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Abstract

A standard paradigm in the expansion of knowledge is to describe
nearby familiar objects of a new object. Density results in topol-
ogy may be viewed as fitting into this paradigm. Another such
paradigm is to give relations between new and relatively familiar
objects. Morphisms between objects of a category may be viewed
as falling under this paradigm. In this thesis, we have considered
problems from these two paradigms. We have studied density re-
sults in the spaces of continuous functions C(St, S') and C(S?, S?).
In the second half of the thesis we have defined and explored mor-

phisms between Riemannian manifolds.

vi
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Chapter 1

Introduction

1.1 Background and Motivation

M. H. Stone gave the Stone-Weierstrass Theorem [Sto48a), which is a density result
with respect to uniform topology. This result is a generalization of the Weierstrass
Approximation Theorem by lightening the restrictions imposed on the domain over
which the given functions are defined. By taking the co-domain of the given functions
to be the complex plane in place of real line, he went further and gave a complex
version of the latter result as Stone-Weierstrass Theorem [Sto48b|. Our aim is to
seek density results for C'(M, N), the class of continuous functions from a topological
manifold M to another topological manifold N. In particular, we have sought and
reported on such results in C(S1, ') and C(S?,5?). In our study of density results
in C'(S', S1), we found the need for a version of the Stone-Weierstrass Theorem with
constraints. We call this result as ‘Stone-Weierstrass with finitely many interpolatory
constraints’ (Theorem [2.2.1). Although developed independently by us, this result is
available in the literature [HPR76, BCH01]. We add that our proof is different and
more direct in comparison to that available in the literature. With the latter result

(Theorem [2.2.1]) as background, we give a generalization in Theorems [2.4.1|and [2.4.2]

The second half of the thesis is devoted to an entirely different question about mor-

phisms in the category of Riemannian manifolds. In mathematics, we not only study

1
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1.2 Thesis Overview Introduction

objects with mathematical structures, but also consider functions which relate struc-
tures of the two objects. For example, in topology we consider continuous functions,
in group theory we study homomorphisms, in linear algebra — linear transforma-
tions, in the theory of smooth manifolds — smooth functions and in category theory

— functors are the ‘right’ kind of functions which are used for this purpose.

However such functions or more appropriately such morphisms are lacking in the
study of Riemannian manifolds. Though we have isometries and conformal maps,
the strong conditions they impose restrict wider applicability. When one attempts to
define such morphisms between Riemannian manifolds, one realizes a need for mor-
phisms between inner product spaces. Consequently, we devote the fourth chapter
to developing a theory of morphisms between inner product spaces. Finally, in the
fiftth chapter, we define morphisms between Riemannian manifolds and pursue some

of their properties.

1.2 Thesis Overview

There are five chapters in the thesis. Here we provide its chapter-wise content.

1.2.1 Chapter 1

The first chapter contains motivation behind this thesis and an overview of the same.

1.2.2 Chapter 2

In the second chapter we provide our proof of ‘Stone-Weierstrass with finitely many
interpolatory constraints’ (Theorem [2.2.1]). We give a generalization of this theorem
by replacing the finite interpolating set by an arbitrary closed set. We also provide

complex versions of these two results in this chapter.
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Introduction 1.2 Thesis Overview

1.2.3 Chapter 3

In this chapter we give some density results in C'(S*,S') and C(S?,5?). Also we
pose some problems in the direction of generalizing the Stone-Weierstrass Theorem
to C(M, N), the class of continuous functions from a topological manifold M to

another topological manifold V.

1.2.4 Chapter 4

In this chapter we define the concept of morphisms between inner product spaces

and study some of their properties.

1.2.5 Chapter 5

In this chapter we introduce the notion of morphisms between Riemannian manifolds

and study some of their properties.
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Chapter 2

Generalized Stone-Weierstrass Theorem

2.1 Introduction

The classical Stone-Weierstrass Theorem [Sto48a] has been generalized in different
directions. We recommend [Pin05| as a general survey on such density results. The-
orem 1 of [HPR76| is one such generalization involving finitely many interpolatory
constraints. The same result is also to be found in [BCHO1|. An independent proof
of this theorem is provided in Section [2.2] A natural generalization of this theorem
would be to allow for an arbitrary closed S C X, as our interpolating set. To proceed,
we examine the notion of a separating unital algebra in Section A version of
the Stone-Weierstrass Theorem with an arbitrary closed subset of the metric space

as the interpolating set is stated and proved in Section [2.4] as Theorem [2.4.1]

2.1.1 Notations

Let X be a compact metric space. I denotes either the field of real numbers R or the
field of complex numbers C. C(X,F) denotes the collection of F-valued continuous

functions on X with the supnorm. And, let A denote a subset of C'(X,F).
Let k be any natural number. Let S = {1,292, -+, 25} C X (with x; # z; for

5
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2.2 Finitely many Interpola. .. Generalized Stone-Weierstrass. . .

distinct ¢ and j) and let V' = {vy,vq, -+ , v} C F. Define

CX(X»]F) = {f € C’(X,IF) | f(%) = Ulaf(xQ) = Vg, af(xk) = Uk} and
AG(X,F) = {f € A f(z1) = vy, f(x2) = v, -+, [(ax) = v}

2.2 Finitely many Interpolatory Constraints

Theorem 2.2.1 (Stone-Weierstrass with finitely many interpolatory constraints).
For a natural number k, let S = {x1,xq, - 2} C X (with x; # x; for distinct i
and j) and let V- = {vy,vq, -+ ,vx} C R. If A is a unital sub—algebra of C(X,R)
which separates points then AY (X, R) is dense in C¥ (X, R).

Proof. Case (a) Assume that the {v;}} are all distinct, that is, v; # v; for every i # j,

where 7,7 =1,--- , k.

Let f € C¥(X,R). By the Stone-Weierstrass theorem, there is a sequence {p,} in A

such that p, — f uniformly. Define a new sequence of functions f, : X — R via

ngjgk,j;éi (pn(x) _pn(xj))
fulz) = Z v; :
=y | | S (£n (i) = pal))
Dropping finitely many functions f,,, if necessary, ensures that the sequence is well-

defined. Further,

fo = ) i [licjcr i (f(2) = fla3))

iforgaly. 2.1
1<i<k Hlﬁjﬁk,j;&i (f(xz) _ f(xj)) uniformly ( )

However, we note that

oo Ny Lz (F@) — /()
1 1§k " Tlicjang (Fl@i) = f(zy)

is a polynomial in f(z) of degree k — 1 which has at least k roots viz., vy, vq, -+, vg.

Hence for each x € X,

) = o Aigjcriz (f(x) — flx;))
f( ) B 1§Zi§:/€ ’ ngjgk,j# (f(xz) — f(x])) . (22)

6
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Generalized Stone-Weierstrass. . . 2.2 Finitely many . ..

From and we conclude that f, converges uniformly to the given f. Clearly,
fo(z;) = v; for every i = 1,2,--- /k and f, € AL (X, R).

Case (b) When two or more of v; become equal, we assume without loss of generality
that the prescribed values {v;}} are ordered as v; < vy < -+ < v For some
positive real number a, let {w;}} be the strictly increasing sequence of real numbers
given by w; = v; + jo for each jin 1,2,--- k. By Urysohn’s Lemma, there exists an
h € C(X,R) such that h(z;) = w; for every iin 1,2, k. Now, define f* = 3 f+h.
Clearly, f*(z;) # [*(x;) for every i # j with 4,7 =1,2,--- | k.

Applying our conclusion in Case (a) to f*, we get two sequences f= : X — R such
that ff — f* uniformly on X satisfying f(x;) = f*(x;) for each i = 1,2,--- k.
Let f, = f,F + f7. Clearly f,, — f uniformly X and f, € A% (X, R). O

Theorem 2.2.2 (Complex Stone-Weierstrass with finitely many interpolatory con-
straints). For a natural number k, let S = {x1,xs, - ,xx} C X (with x; # z; for
distinct i and j) and let V- = {ay + iby, ay + ibs, -+ ;ar + ib} C C . Let A be a
unital sub-algebra of C(X,C) such that if f € A, then f € A. Further assume that
A separates points of X. Then A%(X,C) is dense in C¥(X,C).

Proof. Let Ax = {f € A|f(z) € Rforallz € X}. Clearly Ag is a unital sub—
algebra of A over R. Further, if f € A separates points z,y € X, we note that either

R(f)(x) #R(f)(y) or S(f)(x) # 3(f)(y). Since both R(f), I(f) € Ag, we conclude

that Ag separates points.

Applying Theorem [2.2.1] we get two sequences {g,}3°, {hn}5° in Ag such that g, —
R(f) uniformly and h,, — (f) uniformly with ¢, (z,;) = a; and h,(z;) = b; for j =
1,2,--+ k. Let f,, = go+ih, and we have f,, — f uniformly with f,, € AY(X,C). O

TH-1283_08612304



2.3 Generalizing the notion of . .. Generalized Stone-Weierstrass. . .

2.3 Generalizing the notion of a Separating Alge-

bra

The following definitions are immediate when we attempt to generalize the notion of

a separating subset of C'(X,R) or C'(X,C).

Definition 2.3.1. Let k > 2 be a fized natural number. For A C C(X,F), A is k-
separating, if, given any k distinct x1,xo, -+ ,xx € X, there exists an f € A such that
f(x;) # f(xj) for every i # j with i,5 in 1,2,--- k. Further, A is k—interpolating if
giwen any k distinct x1,x9,--- ,x € X, and arbitrary vy, vy, -+ ,v, € F, there exists

an f € A such that f(z;) = v; for everyi in 1,2,--- k.

Although a 2-separating subset A is equivalent to a separating A, it is of interest
to know whether requiring A to be k—separating or k—interpolating is more stringent

than requiring A to be separating. The next proposition answers this question.

Proposition 2.3.1. If A is a separating unital sub—algebra of C(X,F) and k > 2 is

any natural number, then A is k—separating and k—interpolating.

Proof. We proceed by induction. For k = 2, let 1, x5 € X with x; # z5. Further, let
v1,v9 € F be given. Since A is separating, there exists g € A such that g(x;) # g(x2).

