourier expansion of strain vectors (
i

lε , lε , 
i

nε , 1nε , 
w
gε , 

u
gε ) appearing 

in Eqs. (3.5) and (3.7) can be written as  

1

( ) ( ) cos( ) ( ) sin( )
H

i i o i c i s
l l l m l m

m

m t m t 


  ε ε ε ε ,  

1

( ) ( ) cos( ) ( ) sin( )
H

o c s
l l l m l m

m

m t m t     


  ε ε ε ε

2

1

( ) ( ) cos( ) ( ) sin( )
H

i i o i c i s
n n n m n m

m

m t m t 


  ε ε ε ε  

2

1 1 1 1
1

( ) ( ) cos( ) ( ) sin( )
H

o c s
n n n m n m

m

m t m t     


  ε ε ε ε  

1

( ) ( ) cos( ) ( ) sin( )
H

w w o w c w s
g g g m g m

m

m t m t     


  ε ε ε ε  

1

( ) ( ) cos( ) ( ) sin( )
H

u u o u c u s
g g g m g m

m

m t m t     


  ε ε ε ε  

 

 

 

 

 

 

 

 

 

 

(3.18) 

Similarly, using Eqs. (3.5) and (3.13), the stress vectors ( i k
σ and kσ ) at any point 

in the xz -plane for the thk  material can be written, as given in Eq. (3.19a) where 

c
mf  = 1 and 

s
mf =0  for the elastic material ( 1k  ).  

2

1

( ) ( ) cos( ) ( ) sin( )
H

i k i k o i k c i k s
m m

m

m t m t 


  σ σ σ σ ,

2

1

( ) ( ) cos( ) ( ) sin( )
H

k k o k c k s
m m

m

m t m t     


  σ σ σ σ , 

( ) ( )i k o k i i o
l n σ C ε ε , 1( ) ( )k o k o

l n   σ C ε ε ; 

( ) ( ) ( )i k s k c i i s s i i c
m m l n m m l n mf f   σ C ε ε ε ε ,  

( ) ( ) ( )i k c k c i i c s i i s
m m l n m m l n mf f   σ C ε ε ε ε ,  

1 1( ) ( ) ( )k c k c c s s
m m l n m m l n mf f       σ C ε ε ε ε ,

1 1( ) ( ) ( )k s k c s s c
m m l n m m l n mf f       σ C ε ε ε ε , 1,2,3,...,m H ; 

( ) ( ) ( )i k s k c i s s i c
m m n m m n mf f σ C ε ε , ( ) ( ) ( )i k c k c i c s i s

m m n m m n mf f σ C ε ε ,  
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1 1( ) ( ) ( )k s k c s s c
m m n m m n mf f   σ C ε ε , 

1 1( ) ( ) ( )k c k c c s s
m m n m m n mf f   σ C ε ε , 1, 2,...,2m H H H    

 

 

(3.19a) 

From Eqs. (3.18) and (3.19a), the Fourier expansion of the products 
i k u

gΓ ε   and 

i k w
gΓ ε  appearing in Eq. (3.8) can also be obtained as 

3

1

( ) ( ) cos( ) ( ) sin( )
H

i k u i k u o i k u c i k u s
g g g m g m

m

m t m t     


  Γ ε Γ ε Γ ε Γ ε ,

3

1

( ) ( ) cos( ) ( ) sin( )
H

i k w i k w o i k w c i k w s
g g g m g m

m

m t m t     


  Γ ε Γ ε Γ ε Γ ε  

 

 

(3.19b) 

Now, the equation of motion of the sandwich beam in the frequency domain 

can be derived by substituting the expressions of displacement, stress and strain 

vectors (Eqs. (3.9), (3.10), (3.13), (3.18), (3.19a-b)) in Eq. (3.8), while the resulting 

expression is to be reduced within a time-period using the Galerkin method. In 

this conventional procedure, the equation of motion appears with a large number 

of nonlinear stiffness terms associated with the products of sine and cosine 

functions. Further, the reduction of the equation of motion within a time-period 

is commonly carried out using a numerical time-integration method (Blahoš et 

al., 2020; Chen et al., 2001; MS et al., 2016), which involves a high computational 

time particularly for the evaluation of nonlinear frequency responses in the FE 

framework. These two concerns are presently tackled by exploiting the 

orthogonality of Fourier basis functions, especially to avoid the numerical time-

integration and also to reduce the number of terms in the expression of the 

equation of motion. Here, for the orthogonality of Fourier basis functions, the 

time-integration of the product of any two Fourier basis functions ( ( )jf t , Eq. 

(3.20)) over a time-period (T ) can be written as follows  

0

0
2

( ) ( ) 1 ( 0, 0)

2 0

j n

j n

f t f t dt j n j n
T

j n





   
  

 ,   , 0,1,2, ..., (2 1)j n H  , 

0 1f  , cos( )mf m t , sin( )H mf m t  , 1,2,3,...,m H  

 

 

 

(3.20) 

According to Eq. (3.20), some terms in the equation of motion corresponding to 

the multiplication of any two different Fourier basis functions would vanish. 

Therefore, the expression of the equation of motion is simplified with a reduced 

number of terms. Also, this reduction of the equation of motion can be carried out 

without numerical time-integration over the time-period. However, using this 
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strategy, the incremental governing equation of motion of the sandwich beam can 

be obtained in the following form 

T

1

T T
1 1

( , )

T T

T
2

T

2 ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( ) ( )
( )

( ) ( )

l l

o i k k o o
l n g

c o c o
t s tu t s t

z h x z

c i k k c s i k k s
l m m l m m

c s
g m g m

s i s s
sm sm smk

i c i c c
sm sm sm

U

p p b

U U

m m

   

 

   

 

 
  

 



 
    

  



  

 


 

 

ε ε σ σ

l d l d

ε σ σ ε σ σ

d d d

d d d

2

1

1

2 T T

1 1
1

0

( ) ( ) ( ) ( )

k

k
H

k A

m

H
c i k k c s i k k s

n m m n m m
m

bdA

   







 
 
 
 
 
 

 
  
  

  
  
  
  
  
  
 
  
       

 


 ε σ σ ε σ σ

T T
( ) ( ) ( ) ( ) ( )s u s i k u s w s i k w s

g m g m g m g m g mU     ε Γ ε ε Γ ε

T T
( ) ( ) ( ) ( ) ( )c u c i k u c w c i k w c

g m g m g m g m g mU     ε Γ ε ε Γ ε

T T
( ) ( ) ( ) ( ) ( )o u o i k u o w o i k w o

g g g g gU     ε Γ ε ε Γ ε  

 

 

 

 

 

 

 

 

 

 

 

 

 

(3.21) 

In Eq. (3.21), 1
c
sd  is a coefficient vector in the Fourier expansion of the 

incremental displacement vector ( sd ) corresponding to the thm  cosine term (

cos( )im t , Eq. (3.9)) with 1m  . It may be noted here that this new formulation 

would provide lesser computational time than that in the conventional HBM, as 

it is verified in Section 3.5.2 for the evaluation of nonlinear frequency responses 

of the sandwich beam in the FE framework.  

3.3.3. Derivation of finite element model  

For deriving the FE model of the viscoelastic sandwich beam, its xz -plane (Fig. 

3.1) is discretized using nine-node isoparametric quadrilateral elements. The 

edges of a typical element are in parallel to the axes ( x and z ) of the reference 

coordinate system. The FE discretization of the xz -plane (Fig. 3.1) is carried out 

following the inter-phase surfaces of two dissimilar materials so that a typical 

element is made of either elastic ( 1k  ) or viscoelastic material ( 2k  ). However, 

the displacement (
i

sd , sd , Eq. (3.5a)) and strain (
i

lε , lε ,
i

nε , 1nε ,
u
gε , 

w
gε , Eq. 

3.5b) vectors at any point within a typical element can be expressed in terms of 

the shape function matrix ( N ) and the elemental nodal displacement vectors ( i e
d
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, ed ), as given in Eqs. (3.22a) and (3.22b) where 18I  is an identity matrix with the 

size (18 18)  and the symbol   represents Kronecker product. 

 
i i e

s d N d ,
e

s d N d  (3.22a) 

i i e
l lε B d , 

e
l l ε B d ,  

(1 2)i i e i e
n n Iε B d d , 1

i e e
n n I ε B d d ,  

w w
g g e ε B d ,

u u
g g e ε B d ,  

l B L N ,  1 2 1 2
w w w w u u u u

n x z x z   B B R B R B R B R ,   

18
u u
x x R I B , 18

u u
z z R I B ,  

18
w w
x x R Ι B , 18 ,w w

z z R I B  

u u
g gB L N , 

w w
g gB L N , 18

i e i e
I  d d I , 

1 1
u uB L N , 2 2

u uB L N , 1 1
w wB L N , 2 2

w wB L N , 

u u
x xB L N , 

u u
z zB L N , 

w w
x xB L N , 

w w
z zB L N  

 

 

 

 

 

 

 

 

 

(3.22b) 

It may be noted here that the nonlinear strain vector is expressed in terms 

of a linear strain-displacement matrix ( nB ), a nodal displacement matrix (
i e

Id ) and 

a nodal displacement vector ( /i e ed d , Eq. (3.22b)). This special formulation of 

nonlinear strain vector yields the nonlinear stiffness matrix in terms of a 

displacement-independent stiffness coefficient matrix multiplied by the nodal 

displacement matrix. So, the expression of the overall nonlinear stiffness matrix 

according to HBM can be obtained in a straightforward manner by replacing the 

nodal displacement matrix (
i e

Id ) with its Fourier expansion.    

However, the Fourier expansion of elemental displacement  vectors ( i e
d /

e d ) can be expressed following Eq. (3.9), where the amplitude vectors are 

denoted by 
i o

ed /
o
ed ,  

i c
emd /

c
emd  and 

i s
emd /

s
emd  ( 1,2,3,...,m H ) corresponding to 

the constant, cosine and sine terms, respectively. Now, using Eq. (3.22b), the 

strain amplitude vectors (Eq. (3.18)) can be expressed in terms of the 

displacement vectors (
i o

ed /
o
ed , 

i c
emd /

c
emd , 

i s
emd /

s
emd , 1,2,3,...,m H ) as follows 

( )i o i o
l l eε B d , ( )i c i c

l m l emε B d , ( )i s i s
l m l emε B d , 

( )o o
l l e ε B d , ( )c c

l m l em ε B d , ( )s s
l m l em ε B d , 
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( ) (1 2)i o o i e
n nε B D X , ( ) (1 2)i c c i e

n m n mε B D X , ( ) (1 2)i s s i e
n m n mε B D X ,  

1( )o o e
n n ε B D X , 1( )c c e

n m n m ε B D X , 1( )s s e
n m n m ε B D X , 

( )w o w o
g g e ε B d , ( )w c w c

g m g em ε B d , ( )w s w s
g m g em ε B d , ( )u o u o

g g e ε B d ,  

( )u c u c
g m g em ε B d , ( )u s u s

g m g em ε B d , 

T T T T T T T T
1 2 1 2{( ) ( ) ( ) ... ( ) ( ) ( ) ... ( ) }i e i o i c i c i c i s i s i s

e e e eH e e eHX d d d d d d d  

T T T T T T T T
1 2 1 2{( ) ( ) ( ) ...( ) ( ) ( ) ... ( ) }e o c c c s s s

e e e eH e e eH       X d d d d d d d  

 

 

 

 

 

 

 

 

(3.23) 

In Eq. (3.23), the matrices 
o

D , c
mD  and s

mD  ( 1,2,3,...,2m H ) are the coefficient 

matrices of the Fourier expansion of the product 
i e i e

Id d  (Eq. 3.22b) corresponding 

to the constant, cosine and sine terms, respectively. The simplified expression for 

the Fourier expansion of the product 
i e i e

Id d  is given in the right-hand part of Eq. 

(3.24), where ( ) /i e o i o
I ed d , ( ) /i e s i s

I m end d  and ( ) /i e c i c
I m end d  are the coefficient 

matrices/vectors corresponding to the constant, sine and cosine terms in the 

Fourier expansion of  /i e i
I ed d . The matrices 

o
D , c

mD  and s
mD  can be constructed 

in terms of these coefficient matrices/vectors by the harmonic balance.  

2

1

cos( ) sin( )
H

o c s i e
m m

m

m t m t 


  D D D X  

1

( ) ( ) cos( )

( ) ( ) sin( )

( ) cos( ) cos( )
( )

( ) cos( ) cos( )1

2 ( ) sin( ) sin( )

i e o i c i e c i o
H I em I m e

i e o i s i e s i o
m

I em I m e

i e c i c
I m eni e o i o

I e
i e s i s

I m en

i e c i s
I m en

m t

m t

m n t m n t

m n t m n t

m n t m n





 

 

 



  
  
 

  

   


   

  


d d d d

d d d d

d d
d d

d d

d d1 1

( ) sin( ) sin( )

H H

m n

i e s i c
I m en

t

m n t m n t 

 

 
 
 
 
 

  
  
 

 
 

 
 

 
  
 

 
 

      

 

d d

 

 

 

 

 

 

 

 

 

 

(3.24) 

Now, using Eq. (3.24), the coefficient matrices of the Fourier expansions of the 

products 
i k w

gΓ ε   and 
i k u

gΓ ε  (Eqs. (3.21) and (3.19b)) can be written as given in 

Eq. (3.25a), where the matrices ( )k o
w , ( )k c

w m  and ( )k s
w m  ( 1,2,3,...,3m H ) can be 

constructed following Eq. (3.25b) similar to the aforesaid construction of 
o

D , c
mD  

and s
mD . In Eq. (3.25b), the simplified expression for the Fourier expansion of 

i k w
gΓ ε  is illustrated in the right-hand part for the construction of ( )k o

w , ( )k c
w m  
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and ( )k s
w m . The Fourier expansion of 

i k u
gΓ ε  also appears in a similar manner to 

construct ( )k o
u , ( )k c

u m  and ( )k s
u m  ( 1,2,3,...,3m H ).  

( ) = ( )i k w o k o e
g w Γ ε X ,  ( ) = ( )i k w c k c e

g m w m Γ ε X , ( ) = ( )i k w s k s e
g m w m Γ ε X  

( ) =( )i k u o k o e
g u Γ ε X ,  ( ) = ( )i k u c k c e

g m u m Γ ε X , ( ) = ( )i k u s k s e
g m u m Γ ε X   

 

 

(3.25a) 

3

1

( ) ( ) cos( ) ( ) sin( )
H

k o k c k s e
w w m w m

m

m t m t  


   X  

1

( ) ( ) cos( )

( ) ( ) sin( )

( ) cos( ) cos( )
( )

( ) cos( ) cos( )1

2 ( ) sin(

i k o w c i k c w o
H g em m g e

i k o w s i k s w o
m

g em m g e

i k c w c
m g eni k o w o

g e
i k s w s

m g en

i k c w s
m g en

m t

m t

m n t m n t

m n t m n t

  

  

  


  





  
  
 

  

   


   


Γ B d Γ B d

Γ B d Γ B d

Γ B d
Γ B d

Γ B d

Γ B d

2

1 1 ) sin( )

( ) sin( ) sin( )

H H

m n

i k s w c
m g en

m n t m n t

m n t m n t

 

  

 

 
 
 
 
 

  
  
 

 
 

 
 

 
     
 

 
 

      

 

Γ B d

 

 

 

 

 

 

 

 

 

(3.25b) 

Substituting Eqs. (3.19a), (3.19b), (3.23) and (3.25a) in Eq. (3.21), the linearized 

incremental governing equation of motion of a typical element can be obtained as 

e e e e
t   K X R R  

e e o e o e i e
t u tu mp p  R P P K X , ( )e e i e

m i   R K X ,  

2
1 4(1 2) (1 2)e e e e e e

m l i n nt n    K K M K K K ,   

2
1 4

e e e e e e e
t l i n nt g n     K K M K K K K  

 

 

 

 

(3.26) 

where, the matrices 
e

M , 
e
lK , 

e
P , 

e
uP , 1

e
nK , 

e
gK , 

e
ntK  and 4

e
nK  can be constructed 

according to Eq. (3.27).  

T 2 T T

1

( ) ( ) ( )
H

e e e c e c s e s
em s em em s em

m

m     


 X M X d M d d M d ,

T
T T

T
1

( ) ( )
( ) 2( ) ,

( ) ( )

c e c c s sH
em sl m em m eme e e o e o

l e sl e s e c s s c
m em sl m em m em

f f

f f

  
   

  

 
 




d K d d
X K X d K d

d K d d

T
1T T

1 1 T
1 1

( ) ( )
( ) 2( ) ,

( ) ( )

c e c c s sH
em sn m m m me e e o e o e

n e sn s e c s s c
m em sn m m m m

f f

f f


   



   
  

  


d K D D

X K X d K D X
d K D D
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T T
1

T T T T
1

T T
1 1

2( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

o e o
sn e

e e e e c e c c s sHnt m sn m em m em

s e c s s c
m m sn m em m em

f f

f f



    

 

 
  

   
 

  



D K d

X K X X D K d d

D K d d

,

T2
4T

4 4 T
1 4

( ) ( )
2( )

( ) ( )

c e c c s sH
m sn m m m me o e o

n sn s e c s s c
m m sn m m m m

f f

f f

 
 




D K D D
K D K D

D K D D
, 

T T T T

1

( ) 2( ) ( ) ( )
H

e e e o o c c s s e
g e g em gm em gm

m

     


 
   
 

X K X d K d K d K X ; 

T T( ) ( )e c e
e em s X P d P , T T( ) ( )e c e

e u em su X P d P  at 1m   

 

 

 

 

 

 

 

 

 

(3.27) 

In Eq. (3.26), the overall elemental stiffness ( e
mK ) and tangent stiffness (

e
tK ) 

matrices are to be constructed through their component matrices, as given in Eq. 

(3.27). However, the stiffness matrix per unit change of frequency ( e
m i K , Eq. 

(3.26)) can be obtained similar to e
mK  (Eqs. (3.26) and (3.27)), where the coefficient 

matrices corresponding to the frequency-independent terms are to be omitted, 

and the parameters 
c
mf   and 

s
mf   are to be replaced by 

c
m if    and 

s
m if   , 

respectively. The different elemental matrices (
e
sM , 

e
slK , 1

e
snK , 

o
gK , 

c
gmK , 

s
gmK  and 

4
e
snK ) and vectors (

e
sP , e

suP ) appearing in Eq. (3.27) are given in Eq. (3.28) where 

eA  is the area of a typical element.  

T

e

e k e
s

A

b dA M N N , T( )
e

e k e
sl l l

A

b dA K B C B , 

 T
1 ( )

e

e k e
sn l n

A

b dA K B C B , T
4 ( )

e

e k e
sn n n

A

b dA K B C B , 

T( )
e

e e
su t

z h
A

bdA


 P l N , T

( , )
( )

m me

e e
s t

x z
A

dA P l N ,

T T( ) ( ) ( ) ( )
e

c w k c u k c e
gm g w m g u m

A

bdA K B B  , 

T T( ) ( ) ( ) ( )
e

s w k s u k s e
gm g w m g u m

A

bdA K B B  , 

T T( ) ( ) ( ) ( )
e

o w k o u k o e
g g w g u

A

bdA K B B  ,  1,2,...,m H  

 

 

(3.28) 

It may be noted here that the aforesaid elemental matrices are formed in a 

generalized manner for both the elastic and viscoelastic materials within the 

sandwich beam, where the values of the parameters 
c
mf  and 

s
mf  are 1 and 0, 

respectively, for an element made of elastic material. However, assembly of the 
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elemental matrices (Eq. (3.26)) provides the FE equations of motion of the 

sandwich beam in the frequency domain as follows 

t   K X R R  

o o i
t u tu mp p  R P P K X , ( ) i

m i    R K X ,  

2
1 4(1 2) (1 2)m l i n nt n    K K M K K K ,   

2
1 4t l i n nt g n     K K M K K K K  

 

 

 

 

(3.29) 

where, mK  and tK are the global stiffness and tangent stiffness matrices, 

respectively; R  is the global residue vector; R  is the global load vector per unit 

increment of excitation frequency; 
i
X  is the global nodal displacement vector and 

X  is the incremental nodal displacement vector. 

However, in the present sandwich beam, the core is made of a soft 

viscoelastic material so that the viscoelastic core has a negligibly small 

contribution to the stiffness of the overall structure as compared to the stiff elastic 

face layers. In this case, the contribution of the viscoelastic material to the 

geometric stiffness matrix (
e
gK , Eq. (3.27)) may be omitted to ease the complex 

formulation of this matrix (
e
gK , Eq. (3.27)) and also to reduce the computational 

time. This assumption is presently made for the sandwich beam, and its 

plausibility is verified through numerical experimentation, as presented in Section 

3.5.3. However, according to this assumption, the geometric stiffness term (

T
2( ) i k

nε σ , Eq. (3.7)) can be written in the following form 

T T T
2 3 5( ) ( ) (1 2)( )i k i e e e e i e e e i e e

n I sn I sn I     ε σ d d K d d d K d d  (3.30a) 

T T T T
3 1 1 2 2( ) ( ) ( ) ( ) ,

e

e u k u w k w u k u w k w e
sn l x l x l z l z

A

bdA   K B C B R B C B R B C B R B C B R

5 1 2 1 2
e

e k w k w k u k u e
sn w x w z u x u z

A

bdA   K A R A R A R A R ,  

T T T T
1 1 1 1 1 1 2 1 2( ) ( ) ( ) ( )k u w k w u u k u u w k w u u k u
u x x z z   A B R C B B R C B B R C B B R C B , 

T T T T
2 2 1 2 1 2 2 2 2( ) ( ) ( ) ( )k u w k w u u k u u w k w u u k u
u x x z z   A B R C B B R C B B R C B B R C B ,  

T T T T
1 1 1 1 1 1 2 1 2( ) ( ) ( ) ( )k w w k w w u k u w w k w w u k u
w x x z z   A B R C B B R C B B R C B B R C B , 

T T T T
2 2 1 2 1 2 2 2 2( ) ( ) ( ) ( )k w w k w w u k u w w k w w u k u
w x x z z   A B R C B B R C B B R C B B R C B , 

for 1k   

 

 

 

 

 

 

 

 

 

(3.30b) 
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Using Eq. (3.30a), the geometric stiffness matrix (
e
gK ) can be constructed from 

the following relations 

3 5(1 2)e e e
g n n K K K  

T
3

T
3 T T

3 3
1

2( )

( )
( ) ( )

o e o
e sn

e e e e
Hn c e c s e s

em sn m em sn m
m



  
 



 
 

  
 

 


d K D

X K X X
d K D d K D

, 

2
T T T

5 5 5 5
1

2( ) ( ) ( )
H

e o e o c e c s e s
n sn m sn m m sn m

m

  K D K D D K D D K D  

 

 

 

 

 

(3.31) 

3.4. Governing equation of motion in the time-domain 

In order to verify the accuracy of the aforesaid FE formulation using HBM, the 

steady-state responses of the sandwich beam are also evaluated by deriving the 

governing equation of motion in the time-domain. For this derivation of the 

governing equation of motion in the time-domain, the fractional Zener constitutive 

model (Eq. (3.12a)-(3.12b)) is taken at a discrete time following the Grunwald 

definition (Galucio et al., 2004) where a time-span of interest is divided into a 

finite number ( tN ) of uniform time steps ( t ). Accordingly, the stress vector ( 1
k
qσ

, 2k  ) and the anelastic strain vector (Eq. (3.12b)) at any point within the 

viscoelastic material are given in Eq. (3.32) at the ( 1)thq  time-step ( 0,1,2,..., ).tq N  

1

1 1 1 1 1 1
1

q
k k k k k
q q j q j

j

f f A


    


  σ C ε C ε , 

1

1 1 1 1
1

(1 )
q

q b q b j q j
j

c f c A


    


   ε ε ε ,  

( )bc t      , 1

1
j j

j
A A

j




 
 , 

 1
k

b of c E E , 1 1 ( )k
b o of c E E E    for 2k   

 

 

 

 

 

 

 

(3.32) 

In Eq. (3.32), jA  ( 1,2,...., 1, 1 for 1t jj N A j    ) are the Grunwald coefficients 

(Galucio et al., 2004). Equation (3.32) can also be used for the elastic material (

1k  ) in the sandwich beam by taking 1 0kf   and 1 1kf  . However, this 

constitutive relation (Eq. (3.32)) is introduced in Eq. (3.4) to obtain the governing 

equation of motion at a discrete-time ( ( 1)thq   time-step), as illustrated in Eq. 

(3.33). Subsequently, the FE discretization of the displacement and strain vectors 

TH-2877_166103022



98 
 

are introduced to obtain the elemental governing equation of motion at a discrete 

time ( ( 1)thq   time-step), as given in Eq. (3.34a).       

T

1 1

2 T
T

1 1 1( , )
1

1T

1 1 1 1 1 1
1

( ) ( )

( ) ( ) ( ) ( ) 0

( ) )

l l
k

k
s q s q

k
t s q tu q t s t qx zz h

k A
q

k k k k
l n q q j q j

j

p p bdA

f f A

 

 

 

 

  




    


 
 
 
  
   
 
 
   
  

 



d d

l d l d

ε ε C ε C ε

 
 

 

 

(3.33) 

1 1 1 1 1 1 1( ) ( ) ( ) ( )e e k e e e e e e
s q sl sn q q s t q su tu q s qf p p         M d K K d P P P , 

 T T
T

1 1 1 1 4 1 1 1( ) (1 2) ( ) ( ) ( ) ( ) ( )e e e e e e e e
sn q sn I q I q sn I q I q sn      K K d d K d d K , 

1T

1 1 1 1 1
1

( ) ( )
e

q
e k e k e e
s q l n I q j q j

jA

f A bdA


    


 
    

 
P B B d C ε  

 

 

 

 

(3.34a) 

1

1 1 1 1
1

(1 )( )
q

e e e
q b s q b j q j

j

f c c A


    


 
     

 
ε ε ε ,  

1 1 1

1
( ) (1 2) ( )

e

e e e e
s q l n I q qe

A

dA
A

   ε B B d d  

 

 

(3.34b) 

In Eq. (3.34a), 1
e
qd  is the elemental nodal displacement vector at ( 1)thq   time-

step. The elemental matrices (
e
slK , 1

e
snK , 4

e
snK ) and vectors (

e
sP , e

suP ) are defined in 

Eq. (3.28). Also, 1( )e
s qP  represents the elemental memory-load vector at ( 1)thq   

time-step, and it depends on the anelastic strain history ( 1
e
q j ε , 1,2,..., 1j q  ) 

where the anelastic strain at a discrete-time is taken by its average value over an 

element (Eq. (3.34b)). However, by assembling the element matrices in Eq. (3.34a), 

the FE equation of motion of the sandwich beam at ( 1)thq   time-step can be 

obtained as 

1 1 1 1 1 1( ) ( ) ( ) ( )s q ll nn q q s t q su tu q s qp p         M d K K d P P P  

2

1
1

k k
ll sl

k

f


 K K , 
2

1 1 1
1

( ) ( )k k
nn q sn q

k

f 


 K K  

 

 

(3.35) 

where, 
k
slK  and 1( )k

sn qK  are obtained by assembling the elemental matrices 
e
slK  

and 1( )e
sn qK , respectively, for the thk  material in the sandwich beam. Equation 

(3.35) is used in conjunction with the Newmark time-integration method to obtain 
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the steady-state responses of the sandwich beam in the time-domain for the 

transverse harmonic load.   

3.5. Results and discussion 

In this section, the numerical results are presented mainly to demonstrate the 

computational advantages of the present FE formulation for the evaluation of 

nonlinear frequency responses of a viscoelastic structure using HBM. The length 

( L ), width ( b ) and thickness ( h ) of the sandwich beam are considered as 0.4 m, 

12 mm and 6 mm, respectively. Within the total thickness ( h  = 6 mm), the elastic 

face layers are taken with a thickness ( 1 2s sh h ) of 2 mm. The elastic face layers 

are considered to be made of Aluminum ( E = 70.3 GPa,  = 0.345,  =2690 kg/m3  

(Galucio et al., 2004)), and the viscoelastic material for the core layer is taken as 

3M ISD 112 ( = 0.499,  =1600 kg/m3  (Galucio et al., 2004)). Unless otherwise 

mentioned, the viscoelastic core layer is modelled by the four-parameter fractional 

Zener model, where the model parameters are oE = 1.5 MPa, E = 69.9495 MPa, 

 = 0.7915 and  = 0.014052 ms (Galucio et al., 2004). The ends of the sandwich 

beam are considered as fully clamped ends while it operates under the uniformly 

distributed transverse harmonic load. Under this dynamic load, the transverse 

displacement-amplitude ( w ) at the middle point of the sandwich beam is 

evaluated within a range of the excitation frequency ( ), and it is presented in 

the numerical results.  

 

Fig. 3.2. Verification of the present FE code for evaluation of transient 

responses of the sandwich beam based on the fractional Zener model (Ref. 

(Galucio et al., 2004)). 

3.5.1. Verification of the present FE formulation in the time/frequency 

domain 

Initially, to verify the present FE code for evaluation of responses of the sandwich 

beam in the time-domain, the beam is considered to operate under a triangular 

TH-2877_166103022



100 
 

impulse load at its free end, and the corresponding transient response is 

illustrated in Fig. 3.2. A similar result for an identical sandwich beam is available 

in (Galucio et al., 2004), which is also furnished in Fig. 3.2. It may be observed 

from Fig. 3.2 that the present result is in good agreement with the reference result. 

This comparison verifies the present FE formulation (Section 3.4) and the 

implementation of the Newmark time-integration method in the evaluation of 

transient responses of the sandwich beam based on the fractional Zener model.  

Initially, an FE mesh convergence study is performed by evaluating the peak 

displacement amplitude of the nonlinear frequency response of the sandwich 

beam with the increasing number of elements. The number of harmonic terms (

H ) in the HBM and the load-amplitude (
o
tp ) are considered as 7 and 4000 N/m2, 

respectively. This convergence study shows the sufficient numerical accuracy in 

the result for the minimum number of elements as 100 (100 element divisions in 

x  direction and one element division in z direction) in each of the elastic 

layers and 200 (100 element divisions in x  direction and 2 element divisions 

in z direction) in viscoelastic core layer of the sandwich beam. Accordingly, the 

same FE mesh is considered for evaluation of further numerical results.  

In the implementation of HBM for evaluation of nonlinear frequency 

responses of the viscoelastic sandwich beam, the corresponding periodic solution 

is assumed according to the Fourier series with a finite number ( H ) of harmonic 

terms (Eq. (3.9)). So, first, a convergence study is carried out to decide an 

appropriate number ( H ) of harmonic terms for achieving sufficient numerical 

accuracy in the results. It is carried out by gradually increasing the number of 

harmonic terms in the assumed solution while a load amplitude (
o
tp ) is considered 

as 4000 N/m2. The corresponding nonlinear frequency responses of the sandwich 

beam are illustrated in Fig. 3.3(a), where the governing equation of motion in the 

frequency-domain (Eq. (3.29)) is solved using a numerical continuation method 

(Cheung et al., 1990). However, this result suggests at least the first seven 

harmonic terms ( H = 7) in the Fourier expansion of nodal displacements (Eq. (3.9)) 

for achieving sufficient numerical accuracy in the nonlinear frequency responses 

of the viscoelastic sandwich beam. It is followed to evaluate the subsequent 

results.  

Further, it is important to observe from Fig. 3.3(a) that the sandwich beam 

undergoes fundamental as well as superharmonic resonances within the 

frequency range of interest. Here, the superharmonic resonance does not appear 

in the frequency response for the consideration of a low or insufficient number of 
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harmonic terms in the assumed solution. It basically indicates the requirement of 

a large number of harmonic terms in the assumed solution for a good estimation 

of nonlinear frequency responses of a viscoelastic structure. In this aspect, the 

present generalized FE formulation for an arbitrary number of harmonic terms in 

HBM may be useful in the analysis of a robust viscoelastctic structure, while the 

available HBM-based FE formulations in this line (Jacques et al., 2010; 

Lewandowski and Wielentejczyk, 2017; Litewka and Lewandowski, 2017a; 

Wielentejczyk and Lewandowski, 2019, 2017) are addressed considering one or 

two harmonic terms. 

 

Fig. 3.3. (a) Convergence study for an appropriate number ( H ) of harmonic 

terms in implementation of HBM (
o
tp = 4000 N/m2), (b) verification of the 

present FE formulation for nonlinear frequency response analysis of 

viscoelastic structures using HBM.  

However, the accuracy of the present FE formulation in conjunction with 

HBM is further verified by evaluating similar frequency responses through the FE 

formulation of the same problem in the time-domain (Section 3.4). These results 

are illustrated in Fig. 3.3(b), where it is clear that the solutions obtained from the 

HBM-based FE formulation are in excellent agreement with similar solutions 

obtained from the time-domain FE formulation. It may be noted here that the 

present HBM-based FE formulation for viscoelastic structures is not a 

conventional one in several aspects, namely (i) reduction of various time-domain 

viscoelastic constitutive models in a generalized form (Eq. (3.13a)) for the 

nonlinear frequency response analysis of viscoelastic structures using HBM, (ii) 

exploitation of orthogonality of Fourier basis functions (Eq. (3.20)-(3.21)) to ease 

the formulation of the nonlinear stiffness matrix in conjunction with HBM, (iii) 

avoidance of numerical time-integration over a time-period (Eq. (3.20)-(3.21)) to 

reduce the computational time in the implementation of HBM and (iv) a special 
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formulation of the nonlinear strain vector (Eq. (3.22b)) to ease the derivation of 

the nonlinear stiffness matrix. The implementation of these aspects towards a new 

FE formulation for viscoelastic structures using HBM is verified through the 

comparison study in Fig. 3.3(b).  

3.5.2. Computational efficiency of present FE formulation using HBM 

In the conventional FE formulation of a viscoelastic/elastic structure using HBM, 

the various system matrices and vectors are first formed in terms of the Fourier 

expansion of displacement vector (Eq. (3.9)), which are subsequently integrated 

over a time-period using Galerkin method. This reduction of the system matrices 

and vectors is commonly carried out by a numerical time-integration method, 

which involves a high computational time due to a large number of nodal degrees 

of freedom in the FE model. However, in order to avoid this numerical time-

integration towards the reduction of the computational time, presently HBM is 

implemented prior to the FE discretization using the orthogonality of Fourier basis 

functions (Eq. (3.20)), as demonstrated in Section 3.3. The corresponding 

reduction of the computational time is presently verified.   

