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Abstract

The first part of our work deals with a smooth crossover fromraed®en Cooper Schfter
(BCS) phase comprising of largely overlapping pairs to aeBagperfluid (BEC) with short
ranged tightly bound pairs induced by a random onsite desgrdtential, as opposed to tuning
the interparticle attraction which is largely seen in ere. At small disorder concentration,
Anderson theorem is known to be valid and in the large disoregime, an insulating phase
is favoured. We have convincingly shown that the intermtedilssorder regime holds key to a
more interesting phase, a paired phase having long range oedembling a BEC. Quantities
such as participation ratio and ground state fidelity aremated which further strengthen the
claim of crossover to a Bose phase, when the starting pomtweak coupling BCS super-
conductor. Many physical quantities which are of experitaksignificance e.g. superfluid
stiffness, & diagonal long range order, spectral gap etc are computelda@cterize the ex-
otic phase which emerges at intermediate values of disstdangth. Thus a detailed study is
carried out to elucidate fferent physical properties associated with a BCS-BEC cv@sso

The next problem deals with studying superfluidity in popola imbalanced systems
which are often thought to host an exotic Fulde-FerrellkiraiOvchinnikov phase (FFLO)
characterized by finite momentum Cooper pairing. In spithefextensive study of the phase,
the unambiguous determination of the exotic phase bothréhieally and experimentally, is
still awaited. Recently, cursory evidences of the presef€&LO phase has been obtained in
trapped ultracold atoms in an optical lattice, which pr@ddnotivation for us to explore the
FFLO phase in details. Our gap parameter and magnetizaditanstitow modulating profiles
in real space, thereby providing support to the existen¢dafO phase, while we have noted
the presence of various other ground states with close hgese As confinementtiects are
technologically important for achieving the condensapbenomena in atomic systems, we
have incorporated a harmonic trapping potential in ourygtut elaborately investigated the
effects of harmonic confinement vis-a-vis the finite momentumrgascenario. Further, we
have computed dlierent correlation functions that are of experimental inb@oce. Finally,
an interesting physics emerges that shows superfluid téatesuransition (SIT) as obtained
by increasing the trapping potential, even in a model witraative interactions.
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Chapter 1
Introduction

Study of strongly correlated systems like transition metaties, heavy fermion compounds
and the high¥, superconductors has evolved into a very challenging tasikdmnmodern the-
oretical and experimental physics. At a fundamental lellghase systems involve strongly
coupled quantum degrees of freedom, such as spin and chang#ydfluctuations, which
demonstrate interesting physical phenomena such as thuwmpghase transitions, uncon-
ventional pairing mechanisms, very anomalous normal gtadperties, pseudogap (gap in
the normal state) character etc. A collection of such noliehmmena observed in these sys-
tems generated an intense activity among the researchieis hds resulted in a tremendous
progress in understanding the physics behind the occugrehsuch exciting realizations.

Many of the correlated electron systems are intrinsicallyomogeneous and such inho-
mogeneity (along with disorder, defects etc) are knownad ke fundamentally newfects in
interacting electronic systems. Generally, the simulbaisgoresence of interaction and inho-
mogeneity lead to a new coupling of the quantum degrees edléna in one and two particle
correlations that has no counterpart in noninteractingiashdmogeneous or interacting and
isotropic systems.

Recently in the context of studying the hig-superconductors, the issue of inhomoge-
neous charge (and spin) order or "stripe” phase has becomefahe most crucial issues in
this field. The experimental demonstration of stripes isustbNeutron scattering studies on
Nd-doped LaCuQ, (viz. Lay_x_yNd,Sr,CuQ,) show charge modulation in the Cu@lane
for x (hole doping) covering the entire superconducting rangeMore recently, Biichner

1
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2 Chapter 1. Introduction

et al[2] noticed that the above mentioned superconducting samvjih charge modulation
undergoes a structural phase transition from a low temperatrthorhombic (LTO) phase to
a low temperature tetragonal (LTT) phase below a tempezaturOK. Thus it opened up
another channel for investigation: the relationship betvstripes, structure and supercon-
ductivity. On a more general tone, one can ask the questiorstripes ’'help’, 'hinder’ or
more radically, create pairing correlations? In fact, tigaamical stripes have been proposed
as a pairing mechanism[3]. But such speculations are ye¢ twohfirmed. Still there exists
a general consensus that a close look at the issue of striggsomtain a plethora of unan-
swered questions regarding the pairing mechanism, anamalormal state and importantly
for us, if at all how are the stripes beneficial to the supedcmting state?

On the other hand, the investigation of quantum degeneestesghas a long history. The
latest step ahead in this direction has been the realizatiBose Einstein condensation (BEC)
of alkali atoms, e.g®’Rb[4], ’Li[5] and 2Na[6] in a confined geometry created by the mag-
neto optical traps. It is well known, in contrast with tworpee Cooper pairing in Fermi
systems, the essence of superfluidity in Bose systems ipamiete BEC. This asymmetry
between the Fermi and Bose systems (two-particle pairingmws-particle condensation) had
remained a subject of interest since long time[7].

A system consisting of dilute mixture of Fermi and Bose gdsesalso generated con-
siderable interest for studying superfluidity3He - *He mixtures, fermionic superfluidity in
magnetic traps etc in recent years. A detailed study in tkid tan make significant con-
tribution to issues such as the submonolayeréHsf, excitons in semiconductors, holons in
high-T. superconductors (where a possibility of two-holon paiigygroposed via slave-boson
calculations) etc.

We now present a discussion on the hiffhsuperconductors. We shall mostly restrict
ourselves to the issues which are relevant for the thesis didtovery of highF. cuprates by
Bednorz and Miller[8] in 1986 triggered extensive studiassuperconductivity in systems
which are characterized by presence of copper oxide lajérs superconductivity is believed
to originate from the strongly interacting charge carrigrat move on the two-dimensional
copper oxide layers in cuprates. There is a general consehatithese materials exhibit var-
ious exotic phases as the carrier concentration is varjed8 existence of a mysterious gap
in the normal state highlights one such largely exploredugih not well understood, phase
of the underdoped cuprates known as the pseudogap. Thequsguis defined as the partial
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gap that opens at parts of the Fermi surface[10, 11]. In tleerdoped phase of cuprates,
pseudogap evolves smoothly into the superconducting gegngserature is lowered. In par-
ticular, the amplitude and symmetry of the two gaps are vemylar[11], thus leading many
researchers to conclude that the explanation of the psepdsigte is very essential to under-
stand the microscopics of superconductivity[12]. Stroagipg correlations without phase
coherence hold key to a number of anomalies observed in #ggedpgap regime and that it
evolves smoothly into a superconducting condensate wiis@looherence as temperature is
decreased leads to the belief that the origin of the two gepsgaite closely knit. Thus the
pseudogap is a precursor to the superconducting gap anchsie¢ af superconductivity sig-
nifies the setting in of phase coherence among the pre-fo(feeaiionic) pairs below the
critical temperature]. (Fig. 1.1). In this sense the two gaps may be seen as bothdfities

same coin.
. T*

- N

S
g | n 2D strange
2 2l; %, metal .-~ 3D normal
© f_35 N S metal
(] N .
2 |2
E —
O |LL
=<

|
0 30%
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Ficure 1.1: A schematic phase diagram of hole doped Higlsuperconductors.

There are a number of experiments which provide evidencesport of the existence
and detailed understanding of the pseudogap namely, ARRER, 1SR, tunneling studies
etc[10]. Among these ARPES is most commonly used and haveg@to be most informative
in terms of providing a detailed structure and symmetry efffkeudogap. The ARPES spectra
shows anomalous features abdvewhere the sharp quasiparticle peaks become broad and
incoherent thereby indicating absence of single partiglgtations in the normal state - a
feature which signals breakdown of the Fermi liquid thedti/T).
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4 Chapter 1. Introduction

A number of possible mechanism leading to pseudogap statbéden proposed. They
include a RVB scenario[13], phase fluctuation of the sup®iaoting order parameter[14,
15], ad-density wave theory[16] and preformed pairing ideas[1&X]deeper understanding
of the physics governing the normal phase in the underdoggiche and subsequently how it
evolves into the overdoped phase where normal behaviouniis prominent, is likely to help
in providing a microscopic description of the cuprates.

Due to somewhat controversial nature of the experimenta daailable on the subject,
the microscopic origin of the pseudogap phase is still goeable. A large section of the
community has subscribed to the physics governing the BES-Brossover as a potential
candidate that describes the mechanism leading to the pgapghhase[18]. The motivation
obviously is derived from the fact that the abdveexcitation (bosonic) gap smoothly emerges
into the (fermionic) superconducting gap beldw A number of experiments reveal that
the pseudogap phase shares more in common with the supactimgdphase than with the
undoped insulating phase e.g. the small coherence leragtjudbly) ad-wave symmetry as
the superconducting gap (albeit with shifted nodes aloegRérmi surface), fingerprints of
pseudogapféects both above and beldly (even if the &ects are more widely studied above
T,) etc.

The fact that a condensate consisting of weakly intera¢éngionic degrees of freedom
smoothly evolves into one which is characterized by strpmgleracting bosons is worth a
problem to investigate. A controlled tuning of the attraetinteraction between the carriers
in presence of magnetic field for a system of ultracold femuatoms has facilitated the
study of the crossover phenomenon in cold atom problem ior&tbries[19—-21]. The excite-
ment is further intensified with the recent experiments oticaplattices and its associated
practical applications[22, 23]. Interestingly, the subjeslates to both atomic physicists and
the condensed matter community.

So far we have discussed unconventional superfluidity itesys having equal spin pop-
ulations. However, superfluidity in spin imbalanced systdms its own long history and
has been seen to exhibit various exotic phasgd-ulde-Ferrell-Larkin-Ovchinnikov (FFLO)
phase[24, 25], the Sarma[26] phase, breached pair phdse{@a mixed phase in which BCS
superfluid coexists with an unpaired normal phase[28—-30kp@cial importance among the
above is the FFLO phase which is stabilized by a large Zeerphitireg between up and
down-spin electrons which form pairs across the Fermi seréand subsequently condense to

TH-986_05612105



1.1. BCS-BEC crossover 5

give a state which has lower free energy than normal spinrizeld state. These pairs have
a non-zero total momentum as opposed to traditional zero entum pairs in conventional
BCS state. Interestingly, the finite momentum pairing rssial an oscillating superconduct-
ing order parameter with a wave length of the order of supstaoting coherence length.
Several fascinating superconducting properties whicle mewer been observed for the BCS
pairing state, have been predicted for the FFLO state[3]L, 32

1.1 BCS-BEC crossover

The BCS-BEC crossover is an old problem and has been stuthediety of contexts[17, 33—
35] e.g. the crossover scenario has been contemplatedlaireipe physics of the pseudogap
phase etc. The basic idea of the crossover problem is asvilld weak interparticle attrac-
tion among fermionic degrees of freedom forms large oveilagp Cooper pairs which is well
described by the BCS (mean field) theory of supercondugtivit this limit, pairing is pos-
sible only in the presence of a filled Fermi surface and twmfens in vaccum is incapable
of forming a bound state. As the attraction is increased bdypoint, two fermions with
zero binding energy are formed which is the "unitarity’ poafithe problem. Subsequently, at
very large values of attraction strengths, tightly boundspaith large binding energy emerge.
A many body system of these bosons eventually undergo Baosdiin condensation (BEC)
as temperature is lowered beyond a threshold value. In this ene describes smooth evo-
lution of a BCS superconductor (the attractive strength esky to a BEC of short ranged
tightly bound pairs (strongly interacting)[12, 18]. Theatlenge is then to find a single the-
ory which can describe the entire regime from BCS to BEC lirmtthis regard, it was first
noticed by Eagles[33] and then by Leggett[34] that the BC&igd state wavefunction is
capable of describing a continuous evolution from a BCS tygelensate to a Bose phase as
the interparticle interaction strength is varied. Thusilikely that the crossover phenomena
can be explained via a generalization of the standard meldrefoproach (BCS) to consider
attractive interactions of arbitrary strengths.

Ultracold atomic gases provide an experimental playgrdanshvestigating the crossover
scenario[19, 21, 36, 37]. A key feature of these atomic gest®at the fective interaction
between atoms in fferent hyperfine states can be varied by applying an exteraghstic
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6 Chapter 1. Introduction

field using Feshbach resonance[38—40]. Thus a controlteddwf the interaction among the
atoms from weak to strong makes a smooth crossover from BB84e superfluid feasible.

The transition between the two extreme ends (BCS and BE@)a®th though the limits
correspond to dierent physical situations. The following are some of theimgsiishing
features between them.

1. In the BCS limit, pairs form and condense simultaneousth@same temperature i.e.
at superconducting transition temperatdie However, in the BEC regime, pairing
occurs in the normal state at some temperaiireand then these pre-formed pairs
undergo condensation as temperature is lowered i-E, @ T*).

2. The excitations are of fermionic nature in BCS limit wheseéhe BEC phase is char-
acterised by bosonic excitations. The intermediate regmuharacterized by a mix-
ture of fermions and fermionic pairs. Thus the excitatiom®ethly evolve from being
fermionic (BCS) to bosonic (BEC) in nature. Fig. 1.2 can denred to for a schematic
description.

3. The superconducting order parameigf and the excitation gapy are identical in the
BCS limit as the pair formationl(*) and condensation temperatuiig)(coincide. How-
ever, there exists a flerence betweens. and A in the BEC limit asT, # T* (see

Fig. 1.3).
BCS Intermediate regime BEC
[ o 60 © ® ® C I @
[ ] [ ]
e ° % o o . o o ®
o : 5
° oo * | @ ®
° ° o o %0
° . ° @@
° ® o (@ o o .
® o o @
° o ° o

Ficure 1.2: Schematic representation of the excitations in BC&rimediate and BEC
regimes. The excitations are fermions in BCS limit and besionBEC. The intermediate
regime has a mixture of fermions and metastable (fermiquad)s[18].

TH-986_05612105



1.1. BCS-BEC crossover 7

The largely explored but not well understood physics of ttessover phenomena lies in
understanding the regime that lies intermediate to the wtr@me limits (BCS and BEC). Itis
marked by strong fluctuatiorffects and shows significant digressions from the Fermi liquid
behaviour because of the presence of fermionic pairs in tneal state. The breakdown of
Fermi liquid theory in this regime is an outcome of a systerdargoing smooth transition
from fermionic to bosonic statistics.

AT

T

Ficure 1.3: The superconducting order parametgg and the excitation gap differ in the
BEC limit since pairs form T*) and condenseT() at considerably dierent temperatures.
The shaded region comprises of pairs with no phase cohdf&jce

1.1.1 Exploring a connection with highT. superconductors

There is probably some consensus that the crossover sacenayi provide us a route to un-
derstand unusual features exhibited by the unconventsuatrconductors. Based on the
1SR and magnetic field penetration data, Uenairal [41] suggested that the unconventional
or the "exotic’ superconductors belong to a separate clasgterials characterised by high-
T, short coherence lengthi,and low superfluid density, which atmlike their conventional
counterparts. Further, the shgrfound in these materials, generate a scenario which is akin
to a system consisting of local bosons. Finally, the bosordensation temperaturég at
which the noninteracting Bose gas condendgsi¢ analogous tdl* at which local pairs
form in the underdoped phase of cuprates), is almost one ofaeagnitude greater than the
superconducting transition temperatdign these systems. The results encourage a general-
isation of the BCS theory to be more suitable to the situatiather than pursuing a search
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for more exotic theories[42—44]. In fact the coherence feng (or it's dimensionless vari-
antke¢, ke being the Fermi wave vector) is an appropriate quantity titzaks the crossover
phenomenon[45], such that lgt¢ ~ 2r, the system becomes unstable against bosonization
and the concept of Fermi surface gets wiped out since the ofigairing instability no longer
demands presence of a filled Fermi surface in this limit. kerta meaningful connection to
the Uemura plot is obtained as the unconventional materaléound to lie near thie-¢ ~ 2x

line in the plot and hence are closer to Fermi surface inktabi

The unusual features of the normal state observed in thexbat these highF. super-
conductors have also put a special focus on the physics giogethe crossover. It has been
argued that a BCS-BEC crossover induced pseudogap is tiji@ ofithe mysterious gap in
the normal state observed in hidh superconductors[46—48]. The above idea though highly
contentious, is strongly believed by a section of the sdier@ommunity as it is based on the
rationale that the gap in the normal state smoothly evolntsthe superconducting gap as
temperature is lowered. This inturn suggests that the mggmphase bears resemblances
with the superconducting phase and not with the insulatimgsp exhibited by the parent
compound.

The appearance of pseudogap in form of depletion of singtécje spectral weight
around the Fermi level below a certain critical temperaftlitein the underdoped regime
of cuprates[17, 49-53] demonstrates the most compreledsiation from the mean-field
(BCS) scenario for superconductors. The BCS picture mayidged as a very special case
where the pair formation and the condensation occur simedasly i.e. at the same tem-
perature while at moderate values of the interaction strertge pairs form and condense at
different temperatures, as energetics favour pair formatidhinvihe normal phase. Finally
the system comprising of such bosonic degrees of freedordermes at a ffierent temper-
ature, sayT. (below T*). The two temperature scale$.(and T*) signal the presence of
two different gap parameters, one of them being the superconduam@elated td’.) and
the other corresponding to the excitations of the normaksta pseudogap at temperature
T > T.. Thus the bosonic excitations in the pseudogap phase simewstiives into fermionic
ones in the BCS regime, thereby proving the inextricablenestion between the crossover
phenomenon and the pseudogap.
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1.1.2 Kinetic energy driven vs Potential energy driven paiing

The signature of strong electron correlations in decidivegghysical properties of the cuprate
superconductors are robust and well studied. Thus the goergiderations in the normal and
the superconducting phases, i.e. the condensation enagfymaolve the occupied part of the
single particle spectral function - a quantity measured RPES. Consequently the energy
gain that drives the system from a normal to a supercondyptiase should be closely related
to the renormalization of the spectral weight while lowgrthe temperature through. The
fact that the gap in the ARPES spectra opens at temperataresderably larger thai.
while the quasiparticle peaks only emerge belyb4, 55], strongly suggests that there is an
intimate connection between the phase coherence in paieegf freedom and the onset of
coherence in the single particle spectrum. Further, thehament part of the spectral function
should be carefully accounted for in calculating the corsdéion energy as the whole of the
spectral intensity, not just the quasiparticle peak, ipoesible for contributing to the total
condensation energy.

Not too long back, the optical measurements ofBBICaCuyOg[56] have shown a contin-
uous transfer of spectral weight from higher energies tddier energy part of the in-plane
optical conductivity as the temperature is lowered. Theval®fect is observed in both the
underdoped and overdoped phases. A characteristic eneadp/ Isas been identified, above
which the integrated optical conductivity as a functionehperature behavesidirently than
that below the scale. Inta- J model, roughly the same energy scal@eatentiates two regions,
the one below, where the integrated optical weight is propoal to the kinetic energy, and
the one above, where the same is proportional to the sugeaage energy. This indicates
(starting well above and persisting beldw) that the normal to superconductor transition is
accompanied by a continuous lowering of the kinetic enexgiyie the superexchange energy
isincreased as temperature is lowered. The rise in thesiciien energy as the system evolves
into the superconducting phase seems strange and cotir@stmventional BCS picture. Be-
lieving that thet — J model is relevant to the discussion of cuprates, the kirestergy drives
the system both in the normal (pseudogap) and the superctingyhase. Thus the kinetic
energy driven pairing may hold an important clue to the faroraof pseudogap and more
generally, the highF; problem.
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Finally, to make the discussion free from loose ends, it isentd investigate whether a
BCS-BEC crossover scenario supports the condensatiog\et@flip from being potential
energy driven (BCS) to kinetic energy driven (BEC).

1.1.3 Experimental realization of the crossover in ultractd atoms

We have seen in the previous discussion that a BCS-BEC amissan be obtained by tuning
the interparticle attraction strength. In this regard, titieacold atomic gases has recently
emerged as a potential candidate to study the crossovearszeimn this section, we digress
from the main focus of the thesis so as to understand the iexgets carried on ultracold
atoms to achieve superfluidity. The most commonly used afomthese experiments are
the alkali atoms which have only one electron occupying titemnost shell. In the ground
state, the inner shells are closed and thus they have no gelaatmomentum, and the out-
ermost electron is in ag- orbit, also with no angular momentum. The outermost ebecits
the reason to the common use of alkali atoms in the expergsémte these atoms have suit-
able transitions with optical wavelengths, that can bezetil for cooling. A typical trapping
scheme utilizes the hyperfine interaction, which is the tiagoetween the electronic spin
and the spin of the nucleus. The dependence of the energibes® hyperfine states on the
external magnetic field is the well known Zeemdfeet. The hyperfine states are character-
ized by their total spirfF, which can take the valudst 1/2, wherel is the nuclear spin and
their hyperfine magnetic momenty: ranges from-F to F. There is an energy fierence
between stateB = | — 1/2 andF = | + 1/2 which is known as hyperfine splitting. In the
absence of magnetic field, the states with s&m@re degenerate but as the magnetic field
is turned on, it couples to both nuclear and electron spissltiag in splitting of the levels
called Zeeman sublevels. The magnetic trapping makes ube @eeman coupling of mag-
netic field to energy levels of atoms in order to ensure tragmf atoms. Atoms can also
be trapped in an optical lattice which is a one-, two-, or ¢hdémensional periodic potential
obtained from superposition of counterpropagating lagamnts. It operates on the principle
of atom polarizability and its interaction with the electfield. The most commonly used trap
based on the above techniques is the magneto optical trag \M@ich helps in achieving
temperatures of the order of 20100 uK. In order to cool the sample further, a technique
called evaporative cooling is employed. This can be undedsas lowering the 'edge’ of the
trapping potential, causing the atoms with the most kinetiergy, i.e. the hottest atoms, to
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1.1. BCS-BEC crossover 11

escape and letting the gas thermalize. The repetition sffucess allows the cooling of the
sample to very low temperatures of the order ofilQ

The ultracold atom gases have an essential feature of biinig with densities below 79
m~3 and the interparticle distance being larger than A80 The extreme diluteness condition
inturn results in two-body interactions playing dominasierwhile other processes involving
higher order interactions are neglected. Thus, the unaeylyhysics is mostly based on the
two-body scattering theory. The attractive potential lwthe cold atoms is provided by the
van der Waals interaction which is described by an interatgotential which is repulsive
at very small distances, but has a weak attractive tail that goes dslasr — co. This
interaction potential between the atoms depend on thedrnat states (spin- singlet or spin
triplet). The dfective interaction in the triplet channel can be tuned byngirag the energy of
a bound state in the singlet channel (with respect to théesoag states in the triplet channel)
with a magnetic field. This phenomenon is known as Feshbadnasce in which one of
the bound states (in triplet channel) is made to coincidd whe collision energy of two
free atoms in a dierent scattering channel (singlet channel). The enerfiigrdnce between
the free state and the molecular state which is controllethbymagnetic field, makes the
scattering length in the singlet channgjchange from the BCS value fd-as — —) to the
BEC (1/kras — o) through the strongly interacting unitary point/ktas = 0).

as hear Feshbach resonance (shown in Fig. 1.4), varies witmet&dield,B as[57]

M&:%@ ) (L.1)

w
~ B-B
Herea, is the triplet background scattering length for atoms seatg) in the open channel,
By is the magnetic field position at which the bound state isfiushed at the threshold and
w is the magnetic field width of the Feshbach resonance, defisdide distance betwe&y

and the magnetic field at whica = 0. A number of recent experiments have yielded detailed
insights on the BCS-BEC crossover issue using Feshbachaeee[21, 36, 58—61].

1.1.4 Theoretical developments

Here we provide a brief outline of the variational mean figdg@ach introduced by Eagles[33]
and later by Leggett[34] to investigate BCS-BEC crossoteeso temperature. It was pointed
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Ficure 1.4: Schematic diagram showing variation of the scattelength,as (solid red line)
with the magnetic fieldB . The field corresponding to unitarity is marked By. The green
dashed line is the energy of the two-body bound stagen vacuum.

out by them that the BCS ground state wavefunction
Wo = k(U + Vi 'y )10) (1.2)

is capable of describing a continuous evolution from a BQ&stonductor to a Bose system
of tightly bound pairs, provided the chemical potentiais self-consistently computed as the
interparticle attraction strength is varied.

The self-consistent conditions that need to be solved &8@6 gap equation[62],

1
Ag = — Z U Ay e, (1.3)
”

and number equation,

n:Zk][l—ekE_kﬂ

whereEy = /¢2 + AZ is the quasiparticle excitation energy wih = (& — 1). In the BCS
approach, the interpatrticle attraction strengtly is assumed to be of the form,

] (1.4)
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1.1. BCS-BEC crossover 13

-U if di&e| < h
Uy :{ It |&l and|éy | < hiwp (1.5)

0 otherwise

Thus, the interaction strength is constant within the Dedyergy/iwp, of Fermi energyEe.
Using the abové),, in Eq. (1.3), we find that it is satisfied by

Ay =

{ A for |&d < hwp (L1.6)

0 for |§k| > fiwp
The gap parametek, = A in this model and hence can be cancelled from both sides of
Eqg. (1.3) which yields
1=Y 3 1 (1.7)
C 2 4y '
It is however found that the above equation diverge& assumes large values. For BCS

superconductors, this problem is resolved by replacingtimemation by an integration over
hwp and assuming the density states to be constant at the Fexhi Both these conditions

1 o dE
_ _ s 1.8
N(OU LMD 2/ + A2 (1.8)

whereN(0) is the density of states at Fermi level. Solving Eq. (1u&) obtain the BCS result,

together give

A = 2fiwpe YNOUI (1.9)

The extension of the BCS theory to large values of interacsiwengths in order to in-
vestigate the BCS-BEC crossover phenomena, results ifkdwean of thefiwp cut of. The
divergence problem is then taken into account using a realaation procedure[17] which
yields a renormalized’ gap equation

m 1 1 1
_— = S — 11
47rh2as V Zk: (2Ek ZEk) ( O)

where the interaction is now replaced by a single paramegethes-wave scattering length,
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14 Chapter 1. Introduction

as (in place ofU) andV is the volume of the system. The above gap equation is thén sel
consistently solved with Eq. (1.4) for computingandu as a function of the dimensionless

parametekras whereky = v2mEg /7.

T IIIIIII
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Ficure 1.5: (a) The order parametes and (b) the chemical potential as a function of
1/kga[63].

Fig. 1.5 shows the result of andu obtained from the above analysis along with the
analytic results of the two asymptotic limits (BCS and BEG)wn by the dashed line in the
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1.1. BCS-BEC crossover 15

figure[63]. Itis clear from the\ andu plots that the crossover occurs in a small region of the
parameter Aikrasi.e. -1 < 1/krag < 1.

Let us now analyze the definition @f and A in the two limits. In the weak coupling
limit where BCS theory holdsy is solely determined by the Fermi enerds;. It shows
a continuous decrease and eventually becomes negativé(/2 whereE, is the binding
energy of a pair) in the BEC regime as a function ¢kdas. Thus as coupling strength is
increasedy varies from being positive (in BCS) to negative (in BEC) ahdsu changing
sign bears the signature of a crossover which is known ad #ggett criterion’.A also diters
significantly in the extreme limits. For example,

=T
A= exp( kFlas|) Er (1.12)

in the BCS limit while it is given by
/16 1
A =Egq|+ 1.12

Further work on the crossover subject was done by Nozier@Sahmitt-Rink (NSR)[35]
who extended the study to finite temperatures and in latiiseesns. They resorted to a di-

in the BEC[64].

agrammatic approach at finite temperaturés determined by them in the continuum case,
shows a monotonous increase in the weak BCS regime wherm@atesmined by the breaking
of pairs and eventually saturates at strong coupling whgns controlled by the center of
motion of bound pairs. Further, their work on fermions in @it described by an attractive
Hubbard model, had similar implications &f being a continuous function of interparticle at-
traction strength. They had shown tiatundergoes an exponential increas& {lr (-1/U),
whereU is the interparticle attraction strength) in the BCS regigmes through a maximum
whenU is of the order of the band width-(W) and finally decreases at strong coupling.

Among many other attempts to describe the crossover scerari approach based on
Ginzburg-Landau theory was followed by Drechsler and Zwdg5] in order to determine
the transition temperature in two dimensional systems. degarate work by Sa de Meéd
al.[66], a time dependent Ginzburg Landau theory was propas@altulate the transition
temperature which exhibited a small maximum in the crosscegime. It is important to
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note here that all these theories were based on an appraeimmahich used free-fermion
Green'’s function to describe the fermionic degrees of fomednd the superfluid transition
was marked by the rise of bosonic properties. This analyiglslgd correct results in the
two limiting cases of weak (BCS) and strong (BEC) couplingowsdver, its applicability
failed in the crossover region where the fermionic quasigas were no longer free particles.
An improved theory was then introduced by Haussmann[67] hircivthe fermion Green’s
function was determined self-consistently leading to ma@lely new results. Their work
suggested a monotonically increasifhgas a function of interparticle attraction strength in
three dimensional systems and non-existence of maximuFgiofthe crossover regime.

