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Abstract

The study of state transfer in quantum communication networks received a lot
of attention over the past few decades. A quantum network can be modelled
by a graph with the adjacency matrix of the graph as the Hamiltonian of such
system. In that case, we identify a quantum system by its underlying graph.
If there is no external dynamic control over the system then some physical
properties of the quantum system depend only on the underlying graph. In
this thesis, we are concerned with two such properties: perfect state transfer
and pretty good state transfer. We find some major classes of graphs exhibiting
either of those properties.

Let G be a graph with adjacency matrix A. The transition matrix of G
relative to A is defined by H(t) := exp (—itA), t € R. The graph G is said to
have perfect state transfer from a vertex u to another vertex v if there exists
7(#0) € R such that the wv-th entry of H(7) has unit modulus. In case
u = v, we say that G is periodic at the vertex v at time 7. The graph G is said
to be periodic if it is periodic at all vertices at the same time. Perfect state
transfer is a rare phenomena so we also consider an approximation called pretty
good state transfer. The graph G is said to admit pretty good state transfer
between a pair of vertices u and v if there exists a sequence of real numbers
{t;} and a complex number v of unit modulus such that klggo H(t)e, = ve,.

In Chapter 1, we introduce these topics in detail. Along with that we discuss
some relevant definitions and basic results.

We mainly consider two classes of graphs. Omne is NEPS (non-complete
extended P-sum) of the path on three vertices and the other one is Cayley
graph. In both classes, we investigate graphs for perfect state transfer and
pretty good state transfer.

It is well known that a path on three vertices exhibits perfect state transfer
and so we investigate some NEPS of the path on three vertices in Chapter 2. A
sufficient condition is found for a NEPS of path on three vertices to have perfect
state transfer. Using these NEPS, some other graphs are also constructed that
admit perfect state transfer. The results of this chapter are published in [40].

In Chapter 3, we also find that NEPS of the path on three vertices whose
basis contains tuples with hamming weights of both parities do not exhibit
perfect state transfer. But these NEPS admit pretty good state transfer with
an additional condition. Further, we investigate pretty good state transfer on
Cartesian product of graphs and we find that a graph can have PGST from
a vertex u to two different vertices v and w. The results of this chapter are
published in [42].
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A ged-graph is a Cayley graph over a finite abelian group defined by great-
est common divisors. In Chapter 4, we establish a sufficient condition for a
ged-graph to have periodicity and PST. Using this we deduce that there exists
gcd-graph having PST over any abelian group of order divisible by 4. Also, we
find a necessary and sufficient condition for a class of ged-graphs to be periodic
at m. Using this, we characterize a class of ged-graphs not exhibiting PST at
Zlk for any positive integer k. The results of this chapter appear in [39).

In Chapter 5, we find that pretty good state transfer occurs in a cycle on
n vertices if and only if n is a power of two and it occurs between every pair of
antipodal vertices. In addition, we look for pretty good state transfer in more
general circulant graphs. We prove that union (edge disjoint) of an integral
circulant graph with a cycle, each on oF (k > 3) vertices, admits pretty good
state transfer. The complement of such union also admits pretty good state
transfer. This enables us to find some non-circulant graphs admitting pretty
good state transfer. Among the complement of cycles we also find a class of
graphs not exhibiting pretty good state transfer. The results of this chapter
appear in [41].

In Chapter 6, we describe a few directions for future research based on the
work of this thesis.
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Chapter 1

Introduction

Graph theory has applications in many areas of natural sciences. In this
thesis, we study a topic of algebraic graph theory that has application in
quantum physics (see [8, 12, 21]). The graphs we consider are mostly NEPS
of the path on three vertices and Cayley graphs over abelian group. In the
following sections, we discuss some definitions and basic results of graph theory
that will be required later in the thesis. For any other graph theoretic, group
theoretic and linear algebra terms and notations, that have been used in the
thesis but not defined, we refer the reader to [10, 20, 29, 30] and [50]. All un-
referenced results appearing in this thesis are the authors own contribution.

Due references are given for all results that have been taken from other sources.

1.1 Definitions and Basic Results

A graph G is an ordered pair (V(G), E(G)) consisting of a non-empty vertex
set V(@) and an edge set E(G) disjoint from V(G). Each edge is associated
with two vertices, called endpoints. Two vertices (not necessarily distinct) are
called adjacent if there is an edge with those two endpoints. An edge with
same endpoints is called a loop. Edges having same pair of endpoints are
called multiple (parallel) edges. A simple graph is a graph having no loops

or multiple edges. A graph is called finite if both its vertex set and edge set

1
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2 Introduction

are finite. An undirected graph is a graph where its edges have no direction.
Throughout the thesis all graphs are assumed to be simple, undirected and
finite, unless otherwise stated. Let the vertex set V(G) of G be {vy,...,v,}.
The adjacency matrix A associated to GG is the n x n matrix in which the 7j-th
entry is the number of edges with endpoints v; and v;.

Certain types of graphs appear frequently in the theory of graphs. A
complete graph is a simple graph in which every pair of vertices are adjacent.
A complete graph with » number of vertices is denoted by K,,. A path is a
simple graph whose vertices can be arranged in a linear sequence in such a
way that two vertices are adjacent if and only if they are consecutive in the
sequence. A path with n number of vertices is denoted by P,.

Graph isomorphism plays an important role in the theory of graphs. An
isomorphism from a graph G to another graph H is a bijection f that maps
V(@) onto V(H) such that two vertices u and v are adjacent in G if and only
if f(u) and f(v) are adjacent in H. An automorphism of G is an isomorphism
from G to itself. A graph G is called vertex-transitive if for every pair of
vertices u and v in G there exists an automorphism that maps u to v. A very
well known class of vertex-transitive graphs is the class of Cayley graphs. If
every vertex of a graph have same degree then it is called a regular graph. It

is also well established that all vertex-transitive graphs are regular graphs.

1.1.1 Cayley Graph

Now we introduce Cayley graphs over abelian group and discuss some proper-
ties of their adjacency matrices.

Let (T',+) be a finite abelian group and consider S C T" with the property
that {—s:se S} = S. Such a set S is called a symmetric subset of I'. A
Cayley graph over I" with symmetric set S has the vertex set I', where two
vertices a,b € I' are adjacent if and only if @ — b € S. The graph is denoted
by Cay (', S) and the set S is called the connection set of C'ay (I',.S). Notice
that if the additive identity 0 € S then Cay (T',S) has loops at each of its

vertices. In Chapter 4, a part of the discussion involve looped Cayley graphs.
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1.1. Definitions and Basic Results 3

Let Z,, be the cyclic group of order n. A circulant graph is a Cayley graph
over Z,. A cycle C,,, in particular, is a circulant graph over 7Z, with the
connection set {1,n — 1}.

The eigenvalues and eigenvectors of a Cayley graph over an abelian group
are known in terms of characters of the abelian group. A character [47] of an
abelian group I' is a group homomorphism from I' to the multiplicative group
of non-zero complex numbers. A character is called irreducible if it corresponds
to an irreducible representation of I'. The eigenvalues and eigenvectors cor-
responding to the adjacency matrix of a Cayley graph over an abelian group
I' can be determined in terms of irreducible characters of I'. The following
comes as a consequence to the results proved in [36]. Also see [35] for some

more useful informations in this regard.

Theorem 1.1.1. [36] Let T’ be a finite abelian group and also let S be a
symmetric subset of I'. Suppose A is the adjacency matriz of Cay(l',S). If x is

an irreducible character of T then the column vector (x(v)),cr is an eigenvector
of A with eigenvalue > x(s).

sES

Proof. Consider that A = (a,,,), where u,v € I'. For u € I', we have

Za,u,,ux(v): Z x(w) = ZX(5+U>

vel’ vel, u—veS ses
= > x(s)x(u)
seS
_ (z x(8)> )
seS
Hence we have the desired result. O

Consider a finite abelian group I" with the cyclic group decomposition
=%, &-&ZL, . We denote the primitive n-th root exp (22) of unity by

n

wy. For each (iy,...,i;) € [', the map x;  ,; :T'— C\ {0} defined by

Xil,...,ik (Slv st 7Sk> = w;izllsl te wfbk:kv (817 B Sk) el

TH-1599_126123011



4 Introduction

is an irreducible character of I' and all the irreducible characters of I' are of
this form. See [47] for details. It is well known that irreducible characters of
a finite group form an orthonormal set. Hence the eigenvectors (in Theorem
1.1.1) corresponding to irreducible characters of I are linearly independent.
Notice that each element of S can be written uniquely as (s, Sy, . . ., ;) Where
8; € Ly, for i = 1,2,..., k. Thercfore all the cigenvalues of Cay(T', ) can be

evaluated explicitly as

Mipia = D W Wi, (g, dy) €T (1.1)

(81,--588)ES

Consider two symmetric subsets S; and S; in I'. Observe that the eigenvector
in Theorem 1.1.1 is independent of the connection set. Therefore the set of
eigenvectors of both graphs Cay(T',S;) and Cay(T,S;), obtained by using

Theorem 1.1.1, are equal. Thus we have the following result.

Proposition 1.1.2. If S, and S, are symmetric subsets of an abelian group

I’ then adjacency matrices of Cay(l', S;) and Cay(L',.S5) commute.

Proof. Let |T'| = n and supposc that the adjacency matrices of Cay(T, S;)
and Cay(T", S,) are A and B, respectively. Consider {vy,..., v, } to be the set
of all the orthogonal eigenvectors, as obtained using Theorem 1.1.1, of both
graphs Cay(T", S;) and Cay(I',S;). It is easy to see that (AB) v; = (BA) v, for
i=1,...,n.Since {vy,...,v,} forms a basis of R", we have (AB)v = (BA)v
for all v.€ R". Hence A and B commute. O

For more details on the eigenvalues and eigenvectors of a Cayley graph we
refer the reader to [35, 36].

1.1.2 NEPS of Graphs

Now we introduce NEPS (non-complete extended P-sum) of graphs and men-
tion some of the relevant results regarding its adjacency matrix, eigenvalues

and eigenvectors. A NEPS [20] is a graph product defined as follows.
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1.1. Definitions and Basic Results 5

Let Gy,...,G, be n graphs and suppose that Q C Z3 \ {0}. The NEPS of
Gy,...,G, associated to Q is denoted by NEPS (Gy,...,G,; ), which has the
vertex set V (G;) x - -+ XV (G,,). Two vertices (21, ...,xz,) and (y,...,y,) are
adjacent in NEPS (G4, ...,G,; Q) if and only if there is an n-tuple (3, ..., 3,)
in 2 such that for j =1,....n

e 1, = y,; exactly when ; = 0; and

J
e z; is adjacent to y; in G; exactly when §; = 1.

The graphs Gy, ...,G,, are called factor graphs and €2 is called basis of the
NEPS. If all the factor graphs of a NEPS with basis €2 are identical to a graph
G then, for the sake of simplicity, we denote the NEPS by NEPS, (G,)
where n is the number of factor graphs.

If the basis Q is {(1,0,...,0),(0,1,...,0),...,(0,0,...,1)} then the corre-
sponding NEPS is called the Cartesian product of the associated graphs. If the
basis 2 is {(1,1,...,1)} then the corresponding NEPS is called the Kronecker
product of the associated graphs.

The adjacency matrix of a NEPS can be obtained in terms of the adjacency
matrices of its factors. The tensor product of two matrices A = (a;;) and B
is denote by A @ B, which is defined as the block matrix A ® B := (ai’jB).

The following result gives the adjacency matrix of a NEPS of some graphs.

Theorem 1.1.3. [20] Let Q) C Z5\{0} and suppose the graphs G4, ..., G, have
the adjacency maltrices Ay, . .., A,, respectively. Then the adjacency matriz of

NEPS (Gy,...,G,;9Q) is

Ado= Y @A (1.2)
(B1yeesBn)EQ

In Theorem 1.1.3, it is considered that for a matrix A, A° = I where
the identity matrix I has same order as that of A. In this setting, it can be
observed that the sum in Equation 1.2 is indeed a 0/1-matrix. The eigenvalues

and eigenvectors of a NEPS are also well known in terms of those of the factor
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6 Introduction

graphs. The following result gives the eigenvalues and eigenvectors of a NEPS

of some graphs.

Theorem 1.1.4. [20] Fori =1,2,...,n, let G; be a graph with m; vertices.
Also suppose that G; has the eigenvalues Ay, . . ., Aiy,., 0L necessarily distinct,
and let the corresponding eigenvectors be X;1,...,X;y, . Then the NEPS with

basis €2 has the cigenvalues

A = > XN L Xr gGi=L...m k=1 n (1.3)

jl"'jn 1j1 njn7
(ﬁl:"':ﬁn)eg

Also the eigenvector corresponding to N; i is X1, @+ @ Xy

n

More information on the adjacency matrix, eigenvalues and eigenvectors of
NEPS can be found in [20].

1.2 Perfect State Transfer (PST)

Perfect state transfer (PST) has great significance due to its applications in
quantum information processing and cryptography (see [8, 12, 21]). The phe-
nomenon of PST in quantum communication network was originally intro-
duced by Bose in [11]. Throughout the thesis, we consider PST with respect
to adjacency matrix of a graph. In that setting, PST is defined as follows.

The transition matrix’ of a graph G with adjacency matrix A is defined by

H(t) ;== exp (—itA) = Z %tkAk, teR.
k=0 ]

We denote the characteristic vector corresponding to a vertex u of G by e,,.
The graph G is said to exhibit PST from a vertex u to another vertex v if

there exists a real number 7(# 0) and a complex number v with |y| = 1 such

1 . . o . . .
Later we have used some other convenient notations for the transition matrix according
to our requirenient.
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1.2. Perfect State Transfer (PST) 7

that H(7)e, = 7e,, i.e, the vu-th entry of H(7) has unit modulus. In case
H(r)e, = ve,, we say that G is periodic at the vertex u at time 7. Moreover,
the graph G is said to be periodic if it is periodic at all vertices at the same

time. We illustrate this by the following example.

©—@

Figure 1.1: The path P, with vertices u and v.

Example 1.2.1. Consider the path P, on two vertices v and v, as shown in

Figure 1.1. The adjacency matrix A of P, is given by

Now we calculate the transition matrix H(t) of P, using the series expansions

of cost and sint. It is clear that A% = I and therefore

1 1
exp (—itd) = I —itA— 5#1 + 2

= cos(t)I —isin(t)A.

. 1
it* A + Et41+ e

Hence the transition matrix of P; is given by

H(t) = cos(t) —isin (¢) |
—isin (¢) cos (t)
Note that if ¢ = 7 then uv-th entry of H(%) is —i which has unit modulus.

This implies that P, has PST at § from u to v. Moreover, we have H(r) = —I

and hence P, is periodic at 7.

We will see later that the path P; on three vertices also exhibits PST.
However, in [14], Christandl et al. proved that PST does not occur between

the end vertices of a path on n vertices whenever n > 4.
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8 Introduction

In most of the published papers, we see that PST has been considered
with respect to the adjacency matrix. But PST with respect to the Laplacian
matrix can be considered as well (see [1, 3, 19]). For an r-regular graph G
with adjacency matrix A, the Laplacian matrix is given by L := rI — A, where

1 is the identity matrix. Now observe that for ¢ € R,

exp (—itL) = exp [—it(r] — A)] = exp (—irtl)exp (itA)
= [exp (—irt)I]exp[—i(—t)A]
= exp (—irt)exp [—i(—t)A].  (1.4)

Since exp (—irt) is of unit modulus for every real number ¢, it follows that a
regular graph G has PST with respect to adjacency matrix if and only if PST

occurs in G with respect to Laplacian matrix.

1.2.1 Properties of Transition Matrix

Now we discuss some useful properties of the transition matrix of a graph G.
Before that we briefly introduce the spectral decomposition of a real symmetric
matrix. Let A be an n X n real symmetric matrix. Let A,...,\,, be the
distinct eigenvalues of A and also let the projections (idempotents) onto the
corresponding eigenspaces be Ey, ..., E, . Then we necessarily have E? = E,
for 1 < r < m. Sincc the cigenveetors corresponding to distinet cigenvalues
are orthogonal, it follows that F,F, =0 for r # s, 1 <1, s < m. It is also well
known that R" has a basis containing only the eigenvectors of A and hence we
have F; + ---+ E,, = I. This further implies that

r=1

which is known as the spectral decomposition of A. For more details on spec-
tral decomposition, we refer to [29)].

