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Abstract

A control system architecture where its different subsystems, viz: the controller, actuators,

and sensors, are connected through a communication network is called a networked control

system (NCS). It provides many advantages, such as modular structure and flexibility in design.

However, communication networks, which are generally lossy, bring some serious issues, e.g.,

time-delays, packet loss, and quantization into NCSs. These issues make the design of NCSs

very complicated. In this thesis, we are concerned with investigating a few important control

problems considering the packet loss issue. They are as follows.

To begin with, the H∞ optimal control problem of a linear time-invariant (LTI) system oper-

ating over multiple communication channels is investigated. In order to account for the tempo-

ral correlation in packet loss, the Markovian packet loss model is considered. We formulate the

problem in a dynamic game setting. The existence conditions for the finite horizon controller

and the infinite horizon controller are derived in terms of control packet arrival probabilities and

the disturbance attenuation level. The infinite horizon controller is designed by analyzing the

convergence of the associated coupled algebraic Riccati equations (CAREs). The closed-loop

system’s stability is investigated for three cases: 1) without any external disturbance, 2) with

finite energy disturbance, and 3) with the worst-case disturbance.

We then consider Markovian jump linear systems (MJLS). For such systems, the jump linear

quadratic (JLQ) optimal controller over multiple lossy channels is designed. The existence of

a positive definite stabilizing solution of the infinite horizon CAREs associated with the JLQ

problem is established by using the weak observability notion.

Next, the results for the H∞ optimal controller design problem over multiple lossy channels

are extended to an MJLS. The existence conditions for the finite horizon controller and the in-
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finite horizon controller are derived. Various results pertaining to the infinite horizon controller

are established by using a relaxed notion of observability, namely weak observability. Further-

more, the condition for the closed-loop system’s stability with the worst-case disturbance is

derived.

Then, a smooth control-affine nonlinear system is considered. For such a system, a state-

feedback H∞ controller is designed. Subsequently, we extend these results to a smooth nonlinear

system with the Markovian control packet loss. In our approach, we partition a subspace of

the state-space into a number of polyhedral cells and approximate the nonlinear system by a

piecewise affine (PWA) system in each of these cells. The main characteristic of the approach

is that one can design the controller by solving a set of linear matrix inequalities (LMIs), which

need to satisfy certain nonlinear constraints. Once the LMIs are solved, it is trivial to check

whether the solutions satisfy the nonlinear constraints. As LMIs are easy to solve, our approach

provides an efficient way of the controller design.

Finally, by using the PWA approximation approach, we investigate the problem of local

feedback passivation of a smooth nonlinear system. First, the local feedback passivation of a

classical nonlinear system is considered. After that, the problem of local feedback passivity

with Markovian packet loss is studied. The controller is designed by solving a set of LMIs that

are subject to certain nonlinear constraints.
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সাৰাংশ 
(Abstract in Assamese Language)


    Networked control system (NCS) হ'ল এক control system architecture, য'ত ইয়াৰ িবিভন্ন 
subsystems, যেেন controller, actuators আৰু sensorsবোৰ এটা communication networkৰ 
জিৰয়েত সংযোগ কৰা থােক ।  এই architectureটোৰ বহুতো সুিবধা আেছ, যেেন: িভন িভন সৰু অংশেৰ 
সহেজ গঠন কিৰব পৰা গুণ (modular structure) আৰু ৰূপাঙ্কনৰ নমনীয়তা (flexibility in design) । িযেহতু  
communication networksবোৰ সাধাৰণেত lossy, NCSত িকছু মান গুৰুত্বৰ সমস্যা, যেেন: time-delay, 
packet loss আৰু quantizationএ দেখা িদয়ে । এই সমস্যাবোেৰ NCSৰ ৰূপাঙ্কন প্ৰক্ৰিয়াটো বহুত জটিল 
কিৰ তোেল । এই গেৱষণা গ্ৰন্থখনত, packet loss সমস্যাটোক িবেবচনা কিৰ আিম কেইটামান গুৰুত্বপূৰ্ণ 
control problemsৰ তদন্ত কৰো । এই problems কেইটা তলত উল্লেখ কৰা ধৰণৰ l


  প্ৰথমেত, এটা Linear time-invariant systemৰ বােব H∞ optimal control over multiple 
communication channels problemটোৰ তদন্ত কৰা হৈেছ । Packet lossৰ সময়গত পাৰস্পিৰক সম্পৰ্ক  
(temporal correlation)ক িবেবচনা কিৰবৰ বােব, Markovian packet loss আৰ্হিটো িবেবচনা কৰা হৈেছ । 
আিম problemটোক dynamic game setting ত উপস্থাপন কৰো । Finite horizon আৰু infinite horizon 
controllerৰ অস্তিত্বৰ চৰ্ত বোৰ (existence conditions) control arrival probabilities আৰু disturbance 
attenuation levelৰ ৰূপত আহৰণ কৰা হয় । Infinite horizon controllerটো ৰূপাঙ্কন কিৰবৈল তাৰ লগত 
সংযুক্ত coupled algebraic Riccati equations (CAREs)ৰ সংিমলন (convergence)ৰ িবশ্লেষন কৰা হয় । 
Closed-loop systemৰ স্থিৰতা (stability)ৰ তদন্ত িতিনটা পিৰস্থিিতৰ বােব কৰা হয় : ১) কোনো external 
disturbance নোহোৱাৈক, ২) সীিমত শক্তিৰ disturbanceৰ সৈেত, আৰু ৩) worst-case disturbance ৰ 
সৈেত ।


    তাৰ পাছত আিম Markovian jump linear systemsৰ িবেবচনা কৰো । এেন systemsৰ বােব, jump 
linear quadratic (JLQ) optimal controller over multiple lossy channelsৰ ৰূপাঙ্কন কৰা হয় । Weak 
observability ধাৰণা (notion)ৰ সহায়ত JLQ problemৰ লগত সংযুক্ত infinite horizon CAREsৰ 
positive definite stabilizing solutionৰ অস্তিত্ব প্ৰিতষ্ঠা কৰা হয় । 


    পৰবৰ্তী  পৰ্য্যায়ত, H∞ optimal controller design problem over multiple lossy channelsৰ 
িসদ্ধান্তবোৰ MJLSsলৈ প্ৰসাৰ কৰা হয় । Finite horizon controller আৰু infinite horizon controllerৰ 
অস্তিত্বৰ চৰ্ত বোৰ  (existence conditions) আহৰণ কৰা হয় । Infinite horizon controllerৰ সৈেত সম্পৰ্কিত 
িবিভন্ন িসদ্ধান্তবোৰ এক relaxed ধাৰণােৰ প্ৰিতষ্ঠা কৰা হয় । তদুপিৰ, worst-case disturbanceৰ সৈেত 
closed-loop systemৰ স্থিৰতাৰ চৰ্ত  আহৰণ কৰা হয়। ইয়াৰ িপছত এক smooth control-affine 
nonlinear systemৰ িবেবচনা কৰা হৈেছ । এেনকু ৱা systemৰ বােব, এক state-feedback H∞ controllerৰ 
ৰূপাঙ্কন কৰা হৈেছ । 


    পৰৱৰ্তী কালত, এই িসদ্ধান্তবোৰ আিম morkovian control packet lossৰ সৈেত এক smooth nonlinear 
systemলৈ প্ৰসাৰ কৰো । এই পদ্ধিতটোত আিম state-space ৰ িভতৰৰ এক subspaceক িকছু মান বহুভু জ
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আকাৰৰ (polyhedral) কক্ষ (cell)ত িবভাজন কৰো আৰু প্ৰিতটো কক্ষত nonlinear systemটোক এক piecewise 
affine system (PWA)ৰে আসন্ন (approximate)কৰা হয় l এই পদ্ধিতটোৰ প্ৰধান বৈিশষ্ট্য হ'ল যে কেইটামান linear 
matrix inequalities (LMIs) সমাধান কিৰ controllerৰ ৰূপাঙ্কন কিৰব পািৰ, যিদেহ িকছু মান অৈৰিখক চৰ্ত  
(nonlinear constraints)ৰ পালন হয় । যিদ এই LMIs কেইটা সমাধান কৰা যায়, অৈৰিখক চৰ্ত েকইটা পালন হৈেছ নে 
নাই তাক অিত সহেজ পৰীক্ষা কিৰ চাব পািৰ । িযেহতু  LMI সহেজ সমাধান কিৰব পািৰ, আমাৰ পদ্ধিতটো ব্যৱহাৰ কিৰ 
কাৰ্য্যক্ষমতােৰ controllerৰ ৰূপাঙ্কন কিৰব পািৰ।  
  
 
      অৱেশষত, PWA আসন্নতা ব্যৱহাৰ কিৰ আিম smooth nonlinear systemsৰ local feedback passivation 
problemটোৰ তদন্ত কৰো । প্ৰথমেত classical nonlinear systemsৰ বােব local feedback passivationৰ 
িবেবচনা কৰা হৈেছ । তাৰ িপছত Morkovian packet lossৰ সৈেত   local feedback passivation problemৰ 
অধ্যয়ন কৰা হয় । Controllerৰ ৰূপাঙ্কন কিৰবৰ বােব কেইটামান LMI সমাধান কৰা হৈেছ আৰু লগেত িকছু মান 
অৈৰিখক চৰ্ত  (nonlinear constraints)ৰ পালন হৈেছ নে নাই তাৰ পৰীক্ষা কৰা হৈেছ ।  
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1. Introduction

1.1 Networked control systems

As communication and networking technologies have become more sophisticated and cost-

effective, it is simple and economical to connect many devices through a communication net-

work. This has fueled the emergence of a new kind of control system architecture called the

networked control system (NCS) architecture. In an NCS, different components of the system,

viz. sensors, controllers, and actuators, which could potentially be spatially separated, are con-

nected by a communication network, possibly a wireless one. This brings in modularity and

flexibility in the design of NCSs while reducing the weight of the system [1]. Because of nu-

merous advantages, NCSs have found applications in many areas such as supervisory control

and data acquisition (SCADA) systems, automotive vehicles, formation control, smart home

technology, etc. [2–4]

Figure 1.1: Schematic diagram of an NCS

Despite the various advantages that NCSs could provide, the insertion of a network between

different sub-systems introduces many challenges, such as data packet loss, time-delay, and

quantization. This thesis is primarily concerned with the effect of the data packet loss on an

NCS.
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1.2 Data packet losses in NCSs:

1.2 Data packet losses in NCSs:

Packet loss occurs when a data packet fails to reach the destination node for various reasons

such as transmission errors, transmission time-outs, buffer overflows due to congestion, etc.

This degrades the performance of an NCS and can even destroy the system’s stability. Thus,

one has to explicitly consider the effect of the packet loss while analyzing the stability and per-

formance of an NCS. Various models have been proposed in the literature to mathematically

characterize the random data packet loss. These include the Bernoulli packet loss model [2] and

the Markovian packet loss model [5].

• Bernoulli packet loss model: It is a simplistic packet loss model. In this model, the

packet drop process is assumed to be independent and identically distributed (i.i.d.) Bernoulli

process. Because of its mathematical tractability, the Bernoulli packet loss model has

been extensively used in the literature [2].

• Markovian packet loss model: Although the Bernoulli packet loss model is widely

used in the context of NCSs, it fails to capture the temporal correlation in packet loss

that occurs in a realistic communication network. In practice, packet losses are usually

temporally correlated. The probability of a packet drop at the current time instant is

generally related to the packet drop delivery status at the previous time instant. This

relation is effectively captured in the Markovian packet loss model [5].

1.3 Different Protocols used in NCSs:

In the context of NCSs, two different communication network protocols, namely the trans-

mission control protocol (TCP) and the user datagram protocol (UDP), are usually being used.

In the TCP-like protocol, a control packet’s reception is acknowledged, while there is no such

acknowledgment available in the UDP-like protocol [2].

3
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1. Introduction

This thesis is concerned with developing a few control strategies for linear systems, jump

linear systems and nonlinear systems over the Gilbert-Elliott type communication network. For

linear systems and jump linear systems, the H∞ and jump linear quadratic (JLQ) optimal con-

trollers are designed for the multiple lossy channels with the Markovian packet loss model.

Finally, for smooth nonlinear systems operating over a Gilbert-Elliott type channel, controllers

that ensure the desired L2 gain along with the local feedback passivity, respectively, are de-

signed using a piecewise affine (PWA) approximation approach.

1.4 Literature Review

The design of the linear quadratic Gaussian (LQG) controller under a TCP-like protocol has

been studied in [2,6]. For the Bernoulli packet loss model, it has been shown that there exists a

critical probability for packet arrival below which the closed-loop system cannot be stabilized.

In [6], the design of the LQG controller with a UDP-like protocol has been considered. It has

been demonstrated that for such a case, the separation principle does not hold. Extending this

work, [5] studies the LQG control problem with the Markovian packet loss model. Explicit

condition for the convergence of the infinite horizon cost function in terms of the control packet

loss probability is also presented. The LQG cheap control over imperfect communication chan-

nels is investigated in [7–9]. Stabilization of an LTI system over multiple channels is considered

in [10]. The LQG controller design problem for an LTI system over multiple lossy channels is

discussed in [11], where the packet loss model is assumed to be Bernoulli. Estimation and con-

trol with a UDP-like protocol has been studied in [12–14]. It has been proved that the separation

principle holds for the multi-channel case if the communication protocol is TCP-like.

Using the theory of Markovian jumped linear systems (MJLSs), the H∞ controller design

problem for an LTI system with random packet loss is considered in [15–18]. In [15–17], time-

invariant controllers are designed for the Bernoulli packet loss model. On the other hand, [18]

considers the Markovian packet loss model and designs both fixed-gain and variable-gain con-
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1.4 Literature Review

trollers for the single-channel case. The problem of designing a robust controller, considering

an attack on the scheduling of packets, is considered in [19]. The Minimax (H∞ optimal) con-

trol problem with the Bernoulli packet loss is investigated in [20–22]. Considering a TCP-like

protocol, a state feedback minimax controller is designed in [20] with control packet erasures.

Considering both control and sensor packet losses, [21] deals with the design of an output feed-

back minimax controller and a minimax estimator. For both TCP-like and UDP-like protocols,

minimax controllers are designed in [22]. Generalizing this work, [23] designs minimax con-

troller for an NCS with multiple lossy communication channels. The H∞ control over multiple

communications channels with networked induced delay is considered in [24]. Over unreliable

acknowledgment, [25] deals with the design of an H∞ controller with both the control packet

loss and the sensor packet loss. Considering random packet losses as disturbance, an H∞ con-

troller is designed in [26]. It is also shown that the proposed controller outperforms the LQG

controller. [27] addresses the resilient control problem against a denial-of-service (DoS) attack

over a single channel. Robust H∞ control of an LTI system over a lossy channel and with unre-

liable acknowledgment is addressed in [28].

The H∞ control problem for nonlinear systems has been extensively studied in the recent

past [29–32]. These works depend on the solubility of a few nonlinear inequalities in order to

design the controller. In [33], a Taylor series based approach is used to design the state-feedback

H∞ controller for a smooth nonlinear system around a small neighbourhood of the origin. Con-

trol of smooth nonlinear systems using PWA approximations was introduced in [34]. Therein,

the controllability and the stabilization of PWA systems and nonlinear systems are studied. The

L2 gain of a PWA system is investigated in [35, 36]. The stability and the H∞ controller design

problem for uncertain piecewise linear systems are investigated in [37, 38]. In [39], the reliable

H∞ control problem for a piecewise linear (PWL) system with time-delays and actuator failure

is considered. The robust H∞ controller problem of an uncertain time-delay nonlinear system

with missing measurements is studied in [40]. The nonlinear functions considered therein are

sector-bound nonlinearities, and the packet loss is assumed to be described by the Bernoulli

5
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packet loss model.

The passivity of smooth discrete-time nonlinear systems has been investigated in great de-

tail [41–45]. The passivity of PWA systems are studied in [35, 46–48]. For smooth nonlinear

systems, [49] analyzes the passivity by linearizing around the origin. However, the results pre-

sented there are valid only inside a small neighborhood of the origin. The passivity of nonlinear

systems by approximating the nonlinear dynamics through Taylor’s theorem and a multivariate

generalization of Bernstein polynomials is considered in [50]. However, the controller design

for the feedback passivity has not been considered therein. The feedback passivity of a nonlin-

ear system with packet losse has been studied in [51], although the packet loss model considered

is not a realistic one.

1.5 Research motivations

Although there has been a surge in research on control over lossy communication channels

or NCSs over the last few years, it is still in its infancy. There are still quite a few open and

challenging problems that need proper attention. In view of the literature survey presented in

the preceding section, some of these open problems are identified. Following are a few such

issues that draw our attention.

Most of the works in the literature deal with LTI systems over a single communication chan-

nel with Bernoulli packet losses. There are certain issues with this kind of NCSs architecture.

Firstly, the single-channel case may not always be sufficient. For example, for a team of mobile

robots with a large number of agents, sending control commands to each of the agents through

a single channel might lead to congestion in the channel. However, using multiple independent

channels to send different control commands will reduce congestion, hence increases the prob-

ability of successful packet delivery [52]. Similarly, in a safety critical system where reliability

is of great concern, such as the aircraft system, multiple actuators can be used to perform one

6
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specific task [53]. Sending control commands to the actuators through independent channels

will increase the chances of receiving the required control command as compared to sending

control commands to all the actuators through a single channel. The second issue stems from

the consideration of the Bernoulli packet model. The Bernoulli packet loss model is a simple

packet loss model and does not capture the temporal correlation in packet loss in realistic com-

munication network.

The H∞ optimal control problem for LTI systems operating over multiple lossy channels

with Markovian packet losses has not been investigated as yet despite its practical importance.

One probable reason for this could be the increase in complexity introduced by multiple chan-

nels with Markov packet losses. Although the H∞ control problem with Markovian packet loss

has been investigated recently for the single-channel case, results are only suboptimal due to

the information structure considered therein. These results depend on the availability of the

current packet loss status which is not accessible with a TCP-like protocol. Further, in the lin-

ear quadratic setting, results pertaining to the optimal controller design problem over multiple

Gilbert-Elliott channels have not been derived yet.

It is well known that a linear system is a simplistic approximation model for various prac-

tical systems. Further, in many practical systems, the system dynamics changes randomly due

to various factors such as component failure and environmental changes. Many such systems

are best described by a jump linear system model or a more general nonlinear system model.

However, there isn’t much literature that consider jump linear systems and nonlinear systems

operating over lossy communication networks. In view of the above observation, this thesis in-

vestigates a few control problem for linear systems, jump linear systems, and nonlinear systems

over the Gilbert-Elliott type communication network.

7
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1.6 Organization and contributions of the thesis

The organization and contributions of the thesis are as follows.

• Chapter 2: H∞ optimal control of linear time-invariant (LTI) systems over multiple

lossy channels

In this chapter, the problem of H∞ optimal controller design of an LTI system over mul-

tiple Gilbert-Elliott type communication channels is addressed. We have considered an

appropriate information structure by introducing a TCP-like protocol. Formulating the

problem in a dynamic game setting [54], conditions are derived for the existence of the

finite horizon controller with random packet losses. The existence conditions for the infi-

nite horizon controller are established by studying the convergence of the infinite horizon

cost function. Important properties of the associated coupled algebraic Riccati equation

(CAREs) such as monotonicity, positive definiteness are shown. Conditions for the con-

vergence of the CAREs in terms of packet arrival probabilities are investigated. Stability

of the closed-loop system in the face of random packet losses is established for three

different scenarios: (a) with no disturbance, (b) with disturbance with finite energy, and

(c) with the worst-case disturbance. A weaker notion of observability is used to prove

stability of the closed-loop system with the worst-case disturbance. The condition for

stability is found to be a relaxed one in comparison to the condition found in related

literature [20–22].

• Chapter 3: Jump linear quadratic optimal control of Markovian jump linear sys-

tems (MJLSs) over multiple lossy channels

The design of the jump linear quadratic (JLQ) optimal controller for a Markovian jump

linear system (MJLS) operating over Gilbert-Elliott type channels is considered in chap-

ter 3. The results generalize the existing works on the linear quadratic (LQ) optimal

control over lossy channels. The motivation for considering the problem lies in the fact

that the JLQ optimal controller is widely adopted for MJLSs. Thus, in the NCS setting,

the JLQ optimal control problem over multiple channels with Markovian packet losses

8

TH-2488_146102019



1.6 Organization and contributions of the thesis

has practical significance. Both finite and infinite horizon controllers are designed using

the dynamic programming approach. The Existence of the infinite horizon controller is

investigated by analyzing the convergence of the infinite horizon cost function. Stability

of the system with the infinite horizon optimal controller is shown. Using a weaker notion

of observability, the positive definiteness of the fixed-point solution of the infinite horizon

CAREs and stability of the closed-loop system are proved.

• Chapter 4: H∞ optimal control of Markovian jump linear systems (MJLSs) over

multiple lossy channels

In chapter 4, results on the H∞ optimal control of an LTI system with Markovian packet

losses are extended to Markovian jump linear systems (MJLSs) operating over Gilbert-

Elliott type communication channels. Unlike earlier works on the classical H∞ optimal

control of MJLSs such as [55], it is shown that a relatively weaker notion of observability

is sufficient to establish various results for the infinite horizon part. Various properties

of the associated coupled algebraic Riccati equations (CAREs) are established. Using

the notion of weak observability, positive definiteness of the fixed-point solution of the

infinite horizon CAREs is proved. Conditions for the convergence of the finite hori-

zon CAREs, and hence the optimal cost function are presented. Further, conditions for

the mean-square stability of the closed-loop system with the worst-case disturbance and

without any disturbance are presented. The corresponding results for the classical H∞

optimal control of an MJLS (i.e., with perfect communication between the controller and

the actuators) become evident, and can be derived easily from the results of this chapter.

• Chapter 5: H∞ control of smooth nonlinear systems over lossy channel

Chapter 5 addresses the H∞ controller design problem for smooth nonlinear systems over

a Gilbert-Elliott type communication channel. A novel controller design approach is pre-

sented, which hinges on a piecewise affine (PWA) approximation [35] approach. The H∞

control problem is addressed using the theory of dissipativity [32]. First, approximating

the nonlinear system by a PWA system, conditions for an autonomous nonlinear system to

9
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have a finite L2 gain with respect to the disturbance input, while maintaining asymptotic

stability, are derived. Then, the H∞ state-feedback controller is designed for the nonlinear

system such that, with the control law, the L2 gain of the closed-loop system is less than

or equal to a prescribed disturbance attenuation level γ > 0 with asymptotic stability.

Further, the H∞ controller for a smooth discrete-time nonlinear system with Markovian

packet losses is designed.

• Chapter 6: Local feedback passivity of smooth nonlinear systems over lossy channel

In chapter 6, we investigate the problem of local feedback passivation of a smooth non-

linear system with random packet losses. A piecewise affine (PWA) approximation [35]

method is employed for the analysis. To begin with, conditions for the local passivity

of an autonomous nonlinear system are derived. Then, the local feedback passivation

problem of a classical nonlinear system is investigated. Extending this work, the local

feedback passivation of a nonlinear system over a Gilbert-Elliott type communication

channel is addressed. Using the PWA approximation approach, sufficient conditions are

derived for the local feedback passivity with Markovian packet loss.

• Chapter 7: Conclusion and future works

Finally, in chapter 7, we summarize and conclude the thesis. Further, possible directions

for future research works are also discussed.

10
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

2.1 Introduction

The theory of the H∞ control is a crucial part of the robust control theory. While the lit-

erature of the classical H∞ controller design is quite old and substantial, the H∞ control over

lossy channel counterpart is a recent and developing area. This chapter extends the work on the

H∞ controller design problem for classical LTI systems to LTI systems over a Gilbert-Elliott

type communication network. Results that are presented in this chapter generalize the exist-

ing works on the H∞ controller design over communication channels with Bernoulli packet

losses [15, 16, 18, 20–23].

Specifically, the problem of the H∞ optimal controller design over multiple channels with

Markovian packet losses is dealt with. It is assumed that the communication protocol for each

channel is TCP-like. The corresponding results for the single channel case with Markovian

packet losses can easily be derived as a special case. It is assumed that the network between the

controller and the actuators is lossy, while the network between the sensors and the controller

is lossless. As given in [56], one can think of a practical system with this configuration.

The chapter is organized as follows. In Section 2.2, the problem is formulated as a dynamic

game. Section 2.3 deals with the design of the finite and the infinite horizon controllers, and

conditions for their existence. In Section 2.4, results are demonstrated using a numerical exam-

ple. Finally, results are summarised in Section 2.5.

2.2 Problem Formulation

Consider the following discrete-time linear system:

xk+1 = Axk + Bua
k + D1wk

zk = Cxk + Dua
k ,

(2.1)

12
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2.2 Problem Formulation

where xk ∈ R
n is the state vector, ua

k ∈ R
m is the control input to the actuators, wk ∈ R

s is the

disturbance input having finite energy, i.e., wk ∈ l2
(
[0,∞),Rs), zk ∈ R

p is the controlled output.

Since the goal of this chapter is to design a state-feedback controller, it is assumed that the

state of the system xk is directly accessible to the controller.

The architecture of the network between the controller and the actuators is such that the

control unit exchanges information with each actuator through a different channel. In each of

the channels, in the event of a packet loss, the zero-input strategy is used [57]. In the zero-input

strategy, if a packet gets lost in a channel, the actuator connected to that particular channel

becomes idle. If uk is the controller output, then one can relate ua
k and uk as:

ua
k = ξkuk, (2.2)

where ξk = diag{v1
k , v

2
k , ..., v

m
k }, and vi

k (i ∈ {1, 2, ..,m}) is a random variable which corresponds

to the packet loss condition in the ith channel. vi
k = 0 and vi

k = 1 imply a packet-loss and a

successful packet reception in the ith channel, respectively. In the Gilbert-Elliott channel model,

packet losses are assumed to be governed by a two-state Markov chain. In this model, a suc-

cessful packet arrival represents the good state and a packet loss represents the bad state of the

Markov chain [5, 58].

Remark 2.2.1. In the system dynamics (2.1), the control input is ua
k and is related to the ac-

tual controller output uk by Equation (2.2) which takes into account the Gilbert-Elliott channel

model. Thus Equation (2.2) introduces the Gilbert-Elliott channel model for packet loss in the

system dynamics (2.1).

Remark 2.2.2. Note that although it is assumed that the controller sends control commands to

each of the actuators through a distinct and independent channel, one can modify (2.2) such that

the case where the controller sends control commands to a subset of the actuators through one

13
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

channel can be taken into consideration. For example, if u1
k and u2

k , two elements of the control

vector uk = [u1
k , u

2
k , ..., u

m
k ]′, are sent through one channel, then v1

k and v2
k would be represented

by one random variable.

The following notations will be used in the sequel:

(a) At a time instant k(≥ 1), probabilities of successful packet reception, denoted by v̄i and µ̄i

are given by:

v̄i = Pr(vi
k = 1

∣∣∣vi
k−1 = 1) and µ̄i = Pr(vi

k = 1
∣∣∣vi

k−1 = 0), ∀i ∈ {1, 2, ...,m}.

(b) The actuators are indexed by the set G =
{
1, 2, ...,m

}
. For every subset I of G , we define

the following matrix N(I ).

N(I ) = diag
{
a j j

}
; where a j j =


1, if j ∈ I

0, if j < I

for j = 1, 2, ...,m .

At any instant k, the value of the random variable ξk is equal to one of the N(I )s. This

means that, at the instant k, the actuators that successfully receive the control command are

those indexed by the elements of the set I .

(c) For a TCP-like protocol, the information set Ik available to the controller at kth time-index

is defined as follows:

Ik = {x0, ..., xk, ξ0, ..., ξk−1}. (2.3)

(d) Pk

(
N(I )

)
denotes the probability, that the packet loss status in the network at the stage k

is given by ξk = N(I ), conditional to the information set Ik, i.e.,

Pk

(
N(I )

)
= Pr

(
ξk = N(I )

∣∣∣∣Ik

)
At the stage k = 0, as the previous packet loss status does not exist, the probability

14
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P0

(
N(I )

)
does not depend on the previous packet loss condition, and is given by:

P0

(
N(I )

)
= Π

j∈I
Pr

(
v j

0 = 1
)

Π
r<I

Pr
(
vr

0 = 0
)
; ∀I ⊆ G .

(e) The symbol E[.|Ik] denotes the expected value of any function of packet loss given the

information set Ik. Suppose X(.) is a map from 2G to a space which is closed under addition

and scalar multiplication.

Then E[.|Ik] is given by:

E
[
X(ξk)

∣∣∣Ik
]

=
∑
L ⊆G

Pk

(
N(L )

)
X(N(L )).

When the previous packet loss condition is given by ξk−1 = N(I ), the expected value of

X(.) is denoted by EI [X(ξk)] and takes the following form.

EI [X(ξk)] = E
[
X(ξk)

∣∣∣ξk−1 = N(I )
]

Note 2.2.1. At the stage k = 0, the previous packet loss condition is not known. In this case, the

probability of a packet-loss and a successful packet arrival are given as follows [5]:

Pr(vi
0 = 0) =

1 − v̄i

1 + µ̄i − v̄i and Pr(vi
0 = 1) =

µ̄i

1 + µ̄i − v̄i .

The control policy ζ0:k for a horizon k is a sequence ζ0:k = {ζ0, ..., ζk}, where ζi maps the

information set Ii to the control space U, i.e., ui = ζi(Ii). Similarly, the disturbance policy

η0:k for a horizon k is a sequence η0:k = {η0, ..., ηk}, where ηi maps the information set Ii to the

disturbance spaceW, i.e., wi = ηi(Ii). ζ∗0:k and η∗0:k denote the optimal control policy and the

optimal disturbance policy, respectively.

The following notion of stability shall be followed in the chapter.
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

Definition 2.2.1. System (2.1) is said to be mean-square stable if, with uk ≡ 0 and wk ≡ 0, we

have lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0 for every x0. �

As in the standard H∞ controller design problem, the main objective of this chapter is to

design a state-feedback controller uk = F(xk) with which the closed-loop system (2.1) attains

the following two requirements:

R.1) The L2 gain from the disturbance input wk ∈ l2
(
[0,N],Rs) to the controlled output zk is

less than or equal to some γ > 0, i.e., for zero initial condition (x0 = 0),

E
[ N∑

k=0

||zk||
2
∣∣∣∣I0

]
≤ γ2

N∑
k=0

||wk||
2,∀N ∈ Z+.

R.2) The closed-loop system is mean-square stable.

The theory of dynamic games has been widely used in solving the problem of H∞ optimal

controller design [22,54,59]. The results that are presented in this chapter shall also be derived

using the theory dynamic games. To this end, consider a two player zero-sum game with the

cost function as given below:

JN(ζ0:N−1, η0:N−1) = E
[
||xN ||WN +

N−1∑
k=0

||zk||
2 − γ2||wk||

2
∣∣∣∣I0

]
. (2.4)

It is assumed that C and D in (2.1) satisfy the following:

(a) CT D = 0; (to ensure that no cross-product terms are present in the cost function),

(b) R = DT D > 0; (to ensure the well-posedness of the optimal control problem).

Then, equation (2.4) transforms to the following:

JN(ζ0:N−1, η0:N−1) = E
[
||xN ||WN +

N−1∑
k=0

||xk||
2
W + ||ua

k ||
2
R − γ

2||wk||
2
∣∣∣∣I0

]
, (2.5)
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where WN ≥ 0, W = CTC and R = DT D.

Note 2.2.2. The assumptions made above are the same as those made in [54].

For the game with cost function (2.5), the sequence of the control inputs u0:k is the mini-

mizing player, and the sequence of the disturbance inputs w0:k is the maximizing player. The

game admits a minimax solution or the value of the game exists if it has a Nash equilibrium

or a saddle-point. The Nash equilibrium or the saddle-point policy (ζ∗0:N−1, η
∗
0:N−1) satisfies the

following inequality:

JN(ζ∗0:N−1, η0:N−1) ≤ JN(ζ∗0:N−1, η
∗
0:N−1) ≤ JN(ζ0:N−1, η

∗
0:N−1). (2.6)

2.3 Main Results

In this section, we first solve the H∞ optimal control problem for the finite horizon case and

then extend the results to the infinite horizon case.

A. Finite horizon control:

Substituting (2.2) in (2.5), the cost function is written as follows:

JN(ζ0:N−1, η0:N−1) = E
[
xT

NWN xN +

N−1∑
k=0

xT
k Wxk + uT

k ξ
T
k Rξkuk − γ

2wT
k wk

∣∣∣∣I0

]
. (2.7)

The value function at the stage k, which is the optimal cost-to-go from the stage k to the stage

N, is defined as:

Vk,N

(
xk, ξk−1

)
= min

uk:N−1
max
wk:N−1

E
[
xT

NWN xN +

N−1∑
r=k

xT
r Wxr + uT

r ξ
T
r Rξrur − γ

2wT
r wr

∣∣∣∣Ik

]
. (2.8)
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

As a consequence of the principle of optimality, the value function at the stage k can be ex-

pressed by the following Isaacs Equation:

Vk,N

(
xk, ξk−1

)
= min

uk
max

wk
E

[
xT

k Wxk + uT
k ξ

T
k Rξkuk − γ

2wT
k wk + Vk+1,N(xk+1, ξk)

∣∣∣∣Ik

]
. (2.9)

The following lemma states conditions for the existence of the finite horizon saddle-point

along with an expression for the finite horizon optimal control law.

