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Abstract

In the last few decades considerable attentions have been paid by researchers in extending the
concepts of LEFM pertaining to homogenous, isotropic materials to orthotropic composite
materials. Stress intensity factor (SIF) being an important parameter in LEFM, accurate
determination of SIF of cracked orthotropic materials have been an important area of research.
Existence of cracks and notches in laminated composites warrants that SIFs are known to assess
whether such cracks grow further during service leading to interlaminar or intralaminar defects in
orthotropic laminates. Strain gage technique being one of the simplest experimental method for
determination of SIFs could not be successfully used in the case of cracked orthotropic materials.
This is due to the fact that unlike isotropic materials, proper theoretical formulations supporting
such experimental determination were not reported for orthotropic materials. Even though there
were one/two attempts but there were no theoretical guidelines suggesting the number of strain
gages and more importantly their locations ensuring accurate determination of SIFs. The present
thesis works towards filling these gaps with an objective to facilitate strain gage based accurate
determination of SIFs of cracked orthotropic materials. Starting with Westergaard’s stress
function, and using a three parameter strain series, a single strain gage technique has been
developed for accurate determination of K, in cracked orthotropic materials. A method has also

been developed which makes it possible to determine optimal location of the strain gage ensuring
accurate estimation of K, before conducting the experiment. Similarly, using appropriate stress

functions and three parameter strain series, theoretical formulations have been developed for a
mixed mode problem making it possible to determine K, and K, accurately by placing four strain

gages in the locations and orientations prescribed in the present work. A method has been
proposed to determine the optimal locations of strain gages before actual experiments which
ensures accurate determination of K, and K, from the strain gage based experiments. Finally,

edge cracked [90, /0] . carbon-epoxy laminates have been prepared and the experimental set-up

10S

for conducting strain gage based determination of K, has been designed. Large number of

experiments have been performed on laminate specimens of different crack sizes and the
experiments are also repeated number of times to ensure repeatability. Results from both
numerical simulations and experiments conducted led to some important observations and
conclusions. Proposed theoretical formulations, numerical results and experiments show that for
cracked orthotropic materials, it is possible to determine K, using only one strain gage and K,

and K,, using four strain gages provided the strain gages are placed within the suggested optimal

locations. These optimal locations of strain gages depend upon the crack configuration (size,
inclination). More importantly, results show that the procedure put forward for determination of
optimal strain gage locations is robust. Experimental and numerical results also show that while
highly accurate values of SIFs could be obtained by placing the strain gages within optimal
locations, a very high error (~ 49 %) is incurred if the strain gages are placed at non-optimal
locations thus reinforcing the existence and importance of optimal strain gage locations in
experimental determination of SIFs in orthotropic materials.
IX
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Introduction

Chapter 1

Introduction

Composite materials are extensively used in large scale applications ranging from engineering
and industrial to defense systems. A concise detailing of the importance, application
mechanics of such materials is laid out in this chapter. The development of fracture mechanics
based analyses and the importance of fracture mechanics based design along with the
significance of accurate estimation of fracture parameters like stress intensity factor (SIF) in
design of engineering components be it of isotropic or of anisotropic/composite material is
also presented in this chapter. Strain gage based estimation of SIFs is discussed and its
importance in the fracture mechanics based analyses of orthotropic composites is being

presented which forms the outline of the research work.
1.1 Composite materials — A brief insight

Composite materials are created by the combination of two or more materials at a
macroscopic level to form a new material with enhanced properties as compared to those of
the individual constituents. Composites are conventionally made of two main ingredients —
reinforcements and matrix. Examples of composite materials include concrete reinforced with
steel and epoxy reinforced with graphite fibers, etc. Composite materials are useful in
lowering the overall mass of the system without compromising on its stiffness and strength
properties.
Composites are classified by the geometry of the reinforcement or by the type of the
matrix. On the basis of reinforcement, the classification may be done as
e Particulate composite consisting of particles immersed in matrices such as alloys and
ceramics. Typical examples include use of aluminum particles in rubber, silicon
carbide particles in aluminum, etc.
e Flake composites consisting of flat reinforcements of matrices. Typical flake
materials are glass, mica, aluminum and silver.
e Fiber composites consisting of matrices reinforced by short (discontinuous) or long

(continuous) fibers. Fibers are generally anisotropic and examples include carbon

1
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Introduction
fiber, glass fiber and aramid fiber. Examples of matrices are resins such as epoxy,
metal such as aluminum, etc.

e Nanocomposites consist of reinforcement materials that are of the scale of nanometers

(10° m).

Based on the type of matrix, the classification may be done as

e Polymer Matrix Composites (PMCs) consisting of polymer matrix (e.g., epoxy,
polyster) reinforced by thin diameter fibers (e.g., graphite, aramids, boron, glass).

e Metal matrix composites (MMCs), as the name indicates, having metal matrix (e.g.,
aluminum, magnesium) reinforced with fibers such as carbon, silicon carbide.

e Ceramic Matrix Composites (CMCs) having ceramic matrix such as alumina calcium
alumino silicate reinforced by fibers such as carbon or silicon carbide.

e Carbon-carbon composites using carbon fibers in a carbon matrix.

Continuous fiber composites are emphasized more in the present work and is discussed

further. The fibers are generally selected on the basis of qualities like high elasticity modulus

and ultimate strength and the fibers must retain their geometrical and mechanical properties
during fabrication and handling. The matrix constituent is intended to bind the fibers and
transfer stresses to the fibers along with protecting their surface. The stiffness and strength
properties of the composite in general respond as per the weighted average of the constituents.

However, at times, the constituents may interact mechanically that may cause the composite

properties to surpass the expected average of the constituents. In all cases, whatsoever, the

composite properties depend on the properties of the individual constituents operating as a

continuous structural unit rather than discrete constituent elements.

The use of composites or fibrous reinforcements can be dated back to biblical
references of straw-reinforced clay bricks in ancient Egypt. Phenolic resin reinforced asbestos
was introduces in the beginning of the last century. The first fiberglass boat was made in the
year 1942. The first boron and high-strength carbon fibers were introduced in the early 1960s,
followed by applications of advanced composites to aircraft components in 1968.

High specific strength, light-weight, excellent fatigue durability, significant corrosion
resistance, chemical and environmental resistance together with the unique possibility of
designing the material for desirable mechanical properties make composites an attractive
material for a range of engineering and other applications. Applications include aerospace,

aircraft, automotive, marine, energy, infrastructure, armor, biomedical and recreational
2
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applications and also in food and chemical processing plants, cooling towers, offshore
platforms etc. to name a few. In addition, these materials also possess excellent
electromagnetic transparency or electrical insulation.

The high stiffness, high-strength and low-density characteristics make composites
highly desirable in primary and secondary structures of both civilian and military aircraft. The
Boeing 777, for example, uses composites in fairings, floor beams, wing trailing edge surfaces
and the empennage. The hybrid GLARE (glass/ epoxy/ aluminum laminate) constitute
substantial portions of the AIRBUS 380. Ship structures incorporate composites in various
forms like thick section glass and carbon fiber composites and sandwich construction.
Carbon-fiber composites have also been used in the blades of wind turbine generators that
significantly improve power output at a reduced cost. Biomedical applications include
prosthetic devices and artificial limb parts. Composites are also being used to reinforce
structural members against earthquakes.

Composites also come with certain limitations or defects along with their long list of
utilities. They suffer from shortcomings such as brittleness, high thermal and residual stresses,
low toughness etc. which aid the process of unstable cracking under different loading
conditions. These may lead to substantial reduction in stiffness and load bearing capacity
causing extensive damage to the structure. Moreover, usage of composites in thin forms
makes them more prone to various types of defects. Cracks either in microscopic or
macroscopic level is a common defect in these structures and become more prominent with
time in concentrated loading conditions like dynamic loading, high velocity impact and
explosion. Therefore, the study of crack stability and load bearing capacity of these materials
is imperative keeping in mind the safety and durability of structures comprised of such

materials.

1.2 Mechanics of fiber reinforced laminated composite

materials

The basic building block of a composite structure i.e., the lamina has a fiber-matrix
configuration in either of the four ways- continuous fiber, woven, chopped fiber and hybrid.
A lamina is a thin layer of a composite material of thickness of the order of 0.125 mm. Fibers
in a lamina are oriented in different angles depending upon the strength and stiffness

3
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requirements. These laminae are stacked together to form a laminate (Fig. 1.1), which are
then used to build engineering components to take up various loads such as bending, twisting
etc. more effectively. The behavior of a laminate is thus dependent on the behavior of
individual lamina which constitute a laminate. It is therefore important to understand the

stress-strain behavior in a lamina and the stacked laminate.

] ] ] ]
. . . 0
L) L] . .
- / \
Vi 7 .
atrix

Fiber cross- .
section material

E
Lo e

Figure 1.1 A typical four lamina laminate
1.2.1 Stresses and strains in a lamina

The generalized form of the anisotropic Hooke’s law may be written as

o, =Cyéa 1,1=123 (1.1)

ij
A total of 21 constants are required for complete characterization of an anisotropic body.
Considering  different planes of material
symmetry, the number of constants keeps

changing for different materials. As for example, a

monoclinic material has 13 and an orthotropic

material has only 9 independent elastic constants

remaining after using proper material symmetry. 1

In laminate analysis, the lamina is often considered

to be in plane stress state. Considering a 2D case
o ) ) ) ) Figure 1.2 A typical unidirectional lamina
of a unidirectional lamina (Fig. 1.2) which falls
under the orthotropic material category with no out of the plane stress, the stress-strain
relations in Eqg. (1.1) may be written as
& Su S 0o
Su Sp 0 |yo, (1.2)
Y12 0 0 Si)lm

& =

where the compliances S;; and the engineering constants are related by the equations

4
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1 1
S, =—,S,, =—
11 E1 22 E2 (13)
1% 1% 1 '
S =S8 ——-a__Y2 g _ -
12 21 E2 El 66 Glz

Thus, there are only four independent compliances for the specially orthotropic lamina. The

lamina stresses and corresponding strains are related as

O Q: Q 0 [g
0,=1Qy Q, 0 & (1.4)
T1 0 0 Q)72

where Q; are the components of the lamina stiffness matrix, which are related to the

engineering constants as

- 1-vy,vy - 1-vyvy ’
- (1.5)
Q12 = 11# = Q21' Qee = G12
—VoVa

Since, most laminates consist of some laminae placed at an angle (Fig. 1.3), the

transformation of lamina stress/strain from 1—2 axis to rotated x—y axis is given as

Oy 0
o, t=[T]" {0, (1.6)
T 2P

Xy

where [T] is called the transformation matrix and in defined as

cos’6 sin’g 2cosdsin @
[T]=| sin’0 cos’d  —2cos@sind (1.7)
—cos@sin@ cosdsind cos’0—sin’0

The lamina stress-strain relation in the rotated x—y co-ordinates is given by

o, CZ Q_12 Q16 &y
Oy r= Qu Qp Qu [1€ y (1.8)
Tyy Qs Qx Qs )7y

Where
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[Q|=[TT'[QIRITIR]" (L.9)

where, [R]= is the Reuter matrix

o O -
o - O
N O O

Figure 1.3 Local and global axes of an angle lamina

1.2.2 Macromechanical analysis of a laminate

A laminate is made of a group of single layer lamina bonded to each other. Each layer is
identified by its location in the laminate, material and angle of orientation with a reference

axis. [0/—45/90/60/30] illustrates a typical example of coding a laminate which consists

of five laminae/plies and the numbers indicate the angles of each ply. The ‘classical
lamination theory’ which has evolved from the investigations of various researchers in the
years between 1950 and 1979 [1-5] is used to develop the behavioral stress-strain relations
for a laminate plate under in-plane loads such as shear and axial forces and bending and
twisting moments and is based on certain assumptions for the static analysis which are as
follows

e Each layer is orthotropic and homogenous.

e The laminais thin and its lateral dimensions are much larger compared to the thickness

and is loaded in its plane only.

e Displacements are continuous and in-plane displacements (u,v) vary linearly with z.

e Strain-displacement and stress-strain relations are linear.

¢, is negligible compared to ¢,, ¢, .

z
Considering a laminated plate in the Cartesian co-ordinate system, the origin of which is

considered at z=0 (Fig. 1.4), the laminate strains at any location may be written as
6
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&, 83 K,
g (= 83 +2,1K, (1.10)
Vxy VSy Ky
£ .
where 53 and <, rare the mid-plane strains and curvatures and z is the distance from
7>(()y Ky
the mid-plane.

I

Q

/

(

% Middle surface
|

[

|

\_/-——\\/\_m/—\\__
l— ' —
l—— 11—

Figure 1.4 Locations of plies in a laminate

Substituting Eq. (1.10) into Eq. (1.8) gives the generalized stress-strain relation for the k"

lamina as
o 0o 0O 0
o, Qu Qu Qy &y K,
0O N0 N0 0
Oy (= Q21 sz Qze &y +Z, Ky, (111)
0O O O 0
Ty Qs Qx Qg Yy Ky

With stresses defined in terms of z -coordinate, integrating these expressions give the in-plane

loads (N,,N,,N,,) and moments (M,,M,,M, ) (Fig. 1.5) as
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NX % GX N Zk O-X
N, :j o, dz:Zj o, 0z
t k=l 7,
ny 2 | Ty Ty,
(1.12)
|\/|X 1 GX X
2 N %
M, :j o, zdz:ZI o, 2dz
_t k=17,
Mxy 2 [Ty Xy )k
:
| o
————————— -
//: M,
/ [ N
', | s
' [
|
¥ |
N,
|
[
2y
Figure 1.5 In-plane loads and moments in a laminated plate
Using Eq. (1.11), Eq. (1.12) can be simplified as
— fa— 3 —_ ~ 0 T
NX An A12 Aus Bll BlZ Bls -
0
Ny Ar A, As || By By By &y
ny ;o A16 Aze Aee BlS st Bse J/Sy (1 13)
Mx Bll BlZ BlG D11 D12 DlG K,
My B21 Bzz Bze D21 D22 Dze Ky
_Mxy_ L Ble Bze Bee D16 Dze D66 Il Ky
where
A1j= |:(6ij):|k(zk_zk—l)! i,j=1,2,6
k=1
_1 n A 2 2 1 -_
By = kl[(Qu)l(zk—z“), i,j=12,6 (1.14)
_1 : 0O 3 3 HE-
D; =3 kl[(Qij )}k(zk —zH), ,j=12,6
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The [A],[B] and [D] matrices are called the extensional, coupling and bending stiffness
matrices respectively. For a symmetric laminate [B]zO and in such a laminate, in-plane
loads (N) only produce in-plane strains and in-plane moments produce only curvature.
Thereby, the effective longitudinal modulus (E, ), in-plane transverse modulus (E; ), shear

modulus (G,; ) and in-plane Poisson’s ratio (v,; and vz, ) are given by

1 1

EL = h ET =—
- e (1.15)
1 » * :
GLT T — il VLT =—i*2’ VTL:_A,;Z
tAGG A_|_1 A22

where t is the laminate thickness and [A] Is the extensional compliance matrix given by

[A]=[A]" (1.16)
In a specially orthotropic laminate, the stress-strain relations under conditions of plane stress

may be written as

1 o 0
5 E. E. O_X
g, t=| —uI I o, (1.17)
) E, E, i
Xy Xy
o o -
Gy

1.3 Fracture mechanics — Introduction and importance

Failure of man-made structures may ensue from various factors, the common causes being
yielding, buckling, fatigue, fracture, creep, impact, wear etc. Amongst them, fracture is the
form of structural failure that often happens without any prior warning, of which history
stands witness to. Fracture of engineering components is usually caused by a flaw or a crack
which may be defined as a fine slit of nearly zero radius of curvature at the tips. Due to
continual development of crack under sustained loading, the stiffness of the structure
decreases and when the stiffness becomes so low that the service loads cannot be taken up by

the structure any longer, failure occurs by way of fracture. Fracture mechanics as an
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engineering discipline refers to the specialized solid mechanics in which the presence of a
crack in the structure is assumed and then the analysis is carried out.

Development of fracture mechanics is supposed to be closely related to some well-
known catastrophic failures in the past. Fracture mechanics gradually developed from a mere
scientific idea to a widespread engineering discipline, primarily because of the fiasco related
to the liberty ships during the World War 11, where several ships suffered sudden rupture and
even broke in two. Poor weld properties with stress concentrations combined with poor choice
of brittle materials used in construction lead to the failure. Another tragic accident due to
fatigue fracture is the midair disintegration of pressurized cabins of the de Havilland comet
jetliner in 1954. Another important catastrophic incident is the fracture due to possible fatigue
crack growth of a liquid natural gas storage tank that took place in Cleveland in 1944 killing
nearly 130 people.

In 1962, the one year old Kings Bridge in Melbourne, Australia fractured after a span
collapsed because of cracks developed in the welded girder. After five years, in 1967 the
Point Pleasant Bridge at Point Pleasant, West Virginia in US collapsed without warning,
resulting in the loss of 46 lives. Apart from the above characteristic cases, large number of
disasters involving failures of pipes, weapons, tanks, ships, railways and aerospace structures
have been reported around the globe.

Fracture mechanics studies may be broadly classified into divisions- brittle fracture
and ductile fracture. Brittle fracture also known as elastic or cleavage fracture comes with
very little or no plastic deformation ahead the crack tip prior to fracture. On the other hand,
large plastic deformation is the typical characteristic of ductile fracture also known as fibrous
fracture or dimpled rupture. Brittle fracture of engineering components is usually considered
more dangerous in the sense that it does not give any prior warning and occurs at stresses
much lower than the design stresses. The general characteristics of a brittle fracture as
observed from the examination and analysis of structural disasters of the past may be
summarized as

e Brittle fracture occurs with very little or no plastic deformation.

e Material which were ductile at ambient temperature also gave way to brittle fracture
at stresses much below the yield stress of the material. And these materials were found
to have low notch or fracture toughness i.e. the ability to resist loads in the presence
of cracks.

10
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e Structural discontinuities like holes, notches, welding defects etc. or preexisting
defects such as cracks or flaws generally lead to brittle fracture.
Brittle fracture as observed in most cases usually propagates at very high speeds. The first
significant work in the development of fracture mechanics was the work of Inglis [6] which
discussed the stress analysis of an elliptical hole in an infinite linear elastic tensile plate and
the degeneration of the elliptical hole into a line (sharp crack). Using this work, Griffith [7]
in 1920 put forward the use of energy balance approach to study the fracture phenomenon in
cracked bodies. This could be considered as the first solution to understand the effect of crack
length on the strength of the structure using continuum mechanics based approach. However,
the development of fracture mechanics as an engineering discipline was mainly due to
contributions of Irwin and his co-workers [8] at the Naval Research Laboratory, Washington
DC which began with the study of the Liberty ship failures. Additionally, the linear elastic
analysis of cracked bodies in 2D by Westergaard [9] and Williams [10] were two other
important milestones in the development of modern fracture mechanics.

The conventional strength based design approach assumes the structure to be free of
cracks or flaws and the design criterion only requires the computed maximum stress to be less
than the relevant strength of the material suitably reduced by a factor of safety. However, the
chances of presence of crack like flaws cannot be precluded in engineering structures. Hence,
the need of fracture mechanics based design approach is felt which studies the load bearing
capacity of an engineering component assuming the presence of dominant cracks in the
structure itself.

In fracture mechanics approach, in addition to the applied stress and structural
geometry (which are also used in the strength of materials approach), an additional important
structural variable known as the crack length also enters in strength calculations. Combination
of these three variables gives the parameter that characterizes the crack or the crack driving
force. The critical value of crack driving force known as fracture toughness, which is the
ability of the material to resist fracture in presence of cracks and is considered to be a material
property. A relationship between applied load, crack size, fracture toughness and structural
geometry can be obtained by equating the crack driving force to the fracture toughness which
in turn provides the necessary guidelines for structural design. Fracture mechanics based
design approach rather than replacing the conventional strength based design approach, in a
way supports the conventional approach to prevent catastrophic failures due to brittle fracture.

11
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However, a designer has to strike a balance between both the design approaches as the high
strength materials usually have low fracture toughness and low strength materials have high
fracture toughness.

Fracture mechanics is not only limited to determining critical size and loading
combinations for fracture instability in static conditions, but also aids in predicting life of
components that are subjected to time-dependent crack growth mechanisms such as fatigue
and stress corrosion cracking. Damage tolerant design and non-destructive testing (NDT) of
engineering components form important constitutive elements of this branch of fracture
mechanics. Fracture mechanics design philosophy is now extensively used in industries such
as aircraft, aerospace, and nuclear, industries, offshore platforms and locomotives, pressure

vessels etc. with a view to keep catastrophes at bay.
1.3.1 Concepts of fracture mechanics

Fracture mechanics is the discipline which deals with the study of propagation of cracks in
materials. As shown in Fig. 1.6, the three general cases of load application leading to crack
propagation are
e Opening mode or mode I- Tensile stress normal to the plane of the crack
e Sliding mode or mode Il- Shear stress acts parallel to the plane of the crack and
perpendicular to the crack front
e Tearing mode or mode I11- Shear stress acts parallel to both the crack plane and crack
front
A combination of two or all of the

aforementioned modes leads to mixed mode

N

case of loading. Fracture mechanics analyses .

can be broadly classified into two divisions

viz. linear elastic fracture mechanics .
(LEFM) and elastic plastic fracture
mechanics (EPFM). LEFM is based on the OPENING MODE SUBING MoDE TEARNG MODE
. . .. (a) (b) (c)
concept of small scale yielding conditions . .
Figure 1.6 Three types of loading
(SSY). In small scale yielding conditions, the

plastic zone at the crack tip is sufficiently small compared to the crack length and other
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relevant geometric parameters. The stress-strain behavior and load-displacement behavior is
linear in LEFM. In LEFM elastic analysis of cracked bodies is usually employed to determine
the displacement and stress field in the cracked body. Fracture criteria that are based on the
LEFM are applicable for control and prevention of the brittle fracture as it involves very
limited amount of plastic deformation ahead of the crack tip. Most of the engineering designs
based on fracture mechanics approach are primarily on the brittle fracture. LEFM is well
suited for applications which involve high strength materials (which have low fracture
toughness) such as aluminum alloys used in aircraft structures. This theory is not valid when
significant plastic deformation precedes the failure. This restriction severely limits the
application of LEFM to ductile fracture.

In cases where the extent of the plastic zone becomes large compared to the specimen
thickness and crack length, the LEFM methodology breaks down and the linear conditions no
longer exist due to large scale plasticity. Under such large scale plastic conditions or large
scale yielding conditions (LSY), elastic-plastic fracture mechanics (EPFM) is employed to
characterize the crack tip conditions. This situation generally is observed for highly ductile
materials used in nuclear industry. As compared to SSY conditions, fracture under LSY
conditions absorb more amount of energy for fracture of components due to more plastic
deformation. The severity of the crack in both LEFM and EPFM is characterized by certain
fracture mechanics parameters. By comparing with their corresponding critical values of

those parameters the severity of the existing crack could be predicted.
1.3.2 Fracture mechanics parameters

The following four fracture mechanics parameters are widely used to measure the potency of
an existing crack in an engineering component depending on either LEFM or EPFM

conditions as applicable

Energy release rate (G)

Stress intensity factor (K)

J -integral (J)

Crack tip opening displacement (CTOD) or crack opening displacement
(COD)

13
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An appropriate parameter is chosen to analyze the given problem depending upon the material
and the crack tip conditions. The parameters G and K are used in LEFM analysis, K being
more widely employed as compared to G . On the other hand the J -integral and CTOD are
useful in EPFM studies.

1.3.2.1 Strain energy release rate

The strain energy release rate G (in honor of Griffith) or simply energy release rate is based
on the energy balance which establishes the necessary condition for fracture. The concept of
energy release rate is introduced by Irwin [11] in an effort to extend the pioneering work of

Griffith [9] to metals. G is a measure of the energy available for the crack growth. An
unstable fracture occurs when G attains a critical value, G_, which is a material property

and represents materials resistance to crack growth.
1.3.2.2 Stress intensity factor

Stress intensity factor (SIF), K is the most important fracture mechanics parameter in LEFM
(it is a grouped parameter like Reynolds number). SIF is the most widely used to characterize
the crack under SSY (brittle or quasi brittle fracture conditions of metals). Unlike G , the SIF
is derived from the stress based approach. The magnitude of K depends on the geometry of
the cracked structure, crack length and boundary conditions. Unlike the concept of stress
concentration factor that determines the magnitude of the stress at a single point, the
parameter K provides a complete description of the state of stress, strain and displacement
in the vicinity of a crack tip known as the singularity dominated zone (SDZ). Further, the SIF
represents the strength of the singularity in linear elastic conditions i.e. the rate at which the
stresses approach infinity. Many important phenomena of fracture of metals that fall within
the scope of LEFM can be explained with the help of the SIF approach. For example, SIF
approach could be used in determination of the safe operating loads for known sizes and
locations of existing cracks and for determination of the largest crack size that can exists for
given loads without fracture. Further, SIF approach could also be employed for remaining
life prediction using the fatigue crack propagation laws such as Paris law and for prediction
of crack growth rate for environmentally assisted cracking such as corrosion etc. Due to its

practical importance, a collection of SIFs of various cracked configurations are made
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available in many handbooks [12, 13]. By comparing the operating K with the critical K,

(or fracture toughness) it is possible to predict whether the existing crack grows or not. Thus
it is clear that the knowledge of accurate values of SIFs of a configuration is essential for
application of the above fracture criterion. The introduction of the SIF by Irwin and his co-

workers did much to establish the basis of modern fracture mechanics.
1.3.2.3 J- integral

Rice [14, 15] introduced the path-independent contour J -integral for applications of fracture
mechanics where LEFM is no longer applicable and elastic-plastic deformation due to
significant amount of plasticity at the crack tip is to be taken into account. It is one of the
widely used parameter in EPFM studies of ductile materials. J -integral is like G based on
the energy approach. In fact, there exists a relationship between J, K and G for SSY

conditions.
1.3.2.4 Crack opening displacement

The crack opening displacement (COD) is an alternative to the J -integral for applications
where the plastic deformation is significant as compared to dimensions of the cracked body
and is introduced by Wells [16]. It is derived from a displacement based approach. Like J -
integral COD is also widely employed in EPFM studies.

1.3.3 Stress intensity factors for different modes of loading

The stress intensity factor K is represented according to the mode of loading. Referring to
Fig. 1.6, the SIFs corresponding to mode I, mode Il and mode 111 loading cases are designated
as K,, K,, and K, respectively.

Referring to the crack-tip local coordinate system in Fig. 1.6 (origin is placed at the
center of the crack front), the stress field ahead of a crack tip for linear elastic materials under

modes I, IT and I1I loading conditions can be written as.

. K

!I_F)Tgaig') = ﬁ fijI (0) (1.18)

lim (”)—Lf” 0 1.19

Whoi = ooy ! 9) (1.19)
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limo(™ = K ¢1n(p) (1.20)

r—0 N2xr

where r and ¢ are polar coordinates of a point as shown in Fig. 1.6, and f; are universal

functions that only depend on # and depend upon the loading mode.
It has been observed that majority of cracks are loaded either in the opening mode or
under a combined mode. In the mixed mode problems (i.e. when more than one loading mode

are present), the individual contributions to a given stress component are additive i.e.

O_(total )

= o) 4 o 1 o a2y

i
In such cases, K values of all the participating modes would be required for complete
characterization of crack tip conditions. Thus the single parameter description of crack tip
conditions using the concept of SIF is quite useful in the sense that from accurate values of
K, it is possible to solve for all components of stress, strain and displacement ahead of crack

tip as a function of r and 6. The values of K may thus be formally defined as

K,y =271 limg " (1.22)

r—0

asr—-0onéd=0".
1.4 Methods for the determination of stress intensity factors

The SIF plays a vital role in the application of the principles of linear elastic fracture
mechanics to practical problems in design and analysis. Determination of SIF for real life
components with a crack is therefore very important for prediction of the crack condition.

The SIFs can be determined through analytical, numerical and experimental methods.
1.4.1 Analytical methods

The analytical methods are mostly suitable for idealized geometries, loading and boundary
conditions. There are number of techniques used in the solution of the SIFs of two-
dimensional crack problems. Amongst, very notable methods are conformal mapping,
Laurent series expansion, boundary collocation method, integral transform method and
weight function method. Theoretical methods are essential for two reasons. First, they provide
the correct form of singularities and asymptotic solutions that are useful in analyzing and
interpreting the experimental observations and in improving the accuracy of numerical
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solutions. Secondly, they provide accurate solutions for relatively simple geometries and for
certain idealized material behavior and could be used as benchmark problems for validation

of numerical methods and experimental methods.
1.4.2 Numerical methods

Numerical methods for determination of SIF are extremely useful in dealing with the complex
configurations usually found in a great many practical problems. Finite element and boundary
element methods are widely used for numerical estimations of SIFs. The SIFs can be
estimated either by the displacement based methods or energy based methods. The use of
numerical methods, particularly finite element methods, has vastly broadened the range of
problems that can be solved by computational approaches. A major advantage is that
engineers can easily calculate SIFs at their desks, using personal computers and large number
of commercially available finite element codes.

1.4.3 Experimental methods

Experimental methods provide new alternatives and opportunities for solving fracture
mechanics problems. Many factors make the experimental determination of the SIFs
indispensable. Analytical methods for determination of the SIFs are usually based on
simplifying assumptions which imply certain detachment from reality and those theories can
be verified only by experimentation to convince whether such idealization has not resulted in
an undue distortion of the essential features of the problem. The aim of all experimental
methods is to extract the SIFs from the measurable data. Several experimental methods have
been developed for the measurement of SIFs in the past and some of the widely used
experimental methods are caustics, moiré interferometry, photoelasticity and strain gage

techniques.
1.4.3.1 The method of caustics

The method of caustics or shadow spot method relies on the deflection of light rays due to
stress field gradient. Caustics are three dimensional surfaces in space enclosing a dark region
and along which a high intensity of light occurs [17, 18]. When a uniform beam of light is

incident on a reflective surface containing geometric nonlinearities, the beam is reflected in
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such a way that its intensity varies spatially to form the caustic. This occurs when light is
reflected from the region around the crack tip in a polished specimen subjected to load. The
caustic can be seen by placing a screen in the reflected light path. A thin ring of high intensity
light the caustic, surrounding a dark spot will be observed. The size and shape of the ring, or
caustic can be related to the magnitude of SIFs. The SIF is related to diameter of the caustic,
specimen thickness, the distance between the reference plane and the specimen and also
Young’s modulus and Poisson’s ratio of the specimen.

The advantage of caustics method is that it can be applied to both transparent and
opaque materials. It has also been used with variety of materials such as isotropic, anisotropic
and composite material for the determination of SIFs under static and dynamic loading
condition. This method is also widely employed for the determination of mixed mode SIFs.
However, the data produced were not as reliable as other methods such as moiré
interferometry, photoelasticity and strain gage method [19].

1.4.3.2 Moire interferometry

The two basic principles that govern the formation of moiré interferometry fringes are the
interference of light and the diffraction of light. It provides contour maps of the in-plane
displacement field, from which small strains can be determined [17]. This technique is based
on the interference of two regular gratings and widely employed in quasi-static and dynamic
loading problems. Out of two gratings, first grating acts as reference which is undeformed.
The second grating which is called active grating is affixed to the surface of the specimen and
is deformed by the strains experienced in the specimen. Simultaneous viewing of the two
gratings produces the fringes due to crossing of these. The order of fringe starts from known
zero displacement. Then, SIF is calculated by substitution of the order of fringe and the pitch
of the reference grating in appropriate equation. This method is not consistent as compared

to other optical method such as photoelasticity and is also more expensive [19].
1.4.3.3 Photoelasticity

Photoelasticity method is by far the most widely used whole-field technique for studying
cracked bodies. It is an optical method of experimental stress analysis, which yields a whole
field representation of principal stress difference [17]. The difference in the principal stresses

is related to the fringe order, material fringe constant and the length of the light path. In this
18
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method the SIF can be determined by measuring the fringe order and position parameters on
a fringe loop. This method has also been applied for determination of mixed mode SIFs. Many
investigators used this technique to study crack tip stress field for both static and dynamic
conditions.

In comparisons of optical analyses of crack tip stress field, the photoelastic results
were the most consistent and in a fully equipped laboratory, photoelasticity would be the first
choice to provide accurate, repeatable data [19]. Although the idea of using the photoelastic
method of stress analysis to the solution of crack problems seems to be attractive, many
difficulties are encountered during measurements due to high concentration of the
isochromatic fringes near the crack tip which alter the real meaning of the isochromatic

pattern of the corresponding problem of the cracked plate.
1.4.3.4 Electrical resistance strain gage

Of all of the techniques of experimental mechanics, by far the most commonly used
techniques are those based on electrical resistance strain gage. Moreover, among the
experimental techniques for the determination of SIFs strain gage based techniques are
relatively simple, easy to use and inexpensive [17]. Electrical resistance strain gages are the
most commonly used type of strain sensors and hereafter these gages are named as only strain
gages for simple representation. The change in resistance of a conductor with its change in
length forms the basis for strain measurement using strain gages.

Strain gages are bonded to the surface of the body and forms a part of it. When the
body deforms, the gage also subjected to the same deformation. As a result, resistance of the
gage material changes due to changes in its length due to deformation. This resistance change
due to deformation is measured in terms of voltage change using a Wheatstone bridge circuit.
The output voltage of the Wheatstone bridge circuit can be calibrated to give the axial strain
along the strain gage. The measured strain is then related to SIF by employing appropriate
analytical equations, and the SIFs can be determined from those equations. Several static as
well as dynamic studies of the cracked components have been reported by many investigators
using the strain gage techniques. These techniques are also used for experimental
determination of mixed mode SIFs. Strain gage methods are as powerful as photoelastic

methods and are also cost effective measurements. Due to the minimal investment in
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measuring equipment, these techniques are particularly employed in the development of

standard methods of measuring the dynamic initiation, propagation and arrest toughness.

1.5 Principle of operation of the electrical resistance strain
gage

The electrical resistance strain gage is the most versatile of many devices to measure free
surface strains of machine components and structural members. In 1856, Lord Kelvin reported
that certain metal wires exhibited a change of electrical resistance with the change in strain.
The resistance R of a uniform conductor with a length L, cross-sectional area A and
specific resistance o is given by

L
R=p— 1.23
o (1.23)

Thus, when a conductor is pulled in the axial direction, a change in electrical resistance occurs
due to the change in length of the conductor. This forms the basic principle of working of
electrical resistance strain gages. Usually the change in resistance is extremely small
quantity. The amount of the resistance change in relation to change in length of the conductor
is known as the strain sensitivity of the material of conductor. Since the change in resistance
for a change in length of the conductor is so small that special bridge circuits such as
Wheatstone bridge and potentiometer bridge circuits are widely employed in practice. The
output voltage of bridge circuit is proportional to the change in resistance of strain gages and

hence proportional to the axial strain. The most commonly used strain gages are foil gages.
1.5.1 Bonded metallic foil strain gages

Although, it is theoretically possible to measure strain with a single length of wire as the
sensing element of the strain gage, in order to sense the strain in a robust way and accurately,
modern strain gages are available in a form popularly known as bonded metal foil strain
gages. These are most widely used for measurement of surface axial strains. A metallic foil
strain gage consists of a very thin rolled foil arranged in a grid pattern. The grid pattern
maximizes the amount of metallic wire subject to strain in the parallel direction. Figure 1.7
shows a typical foil strain gage. The dimension between the ends of the grid is the basic
measuring length of a strain age, and is called the gage length. Henceforth the word strain
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gage will be used to denote the bonded rid

metallic foil gages. Most general purpose

. Alignment marks i Turn tab
strain gages produced today are \ A'/
fabricated from the copper-nickel alloy .

