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Abstract

In this thesis, we are dealing with the propagation of optical pulses through coher-
ently prepared atomic media. Coherent control techniques make use of the quantum
interference effects of probability amplitudes to control and manipulate optical prop-
erties of quantum systems. Different optical phenomena are found to be effectively
controlled with this coherent preparation by engineering the dispersion and absorption
properties of the medium. The development of new schemes for pulse shaping and
control is important in many fields of optics and atomic physics, some of which includes
preparation of atoms and molecules in desired quantum states, optical communication
systems with tailored pulses, ultrafast spectroscopy and so on. One prominent example
of coherent quantum control is electromagnetically induced transparency(EIT), a
quantum interference effect that allows the propagation of light pulses through an
otherwise opaque medium. EIT leads to many interesting new phenomena, including
lasing without inversion, slow light, stopped light, and efficient non-linear wave mixing
to name a few. This work shows the controllability of different phenomena arise by
modifying the EIT media with more fields and level structures.
The first system investigated is a four-level N -type atomic medium, with two tran-
sitions coupled by the probe field simultaneously. The propagation dynamics of a
Gaussian probe pulse through the medium is investigated. It is observed that at
two-photon resonance of probe and control fields, weaker probe pulses may propagate
through the medium with low absorption and pulse shape distortion. In contrast,
we find that increasing the probe pulse intensity leads to a splitting of the initially
Gaussian pulse into a sequence of sub-pulses in the time domain.

It is known that microwave coupled optical systems offers new possibilities of optical
control. In our second work, by making use of microwave field coupling hyperfine
levels in a three level Λ system, we could generate a frequency comb with frequencies
of Raman sub harmonics. The sub-harmonics generated is found to be stable within
the length of the medium.

The closed Λ system is again investigated in our third work, with a microwave pulse
coupling the hyperfine levels. We observed frequency conversion from microwave to
optical frequency with the proper choice of couplings in this system. The efficiency of
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xii

generation and stability against propagation is controlled by tuning different parameters
of the system.
Combining nonlinear fiber systems with atomic systems opens up new possibilities for
efficient pulse control. In the fourth work in this thesis, a system describing doped
optical nonlinear fibers with three level atoms is studied. We have observed generation
of gray and bright coupled soliton solutions in such systems.
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Chapter 1

Introduction

Optical properties of quantum systems are known to be manipulated by using different
techniques based on quantum interference effects. Coherent laser light is being used to
control the dispersive and absorptive properties of the medium. One of the remarkable
consequences of one’s ability to manage dispersive and absorptive properties of an
optical medium has been the manipulation of the dynamics of optical pulses through
it. Optical pulse propagation through coherently prepared media is one important
area of research for many years. The key elements in the control of optical properties
of a resonant medium are atomic coherences and quantum interference effects.
Quantum mechanical systems are characterized by probability amplitudes, the products
of which give rise to either a probability of an atom being in a particular quantum state
or an atomic coherence between the levels. These coherences are generally produced
by coherent resonant laser fields. The ability to couple light to resonant systems
made possible harnessing the quantum mechanical properties of light. Atomic systems
were naturally used for studies of coherent processes since they have discrete energy
level structure. The atom light coupled systems allow controlled manipulations of the
optical properties of atomic or atom-like media via strong coupling of near-resonant
optical signal fields and collection of atoms [1]. The prevalence of optical coherence in
various fields of optics can be seen from the amount of many diverse works done on
this. Controlled quantum systems can be exploited for exploring fundamental aspects
of quantum physics, quantum information processing, light storage [2], atomic clocks
[3], precision measurements [2, 4, 5], magnetometers [6–8] and metrology [9].
The foundations for many strong-field coherent effects in optics were laid in the classic
papers of McCall and Hahn on self-induced transparency(SIT)[10, 11], a phenomenon
where a single pulse creates transparency for itself. Two-level atomic media have been
used in these resonant pulse propagation and spectroscopic studies for a long time.
In a two-level system, coherent evolution is characterized by oscillatory population
transfer (Rabi flopping). Irradiating atomic medium by more than one electromagnetic
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2 Introduction

field simultaneously enabled multi-photon transitions and other nonlinear phenomena
are observed to develop. In coherent population trapping(CPT), application of two
continuous wave(cw) optical fields to a three level atomic system results in preparation
of atoms in a coherent superposition of states which is immune to absorption of radiation
[12]. CPT was first experimentally observed by Alzetta et. al in sodium vapor in three
level atomic configuration [13]. In 1990, Harris and co-workers experimentally observed
the remarkable property of Electromagnetically Induced Transparency (EIT) in an
atomic system in three level configuration [14]. EIT is observed in three level systems
where the absorption of a probe laser field expected near an atomic transition can be
suppressed almost completely, making use of coherence induced between two atomic
levels, due to the presence of a second ‘coupling’ field that couples to a third state.
Within the narrow transparency window, dispersion is steep and normal, which leads
to ultra slow group velocities [15–17]. Since then atomic system with more than one
levels became a constant case of study. EIT is closely related to CPT , the difference
between the two being that EIT modifies both optical property of the medium and the
optical fields themselves while CPT involves only modifications to the material states.

The possibility of building a short-wavelength laser operating without the need to
achieve population inversion in the atomic medium has been recognized as a conse-
quence of EIT [18]. This property termed as ‘Lasing without inversion’ (LWI), has
been demonstrated in Na and Rb in the visible range [19]. LWI and EIT effects are
observed in semiconductor quantum wells using laser-induced processes [20] or bandgap
engineering [21] to create the necessary coherences.

EIT has become a versatile tool for realization of controllable atom-light coupling for
the past decades. Some of the interesting EIT phenomena are slowing and stopping of
light [15–17, 22–26], the coherent storage and retrieval of light [15, 22, 23, 27], and
stationary light [28–37]. EIT can also be used to enhance the nonlinear susceptibility
[38–42]. These phenomena exhibited in atomic and atom-like media allows the effective
manipulation of optical pulse propagation through it.

Conventional EIT system is a three level atomic system in ladder, V or Λ configurations.
Among these, the Λ system is the most extensively studied theoretical model in
comparison to its other two counterparts because of the long living metastable ground
level. Modifications of EIT system with more optical fields coupling same or additional
levels is found to exhibit many interesting behavior. One important way to modify the
Λ system is by coupling the ground state levels by a low frequency rf or microwave
field. Switching from subluminal to superluminal is shown to be possible in this system
[43]. It is possible to enhance the Kerr non-linearity of the medium by adding an extra
ground state and coupling field to the Λ system [44]. The emergence of a ‘double dark’
state, a splitting of the dark state resonance associated with EIT is also observed in this
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1.1 Theoretical background of atom-field interaction 3

system [45, 46]. Another EIT modified system studied often is N-level configuration,
formed by the addition of an excited state to the Λ-system [45, 47]. The N-system
also exhibits double dark state. It was the original candidate for achieving high
Kerr non-linearities [48]. The system has also been used to study electromagnetically
induced absorption (EIA) both theoretically [49] and experimentally [50]. In addition
to the EIT Kerr nonlinearity, there have been many advances in using EIT to provide
more efficient low-light-level nonlinear optical phenomena. The field of EIT enhanced
nonlinear optics began in the mid 1990’s, only a few years after the first experiments
on EIT. In 1995 Hemmeret al. demonstrated that EIT could be used to realize efficient
phase conjugate effects [51]. In 1996, efficient frequency conversion via EIT has been
demonstrated by several groups [52, 53].

Pulse propagation through such modified media making use of EIT-related effects is an
interesting subject for investigation. The propagation of electromagnetic fields through
a medium is governed by the Maxwell field equations. Combining these with the Bloch
formalism, the complete spatio-temporal evolution of the pulse can be investigated.
Depending on the level structure and couplings involved, the pulse dynamics is shown
to exhibit new effects. In this chapter, we investigate the theory of light-matter
interaction in atomic system. We follow semiclassical treatment in which the atomic
system under consideration is treated quantum mechanically with discrete energy
levels while the electromagnetic field is treated classically using Maxwell equations.
This approach is physically more intuitive than the full quantum mechanical approach
and can explain most of the frequently observed phenomena. It is only in the extreme
conditions like light levels are of a few quanta that this approach is not adequate. Some
of the phenomena which the semiclassical approach fails to explain are spontaneous
emission, free induction decay and photon echoes [54]. For our purpose of investigating
narrow bandwidth optical pulse propagation through atomic media consists of alkali
atoms, below given semiclassical theory suffices.

1.1 Theoretical background of atom-field interaction

Before beginning the detailed discussion on light-matter interaction in quantum optics,
it is important to first understand the fundamentals of semiclassical theory. The
dynamics of atoms are governed by appropriate density operator obeying the Liouville
equation. The basic Maxwell’s equations of classical electrodynamics are used to
describe the propagation of electromagnetic fields. We start with the derivation of
propagation eqation of an electromagnetic field through a dielectric medium.
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4 Introduction

1.1.1 Maxwell Equations

The propagation of electromagnetic(em) field through an optical medium is governed
by Maxwell’s fundamental equations. We adopt Gaussian units throughout this thesis
considering the symmetry properties and physical usefulness. In the classical theory of
electromagnetism, the electric and magnetic field vectors are related through the four
fundamental equations

∇. D = 4πρ, (Gauss’s law) (1.1a)

∇. B = 0, (no name) (1.1b)

∇× E = −1

c

∂B

∂t
, (Faraday’s law) (1.1c)

∇×H =
4π

c
J+

1

c

∂D

∂t
. (Maxwell-Ampere law) (1.1d)

In these equations the basic electric and magnetic field vectors are given by E and H

and c represents the velocity of light in vacuum. D and B are the electric displacement
and the magnetic induction vectors in material medium related through the equations,

D =E+ 4πP, (1.2)

B =H+ 4πM, (1.3)

where P and M are the electric and magnetic polarizations respectively. In free space,
both P and M vanish. The systems considered in this thesis is nonmagnetic (M = 0),
non-conducting (J = 0) and there are no free charges (ρ = 0). Taking the curl of Eq.
(1.1c) and using the constitutive relation for B, we obtain

∇×∇× E+
1

c2
∂2

∂t2
(E+ 4πP) = 0. (1.4)

We use the trigonometric identity ∇×∇×A = ∇(∇ ·A)−∇2A, use Eq. 1.2 and
the fact that for a charge free isotropic medium, ∇ ·D (and hence ∇ · E) = 0. Thus
the equation Eq. 1.4 is reduced into the simplified form,

∇2E− 1

c2
∂2E

∂t2
=

4π

c2
∂2P

∂t2
. (1.5)

This equation is the Maxwell wave equation for propagation of electromagnetic field
through a material medium. The term on right hand side of the equation is the source
term and represents the material response. For an unpolarized medium, the above
equation Eq. 1.5 reduces to

∇2E− 1

c2
∂2E

∂t2
= 0. (1.6)
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1.1 Theoretical background of atom-field interaction 5

This is the wave equation in vacuum. The transverse variations of the field can be
ignored in the optical wavelength limit. The structure of the equation Eq. 1.6 allows
to write the general solution of this equation in the simple form,

E = E1(z − ct) + E2(z + ct), (1.7)

where E1 and E2 are arbitrary functions representing fields propagating with velocity
c in the positive and negative z-direction respectively. We are dealing with pulse
propagation through dielectric media where polarization is non-zero. In the presence of
a polarized medium, the wave equation Eq. 1.5 is nonlinear. Since the exact analytical
solution of a nonlinear equation is difficult to obtain, we apply numerical methods for
a complete solution. But if we employ some approximations valid in the regime of our
application, an analytical solution is also obtainable.
Consider a quasi-monochromatic wave propagating in the z-direction. The medium
effects cause the light to get polarized. Its electric field and induced polarization can
be described by

E(x, y, z, t) = êE(x, y, z, t)ei(kz−ωt) + c.c., (1.8)

P(x, y, z, t) = êP(x, y, z, t)ei(kz−ωt) + c.c., (1.9)

where E(x, y, z, t) and P(x, y, z, t) are the envelope functions of the field. The unit
vector ê denotes the direction of polarization, ω is the central angular frequency of the
field and k = ω/c is the wave number. The complex conjugate (c.c.) term has been
added to the complex electric field expression to make it real.
The required derivatives of Eq. 1.4 are obtained as:

∇2E = ê(∇2
⊥E +

∂2E
∂z2

+ 2ik
∂E
∂z

− k2E)ei(kz−ωt) + c.c., (1.10)

∂2E

∂t2
= ê(

∂2E
∂t2

− 2iω
∂E
∂t

− ω2E)ei(kz−ωt) + c.c., (1.11)

∂2P

∂t2
= ê(

∂2P
∂t2

− 2iω
∂P
∂t

− ω2P)ei(kz−ωt) + c.c., (1.12)

where Laplacian operator ∇2
⊥ = ∂2/∂x2 + ∂2/∂y2 represents the variation in the

transverse direction of the field. At this point we make an important approximation.
We assume that the variations in time and space of envelope functions E and P are very
small within the optical period and optical wavelength. This is a quasi monochromatic
field assumption and can be represented mathematically by following inequalities:∣∣∣∣∂2E∂z2

∣∣∣∣≪ ∣∣∣∣k∂E∂z
∣∣∣∣≪ |k2E|,

∣∣∣∣∂2E∂t2
∣∣∣∣≪ ∣∣∣∣ω∂E∂t

∣∣∣∣≪ |ω2E|, (1.13)
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6 Introduction

∣∣∣∣∂2P∂z2
∣∣∣∣≪ ∣∣∣∣k∂P∂z

∣∣∣∣≪ |k2E|,
∣∣∣∣∂2P∂t2

∣∣∣∣≪ ∣∣∣∣ω∂P∂t
∣∣∣∣≪ |ω2E|. (1.14)

The above approximation is known as the slowly varying envelope approximation
(SVEA) which leads to major mathematical simplifications. The SVEA approximation
plays a central role in laser physics and pulse propagation problems.
Substituting above derivatives into Eq. 1.5 and use the above inequalities in ignoring
the higher order partial derivatives with respect to z and t,

1

2ik
∇2

⊥E +
∂E
∂z

+
1

c

∂E
∂t

= 2πikP . (1.15)

This equation is the wave quation governing the dynamics of slowly varying electric
field envelope E through the material medium.
We are working in the regimes where the transverse variation of the field is little in
comparison with the variation in the propagation direction, z. So the first term in Eq.
1.15 can be ignored.

∂E
∂z

+
1

c

∂E
∂t

= 2πikP . (1.16)

For ease of numerical integration, we transform this equation into new variables

τ = t− z/c, ζ = z. (1.17)

so that ,
∂/∂z + c−1∂/∂t = ∂ζ, ∂/∂t = ∂/∂τ, (1.18)

and the wave equation Eq. 1.16 further simplified into an equation in one independent
variable ζ:

∂E
∂ζ

= 2πikP . (1.19)

The propagation of an em wave through the atomic medium is governed by this
equation. This equation determines how light propagates through a material medium
with polarization given by P . The real and imaginary parts of the complex polarization
drives the dispersion and absorption of the medium respectively.

1.1.2 Polarization and susceptibility of the medium

Equation 1.16 tells us how a plane electromagnetic wave responds to a given polarization
of the medium. But the polarization in turn is also affected by the em field. For atomic
gases without permanent polarization, it is the electromagnetic field itself that induces
the polarization. Thus the applied electromagnetic field drives the polarization of the
medium and vice versa. For a complete description, we need a relation between the
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1.1 Theoretical background of atom-field interaction 7

induced polarization and the field. The response of a dielectric medium for intense
electromagnetic fields, as in the case of lasers, is nonlinear in the field amplitude. On
a fundamental level, the anharmonic motion of bound electrons under the influence of
an applied field is attributed to as the origin of this nonlinear response. So, in the
most general case, polarization is a nonlinear function of the electric field expressed by

P = χ(1)E+ χ(2)EE+ χ(3)EEE+ · · · , (1.20)

where χ(j) is called jth order susceptibility. In general χ(j) is a tensor of rank j+1. The
dominant contribution to P is the linear susceptibility χ(1). Its effects are expressed
through the refractive index n and the attenuation coefficient α of the medium.
The second-order susceptibility χ(2) is nonzero only for media that lack an inversion
symmetry. It is responsible for nonlinear effects such as second-harmonic generation
and sum-frequency generation. The lowest order nonlinear term for atomic medium is
thus χ(3) which causes effects such as third-harmonic generation and four-wave mixing.
We can write Eq. 1.20 such that the total susceptibility is defined as the coefficient of
proportionality relating E and P.

P =
[
χ(1) + χ(2)E+ χ(3)EE+ · · ·

]
E = χE. (1.21)

The induced polarization Eq. 1.20 can be separated into linear and nonlinear parts as

P(r, t) = PL(r, t) +PNL(r, t). (1.22)

All the nonlinear terms are included in PNL(r, t). Generally, the only significant
contribution to the nonlinear polarization is limited upto third order, because all
higher order terms are small enough to be neglible. Because of the complex tensor
nature of polarization expressions, we can make some simplifying assumptions without
hindering the physical applicability. The nonlinear polarization PNL in Eq. 1.22 is
treated as a small perturbation to the total induced polarization. This is justified
because we are probing optical pulses which are weak in intensity to cause any
significant nonlinear effect. The envelope function of linear polarization is related to
the electric field through the relation:

PL(r, t) =
∑
β

∫ +∞

−∞

∫ t

−∞
dt′dr′χαβ(r − r′, t− t′)Eβ(r′, t′), (1.23)

where the linear susceptibility coefficient χαβ is a tensor of rank two for an anisotropic
medium, in which the response of the medium is different for different components
of the electric field. In the present thesis, the medium is isotropic and the complex
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8 Introduction

susceptibility, χαβ ≡ χ is a scalar quantity. Let us also assume that the medium
response is local which is justified in the electric-dipole approximation that will be
introduced in section 1.2. Thus Eq. 1.23 can be written as

PL(r, t) =

∫ t

−∞
dt′χ(1)E(r, t′). (1.24)

It is useful to write the wave equation Eq. 1.6 in the frequency domain by identifying
that the ∂2/∂t2 becomes −ω2 in Fourier domain.

(∇2 +
ω2

c2
) Ẽ(r, ω) = −4πω2

c2
P̃(r, ω), (1.25)

where Ẽ(r, ω) is the Fourier transform of E(r, t) defined by

Ẽ(r, ω) =

∫ +∞

−∞
E(r, t)eiωtdt. (1.26)

In frequency domain, the linear part of the polarization P simply reduces into
χ(1)(ω)Ẽ(ω, t). The linear susceptibility χ(1)(ω) is in general a complex quantity.
In the optical wavelength domain, χ(1) ≪ 1. Therefore an approximate linear relation
can be obtained connecting the refractive index n(ω) and the absorption coefficient
α(ω) of the medium with the real and imaginary parts of χ(ω) as given by

n(ω) = 1 + 2πRe[χ(1)(ω)], (1.27)

α(ω) =
4πω

c
Im[χ(1)(ω)], (1.28)

where Re and Im stand for the real and imaginary parts, respectively. Eq. 1.19 for a
linear polarization can be expressed in frequency space as

∂E
∂ζ

= 2πikχ(ω)E(ω). (1.29)

For a constant χ, the above equation is valid in the time domain also. For a medium of
length L, the output field after propagation can be obtained by solving this equation.
In general, the electric filed E is a function of time and space. We can find a steady
state limit in the linear regime so that E is independent of z. Then Eq. 1.29 in time
can readily be integrated to get for the output filed

E⃗out(z = L, t) = êEe2πikLχe−i(ωt−kz) + c.c.. (1.30)
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1.2 Atom-field interaction Hamiltonian 9

In general, when the optical frequency is near a medium resonance, the evaluation
of P requires a quantum-mechanical approach. In the next section, we will discuss
the Bloch formalism to determine the microscopic description of the polarization.
This leads to the description of the interaction between the matter and field to be
expressed in terms of coupled nonlinear partial differential equations which have to be
solved “self-consistently”. A complete description of atom-light coupling is given by
Maxwell-Bloch equations, which account for both time evolution of atomic states and
propagation of light through it.