Lemma 2.3.1. For k ∈ [0,N − 1] and for all I ⊆ G , consider the following coupled algebraic

Riccati equations (CAREs):

Ξk,N
(
N(I )

)
= W +

(
Γk,N

(
N(I )

))T
E
[
ξkRξk

∣∣∣∣Ik
]
Γk,N

(
N(I )

)
− γ2

(
Ψk,N

(
N(I )

))T
Ψk,N

(
N(I )

)
+

∑
L ⊆G

Pk
(
N(L )

)[(
A − BN(L )Γk,N

(
N(I )

)
+ D1Ψk,N

(
N(I )

))T

× Ξk+1,N
(
N(L )

)(
A − BN(L )Γk,N

(
N(I )

)
+ D1Ψk,N

(
N(I )

))]
,

(2.10)

where

Γk,N
(
N(I )

)
=

(
Λk,N

(
N(I )

))−1(
E
[
ξkBT Ξk+1,N(ξk)

∣∣∣∣Ik
](

A + D1Ψk,N
(
N(I )

)))
, (2.11a)

Ψk,N
(
N(I )

)
=

[
Is +

(
Θk,N

(
N(I )

))−1
DT

1E
[
Ξk+1,N(ξk)Bξk

∣∣∣∣Ik
](

Λk,N
(
N(I )

))−1
E
[
ξkBT Ξk+1,N(ξk)

∣∣∣∣Ik
]
D1

]−1

×
(
Θk,N

(
N(I )

))−1
[
DT

1E
[
Ξk+1,N(ξk)

∣∣∣∣Ik
]
− DT

1E
[
Ξk+1,N(ξk)Bξk

∣∣∣∣Ik
](

Λk,N
(
N(I )

))−1

× E
[
ξkBT Ξk+1,N(ξk)

∣∣∣∣Ik
]]

A,

(2.11b)

Θk,N
(
N(I )

)
= γ2Is − DT

1E
[
Ξk+1,N(ξk)

∣∣∣∣Ik
]
D1, (2.11c)

Λk,N
(
N(I )

)
= E

[
ξk

(
R + BT Ξk+1,N(ξk)B

)
ξk

∣∣∣∣Ik
]
, (2.11d)

with ΞN,N
(
N(L )

)
= WN , ∀L ⊆ G . (2.11e)
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Now, for the Isaacs equation (2.9), if ξk−1 = N(I ) (k ≥ 1), the following claims are true:

(a) At the stage k ∈ [0,N − 1], a unique saddle-point exists if and only if:

(i)

Θk,N

(
N(I )

)
= γ2Is − DT

1E
[
Ξk+1,N(ξk)

∣∣∣∣Ik

]
D1 > 0. (2.12)

(ii)

Θt,N

(
N(L )

)
= γ2Is − DT

1E
L
[
Ξt+1,N(ξk)

]
D1 > 0;

for k + 1 ≤ t ≤ N − 1, and ∀L ⊆ G .
(2.13)

(b) If the saddle-point conditions (2.12) and (2.13) are satisfied, then the value function at the

stage k ∈ [0,N] is given by:

Vk,N

(
xk,N(I )

)
= xT

k Ξk,N

(
N(I )

)
xk. (2.14)

(c) At k = 0, the value function is expressed as:

V0,N(x0) = V0,N

(
x0,N(I )

)
, ∀I ⊆ G

= xT
0 Ξ0,N

(
N(I )

)
x0,

(2.15)

(d) Ξk,N

(
N(I )

)
≥ 0 for k ∈ [0,N] and ∀I ⊆ G .

(e) If the saddle-point conditions (2.12) and (2.13) are satisfied, then the finite horizon saddle-

point at the stage k ∈ [0,N − 1] stage is given by:

u∗k = ζ∗k (Ik) = −Γk,N

(
N(I )

)
xk, w∗k = η∗k(Ik) = Ψk,N

(
N(I )

)
xk, (2.16)

where Γk,N

(
N(I )

)
and Ψk,N

(
N(I )

)
for all I ⊆ G are finite.
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Also, the value of the game with the cost function (2.7) and system dynamics (2.1)-(2.2) is given

by:

JN(ζ∗0:N−1, η
∗
0:N−1) = xT

0 Ξ0,N

(
N(I )

)
x0. (2.17)

Proof: We prove the lemma using induction. We start by proving that the lemma is true for

the stage N − 1 (we consider the base case as k = N − 1, since Θk,N

(
N(I )

)
is not defined for

k = N).

At the stage k = N, observe that VN,N

(
xN , ξN−1

)
= xT

NWN xN for all ξN−1. So, with informa-

tion set IN , if ξN−1 = N(I ), we can represent VN,N

(
xN , ξN−1

)
as:

VN,N

(
xk+1,N(I )

)
= xT

NΞN,N

(
N(I )

)
xN , (2.18)

where ΞN,N

(
N(I )

)
= WN for all I ⊆ G .

Now, with information set IN−1, if ξN−2 = N(I ):

E
[
VN,N

(
xN , ξN−1

)∣∣∣∣IN−1

]
=

∑
L ⊆G

PN−1

(
N(L )

)
E
[(

AxN−1 + BN(L )uN−1 + D1wN−1

)T
WN

(
AxN−1 + BN(L )uN−1 + D1wN−1

)]
.

(2.19)

Consider the following functional:

HN−1,N(xN−1, uN−1,wN−1) = E
[
xT

N−1WxN−1 + uT
N−1ξ

T
N−1RξN−1uN−1 − γ

2wT
N−1wN−1

+VN,N

(
xN , ξN−1

)∣∣∣∣IN−1

]
.

(2.20)

Note that HN−1,N(xN−1, uN−1,wN−1) is quadratic in uN−1, wN−1, and xN−1. Hence, it admits a

unique saddle-point if and only if all the following conditions are satisfied:

(i) ∂2HN−1,N (xN−1,uN−1,wN−1)
∂u2

N−1
> 0, i.e., HN−1,N(xN−1, uN−1,wN−1) is convex in uN−1.
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(ii) ∂2HN−1,N (xN−1,uN−1,wN−1)
∂w2

N−1
< 0, i.e., HN−1,N(xN−1, uN−1,wN−1) is concave in wN−1.

(iii) There exist finite u∗N−1 and w∗N−1 such that

∂HN−1,N(xN−1, uN−1,wN−1)
∂uN−1

∣∣∣∣
(u∗N−1,w

∗
N−1)

= 0

∂HN−1,N(xN−1, uN−1,wN−1)
∂wN−1

∣∣∣∣
(u∗N−1,w

∗
N−1)

= 0.
(2.21)

Now, from (2.19) and (2.20):

∂2HN−1,N

(
xN−1, uN−1,wN−1

)
∂u2

N−1

= EI
[
ξN−1

(
R + BT ΞN,N(ξN−1)B

)
ξN−1

]
,

∂2HN−1,N

(
xN−1, uN−1,wN−1

)
∂w2

N−1

= −γ2Is + DT
1E

I
[
ΞN,N(ξN−1)

]
D1 = −ΘN−1,N

(
N(I )

)
.

Observe that R > 0 and ΞN,N

(
N(I )

)
= WN ≥ 0, ∀I ⊆ G . Hence,

EI
[
ξN−1

(
R + BT ΞN,N(ξN−1)B

)
ξN−1

]
> 0.

Therefore,

∂2HN−1,N(xN−1, uN−1,wN−1)
∂u2

N−1

= EI
[
ξN−1

(
R + BT ΞN,N(ξN−1)B

)
ξN−1

]
> 0.

Thus, HN−1,N(xN−1, uN−1,wN−1) is convex in uN−1. Further, ΘN−1,N

(
N(I )

)
> 0 is equivalent to

HN−1,N(xN−1, uN−1,wN−1) being concave in wN−1. Also, (2.21) is satisfied when,

u∗N−1 = ζ∗N−1(IN−1) = −ΓN−1,N

(
N(I )

)
xN−1

w∗N−1 = η∗N−1(IN−1) = ΨN−1,N

(
N(I )

)
xN−1,

(2.22)

where ΓN−1,N

(
N(I )

)
and ΨN−1,N

(
N(I )

)
are given by (2.11a) and (2.11b), respectively. The

finiteness and positive semidefiniteness of WN along with the positive definiteness of R ensure

the invertibility of ΛN−1,N

(
N(I )

)
, ∀I ⊆ G . Further, the invertibility of ΘN−1,N

(
N(I )

)
and
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ΛN−1,N

(
N(I )

)
ensure the finiteness of ΨN−1,N

(
N(I )

)
. Consequently, ΓN−1,N

(
N(I )

)
is finite.

Substituting for u∗N−1 and w∗N−1 in (2.9) with k = N − 1, and using (2.19), we get:

VN−1,N

(
xN−1,N(I )

)
= xT

N−1ΞN−1,N

(
N(I )

)
xN−1,

where ΞN−1,N

(
N(I )

)
is as given in equation (2.10).

Clearly, as WN ≥ 0, W ≥ 0, and R > 0, HN−1,N(xN−1, u∗N−1,wN−1 = 0) ≥ 0. Since (u∗N−1,w
∗
N−1)

constitutes a saddle-point,

HN−1,N(xN−1, u∗N−1,w
∗
N−1) ≥ HN−1,N(xN−1, u∗N−1,wN−1 = 0) ≥ 0. (2.23)

Hence,

VN−1,N

(
xN−1,N(I )

)
= HN−1,N(xN−1, u∗N−1,w

∗
N−1) ≥ 0

=⇒ xT
N−1ΞN−1,N

(
N(I )

)
xN−1 ≥ 0.

(2.24)

Since (2.24) is true for all xN−1, ΞN−1,N

(
N(I )

)
≥ 0. Thus the lemma is true for k = N − 1.

Assume that the lemma is true for the stage (p + 1). This implies the following:

(i) If ξp = N(I ), a unique saddle-point exists if and only if:

(i)

Θp+1,N

(
N

(
I

))
= γ2Is − DT

1E
I
[
Ξp+2,N

(
ξp+1

)]
D1 > 0.

(ii)

Θt,N

(
N

(
L

))
= γ2Is − DT

1E
L
[
Ξt+1,N

(
ξt

)]
D1 > 0;

for p + 2 ≤ t ≤ N − 1, and ∀L ⊆ G .
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(ii) If the previous conditions are satisfied:

Vt,N

(
xt,N(I )

)
= xT

t Ξt,N

(
N(I )

)
xt, where, Ξt,N

(
N(I )

)
≥ 0;

for p + 1 ≤ t ≤ N and ∀I ⊆ G .
(2.25)

For k = p, the necessary part of statement (a) can be proved using the same line of argument as

used in the proof of Theorem 3.2 in [54]. We now proceed to prove the sufficiency part.

Let Θr,N

(
N(J )

)
> 0 for p+1 ≤ r ≤ N−1, ∀J ⊆ G . With information set Ip, if ξp−1 = N(I ),

E
[
Vp+1,N

(
xp+1, ξp

)∣∣∣∣Ip

]
=

∑
L ⊆G

Pp

(
N(L )

)
E
[(

Axp + BN(L )up + D1wp

)T
Ξp+1,N

(
N(L )

)(
Axp + BN(L )up + D1wp

)]
.

(2.26)

Consider the following functional:

Hp,N(xp, up,wp) = E
[
xT

p Wxp + uT
pξ

T
p Rξpup − γ

2wT
p wp + Vp+1,N

(
xp+1, ξp

)∣∣∣∣Ip

]
. (2.27)

By our hypothesis Ξp+1,N

(
N(J )

)
≥ 0 for all J ⊆ G . Using the same line of argument as for

the base case, one can show that Hp,N(xp, up,wp) is convex in uN−1, and it is concave in wN−1 if

Θp,N

(
N(I )

)
> 0, i.e.,

Hp,N(xp, u∗p,wp) ≤ Hp,N(xp, u∗p,w
∗
p) ≤ Hp,N(xp, up,w∗p). (2.28)

Hence, at the stage k = p, a unique saddle-point exists if and only the conditions given in (2.12)

and (2.13) are satisfied. Further, the saddle-point at the stage k = p is given by:

u∗p = ζ∗p(Ip) = −Γp,N

(
N(I )

)
xp; w∗p = η∗p(Ip) = Ψp,N

(
N(I )

)
xp.
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Therefore, substituting for u∗p and w∗p in Equations (2.9) (with k = p) and (2.26): Vp,N

(
xp,N(I )

)
= xT

pΞp,N

(
N(I )

)
xp, where Ξp,N

(
N(I )

)
is given in Equation (2.10). The proof for Ξp,N

(
N(I )

)
≥ 0, ∀I ⊆ G , follows the same line of argument as for the base case.

At the stage k = 0, as there is no information available regarding the past packet loss condition,

the value function will only be a function of x0. Futher, P0

(
N(L )

)
will be the same for all L ⊆

G . Thus, Γ0,N

(
N(I )

)
will take same value for all I ⊆ G , so will Ψ0,N

(
N(I )

)
, Θ0,N

(
N(I )

)
,

Λ0,N

(
N(I )

)
and Ξ0,N

(
N(I )

)
. Hence, V0,N

(
x0,N(I )

)
= V0,N

(
x0

)
= xT

0 Ξ0,N

(
N(I )

)
x0.

Also, the value of the game with the cost function (2.7) is given as follows:

JN(ζ∗0:N−1, η
∗
0:N−1) = V0,N

(
x0

)
= xT

0 Ξ0,N

(
N(I )

)
x0.

�

From Lemma 2.3.1, we infer that, for all I ⊆ G , Ξk,N

(
N(I )

)
, Γk,N

(
N(I )

)
, Ψk,N

(
N(I )

)
,

Θk,N

(
N(I )

)
and Λk,N

(
N(I )

)
are unique.

Note 2.3.1. From analysis presented in the above proof, we have that, at the stage k = 0,

Ξ0,N(N(I )) will same for all I ⊆ G .

Remark 2.3.1. If, for all packet loss conditions, a unique saddle-point exists at the stage (k+1),

then Θk,N

(
N(I )

)
> 0 ensures existence of a finite solution of the CAREs (2.10) at the stage k.

Using this argument recursively, it can be inferred that, for all I ⊆ G , if the conditions given

by (2.12) and (2.13) are satisfied then the finite horizon CAREs (2.10) admit a unique finite

solution.

Remark 2.3.2. If one considers vi
ks to be identical ∀i ∈ {1, 2, ...,m} then the CAREs (2.10)

becomes equivalent to the ones for an LTI over single Gilbert-Elliott type channel. Moreover,

if it is assumed that v̄i = µ̄i for all i ∈ {1, 2, ...,m} then the CAREs (2.10) become equivalent to
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the ones corresponding to the multiple channel with Bernoulli packet loss case, which are given

in [22].

Remark 2.3.3. For the special case when ξk takes only two values 0m or Im, the results for the

multi-channel case become equivalent to the results for the single-channel case.

Remark 2.3.4. It is easy to observe that the probability that the system becomes completely

open-loop is lower with the multi-channel architecture than with the single-channel architec-

ture. To see this, one can consider a control vector having two elements, i.e., uk = [u1
k u2

k]′. If

both of them are sent by through different channels, each having a packet loss probability p̄′,

then the probability that both the control elements do not reach their respective actuators is

(p̄′)2. If a single channel was used, the probability would have been p̄′.

In the following lemma, we prove that if the saddle-point conditions are satisfied, the L2

gain from the disturbance wk to the controlled output zk is maintained.

Lemma 2.3.2. Suppose, γ is chosen such that a unique saddle-point exists at the stage k = 0.

Then, with the optimal control u∗0:N−1, the L2 gain from the disturbance wk to the controlled

output zk of the closed loop system is less than or equal to γ.

Proof: As the game admits a saddle-point,

JN(ζ∗0:N−1, η0:N−1) ≤ JN(ζ∗0:N−1, η
∗
0:N−1) ≤ JN(ζ0:N−1, η

∗
0:N−1).

Or,

JN(ζ∗0:N−1, η0:N−1) ≤ xT
0 Ξ0,N

(
N(I )

)
x0. (2.29)
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Now, from (2.4), (2.29), and considering zero initial condition:

E
[
||xN ||

2
WN

+

N−1∑
k=0

||zk||
2 − γ2||wk||

2
∣∣∣∣I0

]
≤ 0

=⇒

N−1∑
k=0

E
[
||zk||

2
∣∣∣∣I0

]
≤ γ2

N−1∑
k=0

[
||wk||

2
]
.

Hence, the L2 gain from disturbance wk to the controlled output zk is less than or equal to γ. �

In the sequel it is assumed that WN = W.

Lemma 2.3.3. For k ≥ 1, suppose a unique saddle-point exists. Then, for a fixed N, Ξk,N

(
N(I )

)
≥

Ξk+1,N

(
N(I )

)
, for all I ⊆ G .

Proof: This lemma is proved using induction.

From (2.19) and (2.20):

HN−1,N(x, u∗N−1, 0)

= min
uN−1

[
xT Wx + uT

N−1E
I [
ξN−1RξN−1

]
uN−1

+
∑
L ⊆G

PN−1

(
N(L )

){(
Ax + BN(L )uN−1

)T
ΞN,N

(
N(L )

)(
Ax + BN(L )uN−1

)}]
≥ xT Wx

(
As EI [

ξN−1RξN−1
]
> 0 and ΞN,N

(
N(I )

)
= WN ≥ 0

)
= VN,N

(
x,N(I )

)
.

(2.30)
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Further,

VN−1,N

(
x,N(I )

)
= xT ΞN−1,N

(
N(I )

)
x

= HN−1,N(x, u∗N−1,w
∗
N−1)

≥ HN−1,N(x, u∗N−1, 0)

(S ince wN−1 is the maximizing player)

≥ VN,N

(
x,N(I )

)
(by (2.30))

= xT ΞN,N

(
N(I )

)
x.

(2.31)

Since (2.31) is true for all x , 0, ΞN−1,N

(
N(I )

)
≥ ΞN,N

(
N(I )

)
; ∀I ⊆ G .

Assume that the lemma is true for the stage k = p+1. Therefore, Ξp+1,N

(
N(I )

)
≥ Ξp+2,N

(
N(I )

)
,

∀I ⊆ G .

From (2.9) with k = p, and (2.26):

Vp,N

(
x,N(I )

)
= xT Ξp,N

(
N(I )

)
x

= min
up

max
wp

[
xT Wx + uT

pE
I [
ξpRξp

]
up − γ

2wT
p wp

+
∑
L ⊆G

Pp

(
N(L )

){(
Ax + BN(L )up + D1wp

)T
Ξp+1,N

(
N(L )

)(
Ax + BN(L )up + D1wp

)}]
.

(2.32)
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Also,

Vp+1,N

(
x,N(I )

)
= xT Ξp+1,N

(
N(I )

)
x

= min
up+1

max
wp+1

[
xT Wx + uT

p+1E
I [
ξp+1Rξp+1

]
up+1 − γ

2wT
p+1wp+1

+
∑
L ⊆G

Pp+1

(
N(L )

){(
Ax + BN(L )up+1 + D1wp+1

)T
Ξp+2,N

(
N(L )

)
×

(
Ax + BN(L )up+1 + D1wp+1

)}]
.

(2.33)

For any two functions f1(u,w) and f2(u,w), we have:

f1(u,w) ≥ f2(u,w) =⇒ min
u

max
w

f1(u,w) ≥ min
u

max
w

f2(u,w). (2.34)

Observe that, when ξp−1 = ξp = N(I ), we get that Pp(N(L )) = Pp+1(N(L )), ∀L ⊆ G .

Therefore, ∀p ≥ 1, from Equations (2.32), (2.33), and (2.34):

Vp,N

(
x,N(I )

)
≥ Vp+1,N

(
x,N(I )

)
.

Consequently, Ξp,N

(
N(I )

)
≥ Ξp+1,N

(
N(I )

)
, ∀p ∈ [1,N], I ⊆ G . �

Lemma 2.3.4. For k ≥ 1 and ∀I ⊆ G , Ξk,N

(
N(I )

)
= Ξk+1,N+1

(
N(I )

)
.

Proof: This lemma is proved using induction.

Observe that: VN,N

(
x,N(I )

)
= VN+1,N+1

(
x,N(I )

)
= xT Wx. Therefore, ΞN,N

(
N(I )

)
=

ΞN+1,N+1

(
N(I )

)
.

Suppose, the lemma holds true for k = p + 1 stage. Hence, Ξp+1,N

(
N(I )

)
= Ξp+2,N+1

(
N(I )

)
.
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For the stage k = p,

Vp,N

(
x,N(I )

)
= xT Ξp,N

(
N(I )

)
x

= min
up

max
wp

[
xT Wx + uT

pE
I [
ξpRξp

]
up − γ

2wT
p wp

+
∑
L ⊆G

Pp

(
N(L )

){(
Ax + BN(L )up + D1wp

)T
Ξp+1,N

(
N(L )

)(
Ax + BN(L )up + D1wp

)}]
,

(2.35)

and

Vp+1,N+1

(
x,N(I )

)
= xT Ξp+1,N+1

(
N(I )

)
x

= min
up+1

max
wp+1

[
xT Wx + uT

p+1E
I [
ξp+1Rξp+1

]
up+1 − γ

2wT
p+1wp+1

+
∑
L ⊆G

Pp+1

(
N(L )

){(
Ax + BN(L )up+1 + D1wp+1

)T
Ξp+2,N+1

(
N(L )

)
×

(
Ax + BN(L )up+1 + D1wp+1

)}]
.

(2.36)

Therefore, if Ξp+1,N

(
N(I )

)
= Ξp+2,N+1

(
N(I )

)
, for all I ⊆ G , then

Vp,N

(
x,N(I )

)
= Vp+1,N+1

(
x,N(I )

)
, ∀x; ( f rom (2.35) and (2.36))

Hence, Ξp,N

(
N(I )

)
= Ξp+1,N+1

(
N(I )

)
. �

Remark 2.3.5. For k ≥ 1, both xT Ξk,N

(
N(I )

)
x and xT Ξk+1,N+1

(
N(I )

)
x define the optimal

cost incurred when the system evolves from a state x for (N − k) steps. �

Note 2.3.2. If a unique saddle-point exists at a stage k ≥ 1, then given k, the sequence of

solutions
{
Ξk,c

(
N(I )

)}N

c=k+1
:=

{
Ξk,k+1

(
N(I )

)
,Ξk,k+2

(
N(I )

)
, ...,Ξk,N

(
N(I )

)}
of CAREs (2.10)

increases monotonically with N, for all I ⊆ G , i.e., Ξk,N

(
N(I )

)
≤ Ξk,N+1

(
N(I )

)
(In light of

Lemma 2.3.3 and Lemma 2.3.4) �
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Lemma 2.3.5. If a unique saddle-point exists at the stage k = 0, the sequence
{
Ξ0,c

(
N(I )

)}N

c=1

is an increasing sequence in N, i.e., Ξ0,N

(
N(I )

)
≤ Ξ0,N+1

(
N(I )

)
.

Proof: From (2.9), we express the value function at the stage k = 0 as follows:

V0,N(x0) = E
[
xT

0 Wx0 + uT
0E

[
ξ0Rξ0

∣∣∣I0
]
u0 − γ

2wT
0 w0 + V1,N

(
x1, ξ0

)]
. (2.37)

Substituting N = N + 1 in the above Equation:

V0,N+1(x0) = E
[
xT

0 Wx0 + uT
0E

[
ξ0Rξ0

∣∣∣I0
]
u0 − γ

2wT
0 w0 + V1,N+1

(
x1, ξ0

)]
. (2.38)

From Note 2.3.2, Ξ1,N

(
N(J )

)
≤ Ξ1,N+1

(
N(J )

)
, ∀J ⊆ G . Hence,

E
[
V1,N

(
x1, ξ0

)]
≤ E

[
V1,N+1

(
x1, ξ0

)]
.

Therefore, from (2.37) and (2.38):

E
[
V0,N(x0)

]
≤ E

[
V0,N+1(x0)

]
=⇒ xT

0 Ξ0,N

(
N(I )

)
x0 ≤ xT

0 Ξ0,N+1

(
N(I )

)
x0

(2.39)

As (2.39) is true for all x0, Ξ0,N

(
N(I )

)
≤ Ξ0,N+1

(
N(I )

)
. �

B. Infinite horizon control:

In this section, we deal with the case when N → ∞. The cost function for the infinite hori-

zon case is defined as follows:

J∞(ζ0:∞, η0:∞) = E
[ ∞∑

k=0

xT
k Wxk + uT

k ξ
T
k Rξkuk − γ

2wT
k wk

∣∣∣∣I0

]
. (2.40)

The following lemma states the condition for the convergence of the sequence
{
Ξk,c

(
N(I )

)}N

c=k+1
,

30

TH-2488_146102019



2.3 Main Results

∀I ⊆ G as N → ∞.

Lemma 2.3.6. Suppose, the control packet arrival probabilities {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m},

and γ are such that the following conditions are satisfied for all finite N ∈ Z+, k ∈ [0,N],

I ⊆ G :

(a) A saddle-point exists, i.e., Θk,N

(
N(I )

)
> 0.

(b) ∃c < ∞ such that Ξk,N

(
N(I )

)
< cIn.

Then, there exist ˆ̄Ξ < ∞, and Ξ̄
(
N(I )

)
< ∞, ∀I ⊆ G , such that Ξ0,N

(
N(I )

)
→ ˆ̄Ξ, and for

k ∈ [1,∞)], Ξk,N

(
N(I )

)
→ Ξ̄

(
N(I )

)
as N → ∞.

Proof: The positive definiteness of Θk,N

(
N(I )

)
ensures the existence and monotonicity

of the sequence
{
Ξk,c

(
N(I )

)}N

c=k+1
. Since the parameters are such that, for all finite N ∈ Z+,

k ∈ [0,∞), I ⊆ G , Ξk,N

(
N(I )

)
< cIn for some c < ∞, the sequence

{
Ξk,c

(
N(I )

)}N

c=k+1

converges as N → ∞ (in view of Theorem 3.14 in [60]). Similarly, monotonicity of the

sequence
{
Ξ0,c

(
N(I )

)}N

c=1
(from Lemma 2.3.5) and condition (b) ensure that the sequence{

Ξ0,c

(
N(I )

)}N

c=1
converges as N → ∞. Therefore, there exist ˆ̄Ξ and Ξ̄

(
N(I )

)
, such that

Ξ0,N

(
N(I )

)
→ ˆ̄Ξ, and for k ≥ 1, ∀I ⊆ G , Ξk,N

(
N(I )

)
→ Ξ̄

(
N(I )

)
as N → ∞.

�

Remark 2.3.6. Note that the sequence
{
Θk,c

(
N(I )

)
: Θk,c

(
N(I )

)
> 0

}N

c=k+1
, for each I ⊆ G ,

forms a decreasing sequence in N. If the conditions given in Lemma 2.3.6 are satisfied, then

Θk,N

(
N(I )

)
converges to a positive definite value as N → ∞. Thus, the conditions given in

Lemma 2.3.6 ensure the existence of a unique saddle-point as N → ∞. Further, if condition (a)

in Lemma 2.3.6 does not get satisfied the value function Vk,N(.) will not be well defined. In that

scenario, Isaacs equation given by (2.9) will not be well defined, and thus the analysis using the

value function will not be valid. Hence, the existence of a unique saddle-point is central to this

work. �

For N → ∞ and k ≥ 1, if the sequence
{
Ξk,c

(
N(I )

)}N

c=k+1
converges, Ξk,N

(
N(I )

)
will no

longer be a function of k. Hence, for k ≥ 1, the CAREs (2.10) transform to the following

31

TH-2488_146102019
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CAREs:

Ξ̄
(
N(I )

)
= W +

(
Γ̄
(
N(I )

))T
EI

[
ξkRξk

]
Γ̄
(
N(I )

)
− γ2

(
Ψ̄
(
N(I )

))T
Ψ̄
(
N(I )

)
+

∑
L ⊆G

Pr
(
ξk = N(L )

∣∣∣∣ξk−1 = N(I )
)[(

A − BN(L )Γ̄
(
N(I )

)
+ D1Ψ̄

(
N(I )

))T

× Ξ̄
(
N(L )

)(
A − BN(L )Γ̄

(
N(I )

)
+ D1Ψ̄

(
N(I )

))]
,

(2.41)

where Γ̄
(
N(I )

)
, Ψ̄

(
N(I )

)
, Θ̄

(
N(I )

)
, and Λ̄

(
N(I )

)
are given by:

Γ̄
(
N(I )

)
=

(
Λ̄
(
N(I )

))−1
[
EI

[
ξkBT Ξ̄

(
ξk

)](
A + D1Ψ̄

(
N(I )

))]
, (2.42a)

Ψ̄
(
N(I )

)
=

[
Is +

(
Θ̄
(
N(I )

))−1
DT

1E
I

[
Ξ̄
(
ξk

)
Bξk

](
Λ̄
(
N(I )

))−1
EI

[
ξkBT Ξ̄

(
ξk

)]
D1

]−1

×
(
Θ̄
(
N(I )

))−1[
DT

1E
I

[
Ξ̄
(
ξk

)]
− DT

1E
I

[
Ξ̄(ξk)Bξk

](
Λ̄
(
N(I )

))−1
EI

[
ξkBT Ξ̄(ξk)

]]
A,

(2.42b)

Θ̄
(
N(I )

)
= γ2Is − DT

1E
I

[
Ξ̄(ξk)

]
D1, (2.42c)

Λ̄
(
N(I )

)
= EI

[
ξk

(
R + BT Ξ̄(ξk)B

)
ξk

]
, (2.42d)

It is to be noted that as EI
[
ξkRξk

]
and P

(
ξk = N(L )

∣∣∣∣ξk−1 = N(I )
)

are time-invariant, the

CAREs (2.41) are also time-invariant.

Also, the infinite horizon Isaacs equation takes the following form:

V
(
xk, ξk−1

)
= min

uk
max

wk
E

[
xT

k Wxk + uT
k ξ

T
k Rξkuk − γ

2wT
k wk + V(xk+1, ξk)|Ik

]
. (2.43)

By applying N → ∞ in Lemma 2.3.1, we get the following result.

Lemma 2.3.7. Suppose, the control packet arrival probabilities {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m},

and γ are such that conditions (a) and (b) given in Lemma 2.3.6 are satisfied for all N ∈ Z+,

k ∈ [0,∞), and I ⊆ G . If ξk−1 = N(I ), we get the following results.
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(a) The value function at any stage k ∈ [1,∞), is given by:

V
(
xk,N(I )

)
= xT

k Ξ̄
(
N(I )

)
xk. (2.44)

And the infinite horizon saddle-point at the stage k ∈ [1,∞) is given by:

u∗k = ζ∗k (Ik) = −Γ̄
(
N(I )

)
xk, w∗k = η∗k(Ik) = Ψ̄

(
N(I )

)
xk, (2.45)

(b) For k = 0th stage, the value function is expressed as follows:

V
(
x0

)
= xT

0
ˆ̄Ξx0, (2.46)

at k = 0, the infinite horizon saddle-point is given by:

u∗0 = ζ∗0(I0) = − ˆ̄Γx0

w∗0 = η∗0(I0) = ˆ̄Ψx0,

(2.47)

wherein, ˆ̄Ξ, ˆ̄Γ, ˆ̄Ψ, ˆ̄Θ and ˆ̄Λ are defined as follows:

ˆ̄Ξ = W +
( ˆ̄Γ

)T
E
[
ξ0Rξ0

∣∣∣∣I0

] ˆ̄Γ − γ2( ˆ̄Ψ
)T ˆ̄Ψ

+
∑
L ⊆G

P0

(
N(L )

)[(
A − BN(L ) ˆ̄Γ + D1

ˆ̄Ψ
)T

Ξ̄
(
N(L )

)(
A − BN(L ) ˆ̄Γ + D1

ˆ̄Ψ
)]
,

(2.48)

ˆ̄Γ =
( ˆ̄Λ

)−1
E
[
ξ0BT Ξ̄(ξ0)

∣∣∣∣I0

](
A + D1

ˆ̄Ψ
)

(2.49a)

ˆ̄Ψ =

[
Is +

( ˆ̄Θ
)−1

DT
1E

[
Ξ̄(ξ0)Bξ0

∣∣∣∣I0
](

Λ̄
)−1
E
[
ξ0BT Ξ̄(ξ0)

∣∣∣I0
]
D1

]−1(
Θ̄
)−1

×

[
DT

1E
[
Ξ̄(ξ0)

∣∣∣I0
]
− DT

1E
[
Ξ̄(ξ0)Bξ0

∣∣∣I0
]( ˆ̄Λ

)−1
E
[
ξ0BT Ξ̄(ξ0)

∣∣∣I0
]]

A,

(2.49b)

ˆ̄Θ = γ2Is − DT
1E

[
Ξ̄(ξ0)

∣∣∣∣I0

]
D1. (2.49c)

ˆ̄Λ = E
[
ξ0

(
R + BT Ξ̄(ξ0)B

)
ξ0

∣∣∣∣I0

]
, (2.49d)
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(c) The infinite horizon optimal cost is given by:

J∞(ζ∗0:∞, η
∗
0:∞) = xT

0
ˆ̄Ξx0,

where ζ∗0:∞ = {ζ∗0 , ζ
∗
1 , ...} and η∗0:∞ = {η∗0, η

∗
1, ...}. �

The following symbols shall be used in the sequel.

For k ≥ 1, Γk = Γ̄
(
N(I )

)
and Ψk = Ψ̄

(
N(I )

)
; if ξk−1 = N(I ),

for k = 0, Γ0 = ˆ̄Γ and Ψ0 = ˆ̄Ψ.

The following lemma establishes the positive definiteness of the fixed-point solution Ξ̄
(
N(I )

)
;

∀I ⊆ G of CAREs (2.41).

Lemma 2.3.8. For each I ⊆ G , Ξ̄
(
N(I )

)
is positive definite if the following conditions are

satisfied:

(a) (A,W1/2) is observable.

(b) {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m}, and γ are such that conditions (a) and (b) given in Lemma

2.3.6 are satisfied for all N ∈ Z+, k ∈ [1,∞), and I ⊆ G .

Proof: Statement (b) of Lemma 2.3.8 ensures that CAREs (2.41) have a finite solution, and a

unique saddle-point of the game with the cost function (2.40) exists. For k ≥ 1, if ξk−1 = N(I ),

observe that,

Hk,N(xk, u∗k,w
∗
k)

= Vk,N

(
xk,N(I )

)
= min

uk:N−1
max
wk:N−1

E
[
xT

NWxN +

N−1∑
r=k

xT
r Wxr + uT

r ξ
T
r Rξrur − γ

2wT
r wr

∣∣∣∣Ik

]
.

(2.50)
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Taking limit as N → ∞ in the above Equation:

lim
N→∞

Hk,N(xk, u∗k,w
∗
k) = lim

N→∞

N∑
j=k

xT
j Wx j + xT

j ΓT
j E

[
ξ jRξ j

∣∣∣∣I j

]
Γ jx j − γ

2xT
j ΨT

j Ψ jx j

≥ lim
N→∞

Hk,N(xk, u∗k, 0)
(
As w∗k is the maximizing player

)
,

(2.51)

where

lim
N→∞

Hk,N(xk, u∗k, 0)

= lim
N→∞

N∑
j=k

xT
j Wx j + xT

j ΓT
j E

[
ξ jRξ j

∣∣∣∣I j

]
Γ jx j,

(2.52)

We have that W > 0 and E
[
ξ jRξ j

∣∣∣I j
]
> 0 for all j. Thus, if lim

N→∞
Γ jx j , 0 for any j, then from

(2.52):

lim
N→∞

Hk,N(xk, u∗k, 0) > xT
k Wxk.
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Now, consider the case when lim
N→∞

Γ jx j = 0 for all j. Then, from (2.52), one gets:

lim
N→∞

Hk,N(xk, u∗k, 0)

= lim
N→∞

N∑
j=k

xT
j Wx j + xT

j ΓT
j E

[
ξ jRξ j

∣∣∣∣I j

]
Γ jx j

= xT
k Wxk + xT

k+1Wxk+1 + xT
k+1AT WAxk+1 + ...

