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Abstract

This dissertation deals with the nonlinear dynamics and active/passive control of parametrically excited
beam-like slender structures using piezoelectric actuators, viscoelastic damping materials and
functionally graded materials (FGMS). First, the dynamics of smart slender beams is studied where the
main focus is to investigate the usefulness of shear mode and extensional mode piezoelectric actuators
in active control of complex nonlinear dynamics of the smart beams. Two smart beams are considered
for separate use of the two different kinds of piezoelectric actuators; however, these beams are
considered to operate under the transverse or axial compressive harmonic load while the actuators are
activated by supplying the external electric field according to the velocity feedback control law. The
dynamics of the smart beams is analysed by deriving the geometrically nonlinear electro-elastic
incremental equations of motion in the finite element (FE) framework. The FE equations of motion are
solved using Bathe time-integration method for evaluation of the transient responses, while the
frequency responses are evaluated by implementing the harmonic balance method (HBM) in
conjunction with a numerical continuation technique. The results for the transverse harmonic load
reveal that both the actuators are capable of attenuating the large amplitude vibration of the smart
beams; however, the application of the shear/extensional mode actuator is mainly limited to a certain
extent of the load-amplitude. Under the axial compressive harmonic load, the dynamics of the smart
beams in the pre-buckled state appears through the parametric instabilities. However, once the buckling
occurs, the smart beams exhibit complex nonlinear dynamics due to the appearance of the snap-through
periodic motion and the chaotic motion through the symmetry breaking, period-doubling/demultiplying
and saddle-node bifurcations. The presented results mainly reveal the suitability of the shear mode and
extensional mode piezoelectric actuators in active control of such dynamic instabilities and the
associated complex motion of the smart beams.

The subsequent study is carried out to investigate the usefulness of viscoelastic damping
materials in passive control of complex dynamics of parametrically excited beams. The viscoelastic
damping materials are used through the constrained-layer damping (CLD) arrangement and modelled
using fractional Zener constitutive relation. The corresponding dynamic analysis is carried out by
deriving full-order nonlinear FE models (FOMs) of CLD treated beams in the time and frequency
domains, where the HBM is employed for the derivation of frequency-domain FOM. However, to
achieve reduced computational time in evaluating nonlinear transient/frequency responses, the
nonlinear FOMs are subsequently reduced to reduced-order FE models (ROMs).

The nonlinear FOM in the time-domain is derived following the conventional formulation
methodologies. However, the derivation of the nonlinear FOM in the frequency domain using HBM
involves a tedious formulation mainly because of (a) an arbitrary number of harmonic terms in HBM
and (b) the involvement of temporal derivative of stress/strain in the viscoelastic constitutive relation.
Presently, this formulation of the HBM-based FOM is eased somewhat by introducing three new
strategies, namely (a) a special factorization of the nonlinear strain-displacement matrix, (b)
exploitation of orthogonality of Fourier basis functions and (c) reduction of various viscoelastic
constitutive relations into a generalized mathematical form for the time-periodic stress/strain. The
subsequent formulation of nonlinear ROMs is carried out at the elemental level without involving the
full-order system matrices/vectors, where the primary contribution lies in the formulation of the
nonlinear memory-load vector. It is observed that the present formulation of nonlinear ROMs at the
elemental level yields a significant reduction of the computational time in the evaluation of nonlinear
responses of CLD treated beams. Besides the reduced computational time, the accuracy of the nonlinear
ROMs is achieved by proposing a new methodology for computation of appropriate reduced basis
vectors (RBVs) using normal vibration modes (NMs), static modal derivatives (MDs) and proper
orthogonal decomposition (POD) method. It is observed that the present RBVs are robust ones in
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providing sufficient accuracy of the nonlinear ROMs, especially for accurate theoretical estimation of
complex motion and dynamic bifurcations of CLD treated beams under the parametric excitation.

Using these ROMs, the usefulness of CLD treatment in passive control of complex nonlinear
dynamics of parametrically excited beams is investigated, where the CLD treatment is configured in
three different viscoelastic layered beams, namely (a) PCLD treated beam, (b) three-layered viscoelastic
beam and (c) five-layered viscoelastic beam. The corresponding dynamic analysis reveals very complex
motion of these viscoelastic layered beams involving various dynamic instabilities and chaotic
oscillations. Besides, these beams also undergo the large-amplitude vibration through the snap-through
periodic oscillation with respect to the zero equilibrium state. The CLD treatment is capable of
attenuating this complex dynamics as well as large-amplitude vibration through the three/five-layered
configuration. However, the PCLD configuration is not a suitable one for controlling this complex
dynamics although it possesses greater static stability in comparison to the other two layered beams.

Finally, an FGM is taken as the material of a beam-like slender structure, where the main focus
is to investigate the influence of graded material properties of the slender FGM structure on its nonlinear
dynamic characteristics under the parametric excitation. This study is performed considering a pinned-
pinned vertical/inclined FG pipe conveying hot fluid with the steady/pulsatile flow velocity. The FG
pipe is comprised of metal and ceramic constituents with the inner ceramic rich surface to withstand
the high temperature of internal hot fluid. The equation of motion of the FG pipe is derived based on
the Euler-Bernoulli beam theory and plug-flow model, and that is subsequently solved using Galerkin
discretization in conjunction with the HBM/Runge-Kutta method. First, the divergence of the FG pipe
is investigated where it is mainly revealed that the inclination of the pipe with the vertical axis yields
buckling at a higher temperature while the type of the associated bifurcation changes from pitchfork to
saddle-node bifurcation. On the basis of this static instability, the pre-buckled and post-buckled
equilibrium states of the FG pipe are identified, and its nonlinear dynamics associated with each of
these equilibrium states is subsequently studied based on the variations of some system parameters,
namely inclination angle, temperature, graded exponent of FG material, mean flow velocity, amplitude
of pulsatile flow velocity and material damping. The corresponding results reveal some notable
nonlinear dynamic characteristics of the vertical/inclined FG pipe like the appearance of both the
principal primary and secondary parametric resonances in the pre-buckled state, exchange between
softening and hardening structural behavior through period doubling/period demultiplying/fold
bifurcation, movement of saddle periodic orbit with temperature leading to the unequal domains of
attraction over the post-buckled equilibrium states and appearance of higher order parametric
resonances at low material damping. However, the graded exponent of FGM and inclination angle may
be utilized as the tuning parameters to alleviate static/dynamic instabilities and the associated complex
motion of the FG pipe.
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Nonlinear frequency responses of the PCLD treated beam
under the parametric excitation (p3= 250 N, A= 0.1) for two
different values of thickness (h,) of the constrained
viscoelastic layer.

(@), (c) Nonlinear frequency response and (b), (d) global
bifurcation diagram of the three-layered beam under the
parametric excitation (pg= 250 N, A= 0.1) for two different

values of thickness (h,) of the constrained viscoelastic layer.

Nonlinear frequency response of the five-layered beam under
the parametric excitation ( p; = 250 N, 1= 0.1) for two different
values of total thickness (h,) of the constrained viscoelastic
layers.

Schematic diagram of an inclined pinned-pinned FG pipe
conveying hot fluid.

Fig. 6.2. (a) Comparison of the static profile of an inclined
isotropic pipe with that for an identical pipe in Ref: (Alfosail et
al., 2017b), (b) comparison of nonlinear dynamic response of
vertical isotropic pipe conveying pulsatile fluid with the similar
response of an identical pipe in Ref: (Jin and Song, 2005). (RK:
Runge-Kutta)

Variation of the constant flow velocity (V;, 4=0) with
temperature (T;) corresponding to the onset of buckling of the
FG pipe.

Regions of parametric instability corresponding to the
principal primary parametric resonance at the pre-buckled
state of the FG pipe (Vi =5 m/s), (a)-(d) for different

temperatures (T; (K), N=5) and (e)-(f) for different values of the
graded exponent (N, T, = 335 K).
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Nonlinear frequency responses of the FG pipe at its post-
buckled state, (a), (b), (d) for different temperatures (T;) (n=5),

and (c), (d), (e) for different values of the graded exponent (n) (
T, =380 K).

Fig. 6.6. Nonlinear frequency responses of the FG pipe at its
post-buckled state (n=5, T;=360 K); (a) Vi =2m/s or 5 m/s,
A4=0.5; (b) Vi =2m/sor 5m/s, 1=0.1.

Fig. 6.7. Frequency responses of the FG pipe corresponding to

the principal primary parametric resonance when the FG pipe
is in its pre-buckled state; (a) for different temperatures (T, (K),

n=>35), (b) for different values of the graded exponent (n, T, =
335K) (V¢ =5m/s, 1=0.5).

Nonlinear frequency responses of the FG pipe for different
temperatures near the critical buckling temperature (Nn=35,

Vi =5 m/s, 1=0.5); (a) T;=337.2 K, (b) ;=337.6 K, (c) T, =
339K, (d) T, =350 K.

Nonlinear frequency response of the FG pipe at its post-
buckled state (V; =5 m/s, 4=0.5, T, =350 K, n=8).

Nonlinear frequency responses of the FG pipe (n=5, T, =339
K) for different values of the mean flow velocity (V;) and
pulsation velocity-amplitude (A4); (a) Vi =4 m/s, 1=0.5, (b)
Vi =5m/s, 1=0.3.

Global bifurcation diagrams with respect to the frequency (Q)
of the pulsating flow velocity of the internal hot fluid (n=35,

Vi =5 m/s, 1=0.5); (a), (b) for critical zone AB in Fig. 6.8(b) (
T, =337.6 K); (c), (d) for critical zones AB and CD in Fig. 6.8(c)
(T; =339 K).

Responses of the veritcal FG pipe at different frequencies (nN=
5, Vs =5 m/s, 1=0.5, T, =337.6 K); transient responses at (a)
0Q=0.3402, (b) Q=0.3403; phase plots at (c) €2=0.3403, (e)
Q=0.64, (f) 2=0.66, (g) Q2=0.66, (h) 2=0.85, (i) 2=0.9, (j)
Q=0.9; Poincare map at (d) Q=0.3403.

Responses of the vertical FG pipe at different frequencies (n=
5, Vi =5 m/s, 1=0.5, T; =339 K); phase plots at (a) Q=2, (b)

Q=4.77, (d) Q=4.785, () Q=4.79, (f) Q2=4.8; Poincare map
at () Q=4.77; amplitude-frequency spectrums at (g Q=
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4.785, (h) Q=4.79, (i) Q=4.8.

Global bifurcation diagrams with respect to the pulsation
velocity-amplitude (n=5,V; =5 m/s, Q=1.23) at different
temperatures, (a) T; =337.6 K, (b) T,=337.8 K, (c) T; =338 K,
(d) T, =338.2 K.

Responses of the FG pipe (n=5,V; =5 m/s, Q=1.23) at
different pulsation velocity-amplitudes; time response plots at
(@) 1=0.2025 (T; =337.6 K), (b) 1=0.203 (T; =337.6 K), phase
plots at (c) 4=0.203 (T; =337.6 K), (d) 4=0.35 (T; =337.8 K),
(e) 1=0.38 (T;=337.8 K), (ff 1=0.38 (T; =337.8 K), (g 1=0.4 (
T,=337.8 K), (h) 1=0.402 (T; =337.8 K), (i 4=0.403 (T;=
337.8 K), amplitude-frequency spectrums at (j) 41=0.4 (T;=
337.8 K), (k) 4=0.402 (T; =337.8 K), () 41=0.403 (T;=337.8
K).

(a) Variation of static profile of FG pipe (Nn=4) having the
internal mass of fluid (Vi =0) for different values of the

inclination angle, (b) variation of maximum transverse
deflection (7,,) of the inclined FG pipe ( y =459 with the steady

flow velocity (V;) of internal fluid for different values of the

graded exponent (N) of FGM (T, =T, =300 K).

Variation of the maximum transverse deflection (7,) of the
inclined FG pipe with the temperature (T;) of the internal fluid
(Vi =5m/s).

Nonlinear frequency responses of the vertical FG pipe ( y =0) at
its (a) pre-buckled state (T; =335 K) and (b)-(c) post-buckled
state (T; =350 K, 385 K), (d) global bifurcation diagram with

respect to pulsation frequency at the neighborhood of
bifurcation points A and A’ in Fig. 18b (n=4, V; =5 m/s and

2=0.5).

Nonlinear frequency responses of the inclined FG pipe (n=4,
A= 0.5, V; =5 m/s, y=259 in the pre-buckled state for

different temperatures; (a) T, =300 K, (b) T; =335 K.

Nonlinear frequency responses of the inclined FG pipe (n=4,
A= 0.5, V{ =5 m/s) for (a) y=159 T;=350 K and (b) y=45°,

T; =350 K; (c) basin of attraction at a frequency of 2=9
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corresponding to the frequency response in the case (a).

Nonlinear frequency responses of the inclined FG pipe (n=4,
A= 0.5, V; =5 m/s, y= 259 for different temperatures; (a)

T,= 344K, (b) T, = 355K, (c) ;= 385 Kand (d) T; = 390 K.

Basin of attraction at a frequency of 2=7.5 (n=4, 1=0.5,
Vi =5 m/s, y=259 for two different temperatures; (a) T; = 355
K and (b) T;=385 K (green closed curves are limit cycle

attractors and red closed curve is saddle periodic orbit).

Nonlinear frequency responses of the inclined FG pipe (V; =5
m/s, A= 0.5, y= 259 for (a) T, = 344 K, n=8 and (b) T, = 355
K, n=2.

Nonlinear frequency responses of the inclined FG pipe (n=4,
2=0.5, y=259 conveying pulsatile fluid with the flow velocity
(V¢) of 3 m/s at two different temperatures; (a) T = 344 K and
(b) T, = 355 K.

(a) Nonlinear frequency response of the inclined FG pipe at its
pre-buckled state (T;=350 K, y= 459 for a low material
damping of FGM (I, =0.00004 s, V; =5 m/s, 1= 0.5) and (b)
the corresponding global bifurcation diagram.

(a) Nonlinear frequency response of the inclined FG pipe at its
post-buckled state (T;= 390 K, y= 259 for a low material
damping of FGM (I, =0.00004 s, V; =5 m/s, 1= 0.5) and (b)

the corresponding global bifurcation diagram.
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Chapter
1

Introduction

Beam-like structural elements are essential components of various engineering
systems, which appear in different forms like drill strings in deep hole drilling
(Dunayevsky et al., 1993; Gupta and Wahi, 2018), vibrating screens in vibratory
machines (Zahedi and Babitsky, 2016), drills in high-speed drilling and milling
machines (Huang and Kuang, 2007a), work piece in lathe operations (Huang and
Yang, 2009), turbine blades (Sinha, 2005), robotic manipulator arms, power
transmission belts, marine risers, fluid conveying pipes (Marynowski and
Kapitaniak, 2014), etc. In common practice, these slender structural elements
operate under the transverse and axial harmonic forces that are customarily
known as direct and parametric harmonic excitations, respectively (Abou-Rayan
et al., 1993; Ewins and Inman, 2001). The direct harmonic excitation acting in
the transverse direction causes periodic oscillation of a beam element through
forced resonance (Ewins and Inman, 2001). In the other type of load, i.e.
parametric harmonic excitation along the axial direction, a beam element
undergoes periodic or quasi-periodic oscillation through parametric
resonance/instability (Bolotin, 1964). However, the parametric
resonance/instability is more critical than the forced resonance (Jia and Seshia,
2014; Zahedi and Babitsky, 2016) since the vibration amplitude grows
exponentially with time under the parametric resonance. Moreover, a
parametrically excited beam element may undergo complex dynamics once its
buckling occurs due to the static counterpart of the parametric load (Abou-Rayan
et al.,, 1993; El-Bassiouny, 2006; Emam and Abdalla, 2015). This complex
dynamics of post-buckled beams appears with various dynamic instabilities and
the associated complex motion, where chaotic oscillation may also arise
depending on the amplitude/frequency of the parametric excitation (Abou-Rayan
et al., 1993; El-Bassiouny, 2006; Emam and Abdalla, 2015).

However, this complex motion of a parametrically excited slender structure
usually leads to improper functionality in an engineering system and even
fracture/fatigue failure. Therefore, a great deal of research has been reported in
the literature for active/passive control of parametrically excited beam-like
slender structures using different kinds of active materials, viscoelastic damping

materials and functionally graded materials (FGMs) (Chen et al., 2002; Dwivedy
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et al., 2007; Hosseini and Fazelzadeh, 2011; Lacarbonara et al., 2007; Li and Liu,
2012; Lv et al., 2018; Mohanty et al., 2011; Pradhan et al., 2016; Ray and Kar,
1996a; Sheng and Wang, 2018, 2019; Yao et al., 2015). However, the utilization
of these materials in controlling or stabilizing a parametrically excited slender
structure poses its complex geometrical and material configuration, which is
commonly handled using the finite element (FE) procedure for theoretical study
(Balamurugan and Narayanan, 2002; Kumar and Panda, 2016; Trindade, 2007;
Trindade et al., 2001). Here, the nonlinear dynamical analysis using FE models
usually involves high computational time, especially for evaluating nonlinear
frequency responses and global bifurcation diagrams. In this aspect, reduced-
order FE models (ROMs) are recommended in a good number of available studies
(Hollkamp et al., 2005; Mignolet et al., 2013; Touze et al., 2021).

In this introductory chapter, a brief introduction is first presented on the
mechanical resonances and the associated nonlinear dynamics of slender
structures operating under the direct/parametric excitation. Next, a literature
review is presented on the nonlinear dynamics/instability of parametrically
excited slender structures. Subsequently, a brief introduction on viscoelastic,
piezoelectric and FGMs is furnished along with the available studies on their use
in control of vibration/dynamic instability of parametrically excited slender
structures. In the next section, a literature review on the FE models for the
nonlinear dynamic analysis of slender structures is presented, where the
development of ROMs is mainly focused. Based on this literature review, the scope
of the present research has been identified, and the objectives of the present thesis
are furnished. The contributions in the field of nonlinear dynamics and control of
slender structures made towards the preparation of this dissertation are

delineated thereafter. In the end, the organization of the thesis is outlined.

1.1. Mechanical resonances in slender structures

Mechanical resonance is a phenomenon where the maximum amount of work
done by the external harmonic excitation is transferred to the system resulting in
its large amplitude vibration. As mentioned above, the applied dynamic forces on
a slender structure are commonly classified as direct and parametric excitations
(Abou-Rayan et al., 1993). A direct harmonic excitation usually appears in the
form of additive force within the governing equation of motion. A classical example
of a governing equation of motion of a nonlinear system under direct harmonic

excitation is given in Eq. (1.1a), known as the nonlinear Duffing equation.

X+ 28 X+ X + X2 + x> = f cos(42) (1.1a)
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X = Cy COS(€2t) + Cy sin(«2.t) +(  /(242,))tsin(«2,t) (1.1b)
In Eq. (1.1a), X is the displacement of mass of the system; & and (2, are the
damping ratio and natural frequency of the system, respectively; a, and a5 are
the quadratic and cubic nonlinear coefficients, respectively; f is the amplitude

of harmonic excitation per unit mass, which appears as an additive force. Since
it is an additive force, the oscillatory motion of the mass occurs at any frequency
of excitation. However, the mechanical resonance of a linear undamped system
appears when the frequency of excitation (£2) is equal to the natural frequency (
0,) of the system, and it is known as direct/forced resonance. It results in the
linear growth of amplitude of vibration with time, which can be observed through
the response of the undamped linear system (a,=a3=£=0, Eq. (1.1a)) at the
resonant condition, as given in Eq. (1.1b) where ¢, and ¢, are the constants in
terms of initial conditions. However, the damping () in the system limits the
amplitude of vibration.

The parametric excitation usually appears through the time-varying
parameters (mass, damping coefficient, stiffness) of a system. A classical example

of the governing equation of motion of a parametrically excited nonlinear system

is given in Eq. (1.2a), known as the nonlinear Mathieu equation (Bolotin, 1964).

K+ 2E0 X+ €22 (1— 2A.008(42)) X + o X2 + agx® =0 (1.2a)
x = {c,cos(2/2)t + ¢, SiN(2/2)t}, 9=+(42, /2x)\ A% —(1-x2)?,
K =0/20, (1.2b)

In Eq. (1.2a), the parametric excitation is evident through time varying stiffness
of the system. Here, A is the dynamic counterpart of parametric excitation known
as dynamic load parameter, while the natural frequency (£2,) is a function of
static counterpart of parametric excitation known as static load parameter. Since
the excitation appears in the form of a system parameter, the system remains at
its static equilibrium. However, a sudden loss of stability of the system may occur,
resulting in an oscillatory motion when the frequency (£2) of excitation is in the
vicinity of 20, /r where r is a positive integer. This loss of stability is commonly
known as parametric instability or parametric resonance. The corresponding
amplitude of vibration grows exponentially with time, which can be observed

through the response (Eq. (1.2b), (Bolotin, 1964)) of the undamped linear system
(ay,=a3=¢=0, Eq. (1.2a)) when 22> (1-«%)?. This condition provides a range of
frequency for parametric instability/resonance, which increases with the rise in

3
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the dynamic load parameter (1). However, unlike the forced resonance, the
amplitude of oscillation is not limited by the linear damping but it is restricted by
the nonlinearity in system. Moreover, the linear damping eliminates the possibility
of parametric instability /resonance at lower values of the dynamic load parameter
(1) (Bolotin, 1964).

However, for a multi-degree-of-freedom system, the parametric instability

;th

occurs in the vicinity of (;€2, -.Qn)/ r, where ;0. is the i modal natural

frequency of the linearized system. This kind of parametric instability is known
as combinatory parametric resonance. Moreover, the frequency range of
instability increases with the increasing dynamic load parameter (1), resulting in
a wide frequency range of instability where the loss of stability occurs with the
exponential growth of vibration amplitude. In this concern, parametric resonance
is said to be more critical than forced resonance.

The nonlinearity in the aforesaid systems (Eqgs. (1.1a) and (1.2a)) mainly
induces the variation of natural frequency with the amplitude of vibration, and it
results in a wide frequency range of resonance. In the case of quadratic
nonlinearity, the natural frequency decreases with the increase in the amplitude
of vibration so that it is known as softening nonlinearity. Whereas cubic
nonlinearity causes the rise of the natural frequency with the increase in the
amplitude of vibration, and thus it is known as hardening nonlinearity. Further,

the nonlinearity causes the appearance of mechanical resonance in a wide range

N
of frequency (£2) satisfying the condition r@Q2=>+;Q p (p;=0123..,N),
i=1

(Amabili, 2008), where N is the number of degrees of freedom of the system. In
addition, the resonance also occurs when different modal natural frequencies are

commensurate or nearly commensurate ({2, / j¥,Ur). It is known as internal

resonance, which mainly leads to the energy transfer among the different modes.
However, in the case of slender structures under direct excitation, the
governing equation of motion appears in a similar form, as given in Eq. (1.1a),

where the commonly known mechanical resonances are primary ( atQ=,,),
super harmonic (at£2 = ;£2,/r)and internal (1:3, 1:2, 1:5, etc.) resonances. In the

other case, i.e. for slender structures under parametric excitation, the
corresponding governing equation of motion appears in a similar form, as given
in Eq. (1.2a). The different mechanical resonances in this kind of dynamic system

are (a) primary parametric resonance (at 2=2;¢,/r, r=1, 3, 5...), (b) secondary
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parametric resonance (at£2=2;0,/r,r=2, 4, 6 ...), (c) combination resonance (at
Q=2 p = i< pj)/r) and (d) internal resonances (1:3, 1:2, 1:5, etc.).

Among these different kinds of parametric resonances, principal primary

parametric resonance (at 2 =2;¢2,) is said to be most critical one (Bolotin, 1964),

and it is commonly characterized by an instability region (Kumar et al., 2022) in
the two-dimensional domain of dynamic load parameter and frequency of
excitation. This instability region is parametrically described by instability
boundaries, origin of instability and width of instability, as shown in Fig. 1.1. The
origin of instability mainly indicates the minimum value of the dynamic load
parameter, which is required for the onset of parametric instability /resonance. In
the case of an undamped system, the origin of instability coincides with the zero
value of the dynamic load parameter and the frequency of parametric resonance
(Fig. 1.1) (Bolotin, 1964). However, the incorporation of damping in the system
results in a shift of the instability region towards a high value of the dynamic load
parameter. Thus, the damping stabilizes the system at lower values of the

dynamic load parameter (Bolotin, 1964).

Undamped system
System with damping

Width of Instability

Stability
region

Frequency of excitation (£2)

Instability
region
Origin of InstabiliN\
Stability \
region Instability boundaries

O Dynamic load parameter(X)

Fig. 1.1. A typical parametric instability region in the two-dimensional domain
of excitation frequency and dynamic load parameter.

1.2. Dynamics/instability of parametrically excited slender

structures

As mentioned in the previous section, the parametric excitation on a slender
structure is commonly comprised of its static and dynamic counterparts that are

known as static and dynamic parametric load parameters, respectively. Here, the

5
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static load parameter induces compressive stress in a slender structure, which
leads to a decrease in the effective stiffness of the structure. As a result, the
slender structure undergoes static instability or divergence or buckling at a
certain value of the static load parameter (Bolotin, 1964; Paidoussis, 2014). This
limiting value of the static load parameter is called the critical buckling load.
However, the static instability of a straight and slender member leads to the
bifurcation of its zero equilibrium position through pitchfork bifurcation resulting
in two stable buckled equilibrium states and the unstable zero equilibrium, as
shown in Fig. 1.2. The corresponding equilibrium states of the slender structure
before and after the bifurcation are called as the pre-buckled and post-buckled

states, respectively.

Pre-buckled state Post-buckled state

Pitchfork bifurcation point

Paths of buckled equilibria

Deflection

Path of zero equilibrium

— Stable
= = =Unstable

Static load parameter

Fig. 1.2. A schematic diagram for pitchfork bifurcation of zero equilibrium
position of a slender structure with respect to static load parameter.

Now, in any of the pre-buckled and post-buckled equilibrium states, a
slender structure undergoes the aforesaid mechanical resonances due to the
dynamic counterpart of the parametric load, where the associated motion of the
structure appears in a complex manner depending on the value of static/dynamic
load parameter, excitation frequency, material configuration, geometrical
properties, boundary conditions, etc. A great deal of research has been addressed
in the literature to explore complex motion of parametrically excited slender
structures in both the pre-buckled and post-buckled states. Different kinds of
practical slender structures are addressed in this available research, like beams,
pipes, drill strings, twisted/untwisted drills, rods/cylinders, etc. Depending on
the practical applications of these structures, different types of parametric
excitations appear, namely periodic axial compressive load (Dunayevsky et al.,

1993; Huang and Yang, 2009), axial excitation through supports (Lei et al., 2017;
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Zhou et al., 2020), axially moving load (Gouskov et al., 2007), axially moving mass
(Paidoussis, 2014; Pao, 1970), temperature (Kar and Sujata, 1988; Qian et al.,
2009), etc. It shows a variety of slender structures and different types of
parametric excitations, leading to a vast topic. However, in this thesis, the
dynamics of two types of slender structural elements, namely beam and pipe, is
focused for their operation under the parametric excitation in both the pre-
buckled and post-buckled states. The corresponding available research towards
the exploration of dynamics of these slender structures is furnished in the

following subsections.

1.2.1. Literature on dynamics of slender beams under periodic axial
load in the pre-buckled state

In the pre-buckled state, the dynamics of a parametrically excited slender beam
commonly appears through the parametric resonance. The beam loses stability
from its static equilibrium state and oscillates. Here, this instability/resonance
appears mainly in three types, namely primary, secondary and combinatory
parametric resonances depending on the dynamic load parameter, excitation
frequency, geometrical/material properties and boundary conditions of a slender
beam element. The corresponding oscillation of the beam element usually appears
either in periodic or in quasi-periodic oscillations based on the type of parametric
resonance/instability. However, in this concern of different types of parametric
instabilities /resonances and the associated motion of slender beams, a good
number of studies are available in the literature.

Initially, a study on the dynamic stability of a simply-supported beam
subjected to periodic axial load was carried out by Utida and Sezawa (1940).
Later, similar studies were also carried out by many other researchers (Ahuja and
Dulffield, 1975; Iwatsubo et al.,, 1972; Somerset and Evan-Iwanowski, 1964).
These studies revealed the uncoupled Mathieu-Hill governing equations of motion

and the existence of parametric resonance around (2 =2, /r . At the same time,

Iwatsubo et al. (1974, 1973) also carried out theoretical and experimental studies
where they reported that the combination resonances do not occur for simply-

supported boundary condition. But, in the cases of clamped-clamped/clamped-
hinged boundary condition and cantilever beams, sum type (£2=(;€2, + an) / r)
and sum/difference type (£2=(;£2,+ j-Qn)/ r) combination resonances appear,

respectively, due to the corresponding coupled Mathieu-Hill governing equation
of motion. It was also reported that the damping in the system leads to the

reduction in the size of the instability region of simple parametric resonances. In
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contrast, the enlargement or reduction of instability region appears for
combination resonances depending on the ratio of modal damping coefficients of
involved modes of vibration. Celep (1985) studied the dynamic stability of a pre-
twisted beam and reported that combination resonances may appear for the twist
of the beam even for the simply-supported boundary condition. Further, various
instability regions were reported in an experimental study (Dufour and Berlioz,
1998) for the consideration of an additional constant or periodic torque to mimic
the loading in drill string.

Ahuja and Dulffield (1975) conducted experimental and theoretical studies
on the parametric instability of a beam element having linearly varying cross-
section under elastic foundation. These studies revealed that the slope factor of
varying cross-section significantly influences the principal primary parametric
instability region while the elastic foundation enhances the critical buckling load.
Later, Mailybaev et al. (2004) addressed an optimal variation of the width of cross-
section for the reduction of instability region. Further, Svensson (2001), Li et al.
(2015) and Zajaczkowski (1981) conducted experimental and theoretical studies
to investigate instability regions of a beam and found that the damping reduces
the size of the instability region. Shastry and Rao (1986) studied the effect of two
symmetrically placed intermediate supports on the parametric instability region
of a simply-supported /clamped beam. It was found that the instability regions do
not alter when the intermediate supports are placed at a distance equal to one-
eighth of beam length from ends. Briseghella et al. (1998) presented a finite
element (FE) formulation to evaluate the parametric instability region for beams
and frames considering the effects of shear deformation, rotatory inertia,
distributed axial loads, elastic soil, restraints and material damping.

All the aforesaid studies were carried out without considering the
geometric nonlinearity of slender beams. However, Tezak et al. (1978) considered
the geometric nonlinearity of slender beams and investigated nonlinear responses
of hinged-clamped and hinged-hinged beams for the parametric excitation
frequency near the twice/sum of the first two modal natural frequencies. It was
revealed that internal (1:3) and combination resonances appear only for the
hinged-clamped boundary condition. Corresponding to these resonances for
hinged-clamped beams, Chin and Nayfeh (1999, 1997) reported complex
dynamics including chaotic motion where they observed super critical Hopf/sub
critical Hopf bifurcation, period-doubling bifurcation, cyclic-fold bifurcation and
blue-sky catastrophes of equilibrium solutions. Zhang et al. (2005) considered the
quintic nonlinearity of hinged-hinged beam subjected to the periodic axial load

and observed local and codimension-3 degenerate bifurcations. Recently, Wang
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and Zhu (2021a, 2021b) presented a study on the dynamic instability of
hyperelastic beams and reported that the critical buckling load increases with the
rise of Neo-Hookean material parameter. This variation of the material parameter
also induces the transformation between softening and hardening structural

behavior of the beams.

1.2.2. Literature on dynamics of slender beams under periodic axial

load in the post-buckled state

In the post-buckled state of a slender beam, it has two stable and one unstable
equilibrium states, as shown in Fig. 1.2. The corresponding dynamics of the beam
under the parametric excitation appears through the aforesaid
resonances/instabilities. However, this dynamics of the post-buckled beam
appears in a complex manner mainly because of the coexistence of multiple
stable/unstable static equilibrium states. A good number of studies have been
addressed in the literature towards the exploration of complex nonlinear
dynamics of post-buckled beams under the parametric excitation.

Initially, Szemplinska-Stupnicka et al. (1989), Zavodney and Nayfeh (1988)
and Zavodney et al. (1990, 1989) studied the dynamic responses of a post-buckled
beam near the fundamental and principal primary parametric resonances by
considering a simplified one-degree-of-freedom system with quadratic and cubic
nonlinearities. They found that the dynamics around double-well potentials
involves period-doubling/demultiplying bifurcation and coexistence of periodic
and/or chaotic attractors. In a similar work, Ariaratnam et al. (1989) and
Ariaratnam and Namachchivaya (1986a) studied the characteristics of homoclinic
orbits and chaotic dynamics of the same simplified system. The corresponding
results were also qualitatively verified by conducting an experimental study on a
buckled column by imposing periodic axial displacement at its ends.

Abou-Rayan et al. (1993) conducted a theoretical study to address the
complex dynamics of a simply-supported buckled beam under the periodic axial
load. The complex dynamics mainly involves periodic/chaotic snap-through
oscillation, periodic doubling/demultiplying routes to chaos, period-3/period-6
attractors and coexistence of local and global periodic/chaotic attractors. Later,
Chin et al. (1997) investigated the dynamics of a buckled beam considering
fixed /hinged /sliding boundary conditions at the support ends. They reported the
existence of two-to-one internal resonance. Also, the dynamics of the buckled
beam involves different bifurcations (saddle-node, pitchfork, Hopf, symmetry-
breaking, type-I intermittency), jumping phenomena over multiple attractors and

crises phenomena. Ji and Hansen (2000) conducted an experimental study to
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investigate the nonlinear dynamics of a clamped-sliding buckled beam under the
periodic axial load. They reported the influence of dynamic load parameter and
frequency of excitation on the local/global periodic and chaotic responses of the
buckled beam. The same study also revealed the influence of sliding frictional
damping on the parametric instability region and chaotic response.

Lestari and Hanagud (2001) presented exact solutions for the dynamics of a
parametrically excited buckled beam with different types of end conditions. Later,
Yabuno et al. (2003) conducted an experimental study on the parametric
resonance at the second normal mode of a simply-supported buckled beam under
the periodic axial load. They detected zero-to-one internal resonance between the
first and second normal modes. El-Bassiouny (2006) investigated the dynamics of
a post-buckled beam subjected to direct and parametric excitations, where the

stability of the beam under different subharmonic resonances (2=r€Q,, r=2, 3,

4, 5, 0) is mainly studied. Emam and Abdalla (2015) studied the nonlinear
dynamics of a simply-supported buckled beam under the periodic axial load near
the principal primary parametric resonance. In this study, all possible attractors
are explored by constructing global bifurcation diagram with respect to dynamic
load parameter. The same study also reveals complex dynamics of the buckled
beam, which involves  different types of bifurcations  (period-
doubling/demultiplying, symmetry breaking and cyclic-fold) and chaotic
oscillations.

Apart from the aforesaid homogeneous straight/buckled beams, the
nonlinear dynamics of many other kinds of beams under parametric excitation
has also been reported in the literature, namely geometrically imperfect beams
(Farokhi and Ghayesh, 2019), micro beams (Farokhi and Ghayesh, 2018, 2016;
Ghayesh et al., 2015; Ghayesh and Farokhi, 2016, 2015; Gutschmidt and
Gottlieb, 2010, 2012), functionally graded beams (Ke et al., 2013; Lu and Chen,
2020; Mohanty et al., 2012; Sheng and Wang, 2018), drill stings (Dunayevsky et
al., 1993), axially oscillating cantilever beams with/without end mass (Anderson
et al., 1996; Fey et al., 2011; Gurgoze, 1986; Hyun and Yoo, 1999; Zavodney and
Nayfeh, 1989), axially moving beams (Marynowski and Kapitaniak, 2014),
spinning pre-twisted beams/drills (Huang and Kuang, 2007b; Lee, 1995, 1994),
etc. It is observed that the nonlinear dynamics of these beams appears almost
similar to that for the parametrically excited straight/buckled beams. However,
some changes in the dynamics due to the variation of different system parameters
like material inhomogeneity, initial geometrical imperfection, size and geometry of

structure, etc. are mainly identified and reported.
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1.2.3. Literature on the dynamics of slender pipes conveying

steady/pulsatile fluid

This section presents the dynamics/instability of another parametrically excited
slender structure, i.e. a fluid conveying pipe. Pipes conveying fluid with the steady
or pulsatile flow at moderate or high velocity are common elements in
petrochemical industries, oil and gas industries, ocean mining, rocket and aircraft
engines, power generating systems, etc. These flexible slender cylindrical
elements are often susceptible to undergo instability due to flow-induced
excitation. As it may lead to the failure of the associated engineering systems,
their dynamic characteristics have been studied substantially by many
researchers in the past four decades (Ibrahim, 2010; Paidoussis, 2014; Paidoussis
and Li, 1993), and it is revealed that the dynamics of fluid conveying pipes appears
through the interaction of inertia, elastic, centrifugal and Coriolis forces. The
centrifugal and Coriolis forces arise from the internal fluid flow, and they are
constant or time-varying forces depending on the steady or pulsatile flow velocity.
The centrifugal force causes static/dynamic compressive stress in a pipe resulting
in its static/dynamic instabilities. The static instability or buckling of a fluid
conveying pipe usually occurs when the steady flow velocity exceeds a certain
limiting value, and the pipe is supported through both ends. The internal fluid
flow with steady flow velocity also causes the flutter instability of cantilever pipes.
However, in many practical piping systems, the internal fluid flows with pulsatile
velocity due to the bends, valves, pumps, change of cross-section, etc. This
pulsatile fluid flow is usually attributed to a harmonic component of velocity over
the mean flow velocity, and it induces dynamic compressive stresses in a pipe
leading to the parametric resonance/instability of a pipe. However, in the
following sections, the available research on the dynamics/instability of fluid
conveying pipes is furnished separately for the steady and pulsatile flow velocity

of internal fluid.

1.2.3.1. Instability of pipes conveying fluid with steady flow velocity

The initial studies on pipes conveying fluid with steady flow velocity were carried
out to investigate their natural frequencies and the critical flow velocity for the
onset of static instability/buckling (Ashley and Haviland, 1950; Chen and
Rosenberg, 1971; Dimaggio and Li, 1964; Housner, 1952; Niordson, 1953;
Paidoussis and Issid, 1974; Chen and Jendrzejczyk, 1985; Dodds and Runyan,
1965; Jendrzejczyk and Chen, 1985; Liu and Mote Jr, 1974; Long Jr, 1955;

Naguleswaran and Williams, 1968). In these earlier studies, fluid conveying pipes
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are considered to be supported at both ends, and it was found that Coriolis force
induces the deviation of classical normal modes. However, the internal
pressurization in the fluid causes axial compressive stresses resulting in
divergence/buckling beyond a certain value of it.

The available studies on the linear analysis of fluid conveying pipes show
the existence of coupled-mode flutter even though a fluid conveying pipe
supported at both ends is a conservative gyroscopic system. However, the
difference in the response due to the change of immovable end support to sliding
support could not be traced by the linear analysis (Yoshizawa et al., 1985). These
issues were sorted out by considering the geometric nonlinearity of the fluid
conveying pipes (Holmes and Marsden, 1978; Holmes, 1978, 1977; Lunn, 1983;
Thurman and Mote Jr, 1969; Yoshizawa et al., 1985), where it is revealed that
pipes with supported ends cannot undergo flutter instability, and the linear
analysis is not valid beyond the first divergence. However, various nonlinear
models were addressed in the literature considering geometric nonlinearity due to
stretching (Holmes, 1978, 1977), curvature (Thompson and Lunn, 1981), gravity,
internal pressurization (Paidoussis, 2014; Semler et al., 1994), Poisson coupling
(Gorman et al., 2000; Paidoussis, 2014), thermal effect, change in the cross
sectional area (Olunloyo et al., 2007), etc. Modarres-Sadeghi and Paidoussis
(2009) and Nikolic and Rajkovic (2006) derived nonlinear models of fluid
conveying pipes and reported that clamped-clamped/hinged-hinged/hinged-
clamped pipe loses stability similar to a slender beam via the supercritical
pitchfork bifurcation where the buckled deflection of the pipe increases with the
increase in the flow velocity. For the same boundary pairs, Sinir (2013)
investigated the dynamic stability of a fluid conveying pipe in its different post-
buckled configurations where it is revealed that buckled configurations of the pipe
beyond the first mode of buckling are unstable ones. Wang et al. (2017a)
investigated 3D post-buckling behaviour of a fluid conveying pipe by deriving a
3D theoretical model. They found that the first-mode natural frequency for the in-
plane motion of buckled pipe increases with the increase in the flow velocity, but
the first-mode natural frequency corresponding to the out-of-plane motion is
equal to zero; However, the second-mode and third-mode natural frequencies for
the in-plane motion are approximately equal to their counterparts of the out-of-

plane motion and remain constant with the increasing flow velocity.

1.2.3.2. Dynamics of pipes conveying pulsatile fluid

The earlier studies on the dynamics of pipes conveying pulsatile fluid were carried

out mainly to investigate the influence of flow parameters on the parametric
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instability region (Chen and Rosenberg, 1971; Ginsberg, 1973; Paidoussis and
Issid, 1974, 1976; Paidoussis and Sundararajan, 1975). In these studies, a pipe
is supported at its both ends and conveys pulsatile fluid in the pre-buckled state.
However, it was observed that the dynamic behaviour of the pipe is analogous to
that for a beam under the periodic axial load while the instability region widens
due to the increase in the mean flow velocity, pulsation velocity-amplitude and
mass ratio (ratio of fluid mass to the total mass of system). Further, the parametric
instability of a pipe may occur even when the pulsation of flow velocity is quite
weak provided that the mean flow velocity is sufficiently high (Ariaratnam and
Namachchivaya, 1986a). The same researchers (Ariaratnam and Namachchivaya,
1986Db) also reported that damping in the pipe system is an essential requirement
to stabilize it. Seo et al. (2005) presented an FE model in conjunction with Bolotin
method to evaluate the parametric instability region of fluid conveying pipes.

Apart from the above linear analyses, nonlinear vibration of flexible pipes
conveying pulsatile fluid was studied by many researchers (Gorman et al., 2000;
Namachchivaya and Tien, 1989a, 1989b; Namchchivaya, 1989; Oz, 2001). These
studies reveal that the pipes undergo periodic motion under subharmonic
resonance and modulated periodic motion under combination resonance through
subcritical /supercritical Hopf bifurcation. Later, Jin and Song (2005) reported
that a pipe conveying pulsatile fluid undergoes different types of motions in
association with combination resonance. Further studies were carried out by
many researchers to explore the dynamics of clamped-clamped pipes conveying
pulsatile fluid (Czerwinski and Luczko, 2018, 2012; Luczko and Czerwinski, 2017,
2016, 2015). These studies reveal that the vibration intensity of the pipe under
parametric resonance increases with the increase of mean flow velocity, pulsation
velocity-amplitude, length of hose and operating temperature. Also, the increase
in the internal damping coefficient lessens the probability of the occurrence of
parametric resonance. Further, Luczko and Czerwinski (2016) analyzed the
dynamics of a clamped-clamped pipe conveying fluid with non-harmonic flow
velocity in the form of the rectangular waveform. In this study, overlapping of
secondary parametric resonances of various vibration modes was observed in the
lower range of pulsation frequency, where the complex motion of pipes appears
with the large vibration amplitude as well as the dynamic change of vibration
modes.

Czerwinski and Luczko (2018) and Luczko and Czerwinski (2017)
presented nonlinear dynamics of a horizontal clamped-clamped fluid conveying
pipe considering its gravity-induced static deformation. It was observed that the

pipe undergoes complex non-planar vibration under the combination resonances
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while the vibration of the same pipe appears in a plane for subharmonic
resonances. Recently, Li et al. (2018) investigated the dynamics of a simply-
supported pipe conveying pulsatile fluid where a segment over the length of the
pipe is made of soft material, and the rest is made of hard material. This study
revealed that the probability of parametric instability reduces for decreasing
length of the soft segment or if the soft and hard segments are taken with the
clamped and pinned boundary conditions, respectively.

Unlike the conventional simply-supported beams, the modal coupling
coefficients do not vanish for simply-supported fluid conveying pipes resulting in
the possibility of internal resonance. In this concern, Panda and Kar (2008, 2007)
addressed the appearance of 1:3 internal resonance associated with the first two
normal modes of a pipe conveying pulsatile fluid. They also reported the
appearance of periodic, quasiperiodic and chaotic responses associated with the
saddle-node and Hopf bifurcations, jump phenomena and beating effect. Further,
Mcdonald and Namachchivaya (2005a, 2005b) addressed the presence of 0:1
internal resonance associated with the first two normal modes of a pipe for some
flow velocities near the critical flow velocity. Wang (2009) studied the nonlinear
dynamics of a simply-supported pipe conveying pulsatile fluid where the motion
of the pipe in the transverse direction is constrained by a cubic spring at its middle
point. This study revealed the rich dynamics of the pipe involving quasi-periodic
motion and chaotic motion.

The aforesaid studies were carried out considering the horizontal or vertical
orientation of a pipe conveying pulsatile fluid. However, in many industrial piping
systems, similar fluid conveying pipes are laid in the inclined orientation (Alfosail
et al., 2017; Lee and Kim, 1999; Lips and Meyer, 2011; Vigneaux et al., 1988;
Wang and Bloom, 2001). In this aspect, Lee et al. (1995), Wang (2003) and Wang
and Bloom (2001) studied linear dynamics of inclined pipes conveying pulsatile
fluid and reported that the inclination angle with the vertical axis does not have
much effect on the stability of a piping system. It may be due to the fact that the
pipes possess sufficient rigidity against their static deformation under the
gravitational force that arises due to the inclination angle with the vertical axis.
However, Gan et al. (2015) considered a flexible cantilever pipe inclined with the
vertical axis and studied its dynamics under the steady flow velocity of the internal
fluid. They found that the inclination of the cantilever pipe can significantly affect
its dynamic behavior. Later, Peng et al. (2019) presented a three-dimensional
dynamic analysis of an inclined pinned-pinned flexible pipe conveying pulsatile

fluid. In this study, it was found that the motion of the pipe not only changes from
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planar to non-planar but also involves complexity with various dynamic
instabilities when the inclination angle with the horizontal/vertical axis increases.

All the aforesaid studies on the dynamics of pipes conveying pulsatile fluid
were carried out in the pre-buckled equilibrium state. However, a few studies are
reported in the literature towards the exploration of dynamics of similar fluid
conveying pipes in their post-buckled equilibrium state. Jayaraman and
Narayanan (1996) investigated the nonlinear dynamic behaviour of a post-buckled
pipe conveying pulsatile fluid. They found the appearance of a weak chaotic
behaviour of the pipe for a small pulsation amplitude through the period-doubling
bifurcation of local periodic motion, and this chaotic motion coexists with a global
period-2 motion. However, as the pulsation amplitude increases, a sequence of
symmetry breaking and period doubling bifurcation of global period-2 motion
occurs resulting in a strong chaotic motion. Later, Zhang and Chen (2014) and
Zhou et al. (2017) investigated steady-state response of post-buckled pipe near
2:1 internal resonance associated with the first two normal modes. They reported
that the oscillation amplitude involves the greater contribution of the second mode
than the first mode. Also, the presence of the internal resonance leads to the
subharmonic, superharmonic and sum/difference type combination resonances.

Apart from the aforesaid studies, the research in this line has also been
extended to investigate the change in the dynamics of a fluid conveying pipe due
to the variation of different system parameters, namely boundary conditions
(Askarian et al., 2017; Ghayesh et al., 2013), variable cross-section (Olunloyo et
al., 2007), curvature of slender pipes (Czerwinski and Luczko, 2018; Li and Yang,
2017), geometrical periodicity (Singh and Mallik, 1979; Yu et al., 2013, 2008),
corrugated pipes (Wang et al., 2019), material damping (Deng et al., 2017a; Tang
et al., 2018; Vassilev and Djondjorov, 2006), elastic constraints (Ghayesh et al.,
2011; Zhang et al., 2016), motion-limiting constraints (Peng et al., 2018; Wang,
2009; Wang et al., 2017Db), lumped mass (Ghayesh et al., 2011; Modarres-Sadeghi
et al., 2007; Zhang et al., 2016), attached nozzles (Firouz-Abadi et al., 2013),
elastic foundation (Vassilev and Djondjorov, 2006; Wang and Ni, 2008) and
support vibration (Zhang and Chen, 2013; Zhou et al., 2020).

1.2.4. Thermal effect on the stability of slender structures

In many engineering systems like steam generators, heat exchangers, liquid
propellant rocket engines, helicopter rotor blades, rotor blades in turbo
machinery, industrial robotic structures, etc., beam-like slender structures
operate in the thermal environment. The corresponding thermally induced stress

within the structure may yield its thermo-elastic instability and/or enhance its
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vibration while operating under a dynamic force. In this line, Raju and Rao (
1984a, 1984b) and Rao and Raju (1984) investigated the effect of the geometry of
a beam on its thermal buckling characteristics. Later, Kar and Sujata (1988)
studied the effect of thermal load on the dynamic stability of a beam under
periodic axial load and found that the increasing temperature causes the
reduction in the buckling load and the rise in the size of the parametric instability
region. Similar studies are also addressed by Parida and Dash (2016) and
Pradhan et al. (2016). However, Pradhan et al. (2016) presented static and
dynamic stability analysis of an asymmetric sandwich beam and reported that
symmetric beam has a better resistance against static buckling. Gao et al. (2017)
investigated the dynamic buckling of Euler-Bernoulli beam-column considering
the constant velocity of ends such that the compressive force in the beam
increases gradually with time. From this study, it is revealed that the temperature
rise decreases the time of buckling. Further, Manoach and Ribeiro (2004) studied
the dynamics of a beam under the forced excitation and an applied thermal load
through a time-varying ram function of heat flux. This study revealed that thermal
load increases the amplitude of vibration, especially for constant total heat flux.
The short duration heat flux produces large amplitude vibration. However,
Warminska et al. (2014) studied the influence of the thermal load on the nonlinear
dynamics of a beam under forced excitation. In their study, it was found that
additional resonances appear at the low-frequency region while the increase in
temperature may cause complex motion involving chaotic attractors. Further, the
effect of thermal load on the nonlinear dynamics of a buckled axially moving beam
under the forced excitation was studied by Kazemirad et al. (2013). It was
observed that the increase in the amplitude of excitation results in the bifurcation
of the periodic response of the beam into complex motion involving multi-periodic,
quasi-periodic and chaotic responses. However, with the rise in temperature, the
complex motion reduces to periodic motion for a wide range of amplitude of
excitation. A similar study was also conducted by Ghayesh and Amabili (2015)
considering the pre-buckled state of an axially moving beam. They reported that
the increase in temperature causes the increase of hardening nonlinear behaviour
of the beam and the appearance of additional resonant peaks in the frequency
response due to the energy transfer between different modes.

In many engineering systems like heat exchangers, steam generators,
nuclear reactors, etc., a fluid-conveying pipe operates in the thermal environment
where the thermally induced compressive stress arises in the pipe material in
addition to the similar stress due to fluid flow. In this line, Qian et al. (2009) and

Gu et al. (2017) investigated the effect of thermal load on the critical flow velocity
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for static instability of a fluid conveying pipe by considering linear/quadratic
stress-temperature relation. It was found that the critical flow velocity greatly
decreases with the increase in the temperature. Further, Zhao et al. (20195)
conducted a similar study considering pulsatile fluid flow in a pipe and reported
the possibility of chaotic oscillation of the pipe around a buckled equilibrium

position.

1.3. Vibration/instability control of parametrically excited slender
structures
The static/dynamic instabilities and the corresponding large amplitude vibration
of slender structures commonly cause their improper functionality and/or
fracture/fatigue failure. Therefore, a great deal of research has been reported in
the literature for control of such parametrically exited slender structures using
different types of active materials like magnetorheological materials (Hoseinzadeh
and Rezaeepazhand, 2020; Yeh and Shih, 2006), magnetostrictive materials
(Kumar et al., 2003), piezoelectric actuators (Chen et al., 2002; Lacarbonara et
al., 2007; Reddy et al., 2021; Yao et al., 2015), electrorheological materials
(Tabassian and Rezaeepazhand, 2013; Yeh et al., 2004; Yeh and Chen, 2005),
shape memory alloy (Roslan et al., 2019; Tsai and Chen, 2002; Yusof et al., 2020),
etc. Among these different kinds of active materials, piezoelectric materials have
drawn the special interest of researchers because of their advantages of high
actuation capability, low power requirement, capability in directional actuation,
wide frequency range of application, etc. (Chen et al., 2002; Lacarbonara et al.,
2007; Li and Liu, 2012; Yao et al., 2015). However, besides these active materials,
the use of passive damping materials like viscoelastic polymers has also been
reported in the literature for control of dynamic instability and the associated
vibration of parametrically excited slender structures (Dwivedy et al., 2007; Lv et
al., 2018; Pradhan et al., 2016; Ray and Kar, 1996b). Apart from these active and
passive damping materials, the utilization of functionally graded materials (FGMs)
has also been addressed in a good number of available studies (Hosseini and
Fazelzadeh, 2011; Mohanty et al., 2012, 2011; Sheng and Wang, 2019, 2018) for
stabilizing parametrically excited slender structures operating in the thermal
environment. However, in this line, the present study is focused on the utilization
of viscoelastic damping materials, piezoelectric actuators and FGMs in control of
static/dynamic instability and the associated motion of slender structures. A

corresponding literature review is delineated in the following subsections.
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1.3.1. Passive control of vibration/instability of parametrically excited

slender structures using viscoelastic materials

Viscoelastic materials (VEMs) are homogeneous and isotropic materials,
exhibiting both elastic and viscous damping properties during their time-
dependent deformation. However, the damping properties of viscoelastic materials
are immensely exploited for vibration attenuation of thin-walled flexible
structures. The commonly used VEMs in structural damping applications are
Paracril-BJ, Polymer Blend, butyl rubber, Viton-B, Styrene-butadiene rubber
(SBR), Soundcoat N5, 3M-467, LD-400, etc. (Jones, 2001). These damping
materials are commonly used through two different damping mechanisms in
vibration control of thin-walled flexible structures, namely unconstrained layer
damping (UCLD) (Baz, 2019; Cortes and Elejabarrieta, 2007; Lumsdaine and
Scott, 1998; Ungar and Kerwin Jr, 1964) and constrained layer damping (CLD) or
passive constrained layer damping (PCLD) (Baz, 2019; Kung and Singh, 1998;
Plunkett and Lee, 1970). In the UCLD, a viscoelastic layer is freely attached to the
surface of a host structure (substrate layer), as shown in Fig. 1.3(a). During
bending deformation of the overall structure, the viscoelastic layer undergoes
extensional deformation, as shown in Fig. 1.3(b). In the CLD/PCLD, the
viscoelastic layer is constrained by a stiff constraining layer, as shown in Fig. 1.3
(c), leading to the shear deformation of the viscoelastic layer during the bending
deformation of the overall structure, as shown in Fig. 1.3(d). This
extensional/shear deformation of the viscoelastic layer causes energy dissipation

during the transient deformation of the overall structure.
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I Substrate layer [ Viscoelastic layer [l Constraining layer

Fig. 1.3. Schematic diagrams of (a) undeformed and (b) deformed states of
substrate layer integrated with UCLD layer; (c) undeformed and (d) deformed
states of substrate layer integrated with CLD/PCLD layer.
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However, among these two viscoelastic damping techniques, the energy
dissipation capability of CLD/PCLD treatment is significantly more than that for
the UCLD treatment (Plunkett and Lee, 1970). So, viscoelastic damping materials
are mostly utilized through CLD/PCLD treatment in vibration control of different
kinds of structures operating under direct excitation (Baz, 2019; Gupta et al.,
2020; Li et al.,, 2020; Tomlinson, 1990; Zheng et al., 2006). Besides, the
application of CLD treatment for parametrically excited structures has also been
reported in the open literature.

In an early work, Stevens and Evan-Iwanowski (1969) investigated the effect
of material viscoelasticity on the principal primary parametric resonance of a
column structure operating under a dynamic compressive load. It was observed
that the material viscoelasticity significantly reduces the size of the instability
region and also shifts the instability region towards a high value of the dynamic
load parameter. Later, a similar study was carried out by Saito and Otomi (1979),
considering simple and combination parametric resonances. Ray and Kar (1995)
and Dwivedy et al. (2007) utilized CLD treatment for passive control of parametric
instability of a symmetric sandwich beam for different boundary conditions,
where it was revealed that the parametric instability region reduces significantly
with the rise of damping in the beam by means of increasing the thickness of the
constrained viscoelastic layer in the CLD arrangement. Ray and Kar (1996b,
1996a) also studied the dynamic instability of multi-layered beams with
constrained viscoelastic layers and beams with partial CLD treatment. These
studies revealed the possibility of reduced parametric instability region and also
improved stability against static compressive load by the use of CLD treatment.
Pradhan et al. (2016) analyzed the dynamic instability of a CLD treated
asymmetric sandwich beam and reported that the dynamic stability of the beam
improves with the increasing material loss factor as well as the ratio of moduli of
viscoelastic and substrate layers. In all the aforesaid studies, the viscoelastic
material is modelled using Kelvin-Voigt model or frequency-independent
properties. However, considering the frequency-dependent viscoelastic properties,
Shih and Yeh (2005) proposed a solution methodology to find the parametric
instability region of the viscoelastic beam where it was observed that the
parametric instability region reduces with the increase in the viscoelastic beam
length.

