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Abstract

The work is mainly concerned with the development of compact finite difference
formulations for the biharmonic equation in irregular geometries. We specifically
focus our attention towards the computation of solutions of complex flow problems
by using biharmonic form of the Navier-Stokes (N-S) equations. When irregular
physical domains are transformed onto computational domains that are expressible
in terms of conformal mappings, the system of incompressible two dimensional N-
S equations reduces to a single biharmonic semi-linear equation. The formulation
has the advantage that the entire flow field can be described in terms of only one
equation with stream function as the dependent variable. Other flow field variables
can easily be post processed from stream function.

The work has been divided into two parts. In the first part we develop a new
fourth order accurate essentially compact finite difference scheme for the steady
N-S equations. The efficiency of the scheme is highlighted by performing numerical
experiments on (i) a known constructed solution and is followed by its application
on three different problems with varied complexities, viz. (ii) fluid flow in a con-
stricted channel, (iii) driven polar cavity, and (iv) flow past an impulsively started
circular cylinder. The computed solutions are then compared with the existing
experimental and standard numerical results, and excellent agreement is found in
all the cases.

In the second part we propose a new compact implicit scheme for transient
biharmonic form of the N-S equations. This scheme is second order accurate both
temporally and spatially. Our main objective here is not only to document the
versatility of biharmonic pure stream function formulation, but also the efficiency
of the newly proposed scheme in simulating the dynamics of flow inside curved
regions as well as fluid-embedded body interaction. We have carried out a von

Neumann stability analysis of this scheme and have also provided an algorithm for
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the flow computation. In addition to the advantage that the entire flow field can be
described in terms of only one equation, the formulation has the advantage that the
stream function and velocity boundary conditions are sufficient to carry out flow
simulation, thus avoiding difficulties associated with pressure field and nonphysical
vorticity boundary conditions. Being compact, the scheme circumvents the need
for special treatment at the boundaries. The scheme has been used to replicate the
time development of two dimensional viscous flows in different geometrical settings
and has been tested on as many as seven different setups. At first we establish the
accuracy of the scheme by considering the problems of (i) Taylor-Green decaying
vortices and (ii) constricted channel. We then extensively study the flow past
stationary circular cylinders for the Reynolds numbers (Re) ranging from 5 to 9500
with extensive streakline analysis for the cases where vortex shedding characterized
by the von Kéarman vortex street is a regular feature. We further use the scheme
to explore the effects of perturbation induced through three different techniques
on the eventual behavior of the flow past circular cylinder and delve into the flow
features in a narrow subrange of the threshold region leading to the determination
of the critical Reynolds number. Next we consider flows past (i) rotating cylinder
and (ii) in-line oscillating cylinder in a fluid at rest. This is followed by flows past
(i) elliptic cylinders with angle of attack and (ii) symmetric aerofoils with angle of
attack. The results obtained have been compared qualitatively and quantitatively
with experimental and numerical results available in literature. As in the steady
formulation, excellent comparison is seen in all cases, validating the accuracy and
effectiveness of the proposed scheme. In this process, we also report some new flow

features connected with the problems considered.
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Chapter 1

Introduction

1.1 Background

The system of Navier-Stokes (N-S) equations, which describe the flow of viscous
fluids through momentum balance, has its origin in Newton’s second law of motion
(2, 6, 11]. It is the most familiar model for fluid flow predictions and is a good
tool for interpreting some interesting phenomena in science and engineering. The
N-S equations are seen to describe the flow of Newtonian fluid quite accurately.
These equations are nonlinear coupled partial differential equations (PDEs) and
are difficult to solve analytically except for a few cases where analytic solutions
can be found in the most simplified settings [11]. Therefore, one has to resort to
numerical methods in order to solve the N-S equations in majority of the physical
situations. This approach of using numerical methods and algorithms to solve
and analyze problems that involve fluid flows is often known as Computational
Fluid Dynamics (CED) [1, 3, 13]. With the remarkable advancement in computer
architecture, it has now become possible to venture into fluid flow situations which
were beyound the reach of the CFD community a few decades earlier. The most
popular one amongst the approaches that has been historically used in CFD is the
finite difference method (FDM). Here, the basic methodology involves discretizing
the problem domain by setting up a structured grid and then approximating the
derivatives appearing in the governing N-S equations by difference quotients at
each grid point. Such approximation yields a system of algebraic equations which
can then be solved by some matrix solution algorithm.

The emergence and growing popularity of compact schemes [17, 22, 25, 55, 56,
58,59, 73, 74,75, 77,79, 81, 137, 138, 139, 140, 155] have brought about a renewed
interest towards the finite difference (FD) approach. A compact finite difference

scheme is one which utilizes grid points located only directly adjacent to the node
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about which the differences are taken. These schemes offer higher accuracy even
when the grid is coarse. In contrast to the wide-molecule methods [31, 61, 62, 141]
the compact schemes are able to determine the flow with information solely from
the nearest neighbours. The major advantage of compact discretization is that
it leads to a system of equations resulting in a coefficient matrix with smaller
bandwidth as compared to non-compact schemes.

Traditionally, the primitive variable and stream function-vorticity (¢-w) formu-
lations of the N-S equations have been the most popular approaches for computing
viscous incompressible fluid flows. A review of fundamental formulations of incom-
pressible N-S equations can be found in [54]. For flows in two dimensions (2D),
Y-w formulation is more popular for its computational economy; it requires han-
dling of only two unknowns as opposed to three in the case of primitive variables.
Furthermore, it ensures exact satisfaction of the mass conservation equation. How-
ever, in the case of flows in three dimensions, the primitive variable formulation
is the preferred one. The three dimensional counterpart of the stream function-
vorticity formulation also exists in the literature [3], but there, one needs to deal
with six unknowns in six equations. Over the years, the CFD community has seen
the extensive use of both the primitive variable and v-w formulations to compute
incompressible viscous flows governed by the N-S equations. Both these formula-
tions have their relative advantages and disadvantages over each other. While the
primitive variable formulation has been traditionally difficult because of the pres-
ence of pressure term in the governing equations, a typical difficulty with the ¢-w
formulation is that the vorticity w is not prescribed on the boundaries. Considering
these facts, the stream function-velocity (¢-v) [56, 75] and pure stream function
formulations [23, 24, 25, 87] that use the biharmonic form of the N-S equations
have emerged as attractive alternative approaches of solving the N-S equations.
This approach eliminates the need to compute pressure and vorticity as a part of
the computational process and therefore computationally much efficient than the
primitive variable and ¢-w formulations. The main advantages of the biharmonic

pure stream function formulation are:

1. Avoids difficulties associated with primitive variables mainly pressure.
2. Avoids use of artificial vorticity boundary conditions.

3. Iterations involve only a single variable.

The biharmonic pure stream function formulation for the time dependent N-S

system in rectangular planar domains has been used [53] almost two decades ago.
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But the application of compact schemes to the biharmonic form of N-S equations
is fairly recent [23, 24, 25, 56, 75, 87]. The pioneering work on the development
of compact schemes for pure stream function formulation of the incompressible
viscous N-S equations was carried out by Kupferman [87] in 2001. He used a
central difference scheme and demonstrated the accuracy and robustness of the
method by computing high Reynolds number (Re) flows in a lid-driven cavity.
This biharmonic pure stream function formulation was later used by Ben-Artzi
et al. [25] in 2005 to revisit the problems of driven cavity and double driven
cavity. They used a second order compact formulation to compute solution for
various Re values. In their work they have also shown uniqueness and decaying
character of solution of pure stream function formulation derived in rectangular
Cartesian coordinate system. Later in the year 2006, Ben-Artzi et al. [23] proved
the convergence and consistency of the scheme for the full nonlinear system. The
authors continued with their study of biharmonic formulation of N-S equations in
Cartesian coordinates and were able to enhance the accuracy of their schemes in
2010 [24]. They again proved the efficiency of the scheme developed by recovering
analytical solutions and solving the problem of lid-driven cavity. In the year 2005,
Gupta and Kalita [56] proposed stream function-velocity formulation that uses the
biharmonic form of the N-S equations. They used this formulation to compute
steady flows for different Re values in lid-driven cavity. In addition they have also
successfully tackled rectangular cavity flow with aspect ratio 2. The extension
of the same approach to transient flows was done by the same authors in 2010
[75]. Here, in addition to the lid-driven cavity problem they used the formulation
to simulate flows for the problem of backward facing step and the problem of
flow past a square prism. Thus we see that the schemes developed so far for
the biharmonic form of the N-S equations were limited to Cartesian coordinates
only, and hence lacked the mechanism to handle CFD problems where there is a
contact between fluid and non rectangular solid surface. Moreover, the extension of
stream function-velocity formulation to non-rectangular domain is not immediate.
Note that, many challenging and interesting physical problems involve viscous,
incompressible fluid flow in geometrically complex regions. Curvilinear coordinate
systems provide the key to the development of finite difference solutions of PDEs
on regions with arbitrarily shaped boundaries. With coordinate systems generated
to maintain coordinate lines coincident with the boundaries, FD codes can be
written which are applicable to general configurations without the need of special

procedures at the boundaries. Even when the boundaries are in motion, the use of
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such coordinate systems allows all computation to be done on a fixed grid with a
uniform square mesh in the transformed plane. This greatly simplifies the coding,
particularly with regard to boundary conditions, which can now be represented
without the need of interpolation or approximation. The major advantages of

body fitted curvilinear coordinate system are:
1. Dirichlet boundary conditions are exactly satisfied.
2. No approximations are needed at the boundaries.
3. Avoids addition of any ghost point to the computational domain.

The curvilinear coordinate system covers the flow field with coordinate lines co-
incident with all boundaries. It is also possible to distribute the curvilinear grid
lines in the physical plane with concentration of lines in regions of high gradients
while maintaining the square grid in the transformed computational plane. Al-
though different types of coordinate system may better serve different situations,
the conformal mapping has the advantage that the partial differential equations
acquire a minimal number of extra terms in the transformed system compared
to other transformations. Moreover, the use of conformal transformation guar-
antees the smoothness and orthogonality of the generated system of coordinates.
Conformal mappings satisfy Laplace equations with boundary conditions from the
Cauchy-Riemann conditions. Such mappings can be built up from complex trans-
formations, from superposition of harmonic functions, and from several different
numerical approaches [147]. Note that conformal mapping has benefitted from
the decreasing cost and increasing speed of digital computers. Developed algo-
rithms have been updated and are being used to rapidly evaluate many hitherto
intractable mappings. New numerical approaches are also being developed |7, 10].
It is well known that the inherent speed of conformal mapping makes it a valuable
ally in raising the efficiency of other numerical techniques. Conformal mappings
can transform difficult boundaries and then generate approximate grids to make
subsequent FD calculations more efficient. It should be noted here that although
the stream function-vorticity formulation is invariant under conformal mapping up
to a scaling factor, which enables the use of schemes developed for Cartesian grid,
the biharmonic form of the N-S equation is not invariant and hence some of the
efficient solvers derived for rectangular Cartesian coordinate system can not be
implemented straightway. Conformably transformed form of the biharmonic N-S

equation has many more terms but still retains its basic nature.
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1.2 Motivation

A careful study of the works discussed so far reveals that there are certain is-
sues concerning compact schemes and their applicability to the fourth order pure
stream function form of the N-S equations which are yet to be addressed. The
compact schemes developed for the biharmonic differential equation so far do not
cover problems on irregular geometries described in curvilinear coordinate system.
In particular, no compact scheme has been developed for solving the complex flow
problems such as the flow past circular cylinders thereby failing to exploit the
full potential of pure stream function formulation. To resolve such complex flow
phenomena accurately, we need to develop compact schemes for body fitted co-
ordinate system. It must be mentioned here that the works on fourth order pure
stream function form of the N-S equation discussed in the previous section have
been typically used to examine the flow fields in Cartesian coordinate systems
in simple rectangular domains. This is where the motivation to develop HOC
schemes on nonuniform grids comes from. The idea of constructing a rectangular
grid on irregular domains has its inherent limitations. If we embed the irregular
region in a uniform Cartesian grid, the geometry of irregular domain does not
generally align with the underlying grid and special treatment is required at the
boundaries. Moreover accurate imposition of boundary condition is another issue;
to circumvent this problem, instead of placing a computational grid on the phys-
ical domain, we have adopted a more flexible approach by means of coordinate
transformation which can convert a complex flow region containing non-uniform
grid into a rectangular computational domain with uniform orthogonal grid. We
restrict ourselves to conformal transformation because of their obvious advantages
[147] as pointed earlier. Therefore we focus our attention to fluid flow problems on
irregular physical domains which are conformably mappable to rectangular com-
putational domains. The strategy can also be used in cases where the conformal
mapping is generated numerically. Note that there exists a large class of domains

for which one can numerically generate a conformable mapping [7, 10].

1.3 Objectives

We enumerate the objectives of the work in the following sentences:

1. To develop efficient compact finite difference algorithms for fourth order bi-
harmonic pure stream function form of the N-S equation in domains beyond

Cartesian coordinates, more specifically for conformably mappable domains.
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2. We are interested in exploring both steady and transient forms of N-S equa-

tions.

3. Schemes thus developed will be tested for their stability and convergence

both analytically and computationally.

4. We aim to validate these algorithms by applying them to problems like sym-
metric constricted channel flow and polar cavity flow where flow evolves in-
side a closed region, as also open flow problems like flow past an impulsively
started circular cylinder etc., where there is an interaction between fluid and

solid surface.

5. We give emphasis to the flow past circular cylinder and attempt to gain new

physical understanding related to this flow field.

6. We also explore the effectiveness of the schemes in tackling problems with
moving boundaries by considering the flow past rotating cylinder and in-line

oscillating cylinder.

7. The study also validates the scheme developed by carrying out simulation of
unsteady incompressible flow around geometrically complex and interesting

bluff bodies such as elliptic cylinders and aerofoils.

Our aim here is not only to document the versatility of the fourth order stream
function formulation, but also the efficiency of the compact approach in general
and of the schemes developed here in particular in simulating the dynamics of flow

inside curved regions as well as fluid-embedded body interactions.

1.4 Overview of the work

The FD schemes developed in this thesis work essentially combines all the advan-
tages of compact schemes and biharmonic formulation listed above. The associated
methodology is that the space derivatives of the governing equations are approxi-
mated compactly. The compact finite difference approximation which is presented
here is based on only the eight nodal points in 2D surrounding each nodal point.
The approach involves discretizing the equation using not only the nodal values
of the unknown but also the values of its gradients at some selected nodal points.
Introduction of derivatives may seem to increase the computational cost but as will

be seen later it has the advantage that the gradients need not be approximated
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from the computed values of the solution as they are already available at all grid
points.

In the first part, we develop a fourth order accurate semi compact scheme for
the steady N-S equations. This formulation is capable of numerically solving the
2D steady N-S on non-rectangular physical geometries that are expressible in terms
of conformal mappings. The formulation is then tested on a known constructed
solution and is followed by its application on three different problems with varied
complexities, viz. fluid flow in a constricted channel, driven polar cavity flow, and
flow past an impulsively started circular cylinder.

In the second part we develop second order space and time accurate implicit
compact scheme for the transient N-S equation. The scheme is specifically designed
for flows in fluid-embedded body interaction as well as curved regions. We use this
scheme to simulate the time development of 2D viscous flows of varied physical
complexities in different geometrical settings. The numerical rate of convergence
of the scheme is established by applying it to a problem having known analytical
solution and to the problem of flow through constricted channel, an internal flow
problem which serves as a suitable test case for convergence analysis of problems
having no analytical solution.

Next the above scheme is applied to the flow past impulsively started circular
cylinder. We make a comprehensive study of this problem by capturing the time
evolution of flow for Reynolds number (Re) ranging from 5 to 9500. Excellent
match with experimental and numerical works can be seen.

Apart from this we also discuss three different pertubation techniques, including
an untested one in order to trigger asymmetry into the flow past circular cylinder in
the intriguing threshold range around the critical Reynolds number (Re.). Here we
are able to establish that Re, resides in the regime 46.5 to 47. In the process, all the
stages of a laboratory experiment for Re = 44 starting from an initial perturbed
stage till the flow finally settling to a steady state is numerically replicated by
streakline simulation

Finally we deal with two different sets of physically interesting and complex
flows. In the first set we take up the case of moving boundaries. We consider
the problems of flow past rotating and in-line oscillating circular cylinders. In the
second set the flow past an elliptic cylinder and symmetric aerofoils with various
angles of attack are studied. The robustness of the scheme is exemplified by the
closeness of our computed solutions with the ones obtained through experimental

visualizations and other numerical works.
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The coefficient matrix resulting from the algebraic systems associated with the
newly proposed FD approximations is not usually diagonally dominant and the
conventional iterative methods such as Gauss-Seidel are of little help in solving the
resulting system. In our work, we have used the biconjugate gradient stabilized
method (BiCGStab) [4] without any preconditioning. This mechanism has been
adopted throughout the present work.

1.5 Organization of the work

This thesis work is organized in eight chapters. Chapter 2 describes the develop-
ment of a fourth order accurate essentially compact finite difference scheme for the
steady N-S equations in biharmonic pure stream function form in non-rectangular
geometries. In Chapter 3, we develop a compact, implicit second order temporally
and spatially accurate FD scheme for unsteady N-S equations for incompressible
viscous flows. Chapter 4 discusses the application of the scheme developed in
Chapter 3 to the flow past an impulsively started circular cylinder problem for
Re ranging from 5 to 9500. Chapter 5 deals with the mechanisms of triggering
asymmetry into the flow past a circular cylinder in the vicinity of Re. and Chap-
ter 6 with some flow problems with moving boundaries. In Chapter 7 we consider
flow around bluff bodies with high curvatures. Finally Chapter 8 summarizes and

comments on the whole work and discusses the scope for future work.
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Chapter 2

Essentially Compact High Order
Scheme for the Fourth Order
Navier-Stokes Equation in
Non-rectangular Domain

2.1 Introduction

In the previous chapter we have discussed about the biharmonic form of the N-
S equations emerging as an attractive alternative approach of solving the N-S
equation. Some of the recent works on linear biharmonic equation that deserve
special mention are by Altas et al. [17], Lai and Liu [88], Chen et al. [33], Ben-
Artzi et al. [22] and Mai-Duy et al. [96]. Note that all these works deal with
inhomogeneous pure biharmonic equation and are not related to the biharmonic
form of the N-S equations with which we are concerned with. In their work Altas
et al. [17] use a symbolic algebra package to derive a family of compact finite
difference approximations for the biharmonic equation. On the other hand, in the
work of Lai and Liu [88], biharmonic equation is not discretized directly; instead
the equation is split into a coupled system of harmonic equations. In their work,
Chen et al. [33] use a wider stencil and propose a second order accurate scheme;
while Ben-Artzi et al. [22] use an interpolating polynomial based approach while
Mai-Duy et al. [96] use an approach based on Chebyshev polynomial. While the
work of Altas et al. [17] is on rectangular Cartesian coordinates, in [22, 33, 96], an
irregular domain is embedded in Cartesian grid and as such the treatment of the
boundaries require specific adjustment. Further more the extension of all the above
mentioned schemes except that of Lai and Liu [88] to the fourth order nonlinear

N-S equations is not immediate. In [88] biharmonic equation gets decoupled and
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hence when extended to the biharmonic form of the N-S equations it reduces the
problem to the ¥-w formulation and as such all the difficulties associated with
vorticity boundary conditions remain intact.

In the present study, we extend the use of finite difference approximation in
[17] which was obtained using a mathematical package. We propose a fourth order
accurate essentially compact scheme for the biharmonic steady N-S equations on
non-uniform grids, which is capable of tackling geometries other than rectangular
as well'. In contrast to the use of mathematical package by Altas et al. [17]
we present the detailed derivation of the compact approximation and also present
possibilities of alternative compatible approximations for the derivatives. The grid
is constructed using conformal mappings, yielding a general orthogonal grid, where
the degree and nature of the non-uniformity can be specified so as to meet the
needs of the problem under consideration. The scheme being essentially compact
there is absolutely no need for special treatment at the boundaries. Further, the
transformation being conformal, the system of N-S equations reduces to a single
fourth order semi-linear partial differential equation which governs stream function
(¢) values; the compact approach involves discretizing this biharmonic equation
using unknown solution ¢ and its gradients ¢, and 1, at the interior grid points.

To validate the proposed scheme, we apply it on four problems of varied com-
plexities and physical domains of different geometric shapes. They are (i) problem
with a known constructed solution, (ii) fluid flow in a constricted symmetric chan-
nel, (iii) driven polar cavity flow, and (iv) flow past an impulsively started circular
cylinder. We also carry out an error analysis to establish the theoretical order
of convergence of the scheme. As no analytical solution exists for the last three
numerical test cases, an implicit formula which requires the solution to be com-
puted on three different grid sizes is used. The robustness of the scheme can be
gauged by the fact that in all these three problems, our solutions agree very well,
both qualitatively and quantitatively with established numerical and experimental
results. Moreover, the scheme is also seen to handle both Dirichlet and Neumann
boundary conditions with ease in all the four test cases.

This chapter is organized in five sections. Section 2.2 deals with the mathe-
matical formulation, section 2.3 with discretization, section 2.4 with the solution
of the algebraic system of equations and accuracy, section 2.5 with the numerical

test cases and finally, section 2.6 summarizes the entire work of the chapter.

IPart of this work is under review in Appl. Num. Math.
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2.2 Mathematical formulations

The steady incompressible viscous flows are governed by the N-S equations along
with the equation of continuity. The non-dimensional forms of the equation of

continuity and the N-S equations are

V.V =0, (2.1)
1
(V.V)V — EV2V =-Vp (2.2)

where V' is the velocity vector, p is the pressure, and Re is the Reynolds number.
Here all lengths and velocity components are non-dimensionalised with respect
to the characteristic length L and characteristic velocity U respectively so that
Re = UL/v, v being the kinematic viscosity. In two dimensions, introducing

stream function v and vorticity w, the above formulation can be written as
Vi = —w, (2.3)

(V.V)w = %v%. (2.4)
Here w = w.%, the out-of-plane component of vorticity vector w and the velocity
is related to the stream function by V' = (u,v,0) = V X 9 where 1 = (0,0, ).
Eliminating w from equations (2.3) and (2.4) and using the notation V+i) =
(¢y, —¢z) = (u,v) we obtain the biharmonic pure stream function form of the
steady N-S equations

V4 = Re[(V+1). VIV, (2.5)

If the physical (x,y) plane is transformed onto a computational (£,7n) plane

using a conformal transformation

z = 2((), (2.6)

z=z+1Iyand ( =&+ In (I = +/—1), then in the transformed plane the steady

biharmonic pure stream function form of the N-S equations is

Vi = (2C 4 Rey,) V¢ + (2D — Reye) Vi,

—(E + CRey,, — DReype) V) (2.7)
where J J J J
¢ n 2 2 mm 33
= = D=—- d £F=2 2D — — — ==
C 7 7 an C°+ 7 T

J being the jacobian of the transformation (2.6). The details of this derivation
can be found in Appendix A. In Appendix A we have pointed out that the stream
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function - vorticity (¢-w) formulation represented by the equations (2.3)-(2.4) is
invariant under conformal mapping upto a scaling factor, which enables equiva-
lently solving the equations on the Cartesian grid, but as seen from equation (2.7)
the biharmonic form of the N-S equation in Cartesian coordinate system (2.5) is
not invariant. The equation (2.7) is a fourth order nonlinear partial differential

equation having the form

A% = F(E, 0, Ve, Yy, Vee, Vens Yy, Veee, Yeens Lenms Vo) (2.8)

where we use A = V2. Equation (2.8) can be considered as the semi-linear version
of the classical biharmonic equation. The presence of derivatives of the dependent
variable ¢ in the forcing function f renders nonlinearity into the equation. As
will be seen later, approximations of these higher order derivatives despite being
approximated compactly, introduce non compactness to the overall nature of the
finite difference scheme.

Note that equation (2.7) contains ¢ as the only dependent variable from which
other flow variables can be post processed in contrast to the three dependent
variables u, v, and p associated with the two dimensional version of the primitive
variable formulation (2.1)-(2.2) and two dependent variables ¢ and w in the ¢-w
formulation in (2.3)-(2.4). Hence it is computationally more efficient in numerically
simulating incompressible viscous flows governed by the 2D N-S equations than

primitive variable or 1-w formulations.

2.3 Discretization procedures

We consider the inhomogeneous biharmonic equation

A% = f. (2.9)

for specified forcing function f on a domain €2 in the computational (£-n) plane
with appropriate boundary conditions on 0f2. We assume 2 = [a,b] X [c,d] to
be comprised of a union of small squares. We wish to approximate the solution
of (2.9) to high order by finite differences on a structured grid of uniform mesh
a =& <& < .o <€En=0bc=nn<n <..<n, = dhaving size h. We
assume that the solution and the forcing function carry sufficient smoothness. In
two dimensions, (2.9) can be written as

ol o oy

56t T 25ezar T

f (2.10)
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Let 9, e, , and vy, ; refer to the approximate values of ¥(&;,n;), ¥e(&i, ;) and
Yy(&i,m;) respectively where (&;,n;) is a typical node. For our convenience we
write the standard central difference approximations to the first and second order

derivatives with respect to { and nV1<i:<m—1,1 <7 <n—1 below

oethij = %(Wru — Yi-1),

Seti; = %(@Di—i—l,j = 2¢i + Yic1),

S = %(%’JH = Yij-1),

by = %(%JH = 25 + i) (2.11)

Using the above central differences we can define the Stephenson finite difference

operators [140] at each internal grid point (&;,7;) as
12
Oty = 55 (Oetes, — 0gig),
12
53%,3‘ = ﬁ(éﬂwﬁi,j - 53%’,;‘)- (2.12)

It is easy to see that

(Og)s; = Ogibi; — %(@W@j +O(hY),
(B0 = s — (S + O 213
where we use the notations
% =0; and a?:;;j = 0;0).
Also note that
(9B020)5 = 0200, — (0202 + RO, + O (2.14)
Using (2.13) and (2.14) in (2.10) we get
(8§w + 2(952(9,27¢ + af‘zz/})m- = 5§‘¢,~7j + 2525,271/12-,]' + 5;172/%,]' + 715 ; (2.15)

where
h2

Ti=-1

(080)is + (02050 + OR0%).y + (DK0)is] + O (216)

The approximation (2.15) is obviously O(h?) but if the leading term of 7} ; can be

approximated compactly to order h? then we will have an O(h?') approximation
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of (2.10). In order to achieve this, we take appropriate derivative of (2.10) with
respect to £ and 7 so that

O + Ot = fee + frm — 3 (00500 + F0,0). (2.17)
Therefore,
=2+ e + 2ot + Ot 2.1
Ev] - 15( §f+ nf)27]+30( 13 77,l7b+ & n¢)17]+ ( ) ( . 8)
Again,
h2 h2 4 02 4
(0F0240)i ; = O¢Oabe, , — E(agagzp)i,j — E((‘35(‘9,7¢),-J- + O(hY), (2.19)
2 02 2 h2 4 2 h2 2 04 4
(O£0,)i 5 = 0gbnby, ; — E(agan e — g@@#ﬁ)m + O(h%). (2.20)

Adding (2.19) and (2.20), and using (2.14) we get
h2
15 (Oe000 + 0050)i5 = Oedtbe, ; + O¢Onthns; — 2 00y0hi; + O(RY).  (2.21)

Thus (2.18) reduces to

h2

75 0f +0,f)ig + O(RY).  (2.22)

2
TM = 5(55531%,]» + 652677¢ni,j —2 552521/}2,J) -
The fourth order approximation of (2.10) can now be written

2
B+ 203+ Oy + 20, + O, — 203520

2
1—5(5§f +88F):; + Fije (2.23)
Multiplying both sides by h* and expanding all the terms, (2.23) leads to

6¢i71,j71 - hwﬁifl,jfl - hﬂbmﬂ,jq - 727%,3'71 - 28h¢77i,j71 + 6¢i+1,j—1 + hw&kkl,j—l
_h¢77i+1,j71 - 721&;1,]‘ - 28}”#&71,]‘ + 2647vbu - 727vbi+1,j + 28hw§i+1,j

+6¢i71,j+1 - h¢fi—1,j+1 + h¢nifl,j+1 - 72,¢i,j+1 + 28h'w77i,j+1 + 6¢i+1,j+1 + hw€i+1,j+1

h4
+hw77i+1,j+1 = ?(11f” + fi+1,j + fi,j+1 + fifl,j + fi,jfl)' (224)
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Since in the above discretization of biharmonic equation (2.10) the gradients of
1) have also been used at selected nodal points apart from the unknown solution ),
it is necessary to determine finite difference approximations for ¢ and ,. Note
that approximation (2.23) or its expanded from (2.24) being fourth order accurate
stencils, the compatible approximations for the gradients should be of order six.
We write down the step for approximating 1¢; 1, can be identically approximated.

