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Abstract

A control system architecture where its different subsystems, viz: the controller, actuators,
and sensors, are connected through a communication network is called a networked control
system (NCS). It provides many advantages, such as modular structure and flexibility in design.
However, communication networks, which are generally lossy, bring some serious issues, €.g.,
time-delays, packet loss, and quantization into NCSs. These issues make the design of NCSs
very complicated. In this thesis, we are concerned with investigating a few important control
problems considering the packet loss issue. They are as follows.

To begin with, the H, optimal control problem of a linear time-invariant (LTI) system oper-
ating over multiple communication channels is investigated. In order to account for the tempo-
ral correlation in packet loss, the Markovian packet loss model is considered. We formulate the
problem in a dynamic game setting. The existence conditions for the finite horizon controller
and the infinite horizon controller are derived in terms of control packet arrival probabilities and
the disturbance attenuation level. The infinite horizon controller is designed by analyzing the
convergence of the associated coupled algebraic Riccati equations (CAREs). The closed-loop
system’s stability is investigated for three cases: 1) without any external disturbance, 2) with
finite energy disturbance, and 3) with the worst-case disturbance.

We then consider Markovian jump linear systems (MJLS). For such systems, the jump linear
quadratic (JLQ) optimal controller over multiple lossy channels is designed. The existence of
a positive definite stabilizing solution of the infinite horizon CAREs associated with the JLQ
problem is established by using the weak observability notion.

Next, the results for the H,, optimal controller design problem over multiple lossy channels
are extended to an MJLS. The existence conditions for the finite horizon controller and the in-
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finite horizon controller are derived. Various results pertaining to the infinite horizon controller
are established by using a relaxed notion of observability, namely weak observability. Further-
more, the condition for the closed-loop system’s stability with the worst-case disturbance is
derived.

Then, a smooth control-affine nonlinear system is considered. For such a system, a state-
feedback H., controller is designed. Subsequently, we extend these results to a smooth nonlinear
system with the Markovian control packet loss. In our approach, we partition a subspace of
the state-space into a number of polyhedral cells and approximate the nonlinear system by a
piecewise affine (PWA) system in each of these cells. The main characteristic of the approach
is that one can design the controller by solving a set of linear matrix inequalities (LMIs), which
need to satisfy certain nonlinear constraints. Once the LMIs are solved, it is trivial to check
whether the solutions satisfy the nonlinear constraints. As LMISs are easy to solve, our approach
provides an efficient way of the controller design.

Finally, by using the PWA approximation approach, we investigate the problem of local
feedback passivation of a smooth nonlinear system. First, the local feedback passivation of a
classical nonlinear system is considered. After that, the problem of local feedback passivity
with Markovian packet loss is studied. The controller is designed by solving a set of LMIs that

are subject to certain nonlinear constraints.
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QAL

(Abstract in Assamese Language)

Networked control system (NCS) '@ g% control system architecture, T'S 3T fIfor
subsystems, A controller, actuators Wli¥ sensors{d gBf communication networkd
AU SILIST I @ | @2 architecture®id gl JRLl @R, @@: foF for 36 @@
TS 5167 BT S B (modular structure) TE FFFI AN (flexibility in design) | Reg
communication networks < ATLIRITO lossy, NCS® ﬁﬁgﬂ'ﬁ PPQL I, {A: time-delay,
packet loss @I quantizationq @At T | a8 ST NCST FHEN SfHI0BT 80 Giber
I (O | a3 N JFUAN®, packet loss TGS [@EAT S W @SB BBgs|f
control problems3 Sn® I | a8 problems F36! ©eT6 SETY FI I |

ANT®, QBT Linear time-invariant systemd JIW@ He optimal control over multiple
communication channels problem(®¥ ©%3 FT &@ | Packet lossT SNASTE SHTHIF 57515
(temporal correlation)d fI@BAT FIAL AE, Markovian packet loss @TifaBt fA@EAT It &2 |
S problem®iF dynamic game setting © S8 F&T | Finite horizon &I infinite horizon
controllerd PG BBWEIT (existence conditions) control arrival probabilities @< disturbance
attenuation level¥ I @RI I 2T | Infinite horizon controller®t FHFF FIAlT B TS
SIY® coupled algebraic Riccati equations (CAREs)< ST (convergence)d RGN I T |
Closed-loop system? T8It (stability)d o fSfRBT B I FI 2T : d) @MAT external
disturbance @IEIIF, 3) Ve ©fS< disturbanced BIT®, WIS W) worst-case disturbance I
I |

1T sfie® AN Markovian jump linear systems¥ fI@6AT IR | 9 systemsd A, jump
linear quadratic (JLQ) optimal controller over multiple lossy channels< €15~ <1 2T | Weak
observability €14l (notion)T 32IT® JLQ problemT @510 Y& infinite horizon CAREsY
positive definite stabilizing solution3 Ty SfeSt I =T |

SIgTe! SIS, Heo optimal controller design problem over multiple lossy channels
TSR MJLSste 571K 31 2 | Finite horizon controller @ infinite horizon controllerd
B BOWIX (existence conditions) WEI FIT 2T | Infinite horizon controllerd t5Tt@ S=if&®
fifeq PHSRIT 9F relaxed RN foST I 2T | ©YsifS, worst-case disturbanced BI©
closed-loop systemd f3I@IR 5@ @iz I VI WR %G 9F smooth control-affine
nonlinear systemd fABAT BT 1212 | GRIAT systemd M, 93 state-feedback Heo controllerd
FAEF I (2 |

SoIdIeTe, 93 PIFEBRIT @Y morkovian control packet loss? BT® 9% smooth nonlinear
systemleT 571 I | 92 AGoTBIe WY state-space T fo©Iq 93 subspaced TN Iggs
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WIFIRA (polyhedral) TF (cell)T Toien IR Wi GG F5F© nonlinear system(®BiF 9F piecewise
affine system (PWA)J ®ISTA (approximate)d<T 2T | 98 SHISB1R S @187 ¥'A @ @36 linear
matrix inequalities (LMIs) SWI<IN 3 controllerd FMFN I MfE, Tz PN WIS 5O
(nonlinear constraints)3 e g | I a8 LMIs (F3B! SINILN FF T, WRIAF 500! S (2 @
M3 T WS e IMHT S 517 MR | Aeg LMI STats SINtiv $ sHfF, SN stwfotst adare 31
FIRHVGIE controllerd FoEA FfIT st

SIS, PWA SISTFS! JRIR FfE SN smooth nonlinear systemsd local feedback passivation
problem®@IR T8 IR | SHANG classical nonlinear systemsd A local feedback passivation3
@B T4t Q2 | ©IF %6 Morkovian packet loss3 BTt®  local feedback passivation problem3
QLA 390 W | Controllerd FHFN L @ @2BNIA LMI SN F1 2@ W16 AN guiA
TIMRAP 59 (nonlinear constraints) STeTw Q2 (@ 13 ©IF SIIHT T @2 |
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1. Introduction

1.1 Networked control systems

As communication and networking technologies have become more sophisticated and cost-
effective, it is simple and economical to connect many devices through a communication net-
work. This has fueled the emergence of a new kind of control system architecture called the
networked control system (NCS) architecture. In an NCS, different components of the system,
viz. sensors, controllers, and actuators, which could potentially be spatially separated, are con-
nected by a communication network, possibly a wireless one. This brings in modularity and
flexibility in the design of NCSs while reducing the weight of the system [1]]. Because of nu-
merous advantages, NCSs have found applications in many areas such as supervisory control
and data acquisition (SCADA) systems, automotive vehicles, formation control, smart home

technology, etc. [2-4]

> PLANT

ACTUATORS SENSORS

COMMUNICATION COMMUNICATION
NETWORK NETWORK

'

CONTROLLER

.
Figure 1.1: Schematic diagram of an NCS

Despite the various advantages that NCSs could provide, the insertion of a network between
different sub-systems introduces many challenges, such as data packet loss, time-delay, and
quantization. This thesis is primarily concerned with the effect of the data packet loss on an

NCS.
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1.2 Data packet losses in NCSs:

1.2 Data packet losses in NCSs:

Packet loss occurs when a data packet fails to reach the destination node for various reasons
such as transmission errors, transmission time-outs, buffer overflows due to congestion, etc.
This degrades the performance of an NCS and can even destroy the system’s stability. Thus,
one has to explicitly consider the effect of the packet loss while analyzing the stability and per-
formance of an NCS. Various models have been proposed in the literature to mathematically
characterize the random data packet loss. These include the Bernoulli packet loss model [2]] and

the Markovian packet loss model [5].

* Bernoulli packet loss model: It is a simplistic packet loss model. In this model, the
packet drop process is assumed to be independent and identically distributed (i.i.d.) Bernoulli
process. Because of its mathematical tractability, the Bernoulli packet loss model has

been extensively used in the literature [2].

* Markovian packet loss model: Although the Bernoulli packet loss model is widely
used in the context of NCSs, it fails to capture the temporal correlation in packet loss
that occurs in a realistic communication network. In practice, packet losses are usually
temporally correlated. The probability of a packet drop at the current time instant is
generally related to the packet drop delivery status at the previous time instant. This

relation is effectively captured in the Markovian packet loss model [5].

1.3 Different Protocols used in NCSs:

In the context of NCSs, two different communication network protocols, namely the trans-
mission control protocol (TCP) and the user datagram protocol (UDP), are usually being used.
In the TCP-like protocol, a control packet’s reception is acknowledged, while there is no such

acknowledgment available in the UDP-like protocol [2].
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1. Introduction

This thesis is concerned with developing a few control strategies for linear systems, jump
linear systems and nonlinear systems over the Gilbert-Elliott type communication network. For
linear systems and jump linear systems, the H,, and jump linear quadratic (JLQ) optimal con-
trollers are designed for the multiple lossy channels with the Markovian packet loss model.
Finally, for smooth nonlinear systems operating over a Gilbert-Elliott type channel, controllers
that ensure the desired £, gain along with the local feedback passivity, respectively, are de-

signed using a piecewise affine (PWA) approximation approach.

1.4 Literature Review

The design of the linear quadratic Gaussian (LQG) controller under a TCP-like protocol has
been studied in [2,6]]. For the Bernoulli packet loss model, it has been shown that there exists a
critical probability for packet arrival below which the closed-loop system cannot be stabilized.
In [6], the design of the LQG controller with a UDP-like protocol has been considered. It has
been demonstrated that for such a case, the separation principle does not hold. Extending this
work, [S]] studies the LQG control problem with the Markovian packet loss model. Explicit
condition for the convergence of the infinite horizon cost function in terms of the control packet
loss probability is also presented. The LQG cheap control over imperfect communication chan-
nels is investigated in [[7-9]]. Stabilization of an LTI system over multiple channels is considered
in [10]. The LQG controller design problem for an LTI system over multiple lossy channels is
discussed in [[11]], where the packet loss model is assumed to be Bernoulli. Estimation and con-
trol with a UDP-like protocol has been studied in [[12-14]. It has been proved that the separation

principle holds for the multi-channel case if the communication protocol is TCP-like.

Using the theory of Markovian jumped linear systems (MJLSs), the H,, controller design
problem for an LTI system with random packet loss is considered in [15-18]]. In [15-17], time-
invariant controllers are designed for the Bernoulli packet loss model. On the other hand, [[18]]

considers the Markovian packet loss model and designs both fixed-gain and variable-gain con-
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1.4 Literature Review

trollers for the single-channel case. The problem of designing a robust controller, considering
an attack on the scheduling of packets, is considered in [19]]. The Minimax (H,, optimal) con-
trol problem with the Bernoulli packet loss is investigated in [20-22]. Considering a TCP-like
protocol, a state feedback minimax controller is designed in [20] with control packet erasures.
Considering both control and sensor packet losses, [21] deals with the design of an output feed-
back minimax controller and a minimax estimator. For both TCP-like and UDP-like protocols,
minimax controllers are designed in [22]. Generalizing this work, [23]] designs minimax con-
troller for an NCS with multiple lossy communication channels. The H, control over multiple
communications channels with networked induced delay is considered in [24]]. Over unreliable
acknowledgment, [25]] deals with the design of an H,, controller with both the control packet
loss and the sensor packet loss. Considering random packet losses as disturbance, an H,, con-
troller is designed in [26]. It is also shown that the proposed controller outperforms the LQG
controller. [27] addresses the resilient control problem against a denial-of-service (DoS) attack
over a single channel. Robust H,, control of an LTI system over a lossy channel and with unre-

liable acknowledgment is addressed in [28].

The H,, control problem for nonlinear systems has been extensively studied in the recent
past [29-432]]. These works depend on the solubility of a few nonlinear inequalities in order to
design the controller. In [33], a Taylor series based approach is used to design the state-feedback
H,, controller for a smooth nonlinear system around a small neighbourhood of the origin. Con-
trol of smooth nonlinear systems using PWA approximations was introduced in [34]. Therein,
the controllability and the stabilization of PWA systems and nonlinear systems are studied. The
L, gain of a PWA system is investigated in [[35,36]. The stability and the H,, controller design
problem for uncertain piecewise linear systems are investigated in [37,38]]. In [39], the reliable
H.,, control problem for a piecewise linear (PWL) system with time-delays and actuator failure
is considered. The robust H,, controller problem of an uncertain time-delay nonlinear system
with missing measurements is studied in [40]. The nonlinear functions considered therein are

sector-bound nonlinearities, and the packet loss is assumed to be described by the Bernoulli
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packet loss model.

The passivity of smooth discrete-time nonlinear systems has been investigated in great de-
tail [41-45]]. The passivity of PWA systems are studied in [35,46-48]. For smooth nonlinear
systems, [49] analyzes the passivity by linearizing around the origin. However, the results pre-
sented there are valid only inside a small neighborhood of the origin. The passivity of nonlinear
systems by approximating the nonlinear dynamics through Taylor’s theorem and a multivariate
generalization of Bernstein polynomials is considered in [50]. However, the controller design
for the feedback passivity has not been considered therein. The feedback passivity of a nonlin-
ear system with packet losse has been studied in [S1], although the packet loss model considered

is not a realistic one.

1.5 Research motivations

Although there has been a surge in research on control over lossy communication channels
or NCSs over the last few years, it is still in its infancy. There are still quite a few open and
challenging problems that need proper attention. In view of the literature survey presented in
the preceding section, some of these open problems are identified. Following are a few such

issues that draw our attention.

Most of the works in the literature deal with LTI systems over a single communication chan-
nel with Bernoulli packet losses. There are certain issues with this kind of NCSs architecture.
Firstly, the single-channel case may not always be sufficient. For example, for a team of mobile
robots with a large number of agents, sending control commands to each of the agents through
a single channel might lead to congestion in the channel. However, using multiple independent
channels to send different control commands will reduce congestion, hence increases the prob-
ability of successful packet delivery [52]. Similarly, in a safety critical system where reliability

is of great concern, such as the aircraft system, multiple actuators can be used to perform one
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specific task [53]]. Sending control commands to the actuators through independent channels
will increase the chances of receiving the required control command as compared to sending
control commands to all the actuators through a single channel. The second issue stems from
the consideration of the Bernoulli packet model. The Bernoulli packet loss model is a simple
packet loss model and does not capture the temporal correlation in packet loss in realistic com-

munication network.

The H., optimal control problem for LTI systems operating over multiple lossy channels
with Markovian packet losses has not been investigated as yet despite its practical importance.
One probable reason for this could be the increase in complexity introduced by multiple chan-
nels with Markov packet losses. Although the H,, control problem with Markovian packet loss
has been investigated recently for the single-channel case, results are only suboptimal due to
the information structure considered therein. These results depend on the availability of the
current packet loss status which is not accessible with a TCP-like protocol. Further, in the lin-
ear quadratic setting, results pertaining to the optimal controller design problem over multiple

Gilbert-Elliott channels have not been derived yet.

It is well known that a linear system is a simplistic approximation model for various prac-
tical systems. Further, in many practical systems, the system dynamics changes randomly due
to various factors such as component failure and environmental changes. Many such systems
are best described by a jump linear system model or a more general nonlinear system model.
However, there isn’t much literature that consider jump linear systems and nonlinear systems
operating over lossy communication networks. In view of the above observation, this thesis in-
vestigates a few control problem for linear systems, jump linear systems, and nonlinear systems

over the Gilbert-Elliott type communication network.
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1.6 Organization and contributions of the thesis

The organization and contributions of the thesis are as follows.

* Chapter 2: H,, optimal control of linear time-invariant (LTI) systems over multiple
lossy channels
In this chapter, the problem of H,, optimal controller design of an LTI system over mul-
tiple Gilbert-Elliott type communication channels is addressed. We have considered an
appropriate information structure by introducing a TCP-like protocol. Formulating the
problem in a dynamic game setting [54]], conditions are derived for the existence of the
finite horizon controller with random packet losses. The existence conditions for the infi-
nite horizon controller are established by studying the convergence of the infinite horizon
cost function. Important properties of the associated coupled algebraic Riccati equation
(CARES) such as monotonicity, positive definiteness are shown. Conditions for the con-
vergence of the CAREs in terms of packet arrival probabilities are investigated. Stability
of the closed-loop system in the face of random packet losses is established for three
different scenarios: (a) with no disturbance, (b) with disturbance with finite energy, and
(c) with the worst-case disturbance. A weaker notion of observability is used to prove
stability of the closed-loop system with the worst-case disturbance. The condition for
stability is found to be a relaxed one in comparison to the condition found in related

literature [[20-22]].

e Chapter 3: Jump linear quadratic optimal control of Markovian jump linear sys-
tems (MJLSs) over multiple lossy channels
The design of the jump linear quadratic (JLQ) optimal controller for a Markovian jump
linear system (MJLS) operating over Gilbert-Elliott type channels is considered in chap-
ter 3. The results generalize the existing works on the linear quadratic (LQ) optimal
control over lossy channels. The motivation for considering the problem lies in the fact
that the JLQ optimal controller is widely adopted for MJLSs. Thus, in the NCS setting,

the JLQ optimal control problem over multiple channels with Markovian packet losses
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has practical significance. Both finite and infinite horizon controllers are designed using
the dynamic programming approach. The Existence of the infinite horizon controller is
investigated by analyzing the convergence of the infinite horizon cost function. Stability
of the system with the infinite horizon optimal controller is shown. Using a weaker notion
of observability, the positive definiteness of the fixed-point solution of the infinite horizon

CAREs and stability of the closed-loop system are proved.

* Chapter 4: H. optimal control of Markovian jump linear systems (MJLSs) over
multiple lossy channels
In chapter 4, results on the H,, optimal control of an LTI system with Markovian packet
losses are extended to Markovian jump linear systems (MJLSs) operating over Gilbert-
Elliott type communication channels. Unlike earlier works on the classical H,, optimal
control of MJLSs such as [55], it is shown that a relatively weaker notion of observability
is sufficient to establish various results for the infinite horizon part. Various properties
of the associated coupled algebraic Riccati equations (CAREs) are established. Using
the notion of weak observability, positive definiteness of the fixed-point solution of the
infinite horizon CARE:s is proved. Conditions for the convergence of the finite hori-
zon CARESs, and hence the optimal cost function are presented. Further, conditions for
the mean-square stability of the closed-loop system with the worst-case disturbance and
without any disturbance are presented. The corresponding results for the classical H,
optimal control of an MJLS (i.e., with perfect communication between the controller and

the actuators) become evident, and can be derived easily from the results of this chapter.

* Chapter 5: H,, control of smooth nonlinear systems over lossy channel
Chapter 5 addresses the H, controller design problem for smooth nonlinear systems over
a Gilbert-Elliott type communication channel. A novel controller design approach is pre-
sented, which hinges on a piecewise affine (PWA) approximation [35]] approach. The H.,
control problem is addressed using the theory of dissipativity [32]. First, approximating

the nonlinear system by a PWA system, conditions for an autonomous nonlinear system to
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have a finite £, gain with respect to the disturbance input, while maintaining asymptotic
stability, are derived. Then, the H,, state-feedback controller is designed for the nonlinear
system such that, with the control law, the £, gain of the closed-loop system is less than
or equal to a prescribed disturbance attenuation level y > 0 with asymptotic stability.
Further, the H,, controller for a smooth discrete-time nonlinear system with Markovian

packet losses is designed.

* Chapter 6: Local feedback passivity of smooth nonlinear systems over lossy channel
In chapter 6, we investigate the problem of local feedback passivation of a smooth non-
linear system with random packet losses. A piecewise affine (PWA) approximation [35]]
method is employed for the analysis. To begin with, conditions for the local passivity
of an autonomous nonlinear system are derived. Then, the local feedback passivation
problem of a classical nonlinear system is investigated. Extending this work, the local
feedback passivation of a nonlinear system over a Gilbert-Elliott type communication
channel is addressed. Using the PWA approximation approach, sufficient conditions are

derived for the local feedback passivity with Markovian packet loss.

* Chapter 7: Conclusion and future works
Finally, in chapter 7, we summarize and conclude the thesis. Further, possible directions

for future research works are also discussed.
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2. H. optimal control of linear time-invariant (LTI) systems over multiple lossy channels

2.1 Introduction

The theory of the H,, control is a crucial part of the robust control theory. While the lit-
erature of the classical H,, controller design is quite old and substantial, the H., control over
lossy channel counterpart is a recent and developing area. This chapter extends the work on the
H,, controller design problem for classical LTI systems to LTI systems over a Gilbert-Elliott
type communication network. Results that are presented in this chapter generalize the exist-
ing works on the H,, controller design over communication channels with Bernoulli packet

losses [[15}/16,/18,[20-23]].

Specifically, the problem of the H,, optimal controller design over multiple channels with
Markovian packet losses is dealt with. It is assumed that the communication protocol for each
channel is TCP-like. The corresponding results for the single channel case with Markovian
packet losses can easily be derived as a special case. It is assumed that the network between the
controller and the actuators is lossy, while the network between the sensors and the controller

is lossless. As given in [56]], one can think of a practical system with this configuration.

The chapter is organized as follows. In Section[2.2] the problem is formulated as a dynamic
game. Section [2.3] deals with the design of the finite and the infinite horizon controllers, and
conditions for their existence. In Section[2.4] results are demonstrated using a numerical exam-

ple. Finally, results are summarised in Section[2.5]

2.2 Problem Formulation

Consider the following discrete-time linear system:

Xip1 = Axy + BMZ + Dywy
@.1)

ze = Cxy + Duz,
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where x; € R" is the state vector, u; € R™ is the control input to the actuators, wy € R* is the

disturbance input having finite energy, i.e., wy € ([0, o), R*), z; € R? is the controlled output.

Since the goal of this chapter is to design a state-feedback controller, it is assumed that the

state of the system x; is directly accessible to the controller.

The architecture of the network between the controller and the actuators is such that the
control unit exchanges information with each actuator through a different channel. In each of
the channels, in the event of a packet loss, the zero-input strategy is used [57]]. In the zero-input
strategy, if a packet gets lost in a channel, the actuator connected to that particular channel

becomes idle. If u; is the controller output, then one can relate u; and uy as:

MZ = Eruy, (2.2)

2

where & = diag{v,,vi, ...,

vi'}h, and vfc (i € {1,2,..,m}) is a random variable which corresponds
to the packet loss condition in the i channel. vi = 0 and v, = 1 imply a packet-loss and a
successful packet reception in the i channel, respectively. In the Gilbert-Elliott channel model,
packet losses are assumed to be governed by a two-state Markov chain. In this model, a suc-

cessful packet arrival represents the good state and a packet loss represents the bad state of the

Markov chain [|5,/58]].

Remark 2.2.1. In the system dynamics @), the control input is uj and is related to the ac-
tual controller output u;, by Equation which takes into account the Gilbert-Elliott channel
model. Thus Equation introduces the Gilbert-Elliott channel model for packet loss in the

system dynamics ([2.1)).

Remark 2.2.2. Note that although it is assumed that the controller sends control commands to
each of the actuators through a distinct and independent channel, one can modify such that

the case where the controller sends control commands to a subset of the actuators through one
TH-2488_146102019
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channel can be taken into consideration. For example, if u,l and u,%, two elements of the control
vector w, = [u, u, ..., ul'l’, are sent through one channel, then v, and v; would be represented

by one random variable.

The following notations will be used in the sequel:

(a) At a time instant k(> 1), probabilities of successful packet reception, denoted by ¥ and ji’

are given by:

v =Provi =1 = 1) and @' = Prvi = 1|vj_, = 0), Vi € {1,2,...m).

(b) The actuators are indexed by the set 4 = {l, 2, m} For every subset .# of ¢, we define
the following matrix N (.%).
1, if je s
N(S) = diagla;;}; where a;; = for j=1,2,..,m.
0, if j¢ 7
At any instant &, the value of the random variable & is equal to one of the N (.#)s. This

means that, at the instant k, the actuators that successfully receive the control command are

those indexed by the elements of the set ..

(c) For a TCP-like protocol, the information set 7 available to the controller at X time-index

is defined as follows:

Ik = {X(),...,Xk,fo,...,fk_l}. (23)

(d) Pk(N 4 )) denotes the probability, that the packet loss status in the network at the stage k

is given by & = N(.¥), conditional to the information set 74, i.e.,

PiN) = Pri& = NI\ I.)

At the stage k = 0, as the previous packet loss status does not exist, the probability
TH-2488_146102019
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PO(N (S )) does not depend on the previous packet loss condition, and is given by:

— J r—0n)
PO(N(ﬂ)) = ngr(VO = l)rgler(vO = O), VI CY.
(e) The symbol EJ[.|Z;] denotes the expected value of any function of packet loss given the
information set 7. Suppose X(.) is a map from 27 to a space which is closed under addition

and scalar multiplication.

Then E[.|Z] is given by:

E[XE|Ii] = ) PYND)XIN(L)).

£y

When the previous packet loss condition is given by &_; = N(.¥), the expected value of

X(.) is denoted by E“[X(&,)] and takes the following form.

E7[X(&)] = E[X(E)|&1 = N(2)]

Note 2.2.1. At the stage k = 0, the previous packet loss condition is not known. In this case, the

probability of a packet-loss and a successful packet arrival are given as follows [5]]:

and Pr(vf) =1)= Tog o
l_vl

-

=i

T = —

=

The control policy o« for a horizon k is a sequence (o« = {{p, ..., {x}, Wwhere {; maps the
information set 7; to the control space U, i.e., u; = {;(Z;). Similarly, the disturbance policy
1o for a horizon k is a sequence 1y = {no, ..., N}, where 1; maps the information set Z; to the
disturbance space ‘W, i.e., w; = n;(Z;). {;, and 15, denote the optimal control policy and the

optimal disturbance policy, respectively.

The following notion of stability shall be followed in the chapter.
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2. H. optimal control of linear time-invariant (LTI) systems over multiple lossy channels

Definition 2.2.1. System is said to be mean-square stable if, with u;, = 0 and w; = 0, we

have klimE[Ikallz|Io] = 0 for every xy. O

As in the standard H,, controller design problem, the main objective of this chapter is to
design a state-feedback controller u; = F(x;) with which the closed-loop system (2.1)) attains

the following two requirements:

R.1) The £, gain from the disturbance input w; € ([0, N],R®) to the controlled output z; is

less than or equal to some y > 0, i.e., for zero initial condition (xy, = 0),
N N
B[ D eallZo] <92 ) w2, VN € 2
k=0 k=0

R.2) The closed-loop system is mean-square stable.

