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Chapter 1

Introduction

The treatment of electronic transitions during a chemical reaction is one of the most im-

portant issue in the study of molecular systems. Since the molecular processes are gov-

erned by Coulombic interactions, it is well established fact that the relevant Schroedinger

equation (SE), in principle, can treat those processes accurately and provide the solutions

as the observable such as reactive/non-reactive cross sections or spectroscopic quantities

leading to the main theoretical interest in developing numerical algorithm to solve the

SE. The fundamental theoretical development by Born - Oppenheimer1 (BO) and there-

after, Born - Huang2 help us to pursue the quantum mechanical treatment of realistic

molecular system as long as the process takes place exclusively on the ground electronic

state. Indeed, the situation becomes complicated almost immediately when the excited

electronic states affect the ground due the presence of so called “nonadiabatic coupling”

(NAC),3 i.e., the coupling among the adiabatic electronic states and thereby, further rig-

orous theoretical treatment is required. This adiabatic framework is formed as a result of

a straightforward application of the BO treatment (not approximation) with regard to an

aggregate of particles made up of fast electrons and slow nuclei.2,4 When the electronic

excitations are included in the molecular processes, the Hellmann - Feynman theorem5,6

points out the existence of singularity in the NAC terms any where in the configuration

space. These singularities arise due to the fact that electronic states become degenerate

at certain points or along a line (seam) in the configuration space.7 At this junction, we

may mention that singularities dictate a crucial role in the theory of elementary particles8

leading to vector potentials connected with the creation and annihilation of elementary
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2 Introduction

particles. It may be interesting to note that the required theoretical approach to handle

the singularities of NAC terms in molecular physics9 is similar to that of used in field

theory and elementary particles.

For a quite longer period, the presence of singularity in nonadiabatic coupling terms

had been overlooked until Longuet-Higgins10 and others demonstrated that such singu-

larity destroy the single − valuedness of electronic wavefunction in many molecular sys-

tems and therefore, it is not worth to pursue dynamical calculations for the nuclei on the

multi-valued diabatic potential energy surfaces (PES). Herzberg and Longuet-Higgins’

(HLH)11 corrected this deficiency by multiplying a complex phase factor,12 known as

Longuet-Higgins’ phase, leading to a single valued wavefunction. This ‘modification’ of

the electronic eigenfunctions is not an outcome of any first principle based theory but

imposed in an ad hoc manner. In an alternative approach, Mead and Truhlar13 intro-

duced a vector potential in the nuclear Hamiltonian to generalize the Born-Oppenheimer

equation, which is a reminiscent of the complex phase factor treatment of Herzberg and

Longuet-Higgins. With these theoretical predictions, Kuppermann et al.14–16 and many

others17–19 calculated integral and differential scattering cross sections of H3 isotopic sys-

tem, Adhikari et al.20 evaluated the transition probabilities of a two arrangement channel

pseudo Jahn-Teller model and clearly demonstrate the effect of Longuet-Higgins’ phase,

also known as geometric phase (GP),13,21–23 on reactive/non-reactive transition proba-

bilities with a demand to explore the origin of GP from first principle.

The development of any first principle based theory by including BO treatment con-

siders the fact that slow-moving nuclei is distinguishable from fast-moving electrons in

molecular systems and intends to impose the BO approximation by neglecting the effect

of upper electronic state(s) on the lower with the implication − the nonadiabatic coupling

elements are negligibly small. Such approximation has been assumed to be independent

of the eigenspectrum of the system and thereby, the ordinary BO equations are being

frequently used for calculations even for systems with large NAC terms. Even if the

component of the total wavefunction on the upper electronic state(s) are negligibly small

at enough low energies, the products between the singularly large NAC terms and the

amplitudes of the excited state(s) wavefunctions could be finite in magnitude leading to
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the breakdown of BO approximation. Thus, it is a matter of contemporary research how

elegantly one can handle the NAC terms instead of neglecting them forcibly. Since the

definition of NAC terms appear in the adiabatic representation of SE and those terms are

usually very sharp functions of nuclear coordinates with singularity in the configuration

space, one may wish to perform an unitary transformation to obtain the diabatic repre-

sentation of those SEs, where couplings among the electronic states are slowly varying

functions of nuclear coordinates and therefore, the dynamical calculations on the diabatic

PESs are numerically accurate and stable. Each of these two frameworks has its own ad-

vantages and disadvantages: The diabatic framework24 is characterized by smooth po-

tentials and therefore is friendly with respect to treating the nuclear Schroedinger equa-

tion, whereas the adiabatic framework, characterized by numerically rough magnitudes

and becomes unfriendly. However, the adiabatic framework is well defined mathemat-

ically and robust from the physical point of view, but the diabatic framework is nei-

ther unique nor robust (because it is based on arbitrary fixed points in the configuration

space).25,26

While developing such theories, Mead and Truhlar (MT)27 mentioned that the con-

sideration of the entire Hilbert space (n = N) to incorporate the couplings among the

electronic states is indeed a trivial approach to demonstrate. In the same article,27 they

explore the Curl of the non - adiabatic coupling for any realistic description of the elec-

tronic wavefunction. A general vector field can be decomposed into longitudinal and

transverse components, where the longitudinal component can be expressed as a deriva-

tive of a scalar and the transverse component by the curl of a vector. The ADT can at best

remove the longitudinal component of the derivative coupling. The longitudinal and

transverse components are referred to as the removable and non removable couplings.

The general characteristics of the removable and non removable components have

been discussed by Kendrick, Mead and Truhlar.28 When the energy eigenvalues are well

separated, the removable and non removable couplings will be of the same order. At

sufficiently low energies (well below the energy of the upper state), these coupling can

be ignored in dynamics calculations due to the 1/M prefactor. At the close proximity of

a degeneracy, only the removable coupling is singular and according to the degenerate

TH-602_BSARKAR
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perturbation theory, the non removable couplings are insignificant.29 It means that the

ADT angle can be obtained by integrating the derivative coupling at and around the

same region. On the contrary, away from the conical intersection, the contribution from

the non removable coupling appears in path dependent integrals for the ADT angles and

therefore, closed line integrals of the derivative coupling30 will not be multiples of π. The

inclusion of more electronic states can reduce this problem,31 however, greatly increases

the computational cost of ab initio quantum chemistry and dynamical calculations.

One can separate the removable and non removable couplings by solving Poisson’s

equation for the ADT angle λ.32 As there are many possible definitions for the boundary

conditions on λ,33 there is no unique solution. Moreover, the solution of Poisson’s equa-

tion is computationally too expensive to be carried out for molecules of more than three

atoms. Since the Born - Oppenheimer approximation implies that it is not necessary to

find the best diabatic basis, one can find a diabatic basis for which the residual couplings

can be neglected and such bases are referred to as quasidiabatic bases. The requirements

for a quasidiabatic basis are easier to satisfy: (a) The singularity in the derivative coupling

must be transformed away; (b) The residual couplings must be negligible. It is desirable

for a diabatic basis to estimate the residual couplings to ensure that no spurious coupling

have been incorporated. If it is necessary, the residual couplings could be perturbatively

included in scattering calculations.

The question to be asked is if there exists a way to form a framework where the po-

tentials are diabatic (and therefore smooth) and at the same time robust. The various

aspects of this question were matter of discussions span over a period of more than

30 years.7,18–20,26,33–55 The adiabatic-to-diabatic transformation (ADT) matrix, which

transforms the adiabatic framework (namely, the corresponding adiabatic potentials) and

yields the diabatic framework, thus forms the anticipated diabatic potentials.35,36 This

ADT matrix is calculated by solving first order differential equations along contours.26,36

On the other hand, the transformation from adiabatic to diabatic representation of SEs for

a given sub - Hilbert space is guaranteed only when the NAC terms being vector fields

satisfy the so called Curl conditions. While carrying out this procedure (which satisfies

the required mathematical conditions) an orthogonal ADT matrix not only replaces the
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adiabatic potentials but also eliminates the troublesome NAC terms and forms ordinary

smooth potential-type coupling terms. Moreover, it has been shown analytically that the

formulation of extended BO equations is possible only when there exists a coordinate in-

dependent ratio of the gradients for each pair of ADT/mixing angles implying zero Curls

of the NAC terms. Therefore, the nature of the Curls of the NAC terms is an crucial aspect

to explore in order to carry out the first principle based theoretical development on BO

treatment.

Baer et al.56–58 made the first attempt to pursue the first principle based BO treatment

on two coupled electronic states as sub-Hilbert space, performed the adiabatic-diabatic

transformation of SE and derived a new set of two coupled BO equations by grafting the

effects of NAC terms into the diagonal to formulate the single surface Extended Born-

Oppenheimer (EBO) equations. In an alternative approach, Varandas and Xu54 reformu-

lated the two state adiabatic nuclear SE by casting the NAC elements in terms of nuclear

coordinate dependent electronic basis functions angle (mixing angle), found the one-to-

one correspondence between mixing54 and adiabatic-diabatic transformation (ADT)36

angles and then, derive the single surface EBO equation in the vicinity of degeneracy.

Both the formulations with two-dimensional sub-Hilbert space have the following in-

built features: (a) The components of NAC term satisfy the Curl condition; (b) The Curl

of the NAC term is zero. On the other hand, the BO treatment for any N(≥ 3) state cou-

pled BO system in the adiabatic representation of nuclear SE, the transformation from

adiabatic to diabatic equations and the formulation of EBO equations has been carried

out by Baer et al.59 and Adhikari et al.60 considering a model situation instead of in-

cluding the general features of any BO system. Moreover, the formulation does not have

the scope to demonstrate (a) how the Curl conditions are being satisfied − a necessity

to pursue adiabatic-diabatic transformation; (b) how the Curls are zeros around coni-

cal intersection(s) [CI(s)]61 − a necessary condition to formulate approximate/rigorous

EBO equation. In this thesis we46,62–64 performed a generalized BO treatment of any

N ≥ 3 coupled electronic states with a detailed analysis of Curl conditions and thereby,

carried out adiabatic - diabatic transformation of nuclear SE, and finally formulated an

approximate46,63 as well as rigorous62–64 EBO equations in terms of electronic basis func-
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6 Introduction

tions/ADT angles.

The second subject to be discussed is the interaction of an external field with a molec-

ular system. Experimental studies related to such interactions, particularly the possi-

bility of effecting chemical processes by laser fields, started already during the early

1980s.65,66 At about the same time George67,68 and co-workers were performing the

first theoretical/numerical studies for atom-diatom (inelastic) collisions in relative strong

laser fields. These were later extended to study the effect of laser fields on chemical ex-

change processes.56,69–71 For instance, it was revealed, while considering the reaction

F+H2 →HF+HF, that different photons affect in a significantly different manner the quan-

tum yields of this reaction.71 These somewhat sporadic studies were intensified a few

years later owing to a new trend of studies aimed at revealing the relevant parameters (or

conditions) to control molecular processes in laser fields.72–74

Recently, we have become engaged in this subject, but for a different reason: we are

interested in determining to what extent an intense external field interferes and/or com-

petes with effects due to the above-mentioned NAC terms. For this purpose we need first

to develop a theoretical approach to treat systems controlled by electronic nonadiabtic

coupling terms which are exposed to intense laser fields. It is important to mention that

the available (perturbative) approach to treat the corresponding field-dressed SE is not re-

ally well devised to study such intense processes. According to this procedure, one uses

the adiabatic field-free eigenfunctions to form the time-dependent (TD) coupling matrix

that is added to the adiabatic field-free Hamiltonian.75,76 This procedure may fail because

an intense laser field is expected to excite a large number of the field-free adiabatic states,

thus blowing the dimensions of matrices to numbers much too large. This situation is

further aggravated by the fact that the density of molecular states increases with energy.

A few years ago a different approach was presented,77 which was also recently applied

in one case.78–80 This approach is similar to the one we employ in the field-free case but

with one main difference, namely, that the above mentioned required field-dressed ADT

matrix is derived along space-time contours (instead of spatial contours in the field-free

case).

In the following sections the adiabatic N - electronic state coupled nuclear motion

TH-602_BSARKAR



1.1 Adiabatic Representation 7

Schroedinger equations are presented along with the NAC terms, where Hellmann-Feynmann

theorem describes the general feature of those terms. The diabatic representation, the

transformation from adiabatic to diabatic frameworks and the relevant curl condition,

the Jahn-Teller model and the Longuet-Higgins phase and formulation of EBO equation

for two-state system are also discussed.

1.1 Adiabatic Representation

In the adiabatic representation of Schroedinger equation, the total electron-nuclei Hamil-

tonian (Ĥ) that governs the motion of nuclei and electrons is usually written in the fol-

lowing form

Ĥ = T̂n + Ĥe(e,n), (1.1)

where the nuclear kinetic energy (KE) operator (T̂n) and the eigenvalue [ui(n)] − eigen-

function [ξi(e,n)] equation for the electronic Hamiltonian [Ĥe(e,n)] are presented as:

T̂n = − h̄2

2m

∑

n

∇2
n,

Ĥe(e,n)ξi(e,n) = ui(n)ξi(e,n). (1.2)

The BO expansion for the molecular wavefunction, Ψ(n, e) is given by

Ψ(n, e) =
N
∑

i=1

ψi(n)ξi(e,n), (1.3)

where ξi(e,n)s are the electronic eigenfunctions with nuclear coordinate dependent ex-

pansion coefficients, ψi(n)s subsequently termed as nuclear wavefunction and the sets of

nuclear and electronic coordinates are defined as n and e, respectively.

Substituting the molecular wavefunction [Eq. (1.3)] and the total electron-nuclear

Hamiltonian, Ĥ [Eq. (1.1)] in the time-independent Schroedinger equation,

ĤΨ(n, e) = EΨ(n, e), (1.4)
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8 Introduction

and performing the corresponding differentiations with respect to the nuclear coordinates

and the integrations with respect to the electronic coordinates yield the explicit form of

the Born-Oppenheimer system of coupled equations

− h̄2

2m
∇2ψk + (uk − E)ψk −

h̄2

2m

N
∑

j=1

(2~τ
(1)
kj ·~∇ + τ

(2)
kj )ψk = 0; k = 1, . . . , N (1.5)

where ~τ
(1)
ij and τ

(2)
ij are the elements of nonadiabatic coupling matrices of the first [~τ (1)]

and second [τ (2)] kind, respectively.

~τ
(1)
ij = 〈ξi(e,n)|~∇ξj(e,n)〉, (1.6a)

τ
(2)
ij = 〈ξi(e,n)|∇2ξj(e,n)〉. (1.6b)

For a given Hilbert/sub-Hilbert space, the two kinds of NAC matrices are related as:

τ (2) = ~τ (1) · ~τ (1) + ~∇~τ (1), (1.7)

leading to the following compact form of kinetically coupled nuclear equations:

− h̄2

2m

(

~∇ + ~τ
)2

Ψ + (U −E) Ψ = 0, (1.8)

where Ψ(n) is a column vector that contains the nuclear functions {ψk(n), k = 1, . . . , N},

U is a diagonal matrix that contains the adiabatic potentials and τ is the nonadiabatic

coupling matrix. This is the nuclear SE within the adiabatic framework for a given

Hilbert/sub -Hilbert space.

The transitions between the various eigenstates are governed by a dynamic coupling.

This framework is expected to be efficient for dynamic studies as it applies adiabatic elec-

tronic information. The main difficulty associated with this are the nonadiabatic coupling

terms as their tendency to become singular. The singularity is caused by abrupt changes

of the electronic eigenvectors as a function of nuclear coordinates.
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1.2 Diabatic Representation

The BO expansion in diabatic representation for the molecular wavefunction, Ψ(n, e) is

given by

|Ψd(n, e)〉 =

N
∑

i=1

ψd
i (n)|ξi(e,n0)〉, (1.9)

where |ξi(e,n0)〉s are the electronic eigenfunctions which depends parametrically on n0

and ψi(n0) is nuclear coordinate dependent expansion coefficients. |ξi(e,n0)〉 is the eigen-

function of the Hamiltonian

(

He(e,n0) − ui(n0)
)

|ξi(e,n0)〉 = 0 (1.10)

where ui(n0), i = 1, . . . , L are the corresponding electronic eigenvalues as calculated

for this (fixed) set of nuclear coordinates. Substituting Eqs. (1.9) and (1.10) in time-

independent Schroedinger equation, ĤΨd(n, e) = EΨd(n, e), [recalling that the coordi-

nates (n0) are not variable] and performing the corresponding differentiations with re-

spect to the nuclear coordinates and the integrations with respect to the electronic coor-

dinates yeild the following expression:

−
( h̄2

2m
∇2 − E

)

ψd
k(n) +

N
∑

j=1

Vkj(n,n0)ψ
d
k(n) = 0 (1.11)

where Vkj(n,n0) is the (k, j) diabatic matrix element given by:

Vkj(n,n0) = 〈ξk(e,n0)|He(e,n)|ξj(e,n0)〉 (1.12)

Again, He(e,n) operator is given as the sum of the electronic kinetic energy operator Te(n)

and the potential energy operator U(e,n):

He(e,n) = Te(n) + U(e,n) (1.13)

Here U(e,n) is the Coulomb field, which is governs the motion of the electron and we
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include also Coulomb interaction due to the fixed nuclei. A similar expression also holds

for He(e,n0):

He(e,n0) = Te(n) + U(e,n0) (1.14)

Since the kinetic energy operator of the electrons does not depends on the nuclear

coordinates, He(e,n) can be written in the following way:

He(e,n) = He(e,n0) +
(

U(e,n) −U(e,n0)
)

(1.15)

Having this relation, we can write more explicitly the expression of Vkj(n,n0) as

Vkj(n,n0) = vkj(n,n0) + δkjuj(n0) (1.16)

where

vkj(n,n0) = 〈ξk(e,n0)|
(

U(e,n) − U(e,n0)
)

|ξj(e,n0)〉 (1.17)

Equation (1.11) can also be written in matrix form:

− h̄2

2m
~∇2Ψd + (V −E) Ψd = 0, (1.18)

Here Vkj(n,n0) is the diabatic potential matrix, which in contrast to u(n) in Eq. (1.8) is a

full matrix. Eq. (1.18) is the Schroedinger equation within the diabatic representation.

The main difficulty here is that the nuclear dynamics is base on one single electronic

basis set (calculated at n0). This cannot be an efficient representation because it requires

a large electronic basis set producing a V matrix with large dimensions and large off

diagonal matrix elements.
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1.3 Adiabatic-to-Diabatic Transformation

The fact that the two nuclear Schroedinger equations, presented in Eq. (1.8) and (1.18),

are expected to yield the same solution implies that both equations carry with them the

same amount of information and therefore are related through an orthogonal transfor-

mation matrix. In order to derive this transformation matrix, we start with the adiabatic

Schroedinger equation, eliminate the τ -matrix elements, and form the relevant diabatic

Schroedinger equation. The newly formed diabatic Schroedinger equation and the one

presented by Eq. (1.18).

We start by replacing the column vector Ψ by another column vector Φ in Eq. (1.8)

where the two are related as:

Ψ = AΦ (1.19)

Here A is a matrix of the coordinates to be determined by the requirement that the τ

matrix in Eq. (1.8) will not appear in the Schroedinger equation for Φ. To achieve that we

evaluate the following expression:

(∇ + τ )2
AΦ = (∇ + τ )(∇ + τ )AΦ

= (∇ + τ ){A∇Φ + (∇A)Φ + τAΦ}

= A∇2Φ + 2(∇A + τA) · ∇Φ + {(τ + ∇) · (∇A + τA)}Φ (1.20)

Now, choosing A to be the solution of the following equation

(∇A + τA) = 0 (1.21)

the kinetic contribution to the Hamiltonian becomes

(∇ + τ )2
AΦ = A∇2Φ (1.22)
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and Eq. (1.8) takes the form

− h̄2

2m
A∇2Φ + (u −E)AΦ = 0, (1.23)

Multiplying by A
† − the complex conjugate matrix of A − we get

− h̄2

2m
∇2Φ + (W − E) Φ = 0, (1.24)

where W is given by

W = A
†
uA (1.25)

This equation [Eq. (1.24)] is the nuclear diabatic Schroedinger equation and W is the

corresponding diabatic potential. Since A is the (orthogonal) transformation matrix that

connects the two frameworks, it is termed the Adiabatic-to-Diabatic Transformation matrix

or as ADT matrix.

To conclude that derivation, we state that treatment of the Schroedinger equation,

whether it is done in the adiabatic or the diabatic representation, yields the same solu-

tion. In other words, the transformation from the adiabatic framework to the diabatic

frameworks (or vice versa) does not affect the solution of this equation.

1.4 The Curl Condition

From basic calculus, it is known that a function of a single variable is analytic at a given

interval if and only if it has well defined derivatives, to any order, at any point in that

interval. In the same way, a function of several variables is analytic in a region if at any

point in this region, in addition to having well defined derivatives for all variables to any

order, the result of the differentiation with respect to any two variables does not depend

on the order of the differentiation.

The fact that the A matrix fulfills Eq. (1.21) ensures the existence of derivatives to any

order for any variable, at a given region in configuration space, if τ is analytic in that
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region. In what follows, we have to find the conditions for a mixed differentiation of the

A matrix elements to be independent of the order.

For that purpose, we consider the p and q components of Eq. (1.21):

∂

∂p
A+ τpA = 0, (1.26a)

∂

∂q
A + τqA = 0 (1.26b)

Differentiating the first equation with respect to q, we find

∂

∂q

∂

∂p
A+

( ∂

∂q
τp
)

A+ τp
∂

∂q
A = 0,

or
∂

∂q

∂

∂p
A+

( ∂

∂q
τp
)

A− τpτqA = 0 (1.27)

In the same way, we get from the second equation, the following expression:

∂

∂p

∂

∂q
A+

( ∂

∂p
τq
)

A− τqτpA = 0. (1.28)

Requiring that the mixed derivative is independent of the order of the differentiation

yields:

( ∂

∂p
τq −

∂

∂q
τp

)

A = (τqτp − τpτq)A (1.29)

or (since A is a unitary matrix):

∂

∂p
τq −

∂

∂q
τp = (τqτp − τpτq) = [τq, τp]. (1.30)

Thus, in order for the A matrix to be analytic in a region, any two components of τ have

to fulfill Eq. (1.30), which is known as the Curl condition.
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1.5 The nonadiabatic coupling terms and Hellmann - Feyn-

mann theorem

We consider a diabatic potential energy matrix, W, and show that the relevant nonadia-

batic coupling terms may become, at some points in the configuration space, singular.

We assume that uj and ξj are respectively the jth eigenvalue and eigenvector of W,

namely:

W|ξj〉 = uj |ξj〉 (1.31)

Next we differentiate both sides with respect to a variable s. The left hand side yields:

∂

∂s

(

W
∣

∣ξj
〉

)

=
∂W

∂s

∣

∣ξj
〉

+ W
∣

∣

∂ξj
∂s

〉

(1.32)

and the right hand side yields:

∂

∂s

(

uj

∣

∣ξj
〉

)

=
∂uj

∂s

∣

∣ξj
〉

+ uj

∣

∣

∂ξj
∂s

〉

(1.33)

Multiplying Eqs. (1.32) and (1.33) from left by ξk where j 6= k and equating the two

expression we get (recalling that {ξj} is an orthogonal set):

〈

ξk
∣

∣

∂W

∂s

∣

∣ξj
〉

+
〈

ξk

∣

∣

∣
W

∣

∣

∣

∂ξj
∂s

〉

=
∂uj

∂s

〈

ξk
∣

∣ξj
〉

+ uj

〈

ξk

∣

∣

∣

∂ξj
∂s

〉

(1.34)

We know that

τkj(s) =
〈

ξk

∣

∣

∣

∂ξj
∂s

〉

;
〈

ξk

∣

∣

∣
W = uk

〈

ξk

∣

∣

∣
;

〈

ξk
∣

∣ξj
〉

= δkj

We find from these expressions the relation for the nonadiabatic coupling term:

τkj(s) = −

〈

ξk
∣

∣

∂W

∂s

∣

∣ξj
〉

uk − uj
(1.35)

It is noticed that singularities in the nonadiabatic coupling terms are formed whenever
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the system contains degenerate electronic states.

1.6 The Jahn-Teller model and Longuet-Higgins’ phase

In the vicinity of a point of degeneracy between two electronic states, Jahn-Teller assumed

the diabatic potentials to behave linearly as a function of the nuclear coordinates. Without

loosing generality it can be assumed:

W = k





y x

x −y



 , (1.36)

where (x, y) are some generalized nuclear coordinates and k a force constant. The aim is to

derive the eigenvalues and the eigenvectors of this potential matrix. The eigenvalues are

the adiabatic potential energy states and the eigenvectors form the columns of the ADT

matrix. In order to perform this derivation, we shall employ polar coordinates (q, ϕ),

namely:

y = q cosϕ and x = q sinϕ (1.37)

Substituting for x and y we get φ - independent eigenvalues of the form

u1 = kq and u2 = −kq where q = {0,∞} and ϕ = {0, 2π} (1.38)

As noticed from Fig. 1.1, the two surfaces u1 and u2 are cone-like PESs with a common

apex. The corresponding eigenvectors are

ξ1 =

(

1√
π

cos
ϕ

2
,

1√
π

sin
ϕ

2

)

,

ξ2 =

(

1√
π

sin
ϕ

2
,− 1√

π
cos

ϕ

2

)

. (1.39)

The components of the two vectors (ξ1, ξ2), when multiplied by the electronic (diabatic)
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basis set (|φ1〉, |φ2〉), form the corresponding electronic adiabatic basis set (|η1〉, |η2〉):

|η1〉 =
1√
π

cos
ϕ

2
|φ1〉 +

1√
π

sin
ϕ

2
|φ2〉,

|η2〉 =
1√
π

sin
ϕ

2
|φ1〉 −

1√
π

cos
ϕ

2
|φ2〉. (1.40)

Figure 1.1: The two intersecting cones within the Jahn-Teller model.

The adiabatic functions are characterized by two interesting features: (a) they depend

only on the angular coordinate (but not on the radial coordinate) and (b) they are not

single-valued in configuration space because when ϕ is replaced by (ϕ+ 2π) − a rotation

which brings the adiabatic wavefunctions back to their initial position − both of them

change sign. This last feature, which was revealed by Longuet-Higgins,10–12 may be, in

certain cases, very crucial because multi-valued electronic eigenfunctions cause the cor-

responding nuclear wave functions to be multi-valued as well, a feature which has to

be incorporated explicitly (through specific boundary conditions) while solving the nu-

clear SE. In this respect, it is important to mention that ab-initio electronic wavefunctions

indeed, possess the multi-valuedness feature as describe by Longuet-Higgins.

One way to get rid of the multi-valuedness of the electronic eigenfunctions is by mul-
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tiplying it by a phase factor, namely:

ξj(ϕ) = exp(iϕ/2)ηj(ϕ), j = 1, 2. (1.41)

It is noticed that ξj(ϕ), j = 1, 2 are indeed single-valued eigenfunctions; however, instead

of being real, they becomes complex.

The fact that the electronic eigenfunctions are modified as presented in Eq.(1.41) has a

direct effect on the nonadiabatic coupling terms. In particular, we consider the term τ
(1)
11

(which for the case of real eigenfunctions is identically zero) for the case presented in Eq.

(1.41):

τ
(1)
11 = 〈ξ1|∇ξ1〉 =

i

2
∇ϕ+ 〈η1|∇η1〉

but since 〈η1|∇η1〉 = 0, it follows that τ
(1)
11 becomes

τ
(1)
11 =

i

2
∇ϕ (1.42)

In the same way, we obtain

τ
(2)
11 =

i

2
∇2ϕ−

(1

2
∇ϕ
)2

(1.43)

The fact that now τ
(1)
11 is not zero will affect the ordinary BO approximation. In that case

the BO-SE becomes

− h̄2

2m

(

∇ +
i

2
∇ϕ
)2
ψ + (u− E)ψ = 0 (1.44)

which can be considered as an extended BO approximation22 for a case of a single iso-

lated state expressed in terms of a complex electronic eigenfunction. This equation was

interpreted for some time as the adequate SE to describe the effect of the Jahn-Teller CI

which originates from the two interacting states. As it stands, it contains an effect due to

an ad hoc phase related to a single (the lowest - state) electronic eigenfunction. Moreover,

no prescription is given how to calculate it.
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1.7 Single-surface Born-Oppenheimer equation for two -

state system

We noticed that both adiabatic and diabatic framework has its advantages and disadvan-

tages. The question to be asked is if there exists an intermediate framework that will

be simple as the diabatic framework and efficient as the adiabatic one. One of the for-

mulation proposed by Baer and Englman57 as well as Varandas and Xu54 to study the

behavior of nuclear wave function in the vicinity of CI for two coupled electronic state of

an X3 system.

The nuclear Schroedinger equation within the adiabatic representation has the follow-

ing form:

− h̄2

2m
∇2Ψ +

(

u− h̄2

2m
τ 2 −E

)

Ψ − h̄2

2m

(

2τ · ∇ + ∇τ
)

Ψ = 0 (1.45)

For a two-state electronic manifold (i.e., ignoring all nonadiabatic couplings to higher

electronic states) the nuclear motion is described by the following coupled equations:

(

− h̄2

2m
∇2 + ũ1 −E

)

ψ1 −
h̄2

2m

(

2τ · ∇ + ∇τ
)

ψ2 = 0 (1.46a)

(

− h̄2

2m
∇2 + ũ2 −E

)

ψ2 −
h̄2

2m

(

2τ · ∇ + ∇τ
)

ψ1 = 0 (1.46b)

where τ ≡ τ12 and

ũj = uj −
h̄2

2m
τ 2; j = 1, 2 (1.47)

Multiplying the second equation by the imaginary i, once adding it to the first equation

and once subtracting it, two new coupled equations are formed:

{

− h̄2

2m
∇2 + ũ1 − E + i

h̄2

2m

(

2τ · ∇ + ∇τ
)

}

ψ+ +
h̄2

2m
(ũ2 − ũ1)(ψ

+ − ψ−) = 0 (1.48a)

{

− h̄2

2m
∇2 + ũ1 − E − i

h̄2

2m

(

2τ · ∇ + ∇τ
)

}

ψ− +
h̄2

2m
(ũ2 − ũ1)(ψ

+ − ψ−) = 0 (1.48b)
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where

ψ± = ψ1 ± iψ2 (1.49)

From the above equation we get:

1

2
(ψ+ − ψ−) = iψ2 (1.50)

Assuming now that the kinetic energy of the system is low enough so that the second

state, u2, is classically forbidden throughout configuration space. This implies that ψ2 ∼

0 throughout configuration space and therefore the last terms in the Eq. (1.48) can be

ignored and we end up with two uncoupled equation of the kind:

{

− h̄2

2m
∇2 + ũ1 − E + i

h̄2

2m

(

2τ · ∇ + ∇τ
)

}

ψ± = 0 (1.51)

This is the extended Born-Oppenheimer equation which contains not only the potential

energy surface but also terms responsible for topological effects.

It is now convenient to define the two real electronic wavefunctions as

ξ1 =





cos γ(R)

− sin γ(R)



 , ξ2 =





sin γ(R)

cos γ(R)



 , (1.52)

where γ(R) is the mixing angle and R is the nuclear internal degrees of freedom. Assum-

ing that the electronic basis is orthonormal, it then can be shown that

〈ξ1|∇ξ2〉 = −〈ξ2|∇ξ1〉 = ∇γ(R) (1.53)

Similarly, we can have

〈ξ1|∇2ξ2〉 = −〈ξ2|∇2ξ1〉 = −∇2γ(R),

〈∇ξ1|∇ξ1〉 = 〈∇ξ2|∇ξ2〉 = [∇γ(R)]2

and 〈∇ξ1|∇ξ2〉 = 〈∇ξ2|∇ξ1〉 = 0
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Under this consideration one gets the following single-surface equation for the nuclear

dynamics on the lower electronic state,

{

− h̄2

2m
{∇2 − [∇γ(R)]2} + u1 − E + i

h̄2

2m

[

2∇γ(r) · ∇ + ∇2γ(R)
]

}

ψ+ = 0 (1.54)

which contains the effect of the nonadiabatic coupling term.

Finally, the overview of the thesis is as follows.

In Chapter 2 and Chapter 3, formulation of Born-Oppenheimer equation for three-

and four- state sub-Hilbert space, respectively has been discussed. These analytically

derived equations are numerically justified in Chapter 4 and Chapter 5 and finally in

Chapter 6 the subject discussed is the interaction of an external field with a molecular

system.
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Chapter 2

Born-Oppenheimer equation for

three-state system: Formulation

2.1 Introduction

We present1,2 the explicit forms of the nonadiabatic coupling elements along with their

Curl-Divergence equations in terms of ADT angles by considering the validity of ADT

condition, ~∇A + ~τA = 0, for any three state sub-Hilbert space and show the one-to-one

correspondence among the ADT and mixing angles. Since the necessary condition to

derive the EBO equations is the existence of a relation among the ADT angles implicating

zero Curls at least around the CIs, we explore an analytical proof for the validity of such

relations
[(

∂θij

∂p
∂θik
∂q

− ∂θij

∂q
∂θik
∂p

)

≡ 0, {p, q = x, y, z or r, θ, φ}, i, j, k = 1, 2, 3 and i 6= j 6=

k
]

, among these angles considering their dependence on three nuclear coordinates. The

major aim of this chapter is to perform a theoretical development on three state Born -

Oppenheimer system and then, to formulate an EBO equation in terms of ADT angles

and to show its’ analytical differences with respect to the approximate BO equation.1
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26 Born-Oppenheimer equation for three-state system: Formulation

2.2 Theoretical developments on the Born-Oppenheimer

treatment

We demonstrate1,2 a first principles based BO treatment for any three state electronic sub-

Hilbert space considering the presence of conical intersection(s) anywhere in the nuclear

configuration space and formulate EBO equation in a rigorous manner. Since we assume

these three states as either decoupled or approximately decoupled from rest of the states

of a molecular system, the BO expansion3,4 of the wavefunction for this subspace of the

Hilbert space along with the total electron-nuclei Hamiltonian in the adiabatic represen-

tation are presented as:

Ψ(n, e) =

3
∑

i=1

ψi(n)ξi(e,n),

Ĥ = T̂n + Ĥe(e,n), (2.1)

where T̂n = − h̄2

2m

∑

n

∇2
n, Ĥe(e,n)ξi(e,n) = ui(n)ξi(e,n),

where the eigenfunction [ξi(e,n)] of the electronic Hamiltonian, Ĥe(e,n), is defined by

the sets of nuclear (n) and electronic (e) coordinates with nuclear coordinate dependent

eigenvalue, ui(n). Indeed, it is obvious to specify that T̂n is the nuclear kinetic energy

operator and the expansion coefficient, ψi(n), shall appear as nuclear wavefunction.

