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ABSTRACT

Numerics of nonlinear eigenvalue problems is a challenging subject and an active area of re-
search. The thesis addresses three broad problems in the area of theory and numerics of
nonlinear eigenvalue problems. The first problem concerns with spectral analysis of holomor-
phic and meromorphic eigenvalue problems. The second problem concerns with perturbation
theory of holomorphic eigenvalue problems as well as realization and linearization of mero-
morphic matrices. The third problem concerns with numerical solution of holomorphic and

meromorphic eigenvalue problems.

Canonical forms such as Smith forms of matrix polynomials and Smith-McMillan forms of
rational matrices are important tools for spectral analysis of matrix polynomials and rational
matrices. We present, among other things, global Smith forms for holomorphic matrices and
global Smith-McMillan forms for meromorphic matrices, which are akin to Smith forms and
Smith-McMillan forms of matrix polynomials and rational matrices, for spectral analysis of
holomorphic and meromorphic matrices . Also, we present a detailed system theoretic analysis
(e.g. matrix fraction descriptions (MFDs), realizations, and analytic system matrices) of
meromorphic matrices and establish relationships between canonical forms of meromorphic

matrices, their MFDs and analytic system matrices.

Linearization is an important method for solving and analyzing polynomial and rational
eigenvalue problems. We utilize linearization of holomorphic operator-valued functions and
develop perturbation theory for holomorphic eigenvalue problems. We derive perturbation
bounds for (discrete) eigenvalues and eigenvectors of holomorphic operator-valued functions.
We analyze local minimal realizations of meromorphic matrices and compute such realizations
from Markov parameters. We utilize local minimal realization of a meromorphic matrix to de-
fine and construct a linearization. The linearizations of meromorphic matrix-valued functions

can be utilized for developing perturbation theory for meromorphic eigenvalue problems.

Finally, we show that numerical methods for solving holomorphic eigenvalue problems can
be developed from pole finding methods for meromorphic matrices. Utilizing this point of view,
we provide a unified framework for contour integration based methods for solving nonlinear
eigenvalue problems. We propose and solve spectral recovery problems, which are actually
moment problems of certain kind, for linear and nonlinear eigenvalue problems in finite and

infinite dimension.
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Introduction

Nonlinear eigenvalue problems arise in many applications and their numerical treatment
is an active area of research; see [10, [11], 42, 43|, [44] 29] [45] and the references therein.

For example, consider the delay-differential equation (DDE) [45]

d m
Zo(t) = Agx(t) + ; Aa(t —7),
where x(t) € C" is a vector of state variable at time ¢t € R, Ay, ..., A, are matrices in

C™ ™ and 0 < 11 < Ty < --+ < T, are the time-delays. Now seeking a solution of the

form x(t) = veM with v € C" and )\ € C yields the nonlinear eigenvalue problem (NEP)

T\v:= (A —Ag— > Aie ™) =0.

i=1

Nonlinear eigenvalue problems involving rational matrices (i.e., matrices whose en-
tries are rational functions) also arise in applications. For example, the rational eigen-
value problem (REP)

k
G(Av = —Av+ABu+ A\ )

j=1

1
)\ij =0

’LUJ'—

arises when a generalized linear eigenvalue problem condensed exactly [43]. The state-
space analysis of linear time-invariant systems also leads to rational eigenvalue problems

in which the rational matrices arise as the transfer functions, see [32, [15] [56].

Nonlinear eigenvalue problems involving meromorphic matrices (i.e., matrices whose

entries are meromorphic functions) also arise in applications such as in the study of

TH-3537_146123009



2 Chapter 1. Introduction

controllability of delay-differential systems (DDS) [I8] 19, 59] given by

dx(t)

N1 N2
el Aox(t) + ]Zl Aix(t — 1) + le Bju(t —t;),

y(t) = 23: Cix(t —sj) + 24: Dju(t — h;).

Here x(t) € C" is a vector of state variables and u(t) € C" is a vector of control

variables. Further, 0 <7 < -+ <75, 0 <t < -+ < tp,, 0 <53 < -+ < sy, and

0 < hy <--- < hy, are delay parameters. Furthermore, Ay, ..., Ay, are r X r constant
matrices, Bi,..., By, are r x n constant matrices, C1,...,Cy, are m X r constant
matrices and Dy, ..., Dy, are m X n constant matrices.
x(t) x| :
For the ansatz = eM with x € C™" and u € C™", the DDS yields
u(t) u
—A(\) B(A b'q 0
) B e = (1.1)
C(A) D[ |u y(t)

where A(X) 1= A, — Ag — Y00, Aje™>, B(A) := Y02, Bje™™, C(A) := 0% Cre™™
and D(\) := Zjvz‘ll D;e . The holomorphic matrix (i.e., matrix whose entries are
holomorphic functions)

—A\) B(N)
C(\) D)

S(A) =

is called the system matrix of the DDS and the meromorphic matrix
M(\) := D(A) + CN)AN) B
is called the transfer function of the DDS. Eliminating xe* in we have
y(t) = [D(A) + C(N)AN) B\ ue = M(\)ue.
Observe that y(¢) = 0 whenever M(\)u = 0, that is, when (A, u) is an eigenpair of
M(z). Alternatively, it follows from (1.1)) that y(¢) = 0 whenever S(\) *| = 0. This

u
shows that zero output of the DDS can be analyzed via eigenvalues and eigenvectors

of the system matrix S(\) as well as via eigenvalues and eigenvectors of the transfer
function M(\).

TH-3537_146123009



3

Motivated by above examples, we undertake a detailed analysis of theory and nu-
merics of holomorphic and meromorphic eigenvalue problems. We always assume that
2 C C is open and connected. Let T : 2 — C™*™ be holomorphic. We consider the
holomorphic eigenvalue problem

T(\)v =0 (1.2)

and undertake a global spectral analysis of T(z). We also discuss spectral perturbation
theory and develop numerical methods for solving when T(z) is regular. Next, we
consider a meromorphic matrix-valued function M : @ — C™*" and the meromorphic
eigenvalue problem

M(M)v = 0. (1.3)

We undertake a global spectral analysis of M(z) via transfer function realizations and
system matrices. We also introduce linearization of M(z) via local minimal realization
of M(z) which can be gainfully utilized for perturbation analysis of the meromorphic

eigenvalue problem (|1.3)).

The thesis addresses three broad problems in the area of theory and numerics of
nonlinear eigenvalue problems. The first problem concerns with spectral analysis of
holomorphic and meromorphic eigenvalue problems. The second problem concerns with
perturbation theory of holomorphic eigenvalue problems as well as realization and lin-
earization of meromorphic matrices. The third problem concerns with numerical solution

of holomorphic eigenvalue problems.

Local spectral theory for regular holomorphic matrix-valued functions has been de-
veloped in [24]. Also, local spectral analysis of a regular holomorphic operator-valued
function has been investigated, for example, in [23, 27, 28] [44]. Canonical forms are
important tools for spectral analysis. The Smith canonical form [25] [32] 50, 56] of an
m x n matrix polynomial P(z) is a well known canonical form which provides a com-
plete information about the spectral data of P(z). Similarly, the Smith-McMillan form
[32, B0, 56, O] of an m x n rational matrix G(z) is a well known canonical form which
provides a complete information about the spectral data of G(z). A local version of
the Smith canonical form of a holomorphic matrix-valued function T : Q@ — C™*"
has been studied in the literature when T(z) is regular; see [24], 9], 35 44]. Likewise,
a local version of the Smith-McMillan form of a meromorphic matrix-valued function
M : Q@ — C™ ™ has been studied in the literature when M(z) is regular; see [9, 26, 35].
Further, a global canonical form for M(z) has been presented in [38] where it is shown
that M(z) is “equivalent” to a diagonal matrix diag(fi(2),..., f-(2),0,...,0). The func-

TH-3537_146123009



4 Chapter 1. Introduction

tions fi(z),..., fr-(z) are meromorphic on €2 and have the property that f;(z) divides
fir1(z) fori=1:r—1.

Canonical forms such as Smith forms of matrix polynomials and Smith-McMillan
form of rational matrices are important tools for spectral analysis of matrix polynomi-
als and rational matrices. Although, local canonical forms such as local Smith forms
of holomorphic/meromorphic matrices are well known in the literature, there has been
relatively little research on global canonical forms of holomorphic and meromorphic
matrices. We will fill this gap. We utilize Weierstrass product and Weierstrass factor-
ization of holomorphic functions and present, among other things, global Smith forms
for holomorphic matrices and global Smith-McMillan forms for meromorphic matrices
which are akin to Smith forms and Smith-McMillan forms of matrix polynomials and

rational matrices.

Linear systems theoretic analysis (e.g., matrix fraction descriptions (MFDs), real-
ization theory, and system matrices) of rational matrices are well known in the litera-
ture [32), 56, [50] in which Smith form of matrix polynomials and Smith-McMillan form of
rational matrices play an important role. We utilize global Smith forms of holomorphic
matrices and global Smith-McMillan forms of meromorphic matrices to develop global
system theoretic analysis (e.g. MFDs, realization theory, and analytic system matrices)
of meromorphic matrices and establish relationships between canonical forms of mero-
morphic matrices, their MFDs and analytic system matrices. These results are akin to

corresponding results for rational matrices.

Linearization is a powerful method widely used for analyzing nonlinear eigenvalue
problems such as polynomial eigenvalue problems and rational eigenvalue problems.

Consider an n X n polynomial eigenvalue problem (PEP)
PAv:=(Ag+ M1+ -+ A"A,)v=0.

For theory and computation, the PEP is transformed to an equivalent mn x mn linear

eigenvalue problem of the form

(A+AB)v=0

by means of linearization. The matrix pencil L(\) := A+ AB is a called a linearization
of P(\) if there exist mn x mn unimodular matrix polynomials U(A) and V(\) such
that

ULV () = diag(Tn- 1 POV).

TH-3537_146123009



5

Linearization of matrix polynomials has been studied extensively over the years, see [25],
37, 411, (57, [16], 49, 13] and the references therein.

For spectral analysis of holomorphic eigenvalue problems, the concept of linearization
has been extended to holomorphic operator-valued functions. Let A : Q@ — L(X) be
holomorphic, where X is a complex Banach space and L(X) is the Banach space of all
bounded linear operators on X. Define T : C(I", X) — C(I', X) by

(TF)(z) = 2f(2) — o /8 (1= Afw)f(w)du. (1.4)

211

where C(I", X) is the Banach space of continuous functions f : I' — X equipped with
the supremum norm. Then it is shown in [27), 23] that T is a bounded linear operator
and there exists a Banach space Z such that A(z) @ [, is “analytically equivalent” to
T —21 on O := Int(I"). Consequently, T and A(z) have the same spectra in O. We refer
to T as the Gohberg-Kaashoek-Lay linearization of A(z) or in short GKL-linearization

of A(z) on O. See [44] for local spectral analysis of Fredholm operator-valued functions.

Spectral perturbation theory for linear operators is a well-established classical field [39]
33]. By contrast, spectral perturbation theory for nonlinear eigenvalue problems has not
received much attention. This thesis endeavors to address this problem. We consider
an operator-valued function V :  — L(X) and analyze the perturbed nonlinear
eigenvalue problem

(AA) +V(A)u = 0.

More precisely, we analyze the discrete spectra of the one-parameter family of holomor-
phic operator-valued function W(z,t) := A(z) + tV(z) when ¢ varies in C. We prove,
among other things, that if

max7,(V(2)A(2)™h) < 1,

zel

where r,(T") denotes the spectral radius of an operator T, then the operator analogue
of Rouche’s theorem holds, that is, both A(z) and A(z)+ V(z) are Fredholm operators
of index zero for all z € O := Int(I") and they have the same number (counting multi-
plicities) of discrete eigenvalues in O. Further, if 4 is a discrete eigenvalue of A(z) with
algebraic multiplicity ¢, then we determine a disc dr C C such that O contains exactly
¢ discrete eigenvalues (counting multiplicities) pu1(t), ..., pe(t) of W(A,t) for all ¢ € Or.
Moreover, we show that the map ¢ — 10y (t) := (1 () + - - - + p1e(t)) /¢ is holomorphic on

Or. Finally, if v is the ascent of p then we show that there exist positive real numbers

TH-3537_146123009



6 Chapter 1. Introduction

0,7 and real constants «, 5 (independent of ¢ and V(z)) such that

[V <6 = [it) = ul” < alltV] for j=1,2,....¢
VI <7 = [palt) =l < BIEV].

Realization of rational matrices is a classical topic in Linear Systems Theory [32]
50l 56, 15]. It is well-known that an m x n a rational matrix G(z) admits a minimal
realization of the form

G(z) = P(z) + C(zI, — A)7'B,

where P(z) is a matrix polynomial and (C, A, B) € C**" x C™" x C™" is such that
(C, A) is an observable pair and (A, B) is a controllable pair. It is also well-known that
poles of G(z) are the eigenvalues of A and the zeros of G(z) are the eigenvalues of the

Rosenbrock system matrix [32], 50], 56]

Pi)| «©
B ‘A—zlr

S(z) :=

With a view to solving rational eigenvalue problems, linearization of a rational matrix
is introduced in [2], 53] and further developed in [3) 14} [4]. It is shown that zeros of G(z)

can be analyzed by a system matrix of the form

X—zy‘ A
B |A-zI

L(z) :=

where X, ), B, and C are appropriate matrices. The pencil IL(z) is called a linearization
of G(z). Thus spectral analysis of rational matrices can be undertaken via realization

followed by a linearization. We extend this template to meromorphic matrices.

Let M : Q — C™ ™ be meromorphic. We show that M(z) admits a local minimal

realization on a compact set K C € of the form
M(z) =H(z) + C(zI, — A)'B

where H : K — C™*" is holomorphic and (C, A, B) € C"*" x C™" x C™" is such that
(C, A) is an observable pair and (A, B) is a controllable pair. We show that the poles
of M(z) in K are the eigenvalues of A and the zeros of M(z) in K are the eigenvalues

of the analytic system matrix

TH-3537_146123009



7

We show that the matrices (C, A, B) can be determined from the Markov parameters
and discuss two algorithms for computing (C, A, B). Thus, as a byproduct, we obtain a
numerical method for solving a regular NEP T'(A)v = 0 on a compact set by considering

a local minimal realization of the meromorphic matrix M(z) := T(z)~!.

For perturbation analysis of a regular meromorphic eigenvalue problem M(A)v = 0,
we introduce a linearization of M(z) which extends the linearization in (1.4) to the
case of regular meromorphic matrices and is akin to a linearization of rational matrices.
Indeed, we construct a linearization of M(z) of the form
2zl =T ‘ C

B |a-=1

L(z) := ,
where T is the GKL-linearization of H(z), C and B are appropriate operators acting on
Banach spaces, and show that M(z) and L(z) have the same spectrum in K. We also

describe recovery of eigenvectors of M(z) from those of L(z).

Solving nonlinear eigenvalue problems is a challenging task [42, [43]. Numerics of
nonlinear eigenvalue problem is an active area of research and has received a lot of
attention in recent years [10} [T, 29, [60]. The survey article [29] provides an overview
of theory as well as various numerical methods for solving NEPs. Numerical methods
for solving the NEP

T(AN)v=0
can be classified into three broad categories: (a) Newton iteration based methods (b)
methods based on approximating T(z) (approximation by matrix polynomials, rational
matrices, or projection onto lower-dimensional subspaces) and (c) methods based on
contour integration. In this thesis, we focus on contour integration based method which
has been studied extensively in recent years; see [60, 6, B, 11, 12}, 21], 55] and the references

therein.

Observe that \ is an eigenvalue of T(z) <= A is a pole of T(z)~!. Hence computing
eigenvalues of T(z) is equivalent to computing poles of T(z)~!. The contour integration
based methods directly or indirectly utilize this fact by invoking Keldysh theorem [34].
Hence contour integration based methods can be thought of as offshoots of local minimal

realization of T(z)~!. Naturally these methods utilize Markov parameters
1 k -1
Ay =— | 2"T(2) 'dz for k € Z
211 r
or appropriate restrictions of Ay such as A,U for an arbitrarily chosen full column rank

matrix U € C™" [I1, [12] or u" Apv for arbitrarily chosen vectors u and v [60, 6} [5].

TH-3537_146123009



8 Chapter 1. Introduction

We investigate an alternative method based on tracial moments for determining
eigenvalues and eigenvectors, which we refer to as spectral recovery problem or mo-
ment problem for eigenvalues. We deal with linear and nonlinear eigenvalue prob-
lems separately. The spectral recovery problem for a bounded linear operator can
be stated as follows. Let A € L(X). Let o(A), 04(A) and p(A), respectively, be
the spectrum, discrete spectrum and resolvent set of A. Suppose that I' C p(A) and
oo :=o(A)NInt(I') = {A1,..., A} C 04(A). Then the spectral projection of A corre-
sponding to the eigenvalues oy is given by

R = L (2 — A)7ldz.
21t Jr
We consider the following moment problem for the eigenvalues Ay, ..., A.

Problem-A: For k € Z., consider the tracial moment

(L k4
s o= Tr (27Ti/1“z (21 — A) dz).

Given the moments sq, . .., sp, for an appropriate p € N, determine the ¢ distinct eigen-

values A1, ..., N\ of A in Int(I") and their algebraic multiplicities.

We show that exactly 2¢ moments, namely, sg,...,S2_1 are needed in order to
determine the eigenvalues Ay, ..., \; and their algebraic multiplicities. We show that
A1, ..., A are simple eigenvalues of an ¢ x ¢ Hankel matrix pencil H ¢ — AH,, where Hy is
nonsingular. Next, we consider recovery of the spectral projection P; of A corresponding

to the eigenvalue A; for j = 1 : £ from the operator moments.

Problem-B: For k € Z., consider the operator moment

1
Spi= — [ (el — A)7ldz.
27 r
Given the moments Sy, ..., Sy, for an appropriate p € N, determine the spectral projec-
tions Py, ..., Py of A corresponding to the eigenvalues \q, ..., \s, respectively.

We show that there exists N € N such that P;,..., P, can be recovered from N
operator moments Sy, ..., Sy. However, it is not clear how to determine N. In contrast,
we show that exactly ¢ operator moments, namely, Sy, ..., Sy_1 are needed in order to
recover the spectral projections Py, ..., P, when the eigenvalues Aq, ..., \; are semisim-
ple. Indeed, let (A1, v1),..., (As, ve) be eigenpairs of the Hankel pencil H,— \H, and let
the eigenvector v; be given by v; := [5{ ﬁg]T €C’ j=1:¢ Thenfor j=1:¢,
we show that the spectral projection P; is given by

. , 1
Py= (B0 + 4 81501) Joy = o [ 4o ()eT = A) s/,
T

TH-3537_146123009



where ¢, (2) :== |1 2z --- 27 v; € Clz] and a; := ¢, ())).

Next, we consider the spectral recovery problems for holomorphic operator-valued
functions by appropriately modifying the moments. Let T : Q@ — L(X) be holomor-
phic. Let oq(T) and po(T) be the spectrum and resolvent set of T(z), respectively.
Suppose that I' C po(T) and that oo := o(T) N Int(') = {A,..., \¢} consists of ¢
distinct discrete eigenvalues of T(z). We consider following moment problem for the

eigenvalues.

Problem-C: For k € Z,, consider the tracial moment

s = Tr (271T2/Fz’fT(z)—1T’(z)dz).

Gen the moments s, . . ., sp, for an appropriate p € N, determine the ¢ distinct eigen-

values Ay, ..., A¢ of T(2) and their algebraic multiplicities.

We show that exactly 2¢ moments, namely, sg,...,s91 are needed in order to
determine the eigenvalues Ay,..., A\, and their algebraic multiplicities. We show that
A1, ..., Ag are simple eigenvalues of an ¢ x ¢ Hankel matrix pencil ﬁg — MH, with H,

being nonsingular, where

SO ) SZ—I 81 ) S(
Hg = and Hg =
Sg—1 - S22 S - Sau—1

Thus, when T(z) is an n X n holomorphic matrix, approximating the contour integral

by numerical quadrature

1
=5 1“szr (T(2)"'T'(= dzNZw] 2Ty (T(z) T (25))

we obtain a numerical method for solving the eigenvalue problem T(A)v = 0.

For the recovery of eigenvectors, we proceed as follows. Set M(z) := T(z)"!. Let

P; := Res(\;, M) be the residue of M(z) at \; for j = 1: ¢. We show that

when ), is a semisimple eigenvalue of T(z). Here R(A) and N (A) denote the range space

and the null space of an operator A, respectively.
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10 Chapter 1. Introduction

Problem-D: For k € Z.., consider the operator moment

1
S = =— [ 2" T(2) 'dz.
21 r
Gien the moments Sy, ..., Sy, for an appropriate p € N, determine the residue P; of
T(z)™  at \j forj=1:1¢.
We show that exactly ¢ operator moments, namely, Sy, ..., S,_1, are needed in order
to recover the residues P, ..., Py provided that A\, ..., )\, are semisimple eigenvalues of

T(2). Indeed, let (Ay,v1),. .., (Ag, vp) be eigenpairs of H, — M\H, and let vj be given by
T
vj = [5{ 5@} € C’ for j = 1:¢. Then for j =1 : ¢, we show that

P; = (BlSo+ -+ B]Se1) /oy
1
~ (5 [w@TE ) o,

where q,,(z) 1= [1 z .- 25‘1} v; € C[2] is a polynomial and a; := gy, (};).
In particular, we show that if v € X and v; = [SOU"'SE—lv} v; then v; is an

eigenvector of T(z) corresponding to A; whenever v; # 0.

Obviously, when T'(z) is a holomorphic matrix, approximating the contour integral in
P; by a numerical quadrature we obtain a numerical method for computing eigenvectors
of T(z) from those of the Hankel pencil H, — AHj.

The thesis is organized as follows. We present preliminaries in the rest of Chapter-
1. We undertake a detailed global spectral analysis of holomorphic and meromorphic
matrices in Chapter-2. We present, among other things, global Smith forms of holo-
morphic matrices and global Smith-McMillan forms of meromorphic matrices. We also
present system theoretic analysis of meromorphic matrices by considering global MFDs,
transfer function realizations, and analytic system matrices and discuss their canonical
forms. In Chapter-3, we develop spectral perturbation theory for holomorphic operator-
valued functions. We discuss linearization of holomorphic operator-valued functions
and present, among other things, perturbation bounds for discrete eigenvalues and their
corresponding eigenvectors. Chapter-4 is devoted to local minimal realization of mero-
morphic matrices and linearization of meromorphic matrices. We show that contour
integration based methods for solving holomorphic eigenvalue problems follow as spe-
cial cases of local minimal realization of meromorphic matrices. We utilize local minimal
realization to construct linearization of a meromorphic matrix which can be used for

spectral perturbation analysis of meromorphic eigenvalue problems. In Chapter-5, we
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1.1. Preliminaries 11

present spectral recovery problems for bounded linear operators and bounded operator
pencils. We discuss recovery of eigenvalues from tracial moments and recovery of in-
dividual spectral projections from operator moments. Chapter-6 is devoted to spectral
recovery problems for holomorphic matrix/operator-valued functions. We show that
the spectral recovery methods naturally provide numerical methods for solving non-
linear eigenvalue problems. We illustrate performance of the numerical methods by

considering a few numerical examples.

1.1 Preliminaries

Let C™ (resp., R™) denote the vector space of all column vectors v := [U1 U'n,:| !
with vy,...,v, in C (resp., R). We denote the vector space of all m X n matrices with
entries in C (resp., R) by C™*" (resp., R™*"). Let A € C™*". We denote the transpose
of Aby AT and the conjugate transpose of A by A*. The null space N(A) and the range
space R(A) of A are given by

N(A) ={veC": Av =0} and R(A) :={Av:veC"}.

We denote the identity matrix of size n by I, and also by I when the size is clear from

the context. We denote the j-th column of I,, by e; for j =1 : n.

Now, suppose that A € C"*". Then A € C is said to be an eigenvalue of A if there

exists a nonzero vector v € C" such that
Av = .

The vector v is called an eigenvector of A corresponding to the eigenvalue A. The eigen-
vector v is also called a right eigenvector. A nonzero vector u € C" is called a left

eigenvector of A corresponding to A if
uw A= \u'.

The monic polynomial p(z) := det(zI, — A) is the characteristic polynomial of A. We
denote the spectrum of A by eig(A) which is given by

eig(A) :={A € C:rank(A — A\I,,) <n}={\ e C:p(A) =0}.

Let A € eig(A). The multiplicity A as a root of p(z) is called the algebraic multiplicity
of X and g(\) := dim(A — A[,,) is called the geometric multiplicity of A. If m(\) is the
algebraic multiplicity of A then m(\) = dim N((A — AL,)").
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12 Chapter 1. Introduction

An eigenvalue X of A is said to be simple if m(A) = 1 and it is said to be semisimple
if m(A) = g(\). The multiplicity of A as a root of the minimal polynomial of A is called
the ascent of A. Equivalently, v()) is the ascent of A as an eigenvalue of A <= the order
of the pole of (A — 2I,,)~ ! at X is v()\); see [39].

We write a diagonal matrix with diagonal entries Ai,..., A\, by diag(A, ..., A,).

Similarly, we write a block diagonal matrix with diagonal blocks Ay, ..., A,, as
diag(Al, . ,Am) = Al P @Am

An m x n block matrix (or a partitioned matrix) is a matrix of the form

All e Aln

Aml T Amn

where each A;; is a p; x ¢; matrix for¢ =1:m and j =1 : n.
Alj
Then | A;; -+ A, ] is the i-th block row of A and E is the j-th block column

A
of A.

Definition 1.1.1. [52] Let A € C™*™ and B € CP*4. The Kronecker product of A and
B is defined as
anB -+ a,B
A® B = : : e cmrrm

amiB ... amunB
where a;; is (i, j)-th the entry of A.
The Kronecker product have the following properties:

e For Ac C™" B e C™,C € C"P, and D € C*¥¢,

(A® B)(C @ D) = AC @ BD € C"™™7".

e For any matrices A and B, (A® B)" = A" @ B" and (A® B)* = A* ® B*.

e If both A and B are non-singular, then (A ® B)™! = A~ @ B~L.
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1.1. Preliminaries 13

Let A € C™ ™" be an m x m block matrix with n x n blocks. Then (e ® I,,)A is
the j-th block row of A and A(e; ® I,,) is the j-th block column of A for j =1:m.

Singular Value Decomposition (SVD). A matrix U € C™*" is said to be unitary
it U*U = UU* = I,,. Let A € C™*" and rank(A) = r. Then there exist unitary matrices
U e C™™ and V € C™" and real numbers o; > 09 > --- > 0, > 0 such that

0 S, |0
Ve=U Ve =USV*. (1.5)
0 \ 0 00

diag(oy,...,0.)

A=U

The decomposition in is called a singular value decomposition (SVD) of A. The
positive numbers oy, ..., o, are called nonzero singular values of A. The columns of V'
are called right singular vectors of A and columns of U are called left singular vectors
of A. Let U = [Ul Um] and V = [Ul ,Uni| be column partitions of A and B,
respectively. Then AV = U yields

A?Jj:gjujaj:]':/r =
Av;=0,j=r+1:n = N(A)=span(vri1,...,)

and A*U = VX* yields

Auj=ov;, j=1:r = R(A*) =span(vy,...,v,)

A*uj:(),j:r—l—l:m = N(A*):span(uwrl,...,um).

Set U, := [Ul Ur} and V, := [V1 UT:| . Then U, € C™*" and V, € C™*"
are isometry, that is, U;U, = I, and V,*V,. = I,. Then the SVD in (1.5)) can be rewritten
as

A =U% V) =ouv; + - - + o,u,0;. (1.6)

The SVD in (1.6) is called a compact SVD or a trimmed SVD of A.

Definition 1.1.2. [30] Let sg, s1, - - Son be a sequence. An n X n matriz of the form

So S1 ttt Sp—2  Sp—1
S1 So o Sp—1 Sn,
H, = : : : : = Hankel(sy, . .., S2n—2)
Sp—2 Spn—1 " S2n—4 So2p-3
L Sp—1  Sn " S2pn—3 S2n—2 |
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14 Chapter 1. Introduction

1s called a Hankel matriz. The matrix

S1 59 Tt Sn—1 Sn
S2 83 0 Sn Sn+1
ﬁn = : : : : = Hankel(sq, ..., Sou_1)
Spn—1  Sn "t Son—1 S2p—2
i Sn Sp+1 " S2p—2  S2n—1 ]

15 called a shifted Hankel matriz.

Observe that the (7, j)-th entry of H, is given by a;; = s,+;—» and the (i, j)-th entry
of ﬁn is given by a;; = s;1j_1. The entries of a Hankel matrix are constant along the

diagonals perpendicular to the main diagonal.

Polynomial/rational vectors and matrices. Let C[z] denote the ring of scalar
polynomials with coefficients in C and C(z) denote the field of rational functions of the
form p(z)/q(z), where p(z) and ¢(z) are polynomials in C[z]. We denote by C[z]"*" and
C(z)™*™ the sets of all m x n matrices with entries in C[z] and C(z), respectively. The

mxn

elements of C|z] are called matrix polynomials. If P(z) € C[z]™*" then it can be

written as
P(Z) :A0+ZA1+"'+ZZAZ

for some m X n matrices Ay, ..., Ay such that A, # 0. The number ¢ is called the degree
of P(z). We write { = deg(P(z)). The elements of C(z)™*™ are called rational matrices.

We denote C[z]"*! by C[z]™ and C(z)"*! by C(z)". Thus C[z]" is a free module
over the ring C|z] and a vector space of C. On the other hand, C(z)" is a vector space
over the field C(z) and is called a rational vector space. We refer to elements of C[z]"
as polynomial vectors (also as vector polynomials) and refer to elements of C(z)" as

rational vectors.

Let P(z) € C[z]™*". Then P(z) : Clz]" — C[z]™, v(z) — P(z)v(z), is a module
homomorphism. The rank of P(z) as a module homomorphism is called the normal
rank of P(z) and is denoted by nrank(P). It can be shown that

nrank(P) = max{rank(P(\)) : A € C}.

The matrix polynomial P(z) is said to be regular if m = n and nrank(P) = n. If P(z)

is not regular then P(z) is said to be singular.
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1.1. Preliminaries 15

Definition 1.1.3 (eigenvalue). Let P(z) € C[z]™*". A complex number A € C is said
to be an eigenvalue of P(z) if rank(P(\)) < nrank(P). The spectrum of P(z) is given
by oc(P) :={\ € C:rank(P()\)) < nrank(P)}.

"X s said to be unimodular if det(U(z)) is

A matrix polynomial U(z) € Cl[z]
a nonzero constant for all z € C. Thus, if U(z) is unimodular then U(z)™! is again
a matrix polynomial. Let A(z),B(z) € Clz|™*". Then A(z) and B(z) are said to

mXxm

be unimodularly equivalent if there exist unimodular matrices U(z) € C[z] and

V(z) € C[z]™™ such that U(z)A(2)V(z) = B(z).
The Smith canonical form [25] 32, 56] [50] of P(z) provides a complete information

about the eigen-structure of P(z).

Theorem 1.1.4 (Smith form, [25]). Let P(z) € C[z|™"™ and r = nrank(P). Then there

ezist unimodular matrices U(z) € C[z]™*™ and V (z) € C[z]"*" such that

diag(91(2), ., ,(2)) | 0
0 0

U(z)P(z)V(z) = =: Sp(2),

where ¢1(2), ..., ¢r(2) are monic polynomials in C[z] such that ¢;(z) divides ¢ for
1=1_ 7r—1.

The diagonal matrix Sp(z) is called the Smith form or Smith canonical form of
P(z). The monic polynomials ¢1(2), ..., ¢.(z) are called invariant polynomials of P(z).
The polynomial ¢p(2) := [];_, ¢;(2) is called the zero polynomial of P(z). It is easy to
see that A is an eigenvalue of P(z) <= ¢p(A) = 0. Thus oc(P) = {\ € C: ¢p(\) = 0}.

Let A be an eigenvalue of P(z). Then ¢p(A\) = 0. The multiplicity of A as a root of
¢p(z) is called the algebraic multiplicity of )\ as an eigenvalue of P(z). For j =1 :r,
we have ¢;(2) = (z — A\)™;(z) with ¥;(X) # 0 and m; > 0. Since ¢;(z) divides ¢, for
1=1:r—1, it follows that 0 < m; < --- <m,. The tuple

Ind(A, P) := (mq,...,m,)

is called the index of the eigenvalue A\. Then m := my + --- + m, is the algebraic
multiplicity of the eigenvalue A of P(z). The factors (z — \)™ with m; > 1 are called
the elementary divisors of P(z) at A. Suppose that

O=my=-=my_y <my <---<m,.
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16 Chapter 1. Introduction

Then my, ..., m, are called the partial multiplicities of the eigenvalue A of P(z) and

®0(2),...,0.(2) are called the non-unit invariant polynomials of P(z).

Linearization is a classical technique widely used for reducing a polynomial eigenvalue
problem to a generalized eigenvalue problem. It reduces a matrix polynomial P(z) €
Clz]™™ of degree m to an mn x mn matrix pencil of the form L(z) = A + zB while

preserving the eigenvalues and their partial multiplicities.

Definition 1.1.5 (Linearization, [25, [41]). Let P(z) be an n x n matriz polynomial of
degree m. A pencil L(z) := A+ zB with A, B € C"™>™" 4s called a linearization of

P(z) if there exist mn x mn unimodular matriz polynomials U(z) and V(z) such that

It follows that L(z) and P(z) have the same non-unit invariant polynomials. Hence
we have o¢(P) = o¢(L). In particular, if P(z) is regular then obviously L(z) is regular

and det(P(z)) = cdet(L(z)) for some nonzero constant ¢ independent of z.

Let G(z) € C(z)™*™. Then G(z) : C(2)" — C(2)™, v(z) — G(2)v(z), is a linear
transformation over the field C(z). The rank of G(z) as a linear transformation over the
field C(z) is called the mormal rank of G(z) and is denoted by nrank(G). Define

oc(G) :={A € C: \is a pole of G(2)}.

It can be shown that nrank(G) = max{rank(G()\)) : A € Cand A ¢ oc(G)}. The
rational matrix G(z) is said to be regular if m = n and nrank(G) = n. Otherwise, G(z)

is said to be singular. The null space N(G) and the range space R(G) are given by

N(G) :={v(z) € C(2)" : G(2)v(2) = 0} and R(G) :={G(2)v(z) : v(z) € C(2)"}.

Definition 1.1.6 (eigenvalue, zero and eigenpole, [2]). Let G(z) € C(z)™*".
(a) A complex number X € C is said to be an eigenvalue of G(z) if X ¢ pc(G) and
rank(G(X)) < nrank(G). The eigenspectrum of G(z) is given by
eige(G) :={A € C: XA ¢ pc(G) and rank(G(N)) < nrank(G)}.
(b) A complex number X is said to be a zero of G(z) if there exists v(z) € Clz]" with

v(A) # 0 such that lin}\ G(2)v(z) =0 and v ¢ N(G). The spectrum of G(z) is given
by oc(G) :=={A € C: X is an zero of G(2)}.
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(c) A complex number X\ is said to be an eigenpole of G(z) if A is a pole of G(z) and
there exists v(z) € C[z|™ with v(\) # 0 such that liII}\ G(z)v(z) =0 and v ¢ N(G).
Define eipc(G) := {\ € pc(G) : A is an eigenpole of G(z)}.

The Smith-McMillan form [32] 56, [50] of G(z) provides information about the zero
and pole structures of G(z).

Theorem 1.1.7 (Smith-McMillan form, [32L50]). Let G(z) € C(z)™*™ and r = nrank(G).
Then there ezist unimodular matrices U(z) € Clz]™*™ and V (z) € C[z]™*™ such that

diag(dy(2)/11(2), ..., dp(2) /20 (2)) \ Ol _
0 ‘ 0]

U(2)G(2)V(2) = Ye(2),

where ¢1(2), ..., ¢0.(2) and P1(2), ..., (2) are monic polynomials in Clz] and ¢;(z) and
i(z) are coprime for i =1 :r. Further, ¢;(z) divides ¢p;11(z) and 1 1(z) divides 1;(z)
fori=1:r—1.

The diagonal matrix Xg(z) is called the Smith-McMillan form of G(z). The
polynomials ¢;(2),. .., ¢.(z) are called the tnvariant zero polynomials of G(z) and
P1(2),...,1¥.(2) are called the tnvariant pole polynomials of G(z). The zero poly-
nomial ¢g(z) and the pole polynomial ¢ (z) of G(z) are given by

ba(z) = quj(z) and Yg(z) = H%(z).
j=1 Jj=1
It can be shown [2] that oc(G) = eige(G) U eipe(G). In fact,

0e(G) = {A € C: ¢a(N) = 0}, pc(G) = A €C: Yo(N) = 0}

and eipe(G) = {X € C: ¢g(A) = 0 and ¥(A) = 0}. Index and partial multiplicities of

a zero (resp., pole) of G(z) can be defined by factorizing the invariant zero (resp., pole)

polynomials ¢1(2),...,¢.(2) (resp., ¥1(2),...,¢¥.(2)).

If f(z) € C(z) then there exist p(z), ¢(z) € C(z) such that p(z) and ¢(z) are coprime
and f(z) = p(2)/q(z). A similar decomposition of a rational matrix G(z) € C(z)™*" is
called matrix-fraction description (MFD).

Definition 1.1.8 (MFD, [32]). A right matriz-fraction description (MFD) of a rational
matriz G(z) € C(2)™ " a decomposition of G(z) of the form G(z) = N(z)D(z)™!, where
N(z) € Clz]™" and D(z) € C[z]™" is reqular. A right MFD G(z) = N(2)D(z)™" is
said to be right coprime if the common right divisors of N(z) and D(z) are unimodular

matriz polynomials.
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18 Chapter 1. Introduction

Every rational matrix admits a right coprime MFD. Further, if G(z) = N(z2)D(z)™*
is a right coprime MFD then o¢(G) = o¢(N) and pc(G) = oc(D), see [32, 56].

A rational matrix G(z) € C(2)™*" is said to be proper if G(z) — D as z — oo for
some D € C™". If G(z) — 0 as z — oo then G(z) is said to be strictly proper. If

G(z) is not proper then it is said to be nonproper.

Let G(z) € C(2)™™ be strictly proper. Then (C, A, B) € C™" x C™" x C™" is
said to be a realization of G(z) if G(2) = C(zI, — A)~'B. The realization (C, A, B) is

said to be minimal if

rank ZIT; 4 = rank ([ZL« —A B]) =r

for all z € C. If G(z) is nonproper then there exist a unique matrix polynomial P(z)

and a unique strictly proper rational matrix G,(z) such that
G(z) = P(2) + Gpl2).

If (C, A, B) is a realization of Gg,(z) then G(z) = P(z) + C(zI, — A)"'B is called a
realization of G(z). The matrix polynomial
P(z) ‘ C

B ‘ A—zI,

S(z) :=

is called the Rosenbrock system matriz and G(z) = P(z) + C(zI, — A)"'B is
called the transfer function of S(z). The system matrix S(z) is called irreducible
if the realization (C, A, B) is minimal. If the system matrix S(z) is irreducible then
oc(G) = oc(S) and pc(G) = eig(A). We refer to [32] 50, 56] for more on realization and

Rosenbrock system matrix.
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Spectral Analysis of Holomorphic and Meromorphic

Matrix-Valued Functions

Consider once again the delay-differential systems (DDS) [18), 19, 59]

dx - 22
= Apx(t) + > Ax(t—7)+ > Bju(t —t;),

dt . .
7j=1 g=1

N3 N4
y(t) = D Cx(t—s;)+ Y Dju(t—hy),
j=1 =l

where x(t) € C” is a vector of state variables and u(t) € C" is a vector of control

variables. For h € [0, 00), consider the shift operators
Sy x(t) — x(t — h) and T}, : u(t) —> u(t — h).

Then for a nonzero x € C™ and A € C, it follows that xe* is an eigen-function of S,
corresponding to the eigenvalue e *'. Indeed, we have S,xeM = e MxeM. Similarly,

for a nonzero u € C* and A € C, we have Tue™ = e Mue. Hence, for the ansatz

x(t X x(t X
[ ( >] = [ ] e and [ ()] = [ ] e, respectively, the DDS yields

u(t) u u(t) —u
—AW) B x| [0 lan B x|, | 0 o)
C(A) D) |u y(t) —C(A) DA)| |~u —y(t)

where A(X) 1= AL, — Ag — N Aje™, B(A) := Y02 Bje ™™, C(A) := 307 Cre™
and D(\) := Zjv;‘l D;e~*i. The holomorphic matrices

AN BV
—C(\) D)

—A(\) B(Y)

S(A) =
¢\ DK

] and H()\) :=

19
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are called system matrices of the DDS. This shows that multiple system matrices can be
associated with the same DDS which, as we shall see, are equivalent in an appropriate

sense. The meromorphic matrix
M()\) == D(\) + C(N)AN) B
is called the transfer function of the DDS. Eliminating xe* in , we have
y(t) = [D(A) + C(A)AN) T B(A\)ue = M(\)ue.

Observe that y(t) = 0 whenever M(A)u = 0, that is, when (A, u) is an eigenpair of
M(z). Alternatively, it follows from (2.1)) that y(¢) = 0 whenever

X >'e
S(A) =0 or H()\) = 0.
u —u
This shows that the zero output of the DDS can be analyzed via eigenvalues and eigen-
vectors of the system matrix as well as eigenvalues and eigenvectors of the transfer
function. This motivates us to study the spectral analysis of holomorphic and mero-

morphic matrix-valued functions.

The Kronecker canonical form (KCF) of an m x n matrix pencil A — AB provides
a complete information about the spectral structure of the pencil. The KCF states

that |25, [32] there exist nonsingular matrices P and () such that

P(A—AB)Q = diag(Lc,, Le,, ..., Le,, L) (LY .. L] AN — I, J — M),

mo’n2?

where N is nilpotent, both NV and J are in Jordan canonical form and Ly, is the kx (k+1)
bidiagonal pencil given by

-2 1

The elementary divisors of J — AI and AN — I, respectively, are the finite and infinite
elementary divisors of the pencil A — AB and constitute the regular part of A—AB. The
Ly and L; blocks constitute the singular part of A — AB. The index sets {e1,...,,}
and {ny,...,ns} are the right and left minimal indices (Kronecker indices) of A — AB,

respectively.
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2.1. Canonical forms of holomorphic matrix-valued functions 21

A KCF like canonical form of an m X n matrix polynomial P(z) with deg(P(z)) >
2 is not available. Nevertheless, the Smith canonical form [25, B2, 50, (6] of P(z)
provides a complete spectral information. On the other hand, the Smith-McMillan
form [32, B0, 50, O] provides a complete spectral information of an m x n rational

matrix.

Let €2 C C be a connected open set. For a holomorphic matrix-valued function H :
Q — C™*" a local version of the Smith canonical form has been considered in [24] 9]
35, 144] when € is a compact region and H(z) is regular. Also, for a meromorphic matrix-
valued function M : 2 — C™*™ a local version of the Smith-McMillan form has been
considered in [9} 26, 35] when €2 is a compact region and M(z) is regular. On the other
hand, the existence of a global canonical form of M(z) has been proved in [38] where
it is shown that M(z) is equivalent to a diagonal matrix diag(fi(z),..., f-(2),0,...,0),
where fi(z),..., f-(z) are meromorphic functions on 2 such that f;(z) divides f;11(2)
for i =1:7r —1. See also [29].

Although, local canonical forms such as local Smith forms of holomorphic and mero-
morphic matrices have been studied extensively in the literature, see [24] 9] 26 [35], [44]
38, 29] and the references therein, there has been relatively little research on global
canonical forms of holomorphic and meromorphic matrices. One of the main aims of
this chapter is to present a comprehensive treatment of global canonical forms of holo-
morphic and meromorphic matrix-valued functions along with their detailed proofs. We
present global Smith forms and Smith-McMillan forms of holomorphic and meromorphic
matrix-valued functions which are akin to Smith forms and Smith-McMillan forms of
matrix polynomials and rational matrices, respectively. We utilize Weierstrass products
and Weierstrass factorization of holomorphic functions to prove global Smith forms and

Smith-McMillan forms of holomorphic and meromorphic matrix-valued functions.

The second part of the chapter is devoted to system theoretic analysis of meromorphic
matrix-valued functions. We analyze matrix-fraction description (MFD) and transfer
function realization of a meromorphic matrix-valued function. We prove, among other

things, relation between canonical forms of system matrices and their transfer functions.

2.1 Canonical forms of holomorphic matrix-valued functions

Let O C C be a domain, that is, O is a nonempty connected open set. Let X be a
complex Banach space. A function f: O — X is said to be holomorphic (or analytic)
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in O if f is differentiable on O. We denote the set of all X-valued holomorphic functions
on O by H(O, X), that is,

H(O,X) :={f: O — X | [ is holomorphic in O}.

Let 2 C C be a region, that is, the interior of 2 is a domain and €2 possibly contains
a part or all of its boundary 0€2. A function f : {2 — X is said to be holomorphic in
Qif f € H(O) for some open set O C C such that Q C O. We denote the set of all

X-valued holomorphic functions on € by H(Q, X).
For simplicity of notation, when X = C and X = C™*", we set

H(Q) := H(Q, C), H(Q)" := H(Q, C") and H(Q)™*" := H(Q, C™*").

We refer to the elements of H(£2)" as holomorphic vectors and the elements of

H(Q)™*™ as holomorphic matrices. Note that H((2) is a commutative ring of holo-

nxXn

morphic functions on Q and H()™*" is a non-commutative ring of n x n_holomorphic

matrix-valued functions on €.

Definition 2.1.1. Let A € H(Q)"*". Then A is said to be invertible (or a unit element
of H()" ") if there exists B € H(Q)"*" such that AB = BA = I, that is,

A(z)B(z) = B(2)A(z) = I, for all z € Q.

In such a case, B is called an inverse of A.

Remark 2.1.2. If A € H(Q)™*" is invertible then A has a unique inverse which is
denoted by A™'. If A(z) is invertible for all z € Q then defining A~'(2) := A(z)~! for
z € Q, it follows that A=' € H(Q)™™ and AA™! = A=A =1, that is, A™' is the unique

mverse of A.

Let GL,,(H(£2)) denote the group of invertible elements in H(€2)"*", that is,
GL,(H()) := {A € H(Q)™" | A is invertible }.

The elements in GL,, (H(2)) C H(£2)"*™ are called units or unit elements of H(€2)"*".

Definition 2.1.3. Let A € H(Q)™ ™. Then A is said to be regular if m = n and
the matriz A(z) is invertible for some z € Q. If A is not regqular then A is said to be

singular.

TH-3537_146123009



2.1. Canonical forms of holomorphic matrix-valued functions 23

For a regular matrix-valued function, the spectrum is defined as follows.

Definition 2.1.4. Let A € H(Q)"*" be regular. The spectrum cq(A) and the resolvent
set pa(A) of A are given by

ga(A) :={z € Q:det(A(z)) =0} and pa(A) = Q\ oq(A),

where det(M) is the determinant of a matriz M € C**",

Note that A € GL,(H(f2)) <= ga(A) = 0. For a nonzero scalar function f € H((2)
the spectrum oq(f) is the set of zeros of f, that is, oo(f) = {z € 2 : f(z) = 0}. Thus
oo(f) = 0 <= f is a unit element of H(Q) < 1/f € H(Q). It is well known [5§]
that oq(f) is at most a countable set with no accumulation points in 2. Consequently,
nxn

oq(A) is at most a countable set with no accumulation points in € when A € H((2)

is regular.