Since the discovery of short coherence length supercoadket.g. the cuprates), which
are believed to occur in between large coherence lengthecional superconductors (BCS)
and a phase with extremely short (of the order of one latipaesg) pairing correlations, the
crossover phenomenon has received renewed attentionmpiisenvere made to interpolate
between the two extreme limits so as to visit the physicsithaperative for these supercon-
ductors. In this regard, Randeria and coworkers[68] itetlformal studies on the conditions
for a pairing instability in two dimensional systems andbats/estigated the evolution of the
superconducting ground state from large overlapping Coppées to a Bose condensate of
tightly bound pairs. They considered a two dimensional iooitm of Fermi gas interacting
with a given two body potential for investigating the comatils under which a pairing instabil-
ity takes place in various angular momentum channels in @@ybody problem. In addition
to a hard core at short distances, the potential is assuntev&an attractive part with a finite
rangeR. The system is taken to be dilute i.le-R << 1 which allows the analytical results
independent of the shape of the potential and with the iotieraenergy completely charac-
terized by the low energy phase shift¢E) of the two body scattering problem. The results
are obtained by analyzing the energy dependence of thesongtphase shifts, starting with
the Cooper problem.

In two dimensions, for thes-wave channel which is of interest to us, it is possible to
obtain[68]
rncotvo(E) = log(E/E,) + O(E/€r) (1.13)
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whereer = (7%/2mR) and the low energg-waveT-matrix can be expressed in terms of the
s-wave scattering phase shift as,

oE) = (m/47i%) [~CcoWo(E) + ] (1.14)

It may be noted thaty(E) has a logarithmic divergence Bt= —E, thereby indicating forma-
tion of a two bound state witk, being the binding energy of the bound state. It is found that
onset of pairing instability necessarily requires the &xise of a two-body bound state. Note
that in presence of strong repulsion at short distancestthaective part of theféective poten-

tial must cross a threshold value before a bound state gkisy®nd which the energy scale
E, above is the binding energy). In addition to this, they hage ound that existence of
such a two body bound state in a higher angular momentum ehénn0) is not a necessary
condition for a many body pairing instability.

Randeriaet al[68] had then studied the many body ground state within aatianal ap-
proach to investigate the evolution of a state with largelgrtapping Cooper pairs to a Bose
phase in a system withand p-wave pairing instabilities. For this, they had chosen asaén
for the ground state wavefunction as,

(1,2, ...N) = A[o(L, 2)p(3, 4)...6(N — 1, N)] (1.15)

which is an antisymmetrized product of pair wave functiombkere is significant rearrange-
ment of the occupation probability in the momentum spach imitreasing attraction strength
and it no longer looks like a rounded step function. Consetiethe chemical potential

for the fermions is not jusEr and needs to be determined self-consistently[34] alonf wit
gap functionAy.

An interesting feature of the2dilute system as obtained in Ref. [68] is that the coupled
integral equations fon, = A (for kKR << 1) andu can be solved exactly for thewave
pairing instability. The gap function and chemical potaehthus obtained is as simple as
A = (2EEEn)Y? andu = Er - E,/2, where the interaction enters only g, the binding
energy of a pair in vacuum. The physical quantities e.g. #iegize &, and the condensation
energy which characterize a superconducting condensa&es @omputed as a function of
Ea/Egr. The results obtained shows a smooth crossover from a B@Swsiid ke&y >> 1 for
E./Er << 1to a Bose condensed state wkH¥, << 1 for E;/EF >> 1.
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The crossover scenario in a triplet superconductor i.e. panave channel is interesting,
though not a focus of this thesis. It was found that the abavetional analysis is consider-
ably more complicated ip-wave channel than thewave case because of the appearance of
ultraviolet divergences in the integral equations of the fygction and the chemical potential.
The problem was then solved by regulating the divergendag usrresponding results from
the two body problem in vaccum. The results thus obtaineavshoontinuous interpolation
between the two extreme limits i.e. BCS and Bose phase. Hawaweak singularity was
found in the ground state resultsiat O.

In separate works by Strinati and coworkers[69, 70], theseower &ects were under-
scored by identifying a more significant variable than thaptmg strength i.e.ke& which
made the crossover study independent of the details of tamiction potential. Subsequently
a great deal of work using diagrammatic approach[71-76fad which have extensively
investigated the normal and superconducting states (lmitesand belowl¢). In Ref. [72],

a fermionic system interacting through afieetive nonretarded potential of the type intro-
duced by Nozieres and Schmitt-Rink is considered to caleulze phase coherence length
phase associated with the spatial fluctuations of the sapducting order parameter by ex-
ploiting a functional integral formulation for the corrélan functions and the associated loop
expansion. The phase coherence length pl#aggcthus obtained is compared with the co-
herence length¥p,;r for two-electron correlation, which distinguishes the weaupling limit
(kKeépair >> 1) from the strong coupling limitke&pair << 1). It is shown thathaseCoincides
With &pair till Keépair =~ 10 wheretp,ir is equivalent to the Pippard coherence length. The above
condition breaks down in the strong-coupling limit Wh&pgase>> &pair, With &4 COINciding

with the radius of the bound state.

The fermionic self-consistent T-matrix approximation islely utilized to describe crossover
above the superconducting critical temperature. Howewails to yield the correct behavior
of the system in the strong-coupling limit where pairs aghtly bound. This problem was
solved in Ref. [74] by setting up the correct approximationd 'dilute’ system of compos-
ite bosons and had shown that a class of diagrams has to bigl@@usin the place of the
fermionic T-matrix approximation for the self-energy. $hilass of diagrams correctly de-
scribed the interpolation between the weak and strong auyphits. In this context, they
had also provided a systematic mapping between the comdspp diagrammatic theories
for the composite bosons and the constituent fermions. Thtesing length obtained from
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the above diagrammatic approach shows a considerable caithfi from the result obtained
within the self-consistent fermionic T-matrix approxinaet in the strong-coupling limit.

In a separate work by Piest al[77], the crossover scenario is studied in a broken-
symmetry phase between zero temperature and the crittopeature by adopting a fermionic
self-energy in the broken-symmetry phase that represenmtsdns coupled to superconduct-
ing fluctuations at weak coupling and to bosons describedhéyBbgoliubov theory in the
strong coupling regime. The extension of the theory beyoedmTield becomes crucial at
finite temperatures in order to connect with the results efrtormal phase. The order param-
eter, the chemical potential and the single-particle speftinction numerically computed for
a wide range of values of coupling and temperature enabéegsbessment of the quantitative
importance of superconducting fluctuations in the brokamssetry phase across the entire
crossover regime.

Other works on the crossover phenomenon include the nuatstiedies such as Quantum
Monte Carlo[78, 79]. In Ref. [78], an extended quantum Mddéelo study for various static
and dynamic properties of the attractive Hubbard model aesgnted. The various observ-
ables investigated include magnetic susceptibilitiesyges, specific heat, order parameters
and spectral properties. In their work, they have shown aggpee of tightly bound pairs far
above the superconducting transition temperature in thesowver regime and have been able
to quantify the separation of the formation of pairs and tbedensation of the pairs into a
coherent state with increasing coupling strength.

Further, the BCS-BEC crossover has been investigated alsengynamical mean field
(DMFT) theory[80, 81]. It casts the lattice problem into agle correlated site positioned in
a ‘'mean field’ produced by the neighbouring sites. In doinglse DMFT freezes all spatial
fluctuations analogous to the usual classical mean fieldoapgpr But the main ¢ierence
with the classical mean field theory is that here the mean iseddfunction of time and thus
it retains the important quantum (temporal) fluctuationghaf underlying problem. In the
crossover studies, DMFT is used to explore the intermed@aigpling regime and also allows
study of the (metastable) normal phase down to zero temperathe nature of the normal
phase underlying the superfluid state is expected to styafigct the properties of the state.
The ground state properties of the normal phase has beeedin{B2] as a function of the
attractive strength.
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The superfluid ground state for quarter filling on the Betligda has been investigated
in Ref. [83], where the authors compared the DMFT approadh tne static mean-field
results. The mean-field results are recovered in both theermet limits (weak and strong
coupling). However, the inclusion of local quantum fluctoas results in a reduction of
the gap, which is particularly relevant for the intermediabupling regime. The ground
state now evolves smoothly with the coupling and the traorsifound in the normal phase
is washed out by the symmetry breaking. The same smoothtemolis found in[84, 85]
where the authors have used DMFT to study the finite tempergthase diagram of the
model in the superconducting phase. In particular, expliallowing the superconducting
order to take place at finite temperature, the first ordersiteom line of the normal phase
is completely hidden by the superconducting state becdweseritical temperature for the
transition to the normal state is higher than the pairingditgon temperature. The evolution
of the critical temperature and of the energetic balancefasaion of the interaction strength
is studied in Ref. [85]. It is remarkable that, in strikingntast with the static approach, the
DMFT correctly reproduces both the extreme limits of thessmver also for zero temperature.
Indeed both in the weak-coupling and strong-coupling, t8&Bnd BEC limit for the critical
transition temperature are respectively recovered usivig-D.

The crossoverféects induced by density has been also widely studied. In tlagtcom-
bined dfects of density and interparticle potential[86] have beemstigated which yields
important conclusions like the robustness of the crossseenario for all densities in case
of sswave pairing, however the same is not true fiswave pairing at large densities. The
reason being, at large densities, there is a substantidbpveetween the spatially extended
(d-wave) pairs even for strong attractive interactions. Aaberate discussion on density in-
duced crossover in presence offdrent types of fermionic interaction potentials has alsenbe
done by Andrenaca@t al[87]. They have shown that absence of a threshold (for thedtion
of a two body bound state) ithwave systems and the existence of a finite range of potential
favour density driven crossover in two dimensional latsystems. In addition, they have
found out the essential criterion for the presence of cress@s a function of density) in the
continuum case.

The role of structural disorder in inducing a smooth evalntirom a BCS superconductor
to a BEC superfluid was put forward earlier[88]. More recgrdl strongly disordered attrac-
tive Hubbard model with infinite range hopping (where meald fieeory is exact) is shown
to emulate a smooth BCS-BEC crossover as the range of hoppuagied[90]. Further, the
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ground state properties of a superfluid Fermi gas is studieasa a BCS-BEC crossover in
presence of random disorderfat= 0[91]. The main observation in Ref. [91] is the superfluid
order parameter shows a non-monotonic behaviour as a &unetiinteraction strength with a
pronounced dip near the crossover regime. The renormalizeffects are more pronounced
as one moves towards the BEC limit.

The various works listed above do not put emphasis on ewnldtom a BCS to a BEC
as a function of the strength of disorder (and density) aldnehis thesis, we have put for-
ward that random onsite disorder can be fiiteent agent to induce a crossover scenario. The
investigation of the #ect of disorder on the superconducting properties of dirgals has a
long history dating back almost to the advent of BCS thedyPB]. Renewedféorts during
eighties[94-97] have revealed that in the strong disordginte, the pairs loose their large
spatial extension and get localized. A nice review on thgesimay be found in Ref. [98].
From the ongoing discussion, it is clear that disorder @llyceffects superconductivity, how-
ever at low densities, as we shall show later, it induces ssoeer from a homogeneous (BCS)
phase to a BEC superfluid.

Numerics, to investigate disordeffects on superconductivity, were used extensively[98—
102]. Since the main objective was to study how supercomiygroperties respond to dis-
order and because the superconducting correlations anegetst at large electron densities,
these studies were mostly restricted to large densities \(@@ak coupling). In any case, the
main observation was that the spectral gap persists inpces# disorder, as is evident from
the formation of superconducting islands, characterizethige pairing amplitudes and sep-
arated by regions which are insulating in nature. As thengtiteof disorder is enhanced, the
islands shrink, making room for the intervening insulats&as. At small electron densities,
the islands (or what we calbtoplets here) are more localised and thus bear fingerprints of
a BEC phase which has very short and local pairs. In preseinsteamg disorder, quantum
fluctuations, importance of which is underscored in literaf98, 100], plays a crucial role
and may modify the scenario drastically. We provide our apiron the &ects of phase
fluctuations in this thesis.
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1.2 Spin imbalanced superfluid phases

In fermionic systems, the formation of pairs between twostibment components is the es-
sential ingredient of superfluidity and superconductiviyhen the populations of the two
participating species are equal then superfluidity arisgsobcomplete pairing between the
species and thus the entire system contributes to supercowvity. This is the scenario in con-
ventional BCS superconductors in which pairing occurs ketwequal number of fermions
in momentum statk& and spint with those in momentum statek and spin|. The important
guestion which arises next is that how is the superfluidityced when the populations of the
participating species are unequal? One possible way oficgean imbalance in the densities
of spin up and spin down electrons is by using magnetic fieltinakes the Fermi surfaces
(corresponding to up- and down- spin states) shift away vadipect to each other. It was
proposed by Clogston[103] in 1962 that there exists an ujypérto this externally applied
magnetic field beyond which superconductivity vanishes Bieakdown of superfluidity by
such population imbalance can be understood by realiziagd&ep in the Fermi sea, parti-
cles cannot form a pair or even scattéir @ane another because their motion is 'frozen’ by the
exclusion principle. Pairing requires partially empty gyyestates that are found only near the
Fermi surface. But if the populations of the twdtdrent spin components aref@rent, the
two Fermi surfaces no longer match up in momentum spaceheze fare no partially occu-
pied states in which both atoms have the opposite momentdroaanform a zero-momentum
pair. This makes pairing energetically less favourable erghtually causes superfluidity to
break down.

The "ferromagnetic superconductors’ are a class of supelactors in which an intrinsic
magnetic field is produced by the ferromagnetic alignmenhefparamagnetic impurities in
the sample which inturn causes spin imbalance betwetsreint species of electrons[31, 32].
Thus in these materials, ferromagnetism coexists with m@peluctivity. The first experi-
mental evidence of the existence of these ferromagnetiersapductors came recently with
the discovery of UG4104] and URhGe[105] compounds. Neutron scattering erpants on
UGe, have revealed that the same electrons are responsiblerfomf@gnetism and Cooper
pair formation leading to superconductivity. It is also posed that spin-triplet Cooper pairs
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(p-wave) with non-zero net magnetic moment are most likelydadates of being ferromag-
netic superconductors. In case of spin-singlet superatindsj the coexistence of ferromag-
netism and superconductivity can be easily achieved ifiaally fabricated layered ferro-
magneti¢gsuperconductorK/S) systems. This is possible because of the penetration of the
Cooper pairs into thé& layer thereby inducing superconductivity there. Thusravides a
unique possibility to study the interplay between supedcmtivity and magnetism by chang-
ing the relative strengths of the two competing factors bryivey the thickness of th&/S
layers.

Various kinds of exotic phases were proposed to explainrsopductivity in spin imbal-
anced systems. For example, Fulde and Ferrell[24] and examtly Larkin and Ovchin-
nikov [25] proposed pairing between Zeeman splitted pdrth® Fermi surface giving rise
to an unconventional pairing state {, -k + g |), comprising of pairs having finite center of
mass momentung. Another kind of non-BCS superfluid phase proposed is thadired pair
(BP) phase. The general idea of BP superfluidity arises framdard BCS superfluidity, but
with the two spin species participating in pairing beingqua. The interesting feature of the
superfluid state is the presence of gapless fermionic @xsi®a The dominant interactions
in these superfluids are tlsawave interactions because of which the states are homogsne
and isotropic. As a consequence, the gapless modes occtiggyfegrmi-surface and not just
nodal points as is the case with several other 'gapless’rufgs. Thus the coexistence of
superfluidity with gapless excitations is a novel featuréhefBP phase.

The origin of these states goes back to as early as’$96&n Sarma considered a gapless
Schwinger-Dyson solution for a superconductor in an extiermagnetic field[26] in order to
investigate the coupling between the field and the spinsettnduction electrons. These
studies by Sarma and also by Maidtial [106] were motivated from the unusual critical tem-
perature versus magnetic field curve along with the exigt@ftche Clogston-Chandrasekhar
limit[103, 107] which showed that the critical field in somggrconductors was set by Pauli
paramagnetism. The inference drawn from the above studiegivat the second order phase
transition which exists between superconducting to nophakes becomes a first order transi-
tion at a critical value of temperature and magnetic fieldkimgthe critical value a tricritical
point.

The interest in the phenomenon of gapless superfluidity e@ewed by the works of Liu
and Wilczek[27], where they considered a shift in the chafrpotentials of the two spin states
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due to a large mass ratio. They introduced the term 'inteyagr’ superfluidity to describe the
scenario where the primary pairing takes place about theriRarmi-surface. However their
study was contested by Wu and Yip[108], who argued that thie $6 unstable to quantum
fluctuations.

Further possibilities for gapless superfluids were reatgrgid in the QCD and neutron
stars where dierent quark flavours havefterent chemical potentials because of their dif-
ferent masses and charges[109, 110]. Motivated by thesewtises, Bedaquet al[28]
showed that a third possibility exists that can competeg=imally with the BP state. They
considered a heterogeneous mixed phase consisting of amodeneous mixture of BCS
and normal states and have found that the energy of such amphese is lower than that of
the BP state in several cases.

1.2.1 Understanding of the FFLO phase

The study of superconductivity in presence of magnetic feelchmenced nearly half a cen-
tury ago with the works of Clogston and Chandrasekhar[103].1In their work, they had
considered pair breaking only by Paulli paramagnefiec and the orbital component was
assumed to be negligibly small. Later it was observed by 816 that the uniform state
with population imbalance is unstable as magnetic fieldagseased (tillh = %, whereh is
magnetic field and\ is the superconducting order parameter) at zero temperatoich was
confirmed by comparing the free energies of the normal andrsopducting phases. Thus
there is an indication of phase separation of the two spinispath > % The subject was
intermittently revived to discuss about the bounds on theeupritical field and its #ect on
the phase boundary where the paramagnétecegoverns the physics. More abounding im-
plications of the presence of an external magnetic fieldusigated by Fulde and Ferrell[24]
and by Larkin and Ovchinnikov[25] where a possibility of fsnmomentum pairing between
the different participation species of electrons is explored.

The relevant discussion on thfect of magnetic field on superconductivity is as follows.
The Fermi surfaces of the spin up and down electrons split ag@en an external magnetic
field is turned on resulting in an imbalance of the two elatspecies. Under such circum-
stances, along with the conventional BCS state, the spiariged state (normal state) and
possibly more states compete for the ground state. The anbalof the two electron species

TH-986_05612105



1.2. Spin imbalanced superfluid phases 25

inturn leads to breaking of a portion of the Cooper pairs.hd# humber of broken pairs is
small, than the energy gapy is not dfected. It may be noted that an energy &f @vhere

H is the strength of the magnetic field) is gained from the neww spentation at a cost of
2A, in breaking a Cooper pair, while attaining a spin polarizedes A continuous increase
in the number of the broken Cooper pairs dem&htb be larger tham\g in order to make
the spin polarized state eventually energetically moreres over the BCS state. But the
spin polarized state has a lower energy whtn= 1/ V2A, which is known as the 'Pauli
limit'[103, 107]. Thus the BCS state with large number of ken Cooper pairs is unsta-
ble and an alternative solution exists for the ground stateis unusual phase is known as
the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase whishstabilized by a large Zeeman
splitting between up and down-spin electrons which formmpacross the Fermi surface and
subsequently condense to give a state which has lower fexgyethan normal spin polarized
state. These pairs have a non-zero total momentars (2 —k;) as opposed to traditional zero
momentum pairs in conventional BCS state (refer to Fig. di&je the paired electrons have
different momentak¢ andk,). Interestingly, the finite momentum pairing results in a&cib
lating superconducting order parameter with a wave lengtihe order of superconducting
coherence lengtly, The FFLO phase thus breaks spontaneously translatiomahsyry and
resembles the unconventional superconductivity in sisoongrrelated systems[111], where
the order parameter changes sign in the momentum spaceavdttiswhile to mention at this
stage that FFLO phase is possible in the case of condengatass polarized) quarks (color
superconductivity). Astrophysical objects, e.g. neustars or pulsars can be a good candi-
date to realize such a phenomena[112, 113]. A good intramlutd the subject is obtained in
reviews by Casalbuoni and Nardulli[31] and by Buzdin[32].

The orbital (diamagnetic) pair breaking is a crucial meds@nthat limits realization of
the FFLO state. It is a dominating pair breaking mechanisa dlestroys superconductivity
for magnetic fields much weaker than the Clogston-Chankrasdimit (H.). The signifi-
cance of the diamagnetic pair breaking is usually describeédrms of the Maki parameter
a = V2H%P/H,, whereH2™ is the upper critical field calculated without the Zeemaiitspg.
Thus the paramagnetidfect (due to the exchange field) responsible for FFLO has ta-dom
nate over a competing orbitaffect which annihilates superconductivity due to the fororati
of screen currents arising from vortices’s. The above nexpent demands few stringent con-
ditions which must be satisfied for the realization of the BRthase such as ultra-clean type
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Ficure 1.6: Schematic view of pairing states. (a) BCS pairing stditeFFLO pairing state.
The inner and outer circles represent the Fermi surface efsghin down and up bounds
respectively[111].

Il superconductor, such that the pairing correlations iserat a finite magnetic field and the
electronic mean free pathy> & where¢ is the superconducting coherence length.

In-spite of a robust theoretical possibility for the existe of FFLO, the experimental
scenario remained bleak mainly due to the lack of phase spagkable for pairing to occur.
Thus FFLO occupies very small space in the phase diagranme Bxest two general possibil-
ities to reduce the destructive role of the orbital pair kreg. In the layered superconductors,
formation of Landau orbits should be suppressed for magifielids applied parallel to the
layers. This may explain possible observations of the FFaBesn some organic supercon-
ductors. The role of the orbital pair breaking should alsditmged in systems with narrow
energy bands, like heavy fermion systems.

1.2.2 Experimental signatures

The experimental studies of FFLO in heavy fermion compounds Ce and U based mate-
rials started in the early nineties as some of the preragutsinditions for observing FFLO
is met in these systems[114-116]. Notable of them is Gafhich is usually in a metal-
lurgically clean state (defects and impurities easily agssuperconductivity) and exhibits
extreme type-1l behaviour (large= 1/¢). Besides, UPgAl; (large Maki parameter), UBe
(high quality single crystals are grown and large uppeiaaitfield). However the findings
on the FFLO phase has been inconclusive[117]. Among the/féawmion systems, the most
explored one is CeCodnwhich receives strong support as a candidate with a FFLOephas
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These are essentially quasi two-dimensional structurdgl@magnetic field is applied par-
allel to theab plane. The experiments on CeCglhas shown the heat capacity (see Fig. 1.7)
to undergo two phase transitions, a second order one witlgrstiperconducting (SC) state
at low field values and a higher field first order transitiondaf118], the intervening regime
acquiring a nonuniform nature. With the external magneéldfacquiring an angle with the
ab-plane, the orbital #ect starts playing a role and the large field transition goesyaen-
dering an absence of the nonuniform or the FFLO state.
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Ficure 1.7: Heat capacity data obtained for CeGo#ts a function of magnetic field which
acquires an angle with theab-plane[118].

The enhancement of penetration depth (as a function of niiadredd)[119], anomalous
thermal and magneto-thermal conductivity (a discontirajomp) in the vicinity of the upper
critical field[120] and a structural transformation withrtioes’s appearing in the flux line lat-
tice observed via ultrasound measurements[121] have gedwieasonable though not robust
support for CeColato host a FFLO phase.

Other experiments such as anisotropic magnetothermalurezasnts[120, 122] ultra-
sound velocity measurements[121] etc provide only india&c cursory evidences supporting
the presence of FFLO state.

More recently,!**In NMR studies on CeColwith the applied field parallel tab plane
reveals a dramatic asymmetry in the NMR spectrum for a fiedditgr than the upper critical
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field when compared with the one less than that[123]. Furdreunusual temperature depen-
dence of the knight shift of°In is noted for the latter case. These facts are correlatéu wi
a direct evidence of the FFLO phase and a simulation of the NlEttrum with a spatially
modulated gap function seems to satisfactorily explairettperimental findings[124]. These
results were challenged in the light of other NMR studie§]12

The main factors that act in favour of the organic supercotas as possible candi-
dates for observing FFLO is that their layered structuregh(ithe magnetic field parallel
to the layers) thereby making orbitll,, to be extremely high and hence the Pauli paramag-
netic dfect becomes supremely important. The reduced dimensipmalihe planar struc-
ture of these materials is conjectured to be a facilitatorotoserving the FFLO phase[126—
128]. Recent critical field measurements[129] in the qiasidimensional organic super-
conductork(BEDT — TTF),Cu(NCS), strongly suggest that a state of the FFLO type ex-
ists in this material. The agreement between experimef}[a2d existing theories has been
successfully verified[130] both in view of the angle-depamee[131] and the temperature
dependence[132, 133] of the upper critical field. In Ref.0[l& comparison between the
experimental[129] temperature dependence of the plaradi@anpper critical field with the
theoretical results fot(BEDT — TT F),Cu(NCYS), has been reported (refer to Fig. 1.8). This
is the first time since the original predictions of the FFLGapé that quantitative agreement
between theory and experiment with regard to the FFLO phasedary has been established.

The increase of the critical field at low temperatures withipee d°H./dT? was observed
in (TMTS B,PFg[134]. Such behavior of the critical field is very similar teetbehavior that
is theoretically obtained in low dimensional FFLO supeibactors[126, 128, 135-137]. This
might suggest the possibility of the FFLO state in this mater similar organic compounds,
although this is not a conclusive evidence of the existefhtiesoFFLO phase.

There have also been exciting development in recent yeashiieving exotic superfluid-
ity in ultracold atoms, e.cfLi which have been trapped and cooled via magnetic means[138,
139]. An important issue of the study of the cold atoms is grapon of systems with im-
balanced spin state populations. The population imbalandéferent spin states is created
by radio frequency (RF) sweeps where the relative numbeheftivo states can be con-
trolled by the RF power. The derivative of the study of traghpdtracold atoms yields the
realization of BCS-BEC crossover at the Feshbach resoftedl@e Interaction between the
atoms in diferent hyperfine states is strongly enhanced around a widebkek located at
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Ficure 1.8: Upper critical magnetic field as a function of tempemtas obtained from ex-
periments and theory[130].

B. = 834G. Below B, one sees a molecular superfluidity BEC (characterised bitippas,

as is thes-wave scattering length) and aboBg there occurs a gas of paired atoraglfeing
negative)[141]. The above cases are studied as a functipomflation imbalance between
the participating up and down spins which show a coexistehsaperfluid component (char-
acterised by the presence of vortices’s) with unpaired atom a separate work, Partridge
et al[142] have reported quantum phase transition in a strongBracting Fermi gas with
imbalanced spin populations. The study claims evidenca ftsmogeneous superfluid state
with unequal densities below a critical population imbakand a phase separated state with
a core of superfluid pairs surrounded by a shell of excessigpaoms above a critical pop-
ulation imbalance. The transition from the superfluid to tleemal state in an imbalanced
Fermi gas has been also seen by Zwiertdial [143] where the fermion pair condensates and
the normal state were detected through sudden changes shépe of clouds of fermionic
atoms.

There has been considerable speculation about the nattine spin imbalanced super-
fluid phase. For example, the FFLO phase[24, 25], breachadgi27], Sarma superfluidity[26]
and phase separated phase in which BCS superfluid coexibtamuinpaired normal phase[28—
30]. However, the consensus on the true ground state of gogfanized Fermi system is yet
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to be reached.

1.2.3 Theoretical works on the FFLO physics

A theoretical analysis of the FFLO state requires, in gdnearaelf-consistent calculation of
the amplitude of the spatially varying order parameter.iSzaiculations are within the reach
of present computation capacities but were not possibledrearly years of discovery of the
FFLO phase. Early theoretical works on this problem weretmagntered around studying
the region near the second order phase transition to theatlataite[25, 144, 145] or studied
the Fulde-Ferrell state characterized by a spatially maithg order parameter[146],

A(r) = Ag €97 (1.16)

Although analytical solution of both the problems existaits to provide a complete descrip-
tion of the spin imbalanced inhomogeneous phase. For exartma Fulde-Ferrell (FF) state
is not the correct minimum energy state, as shown by Larkoh @achinnikov (LO) who
considered the order parameter to be of the farme Ag cos(g- T). It may be noted that the
amplitude of the order parameter is no longer a constantahsgace in the LO phase. Var-
ious studies have been performed with decreasing magneticwhich have shown that the
LO phase evolves into a state with a set of domain walls. Tasskdeen shown in one[147],
two[148], three[149] dimensions and also fibwave superconductors[150]. In the limit of
small population imbalance, the order parameter is cohstaral space with the value being
equal to that in the state with no populatioffdience, excepting near the domain walls. These
are the locations where the magnetization concentrateshanghase of the order parameter
changes byt when the walls are crossed. The physics of these domain is@lissely related
to that of ther junctions in superconductor-ferromagnet-supercondayatations[32].