In a few other studies (Lv et al., 2018; Zhu et al., 2018), the nonlinear
dynamics of a parametrically excited axially moving symmetric viscoelastic
sandwich beam with simply supported ends was analyzed where the parametric

excitation appears through the axial velocity of the beam. Here, Lv et al. (2018)
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mainly observed that the frequency range of trivial solution corresponding to the
principal primary parametric resonance decreases first and then increases with
the increase in the thickness of the viscoelastic layer. However, in the other study
(Zhu et al., 2018), the nonlinear dynamics of the beam is investigated considering
an additional periodic axial load, and it was observed that the complex motion of

the beam arises involving periodic, quasi-periodic and chaotic responses.

1.3.2. Piezoelectric actuators in active control of vibration/instability

of parametrically excited slender structures

Piezoelectric materials belong to a special class of ceramics, which possess an
important property of energy conversion from mechanical to electric field or vice
versa. This property is exploited in the development of sensors and actuators,
particularly for the shape/vibration control of flexible structures. In 1880, Curie
brothers (Jacques and Pierre) first demonstrated the
piezoelectricity phenomenon in natural materials such as quartz and Rochelle
salt. It was observed that when the mechanical strain is imposed on these
materials, they produce an electrical output. This property is known as the direct
piezoelectric effect. Further, in 1881, Gabriel Lippmann theoretically proposed the
converse piezoelectric effect, where an electrical input produces mechanical strain
in these materials. However, the existence of the converse piezoelectric effect in
the piezoelectric crystals was experimentally confirmed by Curie brothers. A
detailed description of piezoelectric constitutive behaviour is available in (Arnau,
2004; Cady, 2018; Heywang et al., 2008; Qin, 2012). However, the linear
constitutive relations of piezoelectric ceramics under constant temperature are
expressed in terms of some field parameters like stress (o), strain (&), electric
displacement (D) and electric field (E ). Based on these field parameters (o ,¢,
D, E), thermodynamic potentials like internal energy (U ), enthalpy (H ),
Helmholtz free energy (F ) and Gibbs free energy (G) can be defined, as given in
Eq. (1.3) (Chee, 2000).
dH=06d¢e-DdE, dU=E dD+¢ de,
dF =E dD-¢ds, dG=-¢ do—D dE (1.3)

These piezoelectric constitutive formulations (Eq. (1.3)) are utilized depending on
the natural variables. For structural application, the natural variables are
commonly considered as strain (&) and electric field (E). Accordingly, the
constitutive relations are expressed using the thermodynamic potential H as
(Chee, 2000),

c=C¢c—eE (1.4)
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D=e'¢+eE (1.5)
where, C is the stiffness matrix for a constant electric field (E); € is the
piezoelectric matrix for the constant strain (&) or the constant electric field (E );
€ is the electrical permittivity matrix for the constant strain (¢&). Here, Eq. (1.4)
represents the converse piezoelectric effect, while the direct piezoelectric effect is
represented by Eq. (1.5). These converse (Eq. 1.4) and direct (Eq. 1.5) piezoelectric
effects are utilized in the development of piezoelectric actuators and sensors,
respectively, for structural applications (Thakkar and Ganguli, 2004).

Some examples of piezoelectric ceramics are lead zirconate titanate (PZT),
barium titanate, lead niobrate, lead lanthanum zirconate titanate (PLZT),
ammonium dihydrogen phosphate, lithium sulfate, polyvinylidene fluoride (PVDF
or PVF2), etc. However, for structural applications, piezoelectric actuators are
usually made in the form of a thin wafer, as shown in Fig. 1.4, where a
piezoelectric wafer is poled (P) either vertically (Fig. 1.4(a)) or horizontally (Fig.
1.4(b)). These piezoelectric actuators are usually activated by the application of

an external electric field (E,) through their top and bottom fully electrode

surfaces. Here, for the vertically poled piezoelectric wafer (Fig. 1.4(a)), the primary
actuation forces appear as the electrically induced normal stresses in the plane
of the wafer. So, it is called as the extensional mode piezoelectric actuator (Sun
and Zhang, 1995). In another type, i.e. for the horizontally poled piezoelectric
wafer (Fig. 1.4(b)), the primary actuation forces appear as the electrically induced

shear stresses in the transverse (XZ or yz) planes of the wafer. Thus it is known

as the shear mode piezoelectric actuator (Sun and Zhang, 1995).

?P

Zz

Y

Y
(a) Extensional mode (b) shear mode

Fig. 1.4. Schematic diagrams of the (a) extensional mode and (b) shear mode
piezoelectric actuators.

The extensional mode piezoelectric actuators are usually mounted over the
surface of a host structure to provide the extensional actuation force against the
bending deformation of the overall structure (Trindade, 2011, 2007; Kitio Kwuimy,
2015; Giri et al., 2021). On the other hand, the shear mode piezoelectric actuators
are commonly embedded in a host structure through the sandwich structural

configuration, where the actuator at the core provides shear actuation force to
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counteract the bending deformation of the sandwich structure (Baillargeon and
Vel, 2005; Trindade, 2011, 2007; Trindade et al., 1999; Trindade and Maio, 2008).

However, the extensional mode and shear mode piezoelectric actuators are
extensively utilized for active control of flexible structures operating under the
direct excitation (Baz, 2019; Belouettar et al., 2008; Li et al., 2016; Rechdaoui
and Azrar, 2010; Yao et al., 2015; Batra and Geng, 2002; Benjeddou, 2007;
Benjeddou et al., 1999; Raja et al., 2002; Sun and Zhang, 1995; Trindade et al.,
1999; Zhang and Sun, 1996; Trindade, 2007; Karagiannis et al., 2016). In
parallel, the active control of parametrically excited beams has also been reported
in the literature using extensional mode piezoelectric actuators, where linear
(Chen et al., 2009; Ghandchi Tehrani and Kalkowski, 2016), nonlinear (Alhazza
et al., 2008; Oueini and Nayfeh, 1999) and experimental (Alhazza et al., 2008;
Chen et al., 2009; Ghandchi Tehrani and Kalkowski, 2016; Yabuno et al., 2001)
analyses are presented to investigate the actuation capability of extensional mode
piezoelectric actuators in control of parametric instability region and vibration of
cantilever beams. These studies revealed that the extensional mode piezoelectric
actuators are capable of stabilizing the beams in a wide range of the amplitude
and frequency of parametric excitation. Similar studies for simply-supported
beams under the axial harmonic load have also been presented by Chen et al.
(2002), Lacarbonara et al. (2007), Li and Liu (2012) and Yao et al. (2015).

Chen et al. (2002) investigated the parametric instability of a fiber-reinforced
composite beam and reported that a thin piezoelectric actuator could significantly
reduce the size of the instability region. Li and Liu (2012) carried out a similar
study on isotropic beams and reported that the active damping provided by the
piezoelectric actuator shifts the instability region towards a high value of the
dynamic load parameter. Lacarbonara et al. (2007) conducted theoretical and
experimental studies to propose an open-loop control technique using
piezoelectric actuators for cancellation of principal primary parametric resonance
associated with the skew-symmetric mode of a beam. Yao et al. (2015) investigated
the effect of piezoelectric actuation on the modification of complex nonlinear
vibration of a composite beam under combined axial and transverse harmonic
loads. It was observed that the dynamics of the beam could be altered between
chaotic and periodic motion using the piezoelectric actuation. All the aforesaid
studies are carried out in the pre-buckled equilibrium state of flexible beams,
where the capability of extensional mode piezoelectric actuators in controlling
parametric instability is revealed. However, in this line, the usefulness of the
shear mode actuators is not yet explored in the literature to the author's best
knowledge.
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1.3.3. Functionally graded materials (FGMs) in control of instability of

parametrically excited slender structures

When a structure operates in the thermal environment, it would have sufficient
strength/toughness to sustain the mechanical load in addition to the high
temperature resistant property. To achieve all these properties in a single
structure, one needs to look for a composite made of metal and ceramic. However,
if this composite is made in layered form, the corresponding mismatch of material
properties at the inter-layer surface of two different material layers leads to its
(composite) failure through delamination, especially at the high-temperature
operation. Based on this shortcoming, the concept of FGM emerged (Koizumi,
1993; Yamanouchi et al., 1990), where this composite material is made of metal
and ceramic, but the volume fractions of the constituent materials vary smoothly
from fully ceramic to fully metal in the desired direction. So, the properties of FGM
change gradually from ceramic to metal properties in that direction. This gradual
variation of material properties eliminates the possibility of delamination. At the
same time, the ceramic constituent provides the high-temperature resistant
property of the FGM, and the metallic constituent provides sufficient toughness
in the composite (FGM) to sustain the mechanical load. An FGM is commonly
characterized as an isotropic material where the material properties vary in the
direction of continuous variation of the volume fractions of ceramic and metal
constituents. Usually, the volume fractions of constituents are varied following a

power-law, as given in Eq. (1.6) where V., and V,, are the volume fractions of

ceramic and metal constituents, respectively; h is the dimension of structure in

Zdirection and n is the graded exponent of FGM.

2z+hY" o
Vc_[Tj ’Vm_(l Vc) (1-6)

The effective material properties of an FGM are usually determined following the
rule of mixture. Accordingly, the material properties (P(z)) of the FGM vary along
the desired direction (z) as (Reddy and Chin, 1998),

P(z) =P,V (2) + P, V. (2) (1.7)
where, P, and P, are the material properties of ceramic and metal constituents,
respectively. However, having the aforesaid advantages of FGMs, these composites
are extensively utilized for parametrically excited slender structures especially to
improve their stability during operation in the thermal environment. Despite the
recommended utilization of FGMs in the thermal environment, those are also used

to improve the stability of slender structures operating at room temperature.
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Ke et al. (2010), Mohanty et al. (2012, 2011) and Sheng and Wang (2018)
addressed the advantage of thickness-wise graded properties of beams for their
static/dynamic stability under the operation at room temperature. Similar studies
have also been carried out by Arani et al. (2021) and Lu and Chen (2020)
considering bidirectional graded properties of beam elements. These studies
mainly reveal the improved static instability of a beam made of FGM. However,
Mohanty et al. (2012, 2011) investigated the parametric instability of FG beams
and sandwich beams with FG core for pinned-pinned ends. They found that the
dynamic stability of FG beams composed of steel and aluminium improves when
the bottom surface of the beams is made of steel instead of aluminium. Also, the
dynamic stability of the sandwich beams improves as the thickness of the FG core
increases.

Further, Sheng and Wang (2018) studied nonlinear dynamics of FG beams
under parametric and direct excitations, where different periodic and chaotic
oscillations are observed by changing some system parameters like graded
exponent, material damping and load parameters. Later, considering bidirectional
graded properties of FG beams, Arani et al. (2021) investigated their dynamic
stability and reported that the influence of the material properties on dynamics of
the beams increases when graded properties are taken in axial direction instead
of the thickness direction. A similar observation was also reported by Lu and Chen
(2020). Vo et al. (2014) considered a sandwich beam with homogeneous hard/soft
core and FG face layers. They reported that the natural frequencies and critical
buckling load decrease for hard core and increase for soft core when the power-
law index increases or core-thickness decreases. Later, considering the geometric
nonlinearity, Lanc et al. (2015) addressed the critical buckling load and post-
buckling responses of FG sandwich box beams.

Considering thermal loads, Li et al. (2000) presented the post-buckling
behavior of an FG beam with thickness-wise graded properties, where it was
reported that the post-buckled deflection and the extensional deformation of the
FG beam increase with the increase in the power-law index for a given
temperature rise. Later, Ma and Lee (2012, 2011) considered shear deformation
of the FG beam with its temperature-dependent material properties and found
that buckling through pitchfork bifurcation does not occur for simply-supported
FG beams. This study also revealed that the critical buckling temperature of
classical beams is higher than that of shear deformable beams. Further, the effect
of temperature distribution across the thickness of an FG beam on its
static/dynamic behavior was studied by Majumdar and Das (2018) and Paul and

Das (2016). However, similar studies on the static stability of FG box columns and
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FG sandwich beams with viscoelastic core were also reported by Bhangale and
Ganesan (2006) and Ramkumar and Ganesan (2008).

Piovan and Machado (2011) studied the parametric instability of FG box
beams and found that the size of the parametric instability region enlarges for the
decrease in the graded exponent. Shen et al. (2017) presented nonlinear free
vibration characteristics of FG beams. Recently, Sheng and Wang (2019) studied
the nonlinear dynamics of parametrically excited FG beams operating in the pre-
buckled state under the thermal environment. This study shows that the
parametric resonance appears with the hardening nonlinear behavior of FG
beams; however, the hardening nonlinearity reduces with the increase in the
temperature. Further, in a few other studies (Alibeigloo, 2010; Bian et al., 2006;
Gharib et al., 2008; Kiani et al., 2011; Li and Cheng, 2009), the piezoelectric
actuators are attached to the surface of an FG beam, and the corresponding
critical buckling temperature, as well as the static behavior of the beam, are
investigated. It was observed that the critical buckling temperature increases due
to the activated piezoelectric actuators. Besides, some available studies addressed
the effect of linear/nonlinear elastic foundation on the stability of FG beams
(Fallah and Aghdam, 2012, 2011; Komijani et al., 2014; Sun et al., 2016). These
studies revealed that the critical buckling temperature increases due to the
increase in the linear stiffness of the elastic foundation. However, the increase in
the nonlinear stiffness of elastic foundation does not have much effect on the
critical buckling temperature.

FGMs are also considerably utilized in the design of fluid conveying pipes.
In this line, the linear stability analysis of FG pipes conveying fluid with steady
flow velocity was presented by An and Su (2017), Maalawi and EL-Sayed (2011)
and Tang and Yang (2018). However, in these studies, the thermal environment
is not considered, and the FG pipe is taken with axially graded properties. Similar
studies were also addressed considering the graded properties of FG pipes across
the wall-thickness (Deng et al., 2017b; Wang and Liu, 2016). These available
studies reveal that FGM improves the stability of a pipe while the graded exponent
is an important parameter to regulate stability boundaries. However, Hosseini and
Fazelzadeh (2011) considered the thermal load for a cantilever FG pipe conveying
fluid with steady flow velocity. In the same line, Eftekhari and Hosseini (2016)
reported a similar study on the thermo-mechanical stability of a cantilever FG
pipe spinning about its longitudinal axis. These studies reveal an indicative
improvement of thermo-mechanical stability of the pipe when it is made of FGM
instead of conventional isotropic material. Recently, Dehrouyeh-Semnani et al.

(2019) presented the nonlinear thermo-resonant behavior of a simply-supported
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FG pipe conveying hot fluid under forced excitation. It was reported that the
graded exponent regulates the backbone curve/frequency response. Also, the rise
in temperature or fluid flow velocity causes augmented hardening structural

behavior of the pipe.

1.4. Methodologies for theoretical analysis of parametrically
excited slender structures
In the aforesaid literature on the instability/dynamics of parametrically excited
slender structures, the corresponding theoretical analyses are carried out by
deriving linear/geometrically nonlinear mathematical models mostly by using the
Galerkin method or the FE procedure. The linear mathematical models are limited
to the pre-buckled state of a slender structure, which provide the estimation of
the onset of static/dynamic instability depending on different system parameters.
However, for the precise analysis of the corresponding motion of a slender
structure, one needs to proceed with nonlinear mathematical models, since the
motion of a slender structure associated with its parametric
instabilities /resonances usually appears in a complex manner involving various
nonlinear phenomena like hardening/softening nonlinear behavior, existence of
multiple attractors associated with periodic and chaotic responses, jumping
phenomena among the attractors, different kinds of bifurcation of dynamic
response, etc. (Abou-Rayan et al., 1993; Chin and Nayfeh, 1999; El-Bassiouny,
2006; Emam and Abdalla, 2015; Jin and Song, 2005; Namachchivaya and Tien,
1989; Tezak et al., 1978). These complex dynamics are commonly analyzed by
evaluating nonlinear frequency responses and global bifurcation diagrams in the
Galerkin or FE framework. Here, the global bifurcation diagrams can be
constructed by deriving the nonlinear equations of motion in the time domain.
However, for the evaluation of nonlinear frequency responses, the nonlinear
equations of motion are to be solved in conjunction with other analytical methods
like the method of multiple scales, generalized method of averaging, Lindstedt-
Poincare = method, Krylov-Bogoliubov-Mitropolsky technique, homotopy
perturbation method, etc. (Nayfeh, 2008; Yun and Temuer, 2015) or numerical
methods like shooting method (Claeys et al., 2014; Ribeiro, 2004; Padmanabhan
and Singh, 1995; Patel et al., 2009), orthogonal collocation method (Karkar et al.,
2014) and harmonic balance method (HBM) (Detroux et al., 2015; Dimitriadis,
2008; Karkar et al., 2014). Among these various methods for evaluation of
nonlinear frequency responses, HBM is the most popular one because of its

robustness, computational efficiency and accuracy in the representation of strong
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nonlinearity, especially for non-smooth or stiffer nonlinear systems (Detroux et
al., 2015; Dimitriadis, 2008; Karkar et al., 2014).

Further, between the Galerkin and FE frameworks, the FE method is more
robust one as it is capable of handling complex material configuration, geometry
and boundary conditions in a structural problem. But, the major shortcoming of
the FE procedure appears as a high computational time in the evaluation of
nonlinear frequency responses and global bifurcation diagrams especially due to
a large number of nodal degrees of freedom in the FE model. Another shortcoming
with the FE procedure appears as the complexity in the formulation of the
nonlinear FE model in conjunction with HBM, particularly for a complex
mathematical form of material constitutive relation. However, looking into the
robustness of FE procedure and HBM, a few studies in this dissertation are
carried out using these methods while the aforesaid shortcomings are tackled
following the corresponding available studies in the literature, as a review in these

aspects is presented in the following two subsections.

1.4.1. HBM-based FE formulation for evaluation of nonlinear frequency
responses of structural elements
For the evaluation of nonlinear frequency responses in the FE framework using
HBM, first, the FE equations of motion are to be derived in the time domain. Next,
the time-domain equations are to be converted for periodic responses by invoking
Fourier expansion of nodal displacements. Subsequently, Galerkin method is to
be applied to reduce the resulting equation within a time-period, which basically
yields the equations of motion in the frequency domain for the periodic responses.
However, the implementation of Galerkin method needs the time-integration of all
HBM-based expanded matrices/vectors in the FE model over a time period. This
computation is usually carried out using a conventional numerical time-
integration method, which involves a good computational time (Blaho$ et al.,
2020; Chen et al., 2001; MS et al., 2016). So, in some available studies (Dou and
Jensen, 2015; Lewandowski, 1997, 1992), the time-integration is carried out
analytically to reduce the computational time. But, this analytical approach may
be a cumbersome one, especially for handling a robust FE formulation using a
good number of harmonic terms in HBM. Therefore, with the same objective of
reduced computational time, fast Fourier transform or discrete Fourier transform
is utilized in some other studies (Blahos et al., 2020; Dimitriadis, 2008; LaBryer
and Attar, 2010), where the evaluation of stiffness terms at a good number of
sampling points within the time-period is required for the computation of Fourier

coefficient matrices corresponding to the nonlinear stiffness matrix.
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However, the implementation of HBM in the FE framework is well
established for the nonlinear frequency response analysis of elastic and
piezoelectric structures (Blahos et al., 2020; Chen et al., 2001; Ms et al., 2016).
But, the implementation of HBM for a viscoelastic structure is not yet fully
developed (Jacques et al., 2010; Litewka and Lewandowski, 2017a, 2017b), since
the aforesaid procedure does not work due to the involvement of temporal
derivative /integral of stress/strain in the viscoelastic constitutive relations (Baz,
2019) like fractional Zener model (Litewka and Lewandowski, 2017b), generalized
Maxwell model (Amabili et al., 2019), Hereditary integral approach (Jacques et al.,
2010), etc.

Initially, Bilasse et al. (2010) and Jacques et al. (2010) presented a FE
formulation using Hereditary integral approach in conjunction with complex
modulus approach for a viscoelastic material, where the harmonic form of
displacement is taken in the complex domain. Later, Lewandowski and
Wielentejczyk (2017), Litewka and Lewandowski (2017b, 2017a) and
Wielentejczyk and Lewandowski (2017, 2019) presented FE formulations using
fractional Zener model of viscoelastic materials. However, in these available
studies, the FE formulation appears in a complex manner where HBM is
implemented before FE discretization because of the temporal derivative /integral
of stress/strain in the viscoelastic constitutive relation. Also, the HBM is
implemented using one or two harmonic terms, which may not be sufficient to

produce accurate nonlinear frequency responses of a viscoelastic structure.

1.4.2. Reduced-order FE models for evaluation of time/frequency

responses of structural elements

The evaluation of nonlinear frequency responses and global bifurcation diagrams
in the FE framework usually involves a high computational time because of a large
number of nodal degrees of freedom in the FE model. In this concern, the reduced-
order FE model (ROM) is recommended in the literature. For the derivation of a
ROM, one needs to select appropriate reduced basis vectors (RBVs). The
subsequent construction of ROM involves the Galerkin projection of FE equations
of motion onto the subspace spanned by RBVs. The resulting FE equations of
motion appear in terms of the reduced-order linear/nonlinear system
matrices/vectors, where a large number of degrees of freedom in the full-order FE
model reduces to a small number of reduction coordinates corresponding to the
RBVs (Hollkamp et al., 2005; Jain, 2019; Mignolet et al., 2013; Rutzmoser, 2018;
Tiso et al., 2013). This reduction of the number of degrees of freedom in the FE

model facilitates the computation of dynamic responses with a reduced
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computational time; however, the accuracy of the ROM is an important concern
that depends on the selection of RBVs. A great deal of research has been
addressed in the literature for the development of ROM in the time domain for
elastic structures (Allen et al., 2020; Cho et al., 2020; Dimitriu et al., 2017;
Hollkamp et al., 2005; Jain, 2019; Jain and Tiso, 2018; Kumar et al., 2021;
Mahdiabadi et al., 2021; Mignolet et al., 2013; Tiso et al., 2013; Touze et al., 2014;
Vizzaccaro et al., 2020). Further, the implementation of HBM over a time-domain
ROM has been addressed by Givois et al. (2019), Lazarus et al. (2012) and Weeger
et al. (2014). Also, the reduction of frequency-domain full-order FE model based
on HBM is addressed (Praveen Krishna and Padmanabhan, 2011) by using mode
superposition, dynamic substructuring and component mode synthesis methods.

These available studies mainly addressed the selection of RBVs and the
subsequent construction of ROM. Accordingly, the basic RBVs available in the
literature for the linear analysis of elastic structures are tangent eigen
modes/vibration modes (VMs), Ritz vectors, Krylov vectors, etc. (Allen et al., 2020;
Rutzmoser, 2018; Teunisse et al., 2017; Tiso et al., 2013). However, as these RBVs
are originally proposed for linear analysis of an elastic structure, those may not
produce accurate solutions in the geometrically nonlinear analysis of the same
structure since it involves various nonlinear phenomena like bending-stretching
coupling, bending-twist coupling, coupling between lower and higher vibration
modes, etc. (Rutzmoser, 2018; Teunisse et al., 2017). However, this inaccuracy in
the solution appears mainly due to the absence of relevant higher-order modes in
RBVs (Hollkamp et al., 2005; Rutzmoser, 2018), which are required to capture the
aforementioned nonlinear phenomena. So, the aforesaid RBVs are usually
enriched with different kinds of basis vectors like companion/dual modes
(Hollkamp et al., 2005), modal derivatives (MDs) (Jain and Tiso, 2018; Mahdiabadi
et al., 2021; Witteveen and Pichler, 2014), proper orthogonal modes (POMs) (Lu
et al., 2019), etc.

However, in a nonlinear ROM, generally, the reduced-order linear system
matrices/vectors do not involve much computational cost, while the reduced-
order nonlinear system matrices/vectors are to be formed repeatedly from the
corresponding full-order system matrices/vectors for solving the reduced-order
nonlinear equations of motion through an iterative solution procedure. So, the
computational cost in a nonlinear ROM mainly arises for the computation of the
reduced-order nonlinear system matrices/vectors (Jain, 2019; Rutzmoser, 2018;
Tiso et al., 2013). To reduce this computational cost, as a first step, the RBVs can
be taken in the elemental level to compute the reduced-order elemental system

matrices/vectors, while the elemental quantities are summed over all elements
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(Jain, 2015; Touze et al., 2014). It provides the advantage of significantly low
computational cost, and also the computation can be carried out with low
computer memory. Further, hyper reduction methods were proposed in some
studies (Allen et al., 2020; Cho et al., 2020; Dimitriu et al., 2017; Jain, 2019; Jain
and Tiso, 2018).

However, for geometrically nonlinear structures, the system
matrices/vectors in the nonlinear ROM can be derived completely in terms of the
reduction coordinates without involving the full-order solution corresponding to
the full-order FE model. A procedure in this direction is introduced by Jain (2015)
and Touze et al. (2014). However, such a method is usually called as direct or
intrusive method (Touze et al., 2014). Alternatively, taking advantage of a
polynomial system of equations in the ROM of a geometrically nonlinear problem,
non-intrusive methods were also proposed. In these methods, the reduced-order
linear /nonlinear stiffness coefficients are evaluated through a set of static full-
order solutions by enforcing a specific set of displacements or forces without
accessing FE framework (Hollkamp et al., 2005; Vizzaccaro et al., 2020).

The aforesaid ROMs are developed mainly for the linear/nonlinear
dynamic analysis of elastic structures. These methods can be utilized for the
derivation of ROMs for viscoelastic structures, but the RBVs would be derived
considering the frequency-dependent material properties of viscoelastic
structures (Rouleau et al., 2017). For this derivation of RBVs for viscoelastic
structures, various methods have been proposed in the literature like iterative
complex eigen solution method (ICES) (Lin and Lim, 1996; Vasques et al., 2010),
multi-model (MM) method (Balmes, 1997), enriched Ritz method (ERM)
(Boumediene et al., 2014; De Lima et al., 2010), modal strain energy (MSE)
method (Johnson and Kienholz, 1982), iterative MSE (Trindade et al., 2000; Zhang
and Chen, 2006), modified MSE (Hu et al., 1995; Merlette, 2006), MSE with first-
order corrective terms (MSEC) (Plouin and Balmeés, 2000), rational Krylov
approach with Taylor expansion of complex modulus (RKT) (Xie et al., 2018) and
frequency-dependent rational Krylov approach (FSRK) (Jith and Sarkar, 2020).
Using these RBVs, the derivation of ROMs for linear analysis of viscoelastic
structures has been addressed in a good number of available studies (Bilasse and
Oguamanam, 2013; De Lima et al., 2010; Ding et al., 2018; Jith and Sarkar, 2020;
Kuether, 2019; Rouleau et al., 2017; Song et al., 2016; Xie et al., 2018; Zghal et
al., 2015).

However, besides the linear ROM of viscoelastic structures, a geometrically
nonlinear ROM was reported by Song et al. (2016) using a non-intrusive method,

where the nonlinear ROM of a viscoelastic beam is derived using Kelvin-Voigt
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model. Further study on the development of nonlinear ROM for viscoelastic

structures is not yet available in the literature to the author's best knowledge.

1.5. Motivation and objectives of the present research

From the aforesaid literature survey, it is clear that a great deal of research has
already been reported towards the exploration of nonlinear dynamics of
parametrically excited slender beams and fluid conveying pipes. Further, a good
number of studies have also been reported on the active/passive control of
static/dynamic instabilities and the associated complex motion of these slender
structural elements using piezoelectric actuators, viscoelastic damping materials
and FGMs. Besides, various mathematical models of the parametrically excited
slender structures have also been addressed to analyze their instabilities and the
associated nonlinear dynamics.

However, in the context of active control of parametrically excited slender
structures using piezoelectric actuators, the available literature (Section 1.3.2)
shows an extensive application of extensional mode piezoelectric actuators (Fig.
1.4(a)), where these actuators are utilized to stabilize the slender structures in the
pre-buckled equilibrium state. It is observed that the extensional mode
piezoelectric actuators are capable of stabilizing slender structures in a wide
range of the amplitude of parametric excitation. However, in this line, the
usefulness of the other one, i.e. shear mode piezoelectric actuator (Fig. 1.4(b)), is
not yet explored in the open literature although this kind of piezoelectric actuator
is commercially available and possesses various advantages over the extensional
mode piezoelectric actuator (Sun and Zhang, 1995; Zhang and Sun, 1996). So,
the first objective of this study is decided to investigate the control capability of
the shear mode piezoelectric actuators in control of parametric instability and the
associated dynamics of a flexible beam in the pre-buckled state with reference to
that for the extensional mode piezoelectric actuators.

Besides the parametric instability of a flexible beam in the pre-buckled state,
the same beam may also undergo complex nonlinear dynamics once its static
instability/buckling appears under the parametric excitation. Here, different
kinds of dynamic instabilities associated with the static instability cause the
critical motion of the flexible beam along with the large amplitude vibration (Abou-
Rayan et al., 1993; Emam and Abdalla, 2015). However, the usefulness of the
extensional mode and shear mode piezoelectric actuators in control of such
critical nonlinear dynamics of flexible beams in the post-buckled state is not yet
reported in the available literature. Therefore, it is also included within the first

objective of this study.
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For passive control of parametrically excited beam-like slender structures
using viscoelastic damping materials, the available literature (Section 1.3.1)
shows a good number of studies on the utilization of CLD treatment for controlling
parametric instabilities of beams in the pre-buckled equilibrium state (Dwivedy et
al., 2007; Lv et al., 2018; Pradhan et al., 2016; Ray and Kar, 1996a, 1996b, 1995;
Shih and Yeh, 2005). Good effectiveness of the CLD treatment in the control of
parametric instability at the pre-buckled state of beam-like structures is observed
in these available studies. However, further research on this viscoelastic damping
treatment for attenuation of complex nonlinear dynamics of a slender structure
under the parametric excitation in the post-buckled state is not yet reported in
the literature to the best knowledge of the author. Therefore, the second objective
of the present study is to investigate the effectiveness of the CLD treatment in
passive control of nonlinear dynamics of a parametrically excited beam, especially
when it undergoes buckling or static instability.

However, for accurate estimation of passive damping in the CLD treatment,
the corresponding viscoelastic material is to be modelled using an advanced
material constitutive model like fractional Zener model, generalized Maxwell
model, Hereditary integral approach, etc. (Amabili et al., 2019; Baz, 2019; Galucio
et al., 2004; Litewka and Lewandowski, 2017b; McTavish and Hughes, 1992;
Zhou et al., 2016). Now, these material constitutive models involve temporal
derivative /integral of stress/strain so that the derivation of the corresponding
mathematical model of a viscoelastic structure for its nonlinear analysis in the
time/frequency domain appears in a complex manner. Moreover, a high
computational cost arises when modelling through FE procedure in handling
complex material configuration, loading, etc. Here, the derivation of the nonlinear
FE model in the time domain is somewhat straightforward, as observed in the
literature (Bahraini et al., 2012; Baz, 2019; Payette and Reddy, 2013; Sahoo and
Ray, 2019). But the derivation of the nonlinear FE model in the frequency domain
involves complexity because of the associated solution methodologies like
shooting method (Claeys et al., 2014; Ribeiro, 2004; Padmanabhan and Singh,
1995), orthogonal collocation method (Karkar et al., 2014) and harmonic balance
method (HBM) (Detroux et al., 2015; Dimitriadis, 2008; Karkar et al., 2014). Here,
HBM is the most popular one because of its robustness, computational efficiency
and accuracy in the representation of strong nonlinearity, especially for non-
smooth or stiffer nonlinear systems (Detroux et al., 2015; Dimitriadis, 2008;
Karkar et al., 2014).

Now, in the use of HBM for FE modelling of a viscoelastic structure in the

frequency domain, the HBM is to be implemented before the FE discretization
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because of the temporal derivative of stress/strain in the constitutive relation
(Jacques et al., 2010; Lewandowski and Wielentejczyk, 2017; Litewka and
Lewandowski, 2017Db). It poses a long expression of nonlinear stress vector
associated with the Fourier basis functions, which complicates the subsequent
formulation of the nonlinear stiffness matrix of the system. So, the available
studies in this line are carried out considering one/two harmonic terms in the
implementation of HBM (Jacques et al., 2010; Lewandowski and Wielentejczyk,
2017; Litewka and Lewandowski, 2017a; Wielentejczyk and Lewandowski, 2019).
But, for the accurate modelling of nonlinear dynamic characteristics of a
viscoelastic structure in the frequency domain, one needs to consider a sufficient
number of harmonic terms in the implementation of HBM, and it poses (i) the
difficulty in handling a long and complex expression of nonlinear stiffness matrix,
(ii) a high computational cost especially due to the requirement of numerical time-
integration of system matrices/vectors in the implementation of HBM and (iii)
separate FE formulations for different viscoelastic constitute models. In order to
ease these three difficulties, the third objective of this study is decided to present
a generalized FE formulation for nonlinear frequency-response analysis of
viscoelastic structures using HBM.

Although this generalized FE formulation is expected to provide reduced
computational time, the nonlinear frequency responses are to be evaluated using
the full-order FE model. So, the concern of computational time still remains. The
same concern also lies in the full-order FE model of a viscoelastic structure in the
time domain especially for the construction of global bifurcation diagrams to
study various dynamic instabilities and the associated motion of a viscoelastic
structure. In this issue, the option is to formulate nonlinear ROMs of viscoelastic
structures in the time and frequency domains.

However, the formulation of ROM of viscoelastic structures has been
demonstrated in a good number of available studies using various approaches in
deriving the reduced basis vectors (RBVs) (Bilasse and Oguamanam, 2013; De
Lima et al.,, 2010; Ding et al., 2018; Jith and Sarkar, 2020; Kuether, 2019;
Rouleau et al., 2017; Song et al., 2016; Xie et al., 2018; Zghal et al., 2015). But
all these available approaches in the derivation of RBVs are developed for linear
analysis of a viscoelastic structure. So, these RBVs may not provide a nonlinear
ROM with sufficient accuracy especially to model different nonlinear phenomena
like bending-stretching coupling, bending-twist coupling, coupling between
different vibration modes, etc. Therefore, further study on the enrichment of these
RBVs is needed towards the development of ROM for the nonlinear analysis of

viscoelastic structures.
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Besides this concern of accuracy, another important issue is the reduced
computational time that may be achieved appreciably by deriving the ROM
through the elemental level computation of reduced-order system
matrices/vectors completely in terms of reduced coordinates without involving the
full-order solution (Jain, 2015; Touze et al.,, 2014). But, this elemental level
computation involves difficulty, mainly for the formulation of (i) the reduced-order
nonlinear memory-load vector in the time-domain ROM and (ii) the HBM based
expended form of reduced-order nonlinear stiffness matrix in the frequency-
domain ROM. However, with these concerns, a fruitful formulation for nonlinear
ROM of viscoelastic structures in the time/frequency domain is not yet available
in the open literature. Therefore, the fourth objective of this study is to develop a
methodology for enrichment of the aforesaid RBVs for nonlinear ROM of
viscoelastic structures and also to present a fruitful elemental level formulation
of the corresponding reduced-order system matrices/vectors.

In many engineering systems like steam generators, heat exchangers, liquid
propellant rocket engines, helicopter rotor blades, rotor blades in
turbomachinery, industrial robotic structures, etc., beam-like slender structures
operate under the thermal environment. The corresponding thermally induced
stress within the structure may yield its thermo-elastic instability and /or enhance
its vibration while operating under a dynamic force. A similar circumstance can
be observed in pipes conveying hot pulsatile fluid, where the thermally induced
compressive stress in a pipe is significantly more than the similar stress due to
the flow velocity of fluid. So, the pipe undergoes static instability /buckling even
at a very low velocity of the fluid. Therefore, the thermal environment hampers
the functionality of the pipe. In this concern, the utilization of FGM made of
ceramic and metal has been addressed in a few studies in the open literature
(Section 1.3.3), where the hot surface of the pipe is made of ceramic to withstand
a high temperature of the fluid and the material properties vary gradually from
ceramic to metal across the pipe wall thickness. From these available studies, it
is observed that the pipes have significantly improved thermo-elastic stability due
to the use of FGM. However, further study on the various dynamic instabilities
and the associated complex motion of FGM pipes in both the pre-buckled and
post-buckled states is not yet addressed in the open literature. But this study is
an obvious need for having knowledge in the practical design of FGM pipes. In
this aspect, the last objective of this study is to explore the static/dynamic
instabilities and the corresponding critical motion of vertical/inclined FGM pipes

conveying a hot pulsatile fluid.
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On the basis of the aforesaid five objectives, the following studies are carried

out in this dissertation.

(a) Nonlinear dynamics and active control of smart beams wusing
shear/extensional mode piezoelectric actuators.

(b) A generalized finite element formulation for nonlinear frequency response
analysis of slender viscoelastic beams using harmonic balance method.

(c) Reduced-order finite element formulation for the geometrically nonlinear
dynamic analysis of slender viscoelastic beams.

(d) Constrained layer damping treatment of post-buckled beams under
parametric excitation: a theoretical study using reduced-order finite element
formulation.

(e) Nonlinear dynamics of functionally graded pipes conveying hot fluid.

1.6. Contributions
The following contributions in the field of nonlinear dynamic analysis and control
of parametrically excited slender structures have been made towards the

preparation of the dissertation.

1. The usefulness of shear mode piezoelectric actuators in active control of

parametric instability of a slender beam is investigated and presented.

2. The actuation capability of shear mode and extensional mode piezoelectric
actuators in control of complex nonlinear dynamics of slender beams under
parametric excitation in the post-buckled equilibrium state is investigated

and presented.

3. A new generalized FE formulation is presented for geometrically nonlinear
frequency response analysis of viscoelastic slender structures using HBM
and various material constitutive models as Kelvin-Vogt model, Maxwell
model, fractional Zener model, generalized Maxwell model and Heredity
integral approach. The special features of this new formulation are as

follows.

(a) All types of viscoelastic material models are reduced to a single
mathematical form by implementing HBM for the time-periodic
stress/strain. It facilitates a common HBM-based FE formulation for

all types of viscoelastic material models.
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(b) A special factorization of the nonlinear strain-displacement matrix is
introduced to ease the formulation of HBM based expanded forms of

nonlinear stiffness matrix and tangent stiffness matrix.

(c) The orthogonality of Fourier basis functions is exploited not only to
reduce the number of terms in the HBM based expanded form of
system matrices/vectors but also to decrease the computational time

for time-integration in the implementation of HBM.

4. A reduced-order FE model of viscoelastic slender structures is presented
for their geometrically nonlinear analysis in the time domain based on the

fractional Zener constitutive model. The contributions here are as follows.

(a) A methodology for the enrichment of reduced basis vectors is proposed

for sufficient accuracy of nonlinear ROMs of viscoelastic structures.

(b) The elemental level computation of reduced-order system matrices
and vectors is introduced through a special factorization of the
nonlinear strain-displacement matrix. The reduced-order system
matrices can be computed without involving the full-order solution. It
facilitates a significant reduction of computational time and the

requirement of computer memory.

(c) A special formulation of nonlinear reduced-order memory-load vector
based on the fractional Zener model is presented by introducing two

new anelastic forces especially to reduce computational time.

5. A reduced-order FE model of viscoelastic slender structures is formulated
for their geometrically nonlinear analysis in the frequency domain using
HBM.

6. A comparative study is presented to address the best one among the MSE,
MSEC, MM, ICES, RKT and FSRK approaches in selection and enrichment
of reduced basis vectors for deriving nonlinear ROMs of viscoelastic
structures.

7. The performance CLD treatment in passive control of complex nonlinear
dynamics of parametrically excited slender structures in the post-buckled

equilibrium state is investigated and presented.

8. The nonlinear dynamics of a slender FG pipe conveying steady/pulsatile

hot fluid is thoroughly investigated in its pre-buckled and post-buckled
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states. This study reveals the utility of FGM to mitigate the static and

dynamic instabilities of fluid conveying slender pipes.

9. The nonlinear dynamics of an inclined slender FG pipe conveying hot
pulsatile fluid is also investigated thoroughly and presented. This study
reveals the effect of inclination of a fluid conveying pipe on its

static/dynamic instabilities and the associated complex motion.

1.7. Organization of the thesis

In Chapter 1, a brief introduction of various mechanical resonances and the
associated nonlinear dynamics of slender structures operating under the
parametric excitation is presented. This is accompanied by a literature review
on the nonlinear dynamics/instability of parametrically excited slender
structures. Subsequently, a brief introduction on viscoelastic, piezoelectric and
FGMs is furnished along with the available studies on their use in the control of
dynamics/instability of parametrically excited slender structures. Next, a
literature review on the FE models for the nonlinear dynamic analysis of slender
structures is presented where the development of reduced-order FE models is
mainly focused. On the basis of this literature review, the scope of the present
research has been identified, and the objectives of the present thesis are
furnished.

Chapter 2 deals with the nonlinear dynamic analysis and active control of
parametrically excited smart beams using shear mode and extensional mode
piezoelectric actuators. First, the geometrically nonlinear electro-elastic
incremental FE equations of motion are derived based on the velocity feedback
control law, and then the HBM is implemented to evaluate the nonlinear
frequency responses under the transverse/axial harmonic load. Subsequently, a
methodology for the local stability analysis in the FE framework is presented using
Floquet theory. Next, the numerical results are illustrated to explore the nonlinear
dynamics of the smart beams in both the pre-buckled and post-buckled states
where the active control capabilities of shear mode and extensional mode
piezoelectric actuators are mainly focused.

Chapter 3 presents a generalized FE formulation for nonlinear frequency-
response analysis of viscoelastic structures using HBM. The HBM-based FE
formulation is presented considering a viscoelastic sandwich beam and an
arbitrary number of harmonic terms in HBM. This formulation is carried out by
introducing three new strategies especially to ease the implementation of HBM in

the FE framework, which are: (i) a special factorization of nonlinear strain-
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displacement matrix, (ii) exploitation of orthogonality of Fourier basis functions
and (iii) reduction of various mathematical forms for viscoelastic constitutive
behaviour into a generalized form for periodic stress/strain. The fruitfulness of
this formulation is subsequently verified through the numerical illustrations.

In Chapter 4, the nonlinear ROMs are derived in the time and frequency
domains for the geometrically nonlinear FE analysis of viscoelastic structures
using the fractional Zener constitutive model. First, the ROM is derived in the
time domain, where the nonlinear memory-load vector is formulated in terms of
two new anelastic forces, especially to enable the formulation of all reduced-order
system matrices/vectors in the elemental level without involving the full-order
solution. Subsequently, the ROM is derived in the frequency domain using HBM.
Next, a methodology for the enrichment of RBVs that are utilized in literature for
linear ROM of a viscoelastic structure is presented. Successively, the fruitfulness
of the ROMs in achieving accurate results with less computational time is
demonstrated through the numerical illustrations. Also, a comparative study is
presented for a suitable approach in the selection of RBVs and the corresponding
enrichment for the nonlinear analysis of viscoelastic structures with frequency-
dependent material properties.

Chapter 5 presents a study on the passive damping capability of CLD
treatment in the control of nonlinear dynamics of a parametrically excited beam,
especially when it undergoes buckling or static instability. The theoretical
analysis is carried out by considering the CLD treatment in three different layered
beam configurations. For all these configurations, the nonlinear ROMs are first
derived in the time and frequency domains. Subsequently, the numerical results
are illustrated, where the fruitfulness of the ROMs in the estimation of very
complex dynamics of the CLD treated layered beams under the parametric
excitation at the post-buckled state is first verified. Next, the effectiveness of the
CLD treatment in attenuation of these complex dynamics is investigated.

Chapter 6 presents a study on the static/dynamic instabilities and the
corresponding critical motion of vertical/inclined FGM pipes conveying hot
pulsatile fluid. The geometrically nonlinear governing equation of motion of a
pinned-pinned inclined FG pipe conveying hot pulsatile fluid is derived based on
the Euler-Bernoulli beam theory and plug-flow model, and the solutions are
obtained using Galerkin discretization in conjunction with the incremental
HBM/Runge-Kutta method. In the numerical results, first, the effects of
temperature, graded exponent of FGM and flow velocity on the static instability of
the FG pipe are illustrated. Next, the effects of the same system parameters on

the dynamic instabilities, as well as the associated motion, of the FG pipe are
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investigated in both the pre-buckled and post-buckled states. Subsequently, the
effect of the inclination of the FG pipe on its dynamics is presented.

Finally, the important conclusions from the work carried out, and the
future scope of the present thesis work are outlined in Chapter 7. The list of

references is provided at the end of the thesis.
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Chapter
2

Nonlinear dynamics and active control of smart beams
using shear/extensional mode piezoelectric actuators

2.1. Introduction

The literature survey in the previous chapter shows a substantial number of
studies on the active control of vibration/instability of smart beams under
direct/parametric excitation (Section 1.3.2). It is observed from this literature
review that the extensional mode piezoelectric actuators are capable of controlling
both the linear and large amplitude vibration of flexible beams under direct
excitation. On the other hand, the available studies on the control capability of
shear mode piezoelectric actuators are limited to the linear dynamics of slender
beams (Batra and Geng, 2002; Raja et al., 2002; Trindade et al., 1999), where it
is revealed that shear mode actuator exhibits better control capability than that
for the extensional mode actuator in control of cantilever beams and higher
bending modes of vibration of beams with end supports. However, the attenuation
of large amplitude vibration using shear mode actuator may be somewhat difficult
since the geometrically nonlinear stiffness of flexible beams and the externally
applied electric field to the actuator increase with the rise in the amplitude of
vibration. An investigation in this concern is performed at present to explore the
utility of the shear mode piezoelectric actuator in comparison to that of the
extensional mode piezoelectric actuator for active control of large amplitude
vibration of flexible beams operating under the direct excitation.

Besides the direct excitation, a few studies in the available literature
addressed the control of parametrically excited flexible beams using extensional
mode piezoelectric actuators, where the actuators are used to control the
parametric instability of slender beams in the pre-buckled state (Chen et al.,
2009; Lacarbonara et al., 2007; Yabuno et al., 2001; Yao et al., 2015). In these
studies, it is observed that the active damping provided by the extensional mode
piezoelectric actuator significantly reduces the parametric instability region, thus
stabilizing the beams in a wide range of the amplitude of parametric excitation.
However, in this line, the usefulness of the shear mode piezoelectric actuator is
not yet explored in the literature to the best knowledge of this researcher. Apart
from the parametric instability of a flexible beam in the pre-buckled state, the

same beam may undergo complex nonlinear dynamics once its static
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instability/buckling appears under the parametric excitation (Section 1.2.2).
However, the usefulness of the extensional mode and shear mode piezoelectric
actuators in control of such complex dynamics in the post-buckled state of a
flexible beam is not yet reported in the open literature.

Therefore, in this chapter, the usefulness of shear mode and extensional
mode piezoelectric actuators in active control of dynamics of a clamped-clamped
beam is investigated where the beam is considered to operate under the
direct/parametric excitation in the pre-buckled or post-buckled equilibrium state.
The main concerns of the overall study are as follows.

(a) A comparative study on the active control capabilities of shear mode and
extensional mode piezoelectric actuators in attenuation of large amplitude
vibration of the clamped-clamped beam operating under the direct excitation.

(b) Active control capability of shear mode piezoelectric actuators in comparison
to that of the extensional mode piezoelectric actuators for controlling
parametric instability of the clamped-clamped beam in its pre-buckled state.

() Usefulness of shear mode and extensional mode piezoelectric actuators in
active control of complex dynamics of the clamped-clamped beam under the

parametric excitation in the post-buckled state.

In the following sections, first, the geometrical configurations of two smart
beams are described (Section 2.2) for the separate use of the extensional mode
and shear mode piezoelectric actuators. Section 2.3 is devoted to the derivation of
a geometrically nonlinear incremental finite element (FE) model of the smart
beams. Section 2.4 contains the presently used active control strategies and their
implementation for a closed-loop FE model of the smart beams. Section 2.5
presents the implementation of the harmonic balance method (HBM) for the
analysis of nonlinear dynamics of the smart beams in the frequency domain. The
procedure for local stability analysis of the nonlinear frequency responses is
furnished in Section 2.6. Section 2.7 presents the numerical results
corresponding to the aforesaid investigation on the control capabilities of the
extensional mode and shear mode piezoelectric actuators. Finally, in Section 2.8,

the observations from this study are summarized.

2.2, Present smart beams

The extensional mode piezoelectric actuators are usually attached to the surface
of a host structure for the actuation of bending deformation of the overall smart
structure (Sun and Zhang, 1995; Trindade, 2007). Accordingly, for active control

of a substrate beam using extensional mode actuators, a smart beam is
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configured as shown in Fig. 2.1(a). The length (L) of the beam is divided into a

number (N,) of uniform segments having the length of L;. In every segment, two

identical actuator patches are attached to the top and bottom surfaces of the

substrate beam (Fig. 2.1(a)). The length of the actuator patches is denoted by L,

and they are located centrally within the span of a segment. These actuator
patches are poled in the vertical direction, and the external electric field is applied
across their top and bottom fully electrode surfaces according to a closed-loop
control strategy presented in Section 2.4. For the implementation of this control

strategy, the velocity sensors (S;, i= 1, 2, 3...) are located following the length (

L) of segments as shown in Fig. 2.1(a).

Section BB Section CC

(b)

Foam mmm Substrate layer mmm Actuator patches S.(iF1,2,3...) : Velocity Sensors

Fig. 2.1. Schematic diagrams of (a) a substrate beam integrated with
extensional mode actuator patches (EMA beam) and (b) a sandwich beam
having the shear mode actuator patches at the core (SMA beam).

Unlike the extensional mode piezoelectric actuators, the shear mode
piezoelectric actuators are usually located at the core of a thin-walled structure
through the sandwich configuration (Sun and Zhang, 1995; Trindade, 2007). So,
for the actuation of the beam using shear mode actuators, the smart beam is
constructed in the sandwich configuration, as shown in Fig. 2.1(b) where an
actuator patch is taken at the core of a segment (L), and the gap between the
actuator patches at the core is filled by foam. The shear mode actuator patches

are poled along the longitudinal direction of the substrate beam, and they are

activated by supplying external electric field across their top and bottom fully
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electrode surfaces according to a shear-based active control strategy as presented
in Section 2.4.
However, for making a comparative study between these two kinds of

piezoelectric actuators in active control of dynamics of a beam element, the shear

mode actuator patches are arranged through the same number (n,) of patch

segments as that are taken for the extensional mode actuator patches. Also, the

velocity sensors (S;, i= 1, 2, 3...) for the sandwich beam are located in the same

manner as that is for the extensional mode actuator patches. For the other

geometrical dimensions, the total thickness (hp) of the extensional mode actuator

patches over a typical cross-section of the smart beam (Fig. 2.1(a)) is considered

as equal to the thickness of the shear mode actuator patches (Fig. 2.1(b)). Also,

the total thickness (h; ) of the substrate/face layers in the smart sandwich beam

(Fig. 2.1(b)) equals to the thickness of the other substrate beam (Fig. 2.1(a)). Both
the smart beams are taken with their clamped ends and operate under the same
dynamic load.

The substrate layers are considered to be made of an isotropic material. The
foam is also considered to have isotropic material properties. Further, the
extensional and shear mode actuator patches are considered to be made of the
same piezoelectric material. However, for the sake of simplicity in the
presentation, the smart beam with extensional mode actuators is presently called
as extensional mode actuated (EMA) beam while the other smart beam with shear

mode actuators is named as shear mode actuated (SMA) beam.

2.3. Mathematical formulation

According to the aforesaid material properties of the component materials in the
smart beams and the poling direction of piezoelectric actuator patches, the

material properties of the smart beams do not vary along the Y-direction (Fig.

2.1). Also, the transverse shear or extensional actuation force in the actuator
patches do not vary in the Y -direction. There is no applied mechanical force over
the boundary surfaces of the smart beams in parallel to the xz-plane. Moreover,
there is no body force in any direction of the reference coordinate system (Xyz).
Therefore, the smart beams may be considered as plane stress problems in the
Xz -plane (Fig. 2.1). Accordingly, the state of stress and the state of strain at any

point in the xz-plane can be written as,

e={ey & 7xz}T’°':{O-x 0y sz}T (2.1)
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where, ¢&,/o, and ¢,/0,are the longitudinal and transverse normal
strains/stresses, respectively; 7,,/7,, is the transverse shear strain/stress in the

Xz -plane. The von Karman nonlinear strain-displacement relations at any point

in the xz-plane can be written as,

-

T 2

e=(g +ey), § = au-ow 6_W+6_u , & = 1fow 00 (2.2)
Ox 0L oOx oz 2\ ox

where, U and w are the displacements at any point in the xz-plane along the x

and z directions, respectively. The constitutive relations for the substrate beam

or foam under the plane stress assumption can be written as,
o =C*s, CK=EXC), k=12

1K 0

=—1k v 1 0
l_(V) K
0 0 @1-vk/2

ck

(2.34a)
where, the superscript k indicates the materials for the substrate beam, foam
and actuator patches as per its value as 1, 2 and 3, respectively; EX and v (
k =1,2) are Young’s modulus and Poisson’s ratio, respectively. The top and bottom
surfaces of the thin piezoelectric actuator patches are fully electrode surfaces. So,
the electric field components E,, E, and E, along the x, y and z directions,

respectively, can be assumed as, E, 0, E, ~ 0 and E, =-aVv /hp where V is the

applied voltage across the top and bottom electrode surfaces, and a is equal to 2

or 1 for EMA or SMA beam, respectively. Accordingly, the constitutive relations
for the piezoelectric actuator patches under the plane stress assumption can be

written as (Trindade, 2007),
o =Ck8—ekEZ , DE =(ek)T8+e|§3 E,, k=3
~k ~k 2 /~k ~k ~k ~k \/~k
Ci-(Ch)*/C:  Chi-(CiCs)/Co O
ch= 61k3 - (61‘(2553)/ 652 C_é(s - (653)2/ C_:lz(z 0
0 0 Ck
k =T
e = {0 0 e35} for shear mode actuator
= = T
ek ={§3k1—(e_3k2C1k2) / CY, &5 —-(E5CK) / Ck 0} for extensional mode

actuator (2.3Db)
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where, C_Zi'} (k=3) are the stiffness coefficients of the vertically or longitudinally
poled piezoelectric actuators; e_ijl-( (k =3) are the piezoelectric coefficients; e§3 (k=3

) is the electrical permittivity along the z-direction and D;‘ (k =3) is the electrical

displacement along the z-direction.

