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Abstract 

Aqueous foams are considered as two-phase fluids in which the gas bubbles are 

dispersed in the aqueous phase. The bubbles are separated by interconnecting 

thin liquid films. The liquid content is sufficiently high in wet foams, whereas 

the same is usually small in dry foams. Aqueous foams belong to an important 

class of engineering materials due to their numerous applications in industry 

and daily life such as floatation, firefighting, water treatment, paints and 

coatings, textile finishing, enhanced oil recovery, cleaning agents, personal care 

products, food products, and pharmaceuticals. Foams are difficult to 

characterize because they are thermodynamically unstable (or metastable) 

systems. In many contexts and applications, it is of fundamental importance to 

understand the foaming behavior of kinetically-stable foams. 

 Use of surfactant for the stabilization of foams is a traditional method 

that has been used for a long time. Particles also act as a stabilizing agent when 

they are attached to the surfaces of the foam films. However, it is difficult to 

adsorb particles onto the surfaces because of their hydrophilicity. This can be 

altered by modifying the surface of the particles using a surfactant. The 

surfactant molecules adsorb on the surface of particles and thereby change their 

surface properties. This enables the particles to attach at the air–water interface. 

Particles adsorbed at the interface not only act as a surface-active agent, but 

they offer a distinct advantage of creating a more stable foam than their 

surfactant-stabilized counterparts. 

 In the present work, we have studied the effect of 

hexadecyltrimethylammonium bromide (HTAB) on the foaming behavior of   

dispersions containing silica nanoparticles. It was found that foams were more 
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stable at low surfactant concentrations, although the foamability was low. This 

was due to the formation of a strong viscoelastic film of surfactant-laden 

particles at the air–water interface. Below the CMC, the surfactant-laden 

particles were adsorbed at the air–water interface, aided by the induced motion of 

the surfactant molecules adsorbed on the particles. However, above the CMC, the 

interface was completely occupied by the surfactant molecules and hence, the 

surfactant-laden particles were accommodated near the sub-phase or in the bulk 

phase. 

            Smaller silica nanoparticles (i.e. diameter less than 10 nm) adsorbed at 

the air–water interface whereas the larger particles remained in the sub-phase or 

in the bulk liquid phase. Since the silica nanoparticles were hydrophilic, a 

major portion of these particles was oriented towards the aqueous phase, and 

hence a lesser portion was present in the air. It was found that these 

nanoparticles strongly influenced the foaming behavior at the low HTAB 

concentrations (i.e. below the CMC). A Langmuir-type monolayer was formed. 

The presence of the nanoparticles at the air–water interface provided 

mechanical strength to the foam films and prevented their rupture. This 

hindered coalescence of the bubbles, which resulted in a stable foam. 

Rheology is an important tool for characterizing the soft complex 

materials, such as foams. The multiphasic composition of foams gives rise to 

complex rheological behavior under deformation. It is important to understand 

this behavior in many applications. Foam shows nonlinear rheological behavior 

at high deformations, which can be investigated by the large amplitude 

oscillatory shear (LAOS) experiment. We have performed a systematic LAOS 
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study of foam stabilized by 0.1 mol m
–3

 HTAB and 0.5 wt.% silica 

nanoparticles. The foam exhibited intracycle strain-hardening and shear-

thinning at high deformation. Shear-thickening behavior was observed at 

moderate deformations. The foam films have two air–water interfaces and 

hence the foaming behavior strongly depends on the properties of these 

interfaces. We have investigated the interfacial properties by using interfacial 

shear rheology, which was studied in the linear and nonlinear deformation 

ranges. 

Although extensive research has been performed on foams in the past 

few decades, a number of fundamental issues related to foams stabilized by 

particles have remained poorly understood. Some of these issues are, the role of 

nanoparticles in stabilizing the foam films and the air–water interface, the 

interaction between surfactant-laden particles in the liquid phase and at the 

interface, and the role of the charge of the surfactant and the nanoparticles in 

foaming. This thesis has investigated these issues in detail. The aim of this 

thesis is to understand the behavior of aqueous foams and air–water interface 

stabilized by a mixture of HTAB (a cationic surfactant) and silica nanoparticles 

(negatively charged particles). 
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1.1 Surfactants 

When air is introduced into water, it forms spherical bubbles and they rise to the surface 

due to the buoyancy force. The bubbles eventually burst at the surface of water or 

coalesce when with other bubbles. To obtain stable air bubbles, one or more surfactants 

are used. The word “surfactant” stands for surface-active agent. It is an amphiphilic 

molecule having two parts: one part is hydrophilic (also called head-group) and the other 

part is hydrophobic (also called tail). Based on the charge on their head-group, 

surfactants can be classified as cationic (positively charged), anionic (negatively 

charged), nonionic (no charge), and zwitterionic (both positive and negative charges). 

Figure 1.1 shows the schematic representation of a surfactant molecule. Examples of 

different types of commonly-used surfactants are given in Table 1.1. 

 

Figure 1.1 Schematic representation of a surfactant molecule. 

 A distinctive feature of the surfactant molecules is their ability to adsorb at the 

air–water interface. The hydrophilic head-group is oriented towards the aqueous phase 

(i.e. hydrophilic environment) and the hydrophobic tail group is oriented towards the air 

phase (i.e. hydrophobic environment). This forms a monolayer at the air–water interface, 

and reduces the surface free energy. When the surface is completely covered with the 

surfactant molecules, addition of more surfactant to the aqueous phase leads to the 
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Table 1.1 Examples of commonly-used surfactants of different types. 

Surfactant Type Mol. wt.  Formula 

Sodium dodecyl sulfate (SDS) Anionic 288.38  3 2 311
CH CH OSO Na  

Hexadecyltrimethylammonium 

bromide (HTAB) 

Cationic 364.45     3 2 315 3
CH CH N Br CH  

Triton X-100 Nonionic 647    14 22 2 4C H O C H O 9 10
n

n    

Didodecyldimethylammonium 

bromide 

Zwitterionic 462.64      3 2 311 22
CH CH N CH Br   
 

 

 

formation of self-assembled structures known as micelles. The corresponding surfactant 

concentration is known as the critical micelle concentration (CMC). In the micelle, the 

hydrophobic tail groups minimize their contact with water and form a hydrophobic core. 

On the other hand, the hydrophilic head groups maximize their contact with water and 

form a surface layer of head-groups. Figure 1.2 shows the schematic representation of the 

surfactant molecules adsorbed at the air–water interface, and micelles formed in the bulk 

phase when the surfactant concentration is above the CMC. There is a dynamic 

equilibrium of the surfactant molecules between the micelles and the monolayer.
[1,2]

 

Reverse micelles can form when the surfactant molecules dissolve in oil and form 

aggregates inside the oil.
[3]

 Below the CMC, the surfactant molecules continue to adsorb 

at the air–water interface, resulting in the formation of the monolayer. Upon increasing 

the surfactant concentration beyond the CMC, the surfactant molecules in the bulk 

aqueous phase form the micelles, and the number of micelles increases with increasing 

surfactant concentration. At a higher surfactant concentration, the shape of the micelles 

changes.  
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Figure 1.2 Schematic representation of the formation of monolayer at the air–water 

interface, and micelles formed in the bulk phase when surfactant concentration is above 

the CMC. 

 

Often a transition from spherical to cylindrical micelles is observed. Some surfactants 

form worm like micelles and complex microstructures. The physical properties of the 

micellar solution change significantly as these changes take place.
[4]

 

1.2 Formation of foams and their structure 

Foams are usually formed by condensation, dispersion, or agitation processes. In the 

condensation process, the liquid is first saturated with the gas under high pressure, and 

thereafter the bubbles are released when the pressure is lowered. The foams in beer, 

champagne, and carbonated drink, which are saturated with carbon dioxide, are formed in 

this manner. In the dispersion process, the gas is injected into the liquid phase through a 

sparger. This process is widely used in industrial applications such as froth floatation and 

foam fractionation. In the mixing process, foam is generated by thorough mixing in a 

blender. The shape and size of the bubbles depend on the foam formation process.
[5]

 For  
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Figure 1.3 (a) Digital photograph of aqueous foam, (b) optical microscope images of 

foam structure stabilized by surfactant and particles. The polyhederal bubbles suggest a 

dry foam and the spherical bubbles suggest a wet foam. (c) The foam showing Plateau 

border and liquid lamella. 

 

instance, when foam is generated by injecting air slowly into the liquid through an 

orifice, it is nearly monodisperse. The air-flow rate can change the geometry of the 

bubbles because it affects the liquid holdup in the foam.
[6]

 Friedmann and Jensen
[7]

 have 

found that the bubble size is inversely proportional to the injection velocity of air into the 

liquid phase. 

Based on the shape of the bubbles, foam is divided into two classes, i.e. 

kugelschaum and polyederschaum. Kugelschaums have spherical bubbles, and their 

liquid content is high. Therefore, they are also called “wet” foams. On the other hand, 

polyederschaums have polyhedral bubbles, which are separated by flat thin liquid films. 

They have a less liquid content, and therefore, they are known as “dry” foams. In a foam 

column, the kugelschaum is usually found near the liquid surface and polyederschaum is 
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usually found near the top region of the column, as shown in Figure 1.3. The flat surfaces 

of polyhedral bubbles touch and form a thin liquid film, which is known as lamella [see 

Figure 1.3(c)]. Three (and only three) such lamellae meet at an angle of 120
o
 along an 

edge, known as the Plateau border, as shown in Figure 1.3(c). Four (and only four) of 

these Plateau borders always meet symmetrically at a point (known as node) at an angle 

of 109.47
o
. These two conditions are known as Plateau’s rule. This rule can be used to 

describe the structure of the foams. At equilibrium, foams have a minimal interfacial 

energy, which determines the dependence of their structure on liquid-content. When the 

liquid-content is higher than the close-packing fraction of the air phase in the foam, it 

results in a bubbly liquid. When both the fractions are same, bubbles are jammed and 

they form a wet foam. When the liquid content is lower than the close-packing fraction of 

the foam, a dry foam forms, which follows the Plateau’s rules. The monodisperse dry 

foams crystalize into the body-centered cubic structure (i.e. Kelvin’s structure), whereas 

the monodisperse wet foams crystalize into the face-centered cubic structure.
[8]

  

Several authors
[9-12]

 have correlated the structure of foam and foam film with their 

stability. There exists a pressure difference across a bubble surface which is a 

consequence of curvature and surface tension. The pressure inside a bubble  dP  is 

always greater than that outside  lP , which is given by the Young–Laplace equation 

given below. 

1 2

1 1
d lP P P

R R

 

     
 

 
(1.1) 
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where 1R  and 2R  are the principal radii of curvature, and   is the surface tension. For a 

spherical bubble, 1 2R R R  , and Equation 1.1 simplifies to  

2
P

R


   

(1.2) 

This equation relates the pressure difference across the bubble surface to the radius of the 

bubble. This pressure difference causes thinning of the foam film and thickening of the 

Plateau border. From Equation 1.2, we observe that the pressure difference across the 

bubble surface is inversely proportional to radius of the bubbles. In other words, the 

pressure inside a smaller bubble is higher than that in a larger bubble. The pressure 

difference between the two bubbles is given by  

1 1
2P

r R

 

   
 

 
(1.3) 

where r and R are the radii of the smaller and larger bubbles, respectively, when they 

touch each other. 

1.3 Foamability and foam stability 

Foams are thermodynamically unstable or metastable and they eventually disappear or 

break at some time after generation.
[13,14]

 Therefore, researchers and manufacturers are 

interested on their kinetic stability. Surfactant is the most commonly used stabilizing 

agent for foams. Several researchers
[11,15-17]

 have studied the mechanism of foaming and 

their stability in aqueous surfactant solutions. The use of particles as a foaming (and 

stabilizing) agent has been known for many years.
[18]

 Particles at the bubble surface 

provide a strong viscoelastic film and reduce the film drainage.
[19]

 Additionally, they 

create a steric barrier, which slows down film rupture.
[20]

 When a mixture of surfactant 
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and particles is used, a synergistic effect can be observed, and consequently foams can be 

stable for a significantly longer period.
[21-23]

 The stability of foams in the presence of 

particles depends on the hydrophilicity
[24]

, size
[25,26]

, shape
[27-30]

, and concentration
[31,32]

 

of the particles. 

The stability of foams is predominantly affected by three phenomena, i.e. 

drainage, coarsening (or Ostwald ripening), and coalescence. In foams, drainage and 

coarsening are the major causes responsible for their instability. Study of these 

phenomena is crucial to understand foam stability. When the liquid fraction in the foam is 

less than 0.05, the foams are polyhedral. The liquid in the foams is distributed in the films 

and Plateau borders. At the Plateau borders, the gas–liquid interface is quite curved. This 

generates a low pressure region in the Plateau area (as predicted by the Young–Laplace 

equation, i.e. Equation 1.1). Since the films are flat, a higher pressure exists there. This 

pressure difference forces the liquid to flow towards the Plateau borders, causing thinning 

of the films and thickening of the Plateau borders. A schematic diagram of flow through 

foam channels is shown in Figure 1.4. According to the Plateau’s rule of foam structure, 

the Plateau borders form a network, through which the liquid flows due to gravity. In a 

column of foam, the bubble size increases with height. The foam towards the bottom of 

the column has a lower bubble size and it is wet [see Figure 1.3 (a)]. However, the foam 

in the upper part of the column has a larger bubble size and it is dry. Therefore, due to the 

difference in the bubble size, a capillary flow is induced. The result of the gravity and 

capillary effects gives rise to the net flow of liquid through the Plateau borders during the 

drainage.  

 

TH-1878_136107003



Chapter 1  

 

9 
 

 

 

 

Figure 1.4 (a) A schematic representation of two approaching bubbles of radii r and R. 

(b) A schematic illustration of pressure difference across the curve surfaces in    foam 

lamellae and flow of liquid towards the Plateau borders. 

 

Several researchers
[33-38]

 have studied drainage of liquid in foams. They have 

mainly focused on the velocity of liquid through the network of Plateau borders and 

determined the drainage time. However, very few researchers have studied the drainage 

in the presence of particles, although it has been known since a long time that particles 

play an important role in stabilizing foams. Recently, Narsimhan
[39]

 has studied the 
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drainage of aqueous foam films containing particles. Kaptay
[40]

 has studied foam films 

containing a single and a double layer of particles. They have derived expressions for 

maximum capillary pressure that is required to rupture the thin liquid film. Their 

derivation is based on the shape of the meniscus between two neighboring particles. The 

drainage in films containing multiple layers of the particles has been studied by Nikolov 

and Wasan.
[41]

  

Despite the progress in the drainage theory of surfactant-stabilized aqueous 

foams, the drainage process is poorly understood when particles are present. The effects 

of unattached particles remaining in the liquid phase have been studied by some 

researchers.
[42-44]

 The drainage theories have set benchmarks for investigating foam 

drainage in the presence of particles. To characterize foam drainage in the presence of 

particles, a confinement parameter  c  is often used. It is defined as the ratio of the 

particle’s mean diameter and the maximum diameter of the circle inscribed in the Plateau 

border cross-section. When 1c  , particles are trapped at the node, and they are freely 

transported if 1c  . The other parameter that is used to describe foam drainage in the 

presence of particles is the volume fraction of particles  p  in the liquid phase. Particles 

reduce the drainage rate for high p . 

 In a polydisperse foam, larger bubbles are often surrounded by smaller bubbles. 

Due to the pressure difference (Equation 1.3), the gas inside the smaller bubbles diffuse 

to the larger bubble, and consequently, the smaller bubbles disappear, and the average 

size of the bubbles increases. This phenomenon is called coarsening. Coarsening of 
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foams has been studied in detail elsewhere.
[33,45-48]

 Modeling of coarsening of foam is 

easier in 2D than 3D. Therefore, coarsening is often modeled in 2D, and then extended to 

the 3D foams. von Neumann
[49]

 has demonstrated that the evolution of 2D foam with 

time depends only on its topology (i.e. number of its edges), but not on its shape and size. 

The growth-rate of a foam bubble is given by 

 e e
dA

k n n
dt

   
(1.4) 

where A is surface area of a bubble with en  sides in 2D and k is a diffusion constant. 

en  represents the average number of edges. For a 2D foam, three bubble walls usually 

meet at each vertex. Therefore, 6en   (i.e. Plateau’s rule). Thus, the above equation 

becomes 

  6e
dA

k n
dt

   
(1.5) 

For hexagonal bubbles, 6en   and A is constant. When 6en  , the bubbles have higher 

pressure, they start shrinking with time and eventually vanish. When 6en  , the bubbles 

expand and become more coarse. Glazier et al.
[50]

, Sire,
[51]

 and Stavans et al.
[52]

 have 

studied the coarsening for the 2D foams. 

 In a 3D foam, the liquid films are polyhedral. To extend the 2D model of 

coarsening by van Neumann’s law to the 3D foam, theoretical works and simulations 

have been performed. These works are based on the conservation of the average energy, 

which is proportional to the size of the bubbles. The bubble topology is described by the 

number of bubble faces (F), which is analogous to en  in the 2D foam (i.e. Equation 1.4). 
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The growth-rate is expressed by the volume of a bubble (V) with F faces, which is the 

replacement of A. Time evolution of the 3D foam during coarsening is given by
[53]

 

 
dV

k F F
dt

   
(1.6) 

where F  is the average number of faces in a bubble. This equation shows that the 

volume of a bubble depends linearly with time. However, works based on the Potts 

model
[54]

 have shown that volume of a bubble varies with 3 2t , and the value of F  was 

found to be 15.8. Hence, the following normalized law of coarsening was developed by 

analogy with Equation 1.5 .
[55,56]

 

 
1 3

1
15.8 0.1

dV
k F

V dt

 
      

 
 

(1.7) 

For well-separated droplets, the process of coarsening is called Ostwald ripening. 

Ostwald ripening refers to mass transfer between bubbles of different curvature through 

their surrounding continuous medium. The concentration of the dispersed phase material 

at the surface of a bubble is inversely related to the radius of curvature. Hence, a small 

bubble has a high surface concentration in comparison with a large bubble. Therefore, a 

concentration gradient of the dispersed phase material in the continuous phase is set up. 

Mass transfer occurs along the concentration gradient from the small bubbles towards the 

larger bubbles. Therefore, small bubbles shrink and ultimately disappear while the larger 

bubbles grow at their expense, leading to phase separation.
[57]

  

Coalescence of bubbles is also a major cause of destabilization of foams. This 

happens when the thin liquid film between two bubbles gets ruptured, and thereafter they 

merge into a single bubble. With time, the foam films become thinner, and they rupture 
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eventually. However, when the particles are attached at the air–water interfaces across the 

foam film, the coalescence of the bubbles can be prevented. Because coalescence is an 

important factor behind the stabilization of foams, several authors
[58-60]

 have studied it 

extensively during the last few decades. 

1.4 Applications of aqueous foams 

Aqueous foams belong to an important class of engineering materials due to their 

numerous domestic and industrial applications such as cleaning, personal care, food 

processing, pharmaceutical preparation, floatation, firefighting, water treatment, textile 

finishing, enhanced oil recovery, and development of paints and coatings. The foams are 

often utilized as intermediates or end products.
[61,62]

 Because of their ability to adsorb 

various gases, liquids, and fine solid particles, foams can be used as a firefighting 

agent.
[63,64]

 In the petroleum industry, the enhanced oil recovery is done by injecting 

gases, primary steam, and carbon dioxide into the oil reservoirs. The major problem with 

this method is the low viscosity of the injected gases, which causes poor sweep 

efficiency. This can be improved by adding foams because they not only increase the 

viscosity of injected gases, but also can withstand high capillary pressure.
[65,66]

 In our 

everyday life, we use various home and personal care products such as shampoos, soaps 

and detergents, deodorants, facial moisturizer creams and lotions, hair-styling mousse 

and conditioners, and shaving creams.
[67]

 Foaming behavior in these products is 

important, and it is often a critical acceptance criterion by the consumers. A major part of 

the foodstuffs is in the form of foams. Examples of foam-based food products are bread, 

beer, ice-cream, and soft drinks. They are rich sources of protein, carbohydrate, and fat, 

which provide a good supply of energy to our body. High nutritional and sensorial 
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characteristics have made foam-based foods more interesting.
[31,68,69]

 In the textile 

industry, water can be replaced by foam during the processing of fabric. Foams easily 

spread over large surface areas that permit a lower wet pickup. In addition, it saves a 

considerable amount of water and the energy required to vaporize water from the treated 

fabrics.
[70,71]

 The study of foam or foam films is important from the research viewpoint 

because it provides a prototype for the fundamental understanding of other soft complex 

materials and various physicochemical processes. 

1.5 Foam rheology 

Rheology is the science of flow and deformation of a material when it is subjected to a 

stress. Study of rheological behavior is important because it provides an understanding 

about the relation between the structure and flow properties, which can be applied to 

design and/or formulate the materials for certain applications. In addition to this, the 

material functions are derived from the relation between stress and deformation (or 

deformation rate), known as constitutive equations. These functions are used to 

characterize the material behaviors in the real situation such as during the process 

operation or application. From a rheological point of view, foams can be considered as a 

fluid that exhibits yield-stress. This is because foam behaves like a solid under low shear 

stress, and it flows like a liquid under high shear stress.
[72-74]

 In other words, it does not 

flow unless a threshold shear stress (or yield stress) is imposed. To characterize such a 

fluid, Bingham
[75]

 or Herschel–Bulkley
[76]

 models can be used, which are given by 

Bingham model:                                              0 K     (1.8) 

Harschel–Bulkley model:                                0
nK     (1.9) 
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where   is the shear stress, 0  is the yield stress,   represents shear rate, K is the 

consistency index, and n is the flow behavior index. The Herschel–Bulkley model reduces 

to the Bingham model when 1n  . Most of the research on foam reveal that 1n  , 

indicating that foams are shear-thinning fluids.
[77,78]

 

 There are two ways to understand the rheological properties of foams. In one 

approach, a detailed structure of foam networks is elucidated, where local stress deforms 

the foam network. Pressure and interfacial forces are responsible for the build-up of the 

local stress. The other approach is the popular continuum description, where suitable 

rheological parameters are obtained by correlating shear stress with the corresponding 

deformation (or deformation rate). 

