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Abstract

The main focus of this thesis is the study of Strichartz estimates and their extensions to
systems of orthonormal functions associated with certain self-adjoint operators. In addi-
tion, we investigate a sharp Heisenberg-Pauli-Weyl uncertainty principle for the fractional
Dunkl transform. We begin with the Fourier analysis on the Euclidean space, discuss
some well known results, basic definitions, and and recent developments that motivate

the problems discussed in the thesis.

We establish anisotropic Strichartz estimates associated with the Grushin operator
G = —A — [z]*0? on R"". Tt is well known that the Grushin-Schrodinger equation is
totally non-dispersive and hence the classical approach to obtain Strichartz estimates
fails. Instead, we employ restriction estimates associated with the scaled Hermite—Fourier

transform on R"*? for certain surfaces in N x R* x R.

Let £ be the special Hermite operator on C". We establish Strichartz estimates for

(£), where

systems of orthonormal functions associated with general flows of the form e=%?
¢ : Rt — R is a smooth function. Our approach relies on restriction estimates for the
Fourier-special Hermite transform on the class of surfaces {(A, u,v) € R x N§ x Njj : A =
#(2|v|+n)}. We then address the optimality of the Schatten exponent and endpoint case of
the orthonormal Strichartz estimate for the Schrodinger propagator e~#. Furthermore,
we investigate restriction estimates for the special Hermite spectral projections in the
context of Schatten spaces.
ix
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Next, we derive a necessary condition on the Schatten exponent for the orthonormal
Strichartz estimates for the Schrédinger equation associated to the Dunkl Laplacian and
the Dunkl-Hermite operator, which turns out to be optimal for the Schrodinger equations
associated with Laplacian and Hermite operator as a particular case. The proof uses
coherent states in the Dunkl setting and semiclassical analysis.

Finally, we establish an LP-type Heisenberg-Pauli-Weyl uncertainty principle for the
fractional Dunkl transform, with 1 < p < 2. For the case p = 2, we further derive a
sharper uncertainty principle for the fractional Dunkl transform. Furthermore, we derive

conditions leading to equality in both the uncertainty principles obtained.
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Abbreviation and Notation

N The set of all natural numbers

7 The set of all integers

Q The set of all rational numbers
R The set of all real numbers

C The set of all complex numbers
Np Nu {0}

R* R\{0}

Ng {(k1,koy.. . kp) | ki €Z,i=1,2,--- ,n},n>1
R {(z1,29,...,20) |z; ERi=1,2,--- ;n},n>1
(O {(z1,29,...,2n) | 2 €Ci=1,2,--- ;n},n>1
Re z  The real part of z € C

Imz  The imaginary part of z € C

S*=!1 The unit sphere in R"

XE The characteristic function of the set F

LP(S) {f:S — C| fis measurable and [ |f[Pds < oo}
s

A Laplacian on R"

G Grushin operator on R**!

L Special-Hermite operator on C"
f*g Convolution of f and g

x1
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xii Abbreviation and Notation

f x g Twisted convolution of f and g
A* The adjoint of the operator A

Tr(A) Trace of an (trace class) operator A defined on some Hilbert space
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CHAPTER 1

Introduction

The main focus of this thesis is the study of Strichartz estimates and their extensions to
systems of orthonormal functions associated with certain self-adjoint operators. In addi-
tion, we investigate a sharp Heisenberg-Pauli-Weyl uncertainty principle for the fractional
Dunkl transform.

In this chapter, we introduce the basic definitions, notation, and preliminary concepts
that will be used throughout the thesis. To motivate the work presented here, we also
briefly outline the historical background and some key developments related to the topics

under consideration, without aiming at a comprehensive survey.

1.1 Some definitions and basic results

In this section, we review some definitions and basic results, most of which are assumed

to be well known to the reader. )
n 2
For x = (21,9, ...,2,) € R", the Euclidean norm of z is denoted by |z| = (Z x?) :
j=1

If z € R and r > 0, we denote by B(z,r) = {y € R" : |z —y| < r} the open ball centered
at x with radius r. The Lebesgue measure on R" is denoted by dz. If E is a subset of

R™, then |E| denotes its Lebesgue measure and yg its characteristic function: yg(z) =1

1
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2 Chapter 1. Introduction

if x € F and 0 otherwise.
Let X and Y be two measurable spaces with measures p and v, respectively. For
1 < p < o0, the space LP(X) denotes the Banach space of complex-valued measurable

functions on X whose p—th powers are integrable; the norm of f € LP(X) is

| fllzrx) = (/X Iflpdu> .

The space L>(X) denotes the Banach space of essentially bounded complex-valued on
X; more precisely, functions f such that for some C' > 0, u({z € X : |f(z)| > C}) = 0.
The norm || f||e(x) is defined as the infimum of all such constants C.

For 1 < p,q < oo, the mixed Lebesgue space LP9(X x Y') = LP(X, L(Y)) denotes the
Banach space of complex-valued measurable functions on X x Y with the norm

p/q 1/p
| fll 2o (x,La(vy) = (/X (/Y|f($,y)|qdl/) d#) ,

with the usual modifications (as above) when p = oo or ¢ = co. In the case X = R" and
dp = dx, we often write the mixed norm simply as LE L. The conjugate exponent of p is
always denoted by p’ and satisfies ]1) et z% — 1L

We also have Minkowski’s integral inequality: if the measures u and v are o-finite and

1 < ¢ < p < oo, then for any measurable function f: X x Y — C,

Il fllex,Laqyy) < 1fllaqvorx)-

The convolution of functions f and g on R” is defined by

(fxg)(z) = y flz —y)g(y) dy.

Let S(R™) denote the Schwartz space, consisting of all functions f € C*°(R") that

decay rapidly, together with all derivatives, i.e.

sup ’xaﬁﬁf(w)’ <oo, YVa,peNg, (1.1.1)

reR™

where 1 = (11, ...,7,); @ = (a1, ...;qn), 8= (B1,..., Bn); 2% = 2 - 2% 9P = 616 0P
with 0; = %. The quantities appearing on the left-hand side of (1.1.1) define a countable
J

collection of semi-norms on S(R™) turning it into a Fréchet space.
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1.2. The Fourier transform 3

Let Cy(R™) denote the space of continuous functions that vanish at infinity. Then
S(R™) is dense in both Cy(R™) and LP(R™) for 1 < p < oc.
We denote by S'(R™) the space of tempered distributions, defined as the space of

continuous linear functionals on the Schwartz space S(R™).

1.2 The Fourier transform

The Fourier transform of a function f € S(R") (or L'(R")) is defined as

n

FENO = H©= @0 [ e, ¢eR (12.)

It is well known that the operator F defines a linear topological isomorphism on S(R")

and the inverse is given by the inversion formula
(F @) = @) = en)t [ emfe ds (122)

Moreover, it is clear that || f| re@n) < || fllz1@n). The Schwartz space S(R") is dense in
LY(R™), it follows that F(LY(R™)) C Co(R™), since Co(R") is the L>®-closure of S(R™).
This inclusion is known as the Riemann-Lebesgue lemma.

The Fourier transform extends to a unitary operator on L2(R"), that is, ||| [2(Rn) =
|| f|| L2(rny- This result is known as Plancherel’s theorem and it follows from the following

Parseval’s formula

o= [ f@ae=en [ [ e i = (f.g)

for all f,g € S (R”) By the Riesz—Thorin interpolation theorem, one then obtains the

Hausdorff—=Young inequality which states that for 1 < p < 2 we have

HfHLP'(]R") < || fller@ny, f € SR"), (1.2.3)

where p’ is the conjugate exponent of p, that is, % + z% =1.

The inequality (1.2.3) allows us to extend the definition of the Fourier transform of
functions f € LP(R") for 1 < p < 2 as an LP(R")-limit. More precisely, if (f;) is a
sequence of Schwartz functions converging to f in LP(R™), then the Fourier transform of
f can be viewed as f = lim, 00 };-, in the norm of L” (R™). Since the convergence is in

L” (R™), the Fourier transform is not defined on sets of Lebesgue measure zero.

TH-4006_206123108



4 Chapter 1. Introduction

1.3 The restriction problem

Let S be a hypersurface endowed with a smooth measure do. Then S is a subset of
Lebesgue measure zero. The restriction problem raises the following question: for which
exponents p,q with 1 < p <2, 1 < ¢ < o0, is it true that f € LP(R™) implies ]/”\has a
well-defined restriction to S in L9(S, do) with

1

(/S|f(£)|q da(&))q < Oyl fllr@m ? (1.3.1)

The problem was originally considered by Stein in the late 1960s for the unit sphere S"*~1.

When p = 1 and S is compact, the Riemann—-Lebesgue lemma implies that f is
continuous and hence can always be restricted to S as a bounded function with (1.3.1)
any 1 < g < oo. When p > 1, the question of restriction onto subsets of Lebesgue
measure zero does not, a priori, make sense, since the Fourier transform of an LP-function
is defined as the L¥-limit of Schwartz functions. In particular, if f € L*(R"), then by the
Plancherel theorem, f may be any function in L?*(R"), and hence there is no well-defined
way to restrict J?to S.

However, for 1 < p < 2, the difficulty that functions in L?(R™) are not defined point-
wise on sets of measure zero can be avoided by working with Schwartz functions. If the
restriction estimate (1.3.1) holds for all f € S(R"), then by density and completeness
arguments it extends to all functions in LP(R™).

Let Rs denote the restriction operator associated with (S,do), defined by Rg =
fA| s, f € S(R™). The operator dual to R is called the extension operator, denoted by s,
and satisfies the identity

Esf(x) = (2m)% / f(E)e2do(e), weR™

for all f € L'(S,do). By duality, the restriction problem can be reformulated in terms of
an extension problem: for which exponents p’, ¢ with 2 < p’ < o0, 1 < ¢ < 0, is it true

that f € L7 (S, o) implies Ef € LY (R™) with

HSSfHLp’(Rn) < Cp’,q’HfHLQ’(S,da) ? (1.3.2)

For a general survey on these questions we refer to the book of Stein [100] and the

text of Tao [103]. A model case of the restriction problem which is often considered in

TH-4006_206123108



1.3.  The restriction problem )

the literature is the case ¢ = 2. Since L*(S,do) is a Hilbert space, we may compose
the restriction and extension operators. This yields a third formulation of the restriction
problem: for which exponents 1 < p < 2, the operator E5(Eg)* is bounded from LP(R")
to L (R™), that is,

H55(55>*fHLp’(Rn) < Cpllfllzr@ny ? (1.3.3)

For smooth compact hypersurfaces with non-zero Gauss curvature, the celebrated

Stein— Tomas theorem asserts that the following restriction estimate holds.

Theorem 1.3.1. (Stein-Tomas) [100,108] Let S be a smooth compact hypersurface in R"
with non vanishing Gaussian curvature at every point, and let do be a smooth measure

on S. Then for all f € S(R") and 1 < p < 2((533)), we have

||R5f||L2(S,dcr) < Cp||f||Lp(Rn). (1.34)

The sharpness of this result was proved with a counterexample due to A. Knapp [103].
For quadratic surfaces, a complete characterization was obtained by Strichartz [102], with
admissible range of exponents depending on the type of surface, such as the paraboloid,
cone, or sphere. The restriction problem has attracted a considerable attention over
the years and is closely connected to several challenging problems in harmonic analysis
and Partial Differential Equations (PDEs), such as the Bochner-Riesz means, Strichartz
estimates, and the Kakeya conjecture, and the local smoothing conjecture [35,104,112].

Restriction problems are also closely connected to several phenomena in spectral the-
ory. Let S = S"! be the unit sphere and let og.—1 be the associated surface measure. For

f € S(R™), the Fourier inversion formula, written in polar coordinates, takes the form

f(z) = /000 /swl ei“'wf()\w) dogn1(w) A" HdA.

The inner integral can be interpreted as a convolution with a Bessel kernel. More precisely,

define
O f(z) = FOw) doge1(w) = f = pa(x)

Sn—1

where @, (z) = (27?)’%|)\x|’%“J%,1(MxD, and Jz_; denotes the Bessel function of order

5 — 1. Then Q,f is an eigenfunction of the Laplacian A with eigenvalue —M\2. In order

TH-4006_206123108



6 Chapter 1. Introduction

to prove the restriction estimate (1.3.3) for S*™!, it is equivalent to show that

2(n+1)‘

1 Nl gy < CallF ey, 1<p< =2

(1.3.5)

It is therefore natural to study analogues of (0 f for a more general positive differential
operator L in place of —A, which allows the Fourier restriction problem to be formulated
as a spectral problem in broader settings. On compact Riemannian manifolds, spectral
restriction problems (or cluster estimates) for Laplace—Beltrami operators were established
by Sogge in [96,97]. In the non-compact setting, restriction problems for Hermite and
special Hermite projection operators have been investigated in several works [73,89,101].
For the sublaplacian on the Heisenberg group we refer to [85].

Restriction problems analogous to quadratic surfaces (such as paraboloid and cone)
associated to general positive differential operators L in connection with PDEs have been
extensively studied in the literature. Such results have been established in a variety of
settings, including compact manifolds [87,110], the Hermite operator [83], the Heisenberg
group [10], and H-type groups [12].

In this thesis, we study several restriction problems associated to the Grushin operator

on R™™! and the special Hermite operator on C".

1.4 Strichartz estimates

Strichartz estimates date back to the 1970s, originating from the seminal work of Strichartz
[102]. Over the subsequent decades, Strichartz estimates for linear dispersive evolution
equations, such as the Schrodinger and wave equations, have become a central tool in
the analysis of semilinear and quasilinear partial differential equations, arising in many
physical applications.

In this subsection, we briefly describe the different strategies used to establish Strichartz
estimates, which may be viewed as another manifestation of the Stein-Tomas restriction

problem. Consider the free Schrédinger equation on R™,

i0su(t,z) — Au(t,z) =0, ze€R", seR\{0}, (1.4.1)
u(0,z) = f(z).

TH-4006_206123108



1.4. Strichartz estimates 7

This equation was introduced by Schrodinger in 1925 in the context of quantum mechanics.
It describes the time evolution of a quantum system: given the state of the system at an
initial time, the Schrodinger equation determines its state at all subsequent times.

If f € L?*(R"), the solution can be written explicitly as

ult,x) = e f(x) = / I Fle) de. (1.4.2)

n

Formula (1.4.2) can be interpreted as the restriction of the Fourier transform on the

paraboloid in R™! defined by S := {(w,£) € R x R" : w = [£]*} with the measure

do = d¢ induced by the projection 7 : R x R” — R" onto the second factor.
Given f : R" = C, define F : § — C by F = f o, that is, F([¢|%€)

f &)
Clearly, one has || f||z2@n) = || F || £2(s,au)- Then

& o) — / = F(e) de = / e WO P (w, &) do(w, §).
n s

Assume now that fis supported in a unit ball. This assumption translates into a compact

support condition on the surface measure do. Then, by the Stein-Tomas theorem, we get

1”2 Fll Lo nt1y < CIF N2y (1.4.3)

for all p/ > @ A scaling argument, together with the density of spectrally localized
functions in L?(R"), yields that for p’ = 22 and for all f € L?(R"), one has

n

||€itAfHL2",;"4(R L%(Rn)) < C||f||L2(Rn). (1.4.4)

This estimate was first obtained by Strichartz [102] as a restriction theorem for paraboloid.
The solution (1.4.2) can also be written as
;L2
itA ©
e f(z) = ———= * flz): (1.4.5)
(4mis)2
Applying Young’s convolution inequality to (1.4.5) implies that this solution satisfies the

so-called dispersive estimate

) 1
||€ tAfHL‘x’(]R") S )% HfHLl(R") y Vi # 0. (146)

(4]t

In the late 1990s, Ginibre and Velo [59] and later Keel and Tao [70] for the endpoint case,
used dispersive estimates (1.4.6) together with the 77" method to extend Strichartz esti-
mate (1.4.4) to a wider range of exponents. Using this approach, the Strichartz estimate

in the mixed-norm setting can be stated as follows:

TH-4006_206123108



8 Chapter 1. Introduction

Theorem 1.4.1 (Strichartz estimates). Let n > 1. If p,q > 1 satisfy (p,q,n) # (1,00, 2)
and 2 + % =n, then e f € L?L% (R x R") and satisfies the estimate
HeitAfHLQp(R,qu(Rn)) S CHf||L2(R”) (147)
In the case of the wave equation on R"
i0pu(t, ) — Au(t,z) =0, zeR" teR\ {0}, (1.4.8)
u(0,z) = ¢(x), Owu(0,z) = ().

the solution can be expressed as u = uy, + u_, where uy = eityA f+ and fi satisfy
(fe + fo iVA(fy — f2)) = (¢.9). Consequently, the Strichartz estimates for the wave

equation are usually given by those for the one-sided propagator.

Theorem 1.4.2. Letn > 2. Ifp,q > 1 satisfying (p,q,n) # (1,00,2) and %+"T_1 =n—1,
then ¢™VAf e L?[20(R x R") and satisfies the inequality

! R R |
€™Y2 £l v, r20eyy < Cllfllgsr 8= : <§ — 2—q) : (1.4.9)

Here H* denotes the homogencous Sobolev space. The estimate (1.4.9) is basically
corresponds to the Stein—Tomas adjoint restriction estimate for the cone. Strichartz
estimates have also been studied in many other settings. For results concerning more
general dispersive semigroups, we refer to Keel and Tao [70].

Dispersion may fail or become significantly weaker in certain settings. For instance,
for the wave equation on the Heisenberg group, where dispersive estimates hold with the
optimal decay rate |t|~'/2 independent of the dimension (see [9]). Similar phenomena
occur on compact Riemannian manifolds and on some bounded domains. An even more
striking situation was pointed out by Bahouri, Gérard and Xu [9] for the Schrodinger
operator on the Heisenberg group, where it is shown that dispersion fails completely.
In such cases the Euclidean approach described above is no longer effective, and then
establishing Strichartz estimates becomes substantially more delicate.

Despite these difficulties, Strichartz estimates on compact Riemannian manifolds and
bounded domains, often involving a loss of derivatives, have been obtained in several
works; see, for instance, Bourgain [23|, Burq, Gérard, and Tzvetkov [25], Ivanovici,

Lebeau, and Planchon [66], and the references therein. For results on the Heisenberg
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1.5. Strichartz estimates for orthonormal system of functions 9

group, see [8]. The case of hyperbolic space, which is noncompact and has negative
curvature, has also been investigated; see [3].

It is well known that the Grushin-Schrodinger equation is an example of totally non-
dispersive equation [54]. In this thesis, we establish anisotropic Strichartz estimates asso-
ciated with the Grushin-Schrodinger and Grushin wave equation. This is achieved using

a Stein—Tomas type restriction approach adapted to the Grushin operator setting.

1.5 Strichartz estimates for orthonormal system of

functions

Strichartz estimate (1.4.7) has been substantially generalized for a system of orthonormal
functions in the works of Frank-Lewin-Lieb-Seiringer [48] and Frank-Sabin [49]. We briefly
recall the formulation of Strichartz estimates for orthonormal system of functions and

summarize their results. Let p,q > 1 and 8 > 1, consider the estimate

for any orthonormal system (f;); in L? (R") and all sequence (n;); C C. Clearly, the case

5
C.q (Z |nj|ﬁ> : (1.5.1)
J

an |€itAfj|2
J

Lr(R,L1(R))

B =1 follows directly from the triangle inequality combined with the Strichartz estimate
(1.4.7), without using the orthonormal hypothesis. Hence, in view of the inclusion relation
of /% space, the problem is to determine the largest possible exponent 3 for which the
estimate (1.5.1) holds for a given pair p, g. We call this exponent 5 the Schatten exponent

of (1.5.1), as it is connected via duality to Schatten norm estimates.

Theorem 1.5.1. [48,49] Let n > 1. Assume that p,q > 1 satisfy % +o=n

(1) If1<qg< Z—J_r}, then the estimate (1.5.1) holds for any orthonormal system (f;); in
L* (R™) and all sequence (n;j); C C whenever < q%r—ql. This is sharp in the sense that,
the estimate fails for all B > %. Further, if ¢ = Z—ﬂ the estimate (1.5.1) holds for all
B < qi—ql and fails at f = ;—ql.

(1)) Ifd=2and6 < q< oo, orifd>3 and % <qg< dQTdQ, then the estimate (1.5.1)

holds for all B < p. This estimate is sharp in the sense that it fails for 5 > p.
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The motivation for studying estimates of the form (1.5.1) arises in the context of
many-body quantum mechanics. A system of N independent fermions is described by a
collection of NV orthonormal functions fi, ..., fy in L?. Consequently, functional inequal-
ities that incorporate a significant number of orthonormal functions are highly valuable
for the mathematical analysis of large-scale quantum systems. The inequalities have
applications to the Hartree equation modeling infinitely many fermions in a quantum
system, see Lewin-Sabin [74, 75], Frank-Sabin [49]. The first fundamental work of such
generalization goes back to the famous work due to Lieb-Thirring [77, 78], where the
Gagliardo-Nirenberg-Sobolev inequality was generalized to the orthonormal inequality,
the so-called Lieb-Thirring’s inequality.

It is also important to study the nature of the Schatten exponent in orthonormal esti-
mates. In particular, the orthonormal estimates with optimal Schatten exponent played
a crucial role to prove the stability of matter [77,78,93]. Also the sharp orthonormal
Strichartz estimate as in Theorem 1.5.1 was employed crucially to establish well-posedness
and the scattering theory for the Hartree equations [74,75].

For the wave equation, Frank-Sabin [49] obtained a substantial generalization of (1.4.9)

to families of orthonormal functions (f;); in the homogeneous Sobolev space H*m

Theorem 1.5.2. [/9] Let n > 2. Assume that p,q > 1 satisfies 1 < q < % and

2402l — 1. Then the following estimate

P q
7
Do < Cng <Z |“j!6> , (1.5.2)
J

holds for all orthonormal system (f;); in H® with s = mrl(s— %}) and all sequence

ez’tx/Z fj 2

LP(R,L2(R™))

(nj); C C, whenever 1 < f§ < qi_ql'

More recent developments, including orthonormal Strichartz estimates associated with
the Klein—-Gordon equation and the fractional Schrédinger equation, can be found in
20, 49).

Another interesting development is the extension of dual Stein-Tomas inequality (1.3.4)

to system of orthonormal system by Frank-Sabin [49].

