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Abstract

In recent years, researchers are interested in understanding living creatures and repli-
cating their movement, structure, and cognition to develop biomimetic robots. Extracting
these features, the biomimetic robots are developed for suitable environmental conditions
and their applications. The snake is a versatile creature that can be found on land and in
water environments with similar motion. Therefore, the mimicking of a snake can be used
for wide applications in both environments. The motion of a snake is very sensitive to
environmental conditions because of its crawling nature and that makes it a challenging
problem to understand dynamics and control perspectives in a robotic system. The snake
robot consists of the multi-links and joints that make it a complex mechanical system and
controlling this system in an adaptive environment is a challenge. Therefore, the design
of an appropriate control scheme for the complex dynamical system and modification in
the mechanical system (that leads to dynamics) to get more suitable solutions become
important. The main objective of the present work is to study the motion dynamics and
design of a control scheme for a snake robot in uncertain underwater environment. Hence,
it is proposed to study the motion dynamics of a snake robot and its control strategies
in uncertain underwater conditions. The snake robot, consisting of 9 links and 8 joints,
is considered under the assumption of planar motion with negligible added mass effect.

The thesis is focus on designing control strategies with existing mathematical model of
the snake robot. The virtual holonomic constraints (VHCs) are used to derive the reduced
dynamics of a mathematical model for a snake robot. The benefit of this method is that
it determines the control objective for the head link of the snake robot with the entire
robot following it. The sliding mode control (SMC) approach is used where the sliding
surfaces are designed based on the angular position and tangential velocity tracking of
head-link of the snake robot. Here, the chattering effect is reduced by improving the
reaching law of the SMC scheme. In first study, the super twisting sliding mode control
(STSMC) scheme is proposed that has a minimum chattering effect. The results are
compared qualitatively and quantitatively with SMC and adaptive sliding mode control
(ASMC) scheme. The dynamical uncertainties in the drag forces and fluidic torque acting
on the snake robot during the motion are considered and estimated lumped value in

xi
TH-3589_206103018



control algorithm. The control scheme is improved in the second study by introducing
the uncertainties estimation using the neural network approach. In this, the radial basis
function neural network (RBF-NN) is used for the estimation of the uncertain part of
a dynamical system and that is inputted to ASMC scheme. So, ASMC scheme with
RBF-NN is used for the motion control of a snake robot. Additionally in this study, the
generation of the reference trajectory for the path following of a snake robot operating
in the presence of water currents along with dynamical uncertainties is addressed. The
stability of a proposed scheme is demonstrated through Lyapunov stability analysis.

The modification in the mathematical model of the snake robot by introducing differ-
ent mechanical components such as pumps and thruster and then designing the control
scheme for it. In third study, the snake robot dynamics are modified to 3D motion in
the underwater environment along with the added mass effect. In this, the buoyancy
variation technique is proposed for the vertical motion of a snake robot which is found
in many underwater creatures. The horizontal motion of a snake robot is the serpentine
motion as considered earlier. The combination of these two motions results in the 3D
motion of a snake robot. The external disturbances are considered along with dynamical
uncertainties in this work. The horizontal motion is controlled using existing STSMC
and the vertical motion is achieved using the pump operations. For that, the event-based
control scheme and PD control scheme are proposed. Moreover, the proposed dynamics
are verified using the simscape multibody environment where the equation of motion is
not required explicitly. In fourth study, the snake robot is considered with a thruster
on the tail. The effect of thrust force on each link of a snake robot is studied in this
work and the actor-critic neural network with the STSMC scheme is proposed for the
motion control of a snake robot. The neural network estimates the dynamical system
that is inputted to the STSMC scheme. The proposed control approach is verified with
the existing STSMC scheme and the effectiveness of this scheme is compared in terms of
chattering indicators and control effort.

In addition to the above studies, various actuator failure cases are studied. As snake
robot has many actuators, there may be a chance of failure. Therefore, the control scheme
is designed such that the robot motion can be sustained in the presence of the actuator
failure. In this, the snake robot is constructed in the simscape multibody environment.
The RBF-STSMC scheme is proposed to deal with various uncertainties and actuator
failure. The proposed control scheme is compared with the existing control scheme and
that performance of snake robot. These studies will help to develop the experimental
set-up of underwater snake robot and its control applications.
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1.1 Introduction

1.1 Introduction

Earth’s surface is surrounded by 70% water. However, most of them are yet to be
explored. This triggers many researchers to work on underwater vehicles as onboard
human intervention or unmanned underwater vehicles (UUVs). A simple example of a
human intervention vehicle is the submarine. Various applications of the submarines
are surveillance, underwater operation tasks, and defence. There are various kinds of
unmanned underwater vehicles such as Remotely Operated Vehicles (ROVs), Autonomous
Underwater Vehicles (AUVs), Bio-inspired Underwater Robot and Underwater Vehicle
Manipulators (UVMs) to explore the underwater environment and operations.

In the last two decades, there has been a growing demand for research using UUVs,
especially biomimetic UUVs. The advantage of biomimetic robotic study is that it helps
to understand the physics of the creatures, and those concepts would be used to develop
adaptive robotic systems with many applications in different environments. A brief study
of biomimetic robots is discussed in subsequent sections.

1.1.1 Biomimetic Underwater Robots

Various underwater biomimetic robots are available based on fish, octopus, snake,
turtle, etc. These biomimetic robots are classified by structure, motion, navigation, and
their capability for the tasks. Some of the available biomimetic underwater robots are
SOFi [1], Octopus [2], U-CAT [3], Mamba [4], turtle [5], jellyfish [6], etc. and few of them
are shown in Fig. 1.1.

Figure 1.1: Biomimetic robots (a) Soft Robotic Fish [1] (b) Octopus [2] (c) U-CAT [3] (d) Mamba [4]
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In the underwater environment, bioinspired robots have morphological similarities
with aquatic creatures which can help them for the propulsion in underwater conditions
[7]. Due to the slender structure of biomimetic robots, they can travel easily in a nar-
row area in the underwater environment for maintenance and surveillance of the offshore
structure [8]. Mimic the biology of the creature and make it worthwhile for the surveil-
lance, maintenance and underwater operations. These capabilities are observed in the
snake robot. Therefore, in this thesis work, the study of modification in motion dynamics
and control of the snake robot is focused.

1.1.2 Application of Snake Robot in the Underwater Environ-
ment

Snake-like robots are very useful in underwater applications. It requires low opera-
tional energy because most of the robot works on a servo motor [8]. It has a modular
type structure that will adapt very well to any constraint environment. Some application
of the snake robot is described below.

The snake robot is very thin in size. So, it can travel in a narrow area of the underwater
environment. Due to a high number of degree-of-freedom, it can enter into some complex
areas of the water. Now a day, the oil level goes very below in the ocean. To get the
raw oil, the company established plant equipment below the water surface. Inspection
of this plant is a very difficult task. A single leakage in a pipe is hazardous to sea life.
This snake robot can wrap up the pipe and it can inspect the pipe leakage. Biomimetic
design is helpful for the surveillance of sea life and checking whether it can influence life.
It can be useful in the surveillance of underwater farming.

Manipulator operation is very challenging in an underwater environment. Usually,
ROV with manipulators are used for dexterous work but it is very costly in the sense
of manufacturing as well as operation. Due to its large size, it is not desirable to work
in a complex environment. The underwater snake robot is the substitute robot for the
manipulator operation by securing one end in a fixed position and attaching an end-
effector to the other end. This configuration will function as a manipulator. The required
control algorithm can be updated with it. Most of the snake robot is used for surveillance
purposes, but it can be utilised as a manipulator. AUV equipped with a robotic arm is
known as intervention-AUV (I-AUV). ALIVE [9], SAUVIM [10], RAUVI/ Tridentare
[11–13] are the example of autonomous intervention AUV and these are shown in Fig.
1.2. In 2016, ECA Group officially announced H-ROV Ariane [14, 15] as a commercial
intervention underwater robot. As per the design, the snake robot is made with several
links. If we set one link as ground or with a thruster, it will work as a low-cost swimming
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manipulator. Therefore, the use of snake robots in the field of hovering, inspection and
light intervention capabilities increases the attention of researchers [15]. The literature
review on the snake robot is given in the next section, from the physics behind snake
motion to various control approaches for motion control of a snake robot in different
environmental conditions.

Figure 1.2: Intervention Robots (a) SAUVIM [10] (b) ALIVE [9] (c) RAUVI/ Tridentare[11]

1.2 Literature Review

To start work in the field of dynamics and control of snake robots, let’s first be aware
of the physics behind real snake motion that is given in the next subsection.

1.2.1 Physics behind the Motion of a Snake

In this section, the structure and biomechanical behaviour of snakes are explained.

1.2.1.1 Snake Structure

Liljeback et al. [16] explained the snake structure as follows. Normally, a biological
snake consists of vertebrae of 130 to 400 maximum. Here, the joints can have a maximum
of 10◦ side-to-side rotation. Despite this small angle movement, it is possible to get big
curvature in the snake body because of the large number of vertebrae as shown in Fig.
1.3. These vertebrae are covered with skin which is direct contact with the environment
(surface) and causes the locomotion due to friction [17]. Due to the rib type structure,
the friction is less during the forward motion and higher during the backward motion as
shown in Fig. 1.4. In the next subsection, the biomechanical behaviour of the snake is
described.

5
TH-3589_206103018



1. Introduction

Figure 1.3: Skeleton, vertebrae, joint of snake [16]

Figure 1.4: Skin of snake [16]

1.2.1.2 Biomechanical Behaviour of the Snake

Gray [18] described four locomotion types of a biological snake in 1946 on land viz.
‘serpentine motion’, ‘concertina motion’, ‘rectilinear motion’, ‘crotaline motion’. A brief
description of these motions is given below [16]:

• Serpentine motion: It is also called ‘lateral undulation motion’. It is the most
common motion of the snake. In this motion, the entire body of the snake forms
continuous sinuous movement as shown in Fig. 1.5(a). This motion can be described
using three contact points in two for force generation and one for balancing the
snake. Using this gait pattern does not only avoid the obstacle but also utilities
the counter force to help forward propagation. This gait pattern is not suitable for
narrow and very low friction surfaces. Every point along the body passes the same
point on the ground, and there is never any static contact between the ground and
any point along the body [19, 20]. During swimming, the same wave motion is
produced, but the body then pushes against the resistance of the water.
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• Concertina motion: In this locomotion, part of the body is stationary and the
other part moves in a forward direction as shown in Fig. 1.5(b). It is a very slow
motion compared to serpentine motion. Snake switches this motion when it passes
through a narrow area. This motion can be observed along pipes, branches, wires
and cables. The motion pattern is not very efficient in terms of energy consumption
but is often needed to traverse narrow spaces.

• Rectilinear motion: In rectilinear locomotion, several parts of the body are in
contact with the ground at any moment, and the gait uses a symmetrical form rather
than a staggered contraction wave, shown in Fig. 1.5(c). This motion requires small
vertical movement of the body. Heavy-body snakes use rectilinear motion.

• Crotaline motion: It is also called side-winding locomotion. Instead of moving
in the forward direction, the snake head travels in a transverse direction as shown
in Fig. 1.5(d). The entire body travels in a forward direction and it looks like a
transverse bending oscillation. This snake motion is associated with the desert and
loose soil area.

• Other motion: Other motion of the snake is considered as a part of the major
four patterns. That means it has some variation in the parent pattern. Various
motions are observed in a special situation such as rectilinear crawling, burrowing,
jumping, sinus lifting, skidding, swimming and climbing [21]. Skidding which is
also known as side-pushing, is observed in the low-friction area. Snake makes this
motion energy efficient by down the head toward the land and passing the bending
waves to the body. Snake climbs the tree using vertical, lateral undulation by taking
branches support. Ariizumi and Matsuno [22] observed that sinus lifting and side-
winding are more efficient than lateral undulation. Koopaee et al. [23] observed the
eel-like motion of swimming snakes to move in a forward direction which is similar
to serpentine motion.

It is observed from the above discussion that the locomotion of the snake depends on
the size and the environment in which motion is considered. The further discussion on
how the locomotion is different and control by following [16, 24]. The main difference
between legged animals and serpentine is that the gait pattern’s repeatability differs from
the animal’s speed that means faster repeating of gait increases the speed of the legged
animal. In contrast, snake gait repetition does not affect the speed, the propulsion of the
snake depends on the concerned environment. On a slippery surface, its forward velocity
is low even though the high speed of the gait pattern. A large number of the muscles are
involved in the snake locomotion and all the muscles are connected with each nervous
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Figure 1.5: Snake locomotion (a) Serpentine motion (b) Concertina motion (c) Rectilinear motion (d)
Crotaline motion. [16]

system. The nervous system works as an electrical wire connection that transmits the
position signal of the muscles through neurons. The entire gait is controlled by the brain
of a snake using this sensory motion. Based on this, many researchers have attempted to
develop the snake-like robots and their control strategies for various applications that is
explained in the next subsection.

1.2.2 Classification of Snake-like Robots

Snake robots are categorized on some basic properties [25] such as actuator types,
degree of freedom (DOF) of each module, locomotion types and operating environment.
The first snake robot was developed by Hirose [26] in 1972. It was used 20 revolute
joints of 2-m length in ‘Active Cord Mechanism’. Further, design-based classification
is ‘Passive wheel Snake robot, Active wheel snake robot, Snake robot with active treads,
Undulation using linear expansion (wheel-less snake robot)’. In Passive wheel snake
robot, the wheels of the robot are not directly connected to the actuator. These wheels
are for the smooth forward motion of the snake robot. These wheels are not directly
responsible for the motion of the robot. Because of the undulation motion of the robot,
the force is exerted on the wheel that reduces the friction in the tangential direction.
Some examples passive wheel snake robot are ACM R3 [27], ACM R5 [28], AmphiBot-I
[29] and AmphiBot-2 [30] and shown in Fig. 1.6. In Active wheel snake robot, the
wheel of the snake robot is directly connected to the actuator. So, the motion of the
wheel is depended on the applied torque on the wheel. It is also called a train wheel
structure. Examples of active wheel snake robots are GMD-Snake2 [31], Koryu-II [32]
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and ACM R4 [33] and shown in Fig. 1.8. The motion of Active treads snake robot is
like a treadmill. Continuous belt contact with the ground surface is responsible for the
motion of a robot as observed from the work of Omani Tread OT-4 [34] and JL -I [35] and
shown in Fig. 1.7. Wheel-less snake robot are the similar to snake. Examples of these
robots can be found in the work of Modsnake [36], PolyBot [37], M-Tran [38], CONRO
[39], GMD snake, Uncle Sam [40], Mamba [4] and Kulko [16]. Some of wheel-less snake
robots are shown in Fig. 1.9. The wheel-less snake robots can also be used for underwater
environments [4] by making them waterproof. The locomotion of a wheel-less snake robot
is ‘lateral undulation motion’ in most of the cases and that makes the possible motion of
snake robot in underwater environment [41].

Figure 1.6: Passive Wheel Snake Robots (a)ACM R3[27],(b) ACM R5 [28], (c) Amphibot-I[29], (d)
Amphibot-II [30]

The control of these robotic systems is an essential part of motion and to design
control scheme the mathematical model of the snake robot is required to be known. So,
in the next section, the dynamics and control approaches of the snake robot in various
environments are explained in detail.
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Figure 1.7: Active tread Snake robots (a)OT-4[34], Jl-I[35]

1.2.3 Background of the Dynamics and Control Approaches for
the Snake Robots in Various Environments

The literature review of dynamics and control approaches for the snake robot is given
in this subsection. The planar motion of the underwater snake robot has been considered
in most of the literature [41–43]. However, the vertical motion is possible in the underwa-
ter environment. Another way of getting vertical motion in an underwater environment
is the buoyancy variation technique. The vertical motion along with the horizontal mo-
tion of a snake robot can be generated by setting each actuator orthogonal [44–46] in a
land based environment. The combination of vertical and horizontal motion reflects the
3D motion of a snake robot. Li et al. [47] designed a two controller for the land-based
snake robot with desired pitch and yaw motions. However, it makes difficult to synchro-
nize vertical and horizontal motions due to instability in pitch motion in the underwater
environment. As mentioned earlier the motion of a snake robot happens in underwater
conditions because of the drag forces and added mass effect. Increment in the speed of
the snake robot can be possible using the external thrust force. Kelasidi et al. [48] used
a quasi-static foil model to thrust the tail. The thruster tail-based snake robot [49] was
experimentally verified by considering the serpentine and eel-like motions of the snake
robot for the different gait parameters. In this, the speed of the snake robot which has
a thruster at the tail, was found to be better than without a thruster. Snake robots
equipped with different numbers of thrusters [50, 51] are considered for energy efficiency
optimization. However, the detailed mathematical model of snake robot during the thrust
force along with serpentine motion, its effect on each link and controller design are not
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Figure 1.8: Active Wheel Snake robots (a)GMD snake[31], (b)Koryu-II[32], (c)ACM R4[33]

given in the literature.
The controller is an essential aspect of defining the position of the robot in the desired

position. So, this is the most important research interest for the researchers. The robot’s
position along the direction of motion is required to be tracked to a predefined value
or function [52]. There are various control techniques available for better system per-
formance such as adaptive locomotion control [53], adaptive creeping locomotion control
[54], sliding mode control [55] and neural network control [56].

Initially, the design and control of the snake robot have been investigated for land-
based applications. Sato et al. [57] described the motion propagation of the multi-link
snake robot in a land environment. Onal and Rus [42] proposed a fluidic soft robot’s au-
tonomous undulatory motion. Xiao and Murphy [58] described different types of practical
applications of a snake robot and their test bed. Lim et al. [59] validated the serpen-
tine locomotion of the robot in the various sloped environmental conditions. Liljeback et
al. [60] proposed a cascaded approach for the path following of a snake robot. The gait
pattern generation of a snake robot varies with the environmental conditions and require-
ments. The controller has to follow the stable limit cycle which consists of time-varying
body shape. There are various techniques to generate the serpentine motion of the snake
robot. The autonomous serpentine motion was generated using compressor threshold
valve [61]. Dowling [62] described multiple gait motions for limbless locomotion. Ludeke
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Figure 1.9: Wheel-less snake robots (a)Uncle Sam [40],(b)Mamba [4],(c)Kulko [16]

and Iwasaki [63] identified essential dynamics and defined the mode-shape of the natural
oscillation of a snake robot such as lateral rolling locomotion in various environments
[64, 65]. Park et al. [66] proposed RL-based controller that is trained using a proximal
policy optimisation algorithm to generate gait motion and the inverse-RL controller is
trained using an adversarial inverse reinforcement learning algorithm for damage recovery
of the gait pattern. The another approach for gait pattern generation is a central pattern
generator (CPG) which works on rhythmic neural network approach. Bing et al. [67]
proposed data-driven inversion of CPG adoption law based on backpropagation method
for robot environment interaction and robust motion control. Ijspeert and Crespi [68, 69]
studied that CPG-based controllers produce rhythmic patterns without any sensory feed-
back. Prautsch and Mita [70] controlled of the gait pattern with respect to the number of
links. Prautsch et al. [71] assumed nonholonomic velocity and nonslip wheel condition to
propose gait control of the snake robot. Sato et al. [72] described the detailed dynamic
model of a wheel-less snake robot with a gait pattern following using a PD controller
and verified it with an experimental setup. Gray [73] studied that the snake can travel
in the underwater conditions with the same serpentine gait pattern as land due to the
morphological structure. This motivation was considered to develop an underwater snake
robot [74]. Kohl et al. [43] proposed a control-oriented model for an underwater snake
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robot. Motion resistance of the snake robot in the underwater condition is higher than
land due to nonlinear drag forces, fluidic torque and added mass effect [41].

Continuing with conventional control approaches for the cluttered environmental con-
ditions is difficult. Therefore, alternative approaches are investigated for the locomotion
control of the snake robot. In a land-based snake robot, locomotion control was addressed
using virtual holonomic constraints (VHCs) [75, 76]. The VHCs enforce time-independent
(autonomous) relations for biological gait patterns on the configured robot. Rezapour et
al. [75] proposed a linear control-oriented model using VHCs. Similar VHCs approach
has been applied to biped walking robots [77, 78], which consists of a multi-link joint
mechanism. Mohammadi et al. [76] described using the singular perturbation-based con-
troller that make the controller design of the snake robot in the hierarchical synthesis in
which gait pattern generation is the lowest level and path planning is the highest level of
hierarchy. The VHCs approach was used for the underwater snake robot [79] and designed
a velocity observer for the measurement of the unknown ocean current velocity. The ben-
efit of the VHCs approach over another path-following linearised control approach [80–83]
is that controlling the head angle and velocity of the snake robot can control the entire
robot such as rail-like motion where the engine at the front and maintain the motion of
the entire train. Therefore, VHCs-based approach is used to design the motion control of
the snake robot in this thesis work. Here, the robust controller is designed for the head
link and the snake robot follows accordingly.

The sliding mode control (SMC) approach is one of the robust control approaches
widely used for mechanical systems because of its robustness toward uncertain condi-
tions [84, 85]. Mukherjee et al. [55, 86] used VHCs-based SMC and adaptive sliding
mode control (ASMC) to deal with friction uncertainty in land-based snake robots where
qualitatively chattering has been observed. Orucevic et al. [87] controlled snake robot
automatically in vortex environment.

