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Abstract

We undertake an in-depth investigation of the Monte Carlo simulation approach and

its various extensions to tackle computationally demanding problems that frequently

arise in the field of Quantitative Finance. Specifically, we concentrate on three major

domains: derivative pricing, risk management, and portfolio optimization, each of which

involves significant computational complexity. By leveraging advanced Monte Carlo tech-

niques, we aim to improve numerical efficiency, accuracy, and convergence rates in these

financial applications. In the context of derivative pricing, we explore an innovative

hybrid algorithm that combines Multilevel Richardson-Romberg extrapolation (ML2R)

with adaptive importance sampling to enhance the overall computational efficiency of

Monte Carlo estimators. The ML2R technique provides a systematic means of reduc-

ing bias while improving the accuracy of numerical approximations, whereas adaptive

importance sampling seeks to minimize estimator variance through an optimally chosen

change of measure. We establish theoretical guarantees for the convergence of this hybrid

methodology, ensuring that it remains robust even when applied to the pricing of finan-

cial derivatives. To validate our approach, we conduct numerical experiments within the

quantitative finance framework, demonstrating the superior performance of our hybrid

method in comparison to the standard ML2R method. Regarding risk management, we

delve into the role of stochastic optimization within a biased sampling framework, with

a particular emphasis on the Sample Average Approximation (SAA) method. The SAA

framework is widely used in stochastic programming to approximate the optimal value

of a decision problem by replacing the expected value with a sample-based empirical

mean. We investigate the uniform convergence properties of SAA and analyze the com-

putational cost associated with achieving an accurate estimation of the optimal value.

Additionally, we incorporate the Multilevel Monte Carlo (MLMC) method within the

SAA framework to improve computational efficiency in solving stochastic optimization

problems. We demonstrate that by leveraging MLMC one can reduce computational costs

to achieve desired accuracy. As part of our analysis, we conduct a root-mean-squared

error (RMSE) study, assessing the trade-off between computational effort and estimation

accuracy. To substantiate our theoretical insights, we perform numerical simulations in

which we estimate Conditional Value-at-Risk (CVaR)—a widely used risk measure—in

the context of a Geometric Brownian Motion (GBM) model and a nested expectation
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setting. Our empirical results illustrate the benefits of integrating MLMC with SAA,

particularly in terms of reducing variance and improving the precision of CVaR estima-

tion under stochastic dynamics. Finally, in the domain of portfolio optimization, we

focus on the efficient computation of the minimum-CVaR portfolio, an essential problem

in financial risk management that involves constructing a portfolio that minimizes the

risk measure CVaR. To this end, we study a variance-reduced variant of Stochastic Gra-

dient Langevin Dynamics (SGLD) to solve the minimum-CVaR portfolio optimization

problem efficiently. The SGLD algorithm is particularly well-suited for high-dimensional

optimization problems with noisy gradient information, as it incorporates stochastic noise

to improve convergence properties. By introducing a variance-reduction technique, we

aim to enhance the stability and accuracy of the SGLD algorithm while ensuring faster

convergence to the optimal portfolio allocation. We provide rigorous non-asymptotic

error bounds for the Expected Excess Risk, quantifying the precision of our variance-

reduced SGLD method in solving the optimization problem. Furthermore, we conduct

extensive numerical experiments to evaluate the practical effectiveness of our proposed

methodology, demonstrating its ability to achieve improved portfolio allocations with

lower computational costs. Our results underscore the potential of variance-reduced

SGLD as a powerful tool for risk-averse portfolio optimization in high-dimensional set-

tings.
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Chapter 1

An Introduction to Monte Carlo Meth-
ods and Variants

1.1 Introduction

In the broader area of Computational Finance, the mere establishment of the existence
of the solution to a problem is not sufficient to achieve tangible financial solutions (from
a finance perspective) for the problem that has been posed. Accordingly, as is the case
for many applications, we seek a solution that (in practice) approximates the solution
being sought. In Quantitative Finance, with the exception of a handful of cases, where
one can arrive either at an analytical or a semi-analytical solution, for the most part,
one needs to devise efficient methods to arrive at the desired approximate solution to the
posed problem. These particular situations necessitate resorting to robust computational
techniques.

At the heart of this thesis lies a specific computational technique widely used in
the finance industry, namely, the Monte Carlo simulation approach. In our study, we
intend to explore various variants of the standard Monte Carlo procedure to solve the
problems that arise in the computational finance paradigm. Specifically, we intend to look
into three broad categories of problems: option pricing, risk estimation, and portfolio
management. We intend to employ problem-specific Monte Carlo procedures to solve
them numerically. Accordingly, this chapter provides a concise overview of the Monte
Carlo method, including a brief exploration of computational complexity. Further, we
give a brief overview of two Monte Carlo variants, namely Multilevel Monte Carlo and

1
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CHAPTER 1 2

Langevin Monte Carlo, as they form the central part of our study.

1.2 Monte Carlo Simulation

Monte Carlo simulation has become an indispensable tool in finance, addressing chal-
lenges such as derivative securities pricing, portfolio management, and risk mitigation.
Its widespread adoption is driven by the need to simulate high-dimensional stochastic
models arising from the increasing complexity and dimensionality of financial problems.
In most financial applications, the primary objective is to estimate the expected value of
a random variable or function of a random variable. A standard Monte Carlo simulation
achieves this by generating samples of the random variable from its distribution and
approximating the expected value using the sample average. Mathematically speaking,
if we let,

Ŷ :=
1

N

N∑
k=1

Yk, (1.2.1)

then Ŷ represent the Monte Carlo estimator for E[Y ], where {Y1, Y2, . . . , YN} are inde-
pendent and identically distributed (i.i.d.) samples of Y . Since Yk ∼ L(Y ), where L(Y )

represented the distribution of the random variable Y , we have E[Ŷ ] = E[Y ], meaning Ŷ

is an unbiased estimator of E[Y ]. An important question in this setup is determining the
number of samples required to achieve a sufficiently accurate approximation. To address
this, we rely on root-mean-squared error (RMSE) analysis, which quantifies the accuracy
of the Monte Carlo estimator. Mathematically, the RMSE is defined as:

RMSE(Ŷ ) :=

√
E[(Ŷ − E[Y ])2] (1.2.2)

This measure provides a clear framework for assessing the estimator’s accuracy and helps
establish the sample size required for a reliable approximation. A simple calculation
suggests that,

RMSE(Ŷ ) =

√√√√ 1

N

N∑
k=1

Var(Yk) =

√
Var(Y )

N
(1.2.3)

where Var(Y ) denotes the variance of the random variable Y . To this end, if we require
RMSE(Ŷ ) ≤ ϵ for some 0 < ϵ < 1, then under the assumptions that Var(Y ) < ∞,
(1.2.3) suggests that the number of samples increases as the square of the inverse of the
desired accuracy, i.e. N = O(ϵ−2). In principle, this represents the optimal complexity

Ph.D. Thesis
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CHAPTER 1 3

achievable, assuming direct access to samples from the Law of Y . However, as one might
expect, this ideal scenario is not always realistic. In the following subsection, we analyze
the number of samples required in the context where direct access to samples from L(Y )

is unavailable. Instead, we rely on an approximation of the random variable Y .

1.2.1 Sample Complexity in Biased Monte Carlo Paradigm

In many practical scenarios, practitioners often lack access to samples from the true dis-
tribution of random variables. For instance, in financial contexts, if the underlying assets
are governed by stochastic differential equations (SDEs) that do not admit an analyti-
cal solution, then numerical schemes must be employed to approximate the asset prices
over a finite time horizon. However, this introduces an additional layer of approximation
[40]. Such approximations also appear in the nested simulation framework, which is an
internal part of risk estimation [14, 41]. This additional layer of approximation increases
the computational complexity required to render RMSE of O(ϵ). In order to estimate
the computational cost with an extra layer of approximation, we assume the existence
of a family of random variables (Yh)h∈B, such that,

E[Yh]→ E[Y ] as h→ 0, (1.2.4)

where B is the set of bias parameters such that,

B

n
⊂ B, ∀n ∈ N

and B ∪ {0} is a compact set. To this end, suppose we have access to the N i.i.d copies
of Yh for some bias parameter h ∈ B. Let,

Ŷh =
1

N

N∑
k=1

Y k
h (1.2.5)

be a estimator of E[Y ]. Since E[Ŷh] ̸= E[Y ], we say Ŷh is a biased estimator. Now the
following result provides an estimate of the computational cost required for RMSE(Ŷh) ≤
ϵ.

Theorem 1.2.1. Suppose there exists an α > 0 and c1 ̸= 0 such that,

E[Yh] = E[Y ] + c1h
α + o(hα) (1.2.6)
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and, σ2 = sup
h∈B

Var(Yh) <∞, then the computational cost required for
√
E[(Ŷh − E[Y ])2] ≤

ϵ is O(ϵ−(2+ 1
α
)).

Proof. Refer to [68, Chapter 9] .

In the above result, the equation (1.2.6) is referred to as first-order weak expansion,
with α denoting the weak rate of convergence. Further, it is evident from the above
result that higher the rate of convergence, the lower is the computational requirement
to achieve the desired accuracy. The estimation of a weak rate of convergence is often
dependent on the problem under consideration. For example, the asset price is often
modelled on geometric Brownian motion or gBm in a financial setup. In this scenario,
the Euler-Maruyama is a widely used discretization scheme used to estimate the price
of the asset at a finite time horizon [32]. Then, under some regularity conditions, it
can be shown that α = 1 [55, 68]. Consequently, the computational cost required to
achieve RMSE(Ŷh) ≤ ϵ is O(ϵ−3). A natural question in these scenarios is whether we
can do anything better. And the answer is yes. But before we dwell on the methods
to improve the computational cost in a biased sampling setup, we briefly review some
standard variance reduction techniques as they play a central part in our thesis.

1.2.2 Overview of Variance Reduction

A conventional way to improve the efficiency of the standard Monte Carlo framework is
to employ the so-called variance reduction techniques. These methods often exploit the
features of the problem at our disposal to develop strategies leading to variance reduction
and, thereby, improved computational efficiency. Here, we provide an overview of two of
these variance-reduction techniques that would be prevalent in our work. The interested
reader may refer to [40, 68] for a complete and rigorous exposition.

The first variance reduction technique that we review is popularly known as the
control variate. As before, let Y1, . . . , YN be N i.i.d samples simulated from L(Y ) and we
intend to estimate estimate E[Y ]. Suppose, now, for each Yi, we are able to simulate Xi

where we have the knowledge of E[X]. Then this knowledge could be used to simulate
Ȳi’s such that E[Ȳi] = E[Y ] and Var(Ȳi) < Var(Yi). To do so, we define,

Ȳi = Yi − λ(Xi − E[X]) (1.2.7)
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for some parameter λ ∈ R. Since E[Xi] = E[X], we have,

E[ Ȳ ] = E

[
1

N

N∑
k=1

Ȳi

]
= E[Y ], (1.2.8)

therefore, Ȳ is an unbiased estimator of E[Y ]. A simple calculation in the above setup,
(refer [40]), suggests that, if,

λ =
Cov(X, Y )

Var(Y )
.

then,
Var(Ȳ )

Var(Y )
= 1− ρ2XY

where, ρXY denoted the correlation between X and Y . A natural takeaway from this
discussion is that the higher the correlation between the random variable X and Y , the
better the variance reduction. However, in practice, we do not know about Var(Y ).
Therefore, the practicality of this setup is far from obvious. The interested reader may
refer to [40] to study the implementation of the above procedure. However, we would like
to emphasize that control variate is among the most efficient and widely used variance
reduction techniques.

Another variance reduction technique we recall is known as importance sampling. The
underlying idea behind the importance sampling framework is to change the probability
measure in order to reduce the variance. To formalize this idea, let Y be a Rd valued
random variable and f be the underlying probability density function. Further let h :

Rd → R be a function. We know that,

E[h(Y )] =

∫
Rd

h(y)f(y)dy ≈ 1

N

N∑
k=1

h(Yk). (1.2.9)

where Y1, . . . , YN are sampled from f . Suppose now there exists another probability
density function h such that f(y) > 0 =⇒ g(y) > 0. Then

E[h(y)] =
∫
Rd

h(y)f(y) dy

=

∫
Rd

h(y)
f(y)

g(y)
g(y) dy = E

[
h(Y )

f(Y )

g(Y )

]
. (1.2.10)
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Consequently,

Ŷg :=
1

N

N∑
k=1

h(Yk)
f(Yk)

g(Yk)
(1.2.11)

is an unbiased Monte Carlo estimator of E[Y ] where Y1, . . . , YN are sampled from g. The
effectiveness of the importance sampling framework is steered by selecting the probability
density function g. A simple variance analysis undertaken in [40, 68] suggests that if h(y)
is non-negative, and

g ∝ f(y)h(y)∫
f(y)h(y)

, (1.2.12)

then Ŷg is a zero-variance estimator. However, such a choice of g is impractical as it
assumes the knowledge of E[h(Y )]. Nevertheless, the analysis suggests that choosing a
probability density function proportional to h(y)f(y) would lead to an estimator with a
lower variance. The interested reader may refer to the above citations to study various
examples in the option pricing paradigm. We want to conclude that importance sampling
could lead to substantial variance reduction. However, implementing this procedure could
be tricky and lead to infinite variance if g is not chosen carefully.

1.3 Multilevel Monte Carlo

In Section 1.2, we saw how introducing bias in the Monte Carlo framework could increase
computational cost while estimating the expected value with high accuracy. Following
this, we also observe that if we employ variance reduction techniques, we could, in theory,
improve the computational cost associated with achieving the same degree of accuracy.
The Multilevel Monte Carlo procedure or MLMC exploits the control variate technique
to ensure computational savings and achieve the desired accuracy.

The MLMC technique is rooted in the method of parametric integration introduced
by Heinrich in [44] for estimating expectations of the form E[f(x, λ)], where x is a finite-
dimensional random variable and λ is a parameter. Suppose λ ∈ [0, 1], then one can

estimate E[f(x, 0)] and E[f(x, 1)] and then use the control variate
f(x, 0) + f(x, 1)

2
to

approximate E
[
f

(
x,

1

2

)]
. One can extend this process to recursively approximate

E[f(x, λ)] for other intermediate values of λ within [0, 1]. Giles extended the approach
in [32] to develop an MLMC path simulation method. Unlike Heinrich’s work, where
the random variable is finite-dimensional, the approach in [32] deals with an infinite-
dimensional random variable defined over a Brownian path without relying on parametric
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integration. However, the underlying control variate perspective remains closely related
to that in [44].

The underlying dynamics of MLMC deal with running independent Monte Carlo
simulations with varying degrees of bias and accumulating everything together to get the
final result. To be more specific, the procedure uses various levels of resolutions, namely,
l = 1, . . . , L, with l = 1 being the coarsest and l = L being the finest level. From the
perspective of the control variate, the simulation executed in the coarse path is then used
as the control variate to carry out the estimation on a more refined path. We present
the formalization of this idea as elaborated upon in the following presentation.

Let P be a functional of an underlying random variable X defined on some probability
space, and let Pl be the approximation of P on level l. Therefore, in order to estimate
the value of the expected value of P on the finest level i.e., E[PL], we can make use of
the following formula,

E[PL] = E[P1] +
L∑
l=2

E[Pl − Pl−1].

Now, for a given computational cost, the idea is to make an independent estimate, using
the standard Monte Carlo, on the terms on the right-hand side so as to minimize the
variance. Suppose that, Y0 is the estimator for E[P1] making use of N1 samples, and let
Yl be the estimator for E[Pl − Pl−1] making use of Nl samples. Then, in the simplest
case, we have,

Yl =
1

Nl

Nl∑
k=1

(
P k
l − P k

l−1

)
.

Thus, the combined MLMC estimator is given by, Ŷ =
L∑
l=1

Yl. Also we observe that,

E[Ŷ ] = E[PL]. With all the preludes being presented in the preceding discussion, we are
now in a position to look at the seminal results due to Giles [32].

Theorem 1.3.1. Let X be Rd-valued random variable defined on a probability space Ω

and let P : Rd → R be the functional of the random variable. Let hl = h/ml−1, where
h is the bias parameter of the coarsest level, and m ∈ N with m > 1. Let Xl denote the
corresponding level l numerical approximation of X and let Pl := P (Xl). If there exist
independent estimators Yl, based on Nl Monte Carlo samples, and positive constants

α, β, γ, c1, c2, c3, c4 such that α ≥ 1

2
min (γ, β) and

(i) |E [Pl − P ]| ≤ c1h
α
l .
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(ii) E [Yl] =

E [P1] , l = 1,

E [Pl − Pl−1] , l > 1.

.

(iii) Var[Yl] ≤ c2N
−1
l hβ

l .

(iv) Cl ≤ c3Nlh
−γ
l , where Cl is the computational complexity of Yl

then there exists a positive constant c4 such that for any ϵ < e−1, there are values L and

Nl for which the multilevel estimator Ŷ =
L∑
l=1

Yl, has a RMSE with bound,

√
E
[(

Ŷ − E[P ]
)2]

< ϵ,

with a computational complexity C, having the bound,

C ≤


c4ϵ

−2, β > γ,

c4ϵ
−2 (log ϵ)2 , β = γ,

c4ϵ
−2− (γ−β)

α , 0 < β < γ.

Proof. Refer to [32, 68]

From the above theorem, it is evident that the rate of variance convergence plays a
vital role in determining the computational complexity of the MLMC method. In the
original study, Giles introduced the MLMC in the context of the option pricing problem
where the asset is driven by a stochastic differential equation of the form,

dXt = a(Xt, t)dt+ b(Xt, t)dWt (1.3.1)

In order to simulate the above SDE, the Euler-Maruyama scheme was used, which is
given as,

Xn+1 = Xn + a(Xn, tn)h+ b(Xn, tn)∆Wn, ∆Wn ∼ N(0,
√
h), (1.3.2)

where h is the time-discretization. On level l, the time discretization would be hl =
h

ml−1

for some m ≥ 2, where h is the discretization of the coarsest level. In order to estimate
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CHAPTER 1 9

the variance of the MLMC, one needed to examine the strong convergence properties of
the underlying numerical scheme [55],

(
E
[
∥X(T )−X l

T∥2
])1/2

= O(h
β/2
l ),

where hl is the discretization parameter. On the other hand, while dealing with path-
dependent functionals, we often measure the error in sup norm, i.e.,

(
E

[
sup

0≤n≤2l
∥X(nhl)−X l

n∥2
])1/2

= O(h
β/2
l )

Even in the best case of a global Lipschitz continuous payoff P , the Euler-Maruyama
does not achieve β > 1, the requirement for the optimal multilevel simulation.

Before proceeding further, we would like to highlight the importance of strong and
weak convergence in the context of Monte Carlo and MLMC methods, particularly with
respect to algorithm design. As observed in Theorem 1.2.1, the RMSE in the Monte
Carlo setting is influenced by the weak convergence rate, denoted by α, and the sample
variance of the Monte Carlo estimator. Therefore, algorithm design in this case focuses
on constructing approximation schemes that yield a faster rate of weak convergence. In
contrast, MLMC relies on both weak and strong convergence rates. The weak convergence
rate governs how quickly the bias decays with the level l (corresponding to the step size
hl), and thus influences the choice of the finest level required to meet a given accuracy
target. Meanwhile, the strong convergence rate dictates how quickly the variance of
level differences Var(Pl − Pl−1) decays. This is a key factor in achieving computational
efficiency, as the cost savings in MLMC rely on these variances being small at finer
levels. Therefore, designing approximation schemes that exhibit not only improves weak
convergence but also a high rate of strong convergence is a critical aspect of implementing
effective multilevel algorithms.

1.3.1 MLMC with Milstein Discretization

In another article, Giles [31], presented the Milstein scheme for discretization of an SDE,
an approach that led to improvement in variance estimation, thereby resulting in the
overall computational cost being O(ϵ−2) in the best case scenario. Mathematically, the
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Milstein scheme for a one-dimensional stochastic differential equation is given as,

Xn+1 = Xn+a(Xn, tn)h+ b(Xn, tn)∆Wn+
1

2
b(Xn, tn)

∂b

∂X
(Xn, tn)

(
(∆Wn)

2 − h
)

(1.3.3)

Further, he demonstrated that it could be more prudent to make use of different estima-
tors for the coarser and the finer level for the two levels being considered, i.e., P f

l with
l being the finer level, and P c

l with l being the coarser level. In this case, we require,

E
[
P f
l

]
= E [P c

l ] ,

so that,

E
[
P f
L

]
= E

[
P f
1

]
+

L∑
l=2

E
[
P f
l

]
− E

[
P c
l−1

]
.

This method offers flexibility in the process of construction of an approximation, for
which P f

l − P c
l−1 is much smaller than the standard Pl − Pl−1, resulting in a larger

value for β, which is the rate of variance convergence in the theorem stated above. The
numerical results presented, as well as the thorough numerical analysis carried out in
[34], demonstrates the efficacy of the method in case of option pricing problems.

1.3.2 Antithetic MLMC

With the improvement in the variance convergence resulting from the usage of the Mil-
stein scheme, as well as the flexibility offered by the estimator, the extension of the
scheme to the higher dimension SDEs is obvious. However, the application of the Mil-
stein scheme for dimensions higher than two is computationally very intensive due to
the simulation of the Lévy area that appears in the Milstein discretization. For more
discussion on the Lévy area, please refer to [37]. In order to tackle this issue, the authors
in [36] introduced the antithetic MLMC estimator based on the classical antithetic vari-
ance reduction technique [40]. The idea of antithetic MLMC exploits the flexibility of
the general MLMC estimator defined above. Here, based on the coarse path simulation,
we have P c

l−1 = P (Xc
l−1), whereas,

P f
l =

P
(
Xf

l

)
+ P (Xa

l )

2
.
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Here, Xa is the antithetic pair of the level l simulation. Note that Xa is defined so that
it has the same distribution as Xf , conditional on Xc. Therefore,

E
[
P
(
Xf
)]

= E [P (Xa)] .

Also,
P
(
Xf
)
− P (Xc) ≈ − (P (Xa)− P (Xc)) ,

which implies that,
P
(
Xf
)
+ P (Xa)

2
≈ P (Xc) ,

thereby resulting in P f
l −P c

l−1 having lower variance than Pl −Pl−1. Now, in the case of
multidimensional SDE, setting the Lévy area equal to zero and using the Milstein scheme
in combination with the antithetic estimator, we can achieve,

Var
[
1

2

(
P
(
Xf
)
+ P (Xa)

)
− P (Xc)

]
= O

(
h2
)
,

which is the same as the order obtained by the Milstein scheme for the scalar case.

1.3.3 Multilevel Richardson-Romberg Extrapolation

Another major development was brought with the introduction of Richardson-Romberg
extrapolation in the multilevel paradigm. In [32], Giles explored the Richardson extrap-
olation in the context of both the MLMC and the standard Monte Carlo. The MLMC on
its own was significantly better than the Richardson extrapolation. However, together,
they worked even better. Lemaire and Pages [60] took this approach and undertook
further comprehensive error analysis. They combined the method developed in [32] and
Multistep Richardson extrapolation in order to minimize the cost of simulation. The ex-
tension relied on the fact that E[Ph]−E[P ] can be expanded as a polynomial function of
h, where Ph is a strong approximation of P . In general, suppose Ph is an approximation
of P , based on a discretization parameter h. Then,

Ph − P = ahα +O(h2α).
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Replacing h by 2h, accompanied by some basic calculations, we obtain,

P̃ =
2α

2α − 1
Ph −

1

2α − 1
P2h,

such that,
P̃ − P = O(h2α).

With this as the motivation, we consider the bias error E[Ph]− E[P ]. In many applica-
tions, the bias error is expanded as,

E[Ph]− E[P ] =
L∑

n=1

anh
nα +O(hLα),

where L is the finest level of the discretization. In case of the MLMC, we have, h =

(
1

2

)l

on level l. Therefore,

E[Pl]− E[P ] =
L∑

n=1

an2
−nlα +O(2−Llα).

All that is needed then is to determine a set of weights wl such that,

L∑
l=1

wl = 1, and
L∑
l=1

wl2
−nαl = 0, n = 1, 2, . . . , L,

so that, (
L∑
l=1

wlE[Pl]

)
− E[P ] = O(2−αL2

).

Defining, W̃l :=
L∑

l′=l

wl′ , we can derive the Multilevel Richardson-Romberg extrapolation

estimator, given by,

Ŷ =
L∑
l=1

Yl, where Yl =
1

Nl

W̃l

Nl∑
k=1

P k
l − P k

l−1.

With this as the estimator, it was proved that, for β = γ, the overall cost reduces to
O(ϵ−2| log(ϵ)|), while for β < γ the cost reduces to O(ϵ−22(γ−β)

√
log2 ϵ/α). The analysis
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is supported by the numerical experiments, which demonstrated considerable savings.
Therefore, this method is a useful extension to standard MLMC when β ≤ γ. In Chapter
3, we review the underlying assumptions and methodology for estimating the weights W̃l.

Besides the above improvements, there were various developments pertaining to the
multilevel algorithm. For instance, authors in [38] studied a novel combination of MLMC
in the quasi-Monte Carlo paradigm. The numerical results presented showed the effec-
tiveness of QMC for SDE applications. However, the results presented in the paper
were not supported by any theoretical development in this context. In [72], Rhee and
Glynn introduced a new approach to constructing an unbiased estimator, given a family
of biased estimators. The idea presented by them is closely related to that of MLMC,
wherein the finest level of estimation is chosen, contingent on the level of accuracy. How-
ever, in [72], they attempt to produce an unbiased estimator using a total of N samples
and performing each simulation on level l with probability pl. The results presented in
[72] demonstrate a significant improvement in the computational cost over the standard
MLMC. Also, they prove the square root convergence of the estimator, given that the

strong order of convergence is greater than
1

2
for the path functionals. However, the

estimator constructed in [72] has an infinite expected cost whenever β ≤ γ.
Apart from the aforementioned developments, there were various improvements in

the multilevel setup pertaining to the problem under consideration. We revisit these
improvements in the context of option proving problem and risk estimation in Chapter
2, where we thoroughly review the amalgamation of variance reduction techniques and
MLMC.

1.4 Langevin Monte Carlo

Another variant of the Monte Carlo methods that dwells in the landscape of optimization
belongs to a class of algorithms that derive its foundation from the Langevin dynamics.
Mathematically, the dynamic is represented by an SDE given as,

dZt = −∇F (Zt)dt+
√
2δ−1dWt, Z0 = z0 ∈ Rd. (1.4.1)

where, F is the potential function, δ is the temperature parameter, and (Wt)t≥0 is a
d−dimensional Brownian motion. The above SDE is widely used in physics [78] and also
for sampling from Gibbs distribution via Markov Chain Monte Carlo [26]. An extensive
study undertaken in [12, 73] suggests that the SDE admits a unique solution under
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appropriate conditions on F . The primary feature of the above dynamics is that it leaves
the target distribution invariant. The density of the target distribution is given as, [26],

πδ(x) :=
e−δF (x)∫

Rd e−δF (s)ds
. (1.4.2)

However, as it often is, simulating the exact solution of the above SDE is not always
possible, and we have to resort to numerical schemes to approximate the target solution.
In practice, the simulation is undertaken via Euler-Maruayma discretization given as,

Zn+1 = Zn −∇F (Zn)h+
√
2δ−1∆Wn (1.4.3)

where h is the discretization parameter. This approximate sampling from πδ via Euler-
Maruyama discretization is popularly known as Langevin Monte Carlo (LMC) or Unad-
just Langevein Monte Carlo. It should be pointed out that the numerical scheme defines
the Markov kernel for which πδ is not invariant [26]. Therefore, in order to justify the
sampling via the numerical scheme, it is necessary to quantify the accumulation of error
throughout the algorithm. In this regard, the interested reader may refer to the extensive
studies undertaken in [23, 26, 27, 28, 80], that aim at quantifying the error between the
L(Zn) and πδ via weak approximation, total variation and Wasserstein distance.

Moving on, in the context of optimization, the Langevin Monte Carlo is used to solve
the optimization problem defined as,

p∗ = min
θ∈Rd
{F (θ) := E[f(θ,X)]}, (1.4.4)

where X is an Rq valued random variable. The relevance of the above dynamics stems
from the fact that, as δ →∞, the target measure concentrates around the minimizer of
F . In order to solve the above problem, we perform the LMC simulation starting with
θ0, which is given as,

θn+1 = θn − h∇F (θn) +
√
2δ−1∆Wn, n ∈ N (1.4.5)

and approximate p∗ by E[F (θn)] for some n ∈ N. The underlying idea is to generate θN

that minimizes the Excess Risk (ER), which is defined as,

ER := E[F (θn)]− p∗. (1.4.6)
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An important requirement to run the scheme described in (1.4.5) is the calculation of the
gradient of the F (θ), i.e., ∇F (θ). In many practical applications, it is often difficult to
estimate F (θ), let alone its gradient. Moreover, we may not have any knowledge about
the distribution of X but have access to the sample from the distribution. A natural
approach to resolve the first issue is to construct an approximation of F (θ) by generating
(Xk)1≤j≤n i.i.d sample from Law(X) and taking the sample average, i.e.,

FN(θ) =
1

N

N∑
k=1

f(θ,Xk). (1.4.7)

A similar approximation is considered if we have access to the samples of X without any
knowledge about its distribution. Consequently, the gradient is approximated as,

∇FN(θ) =
1

N

N∑
k=1

∇f(θ,Xk). (1.4.8)

With the above approximation, we solve the following Empirical Minimization problem,
given as,

p∗N = min
θ∈Rd

FN(θ). (1.4.9)

The sample average approximation described above poses another challenge in our sim-
ulation. Suppose N is very large, which it often is, then the numerical scheme requires
us to estimate ∇FN(θ) at each iteration step, which could be extremely time-consuming
and slow down the convergence. One could look into the so-called stochastic gradient
method to cater to this issue, where one gives up the accuracy for faster convergence.
Accordingly, our scheme becomes,

θn+1 = θn − h∇vn +
√
2δ−1∆Wn (1.4.10)

where vn is a conditionally unbiased estimator of ∇FN(θn), i.e., E[vn] = ∇FN(θn). A
natural candidate for vn is ∇f(θn, Xin+1), where in+1 ∼ Unif{1, 2, . . . , N}. However, for
a better approximation one could sample Bn ⊂ {1, . . . , N} such that |Bn| = B < N for

all n, and set vn =
1

N

∑
j∈Bn

f(θn, Xj). This approach is popularly known as Stochastic

Gradient Langevin Dynamics or SGLD in the literature.
Stochastic Gradient Langevin Dynamics have been extensively used to solve the op-

timization problem that arises in the machine learning paradigm. The interested reader
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may refer to [1, 77, 82, 84, 87] for the application of SGLD in machine learning. The
SGLD methods have traditionally been used to solve the convex optimization problem.
However, [71] laid down the theoretical foundation for solving the optimization problem
in the non-convex setting. Building upon the theoretical foundation in [71], various vari-
ants and improvements have been undertaken to solve the optimization problem. The
interested reader may refer to [16, 86, 90] and references therein for the extensive study
on the application of SGLD on non-convex optimization. Although the majority of the
study with SGLD has been directed towards solving optimization problems in the ma-
chine learning domain, we intend to revisit this method to solve optimization problems
that appear in the financial engineering paradigm.

1.5 Organization of the Thesis

The remainder of the thesis concentrates on three major problems that appear in the
area of quantitative finance, namely, Derivative pricing, Risk management and Portfolio
optimization. We intend to study the Monte Carlo method and its variants in order to
solve this problem efficiently. Accordingly, in Chapter 2, we undertake a comprehensive
review of the recent developments in the variance reduction techniques in the paradigm
of Multilevel Monte Carlo simulation, where we dwell on the Importance sampling frame-
work in the context of Multilevel Monte Carlo and review its effectiveness while pricing
financial derivatives. Further, we look into the adaptive sampling framework in the con-
text of nested simulation, which appears in Value-at-Risk and Conditional Value-at-Risk
estimation and its extension to MLMC with the aim of achieving better computational
cost via a Multilevel framework.

Taking cues from the discussion undertaken in Chapter 2, we investigate the Multi-
level Richardson-Romberg extrapolation with the importance of the sampling procedure
in Chapter 3 to achieve greater computational efficiency. We extend this approach by
leveraging the Central Limit Theorem in the context of the ML2R setup. We perform a
rigorous convergence study of the hybrid algorithm and demonstrate the efficacy of our
hybrid setup via numerical examples in the paradigm of quantitative finance.

In Chapter 4, we consider a stochastic optimization problem where we assume the
sampling is biased. In the biased sampling framework, we investigate the Non-Asymptotic
properties of Sample Average Approximation (SAA), in order to solve the stochastic op-
timization problem. In this regard, we perform a complete computational cost analysis
and determine the sample complexity required to achieve an accurate solution. Further,
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we extend the approach to the multilevel setup and undertake a rigorous analysis to
establish uniform convergence and determine the computational cost. We further con-
sider an RMSE error analysis and perform numerical experiments in the risk estimation
paradigm to demonstrate the efficacy of our study.

In Chapter 5, we again consider a stochastic optimization problem where we employ
variance reduction techniques in the Langevin Monte Carlo paradigm to improve the
results obtained in the context of a minimum CVaR-portfolio optimization problem. We
undertake a comprehensive analysis of our method where we determine the bound for
Excess Risk (1.4.6). Finally, in Chapter 6, we discuss the future prospects of our study.
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Chapter 2

A Review of Efficient Multilevel Monte
Carlo Algorithms for Derivative Pricing
and Risk Management

In this chapter, we discuss four methodological contributions to the paradigm of MLMC
simulation. The first two algorithms provide substantial improvement in the computa-
tional cost in the landscape of derivative pricing, whereas the latter two dwell in the
landscape of risk estimation.

2.1 Importance Sampling Multilevel Algorithm

Since the advent of MLMC in literature, one of the directions of its progression has been
through various attempts to combine this algorithm with the already existing variance
reduction techniques. For instance, as discussed in Chapter 1, authors in [36, 37] studied
and analyzed the combination of antithetic variates and MLMC in order to bypass the
Levy area simulation (encountered while using the Milstein discretization scheme) in
order to simulate higher-dimensional SDEs. However, in this section, we primarily focus
on the combination of an importance sampling algorithm and a multilevel estimator.

The idea of incorporating importance sampling with multilevel estimators is derived
from the seminal paper by Arouna [7]. Arouna’s idea relied upon the parametric change
of measure and the deployment of a search algorithm to approximate the optimal change
of the measure parameter in order to minimize the variance of the standard Monte Carlo
estimator. Before we discuss the research undertaken in the area of MLMC pertaining to
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importance sampling algorithm, we give a brief overview of the parametric importance
sampling approach.