The smart beams are considered to be subjected to an axial compressive
load ( pl) through the support ends. Generally, the influence of this kind of load

on the bending deformation of a beam is accounted by means of the pre-stress (

6,) in the beam (Chen et al., 2002; Ganesan and Kadoli, 2004; Lacarbonara et

al., 2007). This pre-stress in the beam corresponds to its axial deformation only
under the axial compressive load. Further, a beam element usually possesses a
very high rigidity against its axial deformation. So, the linear axial deformation of

the beam may be assumed where the corresponding pre-stress at any point in the
beam varies linearly with the applied axial compressive load ( p; ). Accordingly, the

pre-stress (6,) in the beam element can be written as follows,

t
04 =00(X,Z) Pa (2.4)
where, o, is the state of stress at a point in the beam corresponding to its linear

axial deformation under the unit value of the applied axial compressive load |( p;

). However, introducing the axial compressive load in this form of the pre-stress,
the first variation of the total potential energy of the smart beams can be written

as,

3
ST, = kz k<(5g)Tak +(58) g pl >b dak - jk (5E,)Dfb dA¥| (2.5)
-1 A A -

where, § is the operator for the first variation; A¥ is the area of k!"material in
the xz-plane of the smart beam. It may be noted here that the electric field (E,)
is specified at any instant of time in the use of the piezoelectric actuators, and

thus 0E, =0. Substituting Eqgs. (2.3a), (2.3b) and (2.2) in Eq. (2.5), the resulting

expression for 6T, can be obtained as,

3
szg

b dA — [ (3& +5e,) " e E,bdA" - (2.6)
. _

Ak

_[ <(5£| +5gn)TCk (& +£n)>
Ak

+(5g +65,) 6 P

Now, if the smart beams are considered to undergo vibration under the

harmonically varying axial compressive load ( p, , Eq. (2.7)), then the first variation

45
TH-2877_166103022



of the total kinetic energy (0T, ) of the smart beams can be written as given in Eq.
(2.8).

py = p2(1+ Acos£2t) (2.7)
3 . .
ST = [ (5dg)" p¥dg bdA", dg ={u W} (2.8)
k=1 ak

In Egs. (2.7)-(2.8), p; is the static counterpart of the axial compressive load ( p; );

A and Q are the dynamic load parameter and excitation frequency, respectively;

p* is the mass density of k™ material in the smart beams; ds is the displacement

vector at any point in the xz-plane. The governing equation of motion of the smart

beams can be derived by employing Hamilton’s principle as,

t
[(6T, —6T)dt=0 (2.9)
b

Substituting Egs. (2.6) and (2.8) in Eq. (2.9), the following simplified equation can

be obtained,

(2.10)

3 (58|+58H)Tck(8| +é&,)+
k=1 pk

. o . JDOAS— [ (S8 +55,) € E, bdA® =0
(08 +3¢,) 64 Py +(0ds) " pd, A -

For the sake of simplicity in the formulation, a dimensionless time unit (7) is

introduced as 7=01t, and all subsequent equations are expressed in terms of

this dimensionless time unit (7). However, a state of vibration (dy, 2, 1) of the

smart beams can be expressed with respect to a reference state of vibration (idS ,
£ ,4;) through an incremental form as given in Eq. (2.11). Accordingly, the

incremental forms of the strain vectors (¢ ,¢,) are presented in Eq. (2.12) where
L, L, and L} are the operator matrices.
d, =('d, +A4d,), 2=(2 +402), 1=(4+A2) (2.11)
g =(ie| +4g), &, =(i8n + Agy + Ag5)
‘e, =L'd;, Agy=LAdg, ‘e, =(1/2)'L, d;,
Agy =" LyAdg , Aeyy = (1/2) AL, Ad

_ {a/ax 0 9oz

.
0 oz 8/6x} , 'Ly =L, ('dg), AL, =L, (ady),

w w w Wy T T w
Lo(ds) =(Ld,) LY, =[ ()T 0 O] , LY ={0 o/ (2.12)
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Introducing Eqgs. (2.11) and (2.12) in Eq. (2.10), the incremental form of the

governing equation of motion of the smart beams can be obtained as,
; (04¢ +5Asn1)TCk(is| + isn + Ag + Agy + Aep) +
[ (8e,,) " C* (e +'e) + (2 + AQ)% (64d,)" p* (dg + Ad) )b dA¥ -
k=1 pk
M\ (08 + Sy +046,,) T 6y P2 (L+ (4 + A2)cost)

T k k
A{k (85 + e + syy) e E,bAAY| =0 2.13)

The FE model of the smart beams is derived by discretizing the xz-plane
using nine-node isoparametric quadrilateral elements. The edges of a typical
element are parallel to the reference coordinate axes in the Xz -plane, and also a

typical element is made of either of the three component materials (k =1, 2, 3) in

the smart beams. However, the displacement and strain vectors (Egs. (2.11)-(

2.12)) at any point in a typical element can be expressed in terms of the shape

function matrix (N ) and the elemental nodal displacement vectors (ide ,Ad%) as

follows,
'd, =N 'd®, Ad, =N 4d®,
'e,= B, 'd®, Ag=B,Ad®, ‘¢, =(1/2) B, d? d®,
Ae =B, \dSAd°® | Ag,, =(1/2) B,Ad{ Ad®
B,=LN, B,=B"R/,
RY =(ls®BY), BY =LIN, BY =LY N 2.14)
where, where ;g is the unity matrix of size (18 x18) and the symbol ® represents

Kronecker product. Introducing Eq. (2.14) in Eq. (2.13), the linearized incremental

governing equation of motion for a typical element can be obtained as,
OPMEAG® + Ky Ad® =Py AQ+PF A2+ RE, +(PE+('df)TCE +KEAd®)V
Kéim=K§ + K 'dF + (K 'd) "+ K 'dF +(3/2) (') KG, 'df +
pC(1+4 cos7)KE,, PE =20 MEd®,
Py =—p3 cos(r)<P§ +Kg id'3> , RS, =—p2(1+4 cos7) PS —KE, 'd® —2?M¢eide,
KE =K +U2)KE, 'dE+(KE, 'd)T +(@/2)(df)TKE , 'df + p2 L+ 4 cosT)KE,  (2.15)

In Eq. (2.15), the superscript e indicates the elemental quantities, and the various

component matrices are given by,
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M= [ NTp*NbdA®, K& = [ BCkBbdA®,
A8 A8
KSeFIl: J BlTCan b dAe ’ Kgng = J. (Blw)TCk B| vab dAe ,
A® A®

K&s= [ (B,)TCKB, bdA®, K& = [ (B)) 6uBy'b dA®,
AE A8

P =[Blaob dA®, PE= [ (-a/t,)B e b dA°,
A® AC
CE = (-a/t,)B, b dA®, KE = [ (—a/t,)(BY) e BYb dA°,
A® A¢

RY=1,®BY, 'df='d®*® I (2.16)
where, the superscript k denotes the material of an element among the three

kinds of materials (k =1,2,3) in the smart beams; elk is the first component of

piezoelectric coefficient vector ek (Eq. (2.3b)). Assembling the elemental equations
(Eq. (2.15)), the governing equation of motion of the smart beams can be obtained

as,
. Np .
QM AT+ Ky Ad = Py AQ+ P, A2+ Rey + 3 (PP + () CR+ KRad )V, (2:17)
p=1
where, d is the global nodal displacement vector; My and K, are the global
mass and tangent stiffness matrices, respectively; P, / P, is the global load vector

per unit increment of 2 / 1; Ry, is the global residue vector excluding the electro-

elastic coupling effect in the actuators; Vp is the voltage applied to the actuator

in the p™ segment; PP, CP and K@ are the global matrices corresponding to
the assembly of elemental matrices P¢, C¢ and Kg, respectively, for the elements

made of actuator material within the pth segment.

2.4. Active control strategy

The piezoelectric actuator patches are presently utilized to counteract the bending
deformation of the smart beams (Fig. 2.1). In the case of the SMA beam (Fig.
2.1(b)), every shear mode piezoelectric actuator patch is utilized to counteract the

mechanically induced transverse shear stress (7,,) around its location. Now, this
mechanical stress (7,,) changes its sign at the antinodes of any bending mode

shape of vibration of the smart beam. So, every shear mode actuator patch is
presently activated by the feedback of the slope of bending at its location since

the slope of bending also changes its sign at the antinodes. Further, to utilize the
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shear actuation force in the form of the active damping force, the electric field (E,

) is supplied to a shear mode actuator patch in proportion to the time-rate of
change of the local slope of bending deformation of the smart beam. However, this
velocity feedback control strategy is implemented by locating the velocity sensors
over the ends of the actuator patch segments, as shown in Fig. 2.1(b). These

sensors provide the transverse velocities at the ends of the actuator patch

segments, which are used to supply the external voltage (V) to the pth actuator

patch segment according to Eq. (2.18a). In Eq. (2.18a), \/'vSp and v'vSp+1 are the

transverse velocities at the left and right ends of the pth actuator patch segment,
respectively, and Ky is the velocity feedback control gain.

Wg  — W
=—Kgy % for SMA beam (2.184)

S

Vo

Similar to the shear mode actuator patches in the SMA beam (Fig. 2.1(b)),
every extensional mode actuator patch in the EMA beam (Fig. 2.1(a)) also acts

against the mechanically induced extensional stress (o, ) around the location of

the actuator patch. However, since the beam undergoes bending deformation, the
sign of the mechanical stress (o, ) changes from positive to negative or vice versa
as one proceeds from the top to the bottom surface of the substrate beam over its
any cross-section. Therefore, the direction of the extensional actuation force
within the top actuator patch in any patch segment would be in opposition to that
for the bottom actuator patch in the same patch segment. It can be achieved by
reversing the direction of the applied electric field (E,) over the top and bottom
actuator patches in a segment while both the actuators are poled in the same
vertical direction. Physically, this arrangement can be achieved by grounding the
electrodes at the interlayer surface of substrate beam and actuator patches.

However, in any patch segment, the electric field (E,) is applied to the
corresponding actuator patches by supplying the external voltage (V,) in

proportion to the transverse velocity over that patch segment. For implementing
this velocity feedback control strategy, the velocity sensors are arranged similar

to that for the SMA beam (Figs. 2.1(a)-(b)), where the average transverse velocity
over a patch segment (say, pth actuator patch segment) is taken as given in Eq.

(2.18b).

LT Wg
V= —Keg % for EMA beam (2.18Db)
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where, ko4 is the velocity feedback control gain. The transverse velocities (v'\lsp ,

W; ) at the sensor points can be expressed in terms of the global nodal velocity
Sp+l

vector (d) by introducing a transformation row matrix ( NSpT / NE). It yields the
applied voltage (V) in terms of the velocity vector ( d) as follows,

k C . ;
V, =—Lij NS d, (W, —Ws )= N& d for SMA beam (2.18¢)

Vv :_TNgTd , (V’\Isp+1+v'vsp)=N£Td for EMA beam (2.18d)

Using Eq. (2.18c) or Eq. (2.18d) in the Eq. (2.17), the simplified form of the

governing equation of motion of the smart beams can be obtained as,
M Ad + Ky Ad +Q2 C, Ad =P, AQ+P, AL+R,,
Rs =Ry —43 G 'd » Kt =Kgm+43 Ky Id|S ’

C,=C +('d))"Cy, P,=P,-Cd,

n

Np
CI= PEpr, CN:ZCIIEOfc’
p=1

k=]

1

i

n

Ky, :[Kg (KE1K2) (K2+K3) .. (KPikD) KE"},
g =(d o1y ), ‘d5=[vvsl i, ng---Wan’

k k
f,=—0 N& for SMA beam, f,= %d Ng; for EMA beam

L (2.19)
In Eq. (2.19), C; and K are the global damping and tangent stiffness matrices,
respectively; P,/ P, is the global load vector per unit increment of 2 /1; R is

the global residue vector; |y is the identity matrix of size ( N; xN¢) where Nj is

the number of nodal degrees of freedom. It may also be noted here that the

matrices Ky and Cy are null matrices for the SMA beam.

2.5. Implementation of the harmonic balance method

For the evaluation of frequency responses of the smart beams, the governing
equation of motion (Eq. (2.19)) is expressed in the frequency domain by
implementing the HBM. According to this method, the solution (d) can be
assumed following the Fourier series with the finite number (H) of harmonic

terms as follows,
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d=SX,
$S=Q®l,, Q={1 Q Q;},

Q. ={cos(r/2) cos(27/2) cos(3z/2) ... cos(Hz/2)} ,

Q. ={sin(z/2) sin(2z/2) sin(3z/2) ... sin(Hz/2)}, X ={(d°)T @)’ (dS)T}T (2.20)

where, dO, d® and d°® are the nodal displacement amplitude vectors

corresponding to the constant, cosine and sine terms, respectively. Substituting
this solution (Eq. (2.20)) in Eq. (2.19) and then using the Galerkin method, the
linearized incremental governing equation of motion in the frequency domain can
be obtained as,
KidX =Rp42+ R, 41+ R
4z

4z
Ke=J 8T(2°M; $+02,CS+KyS)dr, R= [ STR, dr,
0 0

4z Ar
Ro=[STPydr, Ry=[STPdr 2.21)
0 0

The solution of Eq. (2.21) provides the frequency responses of the smart beams
when the beams operate under the harmonically varying axial compressive load
(Eq. (2.7)). However, presently the frequency responses of the smart beams are

also evaluated by applying a transverse harmonic point-load ( p;) in the form as
given in Eq. (2.22) where p{ is the load-amplitude.

P, = pf cos2t = p cost (2.22)
The first variation of the external workdone ( SW ) by this point-load can be written
as,

OW =W, Py (2.23)
where, the transverse harmonic point-load ( p;) is applied at a node having the
coordinates as X, and z . The first variation of the corresponding nodal
displacement (5W|(x|,z|)) under the point-load ( p;) can be expressed in terms of

the global nodal displacement vector ( d ) through a transformation column vector

(Ps). Accordingly, the first variation of the external workdone ( 6W ) can be written

as,

oW :5dTPt ’ Pt :(PS pt) ’5W|(X|,Z|) :5dTPS (224)
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The governing equation of motion of the smart beams under this transverse
harmonic point-load can be obtained by adding the corresponding global nodal

load vector (P, , Eq. (2.24)) over the right-hand side of Eq. (2.17) while the effect of

the applied axial load can be removed by assigning its zero-value (p, = 0). The

subsequent formulation remains the same as presented previously, and the
resulting governing equation of motion (Eq. (2.21)) can then be solved for the
frequency responses of the smart beams under the transverse harmonic point-
load.

2.6. Local stability analysis

For the local stability analysis of a steady-state response, a small perturbation is
to be provided over that response. If this perturbation vanishes with time, then
the response is said to be a stable one; otherwise, it is an unstable response.

However, for the specified dynamic load parameter (1) and excitation frequency (
), the corresponding steady-state solution can be obtained by solving Eq. (2.21),

and this solution also satisfies Eq. (2.19). Accordingly, for this known steady-state
solution (id =S X, Eq. (2.20)) at the specified load parameter (1) and excitation

frequency (£2) as 4 and (2, , respectively, Eq. (2.19) can be written as,
PM Ad + Ky Ad + 2 C, Ad =0 (2.25)

where, the matrices Ky and C; are the functions of €2, , 4 and ' (Egs. (2.19)
and (2.15)). Equation (2.25) represents the linear differential equations with the

periodic coefficients, and thus the stability of the steady-state response (id ) can
be obtained using Floquet theory by expressing Eq. (2.25) in the state-space form
as,
F=Q()F,
: Oy, In,
F={ad ad} , Q(r)=| 1 i 1 9
{ } _E(Ms) Kst _E(Ms) Cs

(2.26)
where, Oy, is the null matrix of size (N¢ xN¢). According to Floquet theory, the
stability characteristics of the steady-state solution can be obtained from the
eigenvalues of the monodromy matrix or state transition matrix (¢ ) that can be
derived by satisfying F(r+T)=¢ F(r) where T is the time period of the steady-
state response. This monodromy matrix can be computed by the solution of Eq.

(2.26) following the standard procedure (Peletan et al., 2013) in conjunction with
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a numerical time-integration method. However, it involves a high computational
cost because of a large number of nodal degrees of freedom in the FE model of the
smart beams. In this concern, the local stability analysis can be carried out by
deriving a reduced-order model of the system (Eq. (2.25)) without significant loss

of accuracy. For this model reduction, the basis vectors are presently chosen from

the proper orthogonal modes (@) that can be evaluated by solving an eigenvalue
problem, as illustrated in Eq. (2.27a).
(R-Ag1y, |05 =0

mzNil('P'PT),Y’:[dl dy dy . . dy, | (2.27a)

In Eq. (2.27a), R is the correlation matrix; 4, and @, are the proper orthogonal

value (POV) and proper orthogonal mode (POM), respectively, for the q" mode
(Rizzi and Przekop, 2008). Here, the snapshot matrix (¥) is composed of nodal
displacement vectors (d;,i=12,..N;), where a nodal displacement vector can be

taken at any instant of time from the steady-state transient response of a smart
beam at an excitation frequency. Presently, the displacement vectors in the
snapshot matrix are considered for different excitation frequencies that are
chosen arbitrarily within the operating frequency range. However, a

transformation matrix (@, Eq. (2.27b)) can be formed by choosing a suitable

number of proper orthogonal modes (@,, j=12,..N,) for the coordinate

transformation (Eq. (2.27¢)) from the nodal (4d ) to modal (4V ) coordinates.
o=[0, 0, 6, . . 6| (2.27b)
Ad =d AV (2.27¢)

Now, the differential system (Eq. (2.25)) is projected over the basis (@) to obtain

the reduced-order state-space form of Eq. (2.25) as follows,
FF' — er(T) I’F ,

. Oy, In,
F={avT AT Q)= _ig<(rMs)_1 Ky _%<(rMS)—1 c,)

"M, =(@ M D), 'Ky =(@ K, D), 'C,=(P'C, D) (2.28)
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where, ONr and | n, denote the null matrix and identity matrix, respectively, with
the size of (N, xN,); the pre-superscript r denotes the reduced-order system

matrices or vectors. Now, the reduced-order monodromy matrix ( '¢) can be

computed by the solution of Eq. (2.28) following the standard procedure (Peletan
et al., 2013), where the numerical time-integration is presently carried out using

Bathe time integration method (Bathe, 2006). The steady-state frequency
response (id) is said to be stable one when all moduli of eigenvalues of the
monodromy matrix ( '¢) are less than 1; otherwise, the solution is an unstable

one.

2.7. Results and discussion

In this section, the suitability of the shear mode and extensional mode
piezoelectric actuators in control of nonlinear vibration of the smart beams (Figs.
2.1(a)-(b)) is investigated by evaluating the nonlinear dynamic responses of the
beams in both the frequency and time domain. For the evaluation of dynamic
responses in the frequency domain, the governing equation of motion (Eq. (2.19))
is first expressed in the frequency domain by implementing HBM, and then the
resulting equation (Eq. (2.21)) is solved using a numerical continuation method
(Cheung et al., 1990). However, a convergence study is first carried out to decide
an appropriate number of elements in the FE model and also a suitable number
of harmonic terms in the HBM, especially to achieve the results with sufficient
numerical accuracy. This study is carried out through the evaluation of the peak
displacement amplitude of the smart beams by increasing the number of
harmonic terms, while, for each step of the increase in the number of harmonic
terms, the number of elements in the FE model are increased for both the
substrate layers and actuator patches. It is observed that a minimum number of
200 elements (100 element divisions in X—direction and 2 element divisions in
z —direction) for the substrate layers and a minimum number of 16 elements (8
element divisions in Xx—direction and 2 element divisions in z-—direction) for
every actuator patch provide sufficient numerical accuracy in the result for any
number of harmonic terms. Besides, for the implementation of HBM, the sufficient
numerical accuracy in the results is achieved for the first six harmonic terms (
H=1,2,..,6., Eq. (2.20)) in the case of the parametric excitation and the first six
even harmonic terms (H =2,4,6, ...,12., Eq. (2.20)) in the case of the direct

excitation. The subsequent numerical results are evaluated following this
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convergence study. The local stability of the nonlinear frequency responses is
analyzed using Floquet theory as it is described in the previous section where the
reduced-order model is derived by choosing a suitable number of proper
orthogonal modes (POMs). Usually, a higher proper orthogonal value (POV)
indicates greater contribution of the corresponding POM to the response (Rizzi
and Przekop, 2008). So, POMs are first arranged according to the corresponding
POVs in descending order, and then the first nine POMs (N, =9) are taken based

on a convergence study. However, for the evaluation of dynamic responses in the
time domain, the equation of motion (Eq. (2.19) is solved using Bathe time
integration method (Bathe, 2006). Here, the time-domain responses are mainly
used for the construction of global bifurcation diagrams where the Poincare

sections are selected at the intervals of the time-period (27/£2) of excitation.

Table 2.1
Geometrical properties of the smart beams (Figs. 2.1(a)-(b)).
Substrate beam/face layers L=0.6m,b=3mm, hy =2 mm
of sandwich beam
Piezoelectric actuator patches hp = 1 mm, |_p /|_s =0.8

Table 2.2

Material properties of component materials in the smart beams (Figs. 2.1(a)-

(b))

Material properties PZTSH (Erturk and Inman, Aluminum Foam (Raja
2011) et al., 2002)
Elastic properties Cy; = 127 GPa, Cy3 = 117.84 GPa, E=70 E =35.3
GPa, MPa,

C,, = 80.21 GPa, C3= 84.67 GPa,
Cyq = 22.99 GPa, Cq = 23.47 GPa

v=0.3 v =0.3822

Electromechanical 83, = -6.6228 C/m?2, &5 =23.24 - -
coefficients C/m?, &, = 17.03 C/m>

Density (p) 7500 kg/m3 2700 32 kg/m?3
kg/ms3

The geometrical properties of the smart beams (Figs. 2.1(a)-(b)) are given in
Table 2.1. The substrate beam (Figs. 2.1(a)) and the face layers of the sandwich
beam (Figs. 2.1(b)) are considered to be made of Aluminum. The piezoelectric
actuators are considered to be made of PZTSH (Erturk and Inman, 2011). The
material properties for all component materials in the smart beams are given in

Table 2.2. With these material and geometrical properties of the smart beams,

their controlled nonlinear frequency responses under the direct excitation ( pf=
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0.01 N, Eq. (2.22)) are evaluated for different numbers (n,) of actuator patch

segments over the length of a smart beam. The corresponding variation in the
peak transverse displacement-amplitude at the fundamental resonance is

illustrated in Table 2.3 for each of the SMA and EMA beams. Here, the increase

in the number (n,) of actuator patch segments over the length of a smart beam

yields their reduced length (L), while the volume fraction of actuator patch in a

typical patch segment is kept with a constant value (L, / L, = 0.8). It is achieved
by reducing the length (L) of actuator patches without alteration of total volume

of actuator material in a smart beam. Also, for any number of actuator patch
segments, the velocity sensors are located following the boundaries of the patch
segments according to the aforesaid control strategy. However, it may be observed
from the second column of Table 2.3 that the change in the number of actuator
patch segments over the length of the SMA beam does not have much effect on
the controlled vibration amplitude. In the third column of Table 2.3, similar
results for the EMA beam show that the controlled vibration amplitude decreases
slowly with the increasing number of actuator patch segments, and this change
appears insignificantly as the number of actuator patch segments is more than 8.

Table 2.3
Transverse displacement amplitudes of SMA/EMA beam at the

fundamental resonance under the direct excitation ( p, = 0.01
N) for different numbers (N, ) of actuator patch segments (SMA
beam: K, =150 and w at x=L/2, z=h; EMA beam: Kk, =70
and W at x=L/2, Z=h—(hp/2)).

SMA beam EMA beam

n, w/h w/h

4 0.687 0.650
6 0.654 0.520
8 0.638 0.481
10 0.630 0.465

These results imply that the controlled response of a smart beam does not

vary significantly when the number (nj) of actuator patch segments is altered

according to the aforesaid strategy. So, the number of patch segments may be
increased for reducing the length of piezoelectric actuator patches particularly to
avoid possible breakage of these actuator patches during the large amplitude
vibration of the smart beams. But it poses the requirement of a large number of

velocity sensors leading to the complexity in the feedback control arrangement. In
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view of these aspects, a suitable number of actuator patch segments would be
considered for attenuation of large amplitude vibration of a smart beam, and it
may be decided through experimental study by observing the appearance of
breakage of piezoelectric actuator patches for a reduced number of patch
segments.

However, in the present theoretical study, the maximum transverse

displacement-amplitude of a smart beam is considered around the thickness (h)
of the beam, where four actuator patch segments (n,= 4) are taken and the
actuator patches are assumed to operate without their breakage. The control
gains (kiy, i=123..n,; W i1=123,..n,) can be assigned with their different
values over the actuator patch segments. However, for the sake of simplicity,
presently all actuator patches in the SMA or EMA beam are considered to be
activated with the uniform control gain (k! = kg ; kiy =k ). The ends of the smart

beams are considered as fully clamped ends while they operate under the

transverse harmonic point-load (Eq. (2.22)) or axial harmonic load (Eq. (2.7)).

1.4

—E — Present solution (SMA)
r~  1.2|===Present solution (EMA)

2 o Ref

X 9
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T 0.6 e

2 04 e Ouq
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o 0.2 ~Q
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0 . . . .
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Actuator patch location (m)

Fig. 2.2. Verification of the present FE formulation in handling the
electromechanical coupling in the extensional mode or shear mode
piezoelectric actuators (SMA: shear mode actuation; EMA: extensional mode
actuation) (Ref. (Sun and Zhang, 1995)).

In order to verify the present FE formulation for handling the
electromechanical coupling in the piezoelectric actuator patches, the reference
results are taken from Sun and Zhang (1995) for the static analysis of two smart
cantilever beams. In the first one, an extensional mode piezoelectric actuator
patch is mounted on the surface of the substrate beam while the second one is a
sandwich beam with a shear mode piezoelectric actuator patch at the core. For

each of these smart cantilever beams, the location of the activated piezoelectric
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actuator patch is varied over the length of the beam, and the corresponding
change in the transverse deflection at the free end of the beam is computed. These
results are illustrated in Fig. 2.2 along with similar reference results (Sun and
Zhang, 1995). It may be observed from Fig. 2.2 that the present results are in
good agreement with the similar reference results, thus verifying the present FE
formulation in handling electromechanical coupling in the extensional mode and

shear mode piezoelectric actuators.

1.6

Present solution
0 Ref

0.5 0.75 1 1.25 1.5
Q/Qn

Fig. 2.3. Verification of the present solution for nonlinear frequency
response of clamped-clamped beams under the transverse harmonic point-

load ( (2, is the fundamental natural frequency) (Ref. (Ribeiro, 2004)).

2.7.1. Active control of nonlinear vibration of the smart beams under a
direct excitation

In this section, the control capability of the shear mode actuators is compared to

that of the extensional mode actuators when the smart beams undergo large-

amplitude vibration under a transverse harmonic point-load ( p;, Eq. (2.22)) at
the middle point (X, ;) of the beams (X, =L/2, z;=h_; h_. =h for the SMA beam
and h. =h-(h, / 2) for the EMA beam). The corresponding nonlinear frequency
responses of the smart beams are evaluated by the solution of Eq. (2.21) for the
transverse harmonic point-load only. However, Eq. (2.21) is solved using a
numerical continuation method (Cheung et al., 1990), and this solution is first

verified considering the smart beams with the negligibly thin (hp ~0) and

deactivated (kgg =0,k,q =0) actuator patches. The nonlinear frequency response

at the middle point of these clamped-clamped beams is evaluated for the aforesaid
transverse harmonic point-load. This result is plotted in Fig. 2.3 along with the

similar result for an identical clamped-clamped isotropic beam analyzed in
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(Ribeiro, 2004). For this verification, the length (L), width (b) and thickness (h)
of the beam are considered as 406 mm, 20 mm and 2 mm, respectively. The beam

is considered to be made of Aluminum (E = 71.72 GPa, v = 0.33, p=2800 kg/m3

) while the load-amplitude (p;) is taken with a value as 0.134 N. It may be

observed from Fig. 2.3 that the present result is in good agreement with the
similar reference result (Ribeiro, 2004). This comparison verifies the present
derivation of Eq. (2.21) for the transverse harmonic point-load and also the

implementation of the numerical continuation method (Cheung et al., 1990).

- - T T 300 = s T
(a) SMA beam (p=0.01N) (b} SMA beam k_,=200
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= ‘E 200
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< 04 N
2 W00
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D' r L D L 2
180 200 220 240 260 280 180 200 220 240 260 280
§2 (rad/s) €1 (rad/s)
1 - 50 . . . .
(c) EMA beam (p{=0.01N (d) EMA beam (p;'=0.01N)
_ 08} k =40 4 k_ =90
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o 06} 1
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£ o4l | i =
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0.2} 10
D A A A D A A
150 170 190 210 230 250 150 170 190 210 230 250
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Fig. 2.4. (a), (c) Controlled nonlinear frequency responses of the clamped-
clamped SMA/EMA beam; (b),(d) the corresponding variations of the externally

applied electric field (E,).

Figures 2.4(a) and 2.4(c) illustrate the nonlinear frequency responses of
the SMA and EMA beams, respectively, for different values of the control gain (kg
/ Keg ). The corresponding variations of the externally applied electric field (E,) is

also shown in Figs. 2.4(b) and 2.4(d). The green and red points over a response
curve indicate stable and unstable responses of the smart beams, respectively.

These responses are evaluated within a frequency range around the fundamental
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natural frequency while the load-amplitude ( p{) is taken with a value as 0.01 N.

Also, for every point on a response curve in Figs. 2.4(a) and 2.4(c), the
corresponding electric field amplitudes over the actuator patches in a smart beam
are computed, and the maximum one is plotted in Figs. 2.4(b) and 2.4(d).

It may be observed from Fig. 2.4(a) that the peak displacement-amplitude of

the SMA beam can be attenuated effectively by increasing the control gain (K ).

A similar observation is also obtained for the extensional mode actuators in
controlling the large-amplitude vibration of the EMA beam (Fig. 2.4(c)). However,
it is important to notice from the results in Figs. 2.4(a)-(d) that, for almost the
same value of the peak displacement-amplitude, the corresponding applied
electric field for the shear mode actuators is significantly more than that for the
extensional mode actuators. This observation implies greater control capability of
the extensional mode actuators. The results in Figs. 2.4(a)-(d) also show that the

peak displacement-amplitude is attenuated by increasing the control gain (K¢ /
Keg), but the corresponding applied electric field (E,) does not change

significantly. This advantage can be obtained for any value of the load-amplitude

(p?)-
60 —— EMA beam
50 = = =SMA beam
Z 40
©
S 30
x
%" 20
10 e
0.5 L mmsx"""
0 50 100 150 200 250

E, (V/mm)

Fig. 2.5. Variation of the applied electric field ( E, ) corresponding to the peak

displacement-amplitude for different values of the load-amplitude ( p;) (K =

400 and k.4 =400).

However, if the load-amplitude rises for any value of the control gain (K
/ Keq ), then the applied electric field (E,) corresponding to the peak displacement

amplitude increases significantly (Fig. 2.5). But, it is known that the functionality
of piezoelectric actuators is restricted to a certain permissible value of the applied

electric field. So, these results indicate that the application of the shear mode and

60
TH-2877_166103022



extensional mode actuators is mainly limited by the load-amplitude ( p;), where

extensional mode actuators are capable of working up to a large extent of the load-

amplitude in comparison to that for the shear mode actuators (Fig. 2.5).

2.7.2. Active control of the smart beams under parametric excitation
In this section, the nonlinear dynamics and active control of smart beams are
investigated when they operate under the harmonically varying axial compressive

load (Eq. (2.7)). Here, the smart beams lie either in the pre-buckled or in the post-
buckled equilibrium state depending on the value of the static counterpart ( pg)
of the axial load with reference to the critical buckling load ( p. ). However, the

critical buckling load does not appear with the same value for both the SMA and
EMA beams. So, the pre-buckled and post-buckled equilibrium states of the smart

beams are presented in a uniform manner by specifying the static axial

compressive load ( p;) with reference to the corresponding critical buckling load (

p.r ) through a static load parameter as p, = py / p.r - For a value of the static load
parameter (p,) as less than 1, the smart beams would lie in the pre-buckled

equilibrium state. Otherwise, the smart beams lie in the post-buckled equilibrium
state. However, for any of these equilibrium states, the smart beams may undergo

vibration through the parametric resonances or instabilities due to the dynamic
counterpart (4pg) of the axial load (Eq. (2.7)). The corresponding dynamics and

active control of the smart beams are explored in the following subsections.

2.7.2.1. Dynamics and active control of smart beams in the pre-buckled state

Generally, the parametric instability of a beam element appears in three types,
namely primary, secondary and combinatory parametric instabilities. All the three
kinds of parametric instabilities may appear in the pre-buckled equilibrium state
of the smart beams depending on the range of excitation frequency. However, the
principal primary parametric instability is the most critical one that appears at

the twice of the natural frequency of a beam (2(2,) (Bolotin, 1964). So, the

dynamics and control of the smart beams in the pre-buckled equilibrium state
are presently analyzed corresponding to the principal primary parametric
instability. This kind of parametric instability of a beam element is usually
characterized by an instability region in the two-dimensional domain of excitation
frequency (£2) and dynamic load parameter (1), and it is presently evaluated by

solving Eq. (2.21). For obtaining the boundary of this parametric instability region,
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the numerical continuation method (Cheung et al., 1990) is employed in solving

Eq. (2.21) with the constraint of a very small value of the Euclidian norm ( A;) of

the nodal amplitude vector (X ). It may be noted here that a similar method is
addressed in Pierre and Dowell (1985) for evaluation of the parametric instability
region.

However, a convergence study is presently carried out for the consideration

of a small value of A, where the principal primary parametric instability regions

for the SMA and EMA beams are evaluated by gradually decreasing the value of

A,. These results are illustrated in Figs. 2.6(a)-(b). From these results, it is clear
that a small value of Ay may be taken as 10-¢ for the evaluation of the instability
region. With this small value of A, the present FE solution is verified by taking

the reference results from Iwatsubo et al. (1973) for the principal primary
parametric instability region of a clamped-clamped isotropic beam. These
reference results and the presently computed FE results are illustrated in Fig.
2.6(c). It may be observed from Fig. 2.6(c) that the present FE results are in good
agreement with the similar reference results (Iwatsubo et al., 1973), and this
comparison verifies the present FE solution for evaluation of the parametric

instability region.

420 300 200

(a)p=0.3, k_, =500 e (b)p,=0.5, k_,=500 (c) Present
— © Ref
SMA beam 280+ EMA beam 1% 180 o
400 =
-~ =
7] _— Q
B 4 260 15 160
© = 5
=380 f g =
s < 240t 1< 140
6 N A =107 B
— A =10 ., — =
360 0 s 3
_Au=1g4 o 220 | ——A =10 1 120
[ Au=5x1u" ----- Au=5x1[]"
340 . 200 . 100
0 02 04 06 08 0 02 04 06 038 0 2 4 5
by A Load amplitude (kg)

Fig. 2.6. Convergence study for deciding the value of A, in the evaluation of

the parametric instability regions for the (a) SMA beam and (b) EMA beam; (c)
verification of the present FE solution for the evaluation of the parametric
instability region (Ref. (Iwatsubo et al., 1973)).

Figures 2.7(a) and 2.7(b) illustrate the principal primary parametric

instability regions for the SMA beam where two different values of the static load

parameter (p,= 0.3, 0.7) are taken, and also the value of the control gain (K ) is

varied. Similar responses for the EMA beam are also illustrated in Figs. 2.7(c)-(d).
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For any value of the static load parameter (p,), it may be observed from Figs.

2.7(a)-(d) that the instability region reduces significantly for the increase in the

control gain (Ky / Keq ). So, both the shear mode and extensional mode actuators

are capable of retaining the initial undeformed state of the smart beams by
avoiding the oscillation through parametric resonance. However, for a constant

value of the control gain (Kgy / Keq), the instability region enlarges as the static
load parameter (p,) increases. So, the active control capability of the actuators
decreases with the increase in the static load parameter (p,). It may also be
observed from Figs. 2.7(a)-(b) or Figs. 2.7(c)-(d) that the shape of the instability
region deviates significantly when the value of the static load parameter (p,)
approaches 1 or the static axial compressive load (ps) approaches the critical
buckling load ( p,, ). This may be due to the influence of higher-order parametric
instability regions that appear close to the principal primary parametric instability

region when the static load ( p;) approaches the critical buckling load ( pg, ).
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8 390f

370}
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0 02 04 06 08 0 0.2 0.4 0.6 0.8
h) A
350 4 350 :
—k =0 EMA beam
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Fig. 2.7. Parametric instability regions for (a) SMA beam with p,= 0.3, (b) SMA
beam with p,= 0.7, (c) EMA beam with p,= 0.3, (d) EMA beam with p,= 0.7.

Usually, a parametric instability region is characterized by its width of

instability (A€2) and the origin of the instability (4,). The width of instability (A2
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) is basically a frequency range over the instability region at a given value of the
dynamic load parameter (1). The origin of instability is a point on the boundary
of the instability region where the dynamic load parameter (A1) arises with its
minimum value (4,). However, from the results in Fig. 2.7, it seems that the width
of instability ( A(2) can sufficiently be reduced and the origin of instability (4, ) can
also be shifted beyond a desired value of the dynamic load parameter (1) by
increasing the control gain (Ky / Keq ). It is clarified in Figs. 2.8(a)-(b) by plotting
the variations of 4, and A with the control gain (Ky / K¢q ) Where a value of 2 is
considered as 0.2 for the measurement of A(2. It may be observed from Figs.
2.8(a)-(b) that AQ significantly decreases and even approaches zero-value as the
control gain increases. Concurrently, the origin of instability (4,) shifts linearly
towards a high value of the dynamic load parameter (1). However, the results in
Figs. 2.8(a) reveal the minimum value of the control gain (K / K¢ ) for shifting the
origin of instability (4,) to a desired value of 1 so that the smart beams can be

stabilized within this desired value of 4. For instance, the minimum value of the
control gain is 270 or 70 to stabilize the SMA or the EMA beam for any value of
the dynamic load parameter (1) less than 0.1 (points T, T', in Figs 2.8(a)).

0.2 —— . . .
(a) K Q' (k_,=138) Q 20 (b) ——SMA beam
o k_,=535) . - - ~EMA beam
' - P, = 0.3
° 0.4 13 t
< BT (k=707 T (k ,=270) S10p
I ]
h p,=03 | '
0.05F « —SM}; beam < 5[ "
! 1(k_=138) (k,4=535)
‘/ - - =EMA beam 1o i
0 - . — 0 R
0 200 400 600 0 200 400 600
kea Orkey kg Orkeg

Fig. 2.8. Variations of (a) the origin (/1,) of instability and (b) the width of
instability (A2 at 1 =0.2) with the control gain (K / K. ).

According to this observation, the minimum value of the control gain (ks /
Keg) at a given value of 4 may be marked as its (Kgy / Kq) threshold value for
indicating the appearance of the parametric instability of the smart beams beyond
that value of 1. If the control gain is assigned a value that is greater than its
threshold value, then the parametric instability of the smart beams would not

arise. Otherwise, the smart beams may undergo vibration due to the parametric

instability as the corresponding nonlinear frequency responses of the smart
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beams are illustrated in Figs. 2.9(a) and 2.9(c) for three different values of the

control gain (Kgy / Keq ). In these results, the dynamic load parameter (1) is taken
with a value as 0.2 where the threshold value of the control gain appears as Ky
=535 or kg =138 to stabilize the SMA or the EMA beam (points Q and Q' in Fig.

2.8(a)). However, it may be observed from these results (Figs. 2.9(a) and 2.9(c))

that there is no vibration of the smart beams for the threshold value of the control

gain (Kyy / Keq ). As the control gain decreases from its threshold value, the smart

beams vibrate through the parametric resonance, and the corresponding peak
amplitude of vibration significantly increases with the decreasing control gain.
The corresponding variations in the applied electric field are illustrated in (Figs.
2.9(b) and 2.9(d)) where the maximum value of the applied electric field is
computed and plotted in the same manner as described for the results in Fig. 2.4.
However, the results in Figs. 2.9(b) and 2.9(d) show that a small decrease in the
control gain yields a significant increase in the applied electric field, particularly
for the shear mode actuators. It may also be observed that the shear mode
actuators need significantly more applied electric field than that for the
extensional mode actuators even though the peak amplitude of vibration remains
almost the same for both the SMA and EMA beams. Therefore, the extensional
mode actuators are more capable of controlling the parametric instability of a

smart beam than the shear mode actuators.
0.6 600
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Fig. 2.9. (a), (c) Frequency responses of the SMA and EMA beams under the
principal primary parametric resonance; (b), (d) the corresponding variations

of the applied electric field (E,); (1:kyy = 535, 2:kyy = 530, 3: kg = 500; 1': K4
= 138, 2k, = 135, 3k, = 125).
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In the case where the control gain is lesser than its threshold value at a
given value of 1, the parametric instability of the smart beams would appear if
the excitation frequency (£2) lies within the width of instability (A4(2) at that given
value of 4. So, for any excitation frequency (£2) outside of this width of instability
(AQ), the smart beams are supposed to be stable ones. However, it may not
always be true because of the hardening nonlinear structural behaviour of the
smart beams. In order to corroborate this phenomenon, the SMA beam is taken

with the dynamic load parameter (1) as 0.2. The control gain (k) is taken as
500 that is lesser than its threshold value (Kgy = 535). The excitation frequency (

) is considered as 390 rad/s that lies outside of the width of instability (A2 at
A1=0.2, Figs. 2.9(a) and 2.7(a)). So, the SMA beam is supposed to be stable under
these values of the parameters (1, 2, k). Now, an external disturbance is
provided to the SMA beam as an initial transverse displacement in the form of the
fundamental bending mode shape of the smart beam, and the corresponding
transient responses are evaluated for different values of the maximum transverse

displacement (W) in this mode shape. These transient responses and the

corresponding variations of the applied electric field are illustrated in Figs.

2.10(a)-(b). Here, the applied electric field (E,) is plotted corresponding to an
actuator patch where it (E,) appears with its maximum value. However, similar

transient responses for the EMA beam are also shown in Figs. 2.10(c)-(d) where

the aforesaid parameters (1, 2, kyy) are taken with their values as, 1= 0.2, Q
= 305 rad/s and kg = 125.

It may be observed from these transient responses (Figs. 2.10(a) and 2.10(c))
that the SMA/EMA beam exhibits unstable response for a high value of the initial
transverse deflection or disturbance, and the corresponding amplitude of
vibration arises in the same manner as that appears in the frequency responses
(Figs. 2.9(a) and 2.9(c)). So, the SMA/EMA beam may undergo parametric
instability depending on the disturbance even though these beams are supposed

to be stable for the aforesaid specified values of the parameters (4, 2, Ky or Ky

). This observation implies that the parametric instability of the smart beams is

not only confined to the origin of instability (4,) and width of instability (£2) but

also dependent on the disturbance that ensues large amplitude vibration of the
smart beams. However, for stable responses, it may also be noted from Figs.
2.10(a)-(d) that the shear actuators need a very high electric field to stabilize the

SMA beam in comparison to that for the extensional actuators in the EMA beam.
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It again shows significantly greater control capability of the extensional mode

actuators than that of the shear mode actuators.
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2.7.2.2. Nonlinear dynamics and control of smart beams in the post-buckled

state

In this section, the nonlinear dynamics and control of the buckled (p,> 1) smart

beams are analyzed mainly by varying the control gain (Ky /Key). The post-

buckled equilibrium state of the smart beams is considered with a value of the

static load parameter ( p,) as 1.05 while the dynamic load parameter (1) is taken

with a value as 0.02. Figure 2.11(a) shows the corresponding frequency response

of the SMA beam for the control gain (K4 ) as 3500. It may be observed from this

figure that the stable and unstable dynamic responses of the SMA beam are

associated with the three possible static equilibrium states, namely two post-

buckled equilibrium states (AB and A'B', Fig. 2.11(a)) and the initial undeformed

equilibrium state (w/h=0, OM, Fig. 2.11(a)). It may be recalled here that stable

and unstable responses are indicated by green and red colour, respectively.

However, at a post-buckled equilibrium state, the SMA beam undergoes stable

period-1 oscillation mainly through the fundamental resonance, where the

oscillation with a fundamental frequency of ©2/m is denoted by period-m

oscillation. This periodic oscillation of the SMA beam is depicted here by the
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corresponding maximum (1, 1’, Fig. 2.11(a)) and minimum (2, 2’, Fig. 2.11(a))
deflections of the beam during oscillation, where it is clear that two local periodic
attractors or limit cycles appear with reference to the post-buckled equilibrium

states. The corresponding variations in the applied electric field (E,) are

demonstrated in Fig. 2.11(b). Here, the applied electric fields over the actuator
patches are computed for every solution point on a response curve (Fig. 2.11(a)),
and the maximum one is plotted. However, the results in Fig. 2.11(b) indicate the
requirement of a high value of the applied electric field to activate the shear mode
actuators, particularly at the peak amplitude of vibration. So, the dynamics of the

SMA beam at a low value of the control gain (kg = 500) is also investigated

subsequently, where the frequency response and the corresponding variation of

the applied electric field are illustrated in Figs. 2.11(c) and 2.11(d), respectively.
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Fig. 2.11. (a), (c) Frequency responses of SMA beam in its post-buckled state |
p,= 1.05, A = 0.02, (a) kg = 3500, (c) k; = 500); (b), (d) the corresponding
variations of the applied electric field ((b) k; = 3500, (d) ky; = 500).

It may be observed from Fig. 2.11(c) in comparison to Fig. 2.11(a) that the

SMA beam undergoes complex motion as the control gain (K¢y) reduces. This
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complex motion of the SMA beam appears through three types of local periodic
attractors (E, E' (period-1); F, F' (period-1); G,G' (period-2); Fig. 2.11(c))
corresponding to the post-buckled equilibrium states and a global periodic
attractor (H, Fig. 2.11(c)) with reference to the initial undeformed state of the SMA
beam. The local attractors mainly involve principal primary parametric (period-2,
G, G', Fig. 2.11(c)) and secondary parametric/fundamental (period-1, F, F', Fig.

2.11(c)) resonances at the frequencies 2 (2, and (2, , respectively, where (2, is the

fundamental natural frequency. One higher-order parametric resonance

(superharmonic resonance, period-1 oscillation, E, E', Fig. 2.11(c)) at £2,/2 is also

observed. However, the global attractor appears with the snap-through motion of
the SMA beam, and it continues from the principal primary parametric resonance
(period-2) at the pre-buckled state of the SMA beam (Fig. 2.9). It may be noted
here that the local fundamental resonance, local higher-order resonance and

global snap-through motion appear through saddle-node (S) bifurcation while the
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Fig. 2.12. (a) Global bifurcation diagram corresponding to the critical zones
(KN, QR) in Fig. 2.11(a); (b) the corresponding variation in the applied electric
field (E,).

local principal primary parametric resonance appears through the period-
doubling bifurcation (P) (Fig. 2.11(c)). However, Fig. 2.11(c) shows two critical
zones (KN and QR) where there is no stable response of the SMA beam. It may be
due to the fact that the solution (Eq. (2.20)) is taken with the limited number of
harmonic terms (H = 1,2,3,...6) so that the other kinds of responses like
aperiodic, chaotic and higher-order subharmonic responses (period-4, period-8,
etc.) may not appear by this solution (Eq. (2.20), H = 1,2,...6). So, the motion of
the SMA beam within these critical zones is investigated by evaluating the global

bifurcation diagram, as shown in Fig. 2.12(a). In this construction of the global
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bifurcation diagram, the Poincare sections are taken at the intervals of the time

period of excitation (27/¢2) while the initial transients of the time response are

ignored for the first 200 cycles of harmonic excitation, and the subsequent 50

cycles are considered.

0.5
(a)
)
Slos
o =U.
= 2 4
e t(s
ER () .
= 0
-0.5 0.5 0 0.5 05 0 0.5
5 10 15
t(s) Wh)on) (wih) w2
0.3 0.3 0.3
_ @ U] (@)
-=h_l :-_I ;‘:—I
39 ,_i 0 30
s < =
3 2 +2
0.3 0.3 0.3
0.5 0 0.5 0.5 0 0.5 0.5 0 0.5
(wi h)(LIZ,hL) (! h)(uz,hl_) (w! h)(uz,hl_)
0.2 0.2 2
)] e (0) -2t
:_I i_-l ::-:_.
o o
o1 = 0.1 201
< < £
o LA i Y [ 0 }
0 50 100 150 0 50 100 150 0 50 100 150
€2 (rad/s) 2 (rad/s) Q2 (rad/s)

Fig. 2.13. Responses of SMA beam at different excitation frequencies ( p,
=1.05, 1=0.02, K,; =500); transient responses at (a) (2 =49 rad/s, (b) 2=121.9

rad/s; phase plots at (c) (2= 49 rad/s, (d) 2= 121.9 rad/s, (e) 2= 71.2 rad/s,
(f) 2="71.2rad/s, (g) 2= 72.8 rad/s; frequency spectrums at (h) (2= 131.18
rad/s, (i) 2= 131.5 rad/s, (j) 2= 136.8 rad/s.

It may be observed from Fig. 2.12(a) that the local period-1 response of the
SMA beam appears at the low-frequency region till £ = 49 rad/s (Point F/F’),
where chaotic motion (KN) evolves through the intermittent transition bifurcation
(T). This bifurcation can be seen clearly through the transient response in Fig.
2.13(a) and phase plot in Fig. 2.13(c) at a frequency (2 = 49 rad/s. This
phenomenon occurs due to the disappearance of the stable solution after the
cyclic-fold bifurcation at 2 =49 rad/s (Point F/F’, Fig. 2.11(c)). With the increase
in the frequency, the inverse symmetry breaking bifurcation (B) occurs around a
frequency 2 =71 rad/s (point G/G’, Figs. 2.11(c) and 2.12(a)), and the chaotic
motion (KN, Fig. 2.11(c)) gradually reduces to snap-through motion (period-2).

This bifurcation phenomenon can be observed through the phase plots in Fig.
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2.13(e)-(g). However, besides the snap-through motion (period-2), the local period-
1 attractor also evolves at a frequency 2 = 85.6 rad/s (Point I/I’, Fig. 2.12(a))
through the period-demultiplying bifurcation (P). For further increase in the
frequency, the chaotic attractor (QR, Fig. 2.11(c)) arises from the local period-1
attractor at a frequency 2 = 121.9 rad/s (point G/G’, Figs. 2.11(c) and 2.12(a))
through the intermittent transition bifurcation (T). This bifurcation can be seen
clearly by the transient response and phase plot in Figs. 2.13(b) and 2.13(d),
respectively. However, with the increase in the frequency, period-demultiplying
bifurcation (P) appears at a frequency (2 = 131.2 rad/s (point K/K’, Fig. 2.12(a)),
and the chaotic attractor (QR, Fig. 2.11(c)) reduces to the local period-2 attractor
where the corresponding frequency spectrums (Figs. 2.13(h)-(j)) reveal period-8,
period-4 and period-2 responses at (2 = 131.18 rad/s, £ = 131.5 rad/s, 2 =
136.8 rad/s, respectively.
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Fig. 2.14. (a) Frequency response of SMA beam in its post-buckled state ( p,=
1.05, 1 = 0.02, k,; =900) and (b) the corresponding variations of the applied
electric field (E,).

For this complex motion of the SMA beam, the corresponding variation in

the applied electric field ( £,) is illustrated in Fig. 2.12(b). Here, for every attractor,

the electric fields supplied to the actuators are computed over the aforesaid 50
cycles of oscillation at every excitation frequency, and the corresponding
maximum and minimum values of the supplied electric field are plotted. It may
be observed from Fig. 2.12(b) that the chaotic motion of the SMA beam does not
cause the requirement of a high value of the applied electric field. However, from
the previous results (Figs. 2.11 and 2.12), it may be noted here that a high value

of the control gain is to be assigned for reducing the complex motion of the SMA
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beam. But, the corresponding applied electric field may exceed its permissible
value for the shear mode piezoelectric actuators (Fig. 2.11(b)). So, the control gain
is to be reduced, and it yields complex motion of the SMA beam (Fig. 2.11(c)),
where a high electric field may again appear due to the global snap-through
periodic motion (H, Fig. 2.11(d)) of the SMA beam. In this issue, an adjustment in
the value of the control gain may be needed for the disappearance of the global
snap-through periodic motion (H, Fig. 2.11(d)) within a reasonable value of the
applied electric field, as a similar dynamic response of the SMA beam is shown in
Figs. 2.14(a)-(b). But, the corresponding complexity in the dynamic responses may
not reduce. Therefore, the shear mode piezoelectric actuator may not be capable

of reducing the complex motion of smart beams.

P e EWAbeam ) EMA beam

H(S)
/}.lftﬂaﬁ. A=002,k_=100| 15} /

! p,=1.05, A=0.02, k ,=100

10}

(w/ h}[LI2.hL]

0.2

0.4

N H(s)
-0.65 . . -20 - .
0 100 200 300
oar 1% 4 (radrs) ** 300 Q (radls)
“[(c) _EMA beam p =1.05, A=0.02, k,,=500 (d) ‘ EMA beam
10 = = =
~02 5 p,=1.05, A=0.02, k_,=500
-t 2 E
3 £
= [1] o W = 0
3 -1 qu M
= 02FA B
oy -10
04
0 100 200 300 o 100 200 300
{1 (rad/s) Q1 (rad/s)

Fig. 2.15. (a), (c) Frequency responses of the EMA beam in its post-buckled
state ( p, = 1.05, 1 = 0.02, (a) kg = 100, (c) k,q =500); (b), (d) the corresponding

variations of the applied electric field ((b) k.,; = 100, (d) k.4 = 500).
Figures 2.15(a)-(d) illustrate the frequency responses of the buckled EMA

beam for two different values of the control gain (kg ). In these responses, the
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motion of the EMA beam within the critical zones (KN and QR, Fig. 2.15(a)) is
explained through the bifurcation diagram in Fig. 2.16. However, it is important
to observe from the results in Figs. 2.11, 2.12, 2.15 and 2.16 that the frequency
responses of EMA beam are almost similar to that for the SMA beam. But, the
maximum value of the required electric field is significantly higher for the shear
mode actuators than that for the extensional mode actuators. Also, the complex
motion of a smart beam can be reduced by applying a low electric field when the
extensional mode actuators are used instead of the shear mode actuators. This
requirement of the low electric field for extensional mode actuators provides the

scope for further increase in the control gain (k.4 ) towards the low amplitude of

vibration besides the reduction of complex motion, as it is clear from Fig. 2.17.
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Fig. 2.16. (a) Global bifurcation diagram corresponding to the critical zones
(KN, QR) in Fig. 2.15(a); (b) the corresponding variation of the applied electric

field (E, ).
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Fig. 2.17. (a) Frequency responses of the EMA beam at its post-buckled state
(p,= 1.05, 1 = 0.02) for different values of the control gain (K. ), (b) the

corresponding variations of the applied electric field (E, ).
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Fig. 2.18. (a), (c) Frequency responses of the EMA beam in its post-buckled
state ( p, = 1.05, 1 = 0.2, (a) k,y =500, (c) k,y =3500); (b), (d) the corresponding
variations of the applied electric field ((b) k.4 = 500, (d) k.4 = 3500).

Although these observations imply the suitability of the extensional mode
actuators in control of smart beams, it is further verified by increasing the static
(p,) and dynamic (A) load parameters. Figure 2.18 illustrates the nonlinear
frequency responses of the EMA beam for two different values of the control gain
(Keq) when the dynamic load parameter (1) is increased to a value of 0.2. Figure
2.19 also illustrates similar frequency responses of the EMA beam when the static
load parameter (p,) is increased to a value of 1.1. However, it may be observed
from these responses (Figs. 2.18(a) and 2.19(a)) in comparison to the earlier one
(Fig. 2.15(a)) that the dynamics of the EMA beam changes to some extent due to
the increase in the static and/or dynamic load parameters, particularly in the
appearance of the local periodic attractors. For a high value of 4 with a low value
of p, (Fig. 2.18(a)), the local periodic attractors are in the development stage
leading to period-1 attractors (M, Fig. 2.18(a)) only at higher excitation
frequencies. These local period-1 attractors evolve through a stable undeformed
state of the EMA beam within a small frequency zone (JM, Fig. 2.18(a)). Now, as
the static load parameter increases from p,=1.05 (Figs. 2.18(a)) to p,=1.1 (Figs.

2.19(a)), local period-2 attractors also appear through a small critical zone (QR,
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Fig. 2.19(a)) where the chaotic oscillations arise similar to the critical zone QR in
Fig. 2.15(a). Thus, at a high value of the dynamic load parameter (1), the local
periodic attractors gradually appear with the increase in the static load parameter
(Ppy)- Further, a chaotic attractor is also observed to appear at lower frequencies
(KN in Figs. 2.18(a) and 2.19(a)) where the global dynamics of the EMA beam
arises. However, from the results in Figs. 2.18 and 2.19, it is clear that the
complex motion and the corresponding amplitude of vibration of the EMA beam

reduce significantly as the control gain (k.4 ) increases while the applied electric
field (E,) appears within the reasonable range. Therefore, the extensional mode

actuators can also be used for higher values of the static and dynamic load

parameters.
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Fig. 2.19. (a), (c) Frequency responses of the EMA beam in its post-buckled
state (p,= 1.1, 1 = 0.2, (a) kg = 500, (b) k.4 = 3000); (b), (d) the corresponding
variations of the applied electric field ((b) k,y = 500, (d) k,y = 3000).

2.8. Summary
In this chapter, the nonlinear dynamics and active control of smart beams are
investigated using the shear mode and extensional mode piezoelectric actuators.

The numerical analysis is performed considering two smart beams for separate
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use of the two kinds of piezoelectric actuators. These smart beams are considered
to operate under the transverse or axial compressive harmonic load while the
actuators are activated by supplying the external electric field according to the
velocity feedback control law. The dynamics of the smart beams is analysed
numerically by deriving the geometrically nonlinear electro-elastic incremental
equations of motion in the finite element (FE) framework. The FE equations of
motion are solved using Bathe time integration method for evaluation of the
transient responses while the frequency responses are evaluated by implementing
the harmonic balance method in conjunction with a numerical continuation
technique.

The results for the direct excitation of smart beam under transverse
harmonic load reveal that the resonant displacement amplitude can be reduced
to the desired range by increasing the control gain with a negligibly small change
in the externally applied electric field. However, the externally applied electric field
significantly increases with the increasing load-amplitude where the applied
electric field may appear beyond its permissible value for the piezoelectric
actuators. In this concern, the extensional mode actuators are capable of working
up to a large extent of the load-amplitude in comparison to that for the shear
mode actuators. However, the results for parametric excitation of the smart beams
reveal the following observations.

(a) In the pre-buckled state, the parametric instability region can be reduced
significantly by increasing the control gain, and this control gain has a
minimum value to stabilize the smart beams for a specified axial compressive
harmonic load. Beyond this limiting value of the control gain, both the shear
mode and extensional mode actuators work well to stabilize the smart beams.
But, within the limiting value of the control gain, the shear mode actuator
may not be a suitable one as it needs a very high electric field to attenuate
the corresponding oscillation (period-2) of the smart beams.

(b) It is observed that the parametric instability of the smart beams is not only
confined to the corresponding instability region but also dependent on the
external disturbance that ensues transverse deflection of the beams.
However, once the dynamic instability arises for any of the reasons, the
attenuation of the corresponding oscillation of the smart beams becomes a
difficult task to the shear mode actuator as it needs significantly more applied
electric field than that for the extensional mode actuator.

(c) With the increase in the control gain at the post-buckled state of the smart
beams, first, the global snap-through motion diminishes, and then the

chaotic motion reduces to simple period-1 response corresponding to the
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buckled equilibrium states. But the corresponding requirement of the
external electric field for the shear mode actuator is significantly more than
that for the extensional mode actuator. This difference further increases with
the increase in the load parameters. So, the shear mode actuator may be
utilized for low values of the load parameters while the extensional mode
actuator performs well in the reduction of complex motion and also in

attenuation of the large amplitude vibration of the smart beams.
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Chapter
3

A generalized finite element formulation for nonlinear
frequency response analysis of slender viscoelastic
beams using harmonic balance method

3.1. Introduction

In the previous chapter, the active control of dynamic instability of a
parametrically excited slender beam is investigated using shear mode and
extensional mode piezoelectric actuators. Although this study shows a good
control capability of the extensional mode piezoelectric actuator in attenuation of
complex dynamics of the beam at its pre-buckled or post-buckled state, this kind
of actuator cannot be used fruitfully for structural vibration control at a high
frequency (Azvine et al., 1995). Moreover, the associated active control system
appears with a complex configuration involving sensors, actuators, controllers
and external power supply units. So, in the quest for a simpler damping
arrangement for controlling parametric instability of beam-like slender
structures, the application of CLD treatment has been addressed in a good
number of available studies, as presented in Section 1.3.1.