1.2 Atom-field interaction Hamiltonian

As mentioned before, in semiclassical theory of light matter interaction, the atoms
constituting the medium are treated quantum mechanically, with their discrete energy
levels and interacting electromagnetic field obey Maxwell equations of motion. The
atom dynamics is described by density matrix formalism using Liouville’s equations
of motion. In this section we start with the derivation of atom field interaction
Hamiltonian. The dipole approximation is introduced to reduce this Hamiltonian into
a simple yet valid form. The density matrix formalism is subsequently given. The
atomic gas medium under consideration consists of alkali metal atoms with a single
outer electron. The outer electron is bound by Coulomb interaction potential V (r), r
being the position vector of the electron with respect to the nucleus. The classical
expression for Hamiltonian of such a bound electron of mass m and charge −e is
expressed as

H0 =
p2

2m
+ V (r), (1.31)

where p is the canonical momentum of the electron. This electron is acted on by an
external em field. From the fundamental theory of electromagnetism, the electric field
E and magnetic induction B associated with an em field can be expressed in terms of
the scalar and vector potentials Φ(r, t) and A(r,t) as:

E(r, t) = −∇Φ(r, t)− 1

c

∂

∂t
A(r, t), (1.32)

B(r, t) = ∇×A(r, t). (1.33)

The modified form of the above Hamiltonian for the atom-field system is obtained
from comparison of Lorentz force equation: F = −e[E + (V × B)/c] and classical
Lagrange’s equation. We use the above forms of electric and magnetic fields in the
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expression for F and arrive at the Hamiltonian of atom-field system:

H ′ =
1

2m

[
p+

e

c
A(r, t)

]2
− eΦ(r, t). (1.34)

Thus the total Hamiltonian of atom-field system takes the following form

H =
1

2m

[
p+

e

c
A(r, t)

]2
− eΦ(r, t) + V (r). (1.35)

Quantization of equation Eq. 1.35 is done by replacing the classical variables with the
corresponding quantum operators. Thus, momentum p → p̂ = −i~∇ , and the total
energy E → Ê = −i~∂/∂t, where ~ = h/2π is the reduced Planck’s constant. The
same Hamiltonian can be derived for a quantum system from a gauge invariant point
of view. We discuss it below. The dynamics of a quantum system is described by the
non-relativistic Schrödinger equation:

i~
∂

∂t
Ψ(r, t) = HΨ, (1.36)

where Ψ(r, t) is the wave function of the quantum system so that quantity |Ψ(r, t)|2
gives the probability density of finding an electron at position r and time t. The
electronic motion under Coulomb potential is described by,

i~
∂

∂t
Ψ(r, t) =

[−~2

2me

∇2 + V (r)

]
Ψ(r, t). (1.37)

The general solution of Eq. 1.36 can be written as:

Ψ(r, t) = ψ(r, t)eiχ(r,t), (1.38)

where χ is an arbitrary scalar function. Note that χ appears as a phase factor and
does not affect the physical state of the system. However, if the phase is a function of
both space and time variables, then the above solution does not satisfy the Schrödinger
equation Eq. 1.36. Since the probability density still remains invariant under this
transformation, we can modify the Schrödinger equation in order to satisfy phase
invariance. The modified Schrödinger equation is given by

i~
∂

∂t
Ψ(r, t) =

{
1

2m

[
−i~∇+

e

c
A(r, t)

]2
− eΦ(r, t) + V (r)

}
Ψ(r, t), (1.39)

where the functions A(r,t) and Φ(r, t) on right hand side of Eq. 1.39 represent the
usual vector and scalar potentials of the external electromagnetic field, respectively.
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1.2 Atom-field interaction Hamiltonian 11

The expanded form of total Hamiltonian Ĥ from this equation is written as

Ĥ = − ~2

2m
∇2− ie~

2mc
[A(r, t) · ∇+∇ ·A(r, t)]+

e2

2mc2
A(r, t) ·A(r, t)−eΦ(r, t)+V (r).

(1.40)
It is to be noted that the fields E and B and the wave equation Eq. 1.6 remain
invariant under the following gauge transformations

A(r, t) → A′(r, t) = A(r, t)− ~c
e
∇χ(r, t), (1.41)

Φ(r, t) → Φ′(r, t) = Φ(r, t) +
~
e

∂χ(r, t)

∂t
. (1.42)

This allows us to select Coulomb gauge or radiation gauge given by Φ(r, t) = 0 and
∇ ·A(r, t) = 0. The total Hamiltonian in radiation gauge becomes,

Ĥ = − ~2

2m
∇2 − ie~

2mc
A(r, t) · ∇+

e2

2mc2
A(r, t) ·A(r, t) + V (r). (1.43)

Now we introduce an important and useful approximation known as “dipole approxi-
mation’ which leads to substantial simplification of the interaction Hamiltonian.

Electric dipole Approximation

The vector potential describing the incident plane electromagnetic wave is expressed
by a vector A(r0 + r, t) defined as

A(r0 + r, t) = A(t)exp[ik · (r0 + r)], (1.44)

where r0 is location of nucleus of the atom. Now we make an assumption that the
wavelength of the interacting em field is much larger than the typical size of the atom,
i.e., kr ≪ 1, where |k| = 2π/λ. This is known as the “electric dipole approximation”
which essentially means that the spatial variation of electromagnetic field is nearly
constant over the dimension of the atom. Atomic size is of the order of Bohr radius
a0 ≈ 0.5 Å and optical wavelength ≈ 10−7m. Therefore it is safe to assume the dipole
approximation in our problems.
The vector potential can be written as

A(r0 + r, t) = A(t)exp[ik · (r0 + r)] (1.45)

= A(t)exp(ik · r0)[1 + ik · r + · · · ] (1.46)

≈ A(t)exp(ik · r0). (1.47)
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The total Hamiltonian for the atom-field interaction in the dipole approximation is
given by

Ĥ = − ~2

2m
∇2 + V (r)− ie~

2mc
A(r0, t) · ∇+

e2

2mc2
A2(r0, t). (1.48)

We now perform a gauge transformation using χ(r, t) = (−e/~c)A(r0, t). This trans-
forms the wave function Ψ(r, t) into the new form

Ψ(r, t) = exp

[−ie
~c

A(r0, t)

]
ψ(r, t). (1.49)

The electric field E at r0 in terms of the Coulomb potential is E(r0, t) = −1
c
∂
∂t
A(r0, t).

Putting this along with Eqs. (1.49) and (1.48) into Eq. 1.39 and simplifying,

i~
∂

∂t
ψ(r, t) =

{
− ~2

2m
∇2 + V (r) + er · E(r0, t)

}
ψ(r, t) (1.50)

= (H0 +HI)ψ(r, t), (1.51)

where H0 and HI denotes the unperturbed and interaction parts of the Hamiltonian
respectively. The simplified interaction Hamiltonian can be expressed in terms of the
dipole operator d = −er as

HI = er · E = −d · E. (1.52)

This is the form of interaction Hamiltonian being used in our study of atom-light
interaction problems. One of the simplest problems involving atom-light interaction is
a two-level atomic model system. In the next section, we present the basic theory and
results of a two-level atom interacting with a near resonant laser field.

1.3 Density matrix formalism

There are many mathematical tools available to treat problems in nonlinear and quan-
tum optics. We choose the density matrix formalism in treating our atomic system
because the density matrix has features that make it a natural choice. For example,
it permits one to ignore irrelevant parts of a problem and to focus mathematically
on the dynamics of interest. Also, it can be reduced to a rate equation treatment,
if desired. Density matrix is an excellent tool for problems involving light either to
probe, control or alter systems. It incorporates all important phases of fields and
polarizations responsible for some of the surprising phenomena encountered in optical
science. It can describe dephasing, coherent control, and relaxation processes in
a manner consistent with the occupation of various states of the system. Also, it
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1.3 Density matrix formalism 13

eliminates the need for detailed wavefunctions in predicting the important dynamics
in new systems. This section gives the basics of density matrix formalism and gives
the polarization expression in terms of density operator. This form of the polarization
will be used in our microscopic treatment of atomic medium.

In quantum theory, all possible information about a physical system is contained
in its state vector ψ. We define the density operator ρ as

ρ = ΣiPi|ψi⟩⟨ψi|, (1.53)

where Pi is the probability of the system to be in state ψi such that ΣiPi = 1. In the
particular case when all probabilities of states Pi of the system is zero except for one,
say ψ0, the system is said to be in a pure state. Pure state density operator is defined
by,

ρ = |ψ0⟩⟨ψ0|. (1.54)

The trace of any quantum mechanical operator O is defined by the expression:

Tr [O] =
∑
i

⟨i|O|i⟩ (1.55)

Some of the properties of density matrix operator are:

(i) Tr(ρ) = 1, normalization

(ii) For a pure state, Tr(ρ2) = 1.

We know that any physically relevant quantity of a quantum system can be extracted
from the wave function ψ by calculating the expectation value of the corresponding
operator O,

⟨O⟩qm = ⟨ψ|O|ψ⟩. (1.56)

For an ensemble of identical systems, we need to take an ensemble average over similarly
prepared systems,⟨⟨O⟩qm⟩ensemble, in addition to the quantum mechanical average. This
is done using density operator. Using the completeness relation Σi|i⟩⟨i| = 1, it is
straight forward to show that the expectation value of any operator O can be expressed
as

⟨O⟩ = Tr(Oρ). (1.57)

It follows from the definition of density operator that the above average is ensemble
average:

⟨⟨O⟩QM⟩ensemble = Tr(Oρ). (1.58)
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Also, it can be easity shown that Tr(Oρ) = Tr(ρO).

1.3.1 Liouville’s equation of motion for Density matrix

Taking time derivative of density operator (Eq. 1.53),

ρ̇ =
∑
i

Pi(|ψ̇i⟩⟨ψi|+ |ψi⟩⟨ψ̇i|), (1.59)

where dot denots time derivative. Using Schrödinger equation of motion, i~|ψ̇⟩ = Hψ,
the equation of motion for the density matrix can be expressed as

ρ̇ = − i

~
[H, ρ]. (1.60)

This equation is known as Liouville or Von Neumann equation of motion for the density
matrix. This equation contains both quantum as well as statistical information of the
system and so is more general than Schrödinger equation. Various decay mechanisms in
the system such as spontaneous emission and collisional effects can be incorporated by
adding phenomenological decay terms to this equation such that Eq. 1.60 is modified
into

ρ̇ = − i

~
[H, ρ]− 1

2
{Γ, ρ}, (1.61)

where {Γ, ρ} = Γρ+ ρΓ, and the relaxation matrix Γ is given by

⟨n|Γ|m⟩ = γnδnm, (1.62)

where γn are various decay constants.
Eq. 1.61 can be expanded for a single element ρij as

ρ̇ij = − i

~
∑
k

(Hikρkj − ρikHkj)−
1

2

∑
k

(Γikρkj + ρikΓkj). (1.63)

This formula is the key formula used in our treatment of pulse propagation in many
level atomic media for calculating ρij(t) to reveal population and polarization dynamics.

Induced polarization

Coupling between the light and the atomic medium through which it propagates
proceeds via polarization of the medium or atoms. The simple microscopic theory
of polarization is given below. During propagation, atom interacts with an external
electromagnetic field via its bound charges. The charge distribution of the atom is
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distorted in this process, creating a multipole moment. In the electric-dipole approxi-
mation introduced in the previous section, this moment is dominated by the electric
dipole d, neglecting all other terms of the multipole. This is because the wavelength
of light is much larger than the average distance of the electron from the nucleus. The
dipole is a quantity used in both classical and quantum mechanics. This provides a
rather convenient link between the behaviour of the classical electric and magnetic
fields, and the operator-based formalism underpinning the evolution of the atomic
ensemble. Treated classically, an electric dipole is a measure of charge separation in a
system of particles. A dielectric medium composed of N particles per unit volume has
a macroscopic polarization density P = N d̂, where d̂ is the mean dipole moment. In
quantum mechanics, the dipole operator d̂ is related to the quantum states that the
particles reside in. Since Eq. 1.57 is true for any operator, we can express the induced
polarization operator of the medium in this form. In the microscopical quantum level,
the polarization of a medium consisting of an ensemble of atoms with number density
N and dipole operator d̂ is defined as

P = N⟨d̂⟩ = NTr{ρd̂}. (1.64)

Once we know the density of the medium and relevant dipole moment operator, the
induced polarization can be calculated from the density matrix elements using this
equation. As can be seen from Eq. 1.63, the density operator contains the macroscopic
field information through the interaction Hamiltonian that we derived earlier in the
dipole approximation. So this gives an essential link between the microscopic and
macroscopic properties of the light-matter interacting system.

1.4 Two level systems

One of the simplest problems in atom-light interaction is a two level atom coupled with
a single mode of electromagnetic field. An atomic system is approximated as two level
system if a driving filed of single frequency is in resonance or nearly resonance with
only two levels of the atom while all other levels are highly detuned. Many essential
features of atom-light coupled system can be extracted from this simple model under
certain realistic approximations.

1.4.1 Rabi oscillations

Consider the incident single mode radiation of frequency ω interacting with two levels
of an atomic system, upper level |1⟩ and lower level |2⟩. These levels are the eigen
states of the unperturbed Hamiltonian H0 of the atom with eigen values ~ω1 and ~ω2
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respectively. The state of the system can be expressed as a linear combination of these

,p

∆
| 1 >

>| 2

2γ
ωΩ

Fig. 1.1 The energy level diagram of a two-level atom. A monochromatic laser field
is in nearly resonant with the transition between ground level |2⟩ and excited level
|1⟩. ω gives the frequency of the field, ∆ is detuning from resonance, Ωp is the Rabi
frequency and 2γ is the spontaneous emission rate from upper level |1⟩ to |2⟩.

two states:
ψ = c1|1⟩+ c2|2⟩, (1.65)

where c1 and c2 are the probability amplitudes of states |1⟩ and |2⟩. The corresponding
density operator can be constructed from its definition:

ρ = |ψ⟩⟨ψ| = (c1|1⟩+ c2|2⟩)(c∗1⟨1|+ c∗2⟨2|) (1.66)

= |c1|2|1⟩⟨1|+ |c2|2|2⟩⟨2|+ c1c
∗
2|1⟩⟨2|+ c∗1c2|2⟩⟨1|.

From this equation, we can see that the the elements of density matrix operator are
the bilinear combinations of probability amplitudes:

ρ11 ≡ |c1|2 ρ12 ≡ c1c
∗
2 ρ21 ≡ c2c

∗
1 = ρ∗12 ρ22 ≡ |c2|2

The unperturbed Hamiltonian H0 is given by

H0 = (|1⟩⟨1|+ |2⟩⟨2|)H0(|1⟩⟨1|+ |2⟩⟨2|) (1.67)

= ~ω1|1⟩⟨1|+ ~ω2|2⟩⟨2|.

The total Hamiltonian for the atom light coupled system is obtained by including the
interaction term to this.

H = H0 +HI , (1.68)

where HI is the interaction Hamiltonian representing the interaction of the atom with
the radiation field. In the dipole approximation, we have

HI =− er̂ · E(r, t) (1.69)
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=− e(|1⟩⟨1|+ |2⟩⟨2|)r̂(|1⟩⟨1|+ |2⟩⟨2|) · E
=− (d12|1⟩⟨2|+ d21|2⟩⟨1|) · E.

In Eq. 1.69, the electric dipole matrix element is defined by d12 = d∗
21 = e⟨1|r̂|2⟩, r̂ is

the position of the atom and E(r, t) is the electric field at the atomic position. For a
linearly polarized field along the z direction, r̂ replaces z. The total Hamiltonian Eq.
1.68 thus takes the form,

H = ~ω12|1⟩⟨1| − (d12 · E(r, t)|1⟩⟨2|+ d21 · E(r, t)|2⟩⟨1|), (1.70)

where we defined ω12 = ω1 − ω2 and the ground level |2⟩ is taken as zero energy level.
The electric field of the incident field can be expressed as

E(r, t) = êE(r, t)ei(k�r−ωt) + c.c., (1.71)

where E(r, t) is the slowly varying envelope, ê the polarization unit vector, k wave
vector and ω frequency of the field. Substituting the above form of the field in 1.70,
the complete expression for the Hamiltonian is expressed as

H = ~ω12|1⟩⟨1| − (d12 · êE(r, t)ei(k�r−ωt) + d12 · êE∗(r, t)e−i(k�r−ωt))|1⟩⟨2| (1.72)

− (d21 · êE(r, t)ei(k�r−ωt) + d21 · êE∗(r, t)e−i(k�r−ωt))|2⟩⟨1|.

