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Abstract

The aims of the present dissertation is to understand the flow dynamics of de-
formable drops as well as cancer cells in microchannels. In this regard, we study
the motion and deformation of a neutrally buoyant drop in a microchannel both
in the absence and presence of electric fields, tuning the various hydrodynamic and
electrical properties in the first part of the thesis. The problems in the first part
have been extensively investigated using numerical analysis. In the other part, we
extend our understanding of motion of deformable drops in microchannels to investi-
gate the flow behaviour of cancer cells through constricted microchannels. Different
biological assays are performed to analyze the metastatic potency of the cells after
passing through the constriction. The study on this latter part opens up a horizon
for further investigations; this class of flows is becoming increasingly relevant with
advances in medical engineering and nanofluidics.

The prime focus of the first problem of interest is to investigate the migration
and break up of a neutrally buoyant droplet in a tube containing another immiscible
liquid in the creeping flow. The interface between the two immiscible fluids has been
captured using a coupled level-set and volume-of-fluid (CLSVOF) approach. The
deformation and breakup dynamics of the droplet have been investigated in terms of
three dimensionless parameters, namely, the ratio between the radius of the unde-
formed droplet and the radius of the capillary tube, the viscosity ratio between the
dispersed and the continuous phases, and the capillary number that measures the
relative importance of the viscous force over the surface tension force. A thorough
computational study has been conducted to find the critical capillary number for a
range of droplets of varied sizes suspended in flows having different viscosity ratios.

Next, the cross-stream migration phenomenon exhibited by a two-dimensional
drop is studied. The multiphase modeling is done adopting the volume-of-fluid(VOF)
interface capturing method. In the absence of electric field the important non-
dimensional parameters pertaining to such two-phase flows are viscosity ratio be-
tween the drop fluid and the surrounding medium, the ratio of drop diameter to
channel height and the capillary number. The influence of all these parameters in
drop migration has been studied by varying the parameters in a wide range along
with varied initial off-center positions. The presence of electric field introduces ad-
ditional stresses at the drop interface and its effect on drop migration has been
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investigated by solving the electro-hydrodynamic Navier-Stokes equations. Exten-
sive computations have been performed to analyze the combined effect of electric
field and shear flow in the cross stream migration of the drop. The results obtained
for perfect dielectric fluids indicate that the droplet migration enhances in the pres-
ence of electric field. The permittivity ratio and the electric field strength play a
major role in drop migration and deformation. Computations using the leaky dielec-
tric model also show that for certain combination of electrical properties, the drop
undergoes immense elongation along the direction of electric field. The conductivity
ratio is a vital parameter in such system of fluids. It has been observed that the
leaky dielectric drops (subjected to certain set of conditions) along with translation
also exhibit rotational behavior.

Next, the dynamics of a droplet in shear flow under the influence of an ex-
ternal electric field has been investigated by performing extensive numerical simu-
lations. The study has been again carried out by solving two-dimensional electro-
hydrodynamic equations and the interface has been captured using a VOF approach.
For the case of dielectric fluids, the deformation of the drops can be either enhanced
or reduced by varying the permittivity ratio and electric field strength. The nature
of the polarization forces acting at the interface can be either compressive or ten-
sile depending on the magnitude of the permittivity ratio. The local electric field
intensity inside the drop is significantly altered by varying the permittivity contrast
between the fluids. The computations for leaky dielectric fluids reveal that the de-
formation of the drop can be effectively tuned by altering the permittivity as well as
the conductivity ratios. The electric forces acting at the interface are critically de-
pendent on the relative contrast between the electric properties of both the phases.
The conductivity ratio decides the magnitude and nature of charge at the upper
and lower portions of the droplet interface thereby fundamentally maneuvering the
droplet dynamics under the applied electric field.

Finally, to understand the burgeoning challenges of metastasis, a 3 mm long
microchannel constricted to 7 µm width is designed and fabricated to mimic in-vivo
capillaries of a human body. The motion of single or aggregated malignant HeLa
cells (size 17 - 30 µm) have been observed microscopically through the constricted
microchannel at a constant flow rate of 30 µl/h. Quantitative deconvolution of
high-speed videographs of a single cell of 30 µm reveals cellular deformation while
passing through constriction, having elongation index, average transit velocity and
entry time of 2.67, 18 mm/s and 5.1 ms, respectively. Morphological analysis of
live and apoptotic cells by dual staining with Acridine Orange/Ethidium Bromide
demonstrated retention of a significant viable cell population after exit through the
constriction and a viability index of 50% is quantified by dye exclusion assay. The
cumulative data for microfluidic parameters, morphology and relevant metastatic
MMP2 gene expression efficiency measured by real-time polymerase chain reaction
reveal retention of virulence potency that could possibly cause metastasis. These
findings related to motion and viability of HeLa cells would be beneficial in devel-
oping futuristic MEMS device for cancer theranostics.
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Chapter 1

Introduction

Microfluidics is an interesting and evolving area of science. Microfluidics has been

widely recognized for its high potential in various biochemical, clinical and industrial

applications [9]. Interfacial morphologies of multi component fluid flows in microflu-

idic devices have been studied extensively in recent times because of their diverse

applications and in that, the motion of deformable drops in two-dimensional chan-

nels or in circular tubes is of great interest owing to its applications in the arena

of bio-analysis [10], multiphase extraction [11], emulsification [12], Micro-Electro-

Mechanical Systems (MEMS) devices [13], and microreactors [14]. Additionally, for

some microfluidics related applications, the study of drop dynamics in confined shear

flows is relevant. In such confined channels, the wall effects act to stabilize elongated

drop shapes and this feature stands very relevant for the production of elongated

micro-structures utilized in several industrial applications, such as food processing,

where the particle shape can be frozen by gelation [15]. Much of the early interest in

manipulating droplets in microchannels was motivated by the well suggested analogy

between the droplet motion and the motion of blood cells in capillary tubes. Of late,

many investigations have been conducted on motion and deformation of cancer cells

through narrow passages, mimicking microcapillaries in human body. Microfluidic

devices are considered superior to their macroscopic analogues primarily because

of the availability of higher surface-to-volume ratio, smaller throughput leading to

easier control of the operating parameters, and reduction in operating cost in the

processes where costly chemicals are deployed [16].
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2 Introduction

1.1 Drop deformation and migration in channels

or tubes

The interest in manipulating droplets in micro channels has emerged from a few

distinct motivations. Microfluidic system having micro channels can be utilised to

control networks of chemical reactions at the millisecond scale [17]. In such systems,

the reagents are mixed in droplets that flow along a microchannel. The chemical

kinetics related measurements become easy with the knowledge of the droplet ve-

locity and calculation of reaction time inside the droplet, that grows linearly with

the length of channel. However all these advantages come at the price of raising a

few complex situations that appear due to the deformable interface of the droplets.

The interfacial tension and its variations, the complexity brought about by the sin-

gular events like merging or splitting of drops and many other crucial phenomena

have to be well captured and accounted. In physical words, the motion of the drops

introduce nonlinear laws into the otherwise linear Stokes flows [18].

The theoretical development of the study on drop dynamics in microchannels

depends on various parameters that are responsible for bringing topological changes

on the interface. Some of the dictating parameters are the buoyancy and the sur-

face tension. Buoyancy acts as a destabilizing force at the interface and is directly

proportional to acceleration due to gravity, as it is a force that opposes the weight

of an immersed object. The condition in which the averaged density of the physical

body is equal to the density of the fluid in which it is immersed is termed as neutral

buoyancy. An object having neutral buoyancy will neither rise nor sink. Surface

tension effect balances the pressure difference acting on the interface and acts as a

stabilizing force [19].

The interfacial tension and viscosity compete with each other, as both these

properties tend to govern the motions at such small scales. The relative strength of

the two is expressed by the capillary number Ca. Low values of Ca indicates that

the stresses due to interfacial tension are stronger than the viscous stresses. Under

such a condition the flowing drops tend to minimize their surface area by producing

spherical ends [18]. In the reverse situation, when Ca is higher, it is the viscous

effects that dominate and large deformations of the drops as well as asymmetric

shapes are observed.
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1.2 The paradigm of flows involving electrohydrodynamics 3

1.2 The paradigm of flows involving electrohydro-

dynamics

The denomination ‘electrohydrodynamics’ (EHD) refers to the studies involving hy-

drodynamics coupled with electrostatics. In the context of interfacial flows, EHD

describes the motion of liquids separated by an interface subjected to an electric

field. In the presence of an electric field, the behavior of the fluid medium changes,

which depends on the electrical properties, like electrical permittivity and conduc-

tivity of the fluids [20, 21]. The molecules of the fluid medium gets polarized under

the influence of the electric field. The charges that appear due to the polarization

phenomenon are termed as bound charges. In addition, free ions/charge carriers

may be present in the fluid which migrate under the influence of the applied elec-

tric field. A perfect dielectric is a fluid without any ions or free-electrons, thereby

leading to only polarization effects being present. Many apolar liquids, such as ben-

zene, are considered to be perfect dielectric fluids [22]. However, most liquids are

known for their ability to dissolve impurities, which makes them slightly conducting

in nature. On the other hand, perfect conductors are those where the conductivity

is high enough to consider the ohmic conduction of the free ions as the only agent

causing charge transport. The application of the external electric field results in a

force being generated on the bound as well the free charges, which effectively alters

the hydrodynamics of the flow. This has been realized as an effective tool in con-

trolling the flow characteristics in myriad applications, such as EHD inkjet printing,

spraying and atomisation, breakup of bubbles and drops, among others [21,23,24].

1.3 Drop deformation and migration in the pres-

ence of an electric field

With the addition of an external force supplied by any energy field, be it electric,

magnetic, gravitational, thermal, or acoustic, the morphology of droplet deformation

and migration is significantly affected if the force is strong enough. With the enor-

mous growth of applications involving microliter and nanoliter sized liquid droplet

emulsions, the application of electric field to microfluidic devices has infact become

a topic of great interest to the scientific community [25]. Electric field provides
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additional control on the flow physics of the droplets in microchannels. Researchers

have found that it is worth studying the affects of electric field as it does have a

crucial impact on the drop dynamics [26–29]. One of the unique aspects of using an

electric field to manipulate droplets is that these methods are physically unobtru-

sive to the flow field. The electric field need not be in physical contact with a liquid

droplet in order to change its direction or shape [30]. Another remarkable bene-

fit of using an electric field is the availability of low cost electrical control devices.

With the recent advances in technology microfluidic devices with imprinted elec-

trodes are available [31]. Drop deformation and migration in the presence of electric

field are becoming increasingly relevant with advances in medical engineering and

nanofluidics [32,33].

1.4 Introduction to cancer biology

The term cancer refers to a malignant growth or tumor resulting from an uncon-

trolled division of cells. In human body normal cells undergo controlled growth

whereas the cancer cells grow in an uncontrolled way. These cancer cells invade the

nearby parts of the body and spread to other organs, which is known as metastasis.

Metastasis is the spread of cancer from one organ or part of the body to another

without being directly connected with it. Metastasis is a Greek word meaning “dis-

placement”, from meta, “next”, and statis, “placement”.

The transformation of normal cells to cancer cells is a gradual process caused

due to mutation in genes. Deoxyribonucleic acid (DNA) carries genes which contains

information for protein production in the body. Some of these proteins support cells

to divide and grow whereas, other proteins suppresses growth. Mutations caused by

tobacco smoke, radiation, ultraviolet radiation, and other carcinogens result in the

abnormal production of these proteins. When these proteins are produced in more

or less than the normal quantity, the cell deviates from the its normal metabolism

and forms cancer cell [34]. Normal cells grow in a controlled way such that every

time a cell divides, the end of its chromosomes become shorter. After the chromo-

somes worn down, the cell dies and is replaced by a new cell. But in cancer cells the

chromosomes retain their length by continuously adding bits back on it. That is why

cancer cells grow in unrestrained fashion to form tumor [35]. Body mechanism has

many checkpoints which ensures that the cells formed are near perfect replica of the
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Figure 1.1: Schematic representation of the motion of cancer cells to seed distant

metastasis [1].

parent cells and Elledge [36] pointed out that cancer cells bypass many checkpoints

to become cancerous. However, the transformation of normal cell to cancerous cell

is a very rare and difficult process and in human body, roughly 3 billion normal cells

divide everyday. Accidents in the reproduction of the cells caused by heredity or car-

cinogens during any of those divisions can create a cell that follow further mutations

and develop into a cancer cell. The main reason for most of the cancer deaths are

not the primary tumors but the secondary tumors that are formed due to spreading

of the original tumor to adjacent or non-adjacent organs. During the growth of can-

cer, some cancer cells attain the ability to penetrate the walls of blood or lymphatic

vessels, after which they can circulate through the bloodstream to other sites and

tissues in the body. A typical cancerous tumor contains millions of cells. As the

cells proliferate, they do not all stay in the neighborhood. Some cells leave the edges

of the tumor and are swept away by the bloodstream. These are called circulating

tumor cells (CTCs) which can remain loose in circulation, group together as they

travel, or penetrate themselves into new tissues. CTCs contain information about a

tumor, information that researchers think might be key to cancer treatment. Once

the tumor cells come to rest at another location, they re-penetrate the walls of vessels
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and continue to proliferate, eventually forming another clinically detectable tumor.

Metastasis is one of the hallmarks of the malignancy of cancer [37–39]. While enter-

ing (intravasation) and exiting (extravasation) the vascular vessel, cancer cells have

to migrate through the extracellular matrix (ECM) and the basement membranes

of the vessel walls. The stiffness and geometric limitation of the cellular barriers

bring many challenges to the cancer cells, which require them to withstand severe

deformations during the transmigration process. In the process of metastasis, the

cancer cells sometimes need to extensively deform and flow through microcapillaries

(5 to 10 µm) of sizes much smaller compared to their own. Figure 1.1 [1] shows

in detail the process of invasion of cancer cells into the circulatory system through

the basement membrane from a primary tumor and its circulation [40–44] in the

capillaries to seed metastasis at a distant site.

1.5 Objectives

From a detailed literature survey, it is learnt that a neutrally buoyant drop in a fully-

developed channel flow is capable of crossing streamlines as a consequence of drop

deformation and formation of a variety of transient non-spherical shapes, in contrast

to non-deformable drops and particles. The complex mechanism of droplet break up

and merging of daughter droplets enriches this area of research. Furthermore, the

dynamics of migration and deformation of a drop during the course of its travel from

an initial off center position needs deeper understanding. For the drops placed in a

confined channel and subjected to shear, the wall effects act to stabilize elongated

shapes and this leads the drop to take several interesting shapes which need to

be investigated. The presence of an electric field further modifies the interfacial

stresses and hence a marked influence on the drop dynamics is discerned. On the

other hand, even in this modern era of cancer therapeutics, scientists and oncologists

have not been able to resolve all the mysteries of metastatic cancer, which causes

high mortality worldwide. The motion of cancer cells through micro-capillaries of

diameter much smaller then their own size is intriguing.

In view of the above context, the objectives of the present investigation have

been formulated as follows:

1. Migration of a droplet in a cylindrical tube in the creeping flow

regime : The deformation and breakup dynamics of the droplet are investi-
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gated in terms of three dimensionless parameters, namely, the ratio between

the radius of the undeformed droplet and the radius of the capillary tube, the

viscosity ratio between the dispersed and the continuous phases, and the cap-

illary number that measures the relative importance of the viscous over the

surface tension force.

2. Cross stream migration of drops suspended in Poiseuille flow in the

presence of an electric field : The presence of electric field introduces

additional interfacial stresses at the drop interface and extensive compuations

are performed to analyse the combined effect of electric field and shear flow in

the cross stream migration of the drop.

3. Influence of electric field in the deformation of a drop in shear flow:

The shear is produced by moving the parallel walls of the channel at equal

speeds but in reverse directions and electric field is induced in the system

by employing a constant voltage difference across the channel width. The

deformation and orientation of a stationary drop are studied inside the mi-

crochannel.

4. Understanding flow dynamics, viability and metastatic potency of

cervical cancer (HeLa) cells through constricted channel: Under ex-

perimental conditions, the cells have to deform in order to pass through the

constricted channel, allowing quantification of several physical parameters such

as entry time, transit velocity and elongation index together with many other

biological parameters.

1.6 Layout of the report

A part of the thesis focuses on the phenomena of deformation and migration of drops

in a microchannel, both in the absence and presence of an external electric field.

In the other part, the flow of cancer cells through microchannels was investigated

taking HeLa cells as model to study the metastasis. The thesis is divided into a few

chapters to approach towards the solution of the complex problems in a systematic

and methodical way.

• Chapter 1 provides a preliminary introduction to the problems. It includes
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justification for the research and background information on the motivation

behind the study.

• Chapter 2 highlights the numerical methodology adopted for interface tracking

and provides a stepwise solution procedure of the governing equations involved

in the flow physics of droplet dynamics in microchannels .

• Chapter 3 emphasises on the procedure adopted for the experimental work

with cancer cells.

• Chapter 4 demonstrates an extensive study of the migration of a droplet in a

cylindrical tube in the creeping flow regime.

• Chapter 5 documents a detailed study of the cross stream migration of a

droplet in a microchannel subjected to Poiseuille flow and also an external

electric field.

• Chapter 6 describes a thorough study of a shear deformed drop in a microchan-

nel in the presence of electric field.

• Chapter 7 covers an experimental study of flow dynamics of HeLa cells in

microchannels.

• Chapter 8 discusses the conclusions and highlights the scope for future work.
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Chapter 2

Numerical Modelling of Two

Phase Flows

2.1 Introduction

The numerical modeling of two-phase flows has become a popular choice in recent

decades, owing to their ability to provide deep insight into the physical mechanisms

associated with such flows. A variety of methods have been developed to simulate the

transient nature of the interface separating the two fluids. The numerical methods

can be broadly divided into two groups, viz., Eulerian and Lagrangian methods. In

the Eulerian approach, the interface is embedded in the computational cells of the

discretized domain. The location of the interface is identified using a scalar function.

The grid remains stationary during the simulation and the cells containing both the

fluids are termed as ‘two-phase’ cells. In contrast to the Eulerian approach, the

Lagrangian method treats the interface as a sharp boundary. At every timestep,

a grid conformal with the evolving interface is generated to solve the governing

equations pertaining to the flow. Additionally, hybrid Lagrangian-Eulerian methods

are available, wherein the nodes of the mesh can be moved in Lagrangian fashion,

or can be held fixed in Eulerian manner.

In the present thesis, the Eulerian approach has been adopted for solving a

variety of two-fluid flow problems. An inhouse solver developed using coupled level-

set and volume-of-fluid (CLSVOF) method is employed for simulating the dynamics

of drops in a capillary tube in chapter 4. Subsequently, an open source solver Gerris,
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10 Numerical Modelling of Two Phase Flows

which is based on the volume-of-fluid methodology, has been adopted for simulating

the cross stream migration phenomenon and effect of shear in the deformation of

drop presented in chapters 5 and 6, respectively.

2.2 CLSVOF method

The volume-of-fluid method, first suggested by Hirt and Nichols [45], has been ex-

tensively used for computations involving two fluids separated by a interface. It em-

ploys an Eulerian approach, wherein the interface is approximated within each cell

through which it passes. The initial method for representing the interface was known

as ‘simple line interface calculation’(SLIC), where the interface was identified by

piecewise-constant line segments in each cell containing the interface. Subsequently,

the interface representation was significantly improved by the piecewise-linear in-

terface calculation (PLIC) of Youngs [46] and the least square volume interface

reconstruction (LVIRA) method of Puckett et al. [47]. The VOF method satisfies

the compliance of mass conservation extremely well. However, due to the inherent

discontinuity of the VOF function across the interface, accurate computation of the

geometric properties remains a challenging task. An efficient interface capturing

method, known as the level-set method was introduced by Osher and Sethian [48].

The level set method allows accurate computation of the geometric properties of

the interface. However, the violation of mass conservation may occur if the level set

method is improperly implemented. The CLSVOF method combines the benefits

of both the volume-of-fluid and the level set method. In the CLSVOF method of

Sussman and Puckett [49], the level set function is used only to compute the geo-

metric properties at the interface while the void fraction is advected using the VOF

approach. A few variants of the CLSVOF method are available in literature [50,51].

In the present thesis, the CLSVOF method has been used for solving a variety of

interfacial flow problems. The methodology implemented is described in detail in

the forthcoming subsections.

2.2.1 Governing equations

The governing equations for mass and momentum conservation for the incompress-

ible Newtonian two fluid system can be expressed by a single fluid continuum as
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2.2 CLSVOF method 11

follows:

∇ · v = 0, (2.1)

ρ

[
∂v

∂t
+ (v · ∇)v

]
= −∇p+∇ · [µ(∇v +∇vT)] + ρg + fsv. (2.2)

where v = (u, v) is the velocity field, t is the time, p is the pressure, g is the

gravitational acceleration, ρ and µ are the density and viscosity respectively, and

fsv is the surface tension force. The surface tension term fsv is defined by the

continuum surface model of Brackbill et al. [52] and is detailed in Section 2.2.8. The

marker-and-cell algorithm (MAC) is employed to solve the single set of governing

equations on a staggered grid arrangement of Harlow and Welch [53]. A uniform

grid is used where the grid size in both the directions is considered to be the same,

i.e. ∆x = ∆y. The scalar variables are defined at the cell centers and the vector

quantities are located at the center of the cell faces.

2.2.2 Indicator functions

The indicator function identifies the fluid, i.e. liquid or gas inside the computational

domain. For the VOF method, the scalar function α, denoted as the void fraction,

is used to locate the fluid interface. The value of α is assigned as,

α =


1 if it is a liquid cell,

0 if it is a gaseous cell,

0 < α < 1 if it is a two-phase cell,

(2.3)

where, liquid and gas are the two immiscible fluids separated by a sharp interface.

’Gas’ represent the dispersed phase (fluid inside the drop) and ’liquid’ represents

the suspending medium (fluid surrounding the drop in the channel.)

In the level set method, the fluid type is identified based on the sign of the level

set function. Hence, the level set function, ϕ, is defined as the signed distance from

the interface,

ϕ(r, t) =


+d in the liquid region,

0 at the interface,

−d in the gas region

(2.4)

where d = d (t) is the shortest distance of the interface from point r. Figure 2.1

shows the typical distribution of void fraction and level set function around the

interface.
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12 Numerical Modelling of Two Phase Flows

Figure 2.1: Typical distribution of (a) void fraction and (b) level set function around

the interface.

2.2.3 Volume-of-fluid advection

The void fraction, α, defined in each computational cell, is advected with the fluid

velocity using the advection equation,

∂α

∂t
+ v · ∇α = 0. (2.5)

Using the continuity equation (Eq. 2.1), it can be written as

∂α

∂t
+∇ · (vα) = 0. (2.6)

By using finite difference scheme, Eq. 2.6 can be discretised as

αn+1
i,j = αni,j +

∆t

∆x
(δVi−1/2,j − δVi+1/2,j) +

∆t

∆y
(δVi ,j−1/2 − δVi ,j+1/2), (2.7)

where δVi+1/2,j = (uα)i+1/2,j is the amount of liquid volume fraction fluxed through

the right cell face. The superscripts n and (n+ 1) denote the values at the current

and next time step and ∆t,∆x and ∆y are the time step and grid spacing in x- and

y-direction, respectively. Equation 2.7 is solved by applying operator split approach

resulting in two equations:

α∗
i,j = αni,j +

∆t

∆x
(δVi−1/2,j − δVi+1/2,j) +

∆t

∆x
α∗
i,j(ui+1/2 ,j − ui−1/2 ,j), (2.8)

αn+1
i,j = α∗

i,j +
∆t

∆y
(δV ∗

i,j−1/2 − δV ∗
i,j+1/2) +

∆t

∆y
α∗
i,j(vi ,j+1/2 − ui ,j−1/2). (2.9)
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2.2 CLSVOF method 13

The star (*) terms represent the intermediate values after sweep in first direction.

The modified equation, ∂α/∂t + v∇ · α = α∇ · v, is solved instead of Eq. 2.6 by

adding “divergence correction” terms on the right-hand side of Eqs. 2.8 and 2.9,

resulting in higher accuracy.

Figure 2.2: Physical domain with a single two-phase cell.

The volume flux δV , in the discretized form, can be obtained using a geometri-

cally based calculation as shown in Fig. 2.2. Hence, the solution of the advection

equation conserves the void fraction exactly, i.e. no numerical diffusion is intro-

duced. Considering the right face of the two phase cell, a portion (ui+1/2,j∆t ∆y)

can be calculated whose fluids will be fluxed into the neighboring cell, supposing

(ui+1/2,j∆t ∆y) is positive. Knowing the interface position and the velocity, the

fluxed volume from this face to the neighboring cell can be calculated as,

δVi+1/2,j =
ui+1/2,jVi+1/2,j

ui+1/2,j∆t∆y
=
Vi+1/2,j

∆t∆y
(2.10)

Equation 2.8 can be solved after calculating δV from Eq. 2.10 and the interface

is reconstructed based on α∗
i,j. The vertical fluxes are then determined using a

geometric calculation analogous to the horizontal fluxes and the updated volume

fractions αn+1
i,j are finally obtained from Eq. 2.9. To obtain second order accuracy,

the sweep directions are swapped at each time step and the first sweep is differenced

implicitly whereas the second sweep is differenced explicitly [54].

