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Chapter 1

INTRODUCTION

High-intensity photoionization experiments on atoms and small molecules irradiated

by intense laser light have received considerable interest. At intensities above (∼)

10 TW/cm2, atoms exhibit “above-threshold” ionization (ATI). ATI occurs when

the atom absorbs more photons than necessary to dissociate the chemical bond [1,

29]. Molecules also exhibit ATI, but due to its additional degrees of freedom, other

phenomena like multiphoton dissociation (MPD) and dissociative ionization takes

place [35, 40, 53]. As the simplest molecule, the hydrogen molecular ion H+
2 is of

fundamental importance in molecular physics. The interaction of H+
2 with intense

ultrafast laser light pulses has revealed novel phenomena viz. bond softening and

bond hardening in light induced molecular potentials [56]. The objective of my work

is:

• To study the different resonance states of H+
2 molecule by applying smooth

exterior scaling (SES) method (Chapter 2).

• To perform better scaling, the existing SES method is modified. The different

resonance states of H+
2 molecule are studied with the help of this new method

(Chapter 3).

• Parametric equations of motion (PEM) are implemented along with the SES

1TH-1080_06612221



2 Chapter 1: INTRODUCTION

method to study the different resonance states of H+
2 molecule (Chapter 4).

• To study the resonance coalescence in H+
2 by applying PEM (Chapter 5).

1.1 What is a resonance state?

As mentioned by Taylor in his book on scattering theory [74] resonances are the most

striking phenomenon in the whole range of the scattering experiment-perhaps one of

the most striking events in nature. Resonances are associated with metastable states

of a system which has sufficient energy to break up into two or more subsystems.

Resonance positions and widths, Er and Γ , respectively, are associated with the

real and imaginary parts of the complex eigen values of the Schrödinger equation.

Moiseyev, in his physics report [42] as well as in his book [44] has extensively discussed

different kinds of resonances that occur in nature.

1.2 How do we get a resonance state?

To describe a quantum mechanical system the Hamiltonian acts as the central oper-

ator as it determines both the structural and the dynamical properties of the system.

Usually the Hamiltonian is constructed as a Hermitian operator. Thus its eigenval-

ues are real. In most cases, the global dynamics is described by means of Hermitian

Hamiltonian for the full system which considers explicitly all the particles, degrees

of freedom and the complete space of states involved. But, for practical purposes,

this exhaustive description may be impossible or in other words too detailed to carry

out. This kind of difficulty may be overcome by taking a reduced description for

the selected subspace and can be performed with effective Schrödinger equation. In

this regime, the complementary subspace is taken into account by means of an ef-

fective interaction described by a non-Hermitian complex potential. According to

the conventional (i.e., Hermitian) quantum mechanics a resonance state is associ-
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Chapter 1: INTRODUCTION 3

ated with a wavepacket [44]. However, non-Hermitian quantum mechanics implies

that each one of the resonance states is associated with a single square-integrable

eigenstate of the complex-scaled Floquet operator [42, 57]. Owing to its asymptotic

divergence behaviour, the resonance eigenfunctions don’t belong to the Hermitian do-

main of the Hamiltonian. It was proved that by scaling the “reaction” coordinate (by

carrying out a dilation transformation), the resonance wavefunction becomes square

integrable [42]. This kind of scaling was done by applying complex coordinate method

(CCM).

1.2.1 Complex coordinate (scaling) method (CCM or CSM)

Balslev et al. [2] and Simon [71] applied the CSM to study the molecular resonances

within the framework of the Born-Oppenheimer approximation . The complex scaling

method (CSM) is one of the useful methods for the determination of bound and

unbound states. In CSM, internal coordinate r and wave number k are dilated by a

complex factor as [41]

U(θ) : r → r exp(iθ), k → k exp(−iθ).

Where U(θ) is a scaling operator and θ is a real number known as the scaling parame-

ter. Under this transformation, the asymptotic divergent behavior exp(ikrr) of a reso-

nance state with a complex wave number kr = κ− iγ is changed into a damping form

exp [i(κ− iγ)] (r cos θ + ir sin θ) = exp [(γ cos θ − κ sin θ)r] . exp [i(κ cos θ + γ sin θ)r]

for θ > tan− 1
(

γ
κ

)

. Therefore resonance states and bound states are obtained as

discrete solutions of the following complex scaled Schrödinger equation:

H(θ)φθ = Eφθ

TH-1080_06612221



4 Chapter 1: INTRODUCTION

where H(θ) = U(θ)HU−1(θ). Thus, taking the appropriate scaling parameter θ ( in

addition to bound states), we can solve resonance states by using squared-integrable

basis functions φn;

φθ =
N
∑

n=1

cnφn.

CCM causes no unphysical perturbation. However, it requires the analytical contin-

uation of the scattering potential. As a result technical difficulties will often arise.

1.2.2 Complex absorbing potential (CAP)

Artificial reflections resulting from the use of the finite basis (grid) approximation

are a major problem encountered in molecular physics. These reflections deteriorate

the quality of the computational results. To remove such kind of reflections during

simulation, it is necessary to impose some sort of absorbing-boundary conditions

which provide outgoing waves in the asymptotic limit. This absorbing-boundary

condition arises due to the addition of some kind of potential term to the Hamiltonian.

In the literature these kind of potentials are called optical potentials [20,21,49,50,55].

Optical potentials have been used for a long time in nuclear physics. Later on,

Riss and Meyer replaced the term optical potential by complex absorbing potential

(CAP) [59]. CAP is located in the asymptotic region where the motion becomes

free and generates an absorbing region that annihilates outgoing wavepackets and as

a result prevents undesired reflections. CAP avoids artificial reflections occuring at

the grid boundary and allows simulations of large-scale strongly coupled scattering

problems which involve millions of basis functions [36,48,79]. However, CAP leads to

the artificial perturbations of the system due to its non-physical nature.They not only

absorb the wavepacket, but also produce reflections themselves. Hence it is essential to

minimize these reflections which is troublesome [28,49,50]. But besides this difficulty,

the CAP method stands out due to its straightforward and simple applicability. CAP

makes resonance wavefunctions square integrable like the CCM. But CAP doesn’t
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Chapter 1: INTRODUCTION 5

require the analytical continuity of the scattering potential. Moreover, it was observed

that by incorporating the CAP, the absorption of the flux can be increased [11]. This

fact was later supported by the series of papers, where different improvements of CAPs

were studied [60–62]. The CAP is zero in the interaction region and “turns on” in

the region where there is no interaction. Recently CAP has been successfully and

efficiently used for the calculation of electronic resonances in atomic and molecular

systems [10,47,65,68] and for wavepacket propagation [10,47,65]. This method is also

used in the time dependent treatment of reactive scattering to calculate the reaction

probabilities [49, 50, 69]. However, CAPs can not give convergent results in case of

multichannel decay [43].

It is also possible to generate the absorbing areas by other techniques (besides

CAP) such as those based on CCM or CSM (mentioned in 1.2.1). The CSM is trans-

formative. It consists of an unbounded similarity transformation of the Hamilton

operator [34]. But CSM requires analytical continuation of the scattering potential,

thus giving rise to some technical difficulties. To remove these problems, a large

number of methods have been proposed by various researchers so far [18, 33, 39, 72].

These methods include exterior complex scaling method (ECS) and smooth exterior

scaling method (SES).

1.2.3 Exterior complex scaling (ECS)

The CSM method can not be applied where the potential of the system is not dilation

analytic (i.e., can not be expanded in the Taylor series expansion). The resonances of

nondilation analytic potentials can be obtained numerically by using exterior complex

scaling (ECS) procedure proposed by Nicolaides [51] and Simon [72]. According to

them the coordinates are kept unscaled in the region where the potential is not dilation

analytic and scaling is done in the external region where the potential is dilation
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6 Chapter 1: INTRODUCTION

analytic. The scaled Hamiltonian has the following form:

Ĥθ =







Ĥ(x) if x < x0

Ĥ
(

(x− x0) e
iθ
)

if x > x0

(1.1)

Here x0 is the point where complex scaling is introduced. Resonances are obtained

as the eigen functions of Ĥθ

ĤθΨres = (Er −
i

2
Γ)Ψres.

1.2.4 Smooth exterior scaling (SES)

Smooth exterior scaling (SES) method is a variant of CSM. Here, the complex path is

chosen in such a way that the complex scaling path is followed within the asymptotic

limit. SES does not touch the interaction region and its effect “turns-on” only close

to the end of the grid. In CSM, the molecular potential energy surface (PES) must be

complex scaled in the interaction region. On the other hand, the potential need not

be scaled in the region where there is no interaction. But in SES, the scaling is done in

the non-interaction region and hence, no scaling is required for the potential. Out of

all these scaling methods mentioned, SES is the most flexible one [9,25,26,43,63,75].

By applying SES similarity transformations to the Hamiltonian, it is possible to

generate reflection free complex absorbing potentials (RF CAPS) [70]. SES also

shares the property of the CAP (i.e., it leaves the interaction region unaffected and

only “turns-on” close to the end of the grid). It also shares the rigorous mathematical

foundation of CSM. In the SES method, the wavepacket is allowed to propagate along

an arbitrary (smooth) path in the complex coordinate plane and gets absorbed when

the path leaves the real axis. It is the most efficient method for the production of RF

CAPs. It is simple to implement and avoids most of the perturbation of the physical

system.

The Moiseyev-Hirschfelder generalization [46] of the complex coordinate method
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Chapter 1: INTRODUCTION 7

associated the resonance poles of the S-matrix, E = Er− iEi, with the θ independent

complex eigenvalues of Ĥ :

ĤΨ = EΨ, (1.2)

where

Ĥ =
−h̄2

2M

∂2

∂z2
+ V (z). (1.3)

Here z = F (x) is a path in the complex coordinate plane and is given by

z = F (x) −→ x exp(iθ) as x −→ ∞ (1.4)

The smooth-exterior-scaling path is defined as [63]

f(x) =
∂F

∂x
= 1 + [exp(iθ)− 1]g(x), (1.5)

where g(x) is varied from 0 to 1 around the point x=x0. When V (x ≥ x0)=0 ,

unscaled potential V (x) can be used instead of complex potential V (z). The smooth-

exterior-scaled Hamiltonian is given as follows [25,43,58] :

Ĥ =
−h̄2

2M

∂2

∂x2
+ V [F (x)] + V̂CAP . (1.6)

where,

V̂CAP =
1

2
V1(x)

∂

∂x
+ V2(x)

∂2

∂x2
, (1.7)

and,

V1(x) =
h̄2

Mf 3(x)

∂f(x)

∂x
, (1.8)

V2(x) =
h̄2

2M
(1− f−2(x)). (1.9)

The volume element is given by

dz = f(x)dx (1.10)
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To simplify the expression of the volume element (i.e. to make dz = dx) one can

transform the Hamiltonian by defining a function Φ,

Ψ(x) = f−1/2Φ(x), (1.11)

such that

Ĥf =
−h̄2

2M
∇2

f + V [F (x)], (1.12)

where,

∇2
f = f 1/2(x)

∂2

∂z2
f−1/2(x). (1.13)

Here, Φ(x) is an eigenfunction of Ĥf . Now Ĥf can be redefined as,

Ĥf =
−h̄2

2M

∂2

∂x2
+ V [F (x)] + V̂ f

CAP , (1.14)

where,

V̂ f
CAP = V0(x) + V1(x)

∂

∂x
+ V2(x)

∂2

∂x2
, (1.15)

and,

V0(x) =
h̄2

4M
f−3(x)

∂2f

∂x2
−

5h̄2

8M
f−4(x)

(

∂f

∂x

)2

. (1.16)

Now g(x) (in equation 1.5) can be defined with the help of a specific family of inte-

gration paths in the complex coordinate plane as follows:

g(x) = 1 + 0.5 [tanh(λ(x− x0))− tanh(λ(x+ x0))] . (1.17)

The path derived from g(x) (given in equation 1.17) will be referred as Moiseyev path.

By carrying out integration over g(x), the complex path (i.e. Moiseyev path) F (x) is

obtained. F (x) has the following form:

F (x) = x+ (eiθ − 1)

[

x+
1

2λ
ln

cosh[λ(x− x0)]

cosh[λ(x+ x0)]

]

. (1.18)
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The CAP terms are calculated by using the expression for g(x) given in equation

1.17 and incorporating the following analytical expressions for the first and second

derivatives of f(x):

∂f

∂x
= 0.5λ(eiθ − 1)

[

1

cosh2(λ(x− x0))
−

1

cosh2(λ(x+ x0))

]

(1.19)

∂2f

∂x2
= λ2(eiθ − 1)

[

1

cosh2(λ(x+ x0))
tanh(λ(x+ x0))

−
1

cosh2(λ(x− x0))
tanh(λ(x− x0))

]

.