Gage length
known as Advance or Constantan. The
. . . A
cross sectional area of the grid is —1x
oL Turn tab
minimized to reduce the effect of shear
strain and Poisson’s effect. The grid is
Solder tab

bonded to a thin backing, called the Bricking

: P : Figure 1.7 Typical foil strain gage
carrier, which is attached‘directlyto the (http://www.directindustry.com/prod/vishay-micro-

test specimen. Therefore, the strain measurements/product-6259-16229.html)
experienced by the test specimen is transferred directly to the strain gage, which responds
with a linear change in electrical resistance.

A variety of strain gages such as single element gage, two and three element rosettes,
shear gage, strip gage and stress gage, etc., are commercially available for use in various
situations. As discussed earlier, the change in resistance is so small that a high sensitive
circuits such as Wheatstone bridge circuit is widely employed along with the metallic foil
gages to measure the strains. The output voltage of the bridge can be directly related to the
surface strains. The overall output of strain sensor depends on gage resistance, lead wire
resistance, type of lead wire connection, transverse sensitivity, thermal sensitivity, gage
length, gage factor, type of strain gage and excitation voltage of bridge circuit. For accurate
measurement of strain the above parameters should be optimized so that error in strain
measurement can be reduced. In addition, it is very important to employ the proper adhesive
and bonding procedures to achieve precise strain measurements. The most widely used
commercially available strain gages are 120Q, 350Q and 1000Q. Using commercially
available dedicated strain gage data acquisition systems the accuracy of strain measurement
can be further improved and can be made easier. Some of the basic requirements of strain

gage are
e Linear strain sensitivity in the elastic range — for accuracy and repeatability.
e High resistivity — for smallest size.

e Low hysteresis — for repeatability and accuracy.
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e High strain sensitivity —for maximum electrical output for a given strain.

e Low and controllable temperature coefficient of resistance — for good temperature

compensation.
e Wide operating temperature range — for the widest range of applications.

e Good fatigue life — for dynamic measurements.
1.6 Fracture mechanics of orthotropic materials

The presence of cracks are often encountered in orthotropic laminated composites and the
study of crack stability of these materials under various loading conditions is crucial. The
applicability of the concepts of fracture mechanics put forward by Griffith [7] and Irwin [11]
cannot be said to be limited only to isotropic materials. Generally, a simplified case of
anisotropy - the orthotropic material is considered to have an understanding of the feasibility
of the application of fracture mechanics to anisotropic materials without appreciably
narrowing the applicability of the results to practical situations [20, 21].

A material is said to be orthotropic when it possesses three orthogonal planes of elastic
symmetry. The assumptions or conditions imposed for the analysis of an orthotropic plate
with three planes elastic symmetry containing a through the thickness crack and subjected to
arbitrary in-plane loading is as follows [21]

e The material is linearly elastic.

e The plate is thin and of infinite / semi-infinite dimensions.

e The crack is straight and sharp and is parallel to one of the principal planes of elastic

symmetry.

e The influence of environment is neglected.
Generally, homogenous composites are believed to behave in an orthotropic linear elastic
manner. Therefore, considering near perfect fiber-matrix bonding, the above conditions
though simplify the mathematical analysis, in no way limit their applicability to real life cases.
The concepts of fracture mechanics pertaining to homogenous isotropic materials have been
extended to orthotropic materials after allowing suitable provision to take care of the
directional properties of such materials. Comparison of the crack tip stress distribution in an

orthotropic plate to that in an isotropic plate shows that the stress singularity at the crack tip
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(as, r— O) for both the cases follow the r” order. In addition, though the state of stress in
the crack tip vicinity for an orthotropic plate is dependent on the elastic constants of the
material (E_,E; ,v.;,G.;) unlike that of in isotropic materials, a parameter can be defined to

measure the strength of a cracked orthotropic plate similar to isotropic case. Therefore, the

stress intensity factors, K,,K, and K,, (section 1.3.3) characterizing the effect of the crack

length and the magnitude of the external stresses provides a complete description of the state
of stress over some region of the orthotropic body as in case of homogenous isotropic

materials.
The crack extension force (G) obtained from energy considerations is generally

considered to be a more fundamental parameter related to crack extension. However, in order
to obtain G, a knowledge of the direction of the crack growth is necessary. For isotropic
materials, the generally accepted hypothesis is that crack growth takes place in the direction
perpendicular to the direction of greatest tension and it is experimentally verified. However,
for orthotropic materials, the direction of crack growth depends on the strength of the material
as well as the state of stress. Therefore, the crack instability of orthotropic plates is generally
examined using stress intensity factors as criteria to measure the strength of a cracked
orthotropic plate [21]. From the theoretical analysis of the stresses in the vicinity of the crack

tip in an orthotropic plate, Wu [21] found that the stress distribution was dependent on the

material constants and stress singularity was of the order of r 7 similar to that of isotropic
materials. The theoretical analysis also indicated that the same equations of stress intensity
factors as that of isotropic materials could be used to measure the strength of an orthotropic
plate containing a crack. Therefore, the estimation of stress intensity factors of orthotropic
materials using strain gage based approach would be less cumbersome and also economically
viable keeping in mind the clumsy attributes posed by the directional properties of such

materials.
1.7 Motivation

The fracture analysis of composite materials is important keeping in view the widespread
usage and application of such materials. The accurate determination of fracture parameter,

SIF, is crucial in the sense that it aids in taking preventive steps against potential fracture.
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Amongst the available experimental methods for estimation of SIF, strain gage methods are

comparatively easier to use and cost effective. They can be used on components made of both

metallic and non-metallic materials. The strain gage based applications have reached quite a
potent stage as far as isotropic materials are concerned.

In view of the importance of fracture mechanics of composites and the importance of

SIFs in this area and advantages of strain gage based techniques, the motivation was to

undertake studies where strain gage based technigque could be applied to determination of

fracture parameters in cracked orthotropic composites and study the challenges involved. To

understand this an extensive literature review was required which was done and presented in

the next chapter.
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Chapter 2

Literature review

In this chapter, an exhaustive literature review has been presented in the broad area of strain
gage based determination of SIFs with a focus on determination of SIFs in laminated
composites in particular. To begin with, the literatures on application of LEFM in laminated
composites are discussed in general followed by different techniques including strain gage
based applications in particular available in determination of SIFs in laminated composites.
Thereafter, various other available strain gage based techniques for determination of SIFs of
different types of materials have been discussed. Based on the exhaustive literature review, a
summary is presented and specific objectives of the present thesis are laid down.

2.1 LEFM for orthotropic materials

The pioneering work towards the development of fracture mechanics studies of orthotropic
materials was started by Irwin [20] in 1962. He proposed counterparts of the Westergaard’s
equation [9] for orthotropic solids. Wu [21] in 1963 also reported on the feasibility of the
linear elastic fracture concept to orthotropic plates by examining the problem of an infinite
plate containing a single crack oriented in the direction of one of the planes of elastic
symmetry. Through experiments on balsa wood and fiber-glass-reinforced plastic plates, he
developed an empirical relation inferring the existence of a general law of fracture for
orthotropic materials. Sih et al. [22] developed general equations for crack tip stress fields

in rectilinear orthotropic bodies using a complex variable approach in 1965 and observed the
presence of an elastic stress singularity of order r 7 atthe crack tip.

In 1978, Dharan [23] proposed that LEFM could be applied to obtain equations
relating strain energy release rate to SIF for various modes of crack propagation assuming
homogenous, orthotropic relations for a self-similar crack. They obtained good results
experimentally for a mode | crack propagation in graphite-epoxy an interlaminar shearing in

glass-fiber reinforced epoxy with these restrictive conditions.
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Parhizgar et al. [24] also investigated the applications of linear elastic fracture mechanics
to orthotropic materials and reportedly verified that fracture toughness of unidirectional
composites is a constant independent of material property.

Rossamith et al. [25] analyzed the crack tip stress patterns in a loaded orthotropic,
homogenous specimen assuming linear elastic conditions and reported that the degree of
orthotropy as well as regular stress fields in the stress functions may have some
influence on the overall appearance of maximum shear stress lines around the crack
tip in an orthotropic material. Nobile et al. [26] carried out investigations to study the
elastostatic fracture response of an infinite orthotropic cracked plate subjected to biaxial
uniform loading and pointed out the effects of orthotropy and load biaxiality on the near
crack tip fields. They pointed out using both the strain energy density theory and the
maximum tensile stress criterion that the value of the crack extension angle depends both
on the biaxial load parameter and orthotropic behavior of the material.

2.2 Determination of SIF in cracked composite materials

Due to the limitation of analytical methods in handling general propagations and arbitrary
complex geometries and boundary conditions, several numerical and experimental techniques
have been developed for solving composite fracture mechanics problems under mode | and

mixed mode loading.
2.2.1 Numerical methods

Cruse [27] in 1988 developed boundary element solutions for quasi-static crack propagation
in orthotropic media. Boundary element methods (BEM) were also taken up by other
researchers in due course. In 1998, Alibadi and Sollero [28] formulated dual boundary
element method for crack growth analysis in homogenous orthotropic laminates and
demonstrated the application of the method by solving several edge-crack configurations. In
2008, Garcia-Sanchez et al. [29] demonstrated a time-domain BEM for transient dynamic
crack analysis in 2D homogenous, anisotropic elastic solids and presented numerical
examples to establish the accuracy and robustness of the said method. However, the boundary
element method, in spite of its benefits, are ill-suited for non-linear systems and general crack

propagation problems.
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Alternative available methods include hybrid displacement finite element method by Atluri
et al. [30], discrete element method (DEM) by Mohammadi [31], modified crack closure
technique (MCCT) and displacement correlation technique (DCT) by Kim and Paulino [32]
and various meshless methods. The assumed displacement hybrid finite element model
developed by Atluri et al. [30] consists of algebraic system of equations where the nodal
displacements and elastic stress intensity factors are the unknowns. The developed model is
suitable for analyzing elastic-plastic state in the vicinity of a crack-tip and is demonstrated by
numerical results obtained for a tension plate with a central crack, single-edge crack and a
quarter-circular crack. In a progressive fracture analysis of composites using DEM, part of
the composite model, which is potentially susceptible to damage is represented by discrete
elements and the rest of the specimen is modelled with coarser finite elements to reduce
analysis time [31]. A specially tailored modified crack closure technique (MCCT) and the
displacement correlation technique (DCT) for orthotropic FGMs was presented by Kim and
Paulino [32] in 2002 employing the predictor-corrector process. Numerical results established
the accuracy of the estimated mixed mode SIFs of the orthotropic FGMs obtained using the
developed techniques.

Meshless methods avoid the pre-defined fixed connectivity between the nodal points
which are used to define the geometry and set necessary degree of freedoms to discretize the
governing equation thereby simplifying the modelling of structures with cracks [33]. The
element free Galerkin method (EFG) is one such method which does not require remeshing
in crack growth problems and the discrete equations are obtained by Galerkin Method [34].
The conventional EFG was also extended to analysis of discontinuous orthotropic enrichment
functions to evaluate SIFs by Ghorasi et al. [35]. The extended finite element method (XFEM)
is a combination of finite element and meshless concepts based on the mathematical
foundation of Partition of Unity finite element method (PUFEM) [33]. The orthotropic crack-
tip enrichment functions for application of XFEM to orthotropic materials was proposed by
Asadpoure et al. [36, 37]. A combination of XFEM and isogeometric analysis (IGA)
methodologies was developed for general mixed mode crack propagation problems by the

introduction of extended isogeometric analysis (XIGA) by Ghorashi et al. [38].
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2.2.2 Experimental methods

In experimental analysis of anisotropic materials various techniques have been reported for
measurement of fracture parameters. In 1995 Baik et al. [39] used the method of caustics to
obtain SIFs in orthotropic materials under mode | and mixed mode static loading conditions.
For mode | case, the SIFs obtained were found to be close to that obtained using BEM
(boundary element method), and for mixed-mode loading cases, the SIFs obtained show a
relative difference of 2.2-2.4% with those obtained using the BEM.

Yao et al. [40] studied the stress singularities of mode | crack tip in orthotropic
composites using the reflective caustic technology. A series of caustic experiments of mode
| crack tip for glass-fiber woven composites were performed under three-point-bend loading.
The experimental results showed good agreement with the numerical results except in the tail
part of the caustic pattern due to the effect of the crack tip on crack tip stress field.

Mojtahed and Zachary [41] devised a method for obtaining mode | SIF in orthotropic
materials by using photoelastic technique. The set of equations obtained by combining the

orthotropic photoelasticity and LEFM laws were used along with half-fringe photoelasticity

to determine K, in a CT specimen made of a transparent unidirectional fiber-glass epoxy

material and the results were validated using finite-element based solutions.

Ju and Liu [42] have used the technique of coherent grading sensing (CGS)
interferometry to experimentally determine SIF for cracked composite panels (unidirectional
graphite-epoxy) under bending (plane-stress deformation). The SIFs measured using the CGS
technique when compared with the analytical solution were found to be in good agreement.

Khanna et al. [43] used the technique of transmission photoelasticity to determine the
SIFs for cracks in composites. They prepared transparent composites by matching the
refractive index of fibers and the quasi-static mode | fracture and the isochromatic fringe
patterns obtained were analyzed using orthotropic photoelasticity to obtain mode | SIFs.
Opening mode stress field equations in conjunction with an orthotropic stress-optic law were
utilized to regenerate the isochromatic fringe patterns obtained and were analyzed using
orthotropic photoelasticity to obtain mode | SIFs. Some discrepancies at relatively far
distances from the crack tip with otherwise good agreement was observed between the

regenerated fringe patterns and the experimentally obtained patterns.
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Mogadpalli and Parameswaran [44] investigated on the application of digital image
correlation (DIC) to determine SIF for cracks in orthotropic composites. Tests were
conducted by loading edge cracked composite panel in remote tension and the SIF was
determined from the displacement data using the derived displacement field. There is good
agreement (within 2%) between the experimentally determined SIF and that obtained

analytically except at very low load (=50N) when the displacement level is too small and at

a very high load (=350 N) when the SIF becomes almost twice the K,. of epoxy.

2.2.3 Strain gage based determination of SIF in general and for

orthotropic materials in particular

The use of strain gage to determine SIFs near the crack tip was first suggested by Irwin [45]
in 1957. However, practically feasible methods based on the strain gages were not realized
for long time due to constraints such as measurement of strains at high strain gradients zones
in the vicinity of crack tips using finite sized strain gages, local yielding and three-
dimensional effects near the crack tip. As reported by Broek [46], a very early attempt to
determine the mode | SIFs using strain gages were made by Bhandari and co-workers [47,
48]. They employed strain gage measurements at several points close to the crack tip and
extrapolated the measured data to crack tip for determination of SIFs. Despite the above
constraints, they reported to obtain accurate values of SIFs. However, no strain gage radial
locations were recommended for using the above extrapolation technique [46].

In the meantime, in an effort to establish the range of applicability of two dimensional
near tip solutions, Rosakis and Ravi-Chandar [49] experimentally found the extent of three
dimensionality of the crack tip stress fields using caustics. Polymethylmethacrylate (PMMA)
plates of various thicknesses were considered. They showed that plane stress conditions
prevail at distances greater than half the specimen thickness from the crack tip for mode |
loading conditions and below this distance the state of stress is three dimensional.

To overcome the constraints in development of strain gage based methods (as
mentioned earlier) Dally and Sanford [50] were first to propose a practically viable and
theoretically well supported single strain gage technique for determination of the static mode
I SIF in two dimensional bodies of isotropic materials. They employed a truncated strain

series consisting of three unknown coefficients (multi-parameter strain series) for the
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representation of the strains in the experimental specimens. As a consequence, the strain
gages could be placed at grater radial distances from the crack tip instead of placing in the
vicinity of the crack tip. Further, by use of clever manipulation of the selected multi-parameter
strain expressions, they devised a robust technique for experimental determination of the
mode | SIF using only one strain gage.

Thus the major advantage of their technique is that a single strain gage located at
radial distance sufficiently away from the crack tip is sufficient to determine the mode I SIF
of any configuration. For experimental validation of their method three single element strain
gages were pasted on an aluminum CT (Compact Tension) specimen. These three gages were
located at different radii from the crack tip. They noticed that the error in the measured SIF
was more in the first and last strain gages as compared to the intermediate one indicating the
importance of radial location of strain gage on determination of accurate values of SIFs. It
can be noticed from their technique that the radial location of the single strain gage should be
within the realm of applicability of the selected three parameter representation. Consequently,
this technique requires prior knowledge regarding the extent of validity of the selected three
parameter strain representation (which in turn provides valid or optimal gage locations) which
is a function of the geometry of the specimen and applied loading. No suggestions were made
by Dally and Sanford [50] on the valid or optimal gage locations. However, based on Rosakis
and Ravi-Chandar work [49] they suggested that the strain gages should be placed at distances
greater than half the thickness of the specimen from the crack tip in order to avoid three
dimensional effects. Clearly this suggestion serves in identifying only the minimum radial
distance for the strain gage. The Dally and Sanford [50] single strain gage technique is
henceforth will be abbreviated as DS technique in the present investigation.

The strain gage techniques were also developed and employed to determine the
dynamic SIFs in dynamic fracture problems. A single strain gage technique for measurement

of mode I dynamic SIF for propagating crack was developed by Shukla et al. [51], in a similar

way to that of DS technique. They considered a two parameter (neglecting the r” term)

dynamic strain series for the representation of the strain field. A comparison of dynamic SIFs

for a propagating crack obtained using their strain gage technique and photoelastic coating

method was carried out on a single edge notch plate made of steel and aluminum. In order to

determine dynamic SIFs, they mounted four strain gages with equal spacing in a row above

the crack tip. It was reported that the dynamic SIFs obtained from strain gage method were
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in good agreement with the values obtained from the photoelastic coatings. The distance of
strain gages from the crack tip was not reported and no suggestions on valid or optimal
locations were also provided.

Another single strain gage technique for measurement of mode | dynamic SIF was

also developed by Berger et al. [52], for propagating cracks in a similar way to that of DS

technique. They considered a three parameter strain series and included the r’> term in the
selected dynamic strain series which was neglected by Shukla et al. [51], and demonstrated
the importance of this term in measuring dynamic SIF. Further, they also developed a crack
tip algorithm for precise location of crack tip with respect to the strain gages in a propagating
crack. After the precise position of the crack tip was determined, the dynamic SIF was
calculated from the strain sensed by the gages. Six strain gages were placed on the line below
the crack axis of CT specimen made of alloy steel. No explanation was provided on selected
radial locations of strain gages used for measurement of dynamic SIFs. They reported that the
measured strains using this technique deviated 5% to 7% from the computed strains.

Because of its simplicity and robust foundations, the DS technique was extensively
employed in various studies of experimental fracture mechanics. A review of literature
wherein the DS technique was employed for determination of static and dynamic mode | SIFs
is presented in the following section.

In an attempt to verify a new technique for the measurement of dynamic initiation
toughness (based on detonation of explosives), Dally and Barker [53] employed the DS
technique for experimental determination of mode | dynamic SIF of a sharp stationary crack.
The dynamic initiation toughness was measured for Homalite 100 using both DS technique
and photoelastic method. A dog-bone specimen was used in their experiments. The dynamic
loads were induced to the specimen by detonation of explosives. The strain gages were
reported to be located within the singularity dominated zone but at a distance greater than half
the thickness of the specimen to avoid the three dimensional effects. No further discussion
was presented on the selected gage locations. They observed that strain gage method yielded
better result as compared to photoelastic method even though it was based on static theory.
They reported experimental error on determination of dynamic SIF was about 25 percent.

To study the effect of material composition and thickness of the specimen in

determination of static mode | SIF using DS technique, Parnas et al. [54] conducted several
experiments. They considered CT specimens made of steel and aluminum of different
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thicknesses. Strain gages were pasted at a radial distance from the crack tip greater than half
the thickness of the CT specimen and no further discussion was available on radial location
of strain gages. However, they suggested from their experimental results that the thickness of
the specimen and the region of strain gage location should seriously be considered during the
application of DS technique. The SIFs obtained were higher than theoretical and finite
element values.

While studying the dimple fracture under shot pulse loading, Rizal and Homma [55]
employed the DS technique for measuring the dynamic SIF. The material used in their
experiment was aluminum alloy. For measurement of strain, a strain gage was mounted at a
distance of 7mm from crack tip according to DS technique. No other discussion was made on
the radial locations of the strain gages and the selected radial distance 7 mm was possibly
based on their intuition/past experience. They observed that pulse duration was having
significant effect on dynamic fracture toughness and reported that the with decrease in pulse
duration to a particular limit there would be steep rise in dynamic fracture toughness.

Marur et al. [56] studied the influence of particle size and volume fraction on both the
static and dynamic fracture toughness of a composite material. They employed the DS
technique for measuring the dynamic SIF. To measure dynamic strain and in turn, the SIF, a
single stain gage was pasted at a distance of 0.6 times the thickness of the specimen from the
crack tip to avoid the three dimensional effects. No investigation was conducted on whether
the selected radial distance was within the realm of strain expressions employed in DS
technique or not. Further, no discussion was also made on selection of radial locations for
strain gages. It appears that the selected gage location was possibly based on their
intuition/past experience. They reported that for a given volume fraction, smaller size
particles reduce the dynamic fracture toughness.

Kirugulige and Tippur [57] studied mixed mode dynamic crack growth behavior in
functionally graded glass filled epoxy sheets. In order to measure mode | crack initiation
toughness of filler, they employed DS technique to obtain dynamic SIF histories. No
explanation was made on the selected radial locations of the strain gages on the edge cracked
beam specimen. It appears that the selected gage locations were based on their intuition/past
experience. Experiments were conducted by alternating load on stiffer side and compliant

side.
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While studying the viscoelastic effect on the dynamic fracture toughness of a glass fiber
reinforced polyester composite, Shirley and Homma [58] employed the DS technique for
measurement of dynamic SIF under various loading rates. They pasted a strain gage at a
distance of 7mm from the crack tip. No explanation/remarks were provided for the selected
radial distance for the strain gage. They observed that the fracture toughness based on stress
singularity is significantly affected by the loading rate and while one based on the strain
singularity is less affected by the loading rate. They reported that to fully understand loading
rate on the dynamic fracture toughness in addition to the fracture behavior for viscoelastic
materials, interfacial bonding strength under different loading conditions must be considered.

Wadgaonkar and Parameswaran [59] employed the DS technique for measurement of
mode | SIFs on epoxy side and glass bead side of a graded material system. Experiment was
conducted on a single edge notch specimen subjected to four point bending. To determine
SIFs, two strain gages were installed, one at epoxy rich surface and another at glass bead
surface at a radial distance of 3/4™ of thickness of the plate from the crack tip to avoid three
dimensional effects and strain gradients. No further information on radial locations was
provided. It seems that the selected radial distance of strain gages may be based on their
intuition/past experience. The results showed that the SIFs on the stiffer face of the plate were
more than two times those on compliant face.

Owing to the importance of strain gage radial locations, an attempt has been made
recently by Sarangi et al. [60-62] in determining valid radial locations for strain gages for the
evaluation of mode | SIFs in isotropic materials. Their approach is based on the finite element
analysis (FEA) of 2D cracked configurations and the resulting optimal gage locations are
appropriate to work with the popular DS technique for the accurate measurement of mode |
SIFs. They proposed a methodology to compute the maximum permissible radial location of

a strain gage (r,,, ) or the extent of the three parameter zone, which in turn can be used to

find the valid or optimal radial locations. Results on valid gage locations obtained using the
method [60-62] were shown to be consistent with the theoretical predictions and due to the
simplicity and robustness of the method it could be used for any complex experimental
specimen. They also showed experimentally [63] that very accurate values of SIF could be
obtained when the gages were pasted at optimal locations and highly erroneous SIF resulted

when the gages were located at non-optimal locations.
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Very limited amount of published work is available on applications of strain gage techniques
for determination of mixed mode I/11 SIFs for isotropic materials. The very first work in this
direction was due to Dally and Berger [64] who extended DS technique to the mixed mode
strain field for the determination of static SIFs K, and Ky, in isotropic materials. More number
of parameters was employed in their method as compared to DS technique so that the strain
gages could be placed at greater distances from the crack tip. Due to the use of multiparameter
strain field representation, the region of strain field was increased substantially but at the same
time more number of strain gages was required to find the unknown coefficients. Two ten
element strip gages were pasted on both sides of crack axis in a slant edge cracked plate made
of aluminum alloy at equal angle and at equal radius form crack tip to capture corresponding
positive and negative strains. No guidelines or procedure was suggested on valid or optimal
radial locations for strain gages. It appears that the placement of strip gages, from the crack
tip was probably based on their intuition/past experience. It is clear that since they employed
strip gages, some of the gages may be at the optimal locations and others may be at
unacceptable locations. The SIFs were obtained by graphical extrapolation technique. The
SIFs obtained by experimental techniques were compared with both numerical result and
published result. An error of about 16.4% in K, and 29% in K, were reported when they
compared their experimental values with the published data. In the present investigation,
henceforth, Dally and Berger [64] mixed mode technique is termed as DB technique
throughout the present investigation.

Kondo et al. [65] proposed a strain gage method for determination of mixed mode
SIFs of sharp notched strips. In this technique it was necessary to position the strain gage
along more than two different directions for determination of mixed mode SIFs. They
employed two strip gages containing five elements for measuring strain along two rays from
the bisector angle of the notch. The radial locations of each strain gage were selected based
on the theory given by Dally and Sanford [50] for minimizing the averaging errors in gages.
No procedure was discussed for valid or optimal radial locations of strain gages. The
experimental results of mode I and mode Il SIFs were consistently smaller than the theoretical
results and within 10% difference for various notch angles and shapes.

Another strain gage technique for determination of mixed mode SIFs was proposed
by Dorogoy and Rittel [66] using strain gage rosettes instead of single element gages. The
procedure for obtaining the SIFs was presented using numerical studies on a slant edge
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cracked plate and no experimental results were reported. They observed from the numerical
analysis that the radial location of rosette was an important factor in accurate measurement
of SIFs. They recommended that the rosette should be placed as close as possible to the crack
tip but outside the plastic zone and three dimensional effects which clearly demands
knowledge of unknown SIFs. From the numerical example, they suggested the use of two
strain gage rosettes at the same angle and linearly extrapolate their results for obtaining
reasonably accurate mixed mode SIFs.

Sarangi et al. [67] proposed a modified version of the Dally and Berger approach [64]

for definitive determination of maximum permissible radial location of strain gages (r,.,, )

thereby leading to accurate determination of mixed mode SIFs and verified their propositions
numerically. They also investigated the effect of crack length to width ratio and state of stress

on the r_,, . They also conducted experiments to study the efficacy of the proposed mixed
mode strain gage technique and existence and usefulness of the strain gage locations in

accuracy of the estimated SIFs (K|, K, ) [68].

2.2.3.1 Strain gage techniques for determination of SIFs in orthotropic materials

Very few works are available with regard to strain gage application for determination of SIFs
in orthotropic laminates. Shukla et al. [69] developed a single strain gage technique for
determination of static mode | SIF by employing two-parameter orthotropic strain equations
around the crack tip. Their technique was verified by conducting experiments on a glass-
epoxy single-edge-notched composite specimen. Although, it was realized that the selected
radial locations should be according to the theoretical formulations, the radial location of
strain gages for their experimental work were primarily based on minimizing the average
errors due to the strain gradients. Based on the averaging error, two strain gages were pasted
at distances of 5 mm and 9 mm from the crack tip. The SIF was measured corresponding two
locations. The result showed that the strain gage located at 9 mm could produce good
agreement with theoretical SIF. But the error in SIF using strain gage located at 5mm was
about 18% and they attributed this large error to the three dimensional effects etc. However,
there were two major limitations of this technique viz. the two parameter strain series
employed by them as opposed to the three parameter strain series proposed by Dally and

Sanford [50] truncated the radial distance within which the strain gage can be located for
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successful mensuration of strains. Again, no guidelines or recommendations were presented
for locating the strain gage.

Khanna and Shukla [70] developed a single strain gage technique for determination
of mode | dynamic SIF for a moving crack at a constant speed in the orthotropic composite
materials. Theoretical equations of the strain field around a crack moving at a constant
velocity in an orthotropic composite material were developed. A procedure was developed to
evaluate the optimum size, orientation and location of strain gage for minimizing the average
errors for strain gages within the realm of the selected strain expression. A single edge notch
(SEN) fracture specimen made from unidirectional glass-epoxy composite laminate was used
to determine the SIF for a crack propagating along the direction of fiber reinforcement. The
radial location of strain gages on the experimental specimen was decided based on the
experimental results on averaging error with the radial locations. No validity or explanation
was provided as the selected locations are valid locations to satisfy the realm of the selected
strain expression.

Khanna and Shukla [71] also investigated the effect of the position and gage
orientation on determination of dynamic SIF using the technique developed by Khanna and
Shukla [70]. Based on the maps of singularity dominated zone for certain configurations and
experiments on a modified CT specimen made of three different materials they found that
their technique [70] determined the dynamic SIFs close to the photoelastic values if the gages
were pasted within the singularity dominated zone and oriented at obtuse angles. As stated
earlier the strain gradients and three dimensional effects clearly affect the measured strains in
such small zones such as singularity dominated zones as is evident in their earlier works [69].
Moreover, a complete map of singularity dominated zone for the experimental specimen is
needed apriori for application of their technique.

Cernigliaetal. [72] also employed electrical strain gages to obtain SIFs for composites
employing an overdeterministic approach. A SEN specimen of orthotropic Carbon-epoxy
laminate was used and SIF values obtained experimentally was found close to the numerical
results. They also pointed out the insignificant influence of orthotropy on SIF values.
However, the requirement of a large number of strain gages and arbitrary location associated

with each strain gage posed as major limitations of their proposed approach.
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2.3 Summary of literature review and objectives of the

present work

The literature review could be summarized as follows.

There has been number of works reported on successful implementation of LEFM for
orthotropic composites and their successive SIF determination using various methods.
Among experimental techniques, very few works [69-72] have been reported on strain
gage based applications for determination of SIF of orthotropic composites
irrespective of the cost effectiveness and ease of use of strain gage techniques.

The DS technique [50] has been observed to be very popular when isotropic material
is concerned and is applied as it is in many investigations of static and dynamic
loading conditions. Further it has been extended to other areas for determination of
SIFs.

The DS technique [50] is very widely employed as compared to the other techniques
due to the reason that only a single strain gage is sufficient to determine mode | SIF
and this gage can be located at a radial distance far from crack tip where the effects
of plasticity, three-dimensional state of stress and strain gradients are very minimal.
Shukla et al. [69] incorporated a partially extended DS technique in their approach by
employing a two-parameter strain series equations for the field around the crack tip.
They also did not recommend any concrete suggestions for locating the strain gages.
The DB technique [64] which is an extension of the DS technique is a well-known
technique in fracture mechanics for determination of mixed mode SIFs in isotropic
materials.

Locations of strain gages play a vital role in accurate determination of SIFs and Dally
and Sanford [50] and Dally and Berger [64] suggested that the strain gage should be
placed in the region Il in order to avoid strain gradient effect, plasticity effect and
three-dimensional effect.

Sarangi et al. [60-62] proposed optimal radial locations for locating the strain gage in
conjunction with the DS technique for accurate evaluation of mode | SIFs in isotropic
materials. They also proposed certain altercations in the DB technique and proposed

optimal gage locations for single ended mixed mode cracked configuration for
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accurate determination of mixed mode SIFs [67]. Through experiments conducted
[63, 68], they showed that accurate values of mode | SIF and mixed mode SIFs can
be obtained for strain gage located within the proposed optimal gage locations.

e No works are reported till date on strain gage based determination of mixed mode

SIFs in orthotropic laminates.
2.3.1 Objectives

Summary of the literature review reveals that strain gage based determination of SIFs is a
simple and useful technique. While the DS technique [50] could be successfully implemented
for isotropic materials for experimental determination of SIFs, the proper extension of this
technique to laminated composites has not seen the light even though there has been very
limited efforts. Similarly, strain gage based technique for determination of mixed mode SIFs
in laminated composites has not been reported till date in the literatures. Apart from robust
theoretical foundation, success of any strain gage technique largely depends on the
availability of recommendations for radial locations of strain gages. This forms the motivation
for taking up the present study of proposing strain gage based techniques for estimation of
mode | and mixed mode SIFs of orthotropic laminates along with quantitative
recommendations for valid radial locations of the strain gages. Experimental investigations
are also aimed at verification of the proposed technique for determination of SIFs for
orthotropic laminates and provide useful recommendations for different types of crack
configurations. Based on these observations, the objectives of the present work have been laid
as-

1. To develop a theoretical framework for extending the DS technique to homogenous
orthotropic materials i.e. development of a single strain gage technique for accurate
determination of mode | SIFs of 2D configurations of single and double ended cracked
orthotropic laminates.

2. To suggest a procedure for deciding the upper bound on radial gage location (r,, )
which in turn is useful in estimation of optimal gage location for important single and

double ended cracked configurations for accurate determination of mode | SIFs in
orthotropic materials.

3. Todevelop a FE based methodology for determination of r__, .
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4. To decide the valid or optimal radial location of the strain gage using r in
conjunction with the proposed technique for accurate determination of mode | SIFs in
2D bodies of cracked orthotropic laminates.

5. To study the effect of parameters like crack length to width ratio and the boundary
effects on the r_,, and hence optimal gage locations.

6. To numerically simulate the proposed single strain gage technique for determination
of K, of different single ended and double ended mode I configurations of orthotropic
laminates and to study the influence of locating strain gages at optimal and non-
optimal radial locations on the accuracy of measured SIFs.

7. To conduct sensitivity analysis numerically to study the effect of discrepancies in
strain gage orientations on the accuracy of the estimated SIFs.

8. Experimental determination of mode | SIF for edge cracked [902 /0] Carbon-epoxy

10S

laminates using a single strain gage following the proposed technique to establish the

a. efficacy of the proposed technique in terms of its actual implementation in
experimental determination of mode | SIF using a single strain gage.

b. importance of r_. in accurate determination of mode | SIF by determination

ax

of mode I SIFs using the readings of strain gage placed within (optimal)

rm ax

and outside r

max

(non-optimal).
c. repeatability of the experimental results and reproducibility of the complete

experiment by repeating the experiments number of times and on different

specimens prepared.

9. To develop a theoretical framework for determination of mixed mode SIFs (K, and

K, ) using minimum number of strain gages for orthotropic materials
10. To develop a FE based methodology for deciding the optimal radial locations of the
strain gages (based on the r . ) for accurate determination of mixed mode SIFs of

orthotropic laminates.

11. To numerically simulate the proposed strain gage technique for determination of

mixed mode SIFs (K, and K, ) of slant edge cracked panels for different crack

39
TH-1752_11610307



Literature review
inclination angles and mode mixity and to study the influence of pasting the strain
gages at optimal and non-optimal locations on the accuracy of K,, K, .