2.2.4 Level set advection

In the CLSVOF method, the advection equation for level set function is solved in

addition to the void fraction advection (Eq. 2.6). Using the initially known position
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14 Numerical Modelling of Two Phase Flows

of the interface, the advection of the level set function is given by,

∂ϕ

∂t
+ v · ∇ϕ = 0. (2.11)

The convective term of Eq. 2.11 is discretized using the essentially non-oscillatory

(ENO) scheme [55]. The level set function is reinitialized to the exact signed normal

distance after each time step. The reinitialization of the level set function is done

from the reconstructed interface by coupling level set function with the void fraction.

2.2.5 Interface reconstruction

The interface separating the fluids, in the Eulerian approach, passes through the

grid cells of the computational domain. The geometrical approximation of the inter-

face can be based on either piecewise constant segments, piecewise linear segments

or parabolic fit, as in ‘parabolic reconstruction of surface tension’ (PROST) [56].

The commonly employed interface reconstruction algorithms are (i) least-squares

volume-of-fluid interface reconstruction algorithm (LVIRA) and (ii) coupled level-

set and volume-of-fluid approach (CLSVOF). In both the aforesaid methodologies,

the interface is represented by piecewise linear segments. The position of the inter-

face is uniquely defined by the interface normal vector n̂ and the offset distance l

from the cell center in each two phase cell, as shown in Fig. 2.3. The aim of the

reconstruction algorithm is to determine n̂i,j and li,j for each two-phase cell (i, j)

such that the approximation of the interface reproduces the updated void fraction

αi,j in each cell exactly. The algorithms to construct the interface by computing n̂i,j

and li,j are discussed below.

Figure 2.3: Interface normal n and length l.
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2.2 CLSVOF method 15

2.2.5.1 LVIRA interface reconstruction

The ’least- squares volume-of-fluid interface reconstruction algorithm’ is used for

constructing an approximation to the interface at each time cycle, given the values

of void fraction. This algorithm generates a linear approximation of the interface

which are also continuous across the cell boundaries, in each two-phase cell. The

approximate interface is determined by minimization of the following function in

the 3× 3 block of cells centered on the (i, j) cell,

Gi,j(ni,j) =
1∑

k,l=−1

[αi+k,j+l − α̂i+k,j+l(ni,j)]
2 , (2.12)

subject to the constraint that the void fraction is exactly reproduced at the center

cell of the 3 × 3 block, i.e. α̂i,j = αi,j. Here, αi,j is the actual void fraction of

the cell (i, j) and α̂i,j is the approximation due to the linear interface constructed

through the block based on ni,j and li,j. The function Gi,j is the squared deviation

of the actual void fraction from the void fraction given by the mapping using the

same line for the entire 3 × 3 block centered at (i, j). The minimization of the

function (Eq. 2.12) rotates and translates the line in such a way to ensure that the

mapping is exact for the center cell. The straight line associated with this mapping

is the best fit to the void fraction field for the neighboring cells. The aforementioned

optimization algorithm requires an initial estimate of n, which can be obtained from

the Youngs’ method as n = ∇α
|∇α| . The LVIRA algorithm is a second order method

and reproduces linear interfaces exactly.

2.2.5.2 CLSVOF interface reconstruction

In the CLSVOF algorithm, the normal ni,j at the interface is computed from the

level set function. Due to the smoothness of level set function across the interface,

the normal vector ni,j can be simply obtained by taking the gradient of the level set

function as given by,

n =
∇ϕ
|∇ϕ|

. (2.13)

Once the interface normal is calculated, the value of li,j is obtained by means of a

standard root-finding method (like secant method) such that the approximation of

the interface reproduces the updated void fraction αi,j in each cell exactly.
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2.2.6 Smoothening technique

The distribution of the void fraction is discontinuous and physical properties undergo

sharp jump across the interface. This may lead to unwanted numerical diffusion in

normal finite difference schemes. To alleviate these problems, the interface is given a

fixed thickness that is proportional to the spatial mesh size. The smoothness of the

level set function allows in defining a smoothed void fraction field using a Heaviside

function H(ϕ) as,

α̃ = H(ϕ) =


0 if ϕ < −ϵ,
1
2
+ ϕ

2ϵ
+ 1

2π

[
sin

(
πϕ
ϵ

)]
if |ϕ| ≤ ϵ,

1 if ϕ > ϵ,

(2.14)

where, the thickness of the interface is taken as 2ϵ which generally varies from

2ϵ = 3∆r to 7∆r, ∆r is the size of the computational cell. The normal vector can

be calculated following Sussman et al. [56] as,

n = ∇H(ϕ). (2.15)

The curvature κ is then given by,

κ = −∇ · n. (2.16)

In order to allow the fluid properties to change smoothly from the value on one side

of the interface to the value on the other side, the smoothed void fraction field is

used for calculation of density and void fraction as

ρ (α̃) = ρlα̃ + ρg (1− α̃) , (2.17)

µ (α̃) = µlα̃ + µg (1− α̃) , (2.18)

where, the subscripts l and g denote the properties of liquid and gas, respectively.

2.2.7 CLSVOF advection algorithm

The algorithm for the interface advection in the CLSVOF method is described below.

1. The intermediate void fraction α∗
i,j is calculated by solving the Eq. (2.8) in

the first sweep direction (say x-direction).
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2. After α∗
i,j is obtained, ϕ is advected in the same sweeping direction by solving

the split form of Eq. (2.11). Hence, for the x-direction sweep, the equation is,

∂ϕ

∂t
+ u

∂ϕ

∂x
= 0. (2.19)

The discretisation of the convective term in Eq. (2.19) is done by employing

a second order ENO scheme [55,57].

3. The interface normal can be easily calculating by using a central differencing

scheme for the discretization of Eq. 2.13 in every two-phase cell [57]. The

length l (perpendicular distance between cell centre and interface) is adjusted

to match the given volume fraction with that of the reconstructed interface to

locate the interface.

4. The next sweep in the y-direction (Eq. 2.9) is performed leading to the final

distribution of volume fraction field αn+1
i,j . Also, the intermediate level set

function is advanced in the y-direction by solving,

∂ϕ

∂t
+ v

∂ϕ

∂y
= 0. (2.20)

The scheme is the same as mentioned in step 2.

5. The interface is again reconstructed based on the newly obtained values of

void fraction and level set function as described in step 3.

6. With the advancement in time, ϕ loses the signed normal distance property.

Therefore, the level set function is reinitialized after each time step based on

the reconstructed interface by following the algorithm of Sussman et al. [49].

The solution methodology can be made second order accurate by alternating the

sweep direction in each time step [54].

2.2.8 Surface tension model

The complex topological changes of the fluid interface require an efficient modeling

of the surface tension. The continuum surface force model (CSF) of Brackbill et

al. [52] has been incorporated for the present study. The interfacial surface area

force fsa, in general, is defined as,

fsa = fnsa + f tsa, (2.21)
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where subscript n and t denote the normal and tangential components. These

components are defined as fnsa = σκn̂ and f tsa = ∇sσ, where σ is the surface tension

coefficient, κ is the curvature and ∇s is the surface gradient. Hence,

fsa = σκn̂+∇sσ (2.22)

Due to the absence of temperature and concentration gradient along the surface,

∇sσ can be neglected. The surface tension force per unit volume can be defined as

fsv = fsaδs (2.23)

where δs is the Dirac delta function which is zero everywhere except at the interface.

Hence, the surface tension term (Eq. 2.2) has the form,

fsv = σκn̂δs, (2.24)

where the calculation of κ and n has been described in Section 2.2.6.

2.2.9 Discretisation scheme

The continuity and momentum equations are discretized in time as,

∇ · vn+1 = 0 (2.25)

vn+1 = vn + (−∇ · (vnvn))∆t+ (g)∆t

+

(
[−∇pn+1 +∇ · 2µ (ϕn)Dn

v ] + σκ (ϕn)∇H (ϕn)

ρ (ϕn)

)
∆t,

(2.26)

where Dv =
1
2

{
(∇v) + (∇v)T

}
is the rate of deformation tensor and ∆t is the time

step.

The staggered grid arrangement of the Marker-in-Cell (MAC) algorithm is used

for the spatial discretization of the governing equations. The convective terms in the

momentum equation are discretized using a second order essentially non-oscillatory

(ENO) scheme as described by Chang et al. [55] and the remaining space derivatives

are discretized using central differencing. The discretized momentum equations are

solved explicitly for known values of void fraction α and level set function ϕ at time

tn, which gives rise to an intermediate velocity field ṽ. In order to enforce continuity,
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2.2 CLSVOF method 19

a pressure Poisson equation is solved using the preconditioned biconjugate gradient

(BI-CGSTAB) method to obtain the pressure corrections p′. After obtaining the

pressure correction values, the intermediate velocity field is corrected to obtain the

final updated values at tn+1. By using the updated velocity field, the updated void

fraction αn+1 and level set ϕn+1 values are obtained followed by reconstruction of

the interface.

2.2.10 Time step restriction

The employed solution procedure has accuracy of second order in space and first

order in time. The explicit updation of convective, viscous, surface tension and

gravity terms places restrictions on the maximum allowable time step size in order

to ensure stability of the solution.

The convection time step restriction is given by,

∆tconv

(
|u|max
∆x

+
|v|max
∆y

)
≤ 1. (2.27)

The viscous time step restriction is given by,

∆tvisc

{
µl
ρl

}(
2

∆x2
+

2

∆y2

)
≤ 1. (2.28)

The restriction on timestep due to surface tension terms is given by

Cϕ∆ts
∆x

<
1

2
, (2.29)

where Cϕ is the capillary wave phase velocity given by,

Cϕ =

[
σπ

∆x(ρl + ρv)

]1/2
. (2.30)

Thus, the capillary time step limit can be given by,

∆ts <

[
(ρl + ρv)∆x

3

4πσ

]1/2
. (2.31)

Finally, the stability restriction due to gravity can be expressed as,

vg∆tg
∆x

≤ 1, (2.32)

where vg is the gravity induced velocity vg = g∆tg.

The minimum value of ∆tconv, ∆tvisc, ∆ts and ∆tg is employed as the timestep for

all the calculations.
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2.3 Gerris solver

In addition to the inhouse CLSVOF solver used for the computations of chapter 4,

the open source solver Gerris [58,59], developed by Popinet, has been employed for

the results presented in chapters 5 and 6. Gerris is an open source software used for

the solution of the partial differential equations describing fluid flow. Some salient

features pertaining to Gerris solver are described in the following section.

A volume-of-fluid (VOF) method with capability of reduction in spurious cur-

rents at the interface makes it suitable and appropriate for simulating fluid flows

with interface, and has been used by many researchers successfully in solving com-

plex fluid flow problems [59–62]. The adopted parallelized finite volume code in-

corporates a quad/octree discretisation scheme, a projection method and a multi-

level Poisson solver, for solution of the time-dependent incompressible Navier-Stokes

equations. The advection terms are discretized using the robust second-order up-

wind scheme of Bell et al. [63]. All the variables are collocated at cell centers. The

domain is spatially discretized using square finite volumes organized hierarchically

as a quadtree. An approximate projection method is used for the spatial discretiza-

tion of the pressure correction equation and the associated divergence in the Poisson

equation. This helps in avoiding the classic problem of decoupling of the pressure

and velocity field. A second order accuracy in both space and time is ensured by

the implemented numerical schemes. The advection equation for volume fraction

is solved by employing piecewise-linear geometrical VOF scheme. This scheme is

generalized to work on the quad/octree, in order to allow variable spatial resolu-

tion along the interface. The accurate estimation of the surface tension terms is

ensured by employing a combination of a balanced-force CSF approach [56,64], and

a height-function based curvature estimation [65,66]. The comprehensive reports of

Popinet [58, 59,67] covers the detailed methodology and code validations.

Additionally, Gerris is equipped with dynamic adaptive mesh refinement (AMR)

ability that allows more number of computational cells to be used near the desired

regions dynamically [58]. A dynamic load balancing algorithm ensures that the com-

putational load is efficiently distributed across the processors during a parallelized

simulation. For the two phase electro hydrodynamic simulations, Gerris has been

chosen because the electro-hydro module [22] of Gerris is capable of solving the

incompressible Navier−Stokes equations coupled with an electric potential and elec-

tric charge density accurately [68, 69]. In view of the aforementioned features, the
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selected solver is considered to be an ideal choice for our computational requirements

and have been accordingly employed for performing the simulations pertaining to

chapters 5 and 6.

2.4 Electro-hydrodynamic model

The basic programming paradigm related to the electro-hydrodynamic simulations

are discussed in this section. The governing equations pertaining to the hydrody-

namics of the flow are,

∇ · v = 0, (2.33)

ρ [∂v/∂t+ (v · ∇)v] = −∇P +∇ · [µ(∇v +∇vT)]

+ γκnδ +∇ ·M, (2.34)

∂α/∂t+∇ · (vα) = 0, (2.35)

where v(u, v) is the velocity field with components u, v along x- and y-axis, respec-

tively. The pressure field is represented by P and volume fraction is denoted by α.

The effect of surface tension γ is considered by inserting the continuum surface force

(CSF) model of Brackbill et al. [52] into the momentum equations.

The Maxwell’s stress tensor for the electric field M is given by M = ϵoϵ[E ⊗
E− 1

2
(E ·E)I]. The Gauss Law can be written in terms of the electric displacement

(D = ϵE) as ∇·D = ∇ · (ϵE) = qv where, ϵ and qv denote the absolute permittivity

of the fluid and the volume density of free charges inside the domain, respectively.

Furthermore, in the absence of a magnetic field, the irrotational (∇×E = 0) electric

field E can be written in terms of the electric potential (ψ) as E = −∇ψ.
For perfect dielectric fluids, no free charge carriers exist (qv = 0) and hence, the

electric field becomes

∇ · (ϵE) = 0. (2.36)

Equation (2.36) can be expressed in terms of electric potential as

∇ · (ϵ∇ψ) = 0. (2.37)

Thus, the electrostatic force acting on the dielectric fluids (fe) can be represented

as

fe = ∇ ·M = −1

2
ϵoE · E∇ϵr, (2.38)
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where ϵo is the permittivity of free space and ∇ϵr is the gradient of dielectric con-

stant acting along the interface.

For leaky dielectric fluids, Gauss law can be rewritten in terms of electric poten-

tial as ∇ · (ϵ∇ψ) = −qv. The charge conservation equation for volumetric charge

density is given as,

∂qv
∂t

+∇ · (qvV) = −∇ · (σE). (2.39)

Here, σ represents the electrical conductivity of the fluids. For leaky dielectric

fluids, the electrical relaxation time scale is smaller than the time scale of fluid

motion due to which charge accumulates at the interface almost instantaneously.

Hence, Eq. 2.39 can be simplified with a quasi-static assumption and expressed as

∂qv/∂t = −∇ · (σE) = ∇ · (σ∇ψ). Hence, the electrostatic force (fe) acting on the

fluids with the leaky dielectric assumption can be written as,

fe = ∇ ·M = −1
2
ϵoE · E∇ϵr + qvE. (2.40)

The electrical properties of the fluids are volume averaged as

ϵ = ϵsα + ϵd(1− α), (2.41)

σ = σsα + σd(1− α). (2.42)

The detailed and systematic derivation related to the evolution of electrical body

force has been discussed in the Appendix. The derivation also clarifies as to how

the divergence of the Maxwell stress tensor contributes as a body force.
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Chapter 3

Experimental Methodology

3.1 Introduction

The mysteries related to cancer and metastasis still remain unresolved to a great

extent. Since past few years, many researches and oncologists have been trying

to implement their expertise in exploring the nature and behavior of cancer cells

in human bodies. In the present work, we make an attempt to understand the

flow dynamics and survival ability of cancer cells through constricted microchannels

that mimic micro capillaries in human body. The results obtained are discussed in

Chapter 7. In this chapter we discuss the methodology adopted in carrying out the

experimental work.

3.2 Fabrication of microchannel

The aim of the present work is to observe the behavior of live cancer cells in capillary

like micro-environment and to observe the phenomenon of metastasis. In this regard,

a constricted micro channel of 7 µm as minimum width was designed as shown in

Fig. 3.1. The length of the channel is 3 mm and length of the constricted portion

is 200 µm. The width of the portions of the channel from entry to the constriction

and from the constriction to the outlet is 35 µm. The materials generally used for

fabrication of microchannels are Elastomers (e.g. Polydimethylsiloxane (PDMS),

Polymethylmethacrylate (PMMA), Norland Adhesive 81 (NOA), etc.). Among the

above mentioned materials, PDMS is widely used because it has following properties.
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Figure 3.1: The basic design of the constricted microchannel (not to scale). The

channel is 3 mm long with a cross section of 35 µm × 7 µm on either side of the

constriction and 7 µm × 7 µm for the 200 µm constricted length in the middle.

1. Rapid prototyping

2. Low cost

3. Good optical properties

3.2.1 Equipment used for fabricating the microchannels

Following materials and instruments were mainly used for the fabrication of mi-

crochannel -

1. Silicon wafer (Su8 Master)

2. Glass plate

3. Glass rod

4. Disposable cup

5. Hot Air Oven/ Hot plate

6. Vacuum Pump

7. Acetone

8. Soap

9. IPA solution

10. Scotch tape
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3.2 Fabrication of microchannel 25

11. Master

12. PDMS

13. Oxygen Plasma chamber

14. Lint free Tissue paper

15. Aluminium foil

16. Nylon Ring

3.2.2 Procedure of fabricating channel

The following basic steps were adopted for making the microchannels.

1. Preparation of Su8 Master (Silicon Wafer): Based on our design, the

master was provided to us by the Centre for Nano Science and Engineering

(CeNSE) of Indian Institute of Science, Bangalore. An image of the Su8 master

is shown in Fig. 3.2.

Figure 3.2: Su8 master for microchannel fabrication.

2. Cleaning of SU8 Master (Silicon Wafer): The master is washed with DI

water and let to be dry.

3. Preparing the base working plate: A square sized glass plate serves as

base over which all the fabrication work are done. At first, it was cleaned with

soap, then acetone and after that it was kept in hot air oven to dry. Over the
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plate a piece of aluminium foil was placed. The Master was placed upon the

foil.

4. Preparing the PDMS solution: The SYLGARD 184 silicon elastomer was

mixed with the cross linker in the ratio of 10:1 by weight. Mixture was stirred

with glass rod for 1 min as shown in Fig. 3.3. After that the mixture was put

in vacuum desiccator to be degassed until all the gas bubbles are removed as

shown in Fig.3.4.

Figure 3.3: Mixing SYLGARD 184 silicon elastomer with the cross linker by stirring

with glass rod.

Figure 3.4: Degassing the PDMS solution.

5. Preparing the mould: A nylon ring (refer Fig. 3.5) was placed carefully

over the master kept on top of the aluminium foil. The prepared PDMS is

slowly poured over the master bounded by Nylon ring and thus the mould is
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prepared. Figure 3.6 shows an image of the mould. The mould is placed over

the Hot-plate for 30 mins by keeping it over the aluminium foil. Once the

PDMS solidifies, the mould is taken off from the Hot-plate and kept aside to

be cooled at room temperature.

Figure 3.5: Nylon ring made to be placed upon the master.

Figure 3.6: The PDMS poured over the master bounded by the nylon ring.

6. Making the PDMS Channel: The PDMS cake is then taken out of the

Master. The PDMS cake contains many channels in it. By making use of

surgical blade, individual channels are cut out as shown in Figs. 3.7 and

3.8. With the help of punching tool thorough holes are punched at the inlet

and outlet (shown in Fig. 3.9). The open PDMS channels are kept free of
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contamination by using scotch tape. Glass slides are cleaned with acetone.

IPA solution is poured on the surface of glass slide that would be in contact

with the open PDMS channel. Both the PDMS open channel and glass slides

(as shown in the Fig. 3.10) are handled very carefully maintaining totally

clean environment and treated in Oxygen plasma chamber (Fig. 3.11) for a

minute. The PDMS open channel thus gets attached to the glass slide. Now

a closed microchannel is ready for use (Fig. 3.12). All the channels are made

this way one at a time and preserved carefully wrapping with scotch tape.

Figure 3.7: Cutting the solidified PDMS to make channels.

Figure 3.8: Surgical blade is used to cut out the individual channels from the solid-

ified PDMS cake.
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Figure 3.9: Thorough holes for inlet and outlet are punched with the help of punch-

ing tool.

Figure 3.10: Cleaned glass slide and PDMS open channel.

3.3 Cultivation of HeLa cells

HeLa cells are cultured in laboratories around the world. They are all descended

from cells removed from a cancer (of the cervix) of Henrietta Lacks who died of her

disease in 1951. For the present study, these cells were obtained from the repos-

itory of the National Centre for Cell Science (NCCS), Pune, India, and cultured

in BioScience and BioEngineering (BSBE) department of IIT Guwahati. The cells

were cultured in Dulbecco’s Modified Eagle’s Medium (DMEM) high glucose, con-
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Figure 3.11: An image of the oxygen plasma chamber.

Figure 3.12: An image of the fabricated microchannel.

taining 10% fetal bovine serum (FBS) and 1% penicillin/streptomycin (100 U/ml;

0.1mg/ml), in humidified 5% CO2 at 37◦C.

3.3.1 Materials needed

The following materials and instruments are required for cell culture.

1. Pipette

2. Gloves

3. Eppendorf

4. Laminar Hood

5. DMEM
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6. Cell culture dish

7. Tissue paper

8. Trypsin-EDTA

9. PBS

10. Acetone

3.3.2 Procedure of cell culture

The cells are cultured on the Laminar Hood table following the procedure narrated

below.

1. HeLa cells were grown in a 60 mm cell culture dish to its confluency.

2. On the day of the experiment, cells were taken out from the plates.

3. After removing the culture medium from the dish, the cells were washed with

phosphate-buffered saline (PBS) to remove the traces of the DMEM medium.

4. Further, 80 µl of trypsin-EDTA was added to the cells in the culture dish and

incubated at 370 ◦C for 2-3 minutes to get the cells detached.

5. Having confirmed the detachment of the cells through microscopic visualiza-

tion, 1ml of DMEM was added on the cells to deactivate the trypsin enzyme.

6. The detached cells were then taken in a 1.5 ml tube for further experimental

procedures.

3.4 Experimental set up

In all the experiments, HeLa cells are used. The cells were grown and maintained in

DMEM. In order to perform the experiments the following instruments and materials

were required.

1. Image acquisition system

2. Sample injection system
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Figure 3.13: Experimental setup.

3. Syringe

4. Polyethylene Tubing

5. High speed camera

6. Gloves

7. Tissue paper

8. Acetone

An image of the experimental set up is shown in Fig. 3.13. The microchannel

was placed on the stage of the microscope and semi-rigid Polyethylene tubing of

inner diameter 0.38 mm and outer diameter 1.09 mm (Prolab Marketing, India) was

connected to the inlet and outlet. Figure 3.14 shows a magnified image of the channel

placed on the stage of the microchannel with connecting tubes inserted at the inlet

and the outlet. The concentration of cells used in the experiments was around 1×105

cells per ml of medium, in which approximately 95% of the cancer cells were live

initially in all the experiments. The cells were transferred from the Eppendorf tube

to a syringe as shown in Fig 3.15. The syringe was fixed securely in the syringe

pump. The connections to the inlet and outlet of the channel were secured well

with close observation. When the entire facility was ready, the microscope and

pump were connected to a power source. As the syringe pump started to operate,

the cells suspended in DMEM medium started to fill the connecting tube and flow
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Figure 3.14: A magnified image of the channel placed on the stage of the microchan-

nel with connecting tubes inserted at the inlet and the outlet.