Theorem 1.5.3. [/9,51] Let n > 2 and S C R"™ a compact hypersurface with non-

vanishing Gauss curvature. Then, for any Z—i <p<oxwand 1l < g < I%, the
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following estimate

%
> njlEs kil < Chyg <Z \nj|ﬁ> ) (1.5.3)
i j

holds for all orthonormal system (f;); in L*(S,do) and all sequence (n;); C C. Moreover,

. . . - (n—1)
this is sharp in the sense that, the estimate fails for all B > 25—

Lr(R™)

Estimates of this type for systems of orthonormal functions have subsequently been
studied in various other settings. Notably, Frank and Sabin extended Sogge’s L” spectral
cluster estimates for the Laplace-Beltrami operator on compact Riemannian manifolds
to the orthonormal setting [50]; see also the related work of Nguyen [88].

Strichartz estimates for orthonormal systems associated with the Schrodinger propaga-
tor associated with several self-adjoint operators have been obtained in several works. For
instance, we refer to Mondal-Swain [83] for Hermite operator, Ghosh-Mondal-Swain [57]
for special Hermite operator, Feng—Song [44] for the Laguerre operator, Mondal-Song [82]
for (k,a)-generalized Laguerre operators, and Nakamura [87], Wang-Zhang-Zhang [110]
for Laplace Beltrami operator on compact manifolds. For more general results covering a
wide class of dispersive equations see Hoshiya [65], Feng-Mondal-Song-Wu [43].

In this thesis, we establish Strichartz estimates for systems of orthonormal functions
associated with general flows of the form e~##(“) where ¢ : Rt — R is a smooth func-
tion. We then address the optimality of the Schatten exponent and endpoint case of the
orthonormal Strichartz estimate for the Schrodinger propagator e "*. Furthermore, we
generalize restriction estimates for the special Hermite spectral projections in the context
of Schatten spaces.

Finally, we derive a necessary condition on the Schatten exponent for the the orthonor-
mal Strichartz estimates for the Schrodinger equation associated to the Dunkl Laplacian
and the Dunkl-Hermite operator, which turns out to be optimal for the Schrodinger equa-

tions associated with Laplacian and Hermite operator as a particular case.

1.6 Heisenberg—Pauli—Weyl uncertainty principle

The phrase “uncertainty principle” refers to a wide class of theorems, all of which ex-

press the idea that a nonzero function and its Fourier transform cannot both be sharply
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12 Chapter 1. Introduction

localized. This phenomenon is among the most famous and exciting research areas at the
interface of mathematics and physics, and has attracted continuous attention for nearly
a century. We refer to Folland and Sitaram [46] for a detailed survey.

The study of uncertainty principles originated with Heisenberg’s seminal work in 1927
[63], and the mathematical formulation was later developed independently by Kennard
[71] and Weyl [111]. In its classical form, the principle states that for f € L*(R) with
[ fll2@®) =1,

A7LA%, > 411’ (1.6.1)
foo +o0

where A%, = / l(x — (z)p)f(z)?dz, (z); = / z|f(x)|*dr. This formulation is

popularly knownigg the Heisenberg—Pauli-Weyl unc_eorotainty principle (HPWUP).

In 1946, Gabor [52] introduced the HPWUP in the context of signal analysis. Since
then, numerous different forms of the HPWUP have emerged through various mathemat-
ical formulations [41,62]. It has significant applications in the field of signal processing,
optics and so on (see [36,113,114,116,117]). Although inequality (1.6.1) is the simplest
form, it is not the most refined. Subsequently, Cohen [31,32] established a lower bound

sharper than (1.6.1):
1
AGA%, > i+ Cov*(f), (1.6.2)

where Cov(f) = fj;o(:z — (2)1)(¢'(x) — (2) p)|f(x)]*dzx is the covariance of f, defined
in [32], where, as usual, f(z) = p(2)e*?®, p(x) is a real-valued function and ¢'(x) is the
classical derivative of p(z). Later, Dang-Deng-Qian [36] provided a stronger result, that

is
1
A7LA%, > it COV2(f), (1.6.3)

where COV(f) = [T2°|(

—00

x — () )(¢'(x) = (2) || f(x)[Pdz is the absolute covariance of
f. Note that the lower bound in (1.6.3) is bigger than that in (1.6.2). An interesting
extension was provided by Cowling-Price [33], who refined the classical HPWUP for LP-

type functions with 1 < p < 2, yielding the following inequality

1
2 2
A7A%, 2 (1.6.4)

TH-4006_206123108



1.6. Heisenberg—Pauli-Weyl uncertainty principle 13

where A% = fj;o |(z — (z)7) f(z)|Pdx, is the p—th covariance. Later, Zhang [115] made

further improvements to estimate (1.6.4):

1
2 A2 2
Af,pAf,p > 1 + COV=(f). (1.6.5)

The fractional Fourier transform is an extension of the classical Fourier Transform.
We refer to [72,86, 114, 116] for its properties and applications. The fractional Fourier
transform of a function f € L'(R) is defined by

+oo .
A, [ es@reicotag—ivrescaf(pydy  (2n — )w <z < (2n + 1),

—00

FLa8, 2N,
f(==), z=(2n+ 1),

Ff(w) =

where A, = ,/1_1'2%““. For a ¢ 77, we have the following relation

1.2

Fef(w)=v1-— icotaeéugcom]:(e§ COtaf(:E))(ucsca).

In the literature, many extensions of the HPWUP have been established for the fractional
Fourier transform. Unlike the classical Fourier transform, the HPWUP for the fractional
Fourier transform is formulated between two fractional Fourier domains of different orders

(see [116]). In particular, one has

sin?(a — B
Aas s AZss, 2 #, (1.6.6)

where Ao,y = 2 (z - (x);af)faf(x)|2 da, (v) ey = ["2a |Fof(2)]* do. Further-
more, LP-type versions of HPWUP for the fractional Fourier transform, with 1 < p < 2,
were established in [6]. These results were later refined in [36] and [37], where sharper
lower bounds were obtained.

The Dunkl transform and the Fractional Dunkl Transform generalize the Fourier trans-
form and the Fractional Fourier Transform, respectively. The HPWUP for the Dunkl
transform and the Fractional Dunkl Transform are introduced by Roésler-Voit [92] and
Ghazouani-Bouzeffour [56], respectively and later improved in [42]. In this thesis, we
establish an LP-type Heisenberg-Pauli-Weyl uncertainty principle for the fractional Dunkl
transform, with 1 < p < 2. For the case p = 2, we further derive a sharper uncertainty
principle for the fractional Dunkl transform. Moreover, we derive equality conditions for

both the uncertainty principles obtained, thereby strengthening previously known results.
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14 Chapter 1. Introduction

1.7 Outline of the thesis

This thesis consists of five chapters. The present chapter deals with the basic definitions,
review of recent developments, and our motivation to consider the problems discussed in
the thesis.

In Chapter 2, we consider the Schrodinger and wave equation associated with the
Grushin operator G = —A — |z|?0? on R"™'. Since the associated Grushin—Schrodinger
equation is totally non-dispersive, the classical dispersive approach to Strichartz estimates
does not apply. We prove a restriction theorem with respect to the scaled Hermite—Fourier
transform on R"*? for suitable surfaces in N x R* X R, and as an application derive
anisotropic Strichartz estimates for the Grushin—Schrodinger equation and the Grushin
wave equation.

In Chapter 3, we consider the special Hermite operator £ on C". We establish new
orthonormal Strichartz estimates for systems of orthonormal functions associated with
general flows of the form e~#?(“) where ¢ : Rt — R is a smooth function. Our approach
relies on restriction estimates for the Fourier-special Hermite transform on suitable spec-
tral surfaces, and we also discuss the endpoint case for the Schrodinger propagator e~ <.
We also investigate restriction estimates for special Hermite spectral projections in the
framework of trace ideals (Schatten classes).

In Chapter 4, we study orthonormal Strichartz estimates for Schrodinger equations
associated with the Dunkl Laplacian and the Dunkl-Hermite operator. By constructing
coherent states in the Dunkl setting and applying semi-classical analysis, we derive a
necessary condition on the Schatten exponent, which is shown to be optimal and recovers
the classical Laplacian and Hermite cases as special instances.

In Chapter 5, we investigate uncertainty principles for the fractional Dunkl transform.
We first obtain an explicit characterization of the functions for which equality holds in
known uncertainty inequalities, and then establish an LP-type Heisenberg-Pauli-Weyl
uncertainty principle for 1 < p < 2. In the case p = 2, we derive a sharper uncertainty

principle and characterize the corresponding equality cases.
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CHAPTER 2

Strichartz estimates associated with the Grushin operator

2.1 Introduction
The Grushin operator G' on R™*! is defined by
G=—-A—1|2?92, (z,t) € R" xR,

where |z| = m . The study of the Grushin operator dates back to the work of
Baouendi and Grushin [11,60,61]. Since then, several authors have studied this operator
extensively in various contexts, including the classification of solutions to elliptic equa-
tions, free boundary problems in partial differential equations, and well-posedness issues
in Sobolev spaces; see, for example, [2,34,53,69].

In this chapter, we establish anisotropic Strichartz estimates associated with the

Grushin-Schrodinger and Grushin wave equations.

2.2 Preliminaries
In this section, we discuss the spectral theory for the Grushin operator and the Fourier
analysis tools associated with it.

16
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2.2.1 The Grushin operator and its spectral theory:

Let Hj denote the Hermite polynomial on R, defined by

k.dk 2 2
ﬂ(e_x)exa k:071727"'>
T

and hj denote the normalized Hermite functions on R defined by

hi(z) = 25Tk "2 Hy(z)e 2%, k=0,1,2,---

The higher dimensional Hermite functions denoted by ®, are then obtained by taking

tensor product of one dimensional Hermite functions. Thus for any multi-index a € Nj
and z € R", we define ®,(z) = [[_; ha,(z;). For A € R* = R\ {0}, the scaled Hermite
functions are defined by ®)\(z) = |[A|T ®,(1/|\|z), they are the eigenfunctions of the
(scaled) Hermite operator H(\) = —A + A\?|z|*> with eigenvalues (2|a| + n)|A|, where
la| =377, aj, a € Nj. For each A € R*, the family {®} : & € N} is then an orthonormal
basis for L?(R™). For each k € Ny, let P()\) stand for the orthogonal projection of L? (R™)

onto the eigenspace of H(\) spanned by {@3 el = k:} More precisely, for f € L?(R")
N = (f,20) 25, (22.1)
la|l=k
where (-, -) denotes the standard inner product in L?(R"). Then the spectral decomposi-

tion of H()\) is explicitly given as

N f = (2k+n) PN f. (2.2.2)
Note that
PN f(x) = P(1)(fod, 3)od, (), (2.2.3)

where the dilations d, on R" are defined by d, (ZL‘) = rz for r > 0.
For a Schwartz function f on R™"! let f(x = Ju f( )erdt denote the inverse
Fourier transform of f(z,t) in the t variable. Applymg the operator GG to the Fourier

expansion f(z,t) = 5= [ e 7 fA(x)d)\, we see that

Gf(at) = % /]R ) ()N (2.2.4)
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18 Chapter 2. Strichartz estimates associated with the Grushin operator

The Grushin operator belongs to the wide class of subelliptic operators studied by
Franchi et al. in [47]. Moreover, it is positive, self-adjoint, and hypoelliptic. The operator

G possesses a natural family of anisotropic dilations, namely
Spo(x,t) = (ra,r?*t) for r > 0. (2.2.5)

and this anisotropic dilation structure introduces homogeneous norm on R"! p := p(z,t) =
Oy al* + t2)% . With the norm p, we define the ball centered at wy = (z9,%y) € R"!
and of radius R > 0 by B(wo, R) = {(z,t) € R"™ : p(z — zo,t — ty) < R}.

Using (2.2.2), the spectral decomposition of the Grushin operator is given by

Gf(x,t) = %/Re_i)‘t (Z(?k + n)|A|P,€(A)fA(x)> d\. (2.2.6)

k=0
We refer to [84] and the references therein for detailed information about the Grushin

operator.

2.2.2 The scaled Hermite-Fourier transform on R"t!;

For a reasonable function f, the scaled Fourier-Hermite transform is defined by
Fla, \) = / / M F(z, )N @) dtdr = (f,8Y), () NI xR, (2.2.7)
n JR

If f e L2(R™) then f € L2(N? x R*) and satisfies the Plancherel formula

-
[l 2nsry = %Hme(Nng*). (2.2.8)

The inversion formula is given by

—iAt A
flx,t) 27T/ Z Fla, X) @A (x) dA. (2.2.9)

If f e LY(R™1), it can be seen that for r > 0,

—

(fod) (o, \) = r~GH fla, r72)\), (2.2.10)

where 4, is defined in (2.2.5).
Replacing f by Gf in (2.2.9) and comparing (2.2.7) with (2.2.6), we get

GH(a, ) = (2al +n) A f(@,N),  (a,\) € NI x R, (2.2.11)
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2.2.3 A frequency decomposition adapted to the Grushin oper-

ator

Definition 2.2.1. A function f € S(R™™) is said to be frequency localized in a ball
Br, centered at 0 of radius R if there exists a smooth, even function v supported in

{r € R:|7| <2} and equal to 1 near 0 such that
f=v(R2G)f, (2.2.12)
which is equivalent to saying that for all (a, \) € Ny x R*,
Fle, X) = ¥(R2(2]al + n)|A)) fla, A). (2.2.13)

By construction it is clear that collection of frequency localized functions of all radii

is dense in L?(R™™1).

Definition 2.2.2. A function f € S(R"™) is said to be frequency localized in a ring
Cr, centered at O of inner radius R/2 and outer radius R if there exists a smooth, even
Junction ¥ supported in {T € R : 1/2 < |7| < 2} and equal to 1 in a ring C' C {T € R:
1/2 <|7| < 2} such that

f=v(R2G)f, (2.2.14)

which is equivalent to saying that for all (a, ) € Ny x R*,
fla, X) = (R7>2lal + n) A f (@, A). (2.2.15)

Suppose f is frequency localized in a ring Cr. Then, for any s € R, it follows from

(2.2.12) and (2.2.11) that
CL R\ fll 2y < HGS/2f|\L2(Rn+1) < CoR¥| fll L2 mntry- (2.2.16)

Let 1) € C*°(R) be an even function such that 0 < ¢ <1, ¢ = 11in [0,1] and 0 in [2, c0).

Let (1) = zE(T) — (27) such that supp ¥ C (1/2,2) and generate a Littlewood-Paley

decomposition
Y(r)+ Y w(27r) =1, VreR.
j=>0
Now define
A f=9(G)f and A;f =4(277G)f, j>0. (2.2.17)
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Then A_; f is frequency localized in ball B; and A, f are frequency localized in ring Cyj/»,

j > 0. Moreover, any f € S(R"!) admits the frequency decomposition

F=Y_ A (2.2.18)
j=>-1
and
”f”?‘ﬂ(R"H) ~ Z HA]'fH%Q(RnJrl)- (2.2.19)
j>—1

Here, A ~ B means that there exists a constants C7,Cy > 0 such that A < (1B and
B < A.

Next, we consider the Grushin Sobolev space HE = {f € L*(R™") : [L..\ (1 +
G)*/2f(x)|? dr < oo}, equipped with the norm

/]

Hé == ||(I+G)%f||L2(]Rn+l)

On the support of ¥(277-), we have 1 + (2]a| + n)|\| ~ 27 and consequently,

I1/]

Hs, ™~ D NI+ G2 fFagnsry ~ D 2718, Fll 72 @nsy- (2.2.20)

j=0 Jj=0

For a similar frequency decomposition for the Grushin operator, we refer to [53].

2.3 The Grushin-Schrodinger equation
Consider the following free Grushin-Schrédinger equation:

i0su(z,t,s) — Gu(x,t,s) =0, s€R, (z,t) € R", (2.3.1)
u(z,t,0) = f(z,t).
For our convenience, we use a different notation and denote the time variable by s. As in

the Euclidean case, (2.2.11) allows us to solve (2.3.1) explicitly. For f € L*(R™*!), taking

the scaled Hermite-Fourier transform with respect to (x,t) variable in (2.3.1), we get

d
id—ﬁ(a,)\,s) — (2|lal4+n) || a(a, A, s) = 0, (2.3.2)
s

(o, X, 0) = fla, \).
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Solving the ordinary differential equation (2.3.2), we get @(a, A, s) = e~ #sClal+mA £ )).
Now applying the inversion formula (2.2.9) the solution of the IVP (2.3.1) can be written

as

ucut,s)::e”Gf(m,t)zzié-jf e " e BN f o, N) @) (2)dA. (2.3.3)
7T *

aeN”

Unlike the Euclidean case, the IVP (2.3.1) is totally non-dispersive (see [54]) for n = 1.

A similar phenomenon is observed for n > 1 in the following proposition.

Proposition 2.3.1. There ezists a function f € S(R™™), the space of all Schwartz class
functions on R™ ™ such that the solution to the IVP (2.3.1) with initial data f satisfies

u(z,t,s) = f(z,t+sn), VseR, V(zt)eR"™ (2.3.4)

Proof. Fix a function ) € C°((1,00)) and consider

1

flz,t) = T /100 e MDY (2)Q(N)dA. (2.3.5)

Thus f € S(R™™!) and comparing (2.3.5) with the inversion formula (2.2.9) we have

) 0, if o £ 0,\ € R*
fla,\) =
Q(\), ifa=0xeR"

By (2.2.9), the solution of the IVP (2.3.1) can be written as

1

u(z,t,s) = e 5C f(x,t) = e
m

/OO e AN () Q(N)dA = f(x,t + ns).
1
[

Notice that ||u(-, s)||l, = || f]|, for all 1 < p < oo, hence no global dispersive estimate of
the type (1.4.8) can hold. Due to this loss of dispersion, the standard Euclidean approach
to deriving Strichartz estimates fails. A similar phenomenon occurs for the Schrodinger
operator on the Heisenberg group: Bahouri, Gérard, and Xu [9] emphasized that, in this
setting, the Schrodinger flow exhibits no dispersion at all. Further, Bahouri-Barilari-
Gallagher [10] derived anisotropic Strichartz estimates for the Schréodinger and the wave
equations on the Heisenberg group involving the sublaplacian, only for the radial initial

data, by adapting the restriction approach.
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The Grushin operator is closely linked with the sublaplacian on the Heisenberg group,
following the strategy introduced in [10], we obtain Strichartz estimates for the Grushin-
Schrodinger equation (2.3.1) and the Grushin wave equation (2.6.1) for initial data that

belongs to a more general class of functions.

2.3.1 A restriction theorem for the scaled Hermite-Fourier trans-

form on R"1

For p > 0, consider the surface
S"(n) = {(c, A) € Ng x R : (2] +m)|A| = i},

with the measure do,, on S™(;1) defined by
1 f —p
O(a, A do, = — [ B(a, —/—) + O(0, 7———
§™(w) a€NP
for suitable functions © on S"(u). The surface S"(u) can be viewed as an analogue of

the sphere of radius p in Nj x R* with surface measure do,, in the sense that for any

F € L'(Ny x R*), we have

2 /R F(a, \)d\ = /OOO (/Sn(u) F(a, \) dau> dy.

aeNg

In [80], Liu-Song derived a restriction theorem associated to Grushin operator on
R% x R% analogous to the seminal work of Miiller [85]. Specifically, by setting d; =

n,dy = 1,q = p and r = p’, with %—I-Z% = 1, Theorem 2 in [80] can be reframed as follows:

Theorem 2.3.2. [80] If 1 < p < 2, then

5 s
1 lsn |25 0 oy < C™ ™2 fl 312,
for all functions f € S(R™™) and p > 0.

In order to obtain Strichartz estimates via the Fourier restriction method for evolution
PDEs, one applies the result to specific surfaces in R**! = R™ x R, such as the paraboloid
for the Schrédinger equation and the cone for the wave equation (see [102]).

When dealing with evolution equations associated to the Grushin operator G on R"*!,
one is naturally led to consider surfaces in Nj x R* xR. Consequently, restriction theorems
in Nij x R* alone are not sufficient. Thus we adapt the scaled Hermite-Fourier transform

on R™*?2 and establish a restriction theorem (Theorem 2.4.1) for surfaces in Nj x R* x R.
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2.4. Restriction theorem for the scaled Hermite-Fourier transform on R"*?2 23

2.4 Restriction theorem for the scaled Hermite-Fourier
transform on R""2
For f € S(R™"?), the space of all Schwartz class functions on R"*? | let
A (x) = /R/Rf(x,t, s)e e dtds (2.4.1)

stands for the inverse Fourier transform of f(x,t,s) in the (¢,s) variable. We define the

scaled Hermite-Fourier transform of f on R"*? as

Fla, A v) = / / / M f(3 ¢ 5)BA () dsdtdz = (M, D), (2.4.2)
nJR JR

for any (o, \,v) € NI x R* x R. If f € L*(R"?) then f € L2(N? x R* x R) and satisfies
the Plancherel formula

1 A
£l z2mn+2) = WHfHL?(Nng*xR)- (2.4.3)

The inversion formula is given by

flz,t,8) = (271r)2 /R/Re_i”se_i’\t Z flo, A, v) @ (z) dAdw. (2.4.4)

a€eNy
Given a surface S in Nj x R* X R endowed with an induced measure do, we define the

restriction operator Rg : L*(R""?) — L*(S,do) as
Rsf = fls, (2.4.5)
on the surface S and the operator dual to Rg (called the extension operator) as

Es(O)(z,t,s) = # /geiyseiAt@(a, A\, v) @ (x) do, (2.4.6)

O € L*(S,do).

2.4.1 A surface measure

Let us consider the surface

S={(a,\,v) e Ny x R* xR :v = (2|a| +n)|A|}. (2.4.7)
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24 Chapter 2. Strichartz estimates associated with the Grushin operator

We endow S with the measure do induced by the projection 7 : Nj x R* x R — Ny x R*
onto the first two factors, where Njj x R* endowed with the measure dy ® dA, dp and
dX denote the counting measure on Njj and Lebesgue measure on R* respectively. More

explicitly, for any integrable function © on S, we have

/@da—Z/ O(a, \, (2l + n)|A]) dA

aeNg

By construction it is clear that if © = f o 7|g, where f is a function on Nj x R*, then for

all 1 <p <o

1OWlz0 8,40y = I1f | e vy x®")- (2.4.8)

2.4.2 Restriction Theorem

Our purpose here is to show that every (appropriate) function f (on R"™2) has a scaled
Hermite-Fourier transform f that can be restricted to the surface S. In view of Fourier
restriction theorem due to Thomas [108], such restriction property is best dealt with
compact subsets in the Euclidean space. Therefore, we consider the surface S endowed

with the surface measure doj,. = 1(v)do defined by
/@ A0 = 3 / O(c, \, (2la] + m)|AD B((2la] + n)|A) dr (2.4.9)
S aeNy

with 1 any smooth, even, compactly supported function in R with an L*> norm at most
1. Let Sy, be the support of oy, in S, i.e., Sy, = {(,\,v) € S : ¥(v) # 0}. The
restriction operator, Rg, —and the extension operator, £, —with respect to the surface

(S,do,,, ) can be computed as Rs%cf = f|asm and

(O)(x,t,s)

Es

2 Z / i(2|lal+n)|A|s _ZM@(O[ )\ (2|04| —|—7’L)|/\|)

aeNy

O (2) (2] +n)|A)dN.  (2.4.10)

Let S,,,, be the support of doj,. in S. We obtain the following restriction theorem for

Scaled Hermite-Fourier transform for S,, .