Now,

g(z) — g(x1)

g(z2) — g(1)

is in A and takes values v; and vy at x7 and x5 respectively. Thus A is 2-interpolating.

f(x) =v1 + (v2 — 1)

Assume that A is k—interpolating for £ = m, a natural number. And suppose we are
given distinct x1, 29, -+ ,xpme1 € X and vy, v9,- -+ , V1 € F. Then, by induction

hypothesis, there exists functions fi, fo and f3 € A satisfying

filz) =0,  fi(x2) =0, ---, fil@ma1) =0, filrmu) =1;
fa(w2) =0, fo(wz) =0, -, fo(zm) =0, fo(zmi) =1; and
f3($1) = Uy, f3($2) =V, -+, fs(me—1) = Um—1, f3(1'm) = U

Now, the function f(z) = f3(z) + fi(z)f2(z) (V1 — f3(zms1)) € A and has the

desired interpolating properties. This completes the induction.

8
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Generalized Stone-Weierstrass. . . 2.4 Arbitrary Interpolatory . ..

We have proved that A is k—interpolating for each natural number k& and hence it is

k—separating. n

The conclusion of the above Proposition is implicit in the conclusion of Theorem
2211

2.4 Arbitrary Interpolatory Constraints

Definition 2.4.1. Let S be a closed subset of X and A C C(X,F). We say that A
is separating mod S, if, for any T such that S C T C X where T \ S is finite and

any continuous g : T'— F, there exists an f € A such that fip = g.

By Proposition [2.3.1] a unital sub-algebra A C C(X,F) is separating if and only if
it is separating mod &, the empty set. Thus, the notion of a separating subset of

C(X,F) is subsumed by Definition at least for unital sub—algebras.

Our main Theorem necessitates the following definition.

Definition 2.4.2. Let S be a closed subset of X and A C C(X,F). We say that A
is interpolating mod S, if, for any f € A and for any T such that S C T C X where
T\ S is finite, there is a sequence { f,}3° in A such that f, — f uniformly on X and
fu(x) = f(z) for allz € T.

Theorem 2.4.1 (Stone-Weierstrass with arbitrary interpolatory constraints). Let X
be a compact metric space and S be a closed subset of X with A C C(X,R). Further,
assume that A is a unital sub—algebra of C(X,R) which is separating mod S and
interpolating mod S. Then for any f € C(X,R), there exists a sequence {f,}3° in A
such that f, — f uniformly on X with f,(x) = f(z) for every xz € S.

Proof. It suffices to produce, for each natural number n, an f,, € A satisfying f,,(z) =

f(x) for every z € S and || f, — f|| < +.

Pick any u,v € X'\ S. Since A is separating mod S, there exists fs.,, € A such that
fsun(x) = f(x) for every z € SU {u,v}.

TH-1283_08612304



2.4 Arbitrary Interpolatory ... Generalized Stone-Weierstrass. . .

Fix u € X \ S. For a natural number n and v € X \ S, set
Uy ={w € X|fsup(w) < f(w)+ £}

U, is an open set containing v. Hence, {U, },cx is an open cover of X. By compact-
ness of X, there exists finitely many vy, vy, -+ , v such that X = Ule U,,. Define
hs. = Mini<i<k fswo;,. Then, hs, € A, hg,(z) = f(x) for every x € S U {u} and
hsw(z) < f(z) + 4 for every 2 € X. Since A is interpolating mod S, there ex-
ists gs,u € A such that gg,u(z) < hsu(z) + & < f(2) + 55 for every 2 € X and
gsu(2) = hsu(x) = f(z) for every x € SU {u}.

Next, set

Then, {V,}.ex is an open cover of X which admits a finite subcover, say, X =
UL_,V,.. Define g, = max<;<; gs.,- Then, q, € A with g,(z) = f(z) for every z € S
and ||g, — f]] < 5. Again, since A is interpolating mod S, there exists an {f,} in
A such that ||f, — ¢a]] < 55 and fu(2) = gu(z) = f(z) for every z € S. By triangle

inequality, ||f, — f|| < % This completes the proof. O

Theorem 2.4.2 (Complex Stone-Weierstrass with arbitrary interpolatory constraints).
Let X be a compact metric space and S be a closed subset of X with A being a unital
subalgebra of C(X,C) such that if f € A then f € A. Further, assume that A is
separating mod S and interpolating mod S. Then for any f € C(X,C), there exists a
sequence { f,}3° in A such that f, — f uniformly on X with f,(x) = f(x) for every

rzes.

Proof. Let Agx = {f € A|f(z) € Rfor all z € X}. Clearly Ag is a unital sub—algebra
of A over R. To prove that Ag is separating mod S, take a continuous g : 7' — R for
some T such that S C T C X such that 7'\ S is finite. Since A is separating mod S,
we get an f € A such that fip = g. Now, R(f) € Ag and R(f);r = g which proves
that Ag is separating mod S.

Next, suppose f € Ag and S C T C X such that T\ S is finite. Since Ax C A and

A is interpolating mod S, we get a sequence {f,}7° in A such that f,, — f uniformly

10
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Generalized Stone-Weierstrass. . . 2.4 Arbitrary Interpolatory . ..

on X and f,(z) = f(z) for all x € T. Consequently we get the sequence {R(f,)}°
in Ag which converges to R(f) = f and satisfies R(f,,(z)) = f(x) for all z € T'. This
proves that Apg is interpolating mod S.

Applying Theorem [2.4.1] we get two sequences {g,}3°, {h,,}5° in Ag such that g, —
R(f) uniformly and h, — I(f) uniformly with g,(x) = R(f) and h,(z) = S(f) for
all x in S. Let f, = g, + ih, and we have f,, — f uniformly with f,(z) = f(z) for
all z € S. O

The results developed in this chapter have been submitted for publication as [SYDb].

11
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Chapter 3

Some Density Results in C'(S*, S1) and
C(S?, 5%

3.1 Introduction

When one starts looking for dense subsets of C(S!, S1) and C(S?, 5?) first question
that arises in one’s mind is about the topology to be used. In some sense this topology
should be natural. In this chapter whatever topologies we shall choose, either will
be easily seen to be quite natural or we shall justify them to be so. Also the dense
subsets should be either familiar classes of functions or there should a specified way
to obtain them. In sectionof this article, we give many dense subsets of C'(S*, S)
by using PL functions, polynomials and Stone-Weierstrass theorem. In section [3.4]
by using uniformity, we give theorems [3.4.4], [3.4.5] [3.4.9] [3.4.8 [3.4.7] and [3.4.6] which

are a sort of justification that compact open topology is one of the topologies with
respect to which dense subsets should be searched. Also, in this section we give a
dense subset of a subclass of C'(S?,5%) with respect to a topology which is slightly
weaker than compact open topology. In section we pose problems of finding dense

subsets with respect to compact open topology and one other problem.

13
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3.2 Preliminaries Some Density Results in. ..

3.2 Preliminaries

3.2.1 Covering Spaces

Let E and X be topological spaces, and let ¢ : E — X be a continuous map.

Definition 3.2.1. An open set U C X is said to be evenly covered by qif ¢ *(U) is
a disjoint union of connected open subsets of E (called the sheets of the covering

over U ), each of which is mapped homeomorphically onto U by q.

Definition 3.2.2. A covering map or projection map is a continuous surjective
map q : B — X such that E is connected and locally path-connected, and every point
of X has an evenly covered neighborhood. If ¢ : E — X is a covering map, we call E

a covering space of X and X the base of the covering.

Example 3.2.1.1. The exponential quotient map p : R — S given by p(z) =

exp(2mix) is a covering map.

Example 3.2.1.2. The n*® power map p, : S* — S* given by p,(z) = 2" is also a

covering map.

Example 3.2.1.3. Let T" 251 x St x ... x Sll. Define p"™ : R™ — T™ by

n times

P, s ) = (p(21), -0y D(20)),

where p is exponential map of Example|3.2.1.1. It can be verified that p™ is a covering

map.

Definition 3.2.3. Ifq: E — X is a covering map and ¢ : Y — X is any continuous

map, a laft of ¢ is a continuous map gz~5 :Y — E such that q o gz~5 = ¢.

From [Lee00] we have following result called as Path Lifting Property:

Lemma 3.2.1. Let ¢ : E — X be a covering map. Suppose f :[0,1] — X is any
path, and e € E is any point in the fiber of q over f(0). Then there exists a unique
lift f:1— E of f such that f(0) = e.

14
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Some Density Results in. .. 3.2 Preliminaries

3.2.2 Uniform Spaces

We give following definitions and results from [Kel09].

Definition 3.2.4. A uniformity for a set X is a nonempty family % of subsets of
X x X such that

(a) each member of % contains the diagonal A\;

(b)ifUe U, thenU™ € %;

(c)if U e, then VV C U for someV € U;

(d) if U and V' are members of % , then UNV € U ;

(e)ifUe andU CV C X x X, thenV € %;

The pair (X, %) is called a uniform space.

A subfamily £ of a uniformity % is a base for % iff each member of % contains
a member of #. A subfamily .# is a subbase for a uniformity % if the family of

finite intersections of members of .¥ forms a base for % .

Theorem 3.2.1. A nonempty family B of subsets of X x X is a base for some
uniformity for X iff

(a) each member of B contains the diagonal /\;

(b) if U € B then U™' contains a member of B;

(c)if U e B then VV C U for someV € A; and

(d) intersection of two members of X contains a member.

Theorem 3.2.2. A subfamily .# of subsets of X x X is subbase for some uniformity
for X if

(a) each member of 7 contains the diagonal A\;

(b) if U € % then U™' contains a member of %;

(c) for each U € ., VV C U for someV € .7.

Let (X,% ) be a uniform space. Given any U € %, define Ulz] = {y|(z,y) € U}.
Collection of all 7' C X such that for all z € T, there exists U € % with Ulz] C T,

is a topology on X. This topology is called uniform topology.

15
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Remark 3.2.1. (1) There can be more than one uniformities which has same uniform
topology.

(2) Different metrics may give rise to same uniformity.
Theorem 3.2.3. A topological space is uniformizable iff it is completely reqular.

Theorem 3.2.4. A uniformity is pseudometrizable iff it has a countable base.

From above two theorems and two remarks we can conclude that, on the level of
abstraction, uniform spaces lie in between metric spaces and topological spaces. Also

we have the following theorem

Theorem 3.2.5. If X is a compact reqular topological space then there exists a unique

uniformity whose uniform topology is the topology of the space.