For spectral analysis, we view a holomorphic matrix as a homomorphism between
modules. Therefore, we briefly discuss some basic facts about H(2)-modules. Note that
H(2)™ is a module over H(2). The span of a subset {f1,..., fe} C H(Q)™ is given by

spangq)(fi,- -, fo) ={qnfi+ -+ agfe: g1,...,9 € H(Q)}.

Obviously, spangq)(f1,- - -, fr) is a submodule of H(2)". A subset {f1,..., fi} CH(Q)"

is said to be linearly dependent if there exist gy, ..., g in H(£2) not all are zero such
that g1f1++ -+ gefe = 0. Thus {f1,..., f¢} is said to be linearly independent if it is
not linearly dependent, that is, if g1 /1 +---+ ¢g¢fr =0 then gy =--- = g, = 0.

Definition 2.1.5. Let V C H(Q2)" be a submodule. Then B C H(Q)" is said to be a
basis of V if B is linearly independent and SpanH(Q)(B) = V. The dimension of V is the

number of elements in B and is denoted by dimgq) (V).

Obviously {ei,...,e,} is a basis of the module H(2)" and dimgq)(H(2)") = n. In
fact, H(Q)™ is a free module. It is easily seen that if V C H(Q)" is a submodule and
V # {0} then V has a basis and dimgq)(V) < n.

Let A € H(Q)™*™. Then for each fixed w € 2, we can talk about the rank of the
matrix A(w) € C™ ™ over the field C, which we denote by rank(A(w)) or rankc(A(w)).

Now consider A as a module homomorphism

AH(Q)" — H(Q)™, f — Af.
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The rank of A as a module homomorphism is called the normal rank of A. Indeed,

consider
N(A)={f e H(Q)": Af =0} CH(Q)" and R(A) :={Af : f e H(Q)"} C H(Q)™.
Then N(A) is a submodule of H(2)" and R(A) is a submodule of H(2)™.

Definition 2.1.6 (normal rank). Let A € H(Q)™*". Then the rank of A is given by

The rank rankyq)(A) is also called the normal rank of A and is denoted by nrank(A).
Thus nrank(A) = rankgo)(A) = dimgq) (R(A)).

Equivalently, nrank(A) is the number of linearly independent columns of A. Similarly,
the dimension of the null space N(A) is called the nullity of A, that is,

nullityy o) (A) := dimgg)(N(A)).
If A e H(Q)™ " then it is easily seen that
A is regular <= nrank(A) = m =n.

Hence A is singular when m # n or when nrank(A) < min(m,n).

Remark 2.1.7. Let A € H(Q)™*™. Then there are two ranks of A, namely, the normal
rank nrank(A) and the rank of the matriz A(w) for each fized w € Q. It can be easily
shown that nrank(A) = max{rank(A(w)) : w € Q}.

Remark 2.1.8. Let B := [fl fz] € H(Q)™C. Then {fi,..., fi} is linearly inde-
pendent <= nrank(B) = (. Hence B is an ordered basis of R(B) <= nrank(B) = /.

We now consider analytic equivalence between holomorphic matrices.
Definition 2.1.9. (a) Let U C Q be open and A, B € H(Q)™*". Then A and B are
said to be equivalent on U if there exist F' € GL,,,(H(U)) and E € GL,(H(U)) such that
A= FBE, thatis, A(z) = F(z)B(2)E(z) for all z € U.

We write A ~y B or A(z) ~y B(z) when A and B are equivalent on U.
(b) Let A € Q and A, B € H(Q)™*™. Then A and B are said to be equivalent at A\

if there exists an open neighbourhood U of \ such that A ~y B. We write A ~) B or
A(z) ~y B(z) when A and B are equivalent at .
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Remark 2.1.10. Let A € H(Q)™ ™. Define the equivalent orbit Orbg(A) of A by
Orbo(A) == {UAV : U € GL,,(H(Q)) and V € GL, (H(Q))}.

Note that A ~q B <= B ¢ OI‘bQ(A) ~— A€ OI’bQ(B) e OIbQ(A) = OI‘bQ(B)
Similarly, A ~\ B <= Orby(A) = Orby(B) for some open neighbourhood U of .

Observe that if A ~q B then nrank(B) = nrank(A). Thus analytic equivalence pre-
serves the normal rank of A. Hence B € Orbg(A) = nrank(B) = nrank(A).

Obviously, A ~q B = A ~, B for each A € Q. The following result, which is a

special case of [38, Theorem 5.2], shows that the converse also holds.
Theorem 2.1.11. Let A, B € H(Q)™ ™. Then A ~q B <= A ~, B for each X\ € (.

We have defined the spectrum of A € H()"*™ when A is regular. We now define
the spectrum of an m x n holomorphic matrix which subsumes the notion of spectrum

of a regular holomorphic matrix.

Definition 2.1.12 (spectrum). Let A € H(Q)™*". Then X\ € Q is said to be an
eigenvalue of A if rank(A(N)) < nrank(A). The spectrum oq(A) of A is given by

oa(A) :=={\ € Q:rank(A()\)) < nrank(A).}

Thus the spectrum oq(A) consists of eigenvalues of A irrespective of whether A is
regular or singular. Observe that og(A) is invariant under analytic equivalence trans-

formation of A on ). Hence
A~qg B— O'Q(A) = O'Q(B)

We now briefly review the Weierstrass product and the Weierstrass theorem for

holomorphic functions which we utilize to prove Smith forms of holomorphic matrices.

2.1.1 Weierstrass factorization of holomorphic functions

Let f € H(2) and A € oq(f). A positive integer ¢ is said to be the order of \ as a zero
of fif fO(N)#0and fW(\)=0forj=1:¢—1. Also, ¢ is called the multiplicity of
A as a zero of f. On the other hand, if € Q and f(u) # 0 then p is said to be a zero
of f of order 0. Thus p is a zero of f of order 0 <= u € pqo(f).

We denote the set of integers by Z and the set of non-negative integers by Z. .
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Definition 2.1.13. Define o: Q x (H(2)\{0}) — Z., (2, f) — 0.(f), by 0.(f) :=p,

where p is the order of z as a zero of f.

Let ¢ : Q@ — C. The support of ¢ denoted by supp(¢) is given by

supp(¢) := {z € Q: ¢(z) # 0}.

The support of ¢ is said to be locally finite if supp(¢) N K is a finite set for every
compact set K C .

Definition 2.1.14 (divisor). A function 0 : Q@ — Z is said to be a divisor on § if
supp(0) is locally finite. If Oy and Oy are divisors on € then we write 01 < 0y when
01(z) < 09(z) for all z € Q. We denote the set of all divisors on Q by Div(€2).

Observe that if 0;,0, € Div(Q2) then 9 + 05 € Div(Q2). Also Opax 1= max{d;, da}

and Opi, := min{d;, &y} are divisors on (), where

Omax(2) := max{0;(2), 02(2)} and Oyin(2) := min{0;(2), Aa(2)} for z € Q.

Let f € H(Q2) be nonzero. Then oq(f) is a locally finite subset of €. Define
0 : Q — Z; by 0(z2) := 0,(f). Then supp(9d) = oq(f) is locally finite. Hence
0 € Div(Q). Since d(z) = 0.(f) is the order of 2 as a zero of f, it follows that (z — )7

is a divisor of f(z) for A\ € gq(f). Thus, multiplicities of zeros of f give a divisor on .

Definition 2.1.15. Let 0 € Div(Q) and f € H(2) be nonzero. Then O is said to be the
principal divisor of f on Q if (z) = 0,(f) for all z € Q.

Remark 2.1.16. Let f € H(Q2) be nonzero and O be the principal divisor of f on .

Then oq(f) = supp(9). Hence it follows that 0 = 0 <= f is a unit element of H(Q).
Note that O is the principal divisor of uf on Q for any unit element u of H($2). As we

shall see, the converse is also true. If f and g in H(Q2) have the same principal divisor

0 on S then g = uf for some unit element u of H(2).

If 0 is the principal divisor of f on € with finite support and supp(9) = {1, ..., A}

then f(z) = H§:1(z — ;)X g(2) for some unit element g € H((2). In contrast, if

supp(0) = {\, : n € N} then an infinite product representation of f of the form

[e.e]

f(2) = [, (2 = A\,)?Pn)g(2) for some unit element g € H(Q) may not exists. How-

ever, an infinite product representation of f can be obtained by replacing the factors
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(z — Xp)?P) n € N, with so called Weierstrass factors, which are defined as follows.

Definition 2.1.17. [/§] An infinite product [[°°, fn with f,, = 1+ g, € H(Q) is said
to be normally convergent in ) if the series > . -, g, converges absolutely on every

compact set K C €.

Observe that if fi,..., f, € H(2) are nonzero then

¢ ¢
OQ(HfJ) % U§=109(fj) and OA(Hfj) =ox\(f1) + -+ or(fr) for A € Q.
J=1 j=1

Now, let f = T["_, fu, fn € H(Q) and f, # 0 for n € N, be a normally convergent
product in §2. Then it is known [48] that f € H(Q2) and f # 0. Further, for each A € Q
there exists IV such that f,(A) # 0 for all n > N. Hence, for each A € () there exists
N € N such that

f=fifer fnaFn and Fy(\) # 0, where Fiy = H fn € H(Q). (2.2)

n=N

Consequently, we have oo (f) = U2 00(fn) and or(f) =D .-, oa(fn) for A € Q.

Definition 2.1.18. Let 0 € Div(Q2) and S C supp(0). A sequence (N\,) is said to be a
0-sequence in S if A, € S for alln € N and each \ € S appears ezxactly O(\) times in

the sequence.
We now define Weierstrass product corresponding to a divisor on Q.

Definition 2.1.19 ([48],Weierstrass product). Let 0 € Div(€2) and (X\,,) be a 0-sequence
in supp(9) \ {0}. Then an infinite product

W(z) = 2"OT] ful2), fa € H(Q), (2.3)

is called a Weierstrass product in Q) for the divisor 0 if the following conditions hold:

(a) The Weierstrass factor f, has no zeros in Q\ {\,} and ox,(f.) =1 for alln € N.

(b) The product [, fn converges normally in Q.

The Weierstrass product W in Q for a divisor 9 € Div({2) is unique up to a unit
element of H(S2). Nevertheless, we refer to W as the Weierstrass product in € for the
divisor 0. Note that if W is the Weierstrass product in €2 for 9 € Div(2) then 0 is the
principal divisor of W on 2, that is, oq(W) = supp(9) and 9(A) = ox(W) for A € Q.
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Theorem 2.1.20 ([48],Weierstrass product theorem). (a) Let O € Div(C) and (\,) be
a 0-sequence in supp(0) \ {0}. If supp(9) has no accumulation points in C then there is

a Weierstrass product in C for O given by

W(z) = 2"OT] ful2), fa€H(C),

2 z 1{z2Y 1 2\
= 1 _— _— — R e _ .
where fn(z) ( Aﬂ)exp <)\n+2 ()\n> + +n—1 ()\n) >
(b) Let 0 € Div(Q2) and (\,) be a 0-sequence in supp(0). If supp(d) has no accumu-

lation points in ) then there is a Weierstrass product in 2 for 0 given by

W(z) =[] fa2); fa € H(Q)),
n=1
where f,,n € N, are Weierstrass factors.

The following version of Theorem [2.1.20(b) is also known as Weierstrass theorem for
holomorphic functions with prescribed zeros including their orders and is deduced from
the Mittag-Leffler theorem; see [20} p.358].

Weierstrass Theorem in H(Q): Let (\,) C 2 be a sequence of distinct complex
numbers with no accumulation points in Q. Let (¢,) C N be a sequence of distinct
natural numbers. Then there exists f € H(Q) such that oq(f) = {\, : n € N} and
ox,(f) =Ly, for all n € N.

Proof. Define 0 : Q — Z by d(\,) := ¢, for all n € N and 9(z) := 0 for z # A,. Then
we have 0 € Div(Q2). Hence by Theorem [2.1.20(b) there exists a Weierstrass product
f € H(Q) for 0 such that oq(f) = {\, : n € N} and oy, (f) = ¢, for all € N. O

A consequence of the Weierstrass product (Theorem?2.1.20)) is that a holomorphic
function f € H(£2) can be factorized as f = uW, where u is a unit element of H({2) and
W is the Weierstrass product for the principal divisor 0 of f.

Theorem 2.1.21 (factorization, [48]). (a) Let f be a nonzero entire function and O be
the principal divisor of f on C. Let (A\,) be a 0-sequence in supp(9) \ {0}. Then f can

be written in the form

g(z - z z 1/ 2\ 1 2\
f(Z)—e()Za(O)H[(1_/\_n>exp</\_n+§<)\_n) +m+”_1(/\_”> >],

n=1
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where g € H(C) and 2O T[°2,(-++) is a (possibly empty) Weierstrass product in C for
the divisor 0.
(b) Let f € H(Q) be nonzero and O be the principal divisor of f on Q. Let (\,) be a

0-sequence in supp(0). Then f can be written in the form
f=u]] o fo €M),
n=1

where u € H(QY) is a unit element and 1], fn is a (possibly empty) Weierstrass product
in ) for the divisor 0.

Let f,g € H(Q2). Then f is called a divisor of g if g/f € H(f2), that is, there exist
h € H(Q2) such that g = fh. A nonzero non-unit u € H(Q) is called a prime of H((2)
if u divides fg for some f,g € H(Q2) then w divides f or u divides g. The functions
Oz (2= A) for A € Q, up to unit factors, are the primes of H({2). We have the

following result which is a kind of prime factorization of f.

Theorem 2.1.22 (prime factorization). Let f € H(2) be nonzero and O be the principal
divisor of f on Q. Let oo(f) = {zn : n € N}. Then f can be written as

Hz—zn un(z) for all z € 0,

where u,u, € H(Q) are unit elements, n € N and [[°2, (2 — 2,)°®u,(2) is a (possibly
empty) product in Q for the divisor 0.

Proof. Let (\,;) be a 0-sequence in supp(d). Then by Theorem [2.1.21[b), we have
f = qun? fn € H(Q)7
n=1

where u € H(Q2) is a unit element. Note that the Weierstrass factor f,, has no zeros in
O\{\.} and that o,,(f,,) = 1 for alln € N. Hence f,,(2)/(2—A\,,) is a unit element of H(S2)
as it has a removable singularity at A, for all n € N. Thus f,,(2) = (z— A\,)u,(z) for some
unit element u,, € H(Q) for all n € N. Next, observe that each A € oq(f) is a simple zero
of exactly d(\) Weierstrass factors f,,,n € N. Further, as [[ ~, f,, converges normally,
for every bijection 7 : N — N the rearrangement [[ 7, fr() converges normally to the
same limit [48, p.8]. Consequently, for each z, € oq(f), rearranging the Weierstrass
product if necessary, we can collect together 0(z,) Weierstrass factors with zero at

2, yielding the product (z — 2,)%¢")u,(z) for some unit element u, € H(Q). Since
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oa(f) = {z, : n € N}, it follows that there exist unit elements u,, € H(Q2) for all n € N
such that

[5G =TG- )" u(z).
n=1 n=1
This completes the proof. O

2.1.2 Smith forms of holomorphic matrices

Let A € C and let H(\) denote the set of all complex functions holomorphic at A\. Thus
f € H()\) <= there exists an open neighbourhood U of A such that f € H(U). Let
f € H(Q) be nonzero and A € C. Set v(A) := 0,(f). Then there exists g € H(\) such
that

F(2) = (2= \)*Wg(2) and g()) #0. (2.4)

Since g(A) # 0, there exists an open neighbourhood U of A such that g is a unit element
of H(U). Hence the local factorization in (2.4) can be restated as

f(2) ~a (2 = NP where v(\) == ox(f).

In other words, f(z) and (z — A)*™ are locally equivalent at A. A generalization of this

result to the case of a matrix-valued holomorphic function is called the local Smith form.

The local Smith form is considered in [38] and [9, p.69] for a meromorphic matrix-
valued function and in [35, p.414] for a holomorphic matrix valued-function. For com-
pleteness, we state and prove the local Smith form which will be useful later in proving

the global Smith form of a holomorphic matrix-valued function.

Theorem 2.1.23. Let A € H(Q)™*". Suppose that nrank(A) = r. Let X € Q. Then

there exist non-negative integers vy () < - -+ < v.(\) such that

(z— M)W

A(z) ~y =: 5,(z).
(2) (z = A7 ()

Omfr Xn—r

Proof. Let A be given by A(z) = [a;;(#)] for z € Q. Define v4(\) = min{o,(a;;)} where
the minimum is taken over all nonzero functions a;;. Then v4(A) > 0. By permuting rows
and columns, if necessary, assume that v1(\) = 0x(a11). Then by local factorization of
ap; at A we have ay1(2) = (2 — AN fi1(2) with fi1(A\) # 0 and f1; € H(\). Thus,
a11(2) ~x (z = AN, Also, we have a;;(2) = (2 — A"V fi5(2) for some f;; € H(N).
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Multiplying the first row of A by f;1/f11 and subtracting from the i-th row for i =2 : m
and then multiplying the first column of A by fi;/fi1 and subtracting from the j-th

column for 7 = 2 : n, we have

(z— AW

A(z) ~y 922.(2/) an.(Z> for some g;; € H(M).

Im2(2) ~ Gmn(2)

Again, let v5()\) := min{ox(g;;)} where the minimum is taken over all nonzero functions
Gij- Assume that Vg()\) — O)\(ggg). Then 922(2) = (Z - )\)VQ(/\)]ZH(Z) with hu()\) 7é 0 and
9i;(2) = (2 = \)2Vh;(2) for some hy; € H(N). By construction, we have v1(\) < vy(A).

Again, by row and column elimination we obtain

(z — A1)
(2 — )\)Vz(/\)
A(z) ~ bss(2) -+ bsn(z) | for some b;; € H(N).
B bra(2) |-+ bmn(2) i
Repeating the procedure, we obtain the desired result after r steps. O

We write a block diagonal matrix diag(Ay,---, An) by A1 @ - @ A,,,. Then
AZ) ~x =NV @ @ (2 = )"V B 0prsnr = Sa(2).

The diagonal matrix Sy(z) is called the local Smith form of A(z) at A € 2. Observe
that
A € 0q(A) < rank(S\(\)) < r <= 1, (\) #0.

In particular, if v;(A\) # 0 then A € 0o(A). Suppose that A € gg(A). Then there exists
0 < ¢ < rsuchthat v;(\) # 0 for j = (+1,...,r. The positive integers vp41(A), ..., v (N)

are called the partial multiplicities of the eigenvalue \. Further,
v(A) == v (A) + -+ v (N)

is called the algebraic multiplicity of the eigenvalue \.
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Definition 2.1.24 (index). Let A € H(2)™ ™. Suppose that nrank(A) = r. Let X € €.
Then a tuple ind(X, A) := (11(N), 12(N), ..., (X)) € ZT with v (N) < -+ < () is said
to be the index of A(z) at X\ if

A(Z) ~ (Z — )\)Vl()‘) PP (Z _ A)VT(A) e Om—TXn—r~
We denote the zero tuple in Z’, by 0. Then it follows that

A € 0g(A) < ind(\, A) #0.

Let f € H(Q2) be nonzero with the principal divisor 9 € Div(Q2). Suppose that
oa(f) = {zn : n € N}. Then by the factorization Theorem [2.1.22 we have

f(2) ~a H('Z - Zn)a(zn)un(z)a

where u,, € H(2) is a unit element and n € N. We show that the global Smith form is a
diagonal representation of a holomorphic matrix-valued function in which the diagonal

elements are Weierstrass products.

We now state and prove the global Smith form of a holomorphic matrix-valued

function using divisors on € which is akin to the Smith form of a matrix polynomial [32]
25, 56, [50].

Theorem 2.1.25 (Smith form). Let A € H(Q)™*". Suppose that nrank(A) = r and
0q(A) = {2z : € € N}. Then there exist holomorphic functions ¢1,...,¢, in H(Q) with

principal divisors Oy, ...,0, on  such that 01 < --- < 0, and
¢1(2)
A(Z) ~Q = SA('Z)‘
¢r(2)
Omfrxnfr
The functions ¢1, ..., ¢, are unique up to unit elements of H(Q2) and are given by

0j(2) = u;(2) H(z — 2)% 0y 0(2) forallz€Qand j=1:7,
=1

where uj,uj € H(Q) are unit elements, £ € N and [0, (2 — 20)% ) u (2) is a (possibly

empty) product in S for the divisor 0;. Further, ¢; divides ¢j4q for j=1:r—1.
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Proof. Let A €  and ind(\, A) = (v1(N),...,v(\)) be the index of A(z) at A. Then

we have the local Smith form
A(2) ~y (2 — )\)m()\) @ ®(z— )\)w(k) B Op—rxn_r = Sx(2).

For j =1 :r, define 9; : @ — Z by 0;(\) := vj(\) forall A € Q. Then we have
01 < --- < 0,. Note that 0;(A) = v;(A\) # 0 = X € 0q(A) = supp(9;) C ga(A). This

shows that supp(09;) is locally finite. Hence 0y, ..., 0, are divisors on (2.
By Theorem [2.1.20(b), let ¢4, ..., ¢, be Weierstrass products in 2 for 0y,...,0,,

respectively. Then 0y, ..., 0, are the principal divisors of ¢4, ..., ¢, on €, that is, 9;(\) =
ox(¢;) for j =1 : 7. Hence by local factorization ¢;(z) ~y (z — A\)%™ for j = 1:r. This
shows that for each A € 2 we have

A(Z) ~A (Z - )‘)810\) DD (Z - A)ar()\) SY 0m—r><n—7" ~X ¢1(Z) D---D Cbr(z) S¥) Om—rxn—r-

Hence by Theorem [2.2.14] we have A(2) ~q ¢1(2) @ -+ @ &(2) B Opp—rxcnr = Sa(2).
Since A € oq(A) <= ind(\, A) # 0, it follows that oq(A) = U_;supp(9;). Hence

the factorization of ¢; follows from Theorem [2.1.22/for j =1 : 7. Since 0; < --- < 0, it
follows that ¢; divides ¢;;1, that is, ¢;11/¢; € H(Q) for j =1 : 7 — 1. This completes
the proof. O

Remark 2.1.26. The diagonal matriz Sa(z) is called the Smith canonical form of A(z)
on Q. The functions ¢1,...,¢, are called the invariant functions (or factors) of
A(z) on Q. If ¢; is not a unit element then it is called a non-unit invariant function
or a non-unit invariant factor of A(z) on Q. Define pa(2) = [[;_; ¢;(2) for z € Q.
Then ¢4 is unique up to a unit element of H(Q) and is called the zero function of
A(z) on Q. It follows that X\ € § is an eigenvalue value of A(z) <= ¢(A) = 0. Hence
oa(A) = {A € 9 4(N) = 0},

In view of Theorem [2.1.25 we have the following result.

Proposition 2.1.27. Let A € H(Q)™*™. Let the Smith form of A(z) be given by

SA(Z) = ¢1(Z) DD ¢r(z) ® Om—rxn—r-

Then ind(\, A) == (11(A), ..., 1, (X)) C Z% with vi(X) < -+ < () is the index of A(z)
at A <= vj(A) = o\(¢;) forj=1:r.
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Proof. Suppose that vj(A) = ox(¢;) for j = 1 : r. Then 11(A) < -+ < 1,(N) and
Gj(A) ~x (z =A% for j = 1:r. Consequently, we have

A(2) ~a Sa(z) ~a (2= N" V@ @ (2= NN @ 0prsps

which shows that ind(\, A) = (v1(A),...,v-(N)) is the index of A(z) at A.
Conversely, if ind(\, A) = (v1(A), ..., 1(N)) is the index of A(z) at A then, as shown
in the proof of Theorem [2.1.25] we have ¢;(2) ~y (z — A)**™ which in turn implies that

vj(A) = ox(¢;) for j =1 :r. This completes the proof. O

Let A € H(Q)™*™. Then A(z) ~q Sa(z), where S4(z) is the Smith canonical form
of A(z). Hence there exist F' € GL,,(H(Q?)) and F € GL, (H(?)) such that

F(2)A(z)E(z) = Sa(z) for all z €.
If nrank(A) = r then the last n — r columns of E(z) form a basis of N(A) and the
first r columns of F(z)~" form a basis of R(A). Indeed, let E(2) = |v,(2) - vn(2)
and F(z2)7! = [Ul(z) um(Z)] be column partitions of E(z) and F(z)~!. Since
Sa(z) = diag(¢1(2),- -+, ¢r(2),0m—rxn—r), we have Av; = 0 for j = r + 1 : n. This
shows that IN(A) = spanyq)(Vrt1;---,Vn) and {ve41,...,0,} is a basis of N(A). Also,

Avj = ¢ju; for j = 1:r which shows that R(A) = spanyq)(u1, ..., u,) and {u, ..., u,}
is a basis of R(A).

2.2 Canonical forms of meromorphic matrix-valued functions

A function f : Q) — X is said to be meromorphic in €2 if f is holomorphic in €2 except
for poles. We denote the set of all X-valued meromorphic functions on 2 by M(Q, X),
that is,

M(2, X) :={f : Q — X | f is meromorphic in Q}.

Again, for simplicity of notation, when X = C and X = C"™*", we set
M(2) := M(Q,C), M(Q)" := M(Q2,C") and M(Q)™*" := M(Q, C™*").

Thus M(2) is the set of meromorphic functions and M(2)™*™ is the set of m x n

matrices whose entries are meromorphic functions. We refer to elements of M({2)" as

mxn

meromorphic vectors and elements of M((2) as meromorphic matrices.

Let M € M(Q)™*™. We denote the set of poles of M by pq(M), that is,

pa(M) :={z€Q: zis apole of M(z)}.
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If f€M(Q) then X is a pole of f <= \is a zero of 1/f. Hence pq(f) is a locally finite
subset of 2. The multiplicity of A € p(f) as a zero of 1/f is called the order of A as a
pole of f. We now define the order function o,(f) for a meromorphic function f. This
subsumes the order function defined in Definition 2.1.13]

Definition 2.2.1. Define o : Q x (M(2)\ {0}) — Z, (2, f) — 0.(f), by

) p if p is the order of z as a zero of f,
o.(f) =
—p if p is the order of z as a pole of f.

We now define the divisors on {2 for analyzing zeros and poles of meromorphic
functions. This subsumes the divisors defined in Definition 2.1.14]

Definition 2.2.2 (divisor). A function 0 : Q@ — Z is said to be a divisor on § if
supp(0) s locally finite. If Oy and Oy are divisors on ) then we write 0; < 0y when
01(2) < 0a(2) for all z € Q. A divisor 9 on S is said to be non-negative if d > 0, that
is, 0(z) > 0 for all z € Q. We denote the set of all divisors on 2 by Div(Q).

Let f € M(Q2) be nonzero and 0 € Div(S2). Then O is said to the principal divisor of
fonQifd(z) :=o0.(f) for z € Q.

Let 0 € Div(Q). Then 9 = 9" — 9~ and supp(9™) Nsupp(9~) = 0, where 9+ and 9~

are non-negative divisors on €2 given by
0" (2) := max(0,9(z)) and 9 (2) := max(0, —9(z)) for z € Q. (2.5)

The set of divisors Div(£2) on 2 is an additive abelian group.

Remark 2.2.3. By convention 0 is a divisor with empty support, that is, supp(0) = (.
Let f € M(Q2) be nonzero and 0 € Div(§2) be the principal divisor of f on Q. Then it
follows that f € H(Q)) <= 0 > 0.

Let fi, fo € H() be nonzero. Then f;/fo € M(Q). Let 0; and 0,, respectively, be
the principal divisors of f; and fy on Q. Since o0,(f1/f2) = 0.(f1) — 0.(f2) for z € Q, it
follows that 0 := d; — 0, is the principal divisor of fi/f; on Q. Thus

fo divides f; <= f1/fe € H(Q) <= 0 > 0 <= 0y < 0.

On the other hand, let g € M(2) be nonzero and let 0 € Div(€2) be the principal divisor

of g. Then 0 = 9T — 9~, where 9" and 0~ are the non-negative divisors on 2 given by
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([2-5). Now, by Weierstrass Theorem [2.1.20] there exist f1, f» € H(2) such that 9" and
07, respectively, are the principal divisors of f; and f;. Since supp(91) Nsupp(9~) = 0,
the functions f; and f; do not have common zeros. Further, the principal divisor of
f1/fo on Q is given by 0t — 9~ = 0. Thus g and f;/f> have the same principal divisor
0 on Q. Hence g = f1/fo up to a unit element of H(S2). Indeed, the principal divisor of
g/(f1/f2) is 0 — 0 = 0 which implies that g/(fi/f2) has no zeros in © and hence a unit
element of H(2). Thus g = ufi/fs for some unit element u € H(S2). This shows that
if ¢ € M(Q) is nonzero then there exist fi, fo € H(Q2) such that f; and fo do not have
common zeros and g = f1/fo. In other words, M(2) is the quotient field of the integral
domain H(£2).

Corollary 2.2.4. The set M(Q) is the quotient field of the integral domain H(S2). The

Xn

set of meromorphic vectors M(Q)™ and the set of meromorphic matrices M(Q)™*"™ are

vector spaces over the field M(S2).
Let S € H(2)\ {0} be nonempty. Then f € H(2) is called a common divisor of S if f

divides every element of S. A common divisor f of S is called a greatest common divisor
(ged) of S if every common divisor of S is a divisor of f. Greatest common divisors,
when exist, are uniquely determined up to unit elements of H(€2). If f is a ged of S then
we write f = ged(S). If 1 = ged(S) then S is called relatively prime. Note that S is
relatively prime <= Nesoq(f) = 0. Also, if U C H(Q2) is nonempty and g := ged(U)
then ged(SU U) = ged(f,g). If f,g € H(Q2) and ged(f,g) = 1 then by Wedderburn
lemma [48, p.136] there exist a,b € H(2) such that af + bg = 1 and a has no zeros in
Q. Also, if f € H(Q2) is a ged of the functions fi, ..., f, in H(Q) then there exist [48]
p.138] functions ay, ..., a, in H(Q) such that f = ayf; + -+ + a,f,. Consequently, the
ideal (fi,..., fn) in H(Q) generated by fi,..., f, is given by the principal ideal (f),
where f = ged(f1,..., fn). In other words, every finitely generated ideal in H((2) is a
principal ideal. Similarly, lem of S also exists and is unique up to a unit element of

Let 01, ...,0, be non-negative divisors in Div({2). Define Onin, Omax : £ —> Z by
Omin(2) == min{0;(2) : 7 =1 : n} and Omax(2) := max{0;(z) : j = 1 : n}.

Then Owin, Omax € Div(Q2). If 04,...,0, are the principal divisors of the functions
fi,--., fn in H(Q) then by Theorem every function f € H(Q) with Oy, as the
principal divisor on  is a ged of {fi,..., fu}, that is, f = ged(f1,..., fn). In fact,
every nonempty subset of H(Q2) \ {0} has a ged. In particular, ged of any finite set
{fi,-.., fn} C H(Q) exists and is a linear combination of fi,..., f,. In other words,
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H(2) is a Bezout domain [48, p.138]. Similarly, by Theorem [2.1.22| every function
f € H(Q) with Opax as the principal divisor on €2 is a lem of {fi,..., f,}, that is,

f=lem(fy,..., fn)

The discussion above proves the following well known result; see [48].

Theorem 2.2.5. Let h € M(Q) be nonzero. Then there exist f and g in H() such
that h = f/g and ged(f,g) = 1.

The discussion above also yields Weierstrass theorem for a meromorphic function
which can be deduced from the Mittag-Leffler theorem; see [20].

Theorem 2.2.6 (Weierstrass). Let 0 € Div(Q2) be such that supp(0) has no accumula-
tion points in ). Then there exists f € M(Q) such that O is the principal divisor of f
on Q. Further, oq(f) = supp(0) and ox(f) = O(X\) for X € .

Proof. By (2.5)), we have @ = 07 — 0~ and supp(0") Nsupp(0~) = @, where o+ > 0
and @~ > 0 are divisors on €. Hence by Weierstrass Theorem [2.1.20] there exist f;, fo €
H(2) such that 0" and 07, respectively, are the principal divisors of f; and f. Since
supp(9™) Nsupp(9~) = 0, the functions f; and f do not have common zeros, that is,
ged(fi, f2) = 1. Define f := fi1/fo. Then f € M(Q) and 0 is the principal divisor of f.

Hence the results follow. O

The following version of Theorem [2.2.6|is known as Weierstrass theorem for a mero-
morphic function with prescribed zeros and poles including their orders and is deduced

from the Mittag-Leffler theorem in [20, p.358]. Here is an alternative proof.

Weierstrass Theorem in M(Q): Let (\,) C Q be a sequence of distinct complex
numbers with no accumulation points in . Let (£,) C Z be a sequence of distinct
integers. Then there exists f € M(Q) such that oo(f) = {\ : n € N} and oy, (f) = 4y
for alln € N.

Proof. Define 0 : Q — Z by 0(\,) := £, and 9(z) := 0 when z # A, for all n € N.
Then we have 0 € Div(Q2). Hence by Theorem we have the desired function f €
M(2). O
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2.2.1 Smith-McMillan forms of meromorphic matrices

Recall that M(€2) is a field and M(2)" is a vector space over the field M(2). The span
of a subset {f1,..., fr} C M(Q)" is given by

spanyq)(f1, -, fo) = A{rfi+-+refer r,.o e € M(Q)}.

A subset {f1,..., fe} € M(Q)" is said to be linearly dependent if there exist ry, ...,
in M(€Q) not all are zero such that rif; + -+ + rofy = 0. Thus {fi,..., fe} is said
to be linearly independent if it is not linearly dependent. Let ¥V C M(Q)" be a
subspace. Then B C H(2)" is said to be a basis of V if B is linearly independent and
spanyq)(B) = V. The dimension dimypgq)()) of V is the number of elements of a basis
B M(2)™.

Let S:={fi,..., fe} CH(Q)" C M(Q)". Then spang g, (S) is a submodule of H(2)"
and spany o) (.5) is a subspace of M(Q)". It is easy to see that S is linearly independent
in the module H(2)" <= S is linearly independent in the vector space M(£2)".

Proposition 2.2.7. Let S := {fi,..., fe} C H(Q)" C M(Q)". Then S is a basis of
spanyq)(S) <= S is a basis of spanyq)(S). Hence

dimg) (spanH(Q)(S)) = dimpg) (spanM(Q)(S)) :

Proof. Tt S is linearly independent in M(Q)" then it is immediate that S is linearly
independent in H(£2)™. Conversely, suppose that S is linearly independent in H(2)™. Now
consider 7 fi+- - -+refy = 0for ry, ..., re in M(Q). By Theorem[2.2.5] we have r; = g;/h;
and ged(g;, hj) = 1 where g;,h; € H(Q2) for j =1 : £. Let h := lem(hy,...,hs). Then
hrj € H(Q) for j =1:¢. Hence rifi +---+rfr =0= hrifi+ -+ hrifp=0=
hri=---=hry=0=r; = --- = r, = 0. This shows that S is linearly independent in
M(£2)". Hence the results follow. O

Proposition shows that if S C H()™ then we can talk about linear indepen-
dence of S without specifying H(2)™ or M(Q2)".

Definition 2.2.8 (analytic basis). Let V be subspace of M(2)" and B C H(Q2)". Then
B said to be an analytic basis of V if B is linearly independent and spanyyq) (B) =V.

Let V € M(Q)" be a subspace. If V # {0} then it has an analytic basis. Indeed,
let {f1,..., fe} € M(Q)" be a basis of V. Then by Theorem entries of each f; can

be written as fractions of relatively coprime functions in H(€2). Now, taking lem of the
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denominators of the entries of f;, each f; can be written as f; = g;/h; where g; € H(Q2)"
and h; € H(Q) for j =1 : n. Obviously, we have

spanyyo) (f1, - - -, fe) = spanyq) (g1, - - -, ge)-

NOWT191+“'—|—ngg:0:>T1h1f1+"'—|—7’ghgfg:O:>7”1h1 = =rh=0=
ry = --- =1, = 0 showing that {g1, ..., g¢} is linearly independent in M(€2)™. This shows
that {g1,..., 9.} C H(Q) is a basis of V and dimyyq)(V) = ¢. This proves the following
result.

Theorem 2.2.9. Let V C M(Q)" be a subspace. If V # {0} then V has an analytic

basis.

Let A € M(Q)™*™. Then for each fixed A\ ¢ po(A), we can talk about the rank of
the matrix A(X\) € C"™*™ over the field C, which we denote by rank(A())). We can also

talk about the rank of the matrix A when viewed as a linear transformation
A:MQ)" — M(Q)™, f — Af,
on vector spaces over the field M(€2). Consider the null and range spaces
N(A) ={feMQ)": Af =0} c M(Q)" and R(A) :={Af : f € M(Q)"} C M(Q)™.

The dimensions of the null space N(A) and the range space R(A) over the field M((Q2)

are called nullity and normal rank of A, respectively.

Definition 2.2.10 (normal rank). Let A € M(Q)™*". Then the rank of A is given by
rankM(Q) (A) = dimM(Q) (R(A))

The rank rankyyq)(A) is also called the normal rank of A and is denoted by nrank(A).
Thus nrank(A) = rankyyo)(A) = dimq)(R(A)).

Definition 2.2.11 (regular). Let A € M(Q)™*"™. Then A is said to be regular if m =n
and A(z) is invertible for some z € Q0 \ p(A).

If A e M(2)"" then it is easily seen that
A is regular <= nrank(A4) = n.

Thus A € M(Q)™*™ is singular when m % n or when nrank(A) < min(m, n).
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Remark 2.2.12. Let A € M(Q)™*™. Then there are two ranks of A, namely, the normal
rank nrank(A) and the rank of the matriz A(X) for each fixred A & pq(A). It can be easily
shown that nrank(A) = max{rank(A(\)) : A & pa(A)}.

We now define equivalence between two meromorphic matrices.

Definition 2.2.13. (a) Let U C Q) be open and A, B € M(Q)"™*". Then A and B are
said to be equivalent on U if there exist F' € GL,,(H(U)) and E € GL,(H(U)) such that

A =FBE, thatis, A(z) = F(2)B(2)E(z) for all z € U.

We write A ~y B or A(z) ~y B(z) when A and B are equivalent on U.
(b) Let X € Q and A, B € M(Q)™ ™. Then A and B are said to be equivalent at \

if there exists an open neighbourhood U of A such that A ~y B. We write A ~, B or
A(z) ~y B(z) when A and B are equivalent at \.

Observe that if A ~q B then nrank(B) = nrank(A). Thus analytic equivalence
preserves the normal rank of A. Obviously, A ~q B = A ~, B for each A € Q. The
following result which is a special case of [38, Theorem 5.2] shows that the converse also
holds.

Theorem 2.2.14. Let A, B € M(Q)™*". Then A ~q B <= A ~, B for each X\ € ).

We have defined eigenvalues and spectrum of an m x n holomorphic matrix. As in

mxn

the case of holomorphic matrices, the eigenvalues A € M((2) can be defined in terms

of the normal rank of A. However, the notion of spectrum of A requires appropriate

modification.

Definition 2.2.15. Let A € M(Q)™*". Then X € Q is said to be an eigenvalue of A(z)
if A& pa(A) and rank(A(X)) < nrank(A). The eigenspecturm eigg(A) of A is given by

eigg(A) :={A € Q: N ¢ pq(A) and rank(A()N)) < nrank(A)}.

Let u € pa(A). Then u said to be an eigenpole of A if there exists f € H(Q)"™ such
that f(p) # 0, f ¢ N(A) and lim,_,, A(2)f(z) = 0. We denote the set of eigenpoles of
A by eipg(A). Then the spectrum oq(A) of A(z) in Q is given by

oo (A) = eigg(A) U eipg(A).

If X € 0o(A) then A is said to be a zero of A(z) in 2.
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Note that if A € H(Q)™*™ then oq(A) = eigg(A). However, if A € M(Q)™*" then
eigg(A) C 0g(A) and the inclusion may be proper.

Example 2.2.16. Consider Q :={z € C: |z| < 1} and A € M(Q)**? given by

R
A(z) = WEL zeq.
0 1

-
Then eigg(A) = 0 and po(A) = {0}. Consider f(z) := [1 — sin z} . Then f(0) #0
and f ¢ N(A). Further, we have lim,_o A(z) f(z) = 0 which shows that 0 is an eigenpole
of A. Hence og(A) = eipg(A) = {0}. B

Remark 2.2.17. Let M € M(Q)™*" be given by M(z) = [a;j(2)], z € Q. Then by
Theorem there exist fij, gi; € H(SY) such that ged(fij, gi;) = 1 and ai; = fi;/ g5 for
alli=1:mand j=1:n. Let g :=lem{g;j,i =1:m,j =1:n}. Note that g is unique
up to a unit element of H(SY). Then we have M = [fi;/gij] = [hi;]/g, where h;; € H(Q)
fori=1:m and j = 1:n. It follows that X\ is a pole of M(z) <= g(\) = 0. Hence we
have po(M) = 0a(g). The function g is called the pole function of M.

A canonical form of a meromorphic matrix-valued function A € M(€2)™*" is derived
in [38]. It is shown that A(z) ~q fi(2) ® -+ D fr(2) ® Op—pxn—r, where r = nrank(A)
and fi,..., f, are in M(Q) such that f; divides fj4; for j =1 :r.

The Smith-McMillan form of a rational matrix is a well-known canonical form which
has wide applications |32} [56]. We now prove the Smith-McMillan form of a meromorphic

matrix-valued function which is akin to the Smith-McMillan form of a rational matrix.

Consider h € M(Q2) \ {0}. Then there exist f,g € H(2) such that ged(f,g) = 1 and
h = f/g. Let 0; and 0, be the principal divisors of f and g on (2, respectively. Then
f and g can be written as Weierstrass products in €2 for the divisors d; and 5. The
Smith-McMillan form generalizes this fact to the case of meromorphic matrix-valued

functions.

Theorem 2.2.18 (Smith-McMillan form). Let A € M(Q2)™*™. Suppose that
oo(A) ={\, :n e N} and pa(A) = {p, : n € N}.

Also suppose that nrank(A) = r. Then the following hold:

(a) There exist holomorphic functions ¢, . .., ¢, in H(Q) with principal divisors Oy, . . ., 0,
on ) such that 0; < --- < 0,.
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(b) There exist holomorphic functions iy, . .., ¥, in H(Q) with principal divisors 6y, . .., d,
on Q such that 6; > -+ > 6,.

(¢) ¢; and v; are relatively prime, that is, ged(¢p;, ;) =1 for j =1:1 and

¢1(2)/91(2)

A(2) ~a a — Sa4(2),
¢ (2)/¥r(2)

Omfr Xn—r

where ¢y, ..., ¢ and Py, ..., 0, are unique up to unit elements of H(QY). Further,
¢; divides ¢j11 and Py divides ¢, for j =1:r — 1.

(d) Furthermore, ¢1,-- , ¢, and ¥y, ..., 1, are given by

¢i(z) = H 2 — )% Py(2) and ;(2) = v;(z H 2 — 1)1 (2)
=1 =1
forj =1 :r, where uj, v;, uje, v € H(Q) are unit elements and ¢ € N. Here
T152, (2 = A)%PDup(2) and [152, (2 — pe)® ' vj(2) are (possibly empty) products
in § for the divisors 0; and 0;, respectively, for j =1 :r.

Proof. Let A be given by A(z) := [a;;(2)], z € Q. Then there exist fi;, g;; € H(Q)
such that ged(fij,9i5) = 1 and a;; = fi/gi; for all i = 1 :m and j = 1 : n. Let
g :=lem(g;j,4 =1:m,j =1:n). Note that g is unique up to a unit element of H(2).
Then A = [fij/9i;] = [hijl/9 = H/g, where H := [h;;] and h;; € H(Q2) fori =1 :m
and j = 1 : n. Note that A € pg(A) <= g(\) = 0. Hence we have pg(A) = 0q(g). By
Theorem [2.1.25] the Smith form Sy (2) = ¢1(2) ® - & G B Opy_psn_r of H yields

1(2)/9(2)

A(z) = H(2)/9() ~ao - 5 o ,
r(2)/g(z

Om—r Xn—r

where 1, ..., ®, are invariant factors of H(z). Let ¢;,v; € H() be such that

ged(¢;, 1) =1 and % —

@forjzlzr.
J g
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Since gg](z) divides ggjﬂ(z), that is, $j+1/$j € H(Q) there exists f; € H(Q) such that

Qjp1 = fj:b\j for j =1:7. Hence for j =1:r — 1, we have

Pj+1 _ fjﬂ . Pj+1 [ . Pj+1 Vs
g g Vi1 Y; Vit ¢
Since ¢; and 1); are relatively prime and ¢; divides ¢;,1, it follows that ¢;;, divides v;

= fj = [

forj=1,....,r—1.

Let 0y,...,0, be the principal divisors of ¢1,...,¢, on Q. Also, let d1,...,9, be
the principal divisors of 91,...,%, on . As ¢; divides ¢;;; and v, divides 9, for
j=1:r—1,wehave 0y <--- <0, and §; > --- > §,.

Next, observe that og(A) = 0q(X4) and pa(A) = pa(X4). Consequently, we have
3;(A) # 0 = ¢;(A) = 0 = X € pa(A). This shows that supp(d;) C pa(A) for
J = 1 : r. Hence the factorization of ¢; follows from Theorem . On the other
hand, 0;(A) # 0 = ¢;(A) = 0. Now either ¢);(A\) # 0 for all ¢ = 1 : r or ¢;(\) = 0
for some ¢ # j. In the first case, we have A\ € eigg(X4) = eigg(A). In the second
case, A € po(X4). Now, considering v(z) := e; we have v(\) # 0,0 ¢ N(X4) and
lim, ) X4(2)v(z) = lim,) ¢;(2)/¥j(2)e; = 0 as () # 0 which shows that A €
eipg(X4) = eipn(A) C oq(A). Thus, in either case, 0;(A) # 0 = X € gq(A). This
shows that supp(d;) C gq(A) for j = 1 : r. Hence the factorization of ¢; follows from
Theorem [2.1.22] This completes the proof. O

Remark 2.2.19. The diagonal matriz ¥ 4(2) is called the Smith-McMillan form of A(z)
on . The functions ¢1, ..., ¢, are called the invariant zero functions (or factors) of A(2)

and the functions ¥y, ..., 1, are called the invariant pole functions (or factors) of A(2)
on Q. Define pa(2) = [I;_, ¢;j(2) and a(2) = [[j_, ¥;(2). The function ¢a(z) is
called the zero function of A(z) and the function 1(z) is called the pole function of
A(z) on Q. It follows that po(A) = {p € Q:Ya(p) =0} = oq(a). It also follows from

the proof of Theorem [2.2.18 that oq(pa) = {\ € X : pa(N) = 0} C oa(A). In fact, as
the next result shows, the equality holds, that is, co(A) = oa(pa).

