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Abstract

Trapped waves are of considerable interest in providing examples of discrete wave frequencies
in the presence of a continuous spectrum. In this thesis, we first investigate the existence of
trapped modes in a two-layer fluid of finite depth subject to different conditions: (i) upper
surface bounded above by a rigid lid; (ii) upper surface bounded above by a thin ice-cover;
(iii) fluid flowing over an elastic bottom at a finite depth. In all these problems, a submerged
horizontal circular cylinder is placed in either of the layers. The effect of surface tension
at the surface of separation is neglected and each fluid layer is considered to be immiscible.
Furthermore, the assumptions of linear and time harmonic motions are followed. To solve
the ice-cover problem, the standard idealization of ice as a thin elastic plate, which responds
to only flexural changes, is followed. In the elastic bottom problem, the flexural bottom is
considered as a thin elastic plate and is based on the Euler-Bernoulli beam equation.

Later on, trapped mode frequencies are computed for a submerged horizontal circular
cylinder with the hydrodynamic set-up involving an infinite depth three-layer incompressible
fluid with layer-wise different densities. The impermeable horizontal cylinder is fully immersed
in either the bottom layer or the uppermost layer. In this problem we restrict the uppermost
layer to be covered by a free surface only.

In all these problems mentioned above, trapped mode frequencies are computed below
a cut-off value. In one of the later parts of the thesis, we compute trapped modes which
are embedded in a continuous spectrum due to the presence of a pair of identical cylinders
submerged in either layer of a two-layer fluid which is covered by a thin ice-cover. In this case
we assume the lower layer to be of infinite depth. Though numerical computation is carried
out for a pair of cylinders only, we additionally provide the theoretical development for the
case of a specific arrangement of multiple cylinders.

We have excluded the presence of surface tension at the free surface and interfaces for all
the problems considered here. Its exclusion is justified by presenting some numerical results
in the last problem of the thesis.

In this study of trapped waves, mixed boundary value problems are set up for the determi-
nation of velocity potentials corresponding to each layer where the governing partial differential
equation happens to be modified Helmholtz equation in two-dimensions for oblique incidence
within the fluid. The governing equation is accompanied by boundary conditions near the
upper rigid boundary or the ice-cover surface or the free surface, at the interface between two
fluids and at the bottom boundary, if any, depending on the problem considered. The trapped
mode condition arises which ensures that wave propagation to infinity does not take place at
the interface(s) or at the upper surface.

In order to examine the existence of trapped modes, multipole expansion method, along
with the properties of an infinite system of linear equations, is used. A number of observations
are made on the trapped modes with regard to different submergence depths and depths of
all the layers. For the frequencies below a cut-off value, there exist two modes (except for the

rigid lid problem) for which trapped wave exists. For low density ratios, the motion of the
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first mode is concentrated about the upper surface while for the second mode the motion is
concentrated about the interface. As the density ratio increases, the motion for the first mode
is transferred from the upper surface to the interface, and the upper surface elevation becomes
very small. The dispersion relation is also analyzed for various water depths and for different
submergence depths of the cylinder placed in either of the layers. In a separate instance, we
also observe the existence of trapped modes above a cut-off frequency. This occurs for the
case of a pair of circular cylinders in a two-layer fluid with an ice-cover. The trapped mode

frequencies in this case are embedded in a continuous spectrum.

For the case of the rigid lid problem, it is observed that if we move the cylinder away from
the interface towards the upper surface, the trapped mode frequency increases and the trapped
mode ceases to exist as the cylinder comes closer to the rigid lid. By varying the submergence
depth and fixing all the parameters, it is observed that the trapped mode increases as density
ratio decreases. When the rigid lid is replaced by a thin ice-cover, there exists two wavenumbers
each of which has two trapped modes. For both the wavenumbers, the second mode gets more
affected due to the presence of the ice-cover. With an increase in flexural rigidity of the ice-
cover, the second mode for both the wavenumbers ceases to exist. Trapped mode wavenumbers
increase due to the consideration of the elasticity of the sea-bed, which is more realistic as

compared to a flat and rigid bed.

For the case of a three-layer fluid, we observe the effect of the depth of the middle layer
having constant density which basically acts as a crude representation of a smooth pycnocline
between the upper and lower layers. In this case there exist two trapped modes. For both
the modes, as the depth of the middle layer increases, the wavenumbers interchange their
properties at near crossing points. Further, as the density ratio increases to 1.0, one of them
tends to zero and other tends to some finite value. For the case when a pair of cylinders is
placed entirely in the lower layer of a two-layer fluid bounded above by a thin ice-cover, we
present numerical evidence that trapped modes do exist above the cut-off frequency for oblique
waves for such a geometry. For the parameter values chosen, the number of trapped modes
embedded in the continuous spectrum decreases with an increase in the flexural rigidity of the
ice-cover. The trapped mode frequency decreases when either the depth of the upper layer or

the submergence depth increases.

For the case when the effect of surface tension is included, we observe that out of the two
modes of the dispersion curves, the higher mode gets more affected with the variation of the
surface tension parameters. Variation of the trapped mode against density ratio does not get
affected by the presence of surface tension either at the free surface or the interface. Therefore,
we make the observation that in this type of problems, the inclusion of surface tension in the
formulation does not lead to any significant difference. Though in this problem the upper layer
is covered by a free surface, similar observation is expected when the free surface be replaced

by a rigid lid or an ice-cover and hence it is justifiable to ignore surface tension altogether.

The existence of trapped modes show that, in general, a radiation condition for the waves at

infinity is insufficient for the uniqueness of the scattering problem. The solutions are expected
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to render a quantitative guidance to various types of water wave problems in two-layer and
three-layer fluids. It is to be noted that the existence of trapped modes throughout the present
work is based on numerical evidence only, i.e., the values of those frequencies are located
numerically for which the truncated determinant vanishes. However, we feel that similar
proofs for two-layer and three-layer fluids, as was done for a single-layer fluid in Ursell (1951),

may be possible to be derived.
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Chapter 1

Introduction

A fluid is a substance that can flow. That is, the particles comprising a fluid continuously
change their positions relative to one another. If the fluid is at rest, then no shear forces
can exist in it, which is a different property from solids which can resist shear forces while at
rest. Fluid mechanics is that branch of applied mechanics which is concerned with the statics
and dynamics of liquids and gases. The analysis of the behaviour of fluids is based upon the
fundamental laws of applied mechanics that relate to the conservation of mass, energy and
momentum. The subject branches out into sub-disciplines such as aerodynamics, hydraulics,
geophysical fluid dynamics, bio-fluid mechanics etc. It is known now, beyond any doubt, that
a moving fluid in contact with a solid body does not have any velocity relative to the body at
the contact surface. This condition of not slipping over a solid surface has to be satisfied by a

moving fluid. This is known as the no-slip condition.

The most fundamental idea that we need in fluid mechanics is the continuum hypothesis.
In simple terms this says that when dealing with fluids we can ignore the fact that they actually
consist of billions of individual molecules (or atoms) in a rather small region, and instead treat
the properties of that region as if it were a continuum. By appealing to this assumption, we
may treat any fluid property as varying continuously from one point to the next within the
fluid; this would clearly not be possible without this hypothesis. The continuum hypothesis
enables us to use the simplest concept of local velocity of the fluid and the whole flow field
may be specified as an aggregate of such local velocities. Two distinct alternative kinds of
specifications are possible. The first, known as the Lagrangian type, involves observing the
trajectory of each individual fluid parcel as it moves from some initial location. The alternative
is the Eulerian type of specification. This corresponds to a coordinate system fixed in space,
and in which fluid properties are studied as functions of time as the flow passes through fixed
spatial locations. The Lagrangian type of specification is useful in certain special contexts,
but it leads to rather cumbersome analysis and in general is at a disadvantage in not giving
directly the spatial gradients of velocity in the fluid and hence an Eulerian specification is
being employed in most of the cases.

If all properties of a flow are independent of time, then the flow is called steady; otherwise,
it is called unsteady. A uniform flow is the one in which all velocity vectors are identical (in
both direction and magnitude) at every point of the flow for any given instant of time. Flows

for which this is not true are said to be nonuniform.
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At an instant of time, there is a velocity vector with a definite direction at every point.
The instantaneous curves that are everywhere tangent to the direction field are called the
streamlines of the flow. For unsteady flows, the streamline pattern changes with time. The
pathline is the trajectory of a fluid particle of fixed identity over a period of time. Pathlines
and streamlines are identical in a steady flow, but not in an unsteady flow. A streakline is
another concept in flow visualization experiments. It is defined as the current location of all
fluid particles that have passed through a fixed spatial point at a succession of previous times.
It is determined by injecting dye or smoke at a fixed point for an interval of time.

Viscosity is that fluid property by virtue of which a fluid offers resistance to shear stresses.
Newton’s law of viscosity states that for a given rate of angular deformation of a fluid, shear
stress is directly proportional to viscosity. A fluid which obeys this law is known as Newtonian
fluid. For example, water is a Newtonian fluid. A non-Newtonian fluid is a fluid whose
flow properties differ in many ways from those of Newtonian fluids. For example, ketchup,
custard, toothpaste, blood, and shampoo are non-Newtonian fluids. In a non-Newtonian fluid,
the relation between the shear stress and the shear rate is different and can even be time-
dependent. Therefore, a constant coefficient of viscosity cannot be defined.

The Navier-Stokes equations are the set of equations that describe the motion of fluid
substances such as liquids and gases. These equations state that changes in momentum (force)
of fluid particles depend only on the external pressure and internal viscous forces (similar to
friction) acting on the fluid. Thus, the Navier-Stokes equations describe the balance of forces
acting at any given region of the fluid.

A fluid is said to be incompressible when the density of an element of fluid is not affected
by changes in the pressure. The density of the fluid in a mass element may also change as a
consequence of molecular conduction of heat (or, rarely, of a solute) into the element. However,
circumstances in which the effect of conduction of heat in the fluid is negligible are common,
and a statement that a fluid is effectively incompressible is usually taken to imply, in the
absence of any explicit qualification about heat conduction, that the density of each mass
element of the fluid remains constant. The Navier-Stokes equations and mass conservation are
then sufficient to determine the solution to a fluid mechanics problem. Actually, the absolute
pressure in an incompressible fluid is indeterminate and only its gradient is relevant for the
equations of motion. Taking the divergence of the Navier-Stokes equation and using the mass
conservation equation in simplifying the result gives Poisson equation for the pressure.

A flow field with velocity vector u is said to be irrotational if curl u = 0; otherwise,
it is rotational. The condition of irrotationality guarantees the existence of another scalar
function @, called the velocity potential. If the flow is both irrotational and incompressible,
the Laplacian of the velocity potential must be zero — giving us the equation of continuity for
a potential flow.

It is perhaps not an overstatement to say that wave motion is the most basic feature of
all physical phenomena. Whenever we see or hear anything, we can do so because of the
existence of waves. Electromagnetic waves cover a spectrum of waves from low frequency radio
waves through visible light to X-ray and gamma ray. Sound propagates as a wave through
the air. When someone sings or plays a musical instrument, the standing waves in their vocal

chords, guitar strings or drumskins produce a pressure change or sound wave, which is audible.
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CHAPTER 1. INTRODUCTION 3

Waves can propagate both on the surface of solid bodies (for example, as earthquakes) and
through the bulk of a solid (for example, in seismic oil prospecting). The surface of a sea
is perhaps the most obvious example of a wave bearing medium. Water waves vary in size
from the small ripples caused by raindrops through shock waves such as the Severn Bore, to
enormous ocean waves that can capsize large ships. Waves in different media can interact,
often with devastating effects, for example, when an underwater earthquake causes a tsunami,
a huge wall of water sets in a motion that can destroy coastal settlements, or when the waves
generated by the wind blowing on a bridge produce a catastrophic resonance. These examples
alone are sufficient to motivate researchers to study various aspects of wave propagation. Wave

phenomena also occur in many other physical systems.

Real water waves propagate in viscous oceans over an irregular rough bottom of varying
permeability. However, a striking feature of the water waves in the oceans is that in most
cases the main body of the fluid motion is nearly irrotational such that the viscosity which
causes the rotation may be negligible. Another remarkable fact is that water can be reasonably
regarded as incompressible and, consequently, a velocity potential and a stream function exist
for wave propagation in oceans. The problems associated with water wave propagation are
difficult owing to the complex nature of the process. The difficulties arise from the irregularity
of the wave motion, wave breaking and energy dissipation due to friction, turbulence etc. Any
mathematical model that we attempt will require some simplifications or idealizations. The
application of a mathematical description often depends on the number of space dimensions
involved with the problem. In the case of a one-dimensional model, it is possible to introduce
some nonlinear effects into the method of solution. However, in the case of two- and three-
dimensional models, the mathematical formulations are often restricted to those solvable by

linear harmonic wave theory.

The study of different kinds of water waves is of immense importance for various applica-
tions. For example, it is required for predicting the behaviour of floating structures (immersed
totally or partially) such as ships, submarines and tension-leg platforms, and for describing
flows over bottom topography. Furthermore, the investigation of wave patterns of ships and
other vessels in forward motion is closely related to the calculation of the wave-making resis-
tance and the other hydrodynamic characteristics that are used in marine design. Another
area of application is the mathematical modeling of unsteady waves resulting from phenomena

such as underwater earthquakes, blasts, etc.

1.1 Some important equations in water wave theory

For the treatment of wave motion as discussed here, a Cartesian coordinate system is adopted
with the z-axis directed vertically upwards and z = 0 in the plane of the undisturbed free
surface. For a purely two-dimensional motion, the dependence on y is omitted and time is
denoted by ¢ throughout.

The equations for conservation of mass and momentum for an inviscid and incompressible
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4 1.1. SOMFE IMPORTANT EQUATIONS IN WATER WAVE THEORY

fluid are

V-u = 0, (1.1)

ou 1
.V = —ZVp+ 1.2
ot +u u P pr8g, ( )

where p is the fluid density, g is the acceleration due to gravity and p is the pressure in the
fluid relative to atmospheric pressure. We also make the simplifying assumptions that the flow
is irrotational and hence the velocity field u can be written as the gradient of a scalar velocity
potential ®(x,y, z,t), that is u = V®. Principle of conservation of mass requires that the

divergence of the velocity is zero so that ® satisfies Laplace’s equation
V20 =0 throughout the fluid. (1.3)

Using the identity
1
ux(qu)=V(§u-u)—u-Vu, (1.4)

we can write the convective acceleration as
1
u-Vu:V(§V<I>-V<I>), (1.5)

with V x u = 0 since the flow is irrotational. If the gravity acts in the negative z-direction, we

can write
g = V(—gz). (1.6)

The momentum equation therefore becomes

%(wp) +v(%vq>~vq>) 3 —%Vp—V(gz), (L.7)

so that, with usual assumptions of smoothness in ® = ®(z,y, z,1),

0P 1 D
and hence 55 1
b
L IVVD VP + = = 1.
8t+2v \Y +p+gz C(t), (1.9)

for some function C(t). However, we can take C'(t) = 0 by using the simple transformation
t
b & +/ C(s)ds, (1.10)
0

which does not affect the velocity field. For this type of flow, we obtain Bernoulli’s equation,

0P 1 D
— 4+ -VO .V 4 = =0. 1.11
5 +2V \Y +p+gz 0 (1.11)

Once we determine ®, the pressure field p can be obtained from Bernoulli’s equation.
We now turn our attention to the surface of the fluid. We assume that the flow is two
dimensional, so that the surface lies at z = n(z,t), where the coordinate = measures distance

along the surface. For the moment we will neglect the effect of surface tension so that the
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CHAPTER 1. INTRODUCTION 5

pressure at this free surface is atmospheric, p = paim-. We can take p = 0 at the free surface
using the simple transformation p — p— patm, which does not change the basic Euler equations
which depend upon Vp. Bernoulli’s equation (1.11) at the free surface then gives us the

boundary condition

d 1
%t+2w.vq>+gn=0 at z = n(x,t). (1.12)

This is also known as the dynamic boundary condition at the free surface. To obtain
the other boundary condition that we need here, we note that the fluid particles cannot cross
the air-water interface and is obtained by equating the vertical speed of the free surface itself

to that of a fluid particle at the free surface, which gives
o®  0On s 0P dn
0z Ot 0Ox0x

This is known as kinematic boundary condition at the free surface. When there is

at z =n(z,t). (1.13)

an impermeable sea-bed so that the local fluid depth is h(z), then there will be no flow normal

to the bed and hence
0P

on
where n is an outward unit normal to the bed. For sufficiently small motions relative to the

0 on z = —h(zx), (1.14)

wavelength, the above nonlinear free surface conditions (1.12) and (1.13) may be linearized
about the undisturbed state. The linearized theory requires the amplitude of the fluid motion
to be small compared to the wavelength throughout the fluid domain including the vicinity of
any structure, and hence the amplitude of any structural motion must also be small relative to
other length scales. It is consistent with the linearization to apply the free surface boundary

conditions on z = 0, in which case the kinematic condition (1.13) becomes

0® 0On
—ua ] = 1.1
5 = Bt on z = (1.15)
and the dynamic condition (1.12) becomes
0P
— +gn=0 on z=0. (1.16)

ot

These two conditions may be combined by differentiation of (1.16) with respect to ¢ and

substitution for dn/dt from (1.15) to get the linearized free surface condition

oo, oo
o2 " 9o. T

All the results, here and in the subsequent chapters, are based on the linearized theory

0 on z=0. (1.17)

and relate to time-harmonic motion with a specified frequency. For time-harmonic motions of

radian frequency w, time may be removed from the problem by writing
Dz, 2,1) = Relg(a, z)e ™), (1.18)

where ¢ is a complex-valued potential and Re denotes the real part. From Eq. (1.3) it follows
that ¢ satisfies Laplace’s equation
V2 =0 (1.19)
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6 1.1. SOMFE IMPORTANT EQUATIONS IN WATER WAVE THEORY

throughout the fluid domain. In terms of ¢, the linearized free surface condition (1.17) becomes

Zf—K¢:0 on z=0, (1.20)
and the bed condition (1.14) becomes

0

a—ﬁ =0 on z = —h(zx). (1.21)

For deep water, characterized by the limit h(x) — oo for all x, the condition (1.21) is
replaced by
IVo| — 0 as z — —00. (1.22)

On the equilibrium surface of the structure which is denoted by Sp, the normal component
must be equal to the velocity component in the same direction of an adjacent fluid particle.
For a stationary structure, this condition in terms of the velocity potential ® is expressed as

0P
on

In linearized theory this condition is applied on the equilibrium surface of the structure. A

0 on Sp. (1.23)

wave train incident upon a fixed structure will be diffracted to produce a diffracted wave field.

By linear superposition, the velocity potential may be decomposed into two parts as
© = Pyiff + Pine, (1.24)
where ®;,,. represents the incident wave train and ®g ¢ the diffracted waves. Because the

structure is held fixed, the appropriate boundary condition is

8(IDdiff i a(I)inc
on On

To obtain a unique solution, the diffracted potential ®; sy must satisfy a radiation condition

on SB. (1.25)

specifying that the waves corresponding to this potential propagate away from the structure.

The radiation condition can be written as

0Dy
i linil (% = ik@diff> =0 in two dimensions, (1.26)
T — 100 X
and
0Dy
klim 7“1/2( ;fo — ikfI)dZ-ff) =0 in three dimensions, (1.27)
r— 00 T

where k is the wavenumber and r represents a polar coordinate. In three dimensions, a ra-
dially spreading cylindrical wave of decreasing amplitude is obtained and energy conservation
arguments require the factor /2 in (1.27).

Conventionally, this problem is solved by first taking a Fourier transform in time, and
then decomposing the resulting frequency domain problem into the so-called scattering and
radiation problems. In the scattering problem, the structure is held fixed in incident waves
of a prescribed frequency. When a train of surface (or internal) waves travelling from a large
distance is incident on an obstacle submerged or partially immersed in water, some parts of

the wave is reflected back by the obstacle and some part is transmitted over or below it. The
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CHAPTER 1. INTRODUCTION 7

wave which is reflected back is known as reflected wave and the wave which is transmitted is
known as transmitted wave. The reflected waves and the transmitted waves are called outgoing
waves as they go away from the obstacle after striking. In scattering theory, the reflected wave
is accompanied by a constant, known as the refiection coefficient and the transmitted wave
is accompanied by another constant, known as the transmission coefficient. In the radiation
problem, the incident waves are removed and the structure is forced to oscillate at a prescribed
frequency. The scattering and radiation problems are closely related and differ only by the
“forcing” boundary condition imposed at the surface of the structure. These two problems are
linked through the equations of motion for the freely-floating structure.

The uniqueness of solutions in the frequency domain to the scattering and radiation prob-
lems has been a subject of research since at least the early 1950’s. Many (probably most)
researchers working in this area believed that it was only a matter of time before a general
uniqueness proof would be obtained that was valid for any structural geometry and for all
frequencies. For a specified geometry, uniqueness of the solution to a forcing problem at a
particular frequency is equivalent to the non-existence of a trapped mode at that frequency.

A trapped mode is a solution of the corresponding homogeneous boundary value problem
and represents a free oscillation with finite energy of the fluid surrounding the fixed structure.
These modes persist in some localized region including the free surface whilst decaying rapidly
to zero as the free surface extends to infinity. Their existence means that large amplitude
motions of the fluid and structures are possible when the system is forced at a frequency close
to that of the trapped mode. For a given structure, trapped modes may exist only at discrete
frequencies. Mathematically, a trapped mode corresponds to an eigenvalue embedded in a

continuous spectrum of the relevant operator.

1.2 Literature survey

For a homogenous (single-layer) fluid, the topic of uniqueness and the existence of trapped
modes has been receiving a plenty of attention over several decades. Earlier proofs of uniqueness
were presented by John (1950) for a single non-bulbous body of different types that intersects
the free surface, and by Ursell (1950) for a submerged horizontal cylinder, lying in an infinitely
deep fluid, immersed to any depth for all frequencies. Simon and Ursell (1984) provided a
uniqueness proof for any two-dimensional system of submerged obstacles, contained between
two lines intersecting at a point on the free surface, inclined at an angle w/4 to the horizontal
direction.

The existence of trapped modes was first established by Ursell (1951) who showed that
such a mode could exist in the vicinity of a submerged horizontal circular cylinder with its
axis normal to the sides of a deep tank extending to infinity in both directions provided that
the cylinder was sufficiently small. Mclver and Evans (1985) showed numerically that this
restriction on the size of the cylinder was not necessary. In this work, they further went on to
prove that at least one mode above a cylinder of arbitrary size did exist and that further modes
were possible as the top of the cylinder approached the free surface. This was consistent with
the general theory of Jones (1953) who had earlier proved the existence of trapped modes in

a tank of finite or infinite depth containing a submerged horizontal cylinder of arbitrary but
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8 1.2. LITERATURE SURVEY

symmetric cross-section. Later on Ursell (1987) provided a simplified proof by using minimum-
energy arguments.

The existence of trapped modes in the presence of a single rigid vertical circular cylinder
placed on the centreline and extended throughout the depth of a long narrow wave channel
was first demonstrated by Callan et al. (1991) for sufficiently small cylinders. The trapped
modes took the form of a persistent local oscillation near the cylinder at a unique frequency
below the first cut-off frequency for the channel, and were antisymmetric with respect to
the centreplane of the channel and symmetric with respect to a plane through the axis of
the cylinder perpendicular to the sides of the channel. Computation of trapped modes by
Evans and Linton (1991) in the case of a cylinder of rectangular cross-section indicated that
additional trapped modes arose only if the dimension of the rectangle in the direction of the
sides of the channel exceeded the width of the channel. Linton and Evans (1992a) presented
a numerical method by using an appropriate Green’s function for determining trapped modes
for more general cylinders in terms of homogeneous solutions of a Fredholm integral equation.
In particular the results presented by them found good agreement with those by Callan et al.
(1991) for the circular cylinder case. Using a standard variational approach, Evans et al. (1994)
proved the existence of trapped modes in channels of constant depth containing a vertical,
surface-piercing cylinder of uniform cross-section which extended throughout the depth and
was symmetrically placed with respect to the centreline of the channel. Evans and Porter
(1997) considered the case of a circular cylinder on the centreplane and generalized the results
of Callan et al. (1991) to the case of any number of circular cylinders of arbitrary size, all
positioned on the centreplane. The work of Evans et al. (1994) was extended by Davies and
Parnovski (1998) to include, for example, a pair of identical cylinders being reflections of each
other in the centreplane. They provided both existence and non-existence results for trapped
modes depending on the shape, size and position of the obstacle(s) in the channel or acoustic
waveguide. Porter (2002) provided strong numerical evidence in support of the existence
of two-dimensional trapped waves supported by a symmetrically arranged pair of horizontal
submerged cylinders for a particular form of cross-section.

The importance of trapped modes in the offshore industry was brought into prominence
by Maniar and Newman (1997) who came upon with extremely large wave diffraction forces
and corresponding large amplitudes of free surface elevations between the adjacent elements of
an array consisting of a large number of identical bottom-mounted circular cylinders. These
effects occurred at frequencies extremely close to the trapped mode frequencies predicted by
the theory of Callan et al. (1991) and tabulated in Linton and Evans (1992a). According
to Maniar and Newman (1997), such periodic arrays have applications to structures such as
floating bridges or proposed designs for floating airports. In practice, however, it is clear that
at least a double array of supporting cylinders is required so that it is important to predict the
corresponding trapped mode frequencies for more than a single cylinder on the centreplane.

For a long time it was anticipated that trapped modes would not exist if the discrete
spectrum was empty as like in the two-dimensional case. This idea was based on the uniqueness
condition (non-existence of non-trivial solutions) proved by John (1950) who stated that the
solution was unique if any vertical line drawn downward from the free surface did not intersect

the surface-piercing or any other submerged body. However, Mclver (1996) disproved this
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conjecture by showing the existence of trapped modes for a pair of surface-piercing bodies.
She found trapped mode solutions for the two-dimensional water wave problem in which any
finite periodicity in a horizontal direction no longer existed. The fluid motion was essentially
confined to the neighbourhood of a tandem structure giving a free oscillation of finite energy
within a fluid of infinite extent. The solution was constructed from two equal-strength wave
sources placed on the free surface and positioned in such a way that the waves radiating
to infinity from each source were canceled by those from the other source, thus giving a local
oscillation of the fluid. She showed that there did exist families of streamline pairs surrounding
the sources that could be interpreted as two surface-piercing structures. A three-dimensional
analogue of the solution obtained by Mclver (1996) followed soon with Mclver and Mclver
(1997) showing that a family of surface-piercing tori supported localized oscillations. The
first example of a trapped mode involving only submerged bodies was presented by Mclver
(2000). These investigations proclaim the existence of a new type of trapped modes which
are embedded in a continuous spectrum. Harter et al. (2007, 2008) incorporated the effect
of surface tension on trapped modes. They showed that its exclusion from the problem was
not always justifiable, as its inclusion in a particular submerged body example changed the
topological nature of the streamline pattern.