Figure 3.15: Filling the syringe with HeLa cells suspended in DMEM medium.

through the microchannel. The average velocity of blood (usually measured in

cm/s) generally varies from 0.03 to 40 cm/s as the blood flows through the vena

cava, capillaries and aorta [70]. The cells suspended in media were allowed to flow

passively at constant flow rate of 30 µl/h. As per the given flow rate, the average

velocity of the external fluid in the constriction (7 µm width) was found to be 17

cm/s and in the rest of the channel (width 35 µm) the velocity was 3.4 cm/s. The

flow gradually became steady and the motion of the cells were observed and recorded

at a high frame rate of 50000-60000 fps using the video module of the Leica LAS

software. The videos were then deconvoluted to obtain images at required time

instants. After the experiment was over, Acetone was used to clean the microscope

and other necessary equipment.
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Chapter 4

Migration of a Droplet in a

Cylindrical Tube in the Creeping

Flow Regime

The motion of a neutrally buoyant droplet in a capillary tube is investigated in the

creeping flow regime. A CLSVOF approach is employed to capture the deformable

interface. The effect of drop size, capillary number and viscosity ratio on the dy-

namics of deformation and break up is thoroughly studied by varying these pertinent

parameters in a wide range. A small drop tends to move with the centerline velocity

of the external fluid, however a large drop experiences more drag due to its close

proximity with the walls of the tube. The deformation at the interface is found to be

stimulated by the subtle interplay between the capillary and viscous forces. It is ob-

served that a traversing drop develops an indent at its trailing end which may further

lead to penetration of outer fluid and disintegration of the drop into several daughter

droplets. Based on the viscosity ratio, different modes of breakup of the droplet has

been observed. The critical value of the capillary number, beyond which the drop

first breaks, has been computed for drops of different sizes and viscosity ratios.

The contents in this chapter have been published as Nath, B., Biswas, G., Dalal, A., and Sahu,

K.C. (2017) ‘Migration of a droplet in a cylindrical tube in the creeping flow regime’, Physical Re-

view E, vol. 95, pp. 033110 (available online, DOI: https://doi.org/10.1103/PhysRevE.95.033110).
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4.1 Introduction

The study of droplet dynamics in microchannels or capillary tubes depends on var-

ious parameters which are responsible for the topological changes at the interface

separating the fluids. Two of the dictating parameters are the viscous and surface

tension forces, which are important at small scales. The relative strength of both the

forces is expressed by the capillary number (Ca ≡ µsV/γ, where µs is the viscosity

of the continuous phase, V is the velocity scale and γ is the interfacial tension).

Low values of Ca indicate that the stresses due to interfacial tension are stronger

than the viscous stresses. Subjected to such conditions, a migrating drop tends to

minimize its surface area by changing to a spherical shape. On the other hand, when

Ca is higher, the viscous stresses dominate resulting in large droplet deformation,

which in turn leads to evolution of asymmetrical droplet shapes.

The motion of a droplet inside a channel/pipe in the Stokes flow limit has been

studied theoretically by many researchers in the past decades. Hetsroni et al. [71]

studied the motion of a small undeformed droplet traversing along the axis of the

tube and obtained an equation for the dimensionless droplet velocity. Brenner [72]

and Bungay & Brenner [73] conducted a similar study and obtained an equation for

the excess dimensionaless pressure drop. They also observed that depending on the

viscosity ratio the overall pressure drop can be either positive or negative in the pres-

ence of the drops. Hyman & Skalak [74, 75] investigated the case of equally spaced

train of neutrally buoyant concentrically located drops considering both deformed

and undeformed droplet shapes. Chan & Leal [76], Nadim & Stone [77] studied the

drop motion addressing the effect of the viscosity ratio, λ(≡ µd/µg) and the capillary

number Ca, where viscosities of dispersed fluid and continuous fluid are µd and µs,

respectively. Recently, Konda et al. [78] investigated the motion of an air bubble in a

converging-diverging channel by conducting two-dimensional numerical simulations.

It is found that the bubble undergoes oblate-prolate deformation periodically at the

early times, which becomes chaotic at the later times in the inertial regime. This

occurs due to path instability as well as the Segré-Silberberg effect [79].

Sutera and co-workers [80, 81] experimentally studied the motion of solid hemi-

spheres and caps in Newtonian fluids assuming it as a model for motion of erythro-

cytes in capillaries. Prothero & Burton [82, 83] investigated the motion of a train

of gas bubbles in a Newtonian fluid as a model for blood flow through capillaries.

However, the experiments relevant to the present work are the studies conducted
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by Karnis et al. [84], Olbricht [4], Ho & leal [5] and Olbricht & Kung [2]. They

have investigated the dynamics of droplets migrating through channels or tubes at

low Reynolds numbers. Ho & leal [5] also investigated the effects of the capillary

number up to O(102) and viscosity ratios on the shape of the drops migrating inside

a capillary tube. Olbricht & Kung [2] experimentally studied the motion of drops

in a capillary tube for a large range of the capillary numbers, drop sizes and viscos-

ity ratios. They reported the effects of drop size and viscosity ratio on the critical

capillary number, above which the drop breakup occurs.

Most numerical investigations on the migration of bubble/drop in Poiseuille flow

at low Reynolds number (in the Stokes flow approximation) were carried out us-

ing boundary-integral method (see e,g. [3, 6, 85–89]). It is to be noted here that

boundary-integral method does not solve the complete Navier-Stokes equations. A

few others researchers, on the other hand, solved the Navier-Stokes equations and

studied the motion of drops in channels using finite-difference/finite-volume/front

tracking methods [78, 90] by conducting two-dimensional numerical simulations. A

neutrally buoyant drop in a fully developed channel flow is capable of crossing

streamlines as a consequence of drop deformation and formation of a variety of

transient non-spherical shapes, in contrast to non-deformable drops and particles.

Hence, such a complex situation demands dynamic simulation and high computa-

tional accuracy. Moreover, although several researchers numerically investigated

the breakup of a droplet in capillary tubes, it has been observed that most of them

terminate their computations as the thread of the outer fluid becomes thinner as

the time progresses, and when the numerical method adopted becomes difficult to

resolve the interface further in order to get the accurate physics. Thus, the exact

physics of post breakup scenario of the drop is a relatively unexplored field.

In the present study, the dynamics of a single droplet migrating inside a tube is

investigated in a creeping flow regime. A bespoke coupled level-set and volume-of-

fluid approach is used. We thoroughly investigate the deformation and translational

motion of an axisymmetric drop in a tube, and present its behaviour subject to

varied parametric conditions. The influence of the relevant physical parameters,

such as the ratio of droplet radius to tube radius, the capillary number and the

viscosity ratio between the two phases are discussed in detail. Since the study of

the droplet breakup phenomenon is very important from the practical applications

point of view, the present work attempts to capture the critical conditions for the

breakup of the droplet by studying the dynamics of single drop in a cylindrical tube.
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The rest of the chapter is organised as follows. In Sec. 4.2, we outline the for-

mulation and discuss the validation of the present numerical solver. The results are

presented in Sec. 4.3, and a brief summary in Sec. 4.4.

4.2 Formulation

The motion of an initially spherical droplet of radius a0 migrating through a cylin-

drical tube of radius R0 due to an imposed flow at the inlet of a tube (of radius R0

and length L = 40R0, as shown in Fig. 4.1) is considered. The radius of the droplet

in the present study lies in the range of 0.1R0 to 0.95R0. The droplet and the fluid

inside the tube are immiscible. The fluids are also assumed to be incompressible

and Newtonian. The viscosity and density of the dispersed phase (droplet) and con-

tinuous phase (fluid inside the cylinder) are (µd, ρd) and (µs, ρs), respectively. The

flow is assumed to be axisymmetric. Thus, an axisymmetric cylindrical coordinate

system (r, z) is used to model the flow dynamics, where r and z represent the radial

and axial coordinates, respectively. Initially, the bubble is located at z = z0 = 2R0.

In the present study, the effect of acceleration due to gravity, g is neglected.

Figure 4.1: Schematic diagram (not to scale) showing the initial flow configuration

of a droplet of radius a0 located at (r0, z0) in a cylindrical tube of radius R0. A

fully-developed flow is imposed at the inlet of the tube. The length L of the tube is

taken to be equal to 40R0.

4.2.1 Numerical methods

The problem is governed by the single set of continuity and Navier-Stokes equations

for treating a single fluid continuum. The two-dimensional axisymmetric setup has
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been considered by solving the same set of governing equations as described in Sec.

2.2.1. The inhouse CLSVOF solver, described extensively in Sec. 2.2, is employed

for performing the numerical simulations. The aforementioned CLSVOF method

has been used by many researchers successfully for solving a variety of interfacial

flow problems of scientific interest [91–95].

4.2.2 Initial and boundary conditions

In order to solve the governing equations, the following initial and boundary condi-

tions are implemented. The fluids are stationary at t = 0, i.e. at the starting of the

computations. The fully-developed velocity profiles are imposed at the inlet of the

tube (z = 0), which are given by

u(r) = 2V

(
1− r2

R2
0

)
, and v(r) = 0, (4.1)

where V is the average velocity of the imposed flow. The no-slip and no penetration

conditions (u = v = 0) are imposed at the tube wall, i.e. at r = R0. The out-

let boundary conditions, which are Neumann boundary conditions for the velocity

components and fixed pressure condition are applied at the outlet of the tube. They

are given by
∂u

∂z
=
∂v

∂z
= 0, and p = p0, (4.2)

at z = L.

4.2.3 Non-dimensionalisation

The radius of the tube, R0 and average imposed velocity, V at the inlet of the

tube are used as the length and velocity scales, while µs and ρs are used as the

viscosity and density scales, respectively. The results obtained from the numerical

simulations are presented in terms of dimensionless parameters. The aspect ratio,

a, which is given by a0/R0, i.e. the ratio of the initial droplet radius to the tube

radius. The other dimensionless parameters are the Reynolds number, Re ≡ ρsV R0

µs
,

the capillary number, Ca ≡ µsV
γ
, the density ratio, η = ρd

ρs
and the viscosity ratio,

λ = µd
µs
. In the present study, the Reynolds number is assumed to be small (Re < 1),

i.e. the influence of inertia can be assumed to be very small compared to the viscous

effect. Furthermore, as we study the migration of a neutrally buoyant droplet, we
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set η = 1 in the simulations. Thus, the problem is essentially governed by three

dimensionless parameters, namely, a, Ca and λ. The results are presented in terms

of dimensionless time, τ ≡ tV/R0.

4.2.4 Fluid properties

The fluid properties are chosen based on the experimental work of Ho & Leal [5].

In their study, the suspending medium was 95.75% by weight glycerine in water at

25◦C. The drops that were suspended comprised of a solution of silicone oil (dow

corning 200 fluid, a dimethyl silioxane polymer) and carbon tetrachloride. The

surface tension was measured to be 22 × 10−3 N/m for the interface between the

glycerine and mixture of silicone oil and carbon tetrachloride. Four grades of silicone

oil having different viscosities but almost equal densities (1251 kg/m3) were used.

In the present computational study, these fluid properties are deployed to validate

the code. The ratio of the viscosity of the droplet fluid to that of the suspending

fluid has been varied in the range of 0.001 to 2.04. The droplet size is varied from

a = 0.1 to 0.95 and Ca is varied from 0.1 to 1.

4.2.5 Validation

The present numerical solver is validated by comparing the results obtained from the

present study with the corresponding results reported by the previous experimental

and numerical investigations [3, 5, 6, 96]. The qualitative and quantitative compar-

isons obtained are reported below. First, a grid convergence test is conducted based

on which a suitable grid size is chosen for generating the rest of the results presented

in this study.

4.2.5.1 Grid independence test

The grid convergence test is conducted by simulating the migration of a droplet in a

cylindrical tube with aspect ratio, a = 0.7. The rest of the dimensionless parameters

are Ca = 1.0 and λ = 0.1. In Fig. 4.2, the temporal variations of the dimensionless

drop velocity, Vd for different grid-meshes (1000×25, 1600×40, 2000×50, 3200×80)

are shown. We found that the steady velocity of the droplet obtained using 1000×25,

1600 × 40, 2000 × 40, 3200 × 80 are 2.029, 2.05, 2.057 and 2.07, respectively. The
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percentage differences in the steady velocity of the droplet are 1.07%, 0.33% and

0.67%, when we compare Vd obtained using 2000 × 50 with that obtained using

1000 × 25, 1600 × 40 and 3200 × 80, respectively. In view of this, and optimising

the computational time and cost without compromising the accuracy of the results,

2000× 50 grid-meshes are used to generate the rest of the results presented in this

study. The corresponding mesh size of 0.02 is employed in all the simulations. The

time step was chosen such that the Courant-Friedrichs-Lewy (CFL) and capillary

time step conditions are satisfied [91].
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Figure 4.2: Comparison of the velocity of the drop, Vd for different grid-meshes

(1000× 25, 1600× 40, 2000× 40, 3200× 80). The parameters are Ca = 1.0, λ = 0.1

and a = 0.7. Nz and Nr represent the number of grids in the z and r directions of

the computational domain, respectively.

4.2.5.2 Qualitative comparisons

The experimental work of Olbritch & Kung [2] shows the steady shapes of a droplet

migrating in a capillary tube for a = 0.95 and λ = 0.99. The droplet shapes for

Ca = 0.05, 0.10 and 0.16 (from [2]) are shown in Fig. 4.3(a). The corresponding

droplet shapes obtained from the present simulations are presented in Fig. 4.3(b),

which agree with the experimentally obtained droplet shapes of Olbritch & Kung [2].

The present study focuses on capturing the droplet deformation and breakup while

migrating in a tube. The droplet breakup phenomenon forming re-entrant jet was
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Figure 4.3: Comparison of the steady shapes of a droplet of size a = 0.95 migrating

in a capillary tube for λ = 0.99 for Ca = 0.05, 0.10 and 0.16. (a) Experimental

results [2], and (b) Present study.

investigated by Guido & Preziosi [96], who compared the numerical simulation re-

sults of Tsai & Miksis [3] with the experimental results of Olbritch [4]. We perform

numerical simulation in the same configuration considered by these authors. The

droplet shapes obtained from the present numerical simulations (panel a) are com-

pared with those of Tsai & Miksis [3] (panel b). The experimentally obtained droplet

shapes from Olbritch [4] are also shown in Fig. 4.4(c). It can be seen that our re-

sults show excellent agreement with those presented by Tsai & Miksis [3] for the

time instants τ=0, 2, 4 and 6.

4.2.5.3 Quantitative comparisons

In order to gain more confidence on our numerical solver, we perform quantitative

comparison with the previous investigations. In Figs. 4.5(a) and (b), we study the

effect of viscosity ratio λ on the dimensionless droplet velocity, Vd for a = 0.726 and

0.914, respectively, and compare with the experimental results of Ho & Leal [5] and

the numerical simulation results of Martinez & Udell [6]. It is observed that the

present computational results agree well with the computational results of Martinez
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Figure 4.4: Comparison of the evolution of droplet shape: (a) Present study, (b) The

results of Tsai & Miksis [3]. (c) The shapes of the droplet obtained by Olbritch [4]

in the same configuration. The parameters used are Ca = 1, λ = 0.1 and a = 0.9.

& Udell [6], though it differs from the experimental results of Ho & Leal [5] slightly;

however the trend remains same. These results also follow the same trend observed in

the theoretical investigation of Hetsroni et al. [71] conducted for a small undeformed

droplet. They found the dimensionless droplet velocity,

Vd = 2− 4λ

3λ+ 2
a2 +O(a2). (4.3)

Note that the values of Vd obtained using Eq. 4.3 defer from the present results and

the results of Martinez & Udell [6] and Ho & Leal [5], but the trend (Vd decreases

with λ) remains the same. This is because Eq. 4.3 is strictly valid for small and

undeformed droplets.
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Figure 4.5: The effect of viscosity ratio on the droplet velocity, Vd for (a) a =

0.726 and (b) a = 0.914. Here, Ca = 0.1. The results obtained from the present

computation are compared with those presented by Ho & Leal [5] and Martinez &

Udell [6].

4.3 Results and discussion

After validating our numerical solver by comparing with the previously reported

experimental and numerical results, in this section, we conduct an extensive para-

metric study by varying the aspect ratio (a = 0.1− 0.9), the capillary number (Ca

= 0.1 - 6.52) and the viscosity ratio (λ = 0.001 − 2.5). The study is carried out

for small and big droplets, which undergo deformation without and with breakup

at later times as they migrate inside the cylindrical tube.
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4.3.1 Dynamics of unbroken droplets

First, we investigate the dynamic of small droplets migrating inside the tube. These

droplets do not break, but deform into oblate shapes as they move in the axial

direction. The degree of this deformation largely depends on Ca. The aspect ratios

ranging from a = 0.1 to 0.9 are considered. In this study, we fix the radius of the

cylinder and vary the initial droplet radius to vary the aspect ratio, a. Based on the

previously reported experimental results, the capillary number is varied from 0.1 to

1, while the viscosity ratio is kept in the range 0.1 to 2.5.

4.3.1.1 Effect of initial droplet size

To understand the effects of droplet size on the dynamics, we consider droplet of

different sizes migrating in the cylindrical tube of fixed radius, and thereby varying

the aspect ratio, a. The rest of the parameters are Ca = 0.1 and λ = 0.1. For

a droplet moving along the axis of the tube, the droplet velocity, Vd lies between

the maximum (centerline) and the average velocities of the undisturbed flow. The

maximum or the centerline velocity is twice that of the average velocity in the Hagen-

Poiseuille flow. From our basic understanding, it is obvious that if the droplet

(placed at the centerline of the tube) is very small in size, it moves almost with

the centerline velocity of the tube. However, as the droplet size increases, the

steady velocity attained by the droplet is much less than the centerline velocity,

but higher than the average flow velocity in the tube. Figure 4.6 depicts these

phenomena. We can see that for a droplet for a = 0.1 (small droplet), the steady

dimensionless velocity of the droplet, Vd is almost equal to 2 and increasing the

droplet size gradually decreases the droplet velocity, which reaches to a plateau for

a > 0.6. This behaviour is also observed (not shown) for film thickness (the thickness

between the droplet and wall) as well. The elongated drops are termed as “Taylor

drops”. Similar findings on droplet velocity and film thickness for long drops were

reported in the classical studies of Taylor [97] (experimental) and Bretherton [98]

(theoretical).

4.3.1.2 Effect of capillary number

The influence of the capillary number is investigated for a droplet with aspect ra-

tio, a = 0.7 migrating inside the fluid stream in a tube. The viscosity ratio, λ is
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Figure 4.6: The effect of the variation of the aspect ratio, a (i.e initial droplet size)

on the droplet velocity, Vd. The steady shapes of the droplet for a = 0.3, 0.5, 0.7 and

0.9 are inserted in the plot. The rest of the parameters are Ca = 0.1 and λ = 0.1.

considered to be 0.1. As discussed in the introduction, several researchers in the

past have numerically computed the shapes of a droplet suspended in a creeping

flow through a capillary tube. In the review of Guido & Preziosi [96], it is reported

that with the increase in the value of Ca the droplet becomes elongated in the axial

direction. Figure 4.7 depicts the steady shapes of a droplet for different Ca. It can

be seen that the droplet elongates when the capillary number is increased. Close

inspection of Fig. 4.7 also reveals that with increasing Ca, the front end of the

drop becomes more tapered while the curvature at the trailing end decreases. This

phenomenon was also observed in the past by Prothero & Burton [82, 83]. It was

also reported [5, 81–84] that the onset of a re-entrant cavity appears for Ca ≈ 0.75

in case of a = 0.726. Recently, Cherukumudi et al. [99] also reported the formation

on indentation at the back of a drop for Ca ∼ 1. The phenomenon of formation of

cavity or indentation can be clearly seen in Fig. 4.7. For Ca ≤ 0.7, we see that no

such indentation is formed but when Ca is around unity, a prominent indentation

is observed at the trailing edge due to the change of the sign of the curvature. We

observe that for large values of the capillary number (Ca > 1, for this set of pa-

rameters), a droplet does not reach to a steady shape. For Ca > 1, the indentation

grows and allows the continuous fluid to penetrate inside the droplet and beyond a

critical value of the capillary number the droplet breaks. This will be discussed in
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the next section, while discussing the dynamics of disintegrating droplets. Figure

Figure 4.7: The steady shapes attain by a droplet for a = 0.7 migrating in a tube for

different values of Ca. The streamlines (in the relative reference frames moving with

the droplets) are also shown in this figure for different values of Ca. The viscosity

ratio, λ = 0.1.
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Figure 4.8: The temporal variation of droplet velocity, Vd as it is migrating inside

the tube for different values of Ca. The other parameters are a = 0.7 and λ = 0.1.

4.7 also illustrates the streamlines inside the droplet signifying circulation within the

droplet. The motion of the medium outside the droplet exists continuous with the
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rotational motion inside the droplet. The liquid motion in the core of the droplet can

be approximated by a Hill’s spherical vortex [100]. If a Hill’s vortex flow through a

constricted passage, it experiences strain tending to make it oblate with major axis

along the axis of symmetry.

The temporal variations of dimensionless velocity of the droplet, Vd are shown in

Fig. 4.8 for Ca = 0.1, 0.5, 0.7 and 1. The parameter values considered are the same

as those used to generate Fig. 4.7. It is seen that during the initial time (τ < 0.5

approximately), a slight decrease in the droplet velocity is observed due to the onset

of shape distortion, which increases the droplet resistance to the flow. After this

initial phase, the droplet velocity, Vd gradually increases as the droplet attains a

steady streamlined shape. Once a steady shape is obtained the drop continues to

migrate in the axial direction with the same steady velocity (for τ > 3 approxi-

mately, for this set of parameters). One interesting observation noted here is that

at high Ca, the drop velocity exceeds the centerline velocity of the fluid, 2V . This

was also observed by Lac & Sherwood [101], where it was revealed that an elongated

droplet with λ < 0.5 travels faster than 2V , the maximum velocity of the imposed

flow at the inlet of the tube.

4.3.1.3 Effect of viscosity ratio

In Figs. 4.9 (a), (b), (c) and (d), the effect of viscosity ratio is investigated on the

dynamics of a droplet (a = 0.7) for different values of the capillary number. The

variations of steady droplet velocity, Vd with λ in Fig. 4.9 (a) show that increasing

viscosity ratio, λ decreases Vd for the range of the capillary numbers considered. It

can also be observed that for a fixed value of λ, increasing Ca increases the steady

droplet velocity, Vd. In Figs. 4.9 (b) and (c), the effect of λ and Ca is investigated

on the droplet deformation by plotting the variations of dimensionless length ld and

width, wd of the droplet with Ca for different values of λ. It can be seen that

an increase in either Ca or λ (or both) causes the droplet to deform more in the

axial direction, and hence its length (ld) increases, while width (wd) decreases. Fig.

4.9 (d) shows the effect of Ca and λ on the thickness of the continuous fluid film

surrounding the drop. In accordance with the observation from Figs. 4.9 (b) and

(c), it is obvious that the film thickness (ft) would increase as the droplet gets

elongated. Thus, as expected, we see in Fig. 4.9(d) that with the increase in either

Ca or λ (or both) increases the film thickness ft. The inspection of this figure also
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reveals that the effect of viscosity ratio is independent of size of the droplet. Note

that length and width of the droplet, and film thickness presented in Fig. 4.9 are

non-dimensionalised with the radius, R0 of the tube.
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Figure 4.9: Variations of dimensionless (a) Droplet velocity, Vd with viscosity ratio,

λ for different values of Ca, (b) Length of the droplet, ld, (c) Width, wd of the

droplet, and (d) Film thickness, ft with Ca for different values of the viscosity ratio,

λ. The aspect ratio, a is fixed at 0.7.

4.3.2 Dynamics of disintegrating droplets

The breakup of a droplet into smaller droplets is brought about due to the instabili-

ties. Unless a very high capillary number is considered, a small drop does not break

into smaller droplets in a pressure-driven capillary tube. However, if the aspect ra-

tio, a is large, the drop breaks into daughter droplets even at low capillary numbers.

The particular the capillary number that causes a drop to break is termed here
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as critical capillary number. The same terminology was also used in the previous

studies [2, 96]. The value of the critical capillary number for a particular drop size

is dependent on the viscosity ratio of the system. As observed in Fig. 4.7, for Ca =

1, a clearly visible indent is formed at the trailing edge of the droplet (for a = 0.7).

Thus, we now study the effect of a on the splitting of the droplet for Ca = 1. Also

we investigate on the effect of λ on drop breaking phenomenon for a fixed a and

Ca.

4.3.2.1 Effect of droplet size for a system with λ = 0.1 and Ca = 1

The deformation of a droplet depends primarily on the size of the drop with respect

to the tube radius, a. To understand the importance of the aspect ratio of a droplet

on its deformation and breakup, we perform numerical simulations for a = 0.7, 0.8

and 0.9 in a flow system with λ = 0.1 and Ca = 1. These results are discussed next.

Droplet dynamics for a = 0.7

For a = 0.7 (i.e for a relatively smaller droplet), the droplet shapes are plotted for

different times in Fig. 4.10. It can be seen that the droplet undergoes large defor-

mation during the initial phase (τ < 1). It continues to deform till τ = 3 for this set

of parameter values. During this period, the shape of the droplet is adjusted due to

the competition between the inertial and viscous forces, which are dominant at the

leading and trailing edges, of the droplet respectively. In this case, as the droplet

is small in size, the tube wall is sufficiently away from the edge of the drop and

thus the viscous drag due to the wall effect is much smaller compared to the inertial

force at the leading edge. At τ = 4, we see that the drop attains a steady bullet

like shape and there after it traverses in the tube maintaining the same steady shape.