 

Fig. 3.4. Nonlinear frequency responses of the viscoelastic sandwich beam are 

evaluated using either conventional or present strategy in the implementation 

of HBM.  

For this verification, the nonlinear frequency responses of the viscoelastic 

sandwich beam are evaluated for both the conventional and present strategies of 

implementation of HBM, where the numerical time-integration for conventional 

strategy is performed using trapezoidal rule with evenly distributed 100 
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integration points over the time-period. The corresponding nonlinear frequency 

responses of the viscoelastic sandwich beam are illustrated in Fig. 3.4 for different 

numbers ( H = 3, 5, 7) of harmonic terms in the assumed periodic solution (Eq. 

(3.9)). For each of these response curves, the computational time is noted in Table 

3.1, where the FE codes are written in MATLAB and executed in a CPU with an 

Octa-Core processor Intel(R) Core(TM) i7-6700 CPU @ 3.4 GHz and RAM of 16 GB. 

However, for any number ( H ) of harmonic terms, it may be observed from Fig. 

3.4 that the frequency response remains almost the same for both the strategies 

in the implementation of HBM. However, the present strategy based on the 

orthogonality of Fourier basis functions (Eq. (3.20)) provides the advantage of 

significantly less computational time (Table 3.1). 
 

Table 3.1  

Computational time for the evaluation of nonlinear frequency responses 

in Fig. 3.4 using either the present strategy ( Pct ) or the conventional 

strategy ( Cct ) in the implementation of HBM.  

H  3 5 7 

Cct (hrs) 16.564 41.35 88.38 

Pct  (hrs) 4.58 10.14 17.57 

100Cc Pc

Cc

t t

t

 
 

 
 

 

72.35 

 

75.48 

 

80.12 

3.5.3. Study on the simplified formulation of the tangent stiffness 

matrix 

The nonlinear frequency responses of elastic/viscoelastic structures are 

commonly evaluated by employing a numerical continuation method where the 

tangent stiffness matrix is an important parameter in achieving the convergence 

of solution through Newton-Raphson iteration. Although the inaccurate 

computation of the tangent stiffness matrix does not produce wrong results, it 

may lead to more number of Newton-Raphson iterations for the convergence of 

solution, or even the convergence of solution may fail around the bifurcation 

points. Therefore, the tangent stiffness matrix would be computed as accurate as 

possible depending on the geometrical and material complexities in a structural 

problem. However, in the present case of a viscoelastic sandwich beam, the 

formulation of the tangent stiffness matrix (
e
tK , Eqs. (3.26)-(3.27)) appears in a 

little complex manner, especially due to the geometric stiffness matrix (
e
gK , Eqs. 

(3.27)-(3.28)) in conjunction with the viscoelastic constitutive relations (Eqs. 

(3.13)-(3.17)), as demonstrated in Section 3.3. Now, this formulation of the 
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geometric stiffness matrix (
e
gK , Eq. (3.27)-(3.28)) can be simplified by ignoring the 

viscoelastic part, as illustrated through Eqs. (3.30a), (3.30b) and (3.31). However, 

the fruitfulness of this simplified formulation of the tangent stiffness matrix is 

investigated here by evaluating the nonlinear frequency responses of the 

sandwich structure. These responses are illustrated in Fig. 3.5 for three different 

thicknesses of the viscoelastic core ( vh ) as 2 mm, 4 mm and 6 mm, where the face 

thickness ( 1sh , 2sh ) is considered as 2 mm. It is observed that the ignorance of the 

viscoelastic part in the formulation of the tangent stiffness matrix does not cause 

difficulty in the convergence of solution at any point on the response curves for 

the three different viscoelastic core thicknesses. It may be due to fact that the 

viscoelastic core has not much contribution to the overall stiffness of the sandwich 

beam in comparison to that for the elastic face layers.  

   

Fig. 3.5. Nonlinear frequency responses of the sandwich beam for three 

different thicknesses of the viscoelastic core using the simplified formulation 

of the tangent stiffness matrix (
o
tp = 4000 N/m2). 

 

Table 3.2  

Computational time in the evaluation of nonlinear frequency responses 

(Fig. 3.5) by ignoring the viscoelastic part in the formulation of the 

tangent stiffness matrix ( Fct  for full tangent stiffness matrix; Sct  for 

simplified tangent stiffness matrix). 

vh (mm) 2 4 6 

Fct (hrs) 18.99 16.43 13.98 

Sct  (hrs) 17.26 15.25 12.77 

100Fc Sc

Fc

t t

t

 
 

 
 

 

9.12 

 

7.21 

 

8.09 

However, this simplification in the computation of the tangent stiffness 

matrix may also lead to the reduction of the computational time in the evaluation 
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of nonlinear frequency response curves. So, the computational time for the 

response curves (Fig. 3.5) is tabulated in Table 3.2. It may be observed from Table 

3.2 that the computational time decreases for the aforesaid simplified formulation 

of the tangent stiffness matrix. 

3.5.4. Nonlinear frequency responses of the sandwich beam using 

different viscoelastic constitutive models 

A good number of time-domain viscoelastic constitutive models are available in 

the literature, where the commonly used ones are the Zener model, fractional 

Zener model, generalized Maxwell model and hereditary integral approach. 

However, in the application of these constitutive relations for a viscoelastic 

material, the corresponding constitutive model parameters are commonly 

determined from the experimental data for storage and loss moduli of that 

viscoelastic material within a certain frequency range. In this determination of 

constitutive model parameters, the sinusoidal variations of the stress and strain 

are introduced in a time-domain constitutive relation to obtain storage and loss 

moduli as the functions of constitutive model parameters and frequency. 

Subsequently, the functional curves of the storage and loss moduli are fitted to 

the experimental curves for the same moduli within a certain frequency range to 

obtain the model parameters in the time-domain constitutive relation. Here, 

curve-fitting is an important concern to achieve accurate values of the model 

parameters in a time-domain constitutive relation. Practically, accurate fitting of 

the theoretical curve to the experimental one is not a straightforward task, and 

the corresponding error varies from one time-domain constitutive relation to 

another depending on their mathematical forms.  

Accordingly, the theoretically estimated dynamic response of a viscoelastic 

structure may vary as the constitutive relation changes in modelling the 

viscoelastic material in the structure. It sometimes poses the requirement of 

evaluation of dynamic responses of a viscoelastic structure using different 

constitutive relations. In this aspect, the present approach in reduction of various 

time-domain constitutive models (Eqs. (3.11)-(3.17)) provides an advantage of 

using any of the aforesaid viscoelastic constitutive models through a common 

formulation of the equation of motion in the evaluation of nonlinear frequency 

responses of a viscoelastic structure. For a corresponding demonstration through 

numerical results, the nonlinear frequency responses of the viscoelastic sandwich 

beam are evaluated using different constitutive relations and presented in the 

following results. 
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( ) ( )I RE E   , 10log ( )   

6 7 9 6 8 5 7 4 6
10

4 5 3 4 3 2

log ( ) 10 1.751 10 2.3469 10 1.4 10 2.2132 10

5.2385 10 6.5264 10 0.014507 0.034374 0.047775 0.21158

RE     

    

   

 

       

       

, 

6 9 5 8 4 7 3 6
10

3 5 2 4 3 2

log ( ) 3.2476 10 7.2845 10 6.2068 10 2.3829 10

1.9425 10 1.6785 10 0.024351 0.031936 0.77383 2.2129

     

    

   

 

       

       

 

 

 

 

 

(3.36) 

 

Table 3.3  

Constitutive model parameters for generalized Maxwell model of the 

viscoelastic material (3M ISD 112) for different numbers ( n ) of Maxwell elements 

( oE = 1.5 MPa). 

n    1 2 3 4 

nE  (MPa) 29.9863 50 6.699 1.67853 

n  (s) 1.37871×10-5 9.63395×10-6 1.182576 ×10-4 1.50566×10-3 

 

 

Fig. 3.6. Fitted curves for time-domain viscoelastic constitutive models in the 

determination of their model parameters from the experimental data (Galucio 

et al., 2004); (a) storage modulus and (b) material loss factor. 

    To model the viscoelastic material (3M ISD 112) at the core according to 

Zener and fractional Zener constitutive relations, the corresponding model 

parameters are taken from (Galucio et al., 2004). However, for the same 

viscoelastic material, the model parameters in the generalized Maxwell model 

(Amabili et al., 2019) are evaluated following the aforesaid curve-fitting approach 

where the number ( n ) of Maxwell elements is 4, and the corresponding model 
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parameters are given in Table 3.3. Next, for the hereditary integral approach, the 

corresponding frequency-dependent storage ( ( )RE  ) and loss ( ( )IE  ) moduli are 

also obtained by the curve-fitting approach where the functional forms of the 

moduli (in N/m2) are illustrated in Eq. (3.36). However, the fitted curves for all the 

aforesaid time-domain constitutive relations in the determination of the 

corresponding model parameters are illustrated in Fig. 3.6.   

Using the aforesaid values of model parameters in the reduced form of a 

time-domain constitutive relation (Eq. (3.13a)), the nonlinear frequency responses 

of the viscoelastic sandwich beam are illustrated in Fig. 3.7 for the Zener model, 

fractional Zener model, generalized Maxwell model and hereditary integral 

approach. Here, it is observed that there is not much variation in the 

computational time for evaluation of the responses using these constitutive 

models through the present generalized formulation. However, Fig. 3.7 shows that 

the responses for the fractional Zener model, generalized Maxwell model and 

hereditary integral approach appear closely, but the Zener model provides an 

erroneous result. It may be due to the difference between the theoretically fitted 

curves and experimental data (Fig. 3.6). 

 

 

Fig. 3.7. Frequency response of the sandwich beam using different viscoelastic 

constitutive models for the viscoelastic core ( H = 7, 
o
tp = 4000 N/m2).  

 

3.6. Summary 

In this chapter, an FE formulation for nonlinear frequency response analysis of 

viscoelastic structures using HBM is presented by introducing the following three 

new aspects.  
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a) The nonlinear strain vector is formulated in terms of a linear strain 

displacement matrix, a nodal displacement matrix and a nodal displacement 

vector. It eases the formulation of the HBM based expanded form of nonlinear 

stiffness matrix in the FE equations of motion of a viscoelastic structure. 

b) The orthogonality of Fourier basis functions is exploited for the formulation of 

the system matrices in conjunction with HBM. It facilitates not only a decreased 

number of terms in the HBM based expanded form of the system matrices but 

also a reduced computational time in the evaluation of the nonlinear frequency 

responses by avoiding the conventional numerical time-integration. 

c) Various time-domain viscoelastic constitutive models are reduced into a 

generalized mathematical form for the time-periodic stress/strain. It facilities 

the use of different viscoelastic constitutive relations through a common 

formulation of the equation of motion for the nonlinear frequency response 

analysis of a viscoelastic structure. 

The overall formulation is demonstrated considering a viscoelastic sandwich 

beam; however, it can be applicable for nonlinear analysis of any other viscoelastic 

structure because of its generality with respect to the number of harmonic terms 

in the implementation of HBM. The formulation of the tangent stiffness matrix in 

conjunction with HBM involves much complexity because of the corresponding 

geometric stiffness matrix. Although it is tackled by the factorization of nonlinear 

strain-displcement matix and the exploitation of orthogonality of Fourier basis 

functions, further simplification in the formulation of the tangent stiffness matrix 

is introduced by avoiding the viscoelastic counterpart. This simplification is 

somewhat inaccurate in the computation of the tangent stiffness matrix; however, 

it is observed that there is no difficulty in the convergence of nonlinear solution 

through Newton-Raphson iterations for the present problem of a viscoelastic 

sandwich beam.   
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  Chapter  

4 

Reduced-order finite element formulation for the 

geometrically nonlinear dynamic analysis of slender 

viscoelastic beams 

 

4.1. Introduction 

A generalized FE formulation in conjunction with HBM is presented in the 

previous chapter for the evaluation of nonlinear frequency responses of 

viscoelastic structures. This formulation is capable of handling an arbitrary 

number of harmonic terms in HBM. Also, any type of viscoelastic constitutive 

relation can be used in this HBM-based FE formulation. Therefore, this FE 

formulation would provide an accurate theoretical estimation of passive damping 

in a viscoelastic structure and geometrically nonlinear frequency responses. 

However, the corresponding FE model involves a large number of nodal degrees 

of freedom, and the number of nodal degrees of freedom further increases in 

multiple of the number of harmonic terms in HBM. Therefore, high computational 

time arises in the evaluation of nonlinear frequency responses (Table 3.1). 

However, in parallel to this FE model in the frequency domain, one needs to derive 

a similar FE model in the time-domain, especially to trace various dynamic 

instabilities through the construction of global bifurcation diagrams. This 

diagram is commonly constructed by evaluating the nonlinear transient 

responses at different excitation frequencies where the frequency is incremented 

in a small step within a frequency range of interest. Here, the repetitive evaluation 

of transient responses using a time-domain FE model usually involves a high 

computational time mainly because of a large number of nodal degrees of freedom 

in the FE model. 

In this concern of a high computational time for the nonlinear dynamic 

analysis of viscoelastic structures, the reduction of a full-order FE model into the 

reduced-order model (ROM) is recommended in the literature. A corresponding 

literature survey is presented in Section 1.4.2, where it is observed that various 

approaches, namely ICES, ERM, MSE, MSEC, RKT, FSRK, etc., are proposed for 

the selection of reduced basis vectors (RBVs) in the derivation of a ROM for 

viscoelastic structures. But these RBVs are originally proposed for linear dynamic 

analysis so that they may not provide sufficient accuracy of a nonlinear ROM for 
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modelling various dynamic instabilities and the associated complex motion of a 

viscoelastic structure. In this concern, further approach of deriving appropriate 

RBVs for nonlinear ROM of viscoelastic structures is not yet reported in the 

literature to the best knowledge of this researcher. Also, a formulation of the 

nonlinear ROM using the advanced viscoelastic constitutive relations, like 

fractional Zener model, generalized Maxwell model, etc., is not available in the 

open literature to date. But this development of nonlinear ROMs would facilitate 

significantly low computational cost in the nonlinear dynamic analysis of 

viscoelastic structures. So, this chapter is focused to develop a nonlinear ROM of 

CLD treated slender beams, while this ROM is utilized in the subsequent chapter 

for the nonlinear dynamic analysis of similar beams under the parametric 

excitation.  

In this development of a nonlinear ROM, the first objective is to devise a 

methodology for the derivation of appropriate RBVs to achieve sufficient accuracy 

of the nonlinear ROM of viscoelastic structures. Here, the strategy is to utilize the 

aforesaid conventional approaches for derivation of RBVs; however, those are 

enriched using the concept of static MDs and proper orthogonal decomposition 

(POD) method. After having these enriched RBVs, the nonlinear ROM can be 

derived following the conventional formulation procedures (Hollkamp et al., 2005; 

Jain, 2019; Mignolet et al., 2013). However, for solving the corresponding 

reduced-order equations of motion through an iterative solution procedure, the 

reduced-order nonlinear system matrices/vectors are to be formed repeatedly 

from the corresponding full-order system matrices/vectors. So, the computational 

time does not decrease appreciably. In this concern, the derivation of the reduced-

order system matrices/vectors may be carried out in terms of the reduced 

coordinates without involving the full-order solution or full-order FE model. A 

similar derivation for elastic structures was addressed in (Jain, 2015; Touzé et 

al., 2014), where the formulation of the corresponding nonlinear stiffness matrix 

is presented in the tensorial form. But, the usual practice in FE formulation is to 

formulate the system mass, stiffness and damping in the matrix form. So, 

presently a new formulation technique is introduced by means of a special 

factorization of nonlinear strain-displacement matrix (Eq. (3.22b)), especially to 

ease the formulation of reduced-order nonlinear stiffness matrix in the elemental 

level without involving the full-order FE model.  

Apart from the nonlinear stiffness matrix, another nonlinear system 

parameter in the equation of motion of a viscoelastic structure appears as the 

nonlinear memory-load vector, since the viscoelastic material is modelled 

according to the fractional Zener constitutive model. The formulation of the 
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corresponding reduced-order nonlinear memory-load vector without involving the 

full-order solution is also introduced at present, in particular, to improve the 

computational efficiency of the nonlinear ROM in the time domain. Besides this 

time-domain ROM, a similar formulation for a nonlinear ROM in the frequency 

domain is also presented based on the HBM and the fractional Zener constitutive 

model.   

The overall formulation is carried out considering a viscoelastic sandwich 

beam (Fig. 3.1). The nonlinear FE model of this sandwich beam in the frequency-

domain and time-domain is derived in 3.3 and 3.4, respectively. The reduction of 

these full-order FE models is presented in the following sections. First, the 

derivation of ROM of the sandwich beam in the time domain is presented in 

Section 4.2. Next, in Section 4.3, HBM based ROM is derived. Section 4.4 presents 

the methodology for the enrichment of RBVs obtained through 

MSE/MSEC/MM/ICES/RKT/FSRK, especially for the geometrically nonlinear 

analysis of the viscoelastic sandwich beam. The numerical results are presented 

in Section 4.5 to illustrate the accuracy and computational efficiency of the 

present ROMs.   

4.2. Derivation of reduced-order FE model in the time domain 

The full-order FE model of the viscoelastic sandwich beam (Fig. 3.1) is derived in 

Section 3.4, where the nonlinear FE equations of motion are obtained as  

1 1 1 1 1 1( ) ( ) ( ) ( )s q ll nn q q s t q su tu q s qp p         M d K K d P P P  

2

1
1

k k
ll sl

k

f


 K K , 
2

1 1 1
1

( ) ( )k k
nn q sn q

k

f 


 K K  
 

(3.35) 

where, sM  is the global mass matrix; sP / suP  is the global load coefficient vector 

corresponding to the transversely distributed load/transverse point-load; 1( )s qP  

is the nonlinear memory-load vector; k
slK  and 1( )k

sn qK  are the global linear and 

nonlinear stiffness matrices, respectively, for the 
thk  material within the sandwich 

beam. Equation (3.35) can be solved in conjunction with the Newmark time-

integration method where the nonlinear solutions at a typical time step can be 

obtained through the direct iteration method. However, to achieve a reduced 

computational time in this solution for nonlinear transient responses of the 

viscoelastic sandwich beam, the full-order FE model (Eq. (3.35)) is now reduced 

to a nonlinear ROM.    

The reduced-order FE model is commonly derived using an admissible 

reduction basis (RB, Φ ) that linearly transforms the nodal displacement vector (
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1qd ) to the reduced coordinate vector ( 1qV ) according to Eq. (4.1a). The 

methodology for computation and selection of the RBVs in the reduction basis (

Φ ) are demonstrated in Section 4.4. However, the linear projection of the system 

of governing differential equations (Eq. (3.35)) onto the subspace spanned by RB 

(Φ , Eq. (4.1a)) provides the reduced-order FE model, as given in Eq. (4.1b).       

1 1q q d ΦV  (4.1a) 

1 1 1 1 1 1( ) ( ) ( ) ( )r r r r r r
s q ll nn q q s t q su tu q s qp p         M V K K V P P P ,  

2

1 1 1
1

( ) ( )r k r k
nn q sn q

k

f 


 K K , 
2

1
1

r k r k
ll sl

k

f


 K K , 

Tr
s sM Φ M Φ , Tr k k

sl slK Φ K Φ , 
T

1 1( ) ( )r k k
sn q sn q K Φ K Φ ,  

T
1 1( ) ( )r

s q s q P Φ P , Tr
s sP Φ P , Tr

su suP Φ P  
(4.1b) 

This reduction of the full-order FE model (Eq. (3.35)) would yield less 

computational time in the evaluation of transient responses of the viscoelastic 

sandwich beam. However, the reduction of the computational time could not be 

achieved appreciably, since the computation of the reduced-order system 

matrices involves full-order system matrices ( sM , k
slK , 1( )k

sn qK ) and vectors (

1( )s qP , suP , sP ). Also, the full-order nonlinear stiffness matrix ( 1( )k
sn qK ) and 

memory-load vector ( 1( )s qP ) are to be computed repeatedly in each iteration for 

the nonlinear solution at a typical time-step. To avoid this expensive computation 

due to the formation and reduction of the full-order system matrices/vectors, the 

reduced-order system matrices/vectors can be formulated at the elemental level 

by taking the coordinate transformation (Eq. (4.1a)) for a typical element, as given 

in Eq. (4.2a) where the superscript e  indicates the elemental quantity. Using Eq. 

(4.2a), the strain vector for a typical element can be expressed in terms of the 

reduced coordinate vector ( 1qV ), as it is illustrated in Eq. (4.2b). Now, using Eqs. 

(4.2a), (4.2b) and (3.32) in Eq. (3.4) at ( 1)thq   time-step, the reduced-order system 

matrices ( r
sM , r k

slK , 1( )r k
sn qK , Eq. (4.1b)) and vectors ( 1( )r

s qP , r
sP , r

suP , Eq. 

(4.1b)) can be obtained, as given in Eq. (4.3a). In Eq. (4.3a), a system 

matrix/vector is first reduced in the elemental level, and then the corresponding 

reduced-order elemental matrices/vectors for all elements are summed to obtain 

that system matrix/vector in the reduced form for the overall structure. 
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      1 1
e e
q q d Φ V  

(4.2a) 
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( )
en

r e e e
s s

e

 M Φ M Φ ,   

T

1

( )
en

r e e
s s

e

 P Φ P , T

1

( )
en

r e e
su su

e

 P Φ P , T
1 1

1

( ) ( ) ( )
en

r e e
s q s q

e
 



 P Φ P  
 (4.3a) 

1T

1 1 1 1 1
1

( ) ( )
e

q
e k e k e e
s q l n I q j q j

jA

f A bdA


    


 
    

 
P B B d C ε , 

1

1 1 1 1
1

(1 )( )
q

e e e
q b s q b j q j

j

f c c A


    


 
     

 
ε ε ε ,  

1 1 1

1
( ) (1 2) ( )

e

e e e e
s q l n I q qe

A

dA
A

   ε B B d d  

(4.3b) 

The different elemental matrices ( e
sM , e

slK , 1
e
snK , 4

e
snK ,) and vectors ( e

sP , e
suP ) 

appearing in Eq. (4.3a) are defined in Eq. (3.28) (Section 3.3.3). Further, in Eqs. 

(4.2b) and (4.3a), 
rNI is the unity matrix of size ( r rN N ); rN  is the number of 

basis vectors in RB; k
Ξ  is a set of elements made of 

thk material; en  is the total 

number of elements. It may be noted from Eq. (4.3a) that a reduced-order system 

matrix/vector is formulated by avoiding the computation of the corresponding 

full-order matrix/vector. More importantly, the reduced-order nonlinear stiffness 

matrix ( 1( )r k
sn qK ) is formulated in terms of two reduced-order linear stiffness 

matrices ( 1
r k

snK , 4
r k

snK ) that are to be computed only once before proceeding for 

solution. It would result reduced computational time while the nonlinear stiffness 

matrix ( 1( )r k
sn qK ) is to be computed repetitively for the nonlinear solution at a 

time step through an iterative solution procedure. 
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Besides the nonlinear stiffness matrix ( 1( )r k
sn qK ), the reduced-order memory 

load vector ( 1( )r
s qP , Eq. (4.3a)) is also to be formed repeatedly in each iteration 

for the nonlinear solution at a typical time-step. It involves the repetitive 

computation, reduction and summation of the elemental memory-load vectors (

1( )e
s qP , Eq (4.3b)) that are dependent on the elemental nodal displacement vector 

( 1
e
qd ) and anelastic strain history ( 1

e
q j ε ) (Eq. (4.3b)). In this connection, the 

elemental anelastic strain is also to be computed at every time step of the solution. 

So, for avoiding this expensive computation for the reduced-order memory-load 

vector ( 1( )r
s qP ) towards a decrease in the computational time, presently, this load 

vector ( 1( )r
s qP ) is expressed in terms of two new force vectors named as reduced-

order anelastic forces ( 1 1( )r
s q j F , 2 1( )r

s q j F ). It is illustrated in Eqs. (4.4a) and 

(4.4b), where the expression of 1( )e
s qP  (Eq. (4.3b)) is substituted in the expression 

of 1( )r
s qP  (Eq. 4.3a), and the resulting expression is simplified for the reduced-

order anelastic forces (Eq. (4.4b)). 

           
1 1T

1 1 1 1 1 1 2 1
1 1

( ) ( ) ( ) ( )
q q

r r r
s q j s q j I q j s q j

j j

A A
 

       
 

 
   

 
 P F V F  

(4.4a) 

T T
1 1 1 1

1

( ) ( ) ( )
e

e

n
r e k k e e

s q j l q j
e A

f bdA   


 F Φ B C ε , 

T T
2 1 1 1

1

( ) ( ) ( )
e

e

n
r e k k e e

s q j I n q j
e A

f bdA   


 F Φ B C ε   

(4.4b) 

Now, according to Eq. (4.4b), the evaluation of the reduced-order anelastic force 

history ( 1 1( )r
s q j F , 2 1( )r

s q j F ) still requires the computation of the elemental 

anelastic strain history ( 1
e
q j ε ). So, by substituting the expression of the 

elemental anelastic strain (Eq. (4.3b)) in Eq. (4.4b) at ( 1)thq   time-step, the 

corresponding reduced-order anelastic forces ( 1 1( )r
s qF , 2 1( )r

s qF ) can be obtained 

as follows 

1

1 1 1 1 1 1 1
1

( ) (1 ) ( ) ( )
q

r r r
s q b s q b j s q j

j

c f c A


    


   F F F , 
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1

2 1 2 1 1 2 1
1

( ) (1 ) ( ) ( )
q

r r r
s q b s q b j s q j

j

c f c A


    


   F F F , 

1 1 1 1 1 1( ) (1 2) ( )r k r k r k
s q sl sn I q qf   F K K V V , 

T
2 1 1 1 4 1 1( ) ( ) (1 2) ( )r k r k r k

s q sn sn I q qf   F K K V V , 2k   

 

 

 

 

(4.5) 

It may be noted from Eqs. (4.4a) and (4.5) that the reduced-order memory-load 

vector ( 1( )r
s qP ) can be evaluated using the reduced-order anelastic force history 

( 1 1( )r
s q j F , 2 1( )r

s q j F ) and the reduced coordinate vector ( 1qV ). Here, the 

computation of the elemental anelastic strain at every time step of solution is 

avoided. Instead, the reduced-order anelastic forces ( 1 1( )r
s qF , 2 1( )r

s qF ),  Eq. 

(4.5)) are computed at each time-step using the reduced-order linear stiffness 

matrices ( r k
slK , 1

r k
snK , 4

r k
snK ) and the reduced coordinate vector ( 1qV ). These 

linear stiffness matrices ( r k
slK , 1

r k
snK , 4

r k
snK ) are already in use for the computation 

of the linear/nonlinear stiffness matrices. So, the formation of the reduced-order 

memory load vector ( 1( )r
s qP ) does not involve much computation. However, 

according to the above formulation, none of the reduced-order system 

matrices/vectors ( r
sM , k

slK , 1( )r k
sn qK , r

sP , r
suP , 1( )r

s qP ) involves the computation 

of the corresponding full-order matrix/vector. Also, all the nonlinear reduced-

order system matrices/vectors ( 1( )r k
sn qK , 1( )r

s qP ) can be computed in the 

reduced-order scale using the reduced-order linear matrices/vectors ( 1
r k

snK , 4
r k

snK

, r k
slK ) that are to be formed only once before starting the solution for the 

nonlinear transient responses of the viscoelastic sandwich beam. The advantage 

of this formulation in the reduction of the computational time is illustrated 

through numerical results in Section 4.5.1.  

4.3. Derivation of the reduced-order FE model in the frequency 

domain 

The HBM-based FE model of the viscoelastic sandwich beam (Fig. 3.1) is derived 

in Section 3.3.2. The corresponding incremental governing equation of motion in 

the frequency-domain is obtained as  
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 

 
  

 



 
    

  



  

 


 

 

ε ε σ σ

l d l d

ε σ σ ε σ σ

d d d

d d d

2

1

1

2 T T

1 1
1

0

( ) ( ) ( ) ( )

k

k
H

k A

m

H
c i k k c s i k k s

n m m n m m
m

bdA

   







 
 
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
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g m g m g m g m g mU     ε Γ ε ε Γ ε

T T
( ) ( ) ( ) ( ) ( )c u c i k u c w c i k w c

g m g m g m g m g mU     ε Γ ε ε Γ ε

T T
( ) ( ) ( ) ( ) ( )o u o i k u o w o i k w o

g g g g gU     ε Γ ε ε Γ ε  

 

 

 

 

 

 

 

 

 

 

 

 

 

(3.21) 

Now, according to the FE discretization of the sandwich beam (Eq. (3.22)), the 

displacement and strain vectors ( i
sd , i

lε , i
nε ) at the reference state of vibration and 

the corresponding increments for a typical element are given in Eq. (4.6a). 

Further, the elemental nodal displacement vectors ( i e
d , ed ) and matrix ( i e

Id ) 

appearing in Eq. (4.6a) can be expressed in terms of the reduced coordinate vector 

( i
V /V ), as it is written in Eq. (4.6b).   

i i e
s d N d , e

s d N d , 

 i i e
l lε B d , e

l l ε B d , (1 2)i i e i e
n n Iε B d d , 1

i e e
n n I ε B d d , 

u u e
g g ε B d , 

w w e
g g ε B d , 18

i e i e
I  d d I  

(4.6a) 

i e e id Φ V , e e d Φ V ,  

i e i e e i i
I I Id d Φ V V , i e e e i

I I I d d Φ V V , 
r

i i
I N V V I  

 

 

(4.6b) 

It may be noted from Eq. (4.6a) that the present factorization ( i e
n IB d ) of the 

nonlinear strain-displacement matrix facilitates the formulation of the reduced-

order nonlinear stiffness matrix in terms of the linear stiffness coefficient matrices 

( 1
r k

snK , 4
r k

snK , Eq. (4.3a)) multiplied by the reduced coordinate matrix ( i
IV ) similar 

to Eq. (4.3a). So, the HBM based expanded form of the reduced-order nonlinear 

TH-2877_166103022



117 
 

stiffness matrix can be obtained in a straightforward manner by replacing the 

reduced-coordinate matrix ( i
IV ) with its Fourier expansion.  

However, the reduced coordinate vector ( i
V /V ) is expanded in the same 

form of Eq. (3.9) where the coefficient vectors for constant, cosine and sine terms 

are denoted by i o
V / oV , i c

mV / c
mV  and i s

mV / s
mV  ( 1,2,3,...,m H ), respectively. 

Substituting this expanded form of the reduced coordinate vector ( i
V /V ) in Eq. 

(4.6b) and then using the resulting expressions in Eq. (4.6a), the Fourier 

expansion of the strain vectors ( i
lε , lε , i

nε , 1nε , 
u
gε , 

w
gε ) can be obtained in 

terms of the reduced coordinate vector. The corresponding coefficient strain 

vectors for the constant, cosine and sine terms are illustrated in Eq. (4.7a) by the 

superscripts o , c  and s , respectively.    

( )i o e i o
l lε B Φ V , ( )i c e i c

l m l mε B Φ V , ( )i s e i s
l m l mε B Φ V , 

( )o e o
l l ε B Φ V , ( )c e c

l m l m ε B Φ V , ( )s e s
l m l m ε B Φ V  

( ) (1 2)i o e o i
n n Iε B Φ D X , ( ) (1 2)i c e c i

n m n I mε B Φ D X , 

( ) (1 2)i s e s i
n m n I mε B Φ D X ,  

1( )o e o
n n I ε B Φ D X , 1( )c e c

n m n I m ε B Φ D X , 1( )s e s
n m n I m ε B Φ D X , 

( )w o w e o
g g ε B Φ V , ( )w c w e c

g m g m ε B Φ V , ( )w s w e s
g m g m ε B Φ V , 

( )u o u e o
g g ε B Φ V , ( )u c u e c

g m g m ε B Φ V , ( )u s u e s
g m g m ε B Φ V , 

T T T T T T T T
1 2 1 2{( ) ( ) ( ) ... ( ) ( ) ( ) ... ( ) }i i o i c i c i c i s i s i s

H HX V V V V V V V  

T T T T T T T T
1 2 1 2{( ) ( ) ( ) ... ( ) ( ) ( ) ... ( ) }o c c c s s s

H H       X V V V V V V V  (4.7a) 

In Eq. (4.7a), the matrices o
D , c

mD  and s
mD  ( 1,2,3,...,2m H ) are the coefficient 

matrices in the Fourier expansion of the term i i
IV V  (Eq. (4.6b)) corresponding to 

the constant, cosine and sine terms, respectively. These matrices ( o
D , c

mD , s
mD ) 

can be constructed using the following relation 

 
2

1

cos( ) sin( )
H

o c s i
m m

m
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
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(4.7b) 

where, the right-hand side is the simplified expression of the product of Fourier 

expansions of  i
IV  and i

V , and the matrices o
D , c

mD  and s
mD  ( 1,2,3,...,2m H ) can 

be obtained through the harmonic balance. Now, using Eqs. (4.7a) and (3.19a), 

the coefficient matrices in the Fourier expansions of the terms 
i k w

gΓ ε   and 

i k u
gΓ ε   (Eq. (3.21)) can be obtained, as given in Eq. (4.7c). The matrices ( )k o

w , 

( )k c
w m  and ( )k s

w m  ( 1,2,3,...,3m H ) in the expanded form of 
i k w

gΓ ε  can be derived 

following Eq. (4.7d) through the harmonic balance. The same procedure can also 

be followed to obtain the matrices ( ( )k o
u , ( )k c

u m , ( )k s
u m ) in the expanded form of 

i k u
gΓ ε .  