Theorem 2.4.1 (Scaled Hermite-Fourier restriction theorem). Let n > 1.

TH-4006_206123108
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1. If 1 <qg<p<2, then

1Rs.,,, fllr2(sdon < CW, ) fllLicece, (2.4.11)
for all functions f € S(R""2).
2. Forn =1, the inequality (2.4.11) holds for all f € S(R3), whenp =2 and1 < ¢ < 2.

8. For n > 2, the inequality (2.4.11) holds for all f € S,qq(R™"?), the space of all

radial? Schwartz class functions on R"2, when p =2 and 1 < ¢ < 2.

Proof. We prove each case in Theorem 2.4.1 separately. First we prove the case 1 < ¢ <

p < 2. Before proceeding to the proof, we need to observe the following:

Lemma 2.4.2. Let ¢ € S(R™) and A € R*, then for all 1 < p < 2,

2

n(]_2 n—1cn_2
1PN llot gy < CINEET7 2k 4-0) 776 o, (24.12)
where p' is the conjugate exponent of p, i.e., ]10 + z% = 1.

Proof. Since, {Py()\)}x>0 are orthogonal projections on L*(R"), so we have

[ Pe(N@llr2@ny < [|@llz2@n)- (2.4.13)

Using the relation (2.2.3) and the L' — L* estimate in the proof of Proposition 4.4.2

in [106], we have
n n—1
| Pe(N) @l oo rry < [A[2 (2K + 1) 2 (|0 11 wn)- (2.4.14)

This estimate can also be found in the proof of Proposition 1 in [80]. Thus, the Lemma

2.4.2 follows by interpolating (2.4.13) and (2.4.14). O

Proof of the case 1 < q < p < 2: By duality argument, it is enough to show that the
boundedness of the operator £, —from L*(S, do,.) to L (R; LY (R; L? (R™))). Equiva-
lently, we show that the operator &5, (Es,, )* is bounded from Lj(R; LL(R; LL(R™))) to
L®(R; LY (R; LY (R™))), where 1 4 & = Tand | + 4 = 1.

P

2A function f on R"*2 (resp. R"*!) is said to be radial if f(z,t,s) = f(|z|,t,s) (vesp. f(x,t) =
f(|z|, ) for all z € R™ and ¢,s € R.
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26 Chapter 2. Strichartz estimates associated with the Grushin operator

Let f € S(R™"?). From (2.4.10) and (2.4.9), we have

gSgloc (55'0[ )*f(x If S)
— o 3 [N (2] + A 8202l + A

a€eNg

1 1 ) o £ A P 2elFn
o / e o, A B2 ()] dA

= 2la| +n 2lal +n

where the last term obtained by performing the change of variables (2|a| + n)A — A in

each integral. Using (2.4.2), (2.2.1) and writing a; = we obtain

i
2k+n?

gs(’zoc(gsﬂz ) f(x t 8 2711_)2 Z k+n2/ —iAs :ka)\tp (CL /\)f:tak/\)\( )w< ) d\

T
o

e (F P (aN) P @) (V) )

I
Q
Mg
+[~]
N
+ —
=
N

(2.4.15)

where 9, (A) = ¥(A)1,50. For fixed ¢ € R, Hausdorff-Young inequality on the right-hand
side of (2.4.15) with respect to s—variable gives

€6 BV Flyg < O3 e W )T @)= V@) g (24,16

k=0 =+
Now for any function ¢ defined on R"*! and for ¢’ > p’ > 2, applying Minkowski’s inequal-
ity followed by Hausdorff-Young inequality and again applying Minkowski’s inequality, we
get

HF)\—)SQHLE’LI;/ S H‘F)\—)ngLg'Lg/ S CHgHLg/LQ)\ S C“gHLng/' (2417)

In view of (2.4.17) and (2.4.16), we deduce that

||‘C/‘SUZOC( olop) f”LooLq LP S ZZ 2]{7 +n ||77Z)( )Pk(akA)fiakAA( )HLQLP .

k=0 =+

But, by Lemma 2.4.2, we have
||Pk(ak/\)fiakA’A|| ) < Clagh] 2 (1=5) )2k + n) Ea ||Fs—> A G s)liens,

which implies that

> 1 n( 2)
< pri 2 p’
Eson Migryay < O3 i 25 |1 AT s (A

€5

9loc
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2.4. Restriction theorem for the scaled Hermite-Fourier transform on R"*?2 27

< O IFeamaf G ) gy WAZE)

Lq
< CINFsnf G ) g nznt OO o o, (2.4.18)

where the last step is justified by an application of Holder’s inequality in (2.4.18) with
a> 2, %—I— % =1and %—I—% = é. Then, taking a = ¢’ and applying Minkowski’s inequality
followed by Hausdorff-Young inequality in A— variable, we get

(s

Thus, (2.4.11) follows from (2.4.19) by Minkowski’s integral inequality for all 1 < ¢ <

I€s Y Fll gy < CUPOIONEY 1 Fll g2 (2.4.19)

9loc ”loc

p < 2. 0]
Proof of the case n=1,p=2,1<¢g <2: Note that for n =1,

1 S A +apAA |2
Fll2sdoi0) = (%)QZZ /0 2k+1|]Pk(iak>\)f AL gy PN (2.4.20)
+ k=0

Consider the Hilbert space L*(Nygx RT; L*(R)), with respect to the inner product (a, B)' =
> / (a(k, N), Bk, \))p(N)dA, for all &, B € L2(Ny x Rt: L2(R)), where R, denote the
— JR+

IR

9loc

set of all positive reals. In view of (2.4.20) it is enough to prove that the operator T'

defined on S(R?) by

1
Tf=———Pi(ap)) f*M,
- e

is bounded from L}(R; LY(R; L2(R™))) into L?*(Ny x R*; L?(R)) or equivalently that its
adjoint T* is bounded from L?*(Ny x R*; L?(R)) into L°(R; L% (R; L2(R™))) to obtain
(2.4.11).

For & € L*(Ny x R™; L*(R)), the operator T* can be computed to be

T @) = 3 | ey e P (G D) @I

Using Minkowski’s inequality together with the Hausdorff-Young inequality (see (2.4.17)),

for any fixed t € R, we have

IT(@) (ot ) o 2 < Cllgllzgez,

where g(x,\) = Z T
+

=0

e Wl = VO 32 s oy (lahath ), Paa(, )

Pr(agN)(a(k, X)) (z). Now

w\»—‘

M‘H

+1)2(20+ 1)z
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28 Chapter 2. Strichartz estimates associated with the Grushin operator

- W VS e |,
Qk+ DI+ Je

k<l

(e
(2.4.21)

(1)

where the last line obtained by Cauchy-Schwarz inequality and a change of variable x —

Az. Using Proposition 2.7.2 (see appendix), (2.4.21) turns out to be

l
1 -
M = €00 a0V i (3 1605 W ).
k=0

By Hardy’s inequality (see [5,85]), we get

l

g M2y < C¥(A (ZI& (&, W72 >

Further, applying Holder’s inequality, we have

I9lzer2 < Clle(MN)]]

_— [l L2 (o xR+ -

Proposition 2.7.2 plays a decisive role in the proof presented above. However, we could
not find such estimate for the higher dimensional Hermite functions (n > 2). Nonetheless,
we prove the restriction inequality (2.4.11) for n > 2 and p = 2 for the radial functions.
Recall that a function f on R™ is said to be radial if f(x,t,s) = f(|z|,t,s) for all
r € R" and t,s € R. If f is radial on R"*2 then f" is radial on R” for any A € R* and
v € R. Thus by Corollary 3.4.1 in [106] and the relation (2.2.3), for all k¥ € Ny, we get

P )() =0 and - Pu)(FM) (@) = R F)LE (A llal)e = T

where

T(k+ 1)

ng(fk’y) = F(k——l—g)

n b, 2-1 R
|A|2/R P @)L (Na)e = 7 de

and L denote the Laguerre polynomials, defined by L (r) = i Lerp—o d‘ik (e7"rk o) r > 0,
of type ¢ (> —1).
Proof of the case n > 2,p=2,1<¢q<2: Let f € Sqa(R"™?). To prove (2.4.11) for

n > 2 and p = 2 (proceeding as in (2.4.20) for n = 1 case), it suffices to show

> [ ([ 5
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2
) A29(N)AA < C|IflFapagns  (24.22)
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where

_ F(k + 1) ? v %, ;\\ zI2
R(k. A, v) = (I(k%_g)gk_+703+l> [ P e B (242

Consider the operator T : S,qq(R"™) — L*(Ny x RT) defined by

(Tf)(k? )\) = R(k7 a2k)\7 )‘)7

where f is related to R through (2.4.23) and the space L*(Ny x R") endowed with the
measure ¢2(Ng) ® L2(RT, A\2¢(\)d\). To prove (2.4.22), it is enough to show the adjoint
T* is bounded from L?*(Ny x R*) into L°(R; LY (R; L2(R"))). For a € L*(Ny x R*), the

operator T is given by

a)(z,t,s) = Z /]R+ a(k, N)e @M= £ (a0, ) () A2 (N)d,

with

L PN N e o e
LeN)(@) = (r(k+;)(4k+n) “) L (Allare 2"

Again using Minkowski’s inequality together with the Hausdorff-Young inequality (see
(2.4.17)), for any fixed ¢t € R, we have

[T () (s M g g2 < Cllgllzgzzs

where g(z,\) = A29) Za (k,\) L (agx M) (z). By an obvious change of variable, we
k=0

g MZ2gey < A" D lalk, Mlla(l, V)] /Rn |Lr(an) ()] | L) ()| de. (2.4.24)

k,[>0

Now, by Lemma 4.2 in [85], there exists C' > 0 such that for all k,1 € Ny,

/n L (4k;1+n) <x)‘ L (4lj—n> (z)|de <

Note that the above result is stated in Lemma 4.2 of [85] for even n, but a same idea

_c
max(k,l)

(2.4.25)

works for odd n as well. Once we have (2.4.25), applying Hardy’s inequality (see [5,85])
in (2.4.21) and after using Holder’s inequality (arguing as in the proof of n = 1 case), we

obtain (2.4.22). 0
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30 Chapter 2. Strichartz estimates associated with the Grushin operator

By a duality argument, Theorem 2.4.1 can be reframed as follows: For any 2 < p’ <

q¢ < oo, the following estimate

€5

9loc

(@)||L§°LZ’L§’ < C(p, 91Ol z2(5.d0100) (2.4.26)

holds for all © € L?(S,doy,.). The end point case p’ = 2 holds with an appropriate

modification.
Remark 2.4.3. We consider the surfaces
S ={(a,\v) € NI x R* x R:v? = (2|a| + n)|A|, £v > 0}, (2.4.27)

to obtain Strichartz estimate for the wave equation (2.6.1). The induced measure doy by
the projection m : Nj x R* x R = Nj x R* onto the first two factors, for the surfaces Sy

are given by

/S Odos =Y /R*@(oz, A, £/ (2lal +n)|A] ) d,

aeNg
for any integrable function @ on Si.
Arguing as in the proof of Theorem (2.4.1), the restriction inequality (2.4.11) can be

achieved for the surface S, = S+ US_ endowed with the corresponding localized measure.

2.5 Anisotropic Strichartz estimates for the Grushin-

Schrodinger equation
Consider the following free Grushin-Schrédinger equation:

i0gu(x,t,s) — Gu(z,t,s) =0, scR, (xt)cR"M (2.5.1)

u(z,t,0) = f(z,t).

Now, realizing the solution of (2.5.1) as the extension operator £, —acting on a suitable
function on S and using (2.4.26), we prove the following anisotropic Strichartz estimate
for the solution of the free Grushin-Schrodinger equation. More generally, we obtain the

following result.

TH-4006_206123108



2.5. Anisotropic Strichartz estimates for the Grushin-Schrédinger equation 31

Theorem 2.5.1. Let n,p,q > 1. If (p,q) lies in the admissible set

2 2
AI{(p,Q)12<p§q§oo and —Jrﬁén;r }
q p

then the solution u(x,t,s) of the IVP (2.5.1) is in Ly°(R; LY(R; LP(R™))) and satisfies the
estimate:

[u(z, t, s)l|gerarn < Cllfll g, (2.5.2)
where o > "T” — % — 2. Moreover, at the end point (p,q) = (2,2), the estimate (2.5.2) is
valid with 0 = 0 for all functions f and h when n =1, and for radial functions f and h

when n > 2.

Proof. First, suppose f € S(R"™) is frequency localized in the unit ball By (or ring C;),
i.e., there exists a smooth, even function v supported in (—2,2) such that f(oz,)\) =
(|| +n)|A) f(e, A). Let © = f o7|g and the localized measure on S be dojp. = Wdo
defined in (2.4.9). In view of (2.3.3) and (2.4.10) we can write

e 5 f(x,t) = Es,,,. (O)(x,t,s).
By the restriction inequality (2.4.26), we have for 2 < p < ¢ < o0
le™¢ Fllgzeraze < ClONr2(s.done) = Cllf o wlsllzzsan = Cllflr2@ery,  (2.5.3)

where the last equality is obtained by (2.4.8) and the Plancherel formula (2.4.3).
Next, assume that f is frequency localized in the ball By (or ring Cgr). By (2.2.10)
one can check that the function fg := f o dp-1 is frequency localized in B; (or ring C;)

and hence applying (2.5.3) we get
le™"¢ fr(@, )|l Lrare < Cllfrll2@nrry = CRZFY| £l 2@nsry. (2.5.4)

Again using (2.5.3), we have e % fp(z,t) = e R "G f(R~1z, R~2t), thus from (2.5.4) we

obtain
—isG —2_n, _iR"2sG -1 -2 nt2_2_n
le™ fllgerary = R vl f(R 2, R || poepary < CRZ a7 || fl|pzgnsy.
Consequently, for any f € S(R"™), we have

HeiZ'SGAjf“LfOLgLi < Q%HAijLz(RnH), Jj= -1,
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wherea:”TJr2 2_n

—% Let 0 < e < 1. Applying the triangle inequality to the frequency

decomposition (2.2.18), followed by the Cauchy—Schwarz inequality, we obtain

1
2
”671;stHLSOLELg < Z Hefz'sGAijL?OLng < C. (Z 2(U+E)jHAij%2(R"+1)> .

Jj=-1 j>-1
Therefore, estimate (2.5.2) follows from (2.2.20).
At the end point (p, q) = (2,2), we observe that "T” — % — 3 = 0. Using Theorem 2.4.1

for (p,q) = (2,2) and following the preceding argument, we obtain that if f is frequency
localized in the ball Bg, then

He_iSGfHLgOLng < C| fllL2@nry-

Consequently, estimate (2.5.2) at the end point follows by density of frequency localized
functions in L2(R™*1). O

Remark 2.5.2. The Strichartz estimate (2.5.2) is not the usual ones in terms of order
of Lebesque norms. Note that the usual Strichartz estimate, i.e., the semigroup e "¢
is bounded from L*(R™') to LY(R; Li(R; L2(R™))) only when (q,r,p) = (00,2,2), by

Proposition 2.5.1.
We now consider the following inhomogeneous Grushin—Schrédinger equation:

i0su(m,t, 8) — Gu(z,t,s) = h(z,t,8), s€ER, (z,t) € R"T, (2.5.5)

u(z,t,0) = f(z,t).

Using Duhamel’s principle together with standard arguments, we derive the following

anisotropic Strichartz estimate for the solution of the IVP (2.5.5).

Theorem 2.5.3. Let n > 1. If (p,q) lies in the admissible set

2 2
AZ{(p,Q):2<p§q§oo and =+ 2 <2T }
q P

-2
then the solution u(x,t,s) of the IVP (2.5.5) is in Ly°(R; LY(R; LP(R™))) and satisfies the

estimate:

lu(@, t. )l perarz < C (1fllag + [Pl reimg)) - (2.5.6)

n+2 2 n

where 0 > "5= — 2 — 5. Moreover, at the end point (p,q) = (2,2), the estimate (2.5.0) is

valid for all functions f and h when n =1, and for radial functions f and h when n > 2.
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Proof. The solution of inhomogeneous Grushin-Schrédinger equation (2.5.5) is given by

the Duhamel’s formula:

u(z,t,s) = e O f(x,t) — z/ e =G (2, 8)ds . (2.5.7)
0
Let v(x,t,s) = z/ e~ =Gz, t, §')ds'. Clearly we have
0

[0( M peepare g/R||e‘i(')Geis'Gh(~,~,s’)HL;><>Lngd8/- (2.5.8)

First assume that, for all &', h(-, -, s') is frequency localized in unit ball B; (or ring C;) in

R™*!. For each s, using (2.5.3) and the unitarity of e*'¢, (2.5.8) yields
vl Leepary < C/R||ei5'Gh(-,-,s')||L2(Rn+1)ds' = C’/R||h(-,-,s')||L2(Rn+1)ds’. (2.5.9)
Now assume, for all s, h(, -, s) is frequency localized in Bg (or in Cg). Letting
hr(z,t,s) = R72h(-,-,R"?s)00zr1 and wg(w,t,s) = i/s e Gy (x,t, 8')ds,
0

we find that hg(-, -, s) is frequency localized in ball B (or ring C;) for all s and vg(z,t,s) =
v(R™'z, R™*t, R*s). Applying (2.5.9) to hg and using ||vgl| ererr = R%“L%HUHL?OLM
with [ [|hg(, -, ) |2@nryds’ = R2HE [ |IR(, -, 8') || n2@n+1yds’, We obtain

nt+2 2 n

Iolszse < CRETEE [ e llasnyds (25.10)
R
For j > —1, let hj(-,-,s) = Aj h(-,-,s) for all s, and let
v;(z,t,8) = z/ e =5Ch,(x,t,5')ds'.
0

Clearly, h(z,t,s) = > .o hj(z,t,s) and v(z,t,5) = > .5 vi(x,t, ), for all (z,t,s).
Now, for j > —1, from (2.5.10) we have

HUjHL;’OLgL‘; < O/ 2%||Ajh(',-,S,)HLz(RnH)dS/,
R

where o = 22 — % — 2. Applying the triangle inequality, followed by the Cauchy—Schwarz

inequality, we obtain

lollzesaze <C / S 2 | AGh( )2y ds’
R

Jj=-1
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3
<. [ (Z 2<U+8>J‘||Ajh<-,-,s'>||%2(Rn+l)> s

Jj=-1

Therefore, from (2.2.20), we obtain

HUHL;>°L§L§ < Clln|

LIRSS (2.5.11)

nt2 _2_n
2 q p

2.5.1 together with (2.5.11), we get (2.5.6).

where o > . Combining the estimate for the first term in (2.5.7) from Theorem

At the end point (p,q) = (2,2), we observe that "T“ — % — 2 = 0. Using density of

frequency localized functions on balls, (2.5.10) turns out to be

|vllzserzr2 < Cllh

Lé(RQLi,t(R"_’_I))’ (2512)

and holds for all h € L'(R; L?(R"*1)). Combining the estimate for the first term in (2.5.7)
from Theorem 2.5.1 at the end point, we obtain (2.5.6) at the end point. ]

2.6 Anisotropic Strichartz estimate for the Grushin
wave equation

Consider the following free Grushin wave equation:

O%u(x,t,8) + Gu(r,t,8) =0 s€R, (z,t) € R, (2.6.1)

u(z,t,0) = f(z,t), Osu(z,t,0) = g(z,t).
Solution to the above IVP (2.6.1) can be realized as the extension operator g, acting on
a suitable function on the surface S,, (defined in Remark 2.4.3). Using of scaled Hermite-

Fourier restriction theorem for the surface S,, we prove the following an anisotropic

Strichartz estimate for the solution of the free Grushin wave equation.

Theorem 2.6.1. Let n,p,q > 1. If (p,q) lies in the admissible set

1 2
Aw:{(P,Q)22<p§q§oo and _+Q§n—2|— _1}’
qg P

then the solution u(z,t,s) of the IVP (2.6.1) is in L°(R; L4(R; LE(R™))) and satisfies the

estimate:

lu(z,t, )|l eranz < C (IG2fllug + llgllag) (2.6.2)
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wherea>§—l—ﬂ.
q p

Proof. Let f, g € S(R™!) with G~'/2g € L*(R™"'). Using (2.2.11) and the inversion
formula (2.2.9), the solution of (2.6.1) (with A = 0) is given by

1 . 4 .
u(x,t,s) = Z %/ e M Z eFisV/ @almNGT (0, \) DX (2)d, (2.6.3)
i *

aeNn
where p1 = 1 (fq:zG/—l/\Qg)

Let the surface S, = S, U S_ endowed with the measure doy, where Si, doy are
defined in Remark 2.4.3 and @ = §1 o m|g, on each sheet. With this (2.6.3) can be
written as u(x,t,s) = Es,(0)(z,t,s). Assume that p+ are frequency localized in C;.
Proceeding as in proof of Theorem 2.5.1 for the surface (S, doy) and using (2.4.8), we

obtain

(e, ) e rsrz < CllON 2(sarsy = NFE N 2ggnie) = lsllipgoryy  (2:6.4)

for 2 <p<qg<oo.
If o4 are frequency localized in Cg, then the functions ¢4 gp = ¢4 0dp-1 are frequency
localized in C; and give rise to the solution ug(z,t,s) = u(R 'z, R"*t, R™'s). Thus, using

(2.6.4) we obtain

lu(,t, $)lproze < CR™Z 0 3 el pzmeny < CRT 7073 |G 20u | e,
where the last inequality follows from (2.2.16). By the Plancherel formula, we have
”GI/QQ%H%%RMI) 7 ||G1/290+||%2(]R"+1) + ||G1/290—||%2(R”+1) T ||G1/2f||%2(R"+1) + HgH%Q(R"“)'
Consequently, if f, g are frequency localized in Cg, then

e, ) lnze < € (BIIC2 oo, + R lgllzensy)

where 0 = 7’“T+2 —-1- % — %. Now using frequency decomposition of f and ¢ (as in the

proof of Theorem 2.5.1), we obtain (2.6.2). O

Remark 2.6.2. In [9], Bahouri-Gérard-Xu derived a (usual) Strichartz estimate for the
wave equation associated with the sublaplacian on the Heisenberg group, we can expect
a analogue result in case of the Grushin operator. However, the above theorem may be

viewed as an extension of Theorem 1.1 in [9] in the context of Grushin operator.
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Now consider the following free Grushin wave equation:

O2u(w,t,s) + Gu(x,t,s) = h(z,t,5) s€R, (x,t) € R"T (2.6.5)

u(z,t,0) = f(z,t), Osu(z,t,0) = g(x,1).