The time-independent Schroedinger equation, ĤΨ(n, e) = EΨ(n, e), for the total electron-

nuclear Hamiltonian and the BO expansion of the sub-Hilbert space molecular wavefunc-

tion [Eq. (2.2)] bring the matrix representation of adiabatic nuclear SE:

3
∑

j=1

(Hij − Eδij)ψj(n) = 0, i = 1, 2, 3,

Hii = − h̄2

2m
(∇2 + 2~τ

(1)
ii ·~∇ + τ

(2)
ii ) + ui(n),

Hij = − h̄2

2m
(2~τ

(1)
ij ·~∇ + τ

(2)
ij ) = H†

ji,

~τ
(1)
ij = 〈ξi(e,n)|~∇ξj(e,n)〉, τ

(2)
ij = 〈ξi(e,n)|∇2ξj(e,n)〉,

〈ξi(e,n)|ξj(e,n)〉 = δij . (2.2)
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2.2 Theoretical developments on the Born-Oppenheimer treatment 27

where ~τ
(1)
ij and τ

(2)
ij are the elements of nonadiabatic coupling matrices of the first [~τ (1)]

and second [τ (2)] kind, respectively. Moreover, it is straight forward to show that for a

given Hilbert space the matrices, ~τ (1) and τ (2) are related as:

τ (2) = ~τ (1) · ~τ (1) + ~∇~τ (1) (2.3)

and thereby, we can arrive [from Eq. (2.2)] the following compact form of kinetically

coupled nuclear equations:

− h̄2

2m











~∇ ~τ12 ~τ13

−~τ12 ~∇ ~τ23

−~τ13 −~τ23 ~∇











2









ψ1

ψ2

ψ3











+











u1 − E 0 0

0 u2 − E 0

0 0 u3 − E





















ψ1

ψ2

ψ3











= 0, (2.4)

where the NAC matrix [~τ (≡ ~τ (1))] is defined as,

~τ =











0 ~τ12 ~τ13

−~τ12 0 ~τ23

−~τ13 −~τ23 0











. (2.5)

Detailed expression of adiabatic equations [Eq. (2.4)] are presented in Appendix A.

Since the three states constitute the sub-Hilbert space (i.e., a complete space for the

present case), it is possible to transform (Ψ = AΨd) the adiabatic nuclear SE [Eq. (2.4)] to

the diabatic one as below,











− h̄2

2m∇2 − E 0 0

0 − h̄2

2m∇2 − E 0

0 0 − h̄2

2m∇2 −E





















ψd
1

ψd
2

ψd
3











+











W11 W12 W13

W21 W22 W23

W31 W32 W33





















ψd
1

ψd
2

ψd
3











= 0, (2.6)
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28 Born-Oppenheimer equation for three-state system: Formulation

where W = A
†
UA (see Appendix A) with Uij = uiδij , under the condition:

~∇A + ~τA = 0. (2.7)

This equation was first formulated by M. Baer,5 and is known as Adiabatic-Diabatic

Transformation (ADT) condition. In order to a obtain a meaningful solution of Eq. (2.7),

we have to ensure that the chosen form of A matrix has the following features: (a) It is

orthogonal at any point in configuration space; (b) Its’ elements are cyclic functions with

respect to a parameter, i.e., starting with an unit diagonal matrix, the chosen form of A

matrix has to generate a diagonal matrix with even number (−1)s after completing the

cycle.

In case of three-dimensional Hilbert space, there are nine elements in the ADT matrix

(A). Since the model form of A has to be an orthogonal matrix and the ortho-normality

conditions demand the fulfillment of six relations, three independent variables namely

Euler like angles of rotation [θ12(n), θ23(n) and θ13(n)], commonly called ADT angles, are

the natural requirement to construct the three state A matrix by taking the product of

three rotation matrices, A12(θ12), A23(θ23), and A13(θ13). Let us define these three rotation

matrices [A12(θ12), A23(θ23), and A13(θ13)] and one of the ways of their product (A) as:

A(θ12, θ23, θ13) = A12(θ12) ·A23(θ23) · A13(θ13)

=











cos θ12 sin θ12 0

− sin θ12 cos θ12 0

0 0 1





















1 0 0

0 cos θ23 sin θ23

0 − sin θ23 cos θ23





















cos θ13 0 sin θ13

0 1 0

− sin θ13 0 cos θ13











=





































cos θ12 cos θ13 sin θ12 cos θ23 cos θ12 sin θ13

− sin θ12 sin θ13 sin θ23 + sin θ12 cos θ13 sin θ23

− sin θ12 cos θ13 cos θ12 cos θ23 − sin θ12 sin θ13

− cos θ12 sin θ13 sin θ23 + cos θ12 cos θ13 sin θ23

− sin θ13 cos θ23 − sin θ23 cos θ13 cos θ23





































. (2.8)
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2.2 Theoretical developments on the Born-Oppenheimer treatment 29

When we substitute the above model form of A matrix [Eq. (2.8)] and the anti-symmetric

form of τ matrix [Eq. (2.5)] in Eq. (2.8), the simple manipulation as performed by Top

and Baer6 and Alijah and Baer7 leads to the following equations for ADT angles:

~∇θ12 = −~τ12 + tan θ23(~τ13 cos θ12 − ~τ23 sin θ12), (2.9a)

~∇θ23 = −(~τ13 sin θ12 + ~τ23 cos θ12), (2.9b)

~∇θ13 = − 1

cos θ23
(~τ13 cos θ12 − ~τ23 sin θ12), (2.9c)

which in turn brings the explicit form of τ matrix elements in terms of ADT angles:

~τ12 = −~∇θ12 − sin θ23 ~∇θ13, (2.10a)

~τ23 = sin θ12 cos θ23~∇θ13 − cos θ12 ~∇θ23, (2.10b)

~τ13 = − cos θ12 cos θ23~∇θ13 − sin θ12 ~∇θ23, (2.10c)

Once the non-adiabatic coupling elements ~τ12, ~τ23 and ~τ13 are evaluated by using ab initio

calculation for a particular nuclear configuration, the solution of Eqs. (2.9) provides the

ADT angles for the same nuclear configuration. On the other hand, if we have the total

electron-nuclear Hamiltonian of a molecular system in the diabatic representation, one

can calculate the ADT matrix by diagonalizing the W matrix [Eq. (2.6)] and thereby,

obtain the NAC elements through Eq. (2.10).

A Curl condition5 for each NAC element, ~τij , has been derived and proved to exist for

an isolated group of states (sub-Hilbert space) by considering the analyticity of the ADT

matrix A for a pair of nuclear degrees of freedom,

∂

∂p
τ q
ij −

∂

∂q
τp
ij = (τ qτ p)ij − (τ pτ q)ij ,

τp
ij = 〈ξi|∇pξj〉, τ q

ij = 〈ξi|∇qξj〉. (2.11)

where p and q are in Cartesian coordinates with ∇p = ∂
∂p

and ∇q = ∂
∂q

.

Thus, the explicit form of Curl equation in terms of ADT angles for each NAC element
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30 Born-Oppenheimer equation for three-state system: Formulation

is obtained by using Eqs. (2.10) and (2.11) as below:

Curl τ pq
12 = [τ × τ ]pq

12 = − cos θ23(∇qθ23∇pθ13 −∇pθ23∇qθ13) (2.12a)

Curl τ pq
23 = [τ × τ ]pq

23 = cos θ12 cos θ23(∇qθ12∇pθ13 −∇pθ12∇qθ13)

− sin θ12 sin θ23(∇qθ23∇pθ13 −∇pθ23∇qθ13)

+ sin θ12(∇qθ12∇pθ23 −∇pθ12∇qθ23) (2.12b)

Curl τ pq
13 = [τ × τ ]pq

13 = sin θ12 cos θ23(∇qθ12∇pθ13 −∇pθ12∇qθ13)

+ cos θ12 sin θ23(∇qθ23∇pθ13 −∇pθ23∇qθ13)

− cos θ12(∇qθ12∇pθ23 −∇pθ12∇qθ23) (2.12c)

where the Divergence of ~τijs [Eq. (2.10)] are given by:

div ~τ12 = 2 sin θ12 cos θ12 cos2 θ23(~∇θ13 · ~∇θ13) − 2 sin θ12 cos θ12(~∇θ23 · ~∇θ23)

− 3 cos2 θ12 cos θ23(~∇θ13 · ~∇θ23) + sin2 θ12 cos θ23(~∇θ13 · ~∇θ23)

− sin θ23∇2θ13 −∇2θ12 (2.13a)

div ~τ23 = 2 sin θ12 sin θ23 cos θ23(~∇θ13 · ~∇θ13) + 3 cos θ12 cos θ23(~∇θ12 · ~∇θ23)

+ 3 sin θ12(~∇θ12 · ~∇θ23) + sin θ12 sin θ23(~∇θ13 · ~∇θ23)

+ sin θ12 cos θ23∇2θ12 − cos θ12∇2θ23 (2.13b)

div ~τ13 = 2 sin θ12 sin θ23 cos θ23(~∇θ12 · ~∇θ12) + 3 sin θ12 cos θ23(~∇θ12 · ~∇θ13)

− 3 cos θ12(~∇θ12 · ~∇θ23) − cos θ12 sin θ23(~∇θ13 · ~∇θ23)

− cos θ12 cos θ23∇2θ13 − sin θ12∇2θ23. (2.13c)

Moreover, it is possible to show that there are altogether six (6) different ways to take the

product of the three rotation matrices [A12(θ12), A13(θ13), and A23(θ23)] to obtain the ADT

matrix (A):

A = Pn{A12(θ12) · A23(θ23) · A13(θ13)}, n = 1, . . .N !, (2.14)
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2.2 Theoretical developments on the Born-Oppenheimer treatment 31

where Pn is the nth permutation between two rotation matrix. Indeed, it is important

to note that each ADT matrix can provide similar set of differential equations for ADT

angles [Eq. (2.9)], NAC elements [Eq. (2.10)] and their Curl - Divergence equations [Eqs.

(2.12) and (2.13)].

Since ~∇θijs and in general, ∇2θijs are non - zero around the conical intersection, the

Divergence of the vector field (~τij) are non - vanishing for any arbitrary values of ADT

angles and thereby, the vector field may show up non - zero Curl.8,9 On the other hand,

as a non - adiabatic coupling term of the kind, ~τii+1(n), associated with a (i, i+1) CI with a

singularity (pole) at the same CI point, decays like 1
r (where r is the distance from the CI),

such vector field could be resolved into irrotational (longitudinal) and solenoidal (trans-

verse) components.8,9 Though the theory of electrodynamics, by definition, reminds that

the Curl of longitudinal part (of vector field) is zero but Curl of transverse part may

or may not, experimental observations on so-called solenoids intend to argue that if in-

finitely long contour lines (seams) due to conical intersection are considered as infinites-

imal narrow “solenoids”, seams should produce zero field outside of them but ab initio

calculations10,11 show the presence of non - zero ~τ in the space surrounding the seams.

At this junction, we may also mention about Abelian and non-Abelian magnitudes of

Curl equations,12 where it has been shown that for any two state (N = 2) sub-Hilbert

space, the components of NAC matrices form Abelian Curl equation but for N ≥ 3 cases,

the Abelian or non-Abelian nature of Curl equation is yet to be explored.

The following section demonstrates that in order to formulate single surface EBO

equation, it is necessary to find out the nature of Curl τ pq
ij s quantitatively, at least around

the point of CI, for a given sub - Hilbert space. Let us start with the matrix representation

of three state adiabatic Schroedinger equation [Eq. (2.4)] as given by,

− h̄2

2m
(~∇ + ~τ )2Ψ + (U −E)Ψ = 0, Uij = uiδij. (2.15)

We wish to persue an unitary transformation on Eq. (2.15) by a matrix, G (Ψ = GΦ), such

that it leads to the following form:

− h̄2

2m
(G†~∇G + i~ω)2Φ + (V −E)Φ = 0, V = G

†
UG, i~ω = G

†~τG, (2.16)
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32 Born-Oppenheimer equation for three-state system: Formulation

where the eigenvalues (0 and ±i~ω) of the NAC matrix, ~τ should be vectors (including the

null vector) in order to obtain physically meaningful (a scalar) Hamiltonian [Eq. (2.16)]

and thereby, one can impose the BO approximation, |ψ1| >> |ψi|, i = 2, 3, by considering

the upper electronic states as classically closed at low enough energy, to formulate the

single surface adiabatic nuclear SE (EBO).13

On the other hand, since the straight forward diagonalization of ~τ matrix [Eqs. (2.5)

and (2.10)] gives scalar eigenvalues,

ω = ±
√

~τ12 · ~τ12 + ~τ23 · ~τ23 + ~τ13 · ~τ13

= ±
{

∑

i

[(∂θ12
∂pi

)2

+
(∂θ23
∂pi

)2

+
(∂θ13
∂pi

)2

+ 2 sin θ23

(∂θ13
∂pi

)(∂θ12
∂pi

)]}
1

2

, pi ≡ x, y, z, . . . .

(2.17)

but the requirement of Eq. (2.16) dictates that the eigenvalues (±i~ω) of ~τ matrix must be

vectors, the only possibility remains that the ~τ matrix could be written as the product of

a vector function, ~∇η (η ≡ θ12 or θ23 or θ13) and a ADT angle dependent anti - symmetric

scalar matrix, g(θ12, θ23, θ13). In the following paragraph, we explore to find the condition

to write, ~τ = ~∇η · g(θ12, θ23, θ13) and present its’ consequence.

The vector quantities, ~∇θ13 and ~∇θ23 in terms of its’ Cartesian components,

~∇θ13 = ~i∇pθ13 +~j∇qθ13 + · · ·, (2.18a)

~∇θ23 = ~i∇pθ23 +~j∇qθ23 + · · ·, (2.18b)

are rewritten as below,

~∇θ13 = ~i
(∇pθ13
∇pθ12

)

∇pθ12 +~j
(∇qθ13
∇qθ12

)

∇qθ12 + · · ·, (2.19a)

~∇θ23 = ~i
(∇pθ23
∇pθ12

)

∇pθ12 +~j
(∇qθ23
∇qθ12

)

∇qθ12 + · · ·, (2.19b)
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which in turn with the assumed identities,
(∇pθ13
∇pθ12

)

=
(∇qθ13
∇qθ12

)

and
(∇pθ23
∇pθ12

)

=
(∇qθ23
∇qθ12

)

,

take the following form,

~∇θ13 = ~i
(∇pθ13
∇pθ12

)

∇pθ12 +~j
(∇pθ13
∇pθ12

)

∇qθ12 + · · ·,

=
(∇pθ13
∇pθ12

)

~∇θ12 =
(∇qθ13
∇qθ12

)

~∇θ12 = · · ·, (2.20a)

~∇θ23 = ~i
(∇pθ23
∇pθ12

)

∇pθ12 +~j
(∇pθ23
∇pθ12

)

∇qθ12 + · · ·,

=
(∇pθ23
∇pθ12

)

~∇θ12 =
(∇qθ23
∇qθ12

)

~∇θ12 = · · ·, (2.20b)

leading to the ~τ matrix,

~τ = ~∇θ12

















































0 −1 − sin θ23

(∇pθ13
∇pθ12

)

− sin θ12

(∇pθ23
∇pθ12

)

−

cos θ12 cos θ23

(∇pθ13
∇pθ12

)

1 + sin θ23

(∇pθ13
∇pθ12

)

0 − cos θ12

(∇pθ23
∇pθ12

)

+

sin θ12 cos θ23

(∇pθ13
∇pθ12

)

sin θ12

(∇pθ23
∇pθ12

)

+ cos θ12

(∇pθ23
∇pθ12

)

− 0

cos θ12 cos θ23

(∇pθ13
∇pθ12

)

sin θ12 cos θ23

(∇pθ13
∇pθ12

)

















































= ~∇θ12 · g(θ12, θ23, θ13), (2.21)

with eigenvalues, 0, ±i~ω and ~ω = ~∇θ12
[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)2

+ 2 sin θ23

(∇pθ13
∇pθ12

)] 1

2

.

In summary, Eq. (2.16) clearly demonstrates that it is possible to formulate single sur-

face EBO equation starting from any three state sub - Hilbert space only when non - adia-

batic coupling matrix can be written as a product of vector function and anti - symmetric

scalar matrix. Since this product form of NAC matrix implies the identities,
(∇pθ13
∇pθ12

)

=
(∇qθ13
∇qθ12

)

,
(∇pθ23
∇pθ12

)

=
(∇qθ23
∇qθ12

)

and
(∇pθ23
∇pθ13

)

=
(∇qθ23
∇qθ13

)

, namely, Curl τ pq
12 = 0s, [see Ap-

pendix B] the following section explores the validity of these identities, i.e., Curl τ pq
ij s are
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34 Born-Oppenheimer equation for three-state system: Formulation

zero or not, at least approximately, around CI(s). At the same time, we considered the

Induced Renner-Teller model,14–16 a three state BO system in the diabatic representation, to

numerically verify the validity of Curl equations and show zero curls at and around the

degeneracy at a single point.

Though the nuclear configuration space for any three state BO sub - Hilbert space

could be dependent on many nuclear degrees of freedom, we carry out further theoret-

ical developments on Curl equations considering only three nuclear coordinates just for

analytical convenience but the approach can be extendable for any number of nuclear de-

grees of freedom. The Cartesian components of ~∇× ~τ12 along the unit vectors,~i, ~j, and ~k

are given by:

Curl τ yz
12 = − cos θ23

[∂θ23
∂y

∂θ13
∂z

− ∂θ23
∂z

∂θ13
∂y

]

, (2.22a)

Curl τ zx
12 = − cos θ23

[∂θ23
∂x

∂θ13
∂z

− ∂θ23
∂z

∂θ13
∂x

]

, (2.22b)

Curl τxy
12 = − cos θ23

[∂θ23
∂x

∂θ13
∂y

− ∂θ23
∂y

∂θ13
∂x

]

, (2.22c)

whereas it’s spherical polar components along the unit vectors, ~r, ~θ, and ~φ are:

Curl τ θφ
12 = − cos θ23

r2 sin θ

[∂θ23
∂θ

∂θ13
∂φ

− ∂θ23
∂φ

∂θ13
∂θ

]

, (2.23a)

Curl τ rφ
12 = −cos θ23

r sin θ

[∂θ23
∂r

∂θ13
∂φ

− ∂θ23
∂φ

∂θ13
∂r

]

, (2.23b)

Curl τ rθ
12 = −cos θ23

r

[∂θ23
∂r

∂θ13
∂θ

− ∂θ23
∂θ

∂θ13
∂r

]

. (2.23c)

Let us consider the ratios, A1 =
∂θ23
∂θ
∂θ13
∂θ

·
∂θ13
∂r
∂θ23
∂r

and A2 =

∂θ23
∂φ
∂θ13
∂φ

·
∂θ13
∂r
∂θ23
∂r

, rewrite these quantities
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by using the chain rule of differentiation,

A1 =

∂θ23
∂θ
∂θ13
∂θ
∂θ23
∂r
∂θ13
∂r

=



1 +

∂θ23
∂y
∂θ23
∂x

·
∂y
∂θ
∂x
∂θ

+
∂θ23
∂z
∂θ23
∂x

·
∂z
∂θ
∂x
∂θ







1 +

∂θ13
∂y
∂θ13
∂x

·
∂y
∂r
∂x
∂r

+
∂θ13
∂z
∂θ13
∂x

·
∂z
∂r
∂x
∂r







1 +

∂θ13
∂y
∂θ13
∂x

·
∂y
∂θ
∂x
∂θ

+
∂θ13
∂z
∂θ13
∂x

·
∂z
∂θ
∂x
∂θ







1 +

∂θ23
∂y
∂θ23
∂x

·
∂y
∂r
∂x
∂r

+
∂θ23
∂z
∂θ23
∂x

·
∂z
∂r
∂x
∂r





, (2.24)

A2 =

∂θ23
∂φ
∂θ13
∂φ
∂θ23
∂r
∂θ13
∂r

=



1 +

∂θ23
∂y
∂θ23
∂x

·
∂y
∂φ
∂x
∂φ

+
∂θ23
∂z
∂θ23
∂x

·
∂z
∂φ
∂x
∂φ







1 +

∂θ13
∂y
∂θ13
∂x

·
∂y
∂r
∂x
∂r

+
∂θ13
∂z
∂θ13
∂x

·
∂z
∂r
∂x
∂r







1 +

∂θ13
∂y
∂θ13
∂x

·
∂y
∂φ
∂x
∂φ

+
∂θ13
∂z
∂θ13
∂x

·
∂z
∂φ
∂x
∂φ







1 +

∂θ23
∂y
∂θ23
∂x

·
∂y
∂r
∂x
∂r

+
∂θ23
∂z
∂θ23
∂x

·
∂z
∂r
∂x
∂r





, (2.25)

and intend to find their nature by using the Jacobian determinant defined around CI with

the assumptions,

∂θ23
∂y
∂θ23
∂x

6=
∂θ13
∂y
∂θ13
∂x

and
∂θ23
∂z
∂θ23
∂x

6=
∂θ13
∂z
∂θ13
∂x

.

The Jacobian determinant for the transformation from Cartesian to polar is given by:

J(r, θ, φ) =

∂x
∂r

∂y
∂r

∂z
∂r

∂x
∂θ

∂y
∂θ

∂z
∂θ

∂x
∂φ

∂y
∂φ

∂z
∂φ

=

sin θ cos φ sin θ sinφ cos θ

r cos θ cosφ r cos θ sinφ −r sin θ

−r sin θ sin φ r sin θ cosφ 0

. (2.26)

When the origin of the coordinate system [r =0 (x = 0, y = 0, z = 0)] coincides with the point

of conical intersection, various components of the Jacobian determinant vanishes at that

point (CI). It is important to note that this transformation remain valid with zero content

at r = 0, along with ∂z
∂φ

= 0 (also at r 6= 0), ∂y
∂φ

= r sin θ cosφ = 0, ∂z
∂θ

= −r sin θ = 0,
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∂y
∂θ

= r cos θ sinφ = 0 and

∂(x, y)

∂(r, θ)
=

∂x
∂r

∂y
∂r

∂x
∂θ

∂y
∂θ

= 0 ⇒
∂y
∂θ
∂x
∂θ

=

∂y
∂r
∂x
∂r

, (2.27a)

∂(x, z)

∂(r, θ)
=

∂x
∂r

∂z
∂r

∂x
∂θ

∂z
∂θ

= −r cos θ = 0 ⇒
∂z
∂θ
∂x
∂θ

=

∂z
∂r
∂x
∂r

, (2.27b)

∂(x, y)

∂(r, φ)
=

∂x
∂r

∂y
∂r

∂x
∂φ

∂y
∂φ

= r sin2 θ = 0 ⇒
∂y
∂φ
∂x
∂φ

=

∂y
∂r
∂x
∂r

, (2.27c)

∂(x, z)

∂(r, φ)
=

∂x
∂r

∂z
∂r

∂x
∂φ

∂z
∂φ

= r sin θ sin φ cosφ = 0 ⇒
∂z
∂φ
∂x
∂φ

=

∂z
∂r
∂x
∂r

. (2.27d)

On the other hand, even if the point of conical intersection(s) is away from the origin

of the coordinate system, parametric representation for the vector equation of a conical

surface predicts J(r, θ) = 0, J(r, φ) = 0 and J(θ, φ) = 0 at the singularity (CI) (see Appendix

C).

At r = 0, we substitute the Jacobian relations [Eqs. (2.27)] in both the Eqs. (2.24) and

(2.25), find that, even if we have assumed

∂θ23
∂y
∂θ23
∂x

6=
∂θ13
∂y
∂θ13
∂x

and
∂θ23
∂z
∂θ23
∂x

6=
∂θ13
∂z
∂θ13
∂x

, the ratios (A1

and A2) turns into unity, i.e.,

∂θ23
∂θ
∂θ23
∂r

=

∂θ13
∂θ
∂θ13
∂r

⇒ ∂θ23
∂r

∂θ13
∂θ

− ∂θ23
∂θ

∂θ13
∂r

= 0 (2.28a)

and

∂θ23
∂φ
∂θ23
∂r

=

∂θ13
∂φ
∂θ13
∂r

⇒ ∂θ23
∂r

∂θ13
∂φ

− ∂θ23
∂φ

∂θ13
∂r

= 0. (2.28b)

At r 6= 0, we analyze the ratios, A1 and A2, with the following two assumptions:

(i)

∂θ23
∂y
∂θ23
∂x

6=
∂θ13
∂y
∂θ13
∂x

and
∂θ23
∂z
∂θ23
∂x

6=
∂θ13
∂z
∂θ13
∂x

; (ii) the chosen value of r is theoretically non-zero but

numerically negligible. The second assumption (r ≃ 0) translates the Jacobian relations

TH-602_BSARKAR



2.2 Theoretical developments on the Born-Oppenheimer treatment 37

as,

∂(x, y)

∂(r, θ)
=

∂x
∂r

∂y
∂r

∂x
∂θ

∂y
∂θ

= 0 ⇒
∂y
∂θ
∂x
∂θ

=

∂y
∂r
∂x
∂r

, (2.29a)

∂(x, z)

∂(r, θ)
=

∂x
∂r

∂z
∂r

∂x
∂θ

∂z
∂θ

= −r cos θ ≃ ǫ ≃ 0 ⇒
∂z
∂θ
∂x
∂θ

≃
∂z
∂r
∂x
∂r

, (2.29b)

∂(x, y)

∂(r, φ)
=

∂x
∂r

∂y
∂r

∂x
∂φ

∂y
∂φ

= r sin2 θ ≃ ǫ ≃ 0 ⇒
∂y
∂φ
∂x
∂φ

≃
∂y
∂r
∂x
∂r

, (2.29c)

∂(x, z)

∂(r, φ)
=

∂x
∂r

∂z
∂r

∂x
∂φ

∂z
∂φ

= r sin θ sinφ cosφ ≃ ǫ ≃ 0 ⇒
∂z
∂φ
∂x
∂φ

≃
∂z
∂r
∂x
∂r

, (2.29d)

and thereby, approximates the ratios A1 and A2 as,

A1 ≃ 1 ⇒
∂θ23
∂θ
∂θ23
∂r

≃
∂θ13
∂θ
∂θ13
∂r

⇒ ∂θ23
∂r

∂θ13
∂θ

− ∂θ23
∂θ

∂θ13
∂r

≃ 0, (2.30a)

A2 ≃ 1 ⇒
∂θ23
∂φ
∂θ23
∂r

≃
∂θ13
∂φ
∂θ13
∂r

⇒ ∂θ23
∂r

∂θ13
∂φ

− ∂θ23
∂φ

∂θ13
∂r

≃ 0. (2.30b)

Finally, in order to analyze the first assumption we define the following ratios,

B1 =

∂θ23
∂y
∂θ13
∂y

·
∂θ13
∂x
∂θ23
∂x

andB2 =
∂θ23
∂z
∂θ13
∂z

·
∂θ13
∂x
∂θ23
∂x

, and express in terms of polar coordinate by using

the chain rule of differentiation,

B1 =

∂θ23
∂y
∂θ13
∂y
∂θ23
∂x
∂θ13
∂x

=



1 +
∂θ23
∂θ
∂θ23
∂r

·
∂θ
∂y
∂r
∂y

+

∂θ23
∂φ
∂θ23
∂r

·
∂φ
∂y
∂r
∂y







1 +
∂θ13
∂θ
∂θ13
∂r

·
∂θ
∂x
∂r
∂x

+

∂θ13
∂φ
∂θ13
∂r

·
∂φ
∂x
∂r
∂x







1 +
∂θ13
∂θ
∂θ13
∂r

·
∂θ
∂y
∂r
∂y

+

∂θ13
∂φ
∂θ13
∂r

·
∂φ
∂y
∂r
∂y







1 +
∂θ23
∂θ
∂θ23
∂r

·
∂θ
∂x
∂r
∂x

+

∂θ23
∂φ
∂θ23
∂r

·
∂φ
∂x
∂r
∂x





, (2.31)

B2 =

∂θ23
∂z
∂θ13
∂z
∂θ23
∂x
∂θ13
∂x

=



1 +
∂θ23
∂θ
∂θ23
∂r

·
∂θ
∂z
∂r
∂z

+

∂θ23
∂φ
∂θ23
∂r

·
∂φ
∂z
∂r
∂z







1 +
∂θ13
∂θ
∂θ13
∂r

·
∂θ
∂x
∂r
∂x

+

∂θ13
∂φ
∂θ13
∂r

·
∂φ
∂x
∂r
∂x







1 +
∂θ13
∂θ
∂θ13
∂r

·
∂θ
∂z
∂r
∂z

+

∂θ13
∂φ
∂θ13
∂r

·
∂φ
∂z
∂r
∂z







1 +
∂θ23
∂θ
∂θ23
∂r

·
∂θ
∂x
∂r
∂x

+

∂θ23
∂φ
∂θ23
∂r

·
∂φ
∂x
∂r
∂x





. (2.32)
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When Eqs. (2.30a) and (2.30b) are substituted in Eqs. (2.31) and (2.32), we obtain

B1 ≃ 1 and B2 ≃ 1, i.e.,

∂θ23
∂y
∂θ23
∂x

≃
∂θ13
∂y
∂θ13
∂x

and
∂θ23
∂z
∂θ23
∂x

≃
∂θ13
∂z
∂θ13
∂x

. These outcomes contradict the

first assumption whereas the second assumption cannot be wrong at r ≃ 0.

Thus, the quantities
(

∂θ23
∂y

∂θ13
∂x

− ∂θ23
∂x

∂θ13
∂y

)

,
(

∂θ23
∂z

∂θ13
∂x

− ∂θ23
∂x

∂θ13
∂z

)

and
(

∂θ23
∂y

∂θ13
∂z

− ∂θ23
∂z

∂θ13
∂y

)

, vis - a - vis Curl τ pq
12 (p, q ≡ x, y, z) or

(

∂θ23
∂θ

∂θ13
∂r

− ∂θ23
∂r

∂θ13
∂θ

)

,
(

∂θ23
∂φ

∂θ13
∂r

− ∂θ23
∂r

∂θ13
∂φ

)

and
(

∂θ23
∂θ

∂θ13
∂φ

− ∂θ23
∂φ

∂θ13
∂θ

)

, vis - a - vis Curl τ pq
12 (p, q ≡ r, θ, φ)

are either identically or approximately zero around the conical intersection and similar

predictions for Curl τ pq
23 and Curl τ pq

13 can also be made. Overall the proof demands that

the curl of the non - adiabatic coupling elements are either identically or approximately

zero only at and around the conical intersection point(s). In other words, when the

system is away from the conical intersection point(s), the non - removable parts of the

non - adiabatic coupling terms could be important with non - zero curls.

With these implication from Curl equations, we intend to rewrite Eq. (2.16) as,

− h̄2

2m

[

(~∇ + i~ω)2Φ
]

− h̄2

2m

[

(G†∇2
GΦ −∇2Φ) + (i~ωG

†~∇GΦ − i~ω~∇Φ)

+ (G†~∇Gi~ωΦ − ~∇i~ωΦ)
]

+
[

(V − E)Φ
]

= 0, (2.33)

where G is the transformation matrix that diagonalizes the anti - symmetric scaler matrix

g(θ12, θ23, θ13) as defined in Eq. (2.21) instead of NAC matrix, ~τ (θ12, θ23, θ13) as shown in

Eq. (2.16). For symbolic convenience, now onwards we shall replace G† as Gd and its’

element (G†)ij as (Gd)ij (≡ Gd
ij).

The i th BO equation can be written from the matrix equation [Eq. (2.33)] as below,

− h̄2

2m

[

(~∇ + i~ω)2Φ
]

i
− h̄2

2m

[

∑

k

Gd
ik∇2ψk −

∑

k

∇2(Gd
ikψk) +

∑

k

i~ωiG
d
ik
~∇ψk

−
∑

k

i~ωi
~∇(Gd

ikψk) +
∑

km

Gd
ik
~∇(~τkmψm) −

∑

km

~∇(Gd
ik~τkmψm)

]

+
[

(V − E)Φ
]

i
= 0.