The CLD treatment provides passive damping through a constrained
viscoelastic damping layer where the damping layer is constrained between the
host structure surface and a stiff constraining layer. Here, the passive damping
arises mainly by means of the transverse shear deformation of the constrained
viscoelastic layer. So, this damping arrangement appears with a simple
configuration, unlike the aforesaid active control system. The available studies
(Section 1.3.1) show good damping effectiveness of this CLD treatment for
controlling the dynamic instability of slender beams operating under the
parametric excitation at the pre-buckled state. However, in practice, the same
excitation may also cause various dynamic instabilities and the associated
complex motion of the beams once they undergo static instability or buckling. The
damping effectiveness of the CLD treatment in attenuation of such complex
dynamics of slender beams in the post-buckled state is not yet addressed in the
literature to the best knowledge of this researcher. Therefore, an objective of this

dissertation is to investigate the effectiveness of the CLD treatment in passive
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control of nonlinear dynamics of a parametrically excited beam, especially when
it undergoes buckling or static instability.

For this theoretical investigation, one needs to derive mathematical models
of the CLD treated beams, where the FE procedure and HBM are presently
preferred because of their robustness in the analysis of nonlinear structural
dynamics (Section 1.4). Besides, for estimation of accurate damping in the CLD
treatment, the viscoelastic material is to be modelled using the advanced
viscoelastic constitutive relations like Generalized Maxwell model, Zener model,
fractional Zener model, Heredity integral approach, etc. (Hasan et al., 2021;
Amabili et al., 2019; Baz, 2019; Galucio et al., 2004; Litewka and Lewandowski,
2017a; McTavish and Hughes, 1992; Zhou et al., 2016). However, these
constitutive relations involve temporal derivative/integral of stress/strain. It
poses complexity in the derivation of the geometrically nonlinear FE model of
viscoelastic structures in conjunction with HBM. In this concern, some studies
are available in the open literature (Bilasse et al., 2010; Jacques et al., 2010;
Lewandowski and Wielentejczyk, 2017; Litewka and Lewandowski, 2017a, 2017b;
Wielentejczyk and Lewandowski, 2019, 2017). Although these available HBM-
based FE models can be used for geometrically nonlinear frequency response
analysis of viscoelastic structures, the shortcomings are observed as (a) separate
FE formulation for each of the viscoelastic constitutive relations and (b)
consideration of one or two harmonic terms in the implementation of HBM.

The first shortcoming arises due to the change in the mathematical form
from one to another viscoelastic constitutive model. However, it may be tackled
by expressing the various viscoelastic constitutive relations in a generalized form
for the time-periodic stress/strain. This generalized form of constitutive relation
would facilitate a common HBM-based FE formulation for all types of viscoelastic
constitutive models.

The second shortcoming appears mainly due to the complexity in handling
a long expression of the HBM-based expanded form of the nonlinear stiffness
matrix in the FE model. Despite this complexity, one needs to consider a sufficient
number of harmonic terms in the implementation of HBM for accurate modelling
of nonlinear dynamic characteristics of a viscoelastic structure in the frequency
domain. So, the FE formulation would be based on an arbitrary number of
harmonic terms in HBM. However, the corresponding formulation may be
simplified somewhat by the factorization of the nonlinear strain-displacement
matrix in terms of a linear strain-displacement matrix and a nodal displacement
matrix/vector. Here, the nodal displacement matrix/vector appears in multiple of

the linear strain-displacement matrix so that it would ease the incorporation of
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Fourier expansion of nodal displacements towards the derivation of a long and
complex expression of the HBM based expanded form of the nonlinear stiffness
matrix.

However, the expanded form of the nonlinear stiffness matrix appears with
a large number of stiffness terms due to the consideration of an arbitrary number
of harmonic terms in HBM. Here, every stiffness term is to be reduced over a time-
period according to HBM, where a numerical time-integration method is
commonly employed. So, another shortcoming of a high computational time arises
due to this time-integration. In this aspect, the analytical method for the time-
integration of stiffness terms can be used as addressed in Lewandowski (1997,
1992); however, this analytical approach for time-integration may be a
cumbersome one especially for handling a robust FE formulation using a good
number of harmonic terms in HBM. Alternatively, in some other studies
(Dimitriadis, 2008; LaBryer and Attar, 2010), fast Fourier transform or discrete
Fourier transform is utilized where the computational time decreases as
compared to that for a conventional numerical time-integration approach. But it
requires the evaluation of stiffness terms at a good number of sampling points
within the time-period for the computation of Fourier coefficient matrices of the
nonlinear stiffness matrix. However, the time-integration of stiffness terms may
also be carried out by exploiting the orthogonality of Fourier basis functions.
Although this analytical approach is not yet addressed in the literature for the
implementation of HBM, it may provide the advantage of simplicity in the time-
integration of stiffness terms as well as the reduced computational time.

On the basis of these three newly proposed formulation strategies, an FE
formulation in conjunction with HBM is presented in this chapter for the
nonlinear frequency response analysis of viscoelastic structures. This formulation
is utilized in the subsequent chapters to investigate the damping effectiveness of
the CLD treatment for attenuation of the complex dynamics of parametrically
excited beams. However, the present HBM-based FE formulation may be called a
generalized one since it is not limited to a particular type of viscoelastic
constitutive relation. Also, it can be used for an arbitrary number of harmonic
terms in HBM.

In the following sections, an FE formulation of a viscoelastic sandwich
beam using HBM is presented where all the aforesaid objectives are attained
towards a new FE formulation of viscoelastic structures for their nonlinear
dynamic analysis in the frequency domain. In Section 3.2, the basic approach of
formulating the governing equation of motion is demonstrated. The subsequent

formulation is carried out based on the aforesaid objectives, where Section 3.2.1
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presents the mathematical formulation for the reduction of various time-domain
viscoelastic constitutive models in a generalized form using HBM. Section 3.2.2
illustrates the analytical time-integration by exploiting the orthogonality of
Fourier basis functions. Section 3.2.3 presents a special formulation of the
nonlinear strain vector in the FE framework to ease the derivation of the nonlinear
stiffness matrix and the nonlinear FE equation of motion using HBM with an
arbitrary number of harmonic terms. In the next section, i.e. Section 3.4, an FE
model of the same viscoelastic sandwich beam is derived in the time-domain
based on the fractional Zener constitutive model. This FE model in the time
domain is utilized to verify the present FE formulation for viscoelastic structures

using HBM, as the corresponding numerical results are presented in Section 3.5.

Section CC

Viscoelastic core mmm Substrate layer

Fig. 3.1. Schematic diagram of a sandwich beam with the viscoelastic core.

3.2. Mathematical modelling of a viscoelastic sandwich beam

Figure 3.1 shows a sandwich beam with the elastic face layers and viscoelastic
core. The sandwich beam is represented in a reference Cartesian coordinate
system (Xyz), where the length, width and thickness of the sandwich beam are
denoted by L, b and h, respectively. Within the total thickness (h) of the
sandwich beam, the thicknesses of the bottom face layer, top face layer and core
layer are denoted by hy, hy, and h,, respectively. The material properties of any

layer do not vary along the y-direction. Also, there is no externally applied

mechanical force on the boundary surfaces parallel to the xz-plane. The ends of
the sandwich beam are considered as fully clamped ends, and the beam operates
under the transverse mechanical load. Further, there is no body force in any axial
direction within the reference coordinate system. So, the sandwich beam is
expected to undergo bending deformation in the Xz -plane under the plane stress
condition. Accordingly, the state of stress and the state of strain at any point in

the Xz -plane of the sandwich beam can be written, as given in Eq. (2.1).

e={e, & yXZ}T, oc={o, o, TXZ}T (2.1)
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The Green-Lagrange strain-displacement relations at any point in the Xz-plane
can be written as

8:(6" +£n) ’

{8_ ow a_N+a_u}T
'""lox &z ox ozl

2 2 2 2 T
1(ow 1(aou 1(ow 1(aou OWOW 0ouadu
g == — | +=| — = +3| = —_——— 31
2lox ) 2\ox) 2laz) 2laz) oxer oxer (3-1)

where, U and w are the displacements at any point in the Xxz-plane along the x

and z-directions, respectively. The linear (&) and nonlinear (¢g,) strain vectors
can also be represented in terms of the displacement vector (d,) as follows

g =Ldg, &, =2 L,(dy)dg, dg={u w}'

L=[)T @y @]

Lo(dy) =(Ld) L+ (L) LY +(Ld ) LY + (L) LY
=[wnTo ],
w=[wy o )], o wywn],
LY ={o/ox O}, LY ={0 o/ox}, L ={o/oz 0O}, LY ={0 o/oz} (3.2)

In Eq. (3.2), O is the null matrix of size (2x1). However, the sandwich beam is
considered to vibrate in the Xxz-plane under a time-dependent uniformly
distributed transverse load ( py, )/transverse point-load (p;) at a point (X,,z,) over

the top surface of the beam. The corresponding first variations of the total

potential energy (6T, ) and the total kinetic energy (JT; ) of the sandwich beam can

be written as

2
My=3, jk<(5g, +86)T 0" (8, )T Py ~( 0, )T (P /D)) GAY,
A

2
ST, = 5d )T pd. bdA* I ={0 1
t épj\;( s) P Us t { } (3.3a)

P, = PP cost, py, = Py COS 2t (3.3b)
In Eq. (3.3a), the superscript k indicates the material for the elastic face layers

or the viscoelastic core according to its value as 1 or 2; Ak represents the area of

82
TH-2877_166103022



the k™ material in the xz -plane; pk and ¢* are the mass density and stress

vector, respectively, at any point in the k™ material. However, for the vibration
analysis in the frequency domain, the transverse harmonic loads (p;, py) are

considered as given in Eq. (3.3b) where p/ ps, and 2 are the amplitude and

excitation frequency, respectively. Equation (3.3a) is substituted in the extended
Hamilton’s principle (Eq. (2.9)) to obtain the equation of motion of the sandwich

beam, as given in Eq. (3.4).
2 [(5d,)T phd + (5g +S¢,)" 6"

bdAk =0 3.4
k:lA[k ~(lodg|, )T ptu—(Itc?dsl(xhzl))T(pt/b) (54

Presently, a state of vibration (dy, ) of the sandwich beam is expressed

with respect to a reference state of vibration (idS , £2;) through their increments (
Adg, AQ), as given in Eq. (3.5a). Accordingly, the incremental forms of the strain
(& ,&,) and stress (o-k) vectors are given in Eq. (3.5b) where the pre-superscript i

denotes a quantity corresponding to the reference state of vibration.

dsz(idS+Ads), Q:(Qi+A_Q) (3.52)
g :(i8| +A8I) > €p =(i8n +A8n1+A8n2) 5 o’k :(io'k +A0'k),
igl :L ids’ A8| :L Ads’
ign =(1/2) iLn ids , Agyp = L,Adg, Ag5 = (1/2) AL, Ady,

iLn:Ln(ids)’ AL, = L, (4dy) (3.5b)

Substituting Egs. (3.5a) and (3.5b) in Eq. (3.4), the incremental equation of motion

of the sandwich beam can be obtained as
22) (808, + 5y +042,,) T ((6% + A6 )+ (54d)" p* (d+ Ad,)

bdAX =0 36
K 1Afk = (I 6Ads|,_)" pyy (I 64d )T (pi/b) 3-6)

In Eq. (3.6), the strain energy term, i.e. (5Aan2)T A yields the geometric stiffness
of the beam; however, it is simplified in a special manner as follows

(Men,) " '6* = (54ey)" ' T  Aey + (34ey)T 'T* 4ey
A =Y Ad,, Ae" =1" Ad,, L :[(L” (e )TT LW=[(LW)T (LW)T]T
g 9 s? g g s =g X Z ’ g X v >

ik i_k
ik IO-x Isz
ik ik (3.7)

Xz z
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Introducing Eq. (3.7) in Eq. (3.6), the incremental equation of motion can be

modified as

(54g, + 34e,y) T ('6* + A6®) + (64d,)" p* (d + Ad)

2

> [ 1(54ey)T ¥ Aey + (54ey)" ' T sey bdA* =0

k=lAk (38)
—(ly 64dg] )" py = (I 5d sl Z)) (p,/b)

3.3. Present HBM formulation
The nonlinear frequency responses of the sandwich beam under the excitation
can be evaluated by implementing HBM, where the periodic response is assumed
following the Fourier series with a finite number (H ) of harmonic terms as
dy=d? + Z dg, cos(me2t) +dg, sin(m«2t) (3.9)
m=1

In Eq. (3.9), dJ, dS, and d§, are the displacement amplitude vectors

corresponding to the constant, cosine and sine terms, respectively. Accordingly,

the periodic solutions for the strain vectors (g, ¢,) appear as

5 = (6)°+ 3" (a1)5, Cos(ME2) + ()5, sin(m2t)
m=1

=(g,)° + Z(s )i COS(ME2L) + (&, )5, SIN(ML2L) (3.10)
m=1

where, the superscripts 0, ¢ and s indicate the strain amplitude vectors
corresponding to the constant, cosine and sine terms, respectively. It may be

noted here that the nonlinear strain vector (g,) appears with 2H number of

harmonic terms since it is a quadratic function of the displacement vector (d;,
Eq. (3.2)).

Generally, for the evaluation of nonlinear frequency responses of elastic
structures in the FE framework, the corresponding FE equations of motion are
first derived in the time domain. Subsequently, the FE equations of motion are
expressed in the frequency domain by implementing the assumed periodic
solution (Eq. (3.9)) according to HBM (Blahos et al., 2020; Chen et al., 2001; MS
et al., 2016). However, this procedure is not usually followed for the nonlinear
frequency response analysis of a viscoelastic structure because of the temporal
derivative /integral of stress/strain in the viscoelastic constitutive relations like
Zener model, fractional Zener model, Maxwell model, generalized Maxwell model
and hereditary integral approach. In this case of viscoelastic structures, a

viscoelastic constitutive relation is first reduced for the periodic stress/strain by
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implementing HBM. The subsequent FE formulation is based on this reduced
constitutive relation (Lewandowski and Wielentejczyk, 2017; Litewka and
Lewandowski, 2017a; Wielentejczyk and Lewandowski, 2019). Now, the reduced
form of one type of viscoelastic constitutive relation appears differently from that
of another type. So, every type of viscoelastic constitutive relation needs a separate
FE formulation, as it is observed in the literature (Jacques et al., 2010;
Lewandowski and Wielentejczyk, 2017; Litewka and Lewandowski, 2017a;
Wielentejczyk and Lewandowski, 2019). However, presently all the aforesaid
viscoelastic constitutive relations are reduced to a generalized form by
implementing HBM. It facilitates not only the FE formulation in a uniform manner
for all the constitutive relations but also the implementation of the orthogonality

of Fourier basis functions, as demonstrated in the following sections.

3.3.1. Reduction of time-domain constitutive relations for periodic
stress/strain using HBM
For an isotropic elastic material (k =1) in the sandwich beam, the time-domain
constitutive relation under the plane stress assumption can be written, as given
in Eq. (2.3a).
ok =C"¢, CK=E*C,
1 v 0

ﬁ vkl c:( , k=1
0 0 (@-vh)/2

ck =

(2.34a)

Now, for the periodic stress/strain, the constitutive relation (Eq. (2.3a)) can be
reduced in a straightforward manner by substituting the periodic solutions of
strain vectors (Eq. (3.10)). However, for the viscoelastic core (k=2), its time-
domain constitutive relation according to the fractional Zener model (Litewka and

Lewandowski, 2017a) can be written as

o +7% (d%6% /dt?) = C¥ <s+(Ew/Eo)r“ (d“s/dt“)> ,

CK=ECf, k=2 (3.11)
where, E; and E, are the relaxed and non-relaxed elastic moduli, respectively;
7 is the relaxation time and « represents the fractional-order time derivative.
This constitutive relation (Eq. (3.11)) for a viscoelastic material can be reduced by
introducing an anelastic strain (¢, (Galucio et al., 2004)), as given in Eq. (3.12a)

where the anelastic strain vector (¢ ) is defined in Eq. (3.12b).
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" =C*s', &' =(E,/E,)(e-¥) (3.12a)
g+7%(d%/dt*)=fe, f=(E,-E,)/E, (3.12b)
Now, the periodic solution for the anelastic strain vector (£) can be assumed
similar to that for the other strain vectors (g ,¢,, Eq. (3.10)), as given in Eq.

(3.12¢).

a=(@)"+ i (& )m COS(ML2t) + (& )y Sin(me2t) ,

m=1

g =(8)"+ ZZHj (&) cOS(Me2t) + (2, )y, sin(m2t) (3.12¢)

m=1

Substituting these solutions for the strain vectors (¢,& , Egs. (3.10) and (3.12¢)) in

Eqg. (3.12b)) and then making the coefficient vectors of all harmonic terms as equal

to zero, one can obtain the anelastic strain amplitude vectors ((£)°, (£ )5, (& )m >
()%, )5 (E)ms Eq. (3.12¢)) in terms of the other strain amplitude vectors (

@)%, (&)m @) ()°, (€)%, (&) > Eq. (3.10)). The resulting expressions can

subsequently be used in Eq. (3.12a) to obtain the constitutive relation by

eliminating the anelastic strain amplitude vectors as follows
c =Cke' ) & =& +&)
t (0] H C C S S c S S C H
o =(@)°+ X (@)% + f (a5 )cos(ma) +{ ()5 — f(a)G Jsin(me2)
m=1

2H
oh = () + 2 (i (n)iy + T (@i )OS0+ 5 ()5 = T )5y sin(me2t)
™ (3.13a)

f = (B, /Eo)| 1 T (146 (M20)) |, 5 = (B, /Eo) fys (20",
2 2 .
fn = f/{<1+ (o (m.Qr)“> +<sI (mQr)“> } ¢, =cos(za/2), s =sin(za/2)
(3.13b)
It may be noted from Eq. (3.13a) that the parameter f, represents the material

damping in the viscoelastic material. The same constitutive relation (Eq. (3.13a))

can also be used for the periodic stress/strain in an elastic material where f< =

1 and f;= 0. However, Eq. (3.13a) may be treated as a generalized form of the

viscoelastic constitutive model for the periodic stress/strain, since other
commonly used time-domain constitutive models like Kelvin-Voigt model (Baz,

2019), Maxwell model (Baz, 2019), generalized Maxwell model (Amabili et al.,
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2019) and Hereditary integral approach (Jacques et al., 2010; Wang and Tsali,
1988) can also be expressed in the similar form (Eq. (3.13a)) for the periodic
variation of stress/strain.

For the Kelvin-Voigt model of viscoelastic materials, the time-domain

constitutive relation is given by (Baz, 2019),
o“ =C*(e+1,8), CX=ECK, k=2 (3.14a)
where, 7, and E; are the relaxation time and stiffness of a viscoelastic material,

respectively. Now, to reduce this constitutive relation (Eq. (3.14a)) for the periodic

strain, Eq. (3.10) can be utilized, and it yields the resulting constitutive relation

in the form of Eq. (3.13a) where the parameters f; and f; appear as

fo=1, fo=7,m2 (3.14b)

For the Maxwell model of viscoelastic materials, the corresponding time-

domain constitutive relation is given by (Baz, 2019)
0'k+Tno"k=Cané, Ck:Ean, k=2 (3.15&)
where, 7, and E, are the relaxation time and stiffness of a viscoelastic material,

respectively. Now, introducing the periodic solution of strain (Eq. (3.10)), Eq.

(3.15a) can be reduced in the same form, as given in Eq. (3.13a) where the

parameters ¢ , £, fS and f> appear as

o = i_1< fi (a0 + ()50 YeOS(ME2) +{ fi ()5, = ()5 )sin(me2)

RS (f @) + T (@i )COSME) +{ £ (80 ) = T (@ )5y Jsin(me2t)

m=1

f =(M27)° (14 (m26,)?) , £ =me2z, /(14 (me2r,)?) (3.15b)

In the case of the generalized Maxwell model (Amabili et al., 2019) with a
finite number (N,;) of Maxwell elements, the stress in a typical (say nth) Maxwell
element for the periodic strain can be expressed by Eq. (3.13a) where the
parameters & , ¢, f¢ and f: are given in Eq. (3.15b). However, the sum of

stresses in all Maxwell elements results in Eq. (3.13a) along with the following

expressions for the parameters f; and f,

¢ _q. 2 2
fS=1+ ngl{(En/Eo)(mQTn) [+ (men)?),
N,
£ =nzzl{(En/Eo)mgrn/<1+(mgrn)2>} 5.16)
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In the hereditary integral approach, the time-domain constitutive relation is
given by Eq. (3.17a) (Jacques et al., 2010; Wang and Tsai, 1988), where Y is the

relaxation modulus of a viscoelastic material.
t
o =cf <Y(0)a+j(dY/dru) e(t—1,) dru> , k=2 (3.17a)
0

However, for the periodic stress/strain, the relaxation modulus (Y ) can be
obtained from the complex modulus (Eq. (3.17b)) of a viscoelastic material by
plot

assuming the harmonic form of strain (&= g, ), as given in Eq. (3.17c) where

ER and E'are the frequency-dependent storage and loss moduli of a viscoelastic

material, respectively.

E(w)=ER(Q)+j E'(©Q) (3.17D)

ER(.Q)zY(O)+.t[(dY/dru) cos(2z,) dz, ,
0

E' (Q)z—}(dY/dru) sin(£2z,,) dz, (3.17¢)
0

Now, the constitutive relation in Eq. (3.17a) can be reduced in the form of Eq.

(3.13a) using the periodic solution of strain vector (Eq. (3.10)) and the relations in

Eq. (3.17c), where the parameters fc and f. appear in the form, as given in Eq.
(3.17d).
f$=ER(MQ)/E,, £ =E'(mQ)/E, (3.174)

In the above derivation, the time-domain viscoelastic constitute models,
namely Kelvin-Voigt model, Maxwell model, Zener model, fractional Zener model,
generalized Maxwell model and hereditary integral approach are reduced to a
generalized form (Eq. (3.13a)) for the periodic stress/strain. It basically removes
the requirement of the separate FE formulation of a viscoelastic structure for each
of the aforesaid constitutive relations in the geometrically nonlinear frequency
response analysis of the viscoelastic structure. This formulation of a generalized
constitutive relation also provides an advantage of making a comparison study
among the aforesaid different viscoelastic constitutive models in a straightforward

manner, particularly for the evaluation of nonlinear frequency responses of a
viscoelastic structure. It may also be noted here that the reduced form (ak =CX¢!
, Eq. (3.13a)) of the viscoelastic constitutive relations appears similar to that (
o =C*¢, Eq. (2.3a)) for the elastic material. So, the aforesaid viscoelastic

constitutive relations can be handled easily in the formulation of the governing
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equation of motion of a viscoelastic structure for its frequency response analysis,

as it is demonstrated in the following sections.

3.3.2. Derivation of the governing equation of motion by exploiting the

orthogonality of Fourier basis functions
The Fourier expansion of strain vectors (isl , Agp, isn , Aeng s Asé", Asg ) appearing

in Egs. (3.5) and (3.7) can be written as

= () + 3 ()5, cos(me2t) + ('e)5, sin(me)

m=1

Agy = (Ag)° + i (4g))5, cos(ma2t) + (g )5, sin(ma2t)

m=1

= (15)° + 3 ()5 cOS(MEA) + (" )5y sin(me2t)

m=1

2H
Agy = (A‘gnl)O + Z (Agnl)(r:n cos(ma2t) + (Asnl)rsn sin(ma2t)

m=

H
A6Y = (A2 + Zl(Agév)ﬁ‘ cos(me2t) + (deg )y, Sin(me2t)
m=

Agy = (Aey)° + i (deg ), COS(MLt) + (Agg )y, Sin(me2t)
ol (3.18)

Similarly, using Egs. (3.5) and (3.13), the stress vectors (iak and Aak) at any point
in the Xz -plane for the k™ material can be written, as given in Eq. (3.19a) where

fe =1and f.=0 for the elastic material (k =1).

. . 2H . .
ek = (16)° + Y (16*)S cos(mat) + ('6*)3, sin(me2t)
=1

A = (46%)° + ZZH (46%)S, cos(m2t) + (46* )3, sin(ma2t)

m=1
(iO'ko_Ck(i8+i 0 AkO_ kA 0.
- | gn)7(a)_C(8|+A8nl)7
() = C* (e + ') — (e + 20 )
(0 ) =C* (fala + el + Tal'ar+'a0)i)
(A0*)5, = C* ( i (e + Az, + i (e + Az )
(Ao-k)rsn =k < fo(de + Aepy)s, — fro (dg +Asn1)ﬁn> , m=123,...,H;

(‘e =C (fa (e~ TnCe)n), (0)h =C* (T ")y + TaCandh).
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(40" )5, = C*( Fs (Aen)y — T (dem)in)
(465)¢, = C* < £ (4e)S, + £ (Agnl)fn> , m=H+1 H+2,.,2H (3.19a)
From Egs. (3.18) and (3.19a), the Fourier expansion of the products rk Asg and

rk Asé" appearing in Eq. (3.8) can also be obtained as

. . 3H . .
'T Ay = ("I 4e3)° + Y (' Aey)5, cos(ma2t) + (‘T 4ey )y, sin(me2t)
m=1

. . 3H . .
'T* Ay = ('T* 26))° + Y ('T* 4e})5, cos(me2t) + (' T 4ey )5, sin(me2t) (3.19b)

m=

Now, the equation of motion of the sandwich beam in the frequency domain
can be derived by substituting the expressions of displacement, stress and strain
vectors (Egs. (3.9), (3.10), (3.13), (3.18), (3.19a-b)) in Eq. (3.8), while the resulting
expression is to be reduced within a time-period using the Galerkin method. In
this conventional procedure, the equation of motion appears with a large number
of nonlinear stiffness terms associated with the products of sine and cosine
functions. Further, the reduction of the equation of motion within a time-period
is commonly carried out using a numerical time-integration method (Blaho$ et
al., 2020; Chen et al., 2001; MS et al., 2016), which involves a high computational
time particularly for the evaluation of nonlinear frequency responses in the FE
framework. These two concerns are presently tackled by exploiting the
orthogonality of Fourier basis functions, especially to avoid the numerical time-
integration and also to reduce the number of terms in the expression of the
equation of motion. Here, for the orthogonality of Fourier basis functions, the

time-integration of the product of any two Fourier basis functions ( f;(t), Eq.

(3.20)) over a time-period (T ) can be written as follows

o7 0 j#n
?jfj(t) f,)dt=41 j=n(j=0,n=0), jn=012 .. (2H+1),
0 2 j=n=0
fo =1, f,=cos(mat), fy,,=sin(mat), m=123. .. ,H (3.20)

According to Eq. (3.20), some terms in the equation of motion corresponding to
the multiplication of any two different Fourier basis functions would vanish.
Therefore, the expression of the equation of motion is simplified with a reduced
number of terms. Also, this reduction of the equation of motion can be carried out

without numerical time-integration over the time-period. However, using this
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strategy, the incremental governing equation of motion of the sandwich beam can

be obtained in the following form
o\" /i _k kyo 0
2 <(5Agl+5A8n1) > (6" +407)" +(6Uy)

— (I oAdg

B - (10

T 0
<x.,z.)) (p0 /o) +

<(5Ag,)g1>T (6 +46%)C +<(5Aa.)§n>T (6" +46%)S, o dAk —0

M~
>,

=
]
[N

H
2| +(8Ug)n+(8Ug)y

m=1

(G + mA) <(5Ad§mf(‘d§m +ads, >
1

+(54dgy) " ('dg, + Adg,

+;zjl[<(mgm); >T (‘" + 40% )5, +((8420)5 >T (‘a* +46");, }

(U g)m

<(5Asg)fn>T (‘T azg)5, + (8423, >T (‘r*ash);,

(60U )5 = ((0aed)s ) (T* as)i,+ ((a0e) ) (T* sy

0 uro\T /i uyo wyo\T /i wy0
(0U)° =((84c8)°) (T 4e)°+((@e3)° ) (T* e 3.21)

In Eq. (3.21), 4d{ is a coefficient vector in the Fourier expansion of the

incremental displacement vector (4dg) corresponding to the m" cosine term (
cos(mayt), Eq. (3.9)) with m=1. It may be noted here that this new formulation

would provide lesser computational time than that in the conventional HBM, as
it is verified in Section 3.5.2 for the evaluation of nonlinear frequency responses

of the sandwich beam in the FE framework.

3.3.3. Derivation of finite element model

For deriving the FE model of the viscoelastic sandwich beam, its xz -plane (Fig.
3.1) is discretized using nine-node isoparametric quadrilateral elements. The
edges of a typical element are in parallel to the axes (Xand z) of the reference
coordinate system. The FE discretization of the xz-plane (Fig. 3.1) is carried out
following the inter-phase surfaces of two dissimilar materials so that a typical

element is made of either elastic (k =1) or viscoelastic material (k =2). However,
the displacement (ids , 4dg, Eq. (3.5a)) and strain (i£| , Ag| ,isn , A&, Aeg , Asé", Eq.
3.5b) vectors at any point within a typical element can be expressed in terms of

the shape function matrix (N ) and the elemental nodal displacement vectors (id ¢
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,4d®), as given in Egs. (3.22a) and (3.22b) where ;4 is an identity matrix with the

size (18x18) and the symbol ® represents Kronecker product.
'do=N'd®, Ad, = N4d® (3.22a)
‘e, = B, 'd®, Ag =B, Ad®,
‘e, =1/2)B, 'd'd®, Asy =B, 'dtAd°,
Asév = B;V Ad As; = B; Adg,
B,=LN, B,=B"R{ +B)R)+BR, +B5R;,
Ry =13 ®By, R/ =13®B;,
Ry =I3®B/, R'=1,3®B;,
By=LyN, By =Ly N, 'df ='d®® I,
B/ =LiN, B =L3N, B'=L'N, BY =LYN,

BU=LUYN, B =LYN, BY=L"N, BY=L"N (3.22b)

It may be noted here that the nonlinear strain vector is expressed in terms
of a linear strain-displacement matrix ( B, ), a nodal displacement matrix ( idf ) and

a nodal displacement vector (ide / Ad®, Eq. (3.22b)). This special formulation of

nonlinear strain vector yields the nonlinear stiffness matrix in terms of a
displacement-independent stiffness coefficient matrix multiplied by the nodal
displacement matrix. So, the expression of the overall nonlinear stiffness matrix

according to HBM can be obtained in a straightforward manner by replacing the
nodal displacement matrix (id 7) with its Fourier expansion.

However, the Fourier expansion of elemental displacement vectors (ide/
Ad®) can be expressed following Eq. (3.9), where the amplitude vectors are
denoted by 'd?/ 4d?, 'dS 7 AdS, and 'dS, / 4dS, (m=12,3,...,.H) corresponding to

the constant, cosine and sine terms, respectively. Now, using Eq. (3.22b), the

strain amplitude vectors (Eq. (3.18)) can be expressed in terms of the

displacement vectors ('d®/ 4d?, 'dS, / adS. , 'dS. / AdS,, m=12,3,..,H) as follows

(&) =B 'dS, ('&)% =B 'ds,, (&) =B, 'd,,

(46)° =B, Adg , (4&)ym =B Moy, (d2)y, =B Ay,
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(2)° = Y208, D° 'X°, (‘2,)5, = WD)B, D, 'X°, (‘20)5y = (YD B, D}, 'X°,
(de)° =B, D°AX®, (Agy)S, = B, DS, AX®, (A )5, = B, Dy, AX®,
(4eg)® = By Adg , (Aeg )y =By Adgy, , (Aeg )y =By Adgy, , (Aeg)° = By Ady
(deg)m =By Adgy , (Aeg)q =By Adgy,

XE={(d)T (d)" ()" (dg)T (da)T (fdg)" (da)™H

L

In Eq. (3.23), the matrices D°, D, and D;, (m=123,..,2H) are the coefficient

matrices of the Fourier expansion of the product idf Ige (Eq. 3.22Db) corresponding
to the constant, cosine and sine terms, respectively. The simplified expression for
the Fourier expansion of the product idf '4® is given in the right-hand part of Eq.
(3.24), where (‘df)°/'d?, ('df)/'dS, and ('df)S/'dS, are the coefficient
matrices/vectors corresponding to the constant, sine and cosine terms in the
Fourier expansion of 'd{/'d,. The matrices D°, DS and Df, can be constructed
in terms of these coefficient matrices/vectors by the harmonic balance.

2H _
<D° + Y Dy, cos(me2t) + Dy, sin(m.Qt)> 'X¢ =

m=1
i [ ((dF)° "G+ (‘a5 'dg hoos(mezt) +
X, S +
m) ((dF)° 'dgy + (A, "¢ sin(mezt)

o <(id|e)ﬁ1 i ><cos(m+n)_(2t+cos(m—n).0t>+
(‘df)°'dg + . .
HOH g <('o|$),5n 'dgn><cos(m—n)m—cos(m+n)m>+
Yy .
m=1n=1 <('d|e)ﬁ1 'ds, ><sm(m+n).(2t—sm(m—n).(2t>+
{

<(‘d|e),sn idgn> sin(m+ n).2t +sin(m —n)2t) (3.24)

Now, using Eq. (3.24), the coefficient matrices of the Fourier expansions of the
products rk Aaév and 'T'* Asg (Egs. (3.21) and (3.19b)) can be written as given in
Eq. (3.25a), where the matrices (XK)°, (X¥)¢ and (rf)S, (m=12,3,...,3H) can be
constructed following Eq. (3.25b) similar to the aforesaid construction of D°, D,
and D;,. In Eq. (3.25b), the simplified expression for the Fourier expansion of

Lk Agy is illustrated in the right-hand part for the construction of (I kYo, (riye
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and (T Vlf,)rsn . The Fourier expansion of rk Asg also appears in a similar manner to
construct (r¥)°, (Y% and (r¥), (m=123,...,3H).
(T 26g)°=(Xa)° X", (T deg)=(Xy)nAX®, (T 4e)=(X0)y AX°

(T 264)°=(X)°AX®, (T )= (X5 AX°, (7% As)f = (X)), AX°

(3.25a)
<(rvkv)° + ?f (Y¥)S cos(ma2t) + (X )5, sin(m.Qt)> AXE® =
m=1
n | (1) By Adgy+('TY);, By Adg )cos(met) +
o1 <(ir")° BY AdS, + ('), BY Ad§>sin(m!2t) '
- _<(il“k)fn By Adg, ><cos(m+n)!2t+cos(m—n)Qt>+_
(‘'r*)° By Adg +
2H H 1 <( s By Adg, ><cos(m—n)!2t—cos(m+n)_(2t>+
IPE _ .
m=1n-1 <(F )m By Adj’n><sm(m+n).(2t—sm(m—n)Qt>+
<( rk ) BW Adg, ><sin(m+n).(2t+sin(m—n).(2t> | (3.25b)

Substituting Egs. (3.19a), (3.19b), (3.23) and (3.25a) in Eq. (3.21), the linearized

incremental governing equation of motion of a typical element can be obtained as
Kf AX® =R® + RS, AQ
RE = Pp + PEp, — K5, 1 X°, RE =—(0K5/02)'X°,
K =K = Q°M® + (12K + Kr + 1/2)Ke,,
Ktesz—QizMe+Kﬁl+Kﬁt+Kg+Kﬁ4 (3.26)
where, the matrices M®, K¢, P?, Kn» Kg, Kn and Kgy can be constructed
according to Eq. (3.27).
H
(GAX8)TMeAX® = z m <(5Ad )TME AdS, + (5adS )T ME Ad:m> ,

(SAXE)TKFAXE =2(64d2)TKE Ad2 + S
m=1

oAdg,) Koy (fDg+ faD5) +
(84X E)TKEAX® =4 2(54d2)T KE, D Z (94d5)" Ke (1505 + £05) AXE,
m=1 (5Ad ) Ksnl (frg Dr?]_ frﬁ Dr(l:1)

<(5Ad TKE (FE4dg, +fSAdem)+>
(5Adem) KsI (fmAdem - fmAdgm
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Z(DO) (Ksnl) Ado"’
(BAX ) TKE AX® = (54X )T <(DC) (KE)T (FeAdS, + 13 Adem)+> :
m=1 (DS) (Ksnl) (fmAdem_fmAdecm

n4 _Z(D ) Ksn4 DO + Z
m=1

< ) Ksn4(fnﬁDr(1:1 + fniD?n)+>
(DS) Ksn4 (fnﬁDrsn - fr;Dr%)

(64X °)TKEAXE = {Z(Md ) K°+Z<(5Ad )T K +(64d) TKS >}AXE;
m=1

(64X)TPE =(84dS,) TP, (84X,) T PE =(54dS,) TP at m=1 (3.27)
In Eq. (3.26), the overall elemental stiffness (K;,) and tangent stiffness (K¢)

matrices are to be constructed through their component matrices, as given in Eq.

(3.27). However, the stiffness matrix per unit change of frequency (8K§]/ 042 , Eq.

(3.26)) can be obtained similar to K, (Egs. (3.26) and (3.27)), where the coefficient
matrices corresponding to the frequency-independent terms are to be omitted,

and the parameters f¢ and fS are to be replaced by ofS/0@2 and ofS/60 ,

respectively. The different elemental matrices (Mg, K, Kgy, Kg, K, Kg, and

Kés) and vectors (PS, PS ) appearing in Eq. (3.27) are given in Eq. (3.28) where
A® is the area of a typical element.

MS = [ NTp“N bdA®, Ksl_j(B,) C*Bb dA® ,
Ae

Ksnl_ j (BI) C B b dAe sn4 - _[ (Bn)TCanb dAe ,
A° A8

dA®,

e _ T e e _ T
PSU _A':e(lt N) ‘Z:hbdA ’ PS _):e(lt N) (mezm)

Kem = [ (BT @) + (BT QL5 )bdA°,
Ae

Kem = [ (B @) + (BT QL5 )bdA°,
Ae

- j<(Bg)T(rvkv)°+(B;)T(ruk)°>bdAe, m=12,..,.H
A® (3.28)
It may be noted here that the aforesaid elemental matrices are formed in a
generalized manner for both the elastic and viscoelastic materials within the
sandwich beam, where the values of the parameters f. and f, are 1 and O,

respectively, for an element made of elastic material. However, assembly of the
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elemental matrices (Eq. (3.26)) provides the FE equations of motion of the
sandwich beam in the frequency domain as follows

KidX =R+ R, 402

R=P p+P, pd —Kp ' X,Rp =—(0Kn/062) 'X,
2
K = Kj = 9*M + 12Ky + Ky + /2)Kpg
Ki =K) —QFM +Kpg + Ky + Ky + Ky (3.29)
where, K, and K; are the global stiffness and tangent stiffness matrices,
respectively; R is the global residue vector; R, is the global load vector per unit
increment of excitation frequency; 'X is the global nodal displacement vector and
AX is the incremental nodal displacement vector.
However, in the present sandwich beam, the core is made of a soft

viscoelastic material so that the viscoelastic core has a negligibly small

contribution to the stiffness of the overall structure as compared to the stiff elastic

face layers. In this case, the contribution of the viscoelastic material to the

geometric stiffness matrix (K§ , Eq. (3.27)) may be omitted to ease the complex

formulation of this matrix (K¢ , Eq. (3.27)) and also to reduce the computational

time. This assumption is presently made for the sandwich beam, and its
plausibility is verified through numerical experimentation, as presented in Section

3.5.3. However, according to this assumption, the geometric stiffness term (

e, )" ok , Eq. (3.7)) can be written in the following form
n2 q

(84e,,) " '6% = (doad®) " KE 5 Ad® +1/2)(df 5Ad®)" KE 5 'df Ad® (3.30a)

Kea=] ((BY)TCKBIRY +(BI")TC*BIRY +(BY) C B! +(BY)TC*BIRY )bdA?,
Ae

k k k k
Kens = _[ <A1WR>\:V+A2WR;N+A1UR;J +A2uR;J>bdAe ,
Ae

Ay = (BIRY)TCHBY +(BI'Ry)TC*BY +(BIRy")'C*By +(B{'R;)'C“B;
A =(BYRM)TCKBY +(BYRY)TC*BY +(BYRY) CKBY +(BYRY)TCKBY ,
AL =(BYRNTCKB" +(BRY)TC*BY +(BR") C*BY + (B\"RY)TC*BY,
A =(BYRMTCKBY +(BYRY)TC*B! +(BYRY) CKBY + (BYRY)TC*BY,
for k=1 (3.30Db)
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Using Eq. (3.30a), the geometric stiffness matrix (K;) can be constructed from

the following relations

Kg = Khs + ([1/2)Kzs

2(64d2)T K& 5 D° +

(AX®)TKE, AX® =1 H AXE,
> ((645)" Kz D+ (84d8n) T KSps D)
m=1
Ke _2 DO TKe DO 2H DC TKE DC DS TKe DS
ns — (D7) sn5 +Z ( m) sn5 m+( m) sn5 “m (3.31)
m=1

3.4. Governing equation of motion in the time-domain

In order to verify the accuracy of the aforesaid FE formulation using HBM, the
steady-state responses of the sandwich beam are also evaluated by deriving the
governing equation of motion in the time-domain. For this derivation of the
governing equation of motion in the time-domain, the fractional Zener constitutive
model (Eq. (3.12a)-(3.12Db)) is taken at a discrete time following the Grunwald

definition (Galucio et al., 2004) where a time-span of interest is divided into a
finite number (N, ) of uniform time steps (4t). Accordingly, the stress vector (0'5 "
,k=2) and the anelastic strain vector (Eq. (3.12b)) at any point within the

viscoelastic material are given in Eq. (3.32) at the (q +1)th time-step (0=0,12,...,N;).

K K ¢k ek
g1 =C T g +C ) ZA,-+1 Eq4l-j »
=i

g+l

§q+1 =(1-cy)f €441~ Cp Z Aj+1 Eq+1—j )
j=1

j—a—lAj’

Cp = ra/<ra + (At)a> » Aja =
f=c,E,/E,, f =1+(c, (E, —Eo)/Ey) for k=2 (3.32)

In Eq. (3.32), A

i (1=12,....,N; +1, Aj =1for j=1) are the Grunwald coefficients

(Galucio et al., 2004). Equation (3.32) can also be used for the elastic material (
k=1) in the sandwich beam by taking f_lk =0 and flk =1. However, this
constitutive relation (Eq. (3.32)) is introduced in Eq. (3.4) to obtain the governing
equation of motion at a discrete-time ((q +1)th time-step), as illustrated in Eq.

(3.33). Subsequently, the FE discretization of the displacement and strain vectors
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are introduced to obtain the elemental governing equation of motion at a discrete

time ((q +1)th time-step), as given in Eq. (3.34a).

<(6ds)q+l>T pk (d.s)q+1

:
~(1:69)qu],_, ) (Pudgua = da, ) (P)qa  (DAA* =0

M~

=
]

N
>

=~

T/ K ¢k kee &,
+<(58| +58n)q+1)> <C fy g +C 1" Y Aj Zqa
j=L

(3.33)
Mg d-§+1 + f1k < §| + (Ksen)q+1> §+1 = Pse (pt)q+1 + PS?J (ptu)q+1 + (ﬁse)q+1 ’
T T
(K& = /D K2 (@) + (@) K@+ (@0)qer) (KEDT,
_ — T gq+1 _
(Pse)q+1 == I f1k <BI + Bn (df)q+1> Ck [Z Aj+1 8§+1—j deAe
A° =1 (3.34a)
—e e RS —e
Eq11 = f(L-cy)(es )q+1 Y z Aj+1 Eq+1-j |»
=1

e 1 e e e
(gs )q+1 :E _[ <BI + (1/2)Bn (dl )q+1>dq+1 dA

A° (3.34b)

In Eq. (3.344), dg 41 is the elemental nodal displacement vector at (q +1)th time-

step. The elemental matrices (Kg , K&y, Ke4) and vectors (Py, P ) are defined in

Eq. (3.28). Also, ( I3Se)q 41 represents the elemental memory-load vector at (q +l)th

time-step, and it depends on the anelastic strain history (Es a-j»1=12,..,9+1)

where the anelastic strain at a discrete-time is taken by its average value over an

element (Eq. (3.34b)). However, by assembling the element matrices in Eq. (3.34a),
the FE equation of motion of the sandwich beam at (q +1)th time-step can be

obtained as

M d.q+1 +<KII + (Knn)q+1>dq+l =Py (pt)q+1 + Pay (P )q+1 * (|3s)q+1
2 2 Kk
-1 =1 .

where, Kéﬂ and (Ké(n)q ., are obtained by assembling the elemental matrices K¢

and (Kfn)q .1, respectively, for the k™ material in the sandwich beam. Equation

(3.35) is used in conjunction with the Newmark time-integration method to obtain
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the steady-state responses of the sandwich beam in the time-domain for the

transverse harmonic load.

3.5. Results and discussion

In this section, the numerical results are presented mainly to demonstrate the
computational advantages of the present FE formulation for the evaluation of
nonlinear frequency responses of a viscoelastic structure using HBM. The length
(L), width (b) and thickness (h) of the sandwich beam are considered as 0.4 m,
12 mm and 6 mm, respectively. Within the total thickness (h = 6 mm), the elastic
face layers are taken with a thickness (hy =hg,) of 2 mm. The elastic face layers

are considered to be made of Aluminum (E = 70.3 GPa, v = 0.345, p=2690 kg/m3

(Galucio et al., 2004)), and the viscoelastic material for the core layer is taken as
3MISD 112 (v = 0.499, p=1600 kg/m3 (Galucio et al., 2004)). Unless otherwise
mentioned, the viscoelastic core layer is modelled by the four-parameter fractional
Zener model, where the model parameters are E;= 1.5 MPa, E_ = 69.9495 MPa,
a=0.7915 and 7= 0.014052 ms (Galucio et al., 2004). The ends of the sandwich
beam are considered as fully clamped ends while it operates under the uniformly
distributed transverse harmonic load. Under this dynamic load, the transverse
displacement-amplitude (w) at the middle point of the sandwich beam is
evaluated within a range of the excitation frequency (£2), and it is presented in

the numerical results.

Present
+ Ref

w (mm)

0 50 100 150 200 250
time (ms)

Fig. 3.2. Verification of the present FE code for evaluation of transient
responses of the sandwich beam based on the fractional Zener model (Ref.
(Galucio et al., 2004)).

3.5.1. Verification of the present FE formulation in the time/frequency
domain

Initially, to verify the present FE code for evaluation of responses of the sandwich

beam in the time-domain, the beam is considered to operate under a triangular
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impulse load at its free end, and the corresponding transient response is
illustrated in Fig. 3.2. A similar result for an identical sandwich beam is available
in (Galucio et al., 2004), which is also furnished in Fig. 3.2. It may be observed
from Fig. 3.2 that the present result is in good agreement with the reference result.
This comparison verifies the present FE formulation (Section 3.4) and the
implementation of the Newmark time-integration method in the evaluation of
transient responses of the sandwich beam based on the fractional Zener model.
Initially, an FE mesh convergence study is performed by evaluating the peak
displacement amplitude of the nonlinear frequency response of the sandwich

beam with the increasing number of elements. The number of harmonic terms (
H ) in the HBM and the load-amplitude ( p{) are considered as 7 and 4000 N/m?,

respectively. This convergence study shows the sufficient numerical accuracy in
the result for the minimum number of elements as 100 (100 element divisions in
x—direction and one element division in z-direction) in each of the elastic
layers and 200 (100 element divisions in x—direction and 2 element divisions
in z-—direction) in viscoelastic core layer of the sandwich beam. Accordingly, the
same FE mesh is considered for evaluation of further numerical results.

In the implementation of HBM for evaluation of nonlinear frequency
responses of the viscoelastic sandwich beam, the corresponding periodic solution
is assumed according to the Fourier series with a finite number (H ) of harmonic
terms (Eq. (3.9)). So, first, a convergence study is carried out to decide an
appropriate number (H ) of harmonic terms for achieving sufficient numerical

accuracy in the results. It is carried out by gradually increasing the number of
harmonic terms in the assumed solution while a load amplitude ( p{) is considered

as 4000 N/m?2. The corresponding nonlinear frequency responses of the sandwich
beam are illustrated in Fig. 3.3(a), where the governing equation of motion in the
frequency-domain (Eq. (3.29)) is solved using a numerical continuation method
(Cheung et al., 1990). However, this result suggests at least the first seven
harmonic terms (H = 7) in the Fourier expansion of nodal displacements (Eq. (3.9))
for achieving sufficient numerical accuracy in the nonlinear frequency responses
of the viscoelastic sandwich beam. It is followed to evaluate the subsequent
results.

Further, it is important to observe from Fig. 3.3(a) that the sandwich beam
undergoes fundamental as well as superharmonic resonances within the
frequency range of interest. Here, the superharmonic resonance does not appear

in the frequency response for the consideration of a low or insufficient number of
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harmonic terms in the assumed solution. It basically indicates the requirement of
a large number of harmonic terms in the assumed solution for a good estimation
of nonlinear frequency responses of a viscoelastic structure. In this aspect, the
present generalized FE formulation for an arbitrary number of harmonic terms in
HBM may be useful in the analysis of a robust viscoelastctic structure, while the
available HBM-based FE formulations in this line (Jacques et al., 2010;
Lewandowski and Wielentejczyk, 2017; Litewka and Lewandowski, 2017a;
Wielentejczyk and Lewandowski, 2019, 2017) are addressed considering one or
two harmonic terms.

1.6 1.6

(a) (b)

= g == = == -

HBM, H=7
# Time-domain solution

1.2 1.2

0 =~ W=

0 T v ) u
150 400 700 1000 1200 150 400 700 1000 1200

2 (rad/s) Q (rad/s)

Fig. 3.3. (a) Convergence study for an appropriate number (H ) of harmonic

terms in implementation of HBM ( p_= 4000 N/m?2), (b) verification of the

present FE formulation for nonlinear frequency response analysis of
viscoelastic structures using HBM.

However, the accuracy of the present FE formulation in conjunction with
HBM is further verified by evaluating similar frequency responses through the FE
formulation of the same problem in the time-domain (Section 3.4). These results
are illustrated in Fig. 3.3(b), where it is clear that the solutions obtained from the
HBM-based FE formulation are in excellent agreement with similar solutions
obtained from the time-domain FE formulation. It may be noted here that the
present HBM-based FE formulation for viscoelastic structures is not a
conventional one in several aspects, namely (i) reduction of various time-domain
viscoelastic constitutive models in a generalized form (Eq. (3.13a)) for the
nonlinear frequency response analysis of viscoelastic structures using HBM, (ii)
exploitation of orthogonality of Fourier basis functions (Eq. (3.20)-(3.21)) to ease
the formulation of the nonlinear stiffness matrix in conjunction with HBM, (iii)
avoidance of numerical time-integration over a time-period (Eq. (3.20)-(3.21)) to

reduce the computational time in the implementation of HBM and (iv) a special
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formulation of the nonlinear strain vector (Eq. (3.22b)) to ease the derivation of
the nonlinear stiffness matrix. The implementation of these aspects towards a new
FE formulation for viscoelastic structures using HBM is verified through the

comparison study in Fig. 3.3(b).

3.5.2. Computational efficiency of present FE formulation using HBM

In the conventional FE formulation of a viscoelastic/elastic structure using HBM,
the various system matrices and vectors are first formed in terms of the Fourier
expansion of displacement vector (Eq. (3.9)), which are subsequently integrated
over a time-period using Galerkin method. This reduction of the system matrices
and vectors is commonly carried out by a numerical time-integration method,
which involves a high computational time due to a large number of nodal degrees
of freedom in the FE model. However, in order to avoid this numerical time-
integration towards the reduction of the computational time, presently HBM is
implemented prior to the FE discretization using the orthogonality of Fourier basis
functions (Eq. (3.20)), as demonstrated in Section 3.3. The corresponding

reduction of the computational time is presently verified.

2 Convensional (H=3) ) )

Present (H=3)
Convensional (H=5)
Present (H=5)

Convensional (H=7)
- - = Present (H=7)

1.5

w/h

0.5

250 450 750 1,000 1,250 1,500
Q (rad/s)

Fig. 3.4. Nonlinear frequency responses of the viscoelastic sandwich beam are
evaluated using either conventional or present strategy in the implementation
of HBM.

For this verification, the nonlinear frequency responses of the viscoelastic
sandwich beam are evaluated for both the conventional and present strategies of
implementation of HBM, where the numerical time-integration for conventional

strategy is performed using trapezoidal rule with evenly distributed 100
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integration points over the time-period. The corresponding nonlinear frequency
responses of the viscoelastic sandwich beam are illustrated in Fig. 3.4 for different
numbers (H = 3, 5, 7) of harmonic terms in the assumed periodic solution (Eq.
(3.9)). For each of these response curves, the computational time is noted in Table
3.1, where the FE codes are written in MATLAB and executed in a CPU with an
Octa-Core processor Intel(R) Core(TM) i7-6700 CPU @ 3.4 GHz and RAM of 16 GB.
However, for any number (H ) of harmonic terms, it may be observed from Fig.
3.4 that the frequency response remains almost the same for both the strategies
in the implementation of HBM. However, the present strategy based on the
orthogonality of Fourier basis functions (Eq. (3.20)) provides the advantage of
significantly less computational time (Table 3.1).

Table 3.1
Computational time for the evaluation of nonlinear frequency responses

in Fig. 3.4 using either the present strategy (tp.) or the conventional

strategy (1. ) in the implementation of HBM.

H 3 5 7
tc. (hrs) 16.564 41.35 88.38
tpe (hrs) 4.58 10.14 17.57

teo —1p
[—th CJ“OO 72.35 7548 80.12
C

3.5.3. Study on the simplified formulation of the tangent stiffness
matrix
The nonlinear frequency responses of elastic/viscoelastic structures are
commonly evaluated by employing a numerical continuation method where the
tangent stiffness matrix is an important parameter in achieving the convergence
of solution through Newton-Raphson iteration. Although the inaccurate
computation of the tangent stiffness matrix does not produce wrong results, it
may lead to more number of Newton-Raphson iterations for the convergence of
solution, or even the convergence of solution may fail around the bifurcation
points. Therefore, the tangent stiffness matrix would be computed as accurate as
possible depending on the geometrical and material complexities in a structural

problem. However, in the present case of a viscoelastic sandwich beam, the
formulation of the tangent stiffness matrix (K;, Egs. (3.26)-(3.27)) appears in a
little complex manner, especially due to the geometric stiffness matrix ( KS , Egs.

(3.27)-(3.28)) in conjunction with the viscoelastic constitutive relations (Egs.

(3.13)-(3.17)), as demonstrated in Section 3.3. Now, this formulation of the

103
TH-2877_166103022



geometric stiffness matrix (K¢ , Eq. (3.27)-(3.28)) can be simplified by ignoring the

viscoelastic part, as illustrated through Egs. (3.30a), (3.30b) and (3.31). However,
the fruitfulness of this simplified formulation of the tangent stiffness matrix is
investigated here by evaluating the nonlinear frequency responses of the
sandwich structure. These responses are illustrated in Fig. 3.5 for three different

thicknesses of the viscoelastic core (h, ) as 2 mm, 4 mm and 6 mm, where the face
thickness (hg, hg,) is considered as 2 mm. It is observed that the ignorance of the

viscoelastic part in the formulation of the tangent stiffness matrix does not cause
difficulty in the convergence of solution at any point on the response curves for
the three different viscoelastic core thicknesses. It may be due to fact that the
viscoelastic core has not much contribution to the overall stiffness of the sandwich

beam in comparison to that for the elastic face layers.

1.3
12|—h,~2mm
— hv= 4 mm
0.9 h,=6 mm
&
= 0.6

130 400 700 1000 1400
2 (rad/s)

Fig. 3.5. Nonlinear frequency responses of the sandwich beam for three
different thicknesses of the viscoelastic core using the simplified formulation

of the tangent stiffness matrix ( pto = 4000 N/m?2).

Table 3.2

Computational time in the evaluation of nonlinear frequency responses
(Fig. 3.5) by ignoring the viscoelastic part in the formulation of the
tangent stiffness matrix (i, for full tangent stiffness matrix; t;. for

simplified tangent stiffness matrix).

h, (mm) 2 4 6
tr, (hrs) 1899 16.43 13.98
ts, (hrs) 1726 15.25 12.77

(—tFC _tscjxmo 9.12 7.21 8.09
th

However, this simplification in the computation of the tangent stiffness

matrix may also lead to the reduction of the computational time in the evaluation

104
TH-2877_166103022



of nonlinear frequency response curves. So, the computational time for the
response curves (Fig. 3.5) is tabulated in Table 3.2. It may be observed from Table
3.2 that the computational time decreases for the aforesaid simplified formulation

of the tangent stiffness matrix.

3.5.4. Nonlinear frequency responses of the sandwich beam using
different viscoelastic constitutive models

A good number of time-domain viscoelastic constitutive models are available in
the literature, where the commonly used ones are the Zener model, fractional
Zener model, generalized Maxwell model and hereditary integral approach.
However, in the application of these constitutive relations for a viscoelastic
material, the corresponding constitutive model parameters are commonly
determined from the experimental data for storage and loss moduli of that
viscoelastic material within a certain frequency range. In this determination of
constitutive model parameters, the sinusoidal variations of the stress and strain
are introduced in a time-domain constitutive relation to obtain storage and loss
moduli as the functions of constitutive model parameters and frequency.
Subsequently, the functional curves of the storage and loss moduli are fitted to
the experimental curves for the same moduli within a certain frequency range to
obtain the model parameters in the time-domain constitutive relation. Here,
curve-fitting is an important concern to achieve accurate values of the model
parameters in a time-domain constitutive relation. Practically, accurate fitting of
the theoretical curve to the experimental one is not a straightforward task, and
the corresponding error varies from one time-domain constitutive relation to
another depending on their mathematical forms.

