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Abstract 

Gas-slurry three-phase flow in the slurry bubble column has wide applications in the field of 

chemical, biochemical, petrochemical (Kim et al., 2017; Orvalho et al., 2018), metallurgical 

(Leonard et al., 2015), and wastewater treatment (Bartrand et al., 2009). Slurry bubble columns 

are advantageous to use due to the ease of thermal control, the high interfacial contact between the 

phases, the low-pressure drop, the good productivity, the low construction cost, and the effective 

heat and mass transfer coefficients (Barghi et al., 2004; Kim et al., 2014). Despite various 

advantages, their design and scale-up are not well understood due to the complex interaction of 

the phases (i.e., gas, liquid, and solid). Experimental studies in the slurry bubble column were 

largely conducted in semi-batch and co-current mode operation. Comparatively, few studies have 

been conducted in a counter-current mode (Trivedi et al., 2018). Substantial backmixing of the 

phases (both liquid and gas) is common in the cylindrical slurry bubble column (Shah et al., 2012). 

The efficiency of the slurry bubble column is affected by the degree of recirculation and the 

backmixing of the phases. Backmixing is known to increase drastically as the local liquid 

circulation develops. The most important changes occur in fluid mechanics when the geometry of 

the column changes from cylindrical to rectangular. Therefore, one of the most important factors 

in the design of the slurry bubble column is the effect of the geometric configuration on the flow 

behavior of the fluid. The rectangular column with considerable length and width, but with a small 

depth can be considered as the microstructured column. The small depth can be helpful in 

suppressing the backmixing and circulation of the phases, and can provide a uniform bubble size 

distribution. 

The present study focuses on some of the important hydrodynamic characteristics and particle 

recovery in a three-phase counter-current microstructured column. Based on the literature survey 

and scope of the research, the following objectives of the work under this main objective are 

formulated as to study: 

 Gas Holdup Characteristics and its Analysis 

 Frictional Pressure Drop and Bubble-Slurry Interfacial Shear Stress 

 Bubble Size Distribution and Bubble Aspect Ratio 

 Dispersion Characteristics and its Analysis  

 Particle Recovery in Microstructured Column  
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Chapter 2 reports the in-depth investigation of gas holdup in the three-phase counter-current 

system. This chapter is dedicated to studying the influence of superficial gas velocity, superficial 

slurry velocity, particle size, and particle concentration on gas holdup in a three-phase counter-

current microstructured bubble column with and without surfactant. Slip velocity model was used 

to analyze the gas holdup characteristics. Correlations were also suggested for the gas holdup and 

slip velocity model parameters, taking into account the operating variables and the physical 

properties of the system.  

Chapter 3 introduces the effect of different variables such as particle concentration, average 

particle size, slurry, and gas velocity on the gas-slurry interfacial shear stress and the frictional 

pressure drop. A mechanistic model is proposed based on the energy balance of gas and slurry 

flow by considering the energy dissipation rate because of bubble formation, the energy dissipation 

rate because of a slip of gas-slurry interface, and energy dissipation rate because of the wetting of 

a thin liquid layer with the column wall. 

Chapter 4 aims to explore the effect of superficial gas and superficial slurry velocities, particle 

concentration, and particle size on the bubble size distribution (BSD) and bubble aspect ratio in a 

counter-current microstructured slurry column in the presence and absence of the surfactant. In 

addition, empirical correlations were also proposed for the Sauter mean bubble diameter and 

bubble size distribution function parameters as a function of the operating and physical properties 

of the system. An attempt was also made to develop a correlation for the aspect ratio based on the 

important dimensionless groups. 

Chapter 5 aimed to study the mixing characteristics in the three-phase counter-current column. 

The effect of particle concentration, particle size, superficial gas, and slurry velocities on the axial 

and transverse dispersion coefficient, the dispersion due to circulation, the dispersion due to bubble 

motion, and the velocity distribution characteristic factor are analyzed in the presence of surfactant. 

An interpretation of the intensity of dispersion based on the liquid circulation and turbulence are 

also given. The velocity distribution model was also applied to analyze the dispersion of bubble 

motion in the column.  

Chapter 6 analyze the particle separation efficiency of the microstructured column. The cleaning 

of coal samples has been reported in a microstructured column to understand the effects of various 

parameters such as collector concentration and surfactant doses, gas velocity and feed velocity on 
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the combustible recovery, the ash content in concentrate, yield, efficiency index, and induction 

time. An attempt was also made to optimize the reagent doses, and gas and feed velocity. The 

phenomenological kinetic model based on the consecutive sub-processes compromising of the 

bubble-particle collision, attachment, and detachment was used to enunciate the induction time. 

The present research will be useful for the process intensification of three-phase counter-current 

flow.  
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Chapter 1 

Background and Formulation of Research Work 

 

1.1. Introduction 

Three-phase columns are widely used in various industries such as coal beneficiation (Han et al., 

2014), petrochemical (Kim et al., 2017; Orvalho et al., 2018), biochemical (Shaikh and Al-Dahhan, 

2007), wastewater treatment (Bartrand et al., 2009) and chemical industries (Li and Prakash, 

2000), etc. Three-phase columns are multiphase contactors wherein a gas phase is dispersed in the 

form of a bubble in a continuous slurry phase (Leonard et al., 2015). Three-phase columns are 

advantageous to use due to the ease of thermal control, the high interfacial contact between the 

phases, the low-pressure drop, the good productivity, the low construction cost, and the effective 

heat and mass transfer coefficients (Barghi et al., 2004; Kim et al., 2014). There are three modes 

of operation in the three-phase column, namely, semi-batch, co-current, and counter-current 

depending on the application. Despite several studies of hydrodynamic characteristics of the 

circular and rectangular columns, there is a lack of understanding of the hydrodynamic behavior 

(Götz et al., 2016; Kantarci et al., 2005; Kumar and Khanna, 2014). Hence, the correct 

interpretation of the design parameters is essential for the proper design, operation, modeling, 

control, scale-up, and optimization of a processing unit (Prakash et al., 2018a; Sheikhi et al., 2013). 

The complex nature of multiphase flow in the three-phase column is the result of the fluid flow 

that is affected by numerous design parameters. The three-phase columns are simple in 

construction; however, its scale-up is complicated because of the lack of adequate information on 

hydrodynamic characteristics (Barghi et al., 2004; Jakobsen et al., 2005; Prakash et al., 2018b). 

According to the literature, most of the experiments have been performed in the cylindrical 

column, in which the substantial backmixing of phase pccurs (both liquid and gas) (Shah et al., 

2012), which reduces the process efficiency, decreases the overall performance of the system. The 

microstructured column (2D with very small width) can be useful to reduce the backmixing of the 

phases. 

1.2. Design Parameters  
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Understanding of design parameters such as gas holdup characteristics, bubble size distribution, 

frictional pressure drop, and mixing characteristics is important for the enunciation of process 

efficiency of any column. The design parameters are dependent on each other. The in-depth 

analysis of the design parameters and the variables affecting it was discussed chapter wise. 

Different parameters and variables affecting the column performance are shown in Fig. 1.1.  

 

Fig. 1.1 Variables and parameters that affect the column performance. 

The gas holdup can be expressed as the fraction of the volume occupied by the gas phase in the 

total volume of the two or three-phase mixture in the column. Gas holdup depends on bubbles, the 

local flow velocity, the presence of backmixing flow, and the rising velocity of the bubbles (Xia 

et al., 2011).  The presence of internals also enhances the gas holdup charcteristics of a bubble 

column (Manjrekar et al., 2018). In the flotation process, the desired recovery is highly dependent 

on the gas holdup and flow regime. Particle and liquid residence time cannot be estimated without 

the knowledge of the gas holdup. Particle recovery is also dependent on gas flow rate and bubble 

diameter, both of which influence the gas holdup. Finch et al. (2000) observed a linear relationship 

between the bubble surface area flux and the gas holdup for different operating variables. There is 

a linear relationship between the flotation rate constant and gas holdup (Massinaei et al., 2009). 

Vinnett et al. (2016) reported an imaging technique to measure the local gas holdup in the flotation 
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process. This technique is based on the model structure, which is a function of the percent area 

occupied by gas bubbles in the binary images and the superficial gas velocity. Images were 

obtained using a bubble viewer, and over 250 bubble images were typically analyzed to obtain the 

correct percentage approximations of the area. The model structure was capable of measuring the 

gas holdup in the range of 2.5 to 15% in the laboratory column and 6.0 to 21.0% in the industrial 

column. Li et al. (2017b) studied the gas holdup in the presence of Carboxymethyl cellulose 

(CMC) and sodium dodecyl sulfate with nitrogen as the gas phase. They observed that the gas 

holdup increased with increasing superficial gas velocity and decreased with increasing CMC 

concentration. Bhunia et al. (2017) investigated the effect of the particle on gas holdup. The 

experimental result showed that the gas holdup decreased in the presence of the particle. This 

reduction was more on increasing the particle concentration and the presence of smaller particles 

resulted in a moderately higher gas holdup compared to larger particles. Particle addition increases 

the slurry viscosity as a result coalescence behavior of the gas bubble increases, contributing to a 

reduction in gas holdup. There are several methods available to measure the gas holdup. Some of 

the existing methods for measurement of the gas holdup are phase isolation technique, volume 

expansion technique, conductivity (Gomez et al., 2003), pressure drop (Tavera et al., 2001), 

electrical resistance tomography (Kumar et al., 1997; Vadlakonda and Mangadoddy, 2018; Veera 

and Joshi, 1999), dynamic gas disengagement (Sriram and Mann, 1977), an optical probe (Bakshi 

et al., 1995), γ ray densitometry (Shollenberger et al., 1997), etc. Measurement of gas holdup using 

pressure sensor required several pressure sensor and it cannot be used if the density of the liquid 

and solid is more or less same (Sines et al., 2019). The phase isolation technique is one of the 

simplest and most widely accepted techniques for measuring the gas holdup (Bhunia et al., 2017). 

Due to the limitation in the physical size of the sensors and sophisticated instrumentation, other 

techniques make the measurement of gas holdup tedious. Other techniques require sophisticated 

instrumentation and limitation on the physical size of the sensors is inadequate to estimate the gas 

holdup. In this work, the phase isolation technique is used to measure the gas holdup 

characteristics.  

The interfacial area available for the adhesion of the particles to the gas bubble characterizes the 

separation efficiency of the system, which helps in the design, and scale-up of the system. High 

slurry concentration causes bubble coalescence, as a result small bubbles significantly reduced in 

number. Larger bubbles are practically independent of the gas velocity for solid holdup (> 0.05) 
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and gas velocity (> 0.1 m/s). The interfacial area directly affects the rate constant of the separation 

process (Gorain et al., 1997). The interfacial area depends on the bubble size, gas holdup, 

superficial gas velocity (Gomez and Finch, 2007), gas distributor design, physico-chemical 

properties of the phases, and column geometry (Camarasa et al., 1999). Smaller bubbles coalesce 

to form a larger bubble, decreasing the interfacial area for the bubble-particle collision, which 

causes a reduction in attachment probability of particle on the bubble and thus decreases the 

separation efficiency. Bubble formation process governs the initial bubble size and the rising 

velocity controls the contact time between the phases, which affects the interfacial transport 

process and mixing characteristics (Kulkarni and Joshi, 2005). Smaller and a stable bubble size 

can be obtained with decreasing surcae tendion and viscosity and increasing gas density at high 

pressure and high temperature (Schäfer et al., 2002). Since a decade, numerous intrusive and non-

intrusive techniques are invented to measure the bubble sizes. Some of the methods like 

photographic technique Mie scattering technique (Hansen, 1985), Bayesian magnetic resonance 

technique (Holland et al., 2012), Coulter count method or pore electrical resistance method 

(Fujiwara, 2007), dynamic gas disengagement technique (Vadlakonda and Mangadoddy, 2017), 

acoustic (Kracht and Moraga, 2016), phase Doppler anemometry (Meng et al., 2016), drift flux 

analysis (Bhunia et al., 2017) is used to estimate the bubble size. Photographic technique is one of 

the simple techniques used to measure the bubble diameter. The high-speed camera captures the 

generated bubbles. The column wall should be transparent, so that the high-speed camera can 

capture the bubbles. A light source can be placed to get a clear picture of the bubbles. The captured 

images are analyzed by the image processing software to estimate the bubble size. Through this 

technique, the scale of the bubbles will be determined by manually identifying and marking each 

of the bubbles. Photographic technique is limited to resolve large bubble clusters (Besagni and 

Inzoli, 2016a) and captures only the bubbles located near the column wall.  

Pressure drop determines the flow energy requirement for transporting fluids in the multiphase 

system. The notion of pressure drop provides the energy dissipation pattern, that allows to model 

and assesses the performance of the system (Majumder, 2016). The high flow rate or high viscosity 

contributes to a higher-pressure drop while a low flow rate lowers or no pressure drop.  

Flow in columns never obeys the ideal flow pattern. The non-ideal behavior is due to (i) channel 

formation, (ii) recycling of fluid, (iii) vortices and turbulence at inlet and outlet of the vessel, (iv) 
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bypassing and short-circuiting of the fluid, and (v) formation of the dead zone at the corner of the 

vessel. The amount of time spent by the molecule in the vessel is called the residence time of the 

molecule. It is obvious that the different particles use different routes to pass through the column, 

takes a different amount of time, and due to this, there will be the distribution of residence time of 

the molecules within the vessel. The distribution of length of time spent by different molecules 

within the vessel is called the residence time distribution (RTD) or exit age distribution (E).  

The simplest way to study the mixing phenomena is to detect the tracer particles during 

experimentation and analyze it using any suitable dispersion model. Tracer can be detected using 

both offline and inline techniques. The offline technique involves UV-absorption (Reitz et al., 

2013), color intensity (Mu and Thompson, 2012), and radioactive radiation (Janssen et al., 1979), 

etc. The offline technique results in a gap between the actual process and the measured time. The 

product quality must be checked and controlled in real-time. In the inline technique, the inline 

probe associated with the data acquisition system directly detects and records the thermal, optical, 

and electrical signals of the tracer particles. This technique requires high-speed data sampling 

frequency and signal conversion (Gao et al., 2012). In the case of a radioactive tracer, the RTD 

can be determined by a non-invasive sensor located at the outlet of the vessel (Yianatos et al., 

2005). The most frequently used liquid dispersion technique is residence time distribution (RTD), 

which is also a conductive detection technique or tracer technique (de Andrade Lima, 2006) based 

on the difference in electrical conductivity of the tracer particles and bulk flow.  

The tracer technique is one of the simple methods to measure RTD (de Andrade Lima, 2006). The 

tracer should be non-reactive, should not be adsorbed to the vessel wall or other surfaces of the 

vessel, its physical property should be similar to the system, should be easily detectable, should be 

completely soluble in the system fluid. The pulse and step input methods are widely used for the 

RTD measurements. In the pulse input, the tracer is injected with feed at the time (t = 0) and the 

tracer concentration is measured at the outlet of the vessel as a function of time.  

Mixing and dispersion are attributed to the pulp recirculation and turbulence of bubble and slurry 

motion in a three-phase system. Mixing affects the particle suspension, the generation of fine 

bubbles, and dispersion and, consequently, a bubble-particle collision takes place (Yianatos et al., 

2005). Dispersion number is influenced by the bubble size, bubble number, particle settling 

velocity, slurry rate, collection zone height, and diameter of the column (Weijenberg et al., 2000). 
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The degree of mixing can be estimated using the residence time distribution (RTD) technique. The 

variation of gas holdup radially or axially induces pressure variation and is also responsible for the 

liquid circulation, and the back mixing of the phases (Majumder, 2016). Liquid circulation directs 

the rate of mixing and separation efficiency of the flotation process. Mills et al. (1992) examined 

the mixing characteristics using the RTD technique and concluded that the axial dispersion model 

controls the flow structure. The author claimed that the axial dispersion model is superior to other 

models dealing with a column diameter of 0.1 m to 1.5 m. To model the small-diameter column, 

either a dispersion model or tank in series model can be used. The particle dispersion coefficient 

is more than the liquid dispersion coefficient, and the particle dispersion coefficient increases with 

an increase in particle concentration in the laboratory test column, but remains unaltered in large 

columns (Mills et al., 1992). The intensity of axial mixing increases with the increase in the column 

diameter (Baird and Rice, 1975).  The mixing of phases inside the flotation column significantly 

affects the bubble-particle attachment and bubble-particle detachment process. 

1.3. Operation mode of columns  

In a vertical column, there are primarily four modes of operation, namely: (i) semi-batch mode, 

(ii) co-current downflow, (iii) co-current upflow, and (iv) counter-current mode.  Modes of 

operation are used for industrial purposes as per the requirement. In semi-batch mode, the slurry 

is in batch mode while the gas is in continuous mode. The direction of gas flow is upwards. In the 

co-current downflow column, both gas and slurry are in continuous mode, and the flow direction 

of both phases is downward. In the co-current upflow mode, the gas, and slurry flow continuously, 

and the flow direction of both phases are in the upward. In the case of the counter-current mode, 

both phases flow continuously, and the direction of gas flow is upward, and the flow of slurry is 

opposite to the gas phase. In the counter-current mode, the slurry inlet may be located at the top 

of the column or from the side of the column (at 2/3 height of the column from the base). If the 

slurry is introduced at the side of the column, it significantly disturbs the flow field, and it becomes 

tedious to interpret the hydrodynamic characteristics. Moreover, side slurry inlet also does not 

provide the actual realization of the influence of counter-current behavior on hydrodynamic 

characteristics. Therefore, in the present study, all the hydrodynamic characteristics have been 

carried out by taking the slurry inlet at the top of the column. In the case of enunciation of particle 

separation efficiency, the slurry inlet position is taken from the side of the column at 2/3 height 
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from the column base. The side inlet does not hinder the carrying capacity of particle-laden bubbles 

to the top of the column. Different operating modes in the vertical column are shown in Fig. 1.2.   

 

Fig. 1.2. Operation mode in vertical columns. 

1.4. Map of three-phase slurry column 

The three-phase flow columns are categorized into three classes, namely; the gas-sparged slurry 

column, the three-phase bubble column, and the three-phase fluidized bed as a function of the 

density difference between the particle and the fluid and the diameter of the particles (Tsutsumi et 

al., 1999).  Fig. 1.3 represents the classification map of the three-phase flow column where 

published literature data and experimental data are plotted, and all data are categorized into three 

classes. The boundaries between the class A and class B sections, and class B and class C sections 

are indicated by two firm lines. The present study is based on class A, which is referred to as the 

gas-sparged slurry column. 

 

 

 

TH-2738_156107030



8 
 

 

 

 

 

 

 

 

 

 

 

Fig. 1.3. Classification map of three-phase flow columns (Tsutsumi et al., 1999). (a) Class A: 

gas-sparged slurry column, (b) Class B: three-phase bubble column, (c) Class C: the three-phase 

fluidized bed. (Copyright material) 

1.5. Scope of the research work 

The complex nature of multiphase flow in the three-phase column is the outcome of the fluid 

movement that is caused by numerous design parameters. Hence, the correct interpretation of the 

design parameters is essential for the proper design, operation, modeling, control, scale-up, and 

optimization of a processing unit (Sheikhi et al., 2013). The three-phase flow columns are simple 

in construction; however, the scale-up technique is complicated because of the lack of adequate 

information on hydrodynamic characteristics (Barghi et al., 2004; Jakobsen et al., 2005). Despite 

various advantages, their design and scale-up are not well understood due to the complex 

interaction between phases (i.e., gas, liquid, and solid).  

Many industrial columns are subjected to low productivity or poor product quality because of the 

substantial backmixing of phases, the non-homogeneous bubble size distribution, the reduction in 
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interfacial area, the short residence time of bubbles, and irregular flow regime. Substantial 

backmixing of the phases (both liquid and gas) is common in the cylindrical column (Shah et al., 

2012). The efficiency of the column is affected by the degree of recirculation and the backmixing 

of the phases. The backmixing has a negative effect on conversion and selectivity in many 

chemical reaction applications (Ekambara and Dhotre, 2010; Schmidt, 1998), mainly when 

intermediates are the desired products (Gao et al., 2012). Backmixing is known to increase 

drastically as the local liquid circulation develops (Cao et al., 2008). The most important changes 

occur in fluid mechanics when the geometry of the column changes from cylindrical to rectangular. 

Therefore, one of the most important factors in the design of the three-phase column is the effect 

of the geometric configuration on the flow behavior of the fluid. To offset these issues, a 

rectangular column (typically, with a considerable length (approximately 21 times of depth) and 

width (approximately 6.34 times of depth), but with a very small in depth) can be used to reduce 

the backmixing of the phases, channeling, the degree of bubble coalescence, and uneven 

distribution of gas bubbles. The small depth of the column helps to reduce the backmixing of the 

phases. 

As per the literature review, it has been noticed that the none of the in-depth work in the 

microstructured column has been performed, which reflect the cumulative influence of the 

operating variables, physical properties of the system, and geometric variables on the 

hydrodynamic characteristics and separation efficiency in the presence and the absence of the 

surfactant. Therefore, the present work takes the task of an in-depth investigation of hydrodynamic 

characteristics in the microstructured slurry column.   

1.6. Goal of the study 

The primary goal of the present study is to enunciate the hydrodynamic characteristics of the three-

phase flow in a microstructured column in the counter-current operating mode. Under this goal, 

the following components of the study are defined as objectives. 

 Gas Holdup Characteristics and its Analysis 

 Frictional Pressure Drop and Bubble-Slurry Interfacial Shear Stress 

 Bubble Size Distribution and Bubble Aspect Ratio 

 Dispersion Characteristics and its Analysis  

TH-2738_156107030



10 
 

 Particle Recovery in Microstructured Column  

1.7. Thesis Organization 

To understand the hydrodynamic behavior of the three-phase system (gas-liquid-solid) and the 

application for separation of particles, the present study has been organized as follows:  

Chapter 1: Introduction  

This chapter provides an overarching view of the background of the research study, a description 

of the three-phase columns, the interdependency of the design parameters, modes of operation, 

motivation, research gap, the scope of the research work, objectives, and thesis organization.  

Chapter 2: Gas Holdup Characteristics 

This chapter reports the in-depth investigation of gas holdup in the three-phase counter-current 

system. Gas holdup of the system governs the intensity of contact among the phases based on the 

mixing of the phases. As per literature, the study of gas holdup characteristics in a three-phase 

counter-current column is limited and not comprehensive. Most of the work was done with the 

two-phase flow in co-current mode. Only one publication is available that provides evidence of a 

gas holdup study in the three-phase counter-current mode in the presence of surfactant. Therefore, 

the purpose of this work is to study the influence of superficial gas velocity, superficial slurry 

velocity, particle size, and particle concentration on gas holdup in a three-phase counter-current 

microstructured bubble column with and without surfactant. Slip velocity model was used to 

analyze the gas holdup characteristics. Correlations were also suggested for the gas holdup and 

slip velocity model parameters, taking into account the operating variables and the physical 

properties of the system.   

Chapter 3: Frictional Pressure Drop and Bubble-slurry Interfacial Shear Stress 

This chapter introduces the effect of different variables such as particle concentration, average 

particle size, slurry, and gas velocity on the gas-slurry interfacial shear stress and the frictional 

pressure drop. A mechanistic model is proposed based on the energy balance of gas and slurry 

flow by considering the energy dissipation rate because of bubble formation, the energy dissipation 

rate because of a slip of gas-slurry interface, and energy dissipation rate because of the wetting of 

a thin liquid layer with the column wall. 
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Chapter 4: Bubble Size Distribution and Aspect Ratio   

Knowledge of bubble size and aspect ratio are of paramount importance to enunciate the interfacial 

area and degree of uniformity of gas-phase distribution. It controls the residence time of the bubble 

in the column and influences the separation efficiency based on the probability of bubble-particle 

collision, attachment, and detachment. The interfacial area available for the particle adhesion 

characterizes the separation efficiency of the system, which helps in the design, and scale-up of 

the column. This chapter aims to explore the effect of superficial gas and superficial slurry 

velocities, particle concentration, and particle size on the bubble size distribution (BSD) and 

bubble aspect ratio in a counter-current microstructured slurry column in the presence and absence 

of the surfactant. In addition, empirical correlations were also proposed for the Sauter mean bubble 

diameter and bubble size distribution function parameters as a function of the operating and 

physical properties of the system. An attempt was also made to develop a correlation for the aspect 

ratio based on the important dimensionless groups. 

Chapter 5: Mixing Characteristics  

This chapter aimed to study the mixing characteristics in the three-phase counter-current column. 

The effect of particle concentration, particle size, superficial gas, and slurry velocities on the axial 

and transverse dispersion coefficient, the dispersion due to circulation, the dispersion due to bubble 

motion, and the velocity distribution characteristic factor are analyzed in the presence of surfactant. 

An interpretation of the intensity of dispersion based on the liquid circulation and turbulence are 

also given. The velocity distribution model was also applied to analyze the dispersion of bubble 

motion in the column.  

Chapter 6: Particle Recovery 

The last objective of the present work is to analyze the particle separation efficiency of the 

microstructured column. The cleaning of coal samples has been reported in a microstructured 

column to understand the effects of various parameters such as collector concentration and 

surfactant doses, gas velocity and feed velocity on the combustible recovery, the ash content in 

concentrate, yield, efficiency index, and induction time. An attempt was also made to optimize the 

reagent doses, and gas and feed velocity. The phenomenological kinetic model based on the 
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consecutive sub-processes compromising of the bubble-particle collision, attachment, and 

detachment was used to enunciate the induction time.  

Chapter 7: Overall Conclusions, Limitations, and Future Recommendations 

This chapter provides the overall conclusions, limitations, and future recommendations based on 

the present research in the three-phase microstructured column. This chapter highlighted the details 

of the hydrodynamic characteristics of two- and three-phase flow in the microstructured column. 

However, further works are required to have a complete idea in this field for proper designing, 

optimization, control, and scale-up of the column. Thus, possible recommendations for future 

research work in this system are summarized in this section.     
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Chapter 2 

Gas Holdup and its Analysis 

Abstract 

In this chapter, the investigation of the gas holdup is reported in a three-phase counter-current 

microstructured bubble column with and without the presence of surfactant. The coal (specific 

gravity 1.4) was taken to prepare slurry (a mixture of water and coal), and Methyl Isobutyl 

Carbinol (MIBC) was used as a surfactant. The effects of the superficial gas velocity (i.e., air, usg 

= 0.011 – 0.075 m/s) and superficial slurry velocity (i.e., slurry, 0.018 - 0.057 m/s), particle 

concentration (i.e., 0.5 – 3.0 wt.%), and particle size (i.e., 63.01 – 517.0 m) on gas holdup are 

studied. The gas holdup is analyzed with a slip velocity model. A novel correlation has been 

developed to predict the gas holdup and slip velocity model parameters.  

Publication: Prakash, R., & Majumder, S. K. (2020). Experimental Investigation and its Analysis 

of Gas Holdup in a Three-phase Counter-current Microstructured Bubble Column. Journal of 

Dispersion Science and Technology, 42 (1), 1 – 16. DOI: 10.1080/01932691.2020.1839480 

Prakash, R., Majumder, S. K., & Singh, A. (2018). Gas holdup and frictional pressure drop 

contributions in microstructured two-and three-phase bubbling bed with Newtonian and non-

Newtonian liquids: Effect of coarse and fine particles with surface active agent. Chemical 

Engineering and Processing-Process Intensification, 133, 40  57. 

https://doi.org/10.1016/j.cep.2018.09.020 
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2.1. Introduction 

Slurry bubble columns are extensively used in numerous applications in the fields of petrochemical 

(Gandhi et al., 1999b), biochemical (Shaikh and Al-Dahhan, 2007), chemical (Li and Prakash, 

2000), and mineral beneficiation (Han et al., 2014) industries, etc. Slurry bubble columns are 

multiphase systems in which gas bubbles are introduced in a batch or continuous slurry phase 

(Leonard et al., 2015). Slurry bubble columns are operated in three distinct modes, viz., semi-

batch, co-current, and counter-current. Several authors have reported hydrodynamic studies such 

as gas holdup in semi-batch slurry bubble column (Banisi et al., 1995b; Barghi et al., 2004; Gandhi 

et al., 1999b; Kim et al., 2014; Li et al., 2013; Ojima et al., 2014; Orvalho et al., 2018; Vadlakonda 

and Mangadoddy, 2018), semi-batch two-phase (Anastasiou et al., 2010; Azgomi et al., 2007; Kim 

et al., 2017; Li et al., 2017b), two-phase co-current (Rollbusch et al., 2015), three-phase co-current 

(Kumar and Khanna, 2014; Kumar et al., 2012), two-phase counter-current (Besagni et al., 2014; 

Besagni and Inzoli, 2017a, b; Trivedi et al., 2018), and three-phase counter-current mode (Bahri 

et al., 2013; Bhunia et al., 2017; Luewisutthichat et al., 1997; Shukla et al., 2010).  

Enunciation of gas holdup helps in construction, scale-up, and efficiency evaluation of the slurry 

and flotation columns. Therefore, it is crucial to have a clear knowledge of the factors influencing 

the gas holdup in the slurry system. The current work, therefore, mainly focuses on the impact of 

the different operating variables and the physical properties of slurry on gas holdup in the counter-

current slurry bubble column.  