(2.34)

We manipulate the Eq. (2.34) by considering the following aspects: (a) Since the matrix
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representation of the ADT (Φ = G
dΨ) is given by











φ1

φ2

φ3











=















g3
η −g2

η
g1
η

−g1g3 + iηg2√
2λη

g1g2 − iηg3√
2λη

λ√
2η

−g1g3 + iηg2√
2λη

g1g2 + iηg3√
2λη

η√
2η

























ψ1

ψ2

ψ3











, (2.35)

with

g1 = −1 − sin θ23

(∇pθ13
∇pθ12

)

,

g2 = − sin θ12

(∇pθ23
∇pθ12

)

− cos θ12 cos θ23

(∇pθ13
∇pθ12

)

,

g3 = − cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

,

λ =
√

g2
2 + g2

3 =

[(∇pθ23
∇pθ12

)2

+ cos2 θ23

(∇pθ13
∇pθ12

)2] 1

2

,

η =
√

g2
1 + g2

2 + g2
3 =

[

1 +

(∇pθ13
∇pθ12

)2

+

(∇pθ23
∇pθ12

)2

+ 2 sin θ23

(∇pθ13
∇pθ12

)]
1

2

,

one can have the general identity

ψk =
1

Gd
kk

φk −
∑

l 6=k

Gd
kl

Gd
kk

ψl k, l = 1, 2, 3; (2.36)

(b) The product, VΦ, for the ith equation can be rearranged as below,

(V Φ)i = u1Φi +

3
∑

j=2

Gd
ij(uj − u1)ψj , i = 1, 2, 3. (2.37)
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Finally, we substitute Eqs. (2.36) and (2.37) for i = 1 in the Eq. (2.34) and obtain:

− h̄2

2m
(~∇ + i~ω1)

2φ1 −
h̄2

2m

[

− 2
( ~∇Gd

11

Gd
11

)

~∇φ1 + 2
( ~∇Gd

11

Gd
11

)2

φ1 −
(∇2Gd

11

Gd
11

)

φ1

+ 2(~∇Gd
11)
~∇
(Gd

12

Gd
11

ψ2 +
Gd

13

Gd
11

ψ3

)

+ (∇2Gd
11)
(Gd

12

Gd
11

ψ2 +
Gd

13

Gd
11

ψ3

)

− (∇2Gd
12)ψ2 − (∇2Gd

13)ψ3

− 2(~∇Gd
12)ψ2 − 2(~∇Gd

13)ψ3 − iω1

( ~∇Gd
11

Gd
11

)

φ1 + iω1(~∇Gd
12)
(Gd

12

Gd
11

ψ2 +
Gd

13

Gd
11

ψ3

)

+ i~ω1(~∇Gd
12)ψ2 + i~ω1(~∇Gd

13)ψ3 −
( ~∇Gd

12

Gd
11

)

~τ21φ1 −
( ~∇Gd

13

Gd
11

)

~τ31φ1

+ (~∇Gd
12)~τ21

(Gd
12

Gd
11

ψ2 +
Gd

13

Gd
11

ψ3

)

+ (~∇Gd
13)~τ31

(Gd
12

Gd
11

ψ2 +
Gd

13

Gd
11

ψ3

)

− (~∇Gd
11)~τ12ψ2

− (~∇Gd
11)~τ13ψ3

]

+ u1φ1 +
3
∑

j=2

Gd
1j(uj − u1)ψj −Eφ1 = 0. (2.38)

At this point, we are ready to impose the BO approximation, |ψ1| >> |ψi|, i = 2, 3

(considering that at low enough energy, both the upper electronic states are classically

closed) in the Eq. (2.38) to write the ground state EBO equation as,

− h̄2

2m
(~∇ + i~ω1)

2φ1 −
h̄2

2m

[

− 2
( ~∇Gd

11

Gd
11

)

~∇φ1 + 2
( ~∇Gd

11

Gd
11

)2

φ1 −
(∇2Gd

11

Gd
11

)

φ1

− i~ω1

( ~∇Gd
11

Gd
11

)

φ1 −
( ~∇Gd

12

Gd
11

)

~τ21φ1 −
( ~∇Gd

13

Gd
11

)

~τ31φ1

]

+ (u1 −E)φ1 = 0. (2.39)

If we now introduce the approximation namely the transformation matrix G elements

are slowly varying functions of nuclear coordinates and thereby, the matrix (G) commutes

with the gradient operator ~∇ (ad - hoc in nature), both Eqs. (2.33) and (2.39) lead to the

following approximate EBO equation1,13 for the ground electronic state:

− h̄2

2m
(~∇ + i~ω1)

2φ1 + (u1 − E)φ1 = 0, (2.40)

where this equation [Eq. (2.40)] with simple BO approximation becomes:

− h̄2

2m
∇2φ1 + (u1 − E)φ1 = 0. (2.41)

The validity of the rigorously formulated EBO equation [Eq. (2.39)] has been explored

by performing numerical calculations on two model systems (mimicking strong non - adi-
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abatic effects) in Chapter 4, while evaluating the transition probabilities on their ground

electronic states. The calculated vibrational transition probabilities are compared with the

exact one obtained from the diabatic equation [Eq. (2.6)]. Also, the corresponding results

from approximate EBO equation [Eq. (2.40)] and BO approximate equation [Eq. (2.41)] are

presented for comparison with diabatic [Eq. (2.6)] and rigorous EBO [Eq. (2.39] results.

2.3 Summary

We have carried out BO treatment and formulated approximate/rigorous EBO equation

starting from N = 3 state sub - Hilbert space with single or multi CI(s) BO system. Since

we assume a coupled three - state electronic BO system constitutes a sub - Hilbert space,

i.e., the complete space, it is possible to transform the adiabatic nuclear SE to the diabatic

one under the condition, ~∇A + ~τA = 0, where the chosen form of the transformation

matrix (A) has to be orthogonal at any point in the configuration space and its’ elements

should be cyclic functions with respect to a parameter. Considering these natural require-

ments to construct such A matrix, we take the product of three rotation matrices (where

each matrix is constituted with Euler like angle commonly called ADT angle) in six dif-

ferent way and substitute each of these product matrices (As) in the ADT condition to

obtain six sets of NAC elements in terms of ADT angles. Each set of NAC elements sat-

isfy the Curl conditions with non - zero Divergences. It appears that a particular set of

NAC elements and their corresponding Curl - Divergence equations can be reassigned to

any other set with proper interchange of ADT angles. In our formulation, the connectiv-

ity among the adiabatic [Eq. (2.4)], the diabatic [Eq. (2.6)] and the approximate/ rigorous

EBO [Eqs. (2.39) and (2.40) equation is through the ADT matrix [Eq. (2.8)].

The actual advantage to have the explicit form of NAC elements in terms of ADT

angles lies while deriving the EBO equations. It appears that the formulation of either ap-

proximate or rigorous EBO for any three state BO system is possible only when there exists -

coordinate independent ratio of the gradients for each pair of ADT angles. The validity of

such ratio implies - the Curl of the vector field, ~τ is zero. In this context, the explicit form

of the Curl equations in terms of ADT angles helps to explore analytically the validity of
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zero Curls at and around the CIs. Considering any three state BO system with three nu-

clear coordinates and defining the Jacobian at and around the CIs, it has been possible to

show that the Curls are either identically or approximately zero around the same region

of nuclear configuration space.
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Chapter 3

Born-Oppenheimer equation for

four-state system: Formulation

3.1 Introduction

We demonstrate1 the explicit forms of the nonadiabatic coupling elements in terms of

ADT angles by considering the existence of ADT condition, ~∇A + ~τA = 0, for any four

state sub-Hilbert space. Since the NAC terms could be singular in the nuclear configura-

tion space, it is a necessity to transform the adiabatic representation of SE to the diabatic

in order to ensure accurate and stable numerical calculations but this transformation is

possible only when each pair of components of the NAC terms satisfy the Curl condi-

tions, ∂
∂p
τ q
ij − ∂

∂q
τp
ij = (τ qτ p)ij − (τ pτ q)ij . Considering the explicit forms of the NAC

terms for any four state sub-Hilbert space, we explore the analytical validity of Curl con-

ditions. Since the necessary condition to derive the EBO equations is the existence of a

relation among the ADT angles implicating zero Curls at least around the CIs, we briefly

present the proof of such relations,
(

∂θij

∂p
∂θik
∂q

− ∂θij

∂q
∂θik
∂p

)

≡ 0, {p, q = x, y, z or r, θ, φ},

i, j, k = 1, 2, 3, 4 and i 6= j 6= k.
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46 Born-Oppenheimer equation for four-state system: Formulation

3.2 The Born-Oppenheimer treatment of a four state sub-

Hilbert space

We carry out1 the first principles based BO treatment for any four state electronic sub-

Hilbert space assuming the presence of conical intersection(s) anywhere in the nuclear

configuration space. Since these four states are considered as either decoupled or approx-

imately decoupled from rest of the states of a molecular system, the BO expansion2,3 of

the wavefunction for this subspace of the Hilbert space is given by:

Ψ(n, e) =

4
∑

i=1

ψi(n)ξi(e,n), (3.1)

where ξi(e,n)s are the electronic eigenfunctions with nuclear coordinate dependent ex-

pansion coefficients, ψi(n)s subsequently termed as nuclear wavefunction and the sets of

nuclear and electronic coordinates are defined as n and e, respectively.

In the adiabatic representation of Schroedinger equation, the total electron-nuclei Hamil-

tonian (Ĥ), the nuclear kinetic energy (KE) operator (T̂n) and the eigenvalue [ui(n)] −

eigenfunction [ξi(e,n)] equation for the electronic Hamiltonian [Ĥe(e,n)] are presented

as:

Ĥ = T̂n + Ĥe(e,n),

T̂n = − h̄2

2m

∑

n

∇2
n,

Ĥe(e,n)ξi(e,n) = ui(n)ξi(e,n). (3.2)

The BO expansion for the sub-Hilbert space of molecular wavefunction, Ψ(n, e) [Eq.

(3.1)] and the total electron-nuclear Hamiltonian, Ĥ [Eq. (3.2)] are being substituted in the

time-independent Schroedinger equation, ĤΨ(n, e) = EΨ(n, e), to obtain the following
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3.2 The Born-Oppenheimer treatment of a four state sub-Hilbert space 47

matrix representation of adiabatic nuclear SE:

4
∑

j=1

(Hij − Eδij)ψj(n) = 0, i = 1, 2, 3, 4

Hii = − h̄2

2m
(∇2 + 2~τ

(1)
ii ·~∇ + τ

(2)
ii ) + ui(n),

Hij = − h̄2

2m
(2~τ

(1)
ij ·~∇ + τ

(2)
ij ) = H†

ji,

~τ
(1)
ij = 〈ξi(e,n)|~∇|ξj(e,n)〉, τ

(2)
ij = 〈ξi(e,n)|∇2|ξj(e,n)〉,

〈ξi(e,n)|ξj(e,n)〉 = δij , (3.3)

where ~τ
(1)
ij and τ

(2)
ij are the elements of nonadiabatic coupling matrices of the first [~τ (1)]

and second [τ (2)] kind, respectively.

For a given Hilbert/sub-Hilbert space, the two kinds of NAC matrices are related as:

τ (2) = ~τ (1) · ~τ (1) + ~∇~τ (1), (3.4)

leading to the following compact form of kinetically coupled nuclear equations:

− h̄2

2m

(

~∇ + ~τ
)2

Ψ + (U − E)Ψ = 0, (3.5)

where the adiabatic PES matrix elements are defined as Uij = uiδij with the NAC matrix

[~τ (≡ ~τ (1))] elements as,

~τ =



















0 ~τ12 ~τ13 ~τ14

−~τ12 0 ~τ23 ~τ24

−~τ13 −~τ23 0 ~τ34

−~τ14 −~τ24 −~τ34 0



















. (3.6)

Since the four states constitute the sub-Hilbert space, i.e., the complete space at present,

it is possible to transform (Ψ = AΨd) the adiabatic nuclear SE [Eq. (3.5)] to the diabatic

one and the diabatic matrix equations are presented as below,

− h̄2

2m
∇2Ψd + (W −E)Ψd = 0, W = A†UA (3.7)
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48 Born-Oppenheimer equation for four-state system: Formulation

under the condition:

~∇A + ~τA = 0. (3.8)

This equation is known as Adiabatic-Diabatic Transformation (ADT) condition.4 In

order to obtain its’ meaningful solution, one need to ensure that the chosen form of A

matrix is orthogonal at any point in configuration space and its’ elements are cyclic func-

tions with respect to a parameter. At present, considering a four dimensional Hilbert

space, any chosen (model) form of the ADT matrix (A) consisting sixteen elements has to

be an orthogonal matrix with the fulfillment of twelve relations. These ortho-normality

conditions demand six independent variables [θ12(n), θ13(n), θ14(n), θ23(n), θ24(n), and

θ34(n) ], commonly called ADT/mixing angles, to construct the four state A matrix by

taking the product of six rotation matrices, A12(θ12), A13(θ13), A14(θ14), A23(θ23), A24(θ24),

and A34(θ34) at various ways. We define these six rotation matrices and one of the ways

of their product (A) can be taken as:

A(θ34, θ24, θ14, θ23, θ13, θ12) = A34(θ34) · A24(θ24) · A14(θ14) · A23(θ23) · A13(θ13) ·A12(θ12)

=



















1 0 0 0

0 1 0 0

0 0 cos θ34 sin θ34

0 0 − sin θ34 cos θ34



















·



















1 0 0 0

0 cos θ24 0 sin θ24

0 0 1 0

0 − sin θ24 0 cos θ24



















·



















cos θ14 0 0 sin θ14

0 1 0 0

0 0 1 0

− sin θ14 0 0 cos θ14



















·



















1 0 0 0

0 cos θ23 sin θ23 0

0 − sin θ23 cos θ23 0

0 0 0 1



















·



















cos θ13 0 sin θ13 0

0 1 0 0

− sin θ13 0 cos θ13 0

0 0 0 1



















·



















cos θ12 sin θ12 0 0

− sin θ12 cos θ12 0 0

0 0 1 0

0 0 0 1



















(3.9)

When we substitute the above model form of A matrix [Eq. (3.9)] and the anti-symmetric
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3.2 The Born-Oppenheimer treatment of a four state sub-Hilbert space 49

form of ~τ matrix [Eq. (3.6)] in Eq. (3.8), the simple manipulation leads to the differential

equations for ADT angles,5,6 which in turn provide the explicit form of ~τ matrix elements

in terms of ADT angles:

~τ12 = − cos θ13 cos θ23 cos θ14 cos θ24~∇θ12 − sin θ23 cos θ14 cos θ24 ~∇θ13 − sin θ24~∇θ14,

(3.10a)

~τ13 = cos θ13 sin θ23 cos θ14 cos θ34~∇θ12 + cos θ13 cos θ23 cos θ14 sin θ24 sin θ34~∇θ12

− cos θ23 cos θ14 cos θ34 ~∇θ13 + sin θ23 cos θ14 sin θ24 sin θ34~∇θ13 − cos θ24 sin θ34 ~∇θ14,

(3.10b)

~τ14 = − cos θ13 sin θ23 cos θ14 sin θ34 ~∇θ12 + cos θ13 cos θ23 cos θ14 sin θ24 cos θ34~∇θ12

+ cos θ23 cos θ14 sin θ34~∇θ13 + sin θ23 cos θ14 sin θ24 cos θ34~∇θ13 − cos θ24 cos θ34 ~∇θ14,

(3.10c)

~τ23 = − sin θ13 cos θ24 cos θ34~∇θ12 − cos θ13 sin θ23 sin θ14 sin θ24 cos θ34~∇θ12

− cos θ13 cos θ23 sin θ14 sin θ34~∇θ12 + cos θ23 sin θ14 sin θ24 cos θ34~∇θ13

− sin θ23 sin θ14 sin θ34 ~∇θ13 − cos θ24 cos θ34 ~∇θ23 − sin θ34~∇θ24,

(3.10d)

~τ24 = sin θ13 cos θ24 sin θ34~∇θ12 + cos θ13 sin θ23 sin θ14 sin θ24 sin θ34 ~∇θ12

− cos θ13 cos θ23 sin θ14 cos θ34~∇θ12 − cos θ23 sin θ14 sin θ24 sin θ34 ~∇θ13

− sin θ23 sin θ14 cos θ34~∇θ13 + cos θ24 sin θ34~∇θ23 − cos θ34 ~∇θ24,

(3.10e)

~τ34 = − sin θ13 sin θ24 ~∇θ12 + cos θ13 sin θ23 sin θ14 cos θ24 ~∇θ12

− cos θ23 sin θ14 cos θ24~∇θ13 − sin θ24 ~∇θ23 − ~∇θ34. (3.10f)

In an alternative manner, if we replace the so called ADT angles [θ12(n), θ13(n), θ14(n),

θ23(n), θ24(n), and θ34(n)] by electronic basis functions angles, namely, mixing angles

[α(n), β(n), γ(n), λ(n), δ(n), and η(n)] in the ADT matrix, A [Eq. (3.9)] and the columns

of the A
† matrix are substituted in Eq. (3.3) as electronic basis functions, we obtain the
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50 Born-Oppenheimer equation for four-state system: Formulation

same set of equations for NAC elements [Eqs. (3.10)] as functions of mixing angles and

thereby, show the one-to-one correspondence among ADT and mixing angles.

Once the nonadiabatic coupling elements ~τ12, ~τ13, ~τ14, ~τ23, ~τ24 and ~τ34 are evaluated

by using ab initio calculation for a particular nuclear configuration, the solutions of Eqs.

(3.10) provide the ADT angles for the same nuclear configuration and then, one can trans-

form the adiabatic representation of Schroedinger equation with kinetic coupling, ~τ ma-

trix among the electronic states [Eq. (3.5)] to the diabatic representation with potential

coupling, namely, the W matrix [Eq.(3.7)] among the same states. This transformation

guarantees the uniquely defined diabatic potential energy matrix in the configuration

space only when the following Curl conditions of the NAC elements are valid.

A Curl condition4 for each NAC element, ~τij , has been derived and proved to exist for

an isolated group of states (sub-Hilbert space) by considering the analyticity of the ADT

matrix A for a pair of nuclear degrees of freedom,

Curl τ pq
ij =

∂

∂p
τ q
ij −

∂

∂q
τp
ij = (τ qτ p)ij − (τ pτ q)ij ,

τp
ij = 〈ξi|∇pξj〉, τ q

ij = 〈ξi|∇qξj〉, (3.11)

where p and q are in Cartesian coordinates with ∇p = ∂
∂p

and ∇q = ∂
∂q

.

At present, for a given four dimensional sub-Hilbert space, we demonstrate that the

explicit forms of the NAC elements in terms of ADT/mixing angles satisfy the Curl con-

ditions, i.e., the difference between the cross derivatives of any two components of a NAC

element with respect to a pair of nuclear coordinates ( ∂
∂p
τ q
ij − ∂

∂q
τp
ij) appears to be analyt-

ically equal with the corresponding element arising from the difference of the products

taken at different order between the component NAC matrices [(τ qτ p)ij − (τ pτ q)ij]. Since

the compact expressions of the Curl and Divergence equations for the explicit forms of
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NAC elements [Eqs.(3.10)] are as such lengthy, we present only two of them:

Curl τpq
12 = sin θ13 cos θ23 cos θ14 cos θ24(∇pθ12∇qθ13 −∇qθ12∇pθ13)

+ cos θ13 sin θ23 cos θ14 cos θ24(∇pθ12∇qθ23 −∇qθ12∇pθ23)

+ cos θ13 cos θ23 sin θ14 cos θ24(∇pθ12∇qθ14 −∇qθ12∇pθ14)

+ cos θ13 cos θ23 cos θ14 sin θ24(∇pθ12∇qθ24 −∇qθ12∇pθ24)

− cos θ23 cos θ14 cos θ24(∇pθ13∇qθ23 −∇qθ13∇pθ23)

+ sin θ23 sin θ14 cos θ24(∇pθ13∇qθ14 −∇qθ13∇pθ14)

+ sin θ23 cos θ14 sin θ24(∇pθ13∇qθ24 −∇qθ13∇pθ24)

− cos θ24(∇pθ14∇qθ24 −∇qθ14∇pθ24), (3.12a)

div ~τ12 = − cos θ13 cos θ23 cos θ14 cos θ24∇2θ12 − sin θ23 cos θ14 cos θ24∇2θ13 − sin θ24∇2θ14

+ sin θ13 cos θ23 cos θ14 cos θ24 ~∇θ12 · ~∇θ13 + cos θ13 sin θ23 cos θ14 cos θ24 ~∇θ12 · ~∇θ23

+ cos θ13 cos θ23 sin θ14 cos θ24 ~∇θ12 · ~∇θ14 + cos θ13 cos θ23 cos θ14 sin θ24 ~∇θ12 · ~∇θ24

− cos θ23 cos θ14 cos θ24 ~∇θ13 · ~∇θ23 + sin θ13 sin θ14 cos θ24 ~∇θ13 · ~∇θ14

+ sin θ13 cos θ14 sin θ24 ~∇θ13 · ~∇θ24 − cos θ24~∇θ14 · ~∇θ24, (3.12b)
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Curl τpq
34 = (− cos θ13 sin θ24 − sin θ13 sin θ23 sin θ14 cos θ24)(∇pθ12∇qθ13 −∇qθ12∇pθ13)

− (sin θ13 cos θ24 + cos θ13 sin θ23 sin θ14 sin θ24)(∇pθ12∇qθ24 −∇qθ12∇pθ24)

+ cos θ13 cos θ23 sin θ14 cos θ24(∇pθ12∇qθ23 −∇qθ12∇pθ23)

+ cos θ13 sin θ23 cos θ14 cos θ24(∇pθ12∇qθ14 −∇qθ12∇pθ14)

+ sin θ23 sin θ14 cos θ24(∇pθ13∇qθ23 −∇qθ13∇pθ23)

− cos θ23 cos θ14 cos θ24(∇pθ13∇qθ14 −∇qθ13∇pθ14)

+ cos θ23 sin θ14 sin θ24(∇pθ13∇qθ24 −∇qθ13∇pθ24)

− cos θ24(∇pθ23∇qθ24 −∇qθ23∇pθ24) (3.13a)

div ~τ34 = cos θ13 sin θ23 sin θ14 cos θ24∇2θ12 − sin θ13 sin θ24∇2θ12 − cos θ23 sin θ14 cos θ24∇2θ13

− sin θ24∇2θ23 −∇2θ34 − (sin θ13 sin θ23 sin θ14 cos θ24 + cos θ13 sin θ24)~∇θ12 · ~∇θ13

+ cos θ13 cos θ23 sin θ14 cos θ24 ~∇θ12 · ~∇θ23 + cos θ13 sin θ23 cos θ14 cos θ24 ~∇θ12 · ~∇θ14

+ sin θ23 sin θ14 cos θ24~∇θ13 · ~∇θ23 − cos θ13 cos θ14 cos θ24 ~∇θ13 · ~∇θ14

− (sin θ13 cos θ24 + cos θ13 sin θ23 sin θ14 sin θ24)~∇θ12 · ~∇θ23

+ cos θ23 sin θ14 sin θ24~∇θ13 · ~∇θ24 − cos θ24 ~∇θ23 · ~∇θ24, (3.13b)

and similar expressions can be evaluated for the other NAC elements.

Since ~∇θijs and in general, ∇2θijs are non-zero around the conical intersection, the Di-

vergence of the vector field (~τij) are non-vanishing for any arbitrary values of ADT/mixing

angles and therefore, the vector field may show up non-zero Curl.7,8 On the other hand,

as a nonadiabatic coupling term of the kind, ~τii+1(n), associated with a (i, i+ 1) CI with a

singularity (pole) at the same CI point, decays like 1
r (where r is the distance from the CI),

such vector field could be resolved into irrotational (longitudinal) and solenoidal (trans-

verse) components.7,8 Though the theory of electrodynamics, by definition, reminds that

the Curl of longitudinal part (of vector field) is zero but Curl of transverse part may

or may not, experimental observations on so-called solenoids intend to argue that if in-

finitely long contour lines (seams) due to conical intersection are considered as infinites-
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imal narrow “solenoids”, seams should produce zero field outside of them but ab initio

calculations9,10 show the presence of non-zero ~τ in the space surrounding the seams.

Thus, the existing knowledge of the vector field (~τij) is not enough to predict about their

Curls and then, the following section demonstrates that in order to perform further the-

oretical development like the formulation of single surface EBO equation, it is necessary

to find out the nature of Curl τ pq
ij s quantitatively, at least around the point/seam of CI, for

a given sub-Hilbert space.

Since, in the adiabatic representation of SE [Eq. (3.5)], the electronic states interact

through kinetic coupling terms,

− h̄2

2m
(~∇ + ~τ )2Ψ + (U −E)Ψ = 0, Uij = uiδij, (3.14)

in order to formulate the EBO equation, one need to bring the effect of the off-diagonal

NAC terms to the diagonal. The convenient way of pursuing such operation is to carry

out an unitary transformation on Eq. (3.14) by a matrix, G (Ψ = GΦ), such that it leads to

the following form:

− h̄2

2m
(G†~∇G + i~ω)2Φ + (V −E)Φ = 0, V = G

†
UG, i~ω = G

†~τG, (3.15)

In case of two components τ matrix, if one of the component (e.g. τ q, where q is the

radial coordinate) appears null matrix, Eq. (3.15) can be obtained from Eq. (3.14) trivially.

The eigenvalues (±i~ω) of the NAC matrix, ~τ should be vectors in order to obtain phys-

ically meaningful (a scalar) Hamiltonian [Eq. (3.15)] and thereby, one can impose the BO

approximation, |ψ1| >> |ψi|, i = 2, 3, 4, by considering the upper electronic states as clas-

sically closed at low enough energy, to formulate the single surface adiabatic nuclear SE

(EBO).11–14

On the other hand, since the straight forward diagonalization of ~τ matrix [Eq. (3.6)]
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gives scalar eigenvalues,

iω = ±i
√

A

2
± 1

2

√
A2 − 4B2,

A = ~τ12 · ~τ12 + ~τ13 · ~τ13 + ~τ23 · ~τ23 + ~τ14 · ~τ14 + ~τ24 · ~τ24 + ~τ34 · ~τ34,

B = ~τ14 · ~τ23 − ~τ13 · ~τ24 + ~τ12 · ~τ34, (3.16)

but the requirement of Eq. (3.15) dictates that the eigenvalues (±i~ω) of ~τ matrix must be

vectors, the only possibility remains that the ~τ matrix could be written as the product of

a vector function, ~∇η (η ≡ θ12 or θ13 or θ14 or θ23 or θ24 or θ34 ) and a ADT/mixing angle

dependent anti - symmetric scalar matrix, g(θ12, θ13, θ23, θ14, θ24, θ34). It is quite straight

forward to find from the elements of ~τ matrix [Eq. (3.10)] that if the following identities,
(∇pθ13
∇pθ12

)

=
(∇qθ13
∇qθ12

)

,
(∇pθ14
∇pθ12

)

=
(∇qθ14
∇qθ12

)

,
(∇pθ23
∇pθ12

)

=
(∇qθ23
∇qθ12

)

,
(∇pθ24
∇pθ12

)

=
(∇qθ24
∇qθ12

)

,

and
(∇pθ34
∇pθ12

)

=
(∇qθ34
∇qθ12

)

for any pair of nuclear coordinates, namely, p and q are assumed

to be true, one can write, ~τ = ~∇η · g(θ12, θ13, θ14, θ23, θ24, θ34), and therefore, we need to ex-

plore the validity of these identities, i.e., Curl τ pq
ij = 0s [see Eqs. (3.12a) and (3.13a)] at

and around CI(s). Since we have presented the details of the proof to explore the validity

of these identities in Chapter 2, a brief discussion only is being presented here. We con-

sider one of the above such identities either in polar or in Cartesian coordinates, where

the ADT angles are assumed to be dependent, let say, on three nuclear coordinates and

find its’ nature by using the Jacobian determinant for the transformation from Cartesian

to polar,

J(r, θ, φ) =

∂x
∂r

∂y
∂r

∂z
∂r

∂x
∂θ

∂y
∂θ

∂z
∂θ

∂x
∂φ

∂y
∂φ

∂z
∂φ

=

sin θ cosφ sin θ sin φ cos θ

r cos θ cosφ r cos θ sin φ −r sin θ

−r sin θ sinφ r sin θ cos φ 0

(3.17)

or vice versa. At this junction, we wish to remind that when the origin of the coordinate

system [r =0 (x = 0, y = 0, z = 0)] coincides with the point of conical intersection, various

components of the Jacobian determinant vanishes at that point (CI). It is important to note
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that this transformation remain valid with zero content at r = 0, along with ∂z
∂φ

= 0 (also

at r 6= 0), ∂y
∂φ

= r sin θ cos φ = 0, ∂z
∂θ

= −r sin θ = 0, ∂y
∂θ

= r cos θ sinφ = 0. Even if the point

of conical intersection(s) is away from the origin of the coordinate system, parametric

representation for the vector equation of a conical surface predicts J(r, θ) = 0, J(r, φ) = 0

and J(θ, φ) = 0 at the singularity (CI) (see Appendix C).

Since the quantities
(

∂θ23
∂y

∂θ12
∂x

− ∂θ23
∂x

∂θ12
∂y

)

,
(

∂θ23
∂z

∂θ12
∂x

− ∂θ23
∂x

∂θ12
∂z

)

and
(

∂θ23
∂y

∂θ12
∂z

−
∂θ23
∂z

∂θ12
∂y

)

, or
(

∂θ23
∂θ

∂θ12
∂r

− ∂θ23
∂r

∂θ12
∂θ

)

,
(

∂θ23
∂φ

∂θ12
∂r

− ∂θ23
∂r

∂θ12
∂φ

)

and
(

∂θ23
∂θ

∂θ12
∂φ

− ∂θ23
∂φ

∂θ12
∂θ

)

,

appear either identically or approximately zero around the conical intersection, and sim-

ilarly, such identities for the other ADT angles, vis-a-vis Curl τ pq
ij (p, q ≡ x, y, z) or Curl

τpq
ij (p, q ≡ r, θ, φ) can be taken either identically or approximately zero around the conical

intersection, we intend to rewrite Eq. (3.15) as,

− h̄2

2m

[

(~∇ + i~ω)2Φ
]

− h̄2

2m

[

(G†∇2
GΦ −∇2Φ) + (i~ωG

†~∇GΦ − i~ω~∇Φ)

+ (G†~∇Gi~ωΦ − ~∇i~ωΦ)
]

+
[

(V − E)Φ
]

= 0, (3.18)

where G is the transformation matrix that diagonalizes the anti - symmetric scalar matrix,

g(θ12, θ13, θ14, θ23, θ24, θ34) instead of NAC matrix, ~τ (θ12, θ13, θ14, θ23, θ24, θ34) as shown in Eq.

(3.14). For symbolic convenience, now onwards we shall replace G† as Gd and its’ element

(G†)ij as (Gd)ij (≡ Gd
ij).

The i th BO equation can be written from the matrix equation [Eq. (3.18)] as below,

− h̄2

2m

[

(~∇ + i~ω)2Φ
]

i
− h̄2

2m

[

∑

k

Gd
ik∇2ψk −

∑

k

∇2(Gd
ikψk) +

∑

k

i~ωiG
d
ik
~∇ψk

−
∑

k

i~ωi
~∇(Gd

ikψk) +
∑

km

Gd
ik
~∇(~τkmψm) −

∑

km

~∇(Gd
ik~τkmψm)

]

+
[

(V − E)Φ
]

i
= 0.(3.19)

We manipulate Eq. (3.19) by considering the following aspects: (a) Since the matrix rep-

resentation of the ADT is given by

Φ = G
dΨ (3.20)
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one can have the general identity

ψk =
1

Gd
kk

φk −
∑

l 6=k

Gd
kl

Gd
kk

ψl k, l = 1, 2, 3, 4; (3.21)

(b) The product, VΦ, for the ith equation can be rearranged as below,

(VΦ)i = u1Φi +
4
∑

j=2

Gd
ij(uj − u1)ψj , i = 1, 2, 3, 4. (3.22)

(c) We impose the BO approximation, |ψ1| >> |ψi|, i = 2, . . . , 4 (considering that at low

enough energy, both the upper electronic states are classically closed) in Eq. (3.19) to write

the ground state EBO equation as,

− h̄2

2m
(~∇ + i~ω1)

2φ1 −
h̄2

2m

[

− 2
( ~∇Gd

11

Gd
11

)

~∇φ1 + 2
( ~∇Gd

11

Gd
11

)2

φ1 −
(∇2Gd

11

Gd
11

)

φ1

− i~ω1

( ~∇Gd
11

Gd
11

)

φ1 −
( ~∇Gd

12

Gd
11

)

~τ21φ1 −
( ~∇Gd

13

Gd
11

)

~τ31φ1 −
( ~∇Gd

14

Gd
11

)

~τ41φ1

]

+ (u1 −E)φ1 = 0. (3.23)

If we now introduce the approximation namely the transformation matrix G elements

are slowly varying functions of nuclear coordinates and thereby, the matrix (G) commutes

with the gradient operator ~∇ (ad - hoc in nature), both Eqs. (3.18) and (3.23) lead to the

following approximate EBO equation13 for the ground electronic state:

− h̄2

2m
(~∇ + i~ω1)

2φ1 + (u1 − E)φ1 = 0, (3.24)

where this equation [Eq. (3.24)] with simple BO approximation becomes:

− h̄2

2m
∇2φ1 + (u1 − E)φ1 = 0. (3.25)

The numerical experimentation to find the condition for the existence of Eq. (3.24) has

been investigated in Chapter 5. We solve Mathieu equation1 for various sets of paramet-

ric values and obtain the condition to form four-state sub- Hilbert space, namely, whether

the nonadiabatic coupling terms among these states satisfy zero Curl as well as Curl Con-
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dition leading to EBO equation [Eq. (3.24)].

3.2.1 The eigenvalues of NAC matrix

If the origin of the coordinate system coincides with the point of conical intersection or

even if the point of conical intersection(s) is away from the origin of the coordinate sys-

tem, parametric representation for the vector equation of a conical surface predicts (see

Appendix C) the validity of the following identities:
(∇pθ13
∇pθ12

)

=
(∇qθ13
∇qθ12

)

,
(∇pθ14
∇pθ12

)

=
(∇qθ14
∇qθ12

)

,
(∇pθ23
∇pθ12

)

=
(∇qθ23
∇qθ12

)

,
(∇pθ24
∇pθ12

)

=
(∇qθ24
∇qθ12

)

, and
(∇pθ34
∇pθ12

)

=
(∇qθ34
∇qθ12

)

for any

pair of nuclear coordinates, namely, p and q, at and around the point of conical intersec-

tion. When we substitute these identities in Eq. (3.10), the nonadiabatic coupling terms

takes the following form:

~τ12 = −~∇θ12
[

cos θ13 cos θ23 cos θ14 cos θ24 + sin θ23 cos θ14 cos θ24

(∇pθ13
∇pθ12

)

+ sin θ24

(∇pθ14
∇pθ12

)]

, (3.26a)

~τ13 = ~∇θ12
[

cos θ13 sin θ23 cos θ14 cos θ34 + cos θ13 cos θ23 cos θ14 sin θ24 sin θ34

− cos θ23 cos θ14 cos θ34

(∇pθ13
∇pθ12

)

+ sin θ23 cos θ14 sin θ24 sin θ34

(∇pθ13
∇pθ12

)

− cos θ24 sin θ34

(∇pθ14
∇pθ12

)]

, (3.26b)

and similarly other NAC terms.