The theory of dynamic games has been widely used in solving the problem of H,, optimal
controller design [22,54,59]. The results that are presented in this chapter shall also be derived
using the theory dynamic games. To this end, consider a two player zero-sum game with the

cost function as given below:

N-1
Inon-1smo-1) = Ellanlly + 3 Iall? = ¥wel To - (2.4)
k=0

It is assumed that C and D in (2.1)) satisfy the following:
(a) CTD = 0; (to ensure that no cross-product terms are present in the cost function),
(b) R = DTD > 0; (to ensure the well-posedness of the optimal control problem).

Then, equation (2.4) transforms to the following:

N-1
o1 mov-1) = Ellxwllwy + 3 Il + el = 2wl o], (2.5)
k=0
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where Wy >0, W = CTC and R = D' D.
Note 2.2.2. The assumptions made above are the same as those made in [54)].

For the game with cost function (2.5), the sequence of the control inputs uo is the mini-
mizing player, and the sequence of the disturbance inputs wy, is the maximizing player. The
game admits a minimax solution or the value of the game exists if it has a Nash equilibrium
or a saddle-point. The Nash equilibrium or the saddle-point policy ({;._»7;.y_;) satisfies the

following inequality:
INon=1>Mon-1) < INon-15 Ton—1) < In(Con-15Tgn-1)- (2.6)

2.3 Main Results

In this section, we first solve the H,, optimal control problem for the finite horizon case and

then extend the results to the infinite horizon case.
A. Finite horizon control:
Substituting (2.2) in (2.5), the cost function is written as follows:
N-1
Ion-1smow-1) = B[k Waxw + 3 W + ul €l Ran - ywiw| Lo @7)

k=0

The value function at the stage k, which is the optimal cost-to-go from the stage k to the stage

N, is defined as:

N-1
Vi N(xk, fk_l) = min max E [xT Wyxy + Z xTWx, + ul é"RéEu, — 72wTw, Ik]. (2.8)
’ Uk:N-1 Wi:N-1 N — ! rer g
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As a consequence of the principle of optimality, the value function at the stage k can be ex-

pressed by the following Isaacs Equation:

Vk,N(xk,fk—l) = Hblin max E [X;{ Wiy + ul El REuy, — y*wiwy + Vk+1,N(xk+l,§k)‘fk]' (2.9)

Wk

The following lemma states conditions for the existence of the finite horizon saddle-point

along with an expression for the finite horizon optimal control law.

Lemma 2.3.1. For k € [0, N — 1] and for all .¥ C ¥, consider the following coupled algebraic
Riccati equations (CARE:s):

Zn(N) = W+ (Ten(N)) E[GRE T Tn(N ) ~ A (Ein(N)) Win(N )

+ 3 PUND))|(A - BNTin(N() + Dy (M) (2.10)

<Y

X Eer1 v (ND))(A = BN(L)Tin(N () + DB (N ()]s

where

Fen(N) = (An(N)) " (E[6B Errn@|Te](4 + D1 ®en(N())) 2.11a)

"Pk,N(N (7 ))

-1
I, + (®k,N(N(fﬂ)))_1DlTE[Ek+l,N(fk)Bfk|]k](Ak,N(N(v¢)))_1E[kaTEkH,N(fk)'Ik]DI]

(2.11b)
x (@un(N())” [D{E[Ek+1,w<§k>|fk] ~ DI B[S v BE| T (Aen(N )
x E[kaTEkH,N(fk)ifk]]A,
Oun(N () = YL, — DTE[Ekt n(€0)| 7|1, (2.11¢)
An(N()) = B[&(R + BT Zet w(EDB)&| T 2.11d)
with Exn(N(L)) = Wy, V.2 C 4. (2.11e)
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Now, for the Isaacs equation (2.9), if &1 = N(F) (k > 1), the following claims are true:
(a) At the stage k € [0, N — 1], a unique saddle-point exists if and only if:

(i)
Oun(N(H) = v*L, - DIB[E &[] D1 > 0. (2.12)

(ii)

0, n(N(D)) = I, - DIE” |11 m(&)|D1 > 0;
(2.13)
for k+1<t<N-1, and V¥ C Y.

(b) If the saddle-point conditions (2.12) and (2.13)) are satisfied, then the value function at the

stage k € [0, N] is given by:

Vi(xe N()) = 3] (M) (2.14)

(c) Atk = 0, the value function is expressed as:

Vow(x0) = Von(x0. N()), V.9 €&
(2.15)

= x) Zon(N(A))xo,

(d) Exn(N(H)) 20 fork € [0,N] and V.9 CF.

(e) If the saddle-point conditions (2.12) and (2.13) are satisfied, then the finite horizon saddle-

point at the stage k € [0, N — 1] stage is given by:

up = G(I) = ~Ten(N())x wi = (T = Pen(N () )x, (2.16)

where Fk,N(N(J)) and ‘I’k,N(N(,ﬂ))for all . C 9 are finite.
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Also, the value of the game with the cost function and system dynamics (2.1)-(2.2) is given
by:

INGon-1Mon-1) = %6 Zon(N (). (2.17)

Proof: We prove the lemma using induction. We start by proving that the lemma is true for
the stage N — 1 (we consider the base case as k = N — 1, since @k,N(N (7 )) is not defined for

k=N).

At the stage k = N, observe that VN,N(xN,fN_l) = xf,WNxN for all éy_;. So, with informa-

tion set 7y, if &y_1 = N(F), we can represent VN,N(xN, fN_l) as:
View(en, N()) = i Enr(N ), (2.18)
where EN,N(N(f)) = Wy forall ¥ C¥.

Now, with information set Zy_1, if éy_2 = N(F):

E[VN,N(XN,fN—l)‘IN—l]

= Z PN_l(N(.,?))E[(AxN_I + BN(X)MN_l + D1WN_1)TWN<AXN_1 + BN(X)L{N_I + D1WN_1)].

£
(2.19)
Consider the following functional:
Hy_i n(Xn-1, Un-1, WN-1) = E[X]{;_1WXN—1 + M]{;_1§1{1_1R§N—1MN—1 - 72W;/_1WN—1 (2.20)

+VN,N(XN, fN—l)'fN—l]-
Note that Hy_j y(xn-1, Uy-1,Wn-1) 1S quadratic in uy_;, wy-;, and xy_;. Hence, it admits a
unique saddle-point if and only if all the following conditions are satisfied:

(1) P Hy—1n(XN-1,UN-1,WN-1)
2
Ouy,_,

> 0, i.e., HN_l,N(xN_l, Un-1, WN—I) 1S convex in Un-1.
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oy OPHn- (vt UN-1 WN-1)
(11) 6\4/2
N-1

(iii) There exist finite uy,_, and wj,_, such that

aHN—l,N(xN—l, UN-1, WN-1)

Ouy_,
OHyn_1 n(XN-1, Un—1, WN-1)
Owy_1

Now, from (2.19) and ([2.20):

2
0 HN—],N(XN—l s UN—1, WN—l)

2
ouy,_,

2
0 HN—],N(XN—l S UN-T, WN—I)

2
8WN_1

=0

-
(ty_yWy_y)

=0.

. s
(uy_Wyp)

Observe that R > 0 and EN,N(N(J)) =Wy >0,Y.¥ C¥. Hence,

EJ[fN—I(R + BTEN,N(fN—OB)fN—l] > 0.

Therefore,

32HN—1,N(XN—1, UN-1, WN-1) _

2
Ouy,

= B”[év1(R+ B"Eynén-DB)éx-1 ],

<0,1.e., Hy_ n(xn-1, Un-1, Wy-1) 1S cONCave in wy_;.

(2.21)

=yl + D{Eﬂ[EN,N(fN—l)]Dl = _®N—1,N(N(fﬂ))-

= Ej[gN—l(R + BTEN,N(fN—l)B)ch—l] > 0.

Thus, Hy_; y(Xy-1, Un—1, Wy—1) 1S convex in uy_;. Further, ®N_1,N(N(ﬂ)) > 0 is equivalent to

Hpy_y n(Xy-1, uy-1, Wy-1) being concave in wy_;. Also, (2.21) is satisfied when,

Uy =Ly Ina) = —FN—l,N(N(J))xN_l

Wit = Ty (D) = Bnon (N )xe,

where FN_LN(N(f)) and ‘PN_LN(N(J)) are given by

2.114

and

2.11b

(2.22)

, respectively. The

finiteness and positive semidefiniteness of Wy along with the positive definiteness of R ensure

the invertibility of Ay_x(N(#)), ¥.# C &. Further, the invertibility of ©y_; x(A/(.#)) and
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AN_LN(N(ﬂ)) ensure the finiteness of ‘PN_LN(N(J)). Consequently, FN_LN(N(J)) is finite.
Substituting for u;_, and wy_, in (2.9) with k = N — 1, and using (2.19), we get:

VN—1,N(XN—1, N(f)) = X§_15N—1,N(N(f))xzv—1,

where EN_LN(N(J)) is as given in equation (2.10)).

Clearly, as Wy > 0, W > 0, and R > 0, Hy_ y(xy-1, uy_;,wy-1 = 0) > 0. Since (uy_,, wy_,)

constitutes a saddle-point,
Hy_1 N(Xn-1, uy_1, Wy_1) = Hy-1 n(xn-1, tty_y, wy-1 = 0) > 0. (2.23)

Hence,

VN—l,N(xN—la N(f)) = Hy_ i n(Xn—1, Uy_1, Wy_1) 2 0 221

B XIT\}_IEN_l,N(N(j))XN_l > 0.

Since (2.24)) is true for all xp_;, EN_LN(N(%)) > (. Thus the lemma is true for k = N — 1.

Assume that the lemma is true for the stage (p + 1). This implies the following:
(i) If ¢, = N(¥), a unique saddle-point exists if and only if:

(i
O n(N() = VL, = DB’ Zpan(ép) D1 > 0.

(ii)

On(N(L)) = VL, - DIEZ|Eia(£)|D1 > 0;

for p+2<t<N-1, and V¥ C Y.
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(i1) If the previous conditions are satisfied:

Vt,N(xt’N(j)) = x _IN(N(J))x,, where, i—itN(N(j)) (2.25)

for p+1<t<N and V.¥ C Y.

For k = p, the necessary part of statement (a) can be proved using the same line of argument as
used in the proof of Theorem 3.2 in [54]. We now proceed to prove the sufficiency part.

Let ©,y(N( 7)) > Ofor p+1 < r < N-1,Y_# C &. With information set T ,, if £,_; = N(.9),

E[Vp+l,N(xp+1’ gp 'Ip

= 3 PUAND)E|(Ax, + BN(Duy + Diw,) Epuo(N(D))(Ax, + BN(L Y, + Dyw, ).

£cY
(2.26)
Consider the following functional:
H,n(xp, up,w),) = E[x;pr + uIT,gf;prup — yzw;wp + V,,+1,N(xp+1,§p)']p]. (2.27)

By our hypothesis =, l,N(N (7 )) > 0 forall ¢ C ¢. Using the same line of argument as for
the base case, one can show that H,, y(x,,u,, w,) is convex in uy_;, and it is concave in wy_; if

©,5(N(A))> 0, iec.,
Hy,n(xp, th,, wp) < Hpy y(Xp, 1, w),) < Hp (X, Up, W) (2.28)

Hence, at the stage k = p, a unique saddle-point exists if and only the conditions given in (2.12)

and (2.13) are satisfied. Further, the saddle-point at the stage k = p is given by:
w, = (1) = -Ton(N())xp: Wy =n3(T,) = ¥,n(N())x,
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Therefore, substituting for u;, and w), in Equations 1} (with k = p) and (2.26): V,,,N(x,,, NI ))

= xZEp,N(N(f))xp, where EP,N(N(J)) is given in Equation (2.10). The proof for EP,N<N(f))

>0,V C ¥, follows the same line of argument as for the base case.

At the stage k = 0, as there is no information available regarding the past packet loss condition,
the value function will only be a function of xj. Futher, PO(N (& )) will be the same for all ¥ C
. Thus, Toy(N()) will take same value for all .7 € &, so will ¥ y(N(5)), Oy n(N (1)),
Aon(N(#)) and Eg (N (5)). Hence, Vou(x0. N(2)) = Von(x0) = 1 Zo (N (S))xo.

Also, the value of the game with the cost function (2.7) is given as follows:

IN(o N1 Ton-1) = Vo,N(xo) = E30,1\7(/\/ (& ))Xo-

O

From Lemma [2.3.1] we infer that, for all .% € &, Z; y(N(9)), Ten(N(), Win(N (),

@k,N(N(ﬂ)) and Ak,N(N(ﬂ)) are unique.

Note 2.3.1. From analysis presented in the above proof, we have that, at the stage k = 0,

EonN(A)) will same forall I C 9.

Remark 2.3.1. If, for all packet loss conditions, a unique saddle-point exists at the stage (k+1),

then @k,N(N (S )) > 0 ensures existence of a finite solution of the CAREs (|2.10) at the stage k.

Using this argument recursively, it can be inferred that, for all .9 C ¢, if the conditions given
by (2.12) and (2.13) are satisfied then the finite horizon CAREs ([2.10) admit a unique finite

solution.

Remark 2.3.2. If one considers vf{s to be identical ¥i € {1,2,...,m} then the CAREs (2.10
becomes equivalent to the ones for an LTI over single Gilbert-Elliott type channel. Moreover,
if it is assumed that V' = i’ for all i € {1,2, ..., m} then the CAREs (@ become equivalent to
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the ones corresponding to the multiple channel with Bernoulli packet loss case, which are given

in [22].

Remark 2.3.3. For the special case when & takes only two values 0,, or 1, the results for the

multi-channel case become equivalent to the results for the single-channel case.

Remark 2.3.4. It is easy to observe that the probability that the system becomes completely
open-loop is lower with the multi-channel architecture than with the single-channel architec-
ture. To see this, one can consider a control vector having two elements, i.e., u;, = [u}( u,f]’. If
both of them are sent by through different channels, each having a packet loss probability p’,
then the probability that both the control elements do not reach their respective actuators is

(p")?. If a single channel was used, the probability would have been p'.
In the following lemma, we prove that if the saddle-point conditions are satisfied, the £,

gain from the disturbance wy to the controlled output z; is maintained.

Lemma 2.3.2. Suppose, y is chosen such that a unique saddle-point exists at the stage k = 0.
Then, with the optimal control ug ,_,, the L, gain from the disturbance wy to the controlled

output z;. of the closed loop system is less than or equal to y.

Proof: As the game admits a saddle-point,

INGon—15Mon-1) < INon—1> Mov—1) < IN(oN-15>Tg.y—1)-

Or,

TNy 1o Moev-1) < %0 Eon(N(I))xo. (2.29)
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Now, from (2.4), (2.29), and considering zero initial condition:

N-1
B[l + Izl = ¥ IwalP| 2] < 0
k=0

N- ) N-
= 3 B[l o] <7 Y [IwlP]
k= k=0

—_
—_

Hence, the £, gain from disturbance wy to the controlled output z; is less than or equal to y. O

In the sequel it is assumed that Wy = W.

Lemma 2.3.3. Fork > 1, suppose a unique saddle-point exists. Then, for a fixed N, Ek,N(N (S )) >
Eean(N(I)) forall 7 € 9.

Proof: This lemma is proved using induction.

From (2.19) and (2.20):

Hy_i n(x, ”7v-1’ 0)

= milll[xTWx + u{,_lEj[fN_lRfN_l]uN_l
UN-

+ 3 Py (NN (Ax+ BN(Dun-1 ) Exa(ND)(Ax+ BN Dun-1 )] (2.30)

LY

> x"Wx (As B’ [éy_1Rén-1] > 0 and Eyn(N(S)) = Wy 2 0)

= Vva(x. N(9)).
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Further,

Vi N(x N(ﬂ)) = xTEy_ (N(ﬂ))
= Hy_1n(x, u;kv_la W?v_l)
> Hy_ 1 n(x,uy_;,0)

(2.31)
(Since wy_ is the maximizing player)

> V(X N(2)) (by (2:30))

= x" Eyn(N(I))x.

Since (2.31) is true for all x # 0, Ey_y(N(F)) = Exn(N(S)): V.7 C 9.

Assume that the lemma is true for the stage k = p+1. Therefore, = p+1,N(N (7 )) > Ep+2,N(N (7 )),
VI CY9.

From (2.9) with k = p, and (2.26):

V(. M)

= X", n(N(H))x

= min max[ TWx + uTEj[prfp]up yzwiwp

up wp

+ 3 PN (Ax + BN(Du, + Diw,) Zpa f(NCD))(Ax + BNy + Diw, ).
Ly

(2.32)
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Also,

Vp+],N(x’ N(f))
= X", n(N(A)x

. T T wt 2.7
= min max[x Wx+u, E [€p+1REps1 Jupir —y Wpe1Wp+1 (2.33)
Up+1 Wp+1 '

+ 3 P (M) (Ax + BN(Dgur + Diwpar) Epan(N(L))
LY

X (A)C + BN(X)MVH ar D1Wp+1)}].

For any two functions f;(u, w) and f,(u, w), we have:
filu,w) > fr,(u,w) = min max fi(u, w) > min max f>(u, w). (2.34)

Observe that, when &,_; = &, = N(¥), we get that P,(N(ZL)) = Pru(N(X)), VL C 9.
Therefore, Vp > 1, from Equations (2.32), (2.33)), and (2.34):

VI,,N(x, N(f)) > Vp+1,N(x, N(j))

Consequently, EP,N(N(J)) > EPH,N(N(ﬂ)), Vpe[l,N], 7 C¥Y. O

Lemma 2.3.4. Fork > 1 and .7 €9, Exn(N(F)) = Eperva (N(S)).

Proof: This lemma is proved using induction.

Observe that: VN,N(x,N(f)) = VNH,NH(X,N(J)) = x"Wx. Therefore, EN,N(N(J)) =
Everne (N()).

Suppose, the lemma holds true for kK = p + 1 stage. Hence, Ep+1,N(N (7 )) = Ep+2,N+1(N (7 )).
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For the stage k = p,

V(2 N(5))

= X"Z,n(N())x
= min max[ TWx + uTEf[prfp] 72w;wp

+ 3PN (Ax + BN(Lyuy + Diw,) By N(D))(Ax + BN( L)y + Diw, ).

LY
(2.35)
and
Vpern (2 N ()
=x"2,. N+1(N(f))
= rbflgl ry‘}?‘[ X' Wx+ ”p+1 [fp+1R§p+1]up+l - 72W£+1Wp+1 (2.36)
+ Z Pp+l(N($)){(Ax + BN(X)Mp+1 + Dlwp+1)TEp+2,N+1(N($))
R A<
X (AX ar BN(X)M[H_] Hr D1Wp+1)}].
Therefore, if EPH’N(N(J)) = Ep+2,N+1(N(f)), for all . C ¢, then
Vo (2 N()) = Vierwar (6. NCI)), Vs (From (2.35) and (2.36))
Hence, 2,y (N () = Eprvat (N(S)). O

Remark 2.3.5. For k > 1, both xTEk,N(N(f))x and xTEkH,NH(N(f))x define the optimal

cost incurred when the system evolves from a state x for (N — k) steps. m|

Note 2.3.2. If a unique saddle-point exists at a stage k > 1, then given k, the sequence of

solutions {HkC(N(f))} = {Eict (M), Bera( N (). ... Ben( N ()} of CARES (2.10

c=k+1

increases monotonically with N, for all .9 C 9, i.e., Ek,N(N(f)) < Ek,NH(N(ﬂ)) (In light of

Lemma2.3.3|and Lemma o
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N
Lemma 2.3.5. If a unique saddle-point exists at the stage k = 0, the sequence {EO,C(N (7 ))}c:]

is an increasing sequence in N, i.e., EO’N(N(ﬂ)) < EO,NH(N(ﬂ)).

Proof: From (2.9), we express the value function at the stage k = 0 as follows:
Vow(xo) = B[ x§ Wxo + ul B[EoRE| Toluo — y>whwo + Vin(x1, &) |- (2.37)
Substituting N = N + 1 in the above Equation:

Vowai(x0) = Blxf Wxo + u E[&oRE| Toluo — Ywiwo + Viwai(x1.&)]. (239

From Note [2.3.2] ELN(N(/)) < ELNH(N(/)), VY 7 C%. Hence,

E|Vin(x1. &) < E[Vina(x. &)

Therefore, from (2.37) and (2.38):

E[VO,N(X())] < E[VO,N+1(XO):|

- xgEo,N(N(j))XQ < xgEo’N+1(N(j))xO

(2.39)

As (2.39) is true for all xo, Eon(N(5)) < Egnai(N(S)). 0

B. Infinite horizon control:

In this section, we deal with the case when N — oo. The cost function for the infinite hori-

zon case is defined as follows:

[e9)

Joliesr o) = B D xE Woxe + ul €] Réy = y*wlwi o). (2.40)
k=0

N

The following lemma states the condition for the convergence of the sequence {Z; (N (%) ,
g g ? c=k+1
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V.9 C¥4 as N — oo.

Lemma 2.3.6. Suppose, the control packet arrival probabilities {v', v, ...,v"}, {ii', i%, ..., i},

and 7y are such that the following conditions are satisfied for all finite N € Z*, k € [0,N],

I CY:
(a) A saddle-point exists, i.e., ®k,N(N(J)) > 0.
(b) dc < oo such that Ek,N(N(,ﬂ)) <cl,

Then, there exist g < oo, and E(N (7 )) < oo, YV.I C Y, such that EO,N(N (7 )) — é and for

[xh

k € [1,00)], Zn(N()) = B(N(H)) as N - .

Proof: The positive definiteness of ®k,N(N 4 )) ensures the existence and monotonicity

N
of the sequence {Ek,C(N (7 ))} et Since the parameters are such that, for all finite N € Z*,
N

k € [0,0), ¥ C ¥4, Ek,N(N(J)) < cl, for some ¢ < oo, the sequence {Ek,c(N(ﬂ))}

c=k+1

converges as N — oo (in view of Theorem 3.14 in [[60]). Similarly, monotonicity of the

sequence {EO,C(N (7 ))}]Cv:l (from Lemma [2.3.5) and condition (b) ensure that the sequence
(B (V)]
Eon(N(F)) = B and for k > 1, V.7 €4, B n(N(F)) = E(N(F)) as N — oo,

N 2 _
_, converges as N — oo. Therefore, there exist = and E(N (& )) , such that

O

N

Remark 2.3.6. Note that the sequence {@k’C(N (S )) ; ®k,C(N (I )) > 0} et for each .9 C 9,
forms a decreasing sequence in N. If the conditions given in Lemma are satisfied, then
@k,N(N (I )) converges to a positive definite value as N — oo. Thus, the conditions given in
Lemma2.3.6 ensure the existence of a unique saddle-point as N — oo. Further, if condition (a)
in Lemma does not get satisfied the value function Vi y(.) will not be well defined. In that
scenario, Isaacs equation given by (2.9) will not be well defined, and thus the analysis using the
value function will not be valid. Hence, the existence of a unique saddle-point is central to this

work. O

For N — oo and k > 1, if the sequence {Ek,C(N(ﬂ))} converges, Ek,N(N(f)) will no

N
c=k+1

longer be a function of k. Hence, for k > 1, the CAREs (2.10) transform to the following
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CAREs:
E(N) =W+ (f(N(f)))TEf |&RET(N () - yz(‘P(N(f)))T@(N(f))
(2.41)

+ 3 PrlEc = Nt = N[ (A - BNCEOT(NG) + DN )|
<Y

X E(N(2))(A - BN(T(N()) + Dy¥(N ().

where f(N(f)), ‘T’(N(ﬂ)), @(N(ﬂ)), and /_\(N(f)) are given by:
F(N()) = (A(Nm))‘l[y [ e (4 + quf(mf)))], (2.422)
(M)
-1
- (@(N(ﬂ)))_lDITE] |E(&)BE] (AN )))_IEJZ [ngTE(fk)]Dl] (2.42b)
x (O(N()) " [DTE” [2(¢)] - DTE’ [2@0Be|(A(N ) B 6820 |A.
O(N() = ¥*I, - D{E”|E(&0) | D1, (2.42¢)
(2.42d)

AN) = E7[&(R + B'EE0B)é],

It is to be noted that as B [fkak] and P(fk = N )'fk_l = N(J )) are time-invariant, the
CARE:s (2.41) are also time-invariant.

Also, the infinite horizon Isaacs equation takes the following form:
ax B [xf Wi + u & Réu — Y wiwic + V(i €011, (2.43)
k

V(xk,fk_l) = min m
u W

s eeey ‘_}m}: {ﬁl’ﬂz’-“aljm})

By applying N — oo in Lemma[2.3.1] we get the following result.
Ve,

Lemma 2.3.7. Suppose, the control packet arrival probabilities {v",
and vy are such that conditions (a) and (b) given in Lemma are satisfied for all N € Z*,
k €[0,00), and . C 9. If &1 = N(.F), we get the following results.
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(a) The value function at any stage k € [1, 00), is given by:

V(3 N() = x{E(N))x. (2.44)
And the infinite horizon saddle-point at the stage k € [1, o) is given by:
u; = Gy = TN, wi = i@ = YN (), (2.45)
(b) For k = 0™ stage, the value function is expressed as follows:
V(x0) = 0 Zxo, (2.46)
at k = 0, the infinite horizon saddle-point is given by:
uy = £3(Zo) = —Txo
A (2.47)
wo = 17(Lo) = ¥xo,
wherein, é f ‘i’ © and A are defined as follows:
2 a\T 2 2 2
E=w+(f) E[&)Rfol[o]l“ )P
R (2.48)

o(N2))[(A - BN + D#) E(M(2))(A - BN + D #))

+ P
LY
i (K)_IE[foBTE(go)‘IO](A + D) (2.492)
-1
Y= |1+ (@))_1DTE[E@O)B&)\IOJ(A)_IE[foBTE@o)Vo]Dl] ()"
(2.49b)
x | DIE[EE)|To] - DTE[E<50>B§O|IO](K)IE[foBTé@o)lIo]]A,

6 =21, - D{E[E(fo)‘IO]Dl. (2.49¢)

(2.49d)

A = B|&(R + B'E0)B)o| To],
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(c) The infinite horizon optimal cost is given by:
o * _ T5
Joo(g();om 770;00) - x() =X0,

where {. . = {3,y ...} and 1. = {75,175 .-} m|

The following symbols shall be used in the sequel.

For k> 1, Te =T(N () and W = Y(N(A)): if &1 = N(S),

=

for k=0, To=1 and ¥, = V.

The following lemma establishes the positive definiteness of the fixed-point solution E(N 4 ));

V.7 C ¢4 of CAREs (2.41)).

Lemma 2.3.8. For each . C 9, E(N (I )) is positive definite if the following conditions are

satisfied:
(a) (A, W'?) is observable.
(b) V', 9%, ..., 9"}, (@', 7%, ..., 1"}, and y are such that conditions (a) and (b) given in Lemma

J.0|are satisfied for a eEL”, kKE|]l, ) an cY.
2.3 isfied IINeZ' ke[l,o), and ¥ €94

Proof: Statement (b) of Lemma|2.3.8|ensures that CAREs (2.41)) have a finite solution, and a
unique saddle-point of the game with the cost function (2.40) exists. Fork > 1, if &_; = N(¥),

observe that,

Hy (X, ur, wy)

= Viw(x. N(9)) (2.50)

N-1
= min max E [x,(,WxN + Z er Wx, + urTfrTRfrur - 72w,Twr Ik].