Notice that the adjacency matrix A of a graph G is a real symmetric matrix.
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1.2. Perfect State Transfer (PST) 9

Therefore, using the spectral decomposition of A, we compute the transition

matrix of G by

m

H(t) = exp (—itA) = Zexp (—itA,)E,.

r=1

We now establish that the transition matrix is in fact a polynomial in A. By
Lagrange interpolation, there is a polynomial p(x) of degree at most m — 1
such that p(\,) = exp (—it),), where 1 < r < m. This implies that

m

p(A)=> p(\)E, = exp(—itA,)E, = H(t).

r=1

So H(t) is a polynomial in A and hence H () is symmetric. Another implication
to this fact is that all matrices that commute with A must commute with the

transition matrix H(¢). Again notice that

H(t) (H(t))* = H(t)H(t), since H(t) is symmetric
= exp(—itA)exp (itA)

= [, using properties of exponential function.

Hence H(t) is also a unitary matrix.
It is well known that periodicity is necessary for a graph to exhibit PST,

which follows from the next lemma.

Lemma 1.2.2. [25] If a graph G admits perfect state transfer from a vertex

u to another vertex v at time T then G is periodic at u and v with period 27.

Proof. Let H(t) be the transition matrix of G. Since G exhibits PST from
u to v, we have H(r)e, = ve, for some v € C with |y| = 1. As H(r)
is symmetric, we also have H(r)e, = ve,. Further, using the properties of

exponential function, we obtain

TH-1599_126123011



10 Introduction

Therefore G is periodic at w. Similarly, G is also periodic at v. Il

Finding whether a given graph has PST is quite difficult, cspecially when
the graph is large. Remarkably, in [17], Coutinho et al. showed that one can
decide whether a graph admits PST in polynomial time with respect to the
size of the graph on a classical computer.

In initial papers (see [14, 15]), Christandl et al. proved that PST occurs on
Cartesian powers of the path P, on two vertices and Cartesian powers of the
path P; on three vertices. Further, the results have been generalized for NEPS
of P, in [9, 13]. PST on several other graph operations have been considered
in [16, 24, 26]. Noreover, some results regarding PST on corona product of
two graphs appear in [2|. Several results on the existence of PST in circulant
graphs can be found in [7, 43, 45]. Also, in [18], the authors investigated PST
on distance-regular graphs and association schemes. In [27], Godsil provided
some characterizing results on the existence of PST in a graph. A deep analysis
on the sensitivity of PST appears in [33].

In Chapter 2 of this thesis, we consider the problem of finding PST on
NEPS of P;. This problem was raised by Stevanovi¢ in [48]. We solved the
problem to some extent in Chapter 2. We establish that there are NEPS of
Py having PST at infinitesimal time. The results established in this regard
generalize the results of Christandl et al.[14, 15] for the path Pj.

In Chapter 4, we consider the problem of classifying PST in a subclass of
Cayley graphs known as ged-graphs. In [26], it is observed that a regular graph
is periodic if and only if its eigenvalues are integers. As a consequence, if PST
occurs on a Cayley graph then it must be integral. In [35], a characterization
of integral Cayley graph over finite abelian groups is given. A well known class
of integral Cayley graphs are gcd-graphs. It can be noted from [46] that all
integral circulant graphs are ged-graphs. A classification of PST in integral
circulant graphs appears in [7]. A cubelike graph is a Cayley graph over Z3.
Bernasconi et al. [9] showed that PST occurs on certain cubelike graphs,
which are actually ged-graphs over a direct product of finitely many copies of
the group Z,. In Chapter 4, we classify some of the gcd-graphs admitting or

not admitting PST. This generalizes some of the results included in |7, 9].
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1.8. Pretty Good State Transfer (PGST) 11

1.3 Pretty Good State Transfer (PGST)

In [27], Godsil demonstrated the fact that there are only finitely many con-
nected graphs with maximum valency at most k where PST occurs. Since
there are less number of graphs having PST, we consider a relaxation to PST
called pretty good state transfer.

The notion of pretty good state transfer (PGST) was initially introduced
by Godsil in [26]. A graph G with transition matrix H(¢) is said to have PGST
between a pair of vertices u and v if there is a sequence {t;} of real numbers

and a complex number v of unit modulus such that

lim H(t,)e, = ve,. (1.5)
k—oo
In such a case, we also say that G exhibits PGST from u to v with respect to
the sequence {¢,}. It is clear from Equation (1.5) that for cach € > 0, there
exists ¢ € R such that

el H(t)e, = 1| = |ef [H(Dew = 7e]| < ||H(Bew = 7e.l| <&,

where the norm is the usual [, norm. Conversely, let us suppose, for given any
¢ > 0 there exist t € R and v € C with |y| = 1 such that |el H(t)e, — 7| < €

for fixed u,v. Then we can find a sequence {¢,} such that

lim e] H(t;)e, = . (1.6)

k—r00

Moreover 9

el H(ty)e,| =1.

lim
k—o00

Since the transition matrix H(t) is a unitary matrix for every real values of ¢,

every column of H(t) has unit norm and hence

2
Z ‘egH(tk)eu =1, forall k € N.

weV(Q)
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This further implies that for all w € V(G) with w # v,

2
=0, i.e, lim e H(t,)e, = 0. (1.7)
k—o0

lim |el H(t,)e,
k—o0
Finally (1.6) and (1.7) together imply that

klim H(ty)e, = ve,.
Thus we have the following equivalent definition of PGST. There exists PGST
between the vertices u and v of G if and only if, for € > 0, there exist t € R
and v € C with |y| = 1 such that

e (t)e, — 7| < e (1.8)

Next we make another statement which can be considered as an alternative
definition of PGST. A graph G has PGST between u and v if and only if, for
each € > 0, there exists ¢ € R such that

lel H(t)e,| — 1| <e. (1.9)

The equivalence of (1.8) and (1.9) can be shown in the following way. Notice
that (1.9) follows directly from (1.8). On the other hand, if (1.9) holds, then
there exists a sequence {t,,} of real numbers such that {|e’ H(t,,)e,|} con-
verges to 1. Now by Bolzano-Weierstrass theorem, there exists a subsequence
{t;, } of {t,,} such that {el'H (t,)e,} is convergent. Further, it follows from
(1.9) that the sequence {e! H (t,n,)e, ) must converge to a complex number

of unit modulus. Hence the inequality (1.8) is also satisfied.

As an example, we see in [26] that the path on four vertices exhibits PGST

between the end vertices.

As in case of PST, for an r-regular graph, PGST occurs with respect to ad-
jacency matrix A if and only if PGST occurs with respect to the Laplacian ma-
trix L. Recall that in (1.4) we obtained exp [—itL]| = exp (—irt) exp [—i(—t)A].
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1.8. Pretty Good State Transfer (PGST) 13

Since exp (—irt) has unit modulus, for u,v € V(G) we have

el exp[—itL]e, el exp [—i(—t)Ale,|, t € R.

Therefore for ¢ > 0, we observe that
‘hgwpkﬁﬂ%y—w<eﬁamhmbﬁ‘bfﬂp}ﬂ—ﬂﬁ%ﬁ—l<e

Hence, for an r-regular graph, finding PGST with respect to adjacency matrix
is equivalent to finding PGST with respect to Laplacian matrix.

Now we include the proof the following proposition which was mentioned
in [23] without a proof. The result gives a relation between PST and PGST

in periodic graphs.

Proposition 1.3.1. If a graph is periodic, then it admits perfect state transfer
if and only if it admits pretty good state transfer.

Proof. 1t is easy to observe that if a graph GG has PST then it must also have
PGST. On the other hand, suppose that a graph is periodic at 7 and therefore
for a vertex u of G there exists v € C with |y| = 1 so that H(7)e, = ve,. For
u,v € V(G), the uv-th entry of H(t) is a continuous function of real numbers.
Also observe that, for t € R,

eZH(t)H(T)e

e, H(t) (ve,)|, as H(7)e, = e,

efH (t) e’lb

e, H(t+1)e,

u

Therefore, the modulus of the wv-th entry of H(t) is a periodic continuous
function and so its image is a compact set. Since H (t) is unitary, the modulus
of each entry of H(t) is bounded by 1 for all ¢ € R. Finally, if (1.9) holds then
by extreme value theorem we can find 7, € R so that |e} H(7y)e,| = 1, i.e, the
graph G has PST between v and v. Hence it follows that if a graph is periodic
then the graph has PGST if and only if it has PST. (I

There are a few published papers which discuss PGST. Godsil et al. [28]
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showed that the path P, exhibits PGST if and only if n + 1 equals to either
2™ or p or 2p, where p is an odd prime. We also see in [23] that a double star
Sy, admits PGST if and only if 4k +1 is not a perfect square. The double star
can be realized as a corona product of the complete graph K, and an empty
graph. PGST in more general corona products has been studied in [1, 2].

In Chapter 3, we describe some NEPS admitting PGST. We prove that
if the basis of a NEPS of P; contains tuples with hamming weights of both
parities then those graphs do not have PST. However, we find that some of
those graphs possesses PGST. Apart from NEPS of P;, we find some more
NEPS exhibiting PGST.

Circulant graph appears frequently in communication networks. We study
PGST in circulant graphs in Chapter 5. In that chapter, we provide a complete
characterization of PGST in cycles. Further, we find PGST in some other

circulant graphs where there is no PST.

1.4 Graph Product and Transition Matrix

Now we introduce two widely known graph products and then we discuss the

transition matrices associated to those products of graph.

1.4.1 Transition Matrix of Cartesian Product

Recall that Cartesian product of two graphs is a NEPS with basis {(1,0), (0, 1)}.
Thus the Cartesian product of two graphs GG} and G, with vertex sets V;, and
V, is the graph G,00G,, with vertex set V; x V,. Two vertices (u;,uy) and
(v1,v9) are adjacent in GG, if and only if either u, is adjacent to v; in G,
and uy = vy, Or u; = v; and uy is adjacent to vy in Gy. If G; and G5 have
adjacency matrices A and B, respectively, then the Cartesian product G,0G,
has the adjacency matrix AQ I + 1 ® B.

The transition matrix of a Cartesian product of two graphs is given by the
following lemma. Using this result we can construct many graphs admitting

PST and PGST, which we will see in successive chapters.
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1.4. Graph Product and Transition Matrix 15

Lemma 1.4.1. [14] Let G| and G, be two graphs having transition matri-
ces Hg (t) and Hg,(t), respectively. Then the transition matriz of G\00G, is

Hene,(t) = He, (1) @ He, (1)

Consequently, if a graph have PST then all its Cartesian powers also have

PST. We demonstrate this by the following example which appears in [14].

Example 1.4.2. We know that a hypercube can be realised as a Cartesian

power of P,. Since P, admits PST at 7, all hypercubes also admit PST at 7.

Observe that the time for admitting PST in a hypercube does not depend
on its size. An cxplanation, from a physical point of view, of the fact that
the transfer time remains constant even though the size of the hypercube
is increased, would have been interesting. However, we fail to find such an

explanation.

1.4.2 Transition Matrix of Kronecker Product

Recall that Kronecker product of two graphs is a NEPS with basis {(1,1)}.
Thus the Kronecker product of two graphs G; and G, with vertex sets 1/, and
V5, is the graph G X Go, whose vertex set is V; x V5. Two vertices (uy, us)
and (vy,vy) are adjacent in G; X G, whenever u; is adjacent to v, in G, and
uy is adjacent to vy in G,. If G} and GG, have adjacency matrices A and B,
respectively, then G; x G, has the adjacency matrix A ® B.

The next result enables us to find the transition matrix of Kronecker prod-
uct of graphs when transition matrix of one of the graphs is known. The

following result appears in [24, 26]. We include a simple proof of this result.

Proposition 1.4.3. [24, 26] Let G, and G5 be two graphs having adjacency

matrices A and B, respectively. Also let Hy(t) be the transition matriz of
q

G1. If spectral decomposition of B is Y uFy then Gy x Gy has the transition
s=1

a
matriz Y, H,(ut) ® F.

s=1
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p
Proof. Suppose spectral decomposition of A is Y A E,. Then the spectral
r=1

P g
decomposition of A® B is given by > > A\.p, (E, ® Fy). Therefore transition

r=1s=1
matrix of G; X G4 is

r=1 s=1 s=1 r=1

P q q D
> exp(—ithu) (B, 9 F) = (Z exp(—z’tM)Er) @ F,
q
= D Halut) @ F,.
s=1
Henee the result follows. O

Using Proposition 1.4.3, we can find many graphs admitting PST. We

include an example.

Example 1.4.4. Suppose the d-th Cartesian powers of P, and P are (); and
Ry, respectively. In [24, 26], we find that if X is a graph with odd integral
eigenvalues then X x (); has PST when d is even and PST occurs in X x R,

for each d.

1.5 Kronecker Approximation Theorem

Kronecker approximation theorem has several applications in mathematics.
We will see in Chapter 3 and Chapter 5 that this theorem plays a crucial
role in finding PGST. The next result is one dimensional version of Kronecker

approximation theorem.

Theorem 1.5.1. [6] Let 0 be an irrational number and suppose « is a real

number. For every 6 > 0 there are integers p and q such that |pfd —q — «| < 6.

Now we introduce Kronecker approximation theorem on simultaneous ap-

proximation of numbers.
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Theorem 1.5.2. [6] If ay, ..., a; are arbitrary real numbers and if 1,6, ...,0,
are real, algebraic numbers linearly independent over Q then for e > 0 there

exist ¢, py,...,p € Z such that
‘qu —pj —a;| <€

A bound on ¢ is given in [37] relative to the precision ¢ and some other

given constraints.

H7R

TH-1599_126123011



18 Introduction

TH-1599_126123011



Chapter 2

PST on NEPS

We mentioned in Chapter 1 that PST occurs in Cartesian powers of P, and
Ps (see [14, 15]). It is worth mentioning that a cubelike graph can be realised
as a NEPS of P,. We see several characterizations of PST on cubelike graphs
in [9, 13], which generalize the results in [14, 15] for P,. So we have a natural
question whether there is any NEPS of P; admitting PST. This problem was
asked by Stevanovié¢ in [48]. In this chapter, we find that some restrictions
on the basis () yields PST on NEPS, (Ps,)). This generalizes the results
in [14, 15] for P;. Moreover, we find some other graphs admitting PST. The
results of this chapter are published in [40].

2.1 Preliminaries

We start with an example that a path on three vertices exhibits PST. Consider
the graph P;, a path of length two with three vertices 1, 2 and 3, where both
vertices 1 and 3 arc adjacent to the vertex 2. With this settings, the adjacency

matrix of P; becomes

010
A=11 01
010

19
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© © ®

Figure 2.1: The path P; with vertices 1, 2 and 3.

The eigenvalues of A are —v/2, 0, v/2 with the corresponding normalised

eigenvectors
1 1 1
X = % _\/5 , X9 = % 0 , Xz = % \/§
1 —1 1

The spectral decomposition of A is therefore A = —/2- E, +0- Fy+ /2 F,
where the idempotents are

1 =2 1 1 0 -1 1 V2 1
Ey=3| =2 2 V2 |, Ba=3 00 0|, Bs=5| V2 2 V2
1 =2 1 -1 0 1 1 V2 1

Now the transition matrix of P; can be calculated as
_H@):%mp(—K—vgﬁ)E1+l%+wmp(—hﬁh)E&

At t = % we find that

0 0 —1
70
H|=)=—E +E~B, = 0 -1 0
<\/§> - . ’
-1 0 0

This shows that P; exhibits PST between the vertices 1 and 3 at time ¢ = 7

S

and it is periodic at the vertex 2 at the same time.
The set of all automorphisms of a graph G is denoted by Aut (G). If
G admits PST between the vertices v and v at time 7 then H(7)e, = ve,,

where v is a complex number of unit modulus. Let f € Aut (G) and @) be the
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2.2. Definitions and Basic Resulls 21

permutation matrix corresponding to f. Then () commutes with the adjacency
matrix A of G and hence ) commutes with H(7), as H(7) is a polynomial in
A. Therefore we have H(7)Qe, = QH(7)e, = 7Qe,. Note that Qe, = ey,

and Qe, = ej(,). Thus we have the following result.

Lemma 2.1.1. Let f be an automorphism of a graph G and assume that wu,
v are two vertices of G. If perfect state transfer occurs between u and v then

perfect state transfer occurs between f(u) and f(v).

Let G and H be two graphs and suppose f : G — H is an isomorphism.
Using Lemma 2.1.1, we find that, if there is PST between two vertices v and
v in G then there is PST between the vertices f(u) and f(v) in H as well.

For information, the principal idea of Lemma 2.1.1 also appears in [27].

2.2 Definitions and Basic Results

In this section, we provide some definitions and results that will be used to

find PST on NEPS of P;.

Definition 2.2.1. The center of a square matrix A of odd order n, where
A= (am) with 1 <4, j < n, is defined by €(A) := Ant np .

Definition 2.2.2. Let A = (ai,j) be a squarc matrix of odd order n > 3. We
define .#3(A) to be the 3 x 3 principal sub-matrix of A that lies in the rows
indexed by {"T_l, ”TH, ”TJF?‘ .