1.2.4 Robust Control Scheme and its Applications

As it is observed from the previous section, the less literature are available in the ap-
plication of the underwater snake robot. There are very less control scheme explored in
the field of snake robot. There is scope of research to explore the various control scheme
that has been applied to different robotic application other than snake robot that can
be used in the motion control of snake robots. Therefore, in this subsection, the various
application of robust control schemes are explored. The applications of SMC scheme are
found in underactuated bio-inspired robot (U-CAT) [88] and soft robot [89]. The higher
chattering might increase the malfunctioning of the actuators. Therefore, it is necessary
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to reduce chattering for smooth trajectory tracking to complete the operation. The super
twisting sliding mode control (STSMC) can be helpful in reducing the chattering effect
[90]. The limitation of these robust control approaches is that the designer assumes uncer-
tainties during the controller design [91] which means the prior idea of the uncertainties
is required. However, it is difficult to know the uncertainties if the robot moves in un-
known environments and the controller designer uses lumped values of the uncertainties.
Therefore, it is necessary to estimate the uncertainties from the feedback responses of
the robot. Real-time estimation is possible using the neural network approach. Liu et
al. [92] used a CPG-based neural network approach to learn the locomotion of the soft
snake-like robot. The neural network requires a lot of data to estimate the exact value of
the uncertainties, which might not be possible during real-time applications due to com-
putational limitations. The estimation, learning and motion of the robot with a neural
network are difficult. Therefore, it is necessary to use such an algorithm that can esti-
mate uncertainties as fast as possible for real-time operations. The real-time estimation
with limited feedback data can be possible using the radial basis function (RBF) method
[91]. The RBF neural network is faster than other methods with better approximation
capabilities [93]. The hidden layer can make the entire problem be solved parallel by
operating each neuron separately. The improvement in the neural network approach can
be possible using the optimal control approach. The online optimization of the neural
network can be referred to as ‘Reinforcement Learning’ (RL) [94].

The applications of RL-based control techniques are found in the following literature.
Elkenawy et al. [95] proposed an actor-critic neural network-based control method and
experimentally verified it with servo motor rotation. Guo and Zhao [96] proposed an
online adaptive optimal algorithm using a self-adaptive actor-critic neural network ap-
proach. He et al. [97] used the actor-critic neural network control scheme for two-link
flexible manipulators. Sousy et al. [98] tuned STSMC control gain parameters using the
actor-critic neural network approach for permanent magnet synchronized motor drive. Li
et al. [99] used supervised RL for controlling the disturbance rejection of a high dynamic
quadrotor. Song et al. [100] used Q-Learning-based RL control for speed control of the
permanent magnet synchronous motor. The recent applications of neural network-based
SMC are approximation of uncertain robot dynamic model [101], slipping parameters
estimation of wheeled mobile robot [102], robotic manipulator [103], permanent magnet
linear synchronous motor [104] and maglev system [105]. In the case of an actuator
failure, the application of a neural network with SMC is found in fault-tolerant aircraft
control [106] and ship dynamic position stabilization [107].

To get the vertical motion in an underwater environment buoyancy variation method
is studied. In the case of the robotic systems, Woods et al. [108] used a ballast tank
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(containing water) to change depth using mass variation and simulated vertical motion.
Tiwari and Sharma [109] experimentally studied the depth variation of the spherical
object by taking the water from outside. This can be helpful for the snake robot in
underwater vertical motion using the buoyancy variation technique. Snake robot also
has horizontal motion which is serpentine motion. Hence, with the serpentine horizontal
motion and buoyancy variation based vertical motion, the snake robot can achieve the 3D
motion. The 3D motion can be controlled in two parts, i.e. horizontal motion control and
vertical motion control. The event-based control technique is helpful for vertical motion
control because it is easy to control the pumps. The event-based techniques have been
used in the field of robotics various applications [110–112]. Lunze and Lehmann [110] used
an event-based state feedback approach to generate the control signal. Abbas et al. [111]
used event-triggered adaptive control for upper-limb rehabilitation. The control input is
generated if an event condition is triggered in the event-based control method. Nath and
Bera [112] used event-based control with integral sliding mode control to redesign control
gains for the robotic manipulator. There is a need to observe the negative/ neutral/
positive buoyancy for the vertical motion of the snake robot. Therefore, the event-based
control method can be helpful for vertical motion control. PD controller can also be used
to control the water supply of the pump.

Similarly the recent studies on the thrust force allocation on other underwater vehicles
are given [113–115]. However, a detailed explanation of the force allocation due to tail
thrust on each link has not been reported in the literature. Therefore, in the present
thesis work an attempt has been made to fill this gap.

Another approach to analyze the proposed dynamics and control scheme is to verify on
the virtual platform. In which, the proposed mathematical model of dynamics and control
scheme can be verified. In the recent literature, the use of this virtual platform is found
that is discussed further. Zhang et al. [116] performed motion control of a snake using
reinforcement learning method in the coppeliasim environment. Le and Vo [117] analysed
RUU Delta robot using the SimScape environment. Modak and Krishna [118] simulated
industrial manipulator in simscape for kinematics and singularity analysis. Cosenza et al.
[119] analysed rocker-bogie suspension for robotic rover using the simscape environment.

1.3 Potential Research Gap

From the above literature studies on the controller design of the snake robot following
technical gaps are observed.

Motion control in underwater uncertainties: In land-based snake robots, fric-
tion force uncertainty is considered in the literature. However, in underwater conditions,
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in place of friction uncertainty, one may encounter uncertainty due to drag force, fluidic
torque and force due to added mass effect. It is observed from the extensive litera-
ture review no work has been carried out considering these uncertainties in underwater
applications. Hence, it is necessary to implement a robust controller for underwater ap-
plications by controlling the body shape, head angle and forward velocity. The estimation
of the uncertain dynamics using a neural network approach is also possible for the motion
control of a snake robot. This work can be extended by considering external disturbances.

Buoyancy variation techniques for the modular snake robot: Buoyancy vari-
ation can make the robot go up and down in the water body. This type of work can be
seen in AUVs and ROVs. One may extend this technique to underwater snake robots.

Snake robot with thrust force and control scheme for it: In literature, a snake
robot equipped with a thruster is given. However, the detailed dynamics and its effect on
each link is not explained in the literature. One may extend its detailed dynamics and
its control scheme for motion control of a snake robot in the underwater environment.

Tracking head angle during the actuator failure condition in the under-
water application: Arizumi et al. [22] reported the head angle tracking but for the
land-based snake robot. So, the actuator failure of the snake robot can be extended with
underwater uncertainties by designing the controller for the head of it.

1.4 Objective of the Present Work

The dynamics and control of a snake robot with nine links and eight joints actuated by
servo motors in uncertain underwater environmental conditions is attempted in this thesis.
The novelty of this work to develop mathematical model of the snake robot (leads to model
based design (MBD)) for the different motion in an uncertain underwater environment
and investigate the different control scheme which can improve the performance of it. To
achieve this objective following five studies are contributed in this work.

• The STSMC scheme is proposed for the orientation and velocity control of the head
link of a snake robot using the VHCs.

• Estimation of the uncertain dynamics using the neural network approach is pro-
posed with motion control using the ASMC scheme.

• The derivation of the mathematical model for the 3D motion of a snake robot in
an underwater environment is proposed.

• The dynamic equation of a snake robot equipped with a thruster at the tail is
derived, and the VHC-based RL-robust control scheme is proposed.
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• Motion control of a snake robot in an underwater environment with various cases
of failed actuators is proposed.

1.5 Organization of the Thesis

This thesis is organized into two main parts, each chapter addressing a particular
research problem as elaborated in the previous section. The first part of the thesis covers
the robust control techniques and deals with the uncertainties.

• Chapter 2: The super twisting sliding mode control scheme is proposed to deal
with uncertainties in the drag force and fluidic torque with minimum chattering
effect.

• Chapter 3: The adaptive RBF neural network sliding mode control is proposed
for the path following of a snake robot in the presence of the water current and
environmental uncertainties.

In the second part of the thesis, the dynamics of a snake robot is modified and the
controller is designed to deal with various environmental uncertainties.

• Chapter 4: In this chapter, the mathematical model of 3D motion of a snake robot
is proposed in the combination of the horizontal and vertical motion. In this, the
vertical and horizontal motion are controlled simultaneously to get the 3D motion
of a snake robot.

• Chapter 5: In this chapter, the mathematical model of a snake robot equipped
with the tail-thrust is derived. The reinforcement learning-based control scheme is
proposed for the motion control of a snake robot.

• Chapter 6: In this chapter, the path following of a snake robot with various
actuator failure cases are considered. The performance of a snake robot is evaluated.

• Chapter 7: This chapter concludes the research work and outlines the scope for
further research.
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2.1 Introduction

2.1 Introduction

In this chapter, the serpentine-gait motion of multi-link snake robot is studied in
the underwater environment. The motion of a snake robot is possible due to nonlinear
drag forces and fluidic torque acting on the robot in underwater environment. The water
environments have many challenges. The major challenges are considered as uncertain-
ties in drag forces and fluidic torque during the motion of a snake robot. To deal with
these uncertainties, there is a need for controller design. In this work, the sliding mode
controller is designed on the reduced order dynamical system. The reduced dynamics is
derived by using the virtual holonomic constraints (VHCs). The parameters of the gait
pattern are obtained using the sliding surface which is formulated for head link angle and
tangential velocity tracking. The super twisting sliding mode control (STSMC) approach
is proposed to deal with uncertainties and results are compared with sliding mode control
(SMC) and adaptive sliding mode control (ASMC). The results are compared in terms
of chattering indicators to check the effectiveness of the proposed control scheme.

This chapter is organized as follows. In section 2.2, the mathematical modelling of
the snake robot is studied. The proposed VHCs-based STSMC scheme and implemented
in the section 2.3. Finally, the results of the implemented control scheme are discussed
in section 2.4 and the work is summarized in section 2.5.

2.2 Mathematical Modelling of the Underwater Snake
Robot

Figure 2.1 shows the schematic diagram of a snake robot with n links and (n − 1)
joints. It has (n + 2) degree-of-freedom which can be described as n-link angles and
centre of mass (CM) position (px, py). Here, the neutral buoyant snake robot motion in a
hypothetical horizontal plane for the underwater condition is assumed. In Fig. 2.1, angle
θi is the orientation of link ‘i’ with respect to global X- axis, angle ϕi is the joint angle
between two adjacent links and the CM position of a link ‘i’ describes as (xi, yi). The
rotation matrix of ith - link body frame with respect to the global frame can be expressed
as follows.

Rglobal
ith−link =

cos θi − sin θi

sin θi cos θi

 . (2.1)

1This chapter is part of the publication: B. M. Patel and S. K. Dwivedy (2023). Virtual holonomic
constraints based super twisting sliding mode control for motion control of planar snake robot in the
uncertain underwater environment. Proceedings of the Institution of Mechanical Engineers, Part I:
Journal of Systems and Control Engineering, 237(8), 1480-1491.
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Figure 2.1: Schematic view of the snake robot

The CM position (px, py) of the snake robot can be expressed as

pxy =

px

py

 = 1
n

eT X

eT Y

 , (2.2)

where, X = [x1, · · · · · · , xn]T ∈ Rn, Y = [y1, · · · · · · , yn]T ∈ Rn and e = [1 · · · · · · 1]T , ∈
Rn. The geometric constraint of the snake robot can be described as

xi+1 − xi = l cos θi + l cos θi+1, (2.3a)
yi+1 − yi = l sin θi + l sin θi+1, (2.3b)
DX + lA cos θ = 0, (2.3c)
DY + lA sin θ = 0, (2.3d)

where, A = [I(n−1), 0(n−1,1)] + [0(n−1,1), I(n−1)] ∈ R(n−1)×n is addition matrix, sin θ =
[sin θ1, · · · · · · , sin θn]T ∈ Rn is sine vector, D = [I(n−1), 0(n−1,1)] - [0(n−1,1), I(n−1)] ∈
R(n−1)×n is subtracting matrix and cos θ = [cos θ1, · · · · · · , cos θn]T ∈ Rn is cosine vector.
By using Eq. 2.2 and Eq. 2.3, the final position of all the links can be written as

X = −lKT cos θ + epx, (2.4a)
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2.2 Mathematical Modelling of the Underwater Snake Robot

Y = −lKT sin θ + epy, (2.4b)

where, K = AT (DDT )−1D, ∈ Rn×n. The first derivative of Eq. 2.4 gives velocity and
the second derivative of Eq. 2.4 gives acceleration of the links those are given below.

Ẋ = lKT Sθθ̇ + eṗx, (2.5a)
Ẏ = −lKT Cθθ̇ + eṗy, (2.5b)
Ẍ = lKT Cθdiag(θ̇)θ̇ + lKT Sθθ̈ + ep̈x, (2.5c)
Ÿ = lKT Sθdiag(θ̇)θ̇ − lKT Cθθ̈ + ep̈y, (2.5d)

where, Sθ = diag(sin θ) ∈ Rn×n, Cθ = diag(cos θ) ∈ Rn×n and θ = [θ1........θn]T ∈ Rn.
The relative tangential velocity (vt,r) and normal velocity (vn,r) of the snake robot head
link can be given as vt,r

vn,r

 = RT
θn

(ṗxy − vc) . (2.6)

where, vc = [vcx, vcy]T and Rθn is head link rotational matrix. vcx and vcy are the water
current velocity in X and Y direction, respectively and ṗxy is the velocity of the center
of mass. It may be noted that in the global X-Y frame the velocity of CG of each link
should be same as CG of snake robot to avoid the separation of joints.
The free-body diagram of the link ‘i’ is shown in Fig. 2.2. The snake robot has an
undulatory movement of the links with phase angle delay. Due to the undulatory motion
of the links, they interact with the water environment which creates linear and nonlinear
drag forces, fluid torque and added mass effect to generate propulsion. The assumption
has been taken in this chapter for deriving the dynamical equation is that added mass effect
is negligible for slowly moving underwater vehicle [120] and especially for the bio-inspired
robot [121]. The force balance equation is given for a link ‘i’ as

mẍi = fx,i + hx,i − hx,i−1,

mÿi = fy,i + hy,i − hy,i−1,
(2.7)

where, (fx,i, fy,i) are the drag forces acting on the link ‘i’, (hx,i, hy,i) are the joint con-
straints between link ‘i’ and ‘i + 1’, (hx,i−1, hy,i−1) is the joint constraint between link
‘i − 1’ and ‘i’ as shown in Fig. 2.2. The moment balance equation of link ‘i’ can be given
below.

Jθ̈i = ui − ui−1 − l sin θi(hx,i + hx,i−1) + l cos θi(hy,i + hy,i−1) + τi. (2.8)

where J is the mass moment of inertia of link ‘i’, ui is the actuator torque between link
‘i’ and ‘i+1’, ui−1 is the actuator torque between link ‘i−1’ and ‘i’, τi = −λ1θ̇i −λ2θ̇

2
i , in
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Figure 2.2: Forces on a link ‘i’

which λ1 and λ2 are the linear and nonlinear rotational damping parameters, respectively
[41]. The Eqs. 2.7- 2.8 can be extended for the whole body of the snake robot as follows.

mẌ = fd,x + DT hx, (2.9a)
mŸ = fd,y + DT hy, (2.9b)

JInθ̈ = DT u − lSθAT hx + lCθAT hy + τ , (2.9c)

where, u = [u1, · · · · · · , un−1]T , fd,x = [fx,1, · · · · · · , fx,n]T , fd,y = [fy,1, · · · · · · , fy,n]T , hx =
[hx,1, · · · · · · , hx,n]T , hy = [hy,1, · · · · · · , hy,n]T , τ = [τ1, · · · · · · , τn]T . The robot changes
position during its motion. So, the acceleration of CM position can be obtained using
Eq. 2.9a- 2.9b as follows.

p̈xy = 1
n

eT Ẍ

eT Ÿ

 = 1
nm

ET fd, (2.10)

where, eT DT = 0, fd = [fd,x, fd,y]T , E =

 e 0(n,1)

0(n,1) e

 ∈ R2n×n. The equations of motion

of the multi-link snake robot are given by substituting Eq. 2.5 in Eqs. 2.9- 2.10 as follow.

Mθθ̈ + Wθθ̇2 + Λ1θ̇ + Λ2diag(|θ̇|)θ̇ − lSCT
θ fd = DT u, (2.11a)
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p̈xy = 1
nm

ET fd. (2.11b)

where,

Mθ = JIn + ml2SθVSθ + ml2CθVCθ,

Wθ = ml2SθVCθ − ml2CθVSθ,

V = AT (DDT )−1A, ∈ Rn×n,

Λ1 = λ1In, Λ2 = λ2In,

fd = fLd + fNLd,

fLd = lQθSCθθ̇ + QθEvr, where vr = ṗxy − vc,

fNLd = −

ctCθ −cnSθ

ctSθ cnCθ

 diag

abs

Vrx

Vry



Vrx

Vry

 ,

Vrx

Vry

 =

 Cθ Sθ

−Sθ Cθ


Ẋ − Vx

Ẏ − Vy

 ,

SCθ =

 KT Sθ

−KT Cθ

 , ∈ R2n×n

Qθ = −

ct(Cθ)2 + cn(Sθ)2 (ct − cn)SθCθ

(ct − cn)SθCθ ct(Sθ)2 + cn(Cθ)2

 ,

Vx = evcx, Vy = evcy,

In =



1
. . .

. . .

1


, ∈ Rn×n.

where, ct and cn are the tangential and normal drag force parameters, respectively. The
nonlinear drag force (fNLd) and fluidic torque (τ ) terms differentiate the nature of Eq.
2.11 from the dynamical equation of land-based snake robot as given in [55, 79].

2.3 Controller Design

In this work, the closed-loop control scheme is applied by using the virtual holonomic
constraints (VHCs). The VHCs enforce time-independent (autonomous) relations for
biological gait patterns on the configured robot. The control objective is to achieve a
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serpentine body shape to generate propulsive motion on the desired trajectory. It is
achieved by using the following two tasks.

• The virtual holonomic constraints (VHCs) are made to regulate body shape of the
snake robot.

• The proposed control scheme is design to track the head angle (θn) and relative
tangential velocity (vt,r) in the global frame with minimum chattering of a snake
robot.

2.3.1 Biological Gait Pattern Generation using VHCs

Lateral undulation motion is the most common gait pattern of the snake robot for
both on land and in the water environments. The equation of gait pattern generation
can be given as follows [41].

ϕi,ref (t) = α sin(ωt + (i − 1)β) + ϕ0(t), (2.12)

In this, the parameter ω is joint frequency and t is time. The parameters ωt is replaced
by a variable γ. In present case, the offset angle ϕ0 affects all the joints unlike in [55,
86] where it affects only to the head link of a snake robot and the joint equation can be
written as follows [57].

ϕi,ref (t) = α sin(γ(t) + (i − 1)β) + ϕ0(t), (2.13)

where i ∈ [1, · · · , n − 1], α is the amplitude of the joint angle (rad), γ(t) is the input
angle (rad), β (rad) is the phase angle between adjacent joint, ϕ0 (rad) is the offset angle
which makes possible to turn of the robot. The orientation and velocity control of the
robot can be performed by adjusting these parameters. In this work, α and δ are kept
constant positive values. The evaluation compensator of the state (γ and ϕ0) is described
below.

γ̈(t) = uγ(t), ϕ̈0(t) = uϕ0(t). (2.14)

The VHCs enforce an autonomous (time-independent) relation with involving configura-
tion variables (γ, ϕ0) which does not exist in a mechanical system but enforce via feedback.
So, VHCs can be defined as “a relation specifying n − 1 configuration variables in terms
of a single angular configuration variable” [122]. So, the stabilize relation of VHCs can
be written for n generalized coordinates and n − 1 inputs as follows from Eq.2.13 by
considering relation of ϕi = θi − θi+1.

θi − θi+1 = α sin(γ + (i − 1)β) + ϕ0. (2.15)
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Let Φi(γ) = α sin(γ + (i − 1)β). Therefore, the Φ(γ) = [Φ1, Φ2, · · · , Φn−1]T . Using the
Eq. 2.15 θ can be expressed as

θ = eθn + HΦ(γ) + Hbϕ0, (2.16)

where, b = [1, · · · · · · , n − 1]T ∈ Rn−1, H =



1 1 · · · 1

0 1 · · · 1

· · · · · ·

0 0 · · · 1

0 0 · · · 0


∈ Rn×(n−1). The VHCs

from the above can be expressed by following [76] as

g(γ, ϕ0, θ) = Dθ − Φ(γ) − bϕ0 = 0. (2.17)

g(γ, ϕ0, θ) is an error output function for the system Eq. 2.11 with compensator Eq. 2.14
and it is needed to be zero. In most of the snake robot, servo motors are used which has
in built PID controller. Therefore, the the torque equation can be written as follows.

u = − kpg(γ, ϕ0, θ) − kdġ(γ, ϕ0, θ)γ̇ϕ̇0θ̇ − ki

∫
g(γ, ϕ0, θ)dt, (2.18)

where, kp, kd, ki are positive gain parameters. On the satisfaction of the VHCs, the
reduced dynamical system corresponding to manifold can be written by substituting
Eq.2.16 in Eq.2.11.

θ̈n = Υ1 + Υ2uγ + Υ3uϕ0 , (2.19a)
p̈xy = Υ4vr + Υ5θ̇n + Υ6γ̇ + Υ7ϕ̇0 + Υ8. (2.19b)

where,

Υ1 = −eT MθHΦ̈(γ)γ̇2

eT Mθe
− eT

eT Mθe
{Wθθ̇

2 + Λ1θ̇ + Λ2|θ̇|θ̇ − lSCT
θ fd},

Υ2 = −eT MθHΦ̇(γ)
eT Mθe

,

Υ3 = −eT MθHb
eT Mθe

,

Υ4 = 1
nm

ET QθE,

Υ5 = l

nm
ET QθSCθe,

Υ6 = l

nm
ET QθSCθHΦ̇(γ),
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Υ7 = l

nm
ET QθSCθHb,

Υ8 = 1
nm

ET FNLd.