Definition 3.2.5. Let X be any set and a be family of subsets of X. Also let F' be
a family of functions from X to a uniform space (Y, ¥). Then the family of all sets
of the form {(f,g) : (f(x),g(x)) € V,Vz € A}, for V. € ¥ and A € a is a subbase
for a uniformity. This uniformity is called uniformity of uniform convergence
on members of a. If a is singleton containing X then the resulting uniformity is
called uniformity of uniform convergence. The uniform topology of this uniformity
1s called the topology of uniform convergence .

If X s a topological space and a is collection of all compact subsets of X then the
resulting uniformaty is called uniformity of uniform convergence on compacta.
And the uniform topology of this uniformity is called topology of uniform conver-

gence on compacta.

Let X and Y be topological spaces and F' be a family of functions from X to Y. For
each subset K of X and U of Y, define

W(K,U)={f:f€Fand f(K)CU}.

The topology obtained by taking the family of all sets of the form W (K,U), for K
a compact subset of X and U an open subset of Y, as a subbase, is called compact
open topology.

16
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Theorem 3.2.6. Let F' be a family of continuous functions from a topological space
X to a uniform space (Y,v). Then the topology of uniform convergence on compacta

15 the compact open topology.

3.3 Density in C(S!, S1)

Let C'(S*, S') denote the collection of all continuous functions from S* to S*. Further
let I =[0,1] and C(I,R) = {f|f : I — R is continuous with f(0) € [0,1) and f(1) — f(0) € Z}.
Consider the function a : [0,1] — S* given by a(t) = (cos2nt,sin2n7t) and the
covering space R of S! with projection map p given by p(t) = (cos 27t, sin 27t).

For f € C(S',SY), let f, be the unique lift of f o a such that f,(0) € [0,1). Clearly
fo € C(I,R).

For f € C(S',S%) and g € C(S*, S), define

do(f9) =2 sup |fala™(2)) = Gala™"(x))].

zes!
z#(1,0)

Remark 3.3.1. If X is any compact space then the set C(X,R) of all continuous
real valued functions on X is a normed linear space with the sup norm given by

| £l = supgex | f(x)|, forall f € C(X,R). Let d; be the metric induced by this norm.

With respect to this metric on C(X,R), C(I,R) is a metric space.

Proposition 3.3.1. dy is a metric on C(S', S') and there exists a homeomorphism
¢ : C(S',SY) = C(I,R) such that do(f,q) = 2ndi(¢(f),d(q)), for all f and g in
C(st, st .

Proof. Define ¢ : C(S',S') — C(I,R) by ¢(f)(t) = fa(t),Vt € I.

17
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Now,

= o)) =d(g)(t), VL €1

= fut) =ga(t), Vtel

= po folt) = po galt), Yt € I, where p is projection map
= foa(t)=goa(t), Vte I

=  f(x)=g(x), z€ 8"

= F e

So ¢ is injective.

Given any g € é\(I,R), define f by

Fo) = pogoa(x) ifxe S —{(1,0)}
pog(0) =pog(l) otherwise.
Clearly f € C(S,S') and ¢(f) = g. So ¢ is onto.
do(f,9) =27 swp |fala™(2)) = dula™" ()]

zes!
z#(1,0)

=271 sup |o(f)(a ! (z)) — ¢(g)(a(z))]

z€S?!
2#(1,0)

=27 sup [o(f)(t) — ¢(9) ()]

te(0,1)

=27 sup [¢(f)(t) — ¢(g)(?)]

t€[0,1]

= 2md1 (¢(f), 6(9))-

So dy is a metric space and ¢ is a homeomorphism. O

3.3.1 Density Results using PL-functions and Polynomials

Definition 3.3.1. A function f : [a,b] — R is said to be piecewise linear (PL) if
there exist sets of points {p;}¥_, in [a,b] and {¢;}F_, in R such that p; = a, pp = b
and for all t € [prprsr]s F(E) = g+ (@1 — 420 for every 1< i < k— 1.

Pi+1—Pi’

18
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Define

—~

PL(I,R) = {f|f : I - Ris PL and f(0) € [0,1), f(1) — f(0) € Z}.

Theorem 3.3.1. The set lg\L(I,]R) is dense in 6([, R).

Proof. Let f € C (I,R). Since a continuous function on a compact set is uniformly
continuous and [0,1] is compact, f is uniformly continuous. So, given any € > 0, there
exists ¢ > 0 such that |f(z) — f(y)| < §, whenever |z —y| <.

Let {pi|i = 1,2,...,k} be a partition of [0,1] such that its norm is less than §. Let
f(pi) = q; for every 1 <i < k. Define a PL function P by

P(t) =q; + (¢is1 — @) =p) ¢ [pi, piva], for every 1 <i <k — 1.

Di+1—Pi’

Now, for every 1 <1 < k — 1, we have

t — p;
sup |f()=POI< sup (FE) —al + (g — a)L—PL)
t€[pi,pit1] telpi,pit1] i+1 — Di

< sup (If(t) — @] + 1(gir1 — @)])
t€[pi,pit1]

cELE
T
<

DO | ™

So ||f — P|| < e. This completes the proof. O

For a,b € R define

Cap(l,R) ={f € C(I,R)|f(0) = a, f(1) = b} and

P,y(I,R) = {p(x)|p(x) is a polynomial on R with p(0) = a and p(1) = b}.
Lemma 3.3.1.1. Given a € R, the set Py ,(I,R) is dense in Cyq(I,R) with sup

metric.

Proof. Let f € Cyo(I,R). By Weierstrass approximation theorem a sequence of

polynomials {p,} such that p, — f uniformly. Now define p, by

Pn() = pa(x) — pu(0) + 2(f(1) = pu(1) + pu(0)).
Clearly p,, — f uniformly and p,(0) =0, p,(1) = a. O
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Theorem 3.3.2. Given a,b € R, the set P,,(I,R) is dense in Cyp(1,R) with sup

metric.

Proof. Define ¢ : Cop(I,R) = Cop_o(I,R) via ¥(f)(z) = f(z) —a
Clearly 1 is a homeomorphism and ¢(P, (I, R)) = Pyp—a(L,R). So, since Py p—o(I,R)
is dense in Cyp_o(I,R), P, (I, R) is dense in Cyp(1, R). O

Definition 3.3.2. Let f: S' — S be a continuous function. Then winding number

W(f) of f is the integer f;(l) — £2(0).
For ¢ € S' and m € Z define

Cr(8%,8%) ={f € C(8%,8")|f((1,0)) = g and W(f) = m}
PLe(SY,S") = {f € C(S",5")|fa € PLigem(I,R), po fo(0) = g} and
Pi(S",8") = {f € C(S",8")|fa € Pigrm(I,R), po fa(0) = ¢}.

Theorem 3.3.3. The set PLL (S, SY) is dense in C4,(S*, S?).

Proof. 1f £,(0) = §, then clearly ¢~(Cy gpm (I, R)) = €% (S, S) and ¢~ (P L g m(I,R)) =
PL4 (S, SY). Since PLjg.m(I,R) is dense in C; 4y (I,R) and ¢ is a homeomor-
phism, PL? (S*, S1) is dense in C9 (S, S1). O

Theorem 3.3.4. The set P (S, S) is dense in C4 (S*, S1).

Proof. Proof is similar to the proof of Theorem3.3.3| O

3.3.2 Stone-Weierstrass type theorem for C(S!, St)

Let X be a compact metric space. Fix u,v € X with u # v, a,b € R and & C
C(X,R). Define

Cob(X.R) = {f € C(X.R)|f(u) = a, f(v) = b} and
ALK, R) = {f € | f(u) = a, f(v) = b}.

20
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Lemma 3.3.2.1. If &7 is a unital sub-algebra of C(X,R) which separates points and

a, b are any two distinct real numbers then < )(X,R) is dense in C@5(X,R).

Proof. Since & is a unital sub-algebra of C'(X,R) which separates points, by Stone-
Weierstrass theorem 7 is dense in C(X,R). So, for each f € C(X,R) there exists a
sequence f, in & such that f, — f uniformly. Since a # b we can choose f,, in such

a way that f,(v) — f,.(u) # 0,for all n.

Now define
;o (b=a)(fn(x)—fn(w))
=0+ =0
Clearly f,(u) =a and f,(v) = b, for all n and f, — f uniformly. O

Theorem 3.3.5. If <7 is a unital sub-algebra of C(X,R) which separates points and
a, b are any two real number then <7} (X,R) is dense in Cyb (X, R).

Proof. When a # b the result is true by above lemma. So let f € Cg(X,R). First
let @ # 0. By Urysohn Lemma there exists g € C(X,R) such that g(u) = —§
and g(v) = §. Now define f; and f, by fi = %f + g and fo = %f — g. Clearly
fi1 € CEZ’%G(X, R) and f; € CEZ&G(X, R) and f; + fo = f. So by above lemma there
exist sequences fi, € %%3’%(1()(, R) and fy,, € ,qu%f’%a(X, R) such that fi, — fi
and fo,, — fo uniformly. Now define f,, = fi, + fon. Clearly f, € &% (X,R) and
fn — f uniformly. Again proof for the case when a = 0, can be given in the same

way as was given in Theorem [3.3.2] O

For ¢ € S', m € Z and a unital sub-algebra <7 of C'(I,R) which separates points,
define

P (SY,8Y) = {f € C(S, SY)|fa € "™ (I,R), po ful0) = q}.

Theorem 3.3.6. Form € Z and q € S*, Py (5',5") is dense in C4,(S*, S*).

Proof. Proof is similar to the proof of Theorem [3.3.3 O
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3.4 Density in C(5?, S?)

Let SC C, & C C(C,C). Define &7 (S) = {fis|f € «&/}. Define
o = {p(z,2) | p(z, 2) is a polynomial with complex coefficients in z, z}.
Let K C C be compact. Define
h(K) ={f|f: K — Cis continuous with f(z) = p(z, 2), for some p(z, z2) € @ }.

Lemma 3.4.1. o7 (K) is a unital algebra which separates points and is closed under

conjugation.

Proof. Clearly </ (K) is a unital algebra which is closed under conjugation. Since
2/ (K) contains polynomials in z and the collection of polynomials in z separates

points, @ (K) separates points of K. ]

Theorem 3.4.1. @ (K) is dense in C(K,C).