(1.20)

There are other complex paths that can also be used in the calculation and these are

given below:

Wood-Saxon path [25]:

g(x) = (1 + e(x0−x)λ)−1 + (1 + e(x0+x)λ)−1 (1.21)

F (x) = x+ (eiθ − 1)

[

2x−
1

λ
ln(1 + e(x0+x)λ) +

1

λ
ln(1 + e(x0−x)λ)

]

(1.22)

Taylor path [25]:

g(x) =(1 + e(x0−x)λ)−1 + (1 + e(x0+x)λ)−1

+xλ
[

e(x0−x)λ(1 + e(x0−x)λ)−2 − e(x0+x)λ(1 + e(x0+x)λ)−2)
]

(1.23)

F (x) = x+ (eiθ − 1)x
[

(1 + eλ(x0−x))−1 + (1 + eλ(x0+x))−1
]

(1.24)

and

Elander-Yarevsky path [9]:

g(x) =







0 x ≤ x0

1− e−λ(x−x0)2 + 2λ(x− x0)
2e−λ(x−x0)2 x > x0

(1.25)
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F (x) =







x x ≤ x0

x+ (eiθ − 1)(x− x0)(1− e−λ(x−x0)2) x > x0

(1.26)

1.3 Floquet Theory

Periodicity of Hamiltonian is a special case of time-dependent Hamiltonian. For such

case it is also possible to make certain general statements about the solution of the

time-dependent Schrödinger equation. The theory of these systems is known as Flo-

quet theory and its application to quantum mechanical systems was first introduced

by Shirley in 1965.

Floquet theory provides a unique functional form for a Floquet propagator. It

permits exact or approximate solutions for the semi-classical equations of motion

without resorting to perturbation theory, the rotating wave approximation [17, 19],

or to a brute force integration for times greater than one oscillation of the field.

The periodic form of the Floquet propagator helps the reformulation of the problem

with solutions and eigenvalues which characterize and determine the dynamics of the

system. The eigenfunctions and the eigenvalues are in the form of Floquet exponents.

The usefulness of the theory is evident by the diversity of its applications. Floquet

theory had been applied to hydrogen atom multiphoton ionization by Salzman [66],

Chu and Reinhardt [5, 6]. On the other hand, Floquet theory had been used to a

“larger” system, the rotating diatomic by Leasure , Wyatt and Milfeld [30, 31].

1.3.1 Time-Dependent Floquet Theory

The usual Time-dependent Schrödinger equation (TDSE) has the following form:

ih̄
∂ψ(t)

∂t
= Ĥ(t)ψ(t), (1.27)
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where the Hamiltonian is periodic in time with period τ , that is,

Ĥ(t) = Ĥ(t+ τ).

Solution of the TDSE can be written as

ψ(t) = Te−iĤtψ0,

where T is time ordering operator and ψ0 is the initial wave function. Now we can

define ψ(τ) as:

ψ(τ) = U(0 → τ)ψ0 = U0ψ0, (1.28)

where U(0 → τ) is time propagator for the time 0 to τ . We can also define

ψ(mτ) = U [(m− 1)τ → mτ ]U [(m− 2)τ → (m− 1)τ ] .......U(τ → 2τ)U(τ → 0)ψ0.

(1.29)

But H(t) is periodic in time and as a result

U(0, τ) = U(τ, 2τ) = U [(m− 1)τ,mτ ] .

Then equation 1.29 gives

ψ(mτ) = Um(0 → τ)ψ0 = Um
0 ψ0. (1.30)

ψ(t) in Floquet ansatz can be written as

ψ(t) = e
−iǫt

h̄ φ(t), (1.31)
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where, φ and ǫ are the Floquet vector and Floquet exponent respectively. φ is also

periodic in time

φ(t) = φ(t+ τ).

By comparing equations 1.28, 1.30 and 1.31, we have,

e
−iǫτ

h̄ φ(τ) = U0ψ0. (1.32)

But at initial time (t=0), equation 1.31 gives

Ψ0 = φ0. (1.33)

Therefore, equation 1.32 becomes

U0φ0 = e
−iǫt

h̄ φ0. (1.34)

Equation 1.34 is the eigen value equation. Thus the Floquet vector and the exponent

can be calculated by diagonalizing the one optical cycle propagator (in equation 1.34).

Then by using equation 1.29, one can get the dynamics after any optical cycle later.

1.3.2 Time-Independent Floquet Theory [73]

The usual Time-dependent Schrödinger equation (TDSE) has the following form:

ih̄
∂Ψ(x, t)

∂t
= Ĥ(x, t)Ψ(x, t), (1.35)

where the Hamiltonian is periodic in time with period T, that is,

Ĥ(x, t+ T ) = Ĥ(x, t).
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In Floquet ansatz,

Ψ(x, t) = e−
iǫλt

h̄ φλ(x, t). (1.36)

Substituting equation 1.36 into equation 1.35 and rearranging terms we get

ĤF (x, t)φλ(x, t) = ǫλφλ(x, t), (1.37)

where ĤF is called the Floquet Hamiltonian and has the following form:

ĤF (x, t) =

[

Ĥ(x, t)− ih̄
∂

∂t

]

. (1.38)

Here φ(x, t) and ǫ are called Floquet eigenstate and Floquet eigenvalue respectively.

Equation 1.37 is an eigenvalue equation in two variables i.e., x and t. Here Floquet

eigenstates, φ(x, t) are also time periodic with the same period T as the Hamiltonian.

Equation 1.36 is a particular solution of the TDSE and its general solution is given

as

Ψ(x, t) =
∑

λ

aλe
−

iǫλt

h̄ φλ(x, t). (1.39)

Now we can always rearrange equation 1.36 as follows:

Ψ(x, t) = e−
iǫλt

h̄ φλ(x, t),

= e
−i(ǫλ+nh̄ω)t

h̄ einωtφλ(x, t). (1.40)

This rearrangement leads to a series of new Floquet eigenvalues , ǫλ + nh̄ω with cor-

responding eigenfunctions, φλn(x, t) ≡ einωtφλ(x, t). For integer value of n, φλn(x, t)

will also be time periodic so long as φλ(x, t) is.
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1.3.3 Representation of the Floquet Hamiltonian

It will be possible to get a representation for the Floquet Hamiltonian using a complete

basis in both position and time. Now as both φλ(x, t) and Ĥ(x, t) are periodic in time,

they may be expanded in a Fourier series as follows:

φλ(x, t) =
∑

βm

φm
βλe

imωt|β〉, (1.41)

〈α|Ĥ|β〉 =
∑

n

Ĥn
αβe

inωt. (1.42)

Now, substitution of equations 1.41 and 1.42 into the Schrödinger equation, one

obtains an infinite set of relations for φ
(n)
αλ :

∑

βm

〈〈αn|ĤF |βm〉〉φ
(m)
βλ = ǫλφ

(n)
αλ , (1.43)

where ĤF is the time-independent Floquet Hamiltonian with matrix elements:

〈〈αn|ĤF |βm〉〉 = 〈〈αn|Ĥ|βm〉〉+ 〈〈αn| − ih̄
∂

∂t
|βm〉〉, (1.44)

= H
(n−m)
αβ + δαβ〈n| − ih̄

∂

∂t
|m〉, (1.45)

= H
(n−m)
αβ + nh̄ωδαβδnm. (1.46)

If form of H is

H = H0 + V0 cosωt,

then structure of the Floquet Hamiltonian matrix given by equation 1.46 is shown

below:

[HF ]=
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A+2 ωI B† 0 0 0

B A+ωI B† 0 0

0 B A B† 0

0 0 B A-ωI B†

0 0 0 B A-2ωI

The matrix A on the diagonal consists of matrix elements of the time averaged Hamil-

tonian and is given by

Aαβ = 〈〈α0|H(x, t)|β0〉〉 =
1

T

∫ T

0

〈α|H(x, t)|β〉dt = 〈α|H̄(x)|β〉 = 〈α|H0|β〉, (1.47)

where H̄(x) signifies the time average of H(x, t) and the basis functions α, β may be

chosen to be eigenstates of H̄(x), in which case A is diagonal. In each diagonal block,

the matrix A is repeated with a shift of nh̄ωI. The eigenstates of H̄(x) are also shifted

by multiples of h̄ω and are called “field-dressed states”. The matrix B contains the

Fourier component at frequency ω of the coupling between the basis functions which

is induced by the periodic Hamiltonian. The matrix B is given by

Bαβ = 〈〈α0|H(x, t)|β1〉〉 =
1

T

∫ T

0

〈α|H(x, t)|β〉eiωtdt =
1

T

∫ T

0

〈α|V0 cosωt|β〉e
iωt.

(1.48)

1.4 Parametric equations of motion (PEM)

In parametric equations of motion [54], the Schrödinger equation is explicitly solved

only once and then the solutions at other parameter values are obtained by prop-

agating a set of ordinary differential equations through the parameter space of the

Hamiltonian. Hence, it is possible to predict the wavefunction dynamics for an ar-

bitrary range of field amplitudes and wavelengths. Initially, these kind of equations

had been applied in the field of quantum chaos [54,76,77]. Rabitz and co-workers [38]
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applied PEM to several simple, illustrative examples.

1.4.1 Derivation of Parametric equations of motion

Let us Consider an eigen value problem

¯̄HC̄i
R = C̄i

REi, (1.49)

(C̄L
i )

T ¯̄H = Ei(C̄i
L)T , (1.50)

where ¯̄H depends linearly on parameter λ as

¯̄H = ¯̄H0 + λ ¯̄V,

where ¯̄H0 and
¯̄V are λ independent matrices and C̄R

i , C̄
L
i are the respective right and

left eigen vectors of the complex general matrix ¯̄H having complex eigen values Ei.

Superscript T stands for transpose. C̄R
i and C̄L

i follows the relationship

(C̄L
i )

T C̄R
i = 1. (1.51)

Equation 1.49 can be rewritten as

( ¯̄H0 + λ ¯̄V )C̄n
R = EnC̄n

R. (1.52)

Differentiating equation 1.52 with respect to λ and rearranging the terms, we have

[

( ¯̄H0 + λ ¯̄V )− En

] ∂C̄R
n

∂λ
=

[

∂En

∂λ
− ¯̄V

]

C̄R
n . (1.53)

Multiplying equation 1.53 by (C̄L
n )

T from both sides we get

(C̄L
n )

T
[

( ¯̄H0 + λ ¯̄V )− En

] ∂C̄R
n

∂λ
= (C̄L

n )
T

[

∂En

∂λ
− ¯̄V

]

C̄R
n . (1.54)
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Now rearranging the terms in equation 1.54 and using equation 1.52 and 1.51 we get

∂En

∂λ
= Vnn, (1.55)

where (C̄L
n )

T ¯̄V C̄R
n =Vnn.

Multiplying equation 1.53 by (C̄L
m)

T and using equation 1.51, we get

(C̄L
m)

T [Em − En]
∂C̄R

n

∂λ
=
∂En

∂λ

[

(C̄L
m)

T C̄R
n

]

− (C̄L
m)

T ¯̄V C̄R
n . (1.56)

After applying orthogonality condition (1.51), equation 1.56 can be rewritten as

(C̄L
m)

T ∂C̄
R
n

∂λ
= −

Vmn

Em − En

. (1.57)

Multiplying equation 1.57 by C̄R
m from both sides and summing over all m we get

∑

m 6=n

C̄R
m(C̄

L
m)

T

[

∂C̄R
n

∂λ

]

=
∑

m 6=n

−
VmnC̄

R
m

Em − En

. (1.58)

Using completeness of the basis, equation 1.58 can be rewritten as

∂C̄R
n

∂λ
=

∑

m 6=n

−
VmnC̄

R
m

Em − En

, (1.59)

Similarly,

∂(C̄L
n )

T

∂λ
=

∑

m 6=n

−
VmnC̄

L
m

Em − En

, (1.60)

where,

Vmn = (C̄L
m)

T ¯̄V C̄R
n . (1.61)

¯̄V is not λ dependent whereas ¯̄Vmn depends linearly on λ. Differentiating equation
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1.61 w.r.t λ we get

∂Vmn

∂λ
=
∂(C̄L

m)
T

∂λ
¯̄V C̄R

n + (C̄L
m)

T ¯̄V
∂C̄R

n

∂λ
. (1.62)

Substituting ∂C̄R
n

∂λ
and ∂(C̄L

m)T

∂λ
from equations 1.59 and 1.60 we get

∂Vmn

∂λ
=

∑

l 6=m

Vlm(C̄
L
l )

T

Em − El

¯̄V C̄R
n + (C̄L

m)
T ¯̄V

∑

l 6=n

VlnC̄
R
l

En − El

. (1.63)

From the definition of Vmn we can write

∂Vmn

∂λ
=

∑

l 6=m

VmlVln
Em − El

+
∑

l 6=n

VmlVln
En − El

. (1.64)

If we replace m by n in equation 1.64, we will get

∂Vnn
∂λ

=
∑

l 6=n

VnlVln
En − El

+
∑

l 6=n

VnlVln
En − El

. (1.65)

= 2
∑

l 6=n

VnlVln
En − El

, (1.66)

= 2
∑

l 6=n

|Vnl|
2

En − El

. (1.67)

Collectively equations 1.55, 1.59, 1.60, 1.67 are called parametric equations of motion

(PEM).