It is noted that reduced dynamical equation does not have control input term. This form
is used for the designing of the control law. In the next subsection, the STSMC scheme
is proposed for the motion control of a snake robot.

2.3.2 Super Twisting Sliding Mode Control

The nominal and uncertain part (ˆ over the cap) of Eq. 2.19 can be separated and
written as follows.

θ̈n = Υ̂1 + Υ2uγ + Υ3uϕ0 + Υ̃θn , (2.20a)
p̈xy = Υ̂4vr + Υ̂5θ̇n + Υ̂6γ̇ + Υ̂7ϕ̇0 + Υ̂8 + Υ̃p, (2.20b)

where, Υ̃θn and Υ̃p represents the lumped uncertainties and disturbances in the head
angle and position due different environmental condition. Mathematical representation
of the head-link orientation (θn) and tangential velocity (vt) tracking are given below.

θn → θref , vt,r → vref .

The error function of the head angle and tangential velocity can be written as

θ̃n = θn − θref , ṽt,r = vt,r − vref

and error dynamics can be written as

¨̃θn = Υ̂1 − θ̈ref + Υ2uγ + Υ3uϕ0 + Υ̃θn , (2.21a)
˙̃vt,r = uT

θn
Υ̂4uθnvt,r + uT

θn
Υ̂4vθnvn,r + θ̇nvn,r + uT

θn
Υ̂5θ̇n + uT

θn
Υ̂6γ̇

+ uT
θn

Υ̂7ϕ̇0 + uT
θn

Υ̂8 + uT
θn

Υ̃p − v̇ref ,
(2.21b)

v̇n,r = vT
θn

Υ̂4uθnvt,r + vT
θn

Υ̂4vθnvn,r − θ̇nvn,r + vT
θn

Υ̂5θ̇n + vT
θn

Υ̂6γ̇

+ vT
θn

Υ̂7ϕ̇0 + vT
θn

Υ̂8 + vT
θn

Υ̃p,
(2.21c)

γ̈ = uγ, (2.21d)
ϕ̈0 = uϕ0 , (2.21e)

where, uθ = [cos θn, sin θn]T and vθ = [− sin θn, cos θn]T . The state vector can be written
as ξ̄ = [θ̃n, ˙̃θn, ṽt,r, vn,r, γ, γ̇, ϕ0, ϕ̇0]T .
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The sliding surface is selected using reduced ordered dynamical system [123] as follows.

σ(ξ̄) =

σ1(ξ̄)

σ2(ξ̄)

 =

 ˙̃θn + knθ̃n

γ̇ + kvṽt,r

 (2.22)

where, kn, kv > 0 are the design parameters. The derivative of the sliding surface is given
in the following equation.

σ̇1(ξ̄) = ¨̃θn + kn
˙̃θn, (2.23a)

σ̇2(ξ̄) = γ̈ + kv
˙̃vt,r. (2.23b)

Therefore, Eq.2.23 can be rewritten by substituting Eqs. 2.21a-2.21b as follows.

σ̇1(ξ̄) = Υ̂1 − θ̈ref + θ̈ref + Υ2uγ + Υ3uϕ0 + kn
˙̃θn + Υ̃θn , (2.24a)

σ̇2(ξ̄) = uγ + kv(uT
θn

Υ̂4uθnvt,r + uT
θn

Υ̂4vθnvn,r + θ̇nvn,r + uT
θn

Υ̂5θ̇n

+ uT
θn

Υ̂6γ̇ + uT
θn

Υ̂7ϕ̇0 + uT
θn

Υ̂8 − v̇ref ) + uT
θn

Υ̃p.
(2.24b)

Now, Eq. 2.24 can be written in the simplified form as follows.

σ̇(ξ̄) = fσ + gσuσ + f̄σ, (2.25)

where,

fσ =

R1

R2

 , gσ =

Υ2 Υ3

1 0

 , uσ =

 uγ

uϕ0

 , f̄σ =

 Υ̃θn

uT
θn

Υ̃p

 .

R1 = Υ̂1 − θ̈ref + kn
˙̃θn,

R2 = kv(uT
θn

Υ̂4uθnvt,r + uT
θn

Υ̂4vθnvn,r + θ̇nvn,r + uT
θn

Υ̂5θ̇n + uT
θn

Υ̂6γ̇ + uT
θn

Υ̂7ϕ̇0

+ uT
θn

Υ̂8 − v̇ref ).

The assumption is considered that the upper bound on the uncertainty in a system are
known priori and represented as ∥ f̄σ ∥≤ Ω. The control law can be described in two parts
as mentioned in [55]. The first part is ‘equivalent control’ law which stabilizes system
on sliding surface in the absence of external disturbances [85]. The second part ensures
the finite time reachability [124]. It is called ‘switching control’ law. In most of the
control approaches, the switching control law is responsible for chattering in the system.
Therefore, it is important to choose suitable switching law. The equivalent control law
for the given sliding surface can be derived by equating σ̇(ξ̄) = f̄σ = 0 and represented
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2. Motion Control of the Planar Snake Robot using the VHCs based STSMC

as
ueq = −g−1

σ fσ. (2.26)

The switching control law is given as below.

usw = − g−1
σ

(
k1sgn(σ)∥σ∥

1
2 + k2σ∥σ∥

3
2 +

∫ t

0
k3sgn(σ) dt

)
(2.27)

where, k1, k2 and k3 are the controller design parameters. The final uσ would be using
the equivalent control law (ueq) and switching control law (usw) as follows.

uσ = ueq + usw (2.28)

Underwater

Snake Robot

 Dynamics

Body Shape 

controller

Super- Twisting

Sliding Mode

Control

Reference 

head angle

and velocity

Figure 2.3: Block diagram of the control law

The block diagram of the controller implementation is shown in Fig. 2.3. Stability
of the snake robot dynamics using proposed control scheme is given by the Lyapunov
stability analysis.

2.3.3 Lyapunov Stability

The Lyapunov function is considered as below.

V = 1
2σT σ (2.29)

The derivative of Eq. 2.29 and substitute Eq. 2.26-2.27 in that the Lyapunov function
becomes as shown following.

V̇ = σT σ̇

= σ
(
fσ + gσuσ + f̄σ

)
= σ

(
− k1sgn(σ)∥σ∥

1
2 − k2σ∥σ∥

3
2 −

∫ t

0
k3sgn(σ)dt + f̄σ

)
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2.4 Results and Discussion

≤ −k1∥σ∥
3
2 − k2∥σ∥

7
2 − ∥σ∥

∫ t

0
k3dt + ∥σ∥∥f̄σ∥

By considering the assumption∥f̄σ∥ ≤ Ω ≤ δ̇, the equation
can be modified as

≤ −k1∥σ∥
3
2 − k2∥σ∥

7
2 − ∥σ∥

∫ t

0
k3dt + ∥σ∥

∫ t

0
δ̇dt

≤ −k1∥σ∥
3
2 − k2∥σ∥

7
2 −

(
∥σ∥

∫ t

0
k3dt − ∥σ∥

∫ t

0
δ̇dt

)
≤ 0 (∵ k3 > Ω)

Hence, Lyapunov stability has been proven by considered k1, k2, k3 > 0.

2.3.4 Existing Control Schemes

The proposed control scheme is compared with the existing control schemes which
were used in land based snake robot. Here, the existing control approaches are given.
The switching law of the sliding mode control (SMC) can be expressed as per [85].

usw = −ηg−1
σ sgn(σ), (2.30)

where, design parameter η > 0.
The adaptive law for switching gain by following [125] for the ASMC is described as
follows.

η̇ =

 η̄ ∥ σ ∥ sgn(∥ σ ∥ −ϵ) if η > µ

µ if η ≤ µ
(2.31)

2.4 Results and Discussion

The mass m = 0.9047 kg and length 2l = 0.18 m of each link with radius of r = 0.04
m of the snake robot are considered for the numerical simulation and this makes snake
robot neutral buoyant in underwater environment. The CAD model of a snake robot is
shown in Fig. 2.4.

The snake robot moves in various environments such as a lake, pond, river, etc. Many
impurities are present in this water. It directly reflects in drag forces and fluidic torque
while the motion of any object in these water bodies. It is difficult to find out exact
nature of drag parameters (ct, cn) and rotational damping parameters (λ1, λ2) for the
snake robot using conventional formulae [41]. Hence, the overall uncertainty in these
parameters is considered a problem for the manoeuvring control of the snake robot in
the water environment. The friction uncertainties were considered for the land based
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Figure 2.4: CAD model of the snake robot

snake robot similarly [55]. Here, the time-varying uncertainties with random variation
are considered. The following equations are derived using curve fitting tool from the
graphical representation (shown in Fig. 2.5) of the uncertainties.
For t ≤ t1,

ct = 12.02 sin(0.0066t + 0.2329) + 22.8 sin(0.0114t + 2.339)
+ 17 sin(0.0126t + 5.231) + 0.5rand(1),

cn = 14.554 sin(0.0018t + 1.28) + 0.863 sin(0.0170t − 1.833)) + 0.5rand(1),
λ1 = 0.0268 sin(0.0048t − 0.0678) + 0.012 sin(0.0076t + 2.115) + 0.5rand(1),

λ2 = 1.165 × 10−3 sin(0.0061t − 0.60) + 6.77 × 10−4 sin(0.0087t + 1.56)
+ 1.13 × 10−5 sin(0.0276t + 3.09) + 0.25rand(1),

and for more than t > t1,

ct = 4.101, cn = 16.36, λ1 = 0.5, λ2 = 0.25.

These time depending uncertainties are considered for the snake robot dynamics in Eq.
2.11. However, in the controller formulation the nominal values (ĉt, ĉn, λ̂1, λ̂2) of these
uncertain parameters are considered. The graphical representation of the uncertain pa-
rameters is shown in Fig. 2.5.

The sliding surface parameters (kn, kv) and estimated values of the uncertainties
(ĉt, ĉn, λ̂1, λ̂2) are kept same for the comparative performance study as shown in Table-
2.1. The switching controller parameters are shown in Table- 2.2. As per the Lyapunov
stability analysis, the η and k3 look a like same term on the estimation lumped distur-
bance and uncertainties. Therefore, both are kept same for the simulation analysis. The
other parameters of the PID controller and reference inputs are shown Table- 2.3.
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Figure 2.5: Uncertainty in the dynamical system

Table 2.1: Sliding surface and nominal parameters

Symbol kn kv ĉt ĉn λ̂1 λ̂2 t1

Value 10 12.5 9 22.5 2.5 2 350

Table 2.2: Switching controller parameters

Switching control law Parameters
STSMC k1 = 10, k2 = 10, k3 = 12
SMC η = 12
ASMC µ = 0.5, ϵ = 4ηTe, Te = 0.0021

Table 2.3: Parameters of Reference input and PID controller

kp kd ki vcx vcy θref vref α β

20 5 10 0 0 −π
4 0.05 30π

180
50π
180
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Figure 2.6: Centre of mass position of the robot
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Figure 2.11: Error in tangential velocity
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Figure 2.12: (a to h) Torque on each joint, (i) Norm of the torque

The marginal increment of error in velocity has been observed due to this the robot
covered marginal less distance using proposed controller as shown in Fig. 2.6. The head
angle tracking error with time is shown in Fig. 2.7 for SMC, ASMC and STSMC. Here,
the error and chattering in response seem improved using the STSMC. The chattering
effect of sliding surfaces are reduced by using STSMC compare to SMC and ASMC that
can be seen in the Fig. 2.8. The variation in offset angle ϕ0 with time is important
parameter to guide the direction of robot which is also output function of the sliding
surface that is shown in Fig. 2.9. In this, using three different SMC schemes, though the
amplitude is found to be same, some phase difference is observed. Another output of the
robust control scheme is the input frequency that decide the joint speed of the robot. The
significant reduction in chattering is observed using the STSMC as shown in Fig. 2.10.
In Fig. 2.11, the error in tangential velocity is described. The significant improvement in
chattering effect is observed which is more important. Figure 2.12 (a:h) shows variation
of torque with time for each joint torque and Fig. 2.12i shows the norm of all torques.
From this figure, the significant reduction in chattering is observed by using proposed

37
TH-3589_206103018
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STSMC.
The quantification of chattering indicator is explained in the next subsection. This

quantification helps to identify the comparatively better controller for the snake robot
motion in uncertain underwater environment.

2.4.1 Chattering Indicator

The chattering indicator (CI) can be defined [126] for variable of S for given time T

as follows.

CI = 1√
T

√√√√ T∑
i=1

(Ṡi)2. (2.32)

Table 2.4: Chattering Indicator

Parameters (S) SMC ASMC STSMC
θ̃n 0.0327 0.0178 0.0053
ṽt,r 0.0120 0.0084 0.0073
γ̇ 12.1390 6.0243 0.7090
σ1 4.9728 2.6044 0.4786
σ2 12.1056 6.0073 0.7104
u1 13.3560 7.4766 4.0772
u2 27.9723 14.3942 4.8397
u3 31.3792 15.6058 3.5364
u4 26.7821 12.9759 2.3956
u5 19.4693 9.6271 2.3602
u6 17.2201 8.7977 1.9966
u7 18.1239 9.0399 1.6692
u8 9.9172 4.9351 1.1970

∥u∥ 46.0283 22.9916 5.2887

This quantification of the CI rationalise the effectiveness of proposed control method.
The significant performance improvement in chattering effect has been observed by using
STSMC as shown in Table- 2.4. A very less chattering effect can be seen on sliding
surface using proposed STSMC algorithm which makes system performance very robust
and helps to get high accuracy operation tasks in uncertain environment.
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2.5 Summary

In this chapter, the super twisting sliding mode control is used for tracking the head
link angle and the tangential velocity of a snake robot in the uncertain underwater en-
vironment for given reference input. The uncertainties are considered in terms of drag
force and fluidic torque. The body shape is stabilized using VHCs feedback law. The
STSMC is compared with SMC and ASMC. The effectiveness of proposed control method
has been calculated by chattering indicator. Almost chattering free response has been
observed using the STSMC as per quantitative results of the proposed controller. The
performance of STSMC is observed to be better than SMC and ASMC.
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3.1 Introduction

3.1 Introduction

In this chapter, the adaptive radial basis function neural network sliding mode con-
trol (RBF-NN SMC) is proposed for the motion control of the underwater snake robot by
estimating uncertain environments. Generally, a SMC scheme is designed with lumped
uncertainties and disturbances to deal with uncertain environmental conditions as men-
tioned in the chapter 2. In this chapter, the environmental uncertainties are estimated
using RBF-NN. It estimates the system dynamics by using the state feedback of the
system without prior knowledge of the uncertainties. The Lyapunov stability analysis
is performed to identify the controller design parameters that stabilise the dynamical
system. The effectiveness of the proposed control method results in a reduction in the
chattering effect and error response compared to the existing adaptive SMC method.
Moreover, the water current velocity and its estimator is considered in this work where
the snake robot follows the reference path. The motion dynamics equations of the snake
robot is same as mention in the chapter 2. Therefore, it is not explained in this chapter.

This chapter is organized as follows. The designing of adptive RBF sliding mode
control scheme is explained in the section 3.2. The results are discussed in the section
3.3 and chapter is summarized in the section 3.4.

3.2 Controller Design

The controller is designed same as VHCs based approach based on the reduced ordered
dynamics. The error function is same as in the chapter 2. Here, the same sliding surface
is designed with same uncertainties considered in the previous chapter. The application
of the RBF-NN with SMC and its results differentiate this chapter from the chapter 2.
The procedure of a controller design is described as follows.

3.2.1 Simplified Sliding Surface

The sliding surface consists of the error in terms of states. The sliding surface is
selected using a reduced ordered dynamical system [123] as follows.

σ(ξ̄) =

σ1(ξ̄)

σ2(ξ̄)

 =

 ˙̃θn + knθ̃n

γ̇ + kvṽt,r

 (3.1)

2This chapter is part of publication: B. M. Patel, J. Narayan & S. K. Dwivedy (2024). Manoeuvring
planar snake robot in uncertain underwater condition using adaptive neural network sliding mode control.
International Journal of Dynamics and Control, 1-19.
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where, kn, kv > 0 are the design parameters. The derivative of the Eq: 3.1 is used to
obtain the reaching law for sliding surface as following equation.

σ̇1(ξ̄) = ¨̃θn + kn
˙̃θn, (3.2a)

σ̇2(ξ̄) = γ̈ + kv
˙̃vt,r. (3.2b)

Therefore, Eq. 3.2 can be written as

σ̇1(ξ̄) = Υ̂1 − θ̈ref + Υ2uγ + Υ3uϕ0 + kn
˙̃θn + Υ̃θn , (3.3a)

σ̇2(ξ̄) = uγ + kv(uT
θn

Υ̂4uθnvt,r + uT
θn

Υ̂4vθnvn,r + θ̇nvn,r + uT
θn

Υ̂5θ̇n

+ uT
θn

Υ̂6γ̇ + uT
θn

Υ̂7ϕ̇0 + uT
θn

Υ̂8 − v̇ref ) + uT
θn

Υ̃p.
(3.3b)

Now, Eq. 3.3 can be represented in the simplified form as

σ̇(ξ̄) = f̂σ + fe + gσuσ + f̄σ, (3.4)

where,

f̂σ =

R1

R2

 , fe =

−θ̈ref + kn
˙̃θn

−kvv̇ref

 , gσ =

Υ2 Υ3

1 0

 ,

uσ =

 uγ

uϕ0

 , f̄σ =

 Υ̃θn

uT
θn

Υ̃p

 .

R1 = Υ̂1,

R2 = kv(uT
θn

Υ̂4uθnvt,r + uT
θn

Υ̂4vθnvn,r + θ̇nvn,r + uT
θn

Υ̂5θ̇n + uT
θn

Υ̂6γ̇

+ uT
θn

Υ̂7ϕ̇0 + uT
θn

Υ̂8).

As shown in Eq. 3.4, the uncertain value f̂σ is to be estimated using RBF neural network
method.

3.2.1.1 Adaptive RBF Neural Network

The uncertainties in model dynamics are estimated using the radial basis function
neural network (RBF-NN). The neural network inputs are decided based on the link-
angle angular position and velocity, CM position and velocity of the snake robot. The
feedback parameters are measured by the sensors. The modification in the RBF neural
network algorithm is done based on the coupled dynamical sliding surface which make
the weights of the neural network adaptive in nature. The mathematical expression of
the Gaussian based activation function (hj) RBF method for input ζ = [θ, θ̇, pxy, ṗxy] is
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given in Eq. 3.5. The neural network is designed such that the information required to
estimate uncertain parameters could be sufficient.

hj = exp

(
−∥(ζT

j − C(:, j))∥2

2b2

)
(3.5)

The uncertain parameters are obtained by the following equation.

f̂σ = [W1, W2]T h (3.6)

where, C(:, j), b and [W1, W2]T are centre vector, width and weights, respectively. These
parameters are made adaptive based on the sliding surface and the input. The adaption
law is decided based on the sliding surface of the coupled dynamical system as shown
in Eq. 3.4. The neural network block diagram is shown in Fig. 3.1. This adaption
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Figure 3.1: RBF neural network diagram

algorithm for the given parameters is explained in the Algorithm 3.1. The reason behind

Algorithm 3.1 Neural Network Algorithm
1: for j = 1:9 do
2: n = j + 9
3: ζnew =

[
ζ([j, n], pxy, ṗxy)

]T
▷ Input of the neural network

4: C(:, j)new = C(:, j)old + ∥σ∥(ζnew − C(:, j)old) ▷ Center-line adaption
5: b = max(abs(ζnew−C(:,j)new))√

6 ▷ Width of the distribution

6: h(j) = exp
(

−∥ζnew−C(:,j)new∥2

2b2

)
▷ Gaussian activation function

7: end for
8: Cold = Cnew

the adaptation of the centre vector C(:, j) and width (bj) of the Gaussian function is that
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one can not define precisely the centre vector for the feedback data in a mobile robot.
The feedback results may vary due to environmental uncertainties, which may change the
width of the feedback data. Therefore, the continuous update in the centre vector and
width of data may give better results. The adaption law for the weight matrix for the
coupled equation is proposed in the following equation.Ẇ1

Ẇ2

 = P1σhT + P2∥σ∥
4
3 σhT , (3.7)

where, P1 and P2 are the controller parameters. The proposed neural network parameters
and weight adaption method help better estimate uncertain parameters. The weight
adaption law is designed based on the sliding surface which consists of the robot dynamics
in terms of the error. As the sliding surface goes to zero, the system becomes stable and
weights become constant by integrating the weight adaption law. The estimated (f̂σ) is
inputted to the ASMC scheme.