+ xT
k+1(AT )(n−1)WA(n−1)xk+1 + lim

N→∞

N∑
r=k+n+1

xT
r Wxr

= xT
k Wxk + xT

k+1



W1/2

W1/2A

W1/2A2

.

.

.

W1/2An−1



T 

W1/2

W1/2A

W1/2A2

.

.

.

W1/2An−1



xk+1 + lim
N→∞

N∑
r=k+n+1

xT
r Wxr.

(2.53)

(A,W1/2) being observable implies that the second term in (2.53) is strictly greater than 0 (> 0)

for all xk , 0. Further, E
[
ξ jRξ j

∣∣∣I j
]
> 0 (as R > 0) for all j, and W ≥ 0. Therefore, ∀xk , 0,

lim
N→∞

Hk,N(xk, u∗k, 0) > xT
k Wxk.

Consequently,

V
(
xk,N(I )

)
= xT

k Ξ̄
(
N(I )

)
xk

= lim
N→∞

Hk,N(xk, u∗k,w
∗
k)

≥ lim
N→∞

Hk,N(xk, u∗k, 0)
(
using (4.44)

)
> xT

k Wxk.

(2.54)

Since (2.54) is satisfied for all xk , 0, Ξ̄
(
N(I )

)
> W ≥ 0; ∀I ⊆ G .
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�

If the conditions (a) and (b) of Lemma 2.3.8 are satisfied for all k ∈ [0,∞), then using the

same line of argument as in the proof of Lemma 2.3.8, one can prove that ˆ̄Ξ is positive definite.

We shall now show the stability of the closed-loop system. Following analysis is required to

show stability of the closed-loop system with the saddle-point policy. System (2.1)-(2.2) with

the infinite horizon saddle-point transform to the following:

xk+1 = A (ξk)xk, (2.55)

where

A (ξk) = A − BξkΓk + D1Ψk.

Also, consider a dummy output (which will only be used to prove a part of final result) as given

by:

yk = C (ξk)xk, (2.56)

where

C (ξk) = E
[(

W + ΓT
k ξkRξkΓk − γ

2ΨT
k Ψk

)1/2∣∣∣∣Ik

]
.

We shall also need the notion of weak observability for a Markovian jump linear system.

The following definition is in line with the one given in [61].

Definition 2.3.1. Consider the system (2.55)-(2.56). Take any initial Markov process state l0,

and any two initial system states x1
0 and x2

0. Suppose, for a known input uk, yk(x0 = x1
0) = yk(x0 =

x2
0), ∀k ≤ S implies Pr(x1

0 = x2
0) > 0. The system is said to be weakly observable if E

[
S
]
< ∞.
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�

As shown by the following lemma, an algebraic condition to check weak observability is

also presented in [61].

Lemma 2.3.9. System (2.55)-(2.56) is said to be weakly observable if and only if, with S < ∞,

there exists a transition path
{
N(I0),N(I1), ...,N(IS−1)

}
where I j ⊆ G , ∀ j ∈ {1, 2, ..., S −1},

for which the jump observability matrix O(I0,I1, ...,IS−1) has

rank O(I0,I1, ...,IS−1) = rank



C
(
N (I0)

)
C

(
N (I1)

)
A

(
N (I0)

)
.

.

.

C
(
N (IS−1)

)
ΠS−2

r=0 A
(
N (Ir)

)



= n.

�

Note that weak observability of system (2.55)-(2.56) is a weaker notion than observability

of individual
(
A

(
N(I )

)
,C

(
N(I )

))
for each I ⊆ G . We shall show that to prove mean-

square stability of the close-loop system with the optimal input and the optimal disturbance,

weak observability is sufficient.

We now proceed to prove that the optimal control law u∗k stabilizes the system.

Theorem 2.3.10. If {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m}, and γ are such that the conditions (a) and (b)

of Lemma 2.3.8 are satisfied for all finite N ∈ Z+, k ∈ [0,∞), and I ⊆ G , then the following

claims are true.

(a) With the optimal control law u∗k, the L2 gain from the disturbance input wk to the controlled

output zk of the closed loop system is less than or equal to γ.

(b) With the optimal control law u∗k = −Γkxk, expected value of the state response of the sys-

tem (2.1) decays to zero asymptotically for arbitrary w = (w1,w2, ...) ∈ l2([0,∞),Rs), i.e.,
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lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0.

(c) With the optimal control law u∗k = −Γkxk, expected value of the state-response of the system

(2.1) for a bounded disturbance wk satisfies E
[
||xk||

2
∣∣∣∣I0

]
< ∞ for all k.

(d) The system xk+1 =
(
A − BξkΓk + D1Ψk

)
xk is mean-square stable if the system (2.55)-(2.56)

is weakly observable.

Proof: Part (a) directly follows from Lemma 2.3.2 by taking limit as N → ∞. Θ̄
(
N(I )

)
being positive definite ensures the existence of the saddle-point defined by the optimal strategy

(ζ∗0:∞, η
∗
0:∞). So,

J∞(ζ∗0:∞, η0:∞) ≤ J∞(ζ∗0:∞, η
∗
0:∞) ≤ J∞(ζ0:∞, η

∗
0:∞)

=⇒ J∞(ζ∗0:∞, η0:∞) ≤ J∞(ζ∗0:∞, η
∗
0:∞) = V

(
x0

)
< ∞.

=⇒ E
[ ∞∑

k=0

||xk||
2
W + ||ξku∗k||

2
R − γ

2||wk||
2
∣∣∣∣I0

]
< ∞

(
f rom (2.40)

)
=⇒ E

[ ∞∑
k=0

||xk||
2
W + ||ξku∗k||

2
R

∣∣∣∣I0

]
< ∞

(
since wk ∈ L2([0,∞),Rs)

)
=⇒ E

[ ∞∑
k=0

||xk||
2
W + ||xk||

2
(Γk)T ξkRξkΓk

∣∣∣∣I0

]
< ∞.

(2.57)

As W ≥ 0, and R > 0, (2.57) implies that both the infinite series E
[∑∞

k=0 ||xk||
2
W

∣∣∣∣I0

]
and

E
[∑∞

k=0 ||xk||
2
(Γk)T ξkRξkΓk

∣∣∣∣I0

]
converge. Also, as R > 0, in view of Theorem 3.23 in [60], con-

vergence of the infinite series E
[∑∞

k=0 ||xk||
2
(Γk)T ξkRξkΓk

∣∣∣∣I0

]
implies lim

k→∞
E
[
Γkxk

∣∣∣∣I0

]
= 0.

Now, we claim that (2.57) implies lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0. This claim is proved using contradiction

as follows.

Let us assume that lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
, 0 . Now, using the system dynamics given by (2.1)
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with the optimal control input u∗k = −Γkxk,

lim
k→∞
E
[
xT

k+1Wxk+1 + xT
k+1(Γk+1)T ξk+1Rξk+1Γk+1xk+1

∣∣∣∣I0
]

= lim
k→∞

{
E
[
xT

k AT W
(
Axk − 2BξkΓkxk + 2D1wk

)
− 2xT

k ΓT
k ξkBT WD1wk

+ xT
k ΓT

k ξkBT WBξkΓkxk + wT
k DT

1 WD1wk + xT
k+1ΓT

k+1ξk+1Rξk+1Γk+1xk+1

∣∣∣∣I0
]}
,

(2.58)

Since lim
k→∞
E
[
Γkxk

∣∣∣∣I0
]

= 0 and w ∈ l2([0,∞),Rs), lim
k→∞
E
[
xk+1

∣∣∣∣I0
]

= AE
[
xk

∣∣∣∣I0
]
. Therefore, from (2.58):

lim
k→∞
E

[
xT

k+1Wxk+1 + xT
k+1(Γk+1)T ξk+1Rξk+1Γk+1xk+1

∣∣∣∣I0
]

= lim
k→∞
E
[
xT

k AT WAxk

∣∣∣∣I0

]
.

(2.59)

Similarly,

lim
k→∞
E
[
xT

k+2Wxk+2 + xT
k+2(Γk+2)T ξk+2Rξk+2Γk+2xk+2

∣∣∣∣I0
]

= lim
k→∞
E
[
xT

k (A2)T WA2xk

∣∣∣∣I0
]
,

(2.60)

and so on.

Using equations (2.59), (2.60),... , and the fact that (A,W1/2) is observable:

lim
k→∞
E

[[
xT

k Wxk + xT
k (Γk)T ξkRξkΓkxk

]
+

[
xT

k+1Wxk+1 + xT
k+1(Γk+1)T ξk+1Rξk+1Γk+1xk+1

]
+

[
xT

k+2Wxk+2 + xT
k+2(Γk+2)T ξk+2Rξk+2Γk+2xk+2

]
+ ....

+
[
xT

k+n−1Wxk+n−1 + xT
k+n−1(Γk+n−1)T ξk+n−1Rξk+n−1Γk+n−1xk+n−1)

]∣∣∣∣I0

]
= lim

k→∞
E
[
xT

k Wxk + xT
k AT WAxk + xT

k (AT )2WA2xk + ... + xT
k (AT )n−1WAn−1xk

∣∣∣∣I0
]

= lim
k→∞
E
[
xT

k Oxk

∣∣∣∣I0
]
> 0,

(2.61)
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where,

O =



W1/2

W1/2A

W1/2A2

.

.

.

W1/2An−1



T 

W1/2

W1/2A

W1/2A2

.

.

.

W1/2An−1



.

So, from (2.61), if lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
, 0, we get that lim

k→∞
E
[
xT

k Wxk

∣∣∣∣I0

]
, 0. Hence, as a conse-

quence of Theorem 3.23 in [60], the infinite series
∑∞

k=0 E
[
||xk||

2
W

∣∣∣∣I0

]
does not converge. There-

fore, with R > 0, if lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
, 0:

E
[ ∞∑

k=0

||xk||
2
W + ||xk||

2
(Γk)T ξkRξkΓk

∣∣∣∣I0

]
→ ∞.

Thus, we arrive at a contradiction. Therefore, lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0.

Proof for part (c): Consider system (2.1) with the optimal control law u∗k = −Γkxk and with

a bounded disturbance wk as follows:

xk+1 =
(
A − BξkΓk

)
xk + D1wk. (2.62)

From the argument given for the proof of part (b), one gets that the following system is mean-

square stable.

xk+1 =
(
A − BξkΓk

)
xk.

Thus, the state-responses of system (2.62) are bounded for all bounded disturbance wk.
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Proof for part (d): As Θ̄
(
N(I )

)
for all I ⊆ G :

J∞(ζ∗0:∞, η
∗
0:∞) < ∞

=⇒ E
[ ∞∑

k=0

||xk||
2
W + ||xk||

2
(Γk)T ξkRξkΓk

− γ2||xk||
2
(Ψk)T Ψk

∣∣∣∣I0

]
< ∞

=⇒ E
[ ∞∑

k=0

xT
k

(
W + (Γk)TξkRξkΓk − γ

2(Ψk)T Ψk

)
xk

∣∣∣∣I0

]
< ∞.

(2.63)

Thus, one gets:

lim
k→∞
E
[
xT

k

(
W + (Γk)TξkRξkΓk − γ

2(Ψk)T Ψk

)
xk

∣∣∣∣I0

]
= 0

=⇒ lim
k→∞
E
[
xT

k (C 1/2(ξk))TC 1/2(ξk)xk

∣∣∣∣I0

]
= 0

similarly, lim
k→∞
E
[
xT

k+1(C 1/2(ξk+1))TC 1/2(ξk+1)xk+1

∣∣∣∣I0

]
= lim

k→∞
E
[
xT

k A T (ξk)(C 1/2(ξk+1))TC 1/2(ξk+1)A (ξk)xk

∣∣∣∣I0

]
= 0

...

Also, lim
k→∞
E
[
xT

k+T (C 1/2(ξk+T ))TC 1/2(ξk+T )xk+T

∣∣∣∣I0

]
= lim

k→∞
E
[
xT

k

(
Πk+T −1

l=k A (ξl)
)T

(C 1/2(ξk+T ))TC 1/2(ξk+T )
(
Πk+T −1

l=k A (ξl)
)
xk

]
= 0.

(2.64)

Now,

lim
k→∞
E
[
xT

k (C 1/2(ξk))TC 1/2(ξk)xk + xT
k+1(C 1/2(ξk+1))TC 1/2(ξk+1)xk+1

+ ... + xT
k+T (C 1/2(ξk+T ))TC 1/2(ξk+T )xk+T

∣∣∣∣I0

]
= 0

=⇒ lim
k→∞
E
[
xT

k



C (ξk)

C (ξk+1)A (ξk)

.

.

.

C (ξk+T )Πk+T −1
l=k A (ξl)



T 

C (ξk)

C (ξk+1)A (ξk)

.

.

.

C (ξk+T )Πk+T −1
l=k A (ξl)



xk

∣∣∣∣I0

]
= 0

(2.65)
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2.4 Numerical Example

Since system (2.55) is weakly observable and the Markov chain {ξk} is irreducible, there always

exist a k and a finite T such that the condition given in Lemma 2.3.9 always gets satisfied.

Thus, from (2.65), we get that lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0. �

Remark 2.3.7. The special case where v̄1 = v̄2 = ... = v̄m = v̄, µ̄1 = µ̄2 = ... = µ̄m = µ̄, and

v̄l = µ̄l for all l ∈ {1, 2, ...,m}, models an LTI system over a single channel with a Bernoulli

packet loss model. In this case, A (ξk) and C (ξk) in Equations (2.55)-(2.56) are replaced by

A (ξk) = A− BξkΓk + DΨk and C (ξk) = (W + v̄ΓT
k RΓk − γ

2ΨT
k Ψk)1/2, ∀k. The sufficient condition

for stability in [22] is (v̄ΓT
k RΓk − γ

2ΨT
k Ψk) > 0. As W ≥ 0, this implies that C TC > 0 and

therefore C has rank n. On the other hand, the weak observability condition considered in

Claim (d) of Theorem 2.3.10 only requires O to have rank n. Since the rows of C are a subset of

the rows of O, this will always be satisfied if the condition given in [22] is satisfied. On the other

hand, O having rank n does not guarantee that C has rank n. Therefore, a system that satisfies

the condition given in Claim (d) in Theorem 2.3.10 may not satisfy the condition given in [22].

Thus, for an LTI system over a single channel with a Bernoulli packet loss model, the stability

condition given in Claim (d) is relaxed as compared to the one given in [22]. Further, unlike

[22], as we have considered the realistic Gilbert-Elliott channel model, with m independent

channels, the number of CAREs we get is 2m, each CAREs having dimension n. �

2.4 Numerical Example

Consider an LTI system with the following system parameters:

A =


1 2 1

0 1 1

1 0 2

 , B =


1 2

1 0

0 1

, D1 =


1

1

1

 ,

C =


0 0 0

0 0 0

1 1 1

 , D =


√

2 0

0 1

0 0

,
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

with

W =


1 1 1

1 1 1

1 1 1

 , R =

2 0

0 1

 .
To see the effect of packet arrival probabilities on the optimal cost, we have evaluated the

optimal cost for different packet arrival probabilities. In order to find the fixed-point solution

of the CAREs (2.41) for the infinite horizon case, we solve a sequence of finite horizon CAREs

(2.10) using dynamic programming and generate a sequence of Ξ0,N

(
N(I )

)
s, for each I ⊆ G .

If this sequence converges, then the solution of the infinite horizon CAREs (2.41) is taken

as the limit point of the sequence, i.e., Ξ̄
(
N(I )

)
= lim

N→∞
Ξ0,N

(
N(I )

)
. Figure 2.1 shows the

convergence of the optimal infinite horizon cost function for v̄1 = 0.92, v̄2 = 0.89, µ̄1 = 0.91,

µ̄2 = 0.9 (orange graph), and v̄1 = 0.88, v̄2 = 0.86, µ̄1 = 0.89, µ̄2 = 0.87 (blue graph).

It is observed that the optimal infinite horizon cost is more for the second case (where the

control packet arrival probabilities are lower). Figure 2.2 shows that if control packet arrival

probabilities are reduced to v̄1 = 0.4, v̄2 = 0.38, µ̄1 = 0.41, µ̄2 = 0.3, the optimal infinite

horizon cost function does not converge. Figure 2.3 demonstrates the variation of the critical

disturbance attenuation level γc with respect to v̄1 for (v̄2 = 0.8, µ̄1 = 0.83, µ̄2 = 0.818),

(v̄2 = 0.8, µ̄1 = 0.83, µ̄2 = 0.82), (v̄2 = 0.8, µ̄1 = 0.83, µ̄2 = 0.83) and (v̄2 = 0.8, µ̄1 = 0.83,

µ̄2 = 0.84). Likewise, Figure 2.4 depicts the variation of the critical disturbance attenuation

level γc with respect to µ̄2 for (v̄1 = 0.86,v̄2 = 0.87, µ̄1 = 0.88), (v̄1 = 0.86,v̄2 = 0.88, µ̄1 = 0.88),

(v̄1 = 0.86,v̄2 = 0.89, µ̄1 = 0.88) and (v̄1 = 0.86,v̄2 = 0.9, µ̄1 = 0.88). The regions above the

curves in Figure 2.3 and Figure 2.4 are the feasible regions for the existence of unique fixed-

point solution of CAREs (2.41). One can see that for a given value of γc, if the value of v̄1

(and µ̄2) drops below a critical value, the sequence of Ξ0,N

(
N(I )

)
s does not converge. Hence,

the infinite horizon CAREs (2.41) do not admit a finite fixed-point solution. Expected value

of the closed-loop state response with a disturbance wk = sin(0.5πk)e−k/2 is shown in Figure

2.5. Further, in Figure 2.6, expected value of the state response of the closed-loop system

with a persistent bounded disturbance wk = 0.025 sin(0.5πk) is displayed. In Figure 2.7, we
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have shown the state-response of the system without taking the expectation of the state xk for

a disturbance wk = 0.025 sin(0.5πk). To get the response, we have first simulated two Markov

chains for two independent channels with 0, 1 as its two states according to the probabilities

v̄1 = 0.9, v̄2 = 0.91, µ̄1 = 0.93, µ̄2 = 0.92. Suppose, at a time index k, a zero appears

in the Markov chain which is used to model the packet loss in channel-1, it is assumed the

control packet in channel-1 is lost, and first element of the control vector uk is set to be zero

for computation of xk+1. Similarly, if 1 appears in the Markov chain at the time index k, the

optimal control law is applied for the corresponding element of the control vector to compute

xk+1. Unlike Figure 2.6, which shows the expected value of the state response E[xk

∣∣∣I0], Figure

2.7 demonstrates the instantaneous state response considering random packet loss. One can see

the random fluctuation of the state response in Figure 2.7 due to random packet losses, which

can not be seen in Figure 2.6. From Figure 2.8, we see that if the packet arrival probabilities

are reduced to v̄1 = 0.4, v̄2 = 0.38, µ̄1 = 0.41, µ̄2 = 0.3, the optimal controller fails to stabilize

the system. In Figure 2.9, we have demonstrated the optimal cost for different γ and the cost

associated with LQ control. It can be seen that as the disturbance attenuation level γ increases,

the infinite horizon optimal cost for H∞ optimal control converges to the infinite horizon optimal

cost for LQ control.

The following example demonstrates that, for an LTI system over a single channel network,

the stability condition given in Theorem 2.3.10 is more relaxed than the one given in [22].

Consider an LTI system with the following system parameters.

A =


1 2 1

0 1 1

1 0 2

 , B =


1

1

0

, D1 =


1

1

1

 , C =


0 0 0

0 0 0

1 1 1

 , D =


1

0

0


Thus,

W =


1 1 1

1 1 1

1 1 1

 , R = 1.
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

Figure 2.1: Behaviour of the optimal cost as N increases with v̄1 = 0.92, v̄2 = 0.89, µ̄1 = 0.91,
µ̄2 = 0.9 (orange graph), and v̄1 = 0.88, v̄2 = 0.86, µ̄1 = 0.89, µ̄2 = 0.87 (blue graph).
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2.4 Numerical Example

Figure 2.2: Behaviour of the optimal cost as N increases with v̄1 = 0.4, v̄2 = 0.38, µ̄1 = 0.41,
µ̄2 = 0.3.
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

Figure 2.3: Behaviour of γc for different v̄1 with (v̄2 = 0.8, µ̄1 = 0.83, µ̄2 = 0.818), (v̄2 = 0.8,
µ̄1 = 0.83, µ̄2 = 0.82), (v̄2 = 0.8, µ̄1 = 0.83, µ̄2 = 0.83), (v̄2 = 0.8, µ̄1 = 0.83, µ̄2 = 0.84).
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2.4 Numerical Example

Figure 2.4: Behaviour of γc for different µ̄2 with (v̄1 = 0.86,v̄2 = 0.87, µ̄1 = 0.88), (v̄1 =

0.86,v̄2 = 0.88, µ̄1 = 0.88), (v̄1 = 0.86,v̄2 = 0.89, µ̄1 = 0.88), (v̄1 = 0.86,v̄2 = 0.9, µ̄1 = 0.88).
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

Figure 2.5: Expected value of the state response with disturbance wk = sin(0.5πk)e−k/2 for
v̄1 = 0.9, v̄2 = 0.91, µ̄1 = 0.93, µ̄2 = 0.92.
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2.4 Numerical Example

Figure 2.6: Expected value of the state response with persistent disturbance wk =

0.025 sin(0.5πk) for v̄1 = 0.9, v̄2 = 0.91, µ̄1 = 0.93, µ̄2 = 0.92.
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

Figure 2.7: State response with random packet losses and persistent disturbance wk =

0.025 sin(0.5πk) for v̄1 = 0.9, v̄2 = 0.91, µ̄1 = 0.93, µ̄2 = 0.92.
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2.4 Numerical Example

Figure 2.8: State response with random packet losses and persistent disturbance wk =

0.025 sin(0.5πk) for v̄1 = 0.4, v̄2 = 0.38, µ̄1 = 0.41, µ̄2 = 0.3.
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

Figure 2.9: Comparison of optimal costs associated with H∞ control and LQ control with v̄1 =

0.88, v̄2 = 0.86, µ̄1 = 0.89, µ̄2 = 0.87.
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The arrival probability of the control signal is considered to be v̄ = 0.95. As the control input

uk and the disturbance input wk are scalars, Γk and Ψk are row vectors. Further, E
[
ξkRξk

]
= v̄R

where R is a scalar. Therefore,

E
[
ΓT

k ξkRξkΓk − γ
2ΨT

k Ψk

∣∣∣∣Ik
]

= v̄RΓT
k Γk − γ

2ΨT
k Ψk.

Since the matrices ΓT
k Γk and ΨT

k Ψk have rank 1 (because Γk and Ψk are row matrices), the rank

of the matrix v̄RΓT
k Γk − γ

2ΨT
k Ψk can not be 3. Hence, the condition given in [22] is not satisfied.

Now, if we consider a transition path {ξk = 0, ξk+1 = 1, ξk+2 = 1}, we get the following,

Γk = Γk+1 = Γk+2 =
[
1.6177 1.6459 3.1014

]
, Ψk = Ψk+1 = Ψk+2 =

[
0.0826 0.0646 0.1498

]
,

A (ξk) =


1.0826 2.0646 1.1498

0.0826 1.0646 1.1498

1.0826 0.0646 2.1498

, A (ξk+1) =


−0.5351 0.4186 −1.9516

−1.5351 −0.5814 −1.9516

1.0826 0.0646 2.1498

,

C T (ξk)C (ξk) = C T (ξk+1)C (ξk+1) = C T (ξk+2)C (ξk+2) =


2.1677 2.4986 3.3749

2.4986 2.7676 3.9796

3.3749 3.9796 5.8001

.

Thus,

OTO

= C T (ξk)C (ξk) + A T (ξk)C T (ξk+1)C (ξk+1)A (ξk) + A T (ξk)A T (ξk+1)C T (ξk+2)C (ξk+2)A (ξk+1)A T (ξk)

=


4.8238 3.3274 6.7758

3.3274 3.2050 4.4559

6.7758 4.4559 12.1221


(2.66)

As the matrix OTO in Equation (2.66) has rank 3, we get that the jump observability matrix

OTO corresponding to the transition {ξk = 0, ξk+1 = 1, ξk+2 = 1} has rank 3. Thus, the condition

given in Claim (d) in Theorem 2.3.10 gets satisfied. Hence, the closed-loop system with the

saddle-point policy is stable. Figure 2.10 shows the response of the closed loop system with the
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2. H∞ optimal control of linear time-invariant (LTI) systems over multiple lossy channels

optimal control law and worst case disturbance.

Figure 2.10: State response with the optimal control law and worst-case (optimal) disturbance
for v̄ = 0.95.

Therefore, even though the above system does not satisfy the condition given in [22], it

satisfies the condition given in Claim (d) of Theorem 2.3.10.
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2.5 Summary

2.5 Summary

This chapter presents the results for the H∞ optimal control problem over multiple erasure

channels for both finite horizon and infinite horizon cases. Various properties of the associated

CAREs are also investigated. Further, the stability of the closed-loop system with the opti-

mal controller is established for three cases: a) with finite energy disturbance, b) without any

disturbance, and c) with worst-case disturbance.
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3
Jump linear quadratic optimal control of

Markovian jump linear systems (MJLSs)

over multiple lossy channels
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3.1 Introduction

3.1 Introduction

In this chapter, we investigate the optimal jump linear quadratic control problem of a Marko-

vian jump linear system (MJLS) over multiple channels with a TCP-like protocol. Similar to

the previous chapter, communication channels between the controller and the actuators are as-

sumed to be lossy, while it is assumed that the channels between sensors and the controller are

lossless. Further, the channels are modeled by the Gilbert-Elliott channel model.

We have designed both finite horizon and infinite horizon controllers with random packet

losses. Various properties of the associated CAREs are established. Using the weak observabil-

ity notion, the positive definiteness of the fixed-point solution of the infinite horizon CAREs

is shown. Further, it is also demonstrated that the weak observability assumption is sufficient

to show the stability of the closed-loop system in the mean-square sense with the optimal con-

troller. All the corresponding results for the linear quadratic (LQ) optimal controller design

problem for LTI systems over multiple channels with Markov packet loss are presented as a

special case.

The results presented in this chapter generalizes the existing works on the LQ optimal con-

trol of linear systems over lossy channels such as [5] and [11]. To the best of our knowledge,

jump linear quadratic optimal control of MJLSs over lossy channel has not been investigated.

Further, the weak observability assumption which is considered to show the positive definite-

ness of the solution of the CAREs and stability of the system is less stringent than the one

considered in the works on classical JLQ such as [61].

The chapter is organized as follows. In Section 3.2, the problem is formulated. Section 3.3

deals with design of finite horizon controller and infinite horizon controller. The convergence of

the infinite horizon cost and stability of the closed-loop system have also been investigated. In

section 3.4 with a numerical example we demonstrate our results. Finally, section 3.5 presents

the summary of works presented in this chapter.
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3. Jump linear quadratic optimal control of Markovian jump linear systems (MJLSs) over
multiple lossy channels

3.2 Problem Formulation

Let us consider the following discrete-time Markovian jumped linear system:

xk+1 = A(rk)xk + B(rk)ua
k

(3.1)

where xk ∈ R
n is the state vector, ua

k ∈ R
m is the control input to the actuators, rk ∈ D ,

{1, 2, ...,M} with M < ∞ is an irreducible, aperiodic and time-homogeneous Markov chain.

Transition probabilities of the Markov chain are expressed in the transition probability matrix

∆ = [pi j], where

pi j = P(rk+1 = j|rk = i);∀i, j ∈ D, k = 0, 1, 2, ...

Following terminology related to a Markov chain is followed throughout the work.

(i) A Markov chain is said to be time-homogeneous if P(rk+1 = j
∣∣∣∣rk = i) = P(rl+1 = j

∣∣∣∣rl = i);

∀k, l ∈ Z+.

(ii) A state j is accessible from state i (written as i → j) if there exists an integer n(i j) ≥ 0

such that

P(rn(i j) = j|r0 = i) > 0.

(iii) A state i is said to communicate with state j if both i→ j and j→ i.

(iv) A communicating class is a maximal set of states where every state communicates with

each other.

(v) A communicating class is closed if there does not exist any transition with nonzero prob-

ability from the class to a state outside it.

(vi) A Markov chain is irreducible if its state space is a single communicating class.

(vii) A state i is said to be a aperiodic or has period 1 if pii > 0.
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(viii) A Markov chain is aperiodic if all of its states are aperiodic.

(ix) Suppose r0 = i ∈ D. Consider a random variable Hi such that Hi = inf
{
n ≥ 1 : rn = i

}
.

Now, the state i is called recurrent if

P
(
Hi < ∞

∣∣∣∣r0 = i
)

= 1.

(x) A Markov chain is called recurrent if all of its states are recurrent.

Throughout the chapter, it is assumed that state of the system xk and Markov chain state rk

are directly accessible to the controller.

Let uk ∈ R
m be the controller output, which has been sent to the actuators through lossy chan-

nels. Following expression relates uk and ua
k :

ua
k = ξkuk, where ξk is as defined in Chapter 2. (3.2)

Note 3.2.1. It should be clearly noted that {rk} and {vi
k}, ∀i ∈ {1, 2, ...,m} are independent

Markov processes.

For a TCP-like protocol, the information set Ik available to the controller at kth time-index

is expressed as:

Ik = {x0, ..., xk, r0, ..., rk, ξ0, ...ξk−1}.

The control policy ζ0:k = {ζ0, ζ1, ..., ζk} is defined as a sequence of maps ζ0, ζ1,...,ζk from the

information set Ik to the control input setU, i.e., ζk : Ik →U.

We now focus on finding control policy ζ, such that uk = ζk(Ik) minimizes the following
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cost function:

JN(ζ0:N−1) = E
[
||xN ||

2
WN

+

N−1∑
k=0

||xk||
2
Wk

+ ||ua
k ||

2
Rk

∣∣∣∣I0

]
= E

[
||xN ||

2
WN

+

N−1∑
k=0

||xk||
2
Wk

+ ||ξkuk||
2
Rk

∣∣∣∣I0

] (3.3)

where Wk and Rk are symmetric matrices such that Wk ≥ 0 and Rk > 0 for all k.

3.3 Main Results

In this section, using dynamic programming, we shall find the optimal control law and the

optimal value of the cost function given in (3.3).

A. Finite horizon control:

One can write the value function, i.e., the cost-to-go from kth stage as follows:

Vk,N(xk, rk, ξk−1) = min
uk
E
[
||xN ||

2
WN

+

N−1∑
j=k

||x j||
2
W j

+ ||ξ ju j||
2
R j

∣∣∣∣Ik

]
(3.4)

Using Bellman’s principle of optimality, the value function can further be expressed as:

Vk,N(xk, rk, ξk−1) = min
uk
E

[
xT

k Wkxk + uT
k ξ

T
k Rkξkuk + Vk+1,N(xk+1, ξk, rk+1)

∣∣∣∣Ik

]
(3.5)

Lemma 3.3.1. For the cost function (3.3), subject to system dynamics (3.1), the following claims

are true.

(a) Suppose at the (k − 1)th time index, packet loss status in the controller-to-actuator path is

ξk−1 = N
(
I

)
, I ⊆ G , and rk = i ∈ D, then the value function at stage k ∈ [0,N] can be

expressed as follows:

Vk,N

(
xk, i,N(I )

)
= xT

k Ξk,N

(
i,N(I )

)
xk, (3.6)
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where Ξk,N

(
i,N(I )

)
, for k ∈ [0,N − 1], is a symmetric matrix and is generated by the

following coupled algebraic Riccati equations (CAREs):

Ξk,N

(
i,N(I )

)
= Wk + AT (i)E

[
Xk+1,N(i, ξk)

∣∣∣Ik

]
A(i)

− AT (i)
(
E
[
ξkBT (i)Xk+1,N(i, ξk)

∣∣∣Ik

])T (
E
[
ξk

(
Rk + BT (i)Xk+1,N(i, ξk)B(i)

)
ξk

∣∣∣Ik

])−1

× E
[
ξkBT (i)Xk+1,N(i, ξk)

∣∣∣Ik

]
A(i),

(3.7)

herein I , G , N(.), E(.|Ik) are as defined in chapter 2, and Xk+1,N

(
i, ξk

)
is defined as:

Xk+1,N(i, ξk) =

M∑
t=1

(
pitΞk+1,N(t, ξk)

)
. (3.8)

(b) The optimal control law, at a stage k ∈ [0,N − 1], is given by

u∗k = −
(
E
[
ξk

(
Rk + BT (i)Xk+1,N(i, ξk)B(i)

)
ξk

∣∣∣∣Ik

])−1
E
[
ξkBT (i)Xk+1,N(i, ξk)

∣∣∣∣Ik

]
A(i)xk. (3.9)

(c) The optimal cost for finite horizon is given by

JN(ζ∗0:N−1) = xT
0 Ξ0,N

(
r0,N(I )

)
x0.

Proof: To prove the lemma, we use induction.

We assume the base case to be k = N − 1. For the stage k = N, it is trivial to see that

VN,N

(
xN , i,N(I )

)
= xT

NΞN,N
(
i,N(I )

)
xN where Ξk,N

(
i,N(I )

)
= WN , ∀i ∈ D and ∀I ⊆ G .
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With information set IN−1, if rN−1 = i ∈ D and ξN−2 = N(I ),

E
[
VN,N(xN , ξN−1, rN)

∣∣∣∣IN−1

]
=

∑
L ∈G

PN−1
(
N(L )

){(
A(i)xN−1 + B(i)N(L )uN−1

)T
M∑
l=1

(
pilΞN,N

(
l,N(L )

))
×

(
A(i)xN−1 + B(i)N(L )uN−1

)}
=

∑
L ∈G

PN−1
(
N(L )

){
xT

N−1AT (i)XN,N
(
i,N(L )

)
A(i)xN−1

+ uT
N−1N(L )BT (i)XN,N

(
i,N(L )

)
B(i)N(L )uN−1

+ 2uT
N−1N(L )BT (i)XN,N(i,N(L ))A(i)xN−1

}
,

(3.10)

where, Pk(.) is as defined in Chapter 2.