Theorem 2.2.20. Let A € M(Q)™*™. Let ¢4 and 1pa be the zero and pole functions of
A on Q. Then og(A) = oq(pa) = eigg(A) Ueipg(A) and po(A) = oq(1a). Further,

eigo(A) ={A € Q : ¢a(A) =0 and Pa(A) # 0},

eipg(A) ={A € Q: ¢a(A) =0 and 4(\) = 0}.

Proof. Let the Smith-McMillan form ¥ 4(z) of A(z) be as in Theorem [2.2.18 Since
A(z) ~q Xa(2), it follows that 0q(A) = 0q(X4) and pa(A) = pa(X4). Next, observe
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that A € pa(X4) <= 1;(\) = 0 for some i <= 1p4(\) = 0. This shows that po(A) =

oa(4a).
It follows that A € eigg(X4) <= ¢;(A\) = 0 for some j and ¢;(\) # 0 for ¢ = 1 :

r <= ¢a(N\) =0 and ¥ 4(\) # 0. This shows that

cigl(A) = cigg(S4) = {A €2 6a(N) = 0 and G4(A) # 0},

Now suppose that ¢4(X) = 0 and 14(A) = 0. Then ¢;(\) = 0 and ;(\) # 0 for
some j. Note that A € pq(X4). Consider v(z) := e; for z € 2, where e; is the j-th
column of I,,. Then v € H(Q2)" and we have v(\) # 0,v ¢ N(X4) and

iy . (:)() = iy 22

which shows that A\ € eipg(X4).

Conversely, let u € eip(X4). Then there exists v € H(2)" such that v(u) # 0,
v & N(X,) and y_%EA(Z)U(Z) = 0. Let v(z) be given by v(z) := [01( ) V(2 )]
for z € Q. Then ;iE}LZA(z)U(z) = 0 = lim.,, ¢;(2)v;(2)/¢j(2) = 0 for j =1 :
As v(p) # 0 and v ¢ N(X4), we have v;(u) # 0 for some i < r. This shows that
lim,_,, ¢;(2)/¢i(z) = lim,_,, ﬁlimz_}u oi(2)vi(2)/1i(z) = 0. Since ¢; and v; are co-
prime, we have 1;(u) # 0 and ¢;() = 0. Hence we have ¢4(p) = 0 and 1p4(p) = 0.
This proves that eipg(X4) = {A € Q: da(A) =0 and 4(\) = 0}.

Finally, 0g(A) = 0q(X4) = 0a(¢a) follows from the fact that if ¢p4(\) = 0 then
either 14(A) # 0 or ¥4(A\) = 0. O

mxn

Notice that the spectrum oq(A) of a meromorphic matrix A € M(Q) consists

of eigenvalues and eigenpoles. If A € og(A) then A is called a zero of A(z). Thus,
a zero of A(z) is either an eigenvalue or an eigenpole of A(z). We now define partial

multiplicities of zeros and poles of A(z). Let

EA(Z) = ¢1/¢1 b---D (br/wr S Omfrxnfr

be the Smith-McMillan form of A(z). Recall that ¢; divides ¢;;1 and ;1 divides 1); for
i=1:r—1. Let ¢pa(z) and 14(2), respectively, be the zero function and pole function
of A(z) on Q. Let A € Q. Define v;(X) := ox(¢;) and k;(\) := 0x(¢);) for j =1 :r. Then

(A <--- < () and k() > -+ > k() are non-negative integers such that

0;(2) ~x (2 = NN and ¥;(2) ~y (2 — p) ™ for j =1:7.
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Define 7j(\) := 0x(¢;/v;) for j =1 :r. Then it follows that 7;(\) = v;(\) — k;(\) € Z
for j = 1: 7. Since ¢; and 1); are co-prime, either 7;(\) = v;(X) or 7;(A) = —k;(A) for
j = 1:r. Further, we have 74(\) < --- < 7,.(\) and

0;(2)/05(2) ~a (2 =NV for j=1:7.
Hence it follows that the following statements are equivalent.
(a) A € eigg(A).
(b) ¢a(A) =0 and ¢a(A) # 0.
(c) v(\) # 0 and k1 (\) = 0.

(d) 7;(A) =v;(A) for j=1:7r.

Let A € eign(A). Then ¢4(N\) = 0 and hence there exists 0 < ¢ < r such that
0=1v1(AN) = =1\ <vep1(A) < < v (). (2.6)

The positive integers vy 1(A), ..., v(\) are called the partial multiplicities of A. Fur-
ther, v(A) == 11 (A) + - + 1 (A) = Vo1 (X)) + - - + 1, (A) is called the algebraic mul-
tiplicity of A and v,()) is called the ascent of \. Note that the algebraic multiplicity
v(A) of an eigenvalue A of A is the multiplicity of A as a zero of ¢4(2).

Next, it follows that the following statements are equivalent for poles of A(z) which are

not zeros of A(2).
(a) A€ pa(A) \ eipg(A).
(b) 64(A) # 0 and 1a(A) = 0.
() v(A\) = 0 and #1(\) £ 0.

(d) 75(A) = —k;j(A) for j=1:71

Let A € pa(A). Then ¥4(A) = 0 and hence there exists 1 < ¢ < r such that
K1(A) > - > Ke(A) > ke (A) =+~ = K (N) = 0. (2.7)

The positive integers k1(\), ..., k¢(A) are called the partial multiplicities of the pole
A of A(z) and kq(A) is the order of the pole A. Further, k() := k1(A) + -+ - + Ke(N) is
the total multiplicity of A as a zero of the pole function 14(2).

Finally, it follows that the following statements are equivalent.
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(a) X € eipg(A).

(b) ¢(A) = 0 and ¢i4(A) = 0.

(¢) v, (A) # 0 and ;(\) # 0.

(d) 71(\) = —#1(\) < 0 and 7,.(\) = ,.(\) > 0.

Let A € eipg(A). Then ¢4(N\) = 0 and ¥ 4(\) = 0. Hence there exist positive integers
¢ and p such that 1 < ¢ < p < r such that

TI(A) <o <m(A) <0< 7p(N) < -+ < T (N). (2.8)

The nonzero integers 71 (A), ..., 7(N), 7p(A), ..., 7(A) are called the partial multiplic-
ities of the eigenpole A. Further,

KO) 1= () o ) = R () e+ ()
is the total multiplicity of A as a zero of ¥4(z) and
V) 1= )+ k) = ) (Y

is the total multiplicity of A as a zero of ¢4(z). Obviously, —7;(\) is the order of A as a
pole of A(z) and 7,.()) is the ascent of A as a zero of A(z).

In view of the observations above, we now define three indices of A(z) at A\ € Q2.

Definition 2.2.21. Let A € M(Q)™*™. Let the Smith-McMillan form ¥ 4(z) of A(z) be
given by Xa(z) = o1/t B -+ @ ¢ /e B Opp—ppr

(a) Zero index: Let X € eign(A). A tuple ind.(\, A) := (11(N),...,1n (X)) € Z with
(A < -+ < v (N) is called the zero index of A(z) at X if vj(A) = ox(¢;) for
jg=1:r

(b) Pole index: Let 1 € po(A). A tuple indy(p, A) == (k1 (), ..., k(1)) € 27, with
ki(p) > -+ > kKe(p) is called the pole index of A(z) at p if k() = o,(v;) for
jg=1:r

(¢) Pole-zero index: Let € oq(A) U pa(A). Then a tuple

ind(p, A) == (i (), ..., 7(1)) € Z"

with () < -+ < 7.(u) is said to be the pole-zero index of A(z) at p if 7;,(p) =
ou(¢j/;) forj=1:r.
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Remark 2.2.22. (a) Observe that the pole-zero index ind(X\, A) of A(z) at A is deter-
mined by the zero index ind.(\, A) and the pole index ind,(\, A) of A(z) at \. Indeed,
ind(A\, A) = ind. (A, A) —ind, (A, A) = (11 (X)) — K1 (A), .., (X)) — K.(N)).

(b) Note that if A € eipn(A) then X is a zero as well as a pole of A(z). Hence A(z)
has two indices at X, namely, the zero index ind.(\, A) and the pole index ind,(\, A)
which separately provide information about zero structure and pole structure of A(z) at
A. On the other hand, the pole-zero index ind(\, A) provides information about pole-zero

structure of A(z) at the eigenpole .

(c) Let ind(\, A) := (11 (A), ..., 7.(X)) € Z" be the pole-zero index of A(z) at A € Q.
Let ¥4(2) := ¢1(2)/t1(2) © - -+ @ ¢p(2) /U1 (2) ® Opy—y—r be the Smith-McMillan form
of A(2). Then ¢;(2)/1;(2) ~x (2= NN for j =1:r. Consequently, we have A(z) ~gq
Ya(z) ~a (2 =NV @@ (2 = NN B0, yunr = Ba(2). The diagonal matriz
Ya(z) is called the local Smith form of A(z) at .

2.3 Matrix-fraction description (MFD)

Let A € H(Q2)™™ and D € H(Q2)"*". Then D is said to be a right divisor of A if there
exists @ € H(Q)™ ™ such that A = QD. Let B € H(Q)?*". If D is a right divisor of
B € H(Q)P*™ then D is said to be a common right divisor of A and B. Further, D
is said to be a greatest common divisor (gcrd) of A and B if N € H(Q)"" is a
common right divisor of A and B then N is a right divisor of D. Furthermore, A and
B are said to be right coprime if every gcrd of A and B are invertible, that is, if D is
a gerd of A and B then D € GL, (H(2)). Left divisors, common left divisors, greatest

common left divisors, and left coprime matrices are defined similarly.

We mention that a common right divisor of A and B can be derived from the Smith
canonical form. Indeed, let E(z)A(2)F(z) = Sa(z) be the Smith form of A(z). Then
setting D(z) := F(2)™! and Q(z) := E(2)"'S4(2), we have A(z) = Q(z)D(z) which

A(2)

B(z)
Then W = E(z)S(z)F(z), for some E € GLy,4,(H(Q)) and F' € GL,,(H(2)). Let Q1(2)
(resp., (2(z)) denote the first m (resp., last p) rows of E(z)S(z). Set D(z) = F(z)

Then we have

shows that D is a right divisor of A. Next, let S(z) be the Smith form of W :=

A(z) = Q1(2)D and B(z) = Q2(2)D(z)
which show that D(z) is a common right divisor of A(z) and B(z). A gerd of two
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holomorphic matrices can also be extracted from the Smith canonical form.

Let Sa(z) be the Smith form of A. Then A(z) = E(z)Sa(z)F(z) for some E €
GL,,(H(Q)) and E € GL,(H(Q2)). We refer to the decomposition A(z) = E(2)Sa(z)F(2)
as the Smith decomposition of A(z). Now if nrank(A) = r then

where D(z) := diag(¢1(2),...,¢.(2)) and ¢y, ..., ¢, are invariant functions of A. Con-

F
sider the conformal row and column partitions £ = [E1 EQ] and F = | '|. Then
£

we have A(z) = E1(z)D(2)Fi(z), where Ej is left invertible and F} is right invertible,
that is, there exist Ey € H(Q)™™ and Fp € H(2)"™" such that E(z)E(z) = I, and
Fi(2)Fg(z) = I, for all z € Q. Define Dg(z) := D(z)Fi(z). Then we have a (non-unique)
decomposition
Drg(2)

A(z) = E(2) . = E1(2)Dgr(2), (2.9)
where F(z) is left invertible. We refer to Dg(z) as a right-structure matriz of A(z).
Observe that the Smith forms of A(z) and Dg(z) have the same non-unit invariant
functions. Consequently, we have 0q(A) = 0q(Dg) and ind. (A, A) = ind. (X, Dg) for all
A € 0q(A). Thus A(z) and Dg(z) have the same spectral structure, that is, A(z) and
Dgr(z) have the same eigenvalues including their partial multiplicities. This proves the

following result.

Proposition 2.3.1. Let A € H(Q)™*™ be such that nrank(A) = r. Then A can be
decomposed as A(z) = E(z)Dg(z), where E- € H(Q)™ " is left invertible and Dp €
H(Q)™™ is a right-structure matriz of A(z). Further, the Smith forms of A(z) and

Dgr(z) have the same non-unit invariant functions. In particular, cq(A) = oq(Dgr) and

ind. (A, A) = ind. (A, Dg) for all X\ € oq(A).

The next result extracts a gerd of two holomorphic matrices.

A
Theorem 2.3.2. Let A € H(Q)™ ™ and B € H(Q)P*". Set W(z) := =) . Suppose
B(z)

that nrank(W) = n. Let Dr € H(Q)™™™ be a right-structure matriz of W(z). Then
Dgr(z) is a gerd of A(z) and B(z).
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Dg(z
Proof. Note that there is a matrix E' € GL,,,4,(H(€2)) such that W(z) = E(z) #(2)
0
. . iy D(z)
Indeed, consider the Smith decomposition W(z) = E(z) F(z), where D €
0

H(Q2)™*™ is given by D(z) := diag(¢1(z2),...,¢,(2)). Then setting Dg(z) := D(2)F(z),
we have the desired result.

E
Now consider the conformal partition £ = el , where E; € H(Q)™*" and
Ey, Gy

12" S B (
Ey € H(Q)P*™. Then is left invertible and W(z) =

Es Es(
that A(z) = E1(2)Dgr(z) and B(z) = FE3(z)Dg(z). Hence Dg(z) is a common right
divisor of A(z) and B(z).

z
) Dgr(z) which shows
2)

Then B-w = |
i Y 0
yields X;(2)A(z) + Xa(2)B(2) = Dg(2). If N(2) is a common right divisor of A(z)
and B(z) then A(z) = Q1(2)N(z) and B(z) = @2(z)N(z). Consequently, we have
Dr(z) = X1(2)A(2) + Xa(2)B(2) = (X1(2)Q1(2) + Xa2(2)Qa(2)) N(z) showing that N(z)
is a right divisor of Dg(z). This proves that Dg(z) is a gerd of A(z) and B(z). O

X1 Xy
Next, consider the conformal partition E~—! =

Recall that A(z) and B(z) are said to be right coprime if every gerd of A(z) and

B(z) is invertible. The next result characterizes right coprime matrices.

Proposition 2.3.3. Let A € H(Q)™ " and B € H(Q)P*"™. Then A(z) and B(z) are
. . A(2)
right coprime <= rank =n for all z € Q.
B(z)
Proof. Suppose that A(z) and B(z) are right coprime. Let D be a gerd of A(z) and B(z).
Then D € GL, (H(f2)). Further, there exist Q)1 € H()™*™ and Q2 € H(Q)?*" such that

is left invertible and A = @ D. Now rank Al2) = rank @il2) =n
Qo B Q2 B(z) Q2(2)
for all z € Q. i}
A(z) A
Conversely, suppose that rank =n for all z € Q. Set W := . Then
B(z) B

rank W(z) = n for all z € = nrank(W) = n. Let D be a right-structure matrix of
W(z). Then by Theorem [2.3.2] D(z) is a gerd of A(z) and B(z). By Proposition we
have oq(D) = o0o(W) = () which shows that D is invertible, that is, D € GL, (H(Q2)). O
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Further, we have following result.

A

Theorem 2.3.4. Let A € H(Q)™*" and B € H(Q)P*". Set W = . Then the
B

following statements are equivalent.

(a) A(z) and B(z) are right coprime

(b) oa(W) = 0.

(¢) There ezists E € GLyyyy(H(Q)) such that E(2)W(z) = = Sw(z), where
Sw(z) is the Smith form of W(z).

(d) There exist X € H(Q)™™ and Y € H(Q)"*P such that X (2)A(z)+Y (2)B(z) = I,,
for all z € ).

A C
(e) There exist holomorphic matrices C(z) and D(z) such that € GLy 4, (H(2)).
B D

Proof. The proof follows from Smith form of YW(z) and similar arguments as those used
in the proofs of Theorem [2.3.2] and Proposition [2.3.3] O

We now explore solution of matrix equations of the form
X(2)A(2) + Y (2)B(2) = C(2) ot {X(z) y<z)} = O(2),

where the matrices A € H(Q)"*", B € H(Q2)P*"™ and C' € H(Q2)"*" are given and the
matrices X € H(Q)™™ and Y € H(2)"*" are sought to be determined.

Theorem 2.3.5. Let A € H(Q)™ ", B € H(Q)**" and C € H(Q)"™™. Then the matriz

equation

X(2)A() + Y (2)B() = [X(2) Y(2) =C(2)

has a solution [X(z) Y(z)} <= every gerd of A(z) and B(2) is a right divisor of C(z).
In particular, if A(z) and B(z) are right coprime, then the matriz equation always

has a solution.
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Proof. Suppose that a solution [X(z) Y(z)] exists. If D(z) is a gerd of A(z) and B(z)

then it follows that D(z) is a right divisor of C(z).
Conversely, suppose that every gerd of A(z) and B(z) is a right divisor of C'(z). Let

A
D(z) be a gerd of A(z) and B(z). Then C(z) = R(2)D(z). Set W(z) := [ =) . Then
B(z)
by , we have
D(z)
E(z)W(z) = :
0
where E is invertible. Consider the conformal partition E(z) = Qi(z) Qal2) . Then
Pi(z) Py(2)

Q1(2)A(2) + Qa(2) B(2) = D(2). Left multiplying on both side by R(z), we have
R(2)Q1(2)A(2) + R(2)Qa2(2) B(2) = R(2)D(z) = C(2).
Setting X (2) i= R(z)Q1(2) and Y(2) i= R(2)Qa(z), we have
X(2)A(2) + Y (2)B(2) = C(2).
Hence | X(z) Y/(2)] is a solution of the matix equation.

Now, if A(z) and B(z) are right coprime then a gerd D(z) is invertible. Then
Q1(2)A(2) + Qa2(2)B(2) = D(2) = D(2)'Q1(2)A(2) + D(2)'Q2(2)B(2) = I,,. Left
multiplying on both sides by C(z), we have

C(2)D(2) ' Q1(2)A(2) + C(2)D(2) ' Qa(2) B(2) = C(2).

Setting X (z) := C(2)D(2)'Q1(2) and Y (2) := C(2)D(z)"'Q2(z), we obtain a solution
[X(z) Y(z)} of the matrix equation. O

We have already seen that if f € M(Q2) then there exist p, ¢ € H(2) such that p and

q are coprime and f = 2—9. A similar matrix-faction description (MFD) is possible for a

matrix-valued function M € M(Q)™*™. In fact, M(2) can be represented as
M(z) = Ng(2)Dr(2) ™" = Dr(2)" ' Ni(2),

where Ny, Ng, Dy, Dy are holomorphic and D and Dp are regular. We discuss only a
right MFD as the case of a left MFD is similar.
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Definition 2.3.6 (Right MFD). Let M € M(Q)™*". A right matriz-fraction description
(MFED) of M(z) is a decomposition of M(z) of the form M(z) = N(z)D(z)™', where
N € H(Q)™ ™ and D € H(Q)™*"™ with D(z) being regular.
A right MFD M(z) = N(z)D(z)™! is a said to be right coprime if N(z) and D(z)
N(z)

are right coprime, that is, if rank =n for z € C.
D(z)

A right coprime MFD of M(z) exists and can be deduced from the Smith-McMillan

form of M(z). Indeed, we have the following result.

Proposition 2.3.7. Let M € M(Q)™ ™. Then there exist non-unique pair (N,D) €
M) x M(Q)™ ™ such that N(z) and D(z) are right coprime, D(z) is regular, and

Proof. Let ¥nm(z) = diag(¢1(2)/¥1(2), - .-, ¢r(2) /00 (2), Om—rn—r) be the Smith-McMillan
form of M(z). Then by Theorem [2.2.18] we have M(z) = E(2)Xm(z)F(z), where E and

F are invertible. Define

N¢(Z) = diag(qﬁl(z), T 7¢T(Z))@0(m—r)x(n—r) and D’LIJ(Z) = dlag<w1(z)7 "'71/}7'(2))@]”—7“'

Then Xm(z) = Ng(2)Dy(2)7! is a right coprime MFD of ¥p(2). Since E and F are
invertible, setting N(z) := E(2)Ny(2) and D(z2) := F(2) *Dy(z), it follows that N(z)
and D(z) are right coprime and that M(z) = E(2)Xm(2)F(2) = N(2)D(2)~!. Indeed,

N(z)| E(z)No(2) | _ No(2) |
rank = rank = rank =n
D(z) F(2)7' Dy(2) Dy (2)
for all z € Q. Hence M(z) = N(z)D(z)! is a right coprime MFD. O

We now show that a right coprime MFD of M(z) is unique up to a unit element.

Theorem 2.3.8. Let M € M(Q)™ ™. If M(z) = Ny(2)D1(2)7! = Ny(2)Dy(2)" are
right coprime MFDs then there exists U € GL,(H(S2)) such that Ni(z) = Na(z)U(2)
and Di(z) = Dy(2)U(2).

In particular, if D1(z) and Dy(2) are matriz polynomials then U(z) is a unimodular

matrix polynomial.

Proof. Note that po(M) = gq(D;) = oq(Ds). Since Ni(z)Di(z)™! = No(2)Dsy(2)71,
we have Ny(z) = Ny(2)Do(2) 1Dy (2) = No(2)U(z), where U(z) := Do(z) ' D;(z). Then
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U € M(Q)™". We show that U € GL,(H(f2)) by proving that Dy(z)"*D;(z) and its
inverse D;(z)7'Dy(z) are both analytic in 2.

Since N;(z) and D;(z) are right coprime, by Theorem [2.3.4|(d), there exist analytic
matrices X € H(Q)™™ and Y € H(Q2)"*" such that X (2)Ni(2) + Y (2)D1(z) = I,.
Inserting Ny(z) = Nao(2)U(z) we have

X(2)Na2(2)U(2) + Y (2)D1(2) = I, = [X(2)Na(2) + Y (2)Da(2)|U(2) = I,.
This shows that U(z) ™! = X (2)No(2) + Y (2) Dy(2) is analytic in €.

Similarly, considering V' (z) := D;(z) "' Ds(z) and interchanging the role of D;(z) and
Ds(z) in the above proof, it follows that V(z)~! is analytic in Q. Since V(z)™! = U(z)
and both U(z) and U(z)™! are analytic in Q, we have U € GL,,(H(f?)). This proves that
Ni(2) = No(2)U(z) and Dy(2z) = Do(2)U(2).

Now, if D;(z) and Ds(2) are matrix polynomials, then U(z) = D;(z)Do(2)"" is a
rational matrix. Since both U(z) and U(z)~! are analytic, both U(z) and U(z)~! must

be matrix polynomials. In other words, U(z) is a unimodular matrix polynomial. [

In view of the proof of Proposition [2.3.7, we have the following result.

Theorem 2.3.9. Let M € M(Q)™ ™. Let M(z) = N(2)D(z)~" be a right coprime MFD.
Let Yzm(2) i= diag(o1(2) /v1(2), . .., 00(2) /10 (2), Om—rn—r) be the Smith-MecMillan form
of M(z). Then Sy(z) := diag(¢1(2), ..., ¢r(2), Om—rn—r) is the Smith form of N(z) and
Sp(z) = I ® diag(V,(2), Vr—1(2), . . ., ¥1(2)) is the Smith form of D(z).

In particular, we have
0a(M) = 0q(N), Ind.(A\,M) =Ind.(\,N) for X\ € oq(M)

pa(M) = 0q(D), Ind,(A\,M) =1Ind.(\, D) for € po(M).

Proof. The proof of Proposition [2.3.7] shows that
M(z) = E(2)Zm(2) F(2) = E(2)Ny(2)Dy(2) "' F(2) = N(2)D(2) ™"

are right coprime MFDs. Hence by Theorem [2.3.8] there exists U € GL,(H(Q2)) such
that N(z) = E(2)Ng(2)U(z) and D(z) = F(2) ' Dy(z)U(z). Consequently,

Sn(z) = S, (2) = Ny(z) = diag(¢1(2), ..., &r(2), Omrin—r)
is the Smith form of N(z) and

SD(Z) = SD¢(Z) = diag(Ll—ra ¢T(Z)7wr—1(z)v ce 7¢1(Z))
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is the Smith form of D(z).

Obviously, the zeros and poles of M(z) are given by the eigenvalues of Ny(z) and

Dy (z), respectively. In fact, we have
oa(M) = 00(Ny) = 0a(N) and po(M) = q(Dy) = oa(D).
Further, we have

Ind.(A, M) = Ind.(\, Ny) = Ind.(A, V) for A € o(M)
Ind,(A,M) = Ind.(\, Dy) = Ind.(\, D) for A € pq(M).

O

We mention that similar results hold for left coprime MFDs of M(z). We end this
section with a proof of the argument principle for a regular meromorphic matrix-valued

function using MFD.

The argument principle is a well known classical result in complex analysis [58], p.282]

which is stated as follows.
Let f : 2 — C be a meromorphic and I' C 2 be a rectifiable simple closed curve such

that Int(I") C Q. Here Int(I') denotes the interior of the region enclosed by I'. Suppose
that f is analytic and nonzero on I'. Let P be the number of poles and N be the number

of zeros of f inside T' counting multiplicities. Then [58], p.282]

e,

2wt Jr f(2) -

We now use MFD to provide a proof of the argument principle for a meromorphic

matrix-valued function.

Theorem 2.3.10 (argument principle). Let M € M(Q, C"*™) be regular. Let I' C € be
a rectifiable simple closed curve such that Int(T") C Q. Suppose that M is analytic on T
and that T' does not pass through an eigenvalue of M(z). Let P be the number of poles
(counting multiplicities) and N be the number zeroes (counting multiplicities) of M(z)
inside I'. Then

L, Tr (M(z)"'M(z)')dz = N — P.

21 Jaq

Proof. Let M(z) = N(2)D(z)~! be aright coprime MFD. By Theorem 2.3.9 the number
of eigenvalues of N(z) inside I' = the number of zeroes of M(z) inside I' = NV, and the

number of eigenvalues of D(z) inside I' = the number of poles of M(z) inside I' = P.
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Differentiating M(z) with respect to z, we have
M(2)' = N(2)'D(2)"" + N(2)(D(2) ")

= N(2)'D(2)™' + N(2) (—D(z)_lD(z)/D(z)_l) )

Consequently, we have
1

-1 : . r (N(2)"1N(z) h '8 r (D(2)(D(2)™1)) dz
o [ TG M) ds = o [T (V)N QM,/BQT(D()(D() ) d

= N =g

The last equality follows from the argument principle for the complex function
f(2) :==det(N(z)) and the Jacobi formula [30] f'(2)/f(z) = Tr(N(2)"'N'(2)).
[

2.4 Analytic system matrix and transfer function

We have seen in (2.1 that a DDS gives a system matrix as well as the transfer function.
On the other hand, we now show that a meromorphic matrix can be represented as
the transfer function of a system matrix. Our aim in this section is to undertake a

comprehensive analysis of system matrices, transfer functions and their canonical forms.

We first discuss transfer function realization of a meromorphic matrix and the system
matrix associated with such a realization. The idea is to analyze zeros and poles of a
meromorphic matrix via zeros of appropriate holomorphic matrices. For instance, a

function f € M(Q) when represented as f = p/q, where p,q € H(2) are coprime, can

0 —p(z
be studied by analyzing the matrix H(z) := P(2) . Indeed, f(z) is the Schur

1 q(2)
complement of ¢(z) in H(z) and det H(z) = p(z) = q(2) f(2). This shows that
oa(f) = oa(H) and po(f) = oalq).

Realization theory for rational matrices is well-known and has been studied exten-

sively [32], 56, [50]. We now define realization of a meromorphic matrix.
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Definition 2.4.1. Let M € M(Q)™*™. Then a representation of M(z) of the form
M(z) = D(z) + C(2)A(2) "' B(z)
is called a realization of M(z), where (C, A, B) € H(Q)™*" x H(Q)™" x H(Q)"™" with

A(z) being regular and D € H(Q)™ ™. A realization (C, A, B, D) of M(z) is called
minimal if A(z),C(2) are right coprime and A(z), B(z) are left coprime, that is, if

rank g(z> = rank [A(z) B(z)} =71 for all z € Q).

We now associate a holomorphic matrix with a realization of M(z) which can be

gainfully utilized for analyzing zeros and poles of M(z).
Definition 2.4.2 (system matrix). Let (C, A, B) € H(Q)™*" x H()™*" x H(2)"™*" with
A(2) being regular and D € H(Q)™*™. A holomorphic matriz H € H(Q)m+1)*(+) giyen
by
D(z ‘ C(z
i o | 22| 06
B(2) | —A(2)

is called a system matriz and A(z) is called the state matriz. The meromorphic matriz
M(z) := D(2) + C(2)A(2) ' B(2)

is called the transfer function of the system matriz H(z). The system matriz H(z) is

said to be irreducible if the realization (C, A, B, D) is minimal.

Observe that the transfer function M(z) is the Schur complement of —A(z) in H(z).
The system matrix H(z) given in Definition is called an analytic matriz descrip-
tion(AMD) of M(z). We also refer to the system matrix H(z) as an analytic system
matrix of M(z).

If @ = C and M(z) is a rational matrix then the system matrix H(z) is a matrix

polynomial and is referred to as Rosenbrock system matrix [50, 32} 56].

Remark 2.4.3. We mention that one can define multiple system matrices corresponding
to a realization of a meromorphic matriz. Indeed, let (C, A, B, D) be a realization of

M e M(Q)™ ™. Then

D(:) | ~C() e o)
B(2) ‘ A(z) —B(z) ‘ A(z)
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are system matrices and M(z) = D(z) +C(2)A(2) "' B(2) is the transfer function. Now,

permuting the block rows and columns , we have the system matrices
A() | -B() Ae) |Be) | [ -ae) | BE)
, an
()| pez) —C(2) | D(2) C(z) | D(2)
with the same transfer function M(z) = D(z) + C(2)A(2)"'B(z). We consider one of

the above system matrices as per our convenience.

The existence of a system matrix of a meromorphic matrix follows from an MFD.

Theorem 2.4.4. Let M € M(Q)"™*". Then there exists an analytic system matriz
H € H(Q)™M+)x047) given by

for some r € N such that M(z) is the transfer function of H(z).

Omxn | N(2)

I, |-D(2)
is an analytic system matrix with transfer function M(z) = N(z)D(z)~ . O

Proof. Let M(z) = N(2)D(z)~! be an MFD of M(z). Then H(z) :=

To proceed further, we now define equivalent system matrices.

Definition 2.4.5 (strict system equivalence). Let Hy(z) and Hy(2) be analytic system

matrices given by

Di(2)| i)

Dy(2) | ()
Bi(2) | —Ai(2)

H,(z) :=
Bu(2) | —As(2)

and Hy(z) :=

?

(m+r)x(n+r) (m—+£) X (n+¢)

where A; € H(Q)™"and Ay € H(Q)™¢ are reqular. Let p > max(r,£). Then Hy(z) and
Hy(z) are said to be strict system equivalent and written as Hi(z) ~gse Ho(2) if there

exist M, N € GL,(H(Q2)) such that

L | x() | [Hi=)] o 1, | o
0 | M(2) 0 |5 | [ Y| NG

where X € H(Q)™P and Y € H(Q)P*".

TH-3537_146123009



Chapter 2. Spectral Analysis of Holomorphic and Meromorphic Matrix-Valued
58 Functions

Remark 2.4.6. We mention that for permuted analytic system matrices, strict system

equivalence is defined as follows. Let the system matrices Hy(z) and Hy(2) be given by

A=) | Bat2)

A | Bi2)
~Co(2) | Da2)

~Cu(2) | Da(2)

H,(z) := and Hy(z) :=

(r+m)x(r+n)

N

(b+m)x (£4n)

with state matrices Ay € H(2)™*"and Ay € H(Q)™E. Let p > max(r,€). Then Hi(2) ~gse
Hy(z) if there exist M, N € GL,(H(2)), X € H(Q)"™*? and Y € H(Q)**" such that

M(z) | 0
X(2) | L 0 |Hi(2)

0 NE) | Y(2) Ie| 0
0 | & 0 |Hy(2)

The strict system equivalence defined above reduces to the strict system equivalence
introduced by Rosenbrock (see, [50, p.52] and [56, p.58]) when H;(z) and Hy(z) are
matrix polynomials. In such a case, the polynomial system matrices H;(2z) and Hy(z)
are called Rosenbrock system matrices. We refer to a Rosenbrock system matrix as a
polynomial system matrix. It is well known [50} 56] that strict system equivalence of a
polynomial system matrix preserves the transfer function. It turns out that the same is

true for an analytic system matrix.

Theorem 2.4.7. Let Hi(2) and Hy(z2) be analytic system matrices given by

A(2) | Ba()

A(2) | Bu()
~Cu(2) | Da(2)

~Ci(2) | Di(2)

H,(z) = and Hy(z) :=

(r+m)x(r+n) (b+m)x (L4n)

with state matrices Ay € H(Q)™Tand Ay € H(Q)C. If Hi(2) ~gs Ha(2) then
M, (z) := Di(2) + C1(2)A1(2) ' B1(2) = Da(2) + Ca(2) Az(2) "' By(z) =: My(2).

Proof. The proof is purely computational and follows from the same arguments as given
in the proof of [56, Theorem 2.13] keeping in mind that unimodular matrix polynomials
are replaced with invertible holomorphic matrices (unit elements) and matrix polyno-

mials are replaced with holomorphic matrices. O

The strict system equivalence of polynomial system matrices can be characterized

by their transfer functions.

Theorem 2.4.8. [50] Let Hy(z) and Ha(2) be irreducible polynomial system matrices.
Then Hy(z) ~gse Ha(2) if and only if Hi(2) and Hy(z) have the same transfer function.
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We show that Theorem also holds when H;(z) and Hy(2) are analytic system
matrices. For this purpose, we need to extend Fuhrmann system equivalence [56], p.67]
of polynomial system matrices to the case of analytic system matrices. For convenience,

we consider a permuted analytic system matrix as given in Remark [2.4.3|

Definition 2.4.9 (Fuhrmann system equivalence). Let Hy(z) and Hy(2) be analytic

system matrices given by

A4() | Bi(2)

Ay(2) ‘Bg(z)
—C1(2) ‘ D1 (2)

H1<Z) =
—Cs(2) ‘ Dy(2)

and Hy(z) :=

Y

(r+m)x (r+n) (£+m)x (L4+n)

where Ay € H(Q)"™"and Ay € H(Q)™* are reqular state matrices. Then H,(z) and
H,(z) are said to be Fuhrmann system equivalent and written as Hy(z) ~ e Ha(2) if
there exist M € H(Q)>", X € H(Q)™" and N € H(Q)>",Y € H(Q)" such that

M) | 0o | | 4 | Bi2) 42) | Boo) | [ v | ¥
X(2) | In || —Cu2) | Di2) ~Co(2) | Do) | | Ouer | I

and the following conditions hold:
(a) M(z) and As(z) are left coprime.

(b) Ai(z) and N(z) are right coprime.

Notice that the matrices M(z) and N(z) are non-square when r # (. Even when
r = {, unlike in the case of strict system equivalence, the matrices M (z) and N(z)
need not be unit elements of H(2)"*". It turns out that, as in the case polynomial sys-
tem matrices (see,[56, Theorem 2.30]), Fuhrmann system equivalence and strict system

equivalence are identical equivalence relations on analytic system matrices.

Theorem 2.4.10. Let Hi(2) and Hy(2) be analytic system matrices given by

A4() | Bi(2)

43(2) | Ba2)
—C(2) ‘ Di(2)

H1 (Z) =
~Co(2) | Da(2)

and Hy(z) :=

Y

(r+m)x(r+n) (£+m)x (L4n)

where A; € H(Q)™"and Ay € H(Q)™¢ are regular state matrices. Then

Hl(Z) ~fse H2(Z> e Hl(Z) ~sse Hg(Z).
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Proof. Suppose that Hy(z) ~ s Ha(z). Then by Definition [2.4.9) we have M (z)A;(z) =
Ay(2)N(z). Further, since A and M (z) are left coprime, by Theorem there exist
X e H(Q)” and Y € H(Q)™ such that Ay(2)X(z) + M(2)Y (z) = I,. Similarly, since
A1 (z) and N(z) are right coprime, there exist X € H(Q)™ and Y € H(Q)"*" such that
X (2)N(z) + Y (2)Ay(2) = I,. Consequently, we have

A~

—X(2) Y(2)| |-N(2) X(2) I, W(z)
Ay(z) M(2)| | Ai(z) Y(2) 0 I
I, =W()| [I, W(z) I, 0

where W (2) := —X(2)X (2) + Y (2)Y(2). Since = ,
0 Ig Ie 0 Ié

0
it follows that X(z) and Y(z) can be chosen such that W (z) = 0. Indeed, setting
X(2) « —(X(2) + W (2)Az(2)) and Y (2) « Y (2) — W(2)M(2), we have

~X(2) Y(z —N(2) X(z I, 0O
@) @] [N X6 %0)
Ay(z) M(z) Ai(z) Y(z) 0 I
which shows that the block matrices in (2.10)) are unit elements, that is, the block
matrices are holomorphic and invertible.

Now the equality in Definition [2.4.9] can be rewritten as

—X(z) Y()| 0
As(z) M(z)| 0 0 Ai(z) | Bi(2) | =
—Cs(2) X(2) | Inm 0 —Ci(2) | Di(2)

X\(,z) Ig@f-lrl(z)
0 0 ~X(2) Y(2)A(z) | Y()Be)
0 M) | B || L Ne | v
0 —Go(z) | Da(2) 0 o | 1
) [, &Ha(2) A YG)

Thus, in view of Remark it follows that Hy(2) ~ss Ha(2) provided that X (z) and
Y(z) are unit elements. It follows from (2.10)) that X'(z) is holomorphic and invertible,
that is, X'(z) a unit element. On the other hand,

I, X(2)| |-X(2) Y(2)Ai(2) 0 I

0 I

- (2.11)
I T N<Z) Y, N(Z)
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shows that the block matrices in (2.11)) are holomorphic and invertible which in turn
show that Y(z) is holomorphic and invertible, that is, J(z) is a unit element.

Conversely, suppose that H;(z) ~gse Ha(2). Then by Remark [2.4.6] there exist
M,N € GL,(H(©2)), X € H(Q)™*? and Y € H(2)?*" such that

(
0o | I

N | Y(2)

[ Mu(z) Moo |1 o 0
M21(Z) MQQ(Z) 0 0 Al(Z) Bl(Z) =S
| X)) XG) [ ]| 0 -Gi) | Di2)
L (2.12)
Lo 0 0 Nii(z) Nia(2) | Yi(2)
0 AQ(Z) BQ(Z) N21<Z> NQQ(Z) 5/2(2) 5
0 ~Co(2) | Dal) 0 0 | I

where M € H(Q) b7 L) , Moy € H(Q)ﬂxr and Ny € H(Q) p=f)x(p=r) , Nog € H(Q)EXT.
Now equating the blocks, we have

Mas(®) | O | [ 412 | Bi2) A(2) | Bol) | [ Naal2) | Ya2)

X() | In | | —Ci(2) | Da(2) ~Co(2) | Da(2) | | Oner | I

Y

Mlg(Z)Al(Z) — N12<Z) and MQl(Z) AQ( )Ngl( ) Thus we have

M) = (Mi1(2) Mia(2) My (2)  Mp(2) |
| Mar(2) Man(2)| | A2(2)Nai(z) Mao(2)

N(z) = _Nn(Z) Nio(2) _ Nii(2) Mya(2)AL(2)
_N21(Z) Noo(2) Nai(2) Noo(2)

Since M (z) and N(z) are unit elements, it follows that As(2z) and My (2) are left coprime,
and Noo(2) and A;(z) are right coprime, Indeed, let

Xi1(2) Xia(2)
X21 (Z) XQQ(Z)

Yii(2) Yie(2)
Yoi(2) Yao(2)

and N(z)™' = [

M)t = [
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be conformal partitions. Then

M(Z)M(Z)_l = Ip — Az(Z)Ngl(Z)Xlg(Z) + MQQ(Z)ng(Z) = ]g
N(Z)_1N<Z) = [p - }/21(2)M12(Z>A1(Z) + }/22(2)]\[22(2) =1,.

Hence by Theorem [2.3.4] Ay(z) and Mas(z) are left coprime, and A;(z) and Noo(2) are
right coprime. This proves that H;(2) ~ s Ha(2). O

Let A, B € H(2)™" be regular. We denote the principal divisor of det(A(z)) by da

and refer to 04 as the principal divisor of A(z) on Q. Obviously
A(z) ~q B(z) = 04 = 05.

In particular, if A, B € C[z]"*" then the unit elements in C[z]"*" are unimodular matrix

polynomials and in such a case A(z) ~c B(z) is unimodular equivalence. Consequently,
0a = 0p = degdet(A(z)) = degdet(B(z2)).
Corollary 2.4.11. Let H,(z) and Hy(z) be analytic system matrices given by

A(2) | Bi2)
—Ci(2) | Du(2)

Ay(2) | Bo(2)
~Ci(2) | Da()

H,(z) := and Hy(z) :=

)

(r+m)x (r+n) (l+m) x (L+n)

where A; € H(Q)™"and Ay € H(Q)* are regular state matrices. If Hy(2) ~ps Ha(2)
then the following hold:

® 8,41 = 8A2.
o M, (z) := Dy(2) + C1(2)A1(2) 7' B1(2) = Dy(2) + Co(2) Az(2) "' By(2) =: My(2).

e The non-unit invariant functions in the Smith forms of Ai(z) and As(z) are the

same.

e The non-unit tnvariant functions in the Smith forms of

A(2) Bi(2)] and [4s(2) Bu(2)]
are the same.

A1(2’> AQ(Z)

e The non-unit invariant functions in the Smith forms of and are
Ci(2) Ca(2)

the same.
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e The non-unit invariant functions in the Smith forms of Hy(z) and Hy(z) are the

same.

Proof. By Theorem [2.4.10| we have H;(2) ~fsc Ha(2) <= Hi(2) ~g Ha(2). Hence
equating (1,1) blocks on both sides in ([2.12)), we have

M(2)(1y—r®A1(2)) = (L—eDA2(2))N(2) = det(M(2)) det(A;(2)) = det(N(z)) det(As(2)).

Since det(M(z)) and det(N(z)) are unit elements of H((2), we have 04, = Ja,.

Similarly, the remaining results follow from (2.12)) by equating appropriate blocks
and their Smith forms. O

Let M € M(Q2)™*™. Then we have seen that M(z) admits a right (resp., left) MFD
of the form M(z) = Ng(2)Dr(2)™" (resp., M(z) = D (z) 'Ni(z)), where Np, Nr €
H(Q2)™*™ and, Dy, € H(Q)™*™ and Dg € H(Q2)"*" are regular. It follows that M(z) is
the transfer function of the system matrices

Hg(z) := Dr(z) In and Hy(z) = Dp(z) Nip(z)

“NRZ) Omxn [ o) i Omxn |y
A system matrix of the form Hg(z) (or a block permutation similarity transformation
of Hg(2)) is called a system matrix in right matriz-fraction form which we refer
to as RMPF-system matriz. Similarly, a system matrix of the form Hy(z) (or a
block permutation similarity transformation of Hy(2)) is called a system matrix in left

matriz-fraction form which we refer to as LMF-system matriz.
Theorem 2.4.12. Let H;, H, € H(Q)"t™x("+n) pe RMF-system matrices given by

Di(z In Dy (2 In
H,(z) := 1(?) and Hy(z) = 2(?)
_Nl(z) Omxn _NQ(Z) 0m><n
Then Hy(z) ~ s Ho(2) <= there exist Tp € GL,(H(QY)) such that
Dl(Z) [n DQ(Z) In TR(Z) 0

_NI(Z) 0m><n _N2(Z) Omxn O In

Proof. We only need to prove the implication (=). Suppose that H;(2) ~ 5 Ha(2).
Then there exist M, N, Y € H(Q)"™ and X € H(Q)™ ™ such that

M(z) Opxm Dy(2) I, _ Dy(2) I, N(z) Y(z) (2.13)
X(z) In —N1(2) Omxn —No(2) Omxn| | Onxn  In
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and M (z), Dy(z) are left coprime and D;(z), N(z) are right coprime. Multiplying both

n OTL n
sides of (2.13]) from the right by “"1 we have
—Dl(Z) ]n
M(z) O,xm O,xn I, Ds(z 1, Tr(z Y(z
@) Onen] [ 0 [ o) YE|
X(Z) [m —N1<Z) Oan —NQ(Z) Oan —Dl(Z) In

where Tr(2) := N(2) — Y (2)D;1(2). Now, equating (1, 1) and (2, 1) blocks on both sides
of (2.14]), we have D;(z) = Dy(2)Tr(2) and Ny(z) = Na(z)Tr(2). This shows that

Dl(Z) In DQ(Z) In TR(Z) 0

_Nl(z) Omxn _N2<Z) 0m><n 0 In
It remains to show that Tx € GL,(H(f2)). Since D;(z) = D(2)T5(z), it follows that
Tgr(z) is regular and dp, = 9dp, + Or,, where dp,,0p, and Or,, respectively, are the
principal divisors of D;(z), Ds(2) and Tr(z) on Q. By Corollary [2.4.11, dp, = Op,.

Hence we have Op, = 0. In other words, det(7z(z)) is a unit element of H(£2) which in
turn shows that Tk € GL, (H(f2)). O

By similar arguments, we have the following result.

Corollary 2.4.13. Let Hy, Hy € H(Q)(mtm)x(m+n) pe [ MF-system matrices given by

(o) |2 MG e = [P0 V)

_Im Omxn _[m Om><n
Then Hy(2) ~se Hy(2) <= there exist Tj, € GL,,,(H(2)) such that
Dl(z) Nl(z) TL(Z) 0 DQ(Z) NQ(Z)
_[m Omxn 0 [m _[m 0m><n

We now show that an analytic system matrix, under appropriate assumption, is

Fuhrmann system equivalent to an RMF-system matrix.

Theorem 2.4.14. Let (C, A, B) € H(Q)™ " x H(Q)™" x H(Q)™™ with A(z) being
reqular and D € H(Q)™*". Consider the system matriz

H) = | A BE Cggyeimxein
—C(z) D(z)
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If A(z) and B(z) are left coprime then there exists an RMF-system matrix

DR(Z) In
_NR(Z) Omxn

c H(Q) (n+m)x (n+n)

Hy(2) := [

such that Hy(z) ~fse Ho(2). Further, if A(z) and C(z) are right coprime then Ng(z)

and Dg(2) are right coprime.

Proof. Since A(z) and B(z) are left coprime, by an analogue of Theorem [2.3.4f(e), there
exists N € H(Q)™" and Y € H(Q)™ ™ such that

A(z)  B(2)

T(z) :=
—N(z) =-Y(z2)

€ GL, 1 (H($2)).