As per the literature, the majority of the experiments were conducted in the cylindrical column, 

renowned for extensive phase bacmixing (Shah et al., 2012), which reduced the transport 

efficiency of the column. The presence of the particle has a noteworthy influence on the 

hydrodynamic characteristic of a slurry bubble column. In the literature, several researchers have 

proposed a different hypothesis to clarify the impact of particles on gas holdup. Several authors 

have also clarified that the introduction of particle activates the bubble coalescence (Ojima et al., 

2015) and contributes to a reduction in the gas holdup (Banisi et al., 1995b; Kuan and Finch, 2010; 

Lakhdissi et al., 2019; Mokhtari and Chaouki, 2019; Sarhan et al., 2018c). The increase in the 

bubble wake entrainment, the variation in radial holdup characteristics, and the flow profile 

reduces the average gas holdup in the column (Banisi et al., 1995a). Nevertheless, some researchers 

have suggested that gas holdup improves with the addition of particles (Fan et al., 2007; Mena et 
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al., 2005; Pandit and Joshi, 1984; Sada et al., 1986b). The cause for the enhancement in gas holdup 

is: (i) bubble breakup owing to the interaction of the particles (Yang et al., 2007), (ii) the 

attachment of the particles to the surface of the gas bubble upsurges the cumulative weight of the 

bubble-particle, thus lowers the velocity of the bubble (Tsutsumi et al., 1991; Uribe-Salas et al., 

2003) and (iii) changes in the density and viscosity of the slurry (Kluytmans et al., 2001). The 

significant increase in the density and viscosity of the slurry around the gas bubble decreases the 

rising velocity of the gas bubbles and enhances the gas holdup (Kluytmans et al., 2001).  The dual 

effect of particle concentration is reported by Mena et al. (2005). They noticed a substantial rise 

in the gas holdup upto a particle concentration of 5.0 vol. %, further exceeding the particle 

concentration above 5.0 vol. %, the gas holdup decreases substantially. The dual influence of 

particle concentration is attributed to the two opposing processes, stabilizing, and destabilizing the 

three-phase system (Mena et al., 2005). The addition of small particles (less than 10 m) enhances 

the gas holdup at very low particle concentration, and the particle concentration with particle size 

greater than 50 m leads to reduce the gas holdup (Sada et al., 1986b). According to Gandhi et al. 

(1999b), the addition of particle (at 40% vol.) reduces the bubble breakup rate; thus, the gas holdup 

decreases. Biń et al. (2001) reported that the gas holdup decreases in semi-batch and co-current 

mode, whereas it increased in counter-current mode. The change in gas holdup for counter-current 

and co-current operation was approximately 10%. Other researchers have also reported a similar 

trend (Jin et al., 2010; Uchida et al., 1989). Ityokumbul et al. (1995) observed the negligible change 

in a gas holdup with particle concentration, except near the sparger surface where the bubble 

coalescence probability is greater and the authors obtained the same results with the surfactant. A 

decrease in a gas holdup in the presence of the particle (0 15% v/v) was observed by Banisi et al. 

(1995b). Vazirizadeh et al. (2016) reported the effect of two different particle particles: quartz 

(hydrophilic) and talc (hydrophobic), on gas holdup and bubble size distribution in the presence 

of the polyglycol surfactant. The presence of particles affects the gas holdup as; (i) it causes bubble 

breakup. Hence, the gas holdup increases (Yang et al., 2007), (ii) increases coalescence behavior 

of bubble which decreases gas holdup (Banisi et al., 1995b; Kuan and Finch, 2010), (iii) it enhances 

bubble wake entrainment so gas holdup decreases (Banisi et al., 1995b), (iv) it increases the 

apparent viscosity of the fluids leading to a decrease in gas holdup (Banisi et al., 1995b; Finch and 

Dobby, 1990), and (v) the particles attached to the bubble increases the weight of the bubble 

causing reduction in rising velocity leading to increase in the gas holdup (Tsutsumi et al., 1991; 
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Uribe-Salas et al., 2003). The effect of the particles, particle size, and particle concentration at the 

high gas temperature of a helium-water-alumina system was studied by Abdulrahman (2016). A 

decrease in gas holdup was observed by the addition of particles since the increase in slurry 

viscosity leads to promote the generation of substantial size gas bubbles while the breakup 

efficiency of the bubble reduces due to the reduction of instabilities at interfaces. Large bubbles 

have greater rise velocity and low residence time in the column, which leads to the reduction of 

the gas holdup. It was also observed that the effect of a change in the particle size on gas holdup 

was negligible. According to Abdulrahman (2016), the effect of particle size on the gas holdup 

was trivial. However, smaller particle size has a reasonably more gas holdup compared to the 

larger particle size (Bhunia et al., 2017). The same effect was found in both the presence and 

absence of surfactants in the system. The effect of large particles compared to the small is less 

significant because the smaller particle does not cause coalescence, but promote bubble breakup. 

According to Uribe-Salas et al. (2008), the rise velocity of bubble-particle aggregate increases as 

the bubble size increases. The viscosity of the slurry increases by lowering the particle size at a 

certain slurry concentration due to attractive particle concentration (Kawatra and Eisele, 1988a; 

Senapati et al., 2009; Shukla et al., 2008; Yoshida et al., 2013; Zhou et al., 1993). Banisi et al. 

(1995b) illustrated that particle concentration also stabilizes the bubble wake and bubble swarm 

velocity due to increased viscosity of the slurry. It causes an increase in the rising velocity of 

trailing bubbles due to inline bubble-bubble interaction. Kara et al. (1982) performed the 

experiment in batch mode and observed a reduction of the gas holdup with an increase in particles 

concentration and particle size. There was no significant difference observed in gas holdup 

characteristics of air-water and air-water-particle system when the particle size of 10 µm was used. 

However, the three-phase system indicated slightly larger gas holdup than two-phase in the 

presence of 10 µm particle. Khare and Joshi (1990) analyzed the enhancement in a gas holdup with 

an increase in particle size and particle concentration up to 67 µm and 0.6 vol.% respectively. A 

further increase in particle size and particle concentration causes a decrease in the gas holdup.  

Characteristics of the sparger also play an important role in the estimation of the gas holdup. In a 

porous plate gas sparging media, the gas holdup tends to increase by 30% with a particle 

concentration of 0.1 wt.%, but the same trend of increase in gas holdup was not observed with 

perforated plate sparger (Sada et al., 1986b). An increase in particle concentration influences the 

viscosity and density of the system due to no-slip conditions on each particle (Mena et al., 2005). 
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It causes extra velocity gradient resulting in an increase of viscous dissipation and reduction in the 

rising velocity of the gas bubble. According to Luo et al. (1997), the mutual collision of bubbles 

and particles and hydrodynamic forces play a major role in decreasing the rising velocity of the 

bubbles. 

Gas holdup study in the three-phase semi-batch 2D column (width × depth × height = 0.24 m × 

0.04 m × 1 m) was studied by Hooshyar et al. (2010b). They noticed a 15% reduction in a gas 

holdup in a heterogeneous flow regime after the introduction of glass beads. Another study 

reported by Kluytmans et al. (2001) in semi-batch 2D slurry column (width × depth × height = 

0.30 m × 0.015 m × 2.0 m) shows considerable enhancement in gas holdup with electrolyte 

(sodium gluconate) and particles (carbon particles, dp = 30 m, concentration 0.1 - 1.0 g/L). The 

enhancement in gas holdup is explained by three different mechanisms: (i) changes in the surface 

tension of the slurry with the electrolyte and the carbon particles, (ii) effect of particle wettability 

and ionic forces, and (iii) changes in the viscosity and density of the slurry. Stabilization and 

destabilization of the bubbles are due to the development of a layer of particles or electrolytes 

around the bubble, which either promotes or hinders the rate of bubble coalescence. The influence 

of wettable and non-wettable particles is demonstrated by Jamialahmadi and Müller‐Steinhagen 

(1991). The wettable particles repel the gas bubbles interfaces, act as a buffer between gas bubbles, 

and hinder the coalescence, while the non-wettable particles have contradictory influence. 

Marrucci (1969) examined the mechanism of bubble coalescence for two approaching bubbles in 

the electrolyte solution and suggested that the presence of the ionic forces tends to reduce the film 

drainage speed between the two approaching gas bubbles. As a result, the coalesce rate reduces, 

and gas holdup enhances. In a 2D semi-batch slurry bubble column, the gas holdup was 

independent of slurry concentration (below 0.4 vol.%), and beyond 0.4 vol.% concentration, it 

decreases significantly (Ruthiya et al., 2006). The average gas holdup in the semi-batch 2D slurry 

bubble column shows a significant reduction in gas holdup as the particle concentrations increases 

in the range of 0 – 38.6 vol.% in paraffin oil slurry. The reduction in gas holdup was due to the 

depletion of the small bubbles (less than 10 mm) population.  

Several investigators have demonstrated the influence of particle size on gas holdup (Kim et al., 

1987; Mena et al., 2005; Ojima et al., 2015; Sarhan et al., 2018c). As per the literature, research 

on the impact of particle size on gas holdup is scarce and unclear. Some researchers have reported 
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a decrease (Sarhan et al., 2018c), while others have shown an increase (Banisi et al., 1995a) in the 

gas holdup. Fan et al. (1999) have reported a marginal impact of particle size on gas holdup. Gas 

holdup study in a semi-batch microstructured slurry bubble showed that the gas holdup is slightly 

higher for the large particle (dp: 408.31 m) than that of the small particle (dp: 242.72 m) (Prakash 

et al., 2018b). Kim et al. (1987) analyzed the impact of particle size (glass beads, dp: 17 - 5000 

m) on gas holdup in the volume fraction range of 0 to 20 vol.% in co-current operation. The 

particle size in the range of 44 – 254 m has an insignificant effect on gas holdup characteristics 

(Luo et al., 1999). Rabha et al. (2013a) demonstrated that a particle size less than 100 m (at a 

concentration of < 3% by weight) had an insignificant impact on hydrodynamic behavior. They 

noticed a significant reduction in the gas holdup with larger particle diameter and particle 

concentration. A similar trend has been shown by other researchers, who illustrated that the gas 

holdup reduces as the particle size increases (Jamialahmadi and Müller‐Steinhagen, 1991; Kim et 

al., 1987).  So far, studies of gas holdup in the co- and counter-current mode in the two- and three-

phase columns have been presented in Table 2.1.  
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Table 2.1 Summary of gas holdup studies in co- and counter-current mode in the two- and three-phase system. 

System Experimental 
condition 

Sparger type 
and its 
characteristics 

Measurement 
Technique 

Operating 
mode 

Remarks and correlation Author 

Gas: air, 
liquid: water, 
solid: none 

usg: 0  0.06 
m/s, ul: 
0.0035  
0.0105 m/s,  
dc:: 0.159 m, 
hc: 3.90 m, T: 
298.15 K, P: 
0.1 MPa, ws : 
0 wt.% 

Perforated 
stainless steel 
plate (d0: 2 
mm, dn: 200) 

Pressure drop 
measurements 

Co-current 
and counter-
current 

g increase with an increase in the 
gas velocity.  

Eissa and 
Schügerl 
(1975) 

Gas: air, 
liquid: water, 
mineral oil, 
solid: none 

usg: 0  0.05 
m/s, ul: 0  
0.017 m/s, 
dc: 0.1016, 
0.1397 m, hc: 
1.524, 2.134 
m, P: 0.1 
MPa, T: 
298.15 K, ws 
: 0 wt.% 

Porous plate 
(d0: 0.0017 
mm), annular 
shear sparger 
(d0: 0.002 
mm), 
Membrane 
sparger 

Differential 
pressure and 
volume 
expansion 
technique 

Counter-
current 

Increasing the water jet velocity 
enhanced the g. The transition 
from the homogeneous to the 
heterogeneous flow regime was 
delayed in the shear sparger. No 
effect of column diameter on g 
observed. 

Smith et al. 
(1996) 

Gas: N2, 
N2/CO2 
mixture, 
liquid: water 
and aqueous 
solution of 
DEA+ ETG, 
solid: none 

usg: 0  0.06 
m/s, ul: 
unknown, dc: 
0.156 m, hc: 
0.64 m, P: 
0.1  7.0 
MPa, T: 
298.15 K, ws 
: 0 wt.% 

Perforated 
plate (d0; 0.4 
mm, dn: 284)  

Phase isolation Counter-
current 

g increases with usg. Stegeman et 
al. (1996) 
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Gas: 
Cyclohexane, 
Water, 
liquid: N2 
and CO2, 
solid: none 

usg: up to 
0.14 m/s, ul: 
up to 0.008 
m/s, dc: 0.2 
m, hc: 1.6 m, 
P: 0.1 MPa, 
T: 293.15 K, 
ws : 0 wt.%   

Toroidal gas 
spargers (d0: 
0.5 and 1 mm) 

Differential 
pressure 
transducer 

Co-current A diminution in sparger d0 
contributes to a minor improvement 
in g at low usg and does not affect 
the heterogeneous regime. The g 
decreases as usl increases. 

Chaumat et 
al. (2005) 

Gas: air, 
liquid: water, 
solid: none 

usg: 0.02  
0.25 m/s, ul: 
0  0.011 
m/s, dc: 0.16 
m, hc: 2.5 m, 
P: 0.1 MPa, 
T: 295.15 K, 
ws : 0 wt.%   

Perforated 
plate (d0: 1 
mm, dn: 55) 

Electrical 
resistance 
tomography 

Co-current The ul slightly influence the   g and 
radial g distribution and the ul can 
improve the transition usg for 
homogeneous to the heterogeneous 
regime. 
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Jin et al. 
(2007) 

Gas: air, 
liquid: water, 
solid: none 

usg: 0.02  
0.25 m/s, ul: 
0  0.011 
m/s, dc: 0.16 
m, hc: 2.5 m, 
P: 0.1 MPa, 
T: 295.15 K, 
ws : 0 wt.%    

Perforated 
plate (d0 : 1 
mm, dn: 55) 

Electrical 
resistance 
tomography 

Counter-
current 

The g slightly increases with 
increasing downward ul. The g in 
counter-current operation is more 
than batch and co‐current 
mode. Meanwhile, the radial g 
profile becomes steeper in the 
central region of the column with a 
rise in the usg. Besides, the g in the 
center of the column becomes is 
steeper with increasing ul. 

289.0

047.0

503.0 050.09.0 l
c

c
sgg u

d

h
u 












  

Jin et al. 
(2010) 

Gas: air, 
liquid: water, 

usg: 0.013  
0.1628 m/s, 
ul: 0  0.1604 

Perforated 
plate (d0: not 
given) 

Differential 
pressure 
transducer 

Co-current For the semi-batch operation, the hl 
did not affect the g. The g 
increases with an increase in usg for 

Kumar et al. 
(2012) 
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solid: glass 
beads 

m/s, dc: 0.15 
m, hc: 2.72 
m, hl: 1 1.8 
m, P: 0.1 
MPa, T: 
298.15 K, ws 
: up to 9%, 
p: 2500 
kg/m3 

both two and three-phase co-current 
columns. With an increase in ws for 
co-current bubble column the g 
slightly increases or remains 
constant up to 5% concentration; 
beyond this concentration, there is a 
significant decrease in g. 

Gas: air, N2, 
liquid: water, 
aqueous 
solution of 
polyethylene 
glycol, solid: 
none 

usg: 0.021  
0.1025, ul: 
0.0005  
0.002 m/s, 
dc: 0.29 m, 
hc: 2 m, P: 
0.1 MPa, T: 
298.15 K, ws 
: 0 wt.%    

Perforated 
plate (d0: 0.5 
mm) 

Hydrostatic 
pressure 
difference 

Counter-
current 

The g increases with usg. At low usg 
(bubbly flow regime), the effect of 
the usg on g is more pronounced 
than at high usg (churn-turbulent 
regime). The g decreases as ul 
increases. The g is more affected 
by the usg than the ul.   
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Shah et al. 
(2012) 

Gas: O2 and 
N2, liquid: 
water, solid: 
none 

usg: 9.44  
10-5  6.61  
10-4  m/s, ul: 
4.72  10-3   
14.15  10-3  
m/s, dc: 0.15 
m, hc: 1  2 
m, hl: 0.5  
1.850 m,  P: 

Single orifice 
(d0 :  16 mm) 

Phase isolation Co-current The value of g for the micro-
bubbles slightly increased with 
increasing usg in the range of (usg < 
5 × 10−4 m/s), then decreased with 
increasing usg in the range of (usg > 
5 × 10−4 m/s). The values of g were 
not affected by the hl. 

Muroyama et 
al. (2013) 
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0.1 MPa, T: 
298.15 K, ws 
: 0 wt.% 

Gas: O2 and 
N2, liquid: 
water and 
aqueous 
solution of 
ethanol 
(0.5 wt% ), 
solid: none 

usg: 0  0.15  
m/s, ul: 0  
0.091 m/s, 
dc: 0.1016 m, 
hc: unknown, 
hm: 1.8 m, P: 
0.1  9.0 
MPa, T: 
297.15 K, ws 
: 0 wt.% 

Perforated 
plate (d0: 
3.175 mm, dn: 
23) 

Differential 
pressure 
transmitter 

Co-current Increased usg resulted in higher g. 
Maximum local g was at the center 
of the column (r/R = 0). Bubble 
residence time in the column was 
shortened at the higher ul. 

Pjontek et al. 
(2014) 

Gas: air, 
liquid: water, 
solid: none 

usg: 0.046  
0.206 m/s, ul: 
0.021  0.2 
m/s,  dc: 0.10 
m, hc: 1.6 m, 
T: 298.15 K, 
P: 0.1 MPa, 
ws : 0 wt.% 

Not available Gamma-ray  
densitometry   

Co-current, 
counter-
current and 
batch 

The g increased with the usg for all 
modes of operation. The increases 
in g with increasing usg in the case 
of a semi-batch bubble column are 
greater than the co-current up-flow. 
The g decreased with the 
increasing ul in co-current mode, 
while increases in the counter-
current mode. 

Hernandez-
Alvarado et 
al. (2016) 

Gas: air, 
liquid: water, 
aqueous 
solutions of 
sodium 
chloride, 
solid: none 

usg: 0.004 
0.23 m/s ul: 
0.0846 m/s 
dc: 0.24 m, 
hc: 5.3 m, T: 
295 K, P: 0.1 
MPa, ws : 0 
wt.% 

Spider-gas 
distributor 
(d0: 2 – 4 mm) 

Bed expansion Batch and 
counter-
current 

In counter-current mode, g is 
higher and the homogeneous flow 
regime is destabilized. The 
existence of electrolytes enhances 
the g and stabilizes the 
homogeneous flow regime. The g 
decreases continuously when 
increasing the aspect ratio to the 
critical aspect ratio (AR = 5). 
Beyond AR = 5, there is no 

Besagni et al. 
(2017a) 
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noticeable change that appeared in 
the g values. 

Gas: air, 
liquid: water, 
aqueous 
ethanol 
solution (0.5 
wt.%), solid: 
none 

usg: 0  0.105 
m/s, ul: 0  
0.107 m/s, 
dc: 0.1016 m, 
hc: 1.8 m, P:  
0.1  6.5 
MPa, T: 
295.15  
297.15 K, ws 
: 0 wt.% 

Perforated 
plate (d0: 
3.175 mm, dn: 
23) 

Differential 
pressure 
transmitter and 
dynamic gas 
disengagement  

Co-current Elevated pressure and surfactant 
addition increases g. 

Parisien et al. 
(2017) 

Gas: air, 
liquid: water, 
solid: none 

usg: 0.0023  
0.0717 m/s, 
ul: 0  
0.0714 m/s, 
dc: 89 mm, hc: 
1.85 m, T: 
298.15 K, P: 
0.1 MPa, ws : 
0 wt.% 

Sintered glass 
disc (d0: 0.04 
 0.09 mm) 

Pressure drop  Counter-
current 

An increase in usg causes the g to 
increase throughout all the regimes 
because of an increase in bubble 
population in the column. The g 

increases with an increase in ul. 

Trivedi et al. 
(2018) 

Gas: air, 
liquid: water, 
solid: coal, 
sphalerite 

usg: 0.0063  
0.0276 m/s, 
usl: 0.0106  
0.0276 cm/s, 
dc: 0.1 m, hc: 
1.68 m, cs: 0 
100 kg/m3, 
surfactant 
(MIBC, cf: 0 
 10 ppm) 

ceramic 
porous 
sparger (d0: 
0.0009 –
0.0015 mm) 

Phase 
separation or 
volume 
expansion 

Counter-
current 

An almost linear increase in g with 
increasing usg. Pronounced 
reductions in g have been observed 
by increasing the particle 
concentration. The g in the case of 
sphalerite slurry is lower compared 
to the coal slurry. The smaller 
particle size shows slightly higher 
g with and without surfactant. 

Bhunia et al. 
(2017) 
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Based on the above literature study, it is observed that the study of gas holdup in a three-phase 

counter-current bubble column is limited and not comprehensive. Most of the work was done with 

the two-phase flow in semi-batch and co-current mode. Therefore, the purpose of the current 

research is to investigate the influence of superficial gas and slurry velocities, particle size, and 

particle concentration on gas holdup in a three-phase counter-current microstructured bubble 

column with and without surfactant. Moreover, correlations are suggested for the gas holdup and 

slip velocity model parameters, taking into account the operating variables and the physical 

properties of the system.   

2.2. Experimental facility  

2.2.1. Description of the experimental setup  

Fig. 2.1a displays the graphical description of the experimental setup. The experimental study was 

conducted in a Perspex sheet column of 0.63 m length, 0.19 m width, and 0.03 m depth. 

Atmospheric air, water, and coal are the gas, liquid, and solid phase, respectively. The experiments 

were conducted in counter-current mode at ambient pressure (1 atm) and room temperature 

(298.15 K). Throughout all experiments, the slurry dispersion level was kept at the height of 0.49 

m. Air and slurry flow rate were measured with an air rotameter (Deluxe Industrial gases, range: 

0  40 L/min) and an electromagnetic flowmeter (Adept Fluidyne, MagFlow 6410, range: 0  15 

L/min, accuracy:  0.5%), respectively. Gas phase was distributed into the column by a stainless 

steel porous cylindrical sparger with a pore diameter of 20 m, supplied by TFI Filtration, India, 

as depicted in Fig. 2.1b. The air flow was regulated by a needle valve. Three solenoid valves (quick 

closing valves) were used to quickly stop the flow of phases for the determination of gas holdup 

by the phase isolation technique. The ranges of superficial gas and slurry velocities, particle 

concentration, and particle size were 0.011  0.075 m/s, 0.018  0.057 m/s, 0.5  3.0 wt.%, and 

61.30  517.0 m, respectively. Methyl Isobutyl Carbinol (MIBC) was used as a surfactant 

(provided by Tokyo Chemical Industry Corporation Limited).  
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Fig. 2.1. (a) 3-D view of microstructured slurry column, (b) experimental setup: legends- 1. 

microstructured column, 2. Slurry inlet solenoid valve, 3. Electromagnetic flow meter, 4. Slurry 

bypass valve, 5. Slurry pump, 6. Storage tank, 7. Stirrer, 8. Slurry outlet control valve, 9. Slurry 

outlet solenoid valve, 10. Air rotameter, 11. Gas inlet solenoid valve, 12. Needle valve, 13. 

Compressor air control valve, 14. Compressor, 15. Light source, (c) image of sintered porous 

sparger (average pore diameter, 20 m). (Copyright material) 

2.2.2. Physical properties  

Einstein (1906) equation was used to determine the effective slurry viscosity (eff). The effective 

viscosity of slurry at a particle concentration of up to 1% by weight was determined using Eq. (2.1)   

 sleff  5.21            (2.1)     

where l is the liquid viscosity and s is the particle holdup. Thomas (1965) equation was used to 

estimate the slurry viscosity for a particle concentration higher than 1.0 wt.% 

  lsseff  205.105.21           (2.2) 
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The particle density was 1400 kg/m3. Four different particle fractions (< 150, 150 – 300, 300  

425, and 400 – 600 m) and particle concentrations (0.5, 1.0, 2.0, and 3.0) were taken for the 

experiments. The average particle sizes for particle fractions < 150, 150 – 300, 300 – 425, and 400 

– 600 were 61.30 m, 257.289 m, 408.31 m, and 517 m, respectively. The average particle 

size was estimated using a laser particle size analyzer (make: Malvern, model: Master sizer 2000). 

A typical graph of the distribution of particle size is displayed in Fig. 2.2a. The particle shape was 

obtained by a field emission scanning electron microscope (FESEM) (make: Carl Zeiss, model: 

GeminiSEM 300). A typical image of the particle shape is illustrated in Fig. 2.2b.  
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Fig. 2.2. (a) Particle size distribution (obtained by LPSA, for dp = 257.289 m) and (b) shape of 

the coal particles (obtained by FESEM, for dp = 257.289 m). 

The particle holdup in the column was calculated using the following equation 

 
 mc

ss
s hA

m 


/
            (2.3)     

where s, ms,  Ac, and hm signify the particle density, mass of the particle, column cross-sectional 

area, and gas-slurry dispersion height, respectively. Slurry density (sl) was determined according 

to the Eq. (2.4) 

lsss
sl ww 


/)100(/

100


          (2.4) 

where ws is the particle concentration by weight (%) and l is the liquid density. Tensiometer 

(Make: M/s Kwoya, Japan, Model: DY300) was used to calculate the surface tension of the. The 

physical properties of the slurry (without surfactant) are given in Table 2.2. In the presence of 

surfactant, there is no appreciable change in the physical properties (i.e., slurry density and 

effective viscosity) of the slurry observed, except for the surface tension. The surface tension of 

the slurry in the presence of the surfactant is given in Table 2.3.  

 

Table 2.2 Physical properties of the slurry without surfactant. 

Material Average 
particle 
diameter, dp 
(µm) 

Particle 
concentration, ws 
(wt. %) 

Slurry density, 
sl (kg/m3) 

Effective 
viscosity, 
eff × 104 

(Pa.s) 

Surface 
tension, sl 
 103 (N/m) 

 
Slurry 

 
242.72 

0.5 1001.10 8.04 73.53 
1.0 1002.52 8.11 73.75 
2.0 1005.32 8.25 74.42 
3.0 1008.08 8.39 75.79 

Water   999.68 7.97 69.95 
Air   1.18 0.18 

 

Table 2.3 Surface tension of slurry in the presence of surfactant. 

Average particle diameter, 
dp (µm) 

Surface tension, sl  103 (N/m) 
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ws (wt.%) ws (wt. %) ws (wt. %) ws (wt. %) 

 0.5 1.0 2.0 3.0 

65.29 72.30 72.49 73.33 74.17 
242.72 70.87 71.22 71.93 72.63 
408.31 69.00 70.93 71.87 72.80 
517 70.33 70.66 70.93 71.20 

 

2.2.3. Phase isolation technique 

The gas holdup is expressed as the ratio of the volume of the gas phase to the total volume of the 

gas-liquid-solid mixture. The average gas holdup (g) of the system was calculated using the phase 

isolation technique, which is given by 

m

lm
g h

hh )( 
            (2.5) 

where hm and hl denote the gas-liquid-solid mixture height and slurry height, respectively. The 

scale was attached at the side of the column along with the axial height. During the operation, 

when the system reaches the steady-state, the image of the gas-slurry dispersion height at different 

time intervals was captured using the digital camera (Sony, DSC-H300). After capturing the 

image, the gas and slurry inlet and slurry outlet were suspended at a time using the solenoid valves 

installed in the pipelines, as displayed in Fig. 2.1b. As the inlet and outlet of slurry and gas flow 

are stopped, then the slurry level allows coming down as the gas phase escapes from the top side 

of the column, and the image of the clear slurry level was captured again using the digital camera. 

The same procedure was repeated for three-times for each experimental condition to obtain the 

average gas holdup. The ranges of uncertainties associated with the gas holdup are reported in 

Table 2.4.   

2.2.4. Slip velocity model 

In a counter-current operation, the important surface force acting on the interface of the gas-slurry 

flow is the interphase drag force. The prime reason for the interphase drag force is the slip between 

the gas and the slurry flow that takes place in the direction opposite to the slip velocity (Nagarajan 

et al., 2016). The slip velocity and the superficial gas velocity is (+) when moving in the direction 
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of the buoyancy, while the superficial slurry velocity is considered as () when the flow direction 

is opposite to the direction of buoyancy. For the counter-current operation, the slip velocity is 

expressed as 

)1( g

sl

g

sg
s

uu
u

 
             (2.6) 

In a counter-current system, the interaction between the bubbles slows the rising velocity of 

bubbles, which can be considered as the multi-particle system. For this multi-particle effect, the 

slip velocity can be expressed as  

n
gs ku )1(             (2.7) 

where n and k can be evaluated by fitting the experimental data. As per Vinaya and Varma (1996), 

k does not have to be the rise velocity of the bubbles. Lapidus and Elgin (1957) have shown the 

interaction between bubbles as  

 )( gbs fuu             (2.8) 

where ub refers to the bubble terminal velocity, and f(g) represents the interaction between the 

gas bubbles. Wallis (1969) proposed the following relation that connects the slip velocity and 

terminal velocity of a bubble, which is expressed as 

n
gbs uu )1(             (2.9) 

The slip velocity model was primarily developed for the two-phase system. Darton and Harrison 

(1975) have shown that this model can also be applied to the three-phase system. 

The theory to calculate the uncertainty of the results is given in Appendix A. The ranges of 

experimental uncertainty analysis of the data points are given in Table 2.4. 
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Table 2.4 Uncertainties ranges of the gas holdup and operating variables. 

Quantities Mean, x  STDEV U Ur (%) 

g (without surfactant) 7.15  10-2   

3.32   10-1 

1.0  10-2  9.40  10-2   5.77  10-3  5.43  10-2  1.52 – 1.67 

g (with surfactant) 1.85  10-2  3.86  10-1  5.03  10-4  1.10  10-2  2.91  10-4 6.36  10-3 1.57 – 1.91  

usg 9.59  10-3  4.23  10-2  9.06  10-4 – 1.53  10-3 3.70  10-4  6.26  10-4 8.74  10-1 – 6.54 

usl 1.66  10-2  –  

5.70  10-2 

1.71  10-3 – 

1.92  10-3 

6.47  10-4 

– 7.26  10-4 

1.27 – 3.89 
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2.3. Results and discussion  

A comprehensive analysis of the variation in the gas holdup structure as a function of the 

superficial gas velocity, the superficial slurry velocity, the particle concentration, and the particle 

size with and without the presence of surfactant is discussed. 