3.2.1.2 Adaptive Sliding Mode Control

As discussed in the chapter 2, the SMC scheme can be expressed in two parts i.e.
equivalent control law (ueq) and switching control law (usw) as per [85]. The equivalent
control law for the given sliding surface can be derived by equating σ̇(ξ̄) = f̄σ = 0 and
represented as

ueq = −g−1
σ (f̂σ + fe). (3.8)

The switch control law for the ASMC scheme is given below.

usw = −ηg−1
σ sgn(σ), (3.9)

the adaptive law for switching gain [86] is

η̇ =

 η1 ∥ σ ∥ sgn(∥ σ ∥ −ϵ) if η > µ̄

µ̄ if η ≤ µ̄
(3.10)

η1, ϵ are the adaptive gain and estimated error in the adaption of the gain respectively.
Therefore, the output of SMC is expressed as follows.

uσ = ueq + usw (3.11)

The results of the proposed control scheme (RBF-NN SMC) is compared with the ASMC
scheme where the uncertainties are considered in as the lumped value in the controller
design. The snake robot follows the reference trajectory that online reference trajectory
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generation during water current is given in further.

3.2.2 Reference Trajectory Generation

The reference trajectory can be generated by observing the current velocity of the
water condition. The current water observer is briefly described in Eq. 3.12. More detail
can be found in [79].

Rθ = [uθ, vθ] (3.12a)
vrel = [vt,r, vn,r]T (3.12b)

q̇ = −kq − k2pxy − kRθvrel (3.12c)
v̄c = q + kpxy (3.12d)

where v̄c is an estimated current velocity of the water and k is a parameter. Using the
Eq. 3.12 the reference head angle (θref ) and reference velocity (vref ) are to be calculated
for the different geometry of the path following.

µ0 = − ∇h(p)T

∥∇h(p)∥2 (kth(p) + khρ) + v

∥∇h(p)∥

 0 1

−1 0

∇h(p)′ (3.13a)

µ = vµ0

(∥µ0∥
− v̄c (3.13b)

ρ̇ = h(p) (3.13c)
θref = arctan2(µy, µx) (3.13d)
vref = ∥µ∥, (3.13e)

where, v, h(p) denote the desired velocity and path respectively. kt, kh are the design
parameters.

3.2.3 Control Law Implementation

The block diagram of the RBF neural network sliding mode control implementation
is shown in Fig. 3.2. The reference head angle is generated by the current observer and
uncertainties are estimated using the RBF neural network method. This block diagram
explains how the adaptive RBF-NN SMC is implemented on the underwater snake robot.
After design of the control scheme there is need to check the stability of the dynamic
system. Therefore, the Lyapunov stability analysis of the proposed RBF-NN SMC is
described in the next subsection.
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Underwater
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Figure 3.2: Block diagram of the control law

3.2.4 Lyapunov Stability Analysis

Consider the ideal neural network weight W∗ for actual fσ such as

fσ = W∗T h.

Therefore, the error function is formulated as f̃ = fσ − f̂σ and f̃ = W̃T h, where, W̃ =
W∗−Ŵ and W∗ > Ŵ. Substituting this error function in Eq. 3.4, the equation becomes

σ̇(ξ̄) = fσ − f̂σ + fe + gσuσ + f̄σ (3.14)

The η̃ = η∗ − η is chosen such that η∗ > η for the adaptive sliding mode control. The
Lyapunov candidate is chosen as described below.

V = 1
2σT σ + 1

2P1
W̃T W̃ + 1

2 η̃2

V̇ = σT σ̇ − W̃T ˙̂W − η̃η̇

substitute Eqs. 3.7, 3.8, 3.9, 3.14

= σT
(
f̃ − ηsgn(σ) + f̄σ

)
− 1

P1
W̃T

(
P1σhT + P2∥σ∥

4
3 σhT

)
− η̃η1∥σ∥sgn (∥σ∥ − ϵ)

= σT
(
W̃T h − ηsgn(σ) + f̄σ

)
− 1

P1
W̃T

(
P1σhT + P2∥σ∥

4
3 σhT

)
− η̃η1∥σ∥sgn (∥σ∥ − ϵ)

≤ ∥σT ∥
(
W̃T h − ηsgn(σ) + ∥f̄σ∥

)
− 1

P1
W̃T

(
P1∥σ∥hT + P2∥σ∥

7
3 hT

)
− η̃η1∥σ∥sgn (∥σ∥ − ϵ)
adding and subtracting η∗∥σ∥
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≤ −
(
η∗ − ∥f̄σ∥

)
∥σ∥ − P2

P1
W̃T ∥σ∥

7
3 hT + (η∗ − η)∥σ∥ − η̃η1∥σ∥sgn (∥σ∥ − ϵ)

≤ −
(
η∗ − ∥f̄σ∥

)
∥σ∥ − P2

P1
W̃T ∥σ∥

7
3 hT + η̃∥σ∥ (1 − η1sgn (∥σ∥ − ϵ)) .

For η∗ > ∥f̄σ∥, P1, P2 > 0, the V̇ < 0 and as per the adaptive RBF algorithm h > 0. This
Lyapunov stability decides the parameter η1 such that it must be η1 ≥ 1 otherwise the
system might be unstable. In the term sgn (∥σ∥ − ϵ), ∥σ∥ > ϵ. If ∥σ∥ < ϵ, there might
be a chance of instability in the dynamical system. If ∥σ∥ >> ϵ satisfies the Lyapunov
stability condition, this may lose the robustness of the controller. Therefore, ϵ is chosen
as ϵ = 4ηTe (where Te is the maximum step size of the solver) by following [125]. So, the
dynamical system of the snake robot becomes stable for the proposed control method.
Therefore, the parameters (P1, P2, η1) are to be chosen such that the Lyapunov stability
condition could be satisfied.

3.3 Results and Discussion

The snake robot having mass (m = 0.9047kg) and length (2l = 0.18m) of each
link are considered for the numerical simulation. The drag coefficients and fluidic torque
parameters of the water are determined by its impurities, which can result in uncertainties
in these values. These uncertainties are accounted for in the parameters of the drag
forces (ct, cn) and fluidic torque (λ1, λ2), same as chapter 2. Moreover, the water current
vc,x = −0.01 m/s and vc,y = −0.01 m/s are considered in X-Y direction, respectively.

The controller parameters are given in Table 3.1. The parameters for the reference
trajectory generation during the water current velocity are given in Table 3.2. The sine
wave path-following of the snake robot is considered to verify the proposed control. The
desired path function is decided as h(p) = py − 0.8 sin(πpx

3 ).

Table 3.1: RBF neural network parameters

P1 P2 kn kv η1 kp kd ki µ̄ Te

5 2 10 16 1.2 20 5 10 3 0.0021

Table 3.2: Reference trajectory generation parameters

k kt kh α β

1 0.25 0.002 30π
180 rad 50π

180 rad

The results of proposed adaptive RBF neural network sliding mode control (RBF-NN
SMC) are compared with the existing adaptive sliding mode control (ASMC) [86] to check
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the robustness of the proposed control scheme. The nominal parameters for the controller
design of ASMC are taken (ĉt = 6.5, ĉn = 17.5, λ̂1 = 1.5, λ̂2 = 0.5). It is noted that these
nominal parameters are not used for the RBF-NN SMC. Figure 3.3 shows the error in
head angle tracking of reference head angle generated by the Eq. 3.13. The performance
of the proposed control method is found to be better than the ASMC method to track
the head angle. This can be observed in the sliding surface shown in Fig. 3.4.
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Figure 3.3: Error in head angle
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Figure 3.4: Sliding surface
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Figure 3.5: Offset angle

The chattering is observed to be less than ASMC by the proposed control method as
shown in the zoom figure. These results show that the RBF-NN approach can estimate
the uncertainties in a better way. The offset angle of each joint is shown in Fig. 3.5.
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Only the phase difference is observed due to the autonomous control method. However,an
amplitude of the offset angle seems to be same for control scheme. The reason for con-
trolling the offset angle that is responsible for taking turns of the snake robot according
to the path. This offset angle sets all joints as mentioned in Eq. 2.15. Figure 3.6 shows
the input frequency for the joint angle. The joint frequency of the proposed controller
is higher than the ASMC which helps to get the more tangential velocity of the snake
robot. This result can be seen in Fig. 3.7 where the error of the tangential velocity is less
than using the RBF-NN SMC. The centre of mass position of the snake robot is traced in
Fig. 3.8 that verify the increment of the tangential velocity. Using the proposed control
technique, the snake robot has covered more distance than ASMC which reflects that the
robot’s tangential velocity is increased using the adaptive RBF-NN SMC scheme. The
animation video of the sinewave path follows can be found on this weblink.
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Figure 3.6: Input frequency
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Figure 3.8: CG position trace of snake robot
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Figure 3.9: VHCs in norm

The norm of the VHCs is shown in Fig. 3.9. It shows the error of the norm which
tends to be zero. The adaptive switching gain (η) is shown in Fig. 3.10. The switching
gain of the proposed controller is observed to be less than the ASMC. The adaptive
RBF-NN weights in norms are shown in Fig. 3.11. The weights are adapted according
to uncertainties in the dynamical system. These weights are distributed on the output of
the activation function of each node. This process is adaptive and weights change on each
calculation according to the system response as mentioned in the adaptation algorithm
of the neural network, if required.
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Figure 3.10: Adaptive switching gain
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Figure 3.11: Radial basis function adapting weight in norm
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Figure 3.12: Condition (∥σ∥ − ϵ) > 0 of the Lyapunov stability

Figure 3.12 shows the condition of the Lyapunov stability sgn(∥σ∥−ϵ) to be satisfied.
The mean value of sliding surface (∥σ∥m) is used to depict that no over-estimation has
been taken to satisfy the Lyapunov stability condition. The torque generated by each joint
is shown in Fig. 3.13. The magnitude of each joint torque varies as per the requirement.
The lowest torque is required for the head joint and the highest for joint-4 as shown in
Fig. 3.13. The chattering in torque is reduced by using adaptive RBF-NN SMC. The
chattering effect and root mean square error of the design variable (θ̃n, ṽt,r) of the snake
robot is explained further.

The root-mean-square error (RMSE) of the responses is compared as shown in Table
3.3. The improvement in the error is observed using the proposed control method. The
chattering values are given in Table 3.4. It is noted that a significant reduction in the
chattering effect is observed by using the proposed control method. The chattering effect
reduces the smooth operation of the snake robot’s motion in the underwater environ-
ment. The chattering reduction in the torque increases the motor life and decreases the
chattering effect in the responses, as shown in Table 3.4.
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Figure 3.13: (a to h) Torque of each joint, (i) Torque in norm

Table 3.3: Root-mean-square error

Parameters ASMC Adaptive RBF-NN SMC
ṽt,r 0.0466 m/s 0.0457 m/s
θ̃n 0.0031 rad 0.0027 rad

The overall good performance of the snake robot is observed using the proposed
RBF-NN SMC method. The advantage of this method is that there is no requirement
for prior knowledge of uncertainties and the uncertain parameters which are estimated
based on the feedback of the system. Therefore, the problem of overestimating uncertain
parameters can be eliminated using the proposed control scheme in the case of the snake
robot.
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Table 3.4: Chattering Indicator

Parameters ASMC Adaptive RBF-NN SMC
θ̃n 0.0392 0.0196
ṽt,r 0.0217 0.0213
γ̇ 12.3834 7.1054
σ1 5.3501 2.8561
σ2 12.3483 7.0859
u1 15.6581 13.2222
u2 28.7877 20.4865
u3 32.8202 20.1423
u4 28.9991 16.6174
u5 20.9115 12.7748
u6 19.6462 11.0401
u7 20.1963 11.1739
u8 10.4673 6.3642

∥u∥ 48.4038 30.2263

3.4 Summary

In this chapter, the adaptive radial basis function neural network sliding mode control
(RBF-NN SMC) is used for the motion of the snake robot in the uncertain underwater
environmental conditions. The environmental uncertainties are estimated using the RBF
neural network by using the feedback of the system response without prior knowledge of
the uncertainties. The results are compared with adaptive sliding mode control (ASMC).
The proposed controller design parameters are selected based on the Lyapunov stability
analysis. The adaptive gains graph convergence reflects the system stability during the
uncertainties. The results show that the proposed control method can significantly reduce
the chattering effect. The snake robot covered more distance for a given time using the
proposed control scheme which means the improvement in tangential velocity is found.
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4.1 Introduction

4.1 Introduction

In this chapter, 3D motion dynamics of a snake robot for the underwater environment
is proposed with vertical motion using the buoyancy variation technique and horizontal
motion using lateral undulation. “The neutral buoyant snake robot motion in hypothet-
ical plane and added mass effect are considered” in this chapter. Two different control
algorithms are designed for horizontal and vertical motions. The existing super twisting
sliding mode control (STSMC) is used for the horizontal serpentine motion of the snake
robot. The control law is designed on a reduced ordered dynamic system based on vir-
tual holonomic constraints (VHCs) similar to previous chapters. The vertical motion is
achieved by controlling the mass variation using a pump. The water pumps are controlled
using the event-based controller/ PD controller. The results of the proposed control tech-
nique is verified with various external environmental disturbances and uncertainties to
check the robustness of the control approach for various path following cases. In addi-
tion, the saturation function is used to limit the input torque to the robot dynamics.
The practical implementation of the work is also performed using Simscape-Multibody
environment where the designed control algorithm is deployed on the virtual snake robot.

The chapter is organized as follows. The mathematical model of the 3D motion
dynamics of a snake robot is derived in section 4.2. The controller design methodology
for the proposed dynamics is explained in the section 4.3. The obtained results are
discussed in the section 4.4 and finally chapter is summarized in the section 4.5.

4.2 Mathematical Model of the Underwater Snake
Robot

In this work, the previous assumptions, “the added mass effect is negligible [79] and
the planar motion of neutrally buoyant snake robot in hypothetical horizontal plane [41]”
both are removed and 3D motion dynamics of the snake robot is proposed. The robot
can change the horizontal plane (up and down) to get vertical motion; as shown in Fig.
4.1. This vertical motion can be achieved by the buoyancy variation technique found
in underwater creatures. The proposed technique uses water from the environment to
change the mass of each link. The event-based/ PD controller is used for the pump
operation to inlet and outlet of the water in the link. The 3D motion of a snake robot
can be described as the horizontal motion of the snake robot in the X-Y plane and the

3This chapter is part of the publication: B. M. Patel and S. K. Dwivedy (2024). 3D dynamics and
control of a snake robot in uncertain underwater environment. Robotica, 1-28.
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vertical motion on the Z-axis as shown in Fig. 4.1. Therefore, the motion in the Z-
direction can be considered independent from the X-Y plane motion. However, the effect
due to variation in mass for the vertical motion would result in horizontal motion during
the dynamic condition. Therefore, two different control algorithms are required. These
can be explained using the dynamics of the snake robot. Hence, the kinematics and
dynamics of the snake robot are explained in the following subsections.

Figure 4.1: Schematic view of 3D motion of a snake robot

4.2.1 Kinematics of the Underwater Snake Robot

In this subsection, the kinematics of the 3D motion of a snake robot is discussed which
consists of (horizontal)planar motion in X-Y plane and vertical motion on Z-axis. The
planar kinematics of a snake robot has already mentioned in the chapter 2. The snake
robot motion in the X-Y plane can be considered as shown in Fig. 2.1. Therefore, it is
not explained in detail in this chapter. The relative tangential velocity (vt,r) and normal
velocity (vn,r) of the head link of a snake robot in the X-Y direction can be given as
follows. vt,r

vn,r

 = RT
θn

(ṗxy − vc) , (4.1)

where, vc = [vcx, vcy]T . vcx and vcy are the water current velocity in X and Y di-
rection, respectively and ṗxy is the velocity of center-of-mass. The rotation matrix

Rθn =

cos θn − sin θn

sin θn cos θn

. The relative velocity of each link in the X-Y plane can be
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given as follows. Vrx

Vry

 =

 Cθ Sθ

−Sθ Cθ


Ẋ − Vcx

Ẏ − Vcy

 , (4.2)

where, the relative velocity of each link can be described as Vrx = [vrx,1, . . . , vrx,n] ∈ Rn,
Vry = [vry,1, . . . , vry,n] ∈ Rn, the water current velocity in X-Y direction of each link can
be expressed as Vcx = [vcx,1, . . . , vcx,n] ∈ Rn, Vcy = [vcy,1, . . . , vcy,n] ∈ Rn. The relative
acceleration can be obtained by differentiating of Eq. 4.2. This relation can be used for
the added mass effect dynamics.

V̇r = K1N2 + K1SCθθ̈ + K1Ep̈xy − K1 + K2N1, (4.3)

where,

V̇r = [V̇rx, V̇ry]T ,

K1 =

 Cθ Sθ

−Sθ Cθ


V̇x

V̇y

 , ∈ R2n×2n

K2 =

−Sθ Cθ

−Cθ −Sθ


diag(θ̇) 0

0 diag(θ̇)

 ∈ R2n×2n,

N1 =

 lKT Sθθ̇ + eṗx − Vx

−lKT Cθθ̇ + eṗy − Vy

 ∈ R2n×1,

N2 =

lKT Cθdiag(θ̇)θ̇

lKT Sθdiag(θ̇)θ̇

 ∈ R2n×1,

SCθ =

 lKT Sθ

−lKT Cθ

 ∈ R2n×n.

The kinematic relation for the Z-direction motion is as follows.

pz = 1
n

eT Z, (4.4)

where, Z = [z1, . . . , zn] ∈ Rn is the position vector in the Z-direction.The velocity (ṗz) and
acceleration (p̈z) in Z-direction can be found by differentiating and double differentiating
pz with time respectively. The 3D motion dynamics of the underwater snake robot is
given in the following subsection using above kinematic expressions.
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4.2.2 3D Motion Dynamics of the Underwater Snake Robot

The free body diagram of the ‘ith’ link of a snake robot is shown in Fig. 4.2. Figure
4.2a shows the forces and moments acting in the X-Y plane (horizontal) and Figure 4.2b
shows the force acting in Z-direction (vertical). The equation of motion can be obtained
using Newton’s 2nd law for a link ‘i’ as given below.

mẍi = fx,i + hx,i − hx,i−1, (4.5a)
mÿi = fy,i + hy,i − hy,i−1, (4.5b)
mz̈i = mbg − fz,i, (4.5c)

where, (fx,i, fy,i) are the forces acting due to added mass effect and linear-nonlinear drag
forces on the link ‘i’, (hx,i, hy,i) are the joint constraint forces between link ‘i’ and ‘i + 1’,
(hx,i−1, hy,i−1) is the joint constraint forces between link ‘i − 1’ and ‘i’ as shown in Fig.
4.2a. ‘g’ is acceleration due to gravity and ‘fz,i’ is the force acting in the Z-direction
during vertical motion. It may be noted that the total mass ‘m’ can be calculated as
m = ms + mw ± mb in which ms is the mass of the snake robot, and mw is the mass of
water. Some amount of the water (mw) is initially considered inside the link to make the
robot neutral buoyant. When the robot gets down, the mb amount of water is pumped
inside the link. To get some position in the ‘Z’-direction, the mb amount of water is
discharged from the link using 2nd pump and the robot becomes neutral buoyant at that
position level. When the robot moves upward, the mb amount of the water is discharged
from the initial mw water, becomes a positive buoyant and it lifts due to buoyancy force.
A robot can become neutral buoyant by taking water inside the link as the exact amount
of water discharged earlier. That means the Eq. 4.5c works when the robot moves in the
vertical direction. The schematic view of this discussion is shown in Fig. 4.3. This way,
the snake robot would get 3D motion in underwater conditions.

The moment balance equation of link ‘i’ in the X-Y plane is given below.

Jθ̈i = ui − ui−1 − l sin θi(hx,i + hx,i−1) + l cos θi(hy,i + hy,i−1) + τi. (4.6)

where J is the mass moment-of-inertia of link ‘i’, ui is the actuator torque between link ‘i’
and ‘i+1’, ui−1 is the actuator torque between link ‘i−1’ and ‘i’, τi = −λ1θ̇i−λ2θ̇

2
i −λ3θ̈, in

which λ1 and λ2 are the linear and nonlinear rotational damping parameters, respectively.
λ3 is a rotational added mass effect parameter. No moment in the Z-direction occurs
because all links are symmetric and have equal mass. The Eqs. 4.5-4.6 can be extended
for the whole body of the snake robot as follows.

mẌ = Fx + DT hx, (4.7a)
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Figure 4.2: Free body diagram of link ‘i’ (a) forces and moments in XY plane, (b) force in Z-direction
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Figure 4.3: Internal components of a link

mŸ = Fy + DT hy, (4.7b)
mZ̈ = mbge − Fz, (4.7c)

JInθ̈ = DT u − lSθAT hx + lCθAT hy + τ . (4.7d)

where, u = [u1, · · · · · · , un−1]T , Fx = [fx,1, · · · · · · , fx,n]T , Fy = [fy,1, · · · · · · , fy,n]T , Fz =
[fz,1, · · · · · · , fz,n]T , hx = [hx,1, · · · · · · , hx,n]T , hy = [hy,1, · · · · · · , hy,n]T , τ = [τ1, · · · · · · , τn]T ,

In =


1

. . .

1

 , ∈ Rn×n. The total force in X-Y direction F = [Fx, Fy]T = Fa + Fd ∈

R2n, where Fd ∈ R2n is drag force and Fa ∈ R2n is force due to added mass effect. The
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force Fa acting on the snake robot due to the added mass effect can be written below.