We begin by observing that

h? h*

T80, + 1= (0F0)ig + OU). (225)

Thus to obtain a sixth order approximation of ¢ we need second order compact

approximation of (029

We find,
9 5 1 3 02 1 2 2 2
(550¢% + 5% ¥)is = 33(00yvis — Oyvbe,,) + O(R), (2.26)
(B2020)i; = 02620, , + O(R?), (2.27)
1 4 1 3 22 1 2 2
(Eafand} + 665 anw)iyj = ﬁ((sf(sﬁ'djm‘,j - 57777Z)£i,j) H- O(h ) (228)

Also by differentiating (2.10) with respect to x, we get
Y +2 B0 + 0e00 = fe. (2.29)

Using (2.25) - (2.29), various sixth order approximations for ¢¢ can be found. One

such approximation is

93 93 h2 h2
TVe, — Ty — =0e,) + o (Gedyhiy — 0 0,)
h o 2 2 h*
— @6§6ﬁw€i,j + h (5£5nw77i,j - 5,7"7b§i,j) = E(ngm'. (230)

Another sixth order approximation that can be found using equations (2.25) to
(2.27) is

9 ht

2M4he,; + 5h*0ge,; + 55 0e0n e, + W0, = 2T0¢n; + h*0dytbsy. (2.31)

Note that the above approximation uses only 1 and ¢ values at different nodal

points of the compact computational stencil as compared to ¥, ¢, ¥, and f used
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in (2.30). But the approximation (2.30) being a tested one [17], we will use it for
our present numerical computation.

Similar to (2.30) a sixth order approximation for v, is,

93 93 h? h?
§¢ni,j - §(5n¢i,y’ - g@%iﬁm,j) + §(5n5§¢i,j — 8y, ;)
h'4 2¢2 2 2 h4
- @5§5n¢77i,j +h (55677¢fi,j - 5§¢ni,j) = Ednfi,j- (232)

In expanded form the approximations (2.30) and (2.32) are

Bwi—l,jfl L hwﬁiq,jq + h¢ni—1,j—1 — 3wi+1,j71 *= hw§i+1,j—1 - hwniﬂ,jq

+244),_, .+ 8hbe, , , + 40hte, . — 249, ., . + 8hte, .,

i—1,j

+3¢i—1,j+1 + hwﬁi—l,jﬂ u hwm—1,j+1 - 3wi+1,j+1 + h¢5i+1,j+1 -3 hwm«rl,j«rl

h4
= g(fﬂ-l,j — fi—l,j) (233)
and
377&1'71,]'—1 + hq?bgi—l,j—l + h¢ﬁi—1,j—1 + 24wi,j—1 + 8h¢77i,j~1 + 3wi+1,j71
_hw£i+1,j—1 + hwni+1,j—1 + 40}“/}77” o 3wi—1,j+1 P hw&—l,ﬁq
_'_hwmﬂ,jﬂ — 247vbi,j+1 + Shwm,jﬂ - 3¢i+1,j+1 + hw£i+1,j+1 * h¢ni+1,j+1
h4
- F(fi,j«rl n fi,j—l)? (234)
respectively.

In all the above approximations we restrict ourselves to the compact square
cell only. The presence of f in (2.30) and (2.32) is attributed to the use of differ-
ential equation (2.9) in the discretizing process. The compact approach involves
discretizing the biharmonic equation using not just the grid values of the unknown
solution ¢ but also the values of the gradients ¢ and v, at selected grid points as
well. As evident from (2.23), the finite difference approximation uses eight neigh-
boring values of v; six values of ¢ at (i +1,7), (¢ —1,7), (¢ £1,j £ 1); and six
values of ¢, at (¢,7+1), (4,7 —1), (i £1,7£1). Note that the introduction of v
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and 1, as unknowns does not involve additional computation. This is because of
the fact that the scheme has the advantage of the gradients being already available
at all grid points and need not be approximated from the computed values of the
solution 1.

The relation (2.23) in conjunction with (2.30) and (2.32) have truncation errors
of order four. But in order to make the scheme truly fourth order accurate we need
to approximate the forcing function given in equation (2.8) viz. f consistently so
that, the proposed approach retains its overall fourth order accuracy. This can be
accomplished by approximating the derivatives e, ., Yy, ., Yeee, ;s Veen ;» Venm s
Yynn:; upto fourth order accuracy by using ¢, 1¢ and 1, only. We achieve this by

using the following approximations:

Vee,; = —O¢tbe, , + 2051i; + O(h?), (2.35)
Ynney = —OnWn., + 2600 ; + O(h?), (2.36)
5 1 o
Veee,; = 3 [ﬁ%%y’ - 552%,]- - ﬁ%,j] +O(h*), (2.37)
Oethy, . ey, 1001, . O¢the. ... — Oee. .
@fon. | _ fwm,ﬁﬂ g 51/)771,]—1 + 51/)771,] . 51%#1 51%,],1 i O(h4), (238)
i 6 2h
8 tbes et + Otle, -y + 100,06 Oytby s — Gt
@ng]- = 7777[}5 ,J+1 + 77,[7Z)51,J—1 + 77,[7Z}£z,3 . 7777[}771,]-|> nwnz,g ‘l‘ O(h4), (239)
“3 6 2h
W —3 {35 Wii— 1521/, L 31/, ] + O(h%) (2.40)
mmi,g T h2 nve.g 2 n ' Ni,j h2 i, . .

Using (2.35)-(2.40) we discretize f as follows

fi,j ~ (20 g Re@bm,]‘)(wﬁﬁ&,j + ¢§nni,j) + (2D o Re¢£i,y><¢€€"i,j + wnmii»j)
- (E + CRed}m‘,j - DRe,l?Dfi,j)(,[?Z)fgi,j + ¢U%,j)
1 5 ii 5
= fis = 520+ Regy,,) [18<ﬁ55¢m V 555%4 - ﬁ%,j)
3
+ 5nw£i,j+1 + 577@%-,,'4 + 10677w€i,j - E(anwm,jﬂ - 5nwni,j1)]
1 5 1, 5
+ 6(2D - Rewﬁi,j) {18<ﬁ5ﬁ¢i7j - §5n¢m,1 - ﬁtbnu)

3
+ 6§¢77i,j+1 + 55¢?7m—1 + 105@?%,;‘ - %(6§¢5i,j+1 - 6§¢5i,j1):|

— 3(E -+ CR@@%,]» — DReiﬂE”) [ — 5,77#771-7]» + 2(531%7) — 557#&7]» + 252w17j:|
+ O(hY). (2.41)
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In (2.41), a fourth order approximation of f is obtained using v, 1¢ and .
This approximation when used in (2.23) results in a fourth order approximation of
the semi-linear biharmonic pure stream function formulation of the N-S equation
(2.8); note that this formulation uses not only the grid values of the unknown
solution ¢ but also the values of the gradients )¢ and 1), at selected grid points
as well. Approximation (2.41) is also used in (2.30) and (2.32) for obtaining com-
patible approximations for ¢ and ,. It is the use of (2.41) in (2.23), (2.30),
and (2.32) which renders non-compactness into the overall nature of the scheme,
although we are still in a position to exploit the compact nature of (2.23). This is
the reason we call our scheme essentially compact.

Having obtained an accuracy of order four throughout our calculation, the
challenge now is to approximate boundary conditions for all the derivatives present
in equation (2.7) up to the fourth order of accuracy. As we will see later, for
different problems and different boundaries, the boundary conditions vary in their
form. We will estimate the boundary values by using one sided finite difference
approximations in conjunction with the physical condition of the flow. Only at few
places we will deviate from our compact approach and will use a wider stencil. The
derivation of such higher order approximation of the boundary conditions, which
are problem dependent, would be discussed at appropriate places.

It may be mentioned that even when conformal mappings described by equa-
tion (2.6) are not available explicitly, one can generate the conformal mapping
numerically [32, 92] and the proposed scheme can be easily implemented in those
cases as well. However, the overall accuracy of the scheme may get affected as one
may require a succession of transformations to transform the physical domain onto

a rectangular computational domain.

2.4 Solution of algebraic system and order of
convergence

We now discuss the solution of algebraic systems associated with the newly pro-
posed finite difference approximations. By writing equations (2.24), (2.33), and
(2.34) at every interior grid point (i, j) for a grid of size m x n, one obtains a system
of three algebraic equations for the equation (2.8). Defining ¢, . = (4, ,, Ve, ,» ¥y, ;)"

as the unknown vector at each grid point, we can assort equations (2.24), (2.33),
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and (2.34) as

S10i—1,j-1 + 20 j—1 + S3¢it1,j-1 + Sadi—1,; + Ssdij
+S6Git1,5 + S1Pi-1j+1 + S8Pijr1 + So@iv1j+1 = Fij.

where,
6 -1 —1 —72 0 =28 6 1 -1

S5=13 1 1 , Sy = 0O 0 0 , 9=1 -3 1 -1 |,
3 1 1 ) 24 0 8 3 -1 1
—-72 =28 0 264 0 0 —72 28 0

Sy = 24 8 0,.1,5 = 0 40 0 |, Se=1| —24 8 0 |,

0 0 O 0 0 40 0 0 O

6 -1 1 —72 0 28 6 1 1

Sy = 31 .-=11], S= 0O 0 0 ], Sg=1[ -3 1 1 |,
-3 -1 1 —24 0 8 -3 11

n
and .

h T
E,j = E (2(]‘1fi,j + fi+1,j + fi,j+1 + fi—l,j 4 fi,jfl)’ fiJrl,j - fi—l,j’ fi,j+l e fi,j—l) .

The above equation when written at each grid point yields the system of equa-
tions

S®=F (2.42)

where the coefficient matrix S is an asymmetric block nona-diagonal sparse matrix
having 3 x 3 matrices as entries, i.e., blocks. For a grid of size m x n, S is of size
3mn x 3mn, and @ and F' are 3mn-component vectors. The main objective now

is to solve the equation (2.42), thereby evaluating the unknown vector

T
b= (@/)1,17?/1517171/177171,@01,2,@551,2,%172, "'awm,na¢§m7na¢nm,n) .

The differential equation (2.7) presented symbolically via equation (2.8) be-
ing nonlinear, the system of difference equations represented by the single matrix
equation (2.42) is also nonlinear. A quick look at equation (2.8) and its finite dif-
ference approximation (2.24) reveals that all the nonlinear terms of equation (2.8)
are contained on the right hand side of (2.42). Note that the coefficient matrix S of
(2.42) is a constant matrix. We tackle the nonlinearity by a linearization strategy
which is a slight modification of Newton’s method. As is well known, Newton’s
method for nonlinear difference equations leads to a sequence of linear problems.
The detailed discussion and subsequent analysis of this linearization strategy for
biharmonic N-S equations can be found in works of Schreiber and Keller [125]. For

the sake of self containment of our work, we recall below a few steps from [125].
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The application of the Newton’s method to the continuous problem (2.8) starts
with some sufficiently smooth initial guess say 1" that satisfies the boundary con-
ditions. Then the sequence {¢*} is defined by

¢u+1 = YH + §H,

where the correction term ¢ is the solution of the linearized problem about *
satisfying zero Dirichlet and/or Neumann boundary conditions. Hence 0* satisfy

the differential equation

LE)o = —H[p). (2.43)
Here L[y]d = A25— f'[4)]d, H[p] = A%p— f[p] where f[1)] is the right hand side of
(2.8), viz., f] = (2C + Redytb)(Adeth) + (2D — Redetp) (Ad,1h) — (E + C Red,ip —
D Red¢1))(Av). Thus one can obtain

FIUS = (2C + Redyh)(Ae6) + (2D — Rederh)(AD,0)
—(E + CRedyp — DRedep)(AS) + (Red,0)(Ader))
+(—Reded) (A1) — (CRedy6 — DReded)(Av).

The linearized problem (2.43) can now be written as

A" — flYH]o* = —A%Y* + fly#]
= A?[p* + 6% = fly*] + f[yp*]0"
= AW = fly] + Flye

Neglecting # = ¢#*1 — 4)# term on right which is of infinitesimal magnitude, we

have,
APt = flyph]. (2.44)

Eventually equation (2.44) is the linearized equation which we solve iteratively.
The resulting system of equations (2.42) can now be solved as a linear system.
In the traditional stream function-vorticity and the primitive variable formulation
of the steady N-S equations, discretization of the governing equations results in a
variable coefficient matrix irrespective of whether one retains 6* in the linearized
equation (2.44) or not. As such the coefficient matrix needs to be updated after ev-
ery outer iteration till convergence is obtained. However, in the current approach,
a constant coefficient matrix is obtained by neglecting the 6* term. Contrary to
the traditional approaches, we update only the right hand side of (2.42) containing

the nonlinear terms after every outer iteration. This approach has been adopted
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elsewhere [56, 57] also. As one is dealing with a constant coefficient matrix, compu-
tational workload is drastically reduced as opposed to the traditional approaches.

Introducing the notations

U= (10,0125 00 Pmn) s Ve = (Ve 15 Vg 5 s Ve Wi = Wy 15V g5 oo Vi)
the entire strategy here can be summarized as an algorithm:

1. At the initial step p = 0 start with a smooth W,

2. Estimate derivatives of W#* viz. \If‘g , U# and hence F*.

3. Obtain ®**! using (2.42) yielding WH1 ‘112“rl and WAt

4. If || @ — @1 < ¢, P*TL = @, stop else P* = PrFL,

5. Estimate other derivatives by using equation (2.35)-(2.40) and hence F*.

6. Upgrade the boundary conditions wherever necessary.

7. Goto step 3.

Direct solution of the linear system (2.42), in each inner iteration, is impractical
because of the huge size of the coefficient matrix and enormous storage require-
ments even for moderate values of step length h. On the other hand condition
number of the coefficient matrix increases rapidly with reduced grid spacing h and
one must be very cautious while attempting to solve such linear systems using
iterative solvers. As the coefficient matrix S is not diagonally dominant, conven-
tional solvers such as Gauss-Seidel also cannot be used. Note that when these
iterative solvers are used they invariably leads to slow convergence or divergence
for high Re flows [55, 56]. Therefore all the computations were performed using
the biconjugate gradient stabilized (BiCGStab)[4, 135] method without precondi-
tioning, where, thanks to the compact grid, it is easy to implement matrix vector
multiplication S'® without the need of storing all the entries of the matrix S.

It is worth mentioning here that an alternative to solving (2.42) also exists as
pointed out by Altas et al. [17]. In this approach equation (2.24) is solved for
¢ at all grid points and then subsequently equations (2.33) and (2.34) are used
to obtain upgraded values of )¢ and 1, on the entire domain. Thus instead of
solving a system of equations of the type (2.42), where the coefficient matrix is of
size 3mn x 3mn, one is required to solve three such systems where the coefficient

matrix is of size mn x mn. Since we use iterative method to solve system of
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equations, the efficiency of an approach will depend mostly on how the matrix
vector multiplication is carried out for the inner BiCGStab iterations in conjunction
with the outer iterations to reach steady state. In our previous approach a single
matrix vector multiplication requires (21 4+ 17 + 17)mn = 55mn multiplication
operations and (204 16+16)mn = 52mn addition operations, making a grand total
of 107mn operation count. This is due to the fact that the coefficient matrix S in
equation (2.42) resulting from (2.24) is a 21-diagonal matrix with at most 21 non-
zero entries in a particular row. On the other hand, in the alternative approach,
the matrix equations for 1, 1¢ and v, have at most 9, 7 and 7 non-zero entries
in a particular row of their respective coefficient matrices. As such, this approach
requires (9+7+7)mn = 23mn multiplication operations and (84646)mn = 20mn
addition operations, i.e. a total of 46mn operation count. Hence it seems that
the second approach will be faster as compared to the first approach at least
for steady state problems. For unsteady problems, an inner-outer loop strategy
needs to be implemented and hence such comparison requires further analysis.
But for the steady state problems considered here, it is observed that although
the inner BiCGStab iterations in the second approach are faster, yet steady state
is achieved in higher number of outer steps. Hence overall CPU time may even
be more. Moreover, one of the advantages of using BiCGStab iterative solvers is
that despite the coefficient matrix being nine times larger than the three matrices
arising out of (2.24), (2.33), and (2.34), the CPU time is still competitive for the
first approach vis a vis the alternatives as pointed out by Altas et al. [17]. Our
computation also confirms this fact.

All the computations were carried out on a Intel Core 2 Duo based PC with 2
GB RAM using double precision floating point arithmetic. For the inner BiCGStab
iterations, the computations were stopped when the norm of the residual vector
r = F — S& arising out of equation (2.42) fell below 10~7. Steady-state solution
is assumed to reach when the maximum -error between two successive outer
iteration steps is smaller than 1078,

Except the first problem, the other numerical test cases considered here do not
posses any analytical solutions. Therefore, for problems 2, 3, and 4, we estimate
the perceived order of convergence, denoted as o, by calculating results for three
different grid sizes following the approach adopted in [9]. If ¥(P) is the exact
solution at any point P in the solution domain, hq, ho, h3 are mesh sizes in three

different uniform grids used to compute solutions ¢§P), ¢§P>, ¢§P> respectively at

TH-1091_ 07612306 -



the point P then

P — ) = oP)pg (2.45)
W B — i) = cP)pg (2.46)
P — P = 0P)pg (2.47)

where C) is some constant.
Eliminating 1) and C") from the equation (2.45) - (2.47),

P P o o
© g g g
Py g

Converting the locally defined relation zﬂép) — 1/1§P) to a global one through the

use of the root mean square (RMS) value, one gets

1 2
LR AENEDY (wép’ —w?”) .

P

The summation being take over all the NV grid points common to the three grids.

Thus
. 1 o o
s~ = [ S0 (15 - 1),
P
. 1 o o
[W3 — Wy = ”NZC(P)Z (h2 - h3>7
P

[Wo — Wyl . AT — RS

W3 — Wyl hg —hg
from which o can be approximated. Also if hz is our finest grid and we have
hi = Ahs and hy = A2hs3 then (2.48) can be rewritten as

finally yielding

(2.48)

[Wo =Wyl . AT — A3
Wy — Wy A -1~

(2.49)

This is the formula that will be used to compute the perceived order of discretiza-

tion convergence throughout this thesis work.

2.5 Numerical experiments

In order to study the validity and effectiveness of the proposed scheme, it is applied

to four problems. These are (i) problem with a known constructed solution, (ii)
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fluid flow in a constricted symmetric channel, (iii) driven polar cavity, and (iv)
flow past an impulsively started circular cylinder.

Note that all the problems considered here have domains that can be mapped
through known conformal mappings and therefore values of C', D, E, and J fol-
lowing equation (2.7) are known exactly. However, in order to examine the effect
of these metrics on the numerical solutions, these terms were computed using the
exact mappings as well as numerical approximations. The difference between these
computations were found to be insignificant and as such, for all the results pre-

sented in this work, we have used the exact expressions for the metrics.

2.5.1 Problem 1: Test for accuracy

Here we take a problem defined in the domain

D=A{(z,y):x+Ily=+/E+1In, —1<E<1, 1.25<1n<0.25}

governed by the stream function-vorticity formulation of the N-S equations con-

taining a source function

v = 4e@+Y),

The equations (2.3)-(2.4) can thus be written as

V2,l/) = —Ww,

Vw = Re(uwz + Uwy) + 7.

Consequently the pure stream function biharmonic formulation of the N-S equation

in the transformed plane is

Vi = (20 + Re,)) Ve + (2D — Retpe) V24,
—(E + CRety, — DRet ) V) + J2.

The exact solution of this problem is

) = e@t+y).

In order to solve the problem we transform the physical domain into a rectangu-
lar computational domain and use the analytical solution to obtain the boundary
conditions. At interior grid points we set zero values as initial approximation.
Figure 2.1 shows a typical 21 x 11 grid. We have computed solution using three
different grids 6 x 11, 11 x 21, 21 x 41 with Re = 1. In figure 2.2, we present the
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Figure 2.1: Problem 1: A typical 21 x 11 grid.

Table 2.1: Problem 1: Li-error, Ls-error, L.,-error and order of convergence

Grid Size L1 Error Order Lo Error Order L Error Order
[6x 11] [ 2.233x107° 3.813 x 10~° 1.390 x 10~*

3.62 3.41 3.42
[11 x 21] | 1.820 x 10~° 3.597 x 1076 1.300 x 10~®

3.19 3.37 3.70
[21 x 41] | 2.000 x 10~7 3.472 x 10~ 7 1.000 x 10~6

surface and contours plots of the analytical and the numerical solutions computed
on this grid; it is heartening to note that in a grid of size as coarse as 21 x 11,
the numerical solution is almost indistinguishable from the analytical one. In
table 2.1 we present the order of discretization convergence based on Ly, L, and
L errors. A convergence order of around four could be seen in the table. The Ly,

Ly and L, errors are given by the formulae

1 imax jmax

||\Ilnum_\I;fm“HL1 = - ; Zz‘w:ﬁm_wz?a ?

7
max.Jmax i=1 j=1

1 iIYlaX jII\aX 2
num __ \Jana _ E E num _ ,/ana
| | v v | |L2 . . ( 1,] i,J )

1
maxJmax i=1 j=1

and
e — e = a1 — e
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Figure 2.2: Problem 1: Surface and contour plots of the (a) Numerical and (b)
Analytical solution.

respectively. The surface plots of the absolute errors in the numerical solution
corresponding to three different grids have been plotted in figure 2.3; these figures

clearly depict the decaying nature of the error with decreasing grid size.
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Figure 2.3: Problem 1: Surface plot of absolute error on three different grids (a)
21 x 11, (b) 41 x 21, (c) 81 x 41.
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2.5.2 Problem 2: Fluid flow in a constricted symmetric
channel

In this section, we consider numerical solution of the N-S equations for steady
flow in a rigid step down constricted channel. This is an idealization of flows in
geometries that contains a reentrant corner. At such a corner the flow becomes
singular and to obtain accurate results near such a corner, it is necessary to have a
highly refined non-uniform grid there. In order to transform the physical channel
into a rectangular computational plane, we use an algebraic conformal mapping.

One such possible mapping is

v = A€+ 2 [¢ sinh(26) —n sin(20)]

y= An+ g['r] sinh(2¢) + & sin(2n)]

b b—
where H = cosh(2¢) + cos(2n), A = ;a’ and B = a

2r

u=0, v=0 Outlet

Centre Line
v=0, u ,»=0

-0.5
u=15(1-y)

v=0 v=0

u=0, v=0

-7 -5 0 10 15 20

Figure 2.4: Problem 2: (a) Schematic diagram with T = 0.8, (b) Close up view of
a typical 1176 x 26 grid.

The constants a and b being the radii of the channel far upstream and far
downstream respectively. In our computation, we take a = 1.0 and b = 0.5. In

addition, 0 < 7 < 1 controls the sharpness of the constriction, with a higher
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value of 7 indicating a sharper corner in the domain of the flow. We study two
cases here, namely, 7 = 0.8 representing a reasonably smooth corner and 7 = 1.0
representing a channel with a sharp corner. The Re for this problem is defined as
alp . . . . .
Re = —, where u, is the average velocity at the entrance and v is the kinematic
v
viscosity. A Poiseuille parabolic velocity profile is introduced at the inlet and
outlet [98]. A schematic diagram of the problem showing the boundary conditions
is presented in figure 2.4(a). These boundary conditions are designed to satisfy

conservation of mass in the computational domain. At the walls, a no slip condition
U

is assumed while at the centreline, 0 0, v = 0. The boundary conditions can
Y

be summarized as:

O

Y=1 and — =0 on the wall n=r1
In
2 2 3
_ (g Py Py
1/1—27_<3 7_2) and 3§_0_—8£2_—8§3 as £ — £oo
2 3
=0 and 3_¢:0:8_w on the line of symmetry 7 =0
on? on?

Note that we have considered ¢¢ = 0 = 1)¢ee as { — £oo and ¢, =0 onn =10
since the derivatives are defined on free surfaces on which there is a respective zero
lower order derivative. We estimate the value for ¢, on 7 = 7 by the second order

approximate finite difference formula

o1
wﬂm,j = 2—}12 - 777Z)z] + 8,l7bi,j:tl . wi,j:l:2 + 6hw77i,j (250)

The other higher order derivatives left to be estimated on the boundaries are 1,,),,
Yepy o0 ) = 7 and YPeg, on n = 0. This is done by using second order extrapolation
formula

Fr =2F141 — Frao, (2.51)

with F representing a third order mixed derivative of 1 as mentioned above. Higher
order approximation of the derivatives are known to produce some oscillations in
the solutions at the boundaries [73, 137] and were also seen in our computations;
hence some of the derivatives have been approximated only up to second order of
accuracy instead of desired fourth. As pointed out by Spotz and Carey [137], this
oscillation occurs probably due to the convective component of the fourth order
boundary condition. As would be seen from our numerical results, the reduction in
the order of approximation of the derivatives however does not pollute the accuracy

of the solution at the interior.
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As pointed out by Pandit et al. [116], the positioning of the inlet and outlet
boundaries has a direct bearing on the computed flow. Therefore, the minimum
distances of the inlet and outlet boundaries were fixed at + =~ —7 and x ~ 20
respectively. The ratio between the length and the breadth of the channel needs
to be kept larger so as to allow the flow to be fully developed at the outlet and as
such there are many more grid points along ordinate axis than abscissa. Since the
flow pattern in the constricted channel is axisymmetric, we consider only the upper
half of the channel for numerical computation. A typical grid of size 1176 x 26 is
shown in figure 2.4(b).

L 1=0.8,Re =100
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0203 03
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1" 1=0.8,Re =350 1=1.0,Re=350
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08 5 }
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Figure 2.5: Problem 2: Steady state stream function contours.

In figure 2.5, we present the streamline contours for Re = 100, 250, and 350.

Here, the first column represents streamlines for 7 = 0.8 and the second one for

30
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Figure 2.6: Problem 2: Centreline velocity profile for different Re with (a) T = 0.8,

(b) T = 1.0.
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Figure 2.7: Problem 2: Steady state vorticity contours.