( ) =( )i k w o k o
g w Γ ε X ,  ( ) = ( )i k w c k c

g m w m Γ ε X , ( ) = ( )i k w s k s
g m w m Γ ε X  

( ) = ( )i k u o k o
g u Γ ε X ,  ( ) =( )i k u c k c

g m u m Γ ε X , ( ) =( )i k u s k s
g m u m Γ ε X , 

1,2,3,...,3m H  (4.7c) 
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(4.7d) 
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Now, substituting Eqs. (4.6a), (4.6b), (4.7a) and (4.7c) in Eq. (3.21), the linearized 

incremental reduced-order FE equation of motion of the sandwich beam in the 

frequency domain can be obtained as 

r r r
t   K X R R  

r o r o r r i
t tu u mp p  R P P K X , ( )r r i

m i    R K X ,  

2
1 4(1 2) (1 2)r r r r r r

m l i n nt n    K K M K K K ,  

2
1 4

r r r r r r r
t l i n nt g n     K K M K K K K  

2

1

r r k
l l

k

 K K , 
2

1 1
1

r r k
n n

k

 K K , 
2

1

r r k
nt nt

k

 K K , 
2

4 4
1

r r k
n n

k

 K K  

 

 

 

 

 

(4.8) 

where, r
mK  and r

tK  are the overall reduced-order stiffness and tangent stiffness 

matrices, respectively; r
R  is the overall reduced-order residue vector; r

R  is the 

overall reduced-order load vector per unit increment of the excitation frequency. 

The matrices r
M , r k

lK , 1
r k

nK , 
r

gK , r k
ntK , 4

r k
nK  and vectors r

P , r
uP  appearing in 

Eq. (4.8) can be constructed according to the following expressions  

T 2 T T

1

( ) ( ) ( )
H
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T T( ) ( )r c r
m s X P V P , T T( ) ( )r c r

u m su X P V P  at 1m  . (4.9a) 

where, the matrices/vectors r
sM , r k

slK , 1
r k

snK , 4
r k

snK , r
sP  and r

suP  are defined in 

Eq. (4.3a), and the other matrices ( )r o
sgK , ( )r s

sg mK  and ( )r c
sg mK   are as follows 

T

1

( ) ( ) ( )
en

r o e e o
sg sg
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 K Φ K , T
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en
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e o w k o u k o e
sg g w g u

A

bdA K B B  ,  1,2,...,m H  

 

 

 

 

 

 

 

(4.9b) 

In Eq. (4.8), the overall reduced-order stiffness matrix per unit change of the 

excitation frequency ( r
m i K ) can be obtained similar to r

mK , where the 

frequency-independent component matrices are to be omitted. Also, the 

parameters c
mf   and s

mf   are to be replaced by c
m if    and s

m if   , respectively.  

A simplified formulation of the tangent stiffness matrix ( tK ) was carried out 

in the previous chapter through Eqs. (3.30a), (3.30b) and (3.31), where the 

geometric stiffness matrix ( gK ) is constructed without consideration of its 

viscoelastic counterpart. This simplification of  gK  towards the formulation of tK  

for the present viscoelastic sandwich beams provides the advantage of reduced 

computational time (Table 3.2). Also, it works well to evaluate nonlinear frequency 

response curves using a numerical continuation method, as verified through the 

results in Fig. 3.5. So, the same strategy is followed here to simplify the 

formulation of the reduced-order tangent stiffness matrix ( r
tK ), where the 

formulation of the reduced-order geometric stiffness matrix (
r

gK ) is simplified 

using Eq. (3.30b) and the coefficient matrices in the Fourier expansion of the term 

i i
IV V  (Eq. (4.7b)). Accordingly, the expression of 

r
gK  can be obtained as follows   

3 5(1 2)r r r
g n n K K K  
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(4.10) 

According to Eq. (4.10), the repeated formation of the geometric stiffness matrix (

r
gK ) can be avoided so that none of the component matrices/vectors ( 1

r k
snK , 3

r k
snK

, 4
r k

snK , 5
r k

snK , r k
slK , r

sM ) is to be constructed in each Newton-Raphson iteration 

during the solution of the reduced-order equation of motion. It leads to a decent 

reduction of the computational time, which is illustrated through numerical 

results in Section 4.5.1.  

4.4. Enrichment of basis vectors  

The accuracy of a reduced-order FE model primarily depends on the selection of 

appropriate RBVs. In this concern, different approaches (MSE, MSEC, MM, ICES, 

RKT and FSRK) are proposed in the literature for the selection of RBVs. However, 

these RBVs are originally proposed for linear dynamic analysis of viscoelastic 

structures. So, these RBVs may not be appropriate ones for accurately modelling 

various phenomena in nonlinear analysis like bending-stretching coupling, 

bending-twist coupling, coupling between lower and higher modes, etc. Therefore, 

the enrichment of these RBVs may be needed for their application in the nonlinear 

analysis of viscoelastic structures, and it is presently carried out based on the 

popular concept of modal derivatives (MDs).  

For deriving a reduced-order FE model, the common practice is to choose 

the RBVs as the first few vibration modes (VMs) associated with lower natural 

frequencies. Although it provides good accuracy in the linear dynamic analysis, 

enrichment of these RBVs for the nonlinear dynamic analysis can be achieved 

through MDs  (Rutzmoser et al., 2017). These MDs are commonly derived from 

the vibration modes by differentiating the eigenvalue problem with respect to the 

reduced coordinates. Now, if these MDs are derived by neglecting the mass matrix, 

then those are commonly called static MDs (Rutzmoser et al., 2017). However, 

this methodology for the derivation of static MDs can be followed to enrich not 

only VMs but also RBVs obtained through any other approach of deriving basis 

vectors. Here, the resulting vectors are called static derivatives (SDs) (Rutzmoser 
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et al., 2017). So, for the present case of the dynamic analysis of viscoelastic 

structures with frequency-dependent material properties, the recommended 

approaches (MSE/MSEC/MM/ICES/RKT/FSRK) for the RBVs in the linear 

analysis are utilized; however, these RBVs are enriched with the corresponding 

SDs especially for the nonlinear dynamic analysis. It may also be noted here that 

some of the RBVs obtained through the aforesaid approaches lie in the complex 

domain so that the union of their real and imaginary parts are considered 

(Kuether, 2019) as RBVs. Further, a static correction vector (Rouleau et al., 2017) 

is also added in the set of RBVs to account truncated modes. A set of SDs ( pjφ , 

p  or j  = 1, 2, 3,…, mN  ) for a given set of RBVs ( pθ , p  = 1, 2, 3,…, mN ) of a 

structure oscillating about its static equilibrium position can be evaluated using 

Eq. (4.11a) (Rutzmoser et al., 2017) where mN  is the number of RBVs (

1 2[ ... ]
mNθ θ θ θ ).  

( )
pj peq

j eq
v

 




K d θ v
K φ θ  

(4.11a) 

In Eq. (4.11a), d  is the global nodal displacement vector; pjφ  is the SD of thp  RBV 

( pθ ) with respect to the thj  reduced coordinate; jv  is the thj  element of the 

reduced coordinate vector ( v ); the subscript ‘ eq ’ denotes the quantity at the static 

equilibrium position (  0d  or  0v ); K  is the tangent stiffness matrix of the 

sandwich beam for its static deformation. This tangent stiffness matrix ( K ) can 

be obtained through the derivation of the strain energy term in Eq. (3.6) 

considering the constitutive behavior of the viscoelastic material similar to that 

for an elastic material (Eq. (2.3a)), where the elastic modulus may be taken as the 

relaxed modulus ( k
oE E , 2k  ) for the static deformation of the sandwich beam. 

However, this derivation of the strain energy term (in Eq. (3.9)) by introducing the 

incremental forms of elemental nodal displacement and strain vectors (Eq. (4.6a)) 

yields the stiffness matrices e
slK , 1

e
snK , 3

e
snK , 4

e
snK  and 5

e
snK  (Eqs. (3.28) and 

(3.30b)) for a typical element. Subsequently, the assembly of these elemental 

stiffness matrices for the 
thk  material in the sandwich beam provides the 

component stiffness matrices ( k
slK , 1

k
snK , 3

k
snK , 4

k
snK  and 5

k
snK ) in the expression 

for the tangent stiffness matrix ( K ), as given in Eq. (4.11b) where fN  represents 

the number of global nodal degrees of freedom and 
fNI  is the unit matrix of size 
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( f fN N ). Now, the derivative of tangent stiffness matrix ( K ) with respect to the 

reduced coordinate ( jv ) can be derived as it is illustrated in Eq. (4.11c).  

2
T T T

1 3 1 4 5
1

( ) ( ) ( ) ( ) (1 2)k k k i i k i k k i
sl sn sn I I sn I sn sn I

k

     K K K K d d K d K K d ,  

f

i i
I N d d I  

(4.11b) 
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e e e ikj
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    
 


   


K K d K K θ I

K d θ v

θ I K K K d

 

 

 

(4.11c) 

The right-hand part of Eq. (4.11a) denotes a pseudo-force vector (say, 

( )pj j p
eq

v   F K d θv θ ) that involves the computationally expensive 

multiplication (Eq. (4.11a) and (4.11c)) of stiffness matrices ( 1
k
snK , 3

k
snK , 4

k
snK  and 

5
k
snK ) and basis vectors ( pθ ) at the full-order scale. However, it can also be 

computed with less computational cost by assembling the corresponding 

elemental pseudo-force vectors (
e

ijF ), as given Eq. (4.11d) where 
e
pθ  is the thp  RBV 

( pθ ) for a typical element. 

1 3

T
4 5

( )
( )

( ) (1 2)

e e
e i e e

sn sne e e e
pj p j pi e e e

j I sn sneq
v

     
    

   

K KK d θ v
F θ θ θ

d K K
 

  T T
18 1 4 5( ) ( ) (1 2)e e e e e i e e

j sn p sn sn p   θ I K θ K K d θ  
(4.11d) 

Thus, the tangent stiffness matrix (
eq

K , Eq. (4.11a)) at the static equilibrium 

position (  0d ) can be derived by substituting i  0d  in Eq. (4.11b). Whereas 

pseudo-force vectors ( ( )pj j p
eq

v   F K d θv θ , Eq. (4.11a)) can be derived first 

by substituting 
i e  0d  in Eq. (4.11d) and then by assembling the corresponding 

elemental pseudo-force vectors.  

Now, for a finite number ( mN ) of RBVs, there exist ( 1) / 2m mN N   number of 

unique SDs following their symmetry ( pj jpφ φ ) (Rutzmoser et al., 2017). Further, 

these SDs may not be orthogonal to the RBVs. So, the resulting enriched 

reduction basis may lead to bad conditioning or singularities in the reduced-order 

FE model. Hence, in this work, the appropriate basis vectors are selected from a 
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reduction basis ( qΘ , 1, 2,..., fq N ) generated by implementing the proper 

orthogonal decomposition (POD) over the union of stiffness-normalized RBVs and 

SDs as 

 fq N q I Θ  , 

 1 T

lN
 Ψ Ψ , 1 2 3 ....

lN    
 

Ψ , 

T( )s s s seq
  Λ Λ K Λ , 1, 2,..., ls N , ( 1) / 2l m m mN N N N    

(4.12) 

where, sΛ  denotes the ths  basis vector from the unified set of RBVs ( pθ ) and SDs 

( pjφ );   is the correlation matrix; q  and qΘ  are the thq  proper orthogonal value 

(POV) and proper orthogonal mode (POM), respectively. So, the enriched reduction 

basis (Φ ) is formed by taking the first few number of basis vectors from a set of 

POMs that are arranged in descending order of their POVs. 

4.5. Results and discussion 

The elastic face layers of the viscoelastic sandwich beam are considered to be 

made of aluminum ( E = 70.3 GPa,  = 0.345,  =2690 kg/m3), while the 

viscoelastic core is made of 3M ISD 112 (Galucio et al., 2004) ( = 0.499,  =1600 

kg/m3). The viscoelastic material is modelled by fractional Zener viscoelastic 

constitutive relation where the model parameters (Galucio et al., 2004) are oE = 

1.5 MPa, E = 69.9495 MPa,  = 0.7915 and 
51.4052 10   s. The geometrical 

properties of the sandwich beam (Fig. 3.1) are taken as L  = 0.35 m, b  = 10 mm, 

1sh  = 5 mm, vh  = 1.5 mm, 2sh  = 0.5 mm. This beam (Fig. 3.1) is considered to 

operate under a transverse harmonic point-load or a haversine impulse point-load 

while the ends of the bottom face layer are considered as fully-clamped ends. The 

aforesaid point loads are applied at a location / 4lx L , 0lz  (Eq. (3.3a)). For the 

transient responses of the sandwich beam under the haversine impulse load, the 

corresponding transverse displacement ( w ) is evaluated at the point of loading for 

presenting the numerical results. Similarly, for the frequency responses of the 

sandwich beam under the transverse harmonic point-load, the corresponding 

transverse displacement-amplitude ( w ) is evaluated at the point of loading and 

presented in the numerical results.  

The amplitude ( o
tp ) of the transverse harmonic point-load is considered as 

30 N, while the haversine impulse point-load is taken in the form 

TH-2877_166103022



125 
 

2( ) 800 sin ( / 2)tp t t  N with the pulse duration of 2 /   seconds ( =3000 

rad/s). The FE mesh for the sandwich beam is considered with 100 elements in 

each of the elastic layers and 200 elements in viscooelastic core layer following 

the mesh convergence study in the previous chapter.  The corresponding FE codes 

are written in MATLAB and executed in a CPU with the Octa-Core processor 

Intel(R) Core(TM) i7-6700 CPU @ 3.4 GHz and RAM of 16 GB. In the case of the 

computation of transient responses using Newmark method, the value of the time-

step is taken as 5( 3) 10  s. 

4.5.1. Computational efficiency and accuracy of the present ROMs using 

enriched RB 

Usually, the large-amplitude vibration of a beam element exhibits the bending-

stretching coupling phenomenon, and it implies the need of enrichment of RB 

with the higher-order modes. Therefore, in this subsection, the utility of the 

aforesaid enrichment of RBVs towards a good accuracy of the ROM in the 

time/frequency domain is studied with reference to the transient/frequency 

responses obtained from the previously derived (Chapter 3) full-order FE model. 

Concurrently, the computational time is also noted in the evaluation of 

transient/frequency responses through both the reduced-order and full-order FE 

models especially to illustrate the computational efficiency of the present ROMs. 

However, for this computation, the RBVs are considered using the first three 

complex eigenmodes (say, bN = 3) that are obtained by the solution of the 

frequency-dependent complex nonlinear eigenvalue problem in the ICES 

approach. Additionally, one static correction vector is considered to account for 

truncated terms in the modal expansion of static solution (Rouleau et al., 2017). 

Since the eigenmodes are in the complex domain, the RBVs are taken with their 

real and imaginary parts separately, and thus a total of seven ( 2 1bN  ) basis 

vectors ( mN = 7) appear including a static correction vector. However, the 

corresponding enriched RB is evaluated by applying POD (Eq. (4.12)) over the 

union ( lN   35) of RBVs ( mN =7) and their corresponding SDs (28 vectors), as the 

corresponding procedure is demonstrated in Section 4.4. Accordingly, the 

enriched RB (Φ ) is constructed by considering the first 35 POMs ( rN = 35). 

For the case of the ROM in the time domain, the transient responses of the 

sandwich beam under the haversine impulse load are obtained by implementing 

Newmark time-integration method in conjunction with Eq. (4.1b), where all 

reduced-order matrices/vectors are obtained through element level computation 
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(Eq. (4.3)). However, as presented in Section 4.2, the computation of the reduced-

order memory-load vector can be carried out through the evaluation of either the 

elemental anelastic strain (Eqs. (4.3a) and (4.3b)) or the reduced-order anelastic 

forces (Eqs. (4.4a) and (4.5)). For ease in presentation, the ROM with the former 

strategy of computation of the reduced-order memory-load vector is named as 

ROM#1, while ROM#2 is identified for the later strategy of computation of the 

same memory-load vector.  

Figure 4.1 shows the comparison of transient responses evaluated through 

ROM#1 and ROM#2 based on the RBVs with (RB#II) or without (RB#I) enrichment. 

A similar response obtained from the full-order FE model is also presented in Fig. 

4.1. It may be observed that the response evaluated using unenriched RB (RB#I) 

significantly deviates from the actual response obtained from the full-order FE 

model. However, the response evaluated using enriched RB (RB#II) is in good 

agreement with that for the full-order FE model. This observation points to the 

fruitfulness of the present enriched RB towards the accuracy of the nonlinear 

ROM in the time domain. Figure 4.1 also shows that the response from ROM#2 is 

in excellent agreement with that from ROM#1 for both the enriched and 

unenriched RB. It basically validates the present formulation of the reduced-order 

anelastic forces (Eqs. (4.4a) and (4.5)).  

However, to demonstrate the advantage in the computation of nonlinear 

transient responses using this new formulation of the reduced-order anelastic 

forces (Eqs. (4.4a) and (4.5)), the computational time is noted in the evaluation of 

the responses (Fig. 4.1) using ROM#1, ROM#2 and full-order FE model. These 

results are illustrated in Table 4.1, where rt  represents the computational time 

for the evaluation of RB; ft  represents the computational time for the evaluation 

of linear reduced-order system matrices/vectors ( 1
r k

snK , 4
r k

snK , r k
slK , r

sM , r
sP , Eq 

(4.3)) and nt  represents the rest of the computational time for the evaluation of a 

transient response within the time-span of interest. It may be noted from Table 

4.1 that nt  significantly decreases as the ROMs are used instead of the full-order 

FE model in the evaluation of nonlinear transient response. However, ROM#2 

exhibits significantly more computational efficiency than that of ROM#1. This 

difference appears to be due to the present formulation of the reduced-order 

anelastic forces to form the memory-load vector by avoiding the repetitive 

computation of elemental anelastic strain. Table 4.1 also shows that both rt  and 

ft  increase as the ROM is constructed using enriched RB (RB#II). It occurs due 
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to the computation of SDs and the corresponding increase in the number of 

reduced coordinates (Section 4.4).  

 

Fig. 4.1. Comparison of nonlinear transient responses evaluated using 

ROM#1, ROM#2 and full-order FE model. 

 

Table 4.1  

Computational time in the evaluation of nonlinear transient responses (Fig. 4.1) 

using ROM#1, ROM#2 and full-order FE model. 

 Full-order 

FE model 

ROM#1 ROM#2 

RB#I RB#II RB#I RB#II 

nt (min) 252.6 10.734 12.153 0.208 1.53 

rt (min) --- 0.065 0.268 0.065 0.268 

ft (min) --- 0.067 1.691 0.067 1.691 

For the case of ROM in the frequency domain, the nonlinear frequency 

responses of the viscoelastic sandwich beam under the transverse harmonic 

point-load ( cos( )o
t tp p t , o

tp =30 N) are evaluated by the solution of Eq. (4.8) 

using a numerical continuation method (Cheung et al., 1990). However, the 

complex formulation of the corresponding reduced-order tangent stiffness matrix 

(Eqs. (4.7c), (4.7d), (4.9a) and (4.9b)) is simplified (Eqs. (3.30a), (3.30b) and (4.10)) 

by avoiding its viscoelastic counterpart, as described in Section 4.3 and section 

3.3.3. Although this simplified formulation of the reduced-order tangent stiffness 

matrix would not affect the accuracy of the nonlinear solution, it may pose 

difficulty or failure in the convergence of nonlinear solution through Newton-

Raphson iteration, especially near the bifurcation points on the response curve. 

In this concern, the nonlinear frequency responses of the viscoelastic sandwich 

beam are evaluated with or without simplified formulation of the reduced-order 
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tangent stiffness matrix, where the ROM is used with the enriched RB. The 

corresponding responses are illustrated in Fig. 4.2 along with the similar response 

obtained from the full-order FE model. From these results, it is observed that the 

simplified formulation of the reduced-order tangent stiffness matrix works well so 

that there is no shortcoming in the convergence of nonlinear solutions at any 

point over the response curve.  

  

Fig. 4.2. Comparison of frequency responses obtained from full-order FE model 

and ROM with or without simplified formulation of the tangent stiffness matrix 

(ROM is taken with the enriched RB (RB#II)). 

Table 4.2  

Computational time in the evaluation of frequency responses in Fig. 4.2. 

 Full-order 
FE model 

ROM without simplified  
tangent stiffness matrix 

ROM with simplified  
tangent stiffness matrix 

nt (min) 1752.6 122.5 26.8 

rt (min) --- 0.268 0.268 

ft (min) --- 1.717 3.44 

However, this simplified formulation of the reduced-order tangent stiffness 

matrix may also have a certain effect on the computational time in the evaluation 

of the response curve, as it avoids the repetitive computation of the corresponding 

reduced-order geometric stiffness matrix (
r

gK , Eqs.( 4.9a) and (4.9b)) at each 

iteration. To illustrate it, the computational time is noted and presented in Table 
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4.2 for the evaluation of the response curves in Fig. 4.2. In Table 4.2, rt  and ft  

represent the computational time for the evaluation of RB and linear reduced-

order system matrices, respectively, while nt  represents the rest of the 

computational time in the evaluation of a frequency response curve within the 

frequency range of interest (Fig. 4.2). It may be observed from this table that nt  

decreases significantly as the ROM is used instead of the full-order FE model. 

Further reduction in the computational time ( nt ) is achieved by the aforesaid 

simplified formulation of the reduced-order tangent stiffness matrix. On the other 

hand, ft  (<< nt ) increases due to the computation of additional linear reduced-

order matrices ( 3
r k

snK , 5
r k

snK , Eq. (4.10)) involved in the simplified formulation of 

the reduced-order tangent stiffness matrix. It may be noted here that a similar 

verification study was also carried out in the previous chapter (Fig. 3.5, Table 3.2) 

for the simplified formulation of the tangent stiffness matrix in the full-order FE 

model.   

 

Fig. 4.3. Comparison of frequency responses obtained from full-order FE 

model and ROM considering unenriched RB (RB#I) or enriched RB (RB#II).  

Table 4.3 

Computational time in the evaluation of frequency responses (Fig. 4.3) using the 

present ROM with the simplified formulation of the tangent stiffness matrix 

 ROM with simplified tangent stiffness matrix   

RB#I RB#II 

nt (min) 0.3167 26.8 

rt (min) 0.065 0.268 

ft (min) 0.22 3.44 
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Presently, the ROM (Eq. (4.8)) in the frequency domain is developed with 

the enrichment of RB, particularly for the evaluation of nonlinear frequency 

responses of the viscoelastic sandwich beam with the frequency-dependent 

material properties. The fruitfulness of this ROM with the enriched RB is clarified 

through the results in Fig. 4.2, where it is clear that the ROM with the unenriched 

RB provides inaccurate nonlinear frequency response while the corresponding 

correction can be made through the enrichment of RB. However, the enrichment 

of RB includes SDs so that the number of reduced coordinates or degrees of 

freedom of ROM increases. It results in a little more computational time ( nt , rt  

and ft ), as demonstrated in Table 4.3. 

 

4.5.2. Comparative study  

Various approaches (MSE/MSEC/MM/ICES/RKT/FSRK) were proposed in the 

literature to evaluate RBVs in deriving the reduced-order FE model of viscoelastic 

structures. These RBVs are applicable for linear dynamic analysis of a viscoelastic 

structure having frequency-dependent material properties. However, the RB in 

each of the aforesaid approaches is presently enriched (Section 4.4) for its use in 

the nonlinear analysis of viscoelastic structures, and the accuracy of the 

corresponding ROM is investigated. It basically addresses a suitable approach in 

the selection of RB and the corresponding enrichment for the nonlinear analysis 

of viscoelastic structures with frequency-dependent material properties.  

After the evaluation of RBVs through each of the aforesaid approaches, the 

corresponding enriched RBVs are computed according to the procedure, as 

described in Section 4.4. However, Table 4.4 illustrates the present consideration 

in selecting the number of enriched RBVs for different approaches. Initially, for 

any approach, the RB is taken in the union of the first few ( bN ) eigenmodes 

(columns 1 to 5 of Table 4.4) and one static correction vector, where the total 

number of RBVs is denoted by mN  ( mN =( bN +1)). If the eigenmodes are in the 

complex domain (for MM, FSRK, RKT and ICES approach), then the corresponding 

RBVs are taken as the real and imaginary parts of the eigenmodes. However, for 

evaluation of RBVs through MM/FSRK/RKT approach (Jith and Sarkar, 2020; 

Rouleau et al., 2017; Xie et al., 2018), the selected frequencies (in rad/s) for 

interpolation/expansion points are given in parenthesis (columns 1 and 2 of  

Table 4.4). The RBVs are then taken from the eigenmodes ( bN ) for all the 

interpolation/expansion points. Presently, the frequencies are selected around 

the fundamental natural frequency (1204.5 rad/s) and the impulse excitation 

frequency (3000 rad/s) to evaluate transient responses under the impulse 
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excitation. However, similar frequencies for evaluating frequency responses under 

the transverse harmonic load are considered within the operating frequency range 

(700 - 4200 rad/s). Further, the number of first few first-order correction vectors 

considered in the case of MSEC is given in parenthesis (column 4 of Table 4.4). 

Finally, the number ( mN ) of RBVs and the corresponding number ( rN ) of enriched 

RBVs are illustrated in columns 6 and 7, respectively. Presently, a comparative 

study is carried out by increasing the number of enriched RBVs primarily to 

address an approach that provides accurate results with less number of RBVs. 

The corresponding steps in the increment of the number of RBVs are given in the 

last two columns of Table 4.4, where the number ( mN ) of RBVs and the number (

rN ) of enriched RBVs are kept constant for all approaches in a typical incremental 

step. 

Table 4.4  

Present consideration of the number of enriched RBVs for different approaches 

(MSE, MSEC, MM, ICES, RKT and FSRK). 

MM, FSRK, RKT ICES 

bN  

MSEC 

bN  

MSE 

bN  
mN  rN  

ROM in time 

domain 

 bN  

ROM in frequency 

domain  

bN  

3 (1200) 3 (2450) 3 3 (3) 6 7 12 

3 (1200) 3 (2450) 3 3 (3) 6 7 22 

4 (1200) 4 (2450) 4 4(4) 8 9 34 

4 (500, 1500) 4 (700, 4200) 8 8 (8) 16 17 52 

4 

(500,1500,3000) 

4 

(700,4200,2450) 

12 12 (12) 24 25 70 

Figure 4.4(a) illustrates the comparison of transient responses evaluated 

using ROM#2 with the enriched RB from different approaches. Here, the number 

( rN ) of enriched RBVs is taken as 52 (Table 4.4). However, the corresponding 

displacement errors ( eD ) are shown in Fig. 4.4(b), where e rD  d d  and d / rd  

is the global nodal displacement vector evaluated with full-order FE 

model/ROM#2. It can be observed from Figs. 4.4(a)-(b) that the enriched RB 

obtained through ICES approach yields small displacement error whereas similar 

enriched RB evaluated through MSE or MSEC yields greater displacement error. 

It may be due to the fact that the ICES approach accounts the effect of frequency-

dependent stiffness/damping of the viscoelastic structure on RBVs, whereas it is 

completely omitted in the MSE approach and partially considered in MSEC 

approach. It may also be observed from Figs. 4.4(a)-(b) that the enriched RB 

TH-2877_166103022



132 
 

corresponding to MM/RK/FSRK approach provides better accuracy in the result 

than that for MSE/MSEC approach. This difference appears mainly due to the 

consideration of complex eigenmodes/Krylov modes in the MM/RK/FSRK 

approach, which are taken at the selected frequencies within the operating 

frequency range.  

Figure 4.5 illustrates the variation of the mean displacement error ( m
eD ) 

with the increase in the number of enriched RBVs ( rN , Table 4.4) for different 

approaches. Here, the mean displacement error is defined as 
1m

e r
S

D
S

  d d  

where S  is the total number of responses ( S  = 3820) corresponding to the time 

steps ( 5( 3) 10  s) within the total time-span (0 to 0.04 s, Fig. 4.4). It may be 

observed from Fig. 4.5 that the mean displacement error decreases with the 

increase in the number of enriched RBVs. Here, an RB with an increased number 

of RBVs accounts higher-order vibration modes that are essential for achieving 

accurate nonlinear response. It can be obtained through the present approach of 

enrichment of RBVs using SDs and POD method. However, the deviation in the 

monotonic decrease of displacement error is observed (Fig. 4.5). It may appear 

due to the inappropriate selection of relevant higher-order vibration modes from 

SDs (Section 4.4). From the results in Figs. 4.4 and 4.5, it is clear that ICES 

approach is better than any other approach in providing an accurate nonlinear 

response with less number of enriched RBVs.  

 

Fig. 4.4. (a) Comparison of transient responses obtained from full-order FE 

model and ROM#2 considering the number ( rN ) of enriched RBVs as 52 from 

different approaches, (b) corresponding displacement errors with respect to the 

displacement solution of full-order FE model. 
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Fig. 4.5. Variation of mean displacement error with the number ( rN

) of basis vectors in the enriched RB. 

Figure 4.6 illustrates the comparison of nonlinear frequency responses 

obtained from the present ROM with the enriched RB. The number of enriched 

RBVs is considered as 52 (Table 4.4) for any of the aforesaid approaches (MSE, 

MSEC, MM, ICES, RKT and FSRK). The corresponding normalized displacement 

error ( en rD  d d d ) is illustrated in Fig. 4.7. It may be observed from Fig. 4.6 

that the shortcoming in the accuracy of the nonlinear frequency response mainly 

appears near the peak displacement amplitude, where the maximum and 

minimum error arise for MSE and ICES approaches, respectively. It may be due 

to the fact that the ICES approach is based on frequency-dependent viscoelastic 

properties, whereas, in the MSE approach, the dependency of viscoelastic 

properties on frequency is not accounted in the evaluation of RB. However, MSEC, 

MM, RKT and FSRK approaches provide better accuracy in the result (Figs. 4.6 

and 4.7) as compared to that for MSE approach, since these approaches (MSEC, 

MM, RKT and FSRK) use some strategies and/or complex eigen modes/Krylov 

modes at selected frequencies to approximate the effect of frequency-dependent 

viscoelastic properties on RBVs. Figure 4.8 shows the variation of the mean 

normalized displacement error (
1m

en r
S

D
S

  d d d ) with the increase in the 

number of enriched RBVs. Here, S  is the total number of responses corresponding 

to the incremental steps of frequency in the computation of a frequency response 

curve using a numerical continuation method. It may be observed from Fig. 4.8 
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that ICES and MM approaches provide almost accurate responses with less 

number of RBVs as compared to the other approaches.  

 

Fig. 4.6. Comparison of nonlinear frequency responses obtained from full-

order FE model and ROM considering the number ( rN ) of enriched RBVs as 52 

through different approaches. 

 

 

Fig. 4.7. Variation of the normalized displacement error for the nonlinear 

frequency responses presented in Fig. 4.6. 
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Fig. 4.8. Variation of the mean normalized displacement error with the 

number ( rN ) of basis vectors within the enriched RB. 

4.6. Summary 

In this chapter, reduced-order models (ROMs) are derived for the geometrically 

nonlinear FE analysis of viscoelastic structures in the time/frequency domain. 

The corresponding formulation and fruitfulness of the ROMs are demonstrated 

considering the large-amplitude vibration of a sandwich beam under the 

haversine impulse/transverse harmonic point load. The core of this sandwich 

beam is made of a viscoelastic material that is modelled according to the fractional 

Zener constitutive relation. The overall study is carried out based on two main 

concerns of a ROM, which are: (i) proper selection of reduction basis vectors 

(RBVs) for sufficient accuracy of a nonlinear ROM and (ii) reduction of 

computational time in the evaluation of nonlinear transient/frequency responses.  

In the first concern of the selection of RBVs, the available approaches like 

MSE, MSEC, MM, ICES, RKT and FSRK are followed. However, these approaches 

are originally proposed for linear analysis of a viscoelastic structure. So, for the 

geometrically nonlinear analysis of the same structure, the RBVs obtained from 

these approaches are presently enriched by means of deriving static derivatives 

(SDs), where the POD method is utilized over the union of RBVs and SDs to obtain 

the enriched RBVs. Good accuracy of the present ROMs based on these enriched 

RBVs is observed in the evaluation of geometrically nonlinear transient/frequency 

responses of the sandwich beam, where the reference results are taken from the 

full-order FE model. However, it is found that the required number of enriched 

RBVs towards the sufficient accuracy in the numerical results varies from one to 
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another approach, where the present enrichment of RBVs through ICES approach 

provides the most accurate result with less number of enriched RBVs as compared 

to the other approaches.  

In the second concern of the reduced computational time, a special 

factorization of the nonlinear strain-displacement matrix is utilized, as it is 

introduced in the previous chapter. Using this factorization, the reduced-order 

linear/nonlinear system matrices/vectors are formulated at the elemental level 

without involving the full-order solution. However, this technique of factorization 

is not enough to avoid the full-order solution in the derivation of the reduced-

order nonlinear memory-load vector appearing in the time-domain ROM, since 

this nonlinear load-vector involves elemental strain history. So, this reduced-

order memory-load vector is presently formulated by introducing two new 

anelastic nodal forces by avoiding the elemental anelastic strain. However, this 

novel strategy of formulation of the time-domain ROM of viscoelastic structures 

eases to form all the reduced-order system matrices and vectors in the elemental 

level without involving the nodal displacements, where the advantage of a 

significant reduction of the computational time is achieved in the evaluation of 

geometrically nonlinear transient responses of the viscoelastic structure. 

The equations of motion in the time-domain ROM appear at the discrete-

time. So, it is difficult to express this ROM in the frequency domain directly by 

implementing HBM. So, a separate formulation of ROM in the frequency domain 

is presented by implementing HBM before the FE discretization. The subsequent 

formulation of the geometrically nonlinear stiffness matrix appears in a complex 

manner. Although it is eased by means of the aforesaid factorization of the 

nonlinear strain-displacement matrix, the nonlinear stiffness matrix appears with 

a large number of terms associated with the products of sine and cosine functions. 