Proof. The result follows from the complex version of Stone-Weierstrass theorem and

previous lemma. O

Let a be any positive integer. Define

k t;
oo = {p(z) ‘p(Z) = Z c; H(((aijz+b,—j)(aijz+bij))o‘+aijz+bij +aijz+bij)dij, for somekEN}.
dijtienugoy 01
aij,bij,c;€C

Lemma 3.4.0.2. @4(S) is a unital algebra which separates points of C and is closed

under conjugation.

Proof. Clearly @%4(S) is a unital algebra. Since for all p(z) € o4, p(z) € b, (S5)
is closed under conjugation. Let z1,2o € S with 23 # z5. Let z3,24 € C such
that ||z3]] = ||z4|| and Re(z3) # Re(z4). Note that there exist a,b € C such that
azy +b = 23, az +b =z So ((az + b)(az; +0))* +az; +b+az +b # ((azy +
b)(azy +b))* + azy + b+ az + b. So o4(S) separates points of S.
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Theorem 3.4.2. [f K C C is compact then <#5(K) is dense in C(K,C).

Proof. The result follows from the complex version of Stone-Weierstrass theorem and

the previous lemma. ]

Note that our goal is to give dense subsets of continuous functions between surfaces.
In particular, we would like to study the case of continuous functions between spheres.
And to extend the above results we need a complete investigation into the behaviour

of elements of % at oo.

Remark 3.4.1. Given any p(z) € b, there exists 1 <1 < k such that 2« 2?:1 di; =
2a Z?:l d,; = deg(p(z)), for all l < i,r < k. There are two possible cases. In the

first case, we have

k g
> e[ Tllagl**® =0
=l j=1
and in second case we have Zf:l G Hj;l l|a;]|?*%5 #£ 0. Since lim,_, 7% = 0, for all

a€C,r,s €N andlim, . 2z = o0, it is clear that in latter case lim, ., p(z) = 0.

Define

C(C,C)° = {f eC(C,0) lim f(2) = oo} and

dy ={f € C(C,C)°|f € ah}.

Theorem 3.4.3. If K C C is compact , then </’ (K) is dense in C(C,C).

Proof. Let m = sup,cx ||2]|. So, for any a,b € C and d € N. Consider

1(((az +b)(az +0)* + az + b+ az +0)?| < (|((az + b)*||[|(az + b))l
+ |laz + b + |laz + b|))*
< (I((az 4 b)**[| + 2[|az + b||)*

< (lallm + 1[p]1)** + 2([lallm + [1B]])".

So, from above inequality we can conclude that, for any € > 0, there exists a,b € C

such that ||(((az + b)(az +b))* +az + b+ az + b)¥|| < e.
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Now, let f € C(C,C)°. By lemma there exists ¢(z) € @%(K) such that
lq(z) — f|l < §. Now choose a,b € C and d € N with 2ad > deg(p(z)) such
that [|(((az + b)(az +0))* + az + b+ az + b)?|| < §. So, from the remark if
we take p(2) = (((az +b)(az + 0))* +az +b+az + 0)? + q(2), p(2) € & (K). Also
Ip(z) = fll < O

Next, we invoke Theorems - as a sort of justification that compact open
topology is the right topology with respect to which one should seek dense subsets
in C(M,N), where M and N are topological manifolds. We give a dense subset
of a subclass of C(S?,5?) with respect to a topology which is slightly weaker than

compact open topology.

Remark 3.4.2. (1) When X is compact the uniformity of uniform convergence coin-
cides with the uniformity of uniform convergence on compacta. And hence, coincide
their uniform topologies.

(2) The Stone-Weierstrass theorem tells about the density of a subset, with some prop-
erty, of the class of continuous functions in the space with the topology of uniform

convergence.

From the Remark[3.4.2land Theorem [3.2.6lwe can formulate the two Stone-Weierstrass

theorems (real and complex versions) in the following form:

Theorem 3.4.4. Let X be a compact hausdorff space. If o7 is a unital sub-algebra
of C(X,R), which separates points then </ is dense in C(X,R) in compact open
topology.

Theorem 3.4.5. Let X be a compact hausdorff space. If o/ is a unital sub-algebra

of C(X,C), which separates points and is closed under conjugation, then < is dense

in C(X,C) with compact open topology.

We have the following four theorems:

Theorem 3.4.6. Let &/* be a unital subalgebra of C(C,C) which separates points

and is closed under conjugation. Then, o/* is dense in C(C,C) in compact open

topology.
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Proof. To show that &/* is dense it is enough to show that every member of a
neighbourhood base at each point of C(C,C) intersects «/*. From Example 35.3
(a) of [Wil70], the set {D. : € > 0 and D. = {(z,y) € Cx C : ||z —y|| < €}} is
a base for the usual uniformity on C. Since from Theorem 11 of Function Spaces
in [Kel09] compact open topology on C(C,C) is same as the topology of uniform
convergence on compacta, it is enough to work with topology of uniform convergence

on compacta.

Let ¥ be the usual uniformity on C. By definition
(K, V) (K, V) = {(f,9) : (f(x),g(x)) € V;¥x € K}, K C C is compact,V € ¥}

is a subbasis for the uniformity of uniform convergence on compacta on C'(C, C). Now
let f e C(C,C), Ky,---, K, be compact subsets of C and Vi,---,V, be members
of 7. Note that from Theorem 5 of Uniform Spaces in [Kel09| it is enough to show
that N7_, (K;, V;) (f) intersects «/*. Now since {D, : € > 0 and D. = {(z,y) €
Cx C : |lx —y|l < €}} is a basis for ¥ we can choose € > 0 such that D, C
Vi,Vi = 1,2,...,r. Let K = U__,K;. Note that (K,D.) C NI_, (K;,V;). Hence,
(K, De) (f) € Mizy (K3, Vi) (f). We have (K, Do) (f) = {g : g € C(C,C),[lg(z) —
f(@)|| < e,Yx € K}. By Stone-Weierstrass Theorem there exists a sequence f,,
in &/* such that f, — f uniformly on K. So, there exists ¢ € &/* such that
g€ (K,D,) (f)cni_,(K;V;)(f) Hence we are done. O

The next theorem is direct application of Theorem [3.4.6]

Theorem 3.4.7. < is dense in C(C,C) in compact open topology.

Proof of the next theorem is similar to the proof of Theorem [3.4.6]

Theorem 3.4.8. Let o/* be a unital subalgebra of C(R,R) which separates points.
Then <* is dense in C'(R,R) in compact open topology.

The next theorem follows from Theorem [3.4.8]

Theorem 3.4.9. The set of polynomials is dense in C(R,R) in compact open topol-

0qy.
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Next, we give in Theorem [3.4.10a dense subset of a subclass of C'(S?, 5?) with respect
to a topology which is slightly weaker than compact open topology.
Let m: 5% — {(0,0,1)} — C be the stereographic projection given by

__* Y
m(x,y,2) = 1—2+Z1—z'

Since 7 is a homeomorphism, a topology can be given to the set CU{oco} so that 52

is homeomorphic to C U {oco}. Define

F&={f|f : C— Cis continuous and lim f(z) = oo}

Z—00

and
Fea = {f|f : S* = S? is continuous, f(00) = oo and f (o) = co}.

Now note that
w : y(é — tg.‘;Z

given by

W) (o) =d T o onla) e

oo ifr=o0
is well defined and bijective.

For p,q € S?, define
FL ={flf: S? — 5% is continuous, f(p) = ¢ and f~'(q) = {p}}.

For a,b € S?, let R,_,; be the plane rotation of S? in the plane containing the great
circle through a, b and sending a to b.

Define 1 : F5' — F%, by
n(f) = Rq—>oo ofo Roo—>p'

Clearly, for all p,q € S?, 7 is a bijection.
For sets K C S* — {p} and U C S?, define

(K.U) = {fIf € #20 and J(K) C U},
Consider the collection
{(K,U)|K c S — {p} is compact and U C S? is open}

2%
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as a subbase for a topology 7%,? on .Z;'. Note that g’ with this topology is
homeomorphic to % with compact open topology. Now, since ay’ is dense in FE

with compact open topology, we have the following theorem:

Theorem 3.4.10. =" o (/) is dense in F & with the topology T35 .

3.5 Some Problems

Theorems [3.4.4) [3.4.5] [3.4.9], 3.4.8], [3.4.7| and [3.4.6] provide a way to pose problems in

the direction of generalizing the Stone-Weierstrass Theorem for the class of contin-
uous functions C'(M, N), where M and N are topological manifolds. Of course here

dense subsets can’t be expected to be an algebra.

Problem 3.5.1. To find dense subsets of C(M,N), where M and N are topological
manifolds, with respect to compact open topology. To find a method to generate dense

subsets of C(M, N) with respect to compact open topology.

Problem 3.5.2. To find dense subsets of C(S?,S?) with respect to compact open

topology.
Problem 3.5.3. To know if, in Remark[3.4.1], limit exists in the first case also.

Problem 3.5.4. [s oty C o/ ?

Some of the results developed in this chapter have been submitted for publication

as [SYd].
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Chapter 4

Inner-Product Morphism

4.1 Introduction

In Sec. we give the definition of an inner-product morphism between two inner-
product spaces. We provide examples of such morphisms and develop some of their
properties. This will be foundational to the development of the concept of Rieman-
nian morphisms in the next chapter. In Sec. we give a geometric description for
any invertible operator on a finite dimensional inner-product space. With the aid
of such a description, we are able to decompose any given conformal transformation
as a product of a scalar multiplication, two dimensional rotations and reflections.
Also, we are able to conclude that an orthogonal transformation is a product of two

dimensional rotations and reflections.

4.2 Definition and Examples

Definition 4.2.1. Let V and W be inner-product spaces. Then a linear transfor-
mation f : V. — W s called an inner-product morphism, if there exists two

subspaces K and I of V' such that V =K & I, K = Ker(f) and

fir : T — R(f)

29
TH-1283_08612304



4.2 Definition and Examples Inner-Product Morphism

is an isometry onto the image of f, R(f) viz., (u,v), = (f(u), f(v)),, for allu,v € I.
I is called the isometry subspace of V wrt f. Further, if I = K+, we say that f

1s an orthogonal inner-product morphism.

We will abbreviate ‘inner-product morphism’ by ipm. Also, we will denote the set of

all inner-product morphisms from V' to W by IPM(V, W).
Example 4.2.0.1. Isometry and zero transformations are inner-product morphisms.