7 = 1.0. Figure 2.6 represents the centreline velocity profile for different Re. It is
noticed that upstream of the throat velocity profile is almost same for different Re

but in the vicinity of the throat, where the flow encounters the constriction, there
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is a significant jump in velocity, the quantum of which varies with the difference in
Re. As expected, the phenomenon is more pronounced for 7 = 1.0 as compared to
7 = 0.8. For lower value of 7 there is no vortex formation at the throat. The size
of this vortex for 7 = 1.0 is seen to increase with increasing Re. These facts are
also reflected by the post processed wall vorticity contours for different Re and 7
in figure 2.7. Downstream of the throat, the velocity profile for different Re and 7
approach the outlet velocity field asymptotically. As was noticed in earlier studies
[116], we observe that for 7 = 0.8, higher the Re, longer the distance to approach
the conserved outlet velocity. All our stream function and vorticity results are in
conformity with those of [98, 116].

Table 2.2: Problem 2: CPU time and relaxation parameter associated with con-
vergence history

7 | Re | Grid size CPU time | Relaxation parameter
(in seconds) (Inner, Outer)
[376 x 9] 3.025 (0.3, 0.6)
25 | [565x 13] | 15.717 (0.3, 0.6)
(753 x 17] |  76.214 (0.3, 0.6)
0.8
[376 x 9] 9.480 (0.1, 0.5)
100 | [565 x 13] 38.196 (0.18, 0.5)
(753 x 17] | 242.420 (0.1, 0.5)
[376 x 9] 2.897 (0.3, 0.6)
25 | [565 x 13] 14.209 (0.3, 0.6)
[753 x 17] | 69.752 (0.3, 0.6)
1.0
[376 x 9] 5.806 (0.1, 0.5)
100 | [565 x 13] 23.942 (0.18, 0.5)
[753 x 17] 251.386 (0.1, 0.5)

We will like to make it clear that all vorticity plots that are shown in this
thesis are post processed from stream function field using the discretized version of
equation (A.14). Most often we discretize equation (A.14) using central differences.
Since vorticity does not appear in our formulation we make no effort to increase
accuracy or efficiency of computation of vorticity field. The purpose of calculating
vorticity field is threefold: (i) To give the readers an idea of vorticity field associated
with the flow under consideration. (ii) To help describe the physics of the flow.
(iii) To compare with other available results thereby indirectly establishing the
accuracy of the underlying stream function field.

In figure 2.8, we show the convergence history; here the horizontal axis repre-
sents the number of outer iterations and the vertical axis, the maximum -error

between two successive outer iteration steps. In all the cases, good convergence
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Figure 2.8: Problem 2: Convergence history showing maximum t-error versus
iteration number for (a) T = 0.8, Re = 25; (b) 7 = 0.8, Re = 100; (¢) 7 = 1.0,
Re =25; (d) T = 1.0, Re = 100.

patterns were observed. In table 2.2 we present CPU time and convergence pa-

rameters associated with figure 2.8.

2.5.3 Problem 3: Driven polar cavity flow

This problem was first studied both experimentally as well as numerically by Fuchs
and Tillmark [50] and is now being frequently used to validate numerical algo-
rithms, particularly for physical domains having circular arcs as boundaries. Due
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to its special geometry, this problem is more challenging for the present numerical
scheme than the square cavity flow [25, 55, 56, 57, 73, 75, 116]. Figure 2.9 repre-
sents a schematic diagram of the problem along with a typical non-uniform 55 x 79

mesh as well as a diagram for nomenclature used in this study. In their work,
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7
e
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Figure 2.9: Problem 3: (a) Schematic diagram, (b) A typical 55 x 79 grid, (c)
Nomenclature.

Lee and Tsuei [90] observed that large solution errors propagate near the rotating

boundary. Therefore we cluster grids in the vicinity of the rotating boundary.
The region ABC'D is the domain of the problem; the height AB of the cavity is

equal to the radius Ry, of the boundary DA. The inner circular arc DA is moving

with an angular clock-wise velocity V; = —1 which is the driving mechanism behind
the flow. All the other boundary walls are fixed. For this problem, the Re is defined
’U()Ro

as Re = , where vy is the magnitude of surface velocity of the rotating cylinder

v
and v is the kinematic viscosity of the fluid.
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Grid points are clustered near the lower wall by using the transformation
z = e™ cos(mn),y = ™ sin(77).

Zero velocity is specified on all the boundaries, except on the boundary AD, where
a unit tangential velocity in clock-wise direction is specified. The steady flow is
calculated for Re = 55, 350, 500, 1000, 3000, and 5000 which is based on the height
of the wall AB and the tangential velocity of the lid AD. Here radial velocity

1
V. =ucos¢+vsing = g and tangential velocity V;, = —usin¢ + vcos ¢ =
me™s dn
1 0
—— 8—? Since there is no slip on the solid walls, we have the following boundary
wer
conditions:

On AD, ¢¢ = 7, ¢, = 0, and on all other boundaries, ¥ = 0, ¥, = 0.

Using normal velocity boundary conditions, we set 1) = 0 on all the boundary
walls. The next task is to obtain boundary conditions for higher order derivatives
used in the computation. From the above boundary conditions we immediately

see that:

On AD and BC, ¥y, = Yyyy = Yeyy = 0, and on AB and CD, g = eee =
Yeen = 0.

Next, 1)¢¢ are estimated on AD and BC' by using the second order approxima-
tion described by equation (2.50). The same approach is used for estimating 1,
on AB and CUD as well. The other higher order derivatives, namely teee, Pee, on
AD and BC, and ¥, Yep, on AB and C'D are calculated by using second order
extrapolation formula (2.51).

We present our computed solutions in figures 2.10-2.16 and tables 2.3-2.6 . In
Figure 2.10, we present streamlines obtained from our numerical computation on
a b5 x 79 grid side by side with the one obtained from the experimental results of
[50] for Re = 55 and Re = 350. It is clear from the figures that our simulations are
extremely close to the experimental results. Streamlines for Re = 500, Re = 1000,
Re = 3000 and Re = 5000 are being presented in figure 2.11. As in the case of
the square cavity flow, with increasing Re, the secondary vortices at the corners
opposite to the moving wall grow in size and the strength of the primary vortex
almost become invariant. But contrary to the phenomena of two distinct secondary
vortices in square cavities, one on the top right (top left in [56, 57, 116]) and another
at the bottom right corner for Re > 1500, only one secondary vortex on the top
right corner is observed here for Re as high as 5000. Also, for higher Re, the
secondary vortex on the left begins occupying the entire left side of the cavity

as can be seen in figure 2.11(c) and (d). For Re = 5000, this secondary vortex
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Figure 2.10: Problem 3: Comparison of steady state stream function contours (a)
Re = 55 Experimental, (b) Re = 55 Numerical, (c) Re = 350 Experimental, (d)
Re = 350 Numerical.

breaks into two (figure 2.11(d)). To the best of our knowledge, this phenomenon
has not been reported elsewhere. The post processed vorticity contours for all
the values of Re considered here are presented in figure 2.12. In figure 2.13, we
present the u and wv-velocities along the radial line # = 0 obtained through our
computation on a 82 x 118 grid for Re = 55 and Re = 350 side by side, along

with the experimental results of [50]. For Re = 55, our numerical results are very
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Figure 2.11: Problem 3: Steady state stream function contours (a) Re = 500, (b)
Re = 1000, (c) Re = 3000, (d) Re = 5000.

close to the experimental ones while for Re = 350, a slight discrepancy is seen
between the numerical and the experimental results which had been observed by
Fuchs and Tillmark [50] as well and may be attributed to slower convergence rate
at higher Re. In Figures 2.14(a) and 2.14(b), we present the u and v velocity
profiles along 8 = 0 on three different grid sizes 28 x 40, 55 x 79, and 82 x 118
for two different Re values, 55 and 350 respectively. From these figures, it is clear
that a 55 x 79 grid is enough to achieve grid-independence for these Re’s. The
velocity profile for v— and u— velocities along 6 = 0 line for Re = 500, 1000, 3000
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Figure 2.15: Problem 3: Velocity profiles along 0 = 0 (a) v- velocity, (b) u- velocity.

TH-1091_ 07612306

39

(b)




and 5000 has been plotted in figure 2.15. We also calculate the perceived order
of convergence for Re = 55 and Re = 350 by the formula described in section
2.4. As is evident from the tables 2.3 and 2.4, the order of convergence is close
to four. The order of convergence drops a bit with increase in Re which may be

attributed to the increase in flow complexity and slower convergence. Figure

Table 2.3: Problem 3: Perceived order of convergence for Re = 55

Grid Size A Error Order of Convergence
[28 x 40]
A1 =3.0 Hl/JQ = leLz =1.332x107*
[65 x 79] o =3.936
A =1.5 ng == ¢2HL2 =7.423 x 106
[82 x 118]

Table 2.4: Problem 3: Perceived order of convergence for Re = 350

Grid Size A Error Order of Convergence
[46 x 66)
A1 =18 ||’lb2 — ’L/JlHL2 =2.599 x 10~°
[55 x 79] o =3.506
Ao =15 | ||vb3s — wa||L, = 2.203 x 1075
[82 x 118]

Table 2.5: Problem 3: CPU time and relaxation parameter associated with con-
vergence history

Re | Grid size | CPU time | relaxation parameter
(in seconds) (Inner, Outer)
[28 X 40] 26.037 (0.15, 0.8)
55 | [46 x 66] |  99.848 (0.3, 0.8)
[65 x 79] 273.538 (0.3, 0.8)
28 x 40] | 24.203 (0.15, 0.8)
100 | [46 x 66] |  84.858 (0.2, 0.8)
[65 x 79] 243.316 (0.2, 0.8)

2.16 shows the convergence history for two Re values 55 and 100. Note that, the
higher Reynolds number Re = 100 shows slightly less number outer iterations than
for Re = 55; this is because of the fact that the converged solution of Re = 55 had
been used as the initial guess for the computation of flow for Re = 100. In table
2.5 we present CPU time and convergence parameters associated with figure 2.16.
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Figure 2.16: Problem 3: Convergence history showing maximum -error versus
iteration number for (a) Re = 55, (b) Re = 100.

Finally in table 2.6 we present all our quantitative data pertaining to the primary,

secondary and tertiary vortices for 55 < Re < 5000. These include the strength

and location of the vortices as well as sizes (lenghts) of the secondary and tertiary

vortices in conjunction with the nomenclature depicted in figure 2.9(c).
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Table 2.6: Problem 3: Properties of primary, secondary and tertiary vortices for Re ranging from 55 to 5000.

Re
Vortex Property 55 350 500 1000 3000 5000
Primary Vmaa 0.1155 0.1263 0.1273 0.1275 0.1240 0.1220
Location z,y 0.138,1.285  0.163, 1.411  0.165, 1.423  0.166, 1.436  0.196, 1.447 0.206, 1.455
Secondary
VL2 Yrnin -4.994e-6 -4.009e-4 -1.190e-3 -3.480e-3 -7.089e-3 (a) -8.850e-3
(b) -3.501e-3
Location z,y -0.876, 1.742 -0.696, 1.699 -0.650, 1.655 -0.589, 1.549 -0.459, 1.156 (a) -0.441, 1.154
(b) -0.423, 1.555
RL2 0.132 0.357 0.474 0.790 0.927 0.943
CL2 0.137 0.539 0.658 0.821 0.994 1.038
s VR2 Ymin -7.964e-6 -5.469e-4 -1.008e-3 -2.099e-3 -3.325e-3 -3.635e-3
Location z,y 0.883,1.731  0.796, 1.690  0.781, 1.696  0.755, 1.717  0.724, 1.757 0.695, 1.782
RR2 0.132 0.315 0.341 0.385 0.439 0.458
CR2 0.128 0.265 0.291 0.342 0.417 0.442
Tertiary
VL3 Ymaz — S — — 3.637e-6 6.398e-4
Location z,vy ~ — —a — -0.853, 1.730 -0.666, 1.616
RL3 — = — — 0.127 0.708
CL3 = — — e 0.167 0.436
VR3 Ymaz — — — — — 3.980e-6
Location z,vy — — — — — 0.913, 1.751
RR3 — — — % — 0.750e-1
CR3 — — — % — 0.897e-1
Grid Size 82 x 118 82 x 118 82 x 118 82 x 118 109 x 157 109 x 157
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2.5.4 Problem 4: Flow past an impulsively started circular
cylinder

The problem of viscous incompressible flow past a circular cylinder has for a long
time continued to generate tremendous interest amongst researchers [2, 42, 47,
76, 84, 93, 107, 123, 142] over the last century in all the three forms: theoretical,
experimental and numerical. This is due to the fact that it is a good model problem
for flows past bluff bodies of practical importance and it displays almost all the
fluid mechanical phenomena for incompressible viscous flows in the simplest of
geometric settings. However, the flow structure is very complex, especially for
large Re, thus making the computation of the flow even more challenging and
intriguing.

We assume the cylinder to be of unit radius placed in an infinite domain. The
schematic diagram is presented in figure 2.17(a). At the upstream far-field, a
potential flow is assumed with uniform free-stream velocity Uy, = D/2 = 1 where
D = 2a is the diameter of the cylinder. The flow variables are non-dimensionalized
by using x = z*/a, y = y*/a, u = u* /Uy, v = v* /Uy and the Reynolds number
Re is defined as Re = DU, /v following Fornberg [47]; here the asterisk sign *
denotes the dimensional quantities. A typical computational grid of size 61 x 101
are shown in figure 2.17(b). The stream-wise length [ and separation angle 6
are defined in figure 2.17(c). We employ a uniform grid spacing along the cross
radial direction and nonuniform grid spacing in the radial direction with clustering
around the surface of the cylinder using the same transformation as that of polar
cavity flow in section 2.5.3. Following [48], we assume the far field to be at a
distance R, ~ 43a.

We now derive the boundary conditions for stream function and its higher
derivatives. On the surface of the cylinder £ = 0, u = v =0 = ¢ = 0. In
the far stream & = &, velocity becomes uniform, u = Uy, v = 0. Using these
conditions, we obtain ¢ = me™sin(mn) and 1, = 7e™ cos(mn). In terms of
stream function, this condition is expressed as ¢ = (™) sin(mn). In accordance
with Franke et al. [48], the values for ¢ and 1, obtained here are also used as
boundary conditions for 8t&e upstrgz‘xfm far flow while for the downstream far flow we

r t

=0, — = 0. Use of one-sided second order accurate

23 23
e -1 mh Th
scheme translates these conditions to ¥y, ... = (4™, . — e, ),
Veimass = %(46’%@%7””714 — ez’rhﬁbgimw%) respectively. On the other hand, on the

surface of the cylinder u = 0, v = 0 implying ¢ = 0, ¥, = 0.

use the condition that

Having obtained closed form expressions for ¢¢ and v, in the upstream far field
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Figure 2.17: Problem 4: (a) Flow configuration, (b) A typical 61 x 101 grid, (c)

Geometrical parameters of the closed wake.
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we differentiate these expressions to obtain vee, ¥y, VYeen, Ve, V- Next, using
the relations %—‘g =0 = g, = Ty, 8—? = 0 = ¢ = m¢ and considering the
fact that vorticity as given by equation (A.14) is zero at the far field we infer that
for the downstream at far flow, e = T, Uy = =T, Veee = T2, Yeen = T2y,
Yegn = =T, Yoy = —T2y,. At € = 0 1)¢e can be calculated using (2.50). Finally,
we estimate remaining boundary conditions namely ¢ee, Ve, at & = 0 by using
(2.51).

Earlier studies [2, 42, 47, 76, 142] have shown that at a value of Re around 40,
the steady flow appears to become unstable to small disturbances as the dissipative
action of viscosity becomes relatively weak. The instability first affects the wake,
at some distance downstream from the cylinder, and gives rise to slow oscillation
of the wake with an amplitude which increases with distance downstream. As
Re increases further the oscillation of the wake moves closer to the cylinder and,
when Re is in the vicinity of 45, oscillations start affecting the two standing eddies
immediately behind the cylinder. we shall discuss on the topic in more details in
chapter 5.

We present steady state results for this flow for Re =10, 20, 40 and 60 in figures
2.18 and 2.19 and tables 2.7 and 2.8. Simulation for higher Re was not considered
because earlier experimental and numerical studies [2, 42, 47, 76, 142] indicated
that the flow no longer remains steady for Re beyond 50. Therefore, we present
flow profiles for Re up to 60 only, more so for Re = 20 and Re = 40, for which
experimental and numerical results [42, 47, 60, 84, 93, 107, 123, 142] exist in plenty;
note that the results presented here for Re = 60 may be termed as the converged
solution of the N-S equations governing the flow.

In Figure 2.18, we exhibit the streamlines from Re = 10 to 60. In all the
cases, two symmetrical, stationary circulating eddy develops behind the cylinder.
With increase in Re values, one can see the increase in the sizes of the vortices.
The corresponding post processed vorticity contours for the same range of Re are
shown in figure 2.19.

We also compute the wake length [, the distance between the rear most point
of the cylinder to the end of the wake, and the angle of separation #,. These
parameters are then compared to verify the grid-independence of the numerical
results. In table 2.7, we present these parameters on grid sizes ranging from 61 x101
to 121 x 201. Hence we can conclude that a grid of size 121 x 201 is enough for
accurate resolution of the flow. In table 2.8, we present our computed [, 65 and
the drag coefficient Cp with those obtained by [42, 47, 60, 93, 107, 123, 142].
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Figure 2.18: Problem 4: Steady state stream lines (a) Re = 10, (b) Re = 20, (c)

Re =40, (d) Re = 60.

Table 2.7: Problem 4: Effect of grid size on wake length and separation angle.

Re =10 Re =20 Re =30
Grid 61 x 101 91 x 151 121 x 201 61 x 101 91 x 151 121 x 201 61 x 101 91 x 151 121 x 201
l 0.505 0.505 0.504 1.841 1.849 1.851 3.211 3.263 3.316
0, | 29.321  29.078 29.732 | 43.517  43.196 43.141 | 50.085  49.640 49.579

TH-1091_ 07612306
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Figure 2.19: Problem 4: Steady state vorticity contours (a) Re = 10, (b) Re = 20,
(c) Re = 40, (d) Re = 60.

The drag ® on the surface of a cylinder of radius r in a fluid of density p is
D = prU%2Cp, where Cp is a non-dimensional coefficient. Following [47], the
formula for evaluating the drag co-efficient on the surface of the cylinder may be

written as:
| :
O = 5— [ {02 = 42) cos(mn) — v, sin(mn)
0
2 o [2
—r/ Ypwsin(mn)dn + —— / (we — mw) sin(7n)dn. (2.52)
0 Re Jo
Using the expression for w given by (A.14) and the boundary conditions on the
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surface of the cylinder with radius » = 1 the above formula can be simplified as:

B 2
"~ Ren?

2
Cp /0 (3mthee — theee) sin(mn)dn,

which enables us to describe the entire problem purely in terms of stream function.
The above integral has been evaluated by using Simpson’s one-third formula. The
vorticity and its derivative has been post processed from 1, v¢, 1, by using fourth
order accurate schemes. As can be seen from the figures and tables presented here,
in all the cases, excellent comparison with the established numerical results are

obtained, both qualitatively and quantitatively.

Table 2.8: Problem 4: Comparison of wake length and separation angle for different
Re.

Re  [142] [42] [47)  [93] [60]  [107] [123]  present
l 10  0.500  0.53 - - 0.474 - - 0.504
20 1.870 1.88 1.82 187 1.842 1.92 177 1.851

30 3.223 - - - - - - 3.316
40  4.650 4.69 448 427 449 451 4.21 4.625
50 6.10 - - - - - - 5.861
60 7.53 - - - - - - 7.206
0, 10 29.3 29.6 - - 26.89 - - 29.732
20 43.65 43.7 429 - 42.96 4279 41.3277  43.141
30 49.6 - - - - - - 49.579
40  53.55 53.8 51.5 - 52.84 52.84 51.0249 53.226
50 56.6 - - - - - - 56.668
60 59.0 - - - - - - 59.565
Cp 10 2.7541 2.846 - - 3.170 - - 2.699
20 2.0027 2.045 2.000 - 2152 2.111  2.0597 1.949
30 1.7167 - - - - - - 1.640
40 1.5359 1.522 1.498 - 1.499 1.574 1.5308 1.439
50 1.4182 - - - - - - 1.349
60 1.3246 - - - - - - 1.238

2.6 Conclusion

In this chapter, we extend a fourth order compact finite difference scheme for the
classical biharmonic equation of the form A%y = f(z,y) in rectangular Cartesian
coordinates to its semi-linear form where the forcing function f contains higher
order derivative of the dependent variable as well. This approach enables us to
solve numerically the two dimensional steady N-S on nonuniform grids in non-
rectangular physical geometries that are expressible in terms of conformal map-

pings. The use of conformal mapping makes possible the 2D physical domain to
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be transformed onto a rectangular one where computations are performed for the
transformed equations on uniform grids. The conformal nature of the mapping
reduces the N-S equations into a quasi linear biharmonic equation in the trans-
formed plane. In a departure from the rigidity of the earlier compact schemes
for the biharmonic equations on irregular domains that could be applied only to
Cartesian coordinates, the present formulation easily computes the flows governed
by the N-S equations in situations where there is contact between solid and fluid re-
quiring the use of a body-fitted coordinate system. To bring out different aspects
of the scheme, we apply this new approach to four problems not only of varied
physical complexities, but also on physical domains of different geometric settings:
a problem with a known analytical solution, the flow past a constricted channel,
the driven polar cavity and finally the motion past an impulsively started circular
cylinder problem. In the first problem, Dirichlet boundary conditions are used and
for the other two, compact higher order approximations have been developed and
successfully implemented for the Neumann boundary conditions. The robustness
of the scheme is illustrated by its successful implementation and, accurate and
efficient computation of the flow for these three problems. The accuracy of the
computed solutions can be judged by the results obtained in all the test cases on
relatively coarser grids, which are in excellent agreement with analytical, exper-
imental and established numerical results. As the proposed essentially compact
scheme has the added advantage of low demand in CPU time, it has potential for

efficient computation of more complex problems of incompressible viscous flows.
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Chapter 3

A Robust Implicit Compact
Scheme for Two Dimensional

Unsteady Flows in
Fluid-Embedded Body Interaction

3.1 Introduction

The N-S equations governing the flow of fluids have applications in a wide range
of physics and engineering problems. In recent years, several important numerical
techniques have been developed for solving N-S equations [31, 65, 101, 150] where
simulations have been carried out for flows as diverse as the flow inside a complex
biological region to the interaction between fluid and different types of embedded
bodies.

Many problems of interest involve dynamics of coupled fluid-embedded body
interaction. The most common occurrences are associated with fluid flowing over
a bluff body or with the movement of a natural or artificial body. Bluff bodies
exist in different shapes and sizes and include the flows past an airplane, auto-
mobile, submarine and wind blowing past a bridge, a high-rise building etc. At
low Reynolds number the flow over a bluff body is highly viscous; as the Reynolds
number increases beyond a critical value, vortex shedding occurs, resulting in a
significant pressure drop on the rear surface of the body.

In this chapter, we propose a new compact finite difference scheme for the
transient counterpart of the biharmonic form of the steady N-S equation which
is second order accurate both temporally and spatially!. Here we use the new

finite difference scheme to simulate the time development of 2D viscous flows for:

'Part of this work is under review in Comp. Fluids.
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(i) Taylor-Green decaying vortices and (ii) Constricted channel. In the remaining
chapters we will not only document the versatility of the fourth order stream func-
tion formulation, but also the efficiency of this scheme in simulating the dynamics
of fluid-embedded body flow by using it for problems consisting of a variety of
geometrical settings.

The first problem of Taylor-Green decaying vortices has a known closed form
solution, which allows us to compare our numerical solutions with the exact ones
and establish the order of convergence of our method. The second problem of flow
through constricted channel is an internal flow problem, where we time march to
steady state and serves as a test case for convergence analysis of fluid flow problems
without known analytical solutions. For both the cases, our results are validated
through comparisons with existing qualitative and quantitative results; excellent
agreement, is obtained in all cases.

The outline of the chapter is as follows. Section 3.2 deals with mathematical
formulations, section 3.3 with discretization procedure, section 3.4 with stability
analysis, section 3.5 with the solution of the algebraic system of equations and the
related algorithm, section 3.6 with the numerical results and finally in section 3.7,

we offer a few conclusions.

3.2 Mathematical formulations

As pointed out in Chapter 1, the primitive variable and stream function-vorticity
formulations of the N-S equations are the most sought after approaches for com-
puting viscous incompressible fluid flows. For flows in two dimensions, stream
function-vorticity formulation is more popular for its computational economy. It
also ensures exact satisfaction of mass conservation equation. However, in the case
of flows in three dimensions, the primitive variable formulation is the preferred
one. The three dimensional counterpart of the stream function-vorticity formu-
lation deals with six unknowns in six equations. Another approach is to use the
fourth order stream function vector equation, where each component results in
a biharmonic equation and overall, there are only three variables to deal with.

Following Chung [3] we write down the three dimensional pure stream function

formulation
0
(V) + (V% ). VIV~ (V. V)V x ) = = Vi (3)

Here b = (11, 12,13) is known as the three dimensional stream function vector.

The vorticity w = (wy,ws,ws3) and the velocity V' = (u,v,w) are respectively
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expressed as
w=-V*p and V=V x1,

the details of which may be found in [3]. This approach has been used quite
successfully in solving the three dimensional cubic cavity problem [3]. In two
dimensions 1 = (0,0,%), and this system of three biharmonic equations reduces

to one biharmonic evolution equation

0 2 1 2. 1
SH(V) + (V). V9% =

having the scaler stream function (¢)) as the only dependent variable. The out

V. (3.2)

of plane component of vorticity is w = wk = —V?2¢ and the velocity field is

0 0
(u,v) = V*+op = (8—5, —8—;6 . This biharmonic pure stream function form of the

N-S equations eliminates the need to compute both pressure and vorticity, and
has emerged as an attractive alternative [23, 24, 25, 56, 75, 87] to the classical
formulations. This approach has the advantage of requiring the solution of a single
fourth order partial differential equation (PDE) instead of a system of second order
PDEs. The computation of flows using equation (3.2) has so far been restricted to
only rectangular domains [23, 24, 25, 56, 75, 87|, and the objective of the present
study is to widen the scope of this formulation to non-rectangular physical domains.

Similar to our observations in Chapter 2, here also we note that the biharmonic
equation (3.2) is not invariant under conformal mapping and hence solvers derived
for rectangular Cartesian coordinate system can not be implemented. However,
biharmonic character of (3.2) is retained under such transformations; therefore we
focus our attention to fluid flow problems on irregular physical domains that are
conformably mappable to rectangular computational domains.

We assume that the physical (z,y) plane can be transformed into a computa-

tional (£,n) plane by a conformal transformation of the form

z=2z((), (3.3)

where z = x4+ [y and ( = £ 4 In. The equations (3.2) in the computational plane

takes the form

0
Ev2¢ = a(é-v ﬁ)v4¢ + b(é-v 7, ¢§7 ¢n)V2¢§ + 0(57 m, wﬁv ¢17)V2¢17
+d(§>77>¢5>¢n)v2¢ (34)
with the velocities v and v given by
1
U= j(%% - ¢§xn)a (3.5)
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v= %(—wsynwnyg)- (3.6)
here
o e =gy MEm e = (T ).
6. ten) = (<o +0e) o demvetn) = 5 (o + v = D),
C:%, D:%, E:2C2+2D2—%—%,

J being the Jacobian of the transformation (3.3). The complete derivation of
equation (3.4) is shown in Appendix A (equation (A.17)).