Consider the conformal partition of T'(z)~! be given by

Tl(Z) TQ(Z)

T(z)"' = € GL,4,(H()),
M(z) Dg(2)

where with 77 € H(Q)"*" and Dy € H(Q2)"*". Then

Ti(z) Tx(2)
M(z) Dr(z)

A(z)  B(?)
—N(z) =Y (z)

T

=T(2)'T(2) = [0 IO] (2.15)

gives M(2)A(z) = Dr(2)N(z) and M(z)B(z) = Dr(2)Y(z) + I,, which can be written

together as

(2.16)

N(z) Y(2)
SN

M(2)[A(z) B(z)| = |Dr(z) 1) [
Again using the fact that T'(2)T(z) "' = I,,,, we have

A BE)| [ne) nE| [ L o
~C(:) D) |ME) Dalz)|  |-X(:) Na(2)

where X (z) := C(2)T1(z) — D(2)M(z) and Ng(z) := D(z)Dg(z) — C(z)T2(z). Hence

-1

L Ow| | A) B()|  |L 0 Ti(z) T(2)
X() oo | [=C() DE)| |0 Na()] [M(:) Dal2)
oo 4w Be
o )] [-NG) Y
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gives (by equating the last block row)

X(2)|Az) BE)|+|-C(x) D(z)] =—Na2) [N(z) Y(2)] (2.17)
Now writing and together we have

M(z) Onxm A(z) B(z) _ Dgr(z) I, N(z) Y(z)

X(z) In —C(z) D(z) —Ngr(2) Omxn| | Onxr  In

It follows from (2.15) that A(z) and N(z) are right coprime and M(z) and Dg(z) are
left coprime. It remains to show that Dg(z) is regular. Let f € H(Q2)" and Dgf = 0.
Now T(2)T(2)~" = I, @ I, gives ATof + BDrf = 0 = ATyf = 0 = T,f = 0 since

T
A(z) is regular. This shows that ] f=0= f=0since T(z)"! is a unit element.
Dp

Hence Dg(z) is regular. This proves that H,(2) ~ s Ha(2).

. A(z) Dg(2) i ™

By Corollary [2.4.11}, the matrices and have the identical non-

-cz)|  |-Ma()

unit invariant functions in their Smith forms. Thus if A(z) and C(z) are right coprime
Iy ; . A(z) I . .

then is the Smith form of . Consequently, is the Smith form

Orxcr —C(Z) Omxn
Dr(z) . : :
of which in turn shows that Dg(z) and Ng(z) are right coprime. O
—Ng(2)

We mention that our proof of Theorem [2.4.14]is concise and simpler than the proof

of [56, Theorem 2.40] for polynomial system matrices.
We have the following result whose proof is similar to that of Theorem [2.4.14]

Theorem 2.4.15. Let (C,A,B) € H(Q)™" x H(Q)™" x H(Q)™" with A(z) being

reqular and D € H(Q)™*". Consider the system matriz

H,(2) = A(z) B(z) EH(Q)(T+m)X(T+n).
—C(z) D(z)

If A(2) and C(z) are right coprime then there exists an LMF-system matrix

Hy(2) = Dp(z) Ni(z) € F(Q)(mmxCntn)

_]m Omxn
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such that Hy(z) ~se Ha(2). Further, if A(z) and B(z) are left coprime then Dy(z) and

Np(z)are left coprime.

We are now ready to prove that two irreducible analytic system matrices are strict
system equivalent (also Fuhrmann system equivalent) if and only if they have the same

transfer function.

Theorem 2.4.16. Let H; € H(Q) x40 gnd Hy € H(Q)EH™ XA be drreducible

analytic system matrices given by

A(2) | Bu(2)

As(2) | Bal2)
~Ci(2) | Du(2)

~Cy(2) | Da(2)

H,(z) := and Hy(2) :=

(r+m)x(r+n) (€4+m) x (L4n)
with transfer functions M;(2) = D;(2) + Ci(2)Ai(2)"'Bi(2), @ = 1,2, where A; €
H(Q)™"and Ay € H(Q) are regular state matrices. Then

Hl(Z) ~gse HQ(Z) <~ Hl(Z) ~fse H2<Z> <~ Ml(Z) = Mg(Z).

Proof. We have already seen that Hj(2) ~gs Ha(2) <= Hi(2) ~5c H2(2) and in such
a case, by Theorem [2.4.7] and Corollary [2.4.11] we have M;(z) = My(z).

Conversely, suppose that M;(z) = May(z). By Theorem [2.4.14] there exist RMF-

system matrices

SZ(Z) — (Z) c H(Q)(n-i-m)x(n-i-n)

with transfer function N;(z)D;(z)~* such that H;(z) ~ys Si(2) for i = 1,2. Hence by
Corollary [2.4.11] M;(2) = N;(2)D;(z)~! for i = 1,2. Now

Ml(Z) = MQ(Z) —— Nl(Z)Dl(Z)_l = NQ(Z)DQ(Z)_I.

Since H;(z) is irreducible, by Theorem [2.4.14] the MFD N;(2)D;(z)~! is right coprime
for i = 1,2. Hence by Theorem [2.3.8] there exist Tr € GL, (H(£2)) such that

Ni(2) = No(2)Tr(z) and D1(2) = Do(2)Tg(2).
This shows that

D1 (Z) ]n DQ(Z) In TR(Z) 0
_Nl(z) Omxn _N2(Z) Omxn 0 In
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Now, by Theorem [2.4.12] we have S;(z) ~ s Sa(z). Consequently, we have

H(2) ~jse S1(2) ~yse S2(2) ~pse Ha(2),

that is, Hy(2) ~fs Ha(2). This completes the proof. O

We now examine the conditions under which an LMF-system matrix is Fuhrmann

system equivalent to an RMF-system matrix.

Theorem 2.4.17. Consider the LMF-system matriz Hy(z) € H(Q)m+m)>x(m+n) gnd the
RMF-system matriz Hg(z) € H(Q)M+Hm>X0+0) gipen by

H, () = Dr(z) Ng and Hp(z) = Dgr(z) I,

_Im Omxn _NR(Z) Omxn

Then
(a) Dr(2) "' Ni(2) = Nr(2)Dgr(2)™"

Hp(2) ~fse Hr(2) <= { (b) Dy(2), N1(2) are left coprime

(¢) Dr(z), Nr(2) are right coprime.

Proof. First, note that Dz (z) ' Np(2) is the transfer function of Hy (2) and Ng(z)Dp(2)™!
is the transfer function of Hg(2). Thus, if the conditions (a), (b) and (c) hold then H; (z)
and Hy(z) are irreducible and have the same transfer function. Hence by Theorem[2.4.16]
we have Hy(z) ~ s Ha(2).

Conversely, suppose that Hy(z) ~ s H2(2). Then by Corollary |2.4.11L the non-unit

invariant functions in the Smith forms of | Dy (2) Ny (z)| and | Dg(z) I,,| are identical.

D D
Also, the non-unit invariant functions in the Smith forms of "1 and f are

identical. Since Dg(z) and I,, are left coprime, the invariant functions in the Smith form

of [ Dg(2) ]n] are all unit elements. This implies that the invariant functions in the

Smith form of [DL<Z> NL(Z)] are all unit elements. Hence Dy (z) and Np(z) are left
coprime. Similarly Dy (z) and I, are right coprime which implies that Dg(z) and Ng(z)
are right coprime. Again, by Corollary [2.4.11] we have D;'Np(2) = Nr(2)Dgr(2)~!. O

We now examine relationships between canonical forms of analytic system matrix,

state matrix and the transfer function.
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Theorem 2.4.18. Let (C, A, B) € H(Q)™*" x H(Q)™" x H(Q)"™" with A(z) being

reqular and D € H(Q)™*". Consider the analytic system matrix

H(:) e A(z)  B(z) € H(Q)r (i)
—C(z) D(z)

and its transfer function M(z) := D(z) + C(2)A(2)"'B(z) € H(Q)™*". Suppose that
H(z) is irreducible and nrank(M) = p. Let

Ym(z) = ¢1(2)/91(2) @ - - @ ¢p(2)/1p(2) B Ompin—p
be the Smith-McMillan form of M(z). Then

Sa(z) = Ir—pEBdiag(¢p(z)a¢p—1(z)7¢1(z))
Su(z) = I, ®diag(¢i(z),...,0p(2)) ® Opmpn—p

are the Smith forms of A(z) and H(z), respectively. In particular, we have

e 0o(M) = 0q(H) and Ind.(A\, M) = Ind. (A, H) for all A € co(M).

o po(M) = 0q(A) and Ind, (A, M) = Ind. (A, A) for all X € po(M).
Proof. Since H(z) is irreducible, by Theorem there exists an irreducible RMF-
system matrix (with Dg(z), Ng(z) are right coprime)

D I,
S(Z) — R(Z) c H(Q)(n+m)><(n+n)

_NR(Z) Omxn
such that H(z) ~ S(2). By Corollary[2.4.11} M(z) = Ng(z)Dg(z)! is a right coprime
MFD. Now by Theorem [2.3.9, Sp,(2) := L,—p ® diag(1p(2), ¥p—1(2), ¥1(2)) is the Smith
form of Dg(2) and Sn,(2) := diag(¢1(2), ..., dp(2)) & Om_pn—p is the Smith form of
NR(Z)
By Corollary [2.4.11} the non-unit invariant functions in the Smith forms of A(z) and

Dpg(z) are the same. Hence S(z) = I,_, ®diag(¢,(2), ¥p-_1(2), ¥1(2)) is the Smith form
of A(z). Next, we have

Dgr(z I, Onxn —1, I, Onxcn
(%) g - 2D H (),
_NR(Z) 0m><n [n DR(Z) Omxn NR<Z)

where the second matrix on the left hand side is a unit element. This shows that S(z)
and H; (z) have the same Smith form and Sy, (2) = I, ®diag(¢1(2), ..., ¢p(2)) B0m—pnp
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is the Smith form of H;(z). By Corollary [2.4.11} the non-unit invariant functions in the
Smith forms of H(z) and S(z) are the same. Consequently,

Su(z) = I, @ diag(¢1(2), ..., ¢p(2)) B Opm—pn—p

is the Smith form of H(z). The proofs of the remaining results are immediate. O

Finally, we have the following result that establishes equivalence between an irre-
ducible system matrix and an irreducible RFM system matrix. Obviously, similar result

holds for an irreducible LMF-system matrix.

Theorem 2.4.19. Let M € M(Q)™*". Let M(z) = Ngr(2)Dgr(2)"" be a right coprime
MFD, where Dg(z) is reqular and (Ng, Dg) € H(Q)™*" x H(Q)"*". Let

M(z) = D(z) + C(2)A(2) "' B(z)

be a minimal realization, where (C, A, B, D) € H(Q)™*" x H()™" x H(Q)™*" x H()™*"
and A(z) is reqular. Consider the system matriz H(z) and the RMF-system matriz S(z)
given by
A(z) B(z Dgr(z I,
H(z) := ) (2) and S(z) := #l2)
_C(Z) D(Z> _NR<Z) Omxn
Let p > max(r,n). Then the following hold:
e H(z) ~f S(2) or equivalently H(z) ~ge S(2).
o I, ®H(z) ~sse Ip-n ®S(z) ~a I, ® Ng(2).
o I, , ®A(2) ~q I,—n ® Dg(z).

Let Su(z), Ss(z) and Sn,(z) be the Smith forms of H(z),S(z) and Ng(2), respectively.
Then I,_, & Sa(z) = Ip—p, ® Sp,(2) and I,_, & Su(z) = I,—, & Ss(2) = I, ® Sn,(2).

In particular, cq(M) = cq(H) = 0q(S) = 0a(Ng) and po(M) = 0q(A) = oa(Dg).
Further, ind,(A,M) = ind.(A\,H) = ind.(\,S) = ind.(\, Ng) for A € 0q(M) and
ind, (A, M) = ind. (A, A) = ind.(\, Dg) for XA € po(M).

Proof. Since H(z) and S(z) are irreducible analytic system matrices having the same
transfer function, by Theorem [2.4.16 we have H(z) ~ s S(2). By Theorem [2.4.10, we
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have H(z) ~gse S(2). Since Hy(z) ~gse Ha(2), by Remark [2.4.6] there exist M, N €
GL,(H(f)), X € H(Q)™*? and Y € H(Q)?*" such that

.| o NE) | Y() Lo 0
0|

0
L] | o [HE I, 0 |s()

(2.18)

M(2) |
X(2) |

This shows that I, , @ H(z) ~s Ip—n ®S(2). Now elementary block column operations

show that

S(Z) = ~Q — [p,n S5 S(Z) ~Q [p ©® NR<Z)
—NR(Z) Omxn 0 NR(Z)

Now equating (1, 1) block on both sides of (2.18]), we have
M(2)(Iyr © A())N(2) = Ly © Dp(z) = I+ & A(2) ~g Iy & Di(2).

The proofs of remaining assertions follow immediately from Theorem [2.3.9| and Theo-
rem [2.4.18] O
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Spectral perturbation theory for holomorphic

operator-valued functions

Let X be a complex Banach space and L(X) be the Banach space of all bounded
linear operators on X. Let 2 C C be open and connected. Let T,V : Q — L(X)
be holomorphic operator-valued functions. We consider the one parameter family of
operator-valued functions W (A, t) := T'(\) + tV()\), for t € C, and analyze evolution of
the discrete eigenvalues of W (A, t) when ¢ varies in C. We provide a brief review of the
discrete spectrum of T'(\) and present several equivalent characterizations for discrete
eigenvalues of T'(\). We also prove Rouche’s theorem for operator-valued functions under
a weaker assumption, which we utilize to derive perturbation bounds for the discrete

eigenvalues of W (A, t) when [¢| is small.

3.1 Introduction

Let X be a complex Banach space and L(X) be the Banach space of all bounded linear
operators on X. Let 2 C C be open and connected. Let T : 2 — L(X) be holomorphic
and regular, that is, 7'(\) is invertible for some A € €2. The nonlinear eigenvalue problem
is to solve the equation

T(p)v =0

for p € Q and a nonzero vector v € X. Nonlinear eigenvalue problems arise in many
applications and the numerics of nonlinear eigenvalue problems is an active area of
research; see [10] [11], 42] 43|, 44], 29, 45] and the references therein. For example, the

nonlinear eigenvalue problem

T(A\)v = (M — Ag— Y Ae ) =0
=1

72
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arises in the study of the delay differential equation

%(t) = A (t) + 2 Ag(t — ),
where z(t) € R™ is the state variable at time ¢, A;’s are n X n matrices, and 0 < 7, <
Ty < -+ < T, represent the time-delays [45]. The spectral analysis of operator-valued
functions such as T'(\) has been studied extensively; see [23, 27, 28] 44] and the references
therein. Since a nonlinear eigenvalue problem is difficult to solve, an approximation of
the nonlinear eigenvalue problem by a simpler one that is easier to solve is a favoured
option. Thus, often the operator-valued function 7'(\) is approximated or perturbed
by another operator-valued function V' :  — L(X) so that the perturbed nonlinear

eigenvalue problem
(T'(p) + V(p))u =0

is easier to solve. Spectral perturbation theory for linear operators is a classical subject
and has been studied extensively over the years; see for instance [39,33]. However, spec-
tral perturbation theory for operator-valued functions has not received much attention.

The purpose of this study is to fill this gap.
The main aim of this chapter is to analyze discrete spectra of the one parameter

family of holomorphic operator-valued function W (A, t) := T'(\) + tV(\) for t € C.
First, we present a brief review of the discrete spectrum of 7'(\) and discuss several
equivalent characterizations of the discrete spectrum of T'(\). Second, Rouche’s theo-
rem states that if f g : 2 — C are holomorphic and T" is a simple closed rectifiable
curve and if max,ep [g(2) f(2)7! < 1 then f and f + g have the same number (counting
multiplicities) of zeros inside the curve I'. An operator analogue of Rouche’s theorem
is proved in [28] 23] which states that if T'(\) and V' (\) are Fredholm for all A € Q
and if max,cr ||V (2)T(2)7Y| < 1 then T(\) + V() is Fredholm for all A € Int(T"), the
region enclosed by the curve I'; and that T'(\) and T'(A\) + V(\) have the same number
of eigenvalues (counting multiplicities) in Int(I"). We show that for discrete eigenvalues,
Rouche’s theorem holds under a weaker assumption. In fact, for bounded operator-
valued functions T'(A\) and V(\), we prove the following: Suppose that I" encloses only
discrete eigenvalues of T'(\) and that max,crr,(V(2)T(2)™!) < 1, where 7,(A) is the
spectral radius of an operator A. Then both T'(A) and T'(\) + V(\) are Fredholm op-
erators of index zero for all A € Int(I") and that T'(A\) and T'(A) + V() have the same
number (counting multiplicities) of (discrete) eigenvalues in Int(I"). Third, if x is a dis-
crete eigenvalue of T'(A\) of algebraic multiplicity ¢ enclosed by I' then we determine

a disc Or C C and show that Int(I") contains exactly ¢ discrete eigenvalues (counting
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multiplicities) ui(t), ..., pe(t) of W(A,t) for all t € Op. Further, we show that the map
t — pay(t) := (u1(t) + -+ + pe(t)) /€ is holomorphic on Jr. Finally, if v is the ascent
of p then we show that there exist positive real numbers d, 7 and real constants «, 3
(independent of ¢ and V') such that

[tV <0 = () = pl” < afftV]] for j=1,2,.... 4
[tV <7 = |pav(t) — ul < BV

We also obtain estimates of 7 and 5 when p is a simple eigenvalue of T'(\).

3.2 Discrete spectra of bounded operators

Let X and Y be complex Banach spaces and let L(X,Y) be the Banach space of all
bounded linear transformations from X to Y. We denote L(X,X) by L(X). Let T €
L(X). Let p(T') and o(T") denote the resolvent set and spectrum of 7" given by

p(T):={A e C : T — A is invertible} and o(7T') := C\ p(T).

Let I' C p(T') be a simple closed positively oriented rectifiable curve. We denote by
Int(T") the inner domain enclosed by I'. Let A € Int(T"). Define (see [39] 33])

1 1 T — 2171
P:=— [(21 -T)'dz and S := /ﬁd:z.
r

2w Jp 2mi z—A

Then P is called the spectral projection associated with 7" and I'. If Int(I') No(T) = {\}
then we denote P by P, and refer to P, as the spectral projection associated with 7" and
A. More generally, if o := Int(I') N o(7T") then P, is the spectral projection associated

with T" and . The operator S is called the reduced resolvent of T — AI.
If Int(I") N o(T) = {A} then in a neighborhood of A the following Laurant series

expansion holds [39, [33]

—zI)” ZSJH A — )\ i ‘ ]H, (3.1)
]:1

where D := (T — \I)P.

Definition 3.2.1. [39, p.100] Let A € o(T'). Then X is said to be a discrete eigenvalue
of T if A is an isolated point of o(T) and the spectral projection Py associated with T and
A has finite rank. In such a case, m(\,T') := rank(Py) is called the algebraic multiplicity
of A. The set o4(T') of all discrete eigenvalues of T is called the discrete spectrum of T.
Let X € 04(T). If X is a pole of order v of (T — zI)™! then v is called the ascent of \.
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It follows from that v is the ascent of X if and only if D¥™! # 0 and D” = 0.
Note that if o := Int(I') N o(7) and m(o,T) := rank(P,) is finite then o consists
of at most m(o,T) discrete eigenvalues of T' of total algebraic multiplicity m(o,T).
With a view to defining discrete spectrum of operator-valued functions, we now discuss

characterizations of discrete spectrum. We proceed as follows.
Let X and Y be Banach spaces and 7" € L(X,Y). We denote by N(T') and R(T)

the kernel and the range space of T, respectively, that is, N(T) := {x € X : Tx = 0}
and R(T") := {Tz : € X}. The operator T is said to be Fredholm if R(T") is closed and
the quotient space Y/R(T') and N(T') are finite dimensional. The index of a Fredholm
operator T is defined by ind(7) := dim(N(T")) — dim(Y/R(T)); see [23, 33].

Definition 3.2.2. 23, 28] Let U C C be open and W : U — L(X) be meromorphic.
Let A € U. Then W (z) is said to be finitely meromorphic at X if X is a pole of W(2)
and there is a § > 0 such that 0 < [z = A| < 6 = W(2) = 322, (2 — A\)/ A;, where the
operators Aj,j = —1,=2,..., =L, are of finite rank.

Theorem 3.2.3. Let A € a(T') be an isolated point. Then the following conditions are

equivalent.

(a) X is a discrete eigenvalue of T.

(b) T — A is Fredholm and ind(T — A\I) = 0.

(¢) T — M is Fredholm.

(d) There is a 6 > 0 such that |z — \| < d = T — 21 is Fredholm.

(e) (T — 2I)~' is finitely meromorphic at \.
Proof. Suppose that (a) holds. Then by [33, Theorem IV.5.28], T" — AI is Fredholm.
Since A is an isolated point, there is a neighbourhood Nbd(A) of A such that 7' — 21 is
invertible on Nbd(A) \ {A}. Since the Fredholm index is continuous [33], it follows that
ind(7T" — AI) = 0. This proves (b).

Now (b) = (c) is immediate. Next, suppose that (c) holds. Since the set of Fredholm

operators is an open set in L(X), it follows that there is a neighbourhood Nbd(\) of A
such that 7" — z[ is Fredholm for each z € Nbd(\). This proves (d).

Now suppose that (d) holds. Then, as we shall see in Theorem [3.3.5(a), (T — 2I)~*
is finitely meromorphic. This proves (e).

Finally, suppose that (e) holds. Then for z close to A, we have (T' — zI)™! =

Z;‘;J(z — A\)?A;, where the operators A;,j = —1,—2,...,—¢, are of finite rank. Com-
paring with the Laurent series (4.1)), it follows that P = —A_;. This shows that

rank(P) = rank(A_;) < co. Hence A is a discrete eigenvalue of T. This proves (a). [

Remark 3.2.4. If (T — 2I)7! is finitely meromorphic at \ then by , we have
(T —2D)~" =372, 5 (2 =AY — £ - 25;1 DI(z — N)~UtD It is well known [39,
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Proposition 6.2] that SP =0 and S(T' —\I) = (T'—XI)S = I — P. Since rank(P) < oo,
it follows that S is Fredholm and ind(S) = 0. This shows that if (T — zI)™! is finitely
meromorphic at X then the constant term in the Laurent series expansion of (T — zI)™*

at X is a Fredholm operator of index zero.

3.3 Discrete spectra of operator-valued functions

Let U C C be open. We consider a regular holomorphic operator-valued function
T :U — L(X) and analyze its discrete spectrum. The spectrum and the discrete

spectrum of T'(\) are defined as follows.

Definition 3.3.1. Let T : U — L(X) be holomorphic. Then the operator-valued
function T(X) is said to be reqular if the operator T(u) is invertible for some p € U.

Suppose that T'(\) is regular.
(a)The resolvent set p(T') and spectrum o(T) of the operator-valued function T(\)

are defined by
p(T) :={pueU:T(n) isinvertible} and o(T) :=U \ p(T).

(b) Let u € o(T). Then u is said to be an eigenvalue of T'(N\) if there is a nonzero
vector v € X such that T(u)v = 0. The vector v is called an eigenvector of T(\)

corresponding to the eigenvalue p.
(¢) Let € o(T') be an eigenvalue. Then p is said to be a discrete eigenvalue of T'(\)

if 1 is an isolated point of o(T') and T(p) is Fredholm. The discrete spectrum o4(T) of

T(X) is the set of all discrete eigenvalues of T(N).
(d) Let u € a4(T). If p is a pole of T(N\)™! order v then v is called the ascent of the

eigenvalue f.

Note that T'(\) is regular <= p(T) # 0. We always assume that T'()\) is regular

and I' C p(7T) is a simple closed positively oriented rectifiable curve.
The concept of equivalence and extension, which will allow us to compare spectra

of different operator-valued functions, are defined as follows. Let X; and Y; be Banach

spaces, © = 1, 2.

Definition 3.3.2. [253, p.38] Let S : U — L(X1,Y1) and T : U — L(X»,Y2) be operator
valued functions. Then S(\) and T'(\) are called (globally) equivalent on U if there exist
operator valued functions E : U — L(X1, X3) and F : U — L(Y3, Y1), which are analytic
on U, such that
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and, in addition, E(X) and F(\) are invertible for each A € Q). In that case also
T\ =FA\) 'SWEWN™, AeU,

and the operator-valued functions E(A\)~' and F(\)™! are again analytic on U.

We write S(A\) ~y T'(A) when S(A) and T'(\) are equivalent on U. On the other hand,
S(A\) and T'(A) are said to be (locally) equivalent at p € U if there is a neighbourhood
Nbd(u) of p such that S(A) and T'(\) are equivalent on Nbd(u); see [23 p.42]. We write
S(A) ~, T'(X\) when S(X) and T'(\) are equivalent at p.

Definition 3.3.3. [23, p.38] Let X and Y be Banach spaces. Given an operator-valued
function AU — L(X,Y) and a Banach space Z, the operator-valued function
AN 0
U—LXeZY®Z), Ar— ,
0 Iz
is called the Z-extension of A(N), where 1z is the identity operator on Z. We write the
Z-extension of A(N\) by A(\) @ I.

Observe that if S : U — L(X) is holomorphic and T'(\) ~y S(A) then S())
is regular and o(7") = o(S) when T'()) is regular. Thus the regularity of T'(\) and
the spectrum o(7') do not change when T'()) is replaced by an equivalent operator-
valued function. The same conclusions hold when T'(\) is replaced with the Z-extension

T(\) @ Iz. We consider only regular holomorphic operator-valued functions.
We now collect some basic results which will be used later.

Lemma 3.3.4. Let U C C be open and connected. Let Sy,Sy : U — L(X) be holo-
morphic and reqular. Let u € U. Also, let Z be a Banach space. Then we have the
following.

(a) Suppose that Sy(\) ~, Sa(N). If Si(p) is Fredholm then Ss(u) is Fredholm and
ind(S1 () = ind(Sa(u)). Also Si(p)®1z is Fredholm and ind(Sy(u)) = ind(Sy(p)®
Iz).

(b) Suppose that Si(X) ~, S2(N). If S1(X) is finitely meromorphic at pn then Sa(\)
is finitely meromorphic at p. Moreover, K := [.S{(A)S1(X\)7'dX is a finite rank
operator and Tr ( [ S{(N)S1(A)7'dA) = Tr ([ S5(A)S2(A)~1dN) , where T lies in a
neighbourhood of 1 enclosing p and Sy(\) is the derivative of Si(\).

(c) Suppose that Sy(\) is Fredholm for A € U. If S1(\) @ Iz ~y Sa2(X) @ Iz then
S1(A) ~u Sa(A).
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Proof. The proof of (a) is immediate. The proof of (b) follows from [23 Lemma XI.9.3]
and the proof of [23] Theorem XI1.9.1]. The result in (c) is proved in [27, Theorem 1.1].
[l

For regular holomorphic Fredholm operator-valued functions, we have the following
result; see [23, p.202-205] and [27].

Theorem 3.3.5. [23, (28] Let U C C be open and connected. Let T : U — L(X) be a

reqular holomorphic Fredholm operator-valued function.
(a) Then the spectrum o(T) is at most countable and has no accumulation point

inside U. Further, for p € o(T) and XA € p(T) sufficiently close to u, we have

[e.e]

T = 3 (=) An,

n=—m

where Ay is a Fredholm operator with ind(Ag) = 0 and A_4,...,A_,, are operators of

1

finite rank. In particular, T(N)~' is finitely meromorphic at p.

(b) Let € o(T). There exist positive integers my < mg < --+ < m, such that
T()‘) ~u D()\) =F+ (A—u)mlpl ool <)‘_,U>mTPr,

where Py, Py,..., P, are mutually disjoint projections, Pi,...,P. have rank one, and
Py+ Py +---+ P. = 1. The positive integers my < --- < m, are unique and are called
partial multiplicities of p. Further, dim(N(T'(n))) = rank(I — Py) = 7.

The next result characterizes discrete eigenvalues of T'(\).

Theorem 3.3.6. Let U C C be open and let T : U — L(X) be holomorphic and
reqular. Let pn € o(T') be an isolated point. Then the following are equivalent.

(a) w is a discrete eigenvalue of T'(N).
(b) T(u) is Fredholm and ind(T(p)) = 0.
(¢c) There is a 6 > 0 such that |z — u| < 6 = T(z) is Fredholm.
(d) There exist positive integers my < mg < --- < m, such that
T() ~p D) 1= Po+ (A= )™ Py -+ (A — )™ B,

where Py, Py, ..., P. are mutually disjoint projections, Py, ..., P. have rank one,
and Po+ P, +---+ P, = 1.

(e) T(N)~t is finitely meromorphic at pu.

TH-3537_146123009



3.3. Discrete spectra of operator-valued functions 79

Proof. The assertions (a) = (b) = (c) are immediate. The assertion (c) = (d) follows
from Theorem [3.3.5(b). Note that D(X)~! is finitely meromorphic at  and D(A)~! ~,
T(A\)~!. Hence the assertion (d) = (e) follows from Lemma [3.3.4] Finally, the assertion
(e) = (a) follows from Theorem [3.4.6, which is proved in section [3.4] O

We mention that the equivalence of (b) and (d) is proved in [23, Theorem XI.8.1]. It
is shown in [28, Theorem 3.1] that (d) holds if and only if T(\)~! = Do AN = ),
where A;,j = —1,..., —v, are finite rank operators, Ay is Fredholm and ind(Ag) = 0.
In other words, (d) holds <= T(\)"! is finitely meromorphic at p, Ay is Fredholm
and ind(Ap) = 0. We show in Theorem that the additional assumption on Ay is

redundant. In fact, (d) holds <= T(A\)~! is finitely meromorphic at .

Definition 3.3.7. Let T : U — L(X) be holomorphic and regular. Let u € oq4(T).
Then T'(X) ~, D(A) := Po+ (A —p)™ P+ -+ (A — p)™ P,, where D(\) is as given in
Theorem|[3.3.6. The positive integers my < --- < m, are called the partial multiplicities
of . The algebraic multiplicity of p is defined as m(u, T) := my+---+m,. If o C 04(T)
is a finite set then m(o,T) = >

ergenvalues in o.

_— m(u, T) is the total algebraic multiplicity of the

Notice that if my < --- < m, are the partial multiplicities of p € o4(T) then
g(p, T) = dimN (T()) = rank(/ — Fy) = r is the geometric multiplicity of x and m,
is the ascent of u. The algebraic multiplicity m(u,T") is also given by the logarithmic
residue of T(A); see [23, 28]. The number of zeros (counting multiplicities) of a holo-
morphic function f : U — C inside a simple closed curve I is given by the logarithmic

residue ]
a0 ) = 5 [ GG

where f’(z) is the derivative of f(z) with respect to z. An operator version of the loga-
rithmic residue theorem is proved in [28] 23] p.206] which gives the algebraic multiplicity

m(\,T) :

m(p, T) = Tr <L/FT'(A)T(A)—1(1A) , (3.2)

2m
where T"()) is derivative of T'(\) with respect to A and T" is a simple closed rectifiable
curve in p(T) enclosing p and isolating p from the rest of o(T'). The equality in ([3.2))
follows from the fact that since T'(\) ~, D(X), by Lemma we have

Tr (i/FT’(A)T(A)-ldA) =Tr (%/FD’()\)D(A)‘%M) =my+ - +m,.

21
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For the special case when T'(\) := Al — A, it follows that

1 1

— [ T'NT\) 'dA=— [ (M = A)'dr=: P,

21 Jp T Jp

is the spectral projection of A corresponding to the eigenvalue p. Hence we have m(u, T') =
Tr(P,) = rank(P,) = m(u, A). We end this section with the statement of an operator

version of the Rouche’s theorem; see [28][23], p.206].

Theorem 3.3.8. [23, (28] Let U C C be open and connected. Let T, S : U — L(X) be
holomorphic such that T(X) is reqular and Fredholm for all A\ € U. Let I' C p(T) be a
simple closed rectifiable curve such that Int(I') C U. Set W(X) :=T(A\)+S(\) for X € U.
If maxyer [|[T(N)"S(N)|| < 1 then T C p(W) and W () is Fredholm for all A € Int(T).
Let o .= o(T) N Int(T") and 7 := (W) NInt(T"). Then m(o,T) = m(r, W).

Note that Theorem holds when T : U — L(X) is holomorphic and regular,
and T'(\) is Fredholm for all A € Int(I'); see [23, Theorem XI.9.1]. In particular,
Theorem holds when o consists of discrete eigenvalues T'(\).

3.4 Linearization of holomorphic operator-valued functions

Linearization is a technique that transforms a nonlinear eigenvalue problem to a linear
eigenvalue problem. In this section, we consider linearization of holomorphic operator-
valued functions which we utilize to derive perturbation bounds for eigenvalues. Lin-

earization of a holomorphic operator-valued function is defined as follows.

Definition 3.4.1. Let 2 C C be a simply connected bounded domain. Let X and X
be Banach spaces. Let T : Q@ — L(X) be holomorphic and regular. Then an operator
T € L(X) is said to be a linearization of T'(X) on Q if there exists a Banach space Z
such that

T— M ~q T\ @ Iz, (3.3)

that is, there exist holomorphic and invertible operator functions E : Q — L(X & Z,X)
and F : Q — L(X, X ® Z) such that F(\)(M —=T)E(X) =T(\) &Iy for all X € Q, where
1 is the identity operator on X and Iz is the identity operator on Z.

Observe that o(T) = o(T) N Q. Also, if T'(A) is Fredholm then so is T — AI. Hence

if 11 is a discrete eigenvalue of T'(\) then p is a discrete eigenvalue of T.

Theorem 3.4.2. Let T : Q@ — L(X) be regular and holomorphic. Let T € L(X) be a
linearization of T(X) on Q. Then o(T) = o(T) N Q. Let p € o(T) be an isolated point
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3.4. Linearization of holomorphic operator-valued functions 81

and I' C p(T) be such that o(T) NInt(I") = {p} and Int(I") C Q. Then I' C p(T) and
€ oy(T) <= u € oy(T). Suppose that p € ay(T).
(a) Let P := 5= [ (A —T)~'dX be the spectral projection associated with T and p.

Then we have

m(p, T) = Tr (L/FT’(A)T(A)%M> = Tr (2i /F()\[ - ']I‘)ld)\> = rank(P),

271 )

that is, the algebraic multiplicity of p as an eigenvalue of T(X\) is the same as the
algebraic multiplicity of p as an eigenvalue of T.

(b) Moreover, if T(X) ~, D(X) then T — X ~, D(\) @ Iz, where D(\) is as given
in Theorem . Hence the partial multiplicities of p as an eigenvalue of T'(\) are the
same as the partial multiplicities of p as an eigenvalue of T. Also, the ascent of p as an

eigenvalue of T(X) is the same as the ascent of pu as an eigenvalue of T.

Proof. Let A € Q. Then it follows from that T'(\) is invertible <= T — [ is
invertible. Hence o(T) = o(T) N Q and T' C p(T). By Lemma T(u) is Fredholm
<= T — ul is Fredholm. Hence pu € 04(T) <= p € a4(T).

Set W(A) := T(\) @ Iz. Then W/(NW(A)~! = T'(A\)T(N) ! @ 0z, where 0y is the
zero operator on Z. Since W(A) ~, T — AI, by Lemma we have

m(u,T) = T (Qim /F T’()\)T(A)‘ldA) ~Tr (zim /F W’()\)W()\)‘ld)\)
= Tr (%/F()\I - T)‘ld)\) = rank(P).

This proves (a).

Note that T'(A\) @Iz = F(A)(T—AI)E(X) with E()\) and F(\) being holomorphic and
invertible for all A € 2. Hence if T'(\) ~, D(X) then T— X ~, T(A\) @1z ~, D(\) @ 15.
This shows that the partial multiplicities of i as the eigenvalue of T'(\) are the same
as the partial multiplicities of i as the eigenvalue of T. It also follows that the orders
of the pole of T(A\)~! and (T — AI)~! at u are the same. In fact, m, is the ascent of ju.
This proves (b). O

Next, we describe construction of a linearization of T'(\) due to Gohberg-Kaashoek-
Lay; see [27, 23, p.38]. For the rest of the chapter, we assume that Q is a simply
connected bounded open subset of C such that the boundary 0f) is a simple closed
rectifiable curve and is oriented positively. Let C'(0f2, X) denote the Banach space of

all X-valued continuous functions on 2 endowed with the supremum norm, that is,

COQ,X):={f:00 — X | f is continuous} and | f||« := sup | f(2)|
z€082
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We denote by H(2, L(X)) the vector space of L(X)-valued holomorphic functions

on € which are continuous on the closure €, that is,

H(Q, L(X)) :={T: Q — L(X) | T is holomorphic on  and continuous on Q}.

Let T € H(Q,L(X)) be regular. The Gohberg-Kaashoek-Lay construction of a

linearization of T'(\) is as follows.
Theorem 3.4.3. [27, (23] Let T € H(, L(X)). Define T : C(092, X) — C(092, X) by

(THO) = AN — / (1= T(w)f (w)io, (3.4)

211

where I is the identity operator on X. Then T is a bounded operator and there exists
a Banach space Z such that T(\) @ Iy ~q T — A, where I is the identity operator on
C(0Q, X). Hence T is a linearization of T'(X) on Q.

The proof of Theorem in [27, 23] assumes that 0 € Q and defines the Banach
space Z by Z = {f € C(9Q,X) | [,o2f(2)dz = 0} and then shows that T — AI ~q
T\ @ Iy.

We drop the assumption that 0 € € as in general €2 cannot always be expected to
contain 0. Let Ay € Q be arbitrary but fixed. Since €2 is open, A\g ¢ 0f2. Now define

1
0Z— o

Z = {f € C(0, X) | /a F£(2)dz = 0} (3.5)

Then Z is a Banach space and an appropriate modification of the proof of Theorem [3.4.3]
in [27, 23] shows that T — A ~q T(\) & Iz. For completeness, we provide a complete

proof.

Proof. Define the linear map W : C(92, X) — X by
1 1
Wf = —/ f(z)dz.

7271'2 QQZ—)\Q

We define the canonical embedding Z : X — C(09, X),z — Zx, by
(Zz)(w) :=x for w € IN.

and identify X as a subspace of C(0€2, X), that is, z is a constant function in C'(952, X).
Then it follows that WZ = [ and P := ZW : C(092, X) — C(92, X)) is a projection.

Now note that the Banach space Z defined in (3.5) is given by Z = N(P).
Next, we define the canonical isomorphism J : X & Z — C(992, X) given by

J(x,y) :=Zx+y for (r,y) € X ® Z.
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and identify X @ Z with C(99, X). Note that J~'f = Wf,(I—P)f) for f € C(09, X).
Now define V' : C(0Q, X) — C(0Q, X), f — V f, by

(V)(w) :=wf(w) forw e IN.

Note that, for A € Q, A\ — V is invertible and (Al — V)™' f(w) = (A — w)~' f(w) for
w € 0N and f € C(09, X). Next, define M : C'(9, X) — C(0Q, X), f —> M f, by

(Mf)(w) :==T(w)f(w) forw € 0N.
Then MV = VM and hence M and (Al — V)~! commute. For \ € , define
BA) =1+ P(V =X )M =V) ' = P(V =X )M -V) M,

E(\) :=(M-=V) ' Jand F()\) := J Y(I—PB(\)(I—P)). Since P = ZW is a projection,
it follows that (I — PB(A)(I — P))~* = I+ PB(\)({ — P) for X\ € Q. This shows that
E(X) and F()\) are invertible for A € €.

Now by (3.4), for f € C(09, X), we have

(Tf)(z) = 2f(2) — / (1= T(w)f(w)du

=21 =5 [ (@ =20) (1 ) flw)dw

271 o0 W — )\0
L[ wfw), 1 [ wT(w) f(w)
= - — d — ———=d
/) 2mi /39 w — Ao W 21 Joq W — Ao y
1 Ao f(w) 1 / AT (w) f(w
. 271 /@ﬂ o= )\0 dy 2w 90 w — /\0 dw
_ 1 (V) (w) 1 (VM f)(w)
A 27ri/39 w—g o L ey
[ N, L[ M)
211 Jaq W — Ao 21 Joa w— Ao

= (V=) = @WV)(z) + @WVM)(2) + X(@IW)(2) — M(IWM f)(2)
= (V= PV + AP + PVM — \oPM)f)(2)

for all z € 9€). Thus we have T =V — PV + AP + PVM — \gPM.
For all A € €2, we have

FONA —=T)E(\) = FQA) M =V + PV — AP — PVM 4+ NPM)X - V)7 'J
= FNI +P(V =X =V) P =PV =X )M = V) 'M)J

=J (I - PB\)({ - P)B\)J=J'PB\PJ+J I —P)J.
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Now for A € 2 and (z,y) € X & Z, we have
J'PB(\)PJ(z,y) = J 'PB(\)P(Ix +y) = J 'PB(\)PIx
= (WPB(\)Zz, (I — P)PB(\)Zz) = (WB(\)Zz,0).
Next, for A € Q and = € X, we have
WB(NIz = W[ + P(V = X )M — V)t = P(V = N\D)(M = V)" M|Zx
=WIz + WV = X)N = V) Za =WV = N )M = V) ' MZx

1 1
=T+ -— V —XNI)M - V)T d
vt g [ I (V= WD - V) ) (w)d
1 1
- — V — XD - V) 'MT d
s | (= DO = V)M )
1 1 1 1
P dw - — | ——T(w)zd

=z+ (-Dz+TNz =T(N)z.

_ T(M\) O _ 00
This shows that J 'PB(z)PJ = for A € Q. Since J (I — P)J = :
0 0 01y
we have
FN —=T)E(\) = J 'PB(\)PJ+J (I - P)J
T(A) 0 N 0 0 TN 0
0 0 0 Iz 0 Iz
for all A € €). This completes the proof. n

Theorem 3.4.4. [27, Theorem 2.3] Let T € H(Q), L(X)) be reqular and T : C(02)" —
C(O)™ be a linearization of T(X) as given in Theorem[3.4.3. Then o(T) = o(T) U 9.

The next result describes the bijective correspondence between eigenvectors of T'(\)

and T. This correspondence allows us to recover eigenvectors of 7'(A) from those of T.

Proposition 3.4.5. Let T € H(Q, L(X)) be regular and p € o(T) be an eigenvalue.
Let T be a linearization of T(X) as given in Theorem [3.4.8 Then the linear maps
E:N(T(u) — N(T —pl),z— Ex, and F : N(T — pul) — N(T(1)) given by

oz w an ,:L (1 —w) w)dw
(Ez)(w) = P w’ € 0, and Ff: / f(w)d

271 90 W — )\0

are 1somorphisms, where A\g € ) is fized as in .
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Proof. We have F(A\)(AI — T)E(A) = T(\) @ Iz for all A € Q, where E()) and F())
are as defined in the proof of Theorem [3.4.3 Let x € X. Then it follows that = €
N(T(n) <= E(u)(x,0) € N(T — pl). Now, for x € N(T(u)), we have

Ex = (pul — V) 'Tow = (ul — V) ' J(,0) = E(u)(x,0)

which shows that Ex € N(T — ul). Hence £ is an isomorphism.

Let f € C(09Q, X). Tt follows that f € N(T — ul) < E(u)~'f € N(T(u) ® I).
Now () = (M ul — V) = V(I = V), (I — P)(uI — V)f) shows that
E(u) ' f e N(T(n) @ Iz) <= W(ul =V))f € N(T(n)) and (I — P)(ul = V)f = 0.

Note that

Wl — V) f = = / L (uT — V) f(w)duw

_2_7T'Z w—)\o
1 1

:27T'l Fw—)\o

(ul —w) f(w)dw = FF.

This shows that f € N(T — ul) < Ff € N(T'(n)) and that F is an isomorphism. [

We now prove that u is a discrete eigenvalue of T'(\) <= T(\)~! is finitely

meromorphic at .

Theorem 3.4.6. Let T € H(Q2, L(X)) be reqular and p € o(T). Then p € 04(T) <~
T(N)~! is finitely meromorphic at u. Moreover, if T(N)™! is finitely metamorphic at p,
that is, T(\)~' = 3772, Aj(A=p)!, where A;j,j = —1,..., —v, are finite rank operators,
then Ag is Fredholm and ind(Ay) = 0.

Proof. If u € 04(T) then as shown in the proof of the assertions (a) = (b) = (¢) =
(d) = (e) in Theorem [3.3.6, T'(A\)~! is finitely meromorphic at pu.

Conversely, suppose that T'(\)~! is finitely meromorphic at p. Then y is an isolated
point of ¢(T'). Since T'(A\)~! is finitely meromorphic at pu, T(\)~! & I is finitely mero-
morphic at p. Now, consider the linearization T of T'(\) on Q as given in (3.4)). Since
T(A) @I ~q T — A, by Lemma[3.3.4 T — A is finitely meromorphic at p. Hence by
Theorem v € 04(T). Now by Theorem [B.4.2] p € o4(T).

By (4.1), the constant term in the Laurent series expansion of (T —AI)~! at y is given
by the reduced resolvent S of T — pl. Since T'(A\) & Iz = F(A\)(T — M )E()N), it follows
that Ay @ I; = E(A\)"'SF(\)~! which shows that Ay & Iz ~o S. By Remark [5.2.9] S
is Fredholm and ind(S) = 0. Hence by Lemma [3.3.4] Ay is Fredholm and ind(Ay) =
ind(S) = 0. This completes the proof. O

It is shown in [28, Theorem 3.1] that T'(\) ~, D(\) <= T()\)™! is finitely mero-
morphic, Ay is Fredholm and ind(Ay) = 0, where D()) is as in Theorem and A as
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in Theorem [3.4.6 Theorem shows that the assumption on Ay is redundant. Thus
we have the following.

Corollary 3.4.7. Let T € H(Q, L(X)) be reqular and pn € Q. Then T(\)™! is finitely
meromorphic <= T(A\)~' =372 Aj(A — p)!, where Aj,j = —1,...,—v, are finite
rank operators, Ay is Fredholm and ind(Ag) = 0.

3.5 Perturbation theory for discrete eigenvalues

Let T,V € H(, L(X)) and ¢t € C. Suppose that T'()\) is regular. We now study the
effect of the perturbation T'(A)+¢V (\) on the eigenvalues of T'(A\) when ¢ varies in C. Let
r-(A) denote the spectral radius of an operator A € L(X). Since T'(\) is holomorphic,
it is well known [7] that the map Q — R, XA — r,(T(\)), is a subharmonic function on

Q. Hence r,(T'(\)) attains its maximum on the boundary 0.
Let T" C p(T') be a simple closed positively oriented rectifiable curve. Define

or:={teC: |t ?gxra(V(z)T(z)_l) < 1}.

Recall that Int(I") is the interior of the region enclosed by the curve I'.

Theorem 3.5.1. Define W (A, t) := T(\) + tV(X) for A € Q and t € C. Suppose that
' C p(T). Then the following results hold:

(a) We have I' C p(T +tV') fort € Or.
(b) The map Op — L(X), t — W (X, t)~!, is holomorphic for each fized X\ € T.

(¢c) The map T — L(X), A W (X, t)"!, is holomorphic for each fized t € Or.
Proof. Let z € T. Then for all t € dr, r,(tV(2)T(2)™") < 1 = (I +tV(2)T(z)~)™!
exists. This shows that T'(z) + tV(z) = (I + tV(2)T(2)"")T(z) is invertible for all
t € Op. Hence I' C p(T' +tV') for all ¢ € Or.

Let GL(X) denote the group of invertible operators in L(X). Then GL(X) is open
and the map GL(X) — GL(X),A — A~ is smooth. Fix A € I'. Since W(\,t) €
GL(X) fort € Or and t — W (A, t) is holomorphic on Jr, by the chain rule the function
t — W (A, t)~! is holomorphic on dr.