1.5 Thesis synopsis

To extensively investigate the different photodissociation mechanism of H+
2 it is nec-

essary to gather accurate information about the system which are coded into the

wavefunctions. This accurate calculation of the states of the system necessitates the

further development of the scaling techniques. We use the SES method and PEM

through out the entire thesis to accurately study the resonance wavefunctions of H+
2 .
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The main research results are detailed in four Chapters of this thesis, the contents of

which can be outlined below-

Chapter 2 discusses the application of smooth exterior scaling method (SES) to

study the time dependent dynamics of H+
2 in intense laser field. In this method, the

complex path is chosen in such a way that the complex scaling path is followed within

the asymptotic limit. Here radial coordinate is scaled as

x −→ x exp(iθ) as x −→ ∞,

where θ is a real number known as the scaling parameter. We have constructed the

SES Hamiltonian having form

Ĥ =
−h̄2

2M

∂2

∂x2
+ V [F (x)] + V̂CAP .

All the terms appear in the Hamiltonian are discussed in Chapter 1. The resonance

wavefunctions are calculated by diagonalizing this Hamiltonian. The wavefunctions

calculated as a result provide indisputable proof in support of mechanisms for dif-

ferent phenomena happening during photodissociation. We report that one-photon

dissociation takes place from ground vibrational state of H+
2 at the intensity range of

1010 to 1014 W/cm2. The multiphoton dissociation is dominant route for dissociation

even at lower intensities. We have identified the bond-hardening states also.

In Chapter 3, we have developed a new variant of SES method to attain better

absorption of the reflected wavepacket at the grid boundary. We name this new SES

method as modified smooth exterior scaling method (MSES). In the proposed MSES

method, scaling function, θ(x), is chosen as a real function rather than complex (as

used in a conventional SES (CSES) method) and has spatial dependence. The usual

implementation of SES begins by choosing a derivative of scaling path [F(x)], which

is given by

f(x) =
∂F

∂x
= 1 + [exp(iθ0)− 1]g(x),
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where θ0 is the scaling parameter and g(x) goes smoothly from 0 to 1, resulting in

f(x) going smoothly from 1 to exp(iθ0). Instead, we define the scaling path [F(x)] as

F (x) = xeiθ(x) = xeiθ0g(x),

where θ(x) goes smoothly from 0 to θ0. This new method is then applied to study

the time dependent dynamics of H+
2 in intense laser field. We found that MSES is

more computationally efficient compared to the CSES method.

Chapter 4 involves application of the parametric equations of motion (PEM)

to study photodissociation dynamics of H+
2 . In the parametric equations of motion

regime, the Schrödinger equation is explicitly solved only once and then the solutions

at other parameter values are obtained by propagating a set of ordinary differential

equations through the parameter space of the Hamiltonian. In this Chapter, we have

treated amplitude and wavelength as parameters. Initial conditions to carry out the

integration in the PEM regime, is given by SES method. Here we have studied how

the different resonance states behave with respect to the change in field amplitude.

The advantage of this method is that one can easily trace the different states that

are changing as the field parameter changes. In this Chapter, we have shown that

some higher lying vibrational states become bound states in continuum at higher field

amplitudes.

In Chapter 5, we discuss the coalescence (exceptional point) phenomenon oc-

curing between different field free vibronic resonance states of H+
2 and continuum by

applying PEM. At the coalescing point the two states become self-orthogonal. Hence

spectrum of the system is incomplete which renders impossible to implement diago-

nalization method. Previously it was reported that coalescence occurs between field

free vibronic states. In this Chapter, we have extensively studied this non-Hermitian

quantum mechanical aspect and found that coalescence occurs between field free vi-

bronic states as well as between vibronic states and continuum states.
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Chapter 6 consists of conclusions of the thesis. We have so far discussed appli-

cation of non-Hermitian quantum mechanics to study the different resonance states

of H+
2 molecular ion. Through out the thesis, we have performed radial scaling tech-

nique (SES) to the H+
2 molecular ion. This scaling of the coordinate transforms the

Hamiltonian from Hermitian to non-Hermitian. Moreover, SES generates reflection

free complex absorbing potentials (RFCAP) which acts as an absorber of the artificial

reflections occuring at the grid boundary. It has been shown that by modification

of the SES method, absorbing quality of the complex absorbing potentials increases.

Implementation of PEM in functional space helps to trace different eigen states as a

function of field amplitude and wavelength. This Chapter concludes the thesis with

the mention of our main research results.
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Chapter 2

APPLICATION OF SMOOTH

EXTERIOR SCALING METHOD

TO STUDY THE TIME

DEPENDENT DYNAMICS OF

H+
2

IN INTENSE LASER FIELD.

Intense ultrashot laser pulses are used to initiate and control molecular dynamics

and have many applications in molecular science. It has been reported earlier that

the H2 and H+
2 are the ideal systems for a detailed understanding of the ionization

and dissociation dynamics of small molecules. Multiphoton dissociation (MPD) of

H+
2 have been studied extensively [3, 7, 12, 13, 67]. Many interesting phenomena viz.

“bond-hardening” and “bond-softening” have been put forward. All these phenomena

have been explained using one-photon dressed potential picture.

Smooth exterior scaling (SES) method is one of the best method to generate the

wavefunctions without any artificial reflections occurring at the grid [9, 25, 26, 43, 63,

75]. Furthermore it doesn’t disturb the interaction region. In this method, one can
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keep as large a grid as desired, undisturbed by complex scaling. The wavefunctions

calculated with this method can provide indisputable proof for different mechanisms.

The dissociating channels can be recognized directly from the resonance wavefunc-

tions. A resonance state is a long lived state that has sufficient energy to break-up

into two or more subsystems. Continuum tails are part of the wavefunctions at large

distances but still in the undisturbed region (due to the scaling).

In this Chapter, SES method is applied to the time-dependent dynamics problem

[52, 70, 78]. We have calculated resonance energies and width of H+
2 in intense laser

field undergoing multiphoton dissociation (MPD). Chu et al. [7] have studied the

same system using complex scaling method. The advantage of this method is that

we can get undistorted resonance wavefunctions. We have discussed both complex

scaling method (CSM) and SES method in Chapter 1.

2.1 Floquet formalism for model H+
2 multiphoton

dissociation (MPD)

We have applied the SES method on study of complex quasi vibrational energies (Res-

onance energies) of H+
2 , undergoing MPD in intense laser fields. The time dependent

Schrödinger equation (TDSE) has the following form:

ih̄
∂ψ(t)

∂t
= Ĥ(t)ψ(t). (2.1)

where,

Ĥ(t) = Ĥ0 + µ · ǫ0 cosωt,

Here, H0 and µ are field free Hamiltonian and dipole operator respectively and ǫ0 and

ω are amplitude and frequency of the laser respectively.

We have applied Floquet ansatz (discussed in Chapter 1). Different Floquet

channels can be interpreted as number of photons absorbed or required for stimulated
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FIELD.

emission. We have used the “particle in a box basis functions”. Box ends at 20 a.u.

and the exterior scaling function [g(x)] is centered at 12 a.u. The solution of the

time dependent Schrödinger equation can be written as- ψ(t) = exp
(

−iǫQEt
)

φ(t),

where φ(t) is a time periodic function. ǫQE and φ are the corresponding eigenvalue

(quasi-energy) and eigenfunction (Floquet state) of the Floquet Hamiltonian,

Ĥf (t)φ(t) = ǫQEφ(t), (2.2)

where,

Ĥf = Ĥ − ih̄
∂

∂t
.

Since the Floquet vector is periodic in time, substitution of Fourier expansion of

Floquet vector

φ =
∑

φn exp(−inωt), (2.3)

in equation 2.2 followed by integration over space and one period of time leads to the

following transformed expression of Ĥf as derived by Chu [7] :

ˆ(Hf )αn,βm =

[

P̂ 2

2M
+ Uα,β(R) + nh̄ω

]

δαβδnm +

[

1

2
µαβ(R).ǫ0

]

δ(n,m=n±1) · (1− δαβ),

(2.4)

where α and β denotes the electronic states and index m and n goes over the Fourier

expansion of Floquet vector ranging from +∞ to −∞.

To describe both, the ground (1sσg) and the first excited repulsive (2pσu) elec-

tronic states, we use the following Morse potential [7]:

Ui(R) = D0 (exp [−2α(R−Re)]− 2ti exp [−α(R−Re)]) , (i = 1, 2) (2.5)

We adopt the following expression for the transition dipole moment [7]:

µ12(R) = µ(Re) +
µ′(Re)

αy
(1− exp [−αy(R−Re)]) (2.6)
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Table 2.1: Molecular parameters for Ui(R) and µ12(R)

potential D0(eV ) α(a−1
0 ) Re(a0) t

U1(R) 2.7925 0.72 2.0 1.0
U2(R) 2.7925 0.72 2.0 -1.11

Trans dipole moment µ(Re) µ′(Re) y
µ12(R) 1.07ea0 0.396e −0.055

where µ′(Re) is the dipole derivative and y is the electronic anharmonicity. The

molecular parameters used for Ui(R) and µ12(R) are listed in Table 2.1 [4].

The laser molecular interaction, described in equation 2.6, is in the length form.

This dipolar interaction can also be expressed in terms of velocity form:

V v
αβ(R) = −(e/mc)A · 〈χα(r, R)|P |χβ(r, R)〉 (2.7)

where A is the vector potential (A = c/ωǫ0) and P is the electronic momentum

operator. The dipolar interaction in the velocity form is related to that in the length

form via the following relation:

V v
αβ(R) = i [(Uα(R)− Uβ(R))/h̄ω]V

L
αβ(R) (2.8)

where V L
αβ(R) = −µαβ(R) · ǫ0 is the electric-dipole coupling in the length form. Here

we present the results using velocity form. It is convenient to use the velocity form

as the potential coupling term vanishes asymptotically. For implementation of the

SES, V̂CAP needs to be added to the kinetic energy term. The Hamiltonian takes the

following form:

ˆ(Hf )αn,βm =

[

P̂ 2

2M
+ Uα,β(R) + nh̄ω + V̂CAP

]

δαβδnm

+

[

1

2
µαβ(R).ǫ0

]

δ(n,m=n±1) · (1− δαβ),

(2.9)

The differentials in VCAP in equation 2.9 are calculated analytically and integration is

carried out numerically for the matrix representations of VCAP . The matrix elements
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of VCAP are complex symmetric. Representation of the remaining part of ˆ(Hf )αn,βm

is Hermitian. That is why the total representation becomes complex general. The

resonances are calculated by diagonalizing this Hamiltonian. A LAPACK subroutine

for general complex matrix diagonalization is used. The real part (Er) of the eigen-

value provides the position of the resonances and inverse of the imaginary part (Γ)

is proportional to the life time of the resonances. Using the SES method, we have

computed the complex quasi-vibrational energies of H+
2 for wavelength (Λ)=2660 Å .

Some of the results are presented in the next section.

2.2 Results and discussion

The Floquet electronic-field potential curve crossings are shown in Fig. 2.1. Here

each Floquet channel | g, n〉 and | e, n〉 represent ground electronic (1sσg) and first

excited electronic state (2pσu) potential surface respectively dressed by “n” photons.

| g, 0〉 and | e,−1〉 forms a single Floquet block. In Fig. 2.1, potential corresponding

to three Floquet blocks are shown i.e. one Floquet block moved by 2ω is added to

either side of | g, 0〉 and | e,−1〉 block [7]. Black broken and solid lines represent the

diabatic potential curve. Coloured solid lines represent the adiabatic potential curve

for laser field amplitudes of 0.02, 0.03 and 0.04 a.u. respectively.

In Fig. 2.2, positions of resonances [Re (E)] vs. width of resonances [Im (E)] for

laser field amplitude of 0.001 a.u. have been plotted. Here, convergence of the results

with respect to different SES parameters (i.e., λ, x0 and θ) and complex paths are

checked. The continuum states rotate differently with respect to scaling parameters

and complex paths. But the resonance states are invariant. In Fig. 2.2 (a), SES results

for different complex paths [9, 25] are presented. Plot of g(x) for different complex

paths used in Fig. 2.2 (a) are given in Fig. 2.3. In Fig. 2.2 (b) and 2 (c), SES results

for x0=12 and 13 a.u. and λ=0.4 and 0.5 a.u. are plotted respectively. SES results for

θ=0.08 and 0.09 radian are plotted in Fig. 2.2 (d). SES results for different number
TH-1080_06612221
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Figure 2.1: Diabatic (black line) and adiabatic (coloured line) potential-energy curves
for the two electronic states of H+

2 dressed by n=0, -1, -2, -3 photons of wave length
2660 Å and laser field amplitudes of 0.02, 0.03 and 0.04 a.u.
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of basis functions are given in Fig. 2.2 (e). Here,results corresponding to 100, 150 and

350 basis functions are given. It has been found that results obtained from 150 and

350 basis functions have no observable difference. Hence, we can conclude that for

convergence, the minimum number of basis functions required is 150. The unscaled

potential is used for Fig. 2.2 (a) to 2.2 (e). In Fig. 2.2 (f), SES results for the scaled

and unscaled potential are plotted. From the Fig. 2.2, it is clear that resonances

are invariant with respect to the different SES parameters, different complex paths,

scaled and unscaled potential.