The time-integration of these stiffness terms according to HBM poses a high 

computational cost. It is presently tackled by implementing the orthogonality of 

Fourier basis functions, while all the reduced-order system matrices and vectors 

are derived in the elemental level without involving the full-order solution except 

the reduced-order geometric stiffness matrix. This formulation of ROM in the 

frequency domain provides significantly reduced computational time in the 

evaluation of geometrically nonlinear frequency responses of the viscoelastic 

structure. For further reduction of the computational time, a simplified 

formulation of the reduced-order tangent stiffness matrix is also presented by 

omitting the viscoelastic counterpart of geometric stiffness matrix. However, it is 

applicable for a viscoelastic structure made of elastic and viscoelastic constituent 
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materials, where the viscoelastic counterpart has a small contribution to the 

stiffness of the overall structure as compared to that for the elastic counterpart. 
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Chapter  
5 

Constrained layer damping treatment of post-buckled 
beams under parametric excitation: a theoretical study 
using reduced-order finite element formulation  

 

5.1. Introduction 

In the context of passive control of parametrically excited beams, the utilization 

of viscoelastic materials through the CLD treatment has been addressed in a good 

number of available studies (Section 1.3.1). In all these available studies, the CLD 

treatment is applied to control the dynamic instability of beams in the pre-buckled 

equilibrium state. However, in practice, the operation of a parametrically excited 

beam may not be confined to the pre-buckled state. In this case, the beam 

operates in the post-buckled state, where multiple stable and unstable 

equilibrium states appear simultaneously (Fig. 1.2). It results in complex 

dynamics along with various dynamic instabilities of the beam, as similar 

responses are observed in Chapter 2. However, the utility of the CLD treatment in 

attenuation of this complex dynamics at the post-buckled state of a parametrically 

excited beam is not yet explored in the open literature to the best knowledge of 

this researcher. It is attempted in this chapter, where the CLD treatment is 

configured in different forms of layered beams, and the study is carried out to 

investigate the suitability of each of the CLD configurations in controlling the 

complex nonlinear dynamics of the layered beams under the parametric excitation 

at the post-buckled state.   

This theoretical study is performed by deriving a nonlinear ROM of the 

parametrically excited viscoelastic layered beams, where the reduced-order FE 

formulation in the previous chapter is followed. Using this ROM, the complex 

motion along with dynamic bifurcations of the beams is analyzed by evaluating 

the nonlinear frequency responses and global bifurcation diagrams. However, in 

this concern of dynamic bifurcation analysis using a nonlinear ROM, the available 

literature shows the selection of RBVs from proper orthogonal decomposition 

(POD) modes evaluated through local/global/adaptive POD method (Amsallem et 

al., 2009; Carlberg, 2015; Lieu and Farhat, 2007; Lu et al., 2019, 2016; Terragni 

and Vega, 2012; Weickum et al., 2009; Xie et al., 2015). It is observed that POD 

modes are robust ones in providing sufficient accuracy of a nonlinear ROM for 

bifurcation analysis (Lu et al., 2019, 2016; Xie et al., 2015). Besides the POD 
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modes, an alternative approach of the selection of RBVs from the enriched 

vibration modes (VMs) is introduced in the previous chapter (Section 4.4). These 

new RBVs work well for the ROM-based analysis of simple nonlinear structural 

responses, as observed in the previous chapter (Chapter 4). But the suitability of 

these new RBVs in providing sufficient accuracy of a nonlinear ROM for the 

dynamic bifurcation analysis of an elastic/viscoelastic structure is not yet 

verified. Therefore, the present nonlinear ROM for the aforesaid CLD treated 

beams is derived using these new RBVs, where the above mentioned verification 

study is carried out before the main objective of investigating the effectiveness of 

the CLD treatment. The overall study in this chapter is presented in the following 

manner. 

First, the CLD arrangement in three different layered beam configurations 

is presented in Section 5.2. Next, in Section 5.3, the incremental nonlinear 

governing equation of motion of the CLD treated beams is derived for an axial 

compressive harmonic load, where the viscoelastic material in the CLD treatment 

is modelled using the fractional Zener constitutive model. The subsequent section 

(Section 5.4) presents the derivation of nonlinear ROM of the CLD treated beams 

under the parametric excitation. Here, the formulation approach in the previous 

chapter (Chapter 4) is followed for the derivation of nonlinear ROMs in both the 

time and frequency domains. However, the numerical results are presented in the 

subsequent section (Section 5.5), where the appropriateness of the present 

approach (Section 4.4) of selecting RBVs is first verified for the estimation of 

complex nonlinear dynamics of the CLD treated beams. Next, the effectiveness of 

the CLD treatment in passive control of complex dynamics of the parametrically 

excited layered beams is explored through the numerical results.  

5.2. Configuration of layered beams with CLD treatment  

The CLD treatment of a beam element is commonly achieved by means of 

attaching a viscoelastic damping layer on the top/bottom surface of the substrate 

beam, while this damping layer is constrained by a very thin and stiff constraining 

layer. This configuration of the CLD treatment is also known as the passive 

constrained layer damping (PCLD) treatment, as shown in Fig. 5.1(a). However, 

the available studies in this context reveal that the damping capability of the CLD 

treatment may improve for the increasing number of constrained viscoelastic 

layers in the layered configuration (Ray and Kar, 1996; Suzuki et al., 2003). 

Therefore, besides the PCLD treated beam (Fig. 5.1(a)), the CLD treatment is also 

configured in three-layered and five-layered beams, as shown in Figs. 5.1(b) and 

5.1(c), respectively. The damping layers are made of an isotropic viscoelastic 
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material, and the substrate/constraining layers are made of an elastic isotropic 

material. The length, width and thickness of any layered beam are denoted by L

, b  and h , respectively. However, presently the damping effectiveness of the CLD 

treatment in attenuation of complex dynamics of the parametrically excited post-

buckled beams is studied by taking it (CLD) in three different configurations (Figs. 

5.1(a)-(c)) without altering the volumes of viscoelastic and substrate materials. So, 

the total thickness ( vh ) of the viscoelastic layers and the total thickness of the 

substrate/constraining layers ( s c fh h h  ) are kept constant for all the layered 

beams. These layered beams (Figs. 5.1(a)-(c)) are considered to operate under an 

axial compressive harmonic load ( t
ap ) while their ends are taken as fully-clamped 

ends.   

 

Fig. 5.1. Schematic diagrams of (a) a substrate beam with a PCLD layer, (b) a 

three-layered beam and (c) a five-layered beam operating under the axial 

compressive harmonic load (
t
ap ).  

5.3. Formulation of incremental governing equation of motion    

Besides the aforesaid geometrical configurations, material properties and 

boundary conditions, there is no applied force on the boundary surface in parallel 

to the xz -plane. Moreover, there is no body force along any axis of the reference 

coordinate system. So, these layered beams may be treated as plane stress 

problems in the xz -plane (Dwivedy et al., 2007; Lacarbonara et al., 2007; Ray and 
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Kar, 1996; Zhu et al., 2018). Accordingly, the state of stress and the state of strain 

at any point in the xz -plane can be written, as given in Eq. (2.1). 

T{ }x z xz  σ , T{ }x z xz  ε   (2.1) 

The Green-Lagrange nonlinear strain-displacement relations at any point in the 

xz -plane of a layered beam can be written according to Eq. (3.1). 

l n ε ε ε ,  

T

l

u w w u

x z x z

    
  

    
ε , 

T
2 2 2 2

1 1 1 1

2 2 2 2
n

w u w u w w u u

x x z z x z x z

                
           

                

ε  
(3.1) 

Further, the linear ( lε ) and nonlinear ( nε ) counterparts of the strain vector ( ε ) 

can be written in terms of the displacement vector ( sd ), as given in Eq. (3.2). 

l sε L d , (1 2) ( )n n s sε L d d ,  
T

s u wd  

T
T T T( ) ( ) ( )u w w u

x z x z
  
 

L L L L L ,  

1 2 1 2( ) ( ) ( ) ( ) ( )u u u u w w w w
n s s x s z s x s z   L d L d L L d L L d L L d L , 

 
T

T T
1 ( ) ( )u u u

x z
 
 

L L O L , 
T

T T
2 ( ) ( )u u u

z x
 
 

L O L L ,  

T
T T

1 ( ) ( )w w w
x z

 
 

L L O L , 
T

T T
2 ( ) ( )w w w

z x
 
 

L O L L ,  

 { 0}u
x x  L , {0 }w

x x  L , { 0}u
z z  L , {0 }w

z z  L  

 

 

 

 

 

(3.2) 

Generally, the influence of the axial compressive load on the bending 

deformation of a beam is accounted by means of a pre-stress in the beam (Chen 

et al., 2002; Ganesan and Kadoli, 2004). This pre-stress corresponds to the axial 

deformation of the beam under the load. However, the component layers in the 

present layered beams are made of isotropic materials, and the axial load is 

applied through the support ends. So, for axial deformation of a layered beam 

under this load, the corresponding component layers are mainly subjected to the 

axial stress ( x ) while the other stress components ( z  and xz ) appear with 

their negligibly small magnitudes. Now, the damping layers are considered to be 

made of a soft viscoelastic material so that the axial load is mostly sustained by 

the substrate layers. It leads to a very small axial stress in the viscoelastic layers 

in comparison to that in the substrate layers. Therefore, the pre-stress in the 

layered beams under the axial compressive load is presently accounted for the 
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axial stress ( x ) in the substrate layers. Moreover, since the layered beams 

possess a high rigidity against their axial deformation, the linear variation of the 

axial stress ( x ) with the applied axial load ( t
ap ) may be assumed. Accordingly, 

the pre-stress matrix ( k
aΓ ) for thk  material in a layered beam can be written as  

k k
x xzk k t

a f ak k
xz z

p
 

 

 
  
  

Γ Γ ,   

1 0

0 0

k
k a
f

r

b

 
  
 

Γ ,  1k
a fr h  for k =1 and 0k

ar   for k =2 
(5.1) 

where, the superscript k  denotes the elastic and viscoelastic materials in the 

layered beams as per its value as 1 and 2, respectively. Now, for the vibration of 

the layered beam under the axial compressive harmonic load ( t
ap ), the first 

variations of kinetic energy ( tT ) and potential energy ( pT ) of a layered beam can 

be written as 

2
T

1

( )
k

k k
t s s

k A

T bdA  


   d d , 

 
2

T T T

1

( ) ( ) ( )
k

k u k u w k w t k
p l n g f g g f g a

k A

T p b dA    


     ε ε σ ε Γ ε ε Γ ε , 

u u
g g sε L d , 

w w
g g sε L d , 

T
T T( ) ( )u u u

g x z
 
 

L L L ,  
T

T T( ) ( )w w w
g x z

 
 

L L L  
(5.2) 

(1 cos )t o
a ap p t    (2.7) 

where, kA  is the area of 
thk  material in the xz -plane; 

k
σ  and k  are the stress 

vector and mass density, respectively, at any point in the 
thk  material. Further, 

the axial compressive harmonic load ( t
ap ) is taken in the form, as given in Eq. 

(2.7) where o
ap ,   and   are the static counterpart of the axial compressive load, 

dynamic load parameter and excitation frequency, respectively. Now, substituting 

Eqs. (5.2) and (2.7) in the extended Hamilton’s principle (Eq. (2.9)), the governing 

equation of motion of a layered beam can be obtained, as given in Eq. (5.3).  

2

1

( ) 0

t

p t

t

T T dt    

(2.9) 
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T T
2

T T
1

( ) ( )
0

( ) ( ) (1 cos )k

k k
s s l n k

u k u w k w o
k g f g g f g aA

bdA
p t
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   

    
 

   

 
d d ε ε σ

ε Γ ε ε Γ ε
 

(5.3) 

The constitutive relation for an isotropic elastic material ( 1k  ) in the layered 

beam under the plane stress assumption is given in Eq. (2.3a). Also, the 

constitutive relation for the isotropic viscoelastic material ( 2k  ) according to the 

fractional Zener model (Galucio et al., 2004) is illustrated in Eqs. (3.12a) and 

(3.12b).   

k kσ C ε , k k k
bEC C ,  

2

1 0
1

1 0
1 ( )

0 0 (1 ) / 2

k

k k
b k

k








 
 

  
  

  

C , 1k   

(2.3a) 

k k tσ C ε ,   k k
o bEC C ,  ( ) ( )t

oE E ε ε ε  (3.12a) 

( )d dt f   ε ε ε ,  ( )of E E E    (3.12b) 

Now, to derive the governing equation of motion in the incremental form, a state 

of vibration ( sd , ) is expressed with respect to a reference state of vibration ( i
sd

, i ) through their increments ( sd , ), as given in Eq. (3.5a). The corresponding 

incremental forms of strain vectors ( lε , nε ,
u
gε ,

w
gε ) and stress vector (

k
σ ) are given 

in (Eq. (5.4)).  

i
s s s d d d , i     (3.5a) 

( )i
l l l ε ε ε ,  1 2( )i

n n n n   ε ε ε ε , ( )k i k k σ σ σ ,  

( )u i u u
g g g ε ε ε , ( )w i w w

g g g ε ε ε , 

i i
l sε L d , l s ε L d , (1 2)i i i

n n sε L d ,  

1
i

n n s ε L d , 2 (1 2)n n s  ε L d , 

i u u i
g g sε L d , 

i w w i
g g sε L d , 

u u
g g s ε L d , 

w w
g g s ε L d ,  

( )i i
n n sL L d , ( )n n s L L d  

 

 

 

 

 

 

 

(5.4) 

In Eqs. (3.5a) and (5.4), the pre-superscript ‘ i ’ denotes a quantity corresponding 

to the reference state of vibration. Substituting Eqs. (3.5a) and (5.4) in Eq. (5.3), 

the incremental governing equation of motion of a layered beam can be obtained 

as follows 
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T T
1

2
T

T
1 2 T

( ) ( ) ( ) ( )

( ) ( ) 0
( ) (1 cos )

( ) ( )
k

i k k k i
l n s s s

u k i u u k
g f g gi k o

k n aA w k i w w
g f g g

bdA
p t

     

 
  

 


     
 
 

  
  

   

 

ε ε σ σ d d d

ε Γ ε ε
ε σ

ε Γ ε ε

 (5.5) 

In Eq. (5.5), the strain energy term i.e. T
2( ) i k

nε σ  can be written according to 

Eq. (3.7). Using Eq. (3.7), the incremental equation of motion (Eq. (5.5)) can be 

modified, as presented in Eq. (5.6). 

T T T
2( ) ( ) ( )i k u i k u w i k w

n g g g g     ε σ ε Γ ε ε Γ ε , 

i k i k
x xzi k

i k i k
xz z

 

 

 
  
  

Γ   

 

 

(3.7) 

T T
1

T
2

T
1

T T

( ) ( ) ( ) ( )

( ) ( )
(1 cos ) 0

( ) ( )

( ) ( )

k

i k k k i
l n s s s

u k i u u
g f g g o k

aw k i w w
k A g f g g

u i k u w i k w
g g g g

p t bdA

     

 
 

 

   



     
 
  

  
  

 
   

 

ε ε σ σ d d d

ε Γ ε ε

ε Γ ε ε

ε Γ ε ε Γ ε

 (5.6) 

5.4. Nonlinear reduced-order FE models in time/frequency domain 

The FE model of a layered beam is derived by discretizing its xz -plane using nine-

node quadrilateral isoparametric elements, where the edges of a typical element 

are in parallel to the coordinate axes in the same ( xz ) plane. The xz -plane of a 

layered beam is discretized following the inter-layer surfaces so that a typical 

element is either made of an elastic material ( 1k  ) for substrate 

layer/constraining layer or made of a viscoelastic material ( 2k  ) for the 

constrained damping layer. Now, the incremental forms of displacement vector (

i
sd , sd , Eq. (3.5a)) and strain vectors ( i

lε , lε , i
nε , 1nε , 2nε ,

i w
gε , 

w
gε , 

i u
gε , 

u
gε , 

Eq. (5.4)) at any point in a typical element can be expressed in terms of the shape 

function matrix ( N ) and the elemental nodal displacement vector ( i e
d , ed ), as 

given in Eqs. (3.22a) and (5.7) where 18I  is the unity matrix of size (18 18 ) and 

the symbol   represents Kronecker product. 

i i e
s d N d , e

s d N d  (3.22a) 

 

i i e
l lε B d , e

l l ε B d , (1 2)i i e i e
n n Iε B d d ,  

1
i e e

n n I ε B d d , 2 (1 2) e e
n n I  ε B d d ,  
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i u u i e
g gε B d  , 

u u e
g g ε B d , 

i w w i e
g gε B d ,

w w e
g g ε B d ,  

l B L N ,  1 2 1 2
w w w w u u u u

n x z x z   B B R B R B R B R ,   

u u
g gB L N , 

w w
g gB L N ,  

18
u u
x x R I B , 18

u u
z z R I B ,  

18
w w
x x R Ι B , 18 ,w w

z z R I B   

1 1
u uB L N , 2 2

u uB L N , 1 1
w wB L N , 2 2

w wB L N ,  

u u
x xB L N , u u

z zB L N , w w
x xB L N , w w

z zB L N ,  

18
i e i e

I  d d I , 18
e e
I  d d I  

 

 

 

 

 

 

 

 

 

 

 

 

(5.7) 

5.4.1 Computation of reduced basis vectors (RBVs) 

For the construction of ROM, the reduction basis (Φ ) is computed following the 

procedure described in Section 4.4. However, this computation of the reduced 

basis (Φ ) needs VMs about a static equilibrium position. To compute this static 

equilibrium position of the layered beams under the axial compressive load, the 

corresponding linearized incremental equation of equilibrium for a typical element 

can be obtained, as given in Eq. (5.8a). Equation (5.8a) is obtained by substituting 

the discretized forms of displacement/strain vectors (Eqs. (3.22a) and (5.7)) in Eq. 

(5.6) where the inertia terms and the dynamic counterpart of the axial load are 

omitted. Here, the constitutive relation for the viscoelastic material is taken 

similar to that for an elastic material (Eq. (2.3a)), where the elastic modulus is 

taken as the relaxed modulus ( k
oE E , 2k  ) for the static deformation of the 

layered beams.  

( )e i e e e
s K d d R , 

 T T
1 1 4( ) ( ) ( )e i e e e i e i e e e i e e o e

sl sn I I sn sn I sg a sap     K d K K d d K K d K K , 

T
5 3(1 2)( )e i e r e i e e i e

sg I sn I sn I K d K d K d , e e i e
s sm R K d , 

 T T T
1 4 1(1 2) ( ) ( ) ( )e e e i e e i e i e e o e

sm sl sn I sn I I sn a sap    K K K d K d d K K  
 

(5.8a) 

The different elemental matrices ( e
slK , e

saK , 1
e
snK , 3

e
snK , 4

e
snK , 5

e
snK ) appearing in 

Eq. (5.8a) can be obtained according to the following expressions similar to Eqs. 

(3.28) and (3.30b), where eA  is the area of an element. 
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T( )
e

e k e
sl l l

A

b dA K B C B , T T( ) ( )
e

e u k u w k w e
sa g f g g f g

A

bdA K B Γ B B Γ B , 

T
1 ( )

e

e k e
sn l n

A

b dA K B C B , T
4 ( )

e

e k e
sn n n

A

b dA K B C B , 

5 1 2 1 2
e

e k w k w k u k u e
sn w x w z u x u z

A

bdA   K A R A R A R A R , 

T T
1 1

3 T T
2 2

( ) ( )

( ) ( )e

u k u w k w
l x l xe e

sn u k u w k w
A l z l z

bdA



 


B C B R B C B R

K
B C B R B C B R

,  

T T T T
1 1 1 1 1 1 2 1 2( ) ( ) ( ) ( )k u w k w u u k u u w k w u u k u
u x x z z   A B R C B B R C B B R C B B R C B , 

T T T T
2 2 1 2 1 2 2 2 2( ) ( ) ( ) ( )k u w k w u u k u u w k w u u k u
u x x z z   A B R C B B R C B B R C B B R C B ,  

T T T T
1 1 1 1 1 1 2 1 2( ) ( ) ( ) ( )k w w k w w u k u w w k w w u k u
w x x z z   A B R C B B R C B B R C B B R C B , 

T T T T
2 2 1 2 1 2 2 2 2( ) ( ) ( ) ( )k w w k w w u k u w w k w w u k u
w x x z z   A B R C B B R C B B R C B B R C B  

 

 

 

 

 

 

 

 

 

 

 

 

 

(5.8b) 

By assembling the elemental matrices and vectors in Eqs. (5.8a) and (5.8b), the 

linearized incremental equation of equilibrium of the layered beams can be 

obtained, as given in Eq. (5.9).  

( )i
s K d d R  (5.9) 

Equation (5.9) can be solved using Newton-Raphson method to obtain the static 

equilibrium position (
i

eqd ) of the layered beams for the specified axial compressive 

load. With reference to this static equilibrium position, VMs and the 

corresponding enriched RBVs can be computed following the procedure, as 

demonstrated in Section 4.4.  

5.4.2 Derivation of the reduced-order FE model in the time domain 

The time-domain ROM of viscoelastic layered beams is derived in Section 4.2 

based on the fractional Zener constitutive model. The resulting reduced-order 

equations of motion at a discrete time (Eq. (4.1a)) can be used in conjunction with 

the Newmark time-integration method for the evaluation of transient responses. 

However, this formulation is extended here for the incremental form of the 

reduced-order equations of motion with the particular interest of using Bathe 

time-integration method (Bathe, 2006) in the evaluation of nonlinear transient 

responses of the layered beams. 

The fractional Zener constitutive relation (Eqs. (3.12a)-(3.12b)) for 

viscoelastic materials involves the fractional-order temporal derivative of 
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stress/strain. It is presently handled using Grunwald definition (Galucio et al., 

2004) by discretizing a time-span of interest into a number ( tN ) of equal small 

time steps ( t ). The constitutive relation at a typical time-step (say, ( 1)thq   time-

step) is given in Eq. (3.32). Accordingly, the incremental form of the constitutive 

equation is given in Eq. (5.10). 

1

1 1 1 1 1 1
1

q
k k k k k
q q j q j

j

f f A


    


  σ C ε C ε , 

1

1 1 1 1
1

(1 )
q

q b q b j q j
j

c f c A


    


   ε ε ε ,  

( )bc t      , 1

1
j j

j
A A

j




 
 , 

 1
k

b of c E E , 1 1 ( )k
b o of c E E E    for 2k   (3.32) 

1
1

1 1 1 1 1 1
11 1 1

( )

( ) ( )

i
q

l l qi k k k k k k
q q j q ji

jn q n q

f f A








    
 


  

 


ε ε
σ σ C C ε

ε ε
 

(5.10) 

The ROM in the time-domain can be derived using the RB (Φ ) that linearly 

transforms the nodal displacement vector ( 1
i

qd , 1q d ) to the reduced coordinate 

vector ( 1
i

qV , 1q V ) according to Eq. (5.11a). However, presently the ROM is 

formulated at the elemental level by taking the coordinate transformation (Eq. 

(5.11a)) for a typical element, as given in Eq. (5.11b), where the superscript e  

indicates the elemental quantity. Using Eq. (5.11b), the strain vectors (Eq. (5.7)) 

at ( 1)thq   time-step can be expressed in terms of the reduced coordinate vector (

1
i

qV , 1q V ), as it is illustrated in Eq. (5.11c). 

1 1
i i

q q d Φ V , 1 1q q  d Φ V  (5.11a) 

1 1
i e e i

q q d Φ V , 1 1
e e
q q  d Φ V  

(5.11b) 

1 1( )i i
l q l q ε B V , 1 1( )l q l q  ε B V , 1 1 1( ) (1 2) ( )i i i

n q n I q q  ε B V V , 

1 1 1 1( ) ( )i
n q n I q q   ε B V V , 2 1 1 1( ) (1 2) ( )n q n I q q    ε B V V , 

1 1( )i u u i
g q g q ε B V  , 1 1( )i w w i

g q g q ε B V , 1 1( )u u
g q g q  ε B V ,

1 1( )w w
g q g q  ε B V , 

e e e
I  Φ Φ Φ , 1 1( )

r

i i
I q q N  V V I , 1 1( )

rI q q N   V V I  

 

 

 

 

 

(5.11c) 
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In Eq. (5.11c), 
rNI  is the unity matrix of size ( r rN N ); rN  is the number of basis 

vectors in RB (Φ ). Now, introducing Eqs. (5.11b), (5.11c) and (5.10) in Eq. (5.6) at 

( 1)thq   time-step, the ROM can be derived, as given in Eq. (5.12a).  

  1 1 1 1(1 cos ) ( ) ( )r r o r r r
s q sa a i ll nn q q s qp t          M V K K K V R ,  

2

1 1 1
1

( ) ( )r k r k
nn q stn q

k

f 


 K K ,  
2

1
1

r k r k
ll sl

k

f


 K K , 

T
T

1 1 1 1 1 4 1 1( ) ( ) ( ) ( ) ( ) ( )r k r k i i r k r k i r k
stn q sn I q I q sn sn I q sg q       K K V V K K V K

 , 
T

1 1 5 1 3 1( ) (1 2) ( ) ( ) ( )r k i r k i r k i
sg q I q sn I q sn I q    K V K V K V ,  

1

21 1 1 1

1 1
1

(1 cos )

( ) ( )
( )

r o
sa a i q

r r i r i
s q s q q s qk r k r k

sl sn q
k
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 
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(5.12a) 
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(5.12b) 
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q
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

   F F F , 

1
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1
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q

r r r
s q b s q b j s q j

j

c f c A


    


   F F F , 

1 1 1 1 1 1( ) (1 2) ( )r k r k r k i i
s q sl sn I q qf   F K K V V , 

T
2 1 1 1 4 1 1( ) ( ) (1 2) ( )r k r k r k i i

s q sn sn I q qf   F K K V V , 2k   

 

 

 

 

 

 

 

(5.12c) 

where, 
k

Ξ  is a set of elements made of 
thk material; en  is the total number of elements 

in the FE mesh. The different reduced-order system matrices/vectors ( r
sM , r k

slK , 
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1
r k

snK , 3
r k

snK , 4
r k

snK , 5
r k

snK , r
saK ) appearing in Eq. (5.12a) are given in Eq. (5.12b). 

Also, the reduced-order nonlinear memory-load vector ( 1( )r
s qP ) is given in Eq. 

(5.12c). It ( 1( )r
s qP ) is derived in terms of the reduced-order anelastic force history 

( 1 1( )r
s q j F , 2 1( )r

s q j F , Eq. (5.12c)) and the reduced coordinate vector ( 1qV ) 

following the similar formulation in Section 4.2.  

The nonlinear transient responses of the layered beams can be evaluated 

using the Bathe time integration method (Bathe, 2006) in conjunction with the 

incremental governing equation of motion (Eq. (5.12a)). It may be noted here that 

the system matrices/vectors (Eqs. (5.12b) and (5.12c)) are expressed in terms of 

the reduced-order linear matrices/vectors ( 1
r k

snK , 3
r k

snK , 4
r k

snK , 5
r k

snK , r k
slK , r

sM ,

r
saK ). These linear matrices/vectors are to be formed only once before starting 

the solution of nonlinear transient response. So, it would facilitate reduced 

computational time to evaluate nonlinear transient responses and global 

bifurcation diagrams, as illustrated through the numerical results in Section 

5.5.1.  

 

5.4.3. Derivation of the reduced-order FE model in the frequency domain 

The nonlinear frequency responses of the viscoelastic layered beams are presently 

computed using the harmonic balance method (HBM). The corresponding 

nonlinear ROM is derived by modifying the earlier formulation (Section 4.3) due 

to the change in the type of load/excitation.  

According to HBM, the displacements ( sd ) at any point in a layered beam 

operating under the axial compressive harmonic load (Eq. (2.7)) can be assumed 

with a finite number ( H ) of harmonic terms as    

1

cos( 2) sin( 2)
H

o c s
s s sm sm

m

m t m t 


  d d d d  (5.13) 

where, o
sd , c

smd  and s
smd  are the displacement amplitude vectors corresponding to 

the constant, cosine and sine terms, respectively. It may be noted here that the 

solution (Eq. (5.13)) is assumed similar to that in Eq. (3.9). However, the harmonic 

components are presently taken with the frequencies in multiple of 2m  instead 

of m , in particular, to capture the sub-harmonic periodic response due to 

principal primary parametric resonance under the axial compressive harmonic 

load. Accordingly, the linearized incremental reduced-order FE equation of motion 

of the layered beams in the frequency domain can be obtained in the similar form, 
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as given in Eq. (4.8). However, an additional reduced-order geometric stiffness 

matrix ( r
aK ) appears in the governing equation due to the axial compressive 

harmonic load, as illustrated in Eq. (5.14). This reduced-order geometric stiffness 

matrix ( r
aK ) can be formulated similar to the overall nonlinear reduced geometric 

stiffness matrix (
r

gK , Eqs. (4.9a), (4.9b), (4.7c) and (4.7d)), where the stress 

matrix ( i k
Γ , Eq. (4.7d)) is to be replaced by the pre-stress matrix ( k

aΓ , Eq. (5.1)).  

r r r
t   K X R R  

r r i
m R K X , ( )r r i

m i    R K X ,  

2
1 4(1 2) (1 2)r r r r r r r

m l i n nt n a     K K M K K K K ,  

2
1 4

r r r r r r r r
t l i n nt g n a      K K M K K K K K  

 

 

(5.14) 

In Eq. (5.14), r
mK  and r

tK  are the overall reduced-order stiffness and tangent 

stiffness matrices, respectively; r
R  is the overall reduced-order residue vector; 

r
R  is the overall reduced-order load vector per unit increment of the excitation 

frequency. The matrices r
M , r

lK , 1
r

nK , 
r

gK , r
ntK  and 4

r
nK  in Eq. (5.14) can be 

constructed following Eqs. (4.8), (4.9a) and (4.9b), where orm n  is to be replaced 

by 2 or 2m n  due to the present form of the assumed solution (Eq. (5.13)). 

Equation (5.14) can be used in conjunction with a numerical continuation method 

to obtain the nonlinear frequency responses of the parametrically excited layered 

beams within a frequency range of interest. However, as discussed in the previous 

chapter (Section 4.3 and 4.5.1), the overall reduced-order geometric stiffness 

matrix (
r

gK ) can be formulated without consideration of its viscoelastic 

counterpart. It significantly simplifies the formulation of this system matrix (
r

gK

) with the additional advantage of reduced computational time. 

The above sections (Sections 5.4.2 and 5.4.3) present the formulation of the 

nonlinear ROMs in the time and frequency domains for the viscoelastic layered 

beams. However, the corresponding full-order FE models (FOMs) can be obtained 

using the same formulation by replacing the reduction basis (Φ ) with an identity 

matrix of size ( f fN N ). 
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5.5. Results and discussion 

In this section, the numerical results are presented, first, to verify the accuracy 

and computational efficiency of the presently derived ROMs in the evaluation of 

complex nonlinear frequency responses/global bifurcation diagrams of the 

parametrically excited layered beams. Subsequently, the passive damping 

capability of the CLD treatment in its three different configurations (Figs. 5.1(a)-

(c)) is investigated for attenuation of complex dynamics of the layered beams 

under the parametric excitation in the post-buckled state. In the evaluation of 

nonlinear frequency responses, the reduced-order governing equation of motion 

in the frequency domain (Eq. (5.14)) is solved using a numerical continuation 

method (Cheung et al., 1990). However, Bathe time integration method (Bathe, 

2006) is employed to obtain the nonlinear transient responses by the solution of 

the reduced-order governing equation of motion in the time domain (Eqs. (5.12a), 

(5.12b) and (5.12c)), where the time-step is taken as (40 )  s. These transient 

responses are mainly used for the construction of global bifurcation diagrams 

where the Poincare sections are selected at the intervals of the time period of 

excitation ( 2  ). 

The elastic substrate/constraining layers in the layered beams (Fig. 5.1) 

are considered to be made of Aluminum ( E = 70.3 GPa,  = 0.345,  = 2690 kg/m3 

(Galucio et al., 2004)). The constrained viscoelastic layers are considered to be 

made of  3M ISD 112 (Galucio et al., 2004) ( = 0.499,  =1600 kg/m3). The 

corresponding material parameters according to the fractional Zener viscoelastic 

constitutive model are oE = 1.5 MPa, E = 69.9495 MPa,  = 0.7915 and 

51.4052 10   s (Galucio et al., 2004). The length ( L ) and width (b ) of any layered 

beam (Fig. 5.1) are taken as 0.8 m and 12 mm, respectively. The total thickness (

fh ) of elastic layers in any beam is considered as 4 mm. However, in the case of 

the PCLD treated beam (Fig. 5.1(a)), the thickness ( fh ) of the constraining layer 

is taken as 0.25 mm. So, the thickness ( sh ) of the substrate layer appears as 3.75 

mm. All beams are considered to operate under the axial compressive harmonic 

load (Eq. (2.7)), while the boundary conditions over their ends are mentioned in 

Section 5.2. Under this parametric load, the transverse deflection at the middle 

point ( / 2,L h ) of the layered beams is computed and presented in the numerical 

results. Initially, a mesh convergence study is performed by evaluating the 

nonlinear frequency response of sandwich beam using FOM and considering 

different number of elements in x  and z -directions of sandwich beam. Here, the 
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HBM is implemented with the first seven harmonic terms ( H 7. Eq. (5.13)). The 

convergence of peak displacement amplitude for the frequency response of three-

layered beam (Fig. 5.1 (b)) and the substrate beam with PCLD layer (Fig. 5.1(a)) is 

achieved for a minimum 100 elements (100 element divisions in x  direction and 

one element division in z direction) in each elastic layer and 200 elements (100 

element divisions in x  direction and 2 element divisions in z direction) in 

viscoelastic core. Further, the convergence of peak displacement amplitude for 

the frequency response of five-layered beam (Fig. 5.1 (c)) is achieved for 100 

elements (100 element divisions in x  direction and one element division in z 

direction) in each layer. The subsequent results are evaluated following this mesh 

convergence study for each of the layered viscoelastic beams. 

5.5.1. Verification of present ROMs in the estimation of complex 

dynamics  
 

In this section, the accuracy of the presently derived ROMs is verified, particularly 

for evaluating complex nonlinear dynamics of the viscoelastic layered beams. For 

this verification study, the three-layered beam (Fig. 5.1(b)) is considered at its pre-

buckled and post-buckled equilibrium states. First, this beam ( = 2 mm) is taken 

at its pre-buckled state, and it is considered to undergo principal primary 

parametric resonance due to the parametric excitation ( o
ap  = 100 N and   = 0.5). 