Consider a general problem of estimating E[G(X)], where X is a d-dimensional ran-
dom variable. If f(x) is the multivariate density function of X, then,

E [G(X)] =

∫
G(x)f(x)dx =

∫
G(x+ θ)f(x+ θ)dx =

∫
h(θ, x)f(x)dx,

where, h(θ, x) =
G(x+ θ)f(x+ θ)

f(x)
. This implies that, E[G(X)] = E[h(θ,X)]. There-

fore, we need to determine the optimal value of θ such that Var[h(θ,X)] is minimum.
Mathematically, this is represented as,

θ∗ = arg min
θ∈Rd

Var[h(θ,X)]. (2.1.1)

In order to solve the above problem, one can resort to the usage of the Robbins-Monro
algorithm that deals with a sequence of random variable (θi)i∈N, which approximates
θ∗ accurately. However, the convergence of this algorithm requires certain restrictive
conditions, which are known as the non-explosion condition (NEC) (see, e.g. [2]),

E
[
h2 (θ,X)

]
≤ C

(
1 + |θ|2

)
for all θ ∈ Rd.

In order to deal with this restrictive condition, the authors in [19, 45] introduced a
truncation-based procedure which was furthered in [6, 58]. An unconstrained procedure
to approximate θ∗, by using the regularity of the density function in an extensive manner,
was introduced in [59] along with the proof of convergence of the algorithm. Besides, the
stochastic approximation algorithm, one can also use a deterministic algorithm such as
sample average approximation, which, while being computationally expensive, provides
for a better approximation to θ∗.

In problems dealing with the pricing of the options, for the most part the underlying
stochastic process (Xt)0≤t≤T (where T > 0 is a finite time horizon), is governed by some
SDEs. The general form of these SDEs is given as follows:

dXt = b(Xt)dt+

q∑
j=1

σj(Xt)dW
j
t , X0 = x ∈ Rd, (2.1.2)
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where W :=
(
W1 W2 . . . Wq

)
is a q-dimensional Brownian motion on a filtered prob-

ability space (Ω, (Ft)0≤t≤T ,P) with b : Rd → Rd and σj : Rd → Rd being the functions
satisfying the following,

Assumption 2.1.1. There exists a constant Kb,σ > 0 such that for all x, y ∈ Rd,

|b(x)− b(y)|+
q∑

j=1

|σj(x)− σj(y)| < Kb,σ|x− y|. (2.1.3)

Assumption (2.1.1) ensures the existence and the uniqueness of the solution to (2.1.2)
[55]. For the most part, constructing an analytical or semi-analytical solution to (2.1.2)
is not possible, and therefore we need to rely on discretization schemes such as Euler or
Milstein in order to simulate the SDEs. For a detailed discussion on these discretization
schemes, interested readers may refer to [55]. Further, following the idea of [7], we
consider a family of stochastic process (Xt(θ))0≤t≤T , with θ ∈ Rd, being governed by the
following SDE:

dXt(θ) = (b(Xt(θ)) + σ(Xt(θ))θ)dt+

q∑
j=1

σj(Xt(θ))dW
j
t , σ(x) =

(
σ1(x) . . . σq(x)

)
.

(2.1.4)
As a consequence of Girsanov’s Theorem, we know that there exists a risk-neutral prob-
ability measure Pθ, which is equivalent to P such that,

dPθ

dP

∣∣∣∣
Ft

= exp

(
−⟨θ,Wt⟩ −

1

2
|θ|2t

)
, (2.1.5)

under which the process (θt+Wt)0≤t≤T is a Brownian motion. Therefore,

EP [G(XT )] = EPθ
[G(XT (θ))] = EP

[
G(XT (θ))e

−⟨θ,WT ⟩− 1
2
|θ|2T

]
. (2.1.6)

Therefore, following the discussion above, we have,

E [G(XT )] = E [h(θ,XT )] .

Here, h(θ,XT ) = G(XT (θ))e
−⟨θ,WT ⟩− 1

2
|θ|2T . Now the idea of importance sampling Monte
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Carlo method is to estimate E (G(XT )), where θ is given by,

θ∗ = arg min
θ∈Rd

Var
(
G(XT (θ))e

−⟨θ,WT ⟩− 1
2
|θ|2T

)
. (2.1.7)

In the context of the multilevel estimator, we present two approaches studied in [3, 10, 52],
adapting the ideas studied by authors in [2, 7] and extending it to multilevel scenarios.
Under the parametric change of measure, the general multilevel estimator is defined as,

E [YL] = E
[
Y θ1
1

]
+

L∑
l=2

E
[
Y θl
l − Y θl

l−1

]
, where Y θ

l = G(Xθ
l )e

−⟨θl,W l
T ⟩− 1

2
|θl|2T . (2.1.8)

Under the framework of the multilevel estimator, the parametric importance sampling
estimator looks like as follows:

Ŷ θ
L =

1

N1

N1∑
k=1

Y k,θ1
1 +

L∑
l=2

1

Nl

Nl∑
k=1

(
Y k,θl
l − Y k,θl

l−1

)
. (2.1.9)

Considering the variance of the above estimator, we have [52],

Var[Ŷ θ
L ] =

1

N1

Var[Y θ1
1 ] +

L∑
l=2

1

Nl

Nl∑
k=1

(m− 1)T

ml−1
Var[Y θl

l − Y θl
l−1]. (2.1.10)

Therefore, as discussed, in order to solve the problem of minimizing the overall vari-
ance of the estimator described above, we intend to minimize the variance at each level
of resolution, i.e., we aim at approximating θ∗l for l = 1, . . . , L, such that,

θ∗1 = arg min
θ∈Rd

Var[Y θ1
1 ] and θ∗l = arg min

θ∈Rd
Var[Y θl

l − Y θl
l−1]. (2.1.11)

Further, pertinent to the discussion carried out in [2] and another application of Gir-
sanov’s Theorem, the above problem can be reformulated as,

θ∗1 = arg min
θ1∈Rd

E
[
G(X1)

2e−⟨θ1,W 1
T ⟩+ 1

2
|θ1|2T

]
θ∗l = arg min

θ∈Rd
E
[

ml−1

(m− 1)T
(G(Xl)−G(Xl−1))

2 e−⟨θl,W l
T ⟩+ 1

2
|θl|2T

]
. (2.1.12)

We present below the two algorithms, namely, the sample average approximation and
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stochastic approximation, in order to approximate the θl’s as the solution to (2.1.12).

2.1.1 Sample Average Approximation

The sample average approximation deals with approximating the above expectations
using Ñl sample paths. More specifically,

E
[
G(X1)

2e−⟨θ1,W 1
T ⟩+ 1

2
|θ1|2T

]
≈ 1

Ñ1

Ñ1∑
k=1

G
(
Xk

1

)2
e−⟨θ1,W 1,k

T ⟩+ 1
2
|θ1|2T ≡ V1, (2.1.13)

and,

E
[

ml−1

(m− 1)T
(G(Xl)−G(Xl−1))

2 e−⟨θl,W l
T ⟩+ 1

2
|θl|2T

]

≈ 1

Ñl

Ñl∑
k=1

(
ml−1

(m− 1)T

(
G(Xk

l )−G(Xk
l−1)
)2 × e−⟨θl,W l,k

T ⟩+ 1
2
|θl|2T

)
≡ Vl. (2.1.14)

Having approximated the expectation in the minimization problem, the authors used the
standard Newton-Raphson algorithm on the functions V1 and Vl in order to approximate
θ∗l , for l = 1, . . . , L. In [2] it is proved that if the functional G(X) satisfies the non-
degeneracy conditions i.e., P (G (X1

T ) ̸= 0) > 0 and P
((
G
(
X l

T

)
−G

(
X l−1

T

))
̸= 0
)

>

0 and have finite second moments, then by [2, Lemma 2.1], V1 and Vl are infinitely
continuously differentiable. Moreover, both V1 and Vl are both strongly convex, thus
implying the existence of the unique minimum θ∗0 and θ∗l as the solution to equations
(2.1.12).

2.1.2 Adaptive Stochastic Approximation

Under the stochastic approximation, studied in [3, 10] the aim of determining the optimal
change of parameter θ∗l for l = 1, . . . , L is carried out using the Robbins-Monro algorithm.
Here, we briefly describe the algorithm. Consider a compact convex set Θ ⊂ Rd such
that 0 ∈ int(Θ). Then the recursive algorithm with projection is defined as follows,

θn+1
l = ProjΘ

[
θnl − λn+1Hl(θ

n
l , Yl,W

l
T )
]
, (2.1.15)
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where ProjΘ(θ) is the Euclidean projection onto the set Θ. The sequence (λn)n≥1 is a
decreasing sequence of positive real numbers satisfying,

∞∑
n=1

λn =∞ and
∞∑
i=1

λ2
n <∞. (2.1.16)

Also,

Hl(θ
n
l , Yl,W

l
T ) =

 (θ1T −W 1
T )
(
G(X1)

2e−⟨θ1,W 1
T ⟩+ 1

2
|θ1|2T )

)
, l = 1,(

θlT −W l
T

) [
ml−1

(m−1)T
(G(Xl)−G(Xl−1))

2 e−⟨θl,W l
T ⟩+ 1

2
|θl|2T

]
, l = 2, . . . , L.


(2.1.17)

The algorithm described above is the constrained version of the Robbins-Monro algo-
rithm. The inclusion of the projection operator in the recursive algorithm is to satisfy the
NEC. Similar to the discussion carried out in the previous section, if the non-degeneracy
conditions are satisfied i.e., P (G(X1

T ) ̸= 0) > 0 and P
((
G(X l

T )−G(X l−1
T )

)
̸= 0
)
> 0,

further assuming the finite second moment of G(X1) and G(Xl) − G(Xl−1), we can
conclude the convergence of the θ∗l , constructed recursively using equation (2.1.15), for
various level of resolutions.

The term adaptive is used in the sense that, the estimation of the optimal importance
sampling parameter and the MLMC run simultaneously. The multilevel estimator in this
case is given as follows,

Ŷ θ
L =

1

N1

N1∑
k=1

Y
k,θk−1

1
1 +

L∑
l=2

1

Nl

Nl∑
k=1

(
Y

k,θk−1
l

l − Y
k,θk−1

l
l−1

)
. (2.1.18)

However, for the purpose of practical implementation, one needs to stop the approxima-
tion procedure after a finite number of iterations.

Having approximated the θ∗l for l = 1, . . . , L, we use the multilevel algorithm de-
scribed by equation (2.1.18) to estimate our expectation. The studies carried out in
[3, 10, 52] demonstrate the accuracy of the hybrid importance sampling multilevel algo-
rithm over the standard multilevel algorithm, through a series of numerical examples,
where the underlying SDEs are multi-dimensional.

As one can readily observe, the sample average approximation is a deterministic algo-
rithm, whereas the stochastic one is not. The robustness and the stability of the sample
average approximation make it a dominant choice for estimating θl. However, the algo-
rithm suffers from a low convergence rate, and large memory footprint [52]. Also, the
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algorithm does require the calculation of ∇Vl(θl), which in turn requires more conditions
on the regularity of the payoff G(X), making it less convenient from the practitioner’s
point of view. On the other hand, the stochastic algorithm does not require the cal-
culation of ∇Vl(θl), resulting in less restrictive conditions and making it feasible from
the practitioner’s point of view. Although the convergence of the stochastic algorithm
is faster than the sample average algorithm, it is not robust and is sensitive to the pa-
rameter λn. We would like to point out that the study discussed above only deals with
the Euler MLMC and is restricted to the use of Euler discretization to simulate the un-
derlying SDEs. The interested reader may refer to [10, 52] for a detailed discussion on
the convergence results and implementation. We conclude this section by presenting the
pseudo-code of the two algorithms discussed.

Algorithm 1: Importance sampling: Sample average approximation

Sample (X1
1 , X

2
1 , . . . , X

Ñ1
1 )

i.i.d∼ X1;
Solve ∇V1(θ1) = 0 using Newton-Raphson method.;
Set Y = 0;
for l = 2:L do

Sample (X1
l , X

1
l−1), (X

2
l , X

2
l−1), . . . , (X

Ñl
l , XÑl

l−1)
i.i.d∼ (Xl, Xl−1);

Solve ∇Vl(θl) = 0 using Newton-Raphson method.;
end

Sample (X1,θ1
1 , X2,θ1

1 , . . . , XN1,θ1
1 )

i.i.d∼ Xθ1
1 ;

Y ← Y + 1
N1

∑N1

k=1G(Xk,θ1
1 )e−⟨θ1,W 1

T ⟩− 1
2
|θ1|2T ;

for l = 2:L do
Sample (X1,θl

l , X1,θl
l−1 ), . . . , (X

Nl,θl
l , XNl,θl

l−1 )
i.i.d∼ (Xθ

l , X
θ
l−1);

Y ← Y + 1
Nl

∑Nl

k=1(G(Xk,θl
l )−G(Xk,θl

l−1 ))e
−⟨θl,W l

T ⟩− 1
2
|θl|2T

end
return Y

From Algorithms 1 and 2, it is evident that the computational cost of the hybrid
MLMC Importance sampling method is higher than the standard MLMC algorithms.
This increased computational cost is attributed to the extra computation required to
solve the optimization problem. However, we would like to point out that the substantial
decrease in variance compensates for the increased computational cost, making the hybrid
method a more suitable approach.
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Algorithm 2: Importance sampling: Stochastic Approximation
Set θ = θ0;
Set Y = 0;
for k = 1 : N1 do

Sample (X1, X
θ
1 ,W

1
T );

Y ← Y +G(Xθ
1 )e

−⟨θ,W 1
T ⟩− 1

2
|θ|2T ;

θ ← ProjΘ(θ − λkH1(θ, Y1,W
1
T ));

end
Y ← Y/N1;
for l = 2 : L do

Set θ = θ0;
Set S = 0;
for k = 1 : Nl do

Sample (Xl, Xl−1, X
θ
l , X

θ
l−1,W

l
T );

S ← S + (G(Xθl
l )−G(Xθ

l−1))e
−⟨θ,W l

T ⟩− 1
2
|θ|2T ;

θ ← ProjΘ[θ − λkHl(θ, Yl,W
l
T )];

end
Y ← Y + S/Nl;

end
return Y

2.2 MLMC and Efficient Risk Estimation.

Risk measurement and consequent management is one of the essential components of
financial engineering. The computation of risk measures for a financial portfolio is both
challenging and computationally intensive, which may be ascribed to computations in-
volving nested expectation, which entails multiple evaluations of the loss to the portfolio,
for distinct risk scenarios. Further, the cost of computing loss of portfolio entailing thou-
sands of derivatives becomes progressively expensive with an increase in the size of the
portfolio [33]. Value-at-Risk (VaR), Conditional VaR (CVaR), and the likelihood of a
large loss are the necessary risk metrics used to estimate the risk of a financial portfolio.
At the core of this estimation, is the necessity of evaluating the nested expectation, given
by,

ϱ = E [H (E[X|Y ])] (2.2.1)

where H is the Heaviside function. More specifically, suppose we need to compute the
probability of the expected loss being greater than Lϱ ∈ R, i.e., we are interested in the
following computation:

ϱ = E [H(E[∆|Rτ ]− Lϱ)] , (2.2.2)
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where E[∆|Rτ ] is the expected loss in a risk-neutral world, with Rτ being a possible risk
scenario at some short risk (time) horizon τ . Also, ∆ is the average loss of many losses
incurred from different financial derivatives, depending upon similar underlying assets
[33], that is,

∆ =
1

K

K∑
i=1

∆i, (2.2.3)

where K is the total number of derivatives and ∆i is the loss from the i-th derivative.
The average is considered to ensure the boundedness of ∆ when the portfolio size of K
increases. A standard and straightforward way to estimate the nested expectation (2.2.1)
is the usage of the Monte Carlo method. This involves, simulating M independent
scenarios of the risk parameter Rτ , and for each risk scenario, N total loss samples,
which are independent. This method was explored in [41], and an extended analysis
was carried out in [39]. The total computational cost to perform the above simulation
is O (max (Kϵ−2, ϵ−3)) in order to achieve the RMSE of ϵ [33]. In order to handle this
issue, we present the ideas studied in [35, 42] under the realm of MLMC.

2.2.1 Adaptive Sampling Multilevel estimator

As mentioned in the previous section, the cost of the standard Monte Carlo to achieve
the RMSE of ϵ is O (ϵ−3). To improve the computational complexity, the authors in [14]
developed an efficient through the adaptation of the sample size required in the inner
sampler of Monte Carlo, to the particular outer sampler random variable. Under certain
conditions, the authors were able to achieve the O

(
ϵ−5/2

)
computational complexity to

achieve the RMSE of ϵ. Giles in [35] extended this approach to the multilevel framework
and was able to achieve O (ϵ−2|log ϵ|2) computational cost for a RMSE tolerance ϵ. Before
presenting the work initiated by Giles, we put forth a brief review of the studies carried
out in [14] and [41].

The authors in [41], estimated the inner expectation of the equation (2.2.1), i.e.,
E[X|Y = y], for a given y, using the unbiased Monte Carlo estimator, with N sample
paths, as given by,

ẐN(y) =
1

N

N∑
n=1

xn(y), (2.2.4)

where, {xn(y)}n are the mutually independent samples from the random variable X,

Ph.D. Thesis

TH-3688_196123105



CHAPTER 2 27

conditioned on Y = y. Again, using the Monte Carlo for the outer expectation, we have,

ϱ ≈ 1

M

M∑
m=1

H
(
ẐN(ym)

)
, (2.2.5)

where {ym}m are the mutually independent samples from the random variable Y . Fur-
ther, to bound the RMSE of the estimator (2.2.5), they impose the following assumption,
i.e.,

Assumption 2.2.1. Let two random variables E[X|Y ] and ẐN have the joint density

dN(y, z) and assume that for i = 0, 1, 2,
∂

∂yi
dN(y, z) exists, plus there exists a non-

negative function di,N , such that,

∣∣∣∣ ∂∂yidN(y, z)
∣∣∣∣ ≤ di,N , for all N, y, z, and sup

N

∞∫
−∞

|z|qdi,N(z)dz <∞,

for all 0 ≤ q ≤ 4.

Under the light of the above assumption, the RMSE of the estimator (2.2.5) is
O
(
M−1/2 +N−1

)
. Therefore, in order to achieve the RMSE ofO(ϵ) we need M = O(ϵ−2)

and N = O(ϵ−1), leading to the total computational complexity of O(ϵ−3). Authors
in [14] developed an adaptive sampling technique to deal with the high computational
complexity previously discussed. Their approach was based on the likelihood that an ad-
ditional sample will result in a negative estimate of ẐN+1 having estimated that ẐN > 0

for given Y . More specifically, they showed that,

P
[
ẐN+1 ≤ 0|ẐN

]
≤ σ2(

NẐN(Y ) + µ
)2 ≈ σ2

N2µ2
,

where µ = E[X|Y ] and σ2 = Var[X|Y ]. Therefore, if N ≥ ϵ−1/2σ

|µ|
, then the probability

that H
(
ẐN(Y )

)
= H

(
ẐN+1(Y )

)
≈ H (E[X|Y ]) is equal to 1 − ϵ. Based on these

observations, the authors in [14] introduced two algorithms, the first being based on the
minimization of the total number of samples for all inner Monte Carlo samplers with re-
spect to given tolerance ϵ, and the second being iterative, estimating |µ| and σ after every
iteration, for a given value of Y , using N samples further adding more inner samples till
Nµ

σ
exceeds some error margin threshold. Under these two algorithms, it was observed
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that the overall computational complexity is O(ϵ−5/2) [35]. The authors in [35] intro-
duced the above algorithms in the realm of multilevel simulation, wherein they used the
multilevel estimator in order to achieve an approximation to the outer expectation while
making use of the sample size in the inner expectation as the discretization parameter.
More specifically,

ϱ̃ :=
L∑
l=1

1

Ml

Ml∑
m=1

H
(
Ẑf,l,m

Nl
(yl,m)

)
−H

(
Ẑc,l,m

Nl−1
(yl,m)

)
, (2.2.6)

where,

Ẑf,l,m
Nl

(y) =
1

Nl

Nl∑
n=1

xf,l,m,n(y), (2.2.7)

with {x.,l,m,n(y)} being the i.i.d samples of the random variable X, given Y = y. Also,
H
(
Ẑc,1,...

0 (y)
)
≡ 0. Now under the assumptions (2.2.1), it can be proved that [35],

∣∣∣∣E [H (ẐNl
(Y )
)
−H (E[X|Y ])

] ∣∣∣∣ = O
(
N−1

l

)
.

Further, under the assumption that there exist constants δ0 and ρ0 such that, ρ(δ) ≤ ρ0,
for all δ ∈ [0, δ0] where δ is the random variable with density ρ, the authors in [35] proved
that, if X and Y are the two random variables, satisfying the stated assumption, then,

Var
[
H
(
ẐN(Y )

)
−H (E[X|Y ])

]
= O(N−1/2). (2.2.8)

The above result determines the strong convergence property necessary to analyze the
full potential of the MLMC estimator, in this scenario. However, if Nl = N02

l, then with
standard MLMC complexity analysis, it is easy to determine that the computational
complexity required to achieve RMSE of ϵ, we need O

(
ϵ−5/2

)
computational complex-

ity. To cater to this high computational demand, even in the framework of MLMC,
the authors undertook the adaptive approach developed in [14] and extended it to the
framework of MLMC.

Giles extended the studies carried out by authors in [14] to a multilevel paradigm
with an aim to reduce the overall computational cost to O (ϵ−2|log ϵ)|2). In addition to
the assumptions stated above, they further assume the following,
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Assumption 2.2.2. For all q ∈ (2,∞),

sup
y

E[σ−q|X − E[X|Y ]|q|Y = y] <∞.

Thus, under the above-stated assumptions, it was proved in Lemma 2.5 (for the
perfect adaptive sampling) and Theorem 2.7 of [35] that if the maximum number of
sample paths is restricted to,

N =

⌈
max

(
O
(
ϵ−1
)
, C2 σ2

|µ|2

)⌉
, (2.2.9)

then, the further number of sample paths of various levels of resolutions is given by,

Nl =

⌈
N04

l max

(
2−l,min

(
1,

(
C−1N

1/2
0 2l

|µ|
σ

)−r
))⌉

, (2.2.10)

with C being some confidentiality constant and 1 < r < 2− 2

q
for the perfect adaptive

sampling and

1 < r < 2−
√
4q + 1− 1

q
when the values of |µ| and σ is approximated. Therefore,

Var
[
H
(
ẐN(Y )

)
−H (E[X|Y ])

]
= O

(
2−l
)
, (2.2.11)

thereby leading to the overall computational complexity of the desired order. In a detailed
discussion carried out in Section 4 of [35], it was proved (pertaining to the calculation of
VaR and CVaR) that in order to achieve the overall computational cost of O(ϵ) RMSE,
the required computational complexity is O (max(ϵ−2|log ϵ)|, Kϵ−2)) for the estimation of
VaR and CVaR, respectively. The numerical test on a model problem undertaken shows
the efficacy of the algorithm constructed. Readers are directed to the referred paper for
a detailed discussion of the proofs of the above-stated results. It may be noted that the
computational complexity increases with an increase in the portfolio size, K. A random
sub-sampling approach, extending it to a multilevel framework, thereby addressing the
dependency on the portfolio size, to achieve the desired RMSE was introduced in [33].
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2.2.2 Estimation of Probabilities

A study conducted in [42] undertakes a more general problem of developing an efficient
numerical method in order to estimate,

P[X ∈ Ω] = E
[
1{X∈Ω}

]
, (2.2.12)

for a given tolerance level ϵ. The study performed by the authors goes beyond the
applications related to the calculation of the nested expectations. We, however, focus our
discussion to the applications pertaining to the estimation of risk. In the study carried out
for the one-dimensional setting, the authors consider the problem of estimating the P[x >

0] = E[H(x)]. In doing so, they have considered an increasingly accurate approximation
{xl}l∈N converging to x, almost surely, as l→∞. The algorithm proposed in [42] is thus
the generalization of the study performed in [35] as discussed in the Subsection 2.2.1. As
before, the idea is to approximate P[x > 0] with P[xL > 0], with the choice of L being
large enough to control the bias generated by the approximation. Therefore, adapting
the idea of the multilevel estimator, the corresponding estimator is,

E [H(x)] ≈ E [H(xL)] =
L∑
l=1

E [H(xl)−H(xl−1)] ≈
L∑
l=1

1

Ml

Ml∑
m=1

(
H
(
xf,m
l

)
−H

(
xc,m
l−1

))
(2.2.13)

The presented study requires less restrictive conditions than the one discussed in Sub-
section 2.2.1. Before discussing this further, we put forth the underlying assumption
undertaken by the authors and briefly review the consequence of the stated assumption
[42]. To begin with, for some q > 2, β > 0 and positive valued random variable σl, define,

Zl :=
xl − x

σl2−βl/2
, (2.2.14)

assuming E|Zl|q is uniformly bounded in l ≥ 0. Further, let δl :=
xl

σl

.

Assumption 2.2.3. There exists δ > 0, ρ0 > 0 such that for all 0 < a ≤ δ, we have,

P [|δl| < a] ≤ ρ0a,

for all l ≥ 0.

Under the assumptions E|Zl|q is uniformly bounded and Assumption 2.2.3, it was
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proven in Proposition 2.3 of [42] that,

E
[
(H(x)−H(xl))

2] ≤ c2−(
q

q+1)lβ,

which consequently also act as the bound for E [|H(xl)−H(xl−1)|]. Under the same as-

sumptions, we require that β > 2

(
q + 1

q

)
γ, in order to observe ϵ−2 computational com-

plexity. Since in most applications (including the one under consideration here), β ≤ 2γ

[42]. Therefore, a tighter bound for bias is essential to accurately determine computa-
tional complexity. This is achieved by further incorporating the assumption (2.2.1) and
also assuming |E[|Zl|]| ≤ c22

l(β/2−α), for β/2 ≤ α ≤ β. Then E
[
(H(x)−H(xl))

2
]
≤ c2−lβ/2,

and E [|H(xl)−H(xl−1)|] ≤ c32
−αl. With these assumptions and bounds, it was shown

that the computational complexity C is bounded as described below,

C ≤


c4ϵ

−2, β > 2γ,

c4ϵ
−2 (log ϵ)2 , β = 2γ,

c4ϵ
−2− (γ−β/2)

α , 0 < β < 2γ.

(2.2.15)

From the above equation, it is quite evident that the discontinuity of the function H(x)

affects the computational complexity of the MLMC estimator. The idea proposed in [42]
is to use xl+νl , (where νl is a random, non-negative integer), to approximate x on level l.
Further, the refinement is performed between levels l ≤ l+ νl ≤ l+ ⌈Ξl⌉ based on based
on δl+νl , where Ξ is a supplied parameter. The procedure to perform adaptive sampling
at level l is given in Algorithm 4, wherein the parameter r determines the strictness
of the refinement. Under ideal conditions, a large value of r is desirable in order to
observe the maximum benefit for the MLMC complexity. Also, it is important that the
refining procedure does not affect the almost sure convergence of xl+νl to x. Further, it
is assumed that cost of computing σl+k is of the order 2γ(l+k). A comprehensive work
analysis carried out in Section 3 of [42] shows the potential of the above algorithm to
achieve the computational cost comparable to the standard MLMC, albeit under some
additional assumptions. In the context of the application under consideration, i.e., the

calculation of the VaR, we take x = E[X|Y ] and consequently, xl =
1

Nl

Nl∑
k=1

Xk(Y ), where,

Xk(Y )
i.i.d∼ X|Y and Nl = 2γ

l . Using algorithm 4, the refining procedure form level l+ k

to l + k + 1 is carried out by adding (2γ − 1)Nl+k samples to the already existing Nl+k
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samples on the level l+ k. Using the variance of xl, as the approximation of σ2
l , on level

l, we can write,

Zl =

√
N0Nl

Nl − 1
TNl

(2.2.16)

where, TNl
is Student’s t-statistic with samples {Xk(Y )−E[X|Y ]}Nl

k=1. A thorough anal-
ysis undertaken in [42, Section 4], shows how the above procedure satisfies the underlying
assumptions for the MLMC computations stated above. Readers can refer to the article
for a deeper understanding of the underlying mathematics and proofs.

In conclusion, we would like to highlight specific differences between the algorithm
presented above and the one discussed in Subsection 2.2.1 in the refinement procedure.
Firstly, the algorithm studied by Giles is tailor-made to improve the computational cost
of nested expectation. In contrast, the approach discussed above is more general and is
also applicable to the problem of derivative pricing. Unlike the algorithm developed by
Giles in [35], which requires generating samples of xl+k+1, independent of xl+k, in the
above algorithm, the samples generated for the computation of xl+k can be reused in the
refinement to xl+k+1. This allows for acceleration in the refinement procedure. Further,
one can observe that the Algorithm 3 returns the number of samples required for the
computation of xl+k contrary to the Algorithm 4, which returns the estimate of x as
the output of the refinement process. However, both these algorithms suffer from large
kurtosis, as all even moments of H(xl) − H(xl−1) are equal, which in turn impacts the
robustness of the MLMC algorithm. Therefore, exploring ideas to deal with large kurtosis
to obtain a reliable estimate of bias and variance on level l is still an open problem.

2.3 Numerical Illustrations

In this section, we present numerical examples both in the context of option pricing and
risk management to demonstrate the efficacy and practicality of the algorithms discussed.
As we aim to present the applicability of the discussed algorithm, we intend to keep things
simple, working preferably in a single dimension.
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Algorithm 3: Adaptive algorithm to deduce Nl [35]
Data: l, y,N0, r
Result: Nl

Set Nl := N02
l;

Set done := False;
while done ̸= True do

if 2Nl ≥ N04
l then

Nl ← N04
l;

done ← True;
end
else

generate new, independent inner Nl samples;
calculate the approximate |µ| and σ2;

given Y = y if Nl ≥ N04
l

(
C−1N

1/2
0 2l |µ̃|

σ̃

)−r

then

done ← True;
end
else

Nl ← 2Nl;
end

end
end

Algorithm 4: Adaptive Sampling at level l [42]
Data: l, r,Ξ, c∗ > 0, γ, β
Result: Adaptively refined sample xl+νl

Set k = 0;
Sample (xl, σl);
while |δl+k| < c∗ × 2γ(Ξl(1−r)−k)/r and k < ⌈Ξl⌉ do

(xl+k+1, σl+k+1)
Refine←−−−− (xl+k, σl+k);

Compute δl+k+1 given (xl+k+1, σl+k+1);
k ← k + 1 ;

end
νl ← k ;
return xl+νl
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2.3.1 Option Pricing

Consider a stochastic process (Xt)0≤t≤T governed by the one dimensional gBm i.e.,

dXt = rXtdt+ σXtdWt (2.3.1)

where r denotes the risk-free interest rate, σ denotes the volatility, and (Wt)0≤t≤T is a one-
dimensional standard Brownian motion defined on the probability space (Ω, (Ft)0≤t≤T ,P).
Now, under the probability space Pθ, the above SDE becomes,

dXt(θ) = (r + σθ)Xt(θ)dt+ σXt(θ)dWt., (2.3.2)

Further, we intend to estimate the value of the European call option, with payoff the
function,

G(XT ) = e−rT (XT −K)+, (2.3.3)

where K is the strike price. In order to perform simulation, we set X0 = 80, r = 0.06,
σ = 0.4, T = 1 and K = 100. We use the Euler discretization scheme in order to simulate
the SDE, i.e.,

Xn+1 = Xn + rXn∆tn + σXn∆Wn (2.3.4)

where ∆tn = tn+1 − tn and ∆Wn = Wn+1 −Wn. Similarly, for the parametric SDE, we
have

Xn+1(θ) = Xn(θ) + (r + σθ)Xn(θ)∆tn + σXn(θ)∆Wn (2.3.5)

With all the preludes, we present the numerical results to showcase the efficacy of the
two importance sampling algorithms. We have used the formulas from [60] in order
to estimate the number of levels and samples per level for the MLMC implementation.

Also, we have taken Θ = [0, 1] and γn =
1

n
for performing the stochastic approximation,

whereas for the deterministic approximation, we have used the formulas from [52] in
order to approximate θ. From the practical point of view, we stop both algorithms after
a finite number of iterations. For most cases, the number of levels required for the MLMC
implementation does not exceed six. Therefore, pre-computing θ for these levels for a
given discretization parameter can accelerate the algorithm substantially. The interested
reader may refer to https://bitbucket.org/pefarrell/pymlmc/src/master/ for the
implementation of MLMC in option pricing. Further, necessary changes with respect to
importance sampling can be incorporated into the suggested package. We present the
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Figure 2.1: Implementation of the algorithms for option pricing

numerical results in Figure 2.1.

2.3.2 Risk Estimation

In this section, we compare the two algorithms over a model problem studied in [35, 42].
Here, we seek to estimate,

ϱ = E [H (E[P (Y, Z)]− E[P (Y0, Z|Y0)]− Lϱ)], Y, Y0, Z
i.i.d∼ N (0, 1), (2.3.6)

where,
P (y, z) = −τy2 − 2τ 1/2(1− τ)1/2yz − (1− τ)z2.

The above problem describes a model for a delta-hedged portfolio with a negative Gamma
so that the probability of occurrence of a huge loss is very low. Based on the small
study performed in Section 4.1 of [35], the above problem can be further modified as
E[H(E[X|Y ])], where

X = τ(Y 2
0 − Y 2) + 2τ 1/2(1− τ)1/2Y1Z − Lϱ

In order to perform our numerical experimentation, we set τ = 0.015 and Lϱ = 0.0805.
For the above values E[H(E[X|Y ])] ≈ 0.0115. We present in Figure 2.2 a visual com-
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parison of the two algorithms discussed concerning risk management. We compare the
total number of samples i.e., samples used in the MLMC estimator plus the samples
for the adaptive algorithm, for a desired tolerance level. Figure 2.2 gives a pictorial

Figure 2.2: Implementation of algorithm for risk estimation

justification to the discussion carried out in Section 2.2. The readers can refer to
https://github.com/JSpence97/mlmc-for-probabilities for the software package
developed by the authors in [42] to implement the algorithms discussed with respect to
risk management.

2.4 Summary

In this chapter, we gave a brief overview of the recent trends in the paradigm of the
multilevel algorithm concerning the importance sampling in the case of option pricing
and an adaptive sampling approach while determining VaR and CVaR for large portfolios.
The algorithms discussed serve to improve the computational efficiency of the standard
multilevel estimators, each with its merits and shortcomings. As mentioned in Section
2.1, the importance sampling algorithm combined with multilevel estimators significantly
decreases variance at various resolution levels. However, this decrease in variance comes
at the cost of increased computational complexity in either case and an increase in
the sensitivity to approximate the optimal parameter. As for developing MLMC based
algorithm for efficient risk estimation discussed in Section 2.2, the adaptive sampling
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approach introduced in this paradigm leads to a significant improvement in the overall
computational complexity to achieve the desired RMSE. The algorithm discussed in
Subsection 2.2.1 suffers from the dependency on the portfolio size, which is curtailed in
the algorithm discussed in Subsection 2.2.2. However, both these algorithms suffer from
large kurtosis, impacting the robustness of the MLMC estimator. Overall, the presented
ideas have substantially contributed to the research and development of the multilevel
algorithm for various applications encountered in financial engineering problems.
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Multilevel Richardson-Romberg Extrap-
olation and Adaptive Importance Sam-
pling for Efficient Simulation

3.1 Introduction

In Chapter 2, we observed how integrating importance sampling in the multilevel frame-
work could lead to a substantial variance reduction while pricing options. These studies
capitalize on the formulation of the asymptotic variance that appears in the Central Limit
Theorem (CLT) for developing algorithmic procedures to estimate the optimal change
of measure parameter. Since the asymptotic results in [4] have been studied in the con-
text of the Euler-Maruyama discretization, therefore the adaptive importance sampling
procedure discussed in [2, 52] and in Chapter 2 is limited to its application in the Euler-
Maruyama discretization setup. The authors in [39] undertook the asymptotic analysis
of the generalized multilevel setup and further proved the applicability of the CLT in the
context of path-dependent functionals. Therefore, leveraging these results, we examine
the importance sampling algorithm in a generalized setup, extending its applicability
to a larger domain of problems. In this regard, we establish the convergence result of
the hybrid algorithm and investigate the efficacy of the algorithm in the option pricing
domain. Assuming the asset in the option pricing problem follows an underlying SDE,
we examine the effect of both Milstein and Euler-Maruyama discretization schemes in
our numerical illustration. Furthermore, previous studies have not addressed the compu-
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tational challenges associated with this hybrid algorithm. We explore the computational
aspects of the hybrid algorithm, where we will observe that the implementation of the
hybrid setup can sometimes be challenging. Although the CLTs in [39] have studied
both in the context of MLMC and ML2R, we focus our attention on the ML2R setup as,
under some circumstances, ML2R intend to perform better than MLMC [60], which we
will review in subsection 3.2.