In Fig. 2.4, we have plotted Re (E) (a.u.) vs. Γ/2 (a.u.) obtained from SES where

potential is scaled, unscaled and complex scaled [7] for different laser field amplitudes

ranging from 0.001 a.u to 0.04 a.u at an interval of 0.001 a.u. Here, first (ν=0),

second (ν=1) and third (ν=2) resonance states are pointed by the arrows at laser

field amplitude of 0.001 a.u. It is evident from the plot that there is no noticeable

difference in results. In case of scaled potential and for laser field amplitude of 0.01

a.u., increase in number of basis functions (>350), leads to the convergence of the

results up to seven significant figures. In case of lower field amplitudes, results are

even better. When the potential is not scaled, SES results follow the qualitative trend

for the complete range of amplitudes and the vibrational quantum numbers i.e. ν=1,

2, 3,....etc. For laser field amplitude of 0.001 a.u., unscaled SES results converge up

to five significant figures as compared to the scaled SES results. From hereon, all

calculations are carried out with the scaled potential and 350 basis functions.

In Fig. 2.5, we have plotted the resonance width or Γ/2 vs. laser field amplitudes

when different number of Floquet blocks are included in the simulation. In the top

left panel, we plot the decay of first resonance state (ν=0) when one Floquet block is

included for SES and CS. In the bottom left panel, we plot the decay of first resonance

state when five and seven Floquet blocks are included. It is clear from this figure that

the calculation is convergent with respect to number of Floquet blocks. From hereon,

all the results provided are calculated by using five Floquet blocks. It is evident from
TH-1080_06612221
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Figure 2.2: Plot of positions of resonances [Re (E)] vs. width of resonances [Im (E)] for
laser field amplitude of 0.001 a.u. SES results for Moiseyev path [63](represented by
circles), Wood-Saxon path [25](represented by squares), Taylor path [25](represented
by diamonds) & Elander path [9](represented by crosses) in Fig. 2.2 (a); λ=0.4
(circles) & λ=0.5 (squares) in Fig. 2.2 (b); θ=0.08 (circles) & θ=0.09 (squares) in
Fig. 2.2 (c); x0=12 (circles) & x0=13 (squares) in Fig. 2.2 (d); 100 basis functions
(circles), 150 (squares) & 350 (crosses) in Fig. 2.2 (e) and scaled (squares) and
unscaled potential (circles) in Fig. 2.2 (f) are plotted.
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Figure 2.3: Plot of g(x) (used in Fig. 2.2 (f)) vs. X.

the figure that the dissociation rate of the first resonance state is of many orders

higher, if more than one Floquet blocks are included in the calculation. Even at

lower field amplitude (1011 W/cm2), multiphoton transitions play a dominant role in

the photodissociation process. In the top and bottom right panel, we plot decay of

third resonance state (ν=2 ) when one, five or seven Floquet blocks are included. It is

interesting to observe that the width (Γ/2) of third resonance state starts decreasing

around the field amplitude of ∼ 0.022 a.u.

In Fig. 2.6 and Fig. 2.7, the wavefunctions of first and third resonance states

corresponding to | g, 0〉, | e,−1〉, | g,−2〉, and | e,−3〉 Floquet channels have been

plotted for different field amplitudes. From this figure, it is evident that for the first

resonance state, | g,−2〉 channel is primarily responsible for the photodissociation.

Similar results are also observed for field amplitudes of 0.001, 0.002, a.u. and so on.

From these figures, we can conclude that the photodissociation of H+
2 is a three-

photon absorption followed by one-photon stimulated emission, even at lower field

amplitudes i.e. at 0.001, 0.002 a.u. and so on. No one-photon dissociation takes place
TH-1080_06612221
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Figure 2.4: Plot of positions of resonances [Re (E)] vs. width of resonances [Im (E)]
for different laser field amplitudes ranging from 0.001 a.u. to 0.04 a.u. at an interval
of 0.001 a.u. Here squares, circles and dots represent SES results (potential scaled),
SES results (potential unscaled) and CS results [7] respectively. Arrows point to
the first three resonances at laser field amplitude of 0.001 a.u. Resonances follow a
smooth curve as the field amplitudes changes.
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Figure 2.5: Plot of resonance width (Γ/2) vs. laser field amplitude for first (ν=0) and
third resonance states (ν=2) with different number of Floquet blocks (n). In the top
panel only one photon transition is included and in the bottom panel up to 5 and 7
(n=5 and 7 respectively) photons transitions are included.
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for the first resonance state at intensities ranging from 1010 to 1014 W/cm2. The

wavefunctions on channel | g, 0〉 possess the nodal structure like a bound state of field

free | g, 0〉 potential. For this reason, the first and third resonance states are denoted

as ν=0 and 2 respectively i.e. vibrational states of field free | g, 0〉 channel. It is

evident from Fig. 2.7 that for the third resonance state, initially photodissociation

takes place from | e,−1〉 channel. But around field amplitude of 0.022 a.u., the

wavefunction starts decreasing from | e,−1〉 channel and at the same time, continuum

tail in | g,−2〉 channel starts increasing. Hence, at high intensities, dissociation takes

place from mainly | g,−2〉 channel. This is the reason for the decrease of Γ/2 for the

third resonance state around field amplitude of 0.022 a.u.

In case of third resonance, with the increase in field amplitude (i.e. up to ∼ 0.022

a.u.), Γ/2 first increases. With the further increase in amplitude, Γ/2 decreases. This

phenomenon can also be explained from the dressed picture given in Fig. 2.1. With

the increase in amplitude, the adiabatic potential gets lowered. So real part of the

energy decreases (as shown in Fig. 2.8) for the first and third resonance state. The

barrier at one-photon crossing is also getting lowered with the increase in amplitude.

The barrier heights at field amplitudes of 0.02, 0.03 and 0.04 a.u. are -0.0967, -0.1124

and -0.1257 a.u. respectively. At the field amplitude of 0.022 a.u., the real part of the

energy i.e. the position of the third resonance state becomes lower than the barrier

height and as a result photodissociation from | e,−1〉 channel is discouraged and

photodissociation from channel | g,−2〉 becomes dominant.

In Fig. 2.9, Re (E) (a.u.) vs. Γ/2 (a.u.) for laser field amplitudes 0.006 and

0.02 a.u. has been plotted. From this figure, it is observed that for higher laser

field amplitude i.e. 0.02 a.u., new states start appearing indicated in the figure by

the arrow. These states have nearly zero width (Γ) or infinite life time. We have

plotted the wavefunctions for the first two such states on | g, 0〉 and | e,−1〉 channels

in Fig. 2.10. These states are localized around one-photon crossing. They possess

well defined nodal structure like bound states. Wavefunctions of these states in other
TH-1080_06612221
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Figure 2.6: Plot of unnormalized |ψ|2 vs. R of first resonance for different laser field
amplitudes on different Floquet channels (see Fig. 2.1).
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Figure 2.7: Plot of unnormalized |ψ|2 vs. R of third resonance for different laser field
amplitudes on different Floquet channels (see Fig. 2.1).
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Figure 2.8: Plot of Real part of resonance energy i.e. resonance positions as a function
of laser field amplitudes for first (ν=0) and third resonance states (ν=2).
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Figure 2.9: Plot of positions of resonances [Re (E)] vs. width of resonances [Im (E)]
for laser field amplitudes of 0.006 and 0.02 a.u. Note the appearance of states having
nearly zero width (bound states) for laser field amplitudes of 0.02 a.u. shown by
arrow.
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Figure 2.10: Plot of unnormalized |ψ|2 vs. R of first and second bound states (see
Fig. 2.9) for laser field amplitude of 0.02 a.u. These states possess well defined nodal
structure and localized over one-photon crossing.

Table 2.2: SES parameters used for calculation of resonance energies

λ θ x0 xend
0.4 0.09 12 20

Floquet channels are nearly zero. These states correspond to vibrationally trapped

(bond-hardening) states. In case of lower laser field amplitude i.e. 0.006 a.u., no such

states are seen.

2.3 Concluding remarks

A study of multiphoton dissociation of H+
2 in intense laser field using smooth exte-

rior scaling method to calculate resonance states is presented. This method is very

attractive as it doesn’t disturb the interaction region. The wavefunctions calculated

with this method provide indisputable proof in support of mechanisms for different

phenomena happening during photodissociation. Wavefunctions corresponding to the
TH-1080_06612221
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“vibrationally trapped” (bond-hardening) states are found. An unequivocal mecha-

nism for “bond-softening” is provided. It is observed that with an increase in field

amplitude, the life time of low vibrational level increases. The mechanism for this

novel phenomenon is also explained. In summary, we have calculated the resonance

states of H+
2 accurately with the help of SES method. It is a first attempt of SES

implementation to photodissociation dynamics. The undistorted resonance wavefunc-

tions have been calculated for the first time. No one-photon dissociation takes place

from ground vibrational state of H+
2 at the amplitude range of 1010 to 1014 W/cm2.

The multiphoton dissociation is dominant route for dissociation even at lower inten-

sities. We have identified the bond-hardening states. Indeed, the vibrational states

of ground electronic state of H+
2 which overlap with these bond-hardening states will

survive during photodissociation. Some resonance states become more stable with

the increase in intensity due to lowering of the adiabatic potential. We report that

the stability of these states is not due to usual vibrational trapping.
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Chapter 3

USE OF MODIFIED SMOOTH

EXTERIOR SCALING METHOD

AS AN ABSORBING

POTENTIAL AND ITS

APPLICATION

In this Chapter, we have used SES method for the first time in the time-dependent

dynamics problem wherein the complex scaling function θ(x) has spatial dependence

and is real rather than complex. The usual implementation of SES begins by choosing

a derivative of scaling path [F(x)], which is given by

f(x) =
∂F

∂x
= 1 + [exp(iθ0)− 1]g(x),

where θ0 is the scaling parameter and g(x) goes smoothly from 0 to 1, resulting in

f(x) going smoothly from 1 to exp(iθ0). Instead, we define the scaling path [F(x)] as

F (x) = xeiθ(x) = xeiθ0g(x),

39
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where θ(x) goes smoothly from 0 to θ0. This implementation accomplishes the scal-

ing in a much smoother way and we will show that this type of scaling gives more

efficient absorption of the artificial reflections during wavepacket propagation at the

grid boundary. We have calculated resonance energies and width of H+
2 in an intense

laser field undergoing multiphoton dissociation (MPD) using this modified smooth

exterior scaling (MSES) method and compared with our previous results (given in

Chapter 2) [22]. This system has been investigated earlier by Chu and co-workers

to calculate the resonance states using complex scaling method (CSM) [7].

3.1 Conventional and Modified smooth exterior com-

plex scaling method (CSES and MSES)

Modified smooth exterior scaling (MSES) is a variant of smooth exterior scaling (SES).

Here complex path is chosen in such a way that complex scaling path is followed in

asymptotic limit. In this method the complex scaling parameter θ0 is chosen as real.

The Moiseyev-Hirschfelder generalization [46] of the complex coordinate method

associates the resonance poles of the S-matrix, E = Er− iEi, with the θ0 independent

complex eigen values of Ĥ :

ĤΨ = EΨ, (3.1)

where

Ĥ =
−h̄2

2M

∂2

∂z2
+ V (z). (3.2)

Here z = F (x) is a path in the complex coordinate plane where

z = F (x) −→ x exp(iθ0) as x −→ ∞ (3.3)
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The smooth-exterior-scaling path is defined as [63]

f(x) =
∂F

∂x
= 1 + [exp(iθ0)− 1]g(x), (3.4)

where g(x) varies from 0 to 1 value around the point x=x0. When V (x ≥ x0)=0,

unscaled potential V (x) can be used instead of complex potential V (z). The SES

Hamiltonian has been derived in earlier publications [25, 43, 58]. In the usual imple-

mentation of the SES method, g(x) can be defined as [42, 43]:

g(x) = 1 + 0.5 [tanh(λ(x− x0))− tanh(λ(x+ x0))] . (3.5)

The path derived from this g(x) (equation 3.5) will be referred as Moiseyev path.

From here on, implementation using this form of g(x) will be called as conventional

SES method (CSES). In the CSES method, g(x) is usually chosen as real and the

scaling function θ(x) related to path F(x) by:

F (x) = xeiθ(x), (3.6)

resulting in θ(x) becoming complex. Asymptotically when the potential vanishes, the

resonance wavefunction takes the following form:

Ψ = eikx.

Under complex scaling x→ xeiθ, Ψ is given by

Ψ = eikxe
iθ

= eikx cos θe−kx sin θ.

Here the second term in Ψ is responsible to make the wavefunction square integrable.