It is easy to see that both ¥ and .5 are linear functions on the set of all
matrices of odd order n. where n > 3, i.e., if A and B are two matrices of odd

order n (n > 3) and « is a scalar then we have
1. €(aA+ B) =a%(A) + € (B); and

In the following result we find the center € and the principal sub-matrix .5

of tensor product of some matrices with appropriate orders.
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Proposition 2.2.3. Let By, ..., B,, be square matrices such that order of each
matrixz is an odd number greater than or equal to 3. If A= B, ®---® B,, then

1. €(A) = [[6(B) and
=1
n—1

2. My(A) = (gl %’(Bﬁ) My (B,) .

Proof. For n = 2, the result follows directly from the definition of tensor
product. Suppose that A"’ = B; ® --- ® B,, and consider C = B, ® --- ® B}, 4
so that A" = C'® B,. Assume that the result holds for tensor product of k£ — 1

matrices. Then we have

Also we have
«///3(AI) =€ (C) M5 (By) = (H% ) M3 (By) -

Hence the result follows by induction. O

Let Wi, W, be two unitary matrices of odd order n with n > 3. If both
Ms(W) and A5(W,) are also unitary then we sce that

* 0 * * 0 *
wiW, = | o W) o 0 My(W,) 0
* 0 * * 0 *

* 0 *

= | o (W) .t(0,) 0

* 0 *
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Notice that 5(W,).25(W,) is also a unitary matrix. Therefore we have the

following result.

Proposition 2.2.4. Let W,, ..., W, be unitary matrices of odd order n with
n > 3. If, for each 1 < j < k, the principal sub-matriz #5(W;) is also unitary
then

M (H W]) =[[-#w)).

Proof. We prove the result by induction on the number of matrices in the
product. Tt is clear that the result holds for £ = 2. Assume that the result
holds for k£ = [ — 1 matrices. Now, consider [ unitary matrices Wy, ..., W, of
odd order n with n > 3. Also assume that, for each 1 < j < k, the principal

sub-matrix .#3(;) is unitary. Now we have

M (Hm) = My (HW) Ms(W)

- (H %(W») A

= H///3(W7)

This proves the result. O

2.3 PST on NEPS of Path on Three Vertices

We begin with the discussion that the transition matrix of a NEPS can be
written as a product of transition matrices of some of its spanning subgraphs.

Consider the following result.

Proposition 2.3.1. Let Gy,...,G, be n graphs and consider Q2 C 75 \ {0}.
For 3 € Q, let Hg(t) be the transition matriz of NEPS (Gy,...,G,;{B}).
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Then NEPS (G4,...,G,;8) has the transition matriz

Ho(t) = [ [ Hs(®).

BeQ

Proof. Suppose G, ...,G, have adjacency matrices A, ..., A, respectively.
For = (B, ...,B,) € £, let us consider

Ag=AD Q... @ Abr.

Here Ay can be considered as adjacency matrix of NEPS (Gy,...,G,;{8})
[see Equation (1.2)]. The adjacency matrix of NEPS (G, ...,G,; Q) is

Note that if 5,0 € , then Afj and Aj.j are either A; or I and so A’]B.j, Ajj
commute. Hence, due to properties of tensor product of matrices, we find that
Ag commutes with As. Thus the transition matrix of NEPS (Gy,...,G,;)

can be obtained as

HQ(f) = €exXp (-th A/@) = H exp (—ltAB), as AﬁA(g = A(SA,B

BeQ BEQ
=[] Hst).
BeQ
Hence the result follows. O

Thus it is evident that if we can find the transition matrices Hg(t) of
cach of the spanning subgraphs NEPS (G4,...,G,;{8}), then we can find
the transition matrix of NEPS (G, ..., G,; ) quite easily.

From now onwards, we consider NEPS having factor graph P; only. The
hamming weight wt(f) of an n-tuple 3 in Zj5 is the number of non-zero entries

of 3. Let us denote 7, := (\/g)n, n € N so that \/§Tn+1 =1, for every n € N.
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Counsider the matrix

001
P=f010
1 00

Recall that the transition matrix of Py at 7y = 75 is —P. For § € Zsy \ {0},
let Hy(t) be the transition matrix of NEPS, (Ps,{8}). At a time ¢ depending
on 3, we now evaluate the principal submatrix ./, (H 5(7&)).

Lemma 2.3.2. Let 8 = (8,,...08,) € Z3 \ {0} and also let the transition
matriz of NEPS, (Ps,{8}) be Hy(t). If wt(B) = k then M5 (Hg(7y,)) is —I
or —P according as (3, is 0 or 1 with Hg(—7;) = Hg(7y).

Proof. We prove this by induction on n, the length of 5. For n = 1 we have
wt(B) =1 as B # 0. In this case the NEPS is the graph P; itself. Therefore
My (Hg(1y)) = My (—P) = —P and also Hy(—7,) = Hy(ry) as P~ = P. So
the result holds for n = 1.

Assume that the result is true for any S of length n = [. Consider
8= (B1y---, 0, 041) and let 5° = (By,...5,). If wt(8") = k* then by our
assumption . (Hﬁ* (Tk*)) is —I or — P according as (3; is equal to 0 or 1 with
Hpg«(—7)+) = Hg+(73). Now we consider two cases according as (1 is 1 or 0.
Case I: Let us assume 3, ; = 1 and therefore wt(3) = k™ + 1. In that case
NEPS, ., (P3,{B}) is actually the Kronecker product NEPS, (P, {5*}) x P;.
Recall that spectral decomposition of the adjacency matrix of P; is given by
A=—2-E, +0-FEy++/2- FEy, where E,, B, and F, are the idempotents.

Using Proposition 1.4.3, we have

Hg(miry) = Hg( \/éTk*Jrl) ® By + Hg (0) ® Ey + HB*(\/éTk*Jrl) ® Fj

= Hp(—7) QB+ 1R By + Hyge (130) @ B3, as \/§Tk*+1 = Ty~
= Hg (1) ® (By + B3) + [ ® E,
= H/H*(Tk*)®(E2+P)+Z®E27 aSEl—E2+E3:P

= (Hy(mpr)+1) @ By + Hp(130) @ P. (2.1)
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Since ¢ (Hy+ (7)) = —1, we have .#s (Hg(1y,,)) = —P. Also it is evident
that Hg(—7+,,) = Hs(7y+,) as the negative sign can be absorbed in (2.1).
Case II: Let 5,, = 0so that wt(8) = k*. Suppose Age is the adjacency matrix

of NEPS,(Ps,{8"}). Adjacency matrix of NEPS; | (P5,{/}) is therefore
Ag = Ag+ ® I. This implies that

Hp(my) = exp (—imy- (Ag ® 1)) = Hye (130) ® 1.

Therefore s (Hg(7)) = € (Hy(1,0)) I = =1 with Hg(—7p) = Hp(rpr).

Hence we have the desired result. O

In the following thcorem we provide a sufficient condition for a NEPS of
Py to exhibit PST. Later on, we will generalize this theorem and at the end of
this section we will provide a sufficient condition for a NEPS to admit PST.
For 1 < j < n,let U; and V; be the vertices of NEPS,, (Ps, ), where the j-th

entry of U; and V; are 1 and 3, respectively, and the remaining entries are 2.

Theorem 2.3.3. Let k be an integer. Assume Q C 75\ {0} such that for each
8= (P1,Ba -, 0n) € Q, the hamming weight wt(5) = k. Then the following
holds for NEPS, (P5,8) at time .

1.If > B8; # 0 (mod 2) for some j then the graph exhibits perfect state

50
transfer between the pair of vertices U; and V.

2. If >~ B; = 0 (mod 2) for some j then the graph is periodic at U; and V;.
BeQ

3. The graph is periodic at (2,...,2).
Proof. Consider Q; = {5(,3) = (ﬁl, 8.1 ,ﬁj) NS Q}, i.e, each (f) in
€1; is defined by interchanging the j-th entry and n-th entry of 8 € ). Let
us denote G := NEPS, (P;,Q) and G; := NEPS, (Pg, Qj). Note that both

graphs G and G; have the common vertex set V(P3) x ... x V(P). It is easy
to check that the map f:V (G) =V (Gj) defined by

flog, v, 000,0,) = (V1,0 Uy, 1)
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is an isomorphism. Thus PST occurs between U; and V; in G if and only if PST
occurs between U, and V,, in ;. Similarly, the graph G is periodic at U; and
V; if and only if G, is periodic at U, and V,,. Note that if ) 3; # 0 (mod 2)

j
BeN

in G then ) 4(3), # 0 (mod 2) in G;. Similarly, if ) 8, = 0 (mod 2)
5(8)e; BeQ

in G then % §(8), = 0 (mod 2) in G; as well. Therefore it is enough to
prove the r(se(fl)jf Jfor j=n.

Let r be the number of 8 in € for which 5, = 1. By Lemma 2.3.2,
M (Hg(Tk)) is equal to —I or —P according as 3, is 0 or 1. So .#; (H@(Tk))
is unitary for all 8 € Q. Let Hg(t) be transition matrix of NEPS, (P;, Q).
By Proposition 2.2.4 and Proposition 2.3.1, we have

% (HQ Tk <H HB Tk ) = H%fi (Hﬁ(Tk))

BEQ BeQ
= (=1)™P", where m =1Q]|. (2.2)

Note that the first row of .Z; (Hq(7)), 7 € R, corresponds to the %—th row
of Hq(7). Also there are 3"~ vertices preceding to the vertex (2,1,...,1) in
dictionary ordering. Thus position of the row in HQ(T) corresponding to the
vertex (2,...,2,1)is 3" Y43" 4 4+3'+1 = 2=L Similarly, position of the
column in Hq(7) corresponding to the vertex (2, RO 2 —142= - 358 as
(2,...,2,1),(2,...,2,2) and (2, ..., 2, 3) are consecutive vertlces in dlctlonary
ordering. So (1, 3)-th entry of .#3 (Hq(7)) is actually U, V,-th entry of Hq (7).

(1) If 32 B, # 0 (mod 2) then r is odd. As P* = I, using (2.2), we see
BeQ
that (1,3)-th entry of .#5 (Hq(7,)) is (—1)". Hence PST occurs between the

vertices U,, and V,, at time 7.

(2) If > 5, =0 (mnod 2) then r is even. In that case, again using (2.2), we
ey

have 45 (Hq (1)) = (—1)™1. Now (1,1) and (3, 3)-th entries of .#; (Hq (7))
correspond to U, U, and V,,V,-th entries of Hq(7;,), respectively. Therefore the
graph is periodic at U, and V,, at time 7.

(3) In both cases (1) and (2), the (2, 2)-th entry of .4 (Hq(1:,)) is (—1)™.
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Hence the graph is periodic at (2,...,2) at time 7. |

Suppose .J is the matrix in which all entries are equal to 1. The following
example shows that the NEPS of n copies of P; with basis €2 containing all
the rows of J — I exhibits PST when n is even. We will find later that this

graph is indeed connected.

Example 2.3.4. Let us consider the NEPS of n copies of P; with basis ()
containing all the rows of J — I. In this case wt(5) = n — 1 for all 5 € Q.

Considering the sum over Zj, we have > = (1,...,1)or (0,...,0) according

BeQ
as n is even or odd. By Theorem 2.3.3, we observe that when n is even, the
graph admits PST at 7,,_; = # between U; and V; for each 1 < 7 < n.

U;, V; for each 1 < j < n. In either case the graph is periodic at (2,...,2).

Again if n is odd then the graph is periodic at 7,,_; = at the vertices

The following result which is indeed proved in [14, 15], can also be obtained

as a corollary to Theorem 2.3.3.

Corollary 2.3.5. Cartesian power of n copies of P exhibits perfect state

transfer at time % between the pair vertices U; and V; for 1 < j < n.

Proof. Cartesian power of n copies of P; is actually the NEPS with basis (2

containing all the rows of the identity matrix 7. See [20] for details. It is easy

to verify that for 8 € €, the number wi(3) =1 and > 5= (1,...,1) in Zj.
BEQ

By Theorem 2.3.3, the graph admits PST at time 7, > % between the vertices
U; and V; for cach 1 < 5 <n. O

We now extend Theorem 2.3.3 to construct more general NEPS of P ex-
hibiting PST. In the next result we show that, for a certain type of NEPS of
P;, the transition matrix for a spanning subgraph is same as that of the whole
graph at a fixed time 7 (say). Now if the spanning subgraph admits PST at
time 7 then so does the whole graph between the same pair of vertices. That
is, in some sense, adding extra edges (following certain rules) does not disturb
the property of PST in some NEPS of P;.
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Theorem 2.3.6. Let Q C Zy \ {0} be such that for all 3 in Q, the hamming

weight wt(f) is of the same parity. Also suppose that k = rgnlgzl wt(B) and let
Be

O = {8 e€Q:wt(B) =k} If the transition matrices of NEPS, (Ps, Q) and

NEPS, (Ps;,Q") are Ho(t) and Hy(t), respectively, then Hqo(m;,) = Hqx (13,).

Proof. Assume that 8 € Q\ Q" and wt(8) = k’. By our assumption k' —k(# 0)

is even and this implies that

K —k '
™ ™ kE -k
T = = (\/5) . =2 2 T =2mpyTy,

(v2)"

where m,/ is a positive integer. By Lemma 2.3.2 we have Hg(—7,) = Hz(7)/),
i.e., Hg(21,) = 1. Thus for each g € Q\ QF, we find

HB(Tk) = H6<2'mk/7—k/) = [HB(2Tk,):|mk’ — [
Thercfore, by Proposition 2.3.1, we obtain

HQ(Tk):HHB(Tk) = HHB(Tk) H Hp(7:)

BEQ Beq” Be\Q*
= [ &)
BeN”
= Hgy (Tk)
Hence the theorem follows. O

Note that if >> 4 # 0 in Z3 then by Theorem 2.3.3, PST occurs in
Be”
NEPS, (Ps,QY"). Further, Theorem 2.3.6 implics that NEPS, (Ps, Q) also

exhibits PST between the same pair of vertices as in NEPS,, (P3,Q").

Corollary 2.3.7. Let Q) satisfy all the conditions of Theorem 2.3.6, and also

let > 8+#0. Then both NEPS, (P5,Q") and NEPS, (Ps,)) admits perfect
peq”
state transfer. Moreover, PST occurs in NEPS,, (Ps, () between the same pair

of vertices as in NEPS,, (Py, Q") at time 7.
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We illustrate Theorem 2.3.6 by the following example.

Example 2.3.8. Counsider the graph NEPS; (Ps, ), where € is given by
Q=1{(1,0,0),(0,1,0),(0,0,1),(1,1,1)}.

Note that number of non-zero entries in each tuple contained in €2 is odd and
minimum of those numbers is 1. For Q" = {(1,0,0),(0,1,0),(0,0,1)}, the
graph NEPS; (Py, Q") is actually a Cartesian power of P;. By Corollary 2.3.5,
the graph NEPSy (Py, 2") exhibits PST at % Finally, Theorem 2.3.6 implies
that NEPS; (Ps,) admits PST at 2= between the same pair of vertices as

V2
n NEPS3 (P37 Q*)

We generalize the observation given in Example 2.3.8 as a corollary which

is a dircct conscquence of Theorem 2.3.6.

Corollary 2.3.9. Let Q) be the set containing all the rows of the identity matrix
of order n. Suppose Q' = {8 € Z5 \ {0} : wt(B) is odd and wt(B) # 1} . Then
for any S C ', the graph NEPS, (Ps,SUQ) ezhibits perfect state transfer
between the same pair of vertices as in NEPS, (P, ).

Note that if a graph is disconnected then its vertices can be arranged in
such a way that the adjacency matrix becomes a block diagonal matrix. Con-
scquently, all powers of the adjacency matrix arc also block diagonal. Hence
the transition matrix is also block diagonal with each block having the same
size as that of the adjacency matrix. We thus conclude that PST cannot occur
between vertices belonging to distinct connected components. Therefore we
focus in finding PST on connected graphs. The NEPS in Theorem 2.3.3 and
Theorem 2.3.6 may not always be connected. The following result determines
when a NEPS of P; is connected.

Consider a NEPS with basis 2. Let M (Q2) be the matrix formed by writing
the elements in €2 as its rows. We denote the rank of M () over Z, by ().

Theorem 2.3.10. [49] Let By,..., B, be connected bipartite graphs. Then
NEPS(By,...,B,;Q) is connected if and only if the rank r(Q2) = n.
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The graph Ps is connected and also it is a bipartite graph. So if we im-
pose the extra condition 7(£2) = n in Theorem 2.3.3 and Theorem 2.3.6 then
NEPS, (Pys,Q) is connected and exhibits PST. In the following theorem, we
use induction on the number of factor graphs to establish the existence of a
basis Q C Z3 \ {0} with r(£2) = n that satisfies the conditions of Theorem
2.3.3 and Thcorem 2.3.6. This, in turn, gives a rccursive construction of a
basis Q such that NEPS, (P, 2) exhibits PST.