Alternatively, set 0 := (max,er ro(V(2)W(z,t0,)"")) . Let t € dr be such that
[t —to] < &. Fix A € T. Then we have [t — to|r,(V(NW (N to) ™) <1 = T+ (t —
to)V (N)W (A, tg) ! is invertible and

1

WG = WAt~ 1(I+(t—to)v()ow()\;fo)il)fl

= W(hte) > (~1 W (A, to) " H)E(t — to)".
k=0
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Finally, fix ¢ € Op. By part (a), W(t,\) € GL(X) for A € I". Since A — W (A, ?) is
holomorphic on T and A — A~! is smooth on GL(X), by the chain rule the function
A — W(A, )~ is holomorphic on T O

Now we consider the linearization of W (A, t) on Q as defined in (3.4). For ¢ € C,
define the linearization T(t) : C(9Q, X) — C(99, X) of W(A,t) by

(TR L)) = M) — / (1= W), (3.6)

2me
where I is the identity operator on X. Note that T = T(0) is the linearization of T'(\).

Theorem 3.5.2. We have I' C p(T(t)) for all t € Or. Define the spectral projection

1
P(t) := =— [ (I —T(t))"'d
()= g (61 - T() e
associated with T(t) and I'. Then t — P(t) is holomorphic on Op. Further, we have
rank(P(t)) = rank(P) for all t € Or, where P = IP(0) is the spectral projection associated
with T = T(0) and I
(a) Let oy := o(T) N Int(T") be nonempty. Then or = o(T) N Int(T") and

or(t) == o(T + V) N Int(T) = o(T()) NInt(T) £ 0 for all ¢ € O

(b) Suppose that rank(P) = ¢. Then or consists of at most { discrete eigenvalues
of T(X\) of total algebraic multiplicity €. Further, or(t) consists of at most ¢ discrete
eigenvalues of W (A, t) of total algebraic multiplicity ¢ for all t € Op. Further, we have

m(or(), T+1V) = Tr (L /F MW()\,t)ld)\)

omi o\
g (%/FT’(A)T(A)H)\) = m(op,T)

for allt € Or.

(c) Let pq(t), ..., pe(t) be the € discrete eigenvalues in or(t) counted according to

(t) := M be the arithmetic mean of the

their algebraic multiplicities. Let fi.y
eigenvalues. Then t — .y (t) is holomorphic on Op. In particular, if or(t) consists of

a simple eigenvalue p(t) then t — u(t) is holomorphic on Or.

Proof. By Theorem [3.4.3] we have W (A, t) @ Iz ~q T(t) — A and by Theorem [3.5.1]
we have I' C p(T'+ tV) for t € Op. Hence I' C p(T(¢)) for all ¢ € Op. Thus for each
Ae T, T(t) — M € GL(C(02, X)) for all t € Or. It follows from that t — T(t)
is holomorphic on dr for each fixed A\ € T'. Since A — A~! is a smooth map on
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GL(C(09, X)), by the chain rule we conclude that ¢t — (A — T(¢))~! is holomorphic

on Or for each fixed A € T'.
Let ty € Op. Then there exists a § > 0 such that for ¢t € Or and |t — to] < J, we have

the power series (A —T(¢))™' = > 07 An(A)(t —to)" for each fixed A € T" and the series

converges absolutely and uniformly on I'. Hence we have

1
P(t) : I —T(t)™" — t0)" Ay —
(t) := o ()\ d\ = Z - / (t —to) A)dA = Zt to)" P,

which shows that T(¢) is holomorphic at ¢y. Since t, € Or is arbitrary, t — P(¢) is
holomorphic on dr. As Jr is connected and P(¢) is holomorphic on dr, we conclude that
rank(P(¢)) is constant for all ¢ € dr. Hence rank(P(¢)) = rank(IP(0)) = rank(IP) for all

t € or.
(a) Since T is a linearization of T'(A), we have o(T) = o(T) N Q. Hence we have

or = o(T) NInt(T") # 0. Consequently P # 0. Again, since T(¢) is a linearization of
W (A, t), we have o(T +tV) = a(T(t)) N2 for t € C. Hence op(t) = o(T(t)) NInt(T') for

t € or.
Now, if possible, suppose that op(tg) = 0 for some ¢y € dr. Then Int(T") C p(T(to))

and hence A — (A — T(¢o)) " is holomorphic on Int(T"). Hence by Cauchy’s theorem
P(ty) = 0 which contradicts that rank(P(tg)) = rank(P) # 0. Hence or(t) # () for all

t € or.
(b) Since rank(lP) = ¢, or consists of at most ¢ discrete eigenvalues of T of total

algebraic multiplicity £. As T is a linearization of T'(\), by Theorem each eigenvalue
of T in or is a discrete eigenvalue of T'(A) and m(u,T) = m(p,T) for p € or. Since
rank(P) = rank(IP(¢)) = ¢ for all ¢ € O, by Theorem [3.4.2] we have

m(op(t), T+tV) = Tr (%A%W(A,t)lw\) = rank(PP(t))

= /F T’()\)T(/\)ld)\) =m(or,T)

2711

= rank(P) = Tt (

for all t € Or.
(c) Note that i (t) = $Tr(T(t)P(¢)). Since t — T(¢t) and ¢ — P(t) are holomor-

phic on Jr, it follows that ¢t — f,y(¢) is holomorphic on Or. O

In view of Theorem3.5.2, we have the following operator version of Rouche’s theorem
under a weaker assumption than that of Theorem [3.3.8|

Theorem 3.5.3 (Rouche’s theorem). Let T,V : Q@ — L(X) be holomorphic such that
T(A) is reqular. Set W(X) :==T(X) +V(X) for X € Q. Let I C p(T). If

maxr, (V(N)T(A) ) <1

el
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thenI" C p(W). Let o := o(T)NInt(T") and 7 := o(W)NInt(T'). Suppose that o C 4(T).
Then T'(X\) and W(X) are Fredholm operators of index zero for A € I' U Int(I') and
m(o,T) =m(r,W).

Proof. By Theorem 3.5.2, T C p(W), 7 C 0q(W) and m(o,T) = m(r,W). Note that
T(A) is Fredholm for A € ¢ and T'()) is invertible for A € Int(I") \ 0. Hence T'(\) is
Fredholm with index zero for all A € I'UInt(T"). Similarly, W () is Fredholm with index
zero for all A € I' U Int(I). O

We now illustrate that the assumption in Theorem is weaker than that in
Theorem by considering an example.

Example 3.5.4. Let 0 < € < 1. Let M5(C) be the Banach space of all 2 x 2 complex
matrices equipped with the Hélder norm || - ||o. Define T,V : C — M5(C) by

4 41X3 +3 —\? 0
T(\) = and V(A) :=
0 2x2 0 —(N+e)

Then p := 0 is the only eigenvalue of T of algebraic multiplicity 2. Hence o(T) = {0}.
On the other hand, o(T + V') = {£e, £2} and each eigenvalue of T + V is simple.

Let T be the unit circle |z| = 1 in C oriented positively. Then obviously I' C p(T)
and o(T) N Int(I") = {0}. Now for A # 0, we have

1 (41X%43) a2 (413343)
4 82 4 82
T\ = and VINT(\) ! =
(\’+e?)
0 # 0 TTaxz

Thus, we have 1o (V(A)T(A\)™!) = max(1/4, [A\? + €2|/2) < max(1/4, (1 +¢?)/2) < 1 for
A € T. This shows that maxyer ro(V(A)T(N)™') < 1. Hence by Theorem[3.5.5, T(\) +
V(A\) has at most two eigenvalues (counting multiplicity) inside the circle T'. Indeed, we
have T := o(T + V) N Int(T") = {¢,—€}, which consists of two simple eigenvalues of
T(A) + V(). Hence m(0,T) = m(r,T + V) = 2, which validates Theorem [3.5.5. By

contrast, for X € I', we have
IVIOT(A) " loo = max ((2+ [41X° + 3[)/8, [N*+€*[/2) =5

which shows that maxer [|[V(A)T (M) > 5 > 1. Hence Theorem cannot be
invoked to conclude that T'(\) 4+ V' (X\) has two eigenvalues (counting multiplicity) inside
the circle I'. W
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For V' e H(Q, L(X)), define |[V]jaq = 5= [, IV (2)]||dz|. Since z — [V (2)] is
subharmonic on €2, it follows that ||V|aq = 0 = V(2) = 0 for all z € QU 9. In fact,
|| - [on defines a norm on H($2, L(X)). Next, define V: C(992, X) — C(092, X) by

V- L/FIV(z)f(z)dz,

2w

where Z is the imbedding of X into C(02, X). Then ||Vf|ls < |[V|sallf|loo- Consider

WA t) :=T(AN)+tV(A) for t € C. Then the linearization T(¢) of W (A, t) can be written

as T(t) = T+ tV for t € C, where T is the linearization of T'(\).
Let p be a discrete eigenvalue of T'(\) of algebraic multiplicity ¢. Let I' C p(T") be

such that o(T)NInt(T') = {u}. Let Or := {t € C: max.crr, (V(2)T(2)™') < 1}. Then by
Theorem [3.5.2) W(, t) has ¢ discrete eigenvalues (counting multiplicity) i (t), . . ., p(t)
inside the curve I'. Set piay(t) := (p1(t) + - - - + pe(t)) /€. Then we have (see, [33, p. 405])
fay(t) = o+ $Tr(VP)t + O(|t]?), where P is the spectral projection associated with T

and \. Hence we have the first order bound
1
|t () — | < ZITI“(W’)I |+ O(|t]).

The one parameter family of operators T(¢) = T+tV, ¢ € C, which is a linearization of
the one parameter operator-valued function W (A, t), can be gainfully utilized to derive
various perturbation bounds for discrete eigenvalues of W (A, t). Indeed, we have the

following result.

Theorem 3.5.5. Let p be a discrete eigenvalue of T'(\) of algebraic multiplicity ¢ and
ascent v. Let py(t), ..., ue(t) be the ¢ eigenvalues (counting multiplicities) of W (A, t) and

Pay(t) == (p1(t) + - - + we(t)) /€ for t € Op. Then the following hold.
(a) There is a 6 > 0 and a constant C' (independent of t and V') such that

[tV lloe <0 = |p;(t) — p” < ClltV]lag for j=1,2,....L
ere is a 0 > 0 and a constant independent of t an such that
b) Th 0 >0 and C d d f av h th
[tV]lo <0 = |pav(t) — pf < Cl[EV]|oq.

Proof. Consider the operator T(t) := T + tV for t € C. Then it is well known that
(see [39, 47, [I]) that there is a § > 0 and a constant C' independent of ¢ and V such that
1tV]|oo < 6 = |pj(t) — p|” < C||tV|| for j = 1:¢. Similarly, thereis a 6 > 0 and a
constant C' independent of ¢ and V such that [[tV]|e < § = |pay(t) — p| < C[tV]] -
Now the desired results follow from the fact that ||V|| < [|[V]aq- O

TH-3537_146123009



3.5. Perturbation theory for discrete eigenvalues 91

Let X* denote the conjugate dual space of a complex Banach space X. For z € X
and z* € X* we define (x, z*) := x*(z). Let T € L(X). The conjugate dual operator
T* € L(X*) of T is given by

(Tz, 2*) = (x, T"z") for all z € X and z* € X™.

It is well known that o(T*) = {\: A € o(T)} and ) is a discrete eigenvalue of T' <= \
is a discrete eigenvalue of T*. Further, the algebraic (resp., geometric) multiplicity of A
as an eigenvalue of T is the same as the algebraic (resp., geometric) multiplicity of A as

an eigenvalue of T%; see [39, p.112-115].

Definition 3.5.6. Let T € L(X). Then (A, ¢,¢*) € Cx X x X* with ¢ and ¢* being
nonzero is said to be a simple eigentriple of T if T = Ao and T*¢* = \¢* and X is a

simple eigenvalue of T'.

Let A be a discrete eigenvalue of 7. Let P be the spectral projection of T' corre-
sponding to the eigenvalue A and let S be the reduced resolvent of 7" — AI. Then we

have the following bound when A is simple.

Theorem 3.5.7 ([40]). Let T,V € L(X). Let (X ¢,¢%) be a simple eigentriple of T
such that (¢, ¢*) = 1. Then for every real number r > 0 satisfying

.
By = max{||PV||,||(I - P)V|} < ST+ 2’

the perturbed operator T+ V has a simple eigenvalue p and a corresponding (unique)
eigenvector 1 such that (¢, ¢*) =1,

[ =l <7 and |p— A < [|PI(1+ [l =)V
Further, X\ is the only eigenvalue of T + V' lying inside the disc
d
A={zeC: |z—¢q| < 5(1—1—\/1—4@)},

(1-26/ISI) , (Y
T, qg:=A+{Vip, ") and o := (1—1—7"2) .

where d :=

We now derive a similar bound for a simple eigenvalue of 7' € H(S2, L(X)). Let u be
a discrete eigenvalue of T'(\) and T be a linearization of T'(\) as given in Theorem [3.4.3|
Let IP be the spectral projection of T corresponding to p and S be the reduced resolvent
of T — pl. Set s := [|S||o and p := ||P||oc. We denote by T* the conjugate dual of the
operator T. Then we have the following bound which follows from Theorem [3.5.7]
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Theorem 3.5.8. Let p be a simple eigenvalue of T(N). Let T® = pu® and T*®* = pd*
be such that (@, ®*) = 1. Then for every real number r > 0 and V € H(Q, L(X))

satisfying
r

s(1+17)?’
the operator-valued function W (X) := T(X\) + V(X)) has a simple eigenvalue py and a

By = max{||PV]w, [|(I = P)V]lc} < [[V]|on <

corresponding (unique) eigenvector ¥ such that (U, ®*) =1,
W = Plloe <7 and |y — pl < p(L+ [V = @[)[[V]|oe-
Further, uy is the only eigenvalue of W (X) lying inside the disc
d
A:={zeC: |z—¢q| < 5(1+\/1—4a)},

(1—-28ys)

S

where d :=

2
* R r
, ¢ =p+ (VO, &%) and a := <1+T2> )

The next result gives an upper bound of |¢| that ensures ¢ € dr which in turn yields

bounds for perturbed eigenvalues and eigenvectors.

Theorem 3.5.9. Let (u,v) be a simple eigenpair of T'(X\). Let p and s be as in Theo-
rem[5.5.8 Set B := max{||P|lo, [|[{ —P||cc}. Let V € H(Q, L(X)). Then for every real
number r > 0 and t € C satisfying

2rr
(1+7)28s| Vo

1] <

the operator-valued function T'(z) + tV (z) has a simple eigenvalue A\(t) and a unique

eigenvector v(t) such that
[Exwyo(t) = Ewvll < 7 and [A(#) — pl < p[t|(1+7)[[V]ae,

where the maps Exgy : N(T(A(t)) +tV(A(t))) — N(T(t) — At)]), u— Expyu, and
Ey N (T(p) — N(T — pl), v— E,u, are isomorphisms given by

(Expyu)(w) = W)L_w and (E,v)(w) = /ﬁ w € 99,

Proof. Let T be the linearization of T'(X). Set ® := &,v. Recall that £, is defined in
Proposition [3.4.5] Then (y, ) is a simple eigenpair of T. Let T(t) be the linearization of
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2rr
(1+7)2Bvs||V]|aa’

T(A\)+tV(A) fort € C. Set V(t) := T(t)—T for t € C. Then for |t| <

[V()llo = IT(t) = Tllee = sup [[(T(£) = T)fll, f € C(OQ)"

llflloo<1

1
= sup ||2— (—=tV(2))f(2)d]
[fllso<l 2T J0Q
|t] r

— |V <
27T|| HBQ_BV

< _
¥ s(1+r)?

This shows that

r
PY (1) oo, 1T = P)WV@)lo} < [Vl < ————.
max{ [PV s =PIV} < IV < s

By Theorem |3.5.8) there is a unique simple eigenpair (A(t), ®(t)) of T(t) = T + V(¥)

such that
[@(t) — @lloc <7 and () — p| < P+ [|2(t) — |||tV [l60-

Now, the desired bounds follow from the fact that there exists a unique eigenvector
v(t) of T(X) +tV(A) corresponding to A(t) such that ®(t) = Exqyv(t).
]
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Realization and Linearization of Meromorphic

Matrix-valued Functions

Let G(z) be an m x n strictly proper rational matrix, that is, G(z) — 0 as z — oo.

Then G(z) admits a transfer function realization [15, [32] of the form
G(z) = C(zI — A)'B

for some matrices A, B and C. The matrix triple (C, A, B) is called a realization of
G(z). The realization (C, A, B) is called minimal when the size of A is the smallest. In
such a case, pc(G) = eig(A). An m X n rational matrix G(z) admits a transfer function
realization [32, [50, 56] of the form

G(z)=P(z)+C(zI - A)™'B

for some P(z) € C[z]™*". In such a case, zeros and poles of G(z) can be analyzed via a
linearization [2} 3, 14} [4] of G(z) of the form

X—zy‘ C

M=y Az

9

where X', ), B, C are appropriate matrices. The main aim of this chapter is to generalize

the template

rational matrix — realization — linearization — spectral analysis
to the case of meromorphic matrix-valued functions.
Let M € M(Q)™™ and O C 2 be a compact region. We prove that M(z) admits a
local realization of the form
M(z) =H(z) + C(zI — A)"'B
94
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for some H € H(O)™™ and show that (C, A, B) can be computed from the Markov
parameters associated with M(z). In the special case when M(z) is regular, we construct
a linearization of M(z) of the form
2zl =T ‘ C

B Az

L(z) :=

and show that oq(M)NO = o(T)NO, where C, T and B are appropriate bounded linear

operators on some Banach spaces.

4.1 Local realization of meromorphic matrices

Let M € M(Q)™*" and A € po(M). Then there exists v € N such that the Laurent
series of M(z) at A is given by

VOESIVICESVEDD e l_)ﬂ’A)j, (4.1)

where D, # 0. Note that v is the order of the pole A and G,(2) := > D—i)j is the

i=1 G
principal part of the Laurent series of M(z) at A. Also note that G,(z) is an m X n

rational matrix which is strictly proper, that is, G5(z) — 0 as z — oo. Now consider
the polynomial P(2) := 7 | D;27 € C[2]™*". Then Gx(2) = P(;Z5). This motivates

us to define the principal pole polynomial of a meromorphic matrix corresponding to a

pole.
Definition 4.1.1. Let M € M(Q)™" and A\ € pqo(M). Then a matriz polynomial
P(z) € C[z]™*™ is said to be the principal pole polynomial of M(z) at A if P(0) =0 and
M(z)—-P (

15 analytic at .
Z R—

We have the following result which will be useful later.

Proposition 4.1.2. Let M € M(Q)™*" and A\ € po(M). Then P(z) is the principal
pole polynomial of M(z) at A < P(ﬁ) is the principal part of the Laurent series of
M(z) at \. Further, if P(z) is the principal pole polynomial M(z) at X then deg(P(z))
1s the order of the pole A and

i [ M) - P (25 )| = 5 [

Z—A 2= N)| 2w Jpz— A

where T is a positively oriented rectifiable simple closed curve in € isolating A from the
rest of the poles of M(z).
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Proof. If P(Zi 1) is the principal part of Laurent series of M(z) at A then, in view of

(4.1), M(2) — P(;Z5) is analytic at A and P(0) = 0. Hence P(z) is the principal pole

polynomial of M(z) at A. Conversely, if P(z) is the principal pole polynomial of M(z)

at A then M(z) — P(-%5) is analytic at A\. By Taylor series expansion at A, we have

M(z) = P(5) = 30 Al = A = M(2) = Y- 4y = AP + P(—)

is the Laurent series of M(z) at A. Hence P(ﬁ) is the principal part of the Laurent
series of M(z) at A. Evidently, deg(P(z)) is the order of the pole A.

Now, consider the Laurent series M(z) = 72 A;(z — A\)7 + P(-L5) of M(z) at \.
P(%)
z—A

Then by Cauchy’s integral formula, we have fr dz = 0 and hence

1 M(z) , . . 1
omi Fz—/\dz_Ao_llg}\[M(z) P(z—/\)]'

]

Let M;,M, € M(Q)™™ and H € H(Q)™™. If M;(z) = Mj(z) + H(z) then
pa(M;1) = pa(Ms) and the Laurent series of M;(z) and Mjy(z) at each pole have
the same principal part. Thus, the pole structure of a meromorphic matrix is invari-
ant under additive analytic perturbation. Hence, for analysis of poles, we define an

equivalence relation that preserves pole structures of meromorphic matrices.

Definition 4.1.3. Let My, My € M(Q)™*™ and O C Q) be open. Then My and My are
said to be pole equivalent on O and written as M;(z) ~0o Ma(2) if M;(2) — Ma(2)
is analytic in O, that is, if My — My € H(O)™ ™.

Let A € Q. Then My and My are said to be pole equivalent at A and written as
M, (2) >~y Ma(2) if Mi(z) — My(z) is analytic at X, that is, if M; — My € H(O)™*"

for some open set O C Q) containing .

Let M € M(2)™™ and A € po(M). Let P(z) € C[z]™*" be the principal pole
polynomial of M(z) at A. Then by Proposition , we have M(z) ~, P (%) . Thus,

as far as poles are concerned, M(z) is locally represented in a neighbourhood of each

pole by a strictly proper rational matrix. More generally, we have the following result.

Theorem 4.1.4. Let M € M(Q)™™ and O C Q be open. Suppose that po(M) =
paM)NO ={A1,..., \e}. Let Pr,..., P be the principal pole polynomials of M(z) at
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A, -+, g, Tespectively. Then there exists H € H(O)™™ such that

1 1
.4 P
z—)\1>+ + E(Z—)\z) for z€ O,

that is, M(z) ~0 [Pl <Z_1>\l> + 4P (Z_I/\J] .

Set G(z) == P, ( 1 ) + -+ Pg( 1 ) Then G(z) is the unique strictly proper

M@—H@+H(

z2—A1 z—MXe |

rational matriz such that M(z) ~o G(2) and po(M) = pc(G).

Proof. Define H(z) := M(z) — {Pl (Z—1/\1> £ 1. _{_pé( _&)} for z € O. By Propo-

z

sition 4.1.2, we have M(z) ~\, P; (#) for j = 1 : ¢. Hence H(2) has removable

singularities at Ay, ..., A,. By analytic continuation, we conclude that H(z) is analytic

in O. Indeed, setting
¢

J k=1,k#j

we have H € H(O)™*™. Here I'; is a simple closed rectifiable positively oriented curve
in O isolating A; from the rest of the poles of M(z). This proves that M(z) ~o G(2).

By construction, G(z) is a unique strictly proper rational matrix such that
M(z) ~0 G(z) and po(M) = pc(G).
m

Definition 4.1.5. [15] Let (C, A, B) € C™® x CP*P x CP*™. The pair (C, A) is said to

C
CA
be observable if the observability matrix ‘ has full column rank.
cAr-t
The pair (A, B) is said to be controllable if the controllablity matriz |A AB --- AP—lB]

has full row rank.

A useful characterization of observable/controllable pair is as follows.
Theorem 4.1.6. [15] Let (C, A, B) € C™*P x CP*P x CP*™. Then

A—zI
(C, A) is observable <= rank =p for all z € C,

(A, B) is controllable <= rank ([A — 2] B]) =p for all z € C.
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Realization theory of rational matrices is a classical subject and has been studied
extensively over the years, see [32] [I5, 56, 50] and the references therein. A realization
of a strictly proper rational matrix is defined as follows.

Definition 4.1.7. [15] Let G(z) € C(z)™*" be a strictly proper rational matriz. Then
(C, A, B) € C"*P x CP*P x CP*™ is said to be a realization of G(z) if

G(z)=C(zI,— A)"'B for z€C.

The realization (C, A, B) is said to be minimal if (C,A) is observable and (A, B) is

controllable.

For a ready reference, we collect some well-known results in the following theorem

which will be useful for local analysis of meromorphic matrices.

Theorem 4.1.8. [32,[1]] Let G(z) € C(2)™*™ be a strictly proper rational matriz. Then
there exists a minimal realization (C, A, B) € C™*P x CP*P x CP*"| for some p € N,
such that

G(2)=C(zI,— A)7'B and pc(G) = eig(A).

The Rosenbrock system matrix

B|A—2z1

is irreducible (minimal order) and oc(G) = o¢(S).

If S € CP*P s nonsingular then (C'S, ST'AS, S7'B) is a minimal realization of
G(z). If (C1, Ay, By) and (Cy, Ay, Bs) are minimal realizations of G(z) then exists a
unique nonsingular matriz S such that Co = C1S, Ay = S7tA,S and B, = S~ B;.

Remark 4.1.9. If G(z) € C(z)™*" is non-proper then there exists a matriz polynomial
P(z) € Clz]™*™ such that G(z)— P(2) is a strictly proper rational matriz [32,[50]. Hence
there exists a minimal realization (C, A, B) € C™*P x CP*P x CP*"  for some p € N,
such that

G(z) = P(2) + C(zI, — A)'B and ¢pc(G) = eig(A).

Further, the Rosenbrock system matrix
Piz)| «©
B ‘ A—zl,

S(z) :=

is irreducible (minimal order) and oc(G) = o¢(S).
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For local analysis, we now define local realizations of meromorphic matrices.

Definition 4.1.10. Let M € M(2)™*" and O C Q be open.
(a) Then (C, A, B) € C™*P x CP*P x CP*"  for some p € N, is said to be a local
realization of M(z) on O if

M(2) ~o C(zI, — A)'B and o(A) C O.

If (C, A) is observable and (A, B) is controllable then (C, A, B) is called a minimal local
realization (MLR) of M(z) on O.

Let H € H(O)™" be such that M(z) = H(z) + C(zI, — A)™'B for z € O. The
matriz

H(z)‘ C
B ‘ A—zI,

S(z) := for z€ O

is called the system matriz in state-space form (SSF) of M(z) on O. The system matriz
S(z) s called irreducible when (C, A, B) is a minimal realization of M(z) on O.

(b) Let X\ € po(M). Then (C, A, B) € C™*P x CP*P x CP*", for some p € N, is said
to be a local realization of M(z) at \ if

M(z) ~\ C(2I, — A)'B and o(A) = {)\}.
If (C, A) is observable and (A, B) is controllable then (C, A, B) is called a minimal local
realization of M(2) at \.
If (C, A, B) is a minimal local realization of M(z) at A then there exists an open set
O C Q and H € H(O)™*™ such that M(z) = H(z) + C(2I — A)"!'B for z € O.

Remark 4.1.11. (a) A local realization (C, A, B) € C™*P x CP*P x CP*™ of M(z) on
O is called a standard local realization. A nonstandard local realization of M(z) on O
is of the form

M(z) = H(z) + C(A — 2E)"'B and eig(A, E) C O,

where H € H(O)™*" and E € CP*P is nonsingular. Here eig(A, E) is the spectrum of
the pencil A — zE. In such a case, the system matriz is given by
H()| ©

B ‘ zE — A

S(z) := for z€O.
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A nonstandard realization is said to be minimal when

rank ([A — 2K B]) = rank A _OZE =p

for all z € C. In such a case the system matriz S(z) is called irreducible.

We have the following result whose proof is immediate; see Theorem 4.1.8]

Theorem 4.1.12. Let M € M(Q)™*™ and O C Q be open. Then we have the following.
(a) If (C, A, B) € C"*P x CP*P x CP*™ is a (minimal) local realization of M(z) on O
then so is (CS, ST*AS, S7'B) for any nonsingular matriz S € CP*P.

z) ~po C(zE — A)™ 1s a nonstandard local realization o z) then bot

b) If M C(zE— A)™'B dard local real f M hen both
(C,E7'A, E7'B) and (CE~', AE™!, B) are standard local realizations of M(z)
on O.

(c) Let (Cy, Ay, By) and (Cy, Ag, Bs) be minimal local realizations of M(z) on O. Then
there exists a unique nonsingular matriz S such that Cy = C1S, Ay = S~*A.S and
By = S7!B;.

Let O C Q be open. Suppose that po(M) = {A,..., A¢}. It is easy to see that if
M(z) ~,, C;(zI — A;)"'B; is a local realization at A; for j =1 : £ then
M(Z) =9 [01(2’[ — Al)ilBl + -+ Cg(Z[ — Ag)ilBg} o

Here the generic notation I is the identity matrix having the same size as that of A;.

We have the following result.

Theorem 4.1.13. Let M € M(Q)™*" and O C Q be open. Suppose that po(M) =
{1, A} Let (Cy, Ay, By), -+, (Co, Ay, By) be minimal local realization of M(z) at
A1, ...y A, TEspectively. Set

By
C = [01 Ce] , A= diag(Ay,..., Ay) and B :=
By
Then (C, A, B) is a minimal local realization of M(z) on O, that is,
M(z) 0 [Ci(z] — A1) 'Bi+ -+ Co(2 — A))'By] = C(2I — A)'B

and (C, A) is observable and (A, B) is controllable.
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Proof. Since M(z) — Zﬁzl C;(z — A;)~'B; has removable singularities at A1, ..., As, by

considering its analytic continuation, we have
M(z) ~0 [Ci(z] — A1) "'Bi+ -+ Co(2] — A)) 7' By] = C(2I — A)7'B.

Since (C4, Ay),...,(Cy, Ay) are observable, it is easily seen that (C, A) is observable.

AT —

Indeed, it is enough to show that has full column rank for 5 = 1 : . Since

C

ANl — A;
AjI — A; is nonsingular for ¢ # j and ! ’| has full column rank for j = 1: ¢, it
J
follows that -~
AT — Ay
/\jI — AQ
NI —A

AT — A,
Cl C2 500 Cé

has full column rank. Hence (C, A) is observable.

Similarly, as (Ay, By),. .., (A By) are controllable, it is easily seen that (A, B) is

controllable. Hence (C, A, B) is a minimal local realization of M(z) on O. O

We now show that the existence of a minimal local realization of M(z) follows from
the principal pole polynomials of M(z). Let #(S) denote the cardinality of a set S. If
#(S) < oo then S is a finite set and #(5) is the number of elements of the set S.

Theorem 4.1.14. Let M € M(Q)™*" and O C 2 be open. Suppose that #(po(M)) <
o0o. Then there ezists (C; A, B) € C™P x CP*P x CP*"  for some p € N, and H €
H(O)™ ™ such that M(z) = H(z) + C(21, — A)"'B is a minimal local realization of
M(z) on O and po(M) = eig(A) = pa(M) N O. Consider the system matriz in SSF'

H(:)| ©
B ‘A—zlp

S(z) := for z € O.
Then S(z) is irreducible on O and 0o(M) = 0p(S) = 0o(M) N O.

Proof. Suppose that po(M) = {1, ..., A}. Let Pi(z),..., P/(z) be principal pole poly-
nomials of A, ..., A\, respectively. Then by Theorem [4.1.4} there exists H € H(O)™*"
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such that

M(z):H(z)JrPl(z_l)\l)+---+Pg< ! ) for z € O.

Z——’Ag

z—A1
such that M(z) ~p G(z) and po(M) = pc(G). Since G(z) is a strictly proper rational

matrix, by Theorem [4.1.8] there exists (C, A, B) € C™*? x CP*? x CP*", for some p € N,
such that G(z) = C(zI, — A)"'B is a minimal realization and pc(G) = eig(A). This
shows that M(z) = H(z) + C(2I, — A)~' B is a minimal local realization of M(z) on O
and po(M) = pc(G) = eig(A).

Obviously, the system matrix S(z) is irreducible as (C, A) is observable and (A, B)
is controllable. By Theorem [2.4.18] we have oo(M) = 00(S) = 0o(M) N O. O

Further, G(z) := P, <L) +--+ P (ﬁ) is the unique strictly proper rational matrix

Observe that (C, A, B) € C™*P x CP*P x CP*™ for some p € N is a local realization of
M(z) at a pole A <= C(zI,— A)"'B is the principal part of the Laurent series of M(z)
at A. The principal pole polynomial M(z) at a pole can be recovered from a minimal

local realization of M(z). We have the following result whose proof is immediate.

Proposition 4.1.15. Let M € M(Q)™*™ and O C 2 be open. Suppose that po(M) =
{, .., A} and M(z2) ~o C(zI — A)™' B is a minimal local realization of M(z).

(a) There exists a nonsingular matriz S such that ST'AS = diag(Ay,...,As) and
eig(A;) ={N\;} for j=1:0 Let S = [Xl Xz] and (S71)* = [Y1 Yg}
be conformal partitions. Then M(z) 2, CX (2 — A;)7'Y}*B is a minimal local
realization of M(z) at A\; for j =1:/.

(b) Let v; be the order of the pole \; for j = 1 : . Then v; the ascent of \; as an

eigenvalue of A and

l/j—l
Pi(z) = CX;(z ' T+ NI = A)) 'Y B =) " 2 CX(A - NIPY)B

k=1
is the principal pole polynomial of M(z) at A\; for j =1: (.
Proof. The existence of S is obvious as Ay,..., A, are distinct eigenvalues of A. By

Theorem [4.1.12{(a), it follows that M(z) ~, CX;(2I — A;)""Y;*B is a minimal local
realization of M(z) at \; for j = 1: ¢. This proves (a).

Since M(z) ~y, CX;(zI — A;)~'Y}*B is a minimal local realization of M(z) at A;, it
follows that G;(z) := CX;(2I — A;)~"Y} B is the principal part of the Laurent series of
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M(z) at A;. Since eig(A;) = {);}, the matrix \;/ — A is nilpotent. As the realization
is minimal, the order of A; as a pole of M(z) is the same as the order of \; as a pole of

(21 — A;)~". Hence v; is the ascent of ); as an eigenvalue of A. Consequently,

Gi(z) = CX;(zI —A)YB=CX;(z— X+ NI —A)"'Y/B

v;j—1
L OXG(A— NIFYFB ( 1 )
- —P(——) forj=1:¢
,; (z = Aj)FH — A
This shows that Pj(z) = CX;(z ' T+ NI — A)7'YB = SV AR OX (A — MDY B
is the principal pole polynomial of M(z) at A; for j =1 : £. This proves (b) O

We have seen that a meromorphic matrix M € M()”*" admits a right coprime
MFD of the form M(z) = N(z)D(z)"!, where (N, D) € H(Q)™ " x H(Q)"*" and D(z)
is regular. If #(pa(M)) < oo then we show that D(z) can be chosen as a regular matrix

polynomial. This fact is not evident from the Smith-McMillan form of M(z).

Theorem 4.1.16. Let M € M(Q)™*™. Suppose that #(pa(M)) < co. Then there exists
(N, D(z)) € H(Q)™™ x C[z]™"™ with D(z) being regular such that N(z) and D(z) are
right coprime,
M(z) = N(2)D(2)~" and po(M) = oc(D).

Proof. By Theorem we have M(z) = H(2) + G(z) and po(M) = oc(G), where
H € H(Q)™™ and G(z) € C(z)™*™ is a strictly proper rational matrix. Since G(z) is a
strictly proper rational matrix, we have a right coprime MFD G(z) = N(z)D(z)~* with
oc(G) = o¢(D), where N(z) € C[2]™™ and D(z) € C[z]"*" is regular; sce [15], 32].

Set N(z) := H(2)D(z) + N(z). Then N € H(Q)™" and M(z) = N(z)D(z)" is a
right MFD. Now

N(z) H(z)D(z) + N(z)
D(z) D(z) D(z)
N(z) ]/\\7 (2)
shows that rank = rank = n for all z € Q. Hence N(z) and
D(z) D(z)
D(z) are right coprime. This shows that M(z) = N(z)D(z)™! is a right coprime MFD.
Now we have po(M) = pc(G) = oc(D). O

The next result shows that an irreducible analytic system matrix in which the state
matrix is a regular matrix polynomial is strict system equivalent (Fuhrmann system

equivalent) to an irreducible system matrix in SSF.
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Theorem 4.1.17. Let (C, B, D) € H(Q)™ " x H(Q)™™ x H(Q)™ ™ and A(z) € Clz]"*"
be reqular. Consider the system matrix

A(z) | B(2)

~C(2) | D(2)

H(z) :=

and assume that H(z) is irreducible. Then there exists a system matriz in SSF
- A| B

B , where (C, A, B, D) € C™ x C™* x C™™ x H(Q)™",
¢ | D)

S(z) :=

such that S(z) is irreducible and H(z) ~ t5 S(%).

Proof. Note that M(z) := D(2)+C(2)A(2) ' B(2) is the transfer of H(z) and po(M) =
oc(A). Since A(z) is a regular matrix polynomial, we have #(pq(M)) < co. Hence by
Theorem [4.1.14] an irreducible system matrix in SSEF such as S(z) exists having the

transfer function M(z). Since H(z) and S(z) are both irreducible and have the same
transfer function, by Theorem [2.4.16, we have H(z) ~ s S(2). O

We now summarize the results for M(z) when #(pa(M)) < oco.

Theorem 4.1.18. Let M € M(Q)™*™. Suppose that #(pa(M)) < co. Then we have
the following.

(a) There exists (C, A, B) € C™*" x C"™*" x C"™*", for some r € N, and H € H(O)™*"
such that M(z) = H(z) + C(zI, — A)"'B is a minimal local realization of M(z)
on Q0 and po(M) = eig(A). The system matriz in SSF

H(z) ‘ C

S(z) :=
B ‘ A—zI,

is irreducible and oo(M) = 0o (S).

(b) There exists (N, D(z)) € H(Q)"™*™ x C[z]™*™ with D(z) being a regular matric
polynomial such that po(M) = oc(D) and M(z) = N(2)D(2)~! is a right coprime
MFD. The RMF-system matrix

is irreducible and og(M) = 0q(Sg).
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(¢c) We have S(z) ~fs Sr(z). Let p > max(r,n). Then the following hold:
(i) Tyr ®S(2) ~ase y-n ® Sa(z) ~a I & N(2).
(i1) I,—r & (A—zl,.) ~q I,_,, & D(2).
(d) For the Smith forms, we have
I ®Sa(z) =1p—n, ®Sp(2) and I,,_, & Ss(2) = I,—,, & Ss,(2) = I, & Sn(2),
where Sy (z) denotes the Smith form of the matric A — zI, and Sx(z) denotes the
Smith form of a holomorphic matriz X (z). In particular, we have
OQ(M) = UQ(S) —= UQ(SR) = UQ(N) and pQ(M) = eig(A) = UQ(D)

Further, inde(A\, M) = ind.(\,S) = ind.(A\, Sg) = ind.(\, N) for A € 0o(M) and
ind,(A\, M) = ind. (A, A) = ind.(\, D) for A € po(M).

Proof. The results in (a) follow from Theorem and the results in (b) follow from
Theorem 4.1.16( and Theorem [2.4.19 The results in (c¢) and (d) follow from Theo-
rem O

4.1.1 Computation of local realization by contour integration

Let A € C"™" and f : C — C be analytic. Let I' be a positively oriented rectifiable
simple closed curve in C such that eig(A) C Int(I'), where Int(I') denotes the region

enclosed by the curve I'. Then we have
(21, — A)~'d 4.2
- / IBIE 2 (4.2)

Theorem 4.1.19. Let M € M(Q2)™" and M(z) ~q C(zI, — A)™'B be a minimal local
realization. Let I' C Q be a positively oriented rectifiable simple closed curve in €0 such
that po(M) C Int(I') C Q. Then for f € H(Q2) we have

L [ rem 2m/f C(zI, — A)"'Bdz = Cf(A)B

21 Jr
In particular, we have Sy := . / 2'M(2)dz = CA*B for { € Z,.
i Jr

Proof. There exists H € H(Q)™ " such that M(z) = H(z) + C(zI, — A)"'B. Since
f(2)H(z) is holomorphic in Q, by Cauchy’s theorem [, f(2)H(z)dz = 0. Hence by 1)

1 1 B
o [ TGML: = o / [(2)C(=I, — A)"'Bdz = Cf(A)B
For fi(z) := 2, we have S; = CA'B for { € Z,. O
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The matrices Sy for ¢ € Z, are called Markov parameters of M(z) on €2 or the Markov
parameters of Gy,(z) := C(z1, — A)~'B. Computation of (C, A, B) from the Markov
parameters is a well studied topic in realization theory. There are several algorithms for
computation of (C, A, B) from the Markov parameters; see [I5]. We briefly describe an
algorithm based on orthogonal matrix factorization. Consider the block Hankel matrix
H, and the shifted block Hankel matrix ]ﬁle given by

Sy - Siy S, FF S
Hy:=| : . : |andH,:=|: . i | forlez,.
Se—1 -+ Sa—g Se -+ S

Then it follows that

CB CAB .- CA“'B | C
CAB  CA2B ... CA™'B A
H, = = I, AB . AHB],
CA“'B CA'B ... CA%2B A1
[ cAaB caB .. caB | | ¢ ]
- CA’B CA3B ... CA“?B CA
i, — . _ _ . —| 77 Al aB .. a-'B
CA'B CA™B ... CA%-1B A

This shows that rank(H,) < r for £ € N and there exists v € N such that rank(H,) = r
for all £ > v. The index v is in fact the minimality index of the observable pair (C, A)
and the controllable pair (A, B); see [15]. In particular, we have rank(H,) = r for £ > r.
It also follows that rank(]ﬁlg) <rforfeN

Consider the controllability matrix C, and the observablity matrix O, given by

C

CA
C,:= [B AB - AHB] and Oy := ] (4.3)

CAK—l

Then we have H, = O,C, and ]ﬁlg = 0,AC, for ¢ € N. Thus,

rank(H,) = rank(Oy) = rank(C,) =r for ¢ >r.
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Next, observe that for £ > r we have

e oA |
oA A T
nglA = ] A= ) = Og(2 : 6, 2) = A= O£_105(2 : 6, 2)
C AL A1
and
AC, =A|lB AB ... AHB} = [AB A2B ... AC1B| =021 0)

which shows that A = Cy(:,2: K)Cz_l. Here X7 is the Moore-Penrose pseudo-inverse of
X, Oy(2: ¢,:) is the block sub-matrix containing block rows 2 to ¢ of Oy and Cy(:,2 : {)
is the block sub-matrix containing block columns 2 : ¢ of C,. The observations above
yield a method for computing a minimal realization (C, A, B) from the observability

matrix O, and the controllability matrix C,.

Let H, = UV* be an orthogonal factorization, where U € C™*" and V € C*"
have orthogonal columns and full column rank. Since UV* = H, = O,C,, we can
choose Oy := UT and C; := T~'V* for any nonsingular matrix 7' € C"*". We choose
T = I,.. Then the relevant block rows of O, are given by O,y = U(1: (¢ — 1)m, :) and
Oy(2:¢,:) =U(m+1:mk, :). This yields a minimal realization (C, A, B) :

C:=U(l:m,:), Ar=U1:(l—1)m, ) Um+1:ml, ), B:=V*1:n,:).

Note that C' is the first m rows of O, = U and B is the first n columns of C, = V*.
Hence C = (¢} ® I,,,)U and B = V*(e; ® I,,), where e; is the first column of I,. The

matrix A can also be determined from ]ﬁlg as follows:
]ﬁlg = OgACg — A= O; I/E\]Ig C}; = UJr I/P\Hg (Vv*)]L

The orthogonal factors U and V' can be computed from a compact SVD of H,.
Indeed, consider the compact SVD H, = UX,V*, where 3, := diag(oy,...,0,) and

o1,...,0. are the nonzero singular values of H,. Then considering
O, :=UXY? and C,:=X"*V"
we have

C = (e] ®1,)0p A:=X""2U*H,VS™2, B:=Cyle1 ® I,).
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This yields the following SVD based algorithm; see [I5, Chapter 9, Algorithm 9.3.2].

Algorithm-A (minimal realization).

Input: H, and ]ﬁIg.
Output: minimal realization (C, A, B)

1. Compute compact SVD H, = UXV*.
. Compute C = (e] ® I,,)USY? = (UZY?)(1:m, :).
3. Compute B := XY2V*(e; @ I,,) = (ZY2V*)(:,1 : n).
4. Compute A = X-V2U*H,Vx-1/2,

[\

Alternatively, we can compute (C, A, B) using only H,. We have the following algo-

rithm in MATLAB notation.

Algorithm-B(minimal realization).

Input: H,.
Output: minimal realization (C, A, B)

1. [U, 8, V] = svd(H,, 0); % compact SVD

2. U = U*xsqrt(S); V = Vxsqrt(S); % orthogonal factors

3.C=U:m, :); B=V(:, 1:n);

4. A = UQL:(-Dm, H)\U(m+l:ml, :); % least-squares solution or
A = pinv(U(1: ({-Dm, :))*U(m+1l:ml, :); % apply pseudo-inverse

We mention that Algorithm-B is known to perform poorly for rational matrices.

4.1.2  Solution of nonlinear eigenvalue problems

Let T € H(2)™*™ be regular, that is, T(z) is invertible for some z € Q. Consider the

nonlinear eigenvalue problem (NEP): Find A € 2 and a nonzero v € C" such that

T(A)v =0. (4.4)
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The scalar A is called an eigenvalue of T(z) and v is called an eigenvector of T corre-

sponding to A. NEPs arise in many applications. We have seen that the NEP
T()\)’U = (AI — AO — Z Aie_A”)v =0
i=1

arises in the study of the delay differential equation

where z(t) € R" is the state variable at time ¢, A;’s are n X n matrices, and 0 < 7 <

Ty < -+ < T, represent the time-delays [45].

It is a challenging task to solve an NEP. However, eigenvalues can be treated as poles
of appropriate meromorphic matrices and minimal local realization of meromorphic ma-
trices can be utilized for solving an NEP. Observe that M(s) := T(z)~! is meromorphic
in 2 and

A € 0q(T) <= X € po(M).

Hence finding eigenvalues of T(z) is equivalent to finding poles of M(z). Thus, any
pole finding method for M(z) can be employed to find the eigenvalues of T(z). As a
consequence of Theorem we have the following result.

Theorem 4.1.20. Let T € H(Q)™*" be regular and O C Q be open. Suppose that
#(00(T)) < co. Then there ezists (C, A, B) € C™*" x C™" x C™™, for some r € N,
and H € H(O)™™ such that T(2)"' = H(z) + C(zI, — A)"'B is a minimal local
realization on O and oo(T) = eig(A) = 0o(T) N O.

Let O C Q be an open and T(z)~! ~o C(zI, — A)B be a minimal local realization.
Then it follows that 0(A) C 0q(T). Further, it can be shown that C'v is an eigenvector
of T(z) whenever v is an eigenvector of A. Hence a minimal local realization can be

utilized for solving a nonlinear eigenvalue problem.

Theorem 4.1.21. Let T € H(Q)™*" be regular and O C Q be open. Suppose that
T(2)™' ~p C(zI, — A)B is a minimal local realization. Then oo(T) N O = eig(A) and

Av =X v and v # 0 = T(A\)Cv =0 and Cv # 0.

Further, the partial multiplicities of A as an eigenvalue of A are the same as the partial

multiplicities of X as an eigenvalue of T(z).
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Proof. Obviously eig(A) C 0q(T) and 0o(T) N O = eig(A). Let I" be a simple closed

curve in O such that oo(T) N Int(I") = eig(A). Now Av = \v and v # 0 = v is an

eigenvector of A corresponding to the eigenvalue \. Since (C, A) is observable, we have
M, — A

rank =r= Cv #0.
C

Since (21, — A)~'v = v/(z — \), by Cauchy’s integral formula, we have

1
T(N)Cv = — [ T(2)C(zL, — A) 'vdz =0
21 Jr
whenever S := [, T(2)C(zl, — A)"'dz = 0. We show that S = 0 which follows from the
controllability of (A, B). Indeed, since (A, B) is controllable, the controllability matrix

C, :— [B AB .- AT—IB} has full row rank. Hence S = 0 <= SC, = 0.