When θ is complex i.e., θ = θr + iθim, as in the case of CSES, the wavefunction takes
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the following form:

Ψ = eikxe
iθr e−θim = eikx cos θre−θime−kx sin θre−θim ,

and it is evident that θim doesn’t serve any purpose. Hence, we chose the scaling

function θ(x) as real which makes g(x) complex. The real function θ(x) is defined as-

θ(x) = a(x)θ0 = θ, (3.7)

where a(x) has the following form:

a(x) = 1 + 0.5 [tanh(λ(x− x0))− tanh(λ(x+ x0))] , (3.8)

a(x) varies from 0 to 1 around the point x=x0 and θ0 is the scaling parameter. After

taking first derivative of F(x) (equation 3.6), we have,

f(x) =
∂F

∂x
= eiθ + ixeiθ

∂θ

∂x
. (3.9)

By comparing equation 3.9 and 3.4, we get

g(x) =
eiθ − 1

eiθ0 − 1
+ ix

eiθ

eiθ0 − 1
θ0
∂a(x)

∂x
. (3.10)

Differentiating a(x) with respect to x in equation 3.8 we get the form of g(x) as:

g(x) =
eiθ − 1

eiθ0 − 1
+ 0.5ix

eiθ

eiθ0 − 1
θ0λ

[

cosh−2 (λ(x− x0))− cosh−2 (λ(x+ x0))
]

(3.11)

From here on, the method having this g(x) (equation 3.11) will be called as modified

SES method (MSES). For both the CSES and MSES methods, the complex paths

F(x) have been plotted in Fig. 3.1. The scaling parameters i.e., θ0=0.32, λ=0.28 a.u.

and x0=360 a.u. are used for the both complex paths.
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Figure 3.1: Plot of F(x) vs. x.

3.2 Calculation of the wavepacket absorption at

the grid boundary

Here we consider a Gaussian wavepacket that moves freely in 1D space [11, 25, 78].

The initial wavepacket is chosen as-

Ψ(x, t = 0) =

(

1

πδ2

)1/4

exp

(

−(x− xi)
2

2δ2
+ ik0x

)

. (3.12)

Where δ=30.0 a0, xi=0 a0 and reduced mass µ=1 [78]. We consider that Ψ(x) is

confined in a box initially. With the advancement of time, Ψ(x) with an initial positive

momentum h̄k0, gets out of the box. The analytical solution for the Gaussian free
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particle [73] is as follows:

Ψ(x, t) =

(

1

πδ2

)1/4

exp






−

(

x− xi −
h̄k0t
µ

)2

(

2δ2 + 2ih̄t
µ

) + ik0

(

x−
h̄k0t

µ

)

+
i

h̄

[

(h̄k0)
2t

2µ
+
ih̄

2
ln

(

1 +
ih̄t

µδ2

)])

(3.13)

The center of the wavepacket is moving with a velocity h̄k0
µ
. This means that

value of |Ψ(x, t)|2, for sufficient large time, becomes negligible within the box. But

when numerical calculations are carried out, this is not the precise scenario as the

artificial reflections from the edges of the grid are obtained. To avoid these artificial

reflections, we need to apply the CSES or the MSES to the Hamiltonian.

The propagation of the wavepacket is carried out with the help of Taylor series

expansion method. The short time propagator e−iHt is expanded with the help of

Taylor series. Large number of terms are included in the Taylor series to ensure

convergence to the 16th digit of each and every term of the propagator matrix .

Time step is taken as 0.1 a.u. and the propagation is done for 105 time steps. The

effectiveness of absorbing potentials is measured by ‘Error’ calculation [78]:

Error =

∫

Aunscaled

dx|ΨNUM(x, T )−ΨExact(x, T )|
2 (3.14)

Here, Aunscaled stands for the unscaled region in space and t=T is the time when

|Ψ(x, t)|2 is negligible within the unscaled region.

3.3 Results and discussion

In Fig. 3.2, the error calculation as a function of average momentum of particle (k0)

using the CSES method and the MSES method for box length (L)=800 and 1000 a.u.

have been plotted. Plus signs and filled circles represent the error obtained from using

the MSES method for L=800 and 1000 a.u. respectively. The grid is divided into 2000
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number of grid points. Hamiltonian is prepared in the sinc-DVR representation [8].

The SES terms are included by pre and post multiplication of the kinetic energy

matrix by the complex diagonal matrix as shown by Karlsson [25]. Asterisks and

filled squares represent the error obtained from using the CSES method for L=800

and 1000 a.u. respectively. For all the four plots, the same scaling parameters i.e.,

λ=0.28, θ0=0.32 and x0=360 a.u. are used. The same parameters were used by

Zavin and co-workers [78]. They obtain these parameters after minimizing the error

for the CSES method for E=0.01 a.u. which is equal to k0=0.141 a.u. We have not

done any optimization. It is clear from the figure that for the lower k0 values, the

MSES method is better by at least seven orders of magnitude. Moreover, as the

scaled region is decreased i.e., grid is reduced from 1000 to 800 a.u. (keeping the

other scaling parameters same e.g. x0=360 a.u.), the CSES results deteriorate by five

orders of magnitude while the MSES results remain mostly unchanged. This implies

that the MSES method is much more robust with respect to the available grid for

scaling. The MSES method thus, will require much lesser grid points for scaling to

get accurate results.

We have considered smaller values of k0. This is due to the fact that for larger

k0 values, absorption of the wavepacket is always excellent in both the MSES and

the CSES methods. In fact, the results for large k0 converge to computer accuracy.

However, it is difficult to absorb the artificial reflections from the end of the grid in

case of wavepacket having lower k0 values. This is due to the fact that to absorb a

wave having wave number k0, the absorption region should be of the size 2π
k0
.

The superiority of the MSES over the CSES is also evident from the plot of the

propagated wavepacket (Fig. 3.3). Here, we have plotted Ψ(x, t) within the unscaled

region at different time intervals for k0=0.20 a.u. The dashed (red) line represents the

analytical results given by equation 3.13. The wavefunction obtained from finite grid

numerical calculations using the CSES and MSES results, are denoted by green and

black solid lines respectively. The scaling parameters are same as those in Fig. 3.2. It
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Figure 3.2: Plot of Log10 (Error) vs. k0. The MSES and the CSES results using 1000
grid points are symbolized by circle and square. The MSES and the CSES results
using 800 grid points are symbolized by pluses and asterisks.
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is evident from the figure that at t=7 ×103 a.u., wavefunction calculated using CSES

method starts showing wiggles. But the wavefunction calculated using the MSES

method matches in value with the analytical result. At t=104 a.u., wavefunction

calculated using CSES method shows major difference compared to the analytical

results. However, wavefunction calculated using the MSES method is still on the top

of the analytical wavefunction in the unscaled region.

In Fig. 3.4, we have plotted Log10 (Error) as a function of different scaling pa-

rameters i.e., x0, λ and θ0 for the CSES and MSES methods. We have considered

the box length (L)=800 a.u. and the grid has been divided into 2000 number of grid

points. In Fig. 3.4 (a), Log10 (Error) as a function of x0 is plotted (where, for MSES

λ=0.28 a.u. and θ0=0.32 and for CSES λ=0.28 a.u. and θ0=1.30). We have selected

high θ0 for CSES to ensure high accuracy. It is clear from this plot that the results

obtained from the MSES method have no dependence on x0 which implies that the

same accuracy can be achieved without using a large grid. CSES needs more space

for scaling to get comparable accuracy, which is computationally inefficient. When a

large grid is used for scaling i.e., x0=300 a.u. the MSES results are better by three

orders of magnitude compared to that of the CSES results. However, for smaller

grid i.e., x0=380 a.u., the accuracy of the MSES results increases to eleven orders of

magnitude compared to that of the CSES results. In Fig. 3.4 (b), Log10 (Error) as

a function of λ is plotted (where x0=360 a.u. and θ0=0.32). It has been clearly seen

from this plot that MSES has little dependence on λ whereas CSES is independent.

But still accuracy is better in case of MSES results compared to that of the CSES

results. In Fig. 3.4 (c), Log10 (Error) as a function of θ0 is plotted (where x0=360 a.u.

and λ=0.28 a.u.). This plot clearly shows a strong dependence of θ0 on the MSES

results compared to that of CSES results. The MSES and CSES results are unstable

beyond θ0=0.33 and 1.50 respectively and not shown beyond those θ0. But overall,

accuracy of the MSES results are many orders of magnitude better than the CSES

results. We have applied the SES and the MSES method for calculation of resonances
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Figure 3.3: Plot of |Ψ(x, t)| vs. x. The exact motion of the wavepacket is denoted by
the dashed line (red). The numerical results obtained from the MSES method (black)
and the CSES method (green) are denoted by the solid line.
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during the photodissociation of H+
2 molecule. Chu and co-workers [7] had calculated

the complex quasienergies by diagonalizing the complex scaled Floquet Hamiltonian

whose size in the Fourier Grid basis depends on the number of grid points (N), the

number of electronic surfaces involved in photodissociation (m) and the number of

photons absorbed (n). The dimension of the Hamiltonian matrix will be (mN×mN)

for a single photon excitation. The form of Floquet Hamiltonian (Ĥf ) derived by Chu

and co-workers [7] including the SES absorbing term [22] is given by:

ˆ(Hf )αn,βm =

[

P̂ 2

2M
+ Uα,β(R) + nh̄ω + V̂CAP

]

δαβδnm

+

[

1

2
µαβ(R).ǫ0

]

δ(n,m=n±1) · (1− δαβ),

(3.15)

where α and β denote the electronic states and indices m and n go over the Fourier

expansion of Floquet vector ranging from +∞ to −∞. Only two electronic states

i.e. the ground (1sσg) and the first excited repulsive (2pσu) states are considered [7].

We have used Fourier Grid method to represent the Hamiltonian [37]. Kinetic energy

operator and SES terms are calculated as shown by Karlsson [25]. The resonances

are calculated by diagonalizing this Hamiltonian. A LAPACK subroutine for general

complex matrix diagonalization is used. The real part (Er) of the eigen value provides

the position of the resonances and the inverse of its imaginary part (Γ) is proportional

to the life time of the resonances. Using the MSES method, we have computed the

complex quasi-vibrational energies of H+
2 for Λ=2660 Å at the field amplitude of

0.005 a.u. We have used 351 basis functions to achieve very high convergence for

both Er and Γ i.e., any more increase in the number of basis functions will not make

any perceivable difference to the plots.

We can calculate the resonance states accurately with the help of this new method.

A θ-trajectory has been shown for first six resonances calculated from the MSES and

the CSES methods [22] in Fig. 3.5, for grid ending at 9 a.u. (x end=9) along

with accurate resonance value calculated from the CSM. In this figure, positions of
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resonances [Re (E)] vs. width of resonances (Γ/2) for laser field amplitude of 0.005

a.u., have been plotted. We use the SES parameters x0=12 a.u. and λ=0.4 a.u. for

all the SES calculations shown in this Fig. θ0 is varied from 0.1 to 2.1 for both the

methods. The MSES results and the CSES results for grid ending at 9 a.u. (x end=9

a.u.) are denoted by circles and squares respectively and the accurate CS results are

denoted by plus symbol [7,22]. From this plot, it is seen that MSES results converge

toward the accurate CS results. For CS results, we have used 351 number of basis

functions and grid ends at 20 a.u. (x end=20 a.u.). First seven resonances calculated

by different methods (i.e., from the accurate complex scaling (CS) [7,22], MSES and

CSES methods) are listed in table 3.1 for the easy comparison. We would again like

to point out that the value of x0 is kept equal to 12 a.u. for both the calculations.

Results obtained from the CSES method where grid ends at 9 a.u. differ significantly

from the other two results (which are indistinguishable). So, we can conclude that

the MSES is better than the CSES method for calculation of the resonance states as

it requires lesser number of grid points.

3.4 Concluding remarks

Here we propose a new complex path to achieve better absorption during the prop-

agation of a wavepacket. In the proposed modified smooth exterior scaling method,

scaling function, θ(x), has been chosen as a real function rather than complex (as used

in a conventional smooth exterior scaling method). It greatly reduces the artificial

reflections from the boundary edges. This modified SES method is applied to study

the multiphoton dissociation of H+
2 in intense laser field. The resonance states are

calculated accurately. In summary, we have shown that the MSES method is much

more efficient in absorbing the wavepacket near the grid boundary than the CSES

method. In case of the latter, the accuracy of the results deteriorate as the grid size

is decreased. But the modified SES results are mostly unchanged with respect to
TH-1080_06612221
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Table 3.1: Resonances for the H+
2 molecule. (A) accurate complex scaling results

[7,22]. (B) MSES results (for x end=9 a.u.). (C) CSES results (for x end=9 a.u.) [22]
.