3.2 Multilevel Richardson-Romberg

In [32], authors explored the Richardson extrapolation in the context of both the MLMC
and the standard Monte Carlo. As discussed, MLMC on its own performed better than
the Richardson extrapolation, however, taken together, they worked even better. This
approach was furthered with a comprehensive error analysis in [60]. To this end, we
recall the underlying setup where we are interested in estimating the expected payoff
value i.e., E (P (XT )), for some T > 0, where (Xt)0≤t≤T is a process with values in Rd,
governed by the following SDE,

dXt = b(Xt)dt+

q∑
j=1

σj(Xt)dW
j
t , X0 = x ∈ Rd, (3.2.1)

where, W :=

(
W1 W2 . . . Wq

)
is a q-dimensional Brownian motion on a filtered

probability space (Ω, (Ft)0≤t≤T ,P), with b : Rd → Rd and σj : Rd → Rd being the
functions satisfying the assumption 2.1.1, i.e.,

∀x, y ∈ Rd, |b(x)− b(y)|+
q∑

j=1

|σj(x)− σj(y)| < Kb,σ|x− y|, where Kb,σ > 0, (3.2.2)

where | · | denotes the usual Euclidean norm. Now, in order to estimate E (P (XT ))

one should be able to simulate (Xt)0≤t≤T . However, except for a handful of cases, where
one can devise an analytical or semi-analytical solution, we must resort to discretization
schemes to perform the simulation. To begin with, let, m, l ∈ N and define nl :=

ml−1. Further, letting hl =
T

nl

as the time step size, we simulate the SDE using some

discretization scheme. For instance, using the Euler-Maruyama scheme, we get,
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Xnl
n+1 = Xnl

n + b (Xnl
n )hl +

q∑
j=1

σj(X
nl
n )∆W j,nl

n ,

where, ∆W ·,nl
n ∼ N(0,

√
hl). Finally, we approximate E [P (XT )] by E [P (XnL

T )], for
some L > 0 ∈ N. In [60], the authors proposed a methodology combining the order bias
cancellation of Richardson Romberg extrapolation with variance control of MLMC to
solve the problem of improving the computational complexity, along with determining the
optimal parameters in order to achieve the desired RMSE, with minimum computational
effort. This new estimator is popularly known as ML2R. Below, we recall the necessary
assumptions that facilitated the construction of the ML2R estimator in [60] and are also
necessary for our analysis.

To being with, recall that B ⊂ (0,+∞) is the set bias parameter such that B ∪ {0}
is a compact set and,

B

n
⊂ B, ∀n ∈ N.

Further, let h ∈ B, where h denotes the bias parameter of the coarest level. We now
imposed the following assumption,

Assumption 3.2.1 (Weak Error). There exists constants α > 0, L̄ ≥ 1 and (cl)1≤l≤L̄

such that,

E[P (Xh
T )]− E[P (X0

T )] =
L̄∑

k=1

ckh
αk + o(h)

Assumption 3.2.2 (Strong Error). There exist constants β > 0 and V1 ≥ 1, such that,

∥P (Xh
T )− P (X0

T )∥22 = E
[
|P (Xh

T )− P (X0
T )|2

]
≤ V1hβ.

With the consideration of the above assumptions, the ML2R estimator is defined as,

J N
π := E [P (XnL

T )] =
1

N1

N1∑
k=1

P
(
Xn1,k

T

)
+

L∑
l=2

W̃l

Nl

Nl∑
k=1

(
P
(
Xnl,k

T

)
− P

(
X

nl−1,k
T

))
,

(3.2.3)
where π = (h, µ, L) (refer Table 3.1) are the optimal parameters obtained as the solution
to,

(π(ϵ), N(ϵ)) = argmin∥JN
π −J0∥2≤ϵCost(J N

π ). (3.2.4)
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where the cost function is given by [39],

Cost(J N
π ) =

N

h

L∑
l=1

µl(nl−1 + nl).

Further, in the above equation, Nl is the number of sample paths on level l, and W̃l are
the weights given by,

W̃l =
L∑
j=l

wl, l = 1, . . . , L, (3.2.5)

where w = (wl)1≤l≤L is the solution to the Vandermonde system Vw = e1, with the
Vandermonde matrix being defined by,

V =



1 1 . . . 1

1 n−α
2 . . . n−α

L

...
... . . .

...

1 n
−α(L−1)
2 . . . n

−α(L−1)
L


(3.2.6)

Here, α is the weak error rate as defined above. The interested reader may refer to [60]
for the construction of the optimal parameters, as the closed solution to equation (3.2.4).
Here, we tabulate the explicit values of these parameters required to achieve the RMSE
ϵ, with the following constants being used:

(A) λ =

√
V1

Var (P (X0
T ))

and c̃∞ = lim
L→∞

|cL|1/α ∈ (0,∞).

(B) Cm,β =
1 +mβ/2

√
1 +m−1

and Cm,β =
(
1 +mβ/2

)√
1 +m−1.
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m ml = ml−1, l = 1, . . . , L

L(ϵ) 
1

2
+

log(c̃
1/α
∞ h)

log(m)
+

√√√√(1

2
+

log(c̃
1/α
∞ h)

log(m)

)2

+
2 log(A/ϵ)

α log(m)


h(ϵ)

h⌈
h(1 + 2αL)

1
2αL c̃

1/α
∞ ϵ−1/(αL)m−(L−1)/2

⌉
µ(ϵ)

µ1 = q∗(1 + λhβ/2)

µl = q∗λhβ/2Cm,β |W̃l(L,m)|m−(1−β)(l−1)/2, l = 2, . . . , L

with q∗ s.t.
L∑
l=1

µl = 1

N(ϵ) (
1 +

1

2αL

) Var(P (X0
T ))
(
1 + λhβ/2 + λhβ/2Cm,β

∑L
l=2 |W̃l(L,m)|m(1−β)(l−1)/2

)
ϵ2q∗

Table 3.1: Optimal parameters for the ML2R estimator [39]

As discussed in Chapter 1, the estimator (3.2.3) is highly effective whenever the
strong order of convergence i.e., β ≤ 1, as it achieves O (ϵ−2 log(1/ϵ)) for β = 1 and

O
(
ϵ−2e

1−β√
α

√
2 log(1/ϵ) log(M)

)
for β < 1, contrary to O (ϵ−2 log(1/ϵ)2) and O

(
ϵ−2− 1−β

α

)
,

respectively, which is achieved by the standard MLMC. This improvement in the com-
putational cost inspires us to extend the importance sampling framework to the ML2R
setup.

Finally we recall the Central Limit Theorems for the ML2R estimator proved in [39],
as it forms the backbone for the construction of the importance sampling estimator. For
the sake of brevity, we let,

Y (h) :=

(
h

m

)−β
2 (

P
(
X

h/m
T

)
− P

(
Xh

T

))
and Yl := Y

(
h

ml−2

)
.
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Further, let,

Zl = P
(
X

h/ml−1

T

)
− P

(
X

h/ml−2

T

)
and Z1 = Y (h) = P (X1

T ).

Theorem 3.2.1 (Central Limit Theorem, β > 1). Suppose assumption 3.2.2 holds with
β > 1 and that (Y (h))h∈B is L2−uniformly integrable. Let,

σ2
1 =

1

Σ

Var(Yh)

Var(Y0)
(
1 + λh

β
2

) and σ2
2 =

1

Σ

h
β
2

∑
l≥2

m
1−β
2

(l−1)V ar(Yl)√
Var(Y0)V1Cm,β

,

with,

Σ =

[
1 + λh

β
2

(
1 + Cm,β

m
1−β
2

1−m
1−β
2

)]
, Cm,β =

1 +m
β
2

√
1 +m−1

, and Cm,β =
(
1 +m

β
2

)√
1 +m−1.

If assumption 3.2.1 holds for L̄ ≥ 1, we have,

J N
π (ϵ)− J0

ϵ

L−→ N (0, σ2
1 + σ2

2), as ϵ→ 0.

Proof. Refer to [39]

Theorem 3.2.2 (Central Limit Theorem, 0 < β ≤ 1). Suppose assumption 3.2.2 hold
with β ∈ (0, 1] and that (Y (h))h∈B is L2−uniformly integrable. Further assume that,
lim
h→0
∥Y (h)∥22 = v∞(m,β), and let

σ2 =

v∞(m,β)
(
1 +mβ/2

)−2 V−1
1 , if 2α > β,(

v∞(m,β)− c21(1−mβ/2)2
) (

1 +mβ/2
)−2 V−1

1 , if 2α = β.

If assumption 3.2.1 holds for L̄ ≥ 1, we have,

J N
π (ϵ)− J0

ϵ

L−→ N (0, σ2), as ϵ→ 0.

Proof. Refer to [39]
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3.3 Adaptive Importance Sampling ML2R Algorithm

3.3.1 Setup

Following the same idea discussed in section 2.1 of Chapter 2, we consider a parametric
family of stochastic process (Xt(θ))0≤t≤T , with θ ∈ Rd, governed by the following SDE,

dXt(θ) = (b(Xt(θ)) + σ(Xt(θ))θ)dt+

q∑
j=1

σj(Xt(θ))dW
j
t , σ(x) =

(
σ1(x) . . . σq(x)

)
.

(3.3.1)
By Girsanov’s Theorem, we know that there exists a probability measure Pθ equivalent
to P such that,

dPθ

dP

∣∣∣∣
Ft

= exp

(
−⟨θ,Wt⟩ −

1

2
|θ|2t

)
≜ I−(Wt, θ), (3.3.2)

under which, the process (θt+Wt)0≤t≤T is a Brownian motion. Therefore,

EP [P (XT )] = EPθ
[P (XT (θ))] = EP

[
P (XT (θ))I−(WT , θ)

]
. (3.3.3)

For example,

Example 3.3.1. Suppose, we aim to estimate the expectation

EP [P (XT )] , where P (XT ) = 1{XT>0}

and XT follows the SDE,
dXt = dWt, X0 = 0,

and (Wt)t≥0 is a standard Brownian Motion. Following the parametric version we have,

dXt(θ) = θ dt+ dWt, X0 = 0,

where θ ∈ R. Now as a consequence of Girsanov’s theorem, we have,

EP [P (XT )] = EP

[
P (XT (θ))e

−⟨WT ,θ⟩− 1
2
|θ|2T

]
= EP

[
1{XT (θ)>0}e

−⟨WT ,θ⟩− 1
2
|θ|2T

]
.
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3.3.2 Algorithm

As usual, we want to estimate EP[P (XT )] ≈ EP[P (XnL
T )]. In the standard ML2R setup,

we have

EP[P (XnL
T )] = EP[P (Xn1

T )] +
L∑
l=2

W̃lEP[P (Xnl
T )− P (X

nl−1

T )] (3.3.4)

In the light of equation (3.3.3), we have,

EP [P (XnL
T )] = EP

[
P (Xn1

T (θ1))I−(W 1
T , θ1)

]
+

L∑
l=2

W̃lEP
[
(P (Xnl

T (θl))− P
(
X

nl−1

T (θl)
)
I−(W l

T , θl)
]
. (3.3.5)

By applying Monte Carlo method to each level l with Nl samples in equation (3.3.5), we
get the Adaptive Importance Sampling ML2R (AISML2R),

J N,θ
π (θ1, . . . , θL) =

1

N1

N1∑
k=1

P
(
Xn1,k

T,θk−1
1

)
I−(W 1,k

T , θk−1
1 )

+
L∑
l=2

W̃l

Nl

Nl∑
k=1

(
P
(
Xnl,k

T,θk−1
l

)
− P

(
X

nl−1,k

T,θk−1
l

)
)
I−(W l,k

T , θk−1
l

)
.(3.3.6)

The underlying idea of our setup is to estimate θ∗l for each level of resolution such that
the variance of that level is minimized. In this regard, we formulate and solve the
optimization problem on each level to determine θ∗l . The rest of the discussion in this
section deals with formulating the optimization problem and procedure to approximate
optimal solutions i.e., θ∗l .

3.3.3 Optimization Problem

Based on the Theorem 3.2.1 and Theorem 3.2.2 stated above we develop the optimization
algorithm for β > 1 and β ∈ (0, 1].

Case I: β > 1

In Theorem 3.2.1, let

σ2
1 = k1Var(Yh) and σ2

l = k2m
1−β
2

(l−1)Var(Yl),
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where,

k1 =
1

Σ

1

Var(Y0)(1 + λh
β
2 )

and k2 =
h

β
2

Σ
√

Var(Y0)V1Cm,β

,

and therefore,
σ2
2 =

∑
l≥2

klVar(Yl) =
∑
l≥2

σ2
l .

From the practical point of view, it is necessary to use the truncated version of the above
summation. In the thorough study carried out in [39], it was proven that for β > 1,

lim
L(ϵ)→∞

L(ϵ)∑
l=2

|W̃L(ϵ)
l |m

1−β
2

(l−1)Var(Yl) =
∞∑
l=2

m
1−β
2

(l−1)Var(Yl).

Therefore, owing to the above result and motivated by the analysis pertaining to the Cen-
tral Limit Theorem carried out in [39], we can formulate the problem for l = 1, . . . , L(ϵ)

as,

θ∗l = argminθl∈Rdσ2
l

= argminθl∈Rdk2m
1−β
2

(l−1)|W̃L(ϵ)
l |Var

[(
Y θ
l I−(W l

T , θl)
)2]

= argminθl∈RdklE
[((

P
(
X

h/ml−1

T,θ

)
− P

(
X

h/ml−2

T,θ

))
I−(W l

T , θl)
)2]

,

(3.3.7)

where,
kl = k2m

1+β
2

(l−1)|W̃L(ϵ)
l |h−β. (3.3.8)

Using the Girsanov’s theorem, we can see that,

E
[((

P
(
X

h/ml−1

T,θ

)
− P

(
X

h/ml−2

T,θ

))
I−(W l

T , θl)
)2]

= E
[(

P
(
X

h/ml−1

T

)
− P

(
X

h/ml−2

T

))2
I+(W l

T , θl)

]
, (3.3.9)

where,
I+(W l

T , θl) = e−⟨W l
T ,θl⟩+ 1

2
|θl|2T .

Similarly for l = 1, we have,

θ∗1 = argminθ1∈Rdk1E
[(
Y 2(h)I+(W 1

T , θ1)
)]

. (3.3.10)
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gibb
Case II: β ∈ (0, 1]

Based on Theorem 3.2.2, we define vl∞ be the level l approximation of v∞, where,

vl∞ =

∥∥∥∥Y ( h

ml−2

)∥∥∥∥2
2

.

Therefore, we have,

σ2
l =

vl∞(m,β)
(
1 +mβ/2

)−2 V−1
1 , if 2α > β(

vl∞(m,β)− c21(1−mβ/2)2
) (

1 +mβ/2
)−2 V−1

1 , if 2α = β.

(3.3.11)

We follow a similar line of development as for β > 1 to formulate the problem for
β ∈ (0, 1]. As one can observe from (3.3.11), in order to minimize σ2

l on level l, we only
need to minimize vl∞. Therefore, we formulate the optimization problem as follows,

θ∗l = arg min
θ∈Rd

E
[
Y 2
l I+(W l

T , θl)
]
. (3.3.12)

3.3.4 Stochastic Algorithm

In this subsection, we outline the stochastic approximation algorithm to estimate θ∗l .
Based on the discussion in the previous section, we perform the discretization, such as
Euler or Milstein, of the underlying SDE to approximate Yl’s, whereas for stochastic
approximation, we resort to the Robbins-Monro algorithm, to approximate the value of
θ∗l , l = 1, . . . , L. The aim is to construct a sequence of (θnl )n∈N, such that, lim

n→∞
θnl = θ∗l .

Let Θ ⊂ Rd be a compact convex subset such that θ ∈ int(Θ). Then the sequence is
constructed recursively as follows,

θn+1
l = ProjΘ

[
θnl − λn+1Gl(θ

n
l , Yl,W

l
T )

]
, (3.3.13)

where ProjΘ(θ) = min
θ∈Θ
|θ − θ0|. Also (λn)n≥1 is a decreasing sequence of positive real

numbers satisfying,
∞∑
n=1

λn =∞ and
∞∑
i=1

λ2
n <∞. (3.3.14)
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where for β > 1,

Gl(θl, Yl,W
l
T ) =

{ (θlT −W l
T

)
klZ

2
l I+(W l

T , θl), for l = 2, . . . , L,

(θ1T −W 1
T ) k1Z

2
1(h)I+(W 1

T , θ1), for l = 1,

(3.3.15)

and for β ∈ (0, 1],

Gl(θl, Yl,W
l
T ) =

{ (θlT −W l
T

)
Y 2
l I+(W l

T , θl), for l = 2, . . . , L,

(θ1T −W 1
T )Y

2(h)I+(W 1
T , θ1), for l = 1.

(3.3.16)

It may be noted that in the present work, we use the constrained version of the Robbins-
Monro algorithm to estimate the approximate value of θ∗l for various levels of resolutions.
We refer interested readers to [18] for a discussion on the Robbins-Monro algorithm.

3.4 Main Results

Below we state the main theoretical result of our discussion, the proofs of which are
delayed to subsection 3.4.1.

To begin with, we state the results that establish the existence and uniqueness of
optimal change of the measure parameter θ∗l for various levels of resolution.

Theorem 3.4.1. Suppose b and σ satisfies assumption (3.2.2). Let P be such that,

P(XT /∈ DP ) = 0, where DP = {x ∈ R|P is differentiable at x}.

Further, if Zl satisfies the following conditions,

(1) P(Zl ̸= 0) > 0.

(2) ∥Z2
l ∥p < +∞ for some p > 1.

Then the function θ → vl(θ) is C2 and strictly convex with ∇θvl(θ) = E[Gl(θ, Zl,WT )]

for all l ∈ N. Moreover, there exists an unique θ∗ ∈ Rq such that minθ∈Rq vl(θ) = vl(θ
∗).

The next result establish the convergence of θkl
a.s.→ θ∗l for l = 1, . . . , L.
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Theorem 3.4.2. If θ∗l = argminθl∈Rq vl(θ) is such that, ∇θvl(θ
∗
l ) = 0 and θ∗l ∈ Θ.

Further, assume that for all p ≥ 2,

∃β > 0,V(p)
1 > 0,

∥∥∥∥P (Xh
T )− P (XT )

∥∥∥∥p
p

= E
[∣∣∣∣P (Xh

T )− P (XT )

∣∣∣∣p] ≤ V(p)
1 hβp/2, h ∈ B.

(3.4.1)
Then θkl

a.s.−−→ θ∗l , as k →∞.

The final result establishes the Strong Law of Large Numbers of the AISML2R esti-
mator.

Theorem 3.4.3. Let (θkl )k≥0 ⊂ Θ be a family of sequence converging to θ∗l ∈ Θ as k →
∞. Suppose Assumption 3.2.1 holds for all L ≥ 1 and for p ≥ 2 assume P (XT ) ∈ Lp.
Furthermore assume the Lp-strong error rate assumption,i.e.,

∃β > 0,V(p)
1 > 0,

∥∥∥∥P (Xh
T )− P (XT )

∥∥∥∥p
p

= E
[∣∣∣∣P (Xh

T )− P (XT )

∣∣∣∣p] ≤ V(p)
1 hβp/2, h ∈ B.

(3.4.2)
If (ϵk)k≥1 is a sequence of positive real numbers such that

∑
k≥1

ϵpk < +∞, then the AISML2R

estimator satisfies,
J N,θ

π
a.s.−−→ J0. (3.4.3)

3.4.1 Proof of the Main Result

We now provide detailed proof of the results stated above. We begin our discussion by
recalling the results related to the weights (W̃l)l=1,...,L, from [39] necessary for our study.
Accordingly, let us define,

al :=
1∏

1≤k≤(l−1) (1−m−kα)
, l = 1, . . . , L,

bl := (−1)l m
−αl(l+1)

2∏
1≤k≤(l−1) (1−m−kα)

, l = 0, . . . , L.

The following result was proved in [39],

Lemma 3.4.1. Let α > 0. and the associated weights (W̃l)l=1,...,L, be as given in (3.2.5).

(a) liml→+∞ al = a∞ < +∞ and
+∞∑
l=0

|bl| = B̃∞ < +∞.
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(b) The weights W̃l are uniformly bounded,

∀L ∈ N∗,∀l ∈ {1, . . . , L}, |W̃l| ≤ a∞B̃∞.

(c) For every λ > 0,

lim
L→+∞

L∑
l=2

|W̃l|m−λ(l−1) =
1

mλ − 1
.

(d) Let vjj≥1 be a bounded sequence of positive real numbers. Let λ ∈ R and assume that
limj→+∞ vj = 1 when λ > 0. Then the following limits hold:

L∑
l=2

|W̃l|mλ(l−1)vl ∼



∑
l≥2

mλ(l−1)vl < +∞, for λ < 0

L, for λ = 0, as L→ +∞

mλLa∞
∑
l≥1

|
l−1∑
k=0

bk|m−λl, for λ > 0.

With the above results at our disposal, we present a series of results establishing the
existence and uniqueness of the optimal parameter θ∗l on various levels of resolution.
For the most part, the proof follows the line of argument similar to that presented in
[2, 7, 52]. We start our discussion by proving the following lemma, which is necessary
for the existence and uniqueness of results.

Lemma 3.4.2. Let p ≥ 2 and assume the Lp-strong error rate assumption, i.e.,

∃β > 0,V(p)
1 > 0,

∥∥∥∥P (Xh
T )− P (XT )

∥∥∥∥p
p

= E
[∣∣∣∣P (Xh

T )− P (XT )

∣∣∣∣p] ≤ V(p)
1 hβp/2, h ∈ B.

(3.4.4)

Then, E
[
sup|θ|≤c

∣∣∣∣Gl(θ, Yl,WT )

∣∣∣∣] <∞ for l = 2, . . . , L and some constant c > 0 ∈ R.

Proof. We prove the above lemma for β > 1. The proof for β ∈ (0, 1] follows a similar
line of argument and is relatively easy to prove. Consider,∣∣∣∣Gl(θ, Zl,WT )

∣∣∣∣ = ∣∣∣∣(θT −WT )klZ
2
l e

−⟨θ,WT ⟩+ 1
2
|θ|2T

∣∣∣∣.
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Then, for c > 0,

sup
|θ|≤c

∣∣∣∣Gl(θ, Zl,WT )

∣∣∣∣ = sup
|θ|≤c

∣∣∣∣(θT −WT )klZ
2
l e

−⟨θ,WT ⟩+ 1
2
|θ|2T

∣∣∣∣,
≤ (cT + |WT |)klZ2

l e
c|WT |+ 1

2
|c|2T .

Taking expectation on both sides and applying Hölder’s inequality for all p ≥ 2, we get,

E

[
sup
|θ|≤c

∣∣∣∣Gl(θ, Yl,WT )

∣∣∣∣
]
≤ e

c2

2
T

∥∥∥∥ec|WT |(cT + |WT |)
∥∥∥∥

p
p−1

∥∥∥∥klZ2
l

∥∥∥∥
p

.

It is clear that
∥∥∥∥ec|WT |(cT + |WT |)

∥∥∥∥
p

p−1

is bounded. As for ∥klZ2
l ∥p we fallback to the

Lp-strong error assumption. Therefore, we have,

∥klZ2
l ∥p = kl∥Zl∥22p ≤ K(m,β, h, p)klm

−β(l−1), (3.4.5)

where,

K(m,β, h, p) =
(
V(2p)
1

) 1
p
(
1 +m

β
2

)2
hβ. (3.4.6)

The boundedness of klm−β(l−1) can be derived from the definition of kl and from (b) and

(c) of Lemma 3.4.1. Hence, we can conclude that, E
[
sup|θ|≤c

∣∣∣∣Gl(θ, Yl,WT )

∣∣∣∣] is bounded

for l = 2, . . . , L.

We now prove the result pertaining to the existence and uniqueness of optimal pa-
rameters on various levels of resolution.

Proof of Theorem 3.4.1. To prove the proposition, we refer to the proof in [2, 52], in our
context. Here we discuss the proof for l ≥ 2 and β > 1. For l = 1 and β ∈ (0, 1], the proofs
are relatively easy and can be reproduced in a similar way. To begin with, one can observe
that θ → kl(Zl)

2e−⟨θ,WT ⟩+ 1
2
|θ|2T is a continuously infinitely differentiable function with

respect to θ, and
∂

∂θj
(kl(Zl)

2e−⟨θ,WT ⟩+ 1
2
|θ|2T ) = kl(Zl)

2(θjT −W j
T )e

−⟨θ,WT ⟩+ 1
2
|θ|2T . There-

fore, the first derivative of the map θ → kl(Zl)
2e−⟨θ,WT ⟩+ 1

2
|θ|2T is equal to Gl(θ, Zl,WT ). As

we have already seen in Lemma 3.4.2 that the supl E[sup|θ|≤c|Gl(θ, Zl,WT )|] is bounded,
therefore by Lebesgue’s theorem we can conclude that vl(θ) is C1(Rq), with ∇θvl(θ) =

E[Gl(θ, Zl,WT )] for all l ∈ N. A similar line of argument also proves that vl(θ) is C2(Rq).
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The Hessian of vl(θ) is given as follows,

Hess(vl(θ)) = E
[
((θT −WT )(θT −WT )

∗ + TIq) kl(Zl)
2e−⟨θ,WT ⟩+ 1

2
|θ|2T

]
.

Since, P(Zl ̸= 0) > 0, therefore, for all u ∈ Rq \ {0}, uTHess(vl(θ))u > 0. Hence, we
can conclude that vl(θ) is strictly convex. As a consequence, there exists a minimum
θ∗ ∈ Rq, such that min

θ∈Rq
vl(θ) = vl(θ

∗). Further, since the unique minimum is attained

for a finite value of θ, it is enough to prove that lim
|θ|→+∞

vl(θ) = +∞. This can be proved

using Fatou’s lemma as,

+∞ = E
[
lim inf
|θ|→+∞

kl(Zl)
2e−⟨θ,WT ⟩+ 1

2
|θ|2T

]
≤ lim inf

|θ|→+∞
E
[
kl(Zl)

2e−⟨θ,WT ⟩+ 1
2
|θ|2T

]
.

This completes the proof.

Proof of Theorem3.4.2. To prove the above result we follow the assertion made in Theo-
rem A.1 [57] which suggest that in order to prove θkl → θ∗l , where the sequence (θkl )k≥1 is
constructed through a constrained version of the Robbins Monro, we need to verify two
conditions, namely,

(1) ∀ θ ̸= θ∗l , ⟨∇θvl(θ), θ − θ∗l ⟩ > 0.

(2) Non explosion condition: ∃ C > 0 such that ∀θ ∈ Θ, E [|Gl(θ, Zl,WT )|2] < C(1 +

|θ2|).

As we know, ∇θvl(θ
∗
l ) = 0 and in the previous proposition it was proven that vl is convex,

therefore as a consequence, we prove that,

∀θ ̸= θ∗l , ⟨∇θvl(θ), θ − θ∗l ⟩ > 0. (3.4.7)

For the non-explosion condition, we use the Cauchy-Schwarz inequality,

E
[
|Gl(θ, Zl,WT )|2

]
≤ e|θ|

2T
(
E[k4

l Z
8
l ]
) 1

2
(
E[|e−⟨θ,WT ⟩(θT −WT )|4]

) 1
2 . (3.4.8)

Under the assumption and following the similar line of argument of Lemma 3.4.2, it is
easy to prove that there exists a constant C > 0, such that,

E
[
|Gl(θ, Zl,WT )|2

]
≤ e|θ|

2TC
(
E[|e−⟨θ,WT ⟩(θT −WT )|4]

) 1
2 . (3.4.9)
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Further using the fact the θ ∈ Θ, we can deduce that,

sup
θ∈Θ

E
[
|Gl(θ, Zl,WT )|2

]
<∞, (3.4.10)

, which in turn concludes the non-explosion condition. This proves the almost sure
convergence of θkl to θ∗l as k →∞.

We now prove the Strong Law of Large Numbers i.e. Theorem 3.4.3. To this end, we
will assume the following notation,

J̃ 1
θ,π :=

1

N1

N1∑
k=1

P (Xn1,k

T,θk−1
1

)I−(W 1,k
T , θ1,k−1

1 )− E [P (Xn1
T )] and J̃ 2

θ,π :=
L∑
l=2

W̃l

Nl

Nl∑
k=1

Ỹ k
l,θk−1

l

,

where we set,

Ỹl,θl =
(
P (Xnl

T,θl
)− P (X

nl−1

T,θl
)
)
I−(W l

T , θl)− E
[
P (Xnl

T )− P (X
nl−1

T )
]
, (3.4.11)

and
Ỹ1,θ1 =

(
P (Xn1

T,θ1
)
)
I−(W 1

T , θ1)− E [P (Xn1
T )] . (3.4.12)

Therefore, we have,

J N,θ
π − J0 = J̃ 1

θ,π + J̃ 2
θ,π + E[P (XL

T )]− J0.

A thorough analysis carried out in section 4.2 of [39] shows that the last term in the
equation converges to zero as ϵ → ∞. We start our discussion by proving the following
lemma.

Lemma 3.4.3. Let p ≥ 2 and |θ| ≤ c. Then there exist a positive constant K1(m,β, p, c)

such that,
∥Ỹl,θ∥pp ≤ K1(m,β, p, c)m−βp(l−1)/2, l = 2, . . . , L.

Ph.D. Thesis

TH-3688_196123105



CHAPTER 3 54

Proof. By Minkowski’s Inequality, we have,

(
E
[
|Ỹl,θ)|p

])1/p
≤
∥∥∥∥(P (Xnl

T,θ)− P (X
nl−1

T,θ )
)
I−(W l

T , θ)

∥∥∥∥
p

+

∣∣∣∣E [P (Xnl
T )− P (X

nl−1

T )
]∣∣∣∣,

≤
∥∥∥∥(P (Xnl

T,θ)− P (X
nl−1

T,θ )
)
I−(W l

T , θ)

∥∥∥∥
p︸ ︷︷ ︸

I

+

∥∥∥∥[P (Xnl
T )− P (X

nl−1

T )
]∥∥∥∥

p︸ ︷︷ ︸
II

.

(3.4.13)
In order to bound (I) of (3.4.13), we apply the Holder’s Inequality,∥∥∥∥(P (Xnl

T,θ)− P (X
nl−1

T,θ )
)
I−(W l

T , θ)

∥∥∥∥p
p

= E
[∣∣∣∣ (P (Xnl

T,θ)− P (X
nl−1

T,θ )
)
I−(W l

T , θ)

∣∣∣∣p] ,
= E

[∣∣∣∣ (P (Xnl
T )− P (X

nl−1

T )
) ∣∣∣∣p (I+(W l

T , θ)
)p−1

]
,

≤

(
E

[∣∣∣∣ (P (Xnl
T )− P (X

nl−1

T )
) ∣∣∣∣p2

]) 1
p ∥∥∥∥ (I+(W l

T , θ)
)p−1

∥∥∥∥
p

p−1

,

≤ e
(p2−1)

2
c2T

∥∥∥∥P (Xnl
T )− P (X

nl−1

T )

∥∥∥∥p
p2
.

(3.4.14)
Therefore, from the above analysis, we have,∥∥∥∥(P (Xnl

T,θ)− P (X
nl−1

T,θ )
)
I−(W l

T , θ)

∥∥∥∥
p

≤ e
(p2−1)

2p
c2T

∥∥∥∥P (Xnl
T )− P (X

nl−1

T )

∥∥∥∥
p2
. (3.4.15)

Further for (II) of (3.4.13), the assumption (3.4.2) yields,∥∥∥∥[P (Xnl
T )− P (X

nl−1

T )
]∥∥∥∥p

p

≤ V(p)
1 (1 +mβ/2)phβp/2m−βp(l−1)/2. (3.4.16)

Now from (3.4.13) and (3.4.15), we get,

(
E
[
|Ỹl,θ)|p

])1/p
≤
(
1 + e

(p2−1)
2p

c2T

)∥∥∥∥P (Xnl
T )− P (X

nl−1

T )

∥∥∥∥
p2
. (3.4.17)

Combining above inequality and (3.4.16) yields,

∥Ỹl,θ∥pp ≤ K1(m,β, p, c)m−βp(l−1)/2, (3.4.18)
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where,

K1(m,β, p, c) =

(
1 + e

(p2−1)
2p

c2T

)(
V(p2)
1

)1/p
(1 +mβ/2)phβp/2.

Proposition 3.4.1. Let p ≥ 2 and θkl ∈ Θ for l = 2, . . . , L and k ∈ N∗. Then there
exists a constant K2(m,β, p, c), such that,

E
[
|J̃ 2,ϵ

θ,π |
p
]
≤ K2(m,β, p, c)ϵp for some constant c > 0. (3.4.19)

Proof. We start our discussion by observing that as θkl ∈ Θ, there exists a positive
constant c such that |θkl | ≤ c, ∀k ∈ N. Now, we define the following filtration (FT,k)k≥1,
where FT,k := σ(Wt,j, j ≤ k, t ≤ T ). With this filtration, one can readily observe that
j∑

k=1

Ỹ k
l,θk−1

l

is a martingale with respect to FT,j. Now consider the following definition,

sl :=

Nl∑
k=1

Ỹ k
l,θk−1

l

, for l = 2, . . . , L. (3.4.20)

Since
j∑

k=1

Ỹ k
l,θk−1

l

is FT,j martingale, therefore by Rosenthal’s inequality [43], we have,

∥sl∥pp ≤ Cp

E

[
Nl∑
k=1

E[(Ỹl,θk−1
l

)2|FT,k−1]

]p/2
+

Nl∑
k=1

E
[
|Ỹl,θk−1

l
|p
] . (3.4.21)

Now, from the previous Lemma, one can easily conclude that,

Nl∑
k=1

E
[
|Ỹl,θk−1

l
|p
]
≤ NlK1m

−βp(l−1)/2. (3.4.22)
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As for the first term, we refer to [43, Theorem A.8], to obtain,

E

[
Nl∑
k=1

E
[
(Ỹl,θk−1

l
)2|FT,k−1

]]p/2
≤ ApE

[
Nl∑
k=1

(Ỹl,θk−1
l

)2

]p/2
= Ap

∥∥∥∥ Nl∑
k=1

(Ỹl,θk−1
l

)2
∥∥∥∥p/2
p/2

≤ Ap

(
Nl∑
k=1

∥(Ỹl,θk−1
l

)2∥p/2

)p/2

≤ Ap(Nl)
p/2K1m

−βp(l−1)/2,

(3.4.23)
where the last inequality is the consequence of the previous Lemma. Therefore, we have
for p ≥ 2,

∥sl∥pp ≤ Cp

{
Ap(Nl)

p/2K1m
−βp(l−1)/2 +NlK1m

−βp(l−1)/2
}
≤ Cp

{
2Ap(Nl)

p/2K1m
−βp(l−1)/2

}
.