Mclver et al. (2003) showed how sloshing trapped modes may be excited in the time domain
by the forced motion of a trapping structure, i.e., when the velocity of the structure was
specified. When the structure was forced to oscillate at the trapped mode frequency, the
energy in the trapped mode could not escape to infinity and resonant growth of the fluid
motion was observed. When the structure was forced to oscillate at a frequency that differed
from the trapped mode frequency, the initial motion of the structure excited a trapped mode
so that the long time behaviour was a combination of oscillations at the forcing frequency
and the trapped mode frequency. Subsequently, Mclver (2005) proved that sloshing trapped
modes could not be excited by any free motion of a sloshing trapping structure. Thus, if such a
trapping structure was displaced and released from rest, or was subject to incident waves, the
trapped mode was not observed. He pointed out that the study of the individual scattering and
radiation problems did not provide direct information about the uniqueness of a solution to the
problem for a freely-floating structure. In general, there is a unique solution for the problem
of a freely-floating structure even at frequencies corresponding to the existence of sloshing
trapped modes supported by the fixed structure. Conversely, it was shown by Mclver and
Mclver (2006) and McIver and McIver (2007) that the freely-floating structure could support
trapped modes at frequencies for which the scattering and radiation problems had a unique
solution. This latter type of trapped mode is a coupled motion of the fluid and structure that

possesses finite energy known as “motion modes”.

In recent years, the increase of human activities in the polar regions has amplified the
necessity of investigations in the domain of ice cover dynamics. In order to understand the
mechanism and the effects of wave propagation through the marginal ice zone in the polar
regions, the ice-cover is modeled as a thin ice-sheet of which a very small part is immersed in
water and is composed of materials having elastic properties. Unlike the case of plane gravity
waves, the upper surface boundary condition associated with the boundary value problem is of

fifth order in the presence of a thin ice-cover. The governing equation of the BVP is Laplace’s
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equation which is not of the standard Sturm-Liouville type. Fox and Squire (1994) developed
a precise linearized model for the reflection and transmission processes due to oblique waves
at the margin of a sheet of shore-fast sea ice. Chung and Fox (2002) considered the interaction
between the propagating waves and a semi-infinite ice sheet. They laid emphasis on the
calculation of the reflection of incident waves. Evans and Porter (2003) analyzed the problem
of scattering of obliquely incident waves by a narrow crack in an ice-sheet floating in water of
finite depth. They also used Green’s function approach to solve the same problem. Another
important reason for investigation of water wave problems in which water is covered by a thin
ice-sheet is due to their application in the construction of very large floating structures, like

floating oil storage bases, floating runways etc.

Undertaking of projects such as construction of underwater tubular bridges across several
fjords and straits as a viable mean of improving/increasing modes of transportation (Friis et al.
(1991)) requires the investigation of various hydrodynamic phenomena that may arise. One
such phenomenon is the occurrence of trapped waves: such waves have modes which are the
finite-energy solution of the unforced problem. Since straits and fjords rarely contain a fluid of
constant density, it seems that a more appropriate model for the study of existence of properties
of trapped waves should perhaps include more than one fluid layer because the number and
frequencies of such waves, if they exist in multi-layer cases, may depend on the number of
such fluid layers and their densities. Since a two-layer fluid is the simplest representation of a
multi-layer fluid, scattering and radiation problems in a two-layer fluid have been attempted
to a reasonable extent but not much work has been accomplished with regard to the existence
of trapped waves in such cases. Some notable works on scattering and radiation problems
in a two-layer fluid worth mentioning are: (i) Cadby and Linton (2000) solved the three-
dimensional wave/structure interaction problem involving a submerged sphere in a two-layer
fluid with one of the layers being of infinite depth; (ii) Linton and Cadby (2002) solved the
scattering of oblique waves by a horizontal circular cylinder in an infinitely deep two-layer fluid,
and calculated the amount of energy that was converted from one wavenumber to the other
for the case of the cylinder placed in either of the upper or lower fluid layers by employing
a multipole expansion method; (iii) Mohapatra and Bora (2009a) solved a three-dimensional
problem involving the interaction of waves with a sphere in a fluid consisting of two layers with
the upper layer bounded above by a rigid lid, which was taken to be the approximation of the

free surface, and the lower layer bounded below by a horizontal surface.

In the case of gravity wave propagation in a two-layer fluid having a thin ice-cover and
an interface, two progressive waves exist which are generated at the upper surface and the
interface. For example, (i) Bhattacharjee and Sahoo (2008) obtained Fourier type expansion
formulas and the related orthogonal mode-coupling relations for flexural gravity wave problems
in a two-layer fluid; (ii) Mohapatra and Bora (2009b), by using linear water wave theory,
investigated the scattering of oblique incident waves by small bottom undulations in a two-
layer fluid where the upper surface was a thin ice-cover. Modified Helmholtz equation was
solved, and the reflection and transmission coefficients were evaluated; (iii) Mohapatra and
Bora (2012) solved the scattering problem for a submerged sphere placed in one of the layers of
the two-layer fluid and computed the exciting forces for both horizontal and vertical directions;

(iv) Mondal and Sahoo (2012) analyzed the effect of compressive force on flexural gravity waves
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CHAPTER 1. INTRODUCTION 11

in two-layer fluids. Wave characteristics for surface and interfacial modes in the cases of deep
and shallow water were studied and generalized expansion formulas, along with associated
orthogonal mode-coupling relations, were derived for the velocity potentials to deal with wave-
structure interaction problems in three dimensions for both cases of finite and infinite water
depths in channels of finite and semi-infinite widths.

The first result about trapped modes in a two-layer fluid was obtained by Kuznetsov (1993)
when he examined and proved the existence of trapped modes above a submerged cylinder in
the lower layer of infinite depth. Using the density difference as a small parameter in a formal
perturbation analysis and reducing the equations to a problem in the lower layer, he studied
the existence of trapped modes at the free surface as well as at the interface between the
two liquid layers. Later, Linton and Cadby (2003) computed the trapped mode frequencies
for a horizontal circular cylinder submerged either in the upper layer or in the lower layer.
They also considered the case of a pair of submerged identical circular cylinders in the lower
layer and predicted the existence of trapped modes embedded in the continuous spectrum.
By using Maz'ya’s identity, Kuznetsov et al. (2003) also provided examples of bodies which
supported trapped modes in a two-layer fluid. Nazarov and Videman (2009) derived the
general sufficient condition for wave trapping in a two-layer fluid in which it was shown in
particular that a trapped mode always exists when the submerged body intersects neither the
free surface nor the interface. Nazarov et al. (2012) investigated the trapping of oblique water
waves by horizontal cylinders in a two-layer fluid. They studied two cases dependent on a
small parameter: first, the liquid densities were considered close to each other, and secondly,
the density of the upper layer was much less in comparison to that of the lower layer. They
also presented the sufficient conditions for wave trapping for appropriate limit problems.

The sharp interface between the layers in all of the above two-layer models is basically
a crude representation of the smooth pycnocline that exists between fresh and salt water.
However, a better and effective model would perhaps involve replacing the sharp interface in
the two-layer model by a layer of finite width in which the density either varies linearly between
the upper and lower values, or remains constant representing some sort of mean density of the
middle layer. Even though the former case is possibly a better and more realistic model,
the latter case is simpler and it serves to improve upon the two-layer model. Sturova (1999)
considered the first case and solved the diffraction and radiation problem when a circular
cylinder was located beneath the middle layer in which the density was constant. Chakrabarti
et al. (2005) considered the latter case and showed the existence of trapped mode supported
by a submerged cylinder placed in the bottom layer of infinite depth by using perturbation
method. They showed that this problem reduced to the ones involving a homogenous fluid of
infinite depth and the two-layer fluid (Kuznetsov (1993)) in the limiting cases.

In all these problems described above, the sea-bed is assumed to be either of infinite depth or
of finite depth with a flat and rigid bottom. But the flexibility of the bed is also a very important
aspect of study which has not been accounted for in these previous investigations. Mallard and
Dalrymple (1977) studied wave propagation over a deformable bottom and found that the wave
characteristic was significantly affected in the presence of an elastic bed. Bauer (1981) obtained
the coupled frequencies of the structure-liquid system by considering the bottom as a flexible

membrane or as a thin elastic plate in a rectangular tank. Later, Bauer (1993) estimated the
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12 1.2. LITERATURE SURVEY

natural frequencies of an elastic rectangular container partially filled with liquid. Chiba et al.
(2002) analyzed the hydroelastic vibration of a frictionless liquid in a cylindrical tank having
a free surface and a flexible membrane bottom. Mohapatra and Sahoo (2011) studied surface
gravity wave propagation over an elastic bed based on small amplitude wave theory. They

analyzed the wave characteristics for both cases of deep and shallow water waves.

All these works motivate us to investigate trapped modes in two- and three-layer fluids.
We begin with a three-dimensional problem where trapped waves exist due to the presence of
a horizontal circular cylinder placed in either layer of a two-layer fluid with the upper layer
and the lower layer bounded above and below, respectively, by rigid horizontal walls, which are
taken to be the approximations of the free surface and the bottom surface. This problem is the
extension of the works of Kuznetsov (1993) and Linton and Cadby (2003). In both the above
works, lower layer of infinite depth was considered but in our problem it is considered to be of
finite depth and we also examine its effect on trapped modes. Multipole expansion method is
used to evaluate the frequencies for which trapped mode exists. We then extend the previous
physical problem by replacing the rigid lid at the upper surface by a thin ice-cover. The effect of
variation of ice-parameters on the trapped mode is observed. Trapped mode for a single-layer
fluid bounded by a thin ice-cover is also recovered by considering the density ratio tend to zero.
The understanding of the free vibration characteristics of the fluid-structure interaction plays a
significant role in various branches of engineering, for example, the propellant in space vehicles
can be free from resonance, large-capacity oil containers in the petrochemical industry can
survive earthquakes, very large floating oil storage tanks, ships and submarines can avoid or
be subjected to reduced localized vibrations. Realizing the importance of vibration as stated
above, we replace the horizontal bottom boundary by a thin elastic plate and consider the
upper layer as the free surface and observe the variation of trapped mode. Along with other
investigations, in this problem we look into the effect of the variation of elastic plate parameters
on the trapped modes when a horizontal circular submerged cylinder is placed in either layer.
Again, we know that the consideration of a two-layer fluid is the simplest representation of
a sharp pycnocline between two layers. However, a better model will be the one with the
consideration of a middle layer of constant density additionally. Consideration of this fact and
the same hydrodynamic set up as considered by Chakrabarti et al. (2005), we investigate the
existence of trapped mode by using multipole expansion method. We also extend their work
to the case of the cylinder placed in the uppermost layer of the three-layer fluid. Trapped
mode frequencies discussed in all the works mentioned above are considered below a cut-off
value. However, some works show that trapped mode also occurs at discrete frequencies which
are embedded in a continuous spectrum. The work of Evans and Porter (1997) shows us
the direction to consider the case of horizontal multiple cylinders placed in either layer of a
two-layer fluid with an ice-cover at the upper surface. For this set-up we discuss the trapped
modes which are embedded in the continuous spectrum and for which propagating waves exist
at the interface but not near the ice-cover. We present the theoretical platform for the case of
multiple cylinders and numerical results for the case of a pair of cylinders. We observe how the
distance between the two cylinders affects the trapped modes. For most of the works in water
wave problems, the effect of surface tension is neglected. In the last problem in the thesis, we

include the surface tension at the free surface and the interface of a two-layer fluid of finite
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depth and observe its effect on trapped modes.

1.3 Outline of the thesis

In this thesis we investigate the existence of trapped modes supported by submerged horizontal
circular cylinder(s) placed in a two-layer or a three-layer fluid (immiscible always) with differ-
ent upper surface and bottom boundary conditions. As a first step towards the formulation of
our problems, the incident potential of the progressive oblique waves is obtained in subsequent
chapters by applying the governing equation and related boundary conditions. Afterwards, we
introduce an obstacle into the wave to examine the trapped waves by the obstacle. Because of
the presence of the obstacle, in addition to the incident potential, a diffracted potential also
enters into the picture. The existence of trapped modes show that, in general, a radiation
condition for the waves at infinity is insufficient for the uniqueness of the scattering problem.
The mathematical tools utilized in this thesis are (a) Multipole expansion method, (b) Con-
tour integration and applications of Residue theorem, (c) Zeros and poles of complex-valued
functions and application of Rouche’s theorem.

We feel it pertinent to throw some light on multipole expansion method. The multipole
expansion method expresses the potential far from the localized source as a power series of
multipoles. The multipoles are constructed to satisfy the field equation, the free surface and
the interface, the bottom boundary and the trapped mode conditions. The potentials are
made to satisfy the appropriate body boundary condition. This leads to an infinite system
of homogenous linear algebraic equations for the unknown coefficients in the multipole sum
which can be solved numerically by truncation. The system of equations that result from using
a multipole expansion method possesses excellent convergence characteristics and only a few
equations are needed to obtain accurate numerical values. The application of this method is
restricted to a certain class of obstacles only because in order to apply body boundary condition
in certain coordinate system, the multipoles are also needed to be expanded in that system.

In Chapter 2, we consider the trapped mode problem in a two-layer fluid of finite depth
and bounded above by a rigid lid. The effect of surface tension at the surface of separation is
neglected. Under such a situation time-harmonic waves propagate with one wavenumber only,
unlike the case where the upper layer has a free surface and the waves propagate with two
wavenumbers. Using multipole expansion method, we obtain an infinite system of homogeneous
linear equations. For a fixed geometrical configuration, we numerically compute the values
of those frequencies for which the values of the truncated determinant become approximately
zero, which confirms the existence of trapped modes. We plot the dispersion curves and observe
those trapped mode frequencies which exist below a cut-off value. Trapped mode frequencies
are plotted against various values of the density ratios for different geometrical configurations.

Chapter 3 deals with the trapped mode problem in a two-layer fluid where the upper layer
has a thin ice-cover, which obeys elastic properties, while the lower layer is bounded by a rigid
horizontal bottom surface. The effect of different values of ice-cover parameters on trapped
mode is investigated along with the other investigations carried out in Chapter 2.

In Chapter 4, a hydrodynamic model is developed to examine the trapped modes supported

by a submerged horizontal circular cylinder placed in either layer of a two-layer fluid flowing
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14 1.3. OUTLINE OF THE THESIS

over an elastic bottom at a finite depth. Along with other investigations, we also look into
the effect of the variations of elastic plate parameters on the existence of trapped modes.
Significant difference is observed with respect to the existence and also in the pattern of the
trapped modes between the present case and the one when the cylinder is placed in an infinite
depth lower layer in a two-layer fluid.

In Chapter 5 the problem of existence of trapped waves in a three-layer fluid due to the
presence of a cylinder is investigated for the hydrodynamic model containing three layers of
incompressible fluid of different constant densities. An impermeable cylinder is considered to
be fully immersed in either the uppermost layer or the lowermost layer of infinite depth. The
top layer consists of fresh water, the middle layer of salt and the lower layer of mud. Here
we observe the effect of the width of the middle layer on the trapped modes. This model can
also be compared with the presence of a smooth pycnocline of constant density between two
layers. However, a more realistic situation is probably the linear variation of the density of the
pycnocline with respect its depth.

In Chapter 6 we study the trapped waves supported by a pair of cylinders placed in either
layer of a two-layer fluid. The upper layer is covered by a thin ice-cover and the lower layer is
of infinite depth. By using multipole expansion method and the method of contour integration,
we numerically locate the distance between these cylinders for which trapped wave exists. We
also observe the variation of this separation parameter by varying geometrical configuration
such as submergence depth, depth of the layers etc.

Except for some notable works (Harter et al. (2007, 2008)), all other works on radiation
or scattering or trapped mode, researchers have usually excluded the effect of surface tension
at the free surface and the interface. We have also carried out all our problems by excluding
the effect of surface tension at the free surface or the interfaces. But to examine whether its
inclusion changes the value or pattern of trapped modes, in Chapter 7 we consider a the set-up
of a two-layer fluid of finite depth bounded above by a free surface along with the presence of
surface tension at the free surface and the interface. Then we observe numerically the variation
of surface tension parameters on trapped modes.

Finally, Chapter 8 consists of a brief summary of results highlighting the contribution made

by this thesis and the scope of future investigations.
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Chapter 2

Trapped modes in a two-layer fluid of
finite depth bounded above by arigid
lid

2.1 Introduction

The objective of the present work is to investigate whether a submerged horizontal circular
cylinder in a two-layer fluid of finite depth bounded above by a rigid lid and below by an
impermeable horizontal bottom supports trapped mode. In order to examine the existence of
trapped modes, the multipole expansion method of Thorne (1953), along with the properties of
infinite system of homogenous linear equations, is used. For a fixed geometrical configuration,
we numerically estimate the values of those frequencies for which trapped modes exist. We
examine the effects of density, depth of each layer, distance of the cylinder from the interface

etc. on the existence of trapped modes.

2.2 Mathematical formulation of the problem

As the first step towards the formulation of our problem, the incident potential of the pro-
gressive wave is to be obtained by applying the governing equation and the related boundary
conditions. Cartesian coordinates are chosen such that the zy-plane coincides with the undis-
turbed interface between the two fluids. Each fluid is assumed to be of infinite horizontal
extent in the x- and y-directions while the depth is along the z-direction which is considered
positive vertically upwards as shown in Fig. 2.1. We consider the irrotational motion of a
two-layer inviscid, incompressible and immiscible fluid of small amplitude under the action of
gravity, flowing between two rigid infinite horizontal walls, which are approximations of the
free surface and the bottom surface, placed at z = d and z = —h, respectively. The origin
O is considered at the interface and hence z = 0 is the mean position of the interface of the
layers. The effect due to surface tension at the interface between the two fluids is neglected.
We further assume that all the motions are time harmonic along the body in the y-direction.
Under these assumptions of linear water wave theory, velocity potentials in the upper and lower

layers can, respectively, be defined for oblique waves in the form (Evans and Mclver (1984))
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16 2.2. MATHEMATICAL FORMULATION OF THE PROBLEM

®' (z,y,2,t) = Re[¢' (z, 2)eWe ™™,

3" (x,y,2,t) = Re[gbn (z, z)elVe 1)
where (bI (x,z) and ¢H (z, z), respectively, are complex-valued potential functions for the upper
layer fluid (—oo < 2 < 00; —00 <y < 00; 0 < z < d) of density p, and the lower layer fluid
(—o0 <& < 00; —00 <y < 00; —h < z<0) of density p,, > p, and Re denotes the real part.
Both the radian frequency w and the wavenumber [ are taken to be real and positive so that
the solution stays bounded for all ¥ and ¢. This assumption for w and [ will hold for all the
subsequent problems throughout the thesis.

, Rigid lid
z=d
: |
pI
d
y
Interface l =2 9
T i
P S G REE B z=f
Bottom boundary l

Figure 2.1: Cross-sectional view for a two-layer fluid covered by a rigid lid in the presence of
a cylinder.

The governing equation for the boundary value problems involving these potentials gbI (z,2)
and ¢' (2, ) is the modified Helmholtz equation

(Vi,z—F)(bI = 0 in —o<r<oo 0<z<d, (2.1)
(vi,z*l2)¢n =0 in —oo<xr<oo, —h<z<O. (2.2)

Denoting the small displacement at the interface by ((x,y,t), the linearized kinematic

condition at the mean interface is given by (Kassem (1982))

ac 92" ogo"

ot 0z 0z

on z=0. (2.3)

According to linearized theory of water waves, the hydrodynamic pressure p;; j = I, 11, in
the corresponding fluid region is given by (Kassem (1982))
169’ )

pj = —pjg(2+ ~Ta,

o (2.4)

Denoting the ratio p,/p,,(< 1) of the densities of the two fluids by p and using Eqs. (2.3)

and (2.4), the interface matching conditions due to the continuity of velocity and pressure are,

TH_1280P%QB.1?73}L06491'5 Trapped Water Waves



CHAPTER 2. TRAPPED MODESINA TWO-LAYER FLUID OF FINITE DEPTH
BOUNDED ABOVEBY A RIGID LID 17

respectively, given by

a(;51 B 8¢” -
0z 0z on e=0 (25)

8¢I AN 3¢II 1 B
p(g—Kgb ) =S - K¢ on 2 =0. (2.6)

The linearized impermeable boundary conditions at the upper surface and lower surface

are, respectively, given by

I
8;; =0 on Zy=d, (2.7)
II
a(f)bz —sfi on 2 — —H. (2.8)
Within this framework, progressive waves take the form (up to an arbitrary multiplicative
constant)
(;51 = exp(tizyvu? —1[2) (eu(z_d) + e_“(z_d)>, (2.9)
o = exp(Fiz/u? — [2) coshu(z + h)F(u), (2.10)
where
—ud ud
e " —e
Fluy=—— 2.11
(u) sinh uh ( )
with u satisfying the relation
(u — K cothuh) = p(u + K cothud). (2.12)

This equation has exactly one positive real root, say u = k. If p = 0, then either u = 0 or
u = K cothuh. In the case of deep water, the fact that uh > 1 yields coth kh — 1. Therefore,
the dispersion relation reduces to K (o — e~2%4) = u(1 — e~244) in which o = (1 + p)/(1 — p).

For the existence of trapped modes we require
o, |Vo| — 0 as |z| — oo, (2.13)

and hence we restrict [ > k which ensures that no wave propagation to infinity takes place at

the interface.

2.3 Solutions by multipoles

A horizontal circular cylinder of radius a, having its axis along z = f and its generator running
parallel to the y-axis, is placed in the two-layer fluid. If f > 0, the cylinder is in the upper
fluid, whereas for f < 0 the cylinder is in the lower fluid. Polar coordinates (r,6) are defined

in the xz-plane centred on (0, f) as

x=rsinf and z = f — rcos#é.
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18 2.3. SOLUTIONS BY MULTIPOLES

In both upper and lower layer fluids, the total potential ¢ can be decomposed into the sum

of two potentials:

QZ) = ¢inc + ¢diffa (214)

where ¢;,. is the velocity potential due to the incident waves and ¢q;f¢ the one due to the
diffracted waves. The total potential ¢ satisfies Eqs. (2.5)—(2.8), trapped mode condition
(2.13) and the boundary condition

gz =0 on the surface of the cylinder. (2.15)
Therefore ¢q;r¢ must satisfy Eqgs. (2.5)—(2.8), condition (2.13) and the body boundary

condition which, due to Egs. (2.14) and (2.15), is of the form

¢difr _ _ OPine
or or

on r=a. (2.16)

Multipole potentials are constructed which, for frequencies less than the cut-off value, do
not radiate energy away from the submerged body. These potentials, each of which satisfies
all conditions except Eq. (2.16), are singular on the axis of the cylinder but not in the fluid
region. According to Kassem (1982, 1986), different types of multipoles describing the velocity
potentials can be elaborated when each layer of a two-layer fluid is of finite constant depth.
Taking this into consideration, the trapped mode potential is then constructed from a linear
combination of all possible multipoles. Application of the body boundary condition (2.16)

results in an infinite system of homogenous linear equations.

2.3.1 Cylinder submerged in the lower layer

Symmetric multipoles, ¢,(n > 0), are defined by (Taylor and Hu (1991))

I

¢, = ][ coshnucos(lxsinhu)[AL(v)e”Z—i—BL(v)e*”Z}du, (2.17)
0

II

¢, = Ky(lr)cosnb —|—][ cosh nu cos(lx sinh u) [CL(v)e”z + Dr(v)e *|du, (2.18)
0

where v = [coshu, K,(.) is modified Bessel function of the second kind of order n and the

integrals are Cauchy Principal Value integrals.

K, (Ir) cosnf has the following integral representation (Ursell (1951)):

][ cosh nu cos(la sinh u)e®*~du for z < f,

K, (lr) cosnf = Yo

(—1)"][ cosh nu cos (1 sinh u)e’ =) du for z> f.
0

With the help of the boundary conditions at the rigid lid, the interface and the bottom, the
coefficients Ar(v), Br(v), Cr(v) and Dp(v) appearing in Egs. (2.17) and (2.18) are obtained
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as
K(1+o0) n+l vf _ _—v(f+2h)
Ar() T7))((—1) el e )
_ K(1+o) n+l vf _ _—v(f+2h)
Biw) = “gpy ((C0red e,

((71)n+1evf - e—v(f+2h)) ((v + Ko)e 24 — (v + K))
G(v) ’
Dp(v) = (C’L(v) + efvf)e*%h,

where
Gv) = (v+ Ko)e 240 4 (v — Ko) — (v+ K)e 2! — (v — K)e 2%, (2.19)

The total velocity potential can now be written as (Linton and Cadby (2002))

¢= Z an(pg, (2.20)
n=0
with
11 >
¢, = K, (lr) cosnf + Z A I (Ir) cos mé, (2.21)
m=0

where I,,,(.) is modified Bessel function of the first kind of order m and
(o)
A = en][ cosh mu cosh nu [(—1)”CL(v)e”f + Dp(v)e % |du, (2.22)
0
with ¢g = 1,6, =2,n > 1.
We note that there are no singularities of the integrand on the real axis since we know

that v > [ > k. Applying the body boundary condition (2.15), we obtain an infinite system of

homogenous linear equations in the unknowns a,:

o, +

Il (la) =3
R (1a) mZ:OamAmn =0, n=0,1,2,... (2.23)

For a fixed geometrical configuration, the problem of finding the trapped mode frequencies
is completely specified by the two non-dimensional parameters ka and la: one of the parameters
may be fixed and the other varied until the value of the determinant becomes approximately
zero. This is, in fact, the most crucial stage of the investigation. The largest computational
expense occurs while computing the integrals in (2.22) the values of which are used in evaluating
the determinant of the matrix in Eq. (2.23). Thus it seems appropriate to keep la fixed while
ka is varied up to la. For numerical evaluation of the zeros of the determinant, we truncate
the system to a 32 x 32 system and the result presented next are obtained correct up to three

decimal places.
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20 2.3. SOLUTIONS BY MULTIPOLES

Numerical results

Figures 2.2-2.5 show the results obtained for trapped modes above a horizontal circular cylinder
of radius a submerged in the lower layer of a two-layer fluid bounded above by a rigid lid. For
all the cases, the depth h/a of the lower layer is taken as 6.0 while that d/a of the upper layer
is taken as 3.0 for Figs. 2.4 and 2.5. Submergence depth f/a of the cylinder is considered as
—1.01 for Figs. 2.2 and 2.3 which means that the cylinder is very close to the interface. For a
two-layer fluid consisting of fresh water and salt water, the value of p would ideally be around
0.97. The same qualitative features are observed for such a density ratio, but the effects of
the interface are not very distinct. Hence, throughout our numerical results, the density ratio
of the fluid is chosen as 0.95, wherever applicable, for clear observation of the features of the
dispersion curves: for Figs. 2.2 and 2.4 and later for Figs. 2.6 and 2.8, to be precise. Trapped
modes require [ > k so that [ = k (thin dashed line) is an upper bound for the figures in which

frequencies are plotted against la.