Uk:N-1 Wi:N-1 &
r=

TH-2488_146102019

34



2.3 Main Results

Taking limit as N — oo in the above Equation:

N
I\IIEIolon’N(Xk’ MZ, WZ) = 1\171—1;1010 Z xJT-ij + x;rfE[ijé“]’IJ:lF]xj — ’)/ZX?T;\P]‘X]‘
=k

(2.51)
> Al,im Hy (X, uy, 0) (As wy, is the maximizing player),
where
Allim Hy (i, uy,, 0)
N (2.52)
= lim " 2T W, + xJTrfE[ijgj'J J|Eixs.

Jj=k

We have that W > 0 and E[¢;R¢ j|I ;] > 0 for all j. Thus, if Al/im [';x; # 0 for any j, then from

(.52

lim H y(xz, 1}, 0) > x| Wxy.
N—>
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Now, consider the case when Al}im I';x; = 0 for all j. Then, from (2.52), one gets:

lim Hj y(x, uy, 0)
N—>oo

N

Jj=k

= x{ Wxg + X1, Wy +x, AT WAX 1 + ...

N
+ XZ"H(AT)(n—I)WA(n—l)ka g 1\][1_{[01<J Z erer

r=k+n+1
Tr

w2 w2 (2.53)
W12A W1i2A

W1/2A2 w1242
N
= x,{ka + x,fﬂ ) ; Xpe1 + 1}]1_1)1010 Z erWx,.

r=k+n+1

W1/2An—l W1/2An—l

(A, W'/2) being observable implies that the second term in (2.53) is strictly greater than 0 (> 0)
for all x; # 0. Further, E[£;RE j|I i1 >0 (as R > 0) for all j, and W > 0. Therefore, Vx; # 0,

]\l]im Hy n(xp, ug, 0) > x,fok.
Consequently,
V(3 N() = { E(N())x

. * *
= lim Hy y(x¢, u, wy)
N—oo

(2.54)

> Al/im Hy n(xk, uy, 0) (using 4.44 )

> xf Wx;.

Since (2.54) is satisfied for all x; # 0, E(N(ﬂ)) SW>0:V.9 CY.
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If the conditions (a) and (b) of Lemma are satisfied for all k € [0, c0), then using the

same line of argument as in the proof of Lemma , one can prove that = is positive definite.

We shall now show the stability of the closed-loop system. Following analysis is required to
show stability of the closed-loop system with the saddle-point policy. System (2.1)-(2.2) with

the infinite horizon saddle-point transform to the following:

Xes1 = A ()X, (2.55)

where

(&) = A — BED, + DYy

Also, consider a dummy output (which will only be used to prove a part of final result) as given
by:
Vi = C (&)X, (2.56)

where

7 =B|(W + TTaraT — ¥ |1

We shall also need the notion of weak observability for a Markovian jump linear system.

The following definition is in line with the one given in [61]].

Definition 2.3.1. Consider the system (2.53)-(2.56). Take any initial Markov process state I,
and any two initial system states x(l) and xé. Suppose, for a known input uy, yi(xo = x(l)) = ye(xg =

x(z)), Vk < S implies Pr(x(l) = x(z)) > 0. The system is said to be weakly observable if E[S ] < oo,
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O

As shown by the following lemma, an algebraic condition to check weak observability is

also presented in [61]].

Lemma 2.3.9. System -([2.56)) is said to be weakly observable if and only if, with S < oo,
there exists a transition path {N(50), N(A), .... N(Is_)| where 7, € 4, j € (1,2,...5 -1},
for which the jump observability matrix O(.%, A, ..., Zs_1) has

(N (A))
C(N () (N (A))

rank O(%y, 41, ..., Is_1) = rank ' =n.

(N (Is-D))T3 7 (A (A)]

Note that weak observability of system (2.55)-(2.56) is a weaker notion than observability
of individual (,Qf N(A)), (NI ))) for each .# C ¢. We shall show that to prove mean-
square stability of the close-loop system with the optimal input and the optimal disturbance,

weak observability is sufficient.

We now proceed to prove that the optimal control law u; stabilizes the system.

Theorem 2.3.10. If {v',3%, ..., 9"}, {i', i%, ..., "™}, and 7y are such that the conditions (a) and (b)
of Lemma are satisfied for all finite N € Z*, k € [0,0), and . C 9, then the following

claims are true.

(a) With the optimal control law u;, the L, gain from the disturbance input wy to the controlled

output 7; of the closed loop system is less than or equal to .

(b) With the optimal control law u;, = —I'yx;, expected value of the state response of the sys-

tem @]) decays to zero asymptotically for arbitrary w = (Wi, ws, ...) € [([0, 00),R?), i.e.,
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1imE[llxIP|Zo] = 0.

(c) With the optimal control law u; = —T'ix;, expected value of the state-response of the system

for a bounded disturbance wy satisfies E[lekllz‘f o] < oo for all k.

(d) The system x4 = (A - B§T + Dl‘Pk)xk is mean-square stable if the system (2.55))-(2.56)

is weakly observable.

Proof: Part (a) directly follows from Lemma [2.3.2| by taking limit as N — oo. @(N (S ))

being positive definite ensures the existence of the saddle-point defined by the optimal strategy

(ggzm’ 77600) SO’

JDO({S:OO’ 770:00) < Jw(gg;w’ n;:oo) < Jm({():oo, 778:00)

- JOO(éVS;ooa 770:00) < Jm({g;wa 773:00) = V(-XO) < 0.

= B ) Iulfy + Wailly = ¥Iwil| Zo] < oo (from (2.40)
k=0

(2.57)

— E[ kzz(; llxell5y + ||§k”;t||12e|fo] < 00 (since wi € L([0, oo),Rs))

2 2
= B[ D Iy + Il g e | To] < 0.
k=0

As W > 0, and R > 0, (2.57) implies that both the infinite series ]E[ Z;iioHXkH%y‘fo] and

E[ Yireo ”xk”(zrk)T GRET I 0] converge. Also, as R > 0, in view of Theorem 3.23 in [[60]], con-

2
CTERET

vergence of the infinite series E[ Doneo 1l I 0] implies %imE[F kxk‘f 0] =0.

Now, we claim that (2.57) implies ]}imE[llxkllz I 0] = 0. This claim is proved using contradiction

as follows.

Let us assume that I}imE[llxkllz‘I 0] # 0. Now, using the system dynamics given by (2.1)
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2. H. optimal control of linear time-invariant (LTI) systems over multiple lossy channels

with the optimal control input u; = —I;x;,

kll_{{)loE Xp o Wit + X7, Tk )T &t REs T 1 X1 fo]
= klim{ |t AT W(Ax — 2BET i + 2Dywi) = 2x, Ty £cBT WDywy (2.58)

+x; Tf & BT WBET i + wi D] WDwi + x; T v 1 Rée Ty X

Zol}

Since hmE Fkxk’_fo =0and w € [5(]0, ), RY), 11mE[xk+1

I 0] AE[xk‘I 0] Therefore, from (2.58)):

]}LH;E[XI{H Wxisr + XZ+1(FI<+1)T§k+1Rfk+lrk+1xk+l IO]
(2.59)
2 klimE[x,{ATWAxk‘Io].
Similarly,
limE|x! W T (Tis2) EaRE AT T
Jlim [xk+2 Xie+2 + Xy o (Tk42)” S RE k2l k2 Xper2 o]
(2.60)
_ klim]E[x,{(Az)TWAzxk|ZO],
and so on.
Using equations (2.59)), (2.60).... , and the fact that (A, W'/?) is observable:
Jim E| [xg Woxe + xp (T)” &RET k]
T T T
+ [ X W1 + X (Ths1)” Eke1 RE1 D1 Xk41]
+ [y Wik + X, (Tha2) T ExaoRE T ks Xks2] + .o
(2.61)

+xf Wit + X, 1(Fk+n—1)T§k+n—1R§k+n—1Fk+n—1xk+n—1)]|I o}
= limE[xk Wi + x ATWAxy + x[ (AT WA xi + .. + x) (AT TwA™ 1xk|fo]

k—o0

= lim B[/ 0| 2] > 0
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where,

wii2 ] Wi/
wi2A wi2A

wl/2p2 w1242

W1/2An—l W1/2An—1

So, from (2.61)), if l}im]E[llkaZ’IO] # 0, we get that l}im]E[x{ka'Io] # 0. Hence, as a conse-

quence of Theorem 3.23 in [60], the infinite series );;, E[lekllév‘f 0] does not converge. There-

fore, with R > 0, if %imE[llxk||2|Io] # 0:

o] - o

Z ||Xk||W + ||xk||(rk)T$kR§ka

Thus, we arrive at a contradiction. Therefore, ]}imE[lekllz'I 0] = 0.
Proof for part (c): Consider system (2.1)) with the optimal control law u; = ~T}x; and with

a bounded disturbance wy, as follows:
Xk+1 = (A - Bfkrk)xk + Diwy. (2.62)

From the argument given for the proof of part (b), one gets that the following system is mean-

square stable.

Xir1 = (A - Bfkrk)xk

Thus, the state-responses of system (2.62)) are bounded for all bounded disturbance wy.
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2. H. optimal control of linear time-invariant (LTI) systems over multiple lossy channels

Proof for part (d): As @(N(ﬂ)) for all .# C ¥4:

JOO({S:OO’ nzk)oo) <0

2 2 2 2
= E[ Z ety + el g reer, = Y 1,y
k=0

:E[

Thus, one gets:

[ee)

=~

=0

HmE[] (W + ([0 £RET - Y (¥ W) x| To] = 0

= lim8[x] (") ¢ x| L] = 0

similarly, lim E|xf, 1 (€2 ) 6V (E )k

1|

I0]<OO

X{(W + (Fk)Tév‘:thfkrk - yz(Tk)TTk)xk‘fo] < 00,

= limE|x{ " ()6 2(Ee) € PG G| o) = 0

Also, mE[x(, (%" (r )€ (e )50 7

Io|

(2.63)

= i E[x] (7 /(&) (€226 P ) (T @] = 0.

Now,

WmE[f (120" ¢ @0 + 30 (€2 Ea) € PG i

+ ot Xp, (€ PG ) C P G 7) Xk 7

-Tr

= limE

k—o0

TH-2488_146102019

T
[+

€ (&)
(A CTRYACY,

(7 o (&)

1=k

IO] =0
C (&)
C (Exer) A (Ex)

€7 ()

xk|Io] -0

(2.64)

(2.65)
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Since system (2.535)) is weakly observable and the Markov chain {&} is irreducible, there always

exist a k and a finite .7 such that the condition given in Lemma [2.3.9] always gets satisfied.

Thus, from (2.65)), we get that /}imE[llxkllz‘IO] =0. O
Remark 2.3.7. The special case where v' = > = .. =V" =9 o' = pg*> = ... = i = f1, and

yl= [1’ foralll € {1,2,...,m}, models an LTI system over a single channel with a Bernoulli
packet loss model. In this case, <7 (&) and € (&) in Equations (2.55)-(2.56) are replaced by
(&) = A— BT+ DYy and 6 (&) = (W + \‘T,{Rl“k - yZ‘I’If‘I’k)” 2, Vk. The sufficient condition
for stability in [22] is GT'L RTy — y*W[¥y) > 0. As W > 0, this implies that €"¢ > 0 and
therefore € has rank n. On the other hand, the weak observability condition considered in
Claim (d) of Theorem[2.3.10\only requires O to have rank n. Since the rows of € are a subset of
the rows of O, this will always be satisfied if the condition given in [22] is satisfied. On the other
hand, O having rank n does not guarantee that ¢ has rank n. Therefore, a system that satisfies
the condition given in Claim (d) in Theorem [2.3.10\may not satisfy the condition given in [22].
Thus, for an LTI system over a single channel with a Bernoulli packet loss model, the stability
condition given in Claim (d) is relaxed as compared to the one given in [22]. Further, unlike
[22], as we have considered the realistic Gilbert-Elliott channel model, with m independent

channels, the number of CAREs we get is 2", each CAREs having dimension n. |

2.4 Numerical Example

Consider an LTI system with the following system parameters:
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with

To see the effect of packet arrival probabilities on the optimal cost, we have evaluated the
optimal cost for different packet arrival probabilities. In order to find the fixed-point solution

of the CAREs (2.41)) for the infinite horizon case, we solve a sequence of finite horizon CAREs

2.10) using dynamic programming and generate a sequence of EO,N(N (7 ))s, foreach .# C 9.

If this sequence converges, then the solution of the infinite horizon CAREs is taken
as the limit point of the sequence, i.e., E(N (7 )) = 1\1}1_1)1;10 EO,N(N (S )). Figure [2.1| shows the
convergence of the optimal infinite horizon cost function for ¥' = 0.92, #* = 0.89, ! = 0.91,
ji* = 0.9 (orange graph), and ' = 0.88, ¥ = 0.86, i' = 0.89, 1> = 0.87 (blue graph).
It is observed that the optimal infinite horizon cost is more for the second case (where the
control packet arrival probabilities are lower). Figure [2.2] shows that if control packet arrival
probabilities are reduced to ' = 0.4, ¥ = 0.38, @' = 0.41, i> = 0.3, the optimal infinite
horizon cost function does not converge. Figure [2.3] demonstrates the variation of the critical
disturbance attenuation level y. with respect to #' for (¥ = 0.8, ' = 0.83, i = 0.818),
(v =08, 7' =0.83, 7 =0.82), ("* = 0.8, a' = 0.83, 7> = 0.83) and (i* = 0.8, &' = 0.83,
i*> = 0.84). Likewise, Figure depicts the variation of the critical disturbance attenuation
level vy, with respect to ji* for (' = 0.86,7* = 0.87, i' = 0.88), (¥' = 0.86,7* = 0.88, i' = 0.88),
(' = 0.86,7* = 0.89, ' = 0.88) and (¥' = 0.86,7> = 0.9, i' = 0.88). The regions above the
curves in Figure 2.3 and Figure [2.4] are the feasible regions for the existence of unique fixed-
point solution of CAREs . One can see that for a given value of y,, if the value of !
(and j1?) drops below a critical value, the sequence of EO,N(N (7 ))s does not converge. Hence,
the infinite horizon CAREs (2.41)) do not admit a finite fixed-point solution. Expected value
of the closed-loop state response with a disturbance wy, = sin(0.57k)e™*/? is shown in Figure
Further, in Figure expected value of the state response of the closed-loop system
with a persistent bounded disturbance w; = 0.025 sin(0.57k) is displayed. In Figure we
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2.4 Numerical Example

have shown the state-response of the system without taking the expectation of the state x; for
a disturbance w; = 0.025 sin(0.57k). To get the response, we have first simulated two Markov
chains for two independent channels with O, 1 as its two states according to the probabilities
=09, ¥ = 091, @' = 093, @> = 0.92. Suppose, at a time index k, a zero appears
in the Markov chain which is used to model the packet loss in channel-1, it is assumed the
control packet in channel-1 is lost, and first element of the control vector u; is set to be zero
for computation of x;,;. Similarly, if 1 appears in the Markov chain at the time index k, the
optimal control law is applied for the corresponding element of the control vector to compute
Xr+1- Unlike Figure which shows the expected value of the state response E[xk|f o], Figure
demonstrates the instantaneous state response considering random packet loss. One can see
the random fluctuation of the state response in Figure due to random packet losses, which
can not be seen in Figure [2.6| From Figure [2.8] we see that if the packet arrival probabilities
are reduced to ' = 0.4, 7> = 0.38, i' = 0.41, i*> = 0.3, the optimal controller fails to stabilize
the system. In Figure [2.9] we have demonstrated the optimal cost for different y and the cost
associated with LQ control. It can be seen that as the disturbance attenuation level y increases,

the infinite horizon optimal cost for H,, optimal control converges to the infinite horizon optimal

cost for LQ control.
The following example demonstrates that, for an LTI system over a single channel network,
the stability condition given in Theorem [2.3.10] is more relaxed than the one given in [22].

Consider an LTT system with the following system parameters.

1 2 1 1 1 0 0 O 1
A=10 1 1|, B=[1}|, Di=[1|,C=]0 0 o|. D=]0

1 0 2 0 1 1 1 1 0

Thus,

W=11 1 1|, R=1
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6 . :
e .O.‘00000000‘..‘“‘...‘“‘..."QQ...‘.QQ..O..QOOO0.0
5+ 4 |
b
b
b
p

Optimal cost

_*_

0 | | | | | | |
0 10 20 30 40 50 60 70 80

N

Figure 2.1: Behaviour of the optimal cost as N increases with #' = 0.92, > = 0.89, &' = 0.91,
ii* = 0.9 (orange graph), and ¥! = 0.88, ¥* = 0.86, i' = 0.89, ii* = 0.87 (blue graph).
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%1010

Optimal cost

0 >
0

N
I
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10 12

Figure 2.2: Behaviour of the optimal cost as N increases with ¥' = 0.4, ¥* = 0.38, ! = 0.41,
)
g =0.3.
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450

400

350

300

Figure 2.3: Behaviour of y, for different #' with (i? = 0.8, ' =
' =0.83, 1> =0.82), ” =0.8, ' =0.83, 1> =0.83), #* =08, ' =
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2.4 Numerical Example

250 | | T T . .
v'=0.86, ©2=0.87, u'=0.88
51=0.86, 52=0.88, i'=0.88
v'=0.86, ©2=0.89, 1'=0.88

200 e 71 =().86, 72=0.9, ji'=0.88

150

o Convergence region of CAREs (10)
100 -
50
0 | | 1 1 | |
0.3 0.4 0.5 0.6 0.7 0.8 0.9
f2

Figure 2.4: Behaviour of y, for different > with (¥' = 0.86,5*> = 0.87, ' = 0.88), (V!
0.86,7* = 0.88, i' = 0.88), (¥' = 0.86,7> = 0.89, i' = 0.88), (' = 0.86,7* = 0.9, i’ = 0.88).
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1.5 | | T T

X, (K)
X, (k) | T
A X4 (k)

_2-5 | 1 1 |
0 20 40 60 80 100

sample (k)

Figure 2.5: Expected value of the state response with disturbance w; = sin(0.57k)e~*/? for
v =09, =091, ' =0.93, > = 0.92.
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0.5 . . . .
x4 (k)
0.4 X,(K) | 7
X5(K)
0.3 71 .

Y

] -0— /f\\/kjp\‘fk'pkfp\ljﬂklﬂbﬂ\]ﬂhp\‘}AVA&j&ﬁbﬂk’ﬂk[ﬂhﬂw{\bﬂbﬂwﬂhﬁ

-0.3 I L L I
0 20 40 60 80 100

sample (k)

Figure 2.6: Expected value of the state response with persistent disturbance w; =
0.025 sin(0.57k) for v' = 0.9, ¥* = 0.91, @' = 0.93, > = 0.92.
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Figure 2.7: State response with random packet losses and persistent disturbance w;, =
0.025 sin(0.57k) for v' = 0.9, v* = 0.91, @' = 0.93, &> = 0.92.
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Figure 2.8: State response with random packet losses and persistent disturbance w; =
0.025 sin(0.57k) for v' = 0.4, 2 = 0.38, a' = 0.41, > = 0.3.
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6 T T T Y x X _—— K X X X
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Figure 2.9: Comparison of optimal costs associated with H,, control and LQ control with 9! =
0.88, v> = 0.86, i' = 0.89, @* = 0.87.
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The arrival probability of the control signal is considered to be v = 0.95. As the control input
uy, and the disturbance input wy are scalars, I'; and P, are row vectors. Further, E[£&.RE] = VR

where R is a scalar. Therefore,
B[IT &R, — W] Wil Ti| = RTI T - 9] .

Since the matrices F,{Fk and ‘I’,{‘I’k have rank 1 (because I', and ¥, are row matrices), the rank
of the matrix VRI} Ty — y*¥] ¥, can not be 3. Hence, the condition given in [22] is not satisfied.

Now, if we consider a transition path {& = 0, &, = 1, &40 = 1}, we get the following,

Ui =Tt =T = (16177 1.6459 3.1014|s ¥r = Vir1 = Y2 =10.0826  0.0646 0.1498:

1.0826 2.0646 1.1498 —-0.5351 0.4186 -1.9516
(&) =[0.0826  1.0646 1.1498|, (&k+1) =|-1.5351 -0.5814 —1.9516|,
1.0826 0.0646 2.1498 1.0826  0.0646  2.1498

2.1677 2.4986 3.3749
ECT(ENC (&) = €T (&) CErr1) = CT(E2)C (Ers2) = | 2.4986  2.7676  3.9796 |-

3.3749 3.9796  5.8001

Thus,

o'o
= €T (ENC (&) + T (ENCT ) C Exn) T (&) + T T (ED T (Ei1)CT (E412)C Erra) A (Es))FT (&0)
4.8238 33274 6.7758

=13.3274 3.2050 4.4559

6.7758 4.4559 12.1221

(2.66)

As the matrix OO in Equation (2.66) has rank 3, we get that the jump observability matrix
O" O corresponding to the transition {& = 0, &, = 1,&., = 1} has rank 3. Thus, the condition
given in Claim (d) in Theorem [2.3.10] gets satisfied. Hence, the closed-loop system with the

saddle-point policy is stable. Figure [2.10|shows the response of the closed loop system with the
TH-2488 146102019
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optimal control law and worst case disturbance.

1.5 . . . .

ot X/’K\ T —

Elas|To]

-2 : : : :
0 10 20 30 40 50

time-index
Figure 2.10: State response with the optimal control law and worst-case (optimal) disturbance
for v = 0.95.

Therefore, even though the above system does not satisfy the condition given in [22], it

satisfies the condition given in Claim (d) of Theorem[2.3.10]
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2.5 Summary

2.5 Summary

This chapter presents the results for the H,, optimal control problem over multiple erasure
channels for both finite horizon and infinite horizon cases. Various properties of the associated
CAREs are also investigated. Further, the stability of the closed-loop system with the opti-
mal controller is established for three cases: a) with finite energy disturbance, b) without any

disturbance, and ¢) with worst-case disturbance.
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Jump linear quadratic optimal control of
Markovian jump linear systems (MJLSs)

over multiple lossy channels
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3.1 Introduction

In this chapter, we investigate the optimal jump linear quadratic control problem of a Marko-
vian jump linear system (MJLS) over multiple channels with a TCP-like protocol. Similar to
the previous chapter, communication channels between the controller and the actuators are as-
sumed to be lossy, while it is assumed that the channels between sensors and the controller are

lossless. Further, the channels are modeled by the Gilbert-Elliott channel model.

We have designed both finite horizon and infinite horizon controllers with random packet
losses. Various properties of the associated CAREs are established. Using the weak observabil-
ity notion, the positive definiteness of the fixed-point solution of the infinite horizon CAREs
is shown. Further, it is also demonstrated that the weak observability assumption is sufficient
to show the stability of the closed-loop system in the mean-square sense with the optimal con-
troller. All the corresponding results for the linear quadratic (LQ) optimal controller design
problem for LTI systems over multiple channels with Markov packet loss are presented as a
special case.

The results presented in this chapter generalizes the existing works on the LQ optimal con-
trol of linear systems over lossy channels such as [5] and [[11]. To the best of our knowledge,
jump linear quadratic optimal control of MJLSs over lossy channel has not been investigated.
Further, the weak observability assumption which is considered to show the positive definite-
ness of the solution of the CAREs and stability of the system is less stringent than the one

considered in the works on classical JLQ such as [61]].

The chapter is organized as follows. In Section [3.2] the problem is formulated. Section[3.3|
deals with design of finite horizon controller and infinite horizon controller. The convergence of
the infinite horizon cost and stability of the closed-loop system have also been investigated. In
section [3.4] with a numerical example we demonstrate our results. Finally, section [3.5] presents

the summary of works presented in this chapter.

TH-2488_146102019

59



3. Jump linear quadratic optimal control of Markovian jump linear systems (MJLSs) over
multiple lossy channels

3.2 Problem Formulation

Let us consider the following discrete-time Markovian jumped linear system:

Xer1 = A(r)xy, + B(I"k)l/tz 3.1

where x; € R" is the state vector, u{ € R™ is the control input to the actuators, r, € D =
{1,2,..., M} with M < oo is an irreducible, aperiodic and time-homogeneous Markov chain.
Transition probabilities of the Markov chain are expressed in the transition probability matrix
A = [p;j], where

Dij = P(I’k+1 = jll"k = l),Vl,] € D,k = O, 1,2,
Following terminology related to a Markov chain is followed throughout the work.

(i) A Markov chain is said to be time-homogeneous if P(ry.1 = jlry = i) = P(riq = jlr = 0);

Vk,l e Z*.

(i1) A state j is accessible from state i (written as i — j) if there exists an integer n(ij) > 0
such that

P(rn(,'j) = j|r0 = l) > 0.

(iii) A state i is said to communicate with state jif bothi — jand j — i.

(iv) A communicating class is a maximal set of states where every state communicates with

each other.

(v) A communicating class is closed if there does not exist any transition with nonzero prob-

ability from the class to a state outside it.
(vi) A Markov chain is irreducible if its state space is a single communicating class.

(vii) A state i is said to be a aperiodic or has period 1 if p; > 0.
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(viii) A Markov chain is aperiodic if all of its states are aperiodic.

(ix) Suppose ry =i € D. Consider a random variable H; such that H; = inf{n >1:r, = i}.

Now, the state i is called recurrent if
P(H; < oo'ro =i)=1.

(x) A Markov chain is called recurrent if all of its states are recurrent.

Throughout the chapter, it is assumed that state of the system x; and Markov chain state r

are directly accessible to the controller.

Let u; € R™ be the controller output, which has been sent to the actuators through lossy chan-

nels. Following expression relates u; and uj :
u, = &y, where & is as defined in Chapter 2. (3.2)

Note 3.2.1. It should be clearly noted that {r;} and {vj{}, Vi € {1,2,...,m} are independent

Markov processes.

For a TCP-like protocol, the information set Z; available to the controller at k" time-index

is expressed as:

T =1{X05 cees Xy 705 oo Ths €05 o ER-1 -

The control policy {o.x = {{o, (15 ..., &} 18 defined as a sequence of maps ¢y, {i,...,¢; from the

information set 7 to the control input set U, i.e., { : I, — U.

We now focus on finding control policy £, such that u; = () minimizes the following
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multiple lossy channels

cost function:

Inov-1) = Bl +Z||xk|| + i3, | 7o

(3.3)

2 2 2
= Bllxll}, + Z IPeelly, + Wkl | Zo]
k=0

where W, and R are symmetric matrices such that W, > 0 and R; > 0 for all .

3.3 Main Results

In this section, using dynamic programming, we shall find the optimal control law and the

optimal value of the cost function given in (3.3).

A. Finite horizon control:

One can write the value function, i.e., the cost-to-go from k™ stage as follows:

Vit T 1) = min B[y, + Z 1By, + 11, | 74 (3.4)
j=k

Using Bellman’s principle of optimality, the value function can further be expressed as:

Vien (X, e, Ek-1) = Hblin E [xlfwkxk + up EL Rty + Vior v (K15 s Trrn) Ik] (3.5)

Lemma 3.3.1. For the cost function (3.3)), subject to system dynamics (3.1)), the following claims

are true.