2.3.1. Variation of gas holdup under different experimental conditions 

2.3.1.1. Variation of gas holdup as a function of superficial gas velocity 

The effect of the superficial gas velocity at different particle concentrations, fixed superficial slurry 

velocity, and particle size on the gas holdup is given in Fig. 2.3. It is noticed that the gas holdup 

increases linearly with the increase in the superficial gas velocities at all particle concentrations. It 

is attributed to an increase in the quantity of gas by increasing the superficial gas velocity. The 

increase in the gas velocity contributes to the production of a huge number of gas bubbles, which 

are in the combination of small and large bubbles. The increase in the gas velocity causes bubble 

coalescence; as a result, bubble size increases. Due to the super porous pores of the sparger, the 

number of small gas bubbles in the present system is low compared to the larger bubbles. Details 

of bubbles size in the present experimental condition are reported in chapter 4. Due to a large 

number of small gas bubbles in the column, the gas holdup of the system was found to increase 

linearly. Other researchers have also found similar trends in their studies in counter-current 

operations (Besagni and Inzoli, 2016b; Jin et al., 2010; Vadlakonda and Mangadoddy, 2018). The 

gas holdup increases from 2.84 to 33.19% as the superficial gas velocities increase from 0.011 to 

0.075 m/s (at ws = 0.5 wt.%). The gas holdup changes from 2.2 to 25% for the same range of 

superficial gas velocity variation at 3.0 wt.% particle concentration.  
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Fig. 2.3. Variation of gas holdup as a function of the superficial gas velocity. 

2.3.1.2. Variation of gas holdup as a function of the superficial slurry velocity 

The counter-current flow arrangement of the gas-slurry has a major influence on gas holdup 

characteristics. The relation between superficial slurry velocity and the gas holdup in various 

experimental conditions is given in Figs 2.4a and 2.4b. The gas holdup also increases with 

increasing superficial slurry velocities, as shown in Fig. 2.4a. In a counter-current mode, due to 

the counteractive liquid and gas flows, the bubble rise velocity is decreased, allowing more 

residence time for the bubbles in the column, thereby increasing the gas hold up. The retarding 

effects on the rising bubbles in counter-current operation, making the process of the column more 

efficient. Trivedi et al. (2018) also show the same trend of an increase in a gas holdup with slurry 

velocities in a counter-current mode. They explained that as the slurry velocity increases, it forces 

the rising bubbles to break into smaller bubbles, thereby decreasing the bubble diameter, creating 

more bubbles per unit volume. The variation in gas hold up is less at a lower superficial gas 

velocity, but it tends to increase rapidly at higher gas velocities. Furthermore, the same 
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investigation was conducted in the presence of different experimental conditions over the same 

range of slurry velocities. The maximum gas holdup was found to be 31.5% (Fig. 2.4a) at 

superficial slurry and gas velocity of 0.057 m/s and 0.075 m/s, respectively. The influence of the 

superficial slurry velocity on gas holdup at different particle concentrations (ws = 0.5, 1.0, 2.0, and 

3.0 wt.%) and fixed superficial gas velocity (usg = 0.043 m/s) and particle size (dp = 61.30 m) is 

shown in Fig. 2.4b. In Fig. 2.4b, the maximum gas holdup was found to be 17.10% (at ws = 0.5 

wt.%) at 0.057 m/s superficial slurry velocity. The impact of superficial slurry velocity on gas 

holdup was found to be less significant than that of superficial gas velocity. 
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Fig. 2.4. (a) Gas holdup as a function of superficial slurry velocity (at dp = 242.72 m, ws = 2.0 

wt.%) and (b) gas holdup as a function of the superficial slurry velocity (at dp = 61.30 m, usg = 

0.043 m/s). 

2.3.1.3. Variation of gas holdup as a function of particle concentration 

Gas holdup for different particle concentration at four different particle sizes at fixed superficial 

gas and slurry velocity is given in Fig. 2.5a. It is noticed that the gas holdup decreases profoundly 

with the particle concentration. The increase in particle concentration increases the slurry 

viscosity, leads to an increase in the bubble coalescence rate (Götz et al., 2017; Sarhan et al., 2016), 

causes the formation of large bubbles resulting in a reduction of the gas holdup. According to 

Gandhi et al. (1999b), increasing the particles concentration reduces the bubble breakup rate, hence 

reducing the formation of small bubbles while promoting the establishment of larger bubbles. The 

increase in the slurry viscosity stabilizes the gas-liquid interfaces and reduces the bubble breakup 
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rate (Rabha et al., 2013b). The reduction in gas holdup is approximately 13.19%, 11.04%, 10.71%, 

and 10.81% when the particle concentration changes from 0.5 to 3.0 wt.%  in the 61.30 m, 242.72 

m, 408.31 m, and 517.0 m particle sizes in the slurry, respectively. Comparison of gas holdup 

at ws = 0.5 wt.% and ws = 0 wt.% at two different superficial slurry velocities (usl = 0.018 and 

0.040 m/s) as a function of the superficial gas velocity is shown in Fig. 2.5b. As expected, it was 

noticed that the gas holdup is higher at ws = 0 wt.% compared to that of the system at ws = 0.5 

wt.% particle concentration.  
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Fig. 2.5. (a) Gas holdup as a function of the slurry concentration at dp = 61.30 – 517.0 m and (b) 

comparison of gas holdup at ws = 0 wt.% and ws = 0.5 wt.% at different superficial gas and slurry 

velocities. 

2.3.1.4. Variation in gas holdup as a function of particle size 

The variation of gas holdup as a function of the average particle size at different particle 

concentration at a fixed superficial gas and slurry velocity is shown in Fig. 2.6. It is noticed that 

increasing the size of the particle tends to increase the gas holdup to a significant extent. At the 

particular slurry concentration, when the particle size decreases, the viscosity of the slurry 

increases due to the increase in particle-particle attraction (Kawatra and Eisele, 1988b; Senapati et 

al., 2009; Zhou et al., 1993). It can be explained in another way: in the case of the small size 

particles (as the number of particles increase), the particles are prone to get packed together 

closely, which increases in particle-particle and particle-fluid interaction. It increases the system 

viscosity. Overall observation indicates that the effect of the size of fine particles on gas holdup is 
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substantial. Increasing the slurry viscosity promotes the bubble coalescence (Ojima et al., 2014; 

Ojima et al., 2015); hence the gas holdup decreases. The enhancement in gas holdup is 

approximately 3.48% (at ws = 0.5 wt.%), 2.73% (at ws = 1.0 wt.%), 3.70% (at ws = 2.0 wt.%), and 

1.40% (at ws = 3.0 wt.%) as the particle size changes from 61.30 to 517.0 m. It is noticed that the 

improvement in gas holdup is not substantial with the increase in the particle size.  
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Fig. 2.6. Variation of the gas holdup with particle size (at ws = 0.5 – 3.0 wt.%). 

2.3.1.5. Effect of Sauter mean bubble size on the gas holdup 

Gas holdup characteristics of the multiphase processes strongly depend on the bubble diameter. 

The photographic technique was followed to enunciate the bubble size. The influence of Sauter 

mean bubble diameter (d32) on gas holdup (g) at different superficial slurry velocities and constant 

particle size and particle concentration is shown in Fig. 2.7a. As observed, the d32 is small at high 

usl compared to the low usl, and the corresponding gas holdup is more at small d32 in comparison 

to that at large d32. It is seen that the gas holdup is higher as the d32 decreases. At usg = 0.075 m/s, 

the d32 decreases from 3.45 (at usl = 0.018 m/s) to 2.63 mm (at usl = 0.057 m/s), leading to an 

TH-2738_156107030



36 
 

increase in gas holdup from 21.42 to 32.8%. Similarly, at usg = 0.011 m/s, the d32 decreases from 

2.09 (at usl = 0.018 m/s) to 1.57 mm (at usl = 0.057 m/s), leads to enhance the gas holdup from 2.0 

to 2.80%. Observation shows that a small change of d32 can significantly affect the gas holdup 

characteristics of the system. The effect of d32 on gas holdup at different particle concentrations 

and constant particle size and slurry velocity is illustrated in Fig. 2.7b. As noted, the d32 is large at 

a high particle concentration compared to the low particle concentration, and the corresponding 

gas holdup is low at a large d32. The enhancement in d32 is due to a rise in the effective viscosity 

of the system. The increase in the effective viscosity enhances the bubble coalescence rate, 

consequently the bubble size upsurges. At usg = 0.075 m/s, the d32 enlarges from 3.55 mm (at ws = 

0.5 wt.%) to 4.19 mm (at ws = 3.0 wt.%), causes a reduction in gas holdup from 33.19% to 25%. 

Similarly, at usg = 0.011 m/s, the d32 increases from 2.10 mm (at ws = 0.5 wt.%) to 2.56 mm (at ws 

= 3.0 wt.%), leads to reduce the gas holdup from 2.84% to 2.20%. 
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Fig. 2.7. Effect of d32 on gas holdup: (a) at different usl and (b) at different ws. 

2.3.1.6. Comparison of experimental gas holdup with literature data and interpretation of 

gas holdup by developing an empirical correlation  

The present experimental gas holdup values (represented by the legend A in Fig. 2.8) at 

experimental conditions (dp = 63.01 m, ws = 0.5 wt.%, usg = 0.011 – 0.075 m/s, usl = 0.018 m/s) 

are compared with the literature data of counter-current three-phase systems such as Bhunia et al. 

(2017) (legend: B, 0 ppm surfactant, ws = 10 wt.% and legend: C, 10 ppm MIBC as frother, dp: 

63.0 and 138.0 m and  ws = 5%), Fahad et al. (2019b) (legend: G, dp = 63.22 m, csl = 10.89 

kg/m3, surfactant = 10 gm/m3, CTAB as surfactant), Prakash et al. (2018b) (legend: I, dp = 4.85  
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52.26 m, legend: J, dp = 408.31 m, 0.8 wt.% (coal particle)), Shukla et al. (2010) (legend: K, usl 

= 0.0191 m/s, cs = 50 kg/m3, coal particle, legend: L, usl = 0.0191 m/s, cs = 100 kg/m3 coal particle), 

co-current three-phase flow Kumar et al. (2012) (legend: M, ws = 0.5 wt.%, glass beads, dp: 35 

m, usl = 0.0207 m/s (water), co-current mode), and two-phase counter-current system as 

Rollbusch et al. (2015) (legend: D, ul = 0.0014 m/s, water), Besagni et al. (2014) (legend E, ul = 

0.04 m/s water), Otake et al. (1981) (legend: F, ul = 0.03 m/s, water), and Jin et al. (2010) (legend: 

H, ul = 0.0028 m/s (water)). It is seen that the experimental values of Prakash et al. (2018b) (legend: 

I) and Shukla et al. (2010) (legend: L) are close to the present experimental values. Some literature 

values of Bhunia et al. (2017) (legend: C), Fahad et al. (2019b) (legend: G), Bhunia et al. (2017) 

(legend: B), and Shukla et al. (2010) (legend: K) over predict while Kumar et al. (2012) (legend: 

M) under predict the gas holdup values. Some of the literature gas holdup values of Rollbusch et 

al. (2015) are close to the present experimental values below usg < 0.03 m/s and deviates potentially 

above usg  > 0.03 m/s. The deviation of literature values from the present experimental data is 

because of a different experimental condition such as the different slurry or liquid velocity, the 

flow arrangements such as semi-batch, co-current, and counter-current, the sparger geometry and 

pore size, the column dimension and geometry and the particle size and its density.  
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Fig. 2.8. Comparison of experimental and literature gas holdup values in a counter-current slurry 

bubble column and air-water system, legends: A: present experimental value (usl = 0.018 m/s, ws 

= 0.5 wt.%, dp = 63.01 m), B: 0 ppm surfactant, ws =10 wt.% (Bhunia et al., 2017), C: 10 ppm 

surfactant, MIBC, ws = 5.0 wt.% (Bhunia et al., 2017), D: ul = 0.001 m/s, water (Rollbusch et al., 

2015), E: ul = 0.040 m/s, water (Besagni et al., 2014), F: ul = 0.030 m/s, demineralized water (Otake 

et al., 1981), G: dp = 63.22, csl = 10.89 kg/m3, surfactant = 10 gm/m3, CTAB (Fahad et al., 2019b), 

H: ul = 0.0028 m/s, water (Jin et al., 2010), I: dp = 4.85  52.26 m (Prakash et al., 2018b), J: dp= 

408.31 m, 0.8 wt.% (coal particle) (Prakash et al., 2018b), K: usl = 0.019 m/s, cs = 50 kg/m3, coal 

particle (Shukla et al., 2010), L: usl = 0.019 m/s, cs = 100 kg/m3 coal particle (Shukla et al., 2010), 

and M: ws = 0.5 wt.% (glass beads, dp: 35 m), usl =0.021 m/s (water), co-current mode (Kumar 

et al., 2012). 

It was noticed that the literature values of some authors are in accordance with the present system, 

but, to improve the accuracy of the interpretation of the gas holdup in the present system, it is 

essential to develop an empirical correlation. In the present system, the potential parameters, which 
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affect the system holdup characteristics, are the superficial gas velocity (usg), the superficial slurry 

velocity (usl), the particle diameter (dp), the slurry surface tension (sl), the slurry density (sl), the 

column diameter (dc), and acceleration due to gravity (g). Based on the experimental observations, 

the gas holdup can be expressed as the functionality of 

 gdduuf cpslslslsgg ,,,,,,           (2.10)    

Applying Buckingham’s pi theorem and multiple regression analysis on the 557 experimental data 

yields the following generalized correlation for the three-phase counter-current flow 
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Detail theory of multiple linear regression analysis is provided in Appendix as section B. The 

correlation coefficient was found to be 0.99 (for Eq. 2.11). The validity range of the proposed 

correlation (Eq. 2.11) is: 0.018  g   0.34; 2.277  10-4  slslslp ud  /2   2.43  10-2; and 91.445 

 2/ sgc ugd    4122.476. The gas holdup correlation (Eq. 2.11) is appropriate for the analysis of gas 

holdup in the three-phase (with and without surfactant) system. Experimental values are in  

19.99% error with respect to the predicted values. The parity between the experimental and the 

predicted values of a gas holdup is shown in Fig. 2.9.  
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Fig. 2.9. Parity plot between the experimental and predicted (calculated from Eq. 2.11) gas 

holdup values. 

2.3.1.7. Assessment of gas holdup using a slip velocity model 

As per the slip velocity model (Eq. 2.9), the gas holdup is a function of two parameters: ub and n. 

Vinaya and Varma (1996)  reported the value of ‘n’ as 1.84 (for g  0.15) for bubbly flow. In the 

current work, the exponent (n) was in the range of 0.948  2.075 (with surfactant) and 0.925  

2.036 (without surfactant) for the three-phase counter-current system. Parameter ranges are based 

on the 526 experimental data points. The range of parameters reported in this section was based 

on a wide range of superficial gas and slurry velocity, particle concentration, and particle size. The 

higher range in the absence of surfactant reflects the higher interaction of the rising gas bubbles 

with the neighboring bubbles and the surrounding medium. Godfrey and Slater (1991) and  

Richardson and Zaki (1954) used Eq. (2.7) for liquid-liquid and gas-solid systems. The values of 

‘n’ for the pulse column, the spray column, and the rotating disc contactor are in the range of 0.3 

 0.51, 0.2  1.5, and 0.6  3.5, respectively (Godfrey and Slater, 1991). The range of values of n 

as per Richardson and Zaki (1954) for the gas-solid system is 1.39  3.65. Yerushalmi and Cankurt 

(1979) also reported the negative value of n and deduced that the formation of a particle cluster is 
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the main reason for a negative value. In the case of a churn turbulent flow, the negative value is 

probably due to the agglomeration of bubbles. Vinaya and Varma (1996) studied the gas holdup 

in a co-current up-flow two-phase system in the presence of four different liquid systems and five 

different particles with air as the dispersed phase. They developed a correlation for interpretation 

of slip velocity and reported that the influence of gas flow rate on slip velocity was dominant in 

comparison to the liquid velocity. The gas holdup and the liquid velocity have a negative impact 

on the slip velocity. Sada et al. (1986a) reported an analysis of gas holdup in semi-batch with two- 

and three-phase systems using the slip velocity model. They noticed the values of exponent ‘n’ as 

4 and 3 for the two- and three-phase system, respectively.  

The ub value for a three-phase system was 0.396 – 0.586 (without surfactant) and 0.393  0.556 

(with surfactant). The range of ub in the presence of surfactant is low compared to the absence of 

the surfactant. The lower value attributed to the creation of a large number of small bubbles by 

surfactant addition. As per Deckwer (1985), the bubble swarm velocity (ubs) is estimated as ubs = 

usg/g.  Rollbusch et al. (2015) used the Deckwer (1985) relation and reported ubs in the range of 

0.476 – 0.693 (in perforated plate sparger) in the usg range of 0.005 – 0.079 m/s (at ul =  0.0014 

m/s) in a cylindrical column with a diameter of 0.16 m. (Hooshyar et al. (2010a)) reported the 

value of ub as 0.21  0.231 m/s  and n as 0.73  1.08 in a semi-batch 2D slurry bubble column in 

the particle volume fraction range of 0 – 10%. In the case of the cylindrical column (semi-batch 

mode), the authors reported values of ub as 0.24  0.255 and n as 0.655  1.570 in the range of 0 

to 40% volume fraction of the particle. The following correlation is suggested for the parameter ub 

to interpret the gas holdup using the slip velocity model: 
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The correlation coefficient (R2) and the standard error of Eq. (2.12) are 0.94 and 0.234, 

respectively. The range of correlation (for Eq. 2.12) is 224 10431.2/1027.2   slpslsl σduρ ; 

190.41/1011.1 21  
sgp ugd , and 995.01970.0  sw . Similarly, a correlation is also 

developed for exponent n, which can be expressed as 
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The experimental values satisfactorily follow the correlation (Eq. 2.13) with a standard error of 

0.124 and a correlation coefficient of 0.90. The gas holdup (g, slip) using a slip velocity model can 

be obtained by substituting Eq. (2.12) and Eq. (2.13) into Eq. (2.14) 
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The absolute average relative error (AARE) between experimental and predicted gas holdup as per 

Eq. (2.11) is 4.76% with a deviation in values are  19.93%, while AARE, according to the slip 

velocity model, is approximately 9.76% with a deviation within  19.80%. Experimental and 

predicted gas holdup (using a slip velocity model) is shown in Fig. 2.10.  
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Fig. 2.10. Parity of experimental and predicted (calculated using Eq. 2.14) gas holdup using slip 

velocity model. 

Some typical values of gas holdup and Sauter mean bubble diameter are given in Table 2.5. 

Table 2.5 Some typical values of the gas holdup and Sauter mean bubble diameter in the different 

experimental conditions.  

System Superficial 
slurry velocity, 
usl  103 (m/s) 

Superficial gas 
velocity, usg  
103  (m/s) 

Particle 
concentration, ws 
(wt.%) 

Particle 
diameter, 
dp (m) 

Gas 
holdup, 
g () 

Air-water-
particle 
(without 
surfactant) 

17.83 11.10 0.5 61.30 0.018 
17.83 42.80 0.5 61.30 0.105 
17.83 74.50 0.5 61.30 0.200 
49.54 58.65 0.5 61.30 0.244 
57.46 74.50 1.0 61.30 0.330 
49.54 11.10 2.0 61.30 0.024 
33.69 26.95 3.0 61.30 0.072 
49.54 74.50 3.0 242.72 0.295 
57.46 58.65 2.0 408.31 0.199 
17.83 74.50 3.0 408.31 0.237 
17.83 42.80 0.5 517.0 0.112 
33.69 58.65 1.0 517.0 0.195 
49.54 26.95 2.0 517.0 0.098 
57.46 74.50 3.0 517.0 0.269 

Air-water-
particle (with 
surfactant) 

17.83 11.10 0.5 61.30 0.021 
33.69 26.95 1.0 61.30 0.089 
49.54 42.80 3.0 61.30 0.156 
57.46 74.50 2.0 408.31 0.311 

Air-water 17.83 11.10   0.018 
33.69 42.80   0.120 
49.54 42.80   0.143 

 

2.4. Conclusions 

The present research reports an experimental analysis of gas holdup in a three-phase counter-

current microstructured slurry bubble column with and without surfactant. An extensive 

investigation is performed to assess the effect of operating variables and physical properties on gas 

holdup characteristics. The maximum gas holdup in the column with and without the surfactant is 

38.570% and 33.195%, respectively. The increase in the superficial gas velocity, superficial slurry 

velocity, and particle size enhances the gas holdup, while it decreases with the increase in the 
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particle concentration. The effect of superficial gas velocity, superficial slurry velocity, and 

particles concentration on gas holdup is more pronounced compared to particle size. The analysis 

of holdup characteristics by the slip velocity model enunciates two critical parameters  (ub and n), 

demonstrating that the ranges of the two parameters are higher in the three-phase without surfactant 

as compared to the three-phase with a surfactant. Higher values of the parameter ‘n’ in the absence 

of surfactant reflect that the rising bubbles are exposed to more interaction with the neighboring 

bubbles and surrounding fluids. Correlations has been proposed for the interpretation of the 

parameters of the gas holdup and slip velocity model. The proposed correlation satisfactorily fits 

the experimental values well in the error range of  20% and AARE less than 20%.  
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Chapter 3 

 

Bubble-Slurry Interfacial Shear Stress and Frictional Pressure Drop in the 

Presence and Absence of a Surface-Active Agent 

 

The present chapter enunciates the experimental studies to examine the gas-slurry interfacial 

shear stress and frictional pressure drop in the presence and absence of surfactant in a rectangular 

slurry column. A novel mechanistic model has been proposed by considering the energy 

dissipation rate because of bubble formation, a slip of gas-slurry interface, and the wetting of a 

thin liquid layer with the column wall. A comprehensive investigation was carried out to enunciate 

the effect of particle concentration, particle size, bubble size, and surfactant on the frictional 

pressure drop and bubble-slurry interfacial shear stress. Generalized empirical correlations were 

also developed based on the dynamic variables, geometric variables, and physical properties of 

the system.  

Publication: Prakash, R., Majumder, S. K., & Singh, A. (2020). Bubble-slurry interfacial shear 

stress and frictional pressure drop in a rectangular column in the presence and absence of a surface-

active agent, Powder Technology, 366, 761  775. https://doi.org/10.1016/j.powtec.2020.03.015 
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3.1. Introduction 

The complex nature of multiphase flow in the slurry bubble column is the result of the fluid flow 

that is affected by numerous design parameters. Hence, the correct interpretation of the design 

parameters is essential for the proper design, operation, modeling, control, scale-up, and 

optimization of a processing unit (Sheikhi et al., 2013). The slurry bubble columns are simple in 

construction; however, the scale-up technique is complicated because of the lack of adequate 

information on hydrodynamic characteristics (Barghi et al., 2004; Jakobsen et al., 2005). The 

accurate design and scale-up of the slurry bubble columns require the knowledge on the effects of 

various hydrodynamic characteristics (i.e., frictional pressure drop, bubble size distribution, gas 

holdup, flow regime, and mixing characteristics) on the design parameters. The knowledge of 

pressure drop characteristics is essential in analyzing the impact of the hydrodynamic 

characteristics of a multiphase system, since, it influences the rate of productivity, processing cost, 

corrosion rate, and shear stresses (Biria, 2013). 

The pressure drop characterizes the total amount of energy dissipation by the fluid in a multiphase 

process. Energy dissipation is the result of frictional losses (viz. viscous dissipation) on column 

walls and internals (Charton et al., 2017). The influence of frictional pressure drop becomes crucial 

when the phase velocity and system viscosity change (Descamps et al., 2008). Prediction of the 

drop in frictional pressure in multiphase flow is complicated because of the additional pressure 

drop due to slippage (Biria, 2013). Slippage in a multiphase system is due to the difference in 

velocities of the phases. The variation in slip velocity significantly affects the pressure drop 

characteristics of a multiphase process (Griffith, 1962). 

Many authors have conducted experiments to determine the frictional pressure drop in both the 

Newtonian and non-Newtonian systems (Majumder et al., 2011; Majumder et al., 2006, 2007; 

Mandal et al., 2004; Mittal and Zhang, 2007; Shannak, 2008; Yao et al., 2018). The variation in 

bubble size and buoyancy influences the frictional pressure drop in in the vertical column (Yao et 

al., 2018). It was reported that the buoyancy of the bubbles results in increased frictional losses, 

especially when the larger bubbles are present in the system. Tang et al. (2013) reported the 

influence of superficial gas velocity and superficial liquid velocity on the frictional pressure drop. 

The authors reported that at high Reynolds number, the bubbles closer to the column wall affect 

the wall shear stress. A detailed study of the contributions of friction because of the liquid phase, 
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form drag, and bubble formation to total frictional pressure drop is reported by Majumder et al. 

(2006). They suggested that the form drag and pressure drop is because of the bubble formation, 

which increases with increasing gas and liquid flow. Drag force experienced on the gas bubbles 

depends on the rising velocity of a swarm of bubbles, which causes the dissipation of viscous and 

inertial energy (Stewart, 1969).  

According to Peker et al. (2008), the pressure drop in the slurry system is because of the particle-

particle collision, the particle interaction with the column wall, and the liquid friction on the 

column surface. Prakash et al. (2018b) investigated the fluid-wall, the particle-fluid, and the fluid-

particle components of the frictional pressure drop in a semi-batch slurry column. They observed 

that the fluid-wall frictional pressure drop is nearly 99% of the frictional pressure drop, and the 

remaining is caused by the cumulative effect of both fluid-particle and particle-wall interactions. 

Nagarajan et al. (2016) described the impact of operating variables, i.e., the liquid flow rate, the 

mass flow rate of particles, the size, and density of the particles on the pressure drop in counter-

current operation. They concluded that the pressure drop increased with increasing phase velocity 

and decreased with the particle size and particle density. The presence of particles substantially 

affects the frictional pressure drop characteristics. Many authors have reported that the frictional 

pressure drop increases with increasing particle concentration (Peker et al., 2008; Shukla et al., 

2010; Wilson et al., 2006). As the surfactant added to the liquid, the frictional pressure drop 

decreases and alters the flow pattern and liquid holdup (Liu et al., 2014). A reduction in pressure 

drop is strongly based on the drag force and liquid holdup, and on their weighting coefficients.  

Interfacial shear stress is profoundly based on gas-liquid interfacial structures (Fukano and 

Furukawa, 1998). Shear stress exerted by each phase in the multiphase system is different due to 

its velocities and properties (Biria, 2013). Hanratty and Engen (1957) and Smith and Tait (1964) 

have demonstrated the more interfacial shear stress in the case of gas flow over the irregular gas-

liquid mixture interface compared to a smooth plane surface. Smith and Tait (1966) reported that 

the interfacial shear stress caused by the momentum transfer is dependent on the relative velocity 

of the phases. As the fluid flows past a smooth boundary, a molecular diffusion through the 

boundary laminar sublayer occurs. Consequently, a flux of momentum takes place. Diffusion 

between the phases results in a secondary momentum transport due to the interchange of particles 
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between the phases. Summary on some important frictional pressure drop and bubble-liquid 

interfacial shear stress study related to the present work is given in Table 3.1. 

Table 3.1. Summary on some important studies on the frictional pressured drop and bubble-liquid 

interfacial shear stress.  

