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ABSTRACT

Let f: C — C = C U {oo} be a nonconstant and nonlinear transcendental entire or
meromorphic function. The function f" (n-times composition of f) is called the n-th
iterate of f. The Fatou set of the function f, denoted by F(f), and defined by

F(f)= {z e€C : {f* : neN}is defined and normal in some neighborhood of = } :

The complement of the Fatou set F'(f) of f in the extended complex plane @, is called the
Julia set of f and denoted by J(f). In complex dynamics, the Fatou sets and the Julia
sets of entire and meromorphic functions are mainly studied. By definition the Fatou set
is open. A maximally connected subset of the Fatou set is known as a Fatou component.
A Fatou component U is called p-periodic if p is the smallest natural number such that
fP(U) C U. Based on behaviour of function on the Fatou components, the p-periodic
Fatou components are classified into five categories: (1) Basin of attraction, (2) Parabolic
domain, (3) Siegel disk, (4) Herman ring and (5) Baker domain. For a Fatou component
U, it is also possible f™(U) N f™(U) = 0 for all m # n. Such a component is known as
wandering domain.

In the present work, we have investigated the change of dynamics of transcendental
entire and meromorphic functions in one-parameter and two-parameter families. Chap-
ter [1], is the introductory chapter reviewing the basics and some useful results related to
our work.

In Chapter [2] the dynamics of functions in two-parameter family F, = {fx,.(z) =
¥ — pb™* for z € C : A\, p > 0} where b > 1, is investigated. The function f , is
skew symmetric about z3 , = In(x/))/(21Inb) and it has no singular values other than
two critical values £2iv/Au. On the real line R, the existence and the nature of the real
fixed points are described. The dynamical behaviour of fy , on the real line is exhibited.
The dynamics of f), on the extended complex, is studied by tracking forward orbits of

the singular values of f), whenever real attracting and rationally indifferent fixed points

1X
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exist. In the case of real attracting fixed point, it is proved that the basin of attraction
corresponding to the real attracting fixed point is the Fatou set of f ,. For the cases of
the real rationally indifferent fixed points, it is shown that the Fatou set is the parabolic
domain corresponding to the real rationally indifferent fixed point. Remaining cases, it is
established that the Julia set J(f),) contains the real line R equivalently the Fatou set
F(fx,) is not connected if it exists.

Chapter (3| deals with the chaotic burst in the two-parameter family G, = {gx .(2) =
A0* + b~ for z € C: A > > 0} where b > 1. The function gy, is symmetric about
a3, =In(u/N)/(2Inb) and it has only two singular values £21/Au. The dynamics of gy,

depends on ty,, = \/T+ 4\u(nb)? — In (W) In the family Gy, the chaotic

burst is observed when ¢ , becomes greater than 0. The Fatou set F'(g, ) for ¢, , <0, is
the basin of attraction of a real attracting fixed point where as the Fatou set F'(gy ) for
tau = 0, is the parabolic domain corresponding to a real rationally indifferent fixed point
and the Fatou set F(gy,) is empty for ¢y, > 0. The Julia set J(gy,) is nowhere dense,
not locally connected and contains a vertical line for ¢, , < 0.

In Chapter 4] we studied the dynamics of transcendental meromorphic functions
from one-parameter families F = {f,\(z) =A (COShZ + L ) forze C: A > 0} and G =

cosh z

{gr(z) = A (coshz — —1—) for 2 € C: X > 0}. The change in the dynamics of f is ob-

cosh z

served when ¢y := A <cosh xy + ﬁ) — z), increases through 0 where z7} is the real root
of Asinh® z — cosh®z = 0. For ¢, < 0, the Fatou set F(fy) is the basin of attraction of a
real attracting fixed point of fy, the Fatou set F'(f)) is the parabolic domain correspond-
ing to a real rationally indifferent fixed point of f) for £y = 0 and the Fatou F'(f)) set is
empty for £, > 0. Thus, bifurcation occurs at ¢, = 0. But for the function g,, the origin
is always a superattracting fixed point for any value of the parameter A\. The Fatou set
F(gy) is the basin of attraction A(0). The major differences between the dynamics of fy
and g,, are pointed.

A one-parameter family F = {f\(z) = A + coshz : A € R} of translated hyperbolic
cosine functions is considered in Chapter [5| On the real line R, the fixed points and
the dynamics are studied. The function f), has no singular values other than two critical
values A £ 1. The singular value A — 1 always tends to co under iteration of f). In case
of real attracting fixed points, the Fatou set F(f) is the basin of attraction of the real
attracting fixed point of f). In case of rationally indifferent fixed points, corresponding
parabolic domain is the Fatou set F'(fy). The Fatou set F(f,) is empty when both the
singular values of f) tend to oo under iteration of f,. Remaining cases the dynamics is
obtained by numerically computing the higher order real periodic points. It is observed

that a period doubling bifurcation occurs in the family F.
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ABBREVIATION AND NOTATION

N The set of all natural numbers

Y/ The set of all integers

Q The set of all rational numbers

R The set of all real numbers

C The set of all complex numbers

C CU {o0}

F(f) The Fatou set of the function f

J(f) The Julia set of the function f

I(f) The escaping set of f

& The set of all transcendental entire functions
P The set of all transcendental meromorphic functions having exactly one

pole and that pole is an omitted value
M The set of all transcendental meromorphic functions having either at least
two poles or exactly one pole and that pole is not an omitted value
sing(f~') The set of all critical values and finite asymptotic values of f and finite
limit points of these values

S The set of all functions f such that sing(f~!) is a finite set
B The set of all functions f such that sing(f~!) is a bounded set
xi
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CHAPTER 1

INTRODUCTION

1.1 Overview

A dynamical system is a system whose state evolves with time over a state space according
to a fixed rule. Complex dynamics is the study of iteration of entire and meromorphic
functions on the Riemann sphere. An elaborate study on iteration of polynomials and
rational functions was done by two French mathematicians Pierre Fatou [39-41] and Gas-
ton Julia [47,48] during 1918 to 1920. At the same time, Ritt [65] also investigated the
iteration of rational functions. After few years, some of the results are extended to the
transcendental entire functions by Fatou [42] in 1926. But he did not consider tran-
scendental meromorphic functions because of the presence of infinitely many essential
singularities of the iterates. After long period of inactivity, there was renewed interest
in this area in the last few decades. To describe complex dynamics, Mandelbrot used
computer graphics successfully [56},57] in 1980. His discovery of Mandelbrot set which is
a fractal set inspired many researchers to study the field again. Sullivan [77,78| intro-
duced the use of quasi-conformal mapping into the subject. He proved the non-existence
of wandering domains for rational functions using quasi-conformal mappings. For an in-
troduction to dynamics of rational functions, one can see books by Beardon |12], Carleson
and Gamelin [21], Steinmetz |76] and Milnor [58]. More about iteration theory of rational

functions can be found in [19}26,[32,/53,55]. Many researchers tried to extend results of

1
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2 Chapter 1

rational functions to the transcendental case. Baker proved some dynamical properties
of entire functions that are quite different from those of rational maps [2]. Devaney [31],
Bergweiler |17], Fagella [38], Rempe [43}62,67] and many other [5,13,36/61] studied the
iteration of transcendental entire functions. For iteration of transcendental meromorphic

functions one can refer [12}14,19,21,122,58,/76|.

1.2 Fatou and Julia sets

For an entire or meromorphic function f, let 2o = f%(20), 2. = f(2n_1) = f"(20) for
n =1, 2, 3,---. Then, the sequence {z, = f™"(20)}>2, is called the sequence of iterates or
the (forward) orbit of the point z5. In the iteration theory, we investigate the behaviour
of the orbits of various initial points. While studying the long term behaviour of different
initial points, it is observed that for some initial points zy, the orbits of all points z in
some neighbourhood of 2, exhibit similar behaviour, but certain other initial points zy,
the orbits of all points z in every neighbourhood of z, differ drastically. In other words,
the forward orbits of some points remain stable under small perturbation which is not
true for the other case. Fatou and Julia first studied these things. In honour of the
contributions of these two mathematicians, the stable region is now known as the Fatou
set and the chaotic region is known as the Julia set. In order to give the precise definitions
of the Fatou set and the Julia set, we need to define the concept of normality. Montel [60]
introduced the concept of normality in 1927. To know more about normality, one can

refer to |74].

Definition 1.2.1. A family F of analytic functions defined on a common domain 2 C C
is said to be mormal in Q if every sequence {f,} C F contains either a subsequence
which converges uniformly to a limit function f % oo on each compact subset of €, or a

subsequence which converges uniformly to oo on each compact subset of €2.

Let z, 2o be any two points in the extended complex plane C=Cu {o0}. The
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Chapter 1 3

chordal distance between z; and z is defined by

21— if 21,29 € C,
_ V I+ 212/ 14222
X(Zh 22) - 1

e if z9 = 00.

A sequence of functions { f,,} converges spherically uniformly to f on aset F C C if, for

any € > 0, there is a number ng = ng(€) such that n > ny implies that x(f.(2), f(2)) <€
for all z € E.
Note that if {f,} converges uniformly to f on E, then it also converges spherically

uniformly to f on E. The converse is true if the limit function is bounded.

Definition 1.2.2. A family F of meromorphic functions defined on a common domain
Q C C is normal in S if every sequence { f,} C F contains a subsequence which converges

spherically uniformly on each compact subset of 2.
Some examples of normal family are given below.

Example 1.2.1. The family F = {f.(z) = 2" forallz€ C : n € N} is normal in
Q={ze€C:|z|#1}.

Example 1.2.2. The family F = {f.(z) = ce® for all z € C: ¢ € R} is normal in C.

Example 1.2.3. Let F = {f.(2) = nz forallz€ C: n € N}. Then f,(0) — 0 as
n — 0o and fn,(z) = 00 as m — oo for z # 0. Thus, F cannot be normal in any domain

that contains 0.

From the definition, it is difficult to examine the normality of a family of functions.
However the normality of a family of functions can be determined by the Fundamental
Normality Test.

The following Fundamental Normality Test for the family of analytic functions, is

given by Montel [59].

Theorem 1.2.1. Let F be a family of analytic functions defined on a common domain
Qin C. If F omits two distinct values a and b in C (i.e., f(z) # a,b for all z € Q and
for all f € F), then F is normal in Q.

TH-2321_ 136123003



4 Chapter 1

For the family of meromorphic functions, the Fundamental Normality Test is given in

the following theorem.

Theorem 1.2.2. Let F be a family of meromorphic functions defined on a common
domain 2 C C such that f(z) # a; for all j € {1, 2, 3}, for all f € F and for all z € ,

where ay, as, az € C are distinct. Then F is normal in 2.
Throughout this thesis, we assume that f is nonconstant and nonlinear.

Definition 1.2.3. [14] The Fatou set of a meromorphic function f, denoted by F(f),
s defined as

F(f)={z¢€ C: {f": n € N} is defined and normal in some neighbourhood of z}

where C = C U {o0} is the extended complex plane.

Definition 1.2.4. The Julia set of f denoted by J(f), is the complement of the Fatou

set of f in the extended complex plane C.

Example 1.2.4. Let f(z) = 2* for z € C. Then f"(z) — 0 as n — oo for |z|< 1 and
f™"(z) = o0 as n — oo for |z|> 1. Thus, the Fatou set F(f) = {z € C: |z|# 1} and the
Julia set J(f) ={z € C:|z|=1}.

For a transcendental function f, f(oco) is not defined, so oo always is in the Julia set
of f. Similarly, the Julia set contains all such points whose forward orbit contains oo.
By definition, the Fatou set is open and the Julia set is closed. The Julia set has empty
interior unless it is whole of C. For example, the Julia set of the function e* is J(e*) = C.
Elementary properties of the Fatou set and the Julia set of f(z) are given in the following

propositions [14].

Proposition 1.2.1. Let f be an entire function or a rational function. Then F(f) =

F(f™) and J(f) = J(f") for alln > 2.

Proposition is true if f is a transcendental meromorphic function having exactly

one pole and that pole is an omitted value. For a meromorhic function f having at least
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Chapter 1 5

two poles or exactly one pole which is not an omitted value, f” is not meromorphic in C
so that F'(f") and J(f") are not defined. Proposition holds true if it is taken more

generally as f is meromorphic in C except for countably many points.

Definition 1.2.5. Let f be a function. A set S is called forward invariant if f(z) € S
for all z € S whenever f(z) is defined. A set S is called backward invariant if w € S
implies z € S for all z satisfying f(z) = w. A set S is called completely invariant if S is

both forward and backward invariant.

Proposition 1.2.2. Let f be a meromorphic function. Then the Fatou set F(f) and the

Julia set J(f) are completely invariant.

Definition 1.2.6. A set S s said to be perfect if S is nonempty, closed and does not

contain isolated points.
Proposition 1.2.3. Let f be a meromorphic function. Then the Julia set J(f) is perfect.

For a meromorphic function f,let I(f) = {z € C : f"(z) = coasn — oo and f"(z) #
oo}. The points of the set I(f) are known as escaping points of f. the set I(f) is known as
the escaping set of f. For a meromorphic function, any iterated preimage of infinity is
not in the escaping set. Clearly, poles are not in the escaping set. The following theorem

gives a characterization of the Julia set in terms of escaping points [34,35].

Theorem 1.2.3. If f is a transcendental entire or meromorphic function, then J(f) =

OI(f) and I(f)NJ(f) # 0, where OI(f) is the boundary of the escaping set 1(f).

The escaping sets of entire functions are studied in [43]52}[62,/67,/75|. The escaping set

of meromorphic functions are investigated in |16451}63,64,79].

Definition 1.2.7. The backward orbit of zy, denoted by O~ (zy) is defined as O~ (zy) =
{z € C: f*(z) = 2y for some n € N}. A point zy is said to be an exceptional value for
a function f if the set O~ (zo) is finite. The point zy is called an omitted value of f if

O~ (z0) is empty.
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A characterization of the Julia set in terms of nonexceptional value is given in the

following theorem |7].

Theorem 1.2.4. If zo € J(f) is not an exceptional value of [ then J(f) = O~ (z), the

closure of the backward orbit of zy.
Bergweiler [14] classified all transcendental meromorphic functions into three classes.
o £={f : fis transcendental entire}.

e P={f : fis transcendental meromorphic, has exactly one pole, and this pole is

an omitted value}.

e M ={f : fis transcendental meromorphic and has either at least two poles or

exactly one pole which is not an omitted value}.

The functions in the class £ are called entire. The functions in P are known as analytic
self maps of the punctured plane. In the class P, each function has exactly one pole and
that pole is an omitted value. If we choose 0 as the pole, then functions in P look like
EQ# where f is an entire function and n € N. According to Bergweiler [14], the functions
f in M are called general meromorphic functions. There are major differences in the
dynamics of functions belonging to the above three classes. For f € &, the iterates f"(z)

are defined for all z € C and the point at co is an exceptional (omitted) value. In the

of(2)

Zn

class P, if function is chosen of the form , then 0 and oo have finite orbits. The point
at oo is not an exceptional value of f for f € M. Therefore, the backward orbit O~ (o0)
of oo is an infinite set where f" fails to be defined for some n. For general meromorphic

functions, we have yet another characterization of the Julia set.

Theorem 1.2.5. If f € M, then J(f) = O~ (00).

1.3 Periodic points

In complex dynamics, there are points with finite forward orbits play an important role.

Most oftenly, these points control the local dynamics.
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Definition 1.3.1. A point zg € C is called a periodic point of period p for the function
f if p is a natural number such that fP(zy) = zo. The smallest positive integer p which
satisfies fP(z0) = zo, is called minimal or prime period of zy. For a periodic point zy of
minimal period p, the set {zo, 21 = f(20), 22 = [*(20)y -y 2p—1 = [P 1 (20)} is called
a cycle of the periodic point zy. The value X = (fP)(z0) is called the multiplier or

etgenvalue of the periodic point zy with minimal period p.

The periodic points of period one are called fixed points. If for a point zy, f(z) is
periodic for some ng € N, then zg is called a preperiodic point. The periodic points are

classified into three categories according to the magnitude of their multipliers.

e The periodic point zj is called attracting if |A\|< 1. An attracting periodic point is

called superattracting if A = 0.

e The periodic point zy is called indifferent or neutral if |[A\|= 1. In this case A\ can
be written as A = 2™ for some real number «. If « is rational then z, is called
a rationally indifferent periodic point and if « is irrational then zy is called an

irrationally indifferent periodic point.
e The periodic point z is called repelling if |A|> 1.

Example 1.3.1 (Attracting periodic point). Let f(2) = 22 — 1 be the entire function.

Then 0 is an attracting periodic point of f(z) of minimal period 2.

Example 1.3.2 (Rationally indifferent periodic point). Let f(z) = z + 2° be the

entire function. Then 0 is a rationally indifferent fixed point of f(z).

Example 1.3.3 (Irrationally indifferent periodic point). Let f(z) = ¢®?™z + 23 be

the entire function where o is an irrational number. Then 0 is an irrationally indifferent

fized point of f(z).

Example 1.3.4 (Repelling periodic point). Let f(2) = 2% be the entire function.

Then 1 is a repelling fized point of f(z).
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The attracting periodic points are in the Fatou set while the repelling and rationally
indifferent periodic points are in the Julia set [14]. But for the irrationally indifferent

periodic points both possibilities do occur.

Example 1.3.5 (Irrationally indifferent periodic point lies in the Fatou set). Let
f(2) = ¥z + 22 be the entire function where « is the golden ratio. Then the origin is

an irrationally indifferent fixed point and it lies in the Fatou set (see Example .

Example 1.3.6 (Irrationally indifferent periodic point lies in the Julia set).
Let f(2) = az + -+ + 2%, where d > 2 and |a|= 1 but « is not a root of unity. If
la™ — 1|< (1/n)*"" for infinitely many n, then the origin is an irrationally indifferent

fized point of f and it lies in the Julia set J(f) (Theorem 6.7.1 of [12]).

For any n € N, a rational function has periodic points of period n (not necessarily
minimal period). But a transcendental entire function need not have a fixed point. For
example, the function f(z) = e* + z has no fixed points. Fatou [42] proved that tran-
scendental entire function has at least one periodic point of period 2. Fatou’s result is

generalized by Rosenbloom [66], which is stated below.

Theorem 1.3.1. Let f be an transcendental entire function. Then f has infinitely many

periodic points of period n for all n > 2.

For transcendental meromorphic function Bergweiler [14] proved the following theo-

rem.

Theorem 1.3.2. If f is a transcendental meromorphic function and n > 2, then f has

infinitely many periodic points of minimal period n.

The Julia set of a transcendental meromorphic function can be characterized in terms

of repelling periodic points as follows [7].

Theorem 1.3.3. Let f be a meromorphic function. Then the Julia set J(f) is the closure

of the set of repelling periodic points of f.
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1.4 Singular values

Like periodic points, there are other points which play crucial role to study the dynamics

of a function. The singular values are one such points.

Definition 1.4.1. A point z. is said to be a critical point of the meromorphic function f
if f'(zc) = 0. The value f(z.) at the critical point z., is called a critical value of f. A point
a is called an asymptotic value of the function f if there exists a continuous curve (t),
t > 0 such that tliglo v(t) = o0 and tlglolo f(y(t)) = a. The curve v is called an asymptotic
path. A point s is called a singular value of a function f if s is either a critical value

or a finite asymptotic value of f.

Example 1.4.1. Let f(z) = €* be an entire function. Let vy(t) = —t fort € (0,00). Then

tlim v(t) = —o0 and tlim f(y(t)) = 0. So. 0 is an asymptotic value of f.
—00 — 00

Let sing(f~') denote the set of all critical values and finite asymptotic values of f
and finite limit points of these values [14]. The following two classes of functions were

introduced depending on the presence of the singular values:
e S={f: f has only finitely many critical and asymptotic values};
o B={f: sing(f!) is bounded}.

Clearly, S C B. According to Eremenko and Lyubich, the class S was chosen in honor of
Speiser, who introduced this class in a different context. The class B was considered by

Eremenko and Lyubich [37].

1.5 Components of Fatou set

A maximally connected open subset of the Fatou set is called a component of the Fatou
set. Also it is called as a Fatou component. Since the Fatou set is completely invariant,

any Fatou component U is mapped into a Fatou component but not necessarily in U.
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Definition 1.5.1. A component U of the Fatou set F(f) of a function f is called p-
periodic if p is the smallest natural number satisfying fP(U) C U. Then the set {U, f(U),
f2U),..., fP7YU)} is called a periodic cycle of Fatou components. If p = 1 then the

component U 1is called invariant.