A suitable framework for a numerical study of the problemhs guasiclassical theory
of superconductivity, developed by Larkin and Ovchinnilas} and Eilenberger[151]. This
theory can be interpreted as the generalization of Landaesry of normal Fermi liquids
for the superconducting state. Further, the phase transitrom BCS to FFLO and FFLO
to normal states have been studied using Ginzburg Landanyfi&2]. In another Ginzburg
Landau study[153], the Josephsdieet is used to detect the existence of the FFLO phase
based on the suppression of the Josephson current in thigojumetween BCS and FFLO
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superconductors due to the mismatch in the momenta of tlee peslameters. Their study also
provides a way to directly measure the momentum of the ordeameter. Other theoretical
works mostly concentrated around investigating the stglof the FFLO states[154, 155],
a comparison between FF and LO states in real materials[B&3-and the nature of phase
transitions involved at the BCS-FFLO and FFLO-normal ifgees[159]. Dotet al[160] in
their work have proposed a unique way of stabilizing FFL®@eslty applying external currents
in superconductors with Fermi surface nesting. A detaitedysof the éfect of dimensionality
on the exotic FFLO phase has been also performed. In one diores; it was argued that the
ground state of the homogeneous attractive Fermi gasesw#fual spin populations is the
one dimensional analogue of the FFLO phase[161].

An elaborate study of the scenario in two dimensional systeas yielded many intrigu-
ing results[162, 163]. In particular, a quasiclassicallgsia in Ref.[164] using a Ginzburg-
Landau expansion of the free energy in Fourier componentiefuperconducting order
parameter, had shown that the FFLO transition in two din@rssis continuous at low tem-
peratures. In a separate study of a two dimensional two-ooet atomic Fermi gas with
population and mass imbalance, it was argued that the nanthhomogeneous balanced
superfluid phases are separated by an inhomogeneous Fk&PHase[165]. The study of
FFLO phase in three dimensional systems[156, 166], hawBqtesl a narrow region of FFLO
phase in the phase diagram as compared to one and two dimehsases.

Various studies have shown that the system has to be in theclelan limit where the
guasiparticle mean free patis much longer than the coherence lengtbr the realization of
the FFLO phase. This inturn demands that the Ginzburg Lapdeameterx must be much
larger than unity. These conditions are readily metliwave superconductors like high-
superconductors and organic superconductors«-g(ET), salts andl — (ET), salts[129].
Thus the discovery of these new classes of supercondu@eeshggered an extensive search
of FFLO state ind-wave superconductors[167, 168]. In this regard, some ethleoretical
studies have predicted that the stability of the FFLO stat&vd dimensionat-wave super-
conductors is much more than in three dimensi@ahve superconductors[132, 169, 170].
Some other studies have been performed to investigatefiibet ®f disorder on the FFLO
state ind-wave superconductors. For example, Vorontsov and cowsfkel], have investi-
gated the stability of the FFLO state in didywave superconductors using the quasiclassical
theory based on the self-consistémhatrix approximation for impurities. Their results are
counterintuitive as it shows the FFLO state to be robustinydd-wave superconductors. In
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a separate study by Yanase[172], the spatial structureeduperconducting order parameter
and the magnetic properties in the disordered FFLO stateagestigated using Bogoliubov
de Gennes method. The results show that the nature of thecempleicting order parameter
is strongly dependent on the kind of disorder taken into wharation.

The modulating superconducting order parameter whictdgial direct evidence of the
presence of FFLO phase, is venfidiult to observe in experiments. In this context, the quasi
particle local density of states (LDOS) is very useful asit be directly detected using scan-
ning tunneling microscopy (STM). The LDOS for a two dimemsibd-wave superconductor
has been computed by Vorontsewal [150] by solving quasiclassical Eilenberger equations.
Wanget al[173] have also investigated LDOS for batlandd-wave superconductors, along
with the superconducting order parameter which is foundetastope-like fors-wave super-
conductors and a square lattice tbwave superconductors.

Most of the theoretical studies of the FFLO state are basedean field approach which
is counterintuitive as one expects the quantum and thermetuttion &ects to play sig-
nificant role in FFLO phase than in conventional BCS supeatactors, as the FFLO phase
breaks the translational symmetry. In this regard, Kun Yaég] has studied the FFLO phase
in quasi-one dimensional superconductors using bosooiz&tr an exact treatment of the
intrachain quantum fluctuations and had shown that theitrandrom the FFLO phase to
BCS is a continuous transition of the commensurate-inconsun@te type. Thefiect of
thermal fluctuations has been discussed by Shimahara[lHithweveals that the mean field
FFLO state is destabilized by the enhanced fluctuatitects. In all these studies for treating
phase fluctuations for an FFLO superconductor, the most acommethod is to incorporate a
fluctuation in the phase of the order parameter and hencdrooha generalised Ginzburg-
Landau (GL) action for the phase variable[152, 174]. Spabarelations of the phase vari-
able indicate a rapid suppression of the long range orde®{L Rurther, the fluctuation driven
transition from normal to FFLO is found to be first order thatroborates the experimental
evidences in CeColn5 , however contradicts the mean fieldts§$52].

The experimental realization of the phase has been illusaly because its occurrence
requires several stringent conditions to be met simultasko In most type-Il superconduc-
tors, destruction of superconductivity occurs throughitattpair breaking &ect, leading to
the emergence of vortex state. However, such an orbifateis always detrimental to the
FFLO state. Hence for the FFLO state to occur, the orbitallp@iaking &ect must be weak
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relative to the Pauli paramagnetiffect. Moreover the system needs to be clean, since the
FFLO state is readily destroyed by impurities. The cleadsicondition is met when the
coherence lengtl¥, is very small as compared to the mean free pathThus, the supercon-
ducting materials fulfilling these necessary conditioresfatv. Some of these conditions are
satisfied in heavy fermion superconductors with large atfimiting fields[114—-116].

An alternative route to achieve the supremacy of paramagegéct is to use a layered
structure in a strong magnetic field applied parallel to @éngets, thereby undermining the
orbital pair breaking ffect further and augmenting the parameter space where FFhO ca
exist[175]. The organic superconductors strongly fit irtese requirements and hence are
considered as ideal candidates for FFLO phase[126, 128JartApm these compounds,
signatures of FFLO phases are also observed in neutrofistéfs

The cold atoms in optical lattices als@fers the possibility to explore the novel super-
fluid phase of imbalanced fermions[141, 142, 177, 178]. Nvome proposals for the paired
state have been suggested for the trapped spin polarizedrgasxample, the FFLO phase,
breached pairing[27], Sarma superfluidity[26] and phagasged phase in which BCS su-
perfluid coexists with an unpaired normal phase[28-30]. fhe®retical evidences of the
presence of FFLO phase in a trapped gas have been reportied a5, 179, 180]. In a sep-
arate work by Liuet al[181], a comparative study of zero-temperature quantunsgha a
one-dimensional spin-polarized Fermi gas has been pegestng three dierent theoretical
methods viz. mean-field theory with an order parameter imglsiplane-wave form, a self-
consistently determined order parameter using the Bogoliude Gennes equations and the
exact Bethe ansatz method. Their results have shown thattealgpinhomogeneous FFLO
phase lies between the fully paired BCS state and the fullgrzed normal state. Further,
the phase transition from the BCS to the FFLO phase has beed to be of second order in
nature. They have also investigated tlfieet of a harmonic trapping potential on the phase
diagram and confirmed that the presence of trap leads to @egseation. The investiga-
tion of the local fermionic density of states of the FFLO phass shown appearance of a
two energy gap structure and hence is useful as an expeahy@obe of the FFLO phase.
The zero temperature study has then been extended to fimfeetatures[182] using Bogoli-
ubov de Gennes method which provides the density profildseo$ystem along with various
thermodynamic properties e.g. entropy, energy and spdwfit. The FFLO phase has been
seen to exist in trapped three dimensional gases for smiltipations and weak attractive
interactions[183]. However, the region occupied by it ie Th = 0 phase diagram[155] is
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found to be small which further diminishes with increasimegnperature[184]. In another
work by Parishet al[185], they have shown that the two dimensional opticaldatenlarges
the region of the FFLO phase in the phase diagram therebyngdtisi experimental observa-
tion possible.

Various kinds of FFLO have been predicted in trapped gasdee miost well studied
among them is the radial FFLO which is characterized by aergpdrameter which changes
its sign along the radial direction around the edge of thenloaic trap[179-181, 186, 187].
Chenet al[188] have explored the superconducting order parameter tofo dimensional
trapped gas by solving the Bogoliubov de Gennes equatioth$rave found a radial FFLO
at low densities. A more exotic angular FFLO is observed gh liiensities while the nature
of the FFLO state becomes square lattice-like at interntediansities. The angular FFLO
has been also predicted in two dimensional population ienizadd gas trapped in a toroidal
trap[189].

1.2.4 Superconductor to insulator transition in spin imbaknced super-
fluids

Excellent control over the interparticle interaction fbetultracold atoms in optical lattices in
which the strength of the collisional interaction betwetinac states of dierent spin species
are controlled using Feshbach resonance[40, 190], canderogeful guide to study strongly
correlated systems. Itf@rs the unique possibility to examine a superfluid to insulésIT)
transition which has been an intensely studied problem imdeased matter physics.

The interplay between localization and superconductigityn old problem. The gradual
vanishing of superconducting transition temperature asnation of the driving parameter
and finally the emergence of the insulating phase signakednianced resistivity represents
a classic example for a phase transition. In many of the thmsfidisorder plays the role of the
driving parameter which at large values of disorder showsatgrable digression from early
theories of dirty superconductors[191, 192]. The issue Iaf f8ceived renewed attention
with the observation of inhomogeneous pairing with formatof isolated superconducting
islands in a highly disorderestwave superconductors[98, 100, 101, 193]. At the mean field
level, the eigenstates of the system become localized atiteihimit of large disorder, the
superconducting regions reduce to small 'blobs’ which @gasated by extended insulating
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strips. At extremely large disorder, superconductivitpigaes giving way to a homogeneous
insulating phase.

It is important to realize the localizatiorffects induced by disorder. Similaffects can
also be produced by confining potential profiles. Creatirghsionfinementfects for charge
carriers on a crystal lattice is an impossible task as thesleagth of the electromagnetic wave
that is needed to create such trap should be of the ordertioEapacing. However, the situa-
tion for atomic gases in optical lattices present are farenomtimistic scenario to achieve such
trapping dfects. In fact the Mott-Hubbard transition in cold bosonmnas has been observed
experimentally[194] as the depth of the optical latticegmtial is increased. The superfluid
phase, where phase coherent atomic wavefunctions spresckotire lattice for low lattice
potential strengths, transforms to an insulating phask aitict number of atoms at individ-
ual sites, thereby loosing phase coherence for higher salti&attice potential. The loss of
phase coherence with increasing potential strength isextud experiments by sudden turn
off of the lattice potential thereby allowing free expansiothef atomic wavefunctions, where
a high contrast interference pattern is obtained in the réluje regime owing to maximum
interference between the delocalized atomic wavefunstimssessing definite relative phases
between dterent lattice sites. As the lattice potential is made lariperinterference maxima
is completely lost due to the complete localization of atomavefunctions at a single lattice
site and hence giving rise to an insulating phase. This isumelerstood with the framework
of a Bose-Hubbard model on a lattice with hard core repulsiteraction[195, 196]. Such
transition was also observed in ultracold Fermi gases wiereanishing of the compressibil-
ity of the system indicates emergence of a Mott insulatingsghas the repulsive interaction
between the Fermionic atoms is continuously tuned[19#hil&r signatures of transition to
an insulating phase has also been observed as a functiomoebhiz trapping potential[198].

1.3 Outline of the thesis

In this thesis, we have performed an elaborate study on twhesfe exotic phasesz. the
one that deals with a smooth evolution of a system of fermveitis weak attractive interac-
tions comprising of largely overlapping Cooper pairs (B@bSa phase characterized by short
ranged tightly bound molecules (BEC) driven by a randomterdisorder potential and the
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second one explores FFLO phase induced by spin imbalancéhargfects of a trapping
potential on such a phase for weakly coupled superfluids.

Chapter 2 deals with the model and formalism used in thisshesddress dierent issues
concerning BCS-BEC crossover and that of the FFLO phase iaakhy coupled, planas-
wave superconductor. Whileftierent tools and model systems are available in studyingthes
subjects, we resorted to an attractive Hubbard model in tweedsions and solved the Bo-
goliubov de Gennes (BdG) equations for the model via nurakciemputation, which seems
to be a suitable starting point for both the problems. Aslfier¢rossover issue, the evolution
to a Bose phase is induced by a random distribution of ongteder potential (chosen from
a random distribution e.g. Gaussian) and the onset of a FFaSeis achieved by a constant
magnetic field interacting with the electronic spins via @& coupling and quantified by
the density imbalance between up and down spin species. \Hovwgnce the BAG approx-
imation ignores phase fluctuations and an estimate of fiieeteof phase fluctuations about
the inhomogeneous BdG state (pertaining to the disorddxi@mo) is necessary, a scheme for
incorporating fluctuationféects with specific emphasis to Gaussian fluctuations is sl

Chapter 3 contains a thorough investigation of the BCS-BESsDver scenario in disor-
dered superconductors. The existence of a crossover indbeddred model is first confirmed
from the behaviour of the chemical potential as a functiodisbrder, which slips below the
noninteracting electronic band minimum (Leggett critajiat the onset of the Bose phase.
An exotic phase characterized by short ranged pairs, isteeemerge at intermediate values
of disorder, sandwiched between the conventional BCS plecaseesponding to low disorder
values) and an insulating phase (at large disorder valies}her, the role of carrier density
on the crossover issue is highlighted. Hence, to understeendature of the disordered phase,
various physical quantities e.gffaliagonal long range order (ODLRO), spectral gap and su-
perfluid stiftness (averaged over severdfeient random configurations) are computed using
the BAG eigenstates as a function of the disorder strengthudion of the phase fluctuations
about the inhomogeneous BdG state yields an exciting pbssds achieving a phase which
bears resemblance with the pseudogap phase of cuprates.

In chapter 4, to convince ourselves about the proposedarespicture driven by ran-
dom onsite disorder, we next compute some crucial (realegpquantities e.g. the pairing
amplitudes, electron occupancies, participation ratid toe fidelity. At moderate values of
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disorder, we obtain clear signatures of the emergence opariuid phase which is charac-
terized by short ranged and tightly bound pairing correladi In particular, the fidelity data
show a significant drop in overlap between the ground statéise vicinity of the proposed
crossover regime. The implications of their results arewulsed in details.

Chapter 5 introduces the second problem of the thesis whereraugh analysis of the
FFLO phase induced by spin imbalance is presented. The padahg amplitude and mag-
netization computed via solving BdG equations for all ttsites, show spatial modulation
(characteristic of the FFLO phase) with the modulation waegor being a function of the
spin polarization and hence th&extive momentum of the Cooper pair. The above scenario
is scrutinized for dierent interaction strengths and over a broad range of bdmgjfiFurther
a careful study is presented to select between various adomyggound states which are close
by in energies, however show venfi@drent ground state correlations.

Chapter 6 discusses théfext of trapping potential on a spin imbalanced superfluitesta
as such confinementfects are of technological importance for the cold atomiegas an
optical lattice. While acknowledging the fact that engmeg of such trapping fects is not
possible in crystal lattices, we proceed without furthesitagion, as either for electrons in a
crystal or for a system of cold fermionic atoms in an optiedfite, the model and formalism
discussed earlier all the while remain unaltered, thus ancomdescription suits our pur-
pose. Corresponding to a finite spin imbalance, the supdtatimg order parameter shows
different modulation profiles for with and without a trappingegatal. We propose that sig-
natures of a FFLO phase is best obtained when the ttapte are switchedfl) as seen by
computing various physical and experimentally accessibientities, such as the pair-pair,
density-density (double occupancy) correlations andl leember density fluctuations.

Chapter 7 examines the possibility of a transition from aesapnductor to an insulator
(SIT) in a confined spin-imbalanced Fermi system. The sigeadf SIT is obtained via a
non-monotonic behaviour of the spectral gap, while the iopdeameter that characterizes the
superfluid phase vanishes as a function of trapping strenthis is a remarkable result as
it signals a SIT in model with (weak) attractive interacsdn two dimensions. While it is
known that the large trapping potentials can induce loaéibn dfects, our work demonstrates
that similar éfects are also possible at relatively small trapping stitengt

Chapter 8 concludes with a summary of the main results offtesi$. The implications
of these, alongwith the possible extensions are discubseedfter.
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Chapter 2

Attractive Hubbard model and the
Bogoliubov de Gennes method

2.1 Introduction

In this chapter, we introduce the model used in this studysfadying superconductivity.
Previous results for this model in literature are discudseefly. Next we describe the Bo-
goliubov de Gennes method (BdG) which we use for studyingribdel. Detailed derivations
of the BdG equations both in the presence of disorder and etagield are presented.

2.2 The attractive Hubbard model

The attractive Hubbard model (AHM) is the simplest latticedal, using which one can
study the pairing correlations and the evolution of supedcwtivity as a function of the at-
tractive strength. As we will see below, it provides a vemgie realization of the BCS-BEC
crossover in a lattice model. In the past, this model hasvedenormous attention because of
the possible connection between the BCS-BEC crossoverighdlh superconductors. The
repulsive counterpart of the AHM was introduced in 1963 peledently by Hubbard[199],
Kanamori[200] and Gutzwiller[201] in the context of strdygorrelated electron system. It
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has been proved to describe the physics of the Mott transitie. the metal-insulator tran-
sition induced by the increasing repulsions between thetreles, while its relevance in the
physics of high¥. superconductors is still under debate. AHM on the other Hzaslthe
advantage that Quantum Monte Carlo simulations are fieti@d by the fermionic sign-
problem as contrary to the repulsive case. It is a very ugehllfor the study of the region
with intermediate values of coupling strength where thessower actually occurs.

2.2.1 General properties of the model

The grancanonical Hamiltonian of the Hubbard model is emiths,

H=- Z t(CiTO_CjO- + HC) +U Z (niT = %) (nil - %) —/JZ (niT + nil) (21)

(o

where the operataritr (ci) creates (destroys) a fermion with spinon the site andn;, =
cﬁrci(, is the number operatarjs the hopping amplitude between next-neighbor sliess, the
strength of the Hubbard on-site interactidh € O for the attractive model) and the chemical
potential,u is shifted making the model explicitly particle-hole symtnefor 4 = 0, which
corresponds to to the half-filling case i@, ) = 1.

The physical properties of the AHM depends ugoiyt and(n). Studies have shown
that for dimensionsl > 3 at half filling, there exists a finite critical temperatueparating
a disordered phase from a low temperature phase where ctlangity wave (CDW) order
coexists with superconductivity[202—204]. The low tengtare phase becomes completely
superconducting away from half filling with a critical tramgn temperature that decreases
with filling. At two dimensiongd = 2, the critical transition temperature is zero at half fdjin
In a work by Scalettaet al[205], it was argued that doping away from half filling leads t
a finite superconducting transition temperature for the tivmoensional attractive Hubbard
model. Although the model is simple and widely studied, nacgsolutions are available
in two and three dimensions. It is thus necessary to adopedond of approximation or
numerical approach. In our work, we have chosen explichly tase of two dimensional
superconductors.

The crossover physics is determined in this model by the @titign of two energy scales:
the first one represents the kinetic enetgiuring the hopping processes and the second one is
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the attractive potential enerdgy assumed to be local, i.e. particles interact only when tieey |
at the same site. The rati¢/t can be used to identify a weak coupling regirdgt(<< 1) and

a strong-coupling regiméJ/t >> 1). The presence of a local attraction favors the formation
of fermionic pairs, which become local (on-site) 1dr>> t, making the model particularly
suitable for describing the evolution towards a bosoniescpnductivity.

Weak-coupling limit (U/t << 1)

In the weak-coupling limit, the correlations between therfiens are not so significant
and a mean field approach can safely be applied. Such a medrcdieulation has been
carried out, for a system with uniform DOS by Robaskiewgtzal[206, 207]. Under the
reasonable assumption {if = 1) of neglecting the CDW phase, they have computed the
analytical expression for the order parametér,) = —|U[{(c;Ci;) and the critical temperature
T, for the transition to the normal phase given by,

(Vvin-2)
AT=0=-D— (2.2)
(sinh($3))
and
ksT. = 1.14D 4/n(n — 2) exp(—%) (2.3)

whereD is the half-bandwidth. In the weak coupling limi (<< t) characterized by largely
overlapping and loosely bound Cooper pairs, the 44p = 0) is exponentially small. Thus
results become analogous to the standard BCS theory. It maoted that in this regime
the underlying lattice is not essential for the descriptdrihe superconductivity, since the
coherence lengtly , which roughly gives the size of the pairs, is much largenttiee lattice
spacing. The only relevant fikerence with the standard BCS results is that in this case the
pairing takes place in the whole Brillouin zone, instead einly limited by a characteristic
phonon frequencyufp) . Therefore it is the fermionic bandwidth which plays théerof the
relevant energy scale in this case which is evident from tbpgrtionality of bothA (T = 0)
andT. onD.

Strong-coupling limit (U/t >> 1)

In the opposite limit of strong attractiot(t >> 1), tightly bound pairs are formed. The
coherence lengtly which is determined by the size of the pairs, decreases widleasing
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attractive strength until the pairing becomes a local pge@nd the bound pairs have a typical
extension of the order of the lattice spacing of the undegdyattice. An useful insight on the
strong-coupling limit of the model can be gained building #iective strong-coupling Hamil-
tonian by applying the standard degenerate perturbateorytfor arbitrary band filling[202].

2.2.2 Attractive Hubbard model in presence of onsite disordr

Our first problem deals with studying BCS-BEC crossover sodilered superconductors. For
studying this problem, we consider an attractive Hubbardehon a two-dimensional square
lattice,

H== " (t+6t)(chcje + He) = U1 Y ngniy + " (Vi = ) i (2.4)
(i i i,oo

To model random on-site disorder, we &t = O for all i and j and the onsite disordey; to
be chosen randomly from a Gaussian distribution of the form,

V2
exp[ ' ] (2.5)

P[Vi(o)] = =557

1
V2no2
In a similar fashion, hopping disorder is modeled by letifg O for alli andst;; to be chosen
from a gaussian distribution, which may be obtained as opkacesV, by dt;; in Eq. (2.5).
Hereo denotes the width of the distribution and parametrizes ttength of disorder in our
computationj.e. largero implies stronger disorder. The third kind of inhomogeneity.

hopping anisotropy, which is a case of correlated disoridanodeled trivially by choosing
oti; = Vi = 0 and the hopping,is defined as

t forj=ix¢
tij:{ or j =i+6x (2.6)

rt forj=iz+xoy

whendsx and sy are neighbours along andy-directions respectively, with the anisotropy
parameter (< r < 1).
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2.2.3 Attractive Hubbard model in presence of magnetic field

We adhere to the weak coupling limit of the AHM, as a convardldBCS) superfluid state
is a suitable starting point for our next problem which deailh studying superconductivity
in the presence of magnetic field. AHM for a two-dimensiosalave superconductor in
presence of magnetic field is given by

1 1
- e _ == n, - = —\n
H =t (i; (ci(rc,(, + H.c.) U] Z (n.T 2) (n.l 2) + ; (och— ) ni, (2.7)
h is the magnetic field which couples with spin,of electrons via Zeeman coupling and
denotes the chemical potential.

2.3 Bogoliubov de Gennes method

The dfect of strong disorder on superconductivity is a challeggimeoretical problem, as
it necessarily involves interplay of interactions and diw. In disordered superconduc-
tors, electrons experience an arbitrary external pote(dite-dependent), in addition to the
attractive interactions between them. It is interestingndte that with increasing disorder,
the local pairing amplitude shows a substantial reductioamplitude, eventually becoming
zero. However, the spectral gap in the one-particle dewsisyates continues to exist even at
high disorder[100]. This and many other interesting feadurave put a special focus on un-
derstanding the physics governing the disordered supdtmtors and necessitate a detailed
study on the subject.

The Bogoliubov-de Gennes (BdG) method is appropriate iretstdnding the physics of
inhomogeneous superconductors. The BdG framework prewidecial information regard-
ing the spatial inhomogeneity of the pairing amplitude[Rd® obtain the pairing amplitudes
in real space, the Bogoliubov equations need to be solvdédsesistently. It has previ-
ously been widely used to study problems of disordered swpeluctors, structure of vor-
tices, metal superconductor interfaces, supercondugiivipresence of magnetic field and
various other problems where the spatial variation of tltepparameter is of paramount im-
portance. In presence of strong disorder, signatures arsopducting islands (characterised
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by large gap amplitudes) separated by insulating sea (viagisgap amplitude) have been
obtained[100].

The BdG approach was first used to study vortices in BCS sapdtcctors in the work
by Caroliet al[209, 210]. In the superfluid atomic Fermi gases, the BdG @gugr has been
used in the BCS limit[211]. In another work by Machigaal[212], the BdG equations
are numerically solved in order to investigate the struetira singly quantized vortex in a
superfluid fermion gas near the Feshbach resonance in tioa{esnion model.

2.3.1 Bogoliubov de Gennes equations for disordered supenaductors

The BdG equations for the BCS-BEC crossover are the gematan of the Leggett mean
field theory of the crossover to the case of spatially inhoemegpus systems. The BCS coher-
ence factors for the homogeneous cagandyy are generalized to the BdG eigenfunctions
un(ri) andv,(r;). These are obtained by solving a set of coupldétedential equations involv-
ing the spatially varying order parametgfr;) and densityn. The order parameteX(r;) must
obey a self-consistency condition in terms of the functiayis) andv,(r;) which is analogous
to the gap equation for the homogeneous system.

In order to understand the details of the BdG method, we ptebe derivation of the
BdG equations. We begin with a mean field decoupling of thetoputarm in the Hamiltonian
given by,

Miphi, = ciTTciTciTlcilz(niT>nii+<nil>niT—<ciTTciTl>ciTcil (2.8)

— (GG el C] — (MipXny) + (GG X(C C)

which yields the local pairing amplitudes and local denagy

A(ri) —|UKci Cir) (2.9)

Ny = (C G
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The dfective quadratic Hamiltonian is then given by

Heff = - Z (t + 5tij) (CiTO_CjO- + HC) + Z (V, - /1,) Nis + Z [A(I’i)CiTTC;rl - A*(ri)ciTcil]
(ij).o i,o i
(2.10)
whereu; = u + [U[KN;)/2 and(n;) = 3, (ni,-». Hence we calculate the local pairing amplitudes
and number density in terms of(r;) andv,(r;) using,

A1) = U1 ) n (1) Ve (r) and (n =23 va (1) P (2.11)

In order to find eigenstates and their corresponding ergrgie perform following unitary
transformations,

Gr = ) [yatn(r) = ¥ Vo ()] (2.12)

n

Gy = Z [Ynlun(ri) + Y;rnvrk](ri)]

n

wherey, andy, are the quasiparticle operators satisfying the fermiofcantmutation rela-
tions,

{Ynaa ’y:-ng} = 5I"Im§aﬁa (213)
0

{¥nas Ymp!

U, (r;) andv, (r;) are the BdG eigenvectors satisfyingy(r;) + v2 (r;) = 1 for all r;.

Using eq. (2.12), thefBective Hamiltonian may be diagonalized, that is,

Hert = Eg+ ) e Yne (2.14)

n,a

whereE, is the ground state energy ;¢ ande, is the energy of excitation. The above
condition can also be written by taking the commutatoHgf; with y., andy;,, given by,

[Heff’yna] = —&Yna (2.15)
[Heff,y;f]a] = En)/;a
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We now proceed to derive the equationsdgandv, for which we first compute the com-
mutator[Heff, Cn] using eqn. (2.10) and the anticommutation properties,ofhich yields,

[Heff, CiT] = tZ Ci+3T - (V, - ﬁ) Cir — A (ri) CiTl (216)

Here § denotes the nearest neighbours of lattice sigmdot; = 0. We then replace the
c's by y's using eq. (2.12) and apply the commutation relations 2d.5). Comparing the
codficients ofyny andy:]l on two sides of the equation, we obtain the BdG equations:

~t > Un(1i +8) + (Vi = ) Un (1) + A (1)) Vo (i) = e () (2.17)
0

and,
t ) Vo (i + 6) = (Vi = i) Vo (1) + A (1) Un (17) = €nVin (1) (2.18)
0

We rewrite eq. (2.17) as,
Kun (1) + AV, (1) = entn () (2.19)
whereKu, (r;) = —t 35 Uy (ri + 3) + (Vi — /1) Un (r;) with & = =% 5 andAv, (1) = A (i) Va ().
Similarly eq. (2.18) is rewritten as,
—K*Vh (1i) + A*Un (1) = eVi (1) (2.20)

where—K vy (1) = t 335 Va (1i +8) = (Vi = ) Vo (ri) andA*uy (1)) = A" (1) n (r).