Theorem 2.3.11. For every n € N\ {1} and an odd positive integer k < n,
there is a basis Q C Z3\{0} such that NEPS,, (P, ) is connected and exhibits

perfect state transfer at time 7, = ﬁ

Proof. Let n € N\ {1} and £ < n be an odd positive integer. It is enough
to show that there is a matrix M (L) of size n over Z, such that each of its

rows have exactly & non-zero entries with (2) = n. Note that r(2) = n will

imply >  # 0 in Z3. Then Theorem 2.3.3 will imply that NEPS,, (P;, ()
80
has PST at time 7, = o

We prove this by induction on n. For the initial case n = 2, the only

possibility for £ is 1. In this case

serves our purpose. Assume that for n = [ and any odd positive integer k < [,
there exists such a matrix M(€2). Now suppose that n = [+ 1. We consider
the following two cases.
Case I.(/ is even): Let k be an odd positive integer and k < [+ 1 so that
k <l as well. So, by induction hypothesis, there is a matrix M (2) of size [ over
Z, such that each of its rows have exactly k non-zero entries with r(Q2) = [.
Suppose that ¢ is an [-tuple with & — 1 non-zero entries. Now consider the
block matrix
M) 0

) 1

M(SY) =
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Clearly each row of M (') contains exactly k nonzero entries with r(Q') = [+1.
Case II.(I is odd): Let k be an odd positive integer and k < [+ 1 so that
either k < lor k =1. If £ <[ we use the method described in the previous
case to find such an M(Q). For k = [, consider the matrix M(Q') = J — I of

order [ + 1. As [+ 1 is even, we have
MY M@Q)=-D"J-1)=(J -1 =(1+1)J—2]+1 =1, over Z,.

This further implies that () = + 1 over Z,. This completes the proof of
the theorem. O

In this section we have developed a sufficient condition for a NEPS of P,

to exhibit PST. We now provide that condition as a theorem.

Theorem 2.3.12 (Sufficient Condition). Let Q C Zj \ {0} be such that
wt(P) is of the same parity, for each 5 € Q). Suppose that k = %11&1} wt(B) and
e

' ={seQ:wt(B)=~k}. If D B #0 inZ; then NEPS, (P5,Q) admits
BeQ”

perfect state transfer at time o

Applying Theorem 2.3.12 we can construct several, in fact infinitely many,
NEPS of P; admitting PST. Notice that, for 2 C Z5 \ {0}, if each row of
M (92) contains even number of 1’s, then sum of the columns of M (€2) is 0 over
Z,. Accordingly, columns of M (€2) are linearly dependent, and so () < n.
Therefore, even if NEPS,, (P, (2) satisfies all the conditions of Theorem 2.3.12,
where hamming weight of each tuple in 2 is even, then r(£2) # n. Hence,
even though PST occurs in NEPS, (P5, Q) in this case, the graph becomes
disconnected. Despite this fact, we will see in Chapter 3 that these graphs are
useful to obtain connected NEPS of P; exhibiting PGST.

In [9, 13], we find some cubelike graphs X (C) having PST at 5 or 7.
Using those graphs we can produce some more graphs, apart from NEPS of P,

admitting PST. We use some techniques given in [14] and present a corollary
of Theorem 2.3.12.
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Corollary 2.3.13. If NEPS, (P;,Q) satisfies all the conditions of Theorem
2.5.12 with k even and the cubelike graph X(C) admits PST at § or % then
the Cartesian product NEPS, (P, Q)OX(C) exhibits PST.

Proof. Note that if & = 2 then by Theorem 2.3.12, the graph NEPS,, (Ps,€)
exhibits PST at 5. If X(C) admits PST at § then by Lemma 1.4.1, we find
that NEPS, (P, Q)X (C) exhibits PST at 7. On the other hand, if X (C)
admits PST at 7 then using Lemma 1.2.2, we find that X(C) has a vertex
at which it is periodic at 5. In that case, again applying Lemma 1.4.1, we
observe that NEPS, (P3,2) 0X(C) exhibits PST at 7.

Similarly, we prove the result for k > 4. Consider the following two cases.
Case I: Let X(C) admits PST at 7. By Lemma 1.2.2 and Theorem 2.3.12,
we find that NEPS, (P3,2) has a vertex at which it is periodic at §. Then
using Lemma 1.4.1, we find that NEPS,, (P;, ) X (C) exhibits PST at 7.
Case II: Let X(C) admits PST at 7. By Theorem 2.3.12, we find that
NEPS, (Ps, ) has PST at 7,
1.2.2, there is a vertex at which NEPS,, (P;, ) is periodic at 7, when k > 4. In
either case, using Lemma 1.4.1, we find that NEPS,, (P, Q?) OX(C) exhibits
PST at 7. O

when k£ = 4. Otherwise, again using Lemma

The next result gives some more graphs admitting PST.

Corollary 2.3.14. Let G be a graph and suppose that there is an r € R
such that for every eigenvalue N\ of G, the number % s an odd integer. If
NEPS, (Ps,Q) satisfies the conditions of Theorem 2.3.12 then perfect state
transfer occurs in NEPS, (P5,Q) x G at time 7+,

Proof. Let NEPS, (Py,Q) satisfy all the conditions of Theorem 2.3.12. By
Theorem 2.3.6 we have Hq(7;,) = Hqo+(73,), where Hq(t) and Hg+(t) are transi-
tion matrices of NEPS, (Ps,Q) and NEPS, (Ps,Q"), respectively. By Lemma
2.3.2, we have Hy(—7;) = Hy(7;,) for each 5 € QF. Therefore Proposition 2.3.1
implies that Hy-(—7,) = Ho (73,), i.e., (Hg*(75))” = I. For every integer m,

we have

Ho((2m+ 1)7) = (HQ(Tk))zmH = (HQ*(Tk))zmH = Ho-(1,) = Hq(73).
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!

Let > A,F, be the spectral decomposition of the adjacency matrix of G. By
s=1

Proposition 1.4.3, the transition matrix of NEPS,, (P, Q) X G at time “* can

be obtained as

l l
T Ag
OB WACIEEES A
s=1 s=1
l

— Ho(n)®) F.

s=1

= HQ(T]{:) X I.

By Theorem 2.3.12, the graph NEPS,, (Ps,€)) admits PST at 7,. Hence PST
occurs on NEPS, (P, Q) x G at %, O

Corollary 2.3.14 is in fact an extension of the following proposition in [24].

Let Spec(G) denote the set of eigenvalues of G.

Proposition 2.3.15. [2/] Let G be a graph that admits perfect state transfer
at time 7. If TSpec(G) C wZ and H is a circulant graph with odd eigenvalues
then the graph G X H has perfect state transfer.

We illustrate Corollary 2.3.14 by the following example.

Example 2.3.16. The complete graph K, has eigenvalues —1,...,—1,m—1.
If m is even then all eigenvalues of i, are odd. Let €2 be the set containing
all the rows of J — I, where both I and J has order n. If n is even then
NEPS, (P3,€) is connected and admits PST at (ﬁ# (by Theorem 2.3.12).
Consequently, by Corollary 2.3.14, the graph NEPS,, (Ps, J — I) x K,,, admits

2.4 Conclusion

In this chapter we have developed a method to find some NEPS of P; admitting
PST. We have found that NEPS of P; with basis {2 exhibits PST whenever

the following holds:
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e For each tuple in 2, the hamming weight is even (or odd);

. Bg* B # 0 over Zy, where Q" = {f € Q: wt(f) =k} and k = Ig1€15121 wt(B).
In particular, we have scen that the Cartesian power of P; exhibits PST, which
was also shown by Christandl et al. in [14, 15]. But not only the Cartesian
powers, there are several other, in fact infinitely many, NEPS of P; admitting
PST. It is always preferable to find graphs where PST occurs at arbitrarily less
time. Given any time 7, we have established that we can actually find infinite
number of graphs admitting PST at time less than 7. Also we have found that
for every n € N\ {1} and an odd positive integer k < n, there is a basis €2 such
that NEPS,, (P, () is connected and exhibits PST at time 7, = ﬁ Besides
NEPS of P;, using Cartesian product and Kronecker product of graphs, we

have constructed some other graphs exhibiting PST.
Y3
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Chapter 3

PGST on NEPS

In the previous chapter, we considered NEPS of P, with basis {2, where
the hamming weight of each element in 2 have the same parity. We found
that an additional condition on the basis () guarantees PST in those NEPS.
Now we show that if we allow the basis set to contain elements with hamming
weights of both parities then there is no PST in those NEPS. However, we find
that PGST occurs on a subclass of those NEPS. Further, we study Cartesian
product of graphs and find some more graphs admitting PGST. As a special
case we obtain a class of NEPS with factor graphs P, and P; admitting PGST.
The results of this chapter are published in [42].

3.1 Preliminaries

Let A be the adjacency matrix of a graph G. Recall that if A{,....\,, are the
distinct eigenvalues of A and if the projections to the respective eigenspaces

arc Iy, ..., FE,, then the transition matrix of G is given by
H(t) =) exp(—it),)E,.
r=1
37
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Suppose the graph G has n vertices. The eigenvalue support of a vector x € R"
is a set containing those eigenvalues A, of A for which F,x # 0. Here we include
a simple observation. Suppose E, = F} + --- + F, where F;F; = ¢,;F; and
El' =F, for 1 <1i,j < k. Here 0;; is the usual Kronecker delta function. Now

for any vector x, we obtain
(Fx)" Ex = (Fx)" (x4 -+ Fx) = [[Fx]]*, for 1 <i < k.

Therefore if F;x # 0 for some 7 then the eigenvalue A, belongs to the eigenvalue
support of the vector x. For instance, if {wy,..., W} is an orthogonal basis

of the eigenspace corresponding to A, then

T T
WiWy Wi Wy

E,=— e X

Wi W, Wi Wy

Therefore, if (WiwiT ) x # 0 for some i (1 < ¢ < k) then the eigenvalue A,

belongs to the eigenvalue support of the vector x. The following theorem

concerning the eigenvalues of a periodic graph will be used in the next section.

Theorem 3.1.1. [25] Let a graph G be periodic at a vertex u. If Ay, A\j, Ay A,

are eigenvalues in the eigenvalue support of e, and N\, # Ag then

A — N\
N — O\,

c Q. (3.1)

3.2 NEPS of Path on Three Vertices having
no PST

Assume that Q C Z5\{0} and 2 contains tuples with hamming weights of both
parities. We denote (2, and €2, to be the subsets of {2 such that the hamming
weight of each tuple in €2, and €, are even and odd, respectively. Consequently,
we have ) = Q, UQ,. Now we find that the graph NEPS, (P;,2) does not
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3.2. NEPS of Path on Three Vertices having no PST 39

exhibit perfect state transfer. Recall that wt(/3) denotes the hamming weight
of a tuple f.

Theorem 3.2.1. Let Q be a non-empty subset of Zy \ {0} such that both
and 2, are also non-empty. Then the graph NEPS, (P5,Q) does not exhibit

perfect state transfer.

Proof. Recall that the eigenvalues of the path P; are —/2, 0, /2 with corre-

sponding normalised eigenvectors

Xlz

el

| —

1] m- o]

By Theorem 1.1.4, the eigenvectors of NEPS,, (P5,(2) are x; ®---®x; , where

Jis---Jdn € {1, 2, 3}. Since all entries of x; and x5 are non-zero, all entries of

1
g

(le ®- - ® Xjn) are also non-zero for j;....,j, € {1, 3}. This further implies
that all columns of (le ® - ® Xjn) (xj] ® - ® xjn)T are non-zero whenever,

Jis-+5Jn € {1, 3}. Therefore, for any standard unit vector e, in ]Rgn, we have
T
[(le @ ®%; ) (x, 8 8%,) }eu 7# 0.

Now, using the observation preceding Theorem 3.1.1, we find that the eigen-
value support of e, contains the eigenvalue corresponding to x; ®--- ®x; .
Hence, the eigenvalue support of all standard unit vectors in R*" contains all
the eigenvalues corresponding to x; ® --- ®x; for jy,...,j, € {1, 3}.
Observe that the hamming weight wt(53) is either even or odd according

as f € Q. or 6 € €,. Using Equation (1.3), the eigenvalue corresponding to

X; ®x; ® -+ ®x; can be calculated as

Z(_\/é)wt(ﬁ) _ Z (_\/§>wt(5)+/§ (_\/é>wt(ﬁ)

BEN BEQ,
wt(8) wt(B)
()
Be), BeQ,

= a-— b\/ﬁ, where a and b are positive integers.
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Similarly the eigenvalue corresponding to the vector x3 @ x3 @ - - - @ x5 can be

obtained in terms of ¢ and b as

S (V)" = () ey (ve)

BeQ Beq, BeQ,

= a+bV2.

wi(fB

For 1 < j < n, consider Q) = {(61,...,,8”) €N : ;= 1}. Since €2, is a
non-empty subset of Z4 \ {0} there is at least one j for which Q7 is also non-
empty. Without loss of generality, let 7 = 1 and hence the integral part of the

eigenvalue corresponding to x; @ X3 ® « -+ ® X5 is

CE I

Beql BeN\QL

which is clearly not equal to the integer a. Let the eigenvalue corresponding
to X; ® X3 ® - -+ ® X3 be ¢ + dy/2, for some integers c(# a) and d.

Now if NEPS, (Ps,Q) exhibits PST then by Lemma 1.2.2 the graph is
periodic at some vertex, say u. Hence by Theorem 3.1.1, the eigenvalues
in the eigenvalue support of e, must satisfy the ratio condition (3.1). The
eigenvalues a + bv/2, a — by/2 and ¢+ dv/2 lie in the eigenvalue support of e,,.
Note that

(a+0v2) = (a —bV2) 20/2
(a—i—b\/ﬁ)—(c—kd\/ﬁ) (a—c)+(b—d)V2
3 [(a— o)~ (0—d) V2

B (a—c)* =2(b—d)? #Q

Therefore NEPS,, (P, () is not periodic at any vertex and hence the graph
does not exhibit PST. O

Theorem 3.2.1 gives a partial characterization of PST in the class of all
NEPS of P;. In the next section, we investigate PGST on NEPS of P; with

basis ) containing tuples with hamming weights of both parities.
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3.3 PGST on NEPS of Path on Three Vertices

Recall that 7, = W for £ € N. In the following result, we find that a
NEPS with basis €2 containing tuples of hamming weights of same parity is
essentially periodic. Suppose k = r[?el&rll wt(B) and Q° = {B € Q: wt(B) = k}.
Let the transition matrices of NEPS, (Ps,Q) and NEPS, (P3,Q") be Hq(t)

and Hg+(t), respectively.

Theorem 3.3.1. Let Q) C Z5\{0} and k = I/?j(llg)l wt(B). If the hamming weight
S

of each tuple in ) have the same parity then N EPS,, (Ps,Q) is periodic at 27;,.

Proof. Using Lemma 2.3.2, we find that Hgz(—7,) = Hp(7y), for 3 € Q"
Further, Proposition 2.3.1 implies that

Ho(—73) = H Hp(—7,) = H Hg () = Ho (Th)-

Beq” BeEQ”

Therefore we obtain Hg«(27;,) = I. Now Theorem 2.3.6 gives
Ho(2m) = (Ho(7,)* = (Hor ()" = Hor (21) = L.

Hence NEPS,, (P5,) is periodic at 27;. O

Note that if & is even then 7, = = —. Also observe that if a graph

_ il

(v2)" 2
is periodic at 7 then it is periodic at 2"7 for all non-negative integer r. As an
implication, we have the following obvious corollary which will be used to find

PGST in some NEPS of Ps;.

Corollary 3.3.2. Let Q C Zy \ {0} be such that the hamming weight of 5 for
each 8 € Q is even. Then NEPS, (Py,<) is periodic at 7.