Now, using (3.5) and (3.10), we can expressed VN−1,N

(
xN−1, i,N(I )

)
as follows:

VN−1,N

(
xN−1, i,N(I )

)
= min

uN−1

{
xT

N−1WN−1xN−1 + xT
N−1AT (i)E

[
XN,N(i, ξN−1)

∣∣∣IN−1
]
A(i)xN−1

+ uT
N−1E

[
ξN−1

(
RN−1 + BT (i)XN,N(i, ξN−1)B(i)

)
ξN−1

∣∣∣∣IN−1
]
uN−1

+ 2uT
N−1E

[
ξN−1BT (i)XN,N(i, ξN−1)

∣∣∣IN−1
]
A(i)xN−1

}
(3.11)

From the above equation, the optimal control law can be derived as follows:

u∗N−1 = −
[
E
[
ξN−1

(
RN−1 + BT (i)XN,N(i, ξN−1)B(i)

)
ξN−1

∣∣∣∣IN−1
]]−1

× E
[
ξN−1BT (i)XN,N(i, ξN−1)

∣∣∣∣IN−1
]
A(i)xN−1

(3.12)

Substituting the optimal control law back in equation (3.11),

VN−1,N

(
xN−1, i,N(I )

)
= xT

N−1ΞN−1,N

(
i,N(I )

)
xN−1,
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where ΞN−1,N(i,N(I )) is given by CAREs (3.7).

Let us now assume that Claim (a) is true for the (k + 1)th stage. So, with information set

Ik+1, if rk+1 = i ∈ D and ξk = N(I ), one can represent Vk+1,N
(
xk+1, rk+1, ξk

)
as:

Vk+1,N

(
xk+1, i,N(I )

)
= xT

k+1Ξk+1,N
(
i,N(I )

)
xk+1 (3.13)

Now, with information set Ik:

E
[
Vk+1,N(xk+1, ξk, rk+1)

∣∣∣∣Ik

]
=

∑
L ∈G

Pk
(
N(L )

){(
A(i)xk + B(i)N(L )uk

)T
M∑
l=1

(
pilΞk+1,N

(
l,N(L )

))(
A(i)xk + B(i)N(L )uk

)}
=

∑
L ∈G

Pk
(
N(L )

){
xT

k AT (i)Xk+1,N
(
i,N(L )

)
A(i)xk + uT

kN(L )BT (i)Xk+1,N
(
i,N(L )

)
B(i)N(L )uk

+ 2uT
kN(L )BT (i)Xk+1,N(i,N(L ))A(i)xk

}
.

(3.14)

Combining (3.5) and (3.14):

Vk,N

(
xk, i,N(I )

)
= min

uk

{
xT

k Wkxk + xT
k AT (i)E

[
Xk+1,N(i, ξk)

∣∣∣∣Ik
]
A(i)xk + uT

k E
[
ξk

(
Rk + BT (i)Xk+1,N(i, ξk)B(i)

)
ξk

∣∣∣∣Ik
]
uk

+ 2uT
k E

[
ξkBT (i)Xk+1,N(i, ξk)

∣∣∣∣Ik
]
A(i)xk

}
(3.15)

The optimal control law is given as:

u∗k = −
[
E
[
ξk

(
Rk + BT (i)Xk+1,N(i, ξk)B(i)

)
ξk

∣∣∣∣Ik
]]−1
E
[
ξkBT (i)Xk+1,N(i, ξk)

∣∣∣∣Ik
]
A(i)xk (3.16)
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Substituting the optimal control law back in equation (3.15),

Vk,N

(
xk, i,N(I )

)
= xT

k Ξk,N

(
i,N(I )

)
xk.

The optimal cost is given by,

JN(ζ∗0:N−1) = V0,N

(
x0, r0,N(I )

)
= xT

0 Ξ0,N

(
r0,N(I )

)
x0 (3.17)

�

As one does not have knowledge of the packet loss status ξk at the stage k = 0, similar to Note

2.3.1, we get the following.

Note 3.3.1. At the stage k = 0, for a r0 ∈ D, Ξ0,N

(
r0,N(I )

)
s are identical for all I ⊆ G .

�

Corollary 3.3.2. The finite horizon linear quadratic optimal controller for a linear time-invariant

(LTI) system can be derived from Lemma 3.3.1 by considering the special case where D = {1}.

The optimal controller can be expressed as follows:

u∗k = −
[
E
[
ξk

(
Rk + BT Ξk+1,N(ξk)B

)
ξk

∣∣∣∣Ik
]]−1
E
[
ξkBT Ξk+1,N(ξk)

∣∣∣∣Ik

]
Axk

where, A(1) = A, B(1) = B. For i ∈ D and I ⊆ G , Ξk,N(i,N(I )) is generated by the following

CAREs:

Ξk,N(N(I ))

= Wk + ATE
[
Ξk+1,N(ξk)

∣∣∣∣Ik

]
A − AT

[
E
[
ξkBT Ξk+1,N(ξk)

∣∣∣∣Ik

]]T [
E
[
ξk

(
Rk + BT Ξk+1,N(ξk)B

)
ξk

∣∣∣∣Ik

]]−1

× E
[
ξkBT Ξk+1,N(ξk)

∣∣∣∣Ik

]
A

(3.18)
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Remark 3.3.1. For the case where v̄l = µ̄l, ∀l ∈ {1, 2, ...,m}, the packet loss model becomes

equivalent to the Bernoulli packet loss model and hence, CAREs (3.18) coincide with the CAREs

given in [11].

In the sequel, we shall assume that Wk = W and Rk = R for all k.

The following lemma establishes the monotonicity of Ξk,N(i,N(I )); ∀i ∈ D and I ⊆ G ,

which will be used in the infinite horizon part.

Lemma 3.3.3. For k ≥ 1, i ∈ D and I ⊆ G , Ξk,N(i,N(I )) ≥ Ξk+1,N(i,N(I )).

Proof: The lemma is proved using the induction.

We have ΞN,N(i,N(I )) ≥ 0 = ΞN+1,N(i,N(I )). Let us now assume that Ξk+1,N(i,N(I )) ≥

Ξk+2,N(i,N(I )), i ∈ D and I ⊆ G . Hence, from (3.8): Xk+1,N(i,N(I )) ≥ Xk+2,N(i,N(I )),

i ∈ D and I ⊆ G .

Therefore, using (3.5) and (3.14)

Vk,N(x, i,N(I ))

= xT Ξk,N(i,N(I ))x

= min
u

[
xT Wx + uTEI

[
ξkRξk

]
u +

∑
L ⊆G

Pk(N(L ))
{(

A(i)x + B(i)ξku
)T

Xk+1,N(i,N(L ))

×
(
A(i)x + B(i)ξku

)}]
≥ min

u

[
xT Wx + uTEI

[
ξkRξk

]
u +

∑
L ⊆G

Pk+1(N(L ))
{(

A(i)x + B(i)ξku
)T

Xk+2,N(i,N(L ))

×
(
A(i)x + B(i)ξku

)}]
as Pk(N(L )) = Pk+1(N(L )) if ξk−1 = ξk = N(I )

= Vk+1,N(x, i,N(I ))

= xT Ξk+1,N(i,N(I ))x

(3.19)
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As (3.19) is true for all x , 0, one can infer that Ξk,N(i,N(I )) ≥ Ξk+1,N(i,N(I )). �

Note 3.3.2. As the Markov chain is time-homogeneous, and it is assumed that Wk = W, Rk = R,

∀k, it is easy to see that Vk,N(x, i,N(I )) = Vk−r,N−r(x, i,N(I )) for all r ≤ k − 1, i ∈ D and

I ⊆ G . Hence, Ξk,N(i,N(I )) = Ξk−r,N−r(i,N(I )). Therefore, from Lemma 3.3.3, it can be

concluded that Ξk,N(i,N(I )) ≥ Ξk,N−1(i,N(I )) for all k ≥ 1. �

Now, using the same line of argument as used in the proof of Lemma 2.3.5 in Chapter 2 and

Note 3.3.2, we get the following lemma.

Lemma 3.3.4. Ξ0,N(i,N(I )) ≥ Ξ0,N−1(i,N(I )), for all I ⊆ G and i ∈ D. �

B. Infinite horizon control:

In this section, we obtain the infinite horizon optimal controller by considering N → ∞. For

doing this, we shall use the concept of stochastic stabilizability. We extend the definition of

stochastic stabilizability for classical MJLSs given in [62] to MJLSs with packet losses as fol-

lows.

Definition 3.3.1. System (3.1) is said to be stochastically stabilizable for the control arrival

probabilities {v̄1, v̄2, ..., v̄m} and {µ̄1, µ̄2, ..., µ̄m} if there exists a gain K such that, with control

input uk = −K xk, the following inequality is satisfied:

∞∑
k=0

E
[
||xk||

2
∣∣∣∣I0

]
< ∞

�

By the following lemma, the convergence of the cost function (3.3) as N → ∞ will be es-

tablished.
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Lemma 3.3.5. Suppose system (3.1) is stochastically stabilizable for the control arrival prob-

abilities {v̄1, v̄2, ..., v̄m} and {µ̄1, µ̄2, ..., µ̄m}, then the infinite horizon problem has a well define

solution.

Proof: Since system (3.1) is stochastically stabilizable, there exists a control input uk =

−K xk such that
∑∞

k=0 E
[
||xk||

2
∣∣∣∣I0

]
< ∞. The infinite horizon cost incurred with this control input

is given by:

J∞(ζ0:∞) = E
[ ∞∑

k=0

||xk||
2
W + ||ξkuk||

2
R

∣∣∣∣I0

]
= E

[ ∞∑
k=0

[
xT

k

(
W + E

[
ξkK

T RKξk|Ik
])

xk

]∣∣∣∣I0

]
≤ δE

[ ∞∑
k=0

||xk||
2
∣∣∣∣I0

]
< ∞

(3.20)

where, δ = ρmax

{
W + EI

[
ξkK

T RKξk

]}
.

Clearly, we have: J∞(ζ∗0:∞) ≤ J∞(ζ0:∞) < ∞.

Now, from (3.17) and considering N → ∞, we can write the infinite horizon cost as follows:

J∞(ζ∗0:∞) = lim
N→∞

xT
0 Ξ0,N(i,N(L ))x0 (3.21)

As, J∞(ζ∗0:∞) < ∞ for all x0, we get that Ξ0,N(i,N(I )), ∀i ∈ D, I ⊆ G , is bounded as N → ∞.

This, in turn, implies that Ξk,N(i,N(I )), for k ≥ 1, is bounded as well. Also, from Note 3.3.2,

Ξk,N(i,N(I )) is a monotonically increasing function in N. Therefore, there exists Ξ̄(i,N(I ))

such that, for all k ≥ 1, Ξk,N(i,N(I )) → Ξ̄(i,N(I )) as N → ∞, where Ξ̄(i,N(I )) is the
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unique fixed-point solution of the following CAREs.

Ξ̄(i,N(I )) = W + AT (i)EI
[
X̄(i, ξk)

]
A(i)

− AT (i)
(
EI

[
ξk

(
BT (i)X̄(i, ξk)

])T (
EI

[
ξk

(
R + BT (i)X̄(i, ξk)B(i)

)
ξk

])−1
EI

[
ξkBT (i)X̄(i, ξk)

]
A(i)

(3.22)

herein, X̄(i,N(I )) =
∑M

t=1

{
pitΞ̄(t,N(I ))

}
.

Similarly, there exists ˆ̄Ξ(i) such that, Ξ0,N(i,N(I )) → ˆ̄Ξ(i), as N → ∞, where ˆ̄Ξ(i) is the

unique fixed-point solution of the following CAREs.

ˆ̄Ξ(i) = W + AT (i)E
[
X̄(i, ξ0)

∣∣∣∣I0

]
A(i)

− AT (i)
(
E
[
ξ0BT (i)X̄(i, ξ0)

∣∣∣∣I0

])T (
E
[
ξ0

(
R + BT (i)X̄(i, ξ0)B(i)

)
ξ0

∣∣∣∣I0

])−1
E
[
ξ0BT (i)X̄(i, ξ0)

∣∣∣∣I0

]
A(i)

(3.23)

�

The following Lemma presents the infinite horizon version of Lemma 3.3.1

Lemma 3.3.6. If the control arrival probabilities {v̄1, v̄2, ..., v̄m} and {µ̄1, µ̄2, ..., µ̄m} are such that

system (3.1) is stochastically stabilizable, then:

(a) For ξk−1 = N(I ) and rk ∈ D, the infinite horizon value function, at a stage k ≥ 1, is given

by:

V
(
xk, i,N(I )

)
= xT

k Ξ̄(i,N(I ))xk (3.24)

(b) The infinite horizon optimal control law, for k ≥ 0 is given by

ū∗k = −
[
E
[
ξk

(
R + BT (i)X̄(i, ξk)B(i)

)
ξk

∣∣∣∣Ik

]]−1
E
[
ξkBT (i)X̄(i, ξk)

∣∣∣∣Ik

]
A(i)xk (3.25)
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(c) Optimal infinite horizon cost is given by:

J∞(ζ∗0:∞) = V(x0, r0) = xT
0

ˆ̄Ξ(r0)x0 (3.26)

Corollary 3.3.7. If the packet loss status is given by ξk−1 = N(I ), k ≥ 1, then, for a stage

k ≥ 0, the infinite horizon optimal controller for an LTI system is expressed as:

ū∗k = −

[
E
[
ξk

(
R + BT Ξ̄(ξk)B

)
ξk

∣∣∣∣Ik

]]−1

E
[
ξkBT Ξ̄(ξk)

∣∣∣∣Ik

]
Axk (3.27)

where Ξ̄(ξk), ∀I ⊆ G , is the fixed-point solution of the following CAREs:

Ξ̄(N(I ))

= W + ATEI
[
Ξ̄(ξk)

]
A − AT

[
EI

[
ξkBT Ξ̄(ξk)

]]T [
EI

[
ξk

(
R + BT Ξ̄(ξk)B

)
ξk

]]−1

EI
[
ξkBT Ξ̄(ξk)

]
A

(3.28)

We shall now state the definition of weak observability of system (3.1) similar to Definition

2.3.1, which is in line with one given in [61]. This notion shall be used in the subsequent results.

We shall use the following dummy output in the sequel.

yk = C (rk)xk, where C (xk) = W1/2(rk). (3.29)

Definition 3.3.2. [61] Consider system (3.1)-(3.29) without disturbance (wk ≡ 0). Take any

initial Markov process state r0, and any two initial system states x1
0 and x2

0. Suppose, for a

known input uk, yk(x0 = x1
0) = yk(x0 = x2

0), ∀k ≤ S , implies that Pr(x1
0 = x2

0) > 0. The system is

said to be weakly observable if E
[
S
]
< ∞. �

An algebraic condition to test weak observability as given by lemma below.

Lemma 3.3.8. [61] System (3.1)-(3.29), without disturbance (wk ≡ 0), is said to be weakly

observable if and only if there exists a transition path {r0, r1, ..., rS−1} inside D with S < ∞, for
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which the jump observability matrix O(r0, r1, ..., rS−1) has

rank O(r0, r1, ..., rS−1) = rank



C (r0)

C (r1)A(r0)

.

.

.

C (rS−1)ΠS−2
τ=0 A(rτ)



= n.

�

Remark 3.3.2. In [61], the condition for weak observability is presented for the case when the

Markov chain has more than one closed communicating class. In our case, as the Markov chain

{rk} is irreducible, we have only one closed communicating class D. Hence, the system will

be weakly observable if there exists a transition path {r0, r1, ..., rS−1} inside D with S < ∞ for

which the condition given in Lemma 3.3.8 is satisfied. �

Lemma 3.3.9. Suppose {v̄1, v̄2, ..., v̄m} and {µ̄1, µ̄2, ..., µ̄m} are such that system (3.1) is stochas-

tically stabilizable. Further, if system (3.1)-(3.29), with uk ≡ 0, is weakly observable, then, for

all i ∈ D, I ⊆ G , ˆ̄Ξ(i) > 0 and Ξ̄(i,N(I )) > 0.

Proof: As {v̄1, v̄2, ..., v̄m} and {µ̄1, µ̄2, ..., µ̄m} are such that system (3.1) is stochastically sta-

bilizable, from Lemma 3.3.6, one gets that Vk,N(xk, i,N(I )) converges to V(xk, i,N(I )) as

N → ∞.

Then, taking limit as N → ∞ in Equation (3.4),

V(xk, rk, ξk−1) = lim
N→∞

Vk,N(xk, rk, ξk−1) =

∞∑
f =k

E
[
xT

f W(r f )x f + xT
f ΓT

f ξ f R(r f )ξ f Γ f x f

∣∣∣∣Ik

]
, (3.30)

where, if r f = i,

Γ f =
[
E
[
ξk

(
R + BT (i)X̄(i, ξk)B(i)

)
ξk

∣∣∣∣Ik

]]−1
E
[
ξkBT (i)X̄(i, ξk)

∣∣∣∣Ik

]
A(i). (3.31)
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Suppose Γ f x f , 0 for any r f ∈ D. Then as E
[
ξ f R(i)ξ f

∣∣∣∣I f
]
> 0 for all f , and W(r f ) ≥ 0 for all

r f ∈ D, one gets:

V(xk, i,N(I )) = xT
k Ξkxk > 0,

where, for k ≥ 1, Ξk = Ξ̄(i,I ) if ξk−1 = N(I ), and Ξ0 = ˆ̄Ξ(i).

Now, consider the case when Γ f x f = 0 for all r f ∈ D. Then, for wk ≡ 0, the state equation (3.1)

for all k transforms into:

xk+1 = A(rk)xk. (3.32)

Therefore, from (3.30) and (3.32):

V(xk, i,N(I ))

=

∞∑
f =k

E
[
xT

f W(r f )x f

∣∣∣∣Ik

]
= E

[
xT

k W(i)xk + xT
k+1W(rk+1)xk+1 + ... + xT

p W(rp)xp + xT
p AT (rp)W(rp+1)A(rp)xp + ...

+ xT
p

(
Π

p+F−1
l=p A(rl)

)T
W(rp+F )

(
Π

p+F−1
l=p A(rl)

)
xp +

∞∑
t=p+F+1

xT
t W(rt)xt

∣∣∣∣Ik

]
= E

[
xT

k W(i)xk + xT
k+1W(rk+1)xk+1 + .... + xT

pY
(
rp, rp+1, ..., rp+F

)
xp +

∞∑
t=p+F+1

[
xT

t W(t)xt
]∣∣∣∣Ik

]
,

(3.33)

where

Y
(
rp, rp+1, ..., rp+F

)
= OT

(
rp, rp+1, ..., rp+F

)
O

(
rp, rp+1, ..., rp+F

)
,

O
(
rp, rp+1, ..., rp+F

)
is as defined in Lemma 3.3.8.

Suppose, for a given Markov chain state rk−1, Srk
k:T is the set of all transition paths of length

(T − k) that the Markov chain {rk} follows with nonzero probability. Let J (rk, ..., rk+T

∣∣∣∣rk−1)

be the probability that, from the stage k to k + T , the Markov chain {rk} follows a transition
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path {rk, rk+1, ..., rk+T } given rk−1, and J (rp, ..., rp+F

∣∣∣∣{rk, ..., rp−1}) be the probability that, from

the stage p to p + F , the Markov chain {rk} follows a transition path {rp, rp+1, ..., rp+F } given

that it has followed the transition path {rk, rk+1, ..., rp−1} from the stage k to p − 1. Then,

E
[
xT

pY
(
rp, rp+1, .., rp+F

)
xp

∣∣∣∣Ik

]
=

∑
(rk+1,..,rp−1)∈Srk

k+1:p−1

[
J (rk+1, .., rp−1

∣∣∣∣rk)
(
Π

p−1
l=k A(rl)xk

)T ∑
(rp,..,rp+F−1)∈S

rp−1
p:p+F−1

[
J (rp, .., rp+F−1

∣∣∣∣{rk+1, .., rp−1})

× Y
(
rp, .., rp+F

)](
Π

p−1
l=k A(rl)xk

)]
.

(3.34)

By our assumption, system (3.1)-(3.29), with up ≡ 0, wp ≡ 0, is weakly observable. Thus, there

exists a transition path of finite length {ip, ip+1, ..., ip+F } such that the jump observability matrix

with respect to that particular transition path has full column rank. Due to the irreducibility of

the Markov chain {rk}, one can choose a finite p such that the probability of such a transition

path occurring is nonzero. Hence, the probablity that the matrix Y
(
ip, ip+1, ..., ip+F

)
has full

rank is nonzero. Therefore, from (3.34):

E
[
xT

pY
(
rp, rp+1, ..., rp+F

)
xp

∣∣∣∣Ik

]
> 0 (3.35)

Thus, as W(rk) ≥ 0 for all rk ∈ D, from (3.33), (3.35), and using lemma 3.3.6:

V(xk, i,N(I )) = xT
k Ξkxk > 0 (3.36)

Since (3.36) is true for all xk , 0, Ξk > 0. Therefore, ˆ̄Ξ(i) > 0 and Ξ̄(i,I ) > 0 for all i ∈ D and

I ⊆ G . �

The following two results is used to prove the stability of the closed-loop system.

Lemma 3.3.10. [63] An irreducible Markov chain with a finite number of states is always

recurrent. �
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Lemma 3.3.11. [64] For an irreducible, recurrent and aperiodic Markov chain, the limiting

distribution for each state is nonzero, i.e.,

lim
n→∞

Pr
(
rn = j

∣∣∣∣r0 = i
)
> 0, ∀i, j ∈ D.

�

We use the following notion of stability in this chapter.

Definition 3.3.3. System (3.1)-(3.2), with uk ≡ 0, is said to be stable in the mean-square sense

if

lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0, for all x0 and r0.

�

Theorem 3.3.12. Suppose {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m} are such that system (3.1) is stochas-

tically stabilizable. Further, if system (3.1)-(3.29), with uk ≡ 0, is weakly observable, then,

system (3.1)-(3.29) with the optimal control input (3.25) is stable in the mean-square sense.

Proof: As {v̄1, v̄2, ..., v̄m} and {µ̄1, µ̄2, ..., µ̄m} are such that system (3.1)-(3.29) is stochastically

stabilizable, the infinite horizon cost is well-defined. Thus,

J∞(ζ∗0:∞) < ∞

=⇒ E
[ ∞∑

k=0

||xk||
2
W(rk) + ||u∗k||

2
ξkR(rk)ξk

∣∣∣∣I0

]
< ∞

=⇒ E
[ ∞∑

k=0

(
||xk||

2
W(rk) + ||xk||

2
ΓT

k ξkR(rk)ξkΓk

∣∣∣∣I0
]
< ∞,

(3.37)

where, Γk is as defined in (3.31).

Since W(rk) ≥ 0, E
[
ξkR(rk)ξk

∣∣∣∣Ik
]
> 0 (as R(rk) > 0) for all k, rk ∈ D, (3.37) guaranties the

convergence of the infinite series
∑∞

k=0 E
[
||xk||

2
W(rk) + ||xk||

2
ΓT

k ξkR(rk)ξkΓk

∣∣∣∣I0

]
. Now, this in turn implies

that the infinite series
∑∞

k=0 E
[
||xk||

2
W(rk)

∣∣∣∣I0

]
and

∑∞
k=0 E

[
||xk||

2
ΓT

k ξkR(rk)ξkΓk

∣∣∣∣I0

]
also converge. In view
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of Theorem 3.23 in [60], convergence of the infinite series
∑∞

k=0 E
[
||xk||

2
ΓT

k ξkR(rk)ξkΓk

∣∣∣∣I0

]
implies

that lim
k→∞
E
[
||xk||

2
ΓT

k ξkR(rk)ξkΓk

∣∣∣∣I0

]
= 0. Hence, as E

[
ξkR(rk)ξk

∣∣∣∣Ik

]
> 0 for all rk ∈ D, one gets that

lim
k→∞

Γkxk = 0 with probability 1.

We now claim that if the infinite horizon cost is well-defined, then lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0. We

shall use contradiction in order to prove the claim. Assume that lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
, 0.

Using the system dynamics (3.1) with optimal control input u∗k = −Γkxk:

lim
k→∞
E
[
xT

k+1W(rk+1)xk+1

∣∣∣∣I0

]
= lim

k→∞
E
[
xT

k AT (rk)W(rk+1)
(
A(rk)xk − 2B(rk)ξkΓkxk

)
+ xT

k ΓT
k ξkBT (rk)W(rk+1)B(rk)Γkxk

∣∣∣∣I0

]
.

(3.38)

As lim
p→∞

Γkxk = 0 with probability 1, from (3.1), lim
k→∞

[
xk+1

]
= lim

k→∞

[
A(rk)xk

]
. Thus, (3.38) implies:

lim
k→∞
E
[
xT

k+1W(rk+1)xk+1

∣∣∣∣I0

]
= lim

k→∞
E
[
xT

k AT (rk)W(rk+1)A(rk)xk

∣∣∣∣I0

]
. (3.39)

In similar fashion, we get:

lim
k→∞
E
[
xT

k+2W(rk+2)xk+2

∣∣∣∣I0

]
= lim

k→∞
E
[
xT

k+1AT (rk+1)W(rk+2)A(rk+1)xk+1

∣∣∣∣I0

]
= lim

k→∞
E
[
xT

k AT (rk)AT (rk+1)W(rk+2)A(rk+1)A(rk)xk

∣∣∣∣I0

]
.

(3.40)

and so on.
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From equations (3.39), (3.40),..., one gets for F ≥ n:

lim
k→∞
E
[
xT

k W(rk)xk + xT
k+1W(rk+1)xk+1 + xT

k+2W(rk+2)xk+2 + ... + xT
k+F W(rk+F )xk+F

∣∣∣∣I0

]
= lim

k→∞
E
[
xT

k W(rk)xk + xT
k AT (rk)W(rk+1)A(rk)xk + xT

k AT (rk)AT (rk+1)W(rk+2)A(rk+1)A(rk)xk + ...

+ xT
k

(
Πk+F−1

l=k A(rl)
)T

W(rk+F )Πk+F−1
l=k A(rl)xk

∣∣∣∣I0]

= lim
k→∞
E
[
xT

k Y
(
rk, rk+1, ..., rk+F

)
xk

∣∣∣∣I0

]
.

(3.41)

Note that the Markov chain {rk} is irreducible and has a finite number of states. Thus, from

Lemma 3.3.10, it is recurrent. Hence, in light of Lemma 3.3.11, it has a nonzero limiting

distribution for all the states. Therefore, one can prove the following inequality by using the

similar line of argument as used in the proof for Lemma 3.3.9.

lim
k→∞
E
[
xT

k Y
(
rk, rk+1, ..., rk+F

)
xk

∣∣∣∣I0

]
> 0. (3.42)

Then, from (3.41) and (3.42), one easily gets that, for certain rk, lim
k→∞
E
[
xT

k W(rk)xk

∣∣∣∣I0

]
, 0.

Therefore, considering Theorem 3.23 in [60], we can infer that the infinite series
∑∞

k=0 E
[
xT

k W(rk)xk

∣∣∣∣I0

]
does not converge. Further, E

[
ξkR(i)ξk

∣∣∣∣Ik

]
> 0 for all k ∈ [0,∞), i ∈ D. Thus,

E
[ ∞∑

k=0

||xk||
2
W(rk) + ||xk||

2
ΓT

k ξkR(rk)ξkΓk

∣∣∣∣I0

]
→ ∞.

Hence, we arrive at a contradiction. Therefore, we must have lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0.
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3.4 Numerical Example

Consider MJLS (3.1) with the following system parameters:

rk = {1, 2}

A(1) = 2.1, A(2) = 2.3,

B(1) = B(2) =

[
1 2

]
,

W = 1, R = I2.

Switching probabilities for the Markov chain {rk} is considered as: p11 = 0.4, p12 = 0.6,

p22 = 0.75 and p21 = 0.35. Figure 3.1 shows that with two sets of control packet arrival

probabilities v̄1 = 0.7; v̄2 = 0.73; µ̄1 = 0.55; µ̄2 = 0.65 and v̄1 = 0.72; v̄2 = 0.75; µ̄1 = 0.57; µ̄2 =

0.67, the optimal cost converges as the horizon N increases. Thus, the infinite horizon optimal

controller is well-defined for these two sets of control packet arrival probabilities. If the control

packet arrival probabilities are reduced to v̄1 = 0.52; v̄2 = 0.55; µ̄1 = 0.47; µ̄2 = 0.47, then

it can be observed that optimal cost does not converge as the N increases, which is shown

in Figure 3.2. Therefore, an infinite horizon optimal controller can not be designed for these

control packet arrival probabilities. Figure 3.3 demonstrates that the closed-loop system with the

optimal controller is stable in the mean-square sense with control arrival probabilities v̄1 = 0.9,

v̄2 = 0.93, µ̄1 = 0.85, µ̄2 = 0.75.

By the following example, we show that, unlike observability of each subsystem as given

in [61], weak observability is sufficient for stability. Consider an MJLS with the following

parameters.

D = {1, 2},

A(1) =

1 0

0 1

 , B(1) =

1 1

0 1

, C(1) =
[
1 1

]
.
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W(1) = CT (1)C(1) =

1 1

1 1

 , R(1) =

1 0

0 1

 ,

A(2) =

1 1

0 1

 , B(2) =

1 1

0 1

, C(2) =
[
1 1

]
.

W(2) = CT (2)C(2) =

1 1

1 1

 , R(2) =

1 0

0 1

 ,
For this system

(
A(1),C(1)

)
is not observable. Thus the results given in [61] can not infer

stability for the system. However, as the system is weakly observable (since
(
A(2),C(2)

)
is

observable) our analysis can be used to infer stability of the system. Figure shows that with the

optimal controller the closed-loop system is stable in the mean-square sense.

3.5 Summary

In this chapter, we have investigated the jump linear quadratic optimal control of an MJLS

over multiple channels considering correlated packet losses. Finite horizon and infinite horizon

controllers are designed considering a TCP-like case. The convergence of the infinite horizon

cost function and the resulting existence of the infinite horizon controller are also investigated. It

is observed that if the control packet arrival probabilities are greater than certain critical values,

then the infinite horizon CAREs converge to the unique fixed-point solution. Moreover, as a

special case, finite horizon and infinite horizon controllers for an LTI system are also derived.
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Figure 3.1: Behavior of the optimal cost as horizon N increases with v̄1 = 0.7; v̄2 = 0.73; µ̄1 =

0.55; µ̄2 = 0.65 (blue graph) and v̄1 = 0.72; v̄2 = 0.75; µ̄1 = 0.57; µ̄2 = 0.67 (orange graph).
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Figure 3.2: Behavior of the optimal cost as horizon N increases with v̄1 = 0.52; v̄2 = 0.55; µ̄1 =

0.47; µ̄2 = 0.47.
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Figure 3.3: State response of the closed-loop system with v̄1 = 0.9; v̄2 = 0.93; µ̄1 = 0.85; µ̄2 =

0.75.
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Figure 3.4: State response of the closed-loop system with v̄1 = 0.94; v̄2 = 0.93; µ̄1 = 0.95; µ̄2 =

0.95
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linear systems (MJLSs) over multiple lossy
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4.1 Introduction

4.1 Introduction

In this chapter, we extend the results of Chapter 2 to an MJLS. Similar to Chapter 2, each

channel is modeled as a Gilbert-Elliott type communication channel. Sensor-to-controller chan-

nels are assumed to be lossless.

To the best of our knowledge, H∞ control of MJLSs over multiple lossy channels has not

been investigated yet. Further, works on the classical H∞ control of an MJLS such as [55]

and [65] consider a more stringent observability notion to establish various results. However,

in this chapter, we consider the less stringent weak observability notion which is sufficient to

prove the positive definiteness of the solution of the associated infinite horizon coupled Riccati

equations, and the stability of the closed-loop system.

The chapter is structured as follows. Section 4.2 describes the H∞ control problem with

packet losses. Section 4.3 contains the solution to the problem for both finite and infinite horizon

cases. The convergence of the infinite horizon cost function and the stability of the closed-loop

system are also investigated. Simulation results are presented in Section 4.4 followed by a

summary in section 4.5.

4.2 Problem Formulation

Consider the following discrete-time MJLS:

xk+1 = A(rk)xk + B(rk)ua
k + D1(rk)wk

zk = C(rk)xk + D(rk)ua
k ,

(4.1)

where xk ∈ R
n denotes the state vector, ua

k ∈ R
m denotes the control input to the actuators, wk ∈ R

s

denotes the disturbance input, zk ∈ R
p is the controlled output. {rk} is an irreducible, aperiodic

and time-homogeneous Markov chain where rk ∈ D , {1, 2, ...,M} (M < ∞). The transition
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probability matrix of the Markov chain is given by ∆ = [pi j], where

pi j = Pr(rk+1 = j|rk = i);∀i, j ∈ D, k = 0, 1, 2, ...

Throughout the chapter, it is assumed that state of the system xk and Markov chain state rk

are directly accessible to the controller. We also assume that A(rk) is full rank for all rk ∈ D.

Suppose uk is the controller output which is sent to the actuators through the lossy network.

If ua
k is the input to the actuators, then:

ua
k = ξkuk, (4.2)

The control policy ζ0:k and the disturbance policy η0:k for a horizon k are the sequences

ζ0:k = {ζ0, ..., ζk} and η0:k = {η0, ..., ηk}, respectively. Here, ζi maps the information set Ii to the

control input at the ith time-index, i.e., ui = ζi(Ii). Similarly, ηi maps the information set Ii to

the disturbance input at the ith time-index, i.e., wi = ηi(Ii). ζ∗k and η∗k are the optimal control and

disturbance policy, respectively.

In this chapter, the following notion of stability shall be followed.

Definition 4.2.1. System (4.1)-(4.2), with uk ≡ 0, wk ≡ 0, is said to be stable in the mean-square

if

lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0, for all x0 and r0.

�

Similar to Chapter 2, the objective of this chapter is to design state-feedback control policies

for system (4.1), with network induced constraint (4.2), such that with a state-feedback control

law, the closed-loop system attains the following requirements:

R.1) The L2 gain from the disturbance input wk to the controlled output zk must be less than or
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equal to some γ > 0, i.e., with zero initial condition x0 = 0,

N∑
k=0

E
[
||zk||

2
∣∣∣∣I0

]
≤ γ2

N∑
k=0

||wk||
2,∀N ∈ Z+.

R.2) The closed loop system is mean-square stable.

