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Abstract 
 

This thesis is concerned with the application of Lattice Boltzmann Method (LBM) to 

various steady incompressible fluid-flow and heat-transfer problems in the macro- and 

micro-flow regimes. The Lattice Boltzmann Method is a means of flow computation 

based on simplified kinetic models using discrete particle velocities, which exploits the 

fact that the collective behaviour of the molecules does not explicitly depend on their 

individual dynamics. Being a relatively new and an alternative method of flow 

computation, it is still being experimented with to realize its full scope of application and 

to test its ability to capture untested physics. The present thesis can be considered an 

attempt in that direction. Several computer programs based on the programming language 

‘C’ have been developed to carry out computations to solve a host of problems, some of 

which are hitherto unexamined. To provide a means of comparison of the LBM results 

for untested flow configurations, a Finite-Difference-Method (FDM) code has been 

developed and its results are shown to be highly accurate through a careful code-

validation exercise. In the applications, first a number of two-dimensional (2D) single-

lid-driven cavity flow problems are computed through the LBM Single-Relaxation-Time 

(SRT) and Multi-Relaxation-Time (MRT) methods and the LBM-MRT method is shown 

to overcome some of the problems faced by the LBM-SRT method - especially in 

resolving the corner singularities at high-Reynolds number situations. Then a new test 

problem, namely, ‘two-sided lid-driven square cavity flow’ is proposed and many 

carefully established qualitative and quantitative results are given for algorithm validation 

by other workers. It is shown that for parallel motion of the walls there is a ‘free-shear’ 
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layer midway between the moving plates and that near-trailing-edge corner vortices form 

at a much lower Reynolds number compared with the single-lid-driven cavity flow. 

Computing flows in two-sided non-facing and four-sided lid-driven square cavities and in 

a two-sided rectangular cavity with parallel wall motion, it is demonstrated that not only 

continuum-based methods like the Finite Difference Method and Finite Volume Method 

(FVM) but also LBM has the ability to capture multiple-steady solutions. It may be noted 

that the traditional mathematical concept of well-posedness does not apply here and for 

the first time the ability and accuracy of the Lattice Boltzmann Method to obtain 

solutions to this peculiar class of problems is demonstrated. LBM computations are also 

carried out for the single- and two-sided lid-driven cubic and prism cavity flows. For the 

single-lid-driven case, two-dimensional and three-dimensional (3D) velocity profiles in 

the symmetry plane are compared to study the end-wall effects.  For 3D computations the 

D3Q19 lattice model is shown to be the most convenient to use. Also LBM in 

conjunction with the IEDDF approach is used to compute thermally-driven flows in the 

square and cubic cavities. Comparing the 2D and 3D velocity profiles in the symmetry 

plane, effect of the end walls with increasing Rayleigh numbers is brought out - probably 

for the first time. LBM is then applied to compute flows in various micro-geometries. 

The study reveals many interesting features of micro-couette, micro-channel (pressure-

driven) and micro-lid-driven cavity flows and demonstrates the ability of LBM to capture 

those flow features. The main concern of this thesis is the computation of steady flows. In 

keeping with this theme, highly accurate LBM computations are also carried out for the 

flow past a circular cylinder at low Reynolds numbers when the flow is steady and 

symmetric. To demonstrate the ability of the present method to compute time-varying 
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flows, computations are also carried out for a higher Reynolds number at which the 

symmetry breaks and the flow becomes time-periodic. All the results presented in the 

thesis are independent of the lattice size and they are substantiated carefully. Though all 

the computed flows fall in the laminar regime, difficult flow configurations exemplified 

by large values of the Reynolds and Rayleigh numbers are also computed. The work 

successfully demonstrates that LBM has come of age and is now an important alternative 

solution procedure in computational fluid dynamics.    
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Introduction 

1.1. General Background 

Numerical simulation of fluid flow has been a major topic of research for the past few 

decades [1, 2]. The continuous growth of computer power has motivated the scientific 

community to use Computational fluid dynamics (CFD) for numerical solution of the 

governing equations of fluid dynamics. Generally the mathematical models used in CFD 

include convective and diffusive transport of some variables. These mathematical models 

consist of governing equations in the form of ordinary or partial differential equations 

(ODEs or PDEs). As a great number of such model equations like the Navier-Stokes 

equations do not possess analytical solutions, one has to resort to numerical methods. The 

difficulty in solving the Navier-Stokes equations is due to their nonlinear terms. In 

conventional numerical methods, the macroscopic variables of interest such as velocity 

and pressure are usually obtained by solving the Navier-Stokes equations.   

Over the years, the finite difference method (FDM) and finite volume method (FVM) are 

frequently being used in CFD [3]. FDM consists in essentially setting up a uniform 

rectangular grid in the problem domain, discretizing the governing equations with respect 

to the grid by replacing the derivatives with their finite-difference approximations and 

solving the resulting algebraic equations numerically. For nonuniform grids FDM 

requires a transformation of the physical space onto a computational space with an 
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uniform grid. FVM requires no such transformation as it solves the integral form of the 

governing equations that are integrated over (generally) irregularly-shaped finite 

volumes. The finite element method (FEM) has not gained as much popularity in fluid 

mechanics as it has in structural mechanics.   

In the last two decades, a different kind of numerical method for applications in CFD, 

namely, the Lattice Boltzmann Method (LBM) has gained popularity [4]. LBM has 

emerged as a new effective and alternative approach of CFD and it has achieved 

considerable success in simulating fluid flows and heat transfer problems [5]. In the LBM 

approach, one solves the kinetic equation for the particle distribution function. The 

macroscopic variables such as velocity and pressure are obtained by evaluating the 

hydrodynamic moments of the particle distribution function [6]. One of the most popular 

and simple approaches in the LBM is lattice Boltzmann equation with linearized collision 

operator based on the Bhatnagar-Gross-Krook (LBM-SRT) collision model [7].   

1.2. Literature Review 

The basic of the LB method is discussed in sufficient details in the books by Succi [1] 

and Chang et al. [4]. Chen and Doolen [5] have written an excellent review paper on the 

subject. In the past few years, researchers have been using lattice Boltzmann method for 

simulating and modeling in physical, chemical, social systems including flows in 

magnetohydrodynamics [8], immiscible fluids [9], multiphase flows [10], heat transfer 

problems [11-13], porous media [14] and isotropic turbulence [15]. Historically, LBM 

originated from the method of Lattice gas automata (LGA), which was first introduced in 

1973 by Hardy, Pomeau and de Pazzis (HPP) [16]. In LGA, the term Lattice implies that 
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one is working on a lattice which is d-dimensional and usually regular. Gas suggests that 

a gas is moving on the lattice. The gas is usually represented by boolean particles (0 or 

1). Automata indicate that the gas evolves according to a set of rules. In the LGA model, 

the space, time and particle velocities are all discrete. The iteration of an LGA consists of 

a collision and propagation step. But, the major drawbacks of the LGA were intrinsic 

noise, non-Galilean invariance, an unphysical velocity dependent pressure and large 

numerical viscosities. In 1986, Frisch, Hasslacher and Pomeau (FHP) obtained the correct 

Navier-Stokes equations using a hexagonal lattice. Lattice Boltzmann Equations has been 

used at the cradle of Lattice Gas Automata (LGA) by Frisch et al. [17] to calculate 

viscosity. To eliminate statistical noise, in 1988 McNamara and Zanetti [18] did away 

with the Boolean operation of LGA involving the particle occupation variables by 

neglecting particle correlations and introducing averaged distribution functions giving 

rise to the LBM.      

Higuera and Jimenez [19] brought about an important simplification in LBM by 

presenting a lattice Boltzmann Equation (LBE) with a linearized collision operator that 

assumes that the distribution is close to the local equilibrium state. A particularly simple 

version of linearized collision operator based on the Bhatnagar-Gross-Krook (BGK) [20] 

collision model was independently introduced by several authors including Koelman [21] 

and Chen et al. [22]. The lattice BGK (LBGK) model [23, 24] utilizes the local 

equilibrium distribution function to recover the macroscopic Navier-Stokes equations.  

The fluid motion inside a closed, square container with rigid walls induced by the 

tangential motion of a lid constitutes a classical paradigm for internal vortex flows [25-
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33]. The lid-driven cavity flow problem is not only technically important but also of great 

scientific interest because it displays almost all fluid mechanical phenomena in the 

simplest geometrical settings [25]. Miller [26] presented two-dimensional lid-driven 

cavity flow LBM results with Dirichlet and Neumann boundary conditions and results 

were compared with analytical solutions. Hou et al. [27] extensively studied viscous flow 

in a square cavity for a wide range of Reynolds number using LBM-SRT model with 

bounce-back boundary condition. He found some ripples in the streamline, vorticity and 

pressure contour plots for high Reynolds number. Some of the notable works in cavity 

flow by the LBM include those of Shi et al. [28], De et al. [29], Patil et al. [30] and Shu 

et al. [31]. There appears to be very little work done on deep cavities by LBM, although 

they are of more theoretical interest [32, 33].     

Boundary condition plays a crucial role in Lattice Boltzmann simulations [34-41]. The 

bounce-back boundary condition is a popular boundary condition in LBM. It is derived 

from LGA and has been extensively applied in LBM simulations. In this scheme, the 

particle distribution function at the wall lattice node is assigned to be the particle 

distribution function of its opposite direction. The easy implementation of this no-slip 

velocity condition supports the LBM is ideal for simulating fluid flows. Noble et al. [34] 

proposed hydrodynamic boundary condition on no-slip walls by enforcing a pressure 

constraint to replace the bounce-back boundary condition. They simulated steady flow of 

an incompressible fluid between two infinite parallel plates and demonstrated accurate 

results by LBM. Inamuro et al. [35] suggested that a slip velocity near wall nodes could 

be induced by the bounce-back scheme and proposed to use a counter-slip velocity to 

cancel that effect. Filippova and Hanel [38] proposed curved boundary treatment using 

TH-963_05610311



Introduction 
 

 5 

Taylor series expansion in both space and time for particle distribution function. In 

addition, curved boundary treatment was independently introduced by Mei et al. [39] and 

Bouzidi et al. [40]. A unified scheme for second order accurate curved wall treatment 

was proposed by Yu et al. [41]. 

The problem of buoyancy driven square cavity with adiabatic top and bottom walls and 

differentially heated vertical walls has been the topic of extensive study in the past few 

decades. McNamara et al. [42] were among the first to investigate two-dimensional 

enclosures using LBM isothermal models. They used only density distribution function in 

terms of multi-speed approach. The main disadvantage of this approach is its numerical 

instability. Eggels and Somers [43] proposed passive-scalar LBM approach, in which the 

temperature is simulated using a separate distribution function which is independent of 

the density distribution function. This approach enhances the numerical stability, but the 

disadvantage of this approach is that viscous heat dissipation and compression work done 

by the pressure cannot be incorporated. He et al. [44] developed internal energy density 

distribution function (IEDDF) approach and it shows greater stability. This model is 

numerically more stable, and it can incorporate viscous heat dissipation and compression 

work done by the pressure. Some of the notable works by the LBM include those of Shan 

[45], Peng et al. [46], Onishi et al. [47], Shu et al. [48] and Dixit and Babu [49].                

Tolke et al. [50] introduced nonlinear multigrid solution approach for the discrete 

Boltzmann equation. Marviplis [51] presented efficient solution strategies for the steady 

state lattice Boltzmann equation. He checked the ability of the multigrid LBM for the 

driven cavity. Multigrid techniques applied to LBM are promising but, as occurred in 
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traditional CFD techniques, problems in the prolongation and restriction steps near 

complex walls have not yet been fully addressed. To increase the numerical accuracy in 

LBM non-uniform grid has been introduced. He et al. [52] described lattice Boltzmann 

method to simulate the Navier-Stokes equation on arbitrary non-uniform grids. They 

presented results of flow in a two-dimensional symmetric channel with sudden 

expansion. Kuznik et al. [53] simulated natural convection in a square cavity using 

double population lattice Boltzmann method with non-uniform mesh. To maintain the 

inherent advantage of the LBM, such as simplicity in coding and computational 

efficiency one prefers to employ the uniform lattice [54].                          

The majority of the LBM works so far dealt with two-dimensional flows. Limited number 

of reliable numerical results for steady state three-dimensional results has been obtained 

by LBM in the past few years. In 2000, Mei et al. [55] employed Lattice Boltzmann 

method for 3D lid-driven cubic cavity flow with second-order accurate curved boundary 

treatment in the range of Reynolds number from Re = 100 to 2000. They found that the 

three-dimensional fifteen-velocity (D3Q15) model was more prone to numerical 

instability, the three-dimensional twenty seven-velocity (D3Q27) model was more 

computationally intensive and the three-dimensional nineteen-velocity (D3Q19) model 

provided balance between computational reliability and efficiency. In 2003, Shu et al. 

[56] simulated 3D lid-driven cubical cavity flow by Taylor series expansion and least 

squares-based Lattice Boltzmann method (TSLBM) using the fifteen-velocity model 

(D3Q15) at three different Reynolds numbers Re = 100, 400 and 1000. Peng et al. [57] 

extended the solutions of IEDDF model for three-dimensional cubical thermal cavity in 

the range of Rayleigh numbers 103 to 105.  
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Alexander et al. [58] formulated an isothermal LBM models for which can include 

shocks. It has a selectable sound speed. This feature allows one to simulate compressible 

fluid flows with high Mach numbers. Qian and Orszag [59] studied the nonlinear 

deviation of the LBGK model in compressible regimes and presented the numerical 

simulation of a shock profile. Sun [60, 61] formulated adaptive lattice Boltzmann model 

in which a particle possesses two different kinds of velocity, one the migrating velocity, 

relating to the transport of a particle and the other phase velocity, relating to the 

momentum of a particle. Yu and Zhao [62] applied LBM to simulate compressible flows 

with high Mach number up to 5 introducing an attractive force. 

The Lattice Boltzmann method is a relatively novel technique of flow computation, there 

is some scope for speculation as to the accuracy of the present LBM computations. 

Therefore the existing LBM results always has been compared favourably with finite 

difference methods [63], finite volume methods [64], finite element methods [65], 

spectral methods [66] and artificial compressibility methods [67].        

Currently LBM is mainly applied to the continuum flow regime only. First, Nie et al. [68] 

used the LBM with bounce-back boundary condition to simulate two-dimensional micro-

channel and micro lid-driven cavity flow. They employed the LBM in the no-slip and slip 

regime, but it is known that the no-slip boundary conditions are generally unrealistic for 

slip and transition flows and it cannot capture the real microflow characteristics. Tang et 

al. [69, 70] applied kinetic theory based boundary condition to study gaseous slip flow in 

micro-scale geometries. Zhang et al. [71] used the tangential momentum accommodation 

coefficient (TMAC) to describe the gas-surface interactions. Shirani and Jafari [72] 
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applied a combination of bounce-back and specular boundary conditions and their results 

are in good agreement with the experimental data and analytical solutions. Niu et al. [73] 

used diffuse scattering boundary condition to simulate isothermal two-dimensional 

microchannel flows. 

The uniqueness of steady flows is almost an article of faith for a given geometry and 

boundary conditions. But some nonlinear systems in fluid mechanics display multiple-

steady solutions for the same set of governing equations and boundary conditions. So far 

conventional methods like FVM, FDM are being used to capture these multiple solutions. 

Aidun et al. [74] studied single-sided lid-driven cavity with spanwise aspect ratio of 3.0 

for 100 ≤ Re ≤ 2000. They presented flow visualizations from the downstream side wall of 

two-cell, three-cell and four-cell stable steady states. Albensoeder et al. [75] were among 

the first to investigate the nonlinear regime and found multiple two-dimensional states in 

rectangular lid-driven cavities. They have found seven and five flow states in antiparallel 

and parallel motion respectively. More recently, the multiplicity of flow states induced by 

the motion of two-sided non-facing lid-driven square cavity flow and four-sided lid-

driven cavity flow have been investigated by Wabha [76].     

1.3. Motivation 

Many of the works published so far reveals a plethora of issues concerning Lattice 

Boltzmann with single-relaxation-time (LBM-SRT) model and its applicability to 

incompressible viscous flows in particular. Furthermore, in contrast to the fairly large 

number of studies conducted for single-sided lid-driven cavities, only a few 

investigations have been carried out for flows in two-sided lid-driven cavities by 
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continuum-based methods and no attempt has been made to compute the flow in a two-

sided lid-driven square cavity with various Reynolds number by LBM. The multiplicity 

of steady flows is also a very topical research field in fluid dynamics. Very interestingly, 

however, to the author’s knowledge, there is no literature to discuss multiple steady 

solutions by LBM. The realistic three-dimensional flows possess features which are 

fundamentally different from those of two-dimensional flows. These three-dimensional 

flows offer tough challenges to any computational algorithm especially at high Reynolds 

numbers and Rayleigh numbers, and not many LBM computations for such flows are 

seen. In this context, it seems important to examine how the LBM scheme performs when 

computing such flows. The vast majority of the LBM works so far deals with two-

dimensional flows and it is mainly applied to the continuum flow regime only. 

Application of LBM to compute gaseous microflows is still an emerging area with some 

unanswered questions. Very few attempts using LBM have been made to compute 

gaseous flows in micro-geometries. Application of LBM for these problems has 

challenges and is replete with many interesting possibilities. These are the major 

motivating factors behind this work, which is concerned with addressing these issues. 

1.4. Objectives 

In the context described above, the main aims of the present work are as follows: 

� The primary objective of this work is to get acquainted with various aspects of the 

Lattice Boltzmann Method and develop efficient codes that can numerically 

compute micro and macro fluid flows and heat transfer involving various levels of 

complexities. 
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� To examine the possibility of broadening the scope of applicability of LBM to 

hitherto unexplored problems. 

� To demonstrate the ability of lattice Boltzmann Method to capture multiple steady 

solutions that exist for certain flow configurations.  

� To examine the effect of three-dimensionality at certain planes using different 

three-dimensional Lattice Boltzmann models at high Reynolds and Rayleigh 

numbers. 

� To compute gaseous microflows in micro-geometries in the slip and threshold of 

transition regime.  

� To stimulate further studies using the Lattice Boltzmann approach.  

1.5. The Work 
 

The present dissertation is concerned with the application of LBM to incompressible 

viscous flows with or without heat transfer and microflows so as to examine its behaviour 

in some unexamined situations and extend its range of applicability to such areas like 

capturing multiple steady-state solutions.  

First, we compute the two-dimensional single-lid-driven cavity flow by the single-

relaxation-time (LBM-SRT) model. Besides the LBM-SRT model, the multi-relaxation-

time LBM-MRT model, which has certain advantages is also used. In the LBM-SRT 

model formulation, the bulk and shear viscosities are both determined by the same 

relaxation time. The LBM-MRT model attempts to relax different modes with different 

relaxation times so that bulk and shear viscosities can be determined by different 

relaxation times and adjusted independently. The Reynolds number effect on the flow 

structure is clearly manifested by the streamlines, velocity profiles, vorticity and pressure 

TH-963_05610311



Introduction 
 

 11 

contours. For high Reynolds number flows using LBM-SRT model produces spatial 

oscillations near singular points in the pressure and vorticity flow fields. We use LBM-

MRT model to obtain pressure and vorticity fields for high Reynolds numbers that are 

free from spurious oscillations. In each case our computed LBM solutions agree very 

well, both qualitatively and quantitatively, with established results. Also, using LBM-

SRT method on a 375×375 lattice size for Re = 3200 we capture a quaternary corner 

vortex, hitherto unreported through LBM. Then for Re = 100-1500 the LBM simulation is 

extended to deep cavity flows using LBM-SRT model and the results are validated with 

conventional-method results. Accurate implementation of the LBM algorithm in the 

present codes is thus ascertained. Then, the LBM-SRT computation is carried out for the 

flow past a circular cylinder at low Reynolds numbers when the flow is steady and 

periodic. All the results computed with LBM compares well with existing results.     

After having thus gained confidence in the present code, we carry out LBM computations 

for a hitherto unexplored problem, namely, two-sided lid-driven- square-cavity flow. In 

this problem, top and bottom walls move in the same (parallel motion) or opposite 

(antiparallel motion) direction with a uniform velocity. It is found that for parallel motion 

of the walls, there appears a pair of counter-rotating secondary vortices of equal size near 

the centre of a wall. Because of symmetry, this pair of counter-rotating vortices has 

similar shapes and their detailed study as to how they grow with increasing Reynolds 

number has been carried out in this chapter through both the LBM-SRT and LBM-MRT 

models. The results for the antiparallel motion of the walls are also presented in some 

detail. As the flow configuration is new and the Lattice Boltzmann method is a relatively 

novel technique of flow computation, there is some scope for speculation as to the 
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accuracy of the present LBM computations. Therefore, to create a basis for substantiating 

the results another FDM code using the stream function-vorticity form of the Navier-

Stokes equations based on central differencing and ADI time integration is developed. 

This code has second order spatio-temporal accuracy and it is used to produce steady 

results in a time-marching fashion. The close agreement of the LBM results with FDM 

results produced on sufficiently fine grids lends physical legitimacy to the computations. 

In LBM the nonlinearity of the Navier-Stokes equations is hidden in the quadratic 

velocity terms of the equilibrium distribution function. Therefore, multiple solutions 

appear to be a possible to be captured through LBM. However, so far no investigation is 

seen that uses LBM to capture multiple solutions. Conventional numerical solutions show 

that the symmetric solutions exist for all Reynolds numbers whereas multiplicity of states 

of one symmetric and two asymmetric solutions for two-sided and four-sided square-

cavity flows are identified above a critical Reynolds number. We demonstrate that Lattice 

Boltzmann method also has the ability to capture multiple steady solutions at post-critical 

Reynolds numbers for both the two-sided non-facing and four-sided square cavity flows. 

The computation for multiple-steady flows is also carried out for the two-sided parallel-

wall-motion rectangular cavity flows. In this case we find up to five different steady-flow 

states amply demonstrating the ability of the LBM to capture multiple-steady solutions.  

Owing to the boundary layer effect of the side walls, in cubical cavities, the 3D results at 

mid-plane will deviate from the 2D results. Three-dimensional Lattice Boltzmann models 

including the fifteen-velocity model (D3Q15), the nineteen-velocity model (D3Q19), the 

twenty seven-velocity model (D3Q27) are used  to compute the flow in a cubical cavity 

and the 3D mid-span results are compared with 2D LBM results using the nine-velocity 
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model (D2Q9) to study the effect of three-dimensionality. Next, the LBM simulation is 

extended to three-dimensional prism cavity flow carried out at Re = 100 to 1000. Then 

we compute 3D two-sided non-facing lid-driven cavity flow. Overall the computations 

have been carried out for low to high Reynolds numbers and they are validated by 

comparison with established results wherever possible.   

One chapter of this thesis work is concerned with the application of LBM to two-

dimensional and three-dimensional incompressible thermal flows with heat transfer. 

Computations are carried out for laminar flows in a differentially heated square cavity 

(Ra = 103 to 106) and a cubical cavity (Ra = 103 to 105). The boundary conditions used 

are stable and of good accuracy. To lend credibility to the thermal LBM model, square-

cavity results are further compared with those obtained from a finite- difference-based 

code developed for this purpose. The Internal Energy Density Distribution Function 

(IEDDF) approach with two 3D particle velocity models, namely, the D3Q15 and the 

D3Q19 models, and a 2D model, namely, the D2Q9 model are used to compute the fluid 

flow and heat transfer in the cubic and square cavities. Very close resemblance of the 

streamlines, isotherm patterns and vorticity contours of the present LBM and FDM 

results lends credibility to the computations. Comparisons are also carried out with other 

established results.   

Towards the end of this dissertation a chapter is devoted to the application of the Lattice 

Boltzmann Method (LBM) compute gaseous flows in micro-geometries. LBM is used to 

simulate the pressure-driven micro-channel flow, micro lid-driven-cavity flow with 

various aspect ratios and micro-couette flows. Simulation of microflows not only requires 

an appropriate method, it also requires suitable boundary conditions to provide a well-
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posed problem and unique solution. The Knudsen number is used to measure the degree 

of rarefaction in the microflows. In this chapter LBM and three slip boundary conditions, 

namely, diffuse scattering, specular reflection and a combination of bounce-back and 

specular reflection boundary conditions are used to predict the flow fields. The results are 

substantiated through comparison with existing results and it is felt that the present 

methodology is good enough to be employed in analyzing the flows in micro-systems.  

1.6. Organization of the Thesis 

The present dissertation is arranged in nine chapters. Chapter 2 gives an overview of the 

Lattice Boltzmann Method with boundary conditions. In Chapter 3, Part I, computations 

are carried out for the single lid-driven cavity flows using LBM-SRT and LBM-MRT 

methods. In Part II of the same chapter LBM computation is carried out for the flow past 

a circular cylinder confined in a channel. Various two-sided facing-lid-driven cavity 

flows (parallel and antiparallel wall motion) are studied in Chapter 4. Chapter 5 is 

focuses on LBM computation of two- and four-sided lid-driven square cavity flows and 

two-sided rectangular cavity flows to capture multiple steady solutions. In Chapter 6 we 

carry out LBM computation of flows in three-dimensional cavities with various types of 

wall motion. Chapter 7 focuses on the application of LBM to two- and three-dimensional 

incompressible thermal flows. Chapter 8 is concerned with application of LBM to 

compute gaseous flows in micro-geometries. Finally, concluding remarks made in 

Chapter 9. To clarify certain points and to make the dissertation self-contained to a 

certain extent, a number of appendices are added at the end.    
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Lattice Boltzmann Method 

 

2.1. General Background 

In the past few decades, the relation between the Boltzmann Equation and Navier-Stokes 

equation for the study of fluid dynamics has been an active and popular topic of research 

[1, 77]. The Boltzmann equation relates the time evolution and spatial variation of a 

collection of molecules to a collision operator that describes the interaction of the 

molecules. It is known that, the Boltzmann equation provides a more efficient 

representation of gaseous flows for a whole range of flow regimes than the Navier-Stokes 

equation. But researchers generally prefer to use the conventional numerical methods 

(finite difference method, finite volume method, finite element method..etc.) based on the 

discretization of partial differential equations (Navier-Stokes equations) in continuum 

regime than solving the Boltzmann equations. This is because solution of the Boltzmann 

equation is a non-trivial task owing to the complexity of the collision term.          

The development of Lattice Gas Automata (LGA) and Lattice Boltzmann Method (LBM) 

are the promising methods that use different kind of nonconventional techniques for 

applications in CFD. The LGA, however, suffered from drawbacks such as the lack of 

Galilean invariance, statistical noise and nonphysical solution (e.g., pressure depending 

on velocity). LBM overcame the difficulties of LGA using the simple model of linearized 
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collision operator based on the Bhatnagar-Gross-Krook (LBGK) collision model [20]. 

The justification for the LBM approach is the fact that the collective behaviour of many 

microscopic particles is behind the macroscopic dynamics of a fluid and this dynamics is 

not particularly dependent on the details of the microscopic phenomena exhibited by the 

individual molecules. It is the solution of a minimal Boltzmann kinetic equation, rather 

than the discretization of the Navier-Stokes equations of continuum mechanics. It 

provides stable and efficient numerical computations for the macroscopic behaviour of 

fluids, although describing the fluid in a microscopic way.   

The lattice model in LBM notation follows a D Qm n  reference, where m  is the number 

of dimensions and n  denotes the number of particle velocities. As an example popular 

one-dimensional (1-D) model is referred to as the one-dimensional two-velocity ( 1 2D Q ) 

model. Other 1-D models are the one-dimensional three-velocity ( 1 3D Q ) and one-

dimensional five-velocity ( 51D Q ) models. Two-dimensional lattice models are two-

dimensional seven-velocity ( 72D Q ) and two-dimensional nine-velocity ( 2 9D Q ) models. 

The three-dimensional counterparts are the three-dimensional fifteen-velocity ( 3 15D Q ), 

three-dimensional nineteen-velocity ( 3 19D Q ) and three-dimensional twenty seven-

velocity ( 273D Q ) models. In all the above models, the particles move according to a 

finite, discrete set of velocities. It is known that, through a Chapman-Enskog analysis, 

one can recover the governing continuity and momentum equations in the low Mach 

number limit.        
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The kinetic nature of the LBM introduces three important aspects. First, the convection 

operator of the LBM in phase space (or velocity space) is linear. Therefore the 

computational efforts are greatly reduced compared with conventional methods. Second, 

the pressure of the LBM is calculated using an equation of state. In contrast, in the 

numerical simulation of the unsteady incompressible Navier-Stokes equations, the 

pressure satisfies a Poisson equation with velocity strains acting as sources. Conventional 

methods solving this Poisson equation for the pressure often encounters numerical 

difficulties requiring special treatment, such as iteration or relaxation methods. Third, the 

LBM utilizes a minimal set of velocities in phase space. In contrast, the phase space of 

the traditional Boltzmann equation with Maxwell equilibrium distribution is a complete 

functional space and the average process involves getting information from the whole 

velocity phase space. In LBM, one or two speeds and a few directions are used, and 

therefore, the transformation relating the microscopic distribution function and 

macroscopic quantities is extremely simple. 

It is now observed that an increasing number of researchers simply use the LBM as an 

alternative to conventional numerical methods for the Navier-Stokes equation. As a 

computational tool, the lattice Boltzmann method differs from incompressible Navier-

Stokes equations-based methods as follows [54]: 

1. Navier-Stokes equations are second-order partial differential equations (PDEs); the 

discrete velocity model from which LBM is derived consists of a set of first-order 

PDEs (kinetic equations). 

2. Navier-Stokes equations have nonlinear convection terms; the convection terms in 

LBM are linear. 
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3. Lattice Boltzmann Equation (LBE) is a discretized kinetic equation; Navier-Stokes 

equations can take integral or differential forms. 

4. LBM depends on lattice structure; Navier-Stokes equations are in vector form that is 

independent on the coordinate and grids. 

5. The Navier-Stokes solver usually employs iterative procedures to obtain a 

converged solution; the LBM is explicit in form and do not need iterative 

procedures.  