Suppose © C Zs \ {0}. Recall that () is the binary rank of the matrix
whose rows are the elements of 2. Also, we have discussed earlier that if
r(Q2) = n then NEPS, (Ps,() is connected. In the following theorem, we find
some NEPS of P; which are connected and exhibit PGST.
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Theorem 3.3.3. Let Q = Q,UQ, C Z5 \ {0} be such that both Q,., Q, are
non-empty and r(Q2) = n. Assume that k = 221911 wt(P) and | = /?égi wt(p)
with Q, = {8 € Q. :wt(B) =k} and Q, = { € Q, : wt(B) =1}. Then pretty
good state transfer occurs in the graph NEPS, (P5,Q) if one of the following
conditions holds:

1. > 8#0inZy; or

peQ;,

2. Y B40inZ.
BeQ;
Proof. Suppose the transition matrices of NEPS, (P;,Q), NEPS, (Py,€,)
and NEPS, (P3,€,) are Hq(t), Ho (t) and Hg (t), respectively. Proposition
2.3.1 implies that Ho(t) = Hq (t)Hq (t). As k is even, by Corollary 3.3.2, we
find that NEPS,, (Ps,€,) is periodic at 7 and hence for all integer ¢ we have

Hgq (qm) = I. Let us denote 7 = ﬁ and n = ﬁ
Case I: Assume that Y [ # 0 in Z;. Notice that NEPS,, (Ps,€),) satisfies
BEQ
all the conditions of Theorem 2.3.12. Hence NEPS, (P, (2,) admits PST at
T, say, between the pair of vertices u and v, i.e, we have |eZHQU (T)e,| = 1.
Let us consider the function
f(t) = eSHQO (t)e,|,

which is necessarily a continuous function. By Theorem 3.3.1, the function f(¢)
is also periodic with period 27 and therefore f(t) is uniformly continuous on R.

So for € > 0, there exists ¢ > 0 such that |t —¢'| < § implies |f(¢) — f(t')| < e.

Consider &« = — and 6 = 2a. Since [ is an odd number the chosen number

(V2)
f is indeed an irrational number. By Theorem 1.5.1, for 6 > 0 there exist

s

integers p and ¢ such that [pf —q —af < 2, e, [(2p — Da —q| < % Now

|(2p — 1)7 — gqm| < ¢ implies that

£ ((2p— 1)7) — flgm)| < e.

Notice that f((2p —1)7) = f(7) = 1 and hence |f(¢gm) — 1| < e. There-
fore we obtain Hq(qm) = Hgq (qm)Hg (qm) = Hgq (qm), which implies that
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f(gr) = |el Ho(gm)e,|. Hence for every € > 0 there exists g € R such that
‘|eZHQ(q7r)ev| —1| <e. So NEPS,, (P3,) admits PGST between u and v.

Case I1: Suppose that > 3 # 01in Z;. Notice that NEPS,, (Py,€),) satisfies
BeQ;
all the conditions of Theorem 2.3.12. Therefore NEPS,, (Ps, .) exhibits PST

at time 7, say, between the pair of vertices u and v. Now consider

eZHQe (t) €y

g(t) =

By the same argument as in Case I, the function g(¢) is uniformly continuous.
Hence for € > 0, there exists § > 0 so that |t —¢'| < § implies |g(t) — g(t')| < e.
Notice that for every integer ¢, we have g(qrm + n) = g(n) = 1. Consider

0= ﬁ, which is an irrational number as [ is an odd natural number. Also
let a = W Then by Theorem 1.5.1, for § > 0 there exist integers p and q

such that [pf — ¢ — af < 2. Now [2pr — (g7 + n)| < 0 implies that

g (2p7) —glgm +n)| <€ ie |g(2p7) =1 <€
From the proof of Theorem 3.3.1, we get Hq (27) = I and thus H, (2p7) = 1.
Finally we have Hg(2p7) = Hg (2p7)Hg (2p7) = Hg_(2p7). So, for each € > 0
there exists 2pT € R such that ||el Ho(2p7)e,| — 1‘ < €. Hence we conclude
that PGST occurs in NEPS,, (Ps, ) between u and v. O

From Theorem 3.3.3, we find an infinite class of graphs admitting PGST.
In the following section we find some other graphs exhibiting PGST.

3.4 PGST on Cartesian Product

Now we investigate PGST on Cartesian product of two graphs. The results
appearing in this section help us to find some other graphs admitting PGST.
For instance, we find some NEPS with factor graphs P, and P; having PGST.

Theorem 3.4.1. Let G| and G5 be two graphs. Suppose G is periodic at

a vertex u at time 7 and G, exhibits perfect state transfer at time n between
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two vertices v and w. If T and n are linearly independent over the rational
numbers then the graph GG, admits pretty good state transfer between the
pair of vertices (u,v) and (u,w).

Proof. Since 7 and 7 are independent over Q, the number %7 is irrational.

By Theorem 1.5.1 (Kronecker approximation theorem), for 6 > 0, there exist

m,n € Z so that

_ 0
O Tl s -
2|n|

T 1
21 2

This in turn implies that |m7 — (2n + 1)n| < 6. Let Hg (t) and Hg,(t) be
the transition matrices of GG; and G5, respectively. Since G is periodic at
the vertex w at time 7, we have |e, Hg (m7)e,| = 1 for all integer m. Now
consider f(t) = ‘eZHGZ (t)ew‘. Since (G5 exhibits PST at time n between v and
w, we have Hg, (1) e,, = ve, for some v € C with |y| = 1. Therefore, for each

integer n, we get

F(@n+ 1)) =

el g, ((2n+ ) ey| = |el He, (2nm) o, () e,

= ey Hg, (2m)e,

Using Lemma 1.2.2, we find that (G, is periodic at the vertex v at time 2n
and therefore we obtain 1 = eYT,HG2 (2nn)e,| = f((2n + 1)n). Since f(t) is
uniformly continuous, for given any e > 0 there exist m,n € Z such that
|f (m7) — f((2n+1)n)| < ¢, i.e. |f (mT) — 1| < e. Using Lemma 1.4.1 and a

property of tensor product, we obtain

|(eu @ ) Hoyng, (m7) (eu @ew)| = |(ew @) (Ho, (m7) © Hg,(m7)) (e, & e,)]
= ‘(efHGl (mr)eu) ® (eZHG2 (mr)ew)

= f(mr).

Hence GG, admits PGST between the pair of vertices (u, v) and (u,w). O

As a corollary, using some of the NEPS of P, satisfying the conditions of
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Theorem 2.3.12, we find some other graphs exhibiting PGST.

Corollary 3.4.2. Let G be an integral graph. If NEPS, (Ps,€)) satisfies
all the conditions of Theorem 2.3.12 with k odd then the Cartesian product
GONEPS,, (P3,Q)) admits pretty good state transfer.

Proof. Since G is integral, we deduce from the spectral decomposition of the

transition matrix that G is periodic at 27. Also Theorem 2.3.12 infers that
NEPS, (P3,Q) admits PST at \/71 +. Since k is odd and v/2 is irrational, the

P
numbers 27 and \/g) + are independent over Q. By applying Theorem 3.4.1,

we obtain the desired result. [
We provide an example supporting Corollary 3.4.2.

Example 3.4.3. Since all complete graphs are integral, Cartesian product of
a complete graph and a NEPS of P;, as in Corollary 3.4.2, exhibits PGST.

Suppose u, v and w are three vertices of a graph G. It is well known that
it PST occurs in G from u to v as well as from u to w then we must have
v = w (see [26, 32]). However, it is interesting to see that a graph can have
PGST from a vertex u to two different vertices v and w. To support this fact,

consider the following example.

Example 3.4.4. The path P, with vertices, say u, v, exhibits PST between
u and v at 7. It is also well known that P, is periodic at 7. On the other
hand the path P; with vertices, say 1, 2 and 3, admits PST between the pair
of vertices 1 and 3 at % The path Fj is also periodic at % Since 7 and
% are independent over Q, by Theorem 3.4.1, the Cartesian product P,[1P;
admits PGST between (u, 1) and (u,3). Using similar argument, we find that
P;OP, admits PGST between (1,u) and (1,v). Since P;O0P, = P,00P;, we see

that P,00P; also exhibits PGST between (u, 1) and (v, 1).

Now using Theorem 3.4.1, we find that some of the NEPS with factor
graphs P, and P;, which can be realized as a Cartesian product of a NEPS of
P, and a NEPS of P, exhibit PGST. We will use the fact from [26] that for
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Q' C zy\ {0}, the graph NEPS,, (PZ, Q’) is periodic at m and if » 5 #0in
peq’

Zy then NEPS, (P,,') admits PST at Z.

Corollary 3.4.5. Let Q C Z5'\ {0} and Q' C Z3\{0}. Also, let the hamming
weight of each tuple in Q be odd, k = 1;11161 wt(B) and QY = {8 € Q: wt(p) = k}.

8e

Then the Cartesian product NEPS, (Ps;, ) ONEPS, (PQ, Q’) exhibits PGST
if either Y. B#0 inZy or Y. 3#0 in Zs.

BeQ* Beq’
Proof. Assume that > [ # 0 in Z5'. Then by Theorem 2.3.12, we find that
Beq”
NEPS, (Ps,Q) admits PST at (Vg)k' Also NEPS, (P,, ) is periodic at 7.

(v2)"
fore, applying Theorem 3.4.1, we see that NEPS,, (PQ, Q’) ONEPS, (Ps,Q)
exhibits PGST. Hence we have PGST in NEPS,, (FPs, Q) ONEPS,, (Pz, QI).

On the other hand, suppose > 3 # 0 in Z5. Then NEPS, (PQ, Q’) ad-
peq’

mits PST at 5. Also, by Theorem 3.3.1, the graph NEPS,, (P, 2) is periodic

at (\jj;)k. Finally, Theorem 3.4.1 implies that NEPS,, (P3, Q)ONEPS,, (P, <)

exhibits PGST. O

Since k is odd, the numbers 7 and are independent over Q. There-

3.5 Conclusion

In Chapter 2, we have seen that there are many NEPS of P; admitting PST.
In this chapter, we have considered the case when the basis of a NEPS of P
contains tuples with hamming weights of both parities. We have found that
in such a case there is no PST. Despite the fact, we have found that many of
them admit PGST. Finally, in Theorem 3.4.1, we have found a general result
regarding PGST on Cartesian product of graphs. Using that we have seen that
there are NEPS with factor graphs P, and P; exhibiting PGST. Following this,

we can construct many graphs admitting PGST.

Y=
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Chapter 4

PST on gcd-Graph

The ged-graphs are well known class of integral Cayley graphs, which are
defined over finite abelian groups. In this chapter, we study PST on gcd-
graphs. Some authors have already done some work in this direction. A
characterization of PST in integral circulant graphs appears in [7, 43]. Also
Bernasconi et al. [9] showed that PST occurs on certain cubelike graphs. Both
integral circulant graphs and cubelike graphs can be realised as ged-graphs. We
however consider more general ged-graphs. We obtain some characterizations
of periodicity and PST in gcd-graphs. These results generalize some of the
results appearing in [7, 9]. The results of this chapter appear in [39].

4.1 Preliminaries

We are going to introduce ged-graphs. Before that, for the sake of convenience,
let us recall the definition of a Cayley graph over a finite abelian group (T', +) .
The Cayley graph over I' with a symmetric connection set S, denoted by
Cay (T, S), has the vertex set I', where two vertices a,b € I' are adjacent if
and only if a — b € S. If the additive identity 0 € S then Cay (I',S) has
loops at each of its vertices. In that case, we use the convention that each
loop contributes one to the corresponding diagonal entry of the adjacency

matrix. However while discussing PST on gcd-graphs, we consider only simple

47
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graphs, i.e, we make sure that 0 ¢ S.

The greatest common divisor of two non-negative integers m, n is denoted
by ged(m,n). For every non-negative integer n we use the convention that
gcd(0,n) = ged(n,0) = n. Let us consider two r-tuples of non-negative in-
tegers m = (mq,...,m,) and n = (nq,...,n,). For i = 1,... r, suppose
ged(my,n;) = d; and we write d = (dy, .. .,d,). We define ged of m,n to be d
and write ged(m,n) = d.

Let Z,, be the cyclic group of order n. We know that every finite abelian

group (I', +) has a cyclic group decomposition
=2, ® - ®Z,, wherer >1and m; > 1fori=1,...,r

For cach i =1,...,r, assumec that d; is a divisor of m; with 1 <d; < m,. For
the divisor tuple d = (dy,...,d,) of m = (my,...,m,), define

Sp(d) ={x €T :ged(x,m)=d}.
Let D be a set of divisor tuples of m and define

Se(D) = | Sr(d).

deD

Note that the union is actually a disjoint union. The sets Sp(D) are called
ged-sets of I'. A Cayley graph over a finite abelian group whose connection
set is a ged-set is called a ged-graph. For example, the cycle on four vertices
is a ged-graph over Z, with D = {1}. More information regarding gcd-graphs
can be found in [34, 35].

4.2 PST on Cubelike Graph

A cubelike graph X (C) is a Cayley graph over Zs with a connection set C.

PST on cubelike graphs (simple) has already been discussed in [9, 13]. Here we
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discuss some relevant results from [13], which remain valid for looped cubelike
graphs. Recall that, according to our convention, each loop contributes one
to the adjacency matrix. Finally, we deduce a simple result that will be used
later to characterize PST in gcd-graphs over general abelian groups.

For each x € Zj, the map P, : Z; — Zj3 defined by P, (y) = x+y
is a permutation of the clements of Zj and hence it can be realized as a
permutation matrix of appropriate order. It is easy to see that Fp = [ and

PP, = P,

«ry> Which imply P2 = . The following result gives the adjacency

matrix of a cubelike graph.

Lemma 4.2.1. [13] If C C Z5 and X (C) is the cubelike graph with connection
set C then X (C) has the adjacency matriz . Pi.

xeC

Note that P P, = P,

wry — PyPx for all x,y € Z,. Therefore, using a

property of matrix exponential function, we find that
exp (—it(P, + P,)) = exp (—itP,) exp (—itP, ).

Using this the transition matrix of a cubelike graph can be obtained as follows.

Lemma 4.2.2. [13] Let X(C) be a cubelike graph. If H(t) is the transition
matriz of X(C) then
H(t) = H exp (—itPy).

xcC
We already have P2 = I and this implies that
£ t° t*
exp(—itPy) = [ —itPy— —=I+i—PFP,+ /—’] + ...

2! 3! 4
= cos(t)I — isin (t)P;.

Observe that, if o is the sum of the elements in C C Z3 then [][ P, =
xcC
Therefore using Lemma 4.2.2, we deduce that

il (g) = [[(-0P = (-i)P,.
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The next result determines periodicity and PST in cubelike graphs at ¢ = 7.

Theorem 4.2.3. [13] Let C C Z5 and let o be the sum of the elements of C.
If o # 0 then PST occurs in X(C) from x tox+o at §. If o =0 then X(C)

is periodic with period 5.

Now we find a sufficient condition for periodicity in a class of graphs con-

structed from cubelike graphs.

Proposition 4.2.4. Let C C Zj and let X(C) be a cubelike graph with the
connection set C. Also assume that the sum of the elements of C is 0 and
|C| = 0 (mod 4). Then for every integral graph G, the transition matriz of
X(C) x G at T is the identity matriz.

Proof. It H(t) is the transition matrix of X (C) and if ¢ is the sum of the
elements of C, then recall that H (g) = (—i)|C|PU. Aso =0, we have P, =1
and hence |[C| = 0 (mod 4) implies that H (5) = I. Therefore, for every

integer p, we obtain
i (2)- (1 ) -
2 2

q

Now consider > p F, to be the spectral decomposition of adjacency matrix
s=1

of G. As the graph G is assumed to be integral, the eigenvalues p; of G are

integers. By Proposition 1.4.3, the transition matrix of the graph X (C) x G

at 7 is obtained as
q - q
ZH(T) ®F=I8) F,-Il=1
s=1 s=1
where the identity matrices have appropriate orders. O
We now provide an example supporting the result.

Example 4.2.5. Let C = {(1,0,0),(0,1,0),(0,0,1),(1,1,1)} C Z3 and con-
sider the cubelike graph X (C) over Zs. Notice here that sum of the elements
in Cis 0. Also it is clear that |C| = 0 (mod 4). Since a complete graphs I,
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on n vertices is integral, by Proposition 4.2.4, we conclude that the transition
matrix of X(C) x K,, at T is the identity matrix. This further implies that

the graph is periodic at 7.

4.3 Periodicity and PST on gcd-Graphs

Now we investigate ged-graphs for periodicity and PST. First we construct
some periodic ged-graphs which are not necessarily connected. Also we find
some ged-graphs exhibiting PST and then we club them to obtain connected
gced-graph having PST. Consider the following characterization of PST in

vertex-transitive graphs as given in [26].

Theorem 4.3.1. [26] Suppose G is a connected vertex-transitive graph having
perfect state transfer at T between two vertices w and v. Then the transition
matriz of G is a scalar multiple of a permutation matriz of order two, having

no fired points, and it lies in the center of the automorphism group of G.

Consequently, if a vertex-transitive graph admits PST then it must have
an even number of vertices. We therefore have the following obvious charac-

terization for PST on Cayley graphs and, in particular, on ged-graphs.

Corollary 4.3.2. A Cayley graph over a group of odd order does not exhibit

perfect state transfer.