Fa = D1K1SCθθ̈ + D1K1Ep̈xy + D1K3, (4.8)

where,

E =

 e 0(n,1)

0(n,1) e

 ∈ R2n×2,

D1 = −

Cθ −Sθ

Sθ Cθ


0 0

0 µ

 ∈ R2n×2n,

µ = µIn,

K3 = K1N2 − K1V̇c + K2N1 ∈ R2n×1,

and µ is added mass coefficient, The force due to the drag effect (Fd) can be expressed in
terms of linear drag force (FLd) and nonlinear drag force (FNLd) such as Fd = FLd+FNLd.
The linear drag force (FLd) can be expressed as

FLd = lQθSCθθ̇ + QθEvr, (4.9)

where,vr = ṗxy − vc, Qθ = −

ct(Cθ)2 + cn(Sθ)2 (ct − cn)SθCθ

(ct − cn)SθCθ ct(Sθ)2 + cn(Cθ)2

. The nonlinear

drag force (FNLd) can be expressed as

FNLd = −

ctCθ −cnSθ

ctSθ cnCθ

 diag

abs

Vrx

Vry



Vrx

Vry

 , (4.10)

The force acting on the robot during motion in Z-direction (vertical) can be explained
as follows.

Fz = 1
2m

ρCDApdiag(| Ż |)Ż, (4.11)

where, Ap = apIn, CD = cdIn. ap is projected area of link and cd is coefficient of drag in
Z-direction. The robot changes its position during motion. So, the acceleration of CM
in the X-Y plane can be obtained using Eq. 4.7a-4.7b as follows.

p̈xy = 1
n

eT Ẍ

eT Ÿ

 = 1
nm

ET F, (4.12)

∵ eT DT = 0. The substitution of Eq. 4.11 in Eq. 4.7c gives the motion equation in
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Z-direction as follows.

Z̈ = mbg

m
e − 1

2m
ρCDApdiag(| Ż |)Ż, (4.13)

The equations of motion of the multi-link snake robot can be obtained by substituting
Eq. 2.5 in Eqs. 4.7a,4.7b,4.7d. The acceleration in X-Y plane can be deduced after
substituting Eqs. 4.8, 4.9, 4.10 in Eq. 4.12. Vertical CM-acceleration ((̈p)z) of the snake
robot can be derived using the Eq. 4.13 and Eq. 4.4. Therefore, the equation-of-motion
for the snake robot in 3D by using the drag forces and added mass effect are as follows.

Mθθ̈ + Wθdiag(θ̇)θ̇ − SCT
θ (fd + Ag) + Λ1θ̇ + Λ2diag(| θ̇ |)θ̇ = DT u + ∆, (4.14a)

p̈xy = H−1
x

{
ET fd + ET D1K1SCθθ̈ + ET D1K3

}
, (4.14b)

p̈z = mbg

nm
eT e − 1

2nm
ρeT CDApdiag(| Ż |)Ż, (4.14c)

where,

Mθ = JIn + ml2SθVSθ + ml2CθVCθ − SCT
θ Ak + Λ3,

Ak = D1K1SCθ + D1K1EH−1
x ET D1K1SCθ,

Ag = D1K1EH−1
x ET fd + D1K1EH−1

x ET D1K3 + D1K3,

Hx = nmI2 − ET D1K1E,

Wθ = ml2SθVCθ − ml2CθVSθ,

V = AT (DDT )−1A, ∈ Rn×n,

Λ1 = λ1In, Λ2 = λ2In, Λ3 = λ3In,

∆ is the external disturbances. The equation of motion Eq. 4.14a and 4.14b shows the
motion of a snake robot in the X-Y plane and Eq. 4.14c shows the motion of a snake
robot along the Z-axis. This equations of motion express the snake robot moving in the
3D viz. X-Y-Z motion. Hence, two independent controllers must be designed for the
snake robot, one for X-Y plane motion and other for Z-axis motion. Here, it is noted
that the torque u is responsible for the horizontal motion and mb is responsible for the
vertical motion. The VHCs are designed for motion control in the X-Y plane and the
event-based controller/ PD controller is designed for the motion in the Z-direction. The
controller design for the motion of a snake robot for a modified dynamics is explained in
the next section.
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4.3 Controller Design

The planar motion control approach is similar to explain in the previous chapters.
However, the planar motion dynamics equation is changed due to the added mass effect
hence the updated reduced dynamics is written as follows.

θ̈n = Υ̂1 + Υ̂2uγ + Υ̂3uϕ0 + Υ̃θn , (4.15a)
p̈xy = Υ̂4 + Υ̂5uγ + Υ̂6uϕ0 + Υ̃p, (4.15b)

where,

Υ̂1 = −eT MθHΦ̈(γ)γ̇2

eT Mθe
− eT

eT Mθe
(
Wθθ̇

2 − SCθ(fd + Ag) + Λ1θ̇ + Λ2diag(| θ̇ |)θ̇
)

,

Υ̂2 = −eT MθHΦ̇(γ)
eT Mθe

,

Υ̂3 = −eT MθHb
eT Mθe

,

Υ̂4 = H−1
x ET fd + H−1

x ET D1K1SCθHϕ̈(γ)γ̇2 + H−1
x ET D1K3 + H−1

x ET D1K1SCθeΥ̂1,

Υ̂5 = H−1
x ET D1K1SCθeΥ̂2 + H−1

x ET D1K1SCθHϕ̇(γ),
Υ̂6 = H−1

x ET D1K1SCθeΥ̂3 + H−1
x ET D1K1SCθHb.

Υ̃θn , Υ̃p are the lumped disturbances in reduced dynamics of head angle and CM ac-
celeration, respectively. Based on the reduced order dynamics, the controller would be
designed. Here, the planar motion is controlled by the STSMC scheme as mentioned in
the chapter 2 and an event-based/ PD control technique controls vertical motion.

The control objective is to to track the desired path with the desired velocity. As
discussed earlier in section 4.2, the controller is designed in two parts in viz. horizontal
motion control and vertical motion control as described in the following subsection.

4.3.1 Horizontal Motion Control

The reduced dynamics equation for a snake robot is given Eq. 4.15 in terms of head
angle (θn) and tangential velocity (vt). Considering (θref , vref ) reference head angle and
tangential velocity, the error equation can be written as follows.

¨̃θn = Υ̂1 + Υ̂2uγ + Υ̂3uϕ0 − θ̈ref , (4.16a)
˙̃vt,r = uT

θn
Υ̂4 + uT

θn
Υ̂5uγ + uT

θn
Υ̂6uϕ0 + θ̇nvn − v̇ref (4.16b)
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These error equations for the state vector ξ̄ = [θ̃n, ˙̃θn, ṽt,r, vn,r, γ, γ̇, ϕ0, ϕ̇0]T are used in
the designing of a sliding surface that expression is given below.

σ(ξ̄) =

σ1(ξ̄)

σ2(ξ̄)

 =

 ˙̃θn + knθ̃n

γ̇ + kvṽt,r

 (4.17)

where, kn, kv > 0 are the design parameter. The derivative of sliding surface is given
below.

σ̇1(ξ̄) = ¨̃θn + kn
˙̃θn, (4.18a)

σ̇2(ξ̄) = γ̈ + kv
˙̃vt,r. (4.18b)

Therefore, Eq. 4.18 can be rewritten by substituting Eq. 4.16 as

σ̇1(ξ̄) = Υ̂1 + Υ̂2uγ + Υ̂3uϕ0 − θ̈ref + +kn
˙̃θn + Υ̃θn , (4.19a)

σ̇2(ξ̄) = uγ + kv(uT
θn

Υ̂4 + uT
θn

Υ̂5uγ + uT
θn

Υ̂6uϕ0 + θ̇nvn − v̇ref ) + uT
θn

Υ̃p. (4.19b)

Now, Eq. 4.19 can represent in sliding vector form as

σ̇(ξ̄) = f̂σ + fe + ĝσuσ + f̄σ, (4.20)

where,

f̂σ =

 Υ̂1

kv(uT
θn

Υ̂4 + θ̇nvn)

 , fe =

kn
˙̃θn − θ̈ref

−kvv̇ref

 , ĝσ =

 Υ̂2 Υ̂3

kv(1 + uT
θn

Υ̂5) kvuT
θn

Υ̂6

 ,

uσ =

 uγ

uϕ0

 , f̄σ =

 Υ̃θn

uT
θn

Υ̃p

 .

The STSMC (ref. chapter 2) scheme is used for the motion control in the XY plane. The
equivalent control law can be written for (σ̇ = 0) as follows.

ueq = −ĝ−1
σ (f̂σ + fe). (4.21)

The reaching law that helps to reach the initial error function on the sliding surface is
same as in the chapter 2.

usw = −ĝ−1
σ

(
k1sgn(σ)∥σ∥

1
2 + k2σ∥σ∥

3
2 +

∫ t

0
k3sgn(σ) dt

)
. (4.22)
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Therefore, the control law for the horizontal motion is given as follows.

uσ = ueq + usw (4.23)

The vertical motion control technique is explained in the next section.

4.3.2 Motion Control in Vertical Direction

Z-direction motion is open-loop control as it is independent from the XY motion
control. Z-direction motion is controlled using an event-based technique. As discussed
earlier, the Z-direction motion can be controlled by using the inlet and outlet pumps. The
schematic view of link ‘i’ is shown in Fig. 4.3. To operate these pumps, the following given
logic control algorithm can be used. When one pump starts, the mass of the robot gets
changes and the robot starts motion in the Z-direction. In this work, the 3V DC pump
has a flow rate of 10 ml/s is considered. It is assumed that the clean water after small
filtering goes inside the pump which prevents the pump from blockages. Let’s consider
that Pump-1 is used for taking water inside the link and Pump-2 for discharging water
from the link as shown in Fig. 4.3. Triggering conditions for the pump based on the
feedback system are explained in Algorithm 4.1. It is noted that at a particular instant
either Pump-1 or Pump-2 operates. Both pumps do not work simultaneously to keep the
balance the snake robot in underwater conditions.

Algorithm 4.1 Z-direction motion control algorithm
1: if (t ≥ t1)&&(t ≤ t2) then
2: Pump-1 ON
3: else if (t ≥ t3)&&(t ≤ t4)&&(m ≥ mn) then
4: Pump-2 ON
5: else if (px ≥ px1)&&(pz ≥ pz1) then
6: Pump-2 ON
7: else if (pz ≤ pz2)&&(m ≤ mn) then
8: Pump-1 ON
9: else

10: No Pump operates
11: end if

This event-based control technique is triggered when the condition is fulfilled. This
event-based controller is responsible for the motion in the vertical direction. Another
way to control the Z-direction motion is by using a PD control which is described in
the following subsection. In that, reference Z-position is required that robot would be
reached.
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4.3.3 Z-direction Control using PD Controller

It is clear from the previous subsection discussion that the Z-direction motion is
possible using the event based algorithm. To reach the exact reference position, the PD
based controller can be helpful. In this, for a given reference Z-position, the PD based
control scheme is used for the controlling of the pump which is given below.

Fz = kpz(zref − z) + kdz(żref − ż), (4.24)

where, kpz and kdz are the proportional and derivative gains, respectively. The pump
is directly deal with buoyancy so the saturation of function is used. In which, gener-
ated control signal starts the pumps on changing the error sign or achieve the reference
position and changing in mass of the link would help to achieve the reference position
in Z-direction. The reference trajectory generation is same as given in the chapter 3 in
subsection 3.2.2.

4.3.4 Control Law Implementation

There are two controllers that work simultaneously. This gives a clear idea about the
implication of STSMC scheme and event-based controller/ PD controller simultaneously
as shown in the block diagram given in Fig. 4.4. The saturation block limits the torque
input to the robot because the motor has limited torque output in real-time. The de-
manding torque of the controller might not be fulfilled by the actuator. Therefore, the
saturation function is used to meet the real-time condition of the actuator. The complete
implementation gives the 3D motion of the snake robot in underwater conditions.

Underwater

Snake Robot

Dynamics 

Body Shape 

Controller

 

Super Twisting

Sliding Mode

Control

Reference 

Head angle

and Velocity

Event based

Pump Operation

(Algorithm-1)/

PD Controller

Figure 4.4: Block diagram of the control law implementation
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4.4 Results and Discussion

In this section, the simulation results for the proposed dynamics and control of the
snake robot are discussed. The parametric uncertainties are considered for the simulation
which is graphically shown in Fig. 4.5. The details of given uncertainties are explained
in the Eq. 4.25 by following [55].

ct = 12.0 sin(0.00658t + 0.2329) + 22.8 sin(0.01141t + 2.339)
+ 17 sin(0.01264t + 5.231) + 0.5rand(1),

(4.25a)

cn = 16.371 sin(0.00175t + 1.28) + 0.9771 sin(0.01704t − 1.833) + 0.5rand(1), (4.25b)

µ = 2.683 sin(0.00480t − 0.06779) + 1.15 sin(0.00758t + 2.115), (4.25c)

λ1 = 0.02683 sin(0.00480t − 0.06779) + 0.0115 sin(0.00758t + 2.115)
+ 0.5rand(1),

(4.25d)

λ2 = 0.0012 sin(0.00607t − 0.6005) + 0.00068 sin(0.00867t + 1.561)
+ 0.25rand(1),

(4.25e)

λ3 = 0.0268 sin(0.00480t − 0.06779) + 0.0115 sin(0.00758t + 2.115). (4.25f)

0 100 200 300 400

4

5

6

7

0 100 200 300 400

14

15

16

17

18

0 100 200 300 400

0.8

1

1.2

1.4

1.6

0 100 200 300 400

0

0.2

0.4

0.6

0 100 200 300 400

0

0.1

0.2

0.3

0 100 200 300 400

0.008

0.01

0.012

0.014

0.016

Figure 4.5: Uncertainties in dynamical system parameters
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Figure 4.6: Environmental disturbances (a) no disturbance condition, (b) random disturbance condi-
tion, (c) pulse disturbance (d) high-frequency disturbance

An additional factor to consider is the presence of external disturbances (denoted
as ∆) during the motion of the snake robot. Hence, it becomes important to account
for various types of disturbances in order to assess the robustness of the considered
control scheme. These disturbances are treated as extreme scenarios for evaluating the
effectiveness of the STSMC. The different type of external disturbances acting on link of
the snake robot is shown in Fig. 4.6. In this work, four different disturbance cases are
considered. The first case is without any external disturbance which can be seen in Fig.
4.6a. The subsequent cases are random disturbance (Fig.4.6b), pulse disturbance (Fig.
4.6c), and high-frequency disturbance (Fig. 4.6d). The link length (2l) of a snake robot
is considered to be 0.018 m. The mass of a link varies with time to get vertical motion.
As given in the Eq. 4.14 for neutral buoyant condition. m = ms + mw. Here, the solid
link mass ms = 0.310 kg and to make the neutral buoyant, the required mass of water
mw = 0.5947 kg. Therefore, the neutral buoyant mass mn = 0.9047 kg. The parameters
of control Algorithm 4.1 is given in Table 4.1 and the controller parameters are given in
Table 4.2.

Table 4.1: Algorithm parameters

Parameters t1 t2 t3 t4 mn px1 pz1 pz2

Value 10 20 25 100 0.9047 4 1.7 1
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Table 4.2: Parameters for the controlling snake robot

STSMC kn = 10, kv = 12.5, k1 = 10, k2 = 10, k3 = 2
Water current observer k = 1
Path generation v = 0.08 m/s, kt = 0.25, kh = 0.002
PID controller kp = 20, kd = 5, ki = 10
Water current vc,x = −0.01 m/s, vc,y = −0.01 m/s
Reference Path h(pxy) = py straight line path

h(pxy) = py − 0.8 sin(2πpx

6 ) sinusoidal path

Figure 4.7: 3D motion of the snake robot in a horizontal straight line along with vertical motion

The lumped parameters of the uncertain parts are considered f̂σ =

2

3

, ĝ =

1, −4.5

2, −1


for the controller design. It is noted that the controller parameters are kept same for all
the cases considered for the numerical simulation. The 3D motion of the snake robot
using the considered control scheme can be seen in Figs. 4.7 and 4.8. In these figures,
the projection on the X-Y plane reflects the motion of the snake robot in a straight line
direction (Fig. 4.7) and sinusoidal-like path (Fig. 4.8) and the projection on X-Z plane
shows the vertical motion of the robot due to buoyancy variation. The motion of the
snake robot is like varying its path in a horizontal plane using the STSMC scheme and
vertical motion using the buoyancy variation technique. Hence, it is verified that the
proposed control technique achieves the 3D motion of the snake robot. Moreover, the
study is not only about achieving the 3D motion of the snake robot but also checking the
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Figure 4.8: 3D motion of the snake robot in horizontal sinusoidal path along with vertical motion

robustness of the control scheme that is further explained.
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Figure 4.9: Variation in Buoyancy in a single link (a) buoyant mass (b) total mass variation in a link

The variation in buoyant and total mass with respect to time are shown in Fig. 4.9a
and Fig. 4.9b, respectively. The pump is ON when the condition is triggered as mentioned
in Algorithm 4.1.
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4.4.1 Straight Line Path Tracking

Figure 4.10 shows the error in head angle tracking for different disturbances. It is
found that the tracking performance is similar for the various disturbances. There is no
deviation found in the head angle tracking. These can also be verified using a sliding
surface that shown in Fig. 4.11. The sliding surface is meant to be zero to achieve the
control objective. The quantified chattering value is discussed in subsection 4.4.3 which
is found significantly less using the STSMC. The offset angle is used to turn the robot.
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Figure 4.10: Error in head angle: Straight line path
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Figure 4.11: Sliding Surface: Straight line path
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Figure 4.12: Offset angle: Straight line path
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Figure 4.13: Velocity tracking of the snake robot: Straight line path

Figure 4.12 shows the offset angle during different disturbances. The phase variation
has been observed in offset angle due to different disturbances and autonomous motion
of the robot. Figure 4.13 shows the tangential velocity tracking of the snake robot. It is
found that the speed of the snake robot has not changed for any disturbance condition.

4.4.2 Sinusoidal Path Tracking

Figure 4.14 shows the head angle tracking of the sinusoidal path tracking of the snake
robot. Here, it observed that initially higher angle deviation compared to straight-line
path tracking. Once the robot’s motion tracking is converged, the tracking error is almost
zero. The sliding surface (error function) of the control objective is shown in Fig. 4.15 for
the sinusoidal path following. The high peak initially observed in the simulated sliding
surface tracking result is due to fast reaching.

The offset angle which makes it possible to generate the sinusoidal-like path in joint
space control is shown in Fig. 4.16. The fluctuation in offset angle is observed in Fig. 4.16
compared to Fig. 4.12 due to different path tracking. The tracking of velocity is shown in
Fig. 4.17. The velocity tracking is found to be similar to Fig. 4.13. These sinusoidal and
straight-line path following cases verify the robustness and application of the STSMC
scheme. The above results are qualitatively good. However, the robustness of the control
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scheme can be done using quantified results explained in the following subsection.
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Figure 4.14: Error in head angle: sinusoidal path
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Figure 4.15: Sliding surface: sinusoidal path
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Figure 4.16: Offset angle: sinusoidal path
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Figure 4.17: Velocity tracking of the snake robot: sinusoidal path
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4.4.3 Quantified Results of Chattering and Tracking Error

The quantified chattering effect is shown in Table 4.3 for the straight line path follow-
ing and in Table 4.4 for the sinusoidal path following. The chattering effect results show
the effectiveness of the STSMC scheme. The chattering effect trend is similar for both
path-following cases. During the random disturbances, higher chattering is observed for
both cases. However, the chattering is nearer for the all cases of disturbances. The error
tracking for both cases is shown in Table 4.5 and Table 4.6. Almost similar tracking is
observed for all disturbances and path-following cases. That means, the proposed control
technique is enough robust to deal with different disturbances and uncertainties.

Table 4.3: Chattering Indicator straight line path

No disturbance Random distur-
bance

Pulse distur-
bance

High frequency
disturbance

u1 4.7290 13.0287 4.8527 6.7173
u2 2.3404 3.6868 2.5000 3.4362
u3 1.6275 3.0024 1.9065 2.4745
u4 1.5013 2.8225 1.8143 2.4151
u5 1.4258 2.9857 1.7546 2.7418
u6 1.2272 3.3077 1.6388 3.0174
u7 1.0960 3.6733 1.5486 3.9068
u8 0.9912 12.0914 1.4851 6.0304
∥u∥ 2.7468 4.7582 3.3426 4.6455

Table 4.4: Chattering Indicator sinusoidal path

No disturbance Random distur-
bance

Pulse distur-
bance

High frequency
disturbance

u1 4.5714 12.9811 4.6812 6.6343
u2 2.2703 3.7301 2.4418 3.3934
u3 1.5846 3.1296 1.9018 2.4591
u4 1.4586 2.9658 1.8146 2.4187
u5 1.3800 3.0970 1.7444 2.7586
u6 1.1861 3.4107 1.6421 3.0455
u7 1.0596 3.7932 1.5526 3.9444
u8 0.9608 12.0917 1.4798 6.0362
∥u∥ 2.6622 5.1342 3.3358 4.6375
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Table 4.5: Error Tracking: Straight line path

No distur-
bance

Random dis-
turbance

Pulse distur-
bance

High fre-
quency distur-
bance

ṽt,r (m/s) 0.0485 0.0485 0.0486 0.0485
θ̃n (rad) 0.0023 0.0022 0.0024 0.0021

Table 4.6: Error Tracking: sinusoidal path

No distur-
bance

Random dis-
turbance

Pulse distur-
bance

High fre-
quency distur-
bance

ṽt,r (m/s) 0.0483 0.0484 0.0486 0.0483
θ̃n (rad) 0.0023 0.0024 0.0024 0.0022

The robustness of STSMC control scheme is tested with different path following and
external disturbances along with the vertical motion control of the snake robot. Finally,
this synchronization of the control scheme produced the 3D motion of the snake robot.
Motion control in Z-direction using PD controller is explained below.