Accordingly, the theoretically estimated dynamic response of a viscoelastic
structure may vary as the constitutive relation changes in modelling the
viscoelastic material in the structure. It sometimes poses the requirement of
evaluation of dynamic responses of a viscoelastic structure using different
constitutive relations. In this aspect, the present approach in reduction of various
time-domain constitutive models (Eqgs. (3.11)-(3.17)) provides an advantage of
using any of the aforesaid viscoelastic constitutive models through a common
formulation of the equation of motion in the evaluation of nonlinear frequency
responses of a viscoelastic structure. For a corresponding demonstration through
numerical results, the nonlinear frequency responses of the viscoelastic sandwich
beam are evaluated using different constitutive relations and presented in the

following results.
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E'(2)=nER(£2), &=l0g;((€2)
logy, < ER(w)/10° > =—1.751x107" &% +2.3469%x10° 8 +1.4x107°£7 —2.2132x10 74 £°
—5.2385x107*&£° +6.5264 x1073£4 +.0.014507£% —0.034374£2 —0.047775& +0.21158

logyo (17(£2))=—3.2476 x107°£° +7.2845x107°£® —6.2068 x10* &7 +2.3829 x 102 £°

(3.36)
—1.9425%x1073£° —1.6785x1072 &4 +0.024351&°3 +0.031936£2 +0.77383¢8 —2.2129

Table 3.3
Constitutive model parameters for generalized Maxwell model of the
viscoelastic material (3M ISD 112) for different numbers (n) of Maxwell elements

(E, = 1.5 MPa).
n 1 2 3 4
E, (MPa) 29.9863 50 6.699 1.67853

7, (S) 1.37871%x10-> 9.63395x10-6 1.182576 x104 1.50566x10-3

102 10
(a) (b)
101.5
©
o
=
= 10
m‘\-’
"”1 00-5
1 1 1 3 5 7
10" 10 10° 10° 107 10° 10 10 10 10
2 (rad/s) §2 (rad/s)
Zener model Fractional Zener model = Generalised Maxwell model

= Hereditary integral approach ¢ Experimental data

Fig. 3.6. Fitted curves for time-domain viscoelastic constitutive models in the
determination of their model parameters from the experimental data (Galucio
et al., 2004); (a) storage modulus and (b) material loss factor.

To model the viscoelastic material (3M ISD 112) at the core according to
Zener and fractional Zener constitutive relations, the corresponding model
parameters are taken from (Galucio et al., 2004). However, for the same
viscoelastic material, the model parameters in the generalized Maxwell model
(Amabili et al., 2019) are evaluated following the aforesaid curve-fitting approach

where the number (n) of Maxwell elements is 4, and the corresponding model
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parameters are given in Table 3.3. Next, for the hereditary integral approach, the
corresponding frequency-dependent storage ( ER(_Q) ) and loss (EI (£2)) moduli are

also obtained by the curve-fitting approach where the functional forms of the
moduli (in N/m?) are illustrated in Eq. (3.36). However, the fitted curves for all the
aforesaid time-domain constitutive relations in the determination of the
corresponding model parameters are illustrated in Fig. 3.6.

Using the aforesaid values of model parameters in the reduced form of a
time-domain constitutive relation (Eq. (3.13a)), the nonlinear frequency responses
of the viscoelastic sandwich beam are illustrated in Fig. 3.7 for the Zener model,
fractional Zener model, generalized Maxwell model and hereditary integral
approach. Here, it is observed that there is not much variation in the
computational time for evaluation of the responses using these constitutive
models through the present generalized formulation. However, Fig. 3.7 shows that
the responses for the fractional Zener model, generalized Maxwell model and
hereditary integral approach appear closely, but the Zener model provides an
erroneous result. It may be due to the difference between the theoretically fitted

curves and experimental data (Fig. 3.6).

1.4

|
1.2 |
LA

0.3

‘-“‘_ﬁ_-_-
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230 400 600 800 1,000 1,200
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Zener model — Hereditary integral approach
Generalised Maxwell model — Fractional Zener model

Fig. 3.7. Frequency response of the sandwich beam using different viscoelastic

constitutive models for the viscoelastic core (H = 7, pto = 4000 N/m?2).

3.6. Summary
In this chapter, an FE formulation for nonlinear frequency response analysis of
viscoelastic structures using HBM is presented by introducing the following three

new aspects.
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a) The nonlinear strain vector is formulated in terms of a linear strain
displacement matrix, a nodal displacement matrix and a nodal displacement
vector. It eases the formulation of the HBM based expanded form of nonlinear
stiffness matrix in the FE equations of motion of a viscoelastic structure.

b) The orthogonality of Fourier basis functions is exploited for the formulation of
the system matrices in conjunction with HBM. It facilitates not only a decreased
number of terms in the HBM based expanded form of the system matrices but
also a reduced computational time in the evaluation of the nonlinear frequency
responses by avoiding the conventional numerical time-integration.

c) Various time-domain viscoelastic constitutive models are reduced into a
generalized mathematical form for the time-periodic stress/strain. It facilities
the use of different viscoelastic constitutive relations through a common
formulation of the equation of motion for the nonlinear frequency response
analysis of a viscoelastic structure.

The overall formulation is demonstrated considering a viscoelastic sandwich
beam; however, it can be applicable for nonlinear analysis of any other viscoelastic
structure because of its generality with respect to the number of harmonic terms
in the implementation of HBM. The formulation of the tangent stiffness matrix in
conjunction with HBM involves much complexity because of the corresponding
geometric stiffness matrix. Although it is tackled by the factorization of nonlinear
strain-displcement matix and the exploitation of orthogonality of Fourier basis
functions, further simplification in the formulation of the tangent stiffness matrix
is introduced by avoiding the viscoelastic counterpart. This simplification is
somewhat inaccurate in the computation of the tangent stiffness matrix; however,
it is observed that there is no difficulty in the convergence of nonlinear solution
through Newton-Raphson iterations for the present problem of a viscoelastic

sandwich beam.
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Chapter
4

Reduced-order finite element formulation for the
geometrically nonlinear dynamic analysis of slender
viscoelastic beams

4.1. Introduction

A generalized FE formulation in conjunction with HBM is presented in the
previous chapter for the evaluation of nonlinear frequency responses of
viscoelastic structures. This formulation is capable of handling an arbitrary
number of harmonic terms in HBM. Also, any type of viscoelastic constitutive
relation can be used in this HBM-based FE formulation. Therefore, this FE
formulation would provide an accurate theoretical estimation of passive damping
in a viscoelastic structure and geometrically nonlinear frequency responses.
However, the corresponding FE model involves a large number of nodal degrees
of freedom, and the number of nodal degrees of freedom further increases in
multiple of the number of harmonic terms in HBM. Therefore, high computational
time arises in the evaluation of nonlinear frequency responses (Table 3.1).
However, in parallel to this FE model in the frequency domain, one needs to derive
a similar FE model in the time-domain, especially to trace various dynamic
instabilities through the construction of global bifurcation diagrams. This
diagram is commonly constructed by evaluating the nonlinear transient
responses at different excitation frequencies where the frequency is incremented
in a small step within a frequency range of interest. Here, the repetitive evaluation
of transient responses using a time-domain FE model usually involves a high
computational time mainly because of a large number of nodal degrees of freedom
in the FE model.

In this concern of a high computational time for the nonlinear dynamic
analysis of viscoelastic structures, the reduction of a full-order FE model into the
reduced-order model (ROM) is recommended in the literature. A corresponding
literature survey is presented in Section 1.4.2, where it is observed that various
approaches, namely ICES, ERM, MSE, MSEC, RKT, FSRK, etc., are proposed for
the selection of reduced basis vectors (RBVs) in the derivation of a ROM for
viscoelastic structures. But these RBVs are originally proposed for linear dynamic

analysis so that they may not provide sufficient accuracy of a nonlinear ROM for
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modelling various dynamic instabilities and the associated complex motion of a
viscoelastic structure. In this concern, further approach of deriving appropriate
RBVs for nonlinear ROM of viscoelastic structures is not yet reported in the
literature to the best knowledge of this researcher. Also, a formulation of the
nonlinear ROM using the advanced viscoelastic constitutive relations, like
fractional Zener model, generalized Maxwell model, etc., is not available in the
open literature to date. But this development of nonlinear ROMs would facilitate
significantly low computational cost in the nonlinear dynamic analysis of
viscoelastic structures. So, this chapter is focused to develop a nonlinear ROM of
CLD treated slender beams, while this ROM is utilized in the subsequent chapter
for the nonlinear dynamic analysis of similar beams under the parametric
excitation.

In this development of a nonlinear ROM, the first objective is to devise a
methodology for the derivation of appropriate RBVs to achieve sufficient accuracy
of the nonlinear ROM of viscoelastic structures. Here, the strategy is to utilize the
aforesaid conventional approaches for derivation of RBVs; however, those are
enriched using the concept of static MDs and proper orthogonal decomposition
(POD) method. After having these enriched RBVs, the nonlinear ROM can be
derived following the conventional formulation procedures (Hollkamp et al., 2005;
Jain, 2019; Mignolet et al., 2013). However, for solving the corresponding
reduced-order equations of motion through an iterative solution procedure, the
reduced-order nonlinear system matrices/vectors are to be formed repeatedly
from the corresponding full-order system matrices/vectors. So, the computational
time does not decrease appreciably. In this concern, the derivation of the reduced-
order system matrices/vectors may be carried out in terms of the reduced
coordinates without involving the full-order solution or full-order FE model. A
similar derivation for elastic structures was addressed in (Jain, 2015; Touzé et
al., 2014), where the formulation of the corresponding nonlinear stiffness matrix
is presented in the tensorial form. But, the usual practice in FE formulation is to
formulate the system mass, stiffness and damping in the matrix form. So,
presently a new formulation technique is introduced by means of a special
factorization of nonlinear strain-displacement matrix (Eq. (3.22b)), especially to
ease the formulation of reduced-order nonlinear stiffness matrix in the elemental
level without involving the full-order FE model.

Apart from the nonlinear stiffness matrix, another nonlinear system
parameter in the equation of motion of a viscoelastic structure appears as the
nonlinear memory-load vector, since the viscoelastic material is modelled
according to the fractional Zener constitutive model. The formulation of the
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corresponding reduced-order nonlinear memory-load vector without involving the
full-order solution is also introduced at present, in particular, to improve the
computational efficiency of the nonlinear ROM in the time domain. Besides this
time-domain ROM, a similar formulation for a nonlinear ROM in the frequency
domain is also presented based on the HBM and the fractional Zener constitutive
model.

The overall formulation is carried out considering a viscoelastic sandwich
beam (Fig. 3.1). The nonlinear FE model of this sandwich beam in the frequency-
domain and time-domain is derived in 3.3 and 3.4, respectively. The reduction of
these full-order FE models is presented in the following sections. First, the
derivation of ROM of the sandwich beam in the time domain is presented in
Section 4.2. Next, in Section 4.3, HBM based ROM is derived. Section 4.4 presents
the methodology for the enrichment of RBVs obtained through
MSE/MSEC/MM/ICES/RKT/FSRK, especially for the geometrically nonlinear
analysis of the viscoelastic sandwich beam. The numerical results are presented
in Section 4.5 to illustrate the accuracy and computational efficiency of the

present ROMs.

4.2. Derivation of reduced-order FE model in the time domain

The full-order FE model of the viscoelastic sandwich beam (Fig. 3.1) is derived in

Section 3.4, where the nonlinear FE equations of motion are obtained as

Ms d.q+1 +<KII + (Knn)q+1>dq+1 = Ps (pt)q+1 + I:>su (ptu)q+1 + (ISS)q+1

2 Kk 2 k k
Ky = Z f; Ksi (Knn)q+1= Z f; (Ksn)q+1
k=1

k1 (3.35)

where, M is the global mass matrix; P/ P, is the global load coefficient vector

corresponding to the transversely distributed load/transverse point-load; (F_’s)q “
is the nonlinear memory-load vector; Kéﬂ and (Kskn)q 41 are the global linear and

nonlinear stiffness matrices, respectively, for the k" material within the sandwich
beam. Equation (3.35) can be solved in conjunction with the Newmark time-
integration method where the nonlinear solutions at a typical time step can be
obtained through the direct iteration method. However, to achieve a reduced
computational time in this solution for nonlinear transient responses of the
viscoelastic sandwich beam, the full-order FE model (Eq. (3.35)) is now reduced
to a nonlinear ROM.

The reduced-order FE model is commonly derived using an admissible

reduction basis (RB, @) that linearly transforms the nodal displacement vector (
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dy:1) to the reduced coordinate vector (V) according to Eq. (4.1a). The

methodology for computation and selection of the RBVs in the reduction basis (
@) are demonstrated in Section 4.4. However, the linear projection of the system
of governing differential equations (Eq. (3.35)) onto the subspace spanned by RB
(&, Eq. (4.1a)) provides the reduced-order FE model, as given in Eq. (4.1D).

dq+l:¢ Vq+1 (41&)

rMs\‘/‘q+1 +<rKII +(rKnn)q+1>Vq+1 = I’Ps (pt)q+1+ rpsu (ptu)q+1+(r|35)q+l’

rK _ 2 fk rKk rK _ 2 ka’Kk
( nn)q+1 _kZ: 1 ( sn)q+1 ’ Il _kZ: 1 sl »
=1 =1

k k
"My=@"M @, "K§ =" K5b, ("K§)q1 =P (K§)qn®,

sl =

(rF_)s)q+l:q)T(I_)s)q+l’ 2 :¢TPs » Py :¢TPsu (4.1b)

This reduction of the full-order FE model (Eq. (3.35)) would yield less
computational time in the evaluation of transient responses of the viscoelastic
sandwich beam. However, the reduction of the computational time could not be

achieved appreciably, since the computation of the reduced-order system

matrices involves full-order system matrices (M, KX ,(Ké(n)q +1) and vectors (

(Ps)gs1> Pa» Ps). Also, the full-order nonlinear stiffness matrix ((Kskn)q +1) and

memory-load vector (( F_’s)q +1) are to be computed repeatedly in each iteration for

the nonlinear solution at a typical time-step. To avoid this expensive computation
due to the formation and reduction of the full-order system matrices/vectors, the
reduced-order system matrices/vectors can be formulated at the elemental level
by taking the coordinate transformation (Eq. (4.1a)) for a typical element, as given
in Eq. (4.2a) where the superscript e indicates the elemental quantity. Using Eq.
(4.2a), the strain vector for a typical element can be expressed in terms of the

reduced coordinate vector (Vg,;), as it is illustrated in Eq. (4.2b). Now, using Egs.

(4.2a), (4.2b) and (3.32) in Eq. (3.4) at (q +1) time-step, the reduced-order system
matrices ("Mg,"KY, (rKgn)qul, Eq. (4.1b)) and vectors (("Py)qs1, "Ps, Py, Eq.

(4.1b)) can be obtained, as given in Eq. (4.3a). In Eq. (4.3a), a system
matrix/vector is first reduced in the elemental level, and then the corresponding
reduced-order elemental matrices/vectors for all elements are summed to obtain

that system matrix/vector in the reduced form for the overall structure.
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e
g1 = PV, (4.2a)
g1 = (& )q+l + (gn)q+l , (& )q+l =B @° Vq+1 )
(Sn)q+1 =(1/2) B, ¢F ¥ )q+1 Vo

qjle =9° @P° ’ (VI )q+l =Vg+ ® INr (4.2b)
(rKskn)q+1=(1/2>{fK§n1<V. ) +(Vy )q+1>T "Kana (Vi )q+1}+<(v. o) (KEDT

sl_ Z (¢e) K snl_ Z (¢e) Ksnlqje ’

EE"’ EE"

ne
sn4_ Z (Qj )TKsn4¢ie > rMs:z(dje)TMsedje’

Y= e=1

P= (@) P, Py =D (@) P, ( P)qﬂ—z(dﬂ (P)qt
e=1 e=1

(4.3a)
(F_)Se)Q+1 - I f_1k <BI +B, (dle)q+1> [Z AJ+13q+1 ijdAe’
Ae
g+1
q+l - f(l Cb)(£s)q+l Cy Z AJ+18q+1—J

e 1 e e e

(83 )q+l = E I <BI + (1/2)Bn (d| )q+1>dq+1 dA
A (4.3b)

The different elemental matrices (Mg, K&, Kgi,K&s,) and vectors (P, PS))

appearing in Eq. (4.3a) are defined in Eq. (3.28) (Section 3.3.3). Further, in Egs.

(4.2b) and (4.3a), Iy is the unity matrix of size (N, xN,); N, is the number of

basis vectors in RB; Z¥ is a set of elements made of k™ material; n, is the total

number of elements. It may be noted from Eq. (4.3a) that a reduced-order system
matrix/vector is formulated by avoiding the computation of the corresponding

full-order matrix/vector. More importantly, the reduced-order nonlinear stiffness

matrix ((rKé(n)q +1) is formulated in terms of two reduced-order linear stiffness

matrices (" Ksnl, Sn4) that are to be computed only once before proceeding for
solution. It would result reduced computational time while the nonlinear stiffness

matrix ((rKgn)q +1) is to be computed repetitively for the nonlinear solution at a

time step through an iterative solution procedure.
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Besides the nonlinear stiffness matrix (("K ;‘n)q +1), the reduced-order memory

load vector ((rlss)q +1, EQ. (4.3a)) is also to be formed repeatedly in each iteration

for the nonlinear solution at a typical time-step. It involves the repetitive

computation, reduction and summation of the elemental memory-load vectors (

(|Sse)q 41, Eq (4.3b)) that are dependent on the elemental nodal displacement vector

(dée +1) and anelastic strain history (Eg +-j) (Eq. (4.3b)). In this connection, the

elemental anelastic strain is also to be computed at every time step of the solution.

So, for avoiding this expensive computation for the reduced-order memory-load

vector ((" ISS)QI 41 ) towards a decrease in the computational time, presently, this load
vector ((" |3s)q 41) is expressed in terms of two new force vectors named as reduced-
order anelastic forces (("Fg)qi1 j, ("Fs2)qea j)- It is illustrated in Egs. (4.4a) and
(4.4b), where the expression of (I5se)q + (Eq. (4.3b)) is substituted in the expression

of (rlss)q 4 (Eq. 4.3a), and the resulting expression is simplified for the reduced-

order anelastic forces (Eq. (4.4Db)).

P= g+1 = T g+1 =
( I:)s)q+1 == Z Aj+1( I:sl)q+1—j + <(VI )q+1> Z Aj+1( I:52)q+1—j
i i1

(4.44a)
ne —_
("Fe)guj =2 (297 [ TX(B)TC* 55,1 bdA®,
e=1 A8
ne —_
("Fep)quj = 2 (D)7 [ T4 (B,)TC* &,y bdA®
e=1 A (4.4D)

Now, according to Eq. (4.4b), the evaluation of the reduced-order anelastic force

history ((rlfsl)q s (rlfsz)q +1-j) still requires the computation of the elemental
anelastic strain history (Eée 1-j)- So, by substituting the expression of the

elemental anelastic strain (Eq. (4.3b)) in Eq. (4.4b) at (q +l)th time-step, the

corresponding reduced-order anelastic forces ((" Ifsl)q a0, (" Ifsz)q +1) can be obtained

as follows

_ g+l _
("Fs)gqe1 = @) F ("Fer)gus =% 2 Ajsa ("Fs)gua-j »
i

114
TH-2877_166103022



_ g+l _
("Fs2)gsr =@=¢) T ("F2)gus = 2 Aja("Fe)guaj »
i

(rFsl)q+1 = f_lk < rKé(I + (1/2) rKgnl(V| )Q+1> VQ+1 ’

(rFSZ)q+1 = f_1k <(r Ké(nl)T + (1/2) ' K§n4 (VI )q+1>Vq+1’ k=2 (4'5)

It may be noted from Egs. (4.4a) and (4.5) that the reduced-order memory-load

vector ((rF_’S)q 41) can be evaluated using the reduced-order anelastic force history

(("Fa)geaj» ("Fs2)qu1j) and the reduced coordinate vector (V). Here, the
computation of the elemental anelastic strain at every time step of solution is
avoided. Instead, the reduced-order anelastic forces (( rIfsl)q ey (rlfsz)o| 1), Eq.
(4.5)) are computed at each time-step using the reduced-order linear stiffness

matrices ('K, "KX;, "KX,) and the reduced coordinate vector (Vgs1)- These

linear stiffness matrices ("K& , "KX,, 'K& ) are already in use for the computation
of the linear/nonlinear stiffness matrices. So, the formation of the reduced-order
memory load vector ((rlss)q 41) does not involve much computation. However,
according to the above formulation, none of the reduced-order system
matrices/vectors ("M, K, (rKgn)q+1 ,"Py, Py, ("Pg)q,1) involves the computation
of the corresponding full-order matrix/vector. Also, all the nonlinear reduced-

order system matrices/vectors ((rKL(n)q s (r|5s)q ,1) can be computed in the

reduced-order scale using the reduced-order linear matrices/vectors ("K&;, "K&,

, "K&) that are to be formed only once before starting the solution for the
nonlinear transient responses of the viscoelastic sandwich beam. The advantage

of this formulation in the reduction of the computational time is illustrated

through numerical results in Section 4.5.1.

4.3. Derivation of the reduced-order FE model in the frequency

domain
The HBM-based FE model of the viscoelastic sandwich beam (Fig. 3.1) is derived
in Section 3.3.2. The corresponding incremental governing equation of motion in

the frequency-domain is obtained as
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2[<(§Asl+5Asnl) > (‘6" + Ao )°+(5Ug)°}

al, )" Pl - (poadgy) )T (p! /o) +

(685 )' (0¥ + 40 + (05 )' (0¥ + 40
+(0Ug)im +(0Ug )

bdAk =0

T
>,
Mz

3
'L

(2 + My’ <(5Adsm) (‘dam +4d3) >

+(5adS )T (S +AdE,

+22|::1[<(5A8n1)m> ('0' + Ag* )i + <(5A£nl) > ('0' + Ao )m}

(BUg)m

(0235 ) (¥ 26+ (026205, ) (¥ s,

(60U )5 = ((0ed)5 ) (T* as)i,+ ((a0e)s ) (T* sy

(6Uy)° = <(5Ag; )°>T ('r* 469)°+ <(5Agg)°>T (‘r*sely° 6.21)
Now, according to the FE discretization of the sandwich beam (Eq. (3.22)), the
displacement and strain vectors (idS , i8| , isn ) at the reference state of vibration and
the corresponding increments for a typical element are given in Eq. (4.6a).
Further, the elemental nodal displacement vectors (ide,Ade) and matrix (idf)

appearing in Eq. (4.6a) can be expressed in terms of the reduced coordinate vector
('V / AV ), as it is written in Eq. (4.6b).
'dg =N 'd®, Ad, =N 4d®,
=B, 'd®, Ag =B, Ad®, e, =(1/2) B, 'd® 'd®, Ae, =B, 'd¢ Ad°,
u_ pu e W_ pW e iqe _iqe
Aeg =By Ad”, Aeg =By Ad”, 'dj ='d" ® g (4.6a)
e =@® 'y, Ad® =0p® AV,
e ide =, Y, P Adt =t Y av L Y =V el 4.6b)

It may be noted from Eq. (4.6a) that the present factorization (B, idf) of the

nonlinear strain-displacement matrix facilitates the formulation of the reduced-

order nonlinear stiffness matrix in terms of the linear stiffness coefficient matrices
(" KX sl s Ksn4 , Eq. (4.3a)) multiplied by the reduced coordinate matrix (iV| ) similar

to Eq. (4.3a). So, the HBM based expanded form of the reduced-order nonlinear

116

TH-2877_166103022



stiffness matrix can be obtained in a straightforward manner by replacing the

reduced-coordinate matrix (iVI ) with its Fourier expansion.

However, the reduced coordinate vector (iV / AV ) is expanded in the same
form of Eq. (3.9) where the coefficient vectors for constant, cosine and sine terms

are denoted by YANAVAS |\/mc / AV and 'Vnﬁ / AVy (m=1,2,3,..,H), respectively.

Substituting this expanded form of the reduced coordinate vector (iV / AV ) in Eq.
(4.6b) and then using the resulting expressions in Eq. (4.6a), the Fourier
expansion of the strain vectors (‘¢ , dg, ‘¢, , dey Agy , Agy ) can be obtained in

terms of the reduced coordinate vector. The corresponding coefficient strain
vectors for the constant, cosine and sine terms are illustrated in Eq. (4.7a) by the

superscripts 0, ¢ and s, respectively.
(g)° =B, @*V°, ('g)5 =B, @ VS, ('g)5 =B, &'V,
(48)° =B, D°AV° , (Ag))5, =B, D° AV, (4¢);, =B, °AV;
('&n)° = W2)B,®} D°'X , (‘& )5y = (/2)B,®f D' X,
(‘z,)%, =(/2)B,®¢DS ' X ,
(4ey)° = B, D°AX , (A& )5 = Bo®} D, AX , (Agy )5, = B,®; DS, AX
(deg)® = By®@°AV®, (Aey)g, =By P AV, (deg )y =By @AV,
(4eg)° =By @°AV®, (Aeg)y, =By D° WV, (Aeg)y =By AV,
X={VOT (VO (VT (VDT (VT (VT VT

AX={AVO)T (VAT (V)T (aV)T (AT (V)T (V)Y (4.79)

In Eq. (4.7a), the matrices D°, DS, and D} (m=12,3,..,2H) are the coefficient
matrices in the Fourier expansion of the term iVI h/ (Eq. (4.6b)) corresponding to

the constant, cosine and sine terms, respectively. These matrices (D°, D5, D)

can be constructed using the following relation

m=1

2H .
<D° +Y {Drf1 cos(me2t) + Dy, sin(m!)t)}> 'X =
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i | {(V)° Vi (V) V) cos(met) +
+
mal ((V)° Vi + (V)5 V0 sin(mazt)

_<(iV, RVA ><cos(m +N)£2t +cos(m — )2t +]

(iV| VAR
HoH < (v, 'VS><cos(m—n)Qt—cos(m+n)Qt>+
I |
m=1 n=1 < (Ve VS ><sm(m+n)Qt—sm(m—n)Qt>+
{

< 'V )rsn 'VC> 3|n(m+n)[2t+sin(m—n)-0t> (4.7D)

where, the right-hand side is the simplified expression of the product of Fourier
expansions of i\/I and 'V , and the matrices D°, D5, and D3, (m=12,3,...,2H) can
be obtained through the harmonic balance. Now, using Egs. (4.7a) and (3.19a),

the coefficient matrices in the Fourier expansions of the terms rk As;" and
rk Asg (Eq. (3.21)) can be obtained, as given in Eq. (4.7c). The matrices (1"\,'f,)0 ,

(k)¢ and (r¥)s (m=12,3,...,3H) in the expanded form of 'T' Agy can be derived
following Eq. (4.7d) through the harmonic balance. The same procedure can also

be followed to obtain the matrices ((X)°, (X¥)%, (rf)s,) in the expanded form of
'T* Aey .

(‘T 4eg)°=(X0)° aX, (T 4eg)o=(Xa)nAX , (T deg)5=(X )y AX

(T 4eg)° =) AX, (T* 2eq)n=(X)n X, (T Aeg)y=(rn4X

m=1,2,3,...,3H (4.7¢)
kyo $H kyc K\S o; _ (igk\0O pW g€ (7,0
(78)°+ 2 { (T cos(me2t) + ()5 sin(me) ) 4X = ('r*)° By @ av° +
m=1

H <(iFk)°BZ|"¢eAVr§+(iFk)ﬁ1B;V¢9AV°>cos(mQt)+
= <(ir")°B;queAVr§+(‘r")§nB;V¢9AV°>sin(mQt) ’
(ke By®° AV <cos(m+n)!2t+cos(m—n).0t>+_

(cos(m—n).£2t—cos(m-+n).2t)+
(r¢ By ° AV, )(sin(m-+n)Q2t—sin(m—n)2t)+
{

(r- )m By @° AV )(sin(m+n)2t +sin(m—n)2t)

< )
2H H 1 <(r) Bl'e eAVs>
< )
K )

i (4.7d)
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Now, substituting Eqgs. (4.6a), (4.6b), (4.7a) and (4.7c) in Eq. (3.21), the linearized
incremental reduced-order FE equation of motion of the sandwich beam in the

frequency domain can be obtained as
'K AX = "R+ "R, 40
"R=p? "P+pS P, —"K, "X, "Ry =—(0 'Ky /02)'X ,
"Kin ="K = "M+¥2) Koy + Ky +(1/2) Ky,
"Ke="Kj =7 "M+ Ky + Ky + 'Ky + Ky
rK| = 22: IrK|k ’ rKnl = 22: rKrI:1 ’ rKnt = i rKﬁt ) rKn4 = 22: rKr§4
k=1 k=1 k=1 k=1 (4.8)
where, 'K, and 'K, are the overall reduced-order stiffness and tangent stiffness
matrices, respectively; 'R is the overall reduced-order residue vector; rRQ is the
overall reduced-order load vector per unit increment of the excitation frequency.
The matrices "M , 'K, "KK | Ky, 'K, "KX, and vectors "P, "P, appearing in
Eq. (4.8) can be constructed according to the following expressions
(G4X)T "MAX = i M ((64V)T "M AV + (aVi)T "M AV,
m=1
(54X)T TKFAX =2(54V°)T KK AV O +
: <(5Avnﬁ)T "KE (FrdVi+ V) +>

(G4V)T Ky (frdVp = faavi)

m=1

2(64v°)T KK DO +

snl
(64X)TTKKAX = H <(5Avrg)TrK§nl(fr§D;+fninn)+> AX,
(64V)" 'Ky (F7D5 = faDR)

m=1 m

2H Dc TrKk chc +sts
rKﬁ4=2(DO)T rKIS<n4 D°+Z ( mz Trsni( m Cms m Sm)C 7
m=1\+(Dp)  Kga (fDyy — fnDm)

2(04V°)T ("Kg)° +
(64X)T 'K AX =1 H
? > ((BAV)T (Koo + (V)T ("Keg i)

m=1

AX

2(D°)" ("Kayy) " AV O+
(AX)T KK AX =(64X)T{ 1 <(D§1)T(rK§n1)T(fr§AV,§+fnﬁAVn§)+> ;
(D5 (KEDT(FEAVs - F24VE)

m=1
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(EAX)T TP =(8aVE)T R, (8aX)T "R, =(3aVE)T "R, at m=1. (4.9a)

where, the matrices/vectors "My, "K&, "K&,, "KE,, "P, and "Py, are defined in

Eq. (4.3a), and the other matrices ("Ky)°, ("Kgy)y and ("K)p, are as follows
ne ne
(rng )0 = Z(¢E)T(K§g )0 ’ (rng )rcn = Z(¢E)T(Kseg )(r:n )
e=1 e=1
Ne T
(rng )?n = Z(dje) (Kgg)?n )
e=1
(K= [ {(BT @) +(By) ()5 [bdA°,
Ae

(KE)n= [ {BINT @ +BHT@H; baa?,
Ae

(K= [ {BNT@w)° +(BY (@) bdA®, m=12,...H
A° (4.9b)
In Eq. (4.8), the overall reduced-order stiffness matrix per unit change of the
excitation frequency (0 er/él.?i) can be obtained similar to "K,, where the

frequency-independent component matrices are to be omitted. Also, the

parameters ¢ and fS are to be replaced by of ¢ /62 and of3 /6, , respectively.

A simplified formulation of the tangent stiffness matrix (K;) was carried out
in the previous chapter through Eqgs. (3.30a), (3.30b) and (3.31), where the
geometric stiffness matrix (Kg) is constructed without consideration of its

viscoelastic counterpart. This simplification of K, towards the formulation of K;

for the present viscoelastic sandwich beams provides the advantage of reduced
computational time (Table 3.2). Also, it works well to evaluate nonlinear frequency
response curves using a numerical continuation method, as verified through the

results in Fig. 3.5. So, the same strategy is followed here to simplify the

formulation of the reduced-order tangent stiffness matrix ('K,), where the

formulation of the reduced-order geometric stiffness matrix (" Kg) is simplified
using Eq. (3.30b) and the coefficient matrices in the Fourier expansion of the term

',V (Eq. (4.7b)). Accordingly, the expression of 'K, can be obtained as follows

rKg = rKn3+ (1/2) rKnS
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2(64v°)T'KE . DO+

(6AX)T KK AX ={ H
" > ((64V)T K D +(84Va)T K3 D)
m=1

AX

2

n5 - Z(DO)T rKsnS DO + Z <(Dc T rKsnSDC +(D )T rKsn5 Dr?]>
m=1

sn3_ Z (¢e)TKn3¢e ’ rKsnS_ Z (¢e TKsnsdjle’ k=1

ee- eex

(4.10)

According to Eq. (4.10), the repeated formation of the geometric stiffness matrix (

rKg ) can be avoided so that none of the component matrices/vectors ("K&;, KX

Ksn4, Ksn5 , KS| ,"M) is to be constructed in each Newton-Raphson iteration

during the solution of the reduced-order equation of motion. It leads to a decent
reduction of the computational time, which is illustrated through numerical

results in Section 4.5.1.

4.4. Enrichment of basis vectors

The accuracy of a reduced-order FE model primarily depends on the selection of
appropriate RBVs. In this concern, different approaches (MSE, MSEC, MM, ICES,
RKT and FSRK) are proposed in the literature for the selection of RBVs. However,
these RBVs are originally proposed for linear dynamic analysis of viscoelastic
structures. So, these RBVs may not be appropriate ones for accurately modelling
various phenomena in nonlinear analysis like bending-stretching coupling,
bending-twist coupling, coupling between lower and higher modes, etc. Therefore,
the enrichment of these RBVs may be needed for their application in the nonlinear
analysis of viscoelastic structures, and it is presently carried out based on the
popular concept of modal derivatives (MDs).

For deriving a reduced-order FE model, the common practice is to choose
the RBVs as the first few vibration modes (VMs) associated with lower natural
frequencies. Although it provides good accuracy in the linear dynamic analysis,
enrichment of these RBVs for the nonlinear dynamic analysis can be achieved
through MDs (Rutzmoser et al., 2017). These MDs are commonly derived from
the vibration modes by differentiating the eigenvalue problem with respect to the
reduced coordinates. Now, if these MDs are derived by neglecting the mass matrix,
then those are commonly called static MDs (Rutzmoser et al., 2017). However,
this methodology for the derivation of static MDs can be followed to enrich not
only VMs but also RBVs obtained through any other approach of deriving basis

vectors. Here, the resulting vectors are called static derivatives (SDs) (Rutzmoser
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et al.,, 2017). So, for the present case of the dynamic analysis of viscoelastic
structures with frequency-dependent material properties, the recommended
approaches (MSE/MSEC/MM/ICES/RKT/FSRK) for the RBVs in the linear
analysis are utilized; however, these RBVs are enriched with the corresponding
SDs especially for the nonlinear dynamic analysis. It may also be noted here that
some of the RBVs obtained through the aforesaid approaches lie in the complex
domain so that the union of their real and imaginary parts are considered
(Kuether, 2019) as RBVs. Further, a static correction vector (Rouleau et al., 2017)

is also added in the set of RBVs to account truncated modes. A set of SDs (¢,
por j=1,2,3,..,N, ) for a given set of RBVs (ﬁp, p=1,23,.,N,)ofa
structure oscillating about its static equilibrium position can be evaluated using
Eq. (4.11a) (Rutzmoser et al., 2017) where N, is the number of RBVs (

0:[01 02 0Nm])'
oK(d =80v)
K|eq Poj = v, 09
b leg (4.11a)

In Eq. (4.11a), d is the global nodal displacement vector; ¢; is the SD of pth RBV

(0,) with respect to the jth reduced coordinate; v; is the jth element of the

reduced coordinate vector (V); the subscript ‘eq’ denotes the quantity at the static

equilibrium position (d =0 or v=0); K is the tangent stiffness matrix of the

sandwich beam for its static deformation. This tangent stiffness matrix (K ) can
be obtained through the derivation of the strain energy term in Eq. (3.6)
considering the constitutive behavior of the viscoelastic material similar to that

for an elastic material (Eq. (2.3a)), where the elastic modulus may be taken as the
relaxed modulus ( EX = E,, k=2) for the static deformation of the sandwich beam.

However, this derivation of the strain energy term (in Eq. (3.9)) by introducing the

incremental forms of elemental nodal displacement and strain vectors (Eq. (4.6a))
yields the stiffness matrices K, K&y, K&, K&s and K (Egs. (3.28) and
(3.30Db)) for a typical element. Subsequently, the assembly of these elemental
stiffness matrices for the k" material in the sandwich beam provides the
component stiffness matrices (Kéﬂ , Ké‘nl, Ké‘ng, K§n4 and Ké‘n5) in the expression

for the tangent stiffness matrix (K ), as given in Eq. (4.11b) where N; represents

the number of global nodal degrees of freedom and INf is the unit matrix of size
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(N xNy). Now, the derivative of tangent stiffness matrix (K ) with respect to the

reduced coordinate (v;) can be derived as it is illustrated in Eq. (4.11¢).

_ 2 k k k yi i T k \T i T k k i
K = 3K + (K + Ki)dy + ()T (KE)T +(d))T (K + 1/2)Ks) '
k=1

di="d®ly, (4.11D)
8K(id :0v) _ 2 <K§n1+ K§n3 +(id|)T(K§n4 +(1/2)K§n5)> (aj ®INf)“‘
MG 0 eIy |G+ (K + /2K s) ') | g

The right-hand part of Eq. (4.11a) denotes a pseudo-force vector (say,

Foi =<6K(d=0v)/8vj>‘ 0,) that involves the computationally expensive
eq

multiplication (Eq. (4.11a) and (4.11c)) of stiffness matrices (Kl‘nl, K Skng, K §n4 and

K§n5) and basis vectors (0,) at the full-order scale. However, it can also be

computed with less computational cost by assembling the corresponding

elemental pseudo-force vectors ( Fije ), as given Eq. (4.11d) where 0; is the p" RBV
(0,) for a typical element.
Ksnl + K§n3 +
p = -
w (AN (KG + W2)KGs

(05 ® L) {(K&) 05 + (K&os + Y2 K5 (' @65 )}

e _oKE('d® =6%)
4] avj

> (05 ®67) +

(4.11d)

Thus, the tangent stiffness matrix (K|eq, Eq. (4.11a)) at the static equilibrium

position (d=0) can be derived by substituting 'd=0 in Eq. (4.11b). Whereas

pseudo-force vectors (F; = <8K (d=0v)/ov; >‘ 0,, Eq. (4.11a)) can be derived first
€q

by substituting '4¢ =0 in Eq. (4.11d) and then by assembling the corresponding

elemental pseudo-force vectors.

Now, for a finite number (N,,) of RBVs, there exist N, (N, +1)/2 number of
unique SDs following their symmetry (¢, =9¢;,) (Rutzmoser et al., 2017). Further,

these SDs may not be orthogonal to the RBVs. So, the resulting enriched
reduction basis may lead to bad conditioning or singularities in the reduced-order

FE model. Hence, in this work, the appropriate basis vectors are selected from a
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reduction basis (0,;,q=12,...,N;) generated by implementing the proper

orthogonal decomposition (POD) over the union of stiffness-normalized RBVs and

SDs as
(B2, )0, =0,

mZNiI(TTT)’ y]:[yll Y’z ?’3 TNIJ’

Voo A (A Kl ) $=1 20N NN s (NN +D12)

where, 4, denotes the s basis vector from the unified set of RBVs (0,) and SDs

(¢pj); R is the correlation matrix; 4, and @, are the qth proper orthogonal value

(POV) and proper orthogonal mode (POM), respectively. So, the enriched reduction
basis (@) is formed by taking the first few number of basis vectors from a set of

POMs that are arranged in descending order of their POVs.

4.5. Results and discussion

The elastic face layers of the viscoelastic sandwich beam are considered to be
made of aluminum (E= 70.3 GPa, v= 0.345, p=2690 kg/ms?3), while the
viscoelastic core is made of 3M ISD 112 (Galucio et al., 2004) (v = 0.499, p=1600

kg/ms3). The viscoelastic material is modelled by fractional Zener viscoelastic

constitutive relation where the model parameters (Galucio et al., 2004) are E,=

1.5 MPa, E_= 69.9495 MPa, a= 0.7915 and r=1.4052x10"s. The geometrical

properties of the sandwich beam (Fig. 3.1) are taken as L =0.35m, b = 10 mm,
hy =5 mm, h, = 1.5 mm, hy, = 0.5 mm. This beam (Fig. 3.1) is considered to
operate under a transverse harmonic point-load or a haversine impulse point-load
while the ends of the bottom face layer are considered as fully-clamped ends. The
aforesaid point loads are applied at a location x =L/4, z; =0 (Eq. (3.3a)). For the
transient responses of the sandwich beam under the haversine impulse load, the
corresponding transverse displacement (w) is evaluated at the point of loading for
presenting the numerical results. Similarly, for the frequency responses of the
sandwich beam under the transverse harmonic point-load, the corresponding
transverse displacement-amplitude (w) is evaluated at the point of loading and

presented in the numerical results.
The amplitude ( p7) of the transverse harmonic point-load is considered as

30 N, while the haversine impulse point-load is taken in the form
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p; (t) =800 sin?(22t/2) N with the pulse duration of 27/ seconds (£2=3000

rad/s). The FE mesh for the sandwich beam is considered with 100 elements in
each of the elastic layers and 200 elements in viscooelastic core layer following
the mesh convergence study in the previous chapter. The corresponding FE codes
are written in MATLAB and executed in a CPU with the Octa-Core processor
Intel(R) Core(TM) i7-6700 CPU @ 3.4 GHz and RAM of 16 GB. In the case of the

computation of transient responses using Newmark method, the value of the time-

step is taken as (z/3)x107°s.

4.5.1. Computational efficiency and accuracy of the present ROMs using
enriched RB
Usually, the large-amplitude vibration of a beam element exhibits the bending-
stretching coupling phenomenon, and it implies the need of enrichment of RB
with the higher-order modes. Therefore, in this subsection, the utility of the
aforesaid enrichment of RBVs towards a good accuracy of the ROM in the
time/frequency domain is studied with reference to the transient/frequency
responses obtained from the previously derived (Chapter 3) full-order FE model.
Concurrently, the computational time is also noted in the evaluation of
transient/frequency responses through both the reduced-order and full-order FE
models especially to illustrate the computational efficiency of the present ROMs.
However, for this computation, the RBVs are considered using the first three

complex eigenmodes (say, N,= 3) that are obtained by the solution of the

frequency-dependent complex nonlinear eigenvalue problem in the ICES
approach. Additionally, one static correction vector is considered to account for
truncated terms in the modal expansion of static solution (Rouleau et al., 2017).
Since the eigenmodes are in the complex domain, the RBVs are taken with their

real and imaginary parts separately, and thus a total of seven (2N, +1) basis
vectors (N,,= 7) appear including a static correction vector. However, the
corresponding enriched RB is evaluated by applying POD (Eq. (4.12)) over the
union (N, = 35) of RBVs (N, =7) and their corresponding SDs (28 vectors), as the
corresponding procedure is demonstrated in Section 4.4. Accordingly, the
enriched RB (@) is constructed by considering the first 35 POMs (N, = 35).

For the case of the ROM in the time domain, the transient responses of the
sandwich beam under the haversine impulse load are obtained by implementing
Newmark time-integration method in conjunction with Eq. (4.1b), where all

reduced-order matrices/vectors are obtained through element level computation
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(Eq. (4.3)). However, as presented in Section 4.2, the computation of the reduced-
order memory-load vector can be carried out through the evaluation of either the
elemental anelastic strain (Egs. (4.3a) and (4.3b)) or the reduced-order anelastic
forces (Egs. (4.4a) and (4.5)). For ease in presentation, the ROM with the former
strategy of computation of the reduced-order memory-load vector is named as
ROM#1, while ROM#2 is identified for the later strategy of computation of the
same memory-load vector.

Figure 4.1 shows the comparison of transient responses evaluated through
ROM#1 and ROM#2 based on the RBVs with (RB#II) or without (RB#I) enrichment.
A similar response obtained from the full-order FE model is also presented in Fig.
4.1. It may be observed that the response evaluated using unenriched RB (RB#I)
significantly deviates from the actual response obtained from the full-order FE
model. However, the response evaluated using enriched RB (RB#II) is in good
agreement with that for the full-order FE model. This observation points to the
fruitfulness of the present enriched RB towards the accuracy of the nonlinear
ROM in the time domain. Figure 4.1 also shows that the response from ROM#2 is
in excellent agreement with that from ROM#1 for both the enriched and
unenriched RB. It basically validates the present formulation of the reduced-order
anelastic forces (Egs. (4.4a) and (4.5)).

However, to demonstrate the advantage in the computation of nonlinear
transient responses using this new formulation of the reduced-order anelastic
forces (Eqgs. (4.4a) and (4.5)), the computational time is noted in the evaluation of
the responses (Fig. 4.1) using ROM#1, ROM#2 and full-order FE model. These

results are illustrated in Table 4.1, where t, represents the computational time

for the evaluation of RB; t; represents the computational time for the evaluation

of linear reduced-order system matrices/vectors ("K&,,"K¥,,"K& "M, "P,, Eq
(4.3)) and t, represents the rest of the computational time for the evaluation of a
transient response within the time-span of interest. It may be noted from Table
4.1 that t, significantly decreases as the ROMs are used instead of the full-order
FE model in the evaluation of nonlinear transient response. However, ROM#2
exhibits significantly more computational efficiency than that of ROM#1. This
difference appears to be due to the present formulation of the reduced-order
anelastic forces to form the memory-load vector by avoiding the repetitive

computation of elemental anelastic strain. Table 4.1 also shows that both t, and

t; increase as the ROM is constructed using enriched RB (RB#II). It occurs due

126
TH-2877_166103022



to the computation of SDs and the corresponding increase in the number of
reduced coordinates (Section 4.4).

1.2 T T T T T v T

v ROM#1 (Unenriched RB) —— ROM#2 (Unenriched RB)

Full-order FE model == =ROM#1 (Enriched RB) = = = ROM#2 (Enriched RB)

-1.2 ! !
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

t(s)

Fig. 4.1. Comparison of nonlinear transient responses evaluated using
ROM#1, ROM#2 and full-order FE model.

Table 4.1
Computational time in the evaluation of nonlinear transient responses (Fig. 4.1)
using ROM#1, ROM#2 and full-order FE model.

Full-order ROM#1 ROM#2

FE model RB#I RB#II RB#I RB#II
t, (min) 252.6 10.734 12.153 0.208 1.53
t, (min) - 0.065 0.268 0.065 0.268
t; (min) -—- 0.067 1.691 0.067 1.691

For the case of ROM in the frequency domain, the nonlinear frequency

responses of the viscoelastic sandwich beam under the transverse harmonic
point-load (p, = pf cos(ewt), p=30 N) are evaluated by the solution of Eq. (4.8)

using a numerical continuation method (Cheung et al., 1990). However, the
complex formulation of the corresponding reduced-order tangent stiffness matrix
(Egs. (4.7¢), (4.7d), (4.9a) and (4.9b)) is simplified (Egs. (3.30a), (3.30b) and (4.10))
by avoiding its viscoelastic counterpart, as described in Section 4.3 and section
3.3.3. Although this simplified formulation of the reduced-order tangent stiffness
matrix would not affect the accuracy of the nonlinear solution, it may pose
difficulty or failure in the convergence of nonlinear solution through Newton-
Raphson iteration, especially near the bifurcation points on the response curve.
In this concern, the nonlinear frequency responses of the viscoelastic sandwich

beam are evaluated with or without simplified formulation of the reduced-order
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tangent stiffness matrix, where the ROM is used with the enriched RB. The
corresponding responses are illustrated in Fig. 4.2 along with the similar response
obtained from the full-order FE model. From these results, it is observed that the
simplified formulation of the reduced-order tangent stiffness matrix works well so
that there is no shortcoming in the convergence of nonlinear solutions at any

point over the response curve.

0.9
0.8 o
a'fy-
7/
0.6 //
// 27
< // 4
304 // / ////
7’
/ " S
/ 7/
02t / {
// \
\\. P
0 e T
0.9 1.4 1.9 2.4 2.9

Q(x 10° rad/s)

Full-order FE model
= =ROM with simplified tangent stiffness matrix
= == ROM without simplified tangent stiffness matrix
Fig. 4.2. Comparison of frequency responses obtained from full-order FE model

and ROM with or without simplified formulation of the tangent stiffness matrix
(ROM is taken with the enriched RB (RB#II)).

Table 4.2
Computational time in the evaluation of frequency responses in Fig. 4.2.
Full-order ROM without simplified ROM with simplified
FE model tangent stiffness matrix tangent stiffness matrix
t, (min) 1752.6 122.5 26.8
t, (min) - 0.268 0.268
tf (mjn) -—- 1.717 3.44

However, this simplified formulation of the reduced-order tangent stiffness
matrix may also have a certain effect on the computational time in the evaluation

of the response curve, as it avoids the repetitive computation of the corresponding
reduced-order geometric stiffness matrix (rKg , Egs.( 4.9a) and (4.9b)) at each

iteration. To illustrate it, the computational time is noted and presented in Table

128
TH-2877_166103022



4.2 for the evaluation of the response curves in Fig. 4.2. In Table 4.2, t, and t;

represent the computational time for the evaluation of RB and linear reduced-

order system matrices, respectively, while t, represents the rest of the

computational time in the evaluation of a frequency response curve within the

frequency range of interest (Fig. 4.2). It may be observed from this table that t,

decreases significantly as the ROM is used instead of the full-order FE model.

Further reduction in the computational time (t,) is achieved by the aforesaid

simplified formulation of the reduced-order tangent stiffness matrix. On the other

hand, t; (<<t,) increases due to the computation of additional linear reduced-

order matrices (rK§n3 , rK;‘nS, Eq. (4.10)) involved in the simplified formulation of

the reduced-order tangent stiffness matrix. It may be noted here that a similar
verification study was also carried out in the previous chapter (Fig. 3.5, Table 3.2)
for the simplified formulation of the tangent stiffness matrix in the full-order FE

model.

Full-order FE model
= ROM with enriched RB
—— ROM with unenriched RB

-

0.8

0.6

w/h

0.4

0.2

L ———
0.9 1.4 1.9 2.4 2.9

Q(x 10° rad/s)

Fig. 4.3. Comparison of frequency responses obtained from full-order FE
model and ROM considering unenriched RB (RB#I) or enriched RB (RB#II).

Table 4.3
Computational time in the evaluation of frequency responses (Fig. 4.3) using the
present ROM with the simplified formulation of the tangent stiffness matrix

ROM with simplified tangent stiffness matrix

RB#I RB#II

t, (min) 0.3167 26.8

t, (min) 0.065 0.268

t; (min) 0.22 3.44
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Presently, the ROM (Eq. (4.8)) in the frequency domain is developed with
the enrichment of RB, particularly for the evaluation of nonlinear frequency
responses of the viscoelastic sandwich beam with the frequency-dependent
material properties. The fruitfulness of this ROM with the enriched RB is clarified
through the results in Fig. 4.2, where it is clear that the ROM with the unenriched
RB provides inaccurate nonlinear frequency response while the corresponding
correction can be made through the enrichment of RB. However, the enrichment
of RB includes SDs so that the number of reduced coordinates or degrees of

freedom of ROM increases. It results in a little more computational time (t,, t,

and t;), as demonstrated in Table 4.3.

4.5.2. Comparative study

Various approaches (MSE/MSEC/MM/ICES/RKT/FSRK) were proposed in the
literature to evaluate RBVs in deriving the reduced-order FE model of viscoelastic
structures. These RBVs are applicable for linear dynamic analysis of a viscoelastic
structure having frequency-dependent material properties. However, the RB in
each of the aforesaid approaches is presently enriched (Section 4.4) for its use in
the nonlinear analysis of viscoelastic structures, and the accuracy of the
corresponding ROM is investigated. It basically addresses a suitable approach in
the selection of RB and the corresponding enrichment for the nonlinear analysis
of viscoelastic structures with frequency-dependent material properties.

After the evaluation of RBVs through each of the aforesaid approaches, the
corresponding enriched RBVs are computed according to the procedure, as
described in Section 4.4. However, Table 4.4 illustrates the present consideration
in selecting the number of enriched RBVs for different approaches. Initially, for

any approach, the RB is taken in the union of the first few (N,) eigenmodes

(columns 1 to 5 of Table 4.4) and one static correction vector, where the total

number of RBVs is denoted by N, (N,=(N,+1)). If the eigenmodes are in the

complex domain (for MM, FSRK, RKT and ICES approach), then the corresponding
RBVs are taken as the real and imaginary parts of the eigenmodes. However, for
evaluation of RBVs through MM/FSRK/RKT approach (Jith and Sarkar, 2020;
Rouleau et al., 2017; Xie et al., 2018), the selected frequencies (in rad/s) for
interpolation/expansion points are given in parenthesis (columns 1 and 2 of
Table 4.4). The RBVs are then taken from the eigenmodes (N,) for all the
interpolation/expansion points. Presently, the frequencies are selected around
the fundamental natural frequency (1204.5 rad/s) and the impulse excitation

frequency (3000 rad/s) to evaluate transient responses under the impulse
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excitation. However, similar frequencies for evaluating frequency responses under
the transverse harmonic load are considered within the operating frequency range
(700 - 4200 rad/s). Further, the number of first few first-order correction vectors
considered in the case of MSEC is given in parenthesis (column 4 of Table 4.4).

Finally, the number (N,,) of RBVs and the corresponding number (N, ) of enriched

RBVs are illustrated in columns 6 and 7, respectively. Presently, a comparative
study is carried out by increasing the number of enriched RBVs primarily to
address an approach that provides accurate results with less number of RBVs.
The corresponding steps in the increment of the number of RBVs are given in the

last two columns of Table 4.4, where the number (N,,) of RBVs and the number (
N, ) of enriched RBVs are kept constant for all approaches in a typical incremental

step.

Table 4.4
Present consideration of the number of enriched RBVs for different approaches
(MSE, MSEC, MM, ICES, RKT and FSRK).

MM, FSRK, RKT ICES MSEC MSE N, N,
ROM in time ROM in frequency Np Np Np
domain domain
Ny, Ny,
3 (1200) 3 (2450) 3 33 6 7 12
3 (1200) 3 (2450) 3 33 6 7 22
4 (1200) 4 (2450) 4 4(4) 8 9 34
4 (500, 1500) 4 (700, 4200) 8 8 (8) 16 17 52
4 4 12 12 (12) 24 25 70

(500,1500,3000)  (700,4200,2450)

Figure 4.4(a) illustrates the comparison of transient responses evaluated
using ROM#2 with the enriched RB from different approaches. Here, the number
(N,) of enriched RBVs is taken as 52 (Table 4.4). However, the corresponding

displacement errors (D,) are shown in Fig. 4.4(b), where D, :||d —dr” and d /d,

is the global nodal displacement vector evaluated with full-order FE
model/ROM#2. It can be observed from Figs. 4.4(a)-(b) that the enriched RB
obtained through ICES approach yields small displacement error whereas similar
enriched RB evaluated through MSE or MSEC yields greater displacement error.
It may be due to the fact that the ICES approach accounts the effect of frequency-
dependent stiffness/damping of the viscoelastic structure on RBVs, whereas it is
completely omitted in the MSE approach and partially considered in MSEC
approach. It may also be observed from Figs. 4.4(a)-(b) that the enriched RB
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corresponding to MM /RK/FSRK approach provides better accuracy in the result
than that for MSE/MSEC approach. This difference appears mainly due to the
consideration of complex eigenmodes/Krylov modes in the MM/RK/FSRK
approach, which are taken at the selected frequencies within the operating

frequency range.
Figure 4.5 illustrates the variation of the mean displacement error (D]")

with the increase in the number of enriched RBVs (N,, Table 4.4) for different
) . m_1
approaches. Here, the mean displacement error is defined as D, =§Z||d —dr||
s

where S is the total number of responses (S = 3820) corresponding to the time

steps ((7r/3)><10’5 s) within the total time-span (0 to 0.04 s, Fig. 4.4). It may be

observed from Fig. 4.5 that the mean displacement error decreases with the
increase in the number of enriched RBVs. Here, an RB with an increased number
of RBVs accounts higher-order vibration modes that are essential for achieving
accurate nonlinear response. It can be obtained through the present approach of
enrichment of RBVs using SDs and POD method. However, the deviation in the
monotonic decrease of displacement error is observed (Fig. 4.5). It may appear
due to the inappropriate selection of relevant higher-order vibration modes from
SDs (Section 4.4). From the results in Figs. 4.4 and 4.5, it is clear that ICES
approach is better than any other approach in providing an accurate nonlinear

response with less number of enriched RBVs.

1 (a T T T T T T T
< ANIVA :
So /
K ] ] \\ ] ] ]
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
time (s)
(b) T T T T
c 2F 7]
Hm
a4+ ! . =z
Al ot s o 4 \ . a A~ ’ "’. /
Gt Ty R . I ) .~. R =, £ '
0 e ; 2 R ¢ \ R T
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

time (s)
ICES MSE —RK --—--FSRK --—- MM ——MSEC —Full-order FE model
Fig. 4.4. (a) Comparison of transient responses obtained from full-order FE
model and ROM#2 considering the number (N, ) of enriched RBVs as 52 from

different approaches, (b) corresponding displacement errors with respect to the
displacement solution of full-order FE model.
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Fig. 4.5. Variation of mean displacement error with the number (N,

) of basis vectors in the enriched RB.