Now we discuss periodicity of a vertex transitive graph G. Let H(t) be the
transition matrix of G which is periodic at a vertex u. Then there exist 7 € R
and v € C with |y| = 1 so that H(7)e, = 7e,. Since G is vertex transitive, for
a vertex v of G, there exists an automorphism f so that v = f(u). If @ is the
permutation matrix corresponding to f then e, = Qe,. Recall that H(¢) is a
polynomial of the adjacency matrix and hence ) commutes with H(¢). Now

observe that

H(r)e, = H(7) (Qe,) = Q (H(T)e,) = Q (ve,) = ve,.
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Hence G is periodic at all vertices and also notice that H(7) = v, where [ is
the identity matrix of appropriate order.
The following result allows us to find the transition matrix of a union of

two edge disjoint Cayley graphs.

Proposition 4.3.3. Let I' be a finite abelian group and consider two disjoint
and symmetric subsets S, T C I'. Suppose the transition matrices of Cay(L', )
and Cay(T',T) are Hg(t) and Hr(t), respectively. Then Cay(T', SUT) has the
transition matriz Hg(t)Hp(t).

Proof. The group I' is a finite abelian group. By Proposition 1.1.2, the adja-
cency matrices of the graphs Cay(T", S) and Cay(T", T') commute. For any two
commuting square matrices A and B, we have exp (A + B) = exp (A) exp (B).
Using this we get the desired result. O

In [45], the authors showed that a circulant graph, which is actually a
Cayley graph over Z,,, is periodic if and only if the graph is integral. Further
the result has been generalised. In [26], we find that a regular graph is periodic
if and only if its eigenvalues are integers. As a consequence, if PST occurs on
a Cayley graph then it must be integral. However, we provide an alternative
proof of this result for Cayley graph over a finite abelian group. We use some

of the techniques from [45] to establish the result.

Theorem 4.3.4. If a Cayley graph (connected) over a finite abelian group is

periodic then the graph has integral spectrum.

Proof. We have already concluded in Corollary 4.3.2 that a Cayley graph over
a group of odd order does not exhibit PST. Therefore, consider a finite abelian
group I' =7, & -- & Z,,_ of even order and let S be a symmetric subset of
I". Suppose the spectral decomposition of adjacency matrix of G = Cay(T", S)

is > p . So the transition matrix of G is given by
S

H(t) = exp(—ity,)E,.
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Suppose G is periodic at 7, and therefore H(7) = I for some v € C. Using
the property Y E, = I of idempotents, we find that

’YZES =H(r)= Zexp (—iTu,) E,.

Multiplying both sides of the above equation by E, we get exp (—iTp,) = 7, for
all s. If u, and p, are two eigenvalues of G then note that 7 (i, — p,) = 2l for
some integer [. Therefore, for eigenvalues ji;, j1;, i1, and p, of G' with p,. # pg,
we have
Bl e q. (4.1)
fhr — s
The eigenvalues of G are given by (1.1). Note that \gy o = |5] = k (say) and

all the other eigenvalues are different from £.

Suppose that G has exactly two distinct eigenvalues. Since the adjacency
matrix is diagonalizable, its minimal polynomial has only two linear factors.
Since the minimal polynomial has integer coefficients and k is an eigenvalue

of GG, the other eigenvalue of (G must also be an integer.

Therefore, assume that G has at least three distinct eigenvalues, say, p;, (4,

and k. Since the eigenvalues of G satisfy (4.1), we have

i — k
h c Q.

This implies that p; = ap,+b for some a,b € Q. Hence, if one of the eigenvalues
of G, other than £, is rational then all other eigenvalues will also be rational.
We know that eigenvalues of a graph are algebraic integers and the rational
numbers which are algebraic integers are integers. Hence, if the eigenvalues
of G are in QQ, then they are integers. Now we prove that a periodic Cayley
graph over an abelian group has a rational eigenvalue other than k. Consider
the following two possible cases.

Case I: Suppose |I'| = n, ...n; has two distinct prime factors p and g.

Without loss of generality, let p and g divide n, and n,, respectively. Following
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(1.1), let us denote p, = /\%70707“.70 and p, = /\07%707.“70. Suppose Q (up) is the
smallest field containing Q and p,. Similarly, we assume that Q (uq) is the
smallest field containing Q and p,. Since p, = ap, + b for some a,b € Q, we
conclude that Q (up) =0Q (uq). Observe that

Hp = )‘"71,0,0,...,0 = Z W:'ll(T) = Z w,' €Q (wp) .

(815--55)ES (515--15K)ES

Similarly, we find that u, € Q (wq). Therefore p, € Q (wp) NQ (wq) = Q.
Thus p, is a rational eigenvalue of G' other than £.

Case II: Suppose [I'| =27, r > 1.

It is clear that /\12170’”.’0 € Q(w,). Since wy = —1, we have /\121’0,“.’0 € Q. We
thus find a rational eigenvalue of GG other than k.

This completes the proof. U

A characterization of integral Cayley graph over finite abelian group is
given in [35]. Among these integral graphs, we study gcd-graphs for PST.

Supposc the prime factorization of an integer n(> 2) isn = p; ... p;, where
the primes are not necessarily distinct. In [34], the authors showed that every
ged-graph with n vertices is isomorphic to a ged-graph over I' = Z,, ®---@Z, .
If n is a power of 2 then the ged-graph is actually a cubelike graph. The
next theorem is thus a special case to that result. Still we include the result
with proof, whenever n is a power of 2, so as to learn a definite structure
of the associated connection set of the cubelike graph, which will be used to
characterize PST on ged-graphs. We make use of techniques from [34] and
consider looped graphs.

Assume that X (C;) and X(C,) are two cubelike graphs. It is easy to see
that there is a natural isomorphism between X (C;) x X (C,) and X (C; x C,).

Theorem 4.3.5. [34] A gcd-graph over an abelian group of order 2" is iso-

morphic to a cubelike graph.

Proof. Consider an abelian group I' = Zy & -+ @ Zyn,.. For each set of
divisor tuples D, we show that Cay(l', Sp(D)) is isomorphic to a cubelike
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graph. Let d = (dy,...,d,) € D. Fori=1,...,r we have d; = 2k for some
ki <mn;. Ifx=(xy,...,2,), ¥y = (1,...,y,) € T and n = (2",...,2"") then
gced(x —y,n) =d if and only if ged(x; — y;,2") = d; for each i. That is x ~y
in Cay(T, Sp(d)) if and only if z; ~ y; in Cay(Zyr, Sy, ,, (d;)) for each i. Note
that, if d; = 2" then C’ay(Zzni,Szzni (d;)) is the graph with loops at each of

its vertices and no other edges. We thercfore have the following:
Cay(L. 5p()) = Cay(Zym Sy, (dy)) % - X Cay(Zope. Sz, (d,)).

Now for a fixed ¢, if 2 € Zyn then there exists a unique 2-adic representation

n;—1
2= 22, where z; € {0,1} for j=0,1,...,n;— L (4.2)
3=0
We write z = (zo, .. .,zni_l) € Zy'. We show that the map z — Z gives an

isomorphism from Cay(Zyn:, Sz, (d;)) to the cubelike graph X (Cg,) over Zy

where the connection set C,. with d; = 2k is given by
C,, = {(CO, Ciy- - ,c,,,,i_l) € 7yt : c; =0 for every j < k; and ¢;, = 1} '
Note that for j > k;, the value of ¢; can be either 0 or 1. It is enough to show
that u ~ v in Cay(Zy, Sz, (d;)) if and only if a — v € Cy. Now u ~ v in
Cay(Zy»:, Sz, (d;)) if and only if ged(u — v,2") = 2% Observe from (4.2)
that ged(u — v,2™) = 2% if and only if u; —v; = 0 for every j < k; and
uy, — v, = 1. Thus we have
Cay(Zyni, SZQni (d;)) = X(C,,), foreachi=1,...,r.

Therefore for d € D we find that

Cay(I', Sp(d)) = X(Cy,) x -+ x X(Cy ) = X(Cy, x -+ x Cy ).
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The isomorphism that is exhibited between the vertices of Cay(I', Sp(d)) and

X(Cq4, x - x Cy ) works for all divisors d € D. Hence we have

Cay(T, Sr(D)) = X(C), where C = | J (Cy, x -+ x Cy).

deD

This completes the proof. O

Assume that T is a finite abelian group. We write I' = T'; @ I'y, where I';
is an abelian group of order 2" and I'y is an abelian group of odd order. Also,

consider the cyclic group decomposition of I'; and I';, as follows:
Fl —= Zin @ oo @ ZQWT and FQ = ZpTl @ o @ Zp;ns7

where p;,...,p, are odd prime numbers, not necessarily distinct. We write
mp = (2™",...,2" pi"™, ..., po") associated to the group T'. In what follows,
we will always consider a finite abelian group I' in the form I'; &1'5, as described

above. The next lemma is on the structure of certain ged-graphs.

Lemma 4.3.6. Let I'y = Zym & - @& Zynr and 'y =2, @ - - - B 7, be such

Pq
that ' =T, @T,. Assume thatd,.,,...,d,., are fived divisors of p"*,. .., po",

respectively. Consider a set of divisor tuples D such that mp ¢ D. If the last
s components of each d € D are d,.q,...,d,..,. respectively, then there exists
a cubelike graph X(C) such that

Cay(l', Sp(D)) = X(C) x Cay(l'y, Sr, {(dry1,- .- dri5)})).
Proof. Let D* ={(dy,...,d,) :d=(dy,...,d,,...,d..,) € D}. Then we find

Cay(l', Sp(D)) = Cay(l'y, S, (D")) x Cay(ly, Sr, ({(drs1, - - dris)}))-

By Theorem 4.3.5, we have Cay(T';, Sr, (D)) = X (C) for some cubelike graph
X(C). Hence we have the desired result. O
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Now we find a sufficient condition for a ged-graph to be periodic at 7.
Let 2’ be the collection of all divisors sets D satisfying all the conditions of

Lemma 4.3.6 as well as the following two conditions:

1. the sum of the elements in C is 0 in Zj** "™ and

2. |C| =0 (mod 4) whenever d,,; < p." for some i =1,...,s.

Now suppose Z is the collection of all disjoint union of members of 2'. The

following result determines a class of periodic ged-graphs.

Theorem 4.3.7. If I is a finite abelian group and D € & then Cay(T', Sp(D))
is periodic at 7.

Proof. Let D = D, U---UD, € 2, where D, € &' forall | = 1,.... k.
Suppose d,; is a fixed divisor of p;nj for j = 1,...,s. For a fixed [, assume
that the last s components of each d € D, are d,.4,...,d,.,, respectively.
Using Lemma 4.3.6, we find that the graph Cay(T, Sp(D;)) is isomorphic to
X(C) x Cay(T'y, Sr, ({(dry1, .. dr45)})) for some cubelike graph X(C). Note
that Cay(Ty, Sr, ({(d,11,...,d,45)})) is a ged-graph and thercfore it is an
integral graph. Now consider the following two cases.

Case I: (d,; < p;nj for some j) By our assumption on &, the connection set
C is such that |C| = 0 (mod 4) and the sum of the elements in C is zero.
Therefore by Proposition 4.2.4, the transition matrix of Cay(I', Sp(D;)) is the
identity matrix at 7.

Case II: (d,,; = p;nj for all j) In this case the sum of the elements of C
is zero. Note that Cay(Ty, St, ({(d,41,...,d,15)})) has loops at each of its
vertices and no more edges. Recall that, according to our convention, each loop
contributes 1 to the adjacency matrix. If A is the adjacency matrix of X (C)
then by Lemma 4.3.6, we find that the adjacency matrix of Cay(T', Sp(D;)) is
A® 1. Therefore the transition matrix of Cay(I', Sp(Dy)) can be calculated as

exp (—it(A® 1)) = exp (—itA) ® I.

Note that transition matrix of X (C) is exp (—itA). By Theorem 4.2.3, the
graph X (C) is periodic at § and hence Cay(I', Sp(D;)) is also periodic at 7.
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In both cases the graph Cay(I", Sp(D,)) is periodic at 7. Finally, for D € 2,
we apply Proposition 4.3.3 to have the desired result. O

We illustrate Theorem 4.3.7 by the following example. Here we find a

periodic graph over Z, @ Zy @® Zs.

Example 4.3.8. Consider I' = Z, ® Z, ® Z3 and D = {(1,1,1),(1,2,1)},
a set of divisor tuples of (4,2,3). We show that the graph Cay(I", Sp(D)) is
periodic at §. Suppose I" = Z, © Z, and consider D* = {(1,1), (1,2)}. Now
we follow the proof of Theorem 4.3.5 to find the cubelike graph isomorphic
to Cay(1", Si/(D*)). Notice that d = (dy,dy) = (1,1) is a divisor of (2%,2),

where d; = dy = 2°. So we have
Cy, = {(co,cl) eZ:: ¢; = 0 for every j < 0 and ¢q = 1}

and thus C,; = {(1,0),(1,1)}. Similarly, we find that C, = {(1)}. Therefore
Cy, % Cy, ={(1,0,1),(1,1,1)}. Again, for d’' = (dy,ds) = (1,2), we find that
Cy x Cy ={(1,0,0),(1,1,0)}. Hence Cay(I", Sp(D")) is isomorphic to the
cubelike graph X (C), where

C = (Cy x Cy) U (Cd/1 x Cd/z) — {(1,0,1),(1,1,1),(1,0,0), (1, 1,0)} .

Clearly |C| = 0 (mod 4) and the sum of the elements in C is 0 in Zj. This
implies that D € & and hence Theorem 4.3.7 further implies that the graph
Cay(I', Sp(D)) is periodic at 7.

In this way, we can construct many more ged-graphs which are periodic.
Our next motive is to add extra edges to these graphs so that the resulting
graphs exhibit PST. Generally periodicity and PST are considered for con-
nected graphs. Observe that whenever D generates the whole group I' then
the associated ged-graph is connected. We use this idea in the following result
to find a sufficient condition for a ged-graph to exhibit PST.

Consider a set of divisor tuples D of mp with mp ¢ D. Assume for each
tuple d = (dy,...,d,,...,d,,,) in D that d,.; = p;nj for j = 1,...,s. Let
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X(C) be the cubelike graph, as in Lemma 4.3.6, associated to Cay(L', Sp(D)).
We denote Z to be the set of all such D so that sum of the elements in the

associated set C is non-zero.

Theorem 4.3.9. Let T be a finite abelian group. Suppose D, € 2 and D, € 9
and D;NDy, = (). IfD := D,UD, generates ' then Cay(T", Sp(D)) is connected

and admits perfect state transfer at 3.

Proof. 1f D gencerates the group I' then the graph C'ay(T, Sp(D)) is clearly con-
nected. By Theorem 4.3.7, the graph Cay(I', Sp(Dy)) is periodic at 5. Thus
due to Proposition 4.3.3, it is enough to show that Clay(Il', Sp(D,)) exhibits
PST at 5. Using Lemma 4.3.6, we find that

CCLZ/(F, SF(DZ)) = X<C) X Cay(F% STQ ({(p;nlv s 7p7sns)}))

Since G = Cay(Ty, Sp, ({(py", ..., p5")})) has loops at cach of its vertices
and no more edges, the adjacency matrix of G is I. Suppose X (C) has the
adjacency matrix A. The adjacency matrix of Cay(l', Sp(Dy)) is therefore
A ® I. Now the transition matrix of Cay(T",Sp(D,)) can be calculated as
exp (—it(A® I)) = exp (—itA) @ I. Observe that exp (—itA) is the transition
matrix of X(C). Since D, € &, the sum of the elements in C is non-zero.
Therefore, by Theorem 4.2.3, the cubelike graph X (C) exhibits PST at 7.
Hence C'ay(T', Sp(D,)) also exhibits PST at .

O

We illustrate Theorem 4.3.9 by the following example.

Example 4.3.10. Suppose I' = Z, & Z, & Z3 and consider

D= {(17 1, 1)7 (17 2, 1)7 (27 2, 3): (47 1 3)} :
We show that Cay(I', Sp(D)) admits PST at 7. Let Dy = {(1,1,1),(1,2,1)}.
We have shown in Example 4.3.8 that D, € 2. Let D, = {(2,2,3), (4,1,3)}.

Here the connection set C in X (C) associated to Cay(I', Sp(D5)) can be eval-
uated as C = {(0,1,0),(0,0,1)}. Thus we have D, € Z. Note here that D
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generates I'. Hence, by Theorem 4.3.9, we find that Cay(I', Sp(D)) is con-
nected and exhibits PST at 7.