(3.4.24)
Now, let Kp := CpApK1. Therefore, we have,

E[|sl|p] ≤
(
Kp(Nl)

p/2m−βp(l−1)/2
)
. (3.4.25)

Now, consider the following,

E
[
|J̃ 2

θ,π|p
]
= E

[∣∣∣∣ L∑
l=2

W̃l

Nl

sl

∣∣∣∣p
]
. (3.4.26)

As one can observe that, (sl)l≥2 are independent random variable in l, therefore, by a
version of Rosenthal’s inequality [43], we have,

E

[∣∣∣∣ L∑
l=2

W̃l

Nl

sl

∣∣∣∣p
]
≤ δp


 L∑

l=2

E

[
W̃l

Nl

sl

]2p/2

+
L∑
l=2

E

[∣∣∣∣W̃l

Nl

sl

∣∣∣∣p
]

≤ 2δp

(
L∑
l=2

E
∣∣∣∣W̃l

Nl

sl

∣∣∣∣2
)p/2

.

(3.4.27)

For p = 2, we have,
E
[
|sl|2

]
≤ K2(Nl)m

−β(l−1).

Therefore,

E

[∣∣∣∣ L∑
l=2

W̃l

Nl

sl

∣∣∣∣p
]
≤ 2δp

(
L∑
l=2

|W̃l|2

Nl

K2m
−β(l−1)

)p/2

. (3.4.28)

Ph.D. Thesis

TH-3688_196123105



CHAPTER 3 57

We know that, Nl = ⌈Nµl⌉ ≥ Nµl, and as a result we have,

1

Nl

≤ 1

Nµl

, l = 1, . . . , L.

Further, owing to the expression for µl, we have,

|W̃l|
µl

≤ 1

λh
β
2Cm,βq

∗
m

(β+1)(l−1)
2 , l = 2, . . . , L.

Since, sup
l∈(1,...,L),L≥1

|W̃l| ≤ a∞B̃∞ [39], therefore, combining everything we get,

E

[∣∣∣∣ L∑
l=2

W̃l

Nl

sl

∣∣∣∣p
]
≤ K̃

(
1

N

L∑
l=2

m
(1−β)(l−1)

2

)p/2

, (3.4.29)

where, K̃ = 2δp

(
a∞B̃∞K2

λh
β
2Cm,βq

∗

) p
2

. Now as a consequence of Lemma 4.5 in [39], with

ϵ→ 0, we have,

∀ ϵ ∈ (0, ϵ],
1

N
≤ 2

Cβ

ϵ2


1, if β > 1,

L−1, if β = 1.

m− 1−β
2

L, if β < 1.

(3.4.30)

Moreover, it is easy to prove that,

L∑
l=2

m
(1−β)(l−1)

2 ≤



1

1−m
1−β
2

, if β > 1,

L, if β = 1,

m
1−β
2 L

m
1−β
2 −1

, if β < 1.

(3.4.31)

With all the preceding discussion, we have,

E
∣∣∣∣ L∑
l=2

W̃l

Nl

sl

∣∣∣∣p ≤ K2 (m,β, p, c) ϵp, (3.4.32)
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where,

K2 (m,β, p, c) = K̃

(
2

Cβ

)p/2


(1−m

1−β
2 )−p/2, if β > 1,

1, if β = 1,

(m
(1−β)

2 − 1)−p/2, if β < 1.

(3.4.33)

With the above results in our hands, we are ready to prove the Strong Law of Large
Numbers.

Proof of Theorem 3.4.3. We start our proof by proving, J̃ 2,ϵk
θ,π

a.s.−−→ 0 as k →∞. Clearly,
as a consequence of our assumption on (ϵk)k≥1, we have,

∑
k≥1

E
[
|J̃ 2,ϵk

θ,π |
p
]
< +∞.

Hence, by Beppo-Levi’s Theorem,
∑
k≥1

|J̃ 2,ϵk
θ,π |

p < +∞ a.s., and as an implication we have

J̃ 2,ϵk
θ,π

a.s.−−→ 0 as k → +∞. We now turn our attention to proving J̃ 1,ϵk
θ,π

a.s.−−→ 0 as k → ∞.
It is clear that as k →∞, ϵk → 0, which in turns implies N1 →∞. As one can observe

that,
j∑

k=1

Ỹ 1
k,θk−1

1
is FT,j martingale. Therefore, as an application of Rosenthal’s inequality

for p = 2, we have,

E
[
|J̃ 1,ϵk

θ,π |
2
]
≤ C2

N2
1

{
E

[
N1∑
k=1

E
[(

Ỹ 1
k,θk−1

1

)2 ∣∣∣∣FT,k−1

]]}
, where C2 is a constant.

=
C2

N2
1

{
N1∑
k=1

(
E
[
P (Xn1

T )2I+(θk−1
1 ,WT )

]
− [E[P (Xn1

T )]]2
)}

,

(3.4.34)
where the last equality is the consequence of X1

T,k being independent of FT,k−1 and θ1k−1

being FT,k−1 measurable. Further, due to Grisanov’s theorem, we introduce a couple of
random variables X1

T and WT independent of FT = ∪k≥1FT,k, justifying the last equality.
Further, as θk−1

1 ∈ Θ, therefore there exists a c > 0 such that |θk−1
1 | ≤ c for k ∈ N. As a
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consequence, sup
k∈N
|P (Xn1

T )2I+(θk−1
1 ,WT )| ≤ P (Xn1

T )2ec|WT |+ c2

2
T . Now for p ≥ 2,

E
[
P (Xn1

T )2ec|WT |+ c2

2
T
]
≤
∥∥∥∥P (Xn1

T )2
∥∥∥∥
p

∥∥∥∥ec|WT |+ c2

2
T

∥∥∥∥
p

p−1

< +∞.

Therefore, as consequence of Theorem 3.4.2 and Lebesgue theorem, we obtain that,

lim
k→∞

E[P (Xn1
T )2I+(θk−1

1 ,WT )] = E[P (Xn1
T )2I+(θ∗1,WT )].

Now as the application of Cesaro’s lemma in equation (3.4.34) one can easily conclude
that, J̃ 1,ϵk

θ,π

a.s.−−→ 0 as k → +∞.

We now look at the numerical illustrations to demonstrate the efficacy of the discussed
algorithm and also assess the practicality of the algorithm in real-life applications.

3.5 Numerical Illustration

In this section, we consider the problem of option pricing, where we try to estimate the
European and Lookback call option prices. Further, we assume that one-dimensional
SDE drives the stochastic process to keep things simple. Accordingly, we use Milstein
and the Euler-Maruyama discretization scheme to simulate the underlying stochastic
process. Before discussing the implementation procedure, we provide a mathematical
description of the discretization schemes. Consider the general one-dimensional SDE on
the probability space (Ω, {Ft}t≥0,P),

dXt = r(Xt, t)dt+ σ(Xt, t)dWt. (3.5.1)

The Milstein discretization of the above equation is given by,

Xn+1 = Xn + rnh+ σn∆Wn +
1

2
σ′
nσn

(
(∆Wn)

2 − h
)
. (3.5.2)

In the above equation, h is the uniform time-step, rn = r(Xn, tn), σn = σ(Xn, tn) and
σ′
n = σ′(Xn, tn), with tn := nh. However, under the parametric change of measure, with
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θ as the parameter and the underlying SDE is given by,

dXt(θ) = r(Xt(θ), t)dt+ σ(Xt(θ), t)dBt, (3.5.3)

where, Bt := Wt + θt, we use the following discretization schemes in order to simulate
the SDE in the probability space

(
Ω, {F θ

t }t≥0,Pθ

)
,

Xθ
n+1 = Xθ

n + r(Xθ
n, tn)h+ σ(Xθ

n, tn)∆Bn +
1

2
σ′(Xθ

n, tn)σ(X
θ
n, tn)

(
(∆Bn)

2 − h
)
,

= Xθ
n +

(
r(Xθ

n, tn) + θσ(Xθ
n, tn)

)
h+ σ(Xθ

n, tn)∆Wn,

+
1

2
σ′(Xθ

n, tn)σ(X
θ
n, tn)

(
(∆Wn + θh)2 − h

)
.

As for the Euler scheme, we have,

Xθ
n+1 = Xθ

n +
(
b(Xθ

n, tn) + θσ(Xθ
n, tn)

)
h+ σ(Xθ

n, tn)∆Wn. (3.5.4)

We start our computation by determining the optimal structural parameters required
to perform the simulations. In order to do so, we perform a pre-simulation to approxi-
mate the value of V1, λ and Var(P (X0

T )), necessary for the computation of the optimal
structural parameters. For computing V1 we refer to the formula presented in [60], i.e.,

V1 =
(
1 +m−β/2

max

)−2
h−β∥P

(
Xh

T

)
− P

(
X

h/mmax

T

)
∥22. (3.5.5)

Here we set mmax = 10. As for Var(P (X0
T )), we perform small prior simulations and em-

pirically calculate the variance. Further, the value of λ is calculated as λ =

√
V1

Var(P (X0
T ))

.

We use the above values to calculate the structural parameters using formulas from Table
3.1 and perform the AISML2R and ML2R simulation. The computation of the structural
parameter requires the desired RMSE ϵ as input. Therefore, we calculate these parame-
ters for ϵ = 2−k, where k = 1, . . . , 5. Also, throughout our computation, we consider the
refinement factor of m = 4. For the purpose of estimating the optimal θ∗l for each level
of resolution, we use the algorithm described in subsection 3.3.4. In all the numerical

experiments carried out below, we consider λn =
1

(n+ 1)
and Θ := [−10, 10] ⊂ R. For

practical purposes, we stop the stochastic approximation procedure after finite iterations,
say I. Further, to stabilize the convergence of the algorithm, we employ Rupert and Po-
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liak averaging principle (see e.g. [70]), i.e., instead of using θkl , we use θ̃kl =
1

k + 1

k∑
i=0

θil ,

on level l. In order to study our results, we perform R = 50 repetition of our experiment
and observe the bias i.e. µ̃, and variance i.e., σ̃2 for a given computational budget, using
the formulas describes below.

µ̃ =
1

R

R∑
j=1

(J N,θ
π,j − J0),

σ̃2 =
1

R

R∑
j=1

 L∑
l=1

 1

N j
l (N

j
l − 1)

 Nj
l∑

k=1

W̃l(Z
j
l )− W̃l

1

N j
l

Nj
l∑

k=1

Zj
l

2



where,
Zl =

(
P
(
X

h/ml−1

T

)
− P

(
X

h/ml−2

T

))
I−(W l

T , θ̃
I
l ),

consequently we have,
RMSE =

√
µ̃2 + σ̃2 (3.5.6)

Moreover, we estimate computational cost as,

cost(J N,θ
π ) =

N

h

L∑
l=1

µl(nl−1 + nl) + I
L∑
l=1

(nl−1 + nl), (3.5.7)

where I = 0 for standard ML2R simulation. Finally, to assess the effectiveness of the
hybrid procedure, we evaluate the Improvement Factor (IF), defined as,

IF :=
σ̃2
ML2R × cost(J N

π )

σ̃2
AISML2R × cost(J N,θ

π )
(3.5.8)

Before, delving into the numerical examples, we discuss the computational aspect of
importance sampling as opposed to standard simulation. Based on the cost formulation
for the adaptive simulation, it is evident that importance sampling is more expensive
than standard simulation. Since we stop the stochastic approximation after I iterations,
a pertinent question is how many iterations are enough and whether it is necessary
to undergo the importance sampling procedure on a particular level. In [10], it was
observed that increasing the number of stochastic approximation iterations from I = 1000

to I = 15000 did not result in any substantial decrease in the overall variance of the
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estimator. A similar observation is made in our numerical experiments, where we observe
that performing the importance sampling procedure on every level of resolution is not
always necessary. For instance, Figure 3.1 and 3.2 represent variance reduction achieved
with I = 500 on various levels of resolution for the European option pricing problem
studied in subsection 3.5.1. From both Figures, it is evident that under the Milstein
scheme, i.e. β > 1, one does not see significant variance reduction after we achieve
log(Var[(Pl−Pl−1)]) = O(10−3). Observing this and recalling that for β > 1, the majority
of computation is concentrated at the coarser level, undergoing importance sampling
at finer levels adds to the computational cost without resulting in substantial variance
reduction. In light of these observations, in our numerical experiments, we do not undergo
the importance sampling procedure on a level if the log(Var[(Pl − Pl−1)]) = O(10−3) on
that level.

Figure 3.1: σ = 0.2: (a) Euler-Maruyama Approximation- log(Var[(Pl − Pl−1)]) as a function of
levels.(b) Milstein Approximation- log(Var(Pl − Pl−1)]) as a function of levels.

3.5.1 European Option

The payoff function in the case of the European call option is described below,

P (XT ) = e−rT (XT −K)+. (3.5.9)

For the practical implementation, we have considered X0 = 80, r = 0.06, T = 1,
K = 100 and perform our experiments for σ = {0.2, 0.6}. In Figures 3.3 and 3.4, we
compare the RMSE achieved by ML2R and AISML2R obtained under Milstein and Euler-
Maruyama schemes for σ equals to 0.2 and 0.6 respectively. For the importance sampling
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Figure 3.2: σ = 0.6: (a) Euler-Maruyama Approximation- log(Var[(Pl − Pl−1)]) as a function of
levels.(b) Milstein Approximation- log(Var(Pl − Pl−1)]) as a function of levels.

procedure, we conduct I = min{500, Nl} iteration on a level if log(Var[(Pl − Pl−1)]) ≥
O(10−2) on that level. As we observe in each of the cases, adaptive sampling leads
to substantial variance reduction with almost the same computational cost. Finally, in
Table 3.2, we demonstrate the preponderance of the AISML2R over ML2R for various
values of ϵ.

Figure 3.3: σ = 0.2: (a) Euler-Maruyama Approximation- Computational Cost as a function of RMSE
log-log scale.(b) Milstein Approximation- Computational Cost as a function of RMSE log-log scale.
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Figure 3.4: σ = 0.6: (a) Euler-Maruyama Approximation- Computational Cost as a function of RMSE
log-log scale.(b) Milstein Approximation- Computational Cost as a function of RMSE log-log scale.

3.5.2 Lookback Option

For our next example, we consider a partial Lookback call option defined in the following
way,

P (XT ) = e−rT

(
XT − ζ min

t∈[0,T ]
X(t)

)
+

, where ζ ≥ 1. (3.5.10)

The parameters for the purpose of the practical implementation are X0 = 10, r = 0.05,
T = 1 and ζ = 1. In this case, we perform our experiment with Euler-Maruyama
discretization for σ = {0.4, 0.6}. The value of α = 0.5 and β = 1 for the payoff functional
defined above [60]. In Figure 3.5, we compare the RMSE achieved by AISML2R and
ML2R, and in Table 3.3, we demonstrate the variance reduction achieved via importance
sampling for various values of ϵ.
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σ = 0.4

AISML2R ML2R

ϵ variance cost variance cost IF

5.000e-1 2.736e-2 3.909e+3 4.950e-2 1.762e+3 0.82

2.500e-1 6.583e-3 1.170e+4 1.159e-2 7.771e+3 1.17

1.250e-1 1.949e-3 6.465e+4 3.184e-3 4.722e+4 1.19

6.250e-2 5.207e-4 1.942e+5 8.537e-4 1.773e+5 1.50

3.125e-2 2.310e-4 4.126e+5 3.560e-4 4.139e+5 1.54

σ = 0.6

AISML2R ML2R

ϵ variance cost variance cost IF

5.000e-1 1.746e-2 1.209e+4 4.176e-2 7.141e+3 1.41

2.500e-1 5.217e-3 2.923e+4 1.086e-2 2.772e+4 1.97

1.250e-1 1.853e-3 1.685e+5 2.832e-3 1.903e+5 1.73

6.250e-2 3.853e-4 7.247e+5 9.148e-4 5.914e+5 1.94

3.125e-2 1.700e-4 1.637e+6 3.310e-4 1.637e+6 1.95

Table 3.3: Comparison of AISML2R and ML2R for Lookback Option

Figure 3.5: Euler-Maruyama Approximation- Computational Cost as a function of RMSE log-log
scale.
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3.6 Summary

In this chapter, we presented a novel combination of ML2R and Importance sampling
algorithm developed upon the studies carried out in [2, 3, 7, 52, 60]. We proved the
existence and uniqueness of the optimal change of measure parameter θ∗l for for every
level of resolution l and proved the asymptotic results illustrating the convergence of
θkl → θ∗l as k → ∞. We further proved the Strong Law of Large Numbers for the
AISML2R estimator. In Section 3.5, we undertook numerical experiments where we
observed the preponderance of AISML2R both in the context of the European Option
and the Lookback Option.
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Chapter 4

Non-Asymptotic Analysis of Sample Av-
erage Approximation with Biased Sam-
pling

4.1 Introduction

In this chapter, we focus on an important numerical procedure grounded in Monte Carlo
principles popularly known as Sample Average Approximation or SAA. The primary
discussion in this chapter revolves around the effect of biased sampling in the stochastic
optimization paradigm. Accordingly, we begin our discussion with an overview of the
SAA framework.

4.1.1 Sample Average Approximation

The Sample Average Approximation (SAA) method is a numerical algorithm designed to
address optimization problems where the input data is uncertain. Specifically, it targets
approximating the optimal solution for optimization problems, formulated as follows:

min
x∈X
{F (x) := E[f(x, ζ)]} (4.1.1)

Here, X ⊆ Rd is assumed to be a finite-dimensional compact set, and f(·, ζ) denotes
the cost function, with ζ being a random vector. Typically, this optimization doesn’t
lend itself to analytical solutions, necessitating a Monte Carlo-based approach for ap-
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proximation. The SAA method, known for its simplicity and robustness, has become a
preferred tool among practitioners. SAA operates by solving an approximation of the
original problem, defined as:

min
x∈X

{
FN(x) :=

1

N

N∑
k=1

f(x, ζk)

}
(4.1.2)

where, ζ1, . . . , ζN represent independent and identically distributed (i.i.d) samples of the
random vector ζ, drawn from its distribution. Extensive literature has documented the
convergence of the approximate solution to the optimal one, with numerous references
discussing the convergence and providing comprehensive surveys on SAA. In this domain,
the seminal work in [54] demonstrated that if f(·, ζ) is Lipschitz continuous, SAA requires
a computational complexity ofO((d+γ)ϵ−2 log(ϵ−1)) to achieve an ϵ-optimal solution with
probability ϵγ, for some γ > 0. Similar results were obtained for constrained stochastic
programs and two-stage stochastic optimization problems in subsequent studies [79].

However, existing studies inherently assumed that the Monte Carlo estimator is un-
biased i.e.,

E

[
1

N

N∑
k=1

f(x, ζk)

]
= F (x) ∀ x ∈ X . (4.1.3)

This chapter explores the impact on the computational complexity of the SAA procedure
due to bias introduced in the estimator while sampling the random variable from its
approximate distribution. The primary motivation for studying the SAA in the biased
framework bears testimony to the fact that in most practical scenarios, the sampling of
the random variable from its exact distribution is not always possible.

For example, in the financial engineering paradigm, CVaR estimation can be formu-
lated as a stochastic optimization problem. Mathematically speaking, if ζ denotes the
loss of a portfolio and α is the required confidence interval, then by Rockafellar-Uryasev
[74] representation we have,

CVaRν(ζ) := min
x∈[ϑ∗,ϑ∗∗]

{
x+

1

1− ν
E[(ζ − x)+]

}
. (4.1.4)

where (y)+ = max{y, 0}, and

ϑ∗ = inf{x ∈ R : P(ζ ≤ x) ≥ ν} and ϑ∗∗ = sup{x ∈ R : P(ζ ≤ x) ≤ ν}. (4.1.5)
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In the context of CVaR estimation, if we assume that the underlying asset driving the
loss function is modelled on a stochastic differential equation, then using the numerical
approximation technique to approximate the loss would induce bias in the Monte Carlo
estimation, affecting the performance of the SAA procedure. Moreover, following the
discussion in Chapter 2, the scenario simulation approach leads to a nested expectation
framework, thereby inducing bias in the Monte Carlo approximation of the objective
function.

Additionally, portfolio selection problems in finance [47], robust supervised learning in
computer vision and speech recognition [49], reinforcement learning in policy evaluation
[49], all belong to a class of conditional stochastic optimization problem, defined as,

min
x∈X

{
F (x) := Eζ

[
f

(
Eη|ζ [gη(x, ζ)]

)]}
. (4.1.6)

In the above setup, approximating the inner expectation using a Monte Carlo pro-
cedure introduces a bias in estimating the expectation. As the problem belonging to
the class of stochastic composition optimization has been a long-standing challenge in
science and engineering, extensive research studying SAA to solve them is available in
the literature, see, e.g. [24, 29, 83, 5]. However, for the most part, the primary focus of
their discussion is towards studying the asymptotic properties of the estimator, deriv-
ing central limit formulae [24] and establishing the rate of convergence [29]. The study
performed in [49] shows that the computational complexity required for solving the con-
ditional stochastic optimization problem is O((d+ γ)ϵ−4 log(ϵ−1)), if the cost function is
Lipschtiz continuous and is O((d+ γ)ϵ−3 log(ϵ−1)), if the cost function is smooth, where
the increase in the computational complexity can be attributed to the Monte Carlo ap-
proximation of the inner expectation, which in turn induces bias in the estimator. To
our knowledge, a generalized study on the biased approximation of the random variable
in the SAA paradigm has not been explored. We intend to fill this gap in this work.

4.2 Preliminaries

Let (Ω,F ,P) be the complete probability space. In this space, let us consider the follow-
ing stochastic optimization problem,

min
x∈X
{F (x) = E[f(x, ζ)]} (4.2.1)
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where X ⊂ Rd is a finite-dimensional compact set, ζ is a random vector whose distribution
is supported on the set Θ ∈ Rs, and f : X ×Θ→ R is the cost function. Since we will be
working in the bias framework, we recall B to be the set of bias parameters with B∪{0}
being the compact set and

∀m ∈ N,
B

m
⊂ B. (4.2.2)

We let ζh be an approximation of the random variable ζ for some h ∈ B defined on
the same probability space. Also, for a given x ∈ X , we have the random variable
f(x, ζh) and f(x, ζ) such that E[f(x, ζh)]→ E[f(x, ζ)] as h → 0. Moreover, throughout
our discussion, we assume that for all x ∈ X , f(·, ζ) is Borel-measurable in ζ and is also
Lipschitz continuous, i.e.,

Assumption 4.2.1. For all x1, x2 ∈ X and for all h ∈ B ∪ {0},

|f(x1, ζh)− f(x2, ζh)| ≤ Lf |x1 − x2| (4.2.3)

where Lf is the Lipschitz constant for any given ζh.

Lastly, we assume the existence of a unique solution to the optimization problem
(4.2.1). Below, we present the definitions that would be relevant throughout our analysis
and discussion.

Definition 4.2.1. Let p∗ := min
x∈X
{F (x) = E[f(x, ζ)]}, then xϵ ∈ X is said to the ϵ-

optimal solution if
F (xϵ) ≤ p∗ + ϵ (4.2.4)

Definition 4.2.2. For v ∈ (0, 1) and |·| be the l2 norm on X , {xk}Q(v,|·|,X )
k=1 is said to be

a v-net of X if

• xk ∈ X for all k ∈ {1, . . . , Q(v, |·|,X )}.

• ∀x ∈ X there exists k(x) ∈ {1, . . . , Q(v, |·|,X )}, such that |x− xk(x)| ≤ v.

Below is an illustrative example that provides an intuitive explanation of covering
number.

Example 4.2.1. Let X = [0, 1] ⊂ R and consider v = 0.2. A v-net for X is a finite
subset {xk}Qk=1 such that for every x ∈ X , there exists xk in the net such that,

|x− xk| ≤ v.
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In this example, we can choose the v-net as:

{0.0, 0.2, 0.4, 0.6, 0.8, 1.0},

which is a set of evenly spaced points with spacing v = 0.2. This implies that every point

in [0, 1] is within distance 0.2 of some point in the set. The covering number is:

Q(v, | · |, [0, 1]) = 6.

x
0.0 0.2 0.4 0.6 0.8 1.0

v = 0.2

Figure 4.1: A v-net for X = [0, 1] with v = 0.2.

In empirical process theory, Q(v, |·|,X ) is considered as the covering number, with
ball size v, on the space X . The following result gives an upper bound of the covering
number.

Lemma 4.2.1. Let X has a finite diameter i.e., D(X ) <∞, then for any v ∈ (0, 1), there
exists a v-net of X and size of that v-net is bounded, i.e., Q(v, |·|,X ) ≤ O((D(X )/v)d).

Moreover, the Cramér’s large deviation theorem will frequently used throughout our
analysis, and we state it here as a lemma based on the discussion in [49, 75].

Lemma 4.2.2. Let X1, . . . , XN be i.i.d samples of zero-mean random variable X with
finite variance σ2. For any ϵ > 0, it holds that,

P

(
1

N

N∑
j=1

Xj ≥ ϵ

)
≤ exp(−NI(ϵ)),

where I(ϵ) is the rate function defined as I(ϵ) := sup
t∈R
{tϵ− log(M(t))}, with M(t) := E[etX ]

being the moment generating function of X. Further, for any δ > 0, there exists ϵ1 > 0,

such that for any ϵ ∈ (0, ϵ1), I(ϵ) ≥
ϵ2

(2 + δ)σ2
.
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We present below the pertinent results, that would be important for our RMSE
analysis. To begin with, let us denote by.

F := {f(x, ·)− E[f(x, ·)] : x ∈ X} (4.2.5)

the class of centered cost function indexed on x ∈ X . Under the assumption that the
function f(x, ·) is Lipschitz with respect to x, it is fairly easy to observe that the centered
cost function f(x, ·)− E[f(x, ·)] is also Lipschitz albeit with a larger Lipschitz constant.
Further, let l∞(X ) be a metric space of all bounded functions from X to R endowed with
the supremum norm, i.e., ∥f − g∥∞ := supx∈X |f(x) − g(x)| for all f, g ∈ l∞(X ). If we
define,

FN(·) =
√
N

(
1

N

N∑
k=1

(f(·, ζ̄k)− E[f(·, ζ̄)])

)
(4.2.6)

then FN is an empirical process indexed on the decision set X and FN ∈ l∞(X ).
Since our study heavily relies on moment bounds, we present the results below that

provide the necessary bounds. As the concept of covering numbers and bracketing num-
bers are relevant to these results, we present the definition of the bracketing numbers,
where the covering number is already defined above.

Definition 4.2.3 (Bracketing numbers [85]). Given two functions f1 and f2, the bracket
[f1, f2] is the set of all functions f with f1 ≤ f ≤ f2. An v−bracket is a bracket [f1, f2]
such that ∥f1 − f2∥ < v. The bracketing number Q[](v,F, |·|) is the minimum number of
v−brackets needed to cover F.

Below is an illustrative example that provides an intuitive explanation of bracketing
number.

Example 4.2.2. Let F = {fa(x) = ax : a ∈ [0, 1]} be a class of linear functions over
x ∈ [0, 1]. To compute the bracketing number Q[](v,F, ∥ · ∥∞), consider dividing the
interval [0, 1] into

⌈
1
v

⌉
subintervals of width v. Each bracket is defined as,

[fak , fak+v], where fak(x) = akx, ak = kv, k = 0, 1, . . . ,

⌊
1

v

⌋
.

Since ∥fak+v − fak∥∞ = v, each bracket has width at most v, and all functions in F are
covered. Therefore,

Q[](v,F , ∥ · ∥∞) ≤
⌈
1

v

⌉
.
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The next result gives an upper bound for the bracketing number.

Lemma 4.2.3 (Theorem 2.7.1 [85] and Lemma EC.7 [56]). If the cost function f(x, ζ̄)

is Lipschtiz with respect to x, and the decision space X ⊆ Rd is compact, then for any
v > 0

Q[](4v∥Lf∥2,F, ∥·∥2) ≤ Q(v, |·|,X ) (4.2.7)

Further, because of Lemma 4.2.1, we have an upper bound of the bracketing numbers.
The following two results provide the relevant moment bound necessary for our analysis.

Lemma 4.2.4 (Lemma EC.9 [56]). Let f̄(x, ζ̄) := supx∈X |f(x, ζ̄) − E[f(x, ζ̄)]|. Then,
for all N , we have

√
NE

[
sup
x∈X

∣∣∣∣∣ 1N
N∑
k=1

f(x, ζ̄k)− E[f(x, ζ̄)]

∣∣∣∣∣
]
≤ C∥f̄(x, ζ̄)∥2

∫ 1

0

√
1 + log(Q[](v∥f̄(x, ζ̄)∥2,F, ∥·∥2))

(4.2.8)

Lemma 4.2.5 (Lemma EC.10 [56]). For any p ≥ 2 it holds that

√
N

(
E

[
sup
x∈X

∣∣∣∣∣ 1N
N∑
k=1

f(x, ζ̄k)− E[f(x, ζ̄)]

∣∣∣∣∣
p]) 1

p

≤

C

(
√
NE

[
sup
x∈X

∣∣∣∣∣ 1N
N∑
k=1

f(x, ζ̄k)− E[f(x, ζ̄)]

∣∣∣∣∣
])

+ C
(
N

1
p
− 1

2∥f̄(x, ζ̄)∥p
)

(4.2.9)

In Lemmas 4.2.4 and 4.2.5, C is a universal constant.

4.3 Monte Carlo SAA

In this section, we undertake a comprehensive study of the Monte Carlo SAA in the biased
sampling framework. We begin our discussion by establishing the Uniform Convergence
result followed by the sample complexity analysis to obtain ϵ−optimal solution. We also
derive a RMSE bound and determine the sample complexity required to render RMSE
of O(ϵ).

4.3.1 Uniform Convergence and Sample Complexity

This section starts by stating the assumptions necessary for our discussion.
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Assumption 4.3.1. For all h ∈ B, assume that sup
x∈X
|E[f(x, ζh)− f(x, ζ)]| ≤ c1h

α for

some α > 0.

Assumption 4.3.2. σ2 := sup
h∈B

E[sup
x∈X
|f(x, ζh)|2] <∞.

The above two assumptions illustrate the boundedness of the bias and variance, re-
spectively. In the literature, these assumptions are commonly used for computational
complexity analysis. Now, recall the optimization problem (4.1.1), i.e.,

min
x∈X
{F (x) = E[f(x, ζ)]} , (4.3.1)

the Monte Carlo SAA approximation of the above problem is given as,

min
x∈X

{
FN
h (x) :=

1

N

N∑
j=1

f(x, ζjh)

}
. (4.3.2)

Suppose we let x∗ and x∗
h be optimal solutions to (4.1.1) and (4.3.2) respectively, then

we are interested in determining the probability of x∗
h being an ϵ-optimal solution to

(4.1.1). More specifically, we intend to determine P(F (x∗
h)− F (x∗) ≤ ϵ) for some ϵ > 0.

In order to do so, we begin by establishing the uniform convergence property based on
concentration inequality. For the proof of the next result, we follow the approach in
[49, 79]

Theorem 4.3.1. (Uniform Convergence) Suppose assumptions 4.2.1, 4.3.1, and 4.3.2
are satisfied. Also assume that there exists a neighbourhood NB of zero such that for any
x ∈ X , and for all u ∈ NB we have,

sup
h∈B

E
[
eu(f(x,ζh)−E[f(x,ζh)])

]
<∞. (4.3.3)

Then for any δ > 0, there exists an ϵ1 > 0 such that for all ϵ ∈ (0, ϵ1) and for all h ∈ B,
satisfying c1h

α ≤ ϵ/4, we have,

P
(
sup
x∈X
|FN

h (x)− F (x)| > ϵ

)
≤ O(1)

(
4LfD(X )

ϵ

)d

exp

(
−Nϵ2

16(δ + 2)σ2

)
. (4.3.4)

Proof. We begin with the construction of a v-net in order to get rid of the supremum over

x. For this consider a v-net on X such that, v =
ϵ

4Lf

and thus Q ≤ O(1)
(
4LfD(X )

ϵ

)d

.
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Further, by invoking the Lipschitz continuity of f(·, ζ), we have,

|f(x, ζh)− f(xk, ζh)| ≤
ϵ

4
and |F (x)− F (xk)| ≤

ϵ

4
. (4.3.5)

Therefore, for any x ∈ X we have,

|FN
h (x)− F (x)| ≤ ϵ

2
+ |Fh(xk)− F (xk)| ≤

ϵ

2
+ max

k=1,...,Q
|Fh(xk)− F (xk)|.

Consequently, we have,

P
(
sup
x∈X
|FN

h (x)− F (x)| > ϵ

)
≤ P

(
max

k=1,...,Q
|FN

h (xk)− F (xk)| >
ϵ

2

)
≤

Q∑
k=1

P
(
|FN

h (xk)− F (xk)| >
ϵ

2

)
.

(4.3.6)

In order to examine the P
(
|FN

h (xk)− F (xk)| >
ϵ

2

)
, we define the random variable

Zj
h(k) as Zj

h(k) := f(xk, ζ
j
h)− F (xk), and let E[Zh(k)] be its respective expectation.

It is easy to observe that Zj
h(k)− E[Zh(k)] is zero-mean random variable. Now if

0 < E[Zh(k)] ≤ c1h
α ≤ ϵ/4, then,

P
(
FN
h (xk)− F (xk) >

ϵ

2

)
= P

(
1

N

N∑
j=0

Zj
h(k) >

ϵ

2

)

≤ P
(

1

N

N∑
j=0

(Zj
h(k)− E[Zh(k)]) >

ϵ

4

)
.

(4.3.7)

Now, as a consequence of equation (4.3.3), Lemma 4.2.2, and Assumption 4.3.2, we have,

P
(

1

N

N∑
j=0

(Zj
h(k)− E[Zh(k)]) >

ϵ

4

)
≤ exp

(
−Nϵ2

16(δ + 2)V[Zh(k)]

)
≤ exp

(
−Nϵ2

16(δ + 2)σ2

)
.

(4.3.8)
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Similarly, if 0 < −E[Zh(k)] ≤ c1h
α ≤ ϵ/4, then,

P
(

1

N

N∑
j=0

(E[Zh(k)]− Zj
h(k)) >

ϵ

4

)
≤ exp

(
−Nϵ2

16(δ + 2)σ2

)
. (4.3.9)

Finally, putting everything together, we have,

P
(
sup
x∈X
|FN

h (x)− F (x)| > ϵ

)
≤ O(1)

(
4LfD(X )

ϵ

)d

exp

(
−Nϵ2

16(δ + 2)σ2

)
.