Real part Imaginary part

A -0.0973 7208 9264 -0.0000 0000 0121

B -0.0973 7208 9264 -0.0000 0000 0121

C -0.0973 7208 9291 -0.0000 0000 0140

A -0.0871 9976 9996 -0.0000 0006 2320

B -0.0871 9976 9996 -0.0000 0006 2320

C -0.0871 9977 2451 -0.0000 0005 3034

A -0.0776 2264 2503 -0.0000 0565 2904

B -0.0776 2264 2503 -0.0000 0565 2904

C -0.0776 2249 5839 -0.0000 0635 4245

A -0.0686 7467 1173 -0.0001 1071 9089

B -0.0686 7467 1173 -0.0001 1071 9089

C -0.0686 8417 5417 -0.0009 6546 5340

A -0.0600 3128 6575 -0.0004 3852 0668

B -0.0600 3128 6575 -0.0004 3852 0668

C -0.0600 9573 4610 -0.0004 4825 1207

A -0.0516 9918 8221 -0.0001 4535 4220

B -0.0516 9918 8221 -0.0001 4535 4220

C -0.0516 9521 5108 -0.0001 6021 5524

A -0.0446 2123 2412 -0.0002 0588 9092

B -0.0446 2123 2412 -0.0002 0588 9092

C -0.0446 4214 6148 -0.0001 9645 3079TH-1080_06612221
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the decreased grid size. We have also calculated different resonance states accurately

with the help of the MSES method where θ is real and less number of grid points are

required to get the results accurately.
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APPLICATION OF

PARAMETRIC EQUATIONS OF

MOTION TO STUDY THE

LASER INDUCED

MULTIPHOTON DISSOCIATION

OF H+
2

IN INTENSE LASER

FIELD.

Rabitz and co-workers [38] had put forward a method in which Schrödinger equation

was solved explicitly only once and the solutions at other parameter values were

obtained by integrating a set of ordinary differential equations through the parameter

space of the Hamiltonian. These equations have been termed as parametric equations

of motion (PEM). These kind of equations have been applied initially in the field of

quantum chaos [54, 76, 77]. Later PEM was implemented by Gross et al. [14, 15] to

55
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obtain the 3-D plots of population dynamics as a function of frequency and phase

or amplitude. In their method, time dependent Schrödinger equation (TDSE) was

needed to be solved once to obtain the quantum dynamic behaviour in the presence

of strong (nonperturbative) periodic fields having the form A cos(ωt) over a range of

field amplitudes and frequencies. This method utilizes Floquet theory as well and

integrates through frequency and amplitude space using PEM for quasienergies and

Floquet eigen vectors. The advantage of PEM lies in the fact that one can trace

the individual eigen states in parameter space. In this Chapter, we have tried to

implement PEM jointly with smooth exterior scaling method (SES) to study the

photodissociation dynamics of H+
2 . To the best of our knowledge, this is the first

time that PEM has been applied for any photodissociation problem (viz. H+
2 ) to

calculate resonance states. This is the first application of PEM to non-Hermitian

Hamiltonian.

4.1 Floquet formalism for PEM

Chu and co-workers [7] had calculated the complex quasienergies by diagonalizing

the complex scaled Floquet Hamiltonian whose size in the Fourier Grid basis depends

upon the number of grid points (N), the number of electronic surfaces involved in

photodissociation (m) and the number of photons absorbed (n). The dimension of

the Hamiltonian matrix will be (mN ×mN) for a single photon excitation. The form

of Floquet Hamiltonian (Ĥf ) derived by Chu and co-workers [7] including the SES

absorbing term (i.e., complex absorbing potential (VCAP ) term) [22, 23, 25] is given

by:

ˆ(Hf )αn,βm =

[

P̂ 2

2M
+ Uα,β(F (R)) + nh̄ω + V̂CAP

]

δαβδnm

+

[

1

2
~µαβ(F (R)). ~A0

]

δ(n,m=n±1) · (1− δαβ),

(4.1)
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where α and β denote the electronic states and indices m and n go over the Fourier

expansion of Floquet vector ranging from +∞ to −∞. Here µ is the dipole operator,

A0 and ω are the amplitude and frequency of the laser respectively. Here F(R) is the

path in the complex coordinate plane defined as [63]:

∂F

∂R
= 1 + [exp(iθ0)− 1]g(R),

where g(R) is varied from 0 to 1 smoothly around the point R=R0 and θ0 and λ are

the scaling parameters. We have used three different smooth exterior scaling paths:

Moiseyev path [22,42,43,46,63,64]

g(R) = 1 + 0.5 [tanh(λ(R−R0))− tanh(λ(R +R0))] , (4.2)

F (R) = R + (eiθ − 1)

[

R +
1

2λ
ln

cosh[λ(R−R0)]

cosh[λ(R +R0)]

]

. (4.3)

Taylor path [22,25]:

g(R) = (1 + e(R0−R)λ)−1 + (1 + e(R0+x)λ)−1 +Rλ

[

e(R0−R)λ(1 + e(R0−R)λ)−2 − e(R0+R)λ(1 + e(R0+R)λ)−2)
]

,

(4.4)

F (R) = R + (eiθ − 1)R
[

(1 + eλ(R0−R))−1 + (1 + eλ(R0+R))−1
]

. (4.5)

Modified smooth exterior scaling (MSES) path [23]:

F (R) = Reiθ(R), (4.6)

where

θ(R) = [1 + 0.5(tanh(λ(R−R0))− tanh(λ(R +R0)))] θ0, (4.7)
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and

g(R) =
eiθ − 1

eiθ0 − 1
+ 0.5iR

eiθ

eiθ0 − 1
θ0λ

[

cosh−2 (λ(R−R0))− cosh−2 (λ(R +R0))
]

.

(4.8)

V̂CAP appeared in equation (4.1) has the following form [22,25,42]:

V̂CAP = V0(R) + V1(R)
∂

∂R
+ V2(R)

∂2

∂R2
, (4.9)

where

V1(R) =
h̄2

Mf 3(R)

∂f(R)

∂R
. (4.10)

V2(R) =
h̄2

2M
(1− f−2(R)). (4.11)

and

V0(R) =
h̄2

4M
f−3(R)

∂2f

∂R2
−

5h̄2

8M
f−4(R)

(

∂f

∂R

)2

. (4.12)

Only two electronic states i.e. the ground (1sσg) and the first excited repulsive (2pσu)

states are considered [7]. The block structure of the Floquet Hamiltonian [ ˆ(Hf )αn,βm]

is given as [7, 73]:

HF =







































. . .

A+ 4ωI B 0 0 0

BT A+ 2ωI B 0 0

0 BT A B 0

0 0 BT A− 2ωI B

0 0 0 BT A− 4ωI

. . .






































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where

A =







TR + U1[F (R)] + V̂CAP
1
2
~µ12[F (R)] · ~A0

1
2
~µ21[F (R)] · ~A0 TR + U2[F (R)] + V̂CAP − ωI







and

B =







0 0

1
2
~µ12[F (R)] · ~A0 0







Here, TR stands for the kinetic energy operator. To put the matrices into suitable

form to apply PEM, A is transformed as A=C+D. Where,

C =







TR + U1[F (R)] + V̂CAP 0

0 TR + U2[F (R)] + V̂CAP − ωI







and

D =







0 1
2
~µ12[F (R)]

1
2
~µ21[F (R)] 0







Here we define a matrix HF
0 and µF

0 as follows:

HF
0 =







































. . .

C + 4ωI 0 0 0 0

0 C + 2ωI 0 0 0

0 0 C 0 0

0 0 0 C − 2ωI 0

0 0 0 0 C − 4ωI

. . .






































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µF
0 =







































. . .

D B 0 0 0

BT D B 0 0

0 BT D B 0

0 0 BT D B

0 0 0 BT D

. . .







































Now HF can be written as

HF = HF
0 + µF

0 · ~A0

Diagonalization of the complex general matrix HF will give the necessary quasiener-

gies (ǫ) and the eigen vectors ψL and ψR at the initial field amplitude ~A0. H
F depends

linearly on the field amplitude ~A0. More importantly these equations are in a suitable

form to apply the parametric equations of motion (PEM) with respect to the field

amplitude (A0) as described in the next section.

4.2 Parametric equations of motion formulation

Consider an eigen value problem

¯̄HC̄i
R = C̄i

REi,

(C̄i
L)T ¯̄H = Ei(C̄i

L)T ,

where ¯̄H depends linearly on λ as

¯̄H = ¯̄H0 + λ ¯̄V,
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where ¯̄H0 and
¯̄V are λ independent matrices and C̄R

i , C̄
L
i are the respective right and

left eigen vectors of the complex general matrix ¯̄H having complex eigen values Ei.

Superscript T stands for transpose. C̄R
i and C̄L

i follows the relationship

(C̄L
i )

T C̄R
i = 1.

Following the derivation of Rabitz and co-workers [38] evolution of eigen values (E)

and eigen vectors (C) as a function of the linear perturbation parameter λ is given as

(derivation is given in section 1.4.1):

∂En

∂λ
= Vnn, (4.13)

∂CR
i

∂λ
= −

∑

j 6=i

CR
j Vji

Ej − Ei

, (4.14)

∂CL
i

∂λ
= −

∑

j 6=i

CL
j Vij

Ej − Ei

, (4.15)

∂Vnn
∂λ

= 2
∑

m 6=n

VnmVmn

En − Em

, (4.16)

∂Vmn

∂λ
=

∑

l 6=m,n

VmlVln

(

1

En − El

+
1

Em − El

)

+
VmnVmm

En − Em

+
VmnVnn
Em − En

. (4.17)

Equations 4.13 to 4.17 are collectively called PEM. For the application of PEM to

the photodissociation of H+
2 , Vmn is defined as

Vmn = (CL
m)

T (λ)µF
0 C

R
n (λ). (4.18)

Equations 4.13, 4.16 and 4.17 form a close set of equations and can be integrated to

get the eigen values. However, equations 4.13 to 4.17 can be integrated to obtain the

eigen functions also.
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4.3 Results and discussion

We have considered H+
2 molecule as a test case for the PEM implementation. The

necessary potential energy surface and dipole matrix are given by Chu et al [7]. The

resulting Hamiltonian is constructed in the Fourier Grid method [37]. PEM are

integrated numerically using a fifth-order Runge-Kutta integrator. Before integrating

the PEM through amplitude space, it is important to determine the appropriate initial

conditions [i.e., the quasienergies (ǫ), Vij matrix elements, and eigen vectors (CR
i and

CL
i )] at some chosen field amplitude (A0). We have determined this initial condition

by diagonalizing the HF matrix at an initial field amplitude of 0.001 a.u. [22, 23]

Kinetic energy operator and SES terms are calculated as shown by Karlsson [25]. The

resonances are calculated by diagonalizing this Hamiltonian. A LAPACK subroutine

for general complex matrix diagonalization is used. The real part (Er) of the eigen

value provides the position of the resonances and the reciprocal of its imaginary part

(Γ) is proportional to the life time of the resonances. Using the SES method, we have

computed the complex quasi-vibrational energies of H+
2 for wavelength (Λ) 2660 Å at

the field amplitude of 0.001 a.u. We have used 151 basis functions to achieve very high

convergence for both Er and Γ i.e., further increase in the number of basis functions

will not make any perceivable difference to the plots. After the diagonalization of the

SES Hamiltonian (equation 4.1) ǫ, CR
i and CL

i are immediately obtained at the field

amplitude of 0.001 a.u. Using equation 4.18 the matrix elements are obtained. After

that PEM are integrated as a function of field amplitude. Advantage of the use of

PEM lies in the fact that we can trace different resonance states as a function of the

laser field parameters. Otherwise in the diagonalization method , the eigen values are

rearranged every time and that information is lost. In Fig. 4.1, we have compared

the results obtained from diagonalizing the SES Hamiltonian and from solving the

PEM at A0=0.005 a.u. and 0.016 a.u. respectively. Fig. 4.1 (a) shows both the

SES and PEM results at A0=0.005 a.u. The PEM results and the SES results are

denoted by open circles and filled squares respectively. From this plot it is clear that
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Table 4.1: Resonances for the H+
2 molecule at the amplitude 0.005 a.u. (A) Diago-

nalization results. (B) PEM results.

Real part Imaginary part
A -0.0979 1810 6764 -0.0000 0000 0057
B -0.0979 1810 6764 -0.0000 0000 0057

A -0.0878 1919 7791 -0.0000 0003 0681
B -0.0878 1919 7791 -0.0000 0003 0681

A -0.0784 0769 2351 -0.0000 0277 5872
B -0.0784 0769 2351 -0.0000 0277 5872

A -0.0697 5868 9992 -0.0001 4564 2534
B -0.0697 5868 9992 -0.0000 4564 2534

A -0.0512 0459 4501 -0.0004 9230 0987
B -0.0512 0459 4501 -0.0000 9230 0987

A -0.0451 5017 9920 -0.0005 6939 2679
B -0.0451 5017 9920 -0.0005 6939 2679

A -0.0375 2587 0797 -0.0000 5956 5339
B -0.0375 2587 0797 -0.0000 5956 5339

the results obtained from PEM integration are of good concordance with the direct

diagonalization results. Similarly, Fig. 4.1(b) shows both the SES and PEM results

at A0=0.016 a.u. From this plot also, it is clear that the results overlap precisely for

higher field amplitude also.

A better comparison of resonances obtained from the diagonalization method and

the PEM at amplitudes of 0.005 and 0.016 a.u. respectively is made in tables 4.1 and

4.2 respectively. The resonances are calculated by using θ0=0.09 in both the cases.

From these tables it is clear that the results obtained from PEM integration are of

good concordance with the direct diagonalization results.

In Fig. 4.2, we have compared the results obtained from different paths i.e.,

Moiseyev path (4.3), Taylor path (4.5) and MSES path (4.6). Results obtained from

MSES and Taylor paths are symbolized by open circles and squares respectively.