We define quantities called Rabi frequencies as

Ωp =
d12 · êE(r, t)

~
eik�r , Ω̃p =

d12 · êE∗(r, t)

~
e−ik�r. (1.73)

The Hamiltonian is reduced into the simplified form,

H = ~ω12|1⟩⟨1| − ~(Ωpe
−iωt + Ω̃pe

iωt)|1⟩⟨2| − ~(Ω∗
pe

iωt + Ω̃∗
pe

−iωt)|2⟩⟨1|. (1.74)

Rotating wave approximation

Now we make a unitary transformation of the state vector :

|ψ(r, t)⟩ = Û |φ(r, t)⟩ (1.75)

= e−iωt|1⟩⟨1||φ(r, t)⟩,

so that the Schrödinger equation takes the new form in the transformed frame

i~
∂

∂t
|φ(r, t)⟩ = Heff |φ(r, t)⟩, (1.76)

TH -1529_10612104



18 Introduction

where the effective Hamiltonian Heff = Û †HÛ−i~Û † ∂Û
∂t

can be written in the following
form,

Heff = ~∆|1⟩⟨1| − ~(Ωp + Ω̃pe
2iωt)|1⟩⟨2| − ~(Ω∗

p + Ω̃p
∗
e−2iωt)|2⟩⟨1|. (1.77)

In this equation we can ignore the highly oscillating terms involving frequency 2ωt

in favour of the other terms because these averages out to zero within the time
scales involved since Ω̃p ≪ 2ω. This approximation is known as “rotating wave
approximation”(RWA) in optical physics. We use this approximation throughout this
thesis in defining the effective Hamiltonian involved. So the effective Hamiltonian is
free form explicit time dependence and is reduced into the simple form:

Heff = ~∆|1⟩⟨1| − ~Ωp|1⟩⟨2| − ~Ω∗
p|2⟩⟨1|. (1.78)

Using this Hamiltonian, the Lioville’s equation of motion Eq. 1.60 for the density
matrix elements takes the form,

˙ρ11 = iΩpρ21 − iΩ∗
pρ12, (1.79a)

˙ρ12 = ˙ρ21
∗ = i∆ρ12 + iΩp(ρ22 − ρ11). (1.79b)

These equations are known as Optical Bloch equations because of its structural
resemblance to the Bloch equations of magnetic spin 1/2 system [54]. The solution
of these equations have the following physical meaning : The diagonal elements ρii
gives the probability of the atom being in state |i⟩ while the off-diagonal elements ρij
gives the coherence between the levels |i⟩ and |j⟩. These coherences are related to the
polarization of the atomic system. The above equations can be solved by assuming
the initial condition that atoms are initially in the ground state |2⟩. The following
solutions are obtained:

ρ11 =
4|Ωp|2
Ω2

sin2

(
Ωt

2

)
, (1.80)

ρ12 =
2|Ωp|
Ω2

sin

(
Ωt

2

){
−∆sin

(
Ωt

2

)
+ iΩcos

(
Ωt

2

)}
, (1.81)

where Ω =
√
∆2 + 4|Ωp|2 is called the generalized Rabi frequency of the system. In

figure Fig.1.2, the population of upper level ρ11 is plotted against normalized time for
different values of ∆ normalized with the input amplitude of the field. It is observed
from the figure that in the special case of ∆ = 0, the population oscillates between
its maximum and minimum values 0 and 1 symmetrically. These oscillations of the
population is known as Rabi oscillations. The frequency of oscillation Ω = 2Ωp is
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Fig. 1.2 The Rabi oscillations in two-level atomic system. The excited state population
ρ11 as a function of normalized time for three values of field detuning.

called Rabi frequency of the system. For non-zero value of detuning, that is , the
off-resonant transitions, we can see that the maximum population in the upper level is
less than zero and the frequency of the oscillations increases. Ω here is the generalized
Rabi frequency.

1.4.2 Optical Bloch Equations with Decay

The optical Bloch equations described above, Eqs. (1.79) are not applicable to cases
where relaxation mechanisms are present. Some of the relaxation mechanisms present
in an atomic gas medium are spontaneous emission from upper level to lower level,
elastic collisions between atoms, inelastic collisions leading to decoherence. One
advantage of describing the atomic system in terms of a density operator ρ is that the
physical interpretation of its elements allows us to phenomenologically add various
relaxation terms directly to its elements. In presence of these decay processes, we need
to solve the full density matrix equations Eq. 1.61. The optical Bloch equations are
modified in this case into

˙ρ11 = −2γρ11 + iΩpρ21 − iΩ∗
pρ12, (1.82a)

˙ρ22 = 2γρ11 − iΩpρ12 − iΩ∗
pρ12, (1.82b)

˙ρ12 = −[Γ− i∆]ρ12 + iΩp(ρ22 − ρ11), (1.82c)

˙ρ21 = −[Γ + i∆]ρ21 − iΩp(ρ22 − ρ11). (1.82d)
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Fig. 1.3 The excited state population ρ11 of a two level system with decay, plotted as
a function of normalized time for three values spontaneous decay rate.

where 2γ is the spontaneous radiation decay rate from the excited state |1⟩ to the
ground state |2⟩. Γ = γ + γph is the dephasing rate of the coherence ρ12 and it is sum
of radiative and collisional rates. Figure 1.3 shows the plots of population including
spontaneous emission, with different values of emission rate γ. It shows that the Rabi
oscillations damped out rapidly and after a certain time, the system reaches a steady
state. So equations Eq. 1.82 can be solved by setting all time derivatives to zero. The
solutions obtained are

ρ11 =
|Ωp|2

(γ2 +∆2) + 2|Ωp|2
, (1.83)

ρ12 =
iΩp(γ + i∆)

(γ2 +∆2) + 2|Ωp|2
. (1.84)

The induced polarization is obtained by using Eq. 1.64.

P = N⟨d̂⟩ = NTr{ρd̂} = N (d21ρ12 + d12ρ21). (1.85)

As the susceptibility is the constant of proportionality relating E and P , using definition
of Ωp and the relation P = χE , we have for the susceptibility of the medium,

χ =
N|d12|2

~
i(γ + i∆)

(γ2 +∆2) + 2|Ωp|2
. (1.86)

Note that this expression includes both linear and nonlinear parts of the susceptibility.
It is a complex function of Rabi frequency and detuning. For a weak intensity of the
light field, only linear part can be retained without losing any physical information
of the system. As we have seen before, the transmission of the medium is given by
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Fig. 1.4 Real and imaginary parts of the normalized susceptibility plotted as a function
of normalized detuning, for a two level system. Ωp = 0.01γ

.

it’s imaginary part and the real part gives refractive index. In Fig.1.4, the real and
imaginary parts of the susceptibility are plotted against the normalized detuning
(scaled frequency) of the system for a weak intensity pulse. It is clear from the large
peak of the imaginary part in the figure that the light field experience very large
absorption near resonance. This limits utilization of the high dispersion as observed
from the plot of real part of susceptibility, because most of the light gets absorbed by
the medium.

However, atomic ensembles like phaseonium [55] exhibits less absorption and high
refractive index although its practical realization is limited mainly because of the
high pressure requirements which leads to various broadening. To get rid of this,
saturation absorption technique (SAT) is used in which an extra strong field applied
takes medium into a saturation stage and protects the weak probe field [56].

Self Induced Transparency

The coherence effects associated with a pulsed electric field are more diverse than
the simple Rabi flopping associated with a cw field. The simplest observable effect
in a pulsed system is the oscillation of the excited state population with pulse area,
described with the area theorem [10]. The area theorem shows that a pulse with area
less than π will be absorbed by the resonant medium, area of the pulse with initial
area lying between π and 2π eventually increses to 2π and a pulse of area 2π shows an
absorption free propagation. This pattern repeats and pulses having multiples of 2π
area eventually breaks up into series of 2π area pulses.
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Fig. 1.5 Three configurations of a three level system with two optical fields of Rabi
frequencies Ωp and Ωc

.

The ability of a 2π area pulse to travel through the medium without getting absorbed
is referred to as self-induced transparency (SIT) [57, 58], where a single pulse creates
transparency for itself. SIT was the first demonstration of atomic coherence at optical
frequencies.
McCall and Hahn showed that only pulse envelope of sech shape is consistent with
the area theorem as solution to the combined Maxwell-Schrödinger equations. Pulse
envelopes of different shapes were shown to undergo reshaping through the coher-
ent interaction with the medium so that the steady state pulse shape is always of
sech. Processes that cause incoherence such as spontaneous emission and collisional
broadening degrade the SIT phenomenon.

The susceptibility behavior of two-level atomic medium can be drastically modified by
introducing another field called control field into the system, essentially making it a
three-level configuration. This not only suppresses the high absorption, but also gives
steep dispersion properties of the medium which can be utilized in many diverse areas
of atom and optical physics. This will be discussed in detail in the next section.

1.5 Three level atomic system

Many aspects of atomic physics such as Rabi oscillations, radiation force used in
laser cooling and atomic clocks can be described on the basis of interaction between
light and matter in a two-level system. Natural generalization of two-level system is
three-level system, where two laser field couples two atomic transitions. It was realised
from early nineties that three-level systems can display novel features not possible in
the two-level system.
In this section we analyze the three level system dynamics and the phenomenon of
EIT in detail. An atomic system is called a three level system when each of the atom
can be modelled as a system consisting of three energy levels. First we will introduce
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1.5 Three level atomic system 23

the three level Λ system and following the procedure of the preceding section, get the
susceptibility of the system.

Formalism

Three level systems can be modelled in three different configurations based on the energy
levels chosen to represent the system. These are called ladder, V and Λ configurations,
so named because of the Greek letter the energy level diagram pictorially resembles
to. The three configurations are shown in figure Fig.1.5. Among the three different

1

Ω pωp,

,Ωc ωc

3

2

∆p ∆ c

Fig. 1.6 Energy level diagram of a three level Λ system
.

level structures, we analyze the Λ system in detail in this section. The studies in this
thesis is mainly based on the Λ system. The long living intermediate ground level of Λ
configuration allows longer coherence between the levels, making it a preferred choice
over the other two configurations.

The system under consideration is shown in figure Fig.1.6 which constitutes an upper
level |3⟩ and two ground levels |1⟩ and |2⟩ which are hyperfine levels of same ground
state. A strong control field of frequency ωc couples the levels |2⟩ and |3⟩. The field
under study, weak probe field, connects to the levels |1⟩ and |3⟩. The transitions
|1⟩ ↔ |2⟩ and |2⟩ ↔ |3⟩ are dipole allowed whereas the transition |2⟩ ↔ |3⟩ is
dipole forbidden. ∆c and ∆p represents corresponding detuning of the two fields from
resonance to the transition defined by,

∆p = ωp − ω13, ∆c = ωc − ω12. (1.87)

The structure of the two input fields coupling the levels are

Ec(r, t) = êcEc(t)eikc·r−ωct + c.c., (1.88)

Ep(r, t) = êpEp(t)eikp·r−ωpt + c.c., (1.89)
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where Ep(t) and Ec(t) are slowly varying amplitudes, êp and êc are the polarization
unit vectors, kp and kc are the state vectors of the probe and control field respectively.
The interaction between a three level Λ atomic system and the light filed can be
expressed in terms of the Hamiltonian

H = H0 +HI , (1.90)

where H0 represent the unperturbed Hamiltonian of the atomic system and HI the
interaction term of the atom-light coupled system. Interaction between the atom and
field is limited to the dipole interaction term as described earlier. The unperturbed
part of the Hamiltonian, considering level |1⟩ as zero energy level, can be expressed as

H0 = ~ω12|2⟩⟨2|+ ~ω13|3⟩⟨3|. (1.91)

The dipole interaction term between the atom and the optical field is expressed as:

HI = − [d13 · Ep(r, t) + d12 · Ec(r, t)] . (1.92)

Now we define the Rabi frequencies of the system

Ωp =
d13 · êpEp(t)

~
eikp·r, Ω∗

p =
d13 · êpE∗

p (t)

~
e−ikp·r, (1.93)

Ωc =
d12 · êcEc(t)

~
eikc·r, Ω∗

c =
d12 · êcE∗

c (t)

~
e−ikc·r. (1.94)

The state vector of an atomic system is represented by |ψ(r, t)⟩. Now we introduce
the rotating frame by applying a unitary transformation to the state vector ψ(r, t):

|ψ(r, t)⟩ = U |φ(r, t)⟩ = e−i(ωp|1⟩⟨1|+(ωp−ωc)|2⟩⟨2|)t|φ(r, t)⟩, (1.95)

so that the Schrödinger equation can be expressed in the new frame with the effective
Hamiltonian Heff :

i~
∂

∂t
|φ(r, t)⟩ = Heff |φ(r, t)⟩. (1.96)

Following the similar procedure applied for two level systems, using the above mentioned
unitary transformation, the effective Hamiltonian for this system under rotating wave
approximation can be expressed as

Heff = ~∆p|3⟩⟨3|+ ~(∆p −∆c)|2⟩⟨2| − ~(Ωp|3⟩⟨1|+ Ωc|3⟩⟨2|) + h.c.. (1.97)
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In this equation for effective Hamiltonian, we have ignored the counter rotating terms
in favour of the co-rotating terms.
The system dynamics is governed by the Liouville’s equation of motion for the density
matrix,

∂tρ = − i

~
[Heff , ρ] + Lγ[ρ], (1.98)

where the relaxation matrix is given by

Lγ[ρ] =− γ2
2
(|3⟩⟨3|ρ− 2|2⟩⟨2|ρ33 + ρ|3⟩⟨3|)

− γ1
2
(|3⟩⟨3|ρ− 2|1⟩⟨1|ρ33 + ρ|3⟩⟨3|) . (1.99)

In Eq. 1.99, decay constants γ1(2) represents spontaneous emission from upper state to
state |1(2)⟩. With the Hamiltonian Eq. 1.97, the density matrix equations of motion
of populations and atomic coherences are written as:

ρ̇33 = −(γ1 + γ1)ρ33 + iΩcρ23 − iΩ∗
cρ32 + iΩpρ13 − iΩ∗

pρ31, (1.100a)

ρ̇32 = −Γ32ρ32 − iΩc(ρ33 − ρ22) + iΩpρ12, (1.100b)

ρ̇31 = −Γ31ρ31 − iΩp(ρ33 − ρ11) + iΩcρ21, (1.100c)

ρ̇22 = γ2ρ33 − iΩcρ23 + iΩ∗
cρ32, (1.100d)

ρ̇21 = −Γ21ρ21 − iΩpρ23 + iΩ∗
cρ31, (1.100e)

ρ̇11 = γ1ρ33 − iΩpρ13 + iΩ∗
pρ31. (1.100f)

In Eq. 1.100, we define the quantities,

Γ31 = (γ1 + γ2) + i∆p, Γ32 = (γ1 + γ2) + i∆c, Γ21 = Γ− i(∆p −∆c). (1.101)

Decoherence of the ground level coherence ρ12 is given by Γ. The total population
conservation ρ11 + ρ22 + ρ33 = 0 is assumed in this system. Also, ρij = ρ∗ji from the
definition of density matrix. For simplicity in calculations, we asssume γ1 = γ2 = γ.

Steady state analysis of density matrix

The induced polarization of the medium of number density N for the probe field
acts as the source term in Maxwell’s propagation equation. The total polarization is
calculated as usual,

P = N⟨d̂⟩ = NTr{ρd̂} = N (d31ρ13 + d13ρ31 + d32ρ23 + d23ρ32). (1.102)
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We are interested in the optical susceptibility χ(ωp) at the probe frequency as given
by,

P = χ(ωp)E(ωp). (1.103)

To calculate the absorption and dispersion co-efiiceients of the probe field with frequency
ωp in the |3⟩ − |1⟩ transition, we derive a steady-state solution for ρ31. Since the probe
field intensity is small compared to that of control field, we can employ pertubative
solution to the equation Eq. 1.100. The polarization is expanded as a power series
in Ωp. In the steady state limit we can take ρ11 ≈ 1 since all population settles into
ground state. The linear part of the susceptibility χ(1)(ωp) obtained is given by the
expression:

χ(1)(ωp) =
N|d13|2

~
i [Γ− i(∆p −∆c)]

(2γ − i∆p) [Γ− i(∆p −∆c)] + |Ωc|2
. (1.104)

This equation reduces to the two-level susceptibility when Ωc = 0. In Fig.1.7, the

-5 -2.5 0 2.5 5

∆
p
/γ

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

ρ
1
3

Re[ρ
13

]

Im[ρ
13

]

Fig. 1.7 Real and imaginary parts of the normalized susceptibility plotted as a function
of normalized detuning, of a Λ system. Ωp = 0.01γ, Ωc = 0.75γ.

real and imaginary parts of the linear susceptibility in the presence of strong control
field is plotted as a function of normalized detuning ∆p/γ. The imaginary part of
the susceptibility plot in Fig.1.7 shows the vanishing of expected absorption of the
probe field at the line center. This means that in the presence of a strong control
field, the coherently driven medium becomes transparent to the weak probe field. This
phenomenon is referred to as “Electromagnetically induced transparency”, a term first
used by S. E. Harris [14]. The plot of real part of susceptibility shows a steep normal
dispersion, in contrast to the anomalous dispersion in two-level case, in the region of
transparency. This leads to ultra slow velocities, this point will be explained below.
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The steepness of dispersion curve can further be controlled by lowering the control
field strength and increasing the probe field strength. For example, at Ωc = γ ≈ Ωp,
a much narrower transparency window than the case of strong control field can be
obtained. The EIT is also accompanied by larger nonlinearities.
The vanishing of absorption at the line center can be understood by using the quantum
interference theory. It is well known that the transition amplitudes of atomic states
coupled via several possible alternative transition processes, interfere either construc-
tively or destructively to give the total transition probability [59]. In our case, the
atom from ground state |1⟩ can excite to the upper state |3⟩, that is, can be absorbed
in two ways. In addition to the direct path |1⟩ → |3⟩, the strong control field creates a
new path for the atom to reach the upper state, via |1⟩ → |3⟩ → |2⟩ → |3⟩. When the
two-photon detuning is zero, a destructive interference between these two probability
amplitudes occurs. This permits the propagation of a weak probe pulse through an
otherwise opaque atomic medium. Thus, it is the interference between alternative
excitation pathways between atomic states that lead to the effect of electromagnetically
induced transparency.

1.5.1 Dressed state analysis of three level system

Another way of explaining electromagnetically induced transparency applies the notion
of dressed states. Dressed states are the eigen states of the coupled atom-field system.
The effective Hamiltonian Eq. 1.97 in the rotating frame can be written in matrix
form taking the bare states |1⟩, |2⟩ and |3⟩ as basis:

Heff = −~

 0 0 Ω∗
p

0 −(∆p −∆c) Ω∗
c

Ωp Ωc −∆p


Eigen states and eigen values of this matrix is found in the usual way. For the case of
two photon resonance, ∆ = ∆p −∆c = 0, the eigen vectors are expressed as:

|a0⟩ = cos θ|1⟩ − sin θ|2⟩, (1.105)

|a+⟩ = sin θ sinφ|1⟩+ cos θ sinφ|2⟩+ cosφ|3⟩, (1.106)

|a−⟩ = sin θ cosφ|1⟩+ cos θ cosφ|2⟩ − sinφ|3⟩. (1.107)

In these equations, the quantities θ and φ are defined by the relations,

tan θ =
Ωp

Ωc

, tan 2φ =
2
√

|Ωp|2 + |Ωc|2
∆p

. (1.108)
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These eigen states are a coherent superposition of the bare states and are referred to
as dressed states. Corresponding eigen values are obtained to be,

λ0 = 0, (1.109)

λ+ =
~
2

[
∆p +

√
∆2

p + 4(|Ωp|2 + |Ωc|2)
]
, (1.110)

λ− =
~
2

[
∆p −

√
∆2

p + 4(|Ωp|2 + |Ωc|2)
]
. (1.111)

Note that the eigen value of the superposition state |a0⟩ is zero. This state is a linear
combination of the two ground states |2⟩ and |1⟩ and does not involve the excited
state |3⟩. The zero energy corresponding to this level means there is no coupling
to the laser field with this level. This level is known as dark state. If the systems
is prepared in this state, the population cannot be excited to the upper level and
the population remains trapped between the two ground states. This phenomenon
is known as “ Coherent Population Trapping”. It is first observed by Alzetta et.al.
[13] as decrease in fluorescence emission of sodium in three level Λ configuration. The
phenomenon appeared as a dark line inside bright fluorescent cell, hence the name
dark resonance is associated with it. In the usual CPT scheme, both coupling field
strengths are of comparable magnitude, Ωp ≈ Ωc. So interference effects arise from
both the fields. Now we consider the special case when the probe field is much weaker
than the control field, i.e, Ωp ≪ Ωc. In this case, only interference effects due to
processes driven by Ωc will be important. This is the situation in EIT schemes. The
dressed states of this case is given as

|a0⟩ = |1⟩, (1.112)

|a+⟩ = 1√
2
(|3⟩+ |2⟩), (1.113)

|a−⟩ = 1√
2
(|3⟩ − |2⟩). (1.114)

It is clear that state |a0⟩, which is ground state |1⟩, is identical to the dark state
here. The weak probe field does not couple to the excited state |3⟩ from this level,
whereas strong control field creates superposition of state |2⟩ and |3⟩. Two absorption
peaks are formed at ∆p = ±Ωc due to transition to dressed states. The EIT effect in
terms of dressed states can be explained as follows. The total probability of excitation
of population to the upper level is a linear combination of the probabilities to the
dressed states |a±⟩. These probabilities destructively interfere to give total probability
of excitation from ground state to excited state zero. This is illustrated in Fig.1.8.
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Fig. 1.8 (a) EIT scheme in bare states. (b) The dressed states. Destructive interference
between the probe absorption amplitudes due to these two dressed states leads to EIT.