The following corollary is the immediate consequence of the above result,

Corollary 4.3.1. Let assumptions of Theorem 4.3.1 hold, and additionally assume
c1h

α ≤ ϵ/8, then for any δ > 0, there exists ϵ1 > 0 such that for all ϵ ∈ (0, ϵ1),

P
(
F (x∗

h)− F (x∗) > ϵ

)
≤ O(1)

(
8LfD(X )

ϵ

)d

exp

(
−Nϵ2

64(δ + 2)σ2

)
. (4.3.10)

Proof. To begin with, observe that FN
h (x∗

h)− FN
h (x∗) ≤ 0. Now,

P
(
F (x∗

h)− F (x∗) ≥ ϵ

)
= P

(
[F (x∗

h)− FN
h (x∗

h)] + [FN
h (x∗

h)− FN
h (x∗)] + [FN

h (x∗)− F (x∗)] ≥ ϵ

)
≤ P

(
F (x∗

h)− FN
h (x∗

h) ≥ ϵ/2

)
+ P

(
FN
h (x∗)− F (x∗) ≥ ϵ/2

)
.

(4.3.11)

Invoking Theorem 4.3.1 with the condition c1h
α ≤ ϵ/8, we get the desired result.

Now, let us assume the cost of generating a single sample of Yh(x) is η̄/h with η̄

begin some proportionality constant. As the simulation requires generating N samples,
the total computational cost will be C := Nη̄/h. Also, let the probability of the solution
to the Monte Carlo SAA problem being ϵ-optimal to the original problem defined in
(4.1.1) be at least (1− ϵγ) for some γ > 0. The next result illustrates the computational
complexity required to achieve an ϵ-optimal solution.

Theorem 4.3.2. (Computational Complexity) Let ϵ < 1/e and γ > 0. Then under the
assumption stated in Corollary 4.3.1, the computational complexity for achieving the ϵ-
optimal solution with the probability at least 1− ϵγ is O

(
(d+ γ) log(ϵ−1)ϵ−(2+

1
α)
)
.
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Proof. Since we require P
(
F (x∗

h)− F (x∗) ≤ ϵ

)
≤ 1− ϵγ, we need P

(
F (x∗

h)− F (x∗) > ϵ

)
< ϵγ.

Observe that if we take,

N =

⌈
O(1)64(δ + 2)σ2

ϵ2

[
d log

(
8LfD(X )

ϵ

)
+ log

(
1

ϵγ

)]⌉
, (4.3.12)

then

O(1)
(
8LfD(X )

ϵ

)d

exp

(
−Nϵ2

64(δ + 2)σ2

)
≤ ϵγ, (4.3.13)

and as a consequence of corollary 4.3.1, we have the desired probability. Now, the
computational cost is defined as C = Nη̄/h. Therefore, taking,

N =
O(1)64(δ + 2)σ2

ϵ2

[
d log

(
8LfD(X )

ϵ

)
+ log

(
1

ϵγ

)]
+ 1, (4.3.14)

we get,

C = η̄

(
O64(1)(δ + 2)σ2

ϵ2h

[
d log

(
8LfD(X )

ϵ

)
+ log

(
1

ϵγ

)]
+

1

h

)
. (4.3.15)

If h = c2ϵ
1/α, so that c1hα ≤ ϵ/8 (required to achieve the bound in Corollary 4.3.1), then

for ϵ <
1

e
, observe that,

1

h
< c3(γ + d) log(ϵ−1)ϵ−(2+

1
α), (4.3.16)

where, c3 =
1

c2
. Further, observe that, for ϵ <

1

e
,

d log

(
8LfD(X )

ϵ

)
+ log

(
1

ϵγ

)
< c4(d+ γ) log(ϵ−1), (4.3.17)

where c4 = (1 + max{0, log(8LfD(X ))}). Finally, putting everything together, we get

C < η̄

(
O(1)64(δ + 2)σ2

ϵ2h
c4(d+ γ) log(ϵ−1) + c3(γ + d) log(ϵ−1)ϵ−(2+

1
α)
)
. (4.3.18)

Substituting h = c2ϵ
1/α in the above inequality, we get,

C < c5

(
(γ + d) log(ϵ−1)ϵ−(2+

1
α)
)
, (4.3.19)
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with c5 = η̄

(
O(1)64(δ + 2)σ2

c2
c4 + c3

)
.

The above analysis shows the effect bias parameter h and the convergence rate α

have on the computational complexity of the Monte Carlo SAA. It is easy to observe
that as α → ∞, i.e. as the bias converges to zero, the computational complexity tends
to O

(
(γ + d) log(ϵ−1)ϵ−2

)
, same as the one observed with an unbiased estimator. The

complexity results for the conditional stochastic optimization can also be recreated in the
context of the above analysis. For instance, the mean-squared-error analysis performed
by in section 3.2 of [49] shows that the order of bias convergence is 1/2, i.e. α = 1/2.
Substituting this α in our above analysis, we obtained the computational complexity
similar to the one achieved by authors, i.e., O

(
(γ + d) log(ϵ−1)ϵ−4

)
.

4.3.2 Root Mean Squared Error Analysis

Despite the above analysis elucidating the uniform convergence of Monte Carlo SAA in
the biased framework, the practical realization of such integration poses notable chal-
lenges. One challenge stems from relatively strong but unavoidable assumptions of the
existence of a finite valued moment-generating function in the neighbourhood of zero
(see (4.3.3)). This assumption is essential to determine the sample complexity required
to achieve an exponential rate of convergence. Although [8] studied the convergence in
the almost sure sense, the extension to the biased setup is beyond the scope of this the-
sis. For now, we direct our attention to RMSE analysis, consequently deriving sample
complexity without such strong assumptions.

The next result provides an RMSE bound for the optimal value of the SAA problem
defined in equation (4.3.2), defined as,

RMSE :=

∥∥∥∥min
x∈X

1

N

N∑
k=1

f(x, ζkh)− p∗
∥∥∥∥
2

(4.3.20)

where p∗ is the optimal value of the original SAA problem.

Theorem 4.3.3. Suppose assumptions 4.2.1, 4.3.1 and 4.3.2 holds. Then for any N ∈ N.

∥∥∥∥min
x∈X

1

N

N∑
k=1

f(x, ζkh)− p∗
∥∥∥∥
2

≤ c1h
α + c3

σ√
N
. (4.3.21)
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Proof. Let p∗,h = min
x∈X

E[f(x, ζh)]. Observe that,

∥∥∥∥min
x∈X

1

N

N∑
k=1

f(x, ζkh)− p∗
∥∥∥∥
2

=

∥∥∥∥min
x∈X

1

N

N∑
k=1

f(x, ζkh)− p∗,h + p∗,h − p∗
∥∥∥∥
2

≤
∥∥∥∥min

x∈X

1

N

N∑
k=1

f(x, ζkh)− p∗,h
∥∥∥∥+ ∥∥∥∥p∗,h − p∗

∥∥∥∥
2

. (4.3.22)

For the second term in the above inequality, we have,

∥∥∥∥p∗,h − p∗
∥∥∥∥
2

≤
(
E
[
sup
x∈X
|E[f(x, ζh)]− E[f(x, ζ)]|2

])1/2

≤ c1h
α. (4.3.23)

As for the first term, we have,

∥∥∥∥min
x∈X

1

N

N∑
k=1

f(x, ζkh)−min
x∈X

E[f(x, ζh)]
∥∥∥∥
2

=

E

(min
x∈X

1

N

N∑
k=1

f(x, ζkh)−min
x∈X

E[f(x, ζh)]

)2
1/2

≤

E

sup
x∈X

(∣∣∣∣ 1N
N∑
k=1

f(x, ζkh)− E[f(x, ζh)]
∣∣∣∣
)2
1/2

.

(4.3.24)

Now for a given h ∈ B, we define Fh
N as,

Fh
N(·) =

√
N

(
1

N

N∑
k=1

(f(·, ζkh)− E[f(·, ζh)])

)
, (4.3.25)

is an empirical process. Then, under the assumptions 4.3.1 and 4.3.2 and a direct appli-
cation of Lemma 4.2.3,4.2.4 and 4.2.5, we have,√√√√√E

sup
x∈X

(∣∣∣∣ 1N
N∑
k=1

f(x, ζkh)− E[f(x, ζh)]
∣∣∣∣
)2
 ≤ c3

σ√
N
, (4.3.26)

where c3 = C

(∫ 1

0

√
1 + log(Q[](v∥f̄(x, ζ̄)∥2,F, ∥·∥2)) + 1

)
<∞. By collating all ex-

pressions and reassigning constants, we get the desired result.
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Corollary 4.3.2. The computational complexity required for
∥∥∥∥min

x∈X

1

N

N∑
k=1

f(x, ζkh)− p∗
∥∥∥∥
2

≤ ϵ

is O
(
ϵ−(2+

1
α)
)
.

Proof. Take h = O(ϵ−
1
α ) and N = O(ϵ−2). Since the computational cost is given as

N

h
,

we get the desired result.

4.4 Multilevel Monte Carlo SAA

The basic idea behind the multilevel extension of the Monte Carlo SAA deals with the
multilevel approximation of expectation associated with the minimization problem. To
this end, we assume the availability of level l approximation of the random variable ζ,
denoted by ζl, such that as l → ∞, ζl → ζ. Therefore, the multilevel extension of the
optimization problem is given as,

min
x∈X

{
FL(x) =

L∑
l=1

1

Nl

Nl∑
j=1

(
f(x, ζjl )− f(x, ζjl−1)

)}
.

Let x∗
L solve the optimization problem stated above and x∗ solve the original problem

(4.1.1). As before, we aim to determine the probability of x∗
L being the ϵ-optimal solution.

We conduct an analysis similar to the one performed in Section 4.3.1 to study the uniform
convergence and computational complexity in the MLMC paradigm. To this end, let
m > 2 be the refinement factor, and let,

hl =
h

ml−1
, l = 1, . . . , L, (4.4.1)

where h ∈ B is the coarsest bias parameter that may depend on the problem under
consideration. We begin our discussion by stating some technical assumptions,

Assumption 4.4.1. El := sup
x∈X
|E (f(x, ζl)− f(x, ζ))| ≤ c1h

α
l .

Assumption 4.4.2. Vl := E[sup
x∈X
|f(x, ζl)− f(x, ζl−1)|2] ≤ c2h

β
l .

Theorem 4.4.1. (Uniform Convergence) Suppose assumption 4.2.1, 4.4.1 and 4.4.2
holds. Further for h, h′ ∈ B assume that there exists a neighbourhood Nhh′ of zero such
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that for any x ∈ X , and for all u ∈ Nhh′ we have,

E
[
eu(f(x,ζh)−f(x,ζh′ )−E[f(x,ζh)−f(x,ζh′ )])

]
<∞. (4.4.2)

Then for any δ > 0, there exists an ϵ1 > 0 such that for all ϵ ∈ (0, ϵ1) and for any r > 0,

P
(
sup
x∈X
|FL(x)− F (x)| > ϵ

)
≤ O(1)

(
4(2L+ 1)LfD(X )

ϵ

)d L∑
l=1

exp

(
−Nlϵ

2(mr − 1)2

16m2rm2r(l−1)(δ + 2)c2h
β
l

)
.

(4.4.3)

Proof. We begin with the construction of a v-net in order to get rid of the supremum over

x. We first pick a v-net on X such that, v =
ϵ

4(2L+ 1)Lf

. Thus Q ≤ O(1)
(
4(2L+ 1)LfD(X )

ϵ

)d

.

Further, by invoking the Lipschitz continuity of h(·, ζ), we have,

|fL(x)− fL(xk)| ≤
ϵ

4
and |F (x)− F (xk)| ≤

ϵ

4
(4.4.4)

Therefore, for any x ∈ X , we have,

|FL(x)− F (x)| ≤ ϵ

2
+ |FL(xk)− F (xk)| ≤

ϵ

2
+ max

k=1,...,Q
|FL(xk)− F (xk)| (4.4.5)

Consequently, we have,

P
(
sup
x∈X
|FL(x)− F (x)| > ϵ

)
≤ P

(
max

k=1,...,Q
|FL(xk)− F (xk)| >

ϵ

2

)
≤

Q∑
k=1

P
(
|FL(xk)− F (xk)| >

ϵ

2

)
.

(4.4.6)

Let us suppose E[FL(xk)− F (xk)] ≤ ϵ/4, then,

P
(
FL(xk)− F (xk) >

ϵ

2

)
≤ P

(
FL(xk)− F (xk)− E[FL(xk)− F (xk)] >

ϵ

4

)
. (4.4.7)

Now, under the multilevel paradigm, we define the random variable Zj
l (k) as follows,

Zj
l (k) =

f(xk, ζ
j
1)− F (xk), l = 1

f(xk, ζ
j
l )− f(xk, ζ

j
l−1), l = 2, . . . , L.

(4.4.8)
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and denote E[Zl(k)] as its expectation. Now, with the above notational considerations,
we have,

P
(
FL(xk)− F (xk)− E[FL(xk)− F (xk)] >

ϵ

4

)
= P

( L∑
l=1

1

Nl

Nl∑
j=1

(Zj
l (k)− E[Zl(k)]) >

ϵ

4

)
.

(4.4.9)
Now, consider the following sets,

O =

{
L∑
l=1

1

Nl

Nl∑
j=1

(Zj
l (k)− E[Zl(k)]) >

ϵ

4

}
and,

Ol =

{
1

Nl

Nl∑
j=1

(Zj
l (k)− E[Zl(k)]) >

ϵ

4

(mr − 1)

mr

1

mr(l−1)

}

and further observe that O ⊆
L⋃
l=1

Ol. Then, by finite sub-additivity of the probability

measure, we have, P(O) ≤
L∑
l=1

P(Ol). As Zl − E[Zl(k)] is a zero-mean random variable,

and observing that V[Zl(k)] ≤ c2h
β
l , we have,

P(Ol) ≤ exp

(
−Nlϵ

2(mr − 1)2

16(m2rm2r(l−1)(δ + 2)c2h
β
l

)
. (4.4.10)

Therefore, we have,

P
(
FL(xk)− F (xk) >

ϵ

2

)
≤

L∑
l=1

exp

(
−Nlϵ

2(mr − 1)2

16m2rm2r(l−1)(δ + 2)c2h
β
l

)
. (4.4.11)

Similarly, if E[FL(xk)− F (xk)] ≥ −ϵ/4, then,

P
(
F (xk)− FL(xk) >

ϵ

2

)
≤

L∑
l=1

exp

(
−Nlϵ

2(mr − 1)2

16m2rm2r(l−1)(δ + 2)c2h
β
l

)
, (4.4.12)

and hence, we have,

P
(
|FL(xk)− F (xk)| >

ϵ

2

)
≤

L∑
l=1

exp

(
−Nlϵ

2(mr − 1)2

16m2rm2r(l−1)(δ + 2)c2h
β
l

)
. (4.4.13)
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Putting everything together, we have,

P
(
sup
x∈X
|FL(x)− F (x)| > ϵ

)
≤ O(1)

(
4(2L+ 1)LfD(X )

ϵ

)d L∑
l=1

exp

(
−Nlϵ

2(mr − 1)2

16m2rm2r(l−1)(δ + 2)c2h
β
l

)
.

The following corollary is the immediate consequence of the above result.

Corollary 4.4.1. Let assumptions of Theorem 4.4.1 holds, and additionally assume
sup
x∈X
|E[FL(x)− F (x)]| ≤ ϵ/8, then for any δ > 0, there exists ϵ1 > 0 such that for all

ϵ ∈ (0, ϵ1) and for any r > 0,

P
(
F (x∗

L)− F (x∗) > ϵ

)
≤ O(1)

(
8(2L+ 1)LfD(X )

ϵ

)d L∑
l=1

exp

(
−Nlϵ

2(mr − 1)2

64m2rm2r(l−1)(δ + 2)c2h
β
l

)
.

(4.4.14)

The proof of the above corollary follows the line of argument similar to the proof of
corollary 4.3.1 and is therefore skipped.

Now that we have established the convergence results, we pivot our focus towards
sample complexity. As previously indicated, let η̄/hl denote the cost associated with
generating a single sample of f(x, ζl) at level l. Thus, the computational expenditure for
generating Nl samples would amount to η̄Nl/hl. Given that we generate samples across
levels l = 1, . . . , L, the aggregate computational cost is delineated as:

Csaamlmc := η̄

L∑
l=1

Nl

hl

. (4.4.15)

The following result estimates the computational complexity associated with the multi-
level estimator.

Theorem 4.4.2. (Computational Complexity) Let the probability of the solution to the
multilevel SAA problem being ϵ-optimal to the original problem be at least 1−ϵγ, for some
γ > 0. Further, let the assumptions of Theorem 4.4.1 and corollary 4.4.1 hold. Also,
assume the existence of positive constants α, β, and m with α ≥ 1/2 and m > 2. Then,
there exists an r > 0 such that the computational complexity associated with achieving
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the ϵ-optimal solution is

Csaamlmc =


O ((γ + d)ϵ−2 log(ϵ−1)) , for β > 1.

O
(
(γ + d)ϵ−(2+

log(2)
α log(m)) log(ϵ−1)

)
, for β = 1.

O
(
(γ + d)ϵ−(2+

1−β
α ) log(ϵ−1)

)
, for β < 1.

(4.4.16)

Proof. Following the same line of argument as in Theorem 4.3.2, observe that if

Nl =

⌈
64m2rm2r(l−1)(δ + 2)c2h

β
l

ϵ2(mr − 1)2
log

(
A
ϵγ
(L+ 1)

)⌉
, where A = O(1)

(
8(2L+ 1)LfD(X )

ϵ

)d

,

then P
(
F (x∗

L)− F (x∗) > ϵ

)
≤ ϵγ. Therefore, we now have a formulation for the number

of samples required on various levels of resolution. As for the number of levels and
computational complexity, we separately analyze different cases. We present below a
general expression for the computational cost based on the formulation in (4.4.15) that
would be relevant throughout our analysis.

Csaamlmc ≤ η̄

(
64m2r(δ + 2)c2
ϵ2(mr − 1)2

log

(
A
ϵγ
(L+ 1)

) L∑
l=1

m2r(l−1)hβ−1
l +

L∑
l=1

1

hl

)
(4.4.17)

To begin with, let,

L =

⌈
log(8c1h

αϵ−1)

α log(m)

⌉
, (4.4.18)

. Then,

L+ 1 ≤ log(8c1h
αϵ−1)

α log(m)
+ 2 ≤ c3(log(ϵ

−1)), (4.4.19)

where c3 =

(
1

α log(m)
+ max

{
0,

log(8c1h
α)

α log(m)

}
+ 2

)
. Also, for the above L, it is easy to

observe that,
ϵ

8c1mα
≤ hα

L <
ϵ

8c1
, (4.4.20)
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thereby satisfying the bias conditions required for uniform convergence. Further,

log

(
A
ϵγ
(L+ 1)

)
≤ c4(γ + d) log(ϵ−1), (4.4.21)

where c4 = (3 + log(c316LfD(X ))). And also, for α ≥ 1/2 and ϵ < 1/e,

L∑
l=1

1

hl

< ϵ−2c5 < (γ + d)ϵ−2 log(ϵ−1)c5, (4.4.22)

with c5 =
(8c1)

1/αm2

m− 1
. Now all that is left for us to analyse is

L∑
l=1

m2r(l−1)hβ−1
l . We will

handle this case by case.

Case 1 (β = 1): For β = 1, we have
L∑
l=1

m2r(l−1)hβ−1
l <

m2r(L+1)

m2r − 1
. Substituting the

upper bound of L+ 1, we get,

m2r(L+1)

m2r − 1
≤ (8c1h

α)2r/αϵ−2r/α m2r

m2r − 1
. (4.4.23)

Choosing r =
log(2)

2 log(m)
we get that

m2r

m2r − 1
= 2. Consequently, we have,

m2r(L+1)

m2r − 1
≤ c6ϵ

− log(2)
log(m)α , (4.4.24)

where c6 = 2(8c1h
α)

log(2)
log(m)α .

Case 2 (β > 1): For this case we assume 2r < β − 1. Then we have,

L∑
l=1

m2r(l−1)hβ−1
l = hβ−1

L∑
l=1

1

m(β−1−2r)(l−1)

≤ hβ−1(1−m−(β−1−2r))−1.

(4.4.25)

As before, choosing r =
β − 1

4
, we get,

L∑
l=1

m2r(l−1)hβ−1
l ≤ (1−m−(β−1

2
))−1hβ−1. (4.4.26)
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Case 3 (β < 1): In this case choosing r =
1− β

4
, we have,

L∑
l=1

m2r(l−1)hβ−1
l = h

−(1−β)
L

L∑
l=1

1

m(1−β−2r)(l−1)

< h
−(1−β)
L (1−m−(1−β−2r))−1

≤ ϵ−(1−β)/α(8c1)
(1−β)/α(1−m−( 1−β

2
))−1.

(4.4.27)

By collating all the cases, we get the desired result.

4.4.1 Root Mean Squared Error Analysis

In this section, we undertake the RMSE analysis of the biased SAA problem in the
MLMC setting. We start our discussion with a technical lemma that would be essential
in the remainder of the study.

Lemma 4.4.1. Suppose 0 < γ < ∞ and c, d > 0 ∈ R. Then for all x ∈ (0, d], there
exists a constant K such that,

x

(
1 +

√
c log

(
d

x

))
≤ Kx

1
1+γ (4.4.28)

Proof. Let γ̄ = 1− 1

1 + γ
then 0 < γ̄ < 1. Consider the function,

g(x) =

xγ̄
(
1 +

√
c log

(
d
x

))
, x ∈ (0, d]

0 , x = 0

, (4.4.29)

then it is easy to see that g(x) ≥ 0 is continuous on [0, d]. Since [0, d] is compact, we
have x∗ ∈ [0, d] such that g(x∗) = max

x∈[0,d]
g(x). The results follows by letting K = g(x∗).

In the multilevel setting, we let, let g(x, ζ̄l) := f(x, ζl)− f(x, ζl−1), and define p∗,L :=

minx∈X E[f(x, ζL)] = minx∈X
∑L

l=0 E[g(x, ζ̄l)]. Further, we define,

p̂∗,L := min
x∈X

L∑
l=1

1

Nl

Nl∑
k=1

g(x, ζ̄kl ), (4.4.30)
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as the Monte Carlo approximation of p∗,L. The RMSE error in this case is given as,

RMSEMLMC :=

∥∥∥∥min
x∈X

L∑
l=1

1

Nl

Nl∑
k=1

g(x, ζ̄kl )− p∗
∥∥∥∥
2

=

∥∥∥∥p̂∗,L − p∗
∥∥∥∥
2

. (4.4.31)

The following result provides an RMSE error bound for the optimal value obtained by
solving MLMC-SAA defined in (4.2.1).

Theorem 4.4.3. Suppose assumptions 4.2.1, 4.4.1 and 4.4.2 holds. Then for any 0 <

a < 1, L ≥ 2. ∥∥∥∥p̂∗,L − p∗
∥∥∥∥
2

≤ c1h
α
L + 2c2c̄

L∑
l=1

h
β̄/2
l√
Nl

(4.4.32)

where β̄ = β
1

1 + a
.

Proof. To begin with, observe that from triangle inequality, we have,∥∥∥∥p̂∗,L − p∗
∥∥∥∥
2

≤
∥∥∥∥p̂∗,L − p∗,L

∥∥∥∥
2

+

∥∥∥∥p∗,L − p∗
∥∥∥∥
2

. (4.4.33)

As before, we have,

∥∥∥∥p∗,L − p∗
∥∥∥∥
2

≤
(
E
[
sup
x∈X
|E[f(x, ζL)]− E[f(x, ζ)]|2

])1/2

≤ c1h
α
L. (4.4.34)

Now let us analyse
∥∥∥∥p̂∗,L − p∗,L

∥∥∥∥
2

. Observe that,

∥∥∥∥p̂∗,L − p∗,L
∥∥∥∥
2

=

∥∥∥∥min
x∈X

(
L∑
l=1

1

Nl

Nl∑
k=1

g(x, ζ̄kl )

)
−min

x∈X

L∑
l=0

E[g(x, ζ̄l)]
∥∥∥∥
2

≤
∥∥∥∥ sup

x∈X

(∣∣∣∣ L∑
l=1

1

Nl

Nl∑
k=1

g(x, ζ̄kl )−
L∑
l=0

E[g(x, ζ̄l)]
∣∣∣∣
)∥∥∥∥

2

≤
∥∥∥∥ sup

x∈X

(
L∑
l=1

∣∣∣∣ 1Nl

Nl∑
k=1

(g(x, ζ̄kl )− E[g(x, ζ̄l)])
∣∣∣∣
)∥∥∥∥

2

≤
∥∥∥∥ L∑

l=1

sup
x∈X

∣∣∣∣ 1Nl

Nl∑
k=1

(g(x, ζ̄kl )− E[g(x, ζ̄l)])
∣∣∣∣∥∥∥∥

2

≤
L∑
l=1

∥∥∥∥ sup
x∈X

∣∣∣∣ 1Nl

Nl∑
k=1

(g(x, ζ̄kl )− E[g(x, ζ̄l)])
∣∣∣∣∥∥∥∥

2

.

(4.4.35)
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In order to study
∥∥∥∥ sup

x∈X

∣∣∣∣ 1Nl

Nl∑
k=1

(g(x, ζ̄kl )− E[g(x, ζ̄l)])
∣∣∣∣∥∥∥∥

2

, we extract tools from empirical

process theory. For a given l ≥ 0, if we define,

Fl
Nl
(·) =

√
Nl

(
1

Nl

Nl∑
k=1

(g(·, ζ̄ lk)− E[g(·, ζ̄ l)])

)
, (4.4.36)

then F l
Nl

is an empirical process. Further, since f(·, ζl) is Lipschitz continuous, we con-
clude that is g(·, ζ̄ l) is also Lipschitz. Thereby applying Lemma 3,4 and 5 and under the
assumption 4.4.2, we have

√
Nl

∥∥∥∥ sup
x∈X

∣∣∣∣ 1Nl

Nl∑
k=1

(g(x, ζ̄kl )− E[g(x, ζ̄l)])
∣∣∣∣∥∥∥∥

2

≤

C∥ḡ(x, ζ̄ l)∥2
∫ 1

0

√
1 + log(Q[](v∥ḡ(x, ζ̄ l)∥2,F, ∥·∥2))dv + ∥g(x, ζ̄l)∥2, (4.4.37)

where ḡ(x, ζ̄ l) = supx∈X |g(x, ζ̄l)−E[g(x, ζ̄l)]|. Referring to the calculations in [56] (Propo-
sition EC.3), we have

C∥ḡ(x, ζ̄ l)∥2
∫ 1

0

√
1 + log(Q[](v∥ḡ(x, ζ̄ l)∥2,F, ∥·∥2))dv ≤

C ′

(
∥ḡ(x, ζ̄ l)∥2 +

√
d log

(
max

{
3,

12D(X )Lf

∥ḡ(x, ζ̄ l)∥2

})
min

(
4D(X )Lf , ∥ḡ(x, ζ̄ l)∥2

))
.

(4.4.38)

Now if,
12D(X )Lf

∥ḡ(x, ζ̄ l)∥2
≤ 3,then we have,

C ′

(
∥ḡ(x, ζ̄ l)∥2 +

√
d log

(
max

{
3,

12D(X )Lf

∥ḡ(x, ζ̄ l)∥2

})
min

(
4D(X )Lf , ∥ḡ(x, ζ̄ l)∥2

))
≤ C ′∥ḡ(x, ζ̄ l)∥2(1 +

√
d log(3)).

(4.4.39)
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Otherwise, we have,

C ′

(
∥ḡ(x, ζ̄ l)∥2 +

√
d log

(
max

{
3,

12D(X )Lf

∥ḡ(x, ζ̄ l)∥2

})
min

(
4D(X )Lf , ∥ḡ(x, ζ̄ l)∥2

))

≤ C ′∥ḡ(x, ζ̄ l)∥2

(
1 +

√
d log

(
12D(X )Lf

∥ḡ(x, ζ̄ l)∥2

))
≤ cD(X )Lf

(∥ḡ(x, ζ̄ l)∥2)
1

1+a ,

(4.4.40)

where the last inequality is the consequence of Lemma 7 for 0 < a < ∞ and for some
constant cl. Observe that as a consequence of assumption 4.4.2, we have,

∥sup
x∈X
|g(x, ζ̄l)− E[g(x, ζ̄l)]|∥2 ≤ ∥sup

x∈X
|f(x, ζl)− f(x, ζl−1)|∥2 + ∥sup

x∈X
|E[f(x, ζl)− f(x, ζl−1)]|∥2

≤ 2c2h
β/2
l . (4.4.41)

Further, letting c̄ = cD(X )Lf
and collating everything together we have,

∥∥∥∥p∗,L − p̂∗,L
∥∥∥∥
2

≤ 2c2c̄
L∑
l=1

h
β̄/2
l√
Nl

, (4.4.42)

where β̄ = β
1

1 + a
. Putting everything together, we get the desired result.

Based on the above formulation of the RMSE error, the following corollary illustrates
the sample complexity associated with the MLMC-SAA estimator.

Corollary 4.4.2. Suppose assumptions 4.2.1, 4.4.1 and 4.4.2 holds. Then, for any ϵ < 1
e

the computational complexity required for ∥p̂∗,L − p∗∥2 ≤ ϵ is,

Cpmlmc =


O(ϵ−2), for β̄ > 1.

O (ϵ−2 log(ϵ−1)) , for β̄ = 1.

O
(
ϵ
−
(
2+ 1−β̄

α

))
, for β̄ < 1.

(4.4.43)

The proof of the above result follows the line of argument similar to the one observed
by in [32, 68] and is therefore skipped.
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Remark 4.4.1. Observe that Theorem 4.4.3 is valid for any a ∈ (0,∞). However,
taking a large value of a would be detrimental to the overall performance of the MLMC
estimator as it would lead to a lower order of variance convergence. For β > 1, taking
a < β − 1 would render β̄ > 1, thereby leading to optimal sample complexity. However,
for β ≤ 1, any value of a would lead to β̄ < 1. In this scenario, one could benefit from
taking a very small value of a to retain the original order of variance convergence.

The analysis in this section illustrates how the Multilevel approximation of expec-
tations can yield enhancements in computational complexity. From Theorem 4.4.2, we
observe how the MLMC-SAA has better sampling complexity compared to Monte Carlo
SAA as one could achieve the unbiased level of performance for β > 1. Similar results
were also observed via the RMSE analysis of the MLMC-SAA. In both the analysis i.e.,
uniform convergence and RMSE, we see the effect of variance convergence on the com-
putational cost, i.e., introducing the estimator with high order variance convergence can
affect the overall performance of the MLMC-SAA. For instance, the variance analysis
carried out in [49] shows that β = 1/2 and as α = 1/2, consequently we observe the
computational complexity of O

(
(γ + d)ϵ−3(log(ϵ−1))

)
, similar to the one achieved by a

smooth function.

4.5 Optimality Gap Estimator

Another aspect of SAA that is paramount among practitioners is the Optimal Gap esti-
mator. As the name suggests, the primary aim of this estimator is to assess the quality
of a candidate solution of the optimization problem (4.1.1). Mathematically, let x̂ be
a candidate solution. The quality of this solution is assessed using the optimality gap
defined as

G(x̂) := F (x̂)− p∗, (4.5.1)

where p∗ := min
x∈X

F (x). The Monte Carlo approximation of G(x̂) is given as,

ĜN(x̂) :=
1

N

N∑
k=1

f(x̂, ζk)−min
x∈X

1

N

N∑
k=1

f(x, ζk), (4.5.2)
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where {ζk}1≤k≤N are i.i.d realization of the random variable ζ that is common in both
the terms in the above equation. In an unbiased realization of the samples, we have that,

E[ĜN(x̂)] ≥ G(x̂). (4.5.3)

Therefore, the underlying mechanism is to statistically estimate the upper bound of
G(x̂) by performing M independent estimation of ĜN(x̂) and determining the one-sided
confidence interval. This approach is well-documented and is readily used in various
practical applications. Interested readers may refer to [46, 54, 66] for a detailed discussion
of this procedure. We prove a similar result (see Proposition 4.5.1) in the bias sampling
setup for the standard Monte Carlo approximation of the objective function. Moreover
to quantify the error of the optimality gap estimator, we undertake an RMSE analysis
formulating the RMSE bound as a function of the bias parameter h and the number
of samples N . We also extend the analysis to the MLMC estimator of the objective
function.

Let x̂ be a candidate solution obtained by solving an SAA problem. Further let,
p∗,h = min

x∈X
F h(x) and define,

Gh(x̂) := Fh(x̂)− p∗,h and, (4.5.4)

Gh
N(x̂) :=

1

N

N∑
k=1

f(x̂, ζkh)−min
x∈X

1

N

N∑
k=1

f(x, ζkh). (4.5.5)

The following result provides the upper bound of the optimality gap estimator defined
in equation (4.5.1).

Proposition 4.5.1. Let x̂ ∈ X be a candidate solution to the optimization problem
(4.1.1). Suppose the assumption 4.3.1 holds, then for any h ∈ B we have,

G(x̂) ≤ 2c1h
α + E[Gh

N(x̂)]. (4.5.6)
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Proof. Observe that,

F (x̂)− p∗ = F (x̂)− E[f(x̂, ζh)] + E[f(x̂, ζh)]− p∗,h + p∗,h − p∗

≤ |F (x̂)− E[f(x̂, ζh)]|+ E[f(x̂, ζh)]− p∗,h + |p∗,h − p∗|

≤ 2c1h
α + E[f(x̂, ζh)]− p∗,h

≤ 2c1h
α + E

[
1

N

N∑
k=1

f(x̂, ζkh)−min
x∈X

1

N

N∑
k=1

f(x, ζkh)

]
,

(4.5.7)

where the second last inequality is due to the assumption 4.3.1.

The following result gives an RMSE formulation for the estimator defined above.

Theorem 4.5.1 (Monte Carlo SAA). Suppose assumptions 4.2.1,4.3.1 and 4.3.2 holds.
The for N ∈ N and x̂ ∈ X ,

∥Gh
N(x̂)−G(x̂)∥2 ≤ 2c1h

α + c2
σ√
N
. (4.5.8)

Proof. Observe that as a consequence of the triangle inequality we have,

∥Gh
N(x̂)−G(x̂)∥2 = ∥Gh

N(x̂)−Gh(x̂)+Gh(x̂)−G(x̂)∥2 ≤ ∥Gh
N(x̂)−Gh(x̂)∥2+∥Gh(x̂)−G(x̂)∥2.