For the foams undergoing steady flow, the local stress can be obtained by 

performing a temporal average over the pressure and interfacial tension forces acting on a 

surface element at a fixed position, and this is given by
[79,80]

 

   
1

1
N

k k ij ij i j

k

P V n n dS
N V N V


   



      
(1.10) 

where Pk is the gas pressure and Vk is the volume of the k
th

 bubble, N is the total number 

of bubbles in the foam sample, V  is their average volume,   is the interfacial tension, 

and n is a unit vector normal to the interface. The integration is carried out over all the 

interfaces so that the entire volume can be covered. 

Local strain is developed by the coarsening of the foam. In coarsening, the larger 

bubbles grow at the expense of smaller ones. Consequently, the edges of the bubbles 

change. When the edge length is reduced to zero, an unstable configuration is obtained 
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and neighbor-switching rearrangements occur. Such sudden topological changes are 

known as T1 processes.
[10]

 During this process, the local configurations remain stable and 

Plateau’s rules are followed. Khan and Armstrong,
[81]

 and Kraynik and Hansen
[82]

 have 

illustrated this phenomenon in detail by using a 2D model, as shown in Figure 1.5. The 

figure shows the deformation for unstrained 2D foam (Figure 1.5a) in which each film 

has the same length, which are labeled as 1, 2, and 3. As the foam cells deform, the three 

liquid films continue to meet at the angle of 2π/3. If the strin is further increased, side “3” 

shrinks while the sides “1” and “2” elongate. Consequently, a critical strain is reached 

when side “3” reduces to zero length (Figure 1.5c). After the T1 processes, foam cells 

reform by neighbor-switching rearrangement (Figure 1.5d). The T1 processes not only 

occur by coarsening, but may also be induced by imposing shear strain. Several 

researchers
[83,84]

 have reported that the T1 processes in 3D are more complex. This is 

because the bubble vanishes when the entire gas is transferred to its neighbors. Such 

topological changes are called T2 processes. To deal with the rheology of foams in 3D, a 

continuum approach is used, where foams are considered at the macroscopic level. On 

the macroscopic scale, the deformation can be expressed in term of strain. Consider that a 

sample is placed between two parallel plates having a fixed separation. The bottom plate 

is fixed and the top plate is set under motion. The strain can be defined as the 

displacement of the top plate over its thickness. In other words, strain can be determined 

by comparing the previous (x) and present ( )x  positions of the sample elements. When 

the strain is very small or rheology is studied in the linear regime, strain can be expressed 

more conveniently by the infinitesimal strain tensor (e). On the other hand, to study the 

rheological behavior in the non-linear regime, the strain tensor can be expressed by the  
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Figure 1.5 Graphical depiction of the deformation of two-dimensional hexagonal foam 

cells under imposed shear stress. The magnitude of strain is increased from the left to 

right  [i.e. (a) to (d)]. 

 

deformation gradient tensor (F), the Finger strain tensor (B), or the Green (or Cauchy–

Green) tensor (C).
[85]

 

   1
; ; ;

2


    



T T Tx
F=              e F F I              B=F F              C=F F

x
 

(1.11) 

where I is the unit tensor. Strain (i.e. deformation) is usually used to characterize the 

solid-like behavior. However, to express the liquid-like behavior in steady state shear 

flow, deformation rate is the more suitable term, which is given by 

    2   
T

D v + v   
(1.12) 

where  v  is the velocity gradient tensor. 

The steady flow behavior of foam does not depict its evolution with time. 

However, it is a well known fact that the structure of foam changes with time via three 

mechanisms, i.e. film drainage, bubble coarsening, and bubble coalescence. The effect of 

time should be taken into account during the rheological study. For this purpose, transient 

flow of foam is to be induced by imposing oscillatory flow. Oscillatory shear is often  
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Figure 1.6 A schematic representation of two types of material response, i.e. a Hookean 

spring (for elastic solid) and a Newtonian dashpot (for viscous liquid). 

 

used to characterize the viscoelastic behavior of a material.
[86]

 From the energy point of 

view, a viscoelastic material has both viscous (i.e. liquid-like) as well as elastic (solid-

like) properties. Most commonly, viscoelasticity is studied by imposing a sinusoidal 

strain or stress on the material, and the corresponding stress or strain is measured. A 

constitutive relation between the stress and strain is developed. This relation gives the 

material functions, which are used to describe their viscoelasticity. This approach 

measures the relative contributions of viscous and elastic response. 

A convenient way of modeling viscoelasticity is by using the Hookean spring and 

the Newtonian dashpot. The Hookean spring is a representation of a perfect solid, which 

stores the energy when it is deformed. On the other hand when a perfect liquid is 

deformed, all the energy dissipates to maintain its flow behavior. This is represented by 

using a dashpot, as shown in Figure 1.6.  

A perfect solid obeys Hooke’s law and a perfect liquid obeys Newton’s law, as 

given below  
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Hooke’s law 1 1G   (1.13) 

Newton’s law 2 2   (1.14) 

where G  is the Young’s modulus of elasticity and   is the viscosity. When these 

elements are combined in series, the resulting model is known as the Maxwell model,
[87]

 

as shown in Figure 1.7. In this model, when a shear stress    is applied, the resulting 

deformation    will be the summation of deformations caused by both the elements. The 

stress on both the elements will be the same and equal to the applied stress, given by 

   1 2     (1.15) 

   1 2     (1.16) 

Using Eqs. (1.13)  (1.16), the Maxwell model is given by 

t


  


 


 

(1.17) 

where G   is the characteristic time of the material, known as the relaxation time.  

When a sinusoidal strain is imposed by applying a sinusoidal shear stress of frequency. 

 , the elastic and viscous contributions can be observed by two material functions, i.e. 

storage modulus  G  and viscous modulus  G , respectively, which are defined as 

follows:  

2

2 2 2 2
,

1 1
G G

  

   
  

 
                  

(1.18) 

Similarly, when a Hookean spring and a Newtonian dashpot are connected in parallel, it 

results in the Kelvin–Voight model, where the total stress is the summation of the  
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Figure 1.7 A mechanical representation of the Maxwell and the Kelvin–Voight models. 

 

individual stresses. But, they have the same deformation. To understand the viscoelastic 

behavior, G  and G  are measured in two ways, i.e. by amplitude sweep and frequency 

sweep experiments. In the amplitude sweep experiment, both the moduli are measured as 

a function of shear strain, where frequency is kept constant. On the other hand, in the 

frequency sweep experiment, they are measured as a function of frequency at a constant 

amplitude. The amplitude sweep experiment is used to find out the range of viscoelastic 

regime. At a low strain, the material shows linear viscoelastic behavior, and it shows 

nonlinear viscoelastic behavior at high strain.  In the linear regime, no neighbor-

switching rearrangement (i.e. T1 processes) occurs.
[88]

     

Several researchers
[89-91]

 have studied foam rheology of commercial products, 

such as the Gillette foam. The viscoelastic behaviors of foams are similar in many aspects 

to that of the other structured soft colloids such as concentrated emulsions
[92-94]

 and soft 

pastes
[95]

. Although foam rheology has been studied by the standard methods of 
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rheometry,
[85]

 a major drawback of this method is wall-slip during the measurement. 

Ideally, when foam flows between two smoothed parallel plates, its velocity near the 

plates is same as that of the plates. However, in many practical situations, the wall slip is 

very common in the multi-phase fluid flow.
[96-100]

 When foam is allowed to flow by 

imposing a shear stress, the foam films near the bottom plate get penetrated. Thereafter, 

the liquid in the films creates a thin layer, which behaves like a lubricant. This is known 

as the “slipping layer”, which produces a large velocity gradient. The lubricating effect 

causes the wall-slip. Consequently, the foam velocity mismatches with the plate velocity. 

Because of the wall-slip, the rheological measurements will vary when the size or gap of 

the geometry is changed. Let us consider a parallel plate geometry as shown in Figure 

1.8, where the top plate is rotated with an angular velocity  , and the bottom plate is 

stationary. The deformation    and deformation rate    for the gap, ph , is given by 

,
p p

s s

h h


 


                        

(1.19) 

where   is the angular displacement and s is the radial distance from the axis of rotation. 

These expressions show that   or   varies with the gap between the plates, and the shear 

stress is a function of   and  , i.e. Hooke’s and Newton’s laws [Eqs. (1.13) and 1.14]. 

Consequently, the shear stress also varies with gap. Therefore, the rheological 

measurements show gap dependence.   

For correct masurements of foam rheology, the wall-slip must be avoided. To 

prevent the wall-slip, several authors have recommended to use roughened 

surfaces.
[101,102]

 The surfaces can be roughened by using a sandpaper or by sand blasting.  
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Figure 1.8 A schematic depiction of a parallel plate geometry. 

 

Additionally, to avoid the wall-slip, the material between the parallel plates can be 

squeezed slightly by applying a normal force.
[103]

 Yoshimura and Prud’homme
[104]

 

measured the rheological properties at different gaps and then took their average, which 

gave the true results. A detailed review on wall-slip is given by Cloitre and 

Bonnecaze.
[105]

 

Due to the ease of varying the gap between the parallel plate geometry, it is 

widely used in the rheometry of multiphase systems, such as foams and emulsions. 

However, it shows a heterogeneous deformation because   and   vary linearly with 

radial distance, as can be observed from Equation 1.19. The heterogeneous deformation 

can also affect the flow behavior and deviation from true results can occur. Therefore, to 

avoid the heterogeneity in a steady shear flow, the stress needs to be corrected at the rim 

of the plate by using the Rabinowitsch
[106]

 method, given by  

 3

2 3 1 ln

4 4 ln
R

pp

M d M

d RR




 
  
 
 

 

(1.20) 
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where M is the torque and Rp is the radius of the parallel plates. For ideal materials, 

 ln ln 1pd M d R  , and Equation 1.20 reduces to 

3

2
R

p

M

R



  

(1.21) 

This equation is used in rheometry, which should be corrected according to Equation 1.20 

by determining  ln ln pd M d R . For transient flow, Soskey and Winter
[107]

 proposed a 

similar correction for shear stress to that given in Equation 1.20. For oscillatory flow, this 

correction is made on the basis of a suitable model such as the Giesekus
[108]

 constitutive 

equation.
[109-111]

. Carvalho et al.
[112]

 have proposed an alternative approach to calculate an 

approximate values for material functions by using a single-point correction technique. 

Yoshimura and Prud’homme
[104]

 developed a method of obtaining true rheometry values 

by calculating the slip velocity at different gaps. Various researchers
[113,114]

 have 

developed different approaches to deal with the true shear stress in parallel plate 

geometry when the deformation is large. 

1.6 Two dimensional systems  

1.6.1 Forces between surfaces 

As per the IUPAC definition, colloid is a material which has at least one length scale 

between 1 nm and 1 µm. Foams are one of the most common colloid systems. As the size 

of these systems is reduced, the surface area to volume ratio increases. In the colloidal 

domain, the size is so small that this ratio becomes significantly large, and a high 
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percentage of molecules lie at the surface. Therefore, the surface forces significantly 

determine the stability and properties of foams. 

 In the initial stages after the formation of foam, the gravitational and capillary 

forces are responsible for the drainage of the films, which cause them to thin. Based on 

the studies on the thin liquid films, it has been found that when a film reaches a thickness 

of ~20 nm, apart from the gravity and capillary forces, surface forces begin to play a 

significant role. Surface forces have a molecular origin, and they are expressed in terms 

of the disjoining pressure.
[115]

 In an equilibrium film, the disjoining pressure is balanced 

by the capillary pressure given by Equation 1.1. 

1.6.1.1 Derjaguin approximation 

To understand the interaction between two bubbles separated by a thin liquid film, the 

Derjaguin approximation
[116]

 is usually used. It states that the energy of interaction, E, 

between two bodies across a film of uneven thickness is related to the interaction energy 

due to surface forces,  f h , per unit area of a plane-parallel film. For two spheres of 

radii r and R (see Figure 1.4a), the relation between E and  f h  is give by 

   0
2

i
h

rR
E h f h dh

r R




 
  

 
  

(1.22) 

The Derjaguin approximation is valid if the separation between the two surfaces is 

much smaller than the radii of curvature of the surfaces. Thus, the surface force between 

two surfaces separated at a distance 0h  across the thin liquid film can be related to the 

disjoining pressure as
[117]
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   
0

0

h

f h h dh



   

(1.23) 

1.6.1.2 van der Waals forces 

All atoms in a liquid or gas attract each other due to the van der Waals forces. The 

electron clouds in these atoms fluctuate, and they create a dipole instantaneously. The 

dipole radiates an electromagnetic field that attracts other atoms around it. The atoms of a 

colloid polarize the atoms of another colloid in such a way that they attract each other. In 

fact, the van der Waals forces represent an average dipoledipole interaction, which is a 

superposition of three terms: orientation interaction, induction interaction, and dispersion 

interaction. Orientation interaction is also called the Keesom force, which is the 

interaction between two permanent dipoles. Induction interaction is also known as the 

Debye force, which is the interaction between a permanent dipole and a induced dipole. 

The dispersion interaction is known as the London dispersion force, which is the 

interaction between two induced dipoles. The London dispersion force is the most import 

van der Waals force in most colloidal systems. 

For two plane-parallel surfaces separated by a distance h, the disjoing pressure 

due to van der Waals force  v  can be expressed as
[118]

  

36

H
v

A

h
    

(1.24) 

where HA  is known as Hamaker constant. The Hamaker constant is calculated for the 

surfaces whose gap must be larger than the molecular dimensions. The Hamaker 

theory
[118]

 is a traditional approach to determine the Hamaker constant by considering the 
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interaction as pairwise additive. If the interaction between two surfaces, 1 and 2, is being 

considered, then the Hamaker constant is given by 

2 1,2
1 2H LA n n A  

(1.25) 

where 1n  and 2n  are the number of molecules per unit volumes of the two bodies 1 and 

2, respectively, and LA  is their London dispersion force constant. Because of the pairwise 

additive method, this approach is suitable if only the London dispersion force is present. 

The Keesom and Debye interactions are neglected since the range of their action is very 

small.
[119]

  

 The modern apparoach of computing the Hamaker constant is by using the 

Lifshitz theory.
[120]

 This approach is based on the quantum field theory, where pairwise 

additivity is completely avoided. This theory is particularly suitable in calculating the 

Hamaker constant for two surfaces made of materials 1 and 2, interacting across a thin 

liquid film made of material 3. As per this theory, the Hamaker constant can be 

calculated from the following equation.
[121]

 

  

       

2 2 2 2
1 3 2 31 3 2 3
1/ 2 1/ 2 1/ 21 3 2 3 2 2 2 2 2 2 2 2

1 3 2 3 1 3 2 3

33

4 8 2

e
H

hkT
A

       

   
       

 
         

                      
    

 

 

(1.26) 

where id  (i = 1, 2, 3) are the dielectric constants, i  (i = 1, 2, 3) are the refractive 

indices, e  is the main electronic adsorption frequency in the ultraviolet region, T is the 

absolute temperature, and k and h are Boltzmann’s and Planck’s constants, respectively. 

The contribution of the Debye and Keesom interactions has been included in the first 

term of Equation 1.26. The second term represents the London dispersion interaction. 

TH-1878_136107003



Chapter 1  

 

27 
 

Therefore, for a thin liquid film, the Hamaker constant can be determined from the 

refractive index, dielectric constant, and adsorption frequencies of the materials. 

1.6.1.3 Electrostatic double layer force 

The air–water interfaces bear a fixed charge when dispersed in a polar liquid like water. 

Sometimes, ionic surface active agents provide surface charges. To maintain the 

electroneutrality of the interfaces, the same amount of oppositely charged counterions 

develops surrounding the interface. The counterions are organized in the two adjacent 

layers surrounding the interface (or particle) as shown in Figure 1.9. The first layer (close 

to the interface) consists of ions adsorbed onto the interface due to the Coulom attraction,  

 

 

 

Figure 1.9 A schematic diagram of electrostatic double layer and variation of potential 

from the  surface with distance. 
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which is known as Stern layer. In this layer, the counterions remain stationary and move 

with the interface. The second layer (beyond the Stern layer) of the counterions undergo 

thermal fluctuation, which is termed as diffuse layer. the arrangement of counterions in 

these two layers constitutes the electrostatic double layer. Unlike the Stern layer, the 

counterions are loosely associated in the diffuse layer. Hence, the charge density of the 

counterions close to the interface is relatively high, and it decreases with the distance 

from the interface. The electrostatic double layer was initially explained by Helmholtz 

with a simple capacitor model.
[121]

 In this model, the counterions move as close as 

possible to the and form a sheet of counterions. Helmholtz’s model predicts a linear 

potential drop across the double layer region resulting in a constant electrostatic field (i.e. 

the derivative of potential with distance). This model did not accurately represent a real 

system. Gouy and Chapman incorporated the thermal fluctuations in the Hemholtz’s 

model. They derived an equation for the potential of the diffuse layer. However, this was 

not suitable at high potential or high ion concentration. Stern combined the ideas of 

Helmholtz, and Gouy and Chapman, and developed a double layer model including a 

fixed charge plane near the surface and a diffusion layer adjacent to the plane. The 

Helmholtz and the Gouy–Chapman theories are the two extreme cases of the Stern’s 

model. In a system with low electrolyte concentration, the thickness of the diffuse layer is 

relatively large. Therefore, the influence of the Helmholtz layer is not significant. 

However, at high surface potential or high electrolyte concentration, the ions are more 

tightly compressed in the Stern layer. The Stern’s model predicts the general features of 

ion distribution in real systems.  The interaction between two charged bodies approaching 

each other is described by the Coulomb’s law. This interaction becomes complicated  
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Figure 1.10 The potential profiles during the overlap of diffuse double layers 

of two charged flat surfaces approaching each other. 

 

 

when the intervening medium (i.e. water) contains ions. When two charged surfaces 

approach each other in an aqueous medium, the electrostatic double layers on their 

surfaces overlap. This creates a repulsive force between the approaching surfaces. The 

potential profile    developed for two approaching charged surfaces is shown in Figure 

1.10. The potential profiles in the individual double layers are shown by the dotted 

curves. The solid curve representing the potential profile (when the double layers 

overlap) indicates that the potential reaches its minimum value  m  at 0 2h h  where 

0d dh  . The disjoining pressure between two flat surfaces due to electrostatic double 

layer can be described by the following equation.
[122]

 

 2
064 tanh exp

4

s
e s

ze
R Tc h

kT


  

   
 

 
(1.27) 
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where z is the valence of the electrolyte in the solution. It is evident that e  depends on 

c  (i.e. the concentration of electrolyte in the bulk solution). Gregory
[123]

 has shown that 

m  can be obtained by the linear superposition approximation, given by 

0
1 2 2

2m x h
   


    (1.28) 

When the Derjaguin approximation is applied to Equation 1.27, the electrostatic double 

layer interaction between two spheres of radius rs can be determined by using the 

following equation.
[57]

 

 1 2
064 tanh exp

4

s
e s

ze
r RTc h

kT


     

   
 

 
(1.29) 

where 
1  is called the Debye–Hückel characteristic length.  

It is difficult to determine the surface potential  s  experimentally. The zeta 

potential    gives an idea of the surface potential that can be measured from the 

electrokinetic phenomena (e.g. electrophoresis, electroosmosis, streaming potential, and 

sedimentation potential). The zeta potential is defined as the electrical potential at the 

plane of shear that separates the stationary counterions in the Stern layer and the mobile 

counterions in the diffuse layer.
[124,125]

 When a particle moves in an electric field, the 

liquid layer immediately adjacent to the particle moves with the same velocity as the 

surface, i.e. the relative velocity between the particle and the fluid is zero at the surface. 

For a spherical colloid particle moving with velocity u in an electric field U in a dilute 

dispersion, the electrophoretic mobility is given by the Debye–Hückel equation
[126]
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02
,       0.1

3
s

u
r

U

 



   

(1.30) 

where  is the dielectric constant of the medium and 0   is the permittivity of free space. 

For large values of sr , the relationship between the electrophoretic mobility and  -

potential is given by Helmholtz–Smoluchowski equation  

0 ,       100s
u

r
U

 



   

(1.31) 

1.6.2 The DLVO and non-DLVO theories 

In a foam, the disjoining pressure balances the pressure difference across the 

bubbles.
[115,127]

 The net disjoining pressure    between two surfaces is given by the 

disjoining pressures due to the van der Waals  v  and the electrostatic double layer 

forces  e .
[115,127-129]

 

  v eh     (1.32) 

Equation 1.32 is based on the Derjaguin–Landau–Verwey–Overbeek (DLVO) 

theory.
[122,130,131]

 It takes into account the attractive and repulsive interactions between the 

two interfaces as shown in Figure 1.11. However, when the two surfaces approach closer 

than a few nanometers, the classical DLVO theory is often insufficient.
[132]

 The failure of 

this theory is due to the fact that other non-DLVO forces start operating between the 

surfaces, which prevent the film from upture due to the primary minimum of the DLVO  
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Figure 1.11 DLVO interaction enrgy profile. 

 

interaction energy profile. Non-DLVO forces depend on the nature of surface and the 

type of surfactant present. The non-DLVO forces (e.g. hydration and structural forces) 

play significant roles when the surfactant head-groups are hydrated and the nanoparticles 

are present.
[133,134]

 A third term incorporating the disjoining pressure due to the short-

range repulsions  s  may be included in Equation 1.32, given by  

 1 2exps C C h    (1.33) 

where C1 and C2 are constants, which are chosen in such a way that the disjoining 

pressure curve has an almost infinite slope when the separation between the surfaces is 

less than 6 nm,
[133]

 as shown in Figure 1.12. 

In foams, the bubbles are separated by thin liquid films containing surfactant (and 

particles). When the particle concentration is sufficiently high, they have a strong 

tendency to form ordered layers in the film.
[135]

 The overlap of these layers leads to a 

structural force, which is an additional stabilizing force in the thin liquid film.
[136]

 During  
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Figure 1.12 Short range non-DLVO forces. 