Egns. (2.19) and (2.20) can be compactly written in matrrifas,

K A ri r

" A Un (ri) _E, Un (ri) (2.21)

A* —K* Vi (i) Vi (i)
The usual procedure for obtaining(r;) and(n;) self-consistently consists of making initial
guesses fon (r;) and the renormalized chemical potengiafor all r;, diagonalize Eq. (2.21)
for the eigensolutionk, and (U, (ri) , va (1)), re-compute (r;) and{n;) using Eq. (2.11). The

process is iterated until self-consistency is achievedtliese quantities at each site for a
particular value of disorder strength.
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2.3.2 Bogoliubov de Gennes equations in presence of magdield

The mean field decoupling of the interaction term of eq. (2i&lds the &ective Hamiltonian
of the form,

1)) . .
Herr = —t Z ¢ Cio + Z (ah —u-Vu (ni(; - E)) Ri + Z (Aicic +Afc ) (2.22)
(3} X io i

Following the algebra discussed in previous section, we get

[Weff, CiT] +t Z Ci+3T - 'fiTCiT - A(I’i)CiTl (223)
5

Z Ym [t Z Un(Fi + 6) — Eipn(ri) — A(ri)vn(ri)]
n 5
+ Z 7 [—t Z Vo(ri +8) + &ipVn(ri) — A(ri)un(ri))
n 5

whereé&i; = (V; — . — Udn + h) with énj; = mjy — 1/2.

Equating co#ficients ofyny andy;l, we get two equations

t ) Un(fi +8) = &nUn(ri) = A(rVa(r) = —€Tun(r) (2.24)
5
—t ) Vn(fi +8) + &nv(r) = AT)U(r) = —&va(r)
5
And similarly, from[ﬂeff, ca] expression, we get
—t Z Va(ri + 8) + EVa(r) = AT )U() = —€/"Vn(r) (2.25)
5
= leun(ri)

—t > Un(1i + 8) + & Un(r) + A(T)Va(r1)
)
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From above four equations, we get,

& un (1) (2.26)

—tZun +§|Tun(r)+A(r)Vn(r)

GZTVn (ri)

thn = &V (1) + A (1) Un (1)

And another set,

—& (~Va (1)) (2.27)

() o)+ A ) 0

_fr);lun (ri)

tz Un( i + ) = &iUn (ri) + A () (=vn (i)

6

Note that the matrix on Ihs is same for all equations given by,

Hie A Un(ri Un(ri

f n(ri) | _ o n(ri) (2.28)
A =His )\ va(r) Va(ri)

hereH;;, = —tdi.1j—(u + Udniz — oh) 6;; ande!! are the eigenvalues. As discussed earlier, we

start with initial guesses for the pairing amplituad€r;) and the density of up and down-spin

electrons{n;;) and(n;,) respectively. Subsequently, the eigenvalég'sand the eigenvectors

(un (ri), v (r)) are determined numerically from Eg. (2.28). The local pgramplitudes at
sitesr; in terms ofun(r;) andv,(r;) are hence calculated from,

A(ri) = -Vl Z [Un(ri)Va(ri) £ (Enp) — Un(ri)vi(ri) £ (=Eny)] (2.29)
n
and alongwith the density of up and down-spin electronsgjsin

M) = ) [P f (Enr) + Na(r)P f (~Eng)] (2.30)

n

where f(E,) is the Fermi distribution function. The entire processteyated with new
guesses for the above quantities until self-consisten@aclseved for all of them simulta-
neously.
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A number of self consistent solutions may exist for the pairamplitude A(r;) corre-
sponding to one set of parameters. In order to decide thengrstate among the various
solutions, the energy of the superconducting state is coeadpusing,

Eo = (GS|H|GS) — (0|H] 0) (2.31)

Here|GS) is the ground state of the system (obtained from BAG analged0) is the vaccum
state. Now,

H = Weff -U Z (ﬁiT - %)(ﬁll == %) A Z U (ni(, = %) ﬁio- — Z (AiCiTTCiTL + Ai*CiLCiT) (232)

io i

We now proceed to calculat&S|H|GS) of eqn. (2.31) term by term. The quartic term
in the expectation is non-trivial and is given by,

(Gs|y|GS) = (GS|ccic)cy|GS) (2.33)

1
Uz A" + nipniy

The other expectation value is,

1\ . U
<GS§U(ni5— é) iy GS> = 22 Uni; nip — EZ”‘ (2.34)
And,
GS|) (Ac.c +Accq)|GS) = 27 2.35
Z( Chcl, + Afciyci) "TLTU (2.35)
Finally,
(GS|Her1 GS) = > enf(en) (2.36)
n
Egns. (2.33), (2.34), (2.35) and (2.36) are used to get
AZ U
(GS|H|GS) = 2 enf(en) + Z Unipny + Z L (2.37)
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Subtracting the contribution from energy of the supercanicig state in vacuum, we get

Eo = Z €no [f(em) - Z |Vn(ri)|2

no

1 UN
+UZniTnil+UZAi2— . (2.38)
i i

The winner among the various solutions corresponding taiécpéar set of parameters is the
one with lowest value of,.

The mean field calculations that we have presented in thggltan raise discussion on
its validity, especially since our calculations are donéwn dimensions. We argue that the
usage of mean field theory (BdG calculations) helps us totiiyethhe crossover scenario
from a BCS superconductor to a BEC superfluid and producdgsflactuations in diferent
correlation functions for the spin imbalanced phase. H@wdt/ certainly gets worse for
strongly disordered superconductors, which is why we gitdminclude the fects of phase
fluctuations, at least for the crossover problem.

2.4 Beyond mean field theory: phase fluctuations

The dfect of fluctuations in superconductors has been studiethgxtdy. Ginzburg-Landau
(GL) theory allows description of the superconducting siion in terms of a complex su-
perconducting order parametdf(r) which is non-zero below the transition temperatiige
but vanishes in the normal state (abdyg Most of the theoretical studies are focused on the
transition point between superconducting and normal ghabere the superconducting order
parameter undergoes fluctuationslass approached from above. The interest in the field is
further accentuated by the discovery of highsuperconductors. A number offtérent ex-
periments indicate a suppression of low-frequency splesgmht in the underdoped cuprates
below a characteristic temperaturé which is higher than the superconducting (SC) transi-
tion temperaturd,. As discussed earlier, this striking scenario is refereadd pseudogap
that is a gap in the normal phase. A variety of proposals haea made to understand its ori-
gin as the answer to this may hold the key for understandiglg-fi superconductivity. One
of these proposals is that the pseudogap arises from phatgaflions of the superconducting
gap[213].
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The phase fluctuations and hence the pseudogap for the esipesembles the interme-
diate regime between the BCS and BEC limits. In the weak d¢ogpimit, the radius of
the Cooper pair&, is much larger than the distanag between the pairst{ >> d). Due
to the strong overlap between a large number of pairs, maftuctuations are unimportant
and the transition to the superconducting state can beideddny the BCS (mean-field) the-
ory. However, the pairing fluctuations become crucial in B&C limit (strong coupling)
where the pairs are tightly bound and hence the pair size hrsmaller than the distance
between the pairst§ << d). The pair fluctuations are usually treated in a perturleatway
by taking into account diagrams beyond the BCS mean-fieldoagpation. These are the fa-
mous Aslamazov-Larkin diagrams which describe short-t®oeper-pair fluctuations above
T[214]. In the intermediate coupling regim& (~ d), the dominating fluctuations are that of
the phase fluctuations of the Cooper pairs.

The phase fluctuation scenario has been explored by varfqu®aches. For example,
Franzet al]215] calculated the single-particle spectral weight bemsclassical coupling of
the supercurrent to the quasiparticles, which leads to gpl@oshifted excitation spectrum.
A similar perturbative approach has been used by Ketoal [14] to calculate several single-
particle properties. In another work by Fraaz al[216], a connection between the phase
action of a phase fluctuation model for the cuprates and guaetectrodynamics has been
explored to obtain the single particle excitation spectiamd quantum critical behavior of
their model. Herbut in his work[217] has shown that the togatal vortex defects in a phase
fluctuation model can lead to an incommensurate spin-dewsie using the same approach.
Clearly the entire literature relevant to the discussioplodse fluctuations in cuprates is be-
yond the scope of this thesis. However, we felt a short intotidn is necessary (a may be
suficient) for our purpose.

In this thesis, we have investigated tiEeet of inclusion of classical phase fluctuations in
two dimensional disordered superconductors. In the BdGaxopation, the spatial fluctu-
ation of the pairing amplitude is obtained, however, it eetd phase fluctuations altogether,
and all regions with non-vanishing pairing amplitude anestphase-correlated. The approx-
imation becomes questionable in the limit of large disondbere the mean field pairing
amplitudes become spatially inhomogeneous at large vatidssorder owing to the sys-
tem breaking up into superconducting islands with largeipgiamplitudes, separated by
insulating strips. Hence, the superconducting conderBspday deviations from mean field
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52 Chapter 2. Attractive Hubbard model and the Bogoliubov darfés method

behaviour at large disorder and phase fluctuations, bofisicial and quantum, have a signifi-
cant influence on the physical properties in the limit of &adisorder and hence must be taken
into account.

2.4.1 Phase fluctuations: the formalism

The most common approach to incorporate the phase fluctuefiects is by computing the
partition function[218] given by,

Z-= fD[ci,ciT] e’ (2.39)

WhereciT (ci) are the fermion operators atlis the action which is defined as,

B
S= fo dr [.Z ¢l (1) (B: + Vi — ) G (7) — t%“ ¢ (T)cio(7) - U Z ¢l (1)c (1) ()i (T)]
(2.40)

HereV, is the random onsite potential and rest of the symbols haval useanings.

Itis usual to apply a Hubbard-Stratonovic transformatiowhichA,; is the local Hubbard-
Stratonovic field, with amplitudg\;| and phasé,. The patrtition function thus becomes,

B
e fD[Ai,Gi] D[ci,c?] exp[—j; dr (Ho + H)) (2.41)
where
Ho = > €L, (r) (3 + Vi — 1) Go(7) — t D € ()Cio(7) (2.42)
io (ijyo
and A ()2
Hi = Z [' ig it (Ai@e™Oc] (1)c! (1) + c.c.)] (2.43)

We shall henceforth work within the BdG approximation. Thertmal phase fluctuations are
taken into account which ignores the time dependendag ot. the quantum fluctuations in
Eqg. (2.41) that yields

Z= fl.—[ dAil dé; exp(—g Z |Ai|2) Tr exp(—BHgdc) (2.44)
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whereHgqg is the mean field Hamiltonian.

Subsequently, the phase correlations are obtained as,

<cos(50i - 59,—)) = % f 1.—[ d|A;| d6; exp(—g Z |Ai|2) Tr exp(—AHzdqc) cos(dei - 66,—)
(2.45)
The above integral can be numerically evaluated using MGatéo scheme. In our work, we
decided to resort to a harmonic approximation where we hdeptad a dferent approach
to calculate the above correlation function. The detail®wf method is presented in the
following discussion.

To incorporate phase fluctuations on the order parametehave chosen the classical
XY model which defines phase variable (of the order parameiéntwo dimensional planar
degree of freedom at each lattice site with a Josephson typaliog between them. It thus
describes the dynamics of the phase variable on a lattice.

vVl
v
4 J A<

Ficure 2.1: Different ground states for th€Y Hamiltonian. The phase variable of the order
parameter can point towards any direction in the two dinmaadiplane.

Let us discuss how this model can be relevant in the presem¢xio The Josephson term
plays a crucial role in establishing phase ordering betwegious superconducting islands
which emerge in the limit of large disorder. Thus the phaseatée continues to be a smoothly
(and slow) varying function with the phaseffdgrence between the superconducting islands
being negligibly small. The fluctuation in the phase is th@miduced by adding a coulombic
term to the model which restricts hopping of pairs from ongesaonducting island to another.
Combining the above two terms, we get a phase-only Hamdtgai7, 98, 219, 220] given by

%Zﬁ?+32[1—cos@i —Hj)],
i o,
£+ E. (2.46)

Ho
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54 Chapter 2. Attractive Hubbard model and the Bogoliubov darfés method

Herery, is the number operator for Cooper pairs onittegrain andJ’ is related to the inverse

of the capacitance of the assembly of superconductingdslafhe second term is specified

by the Josephson coupling strendttwith 6; being the phase angle on titk grain. It may be
noted that the charging enerdy, favors insulating behaviour as it arises due to the factithat
costs energy to transfer a Cooper pair from one supercomgustiand to another. However,

the Josephson coupling energy, establishes a (global) phase coherence among the islands
and thus gives rise to a superconducting ground state.

The harmonic approximation of the cosine term in Eq. (2.48@gthe trial Hamiltonian
as,

Ho = %Z 92 =2 (6-6))" (2.47)
Here Ds is the renormalised superfluid density which is to be deteedhiby a variational
approach. In order to géd, the Gibbs-Bogoliubov[219] inequality is applied whiclatsts
that the Helmholtz free-energi, for a system described by a Hamiltoniath, satisfies the
inequality,

Fg < Fo+ T(Sy — Soo, (2.48)

whereF is the free energy of the system described by the trial Hamigin givenin Eq. (2.47).
Sy andS, are the Euclidean actions correspondinddtcandH, respectivelyF, is then min-
imized to obtairDs as,

(2.49)

Ds(x. &, T,0) = D2 exp[m].

& VkDs

Herex is the compressibility=£ g—L‘) and¢ is the coherence lengtk. in the above expression
is given by

¢:

e ] I

1
N|4%

andf(k) = 4—2(cosk, + cosky). Note that is computed using the BCS relatig(l) = ”'Z‘EFT),
whereA(T) is chosen from BdG results for the pure case. Thus ffeceof disorder or¥

is neglected. Eq. (2.49) is solved to determine the renoze@D¢(T) for various values of
disorder strengths, using the mean field superfluifir&ss,D? as an input from the BdG
results. A detailed derivation of Egns. (2.49) and (2.5@resented in appendix A.
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We now introduce the Nelson-Kosterlitz (NK) relation[221]

Tﬁrp}ZT Dy(T) = éTKT, (2.51)
where the Kosterlitz-Thouless (KT) transition temperatdir is marked by the precipitous
drop of the fully renormaliseds. KT theory[222] definedkt as the critical temperature
below which long range order prevails because of the presehwortex-anti-vortex pairs
in the system.Ds (obtained from SCHA) is substituted in Eq. (2.51) to det which is
obtained from the intersection point of the straight line &y (as a function of temperature)

for a particular value of disorder.

2.5 Choice of parameters

Since our starting point is a weakly interacting BCS supedtmtor, we need to be careful
about the value of the attractive potential that we use. lllsaa U less than the bandwidth
(say by a factor of half) can be regarded as a weak interadtnhis thesis, we have takéh
to be 15t and 25t which is almost a quarter of the bandwidth in two dimensioms should
be satisfactory for our purpose.

Regarding the value of density, it may be noted that the BEE-Brossover problem
studied in chapters 3 and 4 restrict our choice of densityetdolv, where we have taken
n = 0.1. However we have investigated the relevant physics at sthaller densities as well
which may not have always been included for discussion. Véigiard to the FFLO physics
(chapters 5, 6 and 7), the densityeet is quite insignificant (except for very low densities) bu
the manifestation of the FFLO phase is more lucid at largesiies. Thus we have chosen
as (= 0.66) for this purpose.

We have used a two dimensional system of sizex2# for our numeric computation
in this thesis unless stated otherwesg. a lattice of size 3% 16 is used to study FFLO
physics (chapters 5, 6 and 7). We have confirmed that the gdiygiiantities computed here
are qualitatively unaltered for larger system sizes (datashown here).

A brief mention of the choice of parameters is included irtlad chapters containing our
results.
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2.6 Summary

In this chapter, we have introduced the attractive Hubbaodiehwhich is the underlying
model for both our problems. We have studied our first probkemch deals with disorder
driven BCS-BEC crossover by incorporating disordéeets in the attractive Hubbard model.
The second problem which investigates superconductivifgresence of external magnetic
field is studied by including an additional magnetic fieldndo the attractive Hubbard model.

We have described the Bogoliubov de Gennes (BdG) methodwigigsed to solve both
the problems. A detailed derivation of the BdG equation$botthe presence of disorder
and magnetic field are presented. These equations are theaciently solved to get the
eigensolutions of the system for the respective cases. BtiGsprovides detailed information
about the spatial fluctuations of the order parameter. Hew@hase fluctuations of the order
parameter which grow significantly in the presence of langerder, are completely ignored.

In order to incorporate thefiects of phase fluctuation of the order parameter about the@ mea
field (BdG) results, we resort to self-consistent harmompigraximation of the ‘phase only’
model for the problem dealing with disordered superconuhsct
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Chapter 3

BCS-BEC crossover

3.1 Introduction

Disorder dfects in interacting electronic systems[92, 97, 223, 224¢ligenerated excitement
among researchers spanning over several decades. Sughgctans are good examples of sys-
tems where electron correlations are prominent and hersoed#r inducedféects are inter-
esting [225, 226]. Apart from a strong reduction in the sgpaducting transition temperature
T, the disordered superconductors display spatial inhomaigeof the pairing amplitude in
the strong disorder limit, leading to strikingfects such as persistence of the spectral gap at
large disorder etc[100] as discussed before. Relatedestisdiggest that the unconventionality
which is operative at large values of disorder begets\aphase which shows less or no sim-
ilarity with the (pure) superconducting condensate. A @eemderstanding of the crossover
to the new phase and the underlying features is still lackifige system though resembles
a BCS condensate for no (or weak) disorder, behaves véigrelntly at intermediate values
of disorder. In the latter limit, the condensate compriseshmrt and local pairs which is
reminiscent of a BEC phase. Thus disorder is capable of induccrossover from a BCS su-
perconductor characterised by largely overlapping Coppés to a Bose Einstein condensate
(BEC) of tightly bound short ranged pairs - thewphase mentioned earlier. The smooth evo-
lution from a BCS superconductor to a BEC superfluid in preseaf structural disorder was
put forward earlier by Micnas and coworkers[88]. More reibgmm strongly disordered attrac-
tive Hubbard model with infinite range hopping (where meald fireory is exact) is shown
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58 Chapter 3. BCS-BEC crossover

to emulate a smooth BCS-BEC crossover as the range of hoppuagied[90]. Further, the
ground state properties of a superfluid Fermi gas is studieasa a BCS-BEC crossover in
presence of random disorderft= 0[91]. Although, the role of disorder in inducing such a
crossover remains to be resolved precisely.

In the present work, we study superconductivity in presesfansite disorder using Bo-
goliubov de Gennes[208] (BdG) method on a negativelubbard model in two dimensions.
The main objective is to investigate the unconventionalfes which arises in the system at
larger values of disorder. The emergence of these feataresnfirmed by computing vari-
ous important physical quantitie®z. the spectral gap which not only persists but also shows
an increase with increasing disorder, thereby behavifigréintly from the order parameter
of the system. The behaviour of th&-aliagonal long range correlations in the presence of
disorder, also bears signature of unconventionality asetigts existence of two flerent
temperature scales for pair formation and its subsequerdestsation. An important con-
sequence of the reduction in pair size from large (of the maddew thousands of lattice
spacing) to small (of the order of a lattice spacing), is thermous increase in fluctuation ef-
fects of the order parameter and thus can not be neglectéé strtong disorder limit. Hence,
we proceed to incorporate the fluctuations about the inh@megus BdG state using phase
only model[97, 219, 220]. The results obtained are strikaisgthey suggest opening of a
large region between the mean field transition temperat&gained from the vanishing of
the superfluid stfness) and the actual transition temperature, which is ctexrraed by the
presence of pairs with no phase coherence, a reminisceseatiogap phase[49] observed in
cuprates.

3.2 Results and discussion

In the beginning, we review the underlying model and alsatie¢hod which is used to solve
the model Hamiltonian for disordered superconductors. fedher details, one can refer to
chapter 2.

The model considered here is an attractive Hubbard modeltao-aimensional square
lattice,

H=—t Z (c?ac,-(, + H.c.) — Y| Z Mip iy + Z (Vi — 1) Nigy. (3.1)

(ij),0o
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Heret is the transfer integrad;{r (ci») is the creation (destruction) operator for an electron with
spino at a siter;, |U| is the magnitude of onsite interactiam, = cfgcig andu denotes the
chemical potential. To model random on-site disordfeis chosen randomly from a Gaussian
distribution of the form,

PIVi(o)] =

V_2
exp|—— ] : (3.2)

202

1
V2no2
Hereo denotes the width of the distribution and parametrizes ttength of disorder in our
computation,i.e. larger o implies stronger disorder. The random disorder potentiabt
generated are included in the last term of Eq. (3.1). Othedoen distributions such as a
rectangular distribution has been studied and does noereand/ qualitative dierence from
the results discussed in the next section.

To solve Eq. (3.1), we resort to the mean field decoupling efittieracting term that
yields the local pairing amplitudes and local density as,

A(ri) = —UKci,6p) and (ni,) = (cf,Giy). (3.3)
The dtective Hamiltonian is given by,

Hers = —t Z (€heir +He) + Z (Vi — @) mig + Z [A(ri)CiTTCiTl | A*(ri)ciTC‘l]’ (3.4)

(ij).o

wherey; = p + [UKN)/2 and(n;) = > (ni-). The following transformations are used to
diagonalize Eq. (3.4)[98],

Cr = Z [ynTUn(fi) - Vj,l\f;(ri)] and ¢ = Z [anun(ri) + Y;T\fﬁ(ri)]’ (3.5)

n n

wherey, andy;, are the quasiparticle operators,(r;) andva(r;) are the BdG eigenvectors
satisfying}’, [uﬁ(ri) + vﬁ(ri)] = 1 for all ri. In terms of these amplitudes, Eq. (3.4) is written

[ R A ]( Un(r) ) _ En( Un(r) ) 36
A —K* Vn(ri) Vn(ri)

whereKu, (r;) = -t 35 Uy (ri + 3)+(Vi — @) Un (1)), withd = % £yandAu, (r;) = A (i) un (1))
and similarly forv, (r;).

as,
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Hence we calculate the local pairing amplitudes and numéesitly in terms ofi, (r;) and
Vn (ri) using,

A(r) = U1 D U () Ve (1) and () =2 ) ()P (3.7)

The usual procedure for obtainiriyr;) and{n;) self-consistently consists of making initial
guesses foA(r;) and the renormalized chemical potengiafdr all r;, diagonalize Eqg. (3.6)
for the eigensolution&, and(un(ri), va(ri)), re-computeA(r;) and{n;) using Eq. (3.7). The
process is iterated until self-consistency is achievedifese quantities at each site.

At the outset we discuss the size dependence issues rataved computation. We have
carried out our computation on a 2424 lattice. Next we comment on the choice of physical
parameters. We perform studies for a few choices of the Hublvderaction parameter,
U and electron densityy. The choice ofU is expectedly small, as our starting point is a
weak coupling (BCS) superconductor. As for the density, Bid shows that the chemical
potential slips below the noninteracting band only at smgfor moderate values dfl). It
is important to note that, the chemical potentjalin fact, a scaled valuejiz. ©’ = u/4tis
useful for discussion) does not fall below the band edge< —1) for |U| less than~ 5.5t
even for density as low as1) In the next section we shall show that disorder can induce
a crossover at much smaller valuesWf i.e. |[U| = 1.5t at the same densityn(= 0.1).

At large densitiewiz. n ~ 0.8, as is transparent from Fig. 3.1, there is no crossing’ of
below -1 even at reasonably large coupling, thereby making it irsiibs for disorder to
induce a crossover at weak coupling. Thus we have chipdes 1.5t, n = 0.1 and all the
plots (except for Fig. 3.1) are generated for these valu¢seoparameters. Further, we have
investigated disorder strengths tit/t = 3 and all the results for various physical quantities
that we obtained are averaged over teffiedient disorder configurations.

In the subsequent discussion, we present the results ausaphysical quantitiegiz.
the spectral gap,fibdiagonal long range order and superfluidtsess, to gain insight into
the emergence of unconventional behaviour with increadisgrder. Further, the BCS-BEC
crossover scenario is investigated by calculating the atepotential as the crossover anal-
ysis has mostly concentrated on exploring how the chemictdrntial evolve as a function
of the interaction strength between the fermions[34, 2Edf. the continuum case, it can be
shown that the chemical potential changing sign can be degaas the signature of crossover,
at least at low densities. The explanation can be given &safsl at very weak interaction
strengths (or large particle density), the binding energg pair is extremely small, thus the
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U /t

Ficure 3.1: The (scaled) chemical potential, (= w/4t), 4t being the noninteracting band-
width) is shown as a function ¢fJ|. The slipping below the band occurs for low densities
and at best moderate couplinge. |U| ~ 5.5t for n = 0.1.

chemical potential is decided by the Fermi energy alone hénather limit of strong inter-
particle interaction (or low density), the binding enerdytloe pair dominates and sets the
scale for the chemical potential. The corresponding behafor the lattice case shows up as
the chemical potential slips below the noninteracting banmdmum, suggesting formation of
bound pairs and marks the onset of the Bose phase.

We then include thefeects of (phase) fluctuations about the inhomogeneous Bd&, sta
an interesting consequence of which is the emergence otlpgap-like phase, characterised
by the presence of pairs witlo phase coherence.

3.2.1 Unconventional features

We begin with the notion of the spectral gdfy., which provides an estimate of thé&ect
of the presence of disorder on superconductivity. It is thergy gap in the one-particle
density of states, obtained as the lowest eigenvalue of tii& tBeory. We plot the disorder
dependence oy, along with the @-diagonal long range order parametagp which is
defined by the long distance behaviour of the disorder aeeraf-diagonal correlation given
by,

(ciTTciTlcjlcm — AZp/IUf> for |ri—rj| — oo (3.8)
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|U| being the onsite attractive potential. The results presemt Fig. 3.2, clearly show that
Egap andApp are same in absence of disorder£ 0). However the two show progressively
different behaviour as a function of disorder, thereby showiggedsions from the conven-
tional behaviour. The reason behind the decreadgyip in the weak disorder regime, lies
in the reduction in average density of states near Fermggneith increasing disorder. The
anomalous behaviour (upturn &f., as a function of disorder) in the opposite limit can be
explained on the basis of the progressive localization téredked wave functions, leading to
the emergence of a phase with tightly bound pairs, whichrim gves rise to a large spectral
gap. Similar behaviour has been observed by Ghetsal[98] and alluded to the decrease in
localization length of the noninteracting eigenstates.

0.12
01} e
.,
0.08 | . d
gap @
0.06 | = .
.
,"/
0.04} > .
'Y -
' ~ -
t\‘~g-_~.___.___.,,~0 AOP
0.02} > 1
®-9--0-0-0 00 0-0 0 o
O | | | | | | |
0 0.2 0.4 06 08 1 12 14

o/t

Ficure 3.2: The spectral gafgap and the ODLRO order parametépp (defined in text) are

shown as a function of disorder. Hde= —1.5t and the density is chosen to be 0.1. Note

that they coincide for smait/t but progressively dier with increasing disorder. Helgyap
andAgp are in units oft.

3.2.2 The crossover scenario

We confirm the presence of crossover in our model by computiagchemical potential

as a function of disorder for a density as low at &ndU = -1.5t (see Fig. 3.3)u’ crosses
below the noninteracting band edgecat~ 1.2t separating a BCS-like superconductor (at
lower o) and a BEC phase (intermediat§193].
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0 0.5 1 15
o/t

Ficure 3.3: The scaled chemical potential, (= u/4t) is plotted as a function of disorder!
crosses the band minimum = —1 (shown by the dashed line) @ft ~ 1.2. HereU = —-1.5t
andn = 0.1.

To remind ourselves, the disorder has been chosen from as@audistribution in the
above case. We have also investigated the crossover isrethwndisorder is randomly cho-
sen from a rectangular distribution and our study has shbatthe crossover point continues
to be the same i.er ~ 1.2t.

In what follows, we provide further evidences of the emengeaf unconventional fea-
tures in the system with disorder. The system possessesdogg phase coherence when a
definite phase relationship exists between pairs which agadly separated in a supercon-
ductor. The decrease in superfluidity is signalled by theic&dn in the df-diagonal long
range order@QDLRO), a quantity which is a measure of correlations betweerspalife plot
the temperature dependenceaddLROand the double occupanay (= (ni;n;;)) between the
BdG states with and without disorder in Fig. 3.4. The tempeeaat which they vanish (or
become negligible) is same for the pure system, while thgrdionsiderably in the presence
of disorder (foro-/t = 1). The result is important in the sense, it shows pair foromatindi-
cated byny) and condensation (indicated BDLRO) are same for the pure system, however
the two processes happen affelient temperatures in disordered systems. The existence of
two different temperature scales is indicative of deviations fromventional superfluidity.

Next, we focus on the superfluid §tiess D2 given by the Kubo formula[228]

0
25 = (K~ A= 0.6, - 0iw =0). (3:9)
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Ficure 3.4: The df-diagonal long range orde© DLROand double occupancyy (for U =
—1.5t andn = 0.1) are shown as a function of temperatufefor o-/t = 0 (a) and 1 (b). The
pure case shows an unique temperature scale for them to kauagtigible, while they occur
at considerably dierent temperatures for the disordered case.
The first term(—Ky) is the (diamagnetic) kinetic energy along tkelirection and is de-
fined as,

(=K = =t(> " [cl56i + Sleun) ). (3.10)

The paramagnetic response is given by the second term whtble disorder averaged trans-
verse current-current correlation atigirent times and is given by,

B o
Axx(Q, iwn) = Zj; dr(jx(ri, 7) jx(0, 0))ed"e=n". (3.11)

D? is a measure of density of superelectrovig, ns (D%/n = ng/m*, m* being the &ective
mass).