4.4.4 PD Controller based Z-direction Motion

Motion control in Z-direction using PD controller is explained here. The reference
Z-position (zref ) is given by the slider/ user input in the Simulink. The saturation block
is used for it to work with buoyancy control.

Figure 4.18 shows the motion of snake robot control with STSMC in XY-direction
and PD controller in Z-direction. The robot motion on triggered condition in Z-direction
is shown here. The tracking in Z-direction is shown in Fig.4.19 which which for a given
triggered reference the tracking of Z-position is shown. It is noted that there is a delay
in achieving the reference Z-position due to constant buoyancy force. The error tracking
in the Z-direction is shown in Fig. 4.20. The slope indicates the how fast the small
buoyancy force to achieve the zero error.
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Figure 4.18: 3D motion using PD controller
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Figure 4.19: Z-position control
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Figure 4.20: Error tracking in Z-direction

4.4.5 Validation in the Simscape-multibody Environment

In this subsection, further verification of the proposed dynamics is carried out using
the Simscape multibody environment where there is no need of the mathematical model of
the snake robot explicitly. In this, the joints and links are connected. The mathematical
equation is not required for the construction of this model. This is a physics based
solver. The designed control scheme is deployed by taking the feedback from the joint
sensor block and position feedback from the Transform sensor block. The joint stiffness
and friction are also considered for this experiment. It may be noted that the transform
sensor is placed on the head link. The tracking results are discussed in the following
paragraphs.

Figure 4.21 shows the 3D motion of the snake robot in the simscape multibody envi-
ronment where the motion is tracked from the CG of the head link. The head link CG of
the mathematical model is behind the CG of Simscape model because of the co-ordinate
system. However, the results are similar in trend. Figure 4.22 shows the vertical motion
of a snake robot using the buoyancy variation. The overshoot is observed in Z-direction
motion control in the numerical experiment. However, the robot converge to the given
reference position in vertical motion. That can also be verified by measuring the error in
Z-direction tracking as shown in Fig. 4.23. The video of a motion can be found in the
Web Link-1 and Web Link-2.
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4.4 Results and Discussion

Figure 4.21: 3D motion of the snake robot
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Figure 4.22: Position tracking of the vertical motion

These proposed buoyancy variation techniques and their dynamics will help to develop
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Figure 4.23: Tracking in Z-direction

the further control scheme of the snake robot which will help to perform the manipulator
task in underwater conditions without external forces. The proposed approach make it
possible to have 3D motion of the snake robot in an underwater environment.

4.5 Summary

In this work, a method for the 3D motion control of the snake robot is proposed using
the buoyancy variation technique. The VHCs are used for the motion control in the
X-Y plane and the event-based control technique is used for the motion control in the Z-
direction. The STSMC is used to estimate the dynamic uncertainties of the snake robot.
The robustness of the proposed technique is verified by considering two different paths
following cases viz. straight-line path and sinusoidal path. The external disturbances are
also considered to verify the robustness of the control scheme and discussed. Moreover,
the PD controller is used for the motion control and error tracking in the Z-direction. It
is also observed that the small change in mass results the significant velocity in vertical
direction in the underwater environment. The complete implementation of the control
technique (Horizontal and Vertical) on proposed motion dynamics equation results in the
3D motion of the snake robot in an underwater environment. Moreover, the proposed
mathematical system is also verified using the Simscape-Multibody environment where
the equation of motion is not required explicitly.
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5.1 Introduction

5.1 Introduction

In the previous chapters, the robot comes across the drag force and added mass
effect during the motion and the speed of the robot is found very low in the underwater
environment. Therefore, some thrust force is required to increase its the speed. In this
chapter, the speed of the snake robot is improved by implementing a thruster at the tail
of a snake robot. The equation of motion for the snake robot is derived by considering
the effect of the thrust force on each link. The virtual holonomic constraints (VHCs)
are formulated to derive the reduced dynamical system. The control objective is defined
based on the reduced order dynamics using the sliding surface approach. The STSMC
scheme with reinforcement learning (i.e. actor-critic neural network) is proposed for the
motion control of the snake robot in the uncertain underwater environment. The dynamic
model of the snake robot (equivalent control law) is estimated using the reinforcement
learning control approach. The switching control law is designed using the STSMC.
The proposed control scheme not only improves the tracking errors but also reduces the
chattering effect and control effort. Finally, these results are verified by comparing them
with the existing control scheme. Overall, the online dynamic model estimation problem
is addressed by designing the controller for the head link of the snake robot.

This chapter is organized as follows. In the section 5.2, the mathematical modeling of
a snake robot with thrust force is derived. Here, the allocation of forces on each link and
its effect is derived. The actor-critic neural network super twisting sliding mode control
is explained in the section 5.3. The obtained results are discussed in the section 5.4 and
chapter is summarized in the section 5.5.

5.2 Mathematical Modeling of the Underwater Snake
Robot

The kinematics equations are similar as explained in the previous chapters. Therefore,
the motion dynamics of the snake robot with tail thrust is explained in detail. The force
acting on a tail is denoted as fp. The transmission of this force on each link is different.
The conversion of fp into the local coordinates and then global coordinates are described
further. The force acting along the direction of the link can be denoted as follows.

f l
px = [1, cos ϕ1, cos ϕ1 cos ϕ2, . . . , cos ϕ1 cos ϕ2 . . . cos ϕn−1]T fp, (5.1)

4This chapter is part of publication: B. M. Patel, & S. K. Dwivedy (2023). Manoeuvring of underwater
snake robot with tail thrust using the actor-critic neural network super-twisting sliding mode control in
the uncertain environment and disturbances. Neural Computing and Applications, 1-15.
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Figure 5.1: Free Body diagram of link ‘i’

where, f l
px = [f l

px,1, f l
px,2, . . . , f l

px,n]T ∈ Rn. The force acting normal to the link is denoted
as f l

py and expressed as follows.

f l
py = diag[sin ϕ1, sin ϕ2, · · · , sin ϕn−1, 0]f l

px, (5.2)

where, f l
py = [f l

py,1, f l
py,2, . . . , f l

py,n]T ∈ Rn. The force acting along the direction of link f l
px

can be converted into global coordinate system (Fg
pxx, Fg

pxy) as follows.

Fg
pxx = Cθf l

px, (5.3a)
Fg

pxy = Sθf l
px, (5.3b)

where, Fg
pxx = [f g

pxx,1, f g
pxx,2, . . . , f g

pxx,n]T ∈ Rn and Fg
pxy = [f g

pxy,1, f g
pxy,2, . . . , f g

pxy,n]T ∈ Rn.
The force balance equation is given for a link ‘i’ as follows.

mẍi = fx,i + hx,i + f l
py,i sin θi+1 − hx,i−1 − f l

py,i−1 sin θi, (5.4a)

mÿi = fy,i + hy,i − f l
py,i cos θi+1 − hy,i−1 + f l

py,i−1 cos θi, (5.4b)

where, (fx,i, fy,i) are the environmental forces acting on the link ‘i’, (hx,i, hy,i) are the
joint constraint between link ‘i’ and ‘i + 1’, (hx,i−1, hy,i−1) is the joint constraint between
link ‘i − 1’ and ‘i’ as shown in Fig. 5.1.

Jθ̈i = ui − ui−1 − (hy,i−1 − f l
py,i−1 cos θi)l cos θi + (hy,i − f l

py,i−1 cos(θi − ϕi))l cos θi

− (hx,i−1 + f l
py,i−1 sin θi)l sin θi − (hx,i + f l

py,i sin(θi − ϕi))l sin θi + τi.
(5.5)
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where, J is the mass moment-of-inertia of link ‘i’, ui is the actuator torque between link ‘i’
and ‘i+1’, ui−1 is the actuator torque between link ‘i−1’ and ‘i’, τi = −λ1θ̇i−λ2θ̇

2
i −λ3θ̈, in

which λ1 and λ2 are the linear and nonlinear rotational damping parameters, respectively.
λ3 is a rotational added mass effect parameter. This Eq. 5.5 can be extended further to
get the entire moment balance equation of the snake robot as follows.

JInθ̈ = DT u + lCθAT hy − lCθAT Fl
pyCθ − lSθAT hx − lSθAFl

pySθ + τ . (5.6)

The force balance of the entire snake robot is described below.

mẌ = Fx + Fg
pxx + DT hx + DT Fl

pySθ, (5.7a)
mŸ = Fy + Fg

pxy + DT hy + DT Fl
pyCθ. (5.7b)

where, u = [u1, · · · · · · · · · , un−1]T ∈ Rn−1, Fx = [fx,1, · · · · · · · · · , fx,n]T ∈ Rn, Fy =
[fy,1, · · · · · · , fy,n]T ∈ Rn, hx = [hx,1, · · · · · · , hx,n−1]T ∈ Rn−1, hy = [hy,1, · · · · · · , hy,n−1]T ∈

Rn−1, τ = [τ1, · · · · · · , τn]T ∈ Rn, In =


1

. . .

1

 , ∈ Rn×n. The total force in X-Y direc-

tion F = [Fx, Fy]T = Fa + Fd + Fg
px ∈ R2n, where Fd ∈ R2n is drag force and Fa ∈ R2n is

force due to added mass effect. The force acting on CG of the link due to the tail thrust
is denoted as Fg

px = [Fg
pxx, Fg

pxy]T . The force Fa acting on the snake robot due to the
added mass effect can be written as below.

Fa = D1K1SCθθ̈ + D1K1Ep̈xy + D1K3, (5.8)

where µ is added mass parameter, E =

 e 0(n,1)

0(n,1) e

 ∈ R2n×2, D1 = −

Cθ −Sθ

Sθ Cθ


0 0

0 µ

 ∈ R2n×2n, µ = µIn, K3 = K1N2 − K1V̇c + K2N1 ∈ R2n×1. The force due to

the drag effect (Fd) can be expressed in terms of linear drag force (FLd) and nonlinear
drag force (FNLd) such as Fd = FLd + FNLd. The linear drag force can be expressed as

FLd = lQθSCθθ̇ + QθEvr, (5.9)
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where,vr = ṗ − vc, Qθ = −

ct(Cθ)2 + cn(Sθ)2 (ct − cn)SθCθ

(ct − cn)SθCθ ct(Sθ)2 + cn(Cθ)2

. The nonlinear drag

force can be expressed as

FNLd = −

ctCθ −cnSθ

ctSθ cnCθ

 diag

abs

Vrx

Vry



Vrx

Vry

 , (5.10)

The robot changes its position during motion. So, the acceleration of CM in the X-Y
plane can be obtained using Eq. 5.7a-5.7b as follows.

p̈xy = 1
n

eT Ẍ

eT Ÿ

 = 1
nm

ET F, (5.11)

∵ eT DT = 0. where F is the total force (tail thrust and drag forces) acting on the snake
robot. The serpentine motion equation can be derived by substituting (hx, hy) from the
Eq. 5.6 to Eq. 5.5 as follows.

Mθθ̈ + Wθdiag(θ̇)θ̇ − SCT
θ (fd + Ag) + Λ1θ̇ + Λ2diag(| θ̇ |)θ̇

− SCT
θ Fg

px − G1 = DT u + ∆,
(5.12a)

p̈xy = H−1
x

(
ET fd + ET D1K1SCθθ̈ + ET D1K3 + ET Fg

px

)
. (5.12b)

where,

Mθ = JIn + ml2SθVSθ + ml2CθVCθ − SCT
θ Ak + Λ3,

Ak = D1K1EH−1
x ET D1K1SCθ + D1K1SCθ,

Ag = D1K1EH−1
x ET D1K3 + D1K1EH−1

x ET fd + D1K3,

Hx = nmI2 − ET D1K1E,

Wθ = ml2SθVCθ − ml2CθVSθ,

G1 = lSθKDT Fl
pySθ − lCθKDT Fl

pyCθ − lCθAT Fl
pySθ − lSθAT Fl

pySθ,

V = AT (DDT )−1A, ∈ Rn×n,

Λ1 = λ1In, Λ2 = λ2In, Λ3 = λ3In,

∆ is the external disturbances. The reduced dynamical system is written as follows.

θ̈n = Υ̂1 + Υ̂2uγ + Υ̂3uϕ0 + Υ̃θn , (5.13a)
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p̈xy = Υ̂4 + Υ̂5uγ + Υ̂6uϕ0 + Υ̃p, (5.13b)

where,

Υ̂1 = −eT MθHΦ̈(γ)γ̇2

eT Mθe
− eT

eT Mθe

(
Wθθ̇

2 − G1 − SCθ(fd + Ag) − SCT
θ Fg

px + Λ1θ̇

+ Λ2diag(| θ̇ |)θ̇
)

,

Υ̂2 = −eT MθHΦ̇(γ)
eT Mθe

,

Υ̂3 = −eT MθHb
eT Mθe

,

Υ̂4 = H−1
x ET fd + H−1

x ET f g
px + H−1

x ET D1K3 + H−1
x ET D1K1SCθHϕ̈(γ)γ̇2

+ H−1
x ET D1K1SCθeΥ̂1,

Υ̂5 = H−1
x ET D1K1SCθeΥ̂2 + H−1

x ET D1K1SCθHϕ̇(γ),
Υ̂6 = H−1

x ET D1K1SCθeΥ̂3 + H−1
x ET D1K1SCθHb.

Υ̃θn , Υ̃p are the lumped disturbances in reduced dynamics of head angle and CM acceler-
ation, respectively. Based on the reduced order system, the controller would be designed
which is explained in the next section.

5.3 Controller Design

Snake robot travels in an unknown uncertain underwater environment. Therefore,
there is a need for a robust control approach to deal with uncertainties. The control
objective is that to track the desired path with the desired velocity. The error dynamics
of the reduced dynamics can be written by using the Eq. 4.15 as below.

¨̃θn = Υ̂1 + Υ̂2uγ + Υ̂3uϕ0 − θ̈ref , (5.14a)
˙̃vt = uT

θn
Υ̂4 + uT

θn
Υ̂5uγ + uT

θn
Υ̂6uϕ0 + θ̇nvn − v̇ref . (5.14b)

The sliding surface is designed using this error dynamics as follows section 3.2.

σ(ξ̄) =

σ1(ξ̄)

σ2(ξ̄)

 =

 ˙̃θn + knθ̃n

γ̇ + kvṽt,r

 , (5.15)

where, ξ̄ = [θ̃n, ˙̃θn, ṽt,r, vn,r, γ, γ̇, ϕ0, ϕ̇0]T is state vector, kn, kv > 0 are the design param-
eter. The derivative of Eq. 5.15 is used to obtain the reaching law for sliding surface as

93
TH-3589_206103018



5. Manoeuvring of Underwater Snake Robot with Tail-thrust using the
Actor-Critic Neural Network STSMC

the following equation.

σ̇1(ξ̄) = ¨̃θn + kn
˙̃θn, (5.16a)

σ̇2(ξ̄) = γ̈ + kv
˙̃vt,r. (5.16b)

Therefore, Eq. 5.16 can be written by substituting Eq. 5.14 as

σ̇1(ξ̄) = Υ̂1 + Υ̂2uγ + Υ̂3uϕ0 − θ̈ref + kn
˙̃θn + Υ̃θn , (5.17a)

σ̇2(ξ̄) = uγ + kv(uT
θn

Υ̂4 + uT
θn

Υ̂5uγ + uT
θn

Υ̂6uϕ0 + θ̇nvn − v̇ref ) + uT
θn

Υ̃p. (5.17b)

Now, Eq. 5.17 can represent in sliding vector form as

σ̇(ξ̄) = f̂σ + fe + ĝσuσ + f̄σ, (5.18)

where,

f̂σ =

 Υ̂1

kv(uT
θn

Υ̂4 + θ̇nvn)

 , fe =

kn
˙̃θn − θ̈ref

−kvv̇ref

 , ĝσ =

 Υ̂2 Υ̂3

kv(1 + uT
θn

Υ̂5) kvuT
θn

Υ̂6

 ,

uσ =

 uγ

uϕ0

 , f̄σ =

 Υ̃θn

uT
θn

Υ̃p

 .

The uncertain parameters are taken in SMC design as nominal values based on the
user choice. However, one can not predict the exact uncertainties; if more uncertain
parameters exist, it becomes difficult to select. Therefore, the uncertain parameters
are estimated here using the actor-critic neural network (i.e. Reinforcement Learning
Control). As given in the Eq. 5.18, the uncertain value f̂σ, ĝσ to be estimated using
the actor-critic neural network. f̂σ, ĝσ are estimated in combined form for the simplicity.
Therefore, the sliding surface is modified in Eq. 5.18 according to it by introducing

g1 =

1 −4.5

2 −1

 positive definite matrix which is explained below. Let, take inverse of

ĝσ in Eq. 5.18,
ĝ−1

σ σ̇ = ĝ−1
σ f̂σ + uσ + ĝ−1

σ f̄σ + ĝ−1
σ fe. (5.19)

Hence, all the term of Eq. 5.19 become uncertain except uσ. Therefore, g1 a positive
definite matrix is introduced in such a way that the uncertain terms become in a single
vector Ĥσ.

g−1
1 Ĥσ = ĝ−1

σ f̂σ + ĝ−1
σ f̄σ + (ĝ−1

σ − g−1
1 )fe − (g−1

σ − g−1
1 )σ̇. (5.20)
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Substituting Eq. 5.20 into Eq. 5.19, equation becomes

g−1
1 σ̇ = g−1

1 Ĥσ + g−1
1 fe + uσ. (5.21)

Now, the Eq. 5.21 becomes

σ̇ = Ĥσ + fe + g1uσ + δ. (5.22)

δ is lumped disturbances and uncertainties which is considered for the stability analysis.
This modification helps implement the reinforcement learning super-twisting sliding mode
control.

5.3.1 Super Twisting Sliding Mode Control

The equivalent control is taken as shown in Eq. 5.23. The ueq which consists of the
model dynamics is estimated using the actor-critic neural network.

ueq = −g−1
1 Ĥσ − g−1

1 fe = −K̂σ − g−1
1 fe (5.23)

The existing switching control law is given in Eq. 5.24.

usw = − g−1
σ

(
k1sgn(σ)∥σ∥

1
2 + k2σ∥σ∥

3
2 +

∫ t

0
k3sgn(σ) dt

)
(5.24)

where, k1, k2, k3 are the parameters. Therefore, the control law can be expressed as below.

uσ = ueq + usw (5.25)

The K̂σ represents uncertain model dynamics and it is estimated by lumped values (sec-
tion 3.2) or learning algorithm techniques. The actor-critic reinforcement learning control
method is used to estimate the K̂σ for the proposed work.

5.3.2 Actor-Critic Reinforcement Learning Control Algorithm

The actor-critic reinforcement learning algorithm is used to estimate K̂σ. The actor
neural network is designed for the action or the generate to estimate signal. The critic
neural network estimates the cost (Jc) using the output of the actor neural network. The
procedure for constructing the actor neural network is as follows. The implementation
of control law is shown in Fig. 5.2. The actor neural network works as the action of the
controller and the critic neural network works as the optimization of the previous action.
Based on the action and previous critic data the centre line will be updated of the actor
neural network. actor and critic algorithm works as parallel to modify the next result.

95
TH-3589_206103018



5. Manoeuvring of Underwater Snake Robot with Tail-thrust using the
Actor-Critic Neural Network STSMC

Underwater

Snake Robot

Dynamics 

Body Shape 

controller

Super Twisting

Sliding Mode

Control

Reference 

head angle

and velocity

Actor Neural 

Network

Critic Neural 

Network Time triggered

tail thrust

Clock

Figure 5.2: Block diagram of control law implementation

Therefore, the high peaks are observed during initial calibration of the control algorithm.

5.3.2.1 Design of Actor Neural Network

The state input ζa = [θ, θ̇, pxy, ṗxy] is considered for the actor neural network. The
input for the neural network is designed such that the information required to estimate
uncertainties could be sufficient. The uncertainties are estimated using the Gaussian-
based activation function. The mathematical expression of the Gaussian-based activation
function (hj)is given in Eq. 5.26.

hj = exp

(
−∥(ζT

a,j − C(:, j))∥2

2b2

)
(5.26)

The following equation is the output of the actor neural network.

K̂σ = [W1, W2]T h (5.27)

where, C(:, j), b, [W1
j , W2

j ]T are centre vector, width and weights, respectively. These
parameters can be made adaptive which helps in the improvement of the estimation for
the actor output. Hence, these parameters are adaptive based on the sliding surface and
critic neural network output error (ηc). The adaption law is decided based on the sliding
surface of the coupled dynamical system as shown in Eq. 5.18. The actor neural network
algorithm can be seen in Algorithm 5.1. Therefore, the adaption law can be decided for
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the centre vector and width which is used in the Gaussian-based activation function. The

Algorithm 5.1 Actor Neural Network Algorithm
1: for j = 1:9 do
2: n = j + 9
3: ζa,new =

[
ζa([j, n, pxy, ṗxy])

]T
▷ Input of actor neural network

4: C(:, j)new = C(:, j)old + ηc∥σ∥(ζa,new − C(:, j)old) ▷ Center-line adaption
5: b = max(abs(ζa,new−C(:,j)new))√

8 ▷ Width of the distribution

6: h(j) = exp
(

−∥ζa,new−C(:,j)new∥2

2b2

)
▷ Gaussian activation function

7: end for
8: Cold = Cnew

adaption law for the weight matrix is proposed as follows.Ẇ1(t)

Ẇ2(t)

 = P1σhT (5.28)

This equation would get integrated and utilized for the weight updating as follows.W1(t)

W2(t)

 =

W1(t − ∆t1)

W2(t − ∆t1)

+ ηa

W1(t)

W2(t)

 (5.29)

The weight adaption law is designed based on the sliding surface and actor error function
(ηa). The actor error function (ηa) is described as follows.