 

the drainage, as the film thickness reduces to a few particle diameters, stepwise thinning 

of the film occurs, which is known as stratification.
[137,138]

 Similar phenomena have been 

reported for micellar solutions.
[135,139]

 The packing of particles influences the interaction 

between surfaces. The effect of particle packing on the stability of the thin liquid film is 

schematically shown in Figure 1.13. Structural force is important when colloidal particles 

are present in the thin liquid film. A positive disjoining pressure indicates that there is a 

repulsion between the surfaces, which occurs when the packing layers are ordered as 

shown by “b”, “d”, and “f” in Figure 1.13. A negative disjoining pressure represents an 

attraction between the surfaces that occurs when the packing layers of the particles in the 

liquid film are randomly ordered as shown by “c”, “e”, and “g” in Figure 1.13. When the 

film thickness just exceeds the particle diameter, there is a structural stabilization barrier 

(represented by “b”), whose height increases with the concentration of the particles. The 

presence of such a barrier has a significant implication on the stability of foams.
[140]

 

When particles are completely drained out of the liquid film, the film thickness reduces to  
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(a) 

 

(b) 

 

Figure 1.13 (a) Consecutive stages of thinning of a film containing spherical particles, 

and (b) the respective oscillatory structural disjoining pressure. 

 

less than the particle diameter. In this case, the net attractive force is induced by the 

osmotic pressure difference between the liquid phase and the film (indicated by “a” in 

Figure 1.13).
[141]

 Additionally, this is the range where the short range non-DLVO forces 

operate between the surfaces (Equation 1.33).      
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 However, when particles are attached at the surfaces, i.e. complete drainage of 

particles does not occur, they are trapped between the surfaces as shown in Figure 1.14. 

In this case, the nanoparticles deplete the surfaces resulting in an attractive depletion 

force, which is also known as Asakura–Oosawa depletion attraction.
[20]

 This force causes 

film rupture, which leads to bubble coalescence. According to another theory,
[142]

 as the 

thickness continues to reduce below the particle diameter, the plane surfaces deform into 

meniscus. Consequently, the capillary pressure increases. The maximum capillary 

pressure  max
cP  occurs at the onset of coalescence. It is given by

[143,144]
 

max 2
coscP p

R




 
  

 
 

(1.34) 

where p is a packing parameter that depends on the concentration and orientation of the 

particles in the thin liquid film. This equation describes the case when the two menisci 

just touch each other (i.e. the film thickness reduces to zero). 

 

Figure 1.14 A schematic diagram of particle between the two surfaces in a thin liquid 

film.   

TH-1878_136107003



Chapter 1  

 

36 
 

1.6.3 Surfactant and particles at the interfaces 

Like the surfactant molecules, particles can adsorb at the fluid–fluid interfaces. 

Therefore, they can act as a surface active agent. However, unlike the surfactant 

molecules, particles do not alter the surface tension when they adsorb at the interface.
[145]

 

Additionally, most of the particles are not amphiphilic except the Janus particles. These 

particles are surface active as well as amphiphilic, and the surface consists of two 

separate regions of different wettability.
[146-148]

 Their potential as a stabilizing agent for 

foams was first realized by Ramsden
[18]

 and Pickering
[149]

 in the beginning of the last 

century.    

 In the case of surfactant-stabilized systems, the hydrophilic and hydrophobic 

tendencies of the surfactant molecules are quantified by the hydrophilic–lipophilic 

balance (HLB). The HLB value decides the dispersed and continuous phases.
[150,151]

 For 

example, a surfactant of high HLB value is soluble in the aqueous phase, which becomes 

the continuous phase. Therefore, it is suitable for stabilizing foams, where water is the 

continuous phase. Similarly, in the case of particle-stabilized systems, the hydrophilic 

and hydrophobic tendencies are quantified by wettability, which can be represented by 

the contact angle   . This is a key parameter to express the adsorption mechanism of 

particles at the interface. It is measured through the aqueous phase. For hydrophilic 

particles, o90   and a larger fraction of the particle surface resides in the aqueous phase 

than in the air phase, as shown in Figure 1.15. Consequently, the interface bends towards 

the air or oil phase and forms the foams. For hydrophobic particles,   is usually greater 
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than 90
o
 and the major portion of the particle surface resides towards the hydrophobic 

environment (i.e. air).  

Surface properties of the particles are important for understanding their adsorption 

mechanism at the interfaces. Pure hydrophilic or hydrophobic particles do not adsorb by 

their own. They must be partially hydrophilic or hydrophobic, which enables them to 

adsorb at the interfaces. There are two ways of changing the surface properties of the 

particles, i.e. chemical modification and addition of a surfactant. Binks and 

Lumsdon
[152,153]

 have studied the surface properties of hydrophilic silica particles in 

which the surface silanol (SiOH) groups were converted to more hydrophobic groups by 

reaction with silane reagents. Another way of changing the surface properties of particles 

is by adding a suitable surfactant.
[23,154-157]

 For example, hydrophilic silica particles have  

 

Figure 1.15 A schematic illustration of the position of a spherical particle at the air–

water interface for o90   (top left) and o90   (top right). The corresponding 

(probable) positioning of the particles at a curved air–water interface. 
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negative charge at their surface. When a cationic surfactant (e.g. HTAB) is added to the 

solution, it adsorbs onto the surface of the particles due to electrostatic interaction 

between them. Consequently, the particles are surrounded by the hydrophobic tails of the 

surfactant molecules, which help to increase the hydrophobicity of the particles. 

Thereafter, particles of diameter between a few nanometers and a few micrometers can 

strongly attach to the interfaces.
[158]

 

 Unlike surfactant molecules, once the particles adsorb, they are strongly held at 

the interface. Particles deform the shape of the fluid–fluid interfaces, which gives rise to a 

capillary interaction between the particles and the interface. The capillary interaction 

determines the position of the particles at the interface. The stability of the particles at the 

air–water interface can be quantified by the minimum energy  E  required to remove 

them from the interface, which is given by
[159-161]

 

 
22= 1 cossE r     

(1.35) 

where E  depends on the radius of the particle (rs), surface tension   , and contact 

angle   . In other words, the surface energy is reduced by E  when a particle adsorbs 

at the air–water interface. The removal of a hydrophilic particle from the air–water 

interface to the aqueous and air phases is signified by the negative and positive signs, 

respectively. E  is related not only to the contact angle, but also to the surface tension. 

The contact angle of a particle at the interface can be determined by Young–Dupré 

equation, given by 
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1 2cos      (1.36) 

where 1  and 2  are surface tension of phase 1 and 2, respectively. Particles are trapped 

at the interfaces by their lateral capillary energy, which is caused by the deformation of 

the interfaces. The capillary interaction increases with the extent of deformation.
[162]

 Clint 

and Taylor
[163]

 derived the following equation to determine the contact angle of particles 

at the interface from the surface pressure–area isotherm.  

1 2
2 3

cos 1c


 
   

 

 

(1.37) 

Nevertheless, hydrophobic particles are sometimes used as antifoaming agents. 

When the size of the particles is larger than the film thickness, bridging of the film 

occurs, which penetrates the air–water interfaces. Due to the capillary force and large 

contact angle, the liquid then drains out from the foam films, which is known as de-

wetting.
[164]

  

1.6.4 Interfacial shear rheology 

Colloidal systems, such as foams, have high specific surface area. Therefore, their 

dynamic behavior and stability can be affected significantly by varying the interfacial 

properties. Interfacial phenomena can be controlled by using surfactant, and sometimes 

by particles. Several researchers
[165-168]

 have studied the rheology of the surfactant-

covered air–water interfaces.
[169-171]

 An approximate morphology of the interface can be 

determined by this method. Phenomena such as film drainage,
[172]

 Ostwald-ripening,
[173]

 

and coalescence
[174]

 can be understood from the interfacial rheological data.
[58,175]

 Thus, it 
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can be an important tool for understanding the stability of foams.
[176]

 It also illustrates the 

adsorption kinetics of surfactants and particles from the bulk phase.  

There are two types film at the interface, i.e. a spread film and an adsorption film. 

When small surfactant molecules adsorb at the interface from the bulk phase, they form a 

Gibbs monolayer. On the other hand, macromolecules, such as long-chain polymers or 

proteins, high molecular weight fatty acids, and nanoparticles form Langmuir monolayers 

when their solutions are spread over the surface. To characterize a Langmuir monolayer, 

the Langmuir–Blodgett trough is often suitable, where the surface pressure is measured 

by compressing or/and expending the monolayer. Moreover, in many practical situations, 

the interface undergoes mechanical perturbations by changing its size and shape. The 

response of the interface to a change in its size at constant shape is studied by interfacial 

dilatational rheology, whereas interfacial shear rheology is the study of the response of 

the interface to a change in their shape while the area remains constant. In this thesis, the 

primarily focus is on the response of the interface against shear deformation. The 

interfacial shear rheology can be considered as a 2D analog of bulk rheology because it 

uses similar rheological concepts as that for the bulk materials.
[58]

 However, this has a 

few notable restrictions. For instance, the shear deformation should not induce a radial 

flow at the interface. The bulk effect on the interfacial flow (i.e. the effect of coupling 

interfacial flow with the adjacent sub-phase liquid) should be avoided. This effect can be 

expressed by the Boussinesq number (Bo), which is the ratio of the surface to bulk 

viscous effects, defined by    
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 1 2

Bo s

L



 



 

(1.38) 

where s  is the surface viscosity, 1  and 2  are the viscosities of the top and the bottom 

fluids, respectively, and L is a geometrical factor determined by the geometry used. 

Theoretically, if the value of Bo is larger than unity (i.e. for the Langmuir monolayer) the 

interface shows a dominating response against shear deformation, and the interfacial 

shear viscosity strongly influences the nature of bulk flow near or at the interface. 

Various geometries are available, which can be used for characterizing the interfacial 

shear rheology, such as double wall ring,
[177]

 bicone disk,
[178]

 and magnetic-needle.
[179]

 To 

study interfacial shear rheology, the interface is allowed to flow by the rotational 

movement of the solid geometry within the interface. The interfacial stress response  s  

to the interface is directly proportional to the imposed interfacial strain  s  or strain 

rate, given by 

s
s s s s

d
G

d t


     

(1.39) 

where sG  and s  are the shear modulus and viscosity of the interface, respectively. For 

an oscillatory shear flow in the linear viscoelastic regime, the stress response to the 

interface can be given by a complex interfacial shear modulus  *
sG . This is represented 

as shown below. 

     *
s s sG G iG      

(1.40) 
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where   is the frequency of oscillation, and sG  and sG  are the real and imaginary parts 

of the complex modulus, which represent the elastic (i.e. storage modulus) and viscous 

(i.e. loss modulus) components of the interface, respectively. 

Safouane et al.
[180]

 have studied interfacial shear rheology at the air–water 

interfaces containing fumed silica particles. They have measured the oscillatory shear 

moduli (i.e. sG  and sG ) by varying particle hydrophilicity. For very highly hydrophilic 

particles, the oscillatory shear moduli were negligible, whereas for partially hydrophilic 

particles, sG  was found to be greater than sG . They also observed a gel point where both 

the moduli were same. Cicuta et al.
[181]

 have found that the interface formed by charged 

latex particles exhibited predominantly viscous behavior (i.e. s sG G  ) when the surface 

coverage was high. They have also pointed out that the nature of the stress response to 

the interfacial deformation for hard and soft particles (i.e. protein molecule) was very 

similar, although they had very different interaction potentials. Most studies on interfacial 

shear rheology were at regimes where the shear stress and strain (or strain rate) were 

linearly dependent.
[182-184]

 

The interfaces containing solid particles often show nonlinear viscoelastic 

behavior even at low deformations or deformation rates. In other words, the range of 

linear viscoelastic regime is very small because the microstructure at the interface 

changes easily by applying even a small shear stress. However, in many practical 

scenarios (e.g. during the formation and processing of foams), large and fast 

deformations are encountered. Therefore, to deal with real life phenomena pertaining to 
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the interfaces, the study of nonlinear rheological behavior of the interfaces is highly 

important. 

There are several ways to study interfacial shear rheology at large deformations, 

e.g. by analyzing the storage  sG  and loss moduli  sG  as a function of strain 

amplitude, which is commonly known as amplitude sweep experiment.
[185]

 Recently, 

Lissajous–Bowditch curves have become very popular for characterizing nonlinear 

viscoelastic behavior, where the stress responses are plotted against the imposed strain 

(or strain rate).
[186]

 These are termed as elastic (or viscous) Lissajous–Bowditch curves. 

This is a geometrical approach, in which the behavior of the air–water interface is 

characterized by analyzing the shape of the Lissajous–Bowditch curves. Because of the 

symmetry of the Lissajous–Bowditch curves, Cho et al.
[187]

 suggested a method of 

decomposing the stress response into their elastic and viscous counterparts at large 

deformation, which was further improved by Yu et al.
[188]

 Due to the involvement of 

higher harmonic terms, the detailed explanation of the Lissajous–Bowditch curves is not 

yet fully understood. Only a few works have been reported on the nonlinear viscoelastic 

behavior of the air–water interfaces using the Lissajous–Bowditch curves.
[189-192]

 

However, many works have been conducted on the nonlinear viscoelastic behavior of 

bulk materials.
[193]

 Such information may be useful for analyzing the air–water interface. 

Despite the detailed study of the rheology of the interfaces containing surfactant-laden 

particles, it still poses some challenges, and the current knowledge is far from complete 

enough for practical applications. 
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1.7 Outline of the thesis 

Each chapter of this thesis deals with a specific parameter, which is important in foam 

stability. The literature relevant to these aspects is reviewed separately in the 

corresponding chapter. The structure of the thesis is described below. 

Chapter 1 (Introduction): This chapter gives a general background, review of 

literature, and discussion on various topics, such as surfactants, nanoparticles, 

foam formation and the structure of foams, foamability and foam stability, 

application of aqueous foams, foam rheology, DLVO and non-DLVO theories, and 

interfacial rheology. The objectives of the research are presented. 

Chapter 2 (Materials and Experimental Methods): In this chapter, the details of 

materials used in this work are given. The methods of sample preparation are 

explained. The detailed information about the equipment used in this work is 

given. The procedure for conducting the experiments is described. 

Chapter 3 (Foaming in Aqueous Solutions of Hexadecyltrimethylammonium 

Bromide and Silica Nanoparticles: Measurement and Analysis of Rheological 

and Interfacial Properties): In this chapter, we have reported the properties of 

aqueous foams stabilized by a mixture of negatively-charged silica nanoparticles 

and the cationic surfactant, HTAB. The effects of HTAB on the stability of foams 

in the presence of the nanoparticles are reported. The rheological behavior of 

foams as well as that of the air–water interface is explained. The interaction 

between the nanoparticles and the surfactant molecules in the bulk phase is studied 
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by zeta potential and size measurement of the particles. The interaction at the 

interface is studied by means of interfacial shear rheology, surface pressure 

measurement, and atomic force microscopy. Finally, a suitable mechanism is 

proposed to elucidate the adsorption of surfactant-laden particles from the aqueous 

phase to the air–water interface.   

Chapter 4 (Effect of Silica Nanoparticles on the Stability of Aqueous Foams): In this 

chapter, the effect of silica nanoparticles on the stability of foams in the presence of 

different concentrations of HTAB is discussed. The foams are characterized by 

measuring their foamability and stability. Rheological behavior of the foams is also 

reported. Furthermore, rheology of the air–water interface is studied in the linear and 

nonlinear deformation range. The nonlinear viscoelastic behavior is analyzed by using the 

Lissajous–Bowditch curves. The thickness and the microstructure of the monolayer at the 

air–water interface are measured by ellipsometry and BAM. The actual size of the silica 

nanoparticles at the air–water interface is measured by TEM. Based on these 

measurements, the interaction between the monolayers across the foam film containing 

HTAB and nanoparticles is explained. 

Chapter 5 (Nonlinear Viscoelastic Behavior of Aqueous Foam under Large 

Amplitude Oscillatory Shear Flow): In this chapter, the LAOS behavior of foam 

stabilized by a mixture of HTAB and silica nanoparticles is presented. The LAOS 

behavior of foam is described by analyzing the stress-response waveforms and the 

Lissajous–Bowditch curves obtained by shearing the foam at different amplitudes of 

oscillation. These curves are fitted by using Fourier transform rheology and Chebyshev 
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polynomials to understand the contribution of the higher harmonic terms in the LAOS 

flow. Finally, the intracycle LAOS behavior of foam is interpreted by a sequence of 

physical processes. 

Chapter 6 (Summary and Scope for Future Work): This chapter summarizes the 

important findings from this work and suggests ideas for future research. 

Nomenclature 

Symbols 

A surface area of bubble, m
2
 

HA   Hamaker constant, J 

LA  London dispersion force constant, J m
6
 

B finger strain tensor 

Bo Boussinesq number 

c  concentration of ions in the bulk solutions, mol m
–3

 

C Cauchy–Green tensor 

D diffusion constant, m
2
 s

–1
 

e infinitesimal strain tensor 

E interaction free energy, Pa m 

f surface force, Pa m 

F number of faces of a bubble 

F deformation gradient tensor 

F  average number of faces 
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G Young’s modulus, Pa 

G  storage modulus, Pa 

G  loss modulus, Pa m 

Gs interfacial shear modulus, Pa m 

sG  real part of interfacial complex modulus, Pa m 

sG  imaginary part of interfacial complex modulus, Pa m 

*
sG  interfacial complex shear modulus, Pa m 

h separation between two bubble surfaces, m 

ph  gap between parallel plates, m 

I unit tensor 

k Boltzmann’s constant, m
2
 kg s

–2
 K

–1
 

K consistency index, Pa s 

L geometrical factor 

M torque, N m 

n flow behavior index 

n unit vector normal to the interface 

1n  number of molecules per unit volume of body 1, m
–3

 

2n  number of molecules per unit volume of body 2, m
–3

 

ne number of edges of bubble in 2D 

en  average number of edges 

N total number of bubbles 

dP  pressure inside bubble, Pa 
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kP  gas pressure of k
th
 bubble, Pa 

lP  pressure outside  bubble, Pa 

r radius of smaller bubble, m 

sr   radius of solid particle, m 

R radius of larger bubble, m 

Rp radius of parallel plates, m   

1 2,  R R  principal radii of curvature, m  

s radial distance from axis of rotation, m 

t time, s 

u electrophoretic velocity of the particle in electric field, m s
–1

  

T temperature, K  

U electric field, V m
–1

 

V volume of bubble, m
3
 

Vk volume of k
th

 bubble, m
3
 

V  average volume, m
3
 

x present position vector 

xʹ past position vector 

z valence 

Greek letters 

  angular displacement, rad 

  surface tension, N m
–1
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1  surface tension of phase 1, N m
–1

 

2  surface tension of phase 2, N m
–1

 

  shear rate, s
–1

 

Rp
  strain rate at edge of parallel plates, s

–1
 

  phase difference 

E  minimum energy, J 

P  pressure difference across the bubble surface, Pa 

v  velocity gradient tensor 

  strain 

  strain rate, s
–1

  

c  critical strain 

0  strain amplitude 

  zeta potential, V 

  viscosity, Pa s 

s  interfacial shear viscosity, Pa s m 

  contact angle, rad 

  Debye–Hückel parameter, m
–1

 

  relaxation time, s 

i  refrective index 

 dielectric constant of the medium 

0  permittivity of free space, C
2
 J

–1
 m

–1
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  disjoining pressure, Pa 

c  critical surface pressure, N m
–1

 

e  disjoining pressure due to electrostatic double layer repulsion, Pa 

s  disjoining pressure due to short-range repulsion, Pa 

v  disjoining pressure due to van der Waals attraction, Pa 

  shear stress, Pa 

1  shear stress in Hooke’s law, Pa 

2  shear stress in Newton’s law, Pa 

0  yield stress, Pa 

R  shear stress at periphery of parallel plates, Pa 

 s  interfacial shear stress, Pa m  

c  confinement parameter of particles 

l  volume fraction of liquid in foam (or liquid content) 

p  volume fraction of particles 

  potential, V 

m  potential at the half-separation between the surface, V 

s  surface potential, V 

  angular frequency, rad s
–1

 

  angular velocity, rad s
–1
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Abbreviations 

AFM atomic force microscope 

CMC critical micelle concentration 

DLS dynamic light scattering 

HLB hydrophilic–lipophilic balance 

HTAB hexadecyltrymethylammonium bromide 

LAOS large amplitude oscillatory shear 

TEM transmission electron microscope 
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2.1 Materials 

The cationic surfactant (i.e. HTAB) used in the study was purchased from Merck 

[Hohenbrunn (Germany), 97% assay]. Negatively-charged silicon dioxide 

nanoparticles were purchased from Plasmachem [Berlin (Germany), 92.7% assay]. 

The mean diameter of these particles was ~185 nm. All samples were prepared 

using water, purified by a Millipore system [manufacturer: Molshein (France), 

model: Elix plus Milli-Q]. Its resistivity and surface tension were 18.2 MΩ cm and 

72.5 mN m
–1

, respectively. 

2.2 Sample preparation 

Due to their large size and the surface wetting properties, the silica nanoparticles 

do not adsorb at the air–water interfaces. Their surface properties can be altered by 

adding HTAB. To study the effect of HTAB on foam, three samples of different 

concentrations of HTAB were prepared. The first sample was below the CMC (i.e. 

0.1 mol m
–3

), the second sample was near the CMC (i.e. 1 mol m
–3

), and the third 

sample was above the CMC (i.e. 10 mol m
–3

). The required amount of HTAB was 

added to the dispersion of the nanoparticles, followed by a thorough mixing using 

a magnetic stirrer [manufacturer: Tarsons (India), model: MC 02] for 15 min at 

250 rpm. All samples contained a fixed amount of silica nanoparticles (i.e. 0.5 

wt%). 