3

— d/a=05
— d/la=1.0
25r d/a=1.5
— d/la=2.0

la

Figure 2.2: Trapped mode frequencies plotted against la for a cylinder of radius a in the lower
fluid layer for different depths d/a of the upper layer; p = 0.95, h/a = 6 and f/a = —1.01.

2 T T T T
18 -
— d/a=0.5
16 — d/a=0.7 {

d/a=0.9
14} — d/la=1.3 |

0.2

Figure 2.3: Trapped mode frequencies plotted against p for a cylinder of radius a in the lower
fluid layer for different depths d/a of the upper layer; la = 2, h/a = 6 and f/a = —1.01.
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Figure 2.4: Trapped mode frequencies plotted against la for a cylinder of radius a in the lower
fluid layer for different submergence depths f/a; p = 0.95, d/a = 3 and h/a = 6.

Figure 2.2 shows the plots of trapped mode frequencies where the different curves cor-
respond to the four different depths of the upper fluid layer: d/a = 0.5, 1.0, 1.5 and 2.0.
Corresponding to each value of d/a, there are two curves showing the first and second modes.

With an increase in the depth of the upper fluid layer, these trapped mode frequencies decrease.

Figure 2.3 shows the plot of trapped mode frequencies against p when la = 2. Corre-
sponding to different depths of the upper fluid layer: d/a = 0.5, 0.7, 0.9 and 1.3, we observe
two modes. For the limiting case p — 1, the wavenumber ka tends to some limit for each
mode. However for the second mode, the wavenumber ka — la = 2. In the far-field form of
the potential, we have an exp(—+/12 — k2|z|) term. Thus the rate of decay of the exponential
term decreases as p takes values closer to unity and in this case no trapped mode exists. The
single-layer finite depth results for depth h/a and cylinder submergence f/a are recovered
when p = 0 (with the interface now playing the role of the free surface) which are discussed in
Linton and Cadby (2003).

In Fig. 2.4, the different curves correspond to different submergence depths of the cylinder:
f/a = —1.01, —=1.09, —1.17 and —1.34. From this figure we observe that with an increase
in submergence depth, frequency of the trapped mode increases and almost coincides with
the upper bound k = [ for some particular value of f/a. In other words, if the depth of
submergence increases beyond a particular value, then trapped mode frequencies cease to
exist. As the cylinder approaches the interface, i.e., |f/a| — 1, the curve folds out from the

upper bound.

Figure 2.5 shows the plot of trapped mode frequencies against p with la = 2 for different
submergence depths: f/a = —1.01, —1.02, —1.03, —1.05, —1.10, —1.30 and —1.50. From
Fig. 2.5(a) it is observed that when the cylinder is submerged near the interface, there exist
two modes. With an increase in submergence depth, trapped mode frequency corresponding
to the second mode increases to la = 2 and the trapped modes disappear. For submergence
depth approximately greater than or equal to 1.05, there exists only one mode, as observed from
Fig. 2.5(b), which also ceases to exist as we further move the cylinder downwards. Furthermore,

for a fixed submergence depth, the trapped mode frequency increases steadily as the density
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Figure 2.5: Trapped mode frequencies plotted against p for a cylinder in the lower fluid layer
for different submergence depths f/a; la =2, d/a =3 and h/a = 6.

ratio increases.

2.3.2 Cylinder submerged in the upper layer

We now consider the problem with the cylinder positioned in the upper fluid layer. The
multipoles singular at z = f(> 0) are required to be modified. This can be done in the same
manner as was done previously for the case of cylinder in the lower layer (f < 0). The suitable

symmetric multipoles are

I

¢, = Ky(lr)cosnb —1—][ coshnu cos(lx sinhu) | Ay (v)e’® + BU(v)e_“Z} du, (2.24)
0

qS;f ) ][OO cosh nu cos(lx sinh u)Cy (v) cosh v(z + h)du, (2.25)
0
with
Apv) = e 2 (e (v — Ko —(v+ K)ef%h) +e7?f (v - K—(v+ KU)€*2vh) |
G(v)
((_1)n+1ev(f_2d) £ 6_vf> ((v + Ko)e 2 + K — v)
BU(U) - G('I}) )
Cy(v) = 2K (1 —0)By(v)

(v+ Ko)e h + (K — v)evh’

where G(v) is same as in Eq. (2.19). The polar expansion of the multipoles, following the

previous procedure, is

(o.¢]
(b; = K, (Ir) cosnb + Z Bron I (1) cos mb, (2.26)
m=0
where -
B = En][ cosh mu cosh nu[(—l)”AU(v)e”f + By (v)e ™/ |du. (2.27)
0
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Once again, the integrand has no singularities on the real axis. By applying the body

boundary condition (2.15), we obtain a similar kind of system of equations like (2.23) for [,,:

5+I”1<la)i53 —0 n=0,1,2 (2.28)
n K;L(la) m:0 m mn — ) - Y ) PR *

Here also, as in the previous case, by varying the frequencies ka and fixing the other
parameters, we conveniently locate the zeros of the truncated determinant. It is already
known that those frequencies correspond to the trapped modes. The results presented below
are obtained correct up to three decimal places where a 32 x 32 system has been used after

truncating the system arising from (2.28).

Numerical results

la

Figure 2.6: Trapped mode frequencies plotted against la for a cylinder in the upper fluid layer
for different depths h/a of the lower layer; p = 0.95, f/a = 1.01 and d/a = 3.

Figures 2.6-2.9 show the plots of the non-dimensional trapped mode frequencies for a
circular cylinder of radius a immersed in the upper layer of the two-layer fluid. In all cases,
the depth d/a of the upper layer is taken as 3.0. For Figs. 2.6 and 2.7, the submergence depth
f/a is taken as 1.01 which means that the cylinder is very close to the interface and the depth
h/a of the lower layer is taken as 6.0 for Figs. 2.8 and 2.9.

Figure 2.6 shows the dispersion curves for four different depths of the lower layer: h/a = 0.5,
1.0, 1.5 and 2.0. For each set of parameter values, there are two curves corresponding to two
modes which are displayed in the graphs. We clearly observe that the frequency of the trapped
modes decreases when the depth of the lower layer increases, the first mode being affected
more than the second mode.

Figure 2.7 shows the plot of trapped mode frequencies against p when la = 2. Correspond-
ing to different depths of the lower layer: h/a = 0.5, 1.0, 1.5 and 2.0, we observe two modes for
density ratios p > 0.5. For the limiting case p — 0, trapped mode frequency ceases to exist.
The limit p — 0 corresponds to p!! — oco. Consequently the dispersion relation reduces to
u = 0 which is the dispersion relation for a finite depth homogenous fluid bounded above by a
rigid lid. We know that trapped modes do not exist in this case. By letting the density ratio

tend to zero, we are being able to recover the same.
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Figure 2.7: Trapped mode frequencies plotted against p for a cylinder in the upper fluid layer
for different depths h/a of the lower layer ; la =3, f/a = 1.01 and d/a = 3.

Figure 2.8: Trapped mode frequencies plotted against la for a cylinder in the upper fluid layer
for different submergence depths f/a; p = 0.95, d/a = 3 and h/a = 6.

Figure 2.8 shows the dispersion curves for the case in which p = 0.95. There are four
different curves corresponding to different submergence depths of the cylinder in the upper
layer: f/a = 1.01, 1.05, 1.15 and 1.35. As the cylinder approaches the interface, the curves
fold out from the interface. Similar effects were observed when the cylinder was placed in the

lower layer.

In Fig. 2.9, the different curves correspond to the different submergence depths of the
cylinder: f/a = 1.01, 1.03, 1.05 and 1.10 for la = 2. Different modes can be found by fixing
the depth of both layers and also the density ratio p, and then by varying the submergence
depth. For the limiting case p — 1, the wavenumber ka tends to some fixed but different
limit corresponding to different submergence depths. If we move the cylinder away from the
interface towards the upper surface, these trapped mode frequencies increase and the trapped
mode ceases to exist as the cylinder comes closer to the rigid lid. By varying the submergence
depth and fixing all the parameters, it is observed that the trapped mode ka increases up to

la = 2 as p decreases. There exist no trapped modes for density ratio approximately less than
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Figure 2.9: Trapped mode frequencies plotted against p for a cylinder in the upper fluid layer

for different submergence depths f/a ; la =2, d/a = 3 and h/a = 6.

0.01 as observed from the figure. Hence as p — 0, it is possible to recover the problem in which

a homogenous fluid is bounded above by a rigid lid.

Intuitively it is very likely to come to one’s mind that single-layer fluid results may be

obtained if the density ratio p — 1. More precisely, one might expect that there will be no

trapped modes when the cylinder is submerged in either layer of a two-layer fluid bounded

above by a rigid lid for the limiting case p — 1 since in this case the upper and lower fluids

have almost the same density. But from Figs. 2.3 and 2.7, where trapped mode frequencies are

plotted against density ratio, we observe that for each set of parameter values there are two

curves corresponding to two modes. In the limit p — 1, the second mode ceases to exist but

the first mode tends to some value which gives a trapped mode. To explain what takes place,

we next consider the boundary value problem, given by Eqgs. (2.5)—(2.8), with the limit p — 1.

Limit as p — 1

In the limit p — 1, we find that K/k — 0 from the dispersion relation (2.12) and so if [(> k)

is fixed, then K must tend to zero. For a clear insight we consider the boundary conditions in

the limit as p — 1 and K — 0 simultaneously.

We introduce small parameters ¢ and ¢ such that

K €

K: :1—(5 Klzi
67 p Y 1_p 5

In this limit, the continuity of the vertical velocity at the interface remains in the same

form but that of pressure changes to

K'(;SH — qSZ” = K'gbl on z=0.

Oblique waves propagating in the fluid have the same form given by Eqgs. (2.9)—(2.11). The

dispersion relation will have only one solution k£ which must satisfy

k(1 —e™2kd)(1 — e72khy = oK' (1 — e~ 2k(d+h),
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In order that trapped modes exist, we require [ > k so that the motion decays as |z| — co.
Thus for a fixed [, we obtain a boundary value problem in terms of a new spectral parameter
K’. We compute the trapped mode frequencies by using multipole expansion method. The
results match with those values observed from Figs. 2.3, 2.7 and 2.9 for which the density ratio
approaches 1. Hence for a fixed [, the trapped mode problem in the limit p — 1 is related to
the limits of the trapped mode curves in these figures. But if we fix K and let p — 1, then
k — oo and hence | — oco. Thus it is not possible to recover the single-layer fluid results in the
limit p — 1.

It is to be noted that the existence of trapped modes throughout the present work is
based on numerical evidence only, i.e., we numerically locate the values of those frequencies for
which the truncated determinant vanishes. However, we feel that it may be possible to derive
a similar proof for a two-layer fluid on the similar line as was done for a single-layer fluid by
Ursell (1951).

2.4 Conclusions

In the present chapter, based on multipole expansion method, we investigate the existence of
trapped modes above a horizontal circular cylinder placed in either layer of a two-layer fluid
bounded above by a rigid lid. The trapped mode frequencies are evaluated by locating the zeros
of a suitably truncated determinant of the infinite system of homogenous linear equations. We
find that the motion of the trapped mode is confined to the interface only. When the cylinder is
placed in one of the layers, trapped mode frequency decreases with an increase in the depth of
the other layer. Different modes are found by fixing the depth of both layers and density ratio,
and varying the submergence depth. For a given set of parameter values and with an increase
in density ratio, trapped mode frequency increases when the cylinder is placed in the lower
layer but decreases when the cylinder is placed in the upper layer. When the wavenumber of
the oblique incident wave is greater than or equal to two times its radius, two trapped mode
frequencies exist near the interface if the cylinder is submerged in the lower layer whereas two
modes will exist only for the density ratio greater than or equal to 0.5 when the cylinder is
submerged in the upper layer. When the upper layer is bounded above by a free surface, we
observe that, by varying the density ratio, the modes of the free surface get transferred to the
modes of the interface as was observed in Linton and Cadby (2003) but such results are not
observed when the free surface is approximated by a rigid lid. When the density ratio tends
to zero, the problems in a two-layer fluid can be compared with those in a single-layer fluid.
In this limit, the trapped mode problem reduces to a finite depth single-layer fluid problem
bounded above by a free surface or a rigid lid, depending on whether the cylinder is placed in
the lower or the upper layer, respectively. We also examine why the single-layer results cannot
be recovered when the density ratio tends to 1.

Hence it can be concluded that if the free surface in a two-layer fluid gets approximated
by a rigid lid, then also trapped modes exist and occur at frequencies below a cut-off value.
Strong numerical evidence supports our investigation. For a given set of parameter values and
with an increase in submergence depth, these trapped mode frequencies increase but disappear

after a certain value of submergence depth. Therefore, for a fixed geometrical configuration,
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it is possible to formulate a scattering problem due to the interaction of an obliquely incident
wave with the cylinder above that specific submergence depth only, which corresponds to a
particular density ratio, and with the frequency more than the cut-off value. Unique reflection
and transmission coeflicients can also be determined in this case. In other words, the evidence
of existence of trapped mode for our problem will allow the related scattering problem to be
solved under restrictions as mentioned above. It is hoped that our investigation, not carried
out by anyone earlier as far as we know, will pave the way for many more investigations to

follow in this area.

TH-1280#(9]76p]é%3%at67’ Waves Ph.D. Thesis



TH-1280_10612304



Chapter 3

Flexural gravity waves trapped in a
two-layer fluid of finite depth

3.1 Introduction

The objective of the present work is to investigate whether a submerged horizontal circular
cylinder in a two-layer inviscid, incompressible and immiscible fluid of finite depth bounded
above by a thin ice-cover and below by an impermeable horizontal bottom supports trapped
mode. In this case, two trapped waves are developed: one with the higher wavenumber at
the interface and another with the lower wavenumber at the ice-cover. The wavenumbers
of these waves are large compared to the wavenumbers of the corresponding gravity waves.
Furthermore, in these problems, a fifth-order boundary condition is satisfied at the upper
surface which makes the problem more complex. In order to examine the existence of trapped
modes, multipole expansion method of Ursell (1951), along with the properties of infinite
system of homogenous linear equations, is used. For a fixed geometrical configuration, we
numerically estimate the values of those frequencies for which the trapped modes exist. The
trapped mode wavenumbers are plotted against the density ratio for different depths of the
upper layer and the lower layer, the submergence depths and different sets of ice-parameters.
The dispersion curves for different geometrical configurations with a fixed set of the other

parameters are also discussed.

3.2 Mathematical formulation of the problem

Under the usual assumptions of linear water wave theory, we consider the problem in three
dimensional Cartesian coordinate system with the xy-plane in the horizontal direction and
the z-axis in the vertically upward direction. A two-layer fluid of finite depth is considered in
which the upper layer is covered by a thin uniform ice-sheet modeled as a thin elastic plate,
while the lower layer is bounded below by a rigid infinite horizontal bottom. The upper fluid
layer of constant density p, occupies the region —oo < x < 00, —00 <y < 00, 0 < 2z < d
with z = d as the mean position of the thin ice-cover. The lower fluid of constant density
p,; occupies the region —oo < x < 00, —o0 < y < 00, —h < 2z < 0 with z = 0 as the mean
position of the interface and z = —h as the bottom surface. The effect due to surface tension

at the interface between the two fluids is neglected. With the fluid assumed to be inviscid and
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30 3.2. MATHEMATICAL FORMULATION OF THE PROBLEM

incompressible, and the motion irrotational, the fluid motion is described by the two velocity
potentials ®” (x,v,z,t), j = I,II. Let n(x,y,t) and ((x,y,t) be the small displacements at
the upper surface and the interface, respectively. Each of the velocity potentials &’ (x, v, 2,t)

satisfies the Laplace’s equation

0?0’ 920’ 920’

522 + a7 + 9.2 = 0 in the appropiate fluid region. (3.1)
z Ice—cover P i
0 z=d
x T
P
' d
y
Interface l
; z=0
T i
p|| h | T R Z= f
Bottom boundary L

Figure 3.1: Cross-sectional view for a two-layer fluid covered by an ice-cover in the presence
of a cylinder.

The linearized kinematic conditions at the mean free surface and the mean interface, re-

spectively, are given by

I
% = %CI;— on z=d, (3.2)
ac 9o 99" 3
a = W = W on z=0. (33)

According to the linearized theory of water waves, the hydrodynamic pressure p; in the

corresponding fluid region is given by

p, = —pjg(z 3 ;Qg> (3.4)

Assuming no cavitation between the ice-cover and the ocean surface, the linearized kine-
matic and dynamic conditions, given by Eqs. (3.2) and (3.4), hold at the equilibrium upper
surface. The hydrodynamic pressure p, is the pressure at the upper surface due to the atmo-
sphere, the static pressure of the ice-cover and the dynamic pressure due to the inertia, the
stiffness of the ice-cover etc. It is assumed that the ice-cover acts as a thin, linearly elastic plate
of uniform mass density p, and thickness h,. Consideration of linearity is justified because of
the small curvature involved as the ice-cover bends to the passing waves; that of elasticity is
justified because of the oscillatory nature of the problem which does not allow an elastic process
to act in any significant way. With these assumptions, the displacement 7 from equilibrium

position is related to the differential pressure P, by the equation (derived in Appendix A)

0%n
P, = @vjjynjwvf((%2 +g>, (3.5)
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where © = Fh,%/{12(1 — v?)} and m = p,h, the mass per unit surface area of the ice-cover,
and V3 , = (9*/0z*) +2(9%/022) (8 /0y?) + (0*/0y*) the biharmonic operator in the plane of
the ice-cover.

When the upper surface pressure p,(z,y) in the linearized dynamic condition (3.4) is
equated to the sum of Py and the constant atmospheric pressure, we find that the velocity

potential &' must satisfy

2 I 2
=9 )8(1) Lo°® =0 on z=d, (3.6)

DVy, +1+-—5)—
(Dvs,+1+ g0t az+gat2
where Eq. (3.2) is used to eliminate n; D =9/(p,9), € = p,h,/p;-

It is further assumed that all the motions are time harmonic along the body in the y-
direction. Under these assumptions of linear water wave theory, the velocity potentials in the

upper and lower layers can, respectively, be defined for oblique waves in the form

@I (33‘7 Y, z, t) = Re[¢1 (:1:7 z)eilyefiu)t]7
o' (z,y,2,t) = Re[¢H (z, Z)eilye—iwt],

where gbI (z,2) and qu (z, z) are the complex-valued potentials and Re denotes the real part. In
this case, each ¢’ (z,2), j = I, I1, satisfies the modified Helmholtz equation (Vf L 2)¢" =0.

The linearized boundary condition at the upper surface is given by

[D(;;l 2z2882 +1) + 1—%]%1—}@’ 0 on  z=d (37

Denoting the ratio p, /p,,(< 1) of the densities of the two fluids by p and using Eqs. (3.3)
and (3.4), the interface matching conditions due to the continuity of velocity and pressure are,

respectively, given by

o I o 11
% = ;)Z on z=0, (3.8)
Folox 0
p(aii o Kqﬁl) ¢ — Kot on 2 =0. (3.9)
The impermeable bottom boundary condition is given by
a 17
gz =0 on z=—h. (3.10)

Within this framework, progressive waves or incident waves take the form (up to an arbi-

trary multiplicative constant)

¢ = exp(dizy/u2 — 1?) <F+(u)e“(z_d) + F_ (u)e_“(z_d)>, (3.11)

Ir

¢ = exp(tizyvu?—12)coshu(z + h)F(u), (3.12)

where
Fy(uw)e ™ — F_(u)e®
F = 3.13
(w) sinh uh ’ (3:13)
Fi(u) = (Du4 v1- 5K>u + K, (3.14)
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and u satisfies the dispersion relation
(u+Ko)Fy(uw)e N L (u—Ko)F_(u)— (u+K)F_(u)e 2" —(u—K)Fy (u)e 2" = 0. (3.15)

The above equation has exactly two positive real roots u; and ug (u1 < usg, say). The detail
analysis of the roots for dispersion relation is given in the Appendix of Bhattacharjee and Sahoo
(2008). If D = & = 0, then this relation produces two wavenumbers for a two-layer fluid of finite
depth bounded above by a free surface. If p = 0, then either u(Du* +1 — ¢K) = K cothud or
u = K cothuh, i.e., if the density ratio equals zero, then the problem reduces to a single-layer
finite depth problem bounded above by a thin ice-cover or by a free surface.

For the existence of trapped modes, it is required that
¢ ¢ Ve,V | =0 as |o|— oo (3.16)

and hence [ is restricted to be in the range [ > uy > u; which ensures that no wave propagation

to infinity takes place at the interface or near the ice-cover.

3.3 Solutions by multipoles

A horizontal circular cylinder of radius a having its axis along z = f, a < | f|, and its generator
running parallel to the y-axis is placed in a two-layer fluid. If f > 0, the cylinder is in the
upper fluid, whereas for f < 0 the cylinder is in the lower fluid. It is assumed that the resulting
motion is two-dimensional; this assumption is justified because the cylinder is long compared
to the wavelengths (Ursell (1949)). It is to be noted that the insertion of the cylinder in no way
affects the elasticity of the ice-cover. Taking the origin of the rectangular Cartesian coordinates

at the mean position of the axis of the cylinder, polar coordinates (r, ) are defined as

x=rsinf and z = f — rcos#é.

Incident potential ¢, satisfies the modified Helmholtz equation in both layers, boundary

conditions (3.7)—(3.10) and the trapped modes condition (3.16). Now if the cylinder is placed
in either of the layers, there exists an associated diffracted potential ¢4;¢ in that layer. The
total potential ¢ = ¢, +dqif s satisfies the modified Helmholtz equation and Egs. (3.7)—(3.10).

In addition, the total velocity potential also satisfies the body boundary condition in either of

inc

the layers:

O¢dify _ _ OPine

B o on r=a. (3.17)

Following the method of Ursell (1951), multipoles, which are singular at (0, f) and symmet-
ric about x = 0, are constructed. For this purpose, v is written as v = [ cosh(u) for notational
convenience. Solutions to (V2 —12)¢(r,#) = 0, which are singular at r = 0, are K, (Ir) cos(nf).
The total potential is then taken as a linear combination of all the possible multipoles. Subse-
quent application of the body boundary condition (3.17) to the problem results in an infinite

system of homogenous linear equations.
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3.3.1 Cylinder submerged in the upper layer

Since the singularity is in the upper fluid, it follows that

(]5: ~ K, (Ir) cos(nf) as r=+z2+(:z-f)?2—-0n=123,... (3.18)
We try the following as solutions: (Linton and Cadby (2002))

I

Pn

oo
K, (lr) cosnf + / cosh nu cos(lz sinh u) [AU (v)e’* + B, (v)e‘”z] du, (3.19)
0

II

¢, = / cosh nu cos(lx sinh u)C\, (v) coshv(z + h)du, (3.20)
0
and use the following integral representation (Ursell (1951)):
o
/ cosh nu cos(la sinh u)e?*~du for z < f,
0

K, (lr) cosnf = o
(—1)”/ cosh nu cos(lz sinh u)e’ =) du for z > f.
0

It is evident that qﬁfm and (b;[, as given above, satisfy the modified Helmholtz equation and
¢, satisfies the condition (3.10). Conditions (3.7), (3.8) and (3.9) are satisfied if

Ay = B (5, )+ (cayet),
=y ((—1)n+1F+ (v)ezlg;)?d) — F_ (v)e—vf> ((U F Koy K>’

2K(1—0)B,(v)
(v+ Ko)e b + (K — v)evh’

where

G) = (v+ Ko)Fy(v)e 2?80 (v — Ko)F_(v) — (v + K)F_(v)e 2" — (v — K)Fy (v)e 2,

(3.21)

Now, G(v) has two simple zeros at v = u; and v = ug on the real axis of v. This introduces

simple poles for the integrals in d)il, (;S;I and the path of integration is indented to pass beneath

the poles. But by using the trapped mode condition (3.16), we have [ > uy > uy and since
already v > [, so there will be no singularities of the integrand on the real axis.

The total velocity potential can now be written as

> I
d= andy, (3.22)
n=0
with
; oo
¢, = Kp(lr) cosnb + Z Apn I (Ir) cosmd, (3.23)
m=0
and -
Apn = en/ cosh mu cosh nu [(—1)"AU (v)e* + B, (U)e_”f] du, (3.24)
0

with ¢g = 1,¢, =2,n > 1.
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Applying the body boundary condition (3.17), we obtain an infinite system of homogenous

linear equations in the unknowns a,:

I' (la) &

o+ K (la) Z AmAmn = 0, n=0,1,2,... (3.25)
m=0

where / denotes differentiation with respect to r.

For computing the trapped mode frequency the algorithm that is used is described in brief.
For a given set of values of geometrical configurations, along with the density ratio, the problem
of finding the trapped mode frequencies is completely specified by the two non-dimensional
parameters Ka and la. For a fixed value of la, the parameter Ka increases from 0 and stops
when the corresponding higher wavenumber reaches the cut-off value la. Within this variation
we locate the intervals of Ka for which the value of the truncated determinant changes its sign.
Then for each of these intervals, we locate the roots of the truncated determinant correct upto
three decimal places by employing the Bisection method. By using the dispersion relation,
we get the values of wavenumbers corresponding to these specific trapped frequencies. This
algorithm is followed repeatedly for each cut-off value la. Different graphs are then plotted by
assembling all the trapped mode frequencies against la. The largest computational expense
occurs while computing the integrals in (3.24) the values of which are used in evaluating the

determinant of the matrix in Eq. (3.25).

3.3.2 Cylinder submerged in the lower layer

Now we take up the problem with the cylinder placed in the lower layer. The multipoles
singular at z = f(< 0) are required to be modified. This can be done in the same manner
as was done previously for the case of the cylinder located in the upper layer (f > 0). The

suitable symmetric multipoles are

qj; = ][ cosh nu cos(lx sinh u) [AL (v)e’* + B, (v)e_vz} du, (3.26)
0
¢;I = K,(lr)cosnd +][ cosh nu cos(lz sinh u) [C’L (v)e"”* + D, (v)e” " |du, (3.27)
0
where the integrals are Cauchy Principal Value integrals with
Fi(v) —2ud
A = B Y
L(U) F_(U) L(U)e )
_ K(Q+0)F_(v) ntl of  —u(f+2h)
BL(U) - G('U) ((_1) € —€ )a
BL ('U) —2vd
() = (0 + Ko)Fy (0)e=2 — (0 + K)F_(v)],

K(1+0)F_(v)
D) = (Cyfv)+e)en,

where F(v) and G(v) are given by Eqgs. (3.14) and (3.21) respectively. Here also, due to the
trapped mode condition, there exist no singularities on the real axis. The polar expansion of

the multipoles, following the previous procedure, is

II

¢, = Ky,(lr) cosnf + Z Bn I (1) cos mb, (3.28)

m=0
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where -
By, = en/ coshmu coshnu[(—l)"CL(v)e”f + D, (v)e % |du. (3.29)
0

By applying the body boundary condition (3.17), the same kind of system of equations like
(3.25) is obtained for f3,,:

l o0
n(la) > BB =0, n=01,2,.. (3.30)

Here also, as in the previous case, by varying the frequencies Ka and fixing the other
parameters, the zeros of the truncated determinant are conveniently located. It is already

known that those frequencies correspond to the trapped modes.