We show that SC, = [ T(2)C(zI,—A)™! [B AB ... Ar—lB} dz = 0. First, note
that (21, — A)7'AJ = (21, — A" YA — 2L, +21,) ~p 27(2I,— A)~! for j =0 :r—1. This
shows that T(2)C(z1, — A) ' A'B ~¢ 27T (2)C (2, — A)"'B for j = 0 : r — 1. Next, note
that T(z)™! — C(2I, — A)"!'B is analytic in O which implies that T(z)C(zI, — A)"'B
is analytic in O which in turn implies that 2/T(z)C(zI, — A)"'B is analytic in O
which implies that [, 2/T(2)C(zL, — A)"'Bdz = 0 for j = 0 : r — 1. Hence we have
- T(2)C(zI, — A)T'A/Bdz = [, 27 T(2)C(2I, — A)"'Bdz = 0 for j = 0 : v — 1. This
shows that SC, = 0.

Finally, by Theorem [4.1.18} the partial multiplicities of A as an eigenvalue of T'(z)
are the same as the partial multiplicities of \ as a pole of T(z)~!. On the other hand, the
partial multiplicities of A as a pole of T(z)~! are the same as the partial multiplicities

of \ as an eigenvalue of A. This completes the proof. m

Remark 4.1.22. Let A € 0o(T). Then a nonzero u € C" is called a left eigenvector of
T(2) corresponding to X if u' T(\) = 0, that is, T(\)"u = 0. Now if

T(2) ™ ~p C(zI, — A)B

is a minimal local realization then T(2)~" ~o B'(zl, — AT)CT is a minimal local

realization. Hence by Theorem we have the following result:
ATu= X uandu#0= T(\)"B'u=0 and B"u # 0.

Thus, if u is a left eigenvector of A then B'u is a left eigenvector of T(2).
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Keldysh [34] obtained a representation of T(z)™!, which is similar to a minimal
local realization in Theorem involving generalized eigenvectors and a Jordan
matrix, that is, a matrix in Jordan canonical form; see |44, Theorem 1.6.5]. A proof
of Keldysh theorem can be found in [44] which uses canonical system of root functions.
See also [29] 35, [11].

Theorem 4.1.23 (Keldysh [44]). Let T € H(Q)"*™ be regular and O C Q be open.
Suppose that co(T) = {A1,..., \e} and the total algebraic multiplicity is m. Then there
exist V,W € C*™, a Jordan matriz J € C™*™ and H € H(O)"*" such that

T (z) = H(2) + V(2I,, — J)'W* and 0o(T) = eig(J).

The partial multiplicities of A as an eigenvalue of J are the same as the partial mul-
tiplicities of A as an eigenvalue of T(z). The columns of V' and W are right and left

generalized eigenvectors of T(z) and satisfy certain normalization constraints.

Let A € 0q(T) and m be the algebraic multiplicity of A. Let J € C™ ™ be a uni-
spectral Jordan matrix with o(J) = {A\} and X € C"*™. Then (X, J) is said to be a
Jordan pair of T(z) at A if (X, J) is observable and T (2)X (21 — J)~! is analytic at \.
Gohberg et al. [24] developed a local spectral theory for T(z) using canonical system of
root functions as the main tools to study Jordan pairs of T(z). It is shown [24] that a
Jordan pair of T(z) at A exists and can be constructed from a canonical system of root
functions at A\. A Jordan pair at A provides a local representation of T(z)~! which is
similar in spirit to the representation in Theorem [4.1.20]

Theorem 4.1.24 (Gohberg et al.,[24])). Let T € H(Q)"*" be regular. Let A\ € oq(T)
and m be the algebraic multiplicity of A. Let (X, J) € C™™ x C™*™ be such that (X, J)
is observable and J is a Jordan matriz with eig(J) = {\}. Then (X, J) is a Jordan pair
of T(z) at X if and only if there exists Y € C™*™ such that (J,Y") is controllable and

T(2) '~y X (21, — J) 'Y
Let O C Q be open. Suppose that co(T) = {A{,..., A} and the total algebraic
multiplicity is m. Then it follows from Theorem [4.1.24] that there exists (X, J,Y) €

Crxm x C™*™ x C™*™ such that J is a Jordan matrix with eig(J) = {A1,..., A¢}, (X, J)
is observable, (Y, B) is controllable and

T(2) ™ ~o X(21,, — J) Y. (4.5)
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We mention that Theorem [4.1.23| and Theorem |4.1.24] as well as the representation
in follow as special cases from Theorem by reducing A to Jordan canonical
form by similarity transformation and using the result in Theorem [1.1.12] Note that
Theorem is a special case of Theorem . The local realization of T(z)™!
can be computed using either Algorithm-A or Algorithm-B with M(z) := T(z)~! which
results in a contour integral based method for solving the NEP T(\)v = 0.

Contour integral based methods for solving T'(A)v = 0 have received a lot of attention
in recent time; see [29] 111 [5, 60} 21, 12] and the references therein. All these methods are
directly or indirectly related to a minimal local realization of T(z)~!. All these methods

project T(z)™! on to a lower dimensional space so as to reduce the cost of computation.

The contour integral based methods can be formulated in a unified framework as
follows. Let L : C™*" — C“*? be a linear transformation, where max(¢, p) < n. Let
T € H(2)"*" be regular. Now consider M(z) := L(T(z)~!). Then M(z) is meromorphic
and po(M) C 0q(T). Therefore, in view of Theorem and Theorem , a
subset of oq(T) can be computed by considering a minimal local realization of M(z)
and using Algorithm-A or Algorithm-B. Thus as a consequence of Theorem [4.1.14] and

Theorem {4.1.19] we have the following result.

Theorem 4.1.25. Let T € H(Q)™" be regular and L : C™" —s C*? be a linear
transformation, where max(f,p) < n. Define M(z) := L(T(2)~!). Then M € M(Q)"?
and po(M) C go(T). Let O C Q be open. Suppose that #(po(M)) < co. Then there
ezist (C, A, B) € C™" x C™" x C"™*?, for some r € N, such that

M(z) ~o C(zI, — A)"'B

is a minimal local realization of M(z) on O. Let I' be a simple closed curve in O such
that po(M) C Int(I') C O. Consider the matriz moments

1 1 N
Sk 1= i ) FM(z)dz = 57 szL(T(z) Ydz, for keZy,
and construct the block Hankel matrix H,, and shifted block Hankel matriz ]ﬁlm for large
enough m. Then (C, A, B) can be constructed from H,, and ]ﬁlm by Algorithm-A and

Algorithm-B.

The contour integral based method proposed by Beyn [I1] considers an arbitrarily
chosen matrix V' € C™*? with full column rank and the matrix moment
1

Sp = — [ 2"T(2)"'Vdz, for keZ,.
211 r
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These moments correspond to the linear transformation L : C**" — C"*P given by
L(X) := XV, where V € C"*" is a full column rank matrix. On the other hand, for

arbitrary u,v € C", Asakura et al. [5] consider the scalar moments

1
sp = — [ Zu'T(2) vdz, for keZy,
21 Jp
which correspond to the linear transformation L : C"™" — C given by L(X) := u' X,
where u,v € C" are fixed vectors. Other choices of L such as L(X) := UXV, where
U € C”" has full row rank and V' € C™*? has full column rank, have also been consid-

ered in the literature.

Remark 4.1.26. Let T(2)™! ~p C(zI, — A)™'B be a minimal local realization. Let
V e C™* be a full column rank matriz such that (A, BV') is controllable. Then

T(2)'V ~p C(zI, — A)"'BV

is a minimal local realization which corresponds to the transformation L(X) := XV. In
this case, Theorem |5.2.1() still holds and we have the following result:

Av =X v and v # 0 = T(A\)Cv =0 and Cv # 0.

4.2 Linearization of a meromorphic matrix

Linearization is a classical technique widely used for solving polynomial eigenvalue prob-
lems. Let P(z) € C[z]"™*™ be a matrix polynomial of degree m. Then the polynomial
eigenvalue problem (PEP) solves

PANv=0

for A € C and a nonzero v € C™. The scalar A is called an eigenvalue of P(z) and v is
called an eigenvector of P(z) corresponding to A\. The PEP can be transformed to an

equivalent generalized eigenvalue problem (GEP)
(AX +Y)v =0, where (\,v) € C x C"™",

by means of linearization of P(z) via unimodular equivalence; see [25 [41] and the
references therein. A matrix polynomial U(z) € C[z]™*" is unimodular if det(U(z)) is a

nonzero constant independent of z.
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Definition 4.2.1 (|25, 41]). Let P(z) € C[z]"*" be a matriz polynomial of degree m. A
matriz pencil L(z) == zX +Y with X, Y € C™*™" s called a linearization of P(z) if

there exist mn x mn unimodular matriz polynomials U(z) and V(z) such that

Eigenvalue problems involving rational matrices also arise in many applications such
as in acoustic emissions of high speed trains, calculation of quantum dots, free vibration
of plates with elastically attached masses, vibration of fluid solid structure and in control
theory; see [40, 10] and the references therein. Let G(z) € C(2)™*™ be a rational matrix.

Then the rational eigenvalue problem (REP) solves
GANv=0

for A € C and a nonzero v € C™. The scalar A is called an eigenvalue of G(z) and v is
called an eigenvector of G(z) corresponding to A. For example, the REP

k
G(\)v := —Av + ABv + \? Z

J=1

1
Wi — A

J

ijzo

arises when a generalized linear eigenvalue problem condensed exactly; see [43] for de-

tails.
With a view to transforming an REP to an equivalent GEP, a concept of linearization

of rational matrices has been developed recently; see [2] [3 14} 53] [4] and the references
therein. Linearization of a rational matrix has been defined in two different ways,

namely, via MFD and state-space realization; see [2].

Let G1(2),Ga(z) € C(z)™ ™. Then G4(z) is said to be unimodularly equivalent to
Go(z) and written as Gi(z) ~ Gy(z) if there exist unimodular matrix polynomials
U(z) € Clz]™™ and V(z) € C[z]™™ such that Go(z) = U(2)G1(2)V (2). If G(z) €
C(z)™*™ is a rational matrix then there exists a matrix polynomial P(z) € C[z]™*" and
a strictly proper rational matrix Gg,(z) € C(2z)™*" such that G(z) = P(2) + G4p(2).
Define deg(G(z)) := deg(P(z)), the degree of the polynomial part of G(z).

Definition 4.2.2. [2] Let G(z) € C[z]™" be a rational matriz and G(z) = N(2)D(z)~}
be a right coprime MFD. Set r := degdet(D(2)) and m := deg(G(z)). Then an (nm +
r) X (nm 4+ r) matriz pencil of the form
X +2Y ‘ C

B ‘ A—zI,

L(z) :=
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is called a linearization of G(z) if

0 Is—mn—r 0
0 | Nz 0 |LG)

and

where p := max(r,n) and s := max(mn + r,mn +n).

If G(z) is a matrix polynomial then D(z) = I and hence r = 0. In such a case,
L(z) = X + 2Y reduces to a linearization of the matrix polynomial G(z). Alternatively,
a minimal realization of G(z) can be used to define a linearization of the system matrix

which is equivalent to a linearization of G(z).

Definition 4.2.3. [2] Let G(z) = P(z) + C(z1, — A)"'B be a minimal realization of
G(z) € C(z)™™, where (C, A, B) € C"*" x C™" x C™" and P(z) € C[z]"*"™. Consider
the system matriz in SSF

Pi)| ¢

)= B ‘ A—z1,

Let m := deg(P(z)). Then an (nm + 1) X (nm + r) matriz pencil of the form

X—f—ZY‘ C
B ‘A—z]r

L(z) :=

is called a Rosenbrock linearization of S(z) if there exist nm X nm unimodular matriz
polynomials U(z) and V(z) such that

U(z)| 0 L V(z)| 0 Im—1yn | O
0 |1 0 |1 0 |s()

The linearization in Definition is in fact a linearization of G(z) in the sense
of Definition see [2]. The advantage of Definition is that it can be used to

construct a linearization of G(z) from a linearization of P(z).

We are now ready to extend the concept of linearization of a rational matrix to the
case of a meromorphic matrix when #(po(M)) < oo. This is the case when Q is a
compact region. Let X and Y be Banach spaces. Let 17,7, € H(, £(X,Y)). Then
recall that T1(z) ~q T5(z) if there are exist U € H(Q, £(Y)) and V' € H(2, £(X)) such
that U(z) and V(z) are invertible for all z € Q and Ts(z) = U(2)T1(2)V (z). We denote

the identity operator on X by Ix whenever it is necessary.
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Definition 4.2.4. Let M € M(Q)™*™ be such that #(pa(M)) < oco. Let M(z) =
N(2)D(z)™! be a right coprime MFD, where D(z) € Clz|™ " is reqular and N €
H(Q)"*". Set r = deg(det(D(z))) and p := max(r,n). Let X be a Banach space
and T € L(X). Then a bounded operator pencil L(z) of the form

T — 21 ‘014—202
Bl—‘l_ZBQ‘ A—ZIT

L(z) == XeC X C, (4.6)

is said to be a linearization of M(z) if the following conditions hold:
(a) The operator [ By + 2By, A-—zI. } : X & C" — C" is right invertible and the

Ch + 20y : ; .
operator :C" — X @ C" is left invertible for all z € €.

A—zI,

(b) There exist a Banach space Z such that

Iz ‘ 0
/- 0 b, N 0
~Q N(z) 0 and ~QO .
0 0 | D(z) 0 ‘ A—zI,

We now define a linearization of the system matrix by considering a minimal local

realization of M(z).

Definition 4.2.5. Let M € M(Q)"*". Let M(z) = H(z)+ C(zI, — A)~' B be a minimal

local realization. Consider the system matrix

H(z) ‘ C

S(z) ==
B ‘ A—zI,

Let X be a Banach space and T € L(X). Then a bounded operator pencil I.(z) of the
form

Tl ‘C’l—l—zC’g

XoeCh —XpC"
Bl"’ZBQ‘ A—Z[r

L(z) :=

is said to be a linearization of S(z) if the following conditions hold:
(a) The operator [ By + 2By A—zI, } : X @ C" — C" is right invertible and the

Cl + ZCQ . . .
operator :C" — X @ C" s left invertible for all z € €.

A—zI,
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(b) There is a Banach space Z and holomorphic invertible operator-valued functions

U:Q—L(X, Z0C") and V : Q — L(Z S C", X) such that

If L(2) is a linearization of S(z) then it turns out that IL(z) is a linearization of M(z).

Theorem 4.2.6. Let M € M(Q)™*" and M(z) = N(2)D(z)~! be a right coprime MFD.
Let M(z) = H(z) + C(zI, — A)"'B be a minimal local realization, where A € C™" and
H € H(Q)™*™. Consider the system matriz

H(z)| C
B ‘A—z[r

S(z) :==

Let 1.(z) be a linearization of S(z). Set p := max(n,r). Then there exists a Banach

space Z such that

Ip_n| O Iy 0
N(z) 0 and ~Q .
I 0 | D(») 0 ‘ A—zl,

In other words, L.(z) is a linearization of M(z).

Proof. Since L(2) is a linearization of S(z), by Definition we have

Ig‘ 0

Since M(z) = N(z)D(z) ! is a coprime MFD and S(z) is an irreducible system
matrix, by Theorem [4.1.18| we have

S(z)| 0 N N(z)| © and A—zI,| 0 N D(z)| 0
0 |1, “1 0 I, 0 \Ip_,. “1 0 L |

This shows that IL(z) is linearization of M(z). O
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Let G(z2) :=T — zI + (Cy + 2Cy) (21, — A)"'(B; + 2B5) be the transfer function of
LL(z) given in Definition [4.2.5] Then the next result shows that G(z) ~q Iz & M(z).

Theorem 4.2.7. Let M € M(Q)™". Let M(z) = H(z) + C(2I, — A)"' B be a minimal
local realization, where A € C™" and H € H(Q)"*". Consider the system matriz

S(z) := [ H(z) ‘ ¢
B ‘ A—2zI,

Let X be a Banach space and 1L(2) be a linearization of S(z) given by

T a0 \c 4 2C
]L(Z) - 1 2
Bl‘I_ZBQ‘ A—Z[T

]:X@CT—>X€BCT.

Let Z be a Banach space and U : Q — L(X, Z&C") and V : Q@ — L(Z@&C", X) be

holomorphic invertible operator-valued functions such that

[U@ V(2) ] ) [13 ] | M
I, I, S(z)

Let G(z) :=T — 2I + (Cy + 2Cy) (21, — A)"Y(By + 2B3) be the transfer function of L(z).

Then we have

L(2)

Iz

U(2)G(2)V(z) = and 0q(G) = 0g(M) = 0q(S) = oq(L).

M(z) }
Proof. Equating the blocks in (4.7)), we have

Iz

U()(T—2I)V (z) =

] . U(Z)(01+ZCQ> =

Hence

U2)G(2)V(2) = URNT —2)V(2) +U(2)(Cy + 2C5) (21, — A)H(By 4 2B2)V(2)

O 1
- [C] (.- A" [0 B

H(z)

e
H(z)+0(z[rA)1B] N { \M(z) ] '

This shows that G(2) ~q Iz ® M(z) = 0q(G) = 0o(M). Evidently, oq(L) = 0q(S).
As S(z) is irreducible, we have og(L) = 0q(S) = 0o(M) = 0(G). O
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The proof of Theorem shows that if IL(z) is a linearization of S(z) then T'—zI ~q
Iz ®H(z), that is, T'— zI is a linearization of H(z). Therefore, the question that arises
is this: If T'— 21 is a linearization of H(z) then is it possible to construct a linearization

L(z) of S(z)? The next result provides an answer.

Theorem 4.2.8. Let Q2 C C be a bounded simply connected domain such that the bound-

ary 052 is a positively oriented rectifiable simple closed curve. Let M € M(Q)"*™. Let
M(z) = H(2) + C (21, — A)"'B be a minimal local realization. Consider

H(z) ‘ C

S(z) :=
B ‘ A—zI,

Let zg € Q. Define By, By : C(09,C") — C" by

Blf::—i/ de and BQf::L/ de
o9

2mi w — 2 2T Joo W — 2o

Define Cy : C" — C(992, C"),u — Chu, by (Chu)(z) := Cu for all z € Q. Suppose
that H(z) is reqular on 0S). Let T' be the Gohberg-Kaashoek-Lay linearization of H(z)
as giwen in Theorem[3.4.5 Then

T—21 ‘ 4 T | Ch I |0
= —Z
B1 = ZB2 ‘ A— ZIT Bl A _B2 Ir

L(z) :=

is a linearization of S(z). Further, we have oo(M) = 0q(S) = gq(L) and 052 C 0.p(LL),

where 0,,(LL) is the approzimate spectrum of L.

Proof. Set X :=C(02,C"). For f € X and any norm || - || on C", consider the norm on
X given by
[flloo := sup{ [l f(2)]| : 2 € 92}

Then X is a Banach space. The sup norm on X @ C" is defined similarly. Consider the

Banach space

Z = {feC(@Q,(C”): de:o}.

o W — 20
As shown in the proof of Theorem [3.4.3] there exist holomorphic invertible operator-
valued functions F(z) : X - Z @ C" and F(z) : Z® C" — X such that

F(2)(2] — T)E(z) = 21 0 Vanzeo (4.8)
0 | H(z)
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We have
| IZ 0 0 [3 0 0
Iz| O
=1 0 |H(z) C = 0 H(z) C
0 |S(2)
0 B A-—zI, 0 B |A—-zI,
| 0
F(2)(zI —T)E(2)
= C
0 B A—zI,
_ |0
F(z) ] 0 =T F(z) - E(2) |0
0 |17 I
] [0 B } E(z)™! A—zI,
0
We need to show that F'(z)™! = (C; and [ 0 B } E(z)™' = B) + 2B,.
C

The operators E(z) and F(z) in (4.8) are constructed in the proof of Theorem
in Chapter For convenience, we briefly mention these operators. For z € €,
E(z): Z & C* — X is given by

E(z) = (I-V)'J (4.9)
and F(z): X — Z @ C" is given by
F(z):=J'(I - PB(z)(I~- P)). (4.10)
The multiplication operator V : X — X, f +—— V' f, is given by
(V) (w) =wf(w), Vwe oK. (4.11)

For z € , the operator zI — V is invertible and (21 — V)™ f(w) = (2 — w) ™! f(w) for
w e 0N and f € X. The operator B(z) is defined in the proof of Theorem [3.4.3] The

operators P and J are defined as follows.

Consider the canonical embedding Z : C* — X defined by (Zu)(z) := u for z € 0.

Define W : X — C" by
1 w

211 Joo W — 2o

dw.
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4.2.  Linearization of a meromorphic matrix 121

Then as shown in the proof of Theorem [3.4.3) WZ =1, and P :=ZW : X — X is a
projection. Further, Z is the null space of W. Consider J : Z & C* — X given by

2]

(I—-P)f
Wi

cZpC".

Then J is invertible and J~!(f) = ! :I for all f € X. Now

. » (I - P)
o B|EG)"=]0 B|rGI-v)=|0 B] [W(zlv) (4.12)
— BW(2I — V) = 2BW — BWV = 2B, + B, (4.13)

where By := BW : X — C" defined by

Bgf_(BW)f—B(%/J(—wzodw)

and By := BWV : X — C" by

1

Bif = (BWV) f =B (—_/wf(w)

w — 2o

27
El9)

dw) for all f € C(0€2,C").

Now F(z) = J (I — PB(2)(I — P)) = F(z2)"' = (I + PB(z)(I — P))J. Hence

0
C

F(z)™"

=(I+ PB(2)(I - P))J [
C

— (I+ PB(z)(I — P))IC
— IC + PB()(I — P))ZIC.

Since P = ZW and WZ = [,,, we have (I — P)ZC = (ZC —-IWIC)=IC—-ZIC = 0.

This shows that F(z)™! =ZC = (). We show that LL(z) is irreducible, that is,

C

[314—232 A—ZT]] XpC —C

is right invertible and

C
CT—XoC
A—zI,
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122 Chapter 4. Realization and Linearization of Meromorphic Matrix-valued Functions

is left invertible. Since the system matrix S(z) is irreducible, there exist X € C**" and
X

Y € C™" such that [ B A-—zI, ] ——| = I,. We now show that the operator
Y
0
E(z)
X :C" — X @ C" is a right inverse of [ By + 2By A—zI, |. Indeed,
Y

we have (recall that E(z) : Z& C" — &)

E(z .
|:B1+ZB2 A—Z.[r] X
Y
0
E(z)
= (020 BB A=, | X
Y
= [0zcr B]E(2)'E(2) 0 +(A-z2L)Y
X

0
= [OZ—>(CT B] IZEB(C" ¥ T (A i Z[T)Y

= Opxr + BX + (A—2[)Y = I,.

This shows that [ B4+ 2By, A—zI, } is right invertible.

Again, since S(z) is irreducible, there exist X € C™™ and Y € C™" such that

C
[XY] A—zI, -

We show that the operator [ 0zcr X|F(2) Y ] X C" — C" is a left inverse
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4.2.  Linearization of a meromorphic matrix 123

C
of ' . We have (recall that F(z) : X — Z & C")
A—zI,
(e X7 v]|
T Z
Z—=C A Z]T
O r
F(Z)_l Cr—Zz
= [ 102 X1FG) Y] C
A— 2zl
= XC+Y(A-2I) =1,
Cl T — 21 ‘ Cl
This shows that is left invertible. Hence L(z) =
A=, By +2By | A—zI,

is irreducible. This proves that IL(2) is a linearization of the system matrix S(z).

Since IL(z) is a linearization of S(z), by Theorem we have oqo(L) = 0q(S).
Now, we show that and 02 C o,,(L), that is, if Ay € 00 then there exists a sequence
(¢r) € X @ C" such that [|1g]|e =1 and ||L(Ao)¢k|lee — 0 as k — 0.

Our construction of (¢) is inspired by a procedure outlined in [27, p.116]. Let
Ao € 092. Choose a sequence (@) C C(992, R) such that for all k£ we have 0 < ¢p(\o) < 1,

1
¢r(Ao) =1 and ¢x(z) = 0, if [z — Ag| > T

For example, such a sequence is given by

1—k‘|Z—)\Q| ile—>\0|<l
() = i

Let e; be the first column of the identity matrix I,,. Then (¢re;) C X. Now define

Prer ,
Yy, = EXDC = ||g]|oo =1 for k€N,

0

T — Mol )ore
We need to show that ||[L(Ao)Yk]|e = " ( ol)drer o
(

B + )\OBQ)QSkel
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124 Chapter 4. Realization and Linearization of Meromorphic Matrix-valued Functions

We have

T — NI
ooyl = ||| T Relowen
(B1 + \oBa)drer
< (T = Mol)prer]| o + [|[(Br + AoB2)drer || -

It is shown in [27, Theorem 2.3, p.116] that ||(T" — XoI)¢re1|loc —> 0 as k — oc.

By (4.13), we have
[(Br + AoBa)owerll = | BW(Aol — V)opeal|
< [[BWI [[(Ao = V)rer]| ., -
It follows from that
(Ao = V)drer|los = sup [[(Aod — V)or(2)e|]

z€05)

1
= sup ||(z — \o)or(2)| < P 0 as k — oo.

z€08)
This shows that |[(B1 + AoB2)dker|,, — 0 as k& — oo. Hence ||[L(A)Ygllc — 0 as
k — oo. This shows that A\g € oap(IL) = 9Q C g, (LL). O

4.2.1 Recovery of eigenvectors from a linearization
T — 21 ‘ Cl

Bl—|—ZBQ ‘ A—ZL«
be the linearization given in Theorem of the irreducible system matrix

Recall that X := C(992, C"). Let L(z) := XeC -XxaC

H()| ©

29 = B ‘ A—zI,

(n4r)x(n+r)
We now describe recovery of an eigenvector of S(z) from an eigenvector of L(z).

Theorem 4.2.9. Let A € 0q(S). Define £y : C" — X by (Exu)(w) := 1 for w € 9Q.

Let zy € Q) be fized. Then the following maps are linear isomorphisms

E:NSO) - NLOAY, || e |2
F: N(L(N) = N(S(\), i — i Jo o= (w)dw :

where w € C*",v € C" and f € X.
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4.2.  Linearization of a meromorphic matrix 125

Proof. For F(z) and E(z) defined in (4.10) and (4.9)), respectively, we have

F(z) OIL(Z)[E(Z')O][IZ 0 ]
0 |1, 0 |1, 0 |S(2)

g I 0 g
Note that | « | €N — u =0
0 | S(\) S(A)

0
. ]g 0 — . u .
Hence it follows that II : A/ — N(S(\), | u | — is well
0 | S(\) v
v

defined and is an isomorphism. Now,

|:u:| Ll oo ]| [E(A) 0} !
eN(S\N)) = u | =0 <= L(}\) uwl| =0
v 0 S()\)_ : ' | Ir 7
_ o
E(X)
=3 u | e N (L(N))

0
It follows that E()) [

u

Jemmmm(:])-| )2

] = & u, where (Eyu)(w) = = for all w € 0. Thus for
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126 Chapter 4. Realization and Linearization of Meromorphic Matrix-valued Functions

[ WO] f]o e
0 I, v

“Uf

Similarly

v

0 |S(\)

()

Define F : N(IL(N\)) — N (S(N)) by

Bl

It follows from (4.15)) that F is well defined. For

f] € N(L(\) < []Z L

I1

- o0

1 A—w
_ [W(MV)f 3] 5w

- H _

(Y (%

which shows that FE = [,,,,.. Hence it follows that [E is one-one and F is onto.
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4.2.  Linearization of a meromorphic matrix 127

Let [f] e N(L()\)) and F ([f]) = 0. Then
F(H) H[E(M] I wa] . H L

v v
which shows that F is one-one. Consequently, the maps E : N(S(\)) — N(L())) and
F: N(L(X) = N(S(N)) are linear isomorphisms. O

The next result describes the recovery of eigenvectors M(z) from those of a lineariza-

tion of M(z).

Theorem 4.2.10. Let M(z) = H(z) + C(2I, — A)™' B be a minimal local realization.
Let L(z) be the linearization given in Theorem [{.2.8 Let A\ € go(M). Let z € Q be
fized. Define Ey : N(M(N)) — N (L()\)) and Fy : N (L(\)) — N(M(N)) by

y 5 Exe n Fiy_ 1 [ B0
| 2o Yo ([2]) g o

where (Exx)(w) := %= for w € ). Then Ex and Fy are linear isomorphisms.

Proof. Define the maps f : N (M()\)) — N (S(A\)) and g : N (S(N)) — N (M(A)) by

] AL
(M, — A)"'Bzx y

Let M(A)z = 0. Then
T
(A, — A)"'Bx

s { z ] B e
o
o

B |A-AL
which shows that f(z) € N (S(A\)) and f is well defined. Obviously f is injective.

M(M\)z
Bx — Bx

On the other hand, if

! ] € N (S())) then it is easy to see that M(A)x = 0 and

Y

y = (M, — A)"'Bx. Hence [:E = f(z) and =z € N (M(N)). This shows that
Y

f: N (M(N) — N (S(N)) is a linear isomorphism.
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Next, let e N (S(N)) and ¢ ! = 0. Then
B (H)
[ x ] H()) ‘ C [ T ] .
eN(S(\) = =0=y=—(\,—A) Bz
y B ‘A—)\IT ”

which shows that xt =0 = y = 0 = g is one-one. On the other hand,

T

re NM(N)) = {
—(A — \I,)Bx

] e N(S(\)).

This shows that g is onto. Hence ¢ is a linear isomorphism.

Since f: N (M(\)) — N (S(A\)) and g : N (S(N)) — N (M(]))) are isomorphism
and, by Theorem £.2.9 E : M(S(\)) — N(L())) and F : N(L(X)) — N(S())) are

isomorphisms, it follows that
Eyx =Eof : N (M(\)) = N (L()\)) and Fy = goF : N (L(\)) — N (M()))

are linear isomorphisms. This completes the proof. O]
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Moment problems for eigenvalues and spectral

projections

Let A be a bounded linear operator with nonempty discrete spectrum o4(A). Let  be
a bounded domain in the complex plane C with rectifiable boundary I' := 02 such that
['Cp(A)and o(A)NQ ={\,..., A} C 0q(A), where p(A) and o(A) are the resolvent

set and the spectrum of A, respectively. We consider the tracial moments

2ri

5, = Tz ( ! /sz(zl — A)—ldz) , pe NU{0}.

Given the moments so, ..., s,, for an appropriate p € N, the task is to recover the ¢
distinct eigenvalues Aq,..., A\, of A and their algebraic multiplicities. We show that
exactly 2¢ tracial moments, namely, S, ..., so_1 are needed to recover the eigenvalues

A1, ..., Ae. Next, we consider the operator moments

1
S, = =— [ 2’(z1 — A)~'dz, p € NU {0}.

-2 Jp
Given the moments Sy, ...,S5,, for an appropriate p € N, the task is to recover the
spectral projections P, ..., P, of A corresponding to the eigenvalues \y,..., Ay, respec-
tively. If the eigenvalues Ay, ..., Ay are semisimple, then we show that exactly ¢ operator
moments, namely, S, ..., S, 1 are needed to recover the spectral projections Py, ..., P,.

5.1 Introduction

Let X be a complex Banach space and A : X — X be a bounded linear operator.
Let 0(A),04(A) and p(A), respectively, denote the spectrum, discrete spectrum and
the resolvent set of A. We assume that the discrete spectrum o4(A) is nonempty. Let
129
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130 Chapter 5. Moment problems for eigenvalues and spectral projections

2 C C be a bounded domain such that the boundary I' := 0f2 is rectifable, simple, closed
and positively oriented, I' C p(A) and that ¢ := 0(A) N Q = {A1,..., N} C gq(A).
Thus 2 contains ¢ distinct eigenvalues Ay, ..., Ay of A of finite algebraic multiplicity. Let

Py, ..., P, respectively, be the spectral projections of A corresponding to the eigenvalues
A1, ..., Ar. Now, consider the tracial moments
1
sp:="Tr (— / 2P(2] — A)_ldz> ., peNU{0},
27 r

where Tr(B) denotes the trace of a trace-class operator B. Then the moment problem

for the eigenvalues of A can be stated as follows.

Problem-A: Given the moments so, . .., sp, for an appropriate p € N, determine the

¢ distinct eigenvalues My, ..., \; of A and their algebraic multiplicities.

We show that exactly 2¢ moments, namely, sg,...,So_1 are needed in order to
determine the eigenvalues A1, ..., \; and their algebraic multiplicities. In fact, Ay, ..., A\,
are eigenvalues of an ¢ x ¢ Hankel matrix pencil H ¢— AH, irrespective of the multiplicities

of the eigenvalues, where H, is nonsingular.

Next, consider the operator moments
1
S, = — [ 2P(2] — A)7'dz, p € NU{0}.

21 T

The moment problem for the spectral projections is as follows.

Problem-B: Given the moments Sy, ...,S,, for an appropriate p € N, determine
the spectral projections Py, ..., P, of A corresponding to the eigenvalues \q, ..., N\, re-
spectively.

If the eigenvalues Ay, ..., A\, are semisimple, then we show that exactly ¢ operator
moments, namely, Sy, ..., S, 1 are needed in order to recover the spectral projections
Py, ..., P Let (A,v1),..., (X, vp) eigenpairs of the Hankel pencil H, — A\H,. Let the
eigenvector v; be given by v; := [5{ 5;}T €Cl j=1:¢ Thenfor j =1:¢, we

show that the spectral projection P; is given by

. . 1
P; = (B{So+ -+ B3Si-1) Jaj = > / @, (2) (2] — A)~'dz /oy,
r

where q,,(z) := [1 PEREE Zﬁ—l] v; € C[z] is a polynomial determined by v; and «; :=
QUJ'()‘J‘)'

Several contour integration based methods have been proposed in the literature for

solving linear and nonlinear matrix eigenvalue problems, see [51], [5 (11, 55 [54] and the
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5.2. Moment problems for matrices 131

references therein. However, none of these methods recovers algebraic multiplicities of
the eigenvalues as well as the corresponding spectral projections. Moreover, the size of
the eigenvalue problem required to be solved for computing A,..., A\, depend on the
total algebraic multiplicity m := m; + --- + my of the eigenvalues. By contrast, the
size of the Hankel eigenvalue problem (H, — AH;)v = 0 to be solved in our method
for computing ¢ distinct eigenvalues A1, ..., A\ is equal to £ irrespective of the algebraic

multiplicities of the eigenvalues.

5.2 Moment problems for matrices

For simplicity of presenting the main ideas, we consider the special case of a matrix
eigenvalue problem. Let A € C"*™ and A € eig(A). Then the nonzero vectors v and u

in C™ are said to be right and left eigenvectors of A corresponding A if
Av= vand u' A= \u'.

Consider a matrix pencil A — zB, where A and B are matrices in C"*". The pencil
A—2zB is said to be regular if det(A— AB) # 0 for some A € C. Consider the generalized
eigenvalue problem

(A= AB)v =0
where A € C and v € C" is nonzero. The vector v is called an eigenvector (or right
eigenvector) of the pencil A — zB corresponding to the eigenvalue A\. A nonzero vector
u € C" is said to be a left eigenvector of (A —zB) corresponding to \ if u" (A—AB) = 0.

If B is singular then oo is also an eigenvalue of A — zB. We denote the set of eigenvalues
of the pencil A — zB by eig(A, B).

5.2.1 Tracial moments and eigenvalues

Let ©Q C C be a bounded domain such that I' := 92 is a positively oriented rectifiable
simple closed curve and that I" C p(A).
Theorem 5.2.1. Suppose that o = eig(A) N Q = {\,..., \e}. Let m; be the algebraic
multiplicity of A\; for j = 1: (. Then for any analytic function f (analytic in an open
set containing o), we have
1
T / f(2) Tr ((z — A7) dz =maf(M) + -+ mef (M)
r

In particular, we have
oA A meh [pzTe((2 - A7) dz
 omu++me [T ((ef — A Y)dz

mean(o) :
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Proof. Let Ai,..., A, ..., A\, be distinct eigenvalues of A with algebraic multiplicities
M,y ey My, . . ., My, respectively. Thus eig(A) = {A,..., A\, } and

L .
22—\ 2= N\ z—=X

Tr((zl — A7) =

Hence for any analytic function f (analytic in an open set containing ), by Cauchy’s

integral formula [58], we have

o = L/Ff(z) Te((2] — A)V)dz

211
1 my iy my,

- d
2mi Ff(z) (z—A1+ Z—)\g+ z—)\p> :
1 my My

, A d
2mi Ff(z) (z—)\1+ +Z—)\g> ©

= myf(A) + -+ mef(Ae).

Now considering f(z) := z andf(2) := 1, we have

ComA A+ mede fpz Te((zI = A)7dz

mean(o) = — = T [ Tx((=I — A) Ndz
O
We define the p-th order tracial moment of A associated with o by
1
sp == [ 2’ Te((zI — A)")dz, pe NU{0}.
21 Jp
Then for f,(z) := 2P, we have
sp=mA) + - +meN), pe NU{0}. (5.1)
For k£ € N, we consider the & x k Hankel matrices H;, and PAIk given by
Hy, := Hankel(sg, ..., Sor_2) and PAIk := Hankel(sq, ..., Sox_1).
1 1
_ _ Mo N
Also consider the k& x ¢ Vandermonde matrix Vj, := . . for k € N. Note
EEEE

that V; is invertible and rank (V) = ¢ for all k > /.
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Theorem 5.2.2. Suppose that o = eig(A) N Q = {\,...,  \}. Let mq,...,my be
the algebraic multiplicities of the eigenvalues A1, ..., Ny, respectively. Then the Hankel
matriz H, is nonsingular. Further, eig(flg,Hg) ={A1,..., A} and Ay, ..., Ny are simple
ergenvalues of the £ x £ Hankel pencil ]/‘Ig — AHy. The algebraic multiplicities my, ..., my

are given by unique solution of the Vandermonde system

1 1
my ma S0
Al . N
1% = =
m _
7 ] —1 my Sp—1
Sy

The number ¢ satisfies { = rank(H,y) = rank(H,,) = rank(Hy,) for any non-negative

integer p, where m 1= sy = mq + - - - + my.

Proof. Define D, := diag(myq,...,m,) and A, := diag(A,...,\r). By @ , we have
mi S0
sp=muN + -+ mgA] for p=0,1,...,¢ — 1 which gives V; —
my 54—1_

Again by (6.4)) the (i, j)-th entry of Hy is given by (here e;,e; € C¥)

el-Terj = Si+j72 = ml)\l'1+j_2 4+ -4 mg)\z+j_2 (52)
P
- [Xi_l o N De || =6 VD (5.3)
i—1
Xy

which shows that Hj, = ViD,V,| for k € N. Similarly, H, = Vi D,A,V, for k € N.
Thus we have H, = V,D,V," and H, = V,D,A,V,". Since V, and D, are invertible,

the matrix H, is invertible. Now
Hy — NH; = VyDy(Ay — M)V, (5.4)

shows that eig(ﬁg, Hy) = {X1,..., A} and that \i, ..., )\, are simple eigenvalues of the
pencil ﬁg — AH[

Finally, since Hy, = V;,D,V," and rank(V;) = rank(V},) = ¢ for all k > ¢, it follows
that rank(Hyy,) = rank(H,,) = rank(H,) = ¢ for all non-negative integer p. ]
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Remark 5.2.3. Theorem|6.2.5 provides a method for computing the eigenvalues Ay, ..., A
of A. First, compute the tracial moment so, which gives the total number of eigenval-
ues (counting multiplicity) of A inside the curve T'; that is, in Q. Second, compute
¢ :=rank(Hy,), which gives the number of distinct eigenvalues of A inside the curve T'.
Finally, solve the ¢ x ¢ Hankel eigenvalue problem (Hy, — A\Hy)v = 0.

Remark 5.2.4. Let Hy = UXV* be a singular value decomposition (SVD) of Hy. Define
Ay = Z_l/QU*[/-\IgVZ_lm. Then the generalized eigenproblem (]/‘.\[g — AHy)v = 0 reduces

to the standard eigenproblem Ayu = \u, where u := XY?V*v. Indeed, we have

(Hy— AH)v =0 < (S"V2U*H, VS 2 = AL)SY?V*y = 0.

Remark 5.2.5. Observe that the Hankel pencil ]/‘.\I[ — AH, is complex symmetric. If the
eigenvalues A\, ..., \g are all real then by (6.4]) the pencil [/L — \H, 1s real symmetric.
In particular, if the matriz A is Hermitian then the pencil ﬁg — AH, is real symmetric.

Suppose that the pencil ﬁg — AHy is real symmetric. Let
Hy, = Udlag(ﬂl? 000 7:“/@)U*

be a spectral decomposition of Hy. Set J, := diag(sign(p1),...,sign(ue)). Then J; is a
diagonal matriz with diagonal entries +1. Let D := diag(|p], - - , |pe|). Define

Ay = J,DY2U*H,UD /2,

Then Ay is Jo-symmetric (i.e., pseudo-symmetric), that is, J, A, is real symmetric. Con-
sequently, the generalized eigenproblem (ﬁg — AHy)v = 0 reduces to the J,-symmetric

standard eigenproblem Ayu = \u, where u := DY?U*v. Indeed,
(Hy— AHy)v =0 < (J,DV2U*HUD™Y? — XI,)D"*U*v = 0.

Thus results available for pseudo-symmetric matrices can be utilized for the pseudo-

symmetric matriz Ay.

Approximation. Note that the tracial moment s, for p € NU{0} can be computed

approximately by employing numerical integration. Given nodes z1, ..., zxy and weights
wy, ..., wy, consider the numerical quadrature
1 N
- P _ -1 ~ P T -1
=5 |7 Tr((z] — A)~Vdz ~ ]Z:;wjijr((sz A)7H. (5.5)
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Such a quadrature is obtained by considering a parametrization of I'. Indeed, if ¢ :

[a,b] — C is a parametrization of the curve I' then we have

= o5 [ oo - Ao

where ¢'(t) is the derivative of ¢(t). Now, a numerical quadrature applied to the parametrized
integral for s, yields a numerical quadrature of the form for s,. In particular, if T’
is a circle with centre at ¢ and radius r then ¢(t) := ¢+ re, t € [0, 2n]. Next, partition
[0, 27] into N equal subintervals and consider the nodes ¢; := 275 /N for j = 0: N. This
yields the nodes z; := ¢(t;) = ¢ + exp(2mij/N) for j = 0 : N on the circle I'. Since
29 = zn, the trapezoid rule with weights wy = wy = 7/N and w; = 27 /N, j=1: N—1,

yields the trapezoid quadrature for the contour integral

sh-= L 2PTre((z] — A)~ / d()PTr((p(t) ] — A) Y)redt

2mi F

Q

ijz Tr((z;1 — A)~") rexp(2mij/N)

- & S BTk(55] = A rexp(ni /).

j=1
The approximate tracial moments, that is, approximation of s, obtained by a nu-

merical quadrature yields the following algorithm.

Input: Nodes z; and weights w; for j=1: N as in (5.5)) and a matrix A.
Output: Eigenpair (\;, v;) of H,— \H, for j=1:¢.

Compute so = sumj_ow; Tr((z;I —A)7?)

Compute sp: = sum)_qw; 25 Tr((z;T —A)™"), p = 1:2s5, — 2
Compute the Hankel matrix Hg, and compute ¢ = rank(Hs,)
Compute the ¢ x ¢ Hankel matrices H, and H,

Compute eigenvalues and eigenvectors of the pencil H, — AHy

We now illustrate performance of the above algorithm by considering an example.

Example 5.2.6. Consider the 5 x 5 matrix A = gallery(5) from MATLAB gallery. It
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1s known that A is a nilpotent matriz and is given by

-9 11 —21 63 —252

70 —69 141 —421 1684
A= |-575 575 —1149 3451 —13801

3891 —3891 7782 —23345 93365
1024 —1024 2048 —6144 24572

The matrix A has only one eigenvalue \ := 0 with geometric multiplicity 1 and algebraic

multiplicity 5. The MATLAB command eig(A) computes the following eigenvalues

-3.472940132398842e-02 + 2.579009841174434e-021
-3.472940132398842e-02 - 2.579009841174434e-021
1.377760760018629e-02 + 4.011025813393478e-021
1.377760760018629e-02 - 4.011025813393478e-021
4.190358744843689e-02 + 0.000000000000000e+001

Observe that the computed eigenvalues almost lie on a circle of radius O(1072) centred
at 0. If X € C then the smallest singular value owpin(A — ANI) of A — X is called the
backward error of A as an approzimate eigenvalue of A. The errors and backward errors

of the computed eigenvalues are given in the following table.

Error Backward error
4.3258e-02 5.7812e-13
4.3258e-02 5.7812e-13
4.2411e-02 5.3920e-13
4.2411e-02 5.3920e-13
4.1904e-02 5.6750e-13

MATLAB ensures that the computed eigenvalues are exact eigenvalues of A+ E for
some matriz E such that || All2/||E|l2 = O(10719). Since A is similar to 5 x 5 nilpotent
Jordan block, the eigenvalue X := 0 splits into five simple eigenvalues A1, ..., A5 of A+ E.
It is well known [33] that |A — \;| = O(HEHyS) This is reflected in the errors given in
the first column of the above table.

We now compute the eigenvalue of A using the above mentioned algorithm. We
consider T to be the unit circle ¢(t) = €, t € [0,2n]. Then for the nodes z; =
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exp(2mij/N), j =0: N, on the unit circle T'; the trapezoid quadrature is given by

N
1 _ 1 _ .
S = g7 [ G- A) e~ szzl 2 Te((21 — A)~") exp(2mij/N)
1 N
= 24Tzl = A)7), peNU{0}
j=1

For N := 100, we have the following results. Although, { = rank(Hs) = 1, the ap-
prozimate Hankel matriz Hs obtained from approximate tracial moments has numerical

rank 5. Indeed, the singular values of Hs are given by

5.0000e+00, 1.1653e-06, 4.7683e-07, 1.6688e-07, 8.9832e-08

which show that the (numerical) rank is 5. The last four singular values are relatively
small and are results of approzimation errors in Hs. The eigenvalues of the 5 X 5 ap-

prozimate Hankel pencil and their multiplicities are given in the following table.

Eigenvalues of Hankel pencil Multiplicity
5.247683437289830e-01
5.248101752705502e-01

-5.409096854206018e-01
-5.409116221622252e-01
2.347822865490909e-07

+

5.582969225138145e-011 0
5.582894562824255e-011 0
3.395871670942288e-011 0
0
5

+

3.395993770642578e-011
1.825809837463345e-111

The multiplicity of first four computed eigenvalues is O which indicates that these
are spurious eigenvalues. Thus the algorithm correctly detects the spurious eigenvalues,
as it should, since the Hankel pencil ﬁl — M| = s1 — Asg has only one eigenvalue
A = s1/s9 = 0. The errors and backward errors of the computed eigenvalues are given

in the following table.
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Error Backward error
7.6621e-01 2.5809e-06
7.6623e-01 2.5816e-06
6.3867e-01 1.4491e-07
6.3868e-01 1.4492e-07
2.3478e-07 5.2638e-15

Note that errors as well as backward errors of the first four spurious eigenvalues are
relatively large. Discarding the spurious eigenvalues, we obtain only one computed eigen-
value. Observe that the error in the computed eigenvalue is O(1077) and the backward
error is O(107'%), which are far better than those of the computed eigenvalues obtained

by MATLAB command eig(A).