TH-602_BSARKAR



58 Born-Oppenheimer equation for four-state system: Formulation

At this junction, we can recall Eq. (3.16) to find out the following quantities (A and B)

considering the NAC elements as presented in Eqs. (3.26):

A = ~τ12 · ~τ12 + ~τ13 · ~τ13 + ~τ23 · ~τ23 + ~τ14 · ~τ14 + ~τ24 · ~τ24 + ~τ34 · ~τ34,

= ~∇θ12 · ~∇θ12
{

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)2

+
(∇pθ14
∇pθ12

)2

+
(∇pθ24
∇pθ12

)2

+
(∇pθ34
∇pθ12

)2

+ 2 cos θ23 sin θ14 cos θ24

(∇pθ13
∇pθ12

)(∇pθ34
∇pθ12

)

+ 2 sin θ23 sin θ14

(∇pθ13
∇pθ12

)(∇pθ24
∇pθ12

)

+ 2 sin θ24

(∇pθ23
∇pθ12

)(∇pθ34
∇pθ12

)

+ 2 sin θ13

(∇pθ23
∇pθ12

)

+ 2 cos θ13 cos θ23 sin θ14

(∇pθ24
∇pθ12

)

+ 2
(

sin θ13 sin θ23 − cos θ13 sin θ23 sin θ14 cos θ24
)

(∇pθ34
∇pθ12

)

}

, (3.27)

B = ~τ14 · ~τ23 − ~τ13 · ~τ24 + ~τ12 · ~τ34,

= ~∇θ12 · ~∇θ12
{

(∇pθ23
∇pθ12

)(∇pθ14
∇pθ12

)

+ sin θ13

(∇pθ14
∇pθ12

)

+ cos θ13 sin θ23 cos θ14

(∇pθ24
∇pθ12

)

− cos θ23 cos θ14

(∇pθ13
∇pθ12

)(∇pθ24
∇pθ12

)

+ cos θ14 cos θ23 cos θ14 cos θ24

(∇pθ34
∇pθ12

)

+ sin θ23 cos θ14 cos θ24

(∇pθ13
∇pθ12

)(∇pθ34
∇pθ12

)

+ sin θ24
∇pθ14
∇pθ12

(∇pθ34
∇pθ12

)

}

, (3.28)
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and thereby,

~ωi =

√

A

2
± 1

2

√
A2 − 4B2,

= ±~∇θ12
[

− 1

2

{

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)2

+
(∇pθ14
∇pθ12

)2

+
(∇pθ24
∇pθ12

)2

+
(∇pθ34
∇pθ12

)2

+ 2 cos θ23 sin θ14 cos θ24

(∇pθ13
∇pθ12

)(∇pθ34
∇pθ12

)

+ 2 sin θ23 sin θ14

(∇pθ13
∇pθ12

)(∇pθ24
∇pθ12

)

+ 2 sin θ24

(∇pθ23
∇pθ12

)(∇pθ34
∇pθ12

)

+ 2 sin θ13

(∇pθ23
∇pθ12

)

+ 2 cos θ13 cos θ23 sin θ14

(∇pθ24
∇pθ12

)

+ 2
(

sin θ13 sin θ23 − cos θ13 sin θ23 sin θ14 cos θ24
)

(∇pθ34
∇pθ12

)

}

± 1

2

{

[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)2

+
(∇pθ14
∇pθ12

)2

+
(∇pθ24
∇pθ12

)2

+
(∇pθ34
∇pθ12

)2

+ 2 sin θ13

(∇pθ23
∇pθ12

)

+ 2
(

cos θ13 cos θ23 sin θ14 + cos θ13 sin θ23 cos θ14
)

(∇pθ14
∇pθ12

)

+ 2
(

sin θ13 sin θ23 − cos θ13 sin θ23 sin θ14 cos θ24 + cos θ13 cos θ23 cos θ14 cos θ24
)

(∇pθ34
∇pθ12

)

+ 2 sin θ13

(∇pθ14
∇pθ12

)

+ 2
(

cos θ23 sin θ14 cos θ24 + sin θ23 cos θ14 cos θ24
)

(∇pθ13
∇pθ12

)(∇pθ34
∇pθ12

)

+ 2
(

sin θ23 sin θ14 − cos θ23 cos θ14
)

(∇pθ13
∇pθ12

)(∇pθ24
∇pθ12

)

+ 2 sin θ14

(∇pθ23
∇pθ12

)(∇pθ34
∇pθ12

)

+ 2
(∇pθ23
∇pθ12

)(∇pθ14
∇pθ12

)

+ 2 sin θ24

(∇pθ14
∇pθ12

)(∇pθ34
∇pθ12

)]

×
[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)2

+
(∇pθ14
∇pθ12

)2

+
(∇pθ24
∇pθ12

)2

+
(∇pθ34
∇pθ12

)2

+ 2 sin θ13

(∇pθ23
∇pθ12

)

+ 2
(

cos θ13 cos θ23 sin θ14 − cos θ13 sin θ23 cos θ14
)

(∇pθ14
∇pθ12

)

+ 2
(

sin θ13 sin θ23 − cos θ13 sin θ23 sin θ14 cos θ24 − cos θ13 cos θ23 cos θ14 cos θ24
)

(∇pθ34
∇pθ12

)

− 2 sin θ13

(∇pθ14
∇pθ12

)

+ 2
(

cos θ23 sin θ14 cos θ24 − sin θ23 cos θ14 cos θ24
)

(∇pθ13
∇pθ12

)(∇pθ34
∇pθ12

)

+ 2
(

sin θ23 sin θ14 + cos θ23 cos θ14
)

(∇pθ13
∇pθ12

)(∇pθ24
∇pθ12

)

+ 2 sin θ14

(∇pθ23
∇pθ12

)(∇pθ34
∇pθ12

)

− 2
(∇pθ23
∇pθ12

)(∇pθ14
∇pθ12

)

− 2 sin θ24

(∇pθ14
∇pθ12

)(∇pθ34
∇pθ12

)]

} 1

2

]
1

2

(3.29)

TH-602_BSARKAR



60 Born-Oppenheimer equation for four-state system: Formulation

3.3 Summary

We consider a four-state sub-Hilbert space as the complete one and perform a general-

ized BO treatment assuming the validity of adiabatic-diabatic transformation condition,

~∇A + ~τA = 0, where the chosen form of the transformation matrix (A) has to be orthog-

onal at any point in the configuration space and its’ elements should be cyclic functions

with respect to a parameter. We construct the A matrix by taking the product of six ro-

tation matrices (off course the product can be taken in numerous ways), substitute in the

ADT condition along with generalize anti-symmetric form of the nonadiabatic coupling

elements and obtain the explicit expressions of the nonadiabatic coupling elements. Since

we have the analytic form of the NAC elements in terms of ADT angles, it become straight

forward to formulate the explicit form of the Curl-Divergence equations for the NAC ele-

ments and show the validity of Curl equation, which ensure the adiabatic-diabatic trans-

formation with uniquely defined diabatic PESs. Considering the Jacobian at and around

the CIs, we briefly present how Curl of NAC elements could be zeros, which again en-

sure the formulation of EBO equation either approximate or rigorous manner. In order to

justify the analytical treatment, namely, the validity of Curl condition and zero Curl for

the NAC elements, we solve Mathieu equation as the model system to calculate adiabatic

potential energies and nonadiabatic coupling terms. By using those NAC elements, we

find that not only Curl conditions are valid but also Curls approach to zeros as the four

adiabatic states intend to form a sub-Hilbert space.
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Chapter 4

Numerical studies of three-state

sub-Hilbert space

4.1 Introduction

In this chapter, first we demonstrate1,2 the validity of our rigorous EBO equation [Eq.

(2.39)] and find it’s necessity with respect to approximate EBO equation [Eq. (2.40)]. Though

we obtain good agreements between the results calculated by using Eq. (2.39) and (2.40),

it will be wise to use Eq. (2.39) to incorporate the contribution of the elements of G ma-

trix. The results obtained from these equations are compared with so called numerically

exact diabatic one [Eq. (2.6)], where calculations are performed on two different models

(Model A and Model B) involving three electronic states. These models are developed by

using two nuclear coordinates only in order to keep the simplicity of numerical calculations

but not loosing the generality in terms of physical insight of the inbuilt phenomena. Sec-

ondly, we explore3 the validity of the Curl condition,
[

∂
∂p
τ q
ij− ∂

∂q
τp
ij = (τ qτ p)ij−(τ pτ q)ij

]

,

as well as zero Curls, when the three states are either degenerate at a point or approach-

ing to form three states degeneracy at the same point, by using an Induced Renner-Teller

(RT) type model. Since the RT model is in diabatic representation, the validity of Curl con-

ditions are inbuilt but the outcome, the validity of zero Curls, help us to formulate the

Extended Born-Oppenheimer (EBO) equation. Such EBO equation can be used to carry

out accurate ground state calculation by taking into account the effect of upper PESs.
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4.2 The Models and the nonadiabatic coupling elements

The nonadiabatic coupling among any three electronic states could show up single or

multiple number of CI(s) at a particular or different nuclear configuration(s) space, re-

spectively. One of the commonest possibility is the presence of two CIs, namely, the first

and second electronic states may indicate a CI at a particular nuclear configuration and

the second and third electronic can have another CI at different nuclear configuration.

There is another possibility, not really uncommon, among the three electronic states, i.e.,

the CI at a single point. When the CIs are at different nuclear configuration space, they

could be far apart from each other or even close enough. If they are far away from each

other, effectively the 3×3 BO system translates into two 2×2 BO systems. In such situa-

tion, the matrix G, which diagonalizes the anti-symmetric scalar matrix g, commutes with

the operator ~∇ and thereby, Eq. (2.40) could be considered as the rigorous EBO equation.

On the other hand, when the system has two close enough CIs or a single CI among the

three states, the G matrix does not commute with ~∇ and Eq. (2.39) would be the rigorous

form of the EBO equation.

4.2.1 The Model A

4.2.1.1 The nonadiabatic coupling elements and adiabatic PESs

The nonadiabatic coupling elements of the molecule C2H is a good example to cite in con-

nection with our following proposed Model A even though there are some differences

also. The ab initio4,5 calculations for the same molecule show that there is a CI between

2 2A′ and 3 2A′ states at a particular nuclear configuration and are two CIs between 3 2A′

and 4 2A′ states at different configuration of the nuclear space, where the spatial distribu-

tions of the NAC terms, ~τ12, ~τ13 and ~τ23 depending upon the size of the circular contours

dictate whether the three state problem can be resolved or not into two approximate two

state systems. There are numerous molecules with similar nonadiabatic coupling profiles

among the three consecutive adiabatic electronic states.

The construction of Model A (a 3 × 3 BO system) is such that it breaks up into two

2× 2 BO systems when the point of CI between the first and the second states is far away
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from the point of CI between the second and the third states. This become possible by

introducing ~τ12 and ~τ23 in a way that their spatial distributions either do not or have very

small overlap with respect to the radial coordinate at the asymptote, where ~τ13 is made

nearly or identically zero. Such functional form of nonadiabatic terms can be incorpo-

rated by manipulating the nuclear coordinate (let say x and y) dependence of the ADT

angles, θ12(n), θ23(n) and θ13(n). In other words, we choose the spatial distribution of

ADT angles such that ~∇θ12 6= 0 and ~∇θ23 ≃ 0 around the first CI and ~∇θ23 6= 0 and ~∇θ12
≃ 0 around the second CI. Moreover, since we assume that the Model A do not have any

conical intersection between the first and third state for the entire range, −∞ ≤ x, y ≤ ∞,

the ADT angle (θ13) between those states for the same space is expected to be small, i.e.,

θ13 ≃ 0 and ~∇θ13 ≃ 0. Thus, the nonadiabatic coupling elements [Eq. (2.10)] take the

following form:

~τ12 ≃ −~∇θ12 (4.1a)

~τ23 ≃ − cos θ12~∇θ23, (4.1b)

~τ13 ≃ − sin θ12 ~∇θ23, (4.1c)

If the CIs in Model A are asymptotically apart, it is quite reasonable to assume that

cos θ12 ≈ 1 and sin θ12 ≈ 0 with ~∇θ23 6= 0 and ~∇θ12 ≃ 0 at around the second CI and

thereby, nonadiabatic coupling elements [Eq. (4.1)] are given by, ~τ12 ≃ 0, ~τ23 ≃ −~∇θ23 and

~τ13 ≃ 0 with Curl τij ≃ 0, whereas at around the first CI, since ~∇θ23 ≃ 0 and ~∇θ12 6= 0,

nonadiabatic coupling elements [Eq. (4.1)] appear as, ~τ12 ≃ −~∇θ12, ~τ23 ≃ 0 and ~τ13 ≃ 0

with Curl τij ≃ 0. Hence, both the situations altogether lead to two approximate two-state

BO systems.

In summary, even if there is no conical intersection between the first and the third

state, i.e., the ADT angle θ13(n) between these two states is assumed either remain con-

stant or zero for the entire nuclear configuration space, still it does not mean that the

nonadiabatic coupling term, ~τ13, is exactly zero since it can grow due to the spatial over-

lapping of the NAC terms, ~τ12 and ~τ23 [see Eq. (2.10)]. In order to fulfill the above ex-
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pectations from Model A, we introduce the following three different choices of spatial

distribution on the ADT angles:

(I) θ1
12(x, y) = 1

2 tan−1(
y

x− x0
), θ1

23(x, y) = 1
2 tan−1(

y
x0 − x) and θ1

13(x, y) = 0;

(II) θ2
12(x, y) = 1

2 tan−1(
y

x− x0
) − 1

4 sin
[

2 tan−1(
y

x− x0
)
]

,

θ2
23(x, y) = 1

2 tan−1(
y

x0 − x) − 1
4 sin

[

2 tan−1(
y

x0 − x)
]

and θ2
13(x, y) = 0;

(III) θ3
12(x, y) = 1

2 tan−1(
y

x− x0
), θ3

23(x, y) = 1
2 tan−1(

y
x0 − x) − 1

4 sin
[

2 tan−1(
y

x0 − x)
]

and θ3
13(x, y) = 0.

It may be noted that the choices of the functional form of these three sets of ADT

angles are not quite arbitrary, particularly, the set (II) angles are the fitted ones from ab

initio calculated data.4 We substitute the set (II) angles in the Eq. (2.10) to obtain the

spatial distributions of nonadiabatic coupling elements and display the corresponding

NAC elements in Figs. 4.1a − 4.1c for various separation [2x0 (= 4, 2, 0.5 Å)] between

the CIs. The right inset in Fig. 4.1a shows the profile of set (II) ADT angles (θ12/θ23) as

function of the nuclear coordinate θ[= tan−1(
y
x)], where the left inset in Figs. 4.1a − 4.1c

present how the functional form of |τ13| grows as |τ12| and |τ23| appear closer and closer.

For a given separation of CIs (2x0), each set of NAC terms along with the following chosen

form of adiabatic PESs,

u1(x, y) =
1

2
µ[ω0 − ω̃1(x)]

2y2 + A1 × f1(x, y),

u2(x, y) =
1

2
µω2

0y
2 − (D1 −A1) × f1(x, y) + A1 × f2(x, y) +D1,

u3(x, y) =
1

2
µω2

0y
2 − (D1 −A1) × f2(x, y) +D2,

ω̃1(x) = ω1 exp
[

− (x− x0)
2

σ2
1

]

,

f1(x, y) = exp
[

− (x− x0)
2 + y2

σ2

]

,

f2(x, y) = exp
[

− (x+ x0)
2 + y2

σ2

]

, (4.2)

defines the corresponding adiabatic nuclear SE [Eq. (2.4)]. Fig. 4.2a presents those adia-

batic PESs for 2x0 = 4 Å with the potential parameters as given by µ = 0.58 amu, A1 = 3.0
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eV, D1 = 5.0 eV, D2 = 10.0 eV, ω0 = 39.14 × 1013 s−1, ω1 = 7.83 × 1013 s−1, σ = 0.3 Å and

σ1 = 0.75 Å, respectively.

4.2.1.2 The diabatic and rigorous EBO equation

Finally, each set of ADT angles as chosen in previous section are being used to construct

the ADT matrix [Eq. (2.8)] and thereby, to transform the adiabatic to diabatic SE [Eq.

(2.6)]. The detailed expression of adiabatic SEs and diabatic potentials for any generalized

form of ADT (mixing) angles were presented in Appendix A. On the other hand, in order

to formulate the EBO equation for Model A, we make use the following form of the τ

matrix by considering θ13 = 0 in the Eq. (2.21):

~τ = ~∇θ12



























0 −1 − sin θ12

(∇pθ23
∇pθ12

)

1 0 − cos θ12

(∇pθ23
∇pθ12

)

sin θ12

(∇pθ23
∇pθ12

)

cos θ12

(∇pθ23
∇pθ12

)

0



























= ~∇θ12 · g(θ12, θ13). (4.3)

The eigenvalue ±i~ω (~ω = ~∇θ12
[

1+
(∇pθ23
∇pθ12

)2] 1

2

) and the corresponding eigenvector [i~ω =

~∇θ12 · Gdg(θ12, θ13)G] with the following three elements,

Gd
11 = − cos θ12

(∇pθ23
∇pθ12

)

×
[

1 +

(∇pθ23
∇pθ12

)2]− 1

2

,

Gd
12 = sin θ12

(∇pθ23
∇pθ12

)

×
[

1 +

(∇pθ23
∇pθ12

)2]− 1

2

,

Gd
13 = −

[

1 +

(∇pθ23
∇pθ12

)2]− 1

2

,

are substituted in the Eq. (2.39) to obtain the explicit form of rigorous EBO equation (see

Appendix D) for the ground state.
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Figure 4.1: Profile of the nonadiabatic coupling elements (τ12 and τ23) with the separation of (a) 4
Å, (b) 2 Å and (c) 0.5 Å between (1,2) and (2,3) CI considering adiabatic-to-diabatic transformation
angles angles θ12(x, y) = θ23(x, y) = 1

2 tan−1( y
x) − 1

4 sin[2 tan−1( y
x)] and θ13(x, y) = 0. The inset

in right of the figures show the nonadiabatic coupling element τ13, while the inset on left of Fig.
4.1(a) represents the adiabatic-to-diabatic transformation angles angles.
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Figure 4.2: (a) The three adiabatic potential energy surfaces for Model A. The functional form of
the eigenvalues (|ωII |) of the NAC matrix arising due to the ADT angles θ12(x, y) = θ23(x, y) =
1
2 tan−1( y

x) − 1
4 sin[2 tan−1( y

x)] and θ13(x, y) = 0 for (b) 4 Å and (c) 0.5 Å separation of CIs.
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The gradient ratios of the mixing angles, θ12 and θ23 at the point (1,2) CI, x = x0 for the

above three sets are given by,

(∇xθ
1
23

∇xθ1
12

)∣

∣

∣

x=x0

=
y2

(2x0)2 + y2
, (4.4a)

(∇xθ
2
23

∇xθ
2
12

)∣

∣

∣

x=x0

=
y2

2[(2x0)2 + y2]

[

1 − cos
(

2 tan−1 y

2x0

)

]

, (4.4b)

(∇xθ
3
23

∇xθ3
12

)∣

∣

∣

x=x0

=
y2

(2x0)2 + y2

[

1 − cos
(

2 tan−1 y

2x0

)

]

, (4.4c)

with the eigenvalues of the corresponding NAC matrices,

~ωI = ~∇θ1
12

[

1 +
y4

(4x2
0 + y2)2

]
1

2

, (4.5a)

~ωII = ~∇θ2
12

{

1 +
y4

4(4x2
0 + y2)2

[

1 − cos
(

2 tan−1 y

2x0

)]2} 1

2

, (4.5b)

~ωIII = ~∇θ3
12

{

1 +
y4

(4x2
0 + y2)2

[

1 − cos
(

2 tan−1 y

2x0

)]2} 1

2

. (4.5c)

The functional form of the eigenvalue (|ω|) of the NAC matrix arising due to set (II)

ADT angles are presented in Fig. 4.2b − 4.2c for the 4 Å and 0.5 Å separation of CIs,

respectively.

We are now in a position to analyze the EBO equations at two extreme situations when

the cis are (a) infinitely separated (2x0 → ∞) or (b) approaching to a point (2x0 → 0).

Though the EBO equations of Model A are formulated with θ13(x, y) = 0, it is important to

note that θ13(x, y) may not be identically zero, particularly, when the separation between

the cis is enough small. At 2x0 → ∞, eigenvalues [Eq. (4.5)] of NAC matrices are, ~ωI =

~∇θ1
12, ~ωII = ~∇θ2

12 and ~ωIII = ~∇θ3
12, with the following gauge invariance conditions,6

1

2π

∫ 2π

0

~ωI(n). ~dn =
1

2π

∫ 2π

0

~ωII(n). ~dn =
1

2π

∫ 2π

0

~ωIII(n). ~dn = 0.5 (4.6)

and the model is breakable into two 2×2 BO systems. On the other hand, at 2x0 → 0,

eigenvalues for the three sets are ~ωI =
√

2~∇θ1
12, ~ωII =

√
2~∇θ2

12 and ~ωIII =
√

5~∇θ3
12 with
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gauge invariance conditions,

1

2π

∫ 2π

0

~ωI(n). ~dn = 0.70,

1

2π

∫ 2π

0

~ωII(n). ~dn = 0.70,

1

2π

∫ 2π

0

~ωIII(n). ~dn = 1.11, (4.7)

respectively. Thus, as the separation (2x0) between the cis decreases, Model A transforms

towards a three state BO problem and will be faster with the set (III) - mixing angles than

the other two sets.

4.2.1.3 Numerical calculations: results and discussions

We consider the product of the ground vibrational state for the harmonic mode (at the

asymptote of the scattering mode) and the Gaussian wavepacket with various KE ener-

gies for the scattering mode as the initial wavefunction for the ground adiabatic state of

the system. This adiabatic wavefunction is being propagated by using single surface BO

approximate, approximated EBO and rigorous EBO equations as functions of time with

the help of numerically accurate TDDVR1 approach and the respective wavefunction at

t → ∞ is projected on the asymptotic eigenfunctions of the Hamiltonian to obtain the

state - to - state vibrational transition probabilities at different energies. We perform all

those dynamical calculations at total energies 1.25, 1.50 and 1.75 eV. It is important to

note that all those equations (single surface BO approximate, approximated EBO and rig-

orous EBO equation) are derived with the assumption, namely, upper electronic states

are expected to be classically closed at those energies (1.25, 1.50 and 1.75 eV) with respect

to the point of first conical intersection at 3.0 eV. On the other hand, we calculate the

initial diabatic wavefunctions by caring out the adiabatic - diabatic transformation [Eq.

(2.8)] on the wavefunction matrix, where the first element represents the same adiabatic

wavefunction for the ground state at t = 0. Table 4.1 − 4.3 present the reactive state -

to - state transition probabilities for the three sets (I) - (III), respectively. When the sep-

aration between the cis are 4 or 3 Å, transition probabilities calculated by single surface

EBO equations not only follow the correct symmetry (even → odd or odd → even) but
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also achieve quantitative agreement with diabatic results. On the contrary, if the cis are

1 or 0.5 Å apart, there is gradual increase on even → even transitions along with even →

odd transitions and some quantitative disagreement between diabatic and EBO results

at all energies. As the separation between cis is decreasing, even → even transitions are

growing because the model is transforming from a two to a three state BO system as pre-

dicted by gauge invariance condition. This effect is more prominent with the choice on

the functional form of the set (III) - mixing angles and Table 4.3 clearly demonstrates the

fact. Disagreements between diabatic and EBO results at smaller separations (2x0 = 0.5 or

1.0 Å) between the cis may arise for two possible reasons: (a) EBO equation can not pro-

vide meaningful solution since the gauge invariance condition is away from half integer

or integer and (b) the formulation of EBO equation considering Curl τij ≃ 0 may not be

a correct approach. In order to explore the cause of disagreement between diabatic and

EBO results at smaller separation of cis, we find the eigenvalues of the nonadiabatic cou-

pling matrices constructed by using set (I)− mixing angles with 4 and 0.5 Å separation of

cis as

~ωI(2x0 = 4) = ~∇θ1
12

[

1 +
y4

(16 + y2)2

]
1

2

, (4.8a)

~ωI(2x0 = 0.5) = ~∇θ1
12

[

1 +
y4

(0.25 + y2)2

]
1

2

, (4.8b)

where the corresponding gauge invariance conditions are approximately 0.50 and 0.70,

respectively. On the other hand, if we choose the functional form of mixing angles: (a)

θ12 = 1
2 tan−1 y

x− x0
, θ23 = 1

2 tan−1 y
x+ x0

and θ13 = 0 and (b) θ12 = 1
2 tan−1 y

x− x0
, θ23 =

1
128 tan−1 y

x+ x0
and θ13 = 0 with the cis at 4.0 and 0.5 Å apart, respectively, eigenvalues

of the corresponding NAC matrices are:

~ω(2x0 = 4) = ~∇θ1
12

[

1 +
y4

(16 + y2)2

]
1

2

, (4.9a)

~ω(2x0 = 0.5) = ~∇θ1
12

[

1 +
y4

(16 + 64y2)2

]
1

2

, (4.9b)

with approximately the same gauge invariance condition (0.5). Thus, diabatic and EBO

results due to the cis at 0.5 Å apart with θ23 = 1
128 tan−1 y

x+ x0
are expected to be similar
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Table 4.1: Reactive state-to-state transition probabilities when (1,2) and (2,3) conical intersections are 4 Å, 3 Å, 2 Å, 1 Å and 0.5 Å (2x0) apart.
The diabatic surfaces are constructed considering the mixing angles, θ1

12(x, y) = 1
2 tan−1( y

x−x0
), θ1

13(x, y) = 0 and θ1
23(x, y) = 1

2 tan−1( y
x0−x). The

corresponding EBOs are derived under the same condition.

2x0 1.25 eV 1.50 eV 1.75 eV
0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4

4 Å 0.0008a 0.0217 0.0020 0.0147 0.0007 0.0040 0.0300 0.0032 0.0412 0.0123 0.0006 0.0357 0.0075 0.0763 0.0049
0.0005b 0.0274 0.0022 0.0145 0.0004 0.0008 0.0300 0.0084 0.0414 0.0021 0.0002 0.0357 0.0021 0.0761 0.0016

3 Å 0.0056 0.0490 0.0032 0.0258 0.0059 0.0007 0.0461 0.0061 0.0693 0.0032 0.0047 0.0415 0.0073 0.0851 0.0209
0.0033 0.0492 0.0073 0.0212 0.0003 0.0004 0.0462 0.0231 0.0694 0.0010 0.0012 0.0416 0.0042 0.0851 0.0087

2 Å 0.0026 0.0514 0.0038 0.2248 0.0115 0.0044 0.0423 0.0023 0.0352 0.0010 0.0043 0.0442 0.0022 0.0357 0.0016
0.0018 0.0515 0.0173 0.2223 0.0134 0.0042 0.0417 0.0146 0.0351 0.0010 0.0104 0.0453 0.0138 0.0357 0.0058

1 Å 0.0052 0.0850 0.0005 0.0835 0.0033 0.0010 0.0575 0.0009 0.0969 0.0031 0.0224 0.0444 0.0488 0.0526 0.0352
0.0006 0.0850 0.0189 0.0839 0.0461 0.0232 0.0576 0.0332 0.0978 0.0258 0.0249 0.0497 0.0064 0.0675 0.0031

0.5 Å 0.0020 0.0682 0.0053 0.0252 0.0001 0.0060 0.0724 0.0015 0.0204 0.0129 0.0170 0.0347 0.0198 0.0438 0.0438
0.0511 0.0682 0.0153 0.0154 0.0025 0.0270 0.0724 0.0430 0.0206 0.0007 0.0203 0.0345 0.0189 0.0507 0.0005

a EBO
b Diabatic
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Table 4.2: Reactive state-to-state transition probabilities when (1,2) and (2,3) conical intersections are 4 Å, 3 Å, 2 Å, 1 Å and 0.5 Å (2x0) apart. The
diabatic surfaces are constructed considering the mixing angles, θ2

12(x, y) = 1
2 tan−1( y

x−x0
) − 1

4 sin[2 tan−1( y
x−x0

)], θ2
13(x, y) = 0, and θ2

23(x, y) =
1
2 tan−1( y

x0−x) − 1
4 sin[2 tan−1( y

x0−x)]. The corresponding EBOs are derived under the same condition.

2x0 1.25 eV 1.50 eV 1.75 eV
0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4

4 Å 0.0025a 0.0500 0.0061 0.0384 0.0001 0.0021 0.0206 0.0030 0.1080 0.0204 0.0006 0.0174 0.0034 0.0885 0.0036
0.0005b 0.0510 0.0006 0.0492 0.0334 0.0016 0.0216 0.0340 0.1089 0.0048 0.0000 0.0179 0.0007 0.0884 0.0004

3 Å 0.0050 0.0592 0.0039 0.0758 0.0041 0.0019 0.0427 0.0006 0.0880 0.0063 0.0002 0.0513 0.0009 0.0286 0.0003
0.0021 0.0586 0.0224 0.0713 0.0022 0.0011 0.0428 0.0004 0.0880 0.0297 0.0003 0.0514 0.0004 0.0284 0.0002

2 Å 0.0034 0.0337 0.0000 0.0140 0.0000 0.0026 0.0366 0.0001 0.0223 0.0000 0.0022 0.0413 0.0002 0.0282 0.0001
0.0004 0.0338 0.0031 0.0140 0.0021 0.0001 0.0366 0.0012 0.0223 0.0001 0.0002 0.0411 0.0008 0.0281 0.0002

1 Å 0.0305 0.0311 0.0001 0.0929 0.0035 0.0058 0.0485 0.0049 0.1008 0.0029 0.0081 0.0450 0.0011 0.0740 0.0163
0.0026 0.0349 0.0008 0.0910 0.0002 0.0034 0.0480 0.0036 0.1061 0.0013 0.0057 0.0449 0.0069 0.0730 0.0005

0.5 Å 0.0012 0.0252 0.0084 0.0631 0.0005 0.0028 0.0692 0.0121 0.0694 0.0098 0.0047 0.0698 0.0011 0.0181 0.0212
0.0104 0.0250 0.0010 0.0280 0.0139 0.0000 0.0686 0.0057 0.0539 0.0019 0.0102 0.0696 0.0282 0.1148 0.0194

a EBO
b Diabatic
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Table 4.3: Reactive state-to-state transition probabilities when (1,2) and (2,3) conical intersections are 4 Å, 3 Å, 2 Å, 1 Å and 0.5 Å (2x0) apart.
The diabatic surfaces are constructed considering the mixing angles, θ3

12(x, y) = 1
2 tan−1( y

x−x0
), θ3

13(x, y) = 0 and θ3
23(x, y) = 1

2 tan−1( y
x0−x) −

1
4 sin[2 tan−1( y

x0−x)]. The corresponding EBOs are derived under the same condition.

2x0 1.25 eV 1.50 eV 1.75 eV
0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4

4 Å 0.0009a 0.0247 0.0044 0.0657 0.0032 0.0015 0.0352 0.0021 0.0244 0.0049 0.0004 0.0253 0.0062 0.0635 0.0057
0.0000b 0.0251 0.0008 0.0687 0.0023 0.0001 0.0352 0.0015 0.0245 0.0068 0.0108 0.0245 0.0023 0.0650 0.0017

3 Å 0.0057 0.0498 0.0036 0.0220 0.0079 0.0004 0.0491 0.0063 0.0388 0.0023 0.0017 0.0250 0.0042 0.0299 0.0057
0.0026 0.0450 0.0043 0.0286 0.0063 0.0009 0.0488 0.0093 0.0399 0.0001 0.0000 0.0259 0.0000 0.0292 0.0003

2 Å 0.0054 0.0218 0.0007 0.0047 0.0001 0.0049 0.0355 0.0016 0.0212 0.0005 0.0043 0.0442 0.0022 0.0357 0.0016
0.0001 0.0218 0.0003 0.0139 0.0000 0.0006 0.0355 0.0006 0.0212 0.0115 0.0024 0.0442 0.0013 0.0357 0.0038

1 Å 0.0035 0.0343 0.0023 0.1144 0.0075 0.0003 0.0281 0.0013 0.0789 0.0029 0.0029 0.0255 0.0002 0.0950 0.0176
0.0013 0.0343 0.0026 0.1170 0.0019 0.0026 0.0281 0.0096 0.0787 0.0119 0.0004 0.0255 0.0043 0.0949 0.0046

0.5 Å 0.0117 0.0238 0.0310 0.0130 0.0028 0.0063 0.0098 0.0057 0.0538 0.0088 0.0072 0.0051 0.0040 0.0500 0.0052
0.0211 0.0238 0.0168 0.0589 0.0034 0.0024 0.0098 0.0181 0.0578 0.0520 0.0036 0.0070 0.0030 0.0500 0.0364

a EBO
b Diabatic
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Table 4.4: Comparison of reactive transition probabilities when calculations are performed on
the diabatic surfaces where (1,2) and (2,3) conical intersections are separated by (a) 4 Å with the
mixing angles θ1

12(x, y) = 1
2 tan−1( y

x−x0
), θ1

13(x, y) = 0, θ1
23(x, y) = 1

2 tan−1( y
x0−x), and (b) 0.5 Å with

the mixing angles θ1
12(x, y) = 1

2 tan−1( y
x−x0

), θ1
13(x, y) = 0, θ1

23(x, y) = 1
128 tan−1( y

x0−x), whereas
the corresponding EBOs are constructed under the same condition.

E(eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4
1.25 0.0005a 0.0274 0.0022 0.0145 0.0004

0.0083b 0.0287 0.0041 0.0105 0.0089
0.0008c 0.0217 0.0020 0.0147 0.0007

1.50 0.0008 0.0300 0.0084 0.0414 0.0021
0.0022 0.0309 0.0035 0.0448 0.0018
0.0040 0.0300 0.0032 0.0412 0.0123

1.75 0.0002 0.0357 0.0021 0.0761 0.0016
0.0040 0.0356 0.0019 0.0503 0.0000
0.0006 0.0357 0.0075 0.0763 0.0049

a 4 Å
b 0.5 Å
c EBO

with those diabatic results when cis are separated by 4 Å and θ23 = 1
2 tan−1 y

x+ x0
. We

present those transition probabilities in Table 4.4 where even → odd transitions appear

exclusively with reasonably good quantitative agreement. We also find the equivalent

condition, θ23 = 1
72 tan−1 y

x+ x0
for the cis separated by 0.5 Å to reproduce the diabatic

and EBO results of the BO system with θ23 = 1
2 tan−1 y

x+ x0
and 2x0 = 3 Å. Table 4.5 dis-

plays that calculated transition probabilities are qualitatively correct and quantitatively

accurate. We also explore and obtain equivalent conditions between diabatic and EBO

equations with the cis separated by 4 and 0.5 Å, respectively, for the set (II) as well as

set (III) - mixing angles. Table 4.6 and 4.7 present that numerically calculated results are

in par with our theoretical prediction. Thus, numerical calculations on Model A demon-

strate that EBO equations formulated by introducing zero Curl can evaluate correct sym-

metry allowed transition probabilities and bring quantitative agreement with diabatic

results if eigenvalues of NAC matrix are gauge invariant.