The corresponding vibration responses obtained from the time-

domain/frequency-domain ROM are illustrated in Fig. 5.2, where the RB is taken 

with or without enrichment. Similar responses obtained from FOM are also 

presented in the same figure (Fig. 5.2). Also, the HBM is implemented with the 

first seven harmonic terms ( H 7. Eq. (5.13)) to achieve sufficient numerical 

accuracy in the frequency responses. Further, for ROMs, the unenriched RB is 

considered to be comprised of the first three VMs obtained through ICES approach 

(Rouleau et al., 2017). However, the enrichment of these VMs is carried out by the 

corresponding SDs according to the procedure described in Section 5.4.1 and 

Section 4.4, where the first twenty POMs are considered in the enriched RB 

through a convergence study for achieving sufficient numerical accuracy in the 

results. It may be observed from Fig. 5.2 that the ROMs with the unenriched RB 

provide inaccurate results as compared to the similar results obtained from FOM. 

This shortcoming of inaccurate results from the ROMs is mitigated by the 

enriched RB.  

vh
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Fig. 5.2. Comparison of frequency responses obtained from the time-

domain/frequency-domain FOM and ROM considering unenriched RB or 

enriched RB.  

However, although this comparison study (Fig. 5.2) shows sufficient 

accuracy of the time-domain/frequency-domain ROM due to the enriched RB, 

further verification study is also performed to find the appropriateness of this 

enrichment of RB using VMs, SDs and POD approach (Section 5.4.1 and section 

4.4), especially in the estimation of very complex nonlinear dynamic responses. It 

is carried out, first, by evaluating the complex nonlinear frequency response of 

the three-layered beam at its post-buckled state where the parametric excitation 

is considered as o
ap  = 155 N and   = 0.13. This frequency response obtained from 

the ROM in the frequency domain is illustrated in Fig. 5.3. A similar result 

obtained from FOM is also illustrated in the same figure (Fig. 5.3). Here, for the 

ROM, the first four VMs are considered with reference to the stable buckled 

equilibrium states, and these VMs are enriched according to the aforesaid 

procedure (Section 5.4.1 and Section 4.4), where the first 40 POMs are taken in 

RB through the convergence study for achieving sufficient numerical accuracy in 

the frequency response (Fig. 5.3). With this modelling approach, the results (Fig. 

5.3) show good accuracy of the present ROM with reference to the FOM for 

evaluation of the complex nonlinear frequency response of the parametrically 

excited three-layered beam in its post-buckled state. So, the aforesaid enrichment 

of RB using VMs, SDs and POD approach (Section 5.4.1 and Section 4.4) may be 

utilized for the estimation of complex nonlinear dynamics of the viscoelastic 

beams.  
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Fig. 5.3. Accuracy of the frequency-domain ROM with reference to the full-

order FE model (FOM) in the evaluation of a complex nonlinear frequency 

response of the thee-layered beam under the parametric excitation in the 

post-buckled state.  

However, this complex frequency response (Fig. 5.3) appears with various 

dynamic instabilities associated with the complex motion of the three-layered 

viscoelastic beam. Here, the critical motion of the beam appears with four types 

of local periodic attractors (B/B', C/C', D/D', E/E') about the buckled equilibria 

(A/A') and one global periodic attractor (M) with reference to the undeformed state 

(O). The global periodic attractor involves limit cycle oscillation of the beam about 

its undeformed state resulting in snap-through motion. The local periodic 

attractors also involve limit cycle oscillation of the beam about its buckled 

equilibria, and these local periodic attractors are associated with local principal 

primary (B/B'), fundamental (C/C') and higher-order parametric resonances 

(D/D', E/E') at 2 n , n , 2n , and 3n , respectively, where n  is the 

fundamental natural frequency with reference to the buckled equilibria. However, 

for a clear understanding of various dynamic instabilities appearing in the 

complex frequency response, one needs to proceed with the corresponding global 

bifurcation diagram. Now, the construction of this bifurcation diagram using FOM 

usually involves a high computational time, since this diagram is commonly 

constructed by the computation of nonlinear transient responses at different 

frequencies where the frequency is incremented in a small step within a frequency 

range of interest. In this aspect, the time-domain ROM may be utilized to reduce 

the computational time. However, it is possible if the time-domain ROM appears 
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with sufficient accuracy in estimating all kinds of dynamic instabilities within the 

frequency range of interest.  

 
Fig. 5.4. Accuracy of the time-domain ROM with reference to the full-order FE 

model (FOM) in the evaluation of global bifurcation diagram of the 

parametrically excited three-layered beam in its post-buckled state.  

 

In this concern, the fruitfulness of the present time-domain ROM with the 

aforesaid enriched RB is verified by utilizing it to evaluate the global bifurcation 

diagram within a frequency range (20 rad/s to 220 rad/s) corresponding to the 

complex frequency response in Fig. 5.3. Figure 5.4 illustrates this bifurcation 

diagram, where a similar response obtained from FOM is also plotted. It may be 

observed from Fig. 5.4 that the present ROM in the time-domain has good 

accuracy with reference to the time-domain FOM in evaluating the global 

bifurcation diagram. However, to make this comparison precisely, the different 

types of bifurcations obtained from the time-domain ROM are also compared with 

those obtained from the time-domain FOM, as described in the following two 

paragraphs. 
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Fig. 5.5. Verification of the present time-domain ROM in the evaluation of 

different kinds of transient responses with reference to FOM, ((a)-(b) transient 

responses; (c) phase portraits of chaotic response showing intermittent 

transition bifurcation; (d) phase portraits for dual period-2 responses; 

frequency spectrums showing the period-demultiplying bifurcation of global 

periodic attractors (e)  period-8 response, (f) period-4 response, (g) period-2 

response; phase portraits showing the period-demultiplying bifurcation of  

local periodic attractors (h) period-8 , (i) period-4 and (j) period-2 responses).  

 

It can be observed from Fig. 5.4 that period-1 response associated with the 

local periodic attractors (D/D', E/E') appears at low-frequency range and leads to 

chaotic motion (FG, F'G', Fig. 5.4) at point F/F' through the intermittent transition 

bifurcation (T). This type of bifurcation is predicted by ROM at  = 64.026 rad/s 

while similar bifurcation is predicted by FOM at   = 64.03 rad/s. The 

corresponding transient plots (Fig. 5.5(a)-(b)) and a phase plot (Fig. 5.5(c)) also 

show the accuracy of ROM with reference to FOM. It may also be observed from 

Fig. 5.4 that the displacement amplitude and frequency range of the chaos 

obtained from the ROM are very close to that obtained from the FOM. However, 

in the chaotic region, the transient path obtained from ROM is not exactly aligned 

with that obtained from FOM (Fig. 5.4). It appears due to the nature of chaos, 
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where the nonlinear transient response patch is highly sensitive to a very small 

numerical error (Shinbrot et. al., 1992). This kind of error commonly depends on 

various factors like computer precession/truncation, selection of RBVs, 

numerical time-integration method, etc., which differs from one to another 

method of solution. So, the transient response in the chaotic region obtained from 

ROM is not exactly aligned with that from FOM. However, with further increase 

in the excitation frequency, the chaotic motion reduces to a global dual period-2 

motion (d, d', Fig. 5.5(d)) through period demultiplying bifurcation (P) around 

point G/G' (Fig. 5.4). This phenomenon can be seen from frequency spectrums of 

period-8, period-4 and period-2 responses (Figs. 5.5(e)-(g)) that are depicted 

through both the time-domain ROM and FOM. However, these responses appear 

at   = 92.3 rad/s,   = 92.5 rad/s,  =93.1 rad/s for ROM while similar 

responses through FOM arise at   = 92.7 rad/s,   = 93 rad/s,   = 93.5 rad/s. 

With the further increase in frequency, the global dual period-2 attractors (d, d', 

Fig. 5.5(d)) lead to a single global period-2 attractor through inverse symmetry 

breaking bifurcation (B). However, it arises at   = 98.5 rad/s for both the ROM 

and FOM (Point H, Fig. 5.4).  

Besides the snap-through motion due to global period-2 attractor, local 

period-1 attractors about buckled equilibria evolve at the point I/I' through period 

demultiplying bifurcation (P) from the local period-2 attractor. It appears at   = 

122.5 rad/s for ROM and   = 122.7 rad/s for FOM. With further increase in the 

excitation frequency, chaotic motion (JK, J'K', Fig. 5.4) appears at point J/J' due 

to the appearance of cyclic-fold bifurcation (Fig. 5.3). The corresponding excitation 

frequency (  = 163.5 rad/s) obtained from ROM is very close to that (  = 163.7 

rad/s) for FOM. However, this chaotic motion reduces to local period-2 attractors 

about buckled equilibria through period-demultiplying bifurcation around point 

K/K' (Fig. 5.4). This phenomenon can also be seen from the phase portraits of 

local period-8, period-4 and period-2 responses (Figs. 5.5(h)-(j)) that are evaluated 

using both the ROM and FOM. These responses appear at   = 176.5 rad/s,   

= 177.5 rad/s,   = 179.5 rad/s for ROM while similar responses arise for FOM 

at   = 177 rad/s,   = 177.8 rad/s,   = 179.5 rad/s. However, this comparison 

study (Figs. 5.4 and 5.5) shows good accuracy of the present time-

domain/frequency-domain ROM with reference to the time-domain/frequency-

domain FOM in the estimation of different kinds of bifurcations and the associated 

motion of the three-layered beam. Therefore, the subsequent study on the CLD 

treatment of complex dynamics of the layered beams under the parametric 
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excitation is carried out using the present ROMs in the time and frequency 

domains. 

With this accuracy of the present ROMs, their main advantage in reducing 

the computational time is demonstrated in Table 5.1. Presently, the codes for FOM 

and ROM are written in MATLAB and executed in a CPU with the Octa-Core 

processor Intel(R) Core(TM) i7-6700 CPU @ 3.4 GHz and RAM of 16 GB. However, 

in the first row of Table 5.1, the computational time, denoted by ft , is tabulated 

for the evaluation of the frequency response (Fig. 5.3) using either FOM or ROM. 

It may be observed that the computational time significantly reduces for the use 

of the presently derived ROM instead of FOM. However, in the second row of Table 

5.1, the computational time, denoted by gt , is furnished for the evaluation of 

nonlinear transient responses from ROM and FOM over 200 cycles of harmonic 

excitation at a frequency of 110 rad/s. This result also shows the advantage of 

the reduced computational time for using ROM instead of FOM. It leads to a 

significant reduction of computational time in the construction of global 

bifurcation diagrams.            

Table 5.1  

Computational time in the evaluation of complex frequency response (Fig. 5.3) 

or transient response (at  110 rad/s, Fig. 5.4) of the three-layered sandwich 

beam using the present ROMs and FOMs.  

Computational 
time 

FOM ROM 

ft (hrs)  148.7 6 

gt (hrs) 11.2 0.625  
 

 

5.5.2. Passive control of nonlinear dynamics of post-buckled beams  

In this section, the effectiveness of the CLD treatment in passive control of 

complex nonlinear dynamics of the parametrically excited post-buckled layered 

beams (Fig. 5.1) is investigated using the time/frequency domain ROM. The post-

buckled equilibrium state of the layered beams arises once they undergo static 

instability/buckling due to the static counterpart ( o
ap ) of the parametric 

excitation. So, initially, the static instability of the layered beams is analyzed, 

where the static equilibrium states of a layered beam are evaluated for different 

values of the static axial load ( o
ap ). It is demonstrated in Fig. 5.6 by the variation 

of transverse deflection of a layered beam with the static axial load ( o
ap ), where 

the total thickness ( vh ) of viscoelastic layers in a layered beam is taken as either 
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0.5 mm or 1.5 mm. It may be observed from Fig. 5.6 that the static instability of 

the layered beams appears through the pitchfork bifurcation at a certain value of 

the static axial compressive load ( o
ap ), which is commonly called as the critical 

buckling load ( crp ). Through this bifurcation, the initial zero equilibrium state of 

a layered beam bifurcates to one of the two symmetric buckled equilibrium states 

(Fig. 5.6). However, from the results in Fig. 5.6, the critical buckling loads for 

different layered beams are tabulated in Table 5.2. From this result, it is clear 

that the critical buckling load for the PCLD treated beam (Fig. 5.1(a)) is more than 

that for the three-layered (Fig. 5.1(b)) or five-layered (Fig. 5.1(c)) beam. Further, 

the critical buckling load decreases with an increase in the total thickness ( vh ) of 

viscoelastic layers in a layered beam. 

 
 

Fig. 5.6. Variation of the transverse deflection of the layered beams with the 

static counterpart of the parametric load, C#1: PCLD treated beam (Fig. 5.1(a)), 

C#2: Three-layered beam (Fig. 5.1(b)), C#3; Five-layered beam (Fig. 5.1(c))). 

 
 

Table 5.2 

Critical buckling load ( crp ) for the layered beams. 

 
Layered beam 

crp (in N) 

vh = 0.5 mm vh = 1.5 mm 

PCLD treated beam 266.65 265.75 

Three-layered beam 130.41 114.96 

Five-layered beam 120.32 93.16 

 

Now, to study the dynamics in the post-buckled state of the layered beams 

under the parametric excitation, first, a value of the static counterpart ( o
ap ) of the 
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excitation is taken as 320 N that is greater than the critical buckling load ( crp , 

Table 5.2) for all the layered beams. With this value of the static load parameter (

o
ap ), the dynamic load parameter ( ) is taken with a value of 0.1. The 

corresponding frequency response and global bifurcation diagram are illustrated 

in Figs. 5.7(a) and 5.7(b), respectively, for the PCLD treated beam with the 

thickness of the constrained viscoelastic layer as 0.5 mm. Similar responses of 

the PCLD treated beam are also presented in Figs. 5.7(c)-(d) for the thickness of 

the constrained viscoelastic layer as 1.5 mm. It may be observed from the 

frequency responses (Figs. 5.7(a) and 5.7(c)) that, at the low-frequency region, the 

fundamental (C/C') and principal primary parametric (B, B') resonances appear 

corresponding to the buckled equilibrium states. Additionally, the higher-order 

parametric resonances (D/D', E/E') are also observed. However, the increase in 

the thickness of the viscoelastic layer (from vh = 0.5 mm to vh =1.5 mm) does not 

cause a significant change in the dynamics of the PCLD treated beam except a 

little reduction in the frequency range of the snap-through motion or the global 

period-2 attractor (M). It may be due to the fact that there is no significant 

augmentation of damping in the PCLD treated beam with the increased thickness 

of the constrained viscoelastic layer.  

However, the bifurcation diagram (Fig. 5.7(b), for vh = 0.5 mm) mainly shows 

two critical zones (FG/F'G' and JK/J'K'), where the chaotic motion of the PCLD 

treated beam appears. For the first critical zone (FG/F'G'), the chaotic motion 

appears through the intermittent transition bifurcation (at  48 rad/s) of local 

period-1 attractor. It may be due to the appearance of cyclic fold bifurcation in 

the frequency response associated with the higher-order parametric resonance 

(D/D', Fig. 5.7(a)). However, this chaotic motion appears with dual chaotic 

attractors at  130 rad/s (Fig. 5.7(b)), which reduces to dual global period-2 

attractors through period demultiplying bifurcation at G/G' ( 131 rad/s, Fig. 

5.7(b)). These dual global period-2 attractors undergo inverse symmetry breaking 

bifurcation at H/H' ( 140 rad/s, Fig. 5.7(b)), resulting in a single global period-

2 attractor. However, with the increase in the frequency of excitation, the local 

period-1 attractors appear at I/I' ( 191 rad/s, Fig. 5.7(b)) through period 

demultiplying bifurcation. These local period-1 attractors lead to the second 

critical zone (JK/J'K', Fig. 5.7(b)) at J/J' (   218 rad/s, Fig. 5.7(b)), where the 

chaotic oscillation of the PCLD treated beam arises. This chaotic motion reduces 

to local period-2 attractors through the period demultiplying bifurcation at K/K' (

 240 rad/s, Fig. 5.7(b)). However, similar dynamics of the PCLD treated beam 
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also appears for the higher thickness ( vh  1.5 mm) of the viscoelastic layer, as 

shown in Fig. 5.7(d). 

 
Fig. 5.7. (a), (b) Nonlinear frequency responses and (b), (d) global bifurcation 

diagrams of the PCLD treated beam under the parametric excitation (
o
ap = 320 

N,  = 0.1) in the post-buckled state ((a), (b) for vh = 0.5 mm and (c), (d) for vh

= 1.5 mm).   

 

For the same parametric excitation ( o
ap = 320 N,  = 0.1), the dynamics at 

the post-buckled state of the three-layered beam (Fig. 5.1(b)) is illustrated in Fig. 

5.8 for two different values of thickness ( vh = 0.5 mm or vh =1.5 mm) of the 

constrained viscoelastic layer. It may be observed from Fig. 5.8 that the dynamics 

of the three-layered beam mainly appears with the local periodic attractors (B/B', 

C/C') corresponding to the buckled equilibrium states. The global period-2 

attractor (M, Figs. 5.8(a) and 5.8(b)) also appears in a very small frequency range, 

resulting in the snap-through periodic oscillation of the three-layered beam. But, 

for an increase in the thickness ( vh =1.5 mm) of the constrained viscoelastic layer, 
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this global period-2 attractor disappears (Figs. 5.8(c) and 5.8(d)), and the three-

layered beam oscillates with local periodic attractors. So, the three-layered beam 

mainly oscillates about one of the post-buckled equilibrium states, where the peak 

amplitude of periodic oscillation is significantly lesser than that for the snap-

through oscillation (periodic/chaotic motion, Fig. 5.7) of the PCLD treated beam. 

This reduction of the snap-through oscillation occurs mainly due to the improved 

damping in the CLD treatment when the PCLD configuration (Fig. 5.1(a)) is altered 

to the three-layered configuration (Fig. 5.1(b)). Also, the effectiveness of the CLD 

treatment in the three-layered beam configuration (Fig. 5.1(b)) increases with the 

increasing thickness of the constrained viscoelastic layer. It may also be noted 

here that multiple local period-1 attractors (1/1', 2/2', 3/3', 4/4', Figs. 5.8(b) and 

5.8(d)) appear simultaneously in a small frequency range near the fundamental 

resonance (C/C') (Fig. 5.8), where the three-layered beam oscillates with any one 

of the local period-1 attractors depending on the initial condition.  

 
Fig. 5.8. (a), (b) Nonlinear frequency responses and (b), (d) global bifurcation 

diagrams of the three-layered beam under the parametric excitation (
o
ap = 320 

N,  = 0.1) in the post-buckled state ((a), (b) for vh = 0.5 mm and (c), (d) for vh

= 1.5 mm).  
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Next, without alteration of the parametric excitation ( o
ap = 320 N,  = 0.1), 

the dynamics at the post-buckled state of the five-layered beam (Fig. 5.1(c)) is 

illustrated in Fig. 5.9 for two different values of the total thickness ( vh = 0.5 mm 

and 1.5 mm) of constrained viscoelastic layers. Here, the dynamics of the five-

layered beam appears with the local period-1 attractors corresponding to the 

buckled equilibrium states (Fig. 5.9), where the peak amplitude of periodic 

oscillation is significantly lesser than that for the snap-through oscillation 

(periodic/chaotic motions, Fig. 5.7) of the PCLD treated beam. Further, it is 

observed that the peak amplitude of local periodic oscillation of the five-layered 

beam is less than that for the three-layered beam.  

 

Fig. 5.9. Frequency responses of the five-layered beam under the parametric 

excitation (
o
ap = 320 N,  = 0.1) in the post-buckled state ((a), (b) for vh = 0.5 mm 

and (c), (d) for vh = 1.5 mm).  

 

The aforesaid dynamic characteristics (Figs. 5.7, 5.8 and 5.9) of the three 

different layered beams (Fig. 5.1) are evaluated under the same parametric 

excitation. Moreover, for a specified value of the total thickness ( vh ) of constrained 

viscoelastic layers, the volumes of viscoelastic and substrate materials are not 

altered from one to another layered beam, as mentioned in Section 5.2. However, 

the layered arrangement is varied over the three beams for achieving the CLD 

treatment in three different configurations, while the investigation of the 

corresponding damping effectiveness in attenuation of complex dynamics is the 

main concern. In this issue, the aforesaid results imply that the CLD treatment 

in the five-layered configuration provides maximum damping to reduce the 

complex dynamics under the parametric excitation. Also, the effectiveness of the 

CLD treatment in attenuation of complex dynamics can be augmented by 
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increasing the thickness of the constrained viscoelastic layers in the three-layered 

or five-layered configuration. Here, the PCLD configuration is not much effective 

to attenuate the complex dynamics under the parametric excitation, although this 

configuration is more stable under the static counterpart of the excitation as 

compared to the other layered configurations (Table 5.2).    

 

 
Fig. 5.10. Nonlinear frequency responses of the PCLD treated beam under the 

parametric excitation (
o
ap = 250 N,  = 0.1) for two different values of thickness 

( ) of the constrained viscoelastic layer. 

 

With this advantage of better static stability of the PCLD treated beam, it 

may be preferred for handling the parametric excitation in the pre-buckled 

equilibrium state. This equilibrium state may facilitate improved damping 

effectiveness of the PCLD treatment for stabilizing the beam. For an investigation 

in this issue, the static load parameter ( o
ap ) is considered with a value of 250 N, 

where the PCLD treated beam lies in the pre-buckled state while the three-layered 

and five-layered beams undergo static instability (Fig. 5.6, Table 5.2). Now, the 

dynamic load parameter ( ) of the parametric excitation is considered with a 

value of 0.1. The corresponding frequency response of the PCLD treated beam 

associated with the principal primary parametric resonance is illustrated in Fig. 

5.10 for two different values of thickness ( vh = 0.5 mm and 1.5 mm) of the 

constrained viscoelastic layer. It may be observed from Fig. 5.10 that the PCLD 

treated beam oscillates about its initial equilibrium position. But the peak 

vibration amplitude appears with a high value, although it decreases somewhat 

for the increase in the thickness of the constrained viscoelastic layer. 

vh
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Fig. 5.11. (a), (c) Nonlinear frequency response and (b), (d) global bifurcation 

diagram of the three-layered beam under the parametric excitation (
o
ap = 250 

N,  = 0.1) for two different values of thickness ( vh ) of the constrained 

viscoelastic layer.  

In parallel, for the same loading ( o
ap = 250 N,  = 0.1), the frequency response 

and global bifurcation diagram for the three-layered beam are illustrated in Fig. 

5.11 considering two different values of thickness ( vh = 0.5 mm and 1.5 mm) of 

the constrained viscoelastic layer. Here, the three-layered beam undergoes 

buckling instability, and its dynamics mainly appears with the local periodic 

attractors corresponding to the buckled equilibrium states similar to the previous 

result (Fig. 5.8). The corresponding peak amplitude of periodic oscillation (Fig. 

5.11(a)) appears with a low value in comparison to that for the periodic oscillation 

(Fig. 5.10) of the PCLD treated beam. However, in a small frequency region (140 
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rad/s to 180 rad/s), the global period-2 attractor (M, Figs. 5.11(a) and 5.11(b)) 

appears, which causes snap-through motion of the three-layered beam. Within 

the same frequency range, a small critical zone (  = 140 rad/s to 141 rad/s) is 

observed, where the chaotic oscillation appears. This chaotic attractor reduces to 

local period-2 attractors at  141 rad/s, and these local period-2 attractors 

further reduce to local period-1 attractor at  147 rad/s. However, in parallel 

to the local period-1 response, a small chaotic region appears between  155 

rad/s and  158rad/s. Now, for an increase in the thickness (from vh =0.5 mm 

to vh =1.5 mm) of the constrained viscoelastic layer, the critical zone disappears 

(Figs. 5.11(c) and 5.11(d)) but the global period-2 attractor still remains.  

 
Fig. 5.12. Nonlinear frequency response of the five-layered beam under the 

parametric excitation (
o
ap = 250 N,  = 0.1) for two different values of total 

thickness ( vh ) of the constrained viscoelastic layers.  

Under the same excitation ( o
ap =250 N,  =0.1), the frequency response of 

the five-layered beam is shown in Fig. 5.12. Here, the dynamics of the five-layered 

beam appears similar to that in Fig. 5.9; however, the difference arises in the 

amplitude of periodic oscillation and the static equilibrium position of the post-

buckled layered beam. From the results in Figs. 5.10, 5.11 and 5.12, it is clear 

that the PCLD treated beam is more stable under the static counterpart ( o
ap ) of 

the parametric excitation as compared to the three- or five-layered beam. But, the 

peak amplitude of periodic oscillation of the PCLD treated beam due to the 

dynamic counterpart ( ) of the same excitation is significantly more than that for 

the other layered beams. It appears due to the greater damping effectiveness of 

the CLD treatment for the three- or five-layered configuration. However, this 

observation implies that the change in the layered configuration of the CLD 
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treatment towards its greater damping effectiveness may yield the disadvantage 

of the static instability of the associated beam structure. Now, if the buckled 

deflection of a CLD treated beam due to the static instability can be 

accommodated in an application, then this damping treatment may be preferred 

with the three-layered/five-layered beam configuration for effective vibration 

attenuation under the parametric excitation. 

5.6. Summary 

In this chapter, the CLD treatment is taken in three different layered beam 

configurations. The first one is the PCLD configuration, where a thin elastic layer 

constrains a viscoelastic damping layer against the top surface of the host beam. 

The second one is a three-layered sandwich beam with the viscoelastic core, and 

the third one is a multi-layered beam with two identical constrained viscoelastic 

layers. All the layered beams are considered to have fixed ends while an axial 

compressive harmonic load is applied through the support ends. The volumes of 

viscoelastic layers and substrate/elastic layers do not vary from one to another 

layered beam. Also, the applied load is kept constant for all the layered beams, 

and the damping effectiveness of each of the CLD configurations is studied in 

attenuation of the complex dynamics of the layered beams, mainly in their post-

buckled equilibrium state. 

This dynamic analysis of the CLD treated beams is performed by deriving 

reduced-order FE models (ROMs) in the time and frequency domains, where the 

constrained viscoelastic layer is modelled using the fractional Zener constitutive 

relation. These ROMs are derived following the similar formulation in Chapter 4, 

where the only change appears due to the consideration of the parametric 

excitation instead of the direct excitation. However, for the corresponding RBVs, 

the ICES approach is utilized to obtain the vibration modes (VMs) about the pre- 

or post-buckled equilibrium state of the layered beams. These VMs are 

subsequently enriched using static derivatives (SDs) and proper orthogonal 

decomposition (POD) method, as the corresponding procedure is detailed in 

Sections 4.5 and 5.5. The results reveal that these RBVs provide good accuracy 

of the ROMs for the estimation of very complex motion as well as various dynamic 

bifurcations of the viscoelastic layered beams, where the reference results are 

taken from the full-order FE model. Therefore, the present RBVs are robust ones 

and may be utilized for the nonlinear dynamic analysis of any other viscoelastic 

structure. However, further study on the passive damping capability of the CLD 

treatment in attenuation of complex dynamics of the parametrically excited 

layered beams reveals the following observations.  
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1. In the post-buckled state, the viscoelastic layered beams undergo very complex 

motion involving various dynamic instabilities and chaotic oscillation. Besides, 

the beams also undergo the large-amplitude vibration through the snap-

through periodic oscillation with respect to the zero equilibrium state. The CLD 

treatment is capable of attenuating this complex dynamics as well as large-

amplitude vibration through three-layered or five-layered configuration, where 

the effectiveness of the CLD treatment increases with the increasing thickness 

of the constrained viscoelastic damping layer. However, the PCLD configuration 

is not a suitable one for controlling this complex dynamics as its damping 

effectiveness does not improve effectively with the increase in the thickness of 

the constrained viscoelastic layer.      

2. It is observed that a CLD treated beam is vulnerable to undergo static 

instability under the parametric excitation as its PCLD configuration is 

changed to the three-layered or five-layered configuration. In this view, the 

PCLD configuration may be preferred for the operation of a CLD treated beam 

under the parametric excitation. However, for a set of values of the static and 

dynamic load parameters in the parametric excitation, it is found that the 

amplitude of vibration of the PCLD treated beam for its dynamic instability in 

the pre-buckled state is significantly more than that of the buckled three/five-

layered beam. So, the three-layered or five-layered configuration may be chosen 

for better control of dynamics of a CLD treated beam if the possible buckled 

deflection of the beam can be accommodated in an application.   
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Chapter  
6 

Nonlinear dynamics of functionally graded pipes 
conveying hot fluid  

 

6.1. Introduction 

In the preceding chapters, the nonlinear dynamics of parametrically excited 

slender beams is studied with the main concern of controlling their complex 

dynamics using viscoelastic materials and piezoelectric actuators. It is observed 

that these active/passive materials work well in attenuation of the complex 

motion and dynamic instabilities of slender beams. However, this complex 

dynamics mainly arises once the beam undergoes buckling or static instability. 

Therefore, it seems that the control of static instability or the operation of the 

slender beams in the pre-buckled state is a major concern for avoiding complex 

dynamics. However, the aforesaid active/passive materials commonly work after 

the onset of motion of the associated structure. So, one needs to look for some 

alternative way to control the static instability of a slender beam under parametric 

excitation. In this concern, there may be two ways. The first one is to choose a 

suitable geometrical configuration of a slender structure, while the other one is to 

select an appropriate material. For both the cases, the objective is to achieve 

maximum possible flexural rigidity of a slender structure to avoid its static 

instability under the parametric excitation.  

However, in some applications of parametrically excited slender structures, 

they appear with a thin-walled cross-section according to their functionality. So, 

these slender structures are highly flexible ones, and there may not be much 

scope to change their geometrical configuration or dimensions towards an 

improved flexural rigidity. In this case, the only option is to choose a suitable 

material. Further, these flexible slender structures may also operate in the 

thermal environment, where the static instability commonly occurs at a low value 

of the static load parameter of the parametric excitation due to the additional 

thermally-induced compressive stress. So, the material would have temperature 

resistant property in addition to the sufficient toughness. This circumstance 

arises in the design of many slender structures like helicopter rotor blades, rotor 

blades in turbomachinery, industrial robotic arms, pipes conveying hot fluid, etc. 

However, the present study is performed considering slender pipes conveying hot 

fluid, as this kind of slender structure are commonly used elements in many 
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engineering systems, namely steam generators, heat exchangers, liquid propellant 

rocket engines, etc.   

Now, for a slender pipe conveying hot fluid, it is subjected to the thermally-

induced compressive stress as well as the similar stress due to the velocity of the 

internal fluid. Here, the effect of the temperature is indicatively more than that of 

the flow-velocity in causing the divergence (buckling) of the pipe. So, the pipe may 

undergo buckling at a very low velocity of the internal hot fluid (Qian et al., 2009), 

and also it (pipe) may exhibit complex nonlinear dynamics associated with its 

divergence even at a very low pulsatile velocity of the internal fluid. So, the 

temperature is the major concern rather than the velocity of the internal fluid in 

the design of these pipe systems conveying hot fluid. 

In practical applications of fluid conveying pipes, they are laid either of the 

horizontal, vertical and inclined orientations (Alfosail et al., 2017a; Dawson and 

Paslay, 1984; Lee and Kim, 1999; Lips and Meyer, 2011; Vigneaux et al., 1988; 

Wang and Bloom, 2001). Here, the static/dynamic behavior of an inclined pipe is 

somewhat different from that of the vertical pipe mainly because of an initial 

deflection of the inclined pipe under the gravitational load. It is addressed in a few 

studies (Gan et al., 2015; Wang and Bloom, 2001, 1999), where the dynamics of 

inclined cantilever pipes has been analyzed for the steady or pulsatile fluid flow. 

Although these available studies reveal an indicative effect of the inclination of a 

pipe on its dynamics, the importance of this geometric parameter (inclination) 

mainly depends on the rigidity of the pipe. An inclined pipe with high rigidity 

undergoes a negligibly small initial deflection due to the gravitational load, and 

thus the corresponding effect on the dynamics of the pipe would not appear in a 

notable manner. However, due to the temperature of the fluid, the inclination of 

a pipe may yield a notable thermally induced deflection originated from a very 

small deflection under the gravitational load. This high initial deflection would 

pose certain effects on the dynamic characteristics of an inclined pipe operating 

in the thermal environment although a study in this regard is not yet reported in 

the literature to the best knowledge of this researcher.  

However, in order to alleviate the aforesaid effects of temperature of the 

internal fluid on the static/dynamic behavior of a pipe system, the pipe can be 

made of a FGM composed of two isotropic constituent materials, namely metal 

and ceramic (Koizumi, 1993). Here, the hot surface of the pipe is made of ceramic 

constituent and the material properties vary gradually from ceramic to metal 

across the wall-thickness of the pipe. This FGM pipe can withstand against a high 

temperature of the internal fluid due to the ceramic constituent while its 

toughness is retained by the metal constituent. So, the stability of the pipe 
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conveying hot fluid would improve and also it (pipe) can sustain the flow induced 

vibration. Additionally, the initial thermally induced deflection of the pipe due to 

its inclination is expected to reduce. However, a few studies on the FGM pipe are 

available in the literature, as a corresponding literature survey is furnished in 

Section 1.3.3. In these available studies, the thermo-mechanical stability of FGM 

pipes is reported, where it is observed that the static stability of a pipe significantly 

improves for the use of FGM instead of a conventional isotropic material. Also, 

nonlinear dynamics of FG pipe conveying hot fluid under the forced excitation is 

investigated, and it is observed that the graded exponent regulates the backbone 

curve/frequency response. However, further study on the dynamics of FG pipes 

conveying steady or pulsatile hot fluid is not available in the open literature. Also, 

the effect of the initial thermally-induced deflection of an inclined pipe on its 

dynamics is not yet reported in the literature to the best knowledge of this 

researcher. It is attempted in this chapter considering a pinned-pinned 

vertical/inclined FG pipe conveying hot fluid with steady or pulsatile flow velocity. 

Specifically, there are two main objectives of this study. The first one is to 

investigate the characteristics of divergence (buckling) of the vertical/inclined FG 

pipe on the basis of variations of some system parameters like inclination angle, 

temperature of fluid and graded material properties of FGM. The second objective 

is decided as a thorough investigation on the nonlinear dynamics of the 

vertical/inclined FG pipe in association with its divergence on the basis of the 

variations of the aforesaid system parameters and the material damping of FGM. 

The overall study is presented in the following manner. 