Figure 4.6 illustrates the comparison of nonlinear frequency responses
obtained from the present ROM with the enriched RB. The number of enriched
RBVs is considered as 52 (Table 4.4) for any of the aforesaid approaches (MSE,
MSEC, MM, ICES, RKT and FSRK). The corresponding normalized displacement

error (D, =[d —d,|/||d|) is illustrated in Fig. 4.7. It may be observed from Fig. 4.6

that the shortcoming in the accuracy of the nonlinear frequency response mainly
appears near the peak displacement amplitude, where the maximum and
minimum error arise for MSE and ICES approaches, respectively. It may be due
to the fact that the ICES approach is based on frequency-dependent viscoelastic
properties, whereas, in the MSE approach, the dependency of viscoelastic
properties on frequency is not accounted in the evaluation of RB. However, MSEC,
MM, RKT and FSRK approaches provide better accuracy in the result (Figs. 4.6
and 4.7) as compared to that for MSE approach, since these approaches (MSEC,
MM, RKT and FSRK) use some strategies and/or complex eigen modes/Krylov
modes at selected frequencies to approximate the effect of frequency-dependent

viscoelastic properties on RBVs. Figure 4.8 shows the variation of the mean

normalized displacement error (D =%Z||d —dr”/”d") with the increase in the
S

number of enriched RBVs. Here, S is the total number of responses corresponding

to the incremental steps of frequency in the computation of a frequency response

curve using a numerical continuation method. It may be observed from Fig. 4.8
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that ICES and MM approaches provide almost accurate responses with less

number of RBVs as compared to the other approaches.
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Fig. 4.6. Comparison of nonlinear frequency responses obtained from full-
order FE model and ROM considering the number ( N, ) of enriched RBVs as 52

through different approaches.
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Fig. 4.7. Variation of the normalized displacement error for the nonlinear
frequency responses presented in Fig. 4.6.
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Fig. 4.8. Variation of the mean normalized displacement error with the
number ( N, ) of basis vectors within the enriched RB.

4.6. Summary
In this chapter, reduced-order models (ROMs) are derived for the geometrically
nonlinear FE analysis of viscoelastic structures in the time/frequency domain.
The corresponding formulation and fruitfulness of the ROMs are demonstrated
considering the large-amplitude vibration of a sandwich beam under the
haversine impulse/transverse harmonic point load. The core of this sandwich
beam is made of a viscoelastic material that is modelled according to the fractional
Zener constitutive relation. The overall study is carried out based on two main
concerns of a ROM, which are: (i) proper selection of reduction basis vectors
(RBVs) for sufficient accuracy of a nonlinear ROM and (ii) reduction of
computational time in the evaluation of nonlinear transient/frequency responses.
In the first concern of the selection of RBVs, the available approaches like
MSE, MSEC, MM, ICES, RKT and FSRK are followed. However, these approaches
are originally proposed for linear analysis of a viscoelastic structure. So, for the
geometrically nonlinear analysis of the same structure, the RBVs obtained from
these approaches are presently enriched by means of deriving static derivatives
(SDs), where the POD method is utilized over the union of RBVs and SDs to obtain
the enriched RBVs. Good accuracy of the present ROMs based on these enriched
RBVs is observed in the evaluation of geometrically nonlinear transient/frequency
responses of the sandwich beam, where the reference results are taken from the
full-order FE model. However, it is found that the required number of enriched

RBVs towards the sufficient accuracy in the numerical results varies from one to
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another approach, where the present enrichment of RBVs through ICES approach
provides the most accurate result with less number of enriched RBVs as compared
to the other approaches.

In the second concern of the reduced computational time, a special
factorization of the nonlinear strain-displacement matrix is utilized, as it is
introduced in the previous chapter. Using this factorization, the reduced-order
linear/nonlinear system matrices/vectors are formulated at the elemental level
without involving the full-order solution. However, this technique of factorization
is not enough to avoid the full-order solution in the derivation of the reduced-
order nonlinear memory-load vector appearing in the time-domain ROM, since
this nonlinear load-vector involves elemental strain history. So, this reduced-
order memory-load vector is presently formulated by introducing two new
anelastic nodal forces by avoiding the elemental anelastic strain. However, this
novel strategy of formulation of the time-domain ROM of viscoelastic structures
eases to form all the reduced-order system matrices and vectors in the elemental
level without involving the nodal displacements, where the advantage of a
significant reduction of the computational time is achieved in the evaluation of
geometrically nonlinear transient responses of the viscoelastic structure.

The equations of motion in the time-domain ROM appear at the discrete-
time. So, it is difficult to express this ROM in the frequency domain directly by
implementing HBM. So, a separate formulation of ROM in the frequency domain
is presented by implementing HBM before the FE discretization. The subsequent
formulation of the geometrically nonlinear stiffness matrix appears in a complex
manner. Although it is eased by means of the aforesaid factorization of the
nonlinear strain-displacement matrix, the nonlinear stiffness matrix appears with
a large number of terms associated with the products of sine and cosine functions.
The time-integration of these stiffness terms according to HBM poses a high
computational cost. It is presently tackled by implementing the orthogonality of
Fourier basis functions, while all the reduced-order system matrices and vectors
are derived in the elemental level without involving the full-order solution except
the reduced-order geometric stiffness matrix. This formulation of ROM in the
frequency domain provides significantly reduced computational time in the
evaluation of geometrically nonlinear frequency responses of the viscoelastic
structure. For further reduction of the computational time, a simplified
formulation of the reduced-order tangent stiffness matrix is also presented by
omitting the viscoelastic counterpart of geometric stiffness matrix. However, it is

applicable for a viscoelastic structure made of elastic and viscoelastic constituent
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materials, where the viscoelastic counterpart has a small contribution to the

stiffness of the overall structure as compared to that for the elastic counterpart.
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Chapter
5

Constrained layer damping treatment of post-buckled
beams under parametric excitation: a theoretical study
using reduced-order finite element formulation

5.1. Introduction

In the context of passive control of parametrically excited beams, the utilization
of viscoelastic materials through the CLD treatment has been addressed in a good
number of available studies (Section 1.3.1). In all these available studies, the CLD
treatment is applied to control the dynamic instability of beams in the pre-buckled
equilibrium state. However, in practice, the operation of a parametrically excited
beam may not be confined to the pre-buckled state. In this case, the beam
operates in the post-buckled state, where multiple stable and unstable
equilibrium states appear simultaneously (Fig. 1.2). It results in complex
dynamics along with various dynamic instabilities of the beam, as similar
responses are observed in Chapter 2. However, the utility of the CLD treatment in
attenuation of this complex dynamics at the post-buckled state of a parametrically
excited beam is not yet explored in the open literature to the best knowledge of
this researcher. It is attempted in this chapter, where the CLD treatment is
configured in different forms of layered beams, and the study is carried out to
investigate the suitability of each of the CLD configurations in controlling the
complex nonlinear dynamics of the layered beams under the parametric excitation
at the post-buckled state.

This theoretical study is performed by deriving a nonlinear ROM of the
parametrically excited viscoelastic layered beams, where the reduced-order FE
formulation in the previous chapter is followed. Using this ROM, the complex
motion along with dynamic bifurcations of the beams is analyzed by evaluating
the nonlinear frequency responses and global bifurcation diagrams. However, in
this concern of dynamic bifurcation analysis using a nonlinear ROM, the available
literature shows the selection of RBVs from proper orthogonal decomposition
(POD) modes evaluated through local/global/adaptive POD method (Amsallem et
al., 2009; Carlberg, 2015; Lieu and Farhat, 2007; Lu et al., 2019, 2016; Terragni
and Vega, 2012; Weickum et al., 2009; Xie et al., 2015). It is observed that POD
modes are robust ones in providing sufficient accuracy of a nonlinear ROM for
bifurcation analysis (Lu et al., 2019, 2016; Xie et al., 2015). Besides the POD
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modes, an alternative approach of the selection of RBVs from the enriched
vibration modes (VMs) is introduced in the previous chapter (Section 4.4). These
new RBVs work well for the ROM-based analysis of simple nonlinear structural
responses, as observed in the previous chapter (Chapter 4). But the suitability of
these new RBVs in providing sufficient accuracy of a nonlinear ROM for the
dynamic bifurcation analysis of an elastic/viscoelastic structure is not yet
verified. Therefore, the present nonlinear ROM for the aforesaid CLD treated
beams is derived using these new RBVs, where the above mentioned verification
study is carried out before the main objective of investigating the effectiveness of
the CLD treatment. The overall study in this chapter is presented in the following
manner.

First, the CLD arrangement in three different layered beam configurations
is presented in Section 5.2. Next, in Section 5.3, the incremental nonlinear
governing equation of motion of the CLD treated beams is derived for an axial
compressive harmonic load, where the viscoelastic material in the CLD treatment
is modelled using the fractional Zener constitutive model. The subsequent section
(Section 5.4) presents the derivation of nonlinear ROM of the CLD treated beams
under the parametric excitation. Here, the formulation approach in the previous
chapter (Chapter 4) is followed for the derivation of nonlinear ROMs in both the
time and frequency domains. However, the numerical results are presented in the
subsequent section (Section 5.5), where the appropriateness of the present
approach (Section 4.4) of selecting RBVs is first verified for the estimation of
complex nonlinear dynamics of the CLD treated beams. Next, the effectiveness of
the CLD treatment in passive control of complex dynamics of the parametrically

excited layered beams is explored through the numerical results.

5.2. Configuration of layered beams with CLD treatment

The CLD treatment of a beam element is commonly achieved by means of
attaching a viscoelastic damping layer on the top/bottom surface of the substrate
beam, while this damping layer is constrained by a very thin and stiff constraining
layer. This configuration of the CLD treatment is also known as the passive
constrained layer damping (PCLD) treatment, as shown in Fig. 5.1(a). However,
the available studies in this context reveal that the damping capability of the CLD
treatment may improve for the increasing number of constrained viscoelastic
layers in the layered configuration (Ray and Kar, 1996; Suzuki et al., 2003).
Therefore, besides the PCLD treated beam (Fig. 5.1(a)), the CLD treatment is also
configured in three-layered and five-layered beams, as shown in Figs. 5.1(b) and

S.1(c), respectively. The damping layers are made of an isotropic viscoelastic
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material, and the substrate/constraining layers are made of an elastic isotropic
material. The length, width and thickness of any layered beam are denoted by L
, b and h, respectively. However, presently the damping effectiveness of the CLD
treatment in attenuation of complex dynamics of the parametrically excited post-
buckled beams is studied by taking it (CLD) in three different configurations (Figs.
5.1(a)-(c)) without altering the volumes of viscoelastic and substrate materials. So,

the total thickness (h,) of the viscoelastic layers and the total thickness of the
substrate /constraining layers (hy +h, =h;) are kept constant for all the layered

beams. These layered beams (Figs. 5.1(a)-(c)) are considered to operate under an

axial compressive harmonic load ( p} ) while their ends are taken as fully-clamped

Z  h
7! h
i
h, Y

Section AA

Z  nn
i
thy h
Y
the/2

Section BB

ends.

E:

(c) Section CC

Viscoelastic layer ~ mmm Substrate layer mmm Constraining face layer

Fig. 5.1. Schematic diagrams of (a) a substrate beam with a PCLD layer, (b) a
three-layered beam and (c) a five-layered beam operating under the axial

compressive harmonic load ( p; ).

5.3. Formulation of incremental governing equation of motion

Besides the aforesaid geometrical configurations, material properties and
boundary conditions, there is no applied force on the boundary surface in parallel
to the xz-plane. Moreover, there is no body force along any axis of the reference
coordinate system. So, these layered beams may be treated as plane stress

problems in the xz -plane (Dwivedy et al., 2007; Lacarbonara et al., 2007; Ray and
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Kar, 1996; Zhu et al., 2018). Accordingly, the state of stress and the state of strain

at any point in the xz -plane can be written, as given in Eq. (2.1).
_ T _ T 2.1
o={oy, o, 7o}, e={&x & 71} (2.1)

The Green-Lagrange nonlinear strain-displacement relations at any point in the

Xz -plane of a layered beam can be written according to Eq. (3.1).
e=¢g +¢&,,

{a_ ow %a_u}T
'"lox ez ox ez

2 2 2 2 T
1[8\Nj 1(6u) 1(8\NJ 1(6uj OWOW Ou du
g == — | +=|=| =—|+=3|=| ——+——
2\ ox 2\ ox 2\ oz 2\ oz Ox 8z Ox oz (3.1)

Further, the linear (¢ ) and nonlinear (&,) counterparts of the strain vector (&)

can be written in terms of the displacement vector (d), as given in Eq. (3.2).
a=Ld, &, =U2)L,(dy) dy, dg={u w}'
L=[T @™ @],
Ly (dg) =(L4dg ) LY + (Ld ) LY + (L' ) LY + (L3l ) LY,
=l o '], w=[o @y w7,
w=[wy o @) ], w=o wywn],

LY ={o/ox O}, LY ={0 /o, LY={o/az O}, LY={0 o/o} (3-2)

Generally, the influence of the axial compressive load on the bending
deformation of a beam is accounted by means of a pre-stress in the beam (Chen
et al., 2002; Ganesan and Kadoli, 2004). This pre-stress corresponds to the axial
deformation of the beam under the load. However, the component layers in the
present layered beams are made of isotropic materials, and the axial load is
applied through the support ends. So, for axial deformation of a layered beam
under this load, the corresponding component layers are mainly subjected to the

axial stress ( o) while the other stress components (o, and r,,) appear with

their negligibly small magnitudes. Now, the damping layers are considered to be
made of a soft viscoelastic material so that the axial load is mostly sustained by
the substrate layers. It leads to a very small axial stress in the viscoelastic layers
in comparison to that in the substrate layers. Therefore, the pre-stress in the

layered beams under the axial compressive load is presently accounted for the
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axial stress (o,) in the substrate layers. Moreover, since the layered beams
possess a high rigidity against their axial deformation, the linear variation of the

axial stress ( o,) with the applied axial load ( p;) may be assumed. Accordingly,
the pre-stress matrix (I’ ; ) for k" material in a layered beam can be written as

k k
k Oy Txz k At
Fa:|:k k}:rfpa,

TXZ O-Z

o _[1 o] k
; 2, 1y =1/h¢ for k=1 and ry =0 for k =2
0 Ofb (5.1)

where, the superscript k denotes the elastic and viscoelastic materials in the

layered beams as per its value as 1 and 2, respectively. Now, for the vibration of
the layered beam under the axial compressive harmonic load ( p; ), the first
variations of kinetic energy (JT; ) and potential energy (6T,) of a layered beam can

be written as

2 : :
STy =3 [ (3d)" p*d bdA*,
k=1 pk

2
5T, :kzl k{(é’e, +0¢,) 6" +<(585)Tl“lf(g; +(585V)Tl“lf( 8\év> p;}b dA® |
=LA

T " T T
el=Lid,, &V =1Yd,, L“g=[(L‘i) (L) J ; ngv=|:(L\;(V) (L) ] (5.2)

Py = pg L+ Acos ) (2.7)

where, A¥ is the area of k" material in the xz -plane; ¢ and pk are the stress

vector and mass density, respectively, at any point in the k" material. Further,

the axial compressive harmonic load (p}) is taken in the form, as given in Eq.

(2.7) where ps, A and (2 are the static counterpart of the axial compressive load,

dynamic load parameter and excitation frequency, respectively. Now, substituting
Egs. (5.2) and (2.7) in the extended Hamilton’s principle (Eq. (2.9)), the governing

equation of motion of a layered beam can be obtained, as given in Eq. (5.3).

t
[T, —6T)dt=0
b (2.9)
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i (5d,)T phd +(5e +5¢,) 6" +

u\T ok U WA\T Kk _w\ -0 bdAk:O
G| ((02) e +(52y) I 25 ) p3 L+ Acos 1)

(5.3)

The constitutive relation for an isotropic elastic material (k =1) in the layered
beam under the plane stress assumption is given in Eq. (2.3a). Also, the
constitutive relation for the isotropic viscoelastic material (k =2) according to the

fractional Zener model (Galucio et al., 2004) is illustrated in Eqgs. (3.12a) and
(3.12b).

o =CFe, CK=EXC,

1 K 0
Ctl; 2% Vk 1 O , k=l
0% @-vk)i2
(2.3a)
" =C*e', CK=ECC, & =(E,/E,)(c-F7) (3.12a)
zg+7%(d%/dt*)=fe, f=(E,-E,)/E, (3.12b)

Now, to derive the governing equation of motion in the incremental form, a state
of vibration (dg, £2) is expressed with respect to a reference state of vibration (ids

, £2;) through their increments (Ad,, A¢2), as given in Eq. (3.5a). The corresponding
incremental forms of strain vectors (¢, &, , 8; ,ag’) and stress vector (ak) are given
in (Eq. (5.4)).
dy ='dg +4d, 2= +A0Q (3.52)
g =" +48), & =&+ +8,), 6% =(6"+46"),
&g = (isg +Aeg), &g = (isé\' +Agy),
‘o)=L 'dg, Aey =L Ady, ‘e, =(1/2)'L, d;,
Asy =' L, Adg |, Aeyp = (1/2) AL, Ad,

i u_qui i w_ gwi u_ gyu wW_ W
gg=Ly dg, ‘ey=Ly ds, Aeg=Ly Ad;, Aey =Ly Ad,

'Ly =L, ('dg), AL, =L, (4dy) (5.4)

In Egs. (3.5a) and (5.4), the pre-superscript ‘i’ denotes a quantity corresponding
to the reference state of vibration. Substituting Egs. (3.5a) and (5.4) in Eq. (5.3),
the incremental governing equation of motion of a layered beam can be obtained

as follows
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(848 +S4e.1)" (6* + 46" + (54dg)T p* (dg+ Ad) +

2 .
. (4T Ik ('e¥ + 4eY) bdA* =0 5.5

|§|_Ak (84e,,)" ¥ + o7 ) 9 p (1+ Acos £2t) (5-5)

+(5A35V)Tl“f ('séVJrAsév)

In Eq. (5.5), the strain energy term i.e. (5A8n2)T '6X can be written according to

Eq. (3.7). Using Eq. (3.7), the incremental equation of motion (Eq. (5.5)) can be

modified, as presented in Eq. (5.6).

(Meny) " '6* = (o4ey)" 'T* Aey + (Sey )T 'T* 4ey

i ki k
ik _ 'y 't
ik ik (3.7)

TXZ

(0dg + 5A8n1)T (iO'k + Aak) + (5Ads)Tpk (iJS +Ad)+

(4e8)T ¥ (el + 4e")
97 "I Te TR P (1+ A0S £2t) bdAk =0 (5.6)

M

+(5A88’)TF¥ (isé\' + Aaé")

=
Il

JiN
>

=~

+(54ey)T M  Aey +(5aey ) ' T* ey

5.4. Nonlinear reduced-order FE models in time/frequency domain
The FE model of a layered beam is derived by discretizing its xz -plane using nine-
node quadrilateral isoparametric elements, where the edges of a typical element
are in parallel to the coordinate axes in the same (Xxz) plane. The xz-plane of a
layered beam is discretized following the inter-layer surfaces so that a typical
element is either made of an elastic material (k=1) for substrate
layer/constraining layer or made of a viscoelastic material (k=2) for the

constrained damping layer. Now, the incremental forms of displacement vector (

'd,, Ad,, Eq. (3.5a)) and strain vectors (‘g , 4¢ , s, , ey , Aty isé", Agy ia; , deg
Eq. (5.4)) at any point in a typical element can be expressed in terms of the shape

function matrix (N ) and the elemental nodal displacement vector (ide ,4d%), as
given in Eqgs. (3.22a) and (5.7) where |5 is the unity matrix of size (18x18) and

the symbol ® represents Kronecker product.

ids =N ide,AdS =Nad*® (3.22a)

‘e, =B, 'd®, Aey=B Ad®, ‘g, =(1/2) B, 'd? d°®,

Asy =B, 'df Ad®, sy, =(1/2) B, AdS Ad®,
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'ed =By 'd° | Aey =By Ad°,

'ey =By 'd°, Aey = By Ad°®,
B,=LN, B,=B"R{+ByR)+B/R} +B5R;,
By =LyN, By =LyN,

Ry =15 ®By, R, =1;3®B;,
RY=I,®B), R'=1,®BY,
BY=LYN, By =L4N, B =L¥N, BY =LYN,
BY=LYN, BY=LYN, BY=LYN, BY=LYN,

df ='d® ® 1,5, AdP=Ad®® 1y 5.7
5.4.1 Computation of reduced basis vectors (RBVs)

For the construction of ROM, the reduction basis (@) is computed following the
procedure described in Section 4.4. However, this computation of the reduced
basis (@) needs VMs about a static equilibrium position. To compute this static
equilibrium position of the layered beams under the axial compressive load, the
corresponding linearized incremental equation of equilibrium for a typical element
can be obtained, as given in Eq. (5.8a). Equation (5.8a) is obtained by substituting
the discretized forms of displacement/strain vectors (Egs. (3.22a) and (5.7)) in Eq.
(5.6) where the inertia terms and the dynamic counterpart of the axial load are
omitted. Here, the constitutive relation for the viscoelastic material is taken

similar to that for an elastic material (Eq. (2.3a)), where the elastic modulus is
taken as the relaxed modulus (Ek =E,, k=2) for the static deformation of the
layered beams.
Ke('d®) 4d® =R?,
Ke(ide)= K§| + Kgnl idf + (idF)T {(Ksenl)T + K§n4 idle}+ Kgg + pnga ’
Kseg = (1/2)(id:e)T rK:‘?ns idIe + KsnSi f’ Rse = _Ksem ide ’

Kén = K& + @2 {Key +(dF) K} df + (D) (K& + pgKE, (5.82)

The different elemental matrices (K§, K&, Kau, K&z, K&a, Kos) appearing in
Eq. (5.8a) can be obtained according to the following expressions similar to Egs.

(3.28) and (3.30b), where A° is the area of an element.
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K& = j (B))"C¥B/b dA®, :j<(Bg)Tr'; BY+ (BT B;V>bdAe,
Ae

K= [ (B))"C*Byb dA®, Ksn4—j(B) C*B.b dA°®,

Ae
k k k k
Ksn5_ _[ <A1WR>\:V+AQWR;N+A1UR;J +A2uR§’>bdAe,
Ae
oo [ (B CTBIRIEBNTCHBRE |
3_ )
T e\ (BY)TCKBRY +(BY)TCkBRY

AL = (BIRY)TCHBY +(B'RY)TCHBY + (BIRy") 'C*BY +(B'RY)TCBY
Asy = (BIRY)CHBY + (B3 RY) ' CHBY +(B3R;')TC By’ +(B3R;)'C*BY
Al =(BI'RY)TCHBY +(BI'Ry)"C*BY +(B'R;")C*B}' + (B{'R;) ' C*BY,
Ay =(BYRY)TCBY +(BYRY)TC*BY + (BYR,) 'C*BY +(BYR))'C*B} (5.8

By assembling the elemental matrices and vectors in Eqgs. (5.8a) and (5.8b), the
linearized incremental equation of equilibrium of the layered beams can be

obtained, as given in Eq. (5.9).

K('d)4d = R, (5.9)
Equation (5.9) can be solved using Newton-Raphson method to obtain the static
equilibrium position (ideq ) of the layered beams for the specified axial compressive

load. With reference to this static equilibrium position, VMs and the
corresponding enriched RBVs can be computed following the procedure, as

demonstrated in Section 4.4.

5.4.2 Derivation of the reduced-order FE model in the time domain
The time-domain ROM of viscoelastic layered beams is derived in Section 4.2
based on the fractional Zener constitutive model. The resulting reduced-order
equations of motion at a discrete time (Eq. (4.1a)) can be used in conjunction with
the Newmark time-integration method for the evaluation of transient responses.
However, this formulation is extended here for the incremental form of the
reduced-order equations of motion with the particular interest of using Bathe
time-integration method (Bathe, 2006) in the evaluation of nonlinear transient
responses of the layered beams.

The fractional Zener -constitutive relation (Egs. (3.12a)-(3.12b)) for

viscoelastic materials involves the fractional-order temporal derivative of
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stress/strain. It is presently handled using Grunwald definition (Galucio et al.,

2004) by discretizing a time-span of interest into a number (N;) of equal small

time steps (A4t). The constitutive relation at a typical time-step (say, (q +1)™ time-

step) is given in Eq. (3.32). Accordingly, the incremental form of the constitutive
equation is given in Eq. (5.10).
k k ¢k ere S
0q1=C" T equ+C f 2 Ay 8 g,
=

gq+1
Eg+1 = (L-cy)f €441~ Cp Z Aj+1 Eq+1-j »
j=1

Cbzra/<ra+(At)a>, Aj+1=j_—?_1Aj ,

f =0y Eo/Es , B =1+(0y(E, ~ Eo)/Eo) for k=2 (3.32)

(igl +A8I)q+l q

i k Tk _
+C 1 20 A Ega
=t

k k k ¢k
O'q+1+AO'q+l:C fl i
+( 8n)q+1+(A3n1)q+l (5.10)
The ROM in the time-domain can be derived using the RB (&) that linearly

transforms the nodal displacement vector (idq 11,4dg,1) to the reduced coordinate

vector (di +1,4Vy41) according to Eq. (5.11a). However, presently the ROM is

formulated at the elemental level by taking the coordinate transformation (Eq.
(5.11a)) for a typical element, as given in Eq. (5.11b), where the superscript e

indicates the elemental quantity. Using Eq. (5.11b), the strain vectors (Eq. (5.7))

at (q +1)th time-step can be expressed in terms of the reduced coordinate vector (

Vg1, AVq,), as it is illustrated in Eq. (5.11c).

'y =P Vg, Adqy =P AV, (5.11a)
30 =2° W, Adg, =2° AV, (5.11b)
(' )g1 =By di+1, (4)) g1 =By AV, (ign)q+1 =(1/2)B,('V, )1 di+1 ,
(A601)qs1 = Bn (V1) g AVgu1s (A802)qua =Y2) By (AV; ) g AVigua
igg )q+1 = BS di+1 ) (igév)qu = Bév di+1, (418; )q+1 = BlgJ AVq+1 ,
(Agév)qﬂ = BSV AVgaa 5
@ =0° @D°, (V)g1= Vg ® Iy, (AV))g1 =4V, ® Iy, (5.11c)
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In Eq. (5.11¢), Iy, is the unity matrix of size (N, xN,); N, is the number of basis

vectors in RB (@). Now, introducing Eqgs. (5.11b), (5.11c) and (5.10) in Eq. (5.6) at

(q +1)th time-step, the ROM can be derived, as given in Eq. (5.12a).

' Ms Avq+1 + { ' Ksa < pg (1+2'COS~Qit)> + < rKII + (r Knn)q+l>} Avq+1 = (r Rs)q+1 ’

2
k k k
(rKnn)q+1 :kZ: f; (rKstn)q+1 ’ rKII kZ: f; rKsI )
=1 =1

(KA1 = KELVDger +{(V)gua) (CKEDT+ KE G (V)gut )+ (KK gt
’ (rKé(g)q+1:(1/2)<(iVI)q+l> Ksn5 % )q+1+rKsn3(|Vl)q+1’
I'Ksa pg (1+/1C05-0i 1:q+1) )
("R)g1=("P)gn—] 2 V="M Vg1,
+k2 flk <rK§| +(rK:n)q+1>
-1

("KE) g = /2) Mg H{(V)ga) (KEDT
sn/q+ + sn (5.12a)
! o <(|V )q+1>T ' sn4 IV )q+1 e '

sl_ Z (¢e) K snl_ Z (45‘3 TKsenldjl ’

EE"’ ee~k

.
Kéa= Z (D)) K&, ®F , "Kes= Y (D) K5 Pf,

ee- EE"k

ne
sn3_ Z (qse) Ksen3¢l ’ rM Z(¢e) Medje rKsa:Z(Qe)TKsadse
eesX e=1 e=1 (5.12b)

ro ™ re i T re
( Ps)q+l == Z Aj+1( Fsl)q+1—j + <( VI )q+1> Z Aj+1( FsZ)q+1—j
j=1 j=1
re r e re
("Fe)gs1 = Q=) T ("Fsr)gqia =S 2 Ajia(CFadgua-j »
j=1

_ g+l _
("F2)ger =@=¢) T ("F2)gs = 2 Ajua("Fe)guaj »
=

(rFsl)q+1:]?1k<rK +(1/2) Ksn1(|V )q+1> q+l>

("Fs2)qu =1t <( Kew) " +1/2) "Kara (V, )q+1>i g1, k=2

k

(5.12¢)

where, £ is a set of elements made of K material; N, is the total number of elements

in the FE mesh. The different reduced-order system matrices/vectors ("M, rKS| ,
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rKL(nl, rKé(ng , rKé(ml, rKé(n&—) , "K,,) appearing in Eq. (5.12a) are given in Eq. (5.12b).
Also, the reduced-order nonlinear memory-load vector ((rl5s)q 41) 1s given in Eq.
(5.12¢). It ((f|38)q +1) is derived in terms of the reduced-order anelastic force history

(("Fs)gir-j» ("Fs2)gsrj» Eq. (5.12¢)) and the reduced coordinate vector (V)

following the similar formulation in Section 4.2.

The nonlinear transient responses of the layered beams can be evaluated
using the Bathe time integration method (Bathe, 2006) in conjunction with the
incremental governing equation of motion (Eq. (5.12a)). It may be noted here that

the system matrices/vectors (Egs. (5.12b) and (5.12c¢)) are expressed in terms of

the reduced-order linear matrices/vectors ("KX,,"KE, "KE, "KE: "KE "M,

"Kg,)- These linear matrices/vectors are to be formed only once before starting

the solution of nonlinear transient response. So, it would facilitate reduced
computational time to evaluate nonlinear transient responses and global
bifurcation diagrams, as illustrated through the numerical results in Section

5.5.1.

5.4.3. Derivation of the reduced-order FE model in the frequency domain
The nonlinear frequency responses of the viscoelastic layered beams are presently
computed using the harmonic balance method (HBM). The corresponding
nonlinear ROM is derived by modifying the earlier formulation (Section 4.3) due
to the change in the type of load/excitation.

According to HBM, the displacements (ds) at any point in a layered beam
operating under the axial compressive harmonic load (Eq. (2.7)) can be assumed
with a finite number (H ) of harmonic terms as

H
dg =d? + Y dg, cos(met/2) +dg,, sin(me2t/2) (5.13)

m=1
where, d¢, d§, and dg, are the displacement amplitude vectors corresponding to
the constant, cosine and sine terms, respectively. It may be noted here that the
solution (Eq. (5.13)) is assumed similar to that in Eq. (3.9). However, the harmonic
components are presently taken with the frequencies in multiple of m/2 instead
of m, in particular, to capture the sub-harmonic periodic response due to
principal primary parametric resonance under the axial compressive harmonic

load. Accordingly, the linearized incremental reduced-order FE equation of motion

of the layered beams in the frequency domain can be obtained in the similar form,
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as given in Eq. (4.8). However, an additional reduced-order geometric stiffness
matrix ("K,) appears in the governing equation due to the axial compressive
harmonic load, as illustrated in Eq. (5.14). This reduced-order geometric stiffness

matrix ("K, ) can be formulated similar to the overall nonlinear reduced geometric
stiffness matrix (rKg , Egs. (4.9a), (4.9b), (4.7c) and (4.7d)), where the stress
matrix (iFk , Eq. (4.7d)) is to be replaced by the pre-stress matrix (r[; , Eq. (5.1)).
'K, AX = "R+ "R, 402
"R=—"K,, X, "R =@ "Kp/002))'X ,
K ="Ky = "M+ Y2) 'Ky + K +1/2) 'Ky + Ky,

"Ky="K = "M+ Ky + K+ Ky + Ky + K, (5.14)

In Eq. (5.14), "K,, and "K, are the overall reduced-order stiffness and tangent

stiffness matrices, respectively; "R is the overall reduced-order residue vector;
'R, is the overall reduced-order load vector per unit increment of the excitation
frequency. The matrices "M , 'K, 'Ky, 'Ky, 'Ky and 'K, in Eq. (5.14) can be
constructed following Eqgs. (4.8), (4.9a) and (4.9b), where mor n is to be replaced

by m/2 or n/2 due to the present form of the assumed solution (Eq. (5.13)).

Equation (5.14) can be used in conjunction with a numerical continuation method
to obtain the nonlinear frequency responses of the parametrically excited layered
beams within a frequency range of interest. However, as discussed in the previous

chapter (Section 4.3 and 4.5.1), the overall reduced-order geometric stiffness

matrix (rKg) can be formulated without consideration of its viscoelastic

counterpart. It significantly simplifies the formulation of this system matrix (rKg

) with the additional advantage of reduced computational time.

The above sections (Sections 5.4.2 and 5.4.3) present the formulation of the
nonlinear ROMs in the time and frequency domains for the viscoelastic layered
beams. However, the corresponding full-order FE models (FOMs) can be obtained

using the same formulation by replacing the reduction basis (@) with an identity

matrix of size (N x Ny ).
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5.5. Results and discussion

In this section, the numerical results are presented, first, to verify the accuracy
and computational efficiency of the presently derived ROMs in the evaluation of
complex nonlinear frequency responses/global bifurcation diagrams of the
parametrically excited layered beams. Subsequently, the passive damping
capability of the CLD treatment in its three different configurations (Figs. 5.1(a)-
(c)) is investigated for attenuation of complex dynamics of the layered beams
under the parametric excitation in the post-buckled state. In the evaluation of
nonlinear frequency responses, the reduced-order governing equation of motion
in the frequency domain (Eq. (5.14)) is solved using a numerical continuation
method (Cheung et al., 1990). However, Bathe time integration method (Bathe,
2006) is employed to obtain the nonlinear transient responses by the solution of
the reduced-order governing equation of motion in the time domain (Egs. (5.12a),
(5.12b) and (5.12c)), where the time-step is taken as 7/(40£2)s. These transient
responses are mainly used for the construction of global bifurcation diagrams
where the Poincare sections are selected at the intervals of the time period of
excitation (27/€2).

The elastic substrate/constraining layers in the layered beams (Fig. 5.1)

are considered to be made of Aluminum (E =70.3 GPa, v =0.345, p=2690 kg/m3

(Galucio et al., 2004)). The constrained viscoelastic layers are considered to be
made of 3M ISD 112 (Galucio et al., 2004) (v = 0.499, p=1600 kg/m?3). The
corresponding material parameters according to the fractional Zener viscoelastic

constitutive model are E ;= 1.5 MPa, E_ = 69.9495 MPa, a= 0.7915 and

r=1.4052x10"s (Galucio et al., 2004). The length (L) and width (b) of any layered
beam (Fig. 5.1) are taken as 0.8 m and 12 mm, respectively. The total thickness (

h; ) of elastic layers in any beam is considered as 4 mm. However, in the case of
the PCLD treated beam (Fig. 5.1(a)), the thickness (h; ) of the constraining layer

is taken as 0.25 mm. So, the thickness (h) of the substrate layer appears as 3.75

mm. All beams are considered to operate under the axial compressive harmonic
load (Eq. (2.7)), while the boundary conditions over their ends are mentioned in
Section 5.2. Under this parametric load, the transverse deflection at the middle

point (L/2,h) of the layered beams is computed and presented in the numerical
results. Initially, a mesh convergence study is performed by evaluating the
nonlinear frequency response of sandwich beam using FOM and considering

different number of elements in x and z-directions of sandwich beam. Here, the
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HBM is implemented with the first seven harmonic terms (H =7. Eq. (5.13)). The
convergence of peak displacement amplitude for the frequency response of three-
layered beam (Fig. 5.1 (b)) and the substrate beam with PCLD layer (Fig. 5.1(a)) is
achieved for a minimum 100 elements (100 element divisions in x— direction and
one element division in z—direction) in each elastic layer and 200 elements (100
element divisions in x—direction and 2 element divisions in z-direction) in
viscoelastic core. Further, the convergence of peak displacement amplitude for
the frequency response of five-layered beam (Fig. 5.1 (c)) is achieved for 100
elements (100 element divisions in X —direction and one element division in z-—
direction) in each layer. The subsequent results are evaluated following this mesh

convergence study for each of the layered viscoelastic beams.

5.5.1. Verification of present ROMs in the estimation of complex
dynamics

In this section, the accuracy of the presently derived ROMs is verified, particularly
for evaluating complex nonlinear dynamics of the viscoelastic layered beams. For
this verification study, the three-layered beam (Fig. 5.1(b)) is considered at its pre-

buckled and post-buckled equilibrium states. First, this beam (h, = 2 mm) is taken
at its pre-buckled state, and it is considered to undergo principal primary
parametric resonance due to the parametric excitation (ps = 100 N and 4 = 0.5).

The corresponding vibration responses obtained from the time-
domain /frequency-domain ROM are illustrated in Fig. 5.2, where the RB is taken
with or without enrichment. Similar responses obtained from FOM are also
presented in the same figure (Fig. 5.2). Also, the HBM is implemented with the
first seven harmonic terms (H=7. Eq. (5.13)) to achieve sufficient numerical
accuracy in the frequency responses. Further, for ROMs, the unenriched RB is
considered to be comprised of the first three VMs obtained through ICES approach
(Rouleau et al., 2017). However, the enrichment of these VMs is carried out by the
corresponding SDs according to the procedure described in Section 5.4.1 and
Section 4.4, where the first twenty POMs are considered in the enriched RB
through a convergence study for achieving sufficient numerical accuracy in the
results. It may be observed from Fig. 5.2 that the ROMs with the unenriched RB
provide inaccurate results as compared to the similar results obtained from FOM.
This shortcoming of inaccurate results from the ROMs is mitigated by the

enriched RB.
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Fig. 5.2. Comparison of frequency responses obtained from the time-
domain/frequency-domain FOM and ROM considering unenriched RB or
enriched RB.

However, although this comparison study (Fig. 5.2) shows sufficient
accuracy of the time-domain/frequency-domain ROM due to the enriched RB,
further verification study is also performed to find the appropriateness of this
enrichment of RB using VMs, SDs and POD approach (Section 5.4.1 and section
4.4), especially in the estimation of very complex nonlinear dynamic responses. It
is carried out, first, by evaluating the complex nonlinear frequency response of

the three-layered beam at its post-buckled state where the parametric excitation
is considered as p; = 155 N and A = 0.13. This frequency response obtained from

the ROM in the frequency domain is illustrated in Fig. 5.3. A similar result
obtained from FOM is also illustrated in the same figure (Fig. 5.3). Here, for the
ROM, the first four VMs are considered with reference to the stable buckled
equilibrium states, and these VMs are enriched according to the aforesaid
procedure (Section 5.4.1 and Section 4.4), where the first 40 POMs are taken in
RB through the convergence study for achieving sufficient numerical accuracy in
the frequency response (Fig. 5.3). With this modelling approach, the results (Fig.
5.3) show good accuracy of the present ROM with reference to the FOM for
evaluation of the complex nonlinear frequency response of the parametrically
excited three-layered beam in its post-buckled state. So, the aforesaid enrichment
of RB using VMs, SDs and POD approach (Section 5.4.1 and Section 4.4) may be
utilized for the estimation of complex nonlinear dynamics of the viscoelastic

beams.
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Fig. 5.3. Accuracy of the frequency-domain ROM with reference to the full-
order FE model (FOM) in the evaluation of a complex nonlinear frequency
response of the thee-layered beam under the parametric excitation in the
post-buckled state.

However, this complex frequency response (Fig. 5.3) appears with various
dynamic instabilities associated with the complex motion of the three-layered
viscoelastic beam. Here, the critical motion of the beam appears with four types
of local periodic attractors (B/B', C/C', D/D', E/E') about the buckled equilibria
(A/A') and one global periodic attractor (M) with reference to the undeformed state
(O). The global periodic attractor involves limit cycle oscillation of the beam about
its undeformed state resulting in snap-through motion. The local periodic
attractors also involve limit cycle oscillation of the beam about its buckled
equilibria, and these local periodic attractors are associated with local principal
primary (B/B'), fundamental (C/C') and higher-order parametric resonances

(D/D', E/E) at 22, Q, /2, and (2,/3, respectively, where (2, is the

fundamental natural frequency with reference to the buckled equilibria. However,
for a clear understanding of various dynamic instabilities appearing in the
complex frequency response, one needs to proceed with the corresponding global
bifurcation diagram. Now, the construction of this bifurcation diagram using FOM
usually involves a high computational time, since this diagram is commonly
constructed by the computation of nonlinear transient responses at different
frequencies where the frequency is incremented in a small step within a frequency
range of interest. In this aspect, the time-domain ROM may be utilized to reduce

the computational time. However, it is possible if the time-domain ROM appears
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with sufficient accuracy in estimating all kinds of dynamic instabilities within the

frequency range of interest.

1
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Fig. 5.4. Accuracy of the time-domain ROM with reference to the full-order FE
model (FOM) in the evaluation of global bifurcation diagram of the
parametrically excited three-layered beam in its post-buckled state.

In this concern, the fruitfulness of the present time-domain ROM with the
aforesaid enriched RB is verified by utilizing it to evaluate the global bifurcation
diagram within a frequency range (20 rad/s to 220 rad/s) corresponding to the
complex frequency response in Fig. 5.3. Figure 5.4 illustrates this bifurcation
diagram, where a similar response obtained from FOM is also plotted. It may be
observed from Fig. 5.4 that the present ROM in the time-domain has good
accuracy with reference to the time-domain FOM in evaluating the global
bifurcation diagram. However, to make this comparison precisely, the different
types of bifurcations obtained from the time-domain ROM are also compared with
those obtained from the time-domain FOM, as described in the following two

paragraphs.
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Fig. 5.5. Verification of the present time-domain ROM in the evaluation of
different kinds of transient responses with reference to FOM, ((a)-(b) transient
responses; (c) phase portraits of chaotic response showing intermittent
transition bifurcation; (d) phase portraits for dual period-2 responses;
frequency spectrums showing the period-demultiplying bifurcation of global
periodic attractors (e) period-8 response, (f) period-4 response, (g) period-2
response; phase portraits showing the period-demultiplying bifurcation of
local periodic attractors (h) period-8 , (i) period-4 and (j) period-2 responses).

It can be observed from Fig. 5.4 that period-1 response associated with the
local periodic attractors (D/D', E/E') appears at low-frequency range and leads to
chaotic motion (FG, F'G', Fig. 5.4) at point F/F' through the intermittent transition
bifurcation (T). This type of bifurcation is predicted by ROM at 2 = 64.026 rad/s
while similar bifurcation is predicted by FOM at 2 = 64.03 rad/s. The
corresponding transient plots (Fig. 5.5(a)-(b)) and a phase plot (Fig. 5.5(c)) also
show the accuracy of ROM with reference to FOM. It may also be observed from
Fig. 5.4 that the displacement amplitude and frequency range of the chaos
obtained from the ROM are very close to that obtained from the FOM. However,
in the chaotic region, the transient path obtained from ROM is not exactly aligned

with that obtained from FOM (Fig. 5.4). It appears due to the nature of chaos,

156
TH-2877_166103022



where the nonlinear transient response patch is highly sensitive to a very small
numerical error (Shinbrot et. al., 1992). This kind of error commonly depends on
various factors like computer precession/truncation, selection of RBVs,
numerical time-integration method, etc., which differs from one to another
method of solution. So, the transient response in the chaotic region obtained from
ROM is not exactly aligned with that from FOM. However, with further increase
in the excitation frequency, the chaotic motion reduces to a global dual period-2
motion (d, d', Fig. 5.5(d)) through period demultiplying bifurcation (P) around
point G/G' (Fig. 5.4). This phenomenon can be seen from frequency spectrums of
period-8, period-4 and period-2 responses (Figs. 5.5(e)-(g)) that are depicted
through both the time-domain ROM and FOM. However, these responses appear
at 2 =923 rad/s, £ = 92.5 rad/s, £2=93.1 rad/s for ROM while similar
responses through FOM arise at 2 =92.7 rad/s, £2 =93 rad/s, £ =93.5rad/s.
With the further increase in frequency, the global dual period-2 attractors (d, d',
Fig. 5.5(d)) lead to a single global period-2 attractor through inverse symmetry
breaking bifurcation (B). However, it arises at 2 = 98.5 rad/s for both the ROM
and FOM (Point H, Fig. 5.4).

Besides the snap-through motion due to global period-2 attractor, local
period-1 attractors about buckled equilibria evolve at the point I/I' through period
demultiplying bifurcation (P) from the local period-2 attractor. It appears at 2 =
122.5 rad/s for ROM and (2 = 122.7 rad/s for FOM. With further increase in the
excitation frequency, chaotic motion (JK, J'K', Fig. 5.4) appears at point J/J' due
to the appearance of cyclic-fold bifurcation (Fig. 5.3). The corresponding excitation
frequency (2 = 163.5 rad/s) obtained from ROM is very close to that ({2 = 163.7
rad/s) for FOM. However, this chaotic motion reduces to local period-2 attractors
about buckled equilibria through period-demultiplying bifurcation around point
K/K' (Fig. 5.4). This phenomenon can also be seen from the phase portraits of
local period-8, period-4 and period-2 responses (Figs. 5.5(h)-(j)) that are evaluated
using both the ROM and FOM. These responses appear at 2 = 176.5 rad/s, 2
= 177.5rad/s, €2 = 179.5 rad/s for ROM while similar responses arise for FOM
at Q =177rad/s, 2 =177.8rad/s, 2 =179.5rad/s. However, this comparison
study (Figs. 5.4 and 5.5) shows good accuracy of the present time-
domain/frequency-domain ROM with reference to the time-domain/frequency-
domain FOM in the estimation of different kinds of bifurcations and the associated
motion of the three-layered beam. Therefore, the subsequent study on the CLD

treatment of complex dynamics of the layered beams under the parametric
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excitation is carried out using the present ROMs in the time and frequency
domains.

With this accuracy of the present ROMs, their main advantage in reducing
the computational time is demonstrated in Table 5.1. Presently, the codes for FOM
and ROM are written in MATLAB and executed in a CPU with the Octa-Core
processor Intel(R) Core(TM) i7-6700 CPU @ 3.4 GHz and RAM of 16 GB. However,

in the first row of Table 5.1, the computational time, denoted by t;, is tabulated

for the evaluation of the frequency response (Fig. 5.3) using either FOM or ROM.
It may be observed that the computational time significantly reduces for the use
of the presently derived ROM instead of FOM. However, in the second row of Table

5.1, the computational time, denoted by t,, is furnished for the evaluation of

g
nonlinear transient responses from ROM and FOM over 200 cycles of harmonic
excitation at a frequency of 110 rad/s. This result also shows the advantage of
the reduced computational time for using ROM instead of FOM. It leads to a
significant reduction of computational time in the construction of global

bifurcation diagrams.

Table 5.1
Computational time in the evaluation of complex frequency response (Fig. 5.3)

or transient response (at (2=110 rad/s, Fig. 5.4) of the three-layered sandwich
beam using the present ROMs and FOMs.

Computational FOM ROM
time
te (hrs) 148.7 6
ty (hrs) 11.2 0.625

5.5.2. Passive control of nonlinear dynamics of post-buckled beams

In this section, the effectiveness of the CLD treatment in passive control of
complex nonlinear dynamics of the parametrically excited post-buckled layered
beams (Fig. 5.1) is investigated using the time/frequency domain ROM. The post-

buckled equilibrium state of the layered beams arises once they undergo static
instability/buckling due to the static counterpart (p3J) of the parametric

excitation. So, initially, the static instability of the layered beams is analyzed,

where the static equilibrium states of a layered beam are evaluated for different

values of the static axial load ( pg). It is demonstrated in Fig. 5.6 by the variation

of transverse deflection of a layered beam with the static axial load ( p3), where

the total thickness (h, ) of viscoelastic layers in a layered beam is taken as either
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0.5 mm or 1.5 mm. It may be observed from Fig. 5.6 that the static instability of

the layered beams appears through the pitchfork bifurcation at a certain value of
the static axial compressive load ( pJ), which is commonly called as the critical
buckling load ( p. ). Through this bifurcation, the initial zero equilibrium state of

a layered beam bifurcates to one of the two symmetric buckled equilibrium states
(Fig. 5.6). However, from the results in Fig. 5.6, the critical buckling loads for
different layered beams are tabulated in Table 5.2. From this result, it is clear
that the critical buckling load for the PCLD treated beam (Fig. 5.1(a)) is more than
that for the three-layered (Fig. 5.1(b)) or five-layered (Fig. 5.1(c)) beam. Further,

the critical buckling load decreases with an increase in the total thickness (h, ) of

viscoelastic layers in a layered beam.

1.2
1
0.5
-="I—
S 0
0.5
-1
_12 N M M M M
0 50 100 150 200 250 300 330
p: (N)
—C#1(h =0.5mm) C#2(h =0.5mm) — C#3(h =0.5mm)

C#1(h =1.5mm) — C#2 (h = 1.5mm) C#3 (h =1.5mm)

Fig. 5.6. Variation of the transverse deflection of the layered beams with the
static counterpart of the parametric load, C#1: PCLD treated beam (Fig. 5.1(a)),
C#2: Three-layered beam (Fig. 5.1(b)), C#3; Five-layered beam (Fig. 5.1(c))).

Table 5.2
Critical buckling load ( p,, ) for the layered beams.
P (in N)

Layered beam h=05mm h =1.5mm
PCLD treated beam 266.65 265.75
Three-layered beam 130.41 114.96
Five-layered beam 120.32 93.16

Now, to study the dynamics in the post-buckled state of the layered beams

under the parametric excitation, first, a value of the static counterpart ( pJ) of the

159
TH-2877_166103022



excitation is taken as 320 N that is greater than the critical buckling load ( p, ,
Table 5.2) for all the layered beams. With this value of the static load parameter (
pJ), the dynamic load parameter (1) is taken with a value of 0.1. The

corresponding frequency response and global bifurcation diagram are illustrated
in Figs. 5.7(a) and 5.7(b), respectively, for the PCLD treated beam with the
thickness of the constrained viscoelastic layer as 0.5 mm. Similar responses of
the PCLD treated beam are also presented in Figs. 5.7(c)-(d) for the thickness of
the constrained viscoelastic layer as 1.5 mm. It may be observed from the
frequency responses (Figs. 5.7(a) and 5.7(c)) that, at the low-frequency region, the
fundamental (C/C') and principal primary parametric (B, B') resonances appear
corresponding to the buckled equilibrium states. Additionally, the higher-order
parametric resonances (D/D', E/E') are also observed. However, the increase in

the thickness of the viscoelastic layer (from h,= 0.5 mm to h,=1.5 mm) does not

cause a significant change in the dynamics of the PCLD treated beam except a
little reduction in the frequency range of the snap-through motion or the global
period-2 attractor (M). It may be due to the fact that there is no significant
augmentation of damping in the PCLD treated beam with the increased thickness
of the constrained viscoelastic layer.

However, the bifurcation diagram (Fig. 5.7(b), for h, = 0.5 mm) mainly shows
two critical zones (FG/F'G' and JK/J'K'), where the chaotic motion of the PCLD
treated beam appears. For the first critical zone (FG/F'G'), the chaotic motion
appears through the intermittent transition bifurcation (at (2=48 rad/s) of local
period-1 attractor. It may be due to the appearance of cyclic fold bifurcation in
the frequency response associated with the higher-order parametric resonance
(D/D', Fig. 5.7(a)). However, this chaotic motion appears with dual chaotic
attractors at ©2=130 rad/s (Fig. 5.7(b)), which reduces to dual global period-2
attractors through period demultiplying bifurcation at G/G' (£2=131 rad/s, Fig.
5.7(b)). These dual global period-2 attractors undergo inverse symmetry breaking
bifurcation at H/H' (£2=140 rad/s, Fig. 5.7(b)), resulting in a single global period-
2 attractor. However, with the increase in the frequency of excitation, the local
period-1 attractors appear at I/I' (2=191 rad/s, Fig. 5.7(b)) through period
demultiplying bifurcation. These local period-1 attractors lead to the second
critical zone (JK/J'K', Fig. 5.7(b)) at J/J' (£2= 218 rad/s, Fig. 5.7(b)), where the
chaotic oscillation of the PCLD treated beam arises. This chaotic motion reduces
to local period-2 attractors through the period demultiplying bifurcation at K/K' (
=240 rad/s, Fig. 5.7(b)). However, similar dynamics of the PCLD treated beam
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also appears for the higher thickness (h, =1.5 mm) of the viscoelastic layer, as

shown in Fig. 5.7(d).
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Fig. 5.7. (a), (b) Nonlinear frequency responses and (b), (d) global bifurcation

diagrams of the PCLD treated beam under the parametric excitation ( pj = 320
N, 4= 0.1) in the post-buckled state ((a), (b) for h,= 0.5 mm and (c), (d) for h,
= 1.5 mm).

For the same parametric excitation ( p;= 320 N, A= 0.1), the dynamics at

the post-buckled state of the three-layered beam (Fig. 5.1(b)) is illustrated in Fig.
5.8 for two different values of thickness (h,= 0.5 mm or h,=1.5 mm) of the

constrained viscoelastic layer. It may be observed from Fig. 5.8 that the dynamics
of the three-layered beam mainly appears with the local periodic attractors (B/B',
C/C') corresponding to the buckled equilibrium states. The global period-2
attractor (M, Figs. 5.8(a) and 5.8(b)) also appears in a very small frequency range,
resulting in the snap-through periodic oscillation of the three-layered beam. But,

for an increase in the thickness (h, =1.5 mm) of the constrained viscoelastic layer,
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this global period-2 attractor disappears (Figs. 5.8(c) and 5.8(d)), and the three-
layered beam oscillates with local periodic attractors. So, the three-layered beam
mainly oscillates about one of the post-buckled equilibrium states, where the peak
amplitude of periodic oscillation is significantly lesser than that for the snap-
through oscillation (periodic/chaotic motion, Fig. 5.7) of the PCLD treated beam.
This reduction of the snap-through oscillation occurs mainly due to the improved
damping in the CLD treatment when the PCLD configuration (Fig. 5.1(a)) is altered
to the three-layered configuration (Fig. 5.1(b)). Also, the effectiveness of the CLD
treatment in the three-layered beam configuration (Fig. 5.1(b)) increases with the
increasing thickness of the constrained viscoelastic layer. It may also be noted
here that multiple local period-1 attractors (1/1', 2/2', 3/3', 4/4', Figs. 5.8(b) and
5.8(d)) appear simultaneously in a small frequency range near the fundamental
resonance (C/C') (Fig. 5.8), where the three-layered beam oscillates with any one

of the local period-1 attractors depending on the initial condition.
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Fig. 5.8. (a), (b) Nonlinear frequency responses and (b), (d) global bifurcation
diagrams of the three-layered beam under the parametric excitation ( pg =320

N, A= 0.1) in the post-buckled state ((a), (b) for h,= 0.5 mm and (c), (d) for h,
= 1.5 mm).
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Next, without alteration of the parametric excitation (pg= 320 N, A= 0.1),

the dynamics at the post-buckled state of the five-layered beam (Fig. 5.1(c)) is
illustrated in Fig. 5.9 for two different values of the total thickness (h, = 0.5 mm

and 1.5 mm) of constrained viscoelastic layers. Here, the dynamics of the five-
layered beam appears with the local period-1 attractors corresponding to the
buckled equilibrium states (Fig. 5.9), where the peak amplitude of periodic
oscillation is significantly lesser than that for the snap-through oscillation
(periodic/chaotic motions, Fig. 5.7) of the PCLD treated beam. Further, it is
observed that the peak amplitude of local periodic oscillation of the five-layered
beam is less than that for the three-layered beam.

1.5

0 200 400 600 800

Q! (rad/s)
Fig. 5.9. Frequency responses of the five-layered beam under the parametric
excitation ( pJ= 320 N, 1=0.1) in the post-buckled state ((a), (b) for h,= 0.5 mm
and (c), (d) for h,= 1.5 mm).

The aforesaid dynamic characteristics (Figs. 5.7, 5.8 and 5.9) of the three
different layered beams (Fig. 5.1) are evaluated under the same parametric

excitation. Moreover, for a specified value of the total thickness (h, ) of constrained

viscoelastic layers, the volumes of viscoelastic and substrate materials are not
altered from one to another layered beam, as mentioned in Section 5.2. However,
the layered arrangement is varied over the three beams for achieving the CLD
treatment in three different configurations, while the investigation of the
corresponding damping effectiveness in attenuation of complex dynamics is the
main concern. In this issue, the aforesaid results imply that the CLD treatment
in the five-layered configuration provides maximum damping to reduce the
complex dynamics under the parametric excitation. Also, the effectiveness of the

CLD treatment in attenuation of complex dynamics can be augmented by
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increasing the thickness of the constrained viscoelastic layers in the three-layered
or five-layered configuration. Here, the PCLD configuration is not much effective
to attenuate the complex dynamics under the parametric excitation, although this
configuration is more stable under the static counterpart of the excitation as

compared to the other layered configurations (Table 5.2).

pPS =250 N, A=0.1

200 400 600 800
) (rad/s)
Fig. 5.10. Nonlinear frequency responses of the PCLD treated beam under the
parametric excitation ( p =250 N, 1= 0.1) for two different values of thickness

(h, ) of the constrained viscoelastic layer.