Subject to the constraints defined by the system dynamics (4.1), one can formulate a zero-

sum game with the following cost function:

JN(ζ0:N−1, η0:N−1) = E
[
||xN ||

2
W +

N−1∑
k=0

||zk||
2 − γ2||wk||

2
∣∣∣∣I0

]
. (4.3)

Using Equation (4.1) in (4.3), the cost function becomes:

JN(ζ0:N−1, η0:N−1) = E
[
||xN ||

2
W +

N−1∑
k=0

||xk||
2
W(rk) + ||ua

k ||
2
R(rk) − γ

2||wk||
2
∣∣∣∣I0

]
, (4.4)

where W ≥ 0, W(rk) = CT (rk)C(rk) and R(rk) = DT (rk)D(rk). Further, C(rk) and D(rk) satisfy

the following assumptions:

(a) CT (rk)D(rk) = 0,∀rk ∈ D; implying that there are no cross product terms in the cost func-

tion (4.4).

(b) R(rk) > 0, ∀rk ∈ D; implies nonsingularity of the optimal control problem.

In the game with the cost function (4.4), the control input uk acts as the minimizing player

and the disturbance wk acts as the maximizing player. As stated in Chapter 2, the game admits

a solution if one can find a saddle-point policy (ζ∗0:N−1, η
∗
0:N−1) which satisfies the inequality:

JN(ζ∗0:N−1, η0:N−1) ≤ JN(ζ∗0:N−1, η
∗
0:N−1) ≤ JN(ζ0:N−1, η

∗
0:N−1).
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Remark 4.2.1. If one considers the particular case whenD = {1}, the results presented in this

chapter becomes equivalent to the results for an LTI system, which are presented chapter 2. �

4.3 Main Results

In this section, we deal with the design of finite horizon and infinite horizon controllers.

A. Finite horizon control:

By substituting (4.2) in cost function (4.4), we get the following:

JN(ζ0:N−1, η0:N−1) = E
[
xT

NWxN +

N−1∑
k=0

xT
k W(rk)xk + uT

k ξ
T
k R(rk)ξkuk − γ

2wT
k wk

∣∣∣∣I0

]
. (4.5)

The optimal cost-to-go or value function at the stage k is given by:

Vk,N(xk, rk, ξk−1) = min
uk:N−1

max
wk:N−1

E
[
xT

NWxN +

N−1∑
p=k

xT
p W(rp)xp + uT

pξ
T
p R(rp)ξpup − γ

2wT
p wp

∣∣∣∣Ik

]
(4.6)

Using principle of optimality, one can express (4.6) as:

Vk,N(xk, rk, ξk−1) = min
uk

max
wk
E

[
xT

k W(rk)xk + uT
k ξ

T
k R(rk)ξkuk − γ

2wT
k wk + Vk+1,N(xk+1, rk+1, ξk)|Ik

]
(4.7)

We now proceed to derive conditions under which the value of the game with cost function (4.7)

has a well defined solution.

Lemma 4.3.1. For k ∈ [0,N − 1], rk = i ∈ D and I ⊆ G , consider the following coupled
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algebraic Riccati equations (CAREs):

Ξk,N(i,N(I ))

= W(i) + ΓT
k,N(i,N(I ))E

[
ξkR(i)ξk

∣∣∣∣Ik

]
Γk,N(i,N(I )) − γ2ΨT

k,N(i,N(I ))Ψk,N(i,N(I ))

+
∑
L ⊆G

Pk(N(L ))E
[(

A(i) − B(i)N(L )Γk,N(i,N(I )) + D1(i)Ψk,N(i,N(I ))
)T

×Xk+1,N(i,N(L ))
(
A(i) − B(i)N(L )Γk,N(i,N(I )) + D1(i)Ψk,N(i,N(I ))

)]
,

(4.8)

where,

Γk,N(i,N(I )) =
(
Λk,N(i,N(I ))

)−1
E
[
ξkBT (i)Xk+1,N(i, ξk)

∣∣∣∣Ik

](
A(i) + D1(i)Ψk,N(i,N(I ))

)
,

(4.9a)

Ψk,N(i,N(I ))

=

[
Is +

(
Θk,N(i,N(I ))

)−1DT
1 (i)E

[
Xk+1,N(i, ξk)B(i)ξk

∣∣∣∣Ik

](
Λk,N(i,N(I ))

)−1

× E
[
ξkBT (i)Xk+1,N(i, ξk)

∣∣∣∣Ik

]
D1(i)

]−1

Θ−1
k,N(i,N(I ))

[
DT

1 (i)E
[
Xk+1,N(i, ξk)

∣∣∣∣Ik

]
− DT

1 (i)E
[
Xk+1,N(i, ξk)B(i)ξk

∣∣∣∣Ik

](
Λk,N(i,N(I ))

)−1
E
[
ξkBT (i)Xk+1,N(i, ξk)

∣∣∣∣Ik

]]
A(i),

(4.9b)

Θk,N(i,N(I )) = γ2Is − DT
1 (i)E

[
Xk+1,N(i, ξk)

∣∣∣∣Ik

]
D1(i), (4.9c)

Λk,N(i,N(I )) = E
[
ξk

(
R(i) + BT (i)Xk+1,N(i, ξk)B(i)

)
ξk

∣∣∣∣Ik

]
, (4.9d)

Xk+1,N(i, ξk) =

M∑
d=1

pidΞk+1,N(d, ξk), (4.9e)

with ΞN,N(i,N(I )) = W; ∀i ∈ D,I ⊆ G . (4.9f)

Now, suppose at the (k−1)th time index (k ≥ 1), the actuators which successfully receive the

control signals are those indexed by the elements of I , i.e., ξk−1 = N(I ) and rk = i. Then, for

the Isaacs equation (4.7) the following claims are true:

(a) The value function at the stage k ∈ [0,N] is well-defined if and only if:
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(i)

Θk,N(i,N(I )) > 0. (4.10)

(ii)

Θl,N(e,N(L )) > 0;

k + 1 ≤ l ≤ N + 1,∀e ∈ D,∀L ⊆ G .
(4.11)

(b) The value function is given by:

Vk,N

(
xk, i,N(I )

)
= xT

k Ξk,N(i,N(I ))xk, (4.12)

where Ξp,N(i,N(I )) for all p ∈ [0,N] is defined in (4.8).

(c) Ξk,N(i,N(I )) ≥ 0 for all k ∈ [0,N], i ∈ D, I ⊆ G .

(d) If the saddle-point conditions (4.10) and (4.11) are satisfied, then the finite horizon saddle-

point at the stage k ∈ [0,N − 1] stage is given by:

u∗k = ζ∗k (Ik) = −Γk,N

(
N(i,I )

)
xk, w∗k = η∗k(Ik) = Ψk,N

(
i,N(I )

)
xk, (4.13)

where Γk,N

(
N(I )

)
and Ψk,N

(
N(I )

)
for all I ⊆ G are finite.

Proof: The lemma is proved using induction.

Similar to the proof of Lemma 2.3.1 in Chapter 2, we consider the base case as k = N − 1,

since Θk,N

(
i,N(I )

)
is not defined for k = N.

At the stage k = N, observe that VN,N

(
xN , rN , ξN−1

)
= xT

NWxN for all rN and ξN−1. So, with

information set IN , if rN = i and ξN−1 = N(I ), we can represent VN,N

(
xN , rN , ξN−1

)
as:

VN,N

(
xk+1, i,N(I )

)
= xT

NΞN,N

(
i,N(I )

)
xN , (4.14)
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where ΞN,N

(
i,N(I )

)
= W for all i ∈ D and I ⊆ G .

Now, with information set IN−1, if rN−1 = i and ξN−2 = N(I ):

E
[
VN,N

(
xN , rN , ξN−1

)∣∣∣∣IN−1

]
=

∑
L ⊆G

PN−1

(
N(L )

)
E
[(

A(i)xN−1 + B(i)N(L )uN−1 + D1(i)wN−1

)T
W

×
(
A(i)xN−1 + B(i)N(L )uN−1 + D1(i)wN−1

)]
.

(4.15)

Consider the following functional:

HN−1,N(xN−1, uN−1,wN−1)

= E
[
xT

N−1W(rN−1)xN−1 + uT
N−1ξ

T
N−1R(rN−1)ξN−1uN−1 − γ

2wT
N−1wN−1 + VN,N

(
xN , rN , ξN−1

)∣∣∣∣IN−1

]
.

(4.16)

Note that HN−1,N(xN−1, uN−1,wN−1) is quadratic in uN−1, wN−1, and xN−1. Hence, it admits a

unique saddle-point if and only if all the following conditions are satisfied:

(i) ∂2HN−1,N (xN−1,uN−1,wN−1)
∂u2

N−1
> 0, i.e., HN−1,N(xN−1, uN−1,wN−1) is convex in uN−1.

(ii) ∂2HN−1,N (xN−1,uN−1,wN−1)
∂w2

N−1
< 0, i.e., HN−1,N(xN−1, uN−1,wN−1) is concave in wN−1.

(iii) There exist finite u∗N−1 and w∗N−1 such that

∂HN−1,N(xN−1, uN−1,wN−1)
∂uN−1

∣∣∣∣
(u∗N−1,w

∗
N−1)

= 0

∂HN−1,N(xN−1, uN−1,wN−1)
∂wN−1

∣∣∣∣
(u∗N−1,w

∗
N−1)

= 0.
(4.17)

Now, using (4.15) in (4.16), and then differentiating it twice:

∂2HN−1,N

(
xN−1, uN−1,wN−1

)
∂u2

N−1

= EI
[
ξN−1

(
R(i) + BT (i)XN,N(i, ξN−1)B(i)

)
ξN−1

]
∂2HN−1,N

(
xN−1, uN−1,wN−1

)
∂w2

N−1

= −γ2Is + DT
1E

I
[
XN,N(i, ξN−1)

]
D1 = −ΘN−1,N

(
i,N(I )

)
.
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Since ΞN,N

(
i,N(I )

)
= W ≥ 0, ∀ i ∈ D, I ⊆ G , one gets that XN,N(i,N(I )) ≥ 0. Hence, as

R(i) > 0, we have:

EI
[
ξN−1

(
R(i) + BT (i)XN,N(i, ξN−1)B

)
ξN−1

]
> 0.

Therefore,

∂2HN−1,N(xN−1, uN−1,wN−1)
∂u2

N−1

= EI
[
ξN−1

(
R(i) + BT (i)XN,N(i, ξN−1)B

)
ξN−1

]
> 0.

Thus, HN−1,N(xN−1, uN−1,wN−1) is convex in uN−1. Further, ΘN−1,N

(
i,N(I )

)
> 0 is equivalent to

HN−1,N(xN−1, uN−1,wN−1) being concave in wN−1. Also, solving (4.17), we get

u∗N−1 = ζ∗N−1(IN−1) = −ΓN−1,N

(
i,N(I )

)
xN−1

w∗N−1 = η∗N−1(IN−1) = ΨN−1,N

(
i,N(I )

)
xN−1,

(4.18)

where ΓN−1,N

(
i,N(I )

)
and ΨN−1,N

(
i,N(I )

)
are given by (4.9a) and (4.9b), respectively. The

finiteness and positive semidefiniteness of W along with the positive definiteness of R(i) en-

sure the invertibility of ΛN−1,N

(
i,N(I )

)
, ∀ i ∈ D and I ⊆ G . Further, the invertibility of

ΘN−1,N

(
i,N(I )

)
and ΛN−1,N

(
i,N(I )

)
ensure the finiteness of ΨN−1,N

(
i,N(I )

)
. Consequently,

ΓN−1,N

(
i,N(I )

)
is finite. Substituting for u∗N−1 and w∗N−1 in (4.7) with k = N − 1, and using

(4.15), we get:

VN−1,N

(
xN−1, i,N(I )

)
= xT

N−1ΞN−1,N

(
i,N(I )

)
xN−1,

where ΞN−1,N

(
i,N(I )

)
is as given in equation (4.8).

Clearly, as W ≥ 0, W(i) ≥ 0, and R(i) > 0, HN−1,N(xN−1, u∗N−1,wN−1 = 0) ≥ 0. Since (u∗N−1,w
∗
N−1)

constitutes a saddle-point,

HN−1,N(xN−1, u∗N−1,w
∗
N−1) ≥ HN−1,N(xN−1, u∗N−1,wN−1 = 0) ≥ 0. (4.19)
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Hence,

VN−1,N

(
xN−1, i,N(I )

)
= HN−1,N(xN−1, u∗N−1,w

∗
N−1) ≥ 0

=⇒ xT
N−1ΞN−1,N

(
i,N(I )

)
xN−1 ≥ 0.

(4.20)

Since (4.20) is true for all xN−1, ΞN−1,N

(
N(I )

)
≥ 0. Thus the lemma is true for k = N − 1.

Let us now assume that the lemma is true for the stage p + 1.

The necessary part of statement (a) can be proved in exactly the same way as Theorem 3.2

in [54]. We now prove the sufficiency part.

Assume that Θl,N(i,N(I )) > 0 for p + 1 ≤ l ≤ N, ∀i ∈ D, and ∀I ⊆ G . Then, with

information set Ip, if ξp−1 = N(I ):

E
[
Vp+1,N(xp+1, rp+1, ξp)

∣∣∣∣Ip

]
=

∑
L ⊆G

Pp(N(L ))
[(

A(i)xp + B(i)N(L )up + D1(i)wp

)T

×Xp+1,N(i,N(L ))
(
A(i)xp + B(i)N(L )up + D1(i)wp

)]
.

(4.21)

From (4.7) with k = p, and using (4.21):

Vp,N

(
xp, rp, ξp−1

)
= min

up
max

wp
E
[
xT

p W(i)xp + uT
pξpR(i)ξpup − γ

2wT
p wp

+
∑
L ⊆G

Pp(N(L ))
[(

A(i)xp + B(i)N(L )up + D1(i)wp

)T
Xp+1,N(i,N(L ))

×
(
A(i)xp + B(i)N(L )up + D1(i)wp

)]
.

(4.22)

Consider again the following functional:

Hp,N

(
xp, up,wp

)
= E

[
||xp||

2
W(i) + ||up||

2
ξpR(i)ξp

− γ2||wp||
2 + Vp+1,N

(
xp+1, rp+1, ξp

)∣∣∣∣Ip

]
. (4.23)
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Observe that Hp,N(xp, up,wp) is quadratic in up, wp and xp for all i ∈ D. Thus, a unique

saddle-point exists if and only if Hp,N

(
xp, up,wp, rp = i, ξp−1

)
is convex in up and concave in wp.

Differentiating (4.23) and using (4.21), we get

∂2Hp,N
(
xp, up,wp

)
∂u2

p
= E

[
ξp

(
R(i) + BT (i)Xp+1,N(i, ξp)B(i)

)
ξp

∣∣∣∣Ip
]
, (4.24a)

∂2Hp,N
(
xp, up,wp

)
∂w2

p
= DT

1 (i)E
[
Xp+1,N(i, ξp)

∣∣∣∣Ip
]
D1(i) − γ2Is = −Θp,N(i, j). (4.24b)

By our assumption Ξp+1,N(i,N(I )) ≥ 0 for all i ∈ D and I ⊆ G . Thus, from (4.9e) and

as pil ≥ 0 for all i, l ∈ D, we get Xp+1,N(i,N(I )) ≥ 0, i ∈ D and I ⊆ G . Note that

there exists a L ⊆ G such that N(L ) = diag{1, 1, ..., 1}. Hence, as R(i) > 0, one gets that

N(L )
(
R(i) + BT (i)Xp+1,N(i,N(L ))B(i)

)
N(L ) > 0. This, in turn, implies that E

[
ξp

(
R(i) +

BT (i)Xp+1,N(i, ξk)B(i)
)
ξp

∣∣∣∣Ip

]
> 0. So,

∂2Hp,N

(
xp,up,wp

)
∂u2

p
> 0 and hence, Hp,N

(
xp, up,wp

)
is convex

in up. Also, if Θp,N(i, j) > 0, then Hp,N
(
xp, up,wp

)
will be concave in wp. Now, similar to

Chapter 2, one can derive the saddle-point (u∗p,w
∗
p) as:

u∗p = ζ∗p(Ip) = −Γp,N(i,N(I ))xp (4.25a)

w∗p = η∗p(Ip) = Ψp,N(i,N(I ))xp, (4.25b)

where, Γp,N(i,N(I )) and Ψp,N(i,N(I )) are as defined in (4.9a) and (4.9b), respectively. Sub-

stituting the saddle-point
(
u∗p,w

∗
p
)

from (4.25a) and (4.25b) in (4.22) with k = p, one gets:

Vp,N
(
xp, i,N(I )

)
= xT

pΞp,N(i,N(I ))xp,

where Ξp,N(i,N(I )) is got by solving (4.8).

Observe that Hp,N
(
xp, u∗p,wp = 0

)
≥ 0 for all i ∈ D and I ⊆ G as Ξp+1,N(i,N(I )) ≥ 0.
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Also, as wp is the maximizing player:

Hp,N
(
xp, u∗p,w

∗
p
)
≥ Hp,N

(
xp, u∗p, 0

)
≥ 0.

Therefore,

Vp,N
(
xp, i,N(I )

)
= xT

pΞp,N(i,N(I ))xp = Hp,N
(
xp, u∗p,w

∗
p
)
≥ 0. (4.26)

As (4.26) holds for all xp , 0, Ξp,N(i,N(I )) ≥ 0. Hence, the lemma is true for the stage k = p.

At the stage k = 0, since the previous packet condition (ξk−1) is not available, Ξk,N will not a

function of ξk−1. Thus, one can observe that for a fixed r0, Ξ0,N(r0,N(I )) = Ξ0,N(r0,N(L )), for

all I ,L ⊆ G . Hence, if a unique saddle-point exists at the stage k = 0, then, V0,N

(
x0, r0,N(I )

)
= V0,N

(
x0, r0,N(L )

)
, for all I ,L ⊆ G . The value of the game with the cost function (4.5) is

then given by:

JN(ζ∗0:N−1, η
∗
0:N−1) = V0,N

(
x0, r0,N(I )

)
= xT

0 Ξ0,N(r0,N(I ))x0, (4.27)

�

As a direct consequence of Lemma 4.3.1, we get the following result.

Corollary 4.3.2. At the stage k ∈ [0,N−1], a unique saddle-point exists if and only if conditions

(i) and (ii) given in (a) in Lemma 4.3.1 are satisfied. Also, the saddle-point at the stage k ∈

[0,N − 1] is as given by (4.25a) and (4.25b). Further, if conditions (i) and (ii) given in (a) in

Lemma 4.3.1 are satisfied, Γk,N(i,N(I )) and Ψk,N(i,N(I )) for all i ∈ D and I ⊆ G are finite.

�

Lemma 4.3.3. Consider that a unique saddle-point exists at the stage k = 0. Then, with the

optimal control sequence u∗0:N−1, the L2 gain from disturbance wk to controlled output zk of the

closed loop system is less than or equal to γ.
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Proof: If a unique saddle-point exists at the stage k = 0, then,

JN(ζ∗N−1, ηN−1) ≤ JN(ζ∗N−1, η∗N−1) ≤ JN(ζN−1, η∗N−1)

=⇒ JN(ζ∗N−1, ηN−1) ≤ JN(ζ∗N−1, η∗N−1) = xT
0 Ξ0,N(r0,N(I ))x0(

using(4.27)
)

=⇒ JN(ζ∗N−1, ηN−1) ≤ 0(
considering zero initial condition

)
=⇒ E

[
||xN ||

2
W +

N−1∑
k=0

||zk||
2 − γ2||wk||

2
∣∣∣∣I0

]
≤ 0

(
using(4.3)

)
=⇒

N−1∑
k=0

E
[
||zk||

2
∣∣∣∣I0

]
≤ γ2

N−1∑
k=0

||wk||
2.

Therefore, the L2 gain from the disturbance input wk to the controlled output zk is less than or

equal to γ. It completes the proof. �

In the subsequent results, we shall assume that W(rk) ≥ W for all rk.

Lemma 4.3.4. If a unique saddle-point exists at the stage k ∈ [1,N], then Ξk,N(i,N(I )) ≥

Ξk+1,N(i,N(I )) for all k ≥ 1, i ∈ D and I ⊆ G .

Proof: This result is proved using induction.
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From (4.15) and (4.16):

HN−1,N(x, u∗N−1, 0)

= min
uN−1

[
xT W(i)x + uT

N−1E
I [
ξN−1R(i)ξN−1

]
uN−1

+
∑
L ⊆G

PN−1

(
N(L )

){(
A(i)x + B(i)N(L )uN−1

)T
XN,N

(
i,N(L )

)(
A(i)x + B(i)N(L )uN−1

)}]
≥ xT W(i)x

(
As EI [

ξN−1R(i)ξN−1
]
> 0 and XN,N

(
i,N(I )

)
= WN ≥ 0

)
= VN,N

(
x, i,N(I )

)
.

(4.28)

Further,

VN−1,N

(
x, i,N(I )

)
= xT ΞN−1,N

(
i,N(I )

)
x

= HN−1,N(x, u∗N−1,w
∗
N−1)

≥ HN−1,N(x, u∗N−1, 0)

(Since wN−1 is the maximizing player)

≥ VN,N

(
x, i,N(I )

)
(by (4.28))

= xT ΞN,N

(
i,N(I )

)
x.

(4.29)

Since (4.29) is true for all x , 0, ΞN−1,N

(
N(I )

)
≥ ΞN,N

(
N(I )

)
; ∀I ⊆ G .

For the stage k = p, from (4.22):

Vp,N

(
x, i,N(I )

)
= xT Ξp,N(i,N(I ))x

= min
up

max
wp

[
xT

p W(i)x + uT
pE

[
ξpR(i)ξp

∣∣∣∣Ip

]
up − γ

2wT
p wp

+
∑
L ⊆G

Pp(N(L ))
(
A(i)x + B(i)N(L )up + D1(i)wp

)T

×Xp+1,N(i,N(L ))
(
A(i)x + B(i)N(L )up + D1(i)wp

)]
.

(4.30)
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Replacing p by p + 1 in the above equation:

Vp+1,N

(
x, i,N(I )

)
= xT Ξp+1,N(i,N(I ))x

= min
up+1

max
wp+1

[
xT W(i)x + uT

p+1E
[
ξp+1R(i)ξp+1

∣∣∣∣Ip+1

]
up+1 − γ

2wT
p+1wp+1

+
∑
L ⊆G

Pp+1(N(L ))
(
A(i)x + B(i)N(L )up+1 + D1(i)wp+1

)T

×Xp+2,N(i,N(L ))
(
A(i)x + B(i)N(L )up+1 + D1(i)wp+1

)]
.

(4.31)

Suppose, the lemma is true for the stage k = p + 1. Thus, Ξp+1,N(i,N(I )) ≥ Ξp+2,N(i,N(I ))

for all i ∈ D and I ⊆ G . Which, in turn, implies that Xp+1,N(i,N(I )) ≥ Xp+2,N(i,N(I )) for

all i ∈ D and I ⊆ G . Note that, Pp(N(I )) = Pp+1(N(I )) for all I ⊆ G . Further, for two

functions g1(u,w) and g2(u,w), if g1(u,w) ≥ g2(u,w) for all u,w, then one can show that

min
u

max
w

g1(u,w) ≥ min
u

max
w

g2(u,w).

Therefore, from (4.30) and (4.31):

Vp,N

(
x, i,N(I )

)
≥ Vp+1,N

(
x, i,N(I )

)
=⇒ xT Ξp,N(i,N(I ))x ≥ xT Ξp+1,N(i,N(I ))x

(4.32)

Since (4.32) holds true for all x , 0, Ξp,N(i,N(I )) ≥ Ξp+1,N(i,N(I )) for all i ∈ D and I ⊆ G .

�

Lemma 4.3.5. Suppose a unique saddle-point exists for the stage k ≥ 1. Then, Ξk,N(i,N(I )) =

Ξk+1,N+1(i,N(I )) for all k ≥ 1, i ∈ D and I ⊆ G .

Proof: To prove the lemma, we again use induction.

Clearly:

VN,N
(
x, i,N(I )

)
= VN+1,N+1

(
x, i,N(I )

)
= xT Wx.

98

TH-2488_146102019



4.3 Main Results

Assume that Ξp+1,N(i,N(I )) = Ξp+2,N+1(i,N(I )), ∀i ∈ D and ∀I ⊆ G . So, Xp+1,N(i,N(I )) =

Xp+2,N+1(i,N(I )). Now,

Vp,N

(
x, i,N(I )

)
= xT Ξp,N(i,N(I ))x

= min
up

max
wp

[
xT W(i)x + uT

pE
[
ξpR(i)ξp

∣∣∣∣Ip

]
up − γ

2wT
p wp

+
∑
L ⊆G

Pp(N(L ))
(
A(i)x + B(i)N(L )up + D1(i)wp

)T

×Xp+1,N(i,N(L ))
(
A(i)x + B(i)N(L )up + D1(i)wp

)]
,

(4.33)

and,

Vp+1,N+1

(
x, i,N(I )

)
= xT Ξp+1,N+1(i,N(I ))x.

= min
up+1

max
wp+1

[
xT W(i)x + uT

p+1E
[
ξp+1R(i)ξp+1

∣∣∣∣Ip+1

]
up+1 − γ

2wT
p+1wp+1

+
∑
L ⊆G

Pp+1(N(L ))
(
A(i)x + B(i)N(L )up+1 + D1(i)wp+1

)T

×Xp+2,N+1(i,N(L ))
(
A(i)x + B(i)N(L )up+1 + D1(i)wp+1

)]
.

(4.34)

Note thatPp(N(L )) = Pp+1(N(L )). Therefore, from (4.33) and (4.34), one gets that Ξp,N(i,N(I ))

= Ξp+1,N+1(i,N(I )) for all i ∈ D and I ⊆ G . �

Note 4.3.1. From Lemma 4.3.4 and Lemma 4.3.5, we get that Ξk,N(i,N(I )) ≥ Ξk+1,N(i,N(I )) =

Ξk,N−1(i,N(I )) or Ξk,N−1(i,N(I )) ≤ Ξk,N(i,N(I )). Thus, for all i ∈ D and I ⊆ G , the

sequence
{
Ξk,k+1(i,N(I )), Ξk,k+2(i,N(I )), ...,Ξk,N(i,N(I ))

}
, denoted by

{
Ξk,c(i,N(I ))

}N

c=k+1
,

monotonically increases with c. �

Lemma 4.3.6. Suppose a unique saddle-point exists at the stage k = 0. The sequence
{
Ξ0,c(i,N(I ))

}N

c=1

monotonically increases with c.

Proof: Using (4.7), for a horizon l ∈ [1,N], one can write the value function at the stage
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k = 0 as:

V0,l(x0, i) = E
[
xT

0 W(i)x0 + uT
0 ξ0R(i)ξ0u0 − γ

2wT
0 w0 + V1,l

(
x1, r1, ξ0

)∣∣∣∣I0

]
. (4.35)

Considering the horizon to be l + 1, we can write (4.35) as:

V0,l+1(x0, i) = E
[
xT

0 W(i)x0 + uT
0 ξ0R(i)ξ0u0 − γ

2wT
0 w0 + V1,l+1

(
x1, r1, ξ0

)∣∣∣∣I0

]
. (4.36)

From Note 4.3.1,

E
[
V1,l

(
x1, r1, ξ0

)∣∣∣∣I0

]
≤ E

[
V1,l+1

(
x1, r1, ξ0

)∣∣∣∣I0

]
.

Thus, from (4.35) and (4.36):

V0,l(x0, i) ≤ V0,l+1(x0, i)

=⇒ xT
0 Ξ0,l(i,N(I ))x0 ≤ xT

0 Ξ0,l+1(i,N(I ))x0.

(4.37)

Since (4.37) is satisfied for all x0 , 0, Ξ0,l(i,N(I )) ≤ Ξ0,l+1(i,N(I )) for all i ∈ D and I ⊆ G .

Therefore, the sequence
{
Ξ0,c(i,N(I ))

}N

c=1
monotonically increases with c.

�

B. Infinite horizon control:

For the infinite horizon case, we consider the following cost function:

J∞(ζ0:∞, η0:∞) = E
[ ∞∑

k=0

xT
k W(rk)xk + uT

k ξ
T
k R(rk)ξkuk − γ

2wT
k wk

∣∣∣∣I0

]
. (4.38)

In the next lemma, we provide certain conditions for the convergence of the sequence
{
Ξk,c(i, j)

}N

c=k+1

as N → ∞.

Lemma 4.3.7. Suppose γ and {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m} are such that for all finite N ∈ Z+,
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k ∈ [0,N], i ∈ D and I ⊆ G ,

(i) An unique saddle-point exists, i.e., Θk,N(i,N(I )) > 0.

(ii) Ξk,N(i,N(I )) < cIn, for some finite c < ∞.

Then, there exist ˆ̄Ξ(i) < ∞ and Ξ̄(i,N(I )) < ∞ such that lim
N→∞

Ξ0,N(i,N(I )) = ˆ̄Ξ(i), and for

k ≥ 1, lim
N→∞

Ξk,N(i,N(I )) = Ξ̄(i,N(I )) for all i ∈ D, I ⊆ G .

Proof: From Note 4.3.1 and Lemma 4.3.6, monotonicity of the sequence
{
Ξk,c(i,N(I ))

}N

c=k+1

is guaranteed if condition (i) is satisfied. Further, suppose γ and {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m} are

such that for all finite N ∈ Z+, k ∈ [0,N], i ∈ D, I ⊆ G we have Ξk,N(i,N(I )) < cIn. Hence, in

view of Theorem 3.14 in [60],
{
Ξ0,c(i,N(I ))

}N

c=1
, and

{
Ξk,c(i,N(I ))

}N

c=k+1
converge as N → ∞.

Therefore, there exist ¯̂Ξ(i) < ∞ and Ξ̄(i,N(I )) < ∞ such that lim
N→∞

Ξ0,N(i,N(I )) = ˆ̄Ξ(i), and

for k ∈ [1,N], lim
N→∞

Ξk,N(i,N(I )) = Ξ̄(i,N(I )) for all i ∈ D, I ⊆ G . �

Remark 4.3.1. If matrices D1(i) in (4.1) are square and full rank, Θk,N(i,N(I )) > 0, for all

i ∈ D ensures that Ξk,N(i,N(I )) < ∞ for all N. In such a scenario, condition (i) in Lemma

(4.3.7) alone is sufficient for convergence of the sequence
{
Ξk,c(i,N(I ))

}N

c=k+1
as N → ∞.

�

If for all k ∈ [1,N − 1], i ∈ D, I ⊆ G , the sequence
{
Ξk,c(i,N(I ))

}N

c=k+1
converges as

N → ∞, Ξk,N(i,N(I )), Γk,N(i,N(I )), Θk,N(i,N(I )), etc., will no longer be functions of k.

The CAREs (4.8) then transform to the following:

Ξ̄(i,N(I )) = W(i) + Γ̄T (i,N(I ))EI
[
ξkR(i)ξk

]
Γ̄(i,N(I )) − γ2Ψ̄T (i,N(I ))Ψ̄(i,N(I ))

+
∑
L ⊆G

Pr
(
ξk = N(L )

∣∣∣∣ξk−1 = N(I )
)[(

A(i) − B(i)N(L )Γ̄(i,N(I )) + D1(i)Ψ̄(i,N(I ))
)T

× X̄ (i,N(L ))
(
A(i) − B(i)N(L )Γ̄(i,N(I )) + D1(i)Ψ̄(i,N(I ))

)]
,

(4.39)

where Γ̄(i,N(I )) and Ψ̄(i,N(I )) are the infinite horizon counterparts of Γk,N(i,N(I )) and

Ψk,N(i,N(I )), respectively. Replacing Ξk,N(i,N(I )) by Ξ̄(i,N(I )) in (4.9a) and (4.9b), Γ̄(i,N(I ))
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and Ψ̄(i,N(I )) can be derived easily.

Similarly, for the stage k = 0, infinite horizon CAREs takes the following form:

ˆ̄Ξ(i) = W(i) + ˆ̄ΓT (i)E
[
ξ0R(i)ξ0

∣∣∣∣I0

] ˆ̄Γ(i) − γ2 ˆ̄ΨT (i) ˆ̄Ψ(i)

+
∑
L ⊆G

Pk(N(L ))
[(

A(i) − B(i)N(L ) ˆ̄Γ(i) + D1(i) ˆ̄Ψ(i)
)T

X̄ (i,N(L ))

×
(
A(i) − B(i)N(L ) ˆ̄Γ(i) + D1(i) ˆ̄Ψ(i)

)]
,

(4.40)

where ˆ̄Γ(i) and ˆ̄Ψ(i) can be got from (4.9a) and (4.9b) by replacing Ξk,N(i,N(I )) by Ξ̄(i,N(I )).

Further, the infinite horizon Isaacs Equation is as given below:

V(xk, rk, ξk−1) = min
uk

max
wk
E

[
xT

k W(rk)xk + uT
k ξ

T
k R(rk)ξkuk − γ

2wT
k wk + V(xk+1, rk+1, ξk)|Ik

]
.

(4.41)

One gets the following result by applying limit N → ∞ in Lemma 4.3.1.

Lemma 4.3.8. Suppose {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m} and γ are such that for all finite N ∈ Z+,

k ∈ [0,N], i ∈ D, I ⊆ G , conditions (i) and (ii) given in the Lemma 4.3.7 are satisfied. Then,

(a) The value function at the stage k ∈ [1,∞] is expressed as:

V
(
xk, i,N( j)

)
= xT

k Ξ̄(i,N(I ))xk.

(b) The value function at the k = 0 stage is expressed as:

V
(
x0, r0

)
= xT

0
ˆ̄Ξ(r0)x0.

(c) The infinite horizon saddle-point is given by:

u∗k = −Γkxk; w∗k = Ψkxk,
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where

For k ≥ 1 , if rk = i and ξk−1 = N(I ), then Γk = Γ̄(i,N(I )), Ψk = Ψ̄(i,N(I )).

For k = 0, if r0 = i, then Γ0 = ˆ̄Γ(i), Ψ0 = ˆ̄Ψ(i).

(4.42)

(d) The infinite horizon value of the game with the cost function (4.38) is expressed as follows:

J∞(ζ∗0:∞, η
∗
0:∞) = xT

0
ˆ̄Ξ(r0)x0. �

Note 4.3.2. In the sequel, we assume that the system (4.1)-(4.2) with uk ≡ 0, wk ≡ 0 is weakly

observable. This condition is a relaxed one in comparison to the assumption taken in [55, 61],

where it is assumed that
(
C(i), A(i)

)
is observable for each i ∈ D.

The following lemma establishes the positive definiteness of the fixed-point solutions of

CAREs (4.39) and (4.40).