First, the geometrically nonlinear governing equation of motion of a 

pinned-pinned vertical/inclined FG pipe conveying pulsatile hot fluid is derived 

in Section 6.2. Next, in Section 6.3, the governing equation of motion is first 

expressed in the form of the nonlinear temporal differential equation using the 

Galerkin method. Subsequently, the nonlinear temporal differential equation is 

expressed in the frequency domain by implementing the harmonic balance 

method (HBM). In Section 6.4, the procedure of local stability analysis of periodic 

solutions is presented. In Section 6.5, first, the numerical results are presented 

to explore the dynamic characteristics of vertical FG pipe conveying hot fluid with 

steady or pulsatile flow-velocity. The subsequent numerical illustrations show the 

effect of inclination of the FG pipe on its dynamics. Finally, the observations from 

this study are summarized. 
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6.2. System model and governing equation of motion 

Figure 6.1 shows the schematic diagram of an inclined FG pipe conveying hot 

fluid with pulsatile flow-velocity. The inner and outer cylindrical surfaces of the 

pipe are considered to be made of ceramic and metal constituents, respectively, 

and the material properties smoothly vary from inner ceramic rich surface to outer 

metal rich surface. The ends of the FG pipe are considered as pinned ends, and 

the hot fluid is assumed to flow with uniform temperature across the ends of the 

FG pipe. So, the inner ceramic rich surface of the FG pipe is exposed to a high 

temperature ( iT ) while the temperature of the outer metal rich surface of the same 

pipe is assumed as room temperature ( oT 300 K).  

 

Fig. 6.1. Schematic diagram of an inclined 

pinned-pinned FG pipe conveying hot fluid. 

For the analysis, the reference Cartesian coordinate system ( xyz ) is attached 

to the inclined FG pipe such that the origin of the reference coordinate system lies 

at the center of the circular cross-section at one end of the pipe. The x -axis is 

lying along the longitudinal direction of the pipe while the z -axis implies the 

planer motion of the FG pipe in the xz -plane (Fig. 6.1). The inclination of 

longitudinal ( x ) axis of the FG pipe with the vertical axis is denoted by the angle 

  (Fig. 6.1), and the other geometrical properties like inner radius, outer radius, 

wall-thickness and length of the FG pipe are symbolized by ir , or , h  and L , 

respectively. Since a slender FG pipe is considered in the present analysis, it is 
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modeled according to the Euler-Bernoulli beam theory. Moreover, the 

deformations of the pipe are considered to be restricted to long wavelengths as 

compared to its radius so that the internal fluid flow is modeled according to the 

plug flow model. 

The uniaxial thermo-elastic constitutive relation of FGM can be written in 

conjunction with the Kelvin-Voigt model (Findley and Davis, 2013) as, 

* ( ), ( )x x T oE E T T T r T
t

  
 

       
 

 (6.1) 

where, x  and x are the longitudinal stress and strain, respectively, at any point 

in the FG pipe ; ( )T r  is the temperature at a radial point ( r ) within the thickness 

of the pipe, and oT is the reference temperature that is considered as the room 

temperature ( oT 300 K). The material properties of the FG pipe like Young’s 

modulus ( ),E  viscoelastic dissipation parameter *( )E , density ( ) , thermal 

conductivity ( )k  and coefficient of thermal expansion ( )T  are the graded 

properties according to a power law as (Reddy and Chin, 1998),  

 
1

( )
2

n

m
m c m

r r
P r P P P

h

  
     

  
 (6.2) 

where, mr is the mean radius; cP and mP are the properties of ceramic and metal 

constituents, respectively, and n  is the power law exponent or graded exponent. 

The temperature ( ( )T r ) at any radial location ( r ) within the thickness of the FG 

pipe can be obtained by solving the one-dimensional steady-state heat conduction 

equation as, 

1 d d ( )
( ) 0

d d

T r
r k r

r r r

 
  

 
 with oT T

 

at or r  and iT T

 

at ir r  (6.3) 

The solution of Eq. (6.3) can be obtained as (Kadam and Panda, 2014),   

1
( )

( )
i

r
o i

i
T r

T T
T r T dr

D r k r


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1

( )

o

i

r

T

r

D dr
r k r

   (6.4) 

According to the Euler-Bernoulli beam theory, the displacements at any point in 

the FG pipe can be written as,  

0
0

( , )
( , , ) ( , )

w x t
u x z t u x t z

x


 


, 0( , , ) ( , )w x z t w x t  (6.5) 

where, 0u
 
and 0w are the displacements at any point on the middle plane ( xy -

plane at z 0) of the FG pipe along the x  and z  directions, respectively. 

According to this displacement field (Eq. (6.5)), the von Karman nonlinear strain-

displacement relation can be written as, 
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 (6.6) 

The corresponding total potential energy ( pT ) of the inclined FG pipe conveying 

fluid can be written at any instant of time ( t ) as,  
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(6.7) 

where, f is the mass density of the fluid; g  
is the acceleration due to gravity; 

inT  is the axial compressive force per unit length of the pipe due to the internal 

pressure ( inP ) of the fluid; fm / pm is the mass per unit length of the fluid/pipe. 

In Eq. (6.7) and also in the subsequent equations, the subscripts p  and f  

indicate the terms related to the material of the pipe and fluid, respectively.  

Substituting Eqs. (6.1) and (6.6) in Eq. (6.7), the following expression for the total 

potential energy ( pT ) of the FG pipe conveying fluid can be obtained as,  
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(6.8) 

where,   is the Poisson’s ratio for the material of the pipe; thT is the thermally 

induced force per unit length of the pipe; pD / pA  is the flexural/axial stiffness 

per unit length of the pipe while 
*
pD /

*
pA are the similar terms related to the energy 

dissipation from the pipe. The total kinetic energy ( tT ) of the FG pipe conveying 

fluid with a flow velocity V can be expressed as, 
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   (6.9) 

The governing differential equation of motion of the FG pipe conveying fluid 

is derived employing the extended Hamilton’s principle as given by Eq. (2.9). 

Substituting Eqs. (6.8)-(6.9) in Eq. (2.9), two coupled governing differential 

equations of motion of the overall pipe can be obtained for the arbitrary variations 

of ou  and ow . Presently, the longitudinal inertia force of FG pipe is ignored for 

its very small magnitude in comparison to that of the transverse inertia force, and 

the two coupled governing equations of motion are reduced into one equation in 

terms of the transverse displacement ( ow ) following the same procedure as given 

in Holmes (1977) and Thomsen (2013). The resulting governing equation of motion 

of the overall FG pipe can be obtained as given in Eq. (6.10).  

  2

1

0
t

t pt
T T dt    (2.9) 

2 5 2 4
*0 0 0 0 0

2 4 4
( ) 2 ( ) cosf p p f p f p

w w w w w
m m D m V D m m g

x t xt x t x


    
      

     
 

2( ) sin ( ) cos ( )f p f f f p th in

V
m m g m V m m m g L x T T

t
 

  
         

 
 

*2 2 2
0 0 0 0

2
0 0

0
2

L L
p pA Aw w w w

dx dx
L x L x x t x

     
             

   

 
 
 
 
 
 
 
 
(6.10) 

The velocity of fluid for pulsatile flow can be expressed as (Jin and Song, 2005), 

 1 cos( )fV V t    (6.11) 

where, fV ,   and   are the mean flow velocity, pulsation velocity-amplitude and 

pulsation frequency, respectively. For expressing the governing equation of 

motion (Eq. (6.10)) in the dimensionless form, the following dimensionless 

quantities (Eq. (6.12)) are introduced where the properties of the metal constituent 

of the FG pipe at room temperature are considered as the reference material 

properties that are indicated by the subscript m . 
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

 
  
  
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m m
L

D
 

 
  
 

, 

2( )T m T i R me E A T T L D  ,   2
in in mT T L D  

 
 
 
 
 

 
 

(6.12) 

 

In Eq. (6.12), A  and I  denote the cross-sectional area of the FG pipe and the 

area moment of inertia of the same about the y-axis. Introducing the 
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dimensionless quantities (Eq. (6.12)) in the governing equation of motion (Eq. 

(6.10)), the following dimensionless equation of motion can be obtained where the 

superscript (' ) or (·) denotes the differentiation with respect to   
or t .  

 1 1 2 1 2 3 5 4(1 ) 0sM C C K K K K K P                    , 

1 (1 ) pM m    , 
*

1 pC D  , 2 2C v , 1 pK D , 

2
2 th T inK v T e T   ,  

1 1
2 *

3

0 0

2p m p mK A k d A k d          , 

4 cos (1 ) pK m        , 5 4K v K  , sinsP   , p p mD D D , 

* * *
p p mD D D , p p mA A A , 

* * *
p p mA A A , p p mm m m , ( )th th th mT T T  

 
 
 
 

 
 
 

 
 

(6.13) 

6.3. Solution method  

The dimensionless governing equation of motion (Eq. (6.13)) is solved using the 

Galerkin method where the basis functions ( )i are taken as the eigen functions 

of a pinned-pinned beam. Accordingly, the dimensionless transverse 

displacement ( ( , )t  ) at any point of the FG pipe can be expressed in terms of a 

number ( rN ) of basis functions and the associated generalized coordinates ( )iq  as 

follows, 

1

( , ) ( ) ( )
rN

i i
i

t q t   


  φq  (6.14) 

where, φ  and q  are the vectors of basis functions and generalized coordinates, 

respectively. Substituting Eq. (6.14) in the Eq. (6.13), the discretized governing 

equation of motion of the FG pipe conveying hot fluid with pulsatile flow velocity 

can be obtained as,  

* T( , , ) ( , , ) 2 ( )s s p mt t A k       M q G q K q q C q C q

T( ) 0p m sA k P q C q C q F , 

1 rs NMM I , 1 2C C G Λ B , 1 2 5 4( )s K K K K    K Λ C C D B ,
 

1
T

0

d Λ φ φ  , 
1

T

0

d B φ φ , 
1

T

0

d C φ φ , 
1

T

0

d  D φ φ ,

1
T

0

d F φ  

 

 

 
 
 
 
 
 
(6.15)  

In Eq. (6.15), 
rNI  is the unity matrix of size r rN N  and the elements of Λ , B , 

C , D  and F  are given in Eq. (6.16) where i  
denotes the 

thi  eigen value 

corresponding to the basis function i . 
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(6.16) 

The nonlinear time-differential equation of motion (Eq. (6.15)) of the FG pipe 

is solved using the incremental HBM. A pipe conveying pulsatile fluid is usually 

subjected to the parametric resonance at the frequency of 2 n i  (Paidoussis, 

2014), where n  ( n 1,2,3,…) is the natural frequency and i  is a positive integer. 

So, the solution ( q ) of the differential equation (Eq. (6.15)) is assumed following 

the Fourier series with the finite number ( H ) of harmonics as, 

0

1

cos( 2) sin( 2)
H

c s
i i

i

i t i t 


  q q q q  (6.17) 

where, 0
q , c

iq , s
iq  are the Fourier coefficient vectors corresponding to the 

constant, cosine and sine terms, respectively. For the convenience of formulation, 

2  is represented by  , and also the differential equation (Eq. (6.15)) is 

expressed in terms of   by substituting t  . Accordingly, Eqs. (6.17) and 

(6.15) can be written in a compact form as,  

q S X , 

,
rN S Q I

  1 c sQ Q Q ,  cos cos2 . . . cosHc   Q , 

 sin sin 2 . . . sin Hs   Q ,  
T

0 T T T) ( ) ( )c sX (q q q
 

 
 

 
(6.18) 

2 * T( , , ) ( , ) 2 ( )s s p mA k           M q K q G q q C q C q

T( ) 0p m sA k P q C q C q F  

 
 

(6.19) 

where,   is the Kronecker product.   

In order to obtain the linearized incremental governing equation of motion, 

the state variables (q , , ) are first taken in an incremental form 0( , q q q

0 ,    0 )   
 

about a reference state ( 0 0 0, , q ) of vibration. 

Subsequently, the governing differential equation of motion (Eq. (6.19)) is modified 

keeping the linear incremental terms only as given in Eq. (6.20).  

2
0 s s st s           M q C q K q R P P , 
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T T
0 0 0 0 0 0( , , ) ( ) 2 ( )st s p mA k    K K q C q C C q q C

* T T
0 0 0 0 02 ( ) ( )p mA k  q C q C C q q C , 

* T
0 0 0 0 0( , ) 2 ( )s p mA k    C G C q q C , 

0 0 02 cos2 2 cos2 2 sin 2 ( )f f fv vv v         P Bq C q C D q ,

* T
0 0 0 0 0 0 0 0 0( , ) 2 sin 2 ( ) 2 2 ( )f s b mv A k           P G q C D q M q q C q C q , 
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(6.20) 

For expressing the linearized incremental governing equation of motion (Eq. 

(6.20)) in the frequency-domain, the Galerkin procedure is utilized with the 

assumed periodic solution (Eq. (6.18)), and the resulting equation is obtained as, 

t      K X R R R , 

 
2

T 2
0

0

t s s st d


   K S M S C S K S ,
2

T

0

s d


 R S R , 
2

T

0

d


   R S P , 

2
T

0

d


   R S P  

 

 

 

(6.21) 

The solution of Eq. (6.21) within a range of frequency of pulsatile fluid flow 

provides the frequency response curve of the overall FG pipe.  

6.4. Local stability analysis 

The local stability of a steady-state nonlinear response can be determined by 

imposing a small perturbation to it (response). The substitution of this 

perturbation 0( ) q q q
 
in Eq. (6.19) yields the following expression that is 

similar to Eq. (6.20). 

2
0 s s st s     M q C q K q R  (6.22) 

where, the steady-state solution 0( )q satisfies the governing equation of motion 

(Eq. (6.19)) for which 0s R . Equation (6.22) is a second order linear time 

differential equation (in terms of q ) with periodic coefficients, and thus the 

stability of the nonlinear response can be obtained using Floquet theory by 

expressing the differential equation (Eq. (6.22)) in the state-space form as,  

( )t F Q F ,  
T

 F q q , 
   

1 1

2 2

( ) 1 1

rN

t

s st s s



 

 

 
 


  
  

0 I

Q
M K M C

 
 
 
(6.23) 
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The stability characteristics of solution can be obtained from the eigen values of 

the state transition matrix ( ) satisfying ( ) ( )mT  F F , where mT  is the time 

period ( 2 ) of the system (Eq. (6.23)). If all the moduli of eigen values of   
are 

less than 1 then the solution will be stable, otherwise it is unstable. Presently, 

this state transition matrix ( ) is computed following a procedure proposed by 

Friedmann et al. (1977), where the transition matrix is evaluated using fourth 

order Runge-Kutta method and Gill coefficients according to the following 

expressions,  

1

( )
tN

m
i

T i


  tL , 

1 1
( ) ( ) 2 1 ( ) 2 1 ( ) ( )

6 2 2
t


    

    
          

    
t t t tL I Q E F G , 

1 1 1
( ) ( ) 1 ( )

2 2 2 2
t t


     

       
             

       
t tF Q I Q E , 

 
1

( ) ( ) 1 ( )
2 2

t


     

  
         

  
t t tG Q I E F , 

1
( ) ( )

2 2
t t


   

    
      

    
tE Q I Q

 

 
 
 
 
 
 
 

 
 
 
 
(6.24) 

In Eq. (6.24), tN  is the number of time steps;  m tT N   is the time step of the 

Runge-Kutta numerical integration. 

6.5. Numerical results and discussion  

In this section, the numerical results are presented to investigate the nonlinear 

static and dynamic responses of the vertical/inclined FG pipe conveying hot fluid 

with the steady or pulsatile flow-velocity. The geometrical properties of the pipe 

are taken as, ir 12 mm, or  13.5 mm, L  2 m. The density of the fluid is 

considered as 990 Kg/m3  while it (fluid) flows through the FG pipe with an 

internal pressure of 4.4 MPa above the atmospheric pressure. The temperature 

dependent material properties of the metal (Ti-6Al-4V) and ceramic (ZrO2) 

constituents of FG material are given in Eqs. (6.25) and (6.26), respectively 

(Fuchiyama and Noda, 1995; Shen, 2016). The material damping of FGM is 

considered through its metal constituent only, where the coefficient of viscoelastic 

dissipation parameter or retardation time ( r ) is considered as 0.0004 s 

(Bommakanti et al., 2016) corresponding to the dissipation parameter ( *E r E ) 

for the metal constituent. With these properties of the constituent materials, the 

properties at any point in the FG pipe can be determined according to Eq. (6.2), 

where the temperature-dependent properties of the constituents can be computed 
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from Eqs. (6.25) and (6.26) in conjunction with the solution for temperature 

distribution (Eq. (6.4)) across the wall-thickness of the pipe. The Poisson’s ratio of 

FGM is assumed to be constant with the value of 0.3.  

( ) (122.14 0.055 )E T T  GPa, 

6 2 9 6( ) (7.2347 0.0071277 5.2876 10 1.2697 10 ) 10T T T T           K-1, 

7.8k   W m-1K-1, 4429   Kg m-3 

 
 

(6.25) 

4 2 8 3( ) (235.38 0.30377 2.6734 10 8.17 10 )E T T T T        GPa, 

5 2 6( ) (13.628 0.018913 1.2413 10 ) 10T T T        K-1, 

1.8k   W m-1K-1, 3000   Kg m-3 

 
 

(6.26) 

The static/dynamic responses of the vertical/inclined FG pipe are illustrated 

on the basis of the variations of the system parameters like inner surface 

temperature ( iT ), graded exponent ( n ), inclination angle (  ), mean flow velocity (

fV ) and pulsation amplitude ( ). The static responses are evaluated by solving 

Eq. (6.15) without consideration of the time-dependent terms, whereas the 

dynamic responses in the frequency domain are evaluated by solving Eq. (6.21) in 

conjunction with the arc-length extrapolation continuation method (Kumar et al., 

2015). The dynamic responses of the FG pipe in the time-domain are evaluated 

by solving Eq. (6.15) using the adaptive Runge-Kutta method especially for the 

clarification of dynamics of the vertical/inclined FG pipe through the global 

bifurcation diagram where the Poincare sections are selected based on the time-

period (2 ) 
 
of the excitation frequency (  ). In all the following numerical 

results, the responses ( ) of the inclined FG pipe are presented corresponding to 

its middle point ( 0.5  ), and it is denoted by m .    

Since the present mathematical model of the inclined FG pipe is derived 

based on the Galerkin discretization and incremental HBM, a convergence study 

is first carried out where the nonlinear frequency responses of the FG pipe are 

evaluated by a gradual increase of the number of basis functions in the Galerkin 

discretization as well as the number of harmonic terms in incremental HBM.  It 

is observed that the results appear with the sufficient numerical accuracy for the 

first seven basis functions (Eq. (6.14), rN =7) in the Galerkin discretization and 

first six harmonic terms (Eq. (6.17), H = 6) in incremental HBM, and thus the 

same are considered in the present numerical results.    
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6.5.1. Verification of  the present  formulation  

In order to verify the present formulation for handling the thermo-elastic coupling 

in the FG pipe, its metal and ceramic constituents are considered as SUS304 and 

Si3N4, respectively, while the FG pipe is taken in vertical orientation ( 0  ) 

without any fluid flow. Under these conditions, the critical buckling temperature 

is computed for uniform temperature across the wall-thickness of the FG pipe. 

These results are illustrated in Table 6.1 for both the temperature-independent 

and temperature-dependent properties of the constituent materials. Similar 

results for an identical FG pipe are available in Fu et al. (2015), and the same are 

also furnished in Table 6.1. It may be observed from Table 6.1 that the present 

results are in good agreement with the similar results available in Fu et al. (2015) 

thus verifying the present formulation in handling the thermo-elastic coupling in 

the FG pipe. 

Table 6.1   

Comparison of critical buckling temperatures of FG pipe ( or  0.5 mm, 0.5i or r ) 

Exponent 
 ( n ) 

/ oL r  
Temperature dependent Temperature independent 

Present Fu et al. (2015) Present Fu et al. (2015)  

  (SUS304) 25 273.44 273.43 400.23 400.22 

4 25 325.64 325.61 499.74 499.74 

2 25 353.21 353.19 551.84 551.84 

1 25 384.48 384.46 612.12 612.12 

0 (Si3N4) 25 489.20 489.20 840.35 840.35 

The results for nonlinear dynamic response of an inclined FG pipe are not 

available in the literature, and thus the present formulation in modeling an 

inclined pipe is verified following the available results in (Alfosail et al., 2017b) for 

static profile of an inclined submerged pinned-pinned isotropic pipe under an 

externally applied tensile force. Here, the present governing equation (Eq. (6.10)) 

is modified slightly by adding the terms corresponding to the applied tensile force 

( eT ) and the added mass ( em ) for external fluid (submerged) as presented in Eq. 

(6.27), and the computed static profile of the inclined isotropic pipe at room 

temperature is plotted in Fig. 6.2(a) together with the similar results available in 

(Alfosail et al., 2017b). A good agreement of the present results with that in the 

reference (Alfosail et al., 2017b) can be observed from Fig. 6.2(a), and this 

comparison verifies the present formulation in handling the inclined pipes.   

24 2
20 0 0

4 2
0

( ) cos ( )
2
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p

p f e f p e

Aw w w
D m V T m m m g L x dx

L xx x
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        
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w
m m m g m m m g

x
 


      
  

 
 
 
 
 
 

TH-2877_166103022



182 
 

e e em A , 2
e oA r   (6.27) 

For the verification of the present incremental HBM formulation and 

implementation of adaptive Runge-Kutta method in the evaluation of the 

nonlinear dynamic responses of the FG pipe, similar results are not available in 

the literature. However, it is carried out by taking a result in reference (Jin and 

Song, 2005) for nonlinear dynamic response of a vertically oriented ( 0  ) pinned-

pinned isotropic pipe conveying pulsatile fluid. This comparison is illustrated in 

Fig. 6.2(b), where the present results are evaluated through both the incremental 

HBM formulation and adaptive Runge-Kutta method. It may be observed from Fig. 

6.2(b) that the present results are in good agreement with that in the reference 

(Jin and Song, 2005) thus verifying the present incremental HBM formulation, as 

well as the present implementation of the adaptive Runge-Kutta method, in 

evaluating the nonlinear dynamic responses of pipes conveying pulsatile fluid. 

 

Fig. 6.2. (a) Comparison of the static profile of an inclined isotropic pipe with 

that for an identical pipe in Ref: (Alfosail et al., 2017b), (b) comparison of 

nonlinear dynamic response of vertical isotropic pipe conveying pulsatile fluid 

with the similar response of an identical pipe in Ref: (Jin and Song, 2005). 

(RK: Runge-Kutta)  

6.5.2. Static/dynamic characteristics of the vertical FG pipe conveying 

hot fluid 

In this section, the static instability of the vertical FG pipe conveying hot fluid is 

first investigated. With reference to this static instability, the pre-buckled and 

post-buckled equilibrium states of the FG pipe are identified. Subsequently, the 

nonlinear dynamic characteristics of the fluid conveying FG pipe corresponding 

to its pre-buckled and post-buckled equilibrium states are investigated. In the 

last part of this section, the global bifurcation diagrams are presented for 

analyzing the complex nonlinear dynamics of the fluid conveying FG pipe. 
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Fig. 6.3. Variation of the constant flow velocity ( fV , 0  ) with temperature 

( iT ) corresponding to the onset of buckling of the vertical FG pipe.  

6.5.2.1. Stability of the vertical FG pipe conveying hot fluid with the constant 

flow velocity 

The FG pipe is subjected to the follower compressive force due to the constant 

flow velocity ( fV , 0  ) of the internal fluid. Now, the same FG pipe is also 

subjected to the thermally induced compressive force because of a high 

temperature ( iT ) at its inner ceramic-rich surface. The combined effect of these 

compressive forces in the FG pipe on its buckling characteristics is illustrated in 

Fig. 6.3. For different values of the graded exponent ( n ) of FGM, Fig. 6.3 illustrates 

the variation of the flow velocity ( fV , 0  ) with temperature ( iT ) corresponding 

to the onset of buckling of the FG pipe. For any value of the graded exponent ( n ) 

of FGM, it can be observed from Fig. 6.3 that the buckling of the FG pipe may 

occur at a low value of flow-velocity ( fV , 0  ) for a high temperature ( iT ) of the 

internal fluid. It may also be observed from Fig. 6.3 that the graded exponent ( n ) 

of FGM plays an important role in causing the buckling of the FG pipe. For 

instance, a high value of the graded exponent ( n ) of FGM causes the buckling of 

the FG pipe at a low temperature of the internal fluid. In fact, the volume fraction 

of the ceramic constituent in the FGM decreases for a high value of the graded 

exponent ( n ). So, temperature in the FG pipe increases along with its reduced 

structural rigidity.  
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6.5.2.2. Parametric instability of the vertical FG pipe conveying hot fluid with 

pulsatile flow velocity 

In this section, the dynamic instability of the FG pipe is investigated when it 

conveys pulsatile fluid at its pre-buckled equilibrium state. Generally, the 

dynamic instability of a pipe conveying pulsatile fluid arises through the primary, 

secondary and combinatory parametric resonances (Paidoussis and Issid, 1974). 

However, since the present FG pipe possesses high stiffness, it is observed that 

the combinatory parametric resonance occurs at a very high frequency of pulsatile 

flow, and this frequency of pulsatile flow may not be feasible in practical 

applications of the FG pipe. However, among these different kinds of parametric 

resonances, the most critical one is the principal primary parametric resonance 

(Bolotin, 1964). So, the dynamic instability of the FG pipe through its principal 

primary parametric resonance corresponding to the fundamental mode of 

vibration is investigated at present by means of evaluating the corresponding 

parametric instability region in the two-dimensional domain of frequency ( ) and 

amplitude ( ) of pulsatile flow velocity (Pierre and Dowell, 1985). 

For different temperatures ( iT ) of pulsatile fluid, Figs. 6.4(a)-(d) illustrate the 

parametric instability regions corresponding to the principal primary parametric 

resonance at the pre-buckled equilibrium state of the FG pipe. In these results 

(Figs. 6.4(a)-(d)), the graded exponent ( n ) of FGM is considered as 5. However, 

similar results are presented in Figs. 6.4(e)-(g) for different values of the graded 

exponent ( n ) of FGM where a temperature of the internal fluid is considered as 

335 K. Here, the mean flow velocity ( fV ) of pulsatile fluid is considered as 5 m/s. 

Now, if the internal fluid is considered to flow with a steady flow velocity as 5 m/s 

( fV  5 m/s, 0  ), then the buckling of the FG pipe appears at a temperature of 

337.5 K (Fig. 6.3, n 5). This temperature can be marked as the critical bulking 

temperature. Following this critical buckling temperature, four different 

temperatures of the internal fluid are considered for evaluation of the results in 

Figs. 6.4(a)-(d) corresponding to the pre-buckled equilibrium state of the FG pipe. 

Similarly, for the results in Figs. 6.4(e)-(g), a temperature ( iT ) of the internal fluid 

is considered as 335 K and three different values of the graded exponent ( n ) of 

FGM are taken as 0.8, 1 and 3 in such a manner that the FG pipe remains at its 

pre-buckled equilibrium state for the constant velocity ( fV  5 m/s, 0  ) of the 

internal fluid.   
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Fig. 6.4. Regions of parametric instability corresponding to the principal 

primary parametric resonance at the pre-buckled state of the vertical FG pipe 

( fV  5 m/s), (a)-(d) for different temperatures ( iT  (K), n 5) and (e)-(f) for 

different values of the graded exponent ( n , iT   335 K). 

Figures 6.4(a)-(d) illustrate that the parametric instability region shifts 

towards low frequency for an increase of temperature ( iT ). It may be due to the 

fact that the natural frequency of the FG pipe decreases for an increase of 

temperature ( iT ). However, it may be observed from Figs. 6.4(a)-(c) that there is 

no indicative change in the shape of the parametric instability region for an 

increase of temperature ( iT ). But, the parametric instability region extends 

towards the low value of pulsatile velocity-amplitude ( ) and the breadth of the 

same instability region increases for an increase of temperature ( iT ). Moreover, it 

is important to observe from Fig. 6.4(d) that the shape of the parametric instability 

region changes indicatively when temperature ( iT ) of the internal fluid is very close 

to the critical buckling temperature ( iT  337.5 K). These observations indicate 

that the parametric instability of the FG pipe at its pre-buckled equilibrium state 

is indicatively dependent on temperature ( iT ) of the internal fluid, especially when 

this temperature ( iT ) is very close to the critical buckling temperature.   
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 However, for a specified temperature ( iT  335 K) of the internal fluid, Figs. 

6.4(e)-(g) illustrate that the breadth of the parametric instability region decreases 

for an increase of the graded exponent ( n ) of FGM. It may also be observed from 

Figs. 6.4(e)-(g) that the parametric instability region shifts towards the high 

amplitude ( ) of pulsatile flow velocity for an increase of the graded exponent ( n

) of FGM. This characteristic of the parametric instability region arises mainly due 

to the improved damping properties of FGM for an increase of its graded exponent 

( n ). In fact, the material damping of FGM appears through its metal constituent 

and the volume fraction of this metal constituent increases with an increase in 

the graded exponent ( n ). So, the material damping in the FGM improves for an 

increase of the graded exponent ( n ).   

6.5.2.3. Nonlinear frequency responses of the vertical FG pipe conveying 

pulsatile fluid 

The FGM possesses high stiffness because of its ceramic constituent. So, the 

buckling of the FG pipe occurs at the room temperature ( iT   300 K) for a very 

high velocity ( fV , 0  ) of the internal fluid (Fig. 6.3). Quantitatively, this velocity 

of the internal fluid is much higher than that appears in the practical piping 

systems. However, from the results in Fig. 6.3, it is clear that the buckling of the 

FG pipe may arise at a feasible velocity of the internal fluid for a high temperature 

of the fluid, and thus the temperature of the internal fluid is presently taken as 

the main parameter for identifying the buckling of the FG pipe. With reference to 

the corresponding critical buckling temperature, the pre-buckled and post-

buckled equilibrium states of the FG pipe are recognized, and the nonlinear 

dynamic characteristics of the FG pipe at these two different static equilibrium 

states are studied for pulsatile velocity of the internal hot fluid. However, it is 

important to note here that the FG pipe becomes very flexible at a temperature 

that is very close to the critical buckling temperature. The high flexibility of the 

FG pipe leads to its complex dynamic characteristics when the internal fluid flows 

with pulsatile velocity. In order to illustrate these dynamic characteristics of the 

FG pipe separately, a transition zone is considered at present following the 

transition from pre-buckled to post-buckled equilibrium state of the FG pipe 

corresponding to the increase of temperature around the critical buckling 

temperature. Within this transition zone, a static equilibrium state of the FG pipe 

is its pre-buckled or post-buckled equilibrium state at a temperature that is very 

close to the critical buckling temperature.  
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6.5.2.3.1. Nonlinear frequency responses of the vertical FG pipe at the pre-

buckled equilibrium state 
 

For different temperatures ( iT ) of the internal fluid, Fig. 6.5(a) illustrates the 

frequency responses of the FG pipe ( n  = 5) corresponding to the principal primary 

parametric resonance. Here, the FG pipe is in the pre-buckled equilibrium state 

and the internal fluid flows with the pulsatile velocity ( fV  = 5 m/s,   = 0.5). 

However, for a constant temperature ( iT = 335 K), similar responses are also 

shown in Fig. 6.5(b) for different values of the graded exponent ( n ) of FGM. In 

these responses and also in the subsequent frequency responses, the stable and 

unstable solutions over a frequency response curve are indicated by the green and 

red colour, respectively. However, the parametric resonance evolves through the 

supercritical and subcritical pitchfork bifurcations, as those are indicated by the 

points M and N, respectively in Figs. 6.5(a) and 6.5(b). It may be observed from 

Fig. 6.5(a) that there is no indicative change in the peak displacement-amplitude 

for the variation of temperature ( iT ) of the internal fluid. But, the resonant 

frequency decreases for an increase of temperature ( iT ). It may be due to the fact 

that the stiffness of the FG pipe decreases with an increase of temperature ( iT ). 

However, for a constant temperature ( iT = 335 K), Fig. 6.5(b) shows that the peak 

displacement-amplitude decreases indicatively for an increase in the graded 

exponent ( n ) of FGM. In fact, the material damping of FGM increases with an 

increase in the graded exponent ( n ) and it results in superior attenuation of the 

peak displacement-amplitude. 

 

Fig. 6.5. Frequency responses of the vertical FG pipe corresponding to the 

principal primary parametric resonance when the FG pipe is in its pre-buckled 

state; (a) for different temperatures ( iT  (K), n 5), (b) for different values of the 

graded exponent ( n , iT  335 K) ( fV 5 m/s,  0.5).  
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6.5.2.3.2. Nonlinear frequency responses of the vertical FG pipe at the post-

buckled state 
 

Following the results in Fig. 6.3, a post-buckled equilibrium state of the FG pipe 

at a temperature ( iT ) of 360 K is considered for the mean flow velocity ( fV ) and 

the graded exponent ( n ) of FGM as 5 m/s and 5, respectively. Corresponding to 

this post-buckled equilibrium state, the nonlinear frequency response of the FG 

pipe is illustrated in Fig. 6.6(a) for the pulsatile fluid flow with a velocity-amplitude 

( ) of 0.5. It should be noted here that the transverse deflection of the vertical FG 

pipe at a post-buckled equilibrium state arises either in the positive or in the 

negative z -direction. The dynamic characteristics of the FG pipe do not differ if 

the post-buckled equilibrium state arises in the positive z -direction instead of 

the negative z -direction or vice versa. So, in Fig. 6.6(a), the frequency response 

of the FG pipe is presented corresponding to a post-buckled equilibrium state in 

one of the positive and negative z -directions. Also, the oscillation of the FG pipe 

at a frequency with reference to an equilibrium position is illustrated by plotting 

the corresponding maximum and minimum deflections ( m ) of the pipe as well as 

the mean point of oscillation that is indicated by the black line (Fig. 6.6(a)). This 

kind of illustration of motion of the FG pipe is also adopted in the subsequent 

results for its (FG pipe) frequency responses.  

Figure 6.6(a) shows that the FG pipe undergoes principal primary and 

secondary parametric resonances since the corresponding resonant frequencies 

appear as 2 n
 
and n , respectively, with reference to the fundamental natural 

frequency of the FG pipe as n . Here, the principal primary parametric resonance 

develops through the period doubling/period demultiplying bifurcation (P) at 

points J/K and the stable periodic motion evolves at the point R (Fig. 6.6(a)) 

through the period demultiplying bifurcation. Whereas the principal secondary 

parametric resonance (Q/L) is associated with the saddle-node bifurcations (S).  