On the other hand, Table 4.8 presents the reactive state-to-state transition probabilities

for the set (II) ADT angles with the separation between the CIs 4 and 0.5 Å, respectively.

Calculated transition probabilities by using single surface approximated and rigorous
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Table 4.5: Comparison of reactive transition probabilities when calculations are performed on
the diabatic surfaces where (1,2) and (2,3) conical intersections are separated by (a) 3 Å with the
mixing angles θ1

12(x, y) = 1
2 tan−1( y

x−x0
), θ1

13(x, y) = 0, θ1
23(x, y) = 1

2 tan−1( y
x0−x), and (b) 0.5 Å with

the mixing angles θ1
12(x, y) = 1

2 tan−1( y
x−x0

), θ1
13(x, y) = 0, θ1

23(x, y) = 1
72 tan−1( y

x0−x), whereas the
corresponding EBOs are constructed under the same condition.

E(eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4
1.25 0.0033a 0.0492 0.0073 0.0212 0.0003

0.0002b 0.0446 0.0036 0.0188 0.0013
0.0056c 0.0490 0.0032 0.0258 0.0059

1.50 0.0004 0.0462 0.0231 0.0694 0.0010
0.0028 0.0460 0.0052 0.0259 0.0018
0.0007 0.0461 0.0061 0.0693 0.0032

1.75 0.0012 0.0416 0.0042 0.0851 0.0087
0.0022 0.0415 0.0014 0.0519 0.0000
0.0047 0.0415 0.0073 0.0851 0.0209

a 3 Å
b 0.5 Å
c EBO

EBO equations with 4 Å separation of CIs not only follow the correct symmetry (even →

odd or odd → even) but also achieve quantitative agreement in comparison with diabatic

results at all energies. On the other hand, when the cis are 0.5 Å apart, there is a gradual

increase on even → even transitions along with even → odd transitions and some quanti-

tative disagreement with diabatic transitions particularly at higher energies. Indeed, it is

clear from Table 4.8 that single surface BO equation neither can provide correct symmet-

ric transitions nor can calculate quantitatively accurate probabilities. Moreover, Table 4.8

shows that transition probabilities calculated by using rigorous EBO are quantitatively

similar with approximated EBO ones.

4.2.2 The Model B

4.2.2.1 The nonadiabatic coupling elements and adiabatic PESs

The intention to formulate rigorous EBO equation [Eq. (2.39)] is to consider the effect of

upper electronic states on the lower in a detailed manner, particularly, when three elec-

tronic states are strongly coupled at a point. In other words, our wish to construct such
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Table 4.6: Comparison of reactive transition probabilities when calculations are performed
on the diabatic surfaces where (1,2) and (2,3) conical intersections are separated by (a)
4 Å with the mixing angles θ2

12(x, y) = 1
2 tan−1( y

x−x0
) − 1

4 sin[2 tan−1( y
x−x0

)], θ2
13(x, y) =

0, θ2
23(x, y) = 1

2 tan−1( y
x0−x) − 1

4 sin[2 tan−1( y
x0−x)], and (b) 0.5 Å with the mixing angles

θ2
12(x, y) = 1

2 tan−1( y
x−x0

) − 1
4 sin[2 tan−1( y

x−x0
)], θ2

13(x, y) = 0, θ2
23(x, y) = 1

128 tan−1( y
x0−x) −

1
256 sin[2 tan−1( y

x0−x)], whereas the corresponding EBOs are constructed under the same condi-
tion.

E(eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4
1.25 0.0005a 0.0510 0.0006 0.0492 0.0334

0.0135b 0.0537 0.0035 0.0397 0.0053
0.0025c 0.0500 0.0061 0.0384 0.0001

1.50 0.0016 0.0216 0.0340 0.1089 0.0048
0.0017 0.0220 0.0076 0.1031 0.0349
0.0021 0.0206 0.0030 0.1080 0.0204

1.75 0.0000 0.0179 0.0007 0.0884 0.0004
0.0081 0.0178 0.0204 0.0875 0.0785
0.0006 0.0174 0.0034 0.0885 0.0036

a 4 Å
b 0.5 Å
c EBO

a model (Model B) with this kind of coupling is to explore the validity of rigorous EBO

equation [Eq. ((2.39)] with respect to the diabatic [Eq. (2.6)] results (so called numerically

exact ones) as well as to find out the necessity of rigorous EBO equation [Eq.(2.39)] with

respect to the approximate EBO equation [Eq.(2.40)]. The 5 × 5 ~τ matrix (1 2A′, 2 2A′, 3 2A′,

4 2A′ and 5 2A′) of H3 system breaks up to 3 × 3 ~τ matrix leading to a typical example of

three state BO system. On such system, ab-initio calculations7 find that ~τ13 is relatively

large and moreover, predict that the strongly overlapping ~τ12 and ~τ23 intersections essen-

tially develops non-negligible value of ~τ13, and thereby, this conical intersection among

the three adiabatic states is unbreakable and coincides at a point of degeneracy.

In order to mimic the coupling of three BO states, we construct the Model B by con-

sidering: (a) ADT angles [θ12(n), θ23(n) and θ13(n)] defined around a point; (b) Adiabatic

PESs with degeneracy at the same point. We choose the following four sets (IV) - (VII)

on the functional form of ADT angles to formulate rigorous as well as approximate EBO

equations and construct diabatic PESs:
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Table 4.7: Comparison of reactive transition probabilities when calculations are performed on the
diabatic surfaces where (1,2) and (2,3) conical intersections are separated by (a) 4 Å with the mix-
ing angles θ3

12(x, y) = 1
2 tan−1( y

x−x0
), θ3

13(x, y) = 0, θ3
23(x, y) = 1

2 tan−1( y
x0−x)− 1

4 sin[2 tan−1( y
x0−x)],

and (b) 0.5 Å with the mixing angles θ3
12(x, y) = 1

2 tan−1( y
x−x0

), θ3
13(x, y) = 0, θ3

23(x, y) =
1

128 tan−1( y
x0−x) − 1

256 sin[2 tan−1( y
x0−x)], whereas the corresponding EBOs are constructed under

the same condition.

E(eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4
1.25 0.0001a 0.0138 0.0001 0.0379 0.0000

0.0010b 0.0138 0.0032 0.0171 0.0243
0.0003c 0.0141 0.0007 0.0035 0.0002

1.50 0.0001 0.0352 0.0015 0.0245 0.0068
0.0097 0.0310 0.0024 0.0111 0.0210
0.0015 0.0352 0.0021 0.0244 0.0049

1.75 0.0108 0.0245 0.0023 0.0650 0.0017
0.0104 0.0248 0.0095 0.0232 0.0134
0.0004 0.0253 0.0062 0.0635 0.0057

a 4 Å
b 0.5 Å
c EBO

(IV) θ1
12(x, y) = θ1

13(x, y) = θ1
23(x, y) = 1

2 tan−1(
y
x);

(V) θ2
12(x, y) = θ2

13(x, y) = θ2
23(x, y) = 1

2 tan−1(
y
x) − 1

4 sin
[

2 tan−1(
y
x)
]

;

(VI) θ3
12(x, y) = 1

2 tan−1(
y
x) and θ3

13(x, y) = θ3
23(x, y) = 1

2 tan−1(
y
x) − 1

4 sin
[

2 tan−1(
y
x)
]

;

(VII) θ4
12(x, y) = −2 sin2

[

1
2 tan−1(

y
x)
]

, θ4
13(x, y) = −1

4 sin
[

tan−1(
y
x)
]

and

θ4
23(x, y) = tan−1(

y
x) − 1

2 sin
[

2 tan−1(
y
x)
]

.

Among the four sets ((IV) - (VII)) of chosen ADT angles, the functional form of set (V)

angles have very similar spatial distribution with the profile of ab-initio calculated ADT

angles for H3 system7 whereas the set (VII) angles were being used elsewhere to investi-

gate any three state BO system degenerate at a point. Thus, we substitute the set (V) and

(VII) ADT angles in the Eq. (2.10) to see the spatial distributions of nonadiabatic coupling

elements and present in Fig. 4.3 and Fig. 4.4, respectively. The adiabatic representation of
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Table 4.8: Reactive state-to-state transition probabilities when (1,2) and (2,3) conical intersections are 4 Å, and 0.5 Å (2x0) apart. The dia-
batic surfaces are constructed considering the mixing angles, θ12(x, y) = 1

2 tan−1( y
x−x0

) − 1
4 sin[2 tan−1( y

x−x0
)], θ13(x, y) = 0, and θ23(x, y) =

1
2 tan−1( y

x0−x) − 1
4 sin[2 tan−1( y

x0−x)]. The corresponding rigorous EBOs [Eq. (2.39)] and the approximated EBOs [Eq. (2.40) considering the

transformation matrix commutes with the KE operator ~∇ are derived under the same condition. Transition probabilities when calculations are
performed on the single adiabatic surface with BO approximation [Eq. (2.41)] are also presented.

2x0 1.25 eV 1.50 eV 1.75 eV
0 → 0 0 → 1 0 → 2 0 → 3 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4

4 Å 0.0005a 0.0510 0.0006 0.0492 0.0016 0.0216 0.0340 0.1089 0.0048 0.0000 0.0179 0.0007 0.0884 0.0004
0.0063b 0.0502 0.0010 0.0301 0.0045 0.0210 0.0069 0.1423 0.0045 0.0009 0.0175 0.0003 0.1000 0.0023
0.0025c 0.0500 0.0061 0.0384 0.0021 0.0206 0.0030 0.1080 0.0204 0.0006 0.0174 0.0034 0.0885 0.0036
0.0390d 0.0000 0.0619 0.0000 0.0600 0.0000 0.0939 0.0000 0.0138 0.0430 0.0000 0.0190 0.0000 0.1691

0.5 Å 0.0104 0.0250 0.0010 0.0280 0.0000 0.0686 0.0057 0.0539 0.0019 0.0102 0.0696 0.0282 0.1148 0.0194
0.0002 0.0251 0.0042 0.0734 0.0017 0.0695 0.0036 0.0770 0.0056 0.0050 0.0698 0.0057 0.0190 0.0026
0.0012 0.0252 0.0084 0.0631 0.0028 0.0692 0.0121 0.0694 0.0098 0.0047 0.0698 0.0011 0.0181 0.0212
0.0390 0.0000 0.0619 0.0000 0.0600 0.0000 0.0939 0.0000 0.0138 0.0430 0.0000 0.0190 0.0000 0.1691

a Diabatic
b rigorous EBO
c approximated EBO
d BO Approx.
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Figure 4.3: Profile of the nonadiabatic coupling elements, (a) τ12, (b) τ23 and (c) τ13 for the adia-
batic - to - diabatic transformation angles angles θ12(x, y) = θ13(x, y) = θ23(x, y) = 1

2 tan−1( y
x) −

1
4 sin[2 tan−1( y

x)] when the conical intersections are situated at a point. The inset on left of Fig.
4.3(a) represents the corresponding adiabatic-to-diabatic transformation angles angles.
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Figure 4.4: Profile of the nonadiabatic coupling elements, (a) τ12, (b) τ23 and (c) τ13 for the adi-
abatic - to - diabatic transformation angles angles θ12(x, y) = −2 sin2[12 tan−1( y

x)], θ13(x, y) =
−1

4 sin[tan−1( y
x)], θ23(x, y) = tan−1( y

x) − 1
2 sin[2 tan−1( y

x)] when the conical intersections are sit-
uated at a point. The inset on left of Fig. 4.4(a) represents the corresponding adiabatic - to -
diabatic transformation angles angles.
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SE is thus constituted with each set of NAC terms along with the following chosen form

of adiabatic PESs,

u1(x, y) =
1

2
µ[ω0 − ω̃1(x)]

2y2 + A1 × f(x, y)

u2(x, y) =
1

2
µω2

0y
2 − (D1 − A1) × f(x, y) +D1

u3(x, y) =
1

2
µω2

0y
2 − (D2 − A1) × f(x, y) +D2

ω̃1(x) = ω1 exp
[

(− x

σ1

)2
]

f(x, y) = exp
[

− x2 + y2

σ2

]

(4.10)

where the point of conical intersection is at x=0 and y=0 [see Fig. 4.5a] and potential

parameters are same as Model A.

4.2.2.2 The diabatic and rigorous EBO equation

In a similar manner, each set of ADT angles [set (IV)-(VII)] constructs the ADT matrix

[Eq. (2.8)] leading to the transformation from adiabatic [Eq. (2.4)] to diabatic [Eq. (2.6)]

SE, where the generalized expressions for adiabatic and diabatic SE were presented in Ap-

pendix A. It may be noted that the transformation matrices, A(θ12, θ23, θ13)s [see Eqs.(2.8)

and (2.14)] being developed by using the above choices of the four sets [set (IV)-(VII)] of

ADT angles do not change their sign while completing a cycle, where the ADT angles are

functions of θ[= tan−1(
y
x)] in various ways within the configuration space, 0 ≤ θ ≤ 2π.

Moreover, the transformation matrix, A [Eq. (2.8) or (2.14)] under the ADT condition,

~∇A+ ~τA = 0, provides the explicit form of ~τ [Eq. (2.10)] matrix elements in terms of any

arbitrary but analytic functional form of ADT angles. In other words, if the columns of the

orthogonal matrix, A†, are considered as electronic basis functions and are substituted in

the adiabatic SE, the explicit form of ~τ matrix elements appear in terms of mixing angles

and satisfy the same ADT condition. Both these aspects ensure uniquely defined diabatic

potential matrix in configuration space, i.e., the topological matrix, D = exp(
∫ 2π

0
~τ · ~dn),

derived from ADT condition, should be the unit matrix. The explicit expression of D is
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formulated by using the G matrix as,

D =

M
∏

k=0

G(nk)E(nk)G
†(nk), (4.11)

where {nk, k = 0, 1, · · ·,M} is a series of points along the contour (the last point nk is iden-

tical with n0), G(nk) is the transformation matrix that diagonalizes g(nk) and E(nk) is a

diagonal matrix. The form of the matrix, G
†(nk) is shown in Eq. (2.35) and the diagonal

elements of E(nk) are given by, Ej(nk) = exp[−i
∫ nk

nk−1

~ωj(n) · ~dn]. While performing nu-

merical calculations to evaluate D matrix by using the four sets of ADT angles, it appears

that in all cases, the matrix is unit one and the typical values of the D elements for the set

(V) ADT angles are obtained as:

D =











1.000235 0.000000 0.000202

0.000000 1.000322 0.000000

−0.000498 0.000000 1.000127











.

Considering the conical intersection of a three states BO system is at a point and in-

troducing zero Curl τij around the same point, the general form of nonadiabatic coupling

matrix is given by Eq. (2.21) and thereby, the eigenvalues of the NAC matrices for the

four sets ((IV) - (VII)) of ADT angles appear as,

~ωIV = ~∇θ1
12

√

3 + 2 sin θ1
12, (4.12a)

~ωV = ~∇θ2
12

√

3 + 2 sin θ2
12, (4.12b)

~ωV I = ~∇θ3
12

√

1 + 2(1 − cos 4θ3
12)

2 + 2(1 − cos 4θ3
12) sin(θ3

12 −
1

4
sin 4θ3

12), (4.12c)

~ωV II = ~∇θ4
12

√

1 +
q + 4p2

p
+ 4

√
p sin(

√
p), q = (1 + θ4

12)
2, p = 1 − q, (4.12d)

where the functional form of the eigenvalues (|ω|) of the NAC matrix arising from set

(V) and (VII) ADT angles are displayed in Fig. 4.5b and 4.5c, respectively. The above
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eigenvalue and the corresponding eigenvector with the following three elements,

Gd
11 =

g3

η
=

[

− cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

]

×
[

1 +

(∇pθ13
∇pθ12

)2

+

(∇pθ23
∇pθ12

)2

+ 2 sin θ23

(∇pθ13
∇pθ12

)]− 1

2

,

Gd
12 = −g2

η
=

[

sin θ12

(∇pθ23
∇pθ12

)

+ cos θ12 cos θ23

(∇pθ13
∇pθ12

)

]

×
[

1 +

(∇pθ13
∇pθ12

)2

+

(∇pθ23
∇pθ12

)2

+ 2 sin θ23

(∇pθ13
∇pθ12

)]− 1

2

,

Gd
13 =

g1

η
=

[

− 1 − sin θ23

(∇pθ13
∇pθ12

)

][

1 +

(∇pθ13
∇pθ12

)2

+

(∇pθ23
∇pθ12

)2

+ 2 sin θ23

(∇pθ13
∇pθ12

)]− 1

2

are substituted in the Eq. (2.39) to obtain the explicit form of rigorous EBO equation (see

Appendix D) for the ground state. On the other hand, the necessity of rigorous EBO

equation [Eq. (2.39] with respect to approximate EBO equation [Eq. (2.40] may be predicted

from the following gauge invariance,

ΓIV =
1

2π

∫ 2π

0

~ωV III(n). ~dn = 1.030761,

ΓV =
1

2π

∫ 2π

0

~ωIX(n). ~dn = 1.030776,

ΓV I =
1

2π

∫ 2π

0

~ωX(n). ~dn = 1.057193,

ΓV II =
1

2π

∫ 2π

0

~ωXI(n). ~dn = 1.090524. (4.13)

Since, for all four sets of ADT angles, the eigenvalues of the associated ~τ matrix ap-

proximately obey the gauge invariance condition, namely unity, we expect both rigorous

and approximate EBO equation can provide meaningful solutions and at the same time,

the rigorous EBO equation may not show up much advantage over the approximate one.

The general form of these gauge invariance integrals [Eq. (4.13)] along the integrands

as defined in Eq. (4.12) are the so called incomplete elliptic integral of the second kind and

their nature is generic as long as the functional forms of the ADT angles are analytic. This

implies that when three electronic states are coupled, the nonadiabatic effect of the upper
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Figure 4.5: (a) The three adiabatic potential energy surfaces for Model B. The functional form
of the eigenvalues (|ω|) of the NAC matrix arising due to the mixing angles (b) θ12(x, y) =
θ23(x, y) = 1

2 tan−1( y
x) − 1

4 sin[2 tan−1( y
x)] and θ13(x, y) = 0 (c) θ12(x, y) = −2 sin2[12 tan−1( y

x)],
θ13(x, y) = −1

4 sin[tan−1( y
x)], θ23(x, y) = tan−1( y

x) − 1
2 sin[2 tan−1( y

x)] when the conical intersec-
tions are situated at a point.
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states on the ground is equivalent to a potential developed due to an elliptic motion of

the nuclei around the point of conical intersection.

4.2.2.3 Numerical calculations: results and discussions

We initialize the ground adiabatic wavefunction with different initial KE as described in

case of Model A, propagate the wavefunction and then, project the function at t→ ∞ on

the asymptotic eigenfunctions of the Hamiltonian to calculate state - to - state vibrational

transition probabilities. Since the point of conical intersection among the three states is at

3.0 eV, it is expected that the upper electronic states are classically closed with respect to

the ground at total energies 1.25, 1.50 and 1.75 eV and thereby, the formulated approximate

and rigorous EBO equations should provide transition probabilities with enough accuracy.

Table II - V present the reactive state - to - state transition probabilities for the four sets

(IV) - (VII) of ADT angles, respectively, where the first row displays the diabatic results,

the second and third rows show the transition probabilities calculated by rigorous and ap-

proximate EBO equation, respectively with BO approximate results on the fourth row. As

such, BO approximate results have very little quantitative agreement with diabatic ones.

On the other hand, both rigorous and approximate EBO equations calculate accurate tran-

sition probabilities but those probabilities have similar level of agreement with respect to

numerically exact diabatic results. In other words, all these Tables demonstrate that there

is as such no clear advantage of rigorous EBO equation over the approximate EBO one.

4.2.3 Summary

We have chosen various sets of ADT angles to define the corresponding NAC terms and

thereby, to mimic two situations of any three state BO system, namely, (a) the point of CI

between the first and the second state is away from the CI between the second and third

(Model A) and (b) the point of CI among the three state is at a particular nuclear config-

uration (Model B). For both the models with different choices of ADT angles, we have

formulated the approximate and rigorous EBO equations by imposing zero Curl conditions.

The validity as well as necessity of rigorous EBO equation with respect to the approximate

ones for both the Models (constituted with two nuclear coordinates) have been explored
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Table 4.9: Reactive state-to-state transition probabilities when all the conical intersections situated
at a point. Diabatic surfaces are constructed considering the mixing angles, θ12(x, y) = θ13(x, y) =
θ23(x, y) = 1

2 tan−1( y
x). The corresponding generalized EBOs [Eq. (2.39)] and the approximated

EBOs [Eq. (2.40)] considering the transformation matrix commutes with the KE operator ~∇ are
derived under the same condition. Transition probabilities when calculations are performed on
the single adiabatic surface with BO approximation [Eq. (2.41)] are also presented.

E(eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5
1.25 0.0227a 0.0000 0.0677 0.0000

0.0232b 0.0083 0.0742 0.0017
0.0228c 0.0035 0.0727 0.0131
0.0390d 0.0000 0.0619 0.0000

1.50 0.0314 0.0000 0.0391 0.0000 0.0905 0.0000
0.0314 0.0093 0.0793 0.0055 0.0594 0.0058
0.0384 0.0030 0.0704 0.0017 0.0898 0.0060
0.0600 0.0000 0.0939 0.0000 0.0138 0.0000

1.75 0.0250 0.0000 0.0562 0.0000 0.1280 0.0000
0.0280 0.0099 0.0499 0.0008 0.1231 0.0098
0.0251 0.0006 0.0590 0.0012 0.1388 0.0179
0.0430 0.0000 0.0190 0.0000 0.1691 0.0000

a Diabatic
b rigorous EBO
c approximated EBO
d BO Approx.

by performing numerical calculations. Transition probabilities calculated by using dia-

batic, approximate and rigorous EBO equations have good agreement among each other

but as such rigorous EBO results could not show up clear advantage over the approximate

one.

4.3 The Induced Renner-Teller Type model

Degenerate electronic states are the typical examples for the cause of failure of adiabatic

(BO) approximation. In the case of linear molecules, the coupling among the vibrational

modes of degenerate electronic states is known as Renner-Teller (RT) effect.8 Such effect

commonly arises due to an isolated Π states of a molecule, namely, those Π states show

negligible interaction with other electronic states. This situation corresponds the well
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Table 4.10: Reactive state-to-state transition probabilities when the conical intersections situated
at a point. Diabatic surfaces are constructed considering the mixing angles, θ12(x, y) = θ13(x, y) =
θ23(x, y) = 1

2 tan−1( y
x) − 1

4 sin[2 tan−1( y
x)]. The corresponding generalized EBOs [Eq. (2.39)] and

the approximated EBOs [Eq. (2.40)] considering the transformation matrix commutes with the KE

operator ~∇ are derived under the same condition. Transition probabilities when calculations are
performed on the single adiabatic surface with BO approximation [Eq. (2.41)] are also presented.

E(eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5
1.25 0.0123a 0.0000 0.0782 0.0000

0.0125b 0.0089 0.0608 0.0073
0.0123c 0.0001 0.0745 0.0549
0.0390d 0.0000 0.0619 0.0000

1.50 0.0255 0.0000 0.0668 0.0000 0.0677 0.0000
0.0269 0.0012 0.0438 0.0026 0.0827 0.0042
0.0261 0.0075 0.0651 0.0118 0.0386 0.0029
0.0600 0.0000 0.0939 0.0000 0.0138 0.0000

1.75 0.0509 0.0000 0.0270 0.0000 0.0433 0.0000
0.0498 0.0073 0.0284 0.0085 0.0266 0.0081
0.0509 0.0077 0.0304 0.0315 0.0023 0.0189
0.0430 0.0000 0.0190 0.0000 0.1691 0.0000

a Diabatic
b rigorous EBO
c approximated EBO
d BO Approx.

- known RT case of two interacting (Π) states through vibronic coupling with quadratic

terms. On the other hand, the interaction between the Π states can be induced by a Σ state

through a bending mode with linear coupling terms and thereby, demonstrate induced

RT effect.9,10

We consider two nuclear coordinates: the bending amplitude is denoted by a dimen-

sionless normal coordinate, ρ and φ is the vibrational azimuthal angle with respect to an

arbitrary reference plane. These two coordinates can be termed as polar coordinates and

related with Cartesian: x = ρ cosφ and y = ρ sin φ. In the diabatic representation (more

precisely, crude adiabatic basis), we locate the system at the reference geometry given by

ρ = 0 and φ = 0 (i.e., x = 0 and y = 0). When the nuclear vibration is assumed harmonic,

the electronic Hamiltonian takes the following form after considering symmetry of the
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Table 4.11: Reactive state-to-state transition probabilities when the conical intersections situated
at a point. Diabatic surfaces are constructed considering the mixing angles, θ12(x, y) = 1

2 tan−1( y
x),

θ13(x, y) = θ23(x, y) = 1
2 tan−1( y

x) − 1
4 sin[2 tan−1( y

x)]. The corresponding generalized EBOs [Eq.
(2.39)] and the approximated EBOs [Eq. (2.40)] considering the transformation matrix commutes

with the KE operator ~∇ are derived under the same condition. Transition probabilities when
calculations are performed on the single adiabatic surface with BO approximation [Eq. (2.41)] are
also presented.

E(eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5
1.25 0.0112a 0.0000 0.0642 0.0000

0.0112b 0.0089 0.0683 0.0205
0.0112c 0.0009 0.0669 0.0323
0.0390d 0.0000 0.0619 0.0000

1.50 0.0296 0.0000 0.0497 0.0000 0.0745 0.0000
0.0256 0.0096 0.0513 0.0002 0.1444 0.0084
0.0257 0.0036 0.0495 0.0003 0.1985 0.0008
0.0600 0.0000 0.0939 0.0000 0.0138 0.0000

1.75 0.0417 0.0000 0.0534 0.0000 0.1101 0.0000
0.0425 0.0099 0.0535 0.0087 0.1734 0.0128
0.0418 0.0067 0.0535 0.0051 0.2131 0.0280
0.0430 0.0000 0.0190 0.0000 0.1691 0.0000

a Diabatic
b rigorous EBO
c approximated EBO
d BO Approx.

problem (RT system) within the first order expansion in ρ:

H
ǫ
e =











EΠ + 1
2
ωρ2 0 λρ exp(iφ)

0 EΠ + 1
2
ωρ2 λρ exp(−iφ)

λρ exp(iφ) λρ exp(iφ) EΣ + 1
2
ωρ2











, (4.14)

where the frequency of the harmonic potential is ω, EΠ and EΣ are the energies of the Π

and Σ states at the equilibrium geometry and λ is a coupling constant.

The electronic Hamiltonian [Eq. (4.14)] under the following unitary transformation,

Uǫ =
1√
2











1 −i 0

1 i 0

0 0
√

2











, (4.15)
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Table 4.12: Reactive state-to-state transition probabilities when the conical intersections situ-
ated at a point. Diabatic surfaces are constructed considering the mixing angles, θ12(x, y) =
−2 sin2[12 tan−1( y

x)], θ13(x, y) = −1
4 sin[tan−1( y

x)], θ23(x, y) = tan−1( y
x) − 1

2 sin[2 tan−1( y
x)]. The

corresponding generalized EBOs [Eq. (2.39)] and the approximated EBOs [Eq. (2.40)] considering

the transformation matrix commutes with the KE operator ~∇ are derived under the same condi-
tion. Transition probabilities when calculations are performed on the single adiabatic surface with
BO approximation [Eq. (2.41)] are also presented.

E(eV) 0 → 0 0 → 1 0 → 2 0 → 3 0 → 4 0 → 5
1.25 0.0275a 0.0000 0.0156 0.0000

0.0272b 0.0050 0.0158 0.0070
0.0275c 0.0001 0.0144 0.0042
0.0390d 0.0000 0.0619 0.0000

1.50 0.0371 0.0000 0.0077 0.0000 0.0356 0.0000
0.0372 0.0012 0.0200 0.0098 0.0177 0.0143
0.0371 0.0002 0.0065 0.0078 0.0255 0.0059
0.0600 0.0000 0.0939 0.0000 0.0138 0.0000

1.75 0.0237 0.0000 0.0208 0.0000 0.1400 0.0000
0.0244 0.0033 0.0101 0.0190 0.1099 0.0159
0.0238 0.0010 0.0178 0.0294 0.0884 0.0523
0.0430 0.0000 0.0190 0.0000 0.1691 0.0000

a Diabatic
b rigorous EBO
c approximated EBO
d BO Approx.

takes the following form in polar coordinates ρ and φ:

He = U
†
ǫH

ǫ
eUǫ =











EΠ + 1
2
ωρ2 0

√
2λρ cosφ

0 EΠ + 1
2
ωρ2 −

√
2λρ sinφ

√
2λρ cosφ −

√
2λρ sinφ EΣ + 1

2
ωρ2











, (4.16)

where the kinetic energy operator of the nuclear motion is:

T̂N = −ω
2

(1

ρ

∂

∂ρ
ρ
∂

∂ρ
+

1

ρ2

∂2

∂φ2

)

. (4.17)
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4.3.1 The nonadiabatic coupling elements and their Curl-Divergence

equations

We obtain the analytic form of the NAC terms by analyzing the eigenvectors of the po-

tentially coupled diabatic Hamiltonian (He)[Eq.(4.16)] matrix:

S =











sinφ w+ cos φ w− cos φ

cosφ −w+ sin φ −w− sin φ

0 −w− w+











, (4.18)

with w± = 1√
2











[

(EΣ−EΠ)2+8λ2ρ2

]1/2

±(EΣ−EΠ)

[

(EΣ−EΠ)2+8λ2ρ2

]1/2











1/2

, ρ2 = x2 + y2 and ∆ = 1
2

(

EΣ − EΠ

)

, i.e.,

the energy gap parameter between the Π and Σ states.

The matrix S diagonalize the matrix He as

S
†
HeS = V =











VΠ 0 0

0 V− 0

0 0 V+











, (4.19)

where the adiabatic potential energy surfaces are given by:

VΠ = EΠ +
1

2
ωρ2 (4.20)

V± =
1

2
(EΣ + EΠ) +

1

2
ωρ2 ±

√

[

1

2
(EΣ −EΠ

]2

+ 2λ2ρ2. (4.21)

Figs. 4.6 present adiabatic PESs as functions of the nuclear coordinate, ρ only (because

surfaces are independent of φ) for various parametric values of the energy gap, 2∆ and

coupling parameter, λ. Though the polar radius, ρ, is defined either for positive or with

negative values, figures are plotted for both values just in order to keep better views. For

any non-zero values of the gap, 2∆, both the Π states show degeneracy at ρ = 0 but split

at ρ 6= 0 gradually with increasing values of λ. On the other hand, as the gap decreases,

the adiabatic surfaces tend to form degeneracy at a point.

Considering the definition of nonadiabatic coupling elements of the first kind [Eq.
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(2.2)], the derivative couplings among the electronic states can be calculated as

S
†∇S =











0 −w+∇φ −w−∇φ

w+∇φ 0 w+∇w− − w−∇w+

w−∇φ −w+∇w− + w−∇w+ 0











, (4.22)

where analytical forms of the ρ and φ components (τρ and τφ) of the NAC elements are:

τρ =











0 −w+∇ρφ −w−∇ρφ

w+∇ρφ 0 w+∇ρw− − w−∇ρw+

w−∇ρφ −w+∇ρw− + w−∇ρw+ 0











=











0 0 0

0 0 w+∇ρw− − w−∇ρw+

0 −w+∇ρw− + w−∇ρw+ 0











=











0 0 0

0 0 1√
2

∆λ
(∆2+2λ2ρ2)

0 − 1√
2

∆λ
(∆2+2λ2ρ2)

0











(4.23)

and

τφ =
1

ρ











0 −w+∇φφ −w−∇φφ

w+∇φφ 0 w+∇φw− − w−∇φw+

w−∇φφ −w+∇φw− + w−∇φw+ 0











=
1

ρ











0 −w+ −w−

w+ 0 0

w− 0 0











=
1

ρ















0 − 1√
2

[

1 + ∆√
∆2+2λ2ρ2

] 1

2 − 1√
2

[

1 − ∆√
∆2+2λ2ρ2

] 1

2

1√
2

[

1 + ∆√
∆2+2λ2ρ2

]
1

2

0 0

1√
2

[

1 − ∆√
∆2+2λ2ρ2

]
1

2

0 0















,

(4.24)
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respectively.

It is important to note that all the NAC elements, both their ρ or φ components, are

independent of the nuclear coordinate, φ but depends on ρ along with the parameters, ∆

and λ. It appears that if the φ components of the NAC terms are non - zero, invariably

its’ ρ components are zeros and vice versa, i.e., τφ
12 6= 0, τρ

12 = 0, τφ
13 6= 0, τρ

13 = 0, τφ
23 = 0,

and τρ
23 6= 0. Moreover, each NAC element shows singularity, namely, the denominator

approaches to zero in a faster manner than the numerator, at ρ → 0 under the condition

∆ = α+ ρn with α = 0 and n = 1. Figs. 4.7 display the non -zero components of the NAC

elements as functions of ρ for various values of ∆ and λ.