Lemma 4.3.9. Suppose, γ, {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m} are such that for all i ∈ D, I ⊆ G ,

and finite N ∈ Z+, k ∈ [0,N], the conditions (i) and (ii) of Lemma 4.3.7 are satisfied. Further,

if system (4.1)-(4.2), with uk ≡ 0, wk ≡ 0, is weakly observable, then, for all i ∈ D, I ⊆ G ,

ˆ̄Ξ(i) > 0 and Ξ̄(i,N(I )) > 0.

Proof: Consider the following functional:

Hk,N

(
xk, uk,wk

)
= E

[
||xk||

2
W(i) + ||uk||

2
ξkR(i)ξk

− γ2||wk||
2 + Vk+1,N

(
xk+1, rk+1, ξk

)∣∣∣∣Ik

]
. (4.43)

As (u∗k,w
∗
k) constitutes a saddle-point,

Hk,N

(
xk, u∗k,w

∗
k

)
≥ Hk,N

(
xk, u∗k, 0

)
.

Note that as the the conditions (i) and (ii) of Lemma 4.3.7 are satisfied, the following analysis
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is well define as N → ∞. Taking limit as N → ∞:

lim
N→∞

Hk,N
(
xk, u∗k,w

∗
k

)
≥ lim

N→∞
Hk,N

(
xk, u∗k, 0

)
. (4.44)

Observe that,

lim
N→∞

Hk,N
(
xk, u∗k,w

∗
k

)
= V

(
xk, i,N(I )

)
=

∞∑
f =k

E
[
xT

f W(i)x f + xT
f ΓT

f ξ f R(i)ξ f Γ f x f − γ
2w∗Tf w∗f

∣∣∣∣Ik
]
.

(
using (4.6)

) (4.45)

It is assumed that Markov chain {rk} is irreducible. Thus, using the same line of argument as

used in the proof of Lemma 3.3.9 presented in Chapter 3, for all i ∈ D and I ⊆ G , one can

show that

lim
N→∞

Hk,N

(
xk, u∗k, 0

)
> xT

k W(i)xk

=⇒ lim
N→∞

Hk,N

(
xk, u∗k,w

∗
k

)
> xT

k W(i)xk.

(4.46)

Hence, from (4.45) and (4.46):

V
(
xk, i,N(I )

)
= xT

k Ξkxk
(
using Lemma 4.3.8

)
= lim

N→∞
Hk,N

(
xk, u∗k,w

∗
k

)
≥ lim

N→∞
Hk,N

(
xk, u∗k, 0

) (
as wk is the maximizing player

)
> xT

k W(i)xk,

(4.47)

where, for k ≥ 1, Ξk = Ξ̄(i,N(I )) if rk = i, ξk−1 = N(I ), and Ξ0 = ¯̂Ξ(i) if r0 = i.

Since (4.47) is true for all xk , 0, Ξk > 0. Therefore, ¯̂Ξ(i) > 0 and Ξ̄(i,N(I )) > 0 for all i ∈ D

and I ⊆ G . �

Following analysis is required to show stability of the closed-loop system with the saddle-

point policy. State dynamics of the system (4.1)-(4.2) with the infinite horizon saddle-point
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transform to the following:

xk+1 = A (qk)xk, (4.48)

where

A (qk) = A(rk) − B(rk)ξkΓk + D1(rk)Ψk.

and {qk} is a Markov chain whose states are (rk, ξk). Thus, the number of Markov states qk is

M × 2m.

Also, consider a dummy output (which will only be used in the proof for the following

Theorem) given by:

yk = C (qk)xk, (4.49)

where

C (qk) = E
[(

W(rk) + ΓT
k ξkR(i)ξkΓk − γ

2ΨT
k Ψk

)1/2∣∣∣∣Ik

]
.

In the following result, we shall show that the optimal controller stabilizes the closed-loop

system while maintaining a prescribed L2 gain.

Theorem 4.3.10. Suppose {v̄1, v̄2, ..., v̄m}, {µ̄1, µ̄2, ..., µ̄m} and γ are such that ∀i ∈ D and ∀I ⊆

G , and for all finite N ∈ Z+, k ∈ [0,N], the conditions (i) and (ii) of Lemma 4.3.7 are satisfied.

Then,

(a) With the optimal control law u∗0:∞, the L2 gain from the disturbance input wk to the con-

trolled output zk of the closed loop system is less than or equal to γ.

(b) The optimal control law u∗k = −Γkxk stabilizes system (4.1) in the mean-square sense with

arbitrary disturbance wk ∈ l2([0,∞),Rs) if system (4.1)-(4.2) with uk ≡ 0 and wk ≡ 0 is

weakly observable.
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(c) The state-response of the closed-loop system (4.1) with the optimal controller is bounded

in the mean-square sense ( i.e. E
[
||xk||

∣∣∣∣I0

]
< ∞, for all k) with bounded disturbance if the

system (4.1)-(4.2), with uk ≡ 0 and wk ≡ 0, is weakly observable.

(d) The closed-loop system (4.1) with optimal controller and optimal disturbance is stable in

the mean-square sense if the system (4.48)-(4.49) is weakly observable.

Proof: Proof for Claim (a) follows the same line of argument as the proof for Lemma 4.3.3.

Proof of Claim (b): Since the conditions (i) and (ii) of Lemma 4.3.7 are assumed to be

satisfied for all finite N ∈ Z+, k ∈ [0,N], there exist ¯̂Ξ(i) < ∞ such that lim
N→∞

Ξ̂0,N(i) = ¯̂Ξ(i).

Thus, we get:

J∞(ζ∗0:∞, η0:∞) ≤ J∞(ζ∗0:∞, η
∗
0:∞) = V(x0, i) = xT

0
ˆ̄Ξ(i)x0 < ∞

=⇒ E
[ ∞∑

k=0

||xk||
2
W(rk) + ||u∗k||

2
ξkR(rk)ξk

− γ2||wk||
2
∣∣∣∣I0

]
< ∞.

As wk ∈ l2([0,∞),Rs) or
∑∞

k=0 ||wk||
2 < ∞,

E
[ ∞∑

k=0

||xk||
2
W(rk) + ||u∗k||

2
ξkR(rk)ξk

∣∣∣∣I0

]
< ∞

=⇒ E
[ ∞∑

k=0

||xk||
2
W(rk) + ||xk||

2
ΓT

k ξkR(rk)ξkΓk

∣∣∣∣I0
]
< ∞.

(4.50)

If system (4.1)-(4.2), with uk ≡ 0 and wk ≡ 0, is weakly observable, then using the same rea-

soning as presented in the proof of Theorem 3.3.12 in Chapter 3, it can be shown that (4.50)

implies lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0.

Proof of Claim (c): Consider system (4.1)-(4.2) with the optimal control law u∗k = −Γ̃kxk

and with a bounded disturbance wk as follows:

xk+1 =
(
A − BξkΓk

)
xk + D1wk. (4.51)
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From the argument given for the proof of part (b), one gets that the following system is mean-

square stable.

xk+1 =
(
A − BξkΓk

)
xk.

Thus, the state-responses of system (4.51) are bounded for bounded disturbance wk.

Proof of Claim (d): As the conditions given in Lemma 4.3.7 are satisfied:

J∞(ζ∗0:∞, η
∗
0:∞) = xT

0
ˆ̄Ξ(i)x0 < ∞

=⇒ E
[ ∞∑

k=0

||xk||
2
W(rk) + ||xk||

2
ΓT

k ξkR(rk)ξkΓk
− γ2||xk||

2
(Ψk)T Ψk

∣∣∣∣I0

]
< ∞

=⇒ E
[ ∞∑

k=0

xT
k

(
W(rk) + ΓT

k ξkR(rk)ξkΓk − γ
2(Ψk)T Ψk

)
xk

∣∣∣∣I0

]
< ∞.

(4.52)

Convergence of the above infinite series imply that the limiting terms of the series will be zero.

Thus:

lim
k→∞
E
[
xT

k

(
W(rk) + ΓT

k ξkR(rk)ξkΓk − γ
2(Ψk)T Ψk

)
xk

∣∣∣∣I0

]
= 0,

=⇒ lim
k→∞
E
[
xT

k (C 1/2(qk))TC 1/2(qk)xk

∣∣∣∣I0

]
= 0,

(4.53)

similarly,

lim
k→∞
E
[
xT

k+1(C 1/2(qk+1))TC 1/2(qk+1)xk+1

∣∣∣∣I0

]
= 0, (4.54)

...

Also,

lim
k→∞
E
[
xT

k+T (C 1/2(qk+T ))TC 1/2(qk+T )xk+T

∣∣∣∣I0

]
= 0. (4.55)

Now, similar to the proof of Theorem 2.3.10 in Chapter 2, we get the following:

lim
k→∞
E
[
xT

k (C 1/2(qk))TC 1/2(qk)xk + xT
k+1(C 1/2(qk+1))TC 1/2(qk+1)xk+1

+ ... + xT
k+T (C 1/2(qk+T ))TC 1/2(qk+T )xk+T

∣∣∣∣I0

]
= 0

=⇒ lim
k→∞
E
[
xT

k Y1
(
qk, ..., qk+T

)
xk

∣∣∣∣I0

]
= 0

(4.56)
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where

Y1
(
qk, ..., qk+T

)
= OT

1
(
qk, ..., qk+T

)
O1

(
qk, ..., qk+T

)

=



C (qk)

C (qk+1)A (qk)

.

.

.

C (qk+T )Πk+T −1
t=k A (qt)



T 

C (qk)

C (qk+1)A (qk)

.

.

.

C (qk+T )Πk+T −1
t=k A (qt)


Since the system (4.48)-(4.49) is weekly observable and the Markov chain {qk} is irreducible,

there always exist a k and a finite T such that rank O1
(
qk, ..., qk+T

)
= n. Thus, from (4.56), we

get that lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0. �

4.4 Numerical Example

Let us consider an MJLS with the following system parameters:

D = {1, 2},

A(1) =


1 2 1

0 1 1

1 0 2

 , B(1) =


1 2

1 0

0 1

, D1(1) =


1

1

1

 ,

C(1) =


0 0 0

0 0 0

1 1 1

 , D(1) =


1 0

0 1

0 0

,

A(2) =


1 0 1

0 1 0

1 0 2

 , B(2) =


1 2

1 0

0 1

, D1(2) =


1

1

1

 ,
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C(2) =


0 0 0

0 0 0

1 1 1

 , D(2) =


1 1

0 1

0 0

 ,
State transition matrix for the Markov chain {rk} is given by:

∆ =

0.45 0.55

0.4 0.6

 .
Also, consider the following parameters:

W(1) = W(2) =


1 1 1

1 1 1

1 1 1

 ,

and

R(1) =

1 0

0 1

, R(2) =

1 1

1 2

 .

In order to demonstrate the influence of the control packet arrival probabilities on the in-

finite horizon optimal cost, we compute the optimal cost for different horizon. With x0 =

[0.1 0.2 0.3]T as the initial state vector, optimal cost is computed using (4.27). Figure 4.1 shows

the behavior of the optimal cost JN(ζ∗0:N−1, η
∗
0:N−1) with the probabilities v̄1 = 0.88, v̄2 = 0.86,

µ̄1 = 0.89, µ̄2 = 0.87 and v̄1 = 0.82, v̄2 = 0.81, µ̄1 = 0.83, µ̄2 = 0.85. One can observe that as

packet arrival probabilities are reduced, the optimal cost JN(ζ∗0:N−1, η
∗
0:N−1) converges to a higher

value. If the probabilities are reduced to v̄1 = 0.72, v̄2 = 0.76, µ̄1 = 0.77, µ̄2 = 0.67, it can

be observed, as shown in Figure 4.2, that the optimal cost JN(ζ∗0:N−1, η
∗
0:N−1) does not converge.

In Figure 4.3, the dependence of the critical value of the H∞ disturbance attenuation level γc

on v̄1 is demonstrated while keeping v̄2 = 0.85, µ̄1 = 0.82 and µ̄2 = 0.8. Similarly, Figure 4.4

shows the variation of γc with respect to µ̄1 while keeping v̄1 = 0.85, v̄2 = 0.83, µ̄2 = 0.82.

The regions above the curve in Figure 4.3 and Figure 4.4 correspond to the feasible region for
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Figure 4.1: Optimal cost with v̄1 = 0.88, v̄2 = 0.86, µ̄1 = 0.89, µ̄2 = 0.87 (blue graph) and
v̄1 = 0.82, v̄2 = 0.81, µ̄1 = 0.83, µ̄2 = 0.85 (orange graph).
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Figure 4.2: Optimal cost with v̄1 = 0.72, v̄2 = 0.76, µ̄1 = 0.77, µ̄2 = 0.67.
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Figure 4.3: Variation of γc with different v̄1, and v̄2 = 0.85, µ̄1 = 0.82, µ̄2 = 0.8.
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Figure 4.4: Variation of γc with different µ̄1, and v̄1 = 0.85, v̄2 = 0.83, µ̄2 = 0.82.

113

TH-2488_146102019
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Figure 4.5: Expected value of the state response with the optimal control law for v̄1 = 0.81,
v̄2 = 0.8, µ̄1 = 0.81, µ̄2 = 0.79.
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convergence of the CAREs (4.8). Figure 4.3 and Figure 4.4 suggest that as the control packet

arrival probabilities (v̄1 and µ̄1, respectively) reduce, γc goes on increasing. Further, below a

critical value of the control packet arrival probability, CAREs (4.39) do not admit any unique

fixed-point solution. Expected value of the state responses with the optimal controller is shown

in Figure 4.5 with disturbance input wk = sin(0.2πk)cos(0.2πk)e−k/2. With a persistent bounded

disturbance wk = 0.02sin(0.2πk)cos(0.2πk) expected value of the state responses are shown in

Figure 4.6. One can see that with the optimal control law the closed-loop responses are bounded

for a persistent and bounded input. Figure 4.7 shows the state response of the closed-loop sys-

tem without taking mathematical expectation with disturbance wk = 0.02sin(0.2πk)cos(0.2πk).

To get the response shown in Figure 4.7, we have first simulated two Markov chains for two

independent channels. The control arrival probabilities are v̄1 = 0.81, v̄2 = 0.8, µ̄1 = 0.81,

µ̄2 = 0.79. Unlike in Figure 4.6, one can see random fluctuations in Figure 4.7 due to random

packet losses.

Let us now consider an MJLS with system parameters (except for A(2)) same as those given

at the starting of section 4.4. A(2) is given as below:

A(2) =


1 1 1

0 1 1

1 0 0

 .

Now, one can easily verify that (A(2),C(2)) is not observable. Thus, from the analysis given

in [55], stability can not be guaranteed. On the other hand, as the system is clearly weakly

observable (since (A(1),C(1)) is observable), from Theorem 4.3.10 stability can be guaranteed.

Figure 4.8 shows that the closed-loop system is stable.

4.5 Summary

In this chapter, we have designed the optimal H∞ controller for a Markovian jumped lin-

ear system over multiple communication channels. Existence conditions for the finite-horizon

controller are derived. It is observed that the convergence of the infinite-horizon cost function
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Figure 4.6: Expected value of the state response with the optimal control law and persistent
disturbance for v̄1 = 0.81, v̄2 = 0.8, µ̄1 = 0.81, µ̄2 = 0.79.
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Figure 4.7: State response with the optimal control law and persistent disturbance for v̄1 = 0.81,
v̄2 = 0.8, µ̄1 = 0.81, µ̄2 = 0.79.
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Figure 4.8: State response with the optimal control law and persistent disturbance for v̄1 = 0.98,
v̄2 = 0.96, µ̄1 = 0.99, µ̄2 = 0.97.

depends on the control packet arrival probabilities. Stability of the closed-loop system with the

optimal controller in the face of random packet loss has also been established.
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5. H∞ control of smooth nonlinear systems over lossy channel

5.1 Introduction

In this chapter, we extend the problem of H∞ controller design over erasure channel to

smooth nonlinear systems by considering a piecewise affine (PWA) approximation approach.

The intuition for using such an approach stems from the fact that any smooth map can be locally

approximated by an affine map with an arbitrary accuracy [35].

Firstly, by considering a PWA approximation approach, we derive conditions for a smooth

autonomous nonlinear system to have an L2 gain less than or equal to a prescribed γ > 0

with internal stability. Then, a piecewise linear state-feedback H∞ controller is designed for a

smooth nonlinear system. Finally, we extend these results to a smooth nonlinear system with

random control packet losses. Results pertaining to the H∞ controller design problem of a PWA

system with random packet losses can easily be derived as a special case of the final result of

this chapter.

For the PWA approximation approach, the state-space is partitioned into a number of poly-

hedral cells. Each nonlinear function is then approximated by a distinct affine function in each

of the cells. One of the main features of the PWA approach, presented in this thesis, is that it

enables us to design the controllers by solving certain linear matrix inequalities (LMIs), which

are subject to certain additional constraints. Although the results for the controller design can

not be completely converted to LMIs, one can get the desired results by solving certain LMIs,

and then checking whether the solutions satisfy a few nonlinear constraints. It will be shown

that, once the LMIs are solved, it will be trivial to check whether the nonlinear constraints get

satisfied or not. As LMIs are easy to solve, the approach thus provides an efficient and system-

atic way of controller design.

The chapter is structured as follows. Section 5.2 presents the results for theL2 gain analysis

and the H∞ controller design problem. Section 5.3, contains the results for the problem of H∞

controller design with packet losses. In section 5.4, we demonstrate our results using a numeri-

cal example. Finally, section 5.5 presents the summary.
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5.2 The L2 gain analysis and H∞ control of smooth nonlinear systems:

In this section, we present results relating to the L2 gain analysis and the H∞ control of a

smooth nonlinear system.

Consider a smooth discrete-time nonlinear system

xk+1 = f (xk) + B1uk + D1wk

zk = h(xk) + B2uk + D2wk,

(5.1)

wherein xk ∈ R
n is the state vector, uk ∈ R

m is the control input to the actuators, wk ∈

l2
(
[0,∞),Rs) is the disturbance input to be rejected, zk ∈ R

p is the controlled output, f : Rn →

Rn, h : Rn → Rp are smooth maps, B1 ∈ R
n×m, D1 ∈ R

n×s, B2 ∈ R
p×m, D2 ∈ R

p×s are constant

matrices. The system dynamics given by Equation (5.1) describes many practical systems like

missile dynamics [33], power networks [66], permanent magnet synchronous motors [67], and

nonlinear RLC circuits [68].

The main goal of this chapter is as follows.

Objective: We design a state-feedback control law of the form uk = K(i)xk, for xk ∈ Xi,

that attains the following requirements:

(G.1) The L2 gain from the disturbance wk to the controlled output zk is less than or equal to a

certain prescribed γ > 0, i.e.,

N∑
k=0

||zk||
2 ≤ γ2

N∑
k=0

||wk||
2, ∀N ∈ Z+

(G.2) The closed-loop system, with wk ≡ 0, is locally asymptotically stable in the mean-square

sense. �
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The following notion of stability is in this chapter.

Definition 5.2.1. System (5.1), uk ≡ 0 and wk ≡ 0, is said to be locally asymptotically stable in

the mean-square sense if, for all initial states within a ball around the origin, i.e., x0 ∈ Bτ(0),

lim
k→∞
||xk||

2 = 0.

�

It is well known that any smooth map can be locally approximated by an affine map with

arbitrary accuracy [35]. Thus, by considering an appropriate partition of the state space, it is

possible to approximate the maps f (.) and h(.) by two affine maps, in each cell of the partition,

respectively. In this work, we shall consider a polyhedral partition
{
Xi

}
i∈N

of a subspace X of

the state space, where Xi denotes a cell andN is the index set of the cells. One can characterize

each polyhedral cell as [35]:

E(i)xk + e(i) ≥ 0 xk ∈Xi, or Ē(i)x̄k ≥ 0, (5.2)

where Ē(i) := [E(i) e(i)], x̄(k) :=

x(k)

1

. If N0 denotes the cells that contains the origin, we

have that e(i) = 0, for all i ∈ N0. Inequality (5.2) denotes that each element of the vector Ē(i)x̄k

is nonnegative.

With a polyhedral partition
{
Xi

}
i∈N

, one can find matrices A(i), C(i), and vectors a(i), c(i)

for all i ∈ N such that f (xk) and h(xk) can be approximated by piecewise affine functions. Let,

for xk ∈ Xi, m(xk, i) and n(xk, i) be the error terms in the approximations of f (xk) and h(xk),

respectively, i.e.,

f (xk) = A(i)xk + a(i) + m(xk, i)

h(xk) = C(i)xk + c(i) + n(xk, i).
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Note that, for a cell i ∈ N0, we have a(i) = 0 and c(i) = 0.

Let ε(i) and δ(i) are such that:

|| f (xk) − A(i)xk − a(i)|| = ||m(xk, i)|| ≤ ε(i)||xk||

||h(xk) −C(i)xk − c(i)|| = ||n(xk, i)|| ≤ δ(i)||xk||

for xk ∈Xi with a(i) = 0 and c(i) = 0 if i ∈ N0,

(5.3)

There are many ways to find the matrices A(i) and C(i), for each i ∈ N . For example one can

use Taylor series expansion.

With the help of Equation (5.3), the nonlinear system (5.1) can be expressed as follows:

xk+1 = Ā(i)x̄k + B1uk + D1wk + m(xk, i)

zk = C̄(i)x̄k + B2uk + D2wk + n(xk, i),
(5.4)

where

Ā(i) =
[
A(i) a(i)

]
, C̄(i) :=

[
C(i) c(i)

]
. (5.5)

System (5.4) can further be expressed in terms of the variable x̄k as:

x̄k+1 = Â(i)x̄k + B̂1uk + D̂1wk + m̂(xk, i)

zk = C̄(i)x̄k + B2uk + D2wk + n(xk, i),
(5.6)

where Â(i), B̂1, D̂1, m̂(xk, i) are given as:
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Â(i) :=

A(i) a(i)

01×n 1

, m̂(xk, i) :=

m(xk, i)

0

, B̂1(i) :=

B1(i)

01×m

, D̂1(i) :=

D1(i)

01×s

. (5.7)

The theory of dissipativity has played a central role in solving the H∞ control problem

[30, 32]. Our approach shall also be based on dissipativity. In the sequel, we will utilize the

following local notion of dissipativity, which is motivated by the one defined in [50].

Definition 5.2.2. Consider system (5.1) with uk ≡ 0, wk ∈ W ⊆ Rs and xk ∈ X ⊆ R
n, such that

the state trajectories, with every disturbance input wk ∈ W, always remain in X. Now, system

(5.1), with uk ≡ 0, is said to be locally dissipative with respect to a supply rate s(zk,wk), if there

exists a nonnegative function V : X → R+ with V(0) = 0, called the storage function, such that

for all w ∈ W, xk ∈ X, and for all k ∈ Z+,

V(xk+1) − V(xk) ≤ s(zk,wk). (5.8)

�

One can relate local dissipativity and the L2 gain analysis by the following lemma, which is

in line with the one found in [32, 69].

Lemma 5.2.1. Suppose that system (5.1), with uk ≡ 0 and wk ≡ 0, is locally asymptotically

stable in the mean-square sense. Now, if system (5.1), with uk ≡ 0, is locally dissipative with

respect to the supply rate s(zk,wk) = 1
2

(
γ2||wk||

2 − ||zk||
2
)
, then it has the L2 gain less than or

equal to γ. �

As a PWA approximation of the nonlinear system is used in this work, we consider a piece-

wise quadratic storage function in order to study the dissipativity. The storage function is con-

124

TH-2488_146102019



5.2 The L2 gain analysis and H∞ control of smooth nonlinear systems:

sidered to be of the following form.

V(xk) =
1
2

x̄T
k P̄(i)x̄k, if xk ∈Xi, (5.9)

where P̄(i) is such that V(xk) > 0 for all xk , 0, and V(xk) = 0 if xk = 0. Further, if i ∈ N0, then

P̄(i) is of the form P̄(i) = diag{P(i), 0}. For each i ∈ N0, P(i) is chosen such that xT
k P(i)xk > 0

for all xk , 0.

Note that for the storage function V(xk) to be positive, for all xk , 0, it is not necessary for

the P̄(i)s to be positive definite (or positive semidefinite if i ∈ N0). Instead x̄T
k P̄(i)x̄k should be

greater than zero only for those xk that belong to the corresponding Xi.

Before going on to present the results for the H∞ controller design problem, we present the

conditions for system (5.1), with uk ≡ 0, to have the L2 gain less than or equal to a prescribed

γ > 0 with internal stability as follows.

Theorem 5.2.2. Consider system (5.1), with uk ≡ 0, a polyhedral partition
{
Xi

}
i∈N

of a sub-

space X of the stae-space with (5.3), and the disturbance input wk ∈ W for all k. Suppose,

there exist symmetric matrices W(i) and R(i) with nonnegative entries, and symmetric matrices

P̄(i) such that the following inequalities are satisfied for all i, j ∈ N

P̄(i) − ĒT (i)R(i)Ē(i) > 0Λ11(i, j) Λ12(i, j)

ΛT
12(i, j) Λ22(i, j)

 ≤ 0,
(5.10)
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where

P̄(i) = [In 0n×1]T P(i)[In 0n×1] if i ∈ N0

Λ11 = ÂT (i)P̄( j)Â(i) − P̄(i) + C̄T (i)C̄(i) + ĒT (i)W(i)Ē(i)

+
(
ρ1(i, j) + ρ2(i, j) + ρ3(i, j) + ρ4(i) + ρ5(i) + ρ6(i)

)
In+1

Λ12 = ÂT (i)P̄( j)D̂1(i) + C̄T (i)D2(i)

Λ22 = D̂T
1 P̄( j)D̂1 + DT

2 (i)D2(i) − γ2Is +
(
ρ2(i, j) + ρ5(i)

)
Is

ρ1(i, j) = 2ε(i)||P̄( j)||||Â(i)||

ρ2(i, j) = ε(i)||P̄( j)||||D̂1||

ρ3(i, j) = ε2(i)||P̄( j)||

ρ4(i) = 2δ(i)||C̄(i)||

ρ5(i) = δ(i)||D2(i)||

ρ6(i) = δ2(i)

Then, system (5.1), with uk ≡ 0 and wk ≡ 0, is locally asymptotically stable in the mean-square

sense. Further, with u ≡ 0, it has an L2 gain less than or equal to γ.

Proof: With a polyhedral partition
{
Xi

}
i∈N

, one can find matrices E(i) and Ē(i), for i ∈ N ,

such that E(i)xk ≥ 0 and Ē(i)x̄k ≥ 0. Now, assume that there exist symmetric matrices W(i) and

R(i) with positive entries, and symmetric matrices P̄(i) such that the inequalities given in (5.10)

are satisfied for all i, j ∈ N .

In order to show dissipativity, we consider a storage function as given in (5.9). Then, using
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(5.6) with uk ≡ 0, one gets:

V(xk+1) − V(xk) +
1
2

[||zk||
2 − γ2||wk||

2]

=
1
2

[x̄T
k+1P̄( j)x̄k+1 − x̄T

k P̄(i)x̄k + zT
k zk − γ

2wT
k wk]

=
1
2

[(
Â(i)x̄k + m̂(xk, i) + D̂1wk

)T P̄( j)
(
Â(i)x̄k + m̂(xk, i) + D̂1wk

)
− x̄T

k P̄(i)x̄k

+
(
C̄(i)x̄k + n(xk, i) + D2wk

)T (C̄(i)x̄k + n(xk, i) + D2wk
)
− γ2wT

k wk

]
=

1
2

[(
Â(i)x̄k + D̂1wk

)T P̄( j)
(
Â(i)x̄k + D̂1wk

)
− x̄T

k P̄(i)x̄k +
(
C̄(i)x̄k + D2wk

)T (C̄(i)x̄k + D2wk
)
− γ2wT

k wk

+ 2x̄T
k ÂT (i)P̄( j)m̂(xk, i) + 2wT

k D̂T
1 P̄( j)m̂(xk, i) + m̂T (xk, i)P̄( j)m̂(xk, i) + 2x̄T

k C̄T (i)n(xk, i)

+ 2wT
k DT

2 n(xk, i) + nT (xk, i)n(xk, i)
]
.

(5.11)

Due to the properties of 2-norm and induced 2-norm, the following holds true.

2x̄T
k Â(i)P̄( j)m̂(xk, i) ≤ ||2x̄T

k Â(i)P̄( j)m̂(xk, i)||

≤ 2||P̄( j)|| ||Â(i)|| ||m̂(xk, i)|| ||x̄k||

≤ 2||P̄( j)|| ||Â(i)|| ε(i) ||x̄k||
2

(using (5.3) with the fact that ||m̂(xk, i)|| = ||m(xk, i)||and ||xk|| < ||x̄k||)

= ρ1(i, j)||x̄k||
2.

(5.12)

And,

2wT
k D̂T

1 P̄( j)m̂(xk, i) ≤ 2ε(i)||P̄( j)|| ||D̂1|| ||x̄k|| ||wk||
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Note that 2||x̄k|| ||wk|| ≤ (||x̄k||
2|| + ||wk||

2). Thus,

2wT
k D̂T

1 P̄( j)m̂(xk, i) ≤ 2ε(i)||P̄( j)|| ||D̂1||||x̄k|| ||wk||

≤ ε(i) ||P̄( j)|| ||D̂1|| (||x̄k||
2 + ||wk||

2)

≤ ρ2(i, j) (||x̄k||
2 + ||wk||

2)

(5.13)

Also,

m̂T (xk, i)P̄( j)m̂(xk, i) ≤ ||m̂T (xk, i)P̄( j)m̂(xk, i)||

≤ ||m̂(xk, i)|| ||P̄( j)|| ||m̂(xk, i)||

≤ ε2(i) ||P̄( j)|| ||xk||
2

≤ ρ3(i, j) ||x̄k||
2.

(5.14)

Similarly, one can show the following:

2x̄T
k C̄T (i)n(xk, i) ≤ ρ4(i) ||x̄k||

2 (5.15)

2wT
k DT (i)n(xk, i) ≤ ρ5(i) (||x̄k||

2 + ||wk||
2) (5.16)

nT (xk, i)n(xk, i) ≤ ρ6(i) ||x̄k||
2 (5.17)

Now, using (5.12), (5.13), (5.14), (5.15), (5.16), and (5.17) in (5.11):

V(xk+1) − V(xk) +
1
2

[||zk||
2 − γ2||wk||

2]

≤
1
2

 x̄k

wk


T Λ11(i, j) Λ12(i, j)

ΛT
12(i, j) Λ22(i, j)


 x̄k

wk


(5.18)

Thus, if (5.10) gets satisfied, we get V(xk+1) − V(xk) − 1
2

[
γ2||wk||

2 − ||zk||
2] ≤ 0, i.e., V(xk+1) −

V(xk) ≤ 1
2

[
γ2||wk||

2 − ||zk||
2], for all wk ∈ W and k. This implies that system (5.1), with uk ≡ 0,

is locally dissipative with respect to the supply rate s(zk,wk) = 1
2

[
γ2||wk||

2 − ||zk||
2
]
.
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We now proceed to show stability of system (5.1), with uk ≡ 0, wk ≡ 0. One can easily

verify that V(xk) = 1
2 x̄kP̄(i)x̄k, for xk ∈ Xi, is well suited to be a Lyapunuov function. Now,

using system dynamics (5.6), with uk ≡ 0, wk ≡ 0, one gets:

V(xk+1) − V(xk)

=
1
2

[(
Â(i)x̄k + m̂(xk, i)

)T
P̄( j)

(
Â(i)x̄k + m̂(xk, i)

)
− x̄T

k P̄(i)x̄k

]
=

1
2

[
x̄T

k ÂT (i)P̄( j)Â(i)x̄k − x̄T
k P̄(i)x̄k + 2x̄T

k ÂT (i)P̄( j)m̂(xk, i) + m̂T (xk, i)P̄( j)m̂(xk, i)
] (5.19)

Then, (5.19) implies:

V(xk+1) − V(xk) ≤
1
2

[
x̄T

k

(
ÂT (i)P̄( j)Â(i) − P̄(i) + ρ1(i, j) + ρ3(i, j)

)
x̄k

]
. (5.20)

If the second inequality given in (5.10) holds true, one gets that Λ11(i, j) ≤ 0 for all i, j ∈ N .

Then,

ÂT (i)P̄( j)Â(i) − P̄(i) +
(
ρ1(i, j) + ρ3(i, j)

)
In+1

≤ −
(
ρ2(i, j) + ρ4(i) + ρ5(i) + ρ6(i)

)
In+1

As ρ2(i, j), ρ4(i), ρ5(i) and ρ6(i) are positive scalars, (5.20) implies that V(xk+1) − V(xk) < 0 for

all xk ∈ X. Thus, system (5.1), with uk ≡ 0 and wk ≡ 0, is locally asymptotically stable in the

mean-square sense. Further, Lemma (5.2.1) implies that the L2 gain from wk to zk is less than

or equal to γ. �

Remark 5.2.1. Note that, for a specific i ∈ N , the conditions given by (5.10) need to be satisfied

for all j ∈ N . This is due to the fact that one may not have any knowledge about the external

input wk. Consequently, xk+1 is unknown, and hence the cell where xk+1 lies in is also unkown.

�
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In what follows next, we derive sufficient conditions which ensure that system (5.1), with a

piecewise linear state-feedback control law, has the L2 gain less than or equal to γ while main-

taining the closed-loop stability.

Now, with the control law of the type uk = K(i)xk, for xk ∈ Xi, using (5.4), one can express

system (5.1) system as follows:

xk+1 = ¯AK(i)x̄k + D1wk + m(xk, i)

zk = C̄K(i)x̄k + D2wk + n(xk, i),
(5.21)

where ¯AK(i) =

[
A(i) + B1W(i)U−1(i) a(i)

]
and C̄K(i) =

[
C(i) + B2W(i)U−1(i) c(i)

]
.

For the design of the H∞ controller, we consider a storage function of the form V(xk) =

1
2 xT

k P(i)xk, where, P(i) is a positive definite matrix. Although, the storage given by (5.9) is less

restrictive than this one, the controller design becomes very complicated with the storage func-

tion given by (5.9).