To study the large amplitude oscillatory shear (LAOS) behavior of foam, an 

aqueous dispersion containing 0.1 mol m
–3

 HTAB and 0.5% (by weight) silica 
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nanoparticles was prepared by mixing them using the magnetic stirrer. Higher 

concentrations of HTAB were not taken because the foams were less stable in the 

presence of the nanoparticles when the concentration of HTAB was above the CMC.
[1]

 

The aqueous dispersion (200 cm
3
) was poured into the jar of the blender, and the 

dispersion was mixed at a speed of 15000 rpm for 30 s. The foam prepared in this manner 

was used for the rheological studies under LAOS. 

To study the effect of nanoparticles on the foam, three sets of surfactant solutions 

were prepared. In these solutions, the HTAB concentrations were 0.1, 1, and 10 mol m
–3

, 

as mentioned earlier. The experiments were performed at each surfactant concentration 

by varying the particle concentration. The particle concentration was varied from 0 to 0.5 

wt%. These dispersions were used to study the effect of particle concentration on the air–

water interface in the presence of HTAB. Foams were generated with these dispersions. 

No significant effect was observed above 0.5 wt% particle concentration. Therefore, 

particle concentrations above 0.5 wt% were not studied further.  

2.3 Particle size distribution and zeta potential measurements  

The particle size distribution and the zeta potential at the particle–solution interface were 

measured by using a particle size analyzer and a zeta potentiometer, respectively. Both 

systems were integrated in the same equipment [manufacturer: Beckman Coulter 

(Switzerland), model: Delsa Nano C]. Measurement of these quantities enabled us to 

understand the interaction between the particles in the presence of surfactant. The zeta 

potential was measured from the electrophoretic mobility of the particles.
[2]

 Each 

measurement was repeated five times, and their average value is reported. The particle 
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size was measured by dynamic light scattering (DLS), and the size distribution is 

reported.
[3]

 

2.4 Foam stability and foamability 

To generate the foam, the aqueous dispersion (200 cm
3
) was poured into the jar of a 

blender [manufacturer: Morphy Richards (India), model: Divo Essentials] and the 

dispersion was mixed at a speed of 15000 rpm for 30 s, which resulted in the formation of 

the foam. Thereafter, the foam was placed in a graduated 500 cm
3 

glass cylinder. The 

solutions and resulted foams were analyzed. The change in the height of the foams with 

time was recorded. The photographs of the foam were taken at different time intervals by 

using a digital camera [manufacturer: Nikon (India), model: D5100]. 

2.5 Rheology of foams 

The rheological behavior of the foams was studied by using a rheometer [manufacturer: 

Anton Paar (Germany), model: Physica MCR 301] with a parallel-plate geometry 

(diameter of plate = 50 mm). The foam was placed between the two plates, and the gap 

between the plates was fixed at 1 mm during the measurements. The upper plate was 

moved with the motor connected to the rheometer, and the lower plate remained 

stationary. The yield stress and elasticity are the two important parameters, which give an 

idea about the strength associated with the foam.
[4]

 The yield stress was measured in the 

rotation mode, and the elasticity (or viscoelasticity) was measured in the oscillation 

mode. Before starting the experiments, the slip condition was checked by measuring the 
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shear stress as a function of apparent shear rate at different gaps between the parallel 

plates. Additionally, dynamic stability was checked by measuring the shear stress with 

time at a fixed shear rate. No change in shear stress was observed up to 15 min, which 

confirmed the stability of the foam during the rheological measurements (as all of our 

experiments were completed before this time).  

 

Figure 2.1 Photograph of the rheometer [manufacturer: Anton Paar (Germany), model: 

Physica MCR 301]. 

 

The LAOS behavior of the foam was studied in the same rheometer with a 

parallel-plate geometry (diameter of plate = 25 mm). Both the plates were roughened by 

sand blasting to avoid any slip during the experiments. Despite the heterogeneous 

deformation, the parallel-plate geometry was selected because the gap between the plates 

could be adjusted easily. The temperature was set to 298 K, and it was controlled within 

±0.1 K using a standard Peltier device. The LAOS tests were performed at four 

oscillation frequencies   , i.e. 0.1, 1, 10, and 15 rad s
–1

, and nine strain amplitudes  0

, i.e. 1, 6.31, 10, 15.9, 25.1, 39.8, 63.1, 100, and 159%. For each   and 0 , the stress 

was measured as a function of input oscillatory strain (or strain rate) in a complete cycle 
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to produce the Lissajous–Bowditch curves. These curves were shown in a three 

dimensional coordinate system, where strain, strain rate, and stress were the orthogonal 

coordinate axes. The projections of this curve onto the stress vs. strain and stress vs.  

strain-rate planes are known as elastic and viscous Lissajous–Bowditch curve, 

respectively.
[5]

 These curves were shown in the Pipkin space, which is a compact 

representation of the Lissajous–Bowditch curves in an experimental test space that may 

be adjusted by two input parameters, i.e.   and 0 .
[6]

 Each measurement was repeated 

three times to verify the repeatability. The slip condition was checked by measuring the 

shear stress as a function of shear rate at different gaps between the parallel plates (Figure 

2.2).
[7-9]

 It was observed that the data points almost superposed for all gaps, which 

confirmed the absence of slip. We have also compared our experimental results with the 

oscillatory stress response derived for the cone-and-plate geometry,
[10]

 where 

homogeneous deformation can be achieved. 

A Fourier series was used to fit the distorted stress response, obtained from the 

LAOS experiment. From the stress data points, the Fourier coefficients were computed. 

These coefficients are the in- and out-of-phase stress components of the shear 

deformation. The relative intensity of the third and the fifth harmonics was determined 

with respect to the first harmonic terms. To study the contribution of the higher harmonic 

terms to LAOS, the time domain of Fourier series was converted into the frequency 

domain. Additionally, Chebyshev polynomials were used to fit the Lissajous–Bowditch 

curves obtained under LAOS.  
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Figure 2.2 Measurement of shear stress as a function of apparent shear rate at different 

gaps in the parallel-plate geometry. The measurement was done to check whether the slip 

condition was negligible during the LAOS test. 

 

2.6 Interfacial shear rheology 

The rheometer, which was used for the rheological studies on foams, was also used for 

the interfacial shear rheological measurements. An interfacial rheology system was 

attached to the rheometer. This system consisted of a biconical disc (diameter = 68.28 

mm, cone angle = 5°) and a measuring cell (diameter = 80 mm, height = 90 mm).
[11]

 

During all measurements, the temperature was kept constant at 298 K by using a Peltier 

device. First, the measuring cell was half-filled with the dispersion of the silica 

nanoparticles in the aqueous HTAB solution, and then left for 15 min to ensure that the 

surfactant-laden particles formed a film at the air–water interface. Next, the biconical disc 

was slowly lowered up to its positioned height, which was calculated from the point of 

contact and the geometry of bicone. Complete contact of the tip of the bicone with the 

interface was ensured by measuring the normal force. Thereafter, interfacial shear 
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viscosity  s  was measured as a function of shear rate, which was varied from 0.01 to 

10 s
–1

. At low shear rates, it was assumed that the interfacial flow is decoupled from the 

bulk phase flow. This is because of the high Boussinesq number (Bo), which is defined as 

the ratio of surface viscosity and sub-phase viscosity. At a higher shear rate, however, the 

Bo becomes less than 1, and hence, the bulk flow influences the interfacial flow. 

Therefore, we did not perform experiments above 10 s
–1

 shear rate. Interfacial shear 

viscosity and interfacial shear viscoelasticity were measured in the rotation and 

oscillation modes, respectively. To understand the viscoelastic behavior of the interface, 

amplitude sweep and frequency sweep experiments were performed. In the amplitude 

sweep, interfacial dynamic moduli (i.e. storage modulus, sG  and loss modulus, sG ) were 

measured as a function of strain, which was varied from 0.01 to 100% at the constant 

frequency of 1 rad s
–1

. In the frequency sweep, sG  and sG  were measured by varying the 

angular frequency from 0.01 to 100 rad s
–1

, keeping the amplitude constant at 0.5%. The 

viscoelastic measurements were performed in the linear range, which can be checked 

from the amplitude sweep experiment, and therefore it was ensured that the 

microstructure of the film was not destroyed. However, at high frequency, the data points 

were less clear due to the effect of perturbation in the sub-phase. Therefore, the frequency 

sweep at the air–water interface was performed at a low frequency (i.e. 1 rad s
–1

).  

In addition to the linear viscoelastic behavior at the air–water interface, its 

nonlinear viscoelastic behavior was also studied by depicting the elastic and viscous 

Lissajous–Bowditch curves at five strain amplitudes (i.e. 1, 6.4, 10, 21, and 45%) and 

two angular frequencies (i.e. 0.1 and 1 rad s
–1

). A low value of interfacial shear stress and 

deformation was achieved by using an electronically-commutated motor in a direct strain  
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Figure 2.3 Schematic representation of the bicone geometry for interfacial rheology 

measurement. 

 

oscillation mode.
[12]

 The rheometer had a sensitivity of detecting 0.02 µN m torque with 

0.001 μN m resolution. The moment of inertia of the disc was 0.02379 mN m s
–2

. The 

smallest measurable surface viscosity was ~10
–5

 Pa s m. 

2.7 Thickness and microstructure analysis at interfaces 

The thickness of the film formed by surfactant-laden particles at the air–water interface 

was measured by an ellipsometer [manufacturer: Accurion (Germany), model: 

Nanofilm]. The microstructure of the film was visualized by using a Brewster angle 

microscope (BAM), which was equipped with the ellipsometer. This consisted of a laser, 

a polarizer, a compensator, an analyzer, and a detector (Figure 2.4), which were mounted 

on an accurate rotatable goniometer. A beam of unpolarized light was allowed to pass 

through the polarizer followed by the compensator. The azimuthal angle of the polarizer 

and the compensator was set in such a way that after reflecting from the interface, a 

linearly polarized light could be obtained, which passed through the analyzer. The laser 
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produced a monochromatic light of 658 nm wavelength. This light was allowed to fall on 

the air–water interface with an angle of incidence of 53.1
o
. The ellipsometer measured 

the change in polarization due to the reflection from the interface. The difference in 

polarization was measured by the ellipticity   , which is the ratio of the Fresnel 

reflection coefficients for the p-polarized and the s-polarized lights. The basic equation of 

ellipsometry is 

tan ie    (2.1) 

where   (amplitude ratio) is the ratio of amplitudes of reflection coefficients for p- and 

s-polarized light, and   (phase difference) is the corresponding phase difference. By 

measuring   and  , the refractive index and the thickness of the interface can be 

determined.
[13]

 The BAM images were recorded with an objective of 10 magnification, 

and their dimension was 352 µm × 452 µm. To analyze the air–water interface, 50 cm
3
  

 

 

Figure 2.4 Photograph of the ellipsometer. 
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dispersion was poured into a circular Teflon trough. The trough had a surface area 63 cm
2
 

and its depth was 2 mm. 

Although the ellipsometer is a sophisticated equipment for quantitative 

characterization of the film at the air–water interface, the measurement of film thickness 

by this method is complicated. This is because the film (or the monolayer) is transparent, 

its thickness is small (usually less than 10 nm), and the sub-phase liquid has a low 

refractive index.
[14]

 Additionally, capillary waves make the film texture essentially 

rough.
[15]

 Therefore, only changes in   are observed, and   remains approximately 

constant.   is a sensitive parameter to the optical properties of the film at the air–water 

interface. Hence,   alone is not sufficient to measure the thickness accurately.
[16]

 Several 

approaches have been described to accurately measure the film thickness at the air–water 

interface.
[17-19]

 In one approach (known as the Drude approximation), the adequate value 

of the refractive index is assumed to be fixed and the thickness is determined.
[20]

 In 

another approach, the measurement is performed at the Brewster angle  B . For air–

water interface, B  is 0.927 rad. It is the angle of incidence at which the reflectance of 

the p-polarized light is very low and the image contrast is at its maximum. Therefore, at 

this angle, morphology of the film at the air–water interface can be observed.
[21]

 The 

interfaces were also analyzed by measuring the surface pressure. The solution was poured 

into a Langmuir–Blodgett trough [manufacturer: Biolin Scientific (Finland), model: KSV 

NIMA] made of Teflon. It had two barriers and a platinum–iridium Wilhelmy plate. The 

barriers were used to compress the monolayer with a speed of 10 mm min
–1

. The surface  
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(a) 

 

(b) 

 

Figure 2.5 (a) Schematic of ellipsometry and (b) a dispersion containing surfactant-laden 

particles, which is used to capture the microstructure at the air–water interfaces by BAM.  

 

pressure–area isotherm was measured by using the Wilhelmy plate. Ensuring that the 

monolayer was formed, and there was no turbulence on the surface, the measurements 

were made 30 min after pouring the sample. The monolayer was composed of surfactant 

and surfactant-laden nanoparticles, which moved to the air–water interface from the 

solution phase. This monolayer was further deposited on a glass substrate by using the 

Langmuir–Blodgett technique. In this technique, the substrate was dipped across the film 
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at 90
o
 with a speed 10 mm min

–1
, and then it was taken out with the same speed. The 

substrate was dried at the room temperature. Thereafter, the substrate was used to capture 

the microstructure at the air–water interface by using atomic force microscope (AFM) 

[manufacturer: Agilent (USA), model: 5500] and transmission electron microscope 

(TEM) [manufacturer: JEOL (Japan), model: JEM 2100]. 

Nomenclature  

Bo Boussinesq number 

sG  interfacial shear storage modulus, Pa m 

sG  interfacial shear loss modulus, Pa m 

Greek letters  

0  strain amplitude 

  phase difference, rad 

s  interfacial shear viscosity, Pa s m 

B  Brewster angle, rad 

  ellipticity 

  amplitude ratio 

  angular frequency, rad s
–1

 

Abbreviations  

AFM atomic force microscope 

BAM Brewster angle microscope 

CMC critical micelle concentration 
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DLS dynamic light scattering 

HTAB hexadecyltrymethylammonium bromide 

LAOS large amplitude oscillatory shear 

TEM transmission electron microscope 
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Nanoparticles: Measurement and Analysis of 

Rheological and Interfacial Properties 

 

 

   

TH-1878_136107003



Chapter 3  

 

84 
 

3.1 Introduction 

Aqueous foams are composed of gas bubbles dispersed in water. They are 

considered as soft complex fluids and amorphous materials.
[1]

 Foams are widely 

used in cosmetic items, food products, cleaning agents, and pharmaceuticals. 

Foams are also extensively encountered in flotation, water treatment, and enhanced 

oil recovery.
[2]

 Foams are thermodynamically unstable, and therefore their kinetic 

stability is of interest.
[3]

 Generally, foam stability is enhanced by using surfactants 

and particles. Surfactant molecules adsorb at the air–water interface and lower the 

surface tension. They also suppress film rupture, thereby preventing the 

coalescence of bubbles. In addition, they reduce gas diffusion between the bubbles, 

which reduces coarsening.
[4,5]

 On the other hand, particles at the bubble surface 

provide a strong viscoelastic film and reduce the film drainage.
[6]

 Additionally, 

they create a steric barrier, which slows down the film rupture.
[7]

 When a mixture 

of surfactant and particles is used, a synergetic effect can be observed, and 

consequently foams are stable for a significantly longer time.
[8-10]

 The synergetic 

effect arises due to the modification of the surface of the particles by the 

adsorption of oppositely-charged surfactant molecules.
[11,12]

 The study of foams 

stabilized by surfactant-laden particles is important in industrial products. It also 

provides a prototype for the fundamental understanding of soft complex materials. 

Foam stability can be characterized by studying coalescence, coarsening, 

and drainage.
[13]

 The size and morphology of bubbles and the liquid fraction play 

important roles in foam stability. The concentrations of surfactants, particles, and 
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other ingredients have a tremendous effect on foam stability.
[14]

 In addition to these 

mechanisms, macroscopic properties of foams are also important. 

Foam rheology deals with the study of macroscopic properties associated 

with the foam. Foams sometimes show viscoelastic behavior and possess yield 

stress.
[15]

 At low deformation, foam behaves like an elastic solid, whereas at high 

shear rate, it shows viscous behavior.
[16,17]

 Therefore, a wide variety of rheological 

behavior can be observed in foams. 

The presence of particles at the air–water interface can be characterized by 

hydrophilicity (or wettability) of the particles. The wettability of the particles can 

be altered by adsorption of oppositely-charged surfactant molecules onto the 

particle surface. Santini et al.
[18]

 have studied the interaction of silica nanoparticles 

with a cationic surfactant (CTAB). They have shown that positively-charged 

surfactant molecules adsorbed onto the surface of the negatively-charged particles 

due to electrostatic attraction. The hydrophilicity of the particles decreased with 

increasing surfactant concentration. This promoted irreversible transfer of 

surfactant-laden particles to the air–water interface from the bulk phase. 

Recently, many studies have been performed on the interaction of 

surfactant-laden particles at the air–water interface.
[19,20]

 The surfactant molecules 

control the adsorption of surfactant-modified particles at the interface. Arriaga et 

al.
[10]

 have shown the contact angle (or wettability) of surfactant-coated particles at 

the air–water interface by applying an approach suggested by Clint and Taylor.
[21]
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The electrostatic and hydrophobic interactions play a significant role in the 

adsorption of surfactant-laden particles at the air–water interface.
[22]

 

Rheology at the air–water interface gives an idea about the morphology of 

the particles at the interface. A detailed review of interfacial shear rheology is 

presented elsewhere.
[23,24]

 Recently, interfacial shear rheology at the air–water 

interface has been studied extensively.
[25-28]

 Zang et al.
[29]

 have studied shear 

viscoelastic behavior at the air–water interface. They found that the viscoelastic 

moduli depend on the hydrophilicity of the particles. However, no such behavior 

has been found in the corresponding pure system.
[30]

 Application of shear on the 

interface can shed light on the interaction between the adsorbed molecules. In 

addition, mechanical behavior of the air–water interface helps to analyze foams 

containing a large interfacial area. Subsequently, a correlation can be attempted 

between interfacial shear rheology and foam rheology.
[31]

 

In the present work, we have studied the rheological and morphological 

properties of hexadecyltrimethylammonium bromide (HTAB) and silica 

nanoparticles at the air–water interface and in the bulk phase. It was found that a 

viscoelastic monolayer formed at the air–water interface. We have studied the 

effect of HTAB on the stability of foams in the presence of the nanoparticles. The 

rheological behavior of the foams was analyzed. The interaction between the 

nanoparticles and surfactant at the air–water interface was investigated. The size 

distribution and the charge of the particles were measured. From these 

experiments, our key finding is that the nanoparticles were found at the air–water 
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interface when the concentration of surfactant was below the critical micelle 

concentration (CMC), and consequently, the foams were more stable under this 

condition. Finally, a mechanism has been proposed to elucidate the adsorption of 

surfactant-laden particles from the aqueous phase to the air–water interface. 

3.2 Results and discussion 

3.2.1 Foam stability 

Foams could not be formed with the nanoparticles alone. However, foams were 

readily formed and stabilized in the presence of HTAB and the nanoparticles. The 

silica nanoparticles were hydrophilic in nature. Their hydrophilicity was altered by 

HTAB, which enabled them to act as a foam stabilizer. Foam stability was 

expressed in terms of foam volume. The variation of foam volume with time is 

shown in Figure 3.1. This figure shows the stability of foam samples at three 

different concentrations (i.e., 0.1, 1, and 10 mol m
–3

) of HTAB at different times. 

In all samples, the concentration of silica particles was fixed (i.e., 0.5 wt %). The 

concentration of HTAB had a significant effect on foam stability. Foams were 

more stable at the low concentrations of HTAB. However, the foamability was 

moderate (i.e., ~300 cm
3
). With increasing HTAB concentration, foam stability 

decreased. For example, at 1 mol m
–3

 HTAB concentration, the foam was stable 

for more than 24 h, whereas, the foam was stable only for about 5 h at 10 mol m
–3 

HTAB. This is due to the drainage and coarsening of the bubbles with time.
[32]

 

This may also be due to the spherical shape of the bubbles (i.e., kugelschaum) at  
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Figure 3.1 Foam stability in the presence of silica nanoparticles (0.5 wt %) and HTAB: 

variation of foam volume with time and the effect of silica nanoparticles on the stability 

of foam. Filled symbols represent the foam with particles, and the empty symbols 

represent the foam without particles. Circles: 0.1 mol m
–3

, squares: 1 mol m
–3

, and 

diamonds: 10 mol m
–3

. 

 

low surfactant concentration, as shown in Figure 3.2a. Some amount of water was 

entrapped in the wet foam. In other words, complete drainage of the foam did not 

occur. However, this kind of behavior was not observed in foams having high  

HTAB concentrations. This is because of the polygonal cells present in these 

foams (i.e., polyederscahum), as shown in Figure 3.2b,c. These foams were well-

drained and dry. The precipitate of the particles can be observed at the bottom after  

a sufficiently long time. This was noticed when the concentration of surfactant was 

low. However, at high surfactant concentration, surfactant-laden particles formed a 

more stable dispersion, which is corroborated by the zeta potential and size 
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Figure 3.2 Optical micrographs of foams stabilized by silica nanoparticles (0.5 wt %) 

and HTAB. Images were taken 10 min after the preparation of foam. HTAB 

concentrations: (a) 0.1 mol m
–3

, (b) 1 mol m
–3

, and (c) 10 mol m
–3

. 

 

 distribution measurements. Therefore, no precipitate was observed at 10 mol m
–3 

HTAB concentration. 

The silica nanoparticles were capable of changing the life-span of the 

foams, as shown in Figure 3.1 (dashed line). It was observed that these particles 

had a strong effect on foam aging, especially when the concentration of HTAB 

was below the CMC (e.g., 0.1 mol m
–3

). Not only the life time, but also the volume 

of foam was enhanced. Foam was stable for less than 3 h without the particles. 

However, after adding the particles, the age of the foam was enhanced to a few 

days. This indicates that the silica nanoparticles adsorbed in the foam lamella at 

low HTAB concentration, and this created a stable film, which increased the 

stability of foam (see Section 3.3). However, at high HTAB concentration, the 

particles remained in the Plateau border, and they could not form a stable film. 