We obtain the following anisotropic Strichartz estimate for the solution of the IVP

(2.6.5).

Theorem 2.6.3. Let n,p,q > 1. If (p,q) lies in the admissible set

1 2
Aw:{(paQ)32<p§q§oo and —-{-Egn; _1}’
q g

then the solution u(x,t,s) of the IVP (2.6.5) is in Ly°(R; LY(R; LP(R™))) and satisfies the

estimate:
e, t, )|z caze < C (IGY iz + Ngllig + Whllzz o) (2.6.6)
wherea>%—%—%.

Proof. One can apply Duhamel’s principle to the IVP (2.6.5) and follow arguments simi-
lar to those used for the inhomogeneous Grushin—Schrédinger equation (2.5.5) discussed
above to establish Theorem 2.5.3. This yields the bound (2.6.6), which establishes Theo-
rem 2.6.3. The details of the proof are left to the reader. n

2.7 Appendix

Let us recall a simplified pointwise estimates for the Hermite functions {hy }ren, (see [53],

Corollary 2.8). For k € Ny, we denote A\, = /2k + 1.

Lemma 2.7.1 (Rough pointwise estimates for Hermite functions). There exits C' > 0

such that for any k € Ny and x € R,

1
k- if mﬁ/\g_k

A
|hi(2)| < C <)\k 2= R0) i % <lal < 2N

2
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Using the previous lemma, we derive the following proposition, which plays a crucial

role in proving the end point case for n = 1 in Theorem 2.4.1.
Proposition 2.7.2. There exists C' > 0 such that for any k,l € N,

(2.7.1)

1
(2k +1)%(20 + 1)1 /R

() () o = e
V2k+1 V20+1 max{k, [}
Proof. Let k < [. We split the region of the integration in (2.7.1) into three parts and
estimate each part separately.

(1) In the region {z € R : |z| < 2);%}, applying Hoélder inequality and using the

. —1 ! )\;? 2 .
estimate ||hx (Ay" ) u (A7) HL?(R) = S in Corollary 5.2 of [53], we obtain

(2k+1)
(20+1)

Bl e

/|<2A2 [ ()] [P (0 ") | do < 20 ([ ()l (A7) || oy <
T|S2Ag

(2) In the region {z € R : 2\? < |z| < 2A\?}, we use the pointwise estimates in Lemma
2.7.1.
Case I: Assume $A7 < 27, Then

2)‘l2 - 22 1
/ \hie (A '2) | |l (N 1) | do < o/ e P —; —da
207 <2 <277 2X} (A2 + [N 222 — N2))2
3 2 —ﬁ;ac2 1
:C')\f/ﬂe”k 3 —dx
5 (A A+ |22 = 1))s

where the second equality is obtained by changing the variable z — A’z and the last
4

: 3272

E

inequality follows from the fact that e % <
l

Case II: Assume 2A7 < A7, Then

2

A _a?
/ \he (A 2) | [ (A 2) | doe < C' A / e My
2X2<|z|<IN? 2X2

l)\Q 2
<CON? / l 8—)\2’“dx
2

2 X
Ak

N
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C
S
(20+1)3
and arguing as in the Case I, we obtain / |hk ()\,zlx) ‘ {hl ()\l_lx){ dr < ——.
PATSlal<2A7 2L+ 1)t
Thus
[ e s O
2A2<[z]<2A2 20+ 1)

(3) In the region {z € R : |z| > 2)\?}, again we use the Lemma 2.7.1. We obtain

- ()
/ | (A" 2) | [ (N 2)|de < C | e \™0M da
|| >2)2 2)2
Then writing A = % and X = 2)7, we have
> | . 1 1 1
—Ax2 —Ax? —AX?
dr < —— 2A dr = —— < —h—1 .
/X bl 7VEF W 000 RV V (\/zx)
Thus 3
[ el ora)eso(2s) § < —©
x x)|dx - < —.
|| >222 oA L B N+HA) N T (20+1)z
After combining the estimates obtained in each case we get (2.7.1). O
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CHAPTER 3

Strichartz estimate for orthonormal functions associated with the

special Hermite operator

3.1 Introduction

Let £ be the special Hermite operator on C", and let ¢ : Rt — R be a smooth function.

The function e £ f denotes the solution to the initial value problem

i0u(t,z) — p(L)u(t,z) =0, ze€C" teR\{0}, (3.1.1)
u(0,2) = f(2).

This chapter is concerned with extended versions of the Strichartz estimates of the form

1/8
< CN° (Z |nj|5) : (3.1.2)

jeJ

Z n; {e—itqb(ﬁ)fj ‘2

jeJ

Lr(I,L9(C"))
for all orthonormal system (f;); in L*(C") with suppfj cA{(p,v): \/W < N}, N >
2n and all sequence (n;); C C, for a bounded interval I C R.

More precisely, we prove (3.1.2) under the assumption that ¢ is of power type near
00, see (3.3.4). Moreover, the estimate (3.1.2) can be upgraded to a global-type estimate
(see Theorem 3.4.3), provided that the orthonormal system (f;); lies in the Sobolev space

40
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3.2. Preliminaries 41

H*(L) with s > §. We then address the optimality of the Schatten exponent and the
end point case of the orthonormal Strichartz estimate for the Schrodinger propagator
e~ Furthermore, we generalize restriction estimates for the special Hermite spectral

projections in the context of Schatten spaces.

3.2 Preliminaries

In this section, we provide some basic definitions and discuss certain dispersive semigroups

associated with the special Hermite operator.

3.2.1 The special Hermite operator and the special Hermite

functions

The special Hermite functions are defined as the Fourier-Wigner transform of the Hermite

functions ®,, and ¢, on R" (defined in Section 2.2), namely,

B, (2) = (21)"% / GmEP, (5 + g) o, (g _ g) d¢, z=ux+iyeCn

n

The family of functions {®,,} forms an orthonormal basis for L*(C"), leading to the

special Hermite expansion

f(z) = Z (f) Ppu) P (2) = Z Z Z (f, @) Pun(2) | - (3.2.1)

wu,veENG k=0 \ |v|=k neNy

The spectral projection operator Q. onto the eigenspace of L associated to the eigen-

value 2k + n is given by

Quf =D > (f0u)®uu(2), feSC) (3.2:2)

v|=k neNg

Consider the special Hermite operator (also called twisted Laplacian) £ on C*,n > 1,

defined by

B L n 9 0
£__AZ+Z_]:|Z| _ZZ(Ijﬁ_yj_‘%ﬁ_xj)’

Jj=1

with z = o + 1y € C". The spectrum of this operator is discrete and consists of points

2k +n,k € Ng = NU {0} and the eigenspaces associated to each of these eigenvalues are
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infinite-dimensional. These eigenspaces are spanned by ®,,,p,v € N, |[v| =v + -+ +
vp = k, where @, are the special Hermite functions. For u, v € NI, let f(u,v) = (f, ®,.,)
denote the special Hermite coefficients.

The spectral decomposition of £ can be written as
Lf= Z(Zk +n)QLf.
k=0

The twisted convolution of two functions f and g on C" is defined by

i

fxglz)= f(z— w)g(w)eélm(w_’)dw — fw)g(z — w)e 2 mEDdy, 2 e C™
(Cn (C"/
(3.2.3)
The family {®,, } satisfies the following orthogonality properties
2m)2®, 5, if v =aq,
B, X Bop = S (3.2.4)
0, otherwise.
The special Hermite functions ®,, are related to the Laguerre functions ¢y(2) =
Ly (3123 e~ 11 where Ly~ is the Laguerre polynomial of type (n—1), by the following

relation

@m)"? 3" By, = . (3.2.5)
lv|=k

Now taking twisted convolution on both sides of (3.2.1) with @, , and using the orthog-
onality property (3.2.4), we have

fx Qoo = (27T>n/2 Z <f7 (I)p,a> (I),u,aa a € Ng. (3.2.6)

HeENG

Summing both sides of (3.2.6) with respect to all o such that |«| = k and using (3.2.5),

the spectral projection Qj has the simpler representation

Quf(2) = (2m) 7% Y fx Paal(z) = 2m)"f x pu(2), z€C"

laf=k

For a detailed study on the special Hermite operator and its associated functions, we

refer the reader to the monograph by Thangavelu [106].
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3.2.2 Dispersive semigroups for the Special Hermite Operator
Consider the Schrodinger equation on C”:
iowu(t, z) — Lu(t,z) =0, ze€C" teR\{0}, (3.2.7)
u(0,2) = f(2).

If f € L?(C"), then the solution to the IVP (3.2.7) is e ¢ f. The Schrédinger propagator

can be expressed by using the spectral decomposition of £, that is

e f — Z e~ Cktmitg, £ (3.2.8)
k=0
So, we clearly have
e fllzzeny = Iflzzcry. tER (3:2.9)
—itL

The Schrodinger propagator e also has the following kernel representation:

e—itﬁf(z) _ f(z— w)Kit(’LU)eé Im(=-®) ) (3.2.10)
cr

where the kernel is given by

|w]

i 2
Kit(w) = (2misint) e’ .

This can be easily deduced from the corresponding kernel formula for the heat operator
e~ by replacing t with it (see [106], page 29). Let ¢ : R — R be a smooth function

satisfying (3.3.4) with 0 < m < 1. Consider the following Schrédinger equation on C™:

i0wu(t,z) — p(L)u(t,z) =0, zeC" teR\{0}, (3.2.11)
u(0,2) = f(2).
If f € L?(C"), then the solution to the IVP (3.2.11), is given by u(t, z) = e **?“) f(2),
where
el f — i e itk 9, 1. (3.2.12)
k=0

From Theorem 3.3 of [26] (see also [45]), it follows that the following local dispersive

estimate holds:

[etvEe g < R (3.2.13)

Leo(Cn
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where 1 € C*(R) supported in [1/2,2], h > 1 and |t| < 2T < 7. As a consequence
of the dispersive estimate (3.2.13) and the Keel-Tao result [70], the following Strichartz

estimate holds for a single function.

Theorem 3.2.1. Let f € L?>(C"). Supposep > 1 and1 < q < oo satisfy %—1-2%;1 =2n—1.
Then, for ¢ € C*(R) supported in [1/2,2] and h > 1, we have

Hzﬁ(hfl\/z) e—ittb(ﬁ)f) < hw(ké)w”ﬂ(@n). (3.2.14)

L2r((=Tb,Tp); L29(C™))

3.2.3 Analytic families of operators

We briefly recall the notion of analytic families of operators in the sense of Stein, which
plays a central role in our approach.

A family of operators (G,) on C", defined on a strip a < Rea < b in the complex
plane (with a < b) is said to be analytic in the sense of Stein if, for all simple functions
f,g on C" (that is, functions that take a finite number of non-zero values on sets of finite

measure in C"), the map
a (g, Gaf)

is analytic in the strip a < Rea < b, continuous on the closure a < Rea < b, and if

sup [(g, Gavirf)| < C(7),

a<A<b

for some function C'(7) with at most (double) exponential growth in 7.

3.2.4 Schatten class

Let X be a measure space. Let A : L?(X) — L*(X) be a compact operator and let A*
denotes the adjoint of A. For 1 < r < oo, G"(L?(X)) denotes the Schatten space based
on L*(X) that is the space of all compact operators A on L?*(X) such that Tr|A|" < oo,
where |A| = V/A*A, and its norm is defined by |Allgrz2x)) = (Tr|A|")r. If r = oo, we
define
1A llgoe (2 = ANl 22002200

Also, the case r = 2 is special in the sense that G*(L*(X)) is the Hilbert-Schmidt class,
equipped with the norm

1Allg2(z2x)) = Il 2 (x xx),
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if K is the integral kernel of A. For more details on Schatten classes, we refer the reader

to Simon [95].

3.3 Restriction theorem for the Fourier-special Her-

mite transform

For F' € L'(R x C") the Fourier-special Hermite transform of F is given by

1

FOupv) = // (£, )y (w)e™ dwdt, Yu,veNILAER.  (33.1)

If F e L*(RxC"), then F' € L3R xN2", d\ x do), where d) and do denotes the Lebesgue
measure on R and the counting measure on NZ", respectively. The Plancherel formula is
of the form

| F || L2mxcry = ||F()\»/~6,V)||L2(RxNgn)

and the inverse Fourier—special Hermite transform is given by

F(t, z) = (2m) é/ Z E(\, 1, )@, (2)e .
() ENQ”
Given a surface S in R x N2" with a positive measure d¥, we define the restriction
operator (RgF) := {F(\, 1, V) }apves and the operator dual to Rg (called the extension

operator) as

EUF O I2) = 2n) F [ e PFOL )0, ()E.
S
We consider the following special Hermite restriction problem: Let I C R be an interval.

Problem 1: For which exponents 1 < p,q < 2 is the Fourier-Hermite restriction operator

Rs bounded from L?(I, LY(C")) to L*(S,dX), i. e

|Rs fllzesasy < N fllerr,Lacny?

By duality, it is not difficult to prove that the boundedness of Rg from LP(I, LI(C™)) to
L*(S,do) is equivalent to the boundedness of the operator Eg(Eg)* from LP(I, LI(C™)) to
LY (I, LY (C")), where }% + I% = 1. Therefore, Problem 1 can be re-written as follows:
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Problem 2: For which exponents 1 < p,q < 2, the operator £5(Es)* is bounded from
LP(I,L9(C")) to L (I, LY (C"))

1€(Es)" Fll o (1,20 (cnyy < N Fllzwcr aeny?

Again, by Hoélder’s inequality, the boundedness of Es(Eg)* from LP(I, LI(C™)) to
LY (I,L7(C")) is equivalent to the following: for any Wy, W, € L2/G=p)([ [24/C=a)(C™)),
the operator W1E5(Es)*Ws is bounded from L*(I x C") to L*(I x C") with the estimate

[W1E5(Es)* Wal| L2 (1xcny— L2 (1xcny S CIWil| p2vse-r 1,120/ =) (o) W | 20/ 20 (1, 120120 (e
(3.3.2)
with C' > 0 independent of W7, Ws.
For certain surface S, a stronger result than (3.3.2) holds: the operator W;E¢(Es)*Ws
belongs to Schatten class G*(L?((—m, m) x C")), for some a > 0 (see Subsection 3.2.4 for

definition of Schatten class). More precisely, the following theorem is proved in [57].

Theorem 3.3.1. [57] Let n,p,q > 1 and let the surface S = {(\, p,v) € R x NI x N :
A = 2|v| + n} with respect to the counting measure. Suppose ¢ > 2n+ 1 and % + 27" =1,

then the estimate

[W1Es(Es) Wallga(r2((=mm)xenyy < ClIWil| o= ), Loy |Wall Lo ((=,m),Lacryy — (3.3.3)
holds for all W1, Wy with a constant C' > 0 independent of Wi, Ws.

We now introduce a more general discrete surface in order to derive a localized restric-
tion estimate. Let ¢ : Rt — R be a smooth function such that there exists 0 < m < 1
for which

¢'(r)y ~r™ "t and [¢"(r)] =72 > 1 (3.3.4)
Consider the discrete surface Sy = {(A\, u,v) € R x Nj X Ny : A = ¢(2|v] + n)} with

respect to the localized measure d¥y, N > 2n defined by
/ F(A\pv)dSy = Y F(¢Qv]| +n), p ) <—V2";\l+") : (3.3.5)

S p,vEND
where ¢ € C§°(R) such that X[-1,1] < % < X[-2,2), Where x4 denotes the characteristic
function of the set A C R.

Let &,  be the corresponding extension operator. We obtain the following Schatten

estimate.
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Theorem 3.3.2. Let n,p,q > 1 and N > 2n. Let ¢ : RT — R be a smooth function
satisfying (3.53.4) with 0 <m < 1. Let Sy = {(\, 1,v) € R x Nj x Nj : A = ¢(2|v| +n)}

with respect to the measure dXy. Suppose that the pair (p,q) satisfies % + 2%1 =1 and

let o = 22rd=m)tm) ppo,

IW1Es, €5, Wallga (2 (10, 10)xem)) < CN W[ Lo (10,10, Lo [Wall 2o (75,10, 20y
(3.3.6)

holds for all Wy, Wy with a constant C' > 0 independent of W1, Wy, provided that o satisfies
the following conditions corresponding to the pair (p,q):

(1) Ifn>1, 2n < q¢ < oo, then a > q.
q

i) Ifn>2,2n—1< q < 2n, th > —
(i1) If n > 2, 2n g < 2n, then a T

cand if ¢ =2n — 1, one has a = oo.

Proof. For all f such that f € £(S4) and for all (£, 2) € R x C", the extension operator

can be written as
8S¢7Nf(t’ Z) = Z ¢(ﬁ/N)e_itAf(A7#7 V)q)u,u(z)y (337)
(Asp,v)ES
where f(\, u, v) is defined in (3.3.1). Now,

Esuniyn1:2) = 0 02 (VAIN) e F (0 1,0) 00 (2)

(A m,v)ES,

er)E 3 / 02 (VAIN) e (), D)@y (2) duod!

(m,,N) €S

27r é/zl/’Q (\/W) i(t—t')o (2|V|+n)<f(t/7')7(I)u,u>q)u7l/(z) dwd?'.

Now from (3.2.6) and (3.2.5), we write

o0

. (el 2k +nY\ _u_v "
Esy €5y S (t,2) = (2m) D) / J(t',-) ZW ( ) (=9RN g (2) e
R
= (27)~("+2) / Hyn(t =t z—w)f(t, w)e™ 2 MED) gt oy,
R JCn
where

(@) e~ AN ) (2). (3.3.8)

N
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Let ¥ € C*(R) be an even function such that 0 < ¥ <1, ¥ =11n [0,1] and ¥ = 0 in
[2,00). Let ¥(s) = W(s) — ¥(2s) such that supp ¥ C (1/2,2) and generate a Littlewood-
Paley decomposition >, , ¥;(s) = 1, for all s > 0, where ¥;(s) = ¥(27/s). Tt follows
that

Z![/j(s) =1, Vs>1.

Jj=0
For any small € > 0, a € C with Rea € [—r/2,0] and j > 0, we consider the following

analytic family of operators

Gojef(t,2) = //H(ijz3 —t, z—we %m(z'w)f(t',w)dt'dw,
Cn

where the kernel

—1l—« = \ 2k +n —1 n
H¢7N,j,a(t, z) == 15<|Tg\t ! Z¢2 <T Wj (\/ 2k + n) e 2k} )gok(z),
k=0

and I = [-Tp, Tp]. But from (3.2.13), for every ¢t € [—2T},21,] and z € C™, we have

2Re(a)+2n+1
2

|Hy,nje(t, 2)| < Ot 2{=m)2ntm)j, (3.3.9)

Let zy = —§ +i7,7 € R, using the Hardy-Littlewood-Sobolev inequality, (see page 39
n [13]) along with (3.3.9) yields

’|W1Gz1,j,5W2HéQ(L2(I><(Cn)):/ / (Wi (t, 2) 2| Hy v je (b=t z—w) |2 W (', w) |2dzdwdtdt’
C2n

/ %
 cotrommsanns [ IO W )y,
‘t_t/|2n+1 r

S G ((1—=m)2n+m)2j ||W1||igu((cn)

2
N [

Ly’
provided we have 0 < 2n+1—7r < 1 and %-I—m% = 1. Thus, for 2n <r <2n+1, we

obtain

WA Wallgaparemyy < C2UT™ 2™ NWANL a1,

W2

L= FT (1,12 (C))
with the constant C' independent of ¢ and 7.

Next, we consider the case z = iT,7 € R. We show that G,, ;. : L* (I x C") —
L% (I x C") is bounded with some constant that only depends on the dimension n and 7

exponentially. After a simple calculation, we write

Gajef(t,z) = (2m)" ZCI)W, (—W) v; <\/2|V| +n>
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| / eI ) (v,
e<|t/|<To

where fg denotes the special Hermite transform of f with respect to the second variable.

Then using Plancherel’s theorem, for each t € I, we have

2
|G f (s )2y S CD / o e, (t—t) dt| | (3.3.10)
e<|t’|<To

JTR”

where 0, (t) = e @) £, (t Y(u,v). If we define
Lo O() = Ot —t) dt,
e<|t'|<To

then (3.3.10) becomes

|Gz e Fllz ey < @) D e O lliag - (3.3.11)

v
Since, the operator I, . is just a Hilbert transform up to i7, from [109], the operator
I,.: L* — L*is bounded with constant depends only on 7 exponentially. Thus, using
the boundedness of

G LP(IxC") — L*(I xC"

and the fact that Sy.-norm is the operator norm, we have

HWlGZQ,j,€W2Hgoo(L2(1x<cn)) < 0(7') HWluLoo(I,LOO(Cn)) HW2HL°°(I,L°°((C")) :

Now, applying Stein’s analytic interpolation result [14,19], we get

((1=m)2n+m)2j

WAl

||W1G—1,j76W2”gr(LQ(IX(Cn)) < C2 Wal|

27 2r
L7=2nFT (I,L7(C™)) | L7=2nFT (L7 (C")) '

with the constant independent of ¢ and j. Summing over 2/ < N and letting € — 0, we
obtain (3.3.6) for 2n < ¢ < 2n +1, since &, €5, | = > j.2<ny G-1, in the limit as
e — 0.

Again, it is easy to check that

an |€5¢,ij‘2

jeT

< Z | sup;e; ||5S¢,ij||%2(<cn)) < Z Inl -

Loo(I,L1(Cn)) jeJ JjeJ

Hence by duality Lemma 3.4.1, we have

IW1Es, v €5, s Wallg=(r2xemy) < ClIWil 21, oo ey IWell p2r, poe ey - (3.3.12)

TH-4006_206123108



Chapter 3. Strichartz estimate for orthonormal functions associated with the special Hermite
50 operator

Interpolating (3.3.6) with ¢ = 2n + 1 and (3.3.12), we get (3.3.6) for 2n + 1 < ¢ < 0.
It remains to establish (3.3.6) for 2n — 1 < ¢ < 2n. Assume n > 2. Using the
Littlewood—Paley decomposition as above together with Theorem 3.2.1 at the end point

(p,q) = (1,2=1), we have

an|55¢,1vfj‘2

jeJ

2((1—m)2n+m)
<Z|n]|||gS¢Nf]||2 2D SN e Z|n1| .
I,L 2n=3 (Cn))

Ll([yL%((Cn)) JjeJ ( jedJ

Applying again the duality Lemma 3.4.1, we deduce (3.3.6) for ¢ = 2n — 1, that is,

2((1—=m)2n+m)

”W1£S¢’Ng,;¢’NW2||g°°(L2(I><(C”)) SCN 2= HWIHLOO(I’L27L71((C7L)) HWQHLOO(I’L27L71((C7L)) .