The details of the derivation of the Eq. (3.9) is presentddvie

The kinetic energy term in Hamiltonian is given by,

K = —t Z (C?(,ng + c}(rci(,) (3.12)
{iho
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In the presence of external vector potential, the kinetergyterm is modified as[229],

_tleAd) Z ' Ci + c}gci(,) (3.13)
(ijyo

Expanding the phase factor in Eq. (3.13), we get

Ka=K=> [e EOAG) + s )Az(i)] (3.14)
i
wherej¥ is the paramagnetic current given by,
i°0) =it Z ¢ .Co—C c.m,) (3.15)

andk is the kinetic energy along-direction defined as,
ke(i) = Z Gl Cior + €, Ciar) (3.16)
The total current density(i) is given by,

(i) = = e (i) + € k(i) Ax(i) (3.17)

5Ax( )

where the first term is the paramagnetic contribution andsgednd one is the diamagnetic
term. We thus get,
(Jx(i, 1)) = e (jE, 1)) + € (ke) Ax(i, ) (3.18)

The vector potential can be written as,
A, t) = A, w) €@ (3.19)
The linear response theory yields,

(R, = D A, @)A1 (3.20)

where .
Al w) = —% f dr &GS |5 (i, 7). i5(i’, 0)| IGS) (3.21)
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Thus Egn. (3.20) can be written as,
_- O . ’ . N
SHEVEDY ;' f dr €“(GS|[j5(1. 7). j5(1’. 0)| IGS)A(Q. ) €4~V (3.22)

Now, we have
i£(@.0)= > jii", 0 e’ (3.23)

which yields
—i 0 . .
(jx(. 1) = ;’ f dr €(GS||j5(i. 7). [5(-0.0)| [GSA(q w) €™ (3.24)

Egn. (3.24) can be rewritten as

S f t dt (GSI[J£(, 1), J5(-0.1)] [GSAG, w) e (3.25)
- f 4t (GSI 50,1, 15~ )] IBS)A. 1 e ¢
- Jaaye [ di@s|iE. o ]ese
Now,
Adid, w) = %‘ f ;dt’<GS|[j§(i,t),JE(—q,t’)]|Gs> gl golt-0) (3.26)

_. t i f ’ . .
gl f dte" (GS||jF(i.1). j}(-a.t)]IGS) e @

Average over space variallgives,

P(q,t)—ZJP(u er'@) (3.27)
Thus, o
Maw) =5 [ dies|[ifa. if-an)]ies) et (3.28)
Say,t —t =1, then
Aa.o) = [ dresi[itan. -a.0]ies) e (3.29)
0
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Egn. (3.25) thus becomes,
(53, 1) = Adi, )Ax(0, w) (3.30)

We now substitute above expression in Egn. (3.31) whicldgiel

(Wi, 1) = e Adi, )AL(G w) + € (ko) Al 1) (3.31)
= _e2 [<_kx> _ Ax(g, 0))] Ax(q’ w) e(q.i—a)t)

(3(q, w)) €47

So,
Ax(0, w)

e

(I(q, w)) = € [(‘kx> - ] AG, w) (3.32)

It may be noted that current response of a superconductosiatew = 0, long wave-
lengthq, — O, transverse vector potentigt A is given by

5(®) = ~zA) (333)

where the penetration depthjs given by

1  4ang€?
2= Tme (3.34)
Hereng is the superfluid density which is related to the superfluifiretss Ds as
ng Dsg
S=_s 3.35
m e ( )

cis set to unity.

Now from linear response relation Egn. (3.32) and Egns.3)3a8d (3.35), we have

Ds .
—5 = (ko= A (ax = 0.0y - 0.iw = 0) (3.36)

Fig. 3.5 shows a considerable decreas®in(or equivalentlyns, asm" is negligibly
affected) agr is increased.
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Ficure 3.5: The superfluid siness,D? (in units oft) is shown as a function of disorder for
U = —1.5t andn = 0.1. At large disorderD2 becomes very small, implying a sharp decrease
in superfluid densityns.

3.2.2.1 Phase fluctuations within self-consistent harmoaiapproximation (SCHA)

We investigate thefect of inclusion of (thermal) phase fluctuations on the jpisgr between

disorder and superconductivity. We use the following egpi@n for renormalized superfluid
stiffness which is obtained using self-consistent harmonicaqpomation (for details refer to

chapter 2)

—¢k. ¢, T,0)

vt (3.37)

DS (K, g’ T, O-) = D(S) exp[

Herex is the compressibility= g—;‘), ¢ is the coherence length and

1

PN

P

k
wheref (k) = 4 — 2(cosk + cosk,). Note thatt is computed using the BCS relation,

IAYS
mA(T)

&) = (3.39)

whereA(T) is chosen from BdG results for the pure case. Thus flezeof disorder orF is
neglected. We then solve Eq. (3.37) to determine the rer@ateD4(T) (shown in Fig. 3.6)
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for various values of disorder strengths, usigjas an input from the BdG results.

25
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1l 0.35 0.37 0.39
T
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0 o 1 1 1 1
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Q 0
001 | 0.085 0.09
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Ficure 3.6: Dg (in units oft) is shown as a function of temperature for purg't( = 0) and
disordered ¢/t = 3) cases respectively. Hete = —1.5t andn = 0.8. The inset shows sharp
drop inDg as the critical transition temperaturg, is reached.

3.2.2.2 Pseudogap-like behaviour
The renormalise® obtained from SCHA, is indicative of the fact that the phagettlations

lower the stithess and beyond a certain critical temperaflyedrive it to zero. It may be
noted thaiDg undergoes a jump &g is approached.
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The Nelson-Kosterlitz (NK) relation is,

Tirp}ZT Dy(T) = éTKT, (3.40)
where the Kosterlitz-Thouless (KT) transition temperatdir is marked by the precipitous
drop of the fully renormalise@®.. D¢ (obtained from SCHA) is substituted in Eq. (3.40) to
getTkr which is obtained from the intersection point of the straigie andDs (as a function
of temperature) for a particular value of disorder. One @fthses (for-/t = 3) is presented

in Fig. 3.7) for reference.

0.025
DS
0.02 .
015 |- /
- Y
==
0.01 [ .
0.005 / -
06/ 508 004 0.06 0.08 0.1
. T . . T . .

KT

Ficure 3.7: Dg and7—2rT are plotted vs temperature for = —1.5t andn = 0.8. Note that the
intersection between the two givégr, which is marked on th&-axis.

Tkt thus obtained is plotted with increasing disorder strerfglbng with mean field tran-
sition temperatureT? in Fig. 3.8) . Our result clearly point towards opening of eyaregion
betweenT? and Tkt where there is no phase coherence between pairs, thougitueor-
relations continue to exist. Thus, pairs formTat which is analogous t@* and condense
at Tkt analogous td, WhereTQ and Tkt correspond to dticiently different temperatures.
Note thatT* and T, are commonly used in the context of underdoped cupratesorbanptly,
the intervening region is characterised by the presenagcohierent pairs, thereby resembling
the pseudogap phase in cuprates[230].
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Ficure 3.8: TQ and Tkt shown as a function of disorder fof = —1.5t andn = 0.8. Both the
temperatures are in units of

3.2.3 Other agencies of BCS-BEC crossover
3.2.3.1 Hopping (d#f-diagonal) disorder

In the presence of hopping disorder, the attractive hubtverdel gets modified as,

H=— ) (t+oty)(c e+ He) = U1 ) many + ) (Vi) (3.41)

(o

i,o

where hopping disorder is modeled by lettiig= O for all i andét;; to be chosen from a
gaussian distribution, which may be obtained as one repldcby ot in Eq. (3.2). The
Hamiltonian is then solved using BdG method as discussextdef

The ability of hopping disorder to induce a crossover phesoon is under suspect. The
reason is as follows - random hopping events of the electtanse delocalisation, rather than
a localised charge distribution, as was the case for onstgder. To confirm the presence
of delocalisation ffects as contrary to localisation in the case of onsite desprgle present
the variation of average kinetic energy alor@xisi.e. (Ky) for both kinds of disorder in
Fig. 3.9. It may be noted that the localisation process faiterdisorder is further supported
by the increase in potential energy (shown in Fig. 3.10(s)a &unction of disorder. Similar
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72 Chapter 3. BCS-BEC crossover

behaviour of potential energy (Fig. 3.10(b)) is seen forging disorder also but the delo-
calization caused by the randomised hopping of chargeetarcompletely overshadows the
localisation &ect.

Further, superfluid sfiness (Fig. 3.11) also behavedtdrently than the onsite disorder
casej.e. D is found to increase with disorder. The explanation for Hekaviour is contained
in Eq. (3.9), where the first term on the left,)) dominates the behaviour 8 in presence
of disorder and at large disorded? is entirely governed by this term. Howeved? falls
initially at smaller values of disorder where an increasthm paramagnetic responsgsets
the rise in the diamagnetic term (see Eqg. (3.9)). ExpectadB31] in Fig. 3.12 does not slip
below the band edge and hence does not qualify to be a caadatahe crossover scenario.
The enhancement of the noninteracting bandwidth owing fiphmy disorder accommodate
the chemical potential inside the band for all values of iisd193].

onsite disorder

Hopping disorder

-0.5 | ! !
0 0.5 1 o/t 1.5 2

Ficure 3.9: Average kinetic energy (negative of the expressiom uisdEqg. (3.10)) for both
hopping and onsite disorder as a function of disorder strelg HereKy is in units oft.

3.2.3.2 Hopping anisotropy

We now consider another situation where the carriers aosvalli to move preferentially in
one particular direction (sax-direction), while the movement is strongly restricted Ine t
other direction y-direction) owing to anisotropic hopping frequencies. Thid kind of
inhomogeneityj.e. hopping anisotropy, which is a case of correlated disorndemodeled
trivially by choosingdtij = V; = 0 in Eq. (3.41) and the hopping tswheni and j are
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Ficure 3.10: Average potentig]U| Yi(ni;ni;)) and kinetic energies (both in units dfare
plotted as a function of disorder for (a) onsite and (b) hoggdisorder.
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Ficure 3.11: D2 (in units oft) is shown vs disorder strength for hopping disorder. It shiow
a gradual increase because the diamagnetic contributiema@e kinetic energy) dominates
the behaviour oDY.

neighbours ink-direction, while it isrt whenj is y-neighbour of, with r being the anisotropy
parametef0 < r < 1).

The significant role played by anisotropy in stabilizing @siconducting condensate, has
been previously studied in details. Studies reveal thahtpping anisotropy facilitates pair
formation with an infinitesimal attractive interaction ihet extreme anisotropy limit[232].
Moreover, it was found that a bound state becomes favoufabteo electrons moving along
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o/t

Ficure 3.12: The scaled chemical potential is plotted as a funcfenfor the case of hopping
disorder.u” does not cross the band edge, thereby ruling out a crossosearso.

different chains of a two-leg ladder (rather than along the ¢laid hence form a stable pair
when anisotropy is large. Further an enormous enhancerh#@ superconducting transition
temperaturd, is also observed in this limit[233]. Thus anisotropy in po frequency of
charge carriers may emerge as a potential candidate focimgla crossover.

The neutron and X-ray éfraction studies[234] have confirmed the presence of stiipes
cuprates. These stripes are the segregation of doped otenmgers into periodically spaced
linear rivers of charges[234]. Many arguments have beerigowiard supporting the fact that
these stripes play crucial role in the pairing mechanisrh&sé materials and thus it demands
special attention. This motivated us to incorporate anairopy in hopping frequencies of
the charge carriers as it provides the simplest descripifostripe-like inhomogeneities by
inducing higher conductivity in one direction as opposedrother. These inhomogeneities
may be experimentally realized by applying uniaxial pressan materials so as to achieve
restricted motion of charge carriers in a particular dii@tt

To confirm the presence of crossover in the anisotropic casecompute the (scaled)
chemical potentialy’ (= u/2t(1 + r)) as a function of the anisotropy parametésee Fig. 3.13).
’ slips down the band minimum at a small valuerpf.e. in the extreme anisotropy limit,
following band narrowing £ects and thus present a case for the crossover scenario[193]

A similar problem has been investigated by us[235] in thaexrof BCS-BEC crossover,
where an anisotropic hopping is considered in the stronglaog limit of the (repulsive)
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Ficure 3.13: 1 is plotted vs anisotropy parameuev(: :—i) shows a crossing below the band
minimum at very small values af(extreme anisotropy limit).

Hubbard,.e. thet — J model for a square lattice given by,
nin;
H=- <;jﬂ_tij (CiTo-CjO' + hC) +J g; (S| = %) +U Z NitNiy (342)

The onsite potentidl) may be set to infinity to project out double occupancy of §286,
237]. This establishes a close correspondence with thdidamariant,viz t— J model. We
allow ourt;; andJ to be non zero for near neighbours only. It may be noted tleéxthange
interaction is taken to be isotropic as we found no qualitdyi new physics emerging out
with anisotropic exchange.

Owing to the anisotropy, the electronic dispersion is gilbgn
e = —2t (cosk( +r coslg,) (3.43)

wherer (: %) is the anisotropy parameter. The isotropic limnits( 1) corresponds to a square
lattice but in ther — 0 limit the lattice symmetry is that of an one dimensionalich& he
effective interaction is decoupled in the form,

Vie = —J[Ts(KTs(K) + Fa(KTa(k)] (3.44)
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with,

I's(k) = cosk + cosk, and I'y(k) = cosk — cosk (3.45)

as the irreducible symmetry factors for a square latticendy be noted that the symmetry
factors of the point groupd,,) of the square lattice undergoes a mixing owing to the happin
anisotropy.

We make the following ansatz for the gap amplituge
Ax = AJs(K) + €°AgT4(K) (3.46)

where As and Ay are gap parameters in ttee and d-wave channels respectively adds

the mixing angle between the two contributions. The gap @og#s are then obtained by

substituting Eq. (3.44) and Eq. (3.46) into BCS gap equaitdmite temperature given by,
1 Yk VieAw (1 = 2 (Ex))

Ay = 3.47
K="} 2E, (3.47)

where Ey = \/(ek — )% + |A2, f (Ey) is the Fermi distribution functiony is the chemical
potential which controls filling. The coupled equationsltt gap amplitudes are as follows,

J T(K)To(K) (1 - 2f(Ep)) Ty(K)Ta(K)(1 - 2F(EL))
As= AS; o + e'HAd; %, (3.48)

. Fy(k)la(k) (1-2f(E)) Ca(K)Ta(K)(1 - 2f (E
é%d:% As; ‘ 2& k)+é9Ad; _cutl 2)I(Ek EDl (349

The above coupled equations are solved self-consistdotigavith the equation for elec-
tron density,

_ 1 o (& —p) (1-21(Ey)
n=1-~ ; > (3.50)

We study the ffect of r, the anisotropic hopping, on the gap amplitudésand A4, with
J(= 1/3)t, a value that is realized for cuprates) and fdfetient values of.
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Equations (3.48), (3.49), (3.50) are solved self-constbté¢o obtainAg, Aq andu as a
function of temperature for various values of anisotropjrie ap amplitudes as a function
of temperature for = 0.001 is shown in Fig. 3.14. Interestingly, tidewave correlations
are enhanced as much as*1lnes asr — 0 compared to the isotropic limit (not shown
here). Both the gap amplitudes grow as higher anisotropit iis approached, signaling
a stability of the superconducting state in that limit. Thiis hopping anisotropy helps in
achieving a more robust superconducting condensate withl @nplitudes fos- andd-wave
correlations[238].

0.02 -
= Jit=1/3
R Ag n=0.15
4 F— ~ —
= 0.015]" r r—9.001 .
= d 0=0
=
0.01} s
(7]
()
©
2
a B -
= 0.005
©
o
©
(D 0 —h Bttt

0.008 0.01 0.012 0.0
T (in units of t)

L L L
0 0.002 0.004 0.006

Ficure 3.14: The gap amplitudeas (solid line) andAq (dotted line), are plotted vs temper-
ature,T forr = 0.001. Both the axes are in units of t. The electron denagitis taken to be
0.15 andJ/t = 1/3. 6 is the relative phase filerence between the two gap amplitudes.

3.2.4 Mean pair radius

In conventional superconductors, the internal part of the wave function corresponds to
a spherically symmetrical bound state whose radius is difisethe mean pair radius. It is
defined by the following relation[239],

, _ JIOPredr 5 vigd?
PRI Sila?
wheref(r) (g(k)) is the wave function for a cooper pair in real (momentungcsp

(3.51)
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Eg. (3.51) is solved fog*_. and&’ . and the results are presented in Fig. 3.15 as a func-

pair pair
X

tion of the anisotropy parameter It is interesting to note that"’ decreases from a few

pair

thousands of lattice spacing with increase in anisotropytaatomes very small (order of one
lattice spacing) as — 0. Thus the system smoothly evolves from a large number of ove
lapping Cooper pairs to a condensate of tightly bound paing/tg signature of a BCS-BEC

crossover.
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Ficure 3.15: The mean pair radi'g’,;air and g‘éair, are plotted as a function of anisotropy

parametery. Heren = 0.15, J/t = 1/3 andU/t = o respectively. The temperatufieis very

small and chosen to beld’¢, T¢ being the superconducting transition temperatggg; is in
units of lattice spacing.

3.2.5 Penetration depth

The other important quantityjz the penetration depth, signifies the distance over which an
applied magnetic field is exponentially screened from theriar of a superconductor. The
linear response of the current density to the magnetic fiefthds the penetration depth[62]
and hence the superfluid density, the latter having an isv@jsare dependence on the pene-
tration depth.

1
Js(q) = —EKa @—=0As(); 6=xy (3.52)
where, L
Ki = —— 3.53
T (3.53)
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J andA are current density and the vector potential respectidy.(3.53) is used to obtaih
whered, andJy are penetration depths inandy-directions respectively (shown in Fig. 3.16
as a function of the anisotropy parametgrlt is seen thafl, remains almost constant in the
entire interval whereas, diverges as — 0. This implies that there is arffisient screening
(Meissner &ect) inx-direction where the carriers move unhindered while thelfptnetrates
to the interior of the sample alongdirection due to a severely restricted motion. More
importantly, the results point towards the emergence ofralensate having smaller number
of superconducting electrons as the penetration deptlvéssely proportional to the square
of the superfluid density, thereby bearing fingerprints oftaase.

40

30

20

10

Penetration depth, \

Ficure 3.16: The penetration depth alongandy axis are plotted vs. The parameters
chosen are same as that of Fig. 3.15.shows a divergence in the limit — O while Ay
remains constanfl is in units of lattice spacing.

3.2.6 Chemical potential

To further strengthen the claim for the existence of croesgeenario in our model, we con-
sider the chemical potential, (obtained by solving Eq. (3.47)) which when slips below the
band edge as a function of the anisotropy parametéhe Leggett condition), the system
evolves into a Bose superfluid. We investigate the variatidhe (scaled) chemical potential

W (= u/2t(1+r)) as a function of for different values of corresponding to a few represen-
tative values ofl, eg. J/t = 1/3, 1 and 2. This sheds light on the dependence of crossover on
electronic density and the interaction strength. The tesldtained are presented in table 3.1.
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TasLe 3.1: BCS-BEC crossover is investigated by computings a function of anisotropy

parameterr for a few values of density) and interaction strengtld, The value of at which

u falls below the lower band edde —2t(1 + r)) and thus signal a crossover is denoted by
The empty slots represent absence of a crossover for thespaimmding parameter values.

| [Jt=13] Jt=1] Jjt=2|
n M M le
0.02 | 0.007 0.11 057
0.1 L 0.006 | 0.08
0.15 : . 0.026
0.2 - - -

The results clearly indicate absence of crossover for fargkies ofn for any value ofJ.
The reason behind this being larger overlapping of paiddéa an increase in the correlation
energy at higher densities. To compensate for this, thesystrganizes itself with a larger
average pair size so as to minimize the total energy of thes)86]. Thus at higher densities,
the system bears fingerprints of BCS condensate even farlaadues ofl/t. It may be noted
that there is no crossover for the isotropic caseJao be as large ast2 Thus the hopping
anisotropy drives the system from a BCS phase to a Bose reagjifoeer densities[235].

3.2.7 Kinetic vs Potential energy driven pairing

The recent experimental data on optical conductivity[5@] eonsistent with a picture that
pairing in cuprates is kinetic energy driven and thus catsréhe conventional BCS theory.
These experiments have shown that the pairing in Aiglsuperconductors is driven by a
reduction in the kinetic energy and not by an attractive puakas in the BCS theory. In this

context, we investigate the energetics of the system by atimgpthe condensation energy as
a function of temperature for fierent values of anisotropy.

The condensation energy is defined as tlfiietince between the ground state energies of
the superconducting and the normal stdte{ F,) whereFs is the energy of the supercon-
ducting state given by,

AF(1- 2f(Ek))
Fo= Zk: Z NSe (3.54)
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Here the symbols carry the usual meaning. The normal statg¢R,, is obtained by putting
Ax = 0 and replacing superconducting densify by the density in the normal phase.
Even though the presence of pseudogap in unconventionaicupluctors makes the above
definition of condensation energy questionable, still mabsence of any concrete theory, the
above approach is likely to give important results.

The results (shown in Fig. 3.17) clearly point towards corial potential energy driven
superconductivity in the BEC limit as there is a reductiorthia potential energy while the
kinetic energy undergoes slight increment on entering thpeconducting state. Thus the
results extend its support to the picture of conventionaimmand disputes the recent claim
of kinetic energy driven pairing in cuprates[240].

3.3 Summary

We have investigated théfect of random disorder on the evolution of a BCS superconduc-
tor to a BEC superfluid using BdG approximations on a two disn@amal square lattice. The
study includes both onsite (diagonal) and hopping-@degonal) disorder. While onsite dis-
order presents a case for inducing a crossover due to latalsdfects, hopping disorder
is shown to benot a catalyst for the crossover phenomenon, owing to delatadis of the
charge carriers. The existence (or non-existence) of tbgsowver scenario is confirmed by
calculating the chemical potential, which when slips beflogsnoninteracting band minimum,
yields a crossover to a Bose phase. A third candidate of i&sower story is presented by
the hopping anisotropy, yields a crossover in the extren®o&opy limit, a possible artifact
of the dimensional confinement of the charge carriers. Tfexeof carrier concentration on
the crossover phenomena is also discussed and it is conlctbdelow density facilitates a
crossover phenomena at moderate values of interpartickcaon. At higher densities, the
overlap between the pairs increase substantially, thugidig@n access to a phase compris-
ing of local pairs, reminiscent of a BEC phase. We have alkmtaed two important length
scales that characterise the superconducting condensatae mean radius of the Cooper
pairs and the penetration depth, for a two dimensidbral model with hopping anisotropies.
It is observed that a BCS superconductor evolves smoottdyaiphase with much shorter and
fewer (although tightly bound) pairs, characteristics &Eaphase with increasing anisotropy.
Further, we have investigated the condensation energyasctidn of anisotropy which points
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Ficure 3.17: Kinetic energies (of the superconducting and normadés) and potential energy
(of the superconducting state) are shown in Fig. 3.17(a)Rgd3.17(b) respectively, as a
function of temperaturd@. HereJ/t = 2,r = 0.001 andn = 0.1. The axes are in units of

towards conventional potential energy driven pairing mBE phase (as in BCS case). A little
introspection reveals that within a mean field formalisng gairing mechanism should not
switch loyalty from being potential energy driven to kiree@inergy driven as a crossover-like
phase emerges.

Improvements to our mean field (BdG) results is made by comgubhe phase fluctu-
ations about the inhomogeneous BdG state énase-onlynodel which provides a rough
estimate of the actual transition temperature, obtain@u the vanishing of the renormalised
superfluid stifness. The superfluid finess thus obtained, is then used in the NK relation
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to obtain the transition temperatufBr. Interestingly, the variation of the mean field tran-
sition temperature andixt as a function of disorder strength, yields opening of a lasge
gion (between the two temperatures scales) where there hage coherence between the
pairs, however amplitude correlations continue to exetiniscent of the pseudogap phase
in cuprates.
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Chapter 4

Real space toolbox for studying the
crossover

4.1 Introduction

In the earlier chapter we have shown that a BCS-BEC cross®aehievable in a weakly cou-
pled superconductor in presence of a random onsite dispaiential[193] with the crossover
occurring at moderate values of disorder. At intermediati@®s of disorder, the system be-
comes unstable to the formation of bound pairs as the chépatantial falls below the nonin-
teracting band minimum (Leggett criterion) as a functiowlisrder strength. In this chapter,
we plan to boost the above crossover scenario by adoptingeptgand techniques that are
more widely used in other fields such as random matrix thendyquantum information and
computation etc.

Due to lack of translational symmetry, it is wise to look alrspace quantities. It may be
important to look into the details of the BAG eigenfunctiasghey are likely to hold clues to
the crossover picture presented in the last chapter. Thst&ta of the eigenfunctions of a ran-
dom matrix have been extensively reviewed by Gethal[241] and Mirlin[242], where it is
emphasized that the eigenfunctions show strong statifitictuations at the critical point of a
guantum phase transition (QPT). Applications of this téghe to study Anderson’s metal in-
sulator transition (MIT)[243-245] have provided vital ekito the critical behaviour observed
in the vicinity of localization which is characterized byetlkianishing of the spatial extent of
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the electronic eigenstate. A measure of the latter is caawdg provided by the participation
ratio (PR) (or its inverse, IPR) whichieiently distinguishes between the extended and lo-
calized states. Similar applications to plateau to platessitions in quantized hall systems
and an associated fractal analysis from a scaling theorg\a#able in literature[246—-251].
Interesting usage of the participation ratio has been dorstuidy transport properties of the
complex systems such as DNA like molecules[252, 253]. Ratgrback to the focus of the
current work, it is reasonable to state that a crossover dmtwa BCS and a BEC regime
should be characterized by an intermediate value of the BRstgnifies persistence of the
superfluid state with short ranged pairing correlations.

Another closely related quantity is the information entr¢glso known as Von Neumann
entropy) which provides a measure of randomness in theretéctcharge density residing at a
lattice site or equivalently signals the onset of a locaipkase when the information entropy
vanishes. The distinction between the information entrapg the thermodynamic entropy
is a subtle one[254, 255], where the former depends on tlegafrdimension, while the later
holds no clue for it. For us, the crossover regime should faal@wv but finite entropy at
intermediate disorder, which eventually becomes nediigimall at large values of disorder,
signaling localization of states.

Another intriguing tool borrowed from quantum informatitreory is the overlap (scalar
product) of two ground states corresponding to two sligttijerent values of the parameter
that is responsible for inducing a QPT. Since QPT distingesdetween regions of the param-
eter space that are characterized jeslent order parameters, the overlap or as it is called the
fidelity, undergoes a drop from its normalized value unityhia vicinity of a QPT. Zanardst
al.[256] reported a drop in ground state fidelity at the traosifpoint in the Dicke and th¥Y
models. It is also extensively studied in fermionic mod&35-259], spin models[256, 260—
262], Bose Hubbard models[263, 264] and in phase transitidmnich are not directly asso-
ciated a microscopic order parameter[265, 266] such addgmal phase transitions. More
recently, the machinery is used in the context of studyindsEREC crossover in both con-
tinuum and lattice models where the interplay of density amerparticle interaction in the
crossover issue is emphasized[267].

An elaborate discussion on the underlying model and fosnalused has been earlier
discussed in section 3.2 of chapter 3. We now proceed to sigtie results and their impli-
cations.
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4.2 Results and Discussion

A number of useful quantities borrowed mostly from otherdgesuch as chaos, quantum in-
formation and computation etc have been calculated to addhne role of disorder in inducing
a BCS-BEC crossover using the BdG eigenstates. They arattieipation ratio (PR), local-
ization length, information entropy, fidelity and fidelitusceptibility. A brief discussion on
each of them will appear very helpful for later discussion.

We begin with the definition of participation ratio (PR). $téxpressed as the inverse of
fourth power of eigenfunctions and thus gives a measureehtimber of lattice sites over
which an eigenstate is extended[268]. The PR is defined as,

1

MR AT

(4.1)
whereg, (r;) is the eigenstate obtained from the BdG analysibeing the eigenvalue index.
It distinguishes localized stateBR ~ 1) from the extended one®R ~ N, whereN is total
number of lattice sites). At large values of disorder, aselfor the case of MIT, an inves-
tigation of the fractal dimensionality can be quite helpfS8uppose an electronic wavefunc-
tion is localized within a-dimensional volume of average diamefawhich can be roughly
taken as a characteristic length for the asymptotic expadedecay, called the localization
length[269], thePRbehaves a&®. For us,d = 2, so an estimate of the localization length can
be obtained as

é= VPR (4.2)

Another quantity which provides a measure of sites over tithe eigenfunction is ex-
tended, is called the information entropy whose scalingperees in context of QPT are
discussed at length[270], can be quite useful in the preseaition. The information entropy
can be defined as,

N
S(E) = > #2(r) In [¢2(r3)] (4.3)
ri=1
An estimate of the possible number of microstafesan be obtained from,

Q(E) = exdS(E)] (4.4)
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88 Chapter 4. Real space toolbox for studying the crossover

with the Boltzmann constars = 1, which as a function of disorder should vanish as the
number of available microstates decrease or the eigenfumektends over fewer sites as
localization sets in.