3.4 Numerical Results

When the cylinder is placed in either layer of a two-layer fluid, in order to find the unknown
coefficients «;, and 3, in Egs. (3.25) and (3.30), respectively, it is required to truncate the
corresponding systems at some N. A 32 x 32 system is sufficient for solving each of the systems
of equations (3.25) and (3.30). That these systems of equations can be truncated after 32 terms
is clearly evident from the following table. The results presented in this section are obtained

correct up to three decimal places.

N p=20 p=0.2 p=0.8 p = 0.999
Lower Upper Lower Upper Lower Upper Lower Upper
10 | 0.756191 1.826038 | 0.795734 1.907688 | 0.912679 — | 0.950136 -

15 | 0.740752 1.728682 | 0.779404 1.831339 | 0.894504 1.992753 | 0.931457 -
20 | 0.737126  1.696345 | 0.775629 1.804692 | 0.890233 1.986071 | 0.926874 1.999904
25| 0.736195 1.686813 | 0.774684 1.796891 | 0.889284 1.983929 | 0.926169 1.999656
30 | 0.736009  1.684284 | 0.774549 1.794807 | 0.889047 1.983362 | 0.925992 1.999570
32 1 0.736009 1.683946 | 0.774414 1.794538 | 0.889205 1.983285 | 0.925992 1.999558
35 | 0.736009 1.683609 | 0.774414 1.794269 | 0.888414 1.983260 | 0.925992 1.999550
40 | 0.736009 1.683440 | 0.774414 1.794202 | 0.888414 1.983175 | 0.925992 1.999550

Table 3.1: Values of wavenumber uqa for different values of N with the cylinder placed in the
lower layer; la =2, f/a = —1.01, h/a =6, d/a =1, D/a* = 0.001 and ¢/a = 0.001

From Table 3.1, it is observed that even with a small-dimensional matrix system, it is
possible to compute the lower mode correct up to three decimal places but for the second mode,
there arises a requirement to consider larger values of IV so as to get the desired accuracy
of three decimal places. Therefore, consideration of N = 32 is sufficient for our numerical

computation throughout.

3.4.1 Dispersion curves

Figures 3.2-3.4 show the dispersion curves when a horizontal circular cylinder of radius a is
submerged in either layer of a two-layer fluid bounded above by a thin ice-cover. For all the
cases, the non-dimensionalized ice parameters are kept fixed at D/a* = 0.001 and £/a = 0.001,

and the density ratio is taken as 0.95. Submergence depth f/a of the cylinder is considered
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as —1.01 for Figs. 3.2 and 3.4, which implies that the cylinder is very close to the interface.
Trapped modes require [ > ug so that | = ug (the thin dashed line) is an upper bound for all

the figures.
4 : : ! ! ! ! ! 4 ! !
— d/a=0.5 @) L — h/a=0.5
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Figure 3.2: Dispersion curves for a cylinder of radius a (a) in the lower layer for different depths
d/a of the upper layer; p = 0.95, f/a = —1.01, h/a = 6, D/a* = 0.001 and ¢/a = 0.001 (b)
in the upper layer for different depths h/a of the lower layer; p = 0.95, f/a = 1.01, d/a = 3,
D/a* = 0.001 and £/a = 0.001.

For the case when the cylinder is placed in the lower layer, Fig. 3.2(a) shows the dispersion
curves for the wavenumber uga for different depths of the upper layer: d/a = 0.5, 1.0, 1.5 and
2.0. Figure 3.2(b) shows the dispersion curves for different depths of the lower layer when the
cylinder is submerged in the upper layer: h/a = 0.5, 1.0, 2.0 and 6.0. The dispersion curves
for both cases are found to follow the same trend. Corresponding to each value of the depth of
the other layer, there are two curves showing the first and second modes. With an increase in
the depth of the other layer, the trapped mode wavenumber decreases — the first mode being
affected more than the second mode. In Fig. 3.3, different curves correspond to the different
submergence depths of the cylinder. As the cylinder approaches the interface, i.e., |f/a] — 1,
the curve folds out from the upper bound. When we plot dispersion curves for the different
depths of the layer in which the cylinder is placed, it is observed that there exist two modes
but there is no variation in those modes with respect to the change of the depths, as can be

seen from Fig. 3.4.

3.4.2 Cylinder submerged in the upper layer

Figure 3.5 shows the plot of trapped mode wavenumbers against the density ratio when the
cylinder is placed in the upper layer. For both wavenumbers, different pairs of curves, each
pair consisting of a thick line and a dashed line, correspond to the four different submergence
depths of the cylinder: f/a = 1.05, 1.06, 1.07 and 1.10. A third mode exists corresponding
only to f/a = 1.10 for very small density ratios, as is clearly evident from the figure. It is
further observed that corresponding to each value of the submergence depth, there are at least
two curves for each of the wavenumbers u1a and usa. For the wavenumber uqa, the first modes

remain constant while the second modes, the higher curves, decrease and appear to cross the
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Figure 3.3: Dispersion curves for a cylinder of radius a (a) in the lower layer for different
submergence depths f/a; p = 0.95, d/a = 3, h/a = 6, D/a* = 0.001 and /a = 0.001
(b) in the upper layer for different submergence depths f/a; p = 0.95, h/a = 6, d/a = 3,
D/a* =0.001 and ¢/a = 0.001.
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Figure 3.4: Dispersion curves for a cylinder of radius a (a) in the lower layer for different depths
h/a of the lower layer; p = 0.95, d/a = 3, f/a = —1.01, D/a* = 0.001 and £/a = 0.001 (b)
in the upper layer for different depths d/a of the upper layer; p = 0.95, h/a =6, f/a = 1.01,
D/a* = 0.001 and £/a = 0.001.

first modes at some points. However, we observe near crossing of the modes at these points.
If the density ratio p increases further, the second modes remain constant and terminate at a
certain value of p for different submergence depths whereas the first modes decrease to zero.
For the wavenumber wuoa, the first modes increase and the second modes decrease with an
increase in density ratio and they come very close to each other at near crossing points (Fig.
3.6). As p increases further, the modes interchange their properties, i.e., the second modes
increase and terminate at la = 2 corresponding to a fixed value of p for all submergence depths

while the first mode decreases to some fixed value for each submergence depth.

Figure 3.7 shows the trapped mode wavenumbers where the different curves correspond to
four different depths of the upper fluid layer: d/a = 2.05, 2.15, 2.25 and 2.50. This figure

corresponds to the case when the cylinder is submerged nearer the interface and it is observed
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Figure 3.5: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the upper
fluid layer for different submergence depths f/a; la = 2, d/a = 2.1, h/a = 6, D/a* = 0.001
and £/a = 0.001.
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Figure 3.6: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the upper
fluid layer for different submergence depths f/a, close-up of near crossing; la = 2, d/a = 2.1,
h/a =6, D/a* = 0.001 and &/a = 0.001.

that two trapped modes exist for depths approximately upto 2.5 and hence near crossing points
also exist. With an increase in the depth of the upper layer, these near crossing points shift
upwards to la = 2 and when the depth increases further, only the first mode always exists and
it becomes independent of the depth of the upper layer.

Figure 3.8 shows the plot of trapped mode wavenumbers for different depths of the lower
layer: h/a = 0.5, 1.0, 2.0 and 6.0. The depth d/a of the upper layer is considered as 3.0 and
hence based on the discussion of Fig. 3.7, there exists only one mode. The trapped mode
wavenumber uja increases with an increase in the depth of the lower layer for small density
ratios. Then as p increases further towards 1, these modes cross each other at some points,
and for the density ratios > 0.95, the wavenumber u;a decreases with an increase in the depth
of the lower layer (Fig. 3.9). As the depth of the lower layer increases, the trapped mode
wavenumber usa decreases. As p — 1, the wavenumber uja — 0 and each wavenumber usa

tends to some finite value for each depth of the lower layer.
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Figure 3.7: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
upper fluid layer for different depths d/a of the upper layer; la = 2, f/a = 1.01, h/a = 6,
D/a* =0.001 and ¢/a = 0.001.

1.8 (®)
— h/a=0.5
e — h/a=1.0
h/a=2.0
var — hia=6.0
12
u.al
1
0.8
0.6 0.6
— h/a=0.5
0.4 4 04 | — h/a=1.0
h/a=2.0
0.2t E o2r | — h/a=86.0
00 O‘.l 0.‘2 U‘.3 0‘.4 0.‘5 0‘.6 0.‘7 0.‘8 O‘.Q 1 00 0‘.1 0.‘2 0.‘3 0‘.4 0.‘5 0.‘6 O‘.7 O‘.S 0.‘9 1
& p

Figure 3.8: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
upper fluid layer for different depths h/a of the lower layer h/a; la = 2, f/a = 1.01, d/a = 3,
D/a* =0.001 and ¢/a = 0.001.

The different pairs of curves, each pair consisting of a thick line and a dashed line in Figs.
3.10(a) and 3.10(b), correspond to different sets of ice parameters (D/a* = 0.001;&/a = 0.001),
(D/a* = 0.01;¢/a = 0.01), (D/a* = 0.1;¢/a = 0.01) and (D/a* = 1.0;¢/a = 0.01). For the
first two sets, there exist two modes and hence near crossing points also exist. For the last
two sets of ice-parameters, there exists only one mode. For d/a = 2.1, the existence of near
crossing points, when the upper layer is bounded above by a thin ice-cover, has already been
observed. If the value of ice-parameter D/a* is increased, then the second mode for both
wavenumbers ceases to exist. In other words, with an increase in flexural rigidity, the ice-cover
behaves more like a rigid lid and consequently there exists only one mode corresponding to
both wavenumbers which is very similar to the modes found in the rigid lid problem discussed
in Chapter 2.

When the cylinder is placed in the upper layer, the limit p — 0 corresponds to p,, — oo.

Consequently the dispersion relation reduces to u(Du*+1—cK) = K coth ud and the multipoles

TH-1280#(9p6p16%3%at67’ Waves Ph.D. Thesis



40 3.4. NUMERICAL RESULTS

— h/a=05
— h/a=1.0
008l h/a=2.0 i
— h/a=6.0

L L L L L
0.975 0.98 0.985 0.99 0.995 1

p

0 L L L L
0.95 0.955 0.96 0.965 0.97

Figure 3.9: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the

upper fluid layer for different depths h/a of the lower layer, close-up; la = 2, f/a =
d/a =3, D/a* = 0.001 and ¢/a = 0.001.
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Figure 3.10: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
upper fluid layer for different ice-parameters; la = 2, f/a = 1.01, d/a = 2.1 and h/a = 6.

become those for a finite depth homogenous fluid bounded above by a thin ice-cover. This
equation has exactly one positive real root u = k (say). For trapped modes it is required that
I > k. To the best of our knowledge, these modes have not been computed earlier by anyone
else. In Figs. 3.11(a) and 3.11(b), the trapped mode wavenumber ka is plotted against la for
fixed values of ice-parameters D/a* = 0.001 and €/a = 0.001. In Fig. 3.11(a), the wavenumber
is plotted for different submergence depths of the cylinder: f/a = 1.09, 1.05, 1.03 and 1.01,
where the depth d/a of the upper layer is 2.1. In Fig. 3.11(b), the wavenumber is plotted
for different depths d/a with f/a also varying accordingly so that (d — f)/a = 1.01, i.e, the
cylinder is submerged nearer to the thin ice-cover.

Additional numerical computations confirm that as the cylinder moves towards the ice-
cover, i.e., (d— f)/a — 1, the trapped mode wavenumber ka decreases and as it comes further
closer, a second mode appears.
f/a = 1.09, there exist two modes for 1.9 < la < 2.1. But from the work of Linton and Cadby

(2003), it is observed that when the cylinder is placed near the free surface, a second mode

TH-1280 0612304,
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Figure 3.11: Trapped mode wavenumbers in a single-layer fluid; D/a* = 0.001; £/a = 0.001
and h/a = 6 (a) for different submergence depths f/a; d/a = 2.1 (b) for different depths of
the layer d/a; (d — f)/a = 1.01.

exists only for those values of la which are approximately greater than or equal to 0.8. When
the upper surface of the cylinder just touches the ice cover, i.e, f/a = 1.1, then a second mode
exists for 0.8 < la < 3.2. The trapped mode wavenumber ka decreases by a small amount with
an increase in depth. These results bear similarities to those corresponding to the first mode
in Linton and Cadby (2003).

3.4.3 Cylinder submerged in the lower layer

Figures 3.12 and 3.13 show the trapped mode wavenumbers against the density ratio when the
cylinder is placed in the lower layer. In both cases, the depth h/a of the lower layer is taken
as 6.0 and the values of ice-parameters as D/a* = 0.001 and €/a = 0.001. In Fig. 3.12 the
submergence depth f/a is taken as —1.01 which means that the cylinder is very close to the
interface, and for Fig. 3.13, the height d/a of the upper layer is taken as 3.0.
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Figure 3.12: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
lower fluid layer for different depths d/a of the upper layer; la = 2, h/a = 6, f/a = —1.01,
D/a* = 0.001 and £/a = 0.001.
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Figure 3.12 shows the trapped mode wavenumbers against p when la = 2. Corresponding to
the different depths of the upper layer: d/a = 0.5, 1.0, 1.5 and 2.0, there are two curves which
correspond to the two modes for each of the wavenumbers uia and uga. For the wavenumber
uia, these two modes tend to zero as p — 1 for any depth of the upper layer. With a change
in the depth of the upper layer, there is no variation of the two modes for the wavenumber
uia but these two modes decrease with an increase in the depth of the upper layer for the
wavenumber usa. For the wavenumber usa, as p — 1, the first mode increases marginally to
a fixed value corresponding to each depth of the upper layer and the second mode tends to
la = 2.
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Figure 3.13: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
lower fluid layer for different submergence depths f/a; la = 2, h/a = 6, d/a = 3, D/a* = 0.001
and ¢/a = 0.001.

In Fig. 3.13, the different curves correspond to the different submergence depths of the
cylinder: f/a = —1.01, —1.05, —1.10 and —1.20 for la = 2. As the submergence depth
increases, i.e., the cylinder moves away from the interface, the second mode ceases to exist but
the first mode always exists with the same properties as discussed above. As the submergence
depth increases, both the wavenumbers uia and wuqa increase. For the wavenumber uia and
for a small density ratio, the gap between two consecutive curves is more and as p increases
towards the value 1, all the curves merge and tend to zero but for the wavenumber usa, the gap
between two consecutive curves remains almost the same as the density ratio increases towards
1. The single-layer finite depth results for the depth h/a and the cylinder submergence depth
f/a are recovered when p = 0 (with the interface now playing the role of the free surface)
which are discussed in Linton and Cadby (2003).

Ursell (1951) established the existence of a trapped surface wave mode in the vicinity
of a long and totally submerged horizontal circular cylinder of small radius in deep water.
Throughout our numerical computation, we non-dimensionalize all the parameters with respect
to the radius a of the cylinder. Therefore, our present work reveals that a single trapped mode

appears to exist for all values of a < |f| and not just when the radius of the cylinder is small.
Limit as p — 1

Like in the rigid lid problem considered in Chapter 2, it is very likely to come to one’s mind
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that the single-layer fluid results may be obtained if the density ratio p — 1. But from all
the figures where trapped mode wavenumbers are plotted against the density ratio, we observe
something intriguingly different. It is observed that corresponding to each set of parameter
values, there are two curves corresponding to two modes for the wavenumber uoa. In the limit
p — 1, the second mode ceases to exist but the first mode tends to some value which represents
a trapped mode. For the wavenumber u;a, both modes tend to zero as p — 1. For the density
ratios having values closer to 1, we have already seen that uo > w; > K. So, if u1a — 0,
we must have Ka — 0 as p — 1. Thus, for a cylinder in either fluid layer, though the first
mode tends to some value for the wavenumber wusa, it certainly does not correspond to the
one for a single-layer fluid because Ka — 0. Hence, from our numerical investigations, we can
conclude that it is not possible to recover the single-layer fluid results in the limit p — 1. To
explain this occurrence we consider the boundary conditions in the limit as p — 1 and K — 0
simultaneously.

Small parameters € and 0 are introduced such that (same as Eq. (2.28))

K €
K= =1-94 K=—=-=0(0). 31
e p=1-5 = =5=00 (3:31)
In this limit, the upper surface condition becomes
8 I
% =0 on z =d. (3.32)

The continuity condition of the vertical velocity at the interface and the bottom boundary

condition remain the same but that of pressure at the interface changes and becomes

8¢I[
0z

In the absence of any structure, oblique waves propagating in the fluid take the form

6 = exp(Liz\V k2 — [2) (ek(‘z*d) + efk(zfd)), (3.34)

K'¢" = K'¢ on z=0. (3.33)

Ir

¢ = exp(tizVk?—1?)coshk(z+ h)F(k), (3.35)
with
o—kd _ kd
Flk)= —— .
(k) sinh kh ’ (3.36)
where k is the only root of the dispersion relation
k(1 — e~ 2kdy(1 — e72khy — oK' (1 — e~ 2k(d+h), (3.37)

In order that the trapped modes exist, it is required that [ > k so that the motion decays as
|x| — oo. Thus for a fixed [, a boundary value problem is obtained in terms of a new spectral
parameter K’. The trapped mode frequencies are computed by using the multipole expansion
method. These results match with those observed from the figures in sections 3.4.2 and 3.4.3
when the density ratio approaches 1. Hence for a fixed [, the trapped mode problem in the
limit p — 1 is related to the limits of the trapped mode curves in these figures. But if we fix K
and let p — 1, then u — oo from dispersion relation (3.15) and since [ > u for trapped modes,

hence I — oo. Thus it is not possible to recover the single-layer fluid results in the limit p — 1.
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3.5 Conclusions

In the present chapter, the flexural gravity trapped modes are investigated in a two-layer fluid of
finite depth. The dispersion relation is analyzed for various water depths and also for different
submergence depths of a cylinder placed in either of the layers. For a fixed set of parameters,
when the cylinder is submerged nearer the interface, there always exist two modes for the
wavenumbers uja and usa. We also examine the variation of the trapped mode wavenumbers
against the density ratio for different depths of the layers, for different submergence depths
and also for different values of the ice-parameters. For a cylinder placed in the upper layer,
the trapped motion is confined only to the vicinity of the ice-cover and the interface. We find
that a trapped mode at the ice-cover gets transferred to the interface and vice-versa at the
near crossing points. For each submergence depth, these near crossing points are also observed
in the free surface problem but the positions of these points get shifted downwards due to the
presence of the ice-cover. For the free surface problem, with the same depth of the upper layer,
the existence of a third mode is observed from the submergence depth 1.07 onwards but for the
ice-cover problem, a third mode exists only for the submergence depth 1.10. In other words,
for the ice-cover problem, when the surface of the cylinder just touches the ice-cover, there
exists a third mode but for the free surface problem, a third mode exists when the cylinder
is nearer to the free surface. When an ice-cover replaces a free surface, the wavenumbers uia
and usa of the trapped modes increase. It is also observed that with an increase in flexural
rigidity, the ice-cover behaves more like a rigid lid and for that there exists only one mode for
both the wavenumbers which is very similar to the modes found in the rigid lid problem in
Chapter 2. Hence it can be concluded that when the cylinder is placed in the upper layer, the
trapped mode wavenumbers always exist but they do so below a certain cut-off value of the

frequency only.

For the case when the cylinder is placed in the lower layer, the motion is confined to
the vicinity of the interface only. As the cylinder gets shifted downwards, higher trapped
mode wavenumbers disappear. If the cylinder is shifted further towards the bottom, lower
trapped modes also cease to exist. Hence for a fixed geometrical configuration and a specific
arrangement of a set of other parameters, there is a fixed submergence depth above which no
trapped mode exists and it is possible to formulate a scattering problem due to the interaction
of an obliquely incident wave with the cylinder. But below that submergence depth, there exist
trapped modes which are associated with some cut-off values. In this case also, periodic motions
are, above that cut-off value, uniquely defined by the prescribed boundary conditions along
with a radiation condition at infinity. When the density ratio tends to zero, the problems in
a two-layer fluid can be compared with those in a single-layer fluid. In this limit the trapped
mode problem reduces to a finite depth single-layer fluid problem bounded above by a free
surface or a thin ice-cover, depending on whether the cylinder is placed in the lower or the
upper layer, respectively. That the single-layer results cannot be recovered when the density

ratio tends to 1 is also discussed.

The evidence of the existence of trapped modes for our present problem will allow the
corresponding scattering problem to be solved under restrictions as mentioned above. The

consideration of finite depth for both the fluids with ice-cover makes the problem physically
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more acceptable. However, the observations will hold even if the lower layer is of infinite depth.
The present study is expected to facilitate the analysis of various physical problems in ocean

engineering besides other branches of mathematical physics, where higher-order boundary con-

ditions arise in a natural way.
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Chapter 4

Elastic bottom effect on trapped
waves in a two-layer fluid

4.1 Introduction

The understanding of the free vibration characteristics of the fluid-structure interaction plays
a significant role in various branches of engineering, for example, very large floating oil storage
tanks, ships and submarines can avoid or be subjected to reduced localized vibrations. The
objective of our present work is to replace the usual rigid and flat bottom for a two-layer fluid
flow by an elastic bottom and then to examine its effect on trapped modes. To the best of
our knowledge, no investigation of trapped mode for such type of sea-bed has taken place till
date. Due to the elastic bed topography, the linearized bottom boundary condition at the
bed becomes a fifth order one unlike a simple homogenous Neumann condition satisfied in the
case of a rigid bed. The effects of the depth of the layers, the submergence depth and the
elastic plate parameters on trapped modes are examined. The special case of trapped modes
supported by a horizontal circular cylinder in a homogenous fluid with an elastic bottom is

also presented.

4.2 Mathematical formulation of the problem

We consider here a two-layer fluid flowing over an elastic bottom. We also assume that the
thickness of the elastic bottom, considered as a thin elastic plate obeying Euler-Bernoulli beam
equation, is small compared to the wavelength of the incident wave. The problem is formulated
in three-dimensional Cartesian coordinate system with the xy-plane in the horizontal direction
and the z-axis in the vertically upward positive direction (Fig. 4.1). The upper fluid layer of
constant density p, occupies the region —oo < x < 00, —00 <y < 00, 0 < z < d with z = d
as the mean position of the free surface. The lower fluid of constant density p,, occupies the
region —oo < & < 00, —00 < Yy < 00, —h < z < 0 with z = 0 as the mean position of the
interface and z = —h as the mean position of the elastic plate. Let x(z,y,t) be the deflection of
the elastic plate which has the form x(z,y,t) = Re[x(z)ee~™!]. We further assume that the
fluid is inviscid, incompressible and immiscible, the motion is irrotational and simple harmonic
in time with radian frequency w. The effect due to the surface tension at the free surface and

interface is neglected.
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Figure 4.1: Schematic diagram for elastic bottom plate in finite water depth two-layer fluid.

We consider &' (z,y,2,t) and <I>”(a:,y,z,t) to be the time-dependent velocity potentials
corresponding to the upper and lower fluid layers respectively. Then for oblique waves, they

can be written in the form
' (z,y,2,1) = Re[¢ (x,2)e™e ™, j=11I

The governing equation for the boundary value problems involving these spatial potentials
o' (x,z) and o (z, z) is the modified Helmholtz equation

(Vi,z — 12) <,75j =0 in the respective fluid regions. (4.1)

The linearized free surface boundary condition at the mean free surface z = d is given by

a9

— I — g
P K¢ =0 on z=d. (4.2)

The ratio of the densities, p,/p,,;(< 1), is denoted by p. The linearized boundary condition

at the mean interface z = 0 is given by

II

9! 96 -
E = 8Z on z = 0, (43)
06! B "
o ;’ K¢l) = L K¢ on 2 =0. (4.4)

Boundary conditions (4.3) and (4.4), respectively, represent the continuity of the normal
velocity and pressure at the interface between the two layers. The linearized bottom boundary

condition is

[D(;;—z) +1—5K]ag:—K¢”:0 on 2= —h (4.5)

All the quantities considered here are same as those for the ice-cover problem in Chapter 3.
The bottom boundary condition (4.5) is same as the ice-cover condition (3.7) used in Chapter

3 though it is used in different contexts in both the problems.
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Within this framework, progressive waves or incident waves take the form (up to an arbi-

trary multiplicative constant)

"= exp(dizVu? — 2)[(u+ K)e"FD 4 (u — K)e =), (4.6)
¢ = exp(rizV/u? - P)[Fy(w)e " 4+ F_(u)e Mg (u), (4.7)
where
Fi(u) = (Dut+1-eK)u+K, (4.8)
o) = (u+ K)e " — (u — K)e" (19)

Fi(u)eth — F_(u)e—uh 7

with u satisfying the dispersion relation

(u? — K2)F_(u)e 2" — (u — Ko)(u — K)Fy (u) + (u? — K?)Fy (w)e 2" (4.10)
—(u+ K)(u+ Ko)F_(u)e 2ud+h) — ¢,

where u = 0 is a root of this equation.
For a fixed geometrical configuration and fixed values of the density ratio, Eq. (4.10) has
exactly two positive real roots u; and wug (u; < ug, say) corresponding to a value of K.

For the existence of trapped modes, the following are required to be valid:
¢ ¢ |V |,|Ve | =0 as |z]— o0 (4.11)

and hence [ is restricted to be in the range [ > us > u; > K > 0 which ensures that no wave

propagation to infinity takes place on both the free surface and the interface.

4.3 Solutions by multipoles

In the previous section, we presented the expression of velocity potentials for the progressive
or incident wave. Now, we introduce an obstacle into the fluid in the form of a horizontal
circular cylinder to examine the trapped waves by the obstacle. The radius of the cylinder is
taken as a; its axis along z = f, |f| > a; its generator parallel to the y-axis and it is totally
submerged in either of the layers. It is to be noted that the elasticity of the bed does not get
affected by the pressure exerted by the cylinder. Because of the presence of the cylinder, in
addition to the incident potential, now a diffracted potential also enters into the picture and
hence the total velocity potential satisfies all the boundary conditions (4.2)—(4.5) along with
the governing equation (4.1). The total complex velocity potential ¢ also satisfies the body

boundary condition in either of the layers:

09

= 0 on r=a. (4.12)

Considering the origin of the rectangular Cartesian coordinates at the mean position of the

axis of the cylinder, polar coordinates (r,0) are defined as

x=rsinf and z = f — rcos#6.
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4.3.1 Cylinder submerged in the lower layer

At first we consider the cylinder to be placed in the lower layer and hence f < 0. Now,
following the method of Kassem (1982), multipoles which are singular at (0, ) and symmetric
about z = 0, are constructed. The total potential is then taken as a linear combination of all
the possible multipoles. Subsequent application of the body boundary condition (4.12) results
in an infinite system of homogenous linear equations.