12. To study the effect of parameters like crack length to width ratio, the boundary effects

and crack inclination angle on the r, of mixed mode configurations.
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Chapter 3

Theoretical Formulations

This chapter describes the theoretical formulation for the development of proposed strain gage
techniques for determination of mode | and mixed mode (I/11) SIFs of orthotropic laminates.
The theoretical development for estimation of valid optimal radial locations for pasting the
strain gages for accurate determination of SIFs is also presented here. The finite element
formulation along with the details of discretization for analysis of a cracked orthotropic

specimen used in the numerical analyses of the present investigation is also discussed briefly.
3.1 The generalized Westergaard approach

In the present investigation, the generalized Westergaard approach has been employed for the
theoretical formulations leading to the development of strain gage techniques for
determination of SIFs of orthotropic laminates. This section reviews the method of
generalized Westergaard approach and applies it to isotropic materials. The application of the
approach to the orthotropic laminates are presented in subsequent sections. The generalized
Westergaard approach was proposed by Sanford [73] and is a generalization of the familiar
Westergaard stress function approach [9] and can be applied to both infinite and finite body
problems with arbitrary boundary conditions and containing a single ended crack or a double
ended crack (internal crack) with traction free crack faces. For the case of a single ended crack
the method is functionally equivalent to the well-known Williams eigen function expansion

method [10]. The generalized Westergaard formulation requires an additional analytic

function Y (z) in addition to the standard Westergaard stress function Z(z). Accordingly,

the modified Airy stress function for mode | (F, ) and mode 11 (F, ) are then given by [73],

F =ReZ=,(z)+yImZ_,(z)+yIm\7,(z) (3.1)
F,=—yReZ, (2)+ ImY, (z)-yReYu(2) (3.2)
where
41
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92, 792, 9250 9y here i— 1,1 (3.3)
dz dz dz dz

The complex analytic functions for opening mode Z, (z), Y, (z) and those for shearing mode

Z,(z), Y, (z) are defined as

z,(z)=iA1 z 2 and Y, (z):iBmzm (3.4)
Z, (z):icn zn_% and Y, (z):i 1): 7 (3.5)

These are series type functions in terms of complex variable z = x+iy (Fig. 3.1) containing

infinite number of real -coefficients

yoA

corresponding  to  opening  mode

(A A, ... A,; By, B,...,B,) and shearing
mode (G, C,, ....C,; Dy, D,,...,D,).

These coefficients are functions of —}

boundary conditions and geometry of the

Figure 3.1 The complex plane at the crack tip
cracked configuration. It should be noted

that the above approach is argued to be valid for any length of edge cracks (single ended) and

only for sufficiently large double ended cracks (internal cracks) [17].

For a complex analytic function, such as Z(z) the Cauchy-Riemann equations are

given by
—8ReaZ(z) =ReZ' and —8ImaZ(z) =ImZ’
X X
(3.6)
—aReZ(z) =—ImZ' and —aImZ(z) =ReZ’

Using Cauchy-Riemann equations and Airy stress function approach, the stress components

for mode I in the absence of body forces can be written as
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0°F, . .
o, = PY: = ReZ, -yImZ', -yImY', +2ReY,
0°F, : .
o, = vl ReZ, +yIlmZ' +ylmY (3.7)
2
Ty = —2 g;/ = yReZ', - yReY', —ImY,
X
and the stress components for the mode Il can be obtained as
o°F, : :
O%= 5 = yReZ', +2ImZ, + yReY', +ImY,
o°F, : : 38
oy = —5 = —yReZ', —yReY', +ImY, (3.8)
2
Ty = —ZX—';'}', =ReZ,-ylmZ',-yImY',

Assuming plane stress conditions, the stress-strain relation for linear elastic and isotropic

materials are given by

5= =(0,-vo,)
£, = é( ay—vax) (3.9
yxy = %

Substituting Eqg. (3.7) into Eq. (3.9) equations for strain field corresponding mode I can be
obtained as

Ee,= 1-v)ReZ, -1+v)yImZ', —(1+v)yImY', +2ReY,
Ee,= (1-v)ReZ, +(L+v)yImZ' +(L+v)yImY' —2vReY’, (3.10)
Ey, = 20+v)(-yReY', —ImY, —yReZ"))

Similarly substituting Eqg. (3.8) into Eq. (3.9) the strain field corresponding to mode Il can be
obtained as

43
TH-1752_11610307



Theoretical Formulations
Ee= Q+v)yReZ', +2ImZ, +(1+v)yReY", +(1-v)ImY,
Ee,= — (1+v)yReZ', —2vImZ, —(1+v) yReY', +(1-v)ImY, (3.11)

E7xy = 20+v)(=yImY', —yIlmZ', + ReZ,)

Substitution of series form of complex functions Z, (z), Y,(z), Z,,(z) and Y, (z) from Eqgs.
(3.4) and (3.5) into Egs. (3.7) and (3.8) and Egs. (3.10) — (3.11) gives exact representation of
stress and strain fields with infinite number of unknown coefficients A, ,B,, C, and D,
(m,n=0,1,2 ...... oo). The above discussion illustrates the general procedure of obtaining

infinite strain series in mode | and mode Il using generalized Westergaard approach. The first
term or the leading term in these series are extremely important in linear elastic fracture
mechanics (LEFM) and play vital role in K-based fracture criterion. This term can be
obtained by substituting m,n=0 and z=cosé@+isiné inEgs. (3.7) and (3.8) and Egs. (3.10)

— (13.11). Employing the definition of SIF from
K, =271 lima,
K, =2zt limoy

the first terms or the leading terms are found to be related to the respective SIFs as

K, =27 A, K, =2z ¢C, (3.13)

asr—0on =0 (3.12)

3.2 The Dally and Sanford technique for isotropic materials

Understanding of the Dally and Sanford technique [50] for isotropic materials is extremely
useful for extending and developing the theoretical formulations presented in subsequent
sections. Therefore, it is briefly presented in this section. The Dally and Sanford single strain
gage technique or the DS technique [50] for isotropic materials was the first strain gage based
method which could overcome the limitations posed by high strain gradients, plasticity and
3D effects in the neighborhood of the crack tip by examining the state of strain in a region
moderately beyond the singularity dominated zone (SDZ) wherein the strains could be

described by a low-order truncated (3-paramenter) series expansion and aided in the

measurement of K, of isotropic materials.
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The most significant feature of their technique is that only a single strain gage is sufficient to
measure the K, and that strain gage can be placed considerably away from the crack tip in

order to avoid strain gradient, plasticity and 3D effects. An important feature of DS technique
is the identification of an appropriate zone around the crack tip for strain measurements which
may not be influenced by the above

effects. SIFs are then determined by YA
equating the measured strains with
the theoretical strain series that is

valid within the measurement zone.

In the DS technique, the region
around a crack tip is divided into

three zones viz. zone 1, zone Il and

zone 111 as shown in Fig. 3.2 in order
to identify the suitable zone for strain Figure 3.2 Different zones at the crack tip [50]
measurements. Zone | is close to the

crack tip and first term of the strain series (singular strain term) in Eq. (3.10) is sufficient to
represent the strains within this zone. However, it is not a valid zone for accurate
measurement of strains as the stress state in this region could be three dimensional [50] and
the measured strains will be severely affected by 3D effect, plasticity and strain gradient
effects.

Zone 111 is again not suitable for collection of strain data as a very large number of
terms in the strain series would be required to yield accurate results. Therefore, the
intermediate region or zone Il is favored as the optimum zone for accurate measurement of
the surface strains. This is defined as a zone in which a singular term plus a small number of
higher order terms would accurately describe the strain field. It is assumed that the strain field

for the mode I in the zone 1l can be sufficiently represented by the three parameter series with

unknown parameters or coefficients A,, A and B, [50] as opposed to infinite number of

coefficients in the strain series. Therefore, the analytical functions in Eq. (3.10) can be written
in truncated form using Eq. (3.4) as
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ReZ, :%cosg+Al«/Fcos§ ReY, =B,
ImZ, :—isinng Ap/FsinQ ImY, =0
o2 2 (3.14)
ReZ', = Do o530 L A Y ReY' =0
2 20r 2
ImZz", B nn 30 A G0 ImY"', =0
2 2 2dr 2

The three term representation of strain field or the truncated strain series for isotropic
materials under plane stress conditions in Zone Il can now be written using Eq. (3.14) and

relations, E=2G(1+v)and x=(1-v)/(1+v) as

2B,
@+v)

2Ge, =A™ cosg[rc—sin 9 sin %}L

+A T cos & x+sin??
2 2 2 g

30

2Ge, =A r? cos | c+sinLsin32 |- 25,
g 2 2 2

@+v)

+A T cosg{x—sinzg} (3.15)

2Gy,, =ATr" [sin ecos%}—ﬁ r'? [sin Hcosg}

where A,, A and B, are unknown coefficients which can be determined using geometry of

the specimen and loading Strain gage

4%

conditions and are

independent of state of stress.

Thus by measuring A, one

can determine K, from
definition (Eg. (3.13)). The  Figure 3.3 Strain gage location and orientation for DS technique
normal strain component &,, defined by an angle ¢ with the crack axis (positive to crack
axis) at a point P located by r and 6 (Fig. 3.3) can be obtained using strain transformation
laws

£, = £,008° p+&,5In° P+, cOSPsing (3.16)

as
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ZGgaa — A) r-—1/2 |:K‘COSQ—13in sin %c032¢+lsin HCOS%Sin 2¢:|
2 2 2 2 2
) ; 1 (3.17)
+A py2 COSE|:K+5in2 E(;032¢_§sin @sin 2¢:|+ B, (K+C052¢)

The coefficient of B, term in Eq. (3.14) can be eliminated by selecting the angle ¢ (Fig. 3.3)

such that
K+C0s2¢ =0 (3.18)
which gives

Cos2p = —x = — 12V (3.19)
1+v

Similarly, using value of ¢ from Eq. (3.19), coefficient of A can also be made zero if the

angle ¢ (Fig. 3.3) is selected as
., 0 1. .
K+sin Ec052¢—55|n05m2¢:0 (3.20)
which gives
o
tanz = —cot2¢ (3.21)

Thus by placing a single strain gage (Fig. 3.4) on the radial line OM defined by ¢ (Eqg. (3.21))

at an appropriate radial distance r from the crack tip and orienting the gage at an angle ¢

(according Eq. (3.19)), the strain ¢,, can be measured, which in turn is related to K, by

2Ge,, = K [zccosg—lsin03in§0032¢+13in9003%sin24 (3.22)
J2nrr 2 2 2 2 2
a7
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Thus, from the selected values of Poisson’s ratio v and

radial distance r, K, can be determined from the Positive gage line — },,

Strain gage

measured strain ¢,,. It may be noted from Egs. (3.19)

and (3.21) that K, can also be determined by placing a

strain gage on the line ON which makes an angle of —@
with respect to the crack axis. In such case the
orientation angle of the gage should be —¢ as shown in
Fig. 3.4. As shown Fig. 3.4, the lines OM and ON
defined by +6 and —@ (Eq. (3.19)) respectively are

Negative gage line

termed as the positive gage line and negative gage line

respectively. Figure 3.4 Gage lines and strain gage
location for DS technique

3.3 The generalized Westergaard approach for orthotropic

materials

The first step towards developing a strain gage technique is the selection of appropriate stress
functions that satisfy all the boundary conditions. The stresses in an orthotropic laminate
containing a through crack was studied by Irwin [20] and Wu [21]. They modified the
Westergaard’s stress function [9] for isotropic materials to deal with the directional properties
of such materials. However, Liu [74] pointed out that Irwin [20] and Wu’s [21] solution
cannot reduce to Westergaard’s solution when the orthotropic properties are reduced to
isotropic ones. They proposed new stress functions to this effect which provide equations for
stress and displacement fields such that not only the orthotropic materials are taken care of
but these equations also boil down to isotropic equations under conditions of material
isotropy. Therefore, two types of stress functions are available viz. the one proposed by Irwin
[20] and the other proposed by Liu [74] and one of the stress functions is needed for the
development of generalized Westergaard approach for orthotropic materials. In the present
investigation a study has been carried out to compare the available stress functions. This study
is based on comparison of SIFs obtained using displacements derived from each of the two

stress functions. The detailed study is presented separately in Chapter 7. The results of the
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study clearly indicate that stress functions proposed by Irwin [20] are found to be more
accurate than that proposed by Liu [74] as far as estimated SIFs are concerned and hence
Irwin’s stress functions are considered in the present investigation.

The stress-strain relations for a two dimensional specially orthotropic body under
plane stress conditions (oz =T, =T, = 0) may be written as
& =a,,0,+8,0,
£, =a,0,+3,0, (3.23)
Yy = Be6Txy
where a,=1/E , a,=—v;/E =—v, IE, a,=1/E; and a,=1/G; and E ,E; G
are the effective longitudinal and in-plane transverse and shear modulus respectively and
v 1,V denote in-plane Poisson’s ratio (Eq. (1.15)). The equations for stress equilibrium and
strain compatibility are not affected by non-isotropy. Therefore, the equations for
compatibility conditions can be satisfied by an Airy’s stress function, F when the body forces
are neglected such that
o, =0°F /oy’ o,=0°F/ox* and 7, =—0°F / oxdy (3.24)
The strain compatibility equation for plane deformation is given by
825X . ngy N 827/Xy
oy ox*  oxoy
Substituting Egs. (3.23) and (3.24) into the Eq. (3.25) gives forth order partial differential

(3.25)

equation with constant coefficients as

O*F O*F O*F
aﬂWJr(a66 +2a12)8y26x2 +a,, o =0 (3.26)

Solution of any elasticity problem would

require Eq. (3.26) to be solved subjected to ——

7,

it %‘»
T i . o,
[ 4

[9] observed that the stress around a ',‘ff

appropriate boundary conditions. Westergaard

mathematical crack on the axis y=0 can be r
crack o
solved by a single stress function in isotropic T === s

materials. Considering the problem of a two Figure 3.5 Arbitrary crack in the complex

. . . .. domain in orthotropic bod
dimensional orthotropic body containing a P y
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crack (Fig. 3.5), Irwin [20] later proposed counterparts of the Westergaard type of stress

functions to specially orthotropic materials for mode | and mode Il conditions as

F, =%[Re?. (z,)+ReZ, (zﬁ}—%[Rei (z)-ReZ, (Zz)J

(3.27)
1

= [mZ0(2)-mZ0 (2,

where Z, (z) and Z.. (z,) are the first and second integrals with respect to z (i :1,2)of
the complex function Z, (zi ) analogous to those for isotropic materials (Egs. (3.4 — 3.5))
and is given by

Z,(2)o =2 A2, and Z, (@)= 2.C(2), (3.28)

and z; (i =1,2) are given by

z, =X+iy, =x+i(f+a)y=re*

Z, =X+iy, =x+i(f—a)y=re” (3.29)
Also,
tan6, =(f+a)tand tand, = (f—a)tan @
R =r? (cos2 0+ (f+a) sin? 0) r=r’ (cos2 0+(p-a) sin’ 0) (3.30)

Subscripts | and Il represent the Mode | (opening mode) and Mode Il (forward shear)
conditions respectively. Additionally,
2t = Pt 2y F P (3.31)
2a;, 8y 2a;, 8y
The generalized Westergaard’s approach [73] allows a much larger class of finite boundary
fracture problems to be addressed. The modified version of mode | stress function for
orthotropic materials proposed by Irwin (Eq. 3.27) in line with the generalized Westergaard
approach [73] was proposed by Shukla et al. [69] and is given by

F :%[Rez=,(zl)+Re?(zz)]—%[ReZ:,(zl)—ReZ_,(zz)}

(3.32)
—%[ReY, (2)-ReY,(2,)]

where Y, (z) and \T,(zi) are the first and second integrals with respect to z; (i =1,2) of the
complex analytical function, Y, (zi) for opening mode analogous to that for isotropic
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materials (Eq. (3.4)). The complex analytical functions Y, (21,2) for orthotropic materials may

be written as
Y1 (Z)i12 :Z B, (Zim)i:ly2 (3.33)
m=0

In absence of body forces, the stress field equations for mode | loading of an orthotropic

laminate can be obtained from the modified stress function, F, using the Cauchy-Riemann

equations (Eq. (3.6)) as

o, =0°F, 1 oy*

:(ﬁz_;“){(mﬁ)Rez, (z)+(e-B)ReZ,(z,)}

L l(a+ Y RV, (2)- (8- ) Rev, (1)

o, = %F, | ox° (3.34)

=—(a2;’8) ReZ,(zl)+%ReZ,(ZQ—%ReYu(Zl)“L%ReY'(22)
r,, =—0°F, | oxoy

) (i ) mz, (2,)

_%{(ﬂ+a)lel (Zl)—(ﬂ—a)lel (Zz)}

The strain field equations corresponding to mode | conditions obtained by assuming plane

stress conditions by substituting Eg. (3.34) into Eq. (3.23) is given as
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gx = ailgx + aiZGy

D) - (as B Re, () S o, () | Rez, (1)
+Lfa, (@ p) -anfReY, (2)+ L (-8, (A-a) [Re¥, (z,)
&, = 8,0, +a,,0, (3.35)
P o —a(w ) Re2 (1) o, -0 (p-a) | Re2, (2)
# B (e B) -agReY, (@) (as -2, (A-a) |ReY, (2
o 2t
~ 3 (o7 - ) (Im2, (z,)- M2, (2,)} - 2L+ a)im¥, (2.)- (5 - @) Im¥, (z,)

For mode Il class of problems for orthotropic materials, the modified version of stress
function as per generalized Westergaard approach [73] can be proposed as

Fo = Revi (2)-Rely (2) |- [ M2, (2)-ImZ, (2, (336)

where Y, (z,) and Y=,,(zi) are the first and second integrals with respect to z (i =1,2). In
order to ensure that the deformation conforms to the in-plane shear mode of deformation, the
analytical functions Z,, (z;) and Y, (z) are selected such as to satisfy the stress boundary
conditions, z,, =0 on the crack faces and o, =0on y=0 for all X (Fig. 3.5). The complex
analytical function Z,,(z,) issame as in Eq. (3.28) and the function Y|, (z;) for shearing mode

type loading of orthotropic materials is selected analogous to that for isotropic materials (Eq.

(3.5)) and are given by
Y (@) =2 Dn(2") (3.37)
m=0 '

which satisfy all the aforementioned boundary conditions. Akin to mode | case, the stress
components for mode Il loading can be obtained using Cauchy-Riemann equations (Eq. (3.6))

as
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o, =0°F, | oy?
:(12_—07){('8“‘0‘)2 ReY, (Zl)_(ﬂ_a)z ReY, (22)}
L{(praymz, (z)-(p-af m2, (z)
o, =82F“ / ox?

_09) iRevy, (2,)-ReY, (1))

2a
_%{Imzu (zl)—ImZ,, (22)}
Ty :—62F” [/ oxoy
:%{(ﬂ_a)leu (22)_(ﬂ+a)le” (21)}

+%{(ﬁ+a)ReZ“ (21)_(ﬂ_a)ReZ” (ZZ)}

(3.38)

Similarly, the strain components for mode Il obtained by substituting Eq. (3.38) into Eq.

(3.23) are given by

gx = allo-x + alZGy

:(12_aa){a11(“+ )2_a12}ReYH(21)_%{311(/3—05)2_312}ReY”(zz)
+ofan (@ B) ~a,)InZ, () ——{a (A-a) ~agfmz, ()
£, = 8,0, + 8,0,
- (12—a0‘){a12(a+,8)2 ~a, | ReY, (zl)—%{%(ﬂ_a)2 “a,|ReY, (z,)
1

1 b
+z{a12(a+ﬂ) _azz}lmzu (Zl)_z

{a12 (ﬂ_a)z _azz} ImZ, (Zz)

7/ Xy = aGGTxy

:%aee {(ﬂ—a) ImYn (22)—(ﬂ+a) ImY” (Zl)}

+%{(ﬁ+a)ReZu (z)=(B-a)Rez, (22)}'

(3.39)

The displacement components for mode | can be obtained by integrating the strain

components in Eq. (3.35) as
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u = |(s,), dx

—

= (0‘2—0(,3) {312 —311(a+ﬁ)2} Rez—l(21)+ (0!21;,3) {312 —311(ﬁ—0!)2}ReZ_,(22)+
%{%(Wrﬂ)z _aiz} Re\T.(Zl)Jr%{a12 —all(ﬂ—a)z} Re\?l(zz) .40

ImZ, (z) , (a+5)
(ﬁ+a) 2a
ImY, (z) A

ﬁ{aﬁ (a+ﬂ)2_azz}W"'Z{azz_au(ﬂ_a)z}

{azz _a11(,3_05)2}

Similarly, integrating Eq. (3.39) , the displacement components for mode Il are obtained as

Uy = J.(gx)u dx
=£{a11(a+ﬂ)2 _a12} |mZ_“(Zl)—i{aﬂ(,3_a)2 _a12} ImZ_,,(zz)

-«
20

-«
+_
2c

v, = I(f;y)” dx

{2 (a+B) ~a, |ReY, (2)-—"{a, (B-a)’ ~a,|ReY, (z,)

(3.41)

—12_—aa{a12(a+,8)2—a22} +a) gie {aiz(ﬂ_a)z_azz}j

In Egs. (3.40) and (3.41) the rigid body motions are neglected and therefore the constants of
integration may be set to zero without losing any generality. Egs. (3.34) — (3.35) and Egs.
(3.38) — (3.41) can accurately represent the stress, strain and displacement fields respectively

in a cracked orthotropic laminate for mode | or mode Il loading conditions with infinite

number of unknown coefficients A, B, C, and D, after substitution of series form of
complex functions Z, , (z,,) and Y, (z,, ). The first term in these series which aids in SIF

determination as per Eg. (3.13) can be obtained by substituting m=0,n=0 and

I, =cosé +ising,r, =cosé, +isin g, in Egs. (3.34) — (3.35) and Eqgs. (3.38) — (3.41).
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3.3.1 Leading terms for mode | loading

The expressions for leading term for stress and strain components corresponding to mode |

loading for an orthotropic material from Eqgs. (3.34) and (3.35) are given by

o, = —(ﬂ ¢ )Ab{(a+ﬂ)r1‘“zcos%+

2a

(a-p)r, cos%}

3.42
o,= %{(a—ﬂ)rll’z cos%Jr(onrﬂ)rz’“2 s&} (3:42)

Y 20
and
B 71/2 91 -1/2 2 2
& = A){(azaﬁ) cos,z[a1 an(a+ﬂ) } ( 2“;:8) cos Z[alz—an(,ﬁ—a) ]}

pre—s A){(a_ﬂ) rlfl/z COS%[azz—aﬂ (a_’_ﬁ)zJ (azlﬂ) _12 COS?[ a, -a, (ﬂ_a)zJ} (3.43)

aee 2 2 -2 01 -1/2 92
= A= - sin—-—r, " “ cos—=
Ty =M Za(ﬂ “ ){ 2 ° 2

The displacement field near the crack tip under plane stress conditions can be obtained from
Eq. (3.40) as
u = %{M[%—aﬂ(mﬂ) | cos 2 5

a

G (0“":3) 27 w2 oo O
T[aﬂ_an(ﬂ—a)]rz cos?}

(3.44)

V. = (a_ﬁ) o+ | Vo ﬂ+ (OH‘ﬂ) a. _aV r”zsiné
.—%{a(ﬂm)[ ~a,(a+ ) | sin2 a(ﬂ_a)[zz a.(f-a) ]y, }

It is clear from Egs. (3.42) and (3.43) that each stress and strain component is inversely
proportional to the square-root of the radial distance r of a point from the crack tip and they
tend to infinity as r approaches zero. Such solutions are also called as singular solutions.
Unlike the stress and strain components, the displacement equations (Eg. (3.44)) do not

contain singularity and are finite near the crack tip. This is a typical characteristic of LEFM.
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3.3.2 Leading terms for mode 11 loading

The expressions for leading term for the stress, strain and displacement components near the
crack tip for plane stress conditions corresponding to mode Il loading for an orthotropic
material using Egs. (3.38), (3.39) and (3.41) are given by

o, = —g—;{(ﬁ+a)2 r, sin%—(ﬂ—a)2 r,"? sin%}

(3.45)

<

o, = &{q“z sinﬂ—rz’“2 sin&}
2a 2 2

ZC—{(ﬂJra) ' OS%—(,B—oc)rz‘”2 cos&}

Txy

and
o, = S {[aulaspy s Jisn [ (a-) -, ] sn ]
(3.47)

Cy 1 (2 6 1 2 12 0,
Vi = {(ﬂ+a)[a12(a+ﬂ) _a22] COSE (ﬁ )[an(ﬂ )_a12i|r2 COS?}

Once again the singular behavior in stress and strain components can also be noticed in mode
Il loading from Egs. (3.45) and (3.46).
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3.4 Proposed single strain gage technique for the

determination of mode | SIF (K,) of orthotropic materials

A single strain gage technique developed for the determination of K, of orthotropic

composites in the lines of the DS technique [50] is presented here. Similar to the DS
technique, a three term or a truncated series is considered for strain representation in the
intermediate zone (Zone 11, Fig. 3.2) for orthotropic laminates. The analytical functions in the

strain components in Eq. (3.35) can be written in truncated form using Egs. (3.28) and (3.33)

as
4 6
ReZ, (Zi )__12 = A oS —1=k2 +AJr L, cos L A
- fia2 2 ’

A_gin %o 0
Im Z| (Zi )i:1,2 v . Sln%-k Ai Iy, SiN 1,2 (348)
ReY, (z; )i=1,2 = B,
ImY, (Zi)i:12 =0

The three term representation of strain field for orthotropic laminates under plane stress

conditions in Zone Il can now be written by substituting Eg. (3.48) into Eq. (3.35) as

o= e {2 o) o 0 G o - ) |

2a 2a
+ Ai{{ﬂ% cos%x(az_aﬂ (a12 —ay,(a +ﬁ)2)ﬂ +[r2% cos%x(ag;ﬂ (812 —ay (ﬂ—a)z)ﬂ } (3:49)

. Bo{aué[(awﬂ)z -(ﬁ-aﬂ}

57
TH-1752_11610307



Theoretical Formulations

o= A {28 (0 ) s G i )

(04
+ A{%(gz —ﬂz)(q% sin%— )2 sin%)}

The normal strain component ¢,, at an angle ¢ with the crack axis (CCW direction with

(3.51)

crack axis is positive) for orthotropic materials at a point P located by r and ¢ (Fig. 3.3) can

be obtained using strain transformation laws
£, =£,C08° P+, 5iN° g+, COSgsing (3.52)

as

cosba=pB COSZ¢(_a”(a+ﬁ)2+a12)
1 20| 4sin® g(-a, (a+ ) +2s)
\/E (7
—(sinéaeesinqﬁcosq}(az—,82/2(1)}
Ay ) e
Coséa"‘ﬂ COSZ¢(_a11(a_IB) +a12)
2 2a +sin2¢(—a12(a—,8)2+a22)

N S

.|
3

+(sin %a% singcos ¢ (o —ﬁz/za)j

2p(-a, (a+pB) +ay, | (3.53)
cosﬁ(a—ﬁ/Za) > ¢( ) +a:)
\/E 2 +sin2¢(—a12(a+/5‘) +a22)

+(sin%aeesin¢cos¢(a2—,82/205))
+A S 7

cos® ¢(—ay, (a—B) +ay,
cos&(a+ﬂ/2a) ( ol ) 312)
2 +sm2¢(—a12(a—,8) +a22)

_(sing—zzaeesin pcosg(a’ —,82/201))

+B, {zﬁ[(owﬂf —(ﬂ—(z)z}(a11 cos? ¢ +a,, sin ¢)}

o
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Inspection of Eq. (3.53) suggests that the contribution of B, term can be made zero by setting

the coefficient of B, term equal to zero which leads to selecting angle ¢ such that
ﬁ[(oﬁﬁ)z—(ﬂ—a)z](aﬂcosz¢+a12 sin” ¢)=0 (3.54)
(94
which leads to
tan® ¢ =-a,/a,= 1/v, (3.59)

Similarly, the contribution of A term in Eqg. (3.53) can also be made zero if coefficient of A

term is set to zero such that

ga B cos ¢( a11(a+:3) +a12) ) ﬁ ] o’ —
Ju cos—- === ) +| i g sin g cos g| =

+sin ¢(—a12 (a+/5’) +a,,

(3.56)

aZ | ,82
2a

0, a+p COSZ¢(_a“(a_'B)2+a“)
+\/_ COSs— 2 2u +sin2¢(—312 (a—ﬂ)2+a22)

v
Il
o

—(sin%a%sin ¢cos¢[

Substituting r,,r,,6, and 6, in terms of r and @ from Eqg. (3.30) and ¢ from Eqg. (3.55) in
Eq. (3.56) gives

< (G ot o)
(Sl -

o s et -

Eq. (3.57) gives the value of & at which the contribution of the A term becomes zero in Eq.

{1/(0052 9+(,6’+a)2 sin? 6’)

Q/(coszeJr(,B—a)zsinZH)

(3.53). Eq. (3.57) can be solved graphically to obtain the value of & for which the A term
becomes zero. Thus, with the ¢ and ¢ as given by Eq. (3.57) and Eq. (3.55) respectively, the

strain &,, in Eq. (3.53) can be written in terms of r,& and unknown coefficient A, as
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cos (l tan™

tan 9

\/(cos O0+(B-a) smze

_sin(ltan

,B+a tane
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G, 2a

Trve )

1 y 1 \/(cos 6'+ ,B+a ?sin?0
[( J sin (4 tan™ (8-

2
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)
)
)
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(3.58)

{1/(cos2 0+(f-a) sin® 0)_

Thus, by placing a single strain gage as shown in Fig. 3.6 at a radial distance, I' from the
crack tip along the line at angle of @ (Eq. (3.57)) and oriented at an angle of ¢ (Eq. (3.55)),

the measured strain &,, can be equated to Eq. (3.58)

to obtain the value of unknown coefficient A,. The

mode | SIF can then be determined using Eg.
(3.13). The proposed approach remains valid also

for negative values of angle @ and ¢ as in the DS

technique for isotropic materials (section 3.2). The
gage line starts at the crack tip and terminates at the
outer boundaries of the cracked plate. However,
while equating the reading from strain gage to the
strain expression given by Eg. (3.58), it is
important to ensure that the strain gage is placed at

such a radial distance where the expression given

Strain Gage 4 S

Gage line_ .
&

x, L

P —

Figure 3.6 Strain gage location for a
plane orthotropic mode | specimen

by Eq. (3.58) obtained using the three parameter strain series is valid. The coefficient, A, and

hence K, can be determined accurately subjected to this condition only. Therefore, it is

important to know the upper limit on the radial location up to which the three parameter strain

series could be correctly represented by the strain gage readings. The following section

describes the method for deciding upon the radial location, I' for the strain gage, which is

also an important parameter for successful experimentation.
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3.5 Proposed approach for the determination of optimal

radial locations of the strain gage for measurement of K, of

orthotropic materials

As discussed in Chapter 1 and 2, it is evident that the radial distance, r of a strain gage is an
important parameter for determination of accurate values of K, . Therefore, if the gages are
located very close to the crack tip, then the strain measurements may be affected by strain
gradients and 3D effects. On the other hand if the gages are located significantly far away

from the crack tip then the Eq. (3.58) may not be applicable for strain measurements although

the aforesaid effects can be avoided at such locations. This is because the measured strain at

such a large distance may also have contribution due to the coefficients other than A, A and
B, . Therefore prior knowledge of valid radial location or distance for strain gage is essential

for the accurate determination of K, of orthotropic laminates.

It was observed that 3D effects and other factors which rendered the plane stress
solutions invalid prevailed up to a radial distance equal to the thickness of the plate from the
crack tip for orthotropic composites [69]. Therefore, the minimum radial distance r_,  for
strain measurements on the free surface (which are under plane stress conditions) should be
greater than the thickness of the plate [69]. As a consequence, the optimal or valid radial
location I' for strain gage can now be given as

I (=thicknessof plate)<r <r_ (3.59)

where 1 is defined as the maximum radial distance from the crack tip or the upper bound

for the valid radial location for the strain gage. As described above, Eq. (3.58) is valid only

up to a certain radial distance from the crack tip and beyond that radial distance more number

of coefficients or parameters other than A,, A and B, would be needed to represent the strain
field. The r_, may be defined as the extent of validity of Eq. (3.58) or the extent of three

parameter representations along the radial line defined by & (Eqg. 3.57). Further may

! rmax

also be interpreted as the extent of zone I1. Thus it is evident that in order to assess the optimal

gage locations it is necessary to know the value of r_ of a given cracked configuration.

Sarangi et al. [60-62] were the first to propose optimal gage locations to be used in
61
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collaboration with the DS technique. The theoretical foundation for determination of r_ of

any single ended cracked configuration for orthotropic materials is presented in the following

paragraphs. For a given cracked configuration, applied load and material properties, the terms

within bracket {} become constant along with A, and therefore Eq. (3.58) can be written as

g =S (3.60)

aa JF

where C is a constant. Taking logarithm on both sides of Eq. (3.60) results as
In(gaa)z—%ln(r)ﬂn(c) (3.61)

Eg. (3.61) is valid along the line given by Eq. (3.57) for r <r_ . Thus a plot of Eq. (3.61) on
log-log axes depicts a straight line of slope equal to — 0.5, with an intercept of In(C) (Fig.
3.7). Theoretically, the straight line property will break beyond r >r . as more than three
parameters are required in Eq. (3.58) to estimate ¢,,. Further, the plot of Eq. (3.61) for
r>r_.. will no longer be a straight line but a nonlinear one (in logarithmic scale) due to the
domination of more parameters other than A;, A and B, .

A A

Linear portion

/ Point of deviation
\ /Line of slope -0.5

Non-lingar portion e—nr,..) —"\‘/ Non-linear portion

Linear portion

In(
In(s,,)

oy
-

ln(r) In (!)
(a) ()

Figure 3.7 (a) Plot of In(&,,) versus In(r) (b) linear and non-linear variation of In(s,,) and

P
-

In(r) along the gage line
Using the straight line property exhibited by Eq. (3.61), the value of r_ can be accurately
estimated from the log-log plots of ¢, and I. It is evident that the extent of the three
parameter zone or the maximum permissible radial distance of strain gage, ., is the terminal
point of the straight line portion or the beginning point of the nonlinear portion of the above
plot. The extent of the straight line portion is clearly a function of A,, A and B,. Therefore,
the r_, isinturn a function of geometry of the given cracked body and boundary conditions.
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Once the r_,, value of a cracked configuration is determined, then the valid or optimal strain

gage location that will ensure correct measurement of strains according to Eq. (3.58) can be
easily obtained using Eq. (3.59).

A reliable procedure is needed for accurate identification of r_. or the end point of

ax

the straight line in Eq. (3.61) which gives maximum permissible radial location of a strain

gage for K, determination of orthotropic laminates. A method for determination of r_, using

finite element analysis is presented in the present investigation. In this approach, the strain

&,, at a large number of points either along the gage line (Fig. 3.6) is computed using

aa

appropriate numerical analysis (finite element analysis (FEA)) of the cracked domain. If the

proposed theoretical basis presented in this section are correct then a graph similar to that

shown in Fig. 3.7(a) can be obtained on the log-log scale with a distinct linear and non-linear

portions. Because of logarithmic plot a reliable procedure is needed for accurate identification

of end point of the straight line portion. For this purpose the following procedure is devised

in the present investigation.

(a) First a line of slope — 0.5 is superposed on to the plots of In(eg,,) versus In(r) as
shown in Fig. 3.7(b).

(b) Considering this line as the exact solution, absolute percent relative error in computed

values of In(g,,) is then determined at all values of radius in the plot.

(c) Finally, the r_ or the point of deviation on the log-log plot from the superposed line
is evaluated as the value of the radius at which the error reaches a value < 1% (as one
observes from right to left in Fig. 3.7 (b)).

Thus if r_,, is estimated for a given specimen prior to experimentation, the correct locations

X

of strain gage can be assessed using Eg. (3.59).