5.2.2 Matrix moments and spectral projection

We now describe the recovery of spectral projections (and hence eigenvectors) of A from
those of the Hankel pencil H ¢+ — AH,. Recall that A has ¢ distinct eigenvalues Ay, ..., A
inside the curve I and o := {Aq,..., \/}. Note that

1
P:=— [ (2] —A) dz
21 Jr
is the spectral projection of A corresponding to the eigenvalues in o (see, Section .
Let P; denote the spectral projection of A corresponding to A; for j =1 : ¢. Then

P=P +---+PF and PFP,=0 for i#j.

Further, we have R(P;) = N((A — \;1)™). Note that P is the spectral projection of
AT corresponding to o and R(P;") = N((AT — X\;1)™). In the special case, when ); is
semisimple, we have R(P;) = N(A — \;I) and R(P;') = N((A—\1)").

Now consider the matriz moments

1 _
Sp::% sz(z[—A) Y'dz, p=0,1,...,0—1. (5.6)
Let X € C™" be such that X 'AX = diag(Ay,..., Ay, A), where eig(4,) = {\;}

-~

for j =1: ¢ and eig(A) = eig(A) \ 0. Let

~
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be conformal partitions of X and Y. Then we have

J4
—zI)” Z X;(A m) YT X (A 27T (5.7)

Hence by (5.6]) and ( E, we have

¢ ¢
Sy =Y XAV P=> X;¥;" and P;=X;Y;" for j=1:L (58
i=1 j=1
By Theorem , all eigenvalues of ﬁg — AH, are simple and eig(ﬁ]g, Hy) = 0. Thus,
an eigenvector v; of H,— \H, corresponding to A;, that is, (I/‘jg — \;jHy)v; =0, is unique
up to a scalar multiple. Note that ()\;,v;) is also a left eigenpair of Hy, — \H,.
Observe that Sy = P is the spectral projection and R(P) is the spectral subspace

of A corresponding to the eigenvalues in o. Now we extract the individual spectral

projection P; from the ¢ matrix moments Sy, . .., S;—1, which can be utilized to recover
eigenvectors of A from those of H ¢ — \H,.
E
Let v € C* be given by v := [Ul G0 Ue] . Then v defines a polynomial ¢,(z) € C[z]
of degree at most ¢ — 1 given by
qv(2) = [1 z e z“] V=01 + vz + -+ vz T

Theorem 5.2.7. Let (\;,v;) be an eigenpair of .[/'.\[g — AHy for j =1: (. Define
= [SO Sé—l} e C" gnd U := [SOT SZ—l] e Cct,

Suppose that the eigenvalues Ai,...,\¢ of A are semisimple. Set o = q,()\;) for
j=1:4. Then forj=1:1¢,

P; = V(vj & In)/Oéj and PjT = U(Uj ® In)/O‘j

are spectral projections of A and A" corresponding to \;, respectively.

Deﬁne 2 V(Uj®U> = |:S()U .. Séflv] Uj and u; = U(U]®u) = |:S[;ru Ce Sz—_lu] V;
forv,u € C". Then v; and u;, respectively, are right and left eigenvectors of A corre-
sponding to \; whenever v; # 0 and u; # 0.

Proof. Since \; is semisimple, the matrix A; in (5.7) can be chosen as A; = A1, .
Consequently, by (5.8]) we have

N ® T,

L L
S =2 XXV =S NP =[P - B
j=1

=1
! N ® I,
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This shows that V = [pl pe} VT ®1I,) = P = V(V, "¢; ® I,,), where V,
is the ¢ x ¢ Vandermonde matrix given in Theorem . Now by , we have
(Ay — N\;I)V,"v; = 0 which shows that V,"v; = aje; = V, Te; = v;/a; for j = 1: (.
Hence we have P; = V(v; ® I,,) /oy for j = 1 : . The proof for P is immediate.

Since AP; = AP}, it follows that Pjv is an eigenvector of A corresponding to A,
provided that Pjv # 0. Hence a;Pjv = V(v; ® v) = [Sov e Sefl'ui| v; = v, is a right
eigenvector of A corresponding to A\; whenever v; # 0. Similarly, it follows that a]-PjTu =
U(v; ® u) = [SOTU. - S) julvj = u; is a left eigenvector of A corresponding to \;

whenever ochij =u; # 0. O

Corollary 5.2.8. Let (A1, v1), ..., (A, v¢) be eigenpairs Ofﬁg—)\Hg. Suppose that A1, ..., N\

are semisimple eigenvalues of A. Let P; be the spectral projection of A corresponding to

v
\; and let v; be given by v; := [5{ 5@} €C’ forj=1:(. Then forj =1:/,
P = V(y;®L)/a;= (B{So+ -+ 5S1) /o
1 -1
— (%/quj(z)(zln—/l) dz> /o,

where q,,(2) = [1 AT 26—1} v; € Clz] is a polynomial and oy := q,,(N;).

Proof. By (5.6]), we have

V(®@1L) = (BiSo+:+BSe1)

l
1 ‘
= — | Y BNl - A7
s 2 et~

= L [0, - Az,
r

271

which yields the desired result. O]

Theorem [5.2.7] shows that exactly ¢ matrix moments Sp, ..., S,—1 are needed for
recovering the ¢ spectral projections Pi, ..., P, of A corresponding to the eigenvalues
A1, ..., Ag, respectively. Also, for a random choice of w and v in C", the vectors V(v; ®v)
and U(v;®u) are likely to be nonzero. Hence each such pair of vectors would yield a pair
of right and left eigenvectors of A corresponding to A;. On the other hand, if all linearly
independent right and left eigenvectors of A corresponding to A; are required then rank

revealing QR factorization of V(v; ® v) and U(v; ® u) can be gainfully utilized.
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Remark 5.2.9. Let (A1, v1),..., (A, ve) be simple eigenpairs of H, — \H,. Suppose that
A, ..., Ae are semisimple eigenvalue of A. Then by Corollary[5.2.8, we have

V(v ®1I,)=3So+ -+ B)S;_, € CP"

~ Ry R
and rank(V (v;®1,)) = rank(P;) = m; for j =1: (. Let V(L) P =Q | " 77| be
0 0

a rank revealing QR factorization, where PeCmm s q permutation matriz, Q € C**"
1s unitary and Ry, € C"™*™i 4s a nonsingular upper triangular matriz. Then the first

m; columns of Q) form an orthonormal basis of N(A — \;1,).

A better method to recover all linearly independent right and left eigenvectors of A
from eigenvectors of the pencil Hy, — \Hy is to consider a compact SVD of V(v; ® I,,)
for j =1 :¢. We have the following result.

Theorem 5.2.10. Let (\;,v;) be an eigenpair of Hy, — \H, for j = 1 : £. Define V :=
[50 ... SZ] € C™*. Consider a compact SVD of V(v; ® I,,) given by

V(v; ® I,,) = XXY™ where X € C"™ and Y € C™™ are isometry.

Suppose that A1, ..., Ay are semisimple eigenvalues of A. Then the columns of X form
an orthonormal basis of N(A — \;I,) and the columns of Y form an orthonormal basis
of N((A=NI)").

Proof. By Theorem [.2.7, we have N(A — \;1,,) = R(P;) = R(V(v; ® I,,)). Note that
rank(P;) = m; for j =1: (. Let V(v; ® I,,) = XEY™* be a compact SVD of V(v; ® 1,,),
where X € C"" and Y € C"*"% are isometry and > € C"*"™ is a diagonal matrix

containing m; nonzero singular values of V(v; ® I,,). Then we have

R(X) = R(V(v;®1I,)) = R(P;) = N(A— \;I,,) and
R(Y) = R((V(y; ® [))") = R(FP}) = N((A = Ajln)")-

J
[

Observe that the eigenvectors vy, ..., v, have not been assumed to be normalized.
For computation, it may be advisable to normalize the eigenvectors. For instance,
we could normalize the eigenvectors either to have unit norm or satisfy q,,(A;) = 1
for j = 1: . Also, notice that a compact SVD of V(v; ® I,,) yields both right and left
eigenvectors of A corresponding to A;. In fact, it yields orthonormal bases of N(A— ;1)
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and N(A — \;1,,)*). Thus, in view of Corollary [5.2.8 the recovery method for P; yields

a practical algorithm when V(v; ® I,,) is approximated by a numerical quadrature:

1 _
Vv, ®1I,) = 5 quj(z)(zln—A) Ydz

N
> wigy, (z) (2], — A)7
k=1

where q,,(z) := [1 Z e szl} v eClzlfor j=1:0—1.

Input: Nodes z; and weights w; for j=1: N as in (5.5)) and a matrix A.
Eigenpair (\;,v;) of Hy — AHy for j =1: /.
Output: Orthonormal bases of N(A — \;1,,) and N((A — \;1,)*) for j =1: .

For j=1:¢
Compute qy,(zx) = |1 2z --- z& | vyfor k=1:N
Compute A; = sumy_ Wy Gy, (2x)(zI — A) "
Compute compact SVD [X;,D5, Y;] = svd(A;)

Return the isometries X; and Y;

End

The algorithm returns the isometries X; and Y; such that R(X;) = N(A — \;1,,)
and R(Y;) = N((A— \;I,,)*) for j =1:{. Thus columns of X; and Y}, respectively, are

orthonormal right and left eigenvectors of A corresponding to A; for j =1: /.

5.3 Moment problems for matrix pencils

The moment problems for matrix pencils can be solved in a similar manner by appro-
priately modifying the moments. We briefly discuss the main results. Let A — AB
be an n x n regular pencil. Let A;,...,\, be distinct finite eigenvalues of the pen-
cil A — AB with algebraic multiplicities m;, ..., m,, respectively. For ¢ < p, assume
that the eigenvalues \q,..., \; lie inside the region enclosed by the curve I', that is,
o :=eig(A, B) NInt(I") = {4, ..., A\¢}. For p € NU {0}, we consider the moments

-1 -1
spim g [ T4 2B B)e and S, = [ 2 (4— =) B,

21 Jr 2mi Jp
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Theorem 5.3.1. Let 0 := eig(A, B) N Int(I") = { A1, ..., \e}. Then for any analytic

function f (analytic in an open set containing o), we have
= 27?2/f ) Tr((A = 2B)7'B)dz = my f(M) + -+ - +mef ().

In particular, we have we have

mid 4+ mehe  Jp 2 Tr((A—2B)"'B)dz
mi+---+mg [ Tr((A—2B)"'B)dz

mean(o) :=

Proof. By Weierstrass canonical form, there exist n X n nonsingular matrices X and Y

such that
J— A ‘ 0

0 ‘I—)\N

where J is in Jordan canonical form, eig(J) := {A1,..., A\, } and N is a nilpotent matrix

in Jordan canonical form. This shows that Y ~'BX = diag(I, N). Hence

Tr((A=AB)"'B) = Tr((J =A™+ Te((I = AN)"'N) = Tr((J = A7)

(A-AB)X =

Y

e ml .« .. mé DY mp
DY D Vs N W ¢
Since f is analytic, by Cauchy’s integral formula, we have
— —2B)~ ) Tr((21 —
5 2m / /2 : " 2mi / F(&) Tr((el —J))d
my
= . ° d
27 f(z)(z—)\1+ Z—/\g z—/\p) y
my
L o d
27rz/f z—)\l +z—)\4)z
= myf(M)+ - +mef(Ne).

Next, taking f(z) := z and f(z) := 1, we have

ml/\l R mg)\g B fF 4 TI'((A — ZB)_lB)dZ
mi+--+mg [ Tr((A—2zB)"'B)dz

mean(o) :=

This completes the proof. n

For fi(2) := 2*, by Theorem [5.3.1] we have
—1

Sk =
27rz

z Tr((A— 2B) ' B)dz = miAf + - +mpAf, k=0,1,.... (5.9)

As before, construct the k x k Hankel matrix Hj and shifted Hankel matrix lf[k from

the moments s; for £ € N. Then we have the following result which is an analogue of

Theorem [6.2.3]
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Theorem 5.3.2. Suppose that A — AB has ( distinct eigenvalues Ay, ..., \; inside the
curve I' and the multiplicities of the eigenvalues are myq, ..., my, respectively. Then

A1, ..., A¢ are the simple eigenvalues of the £ x £ Hankel pencil ﬁg — AH,. The algebraic

multiplicities my, ..., myp are given by the ¢ X £ Vandermonde system
1 .1
my S0
Ao N )
: el 0| (5.10)
)\Z*l )\Z*l me Se-1
1 e ‘6

The number  satisfies ¢ = rank(H,) = rank(H,,) = rank(H,) for any non-negative

integer p, where m := sg = my + - - - + my.
Proof. A verbatim proof of Theorem yields the desired results. O

Theorem provides a method for computing the eigenvalues A{,..., A, of the
pencil A — AB. If the eigenvalues are real then by the Hankel pencil f‘.\lg — AH, is
real symmetric. In particular, if A—AB is a definite pencil, that is, A* = A and B* = B
and miny,,—[(z*Az)? + 2* Bx)?] > 0, then the pencil H, — AH is real symmetric.

Spectral projections. We now describe recovery of spectral projections (and hence
eigenvectors) of A — AB from those of the pencil H, — \H,. Define

Pi=—t [(A-:B)'Bd: and Q= — / B(A - zB) 'dz. (5.11)
r

- 2mi Jr 2mi
Then P and @, respectively, are called right and left spectral projections of A — AB
corresponding to o, see [23]. Further, R(P) and R(Q"), respectively, are right and left
deflating subspaces of A — AB. Let P; and @);, respectively, be right and left spectral
projections of A — AB corresponding to A; for j = 1:¢. Then

P = P+ ---+PF, PP =0 fori#j,
Q — Q1+“'+Q£, QlQ]:()fOI'Z#j

Let X and Z be nonsingular matrices such that
7Y A= AB)X = diag(A, — M, ..., A — M, A— AB),
where eig(A;) = {);}, j=1:¢, and eig(A, B) = eig(A4, B) \ 0. Let

X=X - X )A(] and Y= (ZH" =y, ... Y, }A/]
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be conformal partitions of X and Y. Then YjTBXj = In,;, j=1:(, and YZ-TBXj =0
for ¢ # j. Now, we have

J4
(A—2B)™ =Y X;(A; — 21,) 7Y + X(A—2B)7'YT. (5.12)

=1

Hence by (5.11]) and (5.12)), we have
P = X\Y\'B+--+X,Y,)]B, Pj=X;Y,'Bfor j=1:¢,
Q = BXiY) +---+BX)Y,", Q;=BX;Y, for j=1:(.

If A\1,..., \; are semisimple eigenvalues of A — AB then we can choose X and Z such

that A; = A\;l,,;,7 = 1: (. Hence, in such a case, we have
R(X;) = R(P) = N(A= ;B) and R(Y;) = RQ")=N((A=AB)T).  (5.19)

Thus columns of X; and Y; are right and left eigenvectors of A — AB corresponding to

Ajfor j=1:¢
Next, for p=0,1,...,¢ — 1, consider the matrix moments
-1 —1
= — [ 22(A—2B)"'Bdz, M,:=— [ 2’B(A-2B) 'dz. (5.14)
2w Jp 2mi Jp
Then by (5.12), we have S, = =" | X;A?Y;"B and M, = 30| BX;A?Y;". In particu-
lar, when Aq,..., Ay, are semisimple eigenvalues of A — AB, we have

4 L L L
Sp =Y NX!YTB= "XP and M,=» MBX'Y=>) M@, (515
j=1

j=1 7=1 7=1

We have the following result which extracts the individual spectral projection P; and

Q; from the matrix moments S; and M, for j = 1,...,¢ — 1 and recovers eigenvectors

of A — AB from those of .ﬁg — \H,.
Theorem 5.3.3. Let (\;,v;) be an eigenpair of H, — \H, for j = 1: (. Define

Vi=|Sy -+ S| €C”™ andU:= |M] --- M, | €C™™

Set a; == [L, A, ... ,)\ﬁ_l]vj for j = 1 : L. Suppose that the eigenvalues \q,..., ¢ of
A — AB are semisimple. Then for j =1:¢,

P, =V(v;®I,)/a; and QJT =U(v;® 1,)/a;.

Deﬁn@ Vj = V(Uj X ’U) = [Sov e Sg_lv] Vj and uj = U(’Uj &® u) = [MJU .. MeT_1U] Vj
for v,u € C". Then v; and u;, respectively, are right and left eigenvectors of A — \B

corresponding to \; whenever v; # 0 and u; # 0.

TH-3537_146123009



146 Chapter 5. Moment problems for eigenvalues and spectral projections

Proof. The proof for P; = V(v; ® I,,)/«; is exactly the same as given in the proof of
Theorem Note that v; = V(v; ® v) = a;Pjv. Hence it follows from ({5.13)) that v;

is a right eigenvector of A — AB corresponding to A; when «o;Pjv = v; # 0.

Next, by (5.15) we have

¢ ¢ A @ I
M =S NBXY)T =Y X0 = o - Q]
= = NI,
This shows that U = [QIT Q;] V,  ®L) = Q = UV, "e; ® I,), where

Vy is the ¢ x ¢ Vandermonde matrix given in Theorem . Now by , we have
(Ay — N\;I,)V,"v; = 0 which shows that V,"v; = aje; =V, Te; = v;/a; for j =1: (.
Hence we have Q] = U(v; ® I,)/a; for j = 1 : £. By ;= a;Q)u is a left
eigenvector of A — AB corresponding to A\; when oszjTu =u; #0. O

Given an eigenpair (\;, v;) of H, — AH,, for a random choice of v and u in C", the
vectors V(v; ® v) and U(v; ® u) are expected to be nonzero and each such choice would

provide a pair of right and left eigenvectors of A — AB corresponding to A;.
A reliable option is to utilize compact SVD of V(v; ® I,,) and U(v; ® I,,). We have

the following result.
Theorem 5.3.4. Let (\;,v;) be an eigenpair of H, — \H, for j = 1: (. Define
V= [50 SZ_]_:I € C™™ gnd U := [MOT MeT—1] c C,
Consider the compact SVD given by
V(v ®1,) = XSX* and U(v; @ 1,) = YSY™.

Suppose that \q, ..., \; are semisimple eigenvalues of A — A\B. Then the columns of X
form an orthonormal basis of N(A — X\;B) and the columns of Y form an orthonormal

basis of N((A—X;B)").

Proof. By Theorem and (5.13), we have N(A — X\;B) = R(P;) = R(V(v; ® 1))
and N((A - \;B)") = R(Q]) = R(U(v; ® I,,)). Since rank(P;) = rank(Q;) = mj,
it follows from the compact SVD that X € C"*™ and Y € C"*™ are isometry and
R(X)=R(V(v;®1,))=N(A-X\B)and R(Y)=R(U(v;®1I,))) = N(A—X\;B)7").
This completes the proof. O
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Notice that in order to recover both left and right eigenvectors of A — AB corre-
sponding to A;, we need compact SVD of V(v; ® I,,) and U(v; ® I,,). In contrast, for a
standard value problem Av = Av, a compact SVD of V(v; ® I,,) yields both right and
left eigenvectors of A corresponding to A; (see, Theorem .

Remark 5.3.5. Observe that if the curve I' contains £ distinct eigenvalue of A—A\B and
each eigenvalue is semisimple then exactly ¢ matrix moments Sy, ..., Se_1 are needed
to recover the { right spectral projections Pi,..., P, of A — AB corresponding to the
etgenvalues A\, ..., Ny, respectively. Similarly, the £ matriz moments My, ..., M, are
needed to recover the ( left spectral projections Q1,...,Q, of A — \B corresponding to

the eigenvalues A1, . .., Ay, respectively.

Corollary 5.3.6. Let (A1, v1), ..., (A, ve) be eigenpairs Ofﬁ[g—AHg. Suppose that A1, ..., N\
are semisimple eigenvalues of A—AB. Let P; and Q); be right and left spectral projections

-
of A—AB corresponding to \;, respectively. Let v; be given by v; = [6{ N - ﬁd € C*
for j=1:4L. Then for j =1:4{, we have
Py = (BlSo+---+ BZSZ—l) /a
1
= <2m /quj )(zB — A)~ 1de> /oy,
Q; = (6{MO + - +/35M€ 1) fay
1 _
— (27” quj B(zB - A) 1dz> Jaj,
where q,,(2) = [1 z .- Zf—l] v; € Clz] is a polynomial and a; := q,,;();).

Proof. By Theorem |5.3.3] we have P; = V(v; ® I,,)/c; and
Vy®1,) = (B{So+-+BISi1)

— J k-1 1
= QM/FZB’“ (zB — A)""Bdz

_ ! [ 4,(2)(:B ) B
2mi !

which yields the desired result.
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Again by Theorem [5.3.3) we have Q; = (U(v; ® I,,))" /a; and

U@ 1L,)" = (5{]\/[0 +- 5ZM5—1)

14
1 .
— J k—lB B—A -1
2”/1“,;:1 Bz (z ) dz
1
= — (2)B(zB — A)™1

which yields the desired result.

5.4 Moment problems for bounded linear operators

Let A € L(X). Then a subspace M C X is said to be invariant under A if AM C M. Let
P € L(X) be a nontrivial projection, that is, P2 = P and 0 # P # I. Set Y := R(P)
and Z := N(P). Then relative to the decomposition X = R(P) @ N(P) the operator A
can be written as 2-by-2 operator matrix

L A A PAP PA(I — P)

Ay Ay (I - P)AP (I-P)A(I-P)
We have allowed a slight abuse of notation in the last equality above for simplicity of
notation. Strictly speaking, Ay, = PA|gp) instead of PAP etc. Then

AYCY < Ay =0« (I-P)AP=0 < AP =PAP
AZ CZ <= A;y=0<«= PA(I-P)=0 < PA=PAP.
Hence AY CY and AZ C Z < AP =PA <— A=
Suppose that PA = AP. Then AY C Y and AZ C Z. The invariant subspaces Y
and Z are called reducing subspaces of A. Set Ay := PAP and Ay := (I — P)A(I — P).
Note that we consider Ay and Ay as the restrictions of A on Y and Z, respectively.
Then
Ay 0
A= and 0(A) = o(Ay)Ua(Ay).
0 Ay
If o(Ay)No(Az) =0 then Y (resp., Z ) is called the spectral subspace of A correspond-
ing to o(Ay) (resp., 0(Az)). The projection P is called the spectral projection of A
corresponding to o(Ay). Note that a spectral projection decomposes X and A as well

as the spectrum o(A).
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Remark 5.4.1. Let P € L(X) be a projection and oy C o(A) be compact. Then P is
the spectral projection of A corresponding to oq if and only if PA = AP,o(Ay) = oy
and 0(Az) = o(A) \ o9 where Ay := PAP and Az := (I — P)A(I — P) are restrictions
of AonY := R(P) and Z := N(P), respectively.

Define R(z) := (A — zI)~! for z € p(A). Then R(z) is called the resolvent operator
of A. For z,w € p(A), we have the first resolvent identity

R(z) — R(w) = (2 —w)R(2)R(w).
Consequently, the function R : p(A) — L(X),z — (A — 2zI)™!, is analytic.

Let I' C p(A) be a positively oriented rectifiable simple closed curve. For the rest
of the thesis, we denote the region inside I' by Int(I') and the region outside I' by
Ext(I"). Thus C = Int(I') UT U Ext(I"). Now, if f is analytic in an open set U and if
o(A) C Int(I') C U then, by functional calculus [23] p.14], we have

1
f(A) = Q—M/Ff(z)R(z)dz (5.16)
Next, suppose that oq := o(A) N Int(T") # (). Define
i = R(z)dz and S(z): A ﬂdz for zo ¢ T

211 211 Z— 2
Iy Iy

Then P is the spectral projection of A corresponding to og. In fact, the following result
holds.

Theorem 5.4.2 (Spectral decomposition, [39, [33]). Let A € L(X). Suppose that T C
p(A) and o(A) NInt(T) # O. Then the following results hold.

(a) The operators A, P and S(zy) commute with each other.

(b) P? = P, that is, P is a projection.

(c) If zp € Int(T") then S(z0)P =0 and (A — 201)S(20) = I — P.
(d) If zo € Ext(I") then S(z)P = S(z9) and (A — 201)S(29) = —P.

Ay 0
(e) Set Y := R(P) and Z := N(P). Then X =Y & Z and A = v , where

0 Ay
Ay = PAP and Az := (I — P)A(I — P). Further, I' C p(Ay) N p(Az) and
o0(A) = 0(Ay)Uo(Az). Furthermore, we have o(Ay) = o(A)NInt(I") and 0(Az) =
o(A) N Ext(T).
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Discrete eigenvalues. Let A € o(A) be an isolated spectral value. Suppose that

o(A) NInt(I') = {A}. Then
1

21t Jr

P R(z)dz

is the spectral projection of A corresponding to A. Thus R(P) is the spectral subspace
of A corresponding to A. By Theorem [5.4.2] we have the spectral decomposition

A |0 . o(Ay) = {A} and o(Az) = o(A) \ {\}.
0 Ay
Definition 5.4.3. Let A € o(A) be an isolated spectral value and P be the spectral
projection of A corresponding to A. If rank(P) < oo then X is called a discrete eigenvalue
of A and m := rank(P) is called the algebraic multiplicity of \. Set o4(A) := {\ € o(A) :
A is a discrete eigenvalue of A}. Then o4(A) is called the discrete spectrum of A.

Let A € g4(A). If rank(P) = m then there exists smallest £ € N such that £ < m
and R(P) = N((A— \I)*). The number ¢ is called the ascent (or index) of \. In fact, ¢
is the ascent of A <= ) is a pole of R(z) of order ¢; see [39, p.92].

Definition 5.4.4. Let A € g4(A) and m be the algebraic multiplicity of X\. Then g :=
dim N (A — XI) is called the geometric multiplicity of \. Obviously g < m. Ifm =g =1
then X\ is said to be a simple eigenvalue. On the other hand, X is said to be semisimple

(resp., defective) if m = g (resp., g < m).

Obviously A is a semisimple eigenvalue of A <= R(P) = N(A — \I), where P is

the spectral projection of A corresponding to A.

Theorem 5.4.5 (Spectral theorem, [39, [33]). Suppose that oy := o(A) N Int(T) =
{1, .., A} Coa(A). Let P; denote the spectral projection of A corresponding to \; for

j=1:n. Then
1

P=—— [ R(z)dz=P + -+ P,
211 r
P,P; =0 fori#j and R(P) = R(P,) ® ---® R(P,). Further, we have
AP = Z()\ij + D;), where D;:=(A— NI)P;

J=1

is a nilpotent operator for j =1 :n. If {; is the ascent if \; then Djj =0 forj=1:n.
In particular, if \; is semisimple for j = 1:n, then AP = M\ P, + -+ N\, P,.
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We now consider tracial moments of A. The next result establishes relation between

tracial moments and discrete eigenvalues of A.

Theorem 5.4.6. Suppose that oy := o(A) NInt(I') = { A, ..., A} C 04(A). Let m; be
the algebraic multiplicity of A; for j =1: (. Then for any analytic function f (analytic

in an open set containing oy ), we have

-1
Sf =Tr (—2 - /f(Z) R(Z)d2> = mlf()\l) + -+ mgf(Ag)
T Jr
In particular, we have

maA + -+ Mgy _ Tr ([ 2 R(2)d?)
my+ -+ my Tr ([ R(z)dz)

mean(og) =

Proof. Let P be the spectral projection of A corresponding to ¢y. Set Y := R(P) and
Z = N(P). Then by Theorem [5.4.2 we have

Ay 0
A= , 0(Ay) =o0¢ and 0(Az) = 0(A) \ 0o.
0 Ay
Note that dim(Y') = rank(P) = my + - -- + my and Ay € BL(Y'). Hence by (5.16) and
the spectral mapping theorem, we have o(f(Ay)) = f(oo) = {f(M\1),..., f(A\)} and

Tr(f(Ay)) = maf(A) + -+ mef(Xe).
Since the function w — (Az — wl)™! is analytic for w € Int(T') U T, we have

Jr f(w)(Az —wl)dw = 0. By functional calculus (5.16)), we have
~1 -1 Ay — 2Dt 0

sp = Tr (— / f(z) R(z)dz) =Tr | — / f(2) (Arggel) dz
2me Jr 2m Jr 0 (Ay — 1)~

B fay) o]\ B
= (|77 ] =T = mafOu) ok mef (30

Finally, by considering f(z) = 1 and f(z) = z, we obtain the desired result for

mean(og). This completes the proof. O

Now we define the p-th order tracial moment of A associated with oy by

—1
=Tr | — p )
Sp T (27”, /Fz R(z)dz) , pe NU{0}
Then for f,(z) := 2*, by Theorem we have

sp=m N +---+m], peNU{0}. (5.17)
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Consider the p x p Hankel matrix H, and shifted Hankel matrix Efp given by
H, := Hankel(sy, . .., s9,—2) and PA[p := Hankel(sy,...,59,-1), p€N.

We have the following result which is an analogue of Theorem [6.2.3]

Theorem 5.4.7. Let A € L(X) andl" C p(A). Suppose that o(A)NInt(I') = {A1,..., N} C
04(A). Letmy,...,my be the algebraic multiplicities of the eigenvalues Ay, ..., Ay, Tespec-
tiwely. Then the Hankel matriz H, is nonsingular. Further, eig(ffg, Hy) =A{ )\, ..., e}
and A, ..., \p are simple eigenvalues of the £ x £ Hankel pencil ﬁ[g — MH,. The algebraic

multiplicities my, ..., my are given by the Vandermonde system
1 .1
(s S0
Al N )
=1 1. (5.18)
| B my Se—1
| AT AT

The number ( satisfies ¢ = rank(H,) = rank(H,,) = rank(H,) for any non-negative

integer p, where m := sg = mq + - - - + my.
Proof. A verbatim proof of Theorem [6.2.3] yields the desired results. O

Remark 5.4.8. Observe that if there are € distinct discrete eigenvalues Ay, ..., Ay of A
inside the curve T, that is, og := o(A) NInt(T") = {A1,..., e} C 04(A), then 2¢ tracial

moments Sg, . ..,Sa_1 of A are needed to recover the { discrete eigenvalues.

Theorem provides a method for computing the eigenvalues A1, ..., A\, of A from
the tracial moments s, ..., sy 1. If the eigenvalues are real then by (5.17)) the Hankel
pencil .[/'.\[g — A\H, is real symmetric. In particular, if A is a self-adjoint operator on a

Hilbert space then the pencil H ¢ — AHy is real symmetric.

5.4.1 Operator moments and spectral projections

Let A € L(X). Let A* € L(X™*) be the dual operator of A, where X* is the dual space
of X. As before, assume that oy := o(A) N Int(I") = {A1,..., N} C 04(A). By Theo-
rem , all eigenvalues of 1] ¢ — AH, are simple and eig(]fl 4, Hy) = 0¢. Consequently, an
eigenvector v; of ﬁg — AH, corresponding to A; is unique up to a scalar multiple. Note

that (A;,v,) is also a left eigenpair of Hy, — \H,.
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Now consider the operator moments

1
Syi=— [ 22(zI —A) 'z, p=0,1,...,0—1. (5.19)

2w Jp
Note that P := S is the spectral projection of A corresponding to gy. We have the
following result.

Theorem 5.4.9. Let A € L(X). Suppose that I' C p(A) and o(A) N Int(T") # 0. Set
P :=Sy. Then for any polynomial q(z) € C[z], we have

-1
AP =o(AP)P = — [o2)R()i:
7 Jr
-
In particular, if v := [51 54 € C* and q(z) := [1 2 .. 2w then

q(A)P = p1So+ -+ - + BeSe—1.

Proof. By Theorem we have AP = PA. Hence (AP)™ = A™P for m € NU {0}.
Consequently, we have ¢(AP)P = q(A)P for q(z) € C[z]. Now using the fact that
AR(z) = (A — 21+ zI)R(2) = I + zR(z) for z € I', we have

— 1l —1 R 1

AP = % FAR(Z)dZ = % F[I + ZR(Z)]dZ = % FZR(Z)dZ,
—1 —1 —

AP = — [ 24 dz = — I dz= —= | 2* dz.
™ Fz R(z)dz o Fz[ + zR(2)]dz B Fz R(z)dz

Hence the desired integral representation of ¢(A)P follows by induction on m. The
equality ¢(A)P = (1So+ - - -+ pSe—1 follows from ([5.19) and the integral representation
of q(A)P. O

Remark 5.4.10. Observe that S; = AP = PAJ for j € NU{0}. Hence R(S;) C R(P)
for j € NU{0}. More generally, for p,..., B in C, we have

R(B1So + -+ 4 BeSe-1) C R(P).
For x € X and ¢ € N, consider the Krylov subspace
ICo(A, ) == span(x, Az, ..., A '2).
Then for any x € X and By, ..., 03¢ in C, we have

(B1So + -+ + BeSi—1)x € Ko(A, Px) C R(P).
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Next, consider the operator moments of the dual operator A* given by

1
Sti= — | 2Pzl — A Mz, p=0,1,...,0—1.
bl ) b
Here we have used the generic notation I to denote the identity operator on the dual
space X*. Note that Py := S is the spectral projection of A* corresponding to oy and

R(P?*) is the spectral subspace of A* corresponding to oy.

We now show that the spectral projection P; of A corresponding to JA; is an appro-
priate linear combination of the operator moments Sy, ..., S,_1. We also show that a
similar result holds for the spectral projection P; of A* corresponding to A;. For this
purpose, we consider the operator matrices

V = [So oo Sp_y| and U*:= Sy 5211].

Then V : X* — X and U* : (X*)* — X* are bounded linear operators defined as

1 T
V|:| =8z + -+ Sz, and U* |} | :=Sjz] +-- -+ S;_125.
Ty Ty
For v := [Ul W}TECZ,xEXandTGL(X),deﬁne
mx T
ver:=| i | eXandov®T = | : | € L(X,XY.
Ve vl

More generally, if B := [b;;] € C™*" then B ® T is the m X n operator matrix whose
(i, j)-th entry is the operator b;;7. Note that (B®T)(u® z) = Bu® Tz for u € C" and
x € X. Further, if B € C*™ and T' € L(X) are invertible then B ® T is invertible and

(BRT)™ ' =B '®@T ! Finally, for xy,...,z, in X, define [xl ces Jj£:| :C! — X by
U1
[«TI e xe} =+ + Velyp.
Vg
The transformation @) := [xl cen xe} is referred to as a quasi-matrix. Note that @) is

an n X ¢ matrix when X = C".
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Theorem 5.4.11. Let (A, v1),..., (N, v0) be eigenpairs of H, — \H,. Define
vi=ls, ... SH] e L(X', X) and U* = [5;; S| e Lt x).

Suppose that the eigenvalues A1, ..., A\ of A are semisimple. Let [x and Ix+ denote the
identity operators on X and X*, respectively. Then for j =1 : {, the spectral projections

Pj and P} of A and A*, respectively, corresponding to A; are given by

P = V(v @ Ix)/a; = <i /F 4o, (=) (=x —A)ldz> Jas;,

2mi
1
P = Clyeie = (o [w @y -4 fo,
i Jr
where ¢y, (2) == |1 z --- Zf—l] v; € Clz] and o := qu; (N;).
Let x € X and x* € X*. For j =1:{, define
x; = V(y®z)= [SO'T"'SZ—I'T} vj € X,
x; = Uy @r") = |:Sa<x* e Sz_lx*] v; € X",

Then x; (resp., X;) is an eigenvector of A (resp., A*) corresponding to \; whenever

x; # 0 (resp., x; #0).

Proof. Since A1, ..., \; are semisimple discrete eigenvalues of A, by Theorem [5.4.5[ we
have P= P, +---+ P, and AP = \{P, + - - - + \¢F;. Now by Theorem and (5.19)),
we have S; = (APYP = NP, +--- + MJP, for j =0,1,...,¢ — 1. Note that

M@ Iy
Sj:/\{P1+---+)\ZPg:[P1 pg] oL i=01,...,0-1.
)\i ® Ix
This shows that V = [ P Pg] (V,” ® Ix) which in turn yields

Py =V(V e; ® Ix),

where V is the £ x ¢ Vandermonde matrix given in Theorem [6.2.3] Observe that a; =
1A - )\g—l} v = ejTV;vj for j =1 : (. Hence by 1} we have

(Ao = NIV, vy = 0=V, v; = aje; = V, Tej = vj /o
for j = 1:¢. Hence we have P; = V(v;®1x)/ca; for j = 1 : £. The integral representation

of P; follows from Theorem . The proof for P; is similar.
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Since AP; = \;P;, it follows that Pz is an eigenvector of A corresponding to A,
provided that Pjz # 0. Hence o Pjx = V(v; ® x) = [Sox---Sg_lx} v; = X; is an
eigenvector of A corresponding to A; whenever x; # 0. Similarly, it follows that a P} x* =
Ut(v; ® 2%) = Sga* - Sp at vy = x; is a left eigenvector of A corresponding to A;

* Dk %
whenever x7 = a; Pfz* # 0. m

Remark 5.4.12. Let (A1, v1),..., (A, ve) be eigenpairs of H, — \H,. Suppose that the
eigenvector v; is normalized such that q,,(\;) = [1 Aj e )\2*1] vi=1forj=1:1(

Then we have

1 .
P,=V(y®Ix)= %/quj(z)(zlx —A) Mz forj=1:¢

, AT
Let the eigenvector v; be given by vj := [ﬁ] ﬂﬂ € C for j=1:(. Then

1
Py =V(v;®Ix) = B]So + - - + B7Se1

shows that each Pj is a linear combination of Sy, ..., Si—1 where the scalar coefficients

are components of the normalized eigenvector v; for j =1 : L.

An alternative view point of the recovery of spectral projections is provided by
interpolating polynomials. Suppose that the eigenvalues Ay, ..., Ay of A are semisimple.
Then by Theorem [5.4.5, we have AP = A\ P; + - - - + \/P;. Consequently,

q(A)P = q(AP)P = q(\M)P1 + - + ¢(\) P

for any polynomial g(z) € C[z]. For j =1 : ¢, let ¢;(z) be an interpolating polynomial
of degree at most ¢ — 1 such that ¢;(\;) = 0;; for ¢ = 1 : £, where 6;; is the Kronecker
delta. Then we have ¢;(A)P = P; for j = 1 : £. The next result gives a choice of the
interpolating polynomials ¢;(z), ..., q(2).

Theorem 5.4.13. Let (A, v1),..., (Ao, v0) be eigenpairs of H, — \H,. Suppose that
[1 Ajoeee )\?1] v; =1 for j =1:10. Assume that the eigenvalues Ay, ..., ¢ of A are
semisimple. Consider the polynomial q,,(2) = [1 Z .- 24*1} v; € Clz] forj=1:1¢.
Then we have Gy, (2) + -+ + qu,(2) = 1 and q; (X)) = 6 fori=1:Land j =1: L
Further, for j =1 : £, we have

1

1
Plo= a (AP = o [ 0 () (el — A e
T
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Proof. By 1D we have (f’.\[g —NjHp)vj=0= (A — \;I;)V,”v; =0 for j = 1: (. This
shows that for j = 1: ¢, we have V,"v; = aje; for some scalar ;. We claim that a; = 1
for j = 1:¢. Indeed, o; = ejTVgij = [1 ) VR )\ﬁ—l] vj = qu;(N;) = 1for j =1:¢

Thus we have V,"v; = e; for j = 1: ¢ which in turn shows that
Gu; (Ai) = [1 Ao /\f_l} vi=e Vi v =ejej =0y
fort=1:fand j=1:¢.
Next, define q(z) := ¢, (2) + -+ + qu,(2). Note that ¢(z) is a polynomial of degree

at most ¢ — 1 and that ¢(\;) —1 = 0 for j = 1 : {. Hence by fundamental theorem of
algebra we have ¢(z) = 1 for all z € C.

Finally, by Theorem [5.4.5| we have AP = \P; + --- 4+ A\¢P, which in turn yields
Gu; (AP)P = qu,(M) P+ -+ + qo,(N) Py + -+ + qu, (M) P, = Pj for j = 1: (. Now, by
Theorem we have P; = ¢,,(AP)P = q,,(A)P = 5= [ q,,(2)(zIx — A)~'dz for

J = 1: ¢ The proof for P} is similar. O]
Remark 5.4.14. The proof of Theorem |5.4.15 shows that V, [01 W} =1 In
other words, the normalized eigenvector matrix [1}1 W} € C 4s the inverse of
the Vandermonde matriz V,". If the eigenvectors vy, ..., v, are not normalized then we
have V, [1)1 e W} = diag(qu, (A1), - - - @, (Ae))-

Remark 5.4.15. In view of Theorem|5.4.6/ and (5.19), we have

s; = Tr(S;) = my X + - - +my)l, for j € NU{0}.
Let (A1,v1),...,(Ae,v0) be eigenpairs of [/'jg — MH,. Let the eigenvector v; be given by
) a7
vj = [5{ ﬁg] €Ct j=1:4 Forj=1:4, consider the operators
B;:=V(v;®Ix) = B1Sy+---+ S, € L(X).

If M1, ..., A are semisimple eigenvalues of A then we have seen that B; = q,,()\;)P; for
j=1:L. Note that By, ..., B, are finite rank operators. Hence, if X is a Hilbert space
then, as in Theorem singular value decomposition of the operators By, ..., By
yield orthonormal bases of N(A — M\ I),..., N(A — M), respectively.

The integral representation of spectral projections in Theorem [5.4.13| has a filter
function interpretation. Consider the function ¢ : C — C given by

1 dz
P(w) ::2_m‘/pz—w'
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Then ¢(w) = 1 when w € o(A) N Int(I') and ¢(w) = 0 when w € Ext(I"). Thus ¢(w)
acts as a filter function which filters out the spectral values in o(A) N Ext(I"). Next,

observe that .
P=9¢ I—A)"'d
(A) = o /F(z ) dz

is the spectral projection of A corresponding to o := o(A) N Int(T").
Let g, (2), ..., qu (%) be as in Theorem [5.4.13| For j =1 : ¢, define ¢; : C — C by

L[ ay(2)
V= L], 2\
93(w) 21 Jp 2 —w ¥
Then ¢;(w) = 0 for w € Ext(I') and q,,(\;) = d;; fori =1: £ and j = 1: . Thus g,,(2)
acts as a filter function which filters out the spectral values in o(A) \ {\;} for j =1: 7.

Observe that .

2m

P = ¢;(A) = /qv]( )(zI — A)'dz

is the spectral projection of A corresponding to \; for j =1 : /.

Since gy, (2) + -+ + ¢, (2) = 1, it follows that ¢(z) = ¢1(2) + - - - + ¢¢(2). The filter

functions ¢(z) and ¢1(2), ..., ¢¢(z) yield approximate filter functions when the contour
integrals are approximated by a numerical quadrature. Indeed, for the nodes 2, ..., zyx
and weights wq, ..., wy, we have
&
#(z) = 27?2/{—2sz )
1 Qv (f) al v, (Zk) e .
; = — | XT>dé¢ = 2 = =1:/.

¢J<z) O FS—Z 5 ;wkzk_z ](Z), J

Since g, (2) + -+ + @, (2) = 1, it follows that g/g( ) = gbl(z) -+ ggg(z). We have

P~ a(A) and P; ~ ggj( ) for j =1 : £. In other words, gg(A) and qﬁj( ),7 =1:4, are

approximate spectral projections.

We mention that our solutions to the spectral recovery problems are dependent on
the solution of a generalized Hankel eigenvalue problem. As such, it is well known that
numerical problem involving Hankel matrices tend to be ill-conditioned especially when
the size of the Hankel matrix is large. Hence it is advisable to compute a small number
of eigenvalues of A using the spectral recovery method. Note that the size of the Hankel

pencil is independent of the multiplicities of the eigenvalues of A inside the curve I'.

For the recovery of the spectral projections Py, ..., P, from the operator moments
So, ..., Sp_1 it was necessary to assume in Theorem [5.4.11| that A, ..., \, are semisim-
ple eigenvalues of A. This facilitated recovery of P,..., P, from the eigenvectors of the
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Hankel pencil I/‘jz — AH;. On the other hand, if we drop the assumption that Ay,..., A\,

are semisimple eigenvalues of A then, as the following result shows, it is still possible to

recover P, ..., P, from the operator moments Sy, ..., Sy for some N € N. Indeed, we
have P; = 35Sy 4 -+ - 4 84Sy but it is not known how to determine N and the scalars
BYy- s B

Theorem 5.4.16. Let A € L(X) and 7 := o (A)NInt(I') = {A1,..., A} C 04(A). Then
there exist polynomials pi(z), ..., pi(2) such that pj(N;) = 0;; and p1(2)+---+pe(z) = 1.
The spectral projection of A corresponding to \; is given by

— 1 -1 - .
= >3 pj( )zl —A)"dz forj=1:4.

Suppose that p;(z) is given by p;(z) = Bg -+ ﬁ{z +-+ ﬂf\,ijj. Then we have
Py = B3So+ -+, Sn; forj=1:¢.

Proof. Let m(z) := [

j=1
spectral projection of A corresponding to 7. Set

(z — A\;)" be the minimal polynomial of AP, where P be the

¢ (2) == (z — \;)" and ¢;(2) := m(z)/¢;(z) for j =1:¢.

For i # j, we have ¢;(2)g;(z) = m(2)r(z) for some r(z) € C[z]. Consequently, we have
¢i(AP)q;(AP) = 0 fori # j. Since ¢1(2) ..., qe(z) are coprime, there exist a;(2), . .., as(2)
in C[z] such that a1(2)q1(2)+- - -+ae(2)qe(z) = 1. Define p;(2) := a;(z)g;(z) for j =1: .
Then it follows that p;(\;) = (517 and pi(z) + -+ 4+ pi(2) = 1, where 9;; is Kronecker
delta. Hence by Theorem [5.4.9) we have

p1(A)P+ -+ p(A)P =P (5.20)
Define P; := p;(A)P for j =1: (. Then AP; = P;A for j = 1: (. Further, we have
BiP; = pi(A)p;(A)P = ai(A)qi(A)a;(A)g;(A) P = ai(A)a;(A)qi(AP)q;(AP)P = 0

for i # j. By (5.20) we have P? = P; for j = 1: (. Hence R(P) = R(P,) ® --- ® R(F,).

We now show P; is the spectral projection of A corresponding to A; by showing that
R(P) = N((A — N\I)"). Let u € N((A — NI)"). Then Pu = w and ¢;(AP)u = 0
which implies that ¢;(AP)u = 0 for j # i. Hence Pju = 0 for j # . By (5.20) we
have u = Pu = Plu+ -+ Pu+ -+ Pu = Pu = u € R(F;). Conversely, let
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u € R(P;). Then u = Pu = a;(AP)q;(AP)u = ¢;(A)w, where w := a;(AP)u = a;(A)u.
Now ¢i(A)u = ¢i(A)gi(A)w = m(A)w = m(AP)w = 0 = u € N(¢i(A)).