Symmetric multipoles about the line z = 0, ¢jf (n > 0), are defined by

I

b, = / cosh nu cos(lx sinh u) [AL(v)e”Z%—BL(v)e*”Z}du, (4.13)
0

II

¢, = Ky(lr) cosn9+/ cosh nu cos(lx sinh u) [C’L(v)evz—l—DL(v)e*”Z du, (4.14)
0

where v = [ coshu.
With the help of the boundary conditions, the coefficients A (v), Br(v), Cr(v) and Dy, (v)
appearing in Eqns. (4.13) and (4.14) are obtained as

Ap(v) = Zf—ge—%dBL(v),
Biw) = *ESEEE [cayp ) 4 B (o],
o) = T I; K?f:f)g) [0+ Ko)e™ — (v - K),
Di(v) = ?fg; [Cr(v) + e e,
where
Glv) = (W =K)F_(v)e 2" —(v— Ko)(v—K)Fy(v) (4.15)

+ (= K)F(v)e " = (v + K) (v + Ko)F_(v)e” >/,

It is to be noted that G(v) = 0 is the dispersion relation in the variable v which is same
as Eq. (4.10) and consequently v = u; and v = ug are simple zeros of G(v). Therefore, all the
integrals in Eqgs. (4.13) and (4.14) have simple poles at v = uy, v = ugz and v = 0. But by using
the trapped mode condition (4.11) and noting that v > I, we get v > 1 > ug > u; > K >0
which implies that there will be no singularities of the integrand on the real axis.

The total velocity potential ¢ can now be written as

¢ = i Ay + (4.16)
n=0
with N
qﬁg = K, (Ir) cosnf + Z A I (1) cos mé, (4.17)
m=0
where
Apn = (=1)"ey, /000 cosh mu Coshnu[(—l)”CL(v)e”f + DL(U)e_“f] du. (4.18)
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Applying the body boundary condition (4.12), we obtain an infinite system of linear equa-

tions in the unknowns «y,:

I'(la) &
nt+ =2 mAmn =0, =0,1,2,... 4.1
o +K7,L(la)mz::0a 0 n=0 (4.19)

where / denotes differentiation with respect to .

This is the system whose non-trivial solutions will determine the trapped wave due to
the presence of a horizontal circular cylinder as mentioned above. For a fixed geometrical
configuration and fixed density ratio, this system of equations is completely dependent on the
two non-dimensional parameters Ka and la. For a fixed value of la, the non-trivial solutions
of the unknown coefficients will exist if the value of the determinant vanishes for a certain
value of Ka. This value of Ka will then correspond to a trapped mode frequency. Trapped
wavenumbers uija and usa can also be determined corresponding to those values of Ka by
using dispersion relation (4.10). The results presented below are obtained correct up to three

decimal places.

Numerical Results
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Figure 4.2: Trapped mode wavenumbers versus p for a cylinder of radius a in the lower fluid
layer for different (a) submergence depths f/a, (b) depths h/a of the lower layer, (c) depths
d/a of the upper layer; la = 2, D/a* = 0.001 and £/a = 0.001.
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Graphical results presented in Fig. 4.2 illustrate the effects of density ratio on trapped
mode wavenumbers for the cylinder placed in the lower layer. The pair of graphs in Fig.
4.2(a) gives the plot for different values of the submergence depth f/a when h/a = 2.1 and
d/a = 1.0, the one in Fig. 4.2(b) for different depths h/a of the lower layer with f/a = —1.01
and d/a = 1.0. For different depths d/a of the upper layer, the plots shown in the pair of
graphs in Fig. 4.2(c) correspond to f/a = —1.01 and h/a = 2.1. Corresponding to each value
of the submergence depth, two trapped modes exist for both wavenumbers uia and uqa as is
observed from Fig. 4.2(a). With an increase in p, the first and second modes come closer to
each other at near crossing points. Then, the second modes disappear and the first modes tend
to some finite value as p — 1. For the wavenumber u;a, this value is zero and thus also for
Ka since Ka < uja. Linton and Cadby (2003) reported the existence of near crossing points
for the case of the cylinder placed in the upper layer. But now in addition, we also observe
these points even when the cylinder is placed in the lower layer which is bounded by an elastic
bottom. Fig. 4.2(b) demonstrates that with an increase in the depth of the lower layer, only
one trapped mode exists which tends to the same value as p — 1 irrespective of the values of
the depth of the lower layer. Considering the lower layer to be of infinite depth with d/a = 2.1,
f/a = —1.01 and la = 2, Linton and Cadby (2003) showed the existence of two trapped modes.
If we consider a finite depth lower layer over an elastic bottom, two modes exist for a small
width of the lower layer and then as the distance of the plate from the cylinder increases, only
one mode exists. Existence of two trapped modes does not depend on the variation of the
depth d/a of the upper layer but values of those modes vary with an increase in d/a as can be
seen in Fig. 4.2(c).
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Figure 4.3: Trapped mode wavenumbers versus p for a cylinder of radius a in the lower fluid

layer for different values of D/a* and €/a; la = 2, h/a = 2.1, d/a =1 and f/a = —1.01.

In Figs. 4.3(a) and 4.3(b), trapped mode wavenumbers are plotted for different values of
elastic plate parameters, i.e., for different values of D/a* and e/a. Flexural rigidity D/a*

also affects trapped modes as is observed from Fig. 4.3(a). An increase in flexural rigidity
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>
la

Figure 4.4: Dispersion curves for a cylinder of radius a placed in the lower layer for different
depths h/a of the lower layer; D/a* = 0.001, e/a = 0.001, p = 0, h/a = 3.0 and d/a = 1.0.

suppresses the existence of the second mode. But €/a does not have any appreciable effect on
the modes except for the case ¢/a = 0.1 as presented in Fig. 4.3(b). Because of the presence
of the elastic plate, the values of the wavenumbers uja and usa increase.

When we take p = 0, the present case of the cylinder in the lower layer gets converted
to that in a homogenous fluid over an elastic bottom. Investigation of trapped modes for a
single-layer fluid over an elastic bottom has also not been reported till date. We show the
dispersion curves for the case with the cylinder nearer to the free surface (here the interface
plays the role of the free surface). The existence of trapped mode requires [ > k so that | = k
(thin dashed line) gives an upper bound for the curves in Fig. 4.4. As the depth of the lower
layer decreases, the curve folds out from the upper bound. For a homogenous fluid also, the
presence of the elastic plate results in only one mode as compared to the existence of two

modes for the case with a rigid and flat bottom.

4.3.2 Cylinder submerged in the upper layer

Now the problem is considered with the cylinder placed in the upper layer. We are required
to modify the multipoles singular at z = f(> 0). This can be done in the same manner as was
done previously for the case of the cylinder located in the lower layer (f < 0). The suitable

symmetric multipoles now are

gf); = / cosh nu cos(lz sinh u) [AU(v)e”Z + BU(v)e*“} du, (4.20)
0
(;5: = K,(lr)cosnb + / cosh nu cos(lz sinh u) [CU(v)e”Z + DU(v)e*”Z} du, (4.21)
0
where the integrals are Cauchy Principal Value integrals with
v + K —U n_v
Ay(v) = T—ge " Bu) + (-1)"e]
_ (v+ Ko)F_(v)e " — (v = K)Fy(v) —of n o(f—2d)
Bu(v) = &) (0= K)e™! + (<1)" (v + K)e' 2,
C (U) _ K<J_ 1)BU(U)F+<U)
v (v+ Ko)F_(v)e 20 — (v — K)Fy(v)’
F_(v) _oun
D = =W

where G(v) is same as in Eq. (4.15). Here also, due to the trapped mode condition, there

will be no singularities on the real axis. The polar expansion of the multipoles, following the

TH_1280P%QB.1?73}L06491'5 Trapped Water Waves



CHAPTER 4. ELASTICBOTTOM EFFECT ON TRAPPED WAVESIN A TWO-LAYER
FLUID 53

previous procedure, is

qﬁil = K,(Ir) cosnf + Z Brn I (1) cosmb, (4.22)
m=0
where -
B = €n/ cosh mu cosh nu [(—1)”AL(v)e”f +BL(v)e_”f] du. (4.23)
0

By applying the body boundary condition (4.12), a similar kind of system of equations like
(4.19) is obtained for 3, as follows:

ﬁ+l’g(la’)iﬁB —0 n=0,1,2 (4.24)
n K;Z(la/) m:O m mn — ) b— ) 9 bR M

Here also, as in the previous case, a frequency will correspond to a trapped mode if the
determinant of the system vanishes corresponding to that value. For the sake of numerical
computation of the trapped mode frequency, we truncate each of the systems (4.19) and (4.24)
to a 32 x 32 system. Then, for a fixed value of la, the parameter Ka is varied in such a way
that the roots of the dispersion equation never cross la. With this variation of Ka, we locate

the zeros of the truncated determinant.

Numerical Results
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Figure 4.5: Trapped mode wavenumbers versus p for a cylinder of radius a in the upper fluid
layer for different submergence depths f/a; D/a* = 0.001, ¢/a = 0.001, la = 2, h/a = 3.0 and
d/a=2.1.

—— h/a=2.0

>
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Figure 4.6: Dispersion curves for a cylinder of radius a placed in the upper layer for different
depths h/a of the lower layer; D/a* = 0.001, £/a = 0.001, p = 0.5, f/a = 1.01 and d/a = 3.0.
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Figure 4.7: Dispersion curves for a cylinder of radius a placed in the upper layer for different
submergence depths f/a; D/a* =0.001, ¢/a = 0.001, p = 0.5, h/a = 3.0 and d/a = 3.0.

Figure 4.5 displays the trapped modes for different submergence depths. This result agrees
well with the trapped mode wavenumber of Fig. 5 in Linton and Cadby (2003) with an infinite
depth lower layer. Figure 4.6 shows the dispersion curves for the case with the cylinder placed
nearer to the interface for different depths of the lower layer. The upper bound us = [ is
included and shown by a thin dashed line. Corresponding to each value of h/a, there are two
curves showing the first and the second modes. We notice that as the depth of the lower layer
increases, both trapped modes decrease but the first mode gets more affected. By fixing d/a,
h/a and p, and varying the submergence depth, we can find different numbers of modes. As
f/a approaches the value —1, we observe a fanning out of the curves as higher modes appear,
in an identical manner as was observed in the results of Linton and Cadby (2003). Since the
cylinder is placed in the upper layer at a reasonable distance away from the elastic bottom,
there is no significant effect of the bottom on trapped mode wavenumbers and hence the results
bear similarity with the ones in the work of Linton and Cadby (2003).

4.4 Conclusions

A two-layer incompressible fluid flowing over an elastic bottom is considered. The thickness of
the elastic plate is assumed to be small as compared to the wavelengths. Based on the small
amplitude wave theory and by using multipole expansion method, we examine the effect of the
elastic bottom on trapped modes. We also demonstrate the effects of the other parameters
such as depths of the upper and lower layers and submergence depth of the cylinder on trapped
modes.

For the case of the cylinder placed in the lower layer, the trapped modes get significantly
affected in the presence of the elastic bed at the bottom which suppresses the existence of the
second mode which is clearly a different inference compared to the case of infinite depth lower
layer. Both trapped mode wavenumbers increase due to the consideration of the elasticity of
the sea-bed as against when a flat and rigid bed is considered. For the case of the cylinder
placed in the upper layer, the elasticity of the bottom does not produce considerable effect and
hence the corresponding results bear similarity with the hydrodynamic set up of a two-layer
fluid of infinite depth.

By placing the cylinder in the lower layer and considering the density ratio p = 0, we

show that the problem of trapped modes in a finite depth single-layer fluid flowing over an
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elastic bottom can be recovered. All these modes discussed in this work occur at frequencies
below a cut-off value. Their occurrence indicates that large amplitude motions of the fluid and
structure(s) are possible when the system is forced at a frequency close to that of the trapped
mode. The solutions to problems related to trapped water wave in a two-layer fluid, with both
layers of finite depth, over an elastic bottom topography have not been investigated by anyone
earlier. It is hoped that the results obtained here can be used quantitatively for this kind of
problems.
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Chapter 5

Trapped modes in a three-layer fluid

5.1 Introduction

Though Chakrabarti et al. (2005) showed the existence of trapped modes in a three-layer fluid,
they did not provide any numerical justification as is available for a two-layer case. This
motivates us to consider the same set-up and to investigate the existence of trapped modes
in a three-layer fluid by providing numerical evidence. In this chapter, a three-layer fluid is
considered in which each layer has a distinct constant density. The upper and the middle layers
are considered to be of finite depth while the lower layer is of infinite depth. The set-up that we
consider here is basically a simple representation of a smooth pycnocline between two layers.
A pycnocline is a layer in an ocean or any other body of water in which water density increases
rapidly with depth. The set-up will be more realistic if the middle layer is linearly stratified
instead of having constant density. The objective of the present work is to investigate the
existence of trapped modes and the effect of the width of the middle layer when a submerged
horizontal circular cylinder is placed in either the lower or the upper layer of the three-layer
fluid. The solution is based on the multipole expansion method adopted by Kassem (1982) in
which the singular solutions of the modified Helmholtz equation are modified to include all the
prescribed boundary conditions.

The generalized problem considered here contains two parameters p and p*, representing
the ratios of the densities of the adjacent layers of the three-layer fluid under consideration.
For the hydrodynamic set-up considered here, three different trapped waves are developed: one
at the free surface corresponding to the lowest wavenumber and the other two at the internal
interfaces corresponding to the other two wavenumbers. Two-layer fluid results are recovered
by taking either p or p* to be zero. The effects of the width of the middle layer and the

submergence depth on the dispersion curves and the trapped modes are discussed.

5.2 Mathematical formulation of the problem

Under the usual assumptions of linear water wave theory, the proposed problem is considered
in three-dimensional Cartesian coordinate system with the zy-plane in the horizontal direction
and the z-axis in the vertically upward direction. We consider a three-layer inviscid, incom-
pressible and immiscible fluid in which the lower layer is of infinite depth. The topmost layer

W' contains fresh water of density p, and has depth (h — d) with z = h as the mean position
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Figure 5.1: Cross-sectional view of a three-layer fluid of infinite depth.

of the free surface. The middle layer W' consists of salt water of constant density p,, and
has depth d > 0 with z = d as the mean position of the interface between the middle and top
layers. The bottom (lowermost) layer W' contains muddy water of constant density p,,, and
is of infinite depth with z = 0 as the mean position of the interface between the bottom and
the middle layers (Fig. 5.1). The effect due to surface tension at the free surface and both the

interfaces is neglected.

Let & (x,y,2,t), 3" (x,y,2,t) and 3" (x,y, z,t) be the time-dependent velocity potentials
corresponding to the irrotational motion of the fresh, salty and muddy water respectively. Then

for oblique waves, they can be written in the form

@I (:II, Y, 2, t) = Re[(Z)I (;1;, Z)eilye*iwt]’
0" (w,y,2,) = Relg'" (z, 2)eWe "),

(I)IH (‘:U: Y, Z7t) = Re[¢ (m7 Z)eilye—iwt]’

IIr

where gbI (z,2), qb” (x,z) and qS”I (z, z), respectively, are complex-valued potential functions for
the fresh, salty and muddy water. The governing equation for the boundary value problems
involving spatial potentials ¢’ (z,2), o (z,2) and o (z,2) in three layers is the modified

Helmholtz equation

<V52[,72—12>¢I =0 in —o<r<oo, d<z<h, (5.1)
(Vi,z - 52)¢H =0 in —o<r<oo, 0<z<d, (5.2)
(V?c,z - 12>¢HI = 0 in —o<x<oo, —0o<z<0. (5.3)

Denoting the ratio p,/p,,(< 1) of the densities of the fresh and salty water by p and that
p1:/ 0. (< 1) of the densities of the salty and muddy water by p*, the linearized boundary and
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matching conditions at the free surface and both interfaces are

09! I _ _
g—Kqﬁ =0 on z=h, (5.4)

8(;51 B 8(2511 B
% = o on  z=d (5:5)

I II
p(% - K¢1) - 86% K¢ on 2 =d, (5.6)
8¢)H a¢111

5 = 8s on z=0, (5.7)

. (9¢H my (9(15[[1 1 B
p(W—KqZ) )‘W_KCZ) on 2 =0. (5.8)

Equation (5.4) is the combined linearized dynamic and kinematic boundary condition on
the free surface. Boundary conditions (5.5) and (5.6), respectively, represent the continuity
of normal velocity and pressure at the upper interface z = d. Similarly, boundary conditions
(5.7) and (5.8) arise due to the same reason at the lower interface z = 0.

Since the lower layer is of infinite depth, therefore the following limiting values hold:
o, |V¢I”l —0 as z— —o0. (5.9)

Within this framework, progressive waves or incident waves take the form (up to an arbi-

trary multiplicative constant)

¢ = exp(tizvu?—12)[A1e" +e "7, (5.10)
¢ = exp(tizyVu?—1?)[Ae"* + Bae 7], (5.11)
o exp(Lizvu? — 2)Aze", (5.12)

where
u+ K _o,
A = u_K° 2ub, (5.13)
u+ K 1
A A K —2uh _ —2ud )
2 W KK(1T0) [(u—i— o)e (u—K)e ], (5.14)
(u+ K)e 24h=9) _ (4 — Ko)
By = 1
? K(1+o0) ’ (5.15)
A3 = As— B, (5.16)

and either uw = K or u satisfies the dispersion relation

(u+K)(u+Ko)e 2" — (u? = K?)e 2 — (u+ K)(u— Ko*)e "= 4 (y— Ko)(u— Ko*) = 0,
(5.17)

with o = (14 p)/(1 — p) and o* = (1 4 p*)/(1 — p*).
For a fixed geometrical configuration and fixed values of both density ratios, Eq. (5.17)
has exactly two positive real roots u; and ug (u; < ug, say) corresponding to a value of K. If
p =0, then either u — Ko — (u+ K)e 2@ =0 or u — K — (u+ K)e 2h=4) = 0, i.e., if the

density ratio p equals zero, then the problem reduces to a two-layer free surface problem of
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infinite extent with d as the depth of upper layer in the former case or to a single-layer free

surface problem with (h — d) as finite depth in the latter case. If p* = 0,
(u+K)(u+Ko)e 2" — (v = K?)e 2" — (u+K) (u—K)e =D 4 (u—Ko)(u—K) = 0, (5.18)

i.e., if the density ratio p* equals zero, then the problem reduces to the two-layer free surface
problem of finite depth with d as the depth of the lower layer and h — d as the depth of the

upper layer.

For the existence of trapped modes, the following are required to be valid:
I II II1 I II III
.6 .0 IV [Ve |||IVé [—0 as |z]— o0 (5.19)

and hence [ is restricted to be in the range | > uo > u; > K, which ensures that no wave

propagation to infinity takes place at both the interfaces or near the free surface.

5.3 Solutions by multipoles

A horizontal circular cylinder of radius a having its axis along z = f, | f| > a, and its generator
running parallel to the y-axis is placed in either the top layer or the lower layer of a three-
layer fluid. For the cylinder to be totally submerged in the lower layer, we need f < 0. For
the same cylinder to be totally submerged in the upper layer we require f > 0 alongwith
(d/a+1) < f/a < (h/a— 1) so that it does not touch the free surface as well as the interface
between the upper and middle layers. Considering the origin of the rectangular Cartesian
coordinates at the mean position of the axis of the cylinder, polar coordinates (r, §) are defined

as

z=rsinf and z = f — rcos¥.

5.3.1 Cylinder submerged in the lower layer

Symmetric multipoles about the line x = 0, gb;H (n > 0), are defined by, as detailed in Linton

and Cadby (2002),

¢iz = (—1)”/ cosh nu cos(lx sinh u) [AL(v)e”Z—FBL(v)e*”Z}du, (5.20)
0
qj;[ = (—1)“/ cosh nu cos(lx sinh u) [CL(v)e”Z—i—DL(v)e*”Z} du, (5.21)
0
gb;H = K,(lr) cosn9+(—1)”/ cosh nu cos(lz sinh u) Er, (v)e**du. (5.22)
0

With the help of the boundary conditions at the interfaces and the free surface, the coef-
ficients Ar(v), Br(v), Cr(v), Dr(v) and Er(v) appearing in Egs. (5.20)—(5.22) are obtained
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v+ K 5, K2 (14 0)(140%)evf
Ar(v) = VK " G(v) ’
2 o o* evf
Bi(v) — K*(1+ c?*éi; ) 7
v+ K K(1+0%)e% e o
Cr(v) = — G [(U+KJ)th—(U—K)eQd,
ou(h K1+ o*)evf
Dr(v) = |(v+ K)e 20(=d) —(U—KU)} O
v eVt
Bufo) = T Es M),
where
M) = (v+Ko*)(v+ Ko)e 2" — (v + Ko*)(v — K)e 24
— (W =K?)e2"h=d 4 (v — K)(v - Ko), (5.23)
Gv) = (v+K)(w+ Ko)e 2" — (v? — K2)e 24
— W+ K)(v-Ko"e =4 4 (y — Ko)(v — Ko¥). (5.24)

It is to be noted that G(v) = 0 is the dispersion relation in the variable v which is same as
in Eq. (5.17) and consequently v = u; and v = ug are simple zeros of G(v). Therefore, all the
integrals in Egs. (5.20)—(5.22) above have simple poles at v = u;, v = ug and v = K. But by
using the trapped mode condition (5.19) and noting that v > [, we get v > 1 > ug > u; > K
which implies that there will be no singularities of the integrand on the real axis.

The total velocity potential ¢ can now be written as

0= ano, . (5.25)
n=0

with oo

¢;H = Kn(l’r‘) cosnd + Z AmnIm(l’r) COs m97 (526)
m=0
where 00
Apn, = (—1)m+”en/ cosh mu cosh nu e”fEL(v)du. (5.27)
0

Applying the body boundary condition d¢/0r = 0 on r = a, we obtain an infinite system

of homogenous linear equations in the unknowns a,:

I' (la) &
n - mAmn = 0, =0,1,2,... 2
o +K7,1(la)g:0a 0 n=0 (5.28)

where ’ denotes differentiation with respect to r.

For a fixed geometrical configuration and fixed density ratios, the problem of finding the
trapped mode frequencies is completely specified by the two non-dimensional parameters Ka
and la. For a fixed value of la, the parameter Ka is varied in such a way that the roots of

the dispersion equation never cross la. With this variation of Ka, we locate the zeros of the
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Figure 5.2: Dispersion curves for a cylinder of radius a placed in the lower layer for different
depths d/a of the middle layer; f/a = —1.01, h/a =3, p = 0.4, p* = 0.5.
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Figure 5.3: Dispersion curves for a cylinder of radius a placed in the lower layer for different
depths d/a of the middle layer; f/a = —1.01, h/a =3, p =0, p* = 0.5.

truncated determinant. Then corresponding to those specific values of Ka, we can determine
two wavenumbers uja and usa by using the dispersion relation (5.17). For the numerical
evaluation of the zeros of the determinant, we truncate the system to a 32 x 32 system and

the result presented below are obtained correctly up to three decimal places.

Results and discussion

Figures 5.2—5.7 show the results obtained for trapped modes above a horizontal circular cylinder
placed in the lower layer of a three-layer fluid. In all the figures when trapped modes are plotted
for different depths d/a of the middle layer, the submergence depth f/a of the cylinder is taken
as —1.01 which indicates that the cylinder is very close to the interface between the lower and
the middle layers.

Figure 5.2 shows the trapped mode wavenumber wuqa for density ratios p = 0.4, p* =
0.5 which clearly implies that the fluid consists of three layers as against two layers in Fig.

5.3. The different curves correspond to the four different depths of the middle layer: d/a =

TH-1280#(9p6p16%3%at67’ Waves Ph.D. Thesis



62 5.3. SOLUTIONS BY MULTIPOLES

— fla=-1.01

25l — - fla=-1.09 R C
fla=-1.17 e
- fla=-1.34

L L L L L L
0 0.5 1 15 2 25 3 3.5 4

Figure 5.4: Dispersion curves for a cylinder of radius a placed in the lower layer for different
submergence depths f/a; d/a = 1.5, h/a =3, p= 0.4, p* = 0.5.

0.5,1.0,1.5,2.0, and to each value d/a, there corresponds two curves. The existence of trapped
modes requires [ > ug so that [ = ug (thin dashed line) gives an upper bound for these curves.
Interestingly these curves are similar to those obtained for a two-layer fluid in Linton and
Cadby (2003) even though a three-layer fluid is considered in the present case. This clearly
indicates that the presence of the upper layer has no effect on the dispersion curves. It is
observed that with an increase in the width of the pycnocline, these trapped mode frequencies
decrease. It is also observed that the wavenumber decreases as la decreases and converges in
the lower range of la. The dispersion curves for the infinite depth two-layer fluid bounded
above by a free surface is recovered when p = 0 (with the upper interface now playing the
role of a free surface). These curves in Fig. 5.3 are similar to those in Fig. 1 in Linton and
Cadby (2003). By fixing d/a and varying the submergence depth f/a in Fig. 5.4, first mode is
observed and by increasing the submergence depth, these modes are seen to have the tendency
to attain the upper bound. As f/a approaches the value —1, we observe a ‘fanning out’ of the

curves giving rise to a second mode, just like in the two-layer case.

In Fig. 5.5, trapped mode wavenumbers are plotted against the density ratio p* with p
taken to be zero. With an increase in p*, Ka decreases to zero in the same pattern as was shown
in Linton and Cadby (2003). For the first mode, as the depth of the middle layer increases,
the wavenumber u1a increases while the wavenumber usa decreases, and then they interchange
their properties at the near crossing points. Further, as p* — 1, uoa tends to some finite limit
corresponding to each value of d/a and uja — 0. For the second mode also, the same features
are observed as can be seen in Fig. 5.5(c). For those values of d/a where near crossing points
do not exist, infinite depth two-layer fluid results can be recovered by the wavenumber usa for
both the first and second modes. If near crossing points exist for some values of d/a, then uja
corresponds to the two-layer fluid results before the near crossing points and beyond that, usa

corresponds to the results for the same.