Example 4.2.0.2. Define f: R? — R* by

er + ey

V2

Its an easy task to verify that f is an inner-product morphism.

fler) = , flea) =es, f(e3) =0.

Proposition 4.2.1. Let V, W be inner-product spaces of the same dimension and

let
Iso(V,W)={f|f:V — W is linear, bijective, inner — product morphism}.

Then the set of possible isometries from V' to W, Iso(V, W) is non-empty.
Further, if f,g € Iso(V, W) then there exist unique o € Iso(V, V') and 3 € Iso(W, W)
such that f = goaand fo f =g.

Proof. Let {e;}7 and {p;} be orthonormal bases of V and W respectively. Any
element of v € V can be written as v = Z?:l 0;e; for o; € R. Then, we define
f:V = Wyia f(v) = 3", 0;p;. Clearly, f € Iso(V,WW) and the latter is non-
empty.

If we take a = g~ o fand B =go f~! then a € Iso(V,V) and 3 € Iso(W, W) and
f=goaand Bo f =g. Uniqueness follows similarly. O

Remark 4.2.1. 1. Given two subspaces of equal dimension X CV andY C W of
inner-product spaces V, W, there exists an inner-product morphism f : V — W,
with X as the isometry subspace of f and Y as the range of f. Further, if
gV — W is another such ipm, there exist a € Iso(X) and 5 € Iso(Y) such
that fix = gx o and Bo fix = gx.
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2. Given linearly independent sets of k vectors {c;}5 in V and {d;}} in W such
that (c;, c;) = (d;, d;) for all 1 <i,j <k, there exists a unique ipm f:V — W
such that f(c;) = d; for all 1 <i <k and Ker(f) = (span{c;}})*.

3. IPM(V,W ), the set of all inner-product morphisms from V to W is not a
vector space. For example, if f € IPM(V,W) and f # 0, then for a ¢ {0,1},
af ¢ IPM(V,W).

4. Composition of ipms need not be an ipm, i.e., if f:V =W and g: W — U
are ipms for inner-product spaces V,W and U, then go f need not be an ipm.

For example take the ipms f and g from R? to R? given by

F((@yy)) = %(w) and g((z,y)) = (z,0).

Then, since go f(e1) = %(1,0), we know that g o f is not a zero map. Also,
since g o f(es) = 0, ker(f) has dimension one. So, if g o f is an ipm then
isometry subspace of V with respect to go f has to have dimension one. Hence

for some 6 we should have

lg o f((cosO, sind))|| =1 = ||
which is not possible. So g o f is not an ipm.

Proposition 4.2.2. Let f :V — W and g : W — U be ipms such that range of f
1s a subspace of isometry subspace of W wrt g. Then if we define h : V' — U as the

composition h = go f, then, h is an ipm.

Proof. Suppose that B and C' are the isometry subspaces of f and g respectively.
We remark that C'Nker(g) = {0} and by hypothesis, range(f) C C. Consequently,
range(f) Nker(g) = {0} which implies that ker(g o f) = ker(f).

Further, hjp = g,y © fip and since restriction and composition of isometries is an

isometry, h|p is an isometry onto its range. Conclude that / is an ipm. O

Proposition 4.2.3. If f : V — W is an ipm, then there exists an ipm g : W — V

such that the composition h = g o f is a projection on V.
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Proof. Since f : V. — W is an ipm, there exists subspaces K and [ of V such that
V=K&lI, K=Xker(f)and f, := fj; is an isometry on I. Define g : W — V by

f (@) ifa e R(f)
g(x) =
0 if x € R(f)*.
Clearly ker(g) = R(f)* and g|r(s) : R(f) — I is an isometry. Thus, g is an ipm.
Since V.= K @& I, any v € V can be written as v = k+ i for k € K and 7 € I.
Thus, h*(v) = hlh(k +4)] = hlg(f(k)) + h(i)] = hl[h(i)] as k € ker(f). Further,
h[h(i)] = hlg(f(@))] = BLLTN(f(@)] = (i) = h(k +14) = h(v), as h(k) = 0. We

conclude that h is a projection. ]

The converse to the above proposition is not true in general. For example, consider
the functions f : R? — R? and g : R? — R? given by f(e;) = €1, f(e2) = 0 and
gler) = e1, gles) = 3es. Clearly f is an ipm but g is not an ipm, and go f is a
projection.

In the definition of inner-product morphisms we have used isometry transformations
(orthogonal transformations). So it is worth exploring orthogonal transformations.
In fact geometric decomposition of orthogonal transformations as composition of

rotations and reflections, is well known. We have gone further back and considered the

question of geometrical decomposition of invertible and conformal transformations.

4.3 Geometric Decomposition of Invertible and Con-

formal Transformations

4.3.1 Preliminaries

For the remainder of this chapter, V' denotes a finite dimensional inner-product space

of dimension n € N over the field of real numbers R. The set of all invertible operators

on V shall be denoted by GL(V).
Definition 4.3.1. Let W be a two dimensional subspace of V. Suppose that {u,v} C
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V' is an orthonormal basis of W. For any fized real number 0, the assignments
u— (cos@)u+ (sinf)v and v +— (—sinf)u + (cosf)v

determine a unique linear operator on W termed as a rotation of W.

Similarly the assignments
u—u and v —v

determine a unique linear operator on W termed as a reflection of W.

Definition 4.3.2. Let T' be a linear operator on V of the form p & id where p is an
operator on a two dimensional subspace W of V' and id is the identity operator on
W+, We say that T is a planar rotation or a planar reflection accordingly as p
is a rotation or a reflection of W. A planar rotation and a planar reflection are also

termed as rotational and reflectional operators respectively.

Remark 4.3.1. When V is uni-dimensional, we allow the identity operator on V' to

be termed a rotational operator.

4.3.2 Axis of a Basis

Definition 4.3.3. A basis {u;}!", of the inner-product space V is equimodular if
there exists a real 0 > 0 such that ||u;|| = 0, for each i in {1,2,...,n}. When such a

0 =1, we say that the basis is unimodular.

Definition 4.3.4. Let a be a non-zero vector in an inner-product space V- and {u;}1_,

be a basis of V. If

N|=

(wi, a)(uj,uj)2 = (uj,a)(ui,uiﬁ for alli,j € {1,2,...,n},

we say that « is an axial-vector of the given basis {u;}7_;.

Remark 4.3.2. Let «a be an azial-vector of a basis {u;}_, of an inner-product space

V.
1. Clearly, the ratio m is independent of the choice of i € {1,2,...,n}. Thus,
the axial-vector o makes the same angle with each of the basis vectors u; for

ie{1,2,...,n}.
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2. Whenn =1, {02 4o oither —1 or 1.

7 el

3. However, when n > 2, if Hﬁﬁi” is either —1, 0 or +1, it forces {u;}"_, to be

linearly dependent. In other words, the common angle between an azxial vector

and the basis vectors can not be 0, 5 or .

Lemma 4.3.1. FEvery equimodular basis of a finite dimensional inner-product space
has an azial-vector. Further, any two azial-vectors of a given equimodular basis are

linearly dependent.

Proof. Suppose {u;}?_, is an equimodular basis of V. Given a non-zero real w, we
prove the existence of a non-zero o € V' such that (u;, ) =w foralli € {1,2,... n}.

Such an a would be an axial-vector of the given equimodular basis.

Let A be the n x n matrix with A;; = (u;,u;) for i,j € {1,2,...,n}. Let a =
>, wiu; for undetermined real numbers {x;}?,. Further, let X denote the column
vector (xq,,...,x,)T. Then for i € {1,2,...,n}, the collection of n equations
(wi, o) = (ug, Y35 xju;) = w is the system AX = Q, where Q is the column vector
(w,w,...,w)T. Existence of a solution X to the latter system suffices to prove the
existence of a. In fact, we show that for each {2 there is a unique solution X by

proving that A is invertible.

Suppose to the contrary that A is not invertible. Then, there exists a non-zero column
vector Y = (y1,y2,...,y,)" such that AY =0. Set s = " y;u;. Then, s # 0 and
consequently [ls]| # 0. However, [ls|> = (S0, yus, S, yjus) = YTAY = 0, a

contradiction.

If w is non-zero, it is evident from X = A~1Q) that X # 0 and hence « is non-zero.

This proves the existence of an axial vector for the given basis.

Suppose that « and & are two axial-vectors of a given equimodular basis {u;}!" ; of
V.Let o =>"  zu; and & =Y ., Z;u; for some real numbers {z;}!, and {z;}I" ;.
Set X = (21,%,...,2,)" and X = (&1,4s,...,%,)". Corresponding to the axial
vectors o and @, there are two non-zero real numbers w and @ such that (u;, o) = w

and (u;, @) = @ for all i € {1,2,...,n}. These two sets of n equations are the two
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systems AX = Q and AX = Q where Q = (w,w,...,w)T and Q= (@0,@,...,0)T.
Clearly the column vectors Q and 2 are linearly dependent. Hence the corresponding
solutions X = A~'Q and X = A~1Q are linearly dependent. We can now conclude

that the axial-vectors v and & are linearly dependent. O]

Theorem 4.3.1. FEvery basis of a finite dimensional inner-product space has an

axial-vector. Any two azial-vectors of a given basis are linearly dependent.

Proof. 1f {v;}?_, is a basis of V, then the collection w; := 7o is an equimodular basis.
The latter has an axial-vector o by Lemma Consequently (u;, a) = (u;, o) for
all 4,5 € {1,2,...,n}. Substituting for u,;, we get that (v;, ) (v;,v;) = (vj, a)(v;, v;)

for all 4,5 € {1,2,...,n}. Thus, « is an axial-vector of the given basis {v;}I" ;.

Further, if o and & are two axial-vectors of the given basis {v;}";, then o and & are
also axial-vectors of the equimodular {u;}}, and again by Lemma are linearly
dependent. O

Theorem ensures the existence and uniqueness of the axis of a basis defined
below.

Definition 4.3.5. Let « be an axial-vector of a basis B of a finite dimensional inner-

product space. The axis of B is defined to be the span of {a}.

Definition 4.3.6. Given a non-zero oo € V' and a real number 6 € [0, 7], we define

the cone around o of vertex angle 6 by
Ao ={z € Vl[(z,a) = ||z||l|o cos 0} .
The span of {a} shall be termed as the axis of the cone AY.