Definition 1.5.2. A component U of the Fatou set F(f) of a function f is said to be
preperiodic if there exists a natural number k such that f*(U) is periodic. A preperiodic

Fatou component which is not periodic is called strictly preperiodic.

Definition 1.5.3. A component W of the Fatou set F'(f), is called a wandering domain
if (W)Y N (W) =0 for all m,n € N with m # n.

Example 1.5.1 (Wandering domain). Let f(z) = z — 1 + e * + 2mi be an entire
function. To prove f has a wandering domain, define g(z) =z — 1+ e *. Let z, = 2mki
where k € Z. Then z is a superattracting fived point of the function g. Denote by Uy
the immediate basin of attraction corresponding to zy, that is, the component of F'(g) that
contains zx. It can be proved J(g) = J(f) [3,|14]. Therefore Uy is also a component of

the Fatou set F(f). It is easy to see that f(Uy) C Uxy1 and hence Uy is wandering.

Sullivan [78] proved that the Fatou set of a rational function has no wandering domains.
But it exists for transcendental meromorphic function. For a study on wandering domain,
one can refer to [3,4,/11]. Wandering domains are related to the singular values. In [14],
it is shown that some classes of meromorphic functions do not have wandering domains.

The following theorem is one such result from [14].

Theorem 1.5.1. The functions in S do not have wandering domains.

The periodic Fatou components can be classified into five categories depending upon

the behaviour of the sequence { "} on the components, given in the following theorem.

Theorem 1.5.2. Let f be a meromorphic function. Let U be a periodic component of the

Fatou set of f of minimal period p. Then we have one of the following possibilities.
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e U is a basin of attraction: In this case, the periodic component U contains an
attracting periodic point zy of minimal period p and 7}1320 f™(2) =z forall z € U.
U is also known as immediate basin of attraction or immediate attracting basin of
2. In this case {U, f(U), ..., f7"YU)} is called an attracting periodic cycle of the
component U. U 1s called superattracting domain if zo 1is a superattracting periodic

point.

e U is a parabolic domain: In this case, the boundary OU of the component U con-
tains a rationally indifferent periodic point z* of minimal period p and lim f™(z) =
n—oo

z* for all z € U. Parabolic domain is also known as Leau domain. In this case

{U, f(U), ..., fP7YU)} is called a parabolic periodic cycle of the component U.

e U is a Siegel disk: In this case, there exists an analytic homeomorphism ¢ : U — D
where D = {z : |z|< 1}, such that o(fP(p'(2))) = €2 ™2 for some irrational

number .

e U is a Herman ring: In this case, there exists an analytic homeomorphism ¢ : U —
A where A is the annulus {z : 1 < |z|< r},r > 1, such that p(fP(p~'(2))) = ™2

for some irrational number . Herman rings are also known as Arnold rings.

e U is a Baker domain: In this case, there exists a point z* on the boundary OU of

U such that im f"(z) = z* for all z € U and fP(z*) is not defined.

n—oo

Example 1.5.2 (Basin of attraction). Let f(z) = z? be the entire function. The point
2 =0 is an (super) attracting fived point of f. Here U = A(0) = {z € C: |2|< 1} is a

basin of attraction of the Fatou set F(f).

Example 1.5.3 (Parabolic domain). Let f(z) = e*~! be the entire function. The point
z =1 is a rationally indifferent fixed point of f(z). Let U = interior{z € C: f(z) —
1 asn — oo}. Note that f"(x) — 0o as n — oo for x > 1. Thus the fixed point z = 1

lies on the boundary of U. Hence U is a parabolic domain of the Fatou set F(f).
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Example 1.5.4 (Siegel disk). Let f(z) = e*™*z + 2% be the entire function where
is the golden ratio. The point z = 0 is an irrationally indifferent fixed point of f(z).
Further, there exists an analytic homeomorphism ¢ : U — D where D is the unit disk and
U is an open neighbourhood containing 0 such that o(fP(p~1(2))) = €* 2. Thus, U is a
Siegel disk.

Example 1.5.5 (Herman ring). Consider the function f(z) = \z? (1;;—5‘;) where |\|=1
and 0 < |a|< 1. It is proved in [12] that for suitable choices of A and «, the function f(z)

has a Herman ring.

Example 1.5.6 (Baker domain). Let f(z) = 1+ z + e~ * be the entire transcendental
function. Let H" = {z € C: Re(z) > 0} and U = {z € C : f"(z) — 00 as n — oo}.
Note that Re(f(z)) = 1+ Re(z) + Re(e™?) > Re(z) for all z € HT. So, f"(z) = oo as
n — oo for z € HY. Therefore all points in the half plane H™ lie in stable domain U of
points whose orbits tend to the essential singularity oo. Hence U is a Baker domain of

the Fatou set F(f).

If U is an attracting or parabolic domain then all the limit functions of { f"(2)},~¢ for
z € U are constants which are nothing but the attracting or rationally indifferent periodic
points. If U is a Siegel disc or Herman ring, then all the limit functions of {f™(z)},.~0
for z € U are nonconstants. If f is rational, Fatou [39-41] proved that if {f"|y}n>0
has only constant limit functions then U is an attracting domain or a parabolic domain.
Cremer proved if { f"|y }n>0 has a nonconstant limit functions, then U is a Siegel disc or a
Hermann ring 23|. These results are also true for transcendental meromorphic functions.

The attracting domains and Siegel disks contain periodic points. The parabolic do-
mains contain periodic points on the boundary but the Baker domains and Hermann rings
do not contain any periodic points.

Let U be a p-periodic Siegel disk or Herman ring. Since the function f?|; is conformally
conjugate to a rotation on a unit disk or an annulus, U is known as rotational domain.
Thus the map f? is one-one on U. Polynomials do not have Herman rings. In fact, the

transcendental entire maps do not have Herman rings.
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The existence of Baker domains are first proved by Baker. It is well known that for a
transcendental entire function f, z = oo is the only point in C where f(2) is not defined.
Thus for an entire transcendental entire function, Baker domain is called as the domain
at infinity. Note that if f is rational, then for all z € C and p €N, fP(z) is defined. Thus,
Baker domains do not exist for rational functions [14].

The relation between attracting domains, parabolic domains and rotational domains

with the singular values [14] is given in the following theorem.

Theorem 1.5.3. Let f be a meromorphic function and C' = {Uy, Ui, ..., Up—1} be a

periodic cycle of components of the Fatou set of f.

1. If C is a cycle of basins of attraction or parabolic domains, then U; (sing(f™") # 0

for some j € {0, 1,..., p—1}.

2. If C is a cycle of Siegel disks or Herman rings, then OU; C O+ (sing(f™')) for all
je{0, 1,..., p—1}.
Eremenko and Lyubich [37] proved that the following class of functions do not have

Baker domains.
Theorem 1.5.4. If f € £EN B, then f does not have Baker domains.

In the next two theorems, the relations between the singular values and Baker domains

are given [14].

Theorem 1.5.5. Let f be a meromorphic function, and let C' = {Uy, Uy, ..., U,—1} be a

periodic cycle of Baker domains of f. Let z; denote the limit of {f"(z)}ns0 for z € U;
p—1

and define z, = zy. Then z; € U f(o0) forall j € {0, 1,..., p—1}, and z; = oo for

n=0

at least one j € {0, 1,..., p—1}. If z; = oo, then zj41 is an asymptotic value of f.

Theorem 1.5.6. Let f be a meromorphic function and {Uy,Uy,---,U,_1} be a periodic

cycle of Baker domains of f. Then oo is in the derived set of
p—1
L £/ (sing(f 7).
§=0

Remark 1.5.1. If f € S, then f does not have Baker domains.
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1.6 Topology of Fatou components

The topology of the Fatou components are described in this section. The mapping prop-

erties of a function play a crucial role to determine the topology of the Fatou components.

Definition 1.6.1. The connectivity of a domain ) C C is defined as the number of
components of C \ Q. The domains with connectivity one are called simply connected
and the domains with connectivity more than one are called multiply connected. In
particular, the domains having connectivity two are called doubly connected and the

domains having connectivity oo are called tnfinitely connected.

Siegel disk is simply connected since it is homeomorphic to the unit disc. Herman ring
is homeomorphic to an annulus and hence is doubly connected. Baker [1| proved that
multiply connected Fatou components of an entire function are bounded. Bergweiler [14]

proved the following theorem.

Theorem 1.6.1. If [ € &, then any preperiodic Fatou component of F(f) is simply

connected. Hence the Fatou set of f does not contain Herman rings.

The connectivity of an invariant Fatou component of a meromorphic function was

given in the next two theorems [8].

Theorem 1.6.2. Let f be a meromorphic function and U be an invariant Fatou compo-

nent. Then the connectivity of U has one of the values 1, 2 or oo.

Theorem 1.6.3. Let f be a meromorphic function and U be a completely invariant Fatou

component. Then the connectivity of U is 1 or oo.

Bolsch [20] proved the connectivity of the periodic Fatou components of a meromorphic

function.

Theorem 1.6.4. Let U be a periodic Fatou component of a meromorphic function. Then

the connectivity of U is 1, 2 or oo.
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Baker et al. [6] constructed meromorphic functions which have wandering domains of
any connectivity including infinity. They also proved in [§8], for a meromorphic function,
the connectivity of the preperiodic Fatou component can be any natural number.

The Fatou set of a transcendental entire function can contain at most one completely
invariant domain, was proved by Baker. The Fatou set of a rational function contains at

most two completely invariant Fatou components [12].

Definition 1.6.2. [15/ A transcendental entire function f : C — C is called hyperbolic if
[ € B and furthermore every element of sing(f~1) belongs to the basin of some attracting

periodic cycle of f.
For hyperbolic entire functions, the following two theorems can be found in [15].

Theorem 1.6.5. Let f € B be an entire transcendental function and let f be hyperbolic.

Then the following are equivalent:
(1) every component of F(f) is bounded;

(2) f has no asymptotic values and every component of F(f) contains finitely many

critical points.

Theorem 1.6.6. Let f € B be hyperbolic without finite asymptotic values and exactly two

critical values. Then either

(1) every connected component U of F(f) is unbounded and OU is not locally connected

at any finite point, or

(2) every connected component of F(f) is a bounded quasidisk.

1.7 Bifurcation

In the one-parameter family of functions, it is mainly studied that how the dynamics
of functions change as the parameter changes. Any sudden changes in the dynamics is

normally described by the concept called bifurcation.
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Definition 1.7.1. Let f) be a parametrized family of functions where X is a real parameter.
Then there is a bifurcation at X* if there exists € > 0 such that whenever a and b satisfy
AN —e<a< AN oand \* < b < N + ¢, then the dynamics of f, are different from the
dynamics of f,. In other words, the dynamics of the function changes when the parameter

value crosses through the point \*.
Some of the important types of bifurcations are described below [46].

Example 1.7.1 (Saddle-node bifurcation). Consider the family of functions Ex(x) =
Ae® where X > 0 is the parameter. If A < 1/e, then E\(x) has an attracting fized point
ay (say) and a repelling fized point ry (say). If X < 1/e, then E¥(z) — ay as n — oo
for x € (—oo,r)\) and E{(x) — 00 as n — oo for x € (ry,00). If A = 1/e, then 1 is the
only fized point of Ex(x) which is rationally indifferent. Also if A = 1/e, E¥(z) — 1 as
n — oo for x € (—o0,1] and EY¥(z) — 0o asn — oo for x € (1,00). If X > 1/e, E\(x)
has no fized points and EY(x) — oo for all x € R. First, as the parameter A grows and
approaches 1/e, the two fixved points ay and r\ gradually approach one another until, when
A = 1/e, they join to become one fized point. Immediately thereafter, they disappear all

together. This type of bifurcation is called a saddle-node bifurcation.

Example 1.7.2 (Pitchfork bifurcation). Consider the family of functions Ag(x) =
karctan(xz) where k > 0 is the parameter. When 0 < k < 1, the function has one
attracting fized point near 0 and all real number are in the stable set of 0. If k =1, then
0 s a rationally indifferent fixed point and stable set of 0 is still R. When k > 1, 0 is a
repelling fized point (A} (0) =k > 1) and two other fized points have been formed, both of
which are attracting. If the two fixed points are a and b and a < 0 < b, then stable set
of a is (—00.0) and the stable set of b is (0,00). Here bifurcation occurs at k = 1 and
this type of bifurcation is called pitchfork bifurcation. In general, pitchfork bifurcations
occur when either an attracting periodic point splits into a repelling periodic point with
an attracting periodic point of the same period as the original point on each side of it, or
alternatively, a repelling periodic point splits into an attracting periodic point surrounded

by two repelling periodic points of the same period.
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Example 1.7.3 (Transcritical bifurcation). Consider the family of functions h,(z) =
ra(l — x) where r > 0 is the parameter. When 0 < r < 1, h.(z) has two fized points, 0
which 1s attracting, and another one less than one and repelling. When r = 1, these two
points merges to form one fized point at O which attracts points which are greater than 0
and repels points which are less than 0. When 1 < r < 3, we see that 0 becomes a repelling
fixed point and there is an attracting fized point which is greater than 0. Here bifurcation

occurs at r = 1. This type of bifurcation is called transcritical bifurcation.

Example 1.7.4 (Period doubling bifurcation). Consider the family of functions

he(x) = ra(l — x) where r is the parameter. For r > 1, the nonzero fized point is

Dy = ”;1. If 1 <r < 3, by Example h.(z) has a repelling fized point at 0 and an
attracting fixed at p.. At r = 3 the largest fixed point is at p, which is rationally indif-
ferent. When r > 3, the largest fixed point p, is repelling. As the parameter r increases
through 3, the value of (h?)'(p,) changes from being less than 1 to being greater than 1.
Hence the fized point p, changes from attracting to repelling. In addition, the continuity
of h, requires that as this happen a period 2 attracting orbit must be added. This type of
bifurcation is called a period doubling bifurcation since a periodic orbit of twice the period
of the original periodic point is added.

A period doubling bifurcation in a discrete dynamical system is a bifurcation in which

a slight change in a parameter value in the governing equations of the system leads to the

system switching to a new behaviour with twice the period of the original system.

1.8 Motivation of Present Work

Complex dynamics is one of the most popular area in dynamical system. The iterations
of entire and meromorphic functions are studied in complex dynamical system. The main
objects studied in the dynamics of a function are its Fatou and Julia sets. There are two

basic approaches to study the dynamics of a function.

e studying the iterative behaviour of an individual function,
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e studying changes in the iterative behaviour due to slight perturbations in the func-

tion.

The dynamics of one-parameter family of functions have been studied by many researchers
in the end of 20th and the beginning of 21st century. Devaney vastly studied the one-
parameter family {Ae* : A > 0}. Devaney [24] and Devaney and Durkin [31] proved
that the Julia set J(\e®) is a nowhere dense subset entirely contained in the right half
plane for 0 < A < (1/e) and the Julia set of Ae? is the whole of extended complex plane
for A > 1/e. So, when the parameter A increases through 1/e, the Julia set J(A\e?)
changes from a nowhere dense subset of C to the whole of extended complex plane C.
This phenomenon is called explosion in the Julia set or chaotic burst in the dynamics
of one-parameter family {Ae* : A > 0}. It is also shown that a saddle node bifurcation
occurs in the one-parameter family {Ae* : A > 0} at the parameter value A = 1/e. More
dynamics properties of Ae* can also be found in [9,10,/18,25,27,31,33,54,75|. Like in the
one-parameter family of exponential map, a bifurcation also occurs in many other one-
parameter families of transcendental entire and meromorphic functions. This explosion
is also seen in the family {iAcosz : A > 0}, was observed by Devaney [24]. Kapoor
and Prasad studied the dynamics of function A(e* — 1)/z [49] and certain one-parameter
family of entire functions whose singular values are bounded [50|. Sajid and Kapoor
investigated the dynamics of A(sinh 2)/z? |71] and meromorphic functions having rational
Schwarzian derivatives [72,73]. The dynamics of Asinh(z)/z for A € R\ {0} is studied by
Prasad [44] and it is shown that a bifurcation occurs in this family at |A|~ 1.104. Nayak
and Prasad investigated the dynamics of A tanh(e®) [45]. Sajid attempted in [68] to study
the dynamics of one-parameter family A(b* — 1)/z which is a generalization of the work
of Kapoor and Prasad [49]. Devaney [28-30] recently studied the dynamics of family
of maps F)(z) = 2™ + A(1/z%) for n, d > 2. Recently there is an interest in studying
the dynamics of two-parameter family of functions. Sajid [69] studied the fixed points
and singular values of two-parameter families A(e®* — 1)/z and A\z/(e** — 1). Sajid also

studied the singular values of two-parameter families A\((b*—1)/2)" and A(z/(b*—1))* [70].
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Those things inspire us to study the dynamics of two-parameter family of functions. We
are mainly interested in studying the changes in the dynamics of functions in the two-
parameter family {\f+pug : f and g are fixed functions and A and p are parameters} as
the parameters A and p change. From the dynamics of two-parameter family of functions,
we can deduce easily the dynamics of certain function and certain one-parameter family
of functions. For example, by the dynamics of the two-parameter family G, = {gx .(2) =
A6 + pub=* for z € C : A > p > 0}, the dynamics of cosh z can be obtained by choosing
A=pu =1/2 and b = e. The dynamics of the one-parameter family {pcoshz : p >
0 is the parameter} can be obtained from the dynamics of the two-parameter family G,
by choosing A\ = = p/2 and b = e. Also we understand the change in the dynamics
when both the functions present with different weightage /scaling.

In this work, we investigate the dynamics of one-parameter families of both tran-
scendental entire and transcendental meromorphic functions. We also study some two-

parameter families of transcendental entire functions.

1.9 Organization of Present Work

The thesis investigates dynamics of certain transcendental entire and meromorphic func-
tions. The current work is presented in five chapters. Basic theory and a brief literature
survey of the complex dynamics are given in Chapter The remaining chapters are
organized as follows.

In Chapter [2] the two-parameter family of functions 7, = {fx.(z) = Ab*—ub~* for z €
C: A, p > 0} where b > 1, is considered. In Section , the singular values, relation
between the complex conjugate points and some other properties are found. The nature of
the real fixed points are described in Section [2.2] In Section [2.3] we reported the dynamics
on the real line R. Finally, in Section we investigate the forward orbits of the singular
values and the dynamics for the cases when real attracting and real rationally indifferent
fixed points exist. Also, some properties of the Fatou and Julia sets are proved.

In Chapter [3| we consider the two-parameter family of functions G, = {gx.(2) =
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AV 4+ pb~* for z € C: A > > 0} where b > 1. Some kind of symmetry of the function
and its derivatives, the singular values and some other basis properties are proved in
Section [3.1} Section describes the fixed points and the dynamics on the real line R.
In this section, it is shown that a saddle-node bifurcation occurs in the real dynamics. In
Section the dynamics on the complex plane is explored. The Fatou set is the basin
of attraction if ¢, , < 0 and the Fatou set is the parabolic domain for ¢, , = 0. But when
trpu > 0, the Fatou set is empty and the Julia set is the whole of the extended complex
plane, and hence a bifurcation occurs at ¢, = 0. Also the pictures of the Fatou set are
generated. In Section , the dynamics of one-parameter family of functions p cosh(z)
where p > 0 is the parameter and the dynamics of two-parameter family of functions
m cosh(az) + nsinh(az) where m, n are parameters with m > n > 0, are deduced from

the dynamics gy .

The dynamics of two one-parameter families 7 = {f\(z) = A (coshz + ——) for z €

C:XA> 0} and G = {ga(2) = A(coshz — ——) for z € C: A > 0} arc investigated in
Chapter (4] In Section [4.1], the dynamics of function f in F is studied. Initially some
basic properties are proved. Then the existence and nature of the real fixed points are
explored. With the help of the real fixed points, the dynamics of f) on the real line is
obtained. Then, with all these knowledge, the dynamics of f is concluded on the complex
plane. It is also observed that a bifurcation occurs in this family F. The dynamics of
functions gy in G, are given in Section [1.2] At first, we prove gy € S. On the real line,
the fixed points and the dynamics are exhibited. It is shown that the origin is always an

superattracting fixed point of g,. Finally, we prove the Fatou set of g, is the basin of

attraction corresponding to the origin.