In Fig. 5.6, p = 0.4 is considered and in this case two modes are observed only for values of
p* > 0.3. When p =0 (Fig. 5.5), it was observed that the first mode increased steadily to some

fixed value as p* — 1 but in this case it is observed that though both modes corresponding
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Figure 5.5: Trapped mode wavenumbers plotted against p* for a cylinder of radius a in the
lower fluid layer for different depths d/a of the middle layer; f/a = —1.01, h/a = 3, p = 0,
la = 2.
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Figure 5.6: Trapped mode wavenumbers plotted against p* for a cylinder of radius a in the
lower fluid layer for different depths d/a of the middle layer; f/a = —1.01, h/a = 3, p = 0.4,
la = 2.

to the wavenumbers uja and usa tend to some fixed values as p* — 1, they do not follow a
fixed pattern as was observed in Fig. 5.5. It is seen that as p* — 1, the wavenumber uja for
both the first and the second modes tend to 0; the wavenumber usa tends to some finite limit
for the first mode, and for the second mode it tends to la = 2. Thus, the rate of decay of the
exponential term decreases as p* comes closer to unity and in the limit there exists no trapped
mode. Figure 5.7 shows that as the submergence depth f/a increases, the first modes cease to

exist for decreasing values of p*.

5.3.2 Cylinder submerged in the upper layer

For the case when the cylinder is placed in the upper layer, the velocity potential can be
expanded exactly in the same manner as was done for the case of the cylinder placed in the
lower layer. Now the multipoles can be written as

I

¢,, = Ky (Ir) cosnb + Z Bn I (1) cos mb, (5.29)

m=0
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Figure 5.7: Trapped mode wavenumbers plotted against p* for a cylinder of radius a in the
lower fluid layer for different submergence depths f/a; d/a = 2.0, h/a =3, p = 0.4, la = 2.

where
By = en /OO cosh mu coshnu[(—l)"AU(v)e”f + BU(v)e_”f} du, (5.30)
0
Ay(v) = ng [BU(U) + (—1)”e”f] e~2vh, (5.31)
((v = Ko)ed — (v + Ko) ) ((~1) (v + K)e 20Kl )
By(v) = ) . (5.32)

where G(v) is same as in Eq. (5.24). Here also, due to the trapped mode condition, there will
be no singularities on the real axis.

By applying the body boundary condition, we obtain the same kind of system of equations
for (3, identical to (5.28):
)

I (la

B + 0 )) > BmBmn =0, n=0,1,2,.. (5.33)
m=0

Here also, as in the previous case, by varying the frequencies Ka and fixing the other
parameters, the zeros of the truncated determinant are conveniently located. It is already
known that those frequencies correspond to the trapped modes. The results presented next
are obtained correct up to three decimal places where a 32 x 32 system is used after truncating
the system arising from (5.33). However, it is noticed that the first modes can be located even

by considering a system of lesser order, say a 10 x 10 system.

Results and discussion

Figure 5.8 shows the dispersion curves when the cylinder is placed in the upper layer for the
following fixed values: h/a = 0.4, p = 0.4, p* = 0.5. There are three curves corresponding
to three different depths of the middle layer with (f — d)/a = 1.01. That is, the cylinder is
nearer to the interface between the upper and the middle layers. The upper bound for trapped
modes us = [ is included and shown by the thin dashed line. As the depth of the middle layer
increases, trapped mode wavenumber decreases. With the same set of parameters, dispersion
curves are plotted against the submergence depth as shown in Fig. 5.9. It is observed that the
curves fold out from the upper bound as (f —d)/a — 1, i.e., when the cylinder approaches the
first interface. Similar effects are observed when the cylinder approaches the second interface

from the lower layer.
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Figure 5.8: Dispersion curves for a cylinder of radius a placed in the upper layer; (f —d)/a =
1.01, h/a = 4.0, p= 0.4, p* = 0.5.
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Figure 5.9: Dispersion curves for a cylinder of radius a placed in the upper layer for different
submergence depths f/a; d/a = 1.0, h/a =4, p=0.4, p* = 0.5.
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Figure 5.10: Trapped mode wavenumbers plotted against p* for a cylinder of radius a in the
upper fluid layer for different depths d/a of the middle layer; f/a = 2.09, h/a = 3.1, p = 0.4,

la = 2.
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Figure 5.11: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
upper fluid layer for different submergence depths f/a; d/a = 1.0, h/a = 3.1, p* =0, la = 2.

In all the figures where trapped mode wavenumbers are plotted against density ratios, the
curves with continuous lines give the first modes and the ones with dashed lines give the second
modes. In Fig. 5.10, the trapped mode wavenumbers are shown against the density ratio p*
when la = 2, h/a = 3.1 f/a = 2.09, p = 0.4. We then consider the case when the cylinder
is nearer to the free surface, i.e., when (h — f)/a = 1.01. The results are presented for four
different values of the depth of the middle layer: d/a = 0.7,0.8,0.9,1.0. Corresponding to
each value of d/a, there are two curves showing the first and the second modes. The first
modes, presented by the lower ones of each pair of curves, appear to cross the second modes,
the higher curves, at near crossing points. Then, with an increase in p*, the first and second
modes come very close to each other at some point, after which the second mode terminates
with uea = 2 = la; the first mode for both the wavenumbers Ka and uja decreases to zero
whereas it remains constant at la = 2 for the wavenumber ugsa. Hence, in the limit p* — 1,
the first mode for the wavenumber usa also ceases to exist.

As expected, the result for the finite depth two-layer fluid with the cylinder in the upper
layer is recovered when p* = 0 in Fig. 5.11 (with the lower interface now playing the role of
the rigid horizontal bottom). The depth of the upper layer is considered as 2.1 and that of the
lower layer as 1.0. The results are similar to the ones in Fig. 5 in Linton and Cadby (2003).

In Fig. 5.12, we assign a non-zero value to the density ratio p* by considering p* = 0.5
and plot trapped mode wavenumbers against the density ratio p. In this case totally different

patterns are observed for the wavenumber u;a. When the cylinder is closer to the free surface,
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Figure 5.12: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
upper fluid layer for different submergence depths f/a; d/a = 1.0, h/a = 3.1, p* = 0.5, la = 2.
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Figure 5.13: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
upper fluid layer for different depths d/a of the middle layer; f/a = 2.09, h/a = 3.1, p* = 0.5,
la = 2.

i.e., say for (h — f)/a = 1.01, the second mode exists within a small interval of the density
ratio p. For both the wavenumbers uia and usa, the second mode decreases while the first
mode increases and they come closer to each other at near crossing points. Then the second
mode terminates but the first mode tends to some finite value as p — 1. As the submergence
depth decreases, i.e., as the cylinder moves downwards from the free surface towards the first
interface, the second mode ceases to exist resulting in the appearance of only one mode. For
the wavenumber wuja, the first mode initially increases and then decreases to zero as p — 1 for
all values of submergence depth.

Figure 5.13 shows the plots of trapped wavenumbers against the density ratio p for the
fixed values of la = 2, py = 0.5. In this case h/a = 3.1 and f/a = 2.09 are considered such
that the cylinder is very much nearer to the free surface. For all the depths of the middle layer,
the second trapped mode wavenumber starts from p = 0.2. Then as p increases, both modes
come closer to each other at near crossing points. Then the second mode terminates but the
first mode exists as p — 1. For the wavenumber usa, as depth of the middle layer increases,

the trapped mode decreases.

5.3.3 Limiting values of the density ratios

Limit as p — 1: The dispersion relation (5.17) can be written as:

(u+ K)(u+ Ko)e 2P — (u? — K?)e2ud
(u+ K)(u = Ko*)em 210 — (u — Ko)(u — Ko*)
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Considering the limit p — 1, we have ¢ — oo. Taking limit ¢ — oo on both sides of the
Eq. 5.34, we get

(u4 K)e 2" —u + Ko* =0, (5.35)

This gives the dispersion relation for a two-layer fluid with the lower layer of infinite depth
and upper layer is of depth h. For the fixed value of Ka the wavenumber ka = wuja can be
determined from this relation. From Figs. 5.12 and 5.13 we observe that in the limit p — 1,

the trapped mode frequency Ka and wavenumber uja tend to 0.

The observation on trapped mode in a two-layer fluid of infinite depth made by Linton and
Cadby (2003) is that for the density ratio 0.5 there exists one trapped mode (Fig. 5, Linton
and Cadby (2003)). For that trapped mode, Ka has an approximate value of 0.5 and ka takes
an approximate value of 1.40. Hence results on trapped mode given by Linton and Cadby

(2003) is not recovered from the result in a three-layer fluid in the limit p — 1.

Limit as p* — 1: The dispersion relation (5.17) can also be written as

(u+ K)(u+ Ko)e " + (u — Ko)(u — Ko*)

=1, 5.36
(u2 — K2)e~2ud + (u + K)(u — Ko*)e2u(h=d) (5.36)

Similarly, as before, taking the limit p* — 1 we get
(u + K)e—2u(h—d) —u+Ko=0. (5.37)

Corresponding to a value of frequency Ka, we get wavenumber ka = usa from this dis-
persion relation. For a cylinder in either fluid layer, the wavenumber uga tends to some value
(Figs. 5.7 and 5.10) which is a trapped mode but certainly does not correspond to one of a
two-layer fluid because Ka — 0 in the limit. But for a density ratio 0.4 of a two-layer fluid of
infinite depth the value of Ka is not equal to zero for a cylinder placed in either of the layers
(Figs. 2 and 5 of Linton and Cadby (2003)).

Double limit as p — 1 and p* — 1: When we take this double limit in the dispersion
relation we get K/u — 0 and for a fixed value of [ (> u) we get K — 0. Same observation
follows from all the figures. And hence in the double limit to 1, it is not possible to recover the
single-layer results. To explain analytically what is happening we shall consider the boundary
conditions in the limit as p — 1, p* — 1 and K — 0 simultaneously. We introduce small

parameters ¢, 6 and §’ such that § ~ ¢’ and define

K =¢, p=1-19, pr=1-17 (5.38)
K

K
BLLIPY = 0(1).
1—p 1—0p*

K =

In this limit, boundary conditions (5.4)—(5.8) become
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1
(9;; =0 on z =h, (5.39)
a¢[ B 8¢11 B
5, = 5, on z=d, (5.40)
II
K'¢! - % =K'¢' on 2 =d, (5.41)
6¢H 8¢III
% = o, on z =0, (5.42)
IIr
Ko _ 9 | gt on z=0. (5.43)

0z

The dispersion relation will have two positive solutions u; and ug which must satisfy

(2K' —u)(K' —u + K'u) + (K'u? — u? — uK')e=2%4 (5.44)
+(2K" — u)(u+ uK' — K")e 2= 4 (K'v? + u? + uK')e 2" = 0.

In the absence of any bodies, oblique waves propagating in the fluid take the form

¢ = exp(tizy/u? — [2) A [e"h2) 4 emuh=2)], (5.45)

¢ = oxp(izy/u? — 2)[Ape" — Bpe "], (5.46)
uz
¢111 _ exp(:l:ixw/uz—ﬂ)%7 (5.47)
where
ue™ % 4 (2K’ — u)ed
sl K e uh—d) — guth-—d)]’ (5.48)
20K —u
A= R (5.49)
1
Bri= oxr (5.50)
(5.51)

Thus, in the double limit for a fixed [, we obtain a boundary-value problem in terms of
the new spectral parameter K’. After finding the forms of the multipoles for this problem and
computing the trapped-mode frequencies the results match those found in the limit of Figs.
5.7-5.13. Hence for a fixed I, the trapped mode problem in the double limit p — 1 and p* — 1
is related to the limits of the trapped mode curves in these figures. Thus it is not possible to

recover the single-layer fluid results in the double limit.

5.4 Conclusions

A three-layer incompressible fluid is considered with the lowermost layer being of infinite depth
and the other two layers of finite depth. Under the usual assumptions of linear water wave

theory and by using a multipole expansion method, the existence of trapped mode is shown
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when a horizonal circular cylinder is placed in either the lowermost or the uppermost layer.
This generalizes the results of Linton and Cadby (2003) from a two-layer case to a three-layer
one. In the case of a two-layer fluid, we have seen that trapped waves correspond to two
wavenumbers but we now show in the three-layer case that trapped waves correspond to three
wavenumbers at the free surface and the internal interfaces. But similar to the two-layer case,
it is observed here also that for each set there exists two modes and with an increase in any
of the two density ratios to 1, the second mode ceases to exist but the first mode does exist in
nearly all the cases. The effects of the submergence depth and the depth of the middle layer
on trapped modes are also observed.

By considering the density ratio p = 0, it is shown that the corresponding results for a
two-layer fluid of infinite depth can be recovered when the cylinder is placed in the lower
layer. Similarly for p* = 0, the results of a two-layer fluid of finite depth is recovered when
the cylinder is placed in the upper layer. All the modes discussed above occur at frequencies
below a cut-off value. Above this cut-off value, it is possible to formulate a scattering problem
corresponding to the interaction of an obliquely incident wave with the cylinder, but below it
no waves can propagate into the far field. When either of the density ratios or both tend to
1, then it is not possible to recover either the two-layer or the single-layer case as is evident
from the present investigation - contrary to what Chakrabarti et al. (2005) concluded. That
is, however small the width of the pycnocline may be, it still commands influence over the
trapped modes and the three-layer case cannot be considered as equivalent to the two-layer
case in the limit. Sharp and smooth pycnoclines are, respectively, simulated by two-layer and
three-layer fluids. In the latter, the middle layer is linearly stratified, whereas the upper and
lower layers are homogeneous. The middle layer with constant density that is considered in

our problem is basically a crude representation of a smooth pycnocline.
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Chapter 6

Trapped waves supported by a pair of
cylinders in an ice-covered two-layer

fluid

6.1 Introduction

To the best of our knowledge, no investigation of flexural trapped waves for the case of a pair
of totally submerged identical circular cylinders placed in either layer of a two-layer fluid has
taken place till date. Though we have already investigated various aspects of existence of
flexural trapped waves in Chapter 3, it was limited to a single cylinder placed in either layer of
a two-layer fluid. The objective of the present work is to locate the distance between this pair
of identical cylinders for which trapped wave exists. The variation of this distance is observed
by varying the values of the ice parameters, the depth of the upper layer and the submergence
depth when the pair of cylinders is placed in the lower layer. The case in which the cylinders
are placed in the upper layer is also considered and the distances are located for which trapped

wave exists.

6.2 Mathematical formulation of the problem

The irrotational motion of a two-layer inviscid, incompressible and immiscible fluid of relatively
small amplitude under the action of gravity in an ocean is considered, neglecting any effect
due to surface tension at the interface of the two-layer fluid of which the upper layer is of finite
depth d and is covered by a thin uniform ice sheet modeled as a thin elastic plate, and the lower
layer is of infinite depth. Each fluid is of infinite horizontal extent in the x- and y-directions
while the depth is along the z-direction which is considered positive vertically upwards with
z = d > 0 as the mean position of the thin ice-cover and z = 0 as the mean position of the
interface. Under the usual assumptions of linear water wave theory, velocity potentials in the

lower and upper layers, respectively, for oblique waves can be defined in the form
o/ (2,y,2,t) = Re[¢! (z, z)e™ e "] and o' (2,y,2,t) = Re[¢p!! (2, 2)eWe ™™,

where ¢! (x, z) and ¢!/ (z, 2), respectively, are complex-valued potential functions for the upper

layer fluid (—oo < # < 00; —00 < y < 00; 0 < z < d) of density p, and the lower layer fluid
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72 6.3. SOLUTIONS BY MULTIPOLES

(—o0 <z < o00; —o0 <y < o0; —o0 < z < 0) of higher density p,,.
The governing equation for the boundary value problems involving these potentials ¢! and

' is the modified Helmholtz equation:
(Vi’z — l2>q5[ =0 in the upper fluid, (6.1)
(Vi}z - l2)¢II =0 in the lower fluid. (6.2)

Denoting the ratio p, /p,,; (< 1) of the densities of the two fluids by p, the linearized bound-

ary conditions at the interface and at the ice-cover are (same as Chapter 3)

o¢!  opl! _
5 = o Py =0 6.3)
I
p(? Kol ) ai _ Kol b 2 =0, (6.4)
{D(w—l) +1—5K}E—K¢ —0 on 20 (6.5)

Since the lower layer is of infinite depth, therefore the following limiting values hold:
o', |Vo!| -0 as z— —oo. (6.6)

Within this framework, progressive waves or incident waves take the form (up to an arbi-

trary multiplicative constant)

¢! = exp(Fizv/u? —I2) <F+(u)e“(zfd) + F_ (u)e*"(zfd)), (6.7)
p!T = exp(zizvu2 —I2)e?? <F+ (u)e "4 — F_ (u)e"d), (6.8)

where

Fi(u) = (Du4 +1- 5K>u + K, (6.9)

and u satisfies the dispersion relation
(u— Ko)F_(u) — (u — K)Fy(u)e 2" = 0. (6.10)

For a fixed geometrical configuration and a fixed density ratio, this equation has exactly
two positive real roots u; and ua (u; < ug, say) corresponding to a value of K. If D =¢ =0,
this relation gives two wavenumbers for a two-layer fluid of infinite depth bounded above by a

free surface.

6.3 Solutions by multipoles

N fixed horizontal circular cylinders of infinite length are placed on z = f plane with their
generators running parallel to the y-axis. If f > 0, the cylinders are in the upper fluid, whereas
the cylinders are in the lower fluid when f < 0. The j-th cylinder is of radius a; and its centre is
positioned at (xj,2) = (hj, f), j = 1,2,..., N. It is convenient to define local polar coordinates
(rj,0;) (see Fig. 6.1) associated with cylinder j defined by

xj = h;j 4+ r;sinf; and zj = f —rjcosf;.
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Figure 6.1: Cross-sectional view of a two-layer fluid covered by an ice-cover in the presence of
two cylinders in the lower layer.

6.3.1 Cylinders submerged in the lower layer

Arbitrary single cylinder

Here we consider an arbitrary cylinder of radius a; for j = 1,2,..., N. The symmetric and
antisymmetric multipoles, ¢p;(n > 0) and ¢7,(n > 1), are, respectively, defined as based on
the results of (Linton and Cadby (2003))

Is

.. (z5,2) = (—1)"/ coshnu cos(lz;sinhu) [AL(v)e”Zj -f—BL(U)e_ij] du,
0

(6.11)
¢Z (25,25) = Kn(lr;) cosnb; + (—1)”/ coshnu cos(lz;sinhu) €' Cp(v) du,
0
(6.12)
¢Z~(xj,Zj) = (—1)n+1/ sinh nu sin(lz; sinhu) {AL(v)evzj+BL(v)e,vzj} du,
0
(6.13)

Ila

¢, (zj,2)) = Ky(lr;)sinnd; + (—1)”“/ sinh nu sin(lz; sinhu) e”* Cp(v) du,
0

(6.14)
where v = [ cosh u and
ALlv) = ?EZ%BL(U) e=2vd,
o BL(U) —2vd
CLl) = o+ Ka) Ful) 2 = (04 K) F-(0),
with
Gw) = —Ko) F_(v) — (v— K) Fy(v) e 2, (6.15)
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74 6.3. SOLUTIONS BY MULTIPOLES

The functions ¢y ; and ¢y ; are singular solutions to the modified Helmholtz equation which
satisfy all the boundary conditions, except the one on the body boundary. Since u; and ug are
the roots of the dispersion relation (6.10), the multipole potentials have simple poles at u = v
and u = vy, where

lcoshvy = uy and [ coshva = us. (6.16)

Subsequently, all the integrals mentioned above are complex-valued.

Considering the well-known generating function of modified Bessel’s function given by
(B.10) in Appendix B and by putting X = —Ir; and T' = exp [i(ﬁj + zu)] in that equation,
the multipoles can be expanded by considering the real and imaginary parts and the resulting
expressions can be substituted into (6.12) and (6.14) to obtain (Appendix B)

gbzs (rj,0;) = Kp(lrj)cosnb;+ Z A’ Iy (Irj) cosmby, (6.17)
m=0

qﬁza (rj,0;) = Ky(lrj)sinnd; + Z A’ I, (Irj) sinmb;, (6.18)
m=0

where
Aim = em(—l)m+n/ coshmu coshnu e/ Cp(v) du, (6.19)
0
A= 2(—1)m+"/ sinhmu sinhnu e Cp(v) du. (6.20)
0

For computational purpose, the contour integral appearing in the above coefficients can be
written as the sum of the principal value integral and the residual contribution corresponding
to the simple poles v; and v5. The principal value integrals can be calculated by using the
method followed in Linton and Evans (1992b).

Multiple cylinders

We now construct a possible trapped mode potential as the sum over all the multipoles and
all the cylinders: (based on the result of Evans and Porter (1997))

6'1(1,0) = ZZ(A Bur (32 05) + Bl (1.65)). (6:21)

j=1n=0
for some constants Ai and Bi by looking for the possible non-trivial solutions satisfying the
body boundary condition on the cylinders given by

a(z)ll
a’l“j

In order to impose this condition, there arises a need to shift from the local coordinates of each

=0 on ri=aj, j=1,...,N. (6.22)

cylinder j to a cylinder p, say, where p # j (Fig. 6.1). By doing so, the following important
results are obtained (Appendix B):

Ky(lrj)cosnb; = Z (Cip cosmb, +D smm&) m(lrp), (6.23)
m=0

K,(lr;)sinnf; = Z (Aip cos mb, +B _sinm@ )Im(lrp), (6.24)
m=0
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and

WE

(=10)" / coshnu cos(lzjsinhu)e" Cr(v)du = (afﬁn cos mbl, + ﬁ:f:n sin m9p> I (lrp),
0

0

3
I

(6.25)

NE

(—1)"*! / sinh nusin(lz; sinhu)e’ Cr(v)du = (af; cos mbl, + bi:n sin mep) I (Irp).
0

0

3
I

(6.26)

It follows from Eqgs. (6.12), (6.14) and (6.23)—(6.26) that for j # p

2s

NE

oo (r;,0;) = [(cjjn +a’” Yeosmb, + (D + 67 )sin mep} Ln(lry),  (6.27)
m=0
2a > Jp Jp Jp Jp .
¢, (rj,0;) = Z [(Anm +a, Jcosmby+ (B +b )sin mﬁp} I (lrp). (6.28)

3
I

For the case j = p, the above multipoles take the form given by (6.17) and (6.18). We are

now in a position to write (Evans and Porter (1997))

0 N oo
610 =3 (A0, + B0, )+ 23 (Ao +B0T)  629)
n=0 j=1n=1

J#p

Subsequently, by imposing the condition (6.22) and using the orthogonality property of sine

and cosine functions, we obtain the following;:

I (1 o [ R N ) ) ) ) ) ) T
A S N SO [ACT, + o)+ BT, +all)]| =0, (6300
mATP) p=0 L =1 J
;'sﬁp
P I (lap) Z p ,a = J Jp Jp J Jp ip ]
Km(lap) n=0 L j=1 i
J#Pp

where p = 1,2,...N;m > 0. This is the system the non-trivial solutions of which will de-
termine the trapped mode frequencies due to the presence of N cylinders arranged as stated
earlier. In order to obtain non-trivial solutions of the unknown coefficients, it is required to
determine those frequencies for which there exist zeros of the truncated determinant. Though
the theoretical development derived above is valid for any arbitrary number of cylinders, but
in order to examine the variation of trapped modes within a feasible exercise, we consider a
pair of identical cylinders in the next section. The result then can be extended to any number
of cylinders.

For the case of cylinders placed on z = f, f > 0, i.e., when the cylinders are placed in the
upper layer, we can proceed in a similar way and again obtain an infinite system of homogenous

linear equations whose non-trivial solutions correspond to the trapped modes.
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6.4 Numerical results and discussion for two identical cylinders
submerged in either of the layers

For the case of two identical cylinders (a; = as = a) placed at hy = —hg = £, we can
exploit the geometry and consider only those oscillations symmetric about z = 0 so that the
geometry is equivalent to a horizontal cylinder placed next to a vertical wall. When the upper
layer is covered by a free surface, it was shown in Linton and Cadby (2002) that the zeros of
transmission for the oblique wave scattering problem occurred just below the cut-off frequency.
Thereafter in Linton and Cadby (2003), the region K < [ < k was considered and the existence
of embedded trapped modes was demonstrated. In this region, propagating waves exist with
wavenumber k£ but not with wavenumber K. When the free surface gets replaced by a thin
ice-cover, it was shown in Das and Mandal (2007) that the maximum reflection occurred for
frequencies just below the cut-off frequency of the incident wave of wavenumber us. Hence for
seeking the embedded trapped modes, the region u; < [ < us must be considered.

6.4.1 Cylinders submerged in the lower layer
Since we are interested in an even or a symmetric solution about x = 0, therefore we consider

11
aa% =0 on x=0. (6.31)

Condition (6.31) will be satisfied if A:L = Ai and B:L = —Bi. Use of this reduces the
original coupled system (6.30) simply to

I' (la) & 1
Al 4 om p, Al B') = 39
v T (la) & 1 !
B — T B A= > .32
where
€Em m T
P = > Kn—m(208) +(-1) n+m(2l§)> cos(n + m)§

+ €m (—1)"+m/ coshnu cosh mu e*/ (1 + cos(2l¢ sinhu)) Cr(v) du, (6.33)
0

Qun = (Ko (21) + (—1) K (21€) ) sin(n +m) J
+ €m (—1)”+m+1/ sinh nu coshmu e¥/ sin(21¢ sinhu) Cr,(v) du, (6.34)
0
R = =B (Knom(2) + (—1)™ Kot (21€) ) sin(n +m) 5
+ €m (—1)”+m/ sinh mu coshnu ¥/ sin(21¢ sinh ) Cr,(v) du, (6.35)
0
_ &m m+1 T
T, = > K, m(208) + (—1) Kn+m(215)) cos(n + m)g

oo
+ € (—1)”+m/ sinh nu sinh mu ¥/ (Cos(2l§ sinhu) — 1) Cr(v) du. (6.36)
0
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Note that the function C(v) now has a singularity on the real axis only at v, but not at
v1 and the path of integration is indented beneath this pole.

This system of equations can be written in matrix form as follows:

P+I Q a
ae= (P2 [2]-0 o
where
P = [I,(a)P,,/K,(la)], Q=][[,(a)Q,,/K;,(a),
R = [[,(la)R,,./K,(la)], T =[I,(a)T,,/K,(a),
a = [4],  b=[B)], (6.38)

for m > 0 and n > 0. For non-trivial solutions, we need to find the frequencies for which
the determinant of the complex matrix A vanishes. To find such frequencies, we truncate the
matrix A to a 2M X 2M one and calculate the determinant. This process can be repeated for

symmetrical arrangements involving larger numbers of cylinders.

Numerical Results

We consider a wave with wavenumber ug propagating from & = —oo of the form exp[ib(z — )],
b = \/W = U9 COS (ine, Making an angle a;,. to the positive x-axis and incident upon
the cylinder centred at (£, f) assuming that the other cylinder does not affect the interaction
between the wave and the cylinder under consideration. For a fixed geometrical configuration
and a fixed density ratio, the problem of finding the trapped mode frequencies is completely
specified by the two non-dimensional parameters Ka and &/a. For a fixed value of £/a, the
parameter Ka is varied to locate the zeros of the real part of the truncated determinant. Then
corresponding to those values of Ka, the absolute values of the determinant are plotted. In
all the figures, the fixed values considered are: M = 8, p = 0.50 and «;n. = 0.34. Note that
Qinc is such that there are no propagating waves in the upper layer for all Ka. For a two-layer
fluid consisting of fresh water and salt water, the value of p would ideally be around 0.97. The
same qualitative features are observed for such a density ratio, but the effects of the interface
are not very distinct. Therefore we consider p = 0.5 for our problem in order to have a clear
observation.