Remark 4.3.3. 1. When V is one dimensional, the cone around any non-zero

vector is empty if the angle 6 # 0, .
2. When the dimension of V is at least two, every such cone A is non-empty.

3. From Theorem if B is any basis of V, there exists a cone in V whose

vertex is the zero vector, whose axis is the axis of the basis and whose vertex
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angle is the common angle between each of the basis elements and an axial-

vector of B. Such a cone is termed as the associated cone of basis B.

4.3.3 Geometric Description of Invertible Operators

Definition 4.3.7. An invertible linear operator T : V' — V is called axonal if it
maps an equimodular basis B to an equimodular basis B such that B and B’ share a

coOmmon axis.

We denote the set of all axonal operators on V' by AX (V). The latter is a subset of
GL(V).

Remark 4.3.4. 1. It would be of interest to know examples of aronal operators
on V. Indeed, given any two equimodular bases sharing a common axis, we
have an example of an axonal operator which would map one of these bases to

the other.

2. Azonal linear operators which map an equimodular basis B to B’ may be classi-
fied into two kinds: those for which the associated cones of B and B' are same
and those for which the associated cones are distinct. Proposition below

provides examples of axonal operators of the latter kind.

Proposition 4.3.1. Suppose that V' is an inner-product space of dimension at least
two. Let {u;}!, be a basis of V with «a as its axial-vector. Assume that for each
i €{1,2,...,n}, u; is rotated in the space spanned by u; and « to get v; such that
each v; makes the same angle ¢ with . If ¢ & {0, 3,7}, then {v;}1; is a basis of
V.

Proof. Without any loss of generality assume that {u;}? ; is an equimodular basis.
Let S be the span of {a}. Since each of the u}s have the same norm and make the same

angle with «, they have the same component, say s, in S. For each i € {1,2,...,n},
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orthogonally decompose the two collections of vectors to get

u; = s+ w;, where s € S and w; € S+ (4.1)

v; = ks + hw;, for some real numbers h, k # 0. (4.2)

We note that if either h or k equals 0, angle ¢ € {0, %7‘(‘, 7}, contradicting hypothesis.

Next, assume a linear relation of the form ) " , A\jv; = 0 for some real numbers

{\i}*,. Using Eq. from above, we get

k (Zz:; )\i) s+h (Zz;: )\iwi> = 0.

The summands are in orthogonal complements S and S+ while h, k # 0. Hence we

conclude

(2”: )x,) s=0 and En:)\iwi =0.
i=1 1=1

Adding the two equalities, we get > " A\ (s +w;) = 0 and hence Y1 | \ju; = 0.
From the linear independence of {u;}? ;, we conclude \; = 0 for all i € {1,2,...,n}.

This proves that {v;}!; are linearly independent and hence form a basis of V. [

Definition 4.3.8. Let k be a positive integer with k < n. A linear transformation
SV — V is called a k—shear if there exists a k—dimensional subspace W of V
such that the restriction Sy is the identity while Sy is an aronal transformation
which maps an equimodular basis {u;}¥_, to an equimodular basis {v;}¥_, of W with
the same axis so that each v; is obtained by rotating u; by the same angle 6 in the

two dimensional subspace containing u; and the azis of {u;}¥_, .

Remark 4.3.5. Any axonal transformation A : V. — V can be written as A = A'o S,
where S is a n-shear and A’ is an axonal transformation which maps an equimodular
basis to another equimodular basis such that the two bases have the same associated

cones.

Theorem 4.3.2. LetT : V — V be any invertible linear operator on V. Then, there

exist a diagonal operator D, an axonal operator A and a rotational operator R on V

such that T = Do Ao R.
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Proof. Suppose {u;}?_; is any equimodular basis of V. Let v; = T'(u;) and w; = ”z—z”
foralli € {1,2,...,n}. Since T is invertible, {w;} , is a unimodular basis of V. Let
Ly be the axis of the basis {u;}"_; and Ly be the common axis of the bases {v;}I,
and {w; }?,. There exists a rotational operator R of V' which maps L; to L. Clearly,
every rotational operator is invertible and norm-preserving and hence { R(u;)}, is a
unimodular basis whose axis is Lg. Further the linear operator A which maps R(u;)
to w; for all i € {1,2,...,n} is axonal. Let D be the diagonal operator on V' which
maps w; to v;. Since both T and Do Ao R map the basis {u;}"; to the basis {v;}1,
we can conclude that T'= Do Ao R. [

Remark 4.3.6. From Remark[{.3.5, a further characterization of azonal transfor-
mations which maps an equimodular basis to another equimodular basis sharing the

same associated cone would provide a finer description of invertible transformations

on the lines of Theorem [{.3.3.

4.3.4 Decomposition of Conformal and Orthogonal Opera-

tors

Remark 4.3.7. Recall that a linear f : V — V is said to be conformal if there exists
a real A > 0 such that (f(u), f(v)) = Mu,v) for all u,v € V.

Remark 4.3.8. A linear function is conformal if and only if it is angle preserving.

Theorem 4.3.3. Given any conformal T' € GL(V), we can write
T=DoRoR, s0R, 30---0Rs0 Ry,

where Ry, is a rotational operator on V for each k € {1,2,...,n — 2}, R is either a

rotational or a reflectional operator on V' and D is a scalar operator on V.

Proof. We use induction on n — the dimension of V. For unidimensional V', every
T is a scalar operator. When dimension of V' is two, it is easily verified that every
conformal 7" is of the form D o R where D is a scalar operator on V' and R is either

a rotation or a reflection of V.
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Assume next that V' has dimension at least three. By Theorem [£.3.2] we have
T = Do A; o Ry for linear operators D, A; and R; on V such that D is diagonal, A,
is axonal and R; is rotational. Suppose the axonal A; maps an equimodular basis
{u;}"_; to an equimodular basis {v;}"; which share a common axis. By rescaling
{u;}?_,, we can assume that the basis {u;}?_; is unimodular. By rescaling D, if
necessary, we can assume that {v;}? ; is unimodular. Assume that for some real
numbers ); the diagonal operator D maps v; to \jv; for each ¢ € {1,2,...,n}. The

scalars {\;}; are non-zero as T is invertible.

Write A; = D' o T o R{' and in the latter composition R;' and T are angle
preserving. Now 7T'o Rfl maps u; to A;v; and hence the angle between u; and u; equals
the angle between \;v; and A\ju; for 4,5 € {1,2,...,n}. Note that D! being diagonal
along {v;}1, keeps the angle between \;v; and \;v; equal to the angle between v;
and v; for i,j € {1,2,...,n}. Consequently, if we take {u;}!", to be orthonormal,

then {v;}?_; is an orthonormal basis. We conclude that A; is orthogonal.

Now that A; and R; are conformal and 7" is given to be conformal, we conclude that

D =ToR; "o A" is conformal. Hence, D is a scalar operator.

Suppose « is an axial-vector of the basis {u;}! ;. If the common angle between «
and each of these basis vectors is , then A;(«) makes the same angle § with each of
the vectors from the basis {v;}; as A; is orthogonal. Hence A;(«a) is an axial-vector
for the basis {v;},. However, these two bases share a common axis, say, W. Since
W = Span{a} = Span{A;(a)} and A, is orthogonal, A;(a) = +a. By replacing D
by —D if necessary, we assume Aj(a) = « and hence A; is the identity on TW. Since
A is orthogonal, W+ is an invariant subspace of A;. Thus we may write A, = id®Th
where id is the identity operator on W and T3 is an orthogonal operator on W+ of
dimension n — 1. We apply induction hypothesis to the orthogonal 75 to realize this
as a composition
T2:[)zoﬁo_ﬁin_zof{n_:;o---of{%

where D, is scalar while R is either reflectional or rotational and Ry, R, . .., R,_s are

rotational operators on W+. Since T is orthogonal, D, is the identity on W=+, We

extend R, R, Rs, ... Ry_o respectively to R, Ry, R3, ... R,_s by declaring the latter
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operators to be identity on W. We now have

T=DoRoR, 50R,_ 30---0Ry0Rj. ]
Theorem 4.3.4. Given any orthogonal T € GL(V'), we can write
T'=RoR, 30R, 30---0Ry0 Ry,

where Ry, is a rotational operator on V' for each k € {1,2,...,n—2} and R is either

a rotational or a reflectional operator on V.

Proof. T being orthogonal is conformal. From Theorem we may write
T=DoRoR, 20R, 30---0Ry0R]y,

where Ry is a rotational operator on V for each k € {1,2,...,n — 2}, R is either a
rotational or a reflectional operator on V' and D is a scalar operator on V. Since T'
is orthogonal, the scalar operator D has to be the identity and hence

T=RoR, s0R, 30---0Ry0Rj. O

The material developed in this chapter is available at http://arxiv.org/abs/1309.
5805.
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Chapter 5

Riemannian Morphisms

5.1 Introduction

In Sec. of this chapter we discuss Riemannian pre-morphisms and their properties.
This definition of pre-morphisms requires a result from linear algebra which is quoted
and proved in this section. We take a detour and include a few interesting applications
to manifolds. In Sec. we define Riemannian morphisms and discuss some of their

properties.

5.2 Riemannian Pre-morphism and its properties

Definition 5.2.1. Let M and N be Riemannian manifolds. A smooth function f :
M — N is called a Riemannian pre-morphism or simply a pre-morphism if

dfy : TyM — TN is an inner-product morphism for all p € M.

5.2.1 Some Linear Algebra and its Applications

Lemma 5.2.1. Let m and n be two natural numbers. Further, let M(m x n,R)

denote the inner-product space of all m X n matrices with real entries. Let r be any
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integer. Define

O, ={A|A e M(m x n,R), rank(4) > r} &
C,. ={AJ]A € M(m x n,R), rank(A) < r}.

Then, for each r, O, and C, are respectively open and closed in M(m x n,R).

Proof. Since C, = Of,,, it suffices to show that O, is open in M(m x n,R) for
each integer r. We dispose off the special cases when r < 0 or r > min{m,n}. If
r < 0, then O, = M(m x n,R) which is open in M (m x n,R). On the other hand if

r > min{m, n}, then O, is the empty set which too is open in M (m x n,R).