(3.3.13)
Finally, interpolating between (3.3.6) for ¢ > 2n (with a = ¢) and (3.3.13) yields (3.3.6)
for 2n — 1 < ¢ < 2n. O

3.4 Strichartz estimate for system of orthonormal

functions associated with ¢ #¢(£)

In order to obtain the Strichartz estimate for a system of orthonormal functions we need a
duality principle in our setting. Following the arguments in the proof of Lemma 3 in [49],

we obtain the following result.

Lemma 3.4.1. (Duality principle) Let H be a separable Hilbert space. Suppose A is a
bounded linear operator from H to LP'(I, LY (C")), where 1 < p,q < 2, I C R, and let

a > 1. Then the following statements are equivalent:
1. There is a constant C' > 0 such that

|[WwAAW|,. < CIWIP 2 (3.4.1)

(L2(IxCm)) — L7 ]Lz q(Cn))

for all W € L%(I, L%((C”)), where the function W is interpreted as an operator

which acts by multiplication.

2. For any orthonormal system (f;),c; in L*(C™) and any sequence (nj);e; C C, there

1/a’
< (Z \nj\“'> . (3.4.2)
L%/(I,L%,((C”)) i€s

15 a constant C' > 0 such that

> nilAfLI

jedJ
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Proof. We note that (3.4.2) is equivalent to itself but with the additional condition on

the scalars are that n; > 0,7 € J, ie.,

1/a’
> nilAff o SC’(Z|nJ~|O"> . Vn;>0,j€J (3.4.3)
(L% ()

jeJ jeJ

NS

L
Consequently, to establish the equivalence of (3.4.1) and (3.4.2), it suffices to show that
(3.4.1) is equivalent to (3.4.3).

We first prove that (3.4.1) implies (3.4.3). Let (f;);.; be an orthonormal system in H
and n; > 0,5 € J.

We define an operator v on H as
vi= Y milf) (il (3.4.4)
J

where the Dirac’s notation |u)(v| stands for the rank-one operator f — (v, f)u. Then
(f;) are the eigenfunctions of v corresponding to the eigenvalues (n;).

Moreover, the estimate (3.4.1) is equivalent to

* 2 2
| A* W] A||ga( < (J||W|| 20 ) (3.4.5)

for all W € L%(I 4 L%(C")) Using (3.4.5) and Hélder’s inequality for Schatten spaces,

we get
Tr2(ixce) (WAY(WA)*) = Ty, (YA W2 A)

< Il o 14T P All 200

1/a/
=C | i
(; i ) 25 (1,177 (Cn))
On the other hand, using the notation in (3.4.4), we have the following identity

Trr2(rxcny (WAy(WA) // (an (Af;) (t,2)] ) (W (t, 2)|* dz dt.

jeJ

So we can infer that, for all V € L2 (I, L7 (C")) with V > 0,

/” /n (an (Af) 1ﬁZ|>IV(t 2)|dx dt

jeJ

1/a’
=¢ (Z |nj|a> VI 225 (1 % (cmyy

jedJ
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/ /
Since (ﬁ) = &, the duality principle for LP-spaces leads to (3.4.3). The proof of other

part is similar. O

As a consequence of Lemma 3.4.1, we derive the orthonormal Strichartz estimate for
a more general class of semigroups associated with the special Hermite operator in the

following theorem.

Theorem 3.4.2. Let n,p,q > 1 and N > 2n. Let ¢ : R™ — R be a smooth function
satisfying (3.3.4) with 0 < m < 1. Suppose that the pair (p,q) satisfies %—I— % =2n—1,
and let o = (2n(1 —m) +m)(1 — %) Then

Z n; | o~ it6(L) f; ‘2

jeJ

1/8
< CN° (Z ynj|5> ; (3.4.6)

jed

LP((=To,T0),L1(C™))

holds for all orthonormal system (f;); in L*(C™) with supp fj CA{(p,v): \/W < N},
and all sequence (nj); C C, provided that 8 satisfies the following conditions corresponding
to the pair (p,q):

(i) Ifn>1,1<q< "5, thenﬁﬁ%.

s n 2n—1 . g _ 2n—1 LY
(i) Ifn>2, 22 < q < 5=, then B <p; and if ¢ = 5=, one has 3 = 1.

Proof. Consider the discrete surface S, = {(A\, p,v) € R X N§ x Ny : A = ¢(2|v| +n)}
with respect to the measure oy defined in (3.3.5). The extension operator &,  is given

by (3.3.7). Using the fact that

Fx@u=02m)7 Y (f,0u,)Pus,

and choosing
. 2m)"(u, ®y), I A=02|v|+n)and/2lv|+n <N

fOsp,v) = _
0, otherwise,

for some u : C" — C in (3.3.7), we get

Esnf(t,2) = (2m)" ) (Zw, q>#,y>¢#,y(z)> e—ito@lv|+n)

v 2

= (2m)3 Y e Ry x B, (2)
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= Ze_it¢(2k+”)u X p(z) = e Tt Ey(2). (3.4.7)
k=0

Thus, Theorem 3.4.2 follows from Theorem 3.3.2 together with the duality principle
(Lemma 3.4.1). O

Using the vector-valued version of the Littlewood—Paley inequality (see [93], Lemma 1),

the frequency-localized estimate (3.4.6) can be extended to a frequency-global estimate:

Theorem 3.4.3. Let n,p,q > 1 and N > 2n. Let ¢ : RT — R be a smooth function

satisfying (3.3.4) with 0 < m < 1. Suppose that the pair (p,q) satisfies %+ Z"q_l =2n—1,

and let s > W(l - %) Then

Z n; |€—it¢(£)fj ‘2

jed

jed

1/8
<C (Z |nj|5> : (3.4.8)
LP((~To,To), L3(C"))

holds for all orthonormal system (f;); in the Sobolev space H*(L) := {f € L*(C"): L2 f €
L2((C”)} and all sequence (n;); C C, provided that B satisfies the following conditions
corresponding to the pair (p,q):

(i) Ifn>1,1<q< "5, thenﬁﬁ%.

() If = 298" SHgi= gz:;}, then B < p; and if ¢ = %, one has § = 1.

Proof. We adopt an approach based on [87]. Let ¢ € C'° such that supp @ C [1/2,2] and
h > 1. Then Theorem 3.4.2 can be rephrased as

1/8
S &K° (Z |njyﬁ) . (3.4.9)
Lp((_TovTO)qu((Cn))

jeJ

; 2
S 0 e Oa(hIVE)

jeJ

Let {¥}r>0 be defined as in the proof of Theorem 3.3.2. Using the vector-valued
version of the Littlewood—Paley inequality (see [93], Lemma 1), triangle inequality, we
obtain

S et

jedJ

LP((=To,T0),L9(C™))

2

g__

LT O, (VL) f

LP((—T(),T()),LQ((C"))
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_ Z o—L(o+4e) Z n ‘ e~ 1), (VL) f;

(=0 jeJ

2

Y

LP((=To,To),L(C™))

where Wy(s) = ¥(27%s) with ¥(s) = s~ 2 2W(s). Clearly, ¥ € C>(R) and supp¥ C
[1/2,2], thus from (3.4.9) we obtain

S o0

jed

1/8
<C. (Z |nj’ﬁ> :
LP((~T,T0),L9(C")) jet

This completes the proof of the theorem. n

The wave equation: It is well-known that the solution of the special Hermite wave

equation

i0uu(t,z) — Lu(t,z) =0, ze€C" teR\{0}, (3.4.10)

0wu(0, z) = g(z).

can be expressed as a superposition of waves generated by the propagators e*VL This
corresponds to the case ¢(r) = /7 which satisfies condition (3.3.4) with m = 1. We

obtain the following Strichartz estimate by Theorem 3.4.2.

Theorem 3.4.4. Let n,p,q > 1 and N > 2n. Suppose that (p,q) satisfying %-{- i e

q
2n — 1, and let o = 255 (1 — ). Then,
q

efitﬁ fj 2

2

jeJ

1/p
< CON? (Z |nj\ﬂ>

jeJ

LP((=To,To),L9(C™))

holds for all orthonormal system (f;); in L*(C™) with suppfj CA{(u,v): /2lv|+n < N}
and all sequence (n;); C C,provided that B satisfies the following conditions:
(i) Ifn>1,1<q< g, then 5 < 2L

(i) If n>2, 25 <q< 32:;, then B < p; and if ¢ = %, one has = 1.

The Klein-Gordon equation: The solution of the special Hermite Klein-Gordon equa-

tion

i0pu(t,z) — Lu(t,z) —u(t,z) =0, ze€C" teR\{0}, (3.4.11)
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u(0,2) = f(2)
0wu(0, z) = g(z).
can be expressed as a superposition of waves generated by the propagators et®V1+£ which

corresponds to the case ¢(r) = / satisfying (3.3.4) with m = 3. We obtain the following
Strichartz estimate by Theorem 3.4.2.

Theorem 3.4.5. Let n,p,q > 1 and N > 2n. Suppose that (p,q) satisfying 2 + 2L =

P q
2n — 1, and let o = 2 (1 — %) Then,

2
P

jeJ

2
—itv/14+L
e fj

1/8
S CON° (Z |”j|ﬁ>

jeJ

Lp((_T07T0)7Lq(Cn))

holds for all orthonormal system (f;); in L*(C™) with suppf; C {(u,v) - \/2[v] +n < N},
and all sequence (n;); C C, provided that 5 satisfies the following conditions:

(i) Ifn>1,1<q< -, then f < 2L

n—1’ q+1-
(i) If n>2, 25 <q< gg:é, then B < p; and if ¢ = %, one has 3 =1.

The fractional Schrodinger equation: For 0 < p < 1, the solution to the special

Hermite fractional Schrodinger equation

i0u(t, z) — L(t,z) =0, ze€C" teR\{0}, (3.4.12)
u(0,z) = f()

is described by the unitary flow e~##*. This corresponds to the case ¢(r) = r¢ satisfying

(3.3.4) with m = p. We obtain the following Strichartz estimate by Theorem 3.4.2.

Theorem 3.4.6. Let n,p,q > 1 and N > 2n. Suppose that (p,q) satisfying % + % =
2n — 1, and let o = (2n(1 — o) + 0)(1 — %) Then

Z n; |€—itﬁgfj ‘2

jed

/B
< CON? (Z |nj|ﬁ) (3.4.13)

jed

Lr((=To,To),L(C™))
holds for all orthonormal system (f;); in L*(C") with suppf; C {(u,v) : \/2[v[+n < N},
and all sequence (n;); C C, provided that 5 satisfies the following conditions:

(i) Ifn>1,1<q< "5, thenﬁgqi—ql.

(i) If n>2, 22 <q< §Z:§, then B < p; and if ¢ = %, one has = 1.
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Remark 3.4.7. Theorems 3.5.1, 3.4.2 and 3.4.3 can be extended for a wider range of
p,q > 1 such that }—27 + 2”(}—’1 > 2n — 1, using the inclusion properties of the LP(—Ty, Ty)—
spaces (see [58]). When 1 < q < 25, then there exists a 0 < 3 < 1 such that % + 2"q—_1 =
2n — 1. Since % > p > 1 the desired estimate follows from the fact that

<

Sl
J

Syl
J

Lo((~To,To),L4(C)) LB (~To, o), La(C))

The case p = 1 follows directly from the triangle inequality.

3.5 Strichartz estimate for system of orthonormal
functions associated with e ¢
The following orthonormal Strichartz estimate for the Schrodinger semigroup associated

to the special Hermite operator is obtained in [57].

Theorem 3.5.1. [57] Let n > 1. Let p,q > 1 satisfies 1 < ¢ < ;Z—ﬂ and 1% —l—g =n and

1<p8< %. Then the following estimate

Z n; ’efit[ifj ‘2

jeJ

jed

1/8
<C <Z \nj|ﬁ> , (3.5.1)
Lp((=m,m),L9(C™))

for all orthonormal system (f;); in L* (C™) and all sequence (n;); C C.

3.5.1 Optimality of the Schatten exponent

Using a semiclassical analysis on coherent states, in this section, we prove that the expo-

nent 5 = % in (3.5.1) is optimal, which cannot be further reduced.

Theorem 3.5.2. The estimate (5.5.1) fails for all § > qi—ql.

Proof. The inequality (3.5.1) can also be written in terms of the operator

Yo := an ) (usl (3.5.2)
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on L?(C"), where the Dirac’s notation |u)(v| stands for the rank-one operator f +

(v, f)u. For such 7o, let
’Y(t) — efitﬁ,yoeit[l _ Z n; ‘eiiwu» <€fit[luj| )
J
Then the density of the operator «(t) is given by
— 2
Pyt) 1= an le “:uj| : (3.5.3)
J
With these notations, (3.5.1) can be rewritten as
Hpv(t)HLg’Lg((—ﬂ,w)an) < Coglvoll 2 (3.5.4)

gatl

a+1

2q

where H’yng% = (Z \n]|tﬁfl> and G" is the Schatten r class defined in Section 3.2.
J

In view of (3.5.4), the optimality of the power % on the right hand side in (3.5.1)

follows from the following theorem. m

Theorem 3.5.3. [Optimality of the Schatten exponent| Assume that n,p,q > 1 satisfy
1 N e
» T % Then

Hpe_itc,yoeitcHLng((,ﬂ-,ﬂ)x(C") = +o0,

sup
e 170llgr

24,
for all r > i

Proof. Depending on the positive parameters 5,7 and u, we construct the family of op-

erators

1 _22_ €2
7= oy // . 1270 |Fye) (Frg| dodg,
n>< n

_ \z—a:|2

where F,¢(z) = (2n3)"2¢e~ # e3m(=8)  The functions F, ¢ are normalized and satisfy

dade
// oo | Feg) (Frgl = 1.
CnxCn (27T)

By Mehler’s formula, we get

. n lz—w—z|? £\ i i -
€_Zt£Fz7§(Z) _ (27_”- sin t)_n(271'ﬁ)_5 / B_Teﬁlm((sz)'f)ez cott |w|2651m(z'w)dw.

n

On simplifying and taking modulus, we have
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n 2 2 2\ .in2 Sy :
5 |2 (B |z+€&|“—|z—=z|“ ) sin“t  BIm|(z—=z) (2+€) ) costsint
e_it‘ch (Z) } — 2/87T 6 | 46‘ e (82 cos? t+sin2>t) e (2(52 cos? t+si)n2 t)
(82 cos?t + sin®t)

% _ Bl(z—=z) costfi(z+£)sint\2
— 2/67T 3 e 4(82 cos? t+sin2 t) ,
(B2 cos?t +sin“t)

where the exponent term is obtained by suitable adjustments in the previous step.

Now

~

dedeé a2 & )
Py()(2) = Peitengeite () = / / o€ B | Fe(2)]
crxen (27)

Writing © = x1 + 120, § = & + €9, 2 = 21 + 129, and integrating with respect to &, &

respectively, we get

o) (2)
(M5>n _ 2B((21—zq)cost+tzg sint)2 _ 2B((z9—z9)cost—z sint)2
. // (252 cos2 t+(24+uB) sint) e (2[32 cos2 t+(24uB) sint) da:]_de
(262 cos?t + (2 + uB) sin? t RnXRn
(,R.MLQ/B) o 23(z1 cos t+z9 sin t)2 23 (z9 cos t—z7 sin )2

e (2B8242BL2) cos? t+(2+pB) sin? ¢ e_ (282428L2) cos? t+(2+upB) sin? ¢

(287 1 2BL2) cos? t + (2 + pB) s’ )"
= (71‘,uL2ﬁ)" = e (22+25L2%) ciilit‘i(%uﬁ) sin2 ¢
(262 + 2BL2) cos? ¢ + (2 + ) sin’t)

Therefore,

- Sl B n(g—1)
||p7(t)||%q((crz) = A (ILLL ) 2 2 2 ta2 :
: q (482 + 26L2?) cos? 2t + (1 + 2u3) sin” 2t

Using the fact that n(qg — 1)p = ¢, we have

H'OV HLPLq (—m,m)xC")
np

T\ 2\7p B
(E) (ML ) /(,W) (282 + 2BL2) cos? 2t + (2 + p3) sin? 2tdt

np

™

=2 (—) ' (uLQ)np P .
q \/ B2+ BLA/2 + up

Thus

o7l L2 L3 (=) xem)

:An,p (/LLZ) (L2) QPM 217 1 -

(&+1)% (H+1)”
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= Anp (“[’2)n7ﬁ !

1 L

B+ (F+1)”

Using the fact that 3 (1 +-)=n- 2ip and choosing 1/u < 8 < L?, we obtain

n 1+l n 1+q 1+q
||10'y(t)||LfL§((f7r,7r)><(C") > An,p (ML2) 2( q) = An,p (MLQ) ( 2 ) = An,pN 2,

where

N = Yo(z, 2)dz
Cn

d d 2|2 2
ol 1 T YO
crxcrxen (27)%

. / / dodS i
crxen (2m)%"

— AnLQnMn.

An application of Berezin-Lieb inequality [18,76] gives that

'f’mz ” 2
crxen (2m)20

where 7 > 1 and N = & ZL;)”. Therefore

Hpe_iw’yoeiwHLfLZ((—fr,ﬂ’)XC”) Anp s )
70llgr [

3.5.2 The end point case

In this section, we show that the estimate (3.5.1) fails when ¢ = 22 and 8 = q%.

2n—1
Consequently, this implies that the range of ¢ cannot be improved for the choice § = q%.
Theorem 3.5.4. The estimate (3.5.1) fails at the end point (g, 3) = @ZE, %).
For a trace-class operator v and bounded function V' of compact support
V() = [ Vi (e (35.5)

where V(2) is identified with the corresponding multiplication operator on L? (C") and

for a time-dependent potential V (¢, z) € L ([—m, 7] x C"), we have

Tr (/ eV (t, z)e’itﬁdt) ”y' = ‘/ Tr (Ve "“re™) dt
[—m,7] [—m,7]
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= ’/ V(t, z)pw(t)(z)dzdt‘
[=m,7] JR™

< /[_M} (/ V()| dz)ql/ (/R ‘pv(t)(z)‘qdz);dt

< VIl

Lp Lq (—m,m)xR™) pry HLqu ((—m,m)xCn)

where p’ and ¢ are the dual to p and ¢ respectively. By duality in Schatten spaces (see [48]

for details), Theorem 3.5.1 can be equivalently restated in the following dual version.

Theorem 3.5.5. Assume that p',q',d > 1 satisfy

2 1 1
ot <p <oo and e
2 ¢ 7

Then we have

H/ eV (L, 2)e™E dt

S C”V”LP/((—W,W),L(I/((CH))- (356)
G2

The estimate (3.3.6) at the end point (¢, 5) = (322, qi—ql) corresponds to the estimate

(3.5.6) at 2¢' = 2n + 1. Hence, Theorem 3.5.4 follows from the following result.

Theorem 3.5.6. There exists 0% V € L2 ((—x, 7), L2 (C")) such that

T 2n+1
i (/ LV (t, z)e” - dt) = 00. (3.5.7)

-

Proof. Define the operator
By = / eV (t, 2)e M dt, (3.5.8)
whose kernel can be calculated as

BV(ZJU):/ (27risint)2”/ o~ 59(=-0) g—icot t 28

-

2
|

(t C) %\f zcott| dC dt

for a V(t, z) such that the integral makes sense, we choose V(t, z) precisely later. For
f € S(C™) (the Schwartz space on C"), let Fy be the symplectic Fourier transform on C"
given by

Fof(z) = . f(w) e~ 230 gy,

Now the kernel of By in the symplectic Fourier space is given by

™
lp+¢|?
4

e—itantilqtf‘z e~ 33(@p)10 g gt

By(p,q) =C /

—T

(COSt)_Qn/ V(t, C-)eitant
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—C/ (Cost)2neitant(lp2lql2)/ V(t,oefég((qu)-ﬁ) d¢ dt (3.5.9)

—T n

where 1 = n; + 112 is given by
=G +tant Gy, 1= —tantG + . (3.5.10)

Now, let 0 # Vi(t,2) € LX(R x C") be a non-negative function such that 171 = FFs.V1
is non-negative. Here F; , is the symplectic Fourier transform with respect to z-variable,

and F; denotes the Fourier transform with respect to ¢-variable. Now consider

V(t,2) = Xx(-z.2

tant
Wi ( aj ,G +tant G +i(—tant § + C2)) sec? t,

2n+1

2 (C™)). Performing the change of variable

one can check that V' € L*"((—m,7), L
(3.5.10) in (3.5.9), we obtain

Ef(ﬁ; q) :C/ et (Ipl*—la1?) SeCQt/ Vi (tant7n> o~ 53((a=p)M) dc dt

-
2

vl

=Vi(lq]* = Ip|*, ¢ — p),

where the last equality is obtained by an obvious change of variable. Hence, we deduce

that

Tr(By+) =/ dp/ dpl"'/((; dpan By (p,p1) By (p1,p2) - - Bv (Do p).-

Now, proceeding as in the proof of Proposition 2 in [48], we obtain Tr(By"™) = +o00. [

3.6 Restriction estimates for special Hermite spec-

tral projections

The following restriction estimate for the special Hermite spectral projections is well-

known in the literature.

Theorem 3.6.1. Letn>1 and k > 1. Then

1Qkfll2 < Cok?®| 1], (3.6.1)
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holds with the exponent o(p) is given by

n(l/p—1/2)—1/2, if1<p<2ntl

o(p) = (3.6.2)

—3(1/p—1/2), if 22t < p < 2,

and the estimate (3.6.1) is optimal in the sense that exponent o(p) cannot be improved.

The estimate (3.6.1) was first established by Thangavelu [107] for the range 1 <
p < n2—}:1 Subsequently, Ratnakumar, Rawat, and Thangavelu [89] extended this range to

1<p< %. Later, Stempak and Zienkiewicz [101] proved (3.6.1) for all 1 < p < 2

2(2n+1)
2n+3

2(2n+1)

. Finally, Koch and Ricci [73] settled the endpoint case p = =5 ===,

except for p =
and showed that the estimate (3.6.1) is optimal. A local version of this endpoint estimate
was obtained earlier by Thangavelu [105].