Equation (3.4) is the fourth order semi-linear pure stream function form of the
N-S equation in the transformed plane. This PDE can be used to simulate fluid flow
in any region which is conformably mappable to a rectangular domain and hence
has much broader applicability. Note that our comments made in Chapter 2 on
numerically generated conformal mappings, post processing of other flow variables
and avoidance of difficulties related to primitive variable and )-w formulations also

apply in the transient case as well.

3.3 Discretization procedures

Amongst the several approaches of discretizing and numerically solving the N-S
equations, we are interested in compact finite difference approximation because of
its relative ease in implementation. Note that equation (3.4) can be written in

terms of the harmonic operator A = V? as

0
oY = al§ M)A + (&, 0, e, Uy) Atbe + (&, e, Uy) Ay
+d(£7 7]7 ¢57 wﬁ>Aw

Our aim now is to discretize equation (3.4) compactly using only the eight neig-
bouring grid points surrounding each node. The main advantages of such an ap-
proach will be twofold: (i) the coefficient matrix resulting from the system of linear
equations after discretization will have a smaller bandwidth and (ii) no modifica-
tion will be needed at grid points near the boundaries, thus facilitating easier and
at times exact implementation and satisfaction of the boundary conditions. The
approach here involves discretizing the biharmonic equation (3.4) using not just
the grid values of the unknown solution ¢ but also the values of the gradients )¢

and 1), at some grid points inside the computational stencil as shown in figure
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3.1. This approach has its roots in the works of Gupta and Manohar [58] and was
formulated by Stephenson [140]; later on, significant contributions in this direction
were made by Altas et al. [17].

We use the following second order discretizations for space derivatives A2y and

At appearing in (3.4)
Al = 5§‘wm~ +2 525,27%-7]- + 5;17%-7]-

2
= 5 <28¢i,j — 8(Yir1,j + Vi1 + Vic1; + Y1)

A
+(ig1,541 + Vic1 41 + Yiv1 -1 + Yic1j-1)
+3h(¢§i+1,j - ¢§i—17j ™ 77Z}77i,j+1 - w’ﬂi,jl)) (3'7)

Apthi; = 8t + 0o
1
- 2 (¢i+17j + Yijr1 — 4 + i1y + 1/11‘,]-_1) ) (3.8)

The details of the symbols used in equations (3.7) and (3.8) have already been
given in section 2.3 of Chapter 2. Note that the presence of ¢ and 1, in (3.7)
may give the impression of complicating the associated linear system, instead, in
the present case, it is an added advantage as these gradients, which are explicitly
present in equation (3.4), being already available at all grid points, need not be
approximated from the computed values of the solution . Compatible fourth
order approximations for ¢¢ and 1, may be chosen as

h2
¢§i,j = (5§¢i7j - E

h? 9
77[}771‘,]' = (67]¢i7j i F(anvbm,j)'

5§w€i,j)a

By expanding the above equations one gets

3
w€i+1,j + 4w€i,j + @bfifl,j = E(wi-i-l,j - wi—l»j) (39)

3
Vnigr + Wy +0p = g(@%ﬂ —ijo1). (3.10)

Having obtained a second order approximations for space derivatives of equa-
tion (3.4), our next step is to discretize time derivative and obtain a stable nu-
merical scheme. We introduce weighted time average parameter x such that the

evaluation time ¢, = (1 — /i)t,(f) + 1t s the weighted average of ™) the time
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/- / ————= (n+1)-th time level

Figure 3.1: Computational stencil for the transient scheme: all the nodes are used
for 1), the nodes denoted by “@” are used for ¢ and 1.

at nth, and t™+Y | the time at n+ 1 step, for 0 < x < 1, and approximate equation
(3.4) to

A ’l/) (n+1) - A w(n + 5t(1 . /<L> [CLZ]A 1/;@] I bZ]Ah¢£ -+ Cl,]Ahlp(n
+d-,jAfﬂ/}' ; } + 0tk [a”A2w(n+l
+bHAh¢5n+1 n C”Ah?/) (1) | g A ¢ (n+1) } (3.11)

Varying  provides a class of integrators, for example forward Euler for k = 0,
backward Euler for k = 1 and Crank-Nicolson for x = % Using the last option,
we obtain an O(h?;dt?) accurate scheme for (3.4).

The finite difference approximation (3.11) along with (3.9) and (3.10) of the
N-S equations, although only second order accurate in space and time, has three

major advantages listed below:

1. Apart from initial condition, stream function and velocity boundary condi-

tions are sufficient to carry out numerical computation.

2. It is applicable in any domain which can be conformably mapped to a rect-

angular domain.
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3. The scheme being compact, it avoids use of ghost points at any stage of

approximation.

Note that whenever the need for computing the velocities arises, equations (3.5)
and (3.6) in conjunction with equations (3.9) and (3.10) can be used. To the best of
our knowledge this is probably the only of its kind scheme for numerical solution of
N-S equation in non-rectangular domains which avoids difficulties associated with
pressure field and nonphysical vorticity boundary conditions and uses only stream
function and velocity conditions at boundaries. In contrast to the fourth order
accurate scheme developed in Chapter 2 this second order accurate scheme does

not require approximation of any higher order derivative.

3.4 Stability analysis

We perform a von Neumann stability analysis to the linearized version of equation
(3.4)

%Aw = aA*) + bAYe + cAt, + dAY, (3.12)

where a > 0, b, ¢, d are considered to be independent of 1 and its derivatives. Note
that a(§,n) > 0 in equation (3.4). The scheme (3.11) with s = 3 when applied to
equation (3.12) gives

(1= m) AT — b A2 — kgAY — Ay

(1 + K,l)Ah’l/) T /€2h2A]21’l/1 + KgAh’gZ)( + /€4Ah’¢(n (313)
b Bl it
Wl K1 = 27 2_2h27"€3_ 27’%4_ 2

Theorem 1 (Stability). The finite difference scheme (3.13) is unconditionally
stable, in the von Neumann sense, if d < 0 and for d > 0 the scheme is stable

under sufficient condition ot < 7

Proof. Let wlﬂ’;) = bMel%ieli where b™ is the amplitude at time level n and
0 = 2wh/Ay, 0, = 2wh/A, are the phase angles with wavelengths Ay and A,
respectively, then from relations (3.9) and (3.10) we get

381](195 (n)
ekl SNVYASY 3.14
% g h(2 + cos b¢) Vi ( )
and
in 6
P = S0y ) (3.15)

h(2 + cosf,) "’
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Hence we can write

o2 0
Anthfy) = 73 (cos b + cos b — 2415 (3.16)
&i.j h3(2 + cos ;) ! w

6 sin 0
(n) _ n _ (n)
Apthy) = [h3(2 P (cos B¢ + cos 0, — 2)1; 7, (3.18)
A2 (n) 4
Wi = o 14 — 8(cos O + cos 0,) + 2 cos b cos b,
sin” 0 sin? 0
9 U @ 3.19
(2+00305+2+cos«9n))w2’] (3.19)

If G is the amplification factor associated with the finite difference equation (3.13)

then
(14 K1)A —2kB+ IC

G= (1—/{1)A+2/€2B—IC

where now
A= (2—cosfe — cosb,),
sin? 0 sin? 0,
2+ cosbe 2+ cosb,
3 sin 6 sin 6
¢= E(?-I—cosg@gﬁ?’ * 2+ cogénm)A'
Clearly 0 < A <4 and 0 < B <32 and

B = 14 — 8(cos 0¢ + cos 0,)) + 2 cos b cos 6, — 9( ),

(14 k1)A — 2K9B)* + C?

|GJ* = :
((1 = H1>A + 2%23)2 w 02

Thus for k1 < 0= d <0, |G| <1 and the scheme is stable.

For k1 > 0 = d > 0 so the fourth term on right hand side of (3.12) is a growth
term and the stability condition requires |G| < 1+ Kdt with K independent of dt

[12]. This is obviously true for k1 < 1 = 0t < 7

This completes the proof. O
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3.5 Solution of algebraic systems of equations

Let us now discuss the solution of algebraic systems associated with the finite
difference approximation (3.11). As we are interested in second order accuracy in
time we chose k = % Using the notations introduced in section 2.4 of Chapter 2

the resulting system of equation in matrix form is
M) = B (00, 9, g gt plne) (3.20)

For a grid of size m x n, the matrix M; has the dimension mn. Due to the compact
nature of our scheme M is a banded matrix with nine non zero diagonals. Also
U \Ifén), \Il;n), P ntl), \Ifé"H), \117(77”1) are all mn component vectors. At any
time step, once ¥(™ has been approximated \Ifén), \1/,(7”) can be obtained by solving

tridiagonal systems

MU = F (0™) (3.21)
M30i = Fy(0™) (3.22)

respectively. The equations (3.21) and (3.22) are the corresponding matrix forms of
the relations (3.9) and (3.10). Thus the main objective now is to solve the equation
(3.20), thereby evaluating unknown vector W™+ But a difficulty arises due to the
presence of (n + 1)th time level gradients of ¥ on the right hand side of equation
(3.20) as those quantities will be available only after solving for stream function at
the (n+1)th time level. To overcome this difficulty we adopt a predictor-corrector
approach. By setting £ = 0 in equation (3.11) we get a first order time accurate

formula which has the matrix representation
(i — n (n) n
Mu O = Fy (O M gl (3.23)

Here M, is a matrix with only five non zero diagonals and we have the advantage

that (1) can be estimated directly. Thus we have the following algorithm:
1. Predict ¥V using (3.23).

2. Predict U™ WY ysing (3.21) and (3.22) respectively.

&old

3. Correct to U1 using (3.20).

4. Correct to U™ WY ysing (3.21) and (3.22) respectively.

5new TInew

5. If [[WHD) — gD < ¢ then WD) = glrtD),

new
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6. W) = Wt “got0 step 3.

old

Direct solution of any of the above linear system is impractical because of huge
size of the coefficient matrix and enormous storage requirements even for moder-
ate values of step length h. On the other hand condition number of the coefficient
matrix increases rapidly with reduced step length h and one must be very cau-
tious while using iterative solvers. As the coefficient matrix M; is not diagonally
dominant, conventional solvers such as Gauss-Seidel also cannot be used. There-
fore all the computations were performed using the biconjugate gradient stabilized
(BiCGStab) [4] method without preconditioning, where, thanks to the compact
grid, it is easy to implement matrix vector multiplication M;¥ without the need
of storing all the entries of the matrix M;. It is worth mentioning here that in
solving all the linear systems mentioned above we found that there was no need
to under-relax or over-relax any of the parameters. This is indeed a refreshing
experience as compared to solving formulations based of vorticity-stream func-
tion or primitive variable where there is a severe need to under relax quite a few
parameters.

The convergence criterion for BiCGStab iteration based on norm of residual
was set at 1078 and the stopping criterion for the corrector was set at 107'2. All
our computations were carried out on a Pentium Dual-Core processor based PC

with 2 GB RAM using double precision floating point arithmetic.

3.6 Numerical experiments

3.6.1 Problem 1: Taylor-Green decaying vortices

At first we consider the Taylor-Green problem of flow decayed by viscosity. This
problem is often used as a model problem for analyzing the spatial accuracy of
schemes [25, 75, 119, 152]. The analytical solution of this problem expressed in

terms of stream function is

¢ = — cos(x) cos(y)e_%.
We solve this problem inside the domain D = {(z,y) : « + [y = (1 + I)(§ +
In), —n/2<¢<w/2, —m/2 <n < 7/2}, with Re =1 and 6t = 0.01. The
initial and boundary conditions have been derived from the analytical solution.
We carry out computation with four different grids having sizes 9 x 9, 17 x 17,
33 x 33 and 65 x 65. Results obtained for ¢ = 1.0 t = 2.0 and ¢t = 5.0 have
been tabulated in table 3.1. In figures 3.2(a) and (b) respectively, we plot the
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Figure 3.2: Problem 1: Scheme validation (a) Numerical, (b) Exact surface with
the contours; and (c) Grid convergence along the line x = 0.
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numerical and exact surfaces along with the stream function contours at time
t = 1.0. It is heartening to see that on a grid as coarse as 33 x 33, the numerical
solution is almost indistinguishable from the exact one. In figure 3.2(c) we present
a comparison between our numerical solution and the exact solution along the
x = 0 line on four grids of increasing sizes. As can be seen from the figure, grid-
independence is obtained on a grid as coarse as 17 x 17 onwards. The L, Lo
and L., errors presented in table 3.1 are as defined in section 2.5.1 of Chapter 2.
This table shows that the present scheme achieves a better rate than the expected
second order spatial accuracy. This may be due to the nature of the test problem
being considered [25, 75].

Table 3.1: Problem 1: Li-error, Lo-error, L..-error and order of convergence

Mesh 9%x9 Order 17 x 17 Order 33 x 33 Order 65 x 65
t=1 L; 3822x10° 421 2.063x10 ° 4.04 1.251x10 7 385 8.687x10 7
Ly 4722x107° 413 2.699x1076  4.00 1.683x10~7  3.83  1.186x1078
Lo 9.861x1075  4.03  6.028x10°¢ 396 3.881x10°7 3.80  2.779x10°®
t=2 Ly 5173x10°6 421  2.792x1077  4.04 1.693x1078 385  1.176x1079
Ly 6.390x1076 413  3.653x10~7  4.00 2.278x10~%  3.83  1.605x1079
Lo 1335x1075 403 8158x10°7 396 5253x10°  3.80  3.761x10~°
t=5 L; 1.282x10°% 421 6.919x107° 4.04 4.196x10°'"  3.85 2.914x107'?
Ly 1.584x1078 413  9.055x107° 400 5.646x10~'* 383  3.979x10~'2
L., 3308x107® 403 2022x10™° 396 1.302x10710 3.80 9.324x107'2
3.6.2 Problem 2: Fluid flow in a constricted symmetric
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channel

We consider this problem because this is an idealization of flows in geometries
that contains a re-entrant corner [31, 97, 115]. At such a corner the flow becomes
singular as was pointed out in section 2.5.2 of Chapter 2. In order to obtain
accurate results near such a corner, it is necessary to have a highly refined non-
uniform grid there. In this problem the flow occurs in a non-uniform channel
containing a step-down constriction. Another motive here is to establish order of
convergence for problems having no analytical solution.

The algebraic transformation and other flow parameters are same as defined in
previous chapter. But as our aim is to show the time development of the flow, we
consider the entire channel as opposed to upper half of the channel considered in

Chapter 2. The schematic diagram of the problem is presented in figure 2.4(a). A
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close up view of the grid near the constriction for a typical grid of size 941 x 41

is shown below in figure 3.3. The boundary conditions are designed to satisfy

H
T

Figure 3.3: Problem 2: Close up view of a typical 941 x 41 grid.

conservation of mass in the computational domain. At the walls, a no slip condition

is assumed. The boundary conditions can be summarized as:

=1 and a—w:() on the wall n=r
on
¢ =—1 and %2 =0 on the wall n=—7
on
2
_ (3 1 O gre,
¢—2T(3 7_2) and 85_0 § — +oo.

The two main controlling parameters for this flow are 7 and Re, and several com-
binations of them have been tested in our computation. For all the computations
we consider ot = 0.001. In table 3.2, we present the converged steady state error
results for the cases 7 = 0.6, Re = 100 and 7 = 0.8, Re = 10 showing the spatial

order of convergence o.

Table 3.2: Problem 2: Perceived order of convergence

Grid Size Error in L4 o Error in Lo o Error in Loo o

471 x 21] | [[W2 — W1z, = o — Wiz, = o —W1flr,, =
T=0.6 8.388x10~° 2.060x10—4 1.603x10~3

[706 x 31] 2.131 2.178 2.252
Re = 100 W5 — Va1, = (O3 — Yo, = W3 —YaollL,, =

[941 x 41] 2.780x107° 6.762x10~° 5.123x10~%

471 x 21] | [[W2 — W1z, = Vo —Wiflr, = o —W1flr,, =
T=0.8 6.175x10~6 3.020x10° 3.099x10~4

[706 x 31] 2.086 2.097 2.112
Re =10 s — Va1, = (O3 — Yo, = W3 —WaollL,, =

(941 x 41] 2.095x 106 1.020x 1075 1.042x10~%

This table clearly reveals a convergence of order two for the method. Note

that in the absence of an analytical solution, the order of convergence o can be
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Figure 3.4: Problem 2: Steady state stream lines (left) and vorticity contours

(right) for (a) 7 = 0.6, Re = 100; (b) 7 = 0.6, Re

Re = 1000.

estimated using the relation

[Wo — Wuf| . AT — RS

W5 — Wo|| — hg —hg

1000; and (¢) T = 0.8,

obtained in Chapter 2. Here hy, ho, hs are mesh sizes in three different uniform

grids used to compute solutions ¥y, ¥y, U3 respectively.

We show the streamline and post processed vorticity contours for Re = 100, 7 =
0.6 and for Re = 1000, 7 = 0.6 and 0.8 in figure 3.4. This figure (as well as figure

3.5) clearly indicates that vortices near the constriction are formed only for high

values of 7. For the case 7 = 1.0, Re = 500 we present the evolution of streamlines

in figure 3.5 where one can see the development of the main vortices at the top and

bottom near constrictions. To begin with, there are two small vortices which grow

in size as time elapses. As the main vortex acquires strength, smaller vortices are
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Figure 3.5: Problem 2: Time evolution of stream line contours for Re = 500,
T=10at (a)t=1.0, (b)t=2.0, (¢)t=4.0, (d)t =6.0, (e) t = 8.0, (f) t = 15.0.

shed. These vortices propagate towards the outlet and diffuse completely before

the steady state is reached.

3.7 Conclusion

Numerical schemes based on pure stream function formulation of the transient N-S
equations have so far been developed only on Cartesian coordinates for rectangular
domains. Here we develop an implicit, temporally and spatially second order
accurate compact finite difference scheme for such a formulation that allows us to
effectively simulate unsteady viscous incompressible flows in irregular geometries

that can be conformably mapped onto rectangular domains.
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We perform numerical experiments on two different problems in order to in-
vestigate the efficiency of the scheme. In the process, we also carry out a stability
and convergence analysis; the first problem considered is that of decaying vortices
with known closed form solution, where the order of convergence of the present
method is established. The problem of flow through constricted channel, where we
time march to steady state, is an internal flow problem and serves as a suitable
test case for convergence analysis of problems having no analytical solution. As
mentioned in section 3.1 in the remaining chapters of this dissertation we consider

the next series of numerical test cases.
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Chapter 4

The Biharmonic Approach for
Unsteady Flow Past an
Impulsively Started Circular
Cylinder

4.1 Introduction

Flow over a bluff body is a common phenomenon which occurs when fluid flows
over an obstacle or along with the movement of a natural or artificial body. Com-
mon examples are the flows past an airplane, a submarine, an automobile, or
wind blowing past a high-rise building. Although bluff bodies exist in many dif-
ferent shapes, the circular cylinder is considered to be the representative of a
two dimensional bluff body. As such, the flow around a circular cylinder has
been the subject of intense research in the last century and numerous theoretical,
numerical and experimental investigations have been reported in the literature
2, 28, 39, 48, 52, 67, 72, 93, 94, 106, 117, 122, 126, 143, 149, 154, 158, 159]. A
comprehensive study of the fundamentals of this flow is given by Zdravkovich [15].
The time development of an incompressible viscous flow induced by an impulsively
started circular cylinder is now a classical problem in fluid mechanics. It displays
almost all the fluid mechanical phenomena for incompressible viscous flows in the
simplest of geometric settings.

In the context of numerical studies on this problem, with the advent of CFD,
more and more computational methods for simulating fluid flows are coming into
the fore [38, 39, 48, 60, 67, 72, 76, 93, 94, 107, 117, 123]; which has led to the better
understanding of the characteristics of the flow. Numerical simulation could now

invade areas hitherto unexplored by experimentalists where it is possible to analyze
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all aspects of the flow at each stage of its development. A quick look at these works
reveals that there exists only a few studies where a single numerical scheme has
been employed to tackle the flow throughout the whole range of 10° < Re < 10%.
The ranges of Reynolds numbers which came under the purview of these works,
varied from one study to the other. Although investigations on vortex shedding has
been quite popular with the experimentalists ever since Roshko [122] first measured
the period of von Karman vortex shedding behind a bluff body, the simulation and
characteristic study of streak lines seem to have failed to attract the attention of
numerical analysts. One of the objectives of the present study is also to address
these two issues apart from capturing other flow characteristics for this problem.

Fluid flow problems governed by N-S equations can be solved by using a vari-
ety of numerical methods. As is well established, these methods can broadly be
classified as finite difference, finite volume or finite element approach. Amongst
these, FDM is the most popular approach that has been used quite frequently
in CFD because of its easiness in implementation. In the FD set up, approxi-
mation of a higher order derivative generally requires more points and as such is
associated with non-compact stencils. Such schemes, which are used for higher
order differential equations on non-compact stencils, require additional conditions
in order to tackle the difficulty of flow computation at the boundary. Contrary to
these, compact finite difference schemes [55, 73, 138] such as the ones developed
in our work, which utilize grid points located only directly adjacent to the node,
computes the flow with information solely from the nearest neighbours and are
gaining popularity via-a-vis wide-molecule schemes [31, 61, 62, 141].

We have already mentioned that the biharmonic pure stream function form of
the N-S equations, is emerging as an attractive alternative to the ¢-w and prim-
itive variable formulations because of advantages associated with it. However,
the schemes developed so far for the biharmonic pure stream function form of
the N-S equations were capable of computing the flow only for simple rectangu-
lar geometries on uniform grids. Efficient implementation of the velocity stream
function approach spearheaded by Gupta and Kalita [56, 75| in its original form
is extremely difficult, if not impossible on nonrectangular physical domains. In
the present study, we use the compact second order temporally and spatially ac-
curate FD scheme for the biharmonic pure stream function form of transient N-S
equations on non-uniform grids developed in Chapter 3. This scheme is capable
of tackling geometries beyond rectangular and hence can be used to simulate the

dynamics of fully coupled flow-body system. We chose the problem of impulsively
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started circular cylinder because of the availability of benchmark experimental as
well as numerical results and therefore serve very well as a suitable test case for ac-
curacy and effectiveness of the newly proposed technique. The grid is constructed
using a conformal mapping, which results in a general orthogonal grid, where the
degree and nature of the non-uniformity can be specified to meet the needs of the
problem being studied. The added advantage of our approach is that no other
boundary condition is required except for stream function and velocity. To the
best of our knowledge this is the first attempt to simulate flow around a bluff body
by discretizing a single equation instead of a system of equations.

Our main focus in this chapter is to analyze the flow past an impulsively started
circular cylinder in different laminar flow regimes using a single numerical scheme
and compare our numerical results with established experimental and numerical
ones!. Time evolution of flow structure is studied through numerical simulation
for a wide range of Re ranging from 5 to 9500. This includes the visualization of
the flow by numerically generating streak lines. The computations are performed
by time marching, using the predictor-corrector approach discussed in section 3.5
of Chapter 3. Despite being spatially lower order accurate than traditional higher
order compact schemes, the numerical solutions obtained through the proposed
scheme are in excellent match with the available experimental and established nu-
merical results as would be seen later. This is due to the fact that the scheme
utilizes the advantage of grid clustering in the regions of small scales which in-
variably requires more grid points to resolve the scale irrespective of the spatial
accuracy of the scheme.

The chapter has been arranged in five sections. Section 4.2 deals with the math-
ematical formulation and discretization procedures, section 4.3 with the problem
and the numerical issues, section 4.4 with the numerical results and finally, section

4.5 summarizes the whole work.

4.2 Mathematical formulations and discretization
procedures

The unsteady 2D incompressible viscous flows are governed by the N-S equations
together with the equation of continuity. In Cartesian (z*,y*) coordinate system,

these equations can be written as

1
Upe + U U + 0 Uy = —;p;* V(U e + Uy ) (4.1)

IPart of this work has been published in Commun. Comput. Phys.
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1
Ve + U Vg + 00 = —;pz* + U (Ve e + Vpere) (4.2)
Upe + Ve =0 (4.3)

where u*, v* are dimensional velocities along z*-, y*- directions respectively, p* is
the dimensional pressure, p is the density and v is the kinematic viscosity. We
assume the cylinder to be of unit radius placed in an infinite domain. The flow
variables are non-dimensionalized by writing x = z*/a, y = y*/a, u = u*/Uy,
v =0"/Us, t = t*Us/D, p = p*/(pU%) and the Reynolds number Re is defined
as Re = DU, /v where D = 2a is the diameter of the cylinder, U, being the
free-stream velocity. The non-dimensionalization have been carried out following
Bouard and Coutanceau [29] and is consistent with that of section 2.5.4. The

above equations (4.1)-(4.3) now reduces to

%ut + Uty + vy = —py + % (e + Uyy) (4.4)

1 2

Ut + Ul + 00y = —py + @(Uzz + vyy) (4.5)
Uy + v, = 0. (4.6)

We wish to employ a uniform grid spacing along the transient direction and
nonuniform grid spacing in the radial direction with clustering around the surface
of the cylinder so that propagation of large solution error can be avoided [90].

Keeping this in mind we consider the transformation
z = e™cos(mn), y = ™ sin(mn)

introduced in Chapter 2. The resulting fourth order biharmonic pure stream func-

tion form of the N-S equation is

w227 9 Re Re
—AY = A — (4r + T%)A@bf + 7¢5A¢"

R
1 o

+2m (21 + %wn)mp (4.7)

It contains 9 as the only dependent variable from which other flow variables can be
post processed in contrast to three dependent variables u, v, and p associated with
the system of equations (4.4) to (4.6) and hence the equation (4.7) is much more

handy for numerical simulation. The O(h?;6t?) finite difference approximation
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(3.11) for (4.7) is
2 ,.27¢; 2 ,27g;

e AQ/)H+1 :R7T64

+§5t[Aiw§3)—(4w+ @bm) nl)

Re

Appyy (4.8)

Re n n n
+—¢§i; Ah@b&; + 27 (27T + @bnu) h@bi(,j)}
+&%w“ (17 WT)@T

Mi,5

il 7\p(n—l—l Ahd}g:l—l) 4+ 27T(27T + 7\p(n—l—l ) 7\p(n—l—l :|

with spatial operators AZ¢; ; and Ayt ; as defined in (3.7) and (3.8) respectively
and ¢, ; and 1, ; compactly approximated by (3.9) and (3.10) respectively.

4.3 The problem and the numerical issues

We stick to the same configuration, numerical grid and geometrical parameters
presented in figure 2.17 in Chapter 2. The boundary conditions for stream function

and its first order derivatives are obtained as:
1. On the surface of the cylinder { =0, u=v=0= ¢ =0, ¥, =0, v» = 0.

2. In the far upstream u = Uy, v = 0 = ¢ = me(™ sin(mn), ¥, = me™cos(mn)

and ¢ = ™) sin(7n) which corresponds to the potential flow.

oV,
3. =0 =
23
oV,
€ c One sided second order approximation translates these conditions to,
. 1 7h h . 1 7h
wnimaz,j = _(46 wnimazfl,j - 62 wnimazflj’)’ wﬁimaz,j = _(46 ¢5imazfl,j -

3
€™ g, 0 s.) TESPECtively.