EIT in Doppler averaged media

The optical frequency as seen by a moving atom is different from the frequency of the
laser beam because of the Doppler effect. In thermal vapor, the atoms are usually
in constant motion and have a Maxwellian velocity distribution. This results in an
inhomogeneous line-broadening, which is termed as Doppler broadening. For an atom
moving along the z direction with velocity v, the Doppler shift in frequency is given by

ω′ ≃ ω
(
1 +

v

c

)
. (1.115)

Thus the shift in detuning becomes,

∆doppler = kv, (1.116)

where k = ω/c, the propagation constant. Doppler broadening plays a crucial role to
control the width of the absorption or gain window of the thermal media. The spectral
features of the window become narrower in a Doppler broadened medium as compared
with the homogeneous medium [60, 61].

1.5.2 Pulse propagation in EIT media

The discussions so far considers EIT with monochromatic fields. Since our studies are
coherent control of pulse propagation, a brief discussion of pulse propagation though
EIT media is given here. The action of the EIT medium on the light pulses is quite
substantial, and a number of interesting new propagation phenomena are observed.
These effects are very important for a variety of applications.

Slow light

Form the Taylor series expansion of susceptibility χ(ω) of the medium and substituting
the resulting polarization expression into the Maxwell propagation equation, retaining
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terms upto first order, we can identify the group velocity of a pulse as :

vg ≡ Re

[
dω

dk

]
= Re

[
c

1 + 2πχ(ω0) + 2πω0
dχ
dω
|ω0

]
, (1.117)

provided Im [χ(ω0)] is vanishingly small or zero. The refractive index of the medium
given by n(ω) =

√
1 + 4πRe[χ(1)(ω)] can be approximated by n(ω) ≈ 1+2πRe[χ(1)(ω)],

since χ(ω) ≪ 1. So the group velocity expression can be conveniently written as

vg ≡ Re

[
dω

dk

]
= Re

[
c

n+ ω0
dn
dω

]
= Re

[
c

ng

]
. (1.118)

The quantity ng = n + ω0
dn
dω

is the group index. For normal dispersive medium,
dn/dω > 0. It leads to light propagating through the medium with subluminal
velocity, that is, group velocity slower in the medium than in vacuum. For the case
of anomalous dispersion, dn/dω > 0, which implies that n+ dn/dω < 1. This results
in light pulse propagation at a superluminal velocity, group velocity faster than in
vacuum. When vg = ∞, the condition n + dn/dω = 0 is satisfied. In this rare
situation, the response of the medium to the applied field is local. This indicates that
by manipulating the refractive index of the medium, the velocity of propagation of
a light pulse can be controlled [62]. In the EIT medium, the high positive value of
dn/dω, from steep normal dispersion at the resonance, allows for ultra-slow group
velocities within the transparency region. This lossless slowdown of a light pulse in
a medium is associated with a number of important effects. For example, the pulse
becomes spatially compressed in the propagation direction, which can lead to photons
or electromagnetic energy be temporarily stored in the combined system of atoms and
coupling field [40].

Stimulated Raman transitions

In a Raman transition, two atomic levels are coupled by absorption of a photon from
one laser beam (pump beam) and by stimulated emission of another photon into the
other beam (Stokes beam). The Λ configuration shown in Fig.1.6 can be used to
explain this, with ∆p = ∆c = ∆, Raman detuning. The pump beam couples levels
|1⟩ and |3⟩, while the Stokes beam couples levels |2⟩ and |3⟩. As a result the levels
|1⟩ and |2⟩ become coherently coupled by the Raman beams. The condition ∆ ≫ Γ,
Γ being the linewidth is to be satisfied by the system to avoid spontaneous emission
from the excited state and prevent resonant excitation to it. Both Raman beams are
characterized by the Rabi frequency Ωi. If the optical frequencies of the Raman beams
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are ωp and ωs, respectively, the Raman detuning δ is defined as δ = ωp − ωc − ω12, the
detuning from the two-photon resonance. It is shown experimentally by Harada et. al
that stimulated Raman scattering can disrupt EIT, where the incident probe beam is
depleted and new fields are generated via Raman processes [63].
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Chapter 2

Pulse-splitting in light propagation
through N-type atomic media

2.1 Introduction

It is known that EIT can be used to enhance the nonlinear susceptibility [38–42].
However, conventional EIT schemes are limited in their enhancement of nonlinear effects
due to the presence of considerable absorption [64]. Multilevel EIT-related atomic
systems are a possible route to circumvent these limitations. In this spirit, Schmidt
and Imamǒglu proposed a four-level N -configuration system in which the standard
EIT level scheme is augmented by an additional off-resonantly-driven transition for the
enhancement of the Kerr-nonlinearity [48]. This Kerr-nonlinearity was experimentally
observed in [65] and has many interesting applications. For example, the N -type
level system has been shown to exhibit cross-Kerr interactions [66] as well as the
phenomena of optical bistability [67] and optical switching [68] in cavity systems
and hollow-core optical fibres [69]. On the quantum level, the N -level system gives
rise to nonlinear optical interactions that can be conservative [70] or dissipative [71].
These two-particle interactions were employed for the realization of strongly correlated
polariton systems [72–74].

From a practical point of view, it is important to measure the effect of the Kerr-
nonlinearity on the probe field. An obvious and common way of probing an optical
system is by studying its response to an optical pulse. In particular, the polariton
systems in [72–74] involve a sequence where an input pulse is stored, processed and
then released for readout. An evident question is thus how the Kerr-nonlinearity in
the N -level system modifies the propagation of a weak, classical probe pulse. However,
up to now this problem has not received much attention [75].
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Fig. 2.1 (a) A block diagram of the system of interest. We assume that the control field
intensity is constant along the propagation direction. (b) Schematic representation of
four-level atoms in N -type configuration. We consider two J = 1/2 Zeeman manifolds
with excited states |1⟩ = |me = −1/2⟩ and |2⟩ = |me = 1/2⟩ and ground states
|3⟩ = |mg = −1/2⟩ and |4⟩ = |mg = 1/2⟩. The σ−-polarized control field Ec couples
to the transition |1⟩ ↔ |4⟩, and the π-polarized probe field Ep interacts with the
|1⟩ → |3⟩ and |2⟩ → |4⟩ transitions.

Motivated by this, in this work, we investigate the pulse propagation through a
coherent medium in N -type configuration, see Fig. 2.1. We solve the Maxwell-Bloch
equations governing the propagation dynamics numerically and consider resonant
driving of the Raman transition within the Λ sub-system. As a first result, we find
that a weak probe may propagate through the medium with low absorption and pulse
shape distortion, provided that the Kerr detuning of the probe field is sufficiently
large. However, at stronger probe pulse intensities, the numerical simulations predict a
splitting of the initially Gaussian pulse into sub-pulses, which subsequently propagate
through the medium without further splittings. To interpret these results, we derive a
simple analytical model for nonlinear pulse propagation through the N -type medium.
From this model, we conclude that the pulse splitting is a direct manifestation of
the self-phase modulation associated with the Kerr nonlinearity in the presence of
group velocity dispersion. The group velocity dispersion can be adjusted via the
detuning of the probe and control fields with respect to the excited state of the Λ

sub-system. Measuring the temporal pulse shape of the probe pulse at the output
thus indicates the strength of the Kerr nonlinearity experienced inside the medium.
A similar pulse splitting phenomenon should be observable in other systems with
EIT-enhanced nonlinearities giving rise to self-phase modulation effects. For example,
EIT in Rydberg systems [76] can give rise to giant photon non-linearities mediated by
the interaction between the Rydberg atoms [77–79].
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2.2 Theoretical model

We consider a homogeneous atomic medium interacting with two laser fields as shown
in Fig. 2.1(a). The weak probe and the strong control fields propagate in perpendicular
directions. The atomic four-level system in N -type configuration is depicted in
Fig. 2.1(b). In the following, we assume that this level scheme is realized with two
J = 1/2 Zeeman manifolds via polarization selection. The weak probe field with
central frequency ωp couples to the π-transitions [|1⟩ ↔ |3⟩ and |2⟩ ↔ |4⟩] and is
defined as

Ep(t) = eπEpei(kpx−ωpt) + c.c., (2.1)

where eπ is the polarization unit vector, kp = ωp/c and c is the speed of light. The
strong σ−-polarized control field with frequency ωc couples to the |1⟩ ↔ |4⟩ transition
and can be written as

Ec(t) = eσ−Ecei(kcz−ωct) + c.c., (2.2)

where kc = ωc/c. In electric-dipole and rotating-wave approximation, the semiclassical
Hamiltonian of the system is

Hint = −~(∆p −∆c)|4⟩⟨4| − ~∆p|1⟩⟨1|
− ~(∆p +∆P ′ −∆c)|2⟩⟨2|
− [(|2⟩⟨4| − |1⟩⟨3|)Ωp + |1⟩⟨4|Ωc + H.c.] . (2.3)

The Rabi frequencies of the probe and control fields in Eq. (2.3) are defined as

Ωp =
d24 · eπ

~
Ep , (2.4a)

Ωc =
d14 · eσ−

~
Ec , (2.4b)

where dij is the electric dipole moment for the transition between levels |i⟩ and |j⟩.
Note that d24 = −d13 according to the Clebsch-Gordan coefficients of the considered
J = 1/2 ↔ J = 1/2 level scheme. The detunings of probe and control fields are given
by

∆p = ωp − ω13 , (2.5a)

∆P ′ = ωp − ω24 , (2.5b)

∆c = ωc − ω14 . (2.5c)
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We model the quantum dynamics of the atoms using the master equation approach.
The matrix elements of the atomic density operator ρ obey the following equations,

ρ̇11 = −(γp + γs)ρ11 − iΩpρ31 + iΩ∗
pρ13

+ iΩcρ41 − iΩ∗
cρ14 , (2.6a)

ρ̇12 = −[γp + γs − i(∆c −∆P ′)]ρ12 + iΩcρ42

− iΩpρ32 − iΩ∗
pρ14, (2.6b)

ρ̇13 = −[(γp + γs)/2− i∆p]ρ13 + iΩcρ43

− iΩp(ρ33 − ρ11), (2.6c)

ρ̇14 = −[(γp + γs)/2− i∆c]ρ14 − iΩp(ρ34 + ρ12)

+ iΩc(ρ44 − ρ11), (2.6d)

ρ̇22 = −(γp + γs)ρ22 + iΩpρ42 − iΩ∗
pρ24 , (2.6e)

ρ̇23 = − [(γp + γs)/2 + i(∆c − (∆p +∆P ′))] ρ23

+ iΩpρ43 + iΩpρ21 , (2.6f)

ρ̇24 = − [(γp + γs)/2− i∆P ′ ] ρ24 + iΩp(ρ44 − ρ22)

− iΩcρ21 , (2.6g)

ρ̇33 = γpρ11 + γsρ22 − iΩ∗
pρ13 + iΩpρ31 , (2.6h)

ρ̇34 = [Γ + i(∆p −∆c)] ρ34 − iΩ∗
pρ14

− iΩpρ32 − iΩcρ31, (2.6i)

where γp [γs] is the decay rate of the π [σ] transition. These decay constants are related
through the Clebsch-Gordan coefficients of the level scheme and obey γs = 2γp = 2γ/3,
where γ is the total decay rate of each excited state. The decay rate of the ground
state coherence is denoted by Γ. The medium polarization induced by the probe field
can be expressed in terms of the off-diagonal density matrix elements ρ13 and ρ24 as

P = N (d31ρ13 + d42ρ24) , (2.7)

where N is the number density of the medium. The spatio-temporal evolution of the
probe pulse through the medium is governed by Maxwell’s equations. In the slowly
varying envelope approximation, we find(

∂

∂x
+

1

c

∂

∂t

)
Ωp = iη (ρ24 − ρ13) , (2.8)
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where

η = γ
Nλ2

8π
(2.9)

is the coupling constant and λ is the wavelength of the transition |1⟩ ↔ |3⟩. In order
to facilitate the numerical integration of the coupled Maxwell-Bloch equations in
Eqs. (2.6) and (2.8), we introduce a co-moving coordinate system

τ = t− x

c
, ζ = x. (2.10)

This change of coordinates reduces the partial differential equation in Eq. (2.8) to an
ordinary differential equation with respect to the independent variable ζ,

∂Ωp

∂ζ
= iη (ρ24 − ρ13) . (2.11)

Typical parameter values are N = 5×1011atoms/cm3, λ = 780 nm, and γ = 2π×106 Hz.
Throughout this work, we assume that the depletion of the strong control field
throughout its propagation can be neglected such that its intensity is independent of
position. We further choose values of ∆p and ∆c compatible with the resonant Raman
condition ∆p = ∆c, and hence we define

∆ = ∆p = ∆c . (2.12)

2.3 Numerical Analysis

We start our discussion with a numerical analysis of the probe field propagation
through the atomic four-level medium. To this end, we assume that the shape of the
input pulse at the medium boundary at ζ = 0 is given by

Ωp(ζ = 0, τ) = Ω0
pe

− (τ−τ0)
2

2σ2
p , (2.13)

where Ω0
p and σp are the amplitude and temporal width of the Gaussian pulse, respec-

tively. Furthermore, all atoms are assumed to be in the ground state |3⟩ initially.
Our choice of parameters is guided by the following considerations. For suitable
parameters, the N -type level scheme gives rise to self-phase modulation (SPM) due
to the optical Kerr effect [48, 71]. As a consequence, the probe field experiences an
intensity-dependent refractive index and thus acquires a time-dependent phase shift
in accordance with its temporal intensity profile. This time-varying phase can be
interpreted as a transient frequency shift. Furthermore, if the intensity of the probe
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Fig. 2.2 Intensity |Ωp/γ|2 of a weak probe pulse as a function of position and time for
different detuning conditions. The parameters in (a) and (b) are Ωc = γ, Ωp =

√
0.015γ,

σp = 30/γ, and Γ = 0.

pulse is sufficiently large, the SPM gives rise to characteristic modification of its Fourier
spectrum. For example, an initially Gaussian Fourier spectrum typically break up into
several peaks in the Fourier domain [80].

2.3.1 Weak probe pulses

In a first step we focus on weak probe pulses such that the effect of SPM is negligible.
To this end, we evaluate the Fourier spectra inside the medium and verify that typical
manifestations of SPM are absent. In this parameter regime the remaining system
parameters governing the probe pulse propagation are given by ∆ and ∆c. In the
following we discuss four different detuning conditions in order to systematically
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Fig. 2.3 Probe pulse intensities at the medium exit at ηζ/γ = 200. Parameters are
as in Fig. 2.2. To facilitate the analysis of the pulse widths, all pulses are shown
normalized to their respective peak values.

investigate the influence of the Raman detuning ∆ and Kerr detuning ∆P ′ . For this,
we evaluate all four combinations of ∆ and ∆P ′ being either 0 or 4γ:

(i) ∆ = 0 and ∆P ′ = 4γ ,

(ii) ∆ = 4γ and ∆P ′ = 4γ ,

(iii) ∆ = 0 and ∆P ′ = 0 ,

(iv) ∆ = 4γ and ∆P ′ = 0 .

The resulting pulse propagation dynamics is shown in Fig. 2.2. It can be seen that ∆P ′

crucially affects the absorption. The two cases with ∆P ′ = 0 lead to a transmission of
less than 10% of the probe pulse intensity through the medium. In contrast, the cases
∆P ′ = 4γ give rise to approximately 75% probe intensity transmission. This behavior
can be traced back to the absorption on the |4⟩ ↔ |2⟩ transition. Figure 2.3 shows the
effect of ∆, which affects the shape and width of the transmitted pulse, whereas its
effect on the transmitted intensity is small.
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Fig. 2.4 (a) Intensity |Ωp/γ|2 of a stronger probe pulse as function of the propagation
distance. Parameters are ∆ = ∆P ′ = 4γ and Ωp =

√
0.15γ; all other parameters are

chosen as in Fig. 2.2. (b) shows the corresponding probe pulse power spectra obtained
by Fourier transformation as function of the propagation distance.

2.3.2 Strong probe pulses

Next, we consider probe pulses with higher intensities such that the effect of SPM
is expected to become of relevance. Figure 2.4 shows the probe pulse propagation
dynamics as function of the propagation distance for case (ii), i.e., ∆P ′ = ∆ = 4γ.
The other parameters are chosen as in Figs. 2.2 and 2.3, except for the intensity higher
by a factor of 10. Panel (a) shows the temporal probe pulse shape throughout the
propagation. We find that the pulse gradually breaks up, until two fully separated
pulses are obtained at ηζ/γ = 100. The shapes of these sub-pulses remain Gaussian,
and they are found to subsequently propagate through the medium without further
break-up. However, the individual subpulses broaden as they propagate through the
medium, as it was also found in the corresponding weak probe pulse case of Fig. 2.2.
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Fig. 2.5 Propagation dynamics of a probe pulse with Ωp =
√
0.5γ and ∆ = ∆P ′ = 4γ.

All other parameters are chosen as in Fig. 2.2.

To further analyze this pulse break-up, Fig. 2.4(b) shows the power spectra of the
probe pulse throughout its propagation, obtained by Fourier transformation of the
temporal pulse shape. The power spectrum evolves from the Gaussian input spectrum
into a double-peaked structure which is a characteristic signature of the SPM effect.
A further numerical study reveals that the number of generated subpulses depends
on the initial probe field intensity. Figure 2.5 demonstrates that a three-peak pulse
can be generated from a single Gaussian probe pulse if the initial probe field intensity
is suitably increased. As expected, the precise shape of the output pulse depends
sensitively on the probe pulse intensity and the value of the detuning ∆. For example,
the three-peak shape in Fig. 2.5 turns into a two-peak structure if the three-photon
detuning is increased to ∆ = 8γ. Finally, we verified that the shaping and splitting
of the probe pulse does not rely on the initial Gaussian pulse shape and can also be
observed with non-Gaussian initial pulse shapes, such as secant-hyperbolic pulses.