In Chapter |5 we consider the one-parameter family F = {f\(z) = A+coshz : A € R}
of translated hyperbolic cosine functions. The real fixed points and the dynamics on the
real line R are studied in Section[5.1} In this section, we also find f) has two singular values
and both are real. It is proved that under iteration of f), one singular value always tends

to oo and other one is either bounded or tending to oo depending upon the parameter \.
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The dynamics of f\ on the complex plane is described in Section [5.2] Beginning of this
section, the dynamics is given in case of real attracting and rationally indifferent fixed
points. We also proved that the Fatou of f, is empty when both the singular values tend
to oo under the iteration of f). Remaining cases we compute higher order real periodic
points and their nature. By observing numerical computation, we conclude that period

doubling bifurcation is seen in the dynamics of functions in the family F.
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CHAPTER 2

DYNAMICS OF TWO-PARAMETER FAMILY OF
HYPERBOLIC SINE LIKE FUNCTIONS

Thq dynamics of one-parameter families of entire and meromorphic functions have been
studied by many researchers in the end of 20-th and the beginning of the 21-st century.
Recently, fixed points and singular values of functions in some two-parameter families,
are studied by some researchers [69,70]. In this chapter, for b > 1, the two-parameter
family Fp, = {fr,(2) = Ab® — ub~* for z € C: A\, > 0} is considered and the dynamics
of fy, € F is studied. Since f ,(z) involved with multiple-valued functions, throughout
this chapter, for the function f,, € F3, the principal value of logb is taken so that f ,
becomes an entire function. If A = = p/2, p > 0 and b = e, then fy ,(2) = psinh(z).
So, the dynamics of one-parameter family psinh(z) where p > 0 is the parameter, can
be obtained from the dynamics of fy,(z). It is shown that fy, € S. By tracking the

singular values, the dynamics of f) , on the complex plane is obtained.

2.1 Basic Properties of Functions in F;

Some of the basic properties of the function fy, € F; are investigated in this section.

On the real line R, the function fy ,(7) — F00 as z — +oo and f; ,(x) = (Inb)(Ab” +

pb~*) > 0 for x € R. This implies that fy ,(r) has a unique zero z3 , = In(u/)\)/(21Inb)

Content of this chapter is published in J. Anal. (https://doi.org/10.1007/s41478-018-0153-y).
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in R. Therefore it follows that

<0 forz<uaj,,
fou(x) =0 forz =23, (2.1)
>0 forz>aj .

The following proposition shows some kind of symmetry of f, , and fy ., about the point
5'7:\,,1'
Proposition 2.1.1. Let fi,, € Fy. Then, f (2} ,+2) = —fau(2}, —2) and f3 (23, +

z) = fy (@}, — 2) for all z € C.

Proof. Observe that \b®w — b~ = 0 as 3, is a zero of fy,(z). Now for z € C,
Poa(@i, +2) + el — 2) = AN5a®2 = pb™ ™ 4 (A% — ™) = (b +
b=*)(Ab" i — pb™*Aw) = 0. Thus, fau(@y, + z) = —fA’“(x}‘w — z) for all z € C. Now
differentiating both sides with respect to z, we get f} ,(z3 , + 2) = f1 (2}, — 2) for all

z e C. O

For A =4, y=1and b = 2, the graphs of f,(z) and f; ,(z) are shown in Figure .

In this figure 23 , = —1 is the point of symmetry.

20

10 F

_10 L

-20
Figure 2.1: Skew symmetry of f ,(r) and symmetry of f}  (z) about x5 ,.

In the following proposition, it is shown that the function f,, has finite number of

singular values and hence it is in the class S.

Proposition 2.1.2. Let fy, € F,. Then, f\, has only two critical values £2i/Ap and

no finite asymptotic value.
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Proof. Observe that f} ,(2) = 0 if and only if Ab* + ub™ = 0. That is, b* = Fi\/(u/A).
Thus, the critical values of f), are £2i\/Ap. Next, we will show that f), has no finite
asymptotic value. If possible, let w* be a finite asymptotic value of fy,. Then, there

exists a continuous curve y(t), ¢ > 0 such that tlim v(t) = oo and tlim o (v(t) = w*.
—00 —00

Let v(t) = 71(t) +iv2(t) where ~,(t) and () are real functions of ¢. Then, we can write
Faw (9(2)) as

Frop (7(t)) = cos (72(t) Inb) ()\b“( pb~ 7 ) + isin (2(t) In b) ()\b“(t) + ,ub_“(t)) :

It is easy to see that |f\,(y(t))[>= (A™® + ub_“(t))2 — 4\ cos? (o(t) Ind). Since w*
is an asymptotic value, tlgélo [(Ab”’l( + pb~ ) — 4\ cos? (y2(t) lnb)} = |w*[%. This
implies 7 (t) is bounded and |y»(t)|— oo as t — oc.

Assume that ~,(t) — o0 as t — co. On the curve 7(t), choose two sequences {z,} and
{2} such that 2, = x, +i(2n7+ %) /(Ind) and 2;, = x;, +i((2n+1)7+ 7)/(Inb) for n € N
with n > ng for some nyg € N. Note that both the sequences tend to co along the curve
v(t). Clearly, fy,(z,) = (Ab"" + ub~**)i. The asymptotic value w* obtained as the limit
of fi,u(2n) as n — oo, it must be of the form w* = pi where p > 2/Apu. Again in view of
Fuu(2) = —(A\b™ + ub=*n)i, the asymptotic value w* must be of the form w* = gi where
q < —2+/Au which is not possible. So, the function fy , has no finite asymptotic value.

If 75(t) = —oo0 as t — oo, similarly it can be proved that f, has no finite asymptotic

value. This completes the proof. O

The iterative behaviour of the points which are complex conjugates to each other, is

stated in the following proposition.

Proposition 2.1.3. Let fy, € F,. Then, f} ,(2) = f)\u( z) for all z € C and for all

n € N.

Proof. We have proved this by induction principle on n. The Taylor series of fy ,(z) is

given by

[e.e]

(A — p)(Inb)>™ (A + p)(In b)?m+1
hu(z) = Z (A= win Z2m 4 Z + p)(Inb) 22mF 1 for all 2z € C.
m=0

(2m)! (2m +1)!
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Since all the coefficients of the power series of f) ,(z) are real, f,,(2) = fy.(2) for all

z € C. So, this is true for n = 1. Assume that it holds for n = k, for some k € N. That

is, fx ,(2) = f,(2). Then,

f)]f;l(z) - f)\7u (f)liu(z)) = f)\,u (f)liﬂ(z)> = .f>\7u (f,l\c,u('z)) = ,I\f,zl(z)

This completes the proof. O

2.2 Real Fixed Points of Functions in F;,

The existence of the real fixed points of fy , is investigated in this section and it is useful

to study the dynamics of f, € F.

Let hy,(x) = fau(z) —x where f) () = Ab® — pb~® for x € R and A, p are real
parameters with A > 0, g > 0. Clearly, the zeros of h, ,(z) are the fixed points of
fou(w). Tt is easy to see that hy,(z) — +oo as ¥ — +oo. Observe that h) () =
(Inb)(AD”" + ub~*) — 1 and b}, ,(z) — o0 as |z[— oo.

Further, b} ,(z) = (Inb)*(Ab* — ub~*) = (Inb)*fy () implies that A} () — oo as
x — Foo. It is worth to note that the zeros of b ,(z) and f, ,.(z) are same. So, h} ,(z)

has unique zero at © = z} ,. Thus, we can write

<0 forz<uaj,,
hy,(x)q =0 forz=2] , (2.2)
>0 forz>aj,.

In view of the fact that hY/, (3 ,) = (Inb)? (Ab"%u + pb™"3) > 0, it follows that R ()
has global minimum at z = z3 , (see Figure and bl (73 ,) = 2y/ApInb — 1.
The following proposition gives the local maxima and local minima of f ,(z) — when

the parameters A and p are such that 2¢/Aplnd < 1.

Proposition 2.2.1. Let hy ,(z) = fru(z) — x for all z € R where X and p are real
parameters with A > 0 and pp > 0. If 2¢/Aulnb < 1, then there exists z, , and x¥ , with

), <3, <y, such that the following holds.

(i) hau(x) has a local mazima at ',
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4 L
2 N\ ()
T 0
Fan(@)
5+
2
-10 : ‘ : : -4 : : : :
-2 -1.5 -1 -0.5 0 0.5 -2 -1 0 1 2 3
(a) For A=4,4=1and b=3. (b) For A\=1/4,u=1/2 and b =e.

Figure 2.2: h)\ () has minima at z = 3 ,.

1/

(i) hy,(x) has a local minima at x¥ .

Proof. Since 2¢/AuInb < 1, we have k) (3 ,) < 0. So, we conclude that k) ,(x) has only

M
two zeros, as k) ,(v) — oo for [z|— oo and hY  (z) = 0 has unique solution. Let z, , and

1 / 9 / * /!
% , be the zeros of by (z) with z , <} , <af . Thus,

>0 forx € (—o0,7) ) U (25 ,,00),
/)\u($> =0 forz= x/A,w xg,#’ (23)
<0 forzxe (xf\wl’&’,u)'

Now by (22.2), we get hY ,(z) ,) <0 and by (2} ,) > 0. Hence the function hy ,(z) has a

local maxima at %, and a local minima at z7 . O
Al A

The graphs of hy ,(z) and R} ,(v) are shown for A = 1/4, p = 1/2 and b = e in
Figure 2.3] Figure shows that h) ,(z) has local maxima and local minima at the
points x , and z , respectively.

Throughout this chapter, we denote M) , = hy . (7}, ,) and my , = hy (2} ,) whenever

2/ ApnInb < 1. Clearly, My, > my,.

Remark 2.2.1. When 24/ Aplnd < 1,

2A1Inbd

(—1—\/W) /(nb).

o The value of Ty , is given by x’/w =1In

1
Ap

(—H\/m ) /(nb).

e The value of x IAInb

. P
is given by % , =In
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Figure 2.3: Local maxima and local minima of h, ,(x) for 2¢/Aplnbd < 1.

e Local mazima M), is given by

M, , = <—\/1 — 4\u(Inb)? — In (1 — 12;13“(111 b)2>> /(Inb).

e Local minima my , is given by

My = ( 1 — 4 u(Inb)? — In (1 i g;;ﬁ;}ﬂ(ln b)2>> /(Inb).

The existence and nature of the real fixed points of the functions in the family F, are

investigated in the following theorem.

Theorem 2.2.1. Let f) ,(x) = \b* — ub™" for x € R where X\ and p are real parameters

with A >0 and p > 0.
(a) If 2¢/Aplnb > 1, then fy,.(z) has a unique repelling fized point vy, (say).

(b) If 2¢/Aplnb = 1 and X\ = p, then f,(x) has a unique rationally indifferent fived

point 0.

(¢) If 2¢/Apulnb = 1 and X # p, then fy,(x) has a unique repelling fized point ry,
(say).

(d) If 2y/ApInb < 1 and My, < 0, then f,.(x) has a unique repelling fized point ry ,

(say) with Ty, >z .
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(e) If 24/ Aplnb < 1 and my, > 0, then f,(x) has a unique repelling fixed point ry ,

(say) with vy, <z ,.

(f) If 2/Aplnb < 1, My, > 0 and my, < 0, then f ,.(x) has two repelling fized points
M Thyu (8ay) and an attracting fived point ay, (say) with 1 , < ) , < ax, <
Ty, <X

(g9) If 24/ ApInb < 1 and My, = 0, then f,(x) has a rationally indifferent fixed point

/

W

and a repelling fized point vy, (say) with vy, > 2% ,.

(h) If 2/ Aplnb < 1 and my, = 0, then f,(x) has a rationally indifferent fized point

%, and a repelling fived point 75, (say) with ry, <z .

Proof. Set hy ,(x) = f\u(z) —x for x € R.

(a) Case: 2¢/Aplnb > 1

If 2/ Aulnb > 1, then A} ,(x) > by (x5 ,) > 0 for all z € R. So, the function hy ,(z) is
strictly increasing. Therefore hy ,(x) has a unique zero 7y, (say). Hence f),(z) has a
unique fixed point ry ,. So,

<0 for x <ry,,
hyu(x) s =0 forx =ry,, (2.4)
>0 forx >ry,.

Now R ,(7x,) > 0 implies f} (rx,) > 1. Hence ry , is the repelling fixed point of f) ,(z)
for 2¢/Aplnb > 1.

In Figure 2.4] ), is the repelling fixed point of fy,(z) for A =4, =1 and b = 3.
Here A, 1 and b satisfy 2v/Aplnd > 1.
(b) Case: 2y/Aulnb=1and \ = p
Clearly, 23 , = 0 as 2y/Aulnb = 1 and X\ = p. Then hyx(0) = 0 and 7} ,(0) = 0 which
implies fxA(0) = 0 and f},(0) = 1. Hence 0 is a rationally indifferent fixed point of
Far(z).

Therefore,

<0 forax <0,
hax(x)q =0 forz =0, (2.5)
>0 for x> 0.
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-10 ‘ ‘ ‘
-2 1.5 1 0.5 0

Figure 2.4: Repelling fixed point of f, when 2y/AuInb > 1.

In the following figure fixed point of f ,(z) is shown for A\ =y =1/2 and b =e. In

Figure , the origin is the rationally indifferent fixed point of fj x(x).

15

10 -

-3 -é -‘1 6 ‘i é 3
Figure 2.5: Rationally indifferent fixed point of f) , when 24/Aulnb =1 and A = p.

(c) Case: 24/Aulnb=1and X # pu
If 2y/Aulnb =1 and A # p, then a3 , # 0, hy (23 ) = —23 , # 0 and b}, (23 ,) = 0. So,

A

3, is not a fixed point of fy ,(z). Therefore, there exists 7y, € R such that

<0 foraxz <ryy,,
hau(z)§ =0 forx=r)y,, (2.6)
>0 for x>y,

So, 7, is a fixed point of fy . (z). Now R} ,(ry,) > ) (23 ,) = 0 implies f} ,(rx,) > 1.
Hence 7y, is a repelling fixed point of f ,(z) completing the proof of (c).

In Figure , the repelling fixed point of f) ,(x) is shown for A = 1, 4 = 1/4 and
b=e. Here 2/Aulnb =1 and X\ # p.
(d) Case: 2¢/Aulnb <1 and M,, <0
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27 Foau(x)

3 2 1 0 i
Figure 2.6: Repelling fixed point of f,, when 2\/Aulnb =1 and X # p.

If 2¢/ApInb < 1 and M), <0, by using (2.3), we get hy ,(z) < 0 for all x < 2} . Notice

that hy ,(z) is strictly increasing for z > 2 , and h, ,(x) = oo as x — oco. So, hy ,(2)

S

has a unique zero at ry , (say) with ry, > 2% . Therefore,

<0 forxz <ry,,
hyu(z) ¢ =0 for xz=ry,, (2.7)
>0 forxz >ry,.

Thus, ry, is the only fixed point of fy,(z). By (2.3), Ry . (rau) > 0 and consequently
fau(ray) > 1. Hence, ry , is the repelling fixed point of f) ,.(z).

In Figure T is the repelling fixed point of f ,(x) for A = 1/4, p = 1/2 and
b =e. Here A\, u and b satisfy 2¢/Aulnb < 1 and M, , < 0.

2 1 0 1 2 3
Figure 2.7: Repelling fixed point of f,, when 2y/Aulnb < 1 and M, , < 0.

(e) Case: 2¢/Aplnb <1 and my, >0
If 2y/ApInb < 1 and my , > 0, then by using (2.3), hy,(x) > 0 for all z > 2 . Since

hau(z) is strictly increasing for z < ), , and hy ,(z) — —o0 as z — —o0, it follows that
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hyu() has a unique zero 7y, (say) with ry , <z} ,. Thus,

<0 for x <ry,,
hyu(x) ¢ =0 forx=ry,, (2.8)
>0 forx >ry,.

By (2.3), b\ ,(rxu) > 0 and consequently f3 ,(rx,) > 1. Therefore, ry, is the repelling

fixed point of f ,(z).
For A = 1/2, p = 1/4 and b = e, the repelling fixed point of f),(z) is shown in
Figure . Here A, p and b satisfy 2v/Apulnb < 1 and m, , > 0.

4
2 L
Frn(x) -
-6 w w w w
-3 -2 -1 0 1 2

Figure 2.8: Repelling fixed point of f, when 2\/Aulnb < 1 and m, , > 0.

(f) Case: 2/ Aulnb < 1, My, >0 and my, <0
If 2¢/Aulnb < 1, My, > 0 and my , < 0, then hy ,(z) has only three zeroes 1 ,, ry , and

: / / /" 7
ax, (say) with ry <o  <ay, <z}, <7y, So,

< 0 fOT xr € (—OO, T;,u) U <a>\n“" r/)(uu)7
hau(z) =0 for x = ayy, r&,u and Y, (29)
>0 forzx € (Ti\,,u’ a)x,,u) U (Ti\/,,u’ OO)

Now by ([2.3), k) ,(r%,) > 0 and A} ,(r%,) > 0. This gives that f} ,(ry,) > 1 and
fau(ry,) > 1. Thus, ry , and 7§ , are repelling fixed points of fy,(z). Again, by [2.3),
Ry u(ax,) < 0 implies 0 < f1 (ax,) < 1. Hence ay, is the attracting fixed point of
fru(x), completing the proof of (f).

For A = 1/4, p=1/8 and b = e, the fixed points of fy,(x) are shown in Figure [2.9]
Here A, p and b satisfy 2y/Aplnb < 1, M, , > 0 and m, , < 0. In this figure, r;# and

r,, are repelling fixed points, and a, , is the attracting fixed point of fy (7).
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15

10 -

-4 -2 0 2 4

Figure 2.9: Three fixed points of fy, when 2/Aplnb <1, M, , > 0 and m, , < 0.

(g) Case: 2y/Aulnb <1 and M, , =0

Note that hy (2} ,) = 0 and R} (@) ,) = 0 as 2y/Aulnb < 1 and M, , = 0. This implies
faou(@y,) = 2, and f{ (2 ,) = 1. So, ) , is a rationally indifferent fixed point of
fou(x). Observe that hy,(z) < 0 for z € (—oo,a) ] \ {7} ,}. Since h) () is strictly
increasing for z > z% , and hy ,(7) — 0o as x — oo, it follows that hy ,(z) has a unique

zero 1y, (say) in (7} ,,00). So,

<0 forz € (—o0, x’/\u) U (a;’ML, Tau)s
hau(x) § =0 for z =) , and r),, (2.10)
>0 forx>r),
Now by (2.3), Iy ,(ra.) > 0 gives f3 ,(rx,) > 1. Therefore, 7y, is a repelling fixed point
Of f)\”u(l’).

For A =1/6, u =2/5 and b = e, the fixed points of f) ,(x) are shown in Figure 2.10}
Here A\, p and b satisfy 24/Aplnb < 1 and M, ,, = 0. In Figure , rx, is the repelling
fixed point and z, , is the rationally indifferent fixed point of f, (7).

(h) Case: 2y/Apulnb <1 and my, =0

Clearly, hy,(x},) = 0 and h) () ,) = 0 as 2y/Aulnb < 1 and m,, = 0. Thus,
fau(@y,) = o), and f} (25 ,) = 1. Hence Y , is a rationally indifferent fixed point
of fau(z). It is easy to see that hy ,(x) > 0 for x € [z} ,,00) \ {z} ,}. Note that hy ,(z)

o : : , : ,
is strictly increasing for x < ) , and hy ,(z) — —o0 as * — —o0. So, in (—o0, 7} ), the
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10

2 0 2 4
Figure 2.10: Two fixed points of fy, when 2/Aplnb <1, M, , = 0.

function hy ,(x) has a unique zero say ry ,. Thus,

<0 for xz <ry,,
hau(r) ¢ =0 forz =17, and 2} , (2.11)
1 "
>0 forxe (r,\#,x)w) U (2} ,, 00).

By (2.3), b ,(ra) > 0 and hence f3 ,(rx,) > 1. Therefore, 7, is a repelling fixed point
of fi,(x). This completes the proof.