However, results obtained from Moiseyev path are symbolized by filled diamonds.
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Figure 4.1: Plot of results obtained from diagonalizing the SES Hamiltonian and from
solving the PEM at A0=0.005 a.u. and 0.016 a.u.
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Table 4.2: Resonances for the H+
2 molecule at the amplitude 0.016 a.u. (A) Diago-

nalization results. (B) PEM results.

Real part Imaginary part
A -0.1044 9914 1253 -0.0000 0000 2713
B -0.1044 9914 1249 -0.0000 0000 2714

A -0.0952 5837 2098 -0.0000 1795 4268
B -0.0952 5837 2097 -0.0000 1795 4271

A -0.0875 8958 9308 -0.0008 1134 9093
B -0.0875 8958 9306 -0.0008 1134 9093

A -0.0388 1717 7505 -0.0000 0056 1234
B -0.0388 1717 7489 -0.0000 0056 1248

A -0.0305 1884 2508 -0.0000 3339 1918
B -0.0305 1884 2460 -0.0000 3339 1855

A -0.0235 8824 2653 -0.0000 6191 3252
B -0.0235 8824 2646 -0.0000 6191 3260

A -0.0178 1029 1460 -0.0000 3061 9647
B -0.0178 1029 1458 -0.0000 3061 9654
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Figure 4.2: Plot of the positions of resonances [i.e., real part of the quasienergies (Re
(E))] vs. width of resonances (Γ/2) for three different scaling paths.

From this plot it is clear that the results are of good concordance. The results are

obtained at an amplitude of 0.02 a.u. and θ0=0.09.

We have tested the stability of the resonances obtained from both the diagonal-

ization and the PEM methods in Fig. 4.3. Resonances have been calculated for

θ0=0.09, 0.12 and 0.15. The PEM results are denoted by open circles (θ0=0.09),

squares (θ0=0.12) and diamonds (θ0=0.15) respectively. The diagonalization results

are denoted by pluses (θ0=0.09), crosses (θ0=0.12) and stars (θ0=0.15) respectively.

From this plot it is clear that the resonances are stable enough with respect to θ0.

In Fig. 4.4, we have plotted the positions of resonances [i.e., real part of the
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Figure 4.3: Plot of the positions of resonances [i.e., real part of the quasienergies (Re
(E))] vs. width of resonances (Γ/2) for a range of θ0 values.
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Figure 4.4: Plot of the positions of resonances [i.e., real part of the quasienergies (Re
(E))] vs. width of resonances (Γ/2) for a range of A0.

quasienergies (Re (E))] vs width of resonances (Γ/2) for a range of A0 (i.e., A0 goes

over 0.001 a.u. to 0.5 a.u.). Here we have plotted ν=0, 1, 2 to 9th vibrational states

of H+
2 as a function of A0. From this plot one can notice that at the higher A0 value

the 6th, 7th and 9th vibrational state becomes the bound state. It can be clearly seen

in case of the 7th vibrational state plotted in the inset of the Fig. 4.2. It is impossible

to obtain this information from the diagonalization method (see Fig. 2.9 in Chapter

2) [22]. This is an example of a bound state among continuum states.

In Fig. 4.5, we have plotted the wavefunction (Ψ) of ν=7th resonance state cor-

responding to | g〉, | e〉 Floquet channels for different A0 values. Here solid line
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represents Ψ corresponding to | g〉 Floquet channel whereas broken line represents Ψ

corresponding to | e〉 Floquet channel. In Fig. 4.5 (a), Ψ of ν=7th resonance state

corresponding to | g〉, | e〉 Floquet channels at A0=0.006 a.u. have been plotted.

Similarly, Ψ of ν=7th resonance state corresponding to | g〉, | e〉 Floquet channels at

A0=0.011, 0.016, 0.021, 0.026 and 0.031 a.u. have been plotted in Fig. 4.5 (b), 4.5 (c),

4.5 (d), 4.5 (e) and 4.5 (f) respectively. From Fig. 4.5 (a), it is clear that Ψ resembles

a resonance state. As the field amplitude increases in Fig. 4.5 (c), it is clear that Ψ

possesses a tail extending into continuum. However, as the field amplitude increases

to 0.021 a.u. [Fig. 4.5 (f)], Ψ becomes the bound state in a continuum. This state

doesn’t contain any tail going into continuum. It looks like a bound state having

vibrational quantum number one (i.e., ν=1) as it contains only one node. ν=6th res-

onance state behaves like a ground vibrational state. ν=8th resonance state becomes

a part of the continuum at higher field amplitude and ν=9th resonance state again

behaves like a bound state at higher field amplitude. These states are localized on the

well formed by the adiabatic potential energy curves around the one photon crossing

at higher field amplitude [22]. The main advantage of the implementation of the PEM

is that we can easily trace different resonance states accurately as a function of laser

field amplitudes. Though computationally matrix diagonalization is 10 times faster

than the PEM method, the efficiency of the PEM lies in the fact that the variation of

a specific resonance state with respect to a range of field parameters (i.e., amplitude

and frequency) can be easily traced which is shown in Fig. 4.4. This is because in

PEM the line number of a particular resonance state remains fixed in output whereas

in the matrix diagonalization it is rearranged every time. In Fig. 2.4 of chapter

2 [22], it will be impossible to connect a resonance at two different amplitudes when

lots of resonances are close to each other. It would be impossible to recognize if there

was an avoided crossing or a crossing in case of diagonalization method. One reason

for PEM being slow is the very high accuracy demanded during the propagation of

the equations as is evident from the two tables in discussion.
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Figure 4.5: Plot of the wavefunction (Ψ) of ν=7th resonance state corresponding to
| g〉, | e〉 Floquet channels for different A0 values.
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4.4 Concluding remarks

We have applied parametric equations of motion (PEM) to study photodissociation

dynamics of H+
2 . The resonances are extracted using smooth exterior scaling method.

This is the first application of PEM to non-Hermitian Hamiltonian that includes

resonances and the continuum. Here we have studied how the different resonance

states behave with respect to the change in field amplitude. The advantage of this

method is that one can easily trace the different states that are changing as the field

parameter changes. In summary, we are able to trace different vibrational states as a

function of field amplitude. We can see very clearly that some higher lying vibrational

states become bound states in continuum at higher field amplitudes.
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APPLICATION OF

PARAMETRIC EQUATIONS OF

MOTION TO STUDY THE

RESONANCE COALESCENCE

IN H+
2

Recently, occurrence of coalescence point was reported inH+
2 undergoing multiphoton

dissociation in strong laser field. The occurrence of coalescence of two eigenstates, or

in other words, exceptional points [44], in physical system viz. H+
2 described by non-

Hermitian quantum mechanics has been an emerging topic of interest [16]. The decay

rate Γ or life time h̄
Γ
of H+

2 depends on the ground vibrational state and is associated

with the complex energy spectrum (E− iΓ
2
) of the molecular Hamiltonian dressed by

laser. Values of E and Γ depend on the laser parameters [wavelength (Λ) and field

amplitude (A0)]. At some specific laser field parameters i.e., Λ and A0, two different

resonances, which are obtained from two different field free vibrational states of H+
2 ,

might coalesce [32]. Coalescence of two or more states actually represents the crossing

72
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of these states having same symmetry within the framework of the non-Hermitian

formalism (which is forbidden in the standard Hermitian formalism). At the crossing

point the eigenvalues are degenerate but respective eigen functions coalesce. The

points (Λ, A0) in parameter space where two mutually orthogonal resonance states

coalesce into a single self-orthogonal state are usually called exceptional points (EPs)

[16,27]. Suppose, we label two orthogonal eigen functions as ψ1 and ψ2 which coalesce

when Λ=Λbp where “bp” stands for branch point. At the coalescence point,

ψ1(r; Λbp) = ψ2(r; Λbp) = ψbp(r)

and

〈ψbp|ψbp〉 = 0. (5.1)

The eigen function ψ1(r; Λbp) for which the equation 5.1 is satisfied is referred as a

self-orthogonal state. Coalescence seems to be inaccessible to experiment as a branch

point in the spectrum is removed by any infinitesimally small perturbation. Hence

it may be considered as a mathematical object rather than a physical one. In case

of complex rotated Hamiltonian of He atom, Moiseyev et al. analyzed theoretically

the self-orthogonality phenomenon [45]. In the coalescence phenomenon while going

around a closed path in the parameter space that includes coalescing parameters,

coalescing states are exchanged with each other. In other words, coalescing state at

the starting point becomes another coalescing state and vice versa after completion

of the closed path (i.e., wavefunction and eigen values of the starting state acquire

the wavefunction and eigen values of the other state after returning back to the same

point). That is what we have studied here.

Let us briefly out line the theoretical formulation of the H+
2 photodissociation

problem. The laser field couples only with the two electronic states i.e., the ground

(1sσg) and the first excited repulsive (2pσu) states [7]. The molecular Hamiltonian is
TH-1080_06612221



74
Chapter 5: APPLICATION OF PARAMETRIC EQUATIONS OF MOTION TO

STUDY THE RESONANCE COALESCENCE IN H+
2

expressed with the help of a 2× 2 matrix:

H(t) =







TR + U1(R) µ[F (R)]A0 cos(ωt)

µ[F (R)]A0 cos(ωt) TR + U2(R)







Here R stands for the vibrational coordinate, µ is the dipole operator, and TR =

− h̄2

2M
H

+
2

∂2

∂R2 stands for the usual vibrational kinetic energy operator, with MH+
2
as the

reduced mass. Ui (i=1,2) represents the potential energy surfaces of the two electronic

states respectively (given in Chapter 2). Here µ[F (R)] is the dipole operator and

A0 and ω is the amplitude and frequency of the laser respectively. We have used

the standard length gauge. The expression of dipole operator in the length gauge is

given in equation 2.6 of Chapter 2. Since the Hamiltonian [H(t)] is time periodic

having period T=2π
ω
, Floquet ansatz is applied. Chu and co-workers [7] had calculated

the complex quasienergies by diagonalizing the complex scaled Floquet Hamiltonian

whose size in the Fourier Grid basis depends upon the number of grid points (N), the

number of electronic surfaces involved in photodissociation (m) and the number of

photons absorbed (n). The dimension of the Hamiltonian matrix will be (mN×mN)

for a single photon excitation. The form of Floquet Hamiltonian (Ĥf ) derived by Chu

and co-workers [7] including the SES absorbing term [22–25] is given by,

ˆ(Hf )αn,βm =

[

P̂ 2

2M
+ Uα,β(F (R)) + nh̄ω + V̂CAP

]

δαβδnm

+

[

1

2
~µαβ(F (R)). ~A0

]

δ(n,m=n±1) · (1− δαβ),

(5.2)

where α and β denote the electronic states and indices m and n go over the Fourier

expansion of Floquet vector ranging from +∞ to −∞. Here, F(R) is the path in the

complex coordinate plane defined as [63],

∂F

∂R
= 1 + [exp(iθ0)− 1] g(R)
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where g(R) is varied from 0 to 1 smoothly around the point R=R0 and θ0 and λ are

the scaling parameters. We have used modified smooth exterior scaling (MSES) path

[23]. To study the coalescence phenomenon, we have applied parametric equations

of motion (PEM). In this Chapter, we have tried to implement PEM jointly with

modified smooth exterior scaling method (MSES) to study the coalescence of H+
2 . We

have calculated the complex quasi-vibrational energies of H+
2 for initial wavelength

(Λ=Λstart) at the field amplitude of 0 (A0=0) a.u. by using the MSES method. At

A0=0, we will get only bound states and continuum by diagonalizing ˆ(Hf )αn,βm given

in equation 5.2. These states become resonance states at higher A0 value. We have

assigned quantum number to these resonance states i.e., a resonance state starting

from nth field free state will be called nth resonance state and this quantum number

will remain fixed to these resonance states as integration of the PEM is performed

and the resonance states change as a function of the parameters i.e., Λ and A0. At low

intensity, one can recognize the resonance states by looking at the wavefunctions and

matching that with field free state. But at higher intensity, wavefunctions might look

very different from field free state and as a result it will be impossible to assign them

a quantum number by inspection. But PEM keeps track of these quantum numbers

throughout the integration. We have carried out integration of PEM from A0=0 to

the starting point of the closed loop that encircles the EP to keep assignment of the

quantum numbers to different resonance states fixed. We have followed a rectangular

loop from the starting point. In this closed loop, PEM are integrated in the amplitude

domain by keeping frequency fixed. Then integration of PEM is carried out in the

frequency domain for a fixed amplitude. After that, PEM is again integrated in

the amplitude domain (reverse direction) for a fixed frequency. Finally in order

to complete the closed loop and to come back to the starting point, integration of

PEM is carried out in the frequency domain (reverse direction) by keeping amplitude

fixed. This whole process encircles the EPs. In case of coalescence, if two states

having quantum number ‘i’ and ‘j’, coalesce then ith and jth state will exchange their
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properties after completion of the closed loop in parameter space. Formulation of

PEM in the amplitude domain as well as the necessary theoretical formulation of the

H+
2 photodissociation problem is extensively discussed in Chapter 3. Formulation of

PEM in the frequency domain are outlined here. The block structure of the Floquet

Hamiltonian [ ˆ(Hf )αn,βm] (given in equation 5.2) is given as [7]:

HF =







































. . .