2.4 Theoretical Analysis

Next, we provide a theoretical interpretation of the numerical results presented in
Sec. 2.3. To this end, we adapt the standard description of pulse propagation in optical
fibers [80] to our system.
We find that this model reproduces our numerical results accurately for weak probe
pulses where the SPM phenomenon is small. For parameters where the SPM effect
becomes dominant our model allows us to gain qualitative insights and provides an
intuitive explanation for the pulse splitting phenomenon described in Sec. 2.3.
Details on our simple model for the propagation of optical pulses in nonlinear media
inspired by the standard fiber optics approach [80] are provided in Appendix 2.5. There,
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we perform a perturbative analysis with respect to the probe field strength to derive
the linear susceptibility χ(ω) of the probe field, and find that the spatio-temporal
evolution of the probe pulse can be described by

(
∂

∂x
+

1

c

∂

∂t

)
Ωp = iη

(
3∑

n=0

βn
in

n!

∂nΩp

∂tn

)
+ iηRp |Ωp|2Ωp . (2.14)

The parameters βn and Rp are determined by the microscopic model introduced in
Sec. 2.2. In particular,

βn =
∂nχ

∂ωn

∣∣∣∣ω=0

∆p=∆c

(2.15)

is the n-th derivative of the medium susceptibility χ(ω) evaluated at the center
frequency ω = 0 of the probe pulse [see Eq. (2.28)]. Note that due to the approximations
used throughout the derivation, our model described by Eq. (2.14) is valid under the
following conditions. (α) The probe pulse must be sufficiently long in time such that
the atomic medium follows the probe pulse dynamics adiabatically. (β) The probe
field spectrum must be sufficiently narrow such that the Taylor expansion of the
linear susceptibility is justified [see Appendix 2.5 for details]. (γ) The probe field
intensity must be weak enough such that all non-linear effects are well described by
the third-order term proportional to Rp.

We start by analyzing the relevant model parameters, see Fig. 2.6. Panel (a) shows the
linear susceptibility χ(ω) as a function of frequency ω scanned across the probe pulse
center frequency ω = 0 [see Eq. (2.24)]. The parameter β0 is the linear susceptibility
χ of the probe field evaluated at ω = 0, and vanishes for resonant Raman fields [see
Eq. (2.12)] if the ground-state decoherence rate Γ is neglected. β1 is related to the
group velocity of the pulse via vg = [1/c + ηRe(β1)]−1, where Re denotes the real
part. The parameters β2 and β3 account for group velocity dispersion. The real and
imaginary parts of β2 [β3] are shown in Fig. 2.6(b) [(c)] as a function of the detuning ∆.
Both real and imaginary parts of β2 and β3 determine the width and amplitude of the
probe pulse at the output. For ∆ = 0 only the imaginary part of β2 is different from
zero. This term accounts for absorption due to the finite width of the EIT window
in frequency space. For larger values of ∆ the real part of β2 increases and describes
the change of the group velocity for frequencies away from the central frequency of
the pulse. In general, β3 represents a higher-order correction to the group velocity
dispersion. The nonlinearity due to the Kerr transition is proportional to Rp defined
in Eq. (2.23), and the dependence of Rp on ∆P ′ is shown in Fig. 2.6(d). The imaginary
part of Rp is only large for ∆P ′ ≈ 0, and hence absorption on the Kerr transition is
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Fig. 2.6 (a) Real and imaginary parts of the linear susceptibility χ in Eq. (2.27)
as a function of the Fourier component ω of the probe pulse envelope. We have
β0 = χ(0) = 0, and βn is the nth derivative of χ at ω = 0, see Appendix 2.5. The real
and imaginary parts of β2 [β3] are shown in (b) [(c)]. (d) Real and imaginary parts
of Rp as a function of the Kerr detuning ∆p′ for ∆ = 4γ. In (a)-(d), blue solid (red
dashed) lines show real (imaginary) parts and Ωc = γ.

small for ∆P ′/γ ≫ 1. Note that the quantitative impact of the term proportional to
Rp in Eq. (2.14) depends on the probe pulse intensity.

Equation Eq. (2.14) can be numerically solved using the split-step Fourier method
[80]. We find excellent agreement with the numerical results obtained in Sec. 2.3 for
parameters where the model conditions (α)-(γ) are met.

In particular, this is the case for all parameters where the SPM effect is small, and in
this regime the explanation of all phenomena in terms of the parameters βi and Rp

is straightforward. We begin with a weak probe pulse and a large detuning ∆P ′ on
the Kerr transition [cases (i) and (ii) in Sec. 2.3]. Since the imaginary part of Rp and
hence the absorption on the Kerr transition is small for these parameters, the probe
pulse can propagate through the medium without significant losses. The additional
broadening of the probe pulse in case (ii) as compared to (i) can be explained by
the non-zero group velocity dispersion for the parameters in (ii). Next we consider a
resonant Kerr field ∆P ′ = 0 [cases (iii) and (iv) in Sec. 2.3]. The strong damping of
the probe pulse found in Sec. 2.3 can be explained by the large imaginary part of Rp.
The Kerr transition hence destroys the EIT phenomenon and leads to absorption of
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Fig. 2.7 Comparison between the full numerical solution to Eqs. (2.6) and (2.8) [green
solid line] and the simple model in Eq. (2.14) [blue dot-dashed line]. The parameters
in (a) are Ωp = 0.025γ, σp = 50/γ, ∆ = γ and ∆P ′ = 3γ.. Results in (b) correspond
to Ωp =

√
0.15γ, σp = 30/γ, and ∆ = ∆P ′ = 4γ.

the probe pulse. The non-vanishing group velocity dispersion in case (iv) leads to an
additional broadening of the pulse as compared to (iii).

For a moderate probe pulse intensity, in our numerical analysis we found that the pulse
splits into two pulses as it propagates through the medium [see Fig. 2.4(b)]. In this
regime where the SPM effect is significant, our model in general is not sufficient for a
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quantitative description of the pulse propagation, since part or all of the conditions
(α, β, γ) are violated. However, in order to gain a qualitative insight into the pulse
splitting phenomenon, we identify a parameter regime where the pulse splitting occurs
and our model is still valid. This is shown in Fig. 2.7(a), where the pulse starts
splitting at the end of the medium, and there is a reasonable agreement between the
full numerical calculations and our theoretical model. From the model, the pulse
splitting effect can be understood as follows. The SPM associated with Rp results in
a splitting of the probe pulse in frequency space. In the presence of group velocity
dispersion described by β2 and β3, these pulses propagate at different speeds. This
explains the emergence of two different pulses in the temporal domain. Note that the
pulse splitting reduces the intensity of the individual pulses, and suppresses nonlinear
effects. Hence, the two pulses in Fig. 2.4(a) do not split again. Higher intensities such
as in Fig. 2.5 lead to three pulses in the temporal domain. Interestingly, this result
does not agree with the naive expectation that the pulse first breaks up in two pulses
that subsequently split up in two pulses each, giving rise to a total of four pulses. This
outcome is a manifestation of the non-linearity of the SPM phenomenon.
Finally, in Fig. 2.7(b) we compare the theoretical model to the full numerical simulation
for parameters as in Fig. 2.4(a). The pulse splitting effect is more pronounced than
for the parameters in Fig. 2.7(a). But clearly, for these parameters, the model is not
capable of reproducing the full result. The reason for the discrepancy between the
simple model in Eq. (2.14) and the numerical approach is that the conditions (α)-(γ) for
the validity of the model are not met for the considered parameters. In particular,the
probe pulse width in frequency space is not narrow enough to justify the adiabatic
approximation rigorously. Second, the linear susceptibility χ varies too strongly over
the width of the pulse in frequency space for ∆ = 4γ such that the expansion of χ
up to third order is insufficient. Third, the probe pulse intensity is not small enough
such that higher order terms beyond the third-order nonlinearity will contribute. An
improved model could be obtained by continuing the perturbative analysis to higher
orders, which, however, would not qualitatively affect our interpretation of the pulse
splitting phenomenon. The development of a more accurate model describing pulse
propagation in the non-perturbative regime is subject to further investigation.

2.5 Chapter conclusion

In this chapter, we have studied the propagation dynamics of a Gaussian pulse through
an atomic medium in four-level N -type configuration under different input conditions
of control and probe field intensities and detunings. As our first result, we have
found that at two-photon resonance condition with large Kerr detuning, distortionless
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propagation of the probe pulse with low absorption is possible. In contrast, when
the intensity of the probe pulse becomes higher, a splitting of the single Gaussian
input pulse into a sequence of pulses may occur. To interpret the origin of this pulse
splitting, we have derived a simple theoretical model for nonlinear pulse propagation in
our model system. The parameters of this model can be calculated from the system’s
steady state density matrix. We conclude that in particular an interplay between Kerr
nonlinearity and group velocity dispersion leads to the pulse splitting. The nonlinearity
leads to a decomposition of the probe pulse in frequency space. Subsequently, the such
formed subpulses propagate with different velocity due to group velocity dispersion,
such that a splitting in the time domain arises. The temporal shape of the probe pulse
at the output does thus indicate the strength of the self-phase modulation induced by
the Kerr-nonlinearity. Our numerical analysis has shown that the number of peaks can
be controlled by adjusting the laser parameters. For example, the group velocity can
be controlled by the detuning of the probe and control fields with the excited state of
the Λ sub-system. In addition, the Kerr-detuning and the laser intensities control the
magnitude of the self-phase modulation.

Appendix - model parameters

Here we outline the derivation of the model in Eq. (2.14) from Eqs. (2.6) and (2.8).
We assume that the probe field is sufficiently weak (|Ωp| ≪ γ, |Ωc|) and pursue the
perturbative approach outlined in [81, 82]. The atomic density operator is expanded
as

ρ =
∞∑
k=0

ρ(k), (2.16)

where ρ(k) denotes the contribution to ρ in kth order in the probe field Hamiltonian

Hp = −(|2⟩⟨4| − |1⟩⟨3|)Ωp + H.c. . (2.17)

In order to obtain the solutions ρ(k) we re-write the master equation (2.6) as

Lρ = L0ρ−
i

~
[Hp, ρ] , (2.18)

where the linear super-operator L0 is independent of the probe field. Inserting the
expansion (2.16) into Eq. (2.18) leads to the following set of coupled differential

TH -1529_10612104



2.5 Chapter conclusion 47

equations

˙ρ(0) = L0ρ
(0) , (2.19)

˙ρ(k) = L0ρ
(k) − i

~
[Hp, ρ

(k−1)], k > 0. (2.20)

Equation (2.19) describes the interaction of the atom with the control field to all orders
and in the absence of the probe field. Higher-order contributions to ρ can be obtained
if Eq. (2.20) is solved iteratively. Equations (2.19) and (2.20) must be solved under
the constraints Tr(ρ(0)) = 1 and Tr(ρ(k)) = 0 (k > 0).

First we consider the nonlinear term where we employ the adiabatic approximation,
i.e., we assume that the temporal length of the probe pulse is much longer than the
lifetime of the excited states. In this case we can find the nonlinear response of the
medium to the probe field by solving for the steady state of Eqs. (2.19) and (2.20) up
to third order in Hp and obtain

ρ(0) = |3⟩⟨3| . (2.21)

Under the resonance condition ∆ = ∆p = ∆c the only non-zero terms contributing in
Eq. (2.8) are ρ(3)24 and ρ(3)13 . We find

ρ
(3)
24 − ρ

(3)
13 = Rp|Ωp|2Ωp , (2.22)

where

Rp = − 2

(∆P ′ + iγ/2)|Ωc|2
. (2.23)

Next we calculate the dominant correction arising from the spread of the probe pulse
in frequency space. To this end we consider the Fourier expansion of the slowly varying
probe pulse envelope,

Ωp(t) =

∞∫
−∞

Ω̃p(ω)e
−iωtdω . (2.24)

We solve Eqs. (2.19) and (2.20) up to first order and obtain

ρ
(1)
13 (t) = −

∞∫
−∞

χ(ω)Ω̃p(ω)e
−iωtdω , (2.25)
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where

χ(ω) = − ω +∆p −∆c

(ω +∆p + iγ/2)(ω +∆p −∆c)− |Ωc|2
. (2.26)

There are no other terms up to first order contributing to the coherences ρ13 or ρ24,
and χ is shown in Fig. 2.6. If χ is slowly varying over the typical width of the probe
pulse, we can expand χ in a Taylor series around ω = 0. For ∆p = ∆c = ∆ and up to
third order we obtain

χ(ω) ≈
3∑

n=0

ωn

n!
βn , (2.27)

where

βn =
∂nχ

∂ωn

∣∣∣∣ω=0

∆p=∆c

. (2.28)

The coefficients βk are shown in Fig. 2.6 and given by

β0 = 0 , (2.29)

β1 =
1

|Ωc|2
, (2.30)

β2 =
2(∆ + iγ/2)

|Ωc|4
, (2.31)

β3 =
6[|Ωc|2 + (∆ + iγ/2)2]

|Ωc|6
. (2.32)

Inserting the expansion (2.27) into Eq. (2.25) gives

ρ
(1)
13 (t) ≈ −

3∑
n=0

βn
in

n!

∂nΩp

∂tn
. (2.33)

In summary, the right-hand side of Eq. (4.7) can be written as

iη(ρ24 − ρ13) ≈ iη
[
ρ
(3)
24 − ρ

(3)
13 − ρ

(1)
13

]
. (2.34)

Substituting the results from Eqs. (2.22) and (2.33) into Eq. (2.34) allows us to obtain
Eq. (2.14).
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Chapter 3

Microwave controlled efficient Raman
sub-harmonic generation

3.1 Introduction

Optical systems in three level atomic configuration generalized by introducing more
levels and couplings between different levels with optical and low-frequency microwave
fields is shown to exhibit many new properties [83, 84] . Some of the interesting
observations in these systems include four-wave mixing of optical and microwave
fields[85, 86], study of double dark resonances[45, 87]. A low frequency field coupling
two lower levels (LL) along with two optical fields form closed three level Λ system [88–
93]. In closed Λ systems, the LL field perturbes the EIT and induces new coherences
which lead to better control over optical properties of the media such as dispersion,
absorption and nonlinearity [88–96]. Studies in closed Λ system make use of perturbed
low frequency coherence induced by the additional field resulting in better storage
and retrieval of light, phase manipulation of EIT, generation of new frequencies
[89, 91, 94, 96]. In nonlinear wave mixing process , the interaction of two or more
frequencies results in the generation of new frequencies. It is known that nonlinear wave
mixing [97] between intense Stokes and anti-Stokes optical fields of Raman processes
interacting in multilevel atomic system can produce a comb of Raman sub-harmonics
[98]. The generation of such broad comb of Raman side bands has been an active
area of research [99–103] owing to the fact that these sidebands can be synthesized
as short pulse trains [104, 105]. The efficient short pulses generation has important
applications in material processing, laser surgery, optical frequency metrology, and
communications. Competition between stimulated Raman scattering (SRS) and
electromagnetically induced transparency (EIT) has been studied experimentally by
Harada et al [63]. They showed that an inhomogeneously broadened dense atomic
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medium can destroy intensities of the incident fields whereas new fields via Raman
processes can be successfully generated. Linear [63] and non-linear [106] theory have
been adopted to understand SRS and EIT processes. The optical density is found to be
the controlling parameter of this processes [63, 106]. In this work, we propose a novel
scheme for efficient Raman sub-harmonic generation by exciting hyperfine coherences
of the lower level metastable states in an atomic system with atoms in a closed three
level Λ-configuration. Note that, such hyperfine coherence between ground levels of a
Λ system has been investigated earlier in connection to manipulation of EIT effects
for sub and superluminal light propagation, and modulation of line shape for CPT
masers[107–109].

The key feature underlying Raman sub-harmonics generation is microwave induced
hyperfine coherence between the two lower level metastable states. We show explicitly
how the amplitude and phase of the microwave field generate controllable spectral
amplitudes of Raman sub-harmonics. The main feature of our work is the creation of
lower and higher order sub frequency Raman sidebands by manipulating the hyperfine
coherence with variable amplitude and phase of the microwave. Our scheme is viable in
currently available atomic vapor cells thereby opening the way for efficient sub-harmonic
generation in standard experimental setups.

3.2 Theoretical model

The system under consideration is an atomic vapor modelled in closed Λ configuration
as depicted in Fig. 3.1. The dipole allowed transitions |a⟩ ↔ |i⟩(i = b, c) are coupled by
the weak optical fields and the dipole forbidden transition |b⟩ ↔ |c⟩ is further coupled
by a strong microwave field. The dynamics of the atomic system thus becomes notably
different from a typical EIT scheme [see Fig. 1(a)], and other nonlinear processes
starts to become significant. Here we show that a band of Raman sub-harmonics
can be generated efficiently in this atomic system with the amplitudes, phases and
detuning parameters of the three fields properly selected.

The input field E(z, t) is selected such that it couples to both transitions |a⟩ ↔ |c⟩
and |a⟩ ↔ |b⟩ simultaneously. The form of input field is written as,

E(z, t) = E(z, t)e−iνct + c.c, (3.1)

where E(z, t) denotes the net field . It gives the generated field at the output of the
medium. At the input face of the medium E(z, t) contains both control and probe
field components:

E(z, t) = Ec + Epe−i(νp−νc)t. (3.2)

TH -1529_10612104



3.2 Theoretical model 51

!"#$%&

!"#$%&

!

'(

!" ))&

!" ))&)*)!" )&! "
!" )&)

!" ))&)

!" )&)

!" )&)

!

#

$#

"%

!"#

!$#

!

"

#

"

!

#

!# #

!! !

!" ))&)

E(t)e−iνct
E(νc) + E(νp)

E(νµ)

|4P1/2〉

|4S1/2(F = 1)〉

|4S1/2(F = 2)〉
|c〉

|a〉

|b〉

Fig. 3.1 (a) Schematic diagram of a three-level atomic system with energy spacing ωbc

between two ground states |c⟩ and |b⟩ in a typical EIT setup. The control field with
frequency νc and probe field with frequency νp act on the atomic transitions |a⟩ ↔ |c⟩
and |a⟩ ↔ |b⟩, respectively. (b) Same three-level Λ system as (a) but in presence of the
microwave field. The space-time-dependent field E(z, t) can now couple to both the
optical transitions generating Raman Stokes and anti-Stokes frequencies along with
the pump and probe frequencies.

The cell is placed in a microwave cavity and microwave field couples the dipole forbidden
lower levels This creats coherence among the lower states which as we will see later
are responsible for generation of the Raman sub-harmonic fields in the system.

We consider the form of microwave field as,

Eµ(z, t) = Eµ(z)e−i(νµt+θµ), (3.3)

where Eµ(z) = Eµeikµz is the amplitude of the microwave field inside the cavity, νµ is
the microwave frequency, and θµ is the phase of the microwave field.

The Hamiltonian for our three level system in the dipole approximation can be written
as,

H =
∑
k

~ωk|k⟩⟨k| − [℘abE(z, t)|a⟩⟨b| (3.4)

+ ℘acE(z, t)|a⟩⟨c|+ ℘cbEµ(z, t)|c⟩⟨b|+ h.c]

where k = a, b, c and ℘αβ = ⟨α|℘̂|β⟩ is the dipole moment of the corresponding
transition (|α⟩ ↔ |β⟩).
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3.2.1 Density matrix equations of atomic system

We take a master equation approach to investigate the space-time dependent dynamics
of the atomic system in presence of relaxation processes. The corresponding Louville
equation of motion is given by,

∂tρ = − i

~
[H , ρ] + Lγ[ρ] (3.5)

where ρ is the density operator of the system, and Lγ[ρ] is the Lindbald operator
representing the relaxation processes.