For A =2/5, 4 =1/6 and b = e, the fixed points of fy ,(x) are shown in Figure .
Here A, p and b satisfy 2¢/Aulnb < 1, my,, = 0. In Figure , 7, 1s the repelling fixed

point and z% , is the rationally indifferent fixed point of fy .(z). ]

4

| frou(z)

HU‘ f’—"

1
Ty

oW ‘ ‘ ‘
-3 -2 -1 0 1 2

Figure 2.11: Two fixed points of fy, when 2/Aplnb <1, m,, = 0.

2.3 Dynamics of f), on the Real line R

In Section [2.2] the real fixed points of fy, are determined. In this section, the dynamics

of fx, on the real line R, is studied with the help of the nature of the real fixed points.
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The dynamics of fy, € F, on the real line is established in the following theorem.

Theorem 2.3.1. Let f) ,(xz) = A\b* — ub™" for x € R where X\ and p are real parameters
with A > 0 and p > 0. Then the following holds.

(a) If 2¢/Aulnb > 1, then f{,(z) = 00 asn — oo for x > 1y, and f},(v) — —oc0 as

n — 00 forx < ry,.

(b) If 24/ Aulnb =1 and A = p, then f{,(x) — 00 asn — oo for x >0 and f{,(z) —

—00 as n — oo for x < 0.

(¢) If 2¢/ApInb = 1 and X # p, then f} (vr) — 00 asn — oo for x > ry, and

fru(x) = —00 as n — oo forx <1y,

(d) If 2¢/Aulnb < 1 and My, < 0, then f3 (z) — oo as n — oo for x > ry, and

fru(x) = —00 as n — o0 forx <1y,

(e) If 2¢/ApInb < 1 and my, > 0, then f3 (z) — o0 as n — oo for x > 1y, and

fru(x) = —00 as n — 0o forx <1y,

(f) 1If 24/ Aulnd < 1, My, > 0 and my, < 0, then f} (¥) — oo asn — oo for

x>y, fr(x) = =00 asn = oo forz <7y, and f}, (r) = ar, asn — oo for

(9) If2¢/Aulnb < 1 and My, = 0, then f (r) — o0 asn — oo forx > 1y, f3,(z) —

—00 asn — o0 forx <, and f{ (r) =2, asn— oo forx € [T} ,,TAu).

(h) If24/Aulnb < 1 and my , =0, then f} ,(x) = 00 asn — oo forx > ¥ ,, f (2) —

—00 asn — 00 for x <ry, and f/{‘u(x) — xi{}u asn — oo forx € (T,\#,x’)(#}.
Proof. (a) Case: 2y/Aulnb > 1
If 2¢/Aulnb > 1, by Theorem [2.2.1)(a), fy,.(z) has a repelling fixed point ry,. By using

(24, fru(z) > 2 for & > ry .. Since fy,(v) is strictly increasing, the sequence {f} ,(v)}

is monotonically increasing and not bounded above for z > r, ,. Therefore, f}  (z) — oo

as n — oo for all x > 7y ,.
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Again by (2.4)), fiu(z) < z for © < ry,. As f\,(z) is strictly increasing, the se-
quence {f} ,(x)} is monotonically decreasing and not bounded below for x < ry ,. Thus,
fru(x) = —ocoasn — oo for all & <7y .

(b) Case: 2/ Aulnb=1and A\ =

If 2y/Aulnb =1 and A\ = y, by Theorem [2.2.1{(b), 0 is a rationally indifferent fixed point
of fax(z). If z > 0, by (2.5), far(z) > z. Since fyn(z) > z for all z > 0 and [y, is
strictly increasing, the sequence {f{,(z)} is monotonically increasing and not bounded

above for z > 0. Thus, f3,(x) — co as n — oo for all x > 0.

Again by (2.5), fax(z) < @ for z < 0. Since fy »(z) is strictly increasing, the sequence
{fXA(x)} is monotonically decreasing and not bounded below for x < 0. Therefore,
fia(x) = —oc0 as n — oo for all z < 0.

(c) Case: 2y/Aulnb=1 and \ #

If 2¢/Aplnb =1 and X # i, by Theorem (c), fru(x) has a repelling fixed point 7 ,.
By (2.6), it follows that fy,(z) > @ for © > ry,. As fy,.(z) is strictly increasing, the
sequence {fy ,(z)} is monotonically increasing and not bounded above for z > ry . So,

SR (x) — oo as n — oo for all & > 7y,

Again by ([2.6), we get fy.(x) < x for # < r),. Therefore, the sequence {f} ,(z)} is
monotonically decreasing and not bounded below for x < ) ,. Thus, f{ (z) — —oo as
n — oo for all x <7y ,.

(d) Case: 2¢/Aulnb <1 and M,, <0

If 2y/Aulnb < 1 and M, , < 0, by Theorem (d), fru(x) has a repelling fixed point ry ,
with ry, > 2% ,. By 2.7), fau(z) >z for £ > ry,. Also f3 ,(x) > 1 for x > ry,. Thus,
the sequence {f} (7)} is monotonically increasing and not bounded above for z > 7y,
and hence f} () — o0 asn — oo for all & > 1) .

Again by [2.7), fau(z) < x for x < r,,. Since fy,(z) is strictly increasing, the
sequence { f},(7)} is monotonically decreasing and not bounded below for < ) ,. This

gives that f} () — —oo asn — oo for all z < 1),

(e) Case: 2¢/Aplnb <1 and my, >0
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If 2¢/ApuInb < 1 and my, > 0, by Theorem ( ), fru(x) has a repelling fixed point
P With ry, <) . If @ > ry, by using (2.8), fou(x) > x. Since fy () is increasing,
the sequence {f},(z)} is monotonically increasing and not bounded above for x > ry .

Thus, f3,(z) = o0 as n — oo for all x > ry .

Again by [2.8), fau(z) < z for < ry,. Also fiu(@) > 1for x < ry,. Therefore,
the sequence {f{,(z)} is monotonically decreasing and not bounded below for x < ry .
Therefore f},(z) — —o0 as n — oo for all & < ry .

(f) Case: 2y/Apln <1, My, >0 and m,, <0

If 2/ Apln < 1, My, > 0 and my, < 0, by Theorem ( ) fau(x) has two repelling

fixed points 7 ,, ry , and an attracting fixed point ay,, with r} <z} , <ay, <z, <

"
If 2>y, by 29), fau(z) > . Since f§ () > 1 for z > r{ ,, the sequence {f} ()}

is monotonically increasing and not bounded above for z > r{ . So, f} M(x) — 00 as

n — oo for all z > rf{ |

Again by (2.9), fu(z) <z for z < 7 .- In view of the fact f} () > 1forz <7} ,, it
follows that the sequence {f} ()} is monotonically decreasing and not bounded below.
Thus, f3 () = —oo0 as n — oo for all x <7 .

If z € (r},,axu), by (2.9), we have fy,(z) > 2. Thus, we have |fy,.(z) — ax,|<
|z — ay,| for x € (r) ,;axn,). Also, if x € (ax,, 75 ,), by [2:9), fru(z) < x gives 0 <
Pou(®) —ax, <z—ay,. Thus, [fy,(z) —axu|< |z —ay,lforr) , <z <71} andx # ay,.
Hence, f{ ,(z) = ax, as n — oo for all z € (r) ,, 7} ).

(g) Case: 2y/Aulnb < 1and My, =0
If 2y/Aulnb < 1 and M, , = 0, by Theorem 2.2.1(g), f\,.(z) has a rationally indifferent
fixed point 7, , and a repelling fixed point ) , with 7, > ¥ .

If © > ry,, by 2.10), fou(z) > z. Observe that fiulz) > 1for x> ry,. So, the

sequence { f3 ,(7)} is monotonically increasing and not bounded above for > ry ,. Thus,

fru(x) = 00asn — oo forall z > 1y,

Again by (2.10), fru(z) <z for z < ) - In view of the fact f} () > 1forz <z ,
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it follows that the sequence {f} ,(x)} is monotonically decreasing and not bounded below.
Thus, f3,(z) = —oc as n — oo for all x < 2, .

If x € (2} ,,7au), by ([2.10), fau(z) < z gives fy,u(z) — ), <z —x) ,. Thus, we have

|fau(x) =2\ < |z — 2 | Hence f3 (v) — 2} , asn — oo for all ¥ € [x) ,, 75 ).

(h) Case: 2y/Aulnb < 1andmy, =0

If 2y/Aulnb < 1 and my, = 0, by Theorem 2.2.1(h), f\,.(z) has a rationally indifferent
fixed point zj , and a repelling fixed point 7y, with ry, <z ,.

If z >z ,, by [213)), fru(z) > z. Since fiulz) > 1 for z > 2y ,, the sequence
{f%,.(z)} is monotonically increasing and not bounded above for x >z . So, f3 ,(z) —
oo as n — oo for all z > zf |

If # < 7y, by 2.11), fiu(z) < z. Since fiu(@) > 1 for x <1y, it follows that the
sequence { f} ()} is monotonically decreasing and not bounded below. Thus, f (z) —
—o0 as n — oo for all x < ry,.

If 2 € (rap 25,), by @.10), fau(z) > @ implies fy,(z) — 25, >« — 2} ,. Thus, we
have |fy .(z) — 23 |< |z — 2} ,|. Hence f{,(z) = 25 , as n — oo for ¥ € (ry,, 2} ,]. This

completes the proof. O

2.4 Complex Dynamics of Functions in F;

The complex dynamics of fy , € F; for certain cases is investigated in this section.

2.4.1 Dynamics of f) , in case of Real Attracting Fixed Point

The function fy , has a real attracting fixed point if 2¢/Aulnbd < 1, M, , > 0 and m, , < 0.
Also if 2y/Aplnb < 1, My, > 0 and my, < 0, by Theorem 2.2.1{f), f., has two real
repelling fixed points 7 , and ry , with r} , < ay, <7, where a, , is the real attracting
fixed point. Then, the basin of attraction A(ay ) of the real attracting fixed point ay , is
defined as

Alary) ={2€C: f}, (2) = ar, as n — oo}

Remark 2.4.1. If 2/Aplnb <1, My, > 0 and m,, <0,
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e By Theorem (2.3.1\(f), f{,.(x) = ax, asn — oo forx € () ,,7% ). Thus, the basin

of attraction A(ay,) contains the interval (1 , 7% ,) in the real line R.

e Observe that fx, (ar, +i22%) = ax, for n € Z. Hence the basin of attraction

A(ay,,) is unbounded.

In the following proposition, the fate of forward orbits of all the singular values of fy ,

is described for 24/A\plnb < 1, My, > 0 and m, , < 0.

Proposition 2.4.1. Let A(ay,) be the basin of attraction of the real attracting fized
point ay,, of fx, for 24/ Aplnb <1, My, > 0 and my, < 0. Then, the basin of attraction

Alay,,) contains all the singular values and their forward orbits.

Proof. By Proposition [2.1.2] the function f; , has only two singular values +2i\/Ap. By
Theorem the basin of attraction A(ay,) contains at least one singular value. Let w
be a singular value that is contained in the basin of attraction A(a, ,). Then, the singular

values of fy, are w and w. Now f{ (w) — ax, asn — oo, since w € A(ay,). This

implies f7,(w) — @, = ay, as n — oo. By Proposition 2.1.3, f¢ (w) = f},(w) for all

n € N. Therefore, it follows that f (@) — ay, as n — oo. Thus, w € A(ay,). This

completes the proof. O

The following theorem shows that the Fatou set of f) , is the basin of attraction A(ay )

for 2¢/Apulnb < 1, My, > 0 and m, , < 0.

Theorem 2.4.1. Let A(ay,) be the basin of attraction of the real attracting fized point
axyu of fau for 24/Aulnb < 1, M, , > 0 and my, < 0. Then, the Fatou set of f\, is

equal to the basin of attraction A(ay,,).

Proof. The Fatou set of f), has no basin of attraction other than A(a,,). If possible,
let A(z),) be a basin of attraction of the attracting periodic point zy, # a,,. Clearly,
A(zxu) N A(ay,,) is an empty set. Then, by Theorem [1.5.3] A(z,,) contains at least one
singular value. This contradicts Proposition that A(ay,) contains all the singular

values and their forward orbits.

TH-2321_ 136123003



40 Chapter 2

The Fatou set of f), cannot contain a parabolic domain. If the Fatou set of f,,
contains a parabolic domain P, then P must contain a singular value (see Theorem [1.5.3)),

which contradicts Proposition [2.4.1]

Again the Fatou set of f), cannot contain Siegel disks. If U is a Siegel disk, then by
Theorem [1.5.3] the boundary of U is contained in the closure of the forward orbits of the
singular values of f). But by Proposition [2.4.1] all the singular values and their forward

orbits are contained in A(a, ,), giving a contradiction.

By Proposition 2.1.2] fy, has only two singular values. So the function fy , is in the

class §. By Theorems [I.5.1 and [I.5.4] the Fatou set of fy, does not contain wandering

domains and Baker domains.
So, all possible Fatou components other than A(a, ) is excluded. Thus, the Fatou set

of fi, is A(ax,). O

The basin of attraction of fy, is shown in Figure when A = 1/4, u = 1/4 and
b = e. In this figure, the points for which the forward orbits are attracted by the attracting

fixed point are colored in black color.

® & AN ONSO ®

Figure 2.12: Basin of attraction in the Fatou set of fy, when 2/Apulnb <1, M, , > 0
and my , < 0.

Remark 2.4.2. When 2/ Aplnb < 1, My, > 0 and m,, < 0, the following may be

noted.

o If 2 € A(anry), then f{,(2) — ax, by definition of the basin of attraction. This

gives f{,(2) = @x, = ax,. Now by using Proposition |2.1.5, f} (Z) — ay, and
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consequently z € A(ax,). Thus, z € A(ay,) implies Z € A(ay,). So, the Fatou set

Alay,,) is symmetric with respect to the real line R.

e Since fy, is transcendental entire, the Fatou set A(ay ) has at most one completely

invariant component [14)].

e Since fy, € B is transcendental entire, by Proposition 3 of |37/, all the components

of A(ay,) are simply connected.

2.4.2 Dynamics of f) , in case of Real Rationally Indifferent Fixed
Points

When 2/Aplnb = 1 and A = p, the parabolic domain P = P(0) corresponding to the

real rationally indifferent fixed point 0 is defined as
P=P(0):={z€C: f{,(2) > 0asn — oo}.

Similarly, if 24/ApuInb < 1 and M, ,, = 0, then the parabolic domain P = P(x’/\ju) corre-

sponding to the real rationally indifferent fixed point z, , is defined as
P=P(x),)={2€C: f},(2) = 2} ,as n— oo}.

Similarly, if 2¢/AuInbd < 1 and my, = 0, then the parabolic domain P = P(xY ,) corre-

sponding to the real rationally indifferent fixed point z ., 1s defined as
P =P ,):={2€C: f{,(2) = 2}, asn— oo}

Remark 2.4.3. o If 2/ Aulnb =1 and X\ = pu, by Theorem |2.3.1/(b), the origin lies

on the boundary of the Parabolic domain P(0).

o If2\/Aulnb <1 and My, =0, by Theorem (g), the Parabolic domain P(x), )

contains the interval [z} ,,7x,) on the real azis.

o If2/Aplnb <1 and my, =0, by Theorem (h), the Parabolic domain P(xY )

contains the interval (ry .,y ,| on the real azis.
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The dynamics of fy, € F; for the above cases is similar to the dynamics of f ,(2) for
2y ApInb < 1, My, > 0 and m, , < 0 except that instead of the basin of attraction as its
Fatou set for 2/Aplnb < 1, My, > 0 and m, , < 0, a parabolic domain corresponding

to the real rationally indifferent fixed point, is its Fatou set.

Theorem 2.4.2. Let P be the parabolic domain corresponding to the real rationally in-
different fized point of fx, for any one of these cases (i) 24/ Aplnb =1 and X\ = p, (i)
2v/Anlnb < 1 and My, = 0 and (iii) 24/ Apulnb < 1 and my,, = 0. Then, the parabolic
domain P contains all the singular values and their forward orbits and P is equal to the

Fatou set of fi,-

Remark 2.4.4. When the parameters N\ and p satisfy any one of the conditions (i)
2/ plnb = 1 and X = p, (i) 2/Aplnb < 1 and My, = 0 and (i3) 2/ Aplnb < 1

and my , = 0,
e By Proposition the Fatou set P is symmetric with respect to the real axis.

e The Fatou set P has at most one completely invariant component as f», is tran-

scendental entire.

e Since fir, € B is transcendental entire, all the components of P are simply con-

nected.

In this chapter, we have described the dynamics of fy , for the cases (b) 2¢/Aplnb =1
and A =y, (g) 2¢/Apulnb < 1 and M, , = 0 and (h) 2¢/Aplnb < 1 and my, = 0. In
the remaining cases, the Julia set contains the real line R, equivalently the Fatou set is

disconnected if it is non empty.
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CHAPTER 3

DYNAMICS OF TWO-PARAMETER FAMILY OF
HYPERBOLIC COSINE LIKE FUNCTIONS

Thq dynamics of transcendental entire functions in two-parameter family
G ={gapu(2) =A0°+pub “forz€ C: X > > 0}

is studied in this chapter where b > 1. The dynamics of one-parameter family of functions
E\(z) = Ae? for A > 0, is mainly studied by Devaney. The Julia set J(E)) changes
from a nowhere dense subset of C to the whole of extended complex plane when the
parameter A increases through the value 1/e. We prove that a similar kind of bifurcation

occurs in the dynamics of functions in G, when the parameters A and p are such that

tap=+vV1+4u(Inbd)?—In (H— MW) increases through the value 0. The function

2XInb

g, has two critical values and no finite asymptotic values. Clearly, g, is in S, the class
of entire or meromorphic functions having finitely many critical and asymptotic values.
The change in the dynamics of two-parameter family G, is investigated in this chapter.
Also certain properties of the Fatou set of g, , are proved. If A = p = 1/2 and b = e,
then g, ,(z) = cosh(z). So, the dynamics of cosh(z) can be obtained from the dynamics
of gx,(z). The dynamics of one-parameter family of functions pcosh(z) where p(> 0) is
the parameter, can be deduced from the dynamics of gy ,(z) by choosing A = u = p/2

and b = e.

Content of this chapter is published in J. Math. Anal. Appl., 469 (2019), 1070-1079.
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3.1 Basic Properties of the Functions in G,

In this section, some basic properties of the functions in G, are established which are
useful to study the dynamics. The function gy ,(2) = Ab* + pb~* is periodic of minimal
period (27i/Inb). Since g ,(z) involved with a multiple-valued function, throughout this
chapter, for the function g, , € Gs, the principal branch of log is taken so that g, , becomes
an entire function.

On the real line R, the function gy ,(x) is positive and g, ,(z) — oo as |z|— oo.
Observe that g} ,(z) = (Inb)(Ab* — ub=*) for x € R. Clearly, ¢} ,(z) — +00 as x — Fo0.

Since g5 ,(z) = (Inb)*(Ab* + pub™") > 0, it follows that g} ,(z) has a unique zero at

0
A

0

A and the minimum

x3 , = In(p/N)/(2Inb). Thus, gy ,(z) has a unique minimum at =

value is gx (23 ,) = 2v/Ap. Thus gy, maps real line R onto [2y/As, 00).
In the following proposition, it is shown that the functions gy, and g ., have some

sort of symmetry about 5 .

Proposition 3.1.1. Let gy, € Gy. Then g (2% ,+2) = ga (2}, —2) and gy (23 ,+2) =
—gh (2%, — 2) for all z € C.
0

A

g)““(x())\?u + Z) — g)\ﬂu(ﬂf?\# = Z) = Abzg,;nLZ + /Lbiwg,ufz _ ()\bx(/)\,ufz + /}Lb*Ig,erZ) = (bZ —

Proof. Since xy , is a zero of g} ,, we have b n — pb_‘rg!u = 0. Now for all z € C,
b_z)()\bx%u—ub_mgvu) = 0. Thus, g (2} ,+2) = gau(2 ,—2) forall z € C. Differentiating
both sides with respect to z, it yields g} (23 , + 2) = —g4 . (2}, — 2) for all z € C. This

completes the proof. O

For A =4, =1 and b = 2, the graphs of gy ,(z) and g} ,(z) are shown in Figure .
In this figure 2§ , = —1 is the point of symmetry.
The singular values of gy, are given in the next proposition. The function gy, has

two critical values and no finite asymptotic value.