The Curl-Divergence equations for NAC elements are given by:

Curl τ =
1

ρ
(
∂

∂ρ
τ ′φ − ∂

∂φ
τρ) =

1

ρ
(τρτ

′
φ − τ ′φτρ) τ ′φ = ρτφ (4.25)

=
1

ρ











0 −∇ρw+ −∇ρw−

∇ρw+ 0 0

∇ρw− 0 0











=



































0 ∆λ2

√
2(∆2+2λ2ρ2)3/2

× − ∆λ2

√
2(∆2+2λ2ρ2)3/2

×
[

1 + ∆√
∆2+2λ2ρ2

]
1

2

[

1 − ∆√
∆2+2λ2ρ2

]
1

2

∆λ2

√
2(∆2+2λ2ρ2)3/2

× 0 0
[

1 + ∆√
∆2+2λ2ρ2

]
1

2

− ∆λ2

√
2(∆2+2λ2ρ2)3/2

× 0 0
[

1 − ∆√
∆2+2λ2ρ2

] 1

2



































(4.26)

and

Div τ =











0 0 0

0 0 w+∇2
ρw− − w−∇2

ρw+

0 −(w+∇2
ρw− − w−∇2

ρw+) 0











=











0 0 0

0 0 − 2
√

2∆λ3ρ
(∆2+2λ2ρ2)2

0 − 2
√

2∆λ3ρ
(∆2+2λ2ρ2)2

0











(4.27)
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Figs. 4.8 present the Curl of NAC terms as functions of ρ for three different values of the

parameters, ∆ and λ. It is quite clear that as the gap between the Π and Σ state, ∆, and the

force constant, λ, decreases, Curls of all the NAC elements approach to zero as functions

of ρ. The analytical expressions of Curls of the NAC elements demonstrate that the Curls

are zeros, namely, the numerator of the Curls approaches to zero in a faster manner than

the denominator at ρ→ 0 under the condition ∆ = α+ ρn with α = 0 and n = 4. Since τφ
12

and τφ
13 are independent of φ and the corresponding ρ components, τρ

12 and τρ
13 are zeros,

the calculated divergence of these two elements are expected to be zeros. On the other

hand, we find that the φ component of the NAC element, τφ
23 is zero but its’ ρ component,

τρ
23 is non-zero and therefore, the element shows non -zero divergence as shown in Fig.

4.9.
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Figure 4.6: The three adiabatic potential energy curves as a function of ρ where (a), (b) and (c) are
for λ =1.0, ω = 1.0 with ∆ values 0.5, 0.2 and 0.01, respectively. Figs. 1(d), (e) and (f) are for λ =0.5,
ω = 1.0 with ∆ values 0.5, 0.2 and 0.01, respectively. Figs. 1(g), (h) and (i) are for λ =0.1, ω = 1.0
with ∆ values 0.5, 0.2 and 0.01, respectively.
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Figure 4.7: The components of the nonadiabtic coupling elements as a function of ρ where (a), (b)

and (c) are the three NAC terms (τφ
12, τ

φ
13, and τ

ρ
23) for ω = 1.0, λ=1.0 with ∆ = 0.5 (dot), ∆ = 0.2

(dash) and ∆ = 0.01 (line). Figs. (d), (e) and (f) are for λ=0.5, Figs. (g), (h) and (i) are for λ=0.1,
respectively.
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Figure 4.8: The three Curl components of the NAC terms (Curl τ12 (line), Curl τ13 (dash), and
Curl τ23 (dot)) as a function of ρ where (a), (b) and (c) are for λ =1.0, ω = 1.0 with ∆ values 0.5,
0.2 and 0.01, respectively. Figs. (d), (e) and (f) are for λ =0.5, ω = 1.0 with ∆ values 0.5, 0.2 and
0.01, respectively. Figs. (g), (h) and (i) are for λ =0.1, ω = 1.0 with ∆ values 0.5, 0.2 and 0.01,
respectively.
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Figure 4.9: The divergence of the NAC terms (div τ23) as a function of ρ where (a), (b) and (c) are
for λ =1.0, ω = 1.0 with ∆ values 0.5, 0.2 and 0.01, respectively. Figs. (d), (e) and (f) are for λ =0.5,
ω = 1.0 with ∆ values 0.5, 0.2 and 0.01, respectively. Figs. (g), (h) and (i) are for λ =0.1, ω = 1.0
with ∆ values 0.5, 0.2 and 0.01, respectively.
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4.3.2 The NAC elements at three state degeneracy and formulation of

Extended Born-Oppenheimer equation

When the gap, ∆, between the Π and Σ states is negligibly small or even at zero, the NAC

matrices become:

τρ =











0 0 0

0 0 0

0 0 0











; τφ =
1

ρ











0 − 1√
2

− 1√
2

1√
2

0 0

1√
2

0 0











, (4.28)

or in Cartesian coordinates:

τx = ∇xφ











0 1√
2

1√
2

− 1√
2

0 0

− 1√
2

0 0











; τ y = ∇yφ











0 1√
2

1√
2

− 1√
2

0 0

− 1√
2

0 0











. (4.29)

Since the components of the NAC matrices commute with each other at the three state

degenerate point, the total NAC matrix can be written as the product of a vector function

and a scalar matrix, a condition to formulate EBO equation. The eigenvalues of the scalar

matrix are 0 and ±i with eigenvector matrix (G):

G =











√
2 −1

2
i −1

2
i

−
√

2 1
2
i 1

2
i

0 − 1√
2

1√
2











(4.30)

Since the matrix G is constant at the point of degeneracy, it obviously commute with the

operator ~∇ in Eq. (2.39) and therefore, the EBO equation [Eq. (2.40)] takes the following

form in Cartesian coordinates:

− h̄2

2m

{

(∇x + i∇xφ)2 + (∇y + i∇yφ)2
}

Φ1 + (EΠ +
1

2
ω(x2 + y2) −E)Φ1 = 0. (4.31)
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=⇒ − h̄2

2m

{(

∇x−i
y

x2 + y2

)2

+
(

∇y+i
x

x2 + y2

)2}

Φ1+
(

EΠ+
1

2
ω(x2+y2)−E

)

Φ1 = 0. (4.32)

4.3.3 Summary

Considering any three-state sub-Hilbert space as the complete one, we briefly present

the generalized BO treatment assuming the validity of adiabatic-diabatic transformation

condition, ~∇A + ~τA = 0, where the chosen form of the transformation matrix (A) has to

be orthogonal at any point in the configuration space and its’ elements should be cyclic

functions with respect to a parameter. We demonstrate how (a) the A matrix can be con-

structed by taking the product of six rotation matrices, (b) the same transformation matrix

A under the ADT condition can provide the explicit expressions of the NAC terms, and (c)

the explicit form of Curl-Divergence equations for those NAC terms can be derived. The

validity of Curl equation to ensure the ADT transformation leading to uniquely defined

diabatic PESs and the proof of zero Curl at and around CI(s), a necessary condition to for-

mulate EBO equation, are being presented. In order to justify these theoretical advance-

ments, we start with a diabatic Hamiltonian known as induced Renner-Teller type model,

analytically calculate the electronic basis functions, nonadiabatic coupling elements, and

their Curl and divergence equations. The nature of all these quantities are investigated at

the situation of three state degeneracy or when those states are approaching to form three

state degeneracy. Finally, we present the analytical form of EBO equation for a three state

degeneracy at a point.
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Chapter 5

Numerical studies of four-state

sub-Hilbert space

5.1 Introduction

In the following sections,1 we explore the validity of Curl condition
[

∂
∂p
τ q
ij − ∂

∂q
τp
ij =

(τ qτ p)ij − (τ pτ q)ij

]

, as well as the identities
[(

∂θij

∂p
∂θik
∂q

− ∂θij

∂q
∂θik
∂p

)

≡ 0, {p, q = x, y, z or

r, θ, φ}, i, j, k = 1, 2, 3, 4 and i 6= j 6= k
]

, leading to zero Curl along the seam of the CI for

a four state sub-Hilbert space by employing the Mathieu equation.2–7 At this junction,

we remind: (a) The validity of Curl condition [Eqs. (3.12a) and (3.13a)] implies that the

adiabatic-diabatic transformation can provide uniquely defined diabatic PESs, on which

stable and accurate numerical calculations can be performed; (b) The zero Curls bring

the Extended Born-Oppenheimer (EBO) equation and then, one can carry out accurate

calculation on the ground state EBO equation by taking into account the effect of upper

PESs. The calculated NAC terms by employing Mathieu equation, provides an immense

scope to explore the above two important aspects.
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5.2 The Mathieu equation as the model system

The electronic SE to be considered is written for one electronic (circular) coordinate, θ,

and is expressed in terms of two nuclear coordinates, φ and q:

(

− 1

2
Eel

∂2

∂θ2
−G(q, φ) cos(2θ − φ) − uj(q, φ)

)

ξj(θ|q, φ) = 0 (5.1)

where Eel is a characteristic electronic quantity, G(q, φ) is the nuclear-electronic interac-

tion coefficient, and uj(q, φ) and ξj(θ|q, φ) are the jth eigenvalue and eigenfunction, re-

spectively, which parametrically depend on the nuclear coordinates. Equation (5.1) is rec-

ognized as the well-known Mathieu equation. For the degenerate systems, we consider

the above symmetrical system where the degeneracy is at the origin, but for a non sym-

metrical system2 where the degeneracy is shifted to some point in configuration space,

one have to consider the following extended Mathieu equation.

{

−Eel
∂2

∂θ2
− k
[

(q cosφ− a) cos 2θ + (q sinφ− b) sin 2θ
]

− uj(q, φ)

}

ξj(θ|q, φ) = 0 (5.2)

As can be seen the interaction due to the nuclear motion at the point (a, b) is zero which

means that the degeneracy of the electronic states is left at this point. The difference

between the two is with respect to the location of CI. In the first model the CI is located

at the origin and in the later, it is located at some point (a, b) in the nuclear configuration

space.

For the present study, we solve the symmetric case [Eq.(5.1)] and assume G(q, φ) to

be independent of φ and linearly dependent on q, namely, equal to kq with k as a given

constant. This choice of the interaction term has several advantages: (1) It form singular

NAC elements (or degenerate eigenvalues) along the coordinate q only; (2) The eigenval-

ues of Eq. (5.1) depend on q but are independent of φ; (3) The eigenvectors are functions

of φ and q, and their nature is such that the resulting NAC elements are φ independent

but varies with q only.

To solve the Mathieu equation, we expand the ξj(θ|q, φ) eigenfunctions in the Fourier
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series. We select the following two families of solutions:8

ce2n+1(z,−x) =

∞
∑

m=0

A2n+1
2m+1(−x) cos(2m+ 1)z

se2n+1(z,−x) =

∞
∑

m=0

B2n+1
2m+1(−x) sin(2m+ 1)z (5.3)

where z is given as:

z = θ − φ

2
(5.4)

Here, the cosine series stands for the ξj(θ|q, φ) functions with odd j values and the sine

function for those with the even j values.

It is well-known that the geometrical series, as presented in Eqs. (5.3) and (5.4), does

not converge at a point close to the real axis. This feature may effect the rate of conver-

gence for points on the real axis and therefore, the convergence in each case was treated

with care. In this respect it is important to mention that we have included 200 bases in

each case to guarantee the convergence though the required convergence arrives within

50 bases.

5.3 Numerical calculations: results and discussions

5.3.1 Non - adiabatic coupling elements

Since we choose the nuclear - electronic interaction coefficient, G(q, φ) (=kq), as indepen-

dent of the nuclear coordinate φ, the adiabatic potential energies being the solutions of

Mathieu equation are dependent only on the coordinate q. We present the first four adia-

batic PESs (u1, u2, u3 and u4) as functions of q in Figs. 5.1 for a fixed k = 0.2 with various

Eel = (a) 0.05, (b) 0.04, (c) 0.03,(d) 0.02, and (e) 0.01, where in Figs. 5.2 for a particular Eel

= 0.01 with different k = (a) 0.20, (b) 0.15, (c) 0.10, (d) 0.05, and (e) 0.04. The solutions

of Mathieu equation are such that adiabatic PESs show pairwise degeneracy, namely, be-

tween u1 and u2 and then, between u3 and u4 up to different values of q depending on

the constants, Eel and k. In Figs. 5.1a − 5.1e, for a fixed value of k(= 0.2) and gradually

decreasing values of Eel, both u1 and u2 come closer and closer to the set u3 and u4 but
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each individual set (Set I: u1 and u2 and Set II: u3 and u4) loses its’ degeneracy at differ-

ent but smaller values of q. On the other hand, Figs. 5.2a − 5.2e display that for a fixed

value of Eel with higher to lower values of k, the degeneracy within the individual set

sustains more as functions of q. In summary, as the value of Eel decreases, each set of

adiabatic states loses its degeneracy [Figs. 5.1a to 5.1e], but as the value k decreases, the

same degeneracy increases [Figs. 5.2a to 5.2e].

Figures 5.3 present the φ component of the non - adiabatic coupling terms, (a) τφ
12, (b)

τφ
13, (c) τφ

14, (d) τφ
23, (e) τφ

24, and (f) τφ
34 and Figs. 5.4 display the q components, (a) τ q

12, (b)

τ q
13, (c) τ q

14, (d) τ q
23, (e) τ q

24, and (f) τ q
34 as functions of q for various values of Eel (=0.05,

0.04, 0.03, 0.02 and 0.01) and a fixed k (= 0.2). It is clear from the figures that as the Eel

value decreases, both the φ as well as q components of the NAC terms undergo more and

more changes as the functions of q indicating increasingly stronger interaction among the

adiabatic states. On the contrary, Figs. 5.5 present the φ component of the NAC terms,

(a) τφ
12, (b) τφ

13, (c) τφ
14, (d) τφ

23, (e) τφ
24, and (f) τφ

34 and Figs 5.6 display the q components,

(a) τ q
12, (b) τ q

13, (c) τ q
14, (d) τ q

23, (e) τ q
24, and (f) τ q

34 as functions of q with different values of

k (=0.20, 0.15, 0.10, 0.05, 0.04) and a fixed Eel (= 0.01). It is again quite evident from the

figures that as the k value decreases with a fixed Eel, both the φ and the q components

of the non - adiabatic coupling terms show less and less changes as the functions of q

leading to gradually lower interaction among the adiabatic states. Thus, as the value of

Eel increases, the interaction among the adiabatic states through NAC terms decreases,

but as the value k increases, the interaction elements among the same states increase.

Figures 5.3 - 5.6 demonstrate two interesting features: (a) If the φ component of a NAC

element shows non - zero magnitude, invariably its’ q component appears zero or the

vice versa as functions of the nuclear coordinate, q. This feature of NAC terms obtained

as the solution of Mathieu equation is being endorsed from the calculated divergence of

the same NAC terms. Figures 5.7a - 5.7b display the divergence of the NAC elements

as functions of q for two different set of parametric values of Eel and k, where the NAC

elements with non - zero φ component show zero divergence but with non - zero q com-

ponent presents non - zero divergence as expected from electrodynamics. (b) The choices

of the parameters, Eel and k, are such that the four adiabatic states are interacting with
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each other, where all the NAC elements show non - zero values except ~τ14 and ~τ23 only at

q = 0. More precisely, since either q or φ component of NAC elements are non - zero, it

will be interesting to see how the Curl of the NAC elements behave as functions of q for

various chosen values of the parameters, Eel and k.

Figures 5.8 present the Curls of the NAC elements calculated by using the equation,

Cij = (τ φτ q)ij − (τ qτ φ)ij, Figures 5.9 display the same quantities evaluated by using the

equation, Zij = ∂
∂q
τφ
ij− ∂

∂φ
τ q
ij and Figures 5.10 demonstrate their difference, Fij = Cij−Zij ,

known as Yang - Mills field elements as functions of q for various values of the parameter,

Eel (= 0.05, 0.04, 0.03, 0.02 and 0.01) with a fixed k (= 0.2). In a similar manner, Figs. 5.11,

5.12 and 5.13 demonstrate the elements of the matrices, Cij, Zij , and Fij, respectively as

functions of q for various values of the parameter, k (= 0.20, 0.15, 0.10, 0.05, and 0.04)

with a fixed Eel (= 0.01). Figures 5.8 and Figures 5.9 clearly indicate that as the Eel values

decreases for a fixed k, the Curls of the non - adiabatic coupling elements deviates more

from zeros since the individual sets of states loses degeneracy due to the increasingly

stronger interaction among themselves. Figures 5.11 and Figures 5.12 demonstrate the

same feature but in other way, i.e., for a fixed Eel with decreasing values of k, the Curls of

the non - adiabatic coupling terms approach to zeros due to the lower interaction among

the sets. In summary, Figures 5.8, 5.9, 5.11, and 5.12 tell that as the adiabatic states intend

to form a sub - Hilbert space, the Curls of the NAC terms lead to zeros. On the other

hand, Figures 5.10 and 5.13 present the validity of Curl conditions, namely, as these four

adiabatic states form a subspace, the Curl conditions remain satisfied leading to zero Yang

- Mills field, otherwise such conditions are also deviating like Curls. In other words, we

find when Curls of the NAC terms are approaching to zeros for a set of parametric values,

Yang - Mills field elements are also showing the same trend. On the contrary, when the

NAC elements among the first four state tend to show zero Curls and zero Curl conditions

(Yang - Mills fields) for a set of parametric values (e.g., k = 0.04 and Eel = 0.01), the nearest

neighbour NAC elements of the complimentary space appear to vanish for the same set

of parameters leading to four state sub - Hilbert space. Figure 5.14 presents the nearest

neighbour non zero NAC elements (τφ
16, τφ

25, τ q
15, and τ q

26) as functions of q for a fixed Eel =

0.01 with different k = 0.20, 0.15, 0.10, 0.05, and 0.04. The figure indicates that all the NAC
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elements gradually vanish as the k value decreases. Figure 5.15 demonstrates the relative

magnitude of the sub - space and the complimentary space NAC elements when the first

four states is decoupled from the rest (i.e., k = 0.04 and Eel = 0.01).

Since the solution of Mathieu equation shows conical intersections due to degenera-

cies at q=0, the nature of the non - adiabatic coupling terms close to q → 0 are important

to investigate. Figs. 5.8 - 5.9 as well as Figs. 5.11 - 5.12 clearly indicate that if Curls devi-

ate from zero for various chosen values of k and Eel, it happens prominently well within

q < 0.25. At k = 0.2, Eel = 0.04 and k = 0.04, Eel = 0.01, Figs. 5.8 - 5.13 demonstrate

that the Curls and Curl Conditions are around zeros for those values of q with the ratio,

x(=
kq
Eel

) < 1, leading to form a four state sub - Hilbert space. In more specific terms, since

the validity of curl condition (F = C−Z = 0) ensures the existence of sub - Hilbert space,

we have calculated the Yang - Mills field (F) elements for various chosen values of k and q

with fixed Eel and presented those elements in the Table 5.1. It is clear from the table that

as the value of x become lower and lower (<< 1), the magnitude of the F elements tend

to virtually zero forming a four state sub - Hilbert space but in all practical purpose of nu-

merical calculation, even x < 1 situation may be considered (see Table 5.1) as sub - Hilbert

space. Therefore, the solution of Mathieu equation for the parametric space with x << 1

not only mimic a realistic molecular system but also shows the existence or presence of a

four state sub - Hilbert space.

Table 5.1: The elements of the Matrix F (F = C − Z) for different values of k and q at Eel = 0.01.

k x(q = 0.1) F12 F14 F23 F34

0.08 0.8 −0.000054 −0.001348 0.001996 −0.050028
0.04 0.4 −0.000003 −0.000188 0.000229 −0.012502
0.02 0.2 0.000000 −0.000025 0.000027 −0.003125
0.01 0.1 0.000000 −0.000003 0.000003 −0.000781

0.005 0.05 0.000000 0.000000 0.000000 −0.000195
x(q = 0.3)

0.08 2.4 −0.001097 −0.007698 0.021465 −0.150657
0.04 1.2 −0.000087 −0.001355 0.002412 −0.037544
0.02 0.6 −0.000006 −0.000200 0.000269 −0.009378
0.01 0.3 0.000000 −0.000027 0.000032 −0.002344

0.005 0.15 0.000000 −0.000004 0.000004 −0.000586
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5.3.2 Adiabatic - Diabatic Transformation (ADT) angle

When we substitute the model form of A matrix [Eq. 3.9] and the anti - symmetric form

of ~τ matrix [Eq. 3.10] in the ADT equation (∇A+τA = 0), the simple manipulation leads

to the following differential equations for the ADT angles,

~∇θ12 = − 1

cos θ13 cos θ14

[

cos θ23

{

~τ12 cos θ24 − sin θ24
(

~τ13 sin θ34 + ~τ14 cos θ34
)

}

− sin θ23
(

~τ13 cos θ34 − ~τ14 sin θ34
)

]

(5.5a)

~∇θ13 = − 1

cos θ14

[

sin θ23

{

~τ12 cos θ24 − sin θ24
(

~τ13 sin θ34 + ~τ14 cos θ34
)

}

+ cos θ23
(

~τ13 cos θ34 − ~τ14 sin θ34
)

]

(5.5b)

~∇θ23 =
1

cos θ14

(

tan θ13

[

cos θ23

{

~τ12 cos θ24 − sin θ24
(

~τ13 sin θ34 + ~τ14 cos θ34
)

}

− sin θ23
(

~τ13 cos θ34 − ~τ14 sin θ34
)

]

)

+
1

cos θ24

{

tan θ14 sin θ24
(

~τ13 cos θ34 − ~τ14 sin θ34
)

−
(

~τ23 cos θ34 − ~τ24 sin θ34)
}

(5.5c)

~∇θ14 = −~τ12 sin θ24 − cos θ24
(

~τ13 sin θ34 + ~τ14 cos θ34
)

(5.5d)

~∇θ24 = tan θ14

{

~τ12 cos θ24 − sin θ24
(

~τ13 sin θ34 + ~τ14 cos θ34
)

}

−
(

~τ23 sin θ34 − ~τ24 cos θ34
)

(5.5e)

~∇θ34 =
1

cos θ24

{

tan θ14
(

~τ13 cos θ34 − ~τ14 sin θ34
)

+ sin θ24
(

~τ23 cos θ34 − ~τ24 sin θ34)

− ~τ34 cos θ24

}

. (5.5f)

Numerically calculated τ q and τφ matrix elements as presented in previous section

(section 5.3.1) are substituted in the q and φ components of the above differential equa-

tions and solved those coupled differential equations to obtain six ADT angles as func-

tions of q and φ. While solving those differential equation, we initialize all the ADT angles

to zeros at q = 0 and φ = 0. Figures 5.16 demonstrates that at q → 0, the ADT angles start

with zeros at φ = 0 and end up with integral multiple of π at φ = 2π, whereas at q 6= 0,

the ADT angles oftenly move away from zero to a particular value even at φ = 0 and

take the same magnitude (either with plus or minus sign) at φ = 2π such that the ADT
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angles at φ = 0 and φ = 2π satisfy the single - valuedness of ADT matrix. The same figure

shows the ADT angles both for E=0.01 and k=0.2 as well as E=0.01 and k=0.04 cases. At

this junction, we are in a position to calculate the identities (the differences of the product

of the cross derivatives) as defined in the curl equation [Eq. 3.12a] and later used while

formulating EBO equation (see the discussion below Eq. 3.16). Figures 5.17 presents few

such identities as functions of q and φ for the above two cases, namely, E=0.01 and k=0.2,

and E=0.01 and k=0.04. It is quite clear that at E=0.01 and k=0.04, the identities are either

zeros or varying very little around zeros as functions of q and φ leading to zero Curls,

whereas at E=0.01 and k=0.2, the same identities are showing substantially larger values

essentially indicating non - zero Curls.

Finally, as the representative four states intend to form a sub - Hilbert space for a set

or sets of parametric values, Curls and Yang - Mills fields of the NAC terms tend to zeros

leading to the validity of the adiabatic equation [Eq. 3.15] and the extended BO equations

[Eq. 3.23]. In other word, the formulation of Eq. 3.23 from Eq. 3.14 is only possible if the

sub - space is complete vis -a -vis NAC terms are Curl free. At this junction, we wish to

remind that Curl free NAC terms imply the commutation among the components of the

NAC terms (i.e., the rhs of Eq. 3.11):

[

τ φ, τ q
]

= 0 (5.6)

as well as the validity of the following identities [Eq. 3.12a and Eq. 3.13a]:

∇pθij∇qθjk −∇qθij∇qθjk = 0, {i 6= j 6= k} = 1, 2, 3. (5.7)

Since we know that when two operators commute with each other, they will have

a common eigenfunction (G) [Eq. 3.15], i.e., G diagonalizes both the components of ~τ

matrix with eigenvalues ±i~ω. In this article, we just explore the condition to find out such

sub - Hilbert space, where beyond BO equation [Eqs. 3.15 and 3.23] could be valid and

required calculations can be carried out.
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5.4 Summary

In order to justify the analytical treatment, namely, the validity of Curl condition and zero

Curl for the NAC elements, we solve Mathieu equation as the model system to calculate

adiabatic potential energies and nonadiabatic coupling terms. By using those NAC ele-

ments, we find that not only Curl conditions are valid but also Curls approach to zeros as

the four adiabatic states intend to form a sub - Hilbert space. We explore the condition to

find out such sub - Hilbert space, where beyond BO equation [Eq. (3.23) and (3.24)] could

be valid and required calculations can be carried out.
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Figure 5.1: The first four adiabatic potential where k = 0.2 and (a) Eel = 0.05, (b) Eel = 0.04, (c)
Eel = 0.03, (d) Eel = 0.02, and (e) Eel = 0.01.
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Figure 5.2: The first four adiabatic potential where Eel = 0.01 and (a) k = 0.20, (b) k = 0.15, (c)
k = 0.10, (d) k = 0.05, and (e) k = 0.04.

TH-602_BSARKAR



114 Numerical studies of four-state sub-Hilbert space

-1.2

-1.0

-0.8

-0.6

-0.4

0.0 0.2 0.4 0.6 0.8 1.0

τϕ 12

q

(a)

Eel=0.01
Eel=0.02
Eel=0.03
Eel=0.04
Eel=0.05

-0.2

-0.1

0.0

0.1

0.2

0.0 0.2 0.4 0.6 0.8 1.0

τϕ 13

q

(b)

Eel=0.01
Eel=0.02
Eel=0.03
Eel=0.04
Eel=0.05

-0.15

-0.10

-0.05

0.00

0.05

0.0 0.2 0.4 0.6 0.8 1.0

τϕ 14

q

(c) Eel=0.01
Eel=0.02
Eel=0.03
Eel=0.04
Eel=0.05

0.0

0.5

1.0

1.5

2.0

0.0 0.2 0.4 0.6 0.8 1.0

τϕ 23

q

(d)Eel=0.01
Eel=0.02
Eel=0.03
Eel=0.04
Eel=0.05

-0.2

-0.1

0.0

0.1

0.2

0.0 0.2 0.4 0.6 0.8 1.0

τϕ 24

q

(e)

Eel=0.01
Eel=0.02
Eel=0.03
Eel=0.04
Eel=0.05

-1.8

-1.7

-1.6

-1.5

-1.4

-1.3

-1.2

0.0 0.2 0.4 0.6 0.8 1.0

τϕ 34

q

(f)

Eel=0.01
Eel=0.02
Eel=0.03
Eel=0.04
Eel=0.05

Figure 5.3: The φ components of non-adiabatic coupling elements: (a) τ
φ
12 , (b) τ

φ
13, (c) τ

φ
14, (d) τ

φ
23,

(e) τ
φ
24 and (f) τ

φ
34 as a function of q with different Eel where k = 0.2.
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Figure 5.4: The q components of non-adiabatic coupling elements: (a) τ
q
12 , (b) τ

q
13, (c) τ

q
14, (d) τ

q
23,

(e) τ
q
24 and (f) τ

q
34 as a function of q with different Eel where k = 0.2.
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Figure 5.5: The φ components of non-adiabatic coupling elements: (a) τ
φ
12 , (b) τ

φ
13, (c) τ

φ
14, (d) τ

φ
23,

(e) τ
φ
24 and (f) τ

φ
34 as a function of q with different k where Eel = 0.01.
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Figure 5.6: The q components of non-adiabatic coupling elements: (a) τ
q
12 , (b) τ

q
13, (c) τ

q
14, (d) τ

q
23,

(e) τ
q
24 and (f) τ

q
34 as a function of q with different k where Eel = 0.01.
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Figure 5.7: Divergence of the non-adiabatic coupling elements as a function of q where (a) Eel =
0.05, k = 0.20, and (b) Eel = 0.01, k = 0.04.
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Figure 5.8: Curls of the non-adiabatic coupling elements calculated by using the equation, Cij =

(τ φτ q)ij−(τ qτ φ)ij as a function of q where k = 0.2 and (a) Eel = 0.05, (b) Eel = 0.04, (c) Eel = 0.03,
(d) Eel = 0.02, and (e) Eel = 0.01.
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Figure 5.9: Curls of the non-adiabatic coupling elements calculated by using the equation, Zij =
∂
∂φ

τ
q
ij − ∂

∂q
τ

φ
ij as a function of q where k = 0.2 and (a) Eel = 0.05, (b) Eel = 0.04, (c) Eel = 0.03, (d)

Eel = 0.02, and (e) Eel = 0.01.
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Figure 5.10: Off diagonal elements of the Matrix F (F = C − Z) as a function of q where k = 0.2
and (a) Eel = 0.05, (b) Eel = 0.04, (c) Eel = 0.03, (d) Eel = 0.02, and (e) Eel = 0.01.
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Figure 5.11: Curls of the non-adiabatic coupling elements calculated by using the equation, Cij =

(τ φτ q)ij − (τ qτφ)ij as a function of q where Eel = 0.01 and (a) k = 0.20, (b) k = 0.15, (c) k = 0.10,
(d) k = 0.05, and (e) k = 0.04.
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Figure 5.12: Curls of the non-adiabatic coupling elements calculated by using the equation, Zij =
∂
∂φ

τ
q
ij − ∂

∂q
τ

φ
ij as a function of q where Eel = 0.01 and (a) k = 0.20, (b) k = 0.15, (c) k = 0.10, (d)

k = 0.05, and (e) k = 0.04.
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Figure 5.13: Off diagonal elements of the Matrix F (F = C−Z) as a function of q where Eel = 0.01
and (a) k = 0.20, (b) k = 0.15, (c) k = 0.10, (d) k = 0.05, and (e) k = 0.04.
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Figure 5.14: The φ and q components of nonadiabatic coupling elements in the complimentary

space: (a) τ
φ
16 , (b) τ

φ
25, (c) τ

q
15, (d) τ

q
26 as a function of q with different k where Eel = 0.01.
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Figure 5.15: The φ and q components of nonadiabatic coupling elements of the four - state sub -
space are compared with the corresponding components of the complimentary space elements:
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Figure 5.16: The adiabatic-to-diabatic transformation angles as a function of q and φ where Eel =
0.01, k = 0.2 (green) and Eel = 0.01, k = 0.04 (red), respectively.
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Figure 5.17: The identities (the differences of the product of the cross derivatives with respect
to q and φ) for each pair of ADT angles as a function of q and φ where Eel = 0.01, k = 0.2
(green) and Eel = 0.01, k = 0.04 (red), respectively. Here I1 = (∇qθ12∇φθ14 − ∇φθ12∇qθ14), I2 =
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Chapter 6

The effect of external field on the

nonadiabatic coupling elements

6.1 Introduction

We study a molecular system (based on the Mathieu equation)1–6 interacting with an

intense, short-pulsed electric field. The strength of the field is measured by the number

(L) of electronic states that become populated during this process. Introducing space-time

contours we discuss a rigorous way to form N coupled Schroedinger equations where

N < L, which maintains the effects due to the remaining (L − N) populated states. It is

shown that whereas the size of L is unlimited, the main requirement concerning N is that

the original group of N field-free states forms a Hilbert subspace in the spacial region of

interest.

6.2 The Schr ödinger Equation

We showed that a numerical study of an interaction between a molecular system and an

intense electromagnetic field is based on three ingredients: (1) the electronic field-dressed

Hamiltonian, (2) the field-free manifold, and (3) the matrix ω(s, t), which is responsible

for the transformation from the field-free to the field-dressed frameworks.7
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132 The effect of external field on the nonadiabatic coupling elements

6.2.1 The field-dressed Hamiltonian

We start with the total wave function Ψ̃(se|s, t) (se stands for the collection of electronic

coordinates), which describes the spatial distribution of the nuclei and the electrons and

is assumed to be the solution of the following TD-SE:

ih̄
∂Ψ̃

∂t
=

(

− h̄2

2µ
∇2 + He

)

Ψ̃ (6.1)

Here, ∇ is the grad operator for the (mass-scaled) nuclear coordinates, µ is the charac-

teristic nuclear mass of the system, and He is the electronic Hamiltonian which for time

t ≤ 0 is time independent (TID), namely, He = He(se|s), but for t ≥ 0 becomes TD so that

He = He(se|s, t).

Following the BO approach, the Ψ̃ wavefunction is expanded in terms of a dressed

electronic basis set,

Ψ̃(se|s, t) = ξT (se|s, t)ψ̃(s, t), (6.2)

where ξ(se|s, t) is a column vector (so that ξT (se|s, t) is the corresponding row vector) that

contains the dressed basis functions. In what follows we assume these functions to be a

solution of the following TD eigenfunction problem:

ih̄
∂|ξj(se|s, t)|

∂t
= He(se|s, t)ξj(se|s, t), j = {1, N}, (6.3)

where N is the number of functions needed to achieve converged results.

In what follows He(se|s, t) is assumed to contain the interaction potential formed by

the field

He(se|s, t) = He0(se|s) + UE(se|s, t) (6.4)

Here, He0(se|s)(= He(se|s)) is the unperturbed field-free Hamiltonian and UE(se|s, t) is

the interaction formed by the field.

To continue we introduce the electromagnetic field and assume it to interact only with
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6.2 The Schrödinger Equation 133

the electrons (in other words, we ignore the interaction of the field with nuclei). For

simplicity we consider only the electric component E(se|s, t), and since its interaction

with the nuclei is ignored, we have E=E(se|t). Assuming that the electric interaction is

formed by one single electron, its potential is given by the following line integral in the

electronic space:7–9

UE(se|t) = − e

h̄

∫

Γe

ds
′
e · E(se|t), (6.5)

where e is the electronic charge and Γe is the corresponding electronic contour.

6.2.2 The field-free and the field-dressed framework

we present first the theory related to the field-free framework and then extend it to in-

clude the field-dressed framework.

6.2.2.1 The field-free NAC terms and the corresponding diabatic potentials

In this section we briefly review the theory related to the field-free NAC terms and the

corresponding diabatic potential matrices. We start with the BO NAC terms, τ ji(s), de-

fined as

τ ji(s) = 〈ξ0j|∇ξ0i〉, i, j = {1, L} (6.6)

where ξk0(se|s), k(= j, i), are the adiabatic BO eigenfunctions and ∇ is the grad operator

defined with respect to the mass scaled nuclear coordinates s.