It may also be observed that the mean point of oscillation varies indicatively near 

a resonant frequency ( 2 n
 
or n ). However, similar frequency responses of the 

FG pipe are also presented in Figs. 6.6(b) and 6.6(d) for two different temperatures 

( iT  370 K, 380 K). It may be observed from these results (Figs. 6.6(a), 6.6(b) and 

6.6(d)) that a resonant frequency ( 2 n
 
or n ) increases with the increasing 

temperature ( iT ). More importantly, the principal primary parametric resonance 

disappears as the temperature of internal fluid increases (Fig. 6.6(d), iT  380 K). 
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Here, the transverse deflection of the post-buckled FG pipe increases for an 

increase in temperature of the internal fluid. So, the nonlinear stiffness of the FG 

pipe increases resulting in the disappearance of the principal primary parametric 

resonance.  

 

Fig. 6.6. Nonlinear frequency responses of the vertical FG pipe at its post-

buckled state, (a), (b), (d) for different temperatures ( iT ) ( n  5), and (c), (d), (e) 

for different values of the graded exponent ( n ) ( iT  380 K). 

Figures 6.6(c)-(e) illustrate the frequency responses of the FG pipe for three 

different values of the graded exponent ( n ) of FGM. A temperature of the internal 

fluid is considered as 380 K and the FG pipe is in the post-buckled equilibrium 

state. The mean flow velocity and the velocity-amplitude of pulsatile fluid flow are 

taken as 5 m/s and 0.5, respectively. It may be observed from these results (Figs. 

6.6(c), 6.6(d) and 6.6(e)) that the resonant frequency is indicatively dependent on 

the graded exponent ( n ) of FGM. The amplitude of vibration of the FG pipe 

decreases with an increase of the graded exponent ( n ) of FGM. Also, the principal 

primary parametric resonance disappears at a high value of the graded exponent 

( n ). There may be two reasons for the disappearance of the principal primary 

parametric resonance. The first one is the improved material damping of the FGM 

for a high value of the graded exponent ( n ). The second one is the increased 

nonlinear stiffness of the FG pipe since its post-buckled state arises with the 

greater transverse deflection for an increase in the graded exponent ( n ). 
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Fig. 6.7. Nonlinear frequency responses of the vertical FG pipe at its post-

buckled state ( n5, iT 360 K); (a) fV 2m/s or 5 m/s,   0.5; (b) fV 2 m/s or 

5 m/s,   0.1. 

In order to investigate the effects of the mean flow velocity ( fV ) and velocity-

amplitude ( ) of pulsatile fluid flow on the nonlinear frequency response of the 

FG pipe, two different values of the velocity-amplitude ( ) are considered as 0.1 

and 0.5. For each of these values of the velocity-amplitude ( ), the mean flow 

velocity ( fV ) is taken either as 2 m/s or as 5 m/s, and the frequency responses 

of the FG pipe are evaluated as shown in Figs. 6.7(a)-(b). The graded exponent ( n

) of FGM and temperature ( iT ) of the internal fluid are considered as 5 and 360 K, 

respectively. It may be observed from Figs. 6.7(a)-(b) that the FG pipe undergoes 

principal secondary parametric resonance for any value ( 0.1   or 0.5) of the 

velocity-amplitude when a low value of the mean flow velocity ( fV  2 m/s) is 

considered. However, if the mean flow velocity ( fV ) increases along with a high 

value of the velocity-amplitude ( ), both the principal primary and secondary 

parametric resonances appear (Fig. 6.7(a)). These results indicate that the effect 

of the velocity-amplitude ( ) of pulsatile fluid flow may have an indicative effect 

on the nonlinear frequency responses of the FG pipe when the pulsatile fluid flows 

with high mean flow velocity ( fV ). 

6.5.2.3.3. Nonlinear frequency responses of the vertical FG pipe at the transition 

state 
 

The temperature ( iT ) of the internal fluid is gradually increased within a narrow 

zone around the critical buckling temperature (337.5 K for n 5, fV 5 m/s, Fig. 

6.3), and the corresponding changes in the nonlinear dynamic characteristics of 

the FG pipe are studied. Figure 6.8(a) illustrates the frequency response of the FG 

pipe at a temperature ( iT  337.2 K) that is slightly lesser than the critical buckling 

temperature (337.5 K). This result (Fig. 6.8(a)) clearly shows that the FG pipe 
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primarily undergoes principal primary parametric resonance. However, the 

principal secondary parametric resonance and higher-order parametric 

resonances also appear along with the principal primary parametric resonance. 

The corresponding resonant frequencies are very close to each other and thus the 

shape of the parametric instability region changes (Fig. 6.4(d)) (Paidoussis and 

Issid, 1974). It is interesting to observe from the result in Fig. 6.8(a) that the dual 

periodic attractors arise through the principal secondary and higher-order 

parametric resonances. The mean point of oscillation corresponding to each of 

these dual periodic attractors is also sown in the same figure (Fig. 6.8(a)) by the 

black line.    

 

Fig. 6.8. Nonlinear frequency responses of the vertical FG pipe for different 

temperatures near the critical buckling temperature ( n 5, fV 5 m/s,  

0.5); (a) iT  337.2 K, (b) iT  337.6 K, (c) iT  339 K, (d) iT  350 K. 

For further increase of temperature ( iT  337.6 K, Fig. 6.8(b)) slightly beyond 

the critical buckling temperature (337.5 K), multiple stable and unstable dynamic 

responses of the FG pipe evolve mainly because of the primary and secondary 
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parametric resonances. Although it is difficult to trace the motion of the FG pipe 

corresponding to its unstable dynamic responses at the low frequency (Fig. 6.8(b)), 

mainly two local attractors and one global attractor appear for the stable periodic 

motion of the FG pipe. A local attractor appears following the post-buckled 

equilibrium state of the FG pipe. The global attractor continues from the pre-

buckled state of the FG pipe, and the corresponding motion of the FG pipe appears 

as the snap-through periodic motion. For further increase of temperature ( iT ), 

Figs. 6.8(c), 6.8(d) and 6.6(a) show that the global attractor disappears retaining 

the local attractors. However, the results in Figs. 6.8(b) and 6.8(c) show two 

critical zones (AE/A’E’ and CD/C’D’) corresponding to the unstable dynamic 

responses of the FG pipe. The characteristics of motion of the FG pipe within these 

critical zones (AE’/A’E’ and CD/C’D’, Figs. 6.8(b) and 6.8(c)) are investigated in 

the next section by means of evaluating the global bifurcation diagram.  

Figures 6.8(d) and 6.9 illustrate the nonlinear frequency responses of the 

FG pipe for two different values of the graded exponent ( n 5 and 8) of FGM. A 

temperature ( iT ) of internal fluid is taken as 350 K and the FG pipe is in the post-

buckled equilibrium state. It may be observed from these results (Figs. 6.8(d) and 

6.9) that the snap-through motion of the FG pipe disappears for an increase in 

the graded exponent ( n ) of FGM. So, the graded exponent of FGM may be treated 

as a tuning parameter for reducing the complexity in the dynamic characteristics 

of the FG pipe at its post-buckled equilibrium state. 

 

Fig. 6.9. Nonlinear frequency response of the vertical FG 

pipe at its post-buckled state ( fV  5 m/s,  0.5, iT  350 

K, n 8). 
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For a decrease of the mean flow velocity ( fV ), the correspodning changes in 

the nonlinear frequency response of the FG pipe at its post-buckled equilibrium 

state are illustrated in Figs. 6.8(c) and 6.10(a). A temperature ( iT ) of the internal 

fluid is considered as 339 K and the graded exponent ( n ) of FGM is taken as 5. It 

may be observed from these results (Figs. 6.8(c) and 6.10(a)) that the critical zones 

(AE/A’E’ and CD/C’D’) corresponding to the unstable dynamic responses of the 

FG pipe do not appear when the mean flow velocity ( fV ) decreases. Also, the peak 

displacement-amplitude corresponding to the snap-through periodic motion of 

the FG pipe decreases. If the velocity-amplitude ( ) of the pulsatile fluid flow 

decreases instead of the mean flow velocity ( fV ), then the snap-though motion, 

as well as the unstable dynamic responses, of the FG pipe may not appear (Figs. 

6.8(c) and 6.10(b)). These observations imply indicative effects of the mean flow 

velocity ( fV ) and velocity-amplitude ( ) of pulsatile fluid flow on the nonlinear 

dynamics of the FG pipe especially when the temperature of the internal fluid is 

very close to the critical buckling temperature. 

 

Fig. 6.10. Nonlinear frequency responses of the vertical FG pipe ( n 5, iT 

339 K) for different values of the mean flow velocity ( fV ) and pulsation 

velocity-amplitude (  ); (a) fV 4 m/s,  0.5, (b) fV  5 m/s,  0.3. 

6.5.2.3.4. Global bifurcation diagrams  

In Figs. 6.8(b) and 6.8(c), the unstable dynamic responses of the FG pipe are 

observed in two zones (AE/A’E’ and CD/C’D’). The corresponding motion of the 

FG pipe is investigated in this section by evaluating the global bifurcation 

diagrams with respect to the frequency ( ) or the amplitude ( ) of pulsatile flow 

velocity.  
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Fig. 6.11. Global bifurcation diagrams with respect to the frequency ( ) of 

the pulsating flow velocity of the internal hot fluid ( n 5, fV  5 m/s,   0.5); 

(a), (b) for critical zone AB in Fig. 6.8(b) ( iT  337.6 K); (c), (d) for critical zones 

AB and CD in Fig. 6.8(c) ( iT  339 K). 

6.5.2.3.4.1. Global dynamics of the vertical FG pipe with respect to the 

frequency of pulsatile flow velocity  
 

For the critical zone AE/A’E’ in Fig. 6.8(b), the global bifurcation diagram with 

respect to the frequency ( ) of pulsatile fluid flow is illustrated in Fig. 6.11(a). 

The frequency response of the vertical FG pipe within this critical zone (AE/A’E’, 

Fig. 6.8(b)) is also shown in Fig. 6.11(b). Figure 6.11(c) shows a similar global 

bifurcation diagram corresponding to the critical zones AE/A’E’ and CD/C’D’ in 

Fig. 6.8(c). The frequency responses of the FG pipe in the neighborhood of the 

critical zones AE/A’E’ and CD/C’D’ (Fig. 6.8(c)) are shown in Fig. 6.11(d). It may 

be observed from Figs. 6.11(a)-(b) that two periodic attractors corresponding to 

the stable periodic motion of the FG pipe appear at the low frequency region and 

these periodic attractors retain up to the cyclic-fold bifurcation at points A/A’ (

 0.34). For further increase of the frequency ( ), the chaotic motion of the FG 

pipe arises as it is identified through the phase plot and the Poincare map at a 
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frequency ( ) of 0.3403 (Figs. 6.12(c) and 6.12(d)). This chaotic motion of the FG 

pipe develops through the intermittent transition route (T), and the corresponding 

transient responses of the FG pipe are shown in Figs. 6.12(a) and 6.12(b). This 

intermittent transition route (T) appears due to the nonexistence of stable periodic 

attractor beyond the cyclic-fold bifurcation at point A/A’ (Fig. 6.11(b)). It is 

observed that this chaotic motion of the FG pipe mainly involves period-2, period-

4 and period-6 attractors; where period- m  attractor represents the periodic 

motion of the FG pipe with the frequency of / m . The period-demultiplying and 

symmetry-breaking bifurcations are also observed within this chaotic motion of 

the FG pipe. However, the chaotic motion of the FG pipe continues up to the 

frequency ( ) of 0.64 (K/K’, Figs. 6.11(a) and 6.12(e)), and dual chaotic attractors 

(Figs. 6.12(f) and 6.12(g)) evolve for further increase of the frequency ( ).  

 

Fig. 6.12. Responses of the veritcal FG pipe at different frequencies ( n 5, 

fV  5 m/s,   0.5, iT  337.6 K); transient responses at (a)  0.3402, (b) 

 0.3403; phase plots at (c)  0.3403, (e)  0.64, (f)  0.66, (g)  

0.66, (h)  0.85, (i)  0.9,  (j)  0.9; Poincare map at (d)  0.3403. 

 As the frequency increases, each of the dual chaotic attractors, first, reduces 

to the period-2 attractor through period-demultiplying bifurcation, and then this 

periodic motion (period-2) of the FG pipe undergoes the sequence of inverse 
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symmetry-breaking (B,  0.81, Fig. 6.11(a)), symmetry-breaking (B’,  0.86, 

Fig. 6.11(a)) and inverse symmetry-breaking (B,  1.275, Fig. 6.11(a)) 

bifurcations at points L/L’, Q/Q’ and E/E’, respectively. The phenomenon of 

symmetry breaking bifurcation can be observed from Figs. 6.12(h)-(j); where single 

period-2 attractor (Fig. 6.12(h),  0.85) reduces to dual period-2 attractors (Fig. 

6.12(i)-(j),  0.9) for an increase of the frequency (from  0.85 to 0.9). For 

further increase of the frequency ( ), a local chaotic attractor appears within a 

narrow frequency range ( 1.92 to 2.085, Fig. 6.11(a)) and it reduces to the local 

periodic attractors through the period-demultiplying bifurcation (D/D’, Fig. 

6.11(a)).  

 

Fig. 6.13. Responses of the vertical FG pipe at different frequencies ( n  5, 

fV  5 m/s,  0.5, iT  339 K); phase plots at (a)  2, (b)  4.77, (d)  

4.785, (e)  4.79, (f)  4.8; Poincare map at (c)  4.77; amplitude-

frequency spectrums at (g)  4.785, (h)  4.79,  (i)  4.8. 

 For an increase of temperature ( iT ) of the internal fluid, the critical zone 

AE/A’E’ shifts towards a high frequency ( ) (Figs. 6.11(a) and 6.11(c)) and 

appears within a narrow frequency range. The chaotic motion of the FG pipe arises 

at any frequency within this critical zone AE as shown in Fig. 6.13(a) at a 

frequency of   = 2. However, as the frequency ( ) increases, this chaotic 
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attractor reduces to period-2 attractor through the sequence of period-

demultiplying (P,  2.05 to 2.09) and inverse symmetry-breaking (B,  2.18) 

bifurcations at points K/K’ and E/E’, respectively. The local periodic attractors 

also evolve through the period-demultiplying bifurcation ( 2.57, Fig. 6.11(c)) at 

points R/R’. For further increase of the frequency ( ), these local periodic 

attractors reduce to the chaotic attractor through the subcritical bifurcation 

(points C/C’, Figs. 6.11(c) and 6.11(d)). The corresponding chaotic motion of the 

FG pipe is illustrated in Figs. 6.13(b) and 6.13(c) at a frequency ( ) of 4.77. For 

a little increase of the frequency ( ), the period-demultiplying bifurcation arises 

(points D/D’, Fig. 6.11(c)-(d)) where the motion of the FG pipe primarily involves 

period-16, period-8 and period-4 attractors as shown in Figs. 6.13(d)-(i). However, 

as the frequency ( ) increases, this period-demultiplying bifurcation yields 

period-2 attractor corresponding to the principal primary parametric resonance 

of the FG pipe at its post-buckled equilibrium state. 

 

Fig. 6.14. Global bifurcation diagrams with respect to the pulsation velocity-

amplitude ( n 5, fV  5 m/s,  1.23) at different temperatures, (a) iT  337.6 

K,  (b) iT  337.8 K,  (c) iT  338 K,  (d) iT  338.2 K.  
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6.5.2.3.4.2 Global dynamics of the vertical FG pipe with respect to the pulsation 

velocity-amplitude 

In order to investigate the effect of velocity-amplitude ( ) of pulsatile fluid flow on 

the complex dynamic response of the vertical FG pipe, the global bifurcation 

diagrams with respect to the velocity-amplitude ( ) of pulsatile fluid flow are 

illustrated in Figs. 6.14(a)-(d) for four different temperatures ( iT   337.6 K, 337.8 

K, 338 K, 338.2 K). The mean flow velocity ( fV ) of pulsatile fluid flow and the 

graded exponent ( n ) of FGM are taken as 5 m/s and 5, respectively. The frequency 

( ) of pulsatile fluid flow is considered as 1.23 in such a manner that this 

frequency ( 1.23) lies within the critical zone AB at all temperatures ( iT   337.6 

K, 337.8 K, 338 K, 338.2 K).  

 
Fig. 6.15. Responses of the vertical FG pipe ( n 5, fV 5 m/s,  1.23) at 

different pulsation velocity-amplitudes; time response plots at (a)  0.2025 

( iT  337.6 K), (b)  0.203 ( iT  337.6 K), phase plots at (c)  0.203 ( iT 

337.6 K), (d)  0.35 ( iT  337.8 K), (e)  0.38 ( iT  337.8 K), (f)   0.38 ( iT 

337.8 K), (g)  0.4 ( iT  337.8 K), (h)  0.402 ( iT  337.8 K), (i)  0.403 (

iT  337.8 K), amplitude-frequency spectrums at  (j)  0.4 ( iT  337.8 K), (k) 

 0.402 ( iT  337.8 K),  (l)  0.403 ( iT  337.8 K). 
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It may be observed from Figs. 6.14(a)-(d) that two periodic attractors arise 

at low velocity-amplitude ( ) of pulsatile fluid flow. As the velocity-amplitude ( ) 

increases at low temperature (Figs. 6.14(a)-(b)), the periodic attractors reduce to 

the chaotic attractor through the intermittent transition route (points A/A’, Figs. 

6.14(a)-(b)) (Figs. 6.15(a)-(c)). For further increase of velocity-amplitude ( ), one 

periodic attractor arises (Figs. 6.14(a)-(b)) corresponding to the snap-through 

motion (period-2) of the FG pipe. However, for a little increase of temperature (

iT  338 K, 338.2 K, Figs. 6.14(c)-(d)), chaotic attractor arises through the period-

doubling bifurcation (points A/A’, Figs. 6.14(c)-(d)) instead of the intermittent 

transition route (points A/A’, Figs. 6.14(a)-(b)). For an increase of velocity-

amplitude ( ) at low temperature ( iT  337.6 K), the snap-through motion may 

not fall into the chaotic motion again (Fig. 6.14(a)). But, it may appear (Figs. 

6.14(b) and 6.14(c)) for a little increase of temperature ( iT  337.8 K, 338 K) where 

the chaotic attractor appears through the sequence of symmetry-breaking (points 

Q/Q’, Figs. 6.14(b)-(c)) and period-doubling bifurcations (points L/L’, Figs. 

6.14(b)-(c)). The symmetry-breaking bifurcation is illustrated through the phase 

plots in Figs. 6.15(d)-(f), where single period-2 attractor (Fig. 6.15(d),   0.35) 

reduces to dual periodic attractors (Fig. 6.15(e)-(f),  0.38) at a temperature ( iT ) 

of 337.8 K. The period-doubling bifurcation is also illustrated through the phase 

plots in Figs. 6.15(f)-(i), where the period-2 attractor (Fig. 6.15(f),  0.38) mainly 

reduces to period-4, period-8 and period-16 attractors (Figs. 6.15(g)-(l)) at a 

temperature ( iT ) of 337.8 K. For further increase of temperature ( iT  338.2 K), 

the nonlinear stiffness of the FG pipe increases because of its increased transverse 

deflection corresponding to the post-buckled equilibrium state. So, the periodic 

attractors remain up to a large value of the velocity-amplitude ( ) before the 

appearance of the chaotic attractor (points A/A’, Fig. 6.14(d)).  

6.5.3. Static/dynamic characteristics of the inclined FG pipe conveying 

hot fluid 

In this section, first, the characteristics of divergence (buckling) of the inclined FG 

pipe conveying hot fluid are investigated based on the variations of inclination 

angle, temperature and graded material properties of FGM. Subsequently, the 

nonlinear dynamic responses as well as the corresponding instabilities of the 

inclined FG pipe are presented. Finally, the effects of the material damping of FGM 

on the dynamic characteristics of the inclined FG pipe are illustrated.     
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6.5.3.1. Nonlinear response of the inclined FG pipe conveying hot fluid with 
constant flow velocity 

For an inclined pipe, the gravitational load is usually accounted by its two 

components along the axial and transverse directions to the length of the pipe. 

The axial component causes a small increase of the axial tension in the pipe, and 

it lowers the effect of transverse component that causes the transverse deflection 

of the pipe. However, this initial transverse deflection of the inclined pipe has 

certain effect on its (pipe) deformation characteristics under the forces associated 

with the fluid flow (Alfosail et al., 2017a; Gan et al., 2015; Monprapussorn et al., 

2007; Wang and Bloom, 2001). So, first, the transverse deflection of the inclined 

FG pipe under the gravitational load is evaluated at the room temperature (

i oT T 300 K). The corresponding static profiles of the FG pipe are illustrated in 

Fig. 6.16(a) for its different orientation angles (  ) with the vertical axis, where the 

graded exponent ( n ) of FGM is taken as 4 and the velocity of the internal fluid is 

assumed as zero ( 0fV  ). However, the fluid velocity ( fV ) is varied subsequently, 

and the corresponding variation of the maximum transverse deflection ( m ) of the 

inclined FG pipe is illustrated in Fig. 6.16(b) for different values of the graded 

exponent ( n ) at an inclination angle (  ) of 450. It may be observed from Fig. 

6.16(a) that the maximum transverse deflection appears at the middle span ( 

0.5) of the pipe for any inclination angle, and this transverse deflection increases 

for a higher inclination angle of the FG pipe. If the steady flow-velocity ( fV ) of the 

fluid increases, then Fig. 6.16(b) shows a very small increase in the maximum 

transverse deflection ( m ) of the FG pipe due to the induced follower compressive 

force. The corresponding magnitude of static deflection ( ) indicates an 

insignificant effect of the gravitational force on the static deflection of the inclined 

FG pipe conveying fluid with constant flow velocity, and it appears mainly due to 

the high stiffness of the FG pipe. However, a different observation is obtained 

when the inclined FG pipe conveys hot fluid with constant flow velocity as it is 

presented in the next result. 

TH-2877_166103022



201 
 

 

Fig. 6.16. (a) Variation of static profile of FG pipe ( n 4) having the internal 

mass of fluid ( fV  0) for different values of the inclination angle, (b) variation 

of maximum transverse deflection ( m ) of the inclined FG pipe (   450) with 

the steady flow velocity ( fV ) of internal fluid for different values of the graded 

exponent ( n ) of FGM ( i oT T 300 K).  

A FG pipe conveying hot fluid is susceptible to undergo the static instability 

(buckling) due to the combined effect of thermally induced compressive stress and 

the similar stress due to the flow velocity. However, the thermally induced stress 

is significantly higher than the stress induced due to the flow velocity (Qian et al., 

2009), and thus the temperature in the pipe is more important parameter than 

the steady flow velocity in concern to its (pipe) static instability or buckling. So, 

the influence of temperature of hot fluid on the static (divergence) instability of 

the inclined FG pipe is first investigated through the results in Fig. 6.17. Here, 

the internal fluid is considered to flow with a steady flow velocity ( fV ) of 5 m/s, 

and the variation of the maximum transverse deflection ( m ) of the FG pipe with 

the inner wall temperature ( iT  300 K, oT 300 K) is illustrated for different values 

of the inclination angle (  ) and graded exponent ( n ) of FGM. For the vertical FG 

pipe (   0), it may be observed from Fig. 6.17 that the divergence of the pipe 

appears through the pitchfork bifurcation (points P1 and P2) at a certain 

temperature that is called as the critical buckling temperature. The equilibrium 

state of the vertical FG pipe arrives at any of the two symmetric buckled 

equilibrium states (positive and negative) beyond the critical buckling 

temperature where an unstable equilibrium state also appears as indicated by the 

dotted line (blue dotted lines, Fig. 6.17). However, as the FG pipe becomes inclined 

one (   0), the aforesaid initial transverse deflection of the pipe arises due to the 

TH-2877_166103022



202 
 

gravitational load, and it causes the buckling of the FG pipe through the saddle-

node bifurcation (points L1, L2, L3, L4, L5, L6, Fig. 6.17). The corresponding critical 

buckling temperature (at saddle-node bifurcation) is indicatively higher than that 

(at pitchfork bifurcation) for the vertical FG pipe (   0). Beyond the saddle-node 

bifurcation, the inclined FG pipe arrives at any of the positive and negative stable 

equilibrium states while an unstable equilibrium state also appears as it is 

indicated by the dotted line in Fig. 6.17. It is important to note from the results 

in Fig. 6.17 that a very small inclination of the FG pipe is sufficient to cause its 

divergence through the saddle-node bifurcation. However, as the angle of 

inclination increases, the buckling instability occurs at higher temperature while 

the corresponding critical buckling temperature decreases with the increase in 

the graded exponent ( n ) of FGM (Fig. 6.17). 

 

Fig. 6.17. Variation of the maximum transverse deflection ( m ) of the inclined 

FG pipe with the temperature ( iT ) of the internal fluid ( fV = 5 m/s).  

6.5.3.2. Nonlinear dynamic response of inclined FG pipe conveying pulsatile 

hot fluid 

As discussed in the earlier section, the divergence of the FG pipe yields its two 

equilibrium states namely pre-buckled and post-buckled equilibrium states. For 

each of these equilibrium states of the FG pipe, its dynamic instabilities and the 

associated motion due to the pulsatile fluid flow are presently analyzed on the 

basis of the variations of some system parameters, namely temperature ( iT ), 
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graded exponent ( n ) of FGM, mean flow velocity ( fV ), pulsation amplitude ( ) 

and material damping of FGM.  

 

Fig. 6.18. Nonlinear frequency responses of the vertical FG pipe (   0) at its (a) 

pre-buckled state ( iT  335 K) and (b)-(c) post-buckled state ( iT  350 K, 385 K), 

(d) global bifurcation diagram with respect to pulsation frequency at the 

neighborhood of bifurcation points A and A′ in Fig. 18b ( n 4, fV  5 m/s and 

 0.5).  

6.5.3.2.1. Effect of temperature 

The effect of temperature of the internal pulsatile fluid on the dynamics of the 

vertical FG pipe is investigated and presented in the above sections. This 

investigation is extended in this section for the inclined orientation of the same 

FG pipe, where the effect of temperature on the dynamics of the FG pipe is studied 

starting from the inclination angle as zero. Figure 6.18 illustrates the frequency 

responses of the FG pipe ( n 4) at different temperatures ( iT ) when the inclination 

angle is zero (   0). For the pre-buckled state at a temperature ( iT ) of 335 K, Fig. 

6.18(a) shows the principal primary parametric resonance through the 

supercritical and subcritical pitchfork bifurcations (points M and N). However, as 
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the post-buckled state arises due to an increase in temperature ( iT ) from 335 K 

to 350 K, the principal primary parametric resonance develops through the period 

doubling/period demultiplying bifurcation. Also, the stable periodic motion 

evolves (points A or A′ (Fig. 6.18(b)) through the period demultiplying bifurcation, 

as the corresponding global bifurcation diagram (Fig. 6.18(d)) reveals it to occur 

within a very small frequency band (near A or A′, Fig. 6.18(d)). However, if the 

temperature increases in the same (post-buckled) equilibrium state, then this 

stable periodic motion appears through the saddle-node bifurcation (A, A′, Fig. 

6.18(c)). Also, the global periodic oscillation (period-2, QR in Fig. 6.18(b)) of the 

vertical FG pipe disappears.  

The FG pipe is now taken at an inclined orientation ( o25  ), and its 

frequency responses in the pre-buckled state are shown in Figs. 6.19(a) and 

6.19(b) for two different temperatures ( iT ) as 300 K and 335 K, respectively. 

Comparing the responses at the pre-buckled state of the FG pipe in Figs. 6.18(a) 

and 6.19(a), the inclination of the FG pipe causes a shift of its static equilibrium 

position towards the negative side ( 0m  ) due to the gravitational load. Also, the 

principal secondary parametric resonance (fundamental resonance) appears 

along with the principal primary one. Additionally, there is a little shift of the 

mean point of oscillation (black line, Fig. 6.19(a)) from the static equilibrium point 

especially when the inclined FG pipe undergoes principal primary parametric 

resonance. Here, the principal primary parametric resonance appears through the 

period doubling/period demultiplying bifurcation (Fig. 6.19(a)) instead of the 

pitchfork bifurcation (Fig. 6.18(a)) in the case of the vertical FG pipe. However, at 

a higher temperature ( iT  335 K, Fig. 6.19(b)) in the same (pre-buckled) 

equilibrium state, the transverse deflection of the inclined FG pipe appears 

indicatively (Fig. 6.17), and thus the softening structural behavior of the FG pipe 

arises in addition to the hardening one as shown in Fig. 6.19(b) for the response 

via principal primary parametric resonance. In fact, the mean point of oscillation 

(black line, Fig. 6.19(b)) shifts towards the zero-line ( 0m  ), and it results in 

lesser curvature of the FG pipe at some frequencies leading to the appearance of 

its (pipe) hardening structural behavior. The corresponding exchange between the 

hardening and softening behavior of the FG pipe occurs through the saddle node 

bifurcation (C, D, Fig. 6.19(b)). It may also be observed from Figs. 6.19(a)-(b) that 

the oscillation of the inclined FG pipe via the fundamental resonance amplifies 

due to the increase in temperature ( iT ) and the corresponding bifurcation (Fig. 
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6.19(b)) of the stable periodic oscillation occurs through the saddle-node 

bifurcation.  

 

Fig. 6.19. Nonlinear frequency responses of the inclined FG pipe ( n  4,    

0.5, fV  5 m/s,   250) in the pre-buckled state for different temperatures; 

(a) iT  300 K, (b) iT  335 K. 

 

As the temperature ( iT ) increases, the inclined FG pipe undergoes static 

instability (buckling). The corresponding frequency response of the inclined FG 

pipe is illustrated in Fig. 6.20(a) for an inclination angle (  ) of 150. In contrast to 

the similar response of the vertical FG pipe (Fig. 6.18(b)) in the post-buckled state, 

the response of the inclined FG pipe in Fig. 6.20(a) exhibits unequal amplitudes 

of oscillation corresponding to its positive and negative buckled equilibrium 

positions. It appears due to the asymmetric buckled equilibrium positions of the 

inclined FG pipe with respect to the zero-line ( 0m  ). However, the local primary 

parametric resonance about the buckled equilibrium positions appears through 

the period doubling/period demultiplying bifurcation (Fig. 6.20(a)) similar to the 

response in Fig. 6.18(b). Also, for the response in Fig. 6.20(a), the stable periodic 

oscillation of the inclined FG pipe corresponding to the local primary parametric 

resonance arises through the period demultiplying bifurcations at points A and A′ 

(Fig. 6.20(a)) similar to the response in Fig. 6.18(b). Additionally, similar stable 

periodic oscillation about the negative buckled equilibrium also arises in a very 

small frequency region through the saddle-node bifurcation (Point E′, Fig. 6.20(a)). 

The saddle-node bifurcation appears at all other points of bifurcation (Fig. 6.20(a)) 

except the point F′ where the period demultiplying bifurcation appears. Similar to 

the response in Fig. 6.18(b) for the vertical FG pipe, the response (Fig. 6.20(a)) of 

the inclined FG pipe involves both the global and local motions in a certain 

frequency range. But, the saddle-node (OO′, Fig. 6.18(b)) in the response of the 

vertical FG pipe becomes saddle periodic orbit (over OO’, Fig. 6.20(a)) due to the 
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inclination. This saddle periodic orbit shifts towards the positive side ( 0m  ) from 

the zero-line ( m  0), and it results in smaller domain of attraction over the 

positive buckled equilibrium point than that over the negative buckled 

equilibrium point. It is shown in Fig. 6.20(c) through the plots of the basin of 

attraction, limit cycle attractors (green closed curves) and saddle periodic orbit 

(red closed curves) at a frequency of  9.  

For an increase of the inclination angle (  ) from 150 to 450, the 

corresponding changes of the frequency response can be observed from Figs. 

6.20(a) and 6.20(b), where it is clear that the static equilibrium state of the FG 

pipe changes from post-buckled to pre-buckled state at the same temperature 

leading to simpler response. For the response in Fig. 6.20(b) at a higher inclination 

angle ( o45  ) of the FG pipe, the stable periodic motion via principal primary 

parametric resonance arises through the period doubling/period demultiplying 

(Points F and B) and saddle-node (Point E) bifurcations. However, the bifurcation 

of the stable periodic motion via the fundamental resonance occurs through the 

saddle-node bifurcation (Fig. 6.20(b)). The aforesaid responses (Figs. 6.20(a)-(b)) 

of the inclined FG pipe show an indicative effect of the inclination angle on its (FG 

pipe) nonlinear dynamic characteristics. 
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Fig. 6.20. Nonlinear frequency responses of the inclined FG pipe ( n  4,    

0.5, fV  5 m/s) for (a)   150, iT  350 K and (b)   450, iT  350 K; (c) basin 

of attraction at a frequency of  9 corresponding to the frequency response 

in the case (a).   

Figures 6.19(a)-(b) and 6.21(a)-(d) illustrate the changes in the nonlinear 

dynamic characteristics of the inclined FG pipe ( o25  ) with the gradual increase 

of temperature ( iT ) as 300 K, 335 K, 344 K, 355 K, 385 K and 390 K. As the 

temperature increases from the room temperature (300 K) to 335 K or 344 K, the 

thermal deflection of the inclined FG pipe increases resulting in the simultaneous 

appearance of hardening and softening structural behavior of the pipe (Figs. 

6.19(b) and 6.21(a)). The corresponding exchange between the softening and 

hardening structural behavior occurs either through the saddle-node bifurcation 

(Points C and D, Figs. 6.19(b)) or through the period doubling/period 
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demultiplying bifurcation (Points B and F, Fig. 6.21(a)). However, for further 

increase of temperature ( iT  355 K, Fig. 6.21(b)), the inclined FG pipe undergoes 

buckling leading to the nonlinear frequency response, as shown in Fig. 6.21(b). 

The response in Fig. 6.21(b) is almost similar to that in Fig. 6.20(a); however, the 

only difference is in the appearance of the global snap-through motion of the FG 

pipe. It is observed that this global snap-through motion of the FG pipe appears 

for its low curvature that usually occurs at the post-buckled equilibrium state 

near the onset of buckling (divergence). However, it is important to notice from 

Fig. 6.21(b) or Fig. 6.20(a) that the natural frequency and the amplitude of 

oscillation of the FG pipe do not appear in an equal manner over its two buckled 

equilibrium states, and it arises due to the difference in the corresponding 

curvatures of the inclined pipe. 