Next, suppose 0 < r < min{m, n}. In any m X n matrix the number of minors of size
r is given by (™) ("). Denote this number by k. Let p; : M(m x n,R) — M(r x r,R)
for i € {1,2,...,k} be the projection maps corresponding to these k& minors. Let
d : M(r xr,R) — R be the determinant function. Since p; and ¢ are continuous
functions, the composition § o p; is a continuous function from M (m x n,R) to R
for each i € {1,2,...,k}. Consequently, for each i € {1,2,...,k}, the set U; =
(6 o p;))"H(R\{0}) is open. Now, every matrix in M(m X n,R) of rank at least r
belongs to at least one of U; for i € {1,2,...,k}. Thus, O, = Ule U; is open in
M(m x n,R). O

Let V and W be inner-product spaces of dimension n and m respectively. Then V
and W can be identified by R™ and R™ respectively. And, so Hom(V,W) can be
identified by M (m x n,R) and be given the usual topology of M (m x n,R). Lemma
leads to the following theorem.

Theorem 5.2.1. Let V and W be finite-dimensional real inner-product spaces. Let

r be any integer. Define

O, ={f|f:V =W, fislinear, rank(f) > r} &
C.=A{f|f:V — W, fislinear, rank(f) < r}.

Then, for each r, O, and C, are respectively open and closed in Hom(V,W ).
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As another application of Theorem we have the following lemma.

Lemma 5.2.2. Let U C R™ be an open set and f : U — R™ be a smooth function,
that is its partial derivatives of all orders exist and are continuous on U. Then for

any non-negative integer v the set {x € U|rank(df,) > r} is an open subset of R".

Proof. Since f is smooth the function df : U — Hom(R", R™) given by df (z) = df,
is a smooth function. For any non-negative integer r, by Thm. the set A =
{T" € Hom(R",R™)|rank(7) > r} is an open set. Consequently, {x € U|rank(df,) >
r} = df~'(A) is an open subset U. Since U is open in R", we conclude that {z €
Ulrank(df,) > r} is an open set in R™. O

Theorem 5.2.2. Let M and N be two smooth manifolds. Let f : M — N be a smooth
function. Then for any non-negative integer r, the set {x € M|rank(df,) > r} is an

open subset of M.

Proof. For x € M choose co-ordinate charts (U, ¢) and (V,%) at x and f(z) respec-
tively such that f(U) € V. Now the function ¢y o fo ¢! = g : ¢(U) — (V) is
a smooth function. So by Lemma the set A = {p € ¢(U)|rank(dg,) > r} is
an open set in ¢(U). So ¢~'(A) is an open set in U and hence is an open set in
M. Note that since ¢ and 9 are diffeomorphisms for any p € ¢(U), dg, has rank
r iff dfy-1(,) has rank 7. So ¢7'(A) = {z € Ulrank(df,) > r}. Now we can cover
M by a collection of co-ordinate charts (U;, ¢;) such that there is a collection of
co-ordinate charts (V;,1;) in N satisfying f(U;) € V;. So if ¢ 0 fo ¢, ' = g; and
A; = {p € ¢(U;)|rank(d(g;),) = r} then U, ¢; ' (Ai) is open and J; ¢ 7' (4) = {z €
M|rank(df,) > r}. This completes the proof. O

Lemma 5.2.3. Let V and W be finite-dimensional real inner-product spaces and let
T:V — W be a linear transformation. Suppose {T}} is a sequence in IPM (V,W)
which converges to T. Then, terms of the sequence {T}.} eventually have the same

rank as T'.

Proof. Let the dimension of V' be n and rank(T") be r. For each natural number £,

let X, and Y} denote, respectively, the kernel and isometry subspaces of T}.

43
TH-1283_08612304



5.2 Riemannian Pre-morphism . .. Riemannian Morphisms

Since T — T', there exists a natural number K; such that for any natural number
k > Ki, we have || T}, — T'|| < 1. We claim that for each natural number k > K, the
intersection ker(7') N'Y; = {0}. To prove this, it suffices to show that if a € ker(T)
with [|oo|| = 1, then o € Y. We have || Ty(a)|| = [|Tk(a) = T()|| < | T3 = T|[|a]| < 3.
Thus, a & Y}, the isometry subspace of Tj.

Fix a natural number k£ > K and suppose that {u;}!—;" is a basis of ker(7"). Since each
T}, is an inner-product morphism, we have V = X, @ Y},. Thus, we can find v; € X},
and w; € Yy such that u; = v;+w; foralli € {1,2,...,n—r}. We claim that {v;}1-]" is
linearly independent. Suppose that for some scalars f;, we have Y " B;v; = 0. Since
each v; = u; —w;, we get Y " Biu; = > i Biw; which implies that Y . Siu; € Yy.
From our previous observation that ker(7) Y, = {0}, we have > 7" f;u; = 0 which
by linear independence implies that §5; = 0 for all i € {1,2,...,n — r}. Conclude
that {v;};=]" is linearly independent and hence rank(7}) < rank(7"). Finally, from
Theorem there exists a natural number K such that for all £ > K, we have

rank(7},) = rank(7). O

Proposition 5.2.1. Let f : M — N be a Riemannian pre-morphism between Rie-
mannian manifolds M and N. Define p : M — Z by x — rank(df,). Then, the

function p is constant on each connected component of M.

Proof. Let the dimensions of M and N be m and n respectively. We shall first show

that p is a locally constant function on M.

On the contrary suppose that p is not locally constant at ap € M. Choose co-ordinate
charts (U, ¢) and (V,4) around p and f(p) respectively. Let g denote the function
o fop™:¢(U) — (V). Since f is a Riemannian pre-morphism, for each y € ¢(U)
we may view dg, : R™ — R" as an inner-product morphism between real inner-
product spaces. And since ¢ and ¢ are diffeomorphisms, the function y — rank(dg,)
is not locally constant at ¢ = ¢(p). Hence, there exists a sequence {gx} in ¢(U) such
that g, — ¢ but has infinitely many terms ¢, with rank(dg,,) # rank(dg,), i.e., the
sequence rank(dg,, ) is not eventually constant. This contradicts Lemma and

makes untenable our assumption that p is not locally constant at p.
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Next, every connected component of M is path-connected. Hence any two points in
a component of M can be joined by a path which is compact and connected. On each
such path p is locally constant and hence constant on the entire path. Consequently,

p is constant on every connected component of M. O]

Corollary 5.2.1. Let f : M — N be a Riemannian pre-morphism between Rieman-
nian manifolds M and N. Then the dimensions of the kernel and isometry subspaces

of df, for x € M are constants on each connected component of M.

Corollary 5.2.2. Let M and N be Riemannian manifolds such that M is connected.
Further, let f: M — N be a Riemannian pre-morphism. Then, for each a € f(M),
we have that f~1(a) is a submanifold of M.

Definition 5.2.2. Let f : M — N be a pre-morphism from a connected Riemannian
manifold M to a Riemannian manifold N. Let k denote the constant rank (df,) for

x € M. We say that f is a pre-morphism of rank k.

5.3 Riemannian Morphism and its Properties

Definition of Riemannian pre-morphism incorporates the idea of an inner-product
morphism without integrating the kernel and isometry subspaces of the differentials

with the smooth structure on the manifold. Our next definition rectifies this defect.

Definition 5.3.1. Let M and N be Riemannian manifolds and f : M — N a Rie-
mannian pre-morphism. For each connected component C' of M, let ko and 1o denote
the dimensions of the kernel and isometry subspaces respectively of the differentials
df, forx € C. We say that f is a Riemannian morphism or simply a morphism

iof for every p € C, there exist an open U C C with p € U and smooth sections
vg:U—-TMandw; : U —TM, forke{l,2,...,kc}andi € {1,2,...,tc}

such that for all x € U, {vi(x)}1¢ and {w;(x)})¢ are respectively a basis for the

kernel and isometry subspace of df,.

If we can take U = C' above, we say that f is a global Riemannian morphism

or simply a global morphism.
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From [Lee09] we have following lemma:

Lemma 5.3.1. Let E — M be a rank n vector bundle. Suppose that a subspace E;D
of E, is given for each p € M and consider E' = UpeME;D. Then E' is the total
space of a rank [ vector subbundle if and only if for each p € M, there is an open
neighbourhood U of p on which smooth sections o1, 09, ...,0; are defined such that for

each q € U the set {01(q), 02(q), ...,o1(q)} is a basis of the subspace E,.

Proof. Suppose that for each p € M, there is an open neighborhood U of p on
which smooth sections oy, 09, ..., 0; are defined such that for each ¢ € U the set
{01(q),02(q), ..., 01(q)} is a basis of the subspace.

First we will show that there is a manifold structure on E'. Choose a bundle chart
(U, ¢) of E such that (U, ) is a chart of M and there exist smooth sections o1, 09, ..., 0}
defined on U such that for each ¢ € U the set {o1(q), 02(q), ..., 01(¢)} is a basis of the
subspace E;. Let {U;, ¢i}icr be a collection of such bundle charts such that {U;}icr
is an open covering of M. Define

%i : YiU) X RE = Uger, By by i(u,0) = Y5y aj0i(4; (u), where a = 5, aje;
and o!,...,0} are the smooth sections defined on U;. Now topologize E' by con-
sidering the collection {y;(V) : i € I and V is open in ¢;(U;) x R} as subbase.
It can be shown that this makes E  into a topological manifold. Suppose that we
have chosen {Uj, ¢;}ier in such a way that(y;, #) o ¢; o vi(u,a) = (u,a@), where
a = (ay,as,...,a;,0...,0)and (¢, I) : U;xR™ — (U;) xR™ is given by (¢, &) (p,a) =
(¢i(p),a). Now suppose that U, and U, be two members in {U; };c; such that U, N U,
is nonempty. Since the map v; ! o7, : ¥.(U,) x R — 4,.(U,) x R! is given by
vt oy (u,a) = (Y, F) o ¢s 0 Y(u,a) and each of (v, .#), ¢ and 7, are smooth,
;! o, is also smooth. So FE' is a smooth manifold. Note that with this struc-
ture £ can be imbedded in E. Also since ¢;*(U;) N E° = ~;(¢:(U;) x RY) and
Gi((i(U;) x RY) = U; x R, where Rl = {(2,0,..,0) € Rz € R'}, E is a
subbundle of E.