3

4. In the far downstream we use convective boundary condition for ¢ given by

%_@tb + U 8—w = 0 appropriately translated onto the {n- plane.
x

For such flows, where there is a tendency to simulate vortex shedding, at the
downstream of the flow, potential boundary condition for 1 has been replaced
by convective boundary condition and was found to be quite efficient in correctly
capturing the shedding process. It was seen in our computations that use of any

other boundary condition at the downstream leads to severe oscillation as the shed
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vortices are convected out of the computational domain. On the other hand, the
continuous shedding of the vortices when they leave the computational domain
in the direction of the flow can be best facilitated by the convective boundary
condition. Again for flows with higher Re, the convective boundary condition at
the very initial stage of flow does not work very well. Thus if one wishes to simulate
a flow from very beginning until the final vortex shedding state is reached an ideal
choice will be to march first few iterations till non-dimensional time 0.25 (say)
with the potential boundary condition and then to proceed with the convective
boundary condition. As far as the initial condition is concerned we have started
with ¢ = 0 every where except at the boundary as also ¥ = 9, = 0 every where
except at the upstream boundary. In order to accurately capture the time evolution
of the flow, we use 6t = 0.001 for all the simulations considered in this chapter.
We use the formula obtained in Chapter 2 for evaluating C'p on the surface of the

cylinder given by

2 2
Cp = /0 (3mtee — Weee) sin(mn)dn.

T2 Re

Similarly the expression for lift coefficient becomes

9 2
Cr = 27 /0 (3%1/)55 r 1/1555) cos(mn)dn.

This enables us to describe the entire problem purely in terms of stream function.
The above integrals have been evaluated by using Simpson’s one-third formula.
We also estimate the Strouhal number, defined as St = %, where f is the
dominant frequency of the lift variations, which characterizes the vortex shedding
process.
We follow the strategy outlined in section 3.5 of Chapter 3 for solving the

system of algebraic equation.

4.4 Numerical results

It is well established that immediately after the fluid motion starts, the flow is irro-
tational everywhere. But gradually, due to the fluid motion, vorticity is generated
on the surface of the cylinder and slowly it is transported to the rear stagnation
point and flow reversal takes place. After a short period of time for flows with
Re > 5, a recirculating zone appears and it continues to grow eventually leading

to flow separation. For Re < 5 no visible flow distortion takes place and it has also
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been confirmed by this study. The time development of flow differs with Re increas-
ing. At Re = 6, although the flow separates from the cylinder, is still steady and
laminar. With the increase in Re, expectedly the flow becomes more complicated
due to the appearance of secondary and tertiary vortices. A look at the literature
suggests that there is some critical Reynolds number (Re.), where 43 < Re, < 50,
at which Hopf bifurcations takes place. For Re > Re. unsteady vortex shedding
representing the so called von Karman vortex street is known to occur. Keeping
these points in mind and depending upon the characteristics observed within each
range we have divided the flow regime into five parts of which four parts will be
discussed in this chapter. Our focus is on the Re range 5 to 9500. In the first
part we discuss about the flow structures for 5 < Re < 40. Available experimental
and the numerical results show that steady state is possible for this range. In the
second part we discuss about the flow structures for 50 < Re < 300, here the wake
behind the cylinder becomes unstable. Oscillations in the wake grow in amplitude
and finally forms a trail of vortices known as the von Karman vortex street. For
the next higher Re being discussed here, we consider only the early stage of the
flow in the laminar regime. The first of these is the range 300 < Re < 1000. Here
the flow properties are unsteady; secondary vortices develop at the initial stages,
but do not split up further. The flow is characterized by the secondary phenomena:
(i) bulge phenomenon and (ii) isolated secondary eddy. In the last part, we discuss
the range 3000 < Re < 9500 which is characterized by the most complicated flow
properties associated with the a- and (- phenomena. The remaining fifth part viz.
40 < Re < 50 will be discussed in details in Chapter 5.

4.4.1 Flows for 5 < Re <40

It is well known that for 5 < Re < Re., where 43 < Re. < 50, a recirculating zone
appears behind the cylinder continuously growing in size with time that eventually
leads to the steady state. This is probably the most well studied region for the
problem of flow past a circular cylinder. In this region flow develops into what
is known as steady state. Here the flow separates from the cylinder and two
symmetric counter rotating eddies are formed just behind the cylinder. These
eddies grow with time in wake length [, 7.e. the distance between the rear most
point A, stagnation point, of the cylinder to the end B of the wake and in angle of
separation 6, i.e. the angle between the x-axis and the line joining the center of the
cylinder to the point of separation S on the cylinder as can be seen in figure 2.17(c).

Finally these eddies settle down in the form of a wake. The characteristics of the
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Figure 4.1: Time marched to steady state stream lines (a) Re = 5, (b) Re = 10,
(c) Re =20, (d) Re = 40.

final wake depend on the Re under consideration. Both steady as well as unsteady
codes have been used previously to simulate final flow character in this region. But
time marching procedure captures the flow development in a physically relevant
manner. In this study we have simulated flow for Re = 5, 10, 20, and 40. The
streamlines for different Re’s as stated above have been shown in figure 4.1. This
gives a clear idea of recirculation bubble formed behind the cylinder and its growth
in size with increase in Re. The corresponding post processed vorticity contours
are shown in figure 4.2. The drag coefficient as a function of the dimensionless time
for different values of the Reynolds number is shown in figure 4.3. These graphs
confirm the eventual steady nature of the flow for this range of Reynolds numbers.

We compare [, 6, and Cp in table 4.1 in order to verify the grid-independence;
the grid sizes range from 61 x 101 to 181 x 301 with R, = 43. Table 4.2 shows the
variation of the same parameters to check the dependence of the computed solution
on the assumed far field R, ~ 23, R, ~ 43 and R, ~ 81. Here the step length in
either direction of the transformed plane has been fixed at h = —. These tables

provide a good indication that a value of R, ~ 43 on a grid of size 181 x 301
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Figure 4.2: Time marched to steady state vorticity contours (a) Re = 5, (b)
Re =10, (¢) Re = 20, (d) Re = 40.
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Figure 4.3: Evolution of drag coefficient with time for Re = 5, 10, 20, 40.

is enough for accurate resolution of the flow as would be seen in the following
sections when we compare the numerical and experimental flow visualizations. In
table 4.3, we present our computed [ and #, and the drag coefficient C'p along with
those obtained by [42, 47, 60, 93, 107, 123, 142|. In figure 4.4 we compare the
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post processed vorticity values along the surface of the cylinder for the range of
Re values considered here with those of references [42, 47]. In figures 4.5(a) and
4.5(b), we compare the evolution of the wake lengths and angles of separation at

the early stages of the flow with the results of [40]. In all the cases, an excellent

agreement has been obtained both qualitatively and quantitatively.

Table 4.1: Effect of grid size on steady state properties.

Grid | 61 x 101 91 x 151 181 x 301
l 0.549 0.518 0.504
Re=10| ¥, 27.591 28.946 29.558
Cpb 2.946 2.930 2.912
l 1.909 1.850 1.852
Re=20| 0, 43.183 43.346 43.910
Cpb 2.168 2.138 2.148
l 4.491 4.412 4.433
Re=40| 0, 53.567 53.130 53.270
Cb 1.675 1.633 1.590

Table 4.2:

Effect of far field boundary on steady state properties.

Ry ~ 23 43 81

l 0.517 0.518  0.518

Re =10 0 28.817 28.946 28.975
Cb 3.101 2.930 2.877

l 1.850 1.850  1.852

Re =20 0 44.053 43.346 43.446
Chb 2.243  2.138  2.108

l 4.340 4.412  4.569

Re =40 0 53.500 53.130 53.332
Cb 1.702 1.633 1.614

Table 4.3: Comparison of steady state wake length and separation angle for differ-

ent Re.

Re  [142] [42] [47) 93] [60]  [107] [123]  Present

l 10 0.500  0.53 - - 0.474 - - 0.504
20 1.870 1.88 1.82  1.87 1.842 1.92 1.77 1.852

40 4.650 4.69 448 427 449 451 4.21 4.433

0s 10 29.3 29.6 - - 26.89 - - 29.558
20 43.65 43.7 429 - 4296 42,79 41.3277  43.910

40 53.55  53.8  5l.b - 52.84 52.84 51.0249 53.270

Cp 10 27541 2.846 - - 3.170 - - 2.912
20 2.0027 2.045 2.000 - 2.152 2111  2.0597 2.148

40 1.5359 1.522 1.498 - 1.499 1.574 1.5308 1.590
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Figure 4.4: Comparison of surface vorticity for low Res with other numerical results
[42, 47].

4.4.2 Flows for 50 < Re < 300

The flow around an impulsively started circular cylinder for 50 < Re < 300 even-
tually becomes periodic and is known to develop vortex shedding represented by
the von Karman vortex street. As the flow starts impulsively, a recirculating eddy
quickly develops behind the cylinder. With time this recirculating zone evolves.
For Re = 200 the evolution of the maximum width /,,,, and the abscissa of this
maximum ., of the recirculating zone (as seen in figure 2.17(c)) has been tab-
ulated in table 4.4. In this table we also compare our numerical results with the
experimental ones given by Bouard and Coutanceau [29].

During the development of the periodic vortex shedding, the flow goes through
different phases. These phases are depicted in figures 4.6-4.10. Figure 4.6 shows
the stream line contours corresponding to different stages of flow for Re = 300
as it develops. This may be considered as the representative of all the four Re
presented in this section although the duration of the stages will vary for different
Re. Figure 4.7 depicts the evolution of drag and lift coefficients for Re = 200 and
300. The streaklines for Re = 50, 100, 200, and 300 are presented in figure 4.8
while the streamlines and vorticity contours for the same Re corresponding to the
peak value of the lift coefficient are presented in figures 4.9 and 4.10 respectively.

For the range of Re considered in this section, shortly after the flow has started,
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Figure 4.5: Comparison of (a) Wake Length and (b) Angle of Separation for low
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Res with experimental results [40].

a pair of symmetric eddies develop behind the cylinder (see figures 4.6(a)-(c)). As
can be seen from figure 4.7(a), when the fluid flow starts, the drag coefficient
attains a very high value. With time, the value of drag coefficient falls and the
eddies grow in size (see figures 4.6(a)-(f)).

steady state develops with no lift force with the duration of this state decreasing
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As the flow settles down, a quasi-



Table 4.4: Comparison of numerical values of magnitude and abscissa of maxi-
mum width for various Re and t with experimental observations. (The values in
parenthesis are from [29].)
t 1.0 1.5 2.0 2.5 3.0

Re =200 | xymaz/D | 0.37 0.52 0.66 0.77 0.85
(0.35) (0.51) (0.65) (0.76) (0.86)
Imaz/D | 092 099 105 1.10 1.15
(0.94) (0.97) (1.02) (1.07) (1.10)
Re =550 | Xymaz/D | 0.26 0.43 0.65 0.73 0.80
(0.30)  (0.50) (0.66) (0.76) (0.85)
Imaz/D | 095 1.00 1.05 1.12  1.18
(0.94) (0.98) (1.03) (1.10) (1.16)
Re = 3000 | imas/D | 0.16 0.27 0.36 0.67 0.80
(0.19) (0.26) (0.40) (0.73) (0.84)
Imaz/D 0.98 1.02 1.08 1.14 1.20
(0.93) (0.98) (1.04) (1.11) (1.20)

with increase in Re. From figure 4.6(d) onwards, it is clear that once some small
fluctuation set in at the trail of the eddy, the flow symmetry is destroyed. With
the loss of symmetry the lift force becomes nonzero. For Re = 300 the same
can be seen at a time around ¢ = 40 in figure 4.7(b) (also refer figure 4.6(d)).
After some time, the vortices behind the cylinder start oscillating gradually (see
figures 4.6(g)-(j)) and vortex shedding starts leading to the development of so
called von Karman vortex street. It may be mentioned that a small perturbation
was artificially introduced to break the symmetry for Re = 50 while for the other
Re considered here, asymmetry sets in automatically. The details of perturbation
technique will be discussed in Chapter 5.

One of the objectives in this section of the present work is to examine the prop-
erties of the streamline and streakline patterns behind a circular cylinder during
the process of vortex shedding. In incompressible flow, vorticity is generated only
at solid boundaries, for this problem the surface of the cylinder, and this vorticity
resides within the fluid. Thus the streaklines depicted in figure 4.8 provide an
effective view of the spots in the flow field where the vorticity is inherent. Our
computed streakline patterns for the range of Re in these figures are in conjunction
with those depicted in [2, 14]. Note that the relationship between instantaneous
streamlines and streaklines is extremely complex and visualization of both is nec-
essary for proper understanding of flow field character. The streamline patterns
show that in the initial stages the wake behind the cylinder is closed (see figures
4.6(a)-(c)). However, once the vortex-shedding process begins, this closed wake
becomes open and fluid flows in from the surrounding. As is well known, our nu-
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Figure 4.6: Stream lines for Re = 300 at (a) t = 2.0, (b) t = 10, (c) t = 35, (d)
t =40, (e) t =45, (f) t = 50, (g) t = 60, (h) t = 72.5, (i) t = 95, (j) t = 110.

merical streaklines remain continuous without breakage although they get thinned
up. Streaklines now represent a flexible barrier which a fluid can never cross, and
is quite evident from the figures 4.8(a)-(d). The fluid entering the wake moves in
and jumps towards the cylinder surface in turn from both sides and is eventually
squeezed out of the wake and roll-up. The two sets of vortex sheets intertwine

with each other in the far wake and this has been completely captured by our
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Figure 4.7: Evolution of (a) Drag coefficient and (b) Lift coefficient for Re = 200
and Re = 300.

simulation. Once shedding has been initiated, the vortices are shed in a routine
manner alternatively from the two sides of the cylinder. This is also obvious from

the crests and troughs of the sinuous waves in the streamlines shown in figure
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Figure 4.8: Streak lines for (a) Re = 50, (b) Re = 100, (¢) Re = 200, (d) Re = 300.

4.9 which reflect the alternatively positive and negative vorticities of the eddies

presented in figure 4.10. As time progresses, shedding frequency increases until
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Figure 4.9: Stream lines corresponding to the peak value of the lift coefficient for
the temporally periodic solution (a) Re = 50, (b) Re = 100, (¢) Re = 200, (d)
Re = 300.

a limiting condition is reached. With the onset of vortex shedding, the drag co-

efficient starts increasing again and eventually both the drag and lift coefficients
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Figure 4.10: Vorticity contours (the dotted lines representing to negative values)
corresponding to the peak value of the lift coefficient for the temporally periodic
solution (a) Re = 50, (b) Re = 100, (¢) Re = 200, (d) Re = 300.

ultimately reach periodic nature as the flow becomes fully develop (see figure 4.7).
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Figure 4.11: (a) Power spectrum of drag and lift coefficients for Re = 100, Re = 300
and (b) Phase diagram of drag and lift coefficients for Re = 300.

We also calculate Strouhal number which characterizes the vortex shedding
process. The dominant frequency of the drag and lift variations, can be computed

by a spectral analysis of time samples of these coefficients. The power density
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spectra of this analysis normalized by the maximum value for Re = 100 and Re =
300 is shown in figure 4.11(a); figure 4.11(b) displays the phase plane of the drag
and lift coefficients for the same time sample for Re = 300; it clearly establishes
that the frequency of drag coefficients is twice that of the lift coefficients which is
also exemplified by figure 4.7. In table 4.5, we compare our computed Strouhal
numbers, drag and lift coefficients for these Re with established experimental and
numerical results and observe very close agreements except for lift coefficient which
compares well with the work of Le et al. [89] only. As can be seen from the table,
the frequency of vortex shedding increases with the increase in Re which is also
obvious from figures 4.8 and 4.10. In figure 4.12 we compare our computed flow
field velocity along the flow axis at time ¢t = 3.0 with the experimentally obtained
results of [29)].

4.4.3 Flows for 300 < Re < 1000

The major point of analysis in this range is the numerical simulation of secondary
phenomena viz. (i) the bulge phenomenon and (ii) secondary eddy phenomenon, for
Re = 300, 550, and 1000. Experimental observations have shown that secondary
phenomenon occurs during flow development for this Re range.

At first there is the distortion of streamlines somewhere midway between the
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Table 4.5: Comparison of Strouhal number, drag and lift coefficients of the periodic flow for Re = 50, 100, 200, 300.

Re 50 100 200 300
Reference St Cp L St Cp L St Cp gL St Ch Cy,
Frank et al. [48] 0.116 1.39 0.0 — — — 0.194 1.31 +0.65 | 0.205 1.32 +0.84
Williamson [158] | 0.123 — — 0.163 — — 0.185 — — 0.203 — —
Silva [134] 0.120 1.46 — 0.160 1.39 — 0.180 — — 0.200 1.27 —
o0 Le et al. [89] —= — +0.07 | 0.160 1.37 +0.323 | 0.187 1.34 +0.430 | 0.200 — —
e + 0.009 + 0.030
Berthelsen and — — — 0.169 1.38 +0.340 | 0.200 1.37 +0.700 — — —
Faltinsen [26] + 0.010 + 0.046
Wang et al. [153] — — — 0.170 1.379 +0.357 | 0.195 1.262 +0.708 | 0.206 1.174 —
Present Study 0.120 1.461 #£0.02 | 0.165 1.394 +0.191 | 0.197 1.375 +0.453 | 0.209 1.401 +0.607
+ 0.007 + 0.038 + 0.068
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Figure 4.14: The bulge phenomenon: Comparison of numerical and experimental
[29] visualizations at time t = 2.5 for Re = 300.

stagnation and separation points defined earlier and depicted in figure 2.17(c).
Stream lines close to the cylinder deviate from the cylinder causing a bulge pattern,
known as bulge phenomenon. The exact time of arrival of these phenomena can
be found from the distribution of vorticity at the cylinder surface given in figure
4.13 where the graph touches the w = 0 line. The bulge phenomena for Re = 300
appears at dimensionless time ¢ = 2.5 on the surface of the cylinder (see figure
4.14). For Re = 550, this phenomenon can be seen at time ¢t = 1.35 approximately
(see figure 4.15(a)).

For Re > 300, as time progresses, this bulge gives rise to a small secondary
eddy known as secondary eddy phenomenon which can clearly be seen at t = 2.5
for Re = 550 (see figure 4.15(b)). With time the strength of this secondary eddy
increases (see figure 4.15(c)). This secondary eddy which has a rotation opposite
to the main eddy causes a second separation of flow.

A quantitative comparison of early flow evolution for Re = 550 with experimen-
tal results [29] can be found in table 4.4. In figures 4.14 and 4.15, we also compare
the computed streamlines with the experimental results of [29] for Re = 300 and

550 respectively at time t = 2.5. These figures clearly depict the extreme close-
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Figure 4.15: For Re = 550 (a) Stream lines at t = 1.35, (b) Comparison of
numerical and experimental [29] visualizations at t = 2.5, (¢) Stream lines at
t=25.0
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Figure 4.16: Comparison between experimental [29] and numerical results for the
velocity distribution on flow axis for (a) Re = 550, (b) Re = 3000, (c¢) Re = 9500.
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ness of our numerical results with the experimental ones thus demonstrating the
efficiency of our scheme. Quantitative comparison of velocity along flow axis be-
hind the cylinder with the same reference has been presented in figure 4.16(a) for
Re = 550.

For Re > 800, the secondary eddy described above grows at an early stage to
such an extent that it touches the boundary of the main eddy, thereby splitting the
main one into two parts and isolating the region of the wake next to the separation
point where another secondary eddy can now be seen. These two secondary eddies
are equivalent in size and in strength and constitute a pair of secondary eddies.
This phenomenon is called a-phenomenon. We show the evolution of stream lines
for Re = 1000 at early stages in figure 4.17. Here, a single secondary vortex
appears shortly after t = 1.0 (see figures 4.17(c), (d)), ultimately developing into
a pair of secondary vortices at t = 2.0 (see figure 4.17(f)). This clearly depicts the

a-phenomenon.

4.4.4 Flows for 3000 < Re < 9500

Flow around a cylinder at these Re eventually becomes three dimensional and
turbulence sets in. Therefore we simulate the flow only for the very early laminar
stage and compare our results with those obtained from experiments. At first we
compare our numerical results for Re = 3000 with the results of [29] in table 4.4.
As observed in earlier subsections for Re = 200 and 550, a very good agreement of
the values of [,,4; and Zynq. can be found for the early part of low development.
We also compare velocity distributions along the flow axis behind the cylinder
for different times with the experimental results of [29] in figure 4.16(b). Next
we compare our results with the works in [94] in figure 4.18. The a-phenomenon
described in the previous section is distinctly visible here also; for this Re, the
appearance of the secondary eddy and the constitution of the pair of secondary
eddies occur at instants of time which is earlier than that of Re = 1000. This has
been captured by our simulation in figures 4.18(b) and (c). As can be seen from
figure 4.18, our computed solutions have excellent match with the experimental
ones and closer to them than the numerical results presented by Loc and Bouard
[94].

Next we consider the cases for Re = 5000 and 9500. The most important fea-
ture of this flow range is that the flow exhibits the so called #-phenomenon. In
this range, at an early stage, as the back flow near the cylinder starts, a recircu-

lating zone attached to the cylinder is created. As the flow of fluid develops in
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Figure 4.18: For Re = 3000 comparison of numerical and experimental [94] visu-

) izations at time (a) t = 0.5, (b) t = 1.0, (¢) t = 1.5, (d) t = 2.0, (e) t = 2.5.
TH-1091 07612308 03



Figure 4.19: For Re = 5000 comparison of numerical and experimental [29] visu-
alizations at time (a) t = 1.0, (b) t = 1.5, (¢) t = 2.0.

downstream, due to the high Re of the flow, the core of this recirculating zone gets
strengthened quickly. Though the rest of the recirculating zone gathers strength,
it is slow compared to its core, thereby setting the stage for the development of

secondary vortex. At around ¢ = 1.0 this secondary vortex becomes prominent, di-
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Figure 4.20: For Re = 5000 comparison of (a) Our computation with (b) Exper-
imental [29] visualization and other numerical solutions obtained using compact
schemes by (c) Kalita and Ray [76], (d) Sanyasiraju and Manjula [123] at time
t=2.5

viding the primary vortex into two chambers, one of which is the core. Nevertheless
the second weaker part maintains some sort of communication with its core part.
For some time both the core and the secondary vortex acquire strength and the
channel of communication between the two parts of the primary vortex becomes
narrow. But as the primary vortex becomes bigger in size again, both its parts
starts getting stronger and devor the secondary vortex from left and right, reducing
its strength and size. At time around ¢ = 1.5 the secondary vortex becomes quite
small. This is what is popularly known as S-phenomenon. The #-phenomena can
be clearly seen for Re = 5000 and 9500 at times ¢ = 1.5 and 1.0 in figures 4.19(b)
and 4.21(d) respectively. For Re = 5000 this S-phenomenon quickly leads to the
a-phenomenon described earlier which can be seen in figure 4.19(c) at time t = 2.0
and figure 4.20 at time 2.5. But for Re = 9500 the flow becomes unstable later on
and a-phenomenon can not be observed (see figures 4.22(a) - 4.22(c)). Note that
in the above mentioned figures we have presented our numerical results side by

side with that of experimental results reported in [29, 94]. It is heartening to note
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Figure 4.22: For Re = 9500 comparison of numerical and experimental [29, 94]
visualizations at times (a) t = 1.25, (b) t = 1.4, (c) t = 1.5.
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that our computed solutions almost exactly replicate the a- and (-phenomena of
the experimental results of [29] as suggested by figures 4.19-4.22. In figure 4.20
we compare our computed results with two other numerical results obtained by
Kalita and Ray [76] and Sanyasiraju and Manjula [123] at time t = 2.5 along side
the experimental visualization of [29]. Our computation captures the shape of the
primary vortex as also the small secondary vortices most accurately as compared
to the other simulations. Figure 4.16(c) compares the velocity distribution on the
flow axis with the experimental one for Re = 9500. As in the case of Re = 550
and 3000 a very close comparison is obtained in this case as well. The vorticity
distributions on the surface of the cylinder at different times for the Re values

considered in this subsection have been plotted in figure 4.23.

4.5 Conclusion

Compact schemes based on biharmonic pure stream function formulation of the
transient N-S equations have so far been successfully used only on rectangular
Cartesian coordinates. In this chapter, we carry out a comprehensive numerical
validation of the classical problem of the transient flow past an impulsively started
circular cylinder by specifically adopting the newly developed implicit scheme for
biharmonic form of the N-S equation. At the downstream far field where we use
one sided approximation, no adverse effect on flow computation due to the change
of stencil was seen. We have computed the flow for a wide range of Re ranging from
5 to 9500 and have considered both long time as well as transient cases. The flow
features which are typical of certain subranges of the Re are discussed in details.
We compare our results with established experimental and numerical results, and
obtain excellent comparison in all the cases, both qualitatively and quantitatively.
The robustness of the scheme is highlighted not only when it captures the periodic
nature of the flow for 50 < Re < 300, which is characterized by vortex shedding
represented by the von Karman street for which a detailed streakline analysis
is provided, but also by the fact that it very accurately captures the so called
secondary phenomena for moderate Re and o- and (-phenomena for higher Re.
The strength of the scheme is exemplified by the fact that flow simulations from our
computations are much closer to the experimental visualization than other existing
numerical simulations available in the literature, particularly for the higher Re.
To the best of our knowledge, no pure stream function based scheme for the N-S
equations has been employed to simulate the transient flow past a circular cylinder
till date.
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Chapter 5

Triggering Asymmetry for Flow
Past Circular Cylinder at Low
Reynolds Numbers

5.1 Introduction

In the last chapter we have documented dependence of flow features on Reynolds
number for the problem of flow past an impulsively started circular cylinder. We
have witnessed that with the increase in Re, the flow becomes more complicated
due to the appearance of secondary and tertiary vortices. Flows above some critical
Reynolds number eventually become periodic and ware shown to develop vortex
shedding represented by the von Karman vortex street. In the literature, both nu-
merical and experimental studies have been made to pinpoint the critical Reynolds
number and experimental efforts to locate Re, is scattered over a wide interval (30,
65) [2, 5, 63, 83, 85]. Numerical simulation of flow past impulsively started circular
cylinders in the region which is far beyond Re. can be found in plenty of them
[42, 47, 48, 60, 76, 107, 123, 153]. But simulation around Re.. is tricky as normal
computational procedure may lead to the capture of some un-physical behavior of
the flow. Also such computation puts a high demand in CPU time, the growth rate
at the onset of instability being extremely slow. Most often, numerical analysts
have studied the linear instability of this flow as a Hopf bifurcation problem. A
look at the literature suggests that the data reported by various researchers about
the threshold value of Re. at which Hopf bifurcations takes place, are scattered in
the range 43 < Re. < 50 [44, 71, 86, 104, 110, 111, 157]. However, recent studies
indicate some agreement among the researchers over Re,. < 47 [30, 51, 99]. In this
regard it is worth mentioning that in a very recent investigation, Sengupta et al.
[129, 130] have concluded that the reporting of different Re. by different experi-
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mental and numerical facilities may be related to the receptivity of the flow field
to background disturbances during the linear temporal growth of the disturbance
field for post-critical Reynolds numbers. In their study they have made a detailed
analysis of various results available in literature and have concluded that there
may not be any fixed critical Reynolds number in the sense that such a value may
be scheme and/or facility dependent. Nevertheless, numerical results [48, 89, 134]
describing the flow properties accurately in the range of 45 < Re < 50 are scanty.