With this advantage of better static stability of the PCLD treated beam, it
may be preferred for handling the parametric excitation in the pre-buckled
equilibrium state. This equilibrium state may facilitate improved damping

effectiveness of the PCLD treatment for stabilizing the beam. For an investigation
in this issue, the static load parameter (p;) is considered with a value of 250 N,

where the PCLD treated beam lies in the pre-buckled state while the three-layered
and five-layered beams undergo static instability (Fig. 5.6, Table 5.2). Now, the
dynamic load parameter (1) of the parametric excitation is considered with a
value of 0.1. The corresponding frequency response of the PCLD treated beam
associated with the principal primary parametric resonance is illustrated in Fig.

5.10 for two different values of thickness (h,= 0.5 mm and 1.5 mm) of the

constrained viscoelastic layer. It may be observed from Fig. 5.10 that the PCLD
treated beam oscillates about its initial equilibrium position. But the peak
vibration amplitude appears with a high value, although it decreases somewhat

for the increase in the thickness of the constrained viscoelastic layer.
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Fig. 5.11. (a), (c) Nonlinear frequency response and (b), (d) global bifurcation
diagram of the three-layered beam under the parametric excitation ( pg = 250

N, A= 0.1) for two different values of thickness (h,) of the constrained
viscoelastic layer.

In parallel, for the same loading ( py = 250 N, 1= 0.1), the frequency response

and global bifurcation diagram for the three-layered beam are illustrated in Fig.

5.11 considering two different values of thickness (h,= 0.5 mm and 1.5 mm) of

the constrained viscoelastic layer. Here, the three-layered beam undergoes
buckling instability, and its dynamics mainly appears with the local periodic
attractors corresponding to the buckled equilibrium states similar to the previous
result (Fig. 5.8). The corresponding peak amplitude of periodic oscillation (Fig.
S.11(a)) appears with a low value in comparison to that for the periodic oscillation

(Fig. 5.10) of the PCLD treated beam. However, in a small frequency region (140

165
TH-2877_166103022



rad/s to 180 rad/s), the global period-2 attractor (M, Figs. 5.11(a) and 5.11(b))

appears, which causes snap-through motion of the three-layered beam. Within
the same frequency range, a small critical zone (2 = 140 rad/s to 141 rad/s) is
observed, where the chaotic oscillation appears. This chaotic attractor reduces to
local period-2 attractors at =141 rad/s, and these local period-2 attractors
further reduce to local period-1 attractor at =147 rad/s. However, in parallel
to the local period-1 response, a small chaotic region appears between =155

rad/s and 2=158rad/s. Now, for an increase in the thickness (from h, =0.5 mm
to h,=1.5 mm) of the constrained viscoelastic layer, the critical zone disappears

(Figs. 5.11(c) and 5.11(d)) but the global period-2 attractor still remains.

1.5
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Fig. 5.12. Nonlinear frequency response of the five-layered beam under the
parametric excitation (p2= 250 N, 1= 0.1) for two different values of total

thickness (h, ) of the constrained viscoelastic layers.

Under the same excitation ( ps =250 N, 1=0.1), the frequency response of

the five-layered beam is shown in Fig. 5.12. Here, the dynamics of the five-layered
beam appears similar to that in Fig. 5.9; however, the difference arises in the
amplitude of periodic oscillation and the static equilibrium position of the post-

buckled layered beam. From the results in Figs. 5.10, 5.11 and 5.12, it is clear
that the PCLD treated beam is more stable under the static counterpart ( pJ) of

the parametric excitation as compared to the three- or five-layered beam. But, the
peak amplitude of periodic oscillation of the PCLD treated beam due to the
dynamic counterpart (1) of the same excitation is significantly more than that for
the other layered beams. It appears due to the greater damping effectiveness of
the CLD treatment for the three- or five-layered configuration. However, this
observation implies that the change in the layered configuration of the CLD
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treatment towards its greater damping effectiveness may yield the disadvantage
of the static instability of the associated beam structure. Now, if the buckled
deflection of a CLD treated beam due to the static instability can be
accommodated in an application, then this damping treatment may be preferred
with the three-layered/five-layered beam configuration for effective vibration

attenuation under the parametric excitation.

5.6. Summary

In this chapter, the CLD treatment is taken in three different layered beam
configurations. The first one is the PCLD configuration, where a thin elastic layer
constrains a viscoelastic damping layer against the top surface of the host beam.
The second one is a three-layered sandwich beam with the viscoelastic core, and
the third one is a multi-layered beam with two identical constrained viscoelastic
layers. All the layered beams are considered to have fixed ends while an axial
compressive harmonic load is applied through the support ends. The volumes of
viscoelastic layers and substrate/elastic layers do not vary from one to another
layered beam. Also, the applied load is kept constant for all the layered beams,
and the damping effectiveness of each of the CLD configurations is studied in
attenuation of the complex dynamics of the layered beams, mainly in their post-
buckled equilibrium state.

This dynamic analysis of the CLD treated beams is performed by deriving
reduced-order FE models (ROMs) in the time and frequency domains, where the
constrained viscoelastic layer is modelled using the fractional Zener constitutive
relation. These ROMs are derived following the similar formulation in Chapter 4,
where the only change appears due to the consideration of the parametric
excitation instead of the direct excitation. However, for the corresponding RBVs,
the ICES approach is utilized to obtain the vibration modes (VMs) about the pre-
or post-buckled equilibrium state of the layered beams. These VMs are
subsequently enriched using static derivatives (SDs) and proper orthogonal
decomposition (POD) method, as the corresponding procedure is detailed in
Sections 4.5 and 5.5. The results reveal that these RBVs provide good accuracy
of the ROMs for the estimation of very complex motion as well as various dynamic
bifurcations of the viscoelastic layered beams, where the reference results are
taken from the full-order FE model. Therefore, the present RBVs are robust ones
and may be utilized for the nonlinear dynamic analysis of any other viscoelastic
structure. However, further study on the passive damping capability of the CLD
treatment in attenuation of complex dynamics of the parametrically excited

layered beams reveals the following observations.
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1. In the post-buckled state, the viscoelastic layered beams undergo very complex
motion involving various dynamic instabilities and chaotic oscillation. Besides,
the beams also undergo the large-amplitude vibration through the snap-
through periodic oscillation with respect to the zero equilibrium state. The CLD
treatment is capable of attenuating this complex dynamics as well as large-
amplitude vibration through three-layered or five-layered configuration, where
the effectiveness of the CLD treatment increases with the increasing thickness
of the constrained viscoelastic damping layer. However, the PCLD configuration
is not a suitable one for controlling this complex dynamics as its damping
effectiveness does not improve effectively with the increase in the thickness of
the constrained viscoelastic layer.

2. It is observed that a CLD treated beam is vulnerable to undergo static
instability under the parametric excitation as its PCLD configuration is
changed to the three-layered or five-layered configuration. In this view, the
PCLD configuration may be preferred for the operation of a CLD treated beam
under the parametric excitation. However, for a set of values of the static and
dynamic load parameters in the parametric excitation, it is found that the
amplitude of vibration of the PCLD treated beam for its dynamic instability in
the pre-buckled state is significantly more than that of the buckled three/five-
layered beam. So, the three-layered or five-layered configuration may be chosen
for better control of dynamics of a CLD treated beam if the possible buckled

deflection of the beam can be accommodated in an application.
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Chapter
6

Nonlinear dynamics of functionally graded pipes
conveying hot fluid

6.1. Introduction

In the preceding chapters, the nonlinear dynamics of parametrically excited
slender beams is studied with the main concern of controlling their complex
dynamics using viscoelastic materials and piezoelectric actuators. It is observed
that these active/passive materials work well in attenuation of the complex
motion and dynamic instabilities of slender beams. However, this complex
dynamics mainly arises once the beam undergoes buckling or static instability.
Therefore, it seems that the control of static instability or the operation of the
slender beams in the pre-buckled state is a major concern for avoiding complex
dynamics. However, the aforesaid active/passive materials commonly work after
the onset of motion of the associated structure. So, one needs to look for some
alternative way to control the static instability of a slender beam under parametric
excitation. In this concern, there may be two ways. The first one is to choose a
suitable geometrical configuration of a slender structure, while the other one is to
select an appropriate material. For both the cases, the objective is to achieve
maximum possible flexural rigidity of a slender structure to avoid its static
instability under the parametric excitation.

However, in some applications of parametrically excited slender structures,
they appear with a thin-walled cross-section according to their functionality. So,
these slender structures are highly flexible ones, and there may not be much
scope to change their geometrical configuration or dimensions towards an
improved flexural rigidity. In this case, the only option is to choose a suitable
material. Further, these flexible slender structures may also operate in the
thermal environment, where the static instability commonly occurs at a low value
of the static load parameter of the parametric excitation due to the additional
thermally-induced compressive stress. So, the material would have temperature
resistant property in addition to the sufficient toughness. This circumstance
arises in the design of many slender structures like helicopter rotor blades, rotor
blades in turbomachinery, industrial robotic arms, pipes conveying hot fluid, etc.
However, the present study is performed considering slender pipes conveying hot

fluid, as this kind of slender structure are commonly used elements in many
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engineering systems, namely steam generators, heat exchangers, liquid propellant
rocket engines, etc.

Now, for a slender pipe conveying hot fluid, it is subjected to the thermally-
induced compressive stress as well as the similar stress due to the velocity of the
internal fluid. Here, the effect of the temperature is indicatively more than that of
the flow-velocity in causing the divergence (buckling) of the pipe. So, the pipe may
undergo buckling at a very low velocity of the internal hot fluid (Qian et al., 2009),
and also it (pipe) may exhibit complex nonlinear dynamics associated with its
divergence even at a very low pulsatile velocity of the internal fluid. So, the
temperature is the major concern rather than the velocity of the internal fluid in
the design of these pipe systems conveying hot fluid.

In practical applications of fluid conveying pipes, they are laid either of the
horizontal, vertical and inclined orientations (Alfosail et al., 2017a; Dawson and
Paslay, 1984; Lee and Kim, 1999; Lips and Meyer, 2011; Vigneaux et al., 1988;
Wang and Bloom, 2001). Here, the static/dynamic behavior of an inclined pipe is
somewhat different from that of the vertical pipe mainly because of an initial
deflection of the inclined pipe under the gravitational load. It is addressed in a few
studies (Gan et al., 2015; Wang and Bloom, 2001, 1999), where the dynamics of
inclined cantilever pipes has been analyzed for the steady or pulsatile fluid flow.
Although these available studies reveal an indicative effect of the inclination of a
pipe on its dynamics, the importance of this geometric parameter (inclination)
mainly depends on the rigidity of the pipe. An inclined pipe with high rigidity
undergoes a negligibly small initial deflection due to the gravitational load, and
thus the corresponding effect on the dynamics of the pipe would not appear in a
notable manner. However, due to the temperature of the fluid, the inclination of
a pipe may yield a notable thermally induced deflection originated from a very
small deflection under the gravitational load. This high initial deflection would
pose certain effects on the dynamic characteristics of an inclined pipe operating
in the thermal environment although a study in this regard is not yet reported in
the literature to the best knowledge of this researcher.

However, in order to alleviate the aforesaid effects of temperature of the
internal fluid on the static/dynamic behavior of a pipe system, the pipe can be
made of a FGM composed of two isotropic constituent materials, namely metal
and ceramic (Koizumi, 1993). Here, the hot surface of the pipe is made of ceramic
constituent and the material properties vary gradually from ceramic to metal
across the wall-thickness of the pipe. This FGM pipe can withstand against a high
temperature of the internal fluid due to the ceramic constituent while its

toughness is retained by the metal constituent. So, the stability of the pipe
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conveying hot fluid would improve and also it (pipe) can sustain the flow induced
vibration. Additionally, the initial thermally induced deflection of the pipe due to
its inclination is expected to reduce. However, a few studies on the FGM pipe are
available in the literature, as a corresponding literature survey is furnished in
Section 1.3.3. In these available studies, the thermo-mechanical stability of FGM
pipes is reported, where it is observed that the static stability of a pipe significantly
improves for the use of FGM instead of a conventional isotropic material. Also,
nonlinear dynamics of FG pipe conveying hot fluid under the forced excitation is
investigated, and it is observed that the graded exponent regulates the backbone
curve/frequency response. However, further study on the dynamics of FG pipes
conveying steady or pulsatile hot fluid is not available in the open literature. Also,
the effect of the initial thermally-induced deflection of an inclined pipe on its
dynamics is not yet reported in the literature to the best knowledge of this
researcher. It is attempted in this chapter considering a pinned-pinned
vertical/inclined FG pipe conveying hot fluid with steady or pulsatile flow velocity.
Specifically, there are two main objectives of this study. The first one is to
investigate the characteristics of divergence (buckling) of the vertical/inclined FG
pipe on the basis of variations of some system parameters like inclination angle,
temperature of fluid and graded material properties of FGM. The second objective
is decided as a thorough investigation on the nonlinear dynamics of the
vertical/inclined FG pipe in association with its divergence on the basis of the
variations of the aforesaid system parameters and the material damping of FGM.
The overall study is presented in the following manner.

First, the geometrically nonlinear governing equation of motion of a
pinned-pinned vertical/inclined FG pipe conveying pulsatile hot fluid is derived
in Section 6.2. Next, in Section 6.3, the governing equation of motion is first
expressed in the form of the nonlinear temporal differential equation using the
Galerkin method. Subsequently, the nonlinear temporal differential equation is
expressed in the frequency domain by implementing the harmonic balance
method (HBM). In Section 6.4, the procedure of local stability analysis of periodic
solutions is presented. In Section 6.5, first, the numerical results are presented
to explore the dynamic characteristics of vertical FG pipe conveying hot fluid with
steady or pulsatile flow-velocity. The subsequent numerical illustrations show the
effect of inclination of the FG pipe on its dynamics. Finally, the observations from

this study are summarized.
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6.2. System model and governing equation of motion

Figure 6.1 shows the schematic diagram of an inclined FG pipe conveying hot
fluid with pulsatile flow-velocity. The inner and outer cylindrical surfaces of the
pipe are considered to be made of ceramic and metal constituents, respectively,
and the material properties smoothly vary from inner ceramic rich surface to outer
metal rich surface. The ends of the FG pipe are considered as pinned ends, and
the hot fluid is assumed to flow with uniform temperature across the ends of the
FG pipe. So, the inner ceramic rich surface of the FG pipe is exposed to a high

temperature (T;) while the temperature of the outer metal rich surface of the same

pipe is assumed as room temperature (T, =300 K).

Fig. 6.1. Schematic diagram of an inclined
pinned-pinned FG pipe conveying hot fluid.

For the analysis, the reference Cartesian coordinate system (xyz) is attached
to the inclined FG pipe such that the origin of the reference coordinate system lies
at the center of the circular cross-section at one end of the pipe. The X-axis is
lying along the longitudinal direction of the pipe while the Z-axis implies the
planer motion of the FG pipe in the XZ-plane (Fig. 6.1). The inclination of
longitudinal ( X) axis of the FG pipe with the vertical axis is denoted by the angle
z (Fig. 6.1), and the other geometrical properties like inner radius, outer radius,
wall-thickness and length of the FG pipe are symbolized by &r,r,,h and L,
respectively. Since a slender FG pipe is considered in the present analysis, it is
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modeled according to the Euler-Bernoulli beam theory. Moreover, the
deformations of the pipe are considered to be restricted to long wavelengths as
compared to its radius so that the internal fluid flow is modeled according to the
plug flow model.

The uniaxial thermo-elastic constitutive relation of FGM can be written in

conjunction with the Kelvin-Voigt model (Findley and Davis, 2013) as,

axz(E+ E*gj(gx—aTAT), AT =T(r)-T, (6.1)
where, o, and ¢, are the longitudinal stress and strain, respectively, at any point
in the FG pipe ; T(r) is the temperature at a radial point (I' ) within the thickness
of the pipe, and T, is the reference temperature that is considered as the room
temperature (T, =300 K). The material properties of the FG pipe like Young’s
modulus (E), viscoelastic dissipation parameter (E"), density (p), thermal

conductivity (k) and coefficient of thermal expansion (o) are the graded

properties according to a power law as (Reddy and Chin, 1998),

P(r) =Py +(R —Pm)[%—(r_hr’“ D (6.2

where, 1, is the mean radius; P, and R, are the properties of ceramic and metal

constituents, respectively, and n is the power law exponent or graded exponent.
The temperature (T(r)) at any radial location (I ) within the thickness of the FG

pipe can be obtained by solving the one-dimensional steady-state heat conduction

equation as,

1d( ()dT(r)j with T=T, at r=r, and T=T, at r=r, (6.3)
rd
The solution of Eq. (6.3) can be obtained as (Kadam and Panda, 2014),

To _Ti r
T(r):Ti+T£ k(r) , Dy = jrk(r) (6.4)

According to the Euler-Bernoulli beam theory, the displacements at any point in

the FG pipe can be written as,

_ o (x.1)
u(x,z,t) =ug(x,t) Z—ax

, W(X,z,t) =wy(X,t) (6.5)
where, U, and w, are the displacements at any point on the middle plane (Xy -

plane at Z=0) of the FG pipe along the X and Z directions, respectively.
According to this displacement field (Eq. (6.5)), the von Karman nonlinear strain-

displacement relation can be written as,
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2 2
gxz%+l % _26 Wo (6.6)
x 2\ ox x>

The corresponding total potential energy (T,) of the inclined FG pipe conveying

fluid can be written at any instant of time (t) as,

1Lr 2z
=§” | (ex0,)rdrdodx—g (m; +mp)j (X+U)cos y —wsin y)dx

or 0
T g [awoj ix.
0 OX OX

Iy 27

me =py (#17) , mp=] [ p(r)rdrd0 , T, =i B, (1—2) 6.7)
r 0

where, p; is the mass density of the fluid; g is the acceleration due to gravity;
Tin is the axial compressive force per unit length of the pipe due to the internal
pressure ( B,) of the fluid; m¢ /m, is the mass per unit length of the fluid/pipe.
In Eq. (6.7) and also in the subsequent equations, the subscripts p and f

indicate the terms related to the material of the pipe and fluid, respectively.
Substituting Egs. (6.1) and (6.6) in Eq. (6.7), the following expression for the total
potential energy (T,) of the FG pipe conveying fluid can be obtained as,

2. \2 2]
(Dp+D;§] 9o VZO +(Ap+A;gJ au°+ (8\%]
1L ot )| ox ot)| ox 2\ ox
TPZEI dx
2
0 ouy, 1 ow
(T +T )| =2+ =| =2
(T '”)[ X 2( 8xj }
L . i

—g(mg +m) [ ((x+Up)cos y —wysin y)dx
0

27y . 27Ty . 27ty
D, =] [Z°E(r)rdrd¢ , D, = [ [2°E"(r)rdrdé , A, = [ [E(r)rdrde ,
05 01 0r
271y 271y
A = J.E (ryrdrdd , T, = | fE(r)aT(r)AT rdrd@, z=rsing
0 0 (6.8)

where, v is the Poisson’s ratio for the material of the pipe; T, is the thermally

induced force per unit length of the pipe; D,/ A, is the flexural/axial stiffness

per unit length of the pipe while D; / A:, are the similar terms related to the energy

dissipation from the pipe. The total kinetic energy (T;) of the FG pipe conveying

fluid with a flow velocity V can be expressed as,
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2 2
T, ZEmeI:(V‘FauO +V 6“"] (awo +V%j ]dx+1mpfﬂau0j +(%j ]dx (6.9)
2 ot OX ot OX 2 ot ot

The governing differential equation of motion of the FG pipe conveying fluid
is derived employing the extended Hamilton’s principle as given by Eq. (2.9).
Substituting Eqgs. (6.8)-(6.9) in Eq. (2.9), two coupled governing differential
equations of motion of the overall pipe can be obtained for the arbitrary variations
of du, and ow,. Presently, the longitudinal inertia force of FG pipe is ignored for
its very small magnitude in comparison to that of the transverse inertia force, and
the two coupled governing equations of motion are reduced into one equation in
terms of the transverse displacement (w, ) following the same procedure as given

in Holmes (1977) and Thomsen (2013). The resulting governing equation of motion

of the overall FG pipe can be obtained as given in Eq. (6.10).

t, B
(6T =oT, )dt=0 (2.9)
oW, . O°W, o%w, o*w, ow,
(Mg +mp)—% +Dp ——+2mV ——2+ D, — 0+ (Mg +m,,)gcos y —> +
ot? oxtot oxot ox? OX

(Mg +mp)g sinx{m fV2+(mf 66—\t/—(mf +m,)g Cos;(j(L—x)+Tth +Ti, —

Ap i awp Y f aw 0w |
2L 5\ o OX oxot
(6.10)

The velocity of fluid for pulsatile flow can be expressed as (Jin and Song, 2005),

82W0

ox> =0

V =V; (1+ Acos(at)) (6.11)

where, V; , 1 and o are the mean flow velocity, pulsation velocity-amplitude and

pulsation frequency, respectively. For expressing the governing equation of
motion (Eq. (6.10)) in the dimensionless form, the following dimensionless
quantities (Eq. (6.12)) are introduced where the properties of the metal constituent
of the FG pipe at room temperature are considered as the reference material

properties that are indicated by the subscript m.

D 1/2 m 1/2 M +m

U:m7§:£, t_= —n L27\/: _f VL7 7:m—fg|—37

L L My, + My L Dn Dy,
v2 12

m 2 my, +m

ﬂ: f :km=£7a= ; E; -Q: m—f Lza)a

My, +M; 21 E, (M, +m;) L2 Dy,
er :Em AaT (TI _TR)Lz/Dm ’ _I__in :TinLZ/Dm (6.12)

In Eq. (6.12), A and | denote the cross-sectional area of the FG pipe and the

area moment of inertia of the same about the y-axis. Introducing the
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dimensionless quantities (Eq. (6.12)) in the governing equation of motion (Eq.
(6.10)), the following dimensionless equation of motion can be obtained where the

superscript (') or (*) denotes the differentiation with respectto & or t .
Mlﬁ +C17.7””+C2 77,4‘ K177””+[K2 — K3 + K5 (1_5)]77” + K4 77’+ PS = O ,

My =(5+@-A)Mp), C1:<5:)a>’ C2=<2\/ﬁv>, Ky=Dp,
K, =<v2+'ﬁheT +T‘m>, K3=<Ap km}(n')2d§+2ﬂ; kmajl'n'yj’d§>,
0 0

K4=<70051[ﬁ+(1—ﬂ)mp]> , Ksg =<\/EV—K4>, P,=ysiny, 5p =D, /D »

Dy =Dy /D, A=Ay /A, A=Ay /Ay My =my /m, Tn =Ty /() (6.13)

6.3. Solution method

The dimensionless governing equation of motion (Eq. (6.13)) is solved using the
Galerkin method where the basis functions (¢;) are taken as the eigen functions
of a pinned-pinned beam. Accordingly, the dimensionless transverse
displacement (7(£,1)) at any point of the FG pipe can be expressed in terms of a
number (N, ) of basis functions and the associated generalized coordinates (g;) as
follows,
N,
n(é,t_)=£¢}.(§)qi ) =04 (6.14)

where, ¢ and g are the vectors of basis functions and generalized coordinates,

respectively. Substituting Eq. (6.14) in the Eq. (6.13), the discretized governing
equation of motion of the FG pipe conveying hot fluid with pulsatile flow velocity

can be obtained as,
M, G+G(2,4,1) G+ K (2,4,F) q+2A ke (q'CG) Cq+
Aokn (4'Ca) Cq+PF =0,
Mg=M;ly , G=C A+C, B ,K =(K; A+ K, C+Ks(C - D)+K, B),

1 1 1 1
A=[pTp"dé , B=[p p/dE , C=[p p'ds, D=[EpTp"dE
0 0 0 0

1
T
F —£¢ dg (6.15)
In Eq. (6.15), ly, is the unity matrix of size N; xN, and the elements of A, B,

h

C, D and F are given in Eq. (6.16) where /; denotes the it eigen value

corresponding to the basis function ¢, .
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o 2(-1+ ()" 1 1.
0 i#] 0 i#]j < . ZMJ i # |
Iij: 1 IZJ 7Aij= ﬂ14|=_] ’ Bij: ﬂ’l _ﬂ’j ’

o A1-()"NA
Cij:{o 2 I-;Iij-’Dij = < (/?12—%'222 J 7 Fi:<1_(_l)i>/’q"’
o 05C; i j

where i, j=12,3....N (6.16)
The nonlinear time-differential equation of motion (Eq. (6.15)) of the FG pipe

is solved using the incremental HBM. A pipe conveying pulsatile fluid is usually
subjected to the parametric resonance at the frequency of 2(2,/i (Paidoussis,
2014), where €2, (n=1,2,3,...) is the natural frequency and i is a positive integer.
So, the solution () of the differential equation (Eq. (6.15)) is assumed following

the Fourier series with the finite number (H ) of harmonics as,
0 d c P OF S cin(i OF
q=q +Z<qi cos(i 2T/2) + ¢ sin(i 2 /2)> (6.17)
i=1

where, q°, qf, o are the Fourier coefficient vectors corresponding to the
constant, cosine and sine terms, respectively. For the convenience of formulation,

02/2 is represented by 0, and also the differential equation (Eq. (6.13)) is

expressed in terms of 7 by substituting 7= 0t. Accordingly, Egs. (6.17) and

(6.15) can be written in a compact form as,

g=SX,
S=Q®Ily , Q={1 Q; Q.}, Q ={cosz cos2r... cosHz},
Q, ={sinz sin2z ... sinHz}, X ={(q°)T @' (qs)T}T (6.18)

QMG+ K (2,4,7) g+ 2G(1,7) +2A ke 2 (4"CA)Caq+
Agkn (@7CQ) Cq+PF =0 (6.19)

where, ® is the Kronecker product.

In order to obtain the linearized incremental governing equation of motion,
the state variables (q ,£2, 1) are first taken in an incremental form (q= gp + 449,
Q=0 +AQ, A=)y+AL) about a reference state (G, <2, 4)) of vibration.

Subsequently, the governing differential equation of motion (Eq. (6.19)) is modified

keeping the linear incremental terms only as given in Eq. (6.20).

2 M AG+C A+ Ky Aq =R, — P, AQ—P, AL,
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Ka=Ks(y,4,7)+ Ay ki ()" C g C+2C o 0p) " C)
427 ki .3y ((60) T C4C +C o (6o)C ) |
Cs = 2G4, 1) +2A k@2 C o (dp)' C,
P, = 2\/pVv¢ cos2z B, + 2vv; cos2z Cq—2\/ﬁvf!_205in27 (C-D)qp,
Po=G(Ag,7)dg — 248V A9 Sin 22(C — D) g +2425 M g +2 A, ke @ (do) " C 6oC g »

DM o+ K (2, 29,7) G +2,G (A9, 7)o + Ay Kpy (G0) T C dpC g

R,=P,F -

S S

For expressing the linearized incremental governing equation of motion (Eq.
(6.20)) in the frequency-domain, the Galerkin procedure is utilized with the

assumed periodic solution (Eq. (6.18)), and the resulting equation is obtained as,

KiAX=R-R,4Q-R; A4,

27 2 2
Ke= | ST(2 M §+C S+KyS)dr,R= [ STR,dr, Ry= | STP,dr,
0 0 0

27
R,=[S"Pdr (6.21)
0

The solution of Eq. (6.21) within a range of frequency of pulsatile fluid flow

provides the frequency response curve of the overall FG pipe.

6.4. Local stability analysis
The local stability of a steady-state nonlinear response can be determined by
imposing a small perturbation to it (response). The substitution of this

perturbation (q=0,+4q) in Eq. (6.19) yields the following expression that is
similar to Eq. (6.20).

P M, A+ Cy AG+K Aq = R, (6.22)

where, the steady-state solution (q,) satisfies the governing equation of motion
(Eq. (6.19)) for which R, =0. Equation (6.22) is a second order linear time
differential equation (in terms of Aq) with periodic coefficients, and thus the

stability of the nonlinear response can be obtained using Floquet theory by

expressing the differential equation (Eq. (6.22)) in the state-space form as,

F=Q()F, F={dq 4", Q(r)=| 1

178
TH-2877_166103022



The stability characteristics of solution can be obtained from the eigen values of

the state transition matrix (@) satisfying F(z +T,) =¢ F(z), where T, is the time
period (27 ) of the system (Eq. (6.23)). If all the moduli of eigen values of ¢ are

less than 1 then the solution will be stable, otherwise it is unstable. Presently,

this state transition matrix (@) is computed following a procedure proposed by

Friedmann et al. (1977), where the transition matrix is evaluated using fourth
order Runge-Kutta method and Gill coefficients according to the following

expressions,
N, _
¢=> L (T, —-i4ar),
i=1

L()=1 +%[Qt )+ 2(1-%} E,(r)+ 2[1+ %J F.(r) +G, (r)j,

F(7) ={Qt (7+%ﬂ(l J{—%-k%jATQt () +(1—%j417 E; (T)J R

G (7) =[Qt (T+AT):|(| —% E; (T)-l—[l-i— %jﬂl’ F (7)] ,
E,(2) {Qt(ﬂ%ﬂ(l +%Aer(r)j (6.24)

In Eq. (6.24), N, is the number of time steps; Az(=T,/N,) is the time step of the

Runge-Kutta numerical integration.

6.5. Numerical results and discussion

In this section, the numerical results are presented to investigate the nonlinear
static and dynamic responses of the vertical/inclined FG pipe conveying hot fluid
with the steady or pulsatile flow-velocity. The geometrical properties of the pipe

are taken as, =12 mm, r,=13.5 mm, L= 2 m. The density of the fluid is

considered as 990 Kg/m3 while it (fluid) flows through the FG pipe with an
internal pressure of 4.4 MPa above the atmospheric pressure. The temperature
dependent material properties of the metal (Ti-6Al-4V) and ceramic (ZrOg)
constituents of FG material are given in Egs. (6.25) and (6.26), respectively
(Fuchiyama and Noda, 1995; Shen, 2016). The material damping of FGM is
considered through its metal constituent only, where the coefficient of viscoelastic

dissipation parameter or retardation time (r.) is considered as 0.0004 s

(Bommakanti et al., 2016) corresponding to the dissipation parameter (E" =r, E)

for the metal constituent. With these properties of the constituent materials, the
properties at any point in the FG pipe can be determined according to Eq. (6.2),

where the temperature-dependent properties of the constituents can be computed
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from Eqgs. (6.25) and (6.26) in conjunction with the solution for temperature
distribution (Eq. (6.4)) across the wall-thickness of the pipe. The Poisson’s ratio of
FGM is assumed to be constant with the value of 0.3.
E(T)=(122.14—0.055T) GPa,
o (T) =(7.2347-0.0071277 T —5.2876 x10 T2 +1.2697 x10 ?)x10° K-1,
k=78 WmK!, p=4429 Kg m-3 (6.25)
E(T) =(235.38—0.30377T +2.6734x10 T2 -8.17x108T3) GPa,

o(T) =(13.628—0.018913 T +1.2413x10°T?)x10°° K-,

k=18 W mK1, p=3000 Kg m3 (6.26)

The static/dynamic responses of the vertical/inclined FG pipe are illustrated
on the basis of the variations of the system parameters like inner surface

temperature (T;), graded exponent (N), inclination angle (y), mean flow velocity (
V; ) and pulsation amplitude (1). The static responses are evaluated by solving

Eq. (6.15) without consideration of the time-dependent terms, whereas the
dynamic responses in the frequency domain are evaluated by solving Eq. (6.21) in
conjunction with the arc-length extrapolation continuation method (Kumar et al.,
2015). The dynamic responses of the FG pipe in the time-domain are evaluated
by solving Eq. (6.15) using the adaptive Runge-Kutta method especially for the
clarification of dynamics of the vertical/inclined FG pipe through the global
bifurcation diagram where the Poincare sections are selected based on the time-

period (27/€) of the excitation frequency (£2). In all the following numerical
results, the responses (7 ) of the inclined FG pipe are presented corresponding to
its middle point (£ =0.5), and it is denoted by 7,,.

Since the present mathematical model of the inclined FG pipe is derived
based on the Galerkin discretization and incremental HBM, a convergence study
is first carried out where the nonlinear frequency responses of the FG pipe are
evaluated by a gradual increase of the number of basis functions in the Galerkin
discretization as well as the number of harmonic terms in incremental HBM. It
is observed that the results appear with the sufficient numerical accuracy for the

first seven basis functions (Eq. (6.14), N,=7) in the Galerkin discretization and
first six harmonic terms (Eq. (6.17), H = 6) in incremental HBM, and thus the

same are considered in the present numerical results.
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6.5.1. Verification of the present formulation

In order to verify the present formulation for handling the thermo-elastic coupling
in the FG pipe, its metal and ceramic constituents are considered as SUS304 and

SisN4, respectively, while the FG pipe is taken in vertical orientation (y=0)

without any fluid flow. Under these conditions, the critical buckling temperature
is computed for uniform temperature across the wall-thickness of the FG pipe.
These results are illustrated in Table 6.1 for both the temperature-independent
and temperature-dependent properties of the constituent materials. Similar
results for an identical FG pipe are available in Fu et al. (2015), and the same are
also furnished in Table 6.1. It may be observed from Table 6.1 that the present
results are in good agreement with the similar results available in Fu et al. (2015)
thus verifying the present formulation in handling the thermo-elastic coupling in

the FG pipe.

Table 6.1
Comparison of critical buckling temperatures of FG pipe (I, =0.5 mm, 1; =0.5r,)

Exponent L/r Temperature dependent Temperature independent
(n) ° Present Fuetal. (2015) Present Fuetal. (2015)
o (SUS304) 25 273.44 273.43 400.23 400.22
4 25 325.64 325.61 499.74 499.74
2 25 353.21 353.19 551.84 551.84
1 25 384.48 384.46 612.12 612.12
0 (SizN4) 25 489.20 489.20 840.35 840.35

The results for nonlinear dynamic response of an inclined FG pipe are not
available in the literature, and thus the present formulation in modeling an
inclined pipe is verified following the available results in (Alfosail et al., 2017b) for
static profile of an inclined submerged pinned-pinned isotropic pipe under an
externally applied tensile force. Here, the present governing equation (Eq. (6.10))
is modified slightly by adding the terms corresponding to the applied tensile force

(T,) and the added mass (m,) for external fluid (submerged) as presented in Eq.

(6.27), and the computed static profile of the inclined isotropic pipe at room
temperature is plotted in Fig. 6.2(a) together with the similar results available in
(Alfosail et al., 2017Db). A good agreement of the present results with that in the
reference (Alfosail et al., 2017b) can be observed from Fig. 6.2(a), and this

comparison verifies the present formulation in handling the inclined pipes.

o*w ) Ay tlowg Y . |o%w
D 0 +lm¢V2-T,—{(m;+m_—m.)gcos y)(L—x)——> 0| dx 0
PV f e <( f p e)d Z>( ) TR o

+(m¢ +m, —mg)g cosz%ﬂmf +m, —mg)gsin =0
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me = ,DeAe , AE = 7”’02 (6.27)

For the verification of the present incremental HBM formulation and
implementation of adaptive Runge-Kutta method in the evaluation of the
nonlinear dynamic responses of the FG pipe, similar results are not available in
the literature. However, it is carried out by taking a result in reference (Jin and

Song, 20035) for nonlinear dynamic response of a vertically oriented ( y =0) pinned-

pinned isotropic pipe conveying pulsatile fluid. This comparison is illustrated in
Fig. 6.2(b), where the present results are evaluated through both the incremental
HBM formulation and adaptive Runge-Kutta method. It may be observed from Fig.
6.2(b) that the present results are in good agreement with that in the reference
(Jin and Song, 2005) thus verifying the present incremental HBM formulation, as
well as the present implementation of the adaptive Runge-Kutta method, in

evaluating the nonlinear dynamic responses of pipes conveying pulsatile fluid.

0 6 - - - =
— Present Present solution by HEM (stable)
- - Ref + Present solution by HBM (unstable)
1 ] 5[ = Present solution by RK method
— o Ref .'/
o 4
-2 =
S g3
; .
3 7 2
2
-4 1
0
5Ha
@ . N L o o
0 0.2 0.4 0.6 0.8 1 10 20 30 40 50 60

¢ Q

Fig. 6.2. (a) Comparison of the static profile of an inclined isotropic pipe with
that for an identical pipe in Ref: (Alfosail et al., 2017b), (b) comparison of
nonlinear dynamic response of vertical isotropic pipe conveying pulsatile fluid
with the similar response of an identical pipe in Ref: (Jin and Song, 2005).

(RK: Runge-Kutta)

6.5.2. Static/dynamic characteristics of the vertical FG pipe conveying
hot fluid
In this section, the static instability of the vertical FG pipe conveying hot fluid is
first investigated. With reference to this static instability, the pre-buckled and
post-buckled equilibrium states of the FG pipe are identified. Subsequently, the
nonlinear dynamic characteristics of the fluid conveying FG pipe corresponding
to its pre-buckled and post-buckled equilibrium states are investigated. In the
last part of this section, the global bifurcation diagrams are presented for

analyzing the complex nonlinear dynamics of the fluid conveying FG pipe.
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Fig. 6.3. Variation of the constant flow velocity (V; , A1 =0) with temperature

(T;) corresponding to the onset of buckling of the vertical FG pipe.

6.5.2.1. Stability of the vertical FG pipe conveying hot fluid with the constant
flow velocity

The FG pipe is subjected to the follower compressive force due to the constant

flow velocity (V¢, A=0) of the internal fluid. Now, the same FG pipe is also

subjected to the thermally induced compressive force because of a high
temperature (T;) at its inner ceramic-rich surface. The combined effect of these

compressive forces in the FG pipe on its buckling characteristics is illustrated in

Fig. 6.3. For different values of the graded exponent (n) of FGM, Fig. 6.3 illustrates

the variation of the flow velocity (V;, 4=0) with temperature (T;) corresponding

to the onset of buckling of the FG pipe. For any value of the graded exponent (N)
of FGM, it can be observed from Fig. 6.3 that the buckling of the FG pipe may

occur at a low value of flow-velocity (V;, 4 =0) for a high temperature (T;) of the

internal fluid. It may also be observed from Fig. 6.3 that the graded exponent (N)
of FGM plays an important role in causing the buckling of the FG pipe. For
instance, a high value of the graded exponent (n) of FGM causes the buckling of
the FG pipe at a low temperature of the internal fluid. In fact, the volume fraction
of the ceramic constituent in the FGM decreases for a high value of the graded
exponent (N). So, temperature in the FG pipe increases along with its reduced

structural rigidity.
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6.5.2.2. Parametric instability of the vertical FG pipe conveying hot fluid with
pulsatile flow velocity

In this section, the dynamic instability of the FG pipe is investigated when it
conveys pulsatile fluid at its pre-buckled equilibrium state. Generally, the
dynamic instability of a pipe conveying pulsatile fluid arises through the primary,
secondary and combinatory parametric resonances (Paidoussis and Issid, 1974).
However, since the present FG pipe possesses high stiffness, it is observed that
the combinatory parametric resonance occurs at a very high frequency of pulsatile
flow, and this frequency of pulsatile flow may not be feasible in practical
applications of the FG pipe. However, among these different kinds of parametric
resonances, the most critical one is the principal primary parametric resonance
(Bolotin, 1964). So, the dynamic instability of the FG pipe through its principal
primary parametric resonance corresponding to the fundamental mode of
vibration is investigated at present by means of evaluating the corresponding
parametric instability region in the two-dimensional domain of frequency (@) and
amplitude (1) of pulsatile flow velocity (Pierre and Dowell, 1985).

For different temperatures (T, ) of pulsatile fluid, Figs. 6.4(a)-(d) illustrate the

parametric instability regions corresponding to the principal primary parametric
resonance at the pre-buckled equilibrium state of the FG pipe. In these results
(Figs. 6.4(a)-(d)), the graded exponent (Nn) of FGM is considered as 5. However,
similar results are presented in Figs. 6.4(e)-(g) for different values of the graded

exponent (N) of FGM where a temperature of the internal fluid is considered as

335 K. Here, the mean flow velocity (V; ) of pulsatile fluid is considered as 5 m/s.

Now, if the internal fluid is considered to flow with a steady flow velocity as S m/s

(Vi =5m/s, 41=0), then the buckling of the FG pipe appears at a temperature of

337.5 K (Fig. 6.3, n=35). This temperature can be marked as the critical bulking
temperature. Following this critical buckling temperature, four different
temperatures of the internal fluid are considered for evaluation of the results in

Figs. 6.4(a)-(d) corresponding to the pre-buckled equilibrium state of the FG pipe.
Similarly, for the results in Figs. 6.4(e)-(g), a temperature (T;) of the internal fluid
is considered as 335 K and three different values of the graded exponent (n) of
FGM are taken as 0.8, 1 and 3 in such a manner that the FG pipe remains at its

pre-buckled equilibrium state for the constant velocity (Vs =5 m/s, 4 =0) of the

internal fluid.
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Fig. 6.4. Regions of parametric instability corresponding to the principal
primary parametric resonance at the pre-buckled state of the vertical FG pipe

(Vi =5 m/s), (a)-(d) for different temperatures (T; (K), N=5) and (e)-(f) for
different values of the graded exponent (N, T; = 335 K).

Figures 6.4(a)-(d) illustrate that the parametric instability region shifts
towards low frequency for an increase of temperature (T;). It may be due to the
fact that the natural frequency of the FG pipe decreases for an increase of
temperature (T;). However, it may be observed from Figs. 6.4(a)-(c) that there is
no indicative change in the shape of the parametric instability region for an
increase of temperature (T;). But, the parametric instability region extends
towards the low value of pulsatile velocity-amplitude (1) and the breadth of the
same instability region increases for an increase of temperature (T;). Moreover, it
is important to observe from Fig. 6.4(d) that the shape of the parametric instability
region changes indicatively when temperature (T;) of the internal fluid is very close
to the critical buckling temperature (T; =337.5 K). These observations indicate
that the parametric instability of the FG pipe at its pre-buckled equilibrium state

is indicatively dependent on temperature (T;) of the internal fluid, especially when

this temperature (T;) is very close to the critical buckling temperature.
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However, for a specified temperature (T; = 335 K) of the internal fluid, Figs.

6.4(e)-(g) illustrate that the breadth of the parametric instability region decreases
for an increase of the graded exponent (n) of FGM. It may also be observed from
Figs. 6.4(e)-(g) that the parametric instability region shifts towards the high
amplitude (A1) of pulsatile flow velocity for an increase of the graded exponent (n
) of FGM. This characteristic of the parametric instability region arises mainly due
to the improved damping properties of FGM for an increase of its graded exponent
(n). In fact, the material damping of FGM appears through its metal constituent
and the volume fraction of this metal constituent increases with an increase in
the graded exponent (N). So, the material damping in the FGM improves for an

increase of the graded exponent (N).

6.5.2.3. Nonlinear frequency responses of the vertical FG pipe conveying
pulsatile fluid
The FGM possesses high stiffness because of its ceramic constituent. So, the

buckling of the FG pipe occurs at the room temperature (T; = 300 K) for a very
high velocity (V; , 4 =0) of the internal fluid (Fig. 6.3). Quantitatively, this velocity

of the internal fluid is much higher than that appears in the practical piping
systems. However, from the results in Fig. 6.3, it is clear that the buckling of the
FG pipe may arise at a feasible velocity of the internal fluid for a high temperature
of the fluid, and thus the temperature of the internal fluid is presently taken as
the main parameter for identifying the buckling of the FG pipe. With reference to
the corresponding critical buckling temperature, the pre-buckled and post-
buckled equilibrium states of the FG pipe are recognized, and the nonlinear
dynamic characteristics of the FG pipe at these two different static equilibrium
states are studied for pulsatile velocity of the internal hot fluid. However, it is
important to note here that the FG pipe becomes very flexible at a temperature
that is very close to the critical buckling temperature. The high flexibility of the
FG pipe leads to its complex dynamic characteristics when the internal fluid flows
with pulsatile velocity. In order to illustrate these dynamic characteristics of the
FG pipe separately, a transition zone is considered at present following the
transition from pre-buckled to post-buckled equilibrium state of the FG pipe
corresponding to the increase of temperature around the critical buckling
temperature. Within this transition zone, a static equilibrium state of the FG pipe
is its pre-buckled or post-buckled equilibrium state at a temperature that is very

close to the critical buckling temperature.
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6.5.2.3.1. Nonlinear frequency responses of the vertical FG pipe at the pre-
buckled equilibrium state

For different temperatures (T;) of the internal fluid, Fig. 6.5(a) illustrates the
frequency responses of the FG pipe (n = 5) corresponding to the principal primary
parametric resonance. Here, the FG pipe is in the pre-buckled equilibrium state

and the internal fluid flows with the pulsatile velocity (Vs = 5 m/s, 4 = 0.5).

However, for a constant temperature (T;= 335 K), similar responses are also
shown in Fig. 6.5(b) for different values of the graded exponent (n) of FGM. In
these responses and also in the subsequent frequency responses, the stable and
unstable solutions over a frequency response curve are indicated by the green and
red colour, respectively. However, the parametric resonance evolves through the
supercritical and subcritical pitchfork bifurcations, as those are indicated by the
points M and N, respectively in Figs. 6.5(a) and 6.5(b). It may be observed from
Fig. 6.5(a) that there is no indicative change in the peak displacement-amplitude

for the variation of temperature (T;) of the internal fluid. But, the resonant
frequency decreases for an increase of temperature (T;). It may be due to the fact
that the stiffness of the FG pipe decreases with an increase of temperature (T;).
However, for a constant temperature (T; = 335 K), Fig. 6.5(b) shows that the peak

displacement-amplitude decreases indicatively for an increase in the graded
exponent (N) of FGM. In fact, the material damping of FGM increases with an
increase in the graded exponent (n) and it results in superior attenuation of the

peak displacement-amplitude.

g X 1073 <107
(b) T=335K, V,=5 m/s, A=0.5

11
(a) n=5, V=5 m/s, A=0.5

E 7| 1,=337k

0 4 8 12 17 3 7 11 15 16 23
Q 0

Fig. 6.5. Frequency responses of the vertical FG pipe corresponding to the
principal primary parametric resonance when the FG pipe is in its pre-buckled

state; (a) for different temperatures (T, (K), N=5), (b) for different values of the
graded exponent (N, T, =335 K) (V; =5 m/s, 1=0.5).
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6.5.2.3.2. Nonlinear frequency responses of the vertical FG pipe at the post-
buckled state

Following the results in Fig. 6.3, a post-buckled equilibrium state of the FG pipe

at a temperature (T;) of 360 K is considered for the mean flow velocity (V; ) and

the graded exponent (n) of FGM as 5 m/s and 5, respectively. Corresponding to
this post-buckled equilibrium state, the nonlinear frequency response of the FG
pipe is illustrated in Fig. 6.6(a) for the pulsatile fluid flow with a velocity-amplitude
(4) of 0.5. It should be noted here that the transverse deflection of the vertical FG
pipe at a post-buckled equilibrium state arises either in the positive or in the
negative Z-direction. The dynamic characteristics of the FG pipe do not differ if
the post-buckled equilibrium state arises in the positive Z-direction instead of
the negative Z-direction or vice versa. So, in Fig. 6.6(a), the frequency response
of the FG pipe is presented corresponding to a post-buckled equilibrium state in
one of the positive and negative Z-directions. Also, the oscillation of the FG pipe
at a frequency with reference to an equilibrium position is illustrated by plotting
the corresponding maximum and minimum deflections (7,,) of the pipe as well as
the mean point of oscillation that is indicated by the black line (Fig. 6.6(a)). This
kind of illustration of motion of the FG pipe is also adopted in the subsequent
results for its (FG pipe) frequency responses.

Figure 6.6(a) shows that the FG pipe undergoes principal primary and
secondary parametric resonances since the corresponding resonant frequencies

appear as 20, and ,, respectively, with reference to the fundamental natural
frequency of the FG pipe as (2, . Here, the principal primary parametric resonance

develops through the period doubling/period demultiplying bifurcation (P) at
points J/K and the stable periodic motion evolves at the point R (Fig. 6.6(a))
through the period demultiplying bifurcation. Whereas the principal secondary
parametric resonance (Q/L) is associated with the saddle-node bifurcations (S).

It may also be observed that the mean point of oscillation varies indicatively near

a resonant frequency (22, or (2 ). However, similar frequency responses of the

FG pipe are also presented in Figs. 6.6(b) and 6.6(d) for two different temperatures
(T; =370 K, 380 K). It may be observed from these results (Figs. 6.6(a), 6.6(b) and

6.6(d)) that a resonant frequency (2¢2, or (2,) increases with the increasing
temperature (T;). More importantly, the principal primary parametric resonance

disappears as the temperature of internal fluid increases (Fig. 6.6(d), T; = 380 K).
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Here, the transverse deflection of the post-buckled FG pipe increases for an
increase in temperature of the internal fluid. So, the nonlinear stiffness of the FG

pipe increases resulting in the disappearance of the principal primary parametric

resonance.
10 " [eres
(a) n=5, T =360 K G 9
E 1
x 6
=3
0 . . : . .
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(d)n=5,T,=380 |

15 20 25 30
Fig. 6.6. Nonlinear frequency responses of the vertical FG pipe at its post-
buckled state, (a), (b), (d) for different temperatures (T;) (N=5), and (c), (d), (e)

for different values of the graded exponent (N) (T, = 380 K).

Figures 6.6(c)-(e) illustrate the frequency responses of the FG pipe for three
different values of the graded exponent (n) of FGM. A temperature of the internal
fluid is considered as 380 K and the FG pipe is in the post-buckled equilibrium
state. The mean flow velocity and the velocity-amplitude of pulsatile fluid flow are
taken as 5 m/s and 0.5, respectively. It may be observed from these results (Figs.
6.6(c), 6.6(d) and 6.6(e)) that the resonant frequency is indicatively dependent on
the graded exponent (N) of FGM. The amplitude of vibration of the FG pipe
decreases with an increase of the graded exponent (N) of FGM. Also, the principal
primary parametric resonance disappears at a high value of the graded exponent
(n). There may be two reasons for the disappearance of the principal primary
parametric resonance. The first one is the improved material damping of the FGM
for a high value of the graded exponent (Nn). The second one is the increased
nonlinear stiffness of the FG pipe since its post-buckled state arises with the

greater transverse deflection for an increase in the graded exponent (n).
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Fig. 6.7. Nonlinear frequency responses of the vertical FG pipe at its post-
buckled state (N=5, T, =360 K); (a) V; =2m/s or 5m/s, 1=0.5; (b) V; =2 m/s or

5m/s, 1=0.1.

In order to investigate the effects of the mean flow velocity (V; ) and velocity-
amplitude (1) of pulsatile fluid flow on the nonlinear frequency response of the
FG pipe, two different values of the velocity-amplitude (1) are considered as 0.1
and 0.5. For each of these values of the velocity-amplitude (1), the mean flow

velocity (V) is taken either as 2 m/s or as 5 m/s, and the frequency responses
of the FG pipe are evaluated as shown in Figs. 6.7(a)-(b). The graded exponent (N
) of FGM and temperature (T;) of the internal fluid are considered as 5 and 360 K,

respectively. It may be observed from Figs. 6.7(a)-(b) that the FG pipe undergoes

principal secondary parametric resonance for any value (1=0.1 or 0.5) of the

velocity-amplitude when a low value of the mean flow velocity (Vi =2 m/s) is
considered. However, if the mean flow velocity (V; ) increases along with a high

value of the velocity-amplitude (1), both the principal primary and secondary
parametric resonances appear (Fig. 6.7(a)). These results indicate that the effect
of the velocity-amplitude (1) of pulsatile fluid flow may have an indicative effect
on the nonlinear frequency responses of the FG pipe when the pulsatile fluid flows

with high mean flow velocity (V).

6.5.2.3.3. Nonlinear frequency responses of the vertical FG pipe at the transition
state

The temperature (T;) of the internal fluid is gradually increased within a narrow

zone around the critical buckling temperature (337.5 K for n=5,V; =5 m/s, Fig.

6.3), and the corresponding changes in the nonlinear dynamic characteristics of
the FG pipe are studied. Figure 6.8(a) illustrates the frequency response of the FG
pipe at a temperature (T; = 337.2 K) that is slightly lesser than the critical buckling

temperature (337.5 K). This result (Fig. 6.8(a)) clearly shows that the FG pipe
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primarily undergoes principal primary parametric resonance. However, the
principal secondary parametric resonance and higher-order parametric
resonances also appear along with the principal primary parametric resonance.
The corresponding resonant frequencies are very close to each other and thus the
shape of the parametric instability region changes (Fig. 6.4(d)) (Paidoussis and
Issid, 1974). It is interesting to observe from the result in Fig. 6.8(a) that the dual
periodic attractors arise through the principal secondary and higher-order
parametric resonances. The mean point of oscillation corresponding to each of

these dual periodic attractors is also sown in the same figure (Fig. 6.8(a)) by the

black line.
8 =107 8 x107°
(a)T.=337.2K (s (b)T=337.6 K / (s)
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Fig. 6.8. Nonlinear frequency responses of the vertical FG pipe for different
temperatures near the critical buckling temperature (N=5,V; =5 m/s, 1=

0.5); (a) T, =337.2 K, (b) T, =337.6 K, (c) T, =339 K, (d) T, = 350 K.

For further increase of temperature (T; = 337.6 K, Fig. 6.8(b)) slightly beyond

the critical buckling temperature (337.5 K), multiple stable and unstable dynamic

responses of the FG pipe evolve mainly because of the primary and secondary
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parametric resonances. Although it is difficult to trace the motion of the FG pipe
corresponding to its unstable dynamic responses at the low frequency (Fig. 6.8(b)),
mainly two local attractors and one global attractor appear for the stable periodic
motion of the FG pipe. A local attractor appears following the post-buckled
equilibrium state of the FG pipe. The global attractor continues from the pre-
buckled state of the FG pipe, and the corresponding motion of the FG pipe appears

as the snap-through periodic motion. For further increase of temperature (T;),

Figs. 6.8(c), 6.8(d) and 6.6(a) show that the global attractor disappears retaining
the local attractors. However, the results in Figs. 6.8(b) and 6.8(c) show two
critical zones (AE/A’E’ and CD/C’D’) corresponding to the unstable dynamic
responses of the FG pipe. The characteristics of motion of the FG pipe within these
critical zones (AE’/A’E’ and CD/C’D’, Figs. 6.8(b) and 6.8(c)) are investigated in
the next section by means of evaluating the global bifurcation diagram.

Figures 6.8(d) and 6.9 illustrate the nonlinear frequency responses of the
FG pipe for two different values of the graded exponent (N=5 and 8) of FGM. A
temperature ( T;) of internal fluid is taken as 350 K and the FG pipe is in the post-

buckled equilibrium state. It may be observed from these results (Figs. 6.8(d) and
6.9) that the snap-through motion of the FG pipe disappears for an increase in
the graded exponent (N) of FGM. So, the graded exponent of FGM may be treated
as a tuning parameter for reducing the complexity in the dynamic characteristics

of the FG pipe at its post-buckled equilibrium state.

x 107
n=8, T,=350 K
(S)™=

0 6 12 18 22
Fig. 6.9. Nonlinear frequency response of the vertical FG

pipe at its post-buckled state (V; =5 m/s, 1=0.5, T, =350
K, N=8).
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For a decrease of the mean flow velocity (V; ), the correspodning changes in

the nonlinear frequency response of the FG pipe at its post-buckled equilibrium
state are illustrated in Figs. 6.8(c) and 6.10(a). A temperature (T,) of the internal
fluid is considered as 339 K and the graded exponent (n) of FGM is taken as 5. It
may be observed from these results (Figs. 6.8(c) and 6.10(a)) that the critical zones
(AE/A’E’ and CD/C’D’) corresponding to the unstable dynamic responses of the

FG pipe do not appear when the mean flow velocity ( V; ) decreases. Also, the peak

displacement-amplitude corresponding to the snap-through periodic motion of

the FG pipe decreases. If the velocity-amplitude (1) of the pulsatile fluid flow

decreases instead of the mean flow velocity (V¢ ), then the snap-though motion,

as well as the unstable dynamic responses, of the FG pipe may not appear (Figs.
6.8(c) and 6.10(b)). These observations imply indicative effects of the mean flow

velocity (V; ) and velocity-amplitude (1) of pulsatile fluid flow on the nonlinear

dynamics of the FG pipe especially when the temperature of the internal fluid is

very close to the critical buckling temperature.

3 1073
5 x 10 3)(

(a)V=4 mis, A=0.5 (b) V=5 mis, 1=0.3
(

1.5

10 15 0 5 10 15

Fig. 6.10. Nonlinear frequency responses of the vertical FG pipe (N=5, T, =

339 K) for different values of the mean flow velocity (V;) and pulsation

velocity-amplitude (1); (a) Vi =4 m/s, 1=0.5, (b) V; =5 m/s, 1=0.3.

6.5.2.3.4. Global bifurcation diagrams

In Figs. 6.8(b) and 6.8(c), the unstable dynamic responses of the FG pipe are
observed in two zones (AE/A’E’ and CD/C’D’). The corresponding motion of the
FG pipe is investigated in this section by evaluating the global bifurcation
diagrams with respect to the frequency (£2) or the amplitude (1) of pulsatile flow

velocity.
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Fig. 6.11. Global bifurcation diagrams with respect to the frequency ((2) of
the pulsating flow velocity of the internal hot fluid (=5, V; =5 m/s, 1=0.5);

(a), (b) for critical zone AB in Fig. 6.8(b) (T; = 337.6 K); (c), (d) for critical zones
AB and CD in Fig. 6.8(c) (T; = 339 K).