(a) Suppose at the (k — 1)" time index, packet loss status in the controller-to-actuator path is
1 =N(A), I CY, andr, =i € D, then the value function at stage k € [0, N] can be
expressed as follows:

= A5,
TH-2488_146102019 Vi i: N = 3Bl N ) (3.6)
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where Ek,N(i, NI )), for k € [0, N — 1], is a symmetric matrix and is generated by the

following coupled algebraic Riccati equations (CAREs):

Ein(is N(F)) = Wi + AT (B[ Xi1 w (i, £0)| T |AG)

-1

— ATG)(B[&B" 0Xan (i, &0|T]) (B[&(Re + BT 0Xenini. £0BO)E|T]) BT

x E|&B (0Xk1.v (i, E0|TL|AGD.

herein 7, 4, N(.), B(.|I;) are as defined in chapter 2, and XkH,N(i, fk) is defined as:
M
Xeo (i €0 = ) (Puee n(t,€0) (3.8)
=1
(b) The optimal control law, at a stage k € [0, N — 1], is given by
% T/ . . -1 T, D . 3 9
u; = ~(E[&(Re + B 0Xeo1 (i, £0BO)&|Te]) Bl&BT (0Xir w60 TG B9)
(c) The optimal cost for finite horizon is given by
INGn—1) = X3 Zon(ro, N(F))xo.
Proof: To prove the lemma, we use induction.

We assume the base case to be k = N — 1. For the stage k = N, it is trivial to see that

Vi (xn. i, N(9)) = X[ Eyw(i, N()xy where Eg (i, N(S)) = Wy, Vi€ Dand V.7 C 4.
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With information set 7 y_1, if ry_; =i € D and éy_, = N(F),

E[VN,N(XN7 En-1, rN)'[N—l]
M
= 3 Py N (ADxt + BON@un-1) Y (puZnll. N(L)))

Le9 =1

x (A1 + BON(Lyun-1)) (3.10)

= Z PN—l(N(a%)){xﬁ_lAT(i)XN,N(i, N(ZL))AG)xn-1

Led

+ uy N (L)B' )Xy n(i, N(L))BON(L)u-

+ 2ul,  N(ZL)B" )Xy (i, N(L)AG)xy-1 ),

where, P, (.) is as defined in Chapter 2.

Now, using || and (3.10), we can expressed VN_1,N(XN—1, i N(ﬂ)) as follows:

VN—1,N(XN—1, I N(f))

= min{ Xy Wyoixn-1 + xi_ AT OE[ Xy, fN—1)|IN—1]A(i)xN—1
N (3.11)

+ ) Bl (Ryoy + BT OXy (i, 1) BO)Ex1| Ty

+ 2ul Bléy 1 BT )Xy En-D| Iy 1 JADxy -1

From the above equation, the optimal control law can be derived as follows:

iy = [Blénar(Ryar + B ()X (i v B | T ]|

(3.12)
X Bl 1 BT (DX iy év-1)| T JAG v

Substituting the optimal control law back in equation (3.11]),
VN—1,N(XN—1, i N(f)) = x]{/_pEN—l,N(i’ N(f))xzv—l,
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where ZEy_; v(i, N(#)) is given by CAREs (3.7).

Let us now assume that Claim (a) is true for the (k + 1)” stage. So, with information set

T, if ey =i € D and & = N(F), one can represent Vi v(Xis1, Fee1, Ek) as:

Vk+1,N(xk+1a I N(ﬂ)) = X} Errrn (i N(I))Xs (3.13)

Now, with information set 7 :

E[Vie 1.8k 15 ks Tr1) Ik]

M
= 3 PUN)|(A@Dx + BONL ) > (pufiennls N2 (Al + BON(L )y}

Le9 =1

= Z PN )){X,fAT(i)XkH,N(i, N()AWDx + g N(L)BT ()X 1 v (i, N(L)BION (L
Led

+ 2ug N(ZL)B" () Xpes1 w (i, N(ZL ))A(i)xk}-
(3.14)

Combining (3.3) and (3.14):

Vi(xe . N(2))

= H}in{ xg Wiy + xf AT)E[ X1 v G, fk)'fk]A(i)xk + uf B[&(Ry + BT () Xy 1.n (i, E)BW))ENT 1 Jux

+ 2 B[&B" (DX (i, £0|TAG)x)
(3.15)

The optimal control law is given as:

;= ~[EL&Re + B ()Xo (i EOBANE|T| BLEBT ()X (i, £0|TilAG  (316)
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Substituting the optimal control law back in equation (3.15)),

V(e i N()) = xf Een(is NI,

The optimal cost is given by,

In(Gn-1) = Vow(x0, 7o, N(F)) = x Eo (0, N(I))xo (3.17)

O

As one does not have knowledge of the packet loss status & at the stage k = 0, similar to Note

2.3.1} we get the following.

Note 3.3.1. At the stage k = 0, for ary € D, EO,N(rO, N(f))s are identical for all 7 C 9.

Corollary 3.3.2. The finite horizon linear quadratic optimal controller for a linear time-invariant
(LTI) system can be derived from Lemma[3.3.1| by considering the special case where D = {1}.

The optimal controller can be expressed as follows:

il = —[E[fk(Rk + BTEkH’N(é-‘k)B)fk’Ik]]_1E[kaTEkH,N(gk)‘Ik]AXk

where, A(1) = A, B(1) = B. Fori€ Dand . C 9, Exn(i, N(¥)) is generated by the following
CAREs:

ExnIN(S))
= Wi+ ATE[EHI,N(fk)‘Ik]A - AT[E[sckBTEkﬂ,N(fk)‘fk”T[E[fk(Rk + BTEk+1,N(§k)B)§k'Ik”_1
X E[‘kaTEkH,N(fk)‘Ik]A

(3.18)
TH-2488 146102019
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Remark 3.3.1. For the case where ¥ = ji', Y1 € {1,2,...,m)}, the packet loss model becomes
equivalent to the Bernoulli packet loss model and hence, CARE: (3.18) coincide with the CAREs

given in [|11].

In the sequel, we shall assume that W, = W and R;, = R for all k.

The following lemma establishes the monotonicity of = y(i, N(.#)); Vi € D and .¥ C ¥,
which will be used in the infinite horizon part.

Lemma 3.3.3. Fork > 1,i€ D and % €9, Sin(i, N(9)) > Eeini, N(F)).

Proof: The lemma is proved using the induction.

We have Eyy(i, N(#)) > 0 = Eyyn(@, N(F)). Let us now assume that Z, y(i, N(.F)) >
BN N(SF)), i € Dand # C 4. Hence, from (3.8): X1 50, N(F)) > Xpon(i, N(F)),
iePDand ¥ C Y.

Therefore, using (3.5) and (3.14)

Vk,N(xa i’ N(j))
= X" N (i, N(F))x

= min [xT Wi+ u"B” [&RE Ju + Z PUNL)|(AGD)x + B(i)gku)TXkJ,LN(i, N(L))
Ly

x (A(i)x + B(i)gku)}]

> min [x" Wx + u"E” [6REJu+ ) P N(L)|(AG)x + B()é) Xeran(i, N(2))

Zcq
x (A()x + Bi)gwu)]| as PuN(L)) = Pea(N(L)) if &1 = & = N(I)
= Vinn(x, i, N(F))
= xTEkH,N(ia N(A))x

(3.19)
TH-2488 146102019
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As (3.19) is true for all x # 0, one can infer that Z; y(i, N(.¥)) > E 1 n(0, N(F)). O

Note 3.3.2. As the Markov chain is time-homogeneous, and it is assumed that W, = W, R, = R,
Yk, it is easy to see that Vin(x,i, N(F)) = Vion—r(X, i, N(I)) forallr < k—1,i € D and
S C 9. Hence, 5y n(i, N(I)) = Ej_pnr(i, N(F)). Therefore, from Lemma it can be
concluded that 2 y(i, N(7)) > By n-1(i, N(F)) for all k > 1. O

Now, using the same line of argument as used in the proof of Lemma[2.3.5]in Chapter 2 and
Note[3.3.2] we get the following lemma.

Lemma 3.3.4. ZEg y(i, N(H)) = Egn-16, N(F)), forall  C G and i € D. O
B. Infinite horizon control:

In this section, we obtain the infinite horizon optimal controller by considering N — oo. For
doing this, we shall use the concept of stochastic stabilizability. We extend the definition of
stochastic stabilizability for classical MJLSs given in [62] to MJLSs with packet losses as fol-

lows.

Definition 3.3.1. System is said to be stochastically stabilizable for the control arrival

probabilities {V', V%, ...,v"} and {ii', 1%, ..., i} if there exists a gain K such that, with control

input u, = —Kxy, the following inequality is satisfied:

S i) < o0

k=0

O

By the following lemma, the convergence of the cost function (3.3) as N — co will be es-

tablished.
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Lemma 3.3.5. Suppose system is stochastically stabilizable for the control arrival prob-
abilities {v',7%,...,v"} and {i', i, ..., i}, then the infinite horizon problem has a well define

solution.

Proof: Since system (3.1) is stochastically stabilizable, there exists a control input u; =
—Kx; such that 3,2 E[lekllz‘f 0] < oo. The infinite horizon cost incurred with this control input

is given by:

Jollore) = i el + sl | o]

k=0
Z Xk W+E§k7< R(}(€k|jk Xk '[0
k

=0
< o8] > I|zo)

k=0

(3.20)
<

where, 6 = pua{W + BZ|&KTRKE]).

Clearly, we have: Joo({;..)) < Joo(dp:eo) < 00.

Now, from (3.17) and considering N — oo, we can write the infinite horizon cost as follows:

Jeo(dye) = Jim xo Eo v (i, N(Z))x0 (3.21)

As, Jo(Z5.,) < oo for all xo, we get that Zg y(i, N(F)), Vi€ D, & C ¥, is bounded as N — co.
This, in turn, implies that Z; (i, N(-¥)), for k > 1, is bounded as well. Also, from Note|3.3.2]
Z.n(i, N(.#)) is a monotonically increasing function in N. Therefore, there exists Z(i, N(.¥))

such that, for all k > 1, Z, y(i, N(#)) — E@i, N(F)) as N — oo, where =(i, N(.%)) is the

TH-2488_146102019

69



3. Jump linear quadratic optimal control of Markovian jump linear systems (MJLSs) over

multiple lossy channels

unique fixed-point solution of the following CARE:s.

2, N(2)) = W + AT(DE”|X (i, &) |AG)
- ATG)(B7 [a(B 0XG.£0)) (B [&(R + B" )X £0B0)&|) B [&B )X, &0|AG)
(3.22)

herein, X(i, N(.#)) = £ {puE(t ().
Z(i) such that, Zo (i, N(#)) — Z(i), as N — oo, where E(i) is the

Similarly, there exists
unique fixed-point solution of the following CAREs.

2(0) = W+ ATDE[XG, &)| To|AG)
- ATG)(E[0B" OX (. &)| 1)) (E[éo(R + BT )X (. &0)BW)al To]) B[ (0K &0)|To]AG)
(3.23)

The following Lemma presents the infinite horizon version of Lemma [3.3.7]
2

Lemma 3.3.6. If the control arrival probabilities {v', v, ...,v"} and {i', ii?, ..., i} are such that
system is stochastically stabilizable, then:

(a) For & = N(¥) and r, € D, the infinite horizon value function, at a stage k > 1, is given
(3.24)

by:
V(e i, N(I)) = x[ 26N ()

(b) The infinite horizon optimal control law, for k > 0 is given by
(3.25)

i, = -|E|&(R + B" ()X, fk)B(i))fk‘Ik”_lE[kaT(i)X(i, A EATIGE

TH-2488 146102019
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(c) Optimal infinite horizon cost is given by:

Joli) = Vo, 10) = xTE(ro)xq (3.26)

Corollary 3.3.7. If the packet loss status is given by &1 = N(Z), k > 1, then, for a stage

k > 0, the infinite horizon optimal controller for an LTI system is expressed as:

=1
i = —[E[&(R + BTE(&)B)&\&]] BléB" 20| i]Ax: (3.27)
where Z(&), Y.Z C 9, is the fixed-point solution of the following CAREs:

EN(H))
-1

T
=W +ATE”|E@&)|A - AT[E" [kaTE@k)]] [E’ &R + BTE(fk)B)fk]} E”|&B EE)]A

(3.28)

We shall now state the definition of weak observability of system (3.1)) similar to Definition
2.3.1] which is in line with one given in [61]. This notion shall be used in the subsequent results.

We shall use the following dummy output in the sequel.
yi = €(r)xy, where €(x) = W'2(ry). (3.29)

Definition 3.3.2. [61|] Consider system ([3.1)-(3.29) without disturbance (w, = 0). Take any
initial Markov process state ry, and any two initial system states x(l) and x(z). Suppose, for a
known input uy, yi(xo = x(l)) = ye(xo = x(z)), Vk < S, implies that Pr(xcl) = x%) > 0. The system is

said to be weakly observable if E[S ] < 00, O

An algebraic condition to test weak observability as given by lemma below.

Lemma 3.3.8. [[61] System (3.1)-(3.29), without disturbance (wy = 0), is said to be weakly
observable if and only if there exists a transition path {ry, 1y, ..., rs_1} inside D with § < oo, for
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which the jump observability matrix O(ry, 1y, ...,¥s_1) has
€ (ro)
% (r1)A(ro)
rank O(ro, 11, ...,rs_1) = rank ' =n.

| (rs DTS 2AGr)|

Remark 3.3.2. In [61], the condition for weak observability is presented for the case when the
Markov chain has more than one closed communicating class. In our case, as the Markov chain
{r¢} is irreducible, we have only one closed communicating class D. Hence, the system will
be weakly observable if there exists a transition path {ro, ri, ..., rs_1} inside D with S < oo for

which the condition given in Lemma3.3.8)is satisfied. O

Lemma 3.3.9. Suppose {(v',7%, ...,9"} and {i', i?, ..., "™} are such that system is stochas-
tically stabilizable. Further, if system (3.1)-([3.29), with u, = 0, is weakly observable, then, for
alli€ D, ¥ €Y, £(i) > 0 and E(i, N(.5)) > 0.

Proof: As {(¥',¥%,...,9"} and {1, i, ..., i""} are such that system (3.1)) is stochastically sta-
bilizable, from Lemma [3.3.6, one gets that Vi y(x, i, N(-#)) converges to V(x;,i, N(.¥)) as

N — oo,

Then, taking limit as N — oo in Equation (3.4),
V(X i, Ex—1) = im Vi v (X, 7, Ex-1) = Z E[X;W(rf)xf + x;FJngfR(rf)é:frfxf‘Ik]a (3.30)
N—oo =

where, if ry = i,

TH.2488 146100b15 ELE(R + BTOXG, £0BO)&| | BB X £0| T A, (3.31)
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Suppose I'yx; # 0 for any r; € D. Then as ]E[ng(i)gf'If] > 0 for all f, and W(ry) > 0 for all
ry € D, one gets:

V(xk, i, N(f)) = x,{Ekxk > 0,
where, for k > 1, 5, = £(i, %) if &y = N(¥), and Eo = E(i).
Now, consider the case when I'yx; = O for all ry € D. Then, for w; = 0, the state equation @)

for all k£ transforms into:

X1 = A(ri)x. (3.32)

Therefore, from (3.30) and (3.32):

V(xe, i, N(F))

i E[x? W(rf)xf'fk]
=k

f
E[x,{W(i)xk + X W) Xeet + oo+ X W(rp)x, + X, AT (rp))W(rp i1 )A(r,)x, +

(7 AG)) W (I A ), + W 1]

t=p+F+1

[se]
TWw(s T T
= E[xk W@)xi + xp 0 Wk 1) Xie1 + oo + xp@(rp, Fotls - rp+g xXp + Z X, W(t)xt

t=p+F+1

I,
(3.33)

where

—_ T
@(rpa rp+17 see rp+32.) - ﬁ (r[n rp+1, cre rp+9)ﬁ(rp’ rp+1’ seey rp+y)a

ﬁ(rp, Fpils oo rp+g) is as defined in Lemma|3.3.8|

Suppose, for a given Markov chain state r,_;, S}*, is the set of all transition paths of length

(J — k) that the Markov chain {r;} follows with nonzero probability. Let #Z (ry, ..., rer 7

Tk-1)

be the probability that, from the stage k to k + .7, the Markov chain {r;} follows a transition
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path {re, st .o Tiw 7} given iy, and _Z (rp, ..., rp+(,oz‘{rk, ..., 'p-1}) be the probability that, from
the stage p to p + .%, the Markov chain {r;} follows a transition path {r,, rp.1, ..., 7p+.z} given

that it has followed the transition path {ry, 741, ..., 7,1} from the stage k to p — 1. Then,

E[xlf?!/(rp, Fpils oo rp+g)xp‘fk]

= Z [/(Fkﬂ, . rp—l’rk)(nf:_klA(rl)xk)T Z [Z(rp, s Tprz—i[{Tists s Fpo1})

s Srp,1
k+1:p-1 (Fps-eslp+ 7 -1)€ pip+ F -1

X ?,V(rp, cey rphg)](ﬂfz_klA(rl)xk)].

(rk+1,..,rp71)€3

(3.34)

By our assumption, system —@), with u, = 0, w, = 0, is weakly observable. Thus, there
exists a transition path of finite length {i),, )41, ..., i+.#} such that the jump observability matrix
with respect to that particular transition path has full column rank. Due to the irreducibility of
the Markov chain {r;}, one can choose a finite p such that the probability of such a transition
path occurring is nonzero. Hence, the probablity that the matrix % (i,,, e T A y) has full

rank is nonzero. Therefore, from @:
E[x;@(rp, Ppils e rp+y)xp‘fk] >0 (3.35)
Thus, as W(r,) > 0 for all r, € D, from (3.33), (3.35), and using lemma[3.3.6;
V(xe, i, N(F)) = x) Epxp > 0 (3.36)

Since (3.36) is true for all x; # 0, Z; > 0. Therefore, é(i) > 0and 2(i, #) > 0foralli € D and

I CY. O

The following two results is used to prove the stability of the closed-loop system.

Lemma 3.3.10. [63] An irreducible Markov chain with a finite number of states is always

recurrent. O
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Lemma 3.3.11. [64] For an irreducible, recurrent and aperiodic Markov chain, the limiting

distribution for each state is nonzero, i.e.,

lim Pr(r, = j‘ro =i)>0, VijeD.

n—oo

We use the following notion of stability in this chapter.

Definition 3.3.3. System (3.1)-(3.2), with u; = 0, is said to be stable in the mean-square sense
if
klim E[llxkllzifo] =0, forall xo and ry.

Theorem 3.3.12. Suppose {v', 72, ..., 9"}, {a', i?, ..., "} are such that system is stochas-
tically stabilizable. Further, if system (3.1)-(3.29), with w, = 0, is weakly observable, then,
system (3.1)-(3.29) with the optimal control input (3.25)) is stable in the mean-square sense.

Proof: As (', %, ...,v"} and {1, i, ..., i} are such that system (3.1)-(3.29) is stochastically

stabilizable, the infinite horizon cost is well-defined. Thus,

Joo({pe0) < 00

(o)

2 #112
- E[ Z llxk”W(rk) * ”uk”fkR(rk)é"k IO] <o (3.37)
k=0
2 2
— ; (IRl + 19580 s, [ 0] < o0

where, I'; is as defined in (3.37).

Since W(ry) > 0, E[fkR(rk)fk'I «] > 0 (as R(ry) > 0) for all k, r, € D, (3.37) guaranties the

2

convergence of the infinite series Y7, E[llxkllw(rk) + ||| 12

T &R(r)ET

To| and %32 E| |l

7 &R(r)éT

I 0]. Now, this in turn implies

that the infinite series Y2, E[llxklla,(rk)
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2
IT&R(r)é&ET

I 0] = (. Hence, as E[fkR(rk)fk'I k] > 0 for all r, € D, one gets that

of Theorem 3.23 in [60], convergence of the infinite series ) ;- ]E[lekll I 0] implies

. 2
that ;}LTOE[HX" reroar,

I}iml"kxk = 0 with probability 1.

We now claim that if the infinite horizon cost is well-defined, then /}imE[llxkllz‘I 0] = 0. We

shall use contradiction in order to prove the claim. Assume that ]}imE[IkaIIZ‘I 0] # 0.

Using the system dynamics (3.1]) with optimal control input u; = —I';x;:

HmE[xf,,, W(rke )51 o]
= imE[{ A" ()W (re)(A()x = 2BOET ) + x,{r,fngT(rk)W(rk+1)B(rk)rkxk‘fo].

(3.38)

As limTx; = 0 with probability 1, from q; lim ENE lim |A(r)x |- Thus, (3.38) implies:

p—oo

HmE[x{,, Wri) | Zo] = mE[x[ AT (r0W(r)ACx| Zo]. (3:39)

In similar fashion, we get:

WmE[x,, W(rie2) 52| o

= l}LI?OE[szAT(FkH)W(rk+2)A(rk+l)xk+1

Io] (3.40)

= limE[x AT (r)A” ()W) A DAG | To .

and so on.
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From equations (3.39), (3.40),..., one gets for .% > n:

I}LTOE[XZW(Fk)Xk + X W)X + X o W) X + o + X;Q(,@W(rmﬁ)xmy‘fo]

= ]}LTOE[XIZW("k)Xk + x; AT (r)W(ris DA xi + xp AT (r) AT (ree ) W (ria2) A(re DA () xe + ..
] (7 AG)) W T ™ A o)

= limE[x,fg(rk, Thals oeos rk+y)xk']'0].

k—o0

(3.41)

Note that the Markov chain {r;} is irreducible and has a finite number of states. Thus, from
Lemma it is recurrent. Hence, in light of Lemma [3.3.11} it has a nonzero limiting
distribution for all the states. Therefore, one can prove the following inequality by using the

similar line of argument as used in the proof for Lemma3.3.9]

%i_)rgE[x,{@(rk, Thtls oees rk+y)xk|fo] > 0. (3.42)

Then, from (3.41) and (3.42), one easily gets that, for certain ry, ]}im]E[xZW(rk)xk'I o] # 0.

Therefore, considering Theorem 3.23 in [60], we can infer that the infinite series ;- E[x,{ W(rk)xk‘f 0]

does not converge. Further, E[fkR(i)‘fk’I k] > (0 forall k € [0,00),i € D. Thus,

2 2
E| g el + Il e, [ F0] = -

Hence, we arrive at a contradiction. Therefore, we must have limE[kaHQ‘I 0] =0.
k—o0
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3.4 Numerical Example

Consider MJLS (3.1)) with the following system parameters:

re ={1,2}
A(l)=2.1, AQ)=2.3,
B(1) = BQ2) = [1 z],

W:1, Rzlz.

Switching probabilities for the Markov chain {r;} is considered as: p;; = 0.4, p;; = 0.6,
p» = 0.75 and p;; = 0.35. Figure @ shows that with two sets of control packet arrival
probabilities ' = 0.7; > = 0.73; a' = 0.55; 2> = 0.65 and ¥' = 0.72; > = 0.75; 3" = 0.57; > =
0.67, the optimal cost converges as the horizon N increases. Thus, the infinite horizon optimal
controller is well-defined for these two sets of control packet arrival probabilities. If the control
packet arrival probabilities are reduced to #' = 0.52; #* = 0.55;' = 0.47;i*> = 0.47, then
it can be observed that optimal cost does not converge as the N increases, which is shown
in Figure Therefore, an infinite horizon optimal controller can not be designed for these
control packet arrival probabilities. Figure[3.3|demonstrates that the closed-loop system with the
optimal controller is stable in the mean-square sense with control arrival probabilities ¥' = 0.9,
v =093, 2! =0.85, 7> = 0.75.

By the following example, we show that, unlike observability of each subsystem as given
in [61], weak observability is sufficient for stability. Consider an MJLS with the following
parameters.

D ={1,2},

1 0 1 1
A1) = . B(l) = . C(1) = [1 1].
0 1 0 1

TH-2488_146102019

78



3.5 Summary

I 1
w(l) = CcT(Hc() = ,» R(1) = ;

1 1 1 1
AQ) = . BQ2) = . CQ) = [1 1].
0 1 0 1

I 1 1 0
w(©2) = C'(Q)CQ) = , R(2) = ;
™. 0 1

For this system (A(l), C (1)) is not observable. Thus the results given in [61] can not infer
stability for the system. However, as the system is weakly observable (since (A(Z), C(Z)) is
observable) our analysis can be used to infer stability of the system. Figure shows that with the

optimal controller the closed-loop system is stable in the mean-square sense.

3.5 Summary

In this chapter, we have investigated the jump linear quadratic optimal control of an MJLS
over multiple channels considering correlated packet losses. Finite horizon and infinite horizon
controllers are designed considering a TCP-like case. The convergence of the infinite horizon
cost function and the resulting existence of the infinite horizon controller are also investigated. It
is observed that if the control packet arrival probabilities are greater than certain critical values,
then the infinite horizon CAREs converge to the unique fixed-point solution. Moreover, as a

special case, finite horizon and infinite horizon controllers for an LTI system are also derived.
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3. Jump linear quadratic optimal control of Markovian jump linear systems (MJLSs) over
multiple lossy channels

Optimal cost

0 1 1 1 | |
0 50 100 150 200 250 300

N

Figure 3.1: Behavior of the optimal cost as horizon N increases with #! = 0.7; #* = 0.73; ! =
0.55; 1> = 0.65 (blue graph) and v' = 0.72; #* = 0.75; i’ = 0.57; i*> = 0.67 (orange graph).
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%102

Optimal cost

1 - .

O M o o D o o O D A T D OO
0 10 20 30 40 50
j\.'—
Figure 3.2: Behavior of the optimal cost as horizon N increases with ¥ = 0.52; #* = 0.55; ' =
0472 = 0.47.
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3. Jump linear quadratic optimal control of Markovian jump linear systems (MJLSs) over
multiple lossy channels
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Figure 3.3: State response of the closed-loop system with #' = 0.9; #* = 0.93; a! = 0.85; > =
0.75.
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Figure 3.4: State response of the closed-loop system with #' = 0.94; #* = 0.93; ' = 0.95; 2> =

0.95
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4.1 Introduction

4.1 Introduction

In this chapter, we extend the results of Chapter 2 to an MJLS. Similar to Chapter 2, each
channel is modeled as a Gilbert-Elliott type communication channel. Sensor-to-controller chan-
nels are assumed to be lossless.

To the best of our knowledge, H., control of MJLSs over multiple lossy channels has not
been investigated yet. Further, works on the classical H,, control of an MJLS such as [55]]
and [|65]] consider a more stringent observability notion to establish various results. However,
in this chapter, we consider the less stringent weak observability notion which is sufficient to
prove the positive definiteness of the solution of the associated infinite horizon coupled Riccati

equations, and the stability of the closed-loop system.

The chapter is structured as follows. Section {4.2] describes the H,, control problem with
packet losses. Section[.3|contains the solution to the problem for both finite and infinite horizon
cases. The convergence of the infinite horizon cost function and the stability of the closed-loop
system are also investigated. Simulation results are presented in Section followed by a

summary in section 4.3

4.2 Problem Formulation

Consider the following discrete-time MJLS:

Xis1 = A(r)xi + B(rug + Dy (ri)wy
4.1)

2 = C(r)xy + D(ruy,

where x; € R" denotes the state vector, u; € R™ denotes the control input to the actuators, w; € R*
denotes the disturbance input, z; € R” is the controlled output. {r;} is an irreducible, aperiodic

and time-homogeneous Markov chain where r;, € D = {1,2,..., M} (M < o). The transition
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4. H,, optimal control of Markovian jump linear systems (MJLSs) over multiple lossy channels

probability matrix of the Markov chain is given by A = [p;;], where
pij = Pr(rie = jlne=1);Vi, je D,k =0,1,2, ...