ηa = Jc − Λu (5.30)

where, Λu is ultimate target to value of entire cost-to-go function, usually it is kept 0.
Therefore, this weight adaption is designed such that if no dynamic uncertainties exist
in the system, ηa would be zero. σ may not be zero due to the chattering effect in
the sliding mode control scheme. Therefore, either σ or ηa becomes zero would make
weight adaptation constant once the uncertainties become constant. The estimated (K̂σ)
is inputted to the STSMC.

5.3.2.2 Design of Critic Neural Network

The critic neural network is used to estimate the cost-to-go function. The estimated
K̂σ output of the actor neural network is the input for the critic neural network along with
state input. The input state for critic neural network is considered as ζc = [θ, pxy, K̂σ]
which consists the position states and estimated uncertainties. In the critic neural net-
work, the centre vector is kept constant. The width of a neural network is adjusted with
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the input. The algorithm of the critic neural network is explained in Algorithm 5.2. The

Algorithm 5.2 Critic Neural Network Algorithm
1: for i= 0:t do
2: for j = 1:9 do
3: ζc,new =

[
ζc([j, pxy, K̂σ])

]T
▷ Input of critic neural network

4: b = max(abs(ζc,new−C(:,j)))√
8 ▷ Width of the distribution

5: h(j) = exp
(

−∥ζc,new−C(:,j)∥2

2b2

)
▷ Gaussian activation function

6: end for
7: Wc(i) = Wc(i − 1) + ∥σ∥ηc(i − 1)h ▷ Width of critic neural network
8: Jc(i) = WT

c (i)h ▷ Cost-to-go function
9: end for

reward function (rd) is designed such that it can evaluate the reward according to the
improvement/deterioration in the tracking error as follows.

rd = [θ̃n, ṽt,r]diag(Pr)[θ̃n, ṽt,r]T , (5.31)

where, Pr is positive definite matrix. The critic neural network error function (ηc) is
formulated based on the cost-to-go function (Jc) and reward function (rd) as follows.

ηc(t) = βcJc(t) − (Jc(t − ∆t2) − rd(t)). (5.32)

The output of the critic neural network is input for the actor neural network error func-
tion. This simultaneous process of the actor-critic neural network would improve the
estimation of the K̂σ. The implementation of the proposed control scheme would be
tested with different external disturbances and parametric uncertainties by keeping the
same control parameters. These control parameters are identified by a trial and error
approach. The implementation of the proposed control scheme is shown in Fig. 5.2. The
critic neural network analyses the actor’s estimated values and calculates the cost. This
cost improves the weights in the actor neural network. This type of dynamic programming
helps to estimate the optimal model online.

5.3.3 Lyapunov Stability

Let consider the ideal neural network weight W∗ for actual Kσ such as

Kσ = W∗T h.

Therefore, the error function is formulated as K̃σ = Kσ − K̂σ and K̃σ = W̃T
a h, where,

W̃a = W∗
a − Ŵa and W∗

a > Ŵa. Substituting this error function in Eq. 5.18, the
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equation becomes
σ̇(ξ̄) = K̃σ + g1usw + δ. (5.33)

The Lyapunov candidate V1 can be defined as

V1 = 1
2σT σ + 1

2P1
W̃T

a W̃a

V̇1 = σT σ̇ + 1
P1

W̃T
a

˙̃Wa

= σT
(

K̃σ − k1sgn(σ)∥σ∥
1
2 − k2σ∥σ∥

3
2 −

∫ t

0
k3sgn(σ) dt

)
− W̃T

a σT h + ∥σ∥∥δ∥

After substituting K̃σ = W̃T
a h

≤ −k1∥σ∥
3
2 − k2∥σ∥

7
2 − ∥σ∥

∫ t

0
k3dt + ∥σ∥∥δ∥

≤ 0,

where, k1, k2, k3 are the positive gain parameters. The stability of the actor-critic al-
gorithm can be analysed as follows. η̃a = η∗

a − ηa where η∗
a > ηa, η̃c = η∗

c − ηc where
η∗

c > ηc.

V2 = 1
2 η̃2

a + 1
2 η̃2

c

V̇2 = −η̃aη̇a − η̃cη̇c

= −η̃aJ̇c − η̃cβJ̇c − η̃c∥rd∥

Jc depends on W̃c

∴

≤ −η̃a
∂Jc

∂W̃c

dW̃c

dt
− η̃cβ

∂Jc

∂W̃c

dW̃c

dt
− η̃c∥rd∥

≤ −η̃c∥rd∥
(
∵

dW̃c

dt
= 0as per the iteration

)
≤ 0.

Here, two Lyapunov candidates are considered. The first candidate shows the stability
of system after implementing STSMC and the second part shows the stability of the pro-
posed actor-critic neural network stability. If neural network controller is unstable, there
might chance of the instability in dynamic system. Therefore, two separate Lyapunov
candidates are shown to verify the system and proposed actor-critic network stability.
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5.4 Results and Discussion

The mass m = 0.9047 kg, length 2l = 0.18 m is considered for each link of a snake
robot. It is assumed that the tail thrust(fp = 0.4 N) is constant which means the spiral-
type tail constantly moves in one direction. The water current velocity vc,x = −0.01
m/s and vc,y = −0.01 m/s are considered for X-Y direction respectively. The control
parameters for the actor-critic neural network are shown in Table 5.1.

Table 5.1: Control Parameters

Actor-critic P1 = 5, βc = 0.5
Sliding surface kn = 10, kv = 16
Super-Twisting k1 = 10, k2 = 10, k3 = 2
Body-Shape parameters α = π

6 rad, β = 5π
18 rad, kp = 20, kd = 5, ki = 10

0 50 100 150 200 250 300 350 400
-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06
No Dist

Random Dist

Pulse Dist

High Freq. Dist

200 205 210 215 220
-0.01

-0.005

0

0.005

0.01

Figure 5.3: Head angle tracking error

The proposed control scheme is compared with the existing STSMC scheme. The
control parameters for comparing both control schemes are kept the same except for the
actor-critic parameter because it is not in the existing control (section 2.3) scheme. The
lumped value of the uncertain term K̂σ is considered [0.5, −0.5]T for the existing control
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scheme which is nearer to estimated uncertain values of the proposed control scheme. It
is noted that these lumped values are not used for the proposed ACSTSMC scheme.
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Figure 5.4: Velocity tracking error

Figure 5.3 shows the tracking error of the head angle (θ̃n). It is observed that the
tracking error is near zero. Some peaks are observed during the pulse disturbance con-
dition however those are within the limit. The tangential velocity is the next target for
the tracking to fulfil the control objective. Figure 5.4 shows the tracking error of the
tangential velocity. Error improvement is observed when the tail thrust force is in action.
It is noted that the tail-thruster is started after 100 sec to show the effect of the tail
thrust in a proposed dynamic system. This proves the proposed dynamic model of the
underwater snake robot and its effect on each link are correct. This is also verified by
observing the joint velocity tracking (γ̇) in Fig. 5.5.
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Figure 5.5: Joint angular velocity
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Figure 5.6: CM position of snake robot

Initially, the joint velocity is higher before the thruster starts as shown in Fig. 5.5.
Once, the thrust force comes across the link, the controller decides autonomously to re-
duce the joint speed. The reduction in the joint speed is observed after 100 sec. This has
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happened to maintain the control objective to track the desired velocity. The straight
path is considered to follow by the snake robot. It is shown in Fig. 5.6. Almost the
same speed of the snake robot is observed using the proposed ACSTSMC scheme for all
disturbance conditions as per Fig. 5.6. The phase angle (ϕ0) keeps the robot on track.
The phase angle is shown in Fig. 5.7.
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Figure 5.7: Phase angle
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Figure 5.8: Rewards of the actor-critic neural network

The reward is an important part of the critic network. The reward value of each
iteration is shown in Fig. 5.8. This reward value is used to decide the critic output which
is used for adapting the centre vector and weights of the actor neural network. It helps to
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estimate the uncertainties in the dynamic system. The estimated uncertainties are shown
in Fig. 5.9 for the different cases of the disturbances. Variations in estimated values are
observed for the different cases of disturbances.
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Figure 5.9: Estimated uncertainties
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Figure 5.10: Sliding surface
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Figure 5.10 shows the sliding surface. It is needed to be zero to achieve the control
objective. There is also less chattering required in sliding surfaces for smooth tracking
operation. The minimum chattering effect in sliding surfaces results in a reduction in
chattering in torque. This can be observed in Fig. 5.11. It is also observed that using
the proposed control scheme not only required less control effort but also reduced the
chattering effect. It is noted that the control saturation is used in this work to meet
actuator constraints.

The exact quantified results of the chattering effect are shown in Table 5.2. Case-1 is
“No Disturbance”, Case-2 is “Random Disturbance”, Case-3 is “Pulse Disturbance” and
Case-4 is “High-Frequency Disturbance” are considered. The results are compared for the
proposed control technique and the existing control technique for each case. It is observed
that a sufficient reduction in chattering is possible by using the proposed control scheme.
Moreover, the minimum chattering happens for the different cases of disturbances by
using the proposed control scheme. The required torque for the motion of the snake
robot is shown in Table 5.3, namely control effort. Generally, the minimum control effort
is required for the long life of the battery and also increases the manoeuvrability of
the robot. Therefore, it is necessary to reduce the control effort. The control scheme
is designed not only for the reduction in chattering and control effort but also for the
improvement of the tracking error. The tracking error comparison is shown in Table
5.4. The improvement in tracking errors is found to be better using the proposed control
scheme compare to existing STSMC.
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Figure 5.11: Torque comparison of existing and proposed control scheme

Table 5.2: Chattering Effect

Case-1 Case-2 Case-3 Case-4
Proposed Existing Proposed Existing Proposed Existing Proposed Existing

u1 4.1670 23.0880 12.9250 20.7500 4.6150 20.6960 6.3400 20.8060
u2 2.0860 17.1450 3.5460 15.3410 2.4810 15.4360 3.2200 15.4360
u3 1.4760 20.3230 3.0500 18.3240 2.0780 18.3220 2.4370 18.3850
u4 1.3750 21.9880 2.9300 19.9140 2.0590 19.9460 2.4240 19.9950
u5 1.3060 21.2320 3.0710 19.1440 1.9830 19.1090 2.7380 19.1740
u6 1.1760 19.4930 3.4040 17.5650 2.0440 17.6170 3.0810 17.6310
u7 1.1020 17.2280 3.9100 15.4580 2.1450 15.4570 4.0890 15.5410
u8 1.0420 22.2430 12.0510 19.9710 2.1310 19.8240 6.1110 19.9630
∥u∥ 2.5710 38.7670 5.1550 35.0400 3.9950 34.9990 4.7430 35.1760
ṽt,r 0.0197 0.1022 0.0375 0.0940 0.0214 0.0939 0.0368 0.0941
θ̃n 0.0061 0.5183 0.0211 0.4629 0.0211 0.4634 0.0186 0.4641
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Table 5.3: Control effort

Case-1 Case-2 Case-3 Case-4
Proposed Existing Proposed Existing Proposed Existing Proposed Existing

u1 0.2524 0.6927 0.2559 0.6300 0.2572 0.6319 0.2559 0.6329
u2 0.6360 1.3922 0.6396 1.2786 0.6446 1.2800 0.6379 1.2815
u3 0.9365 1.8481 0.9406 1.7076 0.9464 1.7078 0.9384 1.7094
u4 1.0105 2.0027 1.0150 1.8518 1.0190 1.8521 1.0127 1.8536
u5 0.8595 1.8974 0.8648 1.7519 0.8669 1.7513 0.8621 1.7536
u6 0.5831 1.6394 0.5897 1.5007 0.5905 1.5014 0.5863 1.5036
u7 0.2989 1.2315 0.3072 1.1177 0.3070 1.1187 0.3041 1.1214
u8 0.0885 0.6305 0.1005 0.5696 0.0982 0.5708 0.1021 0.5727
∥u∥ 1.8821 4.2481 1.8946 3.9079 1.9026 3.9093 1.8891 3.9143

Table 5.4: Tracking Error

Case-1 Case-2 Case-3 Case-4
Proposed Existing Proposed Existing Proposed Existing Proposed Existing

ṽt,r 0.0308 0.0327 0.0308 0.0323 0.0312 0.0323 0.0308 0.0323
θ̃n 0.0032 0.0500 0.0034 0.0445 0.0035 0.0446 0.0032 0.0446

5.5 Summary

In this work, the equation of motion for the snake robot equipped with a thruster at the
tail is derived on each link. The VHCs approach is used for deriving the reduced dynamics.
The STSMC with reinforcement learning algorithm is used to estimate the uncertainties
and disturbances in the motion dynamics. The centre vector, width and weight adaption
algorithms are described for the actor-critic neural network. An improvement in the
tracking errors of the head angle and tangential velocity is found. The reduction in the
chattering effect and control effort is found using the proposed control scheme. The
results are qualitatively and quantitatively compared with the existing control scheme
and the improved performance is found using the proposed control scheme.
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6.1 Introduction

6.1 Introduction

In this work, the snake robot is modelled and simulated in the Simscape multibody en-
vironment, eliminating the need for explicit mathematical modelling. Due to the precence
of large number of actuators, there may be situation in which single or more actuators
may be failed. Understanding the robot’s motion in the event of such failures is crucial.
Hence, this work examines different scenarios of actuator malfunction. Motion control
is achieved through virtual holonomic constraints (VHCs) based approach, considering
various uncertainties in underwater environments. To deal with these uncertainties, the
model-based robust control approach known sliding mode control (SMC) is applied to a
simplified dynamic system, which is formulated through VHCs. A radial basis function
(RBF) neural network estimates the model, which is then integrated into the SMC control
strategy. To mitigate the chattering issue associated with SMC, the STSMC strategy is
employed. Consequently, the RBF-STSMC scheme is proposed for controlling the mo-
tion of a snake robot in underwater conditions during single or multiple actuator failures
and uncertain environments. This proposed scheme is evaluated against existing control
strategies.

The chapter is organized as follows. The snake robot modelling in the Simscape
multibody environment and various cases of the actuators failure are given the section
6.2. The RBF-STSMC scheme is explained in the section 6.3. The obtained results are
discussed in the section 6.4 and the chapter is summarized in the section 6.5.

6.2 Simscape Modelling of the Snake Robot

The mathematical model of a snake robot is widely discussed in the chapter 2. In this
chapter, the snake robot is modelled within the Simscape multibody framework. Here,
it is not necessary to explicitly use the equation of motion for the snake robot. Instead,
the construction of the robot utilizes the link and joint blocks available in the Simscape
library, as illustrated in Fig. 6.1. The assembly process involves connecting the ‘P_link’
(frame) of ‘Link 8’ to the ‘F node’ of the joint, and linking the ‘B node’ of the joint
to the ‘N_link’ (frame) of ‘Link 9’, as depicted in Fig. 6.1. The terms ‘P_link’ and
‘N_link’ represent the frames of the preceding and subsequent links, respectively, which
are connected via the joint. Environmental uncertainties are introduced by applying
external forces to the ‘F3 node’ of the links. The ‘t node’ on the joint indicates the input

5This chapter is part of publication: B. M. Patel, R.G. Valenti & S. K. Dwivedy (2024). Motion
control of an aquatic snake robot with actuators failure and environmental uncertainties using neural
network super twisting sliding mode control. Journal of Mechanisms and Robotics, (Submitted).
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torque applied to the joint, whereas ‘q’ and ‘w’ represent the angular position and angular
velocity, respectively. Sensors are attached to the ‘R node’ on the link to measure the
link states, which are crucial for controller design. Following this methodology, the entire
robot is constructed in the Simscape environment, resulting in the assembled snake robot
as shown in Fig. 6.2.

Figure 6.1: Simscape model of Link and Joint

To design the model-based controller, it is necessary to know the mathematical model
of a snake robot. Here, a summary of the essential mathematical model required for the
controller design is provided. The detailed equation of motion is given in the chapter 2
which are again written below for the completeness.

Mθθ̈ + Wθθ̇2 + Λ1θ̇ + Λ2diag(|θ̇|)θ̇ − lSCT
θ fd = DT u, (6.1a)

p̈xy = 1
nm

ET fd. (6.1b)

where,

Mθ = JIn + ml2SθVSθ + ml2CθVCθ,

Wθ = ml2SθVCθ − ml2CθVSθ,

V = AT (DDT )−1A, ∈ Rn×n,

Λ1 = λ1In, Λ2 = λ2In,

fLd = lQθSCθθ̇ + QθEvr, where vr = ṗ − vc,
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Head
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Link

Figure 6.2: Visualization model of snake robot

fNLd = −

ctCθ −cnSθ

ctSθ cnCθ

 diag

abs

Vrx

Vry



Vrx

Vry

 ,

fd = fLd + fNLd,Vrx

Vry

 =

 Cθ Sθ

−Sθ Cθ


Ẋ − Vx

Ẏ − Vy

 ,

SCθ =

 KT Sθ

−KT Cθ

 , ∈ R2n×n

Qθ = −

ct(Cθ)2 + cn(Sθ)2 (ct − cn)SθCθ

(ct − cn)SθCθ ct(Sθ)2 + cn(Cθ)2

 ,

Vx = evcx, Vy = evcy,

In =



1
. . .

. . .

1


, ∈ Rn×n.
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6.2.1 Cases of the Actuator Failure

As discussed in the previous section, the snake robot is comprised of several links
and joints, each equipped with an actuator. There exists a chance for actuator failure,
necessitating the optimization of the remaining motors to achieve maximum efficiency.
This study examines four different scenarios of actuator failure, detailed as follows:

• Case-I: No actuator failure.

• Case-II: The second actuator has failed.

• Case-III: The fourth actuator has failed.

• Case-IV: Both the second and fourth actuators have failed.

The numbering of the links is from the tail to the head, with the 1st-link being the tail
and the last-link being the head. A control scheme suitable for these actuator failure
scenarios in an uncertain underwater environment is proposed and will be elaborated
upon in the subsequent section.

6.3 Controller Design

The SMC strategy is similar to the chapter 2. As in this work, the dynamics of the
robot is not considered explicitly, the expanded terms of the control law is considered to
avoid the singularities of the solver. Utilizing this approach, the STSMC is constructed
as follows.

σ(ξ̄) =

σ1(ξ̄)

σ2(ξ̄)

 =

 ˙̃θn + knθ̃n

γ̇ + kvṽt,r

 (6.3)

where, kn, kv > 0 are the design parameter. The control law can be defined by equating
σ̇(ξ̄) = 0 as follows.

uϕ0 = −f̂1 + θ̈ref − kn
˙̃θn + usw1 (6.4a)

usw1 = −k1|σ1|1/2sgn(σ1) − k2σ1|σ2|3/2 − k1z1 (6.4b)
uγ = −f̂2 + kvv̇t,ref + usw2 (6.4c)

usw2 = −k2|σ2|1/2sgn(σ2) − k1σ2|σ1|3/2 − k2z2 (6.4d)
ż1 = kzsgn(σ1) (6.4e)
ż2 = kzsgn(σ2) (6.4f)

usw1 and usw2 represent the reaching laws of the STSMC. f̂1 and f̂2 denote the uncertain
components of the robot dynamics, estimated through the RBFNN. The inputs used for
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training the neural network include the angular position and velocity of the joint, the
sliding surface, and the orientation of the snake robot’s head link which is different from
the previously considered input in chapter 3. These states are measured using the sensors
as described in the section 6.2. The block diagram of estimating an uncertain model using
a neural network is depicted in Fig. 6.3. In this, the centre line and weight adaption are

F
eedback signal

2

3

4

5

6

7

8

Estimated 

Uncertain Model

Figure 6.3: Block diagram of neural network

considered. The algorithm for training the neural network is outlined in Algorithm 6.1.

Algorithm 6.1 Neural Network Algorithm
1: for j = 1:number of joints do

2: n = j+number of joints

3: ζnew =
[
ζ([j, n, θn, θ̇]n, γ̇)

]T
▷ Input of neural network

4: C(:, j)new = C(:, j)old + ∥σ∥(ζnew − C(:, j)old) ▷ Center-line adaption

5: b = max(abs(ζnew−C(:,j)new))√
5 ▷ Width of the distribution

6: h(j) = exp
(

−∥ζnew−C(:,j)new∥2

2b2

)
▷ Gaussian activation function

7: end for

8: ˙̂W = P1σhT + P2∥σ∥4/3σhT ▷ Weight adaption law

9: f̂ = ŴT h ▷ Estimated uncertain dynamics

10: Cold = Cnew ▷ Updated center line

The control algorithm implementation is shown in Fig. 6.4. The benefit of using
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STSMC over SMC is the reduction of the chattering effect of the joint torque. Therefore,
STSMC is proposed over SMC using a neural network approach. However, the results
are also compared with RBF-SMC and the baseline control scheme, as mentioned in the
following subsection.

Body Shape 

controller

Super Twisting 

Sliding Mode

Control

Reference 

head angle

and velocity

RBF 

Neural Network

Figure 6.4: Block diagram of control law implementation

While using SMC, the control approach remains the same with the only changes
occurring in the reaching law (usw1 , usw2) which can be written as follows.

usw1 = k3sgn(σ1) (6.5a)
usw2 = k3sgn(σ2) (6.5b)

6.3.1 Lyapunov Stability

Let the Lyapunov candidate be chosen as described below.