3.2.2 Foam rheology 

Rheological measurement is an important technique for characterizing foam 

stability at the macroscopic level. In Figure 3.3a, viscosity of foams is shown as a 
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function of shear rate at three HTAB concentrations, keeping the concentration of 

the silica nanoparticles fixed. It is clearly observed that the viscosity decreased 

with increasing HTAB concentration. A sharp fall in viscosity was observed at the 

lower shear rate when the concentration of HTAB was low. The drastic fall in 

viscosity at the low shear rate is an indirect indication of the presence of yield 

stress associated with the foam.
[33]

 However, this kind of behavior was not noticed 

at the high HTAB concentration (i.e., 10 mol m
–3

). Foams made of low HTAB 

concentrations did not flow at the low shear stress, as shown in Figure 3.3b. 

However, at high shear stress it flowed. The shear stress at which foam starts to 

flow is called yield stress. Figure 3.3b indicates that the yield stress decreased with 

increasing HTAB concentration. Foam made of 10 mol m
–3

 HTAB did not show a 

significant yield stress. On the other hand, foam made of 0.1 mol m
–3

 HTAB 

showed a significant yield stress (~27 Pa), which indicates an elastic behavior. 

This elastic behavior was studied by measuring the shear strain as a function of 

time, as shown in Figure 3.3c. Constant shear stresses below the yield stress (i.e., 

5, 10, and 20 Pa) were applied to the foam for a certain time period (i.e., 300 s). 

The corresponding deformations in terms of shear strain were measured as a 

function of time. At 300 s, until the creep time expired, the shear stresses 

discontinued to zero. This is known as creep–recovery test. From Figure 3.3c, it is 

clear that the deformation is proportional to shear stress. Consequently, it is 

apparent that the foam made of silica nanoparticles in the presence of 0.1 mol m
–3

 

HTAB possessed elastic behavior. 
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Figure 3.3 Variation of (a) viscosity of foams with shear rate, (b) shear rate with shear 

stress applied to the foams, and (c) shear strain applied to the foams with time. The foams 

were subjected to a constant shear stress for 300 s, and then the applied stress was set to 

zero for another 300 s. The experiments were done at three HTAB concentrations at a 

fixed concentration (i.e., 0.5 wt %) of silica nanoparticles. 

 

The viscoelastic behavior of the foams was measured by amplitude and 

frequency sweep experiments. These results are shown in Figure 3.4. It is observed 

that both G  and G  strongly depend on the HTAB concentration. In particular, a 

high value of G  was observed at 0.1 mol m
–3 

HTAB, where the foam displayed a 

highly elastic behavior. It is also seen from Figures 3.4a,b that G  decreased and 

(a) (b) 

(c) 
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G  increased at strains higher than 1%, which indicates the nonlinear viscoelastic 

response of the foam. In this work, we have restricted our study to the linear 

viscoelastic behavior. This behavior was achieved by small amplitude oscillatory 

shear experiments,
[34]

 as shown in Figures 3.4c,d. At low HTAB concentration 

(i.e., 0.1 mol m
–3

), G  was independent of frequency (Figure 3.4c), and G  

initially remained constant but then changed with increasing frequency (Figure 

3.4d). In addition, G  was roughly one order of magnitude higher than G . These 

characteristics typically reflect the gel-like behavior of foam.
[35]

 On the other hand, 

both G  and G  decreased with increasing HTAB concentration, which indicates a 

reduction in their viscoelastic behavior. At high HTAB concentration (i.e., 10 mol 

m
–3

), G  was larger than G  at low frequency, which shows that the elastic 

behavior of foam was dominant. A crossover of G  and G  was observed at a 

certain frequency. Beyond this frequency, the foam predominantly showed viscous 

behavior. However, the crossover frequency was not observed for foams prepared 

at low HTAB concentrations, due to their gel-like behavior. Foams made of 

particles and 0.1 mol m
–3

 HTAB showed G G   for the entire range of strain and 

frequency, indicating mainly elastic behavior. Additionally, the rheological 

characteristics of foam depend on the bubble size as well as the liquid fraction. The 

less stable foams had bigger bubbles (Figure 3.2b), and thus they showed less 

values of G  and G . 

In spite of being composed of fluids only, aqueous foams can display elastic 

behavior. Dry foam can be viewed as a structure of polygonal bubbles, in the  
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Figure 3.4 Amplitude sweep experiments on foams at the constant frequency of 1 rad s
–1

: 

(a) storage modulus  G  and (b) loss modulus  G . Frequency sweep experiments on 

foams at the constant strain amplitude of 0.5%: (c) storage modulus  G  and (d) loss 

modulus  G . 

 

absence of stress.
[36]

 When a small stress is applied to such foams, their surface 

energy increases, resulting from their geometrical change. The additional surface 

energy is stored in the interfaces, which results into the elastic behavior of the 

foams. At a particular stress (i.e., the yield stress), the length of a few Plateau 

borders shrinks to zero, and consequently, violates Plateau’s rule. With further 

increase in shear stress, a topological rearrangement is induced, and a new 

(a) (b) 

(c) (d) 
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equilibrium structure is created.
[37]

 Before the yield stress, foam predominantly 

shows solid-like behavior, whereas, liquid-like behavior dominates beyond the 

yield stress. 

 The rheological behavior of wet foams is similar to that of the concentrated 

emulsions.
[38,39]

 A high stress is required to deform the wet foams stabilized by 

surfactant-laden particles. This is due to the presence of highly elastic interfaces. 

When a small deformation is made to the spherical bubble, its surface energy 

increases. It elastically regains its initial configuration if the stress is relaxed to 

zero. The energy scale that controls the deformation is given by the Young–

Laplace equation.
[40]

 However, at higher deformations, spherical bubbles might be 

broken into smaller ones under the influence of a high shear stress, and they were 

aligned in the direction of flow. Therefore, at high strain, wet foams showed 

liquid-like behavior. 

3.2.3 Interfacial shear rheology 

The variation of interfacial shear viscosity  s  of the adsorbed film at the air–

water interface with shear rate is shown in Figure 3.5a. It is observed that 
s  

significantly decreased with increasing HTAB concentration from 0.1 to 10 mol 

m
–3

. This indicates that a strong film was formed by the adsorption of the 

surfactant-laden particles at the air–water interface at low HTAB concentrations. 

Moreover, the interface showed a shear-thinning behavior as 
s  decreased with 

increasing shear rate. The shear-thinning behavior was due to the gradual  
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Figure 3.5 (a) Variation of interfacial shear viscosity  s  of the adsorbed film at the 

air–water interface with shear rate. The film was formed by the adsorption of silica 

nanoparticles in the presence of HTAB; (b) variation of interfacial dynamic moduli (i.e., 

sG   and sG  ) of the adsorbed film with increasing strain amplitude. The experiment was 

done at a constant frequency of 1 rad s
–1

; (c) variation of sG   and sG   of the adsorbed 

film at the air–water interface with increasing frequency. The experiment was done at the 

constant amplitude of 0.5%. The dispersion contained 0.5 wt % silica nanoparticles and 

0.1 mol m
–3

 HTAB. 

 

deterioration of the interfacial microstructure. At high shear rate, the sub-phase 

affects the interfacial shear viscosity. Therefore, a little displacement was observed 

(a) (b) 

(c) 
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for the foam with high surfactant concentrations at high rates. To get more insight 

into the microstructure at the interface, the linear viscoelastic properties of the 

adsorbed film were measured using small-amplitude oscillatory shear experiments. 

A significant amount of interfacial shear viscoelasticity was observed only at low 

surfactant concentration (i.e., 0.1 mol m
–3

 HTAB). At high HTAB concentration, 

the interfacial viscoelastic behavior was hardly noticeable. Figure 3.5b shows the 

results of amplitude sweep experiment at the air–water interface. It is observed that 

the adsorbed film exhibited a linear viscoelastic behavior at lower strain (i.e., up to 

1%), and a nonlinear viscoelastic behavior was observed at higher strain. Linear 

viscoelastic behavior of the adsorbed film of surfactant-laden particles, obtained 

from the frequency sweep experiments, is shown in Figure 3.5c. It was observed 

that sG   was larger than sG   and both the moduli were almost independent of the 

frequency of oscillation. This observation typically reflects the elastic and gel-like 

behavior of the film. 

Based on the investigations performed on bulk foam rheology and 

interfacial shear rheology, we can correlate these rheological behaviors with foam 

stability. It was observed that the bulk viscosity of foam decreased with increasing 

HTAB concentration. In a similar manner, the interfacial shear viscosity decreased 

with increasing HTAB concentration. In addition, at low HTAB concentration (i.e. , 

0.1 mol m
–3

), foams displayed a high yield stress and a gel-like elastic behavior. 

Similar behavior was observed in interfacial shear rheological experiments as well. 

These results indicate that the foam was more stable at low HTAB concentration, 
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exhibited a high yield stress and possessed a gel-like elastic film. Similar results 

have been reported by Lexis
[41]

 for foams stabilized by proteins. 

3.2.4 Zeta potential and particle size measurements 

The surface charge of the silica nanoparticles was determined by measuring the 

zeta potential. In the absence of surfactant, the zeta potential was approximately –

25 mV. The zeta potential became positive with increasing HTAB concentrations, 

as shown in Figure 3.6a. The change in zeta potential from negative to positive 

was due to the adsorption of positively-charged surfactant (i.e., HTAB) molecules 

on the surface of the negatively-charged silica nanoparticles. The hydrodynamic 

diameter of the particles initially increased, reached a maximum, and thereafter 

decreased as shown in Figure 3.6b. Based on these observations, it can be 

concluded that the agglomeration of particles took place when the zeta potential 

was low. At 1 mol m
–3

 HTAB concentration, the particles had almost the same zeta 

potential as that at 0.01 mol m
–3

 HTAB, albeit of opposite sign. Particles in the 

presence of 1 mol m
–3

 HTAB showed a high extent of agglomeration, resulting in 

larger hydrodynamic diameter. Similar results have been reported by Degan et al. 

[42]
 for foams stabilized by magnetic nanoparticles. Particles (having the same size) 

sedimented at 0.1 mol m
–3

 surfactant concentration, but not at 10 mol m
–3

 (Figure 

3.6b). This is because of the high surface potential of the particles at 10 mol m
–3 

HTAB, which made the dispersion relatively more stable. Furthermore, the 

timescale also affected the sedimentation because more time was required to 

sediment a stable dispersion. 
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(a) 

 

 

(b) 

 

 

Figure 3.6 Variation of (a) zeta potential at particle surface and (b) average 

hydrodynamic diameter of silica nanoparticles with HTAB concentration. Concentration 

of nanoparticles was 0.5 wt %. 

 

3.2.5 Interaction between particle and surfactant at the air–water 

interface 

The silica nanoparticles were hydrophilic in nature. As such, they neither 

decreased the surface tension of water nor formed a strong film at the air–water 

interface. However, in the presence of HTAB in the aqueous medium, the 

hydrophilicity of the particles was changed inasmuch as the surfactant molecules 

adsorbed at the surface of the particles. The surfactant-laden particles adsorbed at 

the air–water interface. Consequently, particles in the presence of 0.1 mol m
–3

 

HTAB showed a reasonably high viscoelastic film at the air–water interface. In 

addition, a high surface pressure was observed during the compression of the film 

in a Langmuir–Blodgett trough, which indicates the agglomeration of the 

surfactant-laden particles at the air–water interface. The surface pressure isotherm 

is shown in Figure 3.7. The agglomeration occurred only at low surfactant 
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concentrations (i.e., below the CMC). However, at high HTAB concentrations 

(i.e., above the CMC), the particles remained in the sub-phase, and the interface 

was covered with the surfactant molecules only. Therefore, the presence of the 

particles was not observed at the air–water interface, and consequently a lower 

surface pressure was observed. The electrostatic double layer repulsion between 

the particles increased at high surfactant concentrations, which did not allow the 

particles to interact with each other. Consequently, a viscoelastic film was not 

observed at high HTAB concentrations. Therefore, when surfactant was added 

below the CMC, a Langmuir-type monolayer was formed at the air–water interface 

due to the adsorption of surfactant-laden particles. On the other hand, at surfactant 

concentration above the CMC, a Gibbs-type monolayer was formed at the interface 

due to the adsorption of the surfactant molecules. We have observed that a 

monolayer having a thickness of a few nanometers was formed from the 0.1 mol 

m
–3

 HTAB solution, as shown in Figure 3.8a. This is due to the presence of  

 

Figure 3.7 Surface pressure–area isotherm at the air–water interface in the presence of 

HTAB and silica nanoparticles. The experiments were done at three HTAB 

concentrations at a fixed concentration (i.e., 0.5 wt %) of the silica nanoparticles. 
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Figure 3.8 Effect of silica nanoparticles on the morphology of the monolayers formed at 

the air–water interface: (a) 0.1 mol m
–3 

HTAB solution and (b) a mixture of 0.1 mol m
–3 

HTAB and 0.5 wt % silica nanoparticles. 

 

surfactant molecules at the air–water interface. When 0.5 wt % silica nanoparticles 

were added to this solution, the thickness increased to several micrometers, which 

was due to the presence of the silica nanoparticles at the interface (Figure 3.8b). 

3.3 Conclusions 

In this work, a mixture of cationic surfactant (HTAB) and negatively-charged 

silica nanoparticles was used to stabilize aqueous foams. Our work highlights the 

mechanism involved in foam stability. At low HTAB concentration (i.e., 0.1 mol 

m
–3

), foam was more stable and it was composed of spherical bubbles. It possessed 

high viscosity, which decreased sharply at low shear rate due to the presence of a 

high yield stress. In addition, it exhibited a high viscoelastic behavior. However, at 

high HTAB concentration, both viscosity and viscoelasticity of foams were 

significantly lower. Similar phenomena were observed at the air–water interface. 

At the low HTAB concentration, interfacial shear viscosity was relatively high and 

it decreased with increasing shear rate, which implies the destruction of the 
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microstructure at the interface. In addition, the interface showed a viscoelastic gel-

like behavior. A Langmuir-type film was formed at the air–water interface due to 

the adsorption of surfactant-laden particles. This was confirmed by the high 

surface pressure observed during the compression of the monolayer. In contrast, 

these behaviors were not observed at high HTAB concentrations. 

 The zeta potential measurements clearly demonstrated that the adsorption of 

HTAB molecules occurred on the surface of the silica nanoparticles. As a result, 

the hydrophilicity of the particles decreased and the charge at the surface of the 

particles became less negative. Eventually, the particles acquired a positive charge 

with increasing HTAB concentration. Therefore, agglomeration of the particles 

took place in the bulk phase as well as at the air–water interface when the electric 

potential on the particles was low. The formation of a Langmuir-type monolayer at 

the air–water interface took place due to the hydrophobic interaction between the 

surfactant-laden particles. Therefore, at 0.1 mol m
–3

 HTAB, the interface showed a 

viscoelastic gel-like behavior, and consequently, the foams were more stable. 

Nevertheless, at high HTAB concentrations (i.e., above the CMC), the surface was 

completely occupied by the surfactant molecules and hence, the surfactant laden-

particles were accommodated near the sub-phase or in the bulk phase. Therefore, a 

Gibbs-like monolayer was formed at high HTAB concentrations. This monolayer 

did not form a viscoelastic film at the air–water interface, and consequently, it was 

relatively less stable. 
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4.1 Introduction 

Aqueous foams have versatile applications in food products, cosmetics, water treatment, 

and enhanced oil recovery.
[1,2]

 Foams are composed of thin liquid films, known as 

Lamellae. The foam film consists of two air–water interfaces. Therefore, the stability of 

foams deeply relies on the stability of the thin liquid films, and consequently on the 

properties of the air–water interfaces. Nanoparticles, in the presence of a surfactant, 

create a strong viscoelastic film by adsorbing at the air–water interfaces.
[3]

 Consequently, 

foams are stable for a longer period.
[4,5]

 The charge on the nanoparticles and the 

surfactant molecules plays an important role on the particle–surfactant synergy. To 

illustrate, silica nanoparticles do not show any significant effect in the presence of 

sodium dodecyl sulfate (SDS) because both have the same charge, and hence they do not 

attract each other.
[6,7]

 A similar behavior can be observed with non-ionic surfactants.
[8]

 

Joshi et al.
[9]

 have found that the non-ionic surfactant acts as an antifoaming agent like 

non-polar oil and hydrophobic solid particles. However, in the presence of a cationic 

surfactant, such as hexadecyltrimethylammonium bromide (HTAB), the surfactant 

molecules adsorb on the surface of the particles and change their properties.
[10,11]

 

Surfactant molecules not only modify the surface properties of the particles, but they also 

help the latter to adsorb at the air–water interface. Liu et al.
[12]

 have studied the effect of 

alkyl chain length on the interaction between surfactant and particle. Tambe and 

Sharma
[13]

 have reviewed the effect of particles on the fluid–fluid interfaces. They have 

reported that particles increase the steric hindrance and reduce the rate of liquid drainage. 

Recently, Yekeen et al.
[14]

 have comprehensively reviewed the foaming behavior of 

nanoparticle–surfactant system.   
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Particles deform the shape of the air–water interface by adsorbing on it. This 

deformation gives rise to a capillary interaction between the particle and the interface. 

The capillary interaction determines the position of the particle at the interface. The 

stability of the particle at the air–water interface can be quantified by the minimum 

energy  E  required to remove the particle from the interface, which is given by
[15-17]

 

 
22= 1 cosE R     

(4.1) 

where R is the radius of the particle,   is the surface tension, and   is the contact angle. 

In other words, the surface energy is reduced by E  when a particle adsorbs at the air–

water interface. The removal of a hydrophilic particle from the air–water interface to the 

aqueous and air phases is signified by the negative and positive signs, respectively. 

In an air bubble, the pressure difference across the air–water interface is given by 

the Young–Laplace equation, 

2
P

R


   

(4.2) 

When two such bubbles approach each other, a thin liquid film forms. The foam is stable 

as long as the thin liquid film remains stable. The interaction between two bubble 

surfaces across the thin liquid film has been studied by several workers.
[18,19]

 Gravity and 

capillary forces are mainly responsible for the film drainage. Based on the studies on the 

thin liquid films, it has been found that when a film reaches a thickness of ~20 nm, 

surface forces begin to operate within the film, in addition to the gravity and capillary 

forces. 
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Surface forces have a molecular origin, and they are expressed in terms of the 

disjoining pressure. The net disjoining pressure    between two surfaces is given by 

the disjoining pressures due to the van der Waals  v  and the electrostatic double layer 

forces  e .
[20-23]

 

  v eh     
(4.3) 

Equation 4.3 is based on the Derjaguin–Landau–Verwey–Overbeek (DLVO) theory.
[24-26]

 

However, in many situations, the classical DLVO theory is insufficient.
[27]

 The non-

DLVO forces (e.g. hydration and structural forces) play significant roles when the 

surfactant head-groups are hydrated and the nanoparticles are present.
[28,29]

 A third term 

incorporating the disjoining pressure due to these repulsions  s  may be included in 

Equation 4.3. 

 As drainage proceeds significantly, the thickness of the thin liquid film reduces 

and the capillary pressure increases. Ultimately, the thin liquid film is covered with a 

single layer of particles, and thereafter the plane interface deforms into a meniscus. The 

maximum capillary pressure  max
cP  occurs at the onset of coalescence. It is given 

by
[30,31]

 

max 2
coscP p

R




 
  

 
 

(4.4) 

where p is a packing parameter that depends on the concentration and orientation of the 

particles in the thin liquid film. 
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 Since the foam film consists of two air–water interfaces, its properties depend on 

the characteristics of these interfaces. There are various ways to characterize the air–

water interfaces containing surfactant-laden particles. Interfacial shear rheology is an 

important tool for understanding the dynamic behavior of these interfaces. Most of the 

studies on the shear rheology of the air–water interfaces have focused only on the linear 

viscoelastic regime (i.e. at low deformations).
[32-36]

 However, these interfaces are 

subjected to large and fast deformations during the foaming process. They often show 

nonlinear response even at low strains (or strain rates). Therefore, to understand the 

foaming behavior under deformation, the interfacial rheology should not be limited to 

small deformations, but should be extended to large deformations. There are several ways 

to study interfacial shear rheology at large deformations, e.g. by analyzing the storage 

 sG  and loss moduli  sG  as a function of strain amplitude, which is commonly known 

as amplitude sweep experiment.
[37]

 Recently, Lissajous–Bowditch curves have become 

very popular for characterizing nonlinear viscoelastic behavior, where the stress 

responses are plotted against the imposed strain (or strain rate).
[38]

 These are termed as 

elastic (or viscous) Lissajous–Bowditch curves. This is a geometrical approach, in which 

the behavior of the air–water interface is characterized by analyzing the shape of these 

curves. Because of the symmetry of the Lissajous–Bowditch curves, Cho et al.
[39]

 have 

suggested a method of decomposing the stress response into their elastic and viscous 

counterparts at large deformation, which was further improved by Yu et al.
[40]

 Due to the 

involvement of higher harmonic terms, the detailed explanation of the Lissajous–

Bowditch curves is not yet fully understood. Only a few works have been carried out on 

the nonlinear viscoelastic behavior of the air–water interfaces using these curves.
[41-44]
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However, many works have been conducted on the nonlinear viscoelastic behavior of 

bulk materials.
[45]

 Such information may be useful for analyzing the air–water interface 

because interfacial rheology can be considered as the 2D analogue of the classical bulk 

rheology. 

Although the effects of hydrophilicity,
[46,47]

 size,
[48,49]

 shape,
[50-52]

 and 

concentration of the particles on the stability of thin liquid films have been studied for a 

long time, the mechanism involved in the stability is still poorly understood. It is well 

known that the physicochemical properties of the air–water interface play a vital role in 

the stability of colloidal systems containing bubbles as the dispersed phase.
[53]

 Therefore, 

in the present work, we have performed an experimental investigation on the effect of 

silica nanoparticles on the stability of foams in the presence of a cationic surfactant (i.e. 

HTAB). The foamability and stability of these foams were studied. The stability of foam 

film depends on its mechanical strength and the properties of the air–water interface (as 

mentioned earlier), which were studied through foam rheology and interfacial shear 

rheology, respectively. The nonlinear viscoelastic behavior of the air–water interfaces 

was analyzed by using the Lissajous–Bowditch curves. Finally, the thickness and the 

microstructure of the interfaces were measured by ellipsometry and Brewster angle 

microscopy (BAM). 