Now we find a characterization of gcd-graphs having PST. We show that if
IT| =0 (mod 4) then there is a ged-graph over I' having perfect state transfer.
Recall that mr is the tuple (2™, ..., 2" p", ..., py") so that (mr), = 2" or

=

pﬁ;'accordingaslgigr orr+1<i<r+s.

Lemma 4.3.11. If Zg is a subgroup of I' then there exists a connected gcd-

graph over I' exhibiting perfect state transfer at 3.

Proof. Suppose I'y = Zo & -+ & Zgne, ny > 2 and 'y = Zan ®- DLy,
p; > 2 for 1 <1 < s aresuch that I' ="y @ I'y. Consider the set D of divisors
(dy,...,d..,) such that d; = 1 and for i > 2, let d; = 1 for at most one i,
Here the set D generates I' and so Cay(T', Sp(D)) is
connected. Now for d = (dy,...,d,,) € D, we show that the cubelike graph
X (C) associated to Cay(I', Sp({d})) (as in Lemma 4.3.6) has the connection
sct C which has the property that |C| = 0 (mod 4) and the sum of the clements
in Cis 0. Notice that d; =1 = 2° and n; > 2. Therefore

otherwise d; = (my)

i

Cy, = {(cos---1Cny1) €25 :cg=1andfori >1, ¢, =0o0r 1}.
Observe that C,, has 2"~" elements and hence |Cy,| = 0 (mod 4). Also it
is clear that the sum of the elements in C; is 0 in Zy*. Notice that for any
subset S of Z%, we have |Cy, x S| = 0 (mod 4) and sum of the elements
in C;, x Sis 0 in 72 Here the connection set C in X (C) is given by
C=C, xCy x---xCy . So |C| =0 (mod 4) and the sum of the elements
in Cis 0 in Z5*" """ . Therefore {d} € Z for each d € D and hence D € 2.

Now consider D" = {(2"171, 2" 2 ot ,p;ns) } Here we show
that D' € 2. Let X(C') be the cubelike graph associated to Cay(T, Sp(D'))
(as in Lemma 4.3.6). Note that C); = {(0,...,0,1)} and for 2 < i < r we
have Cili = {(0,...,0)}. So the set C’, which is Cy, x --- x C&r, contains
exactly one element (non zero) and hence D' € 2. Finally, by Theorem 4.3.9,
we find that Cay(T', Sp(D UD’)) is connected and exhibits PST at 2. O

TH-1599_126123011



4.8. Pertodicity and PST on gcd-Graphs 61

Following the idea behind the proof of Lemma 4.3.11, we can construct

many more gcd-graphs admitting PST at 7.

Lemma 4.3.12. Let Z, be a subgroup of I' and also suppose that Zg is not
a subgroup of T'. Then there exists a connected gcd-graph over T exhibiting

perfect stale lransfer at 5.

Proof. Suppose I'y = Zoni @ -+ @ Zoyn, and [y = Zp’f” G- ®Lyma, P> 2 for
1 <14 < saresuch that I' ="} & I'y. Since Z, is a subgroup of I' and Zg is
not a subgroup of I', without loss of generality we assume that n,; = 2.
Consider the set D of divisors (dy,...,d, ) such that d; € {1,2,4} and
for i > 2, let d; = 1 for exactly one ¢, otherwise d; = (my),. Here the set D

generates the group I' and hence Cay(Il', Sp(D)) is connected. Notice that

;

{(170)7(171)}7 if dy =1;

Cs, = {(0,1)}, i gy = %
\
Now for a fixed divisor tuple (d,,...,d, ), consider the set of divisor tuples

D, = {1,2,4} x {(ds,....d..s)} . Let X(C) be the cubelike graph associated
to Cay(T", Sp(D;)) (as in Lemma 4.3.6). The connection set C is therefore

C=| |J Cu|xCyx--xCy.

d,e{1,2,4}

Observe that |C| = 0 (mod 4) and the sum of the elements in C is 0 in
Z5 T Hence we find that Dy € Z and accordingly D € 2.

Now consider D" = (2,2"2,...,2" p{"', ..., pt). Here we show that D’
is in 2. Let X(C') be the cubelike graph associated to Cay(T', Sp(D')) (as
in Lemma 4.3.6). Note that C; = {(0,1)} and for 2 < i < r we have
C:li = {(0,...,0)}. So the set C', which is Cf,1 X e X szT, contains exactly

one element which is non-zero and hence D' € 2. Finally, by Theorem 4.3.9,
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we find that Cay(T', Sp(D UD’)) is connected and exhibits PST at 2. O
Now we consider the remaining possible case so that |I'| = 0 (mod 4).

Lemma 4.3.13. Let I' be a group such that |I'| = 0 (mod 4). If Zy is a
subgroup of T' and Z, is not a subgroup of I then there exists a connected

ged-graph over I' exhibiting perfect state transfer at 5.

Proof. Suppose 'y = Zgms @ -+ @ Zyn, and [y = valnl D DLyms, p; > 2 for
1 <i<saresuch that ' =T, @ T,. Since |I'| =0 (mod 4), Z, is a subgroup
of I' and Z, is not a subgroup of I', we have n, =1 for 1 <i <r and r > 2.
Consider the set D of divisors (dy, .. ., d, ) such that d;, d, € {1,2} and for
i > 3, let d; = 1 for exactly one i, otherwise d; = (mr),. For 1 <i <r,ifd; =2
then C;. = {(0)} and when d; = 1 we have C,; = {(1)} . Now for a fixcd divisor
tuple (ds, ..., d,.,,) consider D; = {1,2} x {1,2} x {(ds,...,d,.,)}. Suppose
X(C) is the cubelike graph associated to Cay(I', Sp(D;)) (as in Lemma 4.3.6).

The connection set C is therefore

C=| | Cu| x| U Ca|xCsyxxCy.

d] 6{172} d2€{172}

Observe that |C| = 0 (mod 4) and the sum of the elements in C is 0 in
Z5 T Hence we find that Dy € Z and accordingly D € 2.

Consider D" = {(1,2,2,...,2,p1", ..., p7),(2,1,2,...,2,p7", ..., pa*)} .
Here it is easy to observe that D’ € . Also note that D U D’ generates the
group I' and hence C'ay(T, Sp(D)) is connected. Finally, by Theorem 4.3.9,
we find that Cay(T", Sp(D UD")) is connected and exhibits PST at 7. O

We now combine Lemma 4.3.11, Lemma 4.3.12 and Lemma 4.3.13 to state

the following theorem.

Theorem 4.3.14. Let an abelian group T be such that |T'| = 0 (mod 4). Then

there exists a connected ged-graph over I' exhibiling perfect state transfer at 3.

We have already seen that gced-graphs over abelian groups of odd order do

not exhibit PST. In the following theorem we find a necessary and sufficient
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condition for a class of ged-graphs to be periodic at m. Here we add some
more edges to a graph Cay(T', Sp(D)) admitting perfect PST at 2%, k € N and

observe the behavior of the transition matrix.

Theorem 4.3.15. Let I and D be as defined in Lemma 4.3.6 and assume that
the graph Cay(T', Sp(D)) admits perfect state transfer at %, for some k € N.
Suppose d, i1, . .., d, . are fized divisors of pi™*, ..., ps's, respectively. Consider
D' = {d=(dy,...,dpo1,...,d,.,) €T : d divides mp}, so that D and D’
are disjoint. Also, for an integral graph G, let Cay(T, Sp(D")) = X(C') x G
(as in Lemma 4.3.6) with |C'| £ 0 (mod 2). The graph Cay(T, Sp(D UD")) is

periodic at T if and only if the eigenvalues of G have same parity.

Proof. Using Theorem 4.3.1, we find that if a vertex transitive graph exhibits
PST at time 7 then for all £ € N, the transition matrix H 2Fr) is a scalar
multiple of identity. Since Cay(T', Sp(D)) admits PST at oF» the associated
transition matrix at 7 is a scalar multiple of the identity matrix. By Proposi-
tion 4.3.3, the transition matrix of Cay(T, Sp(D UD')) is the product of tran-
sition matrices of Cay(T, Sp(D)) and Cay(T', Sp(D")). So Cay(I', Sp(DUD"))
is periodic at 7 if and only if Cay(T, Sp(D")) is periodic at .

Now we have Cay(I", Sp(D")) & X(C') xG. If the sum of the elements in C’
is o then by Lemma 4.2.2, the transition matrix of X (C') at Z can be calculated
as (—i)'CI|PU. At 7 = 7, the transition matrix becomes [(—z’)‘C/‘P(,]2 = 2Cy

as P2 = 1. If > uFy is the spectral decomposition of adjacency matrix of G

then, by Proposition 1.4.3, the transition matrix of X(C') x G’ becomes

Z (Z-2|cr|>us [9F —I® ZiQ‘CIWSFS'

S

If Cay(T, Sp(D")) is periodic at 7 then 3y € C with |y| = 1 such that

[0y #CE, =1, (4.3)

where the identity matrices have appropriate orders. Note that F2 = F, and
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F.F, = 0 for r # s. Multiplying both sides of Equation (4.3) by I @ Fj, we
find that ;%€ — v for all s. If ps and py are two distinct eigenvalues of
G then we have ¢//C1(mn)m — 1. By our assumption |C’| # 0 (mod 2) and
therefore the eigenvalues /i, and p s must have same parity.

Conversely, suppose the eigenvalues of G have same parity and assume

2|1 .
2C ks = 7. Then for any other eigenvalue p ./, we see that

=% / A~
2AC gy 2C s | 21C (g —ns) ~.

Thus §2€ 1 = 7 for all p1, and this implies that I® | A€ i F, = ~I. Therefore
Cay(T, Sp(D")) is periodic at 7. Hence Clay(T', Sp(DUD')) is periodic at 7. [

We thus have a necessary condition for PST at 7%, k € N for the class of

ged-graphs given in Theorem 4.3.15. We include this as a corollary.

Corollary 4.3.16. Suppose the conditions of Theorem 4.3.15 hold. If perfect
state transfer occurs in Cay(T', Sp(DUD")) at 55> K € N then lhe eigenvalues
of G have same parity.

In the following example, we use Corollary 4.3.16 to find a ged-graph not
having PST at 2% for any k € N.
Example 4.3.17. Suppose I' = Z, & Zy & Zs and consider the set of divi-
sors D = {(1,1,1),(1,2,1),(2,2,3),(4,1,3)} and D’ = {(2,2,1)}. We have
already witnessed in Example 4.3.10 that Cay(l', Sp(D)) admits PST at 7.
Applying Lemma 4.3.6, we find that Cay(I', Sp(D’)) = X(C) x G, where
G = Cay(Zs, S7,(1)). Note that Cay(Zs,Sz,(1)) is actually the complete
graph I3 whose eigenvalues are —1,—1 and 2. Clearly the eigenvalues of
GG do not have same parity. Hence, by Corollary 4.3.16, we conclude that
Cay(T', Sp(D UD’)) does not exhibit PST at % for any k € N.

It turns out that we can strike out many ged-graphs that do not have PST
at zl’“ for any k € N.
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4.4 Conclusion

In this chapter, we have studied gcd-graphs for PST. Here we find a method
to construct ged-graphs having PST. We have shown that if an abelian group
has an order divisible by four then there exists a connected gcd-graph over
that group exhibiting PST. In fact there are many such graphs having PST.
In Lemma 4.3.11, Lemma 4.3.12 and Lemma 4.3.13, we observe that there are
many other choices for the set D € 2. In particular, in Lemma 4.3.11, if we
consider a sct of divisor tuples D where cach tuple in D has first component 1
and the remaining components are any divisor, then also D € 2. Finally, in
Theorem 4.3.15, a necessary and sufficient condition is given for a certain class
of ged-graphs to exhibit periodicity at time w. From this we find a necessary
condition to have PST in a class of ged-graphs at some specific times. This
gives a partial characterization of gcd-graphs admitting PST.

U7&E
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Chapter 5

PGST on Circulant Graphs

Circulant graphs arise frequently in communication networks. Among the
circulant graphs, only integral circulant graphs are periodic (see [26]). In
Chapter 1, we have seen that if a graph is periodic then the graph has PGST
if and only if it has PST. Since a complcte characterization of PST in intcgral
circulant graphs is known (see [7]), we consider PGST in circulant graphs that
are not integral. In this chapter, we completely classify the cycles exhibiting
PGST. Beside cycles, we also find two classes of non-integral circulant graphs
one of which exhibits PGST and the other does not exhibit PGST. Apart from
circulant graphs, we also find some non-circulant graphs admitting PGST. The

results of this chapter appear in [41].

5.1 Preliminaries

Recall that Z,, is the cyclic group of order n and that a circulant graph is a
Cayley graph over Z,. A cycle C),, in particular, is a circulant graph over Z,,

with the connection set {1,n — 1}. Eigenvalues and eigenvectors of a cycle

21
n

are very well known. Recall that w, = exp ( ) is the primitive n-th root of

unity. Then the eigenvalues of C,, are
21
/\l—2cos<—7r>,0§l§n—1, (5.1)

n

67
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! L) T.

and the corresponding eigenvectors are v, = |1,w,,...,w,
Now we introduce some notations useful for our discussion. If d is a proper

divisor of n then we define
Sp(d) ={z € Z, : ged(x,n) = d}.
For any set D containing proper divisors of n, we define

Su(D) = | Su(d).

deD

The sct S,(D) is called a ged-set of Z,,. A ged-graph over Z,, is a circulant
graph whose connection set is a ged-set. We denote a ged-graph with the
connection set S, (D) by G(n, D).

A graph is called integral if all its eigenvalues are integers. The following

theorem determines circulant graphs which are integral.

Theorem 5.1.1. [46] A circulant graph is integral if and only if the connection

set is a gced-set.

5.2 PGST on Circulant Graphs

We begin with the discussion that the odd cycles never exhibit PGST. More-
over, if an even cycle admits PGST then it must occur only between the
antipodal vertices. Suppose G is a graph with adjacency matrix A. If P is
the matrix of an automorphism of G then P must commute with A, and con-
sequently P commutes with the transition matrix H(t). Suppose G admits
PGST between two vertices u and v. Then there exists a sequence of real

numbers {t,} and a complex number 7 of unit modulus such that

lin H(t)e, = ve,.

k—o0
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This implies that

Alim H(t,) (Pe,) = v (Pe,). (5.2)
i—00

Since the sequence {H (t;)e,} cannot have two different limits, we conclude
that if P fixcs e, then P must fix e, as wcll. Note that an odd cycle has
automorphisms fixing a single vertex and an even cycle has automorphisms

fixing only a pair of antipodal vertices. Hence we have the following result.

Lemma 5.2.1. If pretty good state transfer occurs in a cycle C, or in the
complement of C,, then n is even and it occurs only between the pair of vertices

w and u+ 5, where u,u+ 5 € Zy,.

27

From now onwards, we only consider even cycles. As (), is vertex-transitive
and (5.2) holds, it is enough to find PGST in C,, between the pair of vertices

0 and . We thus calculate the (0, §)-th entry of the transition matrix of C,,.

n—1

Recall that if Y A\ F) is the spectral decomposition of the adjacency matrix
1=0

of C), then the corresponding transition matrix is given by

n—1
H(t) =) exp (—iNt) ).
(=0

Notice that E; = YIVEand therefore (0, §)-th entry of Ej is obtained as

2
IIvall”’

nl
16 | oo R 2y ,
(Ei)o,n = 5 (@) 2 =— <eXp <—7)> N (—ilm).

Hence we evaluate the (0, 5)-th entry of H(t) as

n—1 n—1
, 1 ,
H(t)o.g = E exp (—iAt) - (Ez)o,g T h E exp [—i (At + Im)]. (5.3)
1=0 =0

It is well known that a cycle on four vertices has PST between the antipodal
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vertices. Thus the cycle €y admits PGST. In the following result, we distin-
guish a class of cycles admitting PGST. Later, we will show that these are the

only cycles having PGST.

Lemma 5.2.2. Ifn = 2" (k> 3), then the cycle C,, ezhibits pretty good state

transfer with respect to a sequence in 2nZ.