Assuming that the L eigenfunctions in Eq. (6.6) form a Hilbert subspace, the nuclear

BO-SE can be shown to be of the form

− h̄2

2µ
(∇ + τ )2

Ψ + (u + E)Ψ = 0 (6.7)

where τ (s) is an antisymmetric matrix which contains the NAC terms [and is some-

times also mentioned as the nonadiabatic coupling matrix (NACM)] defined in Eq. (6.6),

u[=u(s)] is a diagonal matrix that contains the nuclear (BO) adiabatic potential energy
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134 The effect of external field on the nonadiabatic coupling elements

surfaces, Ψ is a column vector that contains the nuclear wave functions to be solved, E is

the energy, and µ is the mass of the system.

The next subject is related to the ADT. As mentioned earlier, the aim of the diabatiza-

tion is to eliminate the unpleasant singular NAC elements from Eq. (6.7) (and replace the

spiky adiabatic potentials by smoother potentials), and for this purpose we perform the

following transformation:

Ψ = AΨ (6.8)

Substituting Eq. (6.8) in Eq. (6.7), performing the usual algebra, and demanding the

elimination of the τ matrix yields the following first order differential equation for the

ADT matrix A:

∇A + τA = 0 (6.9)

Equation (6.9) has to be solved along contours in configuration space. The solution of Eq.

(6.9) is given in the form of an exponentiated line integral,

A(s|Γs) = ℘ exp

{

−
∫ s

0

τ (s′|Γs) · ds′
}

, (6.10)

where Γs is a contour, ℘ is a path ordering operator which reminds us that the exponen-

tiated line integral has to be performed in a given order, and the dot stands for the scalar

product.

6.2.2.2 The field-dressed NAC elements and the corresponding diabatic potentials

Employing Eqs. (6.1) − (6.3), it was shown that the SE for the field-dressed nuclear func-

tions Ψ̃(s) is10

ih̄
∂Ψ̃

∂t
= − h̄2

2µ
(∇ + τ̃ )2

Ψ̃ (6.11)

where τ̃ is the field-dressed NACM given in the form

τ̃ = ω†τω + ω†∇ω (6.12)
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6.2 The Schrödinger Equation 135

Here, ω(s, t) is the matrix responsible for the transformation from the field-free manifold

to the field-dressed manifold. Our next step is to express the adiabatic nuclear functions

in terms of the corresponding diabatic functions [as is done in the field-free case, see Eq.

(6.8)], and for this purpose we employ the relevant field-dressed ADT matrix Ã(s, t). This

transformation yields the following diabatic field-dressed SE:

ih̄
∂Φ̃

∂t
=

(

− h̄2

2µ
∇2 + W̃

)

Φ̃ (6.13)

where W̃ is the corresponding field-dressed diabatic potential matrix

W̃ = Ã
† ˜̃
HÃ (6.14)

Here, ˜̃
H(s, t) is the relevant (quasiadiabatic) potential matrix and Ã(s, t) is the field-

dressed ADT matrix.

The quasiadiabatic potential matrix, ˜̃
H(s, t) is given in the form

˜̃
H = ω†

H̃ω (6.15)

where ω(s, t) was mentioned earlier and H̃(s, t) is the matrix representation of the field-

dressed Hamiltonian in Eq. (6.4), namely,

H̃mk(s, t) = 〈ξ0m(se|s)|He(se|s, t)|ξ0k(se|s)〉. (6.16)

The field-dressed potential matrix W̃(s, t), in Eq. (6.14), plays the same role as the field-

free potential matrix W(s). Since the field is turned on only at t > 0, the two matrices are

identical for t ≤ 0 [the matrix ω(s, t ≤ 0) is the unit matrix and the matrix ˜̃
H(s, t ≤ 0) is

identical to u(s) so that due to Eqs. (6.4), (6.15), and (6.16) we also get that ˜̃
H(s, t ≤ 0) ≡

u(s)]. However for t > 0, ω(s, t) is no longer a unit matrix, H̃(s, t) is no longer diagonal,

and consequently ˜̃
H(s, t) differs from u(s) which causes W̃(s, t) to differ from W(s).

The field-dressed ADT matrix, Ã(s, t) is just like in the field-free case the field-dressed

ADT matrix satisfies first order differential equations which, in the present case, are of
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136 The effect of external field on the nonadiabatic coupling elements

the form

∇Ã + τ̃ Ã = 0, (6.17a)

ih̄
∂Ã

∂t
+ ˜̃

HÃ = 0, (6.17b)

where τ̃ and ˜̃
H were introduced earlier [see Eqs. (6.12) and (6.15) respectively]. Equation

(6.17a) is defined with respect to the spatial coordinates and Eq. (6.17b) is defined with

respect to the temporal coordinate. Equations (6.17) have to be solved along space-time

contours Γst. Their solution can be written, schematically, as an exponentiated space-time

line integral

Ã(z|Γst) = ℘ exp

{

−
∫ z

z0

˜̃τ (z′|Γst) · dz′
}

, (6.18)

where ℘, as before, is an ordering operator, z is a space-time coordinate defined either as

z = s or as z = (−i/h̄)t (as the case may be), the dot stands for the corresponding scalar

product, and ˜̃τ is the (extended) space-time NACM defined as

˜̃τ = (τ̃ , ˜̃
H). (6.19)

A more explicit form for Eq. (6.18) is

Ã(s, t|Γst) = ℘

M
∏

n=1

exp

{

−
∫ sn

sn−1

τ̃ (s, tn) · ds
}

× exp

{

i

h̄

∫ tn

tn−1

˜̃
H(sn−1, t) · dt

}

, (6.20)

where M is the number of (s, t) segments along the space-time contour Γst. Equation

(6.20) is used to calculate Ã(s, t) along a given space-time contour.
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6.2.3 The transformation matrix, ω(s, t)

In order to solve Eq. (6.1) we expand each of the functions, ξj(se|s, t); j = {1, N} in terms

of the TID basis set functions ξ0k(se|s)(≡ ξk(se|s, t = 0)), k = {1, L},

|ξj(se|s, t)〉 =

L
∑

k=1

|ξ0k(se|s)〉ωkj(s, t), j = {1, N}, (6.21)

where ω(s, t) is an N × L rectangular matrix which contains the expansion coefficients.

Usually, one expects a matrix of the type ω(s, t) to be a square matrix. However, we

intend to show that ω(s, t) can also be assumed to be a rectangular matrix and that this

feature has certain advantages.

Substituting Eq. (6.21) in Eq. (6.1) and recalling Eq. (6.3) yield the following set of

equations for the ω elements,

ih̄
∂ωmj(s, t)

∂t
=

L
∑

k=1

H̃mk(s, t)ωkj(s, t), m = {1, L}, j = {1, N}, (6.22)

where H̃mk(s, t) is given by

H̃mk(s, t) = Umk(s, t) + uk(s)δmk (6.23)

In this expression the elements of the (square L× L) matrix U(s, t) are due to the pertur-

bation UE(se|s, t) [see Eq. (6.5)]. Thus,

Umk(s, t) = 〈ξ0m(se|s)|UE(se|s, t)|ξ0k(se|s)〉. (6.24)

For the purpose of further studies we rewrite Eq. (6.22) in a matrix form,

ih̄
∂ω(s, t)

∂t
= H̃(s, t)ω(s, t). (6.25)

Besides being ordinary expansion coefficients, the ω - elements along the various

columns are associated with the transition probabilities for the excitation process caused

by the field at a given time and for a given nuclear configuration. Thus, if to solve the
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138 The effect of external field on the nonadiabatic coupling elements

elements of the jth column we apply the initial conditions (0, 0, . . . , 1, 0, . . . , 0) (which is

a vector of zeros with 1 located at the jth position), then, consequently, the magnitude

Pkj(s, t) = ωkj(s, t)|2 is the probability (Copenhagen interpretation) to find the molecule

at time t in the kth (electronic) state when at time t = 0 it was in the jth state. With this

interpretation it is well understood that in this process only a limited number of states get

populated.

6.3 The Hilbert Subspace

6.3.1 The field-free Hilbert subspace

We consider a group of N states (out of an infinite Hilbert space), and for the sake of

convenience we assume them to be the N lowest states a limitation that can be easily

removed.

The breakup of the Hilbert space is based on the features that characterize the above-

mentioned N states and are related to the NAC elements, namely,

|τ jk| ∼= O(ǫ) for j ≤ N, k > N. (6.26)

Here, ǫ is a relatively small number. In other words, the NAC elements between states

that belong to the group and those outside the group are all assumed to be negligibly

small. This implies that the τ matrix has the following form:
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τ =

























































0 τ12 τ13 . . . τ1N

−τ12 0 τ23 . . . τ2N

−τ13 −τ23 0 . . . τ3N O(ǫ)

. . . . . . . . . 0 . . .

−τ1N −τ2N −τ3N . . . 0

0 τN+1N+2 τN+1N+3 . . . . . .

−τN+1N+2 0 τN+2N+3 . . . . . .

O(ǫ) −τN+1N+3 −τN+2N+3 0 . . . . . .

. . . . . . . . . 0 . . .

. . . . . . . . . . . . 0

























































(6.27)

If this breakup takes place at every point in a given region, we define the N states as a

Hilbert subspace in this region. The main difficulty with this definition is that no absolute

sensible measure is given for the allowed magnitudes of the various ε’s. All we can say

is that “ε is a relatively small number,” but this statement has no meaning in practical

applications. Nevertheless, the situation described by Eq. (6.26) is the basic assumption

of the theory in the presented perspective.

In numerical applications the decision whether a group of states forms a Hilbert sub-

space is not deducted from Eq. (6.26) but is determined by a much more sensitive mathe-

matical tool, namely, the topological matrix D.

The D matrix is closely related to the ADT matrix A introduced in previous section

and presented in Eq. (6.10) as an exponentiated line integral. Whereas the A matrix is

defined for an open contour, the D matrix, which is similar to the A matrix, is defined for

a closed contour Γs, namely,

D(Γs) = ℘ exp

{

−
∮

Γs

ds · τ (s|Γs)

}

. (6.28)

The important feature that characterizes the matrix D(Γs) is that it becomes diagonal

TH-602_BSARKAR



140 The effect of external field on the nonadiabatic coupling elements

whenever the group of N states forms a Hilbert subspace as defined above. Since the D

matrix is a unitary matrix, it contains (in case of real eigenfunctions) along its diagonal

±1. The number of the (−1)s and their location along the diagonal reveal information

regarding the number of CI points (i.e., degeneracy points) and their positions in a given

region. Moreover, calculating the D matrix along different contours in the region of inter-

est, one can unambiguously determine the number of CI points in that region11.

6.3.2 The field-dressed Hilbert subspace

When discussing a field-dressed system, we may face the question whether the numer-

ical tools to study the topological effects related to a field-free molecular system can be

extended to treat field-dressed systems. We discussed first the spatial components of

field-dressed NACM [see Eq. (6.12)] and then extended this issue to include the temporal

component [see Eq. (6.19). Having the full space-time NACM available, we formed the

corresponding first order space-time differential equations [see Eq. (6.17)] which are to be

solved to yield the field-dressed ADT matrix [see Eq. (6.20)] as well as the corresponding

topological matrix D(Γs) which is solved in a similar way, but for a closed contour.

The aim of the forthcoming analysis is to show that the various features of the field-

free D matrix are maintained in case of the field-dressed system as well. In order to show

that, we proceed in two steps: (1) First, we consider a simplified situation, namely, a

region made up of two coordinates a spatial coordinate R and a temporal coordinate t

[see Fig. 6.1a], and prove that this (R− t) region cannot contain any singularities. (2) This

fact is then used to show that adding the t coordinate to a spatial region [see Fig. 6.1b]

does not affect the features of the spatial D matrix.

We start by considering a given R − t region, ΛRt, and introduce the following closed

contour, Rt:

ΓRt ≡ (R0, t0) → (R0 + ∆R, t0) → (R0 + ∆R, t0 + ∆t) → (R0, t0 + ∆t) → (R0, t0). (6.29)
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6.3 The Hilbert Subspace 141

Figure 6.1: Space-time region. (a) The closed Γst presented as a sum of two closed contours:
Γst = Γs + ΓRt, where both Γs and Γst are closed contours. The first is a “pure” spatial closed
contour (that forms a spacial region), and the second is a space-time contour (that forms space-
time region). (b) The closed space-time contour Γst (follow the arrow) made up of two space
coordinates R and ρ and one time coordinate t. The dot stands for a degeneracy point (or point
of conical intersection) located in the spatial region (no degeneracy point can be found in the
space-time region).

The relevant expression for the integration along a closed contour is given by,

∆Ã =

∮

ΓRt

dz′ · ˜̃τ (z′)Ã(z′). (6.30)

Here, z stands for the two-component vector (R, t) and the dot for the corresponding

scalar product. It is known that if both ∆R and ∆t are small enough, then the value of

∆Ã is given, approximately, in the form

∆Ã(R, t) = Ã(R, t)FRt(R, t)∆R∆t, (6.31)

where FRt is the relevant (non-Abelian) curl,

FRt(R, t) = ih̄
∂τ̃ R

∂t
− ∂ ˜̃

H

∂R
+ [ ˜̃H, τ̃R] (6.32)

[ ˜̃
H is defined in Eq. (6.15)]. It is known that the condition for not having singularities
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in that region is that any integration in that region, as given in Eq. (6.31), is zero. Con-

sequently, in order for ∆Ã = 0 to be fulfilled inside the region defined by ΓRt, the curl

condition FRt = 0 has to be satisfied at every point in that region. Indeed, FRt = 0 for any

τ̃ and ˜̃
H that satisfy Eqs. (6.12) and (6.15), respectively.

It is important to emphasize that the space-time curl condition FRt = 0 is satisfied for

any dimension whether or not the group of states forms a Hilbert subspace or whether or

not N = L (namely, whether or not ω is a square matrix).8,9 Although the proof is given

for an essentially infinitesimal region it can be extended to any finite region.12

Corollary: A space-time region formed by an open spatial contour does not contain singular-

ities.

Next, we discuss the relevant D̃ matrix. The Ã matrix fulfills an integral equation

along a given space-time contour, ΓRt, which is schematically written as

Ã(z|z0,ΓRt) = Ã(z0) −
∫ z

z0

dz′ · ˜̃τ (z′|ΓRt)Ã(z|z0,ΓRt). (6.33)

Consequently, the equation for the D̃ matrix (which is closely related to the corresponding

Ã matrix calculated at the end point of the closed space-time contour) takes the form

D̃(ΓRt) = I −
∮

ΓRt

dz′ · ˜̃τ (z′|ΓRt)Ã(z|z0,ΓRt), (6.34)

where I is the unit matrix. Since, as discussed above, the line integral itself is identically

zero [see Eqs. (6.30) (6.32)], we obtain

D̃(ΓRt) = I, (6.35)

or, in other words, the D̃ matrix is the unit matrix.

Next, we consider a closed space-time contour Γst, as given in Fig. 6.1b. It is seen

that this contour can be presented in terms of a closed spatial contour, Γs, and a closed

space-time contour, Γst (where its spatial segments do not add up to form a closed spatial
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contour). Accordingly, this contour can be written as

Γst = Γs + ΓRt (6.36)

Next, employing, along Γst, the relevant integral equation for the D̃ matrix, we obtain

D̃(Γst) = I −
∮

Γst

dz′ · ˜̃τ (z′|Γst)Ã(z|z0,Γst), (6.37)

which, following Eq. (6.36), can be written as

D̃(Γst) = I−
∮

Γs

dz′ · ˜̃τ (z′|Γs)Ã(z|z0,Γs) −
∮

ΓRt

dz′ · ˜̃τ (z′|ΓRt)Ã(z|z0,ΓRt). (6.38)

However, according to a previous analysis, the third term in Eq (6.38) is identically zero.

In addition, it can be seen that the first two terms in Eq. (6.38) form the spatial matrix

D(Γs).

In other words, we established the fact that the D̃ matrix for a space-time region

formed by a closed space-time contour Γst is identical to the spatial D matrix formed

by the spatial segments that from the closed spatial contour Γs, namely,

D̃(Γst) = D̃(Γs). (6.39)

The conclusions due to these findings are summarized in the next corollary.

Corollary. If a closed space-time region contains singularities they have to be located in the

closed spatial region only.

6.3.3 The square case: N = L

From the analysis carried out in the previous sections we see that, just like in the field-

free case, the treatment of field- dressed systems requires considering groups of states that

form a Hilbert subspace. In the previous section we showed that if a group of N field-free

states forms a Hilbert subspace in a given region, the corresponding field-dressed states

also form a Hilbert subspace in the corresponding space-time region. This statement
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applies whether N is equal to L or differs from L. In general, we expect N < L or, in case

of intense fields, eventually N ≪ L. In the present section we discuss the characteristic

features of the square case, namely, the case when N = L.4

The square case is of special interest because Eqs. (6.17) can be solved analytically. We

recall that since all the matrices (namely, τ , ω, H̃e, τ̃ , ˜̃
He, and Ã) mentioned in Eqs. (6.17)

are of dimension N × N , the unknown matrix Ã can be presented as a product of two

N-dimensional matrices,

Ã(s, t) = ω†(s, t)B, (6.40)

where ω is introduced in Eqs. (6.21) and (6.25), but B is to be determined. Substituting Eq.

(6.40) in Eq. (6.17a) and recalling the definition of τ̃ [see Eq.(6.12)], we get, following a few

algebraic operations, that B is a solution of the first order (field-free) vectorial equation

∇B + τ (s)B = 0 (6.41)

Thus, B = B(s). Comparing Eq. (6.41) with Eq. (6.9) it is noticed that B(s) and the field-

free ADT matrix A(s) are solutions of the same equation. If both are solved for the same

boundary conditions, the two solutions are identical or, in other words, Eq. (6.40) can be

rewritten as

Ã(s, t) = ω†(s, t)A(s). (6.42)

However, Eq. (6.42) has also to satisfy Eq. (6.17b). To check that we substitute Eq. (6.42)

in Eq. (6.17b) and recalling Eq. (6.15), we find that this substitution leads to the first order

equation for ω, as given in Eq. (6.25). Equation (6.42) implies that in the case of L = N

the space-time ADT matrix Ã(s, t) is written as a product of the matrix ω†(s, t) and the

field-free ADT matrix A(s).

This simplified expression for Ã can now be used to derive the corresponding field-

dressed diabatic potential matrix. Thus, substituting Eq. (6.42) in Eq. (6.14) yields the
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following diabatic potential:

W̃(s, t)(≡ W(s, t)) = A
†(s)H̃(s, t)A(s). (6.43)

For the case of the perturbative framework the diabatization yields an identical potential

matrix W(s, t) as given in Eq. (6.43).

Corollary. When the general (nonperturbative) approach is carried out for N = L, the re-

sulting diabatic potential matrix is identical to the one obtained within the simplified perturbative

approach.

6.4 The Mathieu Equation

The numerical treatment of the above three mentioned matrces, Ã, D̃, and ω, is carried

out for a model system based on Mathieu equation.1–6,11

The Mathieu Equation [see also Chapter 5] to be applied in this study is of the form

(

− 1

2
Eel

∂2

∂θ2
e

−G(q, φ) cos(2θe − φ) − uj(q, φ)

)

ξj(θe|q, φ) = 0 (6.44)

whereEel is a characteristic electronic quantity,G(q, φ) is the nuclear-electronic interaction

coefficient, and uj(q, φ) and ξj(θe|q, φ) are the jth eigenvalue and eigenfunction, respec-

tively, which parametrically depend on the nuclear coordinates. The solution of Mathieu

equation can be obtained by expanding the ξj(θe|q, φ) eigenfunctions in the Fourier series

with the following two series of solutions:

ξ
(c)
j (θe|q, φ) =

∞
∑

m=0

Aj
2m+1(q) cos(2m+ 1)(θe − φ/2)

ξ
(s)
j (θe|q, φ) =

∞
∑

m=0

Aj
2m+1(q) sin(2m+ 1)(θe − φ/2) (6.45)

where the upper indices c and s label cosine and sine respectively.

For the present study the angular NAC terms form, at q ∼ 0, the following nonadia-
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batic coupling matrix:

τ φ(q ∼ 0|N) =

























0 τ
φ
12 0 0 0

−τ
φ
12 0 0 0 0

0 0 0 τ
φ
34 0

0 0 −τ
φ
34 0 0

0 0 0 0 0

























(6.46)

It is important to emphasize that all degeneracy points (i.e., points of CIs) produced

by the Mathieu equations are located at q = 0. Consequently, line integrals for contours

that surround the point q = 0 (and follow circles with radii, q, small enough) detect these

degeneracy points by producing odd multiples of π and these which do not surround it

are zero.

6.5 The External Electric Field

The external field is assumed to be dependent on time and on spatial coordinates. In

general the field may depend on both the electronic coordinates, i.e., (qe, θe), and on the

nuclear coordinates, namely, (q, φ). However, in the present study, we let it depend only

on the electronic coordinates.

6.5.1 The (electronic) potential

We have to present explicitly the electric field in order to calculate the corresponding

electric potential as given in Eq. (6.5). It is noticed that such a calculation requires the

introduction of contours in the electronic space. Since the model is defined in terms of

a single electronic coordinate, i.e., θe, it is quite natural to assume the (closed) contour

Γe to be a circle defined in terms of the electronic polar coordinates qe, θe. Consequently,

the electric potential due to this field is given in the form of a line integral along an open

electronic, circular, contour:

UE(θe, qe|x, φ, t) = − e

h̄

∫ θe

0

Eθe(θ̃e, qe|x, φ, t)dθ̃e (6.47)
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where it is assumed that dse = qedθe and the two nuclear coordinates x and φ as well as

the time t are parameters. To simplify our treatment we assume that the electric field does

not depend on the nuclear coordinates (x, φ).

Since E is an external field formed outside the molecular region E has to fulfill, with

respect to the electronic coordinates (as well as with respect to the atomic coordinate), the

two equations: curl E=0 and div E=0. Consequently, a possible choice for the two planar

components of E is

Exe(xe, ye, t) = −xeẼ(t)

Eye(xe, ye, t) = yeẼ(t) (6.48)

With this choice it can be shown that the angular component of the field is

Eθ(θe, qe|t) = qeẼ(t) sin(2θe) (6.49)

substituting Eq (6.49) in Eq (6.47) and recalling that UE(se, t) ≡ U(θe, qe|t) yields the result

U(θe, qe|t) = − e

h̄
qeẼ(t) cos(2θe) (6.50)

As for the shape of the intense electric pulse we write it as

Ẽ(t) = E0g(t) (6.51)

where g(t) is assumed to be the normal distribution

g(t) = exp

(

−(t− t0)
2

2σ2
t

)

. (6.52)

In what follows we assume short pulses so that σt, the magnitude responsible for the

width of the normal distribution, is narrow enough (immaterial of the value of t0) to

guarantee that at both ends of the time interval, namely, t = 0, T , we have Ẽ(t) ∼ 0.
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6.5.2 The nuclear dressed-field potential

Having introduced explicitly the electronic potential due to the external field we are in

position to write the nuclear field-dressed Hamiltonian as

H̃(x, φ|t) = u(x, φ) + E(t)M(x, φ) (6.53)

where u(x, φ) is a diagonal matrix that contains eigenvalues of Eq. (6.2), E(t) is related to

the field intensity and is given in the form:

E(t) = E0 exp

(

−(t− t0)
2

2σ2
t

)

(6.54)

and M(x, φ) is the dipole-moment matrix that contains the following elements:

Mmk(x, φ) = −〈ξ0m(θe|x, φ)| cos 2θe|ξ0k(θe|x, φ)〉 (6.55)

Comparing Eq. (6.53) with Eqs. (6.23) and (6.24) it is noticed that U(x, φ|t) ≡ E(t)M(x, φ)

and therefore Eq. (6.53) can also be written as

H̃(x, φ|t) = u(x) + U(x, φ|t) (6.56)

In other words, the dependence of the field dressed potentials is due to the dipole

moment matrix elements only.

6.5.3 Derivation of closed space-time contours for intense short-pulsed

electric fields

In the present study we treat highly intense pulsed fields that operate for a short time, i.e.,

a time that corresponds to a fraction of a molecular vibration. Since this study is carried

out for a model we employ unitless magnitudes only.

The main purpose of the present study is to probe numerically to what extent an N <

L case is capable to yield a diagonal D̃ matrix. It is true that we proved, step-by-step,

that not only in the case of N = L but also in the case of N < L we can guarantee that
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if N satisfies certain conditions the calculated D̃ matrices are diagonal (and in this way

secure the single valuedness of the resulting diabatic potentials). In the present section

we elaborate on the contours to be used for the numerical study.

The D̃ matrices have to be calculated along closed space-time contours. Therefore

the first difficulty that needs to be resolved is to reveal a characteristic space-time contour

along which D̃ matrices have to be calculated. To achieve this aim we suggest, employing

a semiclassical approach, to form a connection between the spatial coordinates and time.

To explain the idea we consider a diatomic molecule vibrating along a given interval

R. Next an external field is turned on while the molecule is at the point Rin and is turned

off again while the molecule reaches the point Rfi. We assumed the temporal pulse to

form a normal distribution. Next we require that this pulse forms also a normal distribu-

tion along R, namely,

E(R) = E0 exp

(

−(R− R0)
2

2σ2
R

)

(6.57)

whereR0 is a point in the range Rin < R0 < Rfi and σR is the corresponding spatial width

of the pulse. Such a requirement is satisfied if R and t are linearly related, namely,

R = ηt (6.58)

Consequently, also the two sets of parameters that define the two distributions are related

linearly: σR = ησt and R0 = ηt0.

The advantage in using Eq. (6.58) is not only because it transforms a normal distri-

bution in time to become a normal distribution in space but also because it defines a line

that may become a segment, ΓRt, for a (closed) space-time contour,

ΓRt = lim
∆R,∆t→0

{

(R = 0, t = 0)

→ (R = 0, t = ∆t)

→ (R = ∆R, t = ∆t) → . . .
}

(6.59)

where due to Eq. (6.58) we have ∆R = η∆t. Moreover this line may be considered as an
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element in a group of contours that covers the whole space-time region of interest by just

varying a single parameter, η (see Fig. 6.2). Among other possibilities, assuming η = 0

we get the t axis and assuming η = ∞ we get the R axis.

Returning now to the model where the nuclear coordinate is the angle φ instead of R.

As a result, Eq. (6.58) is replaced by

φ = ηt (6.60)

and form the corresponding normal distribution of the field along the φ axis as given in

Eq (6.57)

Figure 6.2: Space-time contours formed by the equation φ = ηt covering the φ − t plane. These
contours are general and can be used for solving the adiabatic-to-diabatic transformation matrix.

For the purpose of the present study we apply only one contour of this type and for

reasons of convenience we choose the one formed by η = 1, which is a straight line that

connects the initial point t = 0, φ = 0 with the final point t = T, φ = T

According to the theory, the selected contour has to fulfill two additional conditions:

(1) It has to be a closed contour, in the spatial region, that surrounds the degeneracy points

of interest. (2) At the same time it has also to be a closed contour in the corresponding

space-time region. For instance, the contour Γst in Fig. 6.1b satisfies both conditions: the
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contour by itself is closed in the space-time region and its spatial component Γs is a spatial

closed contour [see Fig 6.1a]. Consequently, the segment, Γφ,t defined as {(t = 0, φ = 0) →

(t = T, φ = T )} has to be modified so that it becomes a closed spatial contour Γφ and then

add another segment that completes it to become a closed contour Γφ−t in the φ− t plane.

To form the closed spatial contour the range for has to be and for that to happen it is

enough to assume that T = 2π. Next, in order to close the space-time contour we need to

add a second segment, Γt namely, {(t = T, φ = 2π) → (t = 0, φ = 2π)} which is a segment

along the negative time axis. The closed space-time contour Γφ−t = Γφt + Γt, in the φ − t

plane, is presented in Fig. 6.3.

Figure 6.3: A closed space-time contours Γφ−t, made up of two linear segments: the first, Γφt, that
connects the initial point (t = 0, φ = 0) with the intermediate point (t = 2π, φ = 2π) and the
second, Γt, that connects the initial point (t = 2π, φ = 2π) with the intermediate point (t = 0, φ =
2π).

We considered space-time contours by choosing a linear dependence between φ and

t. This choice may look as a special case, but, in fact, it can be considered as a legitimate

possibility (out of many other possibilities) to derive the diabatic potentials later applied

to solve the nuclear SE.
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6.6 Numerical Results

6.6.1 Introductory comments

Following the discussion of the previous section we introduce a new independent vari-

able, y, defined as a variable along the segment Γφt (see Fig. 6.3):

y =
√

φ2 + t2 (6.61)

where φ and t are related according to Eq. (6.60). In the case of η = 1 we get that

y =
√

2φ (6.62)

In what follows some of the results are presented as a function of y only (and therefore

for an open contour). However, other parts of the results in particular, the elements of the

ADT matrix, Ã(φ, t|Γφ−t) have to be presented along a closed y − t contour. Since the

interval of y, namely, {0, 2π
√

2} is not a closed contour we close the contour by adding

the segment that connects (t = T, φ = 2π) with (t = 0, φ = 2π) as is seen in Fig. 6.3. To

present these results the relevant figures (Figs. 6.4 - 6.6) are divided into two parts: On

the left hand side (lhs) we show the results as a function of y along the {0, 2π
√

2} interval

and on the right hand side (rhs) we show the results as a function of t along the interval

t = T to t = 0.

Another magnitude to be mentioned is x. All the results to be reported in this study

are obtained for x = 1.183. For this value of x the field-free τ φ matrix breaks, up along the

diagonal, into a series of two-dimensional blocks as can be seen in Eq. (6.45). This means

that the values for N that guarantee that the D matrices and therefore also the D̃ matrices

are diagonal matrices are the even ones, namely, N = 2, 4, . . .
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Figure 6.4: The diagonal elements of the matrix Ã as calculated along the closed space-time con-

tour Γφ−t (see Fig 6.3). In the figure the four diagonal elements are presented Ãjj, j = {1, 4} as
calculated for E0=1.5, σφ = 0.349 rad, N=4, and L=6. On the lhs of each figure the matrix ele-
ments are presented as a function of y along Γφt and, on the rhs, this presentation is continued as
a function of t, along Γt.
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Figure 6.5: The diagonal elements of the matrix Ã as calculated along the closed space-time con-
tour Γφ−t (see Fig 6.3). In the figure two different situations are presented: (a) In the first situation
the diagonal elements Ãjj, j = {1, 2} as calculated for E0=1.5, σφ = 0.350 rad, N=2, and L=4. (b)
In the second situation the diagonal elements Ãjj, j = {1, 2} as calculated for E0=4, σφ = 0.087
rad, N=2, and L=6. On the lhs of each figure the matrix elements are presented as a function of y

along Γφt and, on the rhs, this presentation is continued as a function of t, along Γt.
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Figure 6.6: The diagonal elements of the matrix Ã as calculated along the closed space-time con-

tour Γφ−t (see Fig 6.3). In the figure the four diagonal elements are presented Ãjj, j = {1, 4} as
calculated for E0=4, σφ = 0.087 rad, N=4, and L=8. On the lhs of each figure the matrix elements
are presented as a function of y along Γφt and, on the rhs, this presentation is continued as a
function of t, along Γt.
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6.6.2 Numerical treatment of the ω matrix and the corresponding elec-

tronic transition probabilities P

The equations to be solved re

ih̄
∂ω̄jm

∂t
=

L
∑

k=1

Zmk(t|x, φ)ω̄jk(t|x, φ) m = {1, L} j = {1, N} (6.63)

where

Zmk(t|x, φ) = Umk(x, φ|t)
{[

exp

(

i

h̄

∫ t

0

[H̃mm(t|x, φ) − H̃kk(t|x, φ)]dt

)

− δkm

]}

(6.64)

Here H̃(t|x, φ) was introduced earlier. To obtain Eq. (6.63) we performed the following

transformation:

ωkj(t|q, φ) = exp

{(

− i

h̄

∫ t

0

[H̃kk(t|q, φ)dt

)}

ω̄kj(t|q, φ), k = {1, L} j = {1, N} (6.65)

The details related to the solution of the first order differential equation for the ω

matrix are given in Appendix E.

It is important to realize that the diagonal elements of the matrix Z as defined in Eq.

(6.64) are zero, a fact that enhances the convergence rate during the propagation of the

solutions. The N sets of L equations in Eq. (6.63) are solved for N different sets of ini-

tial conditions where the jth set is solved for the vector (0, 0, . . . , 1, 0, . . . , 0) with the “1”

standing at the jth location.

To perform these calculations we freeze both x and φ and solve for the time depen-

dence along time range T = 2π. Since the elements of the ω- matrix are complex numbers

we concentrate only on their norms. This introduces the probability matrix P with the

elements Pkj defined as

Pkj(φ, t) = |ωkj(φ, t)|2 (6.66)

These matrix elements are also interpreted as the transition probabilities, due to the

external field, from the initial state j to the final state k, for the assigned time and nuclear
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configuration.

In Fig. 6.7 first column of these matrix elements are presented as a function of t for

N = L = 4 case at E0 = 20, x = 1.1 a.u. and φ = 45o. The result indicate that a field of a

given intensity is capable of directly exciting the molecular model to its fourth level.

In Figs. 6.8 - 6.10 some of these elements Pkj(y) are presented [not as a function of φ

and t but as a function of y], calculated along the line φ = t. In Fig. 6.8 results for E0 = 1.5

are presented as calculated for σ = 0.350 rad, L = 4, and the initial state j = 2. In panels

transition probabilities Pk2 for the four lower states, k = 1, 4 are shown, respectively. In

Fig. 6.9 similar results for E0 = 4 are presented, as calculated for σ = 0.174 rad, L = 4,

and the initial state j = 2. In the four panels transition probabilities Pk2 for the four

lower states, k = {1, 4}, are shown respectively. Similar results are presented in Fig.6.10

for L = 6 and the initial state j = 4. In the six panels transition probabilities Pk4 for

the six lower states, k = {1, 4}, are shown respectively. The issue we are interested to

discuss now is related to the distinction betweenN and L. According to our approach we

decide on N which, also, means solving N nuclear SEs and then include all the necessary

elements, L, along each of the N columns of the matrix.

In the first example see Fig. 6.8 we decide that N = 2. If we apply the perturbative

approach then the number of elements in each column of the ω matrix has to be L(= N) =

2. If we apply our approach we might decide on any number L but from Fig. 6.8 it can

be seen that it is sufficient to assume L = 4 because the probabilities Pk2 for k > 4 are

negligible small. Thus, by choosing the perturbative approach we miss the third and the

fourth matrix elements which account for more than 10% of the transition probabilities

along the considered contour [the sum of the probabilities P32(y) + P42(y) = 10% − 15%]

The situation worsens for the perturbative approach in the second example because

now the two missing elements of the P matrix account for almost 50% of the transition

probability see Fig. 6.9. However, employing our approach and assuming N = 2 and

L = 4 we find that the missing elements of P the fifth, sixth, etc. account for, only, of the

probability.