3.6 Proposed strain gage technique for the determination

mixed mode SIFs (K, and K,,) of orthotropic materials

Strain gage based determination of mixed mode SIFs of orthotropic composites is not

available till date to the best of author’s knowledge. Therefore, in this section an attempt has
been made to develop a strain gage technique for the determination of K, and K, of
63
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orthotropic materials. The proposed technique for mixed mode cases is essentially an

extension of the proposed mode | technigue by incorporating mode 11 strain components into

the formulation in addition to mode | strain components. Since a three parameter strain

expression worked well for mode | case both in case of isotropic and orthotropic materials, a

three parameter series representation (mode | coefficients A, A, B,and mode Il coefficients

C,, C,, D,) has been considered to represent the strain field around the crack tip for Zone 11

(Fig. 3.2) for determination of mixed mode SIFs of orthotropic materials to reduce

mathematical complications in the present investigation. The mixed mode strain field in the

Zone 1l (Fig. 3.2) can be obtained by superposing the mode | and mode 1 strain field equations

in Egs. (3.35) and (3.39) respectively as follows

&y =(5x)| +(‘9x)u
:M{a12 —aﬂ(a+,b’)2} ReZ, (z,)+

2a
A
2a

—

a+p)
200

{aﬂ(a"'ﬂ)z _alz}ReYl (21)"'%{312 _a11(:3_a)2} ReY, (Zz)

{a12 —ay (ﬂ—a)z}ReZ, (zz)

+%{an(a+ﬁ)2 _alz}ReYn (21)_(12_aa) {all(ﬂ_a)z —alz}ReY,, (22)
+i{a11(a+ﬁ)2 _a12} ImZ, (Zl)_i{an(ﬂ_a)

2

_a12} ImZ,, (22)

:(az;ﬁ){azz—aiz(aJrﬂ)?}ReZ,(zl)+(a2;ﬂ){a22 %(ﬂ—a)z}ReZI(zz)
+%{aaz(a+ﬂ)2—azz}ReY,(zl)+%{a22 aiz(ﬂ—a)Z}ReY,(zz)
+Ei§%%ﬂa+ﬂf_%JRmm@J—aijnﬁﬂﬂ—af—%JRmmug

+i{alz (oH-ﬂ)z _a22} ImZ, (21)_5{312 (ﬁ_a)z _azz} mz, (ZZ)
and

)+ (),

(7
gihf—ﬂﬁhmzmameZ&a»—%§?Kﬂ+aﬂm%(a%«ﬂ—aﬂm%(kﬂ
(2-

7xy:
+

Zaa) g {(ﬂ—a) ImY, (z,)—(B+a)ImY, (21)}

+%{(ﬂ+a)ReZu (Zl)—(ﬁ—a)ReZ” (22)}
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The analytical functions in Egs. (3.62 — 3.64) corresponding to the mode | components can
be written using a three parameter series representation using Eq. (3.48). Using a similar
approach, the analytical functions in Egs. (3.62 — 3.64) corresponding to the mode 1l

components can be written using a three parameter series representation as

C 0._ o_
ReZ,(z) ., = —==cos—=2+C,Jr_ , COS——=%
||( |).:1,2 \/E 2 14/ li=1,2 2
O O
ImZ, (z )i:1,2 = (rjo sin I;'Z +Cy\[ly, 8N ';'2 (3.65)

i=1,2

ReYII (Z' )i:1,2 - DO

ImYII (Zi )i:1,2 =0

Therefore, the rectangular strain components ¢,,, ¢, and y,, (in terms of both mode | and

mode Il coefficients) at any point within the zone Il for plane stress conditions of orthotropic
materials can be obtained by substituting Egs. (3.48) and (3.65) into Egs. (3.62 — 3.64) as

[n%sin%x%(aﬂ(ajtﬁ)z—an)}
_CO
_[rz%sin%x%(an(ﬁ—a)z—an)}
{I‘l%sinﬁxi(aﬂ(a+ﬂ)2—au)}
+C, 2}/2“6 . ) +D0{a1112_—a“[(a+ﬂ)2—(ﬁ—a)1}
_{rzzcos?xz(aﬂ(ﬁ—a) —alz)}
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O (a-p 2
R {rl cosEx[?(aﬂ—aﬂ(oHﬂ) )H
£, =
+{r2’%cos%x(%(azz—aiz(ﬂ_a)z))]
{rl%cos% ( > ﬂ a22 a, a+ﬁ ﬂ
(04 2 2
+A +Bo{a12£[(a+ﬂ) (B )}} (3.67)
% 0, 20
|:2 C052 ( (22 aiz(ﬁ a) )j:|
Y 6 1 2
c |:rl Smfxg(aﬂ(a"'ﬂ) _azz)}
’ Y. 6 1 2
_[rz sm?xg(au(ﬂ—a) —azz)}
[rl}/zsin%xzi(aﬂ(cﬁ-ﬁ)z—azz)}
(04 = 2 2
-i-Cl o 1 +D0{a12 2a|:(a+ﬁ) _(ﬂ_a) J}
+[r2%00532x£(a12(ﬂ—a)2—azz)}
and

6 2 2 /2 oi ‘92 /2 oi 91
roe {2 s )

2

B (2= g2\ Hsin & sin 2

{Za(a yij )(rl s,ln2 r,/2sin > } (3.68)
{2‘; B+a rl%cos—l—(ﬁ—a)rz'%sm%j}

A

ﬁ+a rycos%—(ﬂ—a)rz%sin% }

Now, referring to Fig. 3.8, the strain at a particular location (r, 8) in the Zone Il in the

direction a—a defined by an arbitrary angle ¢ with the crack axis may be written as using

strain transformation equation as

Y
.
Qo
Positive gage )
1‘ o~ +
mL\ P
I
&
oy - e
g
6 ’
P
o =g
Negative gage 2

line

Figure 3.8 Strain gage location and orientation for mixed mode
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Cosﬁa—ﬁ (a12COSZ¢+aZZSin2¢) N cos&OH’H (a12c052¢+azzsin2¢)
all L2 2 (o(pra) (aucos’pragsing) 1| | 1 [ 2 2 (-(-a) (aycoss+ausin's)
NG ) g Jr 2 _ g
in%a_si a-p O a’-p
—[smza%smqﬁcosqﬁ[ Y D +[sm2aessm¢cos¢£ Y j}
[Cosﬂla—ﬂ[(aizcosz¢+3225in2¢) J] N [Cosgza+ﬂ[(aﬂcosz¢+azzsinz¢) D
A \/E 2 20 | (p+a) (allcosz¢+ausin2¢) . \/E 2 22 |—(f-a) (a11c052¢+a123in2¢)
") ] az_ﬁz p i . az_ﬁz
+[sm2aﬁesm¢cos¢[ oy D (sm 2a665|n¢cos¢( 2 JJ
6. = +B {ﬁ[(mﬂ)z—(ﬂ—aﬂ(al cos’g+a, sin2¢)} (3.69)
aa 0 20! 1 2
s 1 [(F+a) (aucos’+agsin®g) 0o L[ (B=a) (aucos” g+aysin’y)
Lol 2 2a| —(ay,cos’ g+ ay,sin’ §) |1 2 2| —(a,,cos p+ay,sin’ ¢
0 \/E g 0
O o p+a _ [ p-a
+(cos > a663|n¢cos¢(—2a ]j [cos > a665|n¢cos¢(12a ))
_ 6o 1 [(B+a) (ascosg+agsin’s) 0 1 [(B=a) (aucos’g+a,sin’y)
vl 2 20| —(a,, 008" ¢+, sin” ) NN 2 2a| —(a,,cos” g+ a,,sin’ )
0. . B+a (il B-a
i +(coszaeesm¢cos¢[?n (cos 2a665|n¢cos¢[ e D
O () - (- aucos” g+ apsine)|

Inspection of Eq. (3.69) indicates that the coefficients of the terms containing B, D, become

zero similar to that of mode I case (Eg. 3.55) by selection of angle ¢ such that

tan? ¢ = — 4t = /v,

2

(3.70)

Similarly, the coefficient of A term in Eq. (3.69) (which is a mode | component ) can be

made zero to give the value of @ similar to mode I case as
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cos(%(tem’1 ((B+a)tan 9)))}

(3.71)

]isin (4(tan™((B+a)tan ‘9)))]

|

cos(%(tan (B-a)tan 0)))}

le

_asm (%(tan‘l((ﬁ—a)ta” ‘9)))

Thus, the angles ¢ and ¢ which allows these simplifications are exactly the same as in the

case of determination of K, of orthotropic laminates (section 3.4). After the terms containing

B,,D, and A are made zero, the strain expression ¢,,

coefficients A,,C, and C,. For positive values of angular orientations, &

contain only the terms with

and ¢ along the

positive gage line, the strain ¢,, along the positive gage line (Fig. 3.8) is

2 .2 a-p 1 6. atp %
(alzcos ¢+a,,sin ¢)[?\/TCOS_ 20 Jr cos—]
A .z 0, 1 (7]
(aﬁﬁsm¢cos¢[ 22 D[\/Esm——ﬁsm 2}
1 _ 1.6 1 .6
_(aﬂcosz¢+a223|n2¢)(—sm—1——5m—2]
> 2
€aa = +Co ’ \/E ( \/)r: ( ) (372)
8, Singcosg \[ (B+a F=2) osle
+( » j{ \/E cos \/E cos 2]
(aizcos ¢+a,,sin’ ¢)[\/_sm —Jrsin2 j
+C1
o[ 2080 () fcos - (5-a) Jroos 2

Similarly, for negative values of both ¢ and ¢ (since for negative value of ¢, the angle ¢ is

also negative), the strain &,, along the negative gage line (Fig. 3.8) can be obtained as
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cosp+a,,sin?g) E—£ — cos 2+ ———cos -2
(a cos* g+ 2, ¢)(2a\/a 2 2o \Jr, 2

+[a€6 sin ¢cos¢(%ﬁ{%sin%—%sin%}

i(a1 cos’ +a,, sin’ ¢) Linl_Lgnl
C 2a" " 22 \/E ? \/E ’ (3.73)

Ep = Yo :

+£aessin¢cos¢]((ﬂ+a)cosﬁ_(ﬂ—a) 6 J

2
2a \/E 2 \/E 0052

i(% cos’ ¢+ a,, sin’ ¢)(\/Esin%_\/asin%j
g SiN @ COS 6, 6,
+(#J((ﬁ+a)\/acosg—(ﬂ—a)\/acos?j

Thus, a strain gage placed at a radial distance r from the crack tip on a line making an angle

_Cl

of #(-6) and gage orientation ¢(—¢) on the positive (negative) gage line with the crack axis

measures strains containing only the terms A,,C, and C, as per Eq. (3.72) and Eq. (3.73)

respectively provided the gages are located within the extent of applicability of these

equations. Following the approach suggested by Dally and Berger [64] (DB technique),
adding Egs. (3.72) and (3.73) after substituting the 1, ,,6, and 6, values from Eg. (3.30)

and then multiplying with </r gives

a—p 1 o,
cos =+
2a Q/(cosze+(ﬂ+a)zsin20) 2
(ay, cos’ g +a,, sin’ )
NCA T ! cosZ
2a d(cosze+(ﬂ—a)zsin20) 2
(gaa+gbb)\/_=2p\)
! sini
2 oy 4(cos?0+(B—a) sin?6
+(aeﬁsin¢cos¢(uD \/( (#-2) )
2 - ! sini
{t’/(cosze+(,8+a)zsin29)

(3.74)
=Al,
which contains only coefficients pertaining to mode | loading and |1, is a material property

dependent constant given by
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a-p ! cos &
2c 2 2 . 2
Q/(cos O+(B+a) sin 6?)
a+pf 1 COS&
2a 4(00320+(ﬂ—a)25in29) 2
1

=) {leost 0+ (p—c'sino)

. 0O
sin =2

- L sinﬁ

{:i(cos2 0+(ﬂ+oz)2 sin’ 9)

o

(3.75)

Similarly, subtraction of Eq. (3.73) from Eq. (3.72) after substituting the 1, r,,6, and 6,

values from Eg. (3.30) and then multiplying with «/r gives

(8aa _‘gbb)\/_ =2C0

+2C,r

i(a12 cos® ¢ +a,, sin’ ¢

1 -
sin =%
) Q/(cos2 O+(B+a) sin? 9)
= = sin&

{1/(0032 O+(p—a)’sin? 0)

(fra) cos &
L Q/(c032¢9+(/3+a)25in29) 2
+(2—663in ¢cos¢j
i (f-2) cos&

_</(c0529+(ﬂ—a)25in20) 2

Qll(cos2 O+(p—a)’ sin? 6) sin %

1 .
Z(a12 cos” ¢ +a,, sin’ ¢) _ 0
_Q/(cos2 0+(p+a) sin? 9) sin ?l

o

a (/3+a)</(cosz¢9+(,8+a)zsin26’)cos%
+(ﬁsm ¢cos¢j
2 —(ﬂ—a){/(cosz9+(ﬂ—a)zsin26)cos%

=C,l, +Crl;

(3.76)

which now contains coefficients relating to mode Il loading only and 1, and I, are constants

dependent on the material property given by
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= sinﬁ
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sini
2

—g/(cos2 O+(f+a) sin 49)

(ﬁ+a)</(cosz¢9+(,B+a)zsin26?) cos
- ﬂ—a)f/(cos@ﬂﬂ—

“ a)zsinze)

o, J
cos =
2
6
2
cos 2
2

sin =X G
2

(3.77)

Thus, the quantities on the LHS of Egs. (3.74) and (3.76) yields A, and C, respectively as

r —0. It is evident from Egs. (3.74) and (3.76) that a minimum of two strain gages located

at different radii on both the positive and negative gage lines each at an angle of ¢ with the

crack axis will be required for the determination of K, and K, of orthotropic laminates as

shown in Fig. 3.9. Further, the corresponding gages on each gage line should be placed at the

same radial distance from the crack tip as shown in Fig. 3.9. Egs. (3.72 — 3.74) and Eq. (3.76)

can be rewritten in a simplified form as
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In the present investigation, the coefficients A,),C, and C, are determined from the best fit

plots of the experimentally measured quantities on the L.H.S of Egs. (3.80) and (3.81) to the
straight lines of the form on the R.H.S of Egs. (3.80) and (3.81) respectively. Using the values

of the coefficients A, and C,from the best-fit regression, the mixed mode SIFs, K, and K,

can be respectively determined employing

———— T - - - Positive gage line

Eqg. (3.13). As can be observed, the proposed

Strain Negative gage line
technique for determination of mixed mode Crack ToTE
SIFs of orthotropic materials provides well

defined angles, gage orientation (¢) and

orientation of the gage line (), but not the

appropriate radial locations of placing the

gages. In the case of one or all of the strain

gages being located very close to the crack

tip, the strain measurements will be affected

. : Figure 3.9 Strain gage locations for a plane
by strain gradients and 3D effects. These slant edge-cracked orthotropic specimen

effects may be averted by pasting the gages quite far away from the crack tip, in such case
Egs. (3.78) and (3.79) may not be applicable for strain measurements at such large distances
since more than three parameters may be required to represent the strain at such larger

distances.. It is clear that the strain gages should be within the zone of domination of the
parameters A, A,B,,C,,C, and D, and at the same time should not be very close to the

crack tip. Therefore, a prior knowledge of the valid radial locations for pasting the gages in

imperative for successful implementation of the proposed technique for accurate

determination of K, and K, .

3.7 Proposed approach for determination of optimal radial

locations of the strain gages for measurement of K, and K,

of orthotropic materials

The radial location of the strain gages play a crucial role in the accuracy of the SIFs
determined using strain gage techniques. Similar to the mode | case, the minimum radial
72
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distance r_,. for strain measurements is governed by the presence of 3D state of stress near
the crack tip. Accordingly, . is given by
r .. = thicknessof thespecimen [69] (3.82)

The maximum radial distance, r . of the gages from the crack tip is the extent of validity of

the three parameter strain series represented by Eqgs. (3.78) and (3.79) on the positive and
negative gage lines respectively. Conversely, Egs. (3.78) and (3.79) can represent the strain
field accurately along the positive and negative gage line upto a radial distance of r_,.
However, the extent of the validity of Eq. (3.78) along the positive gage line (Fig. 3.9), say
r' , may not be equal to the extent of validity of Eq. (3.79) along the negative gage line (Fig.

max !

3.9), say r_.. Inorder to take into account the extent of validity along both the positive and

negative gage line, the maximum permissible radial location or upper bound of placing the

strain gages, for a given specimen is given by
Mok = minimum[rnjax, rnjax} (3.83)
Consequently, the optimal or valid radial locations r. (i =1,2) for all strain gages along both

the gage lines can now be given by

iy =S LR (3.84)

mi max

A straight forward extension of the procedure for the determination of r for mode I

problems is not possible for mixed mode (I/11) loading cases due to the presence of more
number of unknown coefficients in Egs. (3.78) and (3.79) as compared to mode | problems
and the resultant requirement of more than one strain gage in the proposed technique.
Therefore, application of curve fitting based on linear regression models is proposed in the
investigation and is described as follows

A finite element based approach has been proposed for the accurate determination of
r.. value for a given mixed mode cracked configuration in the present investigation. The

ax

parameters &,, and &, are computed at large number of points along the positive and

negative gage lines (OM and ON) using FEA of a given mixed mode cracked configuration
(Fig. 3.9). The quantities on LHS of Egs. (3.80) and (3.81) are then computed at those points
using finite element solutions. It is of utmost importance that the radial distances from the

crack tip to the corresponding points along the positive and negative gage lines should be
73
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same for the computation of the LHS quantities of Egs. (3.80) and (3.81) and hence the finite

element meshes should be designed accordingly.

Using regression, straight line with a zero slope and a constant intercept of A, is fitted
to the computed values of {(gaa+gbb)\ﬁ}/ I, as a function of radial location, r. These

computed values at larger values of r are then gradually erased from the data set until the

best fit curve is obtained. The value of the coefficient A, for the best-fit regression is noted.

Similarly, straight line of form CO+(C1rI3/I2) is fitted to the computed values of

{(saa —gbb)\/F }/ I, and the values of the coefficients C, and C, are obtained from the best

fit regression model.
Consistency and accuracy in the computed unknown coefficients (A;,C, and C,) can
be ensured by:
e The corresponding plots of LHS and RHS quantities should be congruent to each other
to the maximum possible radial distance from the crack tip.
e The % relative error between the LHS and RHS quantities should be <1% within the
maximum possible radial distance.

e The quality of the fit defined by the coefficient of determination R* should be very

close to 1.

Using the best fit regression values of A,, C,andC,, the RHS quantities of Egs. (3.78) and

(3.79) can be compared with the LHS quantities (i.e. ¢,, and &, ) when plotted against the
radial distance from the crack tip for all points on the positive and negative gage line.
Apparently, the RHS quantities of Egs. (3.78) and (3.79) can accurately represent the finite
element values of ¢,, and ¢, along both the gage lines upto a certain radial distance only
since only a three parameter representation of the strain field around the crack tip has been
considered. The point of deviation of the RHS of Eq. (3.78) from FE values of ¢,, gives r__,
and the RHS of Eq. (3.79) from the FE values of ¢, gives r__ for a given configuration. A

reliable error criterion of 1% between the two quantities has been employed to obtain the

quantities r,. and r__
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Thus, the maximum permissible radial location for pasting the strain gages for a given
configuration with a given set of material properties is the minimum of r; and r_.  (Eq.

(3.83)) which satisfies all the equations Eg. (3.78) — (3.81). Thus, two strain gages are to be

pasted on each gage line for the determination of K, and K, using the proposed technique

such that the radial distance of each gage from the crack tip is greater than the distance equal

to thickness of the plate (to avoid 3D effects) but less than the r, value of a given

configuration (Eq. (3.82)). It is advisable to paste the gages as far as possible from the crack

tip to avoid errors due to complications such as strain gradient and 3D effects.

It may be noteworthy that the consistency and the accuracy of evaluation of r_. (and

ax

hence unknown coefficients A;,C, and C,) depend not only on the mesh gradation but also

on how the best-fit process is carried out and the field variables employed therein. It has been

noticed from extensive numerical investigation that highly erroneous and inconsistent
coefficients and hence r . are obtained if Eq. (3.78) and (3.79) are used directly for the best

fit process instead of using Eq. (3.80) and (3.81) as suggested in the present investigation.
The said observation is found to be true even in the case of highly refined FE meshes. Egs.
(3.80) and (3.81) spare us the complications of handling too many coefficients as in Eq. (3.78)
and (3.79). Also, Egs. (3.80) and (3.81) need only a linear best fit which eases out the

numerical complexities and can be carried out with substantial efficiency.

3.8 Displacement extrapolation technique (DET) for the

determination of SIFs of orthotropic materials using FEA

The present investigation necessitated development of a new orthotropic SIF extraction
method from the finite element solution of field variables. The SIFs of experimental
specimens have been estimated using the present technique and are employed for the purpose
of comparison in Chapter 6. Although commercial software ANSYS® is employed in all
analyses of the present investigation, its in-built technique (KCALC) for estimation of SIFs
are suitable only for isotropic materials. The proposed technique depends on displacement
extrapolation of nodal displacements around the crack tip. Hence, for analysis of cracks in
orthotropic media, a methodology similar to that behind the KCALC command has been

developed. The proposed method calls for displacement values of the crack tip elements along
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TH-1752_11610307



Theoretical Formulations
the crack faces which are then employed to extract the mixed mode SIFs. These post-
processing analyses has been carried out using MATLAB.

To obtain a good representation of the crack-tip, quarter-point elements as suggested
by Barsoum [75] and Henshell and Shaw [76] are used. The square root linear elastic
singularity for stresses and strains in obtained by shifting a quarter to the crack-tip, the mid
side nodes for all surrounding elements. Ayhan et al. [77] proposed a method for performing

fracture analyses of orthotropic <

Conventional
Elements

materials using ANSYS®. They used

the crack tip displacement fields of

such materials and incorporated them
into an ANSYS® macro. Figure 3.10
shows the crack tip element
distribution modelled using collapsed

quarter point elements. The nodes Figure 3.10 Conventional and quarter point elements
belonging to the first row crack tip around the crack tip and along the crack faces

elements on the crack face are numbered. It has been assumed that the y—displacement with
respect to the crack tip local co-ordinate system is given by [77]

M o A+Br (3.85)

\/F

where A and B are unknown constants and r is the distance from the crack tip. The
differences between the displacement values of corresponding nodes across from each other
are given by

VV,, =V, =V,,VV, =V, -V, (3.86)

Again, using Eqg. (3.85), it may be shown that

Wa _ A+Br, VY~ A+ Br, (3.87)

Jr Jn

Solving the equations in Eq. (3.81) for A and B and using the relation r, = 4r, for quarter

point elements, we obtain
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8Vv,, — Vv, B 4Vv,, —8Vv,,

3,r, 3,

Similarly, for displacements parallel to the crack face i.e. U displacements it may be written
that

A=

(3.88)

Vu
—==C+Dr 3.89
N (389
and C and D are given by

8VU,, —Vu, D 4Vu, —8Vu,, (3.90)

3\/f 3r,?

When the displacements (u,v) are evaluated along the crack faces

C=

(0=%7;6,=0,=+m;r,=r,=r in Eq. (3.30)) for the crack tip element of orthotropic

materials, assuming only the singular term representation to be suffice, the displacements

under mode | condition using Eq. (3.44) are given by

and

a 2a(ﬂ+
v =
+ort —(a+ﬁ) (a -a, (ﬂ—a)z) (3.92)
20{(,8—0() 22 1
il 3 ,Bazz
=4Ar B o’
v =—anrt Pl (3.93)
-«

where, u,’,v, are the displacement components for 8 =+ and u,,v, are the displacement

components for 8 =—x . Therefore, the net displacement along the crack faces for mode |

case is given as
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Vu, =u —u, =0 (3.94)

Vv, =V, -V, _8Abr% (3.95)

Similarly, under mode Il loading conditions the expressions for displacements using Eq.

(3.47) are given by

u, =C, {r%au(ﬂ"'a)z - r%an (:B_a)z}

. (3.96)
=4C,r2a, B
u, =—4C,r’a, (3.97)
and
Vy =V, =0 (3.98)

where, u,,v, are the displacement components for &=+ and u,,,v,, are the displacement

components for & =—x. Therefore, net displacement along crack face for mode Il case is

given by

Vu, =uy —u, :8C0{I’%aﬂﬂ} (3.99)

Vv, =V, -V, =0 (3.100)

The displacement components for mixed mode conditions are obtained by superposing the
mode | (Egs. (3.94) and (3.95)) and mode 1l components (Egs. (3.99) and (3.100)) and can be

written as

Vu,., =Vu, +Vu,,_8co{% Al

a;
sa (3.101)

I+II

22
a

W, =V, +Vy, = 8A0r%

I+II
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As I' approaches the crack tip, only the first term in Egs. (3.85) and (3.89) become

predominant. Therefore, taking limit, Eq. (3.85) can be expressed using Eq. (3.95) as

Irlirg T (3.102)
which gives
A 2 2
A, = M (3.103)
8/a,,
and Eq. (3.89) can be expressed using Eq. (3.99) as
Irlﬂg T =C=8C,a,p (3.104)
which gives
C
(€ = (3.105)
" 8a,p

A and C are given by Egs. (3.88) and (3.90) respectively. The coefficients A, and C, are

related to the stress intensity factors according to the Eqg. (3.13). Numerical results showing
the performance of the proposed displacement extrapolation method is presented in Chapter
1.

3.9 Finite element formulation

The application of Finite Element Method for the evaluation of SIFs in 2D bodies is widely
used for non-standard crack configurations. In the present investigation, linear elastic finite
element analysis of various cracked configurations has been carried out using displacement
based FE method. For this purpose commercial software ANSYS® has been utilized for
numerical analysis. In the present work, PLANE183 element embodied in ANSYS® is used
for discretization of the cracked domains. PLANE183 is a higher order 2D, eight noded
isoparametric quadrilateral element (Q8). These elements are well suited for both plane stress

and plane strain conditions. At the crack tip, the elements have been modeled using quarter
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point elements (QPESs) obtained by using PLANE 183 to incorporate square root singularity
which arises in LEFM [75]. Dhondt [78] also made use of quarter point elements (QPES) to
study the fracture behavior of a 3D crack under mixed mode conditions in an anisotropic
material. The details of these elements including the FE formulation have been presented in

the following sections.
3.9.1 Eight noded quadrilateral element

The eight noded isoparametric quadrilateral element (Q8) which permits modeling of
complicated shapes is generally used to solve fracture mechanics problems. The Q8 is shown

in Fig. 3.11.
Ty

6

R

1 5 2

Figure 3.11 Eight noded quadrilateral isoparametric element represented in natural coordinates

Being isoparametric element, the geometric variables are expressed in a similar way as field
variable. Thus, in Q8

8

x=> N, (3.106)
i=1
8

y:ZNiyi (3.107)
i=1

Similarly, the field variables are also represented as

8
u=> Nu, (3.108)
i=1
8
v=> Ny, (3.109)
i=1
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where the N, (i=1,2...,8) are shape functions, (x;, y;) are nodal coordinates and (u;, v;) are
nodal displacements. Shape function must be expressed in a natural co-ordinate system for
numerical integration. Natural coordinate (&,7) systems are dimensionless and have a
maximum absolute magnitude of one. They are defined with reference to the element rather

than with reference to the global co-ordinate system in which the element resides (Fig. 3.11).

The shape functions for a Q8 element are expressed in natural coordinates as

Nl:%(1+§)(1—77)—%(N8+N5) %(1 £)(1-n)

1 1 1 2
N2=f(1—§)(1+n)—f(N5+N6) g(1+§ (1-7 ) 6110
Ny =5 (1=6)(=m)-5(Ne+N;) Ny =2(1-¢7)(-
N4:%(1+§)(1—77)—%(N7+N8) % (1+&)(1-7 )

The displacements within the element in terms of nodal displacements can be expressed as
u
i={ -t @111)

where {U} is the displacement vector of an element, with the shape function matrix

[N]:NloNz0N30N40N50N60N70N80 (3.112)
ON ON ON ON 0N 0N 0 N, N '

8

and nodal displacement

i
XLo={u v ou v, U v U v, U Ve Ug Ve U VU V) (3.113)

e

The governing equations of equilibrium for the plane elastostatic problems are given by

0

00w T g (3.114)
OX oy

or, 0

Py Pw § 0 (3.115)
ox oy '’

where f, and f, denote the body force per unit volume along the X and y direction; o,

and o, are the normal stresses and z,, is the in-plane shear stress. The strain matrix
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associated with the plane stress and plane strain problems in terms of nodal displacement

vector is then given by

a o I
e OX OX OX

XX v 0 {u} d
et =eyr=9 — =0 — = 0 —I|[N}X (3.116)

R KON [ WA 2 2

oy Ox| |oy OX| | Oy OX |

According to the standard notation the strain matrix is

{e}=[B]{X}, (3.117)

The matrix [B] is also called strain displacement matrix and can be represented as

2 9
OX
Bl=| 0 Z|[N] (3.118)
oy
.
[y OX]
Then the stress-strain relationship for an element is given by
GXX
{o} =10, =[Pl{e} =[D][B]{X], (3.119)
T

where [D] is the elasticity matrix and is given for plane stress for orthotropic materials as

E. vr E 0
I-vivy l=vpvg
D] | oveE E; 0 (3.120)
Plane—Stress 1— ViViL 1- VitVr
0 0 Gy

Here, E,v and G are Young’s modulus, Poisson’s ratio and Shear modulus respectively.
The displacements, derivatives of displacements, strains and stresses at any point within the
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element can be easily computed once {x}_ of an element is known. The element stiffness

matrix which relates the unknown nodal displacements to the applied forces on an element

can be given as

[K], =t[[B] [D][B]dxdy (3.121)

where [D] is the elasticity matrix consisting of element material constants. The matrix[B]

which relates strains and displacements, is a function of (x,y) and t is thickness of the

element (assumed constant). The differential area dxdy can be replaced by
dxdy =|J| d&dz (3.122)

where |J| is the determinant of the Jacobian matrix and is given by

|J|:%ﬂ_%ﬂ (3.123)
0¢ on  0nog
Then Eq. (3.121) becomes
(KL=t [[B(&mT [PI[B(&m)]3|dsdy (3.124)
A
w5 o)
SX  OX 9 0
ot On || on L
where, [B(&7)]=| 0 0 5y oy . [N] The above equation is now
o on % on o5
oX o0y Ox oOX 0 i
on

entirely a function of local co-ordinates(f,n). Numerical integration is required to be

employed over the area for the evaluation of element stiffness matrix [K],.

3.9.2 Quarter point elements (QPEs)

Quarter point elements are extensively used in LEFM for modeling the inverse square root

singularity at the crack tip. A large number of conventional elements are required to model
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the same singularity at the crack tip. Barsoum [75] and Henshell and Shaw [76] were first to
discover the quarter point elements which can be easily generated from any conventional
elements containing mid-side nodes. The singularity in the QPE is achieved by shifting the
mid-side nodes on edges that are connected to the crack tip by an amount of quarter of length
of the edge towards the crack tip. Such a simple and bodily movement of nodes ensures
accurate estimation of the SIFs and modeling of 1/+/r singularity with less number of
elements around the crack tip. In the present investigation the mid-side nodes of selected Q8
element are shifted to quarter points, to generate QPEs around the crack tip. The conventional
Q8 elements are first collapsed to six noded triangular elements and arranged in a standard
spider-web pattern around the crack tip. Finally, the mid-side nodes are shifted to build the
QPEs. All these steps are carried out by ANSYS® automatically using its in built command
KSCON. The proof for ability to represent 1/+/r singularity by the Q8 element used in the

present investigation is presented in the following section.
3.9.3 Collapsed six-noded triangular quarter point elements

Figure 3.12 shows a collapsed Q8 crack-tip element, in which nodes 1, 4 and 8 are collapsed
at the crack tip. This triangle is generated by collapsing the side 1-4 of the quadrilateral in
Fig. 3.11.

\J
¢

Crack tip

‘ 2

L4 - 34 >

Figure 3.12 Six noded quadrilateral isoparametric element with
mid-side nodes at the quarter point [76]

In this case the singularity is investigated along the X—axis (i.e., 7=0 ) using
X=N,X, + N, X, + NoX; + N, X, + NoXo + NgXg + N, X, + NgXg (3.125)

the X- coordinate along the X—axis is given by
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1 1 1 2 Il E E - I_l
X——Z(1+§)(1—§)|1—Z(1+§)(1—§)|1+§(1—§ )Z+2(1+§)|1+2(1 4 )4 (3.126)
which simplifies to
x=(&° +2§+1)|Z1 (3.127)

Therefore, & interms of X can be given as

& {—u 2 \E } (3.128)

The displacement U along x —axis is given by
u=N,u, +N,u, + Nzu, + N,u, + Nu, + Ngu, +N,u, + Ngu, (3.129)

Substituting shape functions and Eqg. (3.128) into Eq. (3.129) and differentiating w.r.t X, the

strain in the X-direction is then given by

ou 1l 1 2 1 1 2 1 2
gp=—=——| = Uyt = | =t — Uy +| —=—=—— U, +
x 2| Jon L 2| Jxo) L (xL) L

(3.130)

S W O S 2
2| Jx0y | ° [Joo L

Thus, Eqg. (3.130) shows that the strain singularity along the X—axis is L as x —>0.

™
3.10 Summary

In this chapter, detailed formulation of the development of proposed strain gage techniques
for the determination of mode | and mixed mode SIFs of orthotropic materials along with
propositions for valid strain gage locations is presented. Proceeding with the Irwin proposed
stress functions [20] and employing the Generalized Westergaard approach [73] coupled with
the DS technique, theoretical basis of a single strain gage method for the determination of
mode | SIF of orthotropic laminates is presented and a FE based approach has been proposed

for the determination of optimal radial location of the strain gage for accurate determination

of K,. Similarly, extending the proposed mode | technique to mixed mode (I/Il) case, a
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detailed formulation of the methodology is also developed for the first time for the
determination of K, and K|, of orthotropic composites using multi strain gages. A FE based
approach for estimation of optimal gage locations of the strain gages for accurate
determination of mixed mode SIFs is also presented. The displacement extrapolation
technique for extraction of orthotropic SIFs from FE solutions has also been proposed and

explained in detail.
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Chapter 4
Determination of rmax and numerical simulation

of mode | experiments in orthotropic materials

This chapter presents the numerical simulation of determination of mode | SIF of orthotropic

laminates using the proposed single strain gage technique discussed in section 3.4. First the
determination of r, and optimal strain gage locations using the proposed finite element
based approach (explained in section 3.5) for the cracked orthotropic specimen is
implemented in this chapter. Different types of cracked configuration such as edge cracked

plate, center cracked plate , double edge cracked plate and eccentric center cracked plate have

been considered to substantiate the efficacy of the proposed technique in accurate

determination of mode | SIF and to demonstrate the importance of r_.. . Inaddition, the effect

of crack geometry and boundary on the r.. has also been presented in this chapter. Sensitivity

study has also been carried out to analyze the effect of deviation in predetermined gage
orientations on the estimated SIFs before going into real time experimentations. Finite
element analyses in all the examples of the present investigation are carried out using
ANSYS® employing eight noded isoparametric quadrilateral elements (Q8) and the square
root singularity at the crack tips is modelled using collapsed quarter point elements (Q8 QPESs)
(section 3.9).