V1 = 1
2σ2

1 + 1
2σ2

2 + 1
2z2

1 + 1
2z2

2

V̇1 = σ1(f̂1 − θ̈ref + kn
˙̃θn + uϕ0) + σ2(uλ + kvf̂2 − v̇ref ) + z1ż1 + z2ż2

substituting Eq. 6.4
= σ1(usw1) + σ2(usw2) + z1kzsgn(σ1) + z2kzsgn(σ2)
= σ1(−k1|σ1|1/2sgn(σ1) − k2σ1|σ2|3/2 − k1z1) + σ2(−k2|σ2|1/2sgn(σ2)−
k1σ2|σ1|3/2 − k2z2) + z1kzsgn(σ1) + z2kzsgn(σ2)
≤ −k1|σ1|3/2 − k2σ

2
1|σ2|3/2 − k1σ1z1 − k2|σ2|3/2 − k1σ

2
2|σ1|3/2 − k2σ2z2 + z1kzsgn(σ1)

+ z2kzsgn(σ2)
≤ −k1|σ1|3/2 − k2σ

2
1|σ2|3/2 − k2|σ2|3/2 − k1σ

2
2|σ1|3/2 − (k1 − kz)|σ1z1| − (k2 − kz)|σ2z2|

≤ 0.
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From the analysis presented above, it is necessary for k1 and k2 to be positive, and they
must satisfy the conditions k1 ≥ kz and k2 ≥ kz to ensure the system’s stability.

Further, the weight adaption is also considered in the RBF-neural network. Therefore,
the stability of the weight function is also required.
Let consider the ideal neural network weights W∗ for actual f (unknown dynamics) such
as

f = W∗T h.

Therefore, the approximation weight functions are formulated as W̃ = W∗ − Ŵ where,
W∗ > Ŵ.
Let’s consider the Lyapunov candidate of the weight function as follows.

V2 = 1
2P1

W̃T W̃

V̇2 = − 1
P1

W̃T ˙̂W

substituting Ŵ from the algorithm

= − 1
P1

W̃T (P1σhT + P2∥σ∥4/3σhT )

≤ −∥W̃T σ∥hT − P2

P1
∥W̃∥∥σ∥7/3hT

≤ 0.

This derivation shows that P2 ≥ P1 can fulfil the stability condition V̇1 + V̇2 ≤ 0. Here,
two Lyapunov candidates are considered only for ease of the derivation.

6.3.2 Baseline Controller

The baseline control scheme is given below by following [79]. The results of the
proposed control scheme are compared with this control scheme. In this control scheme,
uϕ0 and uγ had the same error function as the proposed control scheme. Therefore, a
comparison between this control scheme and the proposed control scheme is considered.

uϕ0 = −1
ϵ
σ1 − kϕ1ϕ0 − kϕ2ϕ̇0 (6.6a)

uγ = −kγσ2 (6.6b)

6.4 Results and Discussion

This section presents a comparison of the control schemes in under actuator failure in
uncertain underwater conditions. The control parameters are selected for all cases based
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on achieving the same tracking error for Case I that is no actuator failure. The control
parameters are given in Table-6.1. The parameters are kept the same for all the cases
of the actuator failures. To check the robustness of the proposed control scheme, two

Table 6.1: Control parameters

Controller Parameters
Joint controller (PID) kp = 20, kd = 5, ki =10
Sliding surface kn = 10, kv = 12.5
Existing control scheme kϕ1 = 0.1, kϕ2 = 0.1, kγ = 1
STSMC k1 = 8, k2 = 7, kz =2
SMC k3 = 10
RBF-NN P1 = 5, P2 = 2
Reference Trajectory kt = 0.025, kh = 0.02
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Figure 6.5: Uncertain parameters of drag force and fluidic torque

different path following cases are considered viz. straight-line path and sinusoidal path
following. The uncertainties in the drag forces and fluidic torque parameters are also
considered to compare the proposed control scheme with the existing one. The graphical
representation of these uncertainties is shown in Fig. 6.5. Moreover, the quantitative
analyses of the results are performed using the chattering indicator and error tracking.
All cases of actuator failures for the straight-line path following are discussed in the next
subsection.

118
TH-3589_206103018



6.4 Results and Discussion

6.4.1 Straight Line Path Following

This subsection explains the straight-line path following of the snake robot. Here, four
cases are considered as mentioned in section 6.2.1. The CG tracking of a snake robot

(a) (b)

(c) (d)

Figure 6.6: Straight path trace of head link-CG (a) Case-I (b) Case-II (c) Case-III (d) Case-IV

head is shown in Fig. 6.6. Unlike, the motion of CG of the snake robot is considered
in the previous chapters, in the present chapter, the motion of a CG of the head link is
considered. As shown in Fig. 6.1, a sensor is placed on the head link to measure the
position and orientation that can be used to track the motion of a robot. Figure 6.6a shows
the tracking of the CG of a head link for the no actuator failure case. It is observed that
the distance covered by the snake robot is almost the same for all the control schemes, and
based on this result, the control parameters are selected and kept the same for the entire
work. The failure of the second actuator is illustrated in Fig. 6.6b, where it is evident that
RBF-STSMC outperforms other control schemes in terms of the distance covered by the
robot. Fig. 6.6c shows the scenario of the fourth actuator failing during the snake robot’s
motion. This failure impacts the robot’s motion more significantly than in previous cases,
with the distance covered by the snake robot reducing to approximately 40% of that in
Case-I. The failures of the second and fourth actuators, as depicted in Fig. 6.6d, highlight
the superior performance of RBF-STSMC in these scenarios. The distance covered by the
snake robot within the same timeframe can be assessed through the tangential velocity
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Figure 6.7: Tangential velocity tracking: straight-line path following (a) Case-I (b) Case-II (c) Case-III
(d) Case-IV

tracking, as illustrated in Fig. 6.7. The findings reveal that the performance of RBF-
STSMC is notably superior, especially when the fourth actuator fails, compared to other
control schemes. Additionally, the issue of chattering, prevalent in sliding mode control
approaches, is addressed by employing a chattering indicator, the results of which are
presented in Table-6.2. RBF-STSMC demonstrates a significant reduction in chattering
compared to RBF-SMC, contributing to extended actuator lifespan.

The tracking error, quantified in Table 6.3, shows that RBF-STSMC enhances the
tangential velocity of the snake robot more effectively than other controllers. Although
the head angle tracking error is better with the existing control scheme, the head tracking
error remains minimal, ensuring the robot stays on the desired path. In this study, speed
is prioritized since the head tracking error is within acceptable limits, and RBF-STSMC
has proven to be effective in covering more distance in a given time period. The robustness
of the control scheme is further evaluated through a sinusoidal path following scheme,
which is discussed in the subsequent subsection.
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Table 6.2: Chattering Indicator- straight-line path following

Case-I Case-II Case-III Case-IV
STSMC SMC STSMC SMC STSMC SMC STSMC SMC

u1 8.7727 120.7290 6.4354 73.9691 11.0941 113.7198 7.3992 75.1344
u2 15.8783 207.0876 0.0000 0.0000 15.0841 169.0757 0.0000 0.0000
u3 18.7466 243.3820 16.3267 152.0243 15.1166 148.1866 13.0732 86.9234
u4 18.7810 245.3965 19.7533 210.9780 0.0000 0.0000 0.0000 0.0000
u5 19.0056 243.7453 18.8018 242.7367 20.3836 157.4009 19.9174 165.6240
u6 18.3012 238.2107 17.9864 246.6568 17.9346 207.5218 18.4757 217.2762
u7 14.0922 202.9531 13.7561 208.5257 11.3354 193.1877 12.1495 198.4951
u8 7.6653 119.9965 7.4247 120.3391 6.8748 117.7637 7.2722 119.0088
∥u∥ 30.3160 364.4885 30.1971 316.4186 30.2802 157.9404 26.5915 167.5715

Table 6.3: Error in RMS- straight-line path following

Case-I Case-II
STSMC SMC Existing STSMC SMC Existing

ṽt 0.0549 0.0550 0.0554 0.0582 0.0584 0.0593
ṽt,mean 0.0542 0.0544 0.0543 0.0570 0.0572 0.0573
θ̃n 0.0022 0.0027 0.0001 0.0022 0.0028 0.0001

Case-III Case-IV
STSMC SMC Existing STSMC SMC Existing

ṽt 0.0698 0.0702 0.0708 0.0714 0.0716 0.0720
ṽt,mean 0.0680 0.0683 0.0685 0.0701 0.0703 0.0703
θ̃n 0.0015 0.0022 0.0001 0.0016 0.0022 0.0001

6.4.2 Sinusoidal Path Following

The robustness of the control scheme is tested using a sinusoidal path. Figure 6.8
illustrates the case of sinusoidal path following. Similar to the straight-line path scenario,
it is observed that the robot’s ability to cover distance is adversely affected when the
fourth actuator fails. However, the performance of RBF-STSMC remains consistently
superior across all cases of actuator failure when compared to other control schemes
except for case-III, as can be verified in Fig. 6.9. In case-III, a variation between 4.9 m
to 5 m is observed, attributed to the computational complexity in the NN-based control
scheme, as illustrated in Fig. 6.8c. However, it is noted that the distance covered by
the snake robot using RBF-STSMC is increased compared to other control schemes when
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actuators fail.

Figure 6.8: Sinusoidal path trace of head link-CG (a) Case-I (b) Case-II (c) Case-III (d) Case-IV

Table 6.4: Chattering Indicator - sinusoidal path following

Case-I Case-II Case-III Case-IV
STSMC SMC STSMC SMC STSMC SMC STSMC SMC

u1 32.7142 123.9954 18.4889 74.4725 48.8340 113.6056 16.0623 75.0791
u2 52.5479 210.7967 0.0000 0.0000 44.2422 165.7429 0.0000 0.0000
u3 57.0535 247.4493 44.8046 162.7581 42.3460 146.0010 21.8916 86.0903
u4 64.3517 249.9318 54.2486 221.9298 0.0000 0.0000 0.0000 0.0000
u5 62.4572 248.6238 57.0336 247.5827 47.3803 168.7824 35.1315 172.6513
u6 61.4397 243.4432 52.8768 246.6829 50.6910 217.3897 37.6391 225.7405
u7 50.7913 207.5119 46.2776 209.0709 48.3765 196.9695 34.3811 203.2581
u8 38.8118 124.3860 32.4657 123.7126 39.7267 117.5394 27.5539 118.8190
∥u∥ 105.8348 387.6268 85.2277 345.0936 83.7776 187.7827 54.0669 194.5175

Table 6.4 displays the chattering effect in torque during sinusoidal path following.
Here, chattering is observed to be higher compared to that in a straight-line path for the
same control scheme, which is attributed to the complexity of the path. Nonetheless, the
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Figure 6.9: Tangential velocity tracking: sinusoidal path following (a) Case-I (b) Case-II (c) Case-III
(d) Case-IV

performance of RBF-STSMC surpasses that of RBF-SMC in both scenarios. Table 6.5
presents the tracking error in RMS, where the performance of RBF-STSMC is found to
be in good agreement.

Table 6.5: Error in RMS -sinusoidal path following

Case-I Case-II
STSMC SMC Existing STSMC SMC Existing

vt 0.0544 0.0550 0.0549 0.0576 0.0578 0.0604
vt,mean 0.0536 0.0537 0.0536 0.0561 0.0566 0.0566
θ̃n 0.0093 0.0754 0.0007 0.0065 0.0071 0.0051

Case-III Case-IV
STSMC SMC Existing STSMC SMC Existing

vt 0.0707 0.0715 0.0716 0.0710 0.0712 0.0715
vt,mean 0.0680 0.0680 0.0690 0.0692 0.0702 0.0700
θ̃n 0.0388 0.0861 0.0039 0.0049 0.0038 0.0004

The snake robot is constructed using multibody dynamics software. This developed
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model allows for the direct deployment of new control techniques and comparison of
results. The most suitable control scheme can then be deployed to the physical snake
robot, significantly reducing the chance of experiment failure through this simulation
approach.

6.5 Summary

In this work, the snake robot is modelled within the Simscape multibody environment.
This accounts for uncertainties in drag forces and fluidic torque during underwater mo-
tion. The VHCs-based RBF-STSMC approach is employed to control the snake robot’s
motion, considering various scenarios of actuator failure. Particularly, the failure of the
fourth actuator significantly affects the robot’s motion, leading to a reduction in speed,
which is an expected consequence. This study aims to identify which control scheme
offers the best performance under such conditions. The performance of RBF-STSMC is
found to surpass that of other control schemes. A major advantage of the neural network
approach is its ability to eliminate the need for estimating lumped uncertainties in the
model, thereby avoiding the overestimation of parameters when designing model-based
controls.
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7.1 General Conclusion

7.1 General Conclusion

The dynamics and control of a snake robot with nine links and eight joints actuated
by servo motors in uncertain underwater environmental conditions is attempted in this
thesis. Five different problems are addressed in this work. The equations of motion of the
snake robot have been derived using Newton’s 2nd law for the planar motion. Then, it is
reduced by using virtual holonomic constraints. This approach has a unique benefit where
the dynamics of the multi-link snake robot is reduced to that of a single-link (head-link)
system on which control law is deployed. The head-link angle and tangential velocity of
a snake robot are controlled using the control scheme. In all the problems, the control
parameters are selected based on the Lyapunov stability analysis.

In the first problem, the sliding mode control (SMC) approach is used with the existing
dynamics of a snake robot. The chattering effect which is a major concern using the
SMC scheme, is reduced by using the super twisting sliding mode control (STSMC)
scheme. The aim of this work is to achieve the direction control of a snake robot in
an uncertain underwater environment with the desired velocity. The performance of the
STSMC scheme is compared with the adaptive sliding mode control (ASMC) scheme
and SMC scheme. A significant reduction in chattering is observed using the STSMC.
This robust control scheme is used to deal with uncertainties in drag forces and fluidic
torque during the motion of a snake robot. These uncertainties are considered as lumped
parameters in controller design.

In the second problem, the same mathematical model is considered for the planar
motion of a snake robot where the radial basis function neural network (RBF-NN) ap-
proach is used for the estimation of the uncertain environment. Here, the RBF-NN with
ASMC scheme is used for the motion control of a snake robot. The RBF-NN is designed
in such a way that the weights, width and centre-line of the neural networks are adaptive.
To estimate the uncertain dynamics, the designed sliding surface, link angle velocity and
orientation, CG position and velocity of the snake robot are considered as the input for
neural networks. The results of the proposed RBF-NN with the ASMC scheme are found
to be better than the ASMC scheme in terms of chattering reduction and improvement
in error tracking while following a desired path.

In the third problem, the planar motion (X-Y plane) of the snake robot is extended to
3D motion in the underwater environment by including the vertical motion (Z-direction).
The vertical motion is generated using the buoyancy variation technique. Here, the
equation of motion is derived by including the added mass effect and vertical motion of
the snake robot along with the external disturbances. The horizontal motion is controlled
using the existing STSMC scheme and the vertical motion is achieved using the pump
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operations, for which the event-based control scheme and PD control scheme are used.
Moreover, the proposed dynamics are verified using the simscape multibody environment
where the equation of motion is not required explicitly.

It is observed that the speed of a snake robot is very less in underwater conditions
and that can be improved by external thrust force which is addressed in the fourth
problem. Here, the equation of motion of the snake robot is derived considering the tail-
link equipped with a thruster. The actor-critic neural network with super twisting sliding
mode control scheme is used to deal with the uncertainties and disturbance during the
motion of the snake robot. The proposed control scheme is compared with the existing
STSMC scheme and the reduction in chattering effect and control effort is found. The
speed of the snake robot is increased by using the thruster.

As the snake robot has many actuators, there may be a chance of failure. This is ad-
dressed in the fifth problem. The control scheme is designed such that the robot motion
can be sustained in the presence of the actuator failure. The snake robot is constructed
in the Simscape multibody environment. The radial basis function neural network super
twisting sliding mode control scheme is used to deal with various uncertainties and actu-
ator failure. The proposed control scheme is compared with the existing control scheme,
and an improvement in performance is observed.

Following specific conclusions are made from the above mentioned studies.

7.2 Specific Conclusion

• The STSMC scheme is proposed to track the head link tangential velocity and
orientation of a snake robot. The given reference head angle direction and tangential
velocity are followed by the snake robot in an uncertain underwater environment.
The significant reduction in the chattering of the input angular (joint) velocity of
94.15% and 88.23% from the SMC and ASMC schemes, respectively, is found for
the STSMC scheme. A significant reduction in the chattering of the input torque
is also found. The overall reduction in terms of the norm in torque of 88.50% and
77% from SMC and ASMC schemes, respectively, is found for the proposed control
scheme.

• The adaptive RBF neural network sliding mode control scheme is proposed to follow
the desired path for the snake robot with the desired tangential velocity of the
head-link of a snake robot. The reduction in chattering of the input angular (joint)
velocity of 42.62% from the ASMC scheme is found for the proposed scheme. A
significant reduction in the chattering of the input torque is also found. The overall
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reduction in terms of the norm in torque of 37.55% from the ASMC scheme is found
for the proposed control scheme. Improvements in the tracking error of tangential
velocity and head link orientation are 1.93% and 12.9%, respectively.

• For the 3D motion of a snake robot, two types of path following cases i.e. straight
line path following and sinusoidal path following are considered for the horizon-
tal motion control. The effectiveness of STSMC is tested by introducing external
disturbances along with environmental uncertainties such as random disturbances,
pulse disturbances and high-frequency disturbances. The chattering effect has been
compared for the various disturbances. When there is no disturbance, very less
chattering is observed which is obvious. During the straight line path following
case, the chattering of torque in terms of norms due to pulse disturbances is 29.75%
and 28.04% less than random and high-frequency disturbances, and similarly for the
sinusoidal path following case due to the pulse disturbances, is 35.02% and 28.07%
less than random and high-frequency disturbances. The tracking error is almost
the same for every case of disturbances and path following cases.

• When a thruster is considered on the tail-link of the snake robot using an actor-critic
neural network, the reduction in the chattering of torque (in norms) compared to the
existing control scheme is found to be 93.36%, 85.28%, 88.58% and 86.51% for the
cases of no disturbances, random disturbance, pulse disturbance and high-frequency
disturbances, respectively. The improvement in error tracking of tangential velocity
using the proposed control scheme compared to the existing control scheme are
5.81%, 4.64%, 3.40% and 4.64% for no disturbances, random disturbance, pulse
disturbance and high-frequency disturbances, respectively. Similarly, the head angle
tracking is improved by 93.6%, 92.35%, 92.15% and 92.82% for the above mentioned
disturbances cases. Moreover, the reduction in control effort in terms of norms using
the proposed control scheme compared to the existing control scheme is 55.69%,
51.50%, 50.73% and 51.73% for the above mentioned disturbances.

• The RBF-STSMC scheme is used for the motion control of a snake robot during the
actuator failure. The four cases (No actuator failed, second, fourth and combined
second and fourth actuators failed) of actuators failures are considered. Two-path
following cases i.e. straight line path following and sinusoidal path following are
considered in this work to check the robustness of the proposed control scheme dur-
ing the actuator’s failure along with environmental uncertainties. The improvement
in error tracking of tangential velocity using RBF-STSMC scheme compared to the
baseline control approach for the straight line path following are 1.85%, 1.51%,
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0.83% and for sinusoidal path following are 4.63%, 1.26%, 0.70%. Moreover, the
reduction in the chattering effect of the torques for each case using the proposed
control scheme compared to the RBF-SMC scheme is about 85%.

As observed from the general and specific conclusions, the present work is a novel
attempt for dynamics and control studies of the snake robot in both planar and 3D motion
in uncertain underwater environments. Both classical and modern control theories have
been used in this work for various path-following cases. The various cases studied in this
work can be used by researchers in this field to develop a wide range of snake robots for
many different applications. The following section briefly describes the scope for future
work.

7.3 Scope for Future Work

• Gait Pattern: In the present work, only the lateral undulation motion gait pattern
is considered. One may consider other different gait patterns such as concertina mo-
tion, rectilinear motion, crotaline motion for the various underwater environmental
conditions i.e., narrow areas, dense water, etc. This will change the motion dynam-
ics of the snake robot.

• Limited known states: In this work, all the states (joint angles and CG position
of the snake robot and their derivatives) are known to estimate the dynamical
systems that can be improved with limited known states for designing the control
scheme. One may extend this work with limited known states of the system and
design the control scheme.

• Snake robot with manipulator: In the present work, only a simple motion study
of the snake robot has been carried out. This work can be extended for many appli-
cations such as ship haul cleaning, repairing and maintenance of underwater pipes,
cable routing, etc. where a manipulator can be included on the head link. One
may derive the detailed dynamical equation of the snake robot with manipulator
operation and its control approach. This will help to develop cost effective mobile
manipulators in the underwater environment for performing various tasks.

• Hardware implementation: In this work, the theoretical analysis and numerical
modelling of a 9-link snake robot is carried out. One may extend this work for
n-numbers of links. A physical model (as shown in Fig. 7.1) is developed using
a servo motor on each joint, and a PID controller is used for its motion on land
and underwater environment using Arduino Mega (ATmega - 2560) micro-controller
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board. Due to the problem of procuring costly sensors and microcontrollers, the
developed control schemes have not been implemented. One may use the developed
control schemes on the physical snake robot in future.

Figure 7.1: Experimental set-up of snake robot, Link1, Link2
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