A nominally two dimensional flow past a circular cylinder maintains its symme-
try for a long time because of the absence of a preferred direction in the flow field.
Note that a circular cylinder has perfect symmetry with identical body curvature
everywhere and in this sense the circular cylinder is a special geometry. Further if
the computational domain is also considered to be circular then the flow does not
have a preferred direction. Thus it is necessary to introduce some artificial pertur-
bation in order to trigger asymmetry into the flow behind the cylinder, especially
for Re close to Re.. Only some form of the immersed interface methods [89, 134]
are seen to capture the asymmetry in the flow in the threshold regime without the
introduction of this perturbation. In this study we report evolution and properties
of flow field around the narrow threshold value of Re. obtained by numerically

solving the N-S equations!. The objective of the present study is threefold:

1. To apply the compact finite difference scheme developed in Chapter 3 to
study the evolution of the flow in the threshold region. As mentioned above,
simulation of the flow in the threshold region through FD is scanty; long time
computation of the flow invariably results in high demand in CPU time. The
approach used here eliminates the need to compute pressure and vorticity
as a part of the computational process and therefore computationally much
economical than the earlier computations that had been carried out through

primitive variable and stream -w formulations.

2. To explore the effects of the perturbation induced through three different
techniques on the eventual behavior of the flow; we are specifically interested
in the perturbation effect on the flow induced through the transverse oscil-
lation of the cylinder for which no other numerical results are seen in the

literature.

3. To delve into the flow features in a narrow subrange of the threshold region

leading to the determination of the Re..

'Part of this work has been published in Comp. Fluids
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Initially we compute the flow for Re = 80 which is outside the threshold regime
and the flow is known to be periodic. For such an Re, which is well beyond the
threshold regime, there is no need to artificially trigger asymmetry and hence
no perturbation is required. As we compare our results with the benchmark re-
sults available in the literature, this simulation again shows the efficiency of our
scheme in capturing flow phenomena reported by experimentalists. Next, we turn
our attention for flow for two Re in the threshold regime, namely, Re = 44 and
Re = 50 where the three different perturbation techniques are employed to trigger
asymmetry into the flow. We see that the flow for Re = 44 eventually retains its
symmetry in all the cases while for Re = 50 the introduced perturbations leads to
the periodic vortex shedding. Finally, we narrow down our study to the long time
computation of the flow for Re = 46.5 and Re = 47 and ascertain that the critical
Re. € (46.5,47]. The different characteristics of the flow field are discussed in
details for all the Reynolds numbers considered here. Towards the end we make a
few observations on the effects of the three perturbation techniques that are being
used to trigger asymmetry into the flow.

This chapter is divided into the five sections. In section 5.2, we talk about
the perturbation technique, the numerical results have been presented in section
5.3, the effect of the perturbation techniques in section 5.4 and finally the work is
summarized in section 5.5. Note that the governing equations, boundary conditions

and discretization procedure followed here are same as those of Chapter 4.

5.2 Perturbation techniques

The regime Re < 40 is probably the most well studied region for the problem
of flow past circular cylinder. Here the eddies grow with time and Re in wake
length [ and in angle of separation 6, defined in figure 2.17 of Chapter 2. Finally
these eddies settle down in the form of a wake. The characteristic of the final
wake for different values of Re have been tabulated in Chapter 4. Nevertheless the
flow remains steady. Several experimental and numerical results confirm that the
flow losses its steady state character for some critical Reynolds number Re = Re,
residing somewhere in the range of 43 < Re < 50. For this Re, this steady flow
become unstable. As Re increases beyond Re,, the instability keeps on increasing
leading ultimately to the process of von Karman vortex shedding. However in
most of the cases long time transient numerical computation fails to capture this
physics accurately and leads to converged state indicating steady state behavior

[42, 47]. To circumvent this problem, some perturbation must be introduced in the
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flow field or in the data being used for computation. This induced perturbation
leads to the onset of asymmetry into the flow.

In our computation, we introduce the perturbation into the flow at a time when
the flow corresponding to the particular Re has reached the converged steady state
or is about to reach converged state while the two symmetric eddies behind the
cylinder are still in place. The converged state is determined from the constancy
of drag coefficients with respect to time. We have used three different types of
perturbations. In the first case, we perturb the inlet boundary condition; here in
either half of the flow, upper or lower, we double the velocity while at the same
time, on the other, the velocity is reduced to zero (figure 5.1(a)). However, this
perturbed state is maintained for only a unit interval of time 0t which itself is
enough to introduce asymmetry to the entire flow field. In the second type of
perturbation a unit angular velocity is introduced on the cylinder surface (figure
5.1(b)). This angular velocity is also maintained for only one time step. The
details of how the angular velocity is introduced onto the cylinder surface will be
discussed in the next chapter. In the third type, a vertical sinusoidal oscillation
is imposed on the cylinder for unit time period (figure 5.1(c)). This was inspired
by the works of Camichel and Teissie-Solier [15] who conducted a similar physical
experiment, probably first of its kind, in order to study the long term effect of the
perturbation on the flow. Here again the exact mechanism by which the oscillation
is imposed on the cylinder will be dealt with in the next chapter. In order to
simulate this particular perturbation technique we actually shift to body fitted
non-inertial frame of reference, the details of which will be discussed in Chapter
6. The net effect of the above perturbations is that the symmetry in flow field is
instantly lost thereby introducing large lift force on the cylinder. It is observed

that as the flow develops, this large lift force reduces rather quickly.

5.3 Numerical results

5.3.1 Flows for Re = &0

We begin our computation for Re = 80 where available experimental and the
numerical results document convincingly the process of vortex shedding for this
Re value represented by the von Karméan vortex street. The reason for starting with
a Reynolds number other than a one in the threshold region 43 < Re < 50 is that
the confidence resulting from accurate validation of our numerical results with the

established ones could be carried over to the threshold region where perturbation
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Figure 5.1: Schematic diagram of different perturbation techniques: (a) Perturba-
tion of the inlet boundary condition, (b) Perturbation by rotation, (c) Perturbation
by oscillation.

needs to be introduced to capture physically meaningful results. We carry out all
our computations for this chapter with dt = 0.005 using a grid of size 181 x 301.
Flow development for Re = 80 follows the pattern described for Re = 300 in
Chapter 4. Here also a pair of symmetric eddies develop behind the cylinder (see
figures 5.2(a)). As the drag coefficient falls with time, the eddies grow in size (see
figures 5.2(a)-(b)) finally settling down to a quasi-steady state with no lift force.
Note that the duration of this quasi-steady state is much larger as compared to
Re = 300 discussed in Chapter 4. From figure 5.2(d) onwards, it is clear that
once some small fluctuation sets in at the trail of the eddy, the flow symmetry is
destroyed. With the loss of symmetry the lift force becomes nonzero and gradually
the vortices behind the cylinder start oscillating (see figures 5.2(d)-(f)) leading to
the process of vortex shedding. It may be mentioned that no perturbation is
required to break the symmetry and asymmetry sets in automatically. With the
onset of vortex shedding, the drag coefficient starts increasing again and eventually
both the drag and lift coefficients reach periodic nature as the flow fully develops
(see figures 5.3). Note that figures 5.2(g) and (h) are half a vortex shedding cycle
apart where one is the mirror image of the other with respect to the z-axis. The

crests and troughs of the sinuous waves in the streamlines shown in figure 5.2(g)-
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Figure 5.2: Streamlines for Re = 80 at time (a) t = 2, (b) t = 20, (¢) t = 30, (d)
t =80, (e) t = 120, (f) t = 180, (g) t = 244.9, (h) t = 248.1.

(h) which reflect the alternatively positive and negative vorticities of the eddies
presented in figure 5.4(d) and correspond respectively to the positive and negative
peak values of the lift coefficient.

We also compute streaklines for this Reynolds number and depict them in
figure 5.5(a). Our computed streakline patterns are very much in conjunction
with the experimental streaklines reported by Perry et al. [120] (5.5(b)). The
power density spectra of time sample normalized by the maximum value for Re =
80 is shown in figure 5.6. Based on this power spectrum we also calculate the
Strouhal number which characterizes the vortex shedding process. In table 5.1, we
compare our computed Strouhal numbers, drag and lift coefficients with established
experimental and numerical results and obtain very close comparisons. Figure 5.7

displays the phase plane of the drag and lift coefficients for Re = 80.
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Figure 5.3: Evolution of (a) Drag coefficient and (b) Lift coefficient for Re = 80.

TH-1091_ 07612306 106



Figure 5.4: Vorticity contours (the dotted lines representing to negative values)
corresponding to the peak value of the lift coefficient for the temporally periodic
solution (a) Re = 46.5, (b) Re =47, (c) Re = 50, (d) Re = 80.
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(b)

Figure 5.5: Comparison of (a) Numerical and (b) Experimental [120] streaklines
for Re = 80.

5.3.2 Flows for Re = 44

Similar to the flow of Re = 40 which has been described in Chapter 4, in this case
also the flow settles down to a steady state. Its importance lies in its closeness to
the bifurcation point and hence will be ideal to test the behavior of perturbation
techniques used in this work. The time evolution of this flow field and its response
to the perturbations is the major point of study in this case. The evolution of
drag coefficient has been shown in figure 5.8. A comparison with the evolution

of drag coefficient for Re = 40 can also be seen in this figure. From the figure
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Figure 5.6: Power spectrum of drag and lift coefficients for Re = 50 and Re = 80 .

Table 5.1: Comparison of Strouhal number, drag and lift coefficients of the periodic
flow for Re = 50 and Re = 80.

Re 50 80
Reference St Cp Cr, St Cp Cy,
Frank et al. [48] | 0.116 1.39 0.0 0.152 1.35 +0.26
Williamson [158] | 0.123  — —3 0.15 R - —
Silva et al. [134] 0.12 1.46 — 0.15 1.40 +0.23
Le et al. [89] — — +0.07 | 0.15 - —
Wang et al. [153] — — — 0.158 1.428 +0.263

Present Study 0.120 1.461 +£0.02 | 0.158  1.390 +0.15
£0.003

it is clear that a steady state has been reached with constancy of drag coefficient
clearly established at time ¢ &~ 70, although we continue to compute up to time
t = 100. The steady state streamline contours and corresponding post-processed
vorticity contours are shown in figure 5.9(a) and 5.9(b) respectively.

At the time ¢t ~ 30 we introduce the three different types of perturbations
described in section 5.2 separately and study their effect.

In the first method we perturb the inlet boundary condition where an inlet

velocity U,, = 2 is introduced in the region above z-axis and Uy = 0 below it.
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Figure 5.7: Phase diagram of drag and lift coefficients for Re = 80 .

After a unit interval of time d¢, the original velocity U, = 1 is retained throughout
the inlet. This introduces a huge fluctuation of the lift and drag coefficients as can
be seen in figures 5.10(a) and 5.11(a) respectively. The drag coefficient quickly
settles down but lift coefficient starts oscillating. With time these oscillations
decays down due to viscous dissipation and at time around 100 becomes zero

again, reestablishing the steady character of the flow.
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Figure 5.8: Evolution of drag coefficient for Re = 40 and Re = 44.
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(c) (d)

Figure 5.9: Steady state (a) Stream lines for Re = 44, (b) Vorticity contours for
Re = 44, (c¢) Stream lines for Re = 46.5, (d) Vorticity contours for Re = 46.5.

The second perturbation technique corresponds to the cylinder being given a
rotational velocity for only unit time interval. Within this small time 0t the flow
field loses its symmetry and a high lift is introduced into the flow field. As in the
earlier case, the drag settles down quickly (figure 5.11(b)), but the lift oscillates
(figure 5.10(b)) with higher amplitude compared to the previous case and takes
more time to eventually become zero.

Lastly, we give the cylinder a vertical sinusoidal oscillation. A complete period
up and down and back to its position takes unit time and the amplitude of the
oscillation is same as that of the diameter of the cylinder. This oscillation severely
destroys the symmetric nature of the steady state fluid flow field. This is associated
with severe oscillation of the lift value which can be clearly seen in the figure
5.10(c). This artificial excitation triggers near wake instability. As this excitation
stops and time progresses, vortices are shed due to the alternate formation of
gathers at the end of the near wake. The near wake oscillations are suppressed by
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Figure 5.10: Effect of different types of perturbations on lift coefficient for Re = 44
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(1)

Figure 5.12: Streaklines corresponding to oscillatory perturbation for Re = 44 .

the viscous damping with time and subsequent diminishing of waviness of the trail
until a straight stable trail is reestablished. As can be seen from figure 5.11(c), in
this case, drag coefficient takes much more time to reestablish. The reestablished
value of drag and lift coefficients matches with the steady state value before the
perturbation was introduced. The entire journey has been captured through streak

lines in figure 5.12. As mentioned in section 5.2, this perturbation technique was
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Figure 5.13: Streaklines resulting from the experiment of Camichel and Teissie-
Solier as reported in Zdravkovich [15] for Re = 44.

inspired by the artificial excitation experiment carried out by Camichel and Teissie-
Solier for Re = 44 as reported in Zdravkovich [15]. Experimental streak lines
representing oscillation of disturbed near wake at Re = 44 as reported by Camichel
and Teissie-Solier can be seen in figure 5.13. From these figures, it is clear that
our computation has been able to replicate reasonably well all the stages of their
experiment, starting from an initial perturbed stage till the flow finally settling to
a steady state. The evolution of the streamlines in the pre and post perturbation
(with the third technique) time regime is shown in figure 5.14. These figures
are clearly in conformity with the discussion above; in particular, the onset of
asymmetry is obvious just after the excitation of the cylinder at time ¢ = 33
(5.14(c)). It is obvious from figures 5.14(b) and 5.14(h) that the flow eventually

settles into a steady state as they are almost indistinguishable from each other.
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Figure 5.14: Streamlines for Re = 44 corresponding to oscillatory perturbation at
time (a)t =1, (b) t = 30, (¢)t =33, (d) t = 55, (e) t = 105, (f) t = 155, (g)
t =255, (h) t = 450.

5.3.3 Flows for Re = 50

We begin by simulating the flow without any perturbation. The evolution of
drag and lift coefficients resulting from this computation can be seen in figure
5.15(a). This figure indicates an un-physical steady state for this Re with the drag
coefficient attaining a constant value and lift coefficient remaining zero. Next, the
three types of perturbation discussed in the above section are used to disturb the
flow field symmetry. We introduce the perturbation at time ¢ = 80. The evolution
of the streamlines prior to the introduction of the perturbation and after are shown
in figure 5.16. Asin Re = 44, all the three methods instantly introduce asymmetry
to the flow and is clearly visible from the evolution of drag and lift coefficients in
figure 5.15(b)-(d) and 5.16(c). For this Reynolds number the perturbations to

the flow are no longer damped out and hence affect the downstream wake. It is
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Figure 5.15: Variation of drag and lift coefficients corresponding to different flow
situations for Re = 50, (a) normal computation without any perturbation, (b)
perturbation of the inlet boundary condition, (c) perturbation by rotation, (d)
perturbation by oscillation.

noticed that in all the cases the flow acquires the same eventual periodic state.
As in the case of Re = 80, the mirror images depicted in figures 5.16(g) and (h)
are half a vortex shedding cycle apart. Also noticed is that, greater the severity
in perturbation, shorter is the time to reach the periodic state as evidenced by
figure 5.15(d). The flow characteristics for this periodic state have been compared
with the available experimental and numerical results in table 5.1. As mentioned
earlier, compared to results reported for other range of Re, reports on the flow
characteristics for Re = 50 are scanty. The power density spectrum for the lift

coefficient normalized by its maximum value has been depicted in figure 5.6. Figure

TH-1091_ 07612306 7



5.17 displays the phase plane of the drag and lift coefficients for Re = 50. The
vorticity contours corresponding to the peak value of lift coefficient can be found
in figure 5.4(c). As in the case of Re = 80, the alternative positive and negative
vorticities of the eddies clearly reconfirm the eventual periodic nature of the flow.
One can clearly infer from figures 5.4 and 5.6 that the shedding frequency increases
with increase in Reynolds number from 50 to 80; the St values presented in table

5.1 corroborate this fact.

Figure 5.16: Streamlines for Re = 50 corresponding to oscillatory perturbation at
time (a)t =1, (b) t = 35, (¢) t = 82, (d) t = 100, (e) t = 160, (f) t = 220, (g)
t =693.3, (h) t = 697.5.

5.3.4 Flows for Re = 46.5, 46.8 and 47
The long time computation of the flow for Re = 44 and 50 above indicates the

residence of the critical Reynolds number Re. in the range 44 < Re. < 50. We
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Figure 5.17: Phase diagram of drag and lift coefficients for Re = 50 .

further narrow down this range to compute the flow for Re = 46.5 and Re = 47.
The motivation for such computation comes from some recent studies [30, 51, 86,
99] that have shown the Re, to be lying in the vicinity of 47 by using linear stability
analysis. Moreover, very few studies highlighting the flow field at such a crucial
value can be found in literature. Our effort here is dedicated to capturing the
dynamics of the steady or periodic state at a Reynolds Number extremely close to
the Re.. We use the first and the third methods described in section 5.2, namely
(a) the perturbation of the boundary condition and (¢) perturbation by oscillation
in order to trigger asymmetry into the flow at time ¢ = 36. The evolution of
drag and lift coefficients for Re = 46.5 and Re = 47 can be found in figures 5.18
and 5.19; from these figures is clear that for Re = 46.5 the flow settles into a
steady state while the flow for Re = 47 eventually becomes periodic. The vorticity
contours presented in figures 5.4(a) and 5.4(b) (corresponding to the peak value
of lift coefficient) corroborate this fact as in case of the former, the contours are
symmetric about y = 0 line while in case of the later, it is no longer so. From this,
we conclude that the critical Reynolds number resides in the very close range 46.5 <
Re,. < 47, which in a way reconfirms the Re. values found in [51, 86, 99]. Finally
figure 5.4 serves as a comparison of vorticity contours for Re < Re., Re ~ Re,,

Re > Re., Re > Re.. For Re = 46.5 an interesting phenomenon has been captured
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Figure 5.18: Variation of drag and lift coefficients corresponding to two different
flow situations for Re = 46.5 (a) Corresponds to perturbation of the inlet boundary
condition, (b) Corresponds to perturbation by oscillation.
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Figure 5.20: Closeup view of the lift coefficients for (a) Re = 46.5 and (b) Re = 40
as they reach steady state.

by our simulation. In figure 5.20(a) we present a closeup view of the lift coefficient
as the flow approaches steady state. It is seen that at time around ¢ = 1220, the lift

coefficient despite maintaining its overall decaying nature starts fluctuating widely
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for some isolated times. These fluctuations increase gradually and they suddenly
vanish at time t = 1280. Thereafter upto time ¢ = 1300, the lift coefficient
maintains a steady value of 0.0001 revealing a peculiar pattern thereafter. Here
the lift values fluctuate discontinuously at alternate time steps between 0.0008 and
—0.0012 and is seen as two clusters (figure 5.20(a)). Note that in this figure, the
points representing the lift coefficients are not joined by continuous lines unlike
figure 5.18. This unphysical phenomena continues till ¢ = 1500 when we stop
computing. Notably this phenomenon was observed for Re = 40 (figure 5.20(b))
as well. In this case no perturbation was introduced and the flow becomes steady
at time t = 80 but around the time ¢ = 90 the lift coefficient suddenly starts
fluctuating between 0.0015 and 0.0020.

Table 5.2: Flow properties for Re values close to Re,.

Re CD CL St
(Min., Mazx.)

44.0 | 1.5157 —0.0001 -

46.5 | 1.4841 —0.0001 3

46.8 | 1.4816 | (—0.0046, +0.0043) | 0.117
47.0 | 1.4803 | (—0.0064, +0.0061) | 0.118

50.0 | 1.4605 | (—0.0175, +0.0172) | 0.120

Table 5.3: Estimation of Re..

Re — 50 47 46.8 Re,

min. | —0.0531 | —0.0172 | —0.0115 | 46.63
V2D

mazx. | +0.0531 | +0.0172 | +0.0115 | 46.63

min. | —0.0214 | —0.0069 | —0.0045 | 46.65
Up

maz. | +0.0214 | +0.0069 | +0.0045 | 46.65

min. | —0.0175 | —0.0064 | —0.0042 | 46.78
Cr

max. | +0.0172 | +0.0061 | 40.0040 | 46.75

TH-1091_ 07612306 193



We continue with our effort to narrow down to the Re. and compute the flow for
Re = 46.8. Here we use the converged periodic state of Re = 47 as the initial data
and compute upto non-dimensional time 3000 to reach a new periodic state with
higher drag and lower lift values. The values of drag, lift and Strouhal numbers
for different values of Re close to Re. has been noted in table 5.2. In the table we
report upto four decimal places of accuracy as the grid size and the accuracy of the
scheme do not permit us to move beyond. Finally in table 5.3 we give a projection
of Re. by parabolic curve fitting using y- component of velocity at two different
distances D and 2D denoted as vp and vyp respectively on the z- axis, and the lift

coefficient. This table indicates that the bifurcation takes place around Re = 46.7.

5.4 Effect of the perturbation techniques

A close look at the evolution of the lift coefficients for Re = 44, 46.5, 47 and 50
(figures 5.10, 5.15, 5.18 and 5.19) reveals that in all the cases asymmetry sets in
instantly after the perturbation is introduced. However, its intensity gradually
increases as one moves from the first technique to the second one and then to
the third as the magnitude of the lift coefficient suggests. Also the effect of the
perturbation dies down slowest in case of the third method. Thus, whenever a
steady state or a periodic state is reached eventually, the third method takes the
largest amount of physical time. In case of the first two methods, steady or periodic
state is attained relatively quickly and as such there is a possibility that when the
Re considered is higher than Re. and extremely close to it, the first two techniques
may end up showing an un-physical steady state eventually. Therefore, the third
technique is the most robust one and should be preferred over the other two. Also it
is clear from these figures that closer the Re (sitting on the either side) to the Re,,
more the physical time required for the flow to settle into a periodic or steady state
as the case may be. It is worth mentioning that all three perturbation techniques
correspond to physical situations unlike some existing ones that stems out from

purely numerical perspective.

5.5 Conclusion

For an impulsively started circular cylinder, above some critical Reynolds number,
asymmetry sets in and as time progresses, vortex shedding occurs naturally in
physical situations. However, in the range of 43 < Re < 50 in the vicinity of

Re,, called by many as the threshold regime, only a few numerical simulations are
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available that describe the physics of the flow accurately. Numerical computation is
tricky in this range; normal computational procedure sometimes lead to the capture
of some un-physical flow simulation. To initiate the shedding process, asymmetry
needs to be triggered artificially. In this chapter, three different techniques, namely,
(a) perturbation of the inlet boundary condition, (b) perturbation by rotation and
(c) perturbation by oscillation, and their subsequent effect on the flow are discussed
in details. Initially flow is computed without the artificial perturbation for Re = 80
which is beyond the range of the threshold regime and flow patterns are well
established. Flow is then computed for two Re in the threshold regime, viz., Re =
44 and Re = 50 where the above perturbation techniques are employed to trigger
asymmetry into the flow. It is found that the flow for Re = 44 eventually retains
its symmetry as well as steadiness while for Re = 50 the induced perturbations
lead to periodic vortex shedding. The computation is finally narrowed down to
Re = 46.5 and 47, the flow characteristics of which is similar to Re = 44 and 50
respectively. The different characteristics of the flow field are discussed in details
for all the Re considered here. Note that for the range of Re considered here
there is no three dimensional effect. Our numerical results are compared with
experimental and numerical results whenever available and excellent comparison
is obtained in all the cases.

In the following, we summarize the major accomplishments of this study: (i)
For the first time, a pure stream function based finite difference scheme is used
to compute the flow in the threshold regime for the flow past a circular cylin-
der problem. (ii) Perturbation induced through the transverse oscillation of the
cylinder is introduced for which no numerical results are seen before. (iii) All the
stages of a 1935 laboratory experiment by Camichel and Teissie-Solier as reported
in Zdravkovich [15] for Re = 44 starting from an initial perturbed stage till the
flow finally settling to a steady state is numerically replicated by streakline sim-
ulation. (iv) Our computed streakline patterns for Re = 80 are probably closest
to the experimental results of Perry. (v) By direct numerical time integration,
we have found a very narrow range for the Re., viz. 46.5 < Re. < 47 which is
extremely close to the ones predicted by recent studies using linear stability anal-
ysis. Ultimately by parabolic curve fitting we conclude that Re. ~ 46.7. (vi) The
robustness of the newly introduced perturbation through transverse oscillation of

the cylinder over other methods is established.
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Chapter 6

Tackling Problems of Moving
Boundaries Using the Biharmonic
Approach

6.1 Introduction

In this chapter we consider the cases of rotating cylinder with constant and oscilla-
tory rotations, and the case of in-line oscillatory cylinder!. It is worth mentioning
that these rotatory and oscillatory cases symbolize moving boundaries.

Vortex shedding takes place in the near wake behind a bluff body due to flow in-
stability and the control of this vortex shedding has been of great interest amongst
the fluid dynamics community. As vortex shedding induces vibrations on the struc-
ture owing to the fluctuations of lift, modifying the strength of vortices shed is thus
a way of modifying vibrations and drag as well. Although many different shapes
of bluff bodies exist, the circular cylinder is considered to be the representative
two dimensional bluff body. As we have seen in our previous chapters, in case of
stationary cylinders, vortex shedding occurs for Re > Re,, where 46.5 < Re, < 47.
This shedding pattern gets more pronounced with increase in Reynolds number.
Flow past a rotating cylinder is considered to be a prototypical problem in the
study of unsteady flow separation. It is of practical importance in boundary layer
control and lift enhancement schemes. Rotational effect plays an important role in
the control of vortex shedding and has its consequences in wake modification and
reductions of flow induced vibration. Unlike the flow past a translating circular
cylinder where the flow becomes asymmetric only at higher Reynolds numbers and
larger time, in the case of rotating cylinder the flow becomes asymmetric even for

small Reynolds numbers as well as for times just after the start due to the impul-

'Part of this work is under review in Int. J. Comput. Meth. Engrg. Sci. Mech.
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sive rotation of the body. This asymmetry introduces different complex behaviors
in the fluid flow.

The problem of flow past a circular cylinder rotating with constant angular
velocity, in an uniform flow dates back to the work of Prandtl and Tietjens [2] in the
middle of the first half of the last century. Note that such flows are characterized

a
by velocity ratio (o = U—q, where ¢ is the angular velocity of the cylinder about its

axis) and the Reynolds number (Re). In 1983 Ingham [68] studied this problem for
Re =5 and 20 with 0 < o < 0.5. In the year 1985 a detailed study corresponding
to Re = 200 was carried out both experimentally [41] and numerically [19]: the
experimental work was carried out by Coutanceau and Menard [41] for 0.5 < o <
3.25, and the numerical by Badr and Dennis [19] for o = 0.5 and 1.0. They also
carried out numerical simulation for Re = 500 with the same angular velocity. In
1989, Badr et al. [20] found that for low Reynolds numbers the flow approaches
a steady state asymptotically. More studies in this direction were carried out by
Ingham and Tang [69]. Badr et al. [20] also investigated the flow phenomena for the
high Re range of 103 < Re < 10* with 0.5 < a < 3.0 in 1990. In 1994 Norberg [110]
made significant experimental investigation of the flow around a rotating circular
cylinder and the influence of the aspect ratio; a fairly comprehensive summary can
also be found in [34]. The problem continues to hold interest amongst researchers
which is evidenced by some of the most recent experimental and numerical works
(36, 78, 102, 109, 114, 124].