Lγ[ρ] =− γb
2
(|a⟩⟨a|ρ− 2|b⟩⟨b|ρaa + ρ|a⟩⟨a|)

− γc
2
(|a⟩⟨a|ρ− 2|c⟩⟨c|ρaa + ρ|a⟩⟨a|) . (3.6)

The relaxation rates of the coherences in our model system are given by Γab =

(γb + γc)/2 + i∆′,Γac = (γb + γc)/2 + i∆ and Γbc = γp + iωbc respectively with
∆′ = ωbc −∆ and ∆ = νc − ωac . Here γk(k = b, c) being the spontaneous emission
rate of the excited state |a⟩ to the states |b⟩ and |c⟩ respectively. The non-radiative
decay rate of the lower levels is taken to be γp. The population and coherences can be
evaluated by expanding equation (3.5) in the basis {|a⟩, |b⟩, |c⟩}[106]. In doing so we
work in a frame rotating with frequency νc to eliminate the highly oscillating terms.
The full density matrix equations of motion for populations and coherences under
rotating wave approximation is written as

σaa = −(γb + γc)σaa + iΩσba − iΩ∗σab + iΩσca − iΩ∗σac, (3.7a)

σab = −Γabσab − iΩσaa − σbb + iΩσcb − iΩµe
−iΦσac, (3.7b)

σac = −Γacσac − iΩ(σaa − σcc) + iΩσbc − iΩ∗
µe

iΦσab, (3.7c)

σbb = γcσaa − iΩσba + iΩ∗σab − iΩµe
−iΦσbc + iΩ∗

µe
iΦσcb, (3.7d)

σbc = −Γbcσbc − iΩσba + iΩ∗σac − iΩ∗
µe

iΦ(σbb − σcc), (3.7e)

σcc = γbσaa − iΩσca + iΩ∗σac + iΩµe
−iΦσbc − Ωµ∗eiΦσcb (3.7f)

where Φ = νt+ θµ. The space-time dependent Rabi frequency corresponding to the
optical and microwave fields are defined by Ω(z, t) = ℘⃗ · E/~ and Ωµ(z, t) = ℘⃗cb · Eµ/~.

3.2.2 Field propagation equations

We use Maxwell’s wave equations to investigate the non-linear response of the medium
on the propagating optical fields in presence of the microwave field. The wave equation
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for the net generated field under slowly varying envelope approximation at the output
for thin atomic number density can be written as

∂E(z, t)

∂z
+

1

c

∂E(z, t)

∂t
= 2πiκP(z, t), (3.8)

The induced macroscopic polarizations P(z, t) is connected to the coherences in the
system by the relation,

P = (℘abρab + ℘acρac) e
−iνct. (3.9)

Thus the dynamical behaviour of the field as it propagates in the system is governed
by the generated coherences due to the atom-field interactions. For later convenience
with simulation we rewrite Eq. (3.8) in terms of the Rabi frequencies of the field.(

∂

∂z
+

1

c

∂

∂t

)
Ω(z, t) = i

η

2
(σac + σab) (3.10)

where η = 3λ2Nγ/4π. Note that the coherences σij, (i = a, j ∈ b, c) in the original
frame are given by ρije−iνct.

3.2.3 Thermal Averaging

In a realistic gas medium, the finite velocity of the moving atoms cause a Doppler
shift in frequencies as seen by the atoms. This results in an inhomogeneous line
broadening. The response of the net generated field in an inhomogeneously broadened
medium can be obtained by averaging the coherences over the Maxwell-Boltzmann
velocity distribution of the moving atoms. We incorporate the atomic motion by
introducing velocity-dependent field detunings ∆(v) = ∆−kv, where kv is the Doppler
shift experienced by an atom with a velocity component v in the direction of the
propagation of the fields. A complete account of the Doppler broadening is given
in the appendix. The averaged value coherence is represented by writing it within
angular brackets ⟨σij⟩. It is defined as

⟨σij⟩ =
1√
2πD2

∫
σije

−(kv)2/2D2

d(kv). (3.11)

The Doppler width D at temperature T is defined by D =
√
kBTν2c /Mc2 where M is

the atomic mass and kB is the Boltzmann constant. We estimate the Doppler width
D at T=313K as 50γ. Thus the dynamics of the generated fields is expressed by the
propagation equation, (

∂

∂z
+

1

c

∂

∂t

)
Ω(z, t) = i

η

2
⟨(σac + σab)⟩ (3.12)
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Fig. 3.2 The amplitudes of the different Fourier components of the input and output
field is plotted against the normalised frequencies at different normalised propagation
length ηζ/γ. (a) & (b) shows the field amplitudes in the absence of microwave field, (c)
&(d) depicts the generation of subraman fields with strong mocrowave coupling. The
inset of (d) shows zoomed version of the generated Raman Stokes sub-harmonic fields in
the presence of the microwave field. We choose the common parameters of above graphs
as given by Ω = 0.75γ, Ep/Ec = 0.4, ∆ = ∆′ = 0, γp = 0, ωbc = 75γ, γ = 38× 106s−1.
The Doppler width parameter D is 50γ at T=313K and the wavelength λc ≈ 770 nm.

3.3 Numerical Results and Discussions

Equation (3.5) for the atoms along with the propagation equation for the optical fields
(3.12) are solved numerically in the moving co-ordinate system τ = t− z/c, ζ = z

with the following initial conditions: atoms are initially in the state |b⟩, microwave
field is in resonance with the |b⟩ ↔ |c⟩ transition and at the input face of the medium,
control, probe and microwave fields are continuous waves. Furthermore, for numerical
simplicity we have assumed that ℘ab = ℘ac = ℘ and γb = γc = γ/2. We calculate the
output field E(l, τ) in terms of the space-time dependent Rabi frequency Ω(l, τ) and
perform a fast Fourier transform to obtain the different Fourier components of the
field at the output face of the medium.
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3.3.1 Numerical results

We now present the key findings of our work - generation of the ground state coherence
by the strong microwave field and its effect on the generated output field in an
inhomogeneously broadened atomic medium. Our results are based on simulations
carried out with experimental parameters corresponding to the level scheme 4S1/2(F =

1) ≡ |b⟩, 4S1/2(F = 2) ≡ |c⟩ and 4P1/2 ≡ |a⟩ of 39K[110].
In Fig. 3.2 we show the amplitudes of frequency components in the field at the input
and output face of the medium in the presence and absence of the microwave field.
Without the microwave field, the output spectrum consists of control, probe, Raman
Stokes and anti-Stokes field components and their higher harmonics. The higher order
harmonics are weaker in intensity. It can be seen that in the presence of microwave field,
new frequency components appeared in the output field spectrum. Each frequency
harmonic of the Raman spectrum shows a comb of sub frequencies with frequency
separation equal to two times the Rabi frequency of the microwave field as shown in
Fig. 3.2(d). The numerical result leads to expressing the generated field expression at
the output of the medium into the form

E(t) =
∑
m

∑
n

E (±n,±m)e±inωbct±2imΩµt (3.13)

Here E (±n,±m) gives the strength of the mth order sub harmonic of nth order Raman
fields for n,m > 0. The Rabi frequency of the microwave field is denoted by Ωµ. It
is also seen from Fig. 3.2(d )that the Raman sub-harmonic processes dominate over
the Raman processes at length ηζ/γ = 500. We also found that all Raman processes
gradually diminishes whereas sub-Raman processes slowly enhance in amplitude during
the length of propagation. The normalized propagation length ηζ/γ = 500 corresponds
to the actual length of the medium L∼ 7 cm for the atomic density N = 5 × 1010

atom/cm3.

3.3.2 Discussion

To explain the generation of Raman sub-harmonic components in the Raman spectrum,
we provide an intuitive picture of the process involved in terms of dressed states. The
schematic explanation is shown in Fig.3.3. The bare state level configuration is shown
in Fig.3.3a. The strong microwave driving of the lower two states |c⟩ and |b⟩ creates
superposition dressed states |+⟩ and |−⟩ with an energy separation of ωbc + 2Ωµ as
shown in Fig. 3.3b. Fig. 3.3c and 3.3d shows the sub-harmonic sideband generation
in the Raman spectrum due to the formation of this dressed levels. The weak optical
fields couple the levels |a⟩ ↔ |+⟩ and |a⟩ ↔ |−⟩ thereby generating all range of
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Fig. 3.3 Schematic explanation of generation of sub-harmonics in the Raman spectrum.
(a) Bare state picture, (b) dressing of the lower levels due to presence of strong
microwave coupling. (c) Generation of lower order Raman sub-harmonics ω

RS
(d)

generation of higher order Raman sub-harmonics ω
RS

. ωi = ωc ± nωbc.

Raman harmonics and sub-harmonics as given in Eq. (3.13). Note that the Raman
harmonic frequencies are ωi = ωc±nωbc. The system emits the radiation at the Raman
sub-harmonics that can be determined by the microwave Rabi frequency and energy
separation between two lower levels of the Λ system.

Next we study the behaviour of Raman sub-harmonics with medium length at two
different phases of the microwave field. The relative phase difference between the
applied fields can drastically modify the coherences and populations of a closed loop
three level atomic system [111]. Fig.3.4 depicts amplitude of the generated prominent
sub-harmonic of stokes and anti-stokes fields as a function of propagation distance for
two different values of θµ. The figure clearly shows that the spectral amplitudes of
generated Raman sub-harmonics can be suppressed by the introduction of a phase θµ
of π/2 of microwave field at low densities. In order to see the role of this microwave
induced atomic coherence on the Raman sub-harmonic Stokes and anti-Stokes fields
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Fig. 3.4 The spectral amplitudes of Raman sub-harmonic Stokes(a) and anti-Stokes(b)
fields as a function of the medium length for a homogeneously broadened medium for
two different phase parameter θµ The parameters are same as Fig.3.2.
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Fig. 3.5 (a) The spectral amplitudes of coherences of corresponding Raman sub-
harmonic Stokes and anti-Stokes fields in fig. 3.4 as a function of the medium length
for a homogeneously broadened medium. The parameters are same as Fig.3.2.

generation, we investigate the Fourier components of the coherence between the levels
|a⟩ and |c⟩ at frequency νc − ωbc − 2Ωµ and that between the levels |a⟩ and |b⟩ at
frequency νc + 2ωbc − 2Ωµ. These coherences are plotted in Fig. 3.5 for two values of
microwave phase θµ, as in Fig. 3.4. It can be seen that the behaviour of the fields in
Fig.3.4 and corresponding coherences in Fig.3.5 follow same pattern . This justify the
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Fig. 3.6 The spectral amplitudes of the (a) population σii, (i ∈ b, c) and (b) hyperfine
coherence σbc are plotted as a function of medium length. Two lower level ground states
populations have same amplitude and oscillation frequency νc − 2Ωµ. The parameters
are same as in Fig.3.2.

intuitive explaination given before and shows that these are the sub-harmonic field
components realated to the respective coherences.

Note that simulations have been carried out with γp = 0. However the results can
be generalised to include buffer gas with γp = 0.001γ. We found that the nature of
the Raman sub-harmonic spectrum is unaffected whereas the spectral amplitude is
suppressed in the presence of buffer gas.

In Fig.3.6, we show the hyperfine coherence σbc(νc + ωbc − 2Ωµ) and the populations
in the ground states σii(νc − 2Ωµ)(i = b, c) as a function of optical density. We
have noticed that the hyperfine coherence σbc(νc + ωbc − 2Ωµ) and the population
σii(νc − 2Ωµ)(i = b, c) are zero in absence of microwave field. The scattering between
newly generated hyperfine coherence σbc(νc + ωbc − 2Ωµ) with optical fields νi leads to
nonlinear generation of Raman sub-harmonic field at sum and difference frequencies
νi± (νc+ωbc−2Ωµ) [52]. Hence the microwave induced hyperfine coherence modulates
the refractive index of the medium and impress frequency sidebands into the laser
field. Fig.3.6 also depicts that the hyperfine coherence can be greatly suppressed by
changing the phase of the microwave field and generated Raman sub-harmonic fields
are of small in amplitude as shown in Fig.3.4. Hence microwave induced hyperfine
coherence is responsible for creation of the Raman sub-harmonic generation.
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3.3.3 Comparison with cold atomic gas

When the medium consists of cold atoms, we can ignore the effects of atomic motion.
The equations of motion can be solved without averaging the coherences over the
velocity distribution due to Doppler effect. We have performed a comparative study of
the results for the two cases. In Fig. 3.7, the amplitudes of subharmonic frequencies
of fig. 3.2 is plotted with and without Doppler averaging. The graphs show that the
Doppler averaging has the effect of reducing the generated field amplitudes to about
half. Similar graphs corresponding to the coherences and populations in the previous
section also shows the same behavior. The sub harmonic frequency spectrum remains
unaffected.
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Fig. 3.7 The spectral amplitudes of the Raman sub-harmonic Stokes and anti-Stokes
fields are plotted as a function of medium length. Black solid and red dashed graphs
are plotted without Doppler averaging, blue dot-dashed and green double dot dashed
plots are the same as in Fig. 3.4. The parameters are same as in Fig.3.2.

3.4 Chapter conclusion

To conclude, we have investigated efficient generation and manipulation of Raman
sub-harmonic fields by microwave induced coherence between lower hyperfine levels in
a typical Λ system. We compared the results with and without Doppler averaging the
finite velocity of atoms. It is found that Doppler averaging suppresses the spectral
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amplitudes of the generated fields. Our proposed scheme works at remarkable low
optical densities and weak optical fields. Furthermore, we demonstrate that the phase
of the microwave field can also be used as an additional control parameter in generation
of the Raman sub-harmonic field. This microwave controlled Raman sub-harmonic
generation can be used in sub femtosecond pulse train generation. Extension of this
work beyond atomic vapors to photonic crystals or superstructures will help in making
a significant step in the direction of bridging nano-photonics with microwave devices
and promoting the practical use of quantum coherence in metamaterials [112] and
photonic crystals to a wider domain.
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Chapter 4

Microwave assisted arbitrary optical
pulse generation in thermal vapour

4.1 Introduction

It is known that coherently prepared media enables optical frequency conversion
through nonlinear wavemixing [113, 38, 114]. Conversion between low frequency
microwave signals of giga-hertz range to high frequency optical signals of tera-hertz
frequency is a highly desirable facility in information processing and communication
networks. Electro optical modulators (EOM) are generally employed for bridging these
two widely seperated frequency domains [115]. But the efficiency of these systems
are not potent [116]. Finding new schemes for bidirectional as well as frequency up
conversion methods are called for.

In the previous chapter we have shown how a frequency comb is generated in a closed
Λ system with hyperfine coupling. In this work, we examine same closed loop Λ

configuration but under different conditions of couplings. We exhibit how an optical
pulse is generated at one transition frequency of a Λ system which has the shape of
a microwave pulse coupling the lower levels, when a control field couples the other
transition. This generation is shown to be most effective at three-photon resonance
condition, which supresses the two-photon EIT effects.

4.2 Theoretical Model

In this work, we exploit microwave induced hyperfine coherence to enable efficient
generation of the optical frequency pulse. In order to demonstrate efficient frequency
conversion, we use an inhomogeneously broadened closed Λ atomic system consisting
of an excited state |1⟩ and two metastable states |2⟩ and |3⟩ as shown in Fig.4.1.
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62 Microwave assisted arbitrary optical pulse generation in thermal vapour

The electric dipole allowed transitions |1⟩ ↔ |3⟩ and |1⟩ ↔ |2⟩ are coupled by two
optical fields, namely, probe and control fields, whereas the magnetic dipole allowed
transition |2⟩ ↔ |3⟩ is coupled by a microwave field to form a closed Λ-system. This
level structure can be experimentally realized in 87Rb which contain ground levels
|2⟩ = |5S1/2, F = 2,m = 2⟩ and |3⟩ = |5S1/2, F = 1,m = 0⟩ and the excited level
|1⟩ = |5P3/2, F

′ = 2,m = 1⟩. Numerical studies of the Maxwell-Bloch(MB) equation
enable us to understand the coherent control of the optical frequency generation and
subsequent propagation through inhomogeneously broadened system. The system
is shown to exhibit interesting behavior under the condition when amplitudes and
detunings of the microwave and other two optical fields are properly selected. The
generated pulse is amplified and follows the temporal profile of microwave pulse. To
interpret these results, we derive a simple expression for the atomic coherence at
probe transmission in the Fourier domain. From this, we conclude that this generation
of arbitrary shaped optical pulse is a direct manifestation of perturbed hyperfine
coherence by microwave field.