(4.5.9)
The second term in the above inequality is bounded as,

∥Gh(x̂)−G(x̂)∥2 ≤ ∥Fh(x̂)− F (x̂)∥2 + ∥p∗,h − p∗∥2. (4.5.10)

Now ∥Fh(x̂)− F (x̂)∥2 ≤ sup
x∈X
∥E (f(x, ζh)− f(x, ζ))∥ ≤ c1h

α, and

∥p∗,h − p∗∥2 ≤
(
E
[
sup
x∈X
|E[f(x, ζh)]− E[f(x, ζ)]|2

])1/2

≤ c1h
α, (4.5.11)

therefore, ∥Gh(x̂)−G(x̂)∥2 ≤ 2c1h
α. As for the first term i.e.,∥Gh

N(x̂)−Gh(x̂)∥2 observe
that,

∥Gh
N(x̂)−Gh(x̂)∥2 ≤

∥∥∥∥ 1

N

N∑
k=1

f(x̂, ζkh)−E[f(x̂, ζh)]
∥∥∥∥
2

+

∥∥∥∥min
x∈X

1

N

N∑
k=1

f(x, ζkh)−min
x∈X

E[f(x, ζh)]
∥∥∥∥
2

,

(4.5.12)
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For the first term in the above equation, we have,

∥∥∥∥ 1

N

N∑
k=1

f(x, ζkh)− E[f(x, ζh)]
∥∥∥∥
2

=

E

( 1

N

N∑
k=1

f(x̂, ζkh)− E[f(x̂, ζh)

)2
 1

2

=

E

( 1

N

N∑
k=1

Zh
k (x̂)

)2
 1

2

≤ c2√
N

(
E[(f(x̂, ζh)− E[f(x̂, ζh)])2]

)1/2
≤ c2√

N
σ,

(4.5.13)

where the last two inequalities are the consequence of [35, Lemma 2.5] and assumption
4.3.2. Further, from the calculations in Theorem 4.4.3, we have,

∥∥∥∥min
x∈X

1

N

N∑
k=1

f(x, ζkh)−min
x∈X

E[f(x, ζh)]
∥∥∥∥
2

≤ c3
σ√
N
. (4.5.14)

By collating everything together and reassigning constants, we get the desired result.

In the multilevel paradigm, the optimal gap estimator is defined as

GL(x̂) = E[f(x̂, ζL)]−min
x∈X

E[f(x, ζL)]

=
L∑
l=1

E[f(x̂, ζ l)− f(x̂, ζ l−1)]−min
x∈X

L∑
l=1

E[f(x, ζ l)− f(x, ζ l−1)] (4.5.15)

with the Monte Carlo approximation being defined as,

ĜL(x̂) =
L∑
l=1

1

Nl

Nl∑
k=1

(f(x̂, ζkl )− f(x̂, ζkl−1))−min
x∈X

(
L∑
l=1

1

Nl

Nl∑
k=1

(f(x, ζkl )− f(x, ζkl−1))

)
(4.5.16)

For the sake of notational convenience let g(x, ζ̄l) := f(x, ζl)−f(x, ζl−1), p∗,L := minx∈X
∑L

l=0 E[g(x, ζ̄l)]
and let p̂∗,L be its monte carlo approximation. Then,

ĜL(x̂) =
L∑
l=1

1

Nl

Nl∑
k=1

g(x̂, ζ̄kl )−min
x∈X

L∑
l=1

1

Nl

Nl∑
k=1

g(x, ζ̄kl ). (4.5.17)
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The following result gives an RMSE formulation for the estimator defined above.

Theorem 4.5.2 (MLMC-SAA). Suppose assumptions 4.2.1,4.4.1 and 4.4.2 holds. Then
for any 0 < a < 1, L ≥ 2 and any x̂ ∈ X ,

∥ĜL(x̂)−G(x̂)∥2 ≤ 2c1h
α
L + c3

L∑
l=1

h
β̄/2
l√
Nl

, (4.5.18)

where β̄ = β
1

1 + a
.

Proof. To begin with, observe that from triangle inequality, we have,

∥ĜL(x̂)−G(x̂)∥2 = ∥ĜL(x̂)−GL(x̂) +GL(x̂)−G(x̂)∥2

≤ ∥ĜL(x̂)−GL(x̂)∥2 + ∥GL(x̂)−G(x̂)∥2. (4.5.19)

As before ∥GL(x̂)−G(x̂)∥2 ≤ 2c1h
α
L, therefore, we intend to study, ∥ĜL(x̂)−GL(x̂)∥2.

∥∥∥∥ĜL(x̂)−GL(x̂)

∥∥∥∥
2

=

∥∥∥∥ L∑
l=1

1

Nl

Nl∑
k=1

g(x̂, ζ̄kl )−
L∑
l=1

E[g(x̂, ζ̄l)] + p∗,L − p̂∗,L
∥∥∥∥
2

≤
∥∥∥∥ L∑

l=1

1

Nl

Nl∑
k=1

g(x̂, ζ̄kl )−
L∑
l=1

E[g(x̂, ζ̄l)]
∥∥∥∥
2

+

∥∥∥∥p∗,L − p̂∗,L
∥∥∥∥
2

. (4.5.20)

Now,

∥∥∥∥ L∑
l=1

1

Nl

Nl∑
k=1

g(x̂, ζ̄kl )−
L∑
l=1

E[g(x̂, ζ̄l)]
∥∥∥∥
2

≤
∥∥∥∥ 1

N0

N0∑
k=1

(
f(x, ζk0 )− Ef(x, ζ0)

) ∥∥∥∥
2

+

∥∥∥∥ L∑
l=1

1

Nl

Nl∑
k=1

(
f(x, ζkl )− f(x, ζkl−1)− E[f(x, ζl)− f(x, ζl−1)]

) ∥∥∥∥
2

.

(4.5.21)

Let,

Zl(x) =

f(x, ζ0)− Ef(x, ζ0), l = 1

f(x, ζl)− f(x, ζl−1)− E[f(x, ζl)− f(x, ζl−1)], l = 2, . . . , L

, (4.5.22)
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then it is easy to Zl(x) is a zero mean random variable, therefore by Lemma 2.5 in [35],
we have,

∥∥∥∥ 1

N0

N0∑
k=1

(
f(x, ζk0 )− Ef(x, ζ0)

) ∥∥∥∥
2

≤ c2√
N0

(
E[Z0(x)]

2
)1/2

∥∥∥∥ L∑
l=2

1

Nl

Nl∑
k=1

(
f(x, ζkl )− f(x, ζkl−1)− E[f(x, ζl)− f(x, ζl−1)]

) ∥∥∥∥
2

≤ c2

L∑
l=2

1√
Nl

(
E[Zl(x)]

2
)1/2

.

(4.5.23)

Consequently, by assumption 4.4.2, we get,

∥∥∥∥ L∑
l=1

1

Nl

Nl∑
k=1

g(x̂, ζ̄kl )−
L∑
l=1

E[g(x̂, ζ̄l)]
∥∥∥∥
2

≤
L∑
l=1

c2√
Nl

(
E[Zl(x)]

2
)1/2 ≤ L∑

l=1

c2c2√
Nl

h
β/2
l .

(4.5.24)

As for
∥∥∥∥p∗,L − p̂∗,L

∥∥∥∥
2

, we have from calculations in Theorem 4.4.3, that,

∥∥∥∥p∗,L − p̂∗,L
∥∥∥∥
2

≤ 2c2c̄
L∑
l=1

h
β̄/2
l√
Nl

, (4.5.25)

where β̄ = β 1
1+a

. Clearly, for any a > 0, β̄ < β, therefore we have,

∥∥∥∥ĜL(x̂)−GL(x̂)

∥∥∥∥
2

≤ c3

L∑
l=1

h
β̄/2
l√
Nl

, (4.5.26)

for some constant c3. Hence, the result follows.

4.6 Numerical Illustration

In this section, we undertake numerical experimentation to illustrate the impact of bi-
ased approximation of ζ on sample average approximation. To this end, we consider a
minimization problem in the coherent risk measure paradigms,i.e., Conditional Value at
Risk or CVaR. Recall that,

CVaRν(ζ) := min
x∈[ϑ∗,ϑ∗∗]

{
x+

1

1− ν
E[(ζ − x)+]

}
, (4.6.1)
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where ν is the confidence level. In practical scenarios, we do not know ϑ∗ and ϑ∗∗ apriori.
Therefore, we consider large M̄ ∈ R and solve the optimization problem,

CVaRν(ζ) := min
x∈[−M̄,M̄ ]

{
x+

1

1− ν
E[(ζ − x)+]

}
, (4.6.2)

consequently, X = [−M̄, M̄ ].
For our first example, we consider a portfolio consisting of a single put option where

the asset price is driven by a geometric Brownian Motion(gBm) given as,

dXt = r̄Xtdt+ σXtdWt, (4.6.3)

where r̄ and σ denote the risk-free rate of return and the volatility, and Wt denotes
the standard Brownian Motion. As for the second example, we look into the scenario
simulation paradigm developed by in [41] leading to a nested simulation framework. Be-
fore we dwell on the numerical simulation, we make certain observations on the function
f(x, ζ) := x+ 1

1−ν
(ζ − x)+, and discuss the underlying algorithm in order to undergo

numerical experimentation.
To begin with, let ζl and ζl′ be two approximation of the random variable ζ, then,

|f(x, ζl)− f(x, ζl′)| ≤
1

1− ν
|ζl − ζl′|, (4.6.4)

for all x ∈ X . Therefore,

sup
x∈X
|f(x, ζl)− f(x, ζl′)| ≤

1

1− ν
|ζl − ζl′|. (4.6.5)

Consequently, we have,

sup
x∈X

E[|f(x, ζl)− f(x, ζl′)|] ≤
1

1− ν
E|ζl − ζl′|, and (4.6.6)

E
[
sup
x∈X
|f(x, ζl)− f(x, ζl′)|2

]
≤ 1

(1− ν)2
E[|ζl − ζl′|2]. (4.6.7)

The above two inequalities help us determine α and β, i.e. the bias and variance con-
vergence rate, essential for our multilevel simulation. The next step in our simulation is
determining the number of samples to achieve a RMSE of ϵ. In the multilevel paradigm,
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the theoretical analysis undertaken in the previous section suggests that taking,

Nl =

16ϵ2 (c2c̄)2h β̄+2
3

l

(
L∑
l=1

h
β̄−1
3

l

)2
 and L =

⌈
log(2c1h

αϵ−1)

α log(m)

⌉
, (4.6.8)

would lead to RMSE of O(ϵ). However, the formulation requires us to estimate various
constants, which, given one is able to calculate, leads to very conservative numbers
for Nl, whereas, in the application, we often do not have the computational budget to
perform simulations based on these estimates. Moreover, the MLMC approximation of
the objective function may lead to a loss of convexity even if the original function f(x, ζ)

is convex with respect to x. Therefore, solving the optimization problem to the global
optimum can be a challenge.

To address these challenges, we begin by estimating a candidate solution x̂ by solving
the Monte Carlo SAA (4.3.2). Following this, we follow the algorithms described below
to assess the quality of the candidate solution via the Optimality Gap estimator.

Algorithm 5: MLMC Optimality Gap Estimation
input: Candidate solution x̂, Required accuracy ϵ, initial step size h, refinement
factor m, rate of bias convergence α, rate of variance convergence β;

Step 1 : Estimate hl, L, {Nl}0≤l≤L using the formulas in Table 4.1;
Step 2 : For l = 1, 2, . . . , L, generate (ζ1l , ζ

1
l−1), (ζ

2
l , ζ

2
l−1), . . . , (ζ

Nl
l , ζNl

l−1)
independent and identically distributed samples of (ζl, ζl−1);

Step 3 : Calculate the Optimality Gap via,

ĜL(x̂) =
L∑
l=1

1

Nl

Nl∑
k=1

g(x̂, ζ̄kl )−min
x∈X

L∑
l=1

1

Nl

Nl∑
k=1

g(x, ζ̄kl ) (4.6.9)

Return: ĜL(x̂).
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m ml = ml−1, l = 1, . . . , L

L = L∗(ϵ)
1 +


log

(
(1 + 2α)

1
2α

(
|c1|
ϵ

) 1
α
h

)
log(m)


h

h⌈
h (1 + 2α)

1
2α

(
|c1|
ϵ

) 1
α
m−L

⌉
µ = µ∗(ϵ) µ1(ϵ) =

1

µ†
ϵ

, µl(ϵ) =
λh

β
2

(
m−1

l−1 −m−1
l

)β
2

µ†
ϵ
√
ml−1 +ml

, l = 2, . . . , L,

with µ†
ϵ s.t.

L∑
l=1

µl(ϵ) = 1 and λ =
V1(x̂)

Vh(x̂)
.

N = N∗(ϵ)


(
1 + 1

2α

)
Vh(x̂)q

†
ϵ

(
1 + λh

β
2

∑L
l=2

(
m−1

l−1 −m−1
l

)β
2
√
ml−1 +ml

)
ϵ2


Nl = N∗

l (ϵ) ⌈N∗(ϵ)µl(ϵ)⌉

Table 4.1: Parameters for MLMC-SAA [68]

The reader may refer to the [68, section 9.5.2] for a discussion on the calibration of
the parameters V1(x̂),Vh(x̂) and c1 for the candidate solution x̂. Below is the algorithm
for the Monte SAA optimality gap estimation.

Algorithm 6: Monte Carlo SAA
Input: Candidate solution x̂, variance σ2

x̂, required accuracy ϵ, rate of bias
convergence α;

Step 1 : h = O(ϵ
1
α );

Step 2 : Estimate N =

⌈(
1 +

1

2α

)
σ2
x̂

ϵ2

⌉
.;

Step 3 : Generate ζ1h0
, ζ2h, . . . , ζ

N
h independent and identically distributed sample

of the random variable ζh;
Step 7 : Calculate the Optimality Gap via,

Gh
N(x̂) :=

1

N

N∑
k=1

f(x̂, ζkh)−min
x∈X

1

N

N∑
k=1

f(x, ζkh) (4.6.10)

Return: Gh
N(x̂).

Finally, to assess the quality of our estimator, we estimate the upper bound of the
RMSE error of the optimality gap estimator.
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4.6.1 Geometric Brownian Motion

For our first example, we shall consider an investment consisting of a short position in a
single put option, where the loss is defined as

ζ := (K −XT )+ − er̄TP0, (4.6.11)

with P0 being the initial price at which the option was sold. We assume the underlying
stock Xt follows gBm, i.e.,

dXt = r̄Xtdt+ σXtdWt, (4.6.12)

and further cosider X0 = 100, r̄ = 0.05, σ = 0.2, T = 1, P0 = 10.7 and (strike price)
K = 110 for our simulation [9]. Moreover, we assume ν = 0.95. In order to undergo
our simulation, we discretize the gBm using Euler-Maruyama and Milstein numerical
scheme, given as,

Xn+1 = Xn + r̄Xnh+ σXn∆Wn (Euler-Marumaya) (4.6.13)

Xn+1 = Xn + (r̄ − 1

2
σ2)hXn + σXn∆Wn +

1

2
σ2Xn(∆Wn)

2 (Milstein), (4.6.14)

where h = h/m is the step size and ∆Wn = Wn+1 − Wn. Here, we take m = 4 as
the refinement factor, h = T for the Milstein scheme, and h = T/8 for the Euler-
Maruyama scheme. The value of α and β can be estimated based on equation (27) and
(28). Referring to the analysis in [34], we have, α = 1 and β = 1 for Euler-Maruyama
scheme and α = 1 and β = 2 for Milstein Scheme. Also, we take a = 10−3. Based on
these parameters, we undertake our simulation where we perform a 50 independent run
of algorithms 6 and 5 to determine the quality of the candidate solution x̂. In order
to solve the optimization problem in the optimality gap estimation, we use the SciPy
optimization package. Tables 4.2 and 4.3 tabulate the results of our experiments. In
Figures 4.2 and 4.3, we provide the graphical representation of our results.
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Monte Carlo SAA MLMC SAA

ϵ h RMSE Cost Gh
N(x̂) h RMSE Cost ĜL(x̂)

0.6000 0.15000 1.5388 3.7606e+04 0.088 0.1250 1.2582 6.7592e+04 0.228

0.4000 0.10000 1.1280 1.5303e+05 0.233 0.1250 0.6896 2.2835e+05 0.187

0.2000 0.05000 0.6080 1.1732e+06 0.198 0.1250 0.4128 1.5350e+06 0.171

0.1000 0.02500 0.2823 9.2550e+06 0.182 0.1250 0.2317 5.7067e+06 0.174

0.0800 0.02000 0.2381 1.6829e+07 0.182 0.1250 0.1742 1.0364e+07 0.175

Table 4.2: Euler-Maruyama Approximation: RMSE analysis of the Optimality Gap
estimator for a candidate solution x̂ = 23.0710.

Monte Carlo SAA MLMC SAA

ϵ h RMSE Cost Gh
N(x̂) h RMSE Cost ĜL(x̂)

0.6000 0.15000 2.8130 2.8579e+04 0.036 1.0000 1.1455 1.8719e+04 0.182

0.4000 0.10000 0.8239 1.3828e+05 0.149 1.0000 0.7716 3.3200e+04 0.179

0.2000 0.05000 0.4046 1.0657e+06 0.156 1.0000 0.3555 2.7956e+05 0.159

0.1000 0.02500 0.2029 9.3160e+06 0.162 1.0000 0.1929 1.0914e+06 0.167

0.0800 0.02000 0.1641 1.8268e+07 0.164 1.0000 0.1716 1.4077e+06 0.164

Table 4.3: Milstein Approximation: RMSE analysis of the Optimality Gap estimator for
a candidate solution x̂ = 23.0710

4.6.2 Nested Simulation

For the second example, we refer to the research carried out in [35, 41], where the authors
formulated the estimation of CVaR as a nested expectation problem. Consequently, for
our simulation, we define ζ as follows,

ζ := −1− E[ϕ(Y, Z)|Y ], (4.6.15)

where, ϕ(y, z) := −τy2 − 2
√
τ(1− τ)yz − (1− τ)z2 and y, z ∈ R. Also, Y, Z are in-

dependent following normal distribution N (0, 1). The above formulation considers an
option with payoff −W 2

T at time T = 1. The value of the option at a time t is given
by P (t, y) := E[−W 2

T |Wt = y] and the loss ζ is given as, ζ := P (0, 0)− P (τ,Wτ ), where
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Figure 4.2: Euler-Maruyama Approximation- Comparison of computational efficiency between Monte
Carlo-SAA and MLMC-SAA methods in a gBm setting.

Figure 4.3: Milstein Approximation- Comparison of computational efficiency between Monte Carlo-
SAA and MLMC-SAA methods in a gBm setting.
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τ ∈ (0, 1) is the time horizon. For further information on the above formulation and
the analytical calculations, refer to [22, 35]. The Monte Carlo approximation of F (x) is
based on generating inner and outer samples. Let the bias parameter h = 1/M where
M is the number of inner samples and let N denote the number of outer samples; then,

F h
N(x) =

1

N

N∑
k=1

x+
1

1− ν

(
−1− 1

M

M∑
j=1

ϕ(Zj, Yk)− x

)
+

 (4.6.16)

gives the Monte Carlo approximation of F (x). We take τ = 0.5 and ν = 0.975 for our
numerical simulation. For the multilevel approximation, let,

ÊMl
(Yk) = −1−

1

Ml

Ml∑
j=1

ϕ(Zj, Yk) (4.6.17)

and further define,

f(x, ÊMl
(Yk)) := x+

1

1− ν

(
ÊMl

(Yk)− x
)
+
. (4.6.18)

Then F̂L(x), is given as,

F̂L(x) :=
L∑
l=1

1

Nl

Nl∑
k=1

(
f(x, ÊMl

(Yk))− f(x, ÊMl−1
(Yk))

)
. (4.6.19)

To this end, observe that for a given Y , we have,

sup
x∈R

∣∣∣∣f(x, ÊMl
(Y ))− f(x, ÊMl−1

(Yk))

∣∣∣∣ ≤ 1

(1− ν)2

∣∣∣∣ÊMl
(Y )− ÊMl−1

(Y )

∣∣∣∣ (4.6.20)

where the right-hand side of the above inequality is independent of x. Therefore, we have

E

[
sup
x∈R

∣∣∣∣f(x, ÊMl
(Y ))− f(x, ÊMl−1

(Yk))

∣∣∣∣2
]
≤ 1

(1− ν)2
E

[∣∣∣∣ÊMl
(Y )− ÊMl−1

(Y )

∣∣∣∣2
]
.

(4.6.21)

Now, as a consequence of [68, Proposition 9.2 (a)] and equation (4.6.20) and (4.6.21),
we have β = 1 and α = 1 albeit under some regularity assumptions. For multilevel
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simulation, we take h = 1/64, i.e., M = 64 and take a = 10−3. As before, we perform 50

independent simulation and estimate the upper bound of RMSE of the optimality gap
estimator. Table 4.4 tabulates the results obtained through our experimentation. Finally,
in Figure 4.4, we provide a graphical representation of the computational savings achieved
by MLMC-SAA in the nested simulation framework.

Monte Carlo SAA MLMC SAA

ϵ h RMSE Cost Gh
N(x̂) h RMSE Cost ĜL(x̂)

0.5000 0.01562 1.2019 1.9598e+04 0.121 0.01562 1.0927 4.1728e+04 0.120

0.2500 0.00781 0.6407 1.5436e+05 0.050 0.01562 0.7772 1.2877e+05 0.069

0.1250 0.00391 0.3261 1.2210e+06 0.041 0.01562 0.3399 4.9286e+05 0.048

0.0625 0.00195 0.1510 9.2048e+06 0.034 0.01562 0.2471 1.2500e+06 0.037

0.03125 0.00098 0.0784 7.3494e+07 0.035 0.01562 0.1252 4.7751e+06 0.033

Table 4.4: Nested Simulation: RMSE analysis of the Optimality Gap estimator for a
candidate solution x̂ = 2.2754.

From the results presented in this section, it is evident that MLMC approximation of
the optimality gap estimator is significantly more efficient than standard Monte Carlo,
especially when high accuracy is required. It offers substantial cost savings while main-
taining comparable or better accuracy. However, we would like to caution against the
use of MLMC for solving convex stochastic programs with biased sampling, especially
while using the software package such as CVXPY, due to possible loss of convexity of
the objective function with multilevel approximation. In such a scenario, one can, how-
ever, approximate the candidate solution via a multilevel estimator and approximate the
optimal value by the Monte Carlo SAA using the samples generated in the finest level
of the multilevel approximation. Such a method would provide an upper bound for the
optimality gap estimator without any additional computational overload.
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Figure 4.4: Comparison of computational efficiency between Monte Carlo-SAA and MLMC-SAA
methods in a nested simulation setting.

4.7 Summary

In this chapter, we looked into the SAA procedure for solving the stochastic optimiza-
tion problem, where the random variable ζ is sampled from an approximate distribution,
introducing bias in the Monte Carlo estimation of the expectation. We extended the
conventional SAA setup to the multilevel framework and derived the sample complexity
associated with performing the optimization procedure. Following the traditional analy-
sis, we undertook the uniform convergence analysis, establishing the rate of convergence
and the sampling complexity results both in the standard and multilevel context. We
further analyzed RMSE and derived the sample complexity results to achieve ϵ−RMSE.
Finally, we demonstrated the benefits of incorporating MLMC via a series of numerical
examples.
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Chapter 5

Non-Asymptotic Estimation of Condi-
tional Value-at-Risk via Stochastic Vari-
ance Reduced Gradient Langevin Dy-
namics

5.1 Introduction

In Chapter 4, we dealt with numerical examples pertaining to CVaR estimation for a
fixed portfolio where we assumed losses are sampled from a biased distribution. In this
chapter, we study an important aspect of risk mitigation that deals with the efficient
computation of CVaRν(Φ). If the distribution of Φ is tractable, one may be able to
analytically formulate the CVaRν(Φ). However, as with any practical problems, we
often have limited information about Φ, if any. In such scenarios, a conventional way is
to use numerical algorithms to compute risk measures efficiently. As before, for efficient
numerical computation, one often resorts to the Rockafellar-Uryasev [74] representation,
given as,

CVaRν(Φ) := inf
ϑ∈R

{
ϑ+

1

1− ν
E[(Φ− ϑ)+]

}
, (5.1.1)

where (x)+ = max{x, 0}.
With the above formulation, the computation of CVaRν(Φ) boils down to solving a

stochastic optimization problem. In this regard, there exists a vast literature discussing
the numerical aspect of CVaRν(Φ) estimation. For instance, one may refer to [9, 13, 21,
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30, 51, 68, 81, 76] for estimation of VaR and CVaR via stochastic optimization problem.
Additionally, [20, 35, 88, 48] offers insights into the Monte Carlo methods for estimating
CVaR.

For our purpose, we consider the regularized version of the Rockafellar-Uryasev ex-
pression, given as,

CVaRν(Φ) := inf
ϑ∈R

{
ϑ+

1

1− ν
E[(Φ− ϑ)+] +

η

2
|ϑ|2
}
. (5.1.2)

Moreover, the portfolio’s total loss, Φ, is influenced both by the loss incurred by each
individual financial instrument and the weight assigned to that instrument. Suppose our
portfolio comprises d− 1 financial instruments X = {X1, . . . , Xd−1}, where X i is the R
valued random variable that represents the loss from the ith instrument. Accordingly, we
express the overall portfolio loss as,

Φ(w,X) =
d−1∑
i=1

gi(w)X
i, (5.1.3)

where w = {w1, w2, . . . , wd−1} being a vector of parameters and gi : Rd−1 → R a function
that determines the weight attributed to Xi. Consequently, we can extend the problem
of estimation of CVaR for a given loss of Φ to the problem of determining the minimum-
CVaR portfolio. To this end, we let θ = {w, ϑ} be a d−dimensional vector. Then,

C̃VaRν(Φ) := inf
w∈Rd−1

inf
ϑ∈R

{
ϑ+

1

1− ν
E[(Φ(w,X)− ϑ)+ +

η

2
|θ|2]

}
,

= inf
θ∈Rd

{
ϑ+

1

1− ν
E[(Φ(w,X)− ϑ)+] +

η

2
|θ|2
}
.

(5.1.4)

In order to facilitate easier navigation of the rest of the chapter, we let,

f(θ,X) = ϑ+
1

1− ν
(Φ(w,X)− ϑ)+ +

η

2
|θ|2, (5.1.5)

and define,

F (θ) := E[f(θ,X)] =

∫
Rq

f(θ, x)P(dx). (5.1.6)

Therefore,
C̃VaRν(L) = min

θ∈Rd
F (θ). (5.1.7)
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As stated previously, we often don’t have knowledge about the distribution of X. There-
fore, a standard approach is to minimize the finite sum approximation of the original
minimization problem. To this end, we assume access to x = {X1, X2, . . . , XN} ∈ (Rq)N

and define the finite sum approximation as,

Fx(θ) =
1

N

N∑
k=1

f(θ,Xk). (5.1.8)

Accordingly, our problem becomes,

C̃Varxν (L) = min
θ∈Rd

Fx(θ). (5.1.9)

One of the approaches to solving the stochastic optimization problem defined above is
via Stochastic Gradient Langevin Dynamics (SGLD), which derives its foundation from
the Langevin SDE defined on t ∈ [0,∞), starting with the random variable θ0 ∈ Rd and
is given by,

dθt = −∇Fx(θt)dt+
√
2δ−1dWt, (5.1.10)

where δ > 0 is a constant and (Wt)t≥0 is a d−dimensional Brownian motion. SGLD is
essentially the Euler-Maruyama discretization of the SDE (5.1.10) given as,

θn+1 = θn − hvn(θ) +
√
2δ−1∆Wn, (5.1.11)

where h is the stepsize and vn is the conditional unbiased estimator of ∇Fx(θ). We
observe that a natural candidate for vn is ∇θf(θn, Xin+1) where in+1 ∼ Unif{1, . . . , N}.

The primary interest in Langevin Monte Carlo methods stems from the fact that under
favourable conditions, the SDE (5.1.10) leads to a unique invariant measure πx

δ ∝ e−δFx(θ)

which has been proven to concentrate around the minimizer of Fx(θ), for large enough δ,
see, e.g., [50]. Moreover, the recent developments undertaken in [53, 71, 84], where the
central motive was to solve the optimization problems that appear in the machine learning
paradigms, have prompted researchers to extend this technique to more general stochas-
tic optimization problems. In the context of minimum-CVaR portfolio optimization
problems, [21, 76] provided non-asymptotic error bounds for estimation of CVaRν(L).
Additionally, various variants of SGLD, which have been explored in [62, 63, 64], are also
applicable for solving minimum-CVaR portfolio optimization problems.

In the context of SGLD, the implementation of the algorithm faces two major chal-
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lenges. The first challenge is more general as it deals with the large number of replications
required by the algorithm to generate high-precision samples from the target distribution.
This issue arises due to the large variance of the stochastic gradient estimator. On the
other hand, the second challenge is more specific to the problem under consideration as it
stems from the discontinuity of the ∇θf(θ, x) = [∂w1f(θ, x), . . . , ∂wd−1

f(θ, x), ∂ϑf(θ, x)]
T ,

where,

∂wi
f(θ, x) =

∂Φ(w, x)

∂wj

1{Φ(w,x)≥ϑ} + ηwj and ∂ϑf(θ, x) = 1− 1{Φ(w,x)≥ϑ} + ηϑ. (5.1.12)

Accordingly, in this chapter, we consider a variant of SGLD, also known as Stochastic
Variance Reduced Gradient Langevin Dynamic (SVRG-LD), to address the issue of large
variance of the stochastic gradient estimator. In order to tackle the issue of discontinuous
gradient, we consider a smooth approximation F ε

x(θ) of Fx(θ) and solve the corresponding
optimization problem given as,

C̃Varx,εν (Φ) = min
θ∈Rd

F ε
x(θ). (5.1.13)

In this setup, we undertake a non-asymptotic convergence analysis and provide the error
bound for the expected excess risk, which is given as,

ER := E[F (θn)]− CVaRν(Φ), (5.1.14)

where θn is the n−th iterate of the SVRG-LD procedure for sampling from πx,ε
δ ∝ e−δF ε

x(θ).
In the machine learning paradigm, the first issue has been explored in the SVRG-LD

framework. For example, in [17, 25], authors introduced two types of variance-reduced
stochastic gradient algorithms, namely SVRG-LD and SAGA-LD and undertook mean-
squared error analysis of the sample path average. In [15], authors provide the conver-
gence results in the 2-Wasserstein distance for sampling from log-concave distribution.
These results were further improved in [89]. Additionally, [91] provides convergence re-
sults in the 2-Wasserstein distance for non-convex optimization. In the same paradigm,
[53] undertook the non-asymptotic analysis of the SVRG-LD in KL-divergence. In our
setup, however, we consider a variant of standard SVRG-LD which we describe in Subsec-
tion 5.2.2. Also, in our analysis, in addition to estimating the non-asymptotic bound of
the 2-Wasserstein distance, we also provide a non-asymptotic bound for the 1-Wasserstein
distance in the SVRG-LD framework. Moreover, the challenge of the discontinuous gra-
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dient has been addressed in literature by assuming Lipschitz continuity in expectation,
see e.g. [16, 63, 64, 65, 76]. These studies have undertaken rigorous mathematical analy-
sis providing non-asymptotic error bounds in 1-Wasserstein and 2-Wasserstein distances.
However, the underlying assumption in these setups was the continuity of L(X). We do
not make any such assumption in our framework.

5.2 Preliminaries

In this section, we describe the underlying setup for our analysis and also present the
SVRG-LD algorithm that we intend to employ to solve the optimization problem de-
scribed in (5.1.13).

5.2.1 Setup

Let the function f : Rd×Rq → R be the Borel measurable function which is non-convex
with respect to θ. Further, to address this issue of discontinuous gradient, discussed in
Section 5.1, we assume the existence of a smooth approximation f ε(θ,X) of f(θ,X),
such that,

Assumption 5.2.1. For all x ∈ Rq,

sup
θ∈Rd

|f ε(θ, x)− f(θ, x)| ≤ ε. (5.2.1)

Following the setup described in [71], we assume the existence of a collection of
probability law {µx}x∈(Rq)N on some space X such that,

E[∇f ε(θ, Y x)] = ∇F ε
x, (θ) (5.2.2)

where Y x is a random element from X with probability law µx. In addition, for any
δ > 0, we define,

πx,ε
δ (A) :=

∫
A
e−δF ε

x(θ)dθ∫
Rd e−δF ε

x(θ)dθ
, (5.2.3)

where
∫
Rd

e−δF ε
x(θ)dθ <∞. We consider (Gn)n∈N to represent the filtration corresponding

to the historical progression of information and denote by G∞ := σ

(⋃
n∈N

Gn

)
. We pos-
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tulate that (Y x
n )n∈N is an Gn−adapted process, such that (Y x

n )n∈N constitutes a sequence
of independent and identically distributed random variables, governed by the probability
law µx. Furthermore, it is presumed throughout this study that the random variable θ0

(initial condition), G∞, and the Brownian increment (∆Wn)n∈N are independent of one
another.

5.2.2 Algorithm

As stated in Section 5.1, in this chapter, we intend to implement the SVRG-LD method
to solve the optimization problem described in (5.1.13). Detailed in Algorithm 7, the
SVRG-LD method deals with computation of the full gradient i.e., ∇F ε

x(θ
v
s) after some

fixed number of iterations and use this estimate as the control variate in the gradient
estimation in the future iterations. To be more precise, after every m−iterations, the
full gradient is computed via scanning through the whole data set, i.e.,

G̃ = ∇F ε
x(θ

v
s) =

1

N

N∑
k=1

∇f ε(θs, Xk). (5.2.4)

Consequently, the SVRG-LD scheme for the next m−iterations is given as,

θvn+1 = θvn − hvn +
√
2δ−1∆Wn+1 (5.2.5)

where,
vn = ∇f ε(θvn, Y

x
n+1)−∇f ε(θvs , Y

x
n+1) + G̃. (5.2.6)

It is easy to observe that E[vn] = ∇F ε
x(θn), making it an unbiased estimator of ∇F ε

x(θn).
In contrast to the investigation presented in [25, 53, 89, 91], in which the interval of
iterations between consecutive full gradient estimates is fixed, we adopt a strategy of
doubling the number of subsequent iterations necessary before computing the next full
gradient estimate (see Algorithm 7). This approach thus further contributes to reducing
the computational expense associated with full gradient estimation while concurrently
preserving the variance reduction characteristic inherent to the underlying method. We
conclude this section by introducing certain terminologies that would help navigate the
rest of the article.

In this article, we shall denote m as the epoch length, which doubles after every full
gradient computation. The iterations at which the complete gradient is evaluated will be
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referred to as the snapshot points. Consequently, let S∇ = {0, s1, s2, · · · : s1 < s2 < . . . }
represent the set comprising all points where the full gradient is computed. In the context
of Algorithm 7, sj = 2j−1m0 where m0 is the initial epoch length. Additionally, we shall
refer to G̃ as the snapshot gradient and θvs as the snapshot iterate. Finally, we observe
that, for given n ∈ N, if we let in = max{j ∈ N : n ≥ sj, sj ∈ S∇}, then there exists an
ℓn ∈ {0, 1, 2, . . . , 2in−1m0 − 1} such that n = 2in−1m0 + ℓn.