Droplet dynamics for a = 0.8

The dynamics of a droplet for a = 0.8 is investigated in Fig. 4.11 while keeping the

rest of the parameters the same as those used for a = 0.7. The shape evolution of

the droplet for a = 0.8 reveals some interesting phenomena. In this case, the droplet

surface is closer to the pipe wall as compared to a = 0.7 case, which enhances the

effect of the drag force. It is observed that the droplet continues its deformation

(unsteady state) for a long time. At an early time (τ = 2), the indent becomes very
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Figure 4.10: The shape evolution of a droplet for Ca = 1 and λ = 0.1. The aspect

ratio a = 0.7.

prominent at the trailing edge of the droplet. At t ≥ 4, it can be seen that the

continuous fluid pushes its way through the drop forming a penetrating jet. Then,

the droplet fluid forms a thin layer towards the leading edge and continues thinning

while the tail part of the drop joins back, thus leaving a small part of the continuous

fluid trapped in between them (see τ = 6). The results at τ between 6 and 8 show

how the leading part of the drop separates from the main droplet body. At τ = 7.25,

the position of the droplet is nicely captured showing the advancing front daughter

droplet with two small satellite droplets followed by the large drop. At τ = 7.75,

an interesting phenomenon occurs, when the two small satellite droplets merge with

the large drop. This merger happens due to the phenomenon of Ostwald ripening.

From τ = 8 to 10, the entire drop merges back and proceeds towards attaining a

steady shape (τ = 15). During the entire period (τ = 0 − 15), the drop gradually

tends to become more streamlined thus increasing the gap between the drop sur-

face and the wall of the tube. Therefore, the drag force due to the tube wall effect

decreases and inertial force at the leading edge increases gradually during this period.
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Droplet dynamics for a = 0.9

Figure 4.11: The shape evolution of a droplet for Ca = 1 and λ = 0.1. The aspect

ratio a = 0.8.

The aspect ratio is increased to a = 0.9 and the dynamics of a droplet is investi-

gated in Fig. 4.12 while keeping the rest of the parameters the same as those used

for a = 0.7 and a = 0.8. This is an interesting case as the initial droplet radius

is neither very small nor very large as compared to the radius of the tube. The

main reason for the choice of this aspect ratio is that the asymptotic methods that

yield results for very large or very small drops [2] cannot be applied for droplets

whose size is comparable to the tube diameter. The shape evolution of a droplet

for a = 0.9 is shown in Fig. 4.12. It can be seen that the deformation dynamics is

different from that observed in the previous case (a = 0.8). In this case, the droplet

is more elongated (see droplet shape at τ = 4, 6 and 8). An obvious reason for this
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elongation is the initial droplet size is bigger than the previous case. Another reason

is that due to the close contact of the drop surface with the tube wall, the droplet

experiences more drag. The trailing edge of the droplet is more elongated at the

early times (τ = 1 to 4) owing to the dominance of the drag force in the presence

of the wall. After t = 4, the droplet undergoes thinning and then breaks up into

daughter droplets and satellite drops (τ = 6 to 8) in the same way as that in the

earlier case (a = 8). From τ = 8 to 11, the phenomenon of Ostwald ripening is

very prominent. From τ = 11 to 18, the drops eventually coalesce and merge back

to form a single drop. It is observed that the situation at τ = 18 (on the verge of

leaving the domain) is quite similar to the situation at τ = 9 in Fig. 4.11, hence

it can be conjectured that for an extended domain the drop will gradually attain a

steady shape.

Figure 4.12: The shape evolution of a droplet for Ca = 1 and λ = 0.1. The aspect

ratio a = 0.9.
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4.3.2.2 Effect of viscosity ratio on the dynamics of breaking up droplets

From the results presented in Figs. 4.10, 4.11 and 4.12, we learnt that a drop with

aspect ratio, a = 0.9 elongates more and forms several daughter droplets and satel-

lite droplets at the intermediate times before merging back to a single drop. Thus,

we consider a droplet of a = 0.9 and investigate the effect of viscosity ratio on droplet

migration and breakup. We consider three viscosity ratios in this study, λ = 10−3,

0.58 and 2.04 in Figs. 4.13, 4.14 and 4.15, respectively. Ca = 1 is taken for all

the viscosity ratios. Inspection of Figs. 4.13, 4.14 and 4.15 reveals that increasing

viscosity ratio, increases the tendency of droplet breakup into smaller droplets. The

Figure 4.13: The shape evolution of a droplet for λ = 10−3 and Ca = 1. The aspect

ratio a = 0.9.

mechanisms of droplet break up and generation of smaller droplets are similar to

the mechanisms of atomization that have been extensively researched. The mecha-

nism of atomization typically consists of 3 steps: (1) formation of liquid sheets; (2)

the liquid sheets undergo disintegration into drops and ligaments; (3) the ligaments

further break up into finer droplets. Theoretical analyses of the atomization process
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to predict droplet size have yielded models providing good agreements with the ex-

perimental data.

Fraser et al. [102] and Dombrowski and Johns [103] have described the process

of liquid sheet atomization and the explanations have close resemblance to the pro-

cesses that are observed in Figs. 4.13, 4.14 and 4.15. The difference is that, in our

case, the liquid drop is being disintegrated in a liquid medium. Under this situa-

tion, the trailing edges of the deformed drop are gradually transformed into liquid

sheets (clearly evident from Figs. 4.14 and 4.15). For the disturbances (sinuous or

varicose), the sheets are assumed to fragment into pieces of lengths dictated by a

dominant wave mode. These fragmented parts roll up under the influence of surface

tension. The capillary force plays a major role and promotes the formation of cylin-

drical ligaments of various sizes. Subsequent breakup of these ligaments is brought

about by the Rayleigh-Plateau instability mechanism culminating in the formation

of droplets of smaller sizes.

The above mentioned explanation applies well to both low and high viscosity

ratios. However, for higher viscosity ratios (say for λ = 2.04), the shear force on the

ligament surfaces becomes relatively high in magnitude. In the face of counteract-

ing interfacial tension, it elongates the ligaments more (τ =8) before the ligaments

break-up into droplets (Fig. 4.15).

4.3.3 Critical capillary number, Cacr

Finally, in order to investigate the effects of viscosity ratio and the size of the drop on

the critical value of Ca that leads to drop breakup, we run a number of computations

for different systems by varying the viscosity ratio from 10−3 to 2.5. The critical

capillary number (Ca) is calculated based on the drop size for each combination

of the rest of the governing parameters. Table 4.1 depicts the value of the critical

capillary number, Cacr obtained with respect to the aspect ratio (a) for different

values of viscosity ratio, λ. From this study, we observe some physics related to

drop breakup. When we focus column wise in Table 4.1, it is observed that for each

value of λ, the critical capillary number decreases as the aspect ratio, a (which is

equivalent to droplet size) increases. The reason for such behavior can be attributed

to the fact that when the droplet is very small, its velocity is influenced more by

the centerline velocity of the external flow, due to which it moves fast in the axial

direction without experiencing much deformation. Also the drop being far from the
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Figure 4.14: The shape evolution of a droplet for λ = 0.58 and Ca = 1. The aspect

ratio a = 0.9.

Figure 4.15: The shape evolution of a droplet for λ = 2.04 and Ca = 1. The aspect

ratio a = 0.9.

wall, experiences a less resistance. Such small drops require high Ca (low surface

tension) in order to undergo breakup. However, as the drop size keeps on increasing
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Table 4.1: The critical capillary number for different values of aspect ratio, a and

viscosity ratio λ.

λ 10−3 10−2 0.1 0.5 1 1.5 2 2.5

a

0.3 6.32 6.27 6.0 6.05 6.52 - - -

0.4 3.82 3.75 3.45 3.25 3.07 3.16 3.56 5.36

0.5 2.64 2.5 2.26 1.95 1.88 1.89 1.93 2.03

0.6 1.94 1.81 1.6 1.36 1.36 1.27 1.27 1.26

0.7 1.41 1.37 1.2 1.0 0.99 0.94 0.91 0.9

0.8 1.08 1.06 0.93 0.75 0.75 0.7 0.67 0.67

0.9 0.86 0.84 0.71 0.55 0.54 0.5 0.47 0.45

Cacr decreases, because the drop approaches the wall and the resistance to its flow

increases. Row wise inspection of Table 4.1 (i.e. inspection of the variation of Cacr
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Figure 4.16: Variation of critical capillary number Cacr with viscosity ratio, λ for

different values of a.

with λ for a fixed a) reveals that the value of critical capillary number, Cacr decreases

(for most values of a considered) with the increase in viscosity ratio, λ for a fixed

aspect ratio, a (i.e. drop size). This is because increasing λ increases the tendency

of the droplet to deform more, and hence Cacr decreases. In Fig. 4.16. it can be
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observed that while this phenomenon is true for droplets with a > 0.5, the same

does not seem to be followed for smaller drops (a < 0.5). For smaller drops, an

interesting phenomenon occurs. At first Cacr decreases as usual but this constant

decrement pertains only to a certain range of λ. For λ > 1 (approximately), Cacr

again increases. This behavior is very prominent for a = 0.4 as seen in the Table 4.1.

This non-monotonic variation of Cacr is first noticed for λ = 0.5. It is to be noted

here that, it is difficult to find Cacr for λ > 1, because under such a situation (of

high capillary number and also high λ) the droplet continuously deforms and most

portions of the drop behave as a thin film, which continuously tends to elongate

without breaking up. In this study, we have restricted our computations upto Ca =

6.52; thus the capillary number required for the breaking of a small drop (a = 0.3)

beyond λ = 1 has not been computed.

4.4 Summary

Numerical simulations of a neutrally buoyant droplet migrating in a cylindrical tube

in the creeping flow regime are conducted using an in-house code adopting CLSVOF

method. The axisymmetric Navier-Stokes and continuity equations are solved to

determine the dynamics of drop motion and deformation in a capillary tube with an

imposed fully-developed flow at the inlet of the tube. Extensive validations of the

numerical solver adapted are presented before proceeding with detailed investigation

of the problem. Detailed parametric study is conducted by varying the ratio of

droplet radius to the tube radius, capillary number and viscosity ratio between the

droplet and the surrounding fluid injected at the inlet of the tube. Different modes

of droplet breakup are observed depending on the prevailing dominance of viscous

and surface tension forces. The critical value of the capillary number beyond which

a drop breaks is determined for different drop sizes and viscosity ratios.
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Chapter 5

Cross Stream Migration of Drops

Suspended in Poiseuille Flow in

the Presence of an Electric Field

The cross stream migration of a neutrally buoyant drop, suspended in another im-

miscible medium, has been studied. Both the dispersed phase (drop fluid) and the

suspending medium are considered to be incompressible and a fully developed velocity

profile of the external fluid is considered at the inlet of the two dimensional chan-

nel. In the absence of an electric field the important non dimensional parameters

pertaining to such problems are; the viscosity ratio between the drop fluid and the

suspending medium, the ratio of drop diameter to channel height and the capillary

number. The presence of electric field introduces additional stresses at the drop in-

terface and extensive computations are performed by solving electro-hydrodynamic

equations coupled with VOF interface capturing technique. The effect of permittivity

and conductivity ratio on drop migration reveal interesting phenomenon of oscilla-

tion and rotation along with translation in the channel.

The contents in this chapter have been published as Nath, B., Biswas, G., Dalal, A., and

Sahu, K.C. (2018) ‘Cross stream migration of drops suspended in Poiseuille flow in the pres-

ence of an electric field’, Physical Review E, vol. 97, pp. 063106 (available online, DOI:

https://doi.org/10.1103/PhysRevE.97.063106).
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Cross Stream Migration of Drops Suspended in Poiseuille Flow in the Presence of an

Electric Field

5.1 Introduction

The motion of a liquid drop suspended in Poiseuille flow in another immiscible

medium inside a microchannel is a fundamental problem that stands very impor-

tant from physical, biological and engineering view point. The droplet motion and

deformation in micro channels and capillary tubes has been studied by researchers

since decades. The dynamics of droplet in hydrodynamics flows through channel or

tube has been experimentally studied by Goldsmith and Mason [104], Olbritch [4],

Ho and Leal [105] and Olbrtich and Kung [2], at low Reynolds number. Ho and

Leal [105] investigated the effects of capillary number and viscosity ratio on droplet

shapes. Olbricht & Kung [2] studied experimentally the motion of drops in a cap-

illary tube for a large range of capillary numbers, drop sizes and viscosity ratios.

They reported the effects of drop size and viscosity ratio on the critical capillary

number above which the drop breakup occurs. In the Stokes flow limit, Chan and

Leal [76] and Nadim and Stone [77] investigated the effects of the viscosity ratio and

the capillary number Ca on the migration of droplets with diameter much smaller

that channel height. In addition to the experimental and theoretical studies, most

of the numerical investigations for simulating the behavior of a single gas bubble or

drop in Poiseuille flow at zero Reynolds number (Stokes flow approximation) were

carried out using boundary-integral method (BIM) [3, 6, 85, 87–89]. On the other

hand, Mortazavi and Tryggvason [90] studied the deformation and lateral migration

of two-dimensional drop in a flow channel at finite Reynolds number using the full

Navier−Stokes equations with a finite-difference/front-tracking approach. Konda et

al. [106] numerically studied migration of a droplet in a converging-diverging channel

using a finite-volume approach and demonstrated droplet shape oscillations while it

migrates inside the channel due to an imposed pressure-gradient. Nourbaksh and

Mortazavi [107] reported the dependency of the drop migration on the viscosity ra-

tio.

Several theoretical, numerical, and experimental studies have also been carried

out those explore the effects of application of electric field to various fluid sys-

tems. The pioneering theoretical works of O’Konski & Thatcher [27], Garton &

Krasucki [108] in 1950s and 1960s involved electrohydrostatic analyses on droplet

deformation. It was assumed that the fluids are perfect dielectric and mainly ac-

counted for the electric forces normal to the droplet interface. They found that the

droplet always deforms into a prolate shape. Taylor [109] and Ajayi [110] proposed
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the leaky dielectric model which could account for the electric stresses tangential

to the interface and predicted the deformation of a droplet into a oblate shape, as

observed in the experiments of Allen and Mason [111]. Tsukada et al. [112] and

Feng & Scott [113] used finite element method to study the droplet deformation

under the influence of uniform electric field using a leaky dielectric model. To study

the interaction between a pair of droplets placed in a uniform electric field Baygents

et al. [114] developed a boundary integral method and applied their formulation to

both dielectric and leaky dielectric models. Berry et al. [115] simulated conducting

drops in a non-conducting medium. Lac & Homsy [28] used a boundary integral

method to study the deformation and break up of a droplet in a uniform electric

field and obtained a phase diagram showing the variation of droplet shapes under the

influence of different electrical properties. Fernandez et al. [116] incorporated finite-

volume and front-tracking methods to study the behaviour of an emulsion of leaky

dielectric droplets in an electric field generated by parallel plate electrodes. Fernan-

dez [117] did a similar study to investigate the response of an emulsion of a leaky

dielectric droplet in a shear flow by employing the same formulation. Hua et al. [118]

also utilised a front-tracking/finite-volume method to solve the full Navier−Stokes

equations and studied the motion of a droplet suspended in a viscous medium under

the influence of an electric field. In their work, they considered three different elec-

trical models: leaky dielectric model, perfect dielectric model and constant charge

model. Zhang & Kwok [119] developed a lattice Boltzmann method employing di-

electric theory to study the droplet behavior in a uniform electric field. Sato et

al. [29] experimentally studied the deformation and break up of silicone droplets

in the presence of electric field. Timung et al. [120] reported a noninvasive way

to disintegrate a microdroplet into a string of further miniaturized ones under the

influence of an external electrohydrodynamic field inside a microchannel.

The numerous studies discussed above constitute considerable progress towards

the understanding of the effects of electric field on droplet motion and deformation

in tubes and channels. However, in most of the previous studies, the dynamics was

investigated by placing the droplet at the centreline of the channel/tube. The cross

stream migration phenomenon of droplets at low Reynolds number in channels still

seems to be less explored and needs more attention. The work discussed in previous

chapter (Chapter 4) may also be placed in perspective and extended further. The

presence of electric field also has a profound influence on the droplet migration.

Therefore, in the present work, we focus on the dynamics of droplet migration and
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deformation started from an initial off center position and investigate the effect of

electric field on the cross stream migration phenomenon.

The remainder of the chapter is organised as follows: In Sec. 5.2, the formula-

tion of the problem is discussed. The qualitative and quantitative validations are

conducted to check the accuracy of the mathematical model. This leads to Sec. 5.3

where the results of our computations for a wide range of parameters are discussed.

The results include the study of droplet migration in both the absence and presence

of electric field. Finally, a short summary is given in Sec. 5.4.

5.2 Formulation

In this section, we introduce the mathematical model that is employed to study the

droplet migration in a two-dimensional (2D) channel with and without the influ-

ence of electric field and also examine its accuracy in capturing the flow physics.

Figure 5.1 shows a schematic illustration of the computational domain considered

in the present study. The motion of an initially spherical droplet of radius R0 is

Figure 5.1: The schemtaic representaion (not to scale) of the lateral migration of a

droplet inside a channel under the influence of external Poiseuille flow and uniform

electric field.

placed at a position (x0, y0). The hydrodynamics are governed by the incompressible

Navier- Stokes and continuity equations, along with an electro-hydrodynamic model

to describe the electric field effects. The electromechanical coupling occurs at the

interface that separates the droplet phase and the suspending fluid, since material

and electrical properties are taken to be constant in each phase.
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5.2.1 Numerical methods

The hydrodynamics are governed by the incompressible Navier-Stokes and continuity

equations and an electro-hydrodynamic (EHD) model is used to describe the electric

field effects. In order to track the interface, an advection equation for the volume

fraction of the injected fluid, α is solved using the Volume-of-Fluid (VOF) approach.

The detailed electro-hydrodynamic model adopted for the present study is described

in Section.2.4. The aforesaid governing equations are solved using an open source

code Gerris [58]. The salient features pertaining to Gerris are mentioned in Section

2.3 and described extensively in ref. [58, 59].

5.2.2 Initial and boundary conditions

The following initial and boundary conditions are implemented to solve the govern-

ing equations. Initially (at t∗ = 0), both the fluids are considered to be at rest [121].

A fully-developed velocity profile is imposed at the inlet of the channel (x = 0),

which is given by

u(x) = 1.5Vavg

(
1− y2

(H/2)2

)
, and v(x) = 0, (5.1)

where, Vavg is the average velocity of the imposed flow. The no-slip and no-

penetration conditions (u = v = 0) are imposed at the channel walls, i.e. y = ±H/2.
At the outlet of the channel (x = L), the Neumann boundary conditions for the ve-

locity components and fixed pressure condition are applied. They are given by

∂u

∂x
=
∂v

∂x
= 0, and p = p0. (5.2)

The external electric field is applied by imposing constant voltage boundary condi-

tions ψ = +ψo and ψ = −ψo at the upper and lower walls of the channel, respectively.

5.2.3 Non-dimensionalisation

The results obtained from the numerical simulations are presented in terms of di-

mensionless parameters. The height of the channel, H, and average imposed velocity

Vavg are used as the length and velocity scales, while µs is used as the viscosity scale.

The aspect ratio, a∗, defined as the ratio of the initial droplet diameter to the height
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of the channel, is given by 2R0/H. The chosen reference quantities give rise to the

following set of dimensionless parameters

Ca ≡ µsVavg
γ

, Re ≡ ρsVavgH

µs
, λ =

µd
µs
,

S =
ϵd
ϵs
, R =

σd
σs
, E∗ =

E

Vavg

√
ϵo
ρs
. (5.3)

The parameters in Eq. (5.3) correspond to the capillary number, Reynolds number,

viscosity, permittivity and conductivity ratios and a dimensionless electric field,

respectively. Here Ec is the characteristic scale for electric field strength given as

Ec = Vavg
√
ρs/ϵo. The seemingly uncommon scaling for electric field is stimulated

by the numerical work and is adopted so that the dimensionless parameter associated

with the Maxwell stresses in Eq. (2.34) is unity. For the sake of convenience, E∗

is represented as E for the rest of the paper and denotes the dimensionless electric

field strength. In the present study, the Reynolds number is assumed to be small

(Re = 1), i.e. the influence of inertia force can be assumed to be negligible compared

to the viscous force. Furthermore, as we study the migration of a neutrally buoyant

droplet in the simulations. The results are presented in terms of dimensionless time,

t∗ ≡ tVavg/H. We also introduce a dimensionless term yc, which represents the

lateral position (area averaged center) of the droplet in the channel. The value of

the yc ranges between −0.5 to +0.5. The length of the channel is considered to be

L = 40H.

5.2.4 Validation

5.2.4.1 Qualitative comparisons

For the purpose of validation, we compare our simulation results with the experi-

mental results of Olbricht & Kung [2] for a drop of size a∗ = 0.95 suspended in a

system with λ = 0.99. Note that Olbricht & Kung [2] investigated the dynamics of

droplet migration in a capillary tube, unlike in a two-dimensional channel as consid-

ered in the present study. Three different Ca are considered, viz 0.05, 0.10 and 0.16.

Figure 5.2 depicts that the present computational results possess a good qualitative

match with their experimental counterpart.
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Figure 5.2: Comparison of drop shape for three different Ca: 0.05, 0.10 and 0.16.

The other parameters are a∗ = 0.95 and λ = 0.99. Left panel: Experimental

results [2] and right panel: Present simulations.

5.2.4.2 Quantitative comparisons

To examine the accuracy of the present numerical solver for electro hydrodynamic

simulations, the deformation of a spherical drop suspended in a stationary fluid is

examined. The deformation is characterised by the Taylor’s deformation parame-

ter D = L−B
L+B

, where L and B are the end-to-end length of the droplet measured

along the x and y directions respectively. A positive D represents the deformation

along the field direction (prolate shape), whereas a negative D represents the de-

formation perpendicular to the field direction (oblate shape); D = 0 represents a

spherical droplet. The analytical solution for the drop deformation under electric

field provided by Taylor [109] is given by

D =
9CaE

8(2 +R)2

[
R2 + 1− 2S +

3

5
(R− S)

2 + 3λ

1 + λ

]
, (5.4)

where, CaE = E2ϵoRo

γ
is defined as the electrical capillary number, which signifies

the relative strength of the external electric field over capillary force. Figure 5.3

presents a quantitative comparison between the theoretical prediction of Eq. (5.4)

and the results obtained from our current simulations. A good agreement can be

observed for the deformation parameter D under varying conditions of CaE and R

from Fig. 5.3(a) and (b), respectively.
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Figure 5.3: Comparison of drop deformation computed from the present simulations

with Taylor’s theory (Eq. 5.4) for varying CaE and R, respectively.

5.2.4.3 Grid independence test

The grid convergence test is conducted by simulating the migration of a droplet in

a channel with aspect ratio a∗ = 0.6. The rest of the dimensionless parameters are

Ca = 0.7 and λ = 1.0. The adaptive mesh refinement (AMR) feature of Gerris is

employed to increase the grid density near the interfacial region while maintaining

a relatively coarser mesh elsewhere. The refinement is done based on the gradient

of volume fraction. Figure 5.4(a) presents snapshots of different levels of refinement

deployed for the grid convergence test. The smallest (dimensionless) cell sizes are

0.031, 0.016, 0.008 and 0.004 corresponding to grid levels 5, 6, 7 and 8.

The temporal variations of the drop yc for different grid refinement levels are

presented in Fig. 5.4(b). It is observed that the drop yc measured at t∗ = 15 differs

by ∼ 50% between levels 5 and 6 and by ∼ 11% between levels 6 and 7, whereas the

difference between levels 7 and 8 is less than ∼ 3%. In view of this, and optimizing

the computational time and cost without compromising the accuracy of the results,

grids with refinement level 7 are used to generate the rest of the results presented

in this study.
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Figure 5.4: Grid convergence test. Panel (a): Snapshots of adaptive mesh generation

using different levels of refinement. The refinement level of 7 is selected for the

present study; and Panel (b): Comparison of yc for different levels of grid refinement.

The different parameters considered are a∗ = 0.6, Ca = 0.7 and λ = 1.0.

5.2.5 Fluid properties

The drops can be considered to be composed of silicon oil and the suspending

medium comprising of castor oil. Different grades of silicon oil help us to get differ-

ent viscosity ratios required for the parametric studies [122]. For perfect dielectric

fluids, silicon oil droplet in a medium of castor oil or vice versa can be considered

depending on the permittivity ratio. For leaky dielectric fluids, two system of fluids

are considered. System A represents a drop whose permittivity is lower but conduc-

tivity is higher than that of the suspending medium. System B represents a drop

whose permittivity is higher but conductivity is lower than that of the suspending

medium. Such fluid properties can be obtained by considering silicone oil drop in

castor oil medium for system A and castor oil drop in silicone oil medium for system

B [20]. The conductivity of silicone oils can be increased using doping in order to

obtain a large range of conductivity ratio, R [20].