6.  Boundary conditions involving complicated geometries require careful treatments 

in both Navier-Stokes equations-based and LBM solvers. In LBM, the boundary 

condition is in the form of particle distribution functions.  

7. Due to the kinetic nature of the Boltzmann equation, the physics associated with the 

molecular level interaction can be incorporated more easily in the LBE model.            

Also it is known that there is no continuum assumption involved in the LBM; therefore, 

its prospect in simulating microflows is quite evident and the choice of using LBM for 

microflow simulation is a good one owing to the fact that it is based on the Boltzmann 

equation which is valid for the whole range of the Knudsen number (which is the ratio of 

the mean free path of molecules to the characteristic length). 

The dimensionless Mach number is defined by 

 0u
Ma

cs
=  

 (2.1) 

which must fulfill  < 0.3Ma  to be within incompressible limit. Here, cs is the speed of 

sound. The Reynolds number is defined as 

 0u L
Re

υ
=  

 (2.2) 
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 L N xδ=  being the characteristic length, N  the number of lattice nodes in the 

characteristic length, xδ  the lattice spacing and 0u  the reference velocity of the flow. 

The lattice spacing xδ and lattice timing tδ determine the lattice dimensions.  

2.2. Boltzmann Equation 

Historically the Lattice Boltzmann Method evolved from Lattice Gas Automata (LGA); 

an alternative interpretation of LBM is obtained by considering the Boltzmann equation 

directly. The Boltzmann equation, also known as the Boltzmann transport equation 

describes the statistical distribution of particles in a fluid. It is an equation for the time 

evolution of  f (r, c, t), the particle distribution function in the phase space. Phase space 

can be viewed as a space in which coordinates are given by the position and momentum 

vectors at the time. The distribution function f (r, c, t) gives the probability of finding a 

particular molecule with a given position and momentum.  

The classic continuum Boltzmann equation is an integro-differential equation for a single 

particle distribution function f (r, c, t) and written as [77]  

( ). .
f f f

Q f
t

∂ ∂ ∂+ + =
∂ ∂ ∂

c F
r c

 
(2.3) 

where c is the particle velocity, F is the body force and Q( f ) is the collision integral. For 

the two-particle collision one may write   

( )( ) ( ) ' '
1 2 2 1 2 1 2 1 2,  =  - Q f f f d c c f f f f dσ Ω� �Ω −� �� �c    (2.4) 

where ( )σ Ω  is the differential collision cross section for the two particle collision which 

transforms the velocities from {c1,c2} (incoming) into { ,1 2
' 'c c } (outgoing). One of the 

major problems when dealing with the Boltzmann equation is the complicated nature of 

the collision integral Q( f ). To facilitate numerical and analytical solutions of the 
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Boltzmann equation, this collision integral is replaced by a simpler expression proposed 

by Bhatnagar, Gross and Krook [20]. This widely used replacement is called the lattice 

Boltzmann with BGK approximation or single-relaxation-time model and is given by  

( )
eq

BGK

f f
Q f

τ
−= −  

 (2.5) 

where � is a typical single-relaxation-time associated with collision relaxation to the local 

equilibrium. It may be noted that alternative formulations based on lattice Boltzmann 

with multi-relaxation-time [78] is also available (two-dimensional formulation is used in 

this thesis).     

2.3. Lattice Boltzmann Single-Relaxation-Time (LBM-SRT) Model  

 The LBGK model with single-relaxation-time (LBM-SRT), which is a commonly used 

lattice Boltzmann method, is given by [27] 

01 ( )( , ) ( , ) = - ( , ) ( , )f t t t f t f t f ti ii i τ
� �
� 	

 �

+ ∆ + ∆ − −x x x xci   (2.6) 

where ( , )f ti x  and 0( )( , )f ti x  are the particle and equilibrium distribution functions at 

( ,tx ), ic  is the particle velocity along the ith direction and τ  is the single-relaxation-time 

parameter that controls the rate of approach to equilibrium. The above Equation 2.6 is 

updated in the following two steps: 

Collision step:     ( ) ( ) ( ) ( )1
, , , ,eq

i i i if t f t f t f t
τ
� �= − −� �x x x x%  

 (2.7) 

Streaming step:     ( ) ( ), ,i if t t t f t∆ +∆ =x+ x%
ic  

 (2.8) 

where if and if% denote the pre- and post-collision states of the distribution function, 

respectively. For simulating two-dimensional flows, the two-dimensional nine-velocity 
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model (D2Q9) with nine discrete velocities ic ( 0,1..,8)i =  is commonly used. In a D2Q9 

square lattice each node has eight neighbours connected by eight links as shown in Figure 

2.1. Particles residing on a node move to their nearest neighbours along these links in unit 

time step. The occupation of the rest particle is designated as 0f . The occupation of the 

particles moving along the x- and y-axes are designated as 1f , 2f , 3f  and 4f , while the 

occupation of diagonally moving particles are designated as 5f , 6f , 7f and 8f . 

      
 

Figure 2.1: Two-Dimensional nine-velocity square lattice model. 
 

The macroscopic quantities such as density ρ  and momentum density ρu  are obtained 

as velocity moments of the distribution function fi  as follows: 

N
�= f ,ii=0

�  
 (2.9) 

N
� = fii=0

� iu c  
 
(2.10) 

where N = 8. The density is determined from the particle distribution function. The 

density and the velocities satisfy the Navier-Stokes equations in the low-Mach number 
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limit. This can be demonstrated by using the Chapman-Enskog expansion. In the D2Q9 

square lattice, a suitable equilibrium distribution function that has been proposed is [27] 

2

2 2

2 2

3(0)  = 1 ,    = 0
2

(0)  = 1 3( ) + 4.5 ( )  - 1.5 ,   = 1, 2, 3, 4

(0)  = 1 3( ) + 4.5 ( )  - 1.5 ,   = 5, 6, 7, 8

f w ii i

f w  ii i

f w  ii i

ρ

ρ

ρ

� �

 �
� �

� �

 �� �

� �

 �� �

−

+

+

u

c .u c .u ui i

c .u c .u ui i

 

 

 
(2.11) 

where the lattice weights are given by 40 1 2 3w  = 4/9,  w  = w  = w  = w  = 1/9  and 

5 76 8w  = w  = w  = w  = 1/36. The relaxation time that fixes the rate of approach to 

equilibrium is related to the viscosity by [27] 

6 1 = 
2

υτ +   
(2.12) 

where υ  is the kinematic viscosity measured in lattice units. It is seen that  τ = 0.5 is the 

critical value for ensuring a non-negative kinematic viscosity. Numerical instability can 

occur for a  τ value of close to this critical one. This situation takes place at high 

Reynolds numbers. For simulating three-dimensional flows, the fifteen-velocity model 

(D3Q15, 0,1..,14)i =  the nineteen-velocity model (D3Q19, 0,1..,18)i =  and the twenty 

seven-velocity model (D3Q27, 0,1..,26)i =  are used. Figure 2.2 shows the D3Q15, D3Q19 

and D3Q27 cubic lattice models. All the above 3D LBM models incorporate a rest 

particle in the discrete velocity set { }ic , because the LBM models with a rest particle 

have better computational stability and reliability. We now give the discrete particle 

velocities and weights associated with the commonly used models.   
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                        (a)                                                                  (b)    

 
                                                              (c) 

 
Figure 2.2: Three-Dimensional lattice models: (a) D3Q15 (b) D3Q19 and (c) D3Q27. 

 

For the D2Q9 model the discrete velocity set { }ic  is written as [27]     

              

0,                                                                    = 0 
 = (cos(( 1) / 4),sin(( 1) / 4),                    = 1, 2, 3, 4,

2 (cos(( 1) / 4),sin(( 1) / 4),               = 5, 6, 7, 
c

c

i
i i i

i i i

π π
π π

− −
− −

ci   
8.

�
�
�
�
�

 

 

(2.13) 

and the lattice weights are  
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4 / 9,

1/ 9,
1/ 36,

iw
�
�= �
�
�

                                                                   
0 ;  
1, 2 , 3 , 4 ;  
5 , 6 , 7 , 8 ;  

i
i
i

=
=
=

 

 

(2.14) 

For the D3Q15 model the discrete velocity set { }ic  can be expressed as [55] 

           

(0,0,0),

( 1,0,0), (0, 1,0), (0,0, 1),
( 1, 1, 1),

c c c

c

�
�= ± ± ±�
� ± ± ±�

ci                            

0;  
1, 2,..., 6;  
7,8,.....,14;  

i
i
i

=
=
=

 

 

(2.15) 

  and the lattice weights are 

      

2 / 9,

1/ 9,
1/ 72,

iw
�
�= �
�
�

                                                                          

0;  
1, 2,..., 6;  
7,8,.....,14;  

i
i
i

=
=
=

     

 

(2.16) 

 
For the D3Q19 model the discrete velocity set { }ic  can be expressed as [55] 

           

(0,0,0),

( 1,0,0), (0, 1,0), (0,0, 1),
( 1, 1,0), ( 1,0, 1), (0, 1, 1),

c c c

c c c

�
�= ± ± ±�
� ± ± ± ± ± ±�

ci                             
0;  
1, 2,...,6;  
7,8,.....,18;

i

i
i

=
=
=

 

 

(2.17) 

  and the lattice weights are 

            

2 / 9,

1/18,
1/ 36,

iw
�
�= �
�
�

                                                                               
0;  
1, 2,...,6;  
7,8,.....,18;

i

i
i

=
=
=

 

 

(2.18) 

For the D3Q27 model the discrete velocity set { }ic  can be expressed as [55] 
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(0,0,0),
( 1,0,0), (0, 1,0), (0,0, 1),
( 1, 1,0), ( 1,0, 1), (0, 1, 1),
( 1, 1, 1),

c c c

c c c

c

�
� ± ± ±�= � ± ± ± ± ± ±�
� ± ± ±�

ic                                  

0;  
1,2,...,6;
7,8,.....,18;
19,20,..., 26;

i

i

i

i

=
=
=
=

 

 

(2.19) 

and the lattice weights are 

            

8 / 2 7 ,
2 / 2 7 ,
1 / 54 ,
1 / 21 6,

iw

�
�
�= �
�
��

                                                                       

0;  
1,2,...,6;
7,8,.....,18;
19,20,..., 26;

i

i

i

i

=
=
=
=

 

 

(2.20) 

2.4. Lattice Boltzmann Multi-Relaxation-Time (LBM-MRT) Model 

Lallemand and Luo [78] showed the robustness of the Lattice Boltzmann Method with 

multi-relaxation-time (LBM-MRT) model and presented high accuracy results and 

numerical stability of high Reynolds numbers. They have performed the detailed 

theoretical analysis on the dispersion, dissipation and stability characteristics of a 

generalized Lattice Boltzmann Equation model proposed by d’Humieres [79]. The two-

dimensional Multi-relaxation-time collision model [78, 79] is also used in the present 

work (Chapter 3 and Chapter 4). For simulating 2D flows a D2Q9 model is used and the 

discrete particle velocities are represented as { } = 0, 1,......,i Nci  and the particle 

distribution function is represented as { }( , )   = 0, 1,...., f t i Ni x . The discretized particle 

distribution function in a vector space R can be written as 
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{ }0 1, )  =  , ),  , ),......, , )n n n N n

T
f t f t f t f ti (x (x (x (xi i i i  

 
(2.21) 

The lattice Boltzmann multi-relaxation-time (LBM-MRT) model evolution equation can 

be written in discretized form [80] 

( )1, )   , ) = , )   , )  eq
n n i if t t t f t M S m t m ti i n n

−+ ∆ + ∆ − − −(x (x (x (xi ic i ii   
(2.22) 

where S  is the diagonal matrix, M  for the D2Q9 model is a 9 ×  9 transformation matrix 

that linearly transforms the velocity distribution functions fi  to the macroscopic 

moments. The transformation matrix M can be written as 

1     1     1     1     1     1     1     1     1

-4  -1   2    -1   2    -1   2   -1   2
4    -2   1    -2   1   -2   1   -2   1

0     1    1    0   -1   -1  -1   0    1
 = 0    -2    1    0   -1   2   M -1   0    1

0    0     1   1    1     0   -1   -1  -1
0     0    1   -2   1    0    -1   2   -1
0     1    0   -1   0    1    0    -1   0
0     0    1    0   -1   0    1     0   -1

� �
� 	
� 	
� 	
� 	
� 	
� 	
� 	
� 	
�
�
�
�

 �

	
	
	
	

 

  

 

 

(2.23) 

The moments for the D2Q9 model are x x y y xx xy = ( , , , ,  ,  ,  ,  ,  )i
Tm e j q j q p pρ ε . Here ρ  

is the fluid density, e is the energy, ε  is related to square of energy, xj  and yj  are the 

momentum density (mass flux), xq  and yq  are the energy flux, xxp  and xyp  correspond 

to the diagonal and off-diagonal component of the viscous stress tensor. Diagonal matrix 

( S ) can be written as 5 72 3 8 9 = (0, ,  ,  0,  ,  0, ,  ,  )S s s s s s s . It is known that for the LBM-
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MRT model if we set 8 9
1

  =  = s s
τ

 then we can get same viscosity formula for the LBM-

SRT model. In LBM-MRT model it is more flexible to chose the rest of the relaxation 

parameters 5 72 3,  ,  ,  s s s s . In general these parameters can be chosen to be slightly larger 

than 1.0. Another important point, is to recover LBM-SRT model results we can set 

LBM-MRT parameters 5 72 3 8 9
1

,  ,  ,  ,  ,   = s s s s s s
τ

 .                                      

2.5. Boundary Conditions 

Boundary Conditions and initial conditions are essential for any computational fluid 

dynamic methods. In LBM several boundary conditions have been proposed [34-41]. 

Implementation of boundary conditions in LBM is an important task owing to the fact 

that one has to translate given information from macroscopic variables to particle 

distribution function (fi), since it is the only variable to be evaluated in LBM. 

 

Figure 2.3: Solid-fluid surface interaction at the top wall. 
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2.5.1. Periodic Boundary Conditions 

Periodic boundary conditions are the simplest instance of boundary conditions. To 

illustrate the idea, let us take the D2Q9 model (Figure 2.3) as an example and consider 

only the direction along the x-axis. After streaming the unknown distribution functions 

for inlet are f1, f5, f8 and also for outlet are f3, f7, f6 .  

Inlet (Left boundary) 

1 2

5 5

8 8

( 1 , , ) ( , , )

( 1 , , ) ( , , )

( 1 , , ) ( , , )

f y t f L y t

f y t f L y t

f y t f L y t

=
=
=

 
 

(2.24) 

Outlet (Right boundary)   

3 3

7 7

6 6

( , , ) ( 1 , , )

( , , ) ( 1 , , )

( , , ) ( 1 , , )

f L y t f y t

f L y t f y t

f L y t f y t

=
=
=

 

 

(2.25) 

                                                                                                                                                                          

2.5.2. Bounce-back Boundary Conditions 
The so-called ‘no-slip’ boundary condition physically means that there is no flow motion 

at the boundaries. An implementation of this boundary condition is the so-called bounce-

back scheme of the distribution function. The bounce-back boundary condition means 

that when a particle reaches a wall node, the particle will scatter back to the fluid nodes 

along its incoming direction. For the D2Q9 model (Figure 2.3) and considering the 

bottom wall, after streaming unknown distribution functions 2 5 , 6,f f f  are given 

by 
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5 7

2 4

6 8

( , , ) ( , , )

( , , ) ( , , )

( , , ) ( , , )

f x y t f x y t

f x y t f x y t

f x y t f x y t

=
=
=

 

 

(2.26) 

This complete reflection guarantees that both tangential and normal components of the 

wall fluid speed vanish identically. 

2.5.2.1. Improved Bounce-Back Boundary Condition 

To ensure the no-slip boundary condition (U = 0) on the wall, Yu et al. [41] suggested a 

improved bounce-back boundary condition using a linear interpolation formula  

( )( )  =  )  +  ( )
1

( ( )
i i ii

f ff f ∆ +
+ ∆

− xx x x% % %% fw w i wc  
(2.27) 

The above boundary condition is valid for both 0.5∆ <  and 0.5∆ ≥ . For a moving wall 

they added additional momentum  

, ) = , ) + .2( ( 2w i ii
3f t t f t t w �

c
+ ∆ + ∆w wx x% ic u  

(2.28) 

where f
i%

 indicates post-collision state. 

2.5.3. Temperature Boundary Conditions 

For the temperature distribution function, adiabatic walls are simulated by putting the 

temperature at the sites of the walls equal to the temperature at the nearest sites inside the 

flow domain. In this thesis, second-order finite difference approximation is used for 

temperature. As an example, for the top wall in a square cavity D2Q9 model   

, , 1 , 2
4 1 =  g  -  g
3 3i NY i NY i NYg − −  (2.29) 
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where ,i NYg  is the temperature on the wall; , 1i NYg − and , 2i NYg − are the temperatures 

inside the flow domain near the wall.  

2.5.4. Slip Boundary Conditions 

Case I: Specular Reflection Boundary condition (SBC) 
 
The specular reflection means the particle will reflect in the specular direction like a ray 

of light. For the D2Q9 model (Figure 2.3) and considering the bottom wall, after 

streaming the unknown distribution functions 52 6, ,f f f  are given by  

( , , ) ( , , )5 8
( , , ) ( , , )2 4
( , , ) ( , , )76

f x y t f x y t

f x y t f x y t

f x y t f x y t

=

=

=

 
 

(2.30) 

 
2.5.5. Partial-Slip Boundary Conditions 
 
Case I: Bounceback and Specular Boundary condition (BSBC) 
 
For gas flow in microgeometries, neither pure no-slip (bounce-back in LBM) nor pure 

free-slip (specular reflection in LBM) boundary condition can accurately capture the real 

flow phenomena. For such geometries, combination of bounce-back and specular 

boundary condition using the tangential momentum accommodation coefficient (TMAC) 

� is used to simulate the partial-slip boundary condition on the walls. For gaseous flow in 

micro-devices the TMAC can be expressed as    

M M ri
M M wi

σ
−

=
−

 
(2.34) 

where M is the tangential momentum of the molecules and the subscripts i, r, w refer to 

the incident, reflected and wall molecules respectively. With reference to Figure 2.3 the 

boundary conditions at the top wall using TMAC are as follows: 
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(1 )7 5 6

4 2
(1 ) 58 6

f f f

f f

f f f

σ σ

σ σ

= × + − ×

=

= × + − ×

 
 

(2.35) 

The value of � lies between 0 and 1. Physically, � = 0 represents the case in which the 

tangential momentum of all the incident molecules equals to the same of the reflected 

molecules (specular reflection). As a result, the gas molecules do not exchange any net 

tangential momentum with the wall on collision. Then, � = 1 denotes the case in which 

the incipient gas molecules the same tangential momentum as that of the wall (diffuse 

reflection). 

Case II: Diffuse Scattering Boundary Condition (DSBC) 
 
DSBC is derived from the gas surface interaction law of the kinetic theory. The main 

theme of the DSBC is that the particles in the LBM arriving at the wall lose their 

information and are redistributed with respect to the mass-balance and normal-flux 

conditions. The DSBC of the LBM is as follows 

( ) ( ) ( )' ' '
'

. .
. < 0

w wi i ifi i i
wi

f f
� �
� 	� 	

 �

− = − ℜ →�
−

e u n e u n e e
e u n

 
 

(2.31) 

where ie and 
'
ie are the molecular velocities of the incident and reflected particles, 

respectively, n is the inward unit normal vector of the wall and w indicates the wall 

boundary. The scattering kernel, which is given by  

( ) ( )( )' .N
f

eq
wi i ii ww

A
f

ρ
ℜ → = − =e e e u n u u  

 

(2.32) 

AN is a normalization coefficient and can be obtained by satisfying zero normal flux 

conditions on the walls. This coefficient is also dependent on the velocity model used in 

the LBM. For the D2Q9 model, AN  is 6.  
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To illustrate the DSBC choose a straight solid wall with velocity uw. Figure 2.3 shows the 

solid arrow lines (i = 1, 3, 7, 4, 8) represent the particles streaming from the flow domain 

with the known distribution functions while the dashed arrow lines (i= 5, 2, 6) are the 

particles reflected from the wall boundary with the unknown distribution functions, 

which are to be determined by the DSBC and we have  

( )( )

( )( )

( )( )

5 5 7 4 8

2 2 7 4 8

6 6 7 4 8

,

,

,

eqN
w w

w

e qN
w w

w

e qN
w w

w

A
f f f f f

A
f f f f f

A
f f f f f

ρ
ρ

ρ
ρ

ρ
ρ

= + +

= + +

= + +

u

u

u

 

 

 

(2.33) 

 
2.6. Conclusion 

In this chapter an overview of the Lattice Boltzmann Method is given. The formulation of 

Lattice Boltzmann model with single-relaxation-time and multi-relaxation-time is also 

presented. Boundary conditions which are suitable for LBM simulation is also discussed 

in some detail. 
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Simulation of Some Two-Dimensional 

Incompressible Isothermal Flows 

Part I: Single Lid-Driven Cavity Flows 

3.1. Introduction 

The classical lid-driven cavity flow problem consisting in an incompressible viscous flow 

in a cavity whose top wall moves with a uniform velocity in its own plane has long been 

used for evaluating numerical techniques for the solution of incompressible viscous 

flows. This problem is not only technically important but also of great scientific interest 

because it displays almost all fluid mechanical phenomena such as corner vortices, 

longitudinal vortices, Taylor-Gortler vortices that occur in the simplest of geometrical 

settings. It retains all the difficult flow physics and is characterized by a large primary 

eddy at the centre and secondary eddies located near the cavity corners. Because of its 

popularity, a plethora of experimental and numerical results are readily available for this 

problem in the literature [25-33, 51, 54, 74-76, 81-85].   

This lid-driven cavity problem is also attractive because of its importance in industrial 

applications such as coating & drying technologies, melt spinning processes and many 

others [25]. It is also known that, the rectangular lid-driven cavity flow is an idealized 
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representation of several engineering situations, such as the flow over cutouts, designs 

and repeated slots on the walls of heat exchangers or on the surface of aircraft bodies 

[74].        

A number of experimental and numerical studies have been conducted to investigate the 

flow field of a lid-driven cavity flow in the last several decades. The first major studies of 

the steady two-dimensional single lid-driven cavity flow are due to Burggraf [81] for the 

square cavity and Pan and Acrivos [82] for other geometrical aspect ratios. A review on 

computational and also experimental studies on two- and three-dimensional lid-driven 

cavity flow can be found in Shankar & Deshpande [25]. They have studied and analyzed 

corner eddies, nonuniqueness, transition and turbulence in the lid-driven cavity. Ghia et 

al. [83] have applied a multi-grid strategy and presented solutions for Reynolds numbers 

starting from Re = 100 to as high as Re = 10000. In most of the available literature, the 

cavity flow field calculation is based on solving the Navier-Stokes equation using a finite 

difference method (FDM), finite volume method (FVM) (or) finite element method 

(FEM) [25, 81-85]. In fact, as hundreds of papers attest, the lid-driven cavity flow 

problem is one of the standard benchmark problems used to test new computational 

schemes.  

It is known that, the lattice Boltzmann method has recently become a useful and 

alternative approach for computational fluid dynamics. Many researchers carried out 

simulations of single lid-driven cavity flow by lattice Boltzmann method [26-33]. From 

the literature, it is found that most of the work deals with lattice Boltzmann with single-

relaxation-time (LBM-SRT) and bounce-back boundary condition to study the cavity 
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flow field. There appears to be very little work done on rectangular cavities (deep and 

shallow cavity) by continuum based methods and LBM, although they are of theoretical 

interest [32, 33]. Therefore the main objective of the present chapter, part I, is to simulate 

the single lid-driven cavity flows using LBM.      

3.2. Lattice Boltzmann Models with Boundary Conditions   

In this chapter, part I, two lattice Boltzmann relaxation models, namely, computationally 

convenient LBM-SRT and LBM-MRT are used to study the well known square cavity 

problem (Figure 3.1) for a wide range of Reynolds numbers. A D2Q9 square lattice 

incompressible LB model in two-dimensional space has been used since it is known to 

give more accurate results compared with D2Q7 hexagonal lattice. 

3.2.1. Boundary Conditions 

In this chapter, part I, the second order accurate linear interpolation (improved bounce-

back scheme, discussed in chapter 2, section 2.5.2) boundary condition given by Yu et al. 

[41] is enforced on all the stationary walls. However for the moving wall, the equilibrium 

boundary condition [27] is applied. At the lattice nodes on the moving walls, flow-

variables are re-set to their pre-assumed values at the end of every streaming-step. The 

top lid-velocity of U = 0.01 for Re = 1 and U = 0.1 for 100 ≤ Re ≤ 7500 is considered to 

maintain for which the present algorithm is designed.           

3.2.2. LBM Simulation Procedure  
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The velocity components u and v are in the x- and y-directions. Initially the velocities at 

all lattice nodes, except at the top nodes, are set to zero. The x-velocity of the top plate is 

fixed at a value of U and the y-velocity is zero. Uniform fluid density ρ = 1.0 is imposed 

initially. The equilibrium distribution function ( ),eq
if tx  is calculated and particle 

distribution function ( ),if tx  is set to equal to ( ),eq
if tx  for all node at t = 0. The 

distribution function can be found by a succession of propagation and collision processes. 

At the end of each process distribution function is set to the equilibrium state. The 

solution procedure of the LBM at each time step comprise of streaming and collision 

step, application of boundary conditions, calculation of particle distribution function 

followed by calculation of macroscopic variables. All of our computations are carried out 

on a Pentium 4-based PC with 512 MB RAM.  

3.3. Finite Difference (FD) Stream Function-Vorticity Based Solver 

As the LBM method is intended to be used to compute the flow in an unexplored 

geometry, need was felt to develop a finite difference (FD) code to attack the same 

problem thus providing a basis for comparison. The alternate direction implicit (ADI) 

method is used for time integration [97]. The FD code numerically solves the 2D Navier-

Stokes equations in the stream function-vorticity form given by  

2 2

2 2 +  =  -
x y
ψ ψ ω∂ ∂

∂ ∂
 

  (3.1) 

2 2

2 2 +  +  =   + . 
t

1u  v
x y Re x y

ω ω ω ω ω� �
� �
� �
� �

∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

 
   

  (3.2) 
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It is intended to obtain the steady state solution from the discretized equations in a time 

marching fashion. It is well known that if an explicit technique that uses a forward time-

stepping of first order accuracy and a central spatial discretization, the stability limit 

restricts the time-step to a very small value and the convergence to the steady state is 

painfully slow. This is especially true for larger Reynolds numbers at which it is 

extremely difficult to obtain the steady state solution when central space-differencing is 

used. To overcome this problem a first order accurate one sided space-differencing can be 

used in the convective term. This however, limits accuracy of the results and is no 

solution to the problem encountered. Maintaining a good spatial accuracy of second order 

by using central space-differencing and adopting an implicit time stepping through 

alternate direction implicit (ADI) technique that improves the stability behaviour of the 

computation remarkably, we circumvent this problem and obtain accurate solutions at 

higher Reynolds numbers as well. This code will provide a legitimate basis for 

comparison only after it has been validated and this exercise is presented in the next sub-

section.  

3.4. Code Validation 

The geometry and boundary conditions of the single lid-driven cavity flow is shown in 

Figure 3.1. First, the developed LBM code is used to compute the flow on a 129×129 

lattice arrangement shown in Figure 3.2. Figure 3.3 shows the steady-state u-velocity 

profile along a vertical line passing through the geometric centre of the square cavity at 

Re = 1000. Here the top lid moves from left to right and it is observed that the agreement 

between our LBM-SRT results and those of FDM is excellent. The same figure also 
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displays our LBM-MRT results which again are in excellent agreement with the two 

earlier results.  

      
 

Figure 3.1: Geometry of a single lid-driven cavity flow with boundary conditions. 

      
 

Figure 3.2: Schematic diagram of a 129×129 uniform lattice arrangement. 
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Figure 3.3: u-velocity profile along the vertical centreline for single lid-driven square 

cavity flow.   

3.5. Numerical Experiments 

In order to study the validity and effectiveness of the lattice Boltzmann method, it is 

applied to three problems. These are (i) square cavity flow (ii) deep cavity flow and (iii) 

shallow cavity flow. In this chapter, the aspect ratio (K) of the cavity is defined as a 

formula K = D/W, where D and W are the depth and width of the cavity respectively. 

3.5.1. Test Problem 1: Square Cavity Flow (K = 1) 

The considered problem consists of a two-dimensional square cavity whose top plate 

moves from left to right with a uniform velocity, while the other three walls are fixed. In 

this problem, the moving wall generates vorticity which diffuses inside and this diffusion 

is the driving mechanism of the flow. The streamline patterns for the square cavity flow 
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with Reynolds number increasing from Re = 1 to 7500 using LBM-SRT model on a 

201×201 lattice arrangement are shown in Figures 3.4 and 3.5. Our results agree well 

with existing results [27, 30, 31, 83-85]. As the Reynolds number increases, the following 

observations are made. For Re = 1, flow is symmetric about the vertical centreline. For Re 

≥  100 the flow structure inside the cavity is characterized by a large primary vortex 

filling almost the whole cavity. With the increase of Reynolds number from 100, the 

primary vortex centre shifts from the top right corner towards the geometric centre of the 

cavity, which virtually becomes invariant for Re ≥  5000 (Figure 3.5). With Reynolds 

number there is an expansion of the recirculation zone for the secondary vortices with a 

tendency of their centres to shift towards the geometric centre. The appearance of the top-

left secondary vortex can be seen for Re = 2000 and more.  