As further elaborations to the ongoing endeavour of esthllg the onset of the crossover
scenario, we compute a quantity that is commonly used intgunamformation theoryyiz.
fidelity that shows a sudden drop in the value of the wavefanabverlap for two close by
values of the parameter that drives a QPT. Quite generadlfidelity is defined as[271],

F(o,o) = Tr [,/\/ﬁa\/ﬁ] (4.5)

wherep ando are the density matrices for two slightlyfiirent parameters that parametrize
the system. They are given by the outer product of the eigéasdf the systemiz. |¢){(¢|.

It quantifies the dference between two filerent ground states. We specifically look for the
overlap between two ground states (as the ground stategealsetb be appreciably occupied,
density being low) for two disorder strengthsttdring only slightly and is given by,

F(o + 60, 0) = {¢o(0” + 60)I¢ho(0r)) (4.6)

wheregg(o) is the ground state wavefunction, which while computingsivall use the ground
states obtained from our BdG calculations.

Another quantity called fidelity susceptibility, a closeriaat of the fidelity discussed
above, measures the response of a state (say, ground stat@pli changes in the driving
parameter and is obtained from fidelity as follows. For amitdsimal change in disorder
strengthdo, one can Taylor expand the ground state,

d 1 d?
[bo(e + dor)) = Igo(e)) + do—=Igo(0)) + = (do)* S —ldo(0)) (4.7)
[0 " [0
Thus the fidelityF takes the form,

d 1 d?
Flo + 060, 0) = [ (¢o(0)] + doo=(do(0)] + = (d0)*—(go(@)l | Igo(0))  (4.8)
(o8 : (o8
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The fidelity susceptibilityy (o) is represented in terms &f as[265, 267, 272]

1 . 4InF(o+d0,0)

X0) = =5 I, =072

(4.9)

whereN is the number of sites of the systeg{c) should show a sharp peak at transition.

Next we comment on the choice of our parameters. We have chbseinterparticle
interaction strength to bgJ| = 1.5t and density to ben = 0.1. Since our starting point
is a weak coupled superconductor (BCS), we have chosen & ¥mdlhe rationale behind
choosing smalh is because of the following reason. We have earlier notedogerece of
crossover for large values afeven for strong interaction strengtlesg. Uto be of the order
of bandwidth or even more[230]. As discussed before, paieslap at higher densities which
results in increase in correlation between the carriersistthe average pair size increases so
as to minimize the total energy of the system and hence théermate bears resemblance to
BCS phase even for larde values. The size of the lattice for our numerical computaiso
chosen as 2% 24. Further, all the parameters are denoted in units of tipping frequency,

t which should be of the order of an eV.

To gain physical intuition on the crossover scenario, wes@né the plots of the local
pairing amplitudesA(r;) (obtained from Eq. (3.7)) at flerent values of disorder strengths,
viz. o = 0.5t, 1.2t, 2t and 3 on a 24x 24 lattice in Fig. 4.1. One can notice formation of
superconducting islands ags increased and at = 3t, the pairing amplitudes largely vanish,
with the exception for a few sites. Let us concentrate on tbefpr o = 1.2t which shows
that the amplitudes are spread over fewer sites (than thibone= 0.5t), however long range
order is still possible[193, 230].

We now plot the spatial distribution of electron occupasgie) (= 2 3,V2(r))) in Fig. 4.2
for different disorder strengtheiz. o/t = 0.5, 1.2, 2 and 3. It may be noted that the plot cor-
responding to stronger disorder shows localised electoongancies and thus are supportive
of a phase comprising of short and local pairs, reminiscéat BEC phase. Such plots are
also available for higher densities (not shown here), wlleeeelectron occupancies show
considerable overlap.

Hence we analyze the behaviour of the participation rd&®ig) (@s a function of disorder
strength. PR obtained from Eq. (4.1), is shown in table 4.1 for a few valoéslisorder
strength. It may be noted th&R is of the order of few lattice sites for moderate disorder
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(@) oc=05¢ (b) c=12¢
A; 0.035 A; 0.3
0.02 0.2
0.01 0.1
0 0
d) c=30¢
e 0.35 A 0.6
] !
i 0.4
0.1 0.2
0 0

Ficure 4.1: The real space profile of the local pairing amplitud€s,) (in units oft) is shown

for four different values of disorder strengthsz o- = 0.5t (low), 1.2t (moderate), B(large)

and 3 (very large). Note the formation of superconducting iskd (moderate to) large
valueso.

strengths, which should account for the superfluid behanasithe electronic wavefunction
spreads out over some finite number of sites. At still higredues of disorder strength, the
wavefunctions get localized and hence an insulating phetsars

The localization lengthé (~ VPR), which gives an idea about the spatial dimension over
which the eigenfunction extends, is presented in Fig. 4.8 seen to drop by a factor of
5 from the corresponding value at = 0, while at large values of disordef,~ 1, i.e. the
amplitude of the wavefunction extends to exactly one sigmading a complete localization.
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(a) 0=0.5t

0.1
<n.>

(c) o=2.0t

<n. >
1.6

1.2
0.8
0.4

(b) 0=1.2t

1.6
1.2
0.8
0.4

<n. >

(d) 0 =3.0t

<n. >
1.6
1.2
0.8
0.4

Ficure 4.2: Spatial distribution of electron occupanci€s;) (: Zznvﬁ(ri)) for disorder
strengthsviz o= = 0.5t (low), 1.2t (moderate), 2(large) and 8 (very large). The localised
nature of the charge densities is to be noted for larger desoHere(n;) is in units oft.

Hence we present results for the information entropy, oetponential of itQ2(E) defined
in EQ. (4.4) in Fig. 4.4Q(E) is of the order of total number of lattice sita¥)(for low values
of disorder strength, drops to a value of a few lattice spgifor intermediate values and
finally becomes of the order of unity in the limit of extremesalider, implying complete
localization of eigenfunctions and hence onset of an inigiggphase. Thus all three of them,
viz. PR, & andQ(E) suggests of an insulating behaviour at large valuas ahd importantly
for us, before which a phase with finite superfluid propertests for intermediate values of
disorder, which is evident for the small but finite spreadnaf tvavefunction.

We now focus on the ground state fidelity and the results nbthare shown in Fig. 4.5.
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TasLe 4.1: Participation ratioPRis shown for various values af. Note thatPR reduces
drastically with increasing disorder strength and apphneacunity in the limit of extreme

disorder.
Disorder strength Participation ratio
(o) (in units oft) (PR)
0 575
0.25 313
0.75 43
1.0 24
1.2 5
15 4
3.0 1
25
&\
20F .
M \.‘
15 |
10 | 1
.
51 “\s’ ]
A
0 | | | , — -\ ------ ’
0 0.5 1 1.5 2 25 3

O/t

Ficure 4.3: The localization lengthé¢ obtained from PR data vi& ~ VPRis shown as a
function of disorder strengthr. The dashed line is a guide to the eye. Same is true for the
following figures in this chapter. Heggis in units oft.

Note the sudden drop in ground state fidelity in the near iticof o- ~ 1.2t, which is referred
to as onset of the crossover earlier. The sharp drop in fidsliggests a significant change
in the nature of the ground state for disorder values cloge 401.2t, which results in a loss
of overlap between the ground states corresponding to tigbtkt different disorder values
near the crossover threshold. To provide evidence of howpstie drop in fidelity is, we
have taken dticient amount of data around the crossover point. We indeed bbserved
the fall of in fidelity to be very sharp. The abrupt change in the grouatesproperties at
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Ficure 4.4: The information entropyQ(E) is shown as a function of disorder strength,
Q(E) is moderate for intermediate values of disorder, whileaitighes at large. HereQ(E)
is in units oft.

intermediate values of disorder, is indicative of an ons$et different kind of phase which is
characterized by the bound pairs of the constituent fersmion

As one enters the phase of bound pairs, the ground statepyarhps to the normalized
value unity. To us, this feature robustly demonstrates thergence of a phase that resembles
the crossover regime between a weakly coupled BCS supeasctordand a BEC phase. To-
gether with the Leggett criterion and the participatiomranalysis, the resemblance provides
a compelling evidence for a disorder induced crossoveraazn

To ascertain the genuineness of the fidelity result and ®aut any correlation between
the randomness in disorder potentidl in Eq. (3.1)) and the drop in ground state fidelity near
o =~ 1.2t, we compute a quantity defined as,

9=, Vi) - V() (4.10)

A plot of g vs. disorder strengthy as shown in Fig. 4.6 is featureless and yields a constant
value. Thus the drop in fidelity is uncorrelated with the ramdprofile for disorder and is true
for several diferent disorder configurations.

The fidelity susceptibility is presented in Fig. 4.7. It slsoavsharp peak in the vicinity of
the crossover threshold. The peak signifies the strong nsgpof the ground state to small
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o/t

Ficure 4.5: The ground state fidelity is shown as a functiorrofThere is sudden drop in

fidelity by a factor of 2-3 around the threshold value of disarwhich marks the onset of a

Bose-like phase,e. aroundo ~ 1.2t. Note that the fidelity jumps to the normalized value
unity as we cross the threshold. Hétes in units oft.

1.350

1.348 |- B
] B i

13469 ---@----@----@---@---—-@----@--—-@--—-—-@---@

1.344 -

1.342 | -

| | | | |
1 1.1 1.2 1.3 1.4

o/t

Ficure 4.6: g (defined in text through Eg. (4.10)) is shown as a functionisdmler strength,

o which is constant for disorder values near the crossovestiold, thereby ruling out any

correlation between the randomness in the disorder profiddlze drop in ground state fidelity
(Fig. 4.5). Hera is in units oft.

changes in the driving parameteg. o in inducing a crossover.
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Ficure 4.7 The fidelity susceptibilityy is shown as a function of disorder strength, It
shows a sharp peak (where fidelity registers a drop), implgistrong response of the system
to the onset of a ground state diifferent nature. y is in units oft.

4.3 Connection with the continuum model

Let us review for one final time the crossover from a BCS to a Bia@se that we have been
engaged with in chapter 3 and this chapter. The crossower issnostly studied as a function
of interparticle attraction strength. In our work, we hav@aned a smooth evolution from
a BCS ground state to a local pair phase whose propertiesnugar in common with BEC

phase by tuning the strength of onsite disorder. The sigeatiithe crossover is confirmed
by calculating the chemical potential which slips below tiad minimum for intermediate
disorder strength thereby bearing signatures of onset sERBtase (Leggett criterion). The
local pairing amplitudes are obtained by solving the Bagwdv equations self consistently

as discussed earlier in this chapter.

To bring about a connection with the continuum picture, wedi® establish the relation
between the roles played by the random disorder and theactten potential in inducing a
crossover phenomena. The issue is more conveniently 8esdoy replacing the interaction
term by as-wave scattering length (valid for low energiegig. a or a dimensionless variant
of it i.e. 1/kras. To remind ourselvesas < 0 in the BCS limit andag > 0 in the BEC.
The threshold for the formation of the bound state occursnveeliverges, beyond whicas
represents the size of the bound state with binding eng&igy, 1/ma[63]. In the BCS limit,
corresponding to kras — —oo (kg being the Fermi wavevector), the pairing amplitude is
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given by[91],

A=8e>2 7 4.11
© fFeXp(ZkF|as|) (4.11)
or equivalently,
e—2
InA = -8 4.12
" F Kelad (4.12)

which implies thatinA decreases linearly agl-as increases. A re-look at our plots of the
pairing amplitudes in real space for various values of treoiier strengthsy (Fig. 4.1),
suggests that average(: ﬁZi Ai) indeed grows at larger disorder strengths upto a certain
intermediate value of disorder, which matches well with¢hessover regime claimed in this
thesisviz. o ~ 1.2t. We show this in Fig. 4.8 which demonstratea diminishing as a
function of 1/o, albeit not in a linear fashion and thereby suggesting of eensomplicated
relationship between the pairing amplitude and the digastiength.

-4.2
< \“\
4.4+ T s
4.6} .
_48 ! ! ! ! ! ®
1 1.2 14 1.6 1.8 2

1/o

Ficure 4.8: InA as a function of inverse of disorder strengthigl Shown for small and
intermediate values of disorder. The dashed line is a gaidiect eye.

4.4 Summary

In this work we have studied the onset of a bosonic (pairedsehn a disordered weakly
coupled superconductor using some real space quantiiesogal pairing amplitudes, elec-
tron occupancies, participation ratio, information epyr@nd the ground state fidelity. The
crossover scenario is justified by the plots of the localipgiamplitudes which show forma-
tion of superconducting islands. At intermediate valuedisbrder, the islands shrink but still
preserve long range order (see Fig. 4.1), which also is atigem the PR values obtained in
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Table 4.1. The plots for electron occupancies are supmodiva phase comprising of short
and local pairs, reminiscent of a BEC phase, as it showsitmzhélectron occupancies corre-
sponding to stronger disorder. Further investigation adrgities such as localization length
and information entropy yield similar insights and suppartir notion of crossover phenom-
ena. Lastly, the ground state fidelity shows an abrupt drojpeadnset of the Bose-like phase.
This is an important result which endorses emergence ofrafigntly different ground state
as the Leggett criterion is satisfied. The fidelity suscelgifbwhich can be thought of as
the response of the ground state to small changes in the pegawalues, signals onset of a
significantly diferent phase through a sharp peak as a function of disorder.

From the above discussion, itis clear that the crossovéugg@ortrayed by us at interme-
diate values of disorder is indeed an interesting topicudyst The role of moderate disorder
is illustrated in the context of an inhomogeneous metaliage[273] for a disordered Mott
insulator described by a (repulsive) Hubbard model. Thbeseovation were explained by
screening of the random potential due to repulsive intevadhereby generating a weaker
random potential. However at large values of disorder, esurey is indfective and an in-
sulating phase emerges once again. A similar argument plplaplies for our attractive
interaction as well. However the attractive interactionljke the repulsive one, unscreens the
random potential, thereby generating a stronger attr@dtiteractions among the fermions
(see Fig. 3.10(a)) leading to the emergence of a condenksi@xter but tightly bound pairs.
At large values of the disorder potential, further enhaneetof the &ective potential leads
to emergence of an insulating behaviour.
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Chapter 5

The Fulde Ferrell Larkin Ovchinnikov
phase

5.1 Introduction

In this chapter, we review the study of superconductivitpiasence of magnetic field com-
menced nearly half a century ago with the works of Clogstath @handrasekhar[103, 107].
Later more abounding implications of the presence of arreatenagnetic field is elucidated
by Fulde and Ferrell[24] and by Larkin and Ovchinnikov[25h&ve a possibility of finite
momentum pairing between thefidirent participation species of electrons is explored.tFirs
experimental realization of a finite momentum pairing isadiéd in a heavy Fermion com-
pound (UPdAl3) via thermal expansion of magnetostriction measuremg&bdd[ Soon after
many other heavy fermion compounds also reported FFLO jphb4el16]. Organic super-
conductors are the other candidates where occurrence df@ pkase is predicted[126—128].
However unambiguous realization of the phase in experisieninder scrutiny.

The factor aiding the heavy fermion compounds to be canegdfdr realizing Cooper
pairing with a nonzero momentum can possibly be attribute¢te extreme type-Il behaviour,
a high dfective electron massn‘, with a large Ginzburg-Landau and Maki parameters and
their availability in metallurgically clean state. All the qualities put together imply a very
large upper critical field and thus underscore the ascenydzfpparamagnetism over the orbital
effect.
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100 Chapter 5. The Fulde Ferrell Larkin Ovchinnikov phase

An alternative route to achieve the supremacy of paramagegéct is to use a layered
structure in a strong magnetic field applied parallel to @ngets, thereby undermining the
orbital pair breaking ffect further and augmenting the parameter space where FFhO ca
exist[175]. The organic superconductors strongly fit iftese requirements and hence are
considered as ideal candidates for FFLO phase[126-12&rtApm these compounds, sig-
natures of FFLO phases are also observed in other mateuietrsas neutron stars[176] and
ultracold atomic gases[274].

It is fairly evident from our previous discussion that thepexmental signatures of the
FFLO phase in real systems can still be questioned. Thisigegevmotivation for us to pur-
sue the matter and look for the spatially modulated profiléhef order parameter, a hall-
mark signature of the FFLO phase. At the same time, the smicygof a number of condi-
tions to be met simultaneously that impede the scope of vingeFFLO in experiments, are
explored[131].

Starting with a weak coupling BCS superconductor in a magfietd, we solve the mean
field Bogoliubov de Gennes (BdG) equations for an attraddubbard model in two dimen-
sions. The mean field order parameter thus obtained in reaksghows periodic modulation,
a signature of finite momentum Cooper pairing and hence a Fbth&3e. The dependence
of this modulated phase on the (attractive) Hubbard intemac|U| and band filling,u (or
particle densitiesn) is investigated in details to comment on the possibfgatilties in ac-
cessing this phase in experiments. Some of the charaateisperties of a superconductor
are calculated such as coherence length (related to thewventimn of modulation in the or-
der parameter[118, 121]) to provide strong evidence indawd observing FFLO phase. The
relevance of our results to real materials, such as heanyid&rcompounds are discussed.

5.2 Results and Discussion

We quickly review the underlying model which is a two-dimemal Hubbard model witkU|
as the magnitude of the onsite attractive interaction (refehapter 2 for details),

H = -t Z (c?ac,-(, + H.c.) - U] Z (niT - :—ZL)(nil — %) + Z (och=w)n, (5.1)

({ij).o i,o

TH-986_05612105



5.2. Results and Discussion 101

ciTO_(ci(,) is the creation (destruction) operator for an electrorhvgpino which can assume
values+1 at a siter;, h is the magnetic field which couples with spin,of electrons via
Zeeman couplingni,, = ¢ ¢, andu denotes the chemical potential. Heris the transfer

lo

integral. Other parameters such bis,h andu are expressed in units @ft is typically of the
order of leV.

Hartree Fock decomposition of the interaction term in EdL)yields,

7‘{eff = Z 7‘{”‘0 (CiT(,-Cjo' + HC) + Z [Ai(l:rTCiJrl - Ai*CiTCil] (52)

ij,00 i

hereHj, = —t6i.1j — (u + Udniz — oh)di; wheredniz = niz — 1/2 with o = —o. The local
pairing amplitudeA; = —|U[(c;;Ci;) is the order parameter.

The following transformations are used to diagonalize BAQ)(

G = ) [7otn(ri) = oy ()] (5.3)

n
wherey,,, andy,, are the quasiparticle operatots(r;) andv,(r;) are the BdG eigenvectors.

Applying the above transformations in Eq. (5.2), we get thi€sB2quations in a matrix

7_{ij0' AAi Un(ri) - E Un(ri) (54)
& =i Jw(r) ) () |

where E,, are the eigenvalues. We start with initial guesses for thengaamplitude, A,

form as,

and the density of up and down-spin electro¢rs;) and(n;;) respectively. Subsequently,

the eigenvaluesk,, and the eigenvectorsi(r;), va(ri)) are determined numerically from

Eq. (5.4). The local pairing amplitudes at siteand the density of up and down-spin elec-
trons in terms ofi,(r;) andv,(r;) are calculated from,

A(r) = =101 ) TUa(raVe(r) F(Enp) = Un(r Va(ri) F(=En)] (5.5)

and

(e = 3 [IUn(ri)2 (En) + (TP (~En)] (5.6)

n
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where f(E,,) is the Fermi distribution function. We present resultsyoatl zero temperature
wheref (E,.) is unity. The entire process is iterated with new guessethabove quantities
until self-consistency is achieved for all of them simuéaunsly.

As discussed later, a number of self consistent solutionsewsst for the pairing ampli-
tude,A(r;) corresponding to one set of parameters. The winner amasgtill be decided
by computing the free energieg, computed with respect to the free energy in vacuum (at
zero temperature) and is given by[275]

U|IN
DN LCREDY O +|U|Z<n.T><n.l>+|U| x-ER e

no-
For example, consider one particular parameter|8ét= 2.5, 1 = —0.5 andh = 0.35, all

in units oft. The free energies are computed using Eq. (5.7) correspgrdiBdG solutions
that yield uniform, one period and two period modulationstfe local pairing gapA; and

are obtained as1.2539,-1.2543 and-1.2520 respectively (again in units of for a two
dimensional lattice of size 32 16 (see discussion below). Since one period modulation for
A; yields the lowest energy, it is considered as a energetitaiourable solution. We have
carried out similar studies for all choicesldfandu corresponding to various valuestotised

in this work to pin down the stable solution.

Next we comment on the choice of parameters. We investigatie¢haviour of the pairing
amplitude for diferent values of: corresponding to a few representative values of onsite
interaction strengthsl| = 1, 25 and 4. The rationale behind the choicelbis to get an
insight into the stability of FFLO phase at weak to moderaterparticle attraction strengths
(mean field studies prohibit larde) for various densities. All our calculations are carried on
a two-dimensional lattice of size 3216. The reason behind choosing a rectangular lattice
instead of a square one, is as follows. The FFLO order pasmaatiergoes ane dimensional
modulationwith a period that is commensurate with the lattice size[1Z&]. Thus, the
choice of rectangular lattice allows us to increase théckagize along one direction such as
to accommodate more periods of the pairing gap.

It is evident from our earlier discussions that magnetidfiaduces a nontrivial Cooper
pairing and hence an unconventional superconductivitynndieassociated conditions are
simultaneously satisfied. In an attempt to get a deeper stadeting of this novel supercon-
ducting state, we compute few important length scales,oherence lengtlf,and penetration
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depth,A that characterize a condensate, in the subsequent disousdince the modulation
of the order parameter is suggestive of a FFLO phase, we brapateA; for the parame-
ter values discussed earlier. The self-consisterthus obtained show interesting variations
as magnetic field is increased, that is, starting with a umiforder at smalh values, the
order parameter shows periodic modulation at intermediatds before vanishing at large
fields. The modulating part between a lower and a upper tbtdshagnetic field valuegiz

h., andh,, respectively represents FFLO phase and is central to ocuskson. The scenario
is schematically shown in Fig. 5.1.

Before we proceed with the discussion on tlkeet of interparticle attraction, we note
that the FFLO phase is not so sensitive to the carrier denditg are able to observe the
existence of FFLO at almost all densities except for very towes where superconductivity
itself becomes very weak. To arrive at the above conclusienhave scanned a lar§ie— u
parameter space. Thus we have fixedt u = —0.5 such that the density is fixed at a value
around quarter filling.

The interaction ffects are invoked via a comparison betwgén= 2.5 and 4 which yields
a broader FFLO phase for the largel. For|U| = 4, the region intervening two critical fields
(he, andhg,) is wider than that fofU| = 2.5, thereby establishing the fact that FFLO state
is stable for strong interaction strengths. To quote sonhgegafor extending support to the
above argumenty,, andh., are obtained as.85 and 065 respectively fofU| = 2.5 whereas
the same fofU| = 4 are 09 and 188. The periodic modulation of the pairing amplitude
presented in Fig. 5.2, suggests thahas a larger amplitude for strongér. Also note that
with increasingh, the amplitude decreases and along with that more periedacommo-
dated. The latter can be understood as follows. The riseeintimber of broken Cooper pairs
(Aj = 0) results in increase in the number of nodes in the spaitidil iof the order parameter.
At still lower values ofU, e.g. |U| = 1, a direct transition from superconducting to normal
phase is obtained mainly because of weak superconductingjatons.

A subtle point needs mention in the preceding discussiowr. flitty self consistent solu-
tions for the BdG equations demand simultaneous self ciemsi®s ofA;, (nj;) and(n;;) and
thus require more computational time in the vicinitieshgf andh, owing to the existence
of different competing solutions. Thefidculty can only be partially taken care of by clever
choices of the initial guesses for the above quantities.
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BCS FFLO Normal

hﬂ.l kﬂ 2

Ficure 5.1: A schematic representation of the FFLO phase is showan fasction of the
magnetic field. This phase, obtained via minimization of ¢beresponding free energy, is
intermediate to a BCS superconductor (homogeneguand a normal phasé\{ = 0). The
boundaries of the FFLO phase are markechigyandh,, the lower and upper critical mag-
netic fields respectively. The diagram is valid over a larggime ofU-u parameter space,
except at lowJ and densities where the intermediate space is vanishingyl.s

We now focus on the coherence lengthyhich is the separation between the Bloch walls
of broken Cooper pairs{ = 0)[118]. More concretely¢ is of the order of the wavelength
of the order parameter and can be computed from the modualagen inA; presented in
Fig. 5.2. It is seen thag undergoes appreciable reduction from a large value (albti
infinite corresponding to homogeneatisin the BCS phase) to a few lattice spacings at the
onset of FFLO phase. This resultis elucidated in Fig. 5.3tvhiso shows reducing further
within the FFLO phase. We note that the reduction in the ntageiofé ash increases is
more pronounced fatJ| = 4 (than for|U| = 2.5) which accommodates more periods of the
order parameter and hence is characterised by even skioAeshort coherence length makes
it easy for the condition, > £ (I being the electron mean free path) to be met, a requirement
laid out for realizing FFLO phase.
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(b)

(c) (d)

Ficure 5.2: Local pairing amplitude (in units dj modulation is shown fofU| = 2.5 ((a)

and (b)) andU| = 4 ((c) and (d)) for magnetic field values betwe®p andhc,. The four

figures correspond tb = 0.35 (a), 05 (b), Q9 (c) and 12 (d). The band filling is chosen to

beu = -0.5 and the system size is, x Ly = 32 x 16 and the same are considered for other

figures. All the parameters are in unitstafrue for all other figures) and our calculations are
done afl = 0.

5.3 Summary

We summarize the important results obtained here. The pcesef FFLO phase is investi-
gated in the context of a two dimensional superconductoresgnce of a magnetic field. The
existence of a phase characterised by modulated locahgamplitude (FFLO) for a number

of parameter values, i.e., electronic interactihi,and band fillingu (or particle density) is
convincingly demonstrated. Weak to moderate valued o$uch agU| = 1, 25 and 4 are
considered and except fi| = 1, we obtained FFLO phase for the other two representative
values with the larger one among them showing brisk modarigtnore periods) in the spatial
profile of the pairing amplitudes as magnetic field is incesasThus larger values of the inter-
action parameter facilitates a realization of the FFLO phadl of these features are present

TH-986_05612105



106

Chapter 5. The Fulde Ferrell Larkin Ovchinnikov phase

Ficure 5.3: The coherence length,(in units oft) measured from the modulation profile of
A (Fig.5.2) is schematically shown f¢ld| = 2.5 (a) and|U| = 4 (b) as a function of the
magnetic field. In (a)he, = 0.35 marks the onset of a one period modulation (FFLO) with
&1 = 32. Athy, = 0.4, a transition from a one period to a two period modulatign= 16) is
obtained which persists tifl;, = 0.55. In (b), the FFLO regime commences with a two period
modulation atg, = 0.9 with & = 16 (one period solution does not exist), then crossing over
to a four period solution (witlf, = 8) athys = 1.2 and continuing tilhe, = 1.88. Note that

is infinitely large (shown by broken line) corresponding tofogeneous,; in the BCS phase.
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for a large range of band filling, excepting the ones for whiwok particle density becomes
very small.

The implications of these results to real materials areiéaied in the following manner.
The sharp drop of the coherence lengitat h,, marked by the onset of a modulated local
pairing amplitude underscores the cleanliness of the samvpkre the conditioh > ¢, a
requirement for FFLO can easily be met. Moreovefurther reduces betwedn, andhg,,
owing to a more dramatic change in the period of modulatiokingaroom for the above
condition to be satisfied with a greater ease.

The condition mentioned above seems to be satisfied to a éxtgat in heavy fermion
compounds and organic superconductors and thus are cosside suitable candidates to
achieve a modulated phase, a theoretical prediction thatmade nearly five decades ago.
In a simple model for a two dimensional superconductor, weehdemonstrated that how
some of these conditions are met in presence of a magneticréabering support to the
candidature of heavy fermion and other systems where FFL&3g@Mmay be realized experi-
mentally. Possibly in ultracold atomic superfluids, soméheke requirements are met easily
and hence demonstrate signatures of the FFLO phase in sg#s more convincingly than
their fermionic counterparts[274].
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Chapter 6

Correlation studies of the FFLO phase in
a harmonic trap

6.1 Introduction

Ultracold Fermi gases in optical lattices provide unpresgdd advantage of controlled tun-
ing of the interatomic attractive interaction using Festtbeesonance[40, 190]. Superfluidity
of attractive fermions is achieved for a wide range of intéicn strengths thus a smooth
crossover from Bardeen-Cooper-Séiei (BCS) phase to the Bose-Einstein condensation
(BEC) of bosonic molecules[276, 277] is made accessibleotiAar noteworthy develop-
ment in this field, is the achievement of a quantum phaseitramgrom a superfluid to a
Mott-insulating (SIT) phase mainly in bosonic systems[118b], though there are evidences
of SIT in fermionic systems as well[197]. The superfluid phaghere phase coherent atomic
wavefunctions spread over entire lattice for low latticégmdial strengths, transforms to an
insulating phase with exact number of atoms at individutssithereby loosing phase co-
herence for higher values of lattice potential. The losslug® coherence with increasing
potential strength is studied in experiments by suddendtiraf the lattice potential thereby
allowing free expansion of the atomic wavefunctions[19jere a high contrast interference
pattern is obtained in the superfluid regime owing to maximuit@rference between the de-
localized atomic wavefunctions possessing definite kegthases betweenfiirent lattice
sites. As the lattice potential is made larger, the interiee maxima is completely lost due
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110 Chapter 6. Correlation studies of the FFLO phase in a harmarap

to the complete localization of atomic wavefunctions atrgld lattice site and hence giving
rise to an insulating phase.