4.2 Results and discussion 

4.2.1 Foam stability and foamability  

Foams are usually characterized qualitatively by their stability and foamability.
[7]

 Foam 

stability refers to the lifetime of a foam in which its volume decreases with time after its 
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formation, whereas foamability depicts the ability of a surfactant solution to produce 

foam. Figure 4.1 shows the variation of foam volume with time. The foam volume 

decreased with time because foams are thermodynamically unstable (or metastable) 

systems. At an HTAB concentration below the CMC, the stability of foam improved with 

increasing particle concentration (Figure 4.1a). In the absence of the nanoparticles, foams 

were stable for a few hours only. However, at sufficiently high particle concentrations, 

the foams were stable for a few days. Therefore, the enhanced stability is a result of high 

particle concentration in the foam lamellae and the Plateau borders. The nanoparticles 

flow along with the liquid and block the nodes (i.e. the intersection of the Plateau 

borders), which reduces the drainage of liquid from the foam. In addition, high particle 

concentration can increase the viscosity of the liquid inside the foam. The higher 

viscosity reduces the foam drainage rate and consequently increases the stability of foam. 

Therefore, foams were more stable at a higher particle concentration. The silica 

nanoparticles also showed a significant effect on the foamability when the HTAB 

concentration was below the CMC. In the absence of the particles, less than 250 cm
3
 

foam was produced from 200 cm
3
 dispersion, whereas in the presence of particles (0.5 

wt%), ~290 cm
3
 foam was produced. 

 Contrary to the above observations, we did not find any significant change due to 

the particles on the foamability as well as foam stability at HTAB concentrations above 

the CMC. This may be due to the absence of particles at the air–water interface. The 

interface was completely covered with only the surfactant molecules when the surfactant 

concentration was above the CMC. Hardly any space was available at the air–water  
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Figure 4.1 The effect of concentration of silica nanoparticles on the foamability and 

stability of the foams at HTAB concentrations: (a) 0.1 mol m
–3

, (b) 1 mol m
–3

, and (c) 10 

mol m
–3

. 

 

interface for the nanoparticles. Therefore, the surfactant-laden nanoparticles remained 

near the sub-phase or in the bulk phase. However, below the CMC, these nanoparticles 

were present at the air–water interface because the interface was not fully occupied by the 

surfactant molecules. The presence of these nanoparticles enhanced the strength of the 

liquid films, and therefore the foams were more stable. In addition, at a fixed particle 

concentration, foamability increased with increasing HTAB concentration (see Figure 

(a) (b) 

(c) 

TH-1878_136107003



Chapter 4  

 

114 
 

4.1). In the present work, our primary focus was on the effect of silica nanoparticles in 

the presence of HTAB. 

4.2.2 Foam rheology 

The stability of foams depends on the stability of the foam films.
[54]

 In order to study the 

strength of the foam films, foam rheology was studied in which the foam films were 

deformed and ruptured by imposing shear stress. Figure 4.2 depicts the effect of silica 

nanoparticles on the viscosity of foams. These nanoparticles had a significant influence 

on the viscosity of foams at HTAB concentrations below the CMC (see Figure 4.2a). The 

viscosity increased with increasing particle concentration. The rise in viscosity with 

particle concentration indicates that the foam films were stronger and required a higher 

shear stress to flow. The thin liquid films were stable due to the presence of surfactant-

laden particles at the air–water interfaces. Furthermore, the foams showed shear thinning 

behavior, which is reflected by the decrease in viscosity with increasing shear rate. This 

behavior shows the realignment of the bubbles and rupture of the foam films. 

In the presence of particles, the viscosity was reduced by 10 times when the 

HTAB concentration was above the CMC. The effect of particles on the viscosity of 

foams became less pronounced with increasing HTAB concentration. The measured 

viscosity did not change remarkably when the HTAB concentration was increased from 1 

to 10 mol m
–3

. This is due to the absence of surfactant-laden particles at the air–water 

interfaces across the foam film. 
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Figure 4.2 The effect of concentration of silica nanoparticles on the viscosity of foams at 

HTAB concentrations: (a) 0.1 mol m
–3

, (b) 1 mol m
–3

, and (c) 10 mol m
–3

. 

 

4.2.3 Shear rheology at air–water interface 

When small surfactant molecules, such as HTAB, adsorb at the air–water interface from 

the bulk phase, they form a Gibbs monolayer. Surface tension is the most appropriate 

parameter to characterize such interfaces. On the other hand, macromolecules such as 

long-chain polymers or proteins, high molecular fatty acids, and nanoparticles form a 

Langmuir monolayer at the interface. When the silica nanoparticles adsorb at the air–

water interface, they interact with the oppositely-charged surfactant molecules and form a 

(a) (b) 

(c) 
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complex microstructure, which is similar to the Langmuir monolayers.
[5,55]

 We have 

studied the dynamic behavior of the airwater interface covered with such 

microstructures by using interfacial shear rheology. 

 Figure 4.3 shows the effect of particles on the shear viscosity  s  of the air–

water interface. s  was remarkably high at high particle concentrations when the HTAB 

concentration was below the CMC (Figure 4.3a), and a shear thinning behavior was 

observed. The decrease in the viscosity was due to the destruction of the microstructure at 

the air–water interface. s  was negligible in the absence of the silica nanoparticles (and 

therefore, it is not shown in Figure 4.3) because the interface formed a Gibbs monolayer, 

which had less strength than the Langmuir monolayer formed due to the adsorption of the 

surfactant-laden nanoparticles. A very low stress was required to shear the Gibbs  

 

  

Figure 4.3 Interfacial shear viscosity  s  as a function of shear rate at two 

concentrations of the nanoparticles (i.e. 0.1 and 0.5 wt%) at the HTAB concentrations: 

(a) 0.1 mol m
–3

 and (b) 1 mol m
–3

. 

(a) (b) 
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monolayer, which was below the lowest value measurable by the rheometer (i.e. ~10
–5 

Pa 

s m). At the higher shear rate (i.e. above 1 s
–1

), the viscosity increased, which was due to 

the influence of the bulk liquid phase on the interface.
[56]

 In contrast to low HTAB 

concentration, no significant influence of the particles was observed at HTAB 

concentrations above the CMC. Only a slight change occurred at very low shear rates. At 

high HTAB concentrations, s  was much lower. 

 The nonlinear viscoelastic behavior at the air–water interface is shown in Figure 

4.4. The interface was formed by the adsorption of surfactant-laden particles containing 

0.1 mol m
–3

 HTAB and 0.5 wt% silica nanoparticles. This composition produced a high 

surface viscosity, and therefore it was chosen to study the nonlinear viscoelastic 

properties of the air–water interface. It has been observed
[5]

 that the air–water interface 

showed nonlinear viscoelastic behavior when the strain amplitude was above 1% of the 

imposed sinusoidal strain. This also showed a weak strain overshoot because sG  initially 

increased, reached a local maximum, and then started to decrease. Figure 4.4 shows the 

elastic Lissajous–Bowditch curves, which were obtained by plotting the stress response 

as a function of strain in a complete cycle of the oscillation. In the linear viscoelastic 

regime (i.e. 1% of the imposed strain amplitude), the elastic Lissajous–Bowditch curve 

showed a perfect elliptical shape. This was caused by the perfect sinusoid of stress 

response. The elastic component of stress response, which was obtained by taking 

average of the stress responses during the positive and negative strain rates (as shown by 

the dashed line), was linearly dependent on the imposed strain, which signifies the elastic 

behavior of foam. Upon further increasing the strain amplitude,  
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Figure 4.4 Elastic Lissajous–Bowditch curves (stress vs strain) of the air–water interface. 

The experiments were conducted at two angular frequencies (i.e. 0.1 and 1 rad s
–1

) and 

five strain amplitudes (i.e. 1, 6.4, 10, 21, and 45%). The concentrations of HTAB and 

silica nanoparticles were 0.1 mol m
–3

 and 0.5 wt%, respectively. 
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the Lissajous–Bowditch curve became leaf-shaped, and thereafter changed to the rhombic 

shape. Dimitriou et al.
[57]

 have proposed that such a transition is a representation of an 

elasto-viscoplastic system. At very high amplitude (i.e. 45%), the Lissajous–Bowditch 

curve took the shape of a parallelogram (i.e. the bottom left curve of Figure 4.4), which 

indicates the purely plastic flow behavior of the interface.
[58]

 Birbaum et al.
[41]

 have also 

observed a similar transition of the elastic Lissajous–Bowditch curves, which were 

elliptical at the low strain amplitude, and became rectangular at large strain amplitudes 

with plateaus on the top and the bottom of the curves. This plateau shows strain 

hardening behavior of foam.
[59]

 The distortion of the shape of the Lissajous–Bowditch 

curves from elliptic to rectangular can be attributed to the influence of higher odd 

harmonic terms involved in the oscillatory stress response.
[60]

 With increasing strain 

amplitude, width of the major axis of the Lissajous–Bowditch curve increased, which is 

attributed to the increase in the phase angle between the input sinusoidal strain and the 

stress output. The rectangular elastic Lissajous–Bowditch curves imply that the greatest 

increase in stress occurred when the strain was maximum, and the air–water interface 

showed strain-stiffening process at large deformation. The corresponding viscous 

Lissajous–Bowditch curves are shown in Figure 4.5. In the linear viscoelastic regime, the 

viscous Lissajous–Bowditch curves were spherical. In the nonlinear viscoelastic regime, 

they had sigmoid shape, which implies intracycle shear thinning behavior of the interface. 

The instantaneous viscosity is the ratio of the viscous component of the stress response 

(shown by the dashed line) and the strain rate in the viscous Lissajous–Bowditch curve. 

From Figure 4.5, it is observed that the instantaneous viscosity increased with increasing 

strain rate. However, at high strain amplitude (i.e. 45%), instantaneous viscosity became  
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Figure 4.5 Viscous Lissajous–Bowditch curves (stress vs strain rate) of the air–water 

interface. The experiments were conducted at two angular frequencies (i.e. 0.1 and 1 rad 

s
–1

) and five strain amplitudes (i.e. 1, 6.4, 10, 21, and 45%). The concentrations of HTAB 

and silica nanoparticles were 0.1 mol m
–3

 and 0.5 wt%, respectively. 
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zero at high strain rate, as the stress response was independent of the strain rate, which 

confirms the plastic flow behavior of the foam. This may occur due to the complete 

destruction of the microstructure (see Section 4.2.4) at the air–water interface. 

4.2.4 Thickness of air–water interface and microstructure 

Figure 4.6 shows the thickness of the air–water interfacial region after the adsorption of 

surfactant and the nanoparticles. The thickness was measured by varying the particle 

concentration at a fixed HTAB concentration. The nanoparticles had a significant effect 

on the thickness of the interface when the concentration of HTAB was below the CMC 

(i.e. 0.1 mol m
–3

). Each peak represents the presence of a surfactant-laden nanoparticle. 

By increasing the concentration of the particles, more particles were found at the 

interface. The nanoparticles were hydrophilic and they had size in the range of 2.5 to 10 

nm. Most part (~75%) of the surface of these particles was oriented towards the aqueous 

phase, and a lesser portion (~25%) was in the air, which corresponds to the peaks in 

Figure 4.6. Such peaks were not observed when the HTAB concentration was above the 

CMC, as shown in Figure 4.6b,c. At the higher surfactant concentrations, the air–water 

interface was completely covered by the surfactant molecules only, and the surfactant-

laden particles remained in the sub-phase or in the bulk phase. Measurement of the film 

thickness at the air–water interface by ellipsometry has several limitations.
[61]

 To support 

our results, we have studied the morphology of the monolayer at the air–water interface 
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Figure 4.6 Variation of the thickness of the film with time at different particle 

concentrations. The thickness was measured by ellipsometry. Each peak depicts the 

presence of nanoparticles at the air–water interface. For each set of experiments, the 

HTAB concentration was kept constant and the particle concentration was varied from 0 

to 0.5 wt%. The HTAB concentrations were: (a) 0.1 mol m
–3

, (b) 1 mol m
–3

, and 10 mol 

m
–3

. 

 

 

 

 

(c) 

(a) 

(b) 
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by using BAM (Figure 4.7). The images were taken at different concentrations of the 

nanoparticles and HTAB. The variation of particle concentration is shown from the left to 

right, and the same for HTAB is shown from the top to the bottom. More and more 

surfactant-laden particles could be seen at the air–water interface with increasing particle 

concentration, when HTAB concentration was below the CMC (i.e. 0.1 mol m
–3

). On the 

other hand, no nanoparticle was observed when the HTAB concentration was above the 

CMC. To study the aggregation of the nanoparticles in the bulk phase, we have measured 

particle size distributions in the dispersions containing 0.5 wt% silica nanoparticles at 

various concentrations of HTAB (see Figure 4.8). The particle size increased with 

increasing HTAB concentration up to 0.1 mol m
–3

. This indicates that there was an 

electrostatic attraction between the HTAB molecules and the silica nanoparticles (due to 

opposite charge). Consequently, the net surface charge on the particles reduced, which 

favored aggregation of the particles. With further increase in the HTAB concentration, 

particle size decreased. This indicates repulsion between the particles, which occurred 

due to the similar charges on the particles at high HTAB concentrations. 
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 No nanoparticles 0.1 wt% nanoparticles 0.5 wt% nanoparticles 

0.1 mol m
–3

 

HTAB 

   
 

1 mol m
–3

 

HTAB 

   
 

10 mol m
–3

 

HTAB 

   
 

Figure 4.7 BAM images of the films formed at the air–water interface. The age of the 

air–water interface was 30 min. The dimensions of the images are 352 µm × 452 µm. 
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(a) Nanoparticles in absence of HTAB (b) Nanoparticles with 0.1 mol m
–3

 HTAB 

  

(c) Nanoparticles with 1 mol m
–3

 HTAB (d) Nanoparticles with 10 mol m
–3

 HTAB 

Figure 4.8 Size distributions of the silica nanoparticles in the dispersions containing a 

mixture of 0.5 wt% nanoparticles and different concentrations of HTAB: (a) nil, (b) 0.1 

mol m
-3

, (c) 1 mol m
-3

, and (d) 10 mol m
-3

. 

 

Microstructure at the air–water interface formed by the adsorption of surfactant-

laden nanoparticles was studied by using AFM (see Figure 4.9a). The size of the 

nanoparticles was found to be ~50 nm (Figure 4.9b). The actual size of the nanoparticles 
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present at the air–water interface was found from the TEM image (see Figure 4.9c). 

Agglomeration of the surfactant-laden particles can also be visualized from this figure. 

 

 

 

  

Figure 4.9 (a) AFM image of the monolayer at the air–water interface formed by the 

adsorption of surfactant-laden nanoparticles, (b) thickness of the monolayer vs the 

distance along the section (the dashed line) in Figure 4.9a, (c) TEM image of the 

nanoparticles (0.5 wt%) in the presence of 0.1 mol m
–3

 HTAB, and (d) size distribution of 

the surfactant-laden particles at the air–water interfaces corresponding to Figure 4.9c. 

 

(a) 
(b) 

(c) 
(d) 
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The size distribution of the nanoparticles at the interface is shown in Figure 4.9d, which 

was obtained from Figure 4.9c. Only small particles with diameter between 2.5 and 10 

nm were adsorbed at the air–water interface. Larger particles remained in the liquid phase 

inside the foam film, some of which drained out with time. 

Based on these experimental observations, it is apparent that at low HTAB 

concentrations (e.g. 0.1 mol m
–3

), the smaller particles (i.e. diameter below 10 nm) 

adsorbed at the air–water interface. The adsorption was favored by the induced motion of 

the surfactant molecules, which were adsorbed onto the particles. At the air–water 

interface, adsorption of the particles was thermodynamically favored due to the large gain 

in Gibbs free energy (Equation 4.1).
[3,62]

 However, the larger particles remained in the 

bulk liquid phase due to the dominant gravitational force. 

 Initially, the gravitational and capillary forces are responsible for the drainage of 

the foam film, which causes the film to thin. The silica nanoparticles present in the film 

form solid-like ordered structures as shown in Figure 4.10a. The structured zones overlap 

when the separation between the two surfaces (i.e. h) reduces. This gives rise to an 

oscillatory structural force between the particle layers, as shown in Figure 4.10b.
[63]

 

During the drainage, as the film thickness reduces to a few particle diameters (i.e. d), the 

packing of the particles influences the interaction between the surfaces. When the film 

thickness is reduced to ~20 nm, the DLVO forces start acting between the two surfaces 

(Equation 4.3). Below ~10 nm thickness, most of the particles present in the film liquid 

are drained out. The two surfaces may collapse due to the action of the van der Waals 

force. 
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(a) 

 

 

(b) 

 

Figure 4.10 (a) Schematic diagram of the mechanism of stability of thin liquid film in the 

presence of nanoparticles and (b) the respective profile of disjoining pressure due to 

oscillatory structural force. h is the separation between air–water interfaces and d is the 

diameter of the nanoparticles. 

 

Above the CMC, the charged surfactant molecules were present at the interface as 

well as in the aqueous film phase. For HTAB, a repulsive hydration force
[64]

 may 

stabilize the thin foam film against the van der Waals force.
[29,65]

 It increases 
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monotonically as the two surfaces approach each other. However, at very low separation 

(i.e. below about 1.5 nm), the water molecules start oscillating due to long-term 

intermolecular forces.
[29,66]

  

Below the CMC, the surfactant-laden particles attached to the air–water interfaces 

come into close proximity. A strong repulsive hydration force operates between the 

approaching particles.
[67]

 This force stabilizes the thin liquid film. Furthermore, as 

drainage continues, the liquid film is covered with a single layer of particles (see Figure 

4.10a), and thereafter the plane surfaces deform into a meniscus. As the deformation of 

the meniscus continues, the thickness between the menisci of the two surfaces decreases, 

and consequently, the capillary interaction increases. Equation 4.4 describes the case 

when the two menisci just touch each other (i.e. the film thickness reduces to zero). 

However, in the presence of particles, the thickness between the two surfaces cannot 

reduce to zero. Hence, coalescence can be completely inhibited by using particles.
[68-70]

 

Therefore, the foam was more stable in the presence of nanoparticles when the HTAB 

concentration was below the CMC. 

4.3 Conclusions 

The effect of silica nanoparticles on the interaction between air–water interfaces across 

foam films in the presence of HTAB was studied. The nanoparticles having diameter less 

than 10 nm adsorbed at the air–water interface when the HTAB concentration was below 

the CMC. This adsorption was induced by the surfactant molecules adsorbed on the 

surface of the particles. Since the silica nanoparticles were hydrophilic, a major portion 

of these particles was oriented towards the aqueous phase, and hence a lesser portion was 

in the air. The adsorption of the surfactant-laden particles at the air–water interface 
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resulted in the formation of a Langmuir-type monolayer, which provided good 

mechanical strength to the interface. Consequently, the interfacial shear viscosity was 

high. The DLVO forces and the capillary interaction are the major forces responsible for 

stabilizing the foam films. Bubble coalescence was almost prevented when the surfactant-

laden particles were present at the interfaces. Consequently, foams were stable for a 

longer period and the particles strongly influenced their stability, which was confirmed 

by the high viscosity and viscoelasticity of the foams, as well as the air–water interface. 

 However, when the HTAB concentration was above the CMC, the air–water 

interfaces were completely covered by the surfactant molecules and the surfactant-laden 

particles remained in the liquid phase inside the film, which drained-out with time. 

Therefore, due to their absence at the interfaces, the particles did not have any significant 

influence on the stability of the foams. The surfactant-laden particles formed aggregates 

in the bulk phase as well as at the air–water interfaces. 

Stability of the foams increased with increasing viscosity whereas, the foamability 

increased with increasing surfactant concentration. The nanoparticles affected both foam 

stability and foamability when the HTAB concentration was below the CMC. 