Proposition 3.1.2. Let g\, € Gy. Then gy, has only two critical values £2/A\ji and no

finite asymptotic value.
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-20

4 3 2 0 { 2
Figure 3.1: Symmetry of g, ,(z) and skew symmetry of g} ,(z) about x(/{’#.

Proof. Observe that g, ,(2) = 0 if and only if \b* — ub~* = 0. That is, b* = £/(1/A).
Hence the critical values of gy ,(z) are £2y/Au. Now, we claim that g, , has no finite
asymptotic value. If possible, let w* be a finite asymptotic value of g, ,. Then, there
exists a continuous curve (t), ¢ > 0 such that tli)r?o v(t) = oo and tlggo I (Y(t) = wr.

Let v(t) = 71(t) + iv2(t) where 4 (t) and »(t) are real functions of ¢. We can write
9an (1(8)) = cos (a(t) In ) (A 4 b1 L sin ((£) Ind) (O — puy=0)

Clearly, it follows that |gy,(v(t))[*= (Ab7® —I—,ub_“(t))2 — 4\psin® (o(t)Inb). Now
Jim [()\bm(t) + Iub—vl(t))Q — 4 psin? (75(t) In b)} = |w*|?, since w* is an asymptotic value.
This implies that 7, (¢) is bounded and |y5(t)|]— oo as t — oc.

Assume that y2(t) — oo as t — 0o. On the curve 7(t), we are choosing two sequences
{z,} and {z] } such that z, = z,+i(2n7)/(Inb) and 2/, = 2/ +i((2n+1)7)/(Inb) forn € N
with n > ng for some ng € N. Note that both the sequences tend to oo along the curve ().
Clearly, g .(z,) = (Ab™ + pb™®) > 2y/ A and gy, (z) = —(Ab* + pub™2) < —2/Ap.
So, w* to be an asymptotic value of g, ,, tllglo gxp (7(t)) must exist which is not possible
for the above choices of curves (t).

Again, if y9(t) — —o0 as t — o0, it can be proved that tlim gxp (7(t)) does not exist.
—00

Thus, g ,(z) has no finite asymptotic value. O

In view of Proposition the function g, , is in the class S.

The iterative behaviour between the complex conjugate points is shown in the following
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proposition which is useful to determine the symmetry of the Fatou set about the real

line R.

Proposition 3.1.3. Let gy, € Gy. Then for alln € N,

Iru(2) = 93 ,(2) (3.1)

holds for all z € C.

Proof. To prove this proposition, we apply induction principle on n. The Taylor series of

g,\,ﬂ(z) can be expressed as

(e.9]

F( ) 1 b (A — p)(In b)?m+1
Du(z) = g (A ,u)( - 22" 4 E DIGL) 22"+ for all 2z € C.
m=0

2m+1

Notice that gy ,(Z) = g u(2) for all z € C, as all the coeflicients of the power series are
real. Thus, (3.1) is true for n = 1. Assume that (3.1]) is true for n = k, for some k € N.
That is, g} ,(2) = g% (). Then

9512 = rn (95,(2)) = 9 (95,2)) = 90 (45,02)) = ().

Therefore, (3.1) is true for n = k + 1. This completes the proof. n

Proposition 3.1.4. Let gy, € Gy. Then, gx,(x) > gx,(—x) for all x > 0.

Proof. Observe that gy ,(z) — gxu(—2) = (A — p)(b* — b7%) for all z € R. Since A > p, it

follows that gy ,(x) > gx.(—2z) for all z > 0. O

The following theorem is a consequence of Proposition and Theorems [1.5.1
and [L.5.4]

Theorem 3.1.1. Let g, € Gy. Then, the Fatou set of gy, does not contain wandering

domains and Baker domains.
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3.2 Real Dynamics of the Functions in G,

In this section, the dynamics of g, € G, on the real line R is obtained by investigating
the nature of the real fixed points of gy ,. We find that a saddle-node bifurcation occurs in
the dynamics of gy () whenever A and y satisfy /1 + 4\u(Inb)2 = In (W)

Define hy () = gru(x) — x where gy ,(z) = Ab* + pb™" for v € R and A, p are real
parameters with A > p > 0. Clearly the zeros of hy ,(z) are the fixed points of gy ,(z).
Note that hy ,(z) — oo as |z[— oo. Observe that h) ,(r) = (Inb)(Ab* — pub™®) — 1 and
R} () — £o0 as x — +oo.

In view of Ay ,(x) = (Inb)*(Ab® 4 ub=*) > 0, it follows that h) ,(z) has a unique zero

at

e = \ oo I b

. ( 1 ) (1+\/1+4)\u(lnb)2>
So, the function hy ,(z) has a global minimum at z3 , and the minimum value is

hag(3,,,) = <ﬁ) 1+ Du(inb) — In (1 + V14 4Au(ln b)2>] ,

2A1Inb
Throughout this chapter, let ¢, , denote

14 /144 p(In b)?
tap = \/1+4)\u(lnb)2—ln< i + u(ln b) )

2X\Inb
Note that,
<0 forz<uaj,,
by, (r)s =0 forz=a3 , (3.2)
>0 forz > a3,
Observe that g} ,(z3 ,) = 1. Also there exists a unique z = z}", such that ¢} ,(z3}",) = —1,

since g} () is strictly increasing and g} ,(z) — F00 as ¥ — Foo. This x}", is given by

**_(1)1n<—1+m).

M \Inb 2\ 1nb
In the following theorem, the existence and nature of the real fixed points of gy, are

established.

Theorem 3.2.1. Let gy, (x) = Ab* + ub™" for x € R where X and pv are parameters with

A>u>0.
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(a) If ty, <0, then gx,(x) has a repelling fixed point ry , (say) and an attracting fized

point ay , (say) with ay,, < T3, < T
(b) If tr, =0, then g ,(x) has a unique rationally indifferent fized point x3 .
(c) Iftx, >0, then gy ,(x) has no fized points.

Proof. Set hy,(z) = gru(z) —x for z € Rand A > p > 0.
(a) Case: t), <0
Note that hy (23 ,) <0, since ¢y, < 0. This implies that h, ,(x) has only two zeros ay ,

and T,\yu(say) with ay, < xi,u < 7). Thus,

>0 forz € (—o0,ay,) U (r\,u,00),
hau(z) < =0 for x =ay, or ry,, (3.3)
<0 for z € (aru,rapu)

So, ay, and 7, are the fixed points of g .(z). Now by (3.2), A} ,(rx,) > 0 which gives
9\, (rau) > 1. Thus, ry, is a repelling fixed point of gy ,(z). Now R}  (z) is strictly
increasing and ay, < z3, implies ) (ax,) < B}, (23,) = 0. Thus, g} ,(ar,) < L.
Observe that ay, > 23 ,. Now, g} ,(ax,) > g3 (2% ) = 0, as g} () is strictly increasing.
Thus, 0 < g} ,(ax,) < 1 for t), < 0. Hence ay, is an attracting fixed point of gy ,(z).
This completes the proof of (a).

In the following figure, the fixed points of g ,(z) are shown for A =1/4, p = 1/8 and

b= e. In Figure[3.2] ay, is the attracting fixed point and r , is the repelling fixed point.

N W A~ OO

—_
T

Figure 3.2: Two fixed points of gy ,(z) when ¢, , < 0.
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(b) Case: ty, =0

If t, = 0, then hy (23 ,) = 0 and A} (23 ,) = 0. This implies gy ,(z3 ,) = 23, and
95\, (23 ,) = 1. So, x5 , is a rationally indifferent fixed point of gy .(z). Now hy ,(z) >
hau(xy,) = 0 for x # x5 ,. Thus, hy ,(z) has no zero other than z3 ,. Hence gy ,(z) has

only one fixed point at = 3 .

In Figure , 3 , is the rationally indifferent fixed point of gy ,.(z) for A = p = 1/3.018

and b = e.

2.5

2 L
1.5+

1 x*

o u(T) A
0.5 f
y=x
0 - L L
0 0.5 1 1.5 2

Figure 3.3: Rationally indifferent fixed point of gy ,(z) when ¢, , = 0.

(c) Case: ty, >0
If £y, > 0, then hy ,(x) > hy (2} ) > 0 for all z € R. Thus hy ,(z) has no zeros and
consequently g ,(z) has no fixed points. This completes the proof of the theorem.

In Figure it is shown that the function g ,(z) has no fixed points for A = 1,
p=1/4and b=e. O

Figure 3.4: No fixed points of gy ,(z) when ¢, , > 0.
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The dynamics of gy, € G, on the real line R, is investigated and described in the

following theorem:

Theorem 3.2.2. Let gy ,(z) = A\b* + ub™" for x € R where X and p are real parameters

with A > p > 0.

(a) If tx, <0, then g% (x) — ax, as n — oo for x € (1) ,,7x,) and gy ,(v) — o0 as

n — oo forx € (—oo,r) ,) U (ryu, 00) where 1 , = g;i(rA7u) ER and 1y, <riu

(b) If tr, =0, then g5 (z) = x5, asn — oo for x € [z}, 23] and g} ,(x) = oo as

n — oo forx € (—oo,xy",) U (z3 ,,00).
(c) Ifta, >0, then g} ,(z) — 00 as n — oo for all z € R.

Proof. (a) Case: t), <0
If £y, < 0, by Theorem [3.2.1a), g .(x) has an attracting fixed point a,, and a repelling

fixed point 7, with 2v/Ap < ay, <3 , <7y, By (13.3), for ay, <z <1T),,
Ppu(T) —arp < T — ary (3.4)

If 23 , < 2 < axy, then by mean value theorem, [gx () = ax .= |94 . (c)||x — ax |, where

0

2l , <& < ¢ <ayy Since gy (23,

o < ) =0, g\ (ar,) <1and g}  (z) is strictly increasing,

it follows that |g} ,(c)|< 1. Consequently, |gx () — axul< [ —ax,| for a5, <o < ay,.
This inequality together with gives that gy ,(2) —ax < [v—ay,| for af , <o <7y,
and © # ay,. Thus, if 25 , < 2 < 7y, then g% (2) = ar, as n — oo. Now in view of
I (5,028 ,)) = (2v A, 7a,) € (2%, 7au), it follows that g} ,(z) — ax, as n — oo
for z € (r) s rau)

Ifz > 7, ,, observe that g, ,(z) > x and g} ,(z) > 1. Therefore, the sequence {g} ()}
is monotonically increasing and not bounded above, and hence gf\ﬁu(m) — 00 asn — 0o
for > ry,. Again, in view of gy, ((—oo,r’)w)) = ("au, ), g, (T) — 00 as n — oo for
x < 1) ,. This completes the proof of (a).

(b) Case: ty, =0
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By Theorem [3.2.1(b), g, () has a unique rationally indifferent fixed point 3 , for ¢, , =

0. If 23", < x < 23, then by mean value theorem, |gy ,.(7) — 23 ,|= |9} ,(c)[[z — 23 [,

*

where 1",

<z <c<uay, Since g, (23,) = -1, ¢\ ,(z3,) =1and g ,(x) is strictly
increasing, it follows that |g} ,(c)|< 1. Thus, [gy .(z) =23 ,|< [z—23 | for 237, <@ < af .

Hence g ,(v) — x5 , as n — oo for z € [23",, 23 |-

Observe that gy ,(z) > z for x > 23} ,. Since gy,(z) > x and gy () is strictly in-
creasing for x > z3 ,, the sequence {g} ,(z)} is monotonically increasing and not bounded
above for x > z3 . Thus, g} ,(7) — 00 as n — oo for z € (a3 ,, 00).

Notice that gy, ((—oo,z3%,)) = (2} ,,00). So, gi (x) = o0 as n — oo for z €
(=00, z}",).

(c) Case: ty, >0

If ¢y, > 0, by Theorem M(c), gxpu(x) has no fixed points. Since gy ,(x) > 2v/Ap,

0

X, the sequence

gpu(x) > x for all x € R and g, ,(2) is strictly increasing for z > «
{g% ()} is monotonically increasing and not bounded above. Therefore, it follows that

gx,.(x) = o0 as n — oo for all z € R. This completes the proof. ]

Remark 3.2.1. Theorem shows that a bifurcation occurs in the dynamics of gx (),
x € R, in the family Gy. If ty, < 0 it follows from Theorem (a), that under iteration
of gap the orbits of all the points in [ry ,,rx ] remain bounded and the orbits of all the
points in R\ [} ,,7x,] become unbounded. Similarly, if ty, = 0 by Theorem (b),
orbits of all the points in [a;jfu,xjvu] are bounded under iteration of g, and orbits of
points in R\ [}, 2} | are unbounded under iteration of gx,. But when t,, > 0, by
Theorem [3.2.9(c), there are no real points whose orbits remain bounded under iteration
of g - Thus, a saddle-node bifurcation occurs in the dynamics of gx,(z), € R, when

the parameters X\ and v satisfy ty, = 0.

3.3 Complex Dynamics of g,

The dynamics of g, on the complex plane is studied in this section. It is observed that

the Fatou set of gy, is non empty whenever ¢, , < 0.

TH-2321_ 136123003



52 Chapter 3

3.3.1 Dynamics of g, , for ¢, , <0

If ¢, < 0, by Theorem [3.2.1)(a), g ,.(2) has a real attracting fixed point a,, and a real
repelling fixed point 7y, with 2y/Au < ay, < z3 , <7y ,. The basin of attraction A(ay )

corresponding to the attracting fixed point ay , is defined as
Alar,) ={z€C: gy ,(2) = ar, asn — oo},
Remark 3.3.1. When t,, <0,

e By Theorem (a), g, (T) = ax, asn — oo forx € () ,,75,). Hence the basin

of attraction A(ay ) contains the interval (r) ,,7x ) on the real line R.

e Observe that g, (2, +iy) = 2v/Apcos(ylnbd) € (1) ,,7x,) for y € R. Thus, the
basin of attraction A(ay,) contains the vertical line {z = 2% , +iy : y € R}. Hence

the basin of attraction A(ay,,) s unbounded.

In the following proposition, the fate of forward orbits of all the singular values of

gxpu(2) is described for ¢, ,, < 0.

Proposition 3.3.1. Let gy, € Gy and A(ay,) be the basin of attraction of the real at-
tracting fized point ay, of gru(z) for tr, < 0. Then, A(ay,) contains all the singular

values and their forward orbits.

Proof. By Proposition , the function g, , has only two singular values £2v/Ap. If
tan < 0, notice that the critical value 2v/Au € () ,, 7). By using Theorem W(a), the
critical value 2v/Au is contained in A(ay ). Observe that ry , < 3 , < 0. Now by Propo-

)\Hu‘ -

sition it follows that gy ,(—2vAu) < gxu(2v/Ap). Clearly, 7\, < gxu(=2vAu) <
Ipu(2v/Ap) < 1y Thus, =24/ Ap € A(ay,) and hence A(ay,) contains all the singular

values and their forward orbits. O

For ty, < 0, the Fatou set of gy ,(2) is described in the following theorem.

Theorem 3.3.1. Let g5, € G, and A(ay,,) be the basin of attraction of the real attracting
fized point ay,, of gr, forty, < 0. Then, the Fatou set of g, equals the basin of attraction

A(CLML)-
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Proof. By Theorem , the Fatou set of g, , does not contain Baker domains and
wandering domains.

The Fatou set of gy, has no basin of attraction other than A(ay,). Let A(z),) be a
basin of attraction of the attracting periodic point 2y, # ax,. Obviously, A(2x,)NA(ax,)
is an empty set. By Theorem [1.5.3] basin of attraction A(z),) contains at least one
singular value. This contradicts the fact that all the singular values and their forwards
orbits are in A(a, ), since A(z),) N A(ay,) is an empty set.

The Fatou set of gy, cannot contain a parabolic domain. If the Fatou set of gy,
contains a parabolic domain U, the invariant domain U must contain at least one singular
value (Theorem [1.5.3), which contradicts Proposition [3.3.1]

Again the Fatou set of gy, cannot contain Siegel disks. If U is a Siegel disk, then
by Theorem [1.5.3] the boundary of U is contained in the closure of the forward orbits of
the singular values of g, ,. But A(a,,) contains all the singular values and their forward
orbits, giving a contradiction.

Thus, A(ay,,) is the only possible Fatou component. Therefore, the Fatou set of g ,

is the basin of attraction A(ay ). O

Figure gives an idea on the basin of attraction of gy, when A = 1/4, = 1/8
and b = e. In this figure, the points for which the forward orbits are attracted by the

attracting cycle are colored in black color.

10

-10
-10 -5 0 5 10

Figure 3.5: Basin of attraction in the Fatou set of g, , when ¢, , < 0.

Remark 3.3.2. When t,, <0,

TH-2321_ 136123003



54 Chapter 3

e The Fatou set of gx, contains the interval (rﬁ\’ﬂ,r,\,u) on the real line R.

e By Remark the Fatou set of gx, contains the vertical line {z = a3 , + iy

y € R}. Hence the Julia set J(gy,,) is not connected.

o If z € Alary), then g} ,(2) — ax, asn — oo. This gives gy ,(2) — Qxp = @y
Now by using Proposition g5 ,.(2) = ax, and consequently z € A(ay ). Thus
if z € Alax,), then zZ € A(ay,). So, the Fatou set A(ay,,) is symmetric with respect

to the real axis.
e In view of Proposition the Fatou set A(ay,,) is symmetric about the point xgvu.

Theorem 3.3.2. Let U be a connected component of the Fatou set of gy, fort,, < 0.

Then, U is unbounded and OU is not locally connected at any finite point.

Proof. Observe that the immediate basin of attraction contains the interval (r} 7 ,)
on the real axis. In view of gy, maps the vertical line {z = mg# +iy : y € R} into
[—2v/ A, 2/Ap] which is a subset of (7} ,, 7 ,,), the immediate basin of attraction contains
the vertical line {z = ;Eg’# + iy : y € R}. So the Fatou set of gy, has an unbounded
connected component. It is easy to see that gy, is hyperbolic for ¢y, < 0. Then by
Theorem , every connected component U of F(gy,) is unbounded and OU is not

locally connected at any finite point. ]

Remark 3.3.3. By Theorem F(gy,) has an unbounded Fatou component fort, , <

0. By Lemma 2.4 of [15], the Julia set J(gx,,) is not locally connected.

3.3.2 Dynamics of g, , for ¢, , =0

When ¢, = 0, the parabolic domain P = P(z3 ,) corresponding to the real rationally

indifferent fixed point x5 , is given by

P

P(x},) ={2€C:g} ,(2) = 2}, as n — oo}.
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The dynamics of gx, € G for ), = 0 is similar to that of the dynamics of gy , for ¢, , <0
except that instead of basin of attraction, a parabolic domain is its Fatou set and it is

proved in the following theorem.

Theorem 3.3.3. Let gy, € G, and P be the parabolic domain of the real rationally
indifferent fized point 3 , of g pu(2) forty, =0. Then P contains all the singular values

and their forward orbits and the Fatou set of g, ts equal to the parabolic domain P.

Figure gives an idea on the parabolic domain of gy, when A = p = 1/3.018 and
b = e. In Figure[3.6] the points for which the forward orbits are attracted by the parabolic

cycle are colored in black color.

Figure 3.6: Parabolic domain in the Fatou set of g, when ¢, , = 0.

Remark 3.3.4. When ty, =0,

e By Theorem (b), g (x) = 23y, asn — oo for x € [x),, 23 ,]. Hence the

A

parabolic domain P(x} ,) contains the interval [x3",, x5 ] on the real avis R.

o Observe that g (23, +iy) = 2¢/Aucos(yInd) € (xy,, 23 ) for y € R. Thus, the
parabolic domain P contains the vertical line {z = 2% , +1iy : y € R}. Hence the

Fatou set P of gy, is unbounded and the Julia set is not connected.

e In view of Propositions |3.1.1] and |3.1.5, the Fatou set P is symmetric about the

point xg,u as well as the real azis R.
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e The Fatou set F'(gx,) has an unbounded component, since the parabolic domain P
contains the vertical line {z = a3 , +1iy : y € R}. By Lemma 2.4 of [15], the Julia

set J(gru) is not locally connected.

3.3.3 Dynamics of g, , for ¢, , >0

The dynamics of gy ,(z) for z € C and t,,, > 0 is discussed in this subsection. In this case
the Julia set of gy ,(2) explodes and becomes equal to the whole of the extended complex

plane C.
Theorem 3.3.4. Let gy, € Gy and ty, > 0. Then, the Julia set J(g,) = C.