System Type Apparatus & Condition Key Finding References 
Air, Triton 
X-100, corn 
syrup,  

Co-current 
upflow 

ul = upto 0.05 m/s, usg = 
upto 0.30 m/s, dc = 0.229 
m, h = 9.14 m, ws = 0 
wt.% 

Pressure drop Miller (1980) 

Air–CMC vertically 
upward 

ul = 0.023 – 0.10 m/s, usg 
= 0.02 – 1.0 m/s, ws = 0 
wt.% 

Frictional 
pressure drop 

Chandrakar et al. 
(1985) 

Air-slurry Vertical 
upflow and 
downflow 

usl = 0 – 8 m/s, usg = 0 – 8 
m/s, dc = 0.015 and 0.026 
m, h = 2.785 and 2.797 m, 
dc = 0.015 m and 0.026 m, 
glass beads, dp = < 30, 63, 
and < 100 m, ws = 0 – 
65.0 wt.% 

Frictional 
pressure drop 

Hatate et al. (1986) 

Air–PAA Vertically 
upward 

ul = 0.01 – 0.10 m/s, usg = 
7.7 – 12.8 m/s, ws = 0 
wt.% 

Frictional 
pressure drop 

Akagawa et al. 
(1989) 

Air–water Multi-stage 
bubble 
column 

ul = 0.003 – 0.005 m/s, usg 
= 0.11 – 0.20 m/s, ws = 0 
wt.% 

Frictional 
pressure drop 

Meikap (2000) 

Air–water Vertically 
upward co-
current 
annular flow 

ul = 0.05 – 0.22 m/s, usg = 
10 – 35 m/s, dc = 0.029 m, 
h = 3 m, ws = 0 wt.% 

Interfacial 
friction factor 

Wongwises and 
Kongkiatwanitch 
(2001) 
 

Air–water Co-current 
gas–liquid 
annular two-
phase flow 

ul = 0.1 – 1.0 m/s, usg = 
1.42 – 28.87 m/s, dc = 
0.1016 m, h = 4 m, ws = 0 
wt.% 

Interfacial 
friction factor 

Aliyu et al. (2015) 

Air-water-
CMC 

Downflow 
bubble 
column 

ul = 0.035 – 0.167 m/s, usg 
= 0.002 – 0.062 m/s, dc = 
0.05 m, h = 1.60 m, ws = 0 
wt.% 

Pressure drop 
and bubble-
liquid 
interfacial 
shear stress 

Majumder et al. 
(2007) 

Air-slurry, 
air-slurry 
with 
surfactant 
(MIBC) 

Counter-
current 

usl = 0.013 – 0.028 m/s, 
usg = 0.009 – 0.050 m/s, dc 
= 0.1 m, h =1.68 m, coal 
particle, dp = 63.0 m, cs 
= 0 – 200 kg/m3 

Frictional 
pressure drop 

Shukla et al. (2010) 
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Air-water, 
amyl 
alcohol, 
glycerin, and 
CMC 

Co-current 
upflow 

ul = 0.536 – 2.245 m/s, usg 
= 0.168 – 0.643 m/s, dc = 
0.020 m, h = 3.4 m, ws = 0 
wt.% 

Frictional 
pressure drop 

Majumder et al. 
(2011) 

Air-water-
slurry and 
air-glycerol-
slurry 
 

Ejector 
induced 
slurry bubble 
column 

usl = 0.009 – 0.026 m/s, 
usg = 0.04 – 0.14 m/s, dc = 
0.05 m, h = 1.6 m, Zinc 
oxide (dp = 2.21 m), 
Kieselguhr (dp  = 19.39 
m) and Aluminum oxide 
(dp = 96.0 m), ws = 0.1 – 
1.0 wt.% 

Frictional 
pressure drop 

Sivaiah and 
Majumder (2012) 

Air-water, 
Air-water-
surfactant 

Vertical 
phase flow 

ul = 0.00001 – 0.2 m/s, usg 
= 0.1 – 20 m/s, ws = 0 
wt.% 

Frictional 
pressure drop 

Liu (2014) 

Air-water-
SDS, Air-
water-CMC 

Semi-batch ul = 0 m/s, usg = 0.008 – 
0.040 m/s, h = 0.63 m, w 
= 0.19 m, d = 0.03 m, ws = 
0 wt.% 

Frictional 
pressure drop 

Prakash et al. 
(2018b) 

Air-slurry Semi-batch usl = 0 m/s, usg = 0.008 – 
0.040 m/s, h = 0.63 m, w 
= 0.19 m, d = 0.03 m, 
Al2O3 (dp = 52.26 m),  
CuO (dp = 10.16 m), 
SiO2 (dp = 5.01 m), ZnO 
(dp = 4.85 m), ws = 0.2 – 
3.0 wt.% 

Frictional 
pressure drop 

Prakash et al. 
(2018b) 

Air-slurry Semi-batch usl = 0 m/s, usg = 0.008 – 
0.040 m/s, h = 0.63 m, w 
= 0.19 m, d = 0.03 m, coal 
particle, dp = 242.72 and 
408.31 m, ws = 0.2 – 0.8 
wt.% 

Frictional 
pressure drop 

Prakash et al. 
(2018b) 

Air-water-
slurry with 
and without 
surfactant 

Counter-
current 
column 

usl = 0.007 – 0.035 m/s, 
usg = 0.007 – 0.035 m/s, 
coal particle, dc = 0.055 
m, h = 0.91 m, dp = 63.22, 
235.61, 404.97 and 
507.67 μm, cs = 1.5 – 
10.89 kg/m3 

Frictional 
pressure drop 

Fahad et al. 
(2019a) 

 

From the literature, it is noticed that the hydrodynamic characteristic of a rectangular slurry column 

is limited and not comprehensive. Most studies are limited to certain aspects of the design 
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parameters. However, some work has been done in a counter-current conventional bubble column. 

None of the work in the literature has reported the effect of different variables such as particle 

concentration, average particle size, slurry, and gas velocity on the gas-slurry interfacial shear 

stress and the frictional pressure drop. Some researchers have attempted to study the influence of 

operating variables and physical properties of the phases on the bubble-liquid interfacial shear 

stress in the gas-liquid system (Majumder et al., 2006, 2007).  

The majority of studies conducted in the past are related to the assessment of the frictional pressure 

drop in the horizontal and vertical two-phase cylindrical column. However, no research article was 

found that shows the measurement of gas-slurry interfacial shear stress and frictional pressure drop 

in a counter-current rectangular slurry bubble column. Therefore, this work primarily aims to study 

the impact of the operating variable, physical properties, and geometric variable of the system on 

the frictional pressure drop and gas-slurry interfacial shear stress in a rectangular slurry bubble 

column. A mechanistic model is also proposed based on the energy balance of gas and slurry flow 

by considering the energy dissipation rate because of bubble formation, the energy dissipation rate 

because of a slip of gas-slurry interface, and energy dissipation rate because of the wetting of a 

thin liquid layer with the column wall.  

3.2. Experimental arrangement 

The schematic diagram of the experimental setup is shown in Fig. 3.1. The rectangular column 

used in this study was made of the Perspex sheet. Perspex was chosen as the construction material 

for the column to visualize the hydrodynamic characteristics. The length, depth, and width of the 

rectangular column were 0.63, 0.03, and 0.19 m, respectively. The experiments were performed 

by varying the superficial gas velocity from 0.011 to0.075 m/, superficial slurry velocity from 

0.018 to 0.057 m/s, and particle concentration from 0.5 to 3.0 wt.%. Cationic surfactant MIBC 

(Methyl Isobutyl Carbinol, molecular weight: 102.18, specific gravity: 0.81) with a purity greater 

than 98.0% was purchased from Tokyo Chemical Industry Co. Ltd. The experiments were carried 

out in the three-phase in the presence and absence of a surfactant. Pressure drop was measured 

using two horizontally installed pressure transmitters (Make: Gems Sensors & Controls, Model: 

3500 B 0002G 01 B) P1 and P2. The distance of pressure transmitter ports, P1, and P2 was about 

0.162 m and 0.365 m from the lower end of the column. Two pressure transmitters were coupled 

with the pressure meter, which was further coupled with the computer through a cable (RS-232) 
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for transferring data. The slurry inlet was at the top of the column, while the outlet was at the 

bottom of the column, as shown in Fig. 3.1. The slurry was prepared using tap water, and coal 

particles and the gas phase was the atmospheric air. In all the experimental work, the gas-slurry 

dispersion height was kept at 0.49 m from the lower end of the column. The gas-slurry dispersion 

height in the column was controlled using the controlled valve installed in the bottom outlet line. 

Slurry pump (power: 1 HP, 0.75 kW, pressure range: 2.1 bar, maximum flow rate: 24 liters/minute) 

was used to transport the slurry into the column. The flow rate of the slurry was measured by an 

electromagnetic flowmeter (Adept Fluidyne, MagFlow 6410). A direct driven air compressor 

(Model: XLBM24, Power: 2 HP, Pressure: 8 bar, Tank volume: 24 liters, Speed: 2850 RPM, 

Capacity: 195 liters/minute) was used to deliver the compressed air to the sparger.  

 

 

 

 

 

 

 

 

 

Fig. 3.1. Schematic of the experimental arrangement. (Copyright material)  

A calibrated air rotameter (range 0  10 liter/minute, full-scale accuracy  5%) was used to 

estimate the air flow rate. A needle valve was connected prior to the air rotameter to control the 

air flow rate. A cylindrical sintered stainless steel sparger (make: TFI filtration, SS316 L) with an 

average pore size 20 m (indicated by the manufacturer) was used to distribute the gas as a 

dispersed bubble phase in the slurry column. The length, inner diameter, and outer diameter of the 
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stainless steel sintered sparger were 175 mm, 10 mm, and 14 mm, respectively. To ensure that the 

pores are not clogged, it was cleaned with the aqueous solution of HCl (40% HCl + 60% water) 

before each run of the experiment. 

3.3. Physical properties of the system 

The composition and physical properties of the slurry used in the current study are given in chapter 

2, as Table 2.2 and Table 2.3.  It was found that the surface tension of the slurry in the absence of 

surfactant varies with only particle concentration, but in the case of slurry with a surfactant, the 

slurry surface tension varies with both the particle concentration and particle size. The surface 

tension of slurry with and without the MIBC surfactant was measured by a tensiometer (Make: 

Kwoya, Model: DY300). The slurry viscosity and density did not vary with the surfactant. All the 

physical properties were determined at 25  1 C. 

 

3.4. Theoretical background 

In a vertical multiphase system, the total pressure drop (PT) can be defined as the summation of 

the frictional pressure (Pf), the hydrostatic pressure (Ph), and the pressure drop because of 

acceleration (Pa). The total pressure drop is expressed as   

ahfT PPPP            (3.1) 

According to Hughmark and Pressburg (1961), the pressure drop caused by the acceleration in a 

column with a uniform cross-sectional area is insignificant compared to the total pressure drop, 

and therefore, it was ignored. The hydrostatic pressure drop or potential energy component 

depends on the gas-liquid-solid mixture density, which is expressed as 

ZgP ssllggh  )(           (3.2) 

where Z is the distance between the pressure ports. Finally, Eq. (3.1) yields the frictional pressure 

drop as 

ZgPP ssllggTf  )(          (3.3) 
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3.4.1. Development of a mechanistic model 

The analysis of interfacial shear stress between the gas bubbles and slurry was done based on the 

mechanistic model. Mechanistic model was applied based on the following assumption 

(Majumder, 2018): (i) flow of the phases in the column is steady and isothermal, (ii) holdup 

calculated is assumed to be average at a particular superficial gas and slurry velocity, (iii) the effect 

of acceleration is considered insignificant without mass transfer between phases, and (iv) the 

frictional loss is assumed to be the same for a particular superficial gas and slurry velocity.  

3.4.1.1. Mechanical energy balance 

The mechanical energy balance of the gas phase flow is given by 

0 gsgggcsgcgT EuZAguAP         (3.4) 

In Eq. (3.4), the first term denotes the energy dissipation because of the gas flow, the second term 

is potential energy, and the third term is frictional energy loss because of gas flow. In the same 

way, for the slurry phase flow, the mechanical energy balance can be expressed as 

0)1()1(  slslslgcslcgT EuZAguAP        (3.5) 

where Esl represents the frictional energy dissipation rate because of the slurry flow. Addition of 

Eq. (3.4) and Eq. (3.5) yields 

    0/)()1()1(  cgslsggggslslsggslgT AEEZguuuuP    (3.6) 

The total energy dissipation rate in the three-phase system is contributed by frictional dissipation 

by gas and slurry flow, energy dissipation as a result of the formation of gas bubbles, energy 

dissipation because of a slip of gas-slurry interface, and energy dissipation caused by wetting of 

column wall. Therefore, the expression for (Esl + Eg) can be written as 

wslipbsggcfggcfslgsl EEEuAPAPEE   )1(      (3.7) 

where Pfsl and Pfg are the frictional pressure drop because of slurry flow and gas flow, 

respectively. Eb, Eslip, and Ew denote the energy dissipation rate due to the formation of gas bubbles, 
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the energy dissipation rate caused by a slip of gas-slurry interface, and the rate of energy because 

of the wetting column wall, respectively. Substitution of the Eq. (3.7) into Eq. (3.6) yields 

  0







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sl
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gsl

s
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EEELPGP
ZgGL

GL
P


    (3.8) 

where Ls, G, Pfg, and Pfsl denote the mass flux of slurry, the mass flux of gas phase, the frictional 

losses due to gas phase only, and the frictional losses due to the slurry flow only, respectively. The 

mass flux of slurry was defined by 

slslgs uL  )1(            (3.9) 

Similarly, the mass flux of the gas flow was defined as 

gsgguG             (3.10) 

3.4.1.2. Energy dissipation because of skin friction 

To estimate the frictional dissipation by both the gas and slurry flow in the column, a model is 

established considering the following assumptions: 

(i) In a three-phase system, the friction factor for individual gas or slurry phase is  times of the 

factor where only the individual phase is flowing in the column.  

 (ii) In the three-phase process, the contact area of each gas or slurry phase is  times of that when 

only the individual phase flows through the column. Similarly, during the flow of the gas phase, 

the magnitude of both parameters   and  are defined based on the bubble contacts with the 

column wall. Taking into account both assumptions, the slurry phase momentum balance equation 

can be expressed as follows: 
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where Pfsl0 represents a frictional pressure drop because of slurry flow only in the column. The 

subscript ‘T’, ‘sl0’, and ‘sl’ refer to the slurry-gas three-phase, slurry phase only, and slurry actual 

velocity, (usl)tp = (usl)l0 / (1g), respectively. The quantity sl is equal to slsl  . The cross-

sectional area for slurry flow is (1  g) times the cross-sectional area of the column. The parameter 

sl  represents the ratio fslg / fsl0 and sl   is (area of contact)T / (area of contact)sl0. It was also 

presumed that the contact area of the liquid phase with the column in the three-phase system is 

equal to the contact area of slurry with the column wall when only the slurry flows. In a similar 

way, after performing an overall momentum balance for a gas phase in a three-phase system, the 

following relation can be obtained 

3
0 g

g

fg

fg

P

P








             (3.12) 

where Pfg0 denotes the frictional pressure drop when only gas-phase flows in the column. The 

parameter  g is defined by 

ggg               (3.13) 

where 
g   is the parameter related to the gas phase and its magnitude is based on the number of 

gas bubbles which are in contact with the column wall. Pressure drop due to only slurry flow in 

the column can be calculated as 

be

slslsl
fsl d

Zuf
P


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2
0

0

2 
          (3.14) 

where fsl0 denotes the friction factor when the only slurry flows. Similarly, the pressure drop 

because of the only gas flow in the column can be estimated as 
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be

sggfg
fg d

Zuf
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
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2
0

0

2 
          (3.15) 

where ffg0 is friction factor when the only gas flows in the column. Friction factor for the laminar 

flow condition can be calculated as (Majumder, 2016) 

2100Re
Re

16
0

0
0                                         f        (3.16) 

for transition flow 

4000Re2100)Re0112.0( 125.0 0
3185.0

00                  f     (3.17) 

for turbulent flow condition 

4000Re                            
Re

079.0
025.0

0
0                     f      (3.18) 

3.4.1.3. Energy dissipation by phase interaction 

In a three-phase counter-current vertical system, bubbles and slurry flow in the opposite direction, 

resulting in a significant phase interaction. Therefore, it is important to consider the pressure drop 

that is caused by the phase interaction. The pressure drop as a result of the phase interaction can 

be expressed as (Majumder et al., 2006) 

2

8

1
ssldFD ucP             (3.19) 

where cd and us stand for drag coefficient and slip velocity, respectively. The relative velocity 

between the gas bubble and slurry is known as slip velocity. For a counter-current flow system, 

slip velocity is defined by 

)1( g

sl

g
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s

uu
u

 
             (3.20) 

The rate of energy dissipation based on the slip of phases is given by 
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The following correlations can be used to calculate the drag coefficient as per experimental 

conditions (Joshi et al., 1998) 

1Re     Re24  bbd                          /c         (3.22) 

154.053.0 5.14Re1                             Re14   Moc bbd       (3.23) 

1985.0154.0270251 95.17Re5.14              Re1150   MoMo Mo.c b
..

bd    (3.24)  

1985.095.17Re                                    66.2  Moc bd      (3.25) 

where Reb and Mo are the bubble Reynolds number and Morton number, respectively. The Bubble 

Reynolds number is defined by 

sl

ssl
b

du


 32Re             (3.26) 

where d32 is the Sauter mean bubble diameter. The Morton number is defined as 

32

4 )(

slsl

gslslg
Mo


 

            (3.27) 

3.4.1.4. Energy dissipation because of bubble generation 

The energy dissipation rate during the generation of gas bubbles is equal to the rate of bubble 

formation times the energy dissipation in the generation of a single gas bubble. Bubble generation 

rate is the ratio of gas flow rate and volume of a single bubble. The rate of bubble generation can 

be expressed as 

3
32

6

d

GA
N

g

c
b 
             (3.28) 
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where Nb represents the bubble generation rate. The amount of energy loss for the generation of a 

single bubble is given as 2
32sl d . So, the total amount of energy loss in the generation of N number 

of bubbles is (Majumder, 2016) 

2
32dNE slbb            (3.29) 

Hence, substituting Eq. (3.28) into Eq. (3.29) yields the energy dissipation rate by bubble 

generation as 

32

6

d

GA
E

g

slc
b 


            (3.30) 

3.4.1.5. Energy dissipation due to wetting 

The energy dissipation rate because of liquid wettability (Ew) of the column wall can be expressed 

as (Parmar and Majumder, 2014) 

 
g

slslbe
w

ud
E


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1
           (3.31) 

 where dbe is an equivalent column diameter. 

 

3.4.1.6. Estimation of the parameter of the model 

Rearrangement of Eq. (3.8) yields the following equation (Eq. 3.32) 
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All the terms on the left-hand side of the Eq. (3.32) can be calculated using the experimental data. 

Putting the frictional pressure drop due to slurry flow, Eq. (3.11) into Eq. (3.12), yields  
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In Eq. (3.33), all terms are known except sl, which can be expressed as 
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The value of sl can be obtained from the experimental value. Once, the value of sl is evaluated, 

the three-phase effective friction factor, fT, can be deduced from the following relation 

0sl
l

sl
T ff





            (3.35) 

The bubble-slurry interfacial shear stress (i) is coupled with the three-phase effective friction  

factor (fT), which can be expressed as 

2

2

)1(

)(5.0

g

sgslslT
i

uuf


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



          (3.36) 

Substituting the value of three-phase effective friction factor from Eq. (3.35) into Eq. (3.36), the 

interfacial shear stress can be represented by 
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sgslslslsl
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           (3.37) 

3.5. Uncertainty analysis  

The ranges of mean, standard deviation, standard uncertainty, and the relative uncertainty of 

experimentally determined quantities are given in Table 3.2.  

Table 3.2 The range of uncertainties of the experimentally determined quantities. 

Quantities Mean, x  STDEV U Ur (%) 
Pf (without 
surfactant) 

2.72 – 26.9 2.81  10-1 – 
3.14  10-1  

1.26  10-1 – 
1.40  10-1 

4.50 – 4.66 

Pf (with 
surfactant) 

2.57 – 22.3 
 

2.75  10-1 
– 2.32 

1.23  10-1 
– 1.04 

4.65 – 4.77  

i (without 
surfactant) 

3.12  10-3 
– 27.0 

9.71  10-4 
– 1.55  

4.34  10-4 – 
6.93  10-1 

2.57 – 13.94 

i (with 
surfactant) 

3.27  10-3 –  
1.01  101 

2.09  10-4 –  
2.15  10-1 

9.33  10-5 – 
9.63  10-2 

0.96 – 2.86 
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usg 4.23  10-2 – 9.59 
 10-3 

9.06  10-4 – 
1.53  10-3 

3.70  10-4 
6.26  10-4 

8.74  10-1 – 
6.54 

usl 1.66  10-2  –  
5.70  10-2 

1.71  10-3 – 
1.92  10-3 

6.47  10-4 
– 7.26  10-4 

1.27 – 3.89 
 

 

3.6. Results and discussion 

3.6.1. Effect of different variables on the frictional pressure drop  

Frictional pressure drop is an important design parameter that must be taken into account during 

the multiphase flow. Frictional pressure drop characteristics in the three-phase flow are completely 

different from that of the two-phase flow. So, a detailed analysis of the effect of the superficial gas 

velocity, the superficial slurry velocity, the particle concentration, the particle size, and the bubble 

size on the frictional pressure drop has been presented in the following sections.  

3.6.1.1. Influence of superficial gas and slurry velocity on frictional pressure drop 

Influence of superficial gas velocity (usg), at different superficial slurry velocities (usl = 0.018  

0.057 m/s) on the frictional pressure drop (Pf) at a fixed particle concentration (ws =  3.0 wt.%) 

and particle size (dp = 65.29 m) is shown in Fig. 3.2. It is seen that the Pf increases with an 

increase in the usg, while it decreases with an increase in the usl. The increase in the Pf with the 

usg is because of the generation of a substantial amount of gas bubbles, which increases the actual 

liquid velocity in the column and consecutively increases the interaction between the fluid and 

column wall. In a counter-current operation, the bubbles move upward, while the slurry in a 

downward direction. Therefore, a bubble has to overcome the drag forces exerted by the slurry. It 

was noted that in the three-phase semi-batch operation, the Pf was the sum of the cumulative 

effect of the fluid-wall, particle-wall, and fluid-particle frictional losses (Prakash et al., 2018b). 

The Pf of the fluid-wall has reportedly contributed around 99%, and the particle-wall and fluid-

particle frictional pressure has contributed to the remaining 1%. In the case of continuous counter-

current operation, however, the interaction between the slurry and the gas phase must be greater 

than that of semi-batch operation. A bubble in a multiphase system contains pressure energy at the 

bottom and potential energy at the top (Vitankar et al., 2002). As the bubble rises, the potential 

energy increases gradually, whereas the pressure energy decreases. So, when the gas bubble rises, 

the energy associated with the bubble decreases, and the same amount disappears in the form of 
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friction between the bubble and the slurry (Vitankar et al., 2002). The reduction in the Pf with an 

increase in the usl is due to the increase in the drag experienced by the gas bubbles and bubble 

coalescence rate. As the bubble size increases, the Pf decreases. Several researchers (Majumder 

et al., 2007; Mandal et al., 2004; Tang et al., 2013) have also reported a similar trend in Pf 

characteristics with superficial gas and liquid velocity.   
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Fig. 3.2. Influence of superficial gas and slurry velocity on the Pf. 

3.6.1.2. Influence of particle concentration on frictional pressure drop 

Variation in Pf with the particle concentration (at ws = 0.5 – 3.0 wt.%) at different usg = 0.011 – 

0.075 m/s and fixed dp = 242.72 m and usl = 0.018 m/s is presented in Fig. 3.3. It is noticed that 

the Pf is increasing with an increase in the ws at all the usg. Several authors have reported a direct 

proportionality of ws to the Pf (Peker et al., 2008; Wilson et al., 2006). The Pf contribution 

becomes significant when the slurry velocity or viscosity of the system is changed (Descamps et 

al., 2008). Present experimental results follow the same trend of other researchers (Chung et al., 
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1998; Ferre and Shook, 1998; Sivaiah and Majumder, 2012), where they reported that the increase 

in apparent density and the total wall stress of the column cause an increase in the Pf. As particle 

concentration increases, the slurry viscosity and density also increase, which intensifies the bubble 

coalescence rate, therefore, the bubble size increases (Li and Prakash, 2000; Manjrekar and 

Dudukovic, 2015; Moshtari et al., 2007; Orvalho et al., 2018; Tyagi and Buwa, 2017).  

The Pf is also influenced by the viscous sub-layer characteristics and boundary layer thickness. 

Moreover, if the intensity of the drag in the viscous sub-layer is reduced, it directly affects the 

degree of reduction in Pf. According to Nouri et al. (2013), the reduction in Pf is more effective 

if the bubble size in the vicinity of a wall is smaller than the boundary layer thickness and larger 

than that of the viscous sub-layer. So, it can be deduced that the presence of particles causes an 

increase in the bubble size, which in turn increases the slurry momentum, consequently, increases 

the Pf.   
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Fig. 3.3. Variation of the Pf with particle concentration. 
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Comparison of the Pf with and without surfactant is presented in Fig. 3.4. It is noticed that the 

increase in the particle concentration from 0.5 to 3.0 wt.% (in both with and without surfactant) 

increases the Pf at all the usg. It is also noted that the Pf is lower for a surfactant solution (MIBC, 

cf = 6 ppm) at all particle concentrations compared to that of a surfactant-free system. At minimum 

particle concentrations, say 0.5 wt.%, the difference in Pf in the presence and absence of 

surfactant is small. The reduction in Pf  is approximately 14.81% (at ws = 0.5 wt.%), 10.33% (at 

ws = 1.0 wt.%), 4.03% (at ws = 2.0 wt.%), and 8.79% (at ws = 3.0 wt.%) at usg of 0.075 m/s.  

The decrease in both the bubble-slurry interface drag and near-wall drag after surfactant addition 

is attributed to a reduction in the fluid-wall Pf. According to Wilson (1989), drag reduction is 

attributed to the thickening of the near-wall sublayer in the case of laminar flow. A drag reducing 

element (i.e., surfactant) improves the viscosity of the liquid, thereby, reducing the transport of 

both momentum and vorticity in the turbulent region. A large number of gas bubbles rise in the 

middle of the column in the surfactant-free solution, while a small number of bubbles in the 

vicinity of the wall move downward and circulate. The circulation of bubbles in the wall region 

increases the slurry momentum. As a result, the Pf increases. However, in the surfactant solution, 

the bubbles are smaller and more homogenous in size, so that the bubble size distributions in the 

column is almost narrow. Consequently, the circulation velocity nearby the wall reduces, resulting 

in a reduction in the Pf. According to Guin et al. (1996), drag reduction depends on the position 

of the maximum number of bubbles in the column. They stated that the degree of drag reduction 

reduces as the bubbles move away from the column wall. However, Merkle and Deutsch (1989) 

and Shen et al. (2006) observed that the drag reduction depending on the flow characteristics rather 

than any specific bubble size. Fontaine et al. (1999) reported that a reduction in bubble size resulted 

in a reduction in drag force. For effective drag reduction, the size of the bubble must be greater 

than the viscous sub-layer and less than the thickness of the boundary layer (Nouri et al., 2013). 

When the bubble diameters exceed the boundary layer thickness by a certain value, the skin friction 

decreases irrespective of the flow rate.  
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Fig. 3.4. Comparison of the Pf with (cf = 6 ppm) and without (cf = 0 ppm) surfactant. 

3.6.1.3. Influence of particle size on frictional pressure drop 

Particle size in the counter-current slurry system also plays an important role all through its 

operation for solid handling. Therefore, it is essential to assess the influence of the particle size on 

the Pf. The influence of different particle sizes (at dp = 65.29, 242.72, 408.31, and 517 m) at 

various usg on the Pf at fixed usl = 0.018 m/s and fixed ws = 3.0 wt.% is given in Fig. 3.5. The Pf 

reduces as the average particle size increases for all usg. The behavior of Pf characteristics in the 

presence of MIBC surfactant and in the absence of particles (without MIBC) is also shown in Fig. 

3.5. It was noticed that the Pf was lower in the case of a system with MIBC for all the usg. In the 

absence of particles (without MIBC), the Pf was lower compared to that of the presence of 

particles. As particle size changes from 65.29 to 517.0 m, the decrease in Pf was noticed to be 

14.24% and 9.18% at usg = 0.011 m/s and usg = 0.057 m/s, respectively. Similarly, in the case of 

the presence of a surfactant, a reduction in Pf was 16.07% and 12.56% at usg = 0.011 m/s and usg 

= 0.057 m/s, respectively. A similar trend of a reduction in the Pf with an increase in particle size 
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at a fixed ws = 1.0 wt.% with a surfactant (MIBC) is shown in Fig. 3.6. Many authors have also 

confirmed that an increase in the pressure drop after particle loading is due to increased bulk 

density and wall shear stresses (Chung et al., 1998; Ferre and Shook, 1998; Sivaiah and Majumder, 

2012).  
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Fig. 3.5. Frictional pressure drop in the presence and absence of surfactant and particle, 

respectively. 

Change in slurry viscosity is an imperative factor that alters the Pf behavior of the slurry column. 

Higher slurry viscosity in the case of small particle sizes is because of attractive particle interaction 

(Kawatra and Eisele, 1988b; Senapati et al., 2009; Zhou et al., 1993). At the fixed mass of particles, 

if the particle size is reduced, the net result will be an increase in the number of particles. Hence, 

it is worth to say that the system viscosity is higher with the fine particles compared to coarser 

particles.  
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Fig. 3.6 Variation of the Pf at various particle sizes in the presence of a surfactant. 

3.6.1.4. Effect of bubble size on frictional pressure drop 

Effect of the Sauter mean bubble diameter (d32) on Pf in the presence of a particle (at dp = 65.29 

m and ws = 2.0 wt.%) for the usl range of 0.018 – 0.057 m/s is shown in Fig. 3.7. It is noticed that 

the Pf increased with the increase in d32. The larger bubble does not significantly reduce the drag 

and causes more turbulence, resulting in an increased Pf. Yao et al. (2018) also reported that 

larger bubbles increase Pf. The presence of small bubbles effectively reduces the pressure drop 

as compared to larger bubbles (Guet et al., 2003). A reduction of pressure drop in the presence of 

microbubble is also reported by Nouri et al. (2013).  According to Nouri et al. (2013), a pressure 

reduction of 35% and 13% is seen at 9% and 0.6% void fraction, respectively. According to Li et 

al. (2016), the bubble-induced pressure is the cumulative effect of the unbalanced pressure between 

the gas bubbles and the ambient fluid flow, which estimates the influence of the high-pressure gas 

to the dynamic pressure and the high-speed fluid motion around the bubbles. Local high pressure 

is generated when a spherical gas bubble collapses (Rayleigh, 1917). The generated local high 
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pressure can affect the surrounding fluid medium (Harrison, 1952). The pressure field around a 

non-spherical bubble differs completely from the spherical bubble. There are two main reasons for 

the bubble induced pressure: (i) the first is due to the pressure of the gas bubble, and (ii) the second 

is caused by the bubble movement. 