Further, recent experiments have opened up intriguingtiaes for studying many-body
phenomena in the cold atom systems by analyzing some cearialations in the strongly
correlated gases. For example, the density-density ebiwak which are the correlations be-
tween densities at flerent lattice positions, are given by the time of flight meaments.

It provides important information about the pairing coatens in the Fermi gas and are
also very useful in characterizingftBrent phases in optical lattices[278-280]. Other crucial
probes are the noise correlation technique which deteaisga&orrelations in deeply bound
molecules[279], the phase-contrast imaging which reveal correlations betweenftierent
spin states, imaging of the vortex lattice by stirring whgstes information about the macro-
scopic phase coherence[143] and radio frequency speopp&81, 282] which probes the
binding energy of the fermion pairs.

The cold atoms in optical latices als@ers the possibility to explore the novel superfluid
phase of imbalanced fermions[141-143, 178]. The imbaldet&een the dierent hyper-
fine states is created by radio-frequency sweeps in expeteimeNumerous proposals for
the paired state have been suggested for the spin polaraedFpr example, the spatially
modulating Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) m&f24, 25], breached pairing[27],
Sarma superfluidity[26] and phase separated phase in whHt® &iperfluid coexists with
an unpaired normal phase[28-30]. The theoretical consenisuhe true ground state of a
spin polarized Fermi system is yet to be reached[155-153]. 28owever, the oscillations
in the density dierence between majority and minority spins obtained in expnts, are
considered as a potential indication of the FFLO state[284]

Several theoretical studies have been performed to unalertite &ect of dimensionality
on the exotic FFLO phase. In one dimensions, it was arguedtbground state of the homo-
geneous attractive Fermi gases with unequal spin popukisthe one dimensional analogue
of the FFLO phase[161]. In trapped environment, the one dsiomal gas separates in a two-
shell structure, with a FFLO superfluid core surrounded higegia fully paired or a fully
polarized phase depending upon the value of the spin pataig91]. An elaborate study
of the scenario in two dimensional systems has yielded manguing results[162, 163]. In
particular, a quasiclassical analysis in[164] using a Gumg-Landau expansion of the free
energy in Fourier components of the superconducting ordearpeter, had shown that the
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FFLO transition in two dimensions is continuous at low tenapgres. In a separate study of
a two dimensional two-component atomic Fermi gas with pajah and mass imbalance,
it was argued that the normal and homogeneous balancedlsighphases are separated by
an inhomogeneous FFLO-like phase[165]. The study of FFL@&sehn three dimensional
systems[156, 166], have predicted a narrow region of FFL&sphn the phase diagram as
compared to one and two dimensional cases. In another woNabginiet al[285], the sta-
bility of the LO phase in a three dimensional lattice systes been compared and contrasted
with the continuum case in presence of a harmonic confinement

The FFLO is an exotic superfluid characterized by a finite maona Cooper pairing that
yields a spatially modulating order parameter. The searcthe FFLO state in dierent crys-
tal lattices spans over more than five decades now sincesiteviry. The elusive nature of
the phase is attributed to several necessary conditionshwigeds to be satisfied simultane-
ously for it to be realized in experiments. One of the cowdisi being that system should be
ultra-clean since the FFLO state is readily destroyed byumtps. Since in atomic systems,
the 'cleanliness’ condition is readily achieved, they asasidered as potential candidates for
realization of the FFLO phase. Thus the issue demands augbrstudy as the evidences
supporting the phase is only cursory.

In this work, we study the occurrence of FFLO phase in a twoedlisional spin polarized
s-wave superconductor with underlying harmonic confinenusnig Bogoliubov de Gennes
method. The superconducting order parameter thus obtainddrgoes sign change along
the radial direction for moderate values of spin imbalarsred]l imbalance yields a unpolar-
ized phase and a fully polarized state stabilizes at largbalance). The core of the trapped
gas is an inhomogeneous superfluid arising due to pairingdset equal spin species, while
the FFLO phase exists only in the edges of the trapped Fermi §@natures of sucta-
dial FFLO in presence of confinement, has been observed earlier[ B9,1B6-189]. An
interesting situation emerges upon switchirfjtbe external confinement when the spatially
modulating superconducting order parameter with one dsioeral periodic modulation ex-
tends over the entire lattice with the periodicity wave wegroportional to density imbalance
of the participating species. We call thegtended FFLO as opposed to eadial FFLO for
the trapped case. Other correlations e.g. the pair-pansitiedensity correlations and the
fluctuation in the local number density are computed to hggftithe contrast between the
trapped case and when the trap is released.
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6.2 Results and Discussion

As discussed in chapter 2, we resort to an attractive versitime two-dimensional Hubbard
model in presence of a constant Zeeman fibldnd a harmonic trapping potential at site
V, written as,

H = -t (i%;r (cl cj + H.c.) = U] Z(niT - %) (nii - %) + ; (Vi—u+ohyn,  (6.1)
u denotes the chemical potentitls the hopping matrix element between the nearest neigh-
bours of a two dimensional square lattice. The creationifalation) operator for fermionic
electrons corresponding to spinis ciTO_ (cr). The excess of one species of electrons (say
with spin-T) over another is controlled by the magnetic figldor equivalently an ective
chemical potentialy’ = och — u). V; is assumed to be of the form,

Vi = Vo (ri — ro)? (6.2)

whereV, is the strength of the trapping potential ands the position where the center of the
trap lies and is located at the center of the lattice. Thugpttential is minimum (deepest)
at the center of the lattice and is maximum (shallow) at thgesd All of U, h, u andV,
are expressed in units of hopping strendtwhose scale is set by the lattice recoil energy in
ultracold atomic gas experiments and has typically a vafugbout 3kHz or 10! eV. A
mean field decoupling of the interaction term in Eq. (6.1)dsdhe dfective Hamiltonian of
the form,

7‘{eff = Z 7’{”‘0- (CL_CJ‘(, + HC) - Z [AiCiTTCiTL — Ai*CiTCil] (63)

ij,00 i
hereA; = —|U[(c;Cyy) is the gap parameter for the fermionic superfluiffij, = —toi.qj +
(Vi —u—Udniz + O'h) 5”‘ wheredni; = niz — 1/2 with (n;,) = <CiTo.Cio-> ando = —c.

Eq. (6.3) is hence diagonalized using Bogoliubov transéiiom which yields,

7’{ija- AAi un(ri) - E un(ri) (64)
A =His () ) () '
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whereu,(ri) andv,(r;) are the BdG eigenvectors satisfyidy, [uﬁ(ri) + vﬁ(ri)] = 1 for all r;
andE, are the eigenvalues.

The gap parameter and density are obtained self-condistearh Eqns. (5.5) and (5.6) at
each lattice site. It may be noted that a number of self-sb@si solutions may exist for the
gap parameter); corresponding to one set of parameters witfiiedlent initial guesses. The
winner among these will be decided by computing the freegreg7 (with respect to the
free energy of vacuum at zero temperature) as discussadrearl

We perform our studies for an inter-particle attractioresgth|U| = 2.5t which may be
considered to be weak, and hence suitable as we propose aup€dlgid as a starting point.
It should be noted that further lower values|of yield a vanishing gap parameter for any
reasonable value of density. All quantities are calculatedero temperature and for two
values of poIarizationP(: m;mj) viz. P = 0,0.10 (with trap) andP = 0,0.13 (without
trap) corresponding to the magnetic field values; 0.1t andh = 0.4t for each of the cases.

It is important to note that, since the spin imbalance istegtdy the Zeeman fieldh (see
Eqg. (6.1)), we compute fierent quantities for fixett values, viz the ones mentioned above.
However, when results are quoted, the unpolarized and tlaiped cases are distinguished
by P, a quantity that can be controlled experimentally. Furtktee value of polarization is
different for the trapped case than the one corresponding tappwhich is obvious as the
trap has an additionakiect on the imbalance betweerffdrent spin species at a fixed value
of h. We have chosen densityto be 066 and the strength of confining potentiglis 0.016.
We have considered other values for density, ranging frorderaie to large (very small den-
sities do not yield a stable superfluid phase) arfteknt interaction strengthls,. However,
we have not noted any qualitative change in behaviour of theelation functions for these
choices of density and interaction strength. We have alstiesti the correlations for other
choices of trapping strengtN,. For trapping strengths belowy = 0.01@, the correlations
are un#fected by the trapping because of its small magnitude whéoeasronger trapping
strengths, the correlations rapidly decay because ofglaralization of the electrons. With-
out trap, we have considered a two dimensional lattice & 32« 16 with periodic boundary
condition. The reason for considering a rectangular Ia(tix; # Ly) is the one-dimensional
nature of the modulation of gap parameter[173] (so a larggtick length in the direction of
modulation) and together with economizing the computatitime. With trap, the dimension
of the lattice is chosen to be 2424 with open boundary conditions and the trap center is
located at the center of the lattice.
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To investigate theféect of harmonic confinement on a spin polarized gas, we coeput
various correlation functions in real space. The correfaiinvestigated here are the gap
parameter, magnetization, pair-pair and density-demsityelations for two dierent values
of population imbalance but fixed trap depiV = 0.016). The external trapping is then
switched df and the nature of the spin polarized phase (FFLO) in a fre¢r&p) environment
is analyzed in details.

We begin our discussion with the results on gap paramateass shown in Fig. 6.1. It
may be noted that foP = 0 andV, = 0.01&, A; dips close to the trap center which is
attributed to an insulating state arising because of (alemnplete occupancy of the sites
near trap center at high fillingh(= 0.66 here, see Fig. 6.1(a)7; attains a maximum value
at intermediate distances from the trap center in an anmingraround the trap center and
vanishes at large distances where atomic density is exgppéztee negligibly small. We call
this phase as 'unpolarize@ = 0,V = 0.01&) phase. When the external trapping is turned
off, a homogeneous; (as expected for a BCS superconductor vidte 0, V, = 0) is obtained
as shown in Fig. 6.1(b).

In order to feed the contrast between free and trapped caslegagard to population
imbalance being zero and finite, we analyze the behaviouh@fidcal magnetizationn
(= (miy) — (nyy») shown in Fig. 6.2m for the BCS phase, is zero understandably (being non-
magnetic due to lack of unpaired particles) across thec&afsee Fig. 6.2(a) and (b)). The
magnetization profile in the presence of trap shows a minirautime center of trap and attains
finite value around the ring like nodal line where gap paramehdergoes a sign change (see
Fig. 6.2(c)). The behaviour is more clearly captured in the tlimensional projection of
m; where the value of is maximum around a ring corresponding to the nodal line sBeca
of A;. Trapping éects thus lead to phase separation, in which a small numbearatles
are squeezed into the inner core of the harmonic trap dueitdgpmation while the excess
unpaired (majority) carriers are pushed to outside of thre.cdhis explains the existence of
the FFLO phase only at the edges of the trap. When the trafessedm modulates across
the entire lattice thereby confirming the onseteatended FFLO correlations (Fig. 6.2(d)).
Large values of magnetization are obtained at nodal linéis lrioken pairs, whereas lattice
sites with finiteA; correspond to weak magnetization.
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Ficure 6.1: Gap parameten; (in units oft) in unpolarized (a), BCS (byadial FFLO (c)

andextended FFLO(d) phases are shown ffig| = 2.5t andn = 0.66. Figs. (a) and (c) are

for cases in presence of trap with trapping strengih= 0.01& while (b) and (d) are for no

trap. The system size is 3216 in the absence of trap and 224 when the trapping potential

is present and are same for all our results. To understandtidpolarization values are

different i.e.P = 0.1 for (c) andP = 0.13 for (d), see discussion in text. Same is true for rest
of the figures in this chapter.

We now focus on the pair-pair and density-density corretafunctions. The pair-pair

correlation function is defined as,

C

¥
T

(ATA})

e e
CuCJTCJU

(6.5)

where the angular bracket denotes expectation value talaritte BdG eigenstates and sym-

bols having usual meaning. Since it quantifies the corabietween two distinct onsite
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Ficure 6.2: Local magnetizationm; (in units oft) is shown in unpolarized (a), BCS (b),

radial FFLO (c) andextended FFLO (d) phases both in the absence and presence of the

confining potential fotU| = 2.5t andn = 0.66. Figs. (a) and (c) are for cases in presence of
trap with trapping strengtio = 0.01& while (b) and (d) are for no trap.

(s'wave) pairs at dferent positions, it bears information about the nature eftbndensate.

The real space scan Gf; taken along the length of the lattice is presented in Fig&§.3
and (b). Note tha€;; (alsoK;;, di and (on;))? discussed later) has been shown across the
entire length for the trapped case where open boundary ttonds used, whereas because
of the presence of periodic boundary condition in absendeapf they are presented upto
half the length of the latticeC;; in the unpolarized phasé& (= 0) is higher than the value
in the FFLO phase both in the absenée<£ 0.13) and presenceP(= 0.10) of trap. This
supports weakening of the superconducting correlatiospasimbalance is enhanced which
is also evident from Fig. 6.1 . The qualitative behaviouCgfis more or less same for both
unpolarized andadial FFLO in presence of harmonic confinemer@;; attains maximum
at distances far away from the center and drops at the cemiehws in agreement with the
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behaviour ofA; presented in Figs. 6.1(a) and (c). This conveys that trapglects suppresses
the distinction between zero and finite values of spin ppédion. A close observation of
the behaviour ofC;; however reveals few importantfigrences between the two cases. For
example, the drop i€;; is more in the case of the unpolarized phase thamabel FFLO
since the insulating phase (at the trap center) is stabilizéhe presence of equal number of
the participating species which forms a pair. Also, notedipein C;; at the trap edges in the
radial FFLO phase which occurs because of the presence of the ringdittal tine inA; and

is absent in the unpolarized phase. Hxtended FFLO phase can be readily distinguished
from the BCS phase in the absence of trap by a spatially vei@ipwhich arises because
of the unequal distribution of pairs separated by array aicBItype magnetic walls formed
by broken Cooper pairs with polarized spins. We thus obs#raethe trap suppresses the
distinction between the unpolarized and FFLO.
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Ficure 6.3: Pair-pair correlation functioig;; (in units oft) is shown across the lattice for zero

and finite spin polarization values with trap (a) and comgavéh the case when the trapping

effects are turnedfd (b). C;j; is plotted across entire length for the trapped case whega op

boundary condition is invoked whereas in the no trap casis, shown till half the lattice
length because of periodic boundary condition. Helle= 2.5t andn = 0.66.

We now analyze the density-density correlations. We begjin the af-diagonal density-
density correlations given by,

Kij ((nig + nip)(Njy + nyy)) (6.6)

(NipNjp) + (g ) + (N Njp) + <My N )
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In presence of the trap, there is no significarftatence between the behaviour & in
the unpolarized andadial FFLO phases (see Fig. 6.4(a)). The reason bekindhowing

a hump-like behaviour irrespective of the phase being warpad orradial FFLO, is as
follows. The occupancy of the sites is maximum at the cenitéhetrap as the underlying
trapping potential is minimum (deep) at the center. Howeleairops at the edges where
the trapping potential is high (shallow), thereby confirgnthe domination of the trapping
potential which washes away any distinction between thescakzero and finite polarization.
Upon switching @ the external trapping, thextended FFLO correlations get enhanced and
thus can be clearly distinguished from the BCS as shown in6G=#(b). WhileK;; remains
constant across the lattice in BCS, it undergoes moduldétinthe extended FFLO phase.
The spatial inhomogeneity iK;j; for the FFLO is attributed to the unequal distribution of
density across the lattice.
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Ficure 6.4: Of diagonal density-density correlation functiég; (in units of t) is shown

across the lattice for zero and finite spin polarization galwith trap (a) and without trap (b).

The trap suppresses the distinction in (a) while it is sigaiit in (b). Kjj is plotted across

entire length for the trapped case where open boundary tonds invoked whereas in the

no trap case, it is shown till half the lattice length becaokperiodic boundary condition.
Here|U| = 2.5t andn = 0.66.

The onsite density-density correlations which provideinfation about the correlations
between electrons at the same site and hence the local dmedalpancy, is given by,

di = (niTniQ (67)
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This is infact the expectation value of the interaction ggegerm (scaled byJ|). d; for the
unpolarized andadial FFLO phases exhibits similar hump-like behaviour arising beeau
of the trap (as in Fig. 6.4(a)) and hence not included herthdrabsence of trap, the uniform
distribution of the pairs yields a constahitin the BCS regime whereas coexistence of pairs
with unpaired electrons result in a spatially modulatihgn the extended FFLO phase (see
Fig. 6.5).
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Ficure 6.5: Onsite density-density correlation function (in s t) d; is shown across the
lattice in BCS andxtendedFFLO phases without trap. Hejd| = 2.5t andn = 0.66.

Finally, we investigate thefiect of trapping on the fluctuation in local number density

defined as,
(6n)? = (n?)y — () (6.8)

wheren; = (nj; + niy). Itis clear from Fig. 6.6 that trapping reduces the fluctmiin local
number density. The loWsn;)? in presence of trap is attributed to the confinement of the
atomic density near trap center which results in fixed nunobgarticles and hence definite
occupancy of lattice sites. The scenario ifatent in the absence of trap where all sites are
equally probable to be unoccupied, double occupied, siogtypied with a up-spin or singly
occupied with a down-spin, thereby resulting in a rise ingiigrfluctuations.

We now analyze the fluctuation in local density in unpolatiaadradial FFLO phases
in presence of trap (see Fig. 6.6(a)). It may be noted thafltickuations are maximum at
the trap center for both the phases. The trap center beingyroasupied by pairs results in
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120 Chapter 6. Correlation studies of the FFLO phase in a harmarap

higher values of onsite density correlations betwedfedint spin states. The onsite correla-
tions between identical spin states are also large becdlzmut’s exclusion principle. Both
these quantities together contribute significantlyn® (in Eq. (6.8)) leading to large den-
sity fluctuations. The fluctuations in tliadial FFLO phase (near trap center) are however
slightly smaller compared to the unpolarized phase whichagly caused by the population
imbalance which results in lower onsite density correlagid=urther, the unpaired (majority)
electrons which are pushed outwards by the trap, cause ldegsity fluctuations at the trap
edges foradial FFLO than the unpolarized phase. As the trapping potential isched df,
the density fluctuation becomes homogeneous in the BCS minase all sites are equally
probable to be singly occupied, doubly occupied or unoaifFig. 6.6(b)). The scenario
changes in the presence of population imbalance whse¥ (indergoes spatial modulation
owing to the presence of sites (corresponding to the nodatgavhich are no more doubly
occupied thereby resulting in drop in density fluctuationthase sites.

0.8 ‘ ‘ ‘ ‘ 3.4
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-
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0 5 10 15 20 0 4 8 12
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Ficure 6.6: Local density fluctuationgsn;)? (in units oft) is shown with trap (a) and without
trap (b). Again trap almost washes away the distinction betwdiferent polarization values.
Here|U| = 2.5t andn = 0.66.

Itis important to realize that fluctuations in a particulaaqgtity (here density) is related to
the temperature and susceptibility or response (hereaswoidl compressibility) of the system
via fluctuation dissipation theorem[286]. Thus the denféitgtuations provide useful knowl-
edge on response of the system to driving parametaggpolarization and trapping potential,
but more crucially, yield measurement of temperature, Wisausually a dficult quantity to
compute for degenerate Fermi gases.
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@ P=0,V,=0 (b) P=0,V,=0.0161

Fiure 6.7: Momentum distributionp; (in units oft) is shown for (a)P = 0,Vp = 0, (b)
P=0V, = 0016, (c) P = 013 Vg = 0 and (d)P = 0.1,V = 0.01&. Note that the
population imbalance has (nearly) nfieet onng, i.e. as one compares (a) with (c) and (b)
with (d). However, spectral weights are suppressed asitrgmffects are invoked, keeping
the value ofP same (compare between (a) and ()= 0) and between (c) and (4P # 0)).

To elucidate a comprehensive role of the trap, we have coadghie momentum distribu-
tion function given byn; = Z(T<CEUC§(T) (fourier transform of(cfgq(,» for the homogeneous
(BCS) and spin polarized (FFLO) cases in presence and absénap d€fects. In time of
flight experiments, the residual velocity (or equivalemtipmentum) distribution of the con-
stituent particles are examined after long interval of timkich yield transport properties of
the condensate. We presegtplots forP = 0 andP # 0 for bothV, = 0 andV, = 0.01& (see
Fig. 6.7). One may note nearly identical features for botio zend finite polarization values
when the trapping potential is zero. Even for nonzero traggifects, the corresponding plots
have very similar features. Thus the population imbalacegiged by the magnetic fiely
does not fect the momentum distribution profile. However, suppresgettral weights are
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122 Chapter 6. Correlation studies of the FFLO phase in a harmarap

noted when trappingfiects are introduced, keeping the spin polarization sare or both
P = 0 andP # 0). This implies that the trap has larger influence on the Slupe properties
as is also evident from the study of correlation functiorscdssed above.

6.3 Summary

We have investigated a spin imbalancediave superconductor described by an attractive
Hubbard model on a two-dimensional lattice in presence o&ranbnic confinement. The
main aim of this work was centered around understanding #tere of the superfluid state
when the trap is released, a tool usually employed in spsabmc studies. We observe that
the nature of the superconducting order parameter and rtiagthen change both in equal
spin and spin imbalanced cases as the tfégces are switchedfb Interestingly for a fi-
nite spin polarization, the superconducting gap from besudjally modulated (we call it
radial FFLO ) in presence of the trap, changes to a modulation profileexi@nds through-
out the lattice éxtended FFLO). Further, we propose that in order to distinguish between
the states characterized by zero and finite spin polarza@dues, it is important to have the
trap dfects to be minimum, as the physical and experimentally addesquantities, such as
pair-pair, density-density (double occupancy) correlasgi and local number density fluctua-
tions comprehensively show that trafiexts suppress the distinction, while the free case (no
trap) demonstrates a significantfdrence in the nature of above correlations that should be
detected in experiments.
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Chapter 7

Signatures of SIT in presence of
confinement

7.1 Introduction

In the previous chapter, we discussed that the ultracolchgio optical lattices can be em-
ployed to study models of strongly correlated fermions inchitihe strength of the collisional
interaction between the spin-up and spin-down atomic State controlled using Feshbach
resonance[40, 190]. The periodic potential to which thenstare exposed in an optical lat-
tice, is created by superimposing mutually perpendicalset standing waves. The controlled
tuning of the interaction has been used to study fermionp@gtuidity in the strongly inter-
acting regime. The interest in this field is further interegifby various studies which have
established superfluidity in ultracold fermionic atomshwihbalanced spin state populations.
Further, starting with a superfluid state, it is possibleamger to an insulating phase contin-
uously which has been an intensely studied problem in caetematter physics.

The signatures of superfluidity are obtained in the form afhienic pairs and vortices in
rotating atomic clouds over a broad range of population iari@es[141]. Partridget al[142]
have reported quantum phase transition in a strongly ioteig Fermi gas with imbalanced
spin populations. The study claims evidence for a homogensoperfluid state with unequal
densities below a critical population imbalance and a plsaparated state with a core of
superfluid pairs surrounded by a shell of excess spin-up at@nove a critical population
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124 Chapter 7. Signatures of SIT in presence of confinement

imbalance. The transition from the superfluid to the norntatesin an imbalanced Fermi
gas has been also seen by Zwierletral[143] where the fermion pair condensates and the
normal state were detected through sudden changes in the shelouds of fermionic atoms
as seen by lowering the trap depth below a critical valuenretof flight measurements.

Various exotic phases emerge in spin-imbalanced gasesidecd Fermi energy mis-
match between dlierent participating species of atomg. Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO) phase[24, 25], the Sarma[26], breached pair phd$ajz2d a mixed phase in which
BCS superfluid coexists with an unpaired normal phase[2B-306wever, the experimental
realization of these phases is still inconclusive becadigbeodifficulty in creating magne-
tized superconductors. Of special importance among theeahie the FFLO phases which
are characterized by pairing between two spin-split Fenmiages, with the Cooper pairs
having a finite center-of-mass momentum and the superctinduarder parameter exhibit-
ing spatial modulation. Serious attempts have been madgtereht crystal lattice systems
to realize FFLO phase in experiments. Even theoreticalissucbveal that the spatial ex-
tent of the FFLO phase in the phase diagram (defined by tetyperand magnetic field)
is extremely narrow as this phase stabilizes only when théadmpair breaking #ects are
suppressed as compared to the Pauli paramagrfigt® while at stronger fields, the former
starts dominating [287], thereby making itidrent to observe such a phase.

Keeping the preceding discussion in mind, we wish to examitiansition from a super-
conductor to an insulator in a trapped spin-imbalanced Fgasin two dimensions described
by an attractive Hubbard model. The trapping potentialkemato be harmonic with a mini-
mum at the center of the lattice, which gradually becomeBshat the edges and is charac-
terized by a single parametey (> 0). ThoughV, can be expressed in terms of parameters of
the optical lattice potential and other parameters suchmegg scales of the Hamiltonian and
s-wave scattering length etc[288, 289], we have not made @acly specific attempts ang is
considered as an independent tuning parameter in our warkolective is to examine how
the imbalanced gas of Fermions respond to the confining pateas the trap depth is tuned.

In this work, the signature of a transition from a superfl@@n insulator is seen via a non-
monotonic behaviour of the spectral gap, which initiallpais a decrease with increasiyg,
while beyond a certain value, it starts increasing. The opdeameter that characterizes the
superfluid phase however vanishes with increadingThe two results collectively indicate
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onset of a gaped phase that has no long range order. Thditvarieian insulating state sce-
nario is further nourished by an increase in average onsitenpial energy and a decrease in
average kinetic energy which are suggestive of localipagftects. Additional support of the
confinement fects are provided via real space profiles of density and @éocaddupancy, and
finally a drastic drop in participation ratio confirms the ddization of the trapped eigenstates
to individual lattice sites.

7.2 Results and Discussion

In crystal lattices, where electrons are the main carrigas ¢ontribute to transport properties
of materials, obtaining a model Hamiltonian that descrilbesphysical properties satisfacto-
rily is a difficult task owing to a highly complicated band structure. Hesve gaseous system
of fermionic atoms in a confining potential is a much neatalization of the simplest model
that incorporates strong correlations between atoms at digtances. We use an attractive
version of the two-dimensional Hubbard model subjectedtexdernal trapping potential as
discussed in the previous chapter. The mean field decougpfitite Hamiltonian yields the
effective Hamiltonian which is then diagonalized using Bogjodiv transformation to obtain
the eigensolutions.

The gap parameter and density in terms of the eigenveatgrs andv, (r;) at a temper-
atureT are obtained self-consistently from Eq. (5.5) and Eq. (&t@ach lattice site.

We comment on the choice of parameters. The occurrence di& been investigated for
various values for density, ranging from moderate to lakgey small densities do not yield
a stable superfluid phase) andtdrent interaction strengthbl. We observe that the results
are qualitatively unaltered for thesdi@irent choices. As our starting pointis a weak coupling
superfluid, we choose an (attractive) interparticle irtgoa that is moderately weakiiz.
U] = 2.5t and densityn (defined as the ratio between number of electrons and theé tota
number of sites) to be/3 or 0.66. Further, the Zeeman field that creates the imbalance
between the up- and down-spins is maintained at a \laki®.4t. The rationale behind using
such a value is that to have a spin polarizafof= Fxt) whereN; andN, are the densities

of up- and down-spin particles respectively) that corresisoto FFLO phase fovp = 0. All

guantities are calculated at zero temperature, and heedestimi function has been taken as
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126 Chapter 7. Signatures of SIT in presence of confinement

unity. The dimension of the lattice is chosen to bex24} with open boundary conditions and
the trap center is located at the center of the lattice.

To establish our claim of SIT as a function @§, we have computed various physical
guantities e.g. the spectral gap, mobility of the carriersite interaction energy, local density
distribution, double occupancy and the participationoratn the subsequent discussion, we
present results in the above order.

Before we proceed with the issue of SIT, we wish to brief onrthture of the supercon-
ducting state which subsequently undergoes a transiti@antmsulating state at large trap
depths. Thus we compute the gap parameiethy solving Eq. (5.5) and Eq. (5.6) self-
consistently, for a spin imbalanced gas where thiféetBnce in the population of spin up-
and down-species is caused lby= 0.4t). A; thus obtained (Fig. 7.1(a)) undergoes modula-
tion along one directionxaxis) of the lattice and hence confirms the phase to be traeFul
Ferrell-Larkin-Ovchinnikov (FFLO) phase which is chaertzed by a spatially modulating
gap parameter.