 

Fig. 6.21. Nonlinear frequency responses of the inclined FG pipe ( n  4,    

0.5, fV  5 m/s,    250) for different temperatures; (a) iT   344 K, (b) iT   

355 K, (c) iT   385 K and (d) iT   390 K.  

For further increase of temperature ( iT  385K, Fig. 6.21(c)), the local 

principal primary parametric resonance corresponding to the buckled equilibrium 
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on the negative side ( 0m  ) disappears. However, the same also occurs 

corresponding to the buckled equilibrium on the positive side ( 0m  ) for a little 

more temperature ( iT  390 K, Fig. 6.21(d)). This may be due to the fact that the 

nonlinear stiffness or curvature of the inclined FG pipe increases at a higher 

temperature ( iT ). However, it is important to observe from Fig. 6.21(d) and Fig. 

6.18(c) that the frequency response of the inclined FG pipe is almost similar to 

that for the vertical FG pipe, and it occurs at a high temperature in the post-

buckled state of the FG pipe. It may also be observed from Figs. 6.21(b)-(d) that 

the saddle periodic orbit (OO′) shifts towards the zero-line ( 0m  ) with the 

increase in temperature leading to almost equal domains of attraction over the 

positive and negative post-buckled equilibrium states. It is corroborated in Fig. 

6.22 through the plot of the basin of attraction at two different temperatures ( iT 

355 K, iT  385 K) with  7.5. From these observations, it may be concluded 

that the nonlinear dynamic characteristics of the inclined FG pipe at a high 

temperature in its post-buckled state approach to that of the vertical FG pipe so 

that the angle of inclination of the FG pipe has minimal effect on its dynamic 

behavior.  

 

Fig. 6.22. Basin of attraction at a frequency of  7.5 ( n 4,  0.5, fV  5 

m/s,   250) for two different temperatures; (a) iT  355 K and (b) iT  385 K 

(green closed curves are limit cycle attractors and red closed curve is saddle 

periodic orbit). 

6.5.3.2.2. Effect of the graded exponent of FGM 

A higher value of the graded exponent ( n ) of FGM means more volume fraction of 

the metal constituent resulting in softer FG pipe. Also, the corresponding decrease 

of the volume fraction of the ceramic constituent yields higher temperature at any 

point within the wall-thickness of the FG pipe under the specified surface 

temperatures. These two factors result in higher deflection of the FG pipe for an 

increase in the graded exponent without any change of the surface temperatures. 
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Now, at a low temperature, i.e. at the pre-buckled state of the FG pipe, its static 

profile or curvature appears because of its inclination ( 0  ) (Fig. 6.17). This 

static deflection increases for a higher value of the graded exponent due to the 

aforesaid reasons. The effect of this greater static deflection on the dynamics of 

the inclined FG pipe ( o25  ) conveying pulsatile fluid ( fV   5m/s,    0.5) is 

illustrated in Figs. 6.21(a) and 6.23(a) for an increase in the value of the graded 

exponent from 4 to 8 at a temperature ( iT ) of 344 K. These results indicate the 

disappearance of the hardening structural behavior of the inclined FG pipe for an 

increase in the graded exponent. In contrast, similar change would not appear for 

a vertical FG pipe ( o0  ), where the vertical FG pipe always behaves as a 

hardening structure since there is no initial static deflection at its pre-buckled 

state (at a low temperature) (Fig. 6.17). 

At the post-buckled state of the inclined FG pipe, the aforesaid result 

indicates that the two (positive and negative) buckled equilibrium positions of the 

pipe are not symmetric with respect to the zero-line ( 0m  ), and it appears due 

to an inclination angle of the pipe. However, for an increase in the graded 

exponent ( n ) at a constant surface temperature ( iT ), the curvature of the FG pipe 

corresponding to its positive/negative post-buckled equilibrium states increases. 

The corresponding effects on the dynamics of the inclined FG pipe ( o25  ) at its 

post-buckled state are illustrated in Figs. 6.23(b) and 6.21(b) for an increase of 

the graded exponent from 2 to 4. It may be observed from these figures (Figs. 

6.23(b) and 6.21(b)) that the global parametric resonance may disappear due to 

the increased curvature of the FG pipe at a higher value of the graded exponent. 

Also, for the increase in the graded exponent, the buckled equilibrium positions 

tends to be symmetric with respect to the zero-line ( 0m  ) leading to the similar 

dynamic responses of the inclined FG pipe over its positive and negative post-

buckled equilibrium positions. So, a higher value of the graded exponent ( n ) of 

FGM yields reduced effect of the inclination angle on the dynamic characteristics 

of the FG pipe in its post-buckled state. 
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Fig. 6.23. Nonlinear frequency responses of the inclined FG pipe ( fV  5 m/s, 

   0.5,    250) for (a) iT   344 K, n 8 and (b) iT   355 K, n  2. 
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Fig. 6.24. Nonlinear frequency responses of the inclined FG pipe ( n  4,  

0.5,   250) conveying pulsatile fluid with the flow velocity ( fV ) of 3 m/s at 

two different temperatures; (a) iT   344 K and (b) iT   355 K. 

6.5.3.2.3. Effect of the mean flow velocity and amplitude of the pulsatile fluid 

The motion of the inclined pinned-pinned FG pipe arises due to the pulsatile flow 

of the internal fluid where the excitation parameters are the mean flow velocity (

fV ) and the pulsation amplitude ( ). So, the effects of these parameters on the 

dynamics of the inclined FG pipe are investigated in this section. Figures 6.21(a) 

and 6.24(a) illustrate the nonlinear frequency responses of the inclined FG pipe (

o25  ) at its pre-buckled state for two different values of the mean flow velocity 

( fV ) as 5 m/s and 3 m/s, respectively. It may be observed from these results 

(Figs. 6.21(a) and 6.24(a)) that the curvature of the inclined FG pipe at its pre-

buckled state increases for a higher mean flow velocity since the corresponding 

compressive stress in the pipe increases. Additionally, a higher mean flow velocity 

causes the oscillation of the inclined FG pipe with a greater displacement 

amplitude, where also a greater shift of the mean point of oscillation (black line) 

towards the zero-line ( 0m  ) appears resulting in the appearance of the 

hardening structural behavior of the inclined FG pipe. In contrast, the vertical FG 

pipe has no initial curvature at its pre-buckled state, and thus it always behaves 

as a hardening structure. However, the amplitude of oscillation of the vertical FG 

pipe is expected to vary with the change of the mean flow velocity.  

         For a decrease in the mean flow velocity at the post-buckled state of the 

inclined FG pipe, Figs. 6.21(b) and 6.24(b) illustrate the corresponding changes 

in its (FG pipe) nonlinear dynamic behavior. It is clear from these results (Figs. 

6.21(b) and 6.24(b)) that the principal primary parametric resonance over the 
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negative ( 0m  ) post-buckled equilibrium position disappears for a decrease of 

the mean flow velocity. Also, the displacement-amplitude of oscillation of the 

inclined FG pipe decreases. These observations infer simpler dynamics of the 

inclined FG pipe in its post-buckled state for a low mean flow velocity. Similar 

changes in the nonlinear dynamic characteristics of the pre or post-buckled 

inclined FG pipe are also observed for the variation of the pulsation amplitude (

), and thus these results are not furnished here.  

 

 
Fig. 6.25. (a) Nonlinear frequency response of the inclined FG pipe at its pre-

buckled state ( iT  350 K,    450) for a low material damping of FGM ( r 

0.00004 s, fV  5 m/s,    0.5) and (b) the corresponding global bifurcation 

diagram. 
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Fig. 6.26. (a) Nonlinear frequency response of the inclined FG pipe at its post-

buckled state ( iT   390 K,    250) for a low material damping of FGM ( r 

0.00004 s, fV  5 m/s,    0.5) and (b) the corresponding global bifurcation 

diagram. 

 

6.5.3.2.4. Effect of material damping of FGM  

The material damping of the FGM is presently considered through its metal 

constituent with the assumption of no material damping in the ceramic 

constituent. The corresponding coefficient of Kelvin-Voigt dissipation parameter 

or retardation time ( r ) for the metal constituent is considered as 0.0004 s 

(Bommakanti et al., 2016) in the evaluation of the aforesaid nonlinear dynamic 

responses of the FG pipe. However, for investigating the effect of the material 

damping of FGM on the dynamic behavior of the inclined FG pipe, the same 

parameter ( r ) is taken with a lower value as 0.00004 s, and the earlier results in 

Figs. 6.20(b) and 6.21(d) are reevaluated as presented in Figs. 6.25(a) and 6.26(a).  

For the pre-buckled state, it can be observed from Figs. 6.20(b) and 6.25(a) 

that the oscillation of the inclined FG pipe is amplified indicatively due to its (FG 

pipe) reduced material damping. Also, the oscillation of the FG pipe via parametric 

resonances appears in a wide range of frequency. More importantly, the hardening 

structural behavior of the FG pipe appears along with its softening behavior for 

both the principal primary and secondary parametric resonances (Fig. 6.25(a)). 

However, the frequency responses in Figs. 6.20(b) and 6.25(a) indicate a little 

more complex dynamic behavior of the inclined FG pipe in its pre-buckled state 

for a decrease of material damping of FGM. For a clarification of the corresponding 

bifurcation of motion of the inclined FG pipe, the global bifurcation diagram is 

illustrated in Fig. 6.25(b) for the frequency response in Fig. 6.25(a). It may be 
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observed from Fig. 6.25(b) that the bifurcation of periodic oscillation via principal 

primary parametric resonance occurs through period doubling/period 

demultiplying bifurcation while the bifurcation of similar motion via fundamental 

resonance occurs through saddle-node bifurcation similar to that for the response 

in Fig. 6.21(a). However, the higher order parametric resonance is also observed 

(Fig. 6.25(a)) for the low material damping. In the frequency region between points 

U and V, a period-4 attractor is also observed (Fig. 6.25(b)) along with the period-

1 attractor via the fundamental resonance. These observations indicate the 

material damping of FGM as an important factor not only to attenuate the 

oscillation but also to reduce the complex nonlinear dynamic behavior of the FG 

pipe.  

In the post-buckled state of the inclined FG pipe, the changes in its 

nonlinear dynamics for the aforesaid decrease in the material damping of FGM 

are clarified though the results in Figs. 6.21(d) and 6.26(a). As displayed in these 

results (Figs. 6.21(d) and 6.26(a)), the nonlinear dynamic response of the inclined 

FG pipe appears in a complex manner for a decrease in the material damping of 

FGM. This complex dynamic behavior of the inclined FG pipe arises mainly due 

to the extended response of the FG pipe over a wide range of frequency and also 

due to the appearance of the higher order parametric resonance (zoomed part in 

Fig. 6.26(a)). However, the corresponding global bifurcation diagram (Fig. 6.26(b)) 

reveals similar kinds of bifurcations of the periodic motion of the inclined FG pipe 

as that are observed for the response in Fig. 6.18(b). 

6.6. Summary 

In this chapter, the nonlinear dynamics of a pinned–pinned FG pipe conveying 

pulsatile hot fluid is investigated. The FG pipe is comprised of metal and ceramic 

constituents with the inner ceramic rich surface to withstand a high temperature 

of the internal hot fluid.  The equation of motion of the fluid conveying FG pipe is 

derived based on the Euler–Bernoulli beam theory and plug-flow model, and that 

is subsequently solved using Galerkin discretization in conjunction with the 

incremental harmonic balance/Runge–Kutta method.  

First, the static and dynamic characteristics of the fluid-conveying FG pipe 

are investigated for its vertical orientation. Here, the divergence characteristics 

revealed that the buckling of the FG pipe arises mainly because of the temperature 

of the internal fluid. The corresponding critical buckling temperature moderately 

varies with the graded exponent of FGM. With reference to the critical buckling 

temperature, the pre-buckled and post-buckled equilibrium states of the FG pipe 

are identified, and the nonlinear dynamics of the FG pipe is studied based on the 
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variations of some system parameters namely temperature, graded exponent of 

FGM, mean flow velocity, amplitude of pulsatile flow velocity and material 

damping. This study reveals the following observations. 

(a) In the pre-buckled state of the vertical FG pipe, it mainly undergoes principal 

primary parametric resonance while the corresponding instability region shifts 

towards low velocity–amplitude of pulsatile fluid flow for an increase in 

temperature of the internal fluid or a decrease in the graded exponent of FGM. 

The usual shape of the parametric instability region deviates for a temperature 

of the internal fluid near the critical buckling temperature mainly due to the 

appearance of additional higher-order parametric resonances.  

(b) In the post-buckled equilibrium state of the vertical FG pipe, it mainly 

undergoes principal primary and secondary parametric resonances. However, 

the principal primary parametric resonance may disappear at a high 

temperature of the internal fluid or for a low value of the graded exponent of 

FGM. If the temperature of the internal fluid decreases towards the critical 

buckling temperature, the snap-through periodic motion of the vertical FG 

pipe may also appear. For further decrease in temperature close to the critical 

buckling temperature, the chaotic motion of the FG pipe may arise through 

the cyclic-fold bifurcation, intermittent transition route, period-doubling 

bifurcation and subcritical bifurcation.  

 

Next, the static and dynamic characteristics of the same FG pipe are studied 

for its inclined orientation. The inclination of the FG pipe causes its static 

deflection due to the gravity load. This static deflection increases significantly for 

an increase in the temperature of the internal fluid or the graded exponent of 

FGM. However, the steady flow velocity of the internal fluid has negligibly small 

effect on the static deflection of the inclined FG pipe. The inclined FG pipe 

undergoes buckling at a higher temperature in comparison to that for the vertical 

FG pipe. Also, the type of bifurcation of the equilibrium state changes from 

pitchfork to saddle–node bifurcation as the vertical orientation of the pipe is 

altered to the inclined one. The further study on the dynamic characteristics of 

the inclined FG pipe conveying hot pulsatile fluid reveals the following 

observations. 

(a) In the pre-buckled state, the inclination causes the appearance of principal 

primary parametric resonance through the period doubling/period 

demultiplying bifurcation instead of the pitchfork bifurcation. Further, the 

principal secondary parametric resonance also appears while the 

corresponding amplitude of vibration of the FG pipe increases indicatively for 
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an increase in the temperature/graded exponent of FGM. The FG pipe exhibits 

either softening or hardening structural behavior during its vibration 

depending on the deflection of the FG pipe at the mean point of oscillation. 

The corresponding exchange of structural behavior occurs through the 

saddle–node/period doubling/period demultiplying bifurcation. The 

hardening structural behavior of the inclined FG pipe may disappear for an 

increase in temperature/graded exponent of FGM/ inclination angle.  

(b) In the post buckled state, the negative and positive post-buckled equilibrium 

states are identified according to the deflections of the FG pipe along and 

opposite to its initial deflection under the gravitational load. However, the 

saddle periodic orbit is observed instead of the saddle–node associated with 

the zero equilibrium position. This saddle periodic orbit shifts towards the 

positive post-buckled equilibrium state due to an increase in the inclination 

angle or a decrease in the temperature, and it results in unequal domains of 

attraction or asymmetric dynamic responses over the positive and negative 

post-buckled equilibrium states.  

(c) For an increase in the temperature of the internal fluid from the critical 

buckling temperature, the principal primary parametric resonance associated 

with the positive/negative post-buckled equilibrium state disappears. 

However, the higher order parametric resonances are also observed along with 

the principal parametric resonances for a low material damping of FGM.  

(d) At a very high temperature of the internal fluid, the dynamic responses of the 

inclined FG pipe at its post-buckled state become similar to that of the vertical 

FG pipe. More importantly, the chaotic motion of the vertical FG pipe near the 

critical buckling temperature disappears once the pipe is taken in inclined 

orientation.  

The overall analysis reveals that temperature of the internal pulsatile fluid 

is the primary concern for complex dynamic response of the FG pipe. However, 

the graded exponent of FGM and inclination angle may be utilized as the tuning 

parameters to alleviate the static/dynamic instabilities, as well as the associated 

complex dynamic responses, of the FG pipe. 
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Chapter  
7 

Conclusions and scope for future work 

 

7.1. Conclusions 

This dissertation deals with the nonlinear dynamics and active/passive control of 

parametrically excited beam-like slender structures. The overall study is 

presented in the preceding six chapters. The first chapter mainly presents a 

literature review on the (a) nonlinear dynamic characteristics, (b) active/passive 

control and (c) mathematical modeling of beam-like slender structures under the 

parametric excitation. A great deal of research towards the exploration of 

nonlinear dynamic characteristics of parametrically excited slender structures is 

observed in the open literature. Also, various mathematical modelling approaches 

are proposed, where most of the theoretical studies are carried out in the Galerkin 

or FE framework. However, the FE procedure provides the advantage of handling 

complex geometry and material configuration in a slender structure. But this 

numerical method of analysis involves a good computational time so that the 

analysis of nonlinear dynamics of slender structures using reduced-order FE 

formulation has been focused in the recent literature.  

Besides the analysis of nonlinear dynamic characteristics, a good amount of 

research on the concern of controlling dynamic instabilities and the associated 

complex motion of parametrically excited slender structures is reported utilizing 

piezoelectric actuators, viscoelastic damping materials and FGMs. However, the 

research on the utilization of piezoelectric actuators is limited to extensional mode 

piezoelectric actuators, where also these actuators are applied to control the 

dynamic instability in the pre-buckled state of slender structures. In parallel, the 

utilization of the viscoelastic material is addressed through the CLD treatment; 

however, the corresponding available studies are limited to the passive control of 

parametric instability in the pre-buckled state of slender beams. Further, the 

application of FGMs is reported for improved static/dynamic stability of 

parametrically excited slender beams and fluid conveying pipes, especially under 

the thermal environment, where the corresponding available studies are limited 

to (a) the parametric instability in the pre-buckled state of slender beams and (b) 

the static stability and dynamics of fluid conveying pipes under the direct 

excitation.   
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On the basis of these observations from the literature survey, further 

research in this dissertation is carried out on the (a) usefulness of shear mode 

piezoelectric actuators in comparison to the extensional mode actuators for active 

control of parametrically excited beam-like slender structures, (b) utility of CLD 

treatment for attenuation of complex nonlinear dynamics of parametrically 

excited slender beams in the post-buckled state, (c) reduced-order FE modelling 

of CLD treated slender beams under direct/parametric excitation and (d) effect of 

graded properties of a vertical/inclined FG pipe on its nonlinear dynamic 

characteristics while the pipe conveys hot fluid with steady/pulsatile flow velocity. 

These studies are presented in the subsequent five chapters and summarized here 

in the following paragraphs.  

First, the usefulness of piezoelectric actuators in active control of dynamic 

instabilities and the associated complex motion of parametrically excited beams 

is investigated. Both kinds of piezoelectric actuators, namely shear and 

extensional mode actuators, are used separately by configuring two different 

smart beams under the direct/parametric excitation. The first smart beam is 

configured by attaching the extensional mode piezoelectric actuators to the top 

and bottom surfaces of the host beam. However, the second smart beam is 

configured as a sandwich beam with a foam core, where shear mode piezoelectric 

actuator patches are embedded in the core. These smart beams are configured 

following the working principle of the actuators in control of bending deformation 

of a beam element, since the instability and the associated motion of the 

parametrically excited smart beams appear through their bending mode of 

deformation. The volumes of the actuator patches and the substrate material are 

kept constant for both kinds of smart beams. Also, both kinds of piezoelectric 

patches are activated in uniform manner according to the velocity feedback 

control strategy, especially for making a comparison study on their actuation 

capabilities in controlling the smart beams under the direct/parametric 

excitation. The dynamics of the smart beams is studied by deriving closed-loop 

FE models in the time and frequency domains, where the HBM is employed to 

convert the FE equations of motion from time to frequency domain. The numerical 

results reveal the following salient observations.  

(i) For a smart slender beam under the forced excitation, the resonant 

displacement-amplitude can be reduced to the desired range by increasing 

the control gain, while there is no significant change in the corresponding 

externally applied electric field to the actuators. However, the externally 

applied electric field significantly increases with the increasing load-

amplitude of the forced excitation. In this concern, the extensional mode 
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actuators are capable of working up to a large extent of the load-amplitude 

in comparison to that for the shear mode actuators. 

(ii) The parametric instability of the smart beams is not only confined to the 

corresponding instability region but also dependent on the external 

disturbance that ensues transverse deflection of the beams. However, once 

the dynamic instability of a smart beam arises for any of the reasons, the 

shear mode actuator needs significantly more applied electric field for the 

attenuation of the corresponding oscillation than that for the extensional 

mode actuator. 

(iii) In the post-buckled state of the smart beams, the complex motion of the 

beams appears through two local periodic attractors, snap-through periodic 

motion and the chaotic motion. However, with the increase in the control gain, 

first, the global snap-through motion diminishes, and then the chaotic motion 

reduces to simple period-1 response corresponding to the buckled 

equilibrium states. But the corresponding requirement of the external electric 

field for the shear mode actuator is significantly more than that for the 

extensional mode actuator. This difference further increases with the increase 

in the load parameters. 

These observations suggest extensional mode piezoelectric actuator instead 

of shear mode actuator for controlling complex dynamics of smart beams under 

direct/parametric excitation. However, the next study is carried out to investigate 

the usefulness of the CLD treatment in passive control of complex dynamics of a 

parametrically excited beam. A geometrically nonlinear FE model of the CLD 

treated beam in the frequency domain is derived using HBM, and the dynamic 

analysis is performed mainly by evaluating nonlinear frequency responses. 

However, an FE model of the same beam in the time domain is also derived to 

construct global bifurcation diagram within a range of excitation frequency, 

especially to trace various dynamic instabilities/bifurcations.     

The HBM-based FE model of the CLD treated beam is formulated by 

implementing HBM prior to the FE discretization, since the viscoelastic 

constitutive relations involve temporal derivative/integral of stress/strain. 

Accordingly, the FE formulation starts with the implementation of HBM over the 

constitutive relations. However, presently this reduction of viscoelastic 

constitutive relations using HBM is presented for different constitutive models, 

namely Kelvin-Voigt model, Zener model, fractional Zener model, Maxwell model, 

generalized Maxwell model and Hereditary integral approach. All these 

constitutive models are reduced to a generalized mathematical form for the time-

TH-2877_166103022



221 
 

periodic stress/strain so that there is no need of separate HBM-based FE 

formulation of a viscoelastic structure when the mathematical form changes from 

one to another viscoelastic constitutive relation.      

However, the HBM-based reduced form of viscoelastic constitutive relations 

pose the complexity in the subsequent FE formulation, especially for deriving a 

large expression of the HBM-based expanded form of geometrically nonlinear 

stiffness matrix with an arbitrary number of harmonic terms. This derivation is 

presently tackled by introducing a special factorization of nonlinear strain-

displacement matrix in terms of a linear strain-displacement matrix and a nodal 

displacement matrix. However, in the corresponding long expression of the 

nonlinear stiffness matrix, every stiffness term is composed of a linear stiffness 

coefficient matrix associated with the product of sine and cosine functions. 

According to the HBM, these stiffness terms are commonly integrated over a time 

period using a numerical time-integration method. But it involves high 

computational time mainly because of a large number of stiffness terms as well 

as a large number of nodal degrees of freedom in the FE model. So, presently the 

orthogonally of Fourier basis functions is exploited to perform analytical time-

integration towards a reduced computational time. This analytical time-

integration strategy also provides an additional advantage of reducing the number 

of stiffness terms in the HBM-based expanded form of the nonlinear stiffness 

matrix. However, besides these new strategies in the formulation of HBM-based 

FE model of CLD treated beams, the numerical results reveal the following 

observations.  

(i) The computational time in the evaluation of nonlinear frequency responses 

reduces significantly when the present analytical time-integration strategy is 

used instead of a conventional numerical time-integration method.  

(ii) The accuracy in the estimation of nonlinear frequency responses of CLD 

treated beams varies from one viscoelastic constitutive model to another. In 

this concern, the present study recommends fractional Zener model, 

generalized Maxwell model and Hereditary integral approach. 

(iii) The formulation of the tangent stiffness matrix may be simplified by avoiding 

its viscoelastic counterpart. This simplification poses somewhat inaccuracy 

in the computation of the tangent stiffness matrix; however, it is observed 

that there is no difficulty in the convergence of nonlinear solution through 

Newton-Raphson iterations for the present problem of a CLD treated beam. 

Additionally, this simplified formulation of the tangent stiffness matrix 

provides the advantage of reduced computational time in the evaluation of 

nonlinear frequency responses of CLD treated beams.       
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However, for further reduction of the computational time in the evaluation 

of nonlinear dynamic responses of CLD treated beams, the aforesaid full-order FE 

model is reduced to a reduced-order FE model (ROM). For deriving this ROM, the 

reduced basis vectors (RBVs) may be computed using either of MSE, MSEC, MM, 

ICES, RKT and FSRK approaches. But these approaches are originally proposed 

for linear dynamic analysis of viscoelastic structures. So, RBVs computed through 

these approaches may not provide sufficient accuracy in the nonlinear ROM of a 

viscoelastic structure. Therefore, for the present nonlinear ROM of CLD treated 

beams, RBVs obtained through the aforesaid approaches are enriched using static 

derivatives (SDs). Here, SDs may not be orthogonal to RBVs so that the proper 

orthogonal decomposition (POD) method is applied over the union of RBVs and 

SDs. The resulting proper orthogonal modes (POMs) are utilized as the enriched 

RBVs for the derivation of nonlinear ROM of CLD treated beams. However, the 

ROM can be formulated following the conventional approaches where the 

reduced-order system matrices/vectors are derived from the similar 

matrices/vectors obtained from the full-order FE model. But, in this process, the 

reduction of the computational time cannot be achieved appreciably due to the 

involvement of full-order FE model. So, presently a formulation of the nonlinear 

ROM in the elemental level is introduced without involving the full-order system 

matrices/vectors. 

The nonlinear ROM of the CLD treated beams is derived in both the time 

and frequency domains based on the fractional Zener constitutive model, where 

the complexity mainly arises in the derivation of the reduced-order nonlinear 

system matrices and vectors, namely nonlinear stiffness matrix, tangent stiffness 

matrix and memory load-vector. The formulation of the reduced-order nonlinear 

stiffness and tangent stiffness matrices in the elemental level is performed by 

using the aforesaid factorization of nonlinear strain-displacement matrix. 

However, the reduced-order nonlinear memory-load vector is formulated in the 

elemental level by introducing two new anelastic forces. The accuracy of these 

nonlinear ROMs of CLD treated beams is verified with reference to the full-order 

FE model. It is observed that the required number of enriched RBVs towards the 

sufficient accuracy in the numerical results varies from one to another approach 

(MSE, MSEC, MM, ICES, RKT and FSRK), where the present enrichment of RBVs 

through ICES approach provides most accurate result with less number of 

enriched RBVs as compared to the other approaches. It is also observed that the 

present enriched RBVs and ROMs are capable of estimating very complex 

nonlinear frequency responses and dynamic bifurcations of CLD treated beams 

under the parametric excitation. Also, the computational time in the evaluation 
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of these complex dynamic responses reduces significantly for the formulation of 

the ROMs in the elemental level.  

However, in the subsequent step, these ROMs are utilized to investigate the 

usefulness of the CLD treatment in passive control of complex dynamics of 

parametrically excited post-buckled beams. This investigation is carried out by 

configuring the CLD treatment in three different layered beams. The first one is 

the PCLD configuration, where a thin elastic layer constrains a viscoelastic 

damping layer against the top surface of the host beam. The second one is a three-

layered sandwich beam with the viscoelastic core, and the third one is a multi-

layered beam with two identical constrained viscoelastic layers. All the layered 

beams are considered to operate under an axial compressive harmonic load 

applied through the fixed support ends of the beams. The volumes of viscoelastic 

layers and substrate/elastic layers do not vary from one to another layered beam. 

Also, the applied load is kept constant for all the layered beams, and the damping 

effectiveness of each of the CLD configurations is studied in attenuation of the 

complex dynamics of the layered beams, mainly in their post-buckled equilibrium 

state. The corresponding numerical results reveal the following observations.   
 

(i) The PCLD treated beam possess greater stability under the static axial 

compressive load as compared to other two configurations of layered beams. 

So, the PCLD configuration may be preferred for a CLD treated beam under 

the parametric excitation. But, it is observed that the amplitude of vibration 

of the PCLD treated beam corresponding to its dynamic instability in the pre-

buckled state is significantly more than that of the buckled three/five-layered 

beam. Therefore, the three/five layered configuration may be used for better 

control of dynamics of a CLD treated beam provided that the possible buckled 

deflection of the beam is to be accommodated in an application.  

(ii) In the post-buckled state, the viscoelastic layered beams undergo very 

complex motion involving various dynamic instabilities and chaotic 

oscillations. Also, these layered beams undergo the large-amplitude vibration 

through the snap-through periodic oscillation with respect to the zero 

equilibrium state. The CLD treatment is capable of attenuating this complex 

dynamics as well as large-amplitude vibration through three-layered or five-

layered configuration. However, the PCLD configuration is not a suitable one 

for controlling this complex dynamics.  

Further study is carried out for investigating the nonlinear dynamics of a 

pinned-pinned vertical/inclined FG pipe conveying hot fluid with steady/pulsatile 

flow velocity. The FG pipe is comprised of metal and ceramic constituents with 
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the inner ceramic rich surface to withstand the high temperature of internal hot 

fluid. The slender FG pipe is modeled using Euler-Bernoulli beam theory while 

the fluid flow is modeled by the assumption of plug-flow. The governing equation 

of motion is derived employing Hamilton’s principle, and subsequently it is solved 

through the Galerkin discretization, where the HBM and adaptive Runge-Kutta 

method are employed for evaluation of the numerical results in the frequency and 

time domains, respectively.  

First, the effects of the gravitational load and the temperature of the internal 

fluid on the static deflection of the FG pipe are investigated for its (pipe) different 

inclination angles with the vertical axis, where the internal mass of fluid is 

considered with or without steady flow velocity. It is observed that the inclined FG 

pipe undergoes a very small static deflection (transverse to its length) due to the 

gravitational load whereas a vertical FG pipe does not have such an initial 

deflection. Because of this initial small deflection, thermally induced deformation 

characteristics of the inclined FG pipe differ indicatively from that of the vertical 

FG pipe like (i) the inclined FG pipe has an indicative thermal deflection at its pre-

buckled state whereas a vertical FG pipe does not undergo similar thermal 

deflection, (ii) the buckling of the inclined FG pipe appears through the saddle-

node bifurcation whereas the vertical FG pipe undergoes buckling through the 

pitchfork bifurcation, (iii) the critical buckling temperature of the FG pipe 

increases indicatively as its vertical orientation changes to inclined one.  

Next, the dynamics of the vertical or inclined FG pipe conveying hot fluid 

with pulsatile flow velocity is studied, where the temperature of the fluid is 

increased gradually for investigating the characteristics of motion of the FG pipe 

corresponding to its pre-buckled and post-buckled equilibrium states. In the pre-

buckled state, the vertical FG pipe undergoes principal primary parametric 

resonance through the pitchfork bifurcation. However, similar resonance in case 

of the inclined FG pipe evolves through the period doubling bifurcation. The 

inclination of the FG pipe from the vertical axis may cause the appearance of the 

principal secondary parametric resonance in the pre-buckled state. As the 

inclined FG pipe undergoes an indicative thermo-elastic deflection at its pre-

buckled state, it mainly behaves as a softening structure. However, a significant 

change in the mean point of oscillation of the inclined FG pipe is observed during 

its motion via resonances, and it causes the appearance of hardening structural 

behavior of the inclined FG pipe at some frequency range. The exchange between 

the hardening and softening behavior of the inclined FG pipe occurs through 

saddle-node/period doubling/period demultiplying bifurcation. A higher value of 

the graded exponent of FGM may cause the disappearance of the hardening 
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behavior of the FG pipe but it may retain for a higher mean flow velocity or 

amplitude of pulsating fluid flow. 

In the post-buckled state of the vertical/inclined FG pipe, its motion appears 

with respect to one of the stable post-buckled equilibrium states via the principal 

primary and secondary parametric resonances, where the stable periodic 

oscillation of the pipe evolves through the period demultiplying/period 

doubling/saddle-node bifurcation. Additionally, a stable global periodic 

oscillation of the FG pipe encircling the post-buckled equilibrium positions (snap-

through oscillations) may also appear at the post-buckled state near to the onset 

of the static instability (buckling). Also, the chaotic motion involving snap-through 

motion may arise for vertical FG pipe depending on the temperature, pulsatile 

flow parameters and graded exponent of FGM. Further complexity in the 

oscillatory motion of the FG pipe via parametric resonances may arise due to the 

appearance of higher order parametric resonances under the low material 

damping of FGM. It is observed that the inclination of the FG pipe induces the 

saddle periodic orbit instead of the saddle node. This saddle periodic orbit shifts 

towards the one of the stable post-buckled equilibrium states due to the 

inclination of the FG pipe and temperature, and it results unequal domains of 

attraction, as well as natural frequencies, over the two stable post-buckled 

equilibrium positions. This effect of inclination of the FG pipe disappears at a very 

high temperature and/or at a high value of the graded exponent of FGM so that 

the dynamic behavior of the inclined FG at its post-buckled state becomes as 

similar to that of the vertical FG pipe.  

These observations indicate that the temperature of the internal pulsatile 

fluid is the main concern for the complex dynamics of the FG pipe, where the 

graded exponent of FGM and inclination angle may be utilized as the tuning 

parameters to alleviate static/dynamic instabilities and the associated complex 

motion of the FG pipe. 

7.2 Scope of future work 
 

Although the preceding chapters of this thesis fulfil the objectives of the present 

dissertation, some of the future work which may be readily undertaken in line 

with the present work are as follows. 

1. Design of viscoelastic damping treatment for passive control of nonlinear 

dynamics of fluid conveying pipes.  

2. Usefullness of FGM for heat exchanger tubes.  
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3. FGMs for marine riser in the presence of vortex induced vibration and 

internal flow.  

4. Hybrid damping treatments for control of complex dynamics of slender 

structures in the post-buckled state.  

5. Development of reduced-order FE models in conjuction with corotational 

formulation. 
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