4.1 Edge cracked orthotropic laminate

An edge cracked [02/ 90]25 glass-epoxy laminate has been considered for numerical

simulation of the single strain technique on single ended cracked configurations, the effective
properties of which are listed in Table 4.1. Corresponding to these properties, the values of

a and f are estimated as 0.9684 and 1.4496 respectively using Eq. (3.31). Corresponding
to o= 0.9684 and S = 1.4496 solution of Eq. (3.57) and Eq. (3.55) gives & = 54.27° (Fig.

4.1) and ¢ = 68.01° which are used in finite element analysis. Different dimensions of the
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edge-cracked specimen considered for different analyses and the applied stress are listed in
Table 4.2.

Table 4.1 Effective laminate properties 0.03 1
Longitudinal modulus E,  33.3 GPa
Transverse modulus E; 24.6 GPa

(=
=
353

(=]
(=1

0=>54.2T

f=1]

Poison’s ratio Vit 0.163

Shear modulus G- 5.2 GPa 0.01 1 \

Coefficient of A, term

-0.02

0 10 20 30 40 50 60 70 B0 90
&(degree)

Figure 4.1 Plot of Eq. (3.57) for 8 ranging
from 0° to 90°

Table 4.2 Geometric and loading parameters of edge cracked orthotropic laminates

Section (mm) alb h/b (mtm) (Mapa)
41.1 0.4
4.1.2 50 0.1-0.8 15 1 100
4.1.3 0.4

4.1.1 Determination of r__ for edge cracked orthotropic laminate

This example elaborates the general

procedure for the determination of r_ for A 44404

any single ended cracked orthotropic plate

subjected to mode | loading using finite

element method. The [0,/90], glass-

|
Q
fe—>—>le——]
T
>
l
—

. . < (> ﬁj

epoxy laminate with an edge cracked o

. . . . «— h— ©)]
configuration and subjected to uniform I EEERE. ————
tensile stress (Fig. 4.2(a)) is considered to (G) ®)

a
illustrate the procedure. The same problem ) )
Figure 4.2(a) An orthotropic edge-cracked plate;

has also been studied by Shukla et al. [69]. (b) corresponding solution domain

Figure 4.2(b) shows analysis domain for the finite element studies along with the symmetric
boundary conditions. The loading and geometric parameters of the edge cracked plate are

presented in Table 4.2.
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In order to study the influence of the mesh refinement on the convergence of r_, values, an

edge cracked plate with a/b=0.4 and three meshes for this configuration with increasing
mesh density is considered (Fig. 4.3). Other parameters pertaining to this example have been
presented in Table 4.2. The number of elements (NE) and number of nodes (NN) are also
mentioned in Fig. 4.3.

The meshes in Fig. 4.3 are designed such that the nodes of several elements are made
to lie along a radial line (Fig. 4.2(b)) which makes an angle of 6 (=54.27°) with the axis of
the crack (Eqg. (3.57), Fig. 4.1). This line begins at the crack-tip and terminates at one of the
outer boundaries of the cracked plate. According to the present technique, a single strain gage
is required to be placed at an appropriate location on this line and oriented in the direction of

¢ (=68.01°) (Eq. (3.55)) in order to measure the linear strain ¢,, (Eq. 3.58, Fig. 3.6). This line

is termed as the gage-line.The strains of each of the nodes are computed along the gage line

and being in the global coordinates these are transformed to linear strain ¢,, in the direction
defined by the angle ¢. The radial distances (r) of each of the nodes along the gage line are

then computed.

Gage line
\
I}IH HHHHHHH ,”;’;’1’:’:’1’”;’;’”
£
Meshl Mesh2 Mesh3
NE=708; NN=2298 NE=2848; NN=8900 NE=7379; NN=22709
(a) (b) (©

Figure 4.3 Different finite element meshes used for the convergence study of r__. of the edge cracked
orthotropic laminate with a/b=0.4
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Determination of rmax and numerical simulation of mode I experiments in orthotropic materials

Following Eg. (3.61), plots of computed values of In(&,,) versus In(r) obtained from each

of the three meshes of
Fig. 4.3 are shown in
Fig. 4.4. Crack tip

ln(.ﬂ."“)

Line of slope =-0.5

Mesh 1

In(z,,)

Line of slope = -0.5

Mesh 2

point is not plotted as

the radius of this point 7
is zero. It may be
observed the 1

plots in Fig. 4.4 that

Mesh 3

from

Line of slope = -0.5

each plot consists of

' . ' ' ' |
B - L
L L L L L

well demarcated zones

defining the linear and

non-linear portions (in Figure 4.4 Variation of In(gaa) with In(r) along the gage line for the

logarithmic scale) as sequence of meshes in Fig. 4.3

predicted by the theory in section 3.5. It can also be noticed that the linear trend extends up
to a certain radial distance and thereafter gradually turns to the non-linear portion. The extent
of the straight line portion of the plots is observed to have gradually increased as the meshes
are refined and can be seen more prominently in fine meshes than in coarse meshes due to
less number of elements. As discussed earlier, the initial linear part is due to the dominance
of the three parameters (Eg. (3.53)) and the nonlinear part is due to the presence of more than

three parameters in the expression for &,,. The results presented in Fig. 4.4 also strongly
confirm that the selection of coefficients (A,, By, A) that are retained in the three parameter

strain series (Eq. (3.53)) appears to be valid. The first point in all these plots in Fig. 4.4 is the
strain value at the corner node of the quarter point element. The deviation of this point from
the straight line portion may be due to the effect of the constant strain term of the quarter

point elements [79]. It is evident that the radius at end point of the linear portion of the plots

in Fig. 4.4 is simply the r_ or the extent of the three parameter strain series (Eq. (3.53))
along the gage line or the maximum permissible radial distance (rmax) of strain gage in

accordance with the present single strain gage technique (section 3.5).
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Determination of rmax and numerical simulation of mode I experiments in orthotropic materials
In the present example, the procedure described in section 3.5 has been employed to

determine precisely the terminal point of the linear portion of the plot i.e., the value of r__ .
Accordingly, a line of slope — 0.5 is first superposed on to the plots on In(¢,,) versus In(r).

Considering this line as the exact solution, absolute percent relative error in computed values

of In(g,,) is then determined at all values of radius in the plot. Finally, the r . or the point

of deviation of the log-log plot from the superposed line is estimated as the radius at which
the percent error reaches 1% (as one observes from right to left).
Following the above procedure, straight lines having slope of — 0.5 are superposed on

to all the plots of In(e,,) versus In(r) in Fig. 4.4. It can be observed from Fig. 4.4 that the

initial straight line portions of the plots and the superposed line are congruent to each other
up to a certain radial distance and the numerical results deviate thereafter. The congruence
to a greater extent can be noticed in the plots of the results obtained from the very fine mesh
(Mesh 3, Fig. 4.4(c)) due to better accuracy in the computed results. Therefore, it can be
concluded from Fig. 4.4(c) that deviation of the finite element results from the superposed

line is due to the presumable dominance of higher order coefficients other than A,,B, and A
in Eq. (3.53).
Figure 4.5 shows the percent relative error between the superposed line and that of the

finite element results of In(s,, )
50

at different radii along the entire Mesh 3
40

gage line. It can be observed

from Fig. 4.5 that the error

Non-linear portion

%Rel. error in In(g,,)
(3]
<o

decreases monotonically from
the right towards left. The

60

estimated values of r_ are
marked in Fig. 4.4 for different Figure 4.5 Percentage relative error in computed values of
) In(gaa) obtained using results of plot in Fig. 4.4(c)
meshes. The corresponding

numerical values of the r . are presented in Table 4.3. It can be noticed from the results of

Table 4.3 that as the meshes are refined r_, values converges. No improvement is noticed as

the meshes are further refined. Finally, it is also interesting to note that similar trends and
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Determination of rmax and numerical simulation of mode I experiments in orthotropic materials

observations have also been reported for
Table 4.3 Convergence of the r_, with mesh

the cracked panels made of isotropic
refinement for a/b=0.4

materials [56-58]. No  further Mesh rmax(mm)
convergence in the value of r_ is Mesh 1 24.22
noticeable upon subsequent mesh Mesh 2 25.99
refinement than that present in Mesh 3. Mesh 3 26.85

Therefore, the r, value of the edge-

cracked plate considered in the example can be taken up as 26.85 mm.

4.1.2 Effect of a/b ratioon r__

In order to understand the effect of a/b on r_, of single-ended cracked configurations, edge

cracked composite plate with a/b ranging from 0.1 to 0.8 in steps of 0.1 are considered in
this section. The other details of these configurations are presented in Table 4.2. Very fine

finite element meshes for all a/b values employed in the present study are shown in Fig. 4.6.

alb=02 alb=03 alb=04

al/b=0.1

(a) (6) () (@)

alb=05 alb=th alb=0.7 a/b=038
(o) () (2) (k)
Figure 4.6 Finite element meshes for the edge-cracked orthotropic laminates employed to study the

effectof a/b onr
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Determination of rmax and numerical simulation of mode I experiments in orthotropic materials
Here also, large number of elements are made to fall on the gage lines for accurate prediction
of strain value, ¢,,. The plots of In(e,,) versus In(r) corresponding to a/b=0.1 to 0.8
are shown in Fig. 4.7. Following the procedure described in the previous example, the

estimated value of r_, corresponding to each configuration is presented in Table 4.4.

Table 4.4 Variation of the r_, /b with a/b
| of the edge cracked configuration

0 ab=0.8 point of deviation a/b rmax (mm) rmax /b
. 0.1 151 0.0302
E S| av=01 0.2 3.05 0.061
B 7 Lines of slope =0.5 0.3 5.69 0.1138
91 04 26.85 0.5372
11 : 0.5 13.39 0.2678
3 1 1 3 5
In(r) 0.6 6.42 0.1284
Figure 4.7 Variation of In(s,,) with In(r) for the edge 0.7 3.66 0.0732
cracked orthotropic laminates with different valuesof a/b 0.8 1.52 0.0304

Variation of the r_. as a function of a/b is presented in Fig. 4.8 to observe the effect of

ax

alb on r, . It can be seen from Fig. 4.8 that as a/b increases the r_ value increases

initially and then decreases. It may be 0.6
pointed out that similar results have 05 e
also been obtained by Sarangi et al. 04
[61] for edge cracked panels made of fﬂ 0 -
isotropic materials. Moreover, Chona ) 0
o A 0.1138 0.1284
et al. [80] also found similar results ol oo 00732
while investigating the extent of the . 0302 0304
singularity dominated zone (SDZ) of 0 02 04 0.6 08 :

alb

various cracked configurations and Figure 4.8 Variation of . /b with a/b for the

reported the decrease in size of the edge cracked orthotropic laminate
SDZ with the increase in a/b. A probable explanation to the observed trend of variation of

r.. With a/b could be provided based on the experimental results of Chona et al. [80]. They

showed using photoelastic studies that, magnitude of all the coefficients (singular and
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nonsingular) increased gradually with the increase in a/b and after a certain value of a/b,

the magnitude of nonsingular terms sharply increased with increase in a/b values. Referring
to Eq. (3.61), for a given set of orthotropic material properties, the extent of the linear portion

and hence the r_ value is a function of magnitude of the nonsingular terms, relative to the
singular term A, . Referring to Fig. 4.8, as a/b is increased, the magnitude of the singular

term A, dominates over the magnitude of nonsingular terms initially. As a result, the r_

value increases (due to the increase in the linear portion as compared to nonlinear portion,
Fig. 4.7) with the increase in a/b ratio. With further increase in a/b, the magnitude of

nonsingular terms have dominated over the singular term, due to which the nonlinear portions

increases and hence r_. decreases. Thus, relative increase in magnitude of the A, leads to

increase in the r_. value, while increase in magnitude of the nonsingular terms results in

ax

decrease in the r_,, value.

4.1.3 Numerical simulation of the proposed single strain gage technique
for single ended cracked orthotropic laminates

The purpose of this example is to simulate the proposed single strain gage technique for
determination of mode | SIF in orthotropic composite laminates and to demonstrate the
importance of optimal locations of strain gage (rmax). The numerical results of this section
are intended to verify the efficacy of the present formulations presented in sections 3.4 and
3.5. For this purpose, an edge cracked panel made of [0, /90] , glass epoxy (Fig. 4.2(a)) with

a/b=0.4 and subjected to mode | loading is again considered here. Material properties and
geometric, loading details of this problem domain are presented in Tables 4.1 and 4.2

respectively. The analytical expression for mode | SIF of this configuration is given by [13]
K, =Y, (a/b)ova (4.1)
where o is the applied stress, a is the crack length and Y, is the specimen geometric factor
given by
Y, =1.99-0.41(a/b)+18.7(a/b)” —38.48(a/b)’ +53.85(a/b)" (4.2)

Finite element analysis of the above configuration is carried out using a mesh that is similar

to the mesh shown in Fig. 4.3(c). As stated earlier for determination of SIF using a single
94
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strain gage, the strain gage needs to located along € = 54.27° and oriented at ¢ = 68.01° (Fig.
3.6). The computed strains ¢,, atall the nodes on the gage line are considered as the measured
strains using a single strain gage oriented at angle of ¢ = 68.01° with the crack axis at the
corresponding radial distances. Following the procedure explained in the previous examples,
the r, value of this configuration is found to be 26.85 mm. Therefore, according to the

present approach (section 3.5, Eq. (3.59)), any radial distance of the strain gage from the crack
tip that satisfies
1lmm<r<26.85mm (4.3)

is an optimal or valid gage location for accurate determination of mode I SIF for the problem
considered. The gage locations for which r=>r_. are invalid or non-optimal locations.
Accordingly, the strain ¢, is sampled at two optimal gage locations (for which,
Imm<r<26.85mm) and two non-optimal gage locations (for which, r>26.85mm) as

shown in Table 4.5. For this configuration at o =100MPa the reference value of mode | SIF
determined using Eq. (4.1) is K,=52.80 MPa+/m . The measured mode | SIF using a single
strain gage located at those optimal and non-optimal radii are determined using the simulated
finite element strain values ¢,, at those radii using Egs. (3.58) and (3.13) (Table 4.5).The
percent relative error in measured K, is computed as

= Knessrodorsimtaes x100 (4.4)

Referencesolution

Referencesolution

K

%Rel.error=

The percent relative error in measured or simulated K, at optimal and non-optimal radii are

also shown in Table 4.5.

Table 4.5 Simulated mode | SIFs at the optimal and non-optimal strain gage locations for the edge
cracked orthotropic laminate (rmax = 26.85mm)

r(mm) Ean K, (Mpa\/ﬁ) % Relative Error
22.07 6.68E-03 53.01 0.39
23.15 6.45E-03 52.43 0.71
29.56 5.17E-03 47.48 10.08
31.95 4.73E-03 45.17 14.46
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It may be observed from results of Table 4.5 that very small error of the order of 1% can be
expected in the measured K, values using the proposed technique if the strain gage is placed
at an optimal location. Moreover, the results of Table 4.5 also clearly demonstrate that highly

inaccurate or unacceptable errors (as high as 14%) in measured K, can be expected if the
gages are pasted beyond the r_. value. The results in the above table clearly show that using

the proposed single gage technique very accurate values of mode | SIF, K, can be obtained

for a single ended cracked orthotropic composite specimens using a single strain gage. The
results in Table 4.5 however also demonstrates that very accurate SIFs can be determined

only if the gages are placed at optimal locations which in turn can be decided using the

proposed parameter ... . The above results also corroborate the finite element based approach

for accurate determination of the r_. value of cracked orthotropic laminates.

4.2 Double ended cracked orthotropic laminates

The single strain gage technigque developed for orthotropic laminates using single ended crack
theories are tested on orthotropic laminates having double ended cracks for which orthotropic
laminates having different configurations such as center cracked configuration, double edge

cracked configuration and eccentric center cracked configuration are considered.

4.2.1 Center cracked orthotropic laminate

A center cracked [0, /90], glass-epoxy G
. : A 44204
laminate (Fig. 4.9(a)) has been T G
considered for the numerical simulations, 5 Pttt
the effective properties of which are 2a | qe—b—> T
listed in Table 4.1. Corresponding to N A
e &
these properties, the same values of h §c*“*|§;,’
&/
values of &, 3,0 and ¢ are obtained as < 2™ l o, /
) Y Y VY VY -
that for the edge cracked specimen c
. b
(section 4.1) as 0.9684, 1.4496 , 54.27° (@) (b)
Figure 4.9 (a) A center-cracked orthotropic plate
and 68.01" respectively which are used (b) corresponding solution domain

in finite element analysis. Figure 4.9(b) shows the solution domain used for the FEA
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describing the symmetric boundary conditions employed. Different dimensions of the

specimen and crack considered for different analyses are listed in Table 4.6.

Table 4.6 Geometric and loading parameters of center cracked orthotropic laminates

Section b (mm) alb h/b t(mm) o (MPa)

4211 0.4
4212 0.1-0.8
50 1 100
4.2.4 0.4
425 0.4

4.2.1.1 Determination of r . for the center cracked orthotropic laminate

This example is intended to demonstrate the procedure for computation of r., of any given

double-ended cracked component and that the parameter r_ converges with the mesh
refinement. Further, different values of the crack length to width ratio (a/b) ranging from
0.1 to 0.8 in steps of 0.1 have been considered to show the dependence of ., on a/b ratio.
To analyse the effect of mesh refinement on the convergence of r. . values, three levels of

meshes with increasing mesh density (Fig. 4.10) have been considered for a centre cracked
plate (Fig. 4.9(a), a/b=0.4).

Gage line

\

”‘H I ! T lf};’;’;’;’;’;’!;’;’f“’

1 EANARS
Z
Mesh1 Mesh2 Mesh3
NE=708; NN=2298 NE=2848; NN=8900 NE=7379; NN=22709
(a) (b) (c)

Figure 4.10 Different finite element meshes used for the convergence study of ... of the center cracked
orthotropic laminate with a/b=0.4
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In keeping with the

. 0 0
proposed technique, a 1] Mesh 1 y o
] . 2 Line of slope = -0.5 S Line of slope =-0.5
single strain gage placed "z -1 EER
) ri & = 4
at a location, r on the 5 5
-6 -6
gage line having an 7 7

T T T T T T T
55 05 15 25 35 45 A5 050 05 15 25 35 45

inclination of 6 (Eq.
(3.57); Fig. 4.1) and
oriented along ¢ (Eq.

Mesh 3

(3.55)) could measure

the linear strain ¢,, (Fig.

3.6 and Eg. (3.58)). The

radial distance (r) of Figure 4.11 Variation of In(«,,) with In(r) along the gage line for the

sequence of meshes in Fig. 4.10
each of these nodes on

the gage line from the crack tip are then computed and the values of ¢,, at these nodes are
recorded. In the present work, the value of r__ has been determined utilizing the procedure

given in section 3.5. The plots of In(«,,) versus In(r) for the sequence of meshes shown

in Fig. 4.10 are obtained as shown in Fig. 4.11. The value of In (r) would be undefined at the
crack tip point since at this point r =0 and hence is not plotted. A line with a slope — 0.5 is
then superimposed on to the plots on In(¢,,) versus In(r). Considering this line to be the
exact solution, absolute percent relative error between the computed values of In(¢,,) and
the exact solution is then evaluated at all the radial points along the gage line. Finally, the
I OF the point of divergence of the plots on In(«,, ) versusIn(r) from the superposed line
is considered to be the value of In(r) till which the percent error is < 1% while moving from

right to left in Fig. 4.11. It is noteworthy from the plots in Fig. 4.11 that in each graph the
linear and non-linear portions can be demarcated very well as predicted by the theory in

section 3.5. As proposed, the linear portion truly represents the three parameters (Eq. (3.53))

and nonlinear portion exhibits the requirement of more parameters for representation of ¢, .

The results presented in Fig. 4.11 also substantiate the selection of coefficients (A, By, A)
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retained in the three parameter strain series (Eg. (3.53)). The first point in all these plots in
Fig. 4.11 is corresponding to the strain value at the corner node of the quarter point element

which deviates from the straight line portion due
Table 4.7 Convergence of the r_ . with
mesh refinement for a/b=0.4

to the effect of the constant strain term of the

quarter point elements [79]. The values of r_,

Mesh e (M)
determined following the method described in Mesh 1 11.57
this section are marked in Fig. 4.11 and the Mesh 2 10.32
corresponding numerical values are presented in Mesh 3 10.03

Table 4.7. 1t may be observed that as the meshes
are refined the r_, value converges. Therefore, recommended value of the r . is taken up
as that value after which no changes with further refinement is observed. Thus, for the centre

cracked panel with a/b as0.4 r_ issetas 10.03 mm.

4.2.1.2 Effect of crack length on the r__,

This section helps in understanding the effect of a/b on the r for centre cracked

composite plates. For this purpose, centre cracked plates with a/b ranging from 0.1 to 0.8
in steps of 0.1 are considered.
Table 4.6 enlists the other details 0

for these configurations. For Lines of slope = -0.5

estimation of r a typical

max ? Point of deviation|

mesh selected after proper

In (gw )
=
S
I
=
_/‘

convergence study is shown in 4

Fig. 4.10 (c). Plots of In(s,,)

versus In(r) for all values of ’ In(r)

a/b is shown in Fig. 4.12 and Figure 4.12 Variation of In(e,, ) with In(r) for the centre
the r values Corresponding to cracked orthotropic laminates with different values of a/b
max

each configuration is presented in Table 4.8. It should be noted from Fig. 4.12 that the linear

nature continues till a certain value of radial distance is reached and then progresses to the
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non-linear trend for all values of a/b as expected from the present theoretical formulation
(section 3.4).

Table 4.8 Variation of the r_,, /b with a/b of the
center-cracked orthotropic laminates

alb r.. (mm) o /D s
0.1 2.78 0.0556 0.25 |

5015 ]
0.3 7.62 0.1524 £ OIT | < 0.1198
04 10.03 0.2006 005 | 0.0694
0.5 12.11 0.2422 0 . : . :

0 0.2 0.4 0.6 0.8 1

0.6 9.14 0.1828 a/b
0.7 5.99 0.1198 Figure 4.13 Variation of r_, /b with a/b for the
0.8 3.47 0.0694 center cracked orthotropic laminate

A plot of the variation of r_ /b with a/b is presented in Fig. 4.13 to observe the effect of

a/bonr_ . Itcanbe observed from Fig. 4.13 that as a/b increases, the r__ value increases

initially, reaches a maximum and then decreases. It may be noteworthy that similar results
were also reported by Sarangi et al. [61] and Chona et al. [80] for cracked configurations

made of isotropic materials. Based on the previous works of other researchers [61, 80] it may

be seen that at low values of a/b , the r, value increases with the increase in a/b as the
crack length is the controlling parameter due to absence of boundary effect on the r_,, This

is the case for a/b upto 0.5. As a/b is further increased decreases with the increase in

1 rmax
a/b which implies that the net ligament length (b—a) is the controlling parameter for

changes in r_. . This explains the bell-shaped curve in Fig. 4.13. Initially, at low values of

a/b when there is insignificant boundary effects, the changesin r_, is controlled by changes

in a/b. However, as the crack tip proceeds further towards the outer boundaries, the net
ligament length decreases and a point is reached when the controlling parameter is shifted

from the crack length to the net ligament, b-a.

100
TH-1752_11610307



Determination of rmax and numerical simulation of mode | experiments in orthotropic materials

4.2.2 Double edge cracked orthotropic laminate

The second example considered in this section is a double edge cracked panel (DECP) made

o]

of [0,/90],s glass-epoxy, subjected -

. . . 7 o
to uniform tensile stress (Fig. / B
4.14(a)). The geometric parameters of £

of 1
the double edge cracked panels ke
considered in this section along with //::
Lol oo

the loads applied are provided in
Table 4.9. The same values of «, 3,60

and ¢ are obtained for the DECP

e 2 )]

plates as that for the centre cracked

/

plates as 0.9684, 1.4496 , 54.27° and ¢
@ ®)

68.01° respectively for the same Figure 4.14 (a) An orthotropic DECP with FEA domain
effective laminate properties in Table  (shaded) (b) a typical finite element mesh for the DECP

4.1. In this example, the r_. values for different values of a/b ranging from 0.1 to 0.7 in

steps of 0.1 under plane stress conditions have been estimated using the approach described
in the previous example. A typical mesh that has been employed in the present example is
shown in Fig. 4.14(b).

Table 4.9 Geometric and loading parameters orthotropic laminates with other mode | configurations

b ab hib Ll o
(mm) (mm)  (MPa)

4.2.2 DECP 50 0.1-0.7
4.2.3 ECCP 0.4

Section  Description

1 100

Following the procedure described in section 3.5, plots of variation of In(s,,) versus In(r)

for different a/b ratios have been presented in Fig. 4.15. It could be seen from Fig. 4.15 that
in each case, there is a definite linear portion followed by non-linear portion as predicted by

the theory. The r_,, values are extracted from Fig. 4.15 and tabulated in Table 4.10. It could

be pointed out that each crack on either side can be increased to a maximum length of b.
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-1 Table 4.10 Variation of the ., /b with a/b

22 lines of slope = -0.5 for the orthotropic DECP
a’hb=0.7 a b r b
N T Point of deviation / rmax (mm) maX/
T o 0.1 1.76 0.0351
27 0.2 3.05 0.0609
-6 A
7 0.3 4.09 0.0818
-8 . . . 0.4 .74 0.1148
3 -1 | 3 5
In(r) 0.5 8.71 0.1742
Figure 4.15 Variation of In(gaa) with In(r) for 0.6 11.38 0.2277
different values of a/b for the orthotropic DECP 0.7 12.34 0.2468

Variation of r__ /b asa function of a/b is presented in Fig. 4.16. It is observed from Fig.

4.16 that the value of r,, increases with the increase in a/b for the DECP. It may be due to

the fact that with the increase in
alb, the crack tips in a double
edge cracked configuration move
away from their respective
boundaries (Fig. 4.14(a)) and
hence crack length is the only

0 T T T
controlling parameter for 0 0.2 04 0.6 08
a/b
variations  in I o values. ) o )
Figure 4.16 Variation of r_, /b with a/b for the
Therefore, it may be pointed out orthotropic DECP

that in a double edge cracked plate

the domain boundries exercise no control over the r__ values.
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4.2.3 Eccentric center cracked orthotropic laminate

The purpose of this example is to

establish that the proposed technique for ! '

estimation of r,_ can be used to

|
determine  r_, ~ of complicated |
@ !

. . . . \%
configurations like the eccentric centre ?@4 !

plate subjected to uniform tensile stress
(Fig. 4.17(a)). Here the eccentricity ratio

(e/b) is only varied from 2.5% to 15%,

N J:
S
| &
cracked (ECCP) [0, /90],5 glass-epoxy \oie e
|
|
| h
|
| l

keeping constant crack length and width —2b———>
%
of the plate. The geometric parameters (a) (b)

and loads applied considered in this  Figure 4.17 (a) An orthotropic ECCP with FEA domain
. . (b) a typical finite element mesh for the ECCP

example are provided in Table 4.9. The

parameters o =0.9684, [ =1.4496, 8 =>54.27° (Fig. 4.1) and ¢ =68.01° determined from

the material properties in Table 4.1 are same as for the other mode | configurations and are

employed in the finite element analysis. Figure 4.17(b) shows a typical mesh of eccentric

cracked plate which is employed in finite element analysis.

Figures 4.18 and 4.19 show plots of In(&,,) versus In(r) obtained using the values

at the right crack tip and left crack tip 0

for an eccentricity ratio of 15%. Similar ; Line of slope=-0.5

trend has been obtained for the other 33 l

values of eccentricity ratio as well. The = j

I values obtained at both the tips are : 1 ‘

different and are presented in Table 4.11 ? B ° In (lr) ’ ’ *

for different e/b. Variation of r, /b Figure 4.18 Variation of In(&,,) with In(r) along the
. . S ight line for 15% tricity ratio.
as a function of e/b is presented in Fig. right gage fine for =576 eccentrictly ratio

4.20. It can be observed that the r_ values show a decreasing trend along the right gage line

and an increasing one along the left gage line with the variation of e/b. This trend is as
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expected and is according to the

explanation provided in previous

Line of slope=-0.5

examples. It may be pointed out that

the increase in eccentricity ratio leads

—_—
W

—

=

to the shifting of the right crack tip

i
' . ' . f . '
R Y O R

closer to the boundary and the

shifting of left crack tip away from

the boundary. Hence, it may be  Figure 4.19 Variation of In(&,,) with In(r)along the
surmised that due to boundary effects left gage line for 15% eccentricity ratio.

the r value decreases along the right gage line whereas due to minimal boundary effects

r__ increases along the left gage line.

max

Table 4.11 Variation of the r_, /b with % eccentricity for the orthotropic ECCP

o Right gage line Left gage line
Eccentricity (Gage line 1) (Gage line 2)
(%) L (MM) 1. /b e (MM) 1 /b
2.5 7.72 0.1544 8.25 0.165
5.0 7.46 0.1492 851 0.1702
7.5 7.20 0.144 9.00 0.18
10.0 6.94 0.1388 9.03 0.1806
125 6.68 0.1336 9.29 0.1858
15 6.13 0.1226 10.12 0.2024
0.25
0.2024
0.2
0.16
s P 0.1544
=S 1544 01402 -
£ 01 - 0138 133 0.1226
0.05 4 —@— rinx /D (right gage line)
—S—Tmax /D (left gage line)
O T T T
0 5 10 15 20

e/b

Figure 4.20 Variation of r_, /b with e/b along
the right and the left gage line for the ECCP.
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4.2.4 Numerical simulation of the proposed single strain gage technique

for double ended cracked orthotropic laminates

Simulation of the proposed single strain gage technique for the determination of K, indouble
ended cracked orthotropic laminates has been presented in this example. Pure mode | loading
in a [02 /90]ZS glass epoxy laminate with center crack (Fig. 4.9(a)) having a/b=0.4 is

considered. The effective properties of the laminate are same as listed in Table 4.1 and the

geometric and loading details of this problem domain are presented in Table 4.6. For this
configuration, the analytical expression for K, is [13]

K, =Y, (al/b)ova (4.5)
where o is the applied stress, a is the crack length and Y, is the specimen geometric factor
given by

Y, =1.77+0.227(a/b)-0.510(a/b)* —2.699(a/b)’ (4.6)
which forms the reference solution. For this configuration, at & =100MpPa the reference
value of K, using Eq. (4.5) is found to be K, =27.6 MPa+/m . For the determination of SIF
using the proposed method, the gage must to be located along € =54.27° and oriented at
¢=68.01" for this particular configuration. The recommended value of r_ for this

configuration is found to be 10.03 mm (Table 4.7). Considering the plate thickness as 1 mm,
the optimal radial location for a strain gage is any location that satisfies the equation
1mm<r <10.03mm 4.7)

Any gage location beyond r.,, is a non-optimal location and can lead to highly erroneous
measurement of SIF. Strain values are sampled at four points, two within the r_ and two
outside the r . and the simulated SIF at those locations obtained using Egs. (3.58) and (3.13)

are presented in Table 4.12. The percentage relative error in K, measured at those locations

is computed using Eq. (4.4).
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Table 4.12 Simulated mode | SIFs at the optimal and non-optimal strain gage locations for the center
cracked orthotropic laminate (r,,, =10.03mm)

r(mm) £, K, (Mpa\/a) % Relative Error
2.01 1.18E-02 28.11 1.8

6.01 6.92E-03 28.2 2.1

12.76 5.06E-03 31.3 134

20.6 4.34E-03 33.3 20.65

It can be observed from results of Table 4.12 that accurate values of mode | SIFs (order of

error 2 %) can be measured at optimal locations that are well within the r.value. Moreover,
the results of Table 4.12 also clearly demonstrate that the error in measured K, is as high as
20.65% when the gage locations are outside the r_., value. These results substantiate that the
present technique of determination of K, using a single strain gage can be used for accurate

determination of K, even for double ended cracked orthotropic composite specimens if the

gages are placed within the optimal locations.
4.2.5 Sensitivity analysis

Since the singe strain gage technique for determination of K, holds good for a particular
angular location (&) and orientation (¢#) of the strain gage, it is important to understand the

sensitivity of measured K, to the angular orientation. While the angular location (or gage
line) could be drawn most accurately, there may be possibility of little deviation in ¢ as
pasting of strain gage is done manually. Therefore, the objective of this example is to assess

(via sensitivity analysis) the effect of the deviation in strain gage orientation angle (¢) that

may arise while pasting the strain gages on the measured SIF. For this purpose, a [02 /90]ZS

centre cracked laminate with a/b=0.4 and geometric and loading details mentioned in Table
4.6 is considered (Fig. 4.9 (a)). Corresponding to the stiffness properties in Table 4.1, the
values of values of «, 3,6 and ¢ are obtained as 0.9684, 1.4496 , 54.27° and 68.01°

respectively . For this configuration, the value of r_, is found to be 10.03 mm (Table 4.7).

ax

To carry out the sensitivity analysis, the angle ¢ has been varied by £0.5" at an optimal gage
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location of r =6.01mm (Table 4.12). For no variation of the angular position ¢ the percentage
relative error in computed K, is found to be 2.1% (Table 4.12). The detailed analysis of
changes in K, for 0.5° variation in ¢ has been shown in Table 4.13.

Table 4.13 Sensitivity analysis for a variation of 0.5° in the gage orientation ¢

SI. . %

No. r (mm) 2 Deviation K, (MPa\/E) Relative error
1 6.01 67.51° -0.5° 28.43 3.01
2 6.01 68.51° +0.5° 29.01 491

It is interesting to note from the results of Tables 4.13 that though the percentage relative
error in K, for deviation in gage orientation is higher than the K, estimated (Table 4.12)
without gage orientation deviation, the difference between the two is not abruptly high. In

general, strain gage manufactures also provide a greater angular deviation than considered

here as a tolerance for obtaining accurate strain measurements. Precluding the chances of

such available tolerance, it may be concluded that though a deviation of 0.5° in the angle may
be viable, it would be judicious not to allow for such deviations since during experiments

various factors other than strain gage pasting may have direct or indirect impact on the output.
4.3 Summary

The proposed single strain gage technique for determination of mode I SIF of orthotropic
laminates have been simulated in this chapter for different mode | configurations (edge-

cracked plate, center cracked plate, double edge cracked plate and eccentric center cracked

plate) employing the proposed optimal gage locations for each configuration. The r_,, values

which help is ascertaining the optimal gage location (r.;, (= platethickness)<r<r, ) of

rmin
each mode | configurations have been obtained employing the methodology proposed in
section 3.5. The dependence of the r,, values on the a/b ratio has also been studied. The
following observations were made as a follow-up of the numerical analyses.

e The finite element strain variations for the mode | configurations follow the trend as

predicted by theory.
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e Results obtained show that the r_, value increases initially with increase in a/b

ratio, reaches a maximum and then decreases. At low values of a/b ratio, due to
negligible boundary effect, crack length, (a) is the controlling parameter for r, .
But with increase in a/b ratio, the net ligament length decreases and at a particular
point due to boundary effects, the controlling parameter shifts from the crack length

to the net ligament length, (b—a).

e Numerical simulations of the proposed single strain gage technique for estimation of
K, of orthotropic materials have been presented for both single and double ended
cracked orthotropic laminate configurations. The results obtained clearly ensure that
using the proposed technique very accurate values of K, can be obtained for single

ended and double ended cracked orthotropic composite specimens using a single
strain gage provided the gages are placed within the optimal locations according to
Eg. (3.59).
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Chapter 5
Determination of rmax and numerical simulation
of mixed mode experiments in orthotropic

materials

This chapter presents the numerical simulation of determination of mixed mode SIFs

(K, /K, ) of orthotropic laminates using the proposed strain gage technique detailed in

section 3.6. Based on formulations presented in section 3.7, determination of r_,, or optimal

gage locations using the finite element based method of a slant edge cracked orthotropic

laminate for accurate measurement of K, is also presented here. Additionally, the effect of
crack length to width ratio on the r has been investigated and presented in this chapter.