A subtle point needs mention in the preceding discussiore flilly self consistent so-
lutions for the BdG equations demand simultaneous selfismmies ofA;, (njy) and(n;;)
and thus require more computational time in the vicinitieshe lower and upper values of
critical magnetic fieldsh,, andh., respectively owing to the existence offéirent competing
solutions. The dficulty can only be partially taken care of by clever choiceshaf initial
guesses for the above quantities. We have used both unifedmadulating solutions as ini-
tial guesses for solving Eqns. Eg. (5.5) and Eq. (5.6) nurabyifor a given set of parameters
defined byU, n andh. For some parameter values, both the initial guesses ogaverthe
same self consistent solution i.e. to uniform (for BCS) odulating (for FFLO). However at
other values of the the parameterdfelient guesses yieldftierent solutions, and the favoured
solution is the one that corresponds to lower free energy.

To comment on thefiect of trapping on such a phase, we preggribr the same value
of h but in the presence of a harmonic trap of strength= 0.01& in Fig. 7.1(b). It may
be noted that\; is maximum around the core of the trap but undergoes a signgehfxom
the trap center thereby confirming the presence of the FFL&3@haround the edges. As the
trapping strength is made strong@t, vanishes because of extreme confinement leading to
loss of phase coherence between the electrons (the condisgmlots are not shown here).

TH-986_05612105



7.2. Results and Discussion 127

(a) (b)

Ficure 7.1: Gap parametedy; (in units oft) in the absence (a) and presence (b) of harmonic

confinement of strengthly = 0.01&. Here|U| = 2.5t, densityn = 0.66 andh = 0.4t. The

system size is 3% 16 in the absence of trap where periodic boundary condisamsed and
24 x 24 when the trapping potential is present and we have usadlopendary condition.

An important quantity which provides an estimate of how sapeductivity is dfected is
the spectral gapEyap Which is the diterence between the ground state and the lowest lying
state of the excitation spectrum obtained from the BdG eigleles. Eg,, thus obtained is
plotted in Fig. 7.2 as a function of increasing trappingragite along with the superconducting
order parameter,, defined by the long distance behaviour of the correlm@mﬁc”cm -
A3,/IU for |ri—r | — 0[290]. While Eyap shows a non-monotonic behaviour with increasing
trapping strength,, rapidly drops to zero. A finit&y,, along with a vanishing,, for larger
values of trapping potential clearly point towards the egaece of an insulating state in the
limit of large confinement[98].

Next we compute the average kinetic energy of the carriemgsacthe lattice{KE)
(: t iy cﬁacj(,)) which is a measure of mobility[291] and the onsite poterdiargy,(U)
illustrated in Fig. 7.3. While the mobility of the carriersduces significantly with increasing
trapping strength, the onsite potential energy grows eineresulting in greater confinement
of carriers to individual sites.

Let us analyze the energy issues of the trapped system nuselgl An attractive Hub-
bard model has two critical end points vikl = 0 (metal to superconductor transition) and
U = oo (superconductor to localized insulator transition)[282kero temperature. Thus a
larger(U) in presence of stronger confinement demands a careful analythe behaviour
of the eigenstates that plays an important role. The eig&simust be stronglyffected
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Ficure 7.2: The spectral gafi4qp and the superconducting order parametgp, (defined in

text) are shown as a function of increasing trapping poaéMi. Here|U| = 2.5t, density

n = 0.66 andh = 0.4t. Note thatEg,p depends oVp in a non-monotonic fashion whil&gp

vanishes monotonically a% is increased. The dotted line Eyap data is a guide to the eye.
Both the axes are in units of
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Ficure 7.3: The average kinetic energy of the charge carrigd&) and the onsite potential
energy(U) is plotted as a function o¥y. Here|U| = 2.5t, densityn = 0.66 andh = 0.4t.
Both the axes are in units of

i.e. transform from being extended to localized, is seercwgiaputing the participation ratio,
defined and discussed later.
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Tasie 7.1: The polarizationP (: H;Eﬁ) is shown as a function of increasing trapping

strength, Vg (in units oft) for h = 0.4t. P drops significantly as the trapping strength is

made larger.
Trapping strength Polarization
(Vo) (in units oft) (P)
0.0 0.130
0.016 0.100
0.025 0.097
0.05 0.060
0.06 0.049
0.1 0.030

Let us concentrate on the confinemefieets on the spin polarizatio®. As the trap
depth is increase® decreases leading to disappearance of the spin polariFed(Fphase
(table 7.1). This phase can in principle be a homogeneous &@8rconductor or an in-
sulating phase as both of them can be characterized by eqodder of up- and down-spin
particles. However, our earlier signatures of an incregaspectral gap along with a decaying
superconducting order parameter (see Fig. 7.1) confirmpltase to be an insulator.

We now probe into the behaviour of various local quantégstotal density, and the dou-
ble occupancy for various strengths of trapping. The localpation numbetn;) presented
in Fig. 7.4, shows distinct rise in the occupancy of siteg tiea trap center with increasing
Vo such that a plateau of constant dengity equal to 2 is eventually obtained for the case of
extreme confinement of particles withy = 0.1t. Thus, the atomic gas separates into a phase
that comprises of localized bound pairs without phase @t at the core surrounded by
a ‘conducting’ ring of excess unpaired electrons. The amtsbccupation number at large
trap depths bears signatures adbaalizedinsulator as also noted in Ref. [293], which is in
agreement with experiments where similar density profitesoétained usingn situimaging
of the trapped atomic gas[294]. We now plot the real spacél@mf double occupancy in
Fig. 7.5 which again attains a maximum value (equal to 4)atrép center and becomes very
flat with increasing trapping strength.
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Ficure 7.4: Occupation numbetn;) (= (ni;) + (nj;)) is shown as a function of siteon a

24 x 24 lattice. Note that the sites near trap center are fullyupiEd by pairs((n;) = 2) at

large trap depths indicating onset of an insulating phase. [attice sites are numbered from
0 — 23. HergU| = 2.5t, densityn = 0.66 andh = 0.4t. (n;} is in units oft.
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Ficure 7.5: Double occupancyni;ni;) (in units oft) is shown as a function of siteon a
24x 24 lattice. The lattice sites are numbered from»®3. HergU| = 2.5t, densityn = 0.66
andh = 0.4t.

Next, we generalize Anderson’s idea of pairing of time reeerenergy eigenstates[191]
of the non-interacting Hamiltonian given by,

Hy = —t Z (C?Uc,-(, + H.c.) + Z (Vi = + oh)ni, (7.1)

(ijo
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All the quantities appearing in Eq. (7.1) are defined abovee tén construct a matrix
whose elements are defined My = 3, 1¢2(ri)I*l ¢5(ri)I> whereg)(r;) is the eigenstate of
Ho[98]. M,z for various values ol/, are shown in Fig. 7.6. At small values of trapping
potential(Vy = 0.01&), different eigenstatdg # ) of the non-interacting Hamiltonian have
finite overlap which results in persistence of supercondgatorrelations. As the trapping
reaches intermediate valu@% = 0.05t), the contribution from the diagonal elements\df,
starts dominating and the overlap betweeffiedlent eigenstates decreases. Finally, at strong
confinement (say, = 0.6t as shown in Fig. 7.6), ffierent exact eigenstates hardly over-
lap as evident from vanishingfediagonal elements of the matrix and the diagonal elements
reach maximum value. Thus at such large trap depths, emfessare completely localized
to individual sites with no overlap betweerfigrent states, thereby suggestive of onset of an
insulating phase.

(a) V0= 0.016t (b) VO= 0.05t

(c) VO: 0.1t (d) V0=0.6t

FIGURE 7.6: Mog = 3. [92(ri)I?| ¢g(ri)|2 is presented for various values @§. The overlap

between dierent eigenstates decreasesVass increased. Note that the diagonal matrix

elements are largest f&fy = 0.6t implying vanishing overlap betweenftlirent eigenstates
and hence strong localization. HétH = 0, densityn = 0.66 andh = 0.4t.

Further, we analyze the behaviour of the participatiororéRiR) as a function of confining
potential in order to strengthen our claim of SAR gives a measure of the number of lattice
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sites over which an eigenstate is extended[268]. It disisites localized stat§PR ~ 1)
from the extended one®R ~ N, whereN is total number of lattice sites) and hence can be
used to predict localization of atomic states. The PR is ddfars,

1

PR S

(7.2)
whereg,(r;) is the eigenstate obtained from the BdG analysis@amithe eigenvalue index.
Using Eq. (7.2) PRis computed as a function of increasing trapping strength {able 7.2).

It may be noted thaPRis of the order of a few lattice sites for low trapping strdmgivhich
makes superconductivity still feasible as the electromwefunction spreads out over some
finite number of sites and long range order persists. Butasrépping is made strongdtR
drops to a value equal to one, implying a particular numbe&l@ftrons confined at individual
sites. The localization of the eigenstates in the limit dfexe confinement, is also evident
from the reduction in the localization length, Suppose an electronic wavefunction is local-
ized is localized within @-dimensional volume of average diamefexhich can be roughly
taken as a characteristic length for the asymptotic expadedecay, called the localization
length[269], thePRbehaves a&’. For us,d = 2, so an estimate of the correlation length can
be obtained as

é£= VPR (7.3)

It is clear from table 7.2 that drops from a value of about 22 lattice spacings¥Wgr= 0 to
¢ ~ 1 atVy = 0.1t, indicating emergence of an extremely localized insutpphase.

For the kind of attractive interaction strength used in oorkn.e. |U| = 2.5t, one would
not expect a transition to an insulating state, except fiomitely large values oV,. However,
the drastic drop in th®Rand hencé for smallV, values as obtained here, conclusively show
the dfectiveness of the trapping potential in inducing localmagffects in a spin-imbalanced
superfluid Fermi gas.
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TasLE 7.2; Participation ratioPRis shown for various values &f,. Note that it reduces dras-
tically with increasing confinement and approaches unith@timit of extreme confinement.

Trapping strength Participation ratio
(Vo) (in units oft) (PR)
0 498
0.001 127
0.005 22
0.016 11
0.025 8
0.06 3
0.1 1

/7.3 Summary

In this work, we have made an attempt to investigate the respof a spin-imbalanced Fermi
gas to a harmonic confinement. The confinement signals SiTieasttength of the trap-
ping potential is tuned since strong confinirnteets leads to anfigective increase in the on-
site (attractive) interaction between fermions which i®Wkn to yield a localized insulating
phase[292]. To support our claim, we have computed relgMaygical quantitieg.g.the gap

in the excitation spectrum, superconducting order paramieical density distribution, double
occupancy, mobility of the carriers and the participatiatia. The spectral gap thus obtained
shows a non-monotonic behaviour while the superconductidgr parameter decreases with
increasing confinement and finally vanishes, thereby pagntowards emergence of an in-
sulating phase. Further, a constant density (with a valie@)nd the core of the harmonic
potential, rise in the double occupancy, reduction in thdiltitg of the charge carriers along
with increase in onsite interaction energy at large traptligpstrengthen our claim of SIT.
The emergence of the insulating phase at strong confinenseatyibuted to localization of
eigenstates which is confirmed by computing the overlap betvditerent (exact) eigenstates
given by the participation ratio which reduces significgntith increasing trapping strength.
It becomes unity at large trapping strengths indicating tia eigenstates have been confined
to exactlyonelattice site leading to complete localization.

Finally it is worth mentioning that we have also examinedefiect of spin imbalance in
the context of SIT by computing various physical quantitiescussed in this work. While
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switching df the trap €ects, one obtains a number of interestinffedences for zero and
finite spin imbalanced cases, the existence of the trap (alt agV, = 0.01&) nearly washes
away such dierences in the balanced and imbalanced cases and the spilainoé does not
have any perceivable influence on SIT.
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Chapter 8
Conclusions

In this thesis, we have performed an elaborate study of tWerént exotic phases ofsawave
superconductor. The first one deals with a BCS-BEC crossdues second one explores a
fascinating superconducting phase which is induced by ispialance known as the Fulde-
Ferrell-Larkin-Ovchinnikov (FFLO) phase. In doing so, wavk studied the ground state
properties of an attractive Hubbard model as a model for tingedsionals wave supercon-
ductor which has been investigated as a function of disdialethe first problem and for
various values of magnetic field that causes a spin imbaltorate second problem. The
behaviors of the quasiparticles are described by the Bolgoli de Gennes (BdG) equations
for both the problems.

We have performed a detailed study of tiEeet of random disorder on the evolution of
a BCS superconductor to a BEC superfluid. The various kind$isafrder that are studied
include onsite disorder, hopping disorder and hoppingaropy. Among them, the onsite
disorder and hopping anisotropy are found to be capabledofdimg a crossover from a BCS
to a BEC phase due to localizatioffects. Hopping disorder on the other hand, fails to
catalyze the crossover phenomenon, owing to delocalizafioharge carriers. The first claim
for the existence of a crossover in the disordered model denom the basis of behaviour
of the chemical potential as a function of disorder, whidpssbelow the band minimum
(Leggett criterion) at the onset of Bose phase. The invastg of the &ect of density on
the crossover phenomenon bears interesting results ofrdssaver being feasible only at
low densities. The reason being at higher densities, thdagpvbetween the pairs increases
substantially thereby denying access to a BEC-like phasdgeximediate values of disorder.
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The emergence of a Bose phase at intermediate values ofldrsisrfurther confirmed by
computing various physical quantities vizff @iagonal long range order, spectral gap and
superfluid stitness as a function of disorder strength which confirm penscs of long range
order in the system. The reduction in the pair size with iasheg disorder strength results
in substantial rise in fluctuationffects of the order parameter and hence play crucial role in
the strong disorder limit. We thus incorporate theeet of fluctuations within a harmonic
approximation about the inhomogeneous BdG state using sepbraly model. The results
thus obtained are intriguing as it yields opening of a larggion between the mean field
transition temperature and the actual transition tempeggibtained from the vanishing of
the renormalized superfluid gmess), which is characterized by the presence of pairs with n
phase coherence thereby bearing resemblance to the psguplogse that is observed in the
context of underdoped cuprates. All the above mentionadtseeform the content of chapter
3.

In chapter 4, we present various real space quantitiesleegodiring amplitude, electron
occupancy, participation ratio and fidelity in order to agghen our claim for disorder driven
BCS-BEC crossover. The spatial distribution of the pairargplitude shows clear signa-
tures of appearance of spatially correlated cluster of fitsssessing large pairing amplitudes
(termed as 'superconducting islands’) which are sepatayegh insulating sea characterised
by vanishing pairing amplitude in the limit of strong diserd The result of spatial distri-
bution of electron occupancy for strong disorder showsliped electron occupancies and
thus is supportive of a phase comprising of short and lodas p@miniscent of a BEC phase
at intermediate values of disorder. Our results for theigg@dtion ratio are insightful, as it
is of the order of few lattice sites for intermediate valuéslisorder, thereby implying long
range order persisting due to the presence of short rangexvidaich resemble a Bose phase.
We hence use fidelity to characterize the crossover phenamwéich undergoes an abrupt
and sharp drop near the crossover point obtained from claémpatential data. Thus, there
is drastic change in the ground state for disorder valuesecto the crossover point which
results in a reduction in overlap between the ground statasgsponding to two slightly dif-
ferent disorder values near the crossover point) therelpyyiimg transition to a dierent kind
of phase.

A detailed analysis of the spin imbalance induced FFLO plepeesented in chapter 5.
The spin imbalance between the twdfdient spin states is created by an externally applied
magnetic field. We have computed the local pairing amplisuated magnetization for various
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values of interaction strengths and band filling via soMBalf> equations. Both the quantities
undergo spatial modulation with the modulation wavevebieing a function of the féec-
tive momentum of the Cooper pair. Since a short coherenagghieés one of the necessary
requirements for the realization of the FFLO phase, we haveputed the superconducting
coherence length which shows appreciable reduction froargelvalue (practically infinite
corresponding to homogeneous pairing amplitude in the Bi@ES¢) to a few lattice spacings
at the onset of FFLO phase.

In chapter 6, we have investigated a spin imbalaree@ve superconductor in presence
of a harmonic confinement. The nature of the superconduotitgr parameter and magneti-
zation are observed both in equal spin and spin imbalancezbda the presence of trap and
then when the trapfiects are switchedftb The superconducting order parameter modulates
in a radial direction at the trap edges for finite spin polaian values whereas it extends
over the entire lattice as soon as the trapping potentiakiged df. Other physical quantities
which are computed include pair-pair, density-density@&ations and local number density
fluctuations for two dterent values of population imbalance but fixed trap depthe &k
ternal trapping is then switchedfpthereby allowing the condensed phase to expand and the
nature of the correlations in the absence of trap is analyzéetails. Our results show that
the distinction between the zero and finite spin polarizet@lues is significantly suppressed
in the presence of trap and hence the trapping potentialldhmeiswitched & in order to
distinguish between the states.

One of the greatest achievement in the study of cold atombéas the observation of
superfluid to insulator transition (SIT) in a controlled eomment. In chapter 7, we have
investigated SIT in a spin-imbalanced gas of fermionic &aevith increasing strength of the
trapping potential using a two-dimensional attractive blatol model. In order to investigate
this, we have computed relevant physical quantiéigs the gap in the excitation spectrum,
local density distribution, double occupancy, mobilitytloé carriers, fective on-site interac-
tion energy and the participation ratio. All these quaesiindicate emergence of an insulating
phase at a small value of trapping strength.

A possible extension of our problems is to investigate trenado in superconductors
with d-wave, p-wave and other more complicated symmetries of the ordexrrpeter such as
a combination ofl ands-wave etc. Another interesting prospect is to investigaga€levance
of our studies in the context of cold atomic systems. Sombefdsues are settled in bosonic
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systems, however experiments are now being done on ferogasies as well. An interesting
extension may include the investigation of the scenario aseBFermi mixtures. Further,
extending the results to finite temperatures for both thesblpms, can also be potentially
interesting. Besides these, random disordksats on the FFLO physics may demand renewed
attention.
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Appendix A

Renormalized superfluid stffness at finite
temperatures

The phase only Hamiltonian as in Eq. (2.46) of chapter 2 ismiyy,

%Zﬁ?uZ[l—cos{?i -6}
i ()
= E. + | E,. (A1)

Ho

Herenj is the number operator for Cooper pairs onittle grain andJ is related to the inverse

of the capacitance of the assembly of superconductingdslafhe second term is specified

by the Josephson coupling strengdttwith 6, being the phase angle on titk grain. It may be
noted that the charging enerds, favors insulating behaviour as it arises due to the factithat
costs energy to transfer a Cooper pair from one supercomgusiand to another. However,

the Josephson coupling ener@y, establishes a (global) phase coherence among the islands
and thus gives rise to a superconducting ground state.

The harmonic approximation of the cosine term in Eq. (A.1)egithe trial Hamiltonian
as,

Ho= o Y+ 3 = (6 - ) (A-2)

)
whereK = = with D as the renormalized superfluidfitiess.
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140 Appendix A. Renormalized superfluidfsess at finite temperatures

The expectation value ¢H, — Hp) in the trial basis is,

.
(Ho = Ho)o = (3 ) [1-cosi)] - (6:)*)o (A3)
(i

where ¢; — 6;) = 6;;. It may be noted that the charging term cancels out.

Feynman theorem (Gibbs-Bogoliubov inequality) yieldslatren between the free ener-
gies corresponding tblo andH, given by[220],

Fo < Fo+ (Hy — Ho)o, (A.4)

whereF, is the free energy of the system described by the trial Hamiin given in Eq. (A.2).

Now,

D,
> |3 - Jeost o = 26|
(i)
> [J _le %wﬁ >o] (A.5)
)

(Hg — Ho)o

The above equation is valid for smaj].

We then obtairDg using a variational approach. For this, we detern'ggﬁswsing partition
function given by,

Zo= f@@ exp(—%so[e]) (A.6)
where the action$ [4] is defined as,

B
drHo [6] ,

0
B U D

§ n2 E S n2

06,

Usingni = (%) -, the first term of the Hamiltonian (the charging term) is verit as,

K2 06, 2
Hce = — — A
CE 8U ; (a‘r) (A.8)

Sol4]

(A.7)
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Using Eq. (A.8) in EQ. (A.7) we get,

So [6] _fo dr SUZ(E) +%‘ =0 (A.9)
So,
1 (" (12 (06 Ds 2
and the corresponding free energy is,
1 1 (" (72 (06 Ds ,
Fo= _B |nfi)9 exp[—%‘f; dT[@ Z (E) + <IZJ> §9IJ (All)

Hence taking derivative with respectin, we get,

IFo " (7 < (96\ < Ds
D, - _Efofmexp["fo . (@Z(E) 25" ]
1

[ 8 2
&5 ). dT%(Q,QO (A.12)

il ), o Yo

{n

Eq. (A.4) can be also written as,

1 1
Fo < Fo+hIBZO f@@ exp(—£80) (Sg-So),
1 ~
= FO =F h—ﬁ(SQ = So>0 =F (A13)
where
7l
ﬁ( — So)o = hﬁf er[J e ——<9 >0] (A.14)

{pn

The free energy is minimized by considering the infinitedivaaiation inF,

. 1
oF = 6(F0 + %59 - so>o) =0 (A.15)
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Since(@ﬁ) is also a function oD, the above condition becomes,

oF OF 5<9ﬁ >o]
=0 A.16
(6DS)<eﬁ>o i [‘9<Hﬁ>o)DS ( dDs (A.16)

Next we calculate the partial derivative,

oSy - So)o) 1 (" 2
— [ 220~ 20/0 — M dr ) (62) A.17
hﬁ( oDs e, 8B Jo % %0 (A-17)
Using Eq. (A.12) and Eq. (A.17), we get,
oF dFo (Sg=Sod|  _
(aD )«,2 9D hﬁ( dDs )<92>0 =0 (A-18)

Thus the second term in Eg. (A.16) yields a nonzero coninbut Now, F, is not an
explicit function of(@ﬁ Yo, SO we are left with the second term in Eq. (A.16) which is gkted

(aF“ ) - [5<50—SO>0)
GV, B\ o ),

(9 )o

B D,
= 2hﬁf dTZ[Je 7 - —

(p

in the following as,

(A.19)

e

Inserting Eq. (A.18) and Eqg. (A.19) in Eq. (A.16), we get,

i3 <92>o 8(92>0
2h,8f dTZ[ ]( 6DS) 0 (A.20)

{jp

The value ofDs is thus obtained as,
®2)

De=Dge 2 (A.21)

whereJ = 22,
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We now derive an expression f(ﬂﬁ Yo Expandinggi(7) into a Fourier series,
a(r) = = 3 6(x) & (A.22)
i N - k .
Whereﬁ refer to position of lattice sites. We can write,
1 e o 0= e
(00 = 5 Z (ém _ elkRJ) (elk R _ ¥ RJ) (Obhe Yo (A.23)
KK
Translational invariance of the array implies,

(OB Yo = (OkO-k)00 K (A.24)

Using this resultin Eq. (A.23), we get,

2 J—
(o = <5 D [1— cos(K- Rj)] (60 (A.25)

k
where R?;— =R - ﬁ, Next we calculate the equal time correlation functiogd_y)o. We

express the trial actio8q [6] in terms of the Fourier componentk,, given by,

Ok (1) = Z Ok.n g lenT (A.26)

N=—0oc0

wherew, = (%) are the Matsubara frequencies and assume integral valodse(ag both

positive and negative, including zero).

Introducing Eqg. (A.22) and Eg. (A.26) in the charging parSgf6], we obtain

h3
Scell = 5t 30 fhn 04 (A.27)
k n
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Now, making similar substitutions in the Josephson cougpimm, we get

B
8f

= 8N2 dT

SiEe
(ij)

N

k

K)R (1 _ ém)(l _ e;kfrsj)gk (1) 6¢ (1)  (A.28)

() kK

The subscript€ E andJE refer to charging energy and Josephson coupling energysterm

We perform the summation ov& using the identity,
3 (A.29)

Using Eq. (A.26) inS;g, we get,

SyE = h’BDSZZZ 1- cosl? )] BinO-k—n (A.30)

k n j()

The summation over nearest neighbour®f a grain sitei, defines structure factor of the
lattice as,

d
f (k) = Z |1-cos(k-Rj)| = z- ZZ cos(k;a) (A.31)

0] j=1

wherez andd are the coordination number and the dimensionality of ttiectarespectively.

We obtain the trial action in a Fourier transformed form as,

So 6] Sce + Sse

_ B ZZ(BU —f(k))wk,nlz (A32)

where we have used,
Ok = O-kn (A.33)

Note that
On = O + 16}, (A.34)
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Using Eq. (A.26), we get,

(OO0 = Z(ek,n‘g—k,—n>0 (A.35)

Because of Eq. (A.33)k, n) > 0, sayk, andn,. We obtain,

1 So[6
<9k0’n00_ko’_no>o = — f@@ eXp(— 0 [ ] ) (eko,noe_ko,_no) (A.36)
2o h

Here,

(ekoﬁog—ko,—no) = (gko,noeizo,no)
= (lyn) + (hons) (A.37)

Using Eg. (A.37) in Eq. (A.36), we get,

<H|<0 no@ ko, no>0 = Z f d9 f dekn kono (eli(o,no)z]
k>0,n>0
X exp[—% (8h—U 24 f(k)) [(QL’”)Z (9:(’”)2” (A.38)

Note that the integrals over Fourier components With ko andn # ng get cancelled with
Zo- So, only one integral is left, which is,

2
2(Bho ) Do
f deko no( kono)2 exp[—— (g_Uw "\ Dsf (k))( kono) ]

(Bro.n00-ko,-10)0

= > (A.39)
[ der, exp[__ (Lw?+ 21 0) (6, ]
Using standard integrals,
f dxe—ax2 — \/E
—oo a
0 N2 1 T
f dx ¥e ™ = — |- (A.40)
e 20 |
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We get
N [ 72 D -
(BkoroB—ko—no)0 = 2 @wﬁ @Sf (k)] (A.41)
Introducing this result in Eq. (A.35), we obtain,
@000= Y N 21 Oy ] (A42)
k—kO—n2ﬁ8an 8 '

Thus Eqg. (A.25) gives,

<9 Yo

5 -1
% ZZ |1~ cos(k- R;)] % [;—Uwﬁ + %f (k)]

1 cos(k- R,)]

- ffe Z Z BT W) (A.43)

We now introduce a bond averagéa% Yo defined as,

G Zw

J(I)

f(k)
- ngz Z Z h2 UDhszf(k)) (A.44)

r‘8U

The structure factor for a two dimensional square laftte: 2,z = 4) and in the long wave-
length limit yields,

f (k)

4 - 2|cos(k,a) + cos(kja) |

= Ka® + K&

k?a? (A.45)

X

Now, let us evaluate Eq. (A.44) at zero temperature and aéfiamperatures.
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Zero temperature

AsT — 0, the Matsubara sum in Eq. (A.44) is evaluated using[220],

(o)

1 nB
= A.4
n;o W2+ w2 2w, (A.46)
In the present case, = /%2 So,
= 1 "B
= (A.47)
Zw wi+ w2  2,/UF(K) Ds

Using Eq. (A.47) in Eq. (A.44), we get,

(620

B f (K) 1/2
= NgZK:[DSK] (A.48)

whereU = (K_ger)

Finite temperatures

The summation over frequency can be performed by introduaioontour integral given
by[293],

oo

1 T -8 dz
n;x, W2+ w2 | 2d fcl @ -1 (Z+w?) (A.49)

wherez = iwy,.
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M “1
X
X
X
X
c, |X C,
\_/ X \_/
X
X
X
X
o

Ficure A.1: ContoursC, andC; for solving the integral in Eq. (A.49)C, is the contour in the
imaginary axis enclosing the poleszt iwy. C; enclose the poles at= w, andz = —w,.

The contributions of the two poles which lie insi@g is obtained using residue theorem
which gives,

£§ dz Y 1 . 1
2ni Je, (62 -1) (-2 + w?) 2w, | e —1  1—epwn

B Bwa
e coth( - ) (A.50)
Using Eq. (A.50) in Eg. (A.44), we get,
s ~ 1 f(k) 1/2 1 f(k) 1/2
(02 )0 = N Zk: [ DsK] cothlﬁf( DsK) l (A.51)

wherer = 1 is taken.

Note that the above expression reduces to Eqg. (A.48) whensubstituted to be zero
(since coth{x) = 1 whenx — o).
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We now substitute Eq. (A.51) in Eq. (A.21) and obtain,

1 f (k) ]"2 1 [f(K)Ds|"?
Dwexp[‘N_fzk:[KDs] COth(ﬁf[ x ] )

_¢(K’ é:’ T) ]
¢ VkDs

Ds

Dy exp[ (A.52)

Herex is the compressibility=£ g—ﬂ) and¢ is the coherence length.in the above expression
is given by,

_1
¢_N

b ( VK coth(% (DSZ(k))m (A.53)

k

as noted in Eq. (2.50).
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