As expected, better scale resolution is obtained by increasing the number of lattices. The 

bottom right corner vortices are resolved up to the tertiary level for Re = 3200 on a 

201×201 lattice size. Figure 3.6 (magnified view) shows that use of an LBM-SRT model 

on a 375×375 lattice arrangement for Re = 3200 allows us to capture a quaternary corner 

vortex that has not probably been captured through LBM so far. In Figure 3.7 we present 

the horizontal velocities on the vertical centreline and the vertical velocities on the 

horizontal centreline of the square cavity for Reynolds numbers ranging from 100 to 

7500 and compare our data with those of Ghia et al. [83]. In each case, our velocity 

profiles exhibit a close match with those given by Ghia et al. [83].   
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                          (a) Re = 1                                                              (b) Re = 100 

   

                           (c) Re = 400                                                     (d) Re = 1000 

Figure 3.4:  Streamline pattern for the single lid-driven square cavity flow for (a) Re = 1, 

(b) Re = 100, (c) Re = 400 and (d) Re = 1000 by LBM–SRT method. Simulations were 

carried out on a 201×201 lattice arrangement.   
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                          (a) Re = 2000                                                   (b) Re = 3200 

    

                        (c) Re = 5000                                                      (d) Re = 7500 

Figure 3.5:  Streamline pattern for the single lid-driven square cavity flow for (a) Re = 

2000, (b) Re = 3200, (c) Re = 5000 and (d) Re = 7500 by LBM–SRT method. 

Simulations were carried out on a 201×201 lattice arrangement.  
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Figure 3.6: Flow pattern at the bottom right corner for the single lid-driven square cavity 

flow at Re = 3200 on a 375×375 lattice arrangement: secondary, tertiary and quaternary 

vortices.  

 

(a) 
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(b) 

Figure 3.7: Comparison of LBM-SRT square cavity results: (a) u-velocity along the 

vertical centreline and (b) v-velocity along the horizontal centreline.  

 

In Figures 3.8 and 3.9 we present the vorticity and pressure contours for the range of 

Reynolds numbers 1 to 1000 obtained by LBM-SRT method. Though results are not 

presented in this section, we have observed that the presented velocity profile results are 

agree well with other researchers [31, 32, 54, 80, 85].  
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                          (a) Re = 1                                                              (b) Re = 100 

       

                        (c) Re = 400                                                         (d) Re = 1000 

Figure 3.8:  Vorticity contours for the single lid-driven square cavity flow for (a) Re = 1, 

(b) Re = 100, (c) Re = 400 and (d) Re = 1000 by LBM – SRT model. Simulations are 

carried out on a 201×201 lattice arrangement.    
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                          (a) Re = 1                                                              (b) Re = 100 

 

                           (c) Re = 400                                                         (d) Re = 1000 

Figure 3.9: Pressure contours for the single lid-driven cavity flow for (a) Re = 1, (b) Re = 

100, (c) Re = 400 and (d) Re = 1000 by LBM – SRT model. Simulations are carried out 

on a 201×201 lattice arrangement.  

TH-963_05610311



Simulation of Some 2D Incompressible Isothermal Flows 
 

 47 

   

Figure 3.10: (a) Vorticity contour and (b) Pressure contour for the single lid-driven 

square cavity flow obtained by LBM–SRT method at Re = 7500 on a 201×201 lattice 

arrangement.  

Figure 3.10 shows the vorticity and pressure contours for the square cavity flow obtained 

by LBM–SRT model at Re = 7500. Here we observe some wiggles or ripples in the 

vorticity and pressure contour plot near the upper corners, where singularities exist. 

Lallemand and Luo [78] concluded that LBM-MRT model can reduce the oscillations 

near singular points. Therefore, we also use the LBM-MRT model to compute the square 

cavity flow field to find its effects. Figure 3.11 shows the vorticity contour for higher 

Reynolds number ranging from 2000 to 7500. It is seen that several regions of high 

vorticity gradients indicated by the concentration of the vorticity contours appears within 

the cavity. The thinning of the wall boundary layers with increasing Reynolds number is 

evident from these plots. Comparing Figure 3.10 (a) and Figure 3.11 (d) it is seen that 

LBM-MRT technique captures the vorticity pattern better near the points of singularity at 

the top corners.       
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                           (a) Re = 2000                                                   (b) Re = 3200 

  

                         (c) Re = 5000                                                    (d) Re = 7500 

Figure 3.11:  Vorticity contours for the single lid-driven square cavity flow for (a) Re = 

2000, (b) Re = 3200, (c) Re = 5000 and (d) Re = 7500 obtained by LBM–MRT method. 

Simulations are carried out on 201×201 lattice arrangement.                     
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                        (a) Re = 2000                                                 (b) Re = 3200 

   

                           (c) Re = 5000                                                  (d) Re = 7500 

Figure 3.12:  Pressure contours for the single lid-driven square cavity flow for (a) Re = 

2000, (b) Re = 3200, (c) Re = 5000 and (d) Re = 7500 obtained by LBM–MRT method. 

Simulations are carried out on a 201×201 lattice arrangement.  
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Figure 3.12 presents the LBM-MRT isobars at higher Reynolds number ranging from 

2000 to 7500. By examining the closed contours it is seen that the inviscid core grows 

with increasing values of Reynolds number. These results are well known in the literature 

and exhibit no surprises thereby confirming the fact that our LBM-MRT results yield 

qualitatively accurate solutions. As expected, at higher Reynolds number flows, LBM-

MRT model gives much less spatial oscillations near geometrical singular points 

(compare Figure 3.10 (b) and 3.12 (d)). In Figure 3.13 we present comparisons of the 

horizontal velocities on the vertical centreline and the vertical velocities on the horizontal 

centreline of the square cavity for Reynolds numbers ranging from 100 to 7500. To lend 

credibility to the LBM-MRT results they are further compared with those obtained 

through the finite difference-based code described earlier. Overall, the Reynolds number 

effect on the flow structure is clearly manifested by the streamlines, velocity profiles, 

vorticity and pressure contours.  

In Table 3.1-3.4 we present the quantitative data for our square cavity solutions. In Table 

3.1, we present the location of the centre of the primary vortex for 1 ≤ Re ≤ 7500. In each 

case our LBM and FDM solutions exhibit an excellent match with the best and accurate 

solutions available in the literature. In Table 3.2, we present the vortex-centre data of the 

secondary vortices for 1 ≤ Re ≤ 7500 in the bottom-left and bottom-right corners of the 

square cavity. In Table 3.3, we present the vortex-centre data of the secondary vortex in 

the top-left corner (or near the trailing edge of the moving wall) of the lid-driven square 

cavity for 2000 ≤ Re ≤ 7500. Our LBM and FDM results again exhibit an excellent match 

with the published results. In Table 3.4 we present data on the tertiary vortices for 

3200 ≤ Re ≤ 7500 and our results match very well with those in the literature [83, 84].  
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(a) 

 

(b) 

Figure 3.13: Comparison of LBM-MRT square cavity results: (a) u-velocity along the 

vertical centreline and (b) v-velocity along the horizontal centreline.     

TH-963_05610311



Chapter 3  
 

 52 

Table 3.1: Location of the centre of primary vortex for the single lid-driven square cavity 

flow.   

 
Re 

 
Authors 

 
x 

 
y 

 
Present LBM – SRT Method 0.4994 0.7546 
Present LBM – MRT Method 0.4993 0.7528 

 
 

1 Present FDM  0.4991 0.7519 
 

Ghia et al. [83] 0.6172 0.7344 
Hou et al. [27] 0.6196 0.7373 

Gupta & Kalita [84] 0.6125 0.7375 
Patil and Lakshmisha [30] 0.6161 0.7296 

Present LBM – SRT Method 0.6152 0.7361 
Present LBM – MRT Method 0.6156 0.7366 

 
 
 

100 

Present FDM 0.6188 0.7375 

Ghia et al. [83] 0.5547 0.6055 
Hou et al. [27] 0.5608 0.6078 

Gupta & Kalita [84] 0.5500 0.6125 
Patil and Lakshmisha [30] 0.5506 0.5972 

Present LBM – SRT Method 0.5537 0.6041 
Present LBM – MRT Method 0.5534 0.6039 

 
 
 

400 

Present FDM 0.5512 0.6136 

Ghia et al. [83] 0.5313 0.5625 
Hou et al. [27] 0.5333 0.5647 

Gupta & Kalita [84] 0.5250 0.5625 
Patil and Lakshmisha [30] 0.5259 0.5777 

Present FDM 0.5268 0.5637 
Present LBM – SRT Method 0.5304 0.5616 

 
 
 

1000 

Present LBM – MRT Method 
 

0.5302 0.5635 

Hou et al. [27] 0.5255 0.5490 
Gupta & Kalita [84] 0.5250 0.5500 

Present LBM – SRT Method 0.5238 0.5469 
Present LBM – MRT Method 0.5218 0.5462 

 
 

2000 

Present FDM 0.5236 0.5448 

Ghia et al. [83] 0.5165 0.5469 
Gupta & Kalita [84] 0.5188 0.5438 

 
 

3200 Patil and Lakshmisha [30] 0.5189 0.5441 
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Present LBM – SRT Method 0.5169 0.5458 
Present LBM – MRT Method 0.5162 0.5455 

Present FDM 0.5160 0.5421 

Ghia et al. [83] 0.5117 0.5352 
Hou et al. [27] 0.5176 0.5373 

Gupta & Kalita [84] 0.5125 0.5375 
Present LBM – SRT Method 0.5143 0.5362 
Present LBM – MRT Method 0.5147 0.5331 

 
 
 

5000 

Present FDM 0.5131 0.5367 

Ghia et al. [83] 0.5117 0.5322 
Hou et al. [27] 0.5176 0.5333 

Gupta & Kalita [84] 0.5125 0.5313 
Present LBM – SRT Method 0.5111 0.5302 
Present LBM – MRT Method 0.5107 0.5308 

 
 
 

7500 

Present FDM 0.5104 0.5301 

 

Table 3.2: Location of the centres of secondary corner vortices at the bottom of the single 

lid-driven square cavity flow.   

Bottom-left vortex   Bottom-right vortex 
Re 

 
Authors 

x y x y 

Present LBM – SRT Method 0.0343 0.0364 0.9508 0.0362 
Present LBM – MRT Method 0.0339 0.0358 0.9502 0.0354 

 
 

1 Present FDM 0.0332 0.0352 0.9510 0.0365 

Ghia et al. [83] 0.0313 0.0391 0.9453 0.0625 
Hou et al. [27] 0.0392 0.0353 0.9451 0.0627 

Gupta & Kalita [84] 0.0375 0.0375 0.9375 0.0625 
Patil and Lakshmisha [30] 0.0345 0.0324 0.9451 0.0574 

Present LBM – SRT Method 0.0321 0.0365 0.9432 0.0648 
Present LBM – MRT Method 0.0320 0.0371 0.9405 0.0681 

 
 
 

100 

Present FDM 0.0318 0.0341 0.9423 0.0667 

Ghia et al. [83] 0.0508 0.0469 0.8906 0.1250 
Hou et al. [27] 0.0549 0.0510 0.8902 0.1255 

 
 

400 Gupta & Kalita [84] 0.0500 0.0500 0.8875 0.1250 
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Patil and Lakshmisha [30] 0.0526 0.0471 0.8862 0.1258 
Present LBM – SRT Method 0.0503 0.0502 0.8899 0.1259 
Present LBM – MRT Method 0.0501 0.0500 0.8896 0.1247 

Present FDM 0.0499 0.0477 0.8891 0.1248 

Ghia et al. [83] 0.0859 0.0781 0.8594 0.1094 
Hou et al. [27] 0.0902 0.0784 0.8667 0.1137 

Gupta & Kalita [84] 0.0875 0.0750 0.8625 0.1125 
Patil and Lakshmisha [30] 0.0904 0.0989 0.8778 0.1261 

Present LBM – SRT Method 0.0830 0.0777 0.8616 0.1114 
Present LBM – MRT Method 0.0826 0.0776 0.8612 0.1112 

 
 
 

1000 

Present FDM 0.0817 0.0761 0.8604 0.1108 

Hou et al. [27] 0.0902 0.1059 0.8471 0.0980 
Gupta & Kalita [84] 0.0785 0.1000 0.8375 0.1000 

Present LBM – SRT Method 0.0889 0.1041 0.8452 0.0986 
Present LBM – MRT Method 0.0878 0.1074 0.8448 0.0997 

 
 

2000 

Present FDM 0.0861 0.1026 0.8427 0.0962 

Ghia et al. [83] 0.0859 0.1094 0.8125 0.0859 
Gupta & Kalita [84] 0.0813 0.1188 0.8125 0.0875 

Patil and Lakshmisha [30] 0.0993 0.0963 0.8619 0.0971 
Present LBM – SRT Method 0.0854 0.1192 0.8119 0.0842 
Present LBM – MRT Method 0.0849 0.1187 0.8108 0.0835 

 
 

3200 

Present FDM 0.0845 0.1179 0.8115 0.0829 
 

Ghia et al. [83] 0.0703 0.1367 0.8086 0.0742 
Hou et al. [39] 0.0784 0.1373 0.8078 0.0745 

Gupta & Kalita [84] 0.0750 0.1313 0.8000 0.0750 
Present LBM – SRT Method 0.0737 0.1367 0.8059 0.0736 
Present LBM – MRT Method 0.0733 0.1367 0.8051 0.0733 

 
 
 

5000 

Present FDM 0.0732 0.1342 0.8048 0.0727 
 

Ghia et al. [83] 0.0645 0.1504 0.7813 0.0625 
Hou et al. [27] 0.0706 0.1529 0.7922 0.0667 

Gupta & Kalita [84] 0.0688 0.1500 0.7813 0.0625 
Present LBM – SRT Method 0.0648 0.1535 0.7820 0.0634 
Present LBM – MRT Method 0.0638 0.1542 0.7898 0.0646 

 
 
 

7500 

Present FDM 0.0635 0.1532 0.7804 0.0612 
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Table 3.3: Location of the centre of the secondary vortex at the top-left side wall of the 

single lid-driven square cavity.  

Re Authors x y 
 

Gupta and Kalita [84] 0.0375 0.8875 
Present LBM – SRT Method 0.0358 0.8845 
Present LBM – MRT Method 0.0352 0.8841 

 
 
 

2000 
Present FDM 0.0352 0.8827 

Ghia et al. [83] 0.0547 0.8984 
Gupta & Kalita [84] 0.0563 0.9000 

Patil and Lakshmisha [30] 0.0316 0.8689 
Present LBM – SRT Method 0.0559 0.8991 
Present LBM – MRT Method 0.0554 0.8995 

 
 
 

3200 

Present FDM 0.0552 0.8996 
 

Ghia et al. [83] 0.0625 0.9102 
Hou et al. [27] 0.0667 0.9059 

Gupta & Kalita [84] 0.0688 0.9125 
Present LBM – SRT Method 0.0630 0.9089 
Present LBM – MRT Method 0.0615 0.9071 

 
 
 

5000 

Present FDM 0.0612 0.9092 

Ghia et al. [83] 0.0664 0.9141 
Hou et al. [27] 0.0706 0.9098 

Gupta & Kalita [84] 0.0688 0.9125 
Present LBM – SRT Method 0.0661 0.9098 
Present LBM – MRT Method 0.0652 0.9071 

 
 
 

7500 

Present FDM 0.0659 0.9069 
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Table 3.4: Location of the centres of the tertiary vortices at the bottom corners of the 

single lid-driven square cavity. 

Bottom left vortex   Bottom right vortex 
Re 

 
Authors 

x y x y 

Ghia et al. [83] 0.0078 0.0078 0.9844 0.0078 
Gupta & Kalita [84] 0.0063 0.0063 0.9875 0.0125 

Present LBM – SRT Method 0.0074 0.0073 0.9861 0.0132 
Present LBM – MRT Method 0.0071 0.0071 0.9852 0.0143 

 
 
 

3200 
Present FDM 0.0067 0.0067 0.9890 0.0091 

 
Ghia et al. [83] 0.0177 0.0078 0.9805 0.0195 

Gupta & Kalita [84] 0.0063 0.0063 0.9750 0.0188 
Present LBM – SRT Method 0.0082 0.0089 0.9808 0.0190 
Present LBM – MRT Method 0.0075 0.0069 0.9801 0.0194 

 
 

5000 

Present FDM 0.0091 0.0099 0.9724 0.0269 
 

Ghia et al. [83] 0.0177 0.0177 0.9492 0.0430 
Gupta & Kalita [84] 0.0063 0.0125 0.9500 0.0375 

Present LBM – SRT Method 0.0147 0.0145 0.9463 0.0489 
Present LBM – MRT Method 0.0129 0.0134 0.9474 0.0475 

 
 
 

7500 
Present FDM 0.0112 0.0109 0.9489 0.0459 

 

3.5.2. Test Problem 2: Deep Cavity Flow (K > 1) 

We now consider the problem of a lid-driven flow in a deep cavity with aspect ratio of 

2.0. The range of Reynolds numbers 100 to 1500 is considered here. Boundary condition 

for velocity on the top wall is given by U = 0.1, v = 0. On all other walls of the cavity the 

velocities are zero (u = v = 0). The LBM-SRT model square cavity solution procedure is 

now extended to this problem. Figure 3.14 shows the streamline pattern for this problem 

for Reynolds number ranging from Re = 100 to 1500. In each of these cases, we observe 

two rotating primary vortices as well as secondary vortices in the bottom corners of the 

deep cavity.  
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                          (a)  Re = 100                                                     (b) Re = 400 

                         

                          (c) Re = 1000                                                    (d) Re = 1500 

Figure 3.14: Streamline patterns for the single lid-driven deep cavity flow with aspect 

ratio 2.0 for (a) Re = 100, (b) Re = 400, (c) Re = 1000 and (d) Re = 1500 by LBM – SRT.   
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(a) 

 

      (b) 

Figure 3.15: Comparisons of (a) u-velocity along the vertical centreline and (b) v-velocity 

along the horizontal centreline for the deep lid-driven cavity flow with aspect ratio = 2.0 

from Re = 100 to Re = 1500. Simulations are carried out on 120×240 lattice arrangement. 
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In Figure 3.15 we present comparisons of the horizontal velocities on the vertical 

centreline and the vertical velocities on the horizontal centreline of the deep cavity for 

Reynolds numbers ranging from 100 to 1500. In each case our velocity profiles exhibit a 

perfect match with the higher order accurate scheme results given by Gupta and Kalita 

[84]. In Table 3.5, we present quantitative data on the vortex centre locations of the 

primary, secondary and tertiary vortices for 100 ≤ Re ≤ 1500 and our results match very 

well with those in the literature. We have observed that as the aspect ratio increases, the 

number of primary vortices also increases and will now try to give a physical reason for 

that. Before doing that we intend to mention that even in the lid-driven square cavity, at 

the corner, there is an infinite series of vortices [25]. The secondary corner vortex induces 

a tertiary vortex, which in turn produces a quaternary vortex, which again produces post-

quaternary vortex and so on.  

The generation of these vortices is due to the shearing effect of the vortex that is 

generated first. In the backdrop of this, we may reason that the moving lid causes the 

attached liquid to move with the same velocity and this momentum diffuses into the 

interior because of viscosity, with the result that it generates one primary vortex. The 

direct effect of the lid does not percolate too much when the aspect ratio is high. The 

vortex which is generated first then acts on the body of fluid that remains below and 

gives rise to a circulating mass of fluid which constitutes another (weaker primary) 

vortex. If the aspect ratio is large, there is a larger expanse of fluid that allows this chain 

of events to continue. This is the reason why an aspect ratio increases, so does the 

number of vortices.  
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Table 3.5: Location of the vortex centres for the single lid-driven deep cavity flow with 

aspect ratio 2.0.       

100 400 1000 1500 Re Authors 
x y x y x y x y 

Bruneau & 
Jouron [86] 

 
0.6172 

 
1.7344 

 
0.5547 

 
1.5938 

 
0.5273 

 
1.5625 

 
- 

 
- 

Gupta & 
Kalita [84] 

0.6125 1.7375 0.5500 1.6125 0.5250 1.5875 0.5250 1.5750 

Present 
LBM-SRT 

0.6138 1.7326 0.5509 1.6123 0.5265 1.5788 0.5282 1.5712 

 
 

Primary 
(top) 

Present 
FDM 

0.6117 1.7357 0.5504 1.6129 0.5281 1.5865 0.5291 1.5737 

Bruneau & 
Jouron [86] 

0.5391 0.5859 0.4297 0.8125 0.3516 0.7891 - - 

Gupta & 
Kalita [84] 

0.5625 0.6000 0.4375 0.8625 0.3250 0.8750 0.3498 0.8250 

Present 
LBM-SRT 

0.5405 0.5888 0.4317 0.8568 0.3242 0.8698 0.3507 0.8095 

 
 

Primary 
(bottom) 

Present 
FDM 

0.5384 0.5901 0.4268 0.8532 0.3330 0.8674 0.3586 0.8020 

Bruneau & 
Jouron [86] 

0.0313 0.0313 0.0391 0.0469 0.0977 0.1094 - - 

Gupta & 
Kalita [84] 

0.0250 0.0375 0.0500 0.0500 0.1000 0.1250 0.1750 0.2000 

Present 
LBM-SRT 

0.0302 0.0297 0.0508 0.0502 0.0996 0.1241 0.1685 0.1901 

 
 

Secondary 
(bottom 

left) 

Present 
FDM 

0.0341 0.0318 0.0516 0.0489 0.0973 0.1208 0.1597 0.1868 

Bruneau & 
Jouron [86]  

1.000 0.3750 0.9688 0.0391 1.0000 0.3750 - - 

Gupta & 
Kalita [84] 

0.9750 0.0375 0.9500 0.0375 0.9600 0.0420 0.9375 0.0625 

Present 
LBM-SRT 

0.9728 0.0347 0.9567 0.0354 0.9645 0.0389 0.9398 0.0575 

 
 

Secondary 
(bottom 
right) 

Present 
FDM 

0.9755 0.0361 0.9512 0.0346 0.9697 0.0366 0.9409 0.0519 

Gupta & 
Kalita [84] 

- - - - - - 0.0125 0.0125 

Present 
LBM-SRT 

- - - - - - 0.0130 0.0109 

 
 

Tertiary 
(bottom 

left) Present 
FDM 

- - - - - - 0.0133 0.0102 

TH-963_05610311



Simulation of Some 2D Incompressible Isothermal Flows 
 

 61 

3.5.3. Test Problem 3: Shallow Cavity Flow (K < 1)  

Next, we consider the problem of a lid-driven flow in a shallow cavity with the aspect 

ratio of 0.5. Figure 3.16 shows the streamline pattern and vorticity contour for this 

problem for Reynolds number ranging from Re = 100 to 1000. As the Reynolds number 

increases, the primary circulation is driven towards the upper-right corner, with the 

secondary vortex cores moving up and across the cavity. At Re = 1000 a strong primary 

circulation forms with a nearly circular shape at the right side of the cavity. For this 

Reynolds number the recirculation region on the left side of the cavity is approximately 

half the size of the primary circulation while the circulation zone at the lower right corner 

is much smaller. In each case, our LBM-SRT method streamline patterns exhibit an 

excellent match with the solutions available in the literature [29, 32].   

In Figure 3.17, we present comparisons of the horizontal velocities on the vertical 

centreline and the vertical velocities on the horizontal centreline of the shallow cavity for 

Reynolds numbers ranging from 100 to 1000. In Table 3.6, we present our quantitative 

data on the vortex centre locations of primary, secondary and tertiary vortices for 

100 ≤ Re ≤ 1500. We conclude that vertical stretching of the cavity is not found to alter the 

flow patterns significantly whereas horizontal stretching creates a large recirculation 

region for example at a Reynolds number of 1000 as seen from Figure 3.16 (c).  
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(a) Re = 100 

  

(b) Re = 400  

    

(c) Re = 1000  

Figure 3.16: Streamline pattern for the single lid-driven shallow cavity flow with aspect 

ratio 0.5 for (a) Re = 100, (b) Re = 400 and (c) Re = 1000 by LBM–SRT model. 

Simulations were carried out on a 240×120 lattice arrangement.    
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(a) 

 

(b) 

Figure 3.17: Comparisons of (a) u-velocity along the vertical centreline and (b) v-velocity 

along the horizontal centreline for the shallow lid-driven cavity with aspect ratio = 0.5.  
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Table 3.6: Location of the vortex centres for the single lid-driven shallow cavity flow 

with aspect ratio 0.5.                

Re 
 

100 400 1000 

 x y x y x y 
Present  
LBM-SRT 

1.3577 0.6401 1.3932 0.5771 1.3985 0.5561  
Primary 

eddy Present 
FDM 

1.3605 0.6374 1.3914 0.5716 1.4019 0.5529 

Present  
LBM-SRT 

0.0674 0.0717 0.2730 0.2098 0.3670 0.4782  
Secondary 

eddy 
(bottom left) 

Present 
FDM 

0.0710 0.0798 0.2736 0.2096 0.3619 0.4811 

Present  
LBM-SRT 

1.9529 0.0474 1.9214 0.0821 1.8989 0.1093  
Secondary 

eddy 
(bottom right) 

Present 
FDM 

1.9558 0.0536 1.9239 0.0839 1.8898 0.1076 

 Present  
LBM-SRT 

- - - - 0.0315 0.0327 Tertiary 
(bottom left) 

Present 
FDM 

- - - - 0.0381 0.0415 

Present  
LBM-SRT 

- - - - 1.9910 0.0041 Tertiary 
(bottom right) 

Present 
FDM 

- - - - 1.9950 00050 
 
 

 

Part II: Flow over a Circular Cylinder 

3.6. Introduction 

The classical problem of viscous incompressible flow over a circular cylinder [87] is one 

of the most widely studied problems in CFD. This type of flow problems frequently arise 

in various engineering fields which offer tough challenges particularly at high Reynolds 

numbers. Experiments reveal that at a Reynolds number of 43 flow past a circular 
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cylinder becomes unsteady and periodic [88]. For Re < 43 the flow is steady and 

symmetric. Because of its popularity, a plethora of numerical, theoretical and 

experimental results are available for this problem in the literature [54, 87-90]. A large 

number of attempts have been made to study flow over a circular cylinder using 

continuum-based methods and a very few attempts have been made using LBM. This 

section is mainly concerned with LBM computation of flow over a circular cylinder at 

low Reynolds numbers when the flow is steady and symmetric. We also show just the 

vorticity contours at Re = 60, when the flow is periodic, to demonstrate the present code 

has the ability to compute the unsteady vortex-shedding flow behind a circular cylinder. 

We, however, retrain from analyzing the unsteady flow in details as the main thrust of the 

present thesis is LBM computation of ‘steady’ flows. 

3.7. LBM Computation 

The schematic diagram of the flow past a circular cylinder confined in a channel 

configuration is shown in Figure 3.18. For a blockage ratio B = H / D = 8 computations 

are carried out at Re = 5, 20 and 40 with the help of single-relaxation-time LBM method 

based on the D2Q9 model. Here we compute the flow about a cylinder of diameter D 

placed in a channel of width H at low Reynolds numbers. An upstream length of l = L/4 

or 12.5 D has been chosen. The lattice size of 500×80 is used for the present 

configuration. In this problem, Reynolds number is defined as Re = U∞ D/υ , where U∞  is 

the velocity at the channel entry and D is the cylinder diameter (10 lattice units in the 

present work). Bounce-back boundary condition (described in chapter 2, section 2.5.2) is 

enforced on the top and bottom walls. A simple extrapolation boundary condition is 
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employed at the exit kept at a large distance (37.5D) from the cylinder. Bounce-back 

boundary condition with momentum is enforced (section 2.5.2.1) at the inlet [54]. A 

curved boundary treatment proposed by Bouzidi et al. [40], which is used on the cylinder 

surface is written as  

1 2 1
( , )  =  , )  +  , )      for 

2 2
( (ii i

t t t tf f f∆ ∆ > 1/2
∆
−+ ∆

∆
x x x% %

% %
f f f  

(3.3) 

where ( , )
i

t tf + ∆x% f  equivalent to ( , ) .
i

tf x%
% This boundary condition satisfies the 

no-slip condition to the second-order in  x∆ and preserves the geometrical integrity of 

the wall boundary. The drag coefficient over a circular cylinder of radius r is defined as 

[54] 

2 = x
D

F
C

U rρ
 

(3.4) 

 Some details of simulation of this flow configuration can be found in Mei et al. [39]. 

3.8. Results and Discussion 

The schematic diagram of the flow past a circular cylinder confined in a channel 

configuration is shown in Figure 3.18. It may be mentioned that the results shown in the 

Figures 3.19 – 3.26 and Table 3.7 are lattice size independent. Steady-state streamline 

patterns and vorticity contours for this flow for Reynolds numbers Re = 5, 20 and Re = 40 

are shown in Figures 3.19 – 3.24. In Figure 3.19 we show the streamline pattern for Re = 

5. In this case, two stationary eddies symmetric about the channel centreline develop 

behind the cylinder. Figure 3.20 and 3.21 show the streamlines for Re = 20 and 40. It is 

again seen that two vortices downstream of the cylinder, symmetrically placed about the 

TH-963_05610311



Simulation of Some 2D Incompressible Isothermal Flows 
 

 67 

channel centreline, develop and remain attached to the cylinder. It is also observed that 

for steady flows the sizes of the vortices increase with Reynolds number. Figures 3.22 – 

3.24 show the vorticity contours at Re = 5, 20 and 40. Interestingly, on the line of 

symmetry downstream of the cylinder flow is irrotational. In Table 3.7, we present the 

coefficient of drag for Reynolds numbers 20 and 40. All the results computed with LBM 

compares well with existing results [88-90]. As we have seen, the flow at lower Reynolds 

numbers is steady whereas at higher Reynolds numbers unsteadiness develops and the 

flow becomes periodic. The periodic flow is characterized by the so called von Karman 

vortex street generated by alternate and periodic shedding of vortices from the top and 

bottom.    

Table 3.7: Coefficient of Drag DC  for Reynolds numbers 20 and 40. 

Authors Re = 20 Re = 40 
Tritton (Experimental) [88] 2.22 1.48 

Dennis and Chang 
(Numerical) [89] 

2.05 1.52 
 

            Present LBM 2.25 1.50 
 

 

Figure 3.18: Schematic diagram of the flow past a circular cylinder confined in a channel. 
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Figure 3.19: Streamline pattern for Re = 5 for the flow over a circular cylinder; Lattice 

size: 500×80. 

 

Figure 3.20: Streamline pattern for Re = 20 for the flow over a circular cylinder; Lattice 

size: 500×80. 