4.2.1 Governing equations

The structure of the three coupling fields are given by

E⃗i(z, t) = êiEi(z, t)e−i(ωit−kiz+φi) + c.c. (i ∈ p, c, µ) (4.1)

2γ1 2γ2

cΩ  , ω  , φ

 

∆ ∆ c

∆

p

µ

Probe pulse Control field

Microwave pulse

µ

p ccpΩ  , ω  , φp

Ω  , ω   ,  φµ µ

Fig. 4.1 Schematic representation of three level atoms in closed Λ configuration. The
control field Ec couples to the transition |1⟩ ↔ |2⟩, the probe field Ep interacts with
the transition |1⟩ → |3⟩ and the microwave pulse Eµ couples the hyperfine levels
|3⟩ → |2⟩. For simplicity, we consider γ1 = γ2 = γ/2.
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where Ei is the space time dependent amplitude, ωi the frequency, φi phase of the
corresponding fields. The Hamiltonian of the system under dipole and rotating wave
approximations can be expressed as

Hint = ~ω13|1⟩⟨1|+ ~ω12|2⟩⟨2| − ~[Ωce
−i(ωct−kcz+φc)|1⟩⟨2| (4.2)

− Ωpe
−i(ωpt−kpz+φp)|1⟩⟨3| − Ωµe

−i(ωµt−kµz+φµ)|2⟩⟨3|] +H.c.,

where the Rabi frequencies of the probe, control and microwave fields are defined by

Ωp = d⃗13 · E⃗p/~, Ωc = d⃗12 · E⃗c/~, Ωµ = µ⃗23 · E⃗µ/~ (4.3)

respectively. The electric and magnetic dipole matrix elements are represented by d⃗ij

and µ⃗ij respectively. Now we introduce a unitary transformation to the wave function
of the system so that explicit time dependence is eliminated from the interaction terms
of the Hamiltonian. The transformation operator U takes the form

U = e−i[(ωpt−kcz+φc)|1⟩⟨1|−((ωp+ωc)t−(kp+kc)z+(φp+φc))|2⟩⟨2|] (4.4)

With the unitary transformation, the effective interaction Hamiltonian takes the form

Hint = −~∆p|1⟩⟨1| − ~(∆p −∆c)|2⟩⟨2| − [|1⟩⟨3|Ωp

+ |1⟩⟨2|Ωc + |2⟩⟨3|Ωµe
−i(∆t+∆kz+Φ) + H.c.]. (4.5)

The relative phase and wave vector mismatch are defined as Φ = φp − φc − φµ, and
∆k = kp − kc − kµ with ki being the propagation constant of the respective field. The
detunings of the three fields from the corresponding transition resonance are given by

∆p = ωp − ω13, ∆c = ωc − ω12, ∆µ = ωµ − ω23 (4.6)

respectively. The three photon detuning ∆ is defined as ∆ = ∆p −∆c −∆µ. Now
we impose the condition on the field frequencies ωp = ωc + ωµ, which gives ∆ = 0,
so that the time dependence is completely eliminated from the Hamiltonian. Note
that the two photon resonance condition of electromagnetically induced transparency
case, ωp − ωc = ω23 modifies into condition ωp − ωc = ω23 +∆µ satisfied by the three
detunings, in the presence of additional coupling field between hyperfine levels. This
condition not only simplifies the numerical integration but also turned out to be the
important for effective frequency generation.
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The spatiotemporal propagation of probe field is governed by the Maxwell’s equations
in the slowly varying envelope approximation as,(

∂

∂z
+

1

c

∂

∂t

)
Ωp = iηpρ13. (4.7)

where the coupling constant is defined as ηp = γNλ2p/8π. Typical parameter values
are N = 5 × 1011atoms/cm3, λp = 780 nm, and γ = 2π × 106 Hz. Note that the
ratio ηµ/ηp = (ωm/ωp)α

2, where α ≈ 1/137 is the fine structure constant. It follows
that ηµ << ηp. Also, Ωc >> Ωp,Ωµ. So the spatiotemporal effects of the control and
microwave fields are not taken into account in the numerical integration of Maxwell’s
equations. The quantum dynamics of the atoms is modeled by the master equation
approach. The dynamics of atomic coherences that governs the propagation of probe
field are given by Bloch equations

ρ̇11 = −2γρ11 + iΩ∗
cρ21 − iΩ∗

cρ12 + iΩpρ31 − iΩ∗
pρ13,

ρ̇12 = − [γ − i∆c] ρ12 − iΩc(ρ11 − ρ22) + iΩpρ32 − iΩ∗
µe

iθρ13,

ρ̇13 = − [γ − i∆p] ρ13 + iΩcρ23 − iΩp(ρ11 − ρ33)− iΩµe
−iθρ12,

ρ̇22 = γρ11 − iΩcρ21 + iΩ∗
cρ12 + iΩµe

−iθρ32 − iΩ∗
µe

iθρ23,

ρ̇23 = − [Γ− i(∆p −∆c)] ρ23 + iΩ∗
cρ13 − iΩpρ21 ++iΩµe

−iθ(ρ33 − ρ22), (4.8)

where θ = Φ+∆kz. The spontaneous decay of excited state |1⟩ to metastable states
is denoted by γ whereas Γ is decay rate of the hyperfine coherence. In the weak
probe and microwave fields limit, the ground state population ρ33 ≈ 1. So the Bloch
equations can be approximated as

ρ̇13 = − [γ − i∆p] ρ13 + iΩcρ23 + iΩp,

ρ̇23 = − [Γ− i(∆p −∆c)] ρ23 + iΩ∗
cρ13 + iΩµe

iθ, (4.9)

The atoms in the hot gas medium at room temperature is in random motion and
has a velocity associated with each. The Doppler shift in frequency caused by the
finite velocity of the atoms is taken into account in our simulation by averaging the
coherences over the Maxwell-Boltzmann velocity distribution of the moving atoms.

⟨ρij⟩ =
1√
πw2

D

∫ ∞

−∞
ρij(kv)e

−
(

kv
wD

)2

d(kv). (4.10)

The Doppler width wD at temperature T is defined by
√

2kBTν2p/Mc2 where M is
the atomic mass and kB Boltzmann constant. We have included velocity induced
Doppler shift by replacing detunings ∆i to ∆i(v) = ∆i − kiv(i ∈ p, c) in Eq. (4.8).
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4.3 Numerical Results

We investigated the spatiotemporal evolution of the fields by numerically solving the
coupled full as well as approximate Maxwell-Bloch(MB) equations. The results agree
in both cases, so we present results for the solution of full MB equations. The control
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Fig. 4.2 (a) Temporal profiles of probe and microwave fields are plotted at different
propagation distances ηζ/γ of the medium. Initial envelopes of probe and microwave
fields are taken to be as cw and multi peak Gaussian structure respectively. (b)
The spatiotemporal evolution of hyperfine coherence ρ23 is plotted in presence and
absence of microwave field. The width, strength and location of individual peak for the
microwave envelope are σµ1 = 25/γ, σµ2 = 20/γ, fµ1 = 1 , fµ2 = 0.75, τµ1 = −30/γ ,
τµ2 = 30/γ respectively. The following parameters have been used to generate these
plots: Ω0

c = 1.41γ,∆p = 2γ,∆c = 0.6γ,∆µ = 1.4γ, wD = 50γ,∆k/k = 1.8× 10−5, and
Φ = 0.
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field can be on resonance or off-resonance with the transition |1⟩ ↔ |2⟩. The probe
and microwave fields are detuned accordingly from resonance to fulfill the resonance
condition as stated earlier. The propagation equations Eq. (4.7) are solved in a
rotating frame moving with the velocity of light in vacuum c; τ = t− z/c, ζ = z. With
this choice of variables, the partial differential equation can be modified to ordinary
differential equation as

dΩp

dζ
= iηp⟨ρ13⟩ (4.11)

where the angular bracket denotes Doppler averaging. We start our discussion by
investigation of the spatiotemporal evaluation of probe field with amplitude Ω0

p in
presence of constant control field with amplitude Ω0

c . We chose the temporal profile of
the microwave field as multiple peaked Gaussian envelope. The time dependent field
envelope for microwave as well as probe can be written as

Ωj(ζ = 0, τ) = Ω0
j

∑
i

fjiH

[
τ − τji
σji

]
, (j ∈ p, µ) (4.12)

H[x] = e−x
2αji Gaussian profile (4.13)

H[x] = Sech(x) sec-hyperbolic profile (4.14)

where Ω0
j , σji , and fji are the amplitude, temporal width and strength of the individual

envelope respectively. The parameter αji
gives the flatness of individual envelope peak.

The desired pulse shape can be obtained by using spatial light modulators [117]. The
initial amplitudes of the three fields are taken as Ω0

c = 1.41γ,Ω0
p = 0.1γ,Ω0

µ = 0.07γ.
Thus both probe and microwave field intensities are considerably smaller than the
control field intensity. Fig.4.2a shows the temporal variation of probe and microwave
pulse at different propagation distances. The shape of the probe field at medium
boundary ζ = 0 is chosen to be continuous wave(cw) whereas microwave field profile
is double Gaussian. It can be seen that the shape of the microwave pulse has been
generated in the probe profile. The initial cw probe field is fully suppressed and
a pulse with shape of the double Gaussian pulse is generated towards exit of the
medium. It is noticeable that the temporal profile of the pulse once formed propagates
unaltered throughout the medium. In Fig.4.2b the hyperfine coherence is plotted in
presence and absence of microwave field. We have noticed from Fig.4.2b that the
hyperfine coherence is negligible in absence of microwave field whereas microwave field
substantially modified the hyperfine coherences. The profile of induced coherence
is identical to the shape of the microwave field. Hence the distinct characteristic of
atomic coherence changes by microwave field lead to observed phenomena.

Next we examined the relative intensity dependence on the propagation dynamics
of the probe field by taking higher microwave intensity. We take the initial shape
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Fig. 4.3 Propagation dynamics of a weak probe pulse (i = p) and stronger sec-
hyperbolic microwave pulse (i = µ) is plotted along the length of the inhomogeneously
broadened medium. The parameters are same as in Fig.4.2 except ∆p = 1.75γ,∆c =
0.45γ,∆µ = 1.30γ, σp1 = σµ1 = 50/γ, τp1 = −150/γ, τµ1 = 0, and αp1 = 20.

of probe pulse as super-Gaussian whereas microwave pulse is sec-hyperbolic shaped.
As can be seen from Fig.4.3, the probe shape is replaced by the microwave profile
and propagates as a soliton without distortion. The weak probe is amplified to the
intensity of the microwave pulse and retains the amplitude through rest of the medium
length. This shows that intensity of the generated temporal soliton can be efficiently
controlled by suitably choosing the intensity and detuning of the microwave field.

The effect exhibited by the system is independent of the input shapes of probe and
microwave fields. To verify this, we further studied the propagation dynamics of the
probe field with different shapes of microwave fields. In all cases, it has been observed
that the probe pulse is absorbed and got replaced by the microwave pulse shape and
it follows the temporal location and dynamics of microwave pulse.
From these results it is evident that the initial probe field has no significant role in
the subsequent dynamics of the generated pulse. The initial pulse is totally absorbed
by the medium and a new pulse at the same frequency is generated with the shape
of the microwave pulse. This fact is demonstrated by Fig. 4.4 where the probe pulse
dynamics is shown without any input probe coupling. As the input probe is absent,
we have taken ∆p = 0, and other two detunings take arbitrary values. As can be seen,
a pulse is generated at the probe frequency which was initially absent. The generated
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Fig. 4.4 Probe and microwave pulse intensities are plotted as function of time
at different propagation distances ηζ/γ of the medium without input probe. The
parameters are the same as in Fig.4.2 except that input probe intensity is zero.
Initial profile of microwave is double Gaussian envelope with width σµ1 = 50/γ. The
parameters are fixed as follows: ∆µ = 2γ and ∆c = 0.

pulse is amplified. From the comparison with Fig.4.2, it is clear that the pulse is
generated at a larger propagation distance in the absence of input probe coupling.
So the input probe coupling field has no direct influence on the pulse dynamics, but
it enhances the generation at smaller distances and subsequently gets absorbed by
the medium. Finally we study how the arbitrary shaped optical pulse generation of a
closed Λ-system is strongly dependent on two and three photon processes in presence of
weak probe field. Fig.4.5 depicts the temporal behaviour of the generated optical pulse
at a length of ηζ/γ = 40. The normalized intensity profile of input microwave pulse is
shown by the black solid line in Fig.4.5. It is observed from Fig.4.5 that the generated
optical pulse develops oscillatory distorted behaviour by considering two particular
conditions (i) all three fields are in resonance condition (∆c = ∆p = ∆µ = 0) and (ii)
when control and probe fields fulfills two photon resonance condition (∆p −∆c = 0)

whereas microwave field is on resonance ∆µ = 0. It is clearly shown in Fig.4.5 that the
efficient optical pulse generation is possible when three photon resonance condition is
satisfied i.e., ∆p −∆c −∆µ = 0 and ∆µ ̸= 0. From this it is clear that the condition of
three photon resonance where two photon resonance breaks down is crucial in observing
efficient frequency generation and undistorted propagation. The detunings of the three
fields can take any reasonable values as long as three photon resonance is satisfied.
Hence the application of a microwave pulse connecting the two lower metastable states
of a Λ system not only generates an optical pulse of arbitrary shape but also support
propagation without distortion through medium.
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Fig. 4.5 The normalized intensities of generated optical pulses are plotted as function
of time at a length ηζ/γ = 40 of the medium in presence of weak probe field. The
parameters are the same as in Fig.4.2 except that initial microwave profile. Initial
profile of microwave is shown by solid black line. The width, strength and location of
individual peak for the microwave envelope are σµ1 = 25/γ, σµ2 = 20/γ, σµ3 = 15/γ,
fµ1 = 1 , fµ2 = 0.75, fµ3 = 0.5, τµ1 = −30/γ , τµ2 = 30/γ, τµ3 = 90/γ respectively.

4.4 Analysis and Discussions

In order to analyze the results, we assume that the probe and microwave fields are
sufficiently weak (|Ωp|, |Ωµ| ≪ γ, |Ωc|) so that we can pursue the perturbative approach.
We considered terms of order first order in probe field and all orders in control and
microwave fields. We decompose the Rabi frequency Ωj, (j ∈ p, µ) into its Fourier
components

Ωj(ζ, τ) =

∫ ∞

−∞
e−iωτ Ω̃j(ζ, ω)dω (j ∈ p, µ). (4.15)

ρ̃13(ζ, ω) =
iΓ23Ω̃p − eiφΩ0

cΩ̃µ

Γ13Γ23 + |Ω0
c |2

(4.16)

where the relaxation rates are defined by Γ13 = γ+ i∆p− iω,Γ23 = Γ+ i(∆c−∆p)− iω.
The propagation of probe, Eq. (4.11) takes the form in the Fourier domain

∂Ω̃p

∂ζ
= iηp⟨ρ̃13⟩ (4.17)

TH -1529_10612104



70 Microwave assisted arbitrary optical pulse generation in thermal vapour

-100 -75 -50 -25 0 25 50 75 100
γτ

0

1.0

2.0

3.0

4.0

5.0

6.0

|Ω
p/γ

|2

Full MB, ∆
p
=∆µ=2.0γ, ∆

c
=0.0

Approximate MB, ∆
p
=∆µ=2.0γ, ∆

c
=0

Pertubation, ∆
p
=∆µ=2γ, ∆

c
=0

∆
p
=2γ, ∆

c
=0.5γ, ∆µ=1.5γ

∆
p
=2γ, ∆

c
=γ, ∆µ=γ

x10
-3

Fig. 4.6 Transmission of the cloned probe field at a distance ηζ/γ = 100 in presence
of double Gaussian shaped microwave field. The parameters are same as in Fig.4.2
except σµ1 = 20/γ, σµ2 = 25/γ.

Using equation (4.16),

∂Ω̃p

∂ζ
= iηp

〈
iΓ23Ω̃p

Γ13Γ23 + |Ω0
c |2

− eiφΩ0
cΩ̃µ

Γ13Γ23 + |Ω0
c |2

〉
. (4.18)

The angular bracket denotes averaging over the inhomogeneous broadening for the
detunings. The above equation (4.18) gives an insight into the pulse generation. The
first term within the angular bracket refers to EIT phenomenon which renders opaque
medium transparent for the probe field under two photon resonance condition. Second
term corresponds to a gain process involving the microwave field at resonance condition.
Therefore competition between these two terms governs the spatiotemporal evolution
of the probe. The key to the optical frequency generation mechanism is three photon
resonance in which two photon condition simultaneously breaks down. Hence the first
term suppresses the initial probe envelope due to the presence of medium absorption at
single photon probe detuning whereas second term generates a pulse with microwave
envelope shape. Note that we considered a constant control field. The dynamics also
depend on the total phase through the second term. This gives a better controllability
on the probe dynamics.

Eq.(4.18) is to be integrated in order to compare the perturbative results with ap-
proximated as well as full MB equations. We assume initial profile of microwave
field is a double peak structure while control and probe fields are cw and Gaussian
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shape, respectively. The results shown in Fig.4.6 exhibit how the results obtained from
approximate and perturbation theory are in full agreement with the results of full
MB equations. In Fig.4.6, we have also shown that the transmission of the generated
probe pulse can be varied by choosing different control and microwave field detunings.
Hence the choice of detuning of the microwave field plays an important role to control
transmission of generated pulse. The generated pulse travels with the velocity of light.
These equations clearly shows that the result is a manifestation of competition between
two and three photon processes. For the selected parameters, the three photon process
dominates over the two photon process, which exhibit EIT, and the optical pulse is
generated and amplified. It is evident from Eq. (4.18) that it is not necessary for an
input probe pulse for the observed phenomena.

4.5 Chapter conclusion

In this chapter, we have shown a new scheme for generation of optical pulse of arbitrary
shape in a three level Λ atomic medium exploiting the microwave induced atomic
coherence between hyperfine levels. The optical pulse generated at the probe transition
frequency follows the temporal profile of the input microwave pulse connecting the
hyperfine levels of the atomic system. It is also demonstrated that the input probe
pulse has only a transient effect in the generated pulse dynamics. The pulse generated
propagates unaltered throughout the length of the medium. The phenomenon is shown
to be a result of competition between two and three photon resonances where three
photon resonance dominates over two photon resonance. This is made plausible with
the selected parameters of the system. With this scheme optical pulse of desired
shape can be efficiently generated and controlled. This may be exploited in precision
measurements where stable optical frequency is preferred over microwave frequency.

TH -1529_10612104



TH -1529_10612104



Chapter 5

Phase controlled stable solitons in
nonlinear fibers

5.1 Introduction

Self-induced transparency is a dramatic manifestation of nonlinear effects, leading
to coherent localized pulse propagation in an atomic medium [10, 11, 54, 118]. The
controlled, localized excitation and de-excitation of an ensemble of two level systems
is effectively captured by the hyperbolic secant soliton pulse profile, which propagates
as a stable soliton. Soliton is a shape preserving pulse which propagates undistorted
through the medium over large distances, conserving energy and momentum. The
optical soliton is formed by a balance between the group velocity dispersion and Kerr
effect, nonlinear change of the index of refraction. The Maxwell-Bloch equations
aptly describe the pulse and averaged atomic population dynamics, which have been
extensively investigated for multi-level systems [54, 119–123]. Localized and nonlinear
cnoidal wave solutions have been identified as exact solutions [119, 120], which has
found experimental verification [124, 125].

The subject of pulse propagation in nonlinear fibers has also been well-studied, since
its prediction by Hasegawa in 1974 [126]. The non-linear Schrödinger equation (NLSE),
where the cubic nonlinearity arises due to Kerr effect, describes the pulse dynamics.
This integrable system in one dimension possesses soliton solutions [127], which can be
dark [128, 129], bright [130–133] or grey [134], depending on the nature of nonlinearity
and dispersion. Bright solitons are the solution of the NLS equation in the anomalous
GVD regime ( β2 < 0 ). These are stable light pulses of special shape formed where the
chirping induced by SPM effect due to cubic nonlinearity balances the anomalous GVD.
In the normal dispersion regime with β2 > 0 , the corresponding solution of NLSE
supports the so called dark solitons, which appear as intensity dips or ’holes’ set against

TH -1529_10612104



74 Phase controlled stable solitons in nonlinear fibers

a continuous background that propagates like light pulse. Bright solitons have potential
applications in areas like optical switch and pulse compression while dark solitons
have better stability in presence of perturbation like noise, mutual interaction between
two pulses etc, but not as useful as bright ones in high speed communication systems.
Dark solitons are generally represented by the functional form of tan hyperbolic with
phase function. Because of the antisymmetric nature of the "tanh" function, the
soliton undergoes a π phase shift at he hole center, where the intensity also drops
to zero, and the soliton is referred to as “black soliton”. In contrast, when the phase
shift lies between zero to π, the minimum intensity does not drop to zero at the dip
center; such solitons are called grey solitons. Grey solitons can be categorised as
repetitive pulses with an intensity minimum in an optical background wave with a
constant amplitude, where the minimum is not necessarily zero. Another interesting
feature of dark solitons is that the phase of a dark soliton changes across its width,
in contrast with bright solitons, which have a constant phase. Some of these solitons
were experimentally observed, long after their prediction [135]. Soliton based optical
communication systems have drawn wide attention in recent years because of their
potential for increasing the capacity of the long distance light transmission systems.
Optical solitons propagate in the form of light wave envelopes in optical fibers.