Two types of orthotropic laminate specimens viz. [0,/90],. glass-epoxy and [90,/0]

carbon-epoxy have been considered to simulate the determination of mixed mode (I/11) SIFs
of the slant edge cracked plate. Finite element analyses in all the examples are carried out in
ANSYS® using eight noded isoparametric quadrilateral elements (Q8) and the square root
singularity at the crack tips is modelled using collapsed quarter point elements (Q8 QPEs )
(section 3.9).

5.1[0,/90] . Glass-epoxy laminate with slant edge cracked

configuration

A [O2 /90]ZS glass-epoxy slant edge-cracked plate (SECP) subjected to uniform tensile stress

as shown in Fig. 5.1(a) with effective laminate properties, geometric and loading details as

shown in Table 5.1 has been considered here to numerically simulate the proposed approach

for the determination of mixed mode SIFs of orthotropic laminates using strain gages (section

3.6). Corresponding to these properties, the values of values of «, 3,6 and ¢ obtained as

0.9684, 1.4496 , 54.27° and 68.01° respectively which are used in the finite element analysis.
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EEEEE

Positive Gage line

<« h >

h
N/E
,{

REERERE

(a) (b) (c)
Figure 5.1 (a) Geometry of the [02 /90:| - glass-epoxy SECP under uniform tension (b) typical FE

Negative Gage line

mesh used (c) enlarged view of the crack tip region

Table 5.1 Geometric, loading and material parameters for the |:02 /90] ,s 9lass-epoxy SECP specimens
Section . alb  hib TG A
ection a V
(mm) ‘" (GPa) (GPa) (GPa) (GPa) (mm)

5.11 0.5
5.12 0.2-0.7
150 1 0163 333 24.6 5.2 1 1
5.13 0.5
5.1.4 0.5
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5.1.1 Determination of r_ for the [0,/90] _ Glass-epoxy SECP

The proposed procedure for determination of r . as discussed in section 3.7 has been
employed for the analysis. For this purpose, a SECP specimen as shown in Fig. 5.1(a) with
w =45 and a/b=0.5 has been considered. Figures 5.1(b) and 5.1(c) show a typical finite

element mesh with an enlarged view of the mesh around the crack tip respectively employed
in the present investigation.

The meshes are so designed such that the consecutive nodes of several elements
enforced along the positive and negative gage lines (Fig. 3.9) are at equal distances from the
crack tip. This is essential because the proposed approach calls for strain gages to be pasted
at equal distances measured from the crack tip along the positive and negative gage line
respectively. For FEA, the bottom edge of the plate is completely constrained and a uniform

tensile stress is applied on the top edge of the plate. Following the procedure described in
section 3.7, the strain values ¢,, and &, of the nodes along the positive and negative gage

lines are noted from the FE results. Figures 5.2(a) and 5.2(b) show the plots of

{(gaa +gbb)\/F}/ I, and {(gaa—gbb)\/F}/ I, versus radial distance (r) with their respective
straight line fits for the [0,/90] . glass-epoxy SECP with a/b=0.5.
The values of the coefficients A,,C, and C, for the best fit plots along with the

correlation coefficient (Rz) are also shown in Figs. 5.2(a) and 5.2(b) respectively. It may be

observed that the parameters {(gaa + &5 )NT }/ 1, and {(gaa — g )NT }/ |, start to deviate from
their respective best fit plots from certain radial points as seen in Figs. 5.2(a) and (b). This

indicates that accurate representation of {(gaa+8bb)\/F}/ l, and {(gaa —Ebb)\/F}/ I, beyond

those points require more number of coefficients other than A,,C, and C, in the respective

expressions (Eq. (3.80) and Eq.(3.81)). Conversely, these points of deviation (Figs. 5.2(a) and
(b)) also indicate that these are the maximum radial distances from the crack tip upto which

the best-fit can be obtained by satisfying all the conditions as mentioned in section 3.6.
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Figure 5.2 Plots for [ 0,/90] . glass-epoxy SECP with a/b=0.5 (a) Determination of A, (b)

Determination of C, and C,, (c) Determination of r* and (d) Determination of r_,

max

Using the values of the best-fit coefficients A,,C, and C,, the strains &,, and ¢, can be

calculated at any point along the positive and negative gage line by employing Eqg. (3.78) and

Eqg. (3.79) respectively. At the same time ¢,, and &, can be obtained directly from the FE
solutions. Figures 5.2(c) and 5.2(d) show the plot of the comparison of the strain values ¢,
and ¢&,, along the positive and negative gage lines obtained from the FEA and those obtained

using Egs. (3.78) and (3.79) for [0, /90] . glass-epoxy SECP with a/b=0.5.
As discussed in section 3.7, the RHS of Egs. (3.78) and (3.79) cannot represent the

strain field accurately for the entire gage length of the positive and negative gage lines
respectively as they contain only a fewer number of coefficients. As a consequence, the strain
values deviate from their corresponding FE solutions of the LHS of Egs. (3.78) and (3.79)

from certain radial points which gives the value of i.e. the maximum permissible radial

+
rm ax

distance for strain gages along the positive gage line and r__ i.e. the maximum permissible
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radial distance for strain gages along the negative gage line. The radii corresponding to the

points of deviation along the positive gage line (rr;ax =29.2 mm) and along the negative gage

line (r,,, =25.3mm) for the [0,/90], glass-epoxy laminate as shown in Figs. 5.2(c) and

(d) respectively clearly represent the extent of the three parameter strain series along the
positive and negative gage lines and is different along both the gage lines as expected.

As stated in section 3.7, the point of deviations in Fig. 5.2 (c) and (d) i.e. and

+
rmax

r_are the radial distances at which the percent relative error between the LHS and RHS

max

quantities of Egs. (3.78) and (3.79) is less than or equal to 1%. Since the values of r_ and
r.. 1.e. the extent of the three parameter zone are different along the positive and negative
gage lines, it is clear that the maximum permissible radial distance satisfying all the
conditions on both the gage lines is the minimum of r;_ and r__ i.e. 25.3 mm within which
the strain gages should be pasted along both the gage lines for accurate estimation of mixed

mode SIFs since all the equations (Egs. (3.78 — 3.81)) are valid in this region. Thus, the r,_,
for the [02 /90]Zs glass-epoxy SECP  configuration with a/b=05 s

1 i
hyay = MiN[ 1}

ax !

I | =25.3mm.

Convergence study for r,. considering meshes with three gradations of refinement

(coarse mesh with 2359 elements, medium mesh with 8294 elements and refined mesh with

32163 elements) is shown in Fig. 5.3 Table 5.2 Convergence of the r__ with mesh refinement

for the [0, /90]ZS glass-epoxy SECP for the [0,/90] . glass-epoxy SECP with a/b=0.5

with  a/b=05. Plots showing Mesh Fr (MM)
o Coarse 30.3

determination of r_ of the coarser and

medium meshes are shown in Figs. 5.4 Medium 262

and 5.5 respectively. The finer mesh Fine 25.3

results are already presented in Fig.

5.2. The corresponding numerical values of r__ are presented in Table 5.2. It may be observed

from Table 5.2 that as the meshes are refined, r,,, value converges. No changesin r.,, noticed

7 Tmax
with further refinement of the meshes.
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[m ITITTITIYY cesses
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NE=2359; NN=7539 NE=8294; NN=25722 NE=32163; NN=98289
(a) (b) ()

Figure 5.3 Different finite element meshes used for the convergence study of r_ of the glass-epoxy
SECP specimen with a/b=0.5
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Figure 5.4 Plots for [02 /90:| »s glass-epoxy SECP with a/b=0.5 (coarse mesh) (a) Determination of

A, , (b) Determination of C, and C,, (c) Determination of r and (d) Determination of r__
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Figure 5.5 Plots for [02 /90] »s glass-epoxy SECP with a/b=0.5 (medium mesh) (a) Determination of

A, , (b) Determination of C, andC,, (c) Determination of r* and (d) Determination of r_,

max

5.1.2 Influence of a/b ratio and crack inclination angle (y) on r

The effect of a/b ratio on the r,, values has been studied in this section for the [0, / 90]ZS

glass epoxy SECP with properties mentioned in Table 5.1 for different values of crack

inclination angle, w . A SECP with crack inclination angles of y =15°, 30°, 45°, 60° and
75° (Fig. 5.1(a)) and a/b ratio ranging from 0.2 to 0.7 in steps of 0.1 is considered for the

study. Other parameters of the cracked plate are shown in Table 5.1. Following the procedure

described in section 3.7 and 5.1.1, the values of r_ for all values of a/b is determined.
Figures 5.6 — 5.10 show all the plots pertaining to r_, determination for the SECP with
y =45 made of [0, /90],. glass epoxy laminate with a/b ratio of 0.2, 0.3, 0.4, 0.6 and 0.7

respectively. The results of a/b=0.5 have already been presented in section 5.1.1.
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Figure 5.6 Plots for [0, /90] . glass-epoxy SECP with a/b=0.2 (a) Determination of A,, (b)
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Figure 5.7 Plots for [02 /90] ,s glass-epoxy SECP with a/b=0.3 (a) Determination of A, (b)

Determination of C, andC,, (c) Determination of
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Figure 5.8 Plots for [ 0, /90] . glass-epoxy SECP with a/b=0.4 (a) Determination of A, , (b)

Determination of C, andC,, (c) Determination of r__and (d) Determination of r_
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Figure 5.9 Plots for [02 /90] ,s glass-epoxy SECP with a/b=0.6 (a) Determination of A, (b)

Determination of C, andC,, (c) Determination of
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Figure 5.10 Plots for [0, /90] _ glass-epoxy SECP with a/b=0.7 (a) Determination of A, (b)

Determination of C, and C,, (c) Determination of

max

and (d) Determination of r__
Table 5.3 shows the r_, values for the SECP with different a/b ratios for the [0, /90]28

glass epoxy SECP for a crack inclination angle of =45 . The variation of non-dimensional

la /D is potted as a function of a/b  Table 5.3 variation of the r_ /b with a/b of the

ratio for each y in Fig. 5.11 (a). [0, /90] ,, glass epoxy SECP for y =45
Interestingly, the variation of r_ /b alb s (MM) e / 0
with a/b follows the trend similar to that 0.2 17 0.113
observed for mode | configurations 0.3 19.5 0.13
(Chapter 4). For each value of  , the r_, 04 232 0.155
_ o _ 0.5 25.3 0.195
increases with increasing a/b, reaches a

_ _ 0.6 16.6 0.168
maximum and decreases as the crack tip 0.7 13.8 0.092

approaches boundary i.e. at higher values
of a/b. This may be attributed to the fact that parameters controlling the variation of r_,
like the number of terms in the strain series representation or the boundary effects exercise
the same influence be it a mode | or a mixed mode configuration. At low values of a/b when
118
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there is negligible or minimal boundary influence, the crack length is the only parameter that
influences the r_ . along the gage lines and therefore r . increases with increase in crack
length. However, as the crack length increases, a point is reached where the boundary effects
starts increasing which in turn have an impact on the r__ along the gage lines and the .,

starts decreasing with further increase in crack length.

0.18 0.2

016 4 o¥=IS —-alb=02
ey ] —o-a/b=03
0.14 1 yms 0.16 —arh—0a
o 0129 ey e < —-a/b=05
< o d . =012 —*a/b=06
g ] TvER y walb=07
E 0.8 4 g
= ~"0.08 1
0.06 4
0.04 4 y/?//\—<> 00
0.02 4
0 y ‘ i 0 . . . ‘ ‘
o 02 04 0.6 08 0 15 30 45 60 75 90
alb

@ Crack Inclination Angle (v, degree )
a

Figure 5.11 (a) Variation of r__ /b asa function of a/b for = 15°, 30°, 45°, 60° and 75° (b)
Variation of r_ /b asa function of y for different a/b for the |:02 /90] 9 glass-epoxy SECP

Figure 5.11 (b) shows the variation in non-dimensional r_ /b as a function of crack
inclination angle (v ) for each a/b ratio for the [02 /90]nglass epoxy SECP. It may be

observed that for a particular a/b ratio, though initially r,_. is almost independent of v, it
shows a gradual decline with further increase in y beyond 45°. For a slant edge cracked

configuration, as crack inclination angle increases, the positive gage line moves towards the

boundary edges. However, for a crack inclination angle variation of up to 45°, the boundary
effects being negligible, there is minimal or no variation in the r__ . But beyond 45°, the

positive gage line inches very close to the boundary and therefore, there is a decline in the

r .. value with increase in the crack inclination angle due to probable boundary effects.

5.1.3 Numerical simulation of the proposed strain gage technique for

determination of K,,K, of the [0,/ 90]ZS Glass-epoxy SECP

This section presents the numerical simulation of the proposed method for the determination

of mixed mode SIFs (K,,K, ) for the [0,/90], glass-epoxy SECP with a/b=0.5,
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w =45 and effective properties mentioned in Table 5.1. In order to numerically simulate the
strain gage based determination of K, and K, following the proposed method in section 3.6
using four strain gages (two along positive and two along negative), the strain values at nodes
along the gage line are considered to be strain gage readings (&,, and &, ). Using these strain
values, SIFs have been calculated using Egs. (3.80), (3.81) and (3.13). Further to understand
the importance of optimal gage locations based on r., on the accuracy of determination of
SIFs, these strain readings (representing strain gage readings) are obtained for different
combinations of strain gage placements from case 1, where the strain gages are placed at
optimal locations till case 5, where all the strain gages are placed beyond the r_, (non-
optimal locations) and different combinations in between. The optimal strain gage locations

are given by the equation <r<r., asexplained in section 3.7. All these combinations

' r-min
of strain gage locations from case 1 to case 5 are shown in Table 5.4. Using these strain values
sampled at different combinations, mixed mode SIFs have been determined (using the

procedure in section 3.6) to access the importance of proposed optimal gage locations.

Table 5.4 Simulated K, and K,, at optimal and non-optimal locations for the |:02 /90] - glass-epoxy

SECP with a/b =05 (,,,, =25.3mm)

r,and r, Ki % Ky &
Case (mm) €aa Ebb (MPa ,mm) Rel. (MPa\/mm) Rel.
Err. Err.

=703 181E-04 8.82E-04
1y -1023 153E-04 686E-04 1907 052 834 091

r=1023 1.53E-04 6.86E-04

r-1228 141E-04 599g-04 900 091 839 151

=1228 1.41E-04 5.99E-04

3 L _1715 122E-04 45304 892 131l 84T 242

rn=17.15 1.22E-04 4.53E-04

4 L _30 972605 240E-05 172 758 907 969

r,=30 9.72E-05 2.40E-05
5 17.32 9.67 10.10 22.12
r,=36  9.01E-05 1.79E-05
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The values of K, and K,, determined by employing the displacement extrapolation technique

using nodal displacement values of the crack tip elements are found to be 19.17 MPa</mm
and 8.27 MPavmm for the [0, 190],, glass-epoxy SECP with a/b=0.5 respectively
(section 3.8). These values are used as reference solutions to test the accuracy of the simulated
values of K, and K, determined employing the proposed strain gage technique. Table 5.4
shows the % relative error of the numerically simulated K, and K,, values with the reference
solution obtained using ANSYS®. It may be seen that for gage locations at optimal gage
locations, the % relative error in K, and K, is low whereas strain readings outside r_,,
(non-optimal locations) leads to fairly high error percentage in SIFs. It was also observed that

even when one of the strain gages is placed outsider, . , keeping the other within r__ (along

ax !

both the gage lines) the error jJumps from a mere value of 2.4% to 9.7%.

5.1.4 Simulation of the proposed mixed mode strain gage technique for

varying crack inclination angles

In the present section, the proposed approach for determination of K, , of orthotropic

laminates has been tested for variations in crack inclination angle (y = 15°, 30°, 45°, 60° and

75° in Fig. 5.1(a)) for the

50
[0,/90],. glass epoxy SECP
40 K,
with a/b=0.5 and effective E —~—K,
> 30
laminate properties mentioned §
. 4 ~ 9
in Table 5.1. Following the e 20
procedure illustrated in the <10
764 82T 45 19
previous section, K, and K, 0 =34 , , 383 5
) 0 15 30 45 60 75 90
have been estimated for all Crack Inclination Angle (y, degree )

values of y at optimal  Figure5.12 Variations of K, and K, with y for the [0,/90]
locations given by case 1 in glass epoxy SECP with a/b=05
table 5.3. The results of the analysis are presented in Table 5.5. Table 5.5 compares the

numerically simulated K, and K|, values with their reference values obtained using the DET
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(as detailed in sections 3.8). It is evident from the results presented in Table 5.4 that the
proposed approach promises to determine accurate values of mixed mode SIFs irrespective
of crack inclination angle, provided the gages are located at optimal locations. Figure 5.12

show the variations of the mixed mode SIFs with respect to different crack angles, y = 0°-
90° for the [02 /90]2S glass epoxy SECP with a/b=0.5 obtained using the present method.
For all cases, K, decreases steadily with increase in the crack angle, whereas K, increases

and reaches a maximum at y = 45", and then decreases. Similar observations for variations

in K, with respect to crack angle were made by other researchers [41, 43 and 44].

Table 5.5 Comparison of numerically simulated K, and K, with reference values for different crack

inclination angles for the [0, /90] . glass epoxy SECP with a/b=0.5

Crack K, (MPa\/mm) K, (MPa\/mm)
inclination ~ Proposed Ref. % Rel. PGPS Ref. % Rel.
angle, v m?thOd value err. me:'thod value err.

(Section 3.6) (Section 3.6)
15° 39.22 39.15 0.19 5.44 5.31 2.25
30° 30.15 29.93 0.58 7.64 7.55 1.19
45° 19.17 19.25 0.39 8.27 8.14 1.59
60° 10.78 10.57 1.89 6.54 6.62 1.21
75° 4.19 4.06 2.99 3.83 3.74 2.41

5.2[90,/0] _Carbon-epoxy laminate with slant edge

cracked configuration

Here, [902 / O]los Carbon-epoxy slant edge-cracked plate (SECP) subjected to uniform tensile

stress as shown in Fig. 5.13(a) with effective laminate properties, geometric and loading
details as shown in Table 5.6 has been considered to numerically simulate the proposed

approach for the determination of mixed mode SIFs of orthotropic laminates using strain
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gages (section 3.6) similar to the [O2 /90]23 glass-epoxy laminate. Corresponding to these

properties, the values of values of «, 3,6 and ¢ are obtained as 2.063, 1.889, 61° and 84°

respectively and are employed in the current finite element analysis.

Table 5.6 Geometric, loading and material parameters for the |:902 /0:| 105 carbon-epoxy specimens
Secti i /b hib o = O 7 t
ection a vV
O (mm) ‘" (GPa) (GPa) (GPa) (GPa) (mm)

5.1.1 0.5
512 0.2-0.7
150 1 0.01 6743 1427 4304 1 1
5.13 0.5
5.1.4 0.5

5.2.1 Determination of r__ for the [902/0]105 Carbon-epoxy SECP

Figure 5.13(b) shows a typical finite 7 faf K

element mesh considered after proper

convergence study and employed for 5

determination of r of the

max

[90, /0], Carbon-epoxy SECP with

a/b=05 and w =45° In keeping h

with the proposed technique (section

3.6), two strain gages pasted at equal EERRE

distances measured from the crack tip ® ®)

within optimal locations (r;, <r Figure 5.13 () Geometry of the [90, /0] _carbon-epoxy

. . SECP under uniform tension, (b) typical FE mesh used
<. ) along the positive and negative

gage line are required to estimate the mixed mode SIFs. Here, the r_ of a configuration has
been estimated utilizing the procedure described in Section 3.7 and illustrated in Section
5.1.1. Following similar steps, the strain values ¢,, and ¢,, of the nodes along the positive

and negative gage lines are noted from the FE results. Figures 5.14 (a) and (b) show the plots
123
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of {(gaa + Sbb)\/F} /1, and {(gaa —&, )\/F}/ |, versus radial distance (r) respectively with
their individual straight line fits along with the values of the coefficients A,,C, and C, for the

best fit plots for the [90, /0] . Carbon-epoxy SECP with a/b=0.5.

- 21
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Figure 5.14 Plots for [90, /0] _ glass-epoxy SECP with a/b=0.5 (a) Determination of A, , (b)

Determination of C, and C,, (c) Determination of r_  and (d) Determination of r__

The parameters {(gaa+gbb)\/F}/ll and {(saa—gbb)ﬁ}llzstart to deviate from their

respective best fit plots from certain radial points as seen in Figs. 5.14 (a) and (b). Using the
values of the best-fit coefficients A,,C, and C,, the strains ¢,, and ¢, along the positive and
negative gage line calculated by employing Eqg. (3.78) and Eq. (3.79) are compared with the
&,, and g, obtained directly from the FE solutions as seen in the Figs. 5.14 (c) and 5.14 (d)

respectively. As discussed in section 3.7 and 5.1.1, the strain values calculated using Eqg.

(3.78) and Eq. (3.79) deviate from their corresponding FE solutions from certain radial points

which gives the value of r._ i.e. maximum permissible radial distance for strain gages along
the positive gage lineas 18.8 mmand r_, i.e. maximum permissible radial distance for strain

gages along the negative gage line as 14.6 mm for the [902 /O] Carbon-epoxy SECP. These

10S
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values have been estimated using a 1% relative error criterion between the LHS and RHS
quantities as explained in section 5.1.1. The extent of the three parameter strain series along

the positive and negative gage lines or maximum permissible radial distance for the strain

gages being different along both the gage lines, the minimum of r,_and r_ i.e. 14.6 mm is

the ., since all the equations (Egs. (3.78 — 3.81)) are valid in this region.

5.2.2 Influence of a/b ratio and crack inclination angle (y) on r,.

The effect of a/b ratio on the I, values has been studied in this section for the [90, /0] .

Carbon-epoxy SECP with effective properties, geometric parameters and loading details

mentioned in Table 5.6 for different values of crack inclination angle, v (=15°, 30°, 45°, 60°
and 75°). The values of r_. for all values of a/b ranging from 0.2 to 0.7 in steps of 0.1 are
determined using the procedure described in Section 3.7. Figures 5.15 — 5.19 show all the

plots pertaining to r_, determination for the [902 / O] Carbon-epoxy SECP with y =45

10S

with a/b ratio 0f0.2,0.3,0.4,0.6 and 0.7 respectively. The results of a/b=0.5 have already
been presented in section 5.2.1.
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Figure 5.15 Plots for |:902 /0]105 glass-epoxy SECP with a/b=0.2 (a) Determination of A, (b)

Determination of C;, and C,, (c) Determination of r,
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Table 5.7 shows the T, values for the SECP with different a/b ratios for the [90, /0]

10S
Carbon-epoxy SECP for a crack inclination angle of y =45". In asimilar way, the r_,, values

of SECP configurations for all other
Table 5.7 Variation of the r_ /b with a/b of the

values have been computed and presented
P P [90, /0] carbon epoxy SECP for y =45’

in Fig 5.20 (a) as function of a/b. The

alb e (MM) Mo /D
I« valueincreases with increasing a/b, 02 753 0.0502
reaches a maximum and decreases as the 0.3 10.98 0.0732
crack tip approaches boundary like in 0.4 221 0.1473
mode | case (Chapter 4) and in the 0.5 14.6 0.0973
previous [0,/90], glass epoxy SECP 0.6 11.67 0.0778

0.7 8.37 0.0558

example section 5.1.2. Figure 5.20 (b)

shows the variation in non-dimensional r., /b asa function of crack inclination angle (i )

for each a/b ratio. The variation of r, with y for the [90,/0] . Carbon-epoxy SECP

10S

follows a trend similar to that of the [02/90]zs glass epoxy SECP. It shows little or no

variation up to 45° with a gradual decline at higher values of y beyond 45°.

0.18 0.2
0.16 { V=15 , —a/bh=02
oaq { Y=Y 4 0.16 - ~0-a/b=03
0.12 -$W:45_ —~—alb=04
N o 012 o a/b=05
0.1 ——y =75
5 ~ ——a/b=0.6
LF0.08 1 é 0.08 - a/b=0.7
0.06 - -~
0.04 4 0.04
0.02 4
0 T T T 0 T T T T T
0 0.2 0.4 0.6 0.8 0 15 30 45 60 75 90
alb Crack Inclination Angle (y, degree )
(a) (b)

Figure 5.20 (a) Variation of r_ /b asa functionof a/b for w = 15°, 30°, 45°,60° and 75° (b)
Variation of r_ /b asafunction of y for different a/b for the |:O2 /90:| »s glass-epoxy SECP
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5.2.3 Numerical simulation of the proposed strain gage technique for

determination of K,,K, of the [90,/0] _ Carbon-epoxy SECP

This section presents the numerical simulation of the proposed mixed mode strain gage

technique for the accurate determination of mixed mode SIFs (K, K, ) for the [90, /0]lOS

Carbon-epoxy SECP with a/b=0.5 and w =45". The properties of the configuration are
listed in Table 5.6.

Table 5.8 Simulated K, and K, at optimal and non-optimal locations for the [90, /0], _ carbon-

epoxy SECP with a/b=05 (I, =14.6mm)

r,and r K, % Ki g
Case ' ° Ean g % Rel.
(mm) " (MPa\/mm) E?rl (MPa\/mm) Err.

=508 6.11E-05 2.81E-05

1 24.01 1.34 8.27 1.22
r,=9.16 4.65E-05 1.74E-05

=916 4.65E-05 1.74E-05

2 23.71 2.57 8.57 4.9
r,=13.12 3.95E-05 1.17E-05

r=1312 3.95E-05 1.17E-05

3 21.91 9.9 9.15 11.96
r,=20.05 3.28E-05 5.79E-06

[ =20.05 3.28E-05 5.79E-06 16.3

4 20.35 9.90 21.16
r,=26 294E-05 2.60E-06 7

Strain values at considered at nodal positions along both the gage lines for different cases of

strain gage placements. In case 1 and case 2, both the nodal positions are within the optimal

location, in case 3 one gage position is within r . and another outside r,  and in case 4

X

where both the gage positions are outside r,, .The reference values of K, and K, are
determined employing the displacement extrapolation technique (section 3.8) as 24.33
MPa</mm and 8.17 MPavmm respectively for the [902 /O]loS Carbon-epoxy SECP with
a/b=0.5 and y =45 (section 3.8).
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Tables 5.8 shows the comparison of the numerically simulated K, and K, with the reference
values. It may be observed that for gage locations within r,,, (=14.6 mm) % relative error in
K, and K, is low whereas strain readings outside r  give comparatively high error
percentage. The % relative error in K, and K, is quite high also for the case when one gage
location is within r_, and another outside r_, . It may be pointed out that the % relative error
in the numerically estimated K, and K, at different radial positions follow similar trend as

in previous example where K, and K, has been estimated for [02 /90]ZS glass-epoxy SECP.

5.2.4 Simulation of the proposed mixed mode technique with varying

crack inclination angles
Here, the K, and K, have been estimated through numerical simulation for the [90, /0]
Carbon-epoxy SECP with a/b=0.5 and effective laminate properties mentioned in Table

5.6 for different values of crack

inclination angle v = 15°, 30°,
- K

KU

45°, 60° and 75°. Here the K,

estimated at the optimal gage

(=
=
£

and K, values have been =
:<t
5

locations. Figure 5.21 shows the 8.17

T

0 15 30 45 60 75 90
mixed mode SIFs with respect to Crack Inclination Angle (v, degree )
different  crack  inclination  Figure 5.21 Variations of K, and K, with y for the [90, /0]

variations of the estimated

108

angles, w= 0°- 90°. The carbon epoxy SECP with a/b=0.5

variation in K, and K, follow the same trend as has been observed by other researchers in
the past [41, 43, 44] and also in the previous example for the [O2 / 90]ZS glass-epoxy SECP
(section 5.1.4). K, decreases steadily with the increase in ¥ whereas K, increases with

increase y , reaches a maximum at =45 and then decreases.
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Tables 5.9 compares the numerically simulated K, and K, values obtained employing the
proposed methodology with reference values obtained using the DET (section 3.8). It may
very well be observed that the proposed strain gage technique for determination of K, K,

of orthotropic laminates (section 3.6) provides very accurate SIFs for a wide range of crack

inclination angles when the gages are located at optimal gage locations.

Table 5.9 Comparison of numerically simulated K, and K,, with reference values for different crack
inclination angles for the [90, /0], _ carbon- epoxy SECP with a/b=05

K, (MPa\/mm) K, (MPax/mm)
Crack
inclination Proposed Ref. % Rel. Proposed Ref. % Rel.
angle, v/ e value err method value err
(Section 3.6) ' (Section 3.6) '
167 44.22 43.57 15 4.84 4.71 2.76
30° 37.47 37.77 0.79 7.55 7.68 1.69
45° 24.01 24.33 1.34 8.17 8.27 1.22
60° 14.46 14.18 1.97 6.49 6.35 2.20
5% 4.74 4.66 2.99 3.66 3.57 2.52

Tables 5.9 compares the numerically simulated K, and K,, values obtained employing the
proposed methodology with reference values obtained using the DET (sections 3.8). It may
very well be observed that the proposed strain gage technique for determination of K, K,

of orthotropic laminates (section 3.6) provides very accurate SIFs for a wide range of crack

inclination angles when the gages are located at optimal gage locations.
5.3 Summary

The proposed method for determination of mixed mode SIFs of orthotropic laminates using

strain gages has been numerically simulated for both [0,/90],, glass-epoxy and [90,/0],

carbon-epoxy SECPs employing the proposed optimal gage location criterion for each
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configuration. The r_ value (minimum of r_

ax

and r_. ) which decides the optimal gage

ax

location (r.,, (= plate thickness)<r<r_. ) has been determined for different mixed mode

rmax
SECP specimens based on the formulations presented in section 3.7. The dependence of the
I« valuesonthe a/b ratio and crack inclination angle has also been studied. The following
observations are made as part of the numerical analyses.

e The finite element strain variations for both the laminate configurations follow the
trend predicted by the theoretical formulations.

e The variation of r_, with a/b ratio for a given crack inclination angle, ¥ shows that
similar to mode | cases, for mixed mode configurations also r_., value increases with
increasing a/b, reaches a maximum and decreases as the crack tip approaches
boundary.

e The r,, value shows little or no variation for a particular a/b for variations in crack
inclination angle upto 45°. However, due to increase in boundary effects with the

crack moving closer towards the boundary edges beyond 45° decreases.

! rmax
e Numerical simulation of the strain gage technique for estimation of mixed mode SIFs
of orthotropic laminates shows that for gage locations within the optimal locations,
very accurate values of SIFs are obtained whereas at non-optimal locations outside

the % relative error increases significantly.

rmax 4
e The proposed strain gage approach for determination mixed mode SIFs of orthotropic
laminates determines very accurate SIFs for different crack inclination angles as can

be seen from the numerical investigation.
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Chapter 6
Experimental determination of mode | SIF of

orthotropic laminates

This chapter presents the experimental determination of mode | SIF of orthotropic laminates
using the proposed single strain gage technique (section 3.4) with suggested optimal gage
locations as described in section 3.5. For this purpose edge cracked configurations made of

[902 / 0] carbon-epoxy laminates have been prepared with different crack length to width

10S

ratios (a/b) and experiments have been conducted. The importance of optimal strain gage

locations and the effect of placing the strain gage within or outside the optimal locations on

the accuracy of measured K, have been substantiated by experimental results.

6.1 Details of the test specimen

The test specimen considered is an edge cracked configuration subjected to tensile loading as
shown in Fig. 6.1. In the present investigation, specially designed Carbon-Epoxy laminates

with [902 /O] stacking sequence have been used to prepare all the test pieces. The test

10S
pieces with the desired configuration and stacking sequence have been supplied by VSSC
(Vikram Sarabhai Space Centre, Indian Space Research Organization, Government of India)
for the present research work. The specimens have been fabricated from UMS45Y13/M18
prepreg using standard autoclave molding methods of laminate manufacturing. The prepregs
were cut into the required shape and orientation using CNC prepreg cutting machine and the
lay-up has been done manually as per the required sequence on surface plate. The specimens
have been vacuum bagged and cured in autoclave at 4.0 bar pressure and 0.8 bar vacuum at
175°C for 2 hrs, maintaining the heating and cooling rate at 3°C/minute. The specimen are
cut to the required configuration using diamond cutter saw machine. The laminate shows a
fiber volume fraction of 66%. The elastic properties of the laminate as provided by ISRO are

specified in Table 6.1.
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Table 6.1 Properties of carbon-epoxy lamina and |:902 /o] o8 carbon-epoxy laminate

UD carbon-epoxy lamina [90, /0] . carbon-epoxy laminate

Property Value Property Value
E, 211 GPa Longitudinal modulus (E,)  67.44 GPa
E, 6.056 GPa Transverse modulus (E; ) 142.7 GPa
Vip 0.246 Poisson’s ratio (v,;) 0.01
G, 4.452 GPa Shear modulus (G, ) 4.304 GPa

The details of geometry and the notch are also shown in Fig. 6.1. It may be observed that the

crack is located at a distance of 155 mm from the top edge and 145 mm from the bottom edge

and not exactly at the center. However, this slight offset has negligible effect on the mode of

loading that the specimen undergoes and hence its SIF value [12].

The width (b) and the thickness P y

(t) of the test specimens are 150 mm

and 7.8 mm respectively. The holes near
the top and the bottom edges aid in 155
transferring the tensile load to the
specimen (Fig. 6.1) through clevis grips
and pins. A sharp crack of length 1 mm ]

and root radius 0.24 mm has been

introduced along the existing rectangular
145

notch of width 2 mm using jewelry saw

of thickness 0.22 mm. The length of the

sharp crack was not extended beyond

1mm, since beyond 1mm maintaining A

the alignment of the axis of the sharp

crack with the notch is difficult. In

$25.4

All dimensions are
in mm

Figure 6.1 A typical edge cracked mode | specimen

addition, the carbon-epoxy laminates being an opaque surface, maintaining uniformity of the
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crack front throughout the laminate thickness becomes difficult. Extreme care has been taken
to maintain crack of length 1 mm on both sides of the plate. The total crack length after
induction of the sharp crack has been used to compute the a/b ratios for the test specimens.
The final dimensions of all the test specimens are summarized in Table 6.2. Dimensions of

the specimens and loading conditions are chosen such that the plane stress conditions prevail.

Table 6.2 Details of edge-cracked mode | specimens

alb a(mm) b(mm) t(mm) h(mm)
0.39 59

0.51 76 . - 0 {hl =155 }
0.61 92 ' h, =145
0.71 106

6.2 Verification of material properties of the [90,/0]

10S

Carbon-Epoxy laminates

In order to experimentally determine the mode | SIFs of the edge-cracked Carbon-epoxy
laminates using the proposed single strain gage technigue and verify the optimal strain gage
locations for the selected specimens, accurate values of equivalent laminate properties are
required. Referring to Egs. (3.55) and (3.57), it requires accurate values of equivalent
properties as input in the FEA to obtain the maximum permissible radial location of the strain

gage (rmax). Further in conducting the experiments for determination of SIFs using strain

gages, accurate values of the equivalent properties are required. Theoretical equivalent

laminate properties of the specimens were provided by ISRO and are substantiated using

experiments in this section. For a stacking sequence of [902 /O] the effective stiffness

10S’

properties determined using classical laminate theory (section 1.2.2) are enlisted in Table 6.2

Experimental verification of E,,E;,G,; and v, for the [90, /0] carbon-epoxy laminate

10S
has been conducted by carrying out a total of three tests on each specimen shown in Figs. 6.2

and 6.3 respectively. Tests in the present section have been conducted according to ASTM
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D3039/3039M-08. All the specimens have been fabricated from the same [90, /0] . carbon-

10S
epoxy laminate panel which was used to prepare the various cracked configurations of the

present investigation.