 

Figure 3.21: Streamline pattern for Re = 40 for the flow over a circular cylinder; Lattice 

size: 500×80. 
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Figure 3.22: Vorticity contours for Re = 5 for the flow over a circular cylinder. 

 

Figure 3.23: Vorticity contours for Re = 20 for the flow over a circular cylinder. 

 

Figure 3.24: Vorticity contours for Re = 40 for the flow over a circular cylinder. 

 

Figure 3.25: Streamline pattern for Re = 60 for the flow over a circular cylinder. 
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Figure 3.26: Vorticity contours for Re = 60 for the flow over a circular cylinder; Lattice 

size: 500×80. 

As the main intent of the present thesis is to compute various steady flows, to show the 

ability of the present LBM code to capture unsteadiness we also give the instantaneous 

streamline and vorticity contour of the time-periodic flow for Re = 60 in Figures 3.25 – 

3.26.  

3.9. Conclusion 

In Part I, simulation of incompressible viscous flow in a two-dimensional single lid-

driven cavity is presented. Whenever comparison is possible, the present lid-driven cavity 

flow results are found to be in good agreement with the results reported by other 

researchers. The Lattice Boltzmann Method with single-relaxation-time (LBM-SRT) and 

multi-relaxation-time (LBM-MRT) models is able to reproduce the simulation of lid-

driven square cavity flows by conventional methods and is a convenient way of 

computing flows governed by the incompressible Navier-Stokes equations. For all the 

Reynolds numbers, detailed discussion on the flow structure and comparison with 

numerical results are provided. In this chapter, results of the square (K=1) cavity is 

presented along with those for the deep (K>1) and shallow (K<1) cavities. The effects of 

the aspect ratio and Reynolds number on the size, centre position and number of vortices 

are studied in detail together with the flow pattern in the cavity. In each case, our 
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computed LBM and FDM solutions agrees very well, both qualitatively and 

quantitatively with established results. The present LBM computations not only confirms 

the flow features by previous researchers, but also reveals the effects of Reynolds number 

and the aspect ratio on the flow structure in the cavity in a systematic way.  

The accuracy and physical fidelity of the LBM-SRT and LBM-MRT methods are clearly 

seen in this chapter. The robustness and effectiveness of the LBM-SRT is illustrated by 

its applicability to three problems of varying physical complexities, represented among 

others, by Reynolds numbers ranging from 1 to 7500 in the square cavity problem, 100 to 

1500 in the deep cavity problem and 100 to 1000 in the shallow cavity problem. This 

verification gives confidence to apply the present method to other complex systems. 

Simplicity appears to be the major virtue of the LBM-SRT method. Due to the extreme 

simplicity of the popular LBM-SRT method, it is recommended for simulating lid-driven 

cavity flow at low and moderate Reynolds numbers. Another merit of the present LBM-

SRT model is that it can be easily extended to three-dimensional problems. However 

LBM-MRT method is seen to remove the difficulties faces by the LBM-SRT method at 

higher Reynolds numbers. In Part II LBM computation is carried out for the flow past a 

circular cylinder confined in a channel. This problem serves two purposes: it 

demonstrates that (i) LBM can be used to handle curved boundaries without much 

difficulty (ii) LBM has the ability to capture the unsteady flow states characterized by the 

circular cylinder at relatively higher Reynolds number.  
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Simulation of Two-Sided Lid-Driven Square Cavities 

 

4.1. Introduction 
 

Flow in an enclosure driven by moving boundaries is a fundamental and interesting 

problem in basic fluid mechanics. It has already been mentioned that single lid-driven 

square and rectangular cavity flow was studied extensively in the literature [25-33, 51, 

54, 74-76, 81-85]. Another classic example is the case where a flow is induced by the 

tangential movement of two facing cavity boundaries with constant velocities. If the 

facing walls move in the same direction, it is termed parallel wall motion and if in the 

opposite direction, it is termed antiparallel wall motion. Kuhlmann and other 

investigators [91-94] extended the single lid-driven cavity flow to the two-sided 

rectangular cavity flow. They have done several experiments on two-sided lid-driven 

rectangular cavity with various aspect ratios. Blohm and Kuhlmann [91] were among the 

first to experimentally investigate the incompressible fluid flow in a rectangular container 

driven by two facing sidewalls which move steadily in an anti-parallel direction up to Re 

= 1200. Kalita et al. [95] developed a higher order compact (HOC) algorithm for the 

Stream-function vorticity formulation of the two-dimensional Navier-Stokes equations on 

graded Cartesian meshes. Kumar et al. [96] used the algorithm to compute the flow in a 

two-sided lid-driven cavity (Re = 400) where, besides wall shear, a ‘free-shear’ flow is 
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also encountered. The two-sided lid-driven cavity problem has multiple steady solutions 

for some aspect ratios. However, for the aspect ratio of unity no multiplicity of solutions 

has been observed. Also it is found that for parallel motion of the walls, there appears a 

pair of counter-rotating secondary vortices of equal size near the centre of a wall. 

Because of symmetry, this pair of counter-rotating vortices has similar shapes and their 

detailed study as to how they grow with increasing Reynolds number has not yet been 

made. Such a study is attempted in this chapter through the Lattice Boltzmann Method, as 

the results of the problem have the potential of being used for testing various solution 

methods for incompressible viscous flows. The results for the antiparallel motion of the 

walls are also presented in some detail.     

4.2. Two-Sided Lid-Driven Square Cavity Flow 

An incompressible viscous flow in a square cavity whose top and bottom walls move in 

the same (parallel motion) or opposite (antiparallel motion) direction with a uniform 

velocity is the problem investigated in the present chapter. In the case of parallel wall 

motion, a ‘free-shear’ layer exists midway between the top and bottom walls apart from 

the wall bounded shear layers, whereas in the case of antiparallel wall motion, only wall 

bounded shear layers exist. 

4.3. Numerical Method 

4.3.1. LBM Procedure and Boundary Conditions 
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Here we use Lattice Boltzmann method with single-time-relaxation (LBM-SRT) and 

multi-time-relaxation (LBM-MRT) models to investigate the flow driven by the parallel 

and antiparallel motion of two facing walls in a square cavity for Reynolds number up to 

2000. The D2Q9 model, described in chapter 2, is used. In LBM-SRT model, the 

improved boundary condition based on the bounce-back scheme proposed by Bouzidi et 

al. [40] was used to copy the velocity no-slip condition on walls. They showed that their 

results have second-order accuracy for curved boundary. For this reason, this boundary 

condition has been employed here on the two stationary walls. However for the moving 

walls, the equilibrium boundary condition [27] is applied. At the lattice nodes on the 

moving walls, flow-variables are re-set to their pre-assumed values at the end of every 

streaming-step. A lid-velocity of U = 0.1 has been considered in this work. Since Mach 

number is U/cs, where cs equals 1/ 3 a Mach number of 0.1732, well within the 

incompressible limit, is obtained. The velocities are assumed to be zero at the time of 

starting the simulations for all nodes.   

Initially, the equilibrium particle distribution function that corresponds to the flow-

variables is assumed as the unknown distribution function for all node at t = 0. Also a 

uniform fluid density ρ =1.0 is imposed initially. The boundary conditions for parallel 

and antiparallel wall motion cases are shown in the Figure 4.1 (a) and 4.1 (b). The 

solution procedure of the LBM models at each time step comprise streaming and 

collision step, application of boundary conditions, calculation of particle distribution 

function followed by calculation of macroscopic variables. As the problem (for the 

square cavity with aspect ratio of unity) has not been investigated before, to lend 
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credibility to the results they are further compared with those obtained from a finite 

difference method (FDM) code developed for this purpose.    

 

(a) 

 

(b) 

Figure 4.1: Two-Sided Lid-Driven Square Cavity for (a) parallel wall motion (b) 

antiparallel wall motion with LBM boundary conditions for the moving walls. 
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4.3.2. Stream Function-Vorticity Based Finite Difference Solver 

The FD code the results of which provides a basis for comparison, numerically solves the 

2D Navier-Stokes equations in the stream function-vorticity form given by  

2 2

2 2 +  =  -
x y
ψ ψ ω∂ ∂

∂ ∂
 

  (4.1) 

2 2

2 2 +  +  =   + . 
t

1u  v
x y Re x y

ω ω ω ω ω� �
� �
� �
� �

∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

 
   

  (4.2) 

More details of this code has already been given in chapter 3.  

4.4. Parallel Wall Motion 

Streamline patterns on a lattice size of 513 × 513 for the parallel wall motion using LBM-

SRT model are shown in Figure 4.2. Here the upper and lower walls move in the same 

direction along the x-axis with the same velocity. The streamlines are found to be 

symmetrical with respect to a line parallel to these walls and passing through the cavity 

centre. Figure 4.2 (a) shows the streamline pattern for the parallel wall motion at Re = 

100 with the top and bottom walls moving from the left to right. Two counter-rotating 

primary vortices symmetrical to each other are seen to form with a ‘free-shear’ layer in 

between. At this Reynolds number the primary vortex cores are seen to be somewhat 

away from the centres of the top and the bottom halves of the cavity towards the 

righthand top and righthand bottom corners respectively.   

At Re = 400 (Figure 4.2 (b)), apart from the primary vortices a pair of counter-rotating 

secondary vortices symmetrically placed about the horizontal centreline are seen to 
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appear near the centre of the right wall. Figures 4.2 (c) and 4.2 (d) show the streamline 

patterns at Re = 1000 and Re = 2000 respectively. From Figure 4.2 it is observed that as 

the Reynolds number increases the cores of the primary vortices move from near the top 

right and bottom right corners towards the centres of the top and bottom halves of the 

cavity respectively. As the Reynolds number increases the secondary vortices near the 

centre of the right wall grow in size. The counter-rotating pairs of primary and secondary 

vortices maintain their symmetry at all the Reynolds numbers investigated here.  

Figure 4.3 shows the vorticity contours for all the Reynolds numbers computed by the 

LBM-SRT model. As mentioned earlier the streamline patterns are now authenticated by 

comparison with the results given by the validated FDM code. Figure 4.4 shows the FDM 

streamline patterns on a 257 × 257 grid for Re = 100, 400, 1000 and 2000. Comparison 

with Figure 4.2 shows that LBM-SRT streamline patterns compare very well with those 

of the FDM. Figure 4.5 shows the vorticity contours for the various Reynolds numbers by 

the FDM. The present LBM code has second-order accuracy boundary conditions and it 

has been adequately validated, the flow details for this untested configuration should be 

accurate. A magnified view of the secondary vortices at Re = 1000 and obtained by the 

LBM-SRT and FDM for the parallel wall motion is shown in Figure 4.6. An extremely 

close agreement between the LBM-SRT and FDM results once again lends credibility to 

the LBM results.           
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                             (a) Re = 100                                                 (b) Re = 400 

   

                               (a) Re = 1000                                                 (b) Re = 2000 

Figure 4.2: Streamline pattern for parallel wall motion at (a) Re = 100 (b) Re = 400 (c) Re 

= 1000 and (d) Re = 2000 by LBM-SRT model on a 513 × 513 lattice arrangement. 
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                             (a) Re = 100                                                 (b) Re = 400 

  

                             (a) Re = 1000                                                 (b) Re = 2000 

Figure 4.3: Vorticity contours for parallel wall motion at (a) Re = 100 (b) Re = 400 (c) Re 

= 1000 and (d) Re = 2000 by LBM-SRT model on a 513 × 513 lattice arrangement. 
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                             (a) Re = 100                                                 (b) Re = 400 

   

                             (a) Re = 1000                                                 (b) Re = 2000 

Figure 4.4: Streamline pattern for parallel wall motion at (a) Re = 100 (b) Re = 400 (c) Re 

= 1000 and (d) Re = 2000 by FDM on a 257 × 257 grid. 
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                             (a) Re = 100                                                 (b) Re = 400 

  

                             (a) Re = 1000                                                 (b) Re = 2000 

Figure 4.5: Vorticity contours for parallel wall motion at (a) Re = 100 (b) Re = 400 (c) Re 

= 1000 and (d) Re = 2000 by FDM on a 257 × 257 grid. 
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Figure 4.6: A magnified view of secondary vortices (a) Parallel wall motion LBM-SRT 

model (Re = 1000) (b) Parallel wall motion FDM (Re = 1000). 

 

Figures 4.7-4.10 show the comparison of the LBM-SRT, LBM-MRT and FDM for 

horizontal velocity profiles along vertical lines and vertical velocity profiles along 

horizontal lines passing through different points of the cavity for various Reynolds 

numbers. Agreement of the velocity profiles given by both the methods is once again 

excellent. LBM-MRT model is also used to compute the flow. Table 4.1 gives the 

locations of the vortices given by the LBM-SRT, LBM-MRT and FDM for Re = 100, 

400, 1000, 1500 and 2000. Considering the fact that the present FDM code has second-

order spatio-temporal accuracy and it has been adequately validated, the listings of 

various flow details for this untested configuration should be accurate. All these results 

show that the agreement is very good, which further substantiates the accuracy of the 
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LBM computations. We thus accurately list various flow details for this unexplored 

configuration.  

       

Figure 4.7: Parallel wall motion, Re = 100: (a) horizontal velocity u along vertical lines 

(b) vertical velocity v along horizontal lines passing through y = 0.25, 0.50 and 0.75. 

            

Figure 4.8: Parallel wall motion, Re = 400: (a) horizontal velocity u along vertical lines 

(b) vertical velocity v along horizontal lines passing through y = 0.25, 0.50 and 0.75.  
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Figure 4.9: Parallel wall motion, Re = 1000: (a) horizontal velocity u along vertical lines 

(b) vertical velocity v along horizontal lines passing through y = 0.25, 0.50 and 0.75.  

 

        

Figure 4.10: Parallel wall motion, Re = 2000: (a) horizontal velocity u along vertical lines 

(b) vertical velocity v along horizontal lines passing through y = 0.25, 0.50 and 0.75. 
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Table 4.1: Locations of the vortices for parallel wall motion: a. FDM, b. LBM-SRT 

Model and c. LBM-MRT Model.    

Primary vortex centres Secondary vortex centres 

Bottom Top Bottom Top Re 

x y x y x y x y 

100 
a. 0.6145 
b. 0.6146 
c. 0.6146 

0.2026 
0.2027 
0.2025 

0.6145 
0.6146 
0.6145 

0.7959 
0.7957 
0.7951 

---- 
---- 
---- 

---- 
---- 
---- 

---- 
---- 
---- 

---- 
---- 
---- 

400 
a. 0.5845 
b. 0.5846 
c. 0.5844 

0.2388 
0.2389 
0.2386 

0.5845 
0.5846 
0.5844 

0.7553 
0.7552 
0.7550 

0.9873 
0.9874 
0.9875 

0.4638 
0.4653 
0.4658 

0.9873 
0.9874 
0.9871 

0.5264 
0.5273 
0.5273 

1000 
a. 0.5354 
b. 0.5342 
c. 0.5324 

0.2452 
0.2438 
0.2432 

0.5354 
0.5342 
0.5328 

0.7547 
0.7552 
0.7556 

0.9551 
0.9542 
0.9531 

0.4570 
0.4697 
0.4678 

0.9551 
0.9542 
0.9538 

0.5409 
0.5391 
0.5389 

1500 
 a. 0.5246 
 b. 0.5239 
 c.  0.5241 

0.2452 
0.2438 
0.2435 

0.5251 
0.5239 
0.5241 

0.7527 
0.7521 
0.7517 

0.9443 
0.9439 
0.9441 

0.4569 
0.4571 
0.4564 

0.9444 
0.9439 
0.9432 

0.5429 
0.5342 
0.5328 

2000 
a. 0.5132 
b. 0.5108 
c. 0.5121 

0.2474 
0.2489 
0.2469 

0.5132 
0.5108 
0.5115 

0.7528 
0.7497 
0.7465 

0.9400 
0.9378 
0.9385 

0.4573 
0.4598 
0.4562 

0.9400 
0.9377 
0.9367 

0.5478 
0.5389 
0.5374 

 

4.5. Antiparallel Wall Motion 

Streamline patterns on a lattice size of 513×513 for the antiparallel wall motion using 

LBM-SRT model are shown in Figure 4.11. Here the upper and lower walls move in 

opposite directions along the x-axis with the same velocity. A single primary vortex 

centred at the geometric centre of the cavity is formed at low Reynolds numbers (Figures 

4.11 (a) and 4.11 (b)). These two figures show the streamline patterns for Re = 100 and 

400 respectively.   
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Figures 4.11 (c) and 4.11 (d) depict the streamline patterns for Re = 1000 and 2000 

showing the appearance of two secondary vortices near the top left and the bottom right 

corners of the cavity and a very small shift of the primary vortex centre from the 

geometric centre of the cavity. It may be noted that the corresponding secondary vortex 

for a single lid-driven cavity flow does not appear at a Reynolds number as low as 1000 

but much beyond that (at some value higher than 1000). It has also been observed that the 

primary vortex centre remains very close to the geometric centre of the cavity even for 

these higher values of Re = 1000 and 2000. However the size of the secondary vortices 

are seen to increase between Re = 1000 and 2000. Similar increase in the size of the 

secondary vortices with Reynolds numbers was also observed for the parallel wall 

motion. Figure 4.12 shows the vorticity contours for the various Reynolds numbers 

computed by the LBM-SRT model.  

Figure 4.13 gives for the same configuration the FDM streamline patterns on a 257 × 257 

grid for Re = 100, 400, 1000 and 2000. Comparison with Figure 4.11 shows that LBM-

SRT streamline patterns compare very well with those of the FDM. Figure 4.14 shows 

the vorticity contours for the Reynolds numbers computed by the FDM.  Once again a 

close resemblance of these contours is observed with those of the LBM-SRT given in 

Figure 4.12. A magnified view of the secondary vortices (the ones at the top left corner) 

at Re = 1000 given by the LBM-SRT and FDM is shown in Figure 4.15. The results 

include figures and tables that record the details of several flow features like position of 

the vortex centres and their sizes. The agreement is found to be very good.     
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                             (a) Re = 100                                                 (b) Re = 400 

  

                               (a) Re = 1000                                                 (b) Re = 2000 

Figure 4.11: Streamline pattern for antiparallel wall motion at (a) Re = 100 (b) Re = 400 

(c) Re = 1000 and (d) Re = 2000 by LBM-SRT model on a 513 × 513 lattice arrangement. 
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                               (a) Re = 100                                                 (b) Re = 400 

 

  

                          (a) Re = 1000                                                 (b) Re = 2000 

Figure 4.12: Vorticity contours for antiparallel wall motion at (a) Re = 100 (b) Re = 400 

(c) Re = 1000 and (d) Re = 2000 by LBM-SRT model on a 513 × 513 lattice arrangement. 
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                         (a) Re = 100                                                 (b) Re = 400 

 

  

 

                           (a) Re = 1000                                                 (b) Re = 2000 

Figure 4.13: Streamline pattern for antiparallel wall motion at (a) Re = 100 (b) Re = 400 

(c) Re = 1000 and (d) Re = 2000 by FDM on a 257 × 257 grid. 
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                         (a) Re = 100                                                 (b) Re = 400 

 

  

 

                           (a) Re = 1000                                                 (b) Re = 2000 

Figure 4.14: Vorticity contours for antiparallel wall motion at (a) Re = 100 (b) Re = 400 

(c) Re = 1000 and (d) Re = 2000 by FDM on a 257 × 257 grid. 
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Figure 4.15: A magnified view of secondary vortices (a) antiparallel wall motion LBM-

SRT model (Re = 1000) (b) antiparallel wall motion FDM (Re = 1000). 

 

              

Figure 4.16: Antiparallel wall motion, Re = 100: (a) horizontal velocity u along vertical 

lines (b) vertical velocity v along horizontal lines passing through y = 0.25, 0.50 and 0.75. 
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Figure 4.17: Antiparallel wall motion, Re = 400: (a) horizontal velocity u along vertical 

lines (b) vertical velocity v along horizontal lines passing through y = 0.25, 0.50 and 0.75. 

             

Figure 4.18: Antiparallel wall motion, Re = 1000: (a) horizontal velocity u along vertical 

lines (b) vertical velocity v along horizontal lines passing through y = 0.25, 0.50 and 0.75. 

              

Figure 4.19: Antiparallel wall motion, Re = 2000: (a) horizontal velocity u along vertical 

lines (b) vertical velocity v along horizontal lines passing through y = 0.25, 0.50 and 0.75. 
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Figures 4.16-4.19 show the comparisons the LBM-SRT, LBM-MRT and FDM for 

horizontal velocity profiles along vertical lines and vertical velocity profiles along 

horizontal lines passing through different points of the cavity for the various Reynolds 

numbers. It is seen that, the quantitative comparison of the velocity profiles obtained by 

the present LBM models and those obtained through the other FDM model excellent. 

Table 4.2 gives the locations of the vortices given by the LBM-SRT, LBM-MRT and 

FDM for Re = 100, 400, 1000, 1500 and 2000. Clearly the results given by the LBM 

agree very well with those of the FDM. We thus see that the LBM results presented in all 

the figures and tables are in excellent agreement with the FDM results produced through 

the validated code. This lends credibility to the current LBM results for this hitherto 

unexplored problem. 

Table 4.2: Locations of the vortices for parallel wall motion: a. FDM, b. LBM-SRT 

Model and c. LBM-MRT Model. 

Primary Vortex (PV)            Secondary Vortices (SV) 

Bottom Right Top Left 

 
Re x y 

x y x y 
 

100 
a. 0.5001 
b. 0.5002 
c. 0.5002 

0.5002 
0.5001 
0.5001 

… 
… 

… 
… 

… 
… 

 … 
 … 

 
400 

a. 0.5002 
b. 0.5001 
c. 0.5003 

0.4981 
0.4982 
0.4979 

… 
… 
… 

… 
… 
… 

… 
… 
… 

… 
… 
… 

 
1000 

 

a. 0.5009 
b. 0.5011 
c. 0.5010 

0.4980 
0.4981 
0.4979 

0.9507 
0.9499 
0.9495 

0.1319 
0.1324 
0.1327 

0.0492 
0.0478 
0.0471 

0.8663 
0.8637 
0.8639 

 
1500 

a. 0.5007 
b. 0.5009 
c. 0.5008 

0.4982 
0.4981 
0.4979 

0.9308 
0.9317 
0.9312 

0.1156 
0.1169 
0.1162 

0.0692 
0.0681 
0.0676 

0.8856 
0.8841 
0.8847 

 
2000 

 

a. 0.5002 
b. 0.5003 
c. 0.5002 

0.5001 
0.4996 
0.4998 

0.9227 
0.9238 
0.9232 

0.1082 
0.1081 
0.1079 

0.0771 
0.0761 
0.0762 

0.8920 
0.8875 
0.8899 
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4.6. Two-Sided Lid-Driven Rectangular Cavity Flow 

4.6.1. Parallel Wall Motion  

An incompressible viscous flow in a rectangular cavity (Aspect ratio K=2) whose top and 

bottom walls move in the same (parallel motion) direction with a uniform velocity is now 

investigated. This is similar to the previous problem (Figure 4.1 (a)) except for the aspect 

ratio. Figure 4.20 shows the flow patterns of for a Reynolds number of 700 with an aspect 

ratio of 2. It is seen that, the induced primary and secondary vortices and the streamlines 

are symmetric with respect to the horizontal centreline of the cavity. Though FDM results 

are not presented here, we have observed that the flow patterns obtained by the present 

LBM-SRT model and by FDM agree very well with each other.   

             

Figure 4.20: (a) Streamline pattern (b) Vorticity contour for parallel wall motion at Re = 

700 with aspect ratio 2.0.  
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4.6.2. Antiparallel Wall Motion  

An incompressible viscous flow in a rectangular cavity, whose top wall moves to the 

right and bottom wall moves to the left with a uniform velocity is now computed through 

LBM. This configuration is similar to the one given by Figure 4.1(b) except for the aspect 

ratio. Figure 4.21 shows the flow patterns for a Reynolds number of 700 with an aspect 

ratio of 2. Here, the near-wall primary vortices have the same sense of rotation and are 

well-separated as the aspect ratio is large. It is also seen that, the vortices and the 

streamlines are point symmetric with respect to the geometric centre of the cavity. We 

also observe that the flow patterns obtained by the present LBM-SRT model agree well 

with those given by Khulmann and other investigators [91, 92, 94].    

           

Figure 4.21: (a) Streamline pattern (b) Vorticity contours, for antiparallel wall motion at 

Re = 700 with aspect ratio 2.0.  
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4.7. Conclusion 

In this chapter the flow in an unexplored configuration, the two-sided lid-driven square 

cavity for the parallel and anti-parallel wall motion is computed with the LBM-SRT and 

LBM-MRT models. This flow configuration is fraught with many interesting issues in 

that in the case of parallel wall motion it involves development of a pair of off-corner 

vortices and a ‘free-shear’ layer and in the case of anti-parallel wall motion it exhibits 

corner vortices that appear at a lower Reynolds number compared with the single sided 

lid-driven square cavity. As the flow configuration is new and the Lattice Boltzmann 

method is a relatively novel technique of flow computation, there is some scope for 

speculation as to the accuracy of the present LBM computations. Therefore, to create a 

basis for substantiating the results another FDM code for the stream function-vorticity 

form of the Navier-Stokes equations based on central differencing and ADI time 

integration is developed. This code has second order spatio-temporal accuracy and it is 

used to produce steady results in a time-marching fashion. The close agreement of the 

LBM results with FDM results produced on sufficiently fine grids lends physical 

legitimacy to the computations. Finer lattices and grids are used in the computations, 

because it would resolve the corner vortices better. As the present computations for the 

flow situations explored have no predecessor, these results provide an important basis to 

future investigators to compare their results with. Consequently, the present flow 

configuration and results, like those of the single lid-driven cavity flow, may be used for 

validating the algorithms for computing steady flows governed by the two-dimensional 

incompressible Navier-Stokes equations. Towards the end, we also briefly give the 

results for a deep cavity for both parallel and antiparallel wall motion at Re = 700.   
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Chapter 5 
 

Simulation of Two-Dimensional Cavity Flows 

with Multiple Steady Solutions  

 

5.1. Introduction 

The uniqueness of steady flows is almost an article of faith for all researchers. For a 

given geometry and boundary conditions the flow field should generally be unique. But 

lid-driven cavity flows provide interesting counter examples to shake this believe. It is 

already mentioned that cavity flows arise in applications such as short-dwell coating, 

drag-reducing riblets in aerodynamics, removal of species from structured surfaces, 

mixing and flow in drying devices. Aidun et al. [74] pointed out in the coating industry 

the processes do not always behave the same way under identical operating conditions. 

They concluded that this may be caused by the multiplicity of permissible flow states 

[74]. Conventional numerical solutions reveal that in a single-sided lid-driven cavity flow 

beyond a critical Reynolds number Hopf bifurcation takes place with the steady-flow 

solution becoming unstable. The single-sided lid-driven cavity flow problem was 

extended to two-sided lid-driven cavity by Kuhlmann and other investigators [75, 91-94] 

and they have done several experiments on the two-sided lid-driven cavity with various 

aspect ratios. They numerically simulated the rectangular cavity flow for parallel and 

antiparallel motion of two of the walls and showed that a plethora of vortex patterns can 
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be generated with different aspect ratios and directions of motion of the walls. Many 

nonlinear systems give multiple steady solutions even though governing equations and 

boundary conditions are the same. The concept of uniqueness of numerical solution 

associated with the so called well-posed nature of the problem is not applicable here as 

nonuniqueness of solution is an inherent property of these types of problems. An analogy 

can be drawn with the algebraic quadratic equation that has two solutions. As the 

governing equations for fluid flow are nonlinear in nature, the possibility of their multiple 

solutions exists. In the case of lid-driven cavity flows multiple solutions are generally 

observed only if the walls move in pairs. In case of parallel motion of two facing walls, 

multiple solutions are seen to exist only in cavities with aspect ratios other than one, i.e. 

in rectangular cavities. Albensoeder et al. [75] were among the first to investigate the 

nonlinear regime and find multiple two-dimensional steady states in rectangular two-

sided lid-driven cavities. They have found five and seven flow states in parallel and 

antiparallel motion respectively. However, if the nonfacing walls of the cavity move, 

multiple steady solutions are observed even in square cavities [76]. 

Luo and Yang [98] numerically investigated flow bifurcation with and without heat 

transfer in a two-sided lid-driven rectangular cavity. More recently, the multiplicity of 

flow states induced by the motion of two-sided non-facing lid-driven square cavity flow 

and four-sided lid-driven cavity flow have been investigated by Wabha [76]. He found 

the critical Reynolds numbers of 1073 for the two-sided non-facing lid-driven square 

cavity and 129 for the four-sided lid-driven square cavity, beyond which it is possible for 

multiple steady states to exist. 
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So far conventional methods like Finite Volume Method (FVM), Finite Difference 

Method (FDM) etc. are being used to capture the multiple solutions for cavity flows. It is 

known that the Lattice Boltzmann Method is an alternative way of fluid simulation to 

conventional numerical methods for the Navier-Stokes equation [99]. In LBM the 

nonlinearity of the Navier-Stokes equations is hidden in the quadratic velocity terms of 

the equilibrium distribution function. Therefore, LBM appears to have the ability to 

capture multiple solutions. However, so far no investigation is seen that uses LBM to 

capture multiple solutions. The present work is an attempt in that direction. The present 

work is concerned with the computation of two-sided, four-sided lid-driven square cavity 

and two-sided lid-driven rectangular cavity flows by Lattice Boltzmann Method (LBM) 

and obtaining multiple steady solutions. In the two-sided square cavity two of the 

adjacent walls move with equal velocity and in the four-sided square cavity all the four 

walls move in such a way that parallel walls move in opposite directions with the same 

velocity. Conventional numerical solutions show that the symmetric solutions exist for all 

Reynolds numbers whereas multiplicity of states of one symmetric and two asymmetric 

solutions for two-sided and four-sided cavity flows are identified above the critical 

Reynolds number. Generally, to obtain multiple steady solutions through conventional 

techniques one uses an iterative solution procedure with different initial conditions. Here 

we demonstrate that Lattice Boltzmann method also has the ability to capture multiple 

steady solutions at post-critical Reynolds numbers for both the two-sided and four-sided 

cavity flows. The strategy employed to obtain these solutions is also described.  