When both the cylinders are placed in the lower layer, the values of {/a are considered up
to 8.0 and then the variation of trapped frequencies is observed for £/a € [1,8]. In Figs. 6.2,
6.3 and 6.4, the depth d/a of the upper layer is taken as 2.0 and the submergence depth f/a
as —1.1. In Fig. 6.2, Ka is plotted against £/a with the values of the ice parameters taken
as zero which presents the free surface problem investigated in Linton and Cadby (2003). The
curves in part (a) of this figure as well in all the subsequent figures will be treated as modes.

In Figs. 6.3 and 6.4, the flexural rigidity D/a®* is considered as 0.001 and 0.01, respectively
— a change from Fig. 6.2 and this implies that the free surface is replaced by a thin ice-cover.
It is observed from Figs. 6.3 and 6.4, upon this replacement, that the first and second modes
remain unchanged. With an increase in D/a?, the frequency Ka for the third mode decreases.
Within the specified range of £/a, the number of points for which trapped waves exist decreases

with an increase in D/a*.
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Figure 6.2: (a) Values of Ka at which the real part of the determinant vanishes and (b) the
absolute values of the determinant of the complex matrix for two cylinders of equal radius a

submerged in the lower layer; d/a = 2, f/a = —1.1, p = 0.5, ajn. = 0.34, D/a* = 0 and
e/a=0.
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Figure 6.3: (a) Values of Ka at which the real part of the determinant vanishes and (b) the
absolute values of the determinant of the complex matrix for two cylinders of equal radius a

submerged in the lower layer; d/a = 2, f/a = —1.1, p = 0.5, ajne = 0.34, D/a* = 0.001 and
e/a = 0.001.
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o7H ~~ - 2" mode

0.6

Figure 6.4: (a) Values of Ka at which the real part of the determinant vanishes and (b) the
absolute values of the determinant of the complex matrix for two cylinders of equal radius a
submerged in the lower layer; d/a = 2, f/a = —1.1, p = 0.5, @jne = 0.34, D/a* = 0.01 and
e/a = 0.001.

Figures 6.5 and 6.6 show the variation of these modes for an increase in the depth d/a of
the upper layer. In both the figures, the submergence depth f/a is taken as —1.1 and the
values of the ice parameters as D/a* = 0.001 and e/a = 0.001. In this case also, there is no
variation in the first mode. For the second mode, the values of £/a for which trapped waves
exist increase with an increase in the depth of the upper layer. For the third mode, as can
be seen from Fig. 6.6(a), frequency Ka decreases with an increase in the depth of the upper
layer. From Fig. 6.6(b), it is observed that with a decrease in the depth of the upper layer,
more points §/a occur for which trapped waves exist.

Three different submergence depths are considered in Figs. 6.7 and 6.8: f/a = —1.05, —1.10,
—1.15. For both figures, the depth d/a of the upper layer is taken as 2.0 and the non-
dimensionalized ice parameters are fixed at 0.001. With the variation of the submergence
depth f/a, though the first mode varies but it still does not produce any point on (£/a)-axis
for which the absolute value of the determinant vanishes. As a consequence, the first mode
does not give rise to any trapped waves within the specified range of £ /a. For the second mode,
the values of £/a for which trapped waves exist increase as the submergence depth increases,
as observed by comparing all the (b) parts of Fig. 6.7. Figure 6.8(a) shows that frequencies
Ka for the third mode decreases as f/a increases. It can be seen from Fig. 6.8(b) that the

values of £/a, for which trapped waves exist, increase with an increase in submergence depth.

6.4.2 Cylinders submerged in the upper layer

Now the problem is considered with the pair of identical circular horizontal cylinders placed
in the upper fluid layer (f > 0) and hence the work is accomplished entirely with ¢’. The

symmetric and antisymmetric multipoles, based on cylinder j; j = I, 11, are given by

[o¢]
ﬁbls = K, (Ir;) cosnd; + cosh nu cos(iz: sinhw) [A"” (v)ev + B (v)e=v# du,
j J J Un
0

njg Un
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Figure 6.5: (a) Values of Ka at which the real part of the determinant vanishes and (b) the
absolute values of the determinant of the complex matrix for three different values of upper
layer depth d/a for two cylinders of equal radius a submerged in the lower layer; f/a = —1.1,

p=0.5, ajne = 0.34, D/a* = 0.001 and £/a = 0.001.
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Figure 6.6: Variation of third mode for three different values of upper layer depth d/a for two
cylinders of equal radius a submerged in the lower layer; f/a = —1.1, p = 0.5, ajp. = 0.34,
D/a* = 0.001 and €/a = 0.001.

6" = K, (Ir;) sinné; +/ sinh nu sin(lz; sinh u) [ASZ( )e¥ + B (v)e ~v2j] du,
0

where
@ _ Fi(v) g, g v @
AR = Fge M (Come + B ), (6.39)
(@) v— K —v n+q v(f— -
(V) = G@(R@kf+ﬂwmﬂ+eﬁwd q=0,1. (6.40)

Proceeding exactly as in the lower layer case, we obtain the following infinite coupled system

of homogenous linear equations:

nm n+Q ﬂn): ) (6'413)
(" B+ R an)=0, m >0, (6.41b)
n=0
where
U Em m E
P = 7(Kn m(20) + (=1) n+m(21§)) cos(n +m) 3
+ sm/ coshnu coshmu <1+cos(2l§sinhu)) [( nm A(0>( Je vf*l—B;Oi(U)e_”f] du,
0
(6.42)
Qr = (a2 + (1) Kygn(216) ) sin(rn + m) -
+ 5m/0 sinh nu coshmu sin(2(¢€ sinh ) [(—l)mASZ( )e ”f+B(1)( Je _”f} du,
(6.43)
R, = =2 (Kom(21) + (—1)™ Ko (216) ) sin(n + m)
+ Em/o sinh mu coshnu sin(2(€ sinh ) [(—l)mAEJO:L(v)e v/ B((]O:L( Je _”f} du,
(6.44)
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Figure 6.7: (a) Values of Ka at which the real part of the determinant vanishes and (b)
the absolute values of the determinant of the complex matrix for three different values of
submergence depth f/a for two cylinders of equal radius a submerged in the lower layer;
d/a=2.0, p=0.5, aine=0.34, D/a* = 0.001 and £/a = 0.001.
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Figure 6.8: Variation of third mode for three different values of submergence depth f/a for
two cylinders of equal radius a submerged in the lower layer; d/a = 2.0, p = 0.5, ajp. = 0.34,
D/a* = 0.001 and €/a = 0.001.

U

T

nm

g
2
Em/ sinhnu sinh mu (cos(?l{sinhu - 1)) [(—1)

0

(Kn_m(2l§) v (—1)m+1Kn+m(2zg)) cos(n + m)g
ﬂ: (v)e_”f} du.

(6.45)

Here also, as was done in the previous case, by varying the frequency Ka and fixing the
other parameters, we conveniently locate the real zeros of the truncated determinant and then
check for the existence of trapped waves by observing the absolute value of the determinant

since zeros of the absolute value of the determinant correspond to the trapped modes.

Numerical Results

With both the cylinders placed in the upper layer, we investigate the existence of trapped
waves with /a varying in the range 1.0 to 6.0. In this case, only the variation of trapped
waves is considered by varying the values of the ice parameters. This consideration is mainly
due to the fact that large computational expense occurs while computing the integrals in
(6.42)—(6.45) which are more in number as compared to the lower layer case. Ka is varied
up to the value 3.0 to locate the zeros of the real part of the truncated determinant. Here
three sets of ice parameters are considered: D/a* = 0,e/a = 0; D/a* = 0.0001,¢/a = 0.0001;
D/a* = 0.001,&/a = 0.001. The first set corresponds to the result for the upper layer covered
by a free surface. In all figures, the depth d/a of the upper layer is taken as 2.5 and the
submergence depth f/a as 1.25.

Figure 6.9(a) shows that there exist two modes for which the real part of the determinant
vanishes. Corresponding to those values of Ka, we present the plot of the absolute values of
the determinant in Fig. 6.9(b). It is observed that for both modes, there exist values of £/a
for which trapped waves exist. However, if those values of {/a are changed even by a small
amount, the embedded trapped waves will cease to exist.

Figure 6.10 shows that a very small thickness of the ice parameter /a will give rise to one

extra mode - the third one, as compared to the case with a free surface. For this third mode,
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Figure 6.9: (a) Values of Ka at which the real part of the determinant vanishes and (b) the
absolute values of the determinant of the complex matrix for two cylinders of equal radius a
submerged in the upper layer; d/a = 2.50, f/a = 1.25, p = 0.5, ®ine = 0.34, D/a* = 0 and
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Figure 6.10: (a) Values of Ka at which the real part of the determinant vanishes and (b) the
absolute values of the determinant of the complex matrix for two cylinders of equal radius a
submerged in the upper layer; d/a = 2.50, f/a = 1.25, p = 0.5, ajne = 0.34, D/a* = 0.0001
and e/a = 0.0001.
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Figure 6.11: (a) Values of Ka at which the real part of the determinant vanishes and (b) the
absolute values of the determinant of the complex matrix for two cylinders of equal radius a
submerged in the upper layer; d/a = 2.50, f/a = 1.25, p = 0.5, ajne = 0.34, D/a* = 0.001 and
e/a = 0.001.

there exist trapped waves for all values of £/a within the range considered. For Fig. 6.11, the
values of the ice parameter set are considered to be 10 times more than those considered for
Fig. 6.10. In this case, the first mode remains the same but the second mode does not exist
while the third mode exists with its values getting lowered as compared to those in Fig. 6.10.

For the third mode, trapped waves will always exist for values of £ /a approximately up to 3.60.

6.5 Conclusions

The work described in this chapter is an investigation of trapped water waves supported by a
pair of horizontal circular cylinders submerged in either layer of a two-layer fluid in an ocean,
where the upper layer is of finite depth and is bounded above by a thin ice-cover modeled as
a thin elastic plate, which replaces the free surface, and the lower layer is of infinite depth. In
such a situation, propagating waves exist at two different wavenumbers for any given frequency:
the one with the smaller wavenumber corresponds to an ice-surface disturbance and the other
to an interfacial wave motion. Since only the embedded trapped waves confined to the area
between the cylinders are considered, so propagating waves exist only near the interface, not
near the ice-cover. For the case when the cylinders are placed entirely in the lower layer, we
present numerical evidence that trapped modes do exist above the cut-off frequency for oblique
waves for such a geometry. For the parameter values chosen, the number of trapped modes
embedded in the continuous spectrum decreases with an increase in the flexural rigidity of the
ice-cover. The trapped mode frequency decreases when either the depth of the upper layer or
the submergence depth increases. When the cylinders are placed entirely in the upper layer,
we consider both cases of the layer covered by a free surface or by a thin ice-cover. Here also
it is observed that with a small change in the values of the separation parameter, embedded

trapped mode ceases to exist for the free surface and also for very small thickness of the ice-
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cover. It is to be noted that the existence of trapped modes throughout the present work is
based on numerical evidence only, i.e., we numerically locate the values of those frequencies
for which the truncated determinant vanishes. Though numerical computation is carried out
for a pair of cylinders, we also develope the theoretical background for the problem in which
N cylinders follow a specific arrangement. The consideration of two cylinders in either layer
in an ice-covered two-layer fluid makes the problem more acceptable from a physical point of
view. The present case of a pair of cylinders can be repeated for symmetrical arrangements

involving larger number of cylinders.
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Chapter 7

Effects of surface tension on trapped
modes in a two-layer fluid

7.1 Introduction

In all the problems that we have considered till now in the thesis, the effects of surface tension
at the free surface as well as the interface(s) have been neglected. In this chapter we include
surface tension effect both at the free surface and the interface of the two-layer fluid of finite
depth. Then we numerically locate the frequencies for which trapped modes exist by locating
the zeros of the suitably truncated determinant of an infinite system of homogenous linear
equation. Finally we examine the effect of variation of both surface tension parameters on the
values and the pattern of trapped mode and then conclude whether the exclusion of surface

tension in formulating the problems is justifiable or not.

7.2 Mathematical formulation of the problem

As the first step towards the investigation of trapped modes, we formulate the physical prob-
lem as a boundary value problem associated with Modified Helmholtz equation. Cartesian
coordinates are chosen such that the xy-plane coincides with the undisturbed interface be-
tween the two fluids. Each fluid is assumed to be of infinite horizontal extent in the x- and
y-directions while the depth is along the z-direction which is considered positive vertically
upwards. The upper fluid layer (—oco < x < 00; —00 < y < 00; 0 < z < d) is of constant
density p, in the presence of surface tension 77 with z = d as the mean free surface. The
lower fluid (—oo < 2 < 00; —00 < y < 00; —h < z < 0) is assumed to be of constant density
p;; in the presence of surface tension 75 with the mean interface at z = 0 and bottom surface
is considered at z = —h (Fig. 7.1). Assuming that the fluid is inviscid, incompressible and
immiscible, and the motion irrotational, the fluid motion is described by the two velocity po-
tentials &’ (z,y,2,t), 5 = 1,I1. Let n(z,y,t) and {(x,y,t) be the small displacements at the
upper surface and the interface, respectively. The governing equation for the boundary value

problem involving the potential P’ (x,y,2,t), j = 1,11, is the Laplace’s equation
V29 =0 in the respective fluid region. (7.1)

The linearized kinematic conditions at the mean free surface and the mean interface are,
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7 Free surface with surface tension
z=d
: |
pI
d
y
Interface with surface tension l 2=0
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P " @ 7777777 z=1
Bottom boundary i h
z=-

Figure 7.1: Schematic diagram for a two-layer fluid with surface tension at free surface and
interface.

respectively, given by

I
% = 88% on A (7.2)
I S 3
% = 9. os on z=0. (7.3)

In the presence of surface tension, the general relations connecting surface tension and
pressure gradient are given by (Mohapatra and Sahoo (2011))

T

P,—p, = = in the case of free surface, (7.4)
T
Py —p, = ﬁ in the case of interface, (7.5)

where 1/R is the mean curvature, Py is the constant atmospheric pressure and p; is the

hydrodynamic pressure in fluid region j. The mean curvature 1/R in Cartesian coordinates is

given by
Mz + Ty in the case of free surface,
1) (42 +m2)3? (7.6)
R Caa + Cyy ‘

in the case of interface.

(T+E+ Q)7

According to the linearized theory of water waves, the hydrodynamic pressure p; in the
corresponding fluid region is given by

190’
= —p - 7.7
P, pjg(er . o1 ) (7.7)
where p; is the fluid density. Hence, from Eqs. (7.6) and (7.7), the linearized dynamic free-
surface boundary condition in the presence of surface tension T at the mean free surface z = d
is given by

od' 9% 9%

— ) = —+ =) =0.

AGE ot ) 1(6302 8y2)
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Further, from Egs. (7.6) and (7.7), the linearized dynamic condition at the mean interface

z = 0 in the presence of interfacial surface tension 75 is given by

oo+ 50 ) - (55 5) = (om+ ) ")

When it is assumed that the fluid motion is simple harmonic in time with radian frequency

w, the velocity potential, free surface and interface elevations can be written in the form

@j(x7y,z,t) = Re[qﬁj(x 2)elWemiwt),
n(xvyat) = Re [ﬁ( ) ily o= Zwt]
C(w,y,t) = [E( Ye ”ye—zwt].
Thus, the spatial velocity potentials ¢’ for j = I,IT satisfy (7.1). By combining the kine-

matic and dynamic boundary conditions (7.2), (7.3), (7.8) and (7.9), the linearized boundary

conditions at the mean free surface and mean interface can be written as

a¢" N2 Y B

az _ K¢ — My <8m L )¢ -0 on  z=d (7.10)
(9¢ 0 ;0% 9\ 1T 8¢ 1

o Ko Mg (gm ) =e(Gr - K4)  omz=0 (11

where M1 =T1/(p,9), M, = T5/(p;;9), p=p,/p;; With 0 < p < 1. An equivalent form of the

interface condition (7.11) is given by
o' a 1 02 o\ I o' a1 0? 9\ T
K g (5= 2)e" =p{ T KO Mg (55 -P)e' ) (T12)
where My = TQ/{(/)U k- pI)g}‘

The impermeable bottom boundary condition is given by

a¢][
0z

=4 on z = —h. (7.13)

Within this framework, progressive waves or incident waves take the form (up to an arbi-

trary multiplicative constant)

¢ = exp(Fizvu? — [?) (F+(u)e“(z_d) + F_ (u)e_“(z_d)>, (7.14)
o = exp(+izy/u? — 12) coshu(z + h)F(u), (7.15)
where
F(u) _ FJr(“) —ud —F- (u)€Ud (7 16)
N sinh uh ’ '
Fi(u) = (14 Mu*)u+K, (7.17)

and w satisfies the dispersion relation

{4 Mpu?) + Ko PPy (w)e 2@ 4 fu(1 4+ Myu?) - Ko fFo(u) -

{u(1 + Myu?) — K}F+(u)e*2ud - {u(l + Mau?) — K}F+(u)e’2“d —0. (7.18)
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This equation has exactly two positive real roots u; and us (u; < ug, say). For the existence

of trapped modes, it is required that
6,0 Vo |,IVe | =0 as o] - oo (7.19)

and hence [ is restricted to be in the range [ > us > u; which ensures that no wave propagation

to infinity takes place at the interface or near the free surface.

7.3 Solutions by multipoles

In this section, we discuss the effect of surface tension on trapped waves. The structure
considered here is an impermeable horizontal circular cylinder of radius a, having its axis
along z = f and its generator running parallel to the y-axis, and is placed in the two-layer
fluid. If f > 0, the cylinder is in the upper fluid, whereas for f < 0 the cylinder is in the lower

fluid. Polar coordinates (r,6) are defined in the xz-plane centred on (0, f) as
x=rsinf and z = f — rcos¥f.

Kassem (1986) elaborated different types of multipoles describing the velocity potentials
when each layer of a two-layer fluid is of finite constant depth. Following his method, multi-
poles, which are singular at (0, f) and symmetric about z = 0, are constructed. The trapped
mode potential is then constructed from a linear combination of all possible multipoles. Ap-
plication of the body boundary condition results in an infinite system of homogenous linear

equations.

7.3.1 Cylinder submerged in the upper layer

Since the singularity is in the upper fluid, it follows that

d)i ~ K, (Ir) cos(nf) as r=+z24+(:z—-f)?2—-0n=123,... (7.20)

We try the following as solutions:

I

o, = Ku(lr) cosn0+/ cosh nu cos(lz sinh u) [AU (v)e¥? +BU(U)6_”Z] du, (7.21)
0

I

¢, = / cosh nu cos(lz sinh u)C,, (v) coshv(z + h)du, (7.22)
0

where v = [ cosh u.
With the help of the boundary conditions at the free surface, the interface and the bottom,
the coefficients A, (v), B, (v) and C}, (v) appearing in Eqs. (7.21) and (7.22) are obtained as

v 672vd
Ay = P B, )+ (-1re],
—1)"Fy(v)etU 2D L F_(v)ev]
B,(v) = [( S G M } {v(l—l—Mzzﬂ)—K—e’2”h{v(1+M2v2)+Ka}],

2K(1 — O')BU (v)
{U(l + M2U2) — K}e“h _ {U(l +M21)2) T KO'}e_Uh’
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where

G(v) = {U(1 + Myv?) — K}F+(v)e_2”d v {v(l + Myv?) + K}F_(v)e—%h

{v(l + Mov?) + Ka}ﬂ(v)e*%(w - {v(l + Myr?) — KU}F_ (v). (7.23)

The total velocity potential ¢ can now be written as

> I
= andy, (7.24)
n=0
with
; oo
¢, = Kp(lr) cosnb + Z A I (1) cos m, (7.25)
m=0
and "
A=~ en/ cosh mu cosh nu [(—1)”AU (v)e* + B, (v)e*“f] du. (7.26)
0

Applying the body boundary condition g—r = 0 on r = a, we obtain an infinite system of
homogenous linear equations in the unknowns «,:

oo

I (la)
) mz::oamAmn =0, n=0,1,2,... (7.27)

ap +
where / denotes differentiation with respect to 7.

For a given set of parameter values, the problem of finding the trapped mode frequencies
is completely specified by the two non-dimensional parameters Ka and la. By fixing one
and varying the other, we locate the zeros of the truncated determinant. For the numerical
evaluation of the zeros of the determinant, we truncate the system to a 32 x 32 system and
the result presented below are obtained correct up to three decimal places. The effect of
submergence depth, depths of either fluid layer is already covered by the work in Linton and
Cadby (2003). We now investigate the effects of both the surface tension on the dispersion
plots and density plots of trapped modes (if any).

Numerical results

Figures 7.2-7.4 show the results obtained for trapped modes above a horizontal circular
cylinder of radius a submerged in the upper layer of a two-layer fluid bounded above by a
free surface with the inclusion of surface tension at both the free surface and the interface.
For all the cases, the depth h/a of the lower layer is taken as 6.0. For the dispersion curve
(Fig. 7.2), with the given set of parameter values, we observe that when there was no surface
tension at the interface there did exist two trapped modes (Linton and Cadby (2003)) but
with the consideration of even smaller values of surface tension at the interface, there exists
only one trapped mode. Now this mode does not get so much affected by an increase in the
non-dimensionalized surface tension parameter M /a?.

Trapped mode wavenumbers are plotted against density ratio in Figs. 7.3-7.4 for different
values of surface tension parameters M;/a? and M /a? assuming one parameter to be zero and

other varying. The submergence depth f/a is taken as 1.05 and the depth of the upper layer
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Figure 7.2: Dispersion curves for a cylinder of radius a in the upper layer for different values

of My/a?; p=0.5,d/a=3, f/la=1.01, h/a =6 and M;/a® = 0.

2 T T T T T T T T T 2= T
~ 4
i s ~ S
18} ‘ﬁi — M. /a%=0 (a) g 18 N At (b)
\ — M, /a® = 0.005 ’
16 1 2 4
\\ M, /a? = 0.007
14l \\ M, /a® = 0.01 ,
\

12 \\\ —

1 \ B

ula N
08FE kgl —
0.6 — 0.6
— M 1 /a®>=0
0l ] oar | — M, /a® = 0.005
M, /a’ = 0.007

02 ) I — M, /a®=0.01

00 O‘.l 0‘.2 0.‘3 0‘.4 0‘.5 0.‘6 O‘.7 018 0.‘9 1 00 0.‘1 0‘.2 0.‘3 0‘.4 0.‘5 0‘.6 0.‘7 0‘.8 0.‘9

p p

Figure 7.3: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
upper fluid layer for different values of M;/a?; la = 2, d/a = 2.1, h/a = 6, f/a = 1.05 and
]\42/&2 =0.

as 2.10 since we note the existence of near crossing points between two modes corresponding
to these values in Linton and Cadby (2003). In the present case also, existence of two modes
along with near crossing points is shown but in addition to that not much effect is observed

with the inclusion of surface tension at the free surface and the interface.

7.3.2 Cylinder submerged in the lower layer

Now the problem is considered with the cylinder placed in the lower layer. The multipoles
singular at z = f(< 0) are required to be modified. This can be done in the same manner as
was done previously for the case of the cylinder placed in the upper layer (f > 0). The suitable

symmetric multipoles are

I

b, = ][ COSh’IZUCOS(l:ESinhU)[AL(U)GUZ+BL(U)€_vZ:|dU, (7.28)
0

II

oo
¢, = Kp(lr)cosnb +][ cosh nu cos(lz sinh u) [CL (v)e’* + D, (v)e”*|du, (7.29)
0
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Figure 7.4: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
upper fluid layer for different values of My/a?; la = 2, d/a = 2.1, h/a = 6, f/a = 1.05 and
Ml/a2 = 0.

where the integrals are Cauchy Principal Value integrals with

A, (v) = ?fﬁngL(me—?vd,
B,(v) = K(1 +G<(73)F_ (v) ((_1)n+1€vf _ e—v(f+2h)>’
CL('U) = BL(U) [{Q}(l +M21)2) +KU}F+(U)€_2vd - {1)(1 +M2U2) +K}F_('I})],

K(1+o0)F_(v)
D) = (Cylv)+e )™,

where G(v) is given by Eq. (7.23). Due to the trapped mode condition, there will be no

singularities on the real axis. The polar expansion of the multipoles, following the previous

procedure, is

qbg = K, (Ir) cosnf + Z B I (Ir) cos mé, (7.30)
m=0
where
By = en/ cosh mu cosh nu {(—1)”C’L (v)e*! 4+ D, (v)e % | du. (7.31)
0

By applying the body boundary condition, a similar kind of system of equations like (7.27)

is obtained for [3,:

I'(la) &
. o Brn = 0, =0,1,2,... 7.32
B + ' (la) mEOﬁ n (7.32)

Here also, as in the previous case, by varying the frequencies Ka and fixing the other
parameters, the zeros of the truncated determinant are conveniently located. The results
presented next are obtained correct up to three decimal places where a 32 x 32 system has

been used after truncating the system arising out of Eq. (7.32).
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Numerical results

Figures 7.5-7.7 show the plots of the non-dimensional trapped mode frequencies for a circular
cylinder of radius a immersed in the lower layer of the two-layer fluid. In all cases, the depth d/a
of the upper layer is taken as 3.0, the submergence depth f/a is taken as —1.01 which means
that the cylinder is very close to the interface and the depth h/a of the lower layer is taken
as 6.0. Figure 7.5 shows the dispersion curves for four different values of My/a?: My/a? = 0,
0.005, 0.007 and 0.01. For each set of parameter values, there are two curves corresponding
to two modes which are displayed in the graphs. We clearly observe that the trapped mode
wavenumber usa increases when the surface tension value at the interface increases, the second

mode being affected more than the first mode.
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Figure 7.5: Dispersion curves for a cylinder of radius a in the lower layer for different values
of My/a?; p=0.5, d/a=3, f/a=—1.01, h/a = 6 and M;/a® = 0.
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Figure 7.6: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
lower fluid layer for different values of M /a?; la = 2, d/a = 3.0, h/a = 6.0, f/a = —1.01 and
Mg/a2 =0.

When trapped mode wavenumbers are plotted against density ratio for different values of
surface tension parameter Mj/a? at the free surface, we observe that the modes do not get

affected by the variation of the same. But with the variation of surface tension parameter
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My /a?, as seen from Fig. 7.7, trapped modes for both the wavenumbers get affected. With an
increase in M /a?, the second trapped mode for both the wavenumbers uja and usa increases

more as compared to the first mode.
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Figure 7.7: Trapped mode wavenumbers plotted against p for a cylinder of radius a in the
lower fluid layer for different values of Ms/a?; la = 2, d/a = 3.0, h/a = 6.0, f/a = —1.01 and
Ml/a2 = 0.