Larger bubbles produce higher velocity fluctuations in the middle zone of the column due to the 

higher slip velocity of the bubbles. Both primarily disturb the flow and creates more vorticity in 

the system. The important role of the gas bubbles is to decrease the weight of the mixture in the 

core zone, and when it is in hydrostatic equilibrium, no lateral transport of the bubbles occurs. If 

the Stokes numbers (St = τb / τk) for the bubble sizes are more than 1, the bubble-response time-

scales are greater than the Kolmogorov time-scale (Lu and Tryggvason, 2007). Consequently, the 

bubbles do not follow the surrounding liquid and are not trapped by the coherent vortices near the 

walls. Here, all bubbles move to the central zone of the column because of the lift force induced 

by the high shear stress close to the column wall. In the central part of the column, the vorticity is 

because of the bubble motion. Tomiyama et al. (2002) also studied the effect of bubble size on 

phase flow behavior. They used a wide range of bubble sizes to investigate the transverse 

movement of bubbles in an upward shear flow. The author pointed out that the lateral movement 

of the gas bubbles depends on bubble size, viz., in the upward column, the small gas bubbles prone 

to move to the column wall and result in a wall-peaked bubble distribution, but the large bubbles 

tend to move to the center of the column, resulting in a core-peaked bubble distribution. The lateral 

movement of the bubble near the wall is dominated by the shear-induced lift force (Auton, 1987), 

which consists of the bubble slip velocity and the flow circulation around the bubble. The bubble 

slip velocity significantly affects the lift force, so that the small bubbles tend to move towards the 

wall (Fujiwara et al., 2004). 
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Fig. 3.7. Effect of Sauter mean bubble diameter on the Pf in the absence of surfactant. 

3.6.1.5. Development of the correlation model  

The Pf is influenced by various process variables such as superficial gas (usg) and slurry velocity 

(usl), slurry density (sl), particle diameter (dp), slurry surface tension (sl), particle concentration 

(cs), column diameter (dc) and distance between the pressure ports (Z). Therefore, the proposed 

empirical correlation for the Pf is expressed as follows: 
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The correlation coefficients (R2) and the standard error of Eq. (3.38) is 0.99 and 0.034, 

respectively. The validity range of the individual dimensionless group was reported in the Eq. 

(3.38) is: 178.4/193.0  slsg uu , 224 1043.2/102   slpslsl du  , 191.41111.0 2  sgp ugd

, and 088.0015.0  slsc  . The correlation (Eq. 3.38) satisfactorily predicts the experimental 
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values in the error range of 19.83% and the absolute average relative error (AARE) of about 

6.34%. Parity of the experimental and predicted result (obtained from Eq. (3.38)) is presented in 

Fig. 3.8.  
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Fig. 3.8. Comparison between the experimental and the predicted value of Pf.  

3.6.2. Effect of different variables on interfacial shear stress 

The interfacial shear stress characteristic of the slurry system is different from the two-phase 

system. It has been noted that the surfactant addition has a dramatic effect on the vertical counter-

current gas-slurry flow. Experimental data for the total pressure drop in different operating 

conditions were obtained for the rectangular counter-current slurry column. The bubble-slurry 

interfacial shear stress was calculated based on the developed mechanistic model (section 4.1), 

which includes a mechanical energy balance of both the gas and the slurry phase considering the 

energy dissipation rate because of the generation of gas bubbles, the energy dissipation rate as a 
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result of a slip of gas-slurry interface, and energy dissipation rate caused by wetting of the column 

wall using experimentally calculated total pressure drop, gas holdup, and bubble size.  

3.6.2.1. Effect of superficial gas and slurry velocity on interfacial shear stress 

Effect of both superficial gas (usg = 0.011 – 0.075 m/s) and slurry velocities (usl = 0.018 – 0.057 

m/s) in the presence of particles (at dp = 65.29 m) at a fixed particle concentration (ws = 2.0 wt.%) 

on the bubble-slurry interfacial shear stress is shown in Fig. 3.9. It is noted that interfacial shear 

stress increases with an increase in the usg, while it decreases with an increase in the usl. A complex 

interaction between the bubble-slurry interfaces occurs in the vertical counter-current flow. The 

intensity of interfacial bubble-slurry interactions depends on the magnitude of gas and slurry, the 

flow direction, the particle concentration, the average particle size, the slurry viscosity, the slurry 

surface tension, and the bubble size. At the lower usg, the interaction of bubbles between the phases 

is weak. Although, with an increase in the usg, the bubble number density appears to be large when 

the bubble begins to interact with each other and with slurry directly or indirectly (due to the 

bubble-bubble collision or bubble-slurry interactions), and effects of wakes produced by other 

bubbles. Therefore, the bubble-slurry interfacial shear stress increases with an increase in the usg. 

Bubble-slurry interfacial shear stress varies non-linearly at lower slurry velocities because the drag 

exerted by the slurry on the bubbles is significantly low. The rising velocities of the bubbles are 

higher (due to the low usl), and there is an almost homogeneous concentration of bubbles in the 

column. As the usl increases, the drag offered to the bubbles is significantly higher, which reduces 

the rising velocity of the gas bubbles. This produces a very dense bubble population at the lower 

segment of the column. It causes an axial imbalance in the gas bubbles along the length of the 

column. The variation of the bubble concentration results in a non-linear gas-slurry interfacial 

shear stress. It is seen that the increase in the interfacial shear stress is more at a lower usl = 0.018 

m/s compared to a higher usl > 0.018 m/s. An increase in the usl can also cause bubbles to break 

up, which can also contribute to a decrease in interfacial shear stress. The rising velocity of bubbles 

at a low usl is high in comparison to the high usl due to the increased drag on bubbles, and this may 

also reduce the interfacial shear stress. Typical values of interfacial shear stress, energy dissipation 

rate because of the slip of gas-slurry interface, energy loss because of wetting, and friction factor 

is shown in Table 3.3.  
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Fig. 3.9. Effect of superficial gas and slurry velocity on the interfacial shear stress in the 

surfactant-free system.
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Table 3.3 Typical values of the interfacial shear stress, frictional pressure drop, energy dissipation 

due to slip, wetting, and friction factor in different experimental conditions. 

Superfi
cial gas 
velocit
y  102 
, usg 
(m/s) 

Superfi
cial 
slurry 
velocit
y  
102, usl 
(m/s) 

Surfactan
t 
concentra
tion, cf 
(ppm) 

Particle 
concentra
tion, ws 
(wt.%) 

Particl
e 
diame
ter, dp 
(m) 

Interfa
cial 
shear 
stress, 
i 
(N/m2) 

Frictio
nal 
pressu
re 
drop, 
Pf 
(bar 
(g)) 

Energy 
dissipa
tion 
rate 
due to 
slip of 
gas-
slurry 
interfa
ce  
103, 
Eslip 
(Nm/s) 

Ener
gy 
loss 
beca
use 
of 
wetti
ng  
104, 
Ew 
(Nm/
s) 

Fricti
on 
factor
, 
slfsl0/


l 
() 

1.10 1.80 0 0.5 65.29 0.054 3.675 6.66 2.24 251.2
10 

4.30 3.40 0 0.5 65.29 0.193 3.597 1.78 4.87 7.399 
7.50 5.70 0 0.5 65.29 0.198 3.052 2.68 0.11 0.437 
7.50 1.80 0 1.0 65.29 2.71 5.458 2.21 2.88 11.49

8 
5.80 1.80 0 2.0 65.29 1.736 20.32

5 
1.63 2.92 20.54

9 
5.80 1.80 0 3.0 242.7

2 
8.015 25.97

0 
1.55 3.07 19.54

8 
7.50 3.30 0 3.0 408.3

1 
5.604 21.45

3 
1.70 6.58 2.286

4 
7.50 5.00 0 0.5 517.0 2.579 3.052 2.01 8.86 0.612 
5.80 5.80 0 3.0 517.0 1.331 19.04

7 
2.40 0.11 1.039 

5.80 3.40 6 3.0 242.7
2 

1.544 20.40
7 

1.54 5.07 3.614 

4.28 3.36 6 0.5 242.7
2 

1.590 3.165 1.74 4.40 6.113 

4.20 1.80 6 1.0 242.7
2 

5.739 7.204 1.49 2.32 29.29
3 

1.10 1.80 6 0.5 517.0 0.439 3.385 2.78 2.08 207.2
72 

4.28 1.78 6 3.0 517.0 7.069 21.73
4 

1.47 2.33 29.17
1 
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3.6.2.2. Effect of surfactant addition on interfacial shear stress 

The presence of a surfactant significantly influences the flow characteristics of the phases in the 

rectangular slurry bubble column. Effect of the presence and absence of surfactant as a function of 

the usg at fixed usl and fixed average dp at two different ws = 0.5 and 3.0 wt.% on interfacial shear 

stress is shown in Fig. 3.10. It is noticed that interfacial shear stress in the presence of surfactant 

is lower than that of an absence of surfactant at both ws = 0.5 and 3.0 wt.% for all usg. A negligible 

difference in interfacial shear stress is observed in the presence of surfactant at 0.5 wt.% and 3.0 

wt.% particles. It shows that the surfactant addition has a substantial effect on the bubble-slurry 

interfacial shear stress. It implies that the particle concentration effect on the interfacial shear stress 

is independent of the particle concentration in the presence of the surfactant. Therefore, it can be 

concluded that the surfactant addition can prominently reduce the interfacial shear stress between 

bubbles and slurry. The addition of a surfactant to the liquid significantly reduces the surface 

tension, resulting in a large number of bubbles. The influence of surfactant is usually 

interconnected to the following series of events: the surfactant adsorbs on the air-water interface 

and is concentrated to the rear surface of a rising gas bubble due to the mobility of its surface; as 

a result, a surface tension gradient is created that generates a force that opposes the motion, then 

there is a resultant increase in drag coefficient which causes a reduction in the rising velocity 

(Dukhin et al., 1998). Reducing the surface tension of the liquid improves the gas bubble’s breakup 

rate, which in turn promotes the existence of smaller bubbles when the breakage rate surpasses the 

bubble coalescence rate. The bubble generation rate also improves by reducing the surface tension 

due to the requirement of less momentum to detach the gas bubbles from the sparger pores and 

also the time for the bubble growth before detachment reduces (Kulkarni and Joshi, 2005). 

The presence of particles increases the apparent viscosity of the system, thus, the bubble 

coalescence rate intensifies (Orvalho et al., 2018; Sarhan et al., 2018c). Nevertheless, surfactant 

addition reduces the bubble coalescence rate, thus, produces small bubbles. As it was concluded 

in an earlier discussion that the small bubble is more useful for reducing drag, frictional pressure 

drop, and interfacial shear stress. Therefore, the same argument can be applied to the reason for 

reducing interfacial shear stress in the presence of a surfactant. After surfactant addition a 

reduction in interfacial shear stress was approximately 6.78% at 0.5 wt.% particle concentration 

(at usg = 0.075 m/s). Similarly, after surfactant addition, a reduction in interfacial shear stress was 
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about 20.5% at 3.0 wt.% particle concentration at the same superficial gas velocity (at usg = 0.075 

m/s).  
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Fig. 3.10. Effect of surfactant on the bubble-slurry interfacial shear stress. 

3.6.2.3. Effect of particle concentration on interfacial shear stress 

Particle concentration in the slurry column significantly impacts the bubble-slurry interfacial shear 

stress. Influence of the particle concentration on the bubble-slurry interfacial shear stress at fixed 

dp = 242.72 m and at various usg are shown in Fig. 3.11. It is noted that the interfacial shear stress 

increases with an increase in particle concentration for all usg. The increase in interfacial shear 

stress was found to be about 2.96%, 5.82%, and 4.69% as the particle concentration varied from 

0.5 to 1.0 wt.%, 1.0 to 2.0 wt.%, and 2.0 to 3.0 wt.%, respectively at a usg of 0.075 m/s. Increased 

slurry viscosity is one of the prime reasons of bubble coalescence, therefore, the bubble size 

increases (Ojima et al., 2015; Orvalho et al., 2018; Sarhan et al., 2018c), henceforth, the interfacial 

shear stress. It is also noticed that the increase in the bubble-slurry interfacial shear stress is in the 
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range of 14 – 32 % when the slurry concentration changed from 0.5 to 3.0 wt.% irrespective of the 

usg.  
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Fig. 3.11. Effect of particle concentration on interfacial shear stress in the surfactant-free system. 

3.6.2.4. Effect of particle concentration on the rate of energy loss because of the wetting of 

the column wall 

The wetting phenomena in a multiphase system are important because of the dissipation of a 

certain amount of energy in liquid-wall wetting (Parmar and Majumder, 2014). The effect of 

particle concentration with and without surfactant on the rate of energy loss because of the wetting 

of a thin liquid layer with the column wall as a function of usg at a fixed usl = 0.050 m/s and dp = 

517.0 m is depicted in Fig. 3.12. It is noted that the energy dissipation rate because of the wetting 

of the column wall is more at a higher ws = 3.0 wt.% as compared to the lower ws = 0.5 wt.%. It is 

also seen that the rate of energy loss because of the wetting of a thin liquid layer with the column 

with surfactant is lower than that of the other particle concentrations (at ws = 0.5 and 3.0 wt.%)  

without surfactant. It is observed that the surface tension is increasing with particle concentration 
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and decreases with the addition of a surfactant (as shown in Table 3.2 and Table 3.3). The addition 

of a surfactant enhances the affinity of wetting phenomena of the liquid to the particle surface. 

Therefore, the energy dissipation rate attributed to the wetting of the thin liquid film with the 

column wall increases with particle concentration, while it is lower with the surfactant addition. 

At 0.5 wt.% particle concentration, the average reduction in the rate of energy loss because of the 

wetting of solid wall with surfactant for all usg is about 7.16%, whereas the average reduction is 

approximately 18.04% at 3.0 wt.% particle concentration. Similarly, the average difference in 

energy dissipation rate because of the wetting of a thin liquid film with the column wall at 0.5 

wt.% and 3.0 wt.% particle concentrations without surfactant is approximately 14.86%.  

10 20 30 40 50 60 70 80
5.5

6.0

6.5

7.0

7.5

8.0

8.5

9.0

9.5

10.0

10.5

E
w
 

 1
04 

(N
m

/s
)

u
sg

  103 (m/s)

 w
s
 = 0.5 wt.%, c

f
 = 0 ppm

 w
s
 = 3.0 wt.%, c

f
 = 0 ppm

 w
s
 = 0.5 wt.%, c

f
 = 6 ppm

 w
s
 = 3.0 wt.%, c

f
 = 6 ppm

d
p
 = 517.0 m

u
sl
 = 0.050 m/s

 

Fig. 3.12. Effect of particle concentration on the rate of energy loss because of the wetting of 

solid wall in the presence and absence of surfactant. 

3.6.2.5. Variation of the friction factor as a function of the rate of energy loss because of 

wettability  
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Change in the friction factor )/( lsl0sl  f  with the energy loss because of the wettability at different 

particle concentrations in the surfactant and the surfactant-free system is shown in Fig. 3.13. It is 

observed that the friction factor reduced with an increase in energy loss because of wettability for 

all the particle concentrations. Friction factor is more for a higher particle concentration than for a 

lower particle concentration. The friction factor is lower in the case of the surfactant addition. As 

the solid concentration increases, both the surface tension and slurry viscosity increase. These two 

factors (viscosity and surface tension) reduce the affinity of the wettability of the liquid for the 

column wall. Therefore, the rate of energy loss because of wettability increases.  
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Fig. 3.13. Variation of the friction factor as a function of the rate of energy loss because of the 

wettability at various particle concentrations with and without surfactant. 

3.7. Development of an empirical correlation  

It was noticed that the superficial gas and the slurry velocity, the slurry surface tension, the particle 

diameter, the effective slurry viscosity, the slurry density, the slurry viscosity, and the acceleration 
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due to gravity influence the interfacial shear stress. The generalized correlation for the interfacial 

shear stress is expressed as follows: 
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The range of validity of different dimensionless parameters in Eq. (3.39) are: 

177.4193.0  slsg uu , 190.41111.0 2  sgp ugd , and 

113412 10180.110853.6   slslslg  . The value of correlation coefficients (R2) and standard 

error of the proposed correlation (Eq. (3.39)) are 0.99 and 0.233, respectively. The developed 

correlation (Eq. 3.39) predicts the experimental values within the error range of  19.94%. 

Absolute average relative error (AARE) between experimental and predicted bubble-slurry 

interfacial shear stress is approximately 5.68%. The parity of the experimental and predicted 

interfacial shear stress (using Eq. (3.39)) is shown in Fig. 3.14. 
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Fig. 3.14. Parity plot of the bubble-slurry interfacial shear stress.  

3.8. Conclusions 

The present work reports the frictional pressure drop and the bubble-slurry interfacial shear stress 

in a rectangular counter-current slurry bubble column with and without surfactant. A thorough 

investigation was conducted to analyze the effect of superficial gas velocity, superficial slurry 

velocity, particle size, and particle concentration on the frictional pressure drop and bubble-slurry 

interfacial shear stress. A mechanistic model was developed to estimate the bubble-slurry 

interfacial shear stress. Based on the experimental study, the following conclusion can be made: 

 Frictional pressure drop observed to increase with an increase in the superficial gas 

velocity, the particle concentration, and the bubble size, while it reduces by increasing the 

superficial slurry velocity and the average particle diameter, respectively. A reduction in 

the frictional pressure drop was about 34.46% when the superficial slurry velocity increases 

from 0.018 to 0.057 m/s and an increase was approximately 35.38% when the superficial 

gas velocity increases from 0.01 to 0.075 m/s (at dp = 65.29 m and ws = 3.0 wt.%). The 

addition of the surfactant reduces the frictional pressure drop as compared to that of the 

system without surfactant. 

 Bubble-slurry interfacial shear stress increases with an increase in the superficial gas 

velocity and particle concentration while decreasing with an increase in the superficial 

slurry velocity. The bubble-slurry interfacial shear stress was lower in the presence of 

surfactant as compared to the surfactant-free system. A considerable change of 

approximately 15.04% (without surfactant) was noticed in the interfacial shear stress as the 

particle concentration varied from 0.5 to 3.0 wt.%, but this change is insignificant and 

reduced to 1.61% in the presence of a surfactant.  

 The impact of the bubble size on the rate of energy loss because of a slip of the gas-slurry 

interface was lower in the case of the surfactant solution. The rate of energy loss because 

of the gas-slurry interface decreased to about 50.21% as the bubble size increased by 8.01% 

in the presence of the surfactant.  

 The rate of energy loss due to the wetting of a thin liquid layer with the column wall increases 

to approximately 14% in the particle concentration range of ws = 0.5  3.0 wt.% (at usg = 0.075 

m/s without surfactant), and the increase is less than 1% in the presence of the surfactant.  
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 Friction factor decreases drastically with an increase in the rate of energy loss because of 

wettability. Friction factor was more in the presence of higher particle concentration and 

decreased in the presence of the surfactant.  

 Developed empirical correlation satisfactorily predicts the frictional pressure drop and gas-

slurry interfacial shear stress within an error range of  20%, which may be used for the 

analysis of multiphase behavior in the rectangular counter-current slurry bubble column.  
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Chapter 4 

Bubble Size Distribution and Aspect Ratio  

The present chapter enunciates the bubble size and its distribution, and bubble aspect ratio in two 

(air-water) and three-phase (air-water-coal particle) in a counter-current microstructured bubble 

column with and without surfactant. The effects of dispersed and continuous phase velocity, 

particle concentration, and particle size are investigated. The aspect ratio of the bubble was 

interpreted as a function of Eötovos number, and its shape is plotted in the grace diagram, 

indicating that the bubbles cover both the spherical and ellipsoidal shape regimes. A generic 

empirical correlation is proposed for the Sauter mean bubble diameter and distribution function 

parameters in terms of operating conditions and physical properties of the system. Experimental 

data and correlations from the literature, and this study were compared with the results of the 

proposed correlation.  

Publication: Prakash, R., Majumder, S. K., & Singh, A. (2020). Bubble size distribution and 

specific bubble interfacial area in two–phase microstructured dense bubbling bed, Chemical 

Engineering Research and Design, 156, 108  130. https://doi.org/10.1016/j.cherd.2020.01.032 

Prakash, R., & Majumder, S. K. (2020). Effect of particle size and concentration on bubble size 

distribution and aspect ratio in a counter-current microstructured bubble column, Journal of 

Industrial and Engineering Chemistry, 90, 105  116. https://doi.org/10.1016/j.jiec.2020.07.002 

Prakash, R., Majumder, S. K., & Singh, A. (2019). Particle-laden bubble size and its distribution 

in microstructured bubbling bed in presence and absence of a surface active agent, Industrial & 

Engineering Chemistry Research, 58, 3499  3522. https://doi.org/10.1021/acs.iecr.8b05625 
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4.1. Introduction 

Slurry bubble columns are widely used in various industries such as coal beneficiation (Han et al., 

2014), petrochemicals (Gandhi et al., 1999a), biochemical (Shaikh and Al-Dahhan, 2007), and the 

chemical industries (Li and Prakash, 2000), etc. Slurry columns are multiphase contactors wherein 

a gas phase is dispersed as a bubble in a continuous slurry phase (Leonard et al., 2015). There are 

three types of operating modes in the slurry bubble column, namely, semi-batch, co-current, and 

counter-current. The bubble size distribution (BSD) studies were conducted in three-phase semi-

batch (Zhang et al., 2008), two-phase semi-batch (Azgomi et al., 2007), and two-phase counter-

current operation (Besagni et al., 2014; Besagni and Inzoli, 2017a, b). Knowledge of the bubble 

size and their distribution is of the utmost importance when assessing performance, scale-up, and 

design of a slurry bubble column and flotation devices.  It is, therefore, essential to understanding 

the factors that influence the bubble size and its distribution in the slurry system. The present study 

focuses primarily on the effects of various operating variables and physical properties of the 

system on hydrodynamic characteristics such as the bubble size distribution and aspect ratio in a 

counter-current slurry bubble column.  

According to the literature, most of the bubble size measurement experiments have been performed 

in the cylindrical column, which is known for the substantial backmixing of phases (both liquid 

and gas) (Shah et al., 2012), which reduces the process efficiency, and decreases the overall 

performance of the bubble column. In the cylindrical geometry, the performance of the column is 

mainly limited by the interfacial mass transfer rate. The microstructured column (2D with small 

depth) nowadays are gaining importance to the scientific community for its ability to reduce the 

backmixing of the phases. The hydrodynamic studies in the microstructured are carried out so that 

in future research, the influence of studied variables and design parameters can be enunciated on 

the mineral beneficiation studies. Reducing backmixing of the phases will be helpful in improving 

the recovery of the valuable particles from the gangue particles (i.e., unwanted particles). The use 

of the microstructure column can be an attractive way of upgrading the low-grade to higher-value 

products.  

Numerous techniques for the measurement of bubble size and its distribution have been used by 

many researchers. Some of the techniques as Mie scattering technique (Hansen, 1985), pressure 

fluctuations (Chilekar et al., 2005), Bayesian magnetic resonance technique (Holland et al., 2012), 
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resistivity probes (Zhang et al., 2010), Coulter count method or pore electrical resistance method 

(Fujiwara, 2007), optical probe (Xue et al., 2008), two-point conductivity method (Buchholz et al., 

1979), photographic technique (Lau et al., 2010), and x-ray tomography (Rabha et al., 2013b) are 

used for estimation of bubble size. Intrusive techniques (e.g., optical probe) disturb the flow 

hydrodynamics, therefore non-intrusive methods (e.g., photographic technique) are favored over 

intrusive technique (Guet et al., 2005). The simplest technique to obtain the bubble size from an 

image is to manually draw lines on the bubble interface (Winkel et al., 2004). 

The interfacial area available for a process is a crucial variable for design and scale-up purposes. 

The lower the bubble size is, the higher the interfacial area is, which improves the process 

performance. The interfacial area depends on the bubble size, gas holdup, sparger design, property 

of phases, and column geometry. Bubble size in the three-phase system depends on the physico-

chemical property of the system and the type of gas distributor used (Camarasa et al., 1999). Passos 

et al. (2015) reported the measurement of the bubble size by an optical technique in a non-

Newtonian solution. The addition of non-ionic surfactant (Triton   X-100) results in a reduction in 

bubble size as well as the transition of homogenous to the heterogeneous regime is shifted to a 

higher gas flow rate. When smaller bubbles coalesce to form a bigger bubble, the surface area for 

bubble-particle interaction decreases, thus, process efficiency reduces (Ata et al., 2003). Grau and 

Heiskanen (2005) studied the bubble size distribution and observed that reagents control the bubble 

size by decreasing the coalescence behavior. The mean bubble size was found to increase with 

quartz particle addition and an increase in air flow rate. Yianatos et al. (1988) observed increased 

slurry density by an increase in the particle concentration, which results in an increase in the bubble 

rise velocity (Bhunia et al., 2017). The rising velocity of the large bubble is higher than the small 

bubble (Manjrekar and Dudukovic, 2015; Moshtari et al., 2007), hence the residence time of the 

bubble decreases, which impacts the system performance (Luo et al., 1999).   

Since the past few years, several efforts have been carried out to investigate the bubble size and 

its distributions in the slurry system. The influence of slurry concentration and particle diameter 

on the bubble size has been studied by many investigators (Manjrekar and Dudukovic, 2015; 

Moshtari et al., 2007; Tyagi and Buwa, 2017). Numerous researchers deduced that the addition of 

particles causes the generation of bigger bubbles (Li and Prakash, 1997; Li and Prakash, 2000; 

Luo et al., 1999; Manjrekar and Dudukovic, 2015; Moshtari et al., 2007; Tyagi and Buwa, 2017). 
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The increase in bubble size was because of the rise in the viscosity and mixture density of the 

slurry after particle addition (Manjrekar and Dudukovic, 2015).  The increase in liquid viscosity 

generally increases the bubble coalescence rate, consequently enlarge the gas bubble size (Kato et 

al., 1972; Li and Prakash, 1997; Sehabiague and Morsi, 2013). In contrast, Götz et al. (2016) 

reported that the small concentration of fine particles (<<100 m) reduces the bubble coalescence 

phenomena otherwise enhance the bubble coalescence. Particle size also influences the 

hydrodynamics behavior of the slurry column. The contrary effect of particle concentration on 

slurry hydrodynamics is also reported in the literature. Small particles (<100 m) with a particle 

concentration range of 0 to 3.0 wt.%, has no influence on hydrodynamic behavior (Rabha et al., 

2013a). Usually, when the gas velocity increases, the bubble size also increases, but few 

researchers observed a reduction in bubble diameter attributable to bubble breakup due to 

augmentation of bubble-eddies collision frequency (Banisi et al., 1995a, 1995b). Vazirizadeh et 

al. (2016) investigated the influence of particle on BSD and observed that the BSD of the system 

becomes a little wider in the presence of particles. Published literature shows that BSD 

measurement was conducted in the low particle concentration (cs < 15%) and low superficial gas 

velocity (usg < 0.1 m/s) (Chilekar et al., 2005; Lau et al., 2010; Wang et al., 2001). Few researchers 

carried out the measurement of BSD in a high slurry concentration (Luo et al., 1999; Xue et al., 

2008; Zhang et al., 2010). Understanding of bubble size in both radial and axial directions is 

essential for the improvement of process efficiency. Few authors have investigated the axial 

variation of BSD in the slurry column (Lau et al., 2010; Zhang et al., 2008). Tyagi and Buwa 

(2017) studied the BSD at different axial locations in the presence of gas velocity and particle 

concentration range of 0.05 to 0.3 m/s and 0 to 40 vol.%, respectively. They have noticed that as 

the gas velocity and concentration increase, the bubble size and its distribution change from 

smaller bubbles to larger bubbles, and BSD shifted from narrow to wide. Sarhan et al. (2018c) 

observed a rise in the bubble coalescence rate with the particle addition (0  cs  40 vol.%) at 

different particle diameters. They also reported a diminishing mean bubble size with the increment 

in the particle size. The occurrence of larger particles causes a decrease in the bubble coalescence 

time, which in turn leads to a decrease in the bubble coalescence rate. A similar trend of reduction 

in bubble diameter with the increase in particle size is also reported by Ojima et al. (2015).  
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Besagni and Inzoli (2016a) elucidated that the liquid in counter-current operation does not allow 

bubbles to escape out easily. The bubbles group and coalesce together and form large bubbles. In 

a two-phase, counter-current flow, Besagni and Inzoli (2016b) reported a higher number of 

distorted or ellipsoidal bubbles compared to spherical bubbles, due to higher shear stress between 

the phases. The important hydrodynamic characteristics such as bubble size distribution and 

holdup are required for modeling, control, and optimization of the two- and three-phase bubble 

column. Theses hydrodynamic characteristics usually explained, taking into account the physic-

chemical properties of the system, such as its viscosity and surface tension. De Guido and 

Pellegrini (2017) reported the effect of monoethylene glycol surfactant on the surface tension and 

viscosity of the liquid. It has been elucidated that the addition of surfactant to the liquid 

significantly lowers the surface tension of the liquid, while the viscosity of the liquid increases 

substantially. They also attempted to produce the gas holdup data using a dynamic surface tension 

model for the binary liquid mixture (water + monoethylene glycol) in a large diameter bubble 

column. Their investigation suggests that the dynamic surface tension model qualitatively suitable 

to generate the gas holdup values, but no quantitative agreement exists due to the overprediction 

of the maximum frothing ability of monoethylene glycol. The dual effect of viscosity in the 

presence of an aqueous solution of monoethylene glycol on gas holdup and BSD is elucidated by 

Besagni et al. (2017b). They delineated that the low viscosity liquids (l  1.01 mPa.s) increased 

gas holdup and were characterized by a larger number of small bubbles. Whereas, the moderate or 

high viscosity liquids (1.01 < l  7.96 mPa.s) reduce the gas holdup, and the bubble size 

distribution has shifted to larger bubbles. Vazirizadeh et al. (2016) analyzed the effect of the 

particle on bubble size and shape and observed that the small bubbles are more spherical in 

comparison to large bubbles. Maldonado et al. (2013) confirmed that the spherical bubble has a 

lower rise velocity than the flattened bubble.  