The Lissajous–Bowditch curves of the air–water interface exhibited linear 

viscoelastic behavior at the low strain amplitude and nonlinear viscoelastic behavior at 

the high strain amplitude, with a plastic flow behavior at 45% strain amplitude. 
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Nomenclature 

d diameter of nanoparticle, m 

sG  interfacial storage modulus, Pa m 

sG  interfacial loss modulus, Pa m 

h separation between air–water interfaces, m 

i imaginary unit 

p packing parameter 

dP  pressure of the dispersed phase, Pa 

lP  pressure of the liquid phase, Pa 

max
cP  

maximum capillary pressure, Pa 

R radius of nanoparticle, nm 

Greek Letters 

  surface tension, N m
–1

 

  phase difference, rad 

E  minimum energy, J 

P  pressure difference, Pa 

s  interfacial shear viscosity, Pa s m 

  contact angle, rad 

  disjoining pressure, Pa 

e  disjoining pressure due to electrostatic double layer repulsion, Pa 
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s  disjoining pressure due to short-range repulsion, Pa 

v  disjoining pressure due to van der Waals attraction, Pa 

  ellipticity 

  amplitude ratio 

Abbreviations  

AFM atomic force microscopy 

BAM Brewster angle microscopy 

CMC critical micelle concentration 

DLS dynamic light scattering  

DLVO Derjaguin–Landau–Verwey–Overbeek 

HTAB hexadecyltrimethylammonium bromide 

TEM transmission electron microscopy 
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5.1 Introduction 

Aqueous foams are soft complex materials, which show viscoelastic behavior and possess 

an apparent yield stress. The rheology of these foams is of great interest in the production 

of cosmetics and foods, oil recovery, and minerals separation.
[1-5]

 When an oscillatory 

shear strain is imposed below its yield value, foams exhibit solid-like behavior as the 

storage modulus  G  is greater than the loss modulus  G .
[6]

 Upon increasing the 

strain amplitude  0 , a nonlinear viscoelastic response sets in. A detailed study of a 

linear viscoelastic behavior of foams has been reported elsewhere.
[7,8]

 Princen,
[9]

 and 

Khan and Armstrong
[10]

 have correlated the stress-response with the morphology of the 

foams by considering a two-dimensional network model. This can also be studied by 

simulating the foams based on their geometry using a two- or three-dimensional 

model.
[11]

 Various methods have been proposed to study nonlinear viscoelastic properties 

of foams. Steady shear flow has been used to study the nonlinear behavior of foams.
[12]

 

When the foam is sheared below its yield value, the angle between the foam films still 

remains 2 3  rad, as per the
 
Plateau’s law. Therefore, the static force between the foam 

films is balanced. The balance of force is lost if the stress is above its yield point, and the 

foam bubbles start sliding along each other in the flow direction. This type of flow is 

generally characterized by using the three-parameter Herschel–Bulkley model. Another 

method involves shearing the foam under oscillatory deformation. By analyzing G  and 

G  as a function of 0  (i.e. amplitude sweep experiment), the large amplitude oscillatory 

shear (LAOS) behavior is divided into four categories, i.e. shear-thinning, strain-

hardening, weak strain overshoot, and strong strain overshoot.
[13]

 It has been found that 
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two materials displaying the same type of amplitude sweep graph may show different 

nonlinear stress waveforms.
[14,15]

 

Fourier transform (FT) rheology is a sensitive method to deal with nonlinear 

viscoelastic behavior because it can detect very small oscillatory signals that arise during 

LAOS.
[16-20]

 Investigating foams by the FT-rheology is challenging because its 

constituents (i.e. water and air) are Newtonian fluids and have low viscosity. Therefore, 

amplitude oscillatory tests alone may not be adequate in describing the response under 

LAOS by means of FT-rheology. Rouyer et al.
[19]

 studied the LAOS behavior of aqueous 

foams in the full-stress harmonic spectrum to characterize the transition from linear to 

nonlinear viscoelastic behavior. Ewoldt et al.
[21]

 and Khandavalli and Rothstein
[22]

 studied 

the nonlinear viscoelastic properties by analyzing the stress response and the Lissajous–

Bowditch curves. These curves are helpful in distinguishing the behavior of foams under 

deformation. For instance, in a stress vs. strain curve, an ellipsoidal shape characterizes 

viscous dissipation, while a parallelogram indicates plastic dissipation. Hyun et al.
[20]

 

have reviewed the LAOS behavior in detail. Recently, the study of LAOS behavior of 

food foams stabilized by proteins has been studied.
[23]

 Several authors
[24-30]

 have 

developed nonlinear models based on the Giesekus constitutive equation
[31]

 and 

determined nonlinear parameters
[32,33]

 to deal with LAOS. Rogers et al.
[34]

 have proposed 

an approach, known as a sequence of physical processes, in an intracycle Lissajous–

Bowditch curve to a yield stress fluid. The same approach was further used in many more 

LAOS studies.
[35-38]

 A great deal of research has been conducted on the linear viscoelastic 

behavior of foams stabilized by nanoparticles and surfactants,
[39-41]

 but its nonlinear 

behavior (i.e. LAOS) has hardly been reported. Neither the complex shear dynamic 
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modulus nor the steady flow analysis at the high shear rates have been able to provide 

physically-meaningful information about the foams. 

In this work, we have systematically studied the nonlinear viscoelastic behavior of 

foam, which was stabilized by a mixture of 0.1 mol m
–3

 hexadecyltrymethylammonium 

bromide (HTAB) and 0.5% (by weight) silica nanoparticles. The LAOS behavior of foam 

was described by the stress-response waveforms and Lissajous–Bowditch plots, obtained 

by shearing the foam at different amplitudes of oscillation. The contributions of higher 

harmonic oscillatory terms were found by using FT-rheology and the Chebyshev 

polynomials. Finally, the interpretation of the LAOS behavior of foam was described 

based on a sequence of physical processes. 

5.2 Theoretical background 

In dynamic oscillatory shear rheology, a material is allowed to flow by imposing a 

sinusoidal strain in a strain-controlled rheometer. The strain is given by 

   0, sint t     (5.1) 

and the corresponding strain rate is given by 

   0, cost t     (5.2) 

where 0  and   are strain amplitude and frequency of oscillation, respectively. When 

the 0  is in the linear viscoelastic regime, the stress response is also sinusoidal with the 

same  . It is given by  

   0, sint t       (5.3) 
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where 0  is the stress amplitude and   is the phase angle between the stress response 

and the imposed strain. Equation 5.3 can be decomposed into two parts corresponding to 

the in- and out-of-phase to strain inputs as follows: 

         

     

0 0, cos sin sin cos

, sin cos

t t t

t t t

       

     

 

  
 

(5.4a) 

(5.4b) 

where   and   are the components of the stress response for in- and out-of-phase, 

respectively. 

Two well-defined material functions (i.e. 0G     and 0G    ) are used to 

characterize the linear viscoelastic behavior of a material. G  describes the elastic 

behavior and G  describes the viscous behavior of materials. Equation 5.4b can be 

written as
[42]

 

         0, sin cost G t G t            (5.5) 

In a typical amplitude sweep measurement, both these moduli remain constant up to a 

certain limiting value of 0 . The measurement of viscoelastic behavior below and above 

this limit are termed linear and nonlinear viscoelastic regime, respectively. In the linear 

regime, only the first harmonic oscillation is considered for the viscoelastic properties of 

the materials. However, when a material is deformed in the nonlinear regime, the 

contribution of higher harmonic terms also becomes significant. Therefore, higher 

harmonic terms are incorporated into the total stress. Unlike small amplitude oscillatory 

shear, decomposition of resulting stress into the elastic and viscous components is not 

very clear under LAOS. Cho et al.
[43]

 suggested a method of decomposing the stress 
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response under LAOS. Their method is based on the symmetrical geometry of the 

Lissajous–Bowditch curves. It was further improved by Yu et al.
[44]

 It can be expressed 

by a Fourier series,
[17]

 given by 

     0
1,3,

, , cos sinn n n n
n

t a t b t    


      (5.6) 

where  2n n   is the angular frequency, and na  and nb  are the Fourier coefficients of 

the n
th

 harmonic, which relate the applied strain deformation to the stress response as 

   

   

0

0

2
cos 2

2
sin 2

T

n

T

n

a t nt dt
T

b t nt dt
T

 

 








 

 

(5.7) 

Equation 5.6 suggests that only the odd harmonics are included in describing the stress 

response. Therefore, the nonlinear contributions are captured in the higher-order odd 

harmonics. This occurs because the resulting stress has odd symmetry with respect to the 

directionality of shear strain or strain rate.
[45]

 FT-rheology is a powerful tool for studying 

the nonlinear viscoelastic properties of the materials because it can detect even a small 

signal of higher harmonics. The main advantage of using FT-rheology is that the stress 

response in LAOS can be expressed as a linear combination of   and  . It is a linear 

algebraic analysis method in which   and   can be expressed as the orthogonal set of 

sines and cosines of different frequencies. For the first harmonic (i.e. n = 1), Equation 5.6 

reduces to the linear viscoelastic regime (i.e. Equation 5.5) with 1 0a G   and 

1 0b G  . The intensity of the n
th
 harmonic is defined as 
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2 2 n n nI a b  
(5.8) 

In addition to nI , the relative intensity with respect to the first harmonic is an important 

parameter that provides useful information about the contribution of the higher harmonics 

in the nonlinear regime. It is defined as 

2 2

1 2 2
1 1

n n
n

a b
I

a b





 

(5.9) 

When foam is deformed at sufficiently high amplitudes, higher harmonic terms are 

observed. This makes the system complex. To avoid such complexity, the time-domain 

stress-response is converted into frequency-domain by using the FT method. The discrete 

FT of stress data can be computed as 

 
1

0

exp 2
N

n k
k

F ink N 




   
(5.10) 

where k = 0, 1, 2, …, (N–1), N is the total number of experimental data points in the shear 

stress response, and i is the imaginary unit. nF  represents a signal of the n
th

 harmonic 

term in the frequency domain of the stress-response. Since nF  is a complex number, it 

can be expressed by its amplitude. 

FT-rheology is a sensitive approach, which determines the amplitude and phase 

difference of higher harmonics, and may provide useful insights about the progressive 

transition from linear to nonlinear viscoelastic responses.
[17]

 However, this approach is 

not able to elucidate the clear physical interpretation of all the higher harmonic 

coefficients except the fundamental harmonic.
[46]

 Therefore, to avoid these ambiguities, a 

cycle-by-cycle measurement of the stress response as a function of shear strain (or strain 
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rate) is preferred. A graphical representation of a closed-loop plot of the stress response 

 0 , , t    vs.   t  [or   t ] is termed as elastic (or viscous) Lissajous–Bowditch 

curve. This representation is more convenient for the qualitative analysis of the 

viscoelastic behavior under LAOS. The elastic and viscous Lissajous–Bowditch curves 

can be used for decomposing the total shear stress into their elastic and viscous 

counterparts, respectively, as shown below.
[43,44]

 

, , , ,

,
2 2

   
       

    
 



       
          

           
 

 

(5.11) 

  at a fixed   is given by the average of the stress responses obtained during the 

positive and negative strain rates. Similarly,   at a fixed   is obtained by taking the 

average of the shear stress responses at the same magnitude (but opposite signs) of  . 

Ewoldt et al.
[21]

 used the Chebyshev polynomials of the first kind, mT , to 

decompose the total stress response in a cycle into their elastic and viscous components. 

Chebyshev polynomials are defined as   cosmT x m , where cosx  . The recurrence 

relation of the Chebyshev polynomials is given by
[47]

 

                1 22m m mT x xT x T x   ,     2,3,m   (5.12) 

This, together with the initial conditions,  0 1T x   and  1T x x , recursively generates 

all the polynomials   mT x  easily. These polynomials are orthogonal over the interval 

[–1, 1]. Like the FT-rheology approach, the Chebyshev polynomial approach can be 

utilized in finding the elastic and viscous components of the stress response, given by  
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(5.13) 

where me  and mv  are the elastic and viscous Chebyshev coefficients of order m. Based 

on these coefficients, the materials can be characterized as intracycle strain-hardening 

 3 1e  , strain-softening  3 1e  , shear-thickening  3 1v  , and shear-thinning  3 1v  . 

The Chebyshev coefficients can be utilized to derive the following geometrically-

motivated moduli. 

1 3
 odd00
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3    M n

n

d
G nb e e

d

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(5.15) 

where 
MG  is the minimum-strain amplitude at 0  , and 

LG  is the large-strain 

amplitude at 0  . For the linear viscoelastic regime, both 
MG  and 

LG  are equivalent 

to G . Therefore, this approach of characterizing materials can be considered as more 

general. However, like FT-rheology, the Chebyshev approach also has limitations when it 

includes the contribution of the higher harmonic terms above the third. This limitation 

arises due to the symmetry assumptions for decomposing the total nonlinear stress 

response into the superposition of an elastic stress and a viscous stress
[46,48]

 (see Equation 

5.11). Rogers and Lettinga
[26]

 have shown that the physical interpretation of these 

approaches may vary from one material to another, although they are valuable 

approaches mathematically. 
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 To interpret the LAOS behavior of a material by using a Lissajous–Bowditch 

curve, Rogers et al.
[34]

 have proposed an approach based on a sequence of physical 

processes. It includes elastic straining, yielding behavior, and flow behavior. The elastic 

straining during intracycle shearing can be described by the apparent cage modulus 

 cageG , which can be defined as the derivative of the stress with respect to strain at zero 

stress. 

0

cage

d
G

d









 

(5.16) 

 It is the instantaneous slope of the elastic Lissajous–Bowditch curve at zero stress. 

5.3 Results and discussion 

Before probing the nonlinear viscoelastic behavior of foam, we performed a few other 

fundamental experiments on foam as shown in Figure 5.1. The results from a typical 

amplitude sweep experiment on foam are shown in Figure 5.1a. This experiment can be 

used for determining the linear and nonlinear viscoelastic regimes under oscillatory shear. 

At low strain up to 1%, both G  and G  were independent of 0 . This is known as the 

linear viscoelastic regime. Upon increasing 0  further (i.e. above critical strain 

amplitude), the foam started yielding. G  decreased continuously, indicating strain-

softening. G  initially increased, reached a local maximum at a certain value of 0 , and 

then started decreasing. This characteristic is known as weak strain overshoot. The 

overshoot (i.e. the local maximum of G ) may be considered as the balance between the 

formation and destruction of the structure of foams.
[13]

 The yield strain is usually 

considered at the crossover point of G  and G  
[49]

. As the strain amplitude exceeded the  
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Figure 5.1 (a) Results from a typical amplitude sweep experiment at –11 rad s  , (b) 

frequency sweep experiment on foam at the constant strain amplitude of 0.5%, and (c) 

steady state flow curve of the foam. 

 

yield point, both the moduli decreased (with G G  ) indicating the liquid-like behavior. 

Therefore, yielding can be considered as the transition of a material from solid-like to 

liquid-like behavior. The response of foam after 1% 0  is known as the nonlinear 

viscoelastic regime, where the LAOS experiment was performed. 

 G  and G  are suitable rheological parameters for explaining the viscoelastic 

behavior in the linear viscoelastic regime, inasmuch as they contain only the first 

(a) 
(b) 

(c) 
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harmonic contributions to the stress response. The intensities of other odd higher 

harmonics in medium amplitude oscillatory shear regions are very small. However, 

higher harmonic contributions must be added to distinguish and investigate the 

viscoelastic behavior at large 0 . The linear viscoelastic moduli of the foam were plotted 

as a function of frequency in Figure 5.1b. These moduli were obtained at the constant 

strain amplitude of 0.5% because at this amplitude foam exhibited linear viscoelastic 

behavior (see Figure 5.1a). Additionally, G  was one order of magnitude higher than G , 

and both the moduli were independent of the frequency of oscillation, which is a typical 

characteristic of gel-like behavior. The steady state flow curve of the foam is shown in 

Figure 5.1c. The shear rate was measured by varying the shear stress. It was observed that 

there was no flow below ~15 Pa shear stress because the shear rate was almost zero, 

which implies that the foam showed yield stress. 

 Because of the non-sinusoidal shape of the stress waveform, the complex shear 

modulus alone is not sufficient to characterize the foam behavior. Therefore, to 

investigate the nonlinear viscoelastic behavior of the foam, analysis of the stress response 

waveform can be useful. The waveform depends on the structure of foam. When foam 

was deformed under LAOS, the stress response was still periodic, and the stress curves 

changed their shape from sinusoidal to non-sinusoidal with increasing strain amplitude as 

shown in Figure 5.2. The asymmetry of the stress response was significant with 

increasing 0 . A shape signifying “backward tilted stress” was observed under LAOS. 

The third harmonic term is mainly responsible for the non-sinusoidal shape of the  
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Figure 5.2 The waveform of the shear stress as a function of phase angle in a complete 

cycle. The shear stress results were obtained by imposing oscillatory shear strain at 

different amplitudes ranging from 1 to 159%. 
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waveform. The other higher harmonic terms typically decay rapidly. The effects of higher 

harmonic terms were also studied by using Fourier series, which are reported later in this 

section. 

The elastic Lissajous–Bowditch curves of foam are shown in Figure 5.3. In the 

linear viscoelastic regime, the Lissajous–Bowditch curves were elliptic. The slope of the 

major axis of the ellipse represents the magnitude of the complex shear modulus. With 

increasing 0 , the width of the minor axis of the ellipse became wider, which can be 

attributed to the phase angle between the input strain and the output stress.
[50]

 

Additionally, the shape of the Lissajous–Bowditch curves became increasingly 

rectangular with highly-rounded corners. This can be seen clearly in Figure 5.3 for 

0 39.8%  . This shape implies that the greatest increase in stress occurred when the 

strain was maximum in a cycle. These increasingly rectangular elastic Lissajous–

Bowditch curves confirm the intracycle strain-hardening process associated with the 

foam under LAOS. In the nonlinear viscoelastic regime, however, the shape of the 

Lissajous–Bowditch curves was more complex and non-ellipsoidal. Therefore, the simple 

viscoelastic moduli may not be appropriate to explain the real shape, and they may 

mislead the structural and physical information. The area enclosed by the elastic 

Lissajous–Bowditch curves increased with 0 , which indicates an increase in the energy 

dissipated during the LAOS test. 

The data suffered from noise at the high values of   and low values of 0  (as 

shown in the right bottom portions in Figures 5.3 and 5.5). This may be due to the fact 

that at high  , the experimental time was less than the time required for the foam to 
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relax. The stress amplitude increased with increasing  . However, the shape of the 

Lissajous–Bowditch curves remained almost unchanged. A progressive transition from 

linear to nonlinear behavior can be observed from the elastic Lissajous–Bowditch curves. 

The onset of nonlinearity of the foam can be visually observed for strain above 10%, as 

the shape of the Lissajous–Bowditch curve (or the stress response waveform) started 

changing at this point onward. The corresponding viscous Lissajous–Bowditch curves 

have been shown in Figure 5.4. These curves showed sigmoid shape under LAOS, which 

confirmed the intracycle shear-thinning behavior.
[51]
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Figure 5.3 Elastic Lissajous–Bowditch curves [normalized stress,   0t   vs. 

normalized strain,   0t  ]. The amplitude of shear stress  0  is indicated in each 

curve. All curves are two-dimensional projections of the three-dimensional curves on the 

stress–strain plane. 
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Figure 5.4 Viscous Lissajous–Bowditch curves [normalized stress,   0t   vs. 

normalized strain rate,   0t  ]. The amplitude of shear stress  0  is indicated in each 

curve. All curves are two-dimensional projections of the three-dimensional curves on the 

stress–strain rate plane. 
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The instantaneous viscosity of the foam can be found from the slope of the 

viscous Lissajous–Bowditch curves. The instantaneous viscosity decreased with 

increasing deformation rate. Therefore, the foam showed intracycle shear-thinning 

behavior. The 3D curves of the Lissajous–Bowditch plots are shown at different 

projection angles in Figure 5.5. We have also compared our experimental results with the 

oscillatory stress response obtained from the cone-and-plate geometry, where 

homogeneous deformation can be achieved (see Annexure A). 

 

  

 
 

 

 

Figure 5.5 Three-dimensional representation of the Lissajous–Bowditch curves where 

stress, strain, and strain rate are considered as orthogonal coordinate axes. The curves are 

shown at 1   rad s
–1

 for different strain amplitudes  0  (i.e. 1, 6.31, 10, 15.9, 25.1, 

39.8, 63.1, 100, and 159%). The Lissajous–Bowditch curves are shown at different 

projection angles. 
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The elastic component of the total stress showed the linear dependency on strain 

at low 0 . The stressstrain curve was bent upward at large strains, as shown in Figure 

5.6. This shape is often considered as an indication of strain-hardening.
[52]

 In contrary, 

the amplitude sweep experiment showed strain-softening of the foam (Figure 5.1). This 

paradox has been reported recently by Mermet-Guyennet et al.
[53]

 They concluded that 

the strain-hardening was due to the use of 
MG . However, the overall LAOS behavior 

indicated strain-softening. To investigate further on the nonlinear viscoelastic behavior of 

foam, we adopted the approach of sequence of physical processes proposed by Rogers et 

al.
[34]

 This approach provides a framework to analyze the intracycle response of the 

elastic Lissajous–Bowditch curves by decomposing it into the sequence of physical 

 

 

Figure 5.6 The elastic components of the shear stress response (obtained from Figure 

5.3) as a function of strain in one period of oscillation. The experiment was performed at 

–11 rad s   for different strain amplitudes  0  ranging from 1 to 159%. 
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processes, i.e. elastic straining, yielding behavior, and flow behavior. Figure 5.7 shows 

the cageG  (determined from Equation 5.16) and G  (see Figure 5.1a) as a function of 0 . 

Both the moduli overlap in the linear viscoelastic regime indicating that the foam 

extended in a linear fashion. The G  decreased with increasing strain amplitude, but 

cageG  did not change significantly and remained significantly above the G , even at the 

higher amplitudes. This indicates that the foam exhibited an elastic deformation. It also 

suggests that the foam behavior was explained well by the sequence of physical 

processes.
[54]

 

In addition, the elastic straining can be illustrated more clearly from the elastic 

Lissajous–Bowditch curves as shown in Figure 5.7b. At the strain reversal point (i.e. 

maximum strain or zero strain rate), the stress increased almost linearly with strain up to 

the critical strain, which implies the elastic behavior of foam. Further increasing the 

strain above the critical point, the stress continued to increase until a yield stress was 

achieved, where it showed an overshoot (or a local maxima) (see the top left curves of 

Figure 5.3). The yielding behavior can be characterized from Figure 5.7b by determining 

the total strain required from the lower reversal point (unfilled circles) to the point of 

maximum elastic stress (triangles) and maximum total stress (filled circles). These 

accumulated strains are shown in Figure 5.7c as a function of 0 . For an ideal elastic 

solid, the amount of strain required to achieve the maximum total stress is 02 , whereas 

it is 0  for the ideal viscous liquid. The idealized behavior of elastic solid and viscous 

liquid are represented by the solid and dashed lines, respectively (see Figure 5.7c). 
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Figure 5.7 (a) Storage modulus  G  and apparent cage modulus  cageG  as a function of 

strain amplitude  0 . (b) The elastic Lissajous–Bowditch curves of the foam at the 

selected strain amplitudes under LAOS. The empty circles indicate the lower reversal 

points, triangles represent the maximum elastic points (i.e. stress overshoot), and filled 

circles indicate the points of maximum total stress. (c) The strain required from the lower 

reversal point to the point of maximum total stress (circles) and maximum elastic stress 

(triangles) as a function of strain amplitude. Idealized behavior of elastic solid and 

viscous liquid are represented by solid and dashed lines, respectively. The strain required 

to reach the maximum elastic point follows the power law with index 0.4. 

 

 

(a) 
(b) 

(c) 
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The data points corresponding to the maximum total stress followed a straight line with 

slope 2. This implies that the maximum total stress was the result of an elastic process. 