7.4 Conclusions

In the present chapter we examine the effect of inclusion of surface tension on the trapped
mode. The dispersion curves for the cylinder placed in either of the layers are analyzed for
different values of the interfacial surface tension. For both the cases, second mode gets affected
more compared to the first mode. When the cylinder is placed in the upper layer, the second
mode does not exist with an increase in interfacial surface tension. For the cylinder placed in
the lower layer, the value of wavenumbers for the second mode decreases corresponding to an
increase in the same surface tension parameter. Trapped mode wavenumbers are also plotted
against density ratio for different values of free surface and interfacial surface tension for the
cases of cylinder placed in either of the layers. For both cases, we observe that by varying
both surface tension parameters, the pattern or value of wavenumbers does not change in a
significant manner.

Hence it can be concluded that it is very much justifiable to ignore the effect of surface
tension from the free surface or the interface as we have done for all the problems that have
been considered in the previous chapters. Its inclusion will give rise to a third order boundary
condition and hence will make the computation time-consuming. Even then no significant
change is observed on the pattern of trapped modes and values of the frequency.

Our observation is that inclusion of surface tension at the free surface and/or the interfaces,
as dictated by the problem, brings no significant change in the trapped modes. Though the
problem carried out in this chapter is for a two-layer fluid flow with a free surface, similar

observation is expected when the free surface be replaced by a rigid lid or an ice-cover.
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Chapter 8

Summary and future work

This chapter is devoted to a brief summary of the results highlighting the contributions made
by this thesis. It also provides information for the scope of possible extensions of the present

work and future investigations.

8.1 Summary

In this thesis the trapping of a small amplitude harmonic surface water waves by submerged
horizontal circular cylinder (cylinders) in two-layer and three-layer fluids has been investigated
by using linear water wave theory.

In Chapter 2, we consider the trapped mode problem concerning a submerged cylinder
entirely located within one of the layers of a two-layer fluid with both layers being of finite
depth. The layers are bounded by upper and lower rigid surfaces, which are approximations
of the free surface and the bottom surface, respectively, in a channel. Multipole potentials are
constructed which, for frequencies less than the cut-off value, do not radiate energy away from
the submerged body. These potentials, each of which satisfies all conditions except the body
boundary condition, are singular on the axis of the cylinder but not in the fluid region. The
trapped mode potential is then constructed from a linear combination of all possible multipoles.
Application of the body boundary condition results in an infinite system of homogenous linear
equations. Then the trapped mode frequencies are obtained numerically by locating the zeros
of the truncated determinant. Different modes are found by fixing the depth of both the layers
(d/a and h/a for lower and upper layer respectively) and also the density ratio p, and then
by varying the submergence depth f/a. When the cylinder is placed in either of the layers,
trapped mode frequency decreases with an increase in the depth of the other layer. With an
increase in density ratio, trapped mode frequency increases when the cylinder is placed in the
lower layer but decreases when the cylinder is placed in the upper layer.

In Chapter 3, the previous work in Chapter 2 is extended to a problem where the upper
fluid is bounded above by a thin ice-cover modeled as a thin elastic plate, which replaces the
free surface and the lower fluid is bounded by a rigid horizontal bottom surface. The trapped
mode supported by a submerged horizontal circular cylinder placed in such type of fluid region
is handled by the same multipole expansion technique. Earlier, Linton and Cadby (2003)
computed the trapped mode frequencies for a cylinder placed in either layer of a two-layer

fluid, in which the upper layer had a free surface and the lower layer extended to infinite
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depth. It is reasonable to compare the results obtained in this chapter with the work of Linton
and Cadby (2003) as both the problems bear similarities to a large extent. For a cylinder
placed in the upper layer, the trapped motion is confined only to the vicinity of the ice-cover
and the interface. The trapped mode wavenumbers increase due to the presence of the ice-cover
on the upper surface. For the case when the cylinder is placed in the lower layer, the motion
is confined to the vicinity of the interface only. As the cylinder moves towards the horizontal
rigid bottom away from the interface, the trapped mode ceases to exist.

Both problems mentioned above consist of a finite depth lower layer which is bounded below
by a flat, horizontal, rigid bed. But the flexibility of the bed is also a very important aspect of
study which has not been accounted for in these previous investigations. The understanding
of the free vibration characteristics of the fluid-structure interaction plays a significant role in
various branches of engineering, for example, the propellant in space vehicles can be free from
resonance, large-capacity oil containers in the petrochemical industry can survive earthquakes,
very large floating oil storage tanks, ships and submarines can avoid or be subjected to reduced
localized vibrations. Therefore in Chapter 4 we examine the trapped modes supported by a
submerged horizontal circular cylinder placed in either layer of a two-layer fluid lowing over an
elastic bottom at a finite depth. By the same procedure as was followed in Chapter 2, we look
into the effect of the variations of elastic plate parameters on the existence of trapped modes.
For the case of the cylinder placed in the lower layer, the presence of elastic bottom suppresses
the existence of the second mode (among the two modes that exist for each wavenumber) which
is a different conclusion as compared to the infinite depth lower layer. Both trapped mode
wavenumbers increase due to the consideration of the elasticity of the sea-bed as compared to
a flat and rigid bed.

Chapter 5 is concerned with the effect of width of the middle layer on the trapped modes
due to the presence of a totally submerged cylinder placed in either the bottom layer or the
uppermost layer of a three-layer fluid of infinite depth. It is observed that with an increase in
the width of the middle layer, the trapped mode frequencies decrease for the case when the
cylinder is placed in the lower layer. When either of the density ratios or both tend to 1, then
it is not possible to recover either the two-layer or the single-layer case as is evident from the
present investigation - contrary to what was concluded in Chakrabarti et al. (2005). That is,
however small the width of the pycnocline may be, it still influences the trapped modes and
the three-layer case cannot be considered as equivalent to the two-layer case in the limit. The
presence of the middle layer in between two layers can be compared with the presence of a
smooth pycnocline of constant density. The problem formulated here has the possibility of
getting extended to other forms of upper surface conditions also.

Chapter 6 is concerned with the investigation of trapped water waves supported by a pair
of horizontal circular cylinders submerged in either layer of a two-layer fluid in an ocean, where
the upper layer is of finite depth and is bounded above by a thin ice-cover modeled as a thin
elastic plate, which replaces the free surface, and the lower layer is of infinite depth. In this
chapter we do not consider the trapped waves below the cut-off value but rather we consider
the trapped waves which are embedded in a continuous spectrum. Hence, in addition to the
multipole expansion method, the knowledge of contour integration is required to locate numer-

ically the distance between these cylinders for which trapped wave exists. Although numerical
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computation is carried out for the case of a pair of cylinders only, theoretical development is
presented for the case of multiple cylinders also. Using multipole expansion method, an infinite
system of homogenous linear equations is obtained with all its coefficients complex-valued. For
a fixed geometrical configuration and density ratio, the existence of trapped mode frequencies
is examined by numerically computing the separation parameter for which the truncated com-
plex determinant vanishes. The variation of this separation parameter is observed by varying
the values of the ice parameters, the depth of the upper layer and the submergence depth when
the pair of cylinders is placed in the lower layer. The case in which the cylinders are placed
in the upper layer is also considered and the distances are located for which trapped waves
exist. The effect of the variation of the ice parameters on the existence of trapped modes is
also looked into. For the case when the cylinders are placed entirely in the lower layer, we
present numerical evidence that trapped modes do exist above the cut-off frequency for oblique
waves for such a geometry. For the parameter values chosen, the number of trapped modes
embedded in the continuous spectrum decreases with an increase in the flexural rigidity of the
ice-cover. The trapped mode frequency decreases when either the depth of the upper layer
or the submergence depth increases. This problem has the possibility of getting modified by
replacing the thin ice-cover by a rigid lid.

In Chapter 7 we include surface tension at both the free surface and the interface of a two-
layer fluid of finite depth. The inclusion of surface tension parameters gives rise to a third order
boundary condition at the free surface and the interface. The computation of trapped mode
frequencies becomes more laborious. We examine the variation of trapped modes by assuming
one of the surface tension parameters to be zero and other varying. It is observed that trapped
mode frequencies, when plotted against density ratio for the case of cylinder placed in either
of the layers, does not get so much affected with the variation of any of the surface tension
parameters. Due to the inclusion of the effect of surface tension, more computational expense
occurs while locating the trapped mode frequencies and no significant change is observed.
Hence, the exclusion of the effects of surface tension for all the previous problems considered
in this thesis is justified.

Our findings for all problems are supported by a reasonable number of graphs depicting
various modes. The present study is expected to facilitate the analysis of various physical
problems in ocean engineering concerning scattering and trapping of waves besides some related

areas of mathematical physics where higher-order boundary conditions arise in a natural way.

8.2 Future work

The problem pertaining to trapped waves in a two-layer fluid over horizontal bottom may
further be extended to one over an uneven bed or over a porous bed. It can be assumed that
the upper layer is covered by a free surface. Therefore the possible extensions for this type of

problems are:
1. Oblique gravity trapped waves in a two-layer fluid due to variation in bottom topography.

2. Oblique flexural trapped waves in a two-layer fluid due to an uneven bottom.
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3. The trapped water waves in a two-layer fluid in an ice-covered ocean of finite depth with

a porous bottom.

For the problem mentioned in the first one, the bottom topographical variation can be
modeled as two steps of different water depths with finite and infinite regions. The problem
can be formulated using matched eigenfunction expansions and then a homogeneous integral
equation may be used to derive the horizontal fluid velocity across the line joining the finite and
infinite regions. Then by using Fourier expansion method, an infinite system of homogenous
linear equations can be obtained, the vanishing of the determinant of which provides trapped
mode eigenvalues if they exist. For the second one, the trapped mode can be investigated over
a small bottom undulation in particular. Sinusoidal ripples on the sea-bed are of considerable
significance due to the ability of an undulating bed to reflect incident wave energy which is
important in respect of possible ripple growth if the bed is erodible.

In our thesis we examine the trapped modes in an infinite depth three-layer fluid with
layer-wise different densities where we restrict the uppermost layer to be covered by a free
surface only. Its extension to an ice-cover or a rigid lid can also be considered. The middle
layer considered in this case is of constant density but it can also be extended to the case where

the middle layer is linearly stratified. Hence the possible extensions in a three-layer fluid are:
1. Oblique gravity trapped waves in a three-layer fluid bounded above by a rigid lid.
2. Oblique flexural trapped waves in a three-layer fluid of finite depth.

3. The trapped water waves in a three-layer fluid in which density of the middle layer varies

linearly with the width of the layer.

We consider the trapped modes arising due to the presence of the impermeable horizontal
circular cylinder placed in either layer of a two-layer and a three-layer fluids. The same
cylinder may be replaced by a totally submerged horizontal symmetric thin bodies or vertical

cliffs placed in either of the layers. Hence the possible extensions in this regard can be:

1. Oblique gravity trapped waves in a finite depth two-layer fluid supported by a symmetric
thin body.

2. Trapped waves in a two-layer fluid of finite depth supported by vertical cliffs.

We are fairly confident that these above mentioned problems can be attempted and solved

with the knowledge garnered while investigating the problems in this thesis.

TH-1280#(9p6p]é%3%at67’ Waves Ph.D. Thesis



TH-1280_10612304



Bibliography

H. F. Bauer. Hydroelastic vibrations in a rectangular container. Int. J. Solids Struct., 17:
639-652, 1981.

H. F. Bauer. Frequencies of a hydroelastic rectangular system. Forsch Ingenieurwes, 59:8-28,
1993.

J. Bhattacharjee and T. Sahoo. Flexural gravity wave problems in two-layer fluids. Wave
Motion, 45:133-153, 2008.

J. R. Cadby and C. M. Linton. Three-dimensional water-wave scattering in two-layer fluids.
J. Fluid Mech., 423:155-173, 2000.

M. A. Callan, C. M. Linton, and D. V. Evans. Trapped waves in two-dimensional waveguides.
J. Fluid Mech., 229:51-64, 1991.

A. Chakrabarti, P. Daripa, and Hamsapriye. Trapped modes in a channel containing three
layers of fluids and a submerged cylinder. Z. Angew. Math. Phys., 56:1084-1097, 2005.

M. Chiba, H. Watanabe, and H. F. Bauer. Hydroelastic coupled vibrations in a cylindrical
container with a membrane bottom containing liquid with surface tension. J. Sound Vib.,
251(4):717-740, 2002.

H. Chung and C. Fox. Calculation of wave-ice interaction using Weiner-Hopf technique. N. Z.
J. Math., 31(1):1-18., 2002.

D. Das and B. N. Mandal. Wave scattering by a horizontal circular cylinder in a two-layer
fluid with an ice-cover. Int. J. Eng. Sci., 45:842-872, 2007.

E. B. Davies and L. Parnovski. Trapped modes in acoustic waveguides. Q. J. Mech. Appl.
Math., 51(3):477-492, 1998.

D. V. Evans and C. M. Linton. Trapped modes in open channels. J. Fluid Mech., 225:153-175,
1991.

D. V. Evans and P. Mclver. Edge waves over a shelf: full linear theory. J. Fluid Mech., 142:
79-95, 1984.

D. V. Evans and R. Porter. Trapped modes about cylinders in a channel. J. Fluid Mech., 339:
331-356, 1997.

TH-1280_10612304 101



102 BIBLIOGRAPHY

D. V. Evans, M. Levitin, and D. Vassiliev. Existence theorem for trapped modes. J. Fluid
Mech., 261:21-31, 1994.

D.V. Evans and R. Porter. Wave scattering by narrow cracks in ice sheets floating on water of
finite depth. J. Fluid Mech., 484:143-165, 2003.

C. Fox and V. A. Squire. On the oblique reflection and transmission of ocean waves at shore
fast sea ice. Philos. Trans. R. Soc. Lond. A, 347:185-218, 1994.

A. Friis, J. Grue, and E. Palm. Application of Fourier transform to the second order 2D wave
diffraction problem. In M. P. Tulin’s Festschrift: Mathematical Approaches in Hydrodynam-
ics (ed. T. Miloh), pages 209-227. SIAM, 1991.

R. Harter, I. D. Abrahams, and M. J. Simon. The effect of surface tension on trapped modes
in water-wave problem. Proc. R. Soc. A, 463:3131-3149, 2007.

R. Harter, M. J. Simon, and I. D. Abrahams. The effect of surface tension on localized free-
surface oscillations about surface-piercing bodies. Proc. R. Soc. A, 464:3039-3054, 2008.

F. John. On the motion of floating bodies II. Commun. Pure Appl. Math., 3:45-101, 1950.

D. S. Jones. The eigen values of V?u + Au = 0 when the boundary conditions are given on
semi-infinite domains. Math. Proc. Camb. Phil. Soc., 49:668-684, 1953.

S. E. Kassem. Multipole expansions for two superposed fluids, each of finite depth. Math.
Proc. Camb. Phil. Soc., 91:323-329, 1982.

S. E. Kassem. Wave source potentials for two superposed fluids, each of finite depth. Math.
Proc. Camb. Phil. Soc., 100:595-599, 1986.

N. Kuznetsov. Trapping modes of internal waves in a channel spanned by a submerged cylinder.
J. Fluid Mech., 254:113-126, 1993.

N. Kuznetsov, M. Mclver, and P. Mclver. Wave interaction with two-dimensional bodies
floating in a two-layer fluid: uniqueness and trapped modes. J. Fluid Mech., 490:321-331,
2003.

C. M. Linton and J. R. Cadby. Scattering of oblique waves in a two-layer fluid. J. Fluid Mech.,
461:343-364, 2002.

C. M. Linton and J. R. Cadby. Trapped modes in a two-layer fluid. J. Fluid Mech., 481:
215-234, 2003.

C. M. Linton and D. V. Evans. Integral equations for a class of problems concerning obstacles
in waveguides. J. Fluid Mech., 245:349-365, 1992a.

C. M. Linton and D. V. Evans. The radiation and scattering of surface waves by a vertical
circular cylinder in a channel. Phil. Trans. R. Soc. Lond. A, 338:325-357, 1992b.

A. E. H. Love. A Treatise on the Mathematical Theory of Elasticity. Dover Publication, New
York, 2007.

TH_1280P%QB.1%3}L06491'5 Trapped Water Waves



BIBLIOGRAPHY 103

W. W. Mallard and R. A. Dalrymple. Water waves propagating over a deformable bottom. In
Proceedings 9th Annual Offshore Technology Conference, Houston, pages 141-145, 1977.

H. D. Maniar and J. N. Newman. Wave diffraction by a long array of cylinders. J. Fluid Mech.,
339:309-330, 1997.

M. Meclver. An example of non-uniqueness in the two-dimensional linear water wave problem.
J. Fluid Mech., 315:257-266, 1996.

M. Mclver. Trapped modes supported by submerged obstacles. Proc. R. Soc. Lond. A, 456:
1851-1860, 2000.

P. Mclver. Complex resonances in the water-wave problem for a floating structure. J. Fluid
Mech., 536:423-443, 2005.

P. Mclver and D. V. Evans. The trapping of surface waves above a submerged horizontal
cylinder. J. Fluid Mech., 151:243-255, 1985.

P. Mclver and M. Mclver. Trapped modes in an axisymmetric water-wave problem. @. J.
Mech. Appl. Math., 50:165-178, 1997.

P. Mclver and M. Mclver. Trapped modes in the water-wave problem for a freely-floating
structure. J. Fluid Mech., 558:53—67, 2006.

P. Mclver and M. Mclver. Motion trapping structures in the three-dimensional water-wave
problem. J. Eng. Math., 58:67-75, 2007.

P. Mclver, M. Mclver, and J. Zhang. Excitation of trapped modes by the forced motion of
structures. J. Fluid Mech., 494:141-162, 2003.

S. Mohapatra and S. N. Bora. Water wave interaction with a sphere in a two-layer fluid flowing
through a channel of finite depth. Arch. Appl. Mech., 79:725-740, 2009a.

S. Mohapatra and S. N. Bora. Propagation of oblique waves over small bottom undulation in
an ice-covered two-layer fluid. Geophys. Astro. Fluid, 103(5):347-374, 2009b.

S. Mohapatra and S. N. Bora. Exciting forces due to interaction of water waves with a sub-
merged sphere in an ice-covered two-layer fluid of finite depth. Appl. Ocean Res., 34:187-197,
2012.

S. C. Mohapatra and T. Sahoo. Surface gravity wave interaction with elastic bottom. Appl.
Ocean Res., 33:31-40, 2011.

R. Mondal and T. Sahoo. Wave structure interaction problems for two-layer fluids in three
dimensions. Wave Motion, 49:501-524, 2012.

S. A. Nazarov and J. H. Videman. A sufficient condition for the existence of trapped modes
for oblique waves in a two-layer fluid. Proc. R. Soc. A, 465:3799-3816, 2009.

S. A. Nazarov, J. Taskinen, and J. H. Videman. Asymptotic behavior of trapped modes in
two-layer fluids. Wave Motion, 50:321-331, 2012.

TH-1280#(9p6p]é%3%at67’ Waves Ph.D. Thesis



104 BIBLIOGRAPHY

R. Porter. Trapping of water waves by pairs of submerged cylinders. Proc. R. Soc. Lond. A,
458:607-624, 2002.

M. J. Simon and F. Ursell. Uniqueness in linearized two-dimensional water-wave problems. J.
Fluid Mech., 148:137-154, 1984.

I. V. Sturova. Problems of radiation and diffraction for a circular cylinder in a stratified fluid.
Fluid Dyn., 34(4):521-533, 1999.

R. Eatock Taylor and C. S. Hu. Multipole expansions for wave diffraction and radiation in
deep water. Ocean Engng., 18:191-224, 1991.

R. C. Thorne. Multipole expansions in the theory of surface waves. Proc. Camb. Phil. Soc.,
49:707-716, 1953.

F. Ursell. On the heaving motion of a circular cylinder on the surface of a fluid. @. J. Mech.
Appl. Math., 2:218-231, 1949.

F. Ursell. Surface waves on deep water in the presence of a submerged circular cylinder. Proc.
Camb. Phil. Soc., 46:141-158, 1950.

F. Ursell. Trapping modes in the theory of surface waves. Proc. Camb. Phil. Soc., 47:347-358,
1951.

F. Ursell. Mathematical aspects of trapping modes in the theory of surface waves. J. Fluid
Mech., 183:421-437, 1987.

G. N. Watson. A Treatise on the Theory of Bessel Functions. Merchant Books, New York,
2008.

TH_1280P%QB.1?73}L06491'5 Trapped Water Waves



Appendix A

Euler—Bernoulli equation for a thin
ice-cover

Let 1 be the displacement of a point located at the centre of a plane in the direction of the

normal to this plane, and we write

0%n 0%n o 0%n
oy?’ 0xdy’

The strain—energy—function takes the form (Love (2007), Pg. 503, Eq. (6))

Ez2

2(1—12) [(”vl + K2)? — 2(1 — V) (k1Ko — 7'2)], (A.1)

where E and v, respectively, denote the effective average Young’s modulus and Poisson’s ratio
for ice. The potential energy of bending, estimated per unit area, is obtained by integrating the
above expression with respect to z from 0 to hg, with hg being the thickness of the ice-cover.

The integration results in the following:

%[(m + k) —2(1 — W) (s =), (A2)

Eho®
12(1 — v2)’
The kinetic energy per unit area is T'(z,y,t) = %mnf, where m is the mass per unit surface

where ® is the “flexural rigidity” given by

area of the ice-cover. Total potential energy per unit area, V(x,y,t), is the sum of the strain
energy due to the curvature of the plate and the potential energy due to the transverse pressure,
i.e.,

1

where ¢ is the net external force on the plate per unit area.
Let us consider a rectangular domain R : {(z,y) | 0 < & < xo, yo < y < y1} on the plate

and T' = (tg,t1) be an interval in time. Then the Lagrangian operator is

L(n) = /T/R(T — V)dzx dy dt. (A.4)
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Hence the Lagrangian is

1 1
L= 5’}3 [(szyn)Q —2(1- y)(nmnyy — nfy)] —qn — imnt2 = L(z,z,t,n, nt,nm,nyy,nmy). (A.5)

The corresponding Euler—Lagrange equation is

oL 0 [oL +872 oL +872 oL +82 oL _o (A.6)
on  Ox\ dn, dx2\ dn,, oy* \ on,, dxoy\ on,, | ’
Now,
oL oL oL
o = 0 g o OMn,, +n, —1—v)n,l;
oL oL
e — (1 — g — =29(1 — .

Putting these values into Eq. (A.6) gives
@V:yn +mn, = q, (A7)

where V3, = (9"/0z*) + 2(8%/02)(9%/9y*) + (9*/8y") is the biharmonic operator in the
plane of the ice-cover. In our case 7 is the displacement normal to the zy-plane at the upper

surface. It is clear that Eq. (A.7) is equivalent to Eq. (3.5).
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Appendix B

Coordinate shift

Figure B.1: Coordinate shift for Graf’s addition theorem

We are required to transform Ky (lrj)cosnbj, j =1,2,..., N, where the coordinates (r;,0;)
associated with the j-th cylinder are measured from (h;, f) to the coordinates (7, 6,) associated
with the p-th cylinder placed at (hy, f) and vice versa. We use Graf’s Addition Theorem for
modified Bessel functions (Watson (2008)) given by

Kn(ﬁ)cosnw: Z Kn+m(R)Im(Z)Cosm¢’ (B'la)
Kn(B)sinng = Y Knpm(R)In(Z)sinme, (B.1b)

where R, 3, Z are the sides of the triangle given in Fig. B.1. In the present case, the triangle

has sides 7, 1, and |h; — hp| and so upon the following substitutions

s 3
,BZZTJ'; ¢:§—9j; Z:lrk; (ﬁ:@k—?; R:l‘hj—hp’, (B.Q)

and considering the cases h; > hy,, h, > h; separately, we have

Ky(lrj)cosnb; = Z (C’::n cos mb, + D:f:n sin mﬁp) I (Irp), (B.3)

m=0
oo

K,(lr;)sinnf; = Z (AZ:; cos mb, + ij:n sin mﬁp) I (lrp), (B.4)

m=0
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where

™

m

A% = F(V" Kby = hyl) + KUy = hyl)) sinn +m)Z, - (B5)
B, = (0™ Kupm(llhy = hyl) + Koollhy = b)) costn+m)Z, - (B.6)
o = (V" Kt (Ulhy = hyl) + Kol = b)) costn+m) 7, (B.7)
D, = =)™ K (Ulhy = hol) + Ko (Ulhy = b)) sin(n +m) 2. (B.8)

Using the relations z; = h, — hj + 2 and z; = 2, in the integral in (6.12), we obtain
(=)™ /OOO coshnu cos(lzjsinhu) €% Cr(v) du
= (=" /000 coshnu cos(l|h, — hj|sinhw) cos(lzysinhu) € Cr(v) du
+ A1) /000 coshnu sin(llh, — hj|sinhu) sin(lz, sinhw) e”*? Cp(v) du. (B.9)

The well known generating function of modified Bessel functions is utilized (Watson (2008)):

exp [%X(T + T‘l)} - i %em (Tm + T—m)lm(X), (B.10)

m=0

where eg = 1, &, = 2,m > 1. Substituting X = —Iry,, T = exp[i(f, + iu)| in it and equating

real and imaginary parts, the following results are obtained:

e’ cos(lzpsinhu) = e/ z:(—l)m em coshmu I, (Irp) cosmb, (B.11)
m=0

e’ sin(lzpsinhu) = e/ Z(—l)mJrl em sinhmu I, (Irp) sinmb,. (B.12)
m=0

Using the above relations in (B.9), we obtain

(=)™ / cosh nu cos(lzj sinh u)e” Cr(v) du = Z [ail cos mb, + ﬂ:f:ﬂ sin mep] I (lrp),
0

m=0
(B.13)
with
al = (—1)m+”€m/ coshnu coshmu cos(l|h, — hy|sinhu) e’ Cr(v) du, (B.14)
0
ﬁi’:n — (_1)m+"gm/ coshnu sinhmu sin(l|h, — hj|sinhu)evf Cr(v) du. (B.15)
0

Similarly, for the integral in (6.14), we get

—1)nHt sinh nu sin(lx; sinhwu) €** Cr(v) du = a’’ cosmby, + b sinmé L,(lry,),
m=0

(B.16)
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with
) 00
a’ = (—1)m+"+16m/ sinh nu coshmu sin(l|h, — h;|sinhu) e*/ Cp(v) du, (B.17)
0
. o0
bizn = (—1)m+"5m/ sinhnu sinhmu cos(I|h, — hj|sinhu) '/ Cp(v) du.  (B.18)
0

These are the results used in Chapter 6 for shifting local coordinates from any arbitrary

cylinder j to a fixed cylinder p.
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