The ratio between the major and minor axes of the bubble is known as the aspect ratio. Most of 

the research is conducted on a single rising bubble (Aoyama et al., 2018; Bozzano and Dente, 

2001; Zhen et al., 2019) and dense bubble two-phase (Besagni and Inzoli, 2016a) system. In recent 

years, some experiments have also been performed to study the aspect ratio of bubbles rising in a 

line (Li et al., 2017a), in bubbly or dense flow in the two-phase batch mode (Besagni and Inzoli, 

2019).  
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Based on the literature as mentioned above, this study aims to explore the effect of dispersed gas 

and continuous slurry velocities, particle concentration, and particle size on the BSD and bubble 

aspect ratio in a counter-current microstructured slurry bubble column in the presence and absence 

of the surfactant. In addition, empirical correlations are proposed for the Sauter mean bubble 

diameter and BSD function parameters as a function of the operating and physical properties of 

the system. An attempt is also made to develop a correlation for the aspect ratio based on the 

important dimensionless groups. Some important studies regarding the bubble size measurement 

in the three-phase and two-phase systems with their experimental conditions are given in Table 

4.1 and Table 4.2, respectively.  
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Table 4.1 Some important literature on bubble size measurements in the three-phase system. 

System Type of 
column  

Operatio
n mode 

Experiment
al condition 

Sparger Technique Remarks and correlations  Author 

Liquid: water and 
glycerol (5 – 50 
vol.%, , solid: glass 
beads 

Cylindric
al, dc: 
0.15 m, 
Lc: 1.2 – 
3.2 m 

Co-
current 
up flow 

usg: 0.01 – 
0.08 m/s, ul: 
0.001 – 
0.05 m/s, P: 
0.1 MPa, T: 
293.05 K, 
dp: 56 – 460 
m, l: 1.20 
– 6.60 
mPa.s, l: 
72.4 – 68.8 
mN/m, l: 
1012 – 
1127 
kg/m3)) r/R: 
0, 47, and 
67 mm 

Multi-
nozzle 
gas 
distributor 
(dpore: 2.6 
mm, 8 
nozzles) 

Dual-
electroresisti
vity probe 

The influence of particles on 
bubble is insignificant as dp 
reduces or the liquid 
viscosity increases. Addition 
of particles at low usg BSD 
widens and flow pattern 
changes from homogeneous 
to heterogeneous. 

2

32

59.0












g

DV

g
d


 

 

Fukuma et 
al. (1987) 

Gas: N2, liquid: 
water, solid: glass 
beads  

2D 
column, 
Lc: 2.16 
m, w: 
0.56 m,  

Semi-
batch 
and 
continuo
us mode 
(co-
current)  

usg: 0 – 
0.00046 
m/s, ul: 
0.0122 – 
0.078 m/s, 
P: 0.1 MPa, 
T: 293.05 
K, Two and 
three-phase 
system, dp: 
88 – 2700 

Multi-
nozzle 
gas 
distributor 
(dpore: 4 
mm, 13 
nozzles) 

Image 
analysis  

BSD obtained in semi-batch 
and continuous mode 
follows the log-normal 
distribution. In the case of 
the small particle system, 
bubble behavior is the same 
as that of the two-phase 
system. In the case of the 
large particle system, broad 
BSD occurs. An increase in 
usg increases d32 while 
decreases by increasing the ul 

Luewisutthi
chat et al. 
(1997) 
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m, p: 
2500 kg/m3 

(for dp: 500 m and 2700 
m). The effect of particle 
size range was different for 
each particle size range. 

Gas: N2, liquid: 
Paratherm NF, 
solid: alumina  

Cylindric
al, dc: 
0.102 m, 
Lc: 1.37 
m 

semi-
batch 

usg: 0 – 
0.045 m/s, 
ul: 0 m/s, P: 
0.1 – 5.6 
MPa, T: 
301 – 351 
K, dp: 100 
m, p: 
2440 kg/m3, 
h0: 0.5 m, 
s: 0.081 – 
0.191 

Perforated 
sparger 
(dpore: 1.5 
mm, 120 
holes) 

Fiber-optic 
probe 

Elevated pressures lead to 
smaller db and narrower 
BSD. db increases 
significantly with increasing 
ws at ambient pressure, while 
at high pressures, this effect 
is less pronounced. 

Luo et al. 
(1999) 

Gas: air, liquid: 
water-fiber slurry 

Cylindric
al 
column, 
Lc: 0.15 – 
0.4 and 
1.15 – 
1.40 m 

Co-
current 
up flow  

usg: 0.01- 
0.04 m/s, ul: 
0.01 – 0.02 
m/s,  
ws: 0 – 1.5 
wt.%, P: 
0.1 MPa, T: 
298.15 K 

Sintered 
polyethyl
ene 
aerator 
(dpore: 50 
m) 

Flash X-ray 
radiography 

Bubbles are divided into db < 
10 mm or db > 10 mm. BSD 
is characterized by a 
lognormal distribution. 
Large bubble size and 
population increases with 
column height, usg, and fiber 
concentration.  

Heindel 
(2002)  

Gas: nitrogen, 
liquid: slurry, 
surfactant: 
Dowfroth 250 (cf: 
30 ppm) 

Cylindric
al 
flotation 
column, 
dc: 0.05 
m, Lc: 
not given 

Co-
current 
up flow 

usg: 0.012 
m/s, Qsl: 
0.0108 l/s, 
flotation 
cell consists 
of a 150-
mm 
diameter 

Not given Photographic 
technique 

The d32 in the froth increases 
with increasing height above 
the froth-pulp interface. The 
major increase in d32 occurs 
with particles of the lowest 
contact angle. In the 
presence of particles with 
strong hydrophobicity, 
bubbles coalesce more 

Ata et al. 
(2003) 
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stirred 
vessel 
connected 
to a 50 mm 
diameter, 
Silica (d50: 
5 m), 
glass sphere 
(d50: 68 m, 
d80: 82 m), 
glass 
particle of 
different 
hydrophobi
city (500, 
660 and 
820), ws:  
7.5 wt.%, 
P: 0.1 MPa, 
T: 298.15 K 

rapidly than in the presence 
of the moderately 
hydrophobic particle, but 
less rapidly than in the 
presence of the weakly 
hydrophobic particles. The 
rate of change in the d32 is 
highest with the weakly 
hydrophobic particles and 
lowest in the case of the 
intermediate hydrophobic 
particles. 

Gas: air, liquid: 
wastewater, an 
aqueous solution of 
carboxymethylcell
ulose,  solid: glass 
bead 

Three-
phase 
circulatio
n 
fluidized 
bed, 
cylindric
al, dc: 
0.102 m, 
Lc: 3.5 m 

Three-
phase 
circulati
on, riser 
column, 
gas-
liquid-
solid 
separator 
and solid 
recycle 
device 

usg: 0.01-
0.07 m/s, 
usl: 0.17-
0.23 m/s, , 
dp: 1000 
m, p: 
2500 kg/m3, 
circulation 
rate: 2.0 
kg/m2.sec, 
l: 72.9 – 
73.6 mN/m, 
l: 1000 – 

Not given Dual 
electrical 
resistivity 
probe 

BSD is measured in the riser 
of the three-phase circulatory 
fluidized bed. The db 
increased with increasing gas 
velocity and liquid viscosity, 
while decreases with 
increasing liquid velocity. 
BSD widens with increasing 
gas velocity or liquid 
viscosity. 

Son et al. 
(2007) 
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1003 
kg/m3), l: 
0.96  38 
mPa·s, P: 
not given, 
T: not given 

Gas: air, liquid: 
water,  solid: glass 
beads  

Cylindric
al, dc : 
0.1 m, 
Lc: 1.50 
m 

Semi-
batch  

usg: 0.01 – 
0.064 m/s, 
usl: 0 m/s, 
(dp: 2 – 50 
m, dp, 

average: 17.82 
m, p: 
2200 
kg/m3), s: 
0  30 %, 
radial 
position 
(r/R) : 0, 
0.4 and 0.7, 
h0: 1 m, 
Mposition: 0.6 
m 

Perforated 
plate 
sparger 
(dpore: 1 
mm, 100 
holes) 

Four 
channels 
dual-tip 
conductivity 
probe 

Bubbles are grouped into two 
size classes, small bubbles 
with chord length < 10 mm 
and large bubbles with chord 
length > 10 mm. Increasing 
usg and s increase the bubble 
size and number of large 
bubbles. At low s BSD is 
well predicted by lognormal 
or gamma distributions. The 
effect of r/R on bubble size 
distribution is slight. 

Zhang et al. 
(2008) 

Gas: air, liquid: 
water, solid: 
alumina 

Cylindric
al, dc: 
0.102 m, 
Lc: 1.05 
m 

 usg : 0.013 – 
0.13 m 
(covers 
both bubbly 
and churn 
turbulent 
flow 
regime), usl: 
0 m/s, h0: 
0.90 m, dp, 

Perforated 
plate 
sparger 
(dpore: not 
given)  

Four-point 
optical probe 

With an increase in particle 
concentration, bubble 
frequency decreased, while 
bubble chord length 
increases and the bubble 
chord length distribution 
widens. In both the bubble 
and the slurry bubble 
column, bubble chord 
lengths in the center and wall 

Wu et al. 
(2008) 
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average: 75 
m, cv: 9 – 
25 vol.%, 
P: 0.1 MPa, 
T: 298.15 K 

regions increase with usg. 
Bubble chord length 
increases as usg increases.  
 

Gas: air, liquid: 
slurry, solid: soda 
lime glass sphere  

Cylindric
al, dc: 
0.14 m, 
Lc: 1.50 
m 

semi-
batch 

usg: 0.0325 
– 0.108 
m/s, usl: 0 
m/s,  soda-
lime glass 
spheres (dp- 

average:  425 
–600 m,  
p: 2480 
kg/m3), ws: 
5.0 wt.% 
 

Perforated 
plate 
sparger 
(dpore: 3 
mm) 

Image 
analysis 

Particle addition enhances 
the db, and the effect is less 
significant at higher usg. At a 
fixed initial liquid height, the 
db is higher in the sparger 
zone in comparison to the 
central region. A reduction 
of column aspect ratio 
reports small bubbles. At low 
aspect ratio, BSD is narrow 
in comparison to that of the 
higher aspect ratio. 
 

Lau et al. 
(2010) 

Gas: air, liquid: 
water, solid: glass 
beads  
 

Both 2D 
(w: 0.24 
m, d: 
0.04 m, 
Lc: 1 m) 
and 3D 
column 
(dc: 0.15 
m, Lc: 2 
m)  

semi-
batch 

usg : 0 - 
0.10 m/s 
(for 2D 
column), 
and : 0 - 
0.106 m/s 
(for 3D 
column), 
column, dp, 

average : 108 
m (for 2D 
column), 78 
m (3D 
column), ws 
: 0 -10 

Needle 
sparger 
(for 2D 
column, 
95 
needles, 
dpore: 0.8 
mm), for 
3D 
column 
(559 
needles) 

Four point 
optical probe 

An increase in particles 
volume fraction shifts the 
transition point from 
homogeneous to 
heterogeneous flow to a 
lower gas velocity. BSD 
widen when increasing the 
dispersed phase flow rate for 
all three particles 
concentrations. Addition of 
particle enhances the bubble 
rising velocity, however, it 
has insignificant impact on 
mean bubble chord length.  
 

Hooshyar et 
al. (2010a) 
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wt.% for 
(2D system) 
and 0 -20 
wt.% (for 
3D system), 
usl: 0 m/s 
p: 2500 
kg/m3, P: 
not given, 
T: not given 

 

Gas: air, liquid: 
water, solid: glass 
beads 

Cylindric
al, dc: 
0.07 m, 
Lc:  1.5 
m 

Semi-
batch  

usg: 0.02 – 
0.05 m/s, 
usl: 0 m/s, 
dp: 100 m, 
p: 2500 
kg/m3, P: 
0.1 MPa, T: 
298.15 K, 
cv: 0.05 – 
0.36 vol.% 

Perforated 
plate 
(dpore: 1 
mm, 95 
holes) 

Ultrafast 
electron 
beam X-ray 
tomography 

As usg increases, transitions 
from homogeneous to 
heterogeneous and churn-
turbulent regimes are 
observed. The d32 increases 
with usg. The addition of 
particles leads to bubble 
coalescence at low 
concentration and usg. 

Rabha et al. 
(2013b) 

Gas: He/ N2, 
liquid: molten wax, 
solid: iron catalyst 

Cylindric
al, dc: 
0.29 m, 
Lc: 3 m 

Semi-
batch 

usg: 0.1 -0.3 
m/s, usl: 0 
m/s, P: 4 – 
31 bar, T : 
380 – 500 
K, ws: 0 -45 
wt.%, p: 
3380 kg/m3, 
dp, average: 81 
m) 

Spider 
sparger 
(dpore: 5 
mm, 108 
orifices) 

Dynamic 
Gas 
Disengagem
ent (DGD) 

Reported correlation for 
large diameter bubbles. The 
d32 of gas bubbles increased 
with increasing the 
concentration of particles. 
The d32 decrease with 
increasing temperature.  

Sehabiague 
et al. (2015) 

Gas: air, liquid: 
slurry, solid: 
quartz, talc 

Cylindric
al 
flotation 

 usg: 0.01 
m/s, usl: 
0.101 – 

Frit-and-
sleeve 
sparger 

Image 
analysis 
(bubbles 

d32 and BSD are higher and 
wider in three-phase than 
the two-phase system.  

Vazirizadeh 
et al. (2016) 
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column, 
dc: 0.056 
m, Lc:  
6.50 m 

0.404 m/s,  
surfactant 
(polyglycol, 
F150, cf: 5 
– 25 ppm), 
ws: 0 – 4 
wt.% 

consist of 
porous 
stainless 
steel ring 
(dpore: 10 
μm, 
sparger 
diameter: 
0.025 m, 
length: 
0.04 m) 

sampled in 
bubble 
viewer) 

Gas: air, liquid: 
water, solid: sludge 

Cylindric
al 
column, 
dc: 0.09 
m, Lc: 
1.75 m, 

Semi-
batch 

usg: 0.005 – 
0.07 m/s, 
usl: 0 m/s, 
sludge 
mixed with 
suspended 
particle 
(1.082 to 
10.82 g/L), 
h0: 1.30 m, 
P: 0.1 MPa, 
T: 293.15 K 

Perforated 
plate 
sparger 
(dpore: 0.5 
mm) 

Dual-tip 
electro 
resistivity 
probe 

An increase in sludge 
concentration resulted in an 
increase in the bubble chord 
length. 

Jamshidi 
and 
Mostoufi 
(2017) 

Gas: air, liquid: 
water, solid: glass 
beads  

Rectangu
lar 
column, 
Lc: 1.40 
m, w: 0.2 
m, d: 
0.05 m 

Semi-
batch 

usg: 0.05 – 
0.30 m, cv: 
0 – 40 
vol.%, dp: 
0.25 mm, 
p: 2400 
kg/m3, 
average 
dispersion 
height 

Sparger 
(lengh: 
0.1 m, 
width: 
0.05 m, 
dpore: 1 
mm, 50 
holes) 

Dual–tip 
voidage 
(conductivity
) probes 

As particle holdup and usg 
increase, the chord length of 
the bubble increases.  

Tyagi and 
Buwa 
(2017) 
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maintained 
at 0.90 m 

Gas: air, liquid: 
water and aqueous 
solution of SDS 
(anionic) and 
Tween 20 (non-
ionic) surfactant), 
solid: coal 

Rectangu
lar 
column, 
Lc: 0.63 
m, w: 
0.19 m, 
d: 0.03 m 

Semi-
batch 

usg: 0.008 -
0.040 m/s, 
usl: 0 m/s, 
ws: 0.2-0.8 
wt.%, P: 
0.1 MPa, T: 
298.15 K, 
AR: 3 , 7.8, 
, cf: 0 – 6 
ppm, dp, 

average: 242. 
72 m, 
408.31 m 

Cylindric
al sparger 
(dpore: 20 
m) 

Photographic The db and BSD increased 
and widens, respectively 
with axial distance from the 
sparger and usg. BSD is wider 
in three-phase in comparison 
to the two-phase system. 
BSD is approximated by beta 
(air-slurry-Tween 20), log-
logistic (air-slurry-SDS), and 
Weibull (air-slurry).  
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Prakash et 
al. (2019) 

Gas: air, liquid: 
aqueous  solution 
of DF250 
surfactant, solid: 
quartz  

dc: 0.027 
m, Lc: 
2.50 m 

Continu
ous  

usg: 0.001 
m/s, usl: 
0.002 m/s, , 
P: 0.1 MPa  
T: 295.15 
K, cf: 3.8 
154.80 
ppm, dp, 

average: 41.6, 
199, 254.5, 
345.5 m, 
p: 2650 
kg/m3, ws: 
10 % wt.% 

Stainless-
steel 
porous 
sparger 
(porous 
tube with 
15 mm 
diameter, 
30 mm 
length, 
and 2.3 
mm wall 
thickness) 

Image 
analysis 

The db was measured before 
they entered the column. The 
db decreased quickly at first, 
then slowly at higher 
surfactant dose, tending to a 
constant value. 

Seger et al. 
(2019) 
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4.2. Experimental facility  

4.2.1. Description of the experimental setup  

The schematic diagram of the experimental apparatus is illustrated in Fig. 4.1. The column used 

for the current study was made of a Perspex sheet with a length, width, and depth of 0.63 m, 0.19 

m, and 0.03 m, respectively. All the experiments were performed in a counter-current mode, with 

slurry as the continuous phase, while the air was the dispersed phase with and without surfactant. 

The ranges of dispersed gas velocities and slurry velocities, particle concentration, and particle 

size were 0.011 – 0.075 m/s, 0.018 – 0.057 m/s, 0.5 – 3.0 wt. %, and 61.30 – 517.0 m, 

respectively. Methyl Isobutyl Carbinol (MIBC) (purity > 98.0%) provided by Tokyo chemical 

industry corporation limited was used as a surfactant. The flow rate of the slurry was measured by 

the digital electromagnetic flowmeter (Adept Fluidyne, MagFlow 6410) in a range of 0 – 15 L/min 

and accuracy  0.5%. Air was supplied by the compressor, and a calibrated air rotameter was used 

to measure the flow. The airflow was controlled and maintained using the needle valve. The air 

bubble in the column was produced by the stainless steel cylindrical porous sparger (supplied by 

TFI filtration, India). The inner and outer diameter and length of the sparger were 0.01 m, 0.014 

m, and 0.175 m, respectively, and the pore size was 20 m. The physical properties of the slurry 

system are given in chapter 2 (as Table 2.2 and Table 2.3). The Morton number of the slurry and 

uncertainty analysis of measured quantities are given in Table 4.2 and 4.3, respectively.  

 

 

 

 

 

Fig. 4.1. Schematic of the experimental arrangements. 

Table 4.2 Physical properties of the slurry and their composition. 
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Material Average particle 
diameter, dp (µm) 

Particle concentration, ws 
(wt. %) 

log10 (Mo) 

 
Slurry 

 
242.72 

0.5 10.987 
1.0 10.977 
2.0 10.960 
3.0 10.957 

Water   10.937 
Air   

 

Table 4.3 Ranges of uncertainties of the measured quantities. 

Quantities Mean, x  STDEV U Ur (%) 
d32 (without surfactant) 1.76 – 2.54 5.17  10-2  

 5.33  10-2  
2.99  10-2  
 3.08  10-2  

1.18  1.75 

d32 (with surfactant) 1.78 – 2.50 2.52  10-2   
5.0  10-2  

1.45  10-2    
2.89  10-2  

0.81 1.16 

usg 9.59  10-3  
4.23  10-2  

9.06  10-4 – 
1.53  10-3 

3.70  10-4  
6.26  10-4 

8.74  10-1 – 
6.54 

usl 1.66  10-2  –  
5.70  10-2 

1.71  10-3 – 
1.92  10-3 

6.47  10-4 
– 7.26  10-4 

1.27 – 3.89 
 

 

4.2.2. Image analysis procedure 

In spite of various bubble size measurement techniques, a precise assessment of the bubble size in 

a wide range of experimental conditions is complicated due to the advantage and disadvantages 

associated with each measurement technique. In the current experiment, the bubble diameter was 

obtained by the photographic method. A digital camera (make: Sony, model: DSC H300, 20.1 

megapixels) was placed at a distance of 300 mm from the front section of the microstructured 

column. A halogen lamp (500 w, Havells) was used for the illumination purpose and focused on 

the measurement location. A black sheet was used behind the column to achieve better contrast 

and superior images. About 5 – 10 images were taken for each experimental condition, and out of 

these images, the best quality image was selected and used to analyze by the image analysis 

software (Digimizer, V 2.0). The images were enhanced with the help of software that allows us 

to distinguish and mark the boundaries of the bubbles. About 150 – 250 bubbles were marked for 
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each experimental condition to quantify the Sauter mean bubble diameter. The variation in the 

number of bubbles marking was attributed to the absence of a proper visualization of the bubble 

boundaries with higher particle concentration (at ws > 2.0 wt. %). A total number of approximately 

59000 bubbles were marked for the complete analysis in this experimental study. It is a well-

known fact that not all bubbles are spherical, some bubbles are ellipsoid in shape. Spherical 

bubbles were marked directly using the image analysis software (as shown in Fig. 4.2), while 

measuring the size of the ellipsoidal bubble, the major (db, max), and the minor (db, min) axis of the 

bubbles were measured. The following equation (Eq. 4.1) was used to determine the equivalent 

diameter (deq) of the bubble  

3
min ,

2
max , bbeq ddd              (4.1) 

Sauter mean bubble diameter (d32) of the bubbles was calculated by 








n

i
bii

n

i
bii

dn

dn
d

1

2

1

3

32            (4.2) 

where ni denotes the number of bubbles with diameter dbi. The required number of bins to 

investigate the BSD is a matter of argument in the research publication. As per Sturge's criteria, 

the number of bins can be estimated as (Passos et al., 2015) 

sn c 2log1            (4.3) 

where nc and s denote the number of bins and sample size, respectively. The sample size (s) refers 

to the number of bubbles in a bin. The ranges of experimental uncertainty analysis of quantities 

such as d32, usg, and usl are given in Table 4.3).  
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Fig. 4.2. A typical outline for measuring the bubble size. 

4.3. Results and discussion  

4.3.1. Influence of different variables on the Sauter mean bubble diameter 

This section presents a comprehensive analysis of the impact of different variables such as 

dispersed gas and continuous slurry velocity, particle concentration, particle size, and surfactant 

on the Sauter mean bubble diameter. Some typical images of bubbles in various experimental 

conditions are displayed in Fig. 4.3.  
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Fig. 4.3. A typical snapshot of bubbles in various experimental conditions. 

4.3.1.1. Influence of dispersed phase and slurry velocity on Sauter mean bubble diameter 

Influences of continuous slurry velocity (0.018  usl  0.057 m/s) on Sauter mean bubble diameter 

(d32) at various dispersed gas velocities (0.011  usg  0.075 m/s)  and at fixed particle 

concentration (ws: 0.5 wt.%) and particle size (dp: 242.72 m) are shown in Fig. 4.4a. It is 

perceived that d32 increases as the usg increases, although it decreases with an increase in usl. The 

increase in the bubble size with an increase in the usg is mainly due to the bubble coalescence 

(Zhang et al., 2008). Bubble coalescence theory reports bubbles of different diameters will have 

different rise velocity due to the buoyant force, which causes a collision of bubbles and coalescence 

occurs (Shukla et al., 2008). The random motion of bubbles causes turbulence, which also 

promotes collision. Azad and Syeda (2006), reported the mechanism of bubble coalescence, this 
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occurs by three approaches, a collision of the bubble and entrapment of liquid between them, 

flattening of the bubble, and drainage of trapped liquid and then coalescence of the bubble. In the 

counter-current flow arrangement, as the usl increases, the drag on the rising bubbles increases, 

which reduces the rising velocity of the bubbles. As a result, the bubble size decreases. Variations 

in the rising velocity also intensify the rate of bubble coalescence (Shukla et al., 2008; Yoshida et 

al., 2013). A similar result is observed by Luewisutthichat et al. (1997), where they reported that 

the increase and decrease in the d32 with usg and usl, respectively, in the counter-current three-phase 

(glass beads of dp: 500 and 2700 m) bubble column. The d32 decreases from 2.09 to 1.57 mm, 

(approximately 24.95%, at usg: 0.011 m/s) as the usl increases from 0.018 to 0.057 m/s. Similarly, 

the decrease in d32 is around 23.70% (at usg: 0.075 m/s) in the same range of change in usl. So, it 

can be deduced that the impact of an increase in gas velocity on d32 is more prominent 

than that of an increase in the slurry velocity. 

4.3.1.2. Influence of particle concentration on Sauter mean bubble diameter 

The effects of particle concentration (ws: 0.5 – 3.0 wt.%) on d32 at a different dispersed gas 

velocities (0.011  usg  0.075 m/s) and at fixed continuous slurry velocity (usl: 0.057 m/s) and 

particle size (dp: 517.0 m) are shown in Fig. 4.4b. It is noted that the rise in particle concentration 

results in an increase in the d32. The increase in the d32 is attributed to the increase in the apparent 

viscosity of the slurry with an increase in the particle concentration. The increase in viscosity 

enhances the bubble coalescence, and hence the d32 increases. According to Behkish et al. (2007), 

the increase in particle concentration shortens the liquid drainage time between the gas bubbles 

and promotes the bubble coalescence. It is well known that the increase in the degree of viscosity 

of fluids affects the bubble size in the gas-liquid-solid dispersion. Even little magnitudes of 

enhancement in system viscosity can have a significant effect. Increased viscosity augments the 

bubble coalescence behavior of the system, which increases the bubble size. The difference in the 

rising velocity of various size bubbles also leads to intensified bubble coalescence (Shukla et al., 

2008), therefore bubble size enlarges. An increase in the liquid viscosity not only alters the shape 

of the bubbles, but also affects the bubble trajectories as well as the rising velocity of the bubble 

(Xu et al., 2017). The minimum and maximum d32 were observed to be 1.44 mm (at usg: 0.011 m/s 

and ws: 0.5 wt. %) and 4.09 mm (at usg: 0.075 m/s and ws: 3.0 wt. %), respectively.   

4.3.1.3. Influence of particle size on Sauter mean bubble diameter 
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From the literature review, it has been seen that the particle size is an important parameter that 

influences the bubble size behavior in a counter-current gas-slurry flow. The effect of particle size 

(61.30  dp  517.0 m) on d32 at different dispersed gas velocities (0.011  usg  0.075 m/s)  and 

fixed particle concentration (ws: 0.5 wt.%) and continuous slurry velocity (usl: 0.034 m/s) is 

demonstrated in Fig. 4.4c. It is seen that the d32 reduces at all the dispersed phase velocities by 

increasing the particle size. Adding larger particles increases the bubble coalescence time, which 

lowers the coalescence rate. Another possible reason for the reduction in d32 is a reduction in slurry 

viscosity with an increase in the particle size. Attractive particle interaction is the reason for the 

higher viscosity in the case of the smaller particle size compared to that of the coarser particle 

(Kawatra and Eisele, 1988b; Senapati et al., 2009; Zhou et al., 1993). The d32 reduces from 2.49 to 

1.50 mm (at usg: 0.011 m/s), which is a reduction of about 39.69% when the particle size increases 

from 61.30 to 517.0 m. Similarly, at a dispersed gas velocity (usg: 0.075 m/s), the decrease in the 

d32 is approximately 34.87% when the dp increases from 61.30 to 517.0 m.  

4.3.1.4. Comparison of Sauter mean bubble diameter with and without particle and 

surfactant  

The influences of the presence and the absence of particle and surfactant on Sauter mean bubble 

diameter is shown in Fig. 4.4d. It is noticed that the Sauter mean bubble diameter in the two-phase 

(air-water) is smaller than that of the three-phase system (in both the presence and absence of 

surfactant). As expected, in the three-phase system, the Sauter mean bubble diameter without 

surfactant is larger than that in the presence of surfactant. At a dispersed gas velocity (usg: 0.011 

m/s), the Sauter mean bubble diameter increases from 2.03 (air-water) to 2.09 mm (air-water-solid, 

with surfactant), that is approximately an increase of 3.12%. Similarly, the Sauter mean bubble 

diameter increases from 2.09 (air-water-solid-surfactant) to 2.25 mm (air-water-solid, without 

surfactant); the increase is about 7.42% at a dispersed gas velocity of 0.011 m/s. When the Sauter 

mean bubble diameter in the air-water system is compared with air-water-solid (without 

surfactant), the increment is approximately 10.78%. Similarly, Sauter mean bubble diameter at a 

dispersed gas velocity (usg: 0.075 m/s), increases from 3.32 (air-water) to 3.46 (air-water-solid, 

with surfactant) and to 3.59 mm (air-water-solid, without surfactant), the increment is 

approximately 4.22% and 3.59%, respectively. The increase in the Sauter mean bubble diameter 
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was about 7.97% when 61.30 m particle sizes added to the air-water system at a dispersed gas 

velocity of 0.018 m/s.  
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Fig. 4.4 Influence of: (a) continuous slurry and dispersed gas velocity on d32, (b) slurry 

concentration on d32, (c) particle diameter on d32, and (d) comparison of d32 in the presence and 

absence of particle and surfactant. 