Algorithm 7: Stochastic Variance Reduced Langevin Dynamics
input: step size h > 0, total iterations K, initial epoch length m0, inverse
temperature parameter δ > 0, dataset x = {X1, . . . , XN};

initialization: θ0 = θ0,m = m0;
for n = 0, . . . , K − 1 do

if n = 0 then
G̃ = ∇F ε

x(θ0);
θvs = θ0;

end
else if n mod m = 0 then

G̃ = ∇F ε
x(θ

v
n);

θvs = θvn;
m = 2×m;

end
sample Y x

n+1 ∼ µx;
sample ∆Wn+1 ∼ N (0,

√
h);

vn = ∇f ε(θvn, Y
x
n+1)−∇f ε(θvs , Y

x
n+1) + G̃;

θvn+1 = θvn − hvn +
√
2δ−1∆Wn+1;

end
return θvK−1

5.3 Main Result

In this section, we provide a non-asymptotic error estimate for the SVRG-LD algo-
rithm that characterizes the convergence rate of SVRG-LD and also provides the non-
asymptotic bound on the Excess Risk (5.1.14). We first impose the following assumptions
that are necessary for the theoretical analysis.

Assumption 5.3.1. The initial condition θ0 has a finite second and fourth moment i.e.,
κ0,2 := E[|θ0|2] <∞ and κ0,4 := E[|θ0|4] <∞.
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Assumption 5.3.2. For each x ∈ Rd−1 we assume,

|∇f ε(θ1, x)−∇f ε(θ2, x)| ≤ L|θ1 − θ2|, (5.3.1)

for all θ1, θ2 ∈ Rd, that is f ε is L−smooth.

Assumption 5.3.3. For all x ∈ Rd−1, we assume,

|∇f ε(0, x)| < K1 and |f ε(0, x)| < K2. (5.3.2)

Assumption 5.3.4. We assume that F ε
x(θ) is (a,b) - dissipative, i.e., for some a > 0,

b ≥ 0 and for all θ ∈ Rd, we assume that,

⟨∇F ε
x(θ), θ⟩ ≥ a|θ|2 − b. (5.3.3)

Let us briefly discuss the assumption before stating the main results of the theorem.
The assumptions 5.3.1, 5.3.2, and 5.3.3 are conventional assumptions in the literature
concerning non-convex optimization. Assumption 5.3.4, also known as the dissipativity
condition, typically used to analyze the ergodicity of the SDE and diffusion approxi-
mation, has also become a standard assumption to analyze the convergence Langevein
Monte Carlo methods in the non-convex setting [64, 67, 71, 91]. We now state the main
result of this article.

Theorem 5.3.1. Suppose assumptions 5.2.1, 5.3.1, 5.3.2, 5.3.3 and 5.3.4 hold. If h ≤
h∗, where,

h∗ = min

{
1,

min{a,
√
a}

96(1 + L)2
,
1

2a

}
, (5.3.4)

then for ε > 0, t ∈ (n, n+ 1] and some constant C̄8 > 0,

E[F (θvt )]−CVaRν(Φ) ≤ 2ε+C̄1,7h
1/4+C̄2,7e

−C̄6hn+
C̄8

N
+

d

2δ
log

(
eL

a

(
bδ

d
+ 1

))
, (5.3.5)

where C̄6 is given in (5.3.78), whereas C̄1,7 and C̄2,7 are given in (5.3.84).

We highlight that the analysis undertaken below is inspired by the theoretical analysis
carried out in [16, 63, 65, 76]. The very first step of the analysis is to determine the
convergence result of the SVRG-LD iterations θvn to the target distribution πx,ε

δ in the
Wasserstein distance. In order to do so, an important step is to obtain the moment
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estimates for all the processes involved in the convergence analysis. Consequently, we
obtain the upper bound for the Wasserstein distance, where we employ the splitting
technique discussed in [16, 63]. Finally, in order to obtain the upper bound for excess
risk, we rely on the theoretical discussion undertaken in [71]. We emphasize that, from
a technical perspective, our analysis and results bear resemblance to those outlined in
[76]. However, because of the structural disparity between the SVRG-LD algorithm and
the conventional SGLD, the major challenge in our analysis is to derive the second and
fourth-moment estimate of the θvn. Moreover, this disparity also requires us to revisit
some of the auxiliary results from [76] to complement our setup.

To begin with, we define below the Wasserstein distance as the majority of analysis
deals with its estimation.

Definition 5.3.1. [63] Consider ζ1 and ζ2 as two Borel probability measures on the space
Rd, each possessing a finite p−th moment. The Wasserstein distance of order p ≥ 1 is
then defined as follows:

Wp(ζ1, ζ2) :=

(
inf

ζ∈Γ(ζ1,ζ2)

∫
Rd

∫
Rd

|θ1 − θ2|pζ(dθ1, dθ2)
)1/2

, (5.3.6)

where Γ(ζ1, ζ2) set of all probability measures ζ on B(R2d) with marginals ζ1 and ζ2.

We recall the Langevin SDE, which is given as,

dzt = −∇F ε
x(zt)dt+

√
2δ−1dWt, (5.3.7)

where F ε
x(θ) is the continuous time interpolation of Fx(θ), z0 = θ0 ∈ Rd is the initial

conditions and (Wt)t≥0 is the standard d−dimensional Brownian Motion equipped with
complete natural filtration (Ft)t≥0. Further, we assume that (Ft)t≥0 is independent of
σ(G∞ ∪ σ(θ0)). Now, following the construction described in [16, 76], we consider a time
change version of the SDE stated above. To this end, let z̃t = zht for t ≥ 0 and for each
h > 0, define W̃t := Wht/

√
h. Moreover, let (F̃t)t≥0 := (Fht)t≥0 be the natural filtration

of (W̃t)t≥0. Consequently, we have,

dz̃t = −h∇F ε
x(z̃t)dt+

√
2hδ−1dW̃t, (5.3.8)

with z̃0 = θ0 being the initial condition.
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Let us consider the following continuous time interpolation of the SVRG-LD method,

dξvt = −hv⌊t⌋dt+
√
2δ−1hdW̃t. ξv0 = θ0, (5.3.9)

with v⌊t⌋ begin defined as

v⌊t⌋ := ∇f ε
(
ξ⌊t⌋, X⌈t⌉

)
−∇f ε

(
ξs⌊t⌋ , X⌈t⌉

)
+∇F ε

x

(
ξs⌊t⌋

)
. (5.3.10)

where,
s⌊t⌋ := max{s ∈ S∇ : t ≥ s}. (5.3.11)

We would like to point out that the L(θvn) = L(ξvn) for all n ∈ N. We also consider the
following auxiliary process {Ξs,w,h

t }t≥s,

dΞs,w,h
t = −h∇F ε

x(Ξ
s,w,h
t )dt+

√
2δ−1hdW̃t (5.3.12)

where the initial condition is Ξs,w,h
s = w. We now further denote, Ξk,h

t,v := Ξ
kT,ξvkT ,h
t , where

T :=

⌊
1

h

⌋
. Moreover, for each p ∈ [2,∞) ∩ N and for all θ ∈ Rd, consider the Lyapunov

function Vp(θ) := (1 + |θ|2)p/2. Also, let vp(x) = (1 + x2)p/2 for all x ≥ 0 and denote by

PVp(Rd) the set of all probability measure µ ∈ P(Rd) such that
∫
Rd

Vp(θ)µ(dθ) <∞ for

all p ≥ 1.
We now recall the following results, which show that Vp(θ) satisfies the geometric

drift condition.

Lemma 5.3.1. Suppose assumption 5.3.4 holds. Then for any θ ∈ Rd, p ∈ [2,∞) ∩ N,
we have,

−⟨∇Vp(θ),∇F ε
x(θ)⟩+∆Vp(θ)δ−1 ≤ −CV,1(p)Vp(θ) + CV,2(p), (5.3.13)

where CV,1(p) :=
ap

4
, CV,2(p) :=

3apvp(KV(p))

4
with KV(p) :=

(
1

3
+

4b

3a
+

4d

3aδ
+

4(p− 2)

3aδ

)1/2

.

Proof. Refer to [16, Lemma 3.5].

5.3.1 Moment Estimates

In this sub-section, we present the moment estimates of the process (ξvt )t≥0 and (Ξk,h
t,v )t≥kT .
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Lemma 5.3.2. Suppose assumptions 5.3.1, 5.3.2, 5.3.3, and 5.3.4 hold. Then we have
the following:

(a) For any 0 < h ≤ h∗ given in (5.3.4), n ∈ N and t ∈ (n, n+ 1], we have,

E[|ξvt |2] ≤ E[|θ0|2](1− ah)n(1− ah(t− n)) + B̊

(
1 +

1

a

)
, (5.3.14)

where B̊ = 2

(
K2

1 + b+
d

δ
+ 2L2κ0,2

)
.

(b) Let M1(q) := 22q−2Lq,M2(q) := 22q−1Lq, M3(q) := 22q−2Kq
1 and

M̂ := max

{(
12M3(2) + 8b

a

)1/2

,

(
8M3(3)

a

)1/3
}
.

Then for any 0 < h ≤ h∗ given in (5.3.4), n ∈ N and t ∈ (n, n+ 1], we have,

E[|θvt |4] ≤ (1− ah(t− n))(1− ah)nE[|θ0|4] + C̊

(
1 +

1

a

)
(5.3.15)

where C̊ = (1 + a)
(
4bM̂2 + 6M3(2)M̂

2 + 4M3(3)M̂ +M3(4) + aκ0,4

)
+

(9 + a)

a
12d2δ−2

Proof (a). Let t ∈ (n, n+1] and define ∆v
n,t := ξvn − h(t− n)vn with Υh

n,t :=
√
2hδ−1(W̃t−

W̃n). Also let sn = max{s ∈ S∇ : n ≥ s}. Then we have,

E[|ξvt |2|ξvn, ξvsn ] = E[|∆v
n,t +Υh

n,t|2|ξvn, ξvsn ]

= E[|∆v
n,t|2 + |Υh

n,t|2 + 2⟨∆v
n,t,Υ

h
n,t⟩|ξvn, ξvsn ]

= E[|δvn,t|2|ξvn, ξvsn ] + E[|Υh
n,t|2|ξvn, ξvsn ]

= E[|ξvn − hvn(t− n)|2|ξvn, ξvsn ] +
2hd

δ
(t− n).

(5.3.16)
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Expanding the last term of the above equation, we get,

E[|ξvn − hvn(t− n)|2|ξvn, ξvsn ] = E[|ξvn − h(t− n)∇F ε
x(ξ

v
n) + h(t− n)∇F ε

x(ξ
v
n)− hvn(t− n)|2|ξvn, ξvsn ]

= E[|ξvn − h(t− n)∇F ε
x(ξ

v
n)|2|ξvn, ξvsn ]

+ E[|h(t− n)∇F ε
x(ξ

v
n)− hvn(t− n)|2|ξvn, ξvsn ]

+ 2E[⟨ξvn −∇F ε
x(ξ

v
n),∇F ε

x(ξ
v
n)− hvn(t− n)⟩|ξvn, ξvsn ]

= E[|ξvn − h(t− n)∇F ε
x(ξ

v
n)|2|ξvn, ξvsn ]︸ ︷︷ ︸

A1

+ E[|h(t− n)∇F ε
x(ξ

v
n)− hvn(t− n)|2|ξvn, ξvsn ]︸ ︷︷ ︸

A2

.

(5.3.17)
Expanding A1, we have,

A1 = E[|ξvn|2|ξvn, ξvsn ] + h2(t− n)2E[|∇F ε
x(ξ

v
n)|2|ξvn, ξvsn ]− 2h(t− n)E[⟨∇F ε

x(ξ
v
n), ξ

v
n⟩|ξvn, ξvsn ]

≤ |ξvn|2 + h2(t− n)2|∇F ε
x(ξ

v
n)|2 − 2h(t− n)(a|ξvn|2 − b)

≤ |ξvn|2 + 2h2(t− n)2(K2
1 + L2|ξvn|2)− 2h(t− n)(a|ξvn|2 − b)

≤ |ξvn|
(
1 + 2h2(t− n)2L2 − 2h(t− n)a

)
+ 2h2(t− n)2K2

1 + 2h(t− n)b.

(5.3.18)
Expanding A2, we have,

A2 = h2(t− n)2E[
(
∇f ε(ξvn, Y

x
n+1)−∇f ε(ξvsn , Y

x
n+1)− E[∇f ε(ξvn, Y

x
n+1)−∇f ε(ξvsn , Y

x
n+1)]

)2 |ξvn, ξvsn ]
≤ h2(t− n)2E[

(
∇f ε(ξvn, Y

x
n+1)−∇f ε(ξvsn , Y

x
n+1)

)2 |ξvn, ξvsn ]
≤ h2(t− n)2L2|ξvn − ξvsn|

2 ≤ 2h2(t− n)2L2
(
|ξvn|2 + |ξvsn|

2
)
.

(5.3.19)

Ph.D. Thesis

TH-3688_196123105



CHAPTER 5 118

Substituting A1 and A2 back in equation (15), we get,

E[|ξvn − hvn(t− n)|2|ξvn, ξvsn ] ≤ |ξ
v
n|2
(
1 + 2h2(t− n)2L2 − 2h(t− n)a

)
+ 2h2(t− n)2K2

1

+ 2h(t− n)b+ 2h2(t− n)2L2
(
|ξvn|2 + |ξvsn|

2
)

= |ξvn|2
(
1 + 4h2(t− n)2L2 − 2h(t− n)a

)
+ 2h2(t− n)2K2

1

+ 2h(t− n)b+ 2h2(t− n)2L2|ξvsn|
2.

(5.3.20)
Now, since h < 1, we have,

E[|ξvt |2] ≤ E[|ξvn|2]
(
1 + 4h2(t− n)2L2 − 2h(t− n)a

)
+ h(t−n)B+2h2(t−n)2L2E[|ξvsn|

2],

(5.3.21)

where B = 2

(
K2

1 + b+
d

δ

)
. Now let t ∈ (0, 1], therefore s0 = 0 and ξv0 = θ0(by our

assumption). Consequently, we have,

E[|ξvt |2] ≤ E[|θ0|2]
(
1 + 4h2(t− n)2L2 − 2h(t− n)a

)
+ h(t− n)B̊ + 2h2(t− n)2L2E[|θ0|2]

= E[|θ0|2]
(
1 + 4h2(t− n)2L2 − 2h(t− n)a

)
+ h(t− n)B̊.

(5.3.22)
where B̊ = B + 2L2κ0,2. Now, since h ≤ h∗ we have,

E[|ξvt |2] ≤ E[|θ0|2] (1− ah(t− n)) + h(t− n)B̊

≤ E[|θ0|2] (1− ah(t− n)) + B̊

(
1 +

1

a

)
.

(5.3.23)

Now, suppose that, for all k ≤ n− 1 and t ∈ (k, k + 1], we assume,

E[|ξvt |2] ≤ E[|θ0|2](1− ah)k(1− ah(t− k)) + B̊

(
1 +

1

a

)
. (5.3.24)
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We prove that the conclusion is true for t ∈ (n, n+ 1].

E[|ξvt |2] ≤ E[|ξvn|2]
(
1 + 4h2(t− n)2L− 2ah(t− n)

)
+ h(t− n)B + 2h2(t− n)2L2E[|ξvsn|

2]

≤
(
E[|θ0|2](1− ah)n + B̊

(
1 +

1

a

))(
1 + 4h2(t− n)2L− 2ah(t− n)

)
+ h(t− n)B

+ 2h2(t− n)2L2

(
E[|θ0|2](1− ah)sn + B̊

(
1 +

1

a

))
≤ E[|θ0|2](1− ah)n

(
1 + 4h2(t− n)2L− 2ah(t− n))

)
+ h(t− n)B̊

+ B̊

(
1 +

1

a

)(
1 + 6h2(t− n)2L− 2ah(t− n)

)
≤ E[|θ0|2](1− ah)n(1− ah(t− n)) + B̊

(
1 +

1

a

)
.

(5.3.25)
Therefore, by induction, the result follows.

Proof (b). As before let t ∈ (n, n+1], ∆v
n,t := ξvn − h(t− n)vn,Υh

n,t :=
√
2hδ−1(W̃t−W̃n),

and sn = max{s ∈ S∇ : n ≥ s}. Then we have,

E[|ξvt |4|ξvn, ξvsn ] = E[|∆v
n,t +Υh

n,t|4|ξvn, ξvsn ]

= E[(|∆v
n,t|2 + |Υh

n,t|2 + 2⟨∆v
n,t,Υ

h
n,t⟩)2|ξvn, ξvsn ]

= E[|∆v
n,t|4 + |Υh

n,t|4 + 4(⟨∆v
n,t,Υ

h
n,t⟩)2 + 2|∆v

n,t|2|Υh
n,t|2

+ 4|∆v
n,t|2⟨∆v

n,t,Υ
h
n,t⟩+ 4|Υh

n,t|2⟨∆v
n,t,Υ

h
n,t⟩|ξvn, ξvsn ]

= E[|∆v
n,t|4 + |Υh

n,t|4 + 2|∆v
n,t|2|Υh

n,t|2 + 4(⟨∆v
n,t,Υ

h
n,t⟩)2|ξvn, ξvsn ]

≤ E[|∆v
n,t|4 + |Υh

n,t|4 + 6|∆v
n,t|2|Υh

n,t|2|ξvn, ξvsn ]

≤ (1 + ah(t− n))E[|∆v
n,t|4|ξvn, ξvsn ] +

(
1 +

9

ah(t− n)

)
E[|Υh

n,t|4].

(5.3.26)
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Also,

E[|∆v
n,t|4|ξvn, ξvsn ] = E[|ξvn − vnh(t− n)|4|ξvn, ξvsn ]

= E[
(
|ξvn|2 + h2(t− n)2|vn|2 − 2h(t− n)⟨ξvn, vn⟩

)2 |ξvn, ξvsn ]
= E[|ξvn|4 + h4(t− n)4|vn|4 + 4h2(t− n)2(⟨ξvn, vn⟩)2 + 2h2(t− n)2|ξvn|2|vn|2

− 4h(t− n)|ξvn|2⟨ξvn, vn⟩ − 4h(t− n)|vn|2⟨ξvn, vn⟩|ξvn, ξvsn ]

≤ E[|ξvn|4 + h4(t− n)4|vn|4 + 6h2(t− n)2|ξvn|2|vn|2 − 4h3(t− n)3|ξvn|2⟨ξvn, vn⟩

− 4h3(t− n)3|vn|2⟨ξvn, vn⟩|ξvn, ξvsn ]

≤ |ξvn|4 − 4h(t− n)|θvn|2E[⟨ξvn, vn⟩|ξvn, ξvsn ]

+
4∑

q=2

(
4

q

)
hq(t− n)q|ξvn|4−qE[|vn|q|ξvn, ξvsn ]

(5.3.27)
Observe that,

E[|vn|q|ξvn, ξvsn ] = E[|
(
∇f ε(ξvn, Y

x
n+1)−∇f ε(ξvsn , Y

x
n+1) +∇F ε

x(ξ
v
sn)
)
|q|ξvn, ξvsn ]

≤ 2q−1
(
E[|∇f ε(ξvn, Y

x
n+1)−∇f ε(ξvsn , Y

x
n+1)|q|ξvn, ξvsn ] + E[|∇F ε

x(ξ
v
sn)|

q|ξvn, ξvsn ]
)

≤ 2q−1Lq|ξvn − ξvsn|
q + 2q−1(K1 + L|ξvsn|)

q

≤ 22q−2Lq(|ξvn|q + |ξvsn|
q) + 22q−2(Kq

1 + Lq|ξvsn|
q)

= 22q−2Lq|ξvn|q + 22q−1Lq|ξvsn|
q + 22q−2Kq

1

= M1(q)|ξvn|q +M2(q)|ξvsn|
q +M3(q).

(5.3.28)
Further, using the dissipativity condition we have, −E[⟨ξvn, vn⟩|ξvn, ξvsn ] ≤ −(a|ξ

v
n|2 − b).
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Therefore, we have,

E[|∆v
n,t|4|ξvn, ξvsn ] ≤ |ξ

v
n|4
(
1− 4h(t− n)a+

4∑
q=2

(
4

q

)
hq(t− n)qM1(q)

)
+ 4h(t− n)b|ξvn|2

+
4∑

q=2

(
4

q

)
hq(t− n)qM2(q)|ξvn|4−q|ξvsn|

q

+
4∑

q=2

(
4

q

)
hq(t− n)qM3(q)|ξvn|4−q.

(5.3.29)
For h < h∗ and let t ∈ (0, 1], then , we have,

E[|∆v
0,t|4|θ0] ≤|θ0|4

(
1− 4h(t)a+

4∑
q=2

(
4

q

)
hq(t)qM1(q)

)
+ 4h(t)b|θv0 |2

+
4∑

q=2

(
4

q

)
hq(t)qM2(q)|θ0|4−q|θ0|q +

4∑
q=2

(
4

q

)
hq(t)qM3(q)|θ0|4−q

≤ |θ0|4
(
1− 4h(t)a+

4∑
q=2

(
4

q

)
hq(t)q(M1(q) +M2(q))

)
+ 4h(t)b|θv0 |2

+
4∑

q=2

(
4

q

)
hq(t)qM3(q)|θ0|4−q

≤ |θ0|4 (1− 3hta) + 4htb|θ0|2 +
4∑

q=2

(
4

q

)
hq(t)qM3(q)|θ0|4−q

(5.3.30)
Let S0,M̂ := {ω ∈ Ω : |θ0| > M̂}. Consequently, we have,

E[|∆v
0,t|4|θ0] = E[|∆v

0,t|4IS0,M̂
|θ0] + E[|∆v

0,t|4ISc
0,M̂
|θ0] (5.3.31)

Furthermore, observing that, for |θ0| > M̂ ,

−ah(t)|θ0|4

2
+ 4h3(t)3M3(3)|θ0| < 0, (5.3.32)

−ah(t)|θ0|4

2
+ 6h2(t)2M3(2)|θ0|2 + 4h(t)b|θ0|2 < 0, (5.3.33)
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we have,

E[|∆v
0,t|4IS0,M̂

|θ0] ≤ (1− 2ah(t))|θv0 |4IS0,M̂
+ h4(t)4M3(4)IS

0,M̂
, (5.3.34)

whereas,

E[|∆v
0,t|4ISc

0,M̂
|θ0] ≤ |θ0|4(1− 2ah(t))ISc

0,M̂
(5.3.35)

+ h(t)
(
4bM̂2 + 6M3(2)M̂

2 + 4M3(3)M̂ +M3(4)
)
ISc

0,M̂
. (5.3.36)

Combining both, we get,

E[|∆v
0,t|4|θ0] ≤ (1− 2ah(t))|θv0 |4 + h(t)b̂, (5.3.37)

where b̂ :=
(
4bM̂2 + 6M3(2)M̂

2 + 4M3(3)M̂ +M3(4)
)
. Consequently, we have,

E[|θvt |4|θ0] ≤ (1 + ah(t)2)
(
(1− 2ah(t))|θv0 |4 + h(t)b̂

)
+

(
(ah(t) + 9)

ah(t)
12h2d2δ−2(t)2

)
≤ (1− ah(t)) |θ0|4 + C̊,

(5.3.38)

where C̊ = (1 + a) (b̂+ aκ0,4) +
(9 + a)

a
12d2δ−2. Therefore, we have,

E[|ξvt |4] ≤ (1− ah(t))E[|θ0|4] + C̊h(t) ≤ (1− ah(t))E[|θ0|4] + C̊

(
1 +

1

a

)
, (5.3.39)

proving that the conclusion is true for t ∈ (0, 1]. Let us assume that the conclusion is
true for t ∈ (k, k + 1] for all k ≤ n − 1, and we intend to prove that the conclusion is
true for t ∈ (n, n+ 1]. To this end, we have,

E[|∆v
n,t|4|ξvn, ξsn ] ≤ |ξvn|4

(
1− 4h(t− n)a+

4∑
q=2

(
4

q

)
hq(t− n)qM1(q)

)
+ 4h(t− n)b|ξvn|2

+
4∑

q=2

(
4

q

)
hq(t− n)qM2(q)|ξvn|4−q|ξsn|q +

4∑
q=2

(
4

q

)
hq(t− n)qM3(q)|ξvn|4−q.
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Suppose , |ξvn| ≥ |ξvsn|, therefore we have,

E[|∆v
n,t|4|ξvn, ξsn ] ≤ |ξvn|4

(
1− 4h(t− n)a+

4∑
q=2

(
4

q

)
hq(t− n)q(M1(q) +M2(q))

)

+ 4h(t− n)b|ξvn|2 +
4∑

q=2

(
4

q

)
hq(t− n)qM3(q)|ξvn|4−q

≤ |ξvn|4 (1− 3ha(t− n))

+ 4h(t− n)b|ξvn|2 +
4∑

q=2

(
4

q

)
hq(t− n)qM3(q)|ξvn|4−q.

(5.3.40)
Now, as before, the above inequality can be further bounded as,

E[|∆v
n,t|4|ξvn, ξvsn ] ≤ (1− 2ah(t− n))|ξvn|4 + h(t− n)b̂. (5.3.41)

Therefore, following a similar argument, we can conclude that,

E[|ξvt |4] ≤ (1− ah(t− n))E[|ξvn|4] + C̊ ≤ (1− ah(t− n))(1− ah)nE[|θ0|4] + C̊

(
1 +

1

a

)
.

(5.3.42)
Now, suppose that |ξvn| < |ξvsn|. Then we have,

E[|∆v
n,t|4|ξvn, ξsn ] ≤ |ξvn|4

(
1− 4h(t− n)a+

4∑
q=2

(
4

q

)
hq(t− n)qM1(q)

)
+ 4h(t− n)b|θvn|2

+
4∑

q=2

(
4

q

)
hq(t− n)qM2(q)|ξsn|4 +

4∑
q=2

(
4

q

)
hq(t− n)qM3(q)|ξvn|4−q.

≤ |ξvn|4
(
1− 3h(t− n)a+

4∑
q=2

(
4

q

)
hq(t− n)qM1(q)

)

+
4∑

q=2

(
4

q

)
hq(t− n)qM2(q)|ξsn|4 + h(t− n)b̂.

(5.3.43)
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Taking expectations on both sides in the above equation, we obtain,

E[|∆v
n,t|4] ≤ E[|ξvn|4]

(
1− 3h(t− n)a+

4∑
q=2

(
4

q

)
hq(t− n)qM1(q)

)

+
4∑

q=2

(
4

q

)
hq(t− n)qM2(q)E[|ξvs |4] + h(t− n)b̂

≤
(
(1− ah)nE[|θ0|4] + C̊

(
1 +

1

a

))
(1− 3h(t− n)a

+
4∑

q=2

(
4

q

)
hq(t− n)q(M1(q) +M2(q))

)

+

(
E[|θ0|4] + C̊

(
1 +

1

a

))( 4∑
q=2

(
4

q

)
hq(t− n)q(M1(q) +M2(q))

)
+ h(t− n)b̂

≤ (1− ah)sE[|θ0|4]

(
1− 3h(t− n)a+

4∑
q=2

(
4

q

)
hq(t− n)q(M1(q) +M2(q))

)

+ C̊

(
1 +

1

a

)
(1− 2ha(t− n)) + h(t− n)(b̂+ aκ0,4)

≤ (1− ah)n(1− 2ah(t− n))E[|θ0|4] + C̊

(
1 +

1

a

)
(1− 2ha(t− n)) + h(t− n)(b̂+ aκ0,4)

(5.3.44)

Taking expectation on both sides of equation (5.3.26) and substituting the above in-
equality, we get,

E[|ξvt |4] ≤ (1 + ah(t− n))

(
(1− ah)n(1− 2ah(t− n))E[|θ0|4]

+C̊

(
1 +

1

a

)
(1− 2ha(t− n)) + h(t− n)(b̂+ aκ0,4)

)
+

(
1 +

9

ah(t− n)

)
12h2d2δ−2(t− n)2

≤ (1− ah(t− n))(1− ah)nE[|θ0|4] + C̊

(
1 +

1

a

)
.

(5.3.45)

Therefore, by induction, the conclusion holds.

We have the following corollary as the consequence of the above analysis.

Corollary 5.3.1. Suppose assumptions 5.3.1, 5.3.2, 5.3.3, and 5.3.4 hold. Then for
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0 < h ≤ h∗ (5.3.4), and for any t ∈ N, we have,

1. E[V2(ξvt )] ≤ 1 + (1− ah)⌊t⌋E[V2(θ0)] + B̊

(
1 +

1

a

)
,

2. E[V4(ξvt )] ≤ 2 + 2(1− ah)⌊t⌋E[V4(θ0)] + 2C̊

(
1 +

1

a

)
.

Proof. The proof follows directly from the definition of Vp(θ) and Lemma 5.3.2.

The following result provides the moment estimate of the process (Ξn,h
t,v )t≥nT .

Lemma 5.3.3. Suppose assumptions 5.3.1, 5.3.2, 5.3.3, and 5.3.4 hold. Then for 0 <

h ≤ h∗ given in (5.3.4), and for any t ≥ nT , we have,

1. E[V2(Ξn,h
t,v )] ≤ e−aht/2E[V2(θ0)] + 3v3(KV(2)) + B̊

(
1 +

1

a

)
+ 1

2. E[V4(Ξn,h
t,v )] ≤ 2e−ahtE[V4(θ0)] + 3v5(KV(4)) + 2C̊

(
1 +

1

a

)
+ 2

(5.3.46)

Proof. The proof follows the same line of argument as in [76] where Lemma 5.3.2 and
Lemma 5.3.1 are used to obtain the constants.

5.3.2 Auxiliary Results

Lemma 5.3.4. Suppose Assumption 5.3.1, 5.3.2, 5.3.3 and 5.3.4 hold. Then for 0 <

h ≤ h∗ and any t > 0, we have,

E[|ξvt − ξv⌊t⌋|2] ≤ h
(
ae−ah⌊t⌋E[V2(θ0)] +B1

)
(5.3.47)

where B1 = a

(
B̊

(
1 +

1

a

)
+ κ0,2 +M3(2) + 2δ−1d

)
.

Proof. Observe that,

E[|ξvt − ξv⌊t⌋|2] = E

[∣∣∣∣− h

∫ t

⌊t⌋
v⌊t⌋du+

√
2hδ−1(W̃t − W̃⌊t⌋)

∣∣∣∣2
]

≤ h2E[|v⌊t⌋|2] + 2hδ−1d

= h2E[E[|v⌊t⌋|2|ξv⌊t⌋, ξvs⌊t⌋ ]] + 2hδ−1d

≤ h2M1(2)E[|θv⌊t⌋|2] +M2(2)h
2E[|θvs⌊t⌋|

2] + hM3(2) + 2hδ−1d
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≤ h2M1(2)

(
(1− ah)⌊t⌋E[|θ0|2] + B̊

(
1 +

1

a

))
+ h2M2(2)

(
E[|θ0|2] + B̊

(
1 +

1

a

))
+ hM3(2) + 2hδ−1d. (5.3.48)

Now observing that for h < h∗,

h(M1(2) +M2(2)) ≤ a and hM1(2) ≤ a, (5.3.49)

we have,

E[|ξvt − ξv⌊t⌋|2] ≤ h(aE[|θ0|2](1− ah)⌊t⌋ +B1) ≤ h
(
ae−ah⌊t⌋E[V2(θ0)] +B1

)
, (5.3.50)

where B1 = a

(
B̊

(
1 +

1

a

)
+ κ0,2 +M3(2) + 2δ−1d

)
.

Lemma 5.3.5. Suppose Assumption 5.3.1, 5.3.2, 5.3.3 and 5.3.4 hold. Then for T ∈ N
and, t ∈ [nT, (n+ 1)T ], we have,

h2E

[∣∣∣∣ (∫ t

mT

∇F ε
x(ξ

v
⌊u⌋)− v⌊u⌋

)
du

∣∣∣∣2
]
≤ h

(
ae−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2

)
(5.3.51)

Proof. Observe that given nT , there exists an sT ∈ S∇, such that nT ∈ [sT , 2sT − 1].
Therefore, we have, nT = sT + L̄, where L̄ ∈ {0, 1, . . . , sT − 1}. Further, we have that,
(n+ 1)T ∈ [KT sT , 2KT sT − 1] where KT ∈ {1, 2, 4, . . . }. Now for a given t there exists,
Kt ∈ {1, 2, 4, . . . , KT} such that, t ∈ [KtsT + ℓ,KtsT + ℓ + 1] where ℓ + 1 ≤ KtsT − 1.
Consequently, we have,

(∫ t

nT

∇F ε
x(ξ

v
⌊u⌋)− v⌊u⌋du

)
=

sT−1∑
k=L̄

∫ sT+k+1

sT+k

(
∇F ε

x(ξ
v
⌊u⌋)− v⌊u⌋du

)
+

Kt−1∑
j=2

jsT−1∑
k=0

∫ sT j+k+1

sT j+k

(
∇F ε

x(ξ
v
⌊u⌋)− v⌊u⌋

)
du

+
ℓ−1∑
k=0

∫ sTKt+k+1

sTKt+k

(
∇F ε

x(ξ
v
⌊u⌋)− v⌊u⌋

)
du

+

∫ t

sTKt+ℓ

(
∇F ε

x(ξ
v
⌊u⌋)− v⌊u⌋

)
du
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=

sT−1∑
k=L̄

(∇F ε
x(ξsT+k)− vsT+k) +

Kt−1∑
j=2

jsT−1∑
k=0

(
∇F ε

x(ξ
v
sT j+k)− vsT j+k

)
+

ℓ−1∑
k=0

(
∇F ε

x(ξ
v
sTKt+k)− vsTKt+k

)
+ (t− (sTKt + ℓ))

(
∇F ε

x(ξ
v
sTKt+ℓ)− vsTKt+ℓ

)
=

sT−1∑
k=L̄

A1k +
Kt−1∑
j=2

jsT−1∑
k=0

Ajk +
ℓ−1∑
k=0

AKtk +Bℓ, (5.3.52)

where Ajk = ∇F ε
x(ξ

v
sT j+k)− vsT j+k and Bℓ = (t− (sTKt + ℓ))

(
∇F ε

x(ξ
v
sTKt+ℓ)− vsTKt+ℓ

)
.