5.3 Results and discussion

The lateral migration phenomenon of drop inside a micro channel is studied both

in the absence and presence of electric field and are discussed in the sub-sections
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5.3.1 and 5.3.2, respectively. The cross stream locomotion of a drop placed off-

center inside a channel for low Reynolds number flows can be attributed to the

shape deformation of the drop under the influence of the incident flow and the

variation of shear stress acting across the drop. The shape deformation leads to an

aerodynamically favorable shape for the drop to move towards the centerline. The

deformation is more prominent for larger sized drops which undergo larger shape

deformation. A similar mechanism was thoroughly discussed in Karimi et al. [123] in

the context of cell migration in microfluidics. Owing to the proximity of an off-center

drop to the channel wall, the influence of shear force is significant and the variation

of shear stress across the drop leads to the migration of the drop from the initially

released position to an equilibrium position. Additionally, the rotation of the drop

can result in the generation of Magnus lift force and the strength of this force is

dependent on the angular velocity of the spinning droplet. The rotational effect

has been found to be negligible for a significant portion of this study. However, the

application of an external electric field under certain conditions may result in strong

rotation of the drop as it traverses across the channel. The lift force generated by

Magnus effect assumes significance in such flow conditions.

5.3.1 Drop dynamics under the influence of Poiseuille flow

without electric field

The dynamics of drop deformation and lateral migration in the Poiseuille flow in

a microchannel (in the absence of electric field) are dictated by the relevant non-

dimensional parameters: drop size (a∗), capillary number (Ca) and viscosity ratio

(λ). Therefore, the effect of each one of these parameters for a drop placed at an off

center position is discussed in this subsection.

5.3.1.1 Effect of drop position

To understand the effect of the initial position of the drop on its migration phe-

nomenon, a drop of moderate size (a∗ = 0.6) was placed at different off-center

positions along the y-axis. The capillary number and viscosity ratio were considered

to be 0.7 and 1, respectively. Over a wide range of initial position of the drop, it is

observed that the drop moves away from the channel walls and drifts towards the

centerline and attains a steady bullet shape with the drop center lying in the channel
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centerline. For the set of parameters, this phenomenon is observed to be consistent

regardless of the initial off-center placement of the drop. Figure 5.5a shows the

migration of the drop towards the channel centre from different off center positions.

Although Mortazavi & Tryggvason [90] showed that the migration of a small drop

towards or away from the wall depends on the viscosity ratio between the drop and

medium, but for the moderate size drops suspended in systems with matching vis-

cosities, the drops always tend to migrate towards the channel center. A similar

dynamics was also observed by Griggs et al. [88] and Coulliette & Pozrikidis [87].

During its movement to the channel center, the drop undergoes shape deformations

and finally attains a steady bullet like shape.

The streamlines in and around the drop placed at yc = 0,−0.1 and −0.15 are

Figure 5.5: A drop (a∗ = 0.6) initially placed at different off-centre positions grad-

ually migrates towards the centreline of the channel. The other parameters are Ca

= 0.7 and λ = 1. Panel (a): The lateral position of the drop versus time; and Panel

(b): The streamlines around the drop placed at yc = 0,−0.1 and −0.15, respectively.

The flow field is presented in the frame of reference of the drop.

shown in Fig. 5.5(b). The images are taken at t∗ = 5. At this particular time

instant, the drop placed initially at the centerline (yc = 0) has already reached a

steady bullet like shape and moves with a steady velocity. However, the drops placed

at off center positions have not attained a steady bullet shape, rather they are ob-

served to be laterally migrating towards the channel centerline while traversing in

the axial direction. It is clearly evident from Fig. 5.5(a) for the drop placed initially

at yc = −0.15 that the prominent vortices formed around the drop promotes the

lateral deformation and pushes the drops to drift towards the channel centerline.
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Though a little less pronounced but this phenomenon is also seen to be exhibited

well by the drop placed initially at yc = −0.1.

The confined flow inside a microchannel results in a sharp gradient of velocity

across the channel cross-section and the shear force is stronger close to the walls.

The initial migration rate (slope of yc versus t∗ in Fig. 5.5(a)) of a drop for ini-

tial yc = ± 0.15 is higher than that observed for initial yc = ± 0.1. This can be

attributed to the larger shear variation experienced by such drops. As the drop

approaches the centerline, the shear force acting on the drops decreases and the mi-

gration rate attains a smaller value for both values of yc considered. Furthermore,

the shear force on the drop can also be tuned by manipulating the drop size, the

capillary number as well as the viscosity ratio, which can result in significant mod-

ification of the shape deforamtion as well as the shear force, thereby affecting the

dynamics of the migration process. The influence of drop size, the capillary number

and the viscosity ratio is discussed in the following sections.

5.3.1.2 Effect of drop size

The size of the drop plays a vital role in its migration phenomenon. To understand

the effect of drop size, simulations are performed for drops of varying sizes in the

range of a∗ = 0.3 to 0.65. All the drops are released from an initial position that is

below the centerline (y∗ = −0.15) of the channel. The other parameters considered

are Ca = 0.7 and λ = 1. The effect of size on the drop migration is shown in Fig.

5.6. For the range of drop sizes considered, and under the given set of conditions,

it is observed that all the drops move away from the wall. The temporal variations

of drop velocity are plotted in Fig. 5.6(a) for five different drop sizes ranging from

a∗ = 0.3 to 0.65. Figure 5.6(b) shows the variations of the corresponding lateral po-

sition of the drop with time. It is seen that the large drops have a higher tendency

to migrate towards the channel centerline. For a∗ = 0.65, the drop reaches the chan-

nel centerline and attains a steady shape and velocity. However, smaller drops do

not seem to attain a steady lateral position within the length of the channel under

consideration. A possible explanation of this is as follows: big drops are associated

with enhanced shape deformation, which makes the drops aerodynamically favor-

able to move towards the centerline of the channel. In contrast, this aerodynamic

deformation is absent in the case of small drops as they remain spherical due to the

effect of larger surface tension force as compared to bigger drops. The smallest drop
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Figure 5.6: Migration of different sized droplets starting from an initial off center

position (yc = −0.15) towards the channel centreline. Panel a: Drop velocity versus

time. Panel (b): Lateral position versus time. The other parameters are Ca = 0.5

and λ = 1.

a∗ = 0.3 exhibits very less lateral migration and seems to settle down at a lateral

position very close to the initial off center position. The intermediate drops a∗ = 0.4

and 0.5 settle at a lateral position that is somewhere between the channel centerline

and the initial off-center position. The varied dynamics exhibited by different sized

drops can be explained as follows. As the droplet size increases, the equilibrium

position of the drop moves closer to the centerline of the channel. The variation of

shear stress acting across the drop increases with increasing size of the drop which

leads to faster migration of a large drop towards the centerline in comparison to a

smaller drop as depicted by Fig. 5.6. Thus, large drops deform more and advect

away from the wall at a faster rate than smaller drops for a given pressure drop.

It is also observed in Fig. 5.6(a) that the smaller drops move with a higher veloc-

ity in the channel as compared to the larger drops. For the length of the channel

under consideration, drops with a∗ = 0.5, 0.6 and 0.65 reach a steady velocity but

the smaller drops of sizes a∗ = 0.3 and 0.4 do not attain a steady velocity. Figure

5.6(b) reveals that for the given length of the channel (L∗ = 40) the smaller drops

(a∗ = 0.3, 0.4) do not reach the center line of the channel while the larger drops

reach the channel centerline quite early.
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5.3.1.3 Effect of capillary number

The drop migration is influenced immensely by the capillary number. A higher value

of capillary number is led by a lower surface tension force and dominating viscous

force. Thus, with the increase in the capillary number, the ability of the drop to

deform increases, which in turn leads to an enhanced rate of cross stream migration

of the drop. This phenomenon is evident in Fig. 5.7 where the effect of Ca on

Figure 5.7: The effect of varying Ca (Ca = 0.3 to 1.3) on the migration of a drop

initially placed at yc = −0.15. Panel (a): Drop velocity versus time. Panel (b):

Lateral position of the drop versus time. The other parameters are a∗ = 0.4 and

λ = 1.

drop migration is investigated for a drop of size a∗ = 0.4. Ca is varied from 0.3 to

1.3 while the viscosity ratio is taken as 1. Figure 5.7(a) shows the drop shape and

position at t∗ = 30 for different values of Ca. It is seen that at the same time instant

(t∗ = 30) the drop occupies different positions and assumes different shape under

the influence of varied Ca. It is evident from Fig. 5.7(a) that with the increase in

Ca, the drop evolves from a nearly spherical shape to a more deformed shape with a

lift in their lateral position.Even though we have used a channel length of 40H in all

the investigations, Fig. 5.7 was especially investigated for a channel length of 80H

over a longer duration (t∗ = 80). Longer time simulations depict that the drops do

not reach the centerline.
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5.3.1.4 Effect of viscosity ratio

The viscosity ratio of the drop fluid to the suspending fluid also plays a vital role

in drop migration. In this section, we examine the effect of viscosity ratio on the

lateral migration of a drop of size a∗ = 0.4. The value of Ca is taken as 0.7 and λ is

varied from 0.01 to 2.0. Figure 5.8(a) depicts the influence of viscosity ratio on the

velocity of the drop while traversing in the channel. It is observed that when Ca is

fixed, with the increase in viscosity ratio, the velocity of the drop decreases owing

to the increased hydrodynamic resistance. In Fig. 5.8(b), the temporal variations

of the center position of the drop is plotted. It is observed that all the drops tend to

migrate towards the channel centerline. Once a drop reaches the channel centerline,

it moves with a steady velocity maintaining a bullet like shape. The deformation of

the drop is dictated by the capillary number as well as the viscosity ratio and their

dominance over each other decides the rate at which the drops migrate towards

the channel centerline. As the viscosity ratio is increased, the lubricating effects

between the wall and the drop are reduced. The drop fails to drift towards the

channel centerline easily and tends to settle down in a lateral position that lies

somewhere between the channel centerline and the initial off center position of the

drop. As shown in Fig. 5.5(b), it is also clear that the migration towards the

Figure 5.8: The effect of varying viscosity ratio (λ = 0.01 to 2.0) on the migration

of a drop initially placed at yc = −0.15. Panel (a): Drop velocity versus time. Panel

(b): Lateral position of the drop versus time. The other parameters are a∗ = 0.4

and Ca = 0.7.

centerline from different off-center positions are associated with asymmetrical shape
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deformation of the droplet. For very low values of Ca, the drop does not deform

much (tend to retain their spherical shape) due to the effect of high surface tension

(Fig. 5.7). Thus the lateral migration of the droplet can be suppressed for small

values of Ca (in the surface tension dominated regime). It is also observed that the

drops of small size undergo less deformation (Fig. 5.6). For fixed values of other

parameters, increasing the viscosity ratio, λ would again have a similar effect as that

of increasing surface tension (Fig. 5.8). Therefore, intuitively we can conclude that

the lateral migration of a moderate sized droplet decreases with decreasing Ca and

increasing λ.

5.3.2 Drop dynamics under the influence of Poiseuille flow

with electric field

As mentioned earlier in Section 2.4, the presence of electric field introduces an ad-

ditional stress at the interface, termed as the Maxwell stress. The interfacial force

may aid or oppose the surface tension force depending upon the sign of radius of

curvature of the interface. The shape of the drop is influenced by the resultant

effect of surface tension, Maxwell stress and viscous stresses. In this sub-section,

we consider perfect dielectrics, where free charge carriers do not exist and electric

stresses act normal to the interface. Also, we consider leaky dielectrics (poor con-

ductors) that support accumulation of interfacial charges implying the presence of

tangential stresses. The deformation and migration of the droplet in the presence of

electric field are significantly affected by the electric properties of the fluid, namely,

permittivity, resistivity and conductivity.

5.3.2.1 Dielectric fluids - Effect of permittivity ratio

The effect of permittivity ratio on the lateral migration of a drop (a∗ = 0.4) is

studied by varying the permittivity ratio (S) of the dispersed fluid to continuous

fluid between 0.2 and 5.0. The other parameters are fixed at Ca = 0.7, λ = 1

and the electric field strength, E = 5. Figure 5.9(a) shows the shapes attained by

the drop for different permittivity ratio at t∗ = 30. It is clearly seen that as the

permittivity ratio increases, the shape of the drop changes significantly. At high

permittivity ratio, the drop takes a convex shape at the front and a concave shape

at the back. This is because, the higher dielectric permittivity of the drop fluid as
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compared to the suspending medium leads to the accumulation of a large number

of induced bound charges across the interface, which generates the electro-hydro-

dynamic (EHD) stress to elongate the droplet towards the electrodes and form the

plug inside the channel. Figure 5.9(b) shows that with the increase in permittivity

ratio the lateral migration of the drop increases quite monotonically. However, it

is also observed that as the permittivity ratio is increased, beyond S = 3, the drop

overshoots the equilibrium position and oscillates several times around the mean

position. These oscillations are more pronounced for S = 5 where the oscillations

gradually dampen. However, the oscillations do not die down completely within

the channel-length of interest. In Fig. 5.9(a), it can be seen that highly deformed

droplet shapes are formed for S = 4.0 and 5.0, and these critical shapes lead to

oscillations of the drops around its equilibrium position. The normalized pressure

drop over the channel is shown in Fig. 5.10(a) for S = 0.2 to 5.0 at t∗ = 30. The

dashed line in Fig. 5.10(a) represents the normalized pressure drop in the channel

in the absence of any drop. It is observed that as the drop undergoes elongation

and gradually occupies the entire cross-section of the channel, the pressure drop

inside the channel increases. The streamlines in and around the drop are plotted

for the two extreme cases, namely for S = 0.2 and 5.0, as shown in Fig. 5.10(b).

For higher value of S, the deformation of the drop leads to lobe - like shape yielding

higher blockage ratio. The streamlines described by the channel fluid reveal a typical

situation corresponding to flow past a bluff body inside a channel. The near wake

region broadens with the increase in blockage ratio. The reason behind the drop

oscillations about the mean position observed in Fig. 5.9(b) for S = 4 and 5 can be

better explained by analysing Fig. 5.11, which illustrates the evolution of a liquid

lobe. In Fig. 5.11, the motion of a drop of a∗ = 0.4 is shown for t∗ = 0 to 5.2 when

subjected to E = 5 and S = 5. It is observed that the drop stretches and takes a

bow shape rapidly as it starts moving in the channel. But the drop during its motion

inside the channel hits the top and bottom wall surfaces, alternatively (as shown

by the red arrow). Thus the phenomenon of oscillations of the drop mean position

(as witnessed in Fig. 5.9(b) for S = 5) is exhibited because, when the drop hits a

wall, an opposite and equal force is exerted by the wall on the drop which makes it

move away from that surface laterally while it is still in axial motion. As the drop

continues to rebound after hitting the wall, it gradually travels across the channel

and hits the opposite wall and this event continues. The oscillations of drop mean

position is higher at the beginning (as observed in Fig. 5.9(b) for S = 5) due to the
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Figure 5.9: Effect of varying permittivity ratio (S = 0.2 to 5) on the deformation

and migration of a drop initially placed at yc = −0.15. Panel (a): The shape of a

drop at t∗ = 30 subjected to different permittivity ratio S. Panel (b): The lateral

position of the drop versus time. Other parameters are a∗ = 0.4, Ca = 0.7, λ = 1

and E = 5.

instability caused by the onset of drop deformation; however as the drop gradually

takes a steady shape, the oscillation is found to be varying about a mean position

yc = 0 (centerline).
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Figure 5.10: Effect of elongation of the drop. Panel (a): The normalized pressure

drop in the channel for different permittivity ratio compared to the pressure drop in

the channel in the absence of any drop (dashed line) and Panel (b): The stream lines

around a drop subjected to varying permittivity ratio (S = 0.2 and 5 ) at t∗ = 30.

The flow field is presented in the frame of reference of the drop. Other parameters

are a∗ = 0.4, Ca = 0.7, λ = 1 and E = 5.

Figure 5.11: Variations of shape a drop (a∗ = 0.4) initially placed at yc = −0.15

inside the channel and subjected to electric field from t∗ = 0 to 5.2. The other

parameters are Ca = 0.7, λ = 1, E = 5 and S = 5.

5.3.2.2 Dielectric fluids - Effect of electric field strength

To understand the effect of electric field strength E on the migration of a given drop

(a∗ = 0.4), E is varied from 5 to 20. Figure 5.12(a) depicts the influence of E on the

shape of the drop. The images show the deformed shape of the drop at a particular
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time instant t∗ = 30. The steady shapes obtained by the drop subjected to different

E clearly reveal that with the increase in E, the drops get highly stretched and

elongated in the direction of electric field. Figure 5.12(b) shows the lateral position

of the drop while moving inside the channel subjected to varied E. It is observed

Figure 5.12: Effect of varying electric field strength (E = 5 to 20) on the deformation

and migration of a drop initially placed at yc = −0.15. Panel (a): The shape of a

drop at t∗ = 30 subjected to different E. Panel (b): The lateral position of the drop

versus time. Other parameters are a∗ = 0.4, Ca = 0.7, λ = 1 and S = 0.2.

that, for all other parameters remaining fixed, a drop under the influence of high

value of E (E = 15 and 20) drifts faster towards the channel centerline and attains

a steady velocity and hence a steady lateral position. While for intermediate values

TH-2010_146103024



5.3 Results and discussion 79

of E (E = 10 and 12) the drop attains a steady lateral position somewhere between

the initial off-center position and the channel centerline. This trend is seemingly

followed by the drop subjected to E = 7 somewhere downstream. On the other

hand, drop subjected to a lower value of E (E = 5) does not reach a steady lateral

position for the channel length of interest and it is evident that it exhibits quite

less cross stream migration. For E > 10, due to large elongation in the direction

of electric field (drop tends to completely occupy the channel), the drop becomes

symmetrical about y∗ = 0 axis. Thus the center of gravity of the drop moves to

the centerline of the channel. On the other hand, there is a combined influence of

asymmetrical shape deformation and the electric field for E < 10, which results in

an unsteady state till later times and prevents the drop to move to the centerline.

For this set of parameters, this transition is occurring for E = 10, thereby resulting

in a non-monotonic trend around E = 10. The normalized pressure drop over the

Figure 5.13: Effect of elongation of the drop. Panel (a): The normalized pressure

drop in the channel for different electric field strength compared to the pressure

drop in the channel in the absence of any drop (dashed line) and Panel (b): The

stream lines around a drop subjected to varying permittivity ratio (S = 0.2 and 5 )

at t∗ = 30. The flow field is presented in the frame of reference of the drop. Other

parameters are a∗ = 0.4, Ca = 0.7, λ = 1 and E = 5.
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channel is shown in Fig. 5.13(a) for E = 5 to 20 at t∗ = 30. The dashed line in

Fig. 5.13(a) represents the normalized pressure drop in the channel in the absence

of any drop. It is seen that as the drop gets more and more stretched in the presence

of high electric field strength, the pressure drop inside the channel increases. The

streamlines in and around the drop are plotted for E = 5, 10 and 20, as shown

in Fig. 5.13(b). In case of E = 20, the stretched drop assumes almost the shape

of a vertical elongated body occupying more than 98 percentage of the flow area.

Immediate downstream is fully occupied by the separated symmetrical eddies. The

approach flow streamlines resemble the stream lines of stagnation flow.

5.3.2.3 Leaky dielectric fluids

To study the effect of conductivity ratio R together with permittivity ratio S and

electric field strength E and to understand the result of their dominance over each

other on the droplet migration, we consider the fluids to be leaky dielectric. Two

different systems are considered, namely, system A in which the drop fluid is more

conducting than medium fluid, while permittivity of medium fluid is higher than

drop fluid (S = 0.5 and R = 2); system B has the exactly opposite combination

(S = 2 and R = 0.5). E is varied from 1 to 5. Figures 5.14(a) and 5.14(b) show the

shapes of the more conducting and less conducting drops, respectively at t∗ = 30

for varying E.

In Fig. 5.15, it is seen that in system A (S = 0.5 and R = 2), the drop migrates

nearly monotonically towards the channel centerline (shown by the dotted lines). As

E increases from 1 to 5, the drop attains a steady lateral position faster. However,

for system B (S = 2 and R = 0.5), Fig. 5.15 (solid lines) reveals that the drop does

not reach the channel centerline but settles at a lateral position close to its initial

position. It is also observed in case of system B that with the increase in E from 1

to 3, the drop moves along a steady yc. However, with further increase in electric

field strength E = 4 and 5), it is seen that the lateral position of the drop oscil-

lates around a mean value for some time. These oscillations are depicted because

the drop along with translational motion now also exhibits rotational motion. This

phenomenon is more pronounced for E = 5 as compared to E = 4. The oscillations

gradually dampens with time, in both the cases.

Taylor provided the analytical solution for drop deformation under an electric

field as given in Eq. (5.4) and it is observed that for R < S, the deformation is
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Figure 5.14: Shapes of the drop at t∗ = 30 while migrating from an initial off center

position of yc = −0.15 and subjected to different permittivity ratio S, conductivity

ratio R and electric field strength E. Panel (a): Drops suspended in a system of

S = 0.5 and R = 2 and subjected to varying E. Panel (b): Drops suspended in a

system of S = 2 and R = 0.5 and subjected to varying E. E is varied in the range

of 1 to 5. Other parameters are a∗ = 0.4, Ca = 0.7 and λ = 1.

negative, i.e. the drop attains an oblate shape. However, for R > S, D > 0 and

drop becomes prolate. Thus, the relative magnitudes of R and S play the dominant

role in deciding the drop deformation, behavior and the migration dynamics.

The influence of R and S on the migration characteristic of the drop is amply
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Figure 5.15: The migration of a drop initially placed at yc = −0.15 towards the

centreline of the channel influenced by different electric field strength E, permittivity

ratio S and conductivity ratio R. Dotted and solid lines represent the position of

the drop suspended in system A and B, respectively. Other parameters are a∗ = 0.4,

Ca = 0.7 and λ = 1.

demonstrated in Fig. 5.16(a) and (b) for a drop (a∗ = 4) migrating under the influ-

ence of E = 5 suspended in system A and B, respectively. The transient evolution

of the drop suspended in both the systems is shown from t∗ = 0.6 to 20. Snapshot

at t∗ = 0.6 for system A (R > S) as shown in Fig. 5.16(a) clearly depicts the prolate

deformation whereas for the same time instant the deformation is oblate for system

B (R < S) as observed in Fig. 5.16(b). The electric force acting on the two sides

of the drop is different in case of a non-rotating and a rotating droplet. Figure 5.17

shows the charge density at the interface of a migrating drop suspended in system

A and B, respectively at different time instants under the influence of E = 5. The

upper electrode of the channel is at a positive potential of +ψo whereas the lower

electrode is at a negative potential of −ψo. The plots in Fig. 5.17(a) demonstrates

that the charge accumulation in system A is opposite to the direction of the applied

electric field. The charge accumulated at the top of the drop for system A is neg-

ative whereas at the lower portion of the drop, positive charge accumulates. The

opposite nature of charge between the electrodes and the drop interface results in a

TH-2010_146103024



5.3 Results and discussion 83

Figure 5.16: The transient evolution of a drop (a∗ = 0.4) initially placed at yc =

−0.15 inside the channel. Panel (a): for system A and Panel (b): for system B. The

other parameters are Ca = 0.7, λ = 1, E = 5.

pulling force on the drop which leads to an equilibrium position at the centerline.

However, the charge accumulation for system B, shown in Fig. 5.17(b), is different

from system A with positive charge at the top and negative charge at the bottom of

the drop interface (as can be seen for t∗ = 1.2). This results in a compressive force

on the drop and leads to an off-center equilibrium position. It is to be noted that the

drop placed off-center migrates towards an equilibrium position as discussed in Sec.

5.3.1.1 and the prolate deformation (system A) assists the migration of the drop

towards the center of the channel. The deformation is further enhanced at higher

field strength thereby further accelerating the migration rate as clearly evident in

Fig. 5.15 for the dotted lines. In contrast, for system B, the drop deforms in the

oblate direction and the oblate shape being hydrodynamically unfavourable under-
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goes a series of rotations to attain a favourable shape at steady state. As observed

from the solid lines in Fig. 5.15, this phenomenon of rotation is more pronounced

under the influence high E.