Figure 6.2 Rectangular specimen for determination of E, pasted with strain gages (ASTM

D3039/D3039M-08 Specimen)

Figure 6.3 Rectangular specimen for determination of E, pasted with strain gages (ASTM

D3039/D3039M-08 Specimen)
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In case of the tensile tests, the specimens have been monotonically loaded in closed loop
servo hydraulic INSTRON 8801 machine (100 kN capacity) under displacement control with
a strain rate of 0.1mm/min. Strain gage readings on one face have been obtained using
electrical resistance strain gages of type BFLA—2-8, Make: TML Japan, for the axial as well
the transverse strain. Details of the strain gage specifications are given in Table 6.3 and the
image of a typical strain gage is shown in Fig. 6.4. Utmost care has been taken while pasting
the strain gages to ensure defect free bonding following the standard procedures of strain gage
pasting. In all these cases, the measured strains (longitudinal as well as transverse) have been
stored, digitized and processed with the help of cDAQ-9178 data acquisition system of

National Instruments (NI) along with LabVIEW ™ software.

Table 6.3 Details of strain gage

Parameters Specifications :
Type BFLA-2-8

Gage length 2 mm

Gage factor 210 £ 1%

Gage resistance 120 £ 03 Q

Transverse sensitivity  0.3%
Test condition 23°C 50% RH

Figure 6.4 A typical 2 mm gage length,
pre-wired strain gage

Figure 6.5 shows the raw data corresponding to one of the two rectangular specimens when
loaded along longitudinal direction (Fig. 6.2) obtained from the tensile tests and the

corresponding best-fit lines. Figure 6.5 (a) shows the engineering stress strain diagram for

determination of Young’s modulus (ET ) The slope of the best-fit line in Fig. 6.5 (a) is the
Young’s modulus (ET) Figure 6.5 (b) shows the load versus axial strain as well as load

versus transverse strain for the measurement of Poisson’s ratio (4, ). According to ASTM

E132-04, Poisson’s ratio is defined as the negative ratio of the slope of line of transverse

strain to the slope of line of axial strain in Fig. 6.5 (b).
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w15 4
[
B
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y = 141201.8789x - 0.017635775
5 R2=0.999436915
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0 0.00005 0.0001 0.00015 0.0002 0.00025
Axial Strain
0.00025
y = 3.67804E-08x - 0.00000
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0 1 2 3 4 5 6 7
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Figure 6.5 Tensile test data for rectangular specimen loaded along longitudinal direction (Fig. 6.2)

Figure 6.6 shows the raw data from a typical test corresponding to one of the two rectangular
specimens loaded along transverse direction (Fig. 6.3) obtained from the tensile tests and the

corresponding best-fit lines. Analogous to the previous case, here also Young’s modulus

(E_) and minor Poisson’s ratio (V) have been measured from the slopes of these best-fit
lines. Table 6.4 shows the mean values (of three repeated test) of Young’s moduli (EL, E. )

and Poisson’s ratio (VLT,VTL)fOI‘ all the specimens. The mean values of E, =68.95GPa,

E; =141.15GPa, v; =0.0106 and v;, =0.0212 as shown in Table 6.4 are found to be in good
accordance with the properties provided by ISRO (Table 6.1) i.e. they follow the relationship

E /E =v; /v,
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y = 68023.35387x + 0.004961263
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B
]
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Figure 6.6 Tensile test data for rectangular specimen loaded along lateral direction (Fig 6.3)

Table 6.4 Experimentally determined material properties

_ E

Case Specimen (GPa) Mean v Mean
Longitudinal SP-1 E, =14038 vy, =0.0209

direction ET =141.15 VoL =0.0212
(Fig. 6.2) SP-2 E, =1415 v, =0.0215

Transverse SP-1 E, =685 v =0.0107

direction EL =68.95 Vit =0.0106
(Fig. 6.3) SP-2 E, =694 v = 0.01055

Due to the requirement of either rosette or a shear testing machine for the calculation of G,

the experimental verification of the shear modulus has not been carried out. However, noting

the conformity between the experimentally determined stiffness properties and the

139
TH-1752_11610307



Experimental determination of mode | SIF of orthotropic laminates
analytically estimated properties, it can very well be presumed that the value of the shear
modulus G, will also be in accordance with the properties given by ISRO (Table 6.1).

Thereby, using the values of the compliances (Table 6.1) as determined theoretically and
verified experimentally, further experimentations on the verification of the single strain gage

technique and the optimal gage location for orthotropic materials is carried out.

6.3 Determination of r__ of the experimental specimens

The material properties of the [902 /0] Carbon-Epoxy laminates have been used to compute

10S

the r . values numerically for the select configurations. Based on the r_ value of these

X ax

configurations, optimum strain gage locations have been identified (based on Eq. (3.59)) and
strain gages have been pasted at those selected locations in order to substantiate the
importance of optimal locations of strain gages in accurate determination of SIFs. The

dimensions of the mode | test specimens are given in Table 6.2.

The procedure detailed in section 3.5 has ) §25.4
been used to obtain the r_,, values of the mode | T 31 ;
experimental specimens. Plane stress conditions - |1
are assumed for the test cases and the full plate '3 F?S%
has been modelled for the FEA. For the FEA, J’f "
point load has been applied on the top point of the ‘—04"
upper hole, while the arc length in contact with 1 T
the clevis pin on the bottom hole has been b ",
restricted for both u and v displacements (Fig.  '{
6.7). The finite element discretization has been @ __
done wusing the eight noded isoparametric .

. 150
elements and collapsed quarter point elements

have been used to model the region around the Floure 7 FEQ)SQO.O' ;Zgirn:re]ﬁ:dge-craCked
crack tip [71, 72]. Figures 6.8 (a), (b), (c) and (d)

show the finite element meshes (along with NN: number of nodes and NE: number of
elements) for all the four configurations with a/b=0.39, 0.51, 0.61 and 0.71 respectively

obtained after convergence study. It should be noted that the gage line (the line along which
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.. 1s to be measured as shown in Figs. 6.1 and 6.7) is also sufficiently refined in all the

aa

meshes in Fig. 6.8 for plotting Eq. (3.61).

NN=160011; NE=52634 NN=157727; NE=51908
a/b=0.39 a/b=10.51
(@) (b)

NN=147560; NE=48577 NN=142425; NE=46888
a/b=0.61 a/b=0.71
(© (@)

Figure 6.8 Finite element meshes for the mode | specimens with different a/b

Figures 6.9(a), (b), (c) and (d) show the plots of In(«,,) versus In(r) of the nodal values

along the gage line for a/b=0.39, 0.51, 0.61 and 0.71 respectively. It is observed that each
141
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plot consists of a distinguishable linear portion followed by a non-linear portion as predicted

in theory (section 3.5). The linear trend exists up to a certain radial distance and thereafter

turns to the non-linear portion. Following the procedure described in section 3.5, a relative

error of 1% has been used to compute the r_ value or the extent of the linearity of the plots

in Fig. 6.9.
2 -2
41 al/b=0.39 4 | alb=051
6 -0
~3 -8 1 e Line of slope =-0.5 ~ 8 e U Line of slope =-0.5
=10 e @ 10 /
S 0 £
- Point of deviation/
-14 1 14
-16 1 , -16 ln(rmu)
-18 T 18 \
- 2 0 2 4 6 - -2 2 4 6
In(r)
(a)
2
4 | a/b=0.61
© Line of slope =-0.5
— -8 Q\@@N ,/ ~
10 &
= -
— -2 Point of deviation — < P
14 12 Point of deviation
-16 ln(rn\ ) -14
i In(r
18 \ 16 ( .nm)\
-2 0 2 4 2 0 2 4 6
In(r) In(#)
(c) (d)

Figure 6.9 Plot of In(e,,) versus In(r) for different mode | specimens (a) a/b=0.39, (b) a/b=0.51, (c)
a/b=0.61,(d) a/b=0.71

The r_,, values for the four selected configurations are shown in Table 6.5. As expected, with

increasing a/b, the r_ values shows an increasing trend followed by a decreasing one as

can be seen from Fig. 6.10.

60

5 Table 6.5 r_,, values of different mode I specimens
] 443 \
" alb I (MIM)
E
= . 0.39 44.8
= 20 188
0.51 51
10 A
. 0.61 23
0 Ujl ():-I Uj{) 0.8 071 188
alb

Figure 6.10 Variation of r___ as a function of a/b
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6.4 Determination of mode | SIF using FEA

From the FE meshes shown in Figs. 6.9 (a), (b), (c) and (d), displacement values of the nodes
of the elements along the crack face are extracted and mode | SIF, K, has been computed for
all four experimental specimens using the DET explained in section 3.8. The performance of

the proposed DET technique for estimation of K, and K, of cracked orthotropic laminates

is presented separately in Chapter 7. The normalized SIF, f, is calculated as

K, (6.1)

oNwa

f, =

where a is the crack length and o = P/(bxt). The computed normalized SIF values, f, for

the selected experimental specimens are
P P Table 6.6 Computed f, of the different

presented in Table 6.6. These values have been mode | specimens
used as reference for the verification of the alb fi
experimentally determined values of mode | 0.39 2.062
SIF of the selected specimens and to study the 0.51 2.768
effect of optimal locations in the subsequent 0.61 4.657
0.71 7.582

sections. Using the r_. values computed in

max

section 6.3, experiments have been conducted by pasting strain gages at optimal locations
(Eg. 3.59) and outside the optimal zone (r > rmax) to study the effects of radial positioning of

the strain gage on the degree of accuracy of the SIF value that can be determined using the

present single strain gage. Based on the readings from the strain gages placed at different

radial locations, K, is calculated following Eqg. (3.58) and Eq. (3.13), and the normalized SIF

is calculated using Eq. (6.1). The percentage relative error in f, is calculated as

reference solution f experimental
% Relative error :( ' ' ] x100 (6.2)

f reference solution
|

where feeremesltion s obtained from Table 6.6 and "™ s estimated the from

experimental results.
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6.5 Details of experiment and experimental set-up

This section details various equipment employed in the present experimental study. A closed
loop servo hydraulic INSTRON 8801 machine with 100 kN capacity has been used to load
the selected edge cracked specimens under displacement control mode with an actuator speed
of 0.1 mm/min. Clevis grips coupled with rod-end bearing have been used to transfer the
tensile load from the machine to the specimen.

Electrical resistance strain gages for composite materials of type BFLA-2-8 (gage
length of 2 mm) and make: TML Japan have been employed to measure the strains on the
loaded specimens (Fig. 6.4 and Table 6.3). To ascertain precise and flawless bonding, the
strain gages have been pasted on the specimens with extreme care and control. Utmost care

has also been taken to maintain radial position and orientation (49,¢) associated with each
strain gage.

NI data acquisition system consisting of cDAQ-9178 chassis has been used to measure,
digitize and process the strains. The required number of half-bridge analog input modules (NI
9237 having 4 channels 24 Bit) along with the LabVIEW™ software has been used for the
strain measurements. The successive load values from the INSTRON machine during the
entire experiment have been obtained using the universal analog input module (NI 9219
having 4 channels 24 Bit,) for synchronized measurement of loads with strains at each time
step in terms of voltage signals. A BNC cable connected between the load cell of the
INSTRON and the NI 9219 enables this.

Experiments on each of the test specimens (a/b=0.39, 0.51, 0.61 and 0.71) have
been conducted three times to check the consistency and repeatability of the results and to
show the importance of optimal gage locations. Experiments have also been conducted on
three identical specimens with a/b =0.51 to further ensure the reproducibility of the results
obtained.

Quarter bridge Wheatstone bridge circuit has been employed for measurement of
strains in all the experiments. Quarter bridge completion accessories (NI 9944) have been
added to the NI 9237 strain gage module to achieve this. The sampling rate for data in all
these modules has been set to 2000 Hz. LabVIEW™ has been used to interface the DAQ
system with the digital computer and this software is also used for processing and storing of

experimental data. In all the experiments, offset nulling and shunt calibration of strain gages
144
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have been done before actual data acquisition during loading the specimen. An excitation
voltage of 2.5V is set in all the experiments.

Figure 6.11 shows the snap shot of a typical virtual instrumentation using DAQ assistant
used in one of the experiments. The specimen with strain gages pasted on it is put into the
clevis grips of INSTRON machine once the instrumentation part prior to data acquisition is
ready. Both spacer blocks and rod-end bearings are employed to eliminate bending while
imparting axial load i.e. ensuring pure mode | loading to the cracked specimens as shown in
Fig.6.12.The dimensions of the spacer blocks are machined to perfection so as to meet the

perfect alignment criterion.
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(a) (b)

Figure 6.13 Using a plumb to check the alignment

The alignment of the specimen is also checked using a plumb before loading (Fig. 6.13).
During loading, both force and strain data are stored simultaneously for further post-
processing. Figure 6.14 shows the photograph of the complete experimental setup

emphasizing all the important components described in this section.

Rod-end
Bearing

R A 3 ‘DAQ 9178
.. = K3 gage lead wire G
ctions to DAQ

Figure 6.14 Photograph of complete experimental set-up
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Typically, placing strain gages away from crack tip helps in obtaining unadulterated strain
values without the influence of strain gradient and 3D effects. In the present investigation,

the gage locations are selected beyond a distance equal to thickness (t) of the plate to avoid

3D effects [69]. The measurement errors due to the strain gradients is taken care of by
selecting strain gages with small gage length and width [81-83]. Very small gages of 2 mm
gage length have been employed for strain measurements in the present experiments.
Additionally, Dally and Sanford [50] also showed that placing strain gages at a distance where
the ratio of radial distance of center of the strain gage to the length of the gage is more than
four reduces strain gradient error significantly. The gage locations in all the experimental
specimens of the present study have been selected as per the aforementioned norms to

minimize the factors that directly or indirectly adversely affect the strain readings.

6.6 Experimental determination of K, of the edge-cracked

[90,/0], _carbon-epoxy laminates using the proposed single
strain gage technique

Here experimental values of mode | SIFs of the orthotropic laminates have been determined
using the strain gage readings and using the procedure described in sections 3.4 and 3.5. The

existence and usefulness of the optimal gage locations are also verified in terms of the degree
of accuracy of the experimentally obtained K, . Figures 6.15(a), (b), (c) and (d) shows the
photograph of the edge cracked orthotropic Carbon-Epoxy panels with a/b=0.39, 0.51,
0.61 and 0.71 pasted with strain gages used in the present experiments. Corresponding to the

materials properties in Table 6.1, the gage orientation, ¢ (Eq. 3.55) is found to be 84° and the

gage line orientation, ¢ (Eq. 3.57) is found to be 61°. All the pasted strain gages in Fig. 6.15

conform to the angular orientations 8 and ¢.
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(c) (d)

Figure 6.15 Mode I orthotropic laminates with strain gages pasted (a) a/b=0.39, (b) a/b=0.51, (c)
a/b=0.61, (d) a/b=0.71
According to the proposed theory, the optimal locations for the strain gages should be in the
range r;, <r<r_ toachieve high accuracy in the measured SIFs. The r;, for the specimens
considered in the present investigation is 7.8 mm (Eq. 3.59), which is the thickness of the
laminate (Table 6.2). Strain gages pasted beyond the r would result in inaccurate SIF
values and thus are non-optimal locations as per the proposed approach in section 3.5. Strain
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gage locations for all the three specimens used in the present study are shown in Table 6.7
and have been decided based on aforementioned observations and the concept of optimal gage

locations.

Table 6.7 Selected strain gage locations for the mode | experiments with different a/b

b C (mm) n(mm)  r(mm) r(mm) r, (mm) r, (mm)
Optimal locations Non-Optimal locations
0.39 44.8 10 22 32 50 60
0.51 51 10 19 35 60 70
Optimal locations Non-Optimal locations
0.61 23 10 18 30 40 -
0.71 18.8 9 17 35 45 @ -----

For a/b = 0.39, the value of r obtained from the proposed approach is 44.8 mm.
Therefore, three strain gages pasted at 1, = 10 mm, r, =22 mm and r,= 32 mm are optimal

locations and two other strain gages are pasted beyond r,, at r, =50 mmand r, = 60 mm
and hence are non-optimal locations. Similarly, for each of the three specimens with a/b =

0.51, the r_,, =51 mm has been obtained from the numerical method. Here also three strain
gages at r, =10 mm, r, = 19 mm and r, = 38 mm have been pasted at optimal locations while
two other strain gages have been pasted at r, = 60 mmand r, =70 mm i.e. beyond r., (non-
optimal locations). For a/b = 0.61, the r_ value has been obtained from the FEA as 23
mm. Based on this r_ value, two strain gages have been pasted at , =10 mmand r, = 18
mm to measure strains at optimal locations, and two other strain gages are pasted outside I,
at r, =30 mmand r, =40 mm. Similarly, for a/b =0.71, the estimated value of r_,, is 18.8
mm and two strain gages are located at optimal locations i.e., one at r, =9 mm and other at
r, =17 mm . Two more gages are positioned at non-optimal locations (i.e. r>r_ )at r, =

35 mmand r, = 45.

149
TH-1752_11610307



Experimental determination of mode | SIF of orthotropic laminates
Locations of strain gages in all the test specimens are intentionally chosen some within and
outside the optimal zone to verify the importance of optimal strain gage location in terms of
experimentally evaluated value of K, . Experiments have been repeated three times in all the
specimens to ensure the repeatability of the results. Foot corrections have been done in all the

experimental data by subtracting the strain value corresponding to zero load from all the

measured strain gage readings.

6.6.1 Experimental results for a/b=0.39

The experimental specimen with a/b = 0.39 is shown in Fig. 6.15 (a). Figure 6.16 shows
the raw data of measured strain &,, by the strain gage (circled data points) at r, = 10 mm
versus the applied load for a/b = 0.39 for all the three repeated tests. The best-fit straight
lines (solid lines) to the raw data with the corresponding slopes and the correlation
coefficients R*are also shown in Fig. 6.16. As expected, in all the repeated tests, the
measured strains are linearly proportional to the applied load as implied by the good values
of R?. Further, the slopes of best-fit straight lines in all plots of Fig. 6.16 are nearly same

thereby reinforcing the excellent calibration of the entire experimental setup.
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Figure 6.16 Measured strain (&,,) at r, =10mm for a/b=0.39 for three repeated tests
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Similarly, Figs. 6.17 — 6.20 show the raw data of measured strains &,, (circled data points)

versus applied load corresponding to the strain gage readings at r, =22 mm, r,=32mm, I, =

50 mm and r, = 60 mm in all the three repeated tests.
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The best-fit lines (solid lines) to the raw data along with the corresponding slopes and

correlation coefficient R* are also shown in Figs. 6.17 — 6.20. A perfectly linear trend
between the measured strains and the applied load and nearly same values of slopes of best-

fit lines have been observed for each of the plot corresponding to a particular strain gage

location. Table 6.8 shows the measured strains ¢,, for the strain gage located at r, =10mm
obtained from the best-fit equations of a typical test (1% test in Fig. 6.16) for different values
of applied loads. Using these strains, the singular coefficient, A, and hence K, is then
evaluated employing Egs. (3.58) and (3.13) and material properties presented in Table 6.1.
f, is calculated using Eq. (6.1).

Table 6.8 Variation of K, and f, at r, =10mm with applied load in the 1* test a/b=0.39

Load (N)  Measured strain, &,, K, (MPaM ) f
50 1.59036E-06 1.208 2.066
100 3.18071E-06 2.416 2.066
150 4.77107E-06 3.624 2.066
200 6.36142E-06 4.833 2.066
250 7.95178E-06 6.041 2.066
300 9.54213E-06 7.249 2.066

The experimentally measured values of K, and f, at different loads obtained using strain
gage readings at r, =10mm are also shown in Table 6.8. It could be observed from the Table

6.8 that as expected while K, is increasing with the increase in applied load, f, remains

constant irrespective of the applied load. Similar trends have also been obtained with the
strain data of the other repeated tests as the slopes of the straight lines in each plot in Fig. 6.16

are almost equal.
Similarly, Tables 6.9 — 6.12 show the measured strains &,, for the strain gages located
at r,=22mm, r, = 32mm, r, = 50 mmand r, = 60 mm respectively obtained from the best

fit equations of Figs. 6.17(a) — 6.20(a) respectively for different values of applied load. Using
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these strain values and equivalent laminate properties (E, ,E;,G,; and v ; in Table 6.2) in
Eg. (3.58) and Eq. (3.13), K, has been computed for each load value and listed in the Tables

6.9 — 6.12. Using these experimental values of K,, the f, values are determined by

employing Eq. (6.1) and are listed in Tables 6.9 — 6.12.

Table 6.9 Variation of K, and f, at r, =22mm with applied load in the 1* test a/b=0.39

Load (N)  Measured strain, ¢,, K, (Mpaﬂ /mm) f,
50 1.05682E-06 1.191 2.036
100 2.11364E-06 2.382 2.036
150 3.17046E-06 3.572 2.036
200 4.22728E-06 4,763 2.036
250 5.2841E-06 5.954 2.036
300 6.34092E-06 7.145 2.036

Table 6.10 Variation of K, and f, at r, =32mm with applied load in the 1 test a/b =0.39

Load (N)  Measured strain, ¢,, K, (Mpam ) fi
50 8.6295E-07 1173 2.005
100 1.7259E-06 2345 2 005
150 2 53885E-06 o il 5 005
200 3.4518E-06 P 2 005
250 4.31475E-06 £ 864 2 005
300 5.1777E-06 7.036 2.005
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Table 6.11 Variation of K, and f, at r, =50mm with applied load in the 1 test a/b =0.39

Load (N)  Measured strain, &,, K, (MPaM) f,
50 8.11195E-07 1.378 2.356
100 1.62239E-06 2.756 2.356
150 2.43359E-06 4.134 2.356
200 3.24478E-06 5.512 2.356
250 4.05598E-06 6.890 2.356
300 4.86717E-06 8.268 2.356

Table 6.12 Variation of K, and f, at r, =60mm with applied load in the 1 test a/b =0.39

Load (N)  Measured strain, &,, K, (MPa«/m ) f,
50 9.59565E-07 1.785 3.053
100 1.91913E-06 3.571 3.053
150 2.8787E-06 5.357 3.053
200 3.83826E-06 7.142 3.053
250 4.79783E-06 8.928 3.053
300 5.75739E-06 10.714 3.053

It could be noted from Tables 6.9 — 6.12 that here also K, is increasing with increasing load

while f, remains constant with the load as expected. It should be noted that similar trends

have been obtained with the strain data of other repeated tests as the slopes of the best-fit
straight lines for all the tests corresponding to a particular strain gage location in Figs. 6.17 —

6.20 are almost equal. Table 6.13 shows the experimental values of f, obtainedat r,, r,, 1,

r, and r, for each of the three repeated experiments for a/b = 0.39 and their average values.
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It could be observed that in all the three tests at a given location (1, 1,, I, 1, or r,) f, values

are very close to each other showing the repeatability of the results.

Table 6.13 Experimental values of f, for three repeated tests for a/b=0.39

f
Test '
r=10mm r=22mm r=32mm r,=50mm r,=60mm
1 2.066 2.036 2.000 2.367 3.053
2 2.033 2.031 1.991 2.358 3.058
3 2.018 2.015 2.005 2.413 3.096
Average 2.039 2.027 1.999 2.379 3.070

Table 6.14 shows the comparison of average non-dimensional SIF obtained from all the strain
gages located at 1, ,, r,, r, and r, with the reference solution obtained using DET (Table

6.6) in terms of the % relative error.

Table 6.14 Experimental values of f, for a/b=0.39 at different gage locations

Location f % Relative Error
Reference Experimental
Solution Value
(Table 6.6)
Optimal
(r =10mm<r, ) 2.039 1.11
Optimal
(r,=22mm<r,,, ) 2.027 1.68
Optimal
(r,=32mm<r, ) 2.062 1.999 3.04
Non- optimal
(r, =50mm>r_ ) 2.379 15.38
Non- optimal
3.070 48.92

(L, =60mm>r_ )

It is observed from the results in Table 6.14 that the % relative errorin f, which is determined
from the strain gage readings at the optimal location r,,r,,r, (<r.,) isvery lesswhile those
determined from the strain gage readings at the non-optimal location r,,r, (>r_..) is as high

ax
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as 49%. The above results clearly indicate that very accurate values of mode | SIFs can be
determined using the proposed single strain gage technique when the gage is located at the
proposed optimal locations. These experimental observations clearly substantiates the
theoretical basis of the proposed numerical approach for determination of r_ and its

existence and importance in deciding the optimal strain gage location for accurate

determination of mode | SIF of orthotropic composites.

6.6.2 Experimental results for a/b=0.51

Figure 6.15 (b) shows the specimen with a/b=0.51 pasted with strain gages as per the
radial locations mentioned in Table 6.7. As the same laminate is used to prepare all the test
specimens, the angular coordinates of the gages are same as for a/b =0.39. Like in previous
section for a/b=0.39 three repeated tests have been conducted on the specimen with
a/b=0.51.

Figure 6.21 shows the raw data of measured strains &,, (circled data points) for the

strain gage located at 1, = 10 mm versus the applied load for the specimen with a/b =0.51

for all the three repeated tests.
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Figure 6.21 Measured strain (3aa) at r, =10mm for a/b=0.51 for three repeated tests
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Figure 6.21 also shows best-fit straight lines (solid lines) to the raw data with the
corresponding slopes and the correction coefficients R*. As expected, in all the repeated
loads, the measured strains are linearly proportional to the applied load and slopes of best-fit
lines in all the repeated tests are also nearly same, which yet again reinforces the excellent

calibration of the entire experimental setup.

Figures 6.22 — 6.25 show the raw data of measured strains &,, (circled data points)
versus applied load for the strain gages at r, =19 mm, ,=35mm, r, =60 mmand r, =70
mm respectively for all the three repeated tests. The best-fit lines to the raw data (solid lines)

along with their corresponding slopes and correlation coefficient R® are shown in Figs.6.22
— 6.25. Here also a perfectly linear trend between the measured strains and the applied load
and similar slopes of best-fit lines in all the three repeated test have been observed as

expected.
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Figure 6.22 Measured strain (3aa) at r,=19mmfor a/b=0.51 for three repeated tests
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Figure 6.24 Measured strain (gaa) at r, =60mm for a/b=051 for three repeated tests
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Figure 6.25 Measured strain (e,,) at r, =70mm for a/b=051 for three repeated tests

Tables 6.15 — 6.19 show the measured strains &,, from the best-fit plots (Figs. 6.21 — 6.23)

and the corresponding K, and f, determined (using Egs. (3.58), (3.13) and (6.3),

respectively) for strain gages located at r, = 10 mm, r, = 19 mm, r, =35 mm, r, = 60 mm

and r, =70 mm, respectively for different values of applied load for the specimen with a/b

=0.51.

Table 6.15 Variation of K, and f, at r, =10mm with applied load in the 1% test a/b =0.51

K, (MPaymm)  f,

Load (N)  Measured strain, ¢,

50 2.15644E-06 1.638 2.78
100 4.31288E-06 3.276 2.78
150 6.46932E-06 4.915 2.78
200 8.62576E-06 6.553 2.78
250 1.07822E-05 8.191 2.78
300 1.29386E-05 9.829 2.78
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Table 6.16 Variation of K, and f, at r, =19mm with applied load in the 1% test a/b=0.51

Load (N)  Measured strain, &,, K, (MPaM ) f,
50 1.56755E-06 1.641 2.785
100 3.1351E-06 3.283 2.785
150 4.70265E-06 4.924 2.785
200 6.2702E-06 6.566 2.785
250 7.83775E-06 8.207 2.785
300 9.4053E-06 9.849 2.785

Table 6.17 Variation of K, and f, at r, =35mm with applied load in the 1 test a/b =0.51

Load (N)  Measured strain, &, K, (MPa«/m ) f,
50 1.17297E-06 1.667 2.829
100 2.34594E-06 3.334 2.829
150 3.51891E-06 5.001 2.829
200 4.69188E-06 6.668 2.829
250 5.86485E-06 8.335 2.829
300 7.03782E-06 10.002 2.829
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Table 6.18 Variation of K, and f, at r, =60mm with applied load in the 1 test a/b =0.51

Load (N) Measured strain, &,, K, (MPaM ) f,
50 6.8518E-07 1.275 2.163
100 1.37036E-06 2.550 2.163
150 2.05554E-06 3.825 2.163
200 2.74072E-06 5.100 2.163
250 3.4259E-06 6.375 2.163
300 4.11108E-06 7.650 2.163

Table 6.19 Variation of K, and f, at r, =70mm with applied load in the 1 test a/b =0.51

Load (N) Measured strain, &,, K, (MPa\/m ) f,
50 4.99219E-07 1.003 1.703
100 9.98437E-07 2.007 1.703
150 1.49766E-06 3.010 1.703
200 1.99687E-06 4.013 1.703
250 2.49609E-06 5.017 1.703
300 2.99531E-06 6.020 1.703

As in case of a/b =0.39, here also K, increases with increasing load but f, being non-
dimensional is independent of load as expected at all strain gage locations r,, I,, I,, I, and

. Table 6.20 shows the f, values obtained for all the strain gage readings on the specimen

with a/b =0.51 for all the three repeated tests and their corresponding average values. Once

again it can be observed from Table 6.20 that, for a given radial location, the K, values in

all the repeated tests are almost same. This trend clearly substantiates the excellent

repeatability of the present experimental procedure.
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Table 6.20 Experimental values of f, for three repeated tests for a/b=0.51

f
Test '
=10mm r=199mMm r=35mm r=60mm r,=70mm
1 2.763 2.792 2.855 2.203 1.757
2 2.780 2.785 2.843 2.163 1.702
3 2.764 2.779 2.812 2.139 1.687
Average 2.769 2.785 2.839 2.168 1.715

Table 6.21 shows the comparison of experimental values of the average f, values obtained
from the present experiments for a/b = 0.51 at all the strain gage locations (r,, I,, I, I,

and r,) with the reference solution obtained using DET (Table 6.6) in terms of % relative

error.
Table 6.21 Experimental values of f, for a/b=0.51 at different gage locations
Location f % Relative Error
Reference Experimental
Solution Value
(Table 6.6)
Optimal
(rl —10mm<r, ) 2.769 0.04
Optimal
(r2 —19mm<r._ ) 2.786 0.65
Optimal
(r3 —35mm<r,_ ) 2.768 2.839 2.57
Non-optimal
Non-optimal

(h=70mm>r_ ) 1.715 38.02

It could be observed from these results that the % relative error in f, calculated from the
strain gage readings at the selected optimal locations r;, r, and I, (<r ) areaslow as 0.04%,

0.65% and 2.57% respectively, while the error in f, estimated from the strain gage readings
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at the non-optimal location r, and r, (>r.,, ) is as high as 21% and 38%. These experimental
observations once again substantiates the efficacy of the proposed single strain gage technique
with optimal gage locations. Further, the present results also verifies the suggested procedures

for r and its importance in deciding the optimal strain gage locations for accurate

determination of mode I SIF of cracked orthotropic laminates. The results in Table 6.21 also

indicate towards the high error in SIF if the gages are located at non-optimal locations

provided r._ is not known prior to experiments.

X

6.6.3 Experimental results for a/b=0.61

For the mode I orthotropic laminate with a/b =0.61 (Fig. 6.15 (c)), the r_,, is 23 mm and
two strain gage locations (r1 =10 mm and r, =18 mm) are selected at optimal locations and
two other gage locations (r, =30 mm and r, =40 mm) are selected outside the r,,, (non-

optimal locations) respectively for determination of K, . Figures 6.26 and 6.27 show the raw
data of measured strain ¢,, (circled data points) versus the applied load for all the three

repeated tests at , = 10 mm and r, = 18 mm respectively i.e. the strain gages within the

optimal location. Figures 6.26 and 6.27 also show the best-fit straight lines to the raw data
(solid lines) along with the corresponding slopes and the correction coefficients R*. It may
be observed that in all the repeated tests, the measured strains are linearly proportional to the
applied load which follows from similar results conducted for other mode I configurations in

the previous examples.

Figures 6.28 and 6.29 show the raw data of measured strains &,, versus applied load
for the strain gages at the non-optimal locations (r, = 30 mm and r,= 40 mm) for all the three
repeated tests. The best-fit lines to the raw data (solid lines) along with their corresponding

slopes and correlation coefficient R? are also shown in the respective figures. Perfectly linear
trends between the measured strains and the applied load with consistent repeatability
(identical slopes of best-fit lines) across all the three repeated test at all the gage locations can

be observed
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Figure 6.26 Measured strain (&,,) at r, =10mm for a/b=0.61 for three repeated tests
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Figure 6.27 Measured strain (¢,,) at r,=18mmfor a/b=0.61 for three repeated tests
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Figure 6.28 Measured strain (3aa) at r,=30mm for a/b=0.61 for three repeated tests
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Figure 6.29 Measured strain (&,,) at r, =40mm for a/b=0.61 for three repeated tests

Tables 6.22 — 6.25 show the measured strains obtained from the best-fit equations (Figs. 6.26
—6.29) for different values of applied loads and for all the strain gages located at r, = 10 mm,
r, =18 mm, r, =30 mm and r, = 40mm respectively. Using these strain values and material
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properties in Egs. (3.58) and (3.13), the experimental values of K, have been computed
corresponding to different load values. Normalized SIF, f, is then computed using the
experimental values of K, by employing Eq. (6.1). The experimental values of K, and f, at
different loads are also enlisted in Table 6.22 — 6.25. Results in these tables show that K,

increases with the increase in applied load and f, remains constant irrespective of the applied

load, similar to the results in previous sections.