 This chapter is organized in five sections. In section 5.2 the credibility of the present 

LBM-SRT code is established through a comparison exercise with the results of two 
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other works. Section 5.3 gives the strategy employed to capture the multiple-steady 

solutions and the results and discussion. Concluding remarks are made in section 5.4.  

5.2. Establishing the Credibility of the LBM-SRT Code 

It may be noted that for the single lid-driven square cavity some experimental, numerical 

and theoretical results exist, by reproducing which with LBM an insight about the 

appropriateness of the present boundary conditions can be gained. Lai et al. [99] 

compared the lattice Boltzmann method and the finite volume Navier-Stokes solver and 

concluded that bounce-back boundary condition has better than first order accuracy. In 

this work bounce-back and equilibrium boundary condition [27] are applied on the 

stationary and moving walls respectively. This knowledge is then utilized when applying 

the LBM-SRT to compute the two-sided, four-sided square cavity flows. To lend 

credibility to the present LBM-SRT code its results for the single lid-driven square cavity 

flow is first compared with those of two other works.  

To validate the present numerical method, the LBM-SRT code is used to compute the 

single lid-driven flow in a square cavity on a 161×161 lattice. A lid-velocity of U = 0.1 is 

considered in this work. Figure 5.1 depicts the streamline pattern at Re = 1000 obtained 

through LBM, which closely resembles those given by Ghia et al. [83]. Figure 5.2 shows 

the comparison of steady-state u-velocity profile along a vertical line and v-velocity 

profile along a horizontal line passing through the geometric centre of the cavity at Re = 

1000. It is observed that the agreement between the present LBM-SRT results and those 

of the two works used for comparison is excellent. Thus the present LBM-SRT code 

stands validated.   

TH-963_05610311



Simulation of Two-Dimensional Cavity Flows with Multiple Steady Solutions 
 

 101 

 
 

Figure 5.1: Streamline pattern for the single sided lid-driven cavity flow at Re = 1000. 
 

 
 
Figure 5.2: Code validation: u-velocity along vertical centreline and v-velocity along 

horizontal centreline for single lid-driven square-cavity (Re = 1000). 

5.3. Results and Discussions 

As already mentioned, in this chapter the multiple steady-flow states in two-sided non-

facing lid-driven square cavity and four-sided lid-driven square cavity are first 
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numerically captured using the Lattice Boltzmann Method. Unlike non-facing lid-driven 

cavities, for the parallel motion of two facing walls, the square cavity always gives a 

unique solution. However, for rectangular cavities with parallel motion of two walls 

multiple stable solutions exist [75]. Thus the present study is extended to two-

dimensional rectangular cavity with parallel wall motion as well to capture multiple-

steady solutions. The method used to obtain multiple steady solutions in the LBM 

framework is also described in this section. 

5.3.1. Strategy used to obtain Multiple Steady Solutions through LBM 

In the conventional techniques like finite volume method one uses time-marching or 

other iterative procedures to obtain steady-flow solutions. Multiple solutions are obtained 

starting with different initial conditions that may be cleverly chosen to suit a certain type 

of final solution. Sometimes the choice of the sweeping direction for line-implicit 

iterative solver also determines the type of solution captured. In the Lattice Boltzmann 

Method, however, one deals with the time-evolution of the particle distribution functions 

and their relation with the macroscopic flow parameters is not immediately apparent.  

It is also known that, the relaxation time that fixes the rate of approach to equilibrium is 

related to the viscosity by 

6 1 = 
2

υτ +   (5.1) 

 where υ  is the kinematic viscosity measured in lattice units. To capture multiple 

solutions in the cavity flow for a certain Reynolds number by Lattice Boltzmann Method, 
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lid velocity U may be changed remaining within the incompressible Mach number limit. 

For the same Reynolds number, altering the value of the lid velocity U, results in a 

change in the value of kinematic viscosity (see Equation (5.1)) and hence a change in the 

relaxation time. All the multiple solutions given in the next subsections for several 

Reynolds numbers are obtained using various lid velocities, and hence various relaxation 

times. Excellent agreement is obtained between the LBM and previous studies based on 

continuum approach.       

5.3.2. Two-Sided Non-Facing Lid-Driven Square Cavity Flow 

The geometry and boundary conditions of the two-sided non-facing lid-driven square 

cavity flow is shown in Figure 5.3. In this problem, while the upper cavity wall moves 

towards the right, the left cavity wall moves in the downward direction with an equal 

velocity. Figure 5.4 depicts the streamlines of predicted flow patterns on a lattice size of 

201 ×  201 at Reynolds numbers 100, 500, 1000 and 1071 for the two-sided non-facing 

lid-driven square cavity. The solution demonstrates that symmetric solutions exist at all 

Reynolds numbers. The streamlines are diagonally symmetric for all the Reynolds 

numbers. The symmetric state is denoted by (1)ts , where two separate primary vortices are 

formed apparently adjacent to each of the moving walls. It is evident that for these 

relatively low Reynolds numbers two primary and two secondary vortices are formed. 
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Figure 5.3: Geometry and boundary conditions of the two-sided lid-driven square cavity 

flow. 

As the Reynolds number increases the secondary vortices grow bigger. Additional 

asymmetric flow patterns can be obtained above the critical Reynolds number of 1073 

[76]. Here we choose a post-critical Reynolds number of 2000 to demonstrate the 

existence of multiple steady solutions. Figure 5.5 depicts the streamline patterns for the 

two-sided non-facing lid-driven square cavity flow at Re = 2000. It is known that when 

the inertial effects become important at higher Reynolds numbers additional flow states 

arise in pairs that break the respective symmetry spontaneously. One symmetric state and 

two asymmetric states are identified in this problem. Beyond the critical Reynolds 

number at least one solution satisfies the symmetry geometry. One symmetric state (1)ts  

and two asymmetric states denoted by (1)
at , (2)

at  are identified. These symmetric and 

asymmetric flow patterns agree well with those given by Wabha [76].  
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                           (a) Re = 100                                                  (b) Re = 500             
 
     

 
 
 
                             (c) Re = 1000                                                  (d) Re = 1071 
 
 
Figure 5.4: Streamline pattern for two-sided lid-driven cavity flow at (a) Re = 100 (b) Re 

= 500 (c) Re = 1000 and (d) Re = 1071 by LBM on a 201 × 201 lattice arrangement. 
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(a) (b)   

 

 

                                  (c) 

Figure 5.5: Multiplicity of flow states for two-sided non-facing lid-driven cavity flow at 

Re = 2000. Shown are streamline patterns of the (a) symmetric solution (1)
st , (b) 

asymmetric solution (1)
at  and (c) asymmetric solution counterpart (2)

at . 
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In Table 5.1 we present the locations of the left-primary, right-primary, left-secondary 

and right-secondary vortex centres for the pre-critical Re = 100, 500, 1000 and 1071. 

From this table and also from Figure 5.4 all the vortex centres are seen to move towards 

the symmetry diagonal as Reynolds number increases. In Table 5.2 is presented the 

locations of the vortex centres for the symmetric and asymmetric solutions for the post-

critical Re = 2000. 

Table 5.1: Locations of the vortex centres for two-sided lid-driven square cavity flow. 

The letters LPV, RPV, LSV and RSV denote Left Primary Vortex, Right Primary Vortex, 

Left Secondary Vortex and Right Secondary Vortex respectively.  

Left Primary Vortex 
(LPV) 

 

Right Primary 
Vortex (RPV) 

Left Secondary 
Vortex (LSV) 

Right 
Secondary 

Vortex (RSV) 

 
 

Re 
x y x y x y x y 

100 0.190 0.321 0.680 0.810 0.813 0.066 0.934 0.186 

500 0.250 0.320 0.680 0.750 0.657 0.160 0.840 0.335 

1000 0.252 0.321 0.675 0.744 0.658 0.199 0.780 0.343 

1071 0.253 0.326 0.675 0.744 0.655 0.199 0.800 0.343 

  

Table 5.2: Locations of the vortex centres for two-sided square cavity flow at Re = 2000. 

 LPV 
 

RPV LSV RSV  
 

Re x y x y x y x y 

symmetry (1)
st  0.254 0.326 0.675 0.746 0.655 0.199 0.799 0.344 

asymmetric ( (1)
at ) 0.353 0.426 0.781 0.827 0.862 0.421 0.895 0.583 

asymmetric ( (2)
at ) 0.178 0.226 0.575 0.653 0.421 0.106 0.583 0.143 
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5.3.3. Four-Sided Lid-Driven Square Cavity Flow 

The geometry and boundary conditions of the four-sided lid-driven square cavity flow is 

shown in Figure 5.6. In this problem, the upper cavity wall moves towards the right, the 

lower wall moves towards the left, while the right wall moves upwards, the left wall 

moves downwards with an equal velocity. Figure 5.7 shows the streamlines of the 

predicted flow patterns on a lattice size of 161×161 for various Reynolds numbers 

ranging from low to critical (Re =10, 100 and 127). The streamlines are diagonally 

symmetric with respect to both the cavity diagonals for all these pre-critical Reynolds 

numbers. The symmetric state is denoted by (1)fs . Additional asymmetric flow patterns 

can be obtained above the critical Reynolds number of 129 [76]. To demonstrate the 

existence of multiple steady solutions a post-critical Reynolds number of 300 is chosen. 

Figure 5.8 shows the streamline patterns for the four-sided lid-driven cavity flow at Re = 

300.   

 
 

Figure 5.6: Geometry and boundary conditions of the two-sided lid-driven cavity flow.   
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                             (a) Re = 10                                                  (b) Re = 100 

 

 

(c) Re = 127.  

Figure 5.7: Streamline pattern for four-sided lid-driven cavity flow at (a) Re = 10 (b) Re = 

100 and (c) Re = 127 by LBM on a 161 × 161 lattice arrangement. 

TH-963_05610311



Chapter 5  
 

 110 

  

 

(a) (b) 

 

 

 (c) 

Figure 5.8: Multiplicity of flow states for four-sided non-facing lid-driven cavity flow at 

Re = 300. Shown are streamline patterns of the (a) symmetric solution (1)fs , (b) 

asymmetric solution (1)fa  and (c) asymmetric solution counterpart (2)fa . 
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Table 5.3: Locations of the vortex centres for four-sided lid-driven square cavity flow. 

The letters LPV, RPV, TPV and BPV denote Left Primary Vortex, Right Primary Vortex, 

Top Primary Vortex and Bottom Primary Vortex respectively.    

 
Left Primary  
Vortex (LPV) 

 

 
Right Primary 
Vortex (RPV) 

 
Top Primary 

Vortex (TPV) 
 

Bottom 
Primary Vortex 

(BPV) 
 

 
 

Re 

x y x y x y x y 

10 0.150 0.490 0.849 0.510 0.510 0.850 0.490 0.149 

100 0.160 0.450 0.840 0.550 0.550 0.840 0.450 0.160 

127 0.170 0.450 0.830 0.550 0.548 0.830 0.449 0.168 

It is seen that when the inertial effects become important additional flow states 

arise in pairs that break the respective symmetry spontaneously. One symmetric state 

(1)fs  and two asymmetric states denoted by (1)fa , (2)fa  are identified for the four-sided 

lid-driven cavity flow at this Reynolds number. Beyond the critical Reynolds number at 

least one solution satisfies the symmetry geometry. Our symmetric and asymmetric flow 

patterns compare well with those given for the same problem by Wabha [76]. In Table 

5.3, we present the locations of the left, right, top and bottom vortex centres (Figure 5.8) 

for Reynolds numbers 10, 100 and 127. As the Reynolds number increases the vortex 

centres are seen coming closer to the diagonal joining the leading edges of the moving 

plates. The locations of the vortex centres for the symmetry solution at the post-critical 

Re = 300 (Figure 5.8(a)) for the left, right, top and bottom vortices are (0.196, 0.481), 

(0.807, 0.532), (0.527, 0.806) and (0.481, 0.196) respectively. For one of the asymmetric 

solutions (Figure 5.8(b)) the locations for the left, centre and right vortices are (0.123, 

0.589), (0.498, 0.497) and (0.876, 0.409) respectively.    
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5.3.4. Two-Sided Lid-Driven Rectangular Cavity Flow 

The geometry and boundary conditions of the two-sided rectangular cavity with parallel 

wall motion is shown in Figure 5.9. In this problem, both the left and right walls moves in 

the upward direction with an equal velocity. The flow geometry suggests that there is a 

flow pattern symmetric about the vertical centreline. This symmetric state exists for all 

Reynolds numbers. Multiple stable solutions, however, exist only for the higher values of 

Reynolds number. For the present flow configuration we demonstrate the existence of 

multiple solutions for a cavity aspect ratio of 0.75 and a Reynolds number of 600. Figure 

5.10 shows the multiple streamline patterns obtained by LBM using a 224×256 lattice 

structure. For this flow geometry five multiple stable solutions are obtained. Figure 5.10 

(a) shows the weakly-stable symmetric solution, Figure 5.10 (b) shows one of the two 

weakly-stable asymmetric solutions and Figure 5.10 (c) shows one of the two strongly-

stable asymmetric solutions.  

 

Figure 5.9: Geometry and boundary conditions of the two-sided rectangular cavity 

parallel wall motion. 
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(a) (b) 

 

(c) 

Figure 5.10: Multiplicity of flow states for the two-sided rectangular cavity flow with 

parallel wall motion at Re = 600 (based on the shorter side) and aspect ratio of 0.875 on a 

224×256 lattice. Shown are the streamline patterns of (a) symmetric solution, (b) 

weakly-stable asymmetric solution and (c) strongly-stable asymmetric solution. 
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What is meant by weakly stable is that if a relatively milder ‘perturbation’ is given to the 

state, there is likely to be a change of state to one of the other solution. For the strongly-

stable asymmetric state, such disturbance will not be strong enough to cause a change of 

steady state. These results compare very well with those given for the same problem by 

Albensoeder et al. [75]. The locations of the vortex centres are not mentioned here as 

they keep changing with the cavity aspect ratio.   

5.4. Conclusion 

A single-relaxation-time model using D2Q9 lattices is used to carry out LBM 

computations to obtain multiple steady solutions for two- and four-sided lid-driven 

square cavities and two-sided rectangular cavities. To establish the credibility of the 

developed code it is first used to compute the flow in a standard 2D single-lid-driven 

square cavity to demonstrate that the results closely agree with the results generated with 

a finite-difference-based code. So far various works have demonstrated the ability of 

continuum-based approaches to capture multiple steady-flow solutions exhibited by some 

nonlinear situations. Though LBM has the ability to solve the nonlinear equations that 

govern the dynamics of fluid flow, it was not known how it will perform when employed 

to capture multiple steady solutions, which are specifically nonlinear phenomena.  

The present chapter shows that LBM has the ability to obtain multiple steady solutions; 

however, the strategy to obtain these solutions are somewhat different. The problems 

chosen to demonstrate this ability are the two-sided non-facing lid-driven cavity (Re = 

2000) and the four-sided lid-driven cavity (Re = 300) flow, for which continuum-

approach results exist. These three flow configurations are fraught with interesting flow 
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features in that they exhibit multiple steady solutions. As the present LBM results 

compare very well with these results, it may be concluded that LBM has sufficient 

accuracy and ability to capture multiple steady solutions in the configurations studied. 

Though results are not presented here, we have observed that for each of several 

Reynolds numbers beyond critical (Re = 1073 for the two-sided problem and Re = 129 

for the four-sided problem) LBM has the ability to produce one weakly-stable-symmetric 

and two stable-asymmetric solutions. With this added ability it can be concluded that 

LBM, as an alternative to the continuum based methods, holds very good promise in 

computational fluid dynamics.   
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Computation of Flows in Cubic and Prism Cavities 

 

6.1. Introduction 

Three-dimensional cavity flows, which are more complex, realistic and global became an 

interesting research topic in the last three decades [55, 56, 100-107]. Owing to the 

boundary layer effect of the side walls the three-dimensional results at mid-plane will 

deviate from the two-dimensional results. It may be recalled that, in steady two-

dimensional flows all streamlines are closed except for streamlines that separate eddies 

by starting and ending on walls. It is known that, the three-dimensional streamlines do 

not close, not even in mid-plane even at low Re. There have been few reliable attempts to 

understand the three-dimensional flow field in cubic and prism cavities. It is also known 

that, limited number of available reliable results exists that study the three-dimensional 

boundary layer effect. Therefore, in the present chapter, the LBM-SRT method is used to 

study the effect of three-dimensionality in the 3D cubic and prism cavities with various 

type of wall motion.        

Three-dimensional Lattice Boltzmann models including the fifteen-velocity model 

(D3Q15), the nineteen-velocity model (D3Q19), the twenty seven-velocity model 

(D3Q27) and a two-dimensional model namely, the nine-velocity model (D2Q9) are used 

in the present chapter to compute the flow in a cubic and square cavity and the mid-span 
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3-D LBM results are compared with appropriate 2-D LBM results to study the effect of 

three-dimensionality. Computations have been carried out for low to high Reynolds 

numbers and they are validated by comparison with established results.   

The main objective of this chapter is to demonstrate the validity of the Lattice Boltzmann 

Method with single-relaxation-time scheme for three-dimensional problems. Another 

objective of this chapter is to have an idea about the relative performances of various 

three-dimensional models like D3Q15, D3Q19 and D3Q27. Therefore, the three-

dimensional lid-driven cubic and prism cavities with various types of wall motion are 

studied in an effort to evaluate the performance of the LBM and to produce accurate 

steady state solutions for various Reynolds number. 

6.2. LBM Numerical Procedure 

Initially a constant density ρ = 1.0 is imposed for the whole cavity field and the 

velocities at all lattice nodes, except at the nodes on the moving top wall, are set to zero. 

The x-velocity of the top plate is fixed at a value of U = 0.1 and the y- and z-velocity are 

set to zero. The equilibrium distribution function ( ),eq
if tx  is calculated and particle 

distribution function ( ),if tx  is set equal to ( ),eq
if tx  for all nodes at t = 0. The bounce-

back boundary conditions are used on the stationary solid walls. The convergence 

criterion for all computations was set as 
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All the present results obtained in this chapter are normalized by the top velocity U.   

6.3. Numerical Experiments 

Three-dimensional transport momentum differs from the two-dimensional cases under 

similar boundary conditions due to the three-dimensional effect which is more realistic. 

Therefore, we now apply LBM to compute flows in three 3D configurations. These are (i) 

single lid-driven cubic cavity flow (ii) single lid-driven prism cavity flow and (iii) two-

sided non-facing lid-driven cubic cavity flow. 

 

Figure 6.1: Geometry of the three-dimensional single lid-driven cubic cavity flow.  

6.3.1. Test Problem 1 - Single lid-driven cubic cavity flow 

First, the three-dimensional single lid-driven cubic cavity flow is considered. The 

geometry and the moving-wall boundary condition of a single lid-driven cubic cavity 
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flow is shown in Figure 6.1. The cubic cavity has both the depth-to-width aspect ratio and 

a span-to-width aspect ratio of unity.   

It is known that, the cubic cavity is the three-dimensional analogue of the square cavity 

problem. Computational results for a 3-D lid driven cubic cavity flow at Re = 100, 400, 

1000 and 2000 using three-dimensional LBM models like D3Q15, D3Q19 and D3Q27 

are presented in this section. The velocity profiles of the u -component on the vertical 

centreline and the v -component on the horizontal centreline on the plane 0.5z =  (i.e. at 

mid-span) at Re = 100, 400, 1000 and 2000 are shown in Figures 6.2-6.5. The present 

computations are carried out on a modest 71×71×71 lattice arrangement for Re = 100, 

400, 1000 and a 91×91×91 lattice arrangement for Re = 2000. To show the three-

dimensional effect, the two-dimensional results obtained by the D2Q9 model are also 

included in Figures 6.2-6.5. All the results of the square cavity problem presented here 

are obtained on a lattice with a resolution of 201 201× . 

Figure 6.2 (a) and 6.2 (b) shows the variation of u –velocity along the vertical centreline 

and v –velocity along the horizontal centreline on the 0.5z =  plane (i.e. mid-span) at Re 

= 100. To validate the present results, centreline velocity profiles have been compared 

with the LBM results of Mei et al. [55] and the pseudo-spectral-method results of Ku et 

al. [104]. The present results compare well with those of both these works, however, 

agreement with [104] is better. It is seen that, at Re = 100, the effects of end walls are 

small and is more prominent on the x-velocity. At this Reynolds number the differences 

among the three 3-D LBM model results are not significant.   
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 (a) Centreline u – velocity                               (b) Centreline v -velocity 

Figure 6.2: Comparison of centreline velocities of cubic (mid-span) and square cavity at 

Re = 100. 

   

                   (a) Centreline u – velocity                          (b) Centreline v -velocity 

Figure 6.3: Comparison of centreline velocities of cubic (mid-span) and square cavity at 

Re = 400. 
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Figure 6.3 (a) and 6.3 (b) shows the variation of u –velocity along the vertical centreline 

and v –velocity along the horizontal centreline on the 0.5z =  plane (i.e. mid-span) at Re 

= 400. A satisfactory agreement is found once again between calculated velocity profiles 

and those reported by Mei et al. [55] and Ku et al. [104]. The discrepancy between the 

two- and three-dimensional velocity profiles is a proof of the end-wall effect even at low 

Re. It is also observed that the D3Q15 model result slightly differs from the D3Q19 and 

D3Q27 results. The reason behind is that the D3Q15 model is the least 3-D isotropic 

model and it is prone to numerical instability at higher Reynolds number [55].  

   
 

                   (a) Centreline u – velocity                          (b) Centreline v – velocity 

Figure 6.4: Comparison of centreline velocities of cubic (mid-span) and square cavity at 

Re = 1000.    

Figure 6.4 (a) and 6.4 (b) shows the variation of u –velocity along the vertical centreline 

and v –velocity along the horizontal centreline on the 0.5z =  plane (i.e. mid-span) at Re 
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= 1000. It is seen that, the centerline velocity profile results of D3Q19 and D3Q27 

models are agrees very well with those reported by Mei et al. [55] and Ku et al. [104].  

It is already mentioned that the D3Q15 model is more prone to numerical instability. It is 

known that, if the number of lattice nodes increases the numerical solution becomes more 

stable. Therefore, to get improved solution obtained by D3Q15 model 81×81×81 lattice 

nodes are used for Re = 1000. It is also seen that, as the Reynolds number increases the 

discrepancy between two- and three-dimensional velocity profiles (at mid-plane) also 

increases. Another point is that, the results of the centreline velocity profiles obtained by 

the D3Q19 and D3Q27 models are almost identical at all Reynolds numbers.     

   

 
                    (a) Centreline u – velocity                             (b) Centreline v – velocity    
   
Figure 6.5: Comparison of centreline velocities of cubic (mid-span) and square cavity at 

Re = 2000.  
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Figure 6.5 (a) and 6.5 (b) shows the variation of u –velocity along the vertical centreline 

and v -velocity along the horizontal centreline on the 0.5z =  plane (i.e. mid-span) at Re 

= 2000. In this case, the computations have been carried out on a modest 91×91×91 

lattice nodes using the D3Q19 and D3Q27 models only. It is seen that, the centreline 

velocity profile results of D3Q19 and D3Q27 models agree very well with those reported 

by Mei et al. [55]. Though results are not presented in this chapter, we have observed that 

the presented velocity profile results agree well with those of Shu et al. [56], Albensoeder 

and Kuhlmann [100], Cortes and Miller [102], Shew and Tsai [103] and Iwatsu et al. 

[106]. The presented 3D mid-span velocity profiles plotted alongside corresponding 2D 

profiles reveal the fact that as Reynolds number increases the influence of the sidewalls 

also increases. Another observation that can be made is that all along the centrelines the 

magnitude of the x- and y-components of the 3D velocity are smaller than that of the 

corresponding 2D velocities, the discrepancy increasing with the Reynolds number. This 

is along expected lines, as with the increase in Reynolds number the velocity component 

normal to the z-plane also increases. Also observed is the fact that the D3Q19 results are 

more accurate compared with the D3Q15 results.         

Figures 6.6-6.9 show the streamtraces projected onto three mid-planes of (a) x-y (b) z-x 

and (c) z-y for Re = 100, 400, 1000 and 2000. To plot streamtraces, the D3Q19 model is 

used in the present section as it consumes less memory and computational time compared 

with D3Q27. Our 3-D results once again are in excellent match with existing results [56, 

105]. Owing to the boundary layer effect of the side walls the mid-span (z = 0.5) flow in 

the cubic cavity is different from that in the square cavity case (presented in chapter 3).  
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     (a) z = 0.5                                                       (b) y = 0.5 
 

 

 
 
 

          (c) x = 0.5 
 
 

Figure 6.6: Streamtraces on three mid-planes for Re = 100. 
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        (a) z = 0.5                                                        (b) y = 0.5 
 

 

 
 
 

              (c) x = 0.5 
 
 

Figure 6.7: Streamtraces on three mid-planes for Re = 400. 
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          (a) z = 0.5                                                       (b) y = 0.5 
 

 
 

 
 
 

         (c) x = 0.5 
 
 

Figure 6.8: Streamtraces on three mid-planes for Re = 1000. 
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                               (a) z = 0.5                                                         (b) y = 0.5 
 
 
 

 
 

 
        (c) x = 0.5  

 
 

Figure 6.9: Streamtraces on three mid-planes for Re = 2000.   
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However, at low Re, the cubic cavity flow patterns in the symmetry plane are similar to 

those of a square cavity case. As the Reynolds number increases the dissimilarity 

between 2D and 3D symmetry plane patterns increases. Also with the increase in 

Reynolds number the primary vortex core in the symmetry plane shows a tendency to 

move towards the geometric centre; however, this tendency is not as prominent as in the 

case of the square cavity. Compared with the square cavity, the secondary corner vortices 

at the bottom are seen to form at a higher Reynolds number at the mid-span of the cubic 

cavity. Figure 6.8 shows clearly visible secondary vortices at both the left and right 

bottom corners at Re = 1000; however at Re = 400 (Figure 6.7) unlike the square cavity 

flow, the bottom left corner secondary vortex has not yet developed.  

Figures 6.6 (b) - 6.9 (b) show the projection of the streamtraces on a plane parallel to the 

moving plane at y = 0.5. Though a central axis of symmetry exists at all Reynolds 

number, the pattern is seen to become more and more complex as Reynolds number 

increases.  Figures 6.6 (c) - 6.9 (c) show the projection of the streamtraces on the plane 

normal to the direction of motion at x = 0.5. At Re = 100 (Figure 6.6 (c)) no Taylor-

Görtler-type vortex is seen. At Re = 400 (Figure 6.7 (c)) a pair of Taylor-Görtler-Like 

vortices is seen to develop at the bottom corners. At Re = 1000 (Figure 6.8 (c)) another 

pair of Taylor-Görtler-Like vortices is seen to appear at the top corners and the pair of 

vortices at the bottom corners is seen to grow in size. At Re = 2000 (Figure 6.9 (c)) both 

the pairs of Taylor-Görtler-Like vortices are now prominent. The endwalls thus play a 

significant role in making the flow three-dimensional as the Reynolds number increases.   
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6.3.2. Test Problem 2 - Single lid-driven Prism cavity flow  

The prism cavity configuration is the three-dimensional analogue of the two-dimensional 

deep cavity flow. The geometry of the three-dimensional single lid-driven prism cavity 

flow is shown in Figure 6.10. The cavity has a depth-to-width aspect ratio of unity and a 

height to width aspect ratio of 2.0. In this section, the D3Q19 model is used to do the 

LBM computation.    

 

Figure 6.10: Geometry of the three-dimensional single lid-driven prism cavity flow. 

The boundary conditions for the prism cavity are  

 =  =  = 0  at   = 0 and    = 1
 =   and   =  = 0  at  y = 2 
 =  =  = 0   at    = 0
 =  =  = 0   at    = 0 and   = 1.

u v w x x

u U v w

u v w y

u v w z z

 

  

(6.2) 
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Figures 6.11-6.13 show the centreline velocity profiles obtained for an aspect ratio of 2.0 

for both the three-dimensional mid-span and two-dimensional cases. All the 

computations have been carried out on a 47×47×94 lattice arrangement. The two-

dimensional results obtained by the D2Q9 model (129×129) are included in Figures 

6.11-6.13 to show the 3D effect. A satisfactory agreement is found between calculated 

velocity profiles and those reported in the 3D computations of Cortes and Miller [102]. It 

is seen that, for the low Reynolds number simulations the centreline velocity profiles are 

almost identical. At Re ≥  400, the two centreline velocity profiles are very different from 

each other. It may be recalled that similar deviation is observed for the case of cubic and 

square cavities. Overall, the three-dimensional boundary layer effect can be clearly 

observed from Figures 6.11-6.13.       

 

Figure 6.11: Comparison of the centreline velocity profiles from a prism cavity (mid-

span) and a 2D deep cavity with an aspect ratio of 2.0 at Re = 100. 
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Figure 6.12: Comparison of the centreline velocity profiles from a prism cavity (mid-

span) and a 2D deep cavity with an aspect ratio of 2.0 at Re = 400. 

 

 

Figure 6.13: Comparison of the centreline velocity profiles from a prism cavity (mid-

span) and a 2D deep cavity with an aspect ratio of 2.0 at Re = 1000. 
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6.3.3. Test Problem 3- Two-sided non-facing lid-driven cubic cavity flow 

The majority of the available three-dimensional results deal with lid-driven cubic and 

prism cavities only. Moreover for three-dimensional two-sided lid-driven cubical cavity 

problem extensive literature is not available. Recently, Beya and Lili [107] extended the 

simulation of 2D two-sided non-facing lid-driven square cavity reported by Wahba [76] 

to three-dimensions (3D-TSNFL). The 3D TSNFL driven cavity computation of [107] 

revealed the existence of a critical Reynolds number of 1073 for the two-dimensional 

analogue. Beyond this critical Reynolds number steady solutions, though exists, is not 

unique. Here 3D-TSNFL driven cubic cavity problem is investigated for Re = 500, at 

which the solution is unique, using Lattice Boltzmann Method.    