As most of the studies were done in order to understand the effect of rotation,
a parallel effort can be seen in the literature on mechanisms to control of vortex
shedding and subsequent drag reduction. From the implementation perspective,
rotary control of the cylinder wake is considered to be the simplest one. In the
experiments of Tokumaru and Dimotakis [148], this mechanism was observed to
yield up to 80% drag reduction at Re = 15000 for certain ranges of frequency
and amplitude of sinusoidal rotary oscillation. Following this pioneering experi-
mental work, numerous systematic numerical and experimental studies have been
reported in the literature and several explanations of the physical mechanisms re-
sponsible for drag reduction have been proposed. Shiels and Leonard [133], who
carried out numerical simulations using a two dimensional high-resolution viscous
vortex method over a range of Re = 150-15000 in order to verify the experimental
observation of drag reduction by Tokumaru and Dimotakis [148], suggested that
the decrease in drag comes from a time averaged separation delay induced by an

appropriate rotational oscillation. In their numerical investigation for Re = 150,
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Protas and Wesfreid [121] proposed that the modification of the drag was directly
related to the mean flow correction caused by the forcing through the action of the
divergence of the Reynolds stress tensor of the fluctuating forced flow. The recent
trend amongst researchers in this direction is to understand the phenomena of
drag reduction; the first direct drag measurements and visualizations of the vortex
shedding for a rotating oscillating cylinder at Re = 150 was carried out by Thiria
et al. [146]. In this study the authors have shown that the value of drag starts to
increase with forcing frequency until its maximum value close to the resonant case
is reached and only afterwards it starts decreasing.

Flows due to bodies oscillating in a stationary or unsteady fluid and station-
ary bodies in an oscillating unsteady flow are considered to be fluid-structure
interaction problem and is of immense importance in many fields of science and
engineering. It has been proved to be a challenging area for research, since it pro-
vides a simplified tool for the investigation of flow around a cylinder immersed in
a wave environment. Being a fluid structure interaction problem it has attracted
the attention of the fluid mechanics community as well as structural engineers.

The vortex dynamics behind a bluff body causes fluctuating forces that act on
the body. As the induced vibration of a structure forms an important issue for its
stability, much of the literature deals with the cause, nature and the consequences
of what is known as ‘flow-induced vibration’. A common approach to study fluid-
structure interactions is to force the body to oscillate with a predefined motion
that approximates the flow. In this type of study flow features are examined by
subjecting the body subjected to forced oscillation. Such a study was initiated
by Keulegan and Carpenter [82]. Pioneering contribution in understanding the
character of flow around an oscillating circular cylinder were made by Williamson
[156], Bearman et al. [21], Tatsuno and Bearman [145]. Later on significant
works were carried out by lliadis and Anagnostopoulos [66], Dutsch et al. [45],
Uzunoglu et al. [151], Nobari and Naderan [108]. Of late this problem has been
used extensively to validate newly developed numerical schemes [35, 152, 153]. In
the same vein, we consider the case of an in-line oscillating cylinder in a fluid
at rest to validate the scheme developed in Chapter 3 and to test its ability in
handling moving boundaries.

The N-S equations used in the previous chapter represent the flow of incom-
pressible viscous fluid in an inertial or space fixed frame of reference and are appro-
priate to the analysis of the fluid-structure interaction between a fixed body and

moving flow. For a body moving in an incompressible fluid it is desirable to simu-
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late the flow in a non-inertial frame attached to the body facilitating computational
convenience by avoiding the re-meshing of the whole domain which is required if
a fixed inertial frame were instead used. In case of a cylinder performing rotatory
motion, due to the rotational symmetry of the cylinder structure, no re-meshing
is required even in inertial frame of reference and as such we will stick to inertial
frame of reference. For in-line oscillating cylinder we shift to non-inertial frame of
reference. For a body accelerating in a fluid the unsteady force components such
as Basset’s history force, added mass effect etc. will also be present. These forces
in addition to the steady forces wviz. pressure force and shear stress force need to
be taken into account while calculating drag and lift coefficients. But here in our
calculations we have only considered the steady forces. The main goal of the study
done here is to test the robustness of the proposed scheme rather than to study

the individual flow physics of different configurations being considered.

6.2 Flow past a rotating cylinder

In this section, we investigate the flow past a circular cylinder which starts trans-
lating and rotating impulsively from rest in a viscous fluid. Two different types of
oscillations are considered. In the first case the cylinder is considered to be rotat-
ing with constant angular velocity while in the second case we consider rotatory
oscillation of the cylinder. Both these cases have importance of their own. The
first one exhibits the suppression of the separated vortex where studies have shown
that for high enough velocity ratios, steady flows with no vortex shedding is pos-
sible even for high Re values [18]. The second case has the richness of the vortex
structure associated with such flows. Here the rotary oscillation of the cylinder
causes separation of the flow from the cylinder surface, interrupting the formation
of regular von Karman vortices in the wake, leading to the creation of small scale
vortices at the cylinder surface [127, 146]. It is a true test of efficiency for any
numerical scheme to be able to capture these small physical vortices and record
how strongly the vorticity distribution is affected in the near wake by the forcing
frequency.

For this problem the initial and far stream boundary conditions are same as
in section 4.3 of Chapter 4. On the surface of the cylinder we impose rotational
velocity. If we consider €2 to be the non-dimensional velocity at a point on the
surface of the cylinder of radius » = a having polar angle § then uv = —{2sin # and
v = Qcosf. With respect to the transformation considered in Chapter 4 section
4.2 this reduces to ¢ = —7Q, 1, = 0. On the surface of the cylinder ¢» = 0 is
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prescribed. For all the simulations carried out in this section we take 6¢ = 0.001
and use the grid 181 x 301.

6.2.1 Case 1: Constant rotation

As pointed out by Badr et al. [18] the flow field in this case depends on three main
parameters viz. Re, velocity ratio and time. We define Re and non-dimensional
time as in section 4.2 of Chapter 4. The velocity ratio is defined as a = ﬂ,
where ¢ is the angular velocity of the cylinder about its axis. We consider four
different flow fields for Re = 1000 with a = 0.5, 1.0, 2.0, and 3.0. As mentioned in
[18], the flow fields corresponding to higher velocity ratios have distinctly different
characters compared to the lower ones. The evolution of drag and lift coefficients

for all the cases are shown in figure 6.1(a) and 6.1(b) respectively. From the

Drag

Lift

ey
0 5 10 15 20 25

Time (b)

Figure 6.1: Evolution of (a) Drag coefficient, (b) Lift coefficient for Re = 1000
with a = 0.5, 1.0, 2.0, 3.0.

figure it is clear that for &« = 1.0 and 2.0, both drag and lift assume a periodic
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nature implying periodic state of low. This is inconformity with the earlier studies
reported in literature [18, 34, 102, 114]. This is also amply demonstrated in the
phase portrait of drag and lift coefficients as shown in figure 6.2. For a = 2.0
and 3.0, the coefficients seems to march towards a steady state. Since our main
intention is to demonstrate the capability of the scheme we leave the study of long

time behavior of these flow fields as a future endeavor.

=05
———e—— =10 | A

Drag

Figure 6.2: Phase portrait for Re = 1000, a = 0.5 and 1.0.

To provide a qualitative comparison between our computed and the experimen-
tal results of [18], as the development of vortices take place we plot the path of the
first vortex centre for Re = 1000 with a = 0.5, 1.0, 2.0 in figure 6.3. A very good

comparison can be seen.

a =0.5 (Num.)
a Qa =0.5 (Exp.)
A =1.0 (Num.)
a =1.0 (Exp.)
——— 0O =2.0 (Num.)
Qa =2.0 (Exp.)

XN

Figure 6.3: Comparison between the paths of the first vortex obtained numerically
by our computation and experimentally [18].

We continue to validate the present numerical results and compare the present

results on initial velocity profiles for v = 0.5 with the experimental results [18] in
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Figure 6.4: Comparison of velocity profiles for Re = 1000, o = 0.5 (a) u versus
x along horizontal axis, (b) u versus y along vertical axis, (c) v versus y along
vertical axis.
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figure 6.4. The comparison has been done after converting the time to the present
definition. Note that in reference [18] the authors non-dimensionalise the time
variable by using radius a of the cylinder but in our computation we use D = 2a
for the same. The streamline profiles at different instants of times along with one
experimental visualizations of [18] have been shown in figure 6.5(1). Here soon
after the impulsive start, the first vortex starts to form above the z-axis, growing
in size. Shortly a secondary vortex also develops just below the z-axis as can be
seen. It is also seen that with time these vortices acquire strength and reach a
maximum size. During this process one can also observe development of tertiary
vortices adjacent to the cylinder surface. Our computed solution exactly captures
all these developments as evident from 6.5(i). For @ = 1.0 vortex development
is almost similar but at time around ¢t = 2.0 vortices start to open up and move
upwards the downstream seen in figure 6.5(ii). Here again, one finds an excellent
match between the computed and experimental streamlines.

The time development of vortices for a = 0.5 as it lead to periodic state can be
seen in figure 6.6. In this figure we present the stream lines side by side the vortic-
ity contours. Regular vortex shedding have been captured with the development
growth and subsequent detachment of vortices on the cylinder surface. The vorices
thus shed have the tendency to move upwards due to the anticlockwise motion of
the cylinder surface.

For a = 2.0, in figure 6.7 we compare our computed solutions with the flow
visualization reported in Badr et al. [18]. Good comparison can be seen between
the computational results. However at higher times (¢ = 6.5) some disagreement
between the two computational works can be noticed in the vicinity of the cylinder.
Our numerical simulation captures two counter rotating vortices on the cylinder
surface as seen in the experimental visualization. The same can not be said about
the computational work of Badr et al. [18]. Our simulation also captures the down
stream movement of the vortex far from the cylinder.

In figure 6.8 we compare our results with the numerical results obtained by
Mittal and Kumar [102] who used stabilized finite element method and with the
experimental results of Badr et al. [18]. Again close comparison with both the
results can be found. As can be seen from the figures, our scheme has exactly
captured the appearance and subsequent development of two vortices on the surface
of the cylinder at time t = 1.5 and t = 2.0. Note that in the computational
result of Mittal and Kumar [102] the vortex on the windward side of the cylinder

appears to be located at a higher angle to the free-stream direction as compared
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(i)
Figure 6.5: Computed and experimental [18] stream lines at different times for
Re =1000 (i) « = 0.5, (ii) o = 1.0.

to the flow visualization. Mittal and Kumer [102] have attributed this to the three
dimensionality of flow. But when compared to our numerical result one can see a
better resemblance. The subsequent downstream motion of the vortex generated
have also been captured quite accurately by our computation.

The time development of the flow field for @ = 3.0 is presented in figure 6.9.
In contrast to the flow for o = 0.5 presented in figure 6.6 no generation of vortices

subsequent to the first vortex as captured in figure 6.8 can be seen here. The

TH-1091_ 07612306 13



|

6 1‘0 2‘0 3‘0 40

o
T

30

40

30

30

30

,@ﬁ@

30

20

Figure 6.6: Time evolution of stream lines (left) and vorticity contours (right) for
Re = 1000, o = 0.5 at time (a) t = 4.0, (b) t = 7.0, (¢) t = 10.0, (d) t = 13.0, (e)
t=15.0.

vortex is convected downstream of the flow. This explains the near constancy of

drag and lift coefficients as reported earlier (figure 6.1).
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Figure 6.7: Comparison of the instantaneous streamline patterns at various time
instants from the present computations (top), computation of Badr et al. [18]
(middle) and experimental result of Badr et al. [18] (bottom) for Re = 1000,
a=2.

6.2.2 Case 2: Oscillatory rotation

The angular velocity ¢ = 0 of the cylinder about its axis in this case is characterized
by two non-dimensional parameters: (i) forcing amplitude (A) and (ii) frequency
ratio (fr/fo) [146] where 6(t) = Oy cos(2nft). Here f; is called the forcing fre-

quency, fy is the shedding frequency of the stationary cylinder corresponding to

a(27Tff60)
Uso

Strouhal ratio (St;/Sto) as the control parameter [121] instead of the forcing ratio

the same value of Re and A = . Note that some authors prefer to use

(f¢/fo). For oscillatory rotation we consider four different cases of frequency ratio
fr/fo=0.8, 1.0, 1.5, 3.0 while keeping the values of Re and A fixed at 150 and 2

respectively. The time variation of drag coefficients for all the four cases leading
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Figure 6.8: Comparison of the instantaneous streamline patterns at various time
instants from the present computations (top), computation of Mittal and Kumar
[102] (middle) and experimental result of Badr et al. [18] (bottom) for Re = 1000,
a=3.

Table 6.1: Quantitative comparison of the normalized drag coefficient.

Cases Experimental Numerical Numerical
Cp/Chp,, [146] | Cp/Cp,, [127] | Cp/Cp,, Present
A=2 f;/fo=08 2.408 - 2.338
A=2 fr/fo=1.0 1.735 - 1.601
A=2 fr/fo=15 1.155 1.245 1.077
A=2 fr/fo=30 0.869 0.855 0.846

to the periodic state is presented in figure 6.10. As expected a higher forcing ratio
leads to a higher frequency of shedding as can be seen from the figure. We carry

out a quantitative comparison of the drag coefficients for the cases considered here
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Figure 6.9: Time evolution of stream lines (left) and vorticity contours (right) for
Re = 1000, a = 3.0 at time (a) t = 8.0, (b) t = 11.0, (¢) t = 14.0, (d) t = 17.0, (e)

t = 20.0.

TH-1091_ 07612306

138

o
T

o
T

o
T

o
T

o
T

20

30

40

20

30

40

20

30

40

20

30

20

30




67\ i i i I i i i i I i i i i I i i i i I i i i i I-\ i i \7
[ — — — - Ratio=0.8 |
| ———— Ratio=1.0
L Ratio=1.5
5,_ Ratio=3.0 n
4 r’\ -
o han N p At ]
oA R ]
o Wb Ay | i
E spati it L T
ALV el 1
NIRRT
g U R |
0:\ L L L I L L L L I L L L L I L L L L I L L L L I L L L L
0 10 20 30 40 50 60

Figure 6.10: Evolution of drag coefficients for Re = 150, A = 2 with different
fr/ fo ratio.

in table 6.1 with the experimental works of Thiria et al. [146] and numerical works
of Sengupta and Bhumkar [127]. We have normalized the mean drag coefficient
Cp of a particular rotary oscillation case by the mean drag coefficient Cp, of a
stationary cylinder at same Re. A strong agreement of the data can be seen here.
Further, in figure 6.11, we present a qualitative comparison of computed vorticity
contours for the case Re = 150, A = 2 and f;/fy, = 1.0 with the numerical works of
Protas and Wesfreid [121] and experimental visualization of Thiria et al. [146]. A
very close resemblance between the two numerical works can be seen. In the same
vein another qualitative comparison in figure 6.12 of computed vorticity contours
for the case Re = 150, A = 2 and f;/fo = 1.5 with numerical results [127] and
experimental results [146] clearly establishes the accuracy of the numerical results
obtained by us. One can see that the second order accurate scheme developed by
us is capable of capturing the details of the flow field and is comparable to the
results obtained by the sixth order scheme of Sengupta and Bhumkar [127]. The
computed streamlines and the post processed vorticity contours at time ¢ = 40.0
for all the four cases are depicted in figure 6.13. Our computed (post processed)
vorticity contours are in line with the detailed analysis carried out by Protas and
Wesfreid [121].
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Figure 6.11: Numerical vorticity contours obtain by (a) Protas and Wesfreid [121]
is compared with numerical result obtained by (b) the present scheme and (c) the
experimental results [146] for Re = 150, A = 2, f¢/fo = 1.0.

Figure 6.12: Numerical vorticity contours obtain by Sengupta and Bhumkar [127]
with different numerical schemes (a) 2nd order, (b) 4th order, (c) 6th order are
compared with numerical results obtain by (d) the present scheme and (e) the
experimental results [146] for Re = 150, A = 2, f¢/fo = 1.5.
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Figure 6.13: Stream lines (left) and vorticity contours (right) (the dotted lines
representing negative values of the contours) at Re = 150, A = 2 with (a) f¢/fo =

0.75, (b) fy/fo =10, (¢) f¢/fo=1.5, (d) ff/fo = 3.0.

6.3 In-line oscillating cylinder in a fluid at rest

6.3.1 Mathematical formulation and boundary conditions

The N-S equations in 2D for non-inertial or body fitted coordinate system that
moves with a non-dimensional translational velocity V() = (a(t), 7(t)) is given by
0 _ 1

R 1/ [ g— 2 1/ J— v
oV + (V.V)V =-Vp+ V'V V(t) (6.1)
V.V =0 (6.2)

where otherwise the symbols V have the same meaning as that given in Appendix
A for V' . The bar over the flow variables signify their correspondence to the non-

inertial frame. The corresponding stream function-vorticity formulation obtained
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from equations (6.1) and (6.2) is

QZ:EE + igg = —Ww (6-3)

0 _ 1, _ L
au) = E (w;fj —+ (A)gg) — (U/u)f + ’UWg) (64)
Here stream function ¢ and vorticity @ are related to the velocities through @ = 1/_)9,
¥ = —)z, © = Uz — Uy. The equations (6.3) and (6.4) being identical to equations
(A.6) and (A.7) of Appendix A, the resulting biharmonic equation is also identical.
Writing ¢ for 1) to designate stream function in non-inertial frame we arrive at the

biharmonic form (A.17) obtained in Appendix A.

In the present study the translational motion of the cylinder is prescribed by a

simple harmonic oscillation
x(t) = —Apcos(2m ft) = u(t) = 2w Ao f sin(27 ft), y(t) = constant = v(t) = 0,

where Aq is the amplitude of the cylinder motion and f is the characteristic fre-
quency of the oscillation. For the problem considered here, distances and velocities
have been non-dimensionalized with respect to the diameter D and U,,,, respec-

tively, where U4, is the maximum velocity of the cylinder motion. The two
UmaxD

14

controlling parameters for this flow are the Reynolds number Re = and

fD
this problem we consider a cylinder with diameter D = 1.

the Keulegan-Carpenter number KC' = , v being the kinematic viscosity. For
We simulate the flow in a non-inertial frame attached to the cylinder without
changing the position of the artificial far-stream boundaries [27, 8]. The relevant

boundary conditions in non-inertial frame are as given below:

1. At the free-stream the time dependent velocity and stream function condi-
tions are (u(t),v(t)) = (=Upae sin(27 ft),0) and ¢» = u(t)y respectively.

2. On the surface of the cylinder (u(t),v(t)) = (0,0) and also 1) = 0.

The initial value of ¢ has been set as zero. In the present work we have
considered two different combination of Re and KC', they are Re = 100, KC' =5
and Re = 210, KC' = 6. We compute using 6t = 0.002 and grid 145 x 241.

6.3.2 Numerical results
Figure 6.14 shows the computed velocity profiles (using lines) in the oscillation
direction and transverse direction at four different x locations viz. * = —0.6D,
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Figure 6.14: Comparison of the velocity components with experimental results
[45] at four cross-sections with © = —0.6D(—,M), 0D(——,4), 0.6D(— - —, 4),
1.2D(...,e) for phase angle (a) 90°, (b) 120°, (c) 240°.
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(d)

Figure 6.15: Stream lines (left) and vorticity contours (right) (the dotted lines
representing negative values of the contours) at Re = 100, KC = 5 for phase angle
(a) 6°, (b) 102°, (c) 198°, (d) 270°.
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Figure 6.16: Stream lines (left) and vorticity contours (right) (the dotted lines
representing negative values of the contours) at Re = 210, KC' = 6 for phase angle
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0D, 0.6D and 1.2D each computed at three different phase angles 27 ft = 90°,
120° and 240°. This is compared with the experimental results of Diitsch et al.
[45]. Note that there is a phase difference of 90" between our phase angle and that
of [45] because of the different expressions of x(t) considered. A good match with
the experimental work can be seen.

In figure 6.15 we present computed stream function and vorticity contours for
the phase angles 6°, 102°, 198° and 270° for Re = 100, KC = 5, and phase
angles 20°, 128°, 236" and 272° for Re = 210, KC = 6 in figure 6.16. In all
these figures, one can clearly see the formation of vortices in alternate directions
as the cylinder oscillates from left to right and vice versa. The parameters chosen
corresponds to the work of Diitsch et al. [45] and our results match very well with
theirs. Note that the two combinations of parameters considered here represent
fundamentally different flow structures. Corresponding to parameter combination
Re = 100, KC = 5 the flow is characterized by stable, symmetric and periodic
vortex shedding and we capture it quite effectively in figure 6.15. For Re = 210,
KC = 6 vortices generated in each half of the cylinder period are known to convect
to the same side of the plane of oscillation resulting in a V-type vortex street and

this has been effectively captured in figure 6.16.

6.4 Conclusion

In this chapter we expand the scope of the fourth order biharmonic pure stream
function formulation to problems with moving boundaries. In the process we also
extend it to the problems requiring the use of non-inertial frame besides the tra-
ditional inertial frame. Three different flow configurations have been tested. Sim-
ulated results have been compared both qualitatively and quantitatively with the
available benchmark numerical and experimental results and were found to be
quite satisfactory. This provides a strong evidence of the capability and reliability

of this newly proposed method.
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Chapter 7

Flow Past Bluff Bodies with
Varying Curvatures

7.1 Introduction

One of the most important topics in CFD is the simulation of unsteady incom-
pressible flow in complex geometric settings using curvilinear coordinate system.
Many studies have accomplished this for the flow past circular cylinder mainly
because of its geometric simplicity. It would be worth studying other bluff bodies
such as elliptic cylinders and aerofoils since engineering applications often involve
flows over complex objects such as wings, blades, missiles etc. For such flows,
thickness and angle of attack greatly influence the nature of separation and struc-
ture of wake. Moreover elliptic cylinders can be considered as a limiting case of
a circular cylinder and flat plate. The purpose of this chapter is to investigate
the performance of the scheme developed in Chapter 3 for simulating flows around
bluff bodies with very high curvatures'. We are mainly interested in studying the
unsteady flow past an elliptic cylinder and symmetric aerofoils. As identified by
Nair and Sengupta [105], at high angles of attack the flow around elliptic and other
aerofoils corresponding to moderately high Reynolds number is characterized by
four main flow phenomena. These are (a) the instability of unsteady flow, (b) for-
mation of bubble over the aerofoils, (c) interaction of vortices in the wake and (d)
formation of alleyway because of which flow accelerates over the lower surface of
the aerofoil and wraps around the vortices over the top surface of the aerofoil. Be-
sides demonstrating these physically interesting phenomena, flows around aerofoils

act as suitable test cases for establishing the robustness of numerical schemes.

'Part of this work is under review in Comp. Fluids
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7.2 Flow past an elliptic cylinder with angle of
attack

In this section, we are interested in conducting a series of simulations for the
unsteady viscous flow over an inclined elliptic cylinder placed in a uniform stream.
The last century has seen some outstanding experimental and numerical works
(37,64, 95, 105, 112, 118, 144] on this problem which continues to excite researchers
in this century as well [16, 43, 119]. Early experimental studies on the uniform
flow over inclined elliptic cylinders were carried out by Honji [64] and Taneda
[144]. While Honji [64] observed the starting flow around an elliptic cylinder at
45° and 54° angles of incidence; Taneda [144] made a comprehensive visualization
study of the same. The unsteady motions investigated by Taneda [144] include the
impulsive start from rest, change of velocity, translatory oscillation, change of the
angle of incidence, uniform rotation, rotatory oscillation and swimming motion.
Among the pioneering numerical works on flow past elliptic cylinder the work of
Lugt and Haussling [95] deserves special mention. In this work the authors have
numerically time marched to steady state for Re = 15 and 30 at an angle of
incidence 45° with aspect ratio 0.1. They have also captured the development of
von Karman vortex street for Re = 200 with different aspect ratios with angle of
incidence fixed at 45°. The numerical solutions to the uniform flow over an inclined
elliptic cylinder were determined for moderate and large values of the time by Patel
[118] and later by Nair and Sengupta [105]. Patel [118] considered the cases of
Re = 60, 100, and 200 at various angles of incidence. Nair and Sengupta [105]
in their work provided results for Re = 3000 and 10000 using a finite difference
method with third and fifth order upwinding for the convection terms. Ohmi et
al. [112] in 1990 investigated experimentally and numerically starting flows past
an oscillating and translating elliptic aerofoil with aspect ratio 0.1 for Re ranging
between 1500 and 10000 upto angle of incidence 45°. Chou and Huang [37] used
a semi-explicit finite difference scheme and reported a- and - phenomena at an
early stage of flow evolution for high Re flows. They also reported early and long
time flow structures for Re = 1000 with aspect ratio 0.1 at different angles of
incidence. In 2003 Dennis and Young [43] made a detailed and accurate study of
steady 2D flow past an elliptic cylinder inclined to the oncoming stream at various
angles for small to moderate values of Re. In recent works [16, 119] the authors
have used the accurate solution of the problem of flow past elliptic cylinder to

demonstrate the efficiency of their numerical procedures. In our work we consider
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seven different combinations of Reynolds number, angle of attack and aspect ratio
to simulate flows in various regimes. We also compare our results with the other

results available in literature to demonstrate the versatility of our scheme.

7.2.1 Grid generation and numerical issues

Following Dennis and Young [43], we consider the elliptic transformation

_ cosh¢cos(n + ©) _ sinh¢sin(n + ©)
B 2 cosh & g 2 cosh &

where ©, called the angle of attack, is the angle made by the uniform free stream
with the positive direction of z- axis and & = tanh™'(I"), T being the ratio of minor
and major axes of the cylinder, called the aspect ratio. Note that & = £, defines

the surface of the cylinder with chord length (major axis) ¢ = 1. The Reynolds

number for the flow is defined as Re = ic, where Uy is the free stream velocity
and v is the kinematic viscosity. Apart frl(/Jm Re, the other parameters controlling
the flow are I' and ©. For the flow past elliptic cylinder we consider free stream to
be at a distance R, ~ 20c and U, = 1 and compute using a grid of size 196 x 301.
This typical grid of size 196 x 301 around an elliptic cylinder having aspect ratio
I' = 0.2 and angle of attack 45° is shown in figure 7.1. The boundary and initial
conditions are derived from the philosophy discussed in section 4.3 for the flow
past a stationary cylinder. The drag coefficient (Cp) and lift coefficient (C) are
calculated by integration round the cylinder surface as given in [43]. For the sake
of completeness we reproduce them here.

Considering Cpp and Cpp to be the pressure and friction components of drag

respectively we have
Cp =Cpp+ Cpp. (71)

For the elliptic transformation considered above

21 2
~ cos©O sinh§ Ow ) sin © cosh &, / Ow

Cpp = 7o / <a€>0s1n(77+@)d77 o o 0cos(n+@)dn,

0

@ h 2 . @ . h 2
Cpr = _c0s© coshéo / wo sin(n + ©)dn + sin© sinh & / wo cos(n + O)dn.
Re Re
0 0
Similarly for the lift coefficient
Cr,=Crp+Crp (72)
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Figure 7.1: Typical 196 x 301 grids around an elliptic cylinder having aspect ratio

0.2 and angle of attack 45°.

with
O coshéy f [0 in© sinh&, [0
COS COS 0 (%) S1n S11. 0 W .

— o N ] dp — =2 o280 [0 d
CLp o o Ocos(n+@) n o o Osm(n+@) n,
0 0

@ ) h 2 . @ h 2

7.2.2 Numerical results

Re

We start our computation with Re = 15 and 30 at © = 45° ' = 0.1 and time
march to steady state [43, 95] using 6t = 0.001. We plot the evolution of drag
and lift coefficients in figure 7.2(a) and compare Cp and Cp, values obtained with
the present scheme with those obtained by Lugt and Haussling [95] (by scaling the
values using the present definitions), and Dennis and Young [43] in table 7.1. The
streamlines at steady state corresponding to both the above flow configurations

(figure 7.3 and figure 7.4) match extremely well with the published results.
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Figure 7.2: Evolution of drag and lift coefficients for (a) Re = 15 and Re = 30
with ' = 0.1, © = 45%; (b) Re = 163 with ' = 0.2, © = 45°.