Proof. First we show that the distinct positive cigenvalues of C), arc lincarly

independent over Q. The eigenvalues of C,, can be realized as

21
A = 2cos (—W> =l 4wt

n

It is well known that the minimal polynomial of w, over Q has degree ¢(n),

where ¢ is the Euler’s phi-function (see [22]). It is evident that ); is positive

only when —% < 217” < 5. Consequently, the distinct positive eigenvalues are
Ay where 0 <[ < 7. If the distinct positive eigenvalues are linearly dependent
over Q then w, will be a root of a polynomial of degree at most m = praii,
as w,' = —w™ M for 0 < 1 < 2. But since P 1 < 2P = 4(2F), we
conclude that the distinct positive eigenvalues are linearly independent over

Q. Thus the distinct positive eigenvalues are

)\07)\17...7>\ k—2

2 -1

For1 <[ < D2, 1, consider the following real numbers

0, if[is even;
ap =

%, if [ is odd.
By Theorem 1.5.2 (Kronecker approximation theorem), we find that for § > 0

there exist ¢, my,...,my—2_, € Z such that for [ =1,..., oF=2 _1

2

J
lg\ —my — o] < o i.e, |2qmA — 2mym — 20yT| < 0. (5.4)
7T
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Each of the eigenvalues of C,x is repeated twice except the eigenvalues 2 and
—2. For1 <[ < ok=2 _ 1, we see that

2( 21
A = 2cos (—7> = 2cos <27r — —7T> = A\p_i-
n n

Similarly, for 1 < I < 282 — 1, we have A\, = —An ;, = —An ;. Since
2 2
Aoy Agk—2, Age—1 and A, k-2 are integers, considering ¢ = 2gm, we observe that

for each [ = 0, 2872, 2"7' 3. 272 there exists an integer I’ such that
|\t + ) = 2l'7| < 6.

Also for each I = 1,...,2% 2 — 1, considering t = 2¢7 and using (5.4). we find

2% = .
. %ZH, if [ is odd
' =

2t if 1 is even

such that |()\Zt+ ) — 21'7?‘ < 0. Since the eigenvalues of O satisfy \;, =

—/\%_l = _>‘§+l = \,_; Where 1 < [ < W considering t = 2qm, we

conclude that for each [ = 0,...,n — 1, there is an integer [ such that
|(/\lt +m) — 21/71" <.

Thus by uniform continuity of the exponential function exp (—ix), for € > 0

there exists g € Z so that ¢t = 2¢7m and
lexp [—i (Nt + Im)] — 1] < e.

Finally, from Equation (5.3), we observe that

lexp [—i (Nt +Im)] — 1]| <e.
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This leads to the conclusion that C,, for n > 4, admits PGST whenever n is

a power of two, with respect to a sequence in 27Z. O

Now using Lemma 5.2.2, we find more general circulant graphs admitting

PGST. We present this as a theorem.

Theorem 5.2.3. Let n = 2 with k > 3. If D is a set of proper divisors of
n not containing 1 then C, U G(n, D) and its complement admit prelty good

state transfer with respect to the same sequence in 2.

Proof. Notice that both graphs C,, and G(n, D) have the same vertex set Z,
but the edge sets are disjoint as 1 € D. Supposc that A and B arc the ad-
jacency matrices of C,, and G(n, D), respectively. Notice that the connection
sets of C), and G(n, D) are {1,n — 1} and S, (D), respectively. As 1 & D, we
have {1,n — 1} N S, (D) = (. Therefore, by Proposition 4.3.3, the transition
matrix of C,, UG(n,D) is H(t) = H,(t)Hg(t), where H,(t) and Hp(t) are
transition matrices of C, and G(n, D), respectively. Suppose B has the spec-
tral decomposition Z 0;F;. Since G(n, D) is integral, the cigenvaluc 0; is an

integer for all j. ThlS 1mphes that if t € 277 then

r

Hp(t) = exp (—itB) = Zexp (—ith;)E; = 1.

=1

Hence H(t) = H4(t) whenever ¢ € 2rZ. Finally, by Lemma 5.2.2, we observe
that ¢, UG(n, D) exhibits PGST.

It remains to show that complement of C,, U G(n, D) also admits PGST.
The adjacency matrix of the complement is J —I — (A+ B). Since all circulant
graphs are regular, the matrix A + B commutes with J — I. If H (t) is the

transition matrix of the complement then

H(t) = exp (=it (J — I))H(—t).

Note that the eigenvalues of J — I are integers. Hence, following the same

argument as given in the previous part, we have the desired result. O
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In Theorem 5.2.3, the graph C,, U G(n, D) can never be a ged graph and
s0 it cannot be integral. The reason is that if C, U G(n, D) = G(n,D") for
some divisor set D' then 1 € D’. Therefore {1,n—1}US, (D) contains all odd
numbers in Z, as {1,n —1}US, (D) =S, (D). Asn = 2" (k > 3), we see,
in particular, that {1,n — 1} U S, (D) can never contain 3.

Notice that taking D = () in Theorem 5.2.3, we find that complement of a
cycle also admits PGST. In the proof of Theorem 5.2.3; we also observe that
for a fixed n, there exists a fixed sequence with respect to which all graphs of
the form C), U G(n, D) as well as their complements exhibit PGST.

It turns out that there are some more graphs admitting PGST apart from
the circulant graphs we already mentioned. Before finding those graphs we

introduce the following notations. For k > 3, we denote
G = {CQk UG <2k, D) . D is a set of proper divisors of 2¥ and 1 ¢ D} .

Also the set of the complements of graphs in G, is denoted by G,. Further we
define the set G by

g:U(gkUg_k)'

k>3

Now we find the following corollaries regarding PGST in Cartesian products.

Corollary 5.2.4. Let G1.Gy € G, UG,. Then the Cartesian product GG,

as well as its complement admit pretty good state transfer.

Proof. In the proof of Theorem 5.2.3, we see that if G1,Gy € G, UG, then
both G and G4 have PGST with respect to the same sequence {t,,} in 277Z.
Suppose GG; admits PGST between the vertices u; and v; and G5 admits PGST
between the vertices uy and v,. Also assume that Hg, (t) and Hg,(t) are the
transition matrices of G; and G, respectively. Therefore there exist v;,v, € C

with |y;| = |7, = 1 such that

.7 : T
lim e, H¢ (t,,)e, =7 and lim e, Hg, (t,)e, = 2.
m—0o0 m—2o0
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Using the property of transition matrix of a Cartesian product, we have

(o 0 1s)” (e )9, (1) (o, 20.)

T T
(eulHGl (t'm)e'vl) : (equGQ (tm) e'uz) -

(e, ®eu,) " (Heyne, () (0, ® esy)

Now taking limits on both sides we find that GG, admits PGST.

It remains to show that the complement of GG,[1G; exhibits PGST. Notice
that both G; and G, are regular graphs and therefore ;]G5 is also a regular
graph. Now proceeding as in the proof of second part of Theorem 5.2.3, we

arrive at the desired conclusion. O

Remark 5.2.5. More generally, following the proof of Corollary 5.2.4, we can
deduce that if two graphs have PGST with respect to the same sequence then

their Cartesian product also admits PGST with respect to that sequence.

We already witnessed that there are a handful of graphs having periodicity
at some of its vertices. Using those graphs we construct many more graphs
exhibiting PGST. Consider the following result.

Corollary 5.2.6. Let a graph G| be periodic at a vertex at time 2w. If G, € G
then the Cartesian product Gi10Gy admits pretty good state transfer. If G, is
reqular then the complement of GL0G5 also exhibits pretty good state transfer.

Proof. Suppose G is periodic at a vertex u at time 27. If Hg (t) is the
transition matrix of G then there exists v, € C with |y| = 1 such that
efHGl(Qﬂ)eu = 7;. Hence for ¢ € Z, we have egHG1(2q7r)eu = ~{. Since
G5 € G there is a sequence {t,,} in 27Z with respect to which G, exhibits
PGST between two vertices v and w, say. Since the unit circle is compact
there is a subsequence {t,,} of {¢,,} such that {eSHG1 (t;n)eu} is convergent.
If Hg,(t) is the transition matrix of G, then

(eu ® ev)T HG1DG2 (tfm) (eu ® ew) = (GZH(;l (t:n) eu> ’ (efHG’Q (t;n) ew) .

Now taking limits on both sides, we find that G,LJG, admits PGST.
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In case GG} is regular then GG,0JG, is also regular. Therefore the complement

of G,00G, also exhibits PGST. O

Remark 5.2.7. If a graph is integral then 1t is periodic at 2mw. So Cartesian
product of an integral graph and a graph in G admits PGST. This gives a large
number of graphs having PGST.

5.3 Circulant Graphs having no PGST

In Lemma 5.2.2, we found that if n is a power of two then the cycle (), exhibits
PGST. Now we investigate PGST in the remaining class of cycles. The only
possibility we need to consider is the case when n has an odd prime factor,
in which case we show that there is no PGST. We use some of the techniques

from [28] to prove the following result.

Lemma 5.3.1. Let m € N and p be an odd prime such that n = mp. Then
the cycle C,, does not exhibit pretty good state transfer.

Proof. Notice that if m is an odd number then, by Lemma 5.2.1, we have the
desired result. Hereafter we assume that m is even. We have the following
identity involving the primitive p-th root w, of unity:

1+wy+ws+...+wb ' =0.

This further yields

p—1
2 2 .
142 Z cos <%) =10 (5.5)
=1

Multiplying both sides of (5.5) by 2 cos (2”), we obtain the following relation

n

of eigenvalues (as given in (5.1)) of C,,.

p—1 p—1
2 2

)‘1 + Z /\mr—l—l + Z /\mr—l =0. (56>
r=1 r=1
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Similarly, multiplying (5.5) by 2 cos (47”) gives

)\2 + i )‘mr+2 + i )‘mr72 =0. (57>
r=1 r=1

Now from Equation (5.6) and (5.7), we get

=N =
<)‘2 - )‘1) 'y Z ()‘m1“+2 - )‘mrJrl) + Z <)‘mr72 r )‘mrfl) =0. (58>
r=1 r=1

If ¢, admits PGST then, by Equation (5.3), we have a sequence of real num-

bers {t;} and a complex number v with |y| = 1 such that

—

n—

klim exp [—1 (Nt + Im)] = ny. (5.9)
:—00
l

Il
=)

Since the unit circle is compact, there is a subsequence {t,(co)} of {t;} such
that {exp = ()\Otg)) +0- 7r) } is convergent. Similarly, there is a subsequence

{t,ﬁl)} of {t,(co)} such that {exp [—2 (Alt,(:) +1- 7T>} is also convergent. Con-
tinuing in this process, we find a sequence {¢,} such that for 0 <1 < n—1, the
sequence {exp [—i (At + Im)} is convergent to a limit ;, say, where |y| = 1.

As a conscquence, from (5.9) we obtain 7y, + -+ + 7,_; = n7y, which further

1

implies that v, = v for all [. Thus we have

lim exp [—i (Nt} +1m) =7, for 0 <1 <n—1. (5.10)
k—o00
This further implies that
limy, o exp [—i (A1 — Ay) ti] =—1L

Denoting the term in left side of Equation (5.8) as L, it is evident that

lim,_, . exp (—iLt;C) =—1.
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But this is not possible as L = 0. Hence there is no pretty good state transfer

in C,,, whenever n has an odd prime factor. O

So far we have developed a complete characterization for PGST on cycles.

We state the result as a theorem.

Theorem 5.3.2. A cycle C,, admits pretty good state transfer if and only if

n=2" for some k > 2.

In the next result we see that complement of some cycles do not admit

PGST. This gives another class of circulant graphs not admitting PGST.

Theorem 5.3.3. Let m € N with m # 2 such that n = mp for some odd
prime p. Then the complement of the cycle C, does not exhibit pretty good

state transfer.

Proof. For m = 1, by Lemma 5.2.1, we conclude that complement of C), does
not admit PGST. Now consider the case m > 3.

The cycles are regular graphs. Therefore the eigenvalues of the complement
of C, are \y = n— XN —1and \; = =\, — 1, whenever 1 < [ < n — 1,
corresponding to the same set of eigenvectors as that of C),. This means
that (O, %)—th entry of the transition matrix of the complement graph can be
obtained from Equation (5.3) by replacing the eigenvalues \; by \;. Now along
the line of proof of Lemma 5.3.1, we find that

p—1 p—1
2 2
/ A/ A/ .
1 + mr+1 + mr—1 = —D-
r=1 r=1

Since m > 3, we also have

p—1 p—1
2 2
/\I2 + 2 /\Imr+2 + E A;nr—Q — =D
r=1 r=1

The above two identities give

p—1 p—1
2 2

(Ao = X)) Nz = A1) + > (Mrmz = Argea) = 0,
r=1 r=1
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which is similar to (5.8). Hence, following the same argument as in Lemma
5.3.1, we conclude that the complement of C,, does not exhibit PGST. O

We have some more observations which we include as a remark.

Remark 5.3.4. Suppose that p is a prime number and consider the comple-
ment of the cycle Cy,. In this case, proceeding as in the proof of Theorem
5.3.8, we find the identities

2 3! 5l i
Nt D Nrid + D Nr 1 = —p and Xy D Nria =D Nr o =1 — .
r=1 r=1 r=1 r=1

Therefore we evaluate

&5 i
(Xz 3 /\/1) + Z ( 2 — /mr+1) + Z ( mr—2 — ;mul) = n.
r=1 r=1

Further, following as in the proof of Lemma 5.5.1, we conclude that Cy, does

not admit PGST with respect to any sequence in w.

5.4 Conclusion

It is always preferable to find graphs having PST between vertices at a long
distance. So far, the best known graphs in this regard are the hypercubes.
In a hypercube with n vertices, PST occurs between vertices at a distance
log,(n). It is thus desirable to have graphs admitting PST between vertices
at a distance of O(n). Some lucrative classes of graphs in this regard are the
paths P, and the cycles C,,, as both of them have large diameter. But it is
well known that P, does not exhibit PST whenever n > 4 and C,, admits PST
only when n = 4.

Meanwhile the study of PGST got some interest. In [28], the authors
presented a remarkable result which classifies the paths P, admitting PGST

between the end vertices. This serves as an example where PGST takes place
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between vertices at a distance n. In this chapter, we have found that C,,
exhibits PGST if and only if n is a power of two and that PGST occurs
between any pair of antipodal vertices. This gives another class of graphs
having PGST between vertices at a distance of O(n). We also have found a
good number of circulant graphs admitting or not admitting PGST. Apart

from the circulant graphs, we have found some other graphs admitting PGST.

Y&
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Chapter 6

Future Work

We list some of the problems arising in the previous chapters that we can

address in future works.

PST on NEPS of P

In [48], Stevanovi¢ asked a problem, which NEPS of P; exhibits PST. In
Chapter 2, we found that a NEPS of P; with basis () exhibits PST whenever
the following holds:

e for each tuple in 2, the hamming weight is even (or odd);

e > [ #0overZy, where 2" = {f € Q: wt(f) =k} and k = min wit(B).
peq* pe

In Chapter 3, we established the fact that a NEPS of P; with basis {2 which

contains tuples with hamming weights of both parities, does not admit PST.

So the only case that remains to check for PST in NEPS of Pj is those NEPS

with basis  for which Y 8 = 0 over Zj, where Q" = {5 € Q : wt(8) = k}
BeQ”

and k = Igniél wt(f). We also found in Chapter 3 that these graphs are periodic
be

(see Theorem 3.3.1). It will thus be interesting to find whether there are any
graphs exhibiting PST in that subclass.

81
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PGST on NEPS of P,

In Chapter 3, we considered those NEPS of P; with basis €2 for which €2
contains tuples with hamming weights of both parities. In that scenario we
found that the associated NEPS does not exhibit PST and therefore we have
initiated our investigation for PGST in that class of NEPS. In Theorem 3.3.3,
we found that PGST occurs in NEPS of P; if

either > G#0or >, B#0inZj.
peq, Beq;
So there is a natural question to ask whether PGST occurs in NEPS of P;
when both > f=0and > 5 f=0in7Zj;.

BeQ, BeQ;

PST on Cayley Graphs

We know that among the Cayley graphs only integral graphs are qualified to
have PST. Since ged-graphs arc well known class of integral Cayley graphs,
we studied ged-graphs for PST in Chapter 4. There are few scopes for further

research in this direction.

e In Chapter 4, we proved results which find PST in ged-graphs at time
5. Also we find some ged-graphs not having PST at Qik for any k € N.
Thus we can try to find PST in these ged-graphs at other possible times.

e We can also attempt to find PST on other possible ged-graphs that were
not covered in Chapter 4. A complete classification of all gcd-graphs

admitting PST is most desirable.
e More generally, we can make efforts to find PST in those integral Cayley

graphs which are not ged-graphs and, if possible, we can characterize all

such graphs having PST.
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PGST on Cayley Graphs

In Chapter 5, we have considered PGST on circulant graphs. We found that
the circulant graph C,r U G <2k, D) for k > 3,1 ¢ D, admits PGST. We list

a few possible problems that can be explored in this direction.

e We can try to find whether there are any other circulant graphs, apart

from those we already discussed, admitting PGST.

e In Remark 5.3.4, we see that the complement of Cy,, where p is a prime,
does not have PGST with respect to any sequence in 7Z. In that case,
it would be interesting to find if the complement of those cycles have
PGST at all. Moreover, it is most desirable to classify which circulant
graphs exhibit PGST.

e More generally, it is preferable to have a characterization of PGST in

Cayley graphs.

&
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