Theorem 5.2.3. Consider system (5.1) with the disturbance input wk ∈ W, states xk ∈ X,

for all k and a polyhedral partition
{
Xi

}
i∈N

equipped with (5.3). Suppose, there exist matrices

T (i) > 0, U(i), W(i), R(i) > 0, and positive scalars γ, q, r, h, g such that for all i, j ∈ N:

T̂ ( j) =

T ( j) 0n×1

01×n h

 > 0, (5.22a)
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Ω(i, j)

=



Ω11(i) 0n×1 0n×s Ω14(i) 0n×1 Ω16(i)

01×n Ω22 01×s qaT (i) q qcT (i)

0s×n 0s×1 Ω33 DT
1 0s×1 DT

2

ΩT
14(i) qa(i) D1 T ( j) 0n×1 0n×p

01×n q 01×s 01×n h 01×p

ΩT
16 qc(i) D2 0p×n 0p×1 Ip



≥ 0,
(5.22b)

[
ρ1(i, j) + ρ2(i, j) + ρ3(i, j) + ρ4(i) + ρ5(i) + ρ6(i)

]
In+1 ≤ L (i), (5.22c)

[
ρ2(i, j) + ρ5(i)

]
≤ g, (5.22d)

where

Ω11(i) =
[
U(i) + UT (i) − T (i)

]
− R(i)

Ω14(i) = UT (i)AT (i) + WT (i)BT
1

Ω16(i) = UT (i)CT (i) + WT (i)BT
2

Ω22 = 2q − (h + r)

Ω33 = γ2Is − gIs

ρ1(i, j) = 2ε(i)|| ¯AK(i)||||T−1( j)||

ρ2(i, j) = ε(i)||T−1( j)||||D1||

ρ3(i, j) = ε2(i)||T−1( j)||

ρ4(i) = 2δ(i)||C̄K(i)||

ρ5(i) = δ(i)||D2||

ρ6(i) = δ2(i)
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L (i) =

U
−T (i)R(i)U−1(i) 0n×1

01×n
r

q2


ˆAK(i) :=

A(i) + B1W(i)U−1(i) a(i)

01×n 1


Then, system (5.1), with wk ≡ 0, is locally asymptotically stable in the mean-square sense with

the control law uk = K(i)xk = W(i)U−1(i)xk. Further, with the control law uk = K(i)xk =

W(i)U−1(i)xk, system (5.1) has the L2 gain, from wk to zk, that is less than or equal to a pre-

scribed γ > 0.

Proof: Suppose, LMIs (5.22a) and (5.22b) are satisfied. Then, as all principal submatrices

of a positive semidefinite symmetric matrix are also positive semidefinite, from (5.22b), one

gets:

Ω11(i) 0n×1

01×n Ω22

 ≥ 0

=⇒ Û(i) + ÛT (i) ≥ T̂ (i) +

R(i) 0n×1

01×n r

 ,
where, Û(i) := diag{U(i), q},∀i ∈ N .

So, ∀i ∈ N , one gets that Û(i) is non-singular as T̂ (i) > 0. The following inequality can be

proved easily.

ÛT (i)T̂−1(i)Û(i) ≥
[
Û(i) + ÛT (i) − T̂ (i)

]
.

Thus,

ÛT (i)T̂−1(i)Û(i) −

R(i) 0n×1

01×n r

 ≥ [
Û(i) + ÛT (i) − T̂ (i)

]
−

R(i) 0n×1

01×n r

.
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which implies:

UT (i)T−1(i)U(i) − R(i) ≥
[
U(i) + UT (i) − T (i)

]
− R(i),

and
q2

h
− r ≥ 2q − (h + r).

(5.24)

Using (5.24) in (5.22b),

Ω′(i, j)

=



O(i) 0n×1 0n×s Ω14(i) 0n×1 Ω16(i)

01×n
q2

h − r 01×s qaT (i) q qcT (i)

0s×n 0s×1 Ω33 DT
1 0s×1 DT

2

ΩT
14(i) qa(i) D1 T ( j) 0n×1 0n×p

01×n q 01×s 01×n h 01×p

ΩT
16 qc(i) D2 0p×n 0p×1 Ip


where O(i) =

[
UT (i)T−1(i)U(i)

]
− R(i).

Consider the matrix given by: P(i) := diag{U−1(i), 1
q , Is, In, 1, Ip}. Then,

PT (i)Ω′(i, j)P(i) ≥ 0

=⇒



T̂−1(i) −L (i) 0n+1×s
ˆA T
K (i) C̄ T

K (i)

0s×n+1 Ω33 D̂T
1 DT

2

ˆAK(i) D̂1 T̂ ( j) 0n+1×p

C̄K(i) D2 0p×n+1 Ip


≥ 0,

(5.25)

Using Schur compliment in (5.25), we get the following:

 ˆA T
K (i) C̄ T

K (i)

D̂T
1 DT

2


T̂
−1( j) 0n+1×p

0p×n+1 Ip


 ˆAK(i) D̂1

C̄K(i) D2

 −
T̂
−1(i) −L (i) 0n+1×s

0s×n+1 Ω33

 ≤ 0

(5.26)
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This implies that

S (i, j) =

S11(i, j) S12(i, j)

S T
12(i, j) S22(i, j)

 ≤ 0, (5.27)

where

S11(i, j) = ˆA T
K (i)T̂−1( j) ˆAK(i) + C̄ T

K (i)C̄K(i) − T̂−1(i) + L (i)

S12(i, j) = ˆA T
K (i)T̂−1( j)D̂1 + C̄ T

K (i)D2

S22(i, j) = D̂T
1 T̂−1( j)D̂1 + DT

2 D2 − γ
2Is + gIs.

We now proceed to show dissipativity of the system (5.1) with respect to the supply rate

s(zk,wk) = 1
2

[
γ2||wk||

2 − ||zk||
2]. For that, consider the storage function: V(xk) = 1

2 xT
k T−1(i)xk, for

xk ∈Xi. Then, using (5.21), we get the following:

V(xk+1) − V(xk) +
1
2
[
zT

k zk − γ
2wT

k wk
]

=
1
2

[(
¯AK(i)x̄k + D1wk + m(xk, i)

)T
T−1( j)

(
¯AK(i)x̄k + D1wk + m(xk, i)

)
− xT

k T−1(i)xk

+
(
C̄K(i)x̄k + D2wk + n(xk, i)

)T (
C̄K(i)x̄k + D2wk + n(xk, i)

)
− γ2wT

k wk

]
=

1
2

[(
¯AK(i)x̄k + D1wk

)T
T−1( j)

(
¯AK(i)x̄k + D1wk

)
− xT

k T−1(i)xk + 2x̄T
k

¯A T
K (i)T−1( j)m(xk, i)

+ 2wT
k DT

1 T−1( j)m(xk, i) + mT (xk, i)m(xk, i) + 2x̄T
k C̄ T

K (i)n(xk, i) + 2wT
k DT

2 n(xk, i) + nT (xk, i)n(xk, i)
]
.

(5.29)

It is easy to show that

(
¯AK(i)x̄k + D1wk

)T
T−1( j)( ¯AK(i)x̄k + D1wk) − xT

k T−1(i)xk

=
(
ÂK(i)x̄k + D̂1wk

)T
T̂−1( j)(ÂK(i)x̄k + D̂1wk) − x̄T

k T̂−1(i)x̄k

(5.30)

Further, using the same reasoning as used in the proof of Theorem 5.2.2, one can show the
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following.

2x̄T
k

¯AKT−1( j)m(xk, i) ≤ ρ1(i, j)||x̄k||
2

2wT
k DT

1 T−1( j)m(xk, i) ≤ ρ2(i, j)(||x̄k||
2 + ||wk||

2)

mT (xk, i)T−1( j)m(xk, i) ≤ ρ3(i, j)||x̄k||
2

2x̄T
k C̄ T

K (i)n(xk, i) ≤ ρ4(i)||x̄k||
2

2wT
k DT

2 n(xk, i) ≤ ρ5(i)(||x̄k||
2 + ||wk||

2)

nT (xk, i)n(xk, i) ≤ ρ6(i)||x̄k||
2

(5.31)

Now, using (5.30), (5.31), (5.22c), (5.22d) in (5.29), and then utilizing (5.27) one gets that

V(xk+1) − V(xk) ≤
1
2

[(
ˆAK(i)x̄k + D̂1wk

)T
T̂−1( j)

(
ˆAK(i)x̄k + D̂1wk

)
− x̄T

k T̂−1(i)x̄k

+
(
ρ1(i, j) + ρ2(i, j) + ρ3(i, j) + ρ4(i) + ρ5(i) + ρ6(i)

)
x̄T

k x̄k +
(
ρ2(i, j) + ρ5(i)

)
wT

k wk

]
≤

1
2

 x̄k

wk


T S11(i, j) S12(i, j)

S T
12(i, j) Y22(i, j)


 x̄k

wk

 ≤ 0.

Thus, system (5.1) with uk = K(i)xk is locally dissipative with respect to the supply rate

s(zk,wk) = 1
2 [γ2||wk||

2 − ||zk||
2].

To study the asymptotic stability of closed-loop system (5.21), we consider a Lyapunov function

V(xk) = 1
2 xT

k T−1(i)xk, for xk ∈Xi, i ∈ N . Then,

V(xk+1) − V(xk)

=
1
2

[( ¯AK(i)x̄k + m(xk, i)
)T T−1( j)

( ¯AK(i)x̄k + m(xk, i)
)
− xT

k T−1(i)xk

]
=

1
2

[
x̄T

k

(
¯A T
K (i)T−1( j) ¯AK(i) − T−1(i)

)
x̄k + 2x̄T

k
¯A T
K (i)T−1( j)m(xk, i) + mT (xk, i)T−1( j)m(xk, i)

]
(5.32)
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Then, using (5.30) with wk ≡ 0, (5.31) and (5.22c),

V(xk+1) − V(xk)

=
1
2

[
x̄T

k

(
ˆA T
K (i)T̂−1( j) ˆAK(i) − T̂−1(i)

)
x̄k + 2x̄T

k
¯A T
K (i)T−1( j)m(xk, i) + mT (xk, i)m(xk, i)

]
≤

1
2

x̄T
k

(
ˆA T
K (i)T̂−1( j) ˆAK(i) − T̂−1(i) + ρ1(i, j) + ρ3(i, j)

)
x̄k

≤
1
2

x̄T
k

(
ˆA T
K (i)T̂−1( j) ˆAK(i) − T̂−1(i) + L (i)

)
x̄k −

1
2

x̄T
k

(
ρ2(i, j) + ρ4(i) + ρ5(i) + ρ6(i)

)
x̄k

Inequality (5.27) implies that

S11(i, j) ≤ 0

=⇒ ˆA T
K (i)T̂−1( j) ˆAK(i) − T̂−1(i) + L (i) ≤ 0, ∀i, j ∈ N .

(5.33)

Since ρ2(i, j), ρ4(i), ρ5(i), ρ6(i) are positive, as a consequence of (5.33), we get: V(xk+1)−V(xk) <

0 for all xk(, 0) ∈ Xi. Hence, system (5.1), with uk = K(i)xk and wk ≡ 0, is locally asymptoti-

cally stable in the mean-square sense.

Therefore, system (5.1) has the L2 gain less than or equal to γ. �

Note 5.2.1. To get the desired K(i), T (i) in a specific cell, we first solve (5.22b). Then, it is

checked whether the conditions (5.22c) and (5.22d) get satisfied. If these two conditions are

satisfied, then the cell is a valid one. If they are not satisfied, we opt for a finer cell with smaller

ε(i) and δ(i) such that the conditions get satisfied. �

5.3 H∞ control of smooth nonlinear system with random packet losses:

In this section, we consider the case when the controller is spatially separated from the

plant, and the controller sends control commands to the actuators through a Gilbert-Elliott type

communication channel. Suppose u′k is the controller output and is sent to the actuators through

a lossy network. Then, under the zero-input scheme [57], one can relate uk (defined in (5.1))
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and u′k as:

uk = vku′k, (5.34)

where vk is binary random variable, and can either be 0 or 1. It represents the packet loss con-

dition in the channel. The arrival probability of the control packet, at a stage k ≥ 1, is assumed

to be P(vk = 1|vk−1 = 0) = α and P(vk = 1|vk−1 = 1) = 1 − β. For the stage k = 0, using Note

2.2.1 of Chapter 2, the arrival probability can be expressed as P(v0 = 1) = α/(α + β).

Consider again a piecewise linear state-feedback control law u′k = K(i)xk, for xk ∈ Xi.

Then, with a polyhedral partition
{
Xi

}
i∈N

satisfying (5.3), nonlinear system (5.1) subject to the

network induced constraint given by (5.34) can be written as follows:

xk+1 =
(
A(i) + vkB1K(i)

)
xk + a(i) + D1wk + m(i)

zk =
(
C(i) + vkB2K(i)

)
xk + c(i) + D2wk + n(i).

(5.35)

Objective: The main purpose of this section is to design an controller that makes the closed-

loop system (5.35) locally asymptotically stable in the mean-square sense at the same time

keeping the L2 gain from wk to zk less than or equal to a prescribed γ > 0. �

For system (5.35), the following notion of stability shall be followed.

Definition 5.3.1. System (5.35), with wk ≡ 0, is said to be locally asymptotically stable in the

mean-square sense if, for all initial states within a ball around the origin, i.e., x0 ∈ Bτ(0),

lim
k→∞
E
[
||xk||

2
∣∣∣∣I0

]
= 0.

�

As all the states are accessible to the controller, one can define an information set, at a time

instant k, as:

Ik = {x0, x1, ..., xk, v0, v1, ..., vk−1}.

137

TH-2488_146102019



5. H∞ control of smooth nonlinear systems over lossy channel

Note that closed-loop system (5.35) becomes stochastic in nature due to the random of packet

losses (vk). Thus, to analyze the L2 gain of the system (5.35), one needs a notion of local

dissipativity in the stochastic sense. We now present one such notion which is motivated by the

one given in [70] and [50].

Definition 5.3.2. Consider system (5.35) with wk ∈ W ⊆ Rs and xk ∈ X ⊆ R
n, such that the

state trajectories, with every disturbance input wk ∈ W, always remain in X. System (5.35),

with a supply rate s(zk,wk), is said to be locally dissipative in the stochastic sense if there exists

a nonnegative function V : X×N → R+, with V(0, .) = 0, called the storage function, such that

for all w ∈ W, xk ∈ X, and for all k ∈ Z+:

E
[
V(xk+1, ek+1)

∣∣∣∣Ik
]
− V(xk, ek) ≤ E

[
s(zk,wk)

∣∣∣∣Ik
]
,

where, ek ∈ N denotes the cell in which xk lies. �

Similar to Lemma 5.2.1, one can relate the local stochastic dissipativity andL2 gain analysis

as follows. The following result is motivated from [71].

Lemma 5.3.1. System (5.35) has the L2 gain less than or equal to a prescribed γ > 0 if system

(5.35) is locally dissipative in the stochastic sense with respect to the supply rate s(zk,wk) =

E
[

1
2

(
γ2||wk||

2 − ||zk||
2
)∣∣∣∣Ik

]
, and the system, with wk ≡ 0, is locally asymptotically stable in the

mean-square sense. �

The following theorem presents results for the H∞ controller design problem over a Gilbert-

Elliott type communication channel.

Theorem 5.3.2. Consider system (5.35) with the disturbance input wk ∈ W, states xk ∈ X,

for all k and a polyhedral partition
{
Xi

}
i∈N

equipped with (5.3). Suppose, there exist matrices

T (i) > 0, U(i), W(i), R(i) > 0 scalars γ, q, r, h, g > 0 such that for all i, j ∈ N

T̂ ( j) =

T ( j) 0n×1

01×n h

 > 0, (5.36a)
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Ω(i, j) =



Ω11(i) 0n×1 0n×s Ω14(i) 0n×1 Ω16(i) AT (i) 0n×1 CT (i)

01×n Ω22 01×s qaT (i) q qcT (i) qaT (i) q qcT (i)

0s×n 0s×1 Ω33 DT
1 0s×1 DT

2 DT
1 0s×1 DT

2

ΩT
14(i) qa(i) D1

1
p̄k

T ( j) 0n×1 0n×p 0n×n 0n×1 0n×p

01×n q 01×s 01×n
h
p̄k

01×p 01×n 0 01×p

ΩT
16(i) qc(i) D2 0p×n 0p×1

1
p̄k

Ip 0p×n 0p×1 0p×p

A(i) qa(i) D1 0n×n 0n×1 0n×p
1

1− p̄k
T (l) 0n×1 0n×p

01×n q 01×s 01×n 0 01×p 01×n
h

1− p̄k
01×p

C(i) qc(i) D2 0p×n 0p×1 0p×p 0p×n 0p×1
1

1− p̄k
Ip



≥ 0

(5.36b)

[
ρ1(i, j) + ρ2(i, j) + ρ3(i, j) + ρ4(i) + ρ5(i) + ρ6(i) + ρ7(i, j) + ρ8(i, j) + ρ9(i, j) + ρ10(i)

]
In+1 ≤ L (i),

(5.36c)

[
ρ2(i, j) + ρ5(i) + ρ8(i, l)

]
≤ g, (5.36d)

where

Ω11(i) =
[
U(i) + UT (i) − T (i)

]
− R(i)

Ω14(i) = UT (i)AT (i) + WT (i)BT
1

Ω16(i) = UT (i)CT (i) + WT (i)BT
2

Ω22 = 2q − (h + r)

Ω33 = γ2I − gI

Ω34 = DT
1 .

ρ1(i, j) = 2p̄kε(i)|| ¯AK(i)||||T−1( j)||

ρ2(i, j) = p̄kε(i)||T−1( j)||||D1||
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ρ3(i, j) = p̄kε
2(i)||T−1( j)||

ρ4(i) = 2 p̄kδ(i)||C̄K(i)||

ρ5(i) = δ(i)||D2||

ρ6(i) = δ2(i)

ρ7(i, l) = 2(1 − p̄k)ε(i)||Ā(i)||||T−1(l)||

ρ8(i, l) = (1 − p̄k)ε(i)||T−1(l)||||D1||

ρ9(i, l) = (1 − p̄k)ε2(i)||T−1(l)||

ρ10(i) = 2(1 − p̄k)δ(i)||C̄(i)||

for k ≥ 1, p̄k =


α if vk−1 = 0

1 − β if vk−1 = 1

and, p̄0 =
α

α + β
.

Then, for K(i) = W(i)U−1(i), the closed-loop system (5.35), with wk ≡ 0, is locally asymptoti-

cally stable in the mean-square sense. Further, with K(i) = W(i)U−1(i), system (5.35) has the

L2 gain less than or equal to a prescribed γ.

Proof: Assume that LMIs (5.36a) and (5.36b) are satisfied. Using the same line of argument

as used in the proof for Theorem 5.2.3, one gets that Û(i) := diag{U(i), q} is nonsingular. Further,
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it can also be shown that

Ω′(i, j) =



O1(i) 0n×1 0n×s Ω14(i) 0n×1 Ω16(i) AT (i) 0n×1 CT (i)

01×n O2(i) 01×s qaT (i) q qcT (i) qaT (i) q qcT (i)

0s×n 0s×1 Ω33 DT
1 0s×1 DT

2 DT
1 0s×1 DT

2

ΩT
14(i) qa(i) D1

1
p̄k

T ( j) 0n×1 0n×p 0n×n 0n×1 0n×p

01×n q 01×s 01×n
h
p̄k

01×p 01×n 0 01×p

ΩT
16(i) qc(i) D2 0p×n 0p×1

1
p̄k

Ip 0p×n 0p×1 0p×p

A(i) qa(i) D1 0n×n 0n×1 0n×p
1

1− p̄k
T (l) 0n×1 0n×p

01×n q 01×s 01×n 0 01×p 01×n
h

1− p̄k
01×p

C(i) qc(i) D2 0p×n 0p×1 0p×p 0p×n 0p×1
1

1−p̄k
Ip



≥ 0,

(5.38)

where O1(i) =
[
UT (i)T−1(i)U(i)

]
− R(i), O2 =

q2

h − r.

Then, with P(i) = diag
{
U−1(i), 1

q , Is, In, 1, Ip, In, 1, Ip

}
, one gets

PT Ω′(i, j)P ≥ 0

=⇒



T̂−1(i) −L (i) 0n+1×s
ˆA T
K (i) C̄ T

K (i) ÂT (i) C̄T (i)

0s×n+1 Ω33 D̂T
1 DT

2 D̂T
1 DT

2

ˆAK(i) D̂1
1
p̄k

T̂ ( j) 0n+1×p 0n+1×n+1 0n+1×p

C̄K(i) D2 0p×n+1
1
p̄ Ip 0p×n+1 0p×p

Â(i) D̂1 0n+1×n+1 0n+1×p
1

1− p̄k
T̂ (l) 0n+1×p

C̄(i) D2 0n×n+1 0n×p 0p×n+1
1

1−p̄k
Ip



≥ 0,
(5.39)

As shown in Theorem 5.2.3, one can show that

S11(i, j) S12(i, j)

S T
12(i, j) S22(i, j)

 ≤ 0, (5.40)
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where,

S11(i, j) = p̄k
ˆA T
K (i)T̂−1( j) ˆAK(i) + (1 − p̄k)ÂT (i)T̂−1(l)Â(i) + p̄kC̄

T
K (i)C̄K(i) + (1 − p̄k)C̄T (i)C̄(i) − T̂−1(i)

+ L (i)

S12(i, j) = p̄k
ˆA T
K (i)T̂−1( j)D̂1 + (1 − p̄k)ÂT (i)T̂−1(l)D̂1 + p̄k(C̄K(i))T D2 + (1 − p̄k)(C̄(i))T D2

S22(i, j) = p̄kD̂T
1 T̂−1( j)D̂1 + (1 − p̄k)D̂T

1 T̂−1(l)D̂1 + DT
2 D2 −Ω33.

To show dissipativity of system (5.35), consider a piecewise quadratic storage function of the

form V(xk, i) = 1
2 xT

k T−1(i)xk if xk ∈ Xi. Assume that xk+1 ∈ X j if vk = 1, and xk+1 ∈ Xl

if vk = 0. Note that ek+1 can either be j or l depending on vk. Thus, with a control law

uk = K(i)xk = W(i)U−1(i)xk, for xk ∈Xi, i ∈ N :

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, i) + E

[1
2

(
zT

k zk − γ
2wT

k wk

)∣∣∣∣Ik

]
=

1
2

{
p̄k

[
¯AK(i)x̄k + D1wk + m(xk, i)

]T
T−1( j)

[
¯AK(i)x̄k + D1wk + m(xk, i)

]
+

(
1 − p̄k

)[
Ā(i)x̄k + D1wk + m(xk, i)

]T
T−1(l)

[
Ā(i)x̄k + D1wk + m(xk, i)

]
− xT

k T−1(i)xk

+ p̄k[C̄K(i)x̄k + D2wk + n(xk, i)]T [C̄K(i)x̄k + D2wk + n(xk, i)]

+ (1 − p̄k)[C̄(i)x̄k + D2wk + n(xk, i)]T [C̄(i)x̄k + D2wk + n(xk, i)] − γ2wT
k wk

}
=

1
2

{
p̄k

[
¯AK(i)x̄k + D1wk

]T
T−1( j)

[
¯AK(i)x̄k + D1wk

]
+

(
1 − p̄k

)[
Ā(i)x̄k + D1wk

]T
T−1(l)

[
Ā(i)x̄k + D1wk

]
− xT

k T−1(i)xk + p̄k[C̄K(i)x̄k + D2wk]T [C̄K(i)x̄k + D2wk] + (1 − p̄k)[C̄(i)x̄k + D2wk]T [C̄(i)x̄k + D2wk]

− γ2wT
k wk + p̄k

[
2x̄T

k
¯A T
K (i)T−1( j)m(xk, i) + 2wT

k DT
1 T−1( j)m(xk, i) + mT (xk, i)T−1( j)m(xk, i)

+ 2x̄kC̄
T
K (i)n(xk, i) + 2wT

k DT
2 n(xk, i) + nT (xk, i)n(xk, i)

]
+ (1 − p̄k)

[
2x̄T

k ĀT (i)T−1(l)m(xk, i)

+ 2wT
k DT

1 T−1(l)m(xk, i) + mT (xk, i)T−1(l)m(xk, i) + 2x̄kC̄T (i)n(xk, i) + 2wT
k DT

2 n(xk, i) + nT (xk, i)n(xk, i)
]}

(5.41)
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5.3 H∞ control of smooth nonlinear system with random packet losses:

The following are true.

2p̄k x̄T
k

¯AK(i)T−1( j)m(xk, i) ≤ ρ1(i, j)||x̄k||
2

2p̄kwT
k DT

1 T−1( j)m(xk, i) ≤ ρ2(i, j)(||x̄k||
2 + ||wk||

2)

p̄kmT (xk, i)T−1( j)m(xk, i) ≤ ρ3(i, j)||x̄k||
2

2p̄k x̄T
k C̄ T

K (i)n(xk, i) ≤ ρ4(i)||x̄k||
2

2wT
k DT

2 n(xk, i) ≤ ρ5(i)(||x̄k||
2 + ||wk||

2)

nT (xk, i)n(xk, i) ≤ ρ6(i)||x̄k||
2

2(1 − p̄k)x̄T
k Ā(i)T−1(l)m(xk, i) ≤ ρ7(i, j)||x̄k||

2

2(1 − p̄k)wT
k DT

1 T−1(l)m(xk, i) ≤ ρ8(i, j)(||x̄k||
2 + ||wk||

2)

(1 − p̄k)mT (xk, i)T−1(l)m(xk, i) ≤ ρ9(i, j)||x̄k||
2

2(1 − p̄k)x̄T
k C̄T (i)n(xk, i) ≤ ρ10(i)||x̄k||

2

(5.42)

Now, applying the same line of argument as presented in the proof of Theorem 5.2.3, from

(5.41), (5.42), and (5.40), one can show that

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, i) ≤ E

[1
2

(
γ2wT

k wk − zT
k zk

)∣∣∣∣Ik

]

To show the stability of the closed-loop system (5.35), with a control law uk = K(i)xk =
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5. H∞ control of smooth nonlinear systems over lossy channel

W(i)U−1(i)xk, for xk ∈Xi, consider the Lyapunov function V(xk, i) = 1
2 xT

k T−1(i)xk.. Then,

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, i)

=
1
2

{
p̄k

[
¯AK(i)x̄k + m(xk, i)

]T
T−1( j)

[
¯AK(i)x̄k + m(xk, i)

]
+

(
1 − p̄k

)[
Ā(i)x̄k + m(xk, i)

]T
T−1(l)

[
Ā(i)x̄k + m(xk, i)

]
− xT

k T−1(i)xk

}
=

1
2

{
p̄k x̄T

k
¯A T
K (i)T−1( j) ¯AK(i)x̄k +

(
1 − p̄k

)
x̄T

k ĀT (i)T−1( j)Ā(i)x̄k − xT
k T−1(i)xk

+ p̄k

[
2x̄T

k
¯A T
K (i)T−1( j)m(xk, i) + mT (xk, i)T−1( j)m(xk, i)

]
+ (1 − p̄k)

[
2x̄T

k ĀT (i)T−1(l)m(xk, i)

+ mT (xk, i)T−1(l)m(xk, i)
]}

Using the same reasoning as used in the proof of Theorem 5.2.3, one can show that

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, i)

≤
1
2

x̄T
k

(
p̄k

ˆA T
K (i)T̂−1( j) ˆAK(i) + (1 − p̄k)ÂT (i)T̂−1(l)Â(i) − T̂−1(i) + L (i)

)
x̄k

−
1
2

x̄T
k

(
ρ2(i, j) + ρ4(i) + ρ5(i) + ρ6(i) + ρ8(i, j) + ρ10(i)

)
x̄k.

From (5.40), S11(i, j) ≤ 0. Thus,

p̄k
ˆA T
K (i)T̂−1( j) ˆAK(i) + (1 − p̄k)ÂT (i)T̂−1(l)Â(i) − T̂−1(i) + L (i) ≤ 0.

As ρ2(i, j), ρ4(i), ρ5(i), ρ6(i), ρ8(i, j) and ρ10(i) are positive, for all xk , 0, we have

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, i) < 0

Thus, for K(i) = W(i)U−1(i), the closed-loop system (5.35), with wk ≡ 0, is locally asymp-

totically stable in the mean-square sense. Now with local stochastic dissipativity, we can infer

that, with K(i) = W(i)U−1(i), system (5.35) has an L2 gain less than or equal to a prescribed γ.

�

Note 5.3.1. If one puts ε(i) = 0 and δ(i) = 0 in the above theorem, for all i ∈ N , then the result

corresponds to the result for H∞ controller design problem of a PWA system over a Gilbert-
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Elliott type channel.

5.4 Numerical Example

Consider the nonlinear system (5.1) with the following system parameters:

f (xk) =


4sin(x1

k) + x2
k

x1
k + x3

k

x1
k

 , B1 =


2

0

1

 , D1 =


1

0.5

0

 , h(xk) = x1
k , B2 = 0.1, D2 = 2.

where xk =


x1

k

x2
k

x3
k

. External input is assumed to be wk = 0.02sin(0.2πk)exp(−k/25).

To demonstrate the results presented in Theorem 5.2.3, we consider the region −0.3 ≤ x1
k ≤

0.3 (note that nonlinearity exists only in x1
k). The region −0.3 ≤ x1

k ≤ 0.3 is partitioned into 20

cells, which are given by: −0.3 ≤ x1
k < −0.28, −0.28 ≤ x1

k < −0.26, −0.26 ≤ x1
k < −0.24,

−0.24 ≤ x1
k < −0.22, −0.22 ≤ x1

k < −0.2,−0.2 ≤ x1
k < −0.18, −0.18 ≤ x1

k < −0.15,

−0.15 ≤ x1
k < −0.12, −0.12 ≤ x1

k < −0.08, −0.08 ≤ x1
k < 0, 0 ≤ x1

k < 0.08, 0.08 ≤ x1
k < 0.12,

0.12 ≤ x1
k < 0.15, 0.15 ≤ x1

k < 0.18, 0.18 ≤ x1
k < 0.2, 0.2 ≤ x1

k < 0.22, 0.22 ≤ x1
k < 0.24,

0.24 ≤ x1
k < 0.26, 0.26 ≤ x1

k < 0.28, 0.28 ≤ x1
k < 0.3. Thus, we have to solve 20 LMIs, each

with 8 unknown variables. A(i) and a(i) for the piecewise linear approximations are computed

using Taylor series expansion. The error coefficient ε(i) is computed as the maximum value

of || f (xk)−A(i)xk−a(i)||
||x̄k ||

, for xk ∈ Xi. As h(xk) = x1
k , one gets that C(i) is equal to

[
1 0 0

]
, for all

i ∈ N . We use the lmisolver function available in SCILAB to solve the LMIs in each of the

cells. Solving (5.22b) we then calculate the controller gain K(i) such that the closed system is

locally asymptotically stable in the mean-square sense and has the L2 gain less than or equal

to γ. The given cells are designed in such a way that the corresponding error coefficient ε(i),

in each i ∈ N , is almost the maximum value that satisfies the conditions given by (5.22c) and

(5.22d). From Figure 5.1, one can see that difference in storage function at each stage is less
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5. H∞ control of smooth nonlinear systems over lossy channel

than or equal to the supply rate s(zk,wk) = 1
2 [γ2||wk||

2 − ||zk||
2]. Stability of the closed-loop sys-

tem is demonstrated in Figure 5.2.

To design the H∞ controller with packet loss, we consider the region −0.29 ≤ x1
k ≤ 0.29.

The partition is given by: −0.29 ≤ x1
k < −0.27, −0.27 ≤ x1

k < −0.25, −0.25 ≤ x1
k < −0.23,

−0.23 ≤ x1
k < −0.21, −0.21 ≤ x1

k < −0.19, −0.19 ≤ x1
k < −0.17, −0.17 ≤ x1

k < −0.14,

−0.14 ≤ x1
k < −0.11, −0.11 ≤ x1

k < −0.07, −0.07 ≤ x1
k < 0, 0 ≤ x1

k < 0.07, 0.07 ≤ x1
k < 0.11,

0.11 ≤ x1
k < 0.14, 0.14 ≤ x1

k < 0.17, 0.17 ≤ x1
k < 0.19, 0.19 ≤ x1

k < 0.21, 0.21 ≤ x1
k < 0.23,

0.23 ≤ x1
k < 0.25, 0.25 ≤ x1

k < 0.27, 0.27 ≤ x1
k < 0.29. Then, solving LMI (5.36b) in Theorem

5.3.2, we calculate the controller gain K(i) in each cells with a control packet arrival probability

α = 0.95 and 1 − β = 0.96. As the number of cells is 20, again we solve 20 LMIs, each having

8 unknown variables. Figure 5.3 demonstrates that the closed-loop system is locally dissipative

with the quadratic storage function V(xk) = 1
2 xT

k T−1(i)xk. The decaying state response is shown

in Figure 5.4.

It is to be noted that, to design the H∞ controller with packet losses, we have to consider

smaller cells as compared to the ones used to design the H∞ controller without packet losses.

This is due to the fact that condition (5.36c) contains the terms which come from the open-loop

system dynamics.

5.5 Summary

In this chapter, we have used a piecewise affine approximation approach to study the L2

gain of a smooth nonlinear system. We have shown that with our approach it is possible to

design a state-feedback controller by solving a set of LMIs that are subject to certain nonlinear

constraints. Further, results for the H∞ controller design problem for a PWA system can be

easily derived from the results presented by the final theorem.
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5.5 Summary

Figure 5.1: Difference in storage function and supply rate
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Figure 5.2: State response
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5.5 Summary

Figure 5.3: Difference in storage function and supply rate
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Figure 5.4: State response
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6
Local feedback passivity of smooth

nonlinear systems over lossy channel
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

6.1 Introduction

Passivity is an important tool to assess stability of nonlinear systems. In the recent past, pas-

sivity of smooth discrete-time nonlinear systems has been investigated in great detail [41–45].

In this chapter, we consider the local passivity problem of smooth nonlinear systems, which

is a specific dissipativity problem. We address the problem using a PWA approximation. To

start with, we derive conditions under which a smooth discrete-time nonlinear system becomes

locally passive. Then, we derive conditions under which a piecewise linear state-feedback con-

trol law is sufficient to ensure local feedback passivity. Finally, we consider the problem of local

feedback passivity of smooth nonlinear systems over a lossy communication network. Results

for the feedback passivity of a PWA system with packet losses can easily be derived as a special

case of this analysis.

The chapter is structured as follows. Section 6.2 presents the results pertaining to local

passivity and local feedback passivity of smooth nonlinear systems. Section 6.3, contains the

results for the local feedback passivity over erasure channel. In section 6.4, we demonstrate our

results using a numerical example. Finally, section 6.5 summarizes the chapter.