Proof. 1f ty, > 0, by Theorem W(c), gx,(z) = oo for all ¥ € R as n — oco. Thus,
the forward orbits of all the singular values of gy ,(2), tend to infinity under iteration if
tr, > 0. It remains to show that the Fatou set of gy, is empty if the orbits of all the
singular values of gy ,(2) tend to co under iteration.

In view of Theorem the Fatou set of g, , cannot contain Baker domains and wan-
dering domains. So the possible choices of Fatou components are (i) basin of attraction,
(ii) parabolic domain or (iii) Siegel disk.

The Fatou set of gy ,(z) can not contain attracting or parabolic domain. If the Fatou
set of g),(2) contains either a basin of attraction or a parabolic domain U, then by
Theorem [1.5.3] U must contain at least one singular value w. Consequently the forward
orbit of the singular value w will tend to the attracting cycle or to the parabolic cycle.
This is not possible, since all the singular values of g ,(2) tend to co under iteration and
00 € J(gau)-

Finally, the Fatou set of gy ,(z) can not contain a Siegel disk. If possible, U is a Siegel
disk of the Fatou set of gy ,(z). By Theorem [1.5.3] its boundary dU is contained in the
forward orbits of the singular values of g, ,(z). Since as in the case of critically finite entire
functions, the forward orbits of the singular values of g, ,(2) tend to oo under iteration of
Gxp, it is impossible for the Fatou set of gy ,(2) to contain a Siegel disk. This completes

the proof. n
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Theorems [3.3.1) and [3.3.3| and Remarks [3.3.2| and [3.3.4| show that the Fatou set of gy,

is non-empty and unbounded for ¢, , < 0. Therefore, the Julia set of g, , for £y, < 0is a
nowhere dense subset of the extended complex plane. Theorem shows that the Julia
set of gy, for t , > 0 equals to the extended complex plane. Thus, the chaotic burst in
the dynamics of gy, occurs when parameters A and p are such that ¢, , increases through
the value 0. It is worth to note that if A > 1/(elnb) then t,, > 0 holds for all ;1 > 0 and

hence in this case the Julia set of g, , equals to the extended complex plane.

3.4 Applications

From the results obtained in previous sections of this chapter, we can deduce the dynamics
of one-parameter family of functions pcosh(z) where p(> 0) is the parameter and the
dynamics of the two-parameter family of functions m cosh(az) + nsinh(az) where m, n
are parameters with m > n > 0 and a is a positive constant.

(i) Dynamics of the one-parameter family of functions pcosh(z) where p(> 0)
is the parameter

From the dynamics of the functions gy, in G, we get the dynamics of one-parameter

pcosh(z) where p(> 0) is the parameter, by taking b = e and parameters A, g as A\ =
p = p/2. For these choices of A,  and b, we get t) , as ty, = \/TpQ— In (@) =
V/1+ p2 —sinh™'(1/p). Let p* be the root of /1 + p2 — sinh ™' (1/p) = 0.

If p < p*, by using Theorem [3.2.1)(a), the function pcosh(z) has a real attracting fixed
point a, (say) and a real repelling fixed point r, (say). For p < p*, by Theorem [3.3.1]
the Fatou set F'(pcosh(z)) is the basin of attraction corresponding to the real attracting
fixed point a,,.

For p = 1/3, the basin of attraction of the Fatou set F(p cosh(z)) is shown in Figure[3.7]
In this figure, the points for which the forward orbits are attracted by the real attracting
fixed point are colored in black color.

By Theorem [3.2.1|(b), the function p* cosh(z) has a unique real rationally indifferent

fixed point In <1+— Vplfpd) . By Theorem [3.3.3]) the Fatou set F'(p* cosh(z)) is the parabolic
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Figure 3.7: Basin of attraction in the Fatou set of pcosh(z) when p < p*.

domain corresponding to the real rationally indifferent fixed point. For p = p*, the
parabolic domain is shown in Figure[3.6] In this figure, the black color points are attracted
by the rationally indifferent fixed point In (H\/pﬂ).

If p > p*, by Theorem the Julia set J(pcosh(z)) is the whole of the extended
complex plane C. Thus, a bifurcation occurs in the dynamics of one-parameter family
of functions pcosh(z) at the parameter value p = p* and chaotic burst occurs if the
parameter p crosses the value p*.

(ii) Dynamics of the two-parameter family of functions m cosh(az) + nsinh(az)
where m, n are parameters with m >n > 0 and « is a positive constant

Notice that gy ,(z) = Ab*+ub™* = (A-p) cosh(z In b)+(A—p) sinh(z1Inb) for all z € C. The
dynamics of m cosh(az)-+nsinh(az) where m, n are positive parameters with m > n and a
is a positive constant can be deduced by our work for choices of parameters A = (m+n)/2,

= (m —mn)/2 and constant b = e*. In this case

1 1 2 _ »2\n2
tA,u:\/lJr(m?—n?)a?—ln( + I+ (m n)a).

(m+n)a

By Theorem [3.2.1f(a), the function m cosh(az) 4+ nsinh(az) has a real attracting fixed

point a,,, (say) and a real repelling fixed point 7,,, (say) if v/1 + (m? —n2)a® <

1+4/1+(m2—n2)a? . . .
In mra . By Theorem [3.3.1] the Fatou set is the basin of attraction corre-

sponding to the attracting fixed point a,, .

If /TT (m? — ) = In (”V 1(;(1‘;);”2)“2) by Theorem [3.2.1(b), the function
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1+\/m> Ja

m cosh(az) 4+ nsinh(az) has real rationally indifferent fixed point In ( i

By Theorem [3.3.3] the parabolic domain corresponding to the real rationally indifferent

fixed point is the Fatou set.

If /1+ (m?—n%a® > In (H 1(;(32):12)&)’ by Theorem |3.3.4] the Julia set of

m cosh(az) + nsinh(az) is the whole of the extended complex plane C, leading to the
chaotic burst. Thus, a bifurcation and chaotic burst occurs in the dynamics of two-

parameter family of functions mcosh(az) + nsinh(az) when the parameters m and n

. 14+4/14(m2—n2)a?
satisfy /14 (m? —n2)a? = In ( —— )
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CHAPTER 4

DYNAMICS OF TWO FAMILIES OF MEROMORPHIC
FUNCTIONS INVOLVING HYPERBOLIC COSINE
FUNCTION

The dynamics of one-parameter families F and G of transcendental meromorphic functions

are studied in the present chapter where F and G are given by

fE{fA<z):A<COShZ+ >forz€C:)\>O},

cosn z

Qz{g,\(z):)\(coshz— )forzEC:)\>O}.

cosnz

Here both the functions fy(z) and gx(z) are combinations of the functions coshz and
1/cosh z. Both the functions f) and g, are in the class S. The dynamics of fy(z) and
ga(z) on the extended complex plane are investigated. The functions f) and g, exhibit
a totally different dynamical behaviour. It is shown that a bifurcation and chaotic burst
occur at a certain parameter value of A for the functions f) in the family F. The origin
is always an attracting fixed point of g, and the basin of attraction corresponding to the
origin, is the Fatou set of g,. Therefore, there is no bifurcation in the dynamics of g,.

Also, some comparison between the dynamics of f and g, are described.

61
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4.1 Dynamics of functions in F

In this section, the dynamics of f) € F is studied. Some basic properties of the function
f» is obtained. The dynamics of f\ on the real line R, is described with the help of the
nature of the real fixed points. The dynamics of f) on the complex plane is established

by tracking the forward orbits of the singular values of f,.

4.1.1 Basic Properties of Functions in F

The function fy(z) is an even function and it is periodic of minimal period 27i. On the
real line R, the function f)(x) is positive and fy(x) — oo as |z|— oco. It is easy to see
that f\(x) attains its minimum value 2\ at z = 0.

The singular values of f) are given in the following proposition.

Proposition 4.1.1. Let f\ € F. Then, f\ has only two critical values =2\ and no finite

asymptotic value.

Proof. Note that f{(z) = )\% for all z € C. So, fi(2) = 0 if and only if z = nmi
where n € Z. Therefore, the critical values of f\ are +2\. Now, we show that f, has no
finite asymptotic value. If possible, let w* be a finite asymptotic value of f,. Then, there
exists a continuous curve y(t), t > 0 such that tllglo 7(t) = oo and tlgglo fr(v(t)) = w*. Let

¥(t) = y1(t) + iy2(t) where 44 (t) and ~2(t) are real functions of ¢. Then, we can write

Hr(y(t)) = Acosh (71(2)) cos (12(t)) (COSh (m ((t

cosh? (71

+ idsinh (1(t)) sin (72(t)) (

Now tlim fa(y(t)) = w* implies tlim | (v(1)) |?= |w*|?. Thus,
—00 —00

|w*| — tli{& cosh (’Yl (t)) — sin ('72(75)) + COShQ(’h(t)) _ sinQ(’yg(t))

cosh? (11 (#)) cos? (3 (1)) — sinh®(1:(+)) sin2<w<t>>] |
cost® (31 () cos? (a(1)) + sinl® (7, (¢)) sin® (12(0))

2

This implies that 7 (¢) is bounded and |y2(t)|— oo as t — oo.
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Let us assume that ~,(t) — oo as t — oo. On the curve ~(t), we are choosing two
sequences {z,} and {z/ } such that z, = z,,+2nmi and z/, = !/ + (2n+1)xi for n € N with
n > ng for some ny € N. Note that both the sequences tend to oo along the curve v(¢). It is
easy to see that g\(z,) = /\cosh(:vn)Cc’;)}fh(g—gc(’;c)7:)rl > X and gy(2)) = —A cosh(x;)% <
—\. So, w* to be an asymptotic value, tlgglo fr (4(t)) must exist which is not possible for
the above choices of y(t). So, f\ has no finite asymptotic value.

Again if y5(t) — —o0 as t — oo, by similar arguments it can be proved that f, has no

finite asymptotic value. This completes the proof. n

By Proposition fr € S. Now by using Theorem [1.5.1] and Remark the

following two results can be concluded.

Theorem 4.1.1. Let f, € F. Then, the Fatou set of f\ does not contain wandering

domains.

Theorem 4.1.2. Let f\ € F. Then, the Fatou set of fx has no Baker domains.

4.1.2 Real Dynamics of Functions from F

In this subsection, the dynamics of the functions f, € F is investigated on the real line

R with the help of the real fixed points.

Define hy(z) = fi(z) — & where fy(z) = A (coshz + ——) for z € R and A(> 0) be a
real parameter. So, the zeros of hy(x) are the fixed points of f)(z). Clearly, hy(z) — oo as

|z|— oco. Observe that b\ (x) = ASERE g for all 2 € R. It is easy to see that hi\(x) < —1

cosh? z

for x <0 and R (z) — oo as © — oo. Since h{(z) = gk o (34 sinh®z) > 0 for = > 0,

cosh® z

it follows that h)(z) has a unique zero x3 (say). This x3 is given by

1
3

+4/1+

1
o 9TA2

1 1
sinh(z}) = E3Y + O

+

i 2 g
27\2 27\?

Note that z3} > 0 and

<0 forz < a3,
h\(z){ =0 forz = a3, (4.2)
>0 for x> z3.
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Thus the function hy(z) has a unique minimum at x5 and the minimum value is hy(z}) =

A (cosh xy + ) — x}. Throughout this chapter, we denote

1
*
cosh z}

1
thi=A h 2} — )
A (COS ot cosh x’;) =

where 273 is given by (4.1]).

The existence and nature of the real fixed points of the function f, are discussed in

the following theorem.

Theorem 4.1.3. Let f\(z) = A (cosha + —t—=) for z € R where A(> 0) is a real param-

coshz

eter.

(a) Ifty <0, then f\(x) has a repelling fized point ry (say) and an attracting fixed point

ay (say) with 0 < ay < x} < ry.
(b) If tx =0, then fi(x) has a unique rationally indifferent fized point x3.
(c) If tx > 0, then f\(z) has no fized points.

Proof. Set hy(z) = f\(z) — x for x € R.
(a) Case: t) <0
Notice that the minimum value hy(z}) < 0 if £y < 0. Therefore, it follows that hy(x) has

exactly two zeros. Let ay and 7, be the zeros of hy(z) with 0 < ay < x5 < 7). So,

>0 for x € (—o0,ay) U (ry,00),
ha(z)s =0 forz =a, orry, (4.3)
<0 for x € (ax,7y).

Thus, ay and 7, are the fixed points of fy(z). Now by (£.2), h}(ry) > 0 and consequently
fi(rx) > 1. So, ry is the repelling fixed point of fy(x). Since h(z) is increasing and 0 <
ay < x3, it follows that —1 = h\(0) < h)(ay) < hi(x%) = 0. This gives, 0 < fi(ay) < 1.
Hence ay is the attracting fixed point of fy(z). This completes the proof of (a).

For A\ = 1/2, the fixed points of f)(z) are shown in Figure In Figure [1.1] a, is the
attracting fixed point and r, is the repelling fixed point.
(b) Case: ty =0
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0 ,—"’——‘— L L L L
0 0.5 1 1.5 2 2.5 3

Figure 4.1: Two fixed points of fy for ¢, < 0.

If ty = 0, then hy(x%) = 0 and h)(x5) = 0 consequently fy(z}) = x5 and f}(z}) = 1. Thus,
x3 is a rationally indifferent fixed point of fi(x). Now for x # x%, hy(z) > ha(z}) = 0.
So, hy(x) has no zero other than z}. Hence f\(z) has only one fixed point x§ which is
rationally indifferent.

In Figure , x3 is the rationally indifferent fixed point of fy(z) for A\ = 0.54.

6

0 0.‘5 1‘ 1.‘5 é 2.‘5 3
Figure 4.2: One rationally indifferent fixed point of fy for ¢, = 0.

(c) Case: t) >0

If tx > 0, then hy(x) > hy(z}) > 0. Thus, fi(x) has no fixed points for ¢, > 0. This

completes the proof of the theorem.

Figure 4.3 shows that fy(z) has no fixed points for A = 1. O
In the following theorem, the dynamics of fy € F on the real line R is established.

Theorem 4.1.4. Let fr(z) = A (coshz + ——) for z € R where A\(> 0) is a real param-

cosh x

eter.
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15

10 -

O L L L L L
0 0.5 1 1.5 2 2.5 3

Figure 4.3: No fixed points of fy for ¢, > 0.

(a) If ty < 0, then f(z) — ay as n — oo for |x|< ry and f(x) — oo as n — oo for

|z|> 7.

(b) If ty = 0, then f{(x) — x5 as n — oo for |z|< a5 and fY(x) — o0 as n — oo for

|z|> x3.
(c) Iftyx >0, then f{(x) — oo as n — oo for all x € R.

Proof. (a) Case: t) <0
If t, <0, by Theorem [4.1.3(a), fy(x) has an attracting fixed point a) and a repelling fixed

point 7y with 0 < ay < 2§ <r\. If ay < x <y, by (4.3)), we have
h@) —ay <z —ay. (4.4)

If 0 <z < ay, by mean value theorem, | f\(z) —ax|= |f5(¢)||zx—a,|, where 0 < z < ¢ < ajy.
Since fi(z) is strictly increasing for > 0, f{(0) = 0 and f{(ax) < 1, it follows that
|fi(c)|< 1. So, |fa(x) — ar|< |z — ay] for 0 < 2 < ay. This inequality together with
([.4), gives that |fr(z) — ay|< |z — ay| for 0 < 2 < ry and = # ay. Thus, f¥(z) = ay
as n — oo for 0 < o < ry. Since fr(—z) = fi(x), it follows that f{(z) — ay as n — o
for —ry, < & < 0. Notice that fi(x) > x and f{(z) > 1 if © > r\. Therefore, the
sequence { f{(z)} is monotonically increasing and not bounded above for > r,. Hence
fi(z) — oo as n — oo for x > ry. Again in view of fy(—z) = fi(x), fi(z) — oo as

n — oo for x < —ry. This completes the proof of (a).
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(b) Case: ty =0

If t, = 0, by Theorem [£.1.3b), fi(z) has a unique rationally indifferent fixed point 5. If
0 <z <z}, by mean value theorem, |fy(x) — z}|= |fi(c)||x — z}], where 0 <z < ¢ < a3.
Since f(0) = 0, fi(z}) = 1 and fi(x) is strictly increasing for x > 0, it follows that
|fi(c)|< 1. So, |fa(x) — z}|< |x — xF] for 0 < z < x§. Therefore, f{'(z) — x5 as n — oo
for 0 <z <z} If © > a3, then fi(xz) > z and f{(z) > 1. Thus, f{(z) = oo as n — oo
for x > x}. Since f\(z) is an even function, it follows that f{(x) — 235 as n — oo for
—x5 <z <0and f{(x) = o0 as n — oo for x < —a3.

(c) Case: t), >0

If t) > 0, by Theorem [1.1.3(c), f\(z) has no fixed points. Observe that fy(z) > 2 for all
r € R and fy(x) —2 > 0 for all x € R. Since f)(z) is strictly increasing for = > 0, the
sequence { fY(z)} is monotonically increasing and not bounded above. Thus, f{(z) — oo

as n — oo for all x € R. This completes the proof. O

Remark 4.1.1. Theorem shows that a bifurcation occurs in the dynamics of fi(x),
xr € R, in the family F. Ifty <0 (tx=0), by Theorem it follows that under iteration
of [, the orbits of all the points in [—rx,rx] (in [—x}, x3]), remain bounded and orbits of
all the points in R\ [—ry,ra] (in R\ [—z3},x}]), become unbounded. But when ty > 0, by
Theorem there are no real points whose orbits are bounded under iteration of fy.

Thus, a saddle-node bifurcation occurs in the real dynamics of f\ when ty = 0.

4.1.3 Chaotic Burst in the Dynamics of f),

In the present subsection, the chaotic burst in the dynamics of functions in the family F,

is discussed by describing the dynamics of f) € F in the complex plane C.
Dynamics of f) for ¢, <0

If ty < 0, by Theorem [4.1.3|a), f\ has a real attracting fixed point a, and a real repelling
fixed point 5. The basin of attraction A(ay) of the real attracting fixed point ay is defined
as

Afay) ={z€C: f{(z) > ayasn — o0} .
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Remark 4.1.2. When ty <0,

e By Theorem|4.1.4(a), fi(x) = ar asn — oo forx € (—ry,ry). Therefore, the basin

of attraction A(ay) contains the interval (—ry, 7)) on the real azis.

e Observe that f\(2nmi) =2\ € (—ry, 1) for alln € Z. Thus, the basin of attraction
A(ay) contains the set {2nmi : n € Z}. Hence the basin of attraction A(ay) is

unbounded.

The following proposition describes the fate of the forward orbits of all the singular

values of fy(z) for ¢, < 0.

Proposition 4.1.2. Let A(ay) be the basin of attraction of the real attracting fized point
ay of fa(z) fortx < 0. Then, A(ay) contains all the singular values and their forward

orbits.

Proof. Observe that 0 < 2\ < ay < 7, for ¢, < 0. By Theorem {4.1.4(a), fI(£2)\) — a,
as n — oco. Thus, the basin of attraction A(a,) contains all the singular values and their

forward orbits. [
In the following theorem the Fatou set of f) is described for £, < 0.

Theorem 4.1.5. Let A(ay) be the basin of attraction of the real attracting fixed point ay

of fa(z) fortyx < 0. Then, the Fatou set of f is equal to the basin of attraction A(ay).

Proof. We claim that A(ay) is the only basin of attraction of the Fatou set of fy. If
possible, let A(z,) be a basin of attraction of the attracting periodic point zy # a,.
Clearly, A(ay) N A(zy) is an empty set. Then by Theorem [1.5.3] basin of attraction A(zy)
contains at least one singular value. But by Proposition [£.1.2] all the singular values are
in A(ay). Thus, basin of attraction of the Fatou set of fy is A(a,) only.

The Fatou set of f\ cannot contain a parabolic domain. If U is a parabolic domain,
contained in the Fatou set of fy, then by Theorem [I[.5.3] U must contain at least one

singular value which contradicts that all the singular values and their forward orbits are

in A(ay).
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The Fatou set of f) cannot contain Siegel disks and Herman rings. If U is a Siegel
disk or a Herman ring, then the boundary of U is contained in the closure of the forward
orbits of the singular values of f) (Theorem [1.5.3) but all the singular values and their

forward orbits are in A(ay).