4.3.1.5. Sauter mean bubble diameter correlation  

The literature lacks the reports of the influence of various variables such as particle concentration, 

particle size, dispersed gas, and continuous slurry velocity on d32 in the three-phase counter-current 

bubble column. However, some experiments have been performed in the two-phase counter-

current cylindrical bubble column (Besagni et al., 2014). To check the scope of validity range of 
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this experimental result (at usl: 0.018 m/s, dp: 63.01 m, ws: 0.5 wt.%), the current experimental 

values are compared with the experimental data from Besagni et al. (2014) (two-phase counter-

current system, experimented at ul: 0.04, 0.08, and 0.11 m/s)  and Prakash et al. (2019) (semi-batch 

microstructured slurry bubble column, at different ws: 0.2, and 0.8 wt. %, dp: 242.72 and 408.31 

µm, with and without surfactant) (as shown in Fig. 4.5a). It is observed that the experimental values 

of Besagni et al. (2014) (at ul: 0.08 m/s) and Prakash et al. (2019) (at ws: 0.8 wt. %, 242.72 µm, 

SDS 3 ppm) lie below the current experimental d32. The experimental values of Besagni et al. 

(2014) at usg: 0.02, 0.03, and 0.04 m/s (for ul: 0.04 m/s) are close to the present experimental values 

whereas at usg: 0.01, the d32 value is less than the experimental value. For ul: 0.11 m/s (at usg: 0.020 

m/s), the experimental value of Besagni et al. (2014) is close to the present experimental value of 

d32, but at usg: 0.011and 0.040 m/s, the deviation in values from experimental data is very large. 

Consequently, it is deduced that there is a lack of a robust correlation that can accommodate all 

essential parameters that can precisely interpret the experimental d32 values. To accurately predict 

d32 for current experimental conditions, it is essential to develop a new empirical correlation. The 

proposed correlation (based on 557 sets of experimental data) for d32 is as follows   
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The ranges of validity of the correlation (Eq. 4.4) is: 177.4/193.0  slsg uu ; 

190.41/111.0 2  sgp ugd ; 480.2/187.0 2  slcslsl σduρ ; and 0.11970.0  sw . The absolute 

average relative error (AARE) between experimental and predicted Sauter mean bubble diameter 

using Eq. (4.4) is 2.52%. The correlation (Eq. 4.4) is reliable for interpreting the Sauter mean 

bubble diameter in the error range of  19.88%. Parity of experimental and predicted (from Eq. 

4.4) Sauter mean bubble diameter with a correlation coefficient of 0.99, and a standard error of 

0.132 is given in Fig. 4.5b.  
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Fig. 4.5 (a) Comparison of the experimental d32 with literature values and (b) parity of predicted 

d32 with the experimental values in the three-phase system. 

Some typical values of d32 are given in Table 4.4. 

Table 4.4 Some typical values of Sauter mean bubble diameter in the various experimental 

condition.  

System Superficial 
slurry 
velocity, usl  
103 (m/s) 

Superficial 
gas velocity, 
usg  103  
(m/s) 

Particle 
concentration, 
ws (wt.%) 

Particle 
diameter, 
dp (m) 

Sauter mean 
bubble 
diameter, d32 
(mm) 

Air-water-
particle 
(without 

surfactant) 

17.83 11.10 0.5 61.30 2.25 
17.83 42.80 0.5 61.30 3.158 
17.83 74.50 0.5 61.30 3.587 
33.69 26.95 0.5 61.30 2.950 
49.54 58.65 0.5 61.30 3.129 
57.46 74.50 1.0 61.30 3.221 
49.54 11.10 2.0 61.30 2.614 
33.69 26.95 3.0 61.30 3.060 
57.46 26.95 0.5 242.72 2.011 
17.83 11.10 1.0 242.72 2.459 
49.54 74.50 3.0 242.72 3.032 
57.46 58.65 2.0 408.31 3.249 
17.83 74.50 3.0 408.31 3.183 
17.83 42.80 0.5 517.0 2.519 
33.69 58.65 1.0 517.0 3.103 
49.54 26.95 2.0 517.0 2.722 
57.46 74.50 3.0 517.0 4.094 
17.83 11.10 0.5 61.30 2.095 
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Air-water-
particle (with 
surfactant) 

33.69 26.95 1.0 61.30 3.119 
49.54 42.80 3.0 61.30 3.274 
57.46 74.50 2.0 408.31 4.181 

Air-water 
17.83 11.10   2.091 
33.69 42.80   2.801 
49.54 42.80   2.694 

 

4.3.1.6. Aspect ratio of gas bubbles 

The ratio of the minor axis and the major axis of the bubble is defined as the aspect ratio () of the 

bubble, which is used to characterize the bubble shape. The  of bubble gradually decreases with 

an increase in Eo. The bubble shape is influenced by the surface tension force, inertial force, 

buoyant force, and viscous force that act on it. These forces can be characterized by a 

dimensionless number such as Reynolds number (Re), Weber number (We), Eötovos number (Eo), 

and Morton number (Mo). Several studies on E has been conducted to enunciate the influence of 

gas velocity and physical properties on it (Aoyama et al., 2018; Besagni and Deen, 2019; Besagni 

and Inzoli, 2019; Huang et al., 2018; Li et al., 2017a; Zhen et al., 2019). Several researchers have 

suggested a correlation for E in terms of Eo (Besagni and Inzoli, 2016a, 2019; Okawa et al., 2003), 

We (Legendre et al., 2012; Raymond and Rosant, 2000; Wellek et al., 1966) and as a function of 

Mo and Re (Fan and Tsuchiya, 1990; Myint et al., 2007; Takahashi et al., 1976), Re and Eo 

(Aoyama et al., 2016; Besagni and Deen, 2019; Tian et al., 2019), We and Re (Raymond and 

Rosant, 2000), Mo and Eo (Bozzano and Dente, 2001), Wi, We, and Re (Acharya et al., 1977; 

Gupta and Wanchoo, 2009). Most of the developed correlations are suggested for a single bubble 

rising in an infinite medium. Few authors have developed a correlation for swarms of gas bubbles 

(Besagni and Deen, 2019; Besagni and Inzoli, 2016a, 2019; Besagni et al., 2017b). The variation 

of  as a function of db at different experimental conditions is shown in Fig. 4.6. Fig. 4.6a – 4.6d 

shows  for the two-phase system in a counter-current mode. At usg = 0.011 m/s and ul = 0.018 

m/s, approximately 47.39% of the bubbles can be approximated as a sphere with 0.19.0   and 

remaining bubbles are in the range of 9.05.0   (as shown in Fig. 4.6a). No bubbles are 

observed below   of 0.5. When the usg increases to 0.075 m/s, with the same value ul = 0.018 m/s, 

the bubbles with 0.19.0   reduces to 42.80%, while the remaining bubbles were in the range 

of 9.05.0    (as shown in Fig. 4.6b). The reduction in the bubble number density is attributed 
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to the distortion of the bubble shape due to an increase of usg. By comparing   at same usg: 0.043 

m/s, but at different ul: 0.034 and 0.057 m/s, it was seen that the bubbles with 0.19.0    are 

48.54% and 41.64%, respectively (as shown in Figs 4.6c and 4.6d). Here also, it has been observed 

that the sphericity of the bubbles reduces as the ul increases in the counter-current mode. Fig. 4.6e 

to 4.6i shows the behavior of  in a three-phase counter-current flow in the presence of MIBC 

surfactant (6 ppm). Figures 4.6e and 4.6f reflect the influence of an increase in particle 

concentration on the  of the bubbles. About 65.09% (at 0.5 wt. %, usg: 0.043 m/s, usl: 0.018 m/s) 

and 51.93% (at 3.0 wt. %, usg: 0.043 m/s, usl: 0.018 m/s) bubbles are in the range of 0.19.0   . 

The increase in particle concentration also reduces the sphericity of the bubbles. Figures 4.6g and 

4.6h show the influence of particle size on the   of the bubbles. It was found that about 54.30% 

(at dp: 150  300 m, usg: 0.043 m/s, usl: 0.050 m/s) and 60.07% (at dp: 300  425 m, usg: 0.043 

m/s, usl: 0.050 m/s) bubbles are present with 0.19.0   . It deduced that with larger particle size, 

the bubble shape distortion is lower in comparison with that of smaller particle size. In the case of 

a particle size dp > 425 m, at usg: 0.075 m/s, usl: 0.075 m/s (Fig. 4.6i), approximately 54.80% of 

the bubbles are with 0.19.0   and remaining was with 9.04.0   . 
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Fig. 4.6 Some typical results of  as a function of db in various experimental conditions: (6a – 

6d) aspect ratio in the two-phase system, (6e – 6i) aspect ratio in the three-phase system. 

4.3.1.7. Aspect ratio correlation 

Several correlations have been suggested to interpret the  of the bubbles in terms of different 

dimensionless groups such as We (Sugihara et al., 2007), Eo (Besagni and Inzoli, 2016a; Li et al., 

2017a; Okawa et al., 2003), Ta (Fan and Tsuchiya, 1990; Vakhrushev and Efremov, 1970) and a 

combination of Re and Eo (Aoyama et al., 2016; Besagni and Deen, 2019; Dong et al., 2010; Tian 

et al., 2019), Mo and Eo (Bozzano and Dente, 2001). An attempt was made to develop the 

correlation by incorporating the multiple dimensionless groups by applying multiple linear 

regression analysis, but it was statistically less significant. Consequently, correlations are 

developed by taking the Eo and Re for the two-phase (without surfactant) (Eq. 4.5) and three-phase 

(with surfactant) system (Eq. 4.6).  

     
)Re795.11(

1
081.043.0207.2Eo

         (4.5) 

              
)Re9.01(

1
08.05.09.2Eo

         (4.6) 

The correlations (Eq. 4.5 and Eq. 4.6) are strictly valid for dense bubbly flow conditions in a 

counter-current mode. The developed correlation for the counter-current two-phase system is 

compared with the published correlations, as shown in Fig. 4.7a. The AARE between the present 

proposed correlation and the available correlations is reported in Table 4.5. It is noticed that the 

correlations of Bozzano and Dente (2001) (for the single bubble motion), Li et al. (2017a) (for the 

methane bubble covered with a hydrating film), Besagni and Inzoli (2016a) (for air-water), Wellek 
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et al. (1966) (for drop), Besagni and Inzoli (2019) (for air-water and air-water-ethanol), and 

Vakhrushev and Efremov (1970) (for a single bubble) fit the present proposed correlation with 

AARE < 15.0%. The correlation proposed by Bozzano and Dente (2001) fits well the current data 

with the AARE of 4.314%. Similarly, the correlation developed for the three-phase is also 

compared with the published correlations, as shown in Fig. 4.7b. For the case of a three-phase 

system, the correlations of Bozzano and Dente (2001), Li et al. (2017a), Wellek et al. (1966), and 

Prakash et al. (2019) (for three-phase batch mode) are close to present developed correlation with 

the AARE < 9.0%. Also, in the three-phase system, the correlation of Bozzano and Dente (2001) 

satisfies well the presently developed correlation with AARE of 1.964%.  
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Fig. 4.7 comparison of the measured  with the available correlations as a function of Eo: (a) for 

the two-phase system and (b) for the three-phase system. 

Table 4.5 Error between the available correlations and the presently developed correlation for the 

two- and three-phases.  

Author  Experimental 
condition 

AARE (%) for 
counter-current air-
water 

AARE (%) for 
counter-current 
three-phase 

Bozzano and Dente 
(2001) 

 4.314 1.964 

Okawa et al. (2003)  58.700 44.443 
Dong et al. (2010)  54.093  
Fan and Tsuchiya (1990)  40.154  
Li et al. (2017a)  12.992 6.717 
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Besagni and Inzoli 
(2016a) 

Air-water, log10 Mo 
(-10.781) 

12.809 20.156 

Besagni and Deen 
(2019) 

log10 (Mo):  -10.8 
and 2.3, single 
bubbles  
and dense bubbly 
flows 

15.424  

Aoyama et al. (2016) Air and the aqueous 
solution of glycerol, 
log10 (Mo): −6.6, 
−5.5, −4.9, and 
−3.9. The 
maximum bubble 
diameter in the 
present experiment 
was 6.11 mm. The 
tank size was, 
therefore, large 
enough to make the 
wall effect on the 
bubble motion and 
shape negligible.  

53.907  

Wellek et al. (1966)  13.539 6.973 
Sugihara et al. (2007)  77.807 65.835 
Besagni and Inzoli 
(2019) 

Air-water, batch 
mode, -10.781 

10.477 (for air-water)  

Besagni and Inzoli 
(2019) 

Air-water-ethanol, 
batch mode, 
(0.05%wt), log10 

(Mo): 10.665 

9.983 (air-water 
ethanol, batch mode) 



Besagni and Inzoli 
(2019) 

Air-water counter-
current mode 

23.078  

Zhen et al. (2019) 
 

For low We (We < 
12) and Mo (Mo < 
3), both viscous and 
surface tension are 
important. Thus the 
bubble shape relies 
on Eo number and 
Re. 

64.999  

Vakhrushev and 
Efremov (1970) 

 11.558  

Prakash et al. (2019)   8.179 
 

4.3.1.8. Grace diagram for the shape of gas bubbles  
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A general graphical shape regime in terms of Eo, Re, and Mo for the bubble in an infinite medium 

is given by Grace (1976) and Clift et al. (1978). This graphical shape regime diagram can be used 

to determine the bubble shape and terminal velocity of the bubbles. The graphical layout was 

developed for the single rising bubble in the infinite medium instead of that for the dense bubbly 

regime. Clift et al. (1978) reported the influence of the column wall on the rising gas bubbles as 

per ratio , which is the ratio of the bubble to the column diameter. If the value of  is less than 

0.6, this reflects an insignificant impact of the wall on the rising gas bubbles, and the bubble can 

be considered as rising in the infinite medium. In the analysis, the maximum bubble size is 11.28 

mm (for the two-phase without surfactant), and the equivalent column diameter is 0.052 m, hence 

as per the relation, the  is 0.22. Consequently, it has a negligible influence of the wall on the gas 

bubbles. The present experimental data for the two-phase (for log10 (Mo) = 10.937) and the three-

phase (for log10 (Mo) = (10.957) 10.987)) system is presented in the grace diagram (as shown 

in Fig. 4.8). It is noticed that the bubbles cover both the spherical and ellipsoidal shape regime.    
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Fig. 4.8 Grace diagram for estimation of a bubble shape (adapted from Prakash et al. (2020)). 
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4.3.1.9. Error in image analysis 

A total of 300 bubbles were marked, and the bubble size was measured. As expected, the relative 

standard deviation (RSD) was observed to be higher for smaller bubbles, and it decreases with a 

larger bubble, as shown in the Supporting Information. It indicates that the smaller the bubble size, 

the higher the estimation error. The present result is consistent with Besagni and Inzoli (2016a) 

and Prakash et al. (2020). The maximum relative standard deviation (RSD) is 6.88%. Selected 

image for error in image analysis and relative standard deviation (RSD) as a function of bubble 

size is shown in Fig. 4.9a and 4.9b, respectively. 
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Fig. 4.9 (a) Selected image for error in image analysis and (b) relative standard deviation (RSD) 

as a function of db. 

4.3.2. Influence of numerous variables on the bubble size distribution 

This section discusses the influences of various variables (i.e., usg and usl, ws, and dp) on bubble 

size distribution (BSD). The BSD is expressed in terms of percentage relative frequency (RF). In 

different environments, the BSD can have different shapes due to operating variables and the 

physical properties of the system. In the research articles, both unimodal (Smith et al., 1996) and 

bimodal (Lau et al., 2013; Parthasarathy and Ahmed, 1994; Wongsuchoto et al., 2003) type of 

BSD has been observed depending on the operating variables and gas distributor design. A 

transition from unimodal BSD to bimodal BSD has been observed with an increase in the 
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superficial gas velocity (Lau et al., 2013; Wongsuchoto et al., 2003). To obtain consistent BSD, 

the number of bubbles taken into consideration is the matter of debate in the research articles 

(Honkanen et al., 2005). Many authors reported sample size of bubbles for BSD analysis is 50100 

(Lage and Espósito, 1999), 100 (Passos et al., 2015), 200 (Wongsuchoto et al., 2003), and 250300 

(Al-Oufi, 2011). In this present analysis, for each system, at least 250 to at most 400 bubbles were 

marked for an individual region. In this present work, all the BSD plots show a unimodal form of 

BSD. In the subsequent section, the bubble diameter is used as the characteristics size for the BSD 

in the slurry system. The subsequent section describes the type of BSD and its prediction. 

4.3.2.1. Bubble size distribution as a function of dispersed gas velocity 

The BSD gives an idea of interfacial forces and interaction among the phases, plays an essential 

role in the determination of the hydrodynamic characteristics of the slurry column (Rabha et al., 

2013b). A typical percentage relative frequency versus bubble diameter result obtained from the 

photographic measurement technique is shown in Fig. 4.10. On the x-axis, the region associated 

with “1.60” represents all bubbles with db ≤ 1.60 mm, and the next region represents bubbles with 

1.60 mm ≤ db ≤ 1.98 mm (Fig. 4.10a). The influences of three different dispersed gas velocities 

(usg: 0.043, 0.059, and 0.075 m/s) on the BSD in the presence of 0.5 wt. % particle concentration, 

0.018 m/s usl, and 242.72 m dp are illustrated in Fig. 4.10a. At a usg: 0.043 m/s, the BSD is 

unimodal with a maximum relative frequency (RF) peak at db: 3.12 mm. The further increase in 

the usg, say at 0.059 m/s, the RF peak moves to the larger bubble diameter (at db: 3.50 mm). With 

a further increase in the usg, say 0.075 m/s, no change in the RF peak is observed. The BSD curve 

shifted towards the large db as usg increases from 0.043 to0.059 m/s; however, further, the rise in 

the usg does not show any appreciable change. In Fig. 4.10a, at a low dispersed gas velocity (usg: 

0.043 m/s), the RF of small bubbles (< 3.50 mm) is approximately 76.77% compared to 46.34% 

and 39.9% at usg: 0.059 m/s and 0.075 m/s, respectively. Fig. 4.10b also shows the influence of usg 

on BSD at usl: 0.034 m/s. The RF of smaller bubbles, say < 3.62 mm is about 96.77%, 73.88%, 

and 75.73% at the usg: 0.043, 0.059, and 0.075 m/s, respectively.  

4.3.2.2. Bubble size distribution as a function of continuous slurry velocity 

The effect of slurry velocity (0.018  usl  0.057 m/s) on BSD at usg: 0.027, dp: 242.72 m, and 

ws: 0.5 wt. % is shown in Fig. 4.10c. It is seen that the BSD is shifted to the small bubble diameters 
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(to the left) when the usl increases from 0.018 to 0.057 m/s. The shifting of the BSD to the small 

bubble is attributed to a reduction in the bubble coalescence rate as the usl increases. In a counter-

current flow arrangement, as the usl increases, the rising bubbles are exposed to a higher drag force, 

which in turn reduces the rising velocity. With a low rising velocity, the intensity of bubble 

collision decreases, leading to a decrease in the bubble coalescence. As the usl increases, the 

turbulence in the column increases, causing the bubble breakup, leading to the generation of small 

bubbles. The maximum RF is at db: 2.85 mm, 2.28 mm, and 1.72 mm at 0.018, 0.034, and 0.057 

m/s usl, respectively.  

4.3.2.3. Bubble size distribution as a function of particle concentration 

Influence of slurry concentration (ws: 0.5, 1.0, and 3.0 wt. %) on BSD at usg: 0.043 m/s and usl: 

0.050 m/s and dp: 242.72 µm is shown in Fig. 4.10d. It is seen that with an increase in the particle 

concentration, BSD is shifting to large bubble diameters. The shifting of the BSD towards the large 

bubble is because of the increase in the bubble size. The apparent viscosity of the slurry increases, 

leading to an increase in the bubble coalescence, and consequently, the bubble size increases. The 

maximum RF peak increases from 2.73 to 3.20 and to 3.66 mm as the slurry concentration 

increases from 0.5 to 1.0 and to 3.0 wt. %, respectively. At particle concentrations (ws: 0.5 wt. %), 

the RF of the bubbles (db < 3.20 mm) is approximately 66.14%, 36.45%, and 12.98% at 0.5, 1.0 

and 3.0 wt. % particle concentration, respectively. The RF of small bubbles decreases by 

increasing the particle concentration. Similarly, Fig. 4.10e shows the effect of particle 

concentration at two different usl: 0.034 and 0.057 m/s and dp: 408.31 m and usg: 0.059 m/s. In 

the case of particle concentration, 0.5 wt. % (at usl: 0.034 m/s), the maximum RF is at db: 2.60 mm, 

while it is 2.92 mm at 1.0 wt. % (at usl: 0.034 m/s) particle concentration. Similarly, at usl: 0.057 

m/s and at 0.5 wt. % particle concentration, the maximum RF is at db: 1.96 mm, while it is 2.28 

mm at 1.0 wt. % particle concentration. At usl, say 0.034 m/s, at db: 2.60 mm, the RF of the bubble 

is approximately 40.26% (at ws: 0.5 wt. %), but it is about 10.96% at 1.0 wt. % particle 

concentration. Similarly, it was 75.92% (at ws: 0.5 wt. %) and 56.60% (at ws: 1.0 wt. %) at usl: 

0.057 m/s.  

 4.3.2.4. Bubble size distribution as a function of particle size 

The influences of three different particle sizes (dp: 242.72, 408.31, and 517.0 µm) on BSD at a 

fixed particle concentration (ws: 0.5 wt. %) and superficial slurry (usl: 0.034 m/s) and dispersed 
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gas velocity (usg: 0.075 m/s) are shown in Fig. 4.10f. It is seen that with a decrease in the particle 

size, BSD shifts to a large bubble diameter. It is attributable to an increase in the bubble diameter 

with a decrease in particle size. At a fixed quantity of the particle, if the particle size is reduced, 

the net result is an increase in the particle count; consequently, slurry viscosity increases. The 

apparent viscosity of the slurry is more in small particle size because of a more attractive particle 

interaction (Kawatra and Eisele, 1988b). A system with a smaller particle size produces larger 

diameter bubbles (Ojima et al., 2015; Sarhan et al., 2018c). According to Sarhan et al. (2018c), the 

presence of larger particle size, the bubble coalescence rate decreases, which can be attributed to 

the coalescence of gas bubbles in the presence of larger particles, takes more time in comparison 

to small particles. The maximum RF of the bubbles is at db: 3.52 mm, 3.10 mm, and 2.67 mm in 

the presence of 242.72, 408.31, and 517.0 m particle sizes, respectively. The RF of bubbles at db 

< 3.52 mm is approximately 91.08%, 82.18%, and 48.53% at 517.0, 408.31, and 242.72 m 

particle size, respectively. Figure 4.11g also reports the influence of particle size on BSD at usl: 

0.018 m/s, usg: 0.059 m/s, and ws: 0.5 wt. %. It is observed that BSD shifts to a larger bubble 

diameter as the dp decreases from 517.0 to 242.72 m. The RF of bubbles at db < 3.62 mm is 

51.88% (at dp = 242.72 m), 87.87% (at dp = 408.31 m), and 92.67% (at dp = 517.0 m). The 

maximum RF of the bubbles is at 3.62 mm, 3.18 mm, and 2.73 mm at 242.72 m, 408.31 m, and 

517.0 m, respectively. 
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Fig. 4.10 (a) BSD as a function of (a) dispersed gas velocity (at ws: 0.5 wt.%, usl: 0.018 m/s, dp : 

242.72 m), (b) dispersed gas velocity (at ws: 0.5 wt.%, usl: 0.034 m/s, dp: 242.72 m), (c) 

continuous slurry velocity (at ws: 0.5 wt.%,  usg: 0.027 m/s, dp: 242.72 m), (d) slurry concentration 

(at usl: 0.050 m/s,  usg: 0.043 m/s, dp: 242.72 m), (e) slurry concentration (at usg: 0.059 m/s, dp: 
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408.31 m), (f) particle size (at ws: 0.5 wt.%, usl: 0.034 m/s, usg: 0.075 m/s), and (g) particle size 

(at ws: 0.5 wt.%, usl: 0.018 m/s, usg: 0.059 m/s). 

4.3.2.5. Prediction of BSD  

In the current study, the size of the experimentally measured bubble was analyzed using the 

STAT::FIT software. It was observed that the log-logistic distribution function describes the BSD 

well with the least error in all sets of values. The goodness of the fit for BSD is decided based on 

the statistical analysis of chi-squared, Kolmogorov Smirnov, and Anderson Darling test. The log-

logistic probability density function is represented by 
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where F(db),  and  denote the bubble distribution function, the bubble shape parameter and the 

bubble scale parameter, respectively. The cumulative distribution function (CDF) for log-logistic 

BSD can be expressed as 
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The previous article reports the log-logistic BSD function (in air-water-SDS (surfactant)-particle 

(dp: 150 – 425 µm)) (Prakash et al., 2019). However, other experimental conditions follow the 

Weibull and Beta distribution. Other researchers reported a log-normal BSD function 

(Luewisutthichat et al., 1997). The type of BSD in two (air-water) and the three-phase (air-water 

+ MIBC + solid) system follow the log-logistic BSD. Typical results for three and two-phase BSD 

fitting are shown in Figs. 4.11a and 4.11b, respectively.  
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Fig. 4.11 Typically fitted bubble size distribution: (a) three-phase, best fit: LogLogistic (at usl: 

0.050 m/s, usg: 0.075 m/s, dp: 242.72 m, and ws: 3.0 wt. %) and (b) two-phase, best fit: 

LogLogistic (at usl: 0.057 m/s, usg: 0.075 m/s, and ws: 0 wt. %). 

Developed correlation for the bubble shape parameter (for the three-phase with MIBC) is 

represented by  
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The range of validity of the correlation (Eq. 4.9) follows: 

 480.2/231.0 2  slcslsl du  ; 190.41/429.0 2  sgp ugd ;  0.11970.0  sw ; 

044.37/366.5  slpslsl du  . Experimental values of the bubble shape parameter satisfy the 

correlation (Eq. 4.9) with a correlation coefficient of 0.90 and a standard error of 0.079, 

respectively. The recommended correlation for the scale parameter () is represented by 
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The correlation (Eq. 4.10) successfully interprets the experimental values with a correlation 

coefficient and standard error of 0.85 and 0.047, respectively. The correlation ranges are the same 

as for Eq. 4.9. Similarly, for the two-phase system, the correlations are developed for the bubble 

shape parameter () and the scale parameter (). The suggested correlation for  can be expressed 

as 
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The suggested correlation for the interpretation of the bubble shape parameter in the two-phase 

system is suitable for predicting experimental values with a standard error and a correlation 

coefficient of 0.105 and 0.90, respectively. The correlation ranges (for Eq. 4.11) for the different 

parameters are as follows: 315.4/416.0 2  llcsldu  ; 476.4122/444.91 2  sgc ugd . The 

correlation developed for   (two-phase) is given by 
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Equation 4.12 interprets the bubble scale parameter for two-phase with 0.171 as the standard error 

and 0.97 as the correlation coefficient. The range of variables of correlation (Eq. 4.12) is the same 

as for the parameter  (Eq. 4.11). Parity of experimental and predicted log-logistic cumulative 

distribution function (CDF) is shown in Figs 4.12a, 4.12b, and 4.13c. Experimental (calculated 

from Eq. 4.8) and predicted (calculated from Eq. 4.8 by incorporating Eq. 4.9 and 4.10) values of 

CDF obey the AARE of 18.87% (at ws: 0.5 wt. %) and 18.30% (at ws: 1.0 wt. %) as shown in Fig. 

4.12a. In Fig. 4.12b, the AARE is 29.67% (at ws: 0.5 wt. %, dp: 408.31 m) and 8.32% (at ws: 1.0 

wt. %, dp: 408.31 m). Similarly, for the two-phase system, the predicted values are evaluated by 

incorporating Eq. (4.11) and Eq. (4.12) into Eq. (4.8). Figure 4.12c shows the parity of CDF in the 

air-water system at various experimental conditions. The AARE is 8.74%, 27.16%, and 28.12% at 

0.011, 0.043, and 0.075 m/s dispersed gas velocity, respectively. 
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Fig. 4.12 Parity of cumulative distribution function in various experimental conditions: (a) at dp: 

242.72 m at 0.5 and 1.0 wt. % particle concentration, (b) at dp: 408.31 m at 0.5 and 1.0 wt. % 

particle concentration, and (c) air-water system (at ws: 0 wt. %). 

4.4. Conclusions 

The present work reports an experimental study of the bubble size and its distribution and aspect 

ratio in a counter-current microstructured slurry column in the presence and absence of a 

surfactant. In-depth analysis is carried out to enunciate the influence of physical properties, 

operating, and dynamic variables on hydrodynamics characteristics. Based on the experimental 

result, the following conclusions can be drawn: 
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 Sauter mean bubble diameter decreases with an increase in the continuous slurry velocity 

and particle size, while it increases as the dispersed gas velocity and particle concentration 

increase.  

 The aspect ratio of the bubble gradually decreases with an increase in Eötovos number. 

Here also, it has been observed that the sphericity of the bubbles reduces as the dispersed 

gas and continuous slurry velocity and particle concentration increase. In the presence of 

the large particle size, the bubble shape distortion is low compared to that of the small 

particle size.  

 Bubble size distribution in the two- and three-phase systems (with and without surfactant) 

satisfactorily follow the log-logistic distribution function.  

 Bubble size distribution became wider and shifted towards the larger bubble diameter as 

the particle concentration and dispersed gas velocity increased, whereas it was narrower 

and moved to a smaller bubble size with an increase in the continuous slurry velocity and 

particle size.  

 New empirical correlations were proposed for the prediction of Sauter mean bubble 

diameter, bubble aspect ratio, and bubble size distribution function parameters. The 

proposed correlations satisfactorily fit the experimental values well within the error range 

of  20% and AARE less than 20%.  