Table 6.22 Variation of K, and f, at r, =10mm with applied load in the 1 test a/b=0.61

Load (N)  Measured strain, ¢,, K, (MPaM ) f,
50 3.67272E-06 2.768 4.697
100 7.34544E-06 5.537 4.697
150 1.10182E-05 8.305 4.697
200 1.46909E-05 11.073 4.697
250 1.83636E-05 13.842 4.697
300 2.20363E-05 16.610 4.697

Table 6.23 Variation of K, and f, at r, =18mm with applied load in the 1** test a/b =0.61

Load (N)  Measured strain, &,, K, (MPaM ) f,
50 2.77848E-06 2.81 4.768
100 5.55695E-06 5.62 4.768
150 8.33543E-06 8.429 4.768
200 1.11139E-05 11.239 4.768
250 1.38924E-05 14.049 4.768
300 1.66709E-05 16.86 4.768
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Table 6.24 Variation of K, and f, at r, =30mm with applied load in the 1 test a/b =0.61

Load (N)  Measured strain, ¢,, K, (MPaM ) f,
50 1.82168E-06 2.378 4.035
100 3.64336E-06 4.757 4.035
150 5.46504E-06 7.135 4.035
200 7.28672E-06 9.513 4.035
250 9.1084E-06 11.891 4.035
300 1.09301E-05 14.27 4.035

Table 6.25 Variation of K, and f, at r, =40mm with applied load in the 1 test a/b =0.61

Load (N)  Measured strain, &,, K, (MPa«/ﬁ ) f,
50 1.24073E-06 1.870 3.174
100 2.48145E-06 3.741 3.174
150 3.72218E-06 5.611 3.174
200 4.9629E-06 7.482 3.174
250 6.20363E-06 9.352 3.174
300 7.44435E-06 11.222 3.174

The experimental values of f, obtained at 1, r,, r, and r, for each of the three repeated
experiments for a/b = 0.61 along with the average values of f, are listed in Table 6.26.
Excellent repeatability in measurement of f, can be noticed from Table 6.26. Table 6.27
shows comparison of the average f, obtained from the present experiments for a/b =0.61

(Table 6.26) at all the gage locations (I, I,, I, and r,) with the reference solution obtained

using DET (Table 6.6) in terms of the % relative error.
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Table 6.26 Experimental values of f, for three repeated tests for a/b=0.61

f
Test '
r,=10mm r, =18 mm r, =30mm r, =40 mm
1 4.720 4.782 4.045 3.195
2 4.697 4.767 4.037 3.168
3 4.694 4.776 4.035 3.174
Average 4.7036 4.7751 4.0421 3.1789

Table 6.27 Experimental values of f, for a/b=0.61 at different gage locations

Location f % Relative Error
Reference Experimental
Solution Value
(Table 6.6)
Optimal
(. =10mm<r,, ) 4.704 0.987
Optimal
(r,=18mm<r, ) S 2.52
: 4.658
Non-optimal
(r3 —30mm>r,, ) 4.042 13.21
Non-optimal
3.179 31.75

(,=40mm>r._. )

It could be observed once again from these results that the % relative error in f, estimated
from the strain gage readings at the selected optimal locations r,, r, (<r_, ) is very less, of
the order of 0.98%, while those determined using the strain gage reading at the non-optimal
locations r,, r, (>r,,, ) are as high as 32%. These experimental observations yet again

validates the proposed approach for determination of mode | SIF of orthotropic laminates

using a single strain gage when placed with the optimal location.
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6.6.4 Experimental results for a/b=0.71

Finally, for the mode | orthotropic laminate with a/b =0.71 (Fig. 6.15 (d)), for which r_,,
is 18.8 mm, two optimal strain gage locations at r,,r, =9 mm, 17 mm and the other two non-

optimal locations at r,,r, = 35 mm, 45 mm (Table 6.7) respectively are selected for the

purpose of experimental verification of optimal strain gage locations to be used in accurate

determination of mode | SIF of the orthotropic laminates. The raw data of measured strain

&, (circled data points) versus the applied load for all the three repeated tests at , =9 mm
and r, =17 mm are shown in Figs. 6.30 and 6.31 respectively. The best-fit straight lines to

the raw data (solid lines) along with the corresponding slopes and the correction coefficients

R?are also shown in Figs. 6.30 an 6.31. The measured strains in all plots of Figs 6.30 and
6.31 for all the repeated tests are linearly proportional to the applied load thereby reinforcing

the good calibration of the entire experimental setup.
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Figure 6.30 Measured strain (gaa) at r,=9mmfor a/b=0.71 for three repeated tests
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Figure 6.31 Measured strain (&,,) at r,=17mmfor a/b=0.71 for three repeated tests

Figures 6.32 and 6.33 show the raw data of measured strains &,, versus applied load for the

strain gages located at the non-optimal locations r, = 35 mm and r,= 45 mm respectively,

along with the best-fit lines to the raw data for all three repeated tests.
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Figure 6.32 Measured strain (&,,) at r, =35mm for a/b=0.71for three repeated tests
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Figure 6.33 Measured strain (&,,) at r, =45mm for a/b=0.71for three repeated tests

The measured strains obtained from the best-fit equations at different values of applied load

for the strain ages located at different radial locations, , =9 mm, r, =17 mm, r, = 35 mm

and r,= 45 mm are enlisted in Tables 6.28 — 6.31 respectively. The experimental values of

K, are computed at each load value for each radial position using Egs. (3.58) and (3.13)

employing the orthotropic material properties of the considered specimen (Table 6.1) and the

respective strain values. Eq. (6.1) is employed to compute the non-dimensional SIF, f,. The

experimental values of K, and f, at different loads for the radial positions, , =9 mm, r, =

17 mm, r, = 30 mm and r,= 40 mm are also given in Tables 6.28 — 6.31 respectively.

Analogous to previous examples, here also K, increases with the increase in applied load,

however f, remains constant irrespective of the applied load as per the properties of non-

dimensional SIF.
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Table 6.28 Variation of K, and f, at r, = 9mm with applied load in the 1* test a/b=0.71

Load (N)  Measured strain, ¢,, K, (MPaM ) f,
50 6.2266E-06 4.487 7.614
100 1.24532E-05 8.975 7.614
150 1.86798E-05 13.463 7.614
200 2.49064E-05 17.950 7.614
250 3.1133E-05 22.438 7.614
300 3.73596E-05 26.925 7.614

Table 6.29 Variation of K, and f, at r, =17mm with applied load in the 1* test a/b=0.71

Load (N)  Measured strain, &,, K, (MPa\/m ) f,
50 4.3663E-06 4.325 7.338
100 8.73259E-06 8.65 7.338
150 1.30989E-05 12.975 7.338
200 1.74652E-05 17.299 7.338
250 2.18315E-05 21.62 7.338
300 2.61978E-05 25.949 7.338
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Table 6.30 Variation of K, and f, at r, =35mm with applied load in the 1 test a/b=0.71

Load (N)  Measured strain, ¢,, K, (MPaM ) f,
50 2.63366E-06 3.743 6.351
100 5.26732E-06 7.486 6.351
150 7.90098E-06 11.229 6.351
200 1.05346E-05 14.972 6.351
250 1.31683E-05 18.716 6.351
300 1.5802E-05 22.459 6.351

Table 6.31 Variation of K, and f, at r, =45mm with applied load in the 1 test a/b=0.71

Load (N)  Measured strain, &,, K, (MPam ) f,
50 3.34558E-06 5.391 9.148
100 6.69115E-06 10.783 9.148
150 1.00367E-05 16.175 9.148
200 1.33823E-05 21.566 9.148
250 1.67279E-05 26.958 9.148
300 2.00735E-05 32.349 9.148

The experimental values of f, obtained at r, , r, , I, and r, for each of the three repeated
experiments for a/b = 0.71 along with the average values of f, at each location are given

in Table 6.32 and it may be observed that for a particular location f, values across all the
three tests are approximately the same showing the precision of the experimental results. The
comparison of the average f, values obtained from the present experiments for a/b =0.71
(Table 6.33) at all the strain gage locations (r,, r,, I, and r,) with the reference solution

obtained using DET (Table 6.6) is shown in Table 6.33 in terms of the % relative error.
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Table 6.32 Experimental values of f, for three repeated tests for a/b=0.71

f
Test '
L=9mm r,=17 mm rL=35mm r,=45mm
1 7.591 7.327 6.349 9.13
2 7.614 7.338 6.351 9.148
3 7.640 7.366 6.372 9.183
Average 7.615 7.344 6.357 9.154

Table 6.33 Experimental values of f, for a/b=0.71 at different gage locations

Location f % Relative Error
Reference Experimental
Solution Value
(Table 6.6)
Optimal
(r=9mm<r_ ) 7.615 0.44
Optimal
(rz —17mm<r,. ) 7.344 3.14
. 7.582
Non-optimal
(r3 :35mm>rmax) 6.357 16.28
Non- optimal

The results indicate that the % relative error in f, at the selected optimal locations 1, 1, (<
Iax ) 1S Very less, of the order of 0.44% and 3.1% while the values of f, estimated from the

strain gage readings at the non-optimal locations r, r, (>r ., ) are highly erroneous, the error

percent being as high as 16% and 21%. The estimation of mode | SIF of orthotropic laminates
using a single strain gage and the existence of optimal locations for the strain gage is

substantiated once again through these experimental observations.
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6.6.5 Additional tests to substantiate accuracy and repeatability

In the previous sections four edge-cracked specimens with different a/b have been
considered and each configuration is tested three times to examine the primary repeatability
and accuracy of the proposed experimental technique. In this section, contrast to the previous

sections, three identical specimens of a/b = 0.51 have been prepared and used to investigate
the reproducibility and accuracy of the experimental procedure for determination of K, of

orthotropic laminates using the proposed single gage technique.

These additional test results are presented and discussed in this section. Figure 6.34
shows all the three specimens along with the gages pasted according to the radial locations
mentioned in Table 6.7. Since, all the three specimens have a /b =0.51, same gages locations
on each specimen are maintained as in Table 6.7. Like in previous sections, three repeated
tests have been conducted on each of these three specimens. The results for Specimen 1 are

already presented in section 6.6.2 and therefore not repeated here.

= L -
,

Figure 6.34 Mode | specimens with a/b=0.51
The best-fit plots and slopes for the raw data at different gage locations for all the repeated
test for the other two specimens (Specimen 2 and Specimen 3) are found to be similar to that
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has been observed for Specimen 1 with a/b=0.5. Figures 6.35 and 6.36 show the raw data

of measured strains versus applied load for the strain gages located at r, = 10 mm, r, = 19

mm, ,=35mm, r, =60 mm and r, =70 mm for Specimen 2 and Specimen 3 respectively

for the 1% test conducted on each specimen. It may be observed from Figs. 6.35 and 6.36 and
Figs. 6.21 — 6.25 in section 6.6.2 that the slopes are almost same at a particular gage location
(r =10mm, r, =19 mm, r,=35mm, r, =60 mm and r, =70 mm) for all the three specimens
with a/b = 0.51 thereby reinforcing the excellent repeatability of the proposed experimental

procedure, even when the experiments are repeated on identical specimens of same a/b

value.
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Figure 6.35 Measured strain (¢,,) at various strain gage locations in a typical test on Specimen 2 with

a/b=051
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Figure 6.36 Measured strain (£.) at various strain gage locations in a typical test on Specimen 3 with

a/b=0.51

Table 6.34 shows the measured normalized mode | SIF, f, (using Eq. 6.1) at all the gage
locations on all the three specimens with a/b=0.51 (Fig. 6.21). Table 6.34 also presents
average of measured f, from all the nine tests (3 Specimen x 3 repeated tests) at all the gage

locations and compares them with the reference value in Table 6.6. It may be pointed out

from the results presented in Table 6.34 that nearly identical values of f, have been obtained

ata particular gage location (be it an optimal or a non-optimal location) for all three specimens

with a/b=0.51. Further, similar to the previous sections, here also for strain gage
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placements at optimal locations very accurate values of mode | SIF are obtained as per the

proposed single strain gage technique whereas for strain gages located at non-optimal
locations the order of the error in estimated K, and corresponding f, is very high. The results
in this section establish the repeatability and reproducibility of the experimental procedure
for accurate determination of K, of orthotropic laminates employing the single strain gage

technique.

Table 6.34 Experimental values of f, in all the repeated tests for all three specimens of a/b=0.51
(... =51mm) and accuracy of measured f,

f
Specimeén. Tést Optimal locations I Non-optimal Locations
(f <Fa) (5> )
L=10mm r,=19mm r,=35mm r,=60mm r,=70 mm

1 2.76 2.79 2.83 2.16 1.70
1 2 2.78 2.78 2.84 2.15 1.74
3 2.76 2.78 2.82 2.14 1.68
1 2.80 2.75 2.80 2.17 1.82
2 2 2.78 2.72 2.76 2.14 1.79
3 2.79 2.73 2.74 2.14 1.77
1 2.76 2.75 2.84 2.21 1.83
3 2 2.79 2.78 2.83 2.19 1.81
3 2.78 2.77 2.85 2.23 1.77
Average( f,) 2.78 2.76 2.81 2.17 1.76
% Rel. Error” 0.36 0.36 1.44 21.67 36.86

* Ref. Value of f, =2.77 (Table 6.6)

6.7 Summary

This chapter presents the experimental determination of mode I SIF of [90, /0] . Carbon-

epoxy laminates having edge cracked configuration with a/b=0.39, 0.51, 0.61 and 0.71 using
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the proposed single strain gage technique (section 3.5). The r values and hence the
optimum gage locations for all the considered specimens have been determined using the
present method by carrying out FEA using ANSYS® before conducting experiments.
Depending upon the r_ values, strain gages were pasted at optimal and non-optimal
locations to study the importance of radial location of a strain gage and the efficacy of the
present method. An experimental set up was built for this purpose and optimized to take care
of bending of the specimen and other factors.

Based on the strain readings at different locations on each specimen, the normalized

SIFs (f,) have been calculated. It was observed that the f, values calculated from strain
readings of gages placed at optimal locations (rmin <r< rmax) showed a very good agreement

with the reference f, values with error as low as 0.4%, whereas the f, values calculated

using strain gage readings placed beyond the r,, (non-optimal locations) showed an error as

high as 49%. Experiments conducted on different specimens establishes the reproducibility
of the proposed single strain gage technique. Additionally, experiments repeated on different

specimens with same a/b also ensures a good repeatability of the experimental procedure.
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Chapter 7
Comparison between Irwin’s stress function

and Liu’s stress function

This chapter presents the numerical simulations conducted to verify the efficacy of the
proposed displacement extrapolation technique (DET) as presented in Chapter 3 in estimation
of SIFs of orthotropic laminates. In addition, the comparison of the Irwin [ 20] and Liu [74]
proposed stress functions in terms of accuracy of the SIFs estimated using both the approaches

is also presented here.
7.1 Stress functions proposed by Irwin and Liu

The stress function suggested by Liu [74] by employing Westergaard’s approach [9] for
orthotropic materials for mode I class of problems is

1
F =E(U11+U12) (7.1)
where
Un:ReZ:,(zl)+,ByImZ__,(zl)+Cy2 (7.2)
U,=ReZ (z,)+pylmZ, (z,)+Cy*
Also,
_ . : a6
2, =X +iy, = (X+ay)+ipy=re | (7.3)
2, =X, +iy, = (X—ay)+ipy =re"”
and,
tan alane_ tan 6, :an
cosé+asing cosd—asing
(7.4)

I = r\/(ﬁsin 0)’ +(cos@+asing)” = r\/(ﬂsin 0)’ +(cos @ —asin )’
The stress components for mode I loading of an orthotropic laminate obtained using Liu’s

stress function, F, using the Cauchy-Riemann equations (Eg. (3.6)) can be written as
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o, =0°F, | oy? :#[Rez, (z,)+ReZ (22)]+a ;ﬁz [ImZ](z,)+ImZ](z,)]By

+af’y[ReZ](z,)-ReZ/(z,)]+2C
(7.5)
2 2 1
awzaF,/ax:E[ReZI )+ReZ, ( ]+ YTimz)(z,)+Imz{(z,)]

7, =—0°F, /axay:%[ReZ, (z,)-Rez, (zl)]+%[lmz,’(zz)— ImZ;(z,)]
BYmay :
_T[Rez' (z,)+ReZ(z,)]
where Z[(z;) is the first derivative with respect to z (i=1,2)of the complex function

Z, (z;) analogous to that for isotropic materials (Egs. (3.4 —3.5)) and «, g are given by the

Eqg. (3.26). Now, the strain field components for plane stress condition can be obtained by
substituting Eq. (7.5) into Eq. (3.23) as

€XX=(a +,32)311 aiZ[ReZ, )+ReZ, ( :|+ [ImZ Imz;(zz)J[(az_ﬂz)alﬁaﬂ]

+a,af°y[ReZ|(z)-ReZ|(z,)]|+2Ca,

(a2+ﬂ2)a1

&, = . 2+a22[ReZI )+ReZ, ( ]+ [ImZ )+|mz;(22)][(0‘2—ﬂz)alﬁau] (7.6)

yy

+a,af°y[ReZ|(z,)-ReZ|(z,)]+2Ca,

“aﬁﬁ[R Z,(2,)- Rez,(zl)]+%[|mz;(zz)—lmz;(zl)]

Vg =

—%[Rez;(zl)mez;(zz)]

The displacement components for mode | condition can now be obtained by integrating the

strain components as
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u = 8‘11{&2 —;ﬂz ReZ (21)+ a’ ;ﬂz pylmZ, (21)+0!ﬂ2y ReZ, (21)}

+a11{a2+2-ﬂ2 ReZ, (Zz)+a2;ﬁ2 pylmzZ, (Zz)_aﬁzyREL (Zz)}

+ 2 {ReZ: (2,)+ ByImZ, (1)) + 2 (ReZ (2,)+ By ImZ, (2,)} + 22,C
(7.7)

v, =a12{%[ReZ (z)+BylmZ, (zl)J+§ﬁyReZ, (zl)}
+a12{%[ReZ(zz)+,BylmZ,(zz)]—gﬁyRezl(zz)}
% 1\mZi (z,)- yReZ, (z +£m_| z
+7{| Z ( 1) YR ZI( 1) ,BI Z ( 1)}

+%{Imz (z,)-yReZ, (22)+%Im2. (zz)}+2312C

The displacements in the region very near to the crack tip i.e. the singularity dominated zone
(SDZ) can be expressed by using a singular term representation in Eq. (7.7). The analytic

functions in the displacement equations in Eq. (7.7) obtained can be written in terms of the

coefficient A, to capture the singular solution as

ReZ,(zl)z%cos% ReZ, ( \}"‘Lcos

A 6 A i O
ImZ,(z,)=——7=sin=+ ImZ, (z,)=-—2=sin-2

Jn N (7.8)

ReZ. ZAJ\/:COS% ReZ. ZAO\/:cos—
ImZ. Zﬁb\/_sm% ImZ. ZAb\/’_sm—

Substituting Eq. (7.8) into Eq. (7.7) u,,V, obtained using Liu’s stress functions can be written

in terms of A, as
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rl% (all(az+,32)+a12)cos%—§(an(az_ﬂ2)+a12)sin%sin01
+ay, 0 cos Lsin 6,
2
u =A 0 B )
2 2 - .
o (an(az+[)’2)+aiz)cos?2—3(aﬂ(a -8 )+a12)5|n?25m6'2
2

-a,ap° cos%sin o,
(7.9)
B

6 1 o . af . 6 .
amozcoszl+E(ﬂ2aﬂ—azz)coszlsmel—aiszmElsmé’1

" 1 f
+| 1+ = |a,sin=
p 2

75

6, 1 o, . af . 6, .
r aizacos?%rz(ﬁzau—azz)cosEZsmﬁz—a127sm?25m92
2
J{Hijaﬂsiné
p 2

Now, the DET formulations presented in Chapter 3 are applied to the displacement

NS

N[

components obtained using Liu’s stress functions. Along the crack faces (0==*r,
0,=0,=+x and I, =1, =r) the displacements for mode | conditions are given by

:ul_zo

oAl g oo
e

where, u/,v, are the displacement components for & =+z and u,,v, are the displacement

(N[

components for & =—x. Therefore, the net displacement along the crack faces for mode |

case is given by

+

Vu, =u,"-u,” =0
(7.11)

Vv, =V, —V,~ =4A0{r% (1+%]a22}=4ﬁbr§f (a B.ay)
where, f (a, 8,a,,) for Irwin’s stress function is given by 2f3a,, / 3 —a*(Eq. (3.88)) and for

Liu’s stress function is given by (1+(1/))a,, respectively. An orthotropic formulation

boils down to isotropic case if #=1; =0 and a,, =1/ E . Incidentally, both Egs. (3.88) and
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(7.11) which are given by stress functions proposed by Irwin [20] and Liu [74] respectively
boil down to the same isotropic expression given by

Vu, =0
11 (7.12)

Vv=8Ar? E

Eq. (7.12) shows that both the stress functions given by Irwin [20] and Liu [74] reduce to the
same isotropic form after simplification. Therefore, though the stress function proposed by
Irwin [20] does not reduce to Westergaard’s solution under isotropic conditions as asserted
by Liu [74], both the stress functions give the same final displacement equations as is evident
from Eq. (7.12). Hence, estimation of SIFs using both the stress function approaches and their
consequent degree of accuracy helps in ascertaining which stress function can be used for
future works. Keeping this in mind numerical simulation of standard mode | configurations
has been conducted to estimate the SIFs using both the stress function approach and the results

are compared with handbook and other published results.

7.1.1 Numerical simulation of an edge cracked orthotropic plate

o=1
In this example, an orthotropic plate IR
with an edge cracked configuration o
A A
and subjected to pure tension has been N S O
considered to estimate K, using the T
- a=1 - = Q

DET. Figure 7.1(a) shows the — o — B
geometric, loading and boundary b1 b

. : 4 oot
conditions and Fig. 7.1(b) shows the YOr v oYy

(a) (b)

half plate symmetric model used for

. . Figure 7.1 (a) Geometry, loading and boundary
the FEA . The elastic properties of the  ¢ongitions for an edge cracked orthotropic plate (b)

plate are considered as analysis domain used in FEA

E, =3.5GPa; E; =12GPa; v; =0.204 and G ; =3GPa. Eight noded isoparametric
elements (Q8) are used to model the meshes and collapsed quarter point elements are used to

model the Jr singularity of the crack tip. Assuming symmetry it has been considered that

displacement values, v,,v, and v,,v, in Eq. (3.86) across the opposite crack faces are equal
and opposite in sign. The mode | SIFs are then calculated employing the DET using
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displacement equations obtained from both Irwin and Liu’s stress functions (Eq. (7.11) and

Eq. (3.13) respectively).

NN-1215 NN-3704 NN-15712
NE-3873 NE-11506 NE-44872
(a) (b) (©)

Figure 7.2 Different mesh densities for the edge cracked configuration used for numerical simulations

Figure 7.2 shows meshes employed in FEA with different mesh densities. Table 7.1 presents
the K, values estimated using DET employing both the Irwin’s [20] and Liu’s [74]

displacement equations and compares them with handbook results. The analytical expression

for mode | SIF of this configuration is given by Eq. (4.1), which gives the reference value of

K, as 2.103. It may be observed that the K, calculated using the Liu’s stress function
approach gives much higher error as compared to the K, calculated using the Irwin’s stress
function approach. Even there is no improvement in the K, values obtained using Liu’s [74]

displacement equations with mesh refinement.

Table 7.1 Comparison of simulated K, with already published results

Computed K, Reference K, % Rel.errorin % Rel. error in
i Irwin K, Liu K,
Mesh Irwin’s Liu’s Tada, Paris,
formu- formu- Irwin [13]
lation lation
Coarse 2.071 1.88 152 10.6
Medium 2.076 1.886 2.103 1.28 10.31
Fine 2.081 1.89 1.04 10.16
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7.1.2 Numerical simulation of a centre cracked orthotropic plate

In this example, an orthotropic plate by 0‘;1 by

with a central crack and subjected to T -

pure mode | loading has been analysed. N S N S
Figure 7.3(a) shows the geometry and SN

Fig. 7.3(b) shows the quarter plate 202 | X X <
symmetry model used for the §o%aﬂl ,
numerical studies in ANSYS® along ‘:T szzo T:r LYo g o o
with boundary conditions. The elastic (a) (b)
propertes of the plte composed of TR T2 ) oo e
graphite-epoxy laminate are analysis domain used in FEA

E, =114.8GPa; E; =11.7GPa; v ; =0.21 and G,; =9.66GPa.The domain has been

modelled using eight noded isoparametric elements (Q8) and collapsed quarter point elements
similar to that the edge cracked specimen. The mode | SIFs are calculated employing the same
procedure used in the previous example. Figure 7.4 shows the sequence of meshes employed
in FEA.

NN-1215 NN-3704 NN-15712
NE-3873 NE-11506 NE-44872
(a) (b) (c)

Figure 7.4 Different mesh densities for the center cracked configuration used for numerical simulations

Table 7.3 compares the K, values for this configuration obtained using DET with both the

Liu’s [74]and Irwin’s [20] displacement functions. Table 7.3 also shows published results
provided by other researchers. The percentage relative error has been calculated using

Asadpoure and Mohammadi results [36]. It is observed once again that the SIF calculated
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using Liu’s stress functions tends towards much higher error percentage than that determined

using Irwin’s stress function as in the previous problem.

Table 7.2 Comparison of simulated K, with already published results

Mesh Computed K, Published works % Rel. % Rel.
error error
Irwin’s Liu’s Kim Asadpoure  Ghorashi in in Liu
formu- formu- and and etal. Irwin K,
lation lation Paulino Mohammadi [37] K,
[32] [36]
Coarse 1.7886 1.6267 0.427 8.66
Medium 1.7868 1.6284 1.767 1.781 1.780 0.325 8.56
Fine 1.785 1.63 0.224 847

The comparison of SIFs obtained using both the stress functions with handbook results and
published works of other researchers shows that the mode | SIF obtained using the stress
function proposed by Liu [74] gives higher error percent than that obtained using Irwin
proposed stress function [20]. Thus, for the development of a strain gage technique for

orthotropic laminates, it is prudent to proceed with Irwin proposed stress functions [20].

7.2 Numerical simulation to verify the displacement

extrapolation technique (DET) for orthotropic materials

In this example the performance of the DET (section 3.8) has been studied for an orthotropic
plate with a central inclined crack at an _ -
angle of 45° as shown in Fig. 7.5(a). The B T . .

elastic properties of the plate are

E, =3.5GPa; E, =12GPa v, =0.204

=45

h=40

and G, =3GPa. The same problem

has been taken up by various other

researchers in the past. Figure 7.5(b)

: : vV vy ey
shows the orthotropic plate with the
. . Figure 7.5 (a) Geometry, loading and boundary
loading and boundary conditions as conditions for an slant centre cracked orthotropic

used in FEA. The domain has been plate (b) analysis domain used in FEA

modelled using eight-noded isoparametric (Q8) elements and collapsed quarter point
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elements have been used to model the /r singularity of the crack tip. The finite element

meshes with varying degrees of mesh densities considered are shown in Fig. 7.6

NN- 8100 NN- 22386 NN- 71124
NE-2376 NE-6934 NE-22808
(a) (b) (c)

Figure 7.6 Different mesh densities for the slant center cracked configuration used for numerical
simulations

Extracting the displacement values of the crack tip elements along the crack face, the mode |
and mode Il SIFs are calculated using Egs. (3.88), (3.90), (3.103), (3.105) and (3.13). Table
7.3 presents the comparison of the present simulations with various available reference

results.
Table 7.3 Comparison of simulated K, , K,, with already published results
Com- Com- Published works % Rel. % Rel.
Mesh puted puted Sih et Kim Asadpoure errorin  errorin
K, Ky al and and K, Ky
' Paulino  Mohammadi
: . 22 . .
Coarse  1.042 1.027 [22] [32] [36] 1.12 2.57
Medium 1.045 1.029 K, 1.054 1.067 1.084 0.81 2.34
Fine 1.052 1.035 K, 1.054 1.044 1.095 0.22 1.76
189

TH-1752_11610307



Comparison between Irwin’s stress function and Liu’s stress function
The analytical solution obtained by Sih et al. [22] using a complex variable method has been
used to predict the percentage relative error. It may be observed that for different mesh
densities the proposed method gives fairly good result and the accuracy increases with mesh

refinement.
7.3 Summary

The numerical analyses presented in section 7.1.1 and 7.1.2 show that the orthotropic SIFs
for the mode | specimens estimated employing the Irwin proposed stress functions provide
better solutions as compared to that using Liu’s [74] stress functions. The proposed
displacement extrapolation technique with displacement components obtained using Irwin
[20] is found to estimate very accurate values of SIFs of orthotropic laminates. A mixed mode

example shows the efficacy of the DET based on Irwin’ [20] stress function.
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Chapter 8

Conclusions and Scope of Future Work

The present works aims at developing proper theoretical framework for simple, robust and
practicable experimental procedure for determining the mode | and mixed mode (I/11) SIFs
of orthotropic laminates using strain gages. The proposed techniques for determination of
mode | and mixed mode I/1l SIFs are based on representing measured strains using a three
parameter strain series. For accurate determination of SIFs, it is also necessary to know apriori
the valid gage locations. Therefore, the present work also addresses the important issue of
assessment of valid optimal gage locations supported by appropriate theory. The conclusions
drawn from the present work have been presented categorically as general and specific

conclusions.

8.1 General Conclusions

=

Starting with Generalized Westergaard approach, a theoretical framework has been

developed for strain gage based determination of mode | and mixed mode I/11 SIFs of

orthotropic laminates.

2. The DS technique has been extended to orthotropic materials where only a single
strain gage is required for determination of mode | SIF.

3. The proposed technique for determination of mode | SIF of orthotropic materials has

been extended to mixed mode I/11 cases of orthotropic materials where only four strain

gages are required for determination of K, and K|, .

4. Using strong theoretical background and a FE based methodology, a procedure has

been developed for both mode | and mixed mode I/11 cases for determination of ..

i.e. the upper bound on the radial location of the strain gage(s). This r__, is shown to

aX
be useful in assessing optimal radial gage locations for accurate determination of SIFs

in orthotropic laminates which has been an unsolved issue hitherto.
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Conclusions and Scope of Future Work
Present theoretical development of single ended crack theory for orthotropic materials
could be successfully applied to double ended cracks also for the range of a/b
considered in the present study.
Numerical simulations have been performed to validate the proposed theory for strain
gage based determination of mode | and mixed mode (I/11) SIFs and also to assess the
existence and importance of optimal gage locations.
Results of numerical simulations show that accurate values of the SIFs can be obtained

using the proposed techniques when the gage(s) are pasted within the estimated r,_,

for each configuration, thereby reinforcing the importance of knowing the optimal
radial strain gage locations apriori.

Using numerical results, a sensitivity analysis for possible errors in estimated SIFs
arising out of deviations in angular orientations of the strain gage has been done.
Experimental set up has been planned for experimental determination of mode | SIF
of cracked orthotropic laminates. Edge cracked specimens having different a/b
ratios have been prepared from [902 /O]lOS Carbon/Epoxy laminates, strain gages are
pasted at optimal and non-optimal locations and repeated experiments have been
conducted on each specimen to estimate mode | SIF for those specimen from the strain
gage readings.

Effect of crack length to width ratio (a/b) on the estimated ., values of the
experimental specimens have been studied and observed to agree well with that
obtained from numerical simulations.

Comparison of experimentally determined mode | SIF values of various specimens
with the reference solutions verifies that very accurate mode | SIF can be obtained
using the proposed technique.

Comparison of experimentally determined SIF values obtained from the strain

readings of the gages located at different locations also substantiate the importance of
placing strain gages within the r . for accurate determination of K, .
The methodologies developed in the present work will be of immense help to

experimentalists for accurate determination of K, and mixed mode SIFs of orthotropic
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laminates in view of the fact that strain gage based determination of K, is sparse and

for mixed mode cases, is not available till date.
8.2 Specific Conclusions

8.2.1 Numerical simulations of orthotropic laminates having mode |

configuration

1. The proposed theoretical development and subsequent numerical investigations
conducted show that it is possible to determine K, for edge cracked orthotropic
laminates using a single strain gage by choosing a specific angular location and
orientation of the strain gage by extending DS technique to orthotropic materials
considering three parameters strain series.

2. Strain variation along the gage line for all the configurations considered follow

theoretical predictions made using three parameter strain series.

3. There exists an upper bound (..., ) on the radial location of the strain gage up to which
the three parameter strain series is valid.

4. The proposed method could accurately determine r... values for a variety of cracked
configurations having orthotropic properties and under mode | loading viz. edge

cracked plate, center cracked plate, double edge cracked plate and eccentric center

cracked plate.

5. The r_,, is found to be dependent on the crack length to width ratio (a/b) of the

cracked configurations. At low values of a/b, the crack length dominates the

influence on r but at larger values of a/b, the net ligament length (b—a)

max 1

dominates the influence on the r.__ value for the mode | configurations studied. The

dependence of r_,, on a/b may be attributed to the variation of magnitude of both

the singular and nonsingular coefficients which is decided by the geometry and
boundary conditions of the cracked configuration.

6. Numerical simulation of the proposed single strain gage technique shows that for both

single-ended and double-ended cracked orthotropic laminates, accurate values of K,
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could be obtained only when the strain gage is placed at optimal locations i.e. within

I - ON the other hand, when the gage is placed outside r_,, (non-optimal locations),

highly inaccurate values of K, for the mode I orthotropic laminate configurations are
obtained.

7. Numerical results show that r . is a useful parameter in assessing optimal gage
locations for accurate determination of mode | SIFs.

8. Thus the present FE based method will be useful in knowing the .., values apriori
for conducting experiments for determination of accurate K, using a single strain
gage.

9. The sensitivity analysis for the variation of £ 0.5° in strain gage orientation shows a
moderate change in measured SIFs. However, precluding the chances of such
deviations, it may be concluded that though a deviation of 0.5° in the angle may be
viable, it would be judicious not to allow for such variations since during experiments

various factors other than strain gage pasting may have direct or indirect impact on

the output.

8.2.2 Numerical simulations of orthotropic laminates having mixed

mode configuration

1. Variation of strains with the radial distance from the crack tip along the gage lines
computed from the numerical simulations follow the theoretical predictions proposed
in the present investigation.

2. Numerical results show that the extent of validity of the three parameter zone i.e. 1,
which decides the upper bound of the valid strain gage locations in experimental
determination of mixed mode I/l SIFs can be accurately determined using the
proposed FE approach.

3. The variation of r_, with a/b ratio shows that similar to mode | cases, for mixed

mode configurations also r, value increases with increasing a/b, reaches a

maximum and decreases as the crack tip approaches boundary.
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4. Numerical simulation of the strain gage technique for estimation of mixed mode SIFs

of orthotropic laminates shows that strain readings give accurate values of K, and

K, only when all the four gage locations are within . i.e. at optimal locations.
5. The proposed strain gage approach for determination of mixed mode SIFs of

orthotropic laminates stands true over a wide range crack inclination angle (1,//) as
can be seen from the numerical investigations. Variations of K, and K, estimated

using the proposed approach with respect to the crack inclination angle (1,//) follow an

analogous trend as reported by previous researchers.
6. For slant edge cracked orthotropic laminate configurations, the dependence of r._

on the crack angle variation is noticeable only for higher values of angular orientations

when the boundary effects come into the picture.

8.2.3 Experimental determination of K, of edge cracked [902/0]108

Carbon-epoxy laminates

1. Measured strains from all the strain gages show a linear variation with the applied
load for all the specimens tested and in all the repeated tests.

2. Mode I SIF has been determined using the strain data from the strain gages at different
radial locations for all the configurations for each of the repeated test. An excellent
repeatability in terms of SIF values has been achieved for all repeated tests at any
given load.

3. Experimentally determined mode | SIF corresponding to all the configurations show

excellent agreement with the reference SIF when the strain gages are located at
optimal locations (i.e., within the r_, ) as recommended by the present methodology.
On the other hand, experimentally determined mode I SIF using the data obtained
from strain gages placed outside the r_ (i.e., non-optimal location) show very high

error. This observation is true for all mode | configurations tested in all the repeated

tests.
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4. The r_. values evaluated numerically are substantiated by the excellent agreement

ax

of experimentally determined mode | SIF values with the reference solution thereby
reinforcing the dependence of r,,, on a/b as obtained in the numerical studies.

5. Results from the present experimental investigation very well substantiate the
proposed single strain gage technique for estimation of mode | SIF of orthotropic
laminates and the associated theory for determination of optimal strain gage locations

in determining mode | SIFs.
8.3 Scope of Future Work

1. Experiments could be performed on double ended cracked orthotropic laminates to
validate the proposed single strain gage technique for determination of mode | SIFs.

2. Experiments could also be performed on specimens having different laminate
compositions such as glass-epoxy.

3. Experiments could be performed for orthotropic laminates with mixed mode
configuration to validate the proposed approach for determination of mixed mode
SIFs of orthotropic laminates.

4. A methodology on the lines of the proposed single strain gage technique could be
developed for estimation of dynamic SIFs of orthotropic laminates.
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