By Theorems 4.1.1/and [4.1.2] the Fatou set of f) does not contain wandering domains

and Baker domains.

Thus, A(ay) is the only possible stable domain. Therefore, the Fatou set of f) is the

basin of attraction A(a,). O

The following figure gives an idea on the basin of attraction of fy when A = 1/2. In
Figure [£.4] the points for which the forward orbits are attracted by the attracting cycle

are in black color.

Figure 4.4: Basin of attraction in the Fatou set of f\ for ) < 0.

If tx = 0, by Theorem [4.1.3(b), f\ has a real rationally indifferent fixed point z3.
Then, the parabolic domain P = P(x%) corresponding to the rationally indifferent fixed

point z} is given by
P=P(z))={2€C: f{(2) >z} asn — oo}.
Remark 4.1.3. When t, =0,

o By Theorem |4.1.4(b), f(x) — x} as n — oo for x € [—x},x5]. Hence P contains

the interval [—x3%, x}] on the real axis.
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e Note that fr(2nmi) = 2\ € (—a%,23) for all n € Z. Thus, the parabolic domain P

contains the set {2nmi :n € Z}. Hence the parabolic domain P is unbounded.

The dynamics of f, € F for t, = 0 is similar to that of the dynamics of f, for ¢\ < 0,

except that instead of a basin of attraction, a parabolic domain is its Fatou set.

Theorem 4.1.6. Let P be the parabolic domain of fy corresponding to the real rationally
indifferent fized point x3 for tx = 0. Then P contains all the singular values and their

forward orbits and P is equal to the Fatou set of f.

Figure gives an idea on the parabolic domain of f, when A = 0.54. In this figure,
the points for which the forward orbits are attracted by the parabolic cycle are in black

color.

Figure 4.5: Parabolic Domain in the Fatou set of f) for ¢, = 0.

Dynamics of f) for ¢ty >0

The dynamics of f\(z) for z € C and A > 0 is studied here. It is shown that the Julia set

of fy is equal to the extended complex plane.
Theorem 4.1.7. Let f € F and ty > 0. Then, the Julia set J(fy) = C.

Proof. 1f t, > 0, by Theorem M(c), the forward orbits of all the singular values of f)
tend to infinity under iteration of f,. It remains to show that the Fatou set of f) is empty

if the forward orbits of all the singular values of f) tend to infinity under iteration.
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In view of Theorems and 4.1.2] the Fatou set of f\ cannot contain wandering
domains and Baker domains. So the possible choices of the Fatou components are (i)

basin of attraction, (ii) parabolic domain, (iii) Siegel disk or (iv) Herman ring.

The Fatou set of f) has no basin of attraction and parabolic domain. If the Fatou set
of f\ contains either a basin of attraction or a parabolic domain U then by Theorem 1.5.3]
U contains at least one singular value w. Then, the forward orbit of the singular value
w will tend to the attracting cycle or to the parabolic cycle. But all the singular values
of f\ tend to oo under iteration of f,. So, the Fatou set of f) cannot contain basin of

attraction or parabolic domains.

The Fatou set of f) cannot contain Siegel disks or Herman rings. If U is a Siegel disk
or a Herman ring, then the boundary of U is contained in the closure of the forward orbits
of the singular values of fy(z) but this is not true, since closure of the forward orbits of
the singular values of f)(z) is a countable subset of R having all of its points are isolated.

So, the Fatou set of f) is empty and hence the Julia set of f, is C. [

Remark 4.1.4. Theorems [{.1.5 and [{.1.6 and Remarks and show that the

Fatou set of fy is non-empty and unbounded for tx < 0. So, the Julia set of f\ is nowhere

dense subset of the extended complex plane for ty < 0. Theorem[].1.7 shows that the Julia
set of fx is equal to the extended complex plane for tyx > 0. Thus, the chaotic burst in the

dynamics of f occurs when ty increases through the value 0.

4.2 Dynamics of functions in G

In this section, the dynamics of the function g, € G is investigated. At first the dynamics

on the real line R is explored and then the dynamics on the complex plane is studied.

4.2.1 Basic Properties of Functions in §

Observe that gy(z) is an even function and it is periodic of minimal period 2mi.

In the following proposition, it is shown that g,(z) has finite number of singular values

ie,gr€S.
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Proposition 4.2.1. Let gy € G. Then, g\ has only three singular values 0, +2\i.

Proof. Observe that gj(z) = A (1+ —)sinh z for z € C. Note that g}(z) = 0 if and

only if sinh 2 = 0 or cosh z = £i. Thus, the critical values of g, are 0, £2\:.

Now we claim that either g, has no finite asymptotic value or only possible finite
asymptotic value of gy is 0. Let w be a finite asymptotic value of gx(z). Then, there
exists a continuous curve (), ¢ > 0 such that tlggo ~(t) = oo and tlgglo gr(7(t)) = w. Let
v(t) = 71(t) + iva2(t) where v, (t) and »(t) are real functions of ¢. Then, g\(y(t)) can be

written as

9a(1(1)) = Acosh(3 (1)) cos(ra (1)) <}ﬁ(<3(<?>)> o %t» )
)
)

cosh? (7 (t)
cosh?(v1(t)) — sin

-+ cos

+iAsinh(y,(£)) sin(vs(¢)) ( 2((

Yot

Now tlim lgx(7(t))|= |w], since w is asymptotic value. This gives
—00

__ cos (’72(t))
- COSh(”Yl (t)) cosh(71(t)) |w|
S - oma) |

cosh? (11 (1))

So, w to be an asymptotic value 7, (¢) should be bounded as ¢ — 0o and ~,(t) is unbounded
as t — oo. Without loss of generality, let us assume that 75(¢) — oo as t — oo. On the
curve (t), we are choosing two sequences {z,} and {z/} such that z, = =z, + 2nmi
and z/, = x, + (2n + 1)wi for n € N with n > ng for some ng € N. Clearly, along

the curve v(t), both the sequences tend to co. Note that g(z,) = ASERE @) > g and

cosh(zn)
ax(zl) = —/\Ségshh( m,/")) < 0. So, either asymptotic value w does not exist or if such w exists
then w must be zero. Thus, the singular values of gy(z) are 0, 2\i. ]

4.2.2 Real Dynamics of Functions from G

On the real line R, the function g)(x) = A (coshx — Coslhx) is positive for x # 0 and
gx(0) = 0. Thus, gx(z) has a unique minimum value 0 at x = 0. It is easy to see that
ga(z) = 00 as |z|— oc.

The existence and nature of the real fixed points of g,(x) are investigated in the

following theorem:
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Theorem 4.2.1. Let gx € G. Then, g\(x) has a superattracting fized point 0 and a

repelling fixed point ry (say).

Proof. Define hy(z) = gx(z) — « for x € R where A is a positive real parameter. Clearly,

ha(z) — oo as |z|— oo. Observe that hj(z) = A (14 —5=)sinhz — 1 for z € R. So,

coshz cosh® z

R\ (x) — £o0 as x £ 0o. Since h)(z) < —1 for < 0 and hf(z) = A (M 4 2 ) -0
for all = € R, it follows that A} (x) has a unique zero z} (say) in (0, 00). Hence hy(x) has
global minimum at = z}. Now h,(z}) < ha(0) = 0 implies hy(x) has two zeros 0 and
ry (say) with 0 <z < ry. So,

> (0 for x € (—00,0) U (ry, 00),
hy(x){ =0 forz =0 orr,, (4.5)
<0 forz € (0,ry).

Thus, the fixed points of gy(z) are 0 and ry. Now ¢} (0) = 0 implies 0 is a superattracting
fixed point of gy(z). Since h)(z) is strictly increasing, it follows that ) (ry) > R (z}) = 0.
So, ¢i(rx) > 1 and consequently ), is a repelling fixed point of g, (z). This completes the
proof.

For A = 1, the fixed points of g,(z) are shown in Figure . In Figure , the origin

is the superattracting fixed point and ) is the repelling fixed point. O
10
a\x
| ()
Y=
T 7 -7
0—= D —
B Origin x-axis
-5 .
-1 0 1 2 3

Figure 4.6: Two fixed points of g,(x).

The dynamics of gy € G on the real line R is investigated in the following theorem:

Theorem 4.2.2. Let g)(z) = X (coshz — ——) for x € R, where A\(> 0) is a real param-

cosh x

eter. Then g% (z) — 0 as n — oo for |x|< ry and gY(z) — 0o as n — oo for |x|> ry.
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Proof. By Theorem gxr(z) has a superattracting fixed point 0 and a repelling fixed
point ry with 0 < 2} < r\. By (4.5), for 0 < 2 < 7y, we have 0 < gy(x) < z. Thus,
gh(z) = 0asn — oo for 0 < x < ry. Since gr(—z) = gx(x), it follows that g}(z) — 0 as

n — oo for —ry <z <0.

If x > ry, then g\(z) > x and ¢} (z) > 1. Therefore, the sequence {g}(z)} is mono-
tonically increasing and not bounded above and hence g} (z) — oo as n — oo for z > ry.
Since gx(z) is an even function, it follows that ¢} (x) — oo as n — oo for x < —ry. This

completes the proof. O

4.2.3 Complex Dynamics of g,

In this subsection, the dynamics of g\ € G on the complex plane is investigated.

By Theorem gx(z) has a superattracting fixed point 0 and a real repelling fixed
point r,. The basin of attraction A(0) of the attracting fixed point 0 is defined as

A(0) :={z€C: g¥(2) > 0asn — oo}.

Remark 4.2.1. By Theorem the basin of attraction A(0) contains the interval

(=7, 7x) on the real line R.

The following proposition describes the fate of the forward orbits of the singular values
of f(z).
Proposition 4.2.2. Let gy € G. Then, the basin of attraction A(0) either contains all

the singular values and their forward orbits or contains no singular values other than 0.

Proof. By Proposition 4.2.1) the singular values of ¢,(z) are 0, £2Xi. The basin of

attraction A(0) always contains the singular value 0, since ¢,(0) = 0. Observe that

ga(F200) = —ASE2 ¢ ROf NS 2 <y then by Theorem , gr(=AEE2y

cos 2\ cos 2\ cos 2\

as n — o0o. Thus, A(0) contains all the singular values and their forward orbits for

.2
|>\S<;2522>?\|< T

If |)‘bé:§22,<\ = ry, then g¥(£2X\i) = ry for all n € N with n > 2. In this case 0 is the

only singular value contained in A(0).

TH-2321_ 136123003



Chapter / 75

Again, if A2\~ by Theorem , gr(=AEE2Y) 5 50 as n — oo and con-

cos 2\ cos 2\
sequently g% (£2Xi) — oo as n — oco. Hence A(0) contains only the singular value 0 if

‘ A sin? 2\

b=|> ra. This completes the proof. 0

Remark 4.2.2. e Observe that gy(£2Xi) = 0 for A\ = % where n € N. So, the basin

of attraction A(0) contains all the singular values and their forward orbits when

A:%andnEN.

e Note that /\lim ga(E£2Xi) = — )\lim N2 — ) for all n € N. So, if X is sufficiently
— 5 _ynm

cos 2
2

closed to 5, A(0) contains all the singular values and their forward orbits.
The following theorem describes the Fatou set of g,:

Theorem 4.2.3. Let gy € G. Then, the Fatou set of gy is equal to the basin of attraction
A(0).

Proof. The Fatou set of g, does not contain Baker domains and wandering domains, since
gx has three singular values. So, only possible choices of the Fatou components of F(g,)
are basin of attraction, parabolic domain, Siegel disk and Herman ring. Now we will show
that F(gx) has no Fatou components other than A(0). We prove this by dividing into
two cases: (i) A(0) contains all the singular values and their forward orbits and (ii) only
singular value contained in A(0) is 0.
Case(i): A(0) contains all the singular values
The Fatou set of ¢\(z) has no basin of attraction other than A(0). If possible, let A(z))
be a basin of attraction of the attracting periodic point z) # 0. Clearly, A(z,)NA(0) = 0.
Then by Theorem [1.5.3] A(z)) contains at least one singular value which contradicts the
fact that A(0) contains all the singular values and their forward orbits.

The Fatou set of g)(z) cannot contain a parabolic domain. If the Fatou set of g)(z)
contains a parabolic domain P, then by Theorem [I.5.3] P must contain a singular value

but all the singular values and their forward orbits are in A(0), giving a contradiction.

Now, the Fatou set of g)(z) cannot contain a Siegel disk or a Herman ring. If the

Fatou set of g)(z) contains a Siegel disk or a Herman ring U, then by Theorem [1.5.3] the
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boundary of U is contained in the closure of the forward orbits of the singular values of
gx(z). But this is not true, since A(0) contains all the singular values and their forward
orbits. So, all possible Fatou components other than A(0) is excluded. Thus, the Fatou
set of ga(2) is A(0).

Case(ii): A(0) contains only singular value 0

Note that only singular value contained in A(0) is 0 whenever |)\561§§22/<\ |> 7.

Observe that if |/\SC‘Z‘S222§‘ = ), forward orbits of the singular values of g,(z) is a subset of

{0, £2Xi, +r\}. Note that £2Xi € J(gy), since g3(£2Xi) = ry € J(gy) for |)\% =Ty

If |/\%|> Ty, define S = {g¥(£2Xi) : n € N}. Clearly S is a countable set of

R and all points of S are isolated points in R. So closure of the forward orbits of the

singular values of g)(z) are {0, £2Xi} U S for |)\SC‘§§22§‘|> rx. Again £2X\i € J(g,), since

gR(£2Xi) — oo as n — oo for |)\%|> ry and 0o € J(gy).

So, in this case J(g,) contains the singular values £2\i.

The Fatou set of g\ cannot contain a parabolic domain or a basin of attraction other
than A(0). If U is a parabolic domain or a basin of attraction with U # A(0), then by
Theorem [1.5.3] U must contains at least one singular value. Now 0 € A(0) implies at

least one of £2\i is in U. But this is not possible, since £2Xi € J(g,).

Again the Fatou set of g, cannot contain a Siegel disk or a Herman ring. If U is a
Siegel disk or a Herman ring, then the boundary of U is contained in the closure of the
forward orbits of the singular values of gy (by Theorem|[L.5.3)). But closure of the forward
orbits of the singular values of g, is either a finite set or a countable set having all points
are isolated points, giving a contradiction. In this case also, all possible Fatou components

other than A(0) is excluded. So, the basin of attraction A(0) equals to the Fatou set of

g O

Figure 4.7] gives an idea on the basin of attraction of gy, when A = 1. In this figure,
the points for which the forward orbits are attracted by the superattracting fixed point

are in black color.
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Figure 4.7: Basin of attraction in the Fatou set of g,.

Theorem shows that the Fatou set of gy is non empty for any value of the

parameter A. Also the Fatou set of g, is unbounded, since g,(z) is a periodic function.

4.3 Comparison of the dynamics of f), and g,

In this subsection, the important dynamical properties of fy(z) = A(coshz + @) and

1
cosh z

ga(z) = A(cosh z — ) are compared and presented in a tabular form.

Table 4.1: Comparison of the dynamics of f\ and g,

Dynamics of fy(z) = Mcoshz + —1—), A >0 Dynamics of g)(z) = A(coshz — —1—), A >0

[ is critically finite gy is critically finite
Singular values of f) are £2\ Singular values of gy are 0, £2\:
fr(2) is an even function gx(2) is an even function
fa(z) is periodic function of period 2mi ga(2) is periodic function of period 2mi
fr(x) has no real fixed point for ¢ty > 0
fr(z) has real rationally fixed point z3 for t, =0 gx(x) has super-attracting fixed point 0
fa(z) has real attracting fixed points ay and real repelling fixed point r) for any A > 0

and real repelling fixed point r) for ¢, < 0

Bifurcation in the dynamics of f\ occurs when ¢, =0 No bifurcation in the dynamics of gy

The Julia set of f) is C for ty >0 The Julia set of g\ can never be C
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CHAPTER 5

PERIOD DOUBLING BIFURCATION IN THE DYNAMICS
OF ONE-PARAMETER FAMILY OF TRANSLATED
HYPERBOLIC COSINE FUNCTIONS

A one-parameter family F = {f\(z) = A+ cosh z : A € R} of translated hyperbolic cosine
functions is considered in this chapter. The function f\(z) is symmetric and periodic of
minimal period 27i. Also, the function f) has two singular values A 4+ 1 and the singular
value A — 1 always tends to infinity under iteration of f) for any A € R. The existence and
nature of the real fixed points of f)(z) are studied. The dynamics of f, on the complex
plane is investigated for some cases theoretically. Remaining cases we have numerically
computed the higher order periodic points and their nature for different values of the
parameter \ and then we conclude the dynamics. It is observed that a period doubling
bifurcation occurs in the dynamics of functions in the family /. It may be noted that the

dynamics of cosh z is very simple where as the dynamics of A\+cosh z changes dramatically.

5.1 Real Dynamics of Functions in F

The dynamics of f, € F on the real line R is investigated and obtained results are
discussed in this section.
On the real line R, the function f)(z) has a unique minimum at 0 and the minimum

value of fy(z) is A+ 1. Observe that f\(z) — oo as |x|— oco. Thus, f) maps real line R
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into [A + 1, 00).

Define gy(z) = fa(x) —z where fy(z) = A+coshz for x € R and A is a real parameter.
So, the zeros of g)(x) are the fixed points of fy(z). Note that gy(z) — oo as |z|— co. It
is easy to see that gy (z) has a unique minimum at # = sinh™*(1) and the minimum value
of ga(z) is ga(Z) = A+ cosh(Z) — & = A +V2 — 7.

Throughout this chapter, we denote & = sinh™'(1), A=27—+/2and N =—7 — V2.

Remark 5.1.1. The values of , A and Ay are computed numerically and given by T ~

0.881373587, A ~ —0.532839975 and Ay A~ —2.2955871.

The existence and nature of the real fixed points of f, are proved in the following

theorem.

Theorem 5.1.1. Let fy(z) = A+ coshz for x € R where X is a real parameter.
(a) If X > X, then f(z) has no fized points.
(b) If A = \, then fa(z) has a unique rationally indifferent fixed point .

(c) If \§ <A< A, then fr(x) has an attracting fixed point ay(say) and a repelling fized

point ry(say) with ay < T < ry.

(d) If X\ = X§, then f\(z) has a rationally indifferent fized point —% and a repelling fized

point ry(say) with ry > I.

(e) If X < AS, then fi(x) has two repelling fized points vy and r\ (say) with vy > & and

/ ~
TA < —XI.

Proof. Set g\(z) = fa(xz) — x for x € R.
(a) Case: A > \
If A > X, then gy(z) > ga(Z) = A+v2—2Z=A—X>0 for all z € R. So, fx(z) has no
fixed points.
In Figure 5.1 fi(z) has no fixed points for A = —2/5.
(b) Case: A = A
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Figure 5.1: No fixed points of fy(z) for A > A.

Note that g;(#) = A ++v/2 — & = 0 and 95(2) = 0. Thus, f5(Z) =2 and f{(Z) = 1. So, &
is a rationally indifferent fixed point of f5(x). Now g;(z) > ¢;5(Z) = 0 for z # z. Thus,
g5(x) has no zero other than & and consequently Z is the only fixed point of f;(x).

In Figure , i is the rationally indifferent fixed point of fy(x) for A\ = A.

Figure 5.2: One rationally indifferent fixed point of f(xz) when \ = A

(c) Case: \j < X<\
Observe that gy(#) = A+ v2—Z = A — A < 0. This implies gy(z) has two zeros. Since
g(—%) = A +V2+7 =X— X\ >0, it follows that gy(z) has zeros ay and ry(say) with
—T < ay < T <ry. So,ayand ry are the fixed points of fy(x). Note that —1 < f{(ay) < 1
and f{(rx) > 1. Thus, a, is an attracting fixed point and r, is a repelling fixed point of
fa(z).

The fixed points of fy(z) are shown in Figure for A = —4/5. In Figure .3 a, is

the attracting fixed point and r) is the repelling fixed point of fy(z).
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2 1 0 : 2
Figure 5.3: Two fixed points of fy(z) for A < A < A.

(d) Case: A = )\
Observe that gy:(Z) = A\j + V2 —i = -2 < 0. So, gx;(z) has two zeros. Now gy«(—1) =
;4247 = 0 implies fr;(—=%) = —&. Since fﬁ\g(—iz) = —1, —2 is a rationally indifferent
fixed point of fi;(z). It is easy to see that gis(z) — oo as  — oo and g, (z) > 0 for
x > . Thus, gi;(x) has a zero ry(say) with 7, > &. Since f}.(ra) > 1, ry is a repelling
fixed point of fi:(x).