Therefore, the foam structure reformed after the strain corresponding to the maximum 

total stress by releasing the elastic stress. On the other hand, the maximum elastic stress 

initially followed a straight line with slope 1, indicating that the stress was caused by a 

viscous process. The data points deviated at large amplitudes, and they followed the 

power-law behavior with flow index 0.4. This confirms the shear-thinning flow behavior 

of foam above the yield stress. van der Vaart et al.
[55]

 observed similar type of results for 

a concentrated soft-sphere suspension. However, for the hard-sphere suspension, the 

acquired strain to maximum total stress followed perfect solid-like and liquid-like 

behaviors at low and high 0 , respectively.
[34,55]

 The flow behavior above the yield strain 

was initially characterized as viscoplastic because the stress remained almost constant, 

and then it increased abruptly with strain indicating strain-hardening behavior. This 

sequence of physical processes was repeated in the remaining half-cycle of the 

oscillation. 

One aspect of studying the yielding behavior is the appearance of significant non-

linearity. From the elastic Lissajous–Bowditch curves under LAOS at higher frequency 

(see the top right curves of Figure 5.3), it appears that the foam exhibited plastic and/or 

elastoplastic flow beyond the yield strain. To deal with such flow behavior in a cyclic 

deformation, the concept of kinematic hardening is widely used.
[56,57]

 This concept 

describes the stressstrain relationship for yielding materials. Dimitriou et al.
[58]

 have 

developed a method to understand the kinematic hardening from the Lissajous–Bowditch 

curves. Their method is based on the elastic Herschel–Bulkley model. In this method, the 
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strain at a point on the elastic Lissajous–Bowditch curve can be decomposed into elastic 

 e  and plastic  p  components as 

e p   
 

(5.17) 

The stress is related to e  through the Young’s modulus (G) as eG  , and the elastic 

strain retains beyond the yield point. The contribution to the stress due to plastic flow is 

called back stress  back . The plastic flow rate  p  is related to the effective stress (i.e. 

back  ), which is the driving force for the plastic flow. It is given by
[58]

 

1/ q

backp pn
k

 


 
  

   

(5.18) 

where 
pn  is the direction of plastic flow, and k and q are the consistency index and the 

flow index, respectively. Below the yield strain, it is assumed that p  is zero, and the 

foam undergoes only elastic deformation. However, above the yield strain, the rate-

independent plastic flow begins to occur. This is immediately followed by strain-

hardening at low frequency and kinematic hardening at high frequency. At the strain 

reversal point, the elastic strain is recovered and the cycle is repeated by dropping the 

stress below their yield value. 

Equations 5.6 and 5.13 show the relation between the FT-rheology and the 

Chebyshev polynomial approaches. Both the approaches are based on linear algebraic 

analysis, where the elastic and viscous components of the total stress response can be 

expressed as a linear combination of the finite orthogonal basis sets. In the FT-rheology 
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approach,   and   are expressed as the linear combination of the orthogonal sets of 

sines and cosines, respectively, of different higher odd harmonic frequencies. In the 

Chebyshev polynomial approach,   and   are expressed as the linear combination of 

the orthogonal sets of Chebyshev polynomials of different higher odd orders. The FT-

rheology approach is not able to elucidate the physical interpretation of all the higher 

harmonic coefficients except the fundamental harmonic. However, the Chebyshev 

approach can be used to interpret the LAOS results within a cycle by using the first and 

third Chebyshev coefficients. Like the FT approach, the first Chebyshev coefficient 

explains the linear viscoelastic behavior. The elastic and viscous components of the total 

shear stress obtained from the corresponding Lissajous–Bowditch curves are shown in 

Figure 5.8. These stress components were obtained by taking the average of the shear 

stresses during the positive and negative   (or  ) at a fixed   (or  ). This method of 

decomposing the stress response was proposed by Cho et al.,
[43]

 and it is useful for 

analyzing the viscoelastic properties of foam under LAOS. Furthermore, these stress 

components were fitted by Chebyshev polynomials. As can be seen from Figure 5.8a, 

when foam was deformed in the linear viscoelastic regime (i.e. at 1% 0 ),   increased 

linearly with  , and   was almost independent of  . This implies that the foam showed 

a predominantly elastic behavior. Also, due to the linear viscoelastic properties, the first-

degree Chebyshev polynomial was alone sufficient to fit the stress components. The 

linearity can also be confirmed from the Chebyshev coefficients, inasmuch as both 3e  

and 3v  were zero.  Upon further increasing 0  to 25%, it was found that the   and    
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(a) 

 

 

(b) 
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(c) 

 

Figure 5.8 Decomposition of the normalized stress response   0t     into the elastic 

  0t     and viscous   0t     components, based on the geometrical method 

(i.e. Equation 5.11). These components were fitted by the Chebyshev polynomials of odd 

orders. The elastic (i.e. me ) and viscous (i.e. mv ) Chebyshev coefficients are shown 

corresponding to the order of the Chebyshev polynomial: (a) 0  = 1%, (b) 0  = 25%, 

and (c) 0  = 100%. The geometrical decomposition method is depicted in the figure. 

 

components were not linearly dependent on   and  , respectively. Therefore, third-

order Chebyshev polynomials were used to fit the stress components. Both 3e  and 3v  

were positive, which implies that the foam showed strain-hardening and shear-thickening 
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behavior. At very high 0  (e.g. 100%), a sudden rise in   was observed at large  , 

which reflects that the foam was stiff. A positive value of 3e  confirms the intracycle 

strain-hardening behavior. In contrast, the slope of the   vs.   curve decreased, and 3v  

was negative. Therefore, the foam showed an intracycle shear-thinning behavior. 

Figure 5.9 clearly shows the contribution of the higher harmonic terms under the 

LAOS response. The solid line shows the experimental stress response, and the dashed 

line depicts the stress obtained from the Fourier series (i.e. Equation 5.6). The Fourier 

coefficients (i.e. na  and nb ) were computed from Equation 5.7. These are shown in the 

corresponding figures. When foam was deformed at low 0  (up to ~6.31%), only the 

first harmonic term was sufficient to fit the stress response waveforms. With increasing 

0 , higher odd harmonic terms were required. Therefore, the third harmonic term, along 

with the first term, fitted the stress waveform (up to 25.1%). Further increasing 0 , the 

fifth-term was required, and it was added to fit the stress response waveforms. It was 

observed that the even terms did not make any contribution to LAOS. It reconfirmed the 

absence of the slip condition between the two parallel plates, where the foam was placed. 

Each peak in Figure 5.9 in the first column represents the magnitude of the corresponding 

harmonic terms. This is known as the FT-rheology spectrum. These peaks were 

determined by discrete FT of stress data using Equation 5.10. From the figure, it is clearly 

seen that the number of higher harmonic contributions and the magnitude of the peaks at 

odd harmonics increased with applied 0 . The computer program for curve fitting of the 

stress waveforms by Fourier series is shown in Annexure B. Computation of their 

discrete Fourier transform is shown in Annexure C. 
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Figure 5.9 Contribution of different oscillatory harmonic terms on the LAOS response. 

Each signal shows the magnitude of the corresponding harmonic. The inset (above 

15.9%) shows the same graph, which was magnified to observe the signals corresponding 

to the higher harmonic terms. The stress response curves (Figure 5.2) were fitted by 

Fourier series (the dashed line). The FT parameters (i.e. na  and nb ) obtained from 

Equation 5.7 are shown in the figure. 

 

The nonlinearity was quantified by determining the relative intensities of the higher 

harmonic terms with respect to the first (i.e. fundamental) harmonic (e.g. 3/1I  and 5 /1I ), 

as shown in Figure 5.10. 3/1I  increased linearly with increasing 0  (up to ~25%). With 

further increase in 0 , 3 /1I  increased slowly. This may be due to the presence of the 

third harmonic term. 5 /1I  increased linearly up to 100% 0 . The contribution of the 

higher harmonic terms became significant when the foam was deformed at high 0 . 

When  3/1ln I  was plotted against  0ln  , a straight line with slope ~2 was obtained in 

the low-to-medium 0  range, as shown in Figure 5.10. This indicates a scaling 

relationship between 3/1I  and 0 .
[59,60]

 At low-to-medium shear deformation, 3/1I  of the  
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(a) 

 

(b) 

 

Figure 5.10 (a) Relative intensity of the third harmonic  3/1I  and fifth harmonic  5 /1I  

expressed as a function of the shear strain amplitude  0  (i.e. Equation 5.9). (b) 3/1I  

and 5 /1I  computed by taking logarithm of the data in Figure 5.10a. The experiment was 

performed by applying an oscillatory shear at –11 rad s  . 

 

foam varied quadratically with 0 . A similar result was observed for beer foams.
[61]

 The 

third harmonic is the best scaling corresponding to the scaling theory at the small 
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amplitude. An asymptotic behavior to a plateau value was observed at high 0 . 

Therefore, the scaling theory is not suitable for the relative intensity higher than the third 

harmonic. However, an attempt was made to extend the scaling law for 5 /1I . It was found 

that it varied linearly over a wide range of 0 , as shown in Figure 5.10. 

5.4 Conclusions   

Nonlinear viscoelastic behavior of foam stabilized by HTAB and silica nanoparticles was 

systematically studied under LAOS by using Lissajous–Bowditch curves, FT-rheology 

analysis, and the Chebyshev polynomial technique. The LAOS results were interpreted 

based on the sequence of physical processes. With increasing 0 , the shape of the 

waveforms and the Lissajous–Bowditch curves changed. Elastic Lissajous–Bowditch 

curves changed from ellipsoidal to rectangular, which shows the strain-hardening 

behavior of foam. However, the overall behavior was shear-thinning. Flow under LAOS 

was periodic, and it involved the contributions of the higher odd harmonic terms to the 

stress response. The peaks corresponding to the even harmonic oscillatory terms were not 

observed, which may be due to the “no slip” condition between the parallel plates, where 

the foam was placed during the LAOS test. The foam showed linear elastic response in 

the linear viscoelastic regime inasmuch as 3e  was zero. Intracycle strain-hardening 

behavior was observed in the nonlinear viscoelastic regime inasmuch as 3e  was positive. 

Furthermore, it showed linear viscous response in the linear viscoelastic regime 

(inasmuch as 3v  was zero), intracycle shear-thickening at moderate 0  (inasmuch as 3v  

was positive), and intracycle shear-thinning at high 0  (inasmuch as 3v  was negative). It 
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was also observed that 3/1I  was quadratically dependent on 0  at low-to-intermediate 

shear deformation. However, 5 /1I  varied linearly over a wide range of 0 . 
LG  was 

greater than 
MG  in the entire range of amplitude and frequency of oscillation under 

LAOS, which also confirmed the strain-hardening behavior of foam. The sequence of 

physical processes revealed that the foam exhibited elastic straining at the strain reversion 

point and showed yielding above the critical strain, which was followed by strain-

hardening. It also showed kinematic hardening at high frequency under the LAOS flow.   

Nomenclature  

na  Fourier cosine coefficient of the n
th
 harmonic, Pa 

nb  Fourier sine coefficient of the n
th
 harmonic, Pa 

me  elastic Chebyshev coefficient of order m 

nF  discrete FT of the n
th
 harmonic, Pa 

G Young’s modulus, Pa 

G  storage modulus, Pa 

G  loss modulus, Pa 

cageG  cage modulus, Pa 


LG  large-strain amplitude, Pa 


MG  minimum-strain amplitude, Pa 

i   imaginary unit 

nI  intensity of n
th

 harmonic, Pa 
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/1nI  relative intensity of n
th
 harmonic 

k consistency index 

m   order of Chebyshev polynomial of the first kind 

n   harmonic 

pn  direction of plastic flow 

N total number of data points 

q flow index 

t   time, s 

T time period, s 

mT  Chebyshev polynomial of the first kind 

mv  viscous Chebyshev coefficient of order m 

Greek letters 

  shear strain 

  strain rate, s
–1

 

p  
plastic flow rate, s

–1
  

0  strain amplitude 

e  elastic strain 

p  plastic strain 

  phase angle, rad 

  shear stress, Pa 

  in-phase shear stress component, Pa 
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  out-of-phase shear stress component, Pa 

 back  back stress, Pa 

0  stress amplitude, Pa 

  angular frequency, rad s
–1

 

Abbreviations  

CMC critical micelle concentration 

FT Fourier transform 

HTAB hexadecyltrymethylammonium bromide 

LAOS large amplitude oscillatory shear 
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6.1 Summary of the work 

An experimental study has been performed on aqueous foams stabilized by a mixture of HTAB 

and silica nanoparticles. Their concentrations were varied to understand the foaming behavior of 

these aqueous solutions. The effects of HTAB in the presence of silica nanoparticles were 

investigated in Chapter 3. The effects of silica nanoparticles in the presence of HTAB were 

investigated in Chapter 4. In Chapter 5, a systematic study of the LAOS behavior of foam 

stabilized by 0.1 mol m
–3

 HTAB and 0.5 wt.% silica nanoparticles was studied. The salient 

accomplishments and the major conclusions are as follows: 

 At low HTAB concentration (i.e. below the CMC), foams were more stable, and they 

were composed of spherical bubbles. They possessed high viscosity and viscoelasticity. 

The air–water interfaces were covered with a Langmuir-type monolayer. This was due to 

the presence of the surfactant-laden particles. Therefore, these interfaces showed high 

surface pressure during the compression of the monolayer.  

 In the HTAB solutions containing silica nanoparticles, the adsorption of HTAB molecules 

occurred on the surface of the latter. This was due to the electrostatic attraction between 

the HTAB and the silica nanoparticles. As a result, the hydrophilicity of the particles 

decreased, and the charge at the surface of the particles became less negative. This 

enabled the silica nanoparticles to adsorb at the air–water interfaces. The particles 

adsorbed at the interfaces prevented coalescence. 

 The nanoparticles having diameter less than 10 nm adsorbed at the air–water interfaces. 

Since the silica nanoparticles were hydrophilic, a major portion of these particles was 

oriented towards the aqueous phase, and hence a lesser portion was in the air. The larger 
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particles could not move to the interface, and hence they remained in the Plateau borders 

and nodes of the foam films, which reduced the film drainage.  

 Foamability and foam stability increased with increasing particle concentration. An 

increase in particle concentration caused a closer packing of the nanoparticles at the air–

water interfaces as well as in the foam films.  

 At high HTAB concentration (i.e. above the CMC), the surface was completely occupied 

by the HTAB molecules and hence, the surfactant-laden particles were accommodated 

near the sub-phase or in the bulk phase. Due to the absence of particles, the interface was 

covered with a Gibbs-type monolayer. Therefore, it did not exhibit a significant surface 

pressure and viscoelasticity. Consequently, the foams formed by these solutions were 

relatively less stable. The bubbles was usually polyhedral. 

 The LAOS study of foam revealed a sequence of physical processes in an intracycle 

oscillatory shear flow. The foam exhibited elastic straining at the strain reversion point 

and showed yielding behavior above the critical strain, which was followed by strain-

hardening. Shear-thickening was also observed at moderate deformations.     

The fundamental understanding reported in this thesis will enable the development of a novel 

range of products based on particle-stabilized foams for use in foods, detergents, and cosmetic 

formulations. 

6.2 Future scope of research 

Based on the work conducted in this thesis, research can be extended in many different ways in 

the future. Some of the interesting ideas are as follows: 
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 In this thesis, the foams were formed by mixing the aqueous dispersions containing 

surfactant and nanoparticles in a blender. This gives polydisperse foams. The 

polydispersity (or morphology) strongly influences the foaming behavior. A 

monodisperse foam can be prepared by injecting air slowly into the aqueous phase 

through an orifice or a sparger. The morphology of the foam can be controlled by 

controlling the air-flow rate. Therefore, the characteristics of monodisperse foams may be 

studied and compared with the polydisperse foams. The influence of experimental 

conditions, such as air-flow rate, temperature, pH, ionic strength, and age on the 

foamability and foam stability may be studied.  

 Therefore, it is suggested to compare the foaming behavior of monodisperse and 

polydisperse foams. Also, to observe the influence of experimental conditions (i.e. air-

flow rate, temperature, pH, ionic strength, age, etc.) on the foamability and foam stability.  

 The work reported in Chapter 4 describes the effect of nanoparticles on the foaming 

behavior of surfactant solutions. Most of the studies on particle-stabilized foams are based 

on inorganic nanoparticles, such as silica nanoparticles. These nanoparticles may not be 

used when the end-use of foam is in food and biomedical applications. Therefore, to 

stabilize such foams, particles of biological origin, i.e. cellulose, lignin, chitin, starch, 

protein (e.g. soy, zein, and ferritin) may be used. These particles are usually non-

spherical. Therefore, the study of the physicochemical properties of the particles (i.e. size, 

shape, and hydrophilicity) is also relevant. 

 The work reported in Chapter 5 explains the LAOS behavior of foam. The LAOS 

experiments are rheologically more complex than the small amplitude oscillatory shear 

experiments. The information obtained from the LAOS study does not reveal the physical 
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interpretation of the foam. Therefore, the theoretical understanding of the nonlinear 

responses observed under the LAOS flow is  sometimes not clearly. To overcome this 

problem, the use of microstructural investigation, such as rheo-SAXS and rheo-dielectric 

combination may help to understand the microstructural origin of nonlinear viscoelastic 

behavior of foam. Furthermore, this approach can be extended to the air–water interface.    

 A change in the pH of the aqueous dispersions can alter the surface charge of the silica 

nanoparticles. Moreover, addition of salt my change the surface properties of these 

particles. Therefore, it is believed that the modulation of pH and salt concentration can 

enable the particles to move to the interface and cause a closer packing, which may 

improve the stability of the foams. 
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Annexure A 

In the rheometer, the strain and stress were obtained by a linear mapping of the 

deformation and torque, respectively. The linear mapping was considerable when the 

experiment was carried out in the linear viscoelastic regime. However, in the nonlinear 

viscoelastic regime, a heterogeneous flow field developed between the parallel plates. 

Stickel et al.
[1]

 showed by numerical simulation that the linear mapping of the 

deformation and torque resulted into strain and stress signals that deviated significantly 

from their uniform-shear counterparts. 

In the present work, all the experiments on foam rheology were performed by 

using the parallel-plate geometry (roughened by sand blasting). This geometry was 

chosen because the gap between the plates could be adjusted easily according to the foam 

structure. However, the flow field generated during the shear was heterogeneous, which 

was significant under the LAOS flow. Giacomin et al.
[2]

 derived a mathematical 

expression of shear stress for the cone-and-plate geometry, where homogeneous flow 

field could be achieved. The derivation was performed by using a simple continuum 

model relevant to the LAOS flow,
[3,4]

 given by 

1 3 5       . (A.1) 

where the total stress is the sum of the stress components of the odd harmonic terms, 

which are given by 
[2]
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(A.3) 
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5 2 2 2 2 2 2 2 2 2 2
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t t           


          

                    

 

(A.4) 

 

The elastic and viscous Lissajous–Bowditch curves were plotted by using Equation A.1, 

as shown in Figure A.1. These plots are similar to those obtained from the parallel-plate 

geometry. Therefore, we can conclude that the heterogeneous flow during the LAOS 

experiments was negligible. 
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Figure A.1 Lissajous–Bowditch curves obtained from Equation A.1. 

 

 

 

 

 

 

TH-1878_136107003



Annexure  
 

187 
 

Annexure B 

Curve fitting of stress waveforms by Fourier series (Equation 5.6) (see Figure 5.9). 

close all; clc 

t = 0:1/257:1-1/257;                  

y = xlsread('LAOS_data.xlsx', '0.1mM_1rads', 'BB4:BB260')';      % Shear stress at 100% 

strain   a                                                                % and 1 rad/s 

angular frequency. 

plot(t,y) 

hold on 

T = 1; 

n = 3;                                                 % n is Number of harmonic terms 

a0 = (1/T)*trapz(t,y); 

 for i = 1:n 

  a(i) = (2/T)*trapz(t,y.*cos(2*pi*i*t));              % Computation of an from Equation 

5.7 

  b(i) = (2/T)*trapz(t,y.*sin(2*pi*i*t));              % Computation of bn from Equation 

5.7 

 end 

x = 0; 

 for p = 1:2:n 

  xx = a(p)*cos(2*pi*p*t) + b(p)*sin(2*pi*p*t); 

  x = x + xx; 

 end 

plot(t,x,'--r') 

set(gca,'fontsize', 15); 

text(0.5,3,'a_1 = 3.7784','FontSize', 10) 

text(0.5,2,'b_1 = 2.7421','FontSize', 10) 

text(0.5,1,'a_3 = -0.5504','FontSize', 10) 

text(0.5,0.1,'b_3 = -0.9008','FontSize', 10) 

xlabel('Time (-)') 

ylabel('Shear Stress (Pa)') 

legend('Strain = 100%') 

print('1strain','-dpng','-r80') 

 

Code written with MATLAB® R2014b 
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Annexure C 

Computation of discrete Fourier transform of the stress data by using Equation 5.10 

(see the first column of Figure 5.9). 

clear all; clc                                                                                   

x = xlsread('waveform.xlsx', 'Sheet2', 'W2:W258')';       % Shear stress at 100% strain 

and                           s                                                         % 

1 rad/s angular frequency. 

N = length(x); 

 for k = 0:N-1 

  for n = 0:N-1 

   X(n+1) = x(n+1)*exp(-j*2*pi*k*n/N);                    % Equation 5.10          

  end 

   Xk(k+1) = sum(X); 

 end 

Xk;                 

mag = abs(Xk); 

stem(0:N-1,mag); 

xlim([-0.1 11]); 

ylim([-0.003 700]); 

legend('Strain = 100%') 

xlabel('Harmonic') 

ylabel('Magnitude') 

set(gca, 'XTick', [0 1.0 3 5 7 9 11 13 15]) 

set(gca,'fontsize', 15); 

axes('Position',[.4 .4 .45 .35])             

box on 

stem(0:N-1,mag) 

xlim([-0.1 11]); 

ylim([-0.5 100]); 

xlabel('Harmonic') 

ylabel('Magnitude') 

set(gca, 'XTick', [0 1.0 3 5 7 9 11 13 15]) 

set(gca,'fontsize', 10); 

print('1strain','-dpng','-r40') 

Code written with MATLAB® R2014b 
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