Another reason for the rotational motion is that the drops having higher per-

Figure 5.17: The charge density at the interface of a drop (a∗ = 0.4) initially placed

at yc = −0.15 inside the channel subjected to electric field. Panel (a): Charge

distribution at the interface of a non rotating drop suspended in system A and

Panel (b): Charge distribution at the interface of a rotating drop suspended in

system B. The other parameters are Ca = 0.7, λ = 1, E = 5, S = 2 and R = 0.5.

mittivity ratio and lower conductivity ratio (system B) when subjected to a high

electric field (E = 4 or 5), deform initially in the direction of the field. This results
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in a slight decrease in the magnitude of yc during the early stages of migration as

can be seen for t∗ ≤ 3 in Fig. 5.15. However, the higher shear stress tends to drift

the droplet towards the channel centerline. The combined effect of these results in

Figure 5.18: The rotation of a drop (a∗ = 0.4) initially placed at yc = −0.15

inside the channel subjected to electric field. Panel (a): Profile of the rotating

drop for t∗ = 0 to 5.6 and Panel (b): The vector field in and around the drop

for t∗ = 1.2, 2.3, 3.3, 4.3, 15 and 20. Panel (c): The trajectory of a marker point

(marked as red dot) near the interface (x∗ = 1, y∗ = 0.025). The other parameters

are Ca = 0.7, λ = 1, E = 5, S = 2 and R = 0.5. The flow field is presented in the

frame of reference of the drop.

the rotation of the droplet which is further aided by the oblate shape of the drop.

As the drop rotates, the influence of Magnus lift also comes into picture. It is to be

noted that the present study is carried out for low Reynolds number flows inside a
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microchannel, wherein the influence of inertia is negligible. The lift force associated

with Magnus effect is dependent on the magnitude of both the translational as well

as rotational velocity of the droplet. Due to the low migration velocity of the drop,

the lift force generated is not significant in the face of strong opposing effect of the

applied electric force. The drops thus settle at a certain equilibrium position that

is between the channel centerline and initial off-center position. However, for the

drops with lower permittivity ratio and higher conductivity ratio (S < 1 and R > 1),

the elongation monotonically increases perpendicular to the flow direction and the

deformation is more pronounced at higher magnitude of the applied electric field.

Figure 5.18(a) shows the rotation of a drop inside the channel along with trans-

lation for E = 5 over a duration of time between t∗ = 0 and t∗ = 5.6. However,

this phenomenon is prominently exhibited until t∗ = 15, and gradually dampens

out with time. The vector fields are illustrated in Fig. 5.18(b) for t∗ = 1.2, 2.3, 3.3,

4.3, 15.0 and 30.0. Figure 5.18(c) depicts the trajectory of a marker point near the

interface of the drop and the channel liquid (x = 1, y = 0.025). The position of

the marker point (in red dot) inside the drop is shown for different time instants

as the drop migrates inside the channel. The x coordinate depicts the translational

displacement of the drop together with the co-moving marker point whereas the

displacement in the y direction illustrates the effect of rotational (clockwise) motion

of the marker point while drop is in translational motion.

5.4 Summary

Numerical simulations of a neutrally buoyant droplet migrating in a two dimensional

channel in the creeping flow regime have been performed using Gerris. The Navier-

Stokes equations coupled with electric force terms and continuity equation have been

solved to study droplet dynamics in a channel with fully-developed flow at the inlet,

with and without the influence of an electric field. From the study on effect of drop

size, it has been revealed that larger drops migrate slowly in the channel as compared

to smaller drops but the lateral migration phenomenon is better exhibited by the

larger drops. The cross stream migration phenomenon enhanced with increasing

capillary number and decreased with increasing viscosity ratio. In the presence of

electric field, it has been observed that for a drop fluid having high permittivity

compared to the suspending fluid, the drop deforms highly and oscillates around its
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mean position. It is also observed that a more conducting drop tends to migrate

towards the channel centerline and the cross migration increases with the increase in

E while a less conducting drop tends to settle down at a lateral position somewhere

near the initial off-center position.
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Chapter 6

Influence of Electric Field on

Deformation of a Drop in Shear

Flow

The deformation of a neutrally buoyant drop in shear flow is studied in a micro

channel by considering both the drop fluid and the suspending medium as immiscible

and incompressible. The walls of the channel serve as electrode and the deformable

interface is captured using a volume-of-fluid approach coupled with solution of two-

dimensional electro-hydrodynamic equations. Both dielectric and leaky dielectric flu-

ids are considered in the study. It is observed that the drop deformation can be en-

hanced or suppressed by variation of the electrical properties of the fluids, viz, the

permittivity ratio, electric field strength and conductivity ratio. The local electric

field intensity varies spatially around the drop interface. The nature of electrical

forces acting at the interface can be suitably tuned by modulating the applied field

strength as well as the relative contrast in the fluid properties.

The contents in this chapter have been published as Nath, B., Biswas, G., and Dalal, A.(2019)

‘Influence of electric field on deformation of a drop in shear flow’, Physics of Fluids, vol. 31, pp.

042102 (available online, DOI: https://doi.org/10.1063/1.5087066).
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6.1 Introduction

The dynamics of a droplet in shear flow under the influence of an external electric

field have been investigated by performing extensive numerical simulations. The

study is again carried out by solving two-dimensional electrohydrodynamic equa-

tions and the interface is captured using a volume-of-fluid approach. For the case of

dielectric fluids, the deformation of the drops can be either enhanced or reduced by

varying the permittivity ratio and electric field strength. The nature of the polariza-

tion forces acting at the interface can be either compressive or tensile depending on

the magnitude of the permittivity ratio. The local electric field intensity inside the

drop is significantly altered due to the permittivity contrast between the fluids. The

computations for leaky dielectric fluids reveal that the deformation of the drop can

be effectively tuned by altering the permittivity as well as the conductivity ratios.

The nature of charge accumulation and the electric forces acting at the interface are

critically dependent on the relative contrast between the electric properties of both

the phases. The conductivity ratio decides the magnitude and nature of charge at

the upper and lower portions of the droplet interface thereby fundamentally maneu-

vering the droplet dynamics under the applied electric field.

The investigation on the deformation and orientation of a drop in shear flow is

a subject of fundamental importance in dispersion science, in the field of lubrica-

tion [124] and in emulsification and mixing processes. For some microfluidics related

applications, the study of drop dynamics in confined shear flows is relevant. In such

confined channels, the wall effects act to stabilize elongated drop shapes and this

feature stands very relevant for the production of elongated micro-structures utilized

in several industrial applications, such as food processing, where the particle shape

can be frozen by gelation [15].

The research interest in the field of drop dynamics in shear flow evoked ever

since the first theoretical analysis of drop shape in shear flow was conducted by

Taylor [125, 126]. Taylor showed that the shape of a sheared drop is governed by

two non-dimensional parameters, namely, the viscosity ratio between the dispersed

phase and the continuous phase and the magnitude of the dominance of viscous

force over surface tension force, indicated by capillary number Ca. Torza et al. [127]

experimentally validated the drop deformation parameter derived by Taylor and

found very good agreement even at the values of Ca that were expected to be well

beyond the range of validity of Taylor’s analysis. With the increase in Ca, the pre-
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dictions due to the theory deviated from experimental observations as pointed out

by Elmendorp [128] since the calculated drop shape exhibited a neck in the middle.

This discrepancy was expected as Taylor’s theory was valid only in the limit of Ca

<< 1. Thereafter many researchers investigated the deformation of a drop in shear

flow and observed deviations from Taylor’s predictions at large values of Ca. In the

absence of an electrostatic field the interplay of inertia and surface tension forces

are responsible for the drop deformation which was depicted in several two- and

three-dimensional studies [129–134] in shear flow. From the work of Taylor [126],

Torza et al. [127] and Rumscheidt and Mason [135] it is evident that when a spher-

ical drop is placed in a simple shear flow, it responds immediately by deforming

and creating internal circulation. Renardy [131] studied the effect of confinement

and inertia, in detail, and reported that the confinement in microchannels enables

a drop to sustain significant elongation before the breakup is brought about. The

mechanism is deemed to promote a mono-disperse droplet distribution. It has been

established by some researchers [136–139] that if the drop is sufficiently more viscous

than the suspending fluid then independent of the value of the surface tension, the

shear flow deforms it until it reaches a stationary oblate stationary shape. Indefinite

thinning and elongation occur in principle for large drop viscosities at zero Reynolds

numbers as the shear is increased. Eventually the drop may tend to disintegrate due

to non-hydrodynamic effects like Van der Waals forces. Sibillo et al. [15] reported

about the complex oscillating transients and drop stabilization against breakup in

micro confined shear flows and observed an elongated drop shape which would be

unstable in the unbounded case. They showed that the wall effects can be exploited

to obtain nearly monodisperse emulsions in microconfined shear flows.

In the presence of an electric field, the interfacial stresses get modified. In perfect

dielectric fluids the normal components of the electric displacement field on either

side of the interface match and the diffused charge layers are not formed at the

interface. In the case of leaky dielectric fluids (poor conductors), even a small con-

ductivity allows electric charge carriers to settle at the drop interface and this leads

to the formation of a diffused charge layer [140]. Taylor [109] analyzed the static

configuration of spherical drops in a creeping flow regime (zero Reynolds number

limit) and analytically deduced a relation that dictates prolate and oblate shapes of

the drops. Some researchers [8, 28, 113, 141, 142] studied the electrohydrodynamics

of drops in axisymmetric configurations. Fernández et al. [116] considered electro-

static effects on two-dimensional oblate shaped drops in a channel motivated by the
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experiments of Ozen et al. [143]. In their numerical model, Fernández et al. [116] ap-

proximated the discontinuous jump in the electric permittivity across the interface

by a smoothed function. They then assumed that the electric field and the dielectric

permittivity are continuous and incorporated a reduced form of the electrohydro-

dynamic force in the momentum equations [144]. Tomar et al. [145] derived a new

representation of the electrohydrodynamic force satisfying the concept of continuum

forces introduced by Brackbill et al. [52]. Recently, Borthakur et al. [21] used the

electrohydrodynamic module of Gerris and studied drop-formation from submerged

orifice in the presence of an electric field in both dielectric and leaky dielectric fluids.

As understood from the discussion above, this field of research is very relevant.

However, even today, the understanding of the effects of confinement on drop defor-

mation and orientation is rather limited. In fact, it is worth noticing that starting

from the pioneering work of Taylor [3], most of the literature on flow-induced drop

deformation is devoted to the unbounded flow situation. The presence of an elec-

tric field is known to further modify the interfacial stresses and hence a profound

influence on the drop dynamics is expected. So far very few studies have been per-

formed to account for the effect of the presence of electric field in drop deformation

and its orientation in the microchannels. In view of this, in the present study, we

emphasize on understanding the effect of electric field strength, permittivity ratio

and conductivity ratio on the drop dynamics for perfect and leaky dielectric fluids.

The rest of the paper is arranged as follows : Sec. 6.2 discusses the formulation

of the problem. The results obtained from the validation and grid convergence test

performed to check the accuracy of the mathematical model are also discussed. This

is followed by Sec. 6.3, where the results obtained from our computations for a wide

range of parameters are discussed. The results include the study of drop deforma-

tion and orientation in the presence of an electric field for both dielectric and leaky

dielectric fluids. Finally, the summary is drawn in Sec. 6.4.

6.2 Formulation

The formulation of the problem and solution methodology adapted to investigate the

dynamics of an initially spherical droplet of radius Ro placed inside a microchannel

of height H and subjected to shear is discussed in this section. The computational

domain is shown in Fig. 6.1. The walls of the channel act as electrodes to apply
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an external electric field. Due to the influence of shear, the morphology of the drop

changes from the initial spherical shape to an ellipsoidal like shape. The maximum

length of the drop is termed as Lmax and minimum width as Lmin. The angle

which the major axis of the drop makes with the x-axis is denoted by θ. The total

interfacial length of the deformed drop is denoted as Li. The dispersed and the

Figure 6.1: The schematic representation (not to scale) of a drop suspended inside a

channel and deforming under the influence of external shear flow and electric field.

continuous fluids chosen in the study are assumed to be immiscible, incompressible

and Newtonian. The viscosity and density of the dispersed fluid (droplet) and

continuous fluid are (µd, ρd) and (µs, ρs), respectively. The deformation of the drop

is quantified by introducing a term Di called the deformation index, such that Di =

(Lmax − Lmin) /(Lmax + Lmin).

6.2.1 Initial and boundary conditions

The initial and boundary conditions implemented to solve the governing equations

are such that, in the beginning (at t∗ = 0), both the fluids are considered to be

static [121, 146, 147]. A continuous uniform shear is imposed in the channel by

moving the walls in opposite directions at equal speeds. No slip and no penetration

conditions are applied at the walls (u = ±Uw, v = 0). The domain is considered to

be periodic along x-axis. The shear rate is given by γ̇ = Uw/H, where Uw is the

imposed velocity at the walls (y = ±H/2). The external electric field is applied by
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imposing constant voltage boundary conditions with ψ = +ψ at the lower wall of

the channel, while the upper wall is grounded (ψ = 0).

6.2.2 Numerical method

The deformation and orientation of a drop in a channel is studied using a finite vol-

ume open source computer code, Gerris [58] as mentioned in Section 2.3. The

electro-hydro module [22] of Gerris is adequately capable of solving the incom-

pressible Navier−Stokes equations coupled with an electric potential and electric

charge density very accurately [68, 69, 121]. The detailed electro-hydrodynamic

model adopted for the present study is described in Section. 2.4.

6.2.3 Non-dimensionalisation

The dimensionless parameters pertaining to this study are discussed in this sub-

section. The height of the channel, H, and wall velocity Uw are used as the length

and velocity scales, respectively and µs is used as the viscosity scale. The aspect

ratio, r∗, is the ratio of the initial droplet diameter to the height of the channel and

is given by 2R0/H. The chosen reference quantities give rise to the following set of

dimensionless parameters

Ca ≡ µsUw
γ

, Re ≡ ρsUwH

µs
, η =

ρd
ρs
, λ =

µd
µs
,

S =
ϵd
ϵs
, R =

σd
σs
, E∗ =

E

Uw

√
ϵo
ρs
, ReE =

ϵsUw
σsH

. (6.1)

The parameters in Eq. (6.1) correspond to the capillary number, Reynolds number,

density, viscosity, permittivity and conductivity ratios, a dimensionless electric field

and electrical Reynolds number, respectively. Here, Ec is the characteristic scale for

electric field strength given as Ec = Uw
√
ρs/ϵs. The seemingly uncommon scaling

for electric field is stimulated by the numerical work and is adopted so that the

dimensionless parameter associated with the Maxwell stresses in Eq. (2.34) is unity.

The dimensionless electric potential is given by, ψ∗ = ψ
UwL

√
ρs
ϵs
. For the sake of

convenience, E∗ and ψ∗ are represented as E and ψ, respectively for the rest of

the paper. In the present study, the Reynolds number is assumed to be small (Re

= 1). Furthermore, we have studied the migration of a neutrally buoyant droplet in
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the simulations (η = 1). The results are presented in terms of dimensionless time,

t∗ ≡ tUw/H.

6.2.4 Validation

We demonstrate the accuracy of the adopted two-phase numerical model by compar-

ing our results with existing literature. Hua et al. [7] investigated the deformation

of a drop in confined shear flow. Figure 6.2(a) compares the deformation of a drop

obtained from the present simulations with the results of Hua et al. under condi-

tions of r∗ = 1/6, Ca = 0.2, Re = 1 and λ = 1. It is observed that the present

simulations agree well with the numerical results of Hua et al. [7]. The present

study also incorporates an electro-hydrodynamic model to simulate the electric field

effects. The first-order small deformation model for a two-dimensional viscous drop

was developed by Feng [8] and is analogous to Taylor’s linear model for a spherical

drop [109]. In the linear model the equilibrium drop deformation was approximated

by -

Di =
R2+R+1−3S

3(1+R)2
CaE

where, CaE is called the electric capillary number and defined as CaE = E2ϵsR
γ

. Fig-

ure 6.2(b) shows a comparison between the results from our present simulations with

the analytical predictions of Feng [8] for S = 2 and R = 2.5. A good quantitative

agreement is observed thereby validating our electro-hydrodynamic model.

6.2.5 Grid independence test

The grid independence test is conducted for a drop of size r∗ = 0.35 in a channel for

Ca = 0.7 and λ = 1, in the absence of an electric field. The adaptive mesh refinement

(AMR) feature of Gerris is employed to increase the grid density near the interfacial

region while maintaining a relatively coarser mesh elsewhere [58]. The refinement

is done based on the gradient of volume fraction. The smallest (dimensionless) cell

sizes corresponding to grid levels 5, 6, 7, and 8 are 0.031, 0.016, 0.008, and 0.004,

respectively. The temporal variations of Di for different grid refinement levels are

presented in Fig. 6.3(a). The inset figure in Fig. 6.3(a) focuses on the deformation

peaks for the different levels. It is observed that Di measured at t∗ = 30 differs by

∼ 0.292% between levels 7 and 8. In view of optimizing the computational time and

cost without compromising the accuracy of the results, grids with refinement level 7
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Figure 6.2: Comparison of drop deformation computed from the present simulations

with (a) Numerical results of Hua et al. [7] and (b) Analytical predictions of Feng [8],

respectively.

Figure 6.3: Grid convergence test. Panel (a): Comparison of Di for different levels

of grid refinement. The different parameters considered are r∗ = 0.35, Ca = 0.7 and

λ = 1.0 and Panel (b): Snapshot of adaptive mesh generation using refinement level

of 7.

are deployed to generate the rest of the results presented in this study. Figure ??(b)

shows a snapshot of level 7 refinement for t∗ = 30.
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6.2.6 Fluid properties

The immiscible Newtonian mediums considered in the study, can be assumed to

be composed of silicon oil as dispersed phase and castor oil as suspending phase.

Different viscosity ratios considered for the parametric studies can be obtained by

considering different grades of silicon oil [122]. Perfect dielectric fluids can be con-

sidered to be composed of a silicon oil droplet in a medium of castor oil or vice versa,

depending on the permittivity ratio [140].

6.3 Results and discussion

Having validated our predictions with earlier experimental and numerical results,

in this section, we discuss the results obtained by varying the pertinent electrical

parameters. Due to the presence of electric field an additional stress is introduced

at the interface which is known as Maxwell stress. The shape and deformation of

the drop in the presence of an electric field is influenced by the combined effect of

surface tension, viscous forces and Maxwell stress. We commence our investigations

on the deformation of a droplet in shear flow under the action of an imposed electric

field employing the assumption of perfect dielectric fluids. Subsequently, we extend

our study by considering the fluids to be leaky dielectric. A large set of operating

conditions are to be taken under consideration and in the results that follow, we have

fixed the values of r∗, Ca and λ at 0.35, 0.5 and 1.0 throughout the entire study.

The influence of the variation of these parameters on the droplet deformation and

orientation have been investigated by a host of previous researchers [126, 127, 131,

133, 135]. In the current analysis, we focus on the electro-hydrodynamics of the

simulated system and study extensively the impact of the electrical properties as

well as the applied electric field on the droplet behavior and its associated dynamics.

6.3.1 Perfect dielectric

We investigate the influence of the permittivity ratio (S) on the deformation and

orientation of the droplet keeping the electric field strength E fixed at 10. Figure

6.4(a) shows the temporal variation of the deformation parameter Di with S. It

is observed that with the increase in S, Di increases monotonically. However, the

deformation curve undergoes a maxima and minima, which is more pronounced for
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Figure 6.4: Effect of permittivity ratio on the (a) Temporal variation of deformation

parameter Di, and (b) The morphology of the drop when deformation is maximum

(for S = 0.25, 1 and 4, respectively). The electric field E is fixed at 10.0.

S > 1. The shape of the drop at the instant of maximum deformation is shown

in Fig. 6.4(b) for S = 0.25, 1 and 4, respectively. It is seen that the drop profile

changes marginally between S = 0.25 and 1. However, for S = 4 we observe that at

the point of maximum deformation, the drop takes a very unstable non ellipsoidal

shape. The oscillations noticed in Fig. 6.4(a) for S = 4, reveal that in order to

overcome the instability caused due to sudden overshoot in deformation, the drop

undergoes expansion and contraction several times before attaining a steady shape.

Figure 6.5 shows the temporal evolution of a drop with S = 4. It is observed that

with the onset of incident shear flow, the drop undergoes substantial elongation

briskly attaining several unsteady shapes, as seen from t∗ = 0 to 5. This leads to

an overshoot in Di as observed in Fig. 6.4(a). To gain stability and attain a steady

shape, the drop keeps expanding and contracting for sometime. It is noticed that,

beyond t∗ = 5, the deformation starts contracting and at t∗ = 10 we can see a

compressed drop. However, for 10 < t∗ < 15 the drop again undergoes expansion

followed by slight compression for 15 < t∗ < 20. This continues till t∗ = 30, be-

yond which the drop attains a steady shape and Di ceases to change, as confirmed

from Figs. 6.5 and 6.4(a). Figure 6.6 (a) depicts the interface profiles of the drops

after attaining steady state for different magnitudes of S. A quantitative picture
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Figure 6.5: Evolution of a drop with time for S = 4. The electric field E is fixed at

10.0.

Figure 6.6: Effect of permittivity ratio on the (a) Interface morphology of the

droplet, (b) Deformation parameter Di, (c) Orientation angle θ and (d) Interfa-

cial length Li. The electric field E is fixed at 10.0.

of the variations of steady state deformation parameter Di, orientation angle θ and

interfacial length Li with permittivity ratio S are presented in Figs. 6.6 (b), (c)

and (d) respectively. The dotted line represents the condition when electric field is

absent. It can be observed that, in comparison to the condition of no electric field,

the deformation of the drop is enhanced due to the application of electric field for

S > 1 and suppressed under the condition of S < 1. The orientation angle, however,
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monotonically increases when S is either increased or decreased beyond unity. The

interfacial length Li follows a similar trend to that of the deformation parameter

Di.

In order to explain the primary difference in the dynamics brought about by

Figure 6.7: The electric forces acting at the drop interface for (a) S = 0.125 and (b)

S = 3.0 under an applied electric field of E = 10.0. Only selected force vectors are

plotted to maintain clarity.

the variation of S, we study the influence of the electric forces acting at the inter-

face. For the case of dielectric fluids, the polarization force acts at the interface

and the magnitude of the electric force is proportional to the contrast of permittiv-

ity existing between the two phases and squared magnitude of the applied electric

field (FE = −1
2
E2∇ϵ). The electric force is directed from the medium of higher

permittivity to lower permittivity and acts only on the interface as the permittiv-

ity gradient exists only across the interface. Additionally, the polarization force is

always locally perpendicular to the interface. For a fixed value of E, the electric

force acting at the interface increases with the increase in the permittivity contrast

between the two phases, i.e. either an increase or decrease of S from unity. For

S = 1, the values of Di, θ and Li match with the scenario when electric field is

absent, as shown in Fig. 6.6. This can be attributed to the fact that when no per-

mittivity contrast exists between the two phases (S = 1), the electric force vanishes

at the interface. The distribution of the polarization force acting at the interface is

presented for S = 0.125 and 3.0 in Fig. 6.7. It can be clearly discerned that the

electric forces are compressive in nature for S = 0.125 and tensile in nature for the

case of S = 3.0. As a consequence, the drop deformation is suppressed under the

condition of S < 1 and enhanced when S > 1. Additionally, the distribution of
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the forces show a higher non-uniformity at the interface for S = 0.125. Due to the

spatial inhomogeneity of the electric forces, a counter-clockwise couple is generated

which tends to increase the orientation angle of drop at steady state. The interfacial

length Li is closely linked to the extent of deformation and hence Li increases when

the drop deformation increases (S > 1) and decreases for reduced drop deformation

(S < 1).

The inhomogeneity of the electric forces can be elucidated by considering the

Figure 6.8: Iso-contour lines of the electric potential for (a) S = 0.125 and (b)

S = 3.0 under an applied electric field of E = 10.0.

local variation of the electric field strength. In the absence of the drop phase, a spa-

tially uniform electric field with lines of constant potential parallel to the electrodes

is generated. Due to the presence of the drop phase, the uniform electric field is

disturbed due to the disparity in the dielectric permittivity between the two phases.

Figure 6.8 presents the iso-contour lines of the electric potential superimposed on

the contour of vorticity for S = 0.125 and 3.0. It can observed that the iso-potential

lines are non-uniformly spaced in the surrounding fluid near the drop interface for

S = 0.125. The higher spacing between the iso-potential lines signifies regions of

lower electric field intensity. For the condition of S = 0.125, two regions of low

electric field intensity can be identified near the top and bottom of the droplet and

hence, the magnitude of electric forces diminishes in these regions. In contrast, for

the case of S = 3.0, the iso-potential lines have an approximately uniform distribu-

tion around the interface which leads to significantly higher electric forces acting on

the entire droplet.