 

Figure 6.14: Geometry of the three-dimensional two-sided lid-driven cubic cavity flow.  

Figure 6.14 shows the geometry of a three-dimensional two-sided non-facing lid-driven 

cubic cavity flow. The top wall of the cavity is moving towards right while the left 
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vertical wall is moving downwards with constant velocity U. The cubic cavity is filled 

with a Newtonian fluid with constant viscosity and density. Figure 6.15 shows the 

projected streamtraces at z = 0.5 (mid-span) of the cavity. The D3Q19 model is used to 

do the LBM computation on a 67×67×67 lattice arrangement. As a result of the specified 

wall motion, at mid-span (Figure 6.15) a pair of primary and another pair of secondary 

vortices, symmetrical about the diagonal passing through the common trailing edge point 

of the moving walls, is formed. Our streamtraces agree well with those reported by Beya 

and Lili [107]. It is seen that the three-dimensional TSNFL driven cavity mid-span result 

bears some resemblance with similar result of the two-dimensional TSNFL flow reported 

in chapter 5 (section 5.3.2). 

 

Figure 6.15: Streamtraces on plane z = 0.5 at Re = 500 for the 3D two-sided non-facing 

lid-driven cubic cavity flow.  
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Figure 6.16: Comparison of centreline u-velocity profile of the 3-D TSNFL (mid-span) 

and 2-D TSNFL at Re = 500. 

 

Figure 6.17: Comparison of centreline v-velocity profile of the 3-D TSNFL (mid-span) 

and 2-D TSNFL at Re = 500. 

TH-963_05610311



Computation of Flows in Cubic and Prism Cavities 
 

 135 

Figures 6.16 and 6.17 show the variations of centreline u -velocity in the vertical 

direction and v -velocity in the horizontal direction at z = 0.5 for Re = 500. The u -

velocity profile compares very well that given by Beya and Lili [107]. Also shown in the 

same figures are the 2D velocity profiles obtained by using the D2Q9 lattice model to 

study the end-wall effect. The noticeable discrepancy between the 2D and 3D profiles 

points out that even at a relatively low Re = 500, the endwalls have significant influence 

on the flow field.  

6.4. Conclusion 

Computational results for three three-dimensional flow problems for a wide range of 

Reynolds numbers with various types of wall motion using three 3-D LBM models like 

D3Q15, D3Q19 and D3Q27 are presented in this chapter. The three-dimensional LBM 

results are compared with two-dimensional LBM results in the central plane and the 

discrepancy demonstrates the effect of three-dimensionality of the flow fields. The 

D3Q19 model is seems to be the most useful of the three 3D lattice models from the point 

of view of accuracy and computational time as it is more accurate than D3Q15 and less 

time-consuming than D3Q27. Overall the computations are carried out for low to high 

Reynolds number and they are validated by comparison with established results wherever 

possible. It is thus demonstrated that the lattice Boltzmann method could be an accurate 

and alternative numerical method for solving the Navier-Stokes equations for three-

dimensional problems.  
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Simulation of Incompressible Thermal Flows 

 

7.1. Introduction 

In the past few decades, the problem of buoyancy driven square cavity with adiabatic top 

and bottom walls and differentially heated vertical walls has been the topic of extensive 

study [42-49, 57, 108-116]. Along with the lid-driven cavity problem, it has become one 

of the popular means for testing and validating numerical algorithms and computer codes. 

This problem is also attractive because of its importance in technological processes such 

as nuclear reactor insulation, ventilation of rooms, solar energy collection and many 

others [110]. Two features of this square cavity problem are: (i) its simple geometry with 

no singularity except at the corners and (ii) the availability of experimental and numerical 

data on this problem.      

A large number of investigations have been carried out for natural convection in two-

dimensional enclosures only. Peng et al. [46] simulated natural convection in a square 

cavity using a simplified thermal model of Internal Energy Density Distribution Function 

(IEDDF) approach. Dixit and Babu [49] have carried out natural convection in a square 

cavity for a wide range of Rayleigh numbers by LBM. De Vahl Davis [108] presented the 

reliable solutions for various Rayleigh numbers of a square cavity by finite difference 

method. Kalita et al. [110] computed solutions of the square cavity flow with a fourth-
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order-accurate higher-order scheme. In order to simulate practical situations, natural 

convection in three-dimensional flow calculations is highly desirable. Limited number of 

reliable numerical results for steady state three-dimensional natural convection in the 

cubic cavity flows has been obtained in the past several years. Peng et al. [57] extended 

the solutions by IEDDF model to the three-dimensional cubic cavity flows in the range of 

Rayleigh numbers 103 to 105. Numerical simulations for natural convection in a cubic 

cavity have also been reported using numerical schemes based on a 

pseudocompressibility approach [115], the finite difference method [116], the pseudo-

spectral Chebyshev approach [117], etc. This chapter is concerned with the application of 

the thermal Lattice Boltzmann model to compute incompressible two- and three-

dimensional flows in cavities. 

7.2. Overview of Thermal Lattice Boltzmann Method (TLBM) 

Simulation of incompressible thermal flows is one of the challenging issues in Lattice 

Boltzmann Method (LBM) research. In general, the thermal LBM models fall into three 

main categories, namely, the passive-scalar, the multi-speed approach and the internal 

energy density distribution function (IEDDF) approach. The IEDDF approach proposed 

by He et al. [44] shows greater stability. The proper discretization of the continuous 

Boltzmann equation in temporal and spatial and particle velocity spaces affords a solution 

procedure for isothermal flow equation. Similarly an LBE thermal model can be 

developed by discretizing the continuous evolution equation for the internal energy 

density distribution. This IEDDF model is numerically more stable, and it can incorporate 

viscous heat dissipation and compression work done by the pressure [49]. 
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Two convection test cases are namely, the laminar flow in a differentially heated square 

cavity and a cubic cavity are numerically analyzed through LBM. The Internal Energy 

Density Distribution Function (IEDDF) approach with two three-dimensional particle 

velocity models, namely, the D3Q15 and D3Q19 models and a two-dimensional model, 

namely, the nine-velocity model (D2Q9) have been used. The boundary condition used 

are stable and of good accuracy. To lend credibility to the thermal-lattice-Boltzmann-

model square cavity results they are further compared with those obtained from a finite 

difference based code developed for this purpose.     

The present chapter is arranged in five sections. Section 7.2 discusses with the overview 

of thermal Lattice Boltzmann Method; Section 7.3-7.5 deals with the governing 

equations, problems description, non-dimensional parameters and boundary conditions; 

section 7.6 includes the two- and three-dimensional results and discussion and finally, in 

section 7.7 concluding remarks are made.      

7.3. Internal Energy Density Distribution Function (IEDDF) Model 
 
For the incompressible thermal flows, He et al. [44] proposed IEDDF model, the relevant 

equations for which are 

( ) ( )1 +  .  =  -  +
� v

i
i i i

f e qf f f  F
t

∂ ∇ −∂ c i  
(7.1) 

( ) ( )1 + .  = -
�c

i
i i i

g eqg g g
t

∂ ∇ −∂ ci  
(7.2) 

where F  is an external force term. After suitable discretization, the governing equations 

for the internal energy density distribution function (IEDDF) model become [49] 

TH-963_05610311



Simulation of Incompressible Thermal Flows 
 

 139 

1( , ) ( , ) = - ( , ) ( , )  t eqf t t f t f t f t Fi ii i ivτ
� �∆ � �
� �

+ + ∆ − − +x x x xci  (7.3) 

1( , ) ( , ) = - ( , ) ( , )t eqg t t g t g t g ti ii i cτ
� �∆ � �
� �

+ + ∆ − −x x x xci  (7.4) 

where ( , )f ti x  is the density distribution function, ( , )eqf ti x is the equilibrium density 

distribution function, ( , ) g ti x is the internal energy distribution function and ( , )eqg ti x  is 

the equilibrium internal energy distribution function at , tx . These are two relaxation 

times in thermal LBM model; vτ  is the relaxation time for the density distribution 

function and cτ  is the relaxation time for the internal energy distribution function. The 

equilibrium distribution function for the density ( , )eqf ti x  can be written as [49]   

     ( ) ( )2
23 9

1 2 2 22 2

3eqf wi i c c c
ρ
� �
	 


= + + −	 

	 

� �

c .u c .u ui i                     i = 0 ,1 ,2 ..., N  
 

(7.5) 

where the weights wi are as given by [49] in chapter 2. For the D2Q9 model the 

equilibrium internal energy distribution function can be written as [49]    

( ) ( )

( ) ( )
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4
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0 23 2
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23 93 3
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= + + −	 

	 

� �

u

c .u c .u ui i

c .u c .u ui i

 

 

 

 

(7.6) 

For the D2Q9 model density relaxation parameter �v  is related to the kinematic viscosity  

�  by  
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21
2

� = � - c tv s
� � ∆� �
� �

 
(7.7) 

and the internal energy relaxation parameter �c  is related to the thermal diffusivity �  by 

2 1
3 2

� = � - tc
� �∆� �
� �

 
(7.8) 

where cs  is the lattice speed of sound equal to 1/3.  

For the D3Q15 model the equilibrium internal energy distribution function can be written 

as [57] 
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(7.9) 

For the D3Q19 model the equilibrium internal energy distribution function can be written 

as [57] 

( ) ( )
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(7.10) 

For the above three-dimensional D3Q15 and D3Q19 models density relaxation parameter 

�v  is related to the kinematic viscosity  �  by 
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1
6

2 v� = 
τ −

 
(7.11) 

 

The internal energy relaxation parameter �c  is related to the thermal diffusivity �  for 

both models by 

5 1
9 2

� = � - tc
� �∆� �
� �

 
(7.12) 

 

 
Then the macroscopic density, velocity and temperature are calculated by  
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,
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u c i  

 

(7.13) 

where the internal energy, e, for two-dimensional flows is given by e = RT and for three-

dimensional flows is given by e = 3RT/2. Here R is the gas constant and temperature of 

the fluid is described by the internal energy e. The macroscopic density and velocity field 

are simulated using the density distribution function and the macroscopic temperature is 

simulated using the internal energy distribution function. Equation (7.3) can recover the 

mass and momentum equations, while Equation (7.4) can recover the energy equation at 

the macroscopic level through the Chapman-Enskog expansion [57]. 

7.4. Problem Description 

7.4.1. Case I - Thermally Driven Square Cavity 

The problem considered here is the two-dimensional incompressible steady state flow of 

air, considered a Boussinesq fluid of Prandtl number (Pr) 0.71 in an upright square cavity 
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of side L . Figure 7.1 shows the geometry and coordinate system of the square cavity. The 

vertical walls are both isothermal; the left wall at temperature HT  is hotter than the right 

wall at temperatureTc . The horizontal walls are both insulated. Natural convection starts 

owing to the temperature difference between the left and right walls. Body forces are 

present in the form of gravitational force that acts in the negative y-direction.  

 

Figure 7.1: Geometry and boundary conditions of the square enclosure. 

7.4.2. Case II - Thermally Driven Cubic Cavity 

The cubic cavity has an aspect ratio of unity and is filled with the working fluid of air for 

which the Prandtl number (Pr) is fixed at 0.71. Figure 7.2 shows the geometry and 

coordinate system of the cubic enclosure. No-slip boundary conditions are imposed on all 

the faces of the cube. The left and right vertical walls are considered to be isothermal but 

at different temperatures of TH and TC respectively. The remaining four walls are taken as 

adiabatic walls. The buoyancy force due to gravity acts in the negative y-direction.  
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Figure 7.2: Geometry and boundary conditions of the cubic enclosure. 

7.4.3. Buoyancy Force and Non-Dimensional Parameters 

Natural convection problem can be characterized by two dimensionless parameters 

namely, the Rayleigh number Ra  and the Prandtl number Pr  

3g � � T LR a  =  
� �

�P r  =  
�

 

 

(7.14) 

with g  the acceleration due to gravity, �  the coefficient of thermal expansion, �T  the 

temperature difference between the two vertical walls and  L  the side of the cavity. In the 

simulation, the external force term corresponding to the buoyancy force is 

 =  eqF fii RT

G .(c - u )i  
(7.15) 
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The Boussinesq approximation is applied to the buoyancy force term 

 =  ( )g T Tmρ ρβ −
r

G j  (7.16) 

where Tm is the mean temperature of the fluid, 
r
j  is the vertical direction opposite to that 

of gravity. To ensure that the code is working properly in the near incompressible regime, 

the Mach number is set to be equal to 0.1. The Mach number is given as sMa = u c , 

where u is the characteristic velocity (  = gu TLβ ∆ ) and cs  is the lattice speed of sound 

equal to 1/3. This relation is used to calculate the value of β . Then kinematic viscosity �  

and thermal diffusivity �  are determined from the two non-dimensional parameters Ra 

and Pr. Then the two relaxation times �v  and �c  are obtained using kinematic viscosity 

�  and thermal diffusivity� . Nusselt number is the most important dimensionless number 

in describing the convective heat transport. The local heat flux in the x − direction 

( , )x x yq  is equal to  - TuT � 
x

∂
∂

. The average Nusselt number on the boundary for square 

cavity is given by [46] 

1 ( ) =  
0 =0, or =1

T x,yNu dy
x x x

∂
� ∂

 
(7.17) 

7.4.4. Boundary Conditions  

It is known that no-slip velocity conditions are imposed on the rigid walls of the cavity. 

For the square cavity problem, fixed temperature (Dirichlet condition) is applied on the 

vertical walls, whereas the horizontal walls are perfectly insulated (Neumann condition). 
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The bounce-back rule of the non-equilibrium distribution function is used for the density 

distribution function [44].  

1
iso iso =   f fσσ                                               (7.18) 

where σ  and 1σ  indicate opposite directions. For the temperature distribution function, 

second-order finite difference approximation is used (discussed in chapter 2, section 

2.5.3). The method used to find the temperature is also found to be numerically stable. 

For all LBM simulations, the initial velocity is zero at all lattice nodes and the 

temperature distributes linearly from the left wall to right wall.  

7.5. Finite Difference (FD) Stream Function-Vorticity Based Solver 

The stream function-vorticity (� - � ) formulation was used in the present work to 

validate our 2D thermal-LBM-model results. The non-dimensional governing equations 

are given by        

 2 +  =  +

2             = -
2 +  = 

Tu v Pr  RaPr
x y x

T T u  v T
x y

ω ω ω

ψ ω

∂ ∂ ∂∇∂ ∂ ∂

∇
∂ ∂ ∇
∂ ∂

 

 

(7.19) 

where Ra and Pr are dimensionless parameters mentioned earlier. The FDM solution 

methodology is as described in chapter 3. 

7.6. Results and Discussion 

This section describes the results obtained for the two- and three-dimensional natural 

convection flows by the IEDDF thermal model. First, the results of the square cavity 

computations for a fluid of Pr = 0.71 with Ra ranging from a moderate to a high laminar 
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regime (Ra = 103 to 106) are presented through tables and graphs. Figure 7.3 shows the 

square cavity streamlines, isotherms and vorticity contours computed by IEDDF 

approach using D2Q9 model for Ra = 103. At Ra = 103, streamlines are those of a single 

vortex, with its centre in the centre of the domain. Figures 7.4-7.6 show the same for Ra 

= 104, 105 and 106 respectively. As the Rayleigh number increases from 103 to 104 the 

vortex core takes an elliptic shape and the effect of convection is more pronounced in the 

isotherms. Temperature gradients are now sharper near the vertical walls, but diminish in 

the centre. At Ra = 105 (Figure 7.5) the vortex core is further elongated and breaks into 

two vortices and the longer axis of the oval-shaped core, which joins the two smaller 

vortices is seen to turn in the direction of the convection current. At Ra = 106 these two 

smaller vortices are seen to move towards the top-left and bottom-right corners so that the 

line joining them turns further in the direction of the circulation generated. From Figures 

7.3-7.6, on the vertical walls boundary layer thickness is seen to progressively decrease 

as Ra increases. These results show that the heat transfer changes from conduction 

dominated to convection dominated as Rayleigh number increases. For the range of 

Rayleigh numbers considered here, there is generally a centro-symmetry of velocity, 

vorticity and temperature distribution. As mentioned earlier these LBM results are now 

substantiated by comparison with the results obtained by the FDM code. Figures 7.7-7.10 

show the streamlines, isotherms and vorticity contours in the square cavity computed 

through the finite difference method (FDM) for the same Rayleigh numbers. Very close 

resemblance of the streamlines, isotherm patterns and vorticity contours of the LBM and 

FDM results lends credibility to the present LBM results computed through the IEDDF 

approach.   
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(a) (b) 

 

 

 

(c) 

Figure 7.3: Ra = 103, Model: D2Q9, lattice size: 129 ×  129: (a) streamlines (b) isotherms 

(c) vorticity contours for the thermally driven square cavity flow. 
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(a) (b) 

 

  

 

                                  (c) 

Figure 7.4: Ra = 104, Model: D2Q9, lattice size: 161 ×  161: (a) streamlines (b) isotherms 

(c) vorticity contours for the thermally driven square cavity flow.  
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(a) (b) 

 

 

                                (c) 

Figure 7.5: Ra = 105, Model: D2Q9, lattice size: 191 ×  191: (a) streamlines (b) isotherms 

(c) vorticity contours for the thermally driven square cavity flow. 
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(a) (b) 

 

 

 

                                                                  (c) 

Figure 7.6: Ra = 106, Model: D2Q9, lattice size: 221 ×  221: (a) streamlines (b) isotherms 

(c) vorticity contours for the thermally driven square cavity flow.  
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(a) (b) 

 

 

 

                                (c) 

Figure 7.7: Ra = 103, Grid size: 129 ×  129: (a) streamlines (b) isotherms (c) vorticity 

contours obtained by FDM for the thermally driven square cavity flow. 
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(a) (b) 

 

 

 

                                   (c) 

Figure 7.8: Ra = 104, Grid size: 161 ×  161: (a) streamlines (b) isotherms (c) vorticity 

contours obtained by FDM for the thermally driven square cavity flow.  
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(a) (b) 

 

 

 

(c) 

Figure 7.9: Ra = 105, Grid size: 191 ×  191: (a) streamlines (b) isotherms (c) vorticity 

contours obtained by FDM for the thermally driven square cavity flow.  
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(a)                                                                          (b) 

 

         

 

                                           (c) 

Figure 7.10: Ra = 106, Grid size: 221 ×  221: (a) streamlines (b) isotherms (c) vorticity 

contours obtained by FDM for the thermally driven square cavity flow.   

 

TH-963_05610311



Simulation of Incompressible Thermal Flows 
 

 155 

It is known that De Vahl Davis [108] presented reliable solutions for various Rayleigh 

numbers for a square cavity by FDM. He obtained his results using Forward Time 

Centered Space (FTCS) scheme of second-order spatial accuracy in conjunction with 

Richardson extrapolation; similarly Chenoweth and Paolucci [109] used a second-order 

accurate method followed by three point Richardson extrapolation and claimed their 

results to be sixth-order accurate. The streamlines and isotherms also display very close 

resemblance with these results and similar results presented by Peng et al. [46], Shu et al. 

[48], Dixit and babu [49], De Vahl Davis [108], Kalita et al. [110], and other 

investigators [111, 112].   

Table 7.1: Effect of lattice size on the thermally-driven square cavity results for Ra = 103. 
 
 

 
Lattice Size 

 

maxU  
 

maxV  
 

0Nu  
 

1
2

Nu  

    67 ×  67 3.642 3.672 1.115 1.119 

  129 ×  129 3.646 3.689 1.117 1.118 

  161 ×  161 3.651 3.682 1.118 1.118 

 

Table 7.1 shows the numerical results of the maximum horizontal velocity maxU on the 

vertical centreline of the cavity, the maximum vertical velocity maxV on the horizontal 

centreline of the cavity, the average Nusselt number 0Nu  at the hot wall and the average 

Nusselt number 1
2

Nu  along the vertical centreline. The effect of lattice size on the square 

cavity results for Ra = 103 is clearly visible from Table 7.1 and the results for the lattice 

size of 161 ×  161 can be considered acceptable.    
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Table 7.2: Effect of lattice size on the thermally-driven square cavity results for Ra = 104. 
 

 

 
Lattice Size 

 

maxU  
 

maxV  
 

0Nu  
 

1
2

Nu  

129 ×  129 16.321       19.508 2.221 2.253 

  161 ×  161  16.289 19.621 2.241 2.246  

  201 ×  201 16.256 19.605 2.243  2.245 

 

Table 7.3: Effect of lattice size on the thermally-driven square cavity results for Ra = 105. 
 

  

 
Lattice Size 

 

maxU  
 

maxV  
 

0Nu  
 

1
2

Nu  

161 ×  161 36.289       66.542 4.348 4.507 

  191 ×  191  35.526 68.071 4.489 4.520  

  221 ×  221 34.675 68.572 4.516  4.521 

 

Table 7.4: Effect of lattice size on the thermally-driven square cavity results for Ra = 106. 
 

 

 
Lattice Size 

 

maxU  
 

maxV  
 

0Nu  
 

1
2

Nu  

191 ×  191 63.987 215.798 7.787 8.417 

  221 ×  221  65.635 214.189 8.489 8.810  

  257 ×  257 65.594 218.572 8.516  8.821 

 

Table 7.2 - 7.4 present the effect of lattice size on the results for Ra = 104, 105 and 106. 

From Tables 7.1- 7.4 we can observe that as the Rayleigh number increases average 

Nusselt number on the boundary increases. Through the present study, the lattice sizes of 

129×129 for Ra = 103, 161×161 for Ra = 104, 191×191 for Ra = 105 and 221×221 for 
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Ra = 106 are found to be sufficient for engineering purposes. The comparison of average 

Nusselt number ( Nu ) on the boundary for the square cavity for different works is shown 

in Table 7.5. It can be seen that our numerical results computed through the thermal 

Lattice Boltzmann Method and Finite Difference Method agree quite well with those 

obtained by the other investigators.   

 

Table 7.5: Comparison of square cavity average Nusselt number ( Nu ) on the boundary 

for different works for the thermally-driven square cavity flow.  

 
Ra 

 
103 

 
104 

 
105 

 

106 

De Vahl Davis [108]  1.118 2.243 4.519 8.800  

Chenoweth and 
Paolucci [109] 

 
1.118 

 
2.244 

 
4.520 

 

8.822 

Kalita et al. [110] 1.118 2.245 4.522 8.829 

Ball and Kuo [111] 1.118 2.244 4.522 8.825 

Ho and Lin [112] 1.118 2.248 4.528 8.824 

Present TLBM  1.118 2.245 4.521 8.821 

Present FDM 1.118 2.244 4.520 8.819 

 

It is also seen from Table 7.5 that in the high Rayleigh number cases the average Nusselt 

number on the boundary obtained by the thermal LBM is slightly smaller than that of 

existing continuum-based results. The same trend was observed in the simulation of the 

thermal square and cubic cavity flows by some LBM works [46-49]. This is probably due 

to the fact that the macroscopic equations of the LBM are equivalent to the Navier-Stokes 

equations only up to the second-order of the macroscopic flow velocity [47]. 
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 Most of the existing results for the thermally-driven cavity are for the square cavity flow 

only. We now use the D3Q15 and D3Q19 LBM models to compute the three-dimensional 

flow in a thermally-driven cubic cavity. Figures 7.11 - 7.13 show the D3Q19 model 

natural convection results in a cubic cavity at Rayleigh numbers of Ra = 103, 104 and 105 

at the plane z = 0.5. From the figures it is observed that at the mid-plane the thickness of 

the boundary layer near the isothermal walls decreases with the increase in Rayleigh 

number. For the D3Q19 model, a lattice size independence study is conducted for Ra = 

103 and Ra = 104. Table 7.6 gives the results of this study for four different lattice 

arrangements. It indicates that the accuracy of the numerical predictions of the flow and 

thermal characteristics increases consistently with the lattice size refinement and the 

results for the 81 × 81 × 81 case appears to be acceptable. Average Nusselt number on 

the boundary for the cubic cavity obtained with D3Q15 and D3Q19 models are tabulated 

in Table 7.7. We observe that the value of the average Nusselt number on the boundary 

given by the supposedly more accurate D3Q19 model is higher than that given by the 

D3Q15 model for the all the three    Rayleigh numbers.   

Table 7.6: Effect of Lattice size (D3Q19) on the thermally-driven cubic cavity average 

Nusselt Number on the boundary for Ra = 103 and Ra = 104.   

   Ra = 103 Ra = 104 

 
Lattice Size 

Average Nusselt 
Number on the 

      boundary 

 
Lattice Size 

Average Nusselt 
Number on the 

   boundary 
41 × 41 × 41 1.0920 51 × 51 × 51 2.2291 

55 × 55 × 55 1.0950 55 × 55 × 55 2.2299 

67 × 67 × 67 1.0967 67 × 67 × 67 2.2314 
81 × 81 × 81 1.0971 81 × 81 × 81 2.2319 
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      (a)                                                                   (b) 

Figure 7.11: Ra = 103, Model: D3Q19, lattice size: 67 × 67 × 67: (a) streamtraces (b) 

isotherms for the thermally driven cubic cavity flow at z = 0.5.  

 

 

                                      (a)                                                                     (b)      

Figure 7.12: Ra = 104, Model: D3Q19, lattice size: 67 × 67 × 67: (a) streamtraces (b) 

isotherms for the thermally driven cubic cavity flow at z = 0.5.  
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                                      (a)                                                                    (b) 

Figure 7.13: Ra = 105, Model: D3Q19, lattice size: 81 × 81 × 81: (a) streamtraces (b) 

isotherms for the thermally driven cubic cavity flow at z = 0.5. 

 

Table 7.7: Comparison of cubic cavity average Nusselt numbers on the boundary for D3Q15 and D3Q19 

models. 

 

 

Table 7.7 shows that the average Nusselt numbers on the boundary obtained by the 

D3Q19 and D3Q15 models are almost identical at all Rayleigh numbers. It may be 

Rayleigh 
Number 

 
103 

 
104 

 
105 

Lattice 
Size 

67 × 67 × 67 67 × 67 × 67 67 × 67 × 67 67 × 67 × 67 81 × 81 × 81 81 × 81 × 81 
 

Lattice 
Model 

D3Q15 D3Q19 D3Q15 D3Q19 D3Q15 D3Q19 

Average 
Nusselt 
Number 
on the 
boundary 

 
 

1.0920 

 
 

1.0967 

 
 

2.2303 

 
 

2.2314 

 
 

4.326 

 
 

4.429  
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recalled that, the D3Q19 model seems to be the most useful of the three 3D lattice models 

from the point of view of accuracy and numerical stability as it is more accurate than 

D3Q15 model. The velocity profiles of the u- component on the vertical centreline and 

the v- component on the horizontal centreline on the plane z = 0.5 (mid-span) at Ra = 103, 

104 and 105 are shown in Figures 7.14-7.16. To plot 3D centreline velocity profiles, the 

D3Q19 model is used in the present section. Also shown in the same figures are the 2D 

velocity profiles obtained by using the D2Q9 model and FDM to study the three-

dimensional effect. It is seen that the peak values of the horizontal and vertical velocities 

increase owing to the intensified convective activities with the increase in Rayleigh 

number. Steep rise in the normal gradient of the v-velocity with the Rayleigh number 

(Figures 7.14 (b) – 7.16 (b)) on the hot and cold walls also indicates increased convective 

activity at higher values of the Rayleigh number.  

      

    

                       (a) Centreline u- velocity                          (b) Centreline v- velocity 

Figure 7.14: Comparison of centreline velocities of cubic (mid-span) and square cavity at 

Ra = 103.  
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                       (a) Centreline u- velocity                          (b) Centreline v- velocity 

Figure 7.15: Comparison of centreline velocities of cubic (mid-span) and square cavity at 

Ra = 104. 

   

                       (a) Centreline u- velocity                          (b) Centreline v- velocity 

Figure 7.16: Comparison of centreline velocities of cubic (mid-span) and square cavity at 

Ra = 105. 

From Figures 7.14 (b) – 7.16 (b) we can also observe the end-wall effect by comparing 

the velocity profiles of the 2D cavity and those of the 3D cavity at the mid-span. It may 

TH-963_05610311



Simulation of Incompressible Thermal Flows 
 

 163 

be noted that the convective current produced by differential heating is not as strong as 

the one produced by lid movement of the lid-driven cavity (chapter 3), for which reason 

there is a large overlap of the 2D and 3D profiles at mid-span especially in the central 

part of the plane, significant difference is observed only in the regions where the peak 

values of u and v are there. The velocity profiles in Figures 7.14 – 7.16 also indicate the 

accuracy of the present computations. Close match of the D2Q9 LBM results and 2D 

FDM results show the accuracy of the 2D LBM results. This shows that the present 

IEDDF approach of LBM together with the chosen boundary conditions have the ability 

to accurately compute the flow in a 2D differentially heated cavity. Since the same 

approach is used to compute the flow in the 3D cavity and utmost care has been taken to 

carry out the computations, the presented velocity profiles in the symmetry plane enjoys 

good accuracy. The comparison between the 2D and 3D velocity profiles, which is not 

seen in literature, therefore throws new light into the end-wall effect of the thermally-

driven cavity flow.     

 

7.7. Conclusion 

Computational results for both two- and three-dimensional thermal LBE models in the 

natural convection flow domain of a square and cubic cavity at different Rayleigh 

numbers are presented. The close agreement of the present square cavity LBM results 

with the IEDDF model and those available in literature for various Rayleigh numbers 

shows that LBM has the potential of being competitive with classical techniques like 

finite difference and finite volume even for free convection flows. Close comparison of 

the 2D velocity profiles with those given by the FDM method adds further credibility to 
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the 2D results. Reasons are also given for the accuracy of the velocity profiles in the 

symmetry plane of the cubic cavity. Comparison between the square cavity profiles and 

those in the symmetry plane of the cubic cavity throws light on the 3D effect at mid-span. 