Squaring on both sides, expanding the right-hand side and taking expectation, we get,

E
[(∫ t

nT

∇F ε
x(ξ

v
⌊u⌋)− v⌊u⌋du

)2]
=

sT−1∑
k=L̄

E
[
|A1k|2

]
+

Kt−1∑
j=2

jsT−1∑
k=0

E
[
|Ajk|2

]
+

ℓ−1∑
k=0

E
[
|AKtk|2

]
+ E

[
|Bℓ|2

]
+ 2

∑
L̄≤k<k′≤sT−1

E
[
⟨A1k, A1k′⟩

]
+ 2

∑
(j,k),(j′,k′)
(j,k)<(j′,k′)

E
[
⟨Ajk, Aj′k′⟩

]

+ 2
∑

0≤k<k′≤ℓ−1

E
[
⟨AKtk, AKtk′⟩

]
+ 2

sT−1∑
k=L̄

Kt−1∑
j=2

jsT−1∑
k′=0

E
[
⟨A1k, Ajk′⟩

]
+ 2

sT−1∑
k=L̄

ℓ−1∑
k′=0

E
[
⟨A1k, AKtk′⟩

]
+ 2

sT−1∑
k=L̄

E
[
⟨A1k, Bℓ⟩

]
+ 2

Kt−1∑
j=2

jsT−1∑
k=0

ℓ−1∑
k′=0

E
[
⟨Ajk, AKtk′⟩

]
+ 2

Kt−1∑
j=2

jsT−1∑
k=0

E
[
⟨Ajk, Bℓ⟩

]
+ 2

ℓ−1∑
k=0

E
[
⟨AKtk, Bℓ⟩

]
. (5.3.53)
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We now observe that, for index (j, k) ̸= (j′, k′), we have,

E[⟨Ajk, Aj′k′⟩] = E[⟨∇F ε
x(ξ

v
sT j+k)− vsT j+k,∇F ε

x(ξ
v
sT j′+k′)− vsT j′+k′⟩]

= E[⟨∇F ε
x(ξ

v
sT j+k)

−∇f(ξvsT j+k, Y
x
sT j+k+1)−∇f(ξvsT j, Y

x
sT j+k+1) +∇F ε

x(ξ
v
sT j),

∇F ε
x(ξ

v
sT j′+k′)−∇f(ξvsT j′+k′ , Y

x
sT j′+k′+1)

−∇f(ξvsT i, Y
x
sT j′+k′+1) +∇F ε

x(ξ
v
sT j′)⟩].

(5.3.54)
Without loss of generality, assume, sT j+k < sT j

′+k′ and letHsT j′+k′ = σ
(
GsT j′+k′ ∪ F̃sT j′+k′

)
,

then we get,

E[⟨Ajk, Aj′k′⟩] = E[⟨∇F ε
x(ξ

v
sT j+k)−∇f(ξvsT j+k, Y

x
sT j+k+1)−∇f(ξvsT j , Y

x
sT j+k+1) +∇F ε

x(ξ
v
sT j),

∇F ε
x(ξ

v
sT j′+k′)−∇f(ξvsT j′+k′ , Y x

sT j′+k′+1)−∇f(ξvsT i, Y
x
sT j′+k′+1) +∇F ε

x(ξ
v
sT j′)⟩]

= E[E[⟨∇F ε
x(ξ

v
sT j+k)−∇f(ξvsT j+k, Y

x
sT j+k+1)−∇f(ξvsT j , Y

x
sT j+k+1) +∇F ε

x(ξ
v
sT j),

∇F ε
x(ξ

v
sT j′+k′)−∇f(ξvsT j′+k′ , Y x

sT j′+k′+1)−∇f(ξvsT j′ , Y
x
sT j′+k′+1) +∇F ε

x(ξ
v
sT j′)⟩|HsT j′+k′ ]

= E[⟨∇F ε
x(ξ

v
sT j+k)−∇f(ξvsT j+k, Y

x
sT j+k+1)−∇f(ξvsT j , Y

x
sT j+k+1) +∇F ε

x(ξ
v
sT j),

E[∇F ε
x(ξ

v
sT j′+k′)−∇f(ξvsT j′+k′ , Y x

sT j′+k′+1)−∇f(ξvsT j , Y
x
sT j′+k1+1) +∇F ε

x(ξ
v
sT j′)|HsT j′+k′ ]⟩

= 0.

By a similar argument, we can prove that the expected value of all the other inner
products with non-matching indices is equal to zero. Therefore, we have,

h2E
[∣∣∣∣(∫ t

mT

∇F ε
x(ξ

v
⌊u⌋)− v⌊u⌋

)
du

∣∣∣∣2
]
= h2

(
sT−1∑
k=L̄

E
[
|A1k|2

]
+

Kt−1∑
j=2

jsT−1∑
k=0

E
[
|Ajk|2

]
+

ℓ−1∑
k=0

E
[
|AKtk|2

]
+ E

[
|Bℓ|2

])
.

(5.3.55)

Now for any k ∈ N ∩ [nT, (n+ 1)T ], we observe,

E
[
|∇F ε

x(ξ
v̂
k)− vk|2

]
≤ E[|∇f(ξvk , Y x

k+1)−∇f(ξvs , Y x
k+1)|2]

≤ 2L2(E[|ξk|2] + E[|ξs|2])

≤ 2L2
(
(1− ah)kE[|θ0|2] + (1− ah)sE[|θ0|2]

)
+ 2L2B̊

(
1 +

1

a

)
.
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Therefore,

h2
(
E
[
|∇F ε

x(ξ
v̂
k)− vk|2

])
≤ h2

(
2L2

(
(1− ah)kE[|θ0|2] + (1− ah)sE[|θ0|2]

)
+ 2L2B̊

(
1 +

1

a

))
≤ h

(
a(1− ah)kE[|θ0|2] + B̊ (a+ 1) + aκ0,2

)
≤ h

(
ae−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2

)
.

(5.3.56)
Consequently,

h2E

[∣∣∣∣ (∫ t

mT

∇F ε
x(ξ

v
⌊u⌋)− v⌊u⌋

)
du

∣∣∣∣2
]
≤

sT−1∑
k=L

h
(
ae−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2

)
+

Kt−1∑
j=2

jsT−1∑
k=0

h
(
ae−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2

)
+

ℓ−1∑
k=0

h
(
ae−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2

)
+ h(t− (sTKt + ℓ))

(
ae−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2

)
≤ h

(
ae−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2

)
.

(5.3.57)

5.3.3 Proof of Theorem 5.3.1

Now that we have established the moment estimates of all the underlying processes, we
provide complete proof of our main theorem in this section. To this end, we recall the
semi-metric w1,p, which is crucial to the results. For any p ≥ 1 and ζ1, ζ2 ∈ PVp(Rd), let,

w1,p(ζ1, ζ2) := inf
ζ∈Γ(ζ1,ζ2)

∫
Rd

∫
Rd

[min{1, |θ1 − θ2|}](1 + Vp(θ1) + Vp(θ2))ζ(dθ1dθ2) (5.3.58)

In [16], it has been established that the analysis of Theorem 5.3.1 relies on the contrac-
tivity of the SDE (5.3.7) in w1,2 [16]. Accordingly, the following proposition provides the
explicit statement of the contraction property.

Proposition 5.3.1. Let z′t ∈ R+ be the solution of (5.3.7) with initial condition z′0 = θ′0

which is independent of F∞ = σ
(⋃

t≥0Ft

)
and satisfies (E[|θ′0|2])1/2 is finite. Then under
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the assumptions 5.3.1, 5.3.2, 5.3.3, and 5.3.4, we have,

w1,2(L(zt),L(z′t)) ≤ c2e
−c1tw1,2(L(θ0),L(θ′0)),

where the constants c1 and c2 are given are given as,

c1 = min{ϕ̄, CV,1(p), 4CV,2(p)ε̇CV,1(p)}/2,

where the explicit expressions for CV,1(p) and CV,2(p) can be found in Lemma 5.3.1 and
ϕ̄ is given by,

ϕ̄ =

(√
4π/Lb̄ exp

((
b̄
√
L/2 + 2/

√
L
)2))−1

.

Furthermore, any ε̇ can be chosen which satisfies the following inequality,

ε̇ ≤ 1 ∧

(
8CV,2(p)

√
π/L

∫ b̃

0

exp

((
s
√
L/2 + 2/

√
L
)2)

ds

)−1

,

where

b̃ =
√
2CV,2(p)/CV,1(p)− 1, b̄ =

√
4CV,2(p)(1 + CV,1(p))/CV,1(p)− 1.

The constant c2 is given as, the ratio C11/C10, where C11, C10 are given explicitly in [16]
Lemma 3.26.

Proof. Refer [16, Lemma 3.26]

Below, we present a series of results that facilitate the estimation of ER. We would
like to point out that the proofs of these results follow directly from the analysis in
[16, 76]. However, for the purpose of exposition, we provide the outline of the proofs.

Lemma 5.3.6. Consider n ∈ N and assume that assumptions 5.3.1, 5.3.2, 5.3.3, and
5.3.4 are satisfied. Then for any 0 < h ≤ h∗, where h∗ is specified in (5.3.4), and
t ∈ (nT, (n+ 1)T ], it follows that,

W1(L(ξvt ),Ξ
n,h
t,v )) ≤

√
h (C1e−an/2E[V2(θ0)] + C2) (5.3.59)

where C1 and C2 are given in equation (5.3.64).
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Proof. In order to prove this lemma, we use the inequalityW1 ≤ W2. Now observe that,

E[|ξvt − Ξn,h
t,v |2] ≤ 2h2E

[∣∣∣∣ (∫ t

nT

∇F ε
x(ξ

v
⌊u⌋)− v⌊u⌋

)
du

∣∣∣∣2
]

+ 4hL2

∫ t

nT

E[|ξvu − ξv⌊u⌋|2]du+ 4hL2

∫ y

nT

E[|ξvu − Ξn,h
u,v |2]du. (5.3.60)

Now as a consequence of Lemma 5.3.4 and 5.3.5, we have,

E[|ξvt − Ξn,h
t,v |2] ≤ 2h

(
ae−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2

)
+ 4hL2

(
ae−ah⌊t⌋E[V2(θ0)] +B1

)
+ 4hL2

∫ t

mT

E[|ξvu − Ξn,h
u,v |2]du (5.3.61)

Now, by Gronwall’s inequality, we have,

E[|ξvt − Ξn,h
t,v |2] ≤ 4he4L

2
(
a(1 + L2)e−ahnTE[V2(θ0)] + B̊ (a+ 1) + aκ0,2 + L2B1

)
.

(5.3.62)
Since, 0 < h ≤ 1, we have 1/2 < nT ≤ 1, therefore,

W2
2 (L(ξvt ),L(Ξ

n,h
t,v )) ≤ E[|ξvt − Ξn,h

t,v |2] ≤ h
(
C1e

−an/2E[V2(θ0)] + C2

)
, (5.3.63)

where,

C1 = 4e4L
2

a(1 + L2) and C2 = 4e4L
2
(
B̊ (a+ 1) + aκ0,2 + L2B1

)
, (5.3.64)

with B̊ and B1 given in Lemma 5.3.2 and Lemma 5.3.4 respectively.

Lemma 5.3.7. Consider n ∈ N and assume that assumptions 5.3.1, 5.3.2, 5.3.3, and
5.3.4 are satisfied. Then for any 0 < h ≤ h∗, where h∗ is specified in (5.3.4), and
t ∈ (nT, (n+ 1)T ], it follows that,

W1(L(Ξn,h
t,v ),L(z̃t)) ≤

√
h
(
e−min{c1,a/2}n/2C3E[V4(θ0)] + C4

)
(5.3.65)

where C3 and C4 are given in (5.3.69).

Proof (outline). The proof of this lemma follows the same argument as in [76]. The
reader may refer to [76, Lemma 5] for the detailed proof. Below, we provide an outline
of the purpose of the exposition. We begin the proof by observing that, z̃t = Ξ0,h

t,v . Now
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by the contraction argument in [16, Proposition 3.14], we have,

W1(L(Ξn,h
t,v ),L(z̃t)) ≤

n∑
j=1

W1(L(Ξj,h
t,v ),L(Ξ

j−1,h
t,v ))

≤
n∑

j=1

w1,2(L(Ξ
jT,ξvjT ,h

t ),L(ΞjT,Ξj−1,h
jT,v ,h

t ))

≤
n∑

j=1

c2e
−c1(n−j)w1,2(L(ξvjT ),L(Ξ

j−1,h
jT,v )), (5.3.66)

where the second inequality is by the fact that, W1(ζ1, ζ2) ≤ w1,2(ζ1, ζ2), and the third
inequality is because of Proposition 5.3.1. Now by the definition of w1,2(·, ·) and the
Cauchy-Schwarz inequality, we have,

w1,2(L(ξvjT ),L(Ξ
j−1,h
jT,v )) ≤ W2(L(ξvjT ),L(Ξ

j−1,h
jT,v ))

[
1 +

(
E[V4(ξvjT )]

)1/2
+
(
E[V4(Ξj−1,h

jT,v )]
)1/2]

.

(5.3.67)
Now using the inequality 2ab ≤ νa2+ν−1b2 with ν = 1/

√
h, Lemma 5.3.3, corollary 5.3.1

and (5.3.63), we can prove that,

W1(L(Ξn,h
t,v ),L(z̃t)) ≤ c2

√
h

(
1 +

2

min{c1, a/2}

)
e−min{c1,a/2}(n)/2E[V4(θ0)]

(
emin{c1,a/2}C1 + 12

)
+

c2
√
h

1− ec1

(
15 + 12C̊

(
1 +

1

a

)
+ 9v5(KV(4)) + C2

)
≤
√
h
(
e−min{c1,a/2}n/2C3E[V4(θ0)] + C4

)
(5.3.68)

where,

C3 = c2

(
1 +

2

min{c1, a/2}

)(
emin{c1,a/2}C1 + 12

)
C4 =

c2
1− ec1

(
15 + 12C̊

(
1 +

1

a

)
+ 9v5(KV(4)) + C2

)
, (5.3.69)

with c2, c1 given in Proposition 5.3.1, C1, C2 given in Lemma 5.3.6, C̊ given in Lemma
5.3.2, and KV(4) given in Lemma 5.3.1.

Lemma 5.3.8. Consider n ∈ N and assume that assumptions 5.3.1, 5.3.2, 5.3.3, and
5.3.4 are satisfied. Then for any 0 < h ≤ h∗, where h∗ is specified in (5.3.4), and
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t ∈ (nT, (n+ 1)T ], it follows that,

W2(L(Ξn,h
t,v ),L(z̃t)) ≤ h1/4

(
e−min{c1,a/2}n/4C5(E[V4(θ0)])1/2 + C6

)
, (5.3.70)

where C5 and C6 are given in (5.3.71).

Proof (outline). The proof of this lemma follows the same line of argument as given
above while applying W2(ζ1, ζ2) ≤

√
2w1,2(ζ1, ζ2). The reader may refer to [76, corollary

6] for the complete argument. The constants C5 and C6 are given as,

C5 =
√
2c2

(
2
√
2 + emin{c1/2.a/4}/2

√
C1

)(
1 +

2

min{c1/2, a/4}

)
,

C6 =

√
2c2

1− e−c1/2

(
1 + 2

√
2 + 2

√
2C̊(1 + a−1) +

√
3v5(KV(4)) +

√
C2

)
,

(5.3.71)

where c2, c1 are given in Proposition 5.3.1, C1, C2 in Lemma 5.3.6, C̊ in Lemma 5.3.2 and
KV(4) in Lemma 5.3.1.

Lemma 5.3.9. Consider n ∈ N and assume that assumptions 5.3.1, 5.3.2, 5.3.3, and
5.3.4 are satisfied. Then for any 0 < h ≤ h∗, where h∗ is specified in (5.3.4), and
t ∈ (nT, (n+ 1)T ], it follows that,

W1(L(ξvt ), π
x,ε
δ ) ≤ C̄1

√
h+ C̄2e

−C̄3n, (5.3.72)

where C̄2 and C̄3 are given in (5.3.76) and C̄1 is given is (5.3.64).

Proof (outline). To begin with, by triangle inequality, Lemma 5.3.6 and Lemma 5.3.7,
we have,

W1(L(ξvt ), π
x,ε
δ ) ≤ W1(L(ξvt ),L(Ξ

n,h
t,v )) +W1(L(Ξn,h

t,v ),L(ξt)) +W1(L(z̃t), πx,ε
δ )

≤ C̄1

√
h
(
e−min{a/2,c1}n/2E[V4(θ0)] + 1

)
+W1(L(z̃t), πx,ε

δ ) (5.3.73)

where C̄1 = max{
√

C1 + C3,
√

C2 + C4}. Further, we know,

W1(L(z̃t), πx,ε
δ ) ≤ w1,2(L(z̃t), πx,ε

δ ) ≤ c2e
−c1htw1,2(θ0, π

x,ε
δ ).
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Therefore,

W1(L(ξvt ), π
x,ε
δ ) ≤ C̄1

√
h
(
e−min{a/2,c1}n/2E[V4(θ0)] + 1

)
+ c2e

−c1htw1,2(θ0, π
x,ε
δ )

≤ C̄1

√
h
(
e−min{a/2,c1}n/2E[V4(θ0)] + 1

)
(5.3.74)

+ c2e
−c1ht

(
1 + E[V2(θ0)] +

∫
Rd

V2(θ)πx,ε
δ d(θ)

)
≤ C̄1

√
h
(
e−min{a/2,c1}n/2E[V4(θ0)] + 1

)
+ c2e

−min{a/2,c1}n/2
(
1 + E[V2(θ0)] +

∫
Rd

V2(θ)πx,ε
δ d(θ)

)
≤ C̄1

√
h+ C̄2e

−C̄3n (5.3.75)

where,

C̄2 =

(
E[V4(θ0)] + 1 + E[V2(θ0)] +

∫
Rd

V2(θ)πx,ε
δ dθ

)
,

C̄3 = c2min{a/2, c1}/2,
(5.3.76)

with c2, c1 being given in Proposition 5.3.1 and C̄1 is given in (5.3.64).

Lemma 5.3.10. Consider n ∈ N and assume that assumptions 5.3.1, 5.3.2, 5.3.3, and
5.3.4 are satisfied. Then for any 0 < h ≤ h∗, where h∗ is specified in (5.3.4), and
t ∈ (nT, (n+ 1)T ], it follows that,

W2(L(ξvt ), π
x,ε
δ ) ≤ C̄4h

1/4 + C̄5e
−C̄6n, (5.3.77)

where C̄4, C̄5 and C̄6 are given in (5.3.78).
Proof (outline). As before, by triangle inequality, Lemma 5.3.8 and (5.3.63) we have,

W2(L(ξvt ), π
x,ε
δ ) ≤ W2(L(ξvt ),L(Ξ

n,h
t,v )) +W2(L(Ξn,h

t,v ),L(ξt)) +W2(L(ξt), πx,ε
δ )

≤
√

h(C1e−an/2E[V2(θ0)] + C2) + h1/4
(
e−min{c1,a/2}n/4C5(E[V4(θ0)])1/2 + C6

)
+
√
2w1,2(L(ξt), πx,ε

δ )

≤
√

h(C1e−an/2E[V2(θ0)] + C2) + h1/4
(
e−min{c1,a/2}n/4C5(E[V4(θ0)])1/2 + C6

)
+

√
2c2e−c1n

(
1 + E[V2(θ0)] +

∫
Rd

V2(θ)πx,ε
δ d(θ)

)
≤ C̄4h

1/4 + C̄5e
−C̄6n

Ph.D. Thesis

TH-3688_196123105



CHAPTER 5 135

where,

C̄5 =

(√
C1(E[V2(θ0)])1/2 + C5(E[V2(θ0)])1/4 +

√
2c2

(
1 + E[V2(θ0)] +

∫
Rd

V2(θ)πx,ε
δ d(θ)

))
,

C̄4 =
√

C2 + C6,

C̄6 =
min{c1, a/2}

4
,

(5.3.78)
with c2, c1 given in Proposition 5.3.1 , C1, C2 given in (5.3.64) and C5, C6 given in
(5.3.71).

We now present the proof of the main theorem.

Proof Theorem 5.3.1. To begin with, we observe that,

E[F (θvt )]− inf
θ∈Rd

F (θ) = E[F (θvt )]− E[F ε(θvt )] + E[F ε(θvt )]− inf
θ∈R

F ε(θ) + inf
θ∈R

F ε(θ)− inf
θ∈R

F (θ)

≤
∣∣∣∣E[F (θvt )]− E[F ε(θvt )]

∣∣∣∣+ E[F ε(θvt )]− inf
θ∈R

F ε(θ) +

∣∣∣∣ infθ∈R
F ε(θ)− inf

θ∈R
F (θ)

∣∣∣∣
≤ E[|F (θvt )− F ε(θvt )|] + E[F ε(θvt )]− inf

θ∈R
F ε(θ) + sup

θ∈Rd

|F (θ)− F ε(θ)|

≤ 2ε+ E[F ε(θvt )]− inf
θ∈R

F ε(θ). (5.3.79)

We now further decompose the second term in the above inequality,

E[F ε(θvt )]− inf
θ∈R

F ε(θ) = E[F ε(θvt )]− E[F ε(z∞)] + E[F ε(z∞)]− inf
θ∈R

F ε(θ), (5.3.80)

where z∞ ∼ πx,ε
δ . By Lemma 6 in [71], we have that,

E[F ε(θvt )]− E[F ε(z∞)] ≤
∫
(Rd)N

P⊗ndx ((σ̄L+B)W2(L(θvt ), π
x,ε
δ )) , (5.3.81)

where σ̄ = max{E[|θvt |2],E[|z∞|2]} ≤ (2b+ 2dδ−1 + B̊(1 + a−1)). Moreover, by Lemma
5.3.10, we have,

W2(L(θvt ), π
x,ε
δ ) ≤ C̄4h

1/4 + C̄5e
−C̄6hn, (5.3.82)

therefore,
E[F ε(θvt )]− E[F ε(z∞)] ≤ C̄1,7h

1/4 + C̄2,7e
−C̄6hn, (5.3.83)
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where,

C̄1,7 = C̄4(2b+ 2dδ−1 + B̊(1 + a−1)) and C̄2,7 = C̄5(2b+ 2dδ−1 + B̊(1 + a−1)). (5.3.84)

Finally, by Proposition 11 and 12 in [71], we have,

E[F ε(z∞)]− inf
θ∈R

F ε(θ) ≤ E[F ε(z∞)]− E[F ε
x(z∞)] + E[F ε

x(z∞)]− inf
θ∈R

F ε(θ)

≤ C̄8

N
+

d

2δ
log

(
eL

a

(
bδ

d
+ 1

))
, (5.3.85)

for some constant C̄8 > 0. Collating everything together, we get the final result.

5.4 Numerical Illustration

In this section, we complement our theoretical results with numerical examples where we
conduct numerical experiments to evaluate the effectiveness of the SVRG-LD method dis-
cussed. We address the minimum-CVaR portfolio optimization problem (5.1.14), employ-
ing both the conventional SGLD approach, where vn = ∇f ε(θvn, Y

x
n+1), and the SVRG-LD

methods developed within this chapter, and subsequently compare their outcomes.
As discussed in Section 5.1, we assume the availability of N samples from the L(X)

i.e., x = {X1, . . . , XN} and consequently attempt to solve the optimization problem
given as,

C̃VaR
x

ν (Φ) := inf
θ∈R

{
ϑ+

1

1− ν

1

N

N∑
k=1

(Φ(w,Xk)− ϑ)+ +
η

2
|θ|2
}
. (5.4.1)

where (x)+ represents the max{x, 0}. From the above equation,

f(θ,X) = ϑ+
1

1− ν
(Φ(w,X)− ϑ)+ +

η

2
|θ|2 (5.4.2)

Further, we define Φ(w,X) as follows,

Φ(w,Xk) =
d∑

j=1

ewjXj
k∑d

k=1 e
wk

, (5.4.3)

Ph.D. Thesis

TH-3688_196123105



CHAPTER 5 137

and therefore, gi(w) =
ewi∑d
j=0 e

wj

. Moreover, in order to deal with the discontinuous

gradient of f(θ,X), we consider a smooth approximation given as,

f ε(θ,X) = ϑ+
1

1− ν
Sε(ϕ(w,X)− ϑ) +

η

2
|θ|2, (5.4.4)

where,
Sε(x) := ε ln

(
1 + e

1
ε
x
)
, for some ε > 0. (5.4.5)

Finally, in order to perform our numerical experimentation, we consider a portfolio of two
assets X1 and X2, wherein in the first case, we consider X1 ∼ N (1, 4) and X2 ∼ N (0, 1).
On the other hand the second case, we consider X1 ∼ td.f. X2 ∼ N (0, 1) where d.f.
denotes the degree of freedom and is equal to 1000 for our simulation. We consider, for
our implementation, the sample size N = 1000, δ = 108, η = 10−8 and the confidence
interval ν = 0.95 . We run our algorithm for h = {0.02, 0.005, 0.0025} and for 50, 000

iterations where we consider the initial epoch length m0 = 10. In order to estimate the
ER (Excess Risk), we run 1000 simulations and approximate ER as,

ER ≈ 1

1000

1000∑
j=1

F (θv,j50000)− CVaRν(Φ), (5.4.6)

where,

F (θ) = ϑ+
1

1− ν

1

N

N∑
k=1

(Φ(w,Xk)− ϑ)+ +
η

2
|θ|2.

Figures 5.1, 5.2, and 5.3 illustrate the trajectories of the weights w1, w2 and parameter
ϑ for X1 = N (1, 4) and X2 = N (0, 1) concerning h ∈ {0.02, 0.005, 0.0025}. Meanwhile,
Figures 5.4, 5.5, and 5.6 demonstrate the convergence of C̃VaR

x

ν (Φ) under varying values
of h. Likewise, the trajectories of weights w1, w2 and parameter ϑ for X1 = t{d.f.=1000}

and X2 = N (0, 1) in relation to h ∈ {0.02, 0.005, 0.0025} are depicted in Figures 5.7,
5.8, and 5.9, with Figures 5.10, 5.11, and 5.12 showing the convergence of C̃VaR

x

ν (Φ)

for different values of h. Finally, Figure 5.13 details the rate of descent of ER as the
step-size h diminishes.
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Figure 5.1: Trajectories of w1, w2 and ϑ for SGLD and SVRG-LD with step size h = 0.02, where
X1 = N (1, 4) and X2 = N (0, 1). At this larger step size, both methods exhibit higher variance, with
SGLD showing more pronounced fluctuations whereas, SVRG-LD maintains relatively smoother paths.

Figure 5.2: Trajectories of w1, w2 and ϑ for SGLD and SVRG-LD with step size h = 0.005, where
X1 = N (1, 4) and X2 = N (0, 1). Both algorithms converge toward similar parameter values, but SVRG-
LD demonstrates significantly reduced variance and smoother convergence.

Figure 5.3: Trajectories of w1, w2 and ϑ for SGLD and SVRG-LD with step size h = 0.0025, where
X1 = N (1, 4) and X2 = N (0, 1). Both algorithms converge toward similar parameter values, but SVRG-
LD demonstrates significantly reduced variance and smoother convergence.

Ph.D. Thesis

TH-3688_196123105



CHAPTER 5 139

Figure 5.4: Log-scale evolution of the estimated C̃VaR
x

ν (Φ) under SGLD and SVRG-LD with step
size h = 0.02, for X1 = N (1, 4) and X2 = N (0, 1). SVRG-LD achieves faster intial convergence to
optimal CVaR and maintains the values throughout the iterations. The right panel (last 1000 iterations)
highlights the lower variance and more stable behavior of SVRG-LD compared to the noisier and more
erratic path of SGLD.

Figure 5.5: Log-scale evolution of the estimated C̃VaR
x

ν (Φ) under SGLD and SVRG-LD with step size
h = 0.005, for X1 = N (1, 4) and X2 = N (0, 1). SVRG-LD achieves faster and smoother convergence to
optimal CVaR values, while SGLD exhibits greater fluctuations, especially during the final iterations.
The right panel highlights SVRG-LD’s significantly lower variance and more stable behavior compared
to SGLD.
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Figure 5.6: Log-scale evolution of the estimated C̃VaR
x

ν (Φ) under SGLD and SVRG-LD with step size
h = 0.0025, for X1 = N (1, 4) and X2 = N (0, 1). SVRG-LD achieves faster and smoother convergence
to optimal CVaR values, while SGLD exhibits greater fluctuations, especially during the final iterations.
The right panel highlights SVRG-LD’s significantly lower variance and more stable behavior compared
to SGLD.

Figure 5.7: Trajectories of w1, w2, and and ϑ for SGLD and SVRG-LD with step size h = 0.02, where
X1 = t{d.f.=1000} and X2 = N (0, 1). At this larger step size, both methods exhibit higher variance.

Figure 5.8: Trajectories of w1, w2, and and ϑ for SGLD and SVRG-LD with step size h = 0.005, where
X1 = t{d.f.=1000} and X2 = N (0, 1). At this step size, both methods exhibit higher variance, with SGLD
showing more pronounced fluctuations whereas, SVRG-LD maintains relatively smoother paths.
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Figure 5.9: Trajectories of w1, w2, and and ϑ for SGLD and SVRG-LD with step size h = 0.0025,
where X1 = t{d.f.=1000} and X2 = N (0, 1). Both algorithms converge toward similar parameter values,
but SVRG-LD demonstrates significantly reduced variance and smoother convergence.

Figure 5.10: Log-scale evolution of the estimated C̃VaR
x

ν (Φ) under SGLD and SVRG-LD with step size
h = 0.02, for X1 = t{d.f.=1000} and X2 = N (0, 1). SVRG-LD achieves faster and smoother convergence
to the optimal CVaR values, while SGLD exhibits greater fluctuations, particularly during the later
stages of sampling. The right panel highlights SVRG-LD’s significantly lower variance and more stable
behavior compared to SGLD in the final 1000 iterations.
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Figure 5.11: Log-scale evolution of the estimated C̃VaR
x

ν (Φ) under SGLD and SVRG-LD with step
size h = 0.005, for X1 = t{d.f.=1000} and X2 = N (0, 1). Both methods converge to similar CVaR levels,
but SVRG-LD achieves this with markedly lower variance. The right panel shows that in the final
1000 iterations, SVRG-LD maintains stable and concentrated estimates, while SGLD displays persistent
fluctuations, underscoring SVRG-LD’s robustness even at smaller step sizes.

Figure 5.12: Log-scale evolution of the estimated C̃VaR
x

ν (Φ) under SGLD and SVRG-LD with step
size h = 0.005, for X1 = t{d.f.=1000} and X2 = N (0, 1). Both methods exhibit similar convergence
behavior in the early phase, but SVRG-LD achieves superior stability in later iterations. As shown
in the right panel, SVRG-LD maintains an almost flat trajectory with minimal variance, while SGLD
continues to fluctuate, highlighting the variance-reduction advantage of SVRG-LD at smaller step sizes.
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(a) X1 = N (1, 4) and X2 = N (0, 1). (b) X1 = t{d.f.=1000} and X2 = N (0, 1).

Figure 5.13: Excess Risk as a function of step size h. log-log scale.

5.5 Summary

In this study, we focused on the efficient calculation of the minimum-CVaR portfolio. In
this regard, we investigated a variance-reduced version of stochastic gradient Langevin
dynamics. We conducted a comprehensive theoretical analysis and estimated the non-
asymptotic error bound for expected ER. It is apparent from the findings presented
in Section 5.4 that the SVRG-LD method facilitates high-precision sampling from the
target distribution, yielding a significantly improved estimate of CVaR for the identical
step size.
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Chapter 6

Conclusion and Future Research

In this thesis, we explored Monte Carlo simulation and its variants as powerful tools
for addressing computationally intensive challenges in quantitative finance. Our analysis
focused on three key areas: derivative pricing, risk management, and portfolio optimiza-
tion.

We developed a hybrid algorithm for derivative pricing that combines Multilevel
Richardson-Romberg extrapolation (ML2R) with adaptive importance sampling to en-
hance computational efficiency. Numerical experiments further confirmed its effectiveness
within the quantitative finance framework. From the numerical results it is evident that
Adaptive Importance Sampling ML2R perform better than ML2R while achieving the
desired level of accuracy. We also observed that employing the importance sampling
procedure on every level of resolution might not be necessary as it would lead to an
increase in computational cost without any substantial variance reduction. For instance,
we observed that under the Milstein scheme, employing importance sampling only on
the coarsest level would lead to substantial variance reduction without any significant
computational overhead. Therefore, employing importance sampling at a low variance
level would not provide a significant variance reduction but may lead to an increased
computational cost. Hence, we need to be vigilant while incorporating the discussed
importance sampling procedure in the ML2R framework.

We also examined stochastic optimization under a biased sampling framework, lever-
aging Sample Average Approximation (SAA) to solve stochastic optimization problems.
Our investigation into uniform convergence properties provided valuable insights into the
computational cost required to estimate optimal values. We observed that integrating
MLMC in the SAA framework could lead to an improved sample complexity both in
the context of getting an ϵ−optimal solution and RMSE of O(ϵ). The theoretical find-
ings were complemented by the numerical estimation of CVaR, where we estimated the
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optimality gap of a candidate solution x̂.
Finally, we concentrated on effectively calculating the minimum-CVaR portfolio.

To address this issue, we looked at a variance-reduced version of Stochastic Gradient
Langevin Dynamics (SVRG-LD). The performance of our strategy was confirmed by nu-
merical tests and backed by a non-asymptotic error constraint for the Expected Excess
Risk.

While many of the examples developed in this thesis focus on scalar SDEs, the meth-
ods—particularly those based on the MLMC framework—can be naturally extended to
systems of SDEs. For example, in the context of importance sampling, such exten-
sions to higher dimensions are straightforward when employing the Euler–Maruyama
discretization. However, we acknowledge that high-dimensional settings introduce addi-
tional challenges, particularly when using the Milstein scheme, where the computation of
Lévy areas becomes non-trivial. Addressing such issues may require specialized numeri-
cal techniques or approximations. A comprehensive treatment of these aspects remains
an important direction for future research.

As observed in the conduct of the numerical experiment the effect of the hybrid
method is prominent when the rate of convergence of variance β > 1. However, as
discussed β > 1 with the Milstein scheme for a high dimensional SDE is difficult due to
Lévy area simulation, which is computationally expensive. Therefore, in future research,
we would like to study the importance of sampling under the antithetic MLMC paradigm
for problems dealing with higher dimensional SDEs. Similar to the discussion in Chapter
2 and Chapter 3, one could leverage the Central Limit Theorem developed and discussed
in [11] to design the importance sampling estimator for high dimensional SDEs. Another
direction of research we would like to explore is to integrate the importance sampling
technique with the adaptive sampling MLMC technique to improve the computational
cost in the nested expectation paradigm.

The most natural extension of the study undertaken in Chapter 3 would be to ex-
amine the effect of biased sampling in a multistage stochastic program. From the com-
putational perspective, we can introduce retrospective approximation [69] in the biased
sampling framework and conduct an extensive analysis with respect to convergence and
sample complexity with respect to both Monte Carlo and Multilevel Monte Carlo setups.
Moreover, in this study, we only look into deterministic constraints. It would be an
interesting problem to study the SAA under the biased sampling framework with chance
constraints, such as risk-averse portfolio optimization problems [74] and stochastic con-
trol problems [61]. Additionally, it would be interesting to incorporate various variance
reduction techniques to further improve the performance of the SAA.
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In future, we would also like to focus on examining the impact of bias induced in the
sample Xi’s and performing a comprehensive error analysis to provide an upper bound
for the Excess Risk. The impact of biased sampling has been recently studied in the
stochastic gradient descent paradigms with extension to the multilevel framework (see,
e.g. [22]). However, no such study has been conducted using the SGLD framework.
We would like to explore this area and undertake a theoretical analysis with the aim of
providing a bound for the Excess Risk. We can further incorporate the SVRG-LD in
the biased framework to improve our computational results. Additionally, for quicker
convergence and less computing load, we will study the concept of a multilevel gradient
estimator under biased sampling.

Overall, our findings highlight the potential of advanced Monte Carlo techniques in
financial applications, offering improved accuracy and computational efficiency across
derivative pricing, risk assessment, and portfolio optimization.
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