A+ 4ωI B 0 0 0

BT A+ 2ωI B 0 0

0 BT A B 0

0 0 BT A− 2ωI B

0 0 0 BT A− 4ωI

. . .







































where

A =







TR + U1[F (R)] + V̂CAP
1
2
~µ12[F (R)] · ~A0

1
2
~µ21[F (R)] · ~A0 TR + U2[F (R)] + V̂CAP − ωI







and

B =







0 0

1
2
~µ12[F (R)] · ~A0 0







Here TR stands for the kinetic energy operator. To put the matrices into suitable

form in order to apply PEM, A is transformed as A=C+D·ω. Where,
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C =







TR + U1[F (R)] + V̂CAP ~µ12[F (R)] · ~A0

~µ21[F (R)] · ~A0 TR + U2[F (R)] + V̂CAP







and

D =







0 0

0 −I







Here we define a matrix HF
0 and P as follows:

HF
0 =







































. . .

C B 0 0 0

BT C B 0 0

0 BT C B 0

0 0 BT C B

0 0 0 BT C

. . .







































P =







































. . .

4I +D B 0 0 0

BT 2I +D B 0 0

0 BT D B 0

0 0 BT −2I +D B

0 0 0 BT −4I +D

. . .







































Now HF can be written as

HF = HF
0 + P · ω

Diagonalization of the complex general matrix HF will give the necessary quasiener-

gies (ǫ) and the left and right eigen vectors cL and cR respectively at the initial laser
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Figure 5.1: Encircling of EP occuring around wavelength (Λ) 401 nm and amplitude
(A0) ∼ 0.0121 a.u. Here A denotes the starting point of the closed loop.

field wavelength (Λstart). H
F depends linearly on ω.

5.1 Results and discussion

The necessary potential energy surface and transition dipole moment are given by

Bunkin et al. [4] and are given in the previous Chapters. The resulting Hamiltonian

is constructed in the Fourier Grid method [37]. Diagonalization procedure and the

integration of the PEM are exactly same as those given in Chapter 4. Here, we have

varied the Hamiltonian parameters (i.e., Λ and A0) along a closed path which encircles

the EPs at 401 nm and amplitude 0.0121 a.u. and 442 nm and amplitude 0.0106 a.u.

respectively as reported by Lefebvre et al [32]. We have computed the complex quasi-

vibrational energies of H+
2 by using the MSES method. We have included three

channels in the calculation i.e., the value of n in equation 5.2 goes from -3 to +2. We

have shown in Chapter 2 that n=3 is sufficient enough to get convergent results [22].

We have used 151 basis functions to achieve very high convergence for both Er and

Γ i.e., further increase in the number of basis functions will not make any perceivable

difference to the plots. After the diagonalization of the SES Hamiltonian ˆ(Hf )αn,βm,

ǫ, CR
i and CL

i are immediately obtained. The encircling path of the EP is shown in

Fig. 5.1 and Fig. 5.2.

In figure 5.1, we have shown the closed path to encircle the EP occuring between
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Figure 5.2: Encircling of EP occuring around wavelength (Λ) 442 nm and amplitude
(A0) ∼ 0.0106 a.u. Here A denotes the starting point of the closed loop.

9th and 10th resonance state around wavelength (Λ) 401 nm and at an amplitude

(A0) ∼ 0.0121 a.u. as reported by Lefebvre and co-workers [32]. We have used initial

and final amplitudes as 0.005 a.u. and 0.015 a.u. respectively and initial wavelength

(Λstart) and final wavelength (Λend) as 408 and 394 nm to encircle the EP around

Λ=401 nm and A0=0.0121 a.u. From this encircling we have found that 9th (ν=8)

resonance state coalesces with a continuum state and 10th (ν=9) resonance state

coalesces with another continuum state. This fact is supported by Fig. 5.3 where

change in positions of resonances [i.e., real part of the quasienergies (Re (E))] vs.

widths of resonances (Γ/2) as A0 changes from 0 a.u. to 0.015 a.u. are plotted.

Broken lines represent continuum and solid lines represent bound states. Each curve

corresponds to a particular Λ. From this figure it is evident that the continuum

state is bending toward the left and the 9th resonance state is bending toward the

right with the increase in amplitude in the wavelength range 394 to 404 nm. But

after wavelength 406 nm, both the states have changed their direction as if they have

exchanged their characteristics and this is the point where coalescence occurs. We

can say that coalescence occurs in the range of 404 to 406 nm.

Similarly, in Fig. 5.4, we have shown the occurrence of coalescence between 10th

(ν=9) resonance state and the continuum state that coalesces with ν=9. In the range

of Λ=396 to 398 nm, 10th resonance state and the continuum state exchange their
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-0.004

-0.003

-0.002

-0.001

0

Γ/
2 
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.u

.)

394
396
398
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404
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408

Figure 5.3: Plot of 9th resonance state (solid line) and the continuum state that
coalesces with 9th resonance state (broken line) corresponding to different wavelength
as depicted in the legend box. On each curve Γ/2 and Re(E) change as amplitude
changes from 0.0 a.u. to 0.015 a.u.

behaviour. In Fig. 5.5, Re(E) and Γ/2 of ν=9th resonance state and the continuum

state coalescing with ν=9th state are plotted for Λ=396 nm and Λ=398 nm. The

coalescence will occur in between these two Λ. For Λ=396 nm and lower value (not

shown), the two coalescing states cross each other. On the other hand, for Λ=398 nm,

the two coalescence states undergo avoided crossing and it will increase as Λ takes

higher and higher value (not shown). As one goes closer to the coalescence point, this

avoided crossing between the coalescing states become narrower and narrower. Fig.

5.5 is an illustration of how two coalescing states exchange their behaviour at the EP.

In a similar manner, Fig. 5.2 shows the encircling of the EP occuring around

Λ=442 nm and at A0 ∼0.0106 a.u. between 8th and 9th resonance states as calculated

by Lefebvre et al [32]. From this encircling we have found that 8th (ν=7) resonance

state coalesces with a continuum state and 9th (ν=8) resonance coalesces with another

continuum state. This fact is supported by Fig. 5.6 where change in positions of
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Figure 5.4: Plot of 10th resonance state (solid line) and the continuum state that
coalesces with 10th resonance state (broken line) corresponding to different wavelength
as depicted in the legend box. On each curve Γ/2 and Re (E) change as amplitude
changes from 0.0 a.u. to 0.015 a.u.
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continuum
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Figure 5.5: Re (E) (top panel) and Γ/2 (bottom panel) of 10th resonance state (dotted
line) and the continuum state that coalesces with 10th resonance state (solid line) is
plotted as a function of amplitude at Λ=396 nm (left plot) and 398 nm (right plot).
Note that coalescence will occur in between these two Λ.
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resonances [i.e., real part of the quasienergies (Re (E))] vs. widths of resonances (Γ/2)

as A0 changes from 0 a.u. to 0.015 a.u. are plotted. In the range of Λ=442 to 444 nm,

8th resonance state and the continuum state exchange their behaviour. Similarly, in

Fig. 5.7, we have shown the occurrence of coalescence between 9th (ν=8) resonance

state and the continuum state that coalesces with ν=8 in the range of Λ=434 to

436 nm. In Fig. 5.8, Re(E) and Γ/2 of ν=8th resonance state and the continuum

state coalescing with ν=8th state are plotted for Λ=434 nm and Λ=436 nm. The

coalescence will occur in between these two Λ. The two coalescing states cross each

other for Λ=434 nm or lower value (not shown). On the other hand, for Λ=436 nm, the

two coalescence states undergo avoided crossing and it will increase as Λ takes higher

and higher value (not shown). However, in the vicinity of the coalescence point, this

avoided crossing between the coalescing states become narrower and narrower. Like

Fig. 5.5, Fig. 5.8 also illustrates how two coalescing states exchange their behaviour

at the coalescence point.

Further, as we decrease the number of grid points from 151 to 121, a different

coalescence picture appears. When we have carried out the encircling of the EP

(which is supposed to occur at Λ ∼ 401 nm and A0=0.0121 a.u.) for Λ ranging from

394 to 408 nm, we have found that 9th resonance state (ν=8) coalesces with 10th

resonance state (ν=9) around Λ=400 nm. Similarly, encircling of the EP (which is

supposed to occur ∼ 442 nm and A0=0.0106 a.u.) for Λ ranging from 432 nm to 446

nm has shown an occurrence of coalescence between 8th (ν=7) resonance state and 9th

(ν=8) resonance state around Λ=440 nm. We will like to point out that Lefebvre et

al. [32] has reported the same results what we have got when 121 grid points instead

of 151 grid points are used. To test the convergence of our results, we have increased

the number of grid points from 151 to 171. This increase in number of grid points

does not make any noticeable difference to the results.
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Figure 5.6: Plot of 8th resonance state (solid line) and the continuum state that
coalesces with 8th resonance state (broken line) corresponding to different wavelength
as depicted in the legend box. On each curve Γ/2 and Re (E) change as amplitude
changes from 0.0 a.u. to 0.015 a.u.

5.2 Concluding remarks

In summary, we have applied parametric equations of motion (PEM) and smooth

exterior scaling method to study the coalescence phenomenon of H+
2 . The advantage

of PEM is that one can easily trace different resonance states that are changing as

the field parameter changes. We have carried out the encircling of the exceptional

points in parameter space, where Λ and A0 are chosen as parameters. From encircling,

we have found that coalescence occurs between one bound and one continuum state

when the number of grid points used are 151. The same results are obtained when

the number of grid points are increased to 171. However, as we decrease the number

of grid points from 151 to 121, we have found the occurrence of coalescence between

two bound states.
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Figure 5.7: Plot of 9th resonance state (solid line) and the continuum state that
coalesces with 9th resonance state (broken line) corresponding to different wavelength
as depicted in the legend box. On each curve Γ/2 and Re (E) change as amplitude
changes from 0.0 a.u. to 0.015 a.u.
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Figure 5.8: Re (E) (top panel) and Γ/2 (bottom panel) of 9th resonance state (dotted
line) and the continuum state that coalesces with 9th resonance state (solid line) is
plotted as a function of amplitude at Λ=434 nm (left plot) and 436 nm (right plot).
Note that coalescence will occur in between these two Λ.
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Chapter 6

CONCLUSIONS

The hydrogen molecular ion H+
2 being the simplest molecule, is of fundamental im-

portance in molecular physics. The interaction of H+
2 with intense ultrafast laser

light has revealed novel phenomena viz. bond softening and bond hardening in light

induced molecular potentials [56]. Implementation of the non-Hermitian quantum

mechanics is most useful in exploration of the resonance phenomena, where particles

are temporarily trapped by the potential. Owing to the exponential divergence of

the asymptotes of the resonance states, it is essential to carry out complex scaling

transformations of the Hamiltonian. After this transformation resonance states be-

come square integrable as bound states in the standard formalism. Through out this

thesis, we have applied smooth exterior scaling (SES) transformations to calculate

accurately different resonance states of H+
2 molecular ion. We have applied Floquet

ansatz. We have found that the rate of dissociation of resonance states increases as

we employ more than one Floquet block. We have reported that even at low intensity

(1011 W/cm2), multiphoton transitions play a dominant role in the photodissocia-

tion process. We have also found “vibrationally trapped” states for higher laser field

amplitude.

With the help of SES, it is possible to generate reflection free complex absorbing

potential (RFCAP). However, it is always necessary to improve the quality of these
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RFCAPs. We have modified the existing conventional SES (CSES) method to get

a better absorption of the artificial reflections occuring at the grid boundary during

propagation of the wavepacket. This new modified SES method is much more efficient

in absorbing the wavepacket near the grid boundary compared with the CSES method.

We have shown that with this modified SES (MSES) method also, it is possible to

calculate accurately different resonance states of H+
2 . We have reported that the

MSES method gives more accurate results than the CSES method. Moreover, the

MSES method requires much lesser grid points for scaling to get accurate results.

In this thesis, we have reported the importance of parametric equations of mo-

tion (PEM) in photodissociation dynamics of H+
2 molecular ion. In case of PEM,

Schrödinger equation was solved explicitly only once and the solutions at other pa-

rameter values were obtained by integrating a set of ordinary differential equations

through the parameter space of the Hamiltonian. The efficiency of the PEM lies in

the fact that the variation of a specific resonance state with respect to a range of

field parameters (i.e., amplitude and frequency) can be easily traced. The behaviour

of different resonance states with respect to the change in field amplitude has been

reported.

The resonances of H+
2 are calculated accurately by applying PEM along with

the SES method. Resonance coalescence in H+
2 has also been studied with the help

of PEM. We have explained the coalescence with the help of the encircling of the

exceptional point in parameter space where wavelength (Λ) and amplitude (A0) are

treated as parameter. We have reported the occurrence of coalescence between field

free vibronic state and continuum state for higher number of grid points. However,

for lower number of grid points, it has been found that coalescence occurs between

field free vibronic states.
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