6.5.2.3.4.1. Global dynamics of the vertical FG pipe with respect to the
frequency of pulsatile flow velocity
For the critical zone AE/A’E’ in Fig. 6.8(b), the global bifurcation diagram with
respect to the frequency (£2) of pulsatile fluid flow is illustrated in Fig. 6.11(a).
The frequency response of the vertical FG pipe within this critical zone (AE/A’E’,
Fig. 6.8(b)) is also shown in Fig. 6.11(b). Figure 6.11(c) shows a similar global
bifurcation diagram corresponding to the critical zones AE/A’E’ and CD/C’D’ in
Fig. 6.8(c). The frequency responses of the FG pipe in the neighborhood of the
critical zones AE/A’E’ and CD/C’D’ (Fig. 6.8(c)) are shown in Fig. 6.11(d). It may
be observed from Figs. 6.11(a)-(b) that two periodic attractors corresponding to
the stable periodic motion of the FG pipe appear at the low frequency region and
these periodic attractors retain up to the cyclic-fold bifurcation at points A/A’ (
2 =0.34). For further increase of the frequency ({2 ), the chaotic motion of the FG

pipe arises as it is identified through the phase plot and the Poincare map at a
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frequency (£2) of 0.3403 (Figs. 6.12(c) and 6.12(d)). This chaotic motion of the FG
pipe develops through the intermittent transition route (T), and the corresponding
transient responses of the FG pipe are shown in Figs. 6.12(a) and 6.12(b). This
intermittent transition route (T) appears due to the nonexistence of stable periodic
attractor beyond the cyclic-fold bifurcation at point A/A’ (Fig. 6.11(b)). It is
observed that this chaotic motion of the FG pipe mainly involves period-2, period-
4 and period-6 attractors; where period-m attractor represents the periodic
motion of the FG pipe with the frequency of €2/ m. The period-demultiplying and
symmetry-breaking bifurcations are also observed within this chaotic motion of
the FG pipe. However, the chaotic motion of the FG pipe continues up to the
frequency (£2) of 0.64 (K/K’, Figs. 6.11(a) and 6.12(e)), and dual chaotic attractors
(Figs. 6.12(f) and 6.12(g)) evolve for further increase of the frequency (£2).
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Fig. 6.12. Responses of the veritcal FG pipe at different frequencies (N=5,
Vi =5 m/s, 1=0.5, T, =337.6 K); transient responses at (a) (2=0.3402, (b)

£2=0.3403; phase plots at (c) (2=0.3403, (e) (2=0.64, (f) (2=0.66, (g) (2=
0.66, (h) (2=0.85, (i) 2=0.9, (j) £2=0.9; Poincare map at (d) (2=0.3403.
As the frequency increases, each of the dual chaotic attractors, first, reduces
to the period-2 attractor through period-demultiplying bifurcation, and then this

periodic motion (period-2) of the FG pipe undergoes the sequence of inverse
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symmetry-breaking (B, €2=0.81, Fig. 6.11(a)), symmetry-breaking (B’, £2=0.86,
Fig. 6.11(a)) and inverse symmetry-breaking (B, 2=1.275, Fig. 6.11(a))
bifurcations at points L/L’, Q/Q’ and E/E’, respectively. The phenomenon of
symmetry breaking bifurcation can be observed from Figs. 6.12(h)-(j); where single
period-2 attractor (Fig. 6.12(h), £2=0.85) reduces to dual period-2 attractors (Fig.
6.12(i)-(j), 2=0.9) for an increase of the frequency (from 2=0.85 to 0.9). For
further increase of the frequency (£2), a local chaotic attractor appears within a
narrow frequency range (£2=1.92 to 2.085, Fig. 6.11(a)) and it reduces to the local
periodic attractors through the period-demultiplying bifurcation (D/D’, Fig.
6.11(a)).
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Fig. 6.13. Responses of the vertical FG pipe at different frequencies (n=5,
Vi =5 m/s, 1=0.5, T; =339 K); phase plots at (a) (2=2, (b) 2=4.77, (d) Q2=
4.785, (e) (2=4.79, (f) (2=4.8; Poincare map at (c) (2=4.77; amplitude-
frequency spectrums at (g) (2=4.785, (h) (2=4.79, (i) (2=4.8.

For an increase of temperature (T;) of the internal fluid, the critical zone

AE/A’E’ shifts towards a high frequency (£2) (Figs. 6.11(a) and 6.11(c)) and
appears within a narrow frequency range. The chaotic motion of the FG pipe arises
at any frequency within this critical zone AE as shown in Fig. 6.13(a) at a

frequency of 2 = 2. However, as the frequency ((2) increases, this chaotic
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attractor reduces to period-2 attractor through the sequence of period-
demultiplying (P, £2=2.05 to 2.09) and inverse symmetry-breaking (B, 2=2.18)
bifurcations at points K/K’ and E/E’, respectively. The local periodic attractors
also evolve through the period-demultiplying bifurcation (£2=2.57, Fig. 6.11(c)) at
points R/R’. For further increase of the frequency (£2), these local periodic
attractors reduce to the chaotic attractor through the subcritical bifurcation
(points C/C’, Figs. 6.11(c) and 6.11(d)). The corresponding chaotic motion of the
FG pipe is illustrated in Figs. 6.13(b) and 6.13(c) at a frequency (£2) of 4.77. For
a little increase of the frequency ({2 ), the period-demultiplying bifurcation arises
(points D/D’, Fig. 6.11(c)-(d)) where the motion of the FG pipe primarily involves
period-16, period-8 and period-4 attractors as shown in Figs. 6.13(d)-(i). However,
as the frequency ((2) increases, this period-demultiplying bifurcation yields
period-2 attractor corresponding to the principal primary parametric resonance

of the FG pipe at its post-buckled equilibrium state.
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Fig. 6.14. Global bifurcation diagrams with respect to the pulsation velocity-
amplitude (n=5,V; =5 m/s, 2=1.23) at different temperatures, (a) T, =337.6

K, (b) T, =337.8K, (c) T, =338 K, (d) T, =338.2 K.
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6.5.2.3.4.2 Global dynamics of the vertical FG pipe with respect to the pulsation
velocity-amplitude

In order to investigate the effect of velocity-amplitude (1) of pulsatile fluid flow on

the complex dynamic response of the vertical FG pipe, the global bifurcation

diagrams with respect to the velocity-amplitude (4) of pulsatile fluid flow are

illustrated in Figs. 6.14(a)-(d) for four different temperatures (T, = 337.6 K, 337.8
K, 338 K, 338.2 K). The mean flow velocity (V;) of pulsatile fluid flow and the
graded exponent (n) of FGM are taken as 5 m/s and 5, respectively. The frequency

(£2) of pulsatile fluid flow is considered as 1.23 in such a manner that this

frequency (2 =1.23) lies within the critical zone AB at all temperatures (T; = 337.6
K, 337.8 K, 338 K, 338.2 K).
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Fig. 6.15. Responses of the vertical FG pipe (N=5,V; =5 m/s, (2=1.23) at
different pulsation velocity-amplitudes; time response plots at (a) 1=0.2025
(T, =337.6 K), (b) 1=0.203 (T; =337.6 K), phase plots at (c) 1=0.203 (T; =
337.6 K), (d) 1=0.35 (T; =337.8 K), (¢) 1=0.38 (T; =337.8 K), (f) 1=0.38 (T =
337.8 K), (g) 1=0.4 (T,=337.8 K), (h) 1=0.402 (T, =337.8 K), (i) 1=0.403 (
T, = 337.8 K), amplitude-frequency spectrums at (j) 1=0.4 (T, =337.8 K), (k)
41=0.402 (T; =337.8 K), (1) 1=0.403 (T; =337.8 K).

198
TH-2877_166103022



It may be observed from Figs. 6.14(a)-(d) that two periodic attractors arise
at low velocity-amplitude (1) of pulsatile fluid flow. As the velocity-amplitude (1)
increases at low temperature (Figs. 6.14(a)-(b)), the periodic attractors reduce to
the chaotic attractor through the intermittent transition route (points A/A’, Figs.
6.14(a)-(b)) (Figs. 6.15(a)-(c)). For further increase of velocity-amplitude (1), one
periodic attractor arises (Figs. 6.14(a)-(b)) corresponding to the snap-through
motion (period-2) of the FG pipe. However, for a little increase of temperature (
T, =338 K, 338.2 K, Figs. 6.14(c)-(d)), chaotic attractor arises through the period-
doubling bifurcation (points A/A’, Figs. 6.14(c)-(d)) instead of the intermittent
transition route (points A/A’, Figs. 6.14(a)-(b)). For an increase of velocity-
amplitude (1) at low temperature (T; =337.6 K), the snap-through motion may
not fall into the chaotic motion again (Fig. 6.14(a)). But, it may appear (Figs.
6.14(b) and 6.14(c)) for a little increase of temperature (T; = 337.8 K, 338 K) where
the chaotic attractor appears through the sequence of symmetry-breaking (points
Q/Q’, Figs. 6.14(b)-(c)) and period-doubling bifurcations (points L/L’, Figs.
6.14(b)-(c)). The symmetry-breaking bifurcation is illustrated through the phase
plots in Figs. 6.15(d)-(f), where single period-2 attractor (Fig. 6.15(d), 4=0.35)
reduces to dual periodic attractors (Fig. 6.15(e)-(f), 4 =0.38) at a temperature (T,)
of 337.8 K. The period-doubling bifurcation is also illustrated through the phase
plots in Figs. 6.15(f)-(i), where the period-2 attractor (Fig. 6.15(f), 4 =0.38) mainly
reduces to period-4, period-8 and period-16 attractors (Figs. 6.15(g)-(1)) at a
temperature (T;) of 337.8 K. For further increase of temperature (T; = 338.2 K),
the nonlinear stiffness of the FG pipe increases because of its increased transverse
deflection corresponding to the post-buckled equilibrium state. So, the periodic
attractors remain up to a large value of the velocity-amplitude (A1) before the

appearance of the chaotic attractor (points A/A’, Fig. 6.14(d)).

6.5.3. Static/dynamic characteristics of the inclined FG pipe conveying
hot fluid

In this section, first, the characteristics of divergence (buckling) of the inclined FG

pipe conveying hot fluid are investigated based on the variations of inclination

angle, temperature and graded material properties of FGM. Subsequently, the

nonlinear dynamic responses as well as the corresponding instabilities of the

inclined FG pipe are presented. Finally, the effects of the material damping of FGM

on the dynamic characteristics of the inclined FG pipe are illustrated.
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6.5.3.1. Nonlinear response of the inclined FG pipe conveying hot fluid with
constant flow velocity

For an inclined pipe, the gravitational load is usually accounted by its two
components along the axial and transverse directions to the length of the pipe.
The axial component causes a small increase of the axial tension in the pipe, and
it lowers the effect of transverse component that causes the transverse deflection
of the pipe. However, this initial transverse deflection of the inclined pipe has
certain effect on its (pipe) deformation characteristics under the forces associated
with the fluid flow (Alfosail et al., 2017a; Gan et al., 2015; Monprapussorn et al.,
2007; Wang and Bloom, 2001). So, first, the transverse deflection of the inclined
FG pipe under the gravitational load is evaluated at the room temperature (

T, =T, =300 K). The corresponding static profiles of the FG pipe are illustrated in
Fig. 6.16(a) for its different orientation angles ( y ) with the vertical axis, where the
graded exponent (N) of FGM is taken as 4 and the velocity of the internal fluid is

assumed as zero (V; =0). However, the fluid velocity (V) is varied subsequently,

and the corresponding variation of the maximum transverse deflection (7,,) of the
inclined FG pipe is illustrated in Fig. 6.16(b) for different values of the graded
exponent (N) at an inclination angle (y) of 459. It may be observed from Fig.
6.16(a) that the maximum transverse deflection appears at the middle span (£ =
0.5) of the pipe for any inclination angle, and this transverse deflection increases

for a higher inclination angle of the FG pipe. If the steady flow-velocity (V; ) of the

fluid increases, then Fig. 6.16(b) shows a very small increase in the maximum
transverse deflection (7,,) of the FG pipe due to the induced follower compressive
force. The corresponding magnitude of static deflection (7) indicates an

insignificant effect of the gravitational force on the static deflection of the inclined
FG pipe conveying fluid with constant flow velocity, and it appears mainly due to
the high stiffness of the FG pipe. However, a different observation is obtained
when the inclined FG pipe conveys hot fluid with constant flow velocity as it is

presented in the next result.
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Fig. 6.16. (a) Variation of static profile of FG pipe (N=4) having the internal
mass of fluid (V; = 0) for different values of the inclination angle, (b) variation

of maximum transverse deflection (7,) of the inclined FG pipe ( y =45°) with
the steady flow velocity (V; ) of internal fluid for different values of the graded
exponent (N) of FGM (T; =T, =300 K).

A FG pipe conveying hot fluid is susceptible to undergo the static instability
(buckling) due to the combined effect of thermally induced compressive stress and
the similar stress due to the flow velocity. However, the thermally induced stress
is significantly higher than the stress induced due to the flow velocity (Qian et al.,
2009), and thus the temperature in the pipe is more important parameter than
the steady flow velocity in concern to its (pipe) static instability or buckling. So,
the influence of temperature of hot fluid on the static (divergence) instability of
the inclined FG pipe is first investigated through the results in Fig. 6.17. Here,

the internal fluid is considered to flow with a steady flow velocity (V;) of 5 m/s,

and the variation of the maximum transverse deflection (7,,) of the FG pipe with
the inner wall temperature (T; # 300 K, T, =300 K) is illustrated for different values
of the inclination angle (y) and graded exponent (N) of FGM. For the vertical FG
pipe (x =0), it may be observed from Fig. 6.17 that the divergence of the pipe

appears through the pitchfork bifurcation (points P; and P.) at a certain
temperature that is called as the critical buckling temperature. The equilibrium
state of the vertical FG pipe arrives at any of the two symmetric buckled
equilibrium states (positive and negative) beyond the critical buckling
temperature where an unstable equilibrium state also appears as indicated by the
dotted line (blue dotted lines, Fig. 6.17). However, as the FG pipe becomes inclined

one (y #0), the aforesaid initial transverse deflection of the pipe arises due to the

201
TH-2877_166103022



gravitational load, and it causes the buckling of the FG pipe through the saddle-
node bifurcation (points L1, Lo, L3, L4, Ls, Ls, Fig. 6.17). The corresponding critical
buckling temperature (at saddle-node bifurcation) is indicatively higher than that

(at pitchfork bifurcation) for the vertical FG pipe ( y = 0). Beyond the saddle-node

bifurcation, the inclined FG pipe arrives at any of the positive and negative stable
equilibrium states while an unstable equilibrium state also appears as it is
indicated by the dotted line in Fig. 6.17. It is important to note from the results
in Fig. 6.17 that a very small inclination of the FG pipe is sufficient to cause its
divergence through the saddle-node bifurcation. However, as the angle of
inclination increases, the buckling instability occurs at higher temperature while
the corresponding critical buckling temperature decreases with the increase in

the graded exponent (Nn) of FGM (Fig. 6.17).

0.75|

0.5}

0.25}

i (X 107)
[=]

o
[
a

05T

0.75|

) . . .
300 320 340 360 380 390
T, (K)

—y=0°n=4 —y=10%n=4 — y=45"n=4 —— \=90°n=4

e x=0°n=0.6 —=x=10°,n=06 —p= =45°,n=0.6 —p= ¥=90°,n=0.6

Fig. 6.17. Variation of the maximum transverse deflection (7, ) of the inclined

FG pipe with the temperature (T;) of the internal fluid (V; = 5 m/s).

6.5.3.2. Nonlinear dynamic response of inclined FG pipe conveying pulsatile
hot fluid

As discussed in the earlier section, the divergence of the FG pipe yields its two

equilibrium states namely pre-buckled and post-buckled equilibrium states. For

each of these equilibrium states of the FG pipe, its dynamic instabilities and the

associated motion due to the pulsatile fluid flow are presently analyzed on the

basis of the variations of some system parameters, namely temperature (T;),
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graded exponent (N) of FGM, mean flow velocity (V; ), pulsation amplitude (1)

and material damping of FGM.

1 1
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Fig. 6.18. Nonlinear frequency responses of the vertical FG pipe ( y = 0) at its (a)
pre-buckled state (T, = 335 K) and (b)-(c) post-buckled state (T, = 350 K, 385 K),

(d) global bifurcation diagram with respect to pulsation frequency at the
neighborhood of bifurcation points A and A’ in Fig. 18b (N=4, V; =5 m/s and

1=0.5).

6.5.3.2.1. Effect of temperature

The effect of temperature of the internal pulsatile fluid on the dynamics of the
vertical FG pipe is investigated and presented in the above sections. This
investigation is extended in this section for the inclined orientation of the same
FG pipe, where the effect of temperature on the dynamics of the FG pipe is studied
starting from the inclination angle as zero. Figure 6.18 illustrates the frequency

responses of the FG pipe (n=4) at different temperatures (T; ) when the inclination
angle is zero ( y =0). For the pre-buckled state at a temperature (T;) of 335 K, Fig.

6.18(a) shows the principal primary parametric resonance through the

supercritical and subcritical pitchfork bifurcations (points M and N). However, as
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the post-buckled state arises due to an increase in temperature (T;) from 335 K

to 350 K, the principal primary parametric resonance develops through the period
doubling/period demultiplying bifurcation. Also, the stable periodic motion
evolves (points A or A’ (Fig. 6.18(b)) through the period demultiplying bifurcation,
as the corresponding global bifurcation diagram (Fig. 6.18(d)) reveals it to occur
within a very small frequency band (near A or A’, Fig. 6.18(d)). However, if the
temperature increases in the same (post-buckled) equilibrium state, then this
stable periodic motion appears through the saddle-node bifurcation (A, A', Fig.
6.18(c)). Also, the global periodic oscillation (period-2, QR in Fig. 6.18(b)) of the
vertical FG pipe disappears.

The FG pipe is now taken at an inclined orientation (y=25°), and its
frequency responses in the pre-buckled state are shown in Figs. 6.19(a) and
6.19(b) for two different temperatures (T;) as 300 K and 335 K, respectively.
Comparing the responses at the pre-buckled state of the FG pipe in Figs. 6.18(a)

and 6.19(a), the inclination of the FG pipe causes a shift of its static equilibrium
position towards the negative side (77, <0) due to the gravitational load. Also, the

principal secondary parametric resonance (fundamental resonance) appears
along with the principal primary one. Additionally, there is a little shift of the
mean point of oscillation (black line, Fig. 6.19(a)) from the static equilibrium point
especially when the inclined FG pipe undergoes principal primary parametric
resonance. Here, the principal primary parametric resonance appears through the
period doubling/period demultiplying bifurcation (Fig. 6.19(a)) instead of the
pitchfork bifurcation (Fig. 6.18(a)) in the case of the vertical FG pipe. However, at
a higher temperature (T;=335 K, Fig. 6.19(b)) in the same (pre-buckled)
equilibrium state, the transverse deflection of the inclined FG pipe appears
indicatively (Fig. 6.17), and thus the softening structural behavior of the FG pipe
arises in addition to the hardening one as shown in Fig. 6.19(b) for the response
via principal primary parametric resonance. In fact, the mean point of oscillation
(black line, Fig. 6.19(b)) shifts towards the zero-line (7, =0), and it results in
lesser curvature of the FG pipe at some frequencies leading to the appearance of
its (pipe) hardening structural behavior. The corresponding exchange between the
hardening and softening behavior of the FG pipe occurs through the saddle node
bifurcation (C, D, Fig. 6.19(b)). It may also be observed from Figs. 6.19(a)-(b) that

the oscillation of the inclined FG pipe via the fundamental resonance amplifies

due to the increase in temperature (T;) and the corresponding bifurcation (Fig.
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6.19(b)) of the stable periodic oscillation occurs through the saddle-node

bifurcation.

1 P 1 0

(a) T=300 K, n=4, x=25 (b) T.=335 K, n=4, =25

' S) (S)

—_¢_—
’ (S) )
-1
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Fig. 6.19. Nonlinear frequency responses of the inclined FG pipe (N=4, 1=
0.5, V; =5 m/s, y=25% in the pre-buckled state for different temperatures;

(a) T, =300 K, (b) T; =335 K.

As the temperature (T;) increases, the inclined FG pipe undergoes static

instability (buckling). The corresponding frequency response of the inclined FG

pipe is illustrated in Fig. 6.20(a) for an inclination angle (y) of 15°. In contrast to

the similar response of the vertical FG pipe (Fig. 6.18(b)) in the post-buckled state,
the response of the inclined FG pipe in Fig. 6.20(a) exhibits unequal amplitudes
of oscillation corresponding to its positive and negative buckled equilibrium

positions. It appears due to the asymmetric buckled equilibrium positions of the
inclined FG pipe with respect to the zero-line (7, =0). However, the local primary

parametric resonance about the buckled equilibrium positions appears through
the period doubling/period demultiplying bifurcation (Fig. 6.20(a)) similar to the
response in Fig. 6.18(b). Also, for the response in Fig. 6.20(a), the stable periodic
oscillation of the inclined FG pipe corresponding to the local primary parametric
resonance arises through the period demultiplying bifurcations at points A and A’
(Fig. 6.20(a)) similar to the response in Fig. 6.18(b). Additionally, similar stable
periodic oscillation about the negative buckled equilibrium also arises in a very
small frequency region through the saddle-node bifurcation (Point E', Fig. 6.20(a)).
The saddle-node bifurcation appears at all other points of bifurcation (Fig. 6.20(a))
except the point F' where the period demultiplying bifurcation appears. Similar to
the response in Fig. 6.18(b) for the vertical FG pipe, the response (Fig. 6.20(a)) of
the inclined FG pipe involves both the global and local motions in a certain
frequency range. But, the saddle-node (OO’, Fig. 6.18(b)) in the response of the
vertical FG pipe becomes saddle periodic orbit (over OO’, Fig. 6.20(a)) due to the
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inclination. This saddle periodic orbit shifts towards the positive side (7, >0) from

the zero-line (7, =0), and it results in smaller domain of attraction over the

positive buckled equilibrium point than that over the negative buckled
equilibrium point. It is shown in Fig. 6.20(c) through the plots of the basin of
attraction, limit cycle attractors (green closed curves) and saddle periodic orbit
(red closed curves) at a frequency of £2=9.

For an increase of the inclination angle (y) from 159 to 459 the

corresponding changes of the frequency response can be observed from Figs.
6.20(a) and 6.20(b), where it is clear that the static equilibrium state of the FG
pipe changes from post-buckled to pre-buckled state at the same temperature
leading to simpler response. For the response in Fig. 6.20(b) at a higher inclination
angle (y =45°) of the FG pipe, the stable periodic motion via principal primary
parametric resonance arises through the period doubling/period demultiplying
(Points F and B) and saddle-node (Point E) bifurcations. However, the bifurcation
of the stable periodic motion via the fundamental resonance occurs through the
saddle-node bifurcation (Fig. 6.20(b)). The aforesaid responses (Figs. 6.20(a)-(b))

of the inclined FG pipe show an indicative effect of the inclination angle on its (FG

pipe) nonlinear dynamic characteristics.
1

(a) T.= 350 K, n=4, x=15°
1
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0.4
(b) T = 350 K, n=4, y=45°
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M (x10%)
Fig. 6.20. Nonlinear frequency responses of the inclined FG pipe (N=4, A=
0.5, V; =5 m/s) for (a) y =15° T, =350 K and (b) y =45°, T; =350 K; (c) basin

of attraction at a frequency of (2=9 corresponding to the frequency response
in the case (a).

Figures 6.19(a)-(b) and 6.21(a)-(d) illustrate the changes in the nonlinear

dynamic characteristics of the inclined FG pipe ( y = 25°) with the gradual increase

of temperature (T;) as 300 K, 335 K, 344 K, 355 K, 385 K and 390 K. As the

temperature increases from the room temperature (300 K) to 335 K or 344 K, the
thermal deflection of the inclined FG pipe increases resulting in the simultaneous
appearance of hardening and softening structural behavior of the pipe (Figs.
6.19(b) and 6.21(a)). The corresponding exchange between the softening and
hardening structural behavior occurs either through the saddle-node bifurcation

(Points C and D, Figs. 6.19(b)) or through the period doubling/period
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demultiplying bifurcation (Points B and F, Fig. 6.21(a)). However, for further
increase of temperature (T; = 355 K, Fig. 6.21(b)), the inclined FG pipe undergoes

buckling leading to the nonlinear frequency response, as shown in Fig. 6.21(b).
The response in Fig. 6.21(b) is almost similar to that in Fig. 6.20(a); however, the
only difference is in the appearance of the global snap-through motion of the FG
pipe. It is observed that this global snap-through motion of the FG pipe appears
for its low curvature that usually occurs at the post-buckled equilibrium state
near the onset of buckling (divergence). However, it is important to notice from
Fig. 6.21(b) or Fig. 6.20(a) that the natural frequency and the amplitude of
oscillation of the FG pipe do not appear in an equal manner over its two buckled
equilibrium states, and it arises due to the difference in the corresponding

curvatures of the inclined pipe.
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Fig. 6.21. Nonlinear frequency responses of the inclined FG pipe (N=4, 1=
0.5, V; =5 m/s, y= 259 for different temperatures; (a) [, = 344 K, (b) T; =

355K, (c) Tj= 385 K and (d) T, = 390 K.
For further increase of temperature (T; =385K, Fig. 6.21(c)), the local
principal primary parametric resonance corresponding to the buckled equilibrium
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on the negative side (7, <0) disappears. However, the same also occurs
corresponding to the buckled equilibrium on the positive side (7, >0) for a little

more temperature (T; =390 K, Fig. 6.21(d)). This may be due to the fact that the
nonlinear stiffness or curvature of the inclined FG pipe increases at a higher
temperature (T;). However, it is important to observe from Fig. 6.21(d) and Fig.

6.18(c) that the frequency response of the inclined FG pipe is almost similar to
that for the vertical FG pipe, and it occurs at a high temperature in the post-
buckled state of the FG pipe. It may also be observed from Figs. 6.21(b)-(d) that
the saddle periodic orbit (OO') shifts towards the zero-line (77, =0) with the
increase in temperature leading to almost equal domains of attraction over the

positive and negative post-buckled equilibrium states. It is corroborated in Fig.

6.22 through the plot of the basin of attraction at two different temperatures (T; =

355 K, T; =385 K) with £2=7.5. From these observations, it may be concluded

that the nonlinear dynamic characteristics of the inclined FG pipe at a high
temperature in its post-buckled state approach to that of the vertical FG pipe so
that the angle of inclination of the FG pipe has minimal effect on its dynamic

behavior.

(b)g 5

¢, 05 1 - )
7,,(x 10%) 7,,(x 107%)

T4 0.5

Fig. 6.22. Basin of attraction at a frequency of 2=7.5 (n=4, 1=0.5, V; =5

m/s, y=25° for two different temperatures; (a) T, =355 K and (b) T, =385 K

(green closed curves are limit cycle attractors and red closed curve is saddle
periodic orbit).
6.5.3.2.2. Effect of the graded exponent of FGM
A higher value of the graded exponent (N) of FGM means more volume fraction of
the metal constituent resulting in softer FG pipe. Also, the corresponding decrease
of the volume fraction of the ceramic constituent yields higher temperature at any
point within the wall-thickness of the FG pipe under the specified surface
temperatures. These two factors result in higher deflection of the FG pipe for an

increase in the graded exponent without any change of the surface temperatures.
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Now, at a low temperature, i.e. at the pre-buckled state of the FG pipe, its static

profile or curvature appears because of its inclination (y#0) (Fig. 6.17). This

static deflection increases for a higher value of the graded exponent due to the

aforesaid reasons. The effect of this greater static deflection on the dynamics of
the inclined FG pipe (y =25°) conveying pulsatile fluid (V = 5m/s, 1= 0.5) is
illustrated in Figs. 6.21(a) and 6.23(a) for an increase in the value of the graded
exponent from 4 to 8 at a temperature (T;) of 344 K. These results indicate the
disappearance of the hardening structural behavior of the inclined FG pipe for an
increase in the graded exponent. In contrast, similar change would not appear for
a vertical FG pipe (y =0°), where the vertical FG pipe always behaves as a
hardening structure since there is no initial static deflection at its pre-buckled
state (at a low temperature) (Fig. 6.17).

At the post-buckled state of the inclined FG pipe, the aforesaid result
indicates that the two (positive and negative) buckled equilibrium positions of the
pipe are not symmetric with respect to the zero-line (7, =0), and it appears due
to an inclination angle of the pipe. However, for an increase in the graded
exponent (N) at a constant surface temperature (T;), the curvature of the FG pipe
corresponding to its positive/negative post-buckled equilibrium states increases.
The corresponding effects on the dynamics of the inclined FG pipe (y = 25°) at its

post-buckled state are illustrated in Figs. 6.23(b) and 6.21(b) for an increase of
the graded exponent from 2 to 4. It may be observed from these figures (Figs.
6.23(b) and 6.21(b)) that the global parametric resonance may disappear due to
the increased curvature of the FG pipe at a higher value of the graded exponent.
Also, for the increase in the graded exponent, the buckled equilibrium positions
tends to be symmetric with respect to the zero-line (77, =0) leading to the similar
dynamic responses of the inclined FG pipe over its positive and negative post-
buckled equilibrium positions. So, a higher value of the graded exponent (Nn) of

FGM yields reduced effect of the inclination angle on the dynamic characteristics

of the FG pipe in its post-buckled state.
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Fig. 6.23. Nonlinear frequency responses of the inclined FG pipe (V; =5 m/s,

A= 0.5, y= 259 for (a) T; = 344K, n=8 and (b) T, = 355 K, n=2.
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Fig. 6.24. Nonlinear frequency responses of the inclined FG pipe (N=4, 1=
0.5, y =259 conveying pulsatile fluid with the flow velocity (V; ) of 3 m/s at

two different temperatures; (a) T, = 344 K and (b) T, = 355 K.

6.5.3.2.3. Effect of the mean flow velocity and amplitude of the pulsatile fluid

The motion of the inclined pinned-pinned FG pipe arises due to the pulsatile flow
of the internal fluid where the excitation parameters are the mean flow velocity (

V¢ ) and the pulsation amplitude (1). So, the effects of these parameters on the

dynamics of the inclined FG pipe are investigated in this section. Figures 6.21(a)

and 6.24(a) illustrate the nonlinear frequency responses of the inclined FG pipe (
7 =25°) at its pre-buckled state for two different values of the mean flow velocity
(Vi) as 5 m/s and 3 m/s, respectively. It may be observed from these results

(Figs. 6.21(a) and 6.24(a)) that the curvature of the inclined FG pipe at its pre-
buckled state increases for a higher mean flow velocity since the corresponding
compressive stress in the pipe increases. Additionally, a higher mean flow velocity
causes the oscillation of the inclined FG pipe with a greater displacement

amplitude, where also a greater shift of the mean point of oscillation (black line)
towards the zero-line (7,=0) appears resulting in the appearance of the

hardening structural behavior of the inclined FG pipe. In contrast, the vertical FG
pipe has no initial curvature at its pre-buckled state, and thus it always behaves
as a hardening structure. However, the amplitude of oscillation of the vertical FG
pipe is expected to vary with the change of the mean flow velocity.

For a decrease in the mean flow velocity at the post-buckled state of the
inclined FG pipe, Figs. 6.21(b) and 6.24(b) illustrate the corresponding changes
in its (FG pipe) nonlinear dynamic behavior. It is clear from these results (Figs.

6.21(b) and 6.24(b)) that the principal primary parametric resonance over the
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negative (7, <0) post-buckled equilibrium position disappears for a decrease of

the mean flow velocity. Also, the displacement-amplitude of oscillation of the
inclined FG pipe decreases. These observations infer simpler dynamics of the
inclined FG pipe in its post-buckled state for a low mean flow velocity. Similar
changes in the nonlinear dynamic characteristics of the pre or post-buckled
inclined FG pipe are also observed for the variation of the pulsation amplitude (A

), and thus these results are not furnished here.
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Fig. 6.25. (a) Nonlinear frequency response of the inclined FG pipe at its pre-
buckled state (T; =350 K, y= 45°) for a low material damping of FGM (I, =
0.00004 s, V; =5 m/s, 1= 0.5) and (b) the corresponding global bifurcation

diagram.
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Fig. 6.26. (a) Nonlinear frequency response of the inclined FG pipe at its post-
buckled state (T; = 390 K, y= 25°) for a low material damping of FGM (I, =

0.00004 s, V; =5 m/s, 1= 0.5) and (b) the corresponding global bifurcation

diagram.

6.5.3.2.4. Effect of material damping of FGM
The material damping of the FGM is presently considered through its metal
constituent with the assumption of no material damping in the ceramic

constituent. The corresponding coefficient of Kelvin-Voigt dissipation parameter
or retardation time (I) for the metal constituent is considered as 0.0004 s

(Bommakanti et al., 2016) in the evaluation of the aforesaid nonlinear dynamic
responses of the FG pipe. However, for investigating the effect of the material

damping of FGM on the dynamic behavior of the inclined FG pipe, the same
parameter (I;) is taken with a lower value as 0.00004 s, and the earlier results in

Figs. 6.20(b) and 6.21(d) are reevaluated as presented in Figs. 6.25(a) and 6.26(a).

For the pre-buckled state, it can be observed from Figs. 6.20(b) and 6.25(a)
that the oscillation of the inclined FG pipe is amplified indicatively due to its (FG
pipe) reduced material damping. Also, the oscillation of the FG pipe via parametric
resonances appears in a wide range of frequency. More importantly, the hardening
structural behavior of the FG pipe appears along with its softening behavior for
both the principal primary and secondary parametric resonances (Fig. 6.25(a)).
However, the frequency responses in Figs. 6.20(b) and 6.25(a) indicate a little
more complex dynamic behavior of the inclined FG pipe in its pre-buckled state
for a decrease of material damping of FGM. For a clarification of the corresponding
bifurcation of motion of the inclined FG pipe, the global bifurcation diagram is

illustrated in Fig. 6.25(b) for the frequency response in Fig. 6.25(a). It may be
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observed from Fig. 6.25(b) that the bifurcation of periodic oscillation via principal
primary parametric resonance occurs through period doubling/period
demultiplying bifurcation while the bifurcation of similar motion via fundamental
resonance occurs through saddle-node bifurcation similar to that for the response
in Fig. 6.21(a). However, the higher order parametric resonance is also observed
(Fig. 6.25(a)) for the low material damping. In the frequency region between points
U and V, a period-4 attractor is also observed (Fig. 6.25(b)) along with the period-
1 attractor via the fundamental resonance. These observations indicate the
material damping of FGM as an important factor not only to attenuate the
oscillation but also to reduce the complex nonlinear dynamic behavior of the FG
pipe.

In the post-buckled state of the inclined FG pipe, the changes in its
nonlinear dynamics for the aforesaid decrease in the material damping of FGM
are clarified though the results in Figs. 6.21(d) and 6.26(a). As displayed in these
results (Figs. 6.21(d) and 6.26(a)), the nonlinear dynamic response of the inclined
FG pipe appears in a complex manner for a decrease in the material damping of
FGM. This complex dynamic behavior of the inclined FG pipe arises mainly due
to the extended response of the FG pipe over a wide range of frequency and also
due to the appearance of the higher order parametric resonance (zoomed part in
Fig. 6.26(a)). However, the corresponding global bifurcation diagram (Fig. 6.26(b))
reveals similar kinds of bifurcations of the periodic motion of the inclined FG pipe

as that are observed for the response in Fig. 6.18(b).

6.6. Summary

In this chapter, the nonlinear dynamics of a pinned-pinned FG pipe conveying
pulsatile hot fluid is investigated. The FG pipe is comprised of metal and ceramic
constituents with the inner ceramic rich surface to withstand a high temperature
of the internal hot fluid. The equation of motion of the fluid conveying FG pipe is
derived based on the Euler-Bernoulli beam theory and plug-flow model, and that
is subsequently solved using Galerkin discretization in conjunction with the
incremental harmonic balance/Runge-Kutta method.

First, the static and dynamic characteristics of the fluid-conveying FG pipe
are investigated for its vertical orientation. Here, the divergence characteristics
revealed that the buckling of the FG pipe arises mainly because of the temperature
of the internal fluid. The corresponding critical buckling temperature moderately
varies with the graded exponent of FGM. With reference to the critical buckling
temperature, the pre-buckled and post-buckled equilibrium states of the FG pipe

are identified, and the nonlinear dynamics of the FG pipe is studied based on the
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variations of some system parameters namely temperature, graded exponent of

FGM, mean flow velocity, amplitude of pulsatile flow velocity and material

damping. This study reveals the following observations.

(@) In the pre-buckled state of the vertical FG pipe, it mainly undergoes principal
primary parametric resonance while the corresponding instability region shifts
towards low velocity—amplitude of pulsatile fluid flow for an increase in
temperature of the internal fluid or a decrease in the graded exponent of FGM.
The usual shape of the parametric instability region deviates for a temperature
of the internal fluid near the critical buckling temperature mainly due to the
appearance of additional higher-order parametric resonances.

(b) In the post-buckled equilibrium state of the vertical FG pipe, it mainly
undergoes principal primary and secondary parametric resonances. However,
the principal primary parametric resonance may disappear at a high
temperature of the internal fluid or for a low value of the graded exponent of
FGM. If the temperature of the internal fluid decreases towards the critical
buckling temperature, the snap-through periodic motion of the vertical FG
pipe may also appear. For further decrease in temperature close to the critical
buckling temperature, the chaotic motion of the FG pipe may arise through
the cyclic-fold bifurcation, intermittent transition route, period-doubling

bifurcation and subcritical bifurcation.

Next, the static and dynamic characteristics of the same FG pipe are studied
for its inclined orientation. The inclination of the FG pipe causes its static
deflection due to the gravity load. This static deflection increases significantly for
an increase in the temperature of the internal fluid or the graded exponent of
FGM. However, the steady flow velocity of the internal fluid has negligibly small
effect on the static deflection of the inclined FG pipe. The inclined FG pipe
undergoes buckling at a higher temperature in comparison to that for the vertical
FG pipe. Also, the type of bifurcation of the equilibrium state changes from
pitchfork to saddle—node bifurcation as the vertical orientation of the pipe is
altered to the inclined one. The further study on the dynamic characteristics of
the inclined FG pipe conveying hot pulsatile fluid reveals the following
observations.

(@) In the pre-buckled state, the inclination causes the appearance of principal
primary parametric resonance through the period doubling/period
demultiplying bifurcation instead of the pitchfork bifurcation. Further, the
principal secondary parametric resonance also appears while the

corresponding amplitude of vibration of the FG pipe increases indicatively for
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an increase in the temperature/graded exponent of FGM. The FG pipe exhibits
either softening or hardening structural behavior during its vibration
depending on the deflection of the FG pipe at the mean point of oscillation.
The corresponding exchange of structural behavior occurs through the
saddle-node/period doubling/period demultiplying Dbifurcation. The
hardening structural behavior of the inclined FG pipe may disappear for an
increase in temperature/graded exponent of FGM/ inclination angle.

(b) In the post buckled state, the negative and positive post-buckled equilibrium
states are identified according to the deflections of the FG pipe along and
opposite to its initial deflection under the gravitational load. However, the
saddle periodic orbit is observed instead of the saddle-node associated with
the zero equilibrium position. This saddle periodic orbit shifts towards the
positive post-buckled equilibrium state due to an increase in the inclination
angle or a decrease in the temperature, and it results in unequal domains of
attraction or asymmetric dynamic responses over the positive and negative
post-buckled equilibrium states.

() For an increase in the temperature of the internal fluid from the critical
buckling temperature, the principal primary parametric resonance associated
with the positive/negative post-buckled equilibrium state disappears.
However, the higher order parametric resonances are also observed along with
the principal parametric resonances for a low material damping of FGM.

(d) At a very high temperature of the internal fluid, the dynamic responses of the
inclined FG pipe at its post-buckled state become similar to that of the vertical
FG pipe. More importantly, the chaotic motion of the vertical FG pipe near the
critical buckling temperature disappears once the pipe is taken in inclined
orientation.

The overall analysis reveals that temperature of the internal pulsatile fluid
is the primary concern for complex dynamic response of the FG pipe. However,
the graded exponent of FGM and inclination angle may be utilized as the tuning
parameters to alleviate the static/dynamic instabilities, as well as the associated

complex dynamic responses, of the FG pipe.
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Chapter
7

Conclusions and scope for future work

7.1. Conclusions

This dissertation deals with the nonlinear dynamics and active /passive control of
parametrically excited beam-like slender structures. The overall study is
presented in the preceding six chapters. The first chapter mainly presents a
literature review on the (a) nonlinear dynamic characteristics, (b) active/passive
control and (c) mathematical modeling of beam-like slender structures under the
parametric excitation. A great deal of research towards the exploration of
nonlinear dynamic characteristics of parametrically excited slender structures is
observed in the open literature. Also, various mathematical modelling approaches
are proposed, where most of the theoretical studies are carried out in the Galerkin
or FE framework. However, the FE procedure provides the advantage of handling
complex geometry and material configuration in a slender structure. But this
numerical method of analysis involves a good computational time so that the
analysis of nonlinear dynamics of slender structures using reduced-order FE
formulation has been focused in the recent literature.

Besides the analysis of nonlinear dynamic characteristics, a good amount of
research on the concern of controlling dynamic instabilities and the associated
complex motion of parametrically excited slender structures is reported utilizing
piezoelectric actuators, viscoelastic damping materials and FGMs. However, the
research on the utilization of piezoelectric actuators is limited to extensional mode
piezoelectric actuators, where also these actuators are applied to control the
dynamic instability in the pre-buckled state of slender structures. In parallel, the
utilization of the viscoelastic material is addressed through the CLD treatment;
however, the corresponding available studies are limited to the passive control of
parametric instability in the pre-buckled state of slender beams. Further, the
application of FGMs is reported for improved static/dynamic stability of
parametrically excited slender beams and fluid conveying pipes, especially under
the thermal environment, where the corresponding available studies are limited
to (a) the parametric instability in the pre-buckled state of slender beams and (b)
the static stability and dynamics of fluid conveying pipes under the direct

excitation.
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On the basis of these observations from the literature survey, further
research in this dissertation is carried out on the (a) usefulness of shear mode
piezoelectric actuators in comparison to the extensional mode actuators for active
control of parametrically excited beam-like slender structures, (b) utility of CLD
treatment for attenuation of complex nonlinear dynamics of parametrically
excited slender beams in the post-buckled state, (c) reduced-order FE modelling
of CLD treated slender beams under direct/parametric excitation and (d) effect of
graded properties of a vertical/inclined FG pipe on its nonlinear dynamic
characteristics while the pipe conveys hot fluid with steady/pulsatile flow velocity.
These studies are presented in the subsequent five chapters and summarized here
in the following paragraphs.

First, the usefulness of piezoelectric actuators in active control of dynamic
instabilities and the associated complex motion of parametrically excited beams
is investigated. Both kinds of piezoelectric actuators, namely shear and
extensional mode actuators, are used separately by configuring two different
smart beams under the direct/parametric excitation. The first smart beam is
configured by attaching the extensional mode piezoelectric actuators to the top
and bottom surfaces of the host beam. However, the second smart beam is
configured as a sandwich beam with a foam core, where shear mode piezoelectric
actuator patches are embedded in the core. These smart beams are configured
following the working principle of the actuators in control of bending deformation
of a beam element, since the instability and the associated motion of the
parametrically excited smart beams appear through their bending mode of
deformation. The volumes of the actuator patches and the substrate material are
kept constant for both kinds of smart beams. Also, both kinds of piezoelectric
patches are activated in uniform manner according to the velocity feedback
control strategy, especially for making a comparison study on their actuation
capabilities in controlling the smart beams under the direct/parametric
excitation. The dynamics of the smart beams is studied by deriving closed-loop
FE models in the time and frequency domains, where the HBM is employed to
convert the FE equations of motion from time to frequency domain. The numerical
results reveal the following salient observations.

(i) For a smart slender beam under the forced excitation, the resonant
displacement-amplitude can be reduced to the desired range by increasing
the control gain, while there is no significant change in the corresponding
externally applied electric field to the actuators. However, the externally
applied electric field significantly increases with the increasing load-

amplitude of the forced excitation. In this concern, the extensional mode
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actuators are capable of working up to a large extent of the load-amplitude
in comparison to that for the shear mode actuators.

(i) The parametric instability of the smart beams is not only confined to the
corresponding instability region but also dependent on the external
disturbance that ensues transverse deflection of the beams. However, once
the dynamic instability of a smart beam arises for any of the reasons, the
shear mode actuator needs significantly more applied electric field for the
attenuation of the corresponding oscillation than that for the extensional
mode actuator.

(iii) In the post-buckled state of the smart beams, the complex motion of the
beams appears through two local periodic attractors, snap-through periodic
motion and the chaotic motion. However, with the increase in the control gain,
first, the global snap-through motion diminishes, and then the chaotic motion
reduces to simple period-1 response corresponding to the buckled
equilibrium states. But the corresponding requirement of the external electric
field for the shear mode actuator is significantly more than that for the
extensional mode actuator. This difference further increases with the increase

in the load parameters.

These observations suggest extensional mode piezoelectric actuator instead
of shear mode actuator for controlling complex dynamics of smart beams under
direct/parametric excitation. However, the next study is carried out to investigate
the usefulness of the CLD treatment in passive control of complex dynamics of a
parametrically excited beam. A geometrically nonlinear FE model of the CLD
treated beam in the frequency domain is derived using HBM, and the dynamic
analysis is performed mainly by evaluating nonlinear frequency responses.
However, an FE model of the same beam in the time domain is also derived to
construct global bifurcation diagram within a range of excitation frequency,
especially to trace various dynamic instabilities /bifurcations.

The HBM-based FE model of the CLD treated beam is formulated by
implementing HBM prior to the FE discretization, since the viscoelastic
constitutive relations involve temporal derivative/integral of stress/strain.
Accordingly, the FE formulation starts with the implementation of HBM over the
constitutive relations. However, presently this reduction of viscoelastic
constitutive relations using HBM is presented for different constitutive models,
namely Kelvin-Voigt model, Zener model, fractional Zener model, Maxwell model,
generalized Maxwell model and Hereditary integral approach. All these

constitutive models are reduced to a generalized mathematical form for the time-
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periodic stress/strain so that there is no need of separate HBM-based FE

formulation of a viscoelastic structure when the mathematical form changes from

one to another viscoelastic constitutive relation.
However, the HBM-based reduced form of viscoelastic constitutive relations

pose the complexity in the subsequent FE formulation, especially for deriving a

large expression of the HBM-based expanded form of geometrically nonlinear

stiffness matrix with an arbitrary number of harmonic terms. This derivation is
presently tackled by introducing a special factorization of nonlinear strain-
displacement matrix in terms of a linear strain-displacement matrix and a nodal
displacement matrix. However, in the corresponding long expression of the
nonlinear stiffness matrix, every stiffness term is composed of a linear stiffness
coefficient matrix associated with the product of sine and cosine functions.
According to the HBM, these stiffness terms are commonly integrated over a time
period using a numerical time-integration method. But it involves high
computational time mainly because of a large number of stiffness terms as well
as a large number of nodal degrees of freedom in the FE model. So, presently the
orthogonally of Fourier basis functions is exploited to perform analytical time-
integration towards a reduced computational time. This analytical time-
integration strategy also provides an additional advantage of reducing the number
of stiffness terms in the HBM-based expanded form of the nonlinear stiffness
matrix. However, besides these new strategies in the formulation of HBM-based

FE model of CLD treated beams, the numerical results reveal the following

observations.

(i) The computational time in the evaluation of nonlinear frequency responses
reduces significantly when the present analytical time-integration strategy is
used instead of a conventional numerical time-integration method.

(i) The accuracy in the estimation of nonlinear frequency responses of CLD
treated beams varies from one viscoelastic constitutive model to another. In
this concern, the present study recommends fractional Zener model,
generalized Maxwell model and Hereditary integral approach.

(iii) The formulation of the tangent stiffness matrix may be simplified by avoiding
its viscoelastic counterpart. This simplification poses somewhat inaccuracy
in the computation of the tangent stiffness matrix; however, it is observed
that there is no difficulty in the convergence of nonlinear solution through
Newton-Raphson iterations for the present problem of a CLD treated beam.
Additionally, this simplified formulation of the tangent stiffness matrix
provides the advantage of reduced computational time in the evaluation of
nonlinear frequency responses of CLD treated beams.
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However, for further reduction of the computational time in the evaluation
of nonlinear dynamic responses of CLD treated beams, the aforesaid full-order FE
model is reduced to a reduced-order FE model (ROM). For deriving this ROM, the
reduced basis vectors (RBVs) may be computed using either of MSE, MSEC, MM,
ICES, RKT and FSRK approaches. But these approaches are originally proposed
for linear dynamic analysis of viscoelastic structures. So, RBVs computed through
these approaches may not provide sufficient accuracy in the nonlinear ROM of a
viscoelastic structure. Therefore, for the present nonlinear ROM of CLD treated
beams, RBVs obtained through the aforesaid approaches are enriched using static
derivatives (SDs). Here, SDs may not be orthogonal to RBVs so that the proper
orthogonal decomposition (POD) method is applied over the union of RBVs and
SDs. The resulting proper orthogonal modes (POMs) are utilized as the enriched
RBVs for the derivation of nonlinear ROM of CLD treated beams. However, the
ROM can be formulated following the conventional approaches where the
reduced-order system matrices/vectors are derived from the similar
matrices/vectors obtained from the full-order FE model. But, in this process, the
reduction of the computational time cannot be achieved appreciably due to the
involvement of full-order FE model. So, presently a formulation of the nonlinear
ROM in the elemental level is introduced without involving the full-order system
matrices/vectors.

The nonlinear ROM of the CLD treated beams is derived in both the time
and frequency domains based on the fractional Zener constitutive model, where
the complexity mainly arises in the derivation of the reduced-order nonlinear
system matrices and vectors, namely nonlinear stiffness matrix, tangent stiffness
matrix and memory load-vector. The formulation of the reduced-order nonlinear
stiffness and tangent stiffness matrices in the elemental level is performed by
using the aforesaid factorization of nonlinear strain-displacement matrix.
However, the reduced-order nonlinear memory-load vector is formulated in the
elemental level by introducing two new anelastic forces. The accuracy of these
nonlinear ROMs of CLD treated beams is verified with reference to the full-order
FE model. It is observed that the required number of enriched RBVs towards the
sufficient accuracy in the numerical results varies from one to another approach
(MSE, MSEC, MM, ICES, RKT and FSRK), where the present enrichment of RBVs
through ICES approach provides most accurate result with less number of
enriched RBVs as compared to the other approaches. It is also observed that the
present enriched RBVs and ROMs are capable of estimating very complex
nonlinear frequency responses and dynamic bifurcations of CLD treated beams

under the parametric excitation. Also, the computational time in the evaluation

222
TH-2877_166103022



of these complex dynamic responses reduces significantly for the formulation of
the ROMs in the elemental level.

However, in the subsequent step, these ROMs are utilized to investigate the
usefulness of the CLD treatment in passive control of complex dynamics of
parametrically excited post-buckled beams. This investigation is carried out by
configuring the CLD treatment in three different layered beams. The first one is
the PCLD configuration, where a thin elastic layer constrains a viscoelastic
damping layer against the top surface of the host beam. The second one is a three-
layered sandwich beam with the viscoelastic core, and the third one is a multi-
layered beam with two identical constrained viscoelastic layers. All the layered
beams are considered to operate under an axial compressive harmonic load
applied through the fixed support ends of the beams. The volumes of viscoelastic
layers and substrate/elastic layers do not vary from one to another layered beam.
Also, the applied load is kept constant for all the layered beams, and the damping
effectiveness of each of the CLD configurations is studied in attenuation of the
complex dynamics of the layered beams, mainly in their post-buckled equilibrium

state. The corresponding numerical results reveal the following observations.

(i) The PCLD treated beam possess greater stability under the static axial
compressive load as compared to other two configurations of layered beams.
So, the PCLD configuration may be preferred for a CLD treated beam under
the parametric excitation. But, it is observed that the amplitude of vibration
of the PCLD treated beam corresponding to its dynamic instability in the pre-
buckled state is significantly more than that of the buckled three/five-layered
beam. Therefore, the three/five layered configuration may be used for better
control of dynamics of a CLD treated beam provided that the possible buckled
deflection of the beam is to be accommodated in an application.

(i) In the post-buckled state, the viscoelastic layered beams undergo very
complex motion involving various dynamic instabilities and chaotic
oscillations. Also, these layered beams undergo the large-amplitude vibration
through the snap-through periodic oscillation with respect to the zero
equilibrium state. The CLD treatment is capable of attenuating this complex
dynamics as well as large-amplitude vibration through three-layered or five-
layered configuration. However, the PCLD configuration is not a suitable one

for controlling this complex dynamics.

Further study is carried out for investigating the nonlinear dynamics of a
pinned-pinned vertical/inclined FG pipe conveying hot fluid with steady/pulsatile

flow velocity. The FG pipe is comprised of metal and ceramic constituents with
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the inner ceramic rich surface to withstand the high temperature of internal hot
fluid. The slender FG pipe is modeled using Euler-Bernoulli beam theory while
the fluid flow is modeled by the assumption of plug-flow. The governing equation
of motion is derived employing Hamilton’s principle, and subsequently it is solved
through the Galerkin discretization, where the HBM and adaptive Runge-Kutta
method are employed for evaluation of the numerical results in the frequency and
time domains, respectively.

First, the effects of the gravitational load and the temperature of the internal
fluid on the static deflection of the FG pipe are investigated for its (pipe) different
inclination angles with the vertical axis, where the internal mass of fluid is
considered with or without steady flow velocity. It is observed that the inclined FG
pipe undergoes a very small static deflection (transverse to its length) due to the
gravitational load whereas a vertical FG pipe does not have such an initial
deflection. Because of this initial small deflection, thermally induced deformation
characteristics of the inclined FG pipe differ indicatively from that of the vertical
FG pipe like (i) the inclined FG pipe has an indicative thermal deflection at its pre-
buckled state whereas a vertical FG pipe does not undergo similar thermal
deflection, (ii) the buckling of the inclined FG pipe appears through the saddle-
node bifurcation whereas the vertical FG pipe undergoes buckling through the
pitchfork bifurcation, (iii) the critical buckling temperature of the FG pipe
increases indicatively as its vertical orientation changes to inclined one.

Next, the dynamics of the vertical or inclined FG pipe conveying hot fluid
with pulsatile flow velocity is studied, where the temperature of the fluid is
increased gradually for investigating the characteristics of motion of the FG pipe
corresponding to its pre-buckled and post-buckled equilibrium states. In the pre-
buckled state, the vertical FG pipe undergoes principal primary parametric
resonance through the pitchfork bifurcation. However, similar resonance in case
of the inclined FG pipe evolves through the period doubling bifurcation. The
inclination of the FG pipe from the vertical axis may cause the appearance of the
principal secondary parametric resonance in the pre-buckled state. As the
inclined FG pipe undergoes an indicative thermo-elastic deflection at its pre-
buckled state, it mainly behaves as a softening structure. However, a significant
change in the mean point of oscillation of the inclined FG pipe is observed during
its motion via resonances, and it causes the appearance of hardening structural
behavior of the inclined FG pipe at some frequency range. The exchange between
the hardening and softening behavior of the inclined FG pipe occurs through
saddle-node/period doubling/period demultiplying bifurcation. A higher value of

the graded exponent of FGM may cause the disappearance of the hardening
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behavior of the FG pipe but it may retain for a higher mean flow velocity or
amplitude of pulsating fluid flow.

In the post-buckled state of the vertical/inclined FG pipe, its motion appears
with respect to one of the stable post-buckled equilibrium states via the principal
primary and secondary parametric resonances, where the stable periodic
oscillation of the pipe evolves through the period demultiplying/period
doubling/saddle-node bifurcation. Additionally, a stable global periodic
oscillation of the FG pipe encircling the post-buckled equilibrium positions (snap-
through oscillations) may also appear at the post-buckled state near to the onset
of the static instability (buckling). Also, the chaotic motion involving snap-through
motion may arise for vertical FG pipe depending on the temperature, pulsatile
flow parameters and graded exponent of FGM. Further complexity in the
oscillatory motion of the FG pipe via parametric resonances may arise due to the
appearance of higher order parametric resonances under the low material
damping of FGM. It is observed that the inclination of the FG pipe induces the
saddle periodic orbit instead of the saddle node. This saddle periodic orbit shifts
towards the one of the stable post-buckled equilibrium states due to the
inclination of the FG pipe and temperature, and it results unequal domains of
attraction, as well as natural frequencies, over the two stable post-buckled
equilibrium positions. This effect of inclination of the FG pipe disappears at a very
high temperature and/or at a high value of the graded exponent of FGM so that
the dynamic behavior of the inclined FG at its post-buckled state becomes as
similar to that of the vertical FG pipe.

These observations indicate that the temperature of the internal pulsatile
fluid is the main concern for the complex dynamics of the FG pipe, where the
graded exponent of FGM and inclination angle may be utilized as the tuning
parameters to alleviate static/dynamic instabilities and the associated complex

motion of the FG pipe.

7.2 Scope of future work

Although the preceding chapters of this thesis fulfil the objectives of the present
dissertation, some of the future work which may be readily undertaken in line

with the present work are as follows.

1. Design of viscoelastic damping treatment for passive control of nonlinear
dynamics of fluid conveying pipes.

2. Usefullness of FGM for heat exchanger tubes.
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3. FGMs for marine riser in the presence of vortex induced vibration and
internal flow.

4. Hybrid damping treatments for control of complex dynamics of slender
structures in the post-buckled state.

5. Development of reduced-order FE models in conjuction with corotational

formulation.
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