Throughout the chapter, it is assumed that state of the system x; and Markov chain state r

are directly accessible to the controller. We also assume that A(ry) is full rank for all r;, € D.

Suppose u; 1s the controller output which is sent to the actuators through the lossy network.

If u{ is the input to the actuators, then:

uZ = fkuk, (42)

The control policy ., and the disturbance policy 7y, for a horizon k are the sequences
ok = {0, ---» &} and 1o = {no, ..., i}, respectively. Here, {; maps the information set 7; to the
control input at the i’ time-index, i.e., u; = £;(Z;). Similarly, n; maps the information set Z; to
the disturbance input at the i”" time-index, i.e., w; = ;(Z;). {; and n; are the optimal control and

disturbance policy, respectively.

In this chapter, the following notion of stability shall be followed.

Definition 4.2.1. System (4.1)-(#.2), with uy = 0, wy = 0, is said to be stable in the mean-square
if
klimE[llkaZ'Io] =0, forall x, and ry.

Similar to Chapter 2, the objective of this chapter is to design state-feedback control policies
for system (4.1)), with network induced constraint @]) such that with a state-feedback control
law, the closed-loop system attains the following requirements:

R.1) The £, gain from the disturbance input w; to the controlled output z; must be less than or
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equal to some y > 0, i.e., with zero initial condition xy = 0,

N N
D B[ldP|Zo] < 7 w2 VN € 2.
k=0

k=0

R.2) The closed loop system is mean-square stable.

Subject to the constraints defined by the system dynamics (4.1)), one can formulate a zero-

sum game with the following cost function:

N-1

Inon-sow-1) = E[Inlfy, + 3 el = A lwilP| 2o | (4.3)
k=0

Using Equation (.1]) in (4.3)), the cost function becomes:

N-1
Inon-,mow-1) = E[lenlly + D Il + Wl = ¥l o], (4.4)
k=0

where W > 0, W(r;) = CT(r,)C(ry) and R(r;) = D* (ry)D(ry). Further, C(ry) and D(r;) satisfy

the following assumptions:

(@) CT(r)D(r) = 0,¥r, € D; implying that there are no cross product terms in the cost func-

tion (4.4).
(b) R(ry) > 0, Vry € D; implies nonsingularity of the optimal control problem.

In the game with the cost function (4.4), the control input u; acts as the minimizing player
and the disturbance wy acts as the maximizing player. As stated in Chapter 2, the game admits

a solution if one can find a saddle-point policy (£ ,_,» 7;.y_;) Which satisfies the inequality:

JN@S:N_p No:n-1) < JN({S;N—l’US;N—l) < JN(§O:N—1,77;F):N—1)'
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4. H,, optimal control of Markovian jump linear systems (MJLSs) over multiple lossy channels

Remark 4.2.1. If one considers the particular case when D = {1}, the results presented in this

chapter becomes equivalent to the results for an LTI system, which are presented chapter 2. O

4.3 Main Results

In this section, we deal with the design of finite horizon and infinite horizon controllers.
A. Finite horizon control:

By substituting (.2)) in cost function (@.4), we get the following:
N-1
Ion-1sTow-1) = B[ Way + 3 xIW(r)x, + ul € Rréan — ywiw|To|. — (4.5)

k=0

The optimal cost-to-go or value function at the stage & is given by:

N-1
- : T T T £T 2. T
Vit i 1) = min max B [y Woay + D AWr)x, + ubE R E 1, = VWi | T4
1 e £

(4.6)

Using principle of optimality, one can express as:

: T T T 20 T
Vien Xk, T, Ek-1) = min max E [xk W(ri)xe + u, & R(ri)éme — ¥ Wi Wi + Vit v(Xka15 Ter ,fk)|fk]
k Wik

4.7)

We now proceed to derive conditions under which the value of the game with cost function (4.7)

has a well defined solution.

Lemma 4.3.1. Fork € [OLN — 1], rp, =i € D and ¥ C ¥, consider the following coupled
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algebraic Riccati equations (CAREs):

(i N(F)
= W) + T (i NCODE[ERDE|T T NI = v PLi, NI N¥in(is N(I)

T (4.8)
+ 3 PUNLYE|(AG) = BON(LIT (i, N()) + Di(i)¥ew(i. N(5)))

zcY

X Lo (i, N(Z)(AG) = BONL)Tin(is N(I) + Di(i)¥iw (i N(2))),

where,

FenG. N = (Al N2)) E[EBT (@) i (i £0|T|(AGD + Dy ¥in(i. N(S).

(4.9a)
Wi (i, N(I)
= |1, + @i N(I) ' DY (VB[ Zico (i, )BT (A i, N(#)) !
_q (4.9b)
x E[&B" () Zini G, fk)\fk]Dla)] O (i, N ()| DT DE| 310G, £0| 14
~ D GE| Ziaan (i, £0BOE|T|(Auai: N0 E[&BT () Zir (0. 80| T JAGD).
Oun(is N(2) = Y1, = D} (VB[ Zi (i, £0| T D (), (4.90)
(i, N#) = Bl&(RG) + BT () 2 n(G £0BOJ| T, (4.9d)
M
Lin(i, €0 = ) P n(d, &0, (4.9¢)
d=1
with Eyyi, N(I) =W; Vie D, 7 CY. (4.9

Now, suppose at the (k—1)" time index (k > 1), the actuators which successfully receive the
control signals are those indexed by the elements of .7, i.e., &1 = N(F) and ry = i. Then, for

the Isaacs equation (4.7) the following claims are true:

(a) The value function at the stage k € [0, N] is well-defined if and only if:
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(i)
Oun(i, N(F)) > 0. (4.10)

(ii)

On(e, N(Z2)) > 0;

(4.11)
k+1<I<N+1,VYeeDVZL CY.
(b)  The value function is given by:
Vi (% & N () = x5 i, N ), (4.12)

where 2, y(i, N(F)) for all p € [0, N] is defined in @)
(c) Exn(i, N(F)) =2 0forallk e [0,N],ie D, ¥ CY.

(d) If the saddle-point conditions (#-10) and ({#.11) are satisfied, then the finite horizon saddle-

point at the stage k € [0, N — 1] stage is given by:

up = G(I) = -Ten(NG A, wi =T = Bn(i N (413)
where Fk,N(N(f)) and ‘I’k,N(N(f))for all . C 9 are finite.

Proof: The lemma is proved using induction.

Similar to the proof of Lemma [2.3.1| in Chapter 2, we consider the base case as k = N — 1,
since ®k,N(i, N(ﬂ)) is not defined for k = N.
At the stage k = N, observe that VN,N(xN, rN,§N_1) = x,{,WxN for all ry and &y_;. So, with

information set 7y, if ry = i and &y_; = N(¥), we can represent VN,N(xN, rN,fN_l) as:

Vivw(een, i NI = xhEna(i NI))w, (4.14)
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where EMN(i, N(f)) =Wforallie Dand .¥ C Y.

Now, with information set 7 y_, if ry_; = i and éy_, = N(Z):

E[VN,N(XN’ rn, fN—l)‘fN—l]

= > Pua(NMD)E[(AG)xy-1 + BON(L)uy 1 + Dl(i)WN—l)TW (4.15)

LY

X (A(Dxy-1 + BON(L)uy-1 + Di(wyi)|-

Consider the following functional:

HN—l,N(XN—l, UN-1, WN=1)

= E[XJT\}_1W(7'N—1)XN—1 + ujj\;_1§]7\;_1R(rN—l)§N—luN—l - 72W1Tv_1WN—1 + VN,N<XN, rN,-fN—l)’IN—l]-

(4.16)
Note that Hy_ n(Xy-1, Un-1, Wy-1) 1S quadratic in uy_y, wy-1, and xy_;. Hence, it admits a
unique saddle-point if and only if all the following conditions are satisfied:

(1) P Hy—1 N (XN-1,UN-1,WN-1)
)
a”N—l

> 0, i.e., HN—I,N(XN—I» Un-1, WN—I) 1S convex in Un-1.-

... O*Hy_ XN—1,UN—1WN—
(11) N-1N(XN=1,UN-1,WN-1)

W <0, 1i.e., HN—l,N(-xN—h Un-1, WN—l) 1S concave in WnN-1.
N-1

(ii1) There exist finite u),_, and wy,_, such that

OHy_ n(XN-1, UN-1, WN-1) ~ 0
6”1\/—1 (u;V—l’wyv—l) (4.17)

OHy_1 N(XN-1, UN-1, WN-1) -0

Owy-i i)

Now, using (4.15) in (4.16), and then differentiating it twice:

2
0 HN—],N(XN—la UN-1, WN—I)

= B”|&v-1(RG) + BT () Zn (i, En-1)B() w1 |

2
ou Nl

2
0 HN—I,N(XN—la UN-1, WN—l)

. = I, + DB | 2y (i, éx-)|D1 = ~On-1n{i. N(9)).
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Since EN,N(i, N(ﬂ)) =W>0,VieD, ¥ C¥,one gets that Zyn(i, N(.#)) > 0. Hence, as
R(i) > 0, we have:

B |én-1 (R + B" () 2wt én-1)B)én1 | > 0.

Therefore,

azHN—l,N(xN—l JUN-1, WN-1)

2
ouy,_,

=B [év-1(RG) + BT () Znli én-1)B)én-1| > 0.

Thus, Hy_ y(Xn-1, Un—1, Wn-1) 1S convex in uy_;. Further, ®N—1,N(i, N(J)) > ( 1s equivalent to

Hy_y n(xy-1,uy-1,wy-1) being concave in wy_;. Also, solving (4.17), we get

Uy_1 = Ly @) = _FN—I,N(ia N(j))xN—l

w}k\f—l = n;—l(IN—l) = ‘PN—I,N(i, N(f))x;\/_],

(4.18)

where FN_l,N(i, NI )) and ‘I’N_1,N(i, NI )) are given by (4.9a)) and (4.9b), respectively. The

finiteness and positive semidefiniteness of W along with the positive definiteness of R(7) en-
sure the invertibility of Ay_iy(i. N(.#)). ¥ i € D and .# C 4. Further, the invertibility of
G)N_I,N(i, N(ﬂ)) and AN_LN(i, N(ﬂ)) ensure the finiteness of ‘PN_LN(i, N(f)). Consequently,

FN_LN(i, N(ﬂ)) is finite. Substituting for uy,_, and wy,_, in (4.7) with k = N — 1, and using

@.135), we get:
VN—l,N(XN—l, I N(j)) = x;/_pEN—l,N(ia N(f))XN—l,

where EN_l,N(i, N(f)) is as given in equation (4.8).

Clearly, as W > 0, W(i) > 0, and R(i) > 0, Hy_y y(xn-1, Uy_;» Wn—1 = 0) > 0. Since (uy,_,, wy_,)

constitutes a saddle-point,

Hy_y N(xyor, Uy, Wy_y) = Hyoy y(xyvor, iy, wy—g = 0) > 0. (4.19)

TH-2488_146102019

92



4.3 Main Results

Hence,

VN—I,N(xN—la I N(f)) = Hy_ n(Xn_1, Uy s Wh_y) 20
(4.20)

== x]]\;_laN—l,N(i’ N(/))XN_l > 0.

Since (4.20)) is true for all xp_;, EN_LN(N(J)) > 0. Thus the lemma is true for k = N — 1.

Let us now assume that the lemma is true for the stage p + 1.

The necessary part of statement (a) can be proved in exactly the same way as Theorem 3.2

in [54]. We now prove the sufficiency part.

Assume that @y, N(#)) > Ofor p+1 <[l < N, Vi € D, and V¥ C ¢. Then, with
information set J ,, if £,_; = N(#):

E[VoernGiper e E|T,] = ) PUNCL)| (A, + BON(L)u, + Diiw,)
Ly 4.21)

X 2yt NCL)A)x, + BON(L)u, + Dy (iw, )|

From (@.7) with k = p, and using (#.21)):

VP,N(xp, rp,fp_l) = n;in rr:va:x E[x[T,W(i)xp + ulfpr(i)fpup - y2w;wp

+ 3 PLNE@Y|(AW)x, + BONEL Iy + Diliw,) Lot i N(L)) (4.22)

<Y

x (Al)x, + BON(L)u, + Di(hw, ) |-

Consider again the following functional:

2 2 2 2
(5, s wy) = B[y + 1612 e, = Y01 + V(s s, )| T, (423)
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Observe that H, y(x,,u,, w,) is quadratic in u,, w, and x, for all i € ©O. Thus, a unique
saddle-point exists if and only if H p,N(xp, Up, Wy, Ty = 1, fp_l) is convex in u,, and concave in w),.

Differentiating (4.23) and using (4.21)), we get

GZHP,N(xp, Up, wp)

2
Ous,

= B[&,(RG) + BT () 21w £)BD)E |, . (4.242)

2
0 Hp’N(xp, Up, wp)

2
ow;,

= D] (DB 21w )| T, |D1(@) = vL, = = (i, . (4.24b)

By our assumption =, y(i, N(-#)) > Oforalli € D and .¥ C ¢. Thus, from and
as py > 0 for all i, € D, we get Z,, v, N(F)) > 0,i € Dand . C 4. Note that
there exists a .Z C ¥ such that N(¥) = diag{l, 1, ...,1}. Hence, as R(i) > 0, one gets that
N(ZL)(RG) + BT () 2y n(i N(ZL)B@)N(ZL) > 0. This, in turn, implies that B[&,(R(i) +

T . . BZHPJV(XW”P’WP) .
B (l)‘%’“’N(l’f")B(l))fp‘IP] > 0. S0, ———5>——= > 0 and hence, H, y(x,, uy, w,) is convex

in u,. Also, if ®,x(, j) > 0, then H, n(x,,u,, w,) will be concave in w,. Now, similar to
p p.N\L ] pN\Xp> Up, Wp p

Chapter 2, one can derive the saddle-point (u,,, w),) as:
w, = £ (L) = =Tpn(i, N(I))x, (4.252)

wy, = 1,2 ) = ¥pn(i, N(F)xp, (4.25b)

where, I', (i, N(.#)) and ¥, (i, N(.#)) are as defined in (4.9a) and (4.9b)), respectively. Sub-
stituting the saddle-point (i, wy) from (4.25a) and (4.25b) in (4.22) with k = p, one gets:

Vo (xps i, N(F) = X, 2, n (i N(I)x,,

where 2, v(i, N(.¥)) is got by solving (4.8).

Observe that H) x(x,, Uy, w, = 0) > O foralli € D and & C ¥4 as 5, y(i, N(F)) > 0.
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Also, as w,, is the maximizing player:

Hp, (X, uy, W) > Hpy n(Xp, 1, 0) 2 0.

Therefore,

Vo (xp, i, N(2)) = x) By 5 (is N(I))x,p = Hp (%, 165, W) = 0. (4.26)

As (4.26) holds for all x,, # 0, Z, y(i, N(.#)) > 0. Hence, the lemma is true for the stage k = p.

At the stage k = 0, since the previous packet condition (&) is not available, 5 y will not a
function of &_,. Thus, one can observe that for a fixed ry, 2oy (70, N(F)) = Egn(ro, N(L)), for
all 7, ¢ C 9. Hence, if a unique saddle-point exists at the stage k = 0, then, VO,N(xo, ro, N(¥ ))
= VO,N(xO, ro, N(.& )), for all .7, Z C ¢. The value of the game with the cost function is

then given by:

INGoy—1Ton-1) = Vo(x0. 0. N(9)) = x§ Bon(ro, N(S))xo, (4.27)

As a direct consequence of Lemma 4.3.1, we get the following result.

Corollary 4.3.2. At the stage k € [0, N—1], a unique saddle-point exists if and only if conditions
(i) and (ii) given in (a) in Lemma are satisfied. Also, the saddle-point at the stage k €
[0, N — 1] is as given by (4.25d) and (#.25D)). Further, if conditions (i) and (ii) given in (a) in

Lemmad-.3.|are satisfied, Ty y(i, N(I)) and Y, (i, N(F)) for all i € D and .7 C 9 are finite.

O

Lemma 4.3.3. Consider that a unique saddle-point exists at the stage k = 0. Then, with the
optimal control sequence uy.,,_,, the L, gain from disturbance wy to controlled output z;. of the
closed loop system is less than or equal to y.
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Proof: If a unique saddle-point exists at the stage k = 0, then,

INCNL D < In@N ™ < @™

= Iy " < @ NN = X Eon(ro, N(F))xo

(using 4.27 )

— JN(g*N_lanN_l) < 0

(considering zero initial condition)

N-1
= B[l + Y llall® = ¥ wall| o] < 0
k=0

(using)

N-1 N-1

2 2 2

= > B[l 7] <7 Y Il
k=0 k=0

Therefore, the £, gain from the disturbance input wy to the controlled output z; is less than or
equal to y. It completes the proof. O

In the subsequent results, we shall assume that W(r,) > W for all r;.

Lemma 4.3.4. If a unique saddle-point exists at the stage k € [1,N], then Exn(i, N(¥)) >
ErNGN(I) forallk>1,ie Dand I C Y.

Proof: This result is proved using induction.
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From (4.15) and 4.16):

Hy_1n(x,uy_y,0)

= min[xT W()x + uly_ B [éno 1 RG)EN—1 Jun-1

UN-1

+ 3 Py (ND))|(AGx + BONDun-1) Ziva(i. NCO)(AGDx + BON(L x|

LY

> X" W(i)x (As B [év-1R()én1] > 0 and Zyw(i. N(9)) = Wy 2 0)

= Viva(x. i N(9)).
(4.28)

Further,

Vv v(% i N () = 5" Exciw(i, N())x
= Hy_ 1y, uy_ 1, wy_y)
> Hy_ 1 n(x, uy_y,0)

(4.29)
(Since wy-; 1s the maximizing player)

> Viyn(x, i, N(7)) (by (4.28))

= xTEN,N(i, N(,ﬂ))x.

[1]

Since (4.29) s true for all x # 0, Ey_y v(N(5)) = Exy(N(9)): V.7 C 9.

For the stage k = p, from ({.22):

Vo (. i N ()
= x"E, v, N(F))x

= min max[x[f W()x + M;E[pr(i)fpr]”p - 72W;T:Wp (4.30)

up Wp

T
+ O PN AWDx + BONLIuy + Diiyw,)
A<
X 2y n(i: N(L)A)x + BON(L)u, + Di(iyw, )|
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Replacing p by p + 1 in the above equation:

Vo i, N(2)

= X EpnG, N(I)x

= min max|x" W@ + iy, Bl &, ROEp| Ly [tper =YWy W 431)
. . . T
+ O PraNED)AWDx + BON(L)tyor + D)Wy
A«

X Lol N(L)(AG@)x + BONLttys1 + Dr(iwpsr )|

Suppose, the lemma is true for the stage k = p + 1. Thus, Z,. 1 y(i, N(F)) > E,.on(i, N(F))
foralli € © and .# C ¢. Which, in turn, implies that 2, y(i, N(F)) > Z,12n(i, N(F)) for
alli € D and . C ¢. Note that, P,(N(F)) = P, i(N(F)) for all & C ¢. Further, for two

functions g (u, w) and g,(u, w), if g1(u, w) > g»(u, w) for all u, w, then one can show that
min max g;(u,w) > min max g(u,w).

Therefore, from (#.30) and (@.31)):

v,,,N(x, i, N(J )) 2 Vp+1,N(x’ LN(I )) (4.32)

— W E, (i N(I))x = X By iy N(S))x

Since (4.32)) holds true for all x # 0, Z, y(i, N(F)) = Eps i v, N(F)) forallie Dand # C Y.

O

Lemma 4.3.5. Suppose a unique saddle-point exists for the stage k > 1. Then, Z; (i, N(¥)) =
Errne1GN(I) forallk > 1,ie Dand ¥ C Y.

Proof: To prove the lemma, we again use induction.

Clearly:

. _ . _ T
TH-2488 146102019 M(BENE) = Vit NG = o W
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Assume that 2,1 y(i, N(F)) = E, o1 (G N(F), Vie Dand V.S C Y. So, Z,an(i, N(F)) =
‘%})+2,N+l(l‘a N(5)). Now,

V(% i, N(5))
= x"2, n(i, N(F))x

= min max[xTW(i)x + M;E[pr(i)fp)Ip]”p — YW, Wy (4.33)

up Wp

T
+ > PN (AGDx + BONL)u, + Di(iyw, )

LY

X Zprialis NCONAWDx + BON(L)uy +Di(iw, )|,

and,

Vp+1,N+l(-x, i7 N(j))
= XTEp+1,N+1(ia N(HF))x.

= min max[xTW(i)x + u£+1E[é:p+lR(i)§P+l

Up+1 Wp+1

Tyt [ty = VW) Wy (4.34)

T
+ D PraNNADx + BON(L)ttper + Di(@wyr)

LY

X Zpane1(is N(L)(AG)x + BON(L o1 + Di(D)wpa )]

Note that P,(N (L)) = Pp1(N(L)). Therefore, from (4.33) and (4.34), one gets that =, y(i, N(.#))
=E v N(I)) forallie Dand ./ C Y. O

Note 4.3.1. From Lemmald.3.4land Lemma{.3.5] we get that Z y(i, N(F)) > B n(i, N(F)) =
Exn-1GN(I)) or Egn-1(i, N(F)) < Exn(( N(F)). Thus, for alli € D and I C 9, the

N
sequence {Epi (i, N(9)), Zpali, N(O)), oo, Bini, N(S))), denoted by {Ze (i, NI

monotonically increases with c. |

N
Lemma 4.3.6. Suppose a unique saddle-point exists at the stage k = 0. The sequence {EO,C(i, NI ))}C_1

monotonically increases with c.

Proof: Using (4.7), for a horizon [ € [1, N], one can write the value function at the stage
TH-2488 146102019
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4. H,, optimal control of Markovian jump linear systems (MJLSs) over multiple lossy channels

k =0 as:

Vo(x0, 1) = E[ng(i)xo + ul EGR(D)éou — Y whwo + Vl,z(x1, rl,fo)‘fo]- (4.35)

Considering the horizon to be [ + 1, we can write (4.35) as:

Vo1(x0, 1) = E[xSW(i)xo + up ER(@)éouo — YPwiwo + V1,1+1(X1, I fo)‘fo]- (4.36)

From Note

E[Vl,l(xl’ 7l -fo)‘fo] < E[V1,l+1(x1, r, fo)'fo]-

Thus, from 4.35]) and (4.36):

Vo.u(x0, 1) < Vo 141(x0, 1)
4.37)

= X B0, N(I))x0 < X B0 141 (i, N(I))xo.

Since (4.37) is satisfied for all xo # 0, Zo,(i, N(F)) < Eo1((, N(F)) foralli e Dand ¥/ C 9.

N
Therefore, the sequence {EO,C(i, NI ))} 4 monotonically increases with c.
]
B. Infinite horizon control:
For the infinite horizon case, we consider the following cost function:
_ N T T T 2T
Jolivess o) = B D xE W + ul € ROEau — v wwi o). (4.38)

k=0

In the next lemma, we provide certain conditions for the convergence of the sequence {Ek’c(i, j)} "
c=

as N — oo,

Lemma 4.3.7. Suppose y and {v', V%, ...,v"}, {ii", i, ..., i} are such that for all finite N € Z",
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kel[O,N],i€e Dand ¥ C 9,
(i)  An unique saddle-point exists, i.e., O, (i, N(.#)) > 0.
(ii) Exn(i, N(F)) < cl,, for some finite ¢ < co.

Then, there exist é(i) < oo and Z(i, N(.¥)) < o such that Agim Eon(i, N(F)) = é(i), and for
k>1, ]éim NI N(S)) = =(3i, N(HF) forallie D, ¥ CY.

N

Proof: From Note4.3.1{and Lemmal4.3.6, monotonicity of the sequence {Ek,c(i, NI ))}

c=k+1

2

is guaranteed if condition (i) is satisfied. Further, suppose y and {¥!, %, ..., "}, {ii, ii%, ..., i} are

such that for all finite N € Z*, k € [0, N],i € D, ¥ C ¢ we have &, y(i, N(.#)) < cl,. Hence, in
N
view of Theorem 3.14 in [60], {Eo,c(i, N(f))}c_l, and {Ek,c(i, N(ﬂ))} , converge as N — 0.

N
c=k+
Therefore, there exist 2(i)) < o and Z(i, N(.#)) < oo such that z\lzim Zon(i, N(F)) = E(i), and

fork € [1,N], Al]im N N(I)) =20, N(F)) forallie D, ¥ C 9. O

Remark 4.3.1. If matrices D, (i) in are square and full rank, ®; (i, N(.#)) > 0, for all

i € D ensures that By y(i, N(F)) < oo for all N. In such a scenario, condition (i) in Lemma

as N — oo,

N
4.3.7) alone is sufficient for convergence of the sequence {Ek,c(i, NI ))} =

O

If forall k € [I,N-1],i € D, ¥ C ¥, the sequence {Ek,c(i, N(ﬂ))} converges as

N
c=k+1

N — oo, Ex v, N(F)), Tin(i, N( 7)), O n(i, N(F)), etc., will no longer be functions of k.
The CAREs (.8)) then transform to the following:

S () = WD) + T7 (1 NCIE” [&RDEJTG NI = P71 NI NP N(S)

+ 3 Pr( = N(D)feier = NO)|(AD) - BONCOTG N + DT NSY)

Z£cY
x Z (i, N(Z2)(AG) - BON(LTGN(I)) + Dy N())|.
(4.39)

where I'(i, N(.#)) and W(i, N(.#)) are the infinite horizon counterparts of I'y (i, N(.#)) and

TH-2488 1 46%%816\{ (#)), respectively. Replacing Z; y(i, N(#)) by Z(i, N(.#)) in (4.94) and (4.9b), (i, N(.#))
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and ¥(i, N(.#)) can be derived easily.

Similarly, for the stage k = 0, infinite horizon CAREs takes the following form:

2(0) = W) + T DE[&RE| T |0 - v ¥ (0%()

+ 3 PN (AGD) - BONOTG) + DiP0) ZGNELY) (440

L<Y

x (A() - BONLITG) + Di()P(0)].

where f(i) and ‘i’(i) can be got from d4.9a[) and (I4.9b|) by replacing Z; y(i, N(.#)) by Z(i, N(.¥)).

Further, the infinite horizon Isaacs Equation is as given below:

V(X i 1) = min max B | xf Wr)xe + uf & Rt = ywiwe + Vxir, rit, €014 |
Uk Wi

(4.41)

One gets the following result by applying limit N — oo in Lemma[4.3.1]

Lemma 4.3.8. Suppose {v',7%, ...,v"}, {ii', @, ..., @™} and y are such that for all finite N € Z",
ke [0,N], i€ D, & C¥Y, conditions (i) and (ii) given in the Lemmald.3.7 are satisfied. Then,

(a) The value function at the stage k € [1, 0] is expressed as:

V(% i, N(j)) = x{ EG N (I
(b) The value function at the k = 0 stage is expressed as:

T4
V(xo, ro) = Xy E(r0)Xo.