The relative ease with which the computer code can be developed adds to the 

attractiveness of the method. The present code with suitable modification can be used to 

compute similar two- and three-dimensional flows with convective heat transfer to 

explore the range of applicability of the IEDDF approach. Overall, besides opening up 

new possibilities, the present IEDDF method may be considered as an efficient one for 

computation of flow for these physical configurations. 
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Simulation of Gaseous Microflows 

 

8.1. Introduction 

In the past few years there has been significant progress in the development of Micro-

electro-mechanical systems (MEMS) and Nano-electro-mechanical systems (NEMS) at 

the application and as well as at the simulation levels [68-73, 118-134]. It has motivated 

and necessitated the study of flows in micro-scale geometries such as micro-couette, 

micro lid-driven cavity and micro-channel. Both experimental and computational efforts 

have been undertaken to understand the specific features of the microscale flows. It is 

known that, the laws of fluid motion for microfluidic systems are different from those 

that of large scale (macro) systems in terms of forces and surface effects.  

The study of gaseous flow in these micro and nano-devices has been an interesting and 

active topic of research in recent days. Because of obvious difficulties associated with 

testing and validating these micro-devices experimentally, numerical analysis is an 

alternative choice for investigating the flow inside the micro-scale geometries. It is also 

necessary to understand and employ the physical laws governing the flow in these small-

scale devices to design the devices effectively. Micro-devices have attracted increasing 

attention due to their applications in various of fields, such as DNA analysis, cell 

separation, cell manipulation, biological and chemical analysis, inkjet printing, thermal 
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management of electronic devices [118, 119]. Flows through microchannels are the most 

common configuration in all of the biomedical applications [120]. Micro lid-driven cavity 

is also a common example of a microfluidic system. Cavities, steps and cut-outs occur 

frequently in many engineering designs [121]. The micro lid-driven cavity flows are quite 

simple in geometry but they display almost all micro-fluid mechanical phenomena. Shear 

driven gaseous flows such as micro-couette flows are commonly encountered in several 

MEMS-based applications, ranging from micro-motors, micro-accelerometers, comb 

mechanisms to the flying slider heads in computer hard drives [122]. This chapter is 

concerned with application of the Lattice Boltzmann Method (LBM) to compute gaseous 

flows in micro-geometries.                 

8.1.1. Microfluidic Concepts 

Traditional numerical simulations relying on continuum approach and the Navier-Stokes 

equations break down at higher values of the Knudsen number Kn which equals the ratio 

of the mean free path of the gas molecules λ  to the characteristic length L of the flow 

system. In the micro-scale geometries Kn is generally high and the Navier-Stokes 

equation loses validity. Figure 8.1 describes different regimes of gaseous flow depending 

on the Knudsen number (Kn). It is generally accepted that the Navier-Stokes equations 

with no-slip boundary conditions are only appropriate when  < 0.001.Kn  The gas flow 

for 0.001 <  < 0.1Kn  is termed slip regime and 0.1 <  < 10Kn  is termed transition 

regime. For  > 10Kn  the system can be considered as a free molecular flow. In the above 

regimes, it is known that as the Knudsen number increases the non-continuum effects 

such as slip flow and non-equilibrium (or) rarefaction effects emerge.  
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  0         Kn                  0.001                                   0.10                        10          Kn           � 

        

       Continuum Flow                  Slip Flow             Transition Flow     Free-molecule Flow   

Figure 8.1: Different regimes of gaseous flow based on Knudsen number [118]. 

The surface tension forces and electrostatics play no role at all in the study of macro-

scales but are enormously important in the study of microfluidics. The mean free path of 

molecules at normal temperature and pressure is approximately 70 nm. The Reynolds 

number, which characterizes the presence of turbulent flow, is extremely low and thus the 

flow will remain laminar in microflows. The Knudsen number is used to measure the 

degree of rarefaction in the microflows. Particle based methods such as Molecular 

Dynamics (MD) and the Direct Simulation Monte Carlo (DSMC) made some progress in 

simulation of micro-geometries. However, the computational cost of these methods is 

usually very large.        

In the past few years, Lattice Boltzmann Method (LBM) emerged as an alternative and 

computationally efficient method to study the rarefied gaseous flows [68-73]. It is quite 

distinctive from molecular dynamics method (MD) on the one hand and the methods 

based on the discretization of partial differential equations (finite difference method, 

Boltzmann Equation 

Euler 
Eqns. 
 

           Navier-Stokes Equations 

   No-slip          Slip-conditions 
Burnett 
Equation 
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finite volume method, finite element method, spectral method) on the other. Raabe [119] 

has written a review paper on LBM for micro and nano-scale fluid dynamics in materials 

science and engineering. In particular, LBM is now being applied to micro-flows in the 

slip and low-transition regimes. The choice of using LBM for microflow simulation is a 

good one owing to the fact that it is based on the Boltzmann equation which is valid for 

the whole range of the Knudsen number. Lattice Boltzmann Methods have earlier been 

used extensively to simulate incompressible fluid flows with no-slip boundary conditions; 

but application of LBM to compute gaseous microflows is still an emerging area with 

some unanswered questions. In this chapter, LBM is applied to simulate the pressure 

driven microchannel flows, micro-couette flows and micro-lid-driven cavity flows. 

Simulation of microflow not only requires an appropriate method, it also requires suitable 

boundary conditions to provide a well-posed problem and unique solution. Three slip 

boundary conditions, namely, diffuse scattering boundary condition, specular reflection 

and a combination of bounce-back and specular reflection is used here to predict the flow 

fields.  

The main objective of this chapter is to demonstrate that LBM can be used for flow 

simulation beyond the continuum regime and that LBM approach could be a valuable 

alternative approach besides other particle based schemes such as MD and DSMC. 

Another objective is to examine the effect of varying the Knudsen number, boundary 

conditions and Tangential Momentum Accommodation Coefficients (TMAC). This 

chapter is organized in four sections. In Section 8.1, we delineate some of the distinctive 

and demarcating fundamental aspects of gaseous micro-scale flows. Section 8.2 discusses 

some aspects of the LBM including the governing equation and implementational issues. 

TH-963_05610311



Simulation of Gaseous Microflows 
 

 169 

Section 8.3 describes the results and discussions. Finally in Section 8.4 concluding 

remarks are made.         

 8.2. LBM Numerical Simulation    

The Lattice Boltzmann equation (LBE) which can be linked to the Boltzmann equation in 

kinetic theory is formulated as [129]   

1 (0)( , ) ( , ) = - ( , ) ( , )f c t t t f t f t f ti ii i i τ
� �
� �
� �

+ ∆ +∆ − −x x x x  
     (8.1) 

Here, ƒi is the set of discrete populations representing the probability of finding a particle at 

position x at time t moving along the direction identified by the discrete particle velocity ci , i is 

the number of links at each point and τ  is the time relaxation parameter. In an incompressible 

fluid flow the relaxation time is relates with viscosity based on the continuum assumption. It is 

known that the reference length in microflows is very small, and the continuum assumption 

may not be valid. Another issue is that there are velocity slip and temperature jump in 

microflows. On the microscale, the standard no-slip boundary condition used in 

hydrodynamics has to be replaced by a slip boundary condition. Therefore, the bounce-back 

scheme used in the conventional LBM cannot be applied. To simulate microscopic gaseous 

flows LBM relates the relaxation time τ to the Knudsen number from the kinetic theory. Lim 

et al. [129] related τ with Knudsen number Kn   

 =  ( 1)Kn Nyτ −       (8.2) 

where N y  is the number of lattice nodes in y-direction. The macroscopic quantities such 

as density � and momentum density �u are defined as velocity moments of the 

distribution function ƒi as follows:      
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Figure 8.2: Flow-chart for LBM microflow simulation. 
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8.3. Results and Discussion   

In this chapter Lattice Boltzmann Method computation in three micro-geometries, 

namely, the micro-couette flow, the microchannel flow and the micro lid-driven cavity 

flow with various aspect ratios are carried out. The general algorithm for LBM microflow 

simulation is shown in Figure 8.2. A lattice node resolution study was carried out using 

three lattice sizes composed of 250×250, 300×300 and 350×350 nodes. The numerical 

results were equivalent for the 300×300 and 350×350 lattice nodes. Therefore 300×300 

lattice size was considered in all simulations in the micro-couette flow and micro lid-

driven cavity flow. 

 

Figure 8.3: Geometry and boundary conditions of a micro-couette flow. 

8.3.1. Micro-couette flow 

The micro-couette flow problem is one of the simplest benchmark problems in rarefied 

gas dynamics. The geometry of the micro-couette flow is shown in Figure 8.3. In this 

problem the flow is confined between two parallel plates, the upper plate moves with a 

constant velocity U  and the lower plate is stationary. It is known that micro-couette flow 

is shear-driven and the pressure does not change in the streamwise direction. The flow 
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field between the two plates is generated exclusively by the shear stress exerted on the 

fluid by the moving upper plate, resulting in a velocity profile across the flow u = u(y), as 

sketched in Figure 8.3. Periodic boundary conditions are applied in the inlet and outlet. 

Combination of bounce-back and specular reflection boundary condition (BSBC) 

(discussed in Chapter 2) is used in the stationary wall. Initially the x- direction velocity is 

assumed to be uniform through out the channel except at the upper plate where the 

velocity is U = 0.001 and y- velocity is taken as 0. Density used during simulation is 1.0. 

At moving (upper) wall particle distribution functions are updated by the equilibrium 

distribution function.  

 

Figure 8.4: Micro-couette velocity profile for different Kn. 

Figure 8.4 depicts the velocity profiles of gaseous flow between two plates for different 

Knudsen numbers (Kn = 0.01, 0.1 and 0.25). The predicted LBM results agree well with 

existing results of Roy and Chakraborty [122]. It is seen that as the Knudsen number 

increases, slip velocity at the lower wall increases, but the velocity profile remains linear 

and ‘symmetric’.                  
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8.3.2. Pressure-Driven Microchannel Flow  

Next, Lattice Boltzmann Method with D2Q9 model is used to simulate the two-

dimensional microchannel flow. The flow is driven by pressure gradient in the main 

stream direction. The geometry of the microchannel with a flow profile is shown in 

Figure 8.5.  Initially the x-direction velocity is assumed to be uniform through out the 

channel and y-velocity is taken as zero. Density is fixed at a value of 1.0 at inlet. It is 

assumed to vary linearly from inlet to outlet, while remaining constant at each section. 

Density is fixed at a value of 1.0/PR (PR indicates Pressure ratio) at outlet. All the 

unknown distribution functions at inlet and outlet are updated by equilibrium distribution 

functions after finding velocities at inlet and outlet.     

 

Figure 8.5: Geometry of micro-channel with a flow profile. 

First, the developed LBM code is used to compute the microchannel flow at a low 

Knudsen number. The flow with pressure ratio PR = 2.02 and the Knudsen number of 

0.053 is studied. Figure 8.6 shows the normalized pressure deviation from the linear 

pressure distribution ( ) = outlinP P - P P∗  along the microchannel. Established 

experimental results of Pong et al. [125], analytical results of Arkilic et al. [126] and 

LBM results of Niu et al. [73] exist for the same problem and these works are used for 
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establishing the credibility of the present LBM code. The pressure distribution result that 

takes the TMAC  = 0.7σ  (see chapter 2, section 2.5.4) are in reasonable agreement with 

the experimental and analytical data [125, 126]. Chen et al. [127] indicated that gas flow 

in microchannels may involve three factors such as compressibility, rarefaction (slip on 

the surface) and surface roughness effects. That the first two effects are considered in the 

present work will be shown by our pressure and velocity profile results. The effect of 

TMAC on the velocity profile at Kn = 0.053 is also studied and the results are depicted in 

Figure 8.7. As TMAC decreases, slip at the wall increases and the maximum velocity at 

the centre of the channel decreases.    

 

Figure 8.6: Normalized pressure deviation from the linear pressure distribution (Kn = 

0.053, PR = 2.02,  = 0.7σ ). 

 

Next the effect of pressure ratio for the same Knudsen number is studied. Pong et al. 

[126] experimentally investigated the pressure distributions for different Knudsen 

numbers along the channel, and concluded that they are nonlinear in microchannel flows.  
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Figure 8.7: The effect of TMAC on the velocity profile Kn = 0.053.  

 

Figure 8.8: Pressure along the channel for Kn = 0.055. 

 

Figure 8.8 shows the nonlinear pressure variation ( ) = outlinP P - P P∗ for different 

pressure ratios with Kn = 0.055 and  = 0.7σ . Here linP is the pressure linearly 

interpolated between the inlet and outlet pressure and outP  is the pressure at the exit of 
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the channel. As seen from Figure 8.8, when the pressure ratio is small the pressure 

distribution is almost linear. As the pressure ratio increases the pressure distribution 

become nonlinear due to the compressibility effects. Also seen is the fact that pressure 

variation peaks shift towards the channel exit as pressure ratio increases. The effect of 

increasing the Knudsen number is observed. Figure 8.9 shows the nonlinear pressure 

variation for different Knudsen numbers for a pressure ratio of 2.0 and  = 0.7σ . The 

nonlinearity of the pressure distribution as observed here can be ascribed [125] to the fact 

that compressibility and rarefaction effects, which are not equal, makes the pressure 

variation take a different path compared with that for the continuum flow. The results of 

the present study in this section reveal many interesting features of microchannel flows. It 

may be concluded that the present study produces results that are in conformity with 

earlier numerical and experimental observations [73, 125-127, 129, 131].  

 

 

Figure 8.9: Pressure along the channel for various Kn at  = 2.0Pin
Pout

. 
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8.3.3. Micro lid-driven cavity flow   

Lattice Boltzmann Method is now used to investigate the micro-lid-driven cavity flow. 

The geometry of the micro-lid-driven-square-cavity flow is shown in Figure 8.10. Here, 

the upper wall moves with a constant velocity from the left to right and the other three 

walls are stationary. First, LBM is used to compute the micro-lid-driven cavity flow in a 

square cavity on a 300×300 lattice arrangement. The equilibrium distribution function is 

then assigned to the particle distribution function at the surface of the moving wall. From 

our study of the microchannel we observe that a TMAC of  = 0.7σ  produces results that 

are in good agreement with analytical, experimental and numerical results. That is why 

on the stationary walls we use a combination of specular and bounce-back boundary 

condition using a TMAC of  = 0.7σ . 

 

Figure 8.10: Geometry of the micro-lid-driven square-cavity flow. 

Figures 8.11 (a) - 8.14 (a) show the streamline patterns at Kn = 0.01, 0.05, 0.1 and 0.135 

respectively. With the increase in Knudsen number a slight downward movement of the 

vortex centre is perceived; however, no horizontal shift of the vortex centre is observed. 

Our streamline pattern results agree well with those of Mizzi et al. [121], Darbandi et al. 
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[123], Ansumali et al. [133] and Jiang et al. [134]. Figures 8.11 (b) - 8.14 (b) show the 

pressure contours at Kn = 0.01, 0.05, 0.1 and 0.135 respectively. These results agree well 

with the LBM results of Tang et al. [70], Ansumali et al. [133] and the DSMC results of 

Jiang et al. [134]. However, agreement with Ansumali et al. [133] is better. The reason 

behind the small difference between the LBM simulation and DSMC result of pressure 

contours is that the strong singularity at the corner points in the micro cavity affects a 

larger and larger region as Knudsen number increases. Figures 8.15 and 8.16 show for 

various Knudsen numbers, the x-velocity (u) profile along the vertical centreline and the 

y-velocity (v) profile along a horizontal centreline passing through the geometric centre 

of the cavity. These figures represent the effect of Knudsen number on the velocity 

profiles and on the velocity-slip condition at the boundary. The values of u at the top and 

bottom walls (Figure 8.15) and the values of v at the left and right walls (Figure 8.16) 

clearly show that slip is nonzero, as the flow is not in the continuum regime. The effect of 

slip is most pronounced at the moving top wall where at the lowest  value of Kn = 0.01 

slip is almost zero and the fluid velocity is almost equal to the lid-velocity so that u is 

close to 1; for the highest value of Kn = 0.135, slip is expectedly maximum and u is about 

0.5. From Figure 8.15 one can also observe that the maximum leftward x-velocity is 

obtained for the lowest Kn = 0.01. Figure 8.16 shows that the maximum downward (near 

the right wall) and maximum upward (near the left wall) y-velocity is obtained once again 

for the lowest Kn = 0.01. This is along expected lines as at the lowest Knudsen number 

the ability of the top wall to drive the flow is at its highest and it generates the highest 

clockwise circulation. 
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                                    (a)                                                                  (b) 

 

Figure 8.11: (a) streamline patterns, (b) pressure contours of micro lid-driven square-

cavity flow at Kn = 0.01 on a 300×300 lattice arrangement. 

   

                                   (a)                                                                    (b) 

Figure 8.12: (a) streamline patterns, (b) pressure contours of micro lid-driven square-

cavity flow at Kn = 0.05 on a 300×300 lattice arrangement.  
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                                   (a)                                                                      (b) 

Figure 8.13: (a) streamline patterns, (b) pressure contours of micro lid-driven square-

cavity flow at Kn = 0.10 on a 300×300 lattice arrangement. 

 

     

                                     (a)                                                                     (b) 

Figure 8.14: (a) streamline patterns, (b) pressure contours of micro lid-driven square-

cavity flow at Kn = 0.135 on a 300×300 lattice arrangement.    
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Figure 8.15: u-velocity profile along the vertical centreline of the micro-lid-driven 

square-cavity for different Knudsen numbers. 

 

Figure 8.16: v-velocity profile along the vertical centreline of the micro-lid-driven 

square-cavity for different Knudsen numbers.  

 

Figure 8.17 depicts the velocity profiles in the micro-lid-driven square-cavity flow for Kn 

= 0.05 with different boundary conditions, namely, BSBC (  = 0.7σ ), SBC and DSBC 

(described in chapter 2) on the stationary walls. It is seen that BSBC and SBC velocity 

profile results are similar and DSBC result shows some deviation from these two slip 
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boundary conditions. The reason may be that the DSBC result is a slip boundary 

condition derived from gas-surface interaction law of the kinetic theory.         

        

Figure 8.17: (a) u-velocity profile along the vertical centreline (b) v-velocity profile along 

the horizontal centreline for the micro-lid-driven square-cavity flow at Kn = 0.05 with the 

BSBC, SBC and DSBC boundary conditions. Lattice size: 300×300. 

 

Figure 8.18 depicts the streamline patterns for micro lid-driven cavity flow at Kn = 0.01 

with aspect ratios K = 0.5, 2 and 5. For aspect ratio K = 0.5 there is only one primary 

vortex and for K = 2 and 5 secondary vortices appear under the top one. It is seen that as 

the aspect ratio K of the micro lid-driven cavity increases, counter-rotating vortices 

appear in the bottom of the cavity. It is also seen that, the flow is almost symmetric with 

respect to the vertical centreline. Figure 8.19 depicts the streamline patterns for micro lid-

driven cavity flow at Kn = 0.1 (high-slip regime) with aspect ratios K = 0.5 and 2. Here is 

seen that even at K = 2 there is only one vortex. Thus the present study reveals the fact 

that multiple vortices may be absent even at higher cavity-aspect ratios if the Knudsen 

number is relatively high.     
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       (a) 

 

 

  

 

      (b)                                                                              (c)        

                                                                             

Figure 8.18: Streamline patterns for the micro-lid-driven cavity flow with aspect ratios K 

= 0.5, 2 and 5 at Kn = 0.01.  

(a)        (b)    

Figure 8.19: Streamline patterns for the micro-lid-driven cavity flow with aspect ratios K 

= 0.5 and 2 at Kn = 0.1.  
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Another point is that a central primary vortex appears in the cavity in all examined aspect 

ratios. For all Knudsen numbers the present streamline patterns agree well with those 

reported by Darbandi et al. [123].   

8.4. Conclusion 

The application of the LBM to compute rarefied gaseous flows is presented in this 

chapter. For the first geometry, namely, micro-couette flow some numerical and 

theoretical results exist, which are reproduced with the LBM. This knowledge is then 

utilized when applying the LBM to compute flows in the second geometry, namely, a 

two-dimensional micro-channel flow. As good care has been taken to include appropriate 

measures in the computational method, these results enjoy good credibility. Variation of 

slip with Knudsen number is then studied in some details through the computation of 

flow in the micro-cavity. It is seen that all the flow features captured are in keeping with 

the physics of the problem. The Knudsen numbers explored in this work range from the 

slip to the threshold of the transition regime. Then the effect of Knudsen number with 

different boundary conditions is studied through the computation of flow in the micro-

cavity with various aspect ratios. Results are presented for Knudsen numbers within the 

slip and the threshold of the transition regime where the onsets of non-equilibrium effects 

are usually observed. Good agreement is found in predicting the general features of the 

velocity flow filed and recirculating flow. To sum up, the present study reveals many 

interesting features of micro-couette, microchannel and micro lid-driven cavity flows and 

demonstrates the capability of the LBM to capture this features. It can be concluded that 

the present LBM, as an alternative to the particle based methods such as MD and DSMC, 

holds very good promise in gaseous microflows. 
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Concluding Remarks and Scope for 

Future Work   

9.1. Concluding Remarks 

This chapter is concerned with summing up of the thesis highlighting the major 

achievements. The Lattice Boltzmann Method has made a substantial progress since the 

early nineteen nineties till today, especially in the computation of incompressible 

isothermal and thermal flows. As already mentioned the method is based on a simplified 

kinetic model using discrete particle velocities that exploit the fact that the collective 

behaviour of the molecules does not strongly depend on the dynamics of the individual 

molecules. Since its inception many attempts have been made to apply the method to 

attack those fluid-flow problems that were earlier the traditional bastions of the 

continuum-based methods like the finite difference, finite volume and finite element so as 

to establish it as a credible alternative to these methods. The present thesis belongs to this 

body of works that attempt to extend the application of Lattice Boltzmann Method to new 

situations and new problems. The thesis also studies some common problems to make 

new observations. Throughout the thesis qualitative and quantitative aspects of the results 

are systematically analyzed with the help of a large number of figures and tables. 
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Development of several LBM codes based on the ‘C’ programming language for various 

2D, 3D, isothermal and thermal fluid flow problems is an integral part of the present 

work. Several LBM boundary conditions proposed in the literature are incorporated in the 

codes so as to obtain accurate solutions. If there are noticeable differences between the 

results given by various boundary conditions, they are given side by side to throw light 

on their merits and demerits. Though majority of the codes are applied to rectangular 2D 

and 3D geometries, one code is written for the flow around a circular cylinder to 

demonstrate that LBM has the ability to produce accurate results for flows involving 

curved geometries as well. To give credibility to the LBM results for hitherto unexplored 

flow configurations though comparison exercises, an accurate 2D FDM code based on 

ADI technique is also developed to compute flows in cavities. The accuracy of the results 

produced by this code is systematically established before using it as a means for 

comparison. While carrying out LBM computation of isothermal flows in the single li-

driven square, shallow and deep cavities, the effect of aspect ratio and Reynolds number 

on the size, shape, centre-position and number of vortices are brought out in a systematic 

way. It is also shown through capturing a quaternary corner vortex (not reported earlier 

through LBM) by using a finer lattice arrangement that LBM shows the ability to resolve 

smaller scales the same way grid-refinement enhances this ability in FDM, FVM and 

FEM. It is also demonstrated that LBM-SRT method, though simpler to apply, has its 

share of drawbacks especially in the neighbourhood of the singular points in the cavity at 

higher Reynolds numbers when it fails to give smooth nonoscillatory contours. LBM-

MRT method is seen to remove these spurious oscillations. 
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In the shape of two-sided lid-driven square cavity, a new test problem is proposed. The 

problem involves both ‘parallel’ and ‘antiparallel’ motion of two facing walls of a square 

cavity. For the parallel motion of the walls, LBM is shown to capture a ‘free-shear’ layer 

midway between the moving plates. It is also shown that for the àntiparallel’ wall 

motion, the near-trailing-edge corner vortices form at a much lower Reynolds number in 

this flow compared with the single-lid-driven square-cavity flow. Several figures and 

tables serve as qualitative and quantitative means for comparison. To give further 

credibility to these grid-independent results, they are shown to compare very well with 

those given by a highly accurate FDM code. Consequently, the flow configuration and 

results, like those of the single lid-driven cavity flow, may be used for validating the 

algorithm for computing steady flows governed by the two-dimensional incompressible 

Navier-Stokes equations. Also given briefly are the results of a deep cavity for both 

parallel and antiparallel motion of the walls.  

So far various works have demonstrated the ability of continuum-based approaches to 

capture multiple steady-flow solutions exhibited by some nonlinear situations. However, 

it was not known whether the simplified kinetic model of LBM has in it the requisite 

mechanism to capture multiple steady solutions, which are specifically nonlinear 

phenomena. The present work on the two-sided and four-sided square cavity flow and 

also two-sided rectangular lid-driven cavity flow demonstrates that LBM has the innate 

ability to compute multiple steady-flow situations. However, the strategy used to capture 

these multiple solutions has to be necessarily different from the ones used in continuum-

based methods. This strategy is described in the relevant chapter of the thesis. It may 

further be noted that the traditional mathematical concept of well-posedness does not 
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apply here and for the first time the ability and accuracy of the Lattice Boltzmann 

Method to obtain solutions to this peculiar class of problems is demonstrated.  With this 

added ability it can be concluded that LBM, as an alternative to the continuum-based 

methods, holds very good promise in computational fluid dynamics. 

Three-dimensional LBM computations are carried out for the flow in the single- and two-

sided cubic cavity and the single-sided prism cavity using D3Q15, D3Q19 and D3Q27 

lattice models. D3Q19 model appears to be the most useful of the three 3D lattice models 

from the point of view of accuracy and computational time as it is more accurate than 

D3Q15 and less time-consuming compared with D3Q27. For these computations various 

results in the symmetry plane are compared with the corresponding 2D results to 

demonstrate that with the increase in Reynolds number, expectedly, the end walls exert 

increasingly strong influence resulting in increased discrepancy between the 2D and 3D 

results.   

LBM computations are also carried out for the thermally-driven square and cubic cavity   

flows using the IEDDF approach for various Rayleigh numbers showing that LBM has 

the potential of being competitive with classical techniques like FDM or FVM even for 

free-convection flows.  For the cubic cavity, the present work is one of the few instances 

of LBM being used to compute the thermally-driven flow.  The comparison of the 2D and 

3D velocity profiles in the symmetry plane, not seen in literature, throws new light into 

the end-wall effect of the thermally-driven cavity flow. It is found that the convective 

current generated by differential heating is not as strong as the one produced by lid 

movement in the lid-driven cavity, for which reason, unlike in the lid-driven cavity flow, 
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in the thermally-driven cavity flow there is a large overlap of the 2D and 3D velocity 

profiles at the symmetry plane especially in the central part. 

As seen earlier LBM computations are also carried out for the gaseous flows in various 

micro-geometries. In these computations boundary conditions play an important role as 

there is a partial slip flow at the solid walls. Different boundary conditions are 

experimented with and how parameters like the TMAC can be carefully chosen to obtain 

reliable results are shown. The present study reveals many interesting features of micro-

couette, micro-channel (pressure-driven) and micro-lid-driven cavity flows, and 

demonstrates the capability of LBM to capture those features. The Lattice Boltzmann 

Method appears to be a convenient method of computing microflows as it has the innate 

advantage of being a simplified kinetic method so that it can be applied even in those 

situations where the continuum hypothesis breaks down. 

The main concern of the thesis is LBM computation of various isothermal and thermal 

incompressible steady flows. In keeping with this theme, LBM computations are also 

carried out for the flow around a circular cylinder mainly at low Reynolds numbers when 

the flow is steady and symmetric. The present LBM results appear to be highly accurate 

as they give drag coefficients closer to the experimental data compared with other 

numerical works. To demonstrate the ability of the present code, and hence LBM, to 

compute time-varying flows, instantaneous streamline and vorticity plots are also given 

for a higher Reynolds number at which the symmetry breaks and the flow becomes time-

periodic. However, in keeping with the central theme of steady flows, detailed analysis of 

these plots are not carried out. 
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All the results reported in the thesis are independent of lattice arrangements and wherever 

possible they are substantiated through a carefully carried out comparison exercise with 

established results. Wherever results for new flow configurations are presented, extreme 

care has been taken to establish their credibility. Though all the computed flows fall in 

the laminar regime, difficult flow configurations exemplified by large values of the 

Reynolds and Rayleigh numbers are also solved. The work lives true to its original aim in 

that (i) LBM is used to propose a new test problem, (ii) LBM is shown to give extremely 

accurate results in some situations and have the ability to produce multiple-steady 

solutions and (iii) LBM is used to solve a variety of fluid-flow and heat-transfer problems 

in the micro and macro regimes of flow, thus demonstrating that it has already 

established itself as an important alternative solution procedure in computational fluid 

dynamics.   

9.2. Limitations and Range of Applicability 

The treatment of flow turbulence arises as a key issue. It is known that, an application of 

the original LBM equations, directly to turbulent flow [139] requires the use of too fine 

lattice resolutions, leading to too large problem sizes. Thus, the employment of a 

“turbulence model” becomes necessary, as it is the case in the Navier-Stokes equations 

based formulation. Within this context, two-equation turbulence models have already 

been used [140-141] in conjunction with LBM, which correspond to an unsteady RANS 

(Reynolds Averaged Numerical Simulation) type of description. A Large Eddy 

Simulation (LES) [142] like formulation based on the definition of a subgrid-scale 
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viscosity may be found to offer a more natural approach for the intrinsically unsteady 

methodology of LBM, and is also widely used for computing turbulent flows. 

9.2. Scope for Future Works 

This dissertation has been an attempt to develop and expand the field of application of 

Lattice Boltzmann Method particularly for incompressible viscous flows and gaseous 

microflows; but the potential still remains to explore many more areas and break new 

grounds. The following are some of the probable works that could be taken up in future: 

• LBM can be used for detailed numerical analysis of problems like the flow over a 

circular, square and elliptical cylinder for transient flows.    

• Most of the LBM-MRT models are used to solve two-dimensional problems. 

Only a few attempts with LBM-MRT models have been made to solve real three-

dimensional problems. Therefore, there is a huge possibility to develop and 

implement LBM-MRT models to solve three-dimensional complex problems. 