Using a duality argument, one can show that (3.6.1) is equivalent to

19kf Il < CE*P)| £, (3.6.3)

where % + 1% = 1. By Hélder’s inequality, (3.6.3) holds if and only if for any Wy, W, €

L?%/(2=P)(C"), the operator W, Q. W, is bounded on L?(C") with the estimate
||W1 QkW2||L2((C")—>L2((C") S Ck?g(p)||W1||L2p/(2—p)((cn)||W2||L2p/(2—p)((cn), (364)

with C' > 0 independent of W; and W5.
In this section, we upgrade the restriction estimate (3.6.4) in the context of Schatten

spaces. More precisely, we prove that
W1 QeWallga 12 (cnyy < F2PUW p2nra-n ey Wl povra-n (eny. (3.6.5)

for some o > 1.

3.6.1 Representation formula for the special Hermite spectral

projections

1 /2
Using the fact that — / et 2k=20 gt — §(k — 0), k, ¢ € Ny, we obtain

T J_x/2

1 w/2 ' '
Qkf _ _/ Z ezt(2k+n)e—zt(2€+n) Q&f dt, f c S(Rd),

T J /2 LeN
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since the series converges uniformly. By (3.2.8), it follows that

m/
Qrf(z) = l/ 2 ekt =L £ (2 (it fesc). (3.6.6)

T J_n/2

Using the kernel representation (3.2.10) of the semigroup e~*, we may write

n ‘Z wl cott—5 Im(z-w
Qrf(z / / (sint)” (2k+ AR ))f(w) dt dw. (3.6.7)
nJ—7/2

The kernel of e~"* has singularity at ¢ = 0. We decompose the operator away from the
singularity using a partition of unity introduced in Jeong—Lee-Ryu [67].

For any function € C*°(R), define the operator Qx[n] b

1 [/ , )
Qk[n]f i _/ 7,]<t) ezt(2k+n)€—ztﬁf dt. (368)
™ —7/2
Let v € CX(R) be a smooth function supported in (—%, 1”—6) and equals 1 on
( 355 32) For 7 > 1, define

Pi(t) = (277) —9(27%).

Then Y77, 9;(t) = (t) for all t # 0. Next, we define periodic functions wy and ¢; of
period 7 by setting

pilt) =¥t—=3), o) =1-9(t) —»(2°(t - 3)), (3.6.9)

for t € [—m/4, 3w/4]. It is clear that ¢y and ¢ are smooth functions. Moreover, they

form a partition of unity
> (t) + Zgo] MEaenih e—aiag@lic (=, 1)) (D). (3.6.10)
j=1

Using this partition of unity, we decompose the spectral projection operator as

Qu =) Qi+ Y Qulws] + Qulpol: (3.6.11)

j21 j=3

3.6.2 Estimates for the oscillatory integral

Let the phase function ¢ be defined by

2
— 1
|2 4w| cott — 5%(2 - W), z,we C". (3.6.12)

o(t) == d(z,w,t) =1+
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For j € Z, p € R, z,w € C" and 7 is a function supported in [—x/8, —7/32] U
[7/32, m/8], we consider the oscillatory integrals I;, .J;, and .Jy defined by

Ij(Z,w,M) = /n(QJt) eimﬁ(z,w,t) dt,
fol# )= / po(t) €= dt.
0

Lemma 3.6.2. [67] Letn > 1, u>1 and j > 1. Let n be a C*-function supported in
[—7/8,—7/32] U [r/32,7/8]. Then we have

|1(z,w, )| < Cp™ 22777 ]| n, (3.6.13)
| J;(z,w, )| < Cu 2292 ||n||cn, (3.6.14)
| Jo (2, w, p)| < C pu=Y2, (3.6.15)

with C' independent of z,w € C", j, p.

3.6.3 Restriction estimates for special Hermite spectral projec-

tions in Schatten spaces

To obtain the estimate (3.6.5), we use a complex interpolation estimate in Schatten spaces.

The following Schatten space estimate obtained in [49].

Proposition 3.6.3. [/9] Let (Gy) be an analytic family of operators on C" in the sense
of Stein, defined on the strip —A\g < Rea < 0 for some Ao > 1. Assume that we have the

bounds
1Girllz2sz2 < Moealﬂ, |G xorirlliore < Mleb‘ﬂ, for all T € R,

for some a,b > 0 and some My, My > 0. Then, for all Wy, W, € L?**(C"), the operator
W1G_1 W, belongs to the Schatten class G*°(L*(C")) and we have the estimate

1—-L 1
[WAG 1 Walgaro(r2(cmyy < My ™ MY [[Wil| 2o () | Wall 220 cn)-

We are now in a position to state and prove our main result of this section.
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Theorem 3.6.4. Letn > 1, k> 1. and 2(2277131) < p < 2. Then there exists C' > 0 such

that for all Wy, Wy € L?/2=P)(C"), we have the estimate

[ QkW2||g2p/(2—p>(L2(<cn)) < k2 W1 Hsz/@—p)(cn)

’W2"L2p/(2fp)((cn), (3.6.16)
where o(p) is defined in (3.6.2). Moreover, the exponent o(p) in (3.6.16) is optimal.

Proof. For any function n € C*(R), we set

Gilnlf(z) = C/ /ﬂ/z (sin t)"‘”1n(t)ei(t(2k+n)+z““wtt_élm(z'w))f(w) dt dw.
-5 (3.6.17)
The family (G3[n])a forms an analytic family of operators in the strip —n — 3 — ¢ <
ReozSO,WithO<€<<%.

Now take « = —n — % —e+r, 7 € R. Let p = 2k + n. By scaling, we see that

. /2 I ,
G () = 2 ( [ sint) by e dt) N
a0 ® —7/2
(3.6.18)
where ¢ is defined in (3.6.12). Take 7 = 0. Since || f(\/i-)p" || = ||f|l1, to obtain the

L'—L* bound for G;,"~"/**[] we need only consider the kernel

w/2
[ o g
—7/2

On the support of ¢;, |sint| 2 277, thus by (3.6.13),
16" il < CetRT /2275 .
For a =im,7 € R, we can write

. 1 [7/2 , . ,
G ;) f(z) = — / Wy (t) € (sint) T e f(2) dt.

T J /2

By (3.2.9) and Minkowski inequality, we obtain

IGK Tilllzassze < €T [l () (sint) |z < e 4] 1.

Now, by Proposition 3.6.3 and using the fact that Q[v;] = G, '[);], we obtain

_ 1 _ 2e .
le ka WJj]W2 ”g2n+1+28(L2(Cn)) < Ck™ 2nF1+2: 27 2n+1+42/ ||W1 ||L2n+1+25((cn) ||W2 ”L2n+1+25 (Cn)-
(3.6.19)
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Next, on the support of ¢;, |sint| 2 1, thus by (3.6.14) we have
16" sl < Ce™ T2 [ on.
As before using (3.2.9) and Minkowski inequality, we get
G [l 22 < e s (8)(sint) M| s < 277 ||| 1.
Now, by Proposition 3.6.3, and using the fact that Qx[p;] = G '[¢,], we obtain

_ 2 8 L Ry 3.
||W1Qk I:(pj}WQ‘|g2n+1+25(L2(Cn)) <Ck ™ 2n+142:2 I gnyiyae) W, ||L2”+1+25((C”) ”W2||L2"+1+25(<C“)-
(3.6.20)

Again, as before, |sint| 2 1 on the support of ¢;, thus by (3.6.15) we have
—n—1/2—e+iT alt|1.—
16" o]l < CeME2 [[¢]|cn.

Again,
IGY ol lzeme < T[] 1.

Now, by Proposition 3.6.3 and using the fact that O[] = G} '[1b0], we obtain

TS
||W1 Qk [(,DO]WQ ”g2n+1+2€ (L2(Cn)) S Ck™ 2n+it2e W1 ||L2n+1+26((cn) ||W2 ||L2n+1+26((cn). (3621)

Hence, using the decomposition (3.6.11) together with the estimates (3.6.19), (3.6.20),
and (3.6.21), we obtain

1
||W1 Ql{:W2”g2n+1+25(L2((cn)) < Ck™ n+1iv2e ||W1||L2n+1+25(cn)HWQHL2n+1+2s(Cn). (3.6.22)

Furthermore, we have ||Qyf|r2@cny < || fll2@cny- If Wi, Wy € L°(C"), then applying

Holder’s inequality, we obtain

By complex interpolation between (3.6.23) and (3.6.22) with sufficiently small €, we obtain

(3.6.16) for % <p<2. O

By applying the duality principle (see Lemma 3 in [49]) to (3.6.16), we immediately

deduce the following result for orthonormal systems.
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Theorem 3.6.5. Letn > 1, k> 1. Assume 1 <p< % and 1 < 5 < 1%. Then

> nilQufil

jedJ

1/8
< Cpk—20-1/p) (Z \nj\5> : (3.6.24)

jedJ

Lp(Cn)
holds for any orthonormal system (f;),c; in L*(C") and any sequence (1), € C. More-

over, the exponent —1(1 —1/p) in (5.6.24) is optimal.

The estimate (3.6.24) reduces to the dual of (3.6.1) when the orthonormal system is
reduced to one function (and the corresponding coefficient n = 1).
2(3n+1)

For 1 < p < ===, by using the analytic family of operators introduced in [89], we

obtain the following result.

Theorem 3.6.6. Letn > 1 and k > 1. Then for any 1 < p < 2(33”"—;;1), there exists C' > 0
such that for all Wy, Wy € L#/C=P)(C"), we have

[W1QkWall _ Gnop < CEW WAl pznse-nem I Well p2n/e-m cny,  (3.6.25)
G Bn—1-(Gn+D)p (L2(Cn))

where o(p) is defined in (5.6.2). Moreover, the exponent o(p) in (3.6.25) is optimal.

Proof. For a € C with Re a > —1, consider

Y(2) = FU;&; fz(j‘_;r)nfzg <%]z|2) emall”, (3.6.26)

We then set

Gif(z) = fxyp™(z), feS(Cm).

The family (G§), forms an analytic family of operators in the strip —n — % <Rea<0
(see [89]). From [89] and [107], we have the following estimates

G2 flloeeny < COA+ 7)1 flliery, 0 < Ao <n+1/3, (3.6.27)
and
IGY fllz2eny < CQA+ITD"ET [ fllz2icn)- (3.6.28)
Also we have

I'(k +n)l(n)

ey OF )

Orf(z) =
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I'(k+n)I'(n)

Tt T) < Ck™'. Thus by Proposition 3.6.3, we obtain

and
-1
”Wl QkWQng‘O(L?(C")) S Ck"\o HWl”LQ)‘O((C")HW2||L2’\0(C”)7 (3629)

forlg)\0<n+§.

To complete the proof of the theorem, we observe that W, Q,Wy = (W1 Q,)(WaQy)*.
The operator W@y, acts from L?(C") to L*(C") as an integral operator with integral
kernel K (w, z) = W (2)pr(z — w)e!™=) where z,w € C*. If W € L?(C"), then W Qy, is
Hilbert-Schmidt, in fact,

W Qullriony = [ WP ( [ losts — wiPdw) dz < o= W s,
since ||¢k | r2cny < Ck"z . Now, by Holder’s inequality for trace ideals, we get

||W1 QkWZH(_Jl(L?((Cn)) S Cl{?n_IHWl ||L2((Cn)

Woall L2(cny- (3.6.30)
By complex interpolation between (3.6.30) and (3.6.29) with Ay close to n + 3, we get

n_g
||W1QkW2Hg G e < Ok |[|Whl|zeaeny |Wal| 2o cny-

for 1 < ¢ < 22t By setting 2¢ = 22%’17, we obtain the estimate (3.6.25). O

Applying the duality principle (see Lemma 3 in [49]) to (3.6.25), we deduce the fol-

lowing result for orthonormal systems.

Theorem 3.6.7. Let n > 1, k> 1. Suppose 32 < p < oo and 1 < 5 < %. Then

3n—2 1
1/8
> ni |kl < Ckrt=1/p-1 (Z !njlﬁ) , (3.6.31)
JjeJ

jed

Lr(Cn)
for any orthonormal system (f;),; in L?*(C") and any sequence (n5),e, C C. Moreover,

the exponent n(1 —1/p) — 1 in (3.6.31) is optimal.

(2n—1)p

We expect that the Schatten exponent in (3.6.25) can be improved to TGt p

However, we obtain such an estimate only locally, in the following theorem.

Theorem 3.6.8. Let B be a fized compact subset of C*. Letn > 1, k> 1 and 1 <

p < % Then there exists C'g > 0 depending only on B, such that for all Wi, Wy €

L?/2=P)(C™), we have the estimate

IWixeQrxsWa| _@n-1w» < CB/f29(p)||W1||L2p/<2—p) ey [[Wal p2pre—m cny,  (3.6.32)
(cm) (c)
g4n7(2n+1)p (LQ((Cn))

Moreover, the exponent o(p) in (3.6.32) is optimal.
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Proof. Let B be a fixed compact set of C". We consider the following analytic family of

operators, for a € C, let
Gif(2) = (xsf) x ¥ (2), [ € 8(C).
We have the following estimates
1G5 fllimieny <Ca(1+ 1)) fllr e (3.6.33)
IGK fllzery <Cr(L+ 17" fllL2em).- (3.6.34)

Estimate (3.6.33) can be derived from estimate (3.7) in [105], while estimate (3.6.34)

follows from the better estimate (3.6.28). For @ = —1, we have

L(k+n)I'(n)

= (Em !
Now, by Proposition 3.6.3, we obtain
1
”WIXBQkXBWQHg2n+1(L2(Cn)) < Ck™ 21 HWlHL2n+1((Cn)HWQHLQn-H((Cn). (3.6.35)

We observe that W1 xpQrxsWo = (WixsQr)(WaxsQ:r)*. The operator Wy Oy acts
on L?(C") as an integral operator with kernel W (2)x(2)px(z — w)e!!™E®) where 2z, w €

C". If W € L*(C"), then WxpQy is Hilbert-Schmidt, with
IWx5QkI52(r2cnyy < Cok" W IEa(cny.
Now, by Holder’s inequality for trace ideals, it follows that
||W1XB QkXBWQHQl(LQ((C")) § CBk‘n_l ||W1 ||L2((Cn) ”WQHLQ(Cn). (3636)

By complex interpolation between (3.6.35) and (3.6.36) we get the estimate (3.6.32)

for 1 <p< 2(22:;1)7 which completes the proof of the theorem. n

Again, by the duality principle, (3.6.32) is equivalent to the following local version of

the restriction estimate for orthonormal systems.

Theorem 3.6.9. Let B be a fized compact subset of C*. Letn > 1, k > 1. Suppose

Mﬁpgooandlgﬂgp(gg—n_l). Then

2n—1
1/8
< Cpkmd-1/p-1 (Z |nj|ﬁ> , (3.6.37)

jeJ

an ’QkXij’Z

jed

Lp(Cn)
holds for any orthonormal system (fj)je] in L*(C™) and any sequence (nj)jEJ C C. More-

over, the exponent n(1 —1/p) — 1 in (3.6.37) is optimal.
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Remark 3.6.10. We believe that Theorem 3.6.9 remains valid in the global setting. This

is suggested by interpolating the estimate (3.0.16) at the end point p = % with the

estimate (3.6.30). However, establishing the estimate (3.6.16) at this end point p = 2(2%;;1)

appears to be challenging.
A natural direction for further research is to establish the endpoint estimate (3.6.16)

at p = 2204 ond and to investigate the optimality of the exponent [ appearing in the

2n+3
estimates (3.6.24) and (3.6.37) are optimal. For similar estimates in the orthonormal
setting, we refer to the work of Frank and Sabin [50], which extends Sogge’s LP spectral
cluster estimates for the Laplace—Beltrami operator on compact Riemannian manifolds to

systems of orthonormal functions; see also the related work of Nguyen [88].
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CHAPTER 4

On the Schatten exponent in orthonormal Strichartz estimates for

the Dunkl operators

4.1 Introduction

The main objective of this chapter is to analyze the Schatten exponent appearing in the
orthonormal Strichartz estimates associated with the Dunkl Laplacian Ay and the Dunkl-
Hermite operator Hy, studied by Senapati-Pradeep-Mondal-Mejjaoli [94] and Mondal-Song
[82] respectively.

Theorem 4.1.1. [94]. (Orthonormal Strichartz estimate for the Dunkl Laplacian) Sup-

pose k>0 andp,q,n > 1 such that 1 < p < 2dntl 24 29400 _on 1y gnd 1 < B < 1%.

2y+n=1" ¢ p
Then

holds for any orthonormal system (f;); in Li (R™) and all sequence (n;); C C.

Z )\j ‘e_itAkfjf
J

1/8
<C (Z |nj|5> : (4.1.1)
L‘Z(R,Lz(R”))

jed

Theorem 4.1.2. [82].(Orthonormal Strichartz estimate for the Dunkl-Hermite operator)

Suppose k > 0 and p,q,n = 1 such that 1 < p < %,gjL%% = 2y +n and

71
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holds for any orthonormal system (f;); in Ly (R™) and all sequence (n;); C C.

SN e )’
J

jeJ

1/B
<C (Z |nj|ﬁ> , (4.1.2)
), Ly (R™))

Lq((igzg

We provide a necessary condition on f for the validity of (4.1.1) and (4.1.2), which
turns out to be optimal for the Schrodinger equations associated with Laplacian and
Hermite operator as a particular case. The proof is based on the construction of suitable

coherent states in the Dunkl setting and a semiclassical argument.

4.2 Preliminaries

In this section we provide some essential background information from Dunkl theory.

4.2.1 The Dunkl operators

Let R be a (reduced) root system on R", normalized so that (o, a) = ||a* = 2 for all
a € R, where (-, ) denotes the usual Euclidean inner product and || - || its induced norm.
Let G C O(n,R) be the associated reflection group and k£ : R — [0,00) a G-invariant
nonnegative multiplicity function on R. The Dunkl operators Tf, J =1,...,n, associated
with R and k, which were introduced in [38], are defined by

[ (raz)

)

'_Z—'jkf<£€) = ajf(l') & Z k?aOéjf(m)<; , il < (Rn) )

aER+

here 0; denotes the jth partial derivative, R" is a fixed positive subsystem of R,

and r, denotes the reflection in the hyperplane orthogonal to . The Dunkl operators

Tf, 7 =1,...,n form a commutative algebra of differential-difference operators, and reduce

to d;,7 = 1,...,n, when k = 0. An analog of the Laplace operator, the Dunkl Laplacian
is defined by

n

Ap =) (TH)?.

j=1
Associated to this operator the Dunkl-Hermite operator is defined by

1
Ho = =5 (D~ [all)
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Note that the operators Ay and H;, turn out to be the usual Laplacian A and the classical

Hermite operator H = —3(A — [|z/|?) on R™ respectively, when & = 0.
We introduce the weighted measure dwy(z) = [[ [{a, z)[*®dz on R®, which is G-
a€RT
invariant and homogeneous of degree 2y with v = > k(«). For 1 < p < oo, the space
a€ERT

Ly (R™) consists of all functions f on R™ such that ||f|[» = (ck Jon |f|pdwk)1/p < 00,

where ¢t = [, e I1#1°/2dw, (2); and L°(R™) is defined in the usual way.
k R k

4.2.2 The Dunkl kernel

For y € R™, the initial value problem

Tyjku(l‘ay) :y]U(l‘7y), j: 17 , 1,
u(0,y) = 1;

admits a unique analytic solution on R", denoted by Ej(x,y) and called the Dunkl kernel.

(4.2.1)

This kernel has a unique holomorphic extension to C* x C". The Dunkl kernel possesses

the following properties: for z,w € C", g € C,
Er(z,w) = Ex(w, 2), Ex(Bz,w) = Ex(z, fw), Ex(z,w) = Ex(Z,w). (4.2.2)

For more details, we refer to [38,39]. Moreover, the Dunkl kernel Ej(x,y) satisfies the
following upper and lower bound estimates (see [4]): for every e > 0, there exists Cy, Cy >

0 such that

Cy 7 > um\PLuy\F 5 <£ Cyt?
IT (o 2)] + VERr® = oY

7! S T iEavra 429

a€RT a€ERT

for all t > 0 and z,y € R satisfying ||z — y| < eV/t.

The following proposition is crucial in Dunkl’s theory and its applications.
Proposition 4.2.1. [39] For k >0, z,w € C"

[ MR @ ) B w)un(e)ds = o OB 0. (424)

4.2.3 Generalized Hermite polynomials

Let P = C[R"] be the algebra of polynomial functions on R” and P}, [ € Ny = {0,1,2,--- },
the subspace of homogeneous polynomials of degree [. In [38], Dunkl introduced the bi-

linear form on P by [p,qlx := (p(T)q) (0), p,q € P, here p(T) is the operator derived
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from p(z) by replacing x; by Tj. Then for a given orthonormal basis {¢, : v € Nj} of
P with respect to the scalar product [-, -], such that ¢, € P, with real coefficients, the
generalized Hermite polynomials {H, : v € Nj} and Hermite functions {h, : v € Ny} are
defined by

H,(z) =22/ (2), and hy(z) =2 W2 1P2 g (), 2z e R, (4.2.5)

where [v| = Y77, v;. We refer to [91] for the above results. We recall some properties of

H, and h, in the following proposition, which can be found in [91], pp. 525-531.

Proposition 4.2.2. 1. The generalized Hermite functions {h, : v € Nj} form a
complete set of eigenfunctions for the Dunkl-Hermite operator H; with Hih, =

(2|lv| 4+ 2y 4+ n)h,.
2. The set {h, : v € NI} is an orthonormal basis of L?(R™).

3. For all z,w € C", there is a generating function for the generalized Hermite poly-

nomials,

e Ep(22,w) = Y Hy( (4.2.6)

veNy
4. Forr € C with |r| <1 and for all x,y € R", the Mehler formula for the generalized

Hermate polynomials,

Z Hy(a:)H,,(y)W‘ = ;e—%ﬁy%@ il y |- (4.2.7)
1—r2’

v _ »2\v+n/2
S N (1= r2)y+n/

4.2.4 Generalized Fock space

In [98], Soltani introduced (independently by Ben Said—@rsted around the same time [17])
the generalized Fock space A;, associated with the Dunkl operators. This is a Hilbert
space of holomorphic functions on C™ with the reproducing kernel Ey(z,w), for z,w €
C". More precisely, Ax = {f(2) = X cng wipw(2) : [IfI; = X,eny lav]® < oo}, For
f(z) = ZVEN" a,,(2), g(z) = ZVEN” b, (2) € Ay, the inner product in Ay is given by
(f,9)k = ZyeNz a,b,. The chaotic transform (also called the generalized Segal-Bargmann

transform) is the transformation defined on L%(R™), by

n

Cr(f)(2) 3:/ e~ W2 B (V22 2) f(z)wy(2)d, (4.2.8)
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where ((z) = 2?;1 z]z, z = (21,22 ,2,) € C" The chaotic transform Cj is a unitary
mapping of LZ(R™) onto Ag. Moreover, the basis elements are related by Ci(h,) = ¢,.
We refer to [99] and the references therein for additional properties and applications of

the chaotic transform.