Finally, by Theorem [5.4.9] we have

Py = pi(A)P= ! pj(Z)(Z[—A)_ldz

T omi Jp
= BSo++ Bl Sy, for j=1:L

]

To sum up: We have shown that the moment problem for discrete eigenvalues has
an elegant solution that utilizes Hankel matrices. When the discrete eigenvalues are
semisimple, we have shown that the moment problem for the associated spectral pro-
jections also has an elegant solution. We have also shown that the individual spectral
projections admit an integral representation that involves interpolating polynomials
and that such interpolating polynomials are readily given by eigenvectors of the Hankel
pencils. The integral representation provides a numerical quadrature based algorithm
for computing the spectral projections. Also, we have constructed filter functions for
individual spectral projections by utilizing the interpolating polynomials given by eigen-

vectors of the Hankel pencil.
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Let T € H(Q2)™*™ be regular. Let A,...,A\; be eigenvalues of T(z) inside the region
enclosed by a curve I'. The main objective of this chapter is to determine \q,..., A,

their algebraic multiplicities, and their corresponding eigenvectors from the moments
S, 1= = 2Tr(T(2) ' T'(2))dz and S, := b 2PT(2) dz (6.1)
P o Pro2mi Jr

for p € Z,. Thus, approximating the contour integrals by numerical quadrature, we

obtain a numerical method for solving the nonlinear eigenvalue problem T(\)v = 0.

6.1 Introduction

Let T € H(Q2)™ ™ be regular. Consider the nonlinear eigenvalue problem:
Find (A,v) € C x C" with v # 0 such that T(\)v = 0.

Set M(z) := T(z)~!. Then M(z) is meromorphic and X is a pole of M(z) <= \ is
an eigenvalue of T(z). Set O := Int(T"). Then po(M) = {A,..., \¢}. We have already
seen in Chapter [4] that the poles of M(z) in O can be computed from a local minimal

realization

M(z) ~p C(zI, — A)7'B.

In such a case, eig(A) = {A1,..., Ao} and if v; is an eigenvector of A corresponding to \;
then by Theorem Cv; is an eigenvector of T(z) corresponding to A;. The matrices
(C, A, B) can be computed from the Markov parameters (matrix moments) S, as given
in for p € Z,. Indeed, (C, A, B) can be extracted from the block Hankel matrix

161
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162 Chapter 6. Moment problems for holomorphic matrices

H, and the shifted block Hankel matrix H, given by

So - Sy Sy - S,
H, := : : and]ﬁlp:: o : forpe Z,
Spy oo Sypo S, -+ Sypy

by employing one of the algorithms outlined in Chapter

The main objective of this chapter is to present an alternative method. As in Chap-
ter [0, we consider the tracial moments s, as defined in (6.1) and solve the following

moment problem.

Problem-C: Given the tracial moments sy, . .., sp, for an appropriate p € N, deter-

mine the { distinct eigenvalues Ay, ..., A\ of T(z) and their algebraic multiplicities.

We show that exactly 2¢ moments, namely, sg,...,S9 1 are needed in order to
determine the eigenvalues A, ..., A, and their algebraic multiplicities. As in the case
of a linear operator, we show that Ay, ..., A\, are eigenvalues of the ¢ x ¢ Hankel matrix

pencil i ¢ — AH, irrespective of the multiplicities of the eigenvalues, where

80 DEREY Sé—l 81 ... Se

Hg = and Hg =
S¢g—1 " S20—-2 S 0 S

Now consider M(z) := T(z)~!. Then M(z) is meromorphic in the domain O and
the eigenvalues Ay, ..., A\, of T(z) are the poles of M(z) in O. Let P; := Res(\;, M) be

the residue of M(z) at A; for j =1 : ¢. Consider the matrix moments

1 _ |
Sy = 5 Fz”T(z) ldz = o F,z"’l\/I(,z)clz for peZ,.

We show that Sy = Py +--- + Py. Further, R(P;) = N(T(});)) when J; is a semisimple

eigenvalue of T(z) for j = 1: ¢. We consider the following matrix moment problem.

Problem-D: Given the matriz moments Sy, ..., Sy, for an appropriate p € N, deter-
mine the residues Py,..., P, of T(z) at the eigenvalues Ay, . .., Ny, respectively.

We show that exactly ¢ matrix moments Sy, ..., Sy_1 are needed to determine the
residues Py, ..., P, when all the eigenvalues \,..., A\; of T(z) are semisimple.
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We also consider analogues of Problem-C and Problem-D when T(z) is a holomorphic
operator-valued function and Aq,..., A, are discrete eigenvalues of T(z). We provide
two different proofs - one for matrix-valued functions and another for operator-valued

functions - highlighting the differences between finite and infinite dimensional problems.

6.2 Moment problems for holomorphic matrices

Let T € H(Q)™™ be regular and I' C pq(T) be a positively oriented rectifiable simple
closed curve such that oo(T) N Int(I") = {A1,..., A¢}. Set O := Int(I"). We assume that
O C Q. Then O is simply connected and oo(T) = {Ay,..., A\}. Let myq,...,my be the

algebraic multiplicities of Ay, ..., Ay, respectively.

Let f € H(). Let z,...,2 be distinct zeros of f(z) in O with multiplicities
ny,...,ny, respectively. Then N := n; + --- + ny is the total multiplicity of the ze-

ros and by the argument principle [58], we have

1 [f(x), _ _
Q—M/Ff(z)dZ—nl—l----—i-ng—N.

Further, if g € H(2) then by generalized argument principle [58], we have

1 [g(x)f'(z), _
%/Fwdz_nlg(z1)+---+nzg(2e)- (6.2)

Ny s A
Theorem 6.2.1. Let mean(Ay,...,\) i= P+ TR be the arithmetic mean of
my+ -+ my

the eigenvalues Ay, ..., N\ of T(z). Let g € H(S2). Then we have

QLm' pg(z)Tr(T_l(Z)T/(Z))dZ = mag(M) + -+ meg(Ae). (6.3)

In particular, we have

 Jp 2 (T (2) ' T (2))dz

mean(Ay, ..., \) = [ TR(T(2) T (2))dz

Proof. Set f(z) := det(T(z)). Then, by the Jacobi formula, f'(z) = Tr(adj(T(2))T'(z)),
where adj(A) is the adjugate of the matrix A. Here f/(z) and T'(z) denote the derivative
of f(z) and T(z), respectively. Since adj(T(z)) = T(z)"'det(T(z)) = T(2)"'f(2), we
have Tr(T~1(2)T'(2)) = f'(2)/f(2). Consequently, by we have

% FOLTL OO QLM /F %dz — migO\) + -+ + mag(he).
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Taking ¢g(z) = 1 and ¢(z) = z, we have

1
— [ Te(T(2) ' T'(2))dz = my+--+my,
211 r
1
— [ 2Te(T(2) 'T(2))dz = mid + - +meh
21t Jr
which yield mean(Aq, ..., \). O

Remark 6.2.2. Let M € M(Q)™*" be regular. Suppose that oo(M) = {z1, ..., z¢} with
total multiplicity n and po(M) = {1, ..., pr} with total multiplicity p. Then by a proof
similar to that of Theorem with g(z) = 1, we have

L[ ()M () = 0 —

21 Jp

By Theorem the p-th order tracial moment s, is given by

1
=5 2P Te(T(2) ' T(2))dz = my X + -+ + my A} for pe Z,. (6.4)
™ Jr

As before, consider the Hankel matrix Hy, shifted Hankel matrix ?[k, and Vander-
monde matrix Vj for £ € N. Note that V; is invertible and rank(V}) = ¢ for all k£ > ¢.

Theorem 6.2.3. Let oo(T) = {1, ..., \e} andmy, ..., my be multiplicities of Ay, ..., A,
respectively. Then Ay, ..., \; are the simple eigenvalues of the ¢ x{ Hankel pencil ﬁg—)\Hg.

The algebraic multiplicities of the eigenvalues are given by the £ x ¢ Vandermonde system

1 ... 1
my my S0
AN
w == —
m m Sp_
¢ A1 A1 ¢ =1
L 1 e E i

The number ( satisfies ¢ = rank(H,) = rank(Hy) = rank(H,) for any non-negative

integer p, where N := sq = mq + -+ - + my.

Proof. Define D, := diag(my,...,my) and A, := diag(\1,..., ). By (6.4), we have
mq So

Sp =1\ + -+ mA] for p € Z; which gives V; | | =

my Se—1
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Again by (6.4), it follows that Hj, = ViD,V," and H, = V;,D;A,V,| for k € N. Thus
we have H, = VngVgT and ﬁg = VngAgVéT. Since V;, and D, are invertible,

Hy — AHy = VyDy(Ay — M)V, (6.5)
shows that \{,..., A\, are simple eigenvalues of the pencil ﬁg — A\H,.

Finally, since Hy = V;D,V," and rank(V}) = rank(V;) = ¢ for all k > ¢, it follows
that rank(Hyy,) = rank(Hy) = rank(H,) = ¢ for all non-negative integer p. O

Theorem [6.2.3] provides a method for computing the eigenvalues of T(z) contained
in O. The first step is to compute the trace-moment sg, which gives the total number
of eigenvalues (counting multiplicity) of T(z) in O. The second step is to compute
¢ = rank(H,,), which gives the number of distinct eigenvalues of T(z) in O. Finally,
solve the ¢ x ¢ Hankel eigenvalue problem (H, — AH,)v = 0.

Remark 6.2.4. Several comments on computation of the moments s, are in order.
The tracial moments s, can be computed in three different ways giving rise to three
mathematically equivalent methods for computing eigenvalues of T(z) contained in O.

Indeed, we have

5 = % [ (T ()T () (6.6)
LT,
B 2m'/F f(z)d (6.7)
_ L zpi(logf(z))dz, (6.8)

2m Jp o dz

where f(z) := det(T(2)). However, approzimation of s, ~ Z;'V:o w; 28 Tr(T(2;) " T (25))

using the integral has several advantages over the integrals and . Firstly,
for the special case when T(z) = A — zI or T(z) = A — 2B, we have T'(z) = —I and

T'(z) = —B. Hence the integral in 15 effectively derivative free. By contrast, the
integral in still requires the derivative f'(z) which may be difficult to compute.
Secondly, T(z) can always be expressed as T(z) = ¢1(2)A1 + -+ + ¢.(2)A, for some
analytic functions ¢1(z),...,¢.(2). Hence the derivative T'(z) can be computed easily
from the derivatives of $1(z), ..., ¢ (2). This is certainly the case when T(z) is a matriz
polynomial given by T(z) := Ag+2zA1+- - -+2"A,. Also, the MATLAB toolboz [10] provides
T'(z) for its collection of NEPs. Note that the derivatives of ¢1(z),. .., ¢n(2) cannot be
utilized for computing f'(z). Thirdly, the integral in requires solution of the linear

system T(2)X = T'(z) which, when restricted to a lower dimensional subspace, opens
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up the possibility of a projection based hybrid method. Fourth, the trace in can be

estimated as

Tr(T(2)'T'(2

&I»—‘

d
Z lT/ )Uja

where d < n and vy, . ..,vq are orthonormal sample vectors. Fifth, Tr(T(z)"'T'(z)) can

also be approximated by solving the generalized eigenvalue problem
(T(z) = AT/ (2))v =0

by a projection based method when the size of the matriz T(z) is large.

Notice that computation of s, ~ ij z; Via (6.7) reduces the problem of

f/
computing eigenvalues of T(z) to the problem of computing zeros of the analytic func-
tion f(z). Thus, contour integration based algorithms developed for computing zeros
of analytic functions can be utilized for solving NEPs, see [36] 17, 8] and the references
therein. However, as remarked in [8], whether finding zeros of the determinant f(z) can

be an attractive option in solving large scale eigenvalue problems is yet to be seen.

Finally, computation of s, via has an advantage that it does not explicitly re-
quire f'(z) as f'(z)/f(z) is replaced with the derivative of log f(z) and hence integration
by parts can be employed. The difficulty, however, is that log z is multi-valued and has
a branch point at the origin. Therefore, one has to keep track of appropriate sheet on
which log f(z) lies as z moves along the curve T" [T7]. Alternately, the integral can
be reformulated that is free from multivaluedness [31], [36]

Sp = v /F 271 log[(z — a) ™ f(2)]dz + sa?,

271

where so 1= 5-|argf(2)]r is total number of zeros of f(z) inside the curve I and a is an
arbitrary point inside I'. In this case, the function log[(z — a)™% f(z)] is single-valued

unlike log f(z). We consider only the trace-moment s, as given in (6.6)).

Now approximating the tracial moments s, by numerical quadrature
~ ij LTe(T ()T (2))

we have the following method for computing eigenvalues A, ..., Ay of T(z).
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Algorithm for NEP

Input: Nodes z; and weights w; for j=1: V.
Output: Eigenpair ()\;,v;) of Hy— \H,for j=1:¢.

e Compute so = sum]_w; Tr(T(z;) *T'(2;))

Compute sp := sum]_,w; 25 Tr(T(z;) 'T'(25)), p=1: 280 — 2

Compute the Hankel matrix Hg, and compute ¢ = rank(Hs,)

Compute the Hankel pencil Hy — \H,

Compute eigenvalues and eigenvectors of H, — \Hy

We now describe the recovery of eigenvectors of T(z) from those of the Hankel pencil

H, — MH,. Recall that M(z) := T(2)~! and P; := Res()\;, M(z)) is the residue of M(z)
at \; for j =1: (. Let M(z) ~o C(zI, — A)"'B be a local minimal realization. Then
1 1

Pi=— | M(2)dz=—

_ -1 — .
-/ - /FjC’(zIT A)'Bdz = CP(\, A)B,  (6.9)

where P()\;, A) is the spectral projection of A corresponding to A; and I'; is a curve in
O isolating \; from the rest of the poles of M(z) for j = 1:¢. Then

1
9 .
07 o

L
1
j=1 i

Note that the algebraic multiplicity of \; as an eigenvalue of T(z) is the same as
the algebraic multiplicity of A; as an eigenvalue of A. Recall that m,,...,m, are the
algebraic multiplicities of A1, ..., A, respectively. If \; is a semisimple eigenvalue of T(2)
then ); is a semisimple eigenvalue of A. Hence there exist full column rank matrices
X; € €™ and Y; € C™™ such that Y;'X; = I, span(X;) = N(A — \jly)),
span(Y;) = N((A — AjI,,)") and P()\;, A) = X;Y;". This shows that P; = CX,Y,'B.
It follows that C'X; has full column rank and YjTB has full row rank. Indeed, let
CXju=0. Now AX; = \; X; = (A — \jln,;) Xju = 0. Consequently, we have

A= Ny,
C
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Since (C, A) is observable, we have X;u = 0 = u = 0 which shows that C'X; has full
column rank. Similarly, controllability of (A, B) shows that YT B has full row rank.
Hence by Theorem [5.2.10, we have

R(P;) = span(CX;) = N(T();)) and R(P])=span(B'Y;) = N(T();)"). (6.10)
This shows that P;x (resp., Py) is a right (resp., left) eigenvectors of T(z) correspond-
ing to \; whenever Pz # 0 (resp., P]Ty =0

The next result extracts P; from the matrix moments Sy, ..., Se_i, which can be

utilized to recover eigenvectors of T(z) from those of H, — \H,.

Theorem 6.2.5. Let (A, v1), ..., (A, v) be eigenpairs of H, — \Hy. Define
V= [50 53_1] eC”™ and U := [SOT Lo 8] | e

Suppose that the eigenvalues Ay, ..., g of T(2) are semisimple. Set a; := qu;()\;), where
Qv; (2) = [1 PR szl} v; € Clz] for j=1:4. Then for j =1:¢,

P; =V(v;®I,)/e; and P =U(v; ® I,)/q
are residues of T(2)™" and (T(2)~")" at \;, respectively.

Define v; := V(v;®@v) = [Sov e Sé_lv} vj andu; ;= U(v;®@u) = [SOTu- ST ul v
for v,u € C". Then v, and u;, respectively, are right and left eigenvectors of T(z)

corresponding to \; whenever v; # 0 and u; # 0.

Proof. Let T(z)™! ~¢ C(zI, — A)"'B be a local minimal realization. Then by Theo-
rem [5.2.10[ A1, ..., A\, are semisimple eigenvalue of A. Let P(\;, A) be the spectral pro-
jection of A coressponding to \; for j =1:¢. Then A = AP\, A)+---+ NP (A, A)

and P, A) P, A)
I, — Ay l=20 e DV 11
(2 ) zZ— A et zZ— N\ (6.11)
By , we have P; = CP()\;, A)B for j =1: (. Hence by and (6.11]), we have
1 ‘ .
S, = %/FZPT(Z)_IdZ =Y NP, = [Pl Pg] @1
J=1 \P
4
This shows that V = [Pl pg] (VT ®1,) = P, = V(V, Te; ® 1)), where V,

is the ¢ x ¢ Vandermonde matrix given in Theorem [6.2.3] Now by (6.5), we have
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(A¢y — N\jI)V,"v; = 0 which shows that V,"v; = aje; = V" Te; = v;/a; for j = 1: (.
Hence we have P; = V(v; ® I,)/cy; for j = 1: £. The proof for P is immediate.

By (6.10) we have R(P;) = N(T(};)) and R(P]) = N(T();)") for j = 1: (. Hence
P,w is an eigenvector of T(z) corresponding to A; provided that P;w # 0. Therefore

a;Pjw=V(v,w) = [Sow e SﬂU] v =V

is a right eigenvector of T(z) corresponding to A;. Similarly, if PJ-Tu # 0 then
ajP]Tu: U(v; @ u) = [SOTu~~-SJu] vj = U

is a left eigenvector of T(z) corresponding to A;. O

Corollary 6.2.6. Let (A1, v1), ..., (A, ve) be eigenpairs of Hy—\Hy. Suppose that M1, ..., M

are semisimple eigenvalues of T(z). Let P, be the residue of T(z)™' at \; and let v; be

<l
given by v; == [ﬁ{ ﬂﬂ € C forj=1:(. Then forj=1:1,

P, = (BiSo+ - +Bi51) /ey
1 —1
= (%/F(JW(Z)T(z) d’z) /o,

where gy, (2) == |1 z --- zf—l] v; € Clz] is a polynomial and a; = q,,();).

Proof. Since P; = V(v; ® I,,)/a; and
V(@) = (BSo+-+8Si1)

Y/
1 .
= — E J kI (2) "M
27Ti/1‘k21 Bkz (Z) z

1
= — (2)T(2)7*
5 Fqv](z) ()" dz,

the desired result follows. O]

Theorem shows that exactly ¢ matrix moments Sg,...,S,_1 are needed for
recovering the £ residues Py, ..., Py of T(z) corresponding to the eigenvalues Ay, ..., Ay,
respectively. Also, for a random choice of u and v in C", the vectors V(v; ® v) and
U(v; ® u) are likely to be nonzero. Hence each such pair of vectors would yield a pair of

right and left eigenvectors of T(z) corresponding to A;. On the other hand, if all linearly

TH-3537_146123009



170 Chapter 6. Moment problems for holomorphic matrices

independent right and left eigenvectors of T(z) corresponding to \; are required then
rank revealing QR factorization or SVD of V(v; ® v) and U(v; ® u) can be utilized to

extract the eigenvectors.

Assume that Aq, ..., \, are semisimple eigenvalues of T(z). Then approximating the

matrix moments by numerical quadrature

N N
-~ Z () and - / 4o ()T () Mz = 3wy, () ()~
j=1 Jj=1

we have the following method.

Algorithm for eigenvector

Input: Nodes z; and weights w; for j=1: V.
Eigenpair (\;, v;) of Hy— \H, for j=1:¢.
Output: Orthonormal bases of N(T();)) and N(T(\;))*) for j =1: /.

For j=1:¢
Compute qy,(zx) = |1 2z --- zb'|vjfor k=1:N
Compute A; = sumy_, Wy gy, (zx)T(zx) "
Compute compact SVD [X;j,D5,Y;] = svd(4;)

Return the isometries X; and Y;

End

The algorithm returns the isometries X; and Y; such that R(X,) = N(T();)) and
R(Y;) = N(T()\;)*) for j =1 : £. Thus columns of X; and Y}, respectively, are orthonor-
mal right and left eigenvectors of T(z) corresponding to A; for j = 1 : £. We mention

that the polynomial gy, (z) can be evaluated efficiently at z, by utilizing the MATLAB

command polyval. Indeed, qy,(zx) = |1 z --- z& 1} vy = polyval(flip(vj), zx).
Also, qy,(z) can be evaluated at zi,...,zy by a single call of polyval as follows. Set
zz = [zy,...,2y] and compute q;zz = polyval(flip(vy),zz). Then gjzz is a vector

whose k-th component is gy, (zx) for k =1 :N.

TH-3537_146123009



6.3. Moment problems for operator-valued functions 171

6.3 Moment problems for operator-valued functions

Let X be a complex Banach space and T € H(Q, L(X)) be regular. As in Chapter [3)|
let o(T) and 04(T) denote the spectrum and discrete spectrum of T(z), respectively,
and p(T) be the resolvent set of T(z). Let yu € o4(T). Then by Theorem [3.3.6

T(2) ~p Dy(2) i= Py + (2 = )™ P+ + (2 — )™ P, (6.12)

where P; is a projection, rank(P;) = 1 for j = 1 : r and P,P; = 0 for ¢ # j. The
positive integers m; < --- < m, are called the partial multiplicities of u. The algebraic

multiplicity of p is defined as

m(p,T) :=my + -+ m,.
If o C 04(T) is a finite set then m(o, T) := >~ ., m(u,T) is the total algebraic multi-
plicity of the eigenvalues in o.

Let pu € 04(T). Then by Lemma m, T(z)~! is finitely meromorphic at u € a4(T)
and [, T(z)7'T'(z)dz is a finite rank operator, where I', is a simple closed curve in

p(T) isolating p from the rest of o(T). Further, as T(z) ~, D,(z), we have

Tr </F T(z)_lT’(z)dz> =Tr ( ] DM(Z)_lDL(z)dz> (6.13)

1
Hence by (6.12)), we have m(u, T) =my +---+m, = TTr (/ T(z)_lT'(z)dz) :
Yy Ty

Indeed, we haye DN(Z) =P+ (z—pu)™P + -+ (2 —p)™ P, and hence
DM(Z)*lD;(Z) =my(z — Al)—lpl + o+ my(z — )\Z)ilpz.

Consequently, for g € H(Q2), we have

Tr(/r

Hence for g(z) = 1 we have the desired result.

W Iz

g(z)T(Z)lT'(Z)dZ> =Tr (/F g(Z)Du(z)IDL(Z)dZ> = m(p, T)g(p) (6.14)

Let I' C p(T) be a positively oriented rectifiable simple closed curve. Set O := Int(I)
and assume that O C €. Suppose that o(T) N Int(I") = {A1,..., A} C 04(T). Then
T(z)~! is finitely meromorphic at A; for j = 1: £. Let m; be the algebraic multiplicity of
Aj for j =1 : (. Then we have the following result which is an analogue of Theorem [6.2.1]
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A - A
Theorem 6.3.1. Let mean(Ay, ..., \) := M e T e be the arithmetic mean of
my 4 -+ Ny

the eigenvalues Ay, ..., N\ of T(z). Let g € H(S). Then we have

Tr (— /r g(z)T_l(z)T'(z)dz) =mig(A\1) + -+ meg(Ne). (6.15)

2m
In particular, we have
—1rv
mean(Ay, ..., he) = Tlir((f}:TrI(‘S)_lTrI"(SzlS) '
Proof. Let I'; C p(T) be a simple closed curve isolating \; from the rest of o(T). Note
that T(z) ~», D;(z), where D;(2) is of the form . Then by , we have

Th (L /F g(z)T_l(z)T'(z)) =m;g(A;) for j=1:4

21

Consequently, we have

T (L [ )T ()T (2)dz ) = i:Tr L[ )T )T (2)dz
(o /. )

= myg(A1) + -+ meg(Ap).

Finally, considering g(z) = 1 and g(z) = z we obtain mean(Aq, ..., \p). O

By Theorem the p-th order tracial moment s, is given by

1
s, ="Tr <2— / zp T(z)lT’(z)dz> =m N\ + - +myA] for peZ,. (6.16)
i Jr
As before, construct k x k Hankel matrix Hj, and shifted Hankel matrix H . from the
tracial moments s, for p € Z,. Then by (6.16) we have the following result which is an
analogue of Theoem and whose proof is the same as that of Theorem [6.2.3]

Theorem 6.3.2. Let o(T)NInt(T") = {1, ..., A} C 0a(T) and my, ..., my be algebraic
multiplicities of Ay, ..., A\, respectively. Then A1, ..., \; are the simple eigenvalues of the
¢ x ¢ Hankel pencil PA[g — AH,. The algebraic multiplicities of the eigenvalues are given
by the £ x { Vandermonde system

1 1
my my S0
A A
‘/e p— : p—
m m Sp_
¢ -1 -1 ? —1
- 1 E =
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6.3. Moment problems for operator-valued functions 173

The number ¢ satisfies { = rank(H,) = rank(Hy) = rank(Hy,) for any non-negative

integer p, where N := sg = mq + - - + my.

Note that A, ..., A\ are the eigenvalues of the matrix A, := H[lflg. Now we define
formal orthogonal polynomials through which we construct a monic polynomial which

is the characteristic polynomial of A,.

Set 0 := o(T) NInt(I') = {A\,..., A} C 04(T). Consider the symmetric bilinear
form (-, -) : C[z] x C[z] — C given by

(62 0(2) =T (5= [ 6w)w) T} Tl ) for o(:),v(e) € €Lz,

Then observe that m := (1, 1) = my + - - - + my is the total algebraic multiplicity of the
(1, 2)
(1, 1)

Definition 6.3.3. A monic polynomial ¢,(z) of degree p is said to be a formal orthogonal

eigenvalues in ¢ and mean(Aq, ..., \y) =

polynomial (FOP) of T(z) corresponding to o if
(2%, ¢,(2)) =0 for k=0,1,...,p— 1.

An FOP ¢p(2) is called regular if it is unique.

Theorem 6.3.4. Let 0 := o(T) NInt(I") = {\1,..., A} C 04(T) and mq,...,my be
algebraic multiplicities of A1, ..., Ay, respectively. Consider the tracial moments s, for

p € Z,. Then an FOP ¢,(z) exists uniquely <= H, is invertible.
In particular, the FOP

QbZ(Z) _— a0+alz+...+a€_1zﬁ—1+zg

exists uniquely and is given by

Qo So S1 ... Sy Qo Sy
aq S1 So ... Sy aq Sp+1
Hé = = —
ap—1 S¢g—1 S¢ .. S22 Qy—1 S20-1

Further, Ay, ..., A\ are simple roots of ¢4(2). In fact, ¢¢(z) = det(zI, — H[lﬁg).
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174 Chapter 6. Moment problems for holomorphic matrices

Proof. Consider gzﬁp( ) i=ap+arz+---+a,_12P"1+2P. Note that (2%, 27) = s;,;. Hence
(2% dp(2)) = 300 a2, 27) + (25, 2P) = STV apspai + Spyp for k = 0,...,p — 1. Thus
setting (2%, ¢,(z)) =0 for k= 0,1,...,p — 1, we obtain the linear system

Qo So S1 ... Sp-1 ao Sp
aq S1 So ... Sp aq Sp+1
m| =] e i P (A1)
i ap—1 i i Sp—1 Sp ... S2p—2 1L ap—1 | | Sop—1 |

The system (6.17)) has a unique solution <= H,, is nonsingular. In particular, we know
that H, is invertible. Hence ¢y(2) exists uniquely, that is, ¢¢(z) is a regular FOP.

Next, by (6.15), we have (¢(z), ¥(2)) = mid(A)Y (A1) + -+ + (XY (o) for all
#(2),¥(2) € C[z]. Hence (2*, ¢p(2)) = myAfde( A1) + - + meXfde(Ne) for k=00 — 1.
Since (2%, ¢¢(2)) = 0 for k= 0: ¢ — 1, we have

1 .1
m1¢.z(/\1) Ny m1¢.z(>\1) 0
vl o =] | | =
mede(Ae) R mede(Ae) 0

Since V; is nonsingular, we have mydy(\r) = 0 = ¢¢(\r) = 0 for & = 0 : £ — 1. This

shows that Aq,..., \, are simple roots of ¢y(2).

Consider the companion matrix Cy of ¢,(2) given by

0 0 .. 0 —Qo
1 0 ... 0 —a
Co=101 .. 0 —a
O 1 —Qayp_1

It is well known that ¢,(2) = det(zl, — Cy). It is easy to see that PA[g = H,C, which
shows that C, = H[lﬁ]g which in turn shows that ¢(z) = det(z1, — H[ll/:;g). O

As in the case of holomorphic matrices, eigenvectors of T(z) can be recovered from

the operator moments. Indeed, define M(z) := T(z)~!. Then M(z) is finitely meromor-
phic in O. Let P; := Res(\;, M(2)) be the residue of M(z) at A; for j =1 : £. Then it
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can be shown that

1
Pj = — M(Z)dZ and R(P]) = N(T()\j)),
211 T,
where I'; is a curve in O N p(T) isolating A; from the rest of o(T) for j =1 : £. Further,
it can be shown that for p € Z,,

1

S_
P o Z

pM( dZ_Z WZ/ZPM )dZ_)\1P1+ +)\pPg

Consequently, we have the following result which extracts P; from the operator moments

So, - - -,Se_1 and can be utilized to recover eigenvectors of T(z) from those of .[/'.\[g — \H,.

Theorem 6.3.5. Let (\,v1),. .., (N, vp) be eigenpairs Ofﬁg—)\Hg. Suppose that A1, ..., N\
are semisimple eigenvalues of T(z). Let P; be the residue of T(z)™" at \; and let v; be
T

given by v; == [ﬁ{ 5;} € C’ forj=1:(. Then forj=1:1,

P, = (/B{SO+""|‘BgS€—1)/O‘j

_ (er Jate >T<z>1dz) /o,

where q,,(2) == |1 z --- zf—l] v; € Clz] is a polynomial and o := q,,();).

For j =1:(, define v; := [Sov~~-S¢,1v] vj for any v € C". Then v; is an eigen-

vector of T(z) corresponding to \; whenever v; # 0.

6.4 Computation

Let T € H(2)™*" be regular. We have seen that the eigenvalues Ay, ..., A\, of T(z) inside
the region O := Int(I") can be computed from the Hankel pencil H, — \H, constructed
from the tracial moments s, of T(z). The corresponding eigenvectors can be recovered
from the eigenvectors of H, — \H, by utilizing matrix moments S, for p € Z,. Thus

approximating the moments s, and S, by numerical quadrature

N

sp & Y 2w Te(T(z) ' T'(2))

=1

N
> 2w T(z)™
j=1

N
Q
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176 Chapter 6. Moment problems for holomorphic matrices

with nodes zy,...,2y and weights wy,...,wy, we obtain a numerical algorithm. We

illustrate performance of the resulting algorithm by considering a few examples.

Hankel eigenvalue problems such as ¢ x ¢ eigenvalue problem (H, — AH,)v = 0 are
known to be potentially ill-conditioned when ¢ is large. It is therefore advisable to
compute a small number of eigenvalues of T(z) at a time. On the other hand, when ¢
is large, the computed eigenvalues can be refined by Newton iteration to improve the

accuracy.

6.4.1 Newton iteration

Let pu be a computed eigenvalue of the Hankel pencil H, — AHy. Let f(z) := det(T(2)).
Then p is an approximate zero f(z), that is, f(u) = 0. So, the Newton’s method can be
used to refine . We have seen that by the Jacobi formula

f'(2) 1y
=Tr(T " (2)T(2)).
o = HTETE)
Setting Ao := u, the Newton’s method is given by
; 1
)\j_t,_l — )\J o f(A]) _ )\

) 7 T(T I ON)T()
Our numerical method also provides the multiplicity of u. So, when pu is a multiple
eigenvalue of T(z) with multiplicity m, we consider the Newton iteration

Te(T-1(A)T'(N))

)‘j-i-l = )‘j e (618)

to refine the eigenvalue p.

6.4.2 Backward error

For accuracy assessment of an approximate eigenvalue p of T(z) we compute the back-

ward error of p. Assume that T(z) is given by
T(z) = fi(2)A1 4+ + fuu(2)Am

for some functions fi,..., f, in H(Q) and fixed matrices Aq,..., A, in C**". Now,

consider perturbation AT(z) of the form
AT(z2) := fi(2)AAL + - + fin(2)AA,,,

where AAq, ..., AA,, are matrices in C"*". Then the backward error 4 is defined as

o T) = min {JIAI + -+ A4, 3 det(TGu) + AT() =0}
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It can be shown that (see, [22])

O—min<T<:u))
77(:“? T) = )
11 () S ()]
where oy (T(p)) is the smallest singular value of the matrix T'(u). If n(p, T) is small

then p is accepted as an eigenvalue of T(z).

6.4.3 Numerical Examples

We now consider a few numerical examples to illustrate the performance our method. We
approximate contour integrals by trapezoid method. All the computations are performed
in MATLAB and the examples are taken from the nonlinear eigenvalue problem MATLAB
toolbox [10]

Example 6.4.1 (qep,[10]). Consider Q(\) := N*M + \C + K, where

06 0 1 -6 0 100
M=1060[,C=]2 -7 0|andK=]0 10
0 01 0 0 0 0 01

The six eigenvalues of Q(\) are oo, —i, 1, 1,% and % We consider I' to be the circle
of radius 1.5 and centered at the origin 0+ 0z. Table gives eigenvalues of the Hankel
pencil ﬁg — \H, for N = 100.

Computed Eigenvalues Absolute Errors Backward Errors

1.57378568227378e-15-1.00000000000001e+001 6.41334434827567e-15 | 7.40549217176541e-15
-6.88373327490615e-15+1.00000000000000e+00i | 7.38143156488219e-15 | 8.52334300197907e-15
1.00000000000006e+00+3.91209626500391e-141i 6.95542836036101e-14 | 2.84704145948781e-14
3.33333333336468e-01+2.21436492351705e-12i 3.83808447343764e-12 | 1.14503837569542e-12
5.00000000003777e-01+2.57760136781624e-12i 4.57233449156501e-12 | 7.82612809704569e-13

Table 6.1: Center ¢ =0 + 40, radius » = 1.5 and # nodes N = 100

Example 6.4.2 (Butterfly, [I0] ). This is a quartic T-even matriz polynomial
P(A) = MA + N2 A+ N2 A, + MAL + A

of dimension m? and depends on a 10 x 1 parameter vector c. Its spectrum has a butterfly
shape. The coefficient matrices are Kronecker products with Ay and As real and symmet-
ric and Az and Ay real skew-symmetric, assuming c is real. The default is m = 8. The

coefficient matrices are generated from MATLAB NLEVP toolbox [10)].
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178 Chapter 6. Moment problems for holomorphic matrices

We consider I' to be the circle of radius » = 0.22 and centered at ¢ = —1 — 0.5:.
Table gives the eigenvalues of of the Hankel pencil H, — AH, for N = 200. We find

that all computed eigenvalues are simple.

Problem: Butterfly

Computed Eigenvalues

Backward Errors

.02618997320756e+00-6
.64617980463986e-01-6
.53854042153464e-01-6.
.94127905252742e-01-5.
.53220324727572e-01-5.
.30913090447226e-01-4.
.36379010692839e-01-4.
.67237603495008e-01-4.
.10092484618337e-01-3.
.47628789624199e-01-3.
.94552027538694e-01-3.
.358568730014987e-01-3

.85703044215422e-011
.51815654485066e-011
11439886639829e-011
351356844241971e-011
17099952102852e-011
80355996605403e-011
04087636721792e-011
30157331331871e-011
84283030851018e-011
60769566015209e-011
19324913427143e-011
.21436784098499e-011

1.71914597380728e-12
.82580443847945e-11
.51162838753142e-09
.16333532646743e-08

3

5

9

5.44292866991764e-08
6.91656032720915e-06
4.15642326925671e-08
5.38944138591991e-06
1.27908191579372e-05
4.98104057130454e-06
4.38437695933354e-08

2.57333233818091e-07

Table 6.2: Center ¢ = —1 — 0.54, radius » = 0.22, and # nodes N = 200

Observe that the computed eigenvalues of the butterfly problem have backward errors
of order 107 or less. We perform Newton iteration on these eigenvalues to improve the
accuracy. Table [6.3] shows the results after one step of Newton iteration and Table
shows the results after two steps of Newton iteration. As expected the accuracy increases

significantly.
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Problem: Butterfly

Iterated Eigenvalues (Iteration 1)

Backward Error

.02618997320821e+00-6.
.64617980453660e-01-6.
.53854040217057e-01-6.
.94127888031000e-01-5.
.53220341698702e-01-5.
.30912753585458e-01-4.
.36379010253743e-01-4.
.67236650972395e-01-4.
.10093928782547e-01-3.
.47627895889479e-01-3.
.94552041898777e-01-3.
.358568719011995e-01-3.

85703044215535e-011
51815654480523e-011
11439886362263e-011i
35135868221294e-01i
17099955869029e-011i
80358607987226e-01i
04087655723411e-01i
30155816400882e-011
84276901205813e-011
60767903899836e-011i
19324937764473e-011
21436873529427e-011

W Bk Rk © Rk NN

.55883097528700e-17
.99530167760573e-17
.84418256477503e-15
.97641072551466e-13
.08077102145015e-13
.56445338606946e-09
.00566088005300e-14
.59296907884947e-09
.33721084873891e-09
.47122453671497e-09
.23848078031660e-13
.31632300357617e-12

Table 6.3: Iterated eigenvalues and backward errors (Iteration 1)

The backward errors of the first three eigenvalues in Table is of order O(10719)

after first iteration. So we need not refine these eigenvalues. Table [6.4] shows the results

after two steps of Newton iterations.

Problem: Butterfly

Iterated Eigenvalues (Iteration 2)

Backward Error

.02618997320821e+00-6
.64617980453660e-01-6.
.53854040217056e-01-6.
.94127888031145e-01-5.
.53220341698647e-01-5.
.30912754988716e-01-4.
.36379010253795e-01-4.
.67236651050897e-01-4.
.10093936597451e-01-3.
.47627896206371e-01-3.
.94552041898822e-01-3.
.35858719013910e-01-3.

.85703044215535e-011
51815654480523e-011
11439886362263e-01i
35135868221436e-011
17099955869046e-011i
80358607551854e-011
04087655723379e-011
30155815626538e-01i
84276901220163e-01i
60767903058135e-011i
19324937764334e-011
21436873529878e-011

.19595687952740e-16
.58278173843677e-17
.17807975881956e-16
.04548405409803e-16
.22158406907252e-16
.895633215262868e-16
.53532429636910e-17
.72751991139599e-16
.01142944982932e-14
.74106400399762e-16
.80691353971286e-16
.86602811450068e-17

Table 6.4: Iterated eigenvalues and backward errors (Iteration 2)

We now consider holomorphic eigenvalue problems that arise from delay-differential

equations of the form % = Bx(t) + Az(t — 7), where 7 > 0 is a time-delay parameter.
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Example 6.4.3 (Time_delay, [10]). Consider T()\) := —\I3 + Ag + Aje™, where

0 1 0 0 0 0
Ag:=| 0 0 1 and Ay:=| 0 0 0
—a3 —az —a —bs —by —by

Here ay =~ 3.98,as ~ 108, a3 =~ 531, and b; =~ 13.6,by ~ 18.7,b3 ~ 1363. The coefficient
matrices are generated using MATLAB NLEVP toolbox [10)].

This problem has a double defective eigenvalue at A := 37i. The computed results

show 8 distinct eigenvalues. Among these, the computed eigenvalues
—8.769e-11 + 9.4248 ~ 3mi and 1.2858e-11 — 9.4248; ~ —37i

are the results of splitting of A\ due to approximation. Even without Newton iteration,

the backward errors of these eigenvalues are very small.
We consider I' to be the circle centered at ¢ = 0 + 70 and radius r = 22.0. For

N = 200, the computed eigenvalues are given in Table 6.5

Problem: Time_delay

Computed Eigenvalues Backward Errors

-4.229963973056367e-01 + 2.04853626079604e+01i | 2.80233085924428e-15
-3.96573424780551e-11 + 1.41371669411581e+011 | 1.71512374631199e-13
-1.15270625550560e-10 + 9.42477796076992e+001 | 1.11147991853796e-16
7.05244108642892e-01 + 2.74146676197162e+001 | 1.45388622820372e-10
7.05244108858527e-01 - 2.74146676258927e+001 | 1.27925250565019e-10
-1.55698546676974e-11 - 9.42477796083883e+001 | 1.33544954514744e-16
-6.25551389012847e-12 - 1.41371669411742e+011 | 9.06593511255611e-14
-4.22996397305057e-01 - 2.04853626079605e+011 | 1.61043003429410e-15

Table 6.5: Center ¢ = 0 + 0¢, Radius r = 22.00 and # Nodes N = 200
The backward errors of 4th and 5th eigenvalues in Table 6.5|is of order O(1071°). We

refine these two eigenvalues using Newton iteration for reducing the backward errors.
Table gives the results after one step of Newton iteration.
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Iterated Eigenvalues Backward Errors

7.05244109106679e-01 + 2.74146676220549e+001 | 3.42552350761054e-16
7.05244109106679e-01 - 2.74146676220549e+001 | 2.77660666816832e-16

Table 6.6: 4th and 5th eigenvalues and backward errors (Iteration 1)

Example 6.4.4. [10, Time_delay2]. Consider F(\) := Xy + By + Aje™™ with

5 -1 2 -1
BO == and Al =
-2 6 —4 1
The default value of T is 1.
We consider I" to be the circle with center ¢ = 0 + 0 and radius » = 10. For

N = 200, the computed results shows that there are 7 distinct eigenvalues inside the
circle. Table [6.7] shows the computed eigenvalues.

Problem: Time_delay2

Computed Eigenvalues Backward Errors
-1.05804451367999e+00 - 8.44995491281638e+001i | 7.07183038027321e-11
-2.26740253701666e+00 - 5.06926669987741e+00i | 1.03195870131910e-09
-6.35474596890421e-01 - 2.71752199606495e+001 | 1.37340931210166e-08
-1.53587609008173e+00 + 5.09488767432416e-111 | 1.10446099330149e-08
-6.35474596884534e-01 + 2.71752199610630e+001i | 1.37783491039590e-08
-2.26740253701299e+00 + 5.06926669987787e+001 | 1.03296718415130e-09
-1.05804451368002e+00 + 8.44995491281636e+001 | 7.07289473580911e-11

Table 6.7: center ¢ = 0 + 07, radius = 10, # nodes N = 200.

We perform Newton iteration to reduce the backward errors. Table shows the

results after one step of Newton iteration.
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Iterated Eigenvalues Backward Errors

-1.05804451362771e+00

8.44995491276330e+001 .14653408536819e-16

-2.26740253833744e+00

5.06926669783878e+001 .53739580044737e-17

-6.35474591311729e-01 - 2.71752198972701e+001 .855564287569495e-17

-1.53587607147439e+00

+

2.03903932007655e-181 .60905556137891e-16

—-6.35474591311729e-01

+

2.71752198972701e+001 .8565654287569495e-17

-2.26740253833744e+00

+

5.06926669783878e+001 .53739580044737e-17

0 © 00 N 0 © o

-1.05804451362771e+00

+

8.44995491276330e+001 .14653408536819e-16

Table 6.8: Eigenvalues and backward errors (Iteration 1)

The numerical examples considered above illustrate that our method can be gainfully
utilized to compute a small number of eigenvalues of T(2). For the numerical quadrature,
it is enough to consider N = 100 or N = 200 nodes. If higher accuracy is desired then
a few steps of Newton iteration can be used to achieve the desired accuracy. Thus
our method together with Newton iteration can be used to solve the NEP T(\)v = 0.
The main advantage of our method is that the size of the Hankel eigenvalue problem
to be solved is determined by the number of distinct eigenvalues ¢ inside the curve I"
irrespective of the total algebraic multiplicity of the eigenvalues. So, if ¢ is small then

we have to solve only a small ¢ x ¢ eigenvalue problem (ﬁ ¢ — AH))v=0.
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Conclusions

The main aim of the thesis was to study theory and numerics of holomorphic and
meromorphic eigenvalue problems. We have considered several broad problems, namely,
spectral analysis of holomorphic and meromorphic matrices, spectral perturbation the-
ory for holomorphic matrices, realization and linearization of meromorphic matrices,

and spectral recovery methods for solution of nonlinear eigenvalue problems.

Canonical forms are powerful tools for spectral analysis. Smith forms of matrix
polynomials and Smith-McMillan forms of rational matrices are well known canonical
forms which are used extensively in theory and applications. Although, local canonical
forms such as local Smith forms of holomorphic/meromorphic matrices are well known
in the literature, global canonical forms such as Smith forms/Smith-McMillan forms of
holomorphic/meromorphic matrices are not available in the literature. We have filled
this gap. We have proved, among other things, global Smith forms/Smith-McMillan
forms of holomorphic/meromorphic matrices which are akin to Smith forms/Smith-

McMillan forms of matrix polynomials/rational matrices.

Linear systems theoretic analysis (e.g., MFDs, realization theory, and system ma-
trices) of rational matrices are well known in the literature in which Smith-McMillan
form of rational matrices plays an important role. We have comprehensively devel-
oped linear system theoretic analysis of meromorphic matrices on the same lines as that
of rational matrices. We have utilized global Smith-McMillan form to develop global
MFDs, realization theory, and analytic system matrices of meromorphic matrices. We
have established relationship between canonical forms of meromorphic matrices with
those of MFDs, state matrices, and analytic system matrices. These results are akin to

corresponding results for rational matrices.

Spectral perturbation theory for nonlinear eigenvalue problem is a challenging task.

183
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We have studied spectral perturbation theory for holomorphic operator-valued func-
tions by utilizing local linearizations of holomorphic operator-valued functions. We
have derived, among other things, perturbation bounds for discrete eigenvalues (and

their corresponding eigenvectors) of holomorphic operator-valued functions.

Realization theory of rational matrices is a classical topic which is used extensively
in linear systems theory. We have developed a local realization theory, which is akin to
the realization theory of rational matrices, for meromorphic matrices. We have shown
that a minimal local realization of a meromorphic matrix can be computed by utilizing
Markov parameters. Consequently, poles of a meromorphic matrix can be computed
from a minimal local realization. Further, we have introduced the concept of local lin-
earization of a meromorphic matrix and, by utilizing a minimal local realization, we
have constructed a local linearization which subsumes the local linearization of a holo-
morphic matrix. Thus, spectral perturbation bounds for meromorphic matrices can be

easily derived from their holomorphic counterparts by considering a local linearization.

Solving a nonlinear eigenvalue problem (NEP) numerically is a challenging task. We
have shown that solving an NEP is equivalent to determining poles of an appropriate
meromorphic matrix and that poles of a meromorphic matrix can be computed from a
minimal local realization of the meromorphic matrix. Thus, we have shown that an NEP
can be solved by a minimal local realization. Also, we have proposed spectral recovery
problems for linear and nonlinear eigenvalue problems and provided their solutions. We
have shown that solutions to spectral recovery problems provide alternative numerical
methods for solving an NEP in which the size of the eigenvalue problems to be solved
is the same as the number of distinct eigenvalues sought to be determined irrespective

of the algebraic multiplicities of the eigenvalues.

Finally, we mention that numerical issues such as the conditioning of the problems
considered and the stability analysis of the numerical methods proposed in the thesis
require a detailed critical analysis. Moreover, a robust implementation of the numeri-
cal methods proposed in the thesis and their performance analysis also require further

investigation. We plan to investigate all these issues in a future work.
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