Conversely suppose that E' is a subbundle of E. Since E is a subbundle for all
p € M, there exists a vector bundle chart (U, ¢) such that ¢(¢~ (U)NE") = U x R..
Define 0 = ¢|4-1(p)np - Define o; : U — E by 0i(q) = 07'(q,e:), for each i. Since
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6~1 is smooth, o; is smooth. Clearly o,’s are smooth sections satisfying the requisite

properties. O

Remark 5.3.1. Let M and N be two smooth manifolds of dimensions m and n re-

spectively. If f : M — N is a Riemannian morphism of rank k then from Lemma

there exist two distributions on M of ranks k and m-k.

Remark 5.3.2. We will call the distributions given by above lemma and correspond-
g to isometry subspace as Isometric Distribution and the one corresponding to

kernel subspaces as Null Distribution.

Lemma 5.3.2. A smooth function f on a connected manifold M such that rank of

df, is zero for all p € M, is constant.

Proof. Let f : M — N be a smooth function such that rank of df,, is zero for all
p € M. Choose co-ordinate charts (¢, U) and (¢, V') at p and f(p) respectively such
that f(U) CV. For all x € ¢(U) d(¢po f o ¢p~'), has rank zero and hence ¢ o f o ¢~!
is constant on ¢(U). Since ¢ and v are bijections, f is a constant map on U. We
have proved that f is a locally constant function on a connected manifold M and

consequently fis constant on M. O

Corollary 5.3.1. If f is a non-constant Riemannian pre-morphism on a connected

smooth manifold M then rank(df,) is nonzero for all p € M.

Proof. By previous lemma rank(df,) cannot be zero everywhere. But by Prop.

rank(df,) is constant on M, so it is nonzero everywhere on M. O

Remark 5.3.3. If M is any smooth manifold and f : M — N 1is a global Riemannian
morphism with dimension of its isometry subspaces nowhere zero then there exists a

non-vanishing smooth vector field on M.

Theorem 5.3.1. There is no non-constant global Riemannian morphism from a

compact oriented manifold with non-zero Fuler characteristic to any manifold.

Proof. Let M be a compact orientable manifold with non-zero Euler characteristic and

suppose if possible, there is a non-constant global Riemannian morphism from M to
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any other Riemannian manifold. So by the[5.3.3] there exists a non-vanishing locally
smooth vector field on M. But from Poincare-Hopf Index theorem (see |[GP10]) we
know that there cannot be a non-vanishing smooth vector field on a compact oriented

manifold with non-zero Euler characteristic. Hence our assumption is wrong. O]

Corollary 5.3.2. There is no non-constant global Riemannian morphism from sphere

or any tori of genus more than one to any manifold.

Definition 5.3.2. Let E — M be a distribution on an n-manifold M and let X be a
vector field defined on an open set U C M. We say that X lies in the distribution if
X(p) € E, for each p in the domain of X; that is, if X takes values in E.

Definition 5.3.3. If for every pair of locally defined vector fields X and Y with
common domain that lie in a distribution E — M, the bracket [X,Y] also lies in the

distribution, we say that the distribution s involutive.

From |Lee09] we have Theorem

Theorem 5.3.2. A distribution is involutive if and only if it is completely integrable

and if and only if it is integrable.

From Theorem we can conclude following theorem:

Theorem 5.3.3. Let f : M — N be a surjective Riemannian morphism whose
Isometric distribution is tnvolutive. Then f maps a submanifold of M isometrically

onto N.

The material developed in this chapter has been submitted for publication as article

[SYd].

48
TH-1283_08612304



References

[ARIT9]
[Apo74]
[Apo03]

[Arm09]

[BCHO1]

[Boo86]

[BS11]

[Con08]

ACT76]

[Die69]

[GP10]

TH-1283_08612304

Lars V. Ahlfors. Complexr Analysis. McGraw-Hill Book Company, 1979.
Tom M. Apostal. Mathematical Analysis. Narosa Publishing House, 1974.
Tom M. Apostal. Calculus. John Wiley & Sons, 2003.

M. A. Armstrong. Basic Topology. Springer(India) Private Limited, 2009.
ISBN 978-81-8128-135-7.

Soren Boel, Toke Meier Carlsen, and Niels Richard Hansen. A useful
strengthning of the stone—weierstrass theorem. The American Mathemati-

cal Monthly, (Aug. - Sep., 2001).

William M. Boothby. An Introduction to Differentiable Manifolds and Rie-

mannian Geometry. Academic Press, 1986.

Robert G. Bartle and Donald R. Sherbert. Introduction To Real Analysis.
Wiley India (P.) Ltd., 2011. ISBN 978-81-265-1109-9.

Lawrence Conlon. Differentiable Manifolds. Birkhauser, Boston, 2008.

Manfredo P. do Carmo. Differential Geometry of Curves and Surfaces.
Prentice Hall, 1976. ISBN 0-13-212589-7.

J. Dieudonne. Foundations of Modern Analysis. Academic Press, 1969.
LCCN 60-8049.

Victor Guillemin and Alan Pollack. Differential Topology. American Math-

ematical Society, 2010.

49



References

[Hat02] Allen Hatcher. Algebraic Topology. Cambridge University Press, 2002.

[Her04] 1. N. Herstein. Topics in Algebra. John Wiley & Sons, 2004. ISBN 9971-
51-253-X.

[HJ99] Roger A. Horn and Charles R. Johnson. Matriz Analysis. Cambridge
University Press, 1999.

[HK10] Kenneth Hoffman and Ray Kunze. Linear Algebra. Prentice Hall of India,
2010. ISBN 978-81-203-0270-9.

[HPR76] D. Hill, E. Passow, and L. Raymon. Approximation with interpolatory
constraints. Illinois J. Math., 1976.

[Kel09]  John L. Kelly. General Topology. Springer(India) Private Limited, New
Delhi, 2009.

[Lan10] Serge Lang. Algebra. Springer(India) Private Limited, 2010. ISBN 978-81-
8128-141-8.

[Lee00] John M. Lee. Introduction to Topological Manifolds. Springer-Verlag, New
York, 2000.

[Lee03] John M. Lee. Introduction to Smooth Manifolds. Springer-Verlag, 2003.
[SBN 0-387-9549-3.

[Lee09] Jeffrey M. Lee. Manifolds and Differential Geometry. Americal Mathemat-
ical Society, USA, 2009.

[Lim96] Balmohan V. Limaye. Function Analysis. New Age International Limited,
1996. ISBN 81-224-0849-4.

[Mas07] William S. Massey. A Basic Course in Algebraic Topology. Springer(India)
Private Limited, New Delhi, 2007.

[McC94] John McCleary. Geometry from a Differentiable Viewpoint. Cambridge
University Press, 1994. ISBN 0-521-42480-1.

50
TH-1283_08612304



References

[Mun04] James R. Munkres. Topology. Pearson Education, 2004. ISBN 81-7808-

[Pin05]

[Roy06]

[Rud76]

[Sim63]

[Spa66]

[Sto48al

[Sto48b]

[SYa]

[SYD)]

[SYc]|

[SYd]

[Wil70]

TH-1283_08612304

498-8.

Allan Pinkus. Density in approximation theory. Surv. Approx. Theory,
2005.

H. L. Royden. Real Analysis. prentice-Hall of India, 2006. ISBN 81-203-
0973-1.

Walter Rudin. Principles of Mathematial Analysis. McGraw-Hill Book
Company, 1976.

George F. Simmons. Topology and Modern Analysis. McGraw-Hill Book
Company, 1963. ISBN 0-07-085695-8.

Edwin H. Spanier. Algebraic Topology. Springer-Verlag, 1966. ISBN 0-387-
90646-0.

Marshall H. Stone. Generalized weierstrass approximation theorem. Math-

ematics Magazine, (Mar. - Apr., 1948).

Marshall H. Stone. Generalized weierstrass approximation theorem. Math-

ematics Magazine, (May - Jun., 1948).

K. V. Srikanth and Raj Bhawan Yadav. Decomposition of invertible and

conformal transformations. http://arxiv.org/abs/1309.5805.

K. V. Srikanth and Raj Bhawan Yadav. On a generalization of the stone-

weilerstrass theorem.

K. V. Srikanth and Raj Bhawan Yadav. On morphisms between riemannian

manifolds.

K. V. Srikanth and Raj Bhawan Yadav. Some density results in c(s', s!)

and c(s?, s?).

Stephen Willard. General Topology. Addison-Wesley Publishing Company,
USA, 1970.

51


http://arxiv.org/abs/1309.5805

TH-1283_08612304



List of published and communicated papers

Based on the work in this thesis, the following research articles are published /have

been communicated.

K. V. Srikanth, Raj Bhawan Yadav., Some Density Results in C'(S',S') and
C(52,5?), submitted.

K. V. Srikanth, Raj Bhawan Yadav, On an extension of the Stone-Weierstrass

Theorem, accepted.

e K. V. Srikanth, Raj Bhawan Yadav, On Morphisms between Riemannian man-

ifolds, submitted.

e K.V. Srikanth, Raj Bhawan Yadav, Decomposition Of Invertible And Confor-
mal Transformations, http://arxiv.org/abs/1309.5805.

53
TH-1283_08612304



TH-1283_08612304

Raj Bhawan Yadav
Department of Mathematics
Indian Institute of Technology
Guwahati

Guwahati-781039, India

Email: r.yadav@iitg.ernet.in,

rbyadav86@gmail.com



	Abstract
	Contents
	Introduction
	Background and Motivation
	Thesis Overview
	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Chapter 5


	Generalized Stone-Weierstrass Theorem
	Introduction
	Notations

	Finitely many Interpolatory Constraints
	Generalizing the notion of a Separating Algebra
	Arbitrary Interpolatory Constraints

	Some Density Results in C(S1,S1) and C(S2,S2)
	Introduction
	Preliminaries
	Covering Spaces
	Uniform Spaces

	Density in C(S1,S1)
	Density Results using PL-functions and Polynomials
	Stone-Weierstrass type theorem for C(S1,S1)

	Density in C(S2,S2)
	Some Problems

	Inner-Product Morphism
	Introduction
	Definition and Examples
	Geometric Decomposition of Invertible and Conformal Transformations
	Preliminaries
	Axis of a Basis
	Geometric Description of Invertible Operators
	Decomposition of Conformal and Orthogonal Operators


	Riemannian Morphisms
	Introduction
	Riemannian Pre-morphism and its properties
	Some Linear Algebra and its Applications

	Riemannian Morphism and its Properties

	References