(c) The infinite horizon saddle-point is given by:

*

U, = Fkxk; Wz = \kak,
TH-2488 146102019
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where

For k>1, if ro=1i and &, = N(F), then Ty = T(i, N(.9)), ¥, = P, N(9)).
For k=0, if ro=i,then Ty = L), ¥ = P).

(4.42)

(d) The infinite horizon value of the game with the cost function ({.38) is expressed as follows:

JOO((S:OO’ 778;00) = xgé‘(r())x0~ O

Note 4.3.2. In the sequel, we assume that the system ({.1)-(4.2) with uy = 0, wy = 0 is weakly
observable. This condition is a relaxed one in comparison to the assumption taken in [55,61|],

where it is assumed that (C (i),A(i)) is observable for each i € D.

The following lemma establishes the positive definiteness of the fixed-point solutions of

CAREs (@.39) and (4.40).

Lemma 4.3.9. Suppose, vy, {¥',v*, ...}, {ii', i, ..., @™} are such that for alli € D, ¥ C 9,
and finite N € Z*, k € [0, N1, the conditions (i) and (ii) of Lemma{.3.7 are satisfied. Further,
if system ({.1)-(#.2), with w, = 0, wy, = 0, is weakly observable, then, for alli € D, .9 C 9,
23i) > 0 and Z(i, N(.9)) > 0.

Proof: Consider the following functional:
Hk,N(xk’ U, Wk) = E[”xk”%i/(i) + 1kl rine, = Y IWill® + Vk+1,N(xk+1, Vk+1,§k)‘fk]- (4.43)
As (u;, wy) constitutes a saddle-point,
Hk,N(Xk, u, WZ) > Hk,N(Xk, U 0)~

Note that as the the conditions (i) and (ii) of Lemma are satisfied, the following analysis
TH-2488 146102019
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is well define as N — oo. Taking limit as N — oo:
Jim Hy (v i wy) 2 Tim Hi(xi. 0. 0). (4.44)
Observe that,

lim H; N(xk, uk, wk)

N—oo

= V(xi. i, N(9)) (4.45)

] (usmg -)

E[xf W(ixy + X[ T L& RWDET pxy = vPw wi|T

Ms

=k

~
]

It is assumed that Markov chain {r} is irreducible. Thus, using the same line of argument as
used in the proof of Lemma presented in Chapter 3, for all i € D and .¥ C ¥, one can
show that

lim H; N(xk, uy, 0) > x,{W(i)xk
N (4.46)

= lim Hy (. uf, wy) > x| W(i)x.
N—oo
Hence, from (4.43) and @.46):

V(xk, i, N(ﬂ)) = x,{Ekxk (using Lemma @])

= Al,i_I)Iionw(Xk, u, WZ)
“4.47)

> lim Hk’N(xk, u, 0) (as Wy 1s the maximizing player)
N—oo

> x,f W (i) xg,

where, fork > 1, 2, = 2(, N(F)) if ry = i, &1 = N(F), and B = é(i) if ry = i.
Since (4 is true for all x; # 0, Z; > 0. Therefore, (i) > 0and 23, N(F)) > 0forallie D
and ¥ C ¥9. O

Following analysis is required to show stability of the closed-loop system with the saddle-

point policy. State dynamics of the system (4.1)-(4.2) with the infinite horizon saddle-point
TH-2488 146102019
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transform to the following:

Xk+1 = ,Q{(qk)xk, (448)

where

2 (qr) = A(re) = B(ri)éil ' + Dy (1) Y.

and {g;} is a Markov chain whose states are (ry, &;). Thus, the number of Markov states gy is

M X 2™,

Also, consider a dummy output (which will only be used in the proof for the following

Theorem) given by:

Vi = C(qi)x, (4.49)

where

C(g0) = E|(Wr) + TTERDET, ~ Y ¥w,) |7,

In the following result, we shall show that the optimal controller stabilizes the closed-loop

system while maintaining a prescribed £, gain.

Theorem 4.3.10. Suppose {¥', v, ...,v"}, {@', @%, ..., @™} and y are such that Vi € D and V.9 C
¢, and for all finite N € Z*, k € [0, N1, the conditions (i) and (ii) of Lemmad.3.7| are satisfied.

Then,

(a) With the optimal control law uy. ., the L, gain from the disturbance input wy, to the con-

trolled output z; of the closed loop system is less than or equal to .

(b) The optimal control law u; = —T',x; stabilizes system in the mean-square sense with
arbitrary disturbance wy € ([0, ), R®) if system ({.1)-(.2) with ux = 0 and wy = 0 is
weakly observable.
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(c) The state-response of the closed-loop system (4.1|) with the optimal controller is bounded
in the mean-square sense ( i.e. ]E[lekll']' 0] < oo, for all k) with bounded disturbance if the

system ({.1)-H.2), with u, = 0 and wy. = 0, is weakly observable.

(d) The closed-loop system (1) with optimal controller and optimal disturbance is stable in

the mean-square sense if the system ([#.43)-({.49) is weakly observable.

Proof: Proof for Claim (a) follows the same line of argument as the proof for Lemma4.3.3]

Proof of Claim (b): Since the conditions (i) and (ii) of Lemma [4.3.7| are assumed to be
satisfied for all finite N € Z*, k € [0, N], there exist 2(i) < oo such that lim Z,0(0) = ().

Thus, we get:

2 *12 2 2
= B > el + 151 e, — Y2 Il To] < oo.
k=0

As wy € L([0, 00), R*) or % [Iwil* < oo,

I()]<OO

g %112
E[ Z ”xk”W(rk) + ”ukHSkR(rk)fk
=0 (4.50)

2 2
= B[ D Ialliy + e, gpar, | Zo] < oo
k=0

If system (#.1)-(.2), with u; = 0 and wy = 0, is weakly observable, then using the same rea-
soning as presented in the proof of Theorem [3.3.12| in Chapter 3, it can be shown that (4.50)

implies ]}LTOE[IkaIIZ‘IO] = 0.

Proof of Claim (c): Consider system 1H| with the optimal control law u; = —Tx

and with a bounded disturbance wy, as follows:

Xik+1 = (A - Bfkrk)xk + Dlwk. (451)
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From the argument given for the proof of part (b), one gets that the following system is mean-

square stable.

Xir1 = (A - Bfkrk)xk-

Thus, the state-responses of system (4.51)) are bounded for bounded disturbance wy.

Proof of Claim (d): As the conditions given in Lemmal4.3.7) are satisfied:

J°°(§(>)k:oo’ 773;00) = xgi(i)xo < 00

.[()]<OO

2 2 2 2
- E[ZHX"”W<rk>+”xk”r,{gkRok)fkrk ¥ xelli e,

£ (4.52)

= E[ ; x’{(W(rk) o FkaR(I’k)kok - Vz(Tk)T\Pk)Xk|fo] < 0o,

Convergence of the above infinite series imply that the limiting terms of the series will be zero.

Thus:
BmE[] (W(ro) + TTEROET: — V(P e)xi| To| = 0,
- (4.53)
~d ,}imE[xg(cgl/z(Clk))T%l/Z(Qk)xk'fo] =0,
similarly,
BmE(xl,  (6"2(que)) € (qus )| To] = 0, (4.54)
Also,
,}LTOE[XIQ,Q(Cg1/Z(Qk+,7))T%I/z((]/wy)xmy fo] = 0. (4.55)
Now, similar to the proof of Theorem [2.3.10|in Chapter 2, we get the following:
%LTOE[X;{(%l/Z(Qk))T%ﬂl/z(%)xk + X1, 1 (€ (@) € (G X
+o.t X;{er(%ﬂ1/2(61k+9))T<51/2(Qk+y)Xk+9‘Io] =0 (4.56)

= I}imE[x,f?%(qk, ...,qk+y)xk‘fo] =0
TH-2488_146102019 e
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where

%(Clk, ey C]k+9) = ﬁlT(Qka s C[k+,7)ﬁl (Qk, e Qk+9)

Tr

€ (qr)
C(qie1) A (qi)

|C(qre )T A (1)

€ (qx)
C (qee) S (qi)

|G (qre )T (1)

Since the system (4.48)-(@.49) is weekly observable and the Markov chain {g;} is irreducible,

there always exist a k and a finite .7 such that rank &(gy, ..., gi+7) = n. Thus, from (4.56), we

get that l}i_)rgE[llxkllzlfo] = 0.

4.4 Numerical Example

O

Let us consider an MJLS with the following system parameters:

D =1{1,2},
1 2 1 1 2 1
A=10 1 1|, BD=|1 0| Di(1)=|1}{,
1 0 2 0 1 1
0 0 0 1 0
ch=lo o of.DM=|0 1}
1 1 1 0 0
1 0 1 1 2 1
A2)=10 1 0|, BQ=|1 0| Di2=]|1}{,
1 0 2 0 1 1
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0 0 O 1 1
C=10 0 0. D=0 1}
I 1 1 0 0

State transition matrix for the Markov chain {r;} is given by:

045 0.55
A= .

04 06

Also, consider the following parameters:

I 1 1
Wih=w2)=|1 1 1},

and

In order to demonstrate the influence of the control packet arrival probabilities on the in-
finite horizon optimal cost, we compute the optimal cost for different horizon. With x, =
[0.1 0.2 0.3]" as the initial state vector, optimal cost is computed using . Figureshows
the behavior of the optimal cost Jy({y ;. 75.y_) With the probabilities v' = 0.88, 7* = 0.86,
ji' =0.89, i = 0.87 and ' = 0.82, > = 0.81, ' = 0.83, z*> = 0.85. One can observe that as
packet arrival probabilities are reduced, the optimal cost Jy(Z.y_;» 75.y—1) converges to a higher
value. If the probabilities are reduced to #' = 0.72, #* = 0.76, i' = 0.77, i* = 0.67, it can
be observed, as shown in Figure 4.2} that the optimal cost Jy(Zg.y_;»;.y_;) does not converge.
In Figure the dependence of the critical value of the H,, disturbance attenuation level vy,
on ¥' is demonstrated while keeping 7> = 0.85, ji' = 0.82 and ji* = 0.8. Similarly, Figure
shows the variation of vy, with respect to ! while keeping #' = 0.85, #* = 0.83, i* = 0.82.

TH-2488_14(;12L}(1362 5 ions above the curve in Figure 4.3 and Figure [4.4] correspond to the feasible region for
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.
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Optimal cost

0 10 20 30 40 50 60 70
N

Figure 4.1: Optimal cost with #' = 0.88, #* = 0.86, ii' = 0.89, i*> = 0.87 (blue graph) and
' =0.82, 7 = 0.81, ii' = 0.83, ii*> = 0.85 (orange graph).
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Figure 4.2: Optimal cost with #' = 0.72, * = 0.76, ii' = 0.77, i*> = 0.67.
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Figure 4.3: Variation of y, with different 9!, and #* = 0.85, ' = 0.82, ii*> = 0.8.
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Figure 4.4: Variation of vy, with different i', and #' = 0.85, 7> = 0.83, i*> = 0.82.
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1 T | T | T | |
x, (K)
X, (K)
051 x,(6) |
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_15 1 | 1 | 1 | |
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Figure 4.5: Expected value of the state response with the optimal control law for #' = 0.81,
7 =028, =0.81, 7* =0.79.
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convergence of the CAREs (4.8). Figure and Figure suggest that as the control packet
arrival probabilities (v' and j1', respectively) reduce, v, goes on increasing. Further, below a
critical value of the control packet arrival probability, CAREs (4.39) do not admit any unique
fixed-point solution. Expected value of the state responses with the optimal controller is shown
in Figure [4.5|with disturbance input wy = sin(0.27k)cos(0.2mk)e™ /2. With a persistent bounded
disturbance w; = 0.02sin(0.27k)cos(0.2rk) expected value of the state responses are shown in
Figure [4.6] One can see that with the optimal control law the closed-loop responses are bounded
for a persistent and bounded input. Figure [4.7)shows the state response of the closed-loop sys-
tem without taking mathematical expectation with disturbance wy = 0.02s5in(0.27k)cos(0.27k).
To get the response shown in Figure (.7, we have first simulated two Markov chains for two
independent channels. The control arrival probabilities are ' = 0.81, 7 = 0.8, ' = 0.81,
@* = 0.79. Unlike in Figure one can see random fluctuations in Figure due to random
packet losses.

Let us now consider an MJLS with system parameters (except for A(2)) same as those given

at the starting of section[4.4} A(2) is given as below:

1 1 1
A2)=(0o 1 1
1 0 0

Now, one can easily verify that (A(2), C(2)) is not observable. Thus, from the analysis given
in [55]], stability can not be guaranteed. On the other hand, as the system is clearly weakly
observable (since (A(1), C(1)) is observable), from Theorem 4.3.10] stability can be guaranteed.

Figure 4.8 shows that the closed-loop system is stable.

4.5 Summary

In this chapter, we have designed the optimal H,, controller for a Markovian jumped lin-
ear system over multiple communication channels. Existence conditions for the finite-horizon

controller are derived. It is observed that the convergence of the infinite-horizon cost function
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Figure 4.6: Expected value of the state response with the optimal control law and persistent
disturbance for #' = 0.81, #* = 0.8, ' = 0.81, > = 0.79.
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Figure 4.7: State response with the optimal control law and persistent disturbance for #' = 0.81,
2 =0.8, ' =081, 7> = 0.79.
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Figure 4.8: State response with the optimal control law and persistent disturbance for #' = 0.98,
v =0.96, ' =0.99, 7> = 0.97.

depends on the control packet arrival probabilities. Stability of the closed-loop system with the

optimal controller in the face of random packet loss has also been established.
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5. Ho control of smooth nonlinear systems over lossy channel

5.1 Introduction

In this chapter, we extend the problem of H,, controller design over erasure channel to
smooth nonlinear systems by considering a piecewise affine (PWA) approximation approach.
The intuition for using such an approach stems from the fact that any smooth map can be locally
approximated by an affine map with an arbitrary accuracy [35].

Firstly, by considering a PWA approximation approach, we derive conditions for a smooth
autonomous nonlinear system to have an £, gain less than or equal to a prescribed y > 0
with internal stability. Then, a piecewise linear state-feedback H,, controller is designed for a
smooth nonlinear system. Finally, we extend these results to a smooth nonlinear system with
random control packet losses. Results pertaining to the H,, controller design problem of a PWA
system with random packet losses can easily be derived as a special case of the final result of
this chapter.

For the PWA approximation approach, the state-space is partitioned into a number of poly-
hedral cells. Each nonlinear function is then approximated by a distinct affine function in each
of the cells. One of the main features of the PWA approach, presented in this thesis, is that it
enables us to design the controllers by solving certain linear matrix inequalities (LMIs), which
are subject to certain additional constraints. Although the results for the controller design can
not be completely converted to LMIs, one can get the desired results by solving certain LMIs,
and then checking whether the solutions satisfy a few nonlinear constraints. It will be shown
that, once the LMIs are solved, it will be trivial to check whether the nonlinear constraints get
satisfied or not. As LMIs are easy to solve, the approach thus provides an efficient and system-

atic way of controller design.

The chapter is structured as follows. Section [5.2]presents the results for the £, gain analysis
and the H,, controller design problem. Section contains the results for the problem of H,
controller design with packet losses. In section[5.4] we demonstrate our results using a numeri-

cal example. Finally, section[5.5 presents the summary.
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5.2 The £, gain analysis and H,, control of smooth nonlinear systems:

In this section, we present results relating to the £, gain analysis and the H,, control of a

smooth nonlinear system.

Consider a smooth discrete-time nonlinear system

Xir1 = f(x) + Biug + Dywy
(5.1

k= h(xk) + Bzuk + Dzwk,

wherein x; € R” is the state vector, u;, € R™ is the control input to the actuators, w; €
L,([0, ), R?) is the disturbance input to be rejected, z; € R” is the controlled output, f : R" —
R", h : R" — R? are smooth maps, B; € R™™, D, € R™*, B, € R”™, D, € R”* are constant
matrices. The system dynamics given by Equation (5.1)) describes many practical systems like
missile dynamics [33]], power networks [66], permanent magnet synchronous motors [67], and

nonlinear RLC circuits [68]].
The main goal of this chapter is as follows.

Objective: We design a state-feedback control law of the form u;, = K(@i)x;, for x; € 2,

that attains the following requirements:

(G.1) The £, gain from the disturbance wy to the controlled output z; is less than or equal to a

certain prescribed y > 0, i.e.,
N N
D lladP < D lwidP, VN € 2
k=0 =0

(G.2) The closed-loop system, with w;, = 0, is locally asymptotically stable in the mean-square

sense. O
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5. Ho control of smooth nonlinear systems over lossy channel

The following notion of stability is in this chapter.

Definition 5.2.1. System ({5.1), u, = 0 and wy = 0, is said to be locally asymptotically stable in

the mean-square sense if, for all initial states within a ball around the origin, i.e., xo € B:(0),

lim ||| = 0.
k—o00

It is well known that any smooth map can be locally approximated by an affine map with
arbitrary accuracy [35]. Thus, by considering an appropriate partition of the state space, it is
possible to approximate the maps f(.) and A(.) by two affine maps, in each cell of the partition,
respectively. In this work, we shall consider a polyhedral partition {%}EN of a subspace X of
the state space, where Z; denotes a cell and N is the index set of the cells. One can characterize

each polyhedral cell as [35]:

E()x, +e(i) >0 x, € Z;, or E()x, >0, (5.2)
_ x(k)
where E(i) := [E@(Q) e(i)], x(k) = . If Ny denotes the cells that contains the origin, we
1

have that e(i) = 0, for all i € Ny. Inequality (5.2) denotes that each element of the vector E(i)X;

is nonnegative.

With a polyhedral partition {'%}'e/v’ one can find matrices A(i), C(i), and vectors a(i), c(i)
for all i € N such that f(x;) and h(x;) can be approximated by piecewise affine functions. Let,
for x; € Z;, m(x, i) and n(x, i) be the error terms in the approximations of f(x;) and h(xy),

respectively, i.e.,

Fx) = A)xy + a(i) + m(x, 1)

h(xy) = C()x + c(i) + n(xy, 0).
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Note that, for a cell i € Ny, we have a(i) = 0 and ¢(i) = 0.

Let €(i) and (i) are such that:

f () = AQDxe = a@Il = llmCee, DI < e(@Dllxll
17(xe) = C@)xi = DI = llnCxe, DI < S| 1xil (5.3)

for x;, € Z; with a(i) = 0 and c(i) = 0if i € N,

There are many ways to find the matrices A(i) and C(i), for each i € N. For example one can

use Taylor series expansion.

With the help of Equation (5.3)), the nonlinear system (5.1)) can be expressed as follows:

Xk+1 = A(l))_Ck + Bluk Sl D]Wk + m(xk, l)

(5.4)
2z = C()Fx + Bty + Dywy + n(xi, i),
where
AG) = [AG) a()]. C@) =]Cl) c)]. (5.5)
System (5.4) can further be expressed in terms of the variable X as:
Xiel = AA(l))_Ck + Eluk + Dlwk + m(xy, i)
(5.6)

k = C(l))_ck + Bzuk + Dsz + n(xk, l),

where A(i), By, Dy, #(x, i) are given as:
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5. Ho control of smooth nonlinear systems over lossy channel

L A a(i) m(xe, | . B L . Dy (i)
= = Bi(i): , D) = . 5.7

len 1 0 01><m les

D
—~
~i
p—
|
>
~~
=
=
~.
i
s
~
-
Il
>

The theory of dissipativity has played a central role in solving the H,, control problem
[30,/32]. Our approach shall also be based on dissipativity. In the sequel, we will utilize the

following local notion of dissipativity, which is motivated by the one defined in [50]].

Definition 5.2.2. Consider system with uy =0, wy € W C R® and x;, € X C R", such that
the state trajectories, with every disturbance input wy € W, always remain in X. Now, system
(5-1), with u, = 0, is said to be locally dissipative with respect to a supply rate s(zx, wi), if there
exists a nonnegative function V : X — R* with V(0) = 0, called the storage function, such that

forallw e W, x, € X, and for all k € Z*,

V(xke1) — V(xi) < (2, wio). (5.8)

One can relate local dissipativity and the £, gain analysis by the following lemma, which is

in line with the one found in [32,69].

Lemma 5.2.1. Suppose that system , with u, = 0 and wy, = 0, is locally asymptotically
stable in the mean-square sense. Now, if system ({5.1), with w, = 0, is locally dissipative with
respect to the supply rate s(zy, wy) = %()ﬂllwkll2 - ||zk||2), then it has the L, gain less than or

equal to vy. O

As a PWA approximation of the nonlinear system is used in this work, we consider a piece-

wise quadratic storage function in order to study the dissipativity. The storage function is con-
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5.2 The £, gain analysis and H, control of smooth nonlinear systems:

sidered to be of the following form.

1 ;-
V(x) = E)-c,{P(i)xk, if x, € 2, (5.9)

where P(i) is such that V(x;) > 0 for all x; # 0, and V(x;) = 0 if x; = 0. Further, if i € N, then
P(i) is of the form P(i) = diag{P(i),0}. For each i € Ny, P(i) is chosen such that x; P(i)x; > 0

for all x;, # 0.

Note that for the storage function V(x;) to be positive, for all x; # 0, it is not necessary for
the P(i)s to be positive definite (or positive semidefinite if i € Np). Instead X} P(i)X; should be

greater than zero only for those x; that belong to the corresponding Z;.

Before going on to present the results for the H,, controller design problem, we present the
conditions for system (5.I), with u; = 0, to have the £, gain less than or equal to a prescribed

v > 0 with internal stability as follows.

Theorem 5.2.2. Consider system , with u;, = 0, a polyhedral partition {‘%}'e/v of a sub-
space X of the stae-space with (5.3), and the disturbance input wy € ‘W for all k. Suppose,
there exist symmetric matrices W(i) and R(i) with nonnegative entries, and symmetric matrices

P(i) such that the following inequalities are satisfied for all i, j € N

PG) - ET()HRGE@) > 0
A, ) A, )) (5.10)
<0

ALG ) A, ))

)
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5. Ho control of smooth nonlinear systems over lossy channel

where

P(i) = Iy Opt] PO, Opr] if i€ No

Ay = AT()P(j)AG) — PG) + CT()C() + ET()W(@)E (i)
+ (013G, J) + p2(i, J) + p3(Q, ) + pa(d) + ps (i) + pe(D)) s
Ay = AT()P(j)D, (i) + CT ())D,(i)

Ax = DTP()D; + DI@DDa() = 1 + (02, ) + ps)]
pi(i, j) = 2eDIPHINAG

pa(is j) = €DIPGIID |

p3(i. j) = EDIPG)I

pa(i) = 26IIC@)|

ps(@) = 6IID (D]

pe(i) = 6*(i)

Then, system (5.1)), with uy = 0 and wy. = 0, is locally asymptotically stable in the mean-square

sense. Further, with u = 0, it has an L, gain less than or equal to .

Proof: With a polyhedral partition {‘%}'e/\(’ one can find matrices E(i) and E(i), fori € N,
such that E(i)x; > 0 and E(i)x; > 0. Now, assume that there exist symmetric matrices W (i) and
R(i) with positive entries, and symmetric matrices P(i) such that the inequalities given in (5.10)

are satisfied for all , j € N.

In order to show dissipativity, we consider a storage function as given in (5.9). Then, using
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5.2 The £, gain analysis and H, control of smooth nonlinear systems:

(5.6) with u; = 0, one gets:

Vexkan) = Vo) + 311 = Vvl

= %[J_C/{Jrlp(j)xkﬂ — X P()Xy + 74 25 — )’ZW/fWk]

= %[(A(i))'ck + m(xg, i) + Dywi) " P( j)(A(i)xk + (X, ) + ﬁ]wk) — X P(i) %,

+ (C()x + n(xe, i) + Dowy)" (C()Z + n(xg, i) + Dowy) — ’yzw,fwk]

= %[(A(i)xk + Dywi) PG)AG@DE + Dywi) = 5 P()% + (C(i)Ee + Dawe)' (C()Ti + Dywy) = y>wi wy
+ 25 AT (i) P(j)ym(xy, i) + 2wl DT PG)yi(xg, i) + " (g, ) P()i(xg, 1) + 2%L CT (D)n(xy, i)

+ 2w} D (i 1) + 1" (g, i), ) |-

(5.11)
Due to the properties of 2-norm and induced 2-norm, the following holds true.
25 AG) Py, §) < 1R AG)PGYCxs DI
< 2/PCHIAON e, DI 1%l
< 2IPHINIAG@N e 1% (5.12)

(using (5.3) withthe fact that||@(xy, DIl = [lm(xy, DIl and [Ixel| < [1Xl)

= 1@ I

And,

2wl DT P(j)yin(xy, i) < 2€@OIPGIIDIIE 1wl
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Note that 2[|%/l[lwill < (1%l + [lwill*). Thus,

2wy D P(j)in(xi, i) < 2e@IPINID IE [Twel
< €@ IPOINDTATAR + lwill?) (5.13)

< pais J) (IEIP + lwil )

Also,

i’ (o, DPC)m (s 1) < 1" o, DP()mCx, Dl

< [lnCxee, DINPHI e, DI

(5.14)
< €D NP Nl
< p3(i, DI
Similarly, one can show the following:
25, CT(n(x 1) < pa) 11Xl (5.15)
2wy DT (i, 8) < ps@) (T + Iwell®) (5.16)
n" (e, (X, 1) < po(i) 1%l (5.17)
Now, using (5.12)), (5.13)), (5.14)), (5.13)), (5.16)), and (5.17) in (5.1T):
1
V(X)) = Vx) + §[||Zk||2 =Y [Iwill’]
! (5.18)

- x| [AnG ) A, ) || Xe
-2

wel [ALG D A, j)||wk

Thus, if (5.10) gets satisfied, we get V(x.1) — V(xi) — S[Y2Iwil® = llzel*] < 0, ice., V(xgar) —
V(xp) < %[)/zllwkll2 — |lzxll*], for all w, € ‘W and k. This implies that system (5.1)), with u; = 0,

is locally dissipative with respect to the supply rate s(z, wi) = %[yzﬂwkllz - ||zk||2].
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5.2 The £, gain analysis and H, control of smooth nonlinear systems:

We now proceed to show stability of system (5.1), with u; = 0, w, = 0. One can easily
verify that V(x;) = %)'ck}_’(i))'ck, for x; € Z;, is well suited to be a Lyapunuov function. Now,

using system dynamics (5.6)), with u; = 0, wy = 0, one gets:

V(Xes1) = V(xi)
I/ LI _
= 5[(A@w + i, ) POA@ + e, ) = 5 P (5.19)

= %[xzf AT @DP(DAWDT, ~ T P@)T + 25LAT ()P(yinCas i) + i O, )BCx, )|
Then, (5.19) implies:
i ..
V@) = Vow) < 5[5 (AT OPGDAG) = PG) + pi. ) + pstic ). (5.20)

If the second inequality given in (5.10) holds true, one gets that A;;(i, j) < O for all i, j € N.