We now explore the influence of the applied electric field strength (E) on the

droplet dynamics. Figure 6.9(a) shows the temporal variation of Di for E varying
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Figure 6.9: Effect of permittivity ratio on the (a) Temporal variation of deformation

parameter Di and (b) Flow field in and around the drop while it undergoes peak

deformation.

in the range of 2.5 to 10. The results obtained are compared for two set of permit-

tivity ratios, S = 0.125 and 3. It is observed that contrasting deformation trend is

exhibited for the two cases. For S = 3, Di increases with increase in E (as shown

by the solid lines) whereas for S = 0.125, the deformation decreases with increase

in E (represented by dashed lines). A close observation of Fig. 6.9(a) reveals that

the deformation peak shifts to the right with increasing E for S = 3 while it shifts

to the left with increase in E for S = 0.125. Figure 6.9(b) shows the flow field in

and around a droplet (for S = 0.125 and 3, respectively) when it undergoes peak

deformation influenced by E = 2.5 and 10, respectively. It is seen that for both

S = 0.125 and 3, the peak deformation is reached at t∗ = 2.9 for E = 2.5, although

the deformation is slightly higher for S = 3. The inner circulation of the fluid inside

the drop is similar in both the cases, for E = 2.5. However, for E = 10, two vortices

are formed inside the drop, in each case. For S = 0.125, the deformation reaches its

maxima soon after the onset of induced shear flow (t∗ = 2.7), forming stable vortices

near the poles that tends to orient the drop in the direction of external electric field.

For S = 3, the peak deformation is reached at t∗ = 3.9, and unstable vortices are

noticed inside the drop. Thereafter, the drop subjected to S = 3 and E = 10 under-

goes several transitions in shape to attain a steady shape. Figure 6.10 presents the

variation of Di, θ and Li with E for two different permittivity ratios, S = 0.125 and

3.0 in case of drops that have attained a steady shape. It can be discerned from Fig.

6.10 that Di and Li show a contrasting behavior with increasing E for S = 0.125
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and 3.0 (as seen in 6.9(a) previously). This is because, as the electric force acting

at the interface is proportional to E2, the increasing electric field strength enhances

or diminishes the droplet deformation for S = 0.125 and 3.0, respectively. However,

due to the higher strength of the counter-clockwise couple with increasing E, the

magnitude of θ increases under both the conditions of S = 0.125 and 3.0.

Figure 6.10: Effect of electric field strength on the (a) Deformation parameter Di,

(b) Orientation angle θ and (c) Interfacial length Li for S = 0.125 and S = 3.0.

6.3.2 Leaky dielectric fluids

In this section, we demonstrate the results from our computations employing the

leaky dielectric model. Taylor [109] derived an analytical expression for the deforma-

tion of a stationary droplet in an uniform electric field which depends on the ratios

of fluid permittivity S as well as its conductivity R. Due to the small but finite elec-

trical conductivity of the liquids, the leaky dielectric model supports the presence of

both normal and tangential electric stresses at the interface. Hence, we expect differ-

ences in the dynamics of the droplets between perfect dielectric and leaky dielectric

systems. The electric Reynolds number defined as, ReE = ϵsUw

σsH
= (ϵs/σs)

(H/Uw)
= tE

tf
, is

the ratio of time scale of charge relaxation (electric time scale tE) to the flow time

scale tf . For tE < tf , no volumetric charges exist in the bulk fluid and the charges

accumulate at the interface instantaneously satisfying the assumption of leaky di-

electric fluids. In our present investigations, we have maintained a fixed value of

ReE = 0.1 for the entire study using leaky dielectric fluids. Additionally all the

computed results are presented for steady state for leaky dielectric fluids.

We consider two (R, S) pairs of leaky dielectric fluids with values of (0.5, 2.0)

and (2.0, 0.5) respectively, denoted as system A and B respectively. System A rep-
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Figure 6.11: Effect of electric field strength on the (a) Deformation parameter Di,

(b) Orientation angle θ and (c) Interfacial length Li for system A and B.

resents a drop whose electrical conductivity is lower but permittivity is higher than

the surrounding fluid while, system B represents a drop whose conductivity is higher

but permittivity is lower than the surrounding fluid. Figure 6.11 presents the in-

fluence of the applied electric field strength E on the dynamics of deformation and

orientation of the droplet for the two systems under consideration. It can be clearly

perceived from Fig. 6.11 that the droplet deformation Di and interfacial length Li

increases with applied field strength for System A whereas the orientation angle

decreases. In contrast, the droplet of System B is almost insensitive to the variation

of E in comparison to System A.

In order to shed light on the differing behavior of the two systems under consider-

Figure 6.12: Iso-contour lines of the electric potential for (a) System A and (b)

System B under an applied electric field of E = 4.0.

ation, we compare the charges accumulated at the interface between system A and

B as shown in Fig. 6.12. For system A, the upper portion of the drop becomes
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negatively charged whereas the lower portion is positively charged. In complete

contrast to system A, positive charge accumulates at the upper portion of the drop

whereas negative charges are observed near the lower portion of the drop in system

B. Additionally, the magnitude of charge accumulation is higher in system A in

comparison to system B. It is to be noted that in the present study, the lower wall

is maintained at a constant electric potential thereby resulting in the generation of

an electric field which is directed along the +y direction. The resultant effect of this

dissimilar charge accumulation between the two systems manifests in the opposing

nature of Coulombic forces acting at the drop interface.

Figure 6.13 illustrates the electric forces acting on the interface for system A

Figure 6.13: The electric forces acting at the drop interface for (a) System A and (b)

System B under an applied electric field of E = 4.0. The Coulombic forces acting

on the free charges (qvE) are shown in green color, whereas the polarization forces

acting on the dipoles (−1
2
E · E∇ϵ) are depicted in red colour. Only selected force

vectors are plotted to maintain clarity.

and B keeping E fixed at 4.0. The net electric forces for leaky dielectric fluids can

be categorized into the Coulombic component (qvE) exerted on the free charges and

polarization component acting on the dipoles (−1
2
E ·E∇ϵ). It can be observed from

Fig. 6.13 that the Coulombic component dominates over the polarization forces

for both systems A and B. The polarization forces are directed from the medium

of higher to lower permittivity for both the systems. For system A, the nature of

Coulombic forces are overall compressive, excluding the region near the poles of the

deformed drop. It is to be noted that the the polarization forces always act normal

to the interface whereas the Coulombic forces have both a normal as well as a tan-

gential component at the interface. A close examination of the force distribution
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for system A reveals that near the pole region, the Coulombic forces are mostly

tangential in nature. Furthermore, the magnitude of the polarization forces are sig-

nificantly higher at the drop poles. This results in a net tensile pull at the poles of

the drop and the drop elongates along the ellipsoidal axis. The compressive nature

of the Coulombic forces lowers the angle of orientation at steady state for system A.

In contrast, the nature of Coulombic forces are overall tensile in nature for system B.

The magnitude of both polarization and Coulombic forces are significantly reduced

in comparison to system A. As such, the dynamics remain relatively insensitive to

the change of E for system B.

We now investigate the influence of conductivity ratio R keeping the electric field

Figure 6.14: Effect of conductivity ratio on the (a) Deformation parameter Di, (b)

Orientation angle θ, (c) Interfacial length Li and (d) Volumetric charge density qv.

The electric field E and permittivity ratio S are fixed at 4.0 and 1.0.

strength and permittivity fixed at 4.0 and 1.0. The variation of Di, θ and Li with

increasing R is depicted in Fig. 6.14. The results demonstrate that θ and Li in-

creases when the conductivity contrast between the fluids is enhanced, i.e. for either

R greater or lesser than unity. However, the orientation angle decreases when θ is

lesser than unity and increases for θ greater than unity. In order to highlight the

primary difference brought about by the change of R, we present the maximum

charge (either positive or negative) accumulated in both the top (y > 0) and bot-

tom (y < 0) portions of the drop as illustrated in Fig. 6.14 (d). It can be clearly
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discerned that the charge accumulation shows a transition from negative (positive)

to positive (negative) in the top (bottom) portion of the drop as R is increased be-

yond unity. For R = 1.0, the charge vanishes over the entire interface and Coulombic

forces ceases to exist. The contrasting nature of charge accumulation at the top and

bottom portions of the drop and its variation with changing R modulates the be-

havior of the Coulombic forces thereby significantly altering the dynamics of the

droplets.

6.4 Summary

This study investigates the influence of an external electric field on the deformation

and orientation of a drop in shear flow inside a microchannel. The two-dimensional

simulations are performed employing the volume-of-fluid interface capturing method

coupled with electro-hydrodynamic equations in the framework of Gerris. Both the

immiscible fluids are considered as either perfect dielectrics or leaky dielectrics. It is

observed that drop deformation can be either enhanced or reduced for dielectric flu-

ids, depending on the value of permittivity ratio S. The nature of polarization forces

are tensile when the permittivity of drop fluid is higher than the suspending fluid

and compressive in the reverse case. For leaky dielectrics, we observed contrasting

behaviour of drop deformation with electric field strength for drops suspended in

a medium with higher drop conductivity and less permittivity as compared to the

opposite case. The charge accumulated at the interface of the drop suspended in

the two varying systems are also opposite in nature.
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Chapter 7

Understanding Flow Dynamics,

Viability and Metastatic Potency

of Cervical Cancer (HeLa) Cells

through Constricted Microchannel

To investigate the phenomenon of metastasis of cancer cells, a constricted microchan-

nel was designed and fabricated. Cervical cancer (HeLa) cells were taken as a model

cell line. Under experimental conditions, the cells deformed while passing through

the constriction, allowing quantification of several hydrodynamic parameters such as

entry time, transit velocity and elongation index along with many other biological

parameters. Reasonable viability of the cells after passage through the constriction,

determined by dual AO/EtBr staining, was substantiated by trypan blue dye exclu-

sion assay that confirmed the retention of around 50% viable HeLa cell population

at the outlet. The expression of MMP2 protein in the cells confirmed that the cells

retain their metastatic potency at the channel outlet.

The contents in this chapter have been published as Nath, B., Raza, A., Sethi, V., Dalal, A.,

Ghosh, S.S., and Biswas, G.(2018) ‘Understanding flow dynamics, viability and metastatic potency

of cervical cancer (HeLa) cells through constricted microchannel’, Scientific Reports, vol. 8, pp.

17537 (available online, DOI: https://doi.org/10.1038/s41598-018-35646-3).

TH-2010_146103024



110
Understanding Flow Dynamics, Viability and Metastatic Potency of Cervical Cancer

(HeLa) Cells through Constricted Microchannel

7.1 Introduction

Even in this modern era of cancer therapeutics, scientists and oncologists have not

been able to resolve the mystery of metastatic cancer, which causes high mortality

worldwide. In many instances, cancer is found to be reinvigorated in the other parts

of the body, where chemotherapeutic drugs cease to work. Escalation of doses is

often seen to damage healthy cells and worsen the prognosis [148]. A population of

small, loosely bound clusters of cancer cells deriving from the primary tumour sites,

also known as circulating tumour cells (CTCs), are able to stray away from the ag-

gregate cluster through motion in the bloodstream or the lymphatic system, causing

metastasis [149]. Hence, the analysis of CTC dynamics plays a paramount role in

understanding the nature of parent tumour aggregates [150]. CTCs are often uti-

lized as effective blood-borne biomarkers to enhance treatment methodologies [151]

and curtail metastasis [152]. They also provide a measure of cancer genotype during

therapy and phases of disease progression. About 5 to 50 CTCs per 5 ml of blood in

the bloodstream of several cancer patients [149] have been reported to pass through

even micron-sized capillaries and undergo great deformation, with a pronounced im-

pact on their morphology. The isolation of CTC clusters from the peripheral blood

of cancer patients has established their presence in the blood flow and their ability

to pass successfully through the capillary beds and finger capillaries [153–159]. A

thorough investigation of these aspects may lead to a better estimation of the nature

of drugs and requirements of modalities to manage the treatment.

In the past few decades, several efforts have been made to elucidate the role

of CTCs in seeding metastasis, where two or more CTCs form clusters, and these

clusters are reported to be strong initiators of metastasis compared with singlets

[153, 160–162]. The flow of cells in a capillary is complex owing to the size of the

capillary (5 to 10 µm), and if cancer cells were to exhibit increased deformability

they would have a higher probability of migrating to other parts of the body [163].

However, the nucleus is approximately 5 to 10 times stiffer than the surrounding

cytoskeleton and thereby resists large changes in shape [164]. Therefore, the nucleus

is thought to be the rate-limiting organelle regarding migration through small open-

ings. Yamauchi et al. studied the cytoplasmic and nuclear deformation of cancer

cells migrating in capillaries by injecting cells into the hearts of nude mice [165]. It

is often challenging to study the behavior of CTCs in real conditions, hence con-

stricted microfluidic channels with a width smaller than the diameter of the cells
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are often fabricated using standard microfabrication techniques, as they are efficient

in providing an environment to mimic in vivo capillaries [166]. Such constricted

channels have been used to evaluate the mechanical properties of red blood cells

(RBCs) [167–171], leukocytes [172–174] and cancer cells [175–177] . For example,

Hou et al. [176] demonstrated experimentally a simple microfluidic channel to distin-

guish the difference in stiffness between benign and breast cancer cells. Several other

groups have studied the behavior of CTCs in capillaries computationally [177,178].

Numerical adaptation to study the dynamics of CTCs allows precise control over

the various important hydrodynamic parameters to elucidate the transit behavior

of the CTC clusters only. The recent experimental and numerical work of Au et

al.. [177] demonstrated the flow of CTC aggregates through capillaries and negated

restriction of the passage of CTCs through capillaries owing to the difference be-

tween the size of the tumour cells and the diameters of the capillaries [179].

The main objective of this work is to elucidate the flow behavior of metastatic

cancer cells experimentally, similar to CTCs, evaluating the flow dynamics and via-

bility indices of cancer cells in a constricted microchannel. For this purpose, cervical

cancer (HeLa) cells have been used as a model system to examine metastatic flow.

CTCs of HeLa have been studied by several other researchers recently [150,180,181].

To emulate the flow conditions, a microchannel having both converging and di-

verging sections with a constricted portion is fabricated using polydimethylsiloxane

(PDMS), and the open surface was sealed with a glass cover-slide. HeLa cells have

been allowed to pass through the constricted channels of width 7 µm for a distance

of 200 µm at a constant peristaltic flow rate (30 µl/h). In contradiction to the

decades-held assumption that owing to the difference in size between the CTC di-

ameter and diameter of capillaries, the clusters are incapable of traversing through

microcapillaries [182], we aim to find how the Hela cells are capable of migrating

through microcapillaries by undergoing immense deformation. Physical parameters

such as entry time, transit velocity and elongation index of a single HeLa cell are

evaluated using representative images deconvoluted from high-speed videographs.

Although, a similar investigation on motion of CTCs by Au et al. [177] showed

deformation of CTCs traversing through capillaries, but there was no experimen-

tal evidence on either cell viability or metastatic gene expression profile to explain

biomimetic conditions. These queries motivated us to extend our study in the direc-

tion of addressing some crucial biological behaviour of these transiting HeLa cells

that would help us to understand the potency of cancer cells to metastasize at dis-
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tant sites passing through microcapillaries. To the best of our knowledge, this is

the first experimental report to demonstrate the existence of live and metastatic

populations of cancer cells after passing through a constriction, which could have a

significant impact on revealing the therapeutic modalities of metastatic cancers in

the near future. The crux of the current concept is illustrated in the Fig. 7.1

Figure 7.1: Schematic representation of the motion of aggregated HeLa cells passing

through a microcapillary to seed distant metastasis.

7.2 Materials and methods

The procedure incorporated in fabricating the channels, cultivating the HeLa cells

and setting up the experimental equipments have been discussed in details in Chap-

ter 3. The materials and methodolgy adopted in the present experiments are dis-

cussed below.

7.2.1 Reagents and chemicals

All molecular grade chemicals and reagents were purchased from Sigma-Aldrich,

unless mentioned otherwise.
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7.2.2 Dual staining

Morphological identification of live, apoptotic and necrotic cells was performed by

dual staining with Acridine Orange (AO)/ethidium bromide (EtBr). EtBr stains

only the DNA of the dead or membrane-compromised cells whereas AO stains all

the cells. HeLa cells were taken in a 1.5 ml tube and stained with a mixture of 2

µg/ml AO and 6 µg/ml EtBr and kept in the dark at 37 ◦C. After 10 min, the cells

were centrifuged at 650 rpm for 5 min and the pelleted cells were redispersed in

the DMEM medium for further processing. The cells were visualized under an epi-

fluorescence microscope (Eclipse Ti-U, Nikon, Tokyo, Japan) using 10X objective.

Excitation filter of 480/15 nm was used to collect green fluorescence of AO, whereas

540/25 nm excitation filter was used for collecting red fluorescence of EtBr.

7.2.3 Trypan blue staining

Trypan blue dye is used to stain membrane-compromised or dead cells, whereas live

cells exclude the dye. HeLa cells were seeded at a density of 1 × 105 in a 60 mm

cell culture dish in the presence of DMEM medium. Confluent cells were washed

with PBS and resuspended in fresh DMEM medium in an Eppendorf tube. Equal

volumes of trypan blue dye (10 µl) and the cells were mixed and loaded on the

counting chamber. The viable cells (%) were counted using a Countess automated

cell counter (Invitrogen). The images highlighting the live and dead cells were also

captured using the same instrument.

7.2.4 Virulence study

A virulence study was performed to investigate whether the HeLa cells retain their

metastatic ability after passing through the channel. For this, HeLa cells were grown

in a 60 mm cell culture dish and subsequently harvested. The cells were collected in

an Eppendorf tube after passing through the channel and tube. The collected cells

were dispersed in DMEM medium in a 60 mm cell culture dish, regrown and ob-

served at 10X magnification under a bright field microscope (Eclipse Ti-U, Nikon,

Tokyo, Japan) for 12, 48 and 72 h. Metastatic gene expression analysis Matrix

metalloproteinases (MMPs) are a group of enzymes that are mostly responsible for

oncogenesis, growth and normal tissue turnover by degrading most of the extracellu-

lar matrix [183]. MMP2 expression was examined using quantitative real-time PCR
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(qPCR) in HeLa cells before and after passing through the microchannel. After

passing through the microchannel, the cells were collected and grown to confluency

on a culture plate. Further, the cells were lysed and total RNA was isolated. Total

RNA (1 µg) was used to prepare cDNA using a Verso cDNA Kit (Thermo Scien-

tific). qPCR was performed using the MMP2 primers and SYBR Green as reporter

dye (Power SYBR Green PCR master mix, Applied Biosystems) in a Rotor-Gene

Q (Qiagen). The relative MMP2 mRNA expression was calculated by the ∆∆Ct

method using GAPDH, the endogenous control.

7.3 Results and discussion

7.3.1 Characterisation and flow profile of HeLa cells through

a constricted microchannel

The design of the microchannel is shown in Fig. 7.2(a). The architecture of the fab-

ricated PDMS-based microchannel was visualized under a bright-field microscope

(Fig. 7.2(b)). The lower panel in Fig. 7.2(b) shows a magnified view of the con-

stricted portion of the channel. The precise width and length of the constricted

section were ascertained by Field emission scanning electron microscopy (FESEM)

analysis and were found to be 6.18 and 200.28 µm, respectively, as shown in Figs.

7.2(c) and (d). The tapered sections were marked to show the entrance and exit

portions of the constricted passage (Fig. 7.2(e)), with a total length of 34.94 µm.

The width of the channel was considered to be 7 µm for the entire study. The

experimental setup was calibrated with a continuous flow of PBS for 30 min. Then

1 × 105 HeLa cells/ml were allowed to flow through the microchannel at an opti-

mum flow rate of 30 µl/h. The cells moved through the constricted passage of the

microchannel at high speed. The motion of the cells was video-graphed by Phantom

MIRO-LAB320 High-speed camera at 50000-60000 fps using 20X objective in Leica

DMI3000 M Microscope. It was observed that the HeLa cells appeared as singlets

as well as loosely bound aggregates in the inlet reservoir. Figures 7.3(a), (b) and (c)

illustrate that HeLa cells of approximate size 20 µm were deformed and elongated

extensively while passing through the constriction of width 7 µm. Figure 7.3(a)

(i-vi) shows time-lapse movement of a single HeLa cell through the constricted pas-

sage. Figure 7.3(a) (i-ii) show that the cells were squeezed slowly and then entered

TH-2010_146103024



7.3 Results and discussion 115

Figure 7.2: Design and characterization of the microchannel. (a) Design of the

microchannel; (b) Microscopic view of the microchannel with a magnified view of

the constricted section; (c) FESEM analysis of the width of the constricted passage;

(d) FESEM analysis of the length of the constricted passage; (e) FESEM analysis

of the length of the tapered section on either side of the constricted section.

the constriction. Similarly, enhanced deformation and elongation of the cells were

observed in Fig. 7.3(a) (iii-iv) while moving inside the constriction. Once the cells

had moved out of the constriction, they gradually returned back to shape, as shown

in Fig. 7.3(a) (v). Finally, the cells moved further downstream of the channel and

almost regained the original shape, as shown in Fig. 7.3(a) (vi). Movement of three

HeLa cells through the constricted portion of the channel is shown in Fig. 7.3(b)

(i-vi), where the cells entered one at a time and passed through the constriction in

a moving queue. The movement of aggregated HeLa cells through the constricted

channel was also recorded and is shown in Fig. 7.3(c) (i-viii). It was observed that

many cells were aggregated and connected with each other. However, the cells un-

derwent continuous reorientation and rearrangement while entering the constriction

and in this continuous process, the cells got detached from each other. As a re-

sult, many cells appeared to be disconnected or loosely bound in the entry region,
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Figure 7.3: High-speed camera imaging of the migration of HeLa cells through the

constricted portion of the microchannel. (a) Motion of a single cell: (i) a single

drop approaching the constriction, (ii) cell entering the constriction, (iii) and (iv)

cell moving inside the constriction, (v) cell squeezing out of the constriction and

(vi) cell flowing outside the constriction; (b) Motion of three cells: (i) three cells

approaching the constriction, (ii) and (iii) cells entering the constriction one by one,

(iv) and (v) cells travelling inside the constriction and moving out one by one and

(vi) cells flowing outside the constriction; (c) Motion of a cluster of cells: (i) cluster

of cells approaching the constriction, (ii) and (iii) cells entering the constriction in a

queue and traveling through it and (iv)-(viii) cells entering through the constriction

and moving out one by one to re-form the cluster.

whereas they aggregated again after leaving the constricted portion.

7.3.2 Estimation of flow parameters of a single HeLa cell

The dynamics of motion and deformation of HeLa cells through a constricted chan-

nel were analysed from the movement of single cells of different sizes (17-30 µm).

Still images were obtained from the recorded videos at the required time frames.

Image J software was used for image processing, which enabled us to measure the

diameter and length of the cells. The scale for measurement was set from the known

dimensions of the channel. Physical parameters, such as entry time, transit velocity

and elongation index, of a single HeLa cell were calculated based on the positioning

of a cell in differentsections of the microchannel, as portrayed in Fig. 7.4(a). The

domain of interest was divided into three sections: Entry, Transit and Exit regions.

The Entry and Exit regions were subdivided into Entry regions I and II and Exit
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regions I and II, respectively. At the beginning of Entry region I, the time (t) and

Figure 7.4: Movement of single cells in the microchannel. (a) Schematic represen-

tation of the motion of a single cell through different sections of the constricted

channel. (b) Motion of a single cell of diameter 20.5 µm. (c), (d), (e) Elongation

index, transit velocity and entry time, respectively, of single cells with diameters

ranging from 17 to 30 µm.

distance (x) travelled by a cell were taken as t = 0 and x = 0. Entry region I was

110 µm long and 35 µm wide, where cells were found to retain their original shapes.

Subsequently, the cells entered the converging section of length 34 µm denoted Entry
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region II. The cells were mostly deformed in this region and prepared to enter the

constriction ahead. Next, the cells moved to the Transit region, with a length of 200

µm and a width of 7 µm. The cell deformed substantially in this region, undergoing

extensive elongation. They then moved out to the Exit region I of length 34 µm,

which was a diverging section where the cells tried to recover their shape. In Exit

region II, with a length of 130 µm and a width 35 µm, the cells continued to regain

a circular shape while traversing downstream. The different positions of the cell are

marked I, II, III, IV, V and VI, as shown in Fig. 7.4(a). Figure 7.4(b) shows the dy-

namics of a single cell of diameter 20.5 µm traversing through the different regions.

The slope obtained from the distance traveled versus time graph revealed that the

cell moved very slowly in the Entry region, where it approached the constriction and

squeezed itself to enter it. The slope was very steep in the transit region, where the

cell became elongated and moved with a high velocity. In the Exit region, the cells

again slowed down while trying to retrieve their shape. The average cell velocity

was calculated to be 4, 70 and 26 mm/s in the Entry, Transit and Exit regions,

respectively. The deformation, velocity and entry time of the cells were calculated

considering the diameter of cells ranging from 17 to 30 µm. Figures 7.4(c), (d) and

(e) show the scatter plots for the different parameters using cells of varied sizes. The

best fitted curves for the data points in the graphs are depicted by the blue lines.