4.2.5 Schrodinger semigroup associated to Dunkl-Hermite and

Dunkl Laplacian

In [1], Amri-Hammi have studied the Dunkl-Hermite Schrodinger semigroup e~ (¢ €

R) on L(R") (see also [15]). For t € R\ 7Z, the operator e "** can be expressed as

et £ (1) = ¢ / N, 53 ) £ (0w (), (1.2.9)
with the kernel
P — 1 cott(JlallP+lyl) i

The Dunkl-Schridinger semigroup e~#22% (¢ € R) is given on L2(R™) by the following

integral representation

u(t,z) = e 28 f(z) = ¢ / Uiz, y;t) f(y)wi(y)dy, (4.2.11)
where
1 it (a2 +lyl2 )
Do 4:1) = e ¢ (Iol+10l?) 5, (gy) (4.2.12)

Applying the change of variable s = tan(t) with t € (=7 /2,7/2), we get

2v+n 2 1
Ap(z,y;tan' s) = ¢! (1 + 82) E exp <—stx2H ) Iy <(1 + 52)2 x,; s> . (4.2.13)

For a detailed study, we refer the reader to [17]. Using kernel relation (4.2.13) the following

lemma is obtained in the proof of Theorem 6.1 in [82].

Lemma 4.2.3. Suppose n > 1. If p,q > 1 satisfy % 4 2 — 20 e

2 2

itA, 2 —itHy 2
E ;| ] E ng e
j j

: (4.2.14)

La((=%,5), Ly (R™))

LQ(R,Li (R™)) ‘

or any system (f;). of orthonormal functions in L? (R™) and any coefficients (n;). C C.
J73 k 173
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4.3 Coherent states and the Dunkl-Hermite Schrodinger
semigroup

In this section we construct a parameterized family of functions on L% (R") that plays the

role of coherent states and study their properties.

Definition 4.3.1. A set of coherent states in a Hilbert space H is a subset {®,}.ex of
H such that

1. X s a locally compact topological space and the mapping v — &, : X — H is

continuous.

2. there is a positive Borel measure du on X such that, for f € H, we have

J 1@, D) = 111 (4.3.)

For z € C™, let
F,(z) = e &OH@I2E (V27 1), 2 cR™ (4.3.2)
It is easy to check that F, € Li(R"™) with | F:llz = \/Ek(z,2) (see Lemma 3 in [98]).

Since the chaotic transform Cj, : L3(R") — Ay is unitary, i. e., ||Cr(f)]|Z = HfH%i, the

bilinear extension can be obtained by polarization in the following:

(Cr(f), Crl(g))k = f( )g(z)dwy(x), (4.3.3)

for all f,g € L(R™).
Consider the linear operator v, on L2(R") defined by

WD) = @OE EL = ([ oo Eo) . @
n k
Now (4.3.3) shows that v; = 1 weakly.
For k = 0 and n > 1, the inner product on Ay is given by (¢, ¢)o = an el dz,

for ¢,9 € Ay and hence (4.3.1) follows from (4.3.4). Thus the famlly {Fz}ze(Cn defines a
set of coherent states in L*(R™) (see [95]). In particular, when G = Z%, the inner product
on Ay, is given by (¢,9)r = [on o( ( Ydpg(z), for ¢,9 € Ay, where the measure dyy
can be found explicitly in [17,99], and in this case the family {F,},ccn gives rise to a
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set of coherent states in Li(R™). We also refer to Ghazouani [55] for the study of one
dimensional coherent states in Dunkl setting. However, the existence of the positive Borel
measure dpuy, such that (¢, ¥) fcn d,uk( ) is not known, in general, for n > 2.
(See the discussion below Lemma 3.9 in [17]). In view of (4.3.3) and the fact that v, =1
weakly, the family {F.}.ccn plays the role of coherent states in L2 (R™).

Now we calculate the image of F, under the Dunkl-Hermite Schrodinger semigroup.
To do this, we first generalize (4.2.4) involving the function e~°I#I” for § € C and obtain

the following lemma.

Lemma 4.3.2. Let k > 0 and 6, z,w € C" such that Re(§) > 0. Then

/n eIl By (2, 2) By (2, w)wy,(x)dw = (25§i+§ S (2—25,10> : (4.3.5)

Proof. If § € R and 0 > 0, using the change of variable z +—» \ﬁx in (4.2.4), we obtain
(4.3.2).

For ¢ € C, we consider

F(8) = / =31 By (, 2) By, w)wy(2)dx (4.3.6)
and
c eyt e(w) %

For Re(d) > 0, the integral in (4.3.6) converges and can be differentiated with respect
to d, thus F' is analytic in Re(d) > 0. On the other hand G is also analytic in Re(d) > 0
as e®) B(z,w) are analytic in z—variable (see (4.2.6)). Since F' and G coincide on the

positive real line, identity theorem gives F'(§) = G(9) for all § with Re (9) > 0. O

We show that the Dunkl-Hermite Schrodinger semigroup maps the image of F, to
another coherent state through a time-dependent label change, as stated in the following

proposition.

Proposition 4.3.3. Let F,(z) = e-“&H@2E (/22 2), 2 € R". Then

2
e () = — k[ (). (4.3.8)

(Z'eit)’y-l-%
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Proof. By (4.2.11) and using Lemma 4.3.2, the image of F, under the Dunkl-Hermite

Schrodinger semigroup can be computed as

“(liico 1T
/ e~ Gtz cotllyl® g, (S_ ,y) E(V22,y)wi(y)dy

Cre %COttHCEHQ —0(z)/2
(isint)’2
_i

cot a2, —£(2) /2

e "M (1) =

x = )
- (2z sint)r+s (1+1 cc(ft t+3 e T En(V2e"z,x).

After a simple calculation, we find that

S C N o2 ) N E) W TG
e 2sint(lticott) — g~ = eQCOttH‘”” and eIl+icott — ¢ 7 e B

Thus
2

—itHy, Ci T C D e)) Vet
£ FZ(x):WG T e 2 E(V2e”z,1).

]

In particular, when G' = Z%, the Proposition 4.3.3 can also be derived from Theorem 5.3
in [99].
The coherent state F, can be expressed in terms of the orthonormal basis of Ay as

shown below.

Lemma 4.3.4. For w,z € C" and x € R", we have

Gl— Z Ry (%)@, (2)w™. (4.3.9)

veNy

Proof. Using (4.2.2) and (4.2.6) we can write

w
Jai Z(x) _ 6—932/2 —Z(wz)/2E (2IE —Z —Z(z /2 H )
w IR AR
Since ¢, is homogeneous of degree |v|, i.e., go,,(\%z) — w“fll ¢, (2), we have
27
Foe(r) = 37 226 12, (), (2 = 3 vl
VEN” VENTL

]
Using the coherent states F,, z € C", we define a parameterized family of self-adjoint

operators on L?(R") belonging to G, for all 1 < r < oo as follows: For 0 < € < 1, consider

Ye(f)(@) = (Cu(f)(e2), Fee()),, = (/ ng(y)f(y)dwk(y%ng(w)) : (4.3.10)

k

n

TH-4006_206123108



4.8. Coherent states and the Dunkl-Hermite Schriodinger semigroup 79

Let f € LZ(R™). A simple calculation shows that

2
S| [ rm @) & <51

Ive(NZ2 =
veNg

thus

”’YGHQOO = H’YE||L%—>L§ <1
By Lemma 4.3.4, the density of the operator 7. can be written as

H,(z)H, () &2l
2lv| ’

pr(@) = (Fua(@), Fea(2))y, = e 1oIF 3

veNy

(4.3.11)

Here, the density function p, : R® — R of an operator v is formally defined by p,(z) =
~(z,x), where v(x,y) denotes the integral kernel of v. Applying the Mehler-formula
(4.2.7) in (4.3.11), we get,

1 ,1i£f”m”2 2621
P%(I):me = B | -

The trace norm of 7. can be computed as

- _ - _ud o, (26T
l¥ellgr = Tr(e) = W/Rn B A dwg,(z). (4.3.12)
Applying the change of variable z 2x and using (4.2.3), we get

1 1+ ]| 2621
[ellgr Im/ﬂg () By aE oyt dwy ()

g Cy (1 — € )27 Ce~llell? o ()
~ ) WL
(1 il 62)2v+n 2¢ e H <|<a’ :L’>| 4 1;_:)2k(a)

a€ERT

Cy 3=
[

By Holder’s inequality in Schatten spaces, we deduce that v, € G"(LZ(R")) for all 1 <

r < oo and

C

- 4.3.13
%(1—6 )r ( )

Iellgr <

Remark 4.3.5. For k = 0, the operator ~. coincides with the operator defined in the

i ; ; €2 T+1
proof of Proposition 1 in [{8] with L* = p = 5,0 = % and z = %25
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4.4 Necessary condition on the Schatten exponent

Now we are in a position to obtain the necessary condition on the Schatten exponent for

the estimates (4.1.1) and (4.1.2).

Theorem 4.4.1. (Necessary condition on Schatten exponent) Suppose k > 0 and p,q,n >

1 satisfies 2y < ”(erll . Then the estimate (4.1.2) fails for all § > (CISIrEIE pZD 03

Proof. The estimate (4.1.2) can also be written in terms of the operator
Yol Ay (4.4.1)
J

on L (R"), where the Dirac’s notation |u)(v| stands for the rank-one operator f

(v, fYu. For such 7o, let
Y(t) := e Hray et — Z)\ T gy
Then the density of the operator y(t) is given by
Pryit) 1= Z Aj ‘e‘it%kuj|2. (4.4.2)
J
With these notations (4.1.2) can be rewritten as

< Cuglloll 2 (4.4.3)

Hpv(t)HLq((_g,g)Lg( 22

In view of (4.4.3), the proof of the Theorem 4.4.1 follows from the following proposition.

]
Proposition 4.4.2. Suppose k > 0 and p,q,n > 1 satisfies 2y < n;erll). Then we have
||pe—m{k eitH || _mom\ 7P (mn
sup v L5 5 I ®Y) +00, (4.4.4)

HoEGT 17ollg

2pn

fOT all r > T p)n—(p=D27

Proof. For 0 < € < 1, consider the operators 7. defined in (4.3.10). After a simple
computation and applying Proposition (4.3.3), we obtain

Prye(t) (;y) 1= P itHpny, eitHi (:C) — (eitHkFez(x)’ eit?—tkpez(x))k
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= (Fee*"tz(‘x)’ Fge*“z(x))k :

Applying Lemma 4.3.4 and (4.2.7) we get F. i (x) = ZueNg ho(z)p, (2)e” It and

_ H,(x)H,(x) 1 ST 2¢*x
_ el (@) Hy(T) ) _ +4 ]
Pr.t)(T) =€ E o] e = = 64)7“‘/26 -a T gy Tt

veNg

Therefore,

4p 2 p
_ Cy —p( 1) )12 2w
10012 oy = Ay [ ertEr, (_1_64,95) duwy(z)

14 &)+DA-P) p e N 2¢” ’
_ af (1% /n . p(1+ 255 | ||2Ek (ﬁﬁ dwy (),

(1 — e2)0r+2)eHD) — €2

where the last equality is obtained by changing the variable x — }’_Lia: Using (4.2.3),

we get

1
(2v+n)(1—p) 2 ’
All4e ) CePlzl
1ove | o= 3.,2), 22 @ny) > i) D [ k()
202/ (26)2’7(1 _ 62 H Cl’ € "1‘ —¢ )Z;Dk(a)
ozeRJr
1
p
e—plzl?
2(1 ~ 62)<1+p)n+<1 P)27 / T (e, z)| + 5= B 62 e 1)2pk(a) dwy ()
a€ERT
From (4.3.13) we write
Hpe—it’i{k,yeeitﬂk ||Lq((_%7g),LZ(Rn))
1Vellgr
1
N |\ (Rt 1, e—Pllzl? p
>A,p€T > 1—¢2 2pk dwy()
T—e re [T (o, 2)] + 155 + 1)k
aERT
Since
ePlell” 1 —plall?
0< e 11 ([, 2] + 1)2pk(a)dwk($) < / C~ e P71 day, (),
a€RT
letting € — 1~ we get (4.4.4) for r > Mﬁ. O

2y+n +Dn—(p—1)2vy __
Remark 4.4.3. Note that if p,q,n > 1 satzsfy + =% =2y +n, then % =

1 — L >0, thus for such pair p,q in Theorem 4.1. 2 the estimate (4.1.2) fails for all

ngq

2pn
r= (p+1)n—(p—1)27y"
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Using the kernel relation between the semigroups e *** and e****, we obtain:

Theorem 4.4.4. (Necessary condition on Schatten exponent) Suppose k > 0 and p,q,n >

1 satisfies % + 27% = 2y +n. Then the estimate (4.1.1) fails for all B > M’%.

Proof. In view of Theorem 4.4.1 the proof follows directly from Lemma 4.2.3 and the

elementary fact that the orthonormality of (f;); is preserved under complex conjugation.

]

Further, using the inclusion relation of L?(—7, 7)- spaces, Theorem 4.1.2 can be ex-

tended to a wider range of p, ¢ (also generalizes Theorem A of Ben Said-Nandakumaran-

Ratnakumar [16] to orthonormal systems) in the following.

Theorem 4.4.5. Suppose k > 0 and p,q,n > 1 such that

2 1 2 2
2v+n—1 q

> 2y +n.

Then the estimate (4.1.2) holds for any orthonormal system (f;); in L (R™) and all

sequence (n;); € ("(C), if 1 < < %; and fails for all > —(p+1)n2f&_1)27-

Proof. Let p,q > 1 such that % -+ 2% >27y+n.Ifl <p< m—?j, then there exists a

0 < a < 1 such that 27“ -- 27% = 2y +n. Since £ > g > 1, by the inclusion relation of

Li(—%, Z)-spaces, we have

279
| —itHy, ,‘2
E nj‘e f

J

<

Z n; ‘efiﬁ-tk fj|2
J

La((=35,5),LP(R™)) L& ((-3,5),L2(R"))

Clearly the pair p,  satisfies the conditions of Theorem 4.1.2, the estimate (4.1.2) follows

(+pnt(1-p)2y _ | _

from Theorem 4.1.2. Since =

Theorem 4.4.1.

= > 0, the necessary part follows from
q

For p = 1, the estimate (4.1.2) follows from triangle inequality and Theorem A of [16],

and the necessary part follows from Theorem 4.4.1. O]

Conclusion

We mainly obtain Theorems 4.4.1 and 4.4.4, by extending the semiclassical argument

based on coherent states of Frank-Lewin-Lieb-Seiringer [48] (see also [83]) in the Dunkl
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setting. As discussed in Section 4.3, the existence of the measure du; on C" for general
k > 0 is not known. Even if it does exist in some special cases, defining operators using
functional calculus, as shown in the proof of Proposition 1 in [48], is difficult. To overcome
this difficulty we define the class of operators 7., 0 < € < 1, which plays the same role in
proving Proposition 4.4.2. However, this method does not answer the validity of Theorems
4.1.1 and 4.1.2 when the Schatten exponent r € (%, M%].

As an immediate consequence of Theorems 4.4.1 and 4.4.4, we cannot expect the

global well-posedness for the Hartree equation, as presented in [49], in the context of

the Dunkl Laplacian and the Dunkl-Hermite operator, if the initial data v, € G", for

2pn

T2 (127"
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CHAPTER 5

Heisenberg-Pauli-Weyl uncertainty principles for the fractional

Dunkl| transform on the real line

5.1 Introduction

One-dimensional Dunkl operators have received considerable attention, and several re-
cent works have developed harmonic analysis associated with the one-dimensional Dunkl

operator.

In this chapter, we improve the Heisenberg-Pauli-Weyl uncertainty principle (HP-
WUP) for the Dunkl transform [42,92] and the fractional Dunkl transform [56] in one

dimension, obtaining sharper bounds than those previously known.

Throughout this chapter, we adopt the following notations. Let u > —1/2. For

1 < p < o0, the space LF, (R) consists of all complex functions on R such that

“+o00
1l = / FP e de | < oo

and L°(R) is defined in the usual way. For f € L?(R) N LE(R), 1 < p < 2, we denote

85
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86 on the real line
+o0
()= / z|f(z)? |z dz, and
+o00 P
Ap(f) = / |(x — (x) ) f(2)]P 2 de | . (5.1.1)

For a complex function f defined on R, we write its even and odd parts by f.(z) =

f(x)+2f 2 and f,(z) = w respectively.

5.2 Preliminaries

In this section, we introduce the Dunkl transform and the fractional Dunkl transform on

the real line and outline some important results related to these transforms.

5.2.1 Dunkl transform and the Dunkl operator on the real line

The Dunkl transform on the real line is a generalization of the classical Fourier transform.
It was introduced by C. F. Dunkl [39], where many of its fundamental properties were

first established. For f € L)(R), the Dunkl transform is given by

+o0
Duf(0) = g | F@)Eu(—iwe) ko (2.1)

where F, denotes the one dimensional Dunkl kernel, given by

.. z . .
E.(2) = juliz) + mﬂuﬂ(@z), (5.2.2)
with the normalized spherical Bessel function j,(z) = ['(u+1) i )™ zeC.
s = nll(n+p+1)
Notice that when p = —1/2, we just have E_;o(—iwz) = e”™*, hence D_y/5 coincides

with the Fourier transform on R. It is well known that the functions for p > —1/2, E, (w.)

is the unique solution of the initial value problem

T.f = wf. f0) =1, (5.2.3)

where

T.f(x) = f'(z)+ (,u+ %) w, feC'®), p>-1/2 (5.2.4)
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is the Dunkl operator with parameter p associated with the reflection group Z,.
For any function f € L) (R), D,(f) belongs to Co(R) and satisfies

1

IDu()llpoe < ST 1)

If f € L2(R), then D,(f) belongs to L?(R) and satisfies the following Plancherel formula

[RalPRE (5.2.5)

HD,u(f)Hu,Q = Hf”u,2- (5.2.6)

Interpolating these two inequalities gives the Hausdorff-Young inequality: if f € LP(R),
where 1 <p < 2and ; + ¢ = 1, then D,(f) € L%(R), and
1

HDu(f>Hu,q < (2”+1F(,u S 1))%_1 Hf”u,m (5.2.7)

with equality if and only if p = ¢ = 2.
Suppose f, g € L%(R) such that 7, f,T,g € L?(R), then we have

/ L@@ = — [ @) To@le dr (5.2.8)

o0 —

and
Du(Tuf)(w) = iwD,,(f)(w). (5.2.9)

For f,g € CY(R\ {0}) with g being even, the following product formula holds
Tu(f9) = (Tuf) - g+ f - (Tug)- (5.2.10)

We refer to [39,68,90,92] for a detailed study on Dunkl transform and its properties.

5.2.2 Fractional Dunkl transform

The fractional Dunkl transform is a natural generalization of the Dunkl transform intro-
duced by Ghazouani-Bouzeffour [56].
Let o € R. For f € LL(]R), we consider the fractional Dunkl transtorm Dj f defined

as
e i(x2+w2)cota —wx 2p+1
Nyn [ e2 E, <m>f(x)|m| Flde, (2n—1)m <z <(2n+ 1),
Duf(w) = f(z), x = 2nm,
f(=z), r=(2n+ 1),

(5.2.11)
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where )
ei(u—l—l)(%—(a—?mr))
N,un = ; s
T T(p+ 1) (2] sina)#t!

The operator Dy, f initially defined on L}L(]R), admits a unique extension to operator on

with & = sgn(sin(a)).

Li(R). If we denote this extension by D7, the family {fo}aeR forms a group structure.

Specifically, for any f € Li(R), we have the following property:
e B — Dot
Do Di(f) =D (f) (5.2.12)

. 0 . . . . . . e 71 el —x .
with D} is the identity, and the inverse is given by (Dj})~" = D . The fractional Dunkl

transform Djj also has the following exponential form

DY — e—m(p+1)€—z‘%(Tg—m2)
o .

Let o ¢ wZ. The following relation holds between the fractional Dunkl transform and
the Dunkl transform
A& —(a=2nm) | o

Dy (f)(w) = e 2 Du(g) ( - ) : (5.2.13)

|sin oo

z’ac2 cot o

where g(z) =e f(z) and & = sgn(sin(a)).

5.2.3 Covariance and absolute covariance

Suppose that the complex function f is of the form f(z) = p(z)e™®), where the classical
derivatives p/(x) and ¢'(z) exist for all z € R. The covariance and the absolute covariance
of f are defined in [42] as follows

+oo

Cov,(f) = /_ z¢! (z) |z dx — (x) (), (5), (5.2.14)

[e.e]

and

+o0

p+ (Sin[w(ﬂf) — p(—x)]p(—x)
x p(z)

P (z) |z dr. (5.2.15)

(@~ @) { L)) +
— (=) = o

cov(n - |

—00

The covariance of f can also be expressed as in the following way

+o0

Couf) = [ o= tal { Tt + L2 (AN =D
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_ ¢<_x>>> - <x>DM<f>}p2<x>|x|2ﬂ+ldx. (5.2.16)

+oo +oo
From the fact / |f (z)||z|* e > f(2)|z|*dz, it follows that COV,(f) >

Couv,(f). Assuming that ¢'(x) is contiﬁuous, it is clear from equations (5.2.16) and
(5.2.15) that COV,,(f) = Couv,(f) if and only if (x — (z)) and the expression

To)(e) + 2 (FED =D o) - o)) - (owey

have the same or opposite signs.
Suppose zf(z) € L7(R) and 2D, (f)(x) € L’(R) with || f||,,2 = 1. Then we have the

following relation (see [92]):

<22 T LN 201 2 2 1
Re [ af@TF@ e de = = (1512, - 1ol22) - (5.2.17)

o 2,

where left hand side denotes the real part of the integral. Also we can write

/ ) Tl = : @)@ = T @ ol e

A T T @ e (5215)

A straightforward calculation (see the proof of Theorem 3.2 in [42]) yields,

(2T, — Tyx) f(z) = = f(z) — 2p + 1) f(~2),
and
(@1, + Tpx) f(2) = 2z f'(2) + 2(u + 1) f ().