Table 7.1: Comparison of steady state drag and lift coefficients for Re = 15 and
Re = 30 with © =45°, T' = 0.1.

TH-1091_ 07612306

Re

Ref.[95] | Ref.[43] | Present
15 | Cp | 2.135 1.865 2.479
Cr | 1310 1.050 1.309
30 | Cp | 1.430 1.402 1.829
Cr | 0935 0.930 1.164
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Figure 7.3: Comparison of steady state stream lines for Re = 15, ' = 0.1, © = 45°,
(a) Dennis and Young [43], (b) Lugt and Haussling [95], (c) Present computation.

(b)

Figure 7.4: Comparison of steady state stream lines for Re = 30, ' = 0.1, © = 45°,
(a) Dennis and Young [43], (b) Lugt and Haussling [95], (¢) Present computation.

We next consider the regime for which the flow field eventually becomes peri-
odic. Here flow field ultimately leads to periodic vortex shedding. Specifically we
consider three different combinations of flow parameters. In table 7.2 we compare
our computed drag and lift for Re = 200, © = 45° having I' = 0.2 and I' = 0.1
with those found in [95] for different times at its early stage of evolution and find
a close match. The combination of parameters being considered next is Re = 163,
O = 45" and T’ = 0.2 which has been considered by Peng et al. [119] as well. The
time evolution of drag and lift coefficients towards an asymptotic periodic state
can be seen in figure 7.2(b). From the figure it is clear that within a very short

time the flow assume periodic nature. Spectral analysis of a time sample of the
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Table 7.2: Time evolution of drag and lift coefficients for Re = 200, © = 45°,
['=0.2 and I" = 0.1 (The values in parenthesis are from [95]).
=02

t 0.84 1.585 2395  3.205 4.42
Cp | 1.552 1.605 1.471 1.271 1.298
(1.565) (1.735) (1.508) (1.350) (1.340)
Cr | 1.768 1.752 1.273  0.631  0.617
(1.905) (2.030) (1.440) (0.575) (0.585)
I'=0.1

t 8.9 10.15 11.2 11.6 12.05
Cp | 1.162 1.272 1.303 1.331 1.343
(1.230) (1.505) (1.565) (1.550) (1.485)
Cr | 0.854 1.327 0945 0867  0.829
(0.810) (1.545) (1.280) (1.060) (0.910)
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Figure 7.5: Power spectrum of drag and lift coefficients for Re = 163, I' = 0.2,
© = 45°,

drag and lift coefficients is carried out and the normalized power density spectra
is shown in figure 7.5. We present the temporal evolution of streamlines and post
processed vorticity contours over one complete vortex shedding cycle of duration
T in figure 7.6. The evolution of von Karman vortex street is clearly seen in these
figures. Note that two eddies are shed just behind the cylinder within each period

and are then convected away into the wake region. The staggered nature of the
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Karmén shedding is clear from these plots. Figures 7.6(a) and 7.6(c) are half a
vortex shedding cycle apart. The crests and troughs of the sinuous waves in the

streamlines reflect the alternatively positive and negative vorticities of the eddies.

2 0 7z T 3 g 10 ( e) 2 4 3 % 3 ] 16

iR

§§§§?§

Figure 7.6: Stream lines (left) and vorticity contours (right) depicting the flow
past elliptic cylinder for Re =163, ' =02, © =45 at (a) t =T, (b) t =T + L,
()t=T+L, ( Qt=T+2L (¢)t=T+1T,.

Thereafter we consider the flow field with controlling parameters Re = 1000,
© =60° I' = 0.1. Here we take dt = 0.0001 in order to accurately resolve the a-
phenomenon [37]. In figure 7.7(i) we present the early evolution of wake while the
wake structure behind elliptic cylinder during shedding is shown in figure 7.7(ii).

In figure 7.7(i) one can clearly see the formation of a main eddy along with a pair
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of secondary vortices mimicking the a- phenomenon (¢t = 1.0 and ¢t = 1.5) together
with the first vortex shedding from the trailing edge (¢t = 0.25) which was reported
in [37] as well. This a- phenomenon is also seen to appear alternately behind the
tips of the elliptical cylinder (¢t = 20.0 and t = 22.0) for fully developed flow (figure
7.7(i1)).

(i)

Figure 7.7: (i) Early evolution of wake and (ii) Wake structure during shedding
behind elliptic cylinder for Re = 1000, I' = 0.1, © = 60°.
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Figure 7.8: Comparison of early evolution of stream lines between present com-
putation (first column), numerical results by Nair and Sengupta [105] using 3rd
order (second column) and 5th order (third column) upwinding and experiments
by Ohmi et al. [112] for Re = 3000, T = 0.1, © = 30°.

The last simulation in this section is for Re = 3000, © = 30°, I' = 0.1. Motiva-
tion for this choice comes from the availability of some numerical [105] as well as
experimental results [112]. As considered in [105] we take ¢ = 0.0001 for this case
and accelerate the the free-stream velocity from a value of zero to unity in time
0.05. Thereafter U,, = 1 is maintained. In figure 7.8 we compare our numerical
results for the early stages of evolution with the numerical results of [105] and the
experimental results of [112]. At time ¢t = 1.5 our second order accurate method
reports exactly all the three leading edge vortices as well as a trailing edge bubble
as reported by Nair and Sengupta [105] obtained through a fifth order upwinding
scheme. At time ¢t = 2.5 one can see the detachment and subsequent growth of the

rearmost leading edge vortex in size. This is followed by the formation of alleyway
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Figure 7.10: Early evolution of vorticity contours for Re = 3000, I' = 0.1, © = 30°.

where the streamlines from the lower surface turn around the trailing edge bubble.

As reported in [105], around this time due to the proximity of vortex, the drag
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(i)
Figure 7.11: Comparison with the numerical results of Nair and Sengupta [105]

(i) Stream lines at t = 8.0 and (ii) Vorticity contours at t = 9.5 for Re = 3000,
=01, 0 =300

and lift attain local maxima and can be noted from figure 7.9. Note that in their
work Nair and Sengupta [105] have obtained values of drag and lift coefficients
only at some discrete times. But here we have shown a more detailed evolution.
At t = 3.5 one can see the opening up of the large vortex and alleyway resulting
in the rapid loss of drag and lift. At ¢t = 4.0 a large recirculation region appear
near the trailing edge increasing the drag. Note that at these different instances of
times there are some differences between all three computational results although
overall features are same. Moreover the quality of experimental visualization does
not allow us to comment on supremacy of one numerical result over another. Vor-
ticity contours corresponding to the above mentioned instances is shown in figure
7.10. Comparison of stream lines and vorticity at larger times have been made in

figure 7.11. Again good comparison can be seen.
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7.3 Flow past symmetric aerofoils with angle of
attack

The last example in this thesis is the determination of unsteady flow past sym-
metric aerofoils NACA 0012 and NACA 0015. NACA here is the acronym of the
National Advisory Committee for Aeronautics and is the predecessor of National
Aeronautics and Space Administration (NASA). The literature contains some great
classical [49, 113, 131] and modern [128, 136] experimental results as well as some
supporting computational works on incompressible flow past these aerofoils. One
of the earliest computational approach to flow past an aerofoil dates back to the
work of Mehta and Lavan [100]. In 1975, they studied the problem of laminar flow
past an impulsively started Joukowski aerofoil for Re = 1000. In 1985, Freymuth
[49] in his experimental work, studied the effect of uniform acceleration on flow
past a NACA 0015 aerofoil at different Reynolds numbers and angles of attack by
flow visualization technique. He defined Reynolds number in terms of the uniform
acceleration and the chord length of the aerofoil. Ohmi et al. [113] in 1991 gave
experimental and computational results for a NACA 0012 aerofoil at 30° angle of
attack for Re = 3000. In 1995, Shen and Loc [131] carried out numerical simula-
tions for external flows around NACA 0012 for Re = 1000 and 10000 at angles of
attack 20° and 34° by means of a domain decomposition method which combined
a vortex method and a finite difference method. In the same year Morikawa and
Gronig [103] investigated experimentally and numerically the leading edge vortex
system around NACA 0015 due to both the unsteady motion and the aerofoil oscil-
lation. Experimental investigation of flow field around an aerofoil continued with
Soria et al. [136] in 2003 using multigrid cross-correlation digital particle image
velocimetry (MCCDPIV) technique to measure the flow field around a NACA 0015
airfoil at 30° angle of attack where the flow is accelerated to a constant velocity
from rest. In 2007 Sengupta et al. made a detailed experimental and numerical
study of accelerated flow past NACA 0015 aerofoil for Re = 5200, 7968, and 35000
under different conditions for various angles of attack. They have also compared
their results with earlier results available in literature.

Here we consider laminar flow past symmetric aerofoils NACA 0012 and NACA
0015. The main motivation here is to project the ability of the present method
to reproduce the flow details in case of computationally and physically interesting
symmetric aerofoils. For both the aerofoils we consider two different combinations

of flow control parameters viz. Re and ©. For NACA 0012 aerofoils, they are (a)
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Re = 1000, © = 34% (b) Re = 3000, © = 45°. In case of NACA 0015 aerofoils,
we further consider two accelerated flow fields (c¢) Re = 5200, © = 90° and (d)
Re = 8000, © = 30°. These choices were inspired by the existence of numerous
numerical results and experimental visualizations in the literature. The Re is based
on the chord length ¢ of the aerofoil and the free-stream speed U,,. For cases (a)
and (b) we consider the flow to start impulsively with U, = 1, while for cases (c)
and (d) we consider uniform acceleration where a unit non-dimensional velocity
is attained, starting with zero velocity, in time 0.0521 and 2.5 respectively. As
initial condition we take 1 = 0 = 9¢ = 1,. We also consider potential boundary
condition at upstream and convective boundary condition for ¥ at the downstream
of the flow.

7.3.1 Grid generation

The first challenge for us in this problem is to model the NACA aerofoils and
generate the surrounding grid using a conformal transformation. Here we use the

conformal transformation
z:)\—i-cl;—l—ch—z, A=aels, (=¢&41In, a:%_cl_

For NACA 0012 we take ¢; = 0.2238 and c; = 0.0165; while for NACA 0015,
c¢1 = 0.2165 and ¢ = 0.0180. A comparison of the two aerofoils thus generated
with the actual ones is presented in figure 7.12. We have found that the above
transformation models the NACA aerofoils more closely then Joukowsky conformal
transformation, which can also be used to generate the aerofoils. The computa-
tional grids for both these aerofoils at different angles of attack are shown in figure

7.13. We take the chord length ¢ = 1 with its tip at the origin.

7.3.2 Flow past NACA 0012

Experiments on vortex formation for flows around NACA 0012 were carried out
by Ohmi et al. [113]. These experiments were later supported by numerical works
of Shen and Loc [131, 132]. Here we compute using 201 x 121 grid and taking
Ry =~ 12¢. For case (a) we consider 6t = 0.0005 and for (b) 6¢ = 0.0001. In figures
7.14 and 7.15 we present comparisons of the streamlines between the computed
results and those reported in [132] for Re = 1000, ©® = 34° showing excellent
agreements. The time evolution of the flow structure is correctly reproduced and
all the main and secondary vortices detected by the experimental visualizations

are captured by our numerical simulation.  To illustrate the vorticity field, the
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Figure 7.13: Typical 201 x 161 grids around (a) NACA 0012 having angle of attack
34° (b) NACA 0015 having angle of attack 90°.

post processed vorticity contours corresponding to different times are presented in

figure 7.16; similar comparison for Re = 3000, © = 45° are carried out in figure
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(c)

Figure 7.14: Comparison of stream lines (left) with experimental visualizations
[132] (right) for NACA 0012 with Re = 1000, © = 34° at time (a) t = 1.6, (b)
t=28, (c)t=3.2.

7.17 and the associated vortex structures can be seen in figure 7.18. Though the
experimental graphics are not very clear but as has been pointed out in [113], it is
clear from the computed flow field that the initial wake follows an unsteady process
consisting of the development of a large scale leading-edge vortex over the upper
surface and subsequent detachment of that vortex, followed by the establishment
of reverse streamlines on the upper surface and the subsequent development and
shedding of the smaller trailing-edge vortex. The generation of leading- edge vortex

with clockwise rotation and the trailing-edge vortex with counterclockwise rotation
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(f)

Figure 7.15: Comparison of stream lines (left) with experimental visualizations
[132] (right) for NACA 0012 with Re = 1000, © = 34° at time (d) t = 4.0, (e)
t=438, (f)t =5.6.

can also be seen in figure 7.18.
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Figure 7.16: Evolution of vorticity contours for NACA 0012 with Re = 1000,
© = 34Y at time (a) t = 1.6, (b) t = 2.8, (c)t = 3.2, (d) t = 4.0, (e) t = 4.8, (f)
t =5.6.
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Figure 7.17: Comparison of stream lines (left) with experimental visualizations
[113] (right) for NACA 0012 with Re = 3000, © = 45° at time (a) t = 1.5, (b)
t=25, (c)t=3.5, (d)t=45.
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Figure 7.18: Evolution of vorticity contours for NACA 0012 with Re = 3000,
© = 45% at time (a) t = 1.5, (b) t = 2.5, (c) t = 3.5, (d) t = 4.5.
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7.3.3 Flow past NACA 0015

Freymuth [49] experimentally studied the effect of uniform acceleration on flow past
NACA 0015 aerofoil for different Re and angles of attack (©). It is well known that
for a fixed Re, as © increases the shedding of vortices from the leading and trailing
edges gets more pronounced. Note that in the above mentioned work, the Re
has been defined in terms of the uniform acceleration and the chord length of the
aerofoil. As pointed out by Sengupta et al. [128], the Re based on instantaneous
speed, as defined here will vary linearly with time. We follow the convention
adopted in [128] and firstly choose the combination Re = 5200 and © = 90° to
carry out computations in order to compare our results with the strong vortical
structures that were seen in the experiments of Freymuth [49].  Since we are
interested to accurately simulate flow near the aerofoil at an early stage so we
consider R, ~ 4c and use a finer grid 301 x 121 with ¢ = 0.0001 for all our
computations in this subsection. In figure 7.19 the vorticity contours are compared
with the flow visualization experiment performed in [49]. The match between the
computation and experiment is striking for the vortices that emanate from both
leading and trailing edges. Our computation clearly captures the instability of the
vortices shed from the top and bottom resulting in a train of smaller vortices. In
figure 7.20 we present the evolution of streamlines, where as time progresses, the
growth of two dissimilar bubbles, with the larger one on the trailing edge can be
observed.

Another case is inspired by the works of Soria et al. [136] where the NACA 0015
aerofoil was held at 30° angle of attack. The flow here is accelerated uniformly from
rest upto a desired free stream speed and once the free stream speed is attained
it has been maintained thereafter. In figure 7.21, we compare our results with the
first of the two experimental results reported in [136] for Re = 8000. It shows
the temporal evolution of velocity and vorticity as the flow accelerates and shortly
afterwards. From figure 7.21(a) it is clear that the leading edge separation starts
after t = 1.0. This separation is captured by our numerical simulation in figure
7.21(b) at time ¢ = 2.0 as reported in [136]. Figure 7.21(b) also confirms that
the boundary layer remains attached to the downstream side of the aerofoil. As
the acceleration phase gets over at time t=2.5, the velocity stays constant and
flow becomes exceedingly complex; this can be seen in figure 7.21(c) which shows
the development of strong shear layer at the leading edge at t = 3.0. Note that
our computed figures on the left of figure 7.21 match well with the experimental
visualization of [136] on the right. The evolution of streamlines for the NACA 0015
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Figure 7.19: Comparison of vorticity contours (left) with the visualization pictures
(right) from Freymuth [49] for NACA 0015 with Re = 5200, © = 90° at time
t=0.5,0.9, 1.9 and 2.2.

TH-1091_ 07612306 L68



()

Figure 7.20: Evolution of stream lines for NACA 0015 with Re = 5200, © = 90°
at time (a)t =10.1, (b)t=0.5, (c)t=0.9, (d)t =12, (e)t =19, (f) t =2.2.
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Figure 7.21: Comparison of computed non-dimensional velocity and vorticity
contours (left) with the experimental visualizations [136] for NACA 0015 with
Re = 8000, © = 30° at time (a) t = 1.0, (b) t = 2.0, (c) t = 3.0.
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Figure 7.22: Evolution of stream lines for NACA 0015 with Re = 8000, © = 30°
at time (a)t = 0.5, (b)t =1.0, (¢)t =2.0, (d)t =3.0, (e) t = 4.0, (f) t = 4.5.
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aerofoil at © = 30° for Re = 8000 for different times can be seen in figure 7.22
and this shows that our pure stream function based formulation very accurately

captures the physical phenomena.

7.4 Conclusion

In this chapter, we have demonstrated the robustness of our scheme by accurately
simulating flows around elliptic and symmetric aerofoils. These cases represents
flow around bluff bodies with varying curvatures with the NACA aerofoils repre-
senting the extreme case of having infinite curvature at the trailing edge. Having
demonstrated the efficiency and robustness of our schemes for the most difficult
cases, we can safely conclude that our scheme has the potential to resolve flow
accurately in the most complicated geometric settings and most complex incom-

pressible viscous flows.
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Chapter 8

Conclusions and Future Works

8.1 Observations and remarks

The work is concerned with the development of compact schemes for fourth or-
der biharmonic pure stream function formulation of Navier-Stokes equations. We
have documented the versatility of the fourth order stream function formulation
in simulating the dynamics of flow inside curved regions as well as fluid-embedded
body interaction. We have also established the efficiency of the compact approach
in general and the schemes developed here in particular. In contrast to the earlier
works on compact discretization of biharmonic equation that are capable of han-
dling problems in rectangular Cartesian coordinates the schemes developed here
can accurately capture the fluid body interaction in some complicated domains
that can be conformably mapped.
The highlights of the thesis include the following:

e We have developed a fourth order essentially compact scheme for steady N-S
equations. The approach enables us to solve numerically the two dimensional
steady state N-S equations on nonuniform grids in non-rectangular physical
geometries that are expressible in terms of conformal mappings. To bring out
different aspects of the scheme, we applied this new approach to four prob-
lems not only of varied physical complexities, but also on physical domains
of different geometric settings: a problem with a known analytical solution,
the flow past a constricted channel, the driven polar cavity and finally the
motion past an impulsively started circular cylinder problem. The scheme
has also been tested for its numerical convergence. The accuracy of the com-
puted solutions can be judged by the results obtained in all the test cases
on relatively coarser grids, which are in excellent agreement with analytical,

experimental and established numerical results.
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e We have developed an implicit, temporally and spatially second order accu-

rate compact finite difference scheme for pure stream function formulation
of the transient N-S equations. This formulation allowed us to effectively
simulate unsteady viscous incompressible flows in irregular geometries that
can be conformably mapped onto rectangular domains. We also carried out
a stability analysis for the scheme and the numerical convergence is validated

by capturing flow physics for constricted channel problem.

We then proceeded to perform numerical experiments for flow past impul-
sively started circular cylinder and captured almost all of the interesting
flow features associated with this flow for Re range of 5 to 9500. We ex-
tensively compared our results with the experimental and other numerical
results available in literature both qualitatively and quantitatively. The ro-
bustness of the scheme and the effectiveness of the formulation can be gauged
by the fact that it very accurately captures (i) the long time periodic nature
of the flow for 50 < Re < 300 characterized by von Karman vortex street
and (ii) the transient state phenomena wviz. secondary phenomena for mod-
erate Re (300 < Re < 1000) and a- and (- phenomena for higher ones
(3000 < Re < 9500). We have also presented detailed analysis of the vortex

shedding through streakline simulation.

Next we used this newly developed finite difference scheme to discuss three
different techniques, including an untested one in order to trigger asymme-
try into the flow past circular cylinder around critical Reynolds number Re..
Above this Re. the flow is asymmetric and, as a consequence, vortex shed-
ding occurs naturally in physical situations. But in numerical simulations,
especially in finite difference set up, it is well known that the shedding pro-
cess needs to be initiated artificially for flows in the threshold regime in the
vicinity of Re.. We started our computation by choosing Re = 44 and 50;
in case of the former, the flow eventually retains its symmetry and for the
latter, it settles into a periodic state. We further narrowed down the range
of Re to establish that the critical Reynolds number resides in the regime
46.5 < Re. < 47 which is very close to the broadly agreed value of Re.. We

have also provided a brief comparison of the three perturbation techniques.

We continue our numerical experiments and venture out to tackle problems
with moving boundaries. In order to extensively investigate the efficiency of

the scheme we apply it three problems viz. (a) circular cylinder rotating with
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constant angular velocity, (b) circular cylinder spinning sinusoidally and (c)

in-line oscillating circular cylinder.

Finally we applied the scheme to the physically interesting problems of el-
liptic cylinders and symmetric aerofoils with various angles of attack. Again
extensive comparison have been made with experimental and numerical re-

sults whenever available. Excellent match can be seen in all the cases.

The main focus in this thesis is the application of the technique which enables

the use of the discretized version of a single semi linear biharmonic equation in

order to efficiently simulate different fluid structures associated with flows around

bluff bodies and enable us to obtain excellent comparison, both qualitatively and

quantitatively, with established numerical and more so with experimental results.

The algorithms developed here reproduces several published experimental and com-

putational results corresponding to various Re for flow around a circular cylinder,

rotating cylinder, oscillating cylinder, elliptic cylinder and aerofoils.

8.2 Scope for future works

We feel the work can lead to a host of different research possibilities. Some of these

major possibilities are listed below:
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e [t will be interesting to generate numerical conformal grids inside as well as

around some complex geometric domains and apply the schemes developed

in this thesis to simulate flow around some less well studied problems.

The compact schemes developed in this work have been applied only to in-
compressible viscous flow problems. We would be interested to extend these
schemes to problems in multiphase flow and to model Raleigh-Benard con-

vection in the presence of a melting or solidifying interface.

We feel that it will be a worth while experience to develop compact schemes
with transformation free non-uniform grids for the fourth order biharmonic

pure stream function form of Navier-Stokes equation.

We would also be interested in exploring biharmonic form of the Navier-
Stokes equations in three dimensions and modify the compact schemes de-

veloped here to adopt to the same.
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Appendix A

Derivation of Biharmonic Form of
Navier-Stokes Equation in
Conformably Transformed Plane

The N-S equations for incompressible viscous flows along with the equation of

continuity in non-dimensional forms are

B, 1
5V T (VV)V =-Vp =

2
o vV (A.1)
V.V =0, (A.2)

where V' = (u,v,w) is the velocity vector, p is the pressure, and Re = % is the
Reynolds number based on characteristic length L and characteristic velocity U of
the flow. For 2D flows considering V' = (u,v,0) to be the velocity field the above

system of equations written along each component is

%u + uu, + vuy, = —p, + é (um + uyy) (A.3)

0 1

50 T W T vy = —py+ oo (Vaw + Vyy) (A4)
Uy + v, =0 (A.5)

Introducing w = w.%, the out-of-plane component of vorticity vector w =V x V.
and the stream function by ¥ = (0,0,7) the system of equations (A.3) - (A.5)
reduces to
Vaw + Py = —w (A.6)
gw = i Waz + Wyy) — (Uwg + vwy ). AT
ot Re
Let the physical (z,y) plane be transformed into a computational (£,7) plane
using the mapping
z=xz(§n), y=ymn). (A.8)
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Under this transformation equations (A.6) and (A.7) in the computational plane

becomes

alwgg -+ €1w§n -+ blwﬁﬂ -+ Cﬂbg —+ dlwn = f1 (Ag)
0
P = G2 + eawey + bowny + cawe + dawy, (A.10)

where

1
a 24+ y), b= —2(562 + 42,

= 7l J

1
¢1 = —[—yn((22 + y2)wee — 2(yye + Tnxe)Tey + (27 + YF)Ty)

—l—:E,]((x% + yi)yﬁﬁ — 2(ynYe + TnTe)Yen + (1'2 + yg)ynn)]a

1
dy = ﬁ[yg((xi + ) Tee — 2(YnYe + Tye)Ten + (17 + YZ)Ty)

—e (] + Y2 )yee — 2(YnYe + TnTe)Yen + (@7 + Y2)ym)],

2
€1 = _ﬁ(ynyﬁ +l’771'§), fl = —Ww,

1
ReJ?

A 1 (
" ReJ?

as = (z2+y7), by Tz +7),

—_

[—yn (2 + y2)xee — 2(ynYe + Tnxe)Ten + (27 + YF)Tmn)

1
Cy = j(uy77 ~ vZp)t+ E

(2] 4 Y2 Yee — 2(Yn¥e + Tne)Yen + (T + Y2)Ym)],

1
dy = j(—uyg + vxe) +

1
}%ejg[yg(($§<+-y$)1zg-— 2(ynye + Tyte) ey + (TF + YZ)Tny)
—e (@] + Y2 )ee — 2(WnYe + TnTe)Yen + (@7 + Y2)ym)],

2

_W(ynyf + Ty T¢),

€y =

where J = x¢y, — yex, is the jacobian of the transformation. The velocity compo-

nents v and v are

(¢nx5 - wﬁxn)v (A.11)

~l =

u =

v =

( — Yeyn + wnyf)' (A.12)

=
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If the transformation (A.8) is a conformal one i.e. of the form
z = 2((), (A.13)

z=x+ Iy and ¢ = £ + In; then the equations (A.9) and (A.10) with the help of
expressions (A.11) and (A.12) simplify to

Yee +py = —Jw, (A.14)

) 1 1
Frichs @(W& + wyy) = j(%% — wythe). (A.15)

Note that in this case the jacobian of the transformation is, J = ¢y, — yex, =
zg + y? = xfz + yg Comparing equations (A.14) and (A.15) with the equations
(A.6) and (A.7) we see that the ¢-w formulation is invariant upto a scaling factor
with respect to conformal transformation (A.13).

Eliminating w from equations (A.14) and (A.15), we obtain the following form
of the N-S equations

ReJ% (@Dgé + 771’7777) = (77[15555 + 2eeny + l[fnnnn) (A.16)
—(2C + Retpy) (Veee + Ve
—(2D — Retpe) (Yeen + Vo)
+(E + CRetpy — DRete) (e + )

where F 4 J J
§ n 2 2 m 33
=—= D= d FE=2 o _ iy -
C 7 7 an C* + 7 7
Equation (A.16) can be written in the form
0
&V%ﬂ - CL(&, fr’)v4¢ - b(€7 1, ¢§7 ¢n)v2¢§ + c(fa n, ,lvb& wn)v2wn
+d(&,n, e, hy) VY (A17)
with

1 1 2C
a(é,n) = ReJ’ b(f,n,%%) = 7 (‘ﬁ —%) )

1 2D 1/ FE
C(fﬂ?aﬁbfaﬁbn) = j <_§ +¢£) ) d(gana,lvbﬁwn) = j (@ + C,lvbﬁ - DW) :

The equation (A.17) is the transient biharmonic pure stream function form of the

N-S equations in conformably transformed computational plane.
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0
For steady flows considering — = 0 we obtain from equation (A.16)

ot
Vi = (2C + Rey) Vi + (2D — Rea ) V2,
—(E + CRetpy — DRetpe) V20, (A.18)

which is the steady biharmonic pure stream function form of the N-S equations in

conformably transformed computational plane.
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