6.2 Local passivity and local feedback passivity of smooth nonlinear sys-

tems

In this section, we investigate local passivity and local feedback passivation of a smooth

nonlinear system.

Consider the smooth discrete-time nonlinear system:

xk+1 = f (xk) + B1uk + D1wk

zk = h(xk) + B2uk + D2wk,

(6.1)
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wherein xk ∈ R
n is the state vector, uk ∈ R

m is the control input to the actuators, wk ∈ R
s is the

external input (or disturbance), zk ∈ R
s is the output, f : Rn → Rn, h : Rn → Rs are smooth

maps, B1 ∈ R
n×m, D1 ∈ R

n×s, B2 ∈ R
s×m, D2 ∈ R

s×s are constant matrices.

Similar to the previous chapter, we consider a PWA approximation approach by partitioning

a subspace X of the state-space into a number of polyhedral cells. One can characterize each

polyhedral cell as [35]:

E(i)xk + e(i) ≥ 0 xk ∈Xi, or Ē(i)x̄k ≥ 0, (6.2)

where Ē(i) := [E(i) e(i)], x̄(k) := [x(k) 1]T .

Now, with a polyhedral partition equipped with a PWA approximation as given by (5.3) in

Chapter 5, the nonlinear system (6.1) can be expressed as follows:

xk+1 = A(i)xk + a(i) + B1uk + D1wk + m(xk, i)

zk = C(i)xk + c(i) + B2uk + D2wk + n(xk, i), for xk ∈Xi.

(6.3)

One can write (6.3) in terms of the variable x̄k as:

x̄k+1 = Â(i)x̄k + B̂1uk + D̂1wk + m̂(xk, i)

zk = C̄(i)x̄k + B2uk + D2wk + n(xk, i),
(6.4)

where A(i), a(i), B1, D1, m(xk, i), C(i), c(i), B2, D2, n(xk, i), Â(i), B̂1, D̂1, m̂(xk, i), C̄(xk, i) are as

defined in Chapter 5.

The following notion of passivity for nonlinear system (6.1), with uk ≡ 0, shall be used in

this section. This notion is inspired by the one given in [50].
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Definition 6.2.1. Consider system (6.1) with uk ≡ 0, wk ∈ W ⊆ Rs and xk ∈ X ⊆ R
n, such that

the state trajectories, with every disturbance input wk ∈ W, always remain in X. Now, system

(6.1), with uk ≡ 0, is said to be locally passive if there exists a nonnegative function V : X → R+

with V(0) = 0, called the storage function, such that for all xk ∈ X, wk ∈ W, and for all k ∈ Z+:

V(xk+1) − V(xk) ≤ zT
k wk. (6.5)

Similar to Chapter 5, we again consider a piecewise quadratic storage function of the form

V(xk) =
1
2

x̄T
k P̄(i)x̄k for xk ∈Xi. (6.6)

If i ∈ N0 then P̄(i) is given by P̄(i) = diag{P(i), 0}. Matrices P(i), i ∈ N0, and P̄(i), i ∈ N \ N0

are such that xT
k P(i)xk > 0, when xk(, 0) ∈ Xi, i ∈ N0, and x̄T

k P̄(i)x̄k > 0, when xk(, 0) ∈ Xi,

i ∈ N \ N0, respectively. It will ensure nonnegativeness of V(xk).

Following theorem presents conditions for local passivity of system (6.1) with uk ≡ 0.

Theorem 6.2.1. Consider system (6.1) with uk ≡ 0, a polyhedral partition
{
Xi

}
i∈N

equipped

with (5.3), and the disturbance input wk ∈ W for all k. System (6.1), with uk ≡ 0, is locally

passive if there exist symmetric matrices with positive entries W(i), R(i), and symmetric matrices

P̄(i) such that the following inequalities are satisfied for all i, j ∈ N:

P̄(i) − ĒT (i)R(i)Ē(i) > 0,Λ11(i, j) Λ12(i, j)

ΛT
12(i, j) Λ22(i, j)

 ≤ 0,
(6.7)
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where

Λ11 = ÂT (i)P̄( j)Â(i) − P̄(i) + ĒT (i)W(i)Ē(i)

+
(
ρ1(i, j) + ρ2(i, j) + ρ3(i, j) + ρ4(i)

)
In+1

Λ12 = ÂT (i)P̄( j)D̂1(i) − C̄T (i)

Λ22 =
(
D̂1

)T
P̄( j)D̂1 −

[
DT

2 + D2

]
+

(
ρ2(i, j) + ρ4(i)

)
Is

ρ1(i, j) = 2ε(i)||P̄( j)||||Â(i)||,

ρ2(i, j) = ε(i)||P̄( j)||||D̂1||

ρ3(i, j) = ε2(i)||P̄( j)||,

ρ4(i) = δ(i).

Proof: With a polyhedral partition
{
Xi

}
i∈N

, one can find matrices E(i) and Ē(i), for i ∈ N ,

such that E(i)xk ≥ 0 and Ē(i)x̄k ≥ 0. As a piecewise affine approximation is being employed,

one can consider a piecewise quadratic storage function of the form V(xk) = 1
2 x̄T

k P̄(i)x̄k, for

xk ∈Xi, to study the local passivity of for the system (6.1).

The first inequality in (6.7) ensures that V(xk) is positive definite. Now, using (6.4), we get:

V(xk+1) − V(xk) − zT
k wk

=
1
2

x̄T
k+1P̄( j)x̄k+1 −

1
2

x̄T
k P̄(i)x̄k − zT

k wk

=
1
2

[(
Â(i)x̄k + D̂1wk + m̂(xk, i)

)T
P̄( j)

(
Â(i)x̄k + D̂1wk + m̂(xk, i)

)
− x̄T

k P̄(i)x̄k

−
(
C̄(i)x̄k + D2wk + n(xk, i)

)T
wk − wT

k

(
C̄(i)x̄k + D2wk + n(xk, i)

)]
=

1
2

[(
Â(i)x̄k + D̂1wk

)T
P̄( j)(Â(i)x̄k + D̂1wk) − x̄T

k P̄(i)x̄k −
(
C̄(i)x̄k + D2wk

)T
wk

− wT
k

(
C̄(i)x̄k + D2wk

)
+ 2x̄T

k ÂT (i)P̄( j)m̂(xk, i) + 2wT
k D̂T

1 P̄( j)m̂(xk, i)

+ m̂T (i)P̄( j)m̂(xk, i) − 2wT
k n(xk, i)

]
.

(6.8)

155

TH-2488_146102019



6. Local feedback passivity of smooth nonlinear systems over lossy channel

Using basic properties of 2-norm and induced 2-norm:

2x̄kÂT (i)P̄( j)m̂(xk, i) ≤ ||2x̄kÂT (i)P̄( j)m̂(xk, i)||

≤ 2||P̄( j)||||Â(i)||||x̄k||ε(i)||xk||

≤ ρ1(i, j)||x̄k||
2 as ||xk|| ≤ ||x̄k||

(6.9)

2wT
k D̂T

1 P̄( j)m̂(xk, i) ≤ ||2wT
k D̂T

1 P̄( j)m̂(i)||

≤ 2||P̄( j)||||D̂1||||wk||||m̂(xk, i)||

≤ 2ε(i)||P̄( j)||||D̂1||||x̄k||||wk||

(6.10)

Note that 2||x̄k||||wk|| ≤
(
||x̄k||

2 + ||wk||
2
)
. Thus, (6.10) implies:

2wT
k D̂T

1 P̄( j)m̂(xk, i) ≤ ρ2(i, j)
(
||x̄k||

2 + ||wk||
2
)

(6.11)

Similarly, m̂T (xk, i)P̄( j)m̂(xk, i) ≤ ρ3||x̄k||
2 (6.12)

− 2wT
k n(xk, i) ≤ ρ4(i)

(
||x̄k||

2 + ||wk||
2
)

(6.13)

From (6.8), (6.9), (6.11), (6.12), (6.13), and using the fact that W(i) has only positive elements:

V(xk+1) − V(xk) − zT
k wk

≤
1
2

 x̄k

wk


T Λ11(i, j) Λ12(i, j)

ΛT
12(i, j) Λ22(i, j)


 x̄k

wk


If the second inequality in (6.7) is satisfied for i, j ∈ N , then:

V(xk+1) − V(xk) ≤ zT
k wk

Hence, the nonlinear system (6.1), with uk ≡ 0, is locally passive. �

For a piecewise state feedback law uk = K(i)xk, where i denotes the index of the state
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space partition, let AK(i), ¯AK(i) and ˆAK(i) denote the matrices A(i) + B1(i)K(i),
[
AK(i) a(i)

]
and

AK(i) a(i)

01×n 1

 respectively. Let CK(i) and C̄K(i) denote the matrices C(i) + B2(i)K(i) and

[
Ck(i) c(i)

]
, respectively.

In what follows next, we derive sufficient conditions under which a piecewise linear state-

feedback controller is able to make the closed-loop system locally passive.

Theorem 6.2.2. Consider nonlinear system (6.1) with the disturbance input wk ∈ W, states

xk ∈ X, for all k and a polyhedral partition
{
Xi

}
i∈N

equipped with (5.3). Now, system (6.1),

with uk = K(i)xk = W(i)U−1(i)xk, is locally passive if there exist matrices T (i) > 0, U(i), W(i),

R(i) > 0, G(i) > 0 and scalars q, r, h > 0 such that for all i, j ∈ N

T̂ ( j) =

T ( j) 0n×1

01×n h

 > 0, (6.14a)



Ω11(i) 0n×1 Ω13(i) Ω14(i) 0n×1

01×n Ω22 qcT (i) qaT (i) q

ΩT
13(i) qc(i) Ω33 Ω34 0s×1

ΩT
14(i) qa(i) ΩT

34 T ( j) 0n×1

01×n q 01×s 01×n h


≥ 0, (6.14b)

[
γ1(i, j) + γ2(i, j) + γ3(i, j) + γ4(i)

]
In+1 ≤ L (i) (6.14c)

[
γ2(i, j) + γ4(i)

]
Is ≤ G(i), (6.14d)

where

Ω11(i) =
[
U(i) + UT (i) − T (i)

]
− R(i)

Ω13(i) = UT (i)CT (i) + WT (i)BT
2
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Ω14(i) = UT (i)AT (i) + WT (i)BT
1

Ω22 = 2q − (h + r), Ω33 =
(
DT

2 + D2

)
−G(i), Ω34 = DT

1 .

γ1(i, j) = 2ε(i)|| ¯AK(i)||||T−1( j)||

γ2(i, j) = ε(i)||T−1( j)||||D1||

γ3(i, j) = ε2(i)||T−1( j)||, γ4(i) = δ(i).

L (i) =

U
−T (i)R(i)U−1(i) 0n×1

01×n
r

q2

.
Proof: Suppose, LMIs (6.14a) and (6.14b) are satisfied. As all principal submatrices of a

positive semidefinite symmetric matrix are also postive semidefinite, from (6.14b), one gets:

Ω11(i) 0n×1

01×n Ω22

 ≥ 0

=⇒ Û(i) + ÛT (i) ≥ T̂ (i) +

R(i) 0n×1

01×n r

 ,
where, Û(i) := diag{U(i), q},∀i ∈ N .

So, ∀i ∈ N , one gets that Û(i) is non-singular as T̂ (i) > 0. The following inequality can be

proved easily.

ÛT (i)T̂−1(i)Û(i) ≥
[
Û(i) + ÛT (i) − T̂ (i)

]
.

This implies:

UT (i)T−1(i)U(i) − R(i) ≥
[
U(i) + UT (i) − T (i)

]
− R(i),

and
q2

h
− r ≥ 2q − (h + r).
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Therefore,

Ω′(i, j)

=



O(i) 0n×1 Ω13(i) Ω14(i) 0n×1

01×n
q2

h − r qcT (i) qaT (i) q

ΩT
13(i) qc(i) Ω33 Ω34 0s×1

ΩT
14(i) qa(i) ΩT

34 T ( j) 0n×1

01×n q 01×s 01×n h


≥ 0,

(6.16)

where O(i) =
[
UT (i)T−1(i)U(i)

]
− R(i).

Define P(i) as P(i) = diag
{
U−1(i), 1

q , Is, In, 1
}
. Then from (6.16):

PT (i)Ω′(i, j)P(i) ≥ 0

=⇒


T̂−1(i) −L (i) C̄ T

K (i) ˆA T
K (i)

C̄K(i) Ω33 D̂T
1

ˆAK(i) D̂1 T̂ ( j)

 ≥ 0,
(6.17)

As T̂ ( j) > 0, from (6.17), we get the following inequality using Schur complement:

S (i, j) =

S11(i, j) S12(i, j)

S T
12(i, j) S22(i, j)

 ≤ 0, (6.18)

where

S11(i, j) = ˆA T
K (i)T̂−1( j) ˆAK(i) − T̂−1(i) + L (i)

S12(i, j) = ˆA T
K (i)T̂−1( j)D̂1 − C̄ T

K (i)

S22(i, j) = D̂T
1 T̂−1( j)D̂1 − (DT

2 + D2) + G(i).

Now, consider a piecewise quadratic storage function of the form V(xk) = 1
2 xT

k T−1(i)xk for
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

xk ∈Xi. Substituting uk = K(i)xk for xk ∈Xi, and using (6.3) we get:

V(xk+1) − V(xk) − zT
k wk

=
1
2

xT
k+1T−1( j)xk+1 −

1
2

xT
k T−1(i)xk − zT

k wk

=
1
2

[(
¯AK(i)x̄k + D1wk + m(xk, i)

)T
T−1( j)

(
¯AK(i)x̄k + D1wk + m(xk, i)

)
− xT

k T−1(i)xk

−
(
C̄K(i)x̄k + D2wk + n(xk, i)

)T
wk − wT

k

(
C̄K(i)x̄k + D2wk + n(xk, i)

)]
=

1
2

[(
¯AK(i)x̄k + D1wk

)T
T−1( j)( ¯AK(i)x̄k + D1wk) − xT

k T−1(i)xk −
(
C̄K(i)x̄k + D2wk

)T
wk

− wT
k

(
C̄K(i)x̄k + D2wk

)
+ 2x̄T

k
¯A T
K (i)T−1( j)m(xk, i) + 2wT

k DT
1 T−1( j)m(xk, i)

+ mT (xk, i)T−1( j)m(xk, i) − 2wT
k n(xk, i)

]
.

(6.20)

Similar to (6.9), (6.11), (6.12), (6.13), the following inequalities can be derived.

2x̄T
k

¯A T
K (i)T−1( j)m(xk, i) ≤ γ1(i, j)||x̄k||

2 (6.21)

2wT
k DT

1 T−1( j)m(xk, i) ≤ γ2(i, j)
(
||x̄k||

2 + ||wk||
2
)

(6.22)

mT (xk, i)T−1( j)m(xk, i) ≤ γ3(i, j)||x̄k||
2 (6.23)

− 2wT
k n(xk, i) ≤ γ4(i)

(
||x̄k||

2 + ||wk||
2
)

(6.24)

Also, it is easy to show that:

(
¯AK(i)x̄k + D1wk

)T
T−1( j)( ¯AK(i)x̄k + D1wk) − xT

k T−1(i)xk

=
(

ˆA (i)x̄k + D̂1wk

)T
T̂−1( j)( ˆA (i)x̄k + D̂1wk) − x̄T

k T̂−1(i)x̄k

(6.25)

Then, using (6.21), (6.22), (6.23), (6.24) and (6.25) in (6.20), one gets the following:

V(xk+1) − V(xk) − zT
k wk

=
1
2

 x̄k

wk


T R11(i, j) R12(i, j)

RT
12(i, j) R22(i, j)


 x̄k

wk

,
(6.26)
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where,

R11(i, j) = ˆA T
K (i)T̂−1( j) ˆAK(i) − T̂−1(i) +

(
γ1(i, j) + γ2(i, j) + γ3(i, j) + γ4(i)

)
In+1

R12(i, j) = ˆA T
K (i)T̂−1( j)D̂1 − C̄ T

K (i)

R22(i, j) = D̂T
1 T̂−1( j)D̂1 − (DT

2 + D2) +
(
γ2(i, j) + γ4(i)

)
Is.

Now, using (6.14c), (6.14d) and (6.18) in (6.26), we get:

V(xk+1) − V(xk) − zT
k wk ≤

1
2

 x̄k

wk


T

S (i, j)

 x̄k

wk

 ≤ 0

Therefore, with uk = K(i)xk, the system (6.4) is locally passive. �

6.3 Local feedback passivity over erasure network

In this section, we deal with the problem of local feedback passivation over a Gilbert-Elliott

type communication channel.

Similar to preceding chapters, in this chapter as well we consider a TCP-like protocol. Un-

der a TCP-like protocol, with perfect state knowledge, one can define an information set given

by: Ik = {x0, x1, .., xk, v0, v1, ..., vk−1}.

Suppose u′k is the controller output and is sent to the actuators through a lossy network.

Then, under the zero-input scheme [57], similar to chapter 5, one can relate uk (as defined in

(6.1)) with u′k by the expression uk = vku′k.

Consider a piecewise linear state-feedback control law u′k = K(i)xk. Then, with a polyhedral

partition
{
Xi

}
i∈N

satisfying (5.3) (given in Chapter 5), nonlinear system (6.1) over a Gilbert-
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

Elliott type channel takes the form:

xk+1 =
(
A(i) + vkB1K(i)

)
xk + a(i) + D1wk + m(xk, i)

zk =
(
C(i) + vkB2K(i)

)
xk + c(i) + D2wk + n(xk, i), if xk ∈Xi.

(6.27)

Observe that due to the randomness of packet losses (vk), the closed-loop systems (6.27) be-

comes stochastic in nature. Thus, to analyze the local feedback passivity of the system (6.27),

one needs a notion of local stochastic passivity. Local stochastic passivity, in the spirit of [70]

and [50], is defined as follows:

Definition 6.3.1. Consider system (6.27) with wk ∈ W ⊆ Rs and xk ∈ X ⊆ R
n, such that

the state trajectories, with every disturbance input wk ∈ W, always remain in X. The system

(6.27) is said to be locally passive in the stochastic sense if there exists a nonnegative function

V : X ×N → R+, with V(0, .) = 0, called the storage function, such that for all xk ∈ X, w ∈ W

and for all k ∈ Z+:

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, ek) ≤ E

[
zT

k wk

∣∣∣∣Ik

]
,

where, ek ∈ N denotes the cell in which xk lies in. �

Following theorem presents results for feedback passivity with random packet losses.

Theorem 6.3.1. Consider system (6.27) with the disturbance input wk ∈ W, states xk ∈ X, for

all k, and a polyhedral partition
{
Xi

}
i∈N

equipped with (5.3). Consider the nonlinear system

(6.27) with given control packet arrival probabilities α and 1 − β. With a control law u′k =

K(i)xk = W(i)U−1(i)xk, the nonlinear system becomes locally stochastically passive if, for all

i, j ∈ N , there exist matrices T (i), U(i), W(i), R(i) > 0, G(i) > 0, and positive scalars h, r, q

such that:

T̂ ( j) =

T ( j) 0n×1

01×n h

 > 0, (6.28a)
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

Ω11(i) 0n×1 Ω13(i) Ω14(i) 0n×1 Ω16(i) 0n×1

01×n Ω22(i) qcT (i) qaT (i) q qaT (i) q

ΩT
13(i) qc(i) Ω33 DT

1 0s×1 DT
1 0s×1

ΩT
14(i) qa(i) D1 Ω44( j) 0n×1 0n×n 0n×1

01×n q 01×s 01×n Ω55 01×n 0

ΩT
16(i) qa(i) D1 0n×n 0n×1 Ω66(l) 0n×1

01×n q 01×s 01×n 0 01×n Ω77



≥ 0 (6.28b)

[
ρ1(i, j) + ρ2(i, j) + ρ3(i, j) + ρ4(i, l) + ρ5(i, l) + ρ6(i, l) + ρ7(i)

]
In+1 ≤ L (i), (6.28c)

[
ρ2(i, j) + ρ5(i, l) + ρ7(i)

]
Is ≤ G(i), (6.28d)

where

Ω11(i) =
[
U(i) + UT (i) − T (i)

]
− R(i)

Ω22 = 2q − (h + r)

Ω13(i) = UT (i)CT (i) + p̄kWT (i)BT
2

Ω14(i) = UT (i)AT (i) + WT (i)BT
1 , Ω16(i) = UT (i)AT (i)

Ω33 =
(
DT

2 + D2

)
−G(i),Ω44( j) =

1
p̄k

T ( j), Ω55 =
h
p̄k

Ω66(l) =
1

1 − p̄k
T (l), Ω77 =

h
1 − p̄k

L (i) is as defined in Theorem 6.2.2,

ρ1(i, j) = 2p̄kε(i)|| ¯AK(i)||||T−1( j)||

ρ2(i, j) = p̄kε(i)||T−1( j)||||D1||

ρ3(i, j) = p̄kε
2(i)||T−1( j)||

ρ4(i, l) = 2(1 − p̄k)ε(i)||Ā(i)||||T−1(l)||
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ρ5(i, l) = (1 − p̄k)ε(i)||T−1(l)||||D1||

ρ6(i, j) = (1 − p̄k)ε2(i)||T−1(l)||

ρ7(i) = δ(i),

for k ≥ 1, p̄k =


α, if vk−1 = 0

1 − β, if vk−1 = 1

and

p̄0 =
α

α + β

Proof: Assume that LMIs (6.28a) and (6.28b) are satisfied. Using the same line of argu-

ment as used in the proof for Theorem 6.2.2, one gets that Û(i) := diag{U(i), q} is non singular.

Consider the following:

Ω′(i, j) =

O1(i) 0n×1 Ω13(i) Ω14(i) 0n×1 Ω16(i) 0n×1

01×n O2 qcT (i) qaT (i) q qaT (i) q

ΩT
13(i) qc(i) Ω33 DT

1 0s×1 DT
1 0s×1

ΩT
14(i) qa(i) D1 Ω44( j) 0n×1 0n×n 0n×1

01×n q 01×s 01×n Ω55 01×n 0

ΩT
16(i) qa(i) D1 0n×n 0n×1 Ω66(l) 0n×1

01×n q 01×s 01×n 0 01×n Ω77


where

O1(i) =
[
UT (i)T−1(i)U(i)

]
− R(i), O2 =

q2

h
− r.

From (6.28b), using same reasoning as used in the proof for Theorem 2, it can be proved that

Ω′(i, j) ≥ 0.
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Then, with P(i) = diag
{
U−1(i), 1

q , Is, In, 1, In, 1
}
,

PT Ω′(i, j)P ≥ 0

Or



T̂−1(i) −L (i) (C̄ ′K(i))T ˆA T
K (i) ÂT (i)

C̄ ′K(i) Ω33 D̂T
1 D̂T

1

ˆAK(i) D̂1 Λ1( j) Λ3

Â(i) D̂1 Λ3 Λ2(l)


≥ 0,

(6.30)

where,

Λ1( j) = p̄−1
k T̂ ( j), Λ2(l) =

(
1 − p̄k

)−1
T̂ (l), Λ3 = 0n+1,

C ′K(i) = C(i) + p̄kB2(i)K(i), C̄ ′K(i) =
[
C ′K(i) c(i)

]
.

Using Schur complement, as T̂ ( j) > 0 for all j ∈ N , (6.30) implies:

 ˆA T
K (i) ÂT (i)

D̂T
1 (i) D̂T

1 (i)


Λ
−1
1 Λ3

Λ3 Λ−1
2


 ˆAK(i) D̂1(i)

Â(i) D̂1(i)

 −
T̂
−1(i) −L (i) (C̄ ′K(i))T

C̄ ′K(i) Ω33

 ≤ 0

=⇒

S11(i, j) S12(i, j)

S T
12(i, j) S22(i, j)

 ≤ 0

, (6.31)

where,

S11(i, j) = p̄k
ˆA T
K (i)T̂−1( j) ˆAK(i) + (1 − p̄k)ÂT (i)T̂−1(l)Â(i) − T̂−1(i) + L (i)

S12(i, j) = p̄k
ˆA T
K (i)T̂−1( j)D̂1 + (1 − p̄k)ÂT (i)T̂−1(l)D̂1 − (C̄ ′K(i))T

S22(i, j) = p̄kD̂T
1 T̂−1( j)D̂1 + (1 − p̄k)D̂T

1 T̂−1(l)D̂1 −Ω33.

Consider a piecewise quadratic storage function of the form V(xk, i) = 1
2 xT

k T−1(i)xk if xk ∈ Xi.
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

Assume that xk+1 ∈ X j if vk = 1, and xk+1 ∈ Xl if vk = 0. Note that ek+1 can either be j or l

depending on vk. Thus, with a control law uk = W(i)U−1(i)xk = K(i)xk if xk ∈Xi, i ∈ N :

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, i) − E

[
zT

k wk

∣∣∣∣Ik

]
=

1
2

{
p̄k

[
¯AK(i)x̄k + D1wk + m(xk, i)

]T
T−1( j)

[
¯AK(i)x̄k + D1wk + m(xk, i)

]
+

(
1 − p̄k

)[
Ā(i)x̄k + D1wk + m(xk, i)

]T
T−1(l)

[
Ā(i)x̄k + D1wk + m(xk, i)

]
− xT

k T−1(i)xk

− [C̄ ′K(i)x̄k + D2wk + n(xk, i)]T wk − wT
k [C̄ ′K(i)x̄k + D2wk + n(xk, i)]

}
=

1
2

{
p̄k

[
¯AK(i)x̄k + D1wk

]T
T−1( j)

[
¯AK(i)x̄k + D1wk

]
+

(
1 − p̄k

)[
Ā(i)x̄k + D1wk

]T
T−1(l)

[
Ā(i)x̄k + D1wk

]
− xT

k T−1(i)xk − [C̄ ′K(i)x̄k + D2wk]T wk − wT
k [C̄ ′K(i)x̄k + D2wk]

+ p̄k

[
2x̄T

k
¯A T
K (i)T−1( j)m(xk, i) + 2wT

k DT
1 T−1( j)m(xk, i) + mT (xk, i)T−1( j)m(xk, i)

]
+ (1 − p̄k)

[
2x̄T

k ĀT (l)T−1(l)m(xk, i) + 2wT
k DT

1 T−1(l)m(xk, i) + mT (xk, i)T−1(l)m(xk, i)
]
− 2wT

k n(xk, i)
}

Using the same line of argument as used in the proof for Theorem 5.3.2 in Chapter 5, we get:

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, i) − E

[
zT

k wk

∣∣∣∣Ik

]
≤

[
x̄T

k wT
k

] S11(i, j) S12(i, j)

S T
12(i, j) S22(i, j)


 x̄k

wk

.
Now, from (6.31):

E
[
V(xk+1, ek+1)

∣∣∣∣Ik

]
− V(xk, i) − E

[
zT

k wk

∣∣∣∣Ik

]
≤ 0.

Hence, closed-loop system (6.27) is locally passive in the stochastic sense. �

Remark 6.3.1. Although the feedback passivity of a nonlinear system with packet loss is con-

sidered in [51], results are derived by considering the frequency of the packet losses rather than

considering an appropriate stochastic packet loss model. Our analysis is however based on a
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6.4 Numerical Example

more realistic packet loss model. Further, as our approach contains LMIs for the controller

design, it is more systematic than that of [51].

Note 6.3.1. It is straight forward to see that, if one puts ε(i) = 0 and δ(i) = 0 in the above

theorem, for all i ∈ N , then the result corresponds to the result for feedback passivity of an

PWA system over a Gilbert-Elliott type channel.

6.4 Numerical Example

Consider the nonlinear system (6.1) with the following system parameters:

f (xk) =


4sin(x1

k) + x2
k

x1
k + x3

k

x1
k

 , B1 =


2

0

1

 , D1 =


1

0.5

0

 , h(xk) = x1
k , B2 = 0.1, D2 = 2.

where xk =


x1

k

x2
k

x3
k

. External input is assumed to be wk = 0.02sin(0.2πk)exp(−k/25).

To demonstrate the results presented in Theorem 6.2.2, we calculate a piecewise linear state-

feedback law that passifies the system in the region −0.82 ≤ x1
k ≤ 0.82 (note that nonlinearity

exists only in x1
k). The region −0.82 ≤ x1

k ≤ 0.82 is partitioned into 26 cells, which are given

by: −0.82 ≤ x1
k < −0.78, −0.78 ≤ x1

k < −0.74, −0.74 ≤ x1
k < −0.7, −0.7 ≤ x1

k < −0.65,

−0.65 ≤ x1
k < −0.6, −0.6 ≤ x1

k < −0.55, −0.55 ≤ x1
k < −0.5, −0.5 ≤ x1

k < −0.45,

−0.45 ≤ x1
k < −0.4, −0.4 ≤ x1

k < −0.34, −0.34 ≤ x1
k < −0.28, −0.28 ≤ x1

k < −0.13,

−0.13 ≤ x1
k < 0, 0 ≤ x1

k < 0.13, 0.13 ≤ x1
k < 0.28, 0.28 ≤ x1

k < 0.34, 0.34 ≤ x1
k < 0.4,

0.4 ≤ x1
k < 0.45, 0.45 ≤ x1

k < 0.5, 0.5 ≤ x1
k < 0.55, 0.55 ≤ x1

k < 0.6, 0.6 ≤ x1
k < 0.65,

0.65 ≤ x1
k < 0.7, 0.7 ≤ x1

k < 0.74, 0.74 ≤ x1
k < 0.78, 0.78 ≤ x1

k < 0.82. Similar to chapter 5, A(i)

and a(i) for the piecewise linear approximations are computed using Taylor series expansion.

We again use the lmisolver function available in SCILAB to solve the LMIs in each of the cells.
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

We solve 26 LMIs each 8 variables. Solving (6.14b) we then calculate the controller gain K(i)

such that the closed system becomes locally feedback passive. From Figure 6.1, one can see

that difference in storage function at each stage is less than or equal to the supply rate.

For the local feedback passivity with packet losses, we consider the region −0.5 ≤ x1
k ≤ 0.5.

The region −0.5 ≤ x1
k ≤ 0 is partition into cells: −0.5 ≤ x1

k < −0.47, −0.47 ≤ x1
k < −0.44,

−0.44 ≤ x1
k < −0.41, −0.41 ≤ x1

k < −0.38, −0.38 ≤ x1
k < −0.35, −0.35 ≤ x1

k < −0.32,

−0.32 ≤ x1
k < −0.29, −0.29 ≤ x1

k < −0.26, −0.26 ≤ x1
k < −0.23, −0.23 ≤ x1

k < −0.2,

−0.2 ≤ x1
k < −0.17, −0.17 ≤ x1

k < −0.14, −0.14 ≤ x1
k < −0.11, −0.11 ≤ x1

k < −0.07,

−0.07 ≤ x1
k ≤ 0. The region 0 ≤ x1

k ≤ 0.5 is partitioned in the similar fashion as the partition

of the region −0.5 ≤ x1
k ≤ 0, i.e., 0 ≤ x1

k < 0.07, 0.07 ≤ x1
k < 0.11 and so on. Then, solving

LMI (6.28b) having 8 variables in each of the 30 cells, we calculate the controller gain K(i)

in each cells with a control packet arrival probability α = 0.95 and 1 − β = 0.96. Figure 6.2

demonstrates that the closed-loop system is locally passive with the quadratic storage function

V(xk) = 1
2 xT

k T−1(i)xk.

Note that, for the local feedback passivity with packet losses, we have to consider smaller

cells as compared to feedback passivity. This is due to the fact that condition (6.28c) contains

the term ρ4(i, l) which comes from the open loop system dynamics.

6.5 Summary

In this chapter, using a PWA approximation approach, we have first derived sufficient condi-

tions for the local passivity of a smooth nonlinear system. Then, we have designed a piecewise

linear state-feedback control law that makes the closed-loop system to be locally passive. Fi-

nally, for a system with random control packet losses, a piecewise linear state-feedback control

law is derived which makes the closed-loop system locally passive. Moreover, the problem

of controller design for feedback passivation of a PWA system over a lossy communication

channel can easily be derived as a special case.
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6.5 Summary

Figure 6.1: Difference in storage function and supply rate
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6. Local feedback passivity of smooth nonlinear systems over lossy channel

Figure 6.2: Difference in storage function and supply rate
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7. Conclusions and Future Works

This chapter summarizes the thesis and provides possible directions for research works.

7.1 Conclusions

In this thesis, we have investigated a few control problems for systems operating over an

erasure communication network. The thesis can be summarized as follows.

In Chapter 2, we have investigated the H∞ optimal control problem for an LTI system op-

erating over multiple Gilbert-Elliott type communication channels. The existence conditions

for both finite horizon controller and infinite horizon controller are derived in terms of the dis-

turbance attenuation level and the control packet arrival probabilities. The convergence of the

infinite horizon cost function and the associated coupled algebraic Riccati equations are inves-

tigated. Further, stability of the closed-loop system with the optimal controller is established.

Chapter 3 considers the jump linear quadratic optimal control problem for Markovian jump

linear systems over multiple Gilbert-Elliott type channels. The existence of the infinite horizon

controller is established by studying the convergence of the infinite horizon cost function and

the associated CAREs. Further, stability of the closed-loop system with the optimal controller

is proved using a less stringent observability notion as compared to the ones used in related

literature.

Chapter 4 extends the works presented in Chapter 2 to an MJLS.

Chapter 5 and Chapter 6 study the H∞ controller design problem and the feedback passi-

vation problem, respectively, for a smooth nonlinear system by considering a piecewise affine

approximation. This approach reduces the respective controller design problems to solving a

set of LMIs with nonlinear constraints. These results are then extended for a smooth nonlinear

system with random Markovian packet losses.
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7.2 Direction for Future Research Work

7.2 Direction for Future Research Work

Following are a few directions to which the results of this thesis can be extended.

(i) Throughout this thesis, it is assumed that the acknowledgment of the control packet re-

ception is sent through perfect communication channels, and thus, it is available all the

time. In certain cases, however, the acknowledgment might have to be sent through lossy

channels, which may cause random acknowledgment loss. All of the results presented

in the thesis can be extended to the case where acknowledgment packets are also sent

through Gilbert-Elliott type communication channels.

(ii) This thesis presents results pertaining to the state-feedback controller design problem.

These results can further be extended to the output-feedback case, where the output may

get lost randomly.

(iii) In Chapter 5 and Chapter 6, we have considered smooth nonlinear system dynamics where

the coefficient matrices of the control input uk and the external or disturbance input wk,

respectively, are constant matrices. These results can be generalized for nonlinear system

dynamics where the coefficient matrices are also smooth functions of the states.
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