Gross-Pitaevskii equation in one-dimension, which captures the mean-field dynamics of
Bose-Einstein condensate (BEC), being identical to NLSE, has also naturally evoked
strong interest in solitons and their dynamics in cigar-shaped BEC [136–138]. Dark
solitons in the repulsive regime and bright soliton and soliton trains in the attractive
sector have been experimentally produced [128–131]. Several recent studies have been
carried out on formation and dynamics of dark solitons in different physical systems
including nonlinear fibers [139], carbon nanotubes [140], BEC [141], superfluid fermi
gas [142, 143], P-T symmetric waveguide [144]. Also, the grey soliton, having complex
profile has been produced through soliton collision in BEC [134]. Grey solitons have
been the subject of some recent studies [145–147]. These are analogs of complex
envelope Bloch solitons in condensed matter systems, which can connect differently
ordered domains, without passing through the normal phase. This naturally makes
it energetically favourable, as compared to the Neel’s soliton, wherein the soliton
profile, being of the hyperbolic tangent type, passes through the normal phase, at the
vanishing point of the above profile. It is interesting to note that the speed of the grey
soliton can vary from zero to a maximum, depending on its depth. The co-existence of
different types of solitons has been reported in several systems [148–150]. Recently,
the experimental observation of bright-dark soliton pairs in fiber lattice has also been
reported [151].
The doping of nonlinear fibers with suitable multilevel systems has opened up the
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exciting possibility of naturally combining the atomic system with NLSE, which can
possibly lead to effective soliton control and manipulation. Recently, the localized
solitons of a nonlinear fiber with a three level dopant has been investigated, wherein
exact solitons of tanh−sech type have been identified [152–154]. The constraints of
this coupled nonlinear system has led to strong restrictions on the pulse dynamics. It
was found that, the frequencies have to be perfectly matched for these solutions to
exist [155].
In the present chapter, we present exact grey soliton profiles in a nonlinear fibre system
doped with a three level atomic system. The system can be described by a two mode
photonic crystal fiber, with the two mode frequencies equal to the transition frequencies
of the lambda system. Nonlinear fibers doped with rare-earth elements can also be
modelled by this system. Baldit et. al identified such a Λ-like three level system in an
erbium doped solid state material wherein electromagnetically induced transparency
has been experimentally observed [156]. We find that the complex profile’s phase
degree of freedom plays a crucial role in relaxing the constraint of frequency matching
in this system. The grey solitons, apart from being energetically favourable, are found
to undergo stable dynamical evolution over long distances. The fact that the phase
degree of freedom can be controlled by atomic coherence opens up the possibility of
controlled stable localized pulse propagation in this non-linear fiber system.
In the following, grey solitons with complex envelope are obtained as exact solutions of
the coupled nonlinear system. It is explicitly shown how the phase degree of freedom
removes the restrictive equal frequency conditions on the tanh−sech paired pulses
[155]. Stability of the solitonic solutions is subsequently analyzed.

5.2 Coupled grey soliton solutions

∆

2g, 1

2G, 2

| 2 >

| >3

| 1>

ω
ω

Fig. 5.1 A three level Λ atomic system whose transitions 1 ↔ 2 and 1 ↔ 3 are in near
resonance with the two modes of the doped optical fiber. The Rabi frequencies of the
two modes are 2G and 2g. ∆ denotes the single photon detuning.
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We investigate the possibility of generalized solution for shape-preserving pulses in a
Kerr nonlinear two-mode optical fiber doped with 3-level Λ atoms as shown in Fig.5.1.
The system can be a birefringent fiber or bimodal fiber doped with rare-earth element
which can be modelled by a three level Λ system. The modes of the fiber are near
resonant with the transitions of the atomic system. The two modes of the optical fiber
may be described by the profile,

E⃗i(z, t) = A⃗ie
−i(ωit−kiz) + c.c., (i = 1, 2), (5.1)

A⃗i being the slowly varying envelope, ωi and ki, the carrier frequency and wave number
respectively of the ith mode. The time variation of the population of atomic levels
are governed by optical Bloch equations. If ζi(z, t) denotes the probability amplitude
of the ith atomic level (Fig.5.1), then the following equations are obeyed within the
rotating wave approximation

ζ̇1 = −i∆ζ1 + iGζ2 + igζ3 (5.2)

ζ̇2 = iG∗ζ1 (5.3)

ζ̇3 = ig∗ζ1 (5.4)

The complex Rabi frequencies 2g and 2G for the two field modes are related to the
slowly varying amplitudes A⃗i according to the relations

2g =
2d⃗13.A⃗1

~
, 2G =

2d⃗12.A⃗2

~
,

where d⃗ij is the transition dipole moment matrix element. We take into account
the effects of Kerr nonlinearity (proportional to the square of the electric field) and
dispersion, in order to truly describe the spatio-temporal variation of the light pulses
through the fiber. Using the approximation of slowly varying envelope, one can cast
the NLSE in Rabi frequencies as,

∂g

∂z
= −iβ1

∂2g

∂t2
+ iγ1(|g|2 + 2|G|2)g + iη1ζ

∗
3ζ1 (5.5)

∂G

∂z
= −iβ2

∂2G

∂t2
+ iγ2(|G|2 + 2|g|2)G+ iη2ζ

∗
2ζ1 (5.6)

where the terms with βi are due to group velocity dispersion (GVD), those with γi

and ηi represent the effect of Kerr nonlinearity and the coupling of the ith mode with
the atomic system respectively.
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5.3 Ansatz

Motivated by the observed grey solitons in BEC [137, 145], we assume the following
ansatz for the complex envelope solitons;

g = a cos(θ)sech

[
(t− uz)

σ
cos(θ)

]
ei(p1z−Ω1t) (5.7a)

G = b

[
cos(θ) tanh

[
(t− uz)

σ
cos(θ)

]
+ i sin(θ)

]
ei(p2z−Ω2t) (5.7b)

ζ1 =
iα cos(θ)

aσ
sech

[
(t− uz)

σ
cos(θ)

]
ei(p1z−Ω1t) (5.7c)

ζ2 = −αb cos(θ)
a

sech

[
(t− uz)

σ
cos(θ)

]
ei(p1−p2)z−i(Ω1−Ω2)t (5.7d)

ζ3 = α cos(θ) tanh

[
(t− uz)

σ
cos(θ)

]
+ (1− α)Γ (5.7e)

where u gives the envelope velocity in the moving frame, σ denotes the temporal width
of the pulse. a and b are arbitrary parameters to be determined. θ gives the degree of
blackness, α the absorption parameter. Note from the structure of the solutions g and
G from RHS of the above equations that we have not imposed the condition Ω1 = Ω2

on the Rabi frequencies of pulse pair envelope. The Bloch equations (5.2-5.4) give

a2 − b2 =
1

σ2
, (5.8a)

sin(θ) = σ(Ω1 − Ω2) , (5.8b)

α =
a2σ2

a2σ2 + i(∆− Ω1 + b2σ sin(θ))(σ/Γ)
. (5.8c)

where the absorption parameter α is of Lorentzian shape and the width of the shape
is decided by the pulse area. The second term in the denominator of Eq. (5.8c) gives
the effective detuning of the laser frequencies from the resonance. The conservation of
atomic probabilities leads to

|Γ|2 = 1− |α|2 cos2(θ)
1− |α|2 (5.9)

The nonlinear Schrodinger equations (5-6) then yield

p1 =
|α|2η1(∆− Ω1 + b2 sin(θ)σ)

a4σ2
+ 2b2γ1

+ β1(Ω
2
1 −

cos2(θ)

σ2
) (5.10a)

p2 = γ2b
2 + β2Ω

2
2 (5.10b)
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u =
η1|α|2
a2

+ 2β1Ω1 (5.10c)

u =
η2|α|2
a2

+ 2β2Ω1 (5.10d)

0 =
2β1
γ1σ2

+ (a2 − 2b2) (5.10e)

0 =
2β2
γ2σ2

+ (2a2 − b2). (5.10f)

Equation (5.10d) can alternately be cast as,

u = 2β2Ω2 + (b2 − 2a2)γ2σ sin(θ) + η2
|α|2
a2

. (5.11)

For stable propagation of pulses, β1 ̸= β2 [155]. From equations (5.10c) and (5.10d), we
arrive at the following relations between the Rabi frequency and medium parameters,

|α|2
a2

(η1 − η2) + 2Ω1(β1 − β2) = 0 or Ω1 =
|α|2
a2

(η2 − η1)

2(β1 − β2)
(5.12)

Here, one important point to note is that, for θ = 0, Ω1 = Ω2 is required. This is
because of the consistency relation (5.8b) viz., sin θ = σ

(
Ω1 − Ω2

)
. If Ω1 ≠ Ω2, then

σ = 0 and the arguments of all the sech and tanh functions in the ansatz (5.7a-5.7e)
diverge to give constant solutions. Hence for pure dark soliton solution for G, the
condition Ω1 = Ω2 is enforced. In comparison, for the grey case, Ω2 can take any
value. Therefore the ansatz (5.7a-5.7e) represents valid solutions for all θ, given the
consistency conditions are satisfied, showing that grey solitons of varying depths can
be solutions of this dynamical system. It is observed that the conditions 5.11 and 5.12
do not restrict the values allowed for the dispersion and absorption coefficients for the
observation of grey bright soliton solutions. We can choose the arbitrary parameters a
and b , width of the pulse, Ωi consistant with the above relations, for any physically
possible values of medium parameters. In the next section, we numerically study the
stability of the solutions and observed that these type of soliton solutions are observed
for a good range of parameter values.

5.4 Stability of the coupled soliton pair

Stability analysis

We now investigate the propagation dynamics of the grey and bright solitons by
integrating the full set of coupled nonlinear Schrodinger and Bloch equations. We have
used Runge-Kutta method to solve the Bloch equations and split-step operator method
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Fig. 5.2 Spatio-temporal evolution of the grey-bright solitons using parameters such
that the group velocity dispersion have the opposite sign. We used a = 0.17247,
b = 0.14937, p1 = 0.50083, p2 = 0.02231, Ω1 = 0.026442, Ω2 = 0, θ = 0.31164,
β1 = 1.0, β2 = −2.5 ,γ1 = 1, γ2 = 1, ∆ = 2, u = 0.97835, σ = 11.596, Γ = 1.0013,
η1 = 1, and η2 = 1.2. All values are normalized in terms of z0 and σ.

for solving the nonlinear Schrödinger equation and investigate the spatio-temporal
evolution of the optical pulses through the medium. We have used the scalings,
τ = t/σ, ζ = z/z0

where σ is the width of input pulse and z0 the dispersion length of the fibre.

The initial shapes of the input pulse and the initial atomic populations can be obtained
in the limit of z = 0 and t = 0 from the analytical expressions (5.7a-5.7b) and
(5.7c-5.7e) respectively. We use grey and bright solitons with same width 8.066 psec
in the present investigation. Parameters used in the numerical simulation obey self
consistency relations (5.12). The parameters can be experimentally attained in a
birefringent two mode fiber with the two wavelengths selected to be of the order of
1.5µm and 1.65µm respectively [157]. It can also be realized in silica fibers doped

TH -1529_10612104



80 Phase controlled stable solitons in nonlinear fibers

with Nd+3 ions [158]. By properly choosing the doping concentration and structural
parameters, the consistency condition can be met with in this system. We explore the
stable propagation of the grey and bright solitons in presence of GVD with opposite
character. In Fig.5.2 the spatio-temporal propagation dynamics of the bright and grey
soliton pair is plotted with GVD coefficients having opposite sign. It can be seen that
the amplitudes of the output pulses are retaining their initial shape over considerable
propagation distance. The length z is normalized with the dispersion length z0 of the
fiber, which can be of the order of a few metres for the pulse width considered [159].
Both solitons propagate undistorted over a long distance. A small oscillation though
has been noticed at both the ends of the grey soliton after propagation through a
distance z ≥ 10z0, due to the modulation instability. The numerical results obtained
from the Runge-Kutta and split step operator methods match well with those obtained
analytically.
Next we study how the choice of different parameters leads to stable propagation of
soliton through the medium. For the selected values for detuning and fibre parameters,
we have solved the algebraic expressions resulting from the various relations 5.8, 5.9
and 5.10 to find out all other parameter values consistently. The soliton velocity is
found to be constant for a wide range of values of blackness parameter θ for a given
consistent set of other parameters. However stable soliton propagation is possible for
∆ equal to or higher than the value used.

-5 -4 -3 -2 -1 0 1 2 3 4 5
 τ

0

1

2

3

4

In
te

n
si

ty

-5 0 5
0

|G|
2
, ∆ = 1.5σ

|g|
2
, ∆ = 1.5σ

|G|
2
, ∆ =2σ

|g|
2
, ∆ = 2σ

Fig. 5.3 Amplitude of the bright and grey solitons are plotted as a function of time at
distance z = 10z0 of the medium for two different values of ∆ . All other parameters
are as in Fig. 5.2.

As a comparative study, the amplitude of soliton pair at the output end of the medium
with two different detuning is plotted in Fig. 5.3. It can be seen that for different
detuning values ∆ less than the one considered for stable soliton propagation, both grey
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and bright solitons develop instability in anomalous GVD regime, with a reduction in
amplitude of input signal. The high dispersive effects shown when ∆ = 1.5σ shows
that detuning is a crucial parameter for stable soliton propagation. By proper choice
of signal detuning, the signal phase effects can be controlled and the instability can be
compensated. Note that the selection of proper detuning is not a restrictive condition
on the stable propagation, but a suitable parameter regime to observe the effect. A
range of values can be assumed for the detuning, provided it is sufficiently detuned
from resonance. We have verified the stable propagation for a range of detunings,
greater than 2σ .

5.5 Chapter conclusion

In conclusion, grey solitons, analog of Bloch solitons in condensed matter systems,
have been identified as exact solutions of the coupled nonlinear Schrodinger and Bloch
equations in birefringent or bimode fiber systems doped with three level atoms. The
complex nature of the profile played a crucial role in removing the restrictive frequency
matching condition of tanh−sech paired solutions [155]. We numerically evolved our
solution and found it to be stable over several orders of dispersion length. We note
that, for the case of coupling with a two-level system (g → 0, ζ3 → 0) instead of the Λ

system considered here, the pure tanh and grey solitonic profiles are prohibited for G
while a pure sech profile is allowed. It is observed that the soliton phase is controlled
by the atomic coherence and atomic population is governed by the area of the soliton.
It is also observed that for near resonant frequencies, the solutions develops instability
at larger diatances. But this can be compensted for fields sufficiently detuned from
resosnance.
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Chapter 6

Conclusions and Future outlook

This thesis discusses different coherent control schemes to effectively control the optical
properties of atomic media and manipulate the light pulse propagation through it.
The contents of the thesis is outlined below.

In chapter 1, we have introduced the theoretical background needed for the work. The
semiclassical approach for light-matter interaction is described . Basic propagation
equations of electromagnetic field through a polarized medium is derived. The density
matrix formalism to treat the atomic medium is introduced and Bloch equations are
derived. The atom-field coupled Hamiltonian and polarization expression in the dipole
approximation is given. Basic features of light propagation through two-level and three
level media are briefly discussed. The phenomenon of Electromagnetically Induced
transparency and the modification of optical properties of the medium due to it is
explained.

In chapter 2, the spatio-temporal evolution of a Gaussian probe pulse propagating
through a four-level N -type atomic medium is investigated. Splitting of originally
Gaussian pulse into sub-pulses is observed at reasonably high intensities of probe
field, while distortionless propagation is observed at low intensities and at two photon
resonance. The number of sub-pulses formed through the propagation is found to be
controlled via a suitable choice of the probe and control field parameters. The splitting
is also observed for non-Gaussian pulses like sec-hyperbolic.

In chapter 3, a novel scheme for efficient Raman sub-harmonic generation in a system
of inhomogeneously broadened atomic vapor with atoms in a closed three level Λ-
configuration is discussed. It is shown how a comb of Raman sub harmonic frequencies
are generated in the system, making use of microwave induced hyperfine coherence
between the two lower level metastable states. The phase dependence on the amplitude
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of the generated field is also given.

In chapter 4, generation of optical frequency pulse is observed in a closed Λ atomic
system by introducing a microwave pulse coupling the hyperfine levels. The generated
pulse follows the temporal shape of the microwave pulse. This scheme can generate
arbitrary shaped optical pulse from microwave pulse.

Considering the new possibilities in optical control by combining nonlinear fibre systems
with atomic systems, in chapter 5, a system describing optical nonlinear birefringent
fibers doped with three level atoms is investigated. The system is shown to exhibit
bright and gray coupled solitons, with complex envelope, as solutions. The stability
of generated solitons is studied and observed it to be stable over several dispersion
lengths of the fibre.

Chapter 6 concludes the work and gives future outlooks.

Future perspectives

Coherent control studies are widely explored and actively carried out area of re-
search for many years. The future scope of the content presented in this thesis is
not limited to pulse propagation or atomic vapor systems. Because of its generalized
nature, the work can be extended to any area of coherent control of optical systems.
A full quantum mechanical treatment of light matter interaction can open up new
insights and possibilities in this field. For example, N -level system studied in chapter
2 is already explored in few photon light levels and strong field polariton systems.
Optical frequency harmonic generation and frequency mixing schemes have scope in
areas of precision measurements, frequency standards etc.

We can extend our work to adaptive spectral pulse shaping, by tailoring the spectral
phases of a pulse. One possible application for spectral shaped pulse is coherent control
of backscattering experiments used in far-detection of scattering particles. For con-
structive interference between direct and reverse paths in the backscattering direction
needed for the detection of backscattered beam, a controlled reflection and subsequent
controlled multi-pulse interference is needed. Hence control over the spectral shape
of the pulse enables applications in controlled lasing and multiphoton imaging in
scattering materials.

TH -1529_10612104



85

Coherent control techniques extended to multiphoton regime allows access to dipole-
forbidden transition states and has wider range of applicability. The requirement of
high intensity laser pulses to achieve ultrafast Rabi oscillations, however, cause nonlin-
ear effects and the Rabi oscillations are disrupted. The possibility to find new prospects
for the ultrafast manipulation of multiphoton transition states thus need to be explored.

Coherent ultrafast radiation in the mid-infrared region is used in strong-field physics.
This relaxes the requirement for high intensity optical radiation usually employed
in light-matter interactions. The generation and control of mid-IR pulses is thus an
interesting subject to look into. Parametric processes in atoms may be employed in
achieving this task, and needs further investigation.

Possibility of employing atomic systems with other level structures such as double-
lambda, double-A systems for multi-wave mixing and for higher nonlinear processes
can also be investigated. Fields with different polarizations can be employed to produce
multi-dark states and the nonlinear response can be measured. Chirped laser pulses
can be employed in multi-level structures for selective population transfer and hence
control of optical properties. In addition to detunings, chirp rate can also be used as
an additional parameter for effective control of medium properties.

In the microwave to optical frequency conversion explained in chapter 4, the generated
frequency is shown to follow the temporal dynamics of microwave pulse. We can look
for ways to control the temporal delay between the pulses with high accuracy. By
considering the realistic picture of all hyperfine levels in this system, we can explore
the possibility of generation of multi-frequency pulses. By varying the relative phase of
multi-photon components, processes like dissociation ionization in molecular systems
can be analyzed.
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