Then,

AT()P(HAG) — PG) + (013, ) + p3(iy ) Lnet

< (20, J) + pa(i) + ps(i) + pe()) 11

As pa(i, j), pa(i), ps(i) and pe(i) are positive scalars, (5.20) implies that V(xis1) — V(x) < O for
all x; € X. Thus, system (5.1), with u; = 0 and wy = 0, is locally asymptotically stable in the
mean-square sense. Further, Lemma (5.2.1)) implies that the £, gain from wy to z; is less than

or equal to . m|

Remark 5.2.1. Note that, for a specific i € N, the conditions given by (5.10) need to be satisfied
for all j € N. This is due to the fact that one may not have any knowledge about the external
input wy. Consequently, x;., is unknown, and hence the cell where x; lies in is also unkown.

O
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5. Ho control of smooth nonlinear systems over lossy channel

In what follows next, we derive sufficient conditions which ensure that system (5.1)), with a
piecewise linear state-feedback control law, has the £, gain less than or equal to y while main-

taining the closed-loop stability.

Now, with the control law of the type u;, = K(i)xy, for x; € Z;, using (5.4), one can express
system (5.1]) system as follows:

Xee1 = D)X + Dywy + m(xy, i)
(5.21)

2 = Cx(D) Xy + Dawy + n(xy, i),
where @ (i) = |AG) + B,W(G)U'(i) a(i)] and G (i) = [C(i) + B,W(HU™' (i) c(i)]~

For the design of the H,, controller, we consider a storage function of the form V(x;) =
1x; P(i)x;, where, P(i) is a positive definite matrix. Although, the storage given by (5.9) is less

restrictive than this one, the controller design becomes very complicated with the storage func-

tion given by (5.9).

Theorem 5.2.3. Consider system with the disturbance input w;, € W, states x;, € X,
for all k and a polyhedral partition {%}_eN equipped with . Suppose, there exist matrices
T(@) > 0, U®@), W), R(i) > 0, and positive scalars v, q, 1, h, g such that for all i, j € N:

~ TG Oux
T())= >0, (5.22a)

01><n h
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5.2 The £, gain analysis and H, control of smooth nonlinear systems:

Q(, j)
Q@) O Ouxs Qu) O Qu6(0)
Oixn Qo Oiis  qa"(®) g qc’ ()
Os><n Os><1 Q33 D{ Os><1 Dg 0 (522b)
= >0,
QIT4(Z) qa(l) Dl T(.]) 0n><l 0n><p
01><n q 01><s len h 01><p
| Q{6 C]C(l) D2 0p><n 0p><l Ip ]
[pl(i, 7+ pa2(i, J) + p3(i, j) + pa(i) + ps(@) + p6(i)]l,,+1 < Z(i), (5.22¢)
o2, )+ ps(i)| < g, (5.22d)

where

Qu () = [UG) + U () - TG)| - RG)
Qi) = U DA () + W' ()B]
Qi) = UT()C" (i) + W (i)B)

Qy =2g—(h+7)
Qs = y*I, - gl
pi(i, j) = 2D OINT )
pa(i, ) = eDIT HIND |
p3(i, j) = €OIT' )l
pa(i) = 261Gk Dl
ps(i) = 61Dl
po(i) = 8(0)
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i) = UTORDU™(@) O

v
Ol><n q_z

42%}((1') _ AG) + BiWOHOU' (D) a(i)
len 1

Then, system , with wi, = 0, is locally asymptotically stable in the mean-square sense with
the control law w, = K(i)x, = W(G@U '(i)xy. Further, with the control law u, = K(i)x; =
W@GEU (i)xy, system has the L, gain, from wy to z;, that is less than or equal to a pre-

scribed y > 0.

Proof: Suppose, LMIs (5.22a)) and (5.22D)) are satisfied. Then, as all principal submatrices
of a positive semidefinite symmetric matrix are also positive semidefinite, from (5.22b), one

gets:

Q1)) Oux -0
On Qo

e [RG) O
= U)+U () >T3G)+ ,
len r

where, U(i) := diag{U(i), q},Vi € N.
So, Vi € N, one gets that U(i) is non-singular as 7'(i) > 0. The following inequality can be
proved easily.

0" GHTG0G) = [06) + 07 G) - T6).

Thus,

R(i) O o .
0" &»T'HUG) - O Ond > |0G)+ 0" () - TG)| -

01><n r len r

R(@)  Opx
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which implies:

UTHT ™ HUG) ~ RG) = |[UG) + UT () — TG)| - R,

) (5.24)
and %—rZZq—(h+r).

Using (5.24)) in (5.22b),
QG j)
(60) Opa Ope  Quid Opa Qo]
Obw T =7 O gd’() g  qc"G)
|95 Osa Q33 D! Owi  Dj
lonG) qa) D TG) Oma O
O1xn q 01 O15n h O1xp
_Q1T6 gc(i) D, 0pxn 0px1 I,

where €(i) = [UT(i)T—l(i)U(i)] — RG).

Consider the matrix given by: (i) := diag{U~'(i), é,ls, I,,1,1,}. Then,

2TOH (I, ) P() >0

T = L) Opixs LG CLa)
Oyxns1 Q33 DT D} (5.25)
—Y R . . > 0’
JZ{K(l) D] T(]) On+1><p
(gK(Z) D2 0p><n+1 Ip

Using Schur compliment in (5.25)), we get the following:

LG CEO|TG) Oy || k(D) Di| |T7'G) = L)  Operns

b il D] 0pxn+1 1, || k(i) D, Ogxn+1 Q33

(5.26)
TH-2488 146102019

133



5. Ho control of smooth nonlinear systems over lossy channel

This implies that

@) ) -

S0, J) = <
lez(i’ ]) %Z(L .])

0, (5.27)

where
S, ) = dEOT () (i) + Cr (i) Ex (i) — T710) + L)
S, ) = dEOT()HD) + CL(i)D,
S, j) = DY (H)Dy + DI Dy — 21, + gl

We now proceed to show dissipativity of the system (5.1)) with respect to the supply rate

s(zk, wi) = 3[¥*Iwill* = llz¢lI*]. For that, consider the storage function: V(x;) = 3x{ T~ (i)xy, for

xi € Z:. Then, using (5.21)), we get the following:

1
V(X)) — Vi) + E[Z,{Zk = ’)’ZW,{W;(]

1—._ .T_l.—._ . Tr—1,.
- E[(,Q%K(z)xk + Dywy + m(xi, i) T ()@ + Dywe + mxi ) = 5 T~ (D),

> (i N (2. ()5 : 2

+ (%K(z))'ck + Doywy + n(xg, z)) (%K(z)xk + Doywy + n(xg, z)) — YW wk]

1 - T - -
= EI:(MK(Z))_C]{ + Dka) T‘l(j)(ssz(i))_ck + Dlwk) - x,{T_l(i)xk + ZX,Z,Q%KT(i)T‘I(j)m(xk, i)
+ 2wl DI T (ym(xg, i) + m" (g, iYm(x, ) + 2% G (DX, 8) + 2w; DY nxy, i) + n' (g, i)n(x, i)].

(5.29)

It is easy to show that

(% + Diwe) T )% + Dywi) - L T i), 530
= (Dx + Dywe) TGN FaDF + Diwe) = BT ()%

Further, using the same reasoning as used in the proof of Theorem one can show the
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following.

258 A T (Pm(xe i) < oGy HIIEP
2wi DT (ym(x, i) < oo, DT + lwiell?)
m” (e, DT (Gym(xy, i) < p3(i, PIFP
(5.31)
25, Gy (Dn(xe, i) < pailI%l

2wy Dyn(xi, 1) < ps@UEE + i)

n" (e, D, 1) < Pe(DII%I

Now, using (5.30), (5.31)), (5.22c)), (5.22d) in (5.29), and then utilizing one gets that

1 " ~ ~ 2 A A
V(X)) = V) < 5[(427K(i))_ck + Dlwk)TT_l(j)(ﬁfK(i))_Ck + Dlwk) -5 T (D)%
+ (10 ) + patic ) + pais J) + pati) + ps(i) + pe(i) ) 5L e + (pa(i J) + ps(i) )i wi
T
| |0 ) LG ) || X
<0
Wi xg(la ]) %Z(ia .]) Wi

| =

<

Thus, system (5.1I) with u, = K(i)x; is locally dissipative with respect to the supply rate

1
(2 wi) = 5077wl = 11zl P1.

To study the asymptotic stability of closed-loop system (5.21)), we consider a Lyapunov function

V(xi) = 3x! T (i)xy, for x, € Z;,i € N. Then,

V() = V)
Iy, - -
= 5| (DT +mOs. 1) T G (DF + mC, ) = 5 T ()
1 - - -
= 5| (A OT (Pkld) = T D) + 25 DT (e D) + m" (o, DT~ (Gymse. D)

(5.32)
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5. Ho control of smooth nonlinear systems over lossy channel

Then, using (5.30) with w, = 0, (5.31)) and (5.22¢),

V(X)) = V(x)

1 pr A - N _
= 5T (K OT D) = T7 D)5 + 25 DT~ (mC i) + m” (o, ym(s, )]
<

1 AT 5 A
Y (A DT (D) = T710) + pi(i, ) +p3(ic )

<

= N

nr A X 1
(A O @) = T70) + LD) T~ 55 (026 J) +patd) + ps(i) + ps(D) e
Inequality implies that

() <0
(5.33)

= AL OT ' ()kl) - T7'G) + L36) <0, Vi,jeN.
Since pa (i, j), pa(i), ps(i), pe(i) are positive, as a consequence of (5.33)), we get: V(xxs1)—V(xy) <
0 for all x.(# 0) € X;. Hence, system (5.1)), with u; = K(i)x; and wy = 0, is locally asymptoti-

cally stable in the mean-square sense.

Therefore, system (5.1)) has the £, gain less than or equal to 7. O

Note 5.2.1. To get the desired K(i), T(i) in a specific cell, we first solve (5.22b)). Then, it is
checked whether the conditions and (5.22d) get satisfied. If these two conditions are
satisfied, then the cell is a valid one. If they are not satisfied, we opt for a finer cell with smaller

€(i) and 6(i) such that the conditions get satisfied. O

5.3 H, control of smooth nonlinear system with random packet losses:

In this section, we consider the case when the controller is spatially separated from the
plant, and the controller sends control commands to the actuators through a Gilbert-Elliott type
communication channel. Suppose u; is the controller output and is sent to the actuators through

a lossy network. Then, under the zero-input scheme [57]], one can relate u; (defined in @)
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5.3 Hs control of smooth nonlinear system with random packet losses:

and u}( as:

—— (5.34)

where vy is binary random variable, and can either be 0 or 1. It represents the packet loss con-
dition in the channel. The arrival probability of the control packet, at a stage k > 1, is assumed
to be P(vy = 1|lv—; = 0) = @ and P(vy = 1|vy_; = 1) = 1 — B. For the stage k = 0, using Note
of Chapter 2, the arrival probability can be expressed as P(vop = 1) = a/(a + B).

Consider again a piecewise linear state-feedback control law u; = K(i)x;, for x; € 2.
Then, with a polyhedral partition {%}EN satisfying 1} nonlinear system (5.1]) subject to the

network induced constraint given by (5.34) can be written as follows:

Xppp = (A(i) n kalK(i))xk + a(i) + Dywy + m(i)
(5.35)

2 = (C(0) + viBK(D))xi + (i) + Dawy + n(i).

Objective: The main purpose of this section is to design an controller that makes the closed-
loop system locally asymptotically stable in the mean-square sense at the same time

keeping the £, gain from wy to z; less than or equal to a prescribed y > 0. O

For system (5.33]), the following notion of stability shall be followed.

Definition 5.3.1. System (5.33), with wi = 0, is said to be locally asymptotically stable in the

mean-square sense if, for all initial states within a ball around the origin, i.e., xy € B:(0),

tim B[l Zo] = 0.

As all the states are accessible to the controller, one can define an information set, at a time
instant k, as:

Ik = {x()’ X1s ey Xis V05 V15 oees vk—l}'
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5. Ho control of smooth nonlinear systems over lossy channel

Note that closed-loop system (5.35) becomes stochastic in nature due to the random of packet
losses (v;). Thus, to analyze the £, gain of the system (5.35)), one needs a notion of local
dissipativity in the stochastic sense. We now present one such notion which is motivated by the

one given in [70] and [50].

Definition 5.3.2. Consider system with w, € W C R* and x;, € X C R", such that the
state trajectories, with every disturbance input wy € ‘W, always remain in X. System ([5.33),
with a supply rate s(z;, wy), is said to be locally dissipative in the stochastic sense if there exists
a nonnegative function V : X X N — R*, with V(0, .) = 0, called the storage function, such that

forallwe W, x, € X, and for all k € Z*:

E[V(an, er+1) Ik] = V(xp, er) < E[S(Zk, Wk)lfk],

where, e, € N denotes the cell in which x;, lies. O

Similar to Lemma([5.2.] one can relate the local stochastic dissipativity and £, gain analysis

as follows. The following result is motivated from [71].

Lemma 5.3.1. System (5.35)) has the L, gain less than or equal to a prescribed y > 0 if system
is locally dissipative in the stochastic sense with respect to the supply rate s(zj, wy) =
E[%()ﬂllwkllz - ||zk||2)‘f k], and the system, with w;, = 0, is locally asymptotically stable in the

mean-square sense. O

The following theorem presents results for the H., controller design problem over a Gilbert-

Elliott type communication channel.

Theorem 5.3.2. Consider system with the disturbance input w;, € W, states x; € X,
for all k and a polyhedral partition {%}‘e/\/ equipped with . Suppose, there exist matrices
T@@) >0, U@, W), R(i) > 0 scalars y,q,r,h,g > 0 such that for all i, j e N

T() O
7(j) = D Ol o, (5.36a)

01><n h
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5.3 Hs control of smooth nonlinear system with random packet losses:

Qi@ Ot Oy Qu@) O Qs AT O CT(D)
O Qn O qa’() g qc’()  gqa’() q  qc’(D)
Osxn Osxl Q33 D{ 0s><1 Dg D{ Osxl Dg

9?4(1) Cla(l) Dl —iT(]) On><1 On><p On><n 0n><1 0n><p

Pr
Q@ J) = | 015, q O1xs O15n % O1xp O, O O1xp |20
Q@) gcl) Dy Opxn  Opxt 5Ly Opn Ot Opxy
A@)  qa@)) Dy Oxn  Owxt Ouxp 725 T(D Opar Ouxy
O1xn q O1xs O15n 0 OlXp O15n ﬁ 01><p
»C(i) qc(i) D, 0p><n 0p><1 Opo Oan 0p><1 1_;1-,]{1,7_
(5.36b)

|01 ) + pati ) + p3Gi. J) + pa) + ps(i) + po(i) + pai, ) + psCic ) + psti. ) + pro()] et < L),
(5.36¢)

|20, j) + psi) + ps(i D) < . (5.36d)

where

Q) = [UG) + U () - TG)| - RG)
Qi) = UL )AT (i) + WT ()BT
Qi) = UT()CT () + W (i)B)

Qpn=2q—(h+r)
Qyy =y — gl
Qs = DY,
pi(i, j) = 2P OINT )l

pa(i, j) = pre@IT~ DA
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5. Ho control of smooth nonlinear systems over lossy channel

P3G, ) = peeOIT ' Gl
pa(i) = 2P DIk )l
ps(i) = 6D
pe(i) = 6°(0)
pa(i, D) = 2(1 = peDIAGINT D)l
ps(i, D) = (1 = pe@IT DNID I
poli, 1) = (1 = pEDIT Dl
pio() = 2(1 = pS@OICE

a ifvici =0

for k>1, pr=
1-B ifv=1
a
d, po= .
an Po a/+ﬂ

Then, for K(i) = W(@i)U~'(i), the closed-loop system , with wy = 0, is locally asymptoti-
cally stable in the mean-square sense. Further, with K(i) = W(@)U'(i), system has the

L, gain less than or equal to a prescribed .

Proof: Assume that LMIs (5.364) and (5.36b)) are satisfied. Using the same line of argument

as used in the proof for Theorem 5.2.3] one gets that U (i) := diag{U(i), g} is nonsingular. Further,
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5.3 Hs control of smooth nonlinear system with random packet losses:

it can also be shown that

—ﬁl(i) Ot Ouxs  Qu)  Opa Qi) AT(D)  Opa CT(i)_
Oixa  O2()) Oy qa"(d g qc’G) qa’() q qc' @)
Opn Opar Q33 D Opa  DJ DI 0yq D}
QLG qa@®  Di =T Owi Oy O O Oup
Q' J) = 01x, q O1xs 015xn pik 015, O1xn 0 Oixp | 2 0,
Ql.() qci) D> Opxn Opxi i » Opxn Opxt Opxp
A()  qa(i) D Oxn Ot Oy =5 T(D) Ot Ouyy
O1xn q 01xs O15n 0 le;; O15n l—hpk le,;
€6 ge®) D Opn— Opxt Opxp Opn Opt 121, |
(5.38)
where 0,(i) = [UT(OT ' ()UG)| - RG). 6> = & ~ 1.
Then, with (i) = diag{U‘l(i), é, I, 1, 1,1, 1, 1,Ip}, one gets
PTG, P 20
T - L) O G G AT CT0)
Osn+1 Q33 bf D] by D;
_ | o D RTD Ouig Onevaan Oweny | N (5.39)
Tk (D) D, Opnst 3y Opxart Opp
Ai) D, Opt1xns1 Oneixp 1_%—,,(7"(1) On+1xp
C(i) D, Onscn+1 Oup Opsens ﬁl »
As shown in Theorem [5.2.3] one can show that
) ) <o, (5.40)
S ON) IS ()
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5. Ho control of smooth nonlinear systems over lossy channel

where,

S, j) = pecdy DT () (i) + (1 = pAT DT DAG) + prEL DCx (@) + (1 = p)CT(HCG) - T ()
+ Z(>i)
S, j) = eyt DT (HDy + (1 = pAT (DT DDy + pr(Ex () D + (1 = i) (C(0)) D,

I, ) = pDI T (D) + (1 = pDIT™ (D)D) + Dy Dy — Q.

To show dissipativity of system (5.35)), consider a piecewise quadratic storage function of the
form V(x,i) = 3xI T7'()x; if x, € Z;. Assume that xi.y € 2 if v = 1, and xq € 25
if v = 0. Note that e;,; can either be j or / depending on v;. Thus, with a control law

u, = K()x; = W(i)U‘l(i)xk, for x, € Z;,i € N:

E[Viar, || = Vs + B[ 5 (2= ywiwi)| 1

= %{ﬁk[d}(i))'ck + Dywy + m(x;, i)]TT"( D| % + Dywi + m(x. )]
+ (1= p)|A@E + Dywi + mOxe D] T O[A@DF + Dywi + mCx, D] = LT ()xe
+ Pl Cx (D% + Dowy + n(xi, DI [Cx (DX + Dawy + n(x, )]
+ (1 = pOIC)T; + Dywy + n(axp, D) [CE)F + Dawy + n(xi, )] = ¥ wi wi
Lir o RPN, . N\ K= Tt [T
= E{pk[dK(Z)xk + Dywi| T7'()| @ + Diwe| + (1 = pu)| A% + Dywi | T7 (DA% + Dyw
— x, T (Dxe + Pl Cx (D + Dowe]”" [Gx (DX + Dowi] + (1 = pOIC (D), + Dowi]" [C(i) %k + Dawy]
=y wiwi + pil 2% A DT (Im(xi i) + 2w D T (ym(x, i) + m” (e, T ™ (ymxs )
+ 285G (i, ) + 2w DY n(xe, i) + n” (o, DG D] + (1= po| 25 AT DT Dm(x 1)

+ 2w D T ()m(xy, i) + m” (i, DT (Dm(xi, ) + 25.C7 (Dn(xg, i) + 2wy D n(x, i) + n® (x, Hin(x, i)]}

(5.41)
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5.3 H., control of smooth nonlinear system with random packet losses:

The following are true.

2pi; kDT (Hmxe, i) < 1 DI
25w DT T ()i, i) < palis DR + el )
pem” (i T (Hm(xi i) < p3 iy PIIE
2% Gy (Dn(xi, i) < pa(DI%
2wj Dyn(xi, i) < psD(I% + Iwel )
(5.42)
n" (e, D, 1) < po@)I%el
2(1 = px ADT ™ (Dm(xi i) < p(i, PIX
2(1 = pw DI T~ Dm(xi, i) < psCis HAZAP + lIwil)
(1 = pm” G, DT~ (Dm(axe, i) < poli, HIIT

2(1 = p)% C" (D, i) < pro@lIxel

Now, applying the same line of argument as presented in the proof of Theorem from
(5.47)), (5.42)), and (5.40), one can show that

E| V(i1 €x11)

fk] - V(xi, 1) < E[%(yzw,{wk - z,{zk)‘fk]

To show the stability of the closed-loop system (5.35), with a control law u, = K(i)x, =
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5. Ho control of smooth nonlinear systems over lossy channel

TH-2

W)U (i)xi, for x, € Z;, consider the Lyapunov function V(xy, i) = 3x; T~ (i)x,.. Then,

E[V(Xk+1, €k+1) Ik] = V(xg, )

- %{ﬁk[ézf}((z‘)xk + m(xy, ,-)]TT‘I( j)[ﬂz((i) %+ m(x, l-)]
+ (1= P ADT A+ mGa )| T DA+ mCx, )]~ X[ T ()

- %{l"k’fl A DT (P DFi + (1= pe) T AT DT (PADT = X T (e

+ el 2% A (DT (ymxis i) +m” G DT (i, )| + (1 = po[ 28 AT DT (Dm(x, i)
+m" (T Dm(x. )|

Using the same reasoning as used in the proof of Theorem [5.2.3] one can show that

E| V(xear, ee)| T4 | = Vi 1)
<

% (Pl )T () (@) + (1 = pAT DT (DAG) - T7' () + L ()%

[ —

N = o

% (020, ) + paCi) + ps(i) + po(i) + ps(is ) + pro)) e
From (5.40), .#11(i, j) < 0. Thus,
Pl T (D) + (1 = pIAT DT DAG) - T7'() + £() < 0.

As pa(i, J), pa(i), ps(i), pe(i), ps(i, j) and p;o(7) are positive, for all x; # 0, we have

B[V, ee)| Ti] = Vi i) < 0

Thus, for K(i) = W(i)U~'(i), the closed-loop system (5.35)), with w; = 0, is locally asymp-

totically stable in the mean-square sense. Now with local stochastic dissipativity, we can infer

that, with K(i) = W(i))U~'(i), system (5.35)) has an £, gain less than or equal to a prescribed 7.
O

Note 5.3.1. If one puts €(i) = 0 and 6(i) = 0 in the above theorem, for all i € N, then the result

O}érgs%%iéc_][% 5% féle result for H., controller design problem of a PWA system over a Gilbert-
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Elliott type channel.

5.4 Numerical Example

Consider the nonlinear system (5.1)) with the following system parameters:

4sin(x}) + x; 2 1
f(x) = x,i+x2 , Bi=10|, Di=|05|, h(xx)=x, By=0.1, Dy =2.
X, 1 0
X

where x; = xi . External input is assumed to be w; = 0.02s5in(0.2rk)exp(—k/25).

3

Xk

To demonstrate the results presented in Theorem , we consider the region —0.3 < x,‘( <
0.3 (note that nonlinearity exists only in x;). The region —0.3 < x; < 0.3 is partitioned into 20

cells, which are given by: —0.3 < x; < —0.28, -0.28 < x; < —0.26, —-0.26 < x; < —0.24,

~0.24 < x! < =022, =022 < x' < -02,-02 < x' < -0.18, -0.18 < x! < -0.15,

~0.15 < x! < =0.12, -0.12 < x! < —0.08, -0.08 < x! < 0,0 < x! <0.08,0.08 < x <0.12,

0.12 < x} < 0.15,0.15 < x} < 0.18,0.18 < x} < 02,02 < x} <022,0.22 < x} < 0.24,

0.24 < x; < 0.26,0.26 < x; < 0.28, 0.28 < x, < 0.3. Thus, we have to solve 20 LMIs, each
with 8 unknown variables. A(i) and a(i) for the piecewise linear approximations are computed

using Taylor series expansion. The error coefficient €(i) is computed as the maximum value

of Ilf Co)—A@Dxx—a(@ll

1%l

i € N. We use the [misolver function available in SCILAB to solve the LMIs in each of the

, for x; € Xi. As h(xy) = x,ﬁ, one gets that C(i) is equal to [1 0 0|, for all

cells. Solving (5.22b) we then calculate the controller gain K(i) such that the closed system is
locally asymptotically stable in the mean-square sense and has the £, gain less than or equal
to v. The given cells are designed in such a way that the corresponding error coefficient (i),
in each i € N, is almost the maximum value that satisfies the conditions given by and

(5.22d). From Figure one can see that difference in storage function at each stage is less
TH-2488_146102019
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5. Ho control of smooth nonlinear systems over lossy channel

than or equal to the supply rate s(zi, wi) = 2[¥?llwil* — llzl[*]. Stability of the closed-loop sys-

tem is demonstrated in Figure[5.2]

To design the H.,, controller with packet loss, we consider the region —0.29 < x; < 0.29.
The partition is given by: —0.29 < x;, < —-0.27, —0.27 < x; < -0.25, -0.25 < x; < —0.23,
-0.23 < x; < -0.21, -0.21 < x; < -0.19, =0.19 < x; < -0.17, -0.17 < x; < —0.14,
-0.14 < x; < —0.11, =0.11 < x; < —0.07, =0.07 < x; < 0,0 < x; < 0.07, 0.07 < x;, < 0.11,
0.11 < x; < 0.14,0.14 < x; <0.17,0.17 < x, < 0.19, 0.19 < x; < 0.21, 0.21 < x; < 0.23,
0.23 < x; <0.25,0.25 < x; < 0.27,0.27 < x; < 0.29. Then, solving LMI (5.36b) in Theorem
[5.3.2] we calculate the controller gain K (i) in each cells with a control packet arrival probability
a =0.95and 1 — B = 0.96. As the number of cells is 20, again we solve 20 LMIs, each having

8 unknown variables. Figure[5.3|demonstrates that the closed-loop system is locally dissipative

with the quadratic storage function V(x;) = %x,{T‘l(i)xk. The decaying state response is shown

in Figure

It is to be noted that, to design the H,, controller with packet losses, we have to consider
smaller cells as compared to the ones used to design the H,, controller without packet losses.
This is due to the fact that condition contains the terms which come from the open-loop

system dynamics.

5.5 Summary

In this chapter, we have used a piecewise affine approximation approach to study the £,
gain of a smooth nonlinear system. We have shown that with our approach it is possible to
design a state-feedback controller by solving a set of LMIs that are subject to certain nonlinear
constraints. Further, results for the H,, controller design problem for a PWA system can be

easily derived from the results presented by the final theorem.
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Figure 5.1: Difference in storage function and supply rate
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

6.1 Introduction

Passivity is an important tool to assess stability of nonlinear systems. In the recent past, pas-

sivity of smooth discrete-time nonlinear systems has been investigated in great detail [41-45].

In this chapter, we consider the local passivity problem of smooth nonlinear systems, which
is a specific dissipativity problem. We address the problem using a PWA approximation. To
start with, we derive conditions under which a smooth discrete-time nonlinear system becomes
locally passive. Then, we derive conditions under which a piecewise linear state-feedback con-
trol law is sufficient to ensure local feedback passivity. Finally, we consider the problem of local
feedback passivity of smooth nonlinear systems over a lossy communication network. Results
for the feedback passivity of a PWA system with packet losses can easily be derived as a special

case of this analysis.