For A = A}, the fixed points of f,(x) are shown in Figure In Figure —& is the

rationally indifferent fixed point and 7, is the repelling fixed point of f)(x).

Figure 5.4: Two fixed points of fy(z) when A = A}.

(e) Case: A\ < A}
If A<\, then ga(Z) =A+vV2—F=A—-A<0and gr(=2) = A+ vV2+Z=X— A\ <0.
So, gx(x) has two zeros ry and r)(say) with ry > & and 7\ < —Z. It is easy to see that

{(ry) > 1 and f{(r}) < —1. Hence ry and r are the repelling fixed points of f\(z). This
A ATy A
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completes the proof.
For A = —3, the fixed points of fy(x) are shown in Figure In Figure ry and

% are the repelling fixed points of fy(z). O

6

Figure 5.5: Two repelling fixed points of fy(z) when A < Aj.

Remark 5.1.2. If \ < X\, by Theorem |5.1.1/(c), (d) and (e), fx(z) has a repelling fived
point ry with ry > . Clearly, cosh(ry) —ry = —X as ry is a fized point of fr(x). Observe
that cosh(z) — x is strictly increasing for x > &. Therefore, it follows that if A decreases,

then ry increases (if X increases, then ry decreases).
The dynamics of fy(x) on the real line R is discussed in the following theorem.
Theorem 5.1.2. Let fy(x) = A+ cosha for x € R where X is a real parameter.
(a) If X > X, then f(z) — 0o as n — oo for all x € R.

(b) If X\ = X, then fi(z) — & as n — oo for |z|< & and f?(z) — co as n — oo for

|z|> Z.
(c) If X < X, then f?(z) — 0o as n — oo for |z|> 7y.

Proof. (a) Case: A > A

If A > A, by Theorem (a), fr(x) has no fixed points. Clearly, fy(z) > x for all z € R.
Observe that fy(z) > 0 for all x € R as f\(x) has minimum value A+1 > 0. Also, f\(z) is
strictly increasing for > 0. Therefore, the sequence {fY(z)} is monotonically increasing

and not bounded above. Hence f'(x) — oo as n — oo for all x € R.
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(b) Case: A=\

If A = )\, by Theorem (b), fa(z) has a unique rationally indifferent fixed point . If
—& < <, by mean value theorem, |f5(z) — Z[= [f;(c)||z — Z[ where -7 <z <c < 2.
Since |f5(c)|< 1, it follows that |f5(z) — Z[< |z — Z[ for =% <2 < &. Thus, f{(z) = 7 as
n — oo for x € [—7, .

Notice that f5(z) > @ and f{(z) > 1 for x > &. So, the sequence {f{'(z)} is mono-
tonically increasing and not bounded above for x > z. Thus, f;(:c) — 00 as n — oo for
z € (T,00).

Since f5(z) is an even function, it follows that f{(z) — oo as n — oo for z €
(—o0, —1T).

(c) Case: X\ < A

If A < A, by Theorem (C), (d) and (e), fr(z) has always a repelling fixed point 7, with
ry > &. If © > ry, observe that fy(z) > x and f{(z) > 1. Thus, the sequence {f(z)}
is monotonically increasing and not bounded above for > ry. Therefore, f{(z) — oo
as n — oo for x > ry. Since fi(—z) = fi(x), it follows that f{(z) — oo as n — oo for

T < —Ti. ]
In the following proposition it is shown that f, has only real singular values.

Proposition 5.1.1. Let f\ € F. Then f\(z) has two critical values X £ 1 and no finite

asymptotic value.

Proof. Observe that fi(z) = 0 if and only if sinhz = 0. So, the critical values of f(z)
are A + 1. In Chapter [3, Proposition gives that the function cosh z has no finite
asymptotic value when A =y = 1/2 and b = e. This gives the function f)(z) = A+ cosh z

has no finite asymptotic value. This completes the proof. O

By Proposition [5.1.1], the function f is in the class S.

The following two propositions describe the forward orbits of the singular values of
the function f). The forward orbits of A — 1 and A 4+ 1 are presented in Proposition
and Proposition respectively.
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Proposition 5.1.2. Let f\ € F. Then, f{(A—1) = 00 as n — .

Proof. Case (i): A > A

If A > ), by Theorem (a), A —1) = oo as n — o0.

Case (ii): A=\

If A = ), it is easy to see that 1—\ = 14+v/2—% > Z. By Theorem(b), fH1=X) = o0
as n — 0o0. Now fY(A—1) = oo as n — oo, since fy(x) = fa(—2x).

Case (iii): A < \

If A < X, f(z) has a repelling fixed point r with ry > Z. Note that 1 — A\ —r, = 1 +
cosh(ry)—2ry. On the real line R, the function 1+ cosh z—2z has a unique minimum value
which is a positive real number. So, 1 — A > ry and by Theorem (c), fH(1—=X) = o0
as n — 00. Since fy(z) is an even function, it follows that f'(A — 1) — oo as n — oo.

This completes the proof. [

Proposition 5.1.3. If A € [\*, )], then {f{(\ + 1)} is a bounded sequence and if \ €
R\ [\, \], then f(A+1) — oo as n — co where \* = o* —cosh(z*) and =* is the positive

real root of the equation 1+ 2x — coshx = 0.

Proof. Case (i): A > A

If A > X, by Theorem (a), R A+1) = oo as n — 0.

Case (ii): A=\

If A=A then 0 < A+ 1=3—+2+1 < & By Theorem 5.1Yb), fF(A+1) = 7 as
n — 0o.

Case (iii): A < A

If A < \, by Theorem , fr(x) has a repelling fixed point r) with 7, > Z. Notice that
fr(x) is an even function and fy(z) is strictly increasing for x > 0. So, fi ([=ra,7]) =
[A+1,ry]. Thus, the sequence {f{(A+1)} is bounded if A\+1 > —ry, and fI(A+1) — c©
asn — oo if A+ 1 < —ry. It is easy to see that A\ + 1+ ry, = 1 + 2ry — cosh(r,). For

x > 0, we define h(z) =1+ 2x — coshx. It can be verified

>0 forxz e (0,z%),
h(z) ¢ =0 for x =", (5.1)
<0 for x> z*.
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So, it follows that

> —ry forry, <uz*,
Atl { < —ry for ry > x*. (5-2)

If A > M\, by Remark[5.1.2) 7y < a*. Now by using (5.2), A+1 > —r, if A > \*. Similarly,
it can be shown that A +1 < —ry if A < \*.
Thus, in this case, {f{(A + 1)} is a bounded sequence if A > A\* and f{(A+1) = oo

as n — oo if A < \*. This completes the proof. O

Remark 5.1.3. The values of x* and \* are numerically computed and found to be x* =~

24664795 and \* ~ —3.46641163.

5.2 Chaotic Burst in the Dynamics of f)

The chaotic burst in the dynamics of functions in the family F is established by describing
the dynamics of fy(z) for z € C in the present section.

The following theorem is a consequence of Proposition [5.1.1jand Theorems 1.5.4]

Theorem 5.2.1. Let f) € F. Then the Fatou set of fy does not contain Baker domains

and wandering domains.

5.2.1 Dynamics of fy(z) for \ € [\j, \]

If A € (A5, ), by Theorem (c), fa(z) has a real attracting fixed point a, with —Z <
ay < Z. The basin of attraction A(ay) corresponding to the real attracting fixed point a,
is defined as

Afay) ={z€C: f{(z) = ay asn — oo}.
For A € (A5, \), it is proved in the following theorem that the Fatou set of fy is the basin

of attraction A(ay).
Theorem 5.2.2. Let f\ € F and X € (5, \). Then, the Fatou set F(fy) = A(ay).

Proof. By Theorem [1.5.3] the basin of attraction A(a,) contains at least one singular
value. Now A + 1 € A(ay), since by Proposition |5.1.2] fI(A —1) — oo as n — oo and
o0 € J(f)\)
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The Fatou set of f, has no basin of attraction other than A(a,). If possible, let A(zy)
be a basin of attraction of the attracting periodic point z) # ay. Clearly, A + 1 ¢ A(z))
as A(ay) N A(zy) = 0. Now, fi(A—1) = oo as n — oo gives A — 1 ¢ A(z,). Thus, A(z))
does not contain a singular value which is not possible.

If U is a parabolic domain contained in the Fatou set F(f)), then U contains at
least one singular value (Theorem [1.5.3). Note that A +1 ¢ U as U N A(ay) = 0.
There exists a rationally indifferent periodic point z, € C of minimal period p such that
U={ze€C: f(z2) - & asn — oo}. Clearly, A\ —1 ¢ U. So, U does not contain any
singular value which is not true. Thus, the Fatou set of f,(z) has no parabolic domain.

The Fatou set of f) cannot contain Siegel disks. If F'(fy) contains a Siegel disk U,
then by Theorem [1.5.3] the boundary AU of U is contained in the closure of the forward
orbits of the singular values of f\. Since A +1 € A(a,), OU cannot contain A + 1 and
its forward orbits. Since fy(z) is critically finite and f{'(A — 1) — oo as n — oo, it is
impossible for F(f,) to have a Siegel disk.

By Theorem the Fatou set of f\ does not contain Baker domains and wandering
domains.

Thus, the basin of attraction A(a,) is the Fatou set of fy. O

Figure gives an idea on the basin of attraction of f, when A\ = —2. In Figure 5.6,
the points for which the forward orbits are attracted by the attracting fixed point are in

black color.

Figure 5.6: Basin of attraction in the Fatou set of fy for A € ()Af, 5\)
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When A = ), the parabolic domain P = P(Z) corresponding to the real rationally

indifferent fixed point Z is defined as
P=P(7):={2€C: f{(z) > Tasn— oo}

Similarly, if A = A} the parabolic domain P = P(—Z) corresponding to the real rationally

indifferent fixed point —7 is defined as
P=P(-2):={2€C: fi:(2) > —Tasn — oo}.

For A = )\ and \ = Ay, the Fatou set F(fy) is described in the following theorem and its

proof is similar to the proof of Theorem [5.2.2]

Theorem 5.2.3. Let f\ € F where X = X or A\ = Xy- Then, the Fatou set of fi(z) is

equal to P.

For A = Xjj, the parabolic domain of f) is given in Figure[5.7] In Figure[5.7] the points
for which the forward orbits are attracted by the rationally indifferent fixed point —Z are

in black color.

Figure 5.7: Parabolic domain in the Fatou set of fy for A = Aj.

5.2.2 Dynamics of f\(z) for A € [\*, \})

If A € [A*,A}), by Theorem [5.1.1] f\ has two real repelling fixed points 7, and 7} with
ry > Z and ), < —Z. Also, by Proposition {f¥(A+1)} is a bounded sequence in R.

So, there is a possibility of higher order real attracting or rationally indifferent periodic
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points of f(x).

For different values of the parameter A, the existence and the nature

of the higher order periodic points of f)(z) are computationally analyzed and given in

Table B.11

Table 5.1: Nature of the periodic points of fy(z) for different values of A

Nature of the periodic points of f)(z)
A Minimal period one Minimal period two Minimal period four

K =2 | O el

-2.35 Two repelling one attracting

-2.40 Two repelling one attracting

-2.45 Two repelling one attracting

-2.50 Two repelling one attracting

-2.55 Two repelling one attracting

-2.60 Two repelling one attracting

-2.65 Two repelling one attracting

-2.70 Two repelling one attracting

-2.75 Two repelling one attracting

-2.80 Two repelling one attracting

-2.85 Two repelling one attracting
Al = —2.885 Two repelling one rationally indifferent

-2.90 Two repelling one repelling one attracting

-2.95 Two repelling one repelling one attracting

-2.97 Two repelling one repelling one attracting
A5 = —3.001 Two repelling one repelling one rationally indifferent

-3.05 Two repelling one repelling one repelling

-3.10 Two repelling one repelling one repelling
Denote A\j = —2.885. When A = \j, from Table .1 f\(z) has two repelling fixed

points and a cycle consisting of one rationally indifferent periodic point of minimal period

2. Again, from Table observe that f)(z) has two repelling fixed points and a cycle con-

sisting of an attracting periodic point of minimal period two for A = —2.35, —2.40, —2.45,

—2.50, —2.55, —2.60, —2.65, —2.70, —2.75, —2.80, —2.85. For A = —2.5, the periodic points

of minimal period one and two are shown in Figure[5.8 In Figure[5.8] the blue color points

are repelling fixed points and the maroon color points are attracting periodic points of

minimal period 2. In Figure there are two maroon color points but one of them is

the image of the other under fy. All of these A lie in (A}, \f). It can be concluded that

TH-2321_ 136123003



90 Chapter 5
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Figure 5.8: Periodic points of fy(z) for A = —2.5.

if A € (A}, A)), fa(z) has two repelling fixed points and one attracting periodic point
of minimal period 2. Let {af ;, a3, = fa(al 1)} be the cycle of the attracting periodic
point of minimal period 2 for A € (A}, A§). Then the corresponding basin of attraction is

A(ay;1) = Uyp U Uy where Uy, Uy, are given by
Ui={2€C: ff*(z) = af\,l asn — oo} fori =0, 1.

In this case, it can be proved that the Fatou set of fy(z) is A(ay;1).
The basin of attraction of F(f) for A = —2.5 is shown in Figure 5.9 In this figure,
the basin of attraction consists of black and blue regions. Here, it is an attracting cycle

of length 2. One of the cycles is the black region and another one is the blue region.

Figure 5.9: Basin of attraction in the Fatou set of f\ for A € (A}, A{).

For A = )i, the fixed points and periodic points of minimal period 2 of fy(z), are
shown in Figure [5.10] In Figure [5.10, the blue color points are repelling fixed points and
the maroon color points are rationally indifferent periodic points of minimal period 2 of
far(z). Let {a:(f\,f, x}\ik = f,\f{(x%)} be the cycle of the rationally indifferent periodic point

for A = A}. Then the corresponding parabolic domain is P(xx:) = P:o U Py:1 where
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Figure 5.10: Periodic points of fy(z) for A = —2.885.
PX{’O and P)\’l‘,l are given by
Pui={2€C: f?‘(z) — mf\a{ asn — oo} for i =0, 1.

For A = )}, it can be proved that the Fatou set of fi(2) is P(zx:).
The parabolic domain of F(fy) for A = A} is given in Figure In this figure, the
parabolic domain consists of black and blue regions. Here, it is a parabolic cycle of length

2. One of the cycles is the black region and another one is the blue region.

o B N W

Figure 5.11: Parabolic domain in the Fatou set of f) for A = A}.

Again from Table notice that for A = —2.90, —2.95, —2.97, the function f)(z)
has no attracting or rationally indifferent periodic points of minimal period one and two,
but it has an attracting periodic point of minimal period 4. For A = —2.95, the periodic
points of f)(z) are shown in Figure . In Figure , the blue color points are repelling
fixed points, the maroon color points are repelling periodic points of minimal period 2
and the black color points are attracting periodic points of minimal period 4. There are
two maroon color points but one of them is the image of the other. Although there are

four black color points but they are in a periodic cycle.  All of these A lie in (A5, A}).
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Figure 5.12: Periodic points of fy(x) for A = —2.95.
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Figure 5.13: Zoom view of Figure [5.12

It can be concluded that the function fy(x) has two repelling fixed points, one repelling

periodic point of minimal period 2 and one attracting periodic point of minimal period 4

for A € (A3, A7) Let {ag,w ai,z = fA(ag,2)7 aia = f)%(agg): ai,z = ff:’(ag,z)} be the cycle

of attracting periodic point for A € (A3, \f). Then, the corresponding basin of attraction
3

is A(ay;2) = | Uy, where U, ; are given by
=0

Uni={2€C: fi*(z) = af\2 asn — oo} fori =0, 1, 2, 3.

In this case, it can be proved A(ay;2) is equal to the Fatou set of fy(2).

The basin of attraction of F'(fy) for A = —2.95 is given in Figure . In this figure,
the basin of attraction consists of black, blue, green and red regions. Here, it is an
attracting cycle of length 4. Each of the regions black, blue, green and red is one of the
components of the attracting cycle.

For A = A}, the periodic points of fy(z) are shown in Figure In Figure[5.15] the
blue color points are repelling fixed points, the maroon color points are in the cycle of

repelling periodic point of minimal period 2 and the black color points are in the cycle of
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Figure 5.14: Attracting domain in the Fatou set of f) for A = —2.95.

the rationally indifferent periodic point of minimal period 4.

4 T T
3l d@i-1 ||

1r o .
® Repelling fixed points of f(z)
-2 L ® Repelling periodic points of fy(z) of period 2 fa) —a N
® Rationally indifferent periodic points of fy(z) of period 4 A
1 1 1 1 1 1

-3
2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

Figure 5.15: Periodic points of fi(z) for A = A3.

Similarly, for A = X3, it can be defined {z3,, =}, = fi;(2};) 2%, = fL(2},) 23, =
3
ff\”g (:ch)} is the cycle of rationally indifferent periodic point and P(z,;) = 'Uo Py i is the
=
corresponding parabolic domain where

ka; ={zeC: f4§(z) — xiz asn — oo} fori =0, 1, 2, 3.

In this case, P(zys) is the Fatou set of fy(2).

Figure is the picture of the parabolic domain of F(fy) for A = A5. In Figure|5.16]
the parabolic domain consists of black, blue, green and red regions. Here, it is a parabolic
cycle of length 4. Each of the regions black, blue, green and red is one of the components
of the parabolic cycle.

From Table , for A = —3.05, —3.10, f\(x) has no attracting or parabolic periodic

points of minimal period one, two and four.
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Figure 5.16: Parabolic domain in the Fatou set of fy for A = Aj.
From the above discussion, the following observation is listed in Table [5.2]

Table 5.2: Nature of the periodic cycle of f)

Nature of the periodic cycle of f)

A€ (A7, AS) | Attracting cycle of minimal period 2

A=A Parabolic cycle of minimal period 2

A € (A5, \}) | Attracting cycle of minimal period 22

A=A\ Parabolic cycle of minimal period 22

We conjecture that the following things hold when A € [A*, \}).

Conjecture 5.2.1. There exists a sequence {\j}72, in [N\*,\)) such that the following
holds.

o {\i} is a strictly decreasing sequence converging to \*.
e If X e (N, Ay, fa(z) has an attracting periodic point of minimal period 2*.

o If X=X\, fa(x) has a rationally indifferent periodic point of minimal period 2F.

If X € (Af, Aj_1), by Conjecture(5.2.1} let {a3 , a} , = fa(al,), . . ,a?\’jk_l = fk_l(agﬁk)}

be the cycle of attracting periodic point of minimal period 2. Then the corresponding

2k_1
basin of attraction is A(ax; k) = |J Ux; where U, ; are given by
=0
Uyvi={z€C: £ (2) —aj,asn — oo} fori=0,1,...,28 -1
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If A€ (\;, \;_;), it can be proved that F/(fy) = A(ay; k).

If A = \;, by Conjecture [5.2.1} let {2%., 23, = faz(aX:), .. ,xiz_l = f:_l(x?\k)} be

the cycle of rationally indifferent periodic point of minimal period 2¥. Then the corre-
2k 1

sponding parabolic domain is P(x,\z) = U Py: i where Py ; are given by
=0

Pyvi={2€C: f2£"(z) —>x§\z asn — oo} fori=0, 1,...,2F — 1.
If A = A}, it can be proved that F/(f\) = P(z:).
5.2.3 Dynamics of fy(z) for A € R\ [\*, ]
The Dynamics of f(z) for A € R\ [\*, A] is proved in the following theorem.

Theorem 5.2.4. Let fy € F and A € R\ [\*, \]. Then, the Julia set of fy is equal to the

extended complex plane C.

Proof. fx has only two singular values A& 1. If A € R\ [\*, \], by Propositions and
5.1.3] fI(A£1) — 0o as n — oo. Hence the forward orbit of all the singular values of fy

tend to infinity under iteration of fy. Therefore, the Julia set J(f)) = C. O]

The Fatou set of fy is unbounded for [\, 5\], since f, is a periodic function. From the

Theorems [5.2.2] [5.2.3] and [5.2.4] and Conjecture [5.2.1] it is clear that a period doubling

bifurcation occurs in the family F.
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