As the cells became elongated and deformed on entering the constricted channel,

the elongation index of the cells was measured with respect to the original diameter

and is given by-

Elongation index = l/d

where, l = maximum length of the cell in the microchannel and

d = original diameter of the cell.

Figure 7.4(c) shows that the deformation and elongation of large cells were greater

than those of small cells while transiting through the constriction. It was observed in

Fig. 7.4(d), based on the calculation of the transit velocity that a small cell passed

through the constricted passage much faster than a large cell. The time taken by

the HeLa cells to enter the constriction is shown in Fig. 7.4(e). It was noted that

large cells took longer time than small cells to squeeze and accommodate themselves

in the constricted passage.
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7.3.3 Assessment of cell viability

It was important to explore the survival ability and mortality rate of the cells as

they passed through the 7 µm constricted portion of the microchannel to address

stimulated metastatic flow. Representative images after AO/EtBr dual staining are

shown in Fig. 7.5, for cells in different sections of the constricted microchannel. It

is evident from Fig. 7.5(a) that the cells were live and stained green, with hardly

any dead cell (visible in red), in the Inlet section of the channel. Figure 7.5(b)

shows live cells entering the channel from the inlet, and Fig. 7.5(c) shows a green

deformed live cell that had just entered the constricted portion. From Fig. 7.5(d), it

Figure 7.5: Representative images of AO/EtBr dual staining in different sections

of the channel. (a) Live cells in the inlet section (with some debris); (b) Live cells

entering the channel from the inlet; (c) A live cell moving in the constricted portion

of the channel; and (d) Live and dead cells in the outlet section.

is observed that, although the number of dead cells increased in the Outlet section, a

significant population of live cells (around 50 %) also existed. From this experiment,

it was inferred that a portion of HeLa cells died during extensive deformation and

elongation, but a moderate fraction of HeLa cells still retrieved their original shape

and remained alive even after passing through the constriction. Such a population of

live cells could represent the survival of metastatic cancer cells in harsh circulating

conditions through microcapillaries in the human body. The accumulation of a high

population of dead cells (stained red) at the outlet was possibly due to extensive

deformation of cells leading to membrane compromisation while passing through the

constricted channel.
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7.3.4 Evaluation of viability (HeLa cells) by the trypan blue

method

Live or dead cells were also analysed using the trypan blue dye exclusion assay: live

and healthy cells were unstained or excluded from dye, whereas dead or membrane-

compromised cells appeared blue due to trypan blue retention. The stained cells

Figure 7.6: Viability of HeLa cells passing through the constricted channel. (a)

Image of stained cells obtained from the Countess automated cell counter; (b) Com-

parison of percentage of cells still viable after passing through the constriction with

the initial conditions and with cells maintained in the same environment for same

period of time but not passed through the constriction. Cell condition 1 refers to

the initial cells, cell condition 2 refers to mock experimental control cells without

passing through the channel and cell condition 3 refers to the cells collected from

the outlet of the constricted channel.

were analysed in the cell counting device and the number of live and dead cells

were calculated using the Countess automated cell counter. To study the viability

of the cells passing through constriction, adequate number of cells were collected

from the outlet of the channel, which consisted of singlets as well as aggregates.

Figure 7.6(a) illustrates the stained cells obtained from the Countess automated cell

counter, showing live and dead cells. The graphical representation of the results is

presented in Fig. 7.6(b).

The results shown in Fig. 7.6(b) for viability index were obtained from three
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independent set of experiments. It was observed from the trypan blue dye exclusion

assay that the initial conditions of the HeLa cells (before entering the constricted

channel) were such that 95% of the cells were alive. When the cells suspended in the

medium were allowed to pass through the constricted channel, around 50% of the

cells retained their properties well and were alive. This corroborates the previous

fluorescence-based study and gives a quantitative idea about the viability of the

cells.

7.3.5 Metastatic profile

The experimental evidences confirmed the ability of HeLa cells to change morphology

by deformation for crossing a 7 µm constriction and remained mostly alive. Further,

Figure 7.7: Metastatic profile of HeLa cells. Microscopic images of the cells collected

from the outlet of the constricted channel and regrown in a cell culture dish for (a)

12, (b) 48 and (c) 72 h; and (d) representation of expression level of MMP2. Bar =

50 µm.
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HeLa cells that accumulated at the outlet were collected and allowed to adhere to

a culture disc to access the metastatic profile. Figure 7.7(a) depicts the adherence

of cells, collected from the outlet, by 12 h. The cells started to divide and formed

colonies (Fig. 7.7(b)) by 48 h, and became confluent at 72 h (Fig. 7.7(c)). The

sequence of images (Fig. 7.7(a)-(c)) indicates the capability of HeLa to regrow and

to form colonies even after passing through a harsh constricted passage. In the

second line of investigation, the expression of the protein MMP2, involved in the

degradation of the matrix enabling cells to be released into the bloodstream [183],

was evaluated. In HeLa cells, the expression of MMP2 protein is considerably higher

than in non-cancerous cells [184]. Hence qPCR was performed on the cDNA obtained

from the total RNA of HeLa cells grown for 72 h after collection from the inlet and

outlet of the setup. The qPCR (Fig. 7.7(d)) showed that the expression of MMP2

under both conditions remained unaltered. The results shown in Fig. 7.7(d) were

accumulated from three independent set of experiments. Such fascinating results

confirmed that the cells hardly lost any virulence and retained their capability to

adhere, forming colonies that are reminiscent of CTC-like behavior.

7.4 Summary

This study investigates the flow dynamics of HeLa cells through a constricted mi-

crochannel. The main objective of the study was to mimic a situation to visualize

how the cancer cells migrate from one part of the body to another part via blood

capillaries. We intended to observe how the cells being larger in size than capillar-

ies move through it. For the very purpose a microchannel having converging and

diverging section with a 7 µm constriction had been fabricated using PDMS. Under

experimental conditions, the cells deformed extensively in order to pass through the

channel, allowing quantification of several physical parameters such as entry time,

transit velocity and elongation index along with many other biological parameters.

Morphological identification of live and apoptotic cells were performed by dual stain-

ing with acridine orange (AO)/ethidium bromide (EtBr) which gave a qualitative

conclusion that due to constriction some cells died but around 50% cells retained

all their physical properties and were potent enough for metastasis. The trypan

blue dye exclusion assay gave a quantitative result and further reconfirmed the cell

viability after passing through the constriction. The motion of aggregated HeLa
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cells showed that they not only deform but reorient themselves and undergo proper

sequencing to pass through the constricted passage.
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Chapter 8

Conclusions and Scope for Further

Studies

8.1 Conclusions

Investigations on motion and deformation of deformable drops and cancer cells

through microchannels have been done by solving four interrelated research prob-

lems, addressed in the present thesis. Validations for the numerical solution are

presented before proceeding with a detailed parametric study. In the first prob-

lem we performed numerical simulations of a neutrally buoyant droplet migrating

in a cylindrical tube in the creeping flow regime using an in-house code, devel-

oped based on CLSVOF method. The axisymmetric Navier-Stokes and continuity

equations were solved to determine the dynamics of a droplet migrating in a cap-

illary tube with an imposed fully-developed flow at the inlet of the tube. In the

context of physiological flows, the parameters (droplet size and capillary diameter)

considered are relevant for the motion of red blood cells in arterioles, the motion

of artificial capsules in industrial applications related to food and polymer process-

ings, and two phase flows in a porous media, to name a few. The next problem

focused in understanding the phenomenon of cross-stream migration of a drop in

a two-dimensional channel, subjected to different initial off center positions of the

drop. The Navier-Stokes equations coupled with electric force terms and continuity

equation are solved to study droplet migration in a channel with fully-developed

flow at the inlet, with and without the influence of an electric field. The numerical
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simulations are performed using Gerris that implements VOF method to capture

the deformable interfaces. The third study investigates the influence of an external

electric field on the deformation and orientation of a drop in a shear flow. The

simulations are performed in a two-dimensional framework and the coupled electro-

hydrodynamic equations are solved using Gerris. The volume-of-fluid method has

been deployed for the evolution of the interface considering both the fluids as either

perfect dielectrics or leaky dielectrics. Finally, in the last problem of interest, we ex-

tended our understanding of motion and deformation of deformable drops through

microchannels to understand the dynamics of the cancer cells in constricted mi-

crochannels. The viability and metastaic potency of the cancer cells after passing

through the constrictions was examined by performing in-vitro experiments analyz-

ing several biological assays. Some of the important findings from each of these

investigations that deserve mention, are stated below.

8.1.1 Migration of a droplet in a cylindrical tube in the

creeping flow regime

A parametric study is conducted by varying the ratio of droplet radius to the tube

radius, capillary number and viscosity ratio between the droplet and the surrounding

fluid injected at the inlet of the tube. First, we focused on the dynamics of unbroken

droplets (small droplets) and found that for small droplets, increasing the size of

the droplet decreases the droplet velocity, owing to increased deformability and the

influence of the close proximity with the wall. For very small droplets, the drop

velocity approaches the maximum velocity of the surrounding fluid flowing in the

tube. Then, we investigated the effect of viscosity ratio (λ) and capillary number

(Ca) on the droplet dynamics by fixing the droplet size to 0.7 times of channel

radius (a = 0.7) . We found that increasing Ca increases the deformation and

velocity of the droplet. For Ca ≈ 1 and λ = 0.1, an indentation is formed at the

rear end of the drop, which is apprehended to grow further or disappear depending

on the flow conditions. It is observed that with the increase in viscosity ratio, the

drop deforms more and endures more resistance to the flow, thereby decreasing its

velocity. We found that for a fixed value of Ca, the drop deformation increases with

the increase in λ, such that the length of the drop increases and the width of the

drop decreases, which in turn increases the thickness of the fluid film surrounding
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the droplet. We then performed numerical investigations to understand the physics

involving disintegrating droplets migrating inside the tube. By keeping the viscosity

ratio and capillary number fixed as 0.1 and 1, respectively, droplet size is varied

from a = 0.7 to 0.9. We observed that when the drop size is comparable to the

tube diameter (a = 0.9), the tendency of the drop to break into smaller droplets

increases. For a = 0.8, we observed that the daughter droplets merge back to the

main droplet at the later times. The merged droplet then traverses with a steady

shape. On the other hand, the drop with a = 0.7, deforms initially and develops

an indentation at the trailing edge. But, this indentation dies down and the drop

attains a steady shape after some time without breaking up. As we observed that

the droplet with size comparable to the tube diameter (a = 0.9) reveals interesting

physics of breakup, we investigated the effect of viscosity ratio for this droplet. We

noticed that low viscosity drops breakup due to a re-entrant jet formed at the rear

end, which gradually penetrates carrying the external fluid into the drop. In the case

of more viscous drops a travelling capillary wave instability develops, which breaks

the drop into daughter droplets. We found that as the drop viscosity increases,

the drop undergoes more deformation and several daughter droplets are formed.

The phenomenon of Ostwald ripening is also observed in this process. Finally, we

determined the critical value of the capillary number beyond which a drop first

breaks, for different droplet sizes and viscosity ratios.

8.1.2 Cross stream migration of drops suspended in Poiseuille

flow in the presence of an electric field

For a drop traversing in a Poiseuille flow at a very low Reynolds number, the effects

of the initial position of the drop, drop size, the capillary number and the viscosity

ratio on its motion and deformation are thoroughly studied. It is observed that

when a drop of size a∗ = 0.6 is placed at different initial positions in the flow field

for Ca = 0.7 and λ = 1.0, the drop gradually migrates towards the centerline of the

channel and eventually takes a steady lateral position. The initial yc position was

varied between −0.15 and 0.15. To understand the effect of drop size on cross stream

migration, we considered drops of sizes varying from a∗ = 0.3 to 0.65 for the same

flow condition (Ca = 0.7 and λ = 1.0). For the drops that are released from an initial

off center position, yc = −0.15, it is observed that larger drops move more slowly in
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the channel as compared to smaller drops but the lateral migration phenomenon is

better exhibited by the larger drops. Drops of size a∗ = 0.3 and 0.4 exhibit very little

cross migration phenomenon. From these studies (effect of initial position and size

of the droplet), it is evident that the migration phenomenon of moderate size drops

is quite interesting. Therefore, for the rest of the investigations the drop size is fixed

at a∗ = 0.4 and the initial off-center position is fixed at yc = −0.15. An attempt

has been made to understand the factors that enhance cross-stream migration. The

effect of the capillary number on drop migration is studied by considering a drop

of size a∗ = 0.4 placed at yc = −0.15 for λ = 1. The capillary number is varied

between Ca = 0.3 and 1.3 and it is observed that with the increase in Ca the drop

migration increases. The effect of viscosity ratio on the drop migration is studied

by varying λ between 0.01 and 2.5. This study concluded that with the increase in

viscosity ratio the drop migration decreases. In order to understand drop migration

in a Poiseuille flow under the influence of external electric field, we considered a

drop of size, a∗ = 0.4 placed at yc = −0.15 for Ca = 0.7 and λ = 1. Both dielectric

and leaky dielectric fluids are taken into consideration in this study. In the case

of dielectric fluids, the effects of permittivity ratio (S) and the strength of electric

field (E) on drop migration are studied. It is observed that for a drop fluid having

high permittivity compared to the suspending fluid, the drop deforms highly and

oscillates around its mean position. When the electric field strength is increased

from E = 5 to 20 for a fixed permittivity ratio, it is observed that the cross stream

migration increases and the drops become stretched and elongated in the direction

of the electric field. In the case of leaky dielectric fluids, the electric field strength is

varied from E = 1 to 5 and two sets of fluid combinations are considered. In one case

the permittivity of the drop-fluid is less than that of the suspending medium while

the drop-fluid is more conducting than the suspending fluid (S = 0.5 and R = 2) and

in the other case, the conditions are reversed (S = 2 and R = 0.5). It is observed

that a more conducting drop tends to migrate towards the channel centerline and the

cross migration increases with the increase in E while a less conducting drop tends

to settle down at a lateral position somewhere near the initial off-center position.

An interesting phenomenon is revealed in the case of a less conducting drops under

a stronger electric field wherein the drops exhibit rotation together with translation.
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8.1.3 Influence of electric field on deformation of a drop in

shear flow

The influence of an external electric field on the deformation and orientation of a

drop in shear flow is an important area of drop dynamics. The simulations reveal

that under the influence of an electric field, the deformation of the drop can be

either enhanced or reduced for dielectric fluids, depending on the magnitude of

permittivity ratio S. The polarization force acting at the interface is directed from

the medium of higher permittivity to lower permittivity. The nature of polarization

forces are compressive for S < 1.0 and tensile in the case of S > 1.0. The disparity

in the electrical permittivity across the interface influences the applied electric field

thereby leading to spatial variation of the field intensity. The iso-potential lines

converge inside a drop with lower permittivity, whereas, a diverging behavior is

observed for the iso-potential lines in the case of a drop with higher permittivity

than the surrounding fluid. Systems of leaky dielectric fluids have been studied

too and in particular two cases have been computed in detail. The first system

(System A) consists of a drop which is less conducting but has higher permittivity

than the surrounding fluid. In the second system (System B), the drop is more

conducting but has a lower permittivity than the suspending fluid. It is observed

that the deformation of drops for System A increases with the applied electric field

strength E whereas, for system B, the deformation is suppressed with increasing

E, albeit in a subtle way. The reason for the contrasting behavior of systems A

and B lies in the opposing nature of charge accumulation at the drop interface.

The Coulombic forces dominate over the polarization forces in the case of leaky

dielectric fluids. The contradictory nature of charge accumulation for systems A

and B results in the development of compressive Coulombic forces for system A and

tensile Coulombic forces for system B. The conductivity ratio R decides the nature

of charge accumulation at the upper and lower portions of the drop thereby altering

the droplet deformation and orientation under the application of the external electric

field.
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8.1.4 Understanding flow dynamics, viability and metastatic

potency of cervical cancer (HeLa) cells through con-

stricted microchannel

As enumerated earlier, in the experimental work, flow dynamics and survival ability

of cancer cells transiting through microcapillaries that mimic the microvascular en-

vironment has been elucidated. PDMS microchannel of minimum constricted width

of 7 µm for a distance of 200 µm in a total length of 3 mm was fabricated that

possessed close analogy in terms of dimensions with human capillaries (width in the

range of 5 - 10 µm). The FESEM characterization of the channel ensured that the

fabricated channel actually possessed the dimensions as per our design. The remark-

able ability of singlets and even aggregated cluster of HeLa cells to transit through

capillary sized micro-constriction was witnessed by capturing videos through high

speed camera. It was observed that the key to aggregated HeLa cells transit through

narrow capillaries could be due to their ability to rapidly unfold into single file chains

while entering into the constriction, which significantly reduces their overall resis-

tance to flow. The associated HeLa cells segregated as individual cells in tandem

while traversing through the microcapillary and reorganized themselves to aggre-

gate again after exit. The high speed videographs were deconvoluted to obtain still

images and crucial parameters like cell elongation index, average transit velocity

and entry time of the single cells passing through constriction were calculated, to

understand the dynamics of HeLa cell motility. This detailed investigation of the

hydrodynamic parameters of HeLa cells of varied sizes helped us in finding a com-

mon trend in which the cells deform and move inside the constriction with respect

to their sizes. The values of the different hydrodynamic parameters obtained in this

study correspond to the optimized flow rate of 30 l/h for our experiments. The

extensive change in morphology of the cells witnessed while transiting through con-

striction raised our inquisitiveness to find out whether the cells that exit through

the constriction could retain their metastatic potency. Reasonable viability of the

cells after passage through the constriction, determined by dual AO/ EtBr staining,

was substantiated by trypan blue dye exclusion assay that confirmed the retention

of around 50% viable HeLa cell population at the outlet. Data from the mentioned

experiments suggested that the HeLa cells, even after passing through the constric-

tion, remained viable to form further tumors at extremities of the body. In other
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set of experiments, we successfully collected the cells from the outlet of the con-

stricted channel and grew the cells in cell culture. In 48 h of cell culture, the cells

started to divide and formed colonies and by the end of the 72 h they achieved

confluency. This experiment assured that, although most of the cells died during

extensive deformation and elongation, yet a substantial population of live cells was

found to exist, which retained the capability of portraying the phenomenon of metas-

tasis further. Moreover, Real-time measurement of MMP2 expression to determine

important metastatic biomarker of HeLa cells opened up a new paradigm to un-

derstand the possible dynamics of cancer cells to spread metastasis by traversing

through microcapillaries in human body.

8.2 Scope for further studies

More understanding on the motion and deformation of deformable drops and can-

cer cells through microchannels is needed for variety of applications pertaining to

microfluidics and nanofluidics. The current investigations identify a few potential

research problems for the future investigations.

1. The dynamics of a non-Newtonian drop in a Newtonian/non-Newtonian flow-

ing fluid can be studied to add physiological significance to the investigation.

In this thesis, all the investigation on drop dynamics have been carried out

considering both the drop as well as the suspending medium as Newtonian

fluids. An attempt towards studying the dynamics of a viscoelastic droplet in

the presence of surfactants is also desirable. In food and process industries,

various polymeric compounds are used. These compounds generally display

non-Newtonian behaviour. In addition, a physical system comprising of a vis-

coelastic droplet along with bulk-insoluble surfactants can be used as a crude

model to mimic the dynamics of a biological cell. This numerical develop-

ment can be implemented to simulate the motion of cancer cells and further

investigate the phenomenon of metastasis.

2. All the numerical problems dealt in this thesis consider the study of isolated

droplets. The interactions between two or more droplets have not been at-

tempted. In concentrated emulsions, such an analysis will be more useful.

Hence an analysis on droplet interactions and collisions inside microchan-
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nels can be aimed at. Also, a detailed investigation on suspending fluid and

drop/cell interaction in microchannel or tube would reveal interesting physics.

3. The effect of surfactants on the migration and drop break up can be studied.

Also, the droplet interactions can be investigated by considering a non-uniform

surfactant distribution. The transition capillary number for deformation and

breakup can be obtained by a more detailed theoretical analysis.

4. In the present thesis, the influences of only direct current electric field on the

drop deformation and cross-stream migration have been investigated. The

present study can be further enriched by analyzing the effect of alternating

current electric field on the droplet dynamics.

5. The study of cancer cells can be broadened by studying the nature and be-

haviour of variety of cancer cells. In the present thesis, only HeLa cells have

been considered. The results obtained using HeLa cells can be compared with

other cell lines to draw a more accurate conclusion pertaining to the deforma-

bility, viability and metastatic potency of different cell lines.

6. The condition of the nucleus of the cell while the drop traverses in the con-

stricted channels undergoing deformation, need to be observed. During ex-

treme elongation of the drop, the nucleus may break. The nucleus contains the

majority of the cell’s genetic material. For the cell to be viable and metastat-

ically potent, the nucleus has to remain intact. Hence, the phenomenon of

nucleus deformation, breakup and merging need to be investigated.
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Appendix

Derivation of electric body force term

The Maxwell’s equations can be written as,

∇ · E =
qv
ϵ0
, (A.1)

∇ ·B = 0, (A.2)

∇× E = −∂B
∂t
, (A.3)

∇×B = µ0J+ µ0ϵ0
∂E

∂t
, (A.4)

where, E represents the electric field, qv is the volumetric charge density, B denotes

the magnetic flux density and J denotes the density of free current.

In the presence of both electric field and magnetic field, the net force on a charge

Q moving with velocity v is given by,

F = Q[E+ (v ×B)]. (A.5)

The total electromagnetic force on the charges inside a volume V is,

Ft =

∫
V

[E+ (v ×B)]qvd∀, (A.6)

Ft =

∫
V

[qvE+ (J×B)]d∀, (A.7)

where, the current density is given as, J = qvv. Thus, the force per unit volume is

given by,

fe = qvE+ (J×B). (A.8)

Substituting Eq. A.1 in Eq. A.8, we get

fe = ϵ0(∇ · E)E+ (J×B). (A.9)

Substituting Eq. A.4 in Eq. A.9, we get

fe = ϵ0(∇ · E)E+

[
∇×B

µ0

− ϵ0
∂E

∂t

]
×B. (A.10)
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Now,
∂

∂t
(E×B) =

∂E

∂t
×B+ E× ∂B

∂t
. (A.11)

Substituting Eq. A.3 in Eq. A.11,

∂

∂t
(E×B) =

∂E

∂t
×B− E× (∇× E). (A.12)

Thus,
∂E

∂t
×B =

∂

∂t
(E×B) + E× (∇× E). (A.13)

Substituting Eq. A.13 in Eq. A.10,

fe = ϵ0(∇ · E)E+
∇×B

µ0

×B− ϵ0
∂E

∂t
×B. (A.14)

Substituting Eq. A.13 in Eq. A.14,

fe = ϵ0(∇ · E)E+
∇×B

µ0

×B− ϵ0

[
∂

∂t
(E×B) + E× (∇× E)

]
, (A.15)

fe = ϵ0 [(∇ · E)E− E× (∇× E)]− 1

µ0

[B× (∇×B)]− ϵ0
∂

∂t
(E×B). (A.16)

Since, ∇ ·B = 0, so we insert (∇ ·B)B in Eq. A.16 to simplify.

We know,

∇(E2) = 2(E · ∇)E+ 2E× (∇× E), (A.17)

E× (∇× E) =
1

2
∇(E2)− (E · ∇)E. (A.18)

Similarly,

B× (∇×B) =
1

2
∇(B2)− (B · ∇)B. (A.19)

Thus,

fe = ϵ0

[
(∇ · E)E+ (E · ∇)E− 1

2
∇(E2)

]
+

1

µ0

[
(∇ ·B)B+ (B · ∇)B− 1

2
∇(B2)

]
− ϵ0

∂

∂t
(E×B). (A.20)

fe = ϵ0 [(∇ · E)E+ (E · ∇)E] +
1

µ0

[(∇ ·B)B+ (B · ∇)B]

−1

2
∇
(
ϵ0E

2 +
1

µ0

B2

)
− ϵ0

∂

∂t
(E×B). (A.21)
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The above Eq. A.21 can be simplified by introducing the Maxwell stress tensor M

and Poynting vector S.

fe = ∇ ·M− ϵ0µ0
∂S

∂t
, (A.22)

where, M=ϵ0
[
E⊗ E− 1

2
E2I

]
+ 1
µ0

[
B⊗B− 1

2
B2I

]
and S = 1

µ0
(E × B). In the

absence of magnetic field, the terms containing B can be neglected. Hence, the final

form of the electric force terms reduces to,

fe = ∇ ·M = ∇ ·
[
ϵ0

(
E⊗ E− 1

2
E2I

)]
. (A.23)

————————————–
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