The chapter is structured as follows. Section [6.2] presents the results pertaining to local
passivity and local feedback passivity of smooth nonlinear systems. Section [6.3] contains the
results for the local feedback passivity over erasure channel. In section[6.4] we demonstrate our

results using a numerical example. Finally, section[6.5]summarizes the chapter.

6.2 Local passivity and local feedback passivity of smooth nonlinear sys-
tems

In this section, we investigate local passivity and local feedback passivation of a smooth
nonlinear system.

Consider the smooth discrete-time nonlinear system:

Xier1 = f(xx) + Biug + Dywy
(6.1)

2k = h(x) + Bouyg + Dowy,
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wherein x; € R” is the state vector, u; € R™ is the control input to the actuators, w; € R* is the
external input (or disturbance), z; € R’ is the output, f : R” — R", h : R" — R® are smooth

maps, B; € R™", Dy € R™*, B, € R™™, D, € R™" are constant matrices.

Similar to the previous chapter, we consider a PWA approximation approach by partitioning
a subspace X of the state-space into a number of polyhedral cells. One can characterize each

polyhedral cell as [35]]:

E@)x, +e(i) >0 x, € 2;, or E()X, =0, (6.2)

where E(i) := [E() e(i)], x(k) := [x(k) 1]7.

Now, with a polyhedral partition equipped with a PWA approximation as given by (5.3) in

Chapter 5, the nonlinear system (6.I)) can be expressed as follows:

Xk+1 = A(l)xk + a(l) Sl Bluk + Dlwk ar m(xk, l)

(6.3)
k = C(Z)Xk + C(l) + Bouy + Dowy + l’l(Xk, l), for X € %
One can write (6.3)) in terms of the variable Xy as:
Xip] = A(l)xk + Bllxlk + ﬁlwk + ﬁ?(xk, l)
(6.4)

2 = C() X + Bawy + Dawy + n(x, 0),
where A(l)’ a(i)7 Bl7 Dla m(Xk, l)a C(l)’ C(i)’ BZ’ D2a n(Xk, 1)7 A(l)’ El, Dl’ ﬁ’l(.Xk, 1)7 C(Xk, l) are as

defined in Chapter 5.

The following notion of passivity for nonlinear system (6.1)), with u; = 0, shall be used in

this section. This notion is inspired by the one given in [50]].
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

Definition 6.2.1. Consider system withu, =0, wy € W C R* and x, € X C R”", such that
the state trajectories, with every disturbance input w; € W, always remain in X. Now, system
(6. 1), with uy = 0, is said to be locally passive if there exists a nonnegative function V : X — R*

with V(0) = 0, called the storage function, such that for all x; € X, w, € ‘W, and for all k € Z*:

V(xie1) = Vx) < zf wie (6.5)

Similar to Chapter 5, we again consider a piecewise quadratic storage function of the form

1 -
V(x) = Ex{P(i)xk for x;, € Z;. (6.6)

If i € Ny then P(i) is given by P(i) = diag{P(i),0}. Matrices P(i), i € Ny, and P(i),i € N \ N
are such that x] P(i)x, > 0, when x,(# 0) € 2, i € N, and x| P(i)%; > 0, when xi(# 0) € 2,

i € N\ Ny, respectively. It will ensure nonnegativeness of V(xy).

Following theorem presents conditions for local passivity of system (6.1)) with u; = 0.

Theorem 6.2.1. Consider system with u, = 0, a polyhedral partition {%}EN equipped
with (5.3), and the disturbance input wy € W for all k. System (6.1), with u, = 0, is locally
passive if there exist symmetric matrices with positive entries W(i), R(i), and symmetric matrices

P(i) such that the following inequalities are satisfied for all i, j € N:

P(i) — EY()RGE() > 0,
A, ) A, )) (6.7)
<0

ALG ) An,))

b
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6.2 Local passivity and local feedback passivity of smooth nonlinear systems

where

Ay = AT()P(j)AG) — P(i) + ET()W()E (i)
+ (1o )+ palis ) + p3tis ) + D)
A = ATOP(HD1(G) - CT (i)
Ax = (D1) BG)Dy = [ D + Ds| + (o2 ) + pa(i)),
pi(i. j) = 2eDIPHINAGDI,
pa(is j) = €DIPGHIID |
pa(i, j) = €DIP)I,

pa(i) = 6(D).

Proof: With a polyhedral partition {%}EN, one can find matrices E(i) and E(i), fori € N,
such that E(i)x; > 0 and E(i)%; > 0. As a piecewise affine approximation is being employed,
one can consider a piecewise quadratic storage function of the form V(x;) = %X,{P(i))'ck, for

X € Zi, to study the local passivity of for the system (6.1)).

The first inequality in (6.7) ensures that V(x;) is positive definite. Now, using (6.4)), we get:

V(xs1) = V() — 7wy

1 _ |
= E)Z,QlP(])ka - Ex,fP(z)xk — 71 Wi

I/ A o 3 _
5[(A(i)xk + Dywy + ixg, i))TP( MNAGZ A+ Diwe + i ) — X P

- (C(l))_Ck + Dowy + I’Z(Xk, i))TWk — W]{(C(Z)J_Ck + Dowy + n(xk, l))] (68)

Lrpa o A NTo o ai T By o T
E[(A(z)xk + Dlwk) P(j))(A(D)Xx, + Dywy) — X P(D) Xy — (C(z)xk + Dgwk) Wi
= wi (C@F + Dywy) + 25, AT () P(j)in(xp, i) + 2wy DY P(jyin(x. i)

+ " ()P, i) — 2wl n(xi )]
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

Using basic properties of 2-norm and induced 2-norm:

25 AT (i) P(j)m(xi, i) < 125AT ) P(j)in(x, i)l
< 2PCHINAGIR] €)1 (6.9)

Lo = 112 -
< p1(@, PIF as bl < [1%l

2w DY P(j)in(xi, i) < 112wy DY P(j)mG)|
< 2PHIID: welllmCxe, il (6.10)

< 2@ NPHIND M1zl well

Note that 2||X||[[will < (II)‘ckll2 + ||wk||2). Thus, (6.10) implies:

2w{ DY P(jyin(xi 1) < paCis, D(ITP + Iwil?) (6.11)
Similarly, 71" (xg, i)P(j)m(xy, i) < osl| %l (6.12)
— 2w n(xi, 1) < pa@) (1T + will?) (6.13)

From (6.8), (6.9), (6.T1), (6.12)), (6.13), and using the fact that W(i) has only positive elements:

V(xeer) = V() — ZZWk
T
Y| [ ANG ) A )) || X

wie| |ALG D And, j)||wk

<

N | —

If the second inequality in is satisfied for i, j € N, then:

V(xe1) = V() < zfwy

Hence, the nonlinear system @, with u; = 0, is locally passive. O

For a piecewise state feedback law u;, = K(i)x;, where i denotes the index of the state
TH-2488 146102019
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6.2 Local passivity and local feedback passivity of smooth nonlinear systems

space partition, let @7 (i), k(i) and k(i) denote the matrices A(i) + B;()K(i), [dK(i) a(i)]
k(i) a(i) . . 5 . . . s

and respectively. Let €k (i) and % (i) denote the matrices C(i) + B,(i)K(i) and
len 1

[%”k(i) c(i)] , respectively.

In what follows next, we derive sufficient conditions under which a piecewise linear state-

feedback controller is able to make the closed-loop system locally passive.

Theorem 6.2.2. Consider nonlinear system with the disturbance input w; € ‘W, states
xy € X, for all k and a polyhedral partition { %}ie/\/ equipped with . Now, system (6. 1)),
with w, = K(i)xy = W@U'(i)xy, is locally passive if there exist matrices T (i) > 0, U(i), W(i),
R(i) > 0, G(i) > 0 and scalars g, r,h > 0 such that for all i, j € N

T() On
() = L L (6.142)

01><n h

Qi) Opa  Qu3()) QD) Ops
Ois Qo qc’()  qd" () ¢q
QLG ge() Qs Qi 0y |20, (6.14b)
QLG qal) Q) T(j)) Oux
len q Ol><s len h

16 ) + 720, )+ y3( ) + V@ Ly < L0 (6.14c)
720, ) + va )]s < GG, (6.14d)

where

Qu(i) = [UG) + U"() - T(G)| - RG)

Qi3()) = UT()CT (i) + W () B
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

Q) = UTDAT (i) + W ()B]
Q=2 - (h+7), Q3 = (D + D) - G(i), Q4 =D].
y1G, ) = 2@ OINT )l
v2(i, j) = €DIT (HIND |

y3(i, j) = €DIT DI, ya@) = 6G).

) = U (HROHU (i) On><1.

’
len ?

Proof: Suppose, LMIs (6.14a) and are satisfied. As all principal submatrices of a

positive semidefinite symmetric matrix are also postive semidefinite, from (6.14b)), one gets:

Qi1(@)  Opxi
>0
Oixn Q2

RO O
= UD+U () =>T0) + ,
O1><n r
where, U(i) := diag{U(i), q},Yi € N.
So, ¥i € N, one gets that U(i) is non-singular as 7'({) > 0. The following inequality can be

proved easily.

O )T 64)0 ) > [U(i) + 07 () - T(i)].
This implies:

UT T (UG - RG) = [UG) + UT() - TG - RG),
2
and %—rZZq—(h+r).
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6.2 Local passivity and local feedback passivity of smooth nonlinear systems

Therefore,

Q'(d, j)
O@) Opa Q3@ Qu@)  Ou
O =1 g’ qa"(@) g 6.16
=| QL0 qcl) Q33 Qs O |20,
Q) qai)  QF, T() Oua
O]Xn q OIXs 01><n h
where 6(i) = [UT()T (HUG)| - RG).
Define 27(i) as (i) = diag{U~'(i), 1,1, I,, 1}. Then from (6.16):
2TH G, HP() =0
o-26) 6 0 (6.17)
= Cx (i) Qi3 D |20,
(i) D, T())
As T(j) > 0, from (6.17)), we get the following inequality using Schur complement:
0G0 S, ))
0 T M P} (6.18)

lez(i, .]) %Z(i’ .])
where

P, j) = dEOT () - T716) + Z20)
Sy ) = ZEOT (D, = CL i)
(i, j) = DIT'(j)D, — (DY + D) + G(i).

Now, consider a piecewise quadratic storage function of the form V(x;) = %x,{T‘l(i)xk for
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

X € Z:. Substituting v, = K(i)x; for x;, € Z;, and using (6.3) we get:

V(X)) = V(i) — ZZWk

2

5 e = \T T(cS5 /o= K
- (%K(l)xk + Dowy + n(xy, l)) W — Wy (%K(l)xk + Doywy + n(xy, z))]
Ly 5 . L T 0 5 oo T
= S|(@h %+ Diwe) TN GaDF+ Diw) = [T % = (Gl + Daw) w

— wi (€% + Dywy) + 25 o7 ()T (j)m(xe, i) + 2w DY T~ (j)m(xs. i)

1 1, |
= —XZHT 1(])Xk+1 - EXZT 1(l))Ck - ZZWk

+ m" (o, DT (ImCx ) = 2w n(x. ).

Similar to (6.9), (6.11), (6.12)), (6.13), the following inequalities can be derived.

I _
S (T + Diwic+ ma, ) T (@) + Diwi+ mxe, 1) = K T v

257 L (DT Gym(xes §) < 1 (i, J)IIE

2wl DT (i i) < ol HIFAP + Iwil)

m” (o, DT (Gymxx, §) < y3 (@, DIFIP

= 2win(xe, i) < ya(@)(I%P + well)

Also, it is easy to show that:

Then, using (6.21)), (6.22), (6.23)), (6.24) and (6.25) in (6.20), one gets the following:

()% + Diws) TGN + Dyw) = XL T~ (i),

A A T . ~ A A
= (D% + Dywi) T~ (N ()F + Dywi) = XL T (D)%

TH-2488_146102019

V(xpe1) — V() — 7 wi

| —

Xi

Wi

T

<%ll(ia .])
A1, )

F1o(i, J) || X
P (i, J) || Wi

(6.20)

6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)
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6.3 Local feedback passivity over erasure network

where,

PG, j) = g DT e @) = TG + (yiG, ) + 720G, )+ v30s ) + va@)) s
R1o(i, j) = LT (HDy - EFG)
Bon(i, j) = DTTN(j)Dy — (DY + Do) + (20, j) + ya(i))Is.

Now, using (6.14¢), (6.14d) and (6.18) in (6.26)), we get:

T
1] Xk RE
V(1) — V() — zpwy < 2 L, J) <0
Wi Wik
Therefore, with u;, = K(i)x, the system (6.4) is locally passive. m|

6.3 Local feedback passivity over erasure network

In this section, we deal with the problem of local feedback passivation over a Gilbert-Elliott

type communication channel.

Similar to preceding chapters, in this chapter as well we consider a TCP-like protocol. Un-
der a TCP-like protocol, with perfect state knowledge, one can define an information set given

by: Ty = {X0, X1, s Xy VO, V1s eovs Vi1 )

Suppose u; is the controller output and is sent to the actuators through a lossy network.
Then, under the zero-input scheme [57]], similar to chapter 5, one can relate u; (as defined in

(6.1)) with u; by the expression u;, = viu,.

Consider a piecewise linear state-feedback control law u; = K(i)x;. Then, with a polyhedral

partition {%}GN satisfying lb (given in Chapter 5), nonlinear system (6.1)) over a Gilbert-
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

Elliott type channel takes the form:

Xeer = (AG) + viBI K ()i + ali) + Dywy + m(x, i)
(6.27)

Ik = (C(l) + VkBQK(i)).Xk + c(i) + Dowy + n(xy, i), if x;, € %
Observe that due to the randomness of packet losses (v;), the closed-loop systems be-
comes stochastic in nature. Thus, to analyze the local feedback passivity of the system (6.27),

one needs a notion of local stochastic passivity. Local stochastic passivity, in the spirit of [70]

and [50], is defined as follows:

Definition 6.3.1. Consider system with wy € W C R* and x, € X € R", such that
the state trajectories, with every disturbance input w, € ‘W, always remain in X. The system
(6-27) is said to be locally passive in the stochastic sense if there exists a nonnegative function
V:XXN — R, with V(0,.) =0, called the storage function, such that for all x, € X, w € W

and for all k € Z*:

E[V(xk+1, €k+1)

1| - Vi, o) < E[zfwi{ ],
where, e, € N denotes the cell in which x; lies in. O

Following theorem presents results for feedback passivity with random packet losses.

Theorem 6.3.1. Consider system with the disturbance input wy € ‘W, states x; € X, for
all k, and a polyhedral partition {%}EN equipped with . Consider the nonlinear system
with given control packet arrival probabilities @ and 1 — 5. With a control law w =
K()x; = WU '(i)x, the nonlinear system becomes locally stochastically passive if. for all
i,j € N, there exist matrices T (i), U(i), W(i), R(i) > 0, G(i) > 0, and positive scalars h,r,q
such that:

T() O
7(j) = D Ol (6.282)

O1><n h
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6.3 Local feedback passivity over erasure network

Q1) O Qi) Q) Ot Qieli) Ot
O Qo) qc"(i) qa" (i) g qa" (i) ¢
QlT3(i) ge(@) Qa3 DIT Oyx1 DlT Ogx1
QL) qa)) Dy Qu(j) Ot Open Opxr [ 20

Oixn g Oixs O Qss Oy 0

Q{(,(l) qa(l) D, Onxn 0n><l Q66(l) 0n><l

| O15xn q Oixs  Oixn 0 O1sn Q77 |
[pl(i’ .]) + Pz(i» .]) + p3(i’ .]) 2 p4(i’ l) + p5(i, l) + p6(i’ l) + p7(l)]ln+l < g(l)a

|02 ) + ps i, D + pr(D |1, < GG,

where
Qi) = |UG) + UTG) - TG)| - RG)
Qy =2g—(h+7)
Qi) = UTDCT () + peW' ()B]
Quu@) = UT(HAT () + W (D)B], Qie(i) = UT (DA (i)

: . _ L h
Qi3 = (Dg + D2) = G(i), Qu()) = p—T(J), Qs5 = 1?
k k

1
Qe(1) = —T(), Qn = m
1= pr 1 = P
Z(i) is as defined in Theorem[6.2.2]
p1i; ) = 2pee@DIZcOINT ()l
p2(is j) = pee@IT ™ HIND ]

p3(i, ) = preOIT ()

pali, D) = 2(1 = pe®IAGINT D
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

ps(i, 1) = (1 = pe@OIT " DD I
pe(i, j) = (1 = pEOIT D)

p7(i) = 6(D),

a, if viep =0
fork>1, py=
1-B, if vier =1
and
_
po_a+ﬁ

Proof: Assume that LMIs (6.28a) and (6.28b) are satisfied. Using the same line of argu-

ment as used in the proof for Theorem [6.2.2, one gets that U(i) := diag{U(i), ¢} is non singular.

Consider the following:

G, j) =
61) Ot Q) Qs O Qieli) O]
Oty @2 qc'(i) qa'() q qa'(@) q
QL0 ge) Q3 D] 04 DI 04
9{4(1') ga(@) D1 Qu()) O Opxn Oux
Oixi ¢ Oixs Oixw Qss O1xp O
Q) qa) Di  Oun Ot Qos(D) Ouxy

| O1xn q O1xs Oixn O Oy  Qp7 |

where

2
016 = [UTOT (UG - RO, 6 = % _r

From (6.28b), using same reasoning as used in the proof for Theorem 2, it can be proved that
'@, j) =>0.
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6.3 Local feedback passivity over erasure network

Then, with () = diag(U™" (i), 1. 1. 1,. 1.1,. 1},

2T, HP >0

160 - 26) @6y GG AT
or %’?;(i) Qs A (6.30)
k(1) ﬁ1 A1 (j) A3
AG) D, As Asx(l)

where,

MG = B TG A = (1= ) T, As = Oper,

D) = CO) + PBOKD. G0 = |63 ()]

Using Schur complement, as 7(j) > 0 for all j € N, (6.30) implies:

L) ATO|AT As||gk@) DiG)| |T7'G) - Z2G) (€,0)"

<0

DTGy DI()||As A'|| AG) D) Cr (i) Qs

, (6.31)

<0

[%(i, D Sl )
—
S Pl

where,
i, ) = prcy DT ()i (i) + (1 = pA" OT(DAG) - T7' () + L)
Sl j) = ety DT (HDy + (1 = pA" T (DD, - (G4 ()"

Fn(iy ) = DT (HDy + (1 = p)DI T (1D, - Q5.

Consider a piecewise quadratic storage function of the form V(xy, i) = %x,{T‘l(i)xk if x, € Z,.

TH-2488_146102019

165



6. Local feedback passivity of smooth nonlinear systems over lossy channel

Assume that x;,; € 2 if vy = 1, and x4 € 2 if vy = 0. Note that e, can either be j or /

depending on v;. Thus, with a control law u, = WU (i)x, = K(i)x if x; € 25,1 € N:

E| V(e exen)
1

= 1P Fx 5+ Diwi + mCxi. D] T [ G5+ Diwe + mix, )|

+ (1= pi)[AG)F + Dywy + m(x, i)]TT—l(l)[A(i)xk + Dywi + mxie )| = {77 (i)x

14| - Ve, i) - B[ wi| 1]

— [CL(D)F + Dawi + n(x, )T wi = WL [CL(D)F, + Dawy + n(xs, i)]}
| S T__ A - i
= E{Pk[ﬂfK(Z)xk + Dlwk] T (])[%K(Z)Xk + Dlwk]
+ (1= p)[A@x + Dywe] T O[A@% + Dywi
— x{ T7' () — [Gx (D)X + Dawi] wi — W [E (D)% + Dywy]
+ il 2%, (DT (i, i) + 2w DT (e B) + m" (s DT (i, )|

+ (1= po|25{ A" ()T~ Dm(xy. i) + 2wf DI T~ (Dm(xee ) + m” (o, T D, 0)| = 2w] n(xe, i)

Using the same line of argument as used in the proof for Theorem[5.3.2]in Chapter 5, we get:

B[ V(e 1)

Ik] - V(xk, l) - E[z,{wk'fk]
1, J) S, DI | X

< [)_cl{ W]{] .

S50, ) S || wr

Now, from (6.31):

E[V(xk+1, €i+1)

7| = Ve ) - Bl wi| ] < 0.

Hence, closed-loop system (6.27) is locally passive in the stochastic sense. O

Remark 6.3.1. Although the feedback passivity of a nonlinear system with packet loss is con-
sidered in [51], results are derived by considering the frequency of the packet losses rather than

considering an appropriate stochastic packet loss model. Our analysis is however based on a
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more realistic packet loss model. Further, as our approach contains LMIs for the controller

design, it is more systematic than that of [51]].

Note 6.3.1. It is straight forward to see that, if one puts €(i) = 0 and 6(i) = 0 in the above
theorem, for all i € N, then the result corresponds to the result for feedback passivity of an

PWA system over a Gilbert-Elliott type channel.

6.4 Numerical Example

Consider the nonlinear system (6.1]) with the following system parameters:

4sin(x}) + x; 2 1
fo=| xi+x |» Bi=|0], Di=]05], h(x) = x,, B,=0.1, D,=2.
x, 1 0
X

where x;, = x/% . External input is assumed to be wy = 0.02s5in(0.2rk)exp(—k/25).

3
Xy

To demonstrate the results presented in Theorem[6.2.2] we calculate a piecewise linear state-
feedback law that passifies the system in the region —0.82 < x,i < 0.82 (note that nonlinearity
exists only in x;). The region —0.82 < x; < 0.82 is partitioned into 26 cells, which are given
by: -0.82 < x; < —0.78, —0.78 < x; < —-0.74, -0.74 < x, < -0.7, -0.7 < x; < —0.65,
-0.65 < x; < -0.6, -0.6 < x; < -0.55, =055 < x; < 0.5, -0.5 < x; < —0.45,
-045 < x; < -04, 04 < x, < —0.34, -034 < x; < —0.28, -0.28 < x; < —0.13,
—-0.13 < x, < 0,0 < x; <0.13,0.13 < x; < 028,028 < x; < 034,034 < x] < 04,
04 < x; < 045,045 < x; < 05,05 < x; <0.55,055 < x; <0.6,06 <x; < 0.65,
0.65 < x; <0.7,0.7 < x; <0.74,0.74 < x; < 0.78,0.78 < x, < 0.82. Similar to chapter 5, A(i)

and a(i) for the piecewise linear approximations are computed using Taylor series expansion.

We again use the Imisolver function available in SCILAB to solve the LMIs in each of the cells.
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

We solve 26 LMIs each 8 variables. Solving we then calculate the controller gain K(i)
such that the closed system becomes locally feedback passive. From Figure [6.1] one can see

that difference in storage function at each stage is less than or equal to the supply rate.

For the local feedback passivity with packet losses, we consider the region —0.5 < x; < 0.5.
The region —0.5 < x; < 0 is partition into cells: —0.5 < x; < -0.47, 047 < x; < —0.44,

-044 < x} < -041, -041 < x; < -0.38, —0.38 < x] < -0.35, -0.35 < x; < —0.32,
-0.32 < x; < =029, =029 < x; < —0.26, -0.26 < x; < —-0.23, -0.23 < x, < -0.2,
-0.2 < x; < =017, -0.17 < x, < —0.14, -0.14 < x; < -0.11, -0.11 < x; < —-0.07,
—0.07 < x; < 0. The region 0 < x} < 0.5 is partitioned in the similar fashion as the partition
of the region —0.5 < x; < 0, i.e., 0 < x; < 0.07, 0.07 < x; < 0.11 and so on. Then, solving
LMI having 8 variables in each of the 30 cells, we calculate the controller gain K(i)
in each cells with a control packet arrival probability @ = 0.95 and 1 — 8 = 0.96. Figure [6.2]

demonstrates that the closed-loop system is locally passive with the quadratic storage function

V(x) = 3 T7(i)x.

Note that, for the local feedback passivity with packet losses, we have to consider smaller
cells as compared to feedback passivity. This is due to the fact that condition contains

the term p4(i, /) which comes from the open loop system dynamics.

6.5 Summary

In this chapter, using a PWA approximation approach, we have first derived sufficient condi-
tions for the local passivity of a smooth nonlinear system. Then, we have designed a piecewise
linear state-feedback control law that makes the closed-loop system to be locally passive. Fi-
nally, for a system with random control packet losses, a piecewise linear state-feedback control
law is derived which makes the closed-loop system locally passive. Moreover, the problem
of controller design for feedback passivation of a PWA system over a lossy communication
channel can easily be derived as a special case.
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0.002 —

0.001 —

-0.001 —
-0.002 —
-0.002 —
-0.004 —
-0.005 —
-0.008 _
-0.007 —
-0.008 —
-0.002 —

-0.01 —

-0.011

Difference in storage function and supply rate

-D.UlZ—-
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Figure 6.1: Difference in storage function and supply rate
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0.002 -
0.0018 -
0.001& —
0.0014 -
0.0012
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0.0004 -
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Figure 6.2: Difference in storage function and supply rate
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7. Conclusions and Future Works

This chapter summarizes the thesis and provides possible directions for research works.

7.1 Conclusions

In this thesis, we have investigated a few control problems for systems operating over an

erasure communication network. The thesis can be summarized as follows.

In Chapter 2, we have investigated the H,, optimal control problem for an LTI system op-
erating over multiple Gilbert-Elliott type communication channels. The existence conditions
for both finite horizon controller and infinite horizon controller are derived in terms of the dis-
turbance attenuation level and the control packet arrival probabilities. The convergence of the
infinite horizon cost function and the associated coupled algebraic Riccati equations are inves-

tigated. Further, stability of the closed-loop system with the optimal controller is established.

Chapter 3 considers the jump linear quadratic optimal control problem for Markovian jump
linear systems over multiple Gilbert-Elliott type channels. The existence of the infinite horizon
controller is established by studying the convergence of the infinite horizon cost function and
the associated CAREs. Further, stability of the closed-loop system with the optimal controller
is proved using a less stringent observability notion as compared to the ones used in related

literature.

Chapter 4 extends the works presented in Chapter 2 to an MJLS.

Chapter 5 and Chapter 6 study the H,, controller design problem and the feedback passi-
vation problem, respectively, for a smooth nonlinear system by considering a piecewise affine
approximation. This approach reduces the respective controller design problems to solving a
set of LMIs with nonlinear constraints. These results are then extended for a smooth nonlinear

system with random Markovian packet losses.
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7.2 Direction for Future Research Work

Following are a few directions to which the results of this thesis can be extended.

(i) Throughout this thesis, it is assumed that the acknowledgment of the control packet re-
ception is sent through perfect communication channels, and thus, it is available all the
time. In certain cases, however, the acknowledgment might have to be sent through lossy
channels, which may cause random acknowledgment loss. All of the results presented
in the thesis can be extended to the case where acknowledgment packets are also sent

through Gilbert-Elliott type communication channels.

(i1) This thesis presents results pertaining to the state-feedback controller design problem.
These results can further be extended to the output-feedback case, where the output may

get lost randomly.

(ii1) In Chapter 5 and Chapter 6, we have considered smooth nonlinear system dynamics where
the coefficient matrices of the control input u; and the external or disturbance input wy,
respectively, are constant matrices. These results can be generalized for nonlinear system

dynamics where the coefficient matrices are also smooth functions of the states.
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