Now, assume that f(z) = p(z)e*@®), where the derivatives p(x) and ¢'(x) exists for all

z € R, then, from (5.2.18), we obtain

+o0
/_ v f ()T, f(x) |z de = —A — i (Covu(f) + () (@) D, (1) - (5.2.19)
where
1\ [+ |
A= (,u + §> / p(x)p(—x) cos[p(z) — o(—x)]|z|* T dx + 5 (5.2.20)

By comparing (5.2.17) and (5.2.19), we conclude that

1
A= (Ifelliz = follZ2) + 5 (5.2.21)
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5.3 HPWUP for the Dunkl transform

The HPWUP for the Dunkl transform, established by Résler-Voit [92], has attracted

significant attention in the literature and is stated as follows:

Theorem 5.3.1. [92]. Let xf(x) € L2(R) and xD,(f)(z) € LL(R) with ||f|l2 = 1.
Then

A2, ())AZ,(Du(f)) > {(m %) (L2 = 1 fol22) + %} 53

equality holds in (5.8.1) if and only if f has the form f(z) = de_Tlé‘zQE“(bx), with b € C
and ¢ > 0.

In [42], Fei-Wang-Yang improved the inequality (5.3.1) by incorporating covariance
and absolute covariance, leading to a strengthened formulation. The best lower bound

they obtained is given in the following theorem.

Theorem 5.3.2. [42]. Assume that f(z) = p(x)e®® with ||f||,2 = 1 and the classical
derivatives p'(x) and ¢'(z) exist for all x € R, with xf(x) € L2(R) and xD,(f)(z) €
L2(R). Then

N2(AAUDL)) = A+ COV(f), (53.2)

where A is defined in (5.2.20). Moreover, if ¢'(x) is continuous and p is nonzero almost
everywhere, then the equality in (5.5.2) holds if and only if there exist ( € R\ {0} and
& > 0 such that

1

(x — {x))pla) = —c(Tup@c) # B2 50 (1~ cosfiol) - 90(—96)])) (5.3.3)

and

| = ()] =€

Trole) + 202 (DA ) — (ot0) - pl-a) - (|

(5.3.4)

Remark 5.3.3. (1) If f is of the form f(z) = p(x)e®), then A? coincides with the
right-hand side of (5.3.1). (See Section 5.2).
(2) For the equality in (5.3.2), the authors overlooked the fact that (x — (x)s)p(z) and
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ptg

T, —2p(—x) (1 — cos|p(x) — p(—x)]) must have the same or opposite sign. This

up(x) +
follows from the second-to-last line on page 891 of [42]. Combining this with (3.18) of [42]

yields (5.3.3).

We solve the differential equations (5.3.3) and (5.3.4) and, as a result, provide an
explicit form of the functions that attain equality in (5.3.2), thereby completing the results
in Theorem 3.3 of [42].

Theorem 5.3.4. Assume that f(z) = p(z)e**® with ||f||,.2 = 1 and the classical deriva-
tives p'(z) and ¢'(x) exist for all x € R, with ¢'(x) continuous and p nonzero almost

everywhere. Then (5.3.3) and (5.3.4) holds if and only if f has one of the following forms

F(z) = dye %" %" B, (b)), (5.3.5)

2 2

f(@) = dye %" e %" B, (Vx), (5.3.6)

fla) = (5.3.7)

or

dse %% e % B, (Vz), => (),
flz) = L Al (5.3.8)

dﬁe_fzmzei’”QEM(bx), r < (x)f,

where b = <% — %) (z)s +i(x)p,(5) and V' = (% - %) ()5 +i(x)p,(s) for some (,§ > 0
and dy, dy, ds,dy, ds, dg € C chosen such that || f]| .2 = 1.

Proof. Let A(x) = Tucp(x)—l—wj (sm[@(a;)(;;p(_x)]p(—x) — (p(z) — gp(—w))) Vz € R. Asthe

left-hand side of equation (5.3.4) corresponds to the absolute value of a linear function,

there are four possible scenarios:

Alw) = £le = &)) + (@)oo (5.3.9)
Alx) = —§<x —@)p) + (@), (5.3.10)
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o o —(2)) + @) pup,  ©> ()5, (5.3.11)
—t@— @) + @p.p, T < (@),
A - —(z = (@)) + (@), T =), (5.3.12)
el@ = (1)) + (@ pup), @ <(a)s
First we assume that
A@>:§@—wwn+wwaM» (5.3.13)

It follows that f € C®(R\ {0}) solves (5.3.3) and (5.3.13), if r(z)e*® = F(z) =

L
eTCﬁeiIQf(x) satisfies

Tyr(a) + “Er(=a) (1 = cosfgle) = 6(=a)]) = (el (o) (5.3.14)
and
ptd (rea)sinfp@) o] o N )
o)+ 02 o (9(0) = o(-0)) =1+ (0o,
(5.3.15)
which is of the form
T,F =bF, where b= (% — %) (z) 5 +{T) D, ()- (5.3.16)

In [92], the authors derived the explicit solution to the equation (5.3.16) for F' € C*(R \
{0}) which is given by

F(z) = d1E,(bx), for somed; € C.

Therefore f(x) = dle_%ﬁeéﬁEu(bx). Now, if ¢ < 0, then f(z) = dle_;TerTii”’jEﬂ(bx)
fails to be in L7 (R). Hence we must have ¢ > 0 and choose d; € C such that || f],2 = 1.

When A(z) = —1(z — (x),.) + (z)p,(s), then following a similar reasoning as before,

3
we can conclude that f(z) = d26_71<12ei12E#(b’a:), where b’ = <% + %) (z) s +i{x)D,(f),
¢ >0anddy € C.

When

(= (2)p) + @)Dy, T = ()7,

—tl@ = @)+ @, < @)
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then, we must have

f(x) = L
dye 2% ¢ 2e” E“(b/x), T < <I>f
Finally, when
1
Alx) = _15(37 —(2)u) + (X)), T > (T)y),
E(:C —(x)u) +{T)pu(r), T <(T)s,
then
d5€7ix267%x2E (blff)a T > <x>f7
f(z) = "

dge_flizzefi&mQE#(bx), r < (x)s.
Conversely, if f has one of the forms (5.3.5), (5.3.6), (5.3.7) or (5.3.8), with || f]|,2 = 1,
then it is clear that (5.3.3) and (5.3.4) hold. O

5.4 HPWUP for the fractional Dunkl transform

In [56], Ghazouani and Bouzeffour established the following uncertainty principle for the

fractional Dunkl transform.
Theorem 5.4.1. [56]. Suppose o, 3 € R such that f—a ¢ 77, and let D¢ f(x) € L2(R)
and 2D f(x) € L2(R) with || |2 = 1. Then
2
N2 ADENALADED) 2 sintla=B) (14 3 ) (M2 - MBI + 5 G4
Moreover, equality holds if and only if f(x) = d67§”2EM(bx) with b,d € C and ¢ > 0.

We improve the uncertainty inequality in (5.5.1) by deriving a truly sharp lower bound.
We start with the following lemmas.

Lemma 5.4.2. [42] Let f(z) = p(x)e"®) € L%(R) with ||f||u,2 = 1. Suppose that the
classical derwatives p'(x), ' (x) exists for all v € R and f'(z) € L2(R), then

+oo 1 )

ALa(Duto)) = [ {Tup(x) + 22 () (1~ cosfipla) - 90(:6)])} o2
+/OO T go(:p)+u 3 <sin[cp(1:) — w(_x)]P(—m)_(Sﬁ(x) - ‘P(‘@)) —(z) sz(x)|x|2“+1dx
L ' T p(z) Du(f) :

(5.4.2)
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‘(EQ cot o

Lemma 5.4.3. Let f(z) = p(2)e®*® with ||f| .2 = 1 and g(x) = "2 f(x); a € R\7Z.

Suppose that the classical derivatives p'(x), ¢'(x) exist for all z € R and f'(x) € L%(R),
then

() p,(g) = cota(z)s + (2)p, (), (5.4.3)
and

AL 2(Du(g)) = A,

M2

(Du(f)) +2cota Cov,(f) + cot e A? 5 (f). (5.4.4)

Proof. We have

o = [ DADDLGNEf e = | ~iT, @) oeafd.

‘12 cot o

On substituting 7,,(g)(x) = ¢ 2 (ixcota f(x) + T, f(z)), we get

+0oo B o
{)D,(g) = cot e / z|f(@)| [ da + / —iT f(2) (@) |2[* da

= cota (z) s + () p,(p)-

Applying Lemma 5.4.2, we get

400 1 2
8%Dua) = | {Tup(x)+MI20(—$)(1—COS[<P($)—90(—93)])} P () 2 do
Y L /sinfo(z) — o(—2
+ /{(p’(x) + x cot a + Ml— 2 < el /))(x;p( )]p(—x)) — cot o (z) ¢
¥ i
~ oy | ) s
+o0
25D+ cot a A2 () + 200t [ (o (o)
1 Csinfp(z) — o(—x
% {(Pl(.’B) + M; 2 < [()0( [))(x)gp( )]p(—.%')) _ <$>Du(f)}P2($)’x2u+l dx

+o00
=A% 2(Du(f)) +cot @A 5(f) + 2cot o ( / 2! () () |2+ da — <$>f<$>m(f))

— OO

(Du(f)) +2cot o Cov,(f) + cotozAi’Q(f).
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Lemma 5.4.4. Let a € R and let f(z) = p(2)e*?@ with ||f||.2 = 1. Suppose that the
classical derivatives p'(x), ¢'(x) exist for all v € R. If xf(x) € L2(R) and xD f(x) €
L2(R), then

(T)pa(p) = cosa(z)y +sina(z)p, (5.4.5)
and
Ai2(ij(f)) = cos® ozAiQ(f) + 2cosa sina Cov,(f) + sin® ozAi’Q(Du(f)). (5.4.6)

Proof. Using (5.2.13), we can write

+oo
1 xr 2041 .
(T)pa(r) = o= | % |Pul9) | = |2|** dz = sina () p, (), (5.4.7)
| sin cr| (+1) sin v

iz2 cot o

where g(z) = e 2 f(x). Using Lemma 5.4.3, we get
(T)pa(f) = cosa(z)y +sina(z)p,(p-

By using (5.2.13) and (5.4.7), we have

—+00

82,05 = [ (2= @open) IDEN@ o do
= / (.TSiIlOé_<«T>Dg(f))2|Dﬂ(g)($)|2|x’2lt+ldx

= sin®« AiQ(D#(g)).
Therefore, Lemma 5.4.4 follows from Lemma 5.4.3. O

We are now in a position to state and prove the improved Heisenberg—Pauli—-Weyl

uncertainty principle for the fractional Dunkl transform.

Theorem 5.4.5. Assume that f(z) = p(z)e™*® with || f||,2 = 1 and the derivatives p'(x),
¢'(x) exist for allz € R. Let o, B € R be such that 8 —a ¢ 72, and let D f(x) € L7(R)
and xDJ f(x) € L2(R), then

1 2
A2 (D2 AL, (D]() = sin(a — ) ({ (1 5) (Al = 1) + 53 | +COV)
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_Covi(f)>+(cosoz cos BA2 ,(f)+sin(a + B)Cov,(f)+sin o sin BAZQ(D#(f))) :

(5.4.8)

Moreover, if ¢'(x) is continuous and p is nonzero almost everywhere, then the equality in

(5.4.8) holds if and only if f is of the form (5.58.5), (5.3.6), (5.3.7) or (5.3.8).

Proof. By using Lemma 5.4.3 and Theorem 5.3.2, we have
Ai,z(Dgf)Aig(Dﬁf) = sin2(a ) (AiQ(f)Ai,Q(Du(f)) - C’ovi(f))

2
+ (cosa cos BA? ,(f) + sina sin A2 ,(D,(f)) + sin(o + ) Covu(f))

zmﬁm—m({@+§)mm@fWhma+§r+coﬁvwwwﬁU0

+ (Cosa cos BA? ,(f) +sina sin BA? 5(D,(f)) + sin(o + ) Covu(f)> :
(5.4.9)

Notice that equality holds in (5.4.9) if and only if the equality holds in (5.3.2). O

5.5 L[P’-type HPWUP for the fractional Dunkl trans-
form

For the fractional Dunkl transform, we obtain the following L”—type HPWUP, 1 < p < 2,

in a more general situation.

Theorem 5.5.1. Assume that f(z) = p(z)e* ™ with ||f|.2 = 1 and the derivatives
p'(r), ¢'(x) exist for all z € R. Let o, 3 € R be such that 8 —a ¢ 7Z and let Dy, f(x) €
L2(R)NLE(R), xDf f(x) € LA(R),1 < p < 2, then

—_

: (nt1)(2-1)
2 a 2 | sin( — a)|2 P
AH,P(DHf)AHap(DE(f)) z 2(2_1)

(201D (u + 1))%5

2
{mﬂﬁ—@gu+;wﬁmfwﬁma+2>

2
+ <Cosa COSﬁAZ’z(f) +sin(a + 3) Cov,(f) + sinasinBAig(Du(f)) }
(5.5.1)

Moreover, if ¢'(x) is continuous and p is nonzero almost everywhere, then the equality in (5.5.1)

holds if and only if p =2 and f is of the form (5.3.5) or (5.53.6).
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Remark 5.5.2. (1) For p = 2, Theorem 5.5.1 provides a stronger lower bound than the
one presented in equation (5.4.1) (see Theorem 6.1 of [56]).

(2) When a = 0,8 = /2 and p = 2, Theorem 5.5.1 coincides with Theorem 3.2 of [42]
and provides a necessary and sufficient condition for the uncertainty inequality to hold

with equality.

Proof. Assume that § ¢ nZ and let a = (x)pa(y) and ¢ = <x>Dﬁ(f)' Now using Hausdorft-
Young inequality (5.2.7), we obtain

BunlD21)) = ( +/Oo|($ — )DL (f)(@)[" | dx);
(/ (2 = o) D= (Dj f (w)) ()| [ * d:):);

: </ o0 (< 30) () )

1

(v — casc(B — @) Dau(g)(x)I? |x|2““dx> p

2(u+1)

— |sin(8 —

(/ |

_ |sin(8 — / ID,((—iT, — d)g) @) |x|2~+1dx)”
|Sln(ﬁ < +/OO‘ ZT . C )|q ‘l"QlHrldx)é

B (2u+1r u+1 ’

T cot(,B )

M+2(N+ )

where ¢ =bese(f—a), g(x)=e Dg f(z), = € R. Thus by Holder’s inequality,

Au,p(ij(f))A (Dﬁ(f))

> sl — o (/| r—a)Def }p\x|2ﬂ+1dx> (/y T, — )g(@)|" |x|2“+1dx>q
2+ (n+ 1))

I +oo
| Sln(ﬁ a)l_u+2( S iz cot(B—a) - 2 1
> e 2 (z—a)Df(x)(—iT, — )g(x)|x[* dx|.
@+ 1)

Now using

i cot(ﬁ @) i cot(ﬁ a)

T9(x) = iwcot(8 — )5 D2 f(a) + &5 1, D5 f (a),
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we have
2(pt1)
o |sin(8 —a)[ "
AMP(‘D;L(f))A%p(Dﬁ(f)) Z 2_1 ’I+II| ’
(20410 (p + 1))
where
+0o0
I= / z(z —a) cot(f — ) |D3f(x)|2|x|2“+1dx = cot(f — «) Aig(sz) (5.5.2)
and
+oo
I — / (x — a) D2 f (@) (ST, = @)D [ (@) (5.5.3)
Case 1: Assume that « # nm, for some n € Z, then
Do f(r) = — = p ) (=), whereh() _ TR g). . (5.5.4)
a | sin |1t & sina/’
Now,
T(Duf(2)) = ™5 iz cota D (1) (=) + Tu(Duh) (=)
e | ]sina\”“e EEOr A H sin o e \dilla” T
Therefore,
t o 2
_ cota 3 7 2 M
1= | sin o] (v +1)2 /x(x @) ‘DH(h) <sina>’ e
+o00
+;/(x—a)D (h)( = )(—z‘T ) [D (h)( Z )} ()| L d
| sin a|2(k+1) . sin a a sin
- IIl -+ IIQ
Now,
+o00
_ __a 2| 12u+1
IT; = sina cos « /:17 (x sina> |D,,(h)(2)|" || dz
+o0 +o0
~sina cosa / 22 | Dy (h)(2) 2 d — acosa / 2 |Du(h) ()2 |2 da
+oo
: 2 2 12u+1 :
= sin« Cosa/(x — () p.n))” | Dp(h) ()| || dz + (x) p,n) cos a (sina(z)p,m — a) .
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By Lemma (5.4.3) and Lemma (5.4.4), we have sin o (x)p, ) = a. So

II; = sina cosaA? ,(D,(h)).

Also,
1 "
T T
= —a)D,(h —iT), — sinad) Dy(h) (——) |=[>*1d
. Sm,siw(w/ (¢ = a)Du(h) (G ) (i = sinad) Du(h) (o) Jaf**d
“+o00
— _ a = N / 2”+1
—/<x =) D)) (T, — sin o YD)
+o00 +o0
= / 2Dy (1) (@) (=) Du(h) () |2 + ac! / D, (h) ()] |2+ dx
E ] Y
—sinad [ 21D, @) o s = 2 [ D, (0@ D@ ol
S1n &«

+00
Clearly, [ |D,(h)(z)*|z|***'dz = 1, and from Lemma 5.4.3 and Lemma 5.4.4, we have

a = sina(z)p,n) and

[ P DB el de = [ e
= [lf@F e = (o)

Substituting this back into II, and using (5.2.19) we have

+oo
I, — / T () TG | dr 4~ (a),
700—4—00 “+oo
- — / cot av |f(x)|2 |x|2qu1 dr +1 / T,.f(x)xf(x) |:L‘|2”+1 dr + sina<x>f
—00 . —o0
_ _cota /(q: @) )P 1 (@) P e di — cot )
+i | = A+i (Covaf) + (@) (a)n, ) )| + = (o)
_ —cotal?,(f) - Cou(f) — iA + L [~ cosala)s +al - (@)pla)oyn

S11 v
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= —cota A% ,(f) — Cov,(f) —iA,
where A is given in (5.2.21). Therefore,

II =11, +II,

_ <M> A o(f) + (2cos” a = 1)Cou, (f) + sina cos ] (D, (f)) — iA.

sin «

So, we have

I+1I

cos® a — cos «

= (cot(ﬁ—oz) cos® a+ )Ai,z(f)-l- (2 sin a cos acot(3 — a) + 2 cos® o — 1)

sin o

x Cov,(f) + (sinzacot(ﬂ — ) +sina cosa) Ai,z(Du(f)) —iA

= (S5 ot + (ST Con) + (S ) ARa(Du) - 1A

sin(f — a) sin(f — a) sn(3 —a)
Thus,
L+ 11]
- { (200 a1+ (D) Conuh)+ (S ) (0,1 2+A2}
Now,

( )
| sin(f — oz)|*2‘“r4 2

(21D (1 + 1))

(B — )| 2 T ) sin(a
e pET s o) 80+ () ot

(o) azumuin] +a)

Consequently, we obtain (5.5.1).

o 2
A2 (DY )AL (D) f) > T+ 11|

Case 2:  Assume that a = 2nm, for some n € Z. Then from (5.5.2), we have I =

cot(8) A2,(f) and
+oo

= [ (o= ) (@) (7T, = ) Fo o

—0o0
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+oo

~+00
= /xf(x)(—iTu)f(x)\$!2“+1dx+ab'/|f(a:)]2|x|2“+1dg;

+o00 oo
_a/f(lﬁ)m|x|2u+ldx_b//x|f(x)|2|x|2u+1dx
+o0

— [ 21 @ Tl e~ (a) (e,

—00

= Cov,(f) +iA.

Therefore,

[sin( — )] 5

(2410 + 1)

Ay (DR )AL (DLf) = (A2 + (cot B A2, + Cou(1)°) .

thus (5.5.1) follows.
Case 3:  Assume that o = (2n + 1)m, for some n € Z. Arguing as in the previous case,
we obtain

[sin(g — a) >+

(21T + 1)

A2 (D2f)A2 (DPf) > (42 + (— cot B A2, + Cov())°).

As a result, we get (5.5.1).

Now, it remains to prove the conditions under which equality holds in Theorem 5.5.1.
Since we are applying the Hausdorff-Young inequality to prove equation (5.5.1), it follows
that the condition p = 2 is necessary for equality to hold in (5.5.1). If p = 2, then equality
holds in (5.5.1) if and only if equality holds in (5.4.8) with COV,,(f) = Couv,(f). Moreover,
COV,(f) = Couv,(f) if and only if (x — (z)) and T,(p)(z) + bt <Sm[¢(z)‘p(xﬂp(m) —

x p(x)
(p(z) — (p(—x))) — () p,.(y) have the same or opposite signs (see Subsection 5.2.3).
Thus, equality holds in (5.5.1) if and only if f(x) = p(z)e™®) satisfies either equations
(5.3.3) and (5.3.9), or equations (5.3.3) and (5.3.10). Therefore, f must be of the form
(5.3.5) or (5.3.6). This completes the proof of Theorem 5.5.1. O

Remark 5.5.3. (1) The constants dy,dy in Theorem 5.3.4 can be chosen such that (see

Lemma 4.3 in [92]) di = ¥ <C“+1F(u + 1)6_R6(%)EM(M)> and

2

TH-4006_206123108



Chapter 5. Heisenberg-Pauli- Weyl uncertainty principles for the fractional Dunkl transform
102 on the real line

D=

bIQC

. —Re ’ -
d = " (C“Hr(u pye (s )Eu(bfc)) |
(2) For u = —%, the results presented in Theorems 5.5.1 and 5.4.5 are obtained by Chen-

Dang-Mai [28] and Dang-Deng-Qian [37], respectively.

(3) For i > —1, the weighted measure |z|*dx is not translation-invariant. As a re-
sult, Theorem 5.5.1 cannot be recovered by first proving it for the cases where (x); =
0,{(x)p,(s) = 0 as in Chapter 6 of [32] or [28].

(4) If the function f is of the form given in (5.8.7) or (5.3.8), it is clear from the
proof of Theorem 5.3.4 that (z — (x)y) and T, (¢)(x) + “:% (Sin[“’(gﬁ)_w(_@]p(_w) — (p(z) —

p(z)

o(—=x)) | = (x)p,(s) do not have the same or opposite signs. Hence, it follows that

COV,(f) > Cov,(f) (see Subsection 5.2.3).
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