• In this dissertation we have carried out the computations of two-sided and four-

sided lid-driven square cavity, and two-sided rectangular cavity flows by LBM-

SRT model to obtain multiple steady solutions. A similar study with LBM-MRT 

method can be an interesting and important area of research. 

• Application of LBM to compute microflows is still an emerging area with some 

unanswered questions. For example, while computing flows in micro driven 

cavities with LBM-SRT method, handling the corner singularities appears to be a 

difficult task. Resolving this problem may be another goal for research. 
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• As has already been seen, LBM has made deep inroads into the computation of 

incompressible flows. However, it is still in its infancy so far as computation of 

compressible flows with large temperature gradients is concerned. This is a 

challenging and almost virgin area that requires LBM assault.  
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Appendix A 

Theory of the Lattice Boltzmann Method  
 

A.1. Derivation of the Lattice Boltzmann Equation from the Boltzmann 

Equation  
The Boltzmann Equation with single-relaxation-time approximation can be written as [7] 

1
 + .  = -  ( )

f
f f g

t λ
∂ −
∂

∇∇∇∇c                                                                                            (A.1) 

where, ( , , )f f t  ≡≡≡≡ x c  is the single particle distribution function and g is the Boltzmann-

Maxwellian distribution function. 

Equation (A.1) can be rewritten in the form of ordinary differential equation 

1 1
 +   =     
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where       =  + .
d
dt t
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For the following equation 
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Compare Equations (A.2) and (A.3)  
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From Equation (A.5)               
1 11
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Equation (A.6) can be integrated over a time step tδ  

TH-963_05610311



Appendix A 
 

 205 

                                             
0 0

1
 

�

t tdt dt

d f e g e dt
δ δ

λ λ
� � � �� �
� � � �
� � � �

� �  =                                           (A.7) 

( ) ( ) ( )
1

0 1 1 1

0

1
, + , , +

�
t t

t t t
f t e f t e e g t t t dt

δ
λ

δ
λδ δ+ +� ,   -  ,   =     , x c c x c x c c           (A.8) 

( ) ( ) ( )
1

1 1 1

0

1
, + , + ,

�
t t

t tt t
f t e g t t t dt e e f t

δ δ
λ λ

δ
λδ δ

− −
+ +� ,  =    ,   +    , x c c x c c x c    (A.9) 

Assuming that tδ  is small enough and g  is smooth enough locally, linear interpolation 

gives 
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With this approximation Equation (A.9) becomes         
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In the right hand side (R.H.S.) of the above equation    
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Evaluation of the frequently occurring term        
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We know that (integration by parts) 
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Coming back to the right hand side of Equation (A.12), we now have 
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 -  x,c          (A.17)                 

III rd Term: 

( )
1

1
1

0

1
, d

� t

t t t t
e e g t t

δ
λ

δ
λ

δ

−

�-     , x c  
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( ) 1 1
1

0

g , t1
e d

� t

t t t
e t t

δ
λ

δ
λ

δ

−
� �

 c, 
   -    

x
     

( ) 2 2g , t1
e e e

�
t

t

t t tδ δ δ
λ λ λλδ λ λ

δ

− 	 

� − +� �


 �

 c, 
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x
  

     
( )g ,
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t

t t tt
e e e

δ δ δ
λ λ λδ λ λ

δ

− 	 

� − +� �


 �

 , 
  - 

x c
   

( )g ,
t

t

t t tt
e e e

δ δ δ
λ λ λδ λ λ

δ

− 	 

� − +� �


 �

 , 
  - 

x c

 

      
( ), t

t

t
t te

g t e e

δ
δ δλ

λ λδ λ λ
δ

−
	 


� − +� �

 �

  -  , x c
   

( ), 1
t t

t
e

g t

δ
λλ λ

δ δ

−	 

� �� − +
� �

 �

  -  , x c
 

                             
( ), 1 ( 1)

t

t
g t e

δ
λλ

δ

−	 

� + −� �


 �
  -  , x c

                                           (A.18) 

 
IVth Term:                           ( )

11
1
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1
e , t +

�
t t

t

t t t t
e g dt

δ
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δ
λ δ δ

δ

−
+�    c  c,  x  

( ) 1
1

1

0

, +1
�
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δ
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δ
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− +
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�
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t

t
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e e e

δ δ δ
λ λ λδ δ

λδ λ λ
δ
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� − +� �
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( ), +t t
t
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e e e

δ δ δ
λ λ λδ δ

δ λ λ
δ

− + 	 
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 �

 , 
     

x c c

 

( ), +t t t
t

t
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δ
δ δλ

λ λδ δ δ λ λ
δ

−
	 


� + − +� �

 �

  ,  x c c  

( ), + 1t t
t t

t
e

g t

δ
λλδ δ λ

δ δ

−	 

� �� + − +
� �

 �

  ,  x c c  

                          

( ), + 1 ( 1)t t
t

t
g t e

δ
λλδ δ

δ

−	 

� + + −� �


 �
  , x c c                                       (A.19) 

Substituting Equations (A.16-A.19) into Equation (A.12) we get 
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( ) ( ) ( ) ( )

( ) ( )

, + , 1 , 1

, 1 ( 1) , + 1 ( 1)

t t

t t
t t

t t

t t

f t f t e f t e g ,t

g t e g t e

δ δ
λ λ

δ δ
λ λ

δ δ

λ λδ δ
δ δ

− −

− −

� � � �+ − = − −� � � �
� � � �

	 
 	 

+ − + + −� � � �


 � 
 �

 ,    ,  , -  

  -  ,  +  , 

x c c x c x c x,c

x c x c c (A.20)
 

( ) ( ) ( ) ( )

( ) ( )

, + , 1 , t g

1 ( 1) , + g ,

t t

t t
t

t

t

f t f t e f ,t

e g t t

δ
λ

δ
λ

δ δ

λ δ δ
δ

−

−

� �
	 
+ − = −� �
 �

� �

	 

	 
+ + − +� �
 �


 �

x  ,   x  , x  , - x c  

                 x  , - x  , 

c c c c ,

c c c                  (A.21) 

We know that 

                        
2 3

1 ...
2! 3!

x x x
e x− = − + − + ;           

2 3

1 ...
2! 3!

x x x
e x− − = − + − +  

2

21 ...
2

t
t te

δ
λ δ δ

λ λ
−

− = − + +  ; 

Neglecting the higher order terms        1
t

te
δ

λ δ
λ

−
− = −   

In Equation (A.21) we may write 

                     1 (e 1) 1 ( ) 0t

t t

tδ
λ δλ λ

δ δ λ

−	 
 	 
−+ − = + − =� � � �

 � 
 �

                    (A.22) 

We now introduce the non-dimensional relaxation time 
t

λτ
δ

≡  

So that in Equation (A.21)  

                                                           

1
1

t
te

δ
λ δ

λ τ
−

− = − = −  ;                                      (A.23) 

Substituting Equation (A.22) and (A.23) into Equation (A.21) we may now write 

( ) ( ) ( ) ( )

( ) ( )

1
, + , , g ,

0 , + ,

t t

t t

f t f t f t t

g t g t

δ δ
τ

δ δ

	 
+ − = − 
 �

	 
× +
 �

x ,   x  , x  , - x  ,  

                    +   x  , - x  , 

c c c c c

c c c
                               (A.24) 

The discretized Boltzmann Equation then becomes 

        ( ) ( ) ( ) ( )1
, + , ,t tf t f t f t g ,tδ δ

τ
	 
+ − = − 
 �x  ,   x  , x  , - x  c c c c ,c                               (A.25)                                    

The lattice Boltzmann equation is derived from the discretized Boltzmann equation 

(A.25) by using discrete particle velocities and directions. 
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A.2 Equilibrium Distribution Function in the Low Mach number Limit 
The Boltzmann Equation with LBGK or single-relaxation-time approximation can be 
written as [7] 
 
                                               

1 1
 +   =    ;  

df
f g

dt λ λ
                                                  (A.26) 

 
Where ( , , )f f t  ≡≡≡≡ x c is the single particle distribution function, c is is the particle 

velocity, λ is the relaxation time due to collision and g is the Boltzmann-Maxwellian 

distribution function 

                                       
2

/ 2

( )
g =  exp 

(2 ) 2DRT RT
ρ

π
� �� �� �� �−−−−−−−−� �� �� �� �
� �� �� �� �

c u
                                    (A.27) 

Where R is the ideal gas constant, D is the dimension of the space and ρ , u ,T are the 

macroscopic density of mass, velocity and temperature respectively. The macroscopic 

variables are the moments of the distribution function f with the microscopic velocity c: 

                                   =   =  f d g dρ � �� �� �� �c c                                                                (A.28)         

                                 =   =  f d g dρ � �� �� �� �u c c c c                                                             (A.29)         

                        2 21 1
 =  ( )    =  ( )   

2 2
f d g dρε − −− −− −− −� �� �� �� �c u c c u c                                     (A.30)         

The energy can also be in terms of temperature T 

                                   =   =  
2 2

o o
A B

D D
RT N k Tε                                                      (A.31) 

where , 0 A BD , N k  are the number of degrees of freedom of a particle, Avagardo’s number 

and the Boltzmann constant respectively. In Equations (A.28) - (A.30) the Chapman 

Enskog analysis has been applied 

                              ( ) ( , , )  =  ( ) ( , , ) h f t d h g t d� �� �� �� �c x c c c x c c                                   (A.32) 

where ( ),h c a linear combination of collisional invariants (conserved quantities), is 

                                            h( ) = A + .  + C .c B c c c                                                   (A.33) 
In the above equation A, C are arbitrary constants, and B is an arbitrary constant vector. 

With appropriate discretization, integration in momentum space can be approximated by 

quadrature upto a certain degree of accuracy, that is, 

            ( ) g( , , )  =  ( ) ( , , )i i i
i

t d w g tψ ψ�������� c x c c c x c                                                  (A.34) 
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where ψ ( )c is a polynomial in c and wi and ci are the weights and the discrete velocities 

of the quadrature respectively. The hydrodynamic moments of Equations (A.28) - (A.30) 

can be computed by  

                                                         = i i
i i

f gρ ====� �� �� �� �                                                (A.35) 

                                                      = i i i i
i i

f gρu c c====� �� �� �� �                                           (A.36) 

                                     2 21 1
 =  ( )  =  ( )

2 2i i i i
i i

f gρε − −− −− −− −� �� �� �� �c u c u                             (A.37) 

where  ( , ) ( , , )i i if f t w f t     ≡ ≡≡ ≡≡ ≡≡ ≡x x c , ( , ) ( , , )i i ig g t w g t     ≡ ≡≡ ≡≡ ≡≡ ≡x x c . 

From Equation (A.27)   
2

/ 2

( )
g =  exp 

(2 ) 2DRT RT
ρ

π
� �� �� �� �−−−−−−−−� �� �� �� �
� �� �� �� �

c u
 

                  
2 2

/ 2

.
 =  

(2 ) 2 2Dg exp exp
RT RT RT RT
ρ

π
� � � �� � � �� � � �� � � �

− −− −− −− −� � � �� � � �� � � �� � � �
� � � �� � � �� � � �� � � �

c c u u
                                    (A.38) 

We know that                   
2 3

 = 1 + x +  +  +...............
2! 3!

x x x
e  

  

2 4 2

2 2 2 2

( . ) 2 .
 +  - 

. . ( ) 4( ) 2
 = 1 +  + ...

2 2 2!
RT RT RT RT

exp
RT RT RT RT

c u u c u u
c u u c u u

××××
� �� �� �� �

− − +− − +− − +− − +� �� �� �� �
� �� �� �� �

       (A.39)   

( )eqf  (form of g to be used in LBM) only retains the terms upto O(u2)  so that for low 

velocity (and Mach number) we can write in Equation (A.38) 

                       
2 2 2

2

. . ( . )
 = 1 +  +  

2 2 2( )
exp

RT RT RT RT RT
� �� �� �� �

− −− −− −− −� �� �� �� �
� �� �� �� �

c u u c u u c u
                               (A.40)    

so that  

       
2 2 2

( )
/ 2 2

. ( . )
 =    1 +  + 

(2 ) 2 2 2( )
eq

Df exp
RT RT RT RT RT
ρ

π
c c u u c u� � � �� � � �� � � �� � � �

− × −− × −− × −− × −� � � �� � � �� � � �� � � �
� � � �� � � �� � � �� � � �

            (A.41) 

The equilibrium distribution given by Equation (A.41) is known as Low Mach Number 

Approximation (LMNA). The hydrodynamic moments of this equation is equivalent to 

evaluating the following integral in general 

                

(((( )))) (((( ))))
2

eq
/ 2

2 2

2

 =   =     
(2 ) 2

. ( . )
                                                  1 +  + 

2 2( )

( )
DI f  d exp

RT RT

d
RT RT RT

ρψ ψ
π

� �� �� �� �
−−−−� �� �� �� �
� �� �� �� �

� �� �� �� �
× −× −× −× −� �� �� �� �
� �� �� �� �

� �� �� �� �
c

c c c

c u u c u c

              (A.42) 
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A.3. Discretization of Phase Space Using Two-Dimensional Nine-

Velocity Square Lattice Model 
Figure A.1 shows the two-dimensional nine-velocity square lattice model with discrete 

velocities.   

      
 

Figure A.1: Two-Dimensional nine-velocity square lattice model. 
 

The three abscissas ( m
jς ) and the corresponding weights (wj) used in the numerical 

integration are given by 

1
3

2 = -ς                              2 0 = ς                               3
3

2 = ς                            (A.43) 

 1 6 = w π                            2 2 3 = w π                        3 6 = w π                          (A.44) 

 

It may be noted that                                          i jw w
wα π

=                                         (A.45) 

Therefore, nine (9) combinations wα  will come 
2

1 1 1 1
36

w w w
π π

= =  ;              1 2 1
9

w w
π

= ;       1 3 1
36

w w
π

= ;       2 1 1
9

w w
π

= ;       2 2 4
9

w w
π

= ; 

2 3 1
9

w w
π

= ;               3 1 1
36

w w
π

= ;               3 2 1
9

w w
π

= ;            3 3 1
36

w w
π

= . 

 

It can be shown that the integral of the moment in Equation (A.42) boils down to 

(((( )))) (((( ))))
2 2

eq
2

 = 1

. ( . )
 =   =    1 +  + 

2( ) 2

3
( )

i j i, j
i, j

I f  d w w
RT RT RT

ρψ ψ
π

� �� �� �� �
−−−−� �� �� �� �

� �� �� �� �
��������

c u c u u
c c c     (A.46) 

TH-963_05610311



Theory of the Lattice Boltzmann Method  
 

 212 

2 2
, ,( )

, 2

( . ) ( . )
1

2( ) 2
i j i j i jeq

i j

w w
f

RT RT RT
ρ

π
� �� �= + + −� �
� �� �

c u c u u
                           (A.47) 

We know that, 
2

2 2
; ; 2

3 33s

c c
RT c RT RT c= = = = ;           , 2 ( , )i j i jRT ζ ζ=c  

               

2
2

1 1 1 1( ) 1 1
1, 1 2

2 ( , ). 2 ( , ).
1

2( ) 2
eq

i j

RT RTw w
f

RT RT RT

ζ ζ ζ ζ
ρ

π= =

� �	 
 	 
� �
 � 
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� �
� �
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       (A.48) 

2
1

1 2 3

3 3 1
; 0; ;

2 2 36
wζ ζ ζ
π

= − = = = ;         The above Equation (A.48) becomes 

2

2
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1, 1 2

2 3 3 2 3 3
( , ). ( , ).

3 2 2 3 2 21
1

36 2( ) 2
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i j

c c
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RT RT RT
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� �	 
 	 

� �− − − −� � � �
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 � 
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u  (A.49)     
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1
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RT RT RT
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u u u
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[ ] [ ]2 2

( )
1, 1 2 4 2
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36 2 2
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i j
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f
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u u u
             (A.50) 

Similarly we can derive other particle directions.             
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6

1
1, 3 ( 1,1) 6

36
w i j α= � = = � − � = ;          7

1
1, 1 ( 1, 1) 7

36
w i j α= � = = � − − � = ; 

8

1
3, 1 (1, 1) 8

36
w i j α= � = = � − � =  

The Equilibrium distribution function of the nine-velocity square lattice model  
 

                                  
[ ] [ ]2 2

( )
2 4 2

3 . 9 . 3
1

2 2
eq

i if w
c c c

ρ
� �� �= + + −� �
� �� �

i ic u c u u
                             (A.51) 

where 

(0,0) 0i= � =ic ;         
( )1

(cos ,sin ) 1, 2,3,4
2i i i

i
c i

π
θ θ θ

−
= � = � =ic ; 

( )5
2(cos ,sin ) 5,6,7,8

2 4i i i

i
C i

π πθ θ θ
−

= � = + � =ic . 
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A Lattice Kinetic Scheme for Incompressible  

Viscous Flows 

 
B.1. Introduction 

A two-dimensional lattice kinetic scheme on the uniform lattice arrangement was 

recently proposed by Inamuro [136], based on the standard lattice Boltzmann method 

(LBM). In this scheme, we can implement the same standard LBM boundary conditions 

and it can save computer memory [137, 138]. The derivative term is dropped out and the 

difficulty of the relatively large viscosity is eased by controlling the time step �t or speed 

of sound Cs. To validate this new lattice kinetic scheme, the numerical simulations of the 

two-dimensional square driven cavity flow at Reynolds numbers from 100 to 1000 are 

carried out.  

  

B.2. Standard Lattice Boltzmann Method 

 

The lattice BGK model (LBGK) with single-relaxation-time, which is a commonly used 

Lattice Boltzmann Method is given by [99] 

              ( ) ( ) ( ) ( )1
, , , ,eq

i i i if t t t f t f t f t∆ ∆
τ
� �+ + − = − −� �x x x xic      0,1....,i N=         (B.1) 

The equilibrium distribution functions ( ),eq
if tx  can be expressed in the form [99] 

                     ( ) ( )2( ) 1 3 4.5 1.5( )eq
i if wρ � �= + + −

� �i ic .u c .u u.u                                       (B.2) 

The macroscopic quantities such as density ρ  and momentum density ρu  are defined in 

terms of the particle distribution function if  as follows: 

                                                 
0

,
N

i
i

fρ
=

= �                                                               (B.3)                                              

                                               
0

.
N

i
i

fρ
=

= � iu c                                                             (B.4) 
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The relaxation time τ  is related to the kinematic viscosity υ  by 

                                                 
2 1

 = 
6

τυ −
                                                                    (B.5) 

B.3. Lattcie Kinetic Scheme 

If the dimensionless relaxation time � in Equation (B.1) is set to unity, we obtain [136] 

                                       ( ) ( ), ,eq
i if t t t f t∆ ∆+ + =x xic                                                (B.6) 

The macroscopic quantities such as density ρ  and momentum density ρu  are defined in 
terms of the particle distribution function if  as follows: 

                                                 
0

,
N

i
i

fρ
=

= �                                                             (B.7)                                              

                                               
0

.
N

i
i

fρ
=

= � iu c                                                             (B.8) 

The relaxation time τ  is related to the kinematic viscosity υ  by  

                                                  
1

 = 
6

tυ ∆                                                                       (B.9) 

The equilibrium distribution functions ( ),eq
if tx  can be expressed in the form as [136] 

      ( ) 9 9
 = 1 3  +   -   +  

2 2
eq

i i i i i i if w c c c A x c c
x x

γδ
γ γ γ δ γ δ γ γ γ δ

γ δ

ρ
� �� �∂∂+ ∆ +� 	
 �
 �∂ ∂� 	� 
� �

uu
u u u u u        (B.10) 

where �, � = x, y represent Cartesian coordinates (the summation convention is used), and 

A is a constant parameter of O(1), which determines the fluid viscosity as described 

below. The parameter A may be regarded as a relaxation parameter of the stress tensor in 

the generalized lattice Boltzmann equation. The main advantage of this method is less 

memory because Equation (B.6) has fewer terms than Equation (B.1). In order to verify 

the accuracy of the lattice kinetic scheme, lid-driven square cavity flows are simulated 

and the results are compared with existing results. 

B.4. Cavity Flow Simulation 

The two-dimensional nine-velocity (D2Q9) lattice model is used in the present work. In 

Figure B.1 streamlines for the lid driven square cavity at various Reynolds numbers are 

shown. The bounce-back scheme is used in these simulations to copy the velocity no-slip 

condition on the walls. A lid-velocity of U = 0.1 has been considered in this work. 

Numerical simulations were carried out using the Lattice kinetic scheme for Re = 100, 

400 and 1000. It is seen that the lattice kinetic scheme with 161 × 161 lattices can capture 
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most of the physical variables satisfactorily. The lattice kinetic scheme results, however, 

are computationally more efficient. Figure B.2 shows the velocity profiles for u -velocity 

along the vertical centreline and v -velocity along the horizontal centreline of the cavity. 

It is observed that the agreement between our results and those of Ghia et al. [83] is 

excellent.  

 

       

                       (a) Re = 100                                                   (b) Re = 400 

 
(c) Re = 1000 

 
Figure B.1: Streamline pattern for (a) Re = 100 (b) Re = 400 (c) Re = 1000 by lattice 

kinetic scheme on a 129 × 129 lattice.    
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(a) (b) 
 

Figure B.2: Computed profiles of u -velocity along the vertical centreline and v -velocity 

along the horizontal centreline of the cavity at various Reynolds numbers.  

 

B.5. Conclusion 

A recent lattice kinetic scheme proposed by Inamuro, which is based on the standard 

lattice Boltzmann method, is validated in this section. It is concluded that, this needs less 

memory than the standard lattice Boltzmann method. Also, preliminary calculations show 

that the present lattice kinetic scheme is also stable like the standard LBM at low 

Reynolds numbers.     
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LBM for 1D and 2D Heat-Conduction Problems  

 
C.1. Introduction 

The application of LBM to heat transfer problems received less attention than the field of 

fluid flow problems. Over the years, numerical schemes for the heat conduction are based 

mostly on continuum-based methods. Therefore in this section, the LBM is used to solve 

heat conduction problems in one- and two-dimensional geometries just for instructional 

purpose. The governing lattice Boltzmann equation with BGK approximation can be 

written as [12] 

       ( ) ( ) ( ) ( ), , , ,eq
i i i i

t
f t t t f t f t f t

τ
∆
� �+ ∆ + ∆ − = − −� �x x x xic  0,1....,i N=                  (C.1) 

where ( , )f ti x  and ( )( , )eqf ti x  are the particle and equilibrium distribution functions at 

( ,tx ), ic  is the particle velocity along the ith direction and τ  is the relaxation time 

parameter. The relaxation time τ  for the one-dimensional models can be written as [13] 

                                              
2

3 =  +
2

i

� � t
�

c
                                                       (C.2) 

The equilibrium distribution function can be written as 

                                     ( ) ( ),  =  ,e qf t w T ti ix x                                                      (C.3) 

Figure C.1 shows the D1Q2 and D1Q3 lattice models. The particle velocities and their 

corresponding weights for different lattice models are shown in Table C.1. It is known 

that C = �x/�t  and weights satisfy the relation  = 1
N

i
i=1

w� . The macroscopic temperature 

is obtained as   

                                              ( ) ( ) = ,  = ,
=0 =0

N N eqT f t f ti ii i
� �x x                                        (C.4) 
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Some details of the heat transfer simulations by LBM can be found in [11-13]. The 

solution procedure of the LBM at each time step comprise the streaming and collision 

steps, application of boundary conditions, calculation of particle distribution function 

followed by calculation of macroscopic variables.  

    (a)           (b)       

                   Figure C.1: One-Dimensional lattice models (a) D1Q2 and (b) D1Q3. 

 

Table C.1: Important parameters of different lattice models.  

 

Lattice Model Particle velocity ( ic ) Weights (wi) 

D1Q2 c1 = C, c2 = - C w1 = 1/2, w2 = 1/2 

D1Q3 c0 = 0, c1 =  C, c2 = - C w0 = 1/2, w1 = 1/4, w2 = 1/4 

D1Q5 c0 = 0, c1,2 = ±  C, c3,4 = ±  2C w0 = 6/12, w1,2 = 2/12, w3,4 = 1/12 

 
D2Q9 

c0 = (0,0),   c1,2 =  ( ± 1,0).C,  
c3,4 = (0, ± 1).C,  

c5-8 = ( ± 1, ± 1).C 
 

 
w0 = 4/9, w1,2 = 1/9,  

w3,4 = 1/36 

  

 
Figure C.2: One-Dimensional temperature distribution obtained by the LBM.  

 

Case I: In the one-dimensional heat conduction problem, the left and right side 

temperatures are known. The left and right sides are maintained at 1.0 and 0. Figure C.2 
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shows the temperature distributions by the LBM for 1-D geometry. It is seen that D1Q3 

and D1Q5 models give highly accurate results that exactly matches each other. The 

results given by D1Q2 model, however, is seen to be deficient.    

    

Case II: A 2-D square geometry with all boundaries of known temperatures is now 

considered. The bottom side is maintained at a temperature of 1.0 and the other three 

sides are maintained at a temperature of 0.  

                                                  =  =  = 0.0;  = 1L R T BT T T T                                         (C.5) 

The D2Q9 model is used to find the temperature distribution through LBM. Figure C.3 

shows the isotherms computed by the LBM. The results are well-known and it exhibits 

no surprises, thereby confirming the fact that our LBM computation yields quantitatively 

accurate results.       

 
Figure C.3: Two-Dimensional temperature distribution by the LBM.                           

 C.2. Conclusion 

The lattice Boltzmann method is used to solve simple heat conduction problems in one- 

and two-dimensional geometries. The D1Q3 model is seen to give accurate results 

compared with D1Q2 and is less expensive compared with D1Q5 model. The D2Q9 

model is also seen to give accurate results for the two-dimensional temperature 

distribution. Simplicity of the method appears to be a notable merit. 
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Some Formulational Details of 2D LBM with D2Q9 

Lattice for the Lid-Driven Cavity Problem 

 
D.1. Nondimensionalization 

Here we intend to give some useful information that will help one relate some of the 

frequently appearing variables with a physical system, namely, the lid-driven cavity. In 

the cavity, i indicates the lattice node in the x-direction and j indicates the lattice node in 

the y-direction.    

       
Figure D.1(a): Two-Dimensional nine-velocity square lattice model and (b) 

2D lid-driven square cavity 

 

First we attempt to give some idea about the non-dimensionalization. Here ‘starred’ 

quantities indicate nondimensional variables. For the sake of brevity, the symbols 

appearing in the Figures D.1(a) and (b) will be used directly without explaining what they 

are, as these figures already appear in the main body of the thesis. The nondimensional 

fluid velocity vector, position vector, time and kinematic viscosity are given by 
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( )2 ,     ,      = ,    
t

t
x x t xt

t

υυ= ∆ ∆ ∆ ∆∆ ∆

u x*u x* = * * =  
  

(D.1) 

where u  is the fluid velocity, x∆  =  y∆  = 
L
N

 is the lattice spacing, t∆  is the 

characteristic time-step and υ  the kinematic viscosity of the fluid. For the square cavity 

the side length L serves as the characteristic length scale refx . Some other nondimensional 

variables are as follows: 

 ,     ,     = k
k

ref ref

f
f

t
ρ τρ τ

ρ ρ
=

∆
* * = *  

  

(D.2) 

where kf  is the nonequilibrium distribution function for the kth particle velocity (k = 

0,1,…8 for D2Q9 lattice), ρ  is the local mass density and τ  is the single-relaxation time 

scale. The Reynolds number for the flow is 

 = ref ref

ref

u x
Re

υ
 

 (D.3) 

Now the discrete Boltzmann equation with BGK approximation reads 

( )
*

* * * ( )*
*

1
.  -   eqk

k k k k

f
f f f

t τ
∂ + ∇ = −
∂

c  
 (D.4) 

The single-relaxation time scale τ *  is given by (see Ref. [33])  

6 1 1 =  =  + 3
2 2

υτ υ+** *   (D.5) 

Now  
( ) ( ) ( )2 2 2

1
 =  =  

ref ref
ref ref ref

u x
u x tRe

Rex x x
t t

υ
υ

∆

∆ ∆ ∆
∆ ∆

* =   

From the last two relations we may now write 

( )2

3
 

1 =   + 
2

ref refu x

Re

t
x

τ ∆
∆

*  
 (D.6) 

TH-963_05610311



Appendix D 
 

 223 

Now for the sake of elegance we drop ‘star’ with the understanding that in course of what 

follows the variables are nondimensional. The discrete Boltzmann equation, when 

discretized over a lattice model (say D2Q9), gives the nondomensional lattice Boltzmann 

equation 

1 ( )( , ) ( , ) = - ( , ) ( , )x x x xk kk k
eqf t t t f t f t f tτ

� �
� �
� �

+ ∆ + ∆ − −kc   (D.7) 

As we have seen in Appendix A, the local and instantaneous mass and momentum 

density can now be written as 

( , ) ( , )(eq)
8

t t� = f ,kk=0
�x x   (D.8) 

( , ) ( , ) (eq)
8

t t� = fkk=0
�x x ku c   (D.9) 

For the D2Q9 model, the equilibrium velocity distribution is 

9 32
2 2

( )  = 1 3( ) +  ( )  -  (eqf wk kρ � 	

 �
� 


+ k kc .u c .u u.u)  (D.10) 

where 40 1 2 3w  = 4/9,  w  = w  = w  = w  = 1/9  and 5 76 8w  = w  = w  = w  = 1/36. The pressure is 

given by 2 cp = sρ  and the nondimensional speed of sound by 1 = 
3

cs . 

It may be noted that in LBM it is a standard practice to keep refu  low so that the 

compressible limit (for which the LBM model is valid) is not exceeded. For the 

computation of cavity flow for a certain Reynolds number by LBM, lid velocity  = refu U  

may be changed within the incompressible Mach number limit. The relation for *τ  

developed above shows that for the same Reynolds number, altering the value of the lid 

velocity U results in the change of value of the relaxation time, which determines the rate 

of approach to equilibrium with every collision.                               
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