One may think that by increasing N from N = 2 to N = 4 may cover for the mishaps

of the perturbative approach as encountered in the previous cases. In this case the per-
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Figure 6.7: ωj1(φ, x|t), as a function of T for j=1,2,3,4, E0=20, σφ = 45o rad and L=4.
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Figure 6.8: Electronic transition probabilities, Pk2(y) = |ωk2(y)|2, as a function of y calculated
along the line Γφt. Results are shown for j=2 (the initial state), E0=1.5, σφ = 0.350 rad and L=4.
The curves in the panels (a)-(d) are calculated for k = {1, 4}
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Figure 6.9: Electronic transition probabilities, Pk2(y) = |ωk2(y)|2, as a function of y calculated
along the line Γφt. Results are shown for j=2 (the initial state), E0=4, σφ = 0.174 rad and L=4. The
curves in the panels (a)-(d) are calculated for k = {1, 4}.
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turbative approach leads to L = 4. In Fig. 6.10 we show the probabilities for L = 6 as

calculated for j = 4 and it is noticed that now the missing fifth and the sixth elements

along the fourth column of the P matrix still account for more than 10% of the transition

probability. According to our approach we may assume that N = 4 but L = 6 and by

doing that we keep all the necessary elements of the P and of the ω matrix.
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Figure 6.10: Electronic transition probabilities, Pk2(y) = |ωk4(y)|2, as a function of y calculated
along the line Γφt. Results are shown for j=4 (the initial state), E0=4, σφ = 0.174 rad and L=6. The
curves in the panels (a)-(d) are calculated for k = {1, 6}.
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6.6.3 Numerical treatment of the field-dressed NACMs

The field-dressed NAC elements are presented as three dimensional profiles. In Figs. 6.11

the norms of the τ̃12(φ, t) and τ̃12(φ, t), respectively are given as a function of φ and t. Since

the field-free values of τ12 and τ34 are 0.5 and 1.5, respectively, it is noticed that the external

field sometimes enhances these NAC terms by more than one order of magnitude.

Figure 6.11: Three dimensional figures of the norms of τ̃12(φ, t) and τ̃12(φ, t), respectively, as a
function of φ and t.

In Figs. 6.12 and 6.13 are presented the field-dressed NAC elements as calculated

employing Eq. (6.12). In Fig. 6.12 absolute values of are given, i.e., as calculated for
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E0 = 1.5, N = 2, and L = 4, where the two curves refer to σ = 0.087 and 0.350 rad,

respectively. In Fig. 6.13 , and are presented as calculated for E0 = 4, N = 4, L = 6,

and σ = 0.087 rad. It is important to remember that the corresponding field-free NAC

elements and are ∼ 0.5, ∼ 0.0, and ∼ 1.5 rad−1, respectively. The main feature to be

noticed is that the stronger the field the larger is the variations in the corresponding NAC

terms.
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0.6
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2(
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y

σϕ = 0.087
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Figure 6.12: Three dimensional figures of the norms of τ̃12(φ, t) and τ̃12(φ, t), respectively, as a
function of φ and t.

Next we consider a few elements of ˜̃
H, the matrix that stands for the time component

of the NAC vector. In Fig. 6.14 the three matrix elements are presented | ˜̃Hij(y)|; j = 1, 2, 3

as a function of y, calculated for E0 = 4, N = 4, L = 6, and σ = 0.087 rad. It is noticed that

the values of these off-diagonal terms are larger than the previous spatial NACTs.

6.6.4 Numerical treatment of Ã: The ADT field-dressed matrix

To calculate the elements of D matrix, we need to divide each φ segment and each t

segment into small enough segments and diagonalize τ̃(φ, t) and H̃e(φ, t) at a series of

angular and time grid points, respectively. We present in Fig. 6.15 the fourth eigenvalues

˜̃τ44(φ, t) and ˜̃
H44(φ, t) of τ̃(φ, t) and H̃e(φ, t), respectively along Γ.

To calculate the field-dressed Ã matrix we use the solution of Eqs. 6.60. To perform
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Figure 6.13: The angular dependent NAC term, τ
φ
12(y), τ

φ
23(y), and τ

φ
13(y), as calculated along Γφt

(see Fig 6.3). In the figure the corresponding absolute values are presented.
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Figure 6.14: The time component of the NAC vector, ˜̃
H, as calculated along Γφt (see Fig 6.3) for

E0 = 4, N = 4, L = 6, and σ = 0.087 rad. In the figure the corresponding absolute values are
presented.
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Figure 6.15: the fourth eigenvalues ˜̃τ44(φ, t) and ˜̃
H44(φ, t) of τ̃(φ, t) and H̃e(φ, t), respectively along

Γ. The dark ones represent ˜̃τ44(φ, t) while the grey ones ˜̃
H44(φ, t). The contour Γ is given in the

insert.

the actual calculations we present the corresponding contour, Γφt in terms infinitesimal

small increments ∆φ and as follows:

Γφt = {(φ = 0, t = 0) → (φ1, 0) → (φ1, t1) → . . .→ (φn, tn) → . . .} (6.67)

where and φj = φj−1 + ∆φ and tj = tj−1 + ∆t. The end point along t is (φ = 2π, t = T ).

The contour Γφt forms only a portion of the closed contour, Γφ−t and in order to close it

we have to add the segment Γt{(φ = 2π, t = T ) → (φ = 2π, t = 0)} (see Fig. 6.3.

In order to calculate the matrices Ã and D̃ along Γφ−t(= Γφt + Γt) we need the corre-

sponding elements of the two component vectorial matrix (see Figs. 6.13 - 6.14). In Figs.

6.4 - 6.6 the diagonal elements of several matrices Ã are presented. On the l.h.s. of each

figure the diagonal elements are presented as a function of y and on the r.h.s as a function

of t. The four curves in Fig. 6.4 were calculated for E0 = 1.5, L = 6, N = 4, and σ = 0.350

rad, and those in Fig. 6.6 were calculated for E0 = 4, L = 8, N = 4, and σ = 0.087 rad.

The four curves in Fig.6.5 were calculated for N = 2 but for two different situations: In a

the two curves were calculated for E0 = 1.5, L = 4, and σ = 0.350 rad and in b they were
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calculated for E0 = 4, L = 6, and σ = 0.087 rad. It is important to emphasize that all four

cases discussed in Figs. 6.4 - 6.6 are characterized by the fact that N < L in other words,

none of them was calculated for N = L.

In all cases we start at φ = 0 and t = 0 which corresponds to y = 0 with Ã = I,

and in all of them we expect, at the end point (φ = 2π, t = 0) of Γφ−t(= Γφt + Γt), to

have again a diagonal Ã matrix. Based on our time independent study, we should have

Ã(φ = 2π, t = 0) = −I. It is well noticed that indeed this result is, approximately, obtained

in all our four cases.

We recall that by definition the Ã matrix at the end point of a closed contour is defined

as the topological D̃ matrix. Therefore the corresponding matrix D̃ is expected to be

equal, in all four cases, to (−I) as indeed is the case.

6.7 Summary

In this chapter we elaborated on the connection between the field-free and the field-

dressed approaches emphasizing the ADT matrices, A(s) and Ã(s, t), and the correspond-

ing topological matrices, D(s) and D̃(Γst).

The connection between these two approaches is done via the field-free to field-dressed

transformation matrix ω(s, t). The strange fact about this matrix is that it can be ignored

while treating the perturbative framework (for example, the expression for the diabatic

potentials does not require any reference to it), whereas it plays an important role in

developing the nonperturbative framework. The importance of this matrix is due to

the fact that its elements along each column are closely connected with the electronic

transitions from a given state j to the various states k. In other words, magnitudes

Pkj(s, t) ≡ |ωkj(s, t)|2 (where j is fixed and k = {1, L}) are interpreted as the probabil-

ities to find the molecular system at time t in the kth state when at time t = 0 it was in the

jth state.

However, there is much more to it. Having ω (or its jth column) is crucial for deter-

mining Lj, the number of field-free states that get populated by the field in case we start

with a molecule in its j state. These numbers, for the various initial states, are important
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for estimating the size of the system of nuclear SEs to be solved. Ignoring this information

(as is usually the case within the perturbative approach) can be damaging.

Defining L as the largest Lj value may become a problem. If L is too large, performing

a sensible, meaningful numerical study of such a system of SEs is not feasible. Therefore,

the question to be asked is if there exists a rigorous way to reduce the number of SEs from

L to N (so that N < L) and still maintain the contribution of the (L−N) populated states.

It was shown that the necessary and sufficient condition for that to happen is that

the relevant N-dimensional field-dressed topological matrix D̃(Γst) is diagonal along any

space-time closed contour in the space-time region of interest. Moreover, we proved ana-

lytically that whenever a group of N (not L) field-free states forms a Hilbert subspace in

a given spatial region, the corresponding group of N field-dressed states forms a Hilbert

subspace in any space-time region where the spatial part overlaps with the spatial region

of the original field-free system.

This outcome can also be summarized as:

The necessary and sufficient condition for having a diagonal field-dressed D̃ matrix is

that the corresponding field-free D matrix must be diagonal. In other words, immaterial

of how intense the field is or how long it acts, it cannot affect the topological features of

the field-free D matrix.

Returning now to the crucial role played by the ω matrix it is important to emphasize

that to reach these final statements the matrix ω(s, t) played a crucial role. Moreover, the

expression for the diabatic potential explicitly contains this matrix.

We also presented a numerical backup to the theory and the following three issues are

discussed.

(i) The main feature that characterizes our space-time contour approach is that it en-

ables to distinct between two numbers, namely, L, which stands for the size of the field-

free manifold, and N , which stands for the size of the field-dressed manifold, both re-

quired for achieving converged results. Consequently, before doing any attempts to solve

the nuclear SE we suggest to use the probability matrix P (s, t) with the aim of finding

out as much information as possible about L and N and in particular, about the L(N)

dependence. This dependence is studied numerically in Figs. 6.8 - 6.10.
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(ii) One of the more interesting features revealed in the numerical study is that we

always have L > N or in other words L is not likely to be equal to N . Since the L =

N case yields the perturbative approach , which is the common approach, this finding

implies that the perturbative approach is in general not reliable for solving the nuclear

time dependent SEs (unless N is very large). In other words, it seems to us that the more

realistic approach is the one recommended here, namely, solving a reduced number (N)

of SEs which are based on an extended number (L) of field-free eigenfunctions.

(iii) This situation leads to the third issue related to the ability to eliminate the unpleas-

ant (singular) NAC terms namely, the diabatization process. Here the difficulty to worry

about is related to the single valuedness of the calculated diabatic potentials. We derived

the necessary and sufficient conditions for this to happen, in particular, when N < L. We

also show, using a model based on the Mathieu equation, that these conditions are fully

satisfied (see Figs. 6.4 to 6.6).

It is our hope that not before too long we will be able to tackle a realistic two or three

atomic molecular system.
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Appendix A

The adiabatic SE and diabatic potential

matrix for any three state BO system

The explicit expression of kinetically coupled adiabatic SEs for any three state BO system

in terms of electronic basis angles (α, β and γ) are:

− h̄2

2m
∇2ψ1 −

h̄2

2m
[− cos2 β(∇α)2 − (∇β)2]ψ1 −

h̄2

2m
2[− cosβ cos γ∇α− sin γ∇β]∇ψ2

− h̄2

2m
[sin β cosβ sin γ(∇α)2 + 2 cosβ sin γ∇α∇γ − 2 cos γ∇β∇γ − cos β cos γ∇2α

− sin γ∇2β]ψ2 −
h̄2

2m
2[cosβ sin γ∇α− cos γ∇β]∇ψ3 −

h̄2

2m
[sin β cosβ cos γ(∇α)2

+ 2 sin γ∇β∇γ + 2 cosβ cos γ∇α∇γ + cosβ sin γ∇2α− cos γ∇2β]ψ3 + (u1 −E)ψ1 = 0

(A.1)

− h̄2

2m
∇2ψ2 −

h̄2

2m
[− sin2 β sin2 γ(∇α)2 − cos2 γ(∇α)2 − sin2 γ(∇β)2 − (∇γ)2

− 2 cosβ sin γ cos γ∇α∇β − 2 sin β∇α∇γ]ψ2 −
h̄2

2m
2[cosβ cos γ∇α + sin γ∇β]∇ψ1

− h̄2

2m
[sin β cosβ sin γ(∇α)2 − 2 sin β cos γ∇α∇β + cosβ cos γ∇2α + sin γ∇2β]ψ1

− h̄2

2m
2[− sin β∇α−∇γ]∇ψ3 −

h̄2

2m
[cos2 β sin γ cos γ(∇α)2 − sin γ cos γ(∇β)2

− 2 cosβ cos2 γ∇α∇β − sin β∇2α−∇2γ]ψ3 + (u2 − E)ψ2 = 0 (A.2)
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− h̄2

2m
∇2ψ3 −

h̄2

2m
[− sin2 β cos2 γ(∇α)2 − sin2 γ(∇α)2 − cos2 γ(∇β)2 − (∇γ)2

+ 2 cosβ sin γ cos γ∇α∇β − 2 sin β∇α∇γ]ψ3 −
h̄2

2m
2[− cosβ sin γ∇α+ cos γ∇β]∇ψ1

− h̄2

2m
[sin β cosβ cos γ(∇α)2 + 2 sin β sin γ∇α∇β − cosβ sin γ∇2α + cos γ∇2β]ψ1

− h̄2

2m
2[sin β∇α + ∇γ]∇ψ2 −

h̄2

2m
[cos2 β sin γ cos γ(∇α)2 − sin γ cos γ(∇β)2

+ 2 cosβ sin2 γ∇α∇β + sin β∇2α + ∇2γ]ψ2 + (u3 −E)ψ3 = 0 (A.3)

Since the present models are two coordinate system, ∇ηi are expressible in terms of x and

y, where ∇ =~i ∂
∂x

+~j ∂
∂y

and ηis are mixing angles, α, β, and γ.

The diabatic potential matrix elements (Wijs) in terms of electronic basis angles (α, β,

and γ) are given by:

W11 =
1

4
[u1 +

3

2
(u2 + u3)] +

1

4
[u1 −

1

2
(u2 + u3)] cos 2α +

1

4
[u1 −

1

2
(u2 + u3)] cos 2β

+
1

8
(u2 − u3) cos 2γ +

1

4
[u1 −

1

2
(u2 − u3)] cos 2α cos 2β +

1

8
(u2 − u3) cos 2β cos 2γ

− 3

8
(u2 − u3) cos 2α cos 2γ − 1

8
(u2 − u3) cos 2α cos 2β cos 2γ

+
1

2
(u2 − u3) sin 2α sin β sin 2γ (A.4)

W22 =
1

4
[u1 +

3

2
(u2 + u3)] −

1

4
[u1 +

1

2
(u2 + u3)] cos 2β − 1

8
(u2 − u3) cos 2γ

+
3

8
(u2 − u3) cos 2α cos 2γ +

1

8
(u2 − u3) cos 2β cos 2γ

− 1

2
(u2 − u3) sin 2α sin β sin 2γ − 1

8
(u2 − u3) cos 2α cos 2β cos 2γ (A.5)

W33 =
1

2
[u1 +

1

2
(u2 + u3)] −

1

2
[u1 −

1

2
(u2 + u3)] cos 2β − 1

4
(u2 − u3)(1 + cos 2β) cos 2γ

(A.6)

W12 = W21 =
1

4
[u1 −

1

2
(u2 + u3)] sin 2α+

1

4
[u1 −

1

2
(u2 + u3)] sin 2α cos 2β

− 3

8
(u2 − u3) sin 2α cos 2γ − 1

2
(u2 − u3) cos 2α sin β sin 2γ

+
1

8
(u2 − u3) sin 2α cos 2β cos 2γ (A.7)

W13 = W31 =
1

2
[u1 −

1

2
(u2 + u3)] cosα sin 2β − 1

2
(u2 − u3) sinα cosβ sin 2γ

+
1

4
(u2 − u3) cosα sin 2β cos 2γ (A.8)
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W23 = W32 =
1

2
[u1 −

1

2
(u2 + u3)] sinα sin 2β +

1

2
(u2 − u3) cosα cosβ sin γ

+
1

4
(u2 − u3) sinα sin 2β cos 2γ (A.9)
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Appendix B

The NAC matrix as the product of a

vector function and an ADT angle

dependent scalar matrix leads to zero

Curl and thereby, the eigenvalues of the

NAC matrix are vector functions.

If we wish to write the NAC matrix, ~τ (θ12, θ13, θ23) = ~∇θ12 ·g(θ12, θ13, θ23), its’ components,

namely, τp(θ12, θ13, θ23) and τq(θ12, θ13, θ23) (for two coordinates, p and q) are given by:

τp(θ12, θ13, θ23) = ∇pθ12 · g(θ12, θ13, θ23)

τq(θ12, θ13, θ23) = ∇qθ12 · g(θ12, θ13, θ23), (B.1)

where the Curl matrix can be expressed as:

Curl τ = τp(θ12, θ13, θ23)τq(θ12, θ13, θ23) − τq(θ12, θ13, θ23)τp(θ12, θ13, θ23) (B.2)

or

Curl τ = ∇qτp(θ12, θ13, θ23) −∇pτq(θ12, θ13, θ23). (B.3)
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The equality of Eqs. (B.2) and (B.3) is called the Curl condition.

When we substitute Eq. (B.1) in Eq. (B.2) we obtain

Curl τ = ∇pθ12 · g(θ12, θ13, θ23)∇qθ12 · g(θ12, θ13, θ23)

− ∇qθ12 · g(θ12, θ13, θ23)∇pθ12 · g(θ12, θ13, θ23)

= g(θ12, θ13, θ23) · g(θ12, θ13, θ23)
[

∇pθ12∇qθ12 −∇qθ12∇pθ12
]

(B.4)

= 0.

On the other hand if Eq. (B.1) is substituted in Eq. (B.3), it appears:

Curl τ = ∇q

[

∇pθ12 · g(θ12, θ13, θ23)
]

−∇p

[

∇qθ12 · g(θ12, θ13, θ23)
]

(B.5)

with

∇q

[

∇pθ12 · g(θ12, θ13, θ23)
]

= ∇q∇pθ12 · g(θ12, θ13, θ23) + ∇pθ12
[

∇θ12
g(θ12, θ13, θ23)∇qθ12

+ ∇θ13
g(θ12, θ13, θ23)∇qθ13 + ∇θ23

g(θ12, θ13, θ23)∇qθ23
]

∇p

[

∇qθ12 · g(θ12, θ13, θ23)
]

= ∇p∇qθ12 · g(θ12, θ13, θ23) + ∇qθ12
[

∇θ12
g(θ12, θ13, θ23)∇pθ12

+ ∇θ13
g(θ12, θ13, θ23)∇pθ13 + ∇θ23

g(θ12, θ13, θ23)∇pθ23
]

(B.6)

leading to

Curl τ =
[

∇q∇pθ12 −∇p∇qθ12
]

g(θ12, θ13, θ23)

+ ∇θ12
g(θ12, θ13, θ23)

[

∇pθ12∇qθ12 −∇qθ12∇pθ12
]

+ ∇θ13
g(θ12, θ13, θ23)

[

∇pθ12∇qθ13 −∇qθ12∇pθ13
]

+ ∇θ23
g(θ12, θ13, θ23)

[

∇pθ12∇qθ23 −∇qθ12∇pθ23
]

. (B.7)

The first terms of the Eq. (B.6) is zero due to the analyticity of the ADT angle (θ12) and

the second term is automatically zero. Thus, the validity of the identities
[

∇pθ12∇qθ13 =

∇qθ12∇pθ13
]

and
[

∇pθ12∇qθ23 = ∇qθ12∇pθ23
]

[see Eqs. (3.12a) and (3.13a) also] ensure Curl

τ = 0. In other words, when Curl τ = 0, the components of τ matrices commute with
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each other, i.e., the transformation matrix, G diagonalize the scalar matrix g instead of ~τ

matrix itself and provide the eigenvalues as vector functions.
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Appendix C

Parametric representation of a conical

surface

A surface with a parametric representation of the form r(u, v) can be described by the

vector equation,

r(u, v) =~i X(u, v) +~j Y (u, v) + ~k Z(u, v), (u, v) ∈ T, (C.1)

where X(u, v), Y (u, v), and Z(u, v) are the three equations expressing x, y, and z in terms

of two parameters u and v:

x = X(u, v), y = Y (u, v), z = Z(u, v). (C.2)

The point (u, v) can vary over a two - dimensional connected set T in the uv-plane, and

the corresponding points (x, y, z) trace out a surface in xyz-plane.

If X , Y , and Z are differentiable on T , we consider the two vectors,

∂r

∂u
= ~i

∂X

∂u
+~j

∂Y

∂u
+ ~k

∂Z

∂u

and
∂r

∂v
= ~i

∂X

∂v
+~j

∂Y

∂v
+ ~k

∂Z

∂v
.

The cross product of these two vectors ∂r
∂u

× ∂r
∂v

is the fundamental vector product of the
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representation r. Its components can be expressed as Jacobian determinants as follows,

∂r

∂u
× ∂r

∂v
=

~i ~j ~k

∂X
∂u

∂Y
∂u

∂Z
∂u

∂X
∂v

∂Y
∂v

∂Z
∂v

=~i
∂Y
∂u

∂Z
∂u

∂Y
∂v

∂Z
∂v

+~j
∂Z
∂u

∂X
∂u

∂Z
∂v

∂X
∂v

+ ~k
∂X
∂u

∂Y
∂u

∂X
∂v

∂Y
∂v

(C.3)

= ~i
∂(Y, Z)

∂(u, v)
+~j

∂(Z,X)

∂(u, v)
+ ~k

∂(X, Y )

∂(u, v)
. (C.4)

If (u, v) is a point in T at which ∂r
∂u

and ∂r
∂v

are continuous and the fundamental vector

product is nonzero, then the image point r(u, v) is a regular point of r. Points at which

∂r
∂u

or ∂r
∂v

fails to be continuous or ∂r
∂u

× ∂r
∂v

= 0 are the singular points of r.

We consider the surface of a cone (see Fig. C.1) as the image of the rectangle T =

[0, 2π] × [0, h] under the mapping,

R(r, θ) =~i (ρ cos δ + r sinα cos θ) +~j (ρ sin δ + r sinα sin θ) + ~k (z0 − r cosα) (C.5)

The vectors ∂R
∂r

and ∂R
∂θ

are given by,

∂R

∂r
= ~i sinα cos θ +~j sinα sin θ − ~k cosα (C.6)

∂R

∂θ
= −~i r sinα sin θ +~j r sinα cos θ (C.7)

Their cross product is:

∂R

∂r
× ∂R

∂θ
=

~i ~j ~k

sinα cos θ sinα sin θ − cosα

−r sinα sin θ r sinα cos θ 0

= ~i r sinα cosα cos θ +~j r sinα cosα sin θ + ~k r sin2 α (C.8)

Since ||∂R
∂r

× ∂R
∂θ

|| = r2 sin2 α, the only singular point of this representation occurs

when r = 0, which is the vertex of the cone.

The Jacobian determinant as defined in the cross product [Eqs. (B3) and (B8)] vanishes
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when r = 0, but this does not affect the validity of the transformation formula because the

set of points with r = 0 has content zero. As for example, the Jacobian determinant along

the unit vector ~k for r = 0 is given by:

∂X
∂r

∂Y
∂r

∂X
∂θ

∂Y
∂θ

= r sin2 α = 0 (C.9)

Figure C.1: Geometry of a cone in Cartesian coordinate.
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Appendix D

The rigorous EBO equation for any

three state BO system

When the point of CI between the first and the second state is separated by a distance from

the CI between the second and the third state (Model A), the explicit form of rigorous EBO

equation in terms of ADT/mixing angles is,

− h̄2

2m

(

~∇ + i~ω1

)2

φ1 −
h̄2

2m

(

2

{

sin θ12
cos θ12

~∇θ12 · ~∇φ1 −
(∇pθ23
∇pθ12

)−1
~∇
(∇pθ23
∇pθ12

)

· ~∇φ1

−
[

1 +
(∇pθ23
∇pθ12

)2
]

1

2

~∇
[

1 +

(∇pθ23
∇pθ12

)2]− 1

2

· ~∇φ1

}

− 2

{

− sin θ12
cos θ12

~∇θ12

−
(∇pθ23
∇pθ12

)−1
~∇
(∇pθ23
∇pθ12

)

−
[

1 +
(∇pθ23
∇pθ12

)2
]

1

2

~∇
[

1 +

(∇pθ23
∇pθ12

)2]− 1

2

}2

φ1

+

{

2
(

~∇θ12
)2

+
sin θ12
cos θ12

∇2θ12 −
(∇pθ23
∇pθ12

)−1

∇2
(∇pθ23
∇pθ12

)

−
[

1 +
(∇pθ23
∇pθ12

)2
] 1

2

∇2

[

1 +
(∇pθ23
∇pθ12

)2
]− 1

2

+ 3
sin θ12
cos θ12

(∇pθ23
∇pθ12

)−1
~∇
(∇pθ23
∇pθ12

)

· ~∇θ12

+ 3
sin θ12
cos θ12

[

1 +
(∇pθ23
∇pθ12

)2
]

1

2

~∇
[

1 +
(∇pθ23
∇pθ12

)2
]− 1

2

· ~∇θ12

− sin θ12
cos θ12

(∇pθ23
∇pθ12

)−1
[

1 +
(∇pθ23
∇pθ12

)2
]

1

2

~∇
[

1 +
(∇pθ23
∇pθ12

)2
]− 1

2

· ~∇θ23
}

φ1

+ i

{

sin θ12
cos θ12

[

1 +
(∇pθ23
∇pθ12

)2
]

1

2
(

~∇θ12
)2 −

(∇pθ23
∇pθ12

)−1
[

1 +
(∇pθ23
∇pθ12

)2
]

1

2

~∇
(∇pθ23
∇pθ12

)

· ~∇θ12

−
[

1 +
(∇pθ23
∇pθ12

)2
]

~∇
[

1 +
(∇pθ23
∇pθ12

)2
]− 1

2

· ~∇θ12
}

φ1

)

+ (u1 − E)φ1 = 0,
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184 The rigorous EBO equation for any three state BO system

whereas the explicit form of the rigorous EBO for the Model B considering the CIs among

the three BO states are at the same point:

− h̄2

2m

(

~∇ + i~ω1

)2

φ1 −
h̄2

2m

{

− 2

[

− cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

]−1

×
[

sin θ12

(∇pθ23
∇pθ12

)

~∇θ12 · ~∇φ1 − cos θ12~∇
(∇pθ23
∇pθ12

)

· ~∇φ1 + cos θ12 cos θ23

(∇pθ13
∇pθ12

)

~∇θ12 · ~∇φ1

− 2

[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]
1

2

× ~∇
[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]− 1

2

· ~∇φ1

+ 2

{[

− cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

]−1

×
[

sin θ12

(∇pθ23
∇pθ12

)

~∇θ12 − cos θ12~∇
(∇pθ23
∇pθ12

)

+ cos θ12 cos θ23

(∇pθ13
∇pθ12

)

~∇θ12

− sin θ12 sin θ23

(∇pθ13
∇pθ12

)

~∇θ23 + sin θ12 cos θ23 ~∇
(∇pθ13
∇pθ12

)

]

+

[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]
1

2

× ~∇
[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]− 1

2

}2

φ1

−
[

− cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

]−1

×
[

cos θ12

(∇pθ23
∇pθ12

)

(

~∇θ12
)2

+ 2 sin θ12 ~∇
(∇pθ23
∇pθ12

)

· ~∇θ12 − cos θ12∇2
(∇pθ23
∇pθ12

)

− sin θ12 cos θ23

(∇pθ13
∇pθ12

)

(

~∇θ12
)2 − 2 cos θ12 sin θ23

(∇pθ13
∇pθ12

)

~∇θ12 · ~∇θ23

+ 2 cos θ12 cos θ23~∇
(∇pθ13
∇pθ12

)

· ~∇θ12 + cos θ12 cos θ23

(∇pθ13
∇pθ12

)

∇2θ12

− sin θ12 cos θ23

(∇pθ13
∇pθ12

)

(

~∇θ23
)2 − 2 sin θ12 sin θ23 ~∇

(∇pθ13
∇pθ12

)

· ~∇θ23

− sin θ12 sin θ23

(∇pθ13
∇pθ12

)

∇2θ23 + sin θ12 cos θ23∇2
(∇pθ13
∇pθ12

)

]

φ1

− 2

[

− cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

]−1

×
[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]
1

2
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×
[

sin θ12

(∇pθ23
∇pθ12

)

~∇θ12 − cos θ12 ~∇
(∇pθ23
∇pθ12

)

+ cos θ12 cos θ23

(∇pθ13
∇pθ12

)

~∇θ12

− sin θ12 sin θ23

(∇pθ13
∇pθ12

)

~∇θ23 + sin θ12 cos θ23 ~∇
(∇pθ13
∇pθ12

)

]

· ~∇
[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]− 1

2

φ1

+

[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]
1

2

× ∇2

[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]− 1

2

φ1

− i

{[

− cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

]−1

×
[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]
1

2

×
[

sin θ12

(∇pθ23
∇pθ12

)

(

~∇θ12
)2 − cos θ12~∇

(∇pθ23
∇pθ12

)

· ~∇θ12 + cos θ12 cos θ23

(∇pθ13
∇pθ12

)

(

~∇θ12
)2

− sin θ12 sin θ23

(∇pθ13
∇pθ12

)

~∇θ12 · ~∇θ23 + sin θ12 cos θ23~∇
(∇pθ13
∇pθ12

)

· ~∇θ12
]

+

[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]

× ~∇
[

1 +
(∇pθ13
∇pθ12

)2

+
(∇pθ23
∇pθ12

)

+ 2 sin θ23

(∇pθ13
∇pθ12

)

]− 1

2

}

φ1

−
[

− cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

]−1[

1 + sin θ23

(∇pθ13
∇pθ12

)

]

×
[

cos θ12

(∇pθ23
∇pθ12

)

(

~∇θ12
)2

+ sin θ12 ~∇
(∇pθ23
∇pθ12

)

· ~∇θ12 − sin θ12 cos θ23

(∇pθ13
∇pθ12

)

(

~∇θ12
)2

− cos θ12 sin θ23

(∇pθ13
∇pθ12

)

~∇θ12 · ~∇θ23 + cos θ12 cos θ23 ~∇
(∇pθ13
∇pθ12

)

· ~∇θ12
]

φ1

− cos θ12 sin θ23

(∇pθ13
∇pθ12

)

~∇θ12 · ~∇θ23 + cos θ12 cos θ23 ~∇
(∇pθ13
∇pθ12

)

· ~∇θ12
]

φ1

+

[

− cos θ12

(∇pθ23
∇pθ12

)

+ sin θ12 cos θ23

(∇pθ13
∇pθ12

)

]−1

×
[

sin θ23

(∇pθ23
∇pθ12

)

+ cos θ12 cos θ23

(∇pθ13
∇pθ12

)

]

×
[

− cos θ23

(∇pθ13
∇pθ12

)

~∇θ12 · ~∇θ23 − sin θ23 ~∇
(∇pθ13
∇pθ12

)

· ~∇θ12
]

φ1

}

+ (u1 − E)φ1 = 0
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Appendix E

The Derivation of the ω(s, t) matrix

We start with the following equation

ih̄
∂ω(s, t)

∂t
= H̃(s, t)ω(s, t), (E.1)

where H̃(s, t) are given by:

H̃(s, t) = Umk(s, t) + uk(s)δmk. (E.2)

Writing Eq. (E.1) more explicitly we get

ih̄
∂ω(s, t)

∂t
=

L
∑

k=1

(

Umk(s, t) + uk(s)δmk

)

ωkj(s, t), m = {1, L}, j = {1, N}. (E.3)

In what follows we treat each column, namely, the jth column, separately. Each of

these are solved in the same way but for a different set of initial conditions. Thus the

initial values for the j column is a vector of zeros with 1 located at the jth position, namely,

(0, 0, . . . , 1, 0, . . . , 0).

To continue we perform the following transformation:

ω(s, t) = exp
(

− i

h̄
umt

)

ω̃mj(s, t) (E.4)
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188 The Derivation of the ω(s, t) matrix

Substituting Eq. (E.4) in Eq. (E.3) yields the equations for the ω̃-matrix elements:

ih̄
∂ω̃(s, t)

∂t
=

L
∑

k=1

Umk(s, t) exp
(

− i

h̄
(um − uk)t

)

ω̃kj(s, t), m = {1, L}. (E.5)

Equation (E.5) is, in fact, the corresponding textbook set of equations.

Sometimes the diagonal elements Ukk(s, t) may become too large. Consequently, it is

advisable to eliminate them while performing the following transformation:

ω̃(s, t) = exp

{

(

− i

h̄

∫ t

0

Ukk(s, t)dt
)

}

ω̄kj(s, t). (E.6)

Substituting Eq. (E.6) in Eq. (E.5) yields

exp

(

− i

h̄

∫ t

0

Umm(s, t)dt

)(

ih̄
∂

∂t
+ Umm(s, t)

)

ω̄mj(s, t)

=
L
∑

k=1

Umk(s, t) exp

(

i

h̄
(um − uk)t

)

exp

(

− i

h̄

∫ t

0

Ukk(s, t)dt

)

ω̄kj(s, t)δjk (E.7)

or

ih̄
∂ω̄mj(s, t)

∂t
=

L
∑

k=1

Zmk(s, t)ω̄kj(s, t), (E.8)

where Zmk(s, t) is given as

Zmk(s, t) = Umk(s, t)

[

exp

(

i

h̄
(um(s) − uk(s))t

)

× exp

(

i

h̄

∫ t

0

(Umm(s, t) −Ukk(s, t))dt

)

− δkm

]

(E.9)

or also

Zmk(s, t) =

{

Umk(s, t) exp
(

i
h̄

∫ t

0
(H̃mm(s, t) − H̃kk(s, t))dt

)

, m 6= k

0, m = k
(E.10)
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