The present experimental analysis will be useful for improving the processes of three-phase 

counter-current flow columns, for intensifying in the chemical engineering process related to the 

multiphase system. 
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Chapter 5 

Dispersion Characteristics and Its Analysis 

This chapter aims to quantify the degree of axial and transverse slurry dispersion in the counter-

current microstructured slurry bubble column within the ranges of particle concentration 0.5 – 

3.0 wt. %, particle size 63 – 408 m, superficial gas velocity 0.011 – 0.074 m/s, and slurry velocity 

0.018 – 0.058 m/s. A model was developed to interpret the intensity of the dispersion based on 

liquid turbulence and circulation. The degree of dispersion was also analyzed by the velocity 

distribution model.  

Publication: Prakash, R., Majumder, S. K., & Singh, A. (2020). Dispersion characteristics in a 

counter-current microstructured slurry bubble column and its analysis based on the turbulence and 

circulation, Industrial & Engineering Chemistry Research, 59, 8093 – 8111. 

https://doi.org/10.1021/acs.iecr.0c00834 
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5.1. Introduction 

Substantial backmixing of the phases (both liquid and gas) is common in the cylindrical slurry 

bubble column (Shah et al., 2012). The efficiency of the slurry bubble column is affected by the 

degree of recirculation and the backmixing of the phases. The backmixing has a negative effect on 

the conversion and selectivity in many chemical reaction applications (Ekambara and Dhotre, 

2010; Schmidt, 1998), mainly when intermediates are the desired products (Gao et al., 2012). 

Backmixing is known to increase drastically as the local liquid circulation develops (Cao et al., 

2008). The most important changes occur in fluid mechanics when the geometry of the column 

changes from cylindrical to rectangular. Therefore, one of the most important factors in the design 

of the slurry bubble column is the effect of the geometric configuration on the flow behavior of 

the fluid. The rectangular column with considerable length and width, but with a small depth can 

be considered as the microstructured column. The small depth can be helpful in suppressing the 

backmixing and circulation of the phases and can provide a uniform bubble size distribution. 

Another way to reduce the backmixing is the use of internals such as horizontal perforated sieve 

plate (Palaskar et al., 2000a), packing (Bhatia et al., 2004), channels (Wu et al., 2009). The 

backmixing of the phases can be interpreted by studying the mixing characteristics in terms of 

axial dispersion coefficient, mixing time, and dispersion number (Buwa and Ranade, 2003; 

Rampure et al., 2007). The degree of backmixing can be quantified by the Peclet number (Pe). The 

high value of Pe indicates low backmixing (Zhang et al., 2019). Mixing is primarily caused by 

turbulent eddies, molecular diffusion, and convection due to the entrainment of liquid behind the 

wakes of rising gas bubbles (Ekambara and Joshi, 2003; Yang et al., 1992).  

The simplest way to study mixing phenomena is to detect tracer the particles during the experiment 

and analyze them using any suitable dispersion model. Tracer detection techniques can be 

classified into offline and inline methods. The offline technique includes UV-absorption (Reitz et 

al., 2013), color intensity (Mu and Thompson, 2012), radioactive radiation (Janssen et al., 1979). 

The offline technique results in a gap between the actual process and the measured time. The 

product quality must be checked and controlled in real-time. In the inline technique, the inline 

probe associated with the data acquisition system directly detects and records the thermal, optical, 

and electrical signals of the tracer particles. This technique requires high-speed data sampling 

frequency and signal conversion (Gao et al., 2012). The most frequently used liquid dispersion 
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technique is residence time distribution (RTD), which is also a conductive detection technique 

based on the difference in electrical conductivity of the tracer particles and bulk flow.  

Numerous studies are available on the mixing characteristics in the two-phase semi-batch (Muhsin 

and Mohammad, 2008), co-current (Ekambara and Joshi, 2003; Reitz et al., 2013), downflow 

(Majumder, 2008), and counter-current mode (Ansari et al., 2018; Janssen et al., 1979; Muhsin 

and Mohammad, 2008; Reitz et al., 2013). The behavior of the phase flow and its interactions 

becomes complex when the third phase (as a particle) is introduced into the column. Some mixing 

studies have been reported in the three-phase cylindrical columns with co-current up-flow (Kelkar 

et al., 1984; Pareek et al., 2001), three-phase downflow (Sivaiah and Majumder, 2013a), and 

counter-current flow (Fahad et al., 2020; Kumar et al., 2017; Pareek et al., 2001). As noticed, there 

is a scarcity of studies regarding the mixing characteristics in the three-phase counter-current 

mode. Based on the literature review, this work is mainly focused on research on the hydrodynamic 

behavior (i.e., mixing characteristics) of a system containing two- and three-phase. The influence 

of the gas velocity on the axial dispersion coefficient in the two- and the three-phase system has 

been studied by several researchers and noted that the axial dispersion coefficient increases with 

the gas velocity irrespective of the operating mode (Abdulrazzaq, 2015; Eissa and Schügerl, 1975; 

Kelkar et al., 1984; Moustiri et al., 2001; Muhsin and Mohammad, 2008; Wadaugsorn et al., 2018). 

The axial dispersion coefficient increases with the column diameter in a two-phase semi-batch 

mode (Moustiri et al., 2001), co-current up-flow mode (Eissa and Schügerl, 1975), and three-phase 

semi-batch mode (Abdulrazzaq, 2015). The formation of large circulation cells increases as the 

column diameter increases, resulting in more axial mixing (Moustiri et al., 2001). The axial 

dispersion coefficient decreases with the continuous phase velocity in two-phase co-current up-

flow mode (Eissa and Schügerl, 1975), increases in two-phase with both co- and counter-current 

modes (Eissa and Schügerl, 1975), and independent of the slurry velocity in the three-phase co-

current column (Kelkar et al., 1984). Muhsin and Mohammad (2008) showed that the axial 

dispersion coefficient was more near the gas distributor and in the center of the column. Most of 

the studies in the literature focus on the influence of gas velocity, liquid velocity, and column 

diameter, rather than the effect of particle concentration, particle size, slurry viscosity, and slurry 

surface tension. However, some research has been found in the literature on the dispersion behavior 

of slurry in the presence of particles (Abdulrazzaq, 2015; Ityokumbul et al., 1995; Kelkar et al., 

1984; Kumar et al., 2017; Pareek et al., 2001; Sivaiah and Majumder, 2013a, b). The effect of 
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particle size, particle concentration, interfacial tension, and slurry viscosity on the axial slurry 

dispersion coefficient was examined in the three-phase co-current column by Kelkar et al. (1984). 

They reported that the axial slurry dispersion coefficient was not significantly affected by the 

particle size and particle concentration. Ityokumbul et al. (1995) reported an increase in the liquid 

dispersion coefficient by adding a surfactant to the liquid. They also analyzed the influence of the 

particle addition on the liquid dispersion coefficient and noted that the liquid dispersion coefficient 

decreases by 40%. This effect is attributed to increased radial mixing. Yang et al. (1992) 

investigated the axial and radial dispersion coefficient using a computer-automated radioactive 

particle tracking technique. The axial dispersion coefficients were much higher than the radial 

values. The study of the axial dispersion coefficient in a slurry bubble column with and without 

internals is reported by Forret et al. (2006). They reported that the axial dispersion coefficient 

increases with an increase in the column diameter. Eissa and Schügerl (1975) noted that the 

dispersion coefficient was much higher in the counter-current mode. They reported that the initial 

liquid height in the semi-batch operation also affects the dispersion behavior of the liquid in the 

column. Wadaugsorn et al. (2018) numerically studied the effect of the initial liquid height on the 

axial dispersion coefficient and stated that the axial dispersion coefficient could be improved by 

increasing liquid height in the column. Deckwer (1992) noted that the radial dispersion coefficient 

is always less than one-tenth of the axial dispersion coefficient value. Rubio et al. (2004) also 

confirmed that the radial dispersion coefficient values were approximately 1% of the axial 

dispersion coefficient. Based on the literature review, it is noticed that some researchers have 

studied the mixing characteristics in a three-phase semi-batch and co-current operation mode. 

Studies in the three-phase counter-current mode have been completely ignored. Reported studies 

regarding the effect of gas velocity on axial dispersion are clear, whereas, in the case of liquid or 

slurry velocity, it changes with the operating mode. In addition, the effect of particle concentration, 

particle size, slurry viscosity, slurry surface tension, the axial and radial or transverse position is 

still not clear.  

Apart from particle flows, the bubble flow is equally important since the dispersion coefficient is 

sensitive to changes in the gas input as well as changes in the particle characteristics. The 

convective motion is caused by the bubble-bubble interaction, the relative motion of the bubbles 

and liquid phases, and the transport of liquids behind the wakes of the rising bubbles (Rubio et al., 

2004). The dispersion coefficient in the counter-current mode has a multi-scale connection since 
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the bubble motion distracts the down flowing liquid, which in turn causes the bubble coalescence 

or bubble breakup and variation in the rising velocity. Dispersion phenomena are highly dependent 

on the gas volume fraction, the bubble flow, and the bubble size distribution (BSD) in a multiphase 

flow system. At low liquid velocity, gas volume fraction does not have much effect because of the 

low liquid velocity in comparison to the bubble rise velocity (Akita and Yoshida, 1973; Rollbusch 

et al., 2015). Higher liquid velocity influences the gas volume fraction, and it increases in counter-

current mode (Besagni and Inzoli, 2016b; Trivedi et al., 2018), while it decreases in co-current 

mode (Pjontek et al., 2014; Shah et al., 2012). In the downflow column, the bubble size is larger 

at a lower liquid velocity compared to that at a higher liquid velocity (Zhu et al., 2019).  In counter-

current mode, the bubble size is smaller than that of the semi-batch mode (Besagni and Inzoli, 

2016b). Pallapothu and Taweel (2012) noted the effect of the surfactant (0 – 50 ppm of sodium 

dodecyl sulfonate) on the bubble size, the gas volume fraction, and the liquid circulation. A 5-fold 

increase in the gas volume fraction and an 8-fold increase in the liquid circulation velocity indicate 

good mixing and mass transfer performance. In the semi-batch operation, in the middle of the 

column, the liquid flows upwards, while it is in the downward direction in the vicinity of the 

column wall. As a result, the large bubbles are pushed to the center of the column, while the small 

bubbles move close to the column wall because of the lift force (Besagni and Inzoli, 2016b; 

Besagni et al., 2019). Besagni et al. (2019) have shown that increasing liquid velocity in counter-

current operation only shifts the liquid velocity profile downwards. In the co-current flow, the 

rising bubbles are pushed towards the wall, while in the counter-current flow, the bubbles are 

pushed away from the column wall (Giusti et al., 2005). In the absence of surfactant or salt in the 

liquid, the turbulence intensity in the axial direction reduces, as a result, bubble diameter increases 

(Turney et al., 2019). The presence of particles reduces the turbulent intensity of the continuous 

phase if the ratio of the particle size and turbulence scale is less than unity (Kawamura et al., 2004). 

It indicates that the turbulence in the liquid phase is weak in the presence of small particles. 

Moreover, it is assumed that the small bubbles disperse faster compared to the large bubbles. The 

dispersion of the bubbles results in a reduction of the void fraction near the wall.  

Apart from these experimental studies, efforts have been made to simulate the flow behavior in 

the column using computational fluid dynamics (CFD) (Sarhan et al., 2020; Sarhan et al., 2017a, 

2018a, b). For example, Sarhan et al. (2017a) have employed an Eulerian multi-fluid approach to 

study the influence of particle type, the wettability, the particle concentration on gas volume 
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fraction, and the bubble characteristics such as bubble size and the attached particle density. In 

another study, the population balance equation was used to study the influence of particles on the 

bubble breakup, the bubble coalescence, and the bubble-particle attachment and detachment at the 

various gas inlet (Sarhan et al., 2016). It is also reported that the small bubble size in the presence 

of larger particles is the reason for the reduced bubble coalescence. Sarhan et al. (2017b) reported 

that the influence of the particle addition facilitates bubble size reduction. Ahmadi and Zhang 

(2005) developed the computational model by assuming that the shape of the bubbles did not 

change during the process and found that the size of the bubbles has a significant effect on the flow 

behavior in a three-phase system. Wadaugsorn et al. (2018) conducted an experimental study and 

a CFD simulation to investigate the mixing characteristics in large reactors. They used the virtual 

tracer technique and noted that an increase in gas inlet increases the liquid circulation velocity and 

dispersion of the liquid phase. Moreover, they observed that an increase in the initial liquid height 

reduces the gas volume fraction, while the liquid dispersion, the gas velocity, and the liquid 

circulation increase. They also observed that the circulation velocity increases by 70% when the 

column diameter increases from 0.14 to 0.30 m.  

Extensive research has been done on the axial mixing characteristics in the two- and three-phase 

semi-batch mode. However, these researches mainly focus on semi-batch operating conditions in 

a cylindrical column rather than the counter-current microstructured slurry bubble column. There 

is also a lack of research on the interpretation of intensity of dispersion, the applicability of the 

velocity distribution model, and the axial and transverse dispersion characteristics in a counter-

current slurry bubble column. Therefore, the main aim of the present work is to study the mixing 

characteristics in the three-phase counter-current slurry bubble column. The effect of particle 

concentration, particle size, superficial gas, and slurry velocities on the axial and transverse 

dispersion coefficient, the dispersion due to circulation, the dispersion due to bubble motion, and 

the velocity distribution characteristic factor are analyzed in the presence of surfactant. An 

interpretation of the intensity of dispersion based on the liquid circulation and turbulence are also 

given. The velocity distribution model is applied to analyze the dispersion of bubble motion in the 

column.  

5.2. Theoretical background  

5.2.1. Theory to estimate the intensity of dispersion 
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Axial dispersion model (ADM) was used to estimate the axial dispersion of the slurry phase in the 

counter-current slurry bubble column. The underlying assumptions for applying ADM are as 

follows: (i) the velocity distribution of the liquid is uniform throughout the column, (ii) the bulk 

flow exists only in the axial direction, (iii) the axis-symmetric tracer concentration distribution 

exists, and  (iv) the liquid phase dispersion exists only in the axial direction (Palaskar et al., 2000a). 

Axial dispersion model describing the tracer concentration with time over the length of the column 

is expressed as shown in Eq. 5.1 (Majumder, 2019) 
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where C, t, z represent the tracer concentration, the time, and the axial distance between the tracer 

input and the measurement point, respectively. The dimensionless form of Eq. (5.1) is 
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where  = t/tm , tm = L/u,    = C/C0, Z = z/L, and Pe = usl L/(1  g)Ez. The two extreme cases of 

mixing were assessed by Pe  0 (refers to large dispersion,  so a perfect mixed flow) and Pe  

 (characterize a negligible dispersion, therefore plug flow behavior). The axial dispersion 

coefficient is expressed as 
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For the closed-closed boundary condition, the analytical solution of the Eq. (5.2), as reported by 

(Mavros, 1992; Xu et al., 1991) 
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where E () denotes the normalized residence time distribution. The parameter n in Eq. (5.4) 

refers to the nth positive root of the transcendental equation, which can be expressed as 
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According to the moment method, the variance associated with the Peclet number and the mean 

residence time is calculated by  

)1(
22

22

2
2 Pe

m

e
PePet


                           (5.6) 

where 2, tm and 
2
θ  represent the variance, mean residence time, and normalized variance, 

respectively. The mean residence time (tm) of the tracer particle is calculated by 









tC

ttC
tm                               (5.7) 

The variance is a measure of the spreadness or the deviation of the system from the mean. The 

variance (2) of the system is calculated by 

 








tC

tCtt m
2

2                    (5.8) 

Similarly, the transverse slurry dispersion coefficient is expressed as 

 Pe

wu
E

g

sl
w 


1
                (5.9) 

where w  is the transverse point in the column from the left edge of the column, as shown in Fig. 

5.1b.   

5.2.2. Velocity distribution model to analyze dispersion phenomena 

The axial dispersion coefficient of the liquid flowing in the column can be described by the 

equation suggested by Taylor (1953) and Aris (1956) as 

m
m

c
z D

kD

ud
E 

2
0

2

           (5.10) 
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where u0, k, and Dm are the maximum velocity at the column axis, the velocity distribution 

characteristics factor, and the molecular diffusion coefficient of the solute, respectively. The Eq. 

(5.10) is used to analyze the dispersion coefficient of bubble motion based on an assumption: (i) 

uniform distribution of the gas bubble, (ii) continuous dispersion of liquid and particle throughout 

the column, (iii) homogeneous flow. Based on the above assumptions, Eq. (5.10) has been 

reformed by replacing Db in place of Dm 

b
b

c
z D

kD

ud
E 

2
0

2

           (5.11) 

where Db denotes the dispersion coefficient of bubble motion. The maximum velocity at the 

column axis can be calculated  by the correlation proposed by Riquarts (1981)  
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         (5.12) 

The values of k and Db are estimated by plotting the experimental data of the axial slurry dispersion 

coefficient (Ez) and fitting them with Eq. (5.11).  

5.3. Experimentation 

5.3.1. Experimental setup and procedure 

In the present work, the experiments were performed at atmospheric pressure and at a temperature 

of 298.15 K. The experiments were conducted in a Plexiglas microstructured column of 0.63 m 

length, 0.03 m depth, and 0.19 m width, as shown in Fig. 5.1a, as per the experimental setup 

described in chapters 2 to 4. The Plexiglas material was chosen for the visual observations of the 

hydrodynamic characteristics of the column. A single pipe with an inner diameter of 10 mm was 

used to introduce the slurry at the top of the plexiglass column. The experiments were performed 

in a range of superficial gas velocity from 0.011 to 0.075 m/s (based on the column cross-sectional 

area), superficial slurry velocity from 0.018 to 0.058 m/s (based on the column cross-sectional 

area), particle concentration from 0.5 to 3.0 wt.%, and particle size from 63.01 to 408.31  m. The 

superficial slurry velocity in the pipe (based on the cross-sectional pipe area) is in the range of 

0.48 – 1.54 m/s. The entire experiments were performed in the presence of 6 ppm Methyl Isobutyl 
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Carbinol (MIBC) surfactant (supplied by Tokyo Chemical Industry Corporation Limited). For 

each experiment, the slurry level in the column was maintained at 0.49 m from the base of the 

column. The slurry pump was used to transport the slurry to the column, and the flow rate of the 

slurry was measured with an electromagnetic flow meter (make: Adept Fluidyne, model: MagFlow 

6410). The range of the flow meter was 0 15  0.5%  liter/min. A compressor was used to supply 

the compressed air to the column. The air flow rate was measured using a calibrated rotameter 

(range: 0 – 10 liters/min). A needle valve was used in the air line to control the air flow rate. The 

bubble in the column was generated using the stainless steel super porous cylindrical sparger 

(make: TFI filtration). The pore size of the sparger was 20 m (given by the manufacturer).  The 

outer diameter, inner diameter, and length of the sparger was 0.0104 m, 0.01 m, and 0.175 m, 

respectively (as shown in Fig. 5.1d).    

Potassium chloride (KCl) was used as a tracer and injected through a high-pressure spring-loaded 

syringe at the top of the column with the slurry inlet. An amount of 10 ml of 1 molar concentration 

of KCl was injected smoothly with a high-pressure spring-loaded syringe in about 1 second. The 

variation in the tracer concentration was measured by the conductivity probe installed at six 

different positions in the column, as shown in Fig. 5.1b. The conductivity probes were installed 

axially and transversely in the column. The conductivity probes 1, 2, 3, and 4 are installed at 0.46, 

0.32, 0.23, and 0.21 m distance from the tracer inlet position. The corresponding aspect ratio for 

the conductivity probe in the axial direction is H/W = 0.89 (probe 1), H/W = 1.63 (probe 2), H/W 

= 2.11 (probe 3), and H/W = 2.21 (probe 4). Here AR is the ratio of the probe distance from the 

bottom of the column to the width of the column. The probes 2, 5, and 6 are installed at 0.10, 0.14, 

and 0.19 m distance from the left end of the column. The position of the transverse probes (2, 5, 

and 6) is 0.32 m from the tracer inlet position. The aspect ratio of probes 2, 5, and 6 in the transverse 

direction are x/W = 0.53,   x/W = 0.74, and x/W = 1.0, respectively. All conductivity probes (make: 

MicroSet, model: MS CD 18, range: 0 – 19.99 mS/cm) were connected to the data logger, which 

was then connected to the computer via RS 485 cable port. The image of the conductivity probe is 

shown in Fig. 5.1c. The conductivity meter was calibrated with KCl in the slurry with a known 

concentration, and the calibration chart was prepared for different particle concentrations. A linear 

correlation of conductivity with concentration was determined based on the conductivity and 

concentration data. Since the different particle concentrations and particle sizes were used in this 
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work, the conductivity meter was calibrated for each slurry concentration. 

 

 

 

 

 

 

 

 

Fig. 5.1. (a) Schematic diagram of the experimental arrangement along with its aided accessories. 

1. Air rotameter, 2. Solenoid valve, 3. Electromagnetic flow meter, 4. Digital online conductivity 

probes, 5. Air bypass valve (needle valve), 6. Compressor, 7. Slurry line valve, 8. Slurry pump, 9. 

Storage tank, 10. Column, 11. Level control valve, 12. Computer monitor, 13. central processing 

unit, 14. Online data logger, (b) Position of conductivity probes, (c) Image of the conductivity 

probe, (d) Cylindrical porous sparger, and (e) 3-D view of the column. (Copyright material) 

The relationship between the conductivity and the concentration for the slurry system can be 

expressed as follows 

)( 0KKaC             (5.13) 

where C, K, K0, and a are the concentration of the tracer in kg/m3
, the conductivity of the solution 

in mS/cm, the conductivity of the water, and the slope of Eq. (5.13), respectively. The conductivity 

of the water was 0.17 mS/cm. Different values of the slope of the calibration curves are reported 

in Table 5.1.  

Table 5.1 Typical calibration values of a at different particle concentrations. 
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Particle size, dp (µm) Concentration, ws (wt. %)  a (kg. m-3.cm. ms-

1) 
63.01  
 

0.5  0.4373 
1.0  0.4632 
2.0 0.4446 
3.0  0.3325 

242.72  0.5 0.5520 
1.0 0.4937 
2.0 0.4613 
3.0 0.4142 

408.31 0.5 0.5198 
1.0 0.4937 
2.0 0.4587 
3.0 0.4209 

 

The slurry was prepared with the known quantity of coal particle, surfactant, and water. The 

density of the coal particle was 1400 kg/m3. The composition of coal particles was 74.61% carbon 

and 25.39% ash (mineral particles such as SiO2, Al2O3, Fe2O3, etc.). The physical properties of the 

slurries at various particle concentrations are reported in chapter 2 (as Table 2.2 and Table 2.3). 

The uncertainty analysis of the experimentally measured quantities is provided in Table 5.2. 

Table 5.2 Uncertainty analysis of experimentally measured quantities. 

Parameters Mean  103, x  SD  103 (–) U  103 (–) Ur   103 (%) 
Ez 0.91 – 13.72 0.01 – 0.251 0.005 0.014 105.87  634.45  
Ew 1.26 – 14.18 0.004 – 1.0 0.002 – 0.577 209.31  4070.0 
usg 47.0 – 74.5 63.22 – 0.5 36.50 – 0.288 387.48  77662   
usl 18.0 57.33 2.0  2.51 1.154 – 1.452 2534.24  6415 

 

5.4. Results and discussions 

5.4.1. Residence time distribution (RTD)  

Typical plots of variation of the tracer concentration with time at different axial and transverse 

locations in the column are shown in Figs 5.2a and 5.2b. As shown in Fig. 5.2a, the highest and 

lowest peaks were observed at H/W = 2.21 (probe 4, nearest to the tracer inlet point, as shown in 

Fig. 5.1b) and H/W = 0.89 (probe 1, farthest to the tracer inlet point), respectively. It is noticed 

that the peak of the RTD curves shifts to the left side with the axial length. The response and peak 
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associated with probe 4 are maximum relative to the other probes. Approximately, 16.95% (probe 

at H/W = 0.89), 19.90% (probe at H/W = 1.63), 23.37% (probe at H/W = 2.11), and 30.93% (probe 

at H/W = 2.21) of the liquid passing the conductivity probe positions within 0 – 30 s. The mean 

residence times (tm) corresponding to H/W = 0.89, 1.63, 2.11, and 2.21 are 89.53 s, 89.0 s, 84.59 

s, and 80.02 s, respectively. The RTD behavior at various x/W (= 0.53, 0.74, and 1.0) in the 

transverse direction is also shown in Fig. 5.2b. About 17.0% (at x/W = 0.53), 17.35% (at x/W = 

0.74), and 17.29% (at x/W = 1.0) of the liquid have crossed the positions of the conductivity probes 

within 0 – 30 s. The mean residence time (tm) corresponding to the location at x/W = 0.53, 0.74, 

and 1.0 are 91.0 s, 91.34 s, and 90.3 s, respectively. Internal circulation of the fluid at x/W = 0.74 

may be more prominent than other locations in the transverse direction. In the center zone, the 

liquid velocity is maximum, whereas, in the wall region, the velocity is minimum. At the wall 

region, due to the boundary layer effect, the circulation tends to reduce, whereas, in the center zone 

of kinetic energy, the fluids tend to induce the liquid to the upward direction. This may enhance 

the circulatory motion of the fluid particles and results in more residence time of the fluid particles 

in the region between the wall and centerline. 
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Fig. 5.2 Typical plot of RTD profile as a function of  at various (a) H/W = 0.89, 1.63, 2.11, and 

2.21 and (b) x/W = 0.53, 0.74, and 1.0.  

5.4.2. Influence of different variables on the axial dispersion coefficient 

This section shows the influence of different variables on the axial and transverse dispersion 

coefficient in the three-phase counter-current flow.  
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5.4.2.1. Effect of superficial gas velocity on the axial slurry dispersion coefficient  

The influence of usg and usl on the axial dispersion coefficient (for probe 2) at fixed particle 

concentration (ws = 0.5 wt.%) and particle size (dp = 61.30 m) is shown in Fig. 5.3a. It is noticed 

that with an increase in both the usg and the usl, the axial dispersion coefficient (Ez) increases. This 

is due to the fact that as the usg increases, the bubble population increases, thus increasing the 

turbulence and scattering of the bubbles (Baird and Rice, 1975). As the usl increases, it enhances 

the spreading and circulation (increases convection transport) of the gas molecules throughout the 

column due to turbulence created by the input slurry velocity, thus increasing the Ez. As the usg 

increases, more energy is transferred to the system, and the non-uniformity increases, leading to a 

higher bubble dispersion. In the present experimental analysis, it was found that the Ez varies with 

the usl as 
848.0

slz uE  , while with the usg, it is 240.0
sgz uE  . The impact of the usl on the axial slurry 

dispersion coefficient is about 5.05 times the superficial gas velocity.  

5.4.2.2. Variation of the axial slurry dispersion coefficient with the axial length 

The influence of the axial position (H/W) at superficial gas velocity (usg = 0.011 0.075 m/s) on 

Ez at a fixed particle concentration (ws = 3.0 wt. %), the particle size (dp = 408.31 m), and the 

superficial slurry velocity (usl = 0.034 m/s) is shown in Fig. 5.3b. The Ez is higher at H/W= 0.89 

compared to that at H/W = 2.21 for all usg. The higher bubble slurry interaction in the vicinity of 

sparger, resulting in a shorter mixing time, increases the Ez. The Ez decreases from 0.003 to 0.001 

m2/s at a usg of 0.011 m/s when the H/W increases from 0.89 to 2.21. Similarly, at a usg of 0.075 

m/s, the Ez varies from 0.006 to 0.003 m2/s in the same range of variation of the aspect ratio. It has 

been observed that Ez varies according to
341.1

z zE  .  

5.4.2.3. Effect of particle concentration on the axial slurry dispersion coefficient  

The high ranges of slurry velocity cause strong turbulence in the top region (of probe 4 (at H/W = 

2.21)). However, the slurry induced turbulence at H/W = 2.21 is lower compared to that at H/W = 

0.89 (sparger region). The increase in the slurry velocity enhances the spreading and circulation 

(increases convection transport) of the gas molecules throughout the column due to turbulence 

created by the inlet slurry velocity, accordingly, the degree of axial dispersion at the top section of 

the column results as shown in Figs 5.3b, 5.3d, 5.3f. The influence of the particle concentration on 
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the Ez as a function of usl and aspect ratios is shown in Figs 5.3c and 5.3d. It is observed that the 

Ez decreases due to an increase in particle concentration. As the particle concentration increases, 

it increases the viscosity of the system, thus reducing the mobility of the bubbles in the column. 

The reduction of bubble mobility decreases Ez. The influence of the particle concentration on the 

Ez is also shown in Fig. 5.3d. It is observed that the impact of the particle concentration on the Ez 

at H/W = 2.21 is negligible. It is because the movement of the small gas bubbles is slow and the 

existence of a larger bubble in this region. In the top region of the column (from H/W = 2.21 to 

0.89), the difference in Ez at different particle concentrations is noticed. The more reduction in the 

Ez with an increase in particle concentration is noticed in the bottom region. From the present 

experimental analysis, it can be concluded that the influence of the smaller bubble above the 

sparger is more significant on the Ez in comparison to that of the effect of particle concentration. 

The reduction in Ez is approximately 27.14% (at H/W = 0.89) when the particle concentration 

changes from 0.5 to 2.0 wt.%.  

5.4.2.4. Influence of particle size on the axial slurry dispersion coefficient 

The influence of particle size on Ez at different experimental conditions is shown in Fig.s 5.3e and 

5.3f. It is found that the Ez increases by increasing the particle size for all the experimental 

conditions. For a given amount of particle, the particle population decreases as the particle 

diameter increases (Kara et al., 1982). The decrease in the particle concentration per unit volume 

leads to a decrease in the viscosity and an increase in bubble mobility in the column. Consequently, 

Ez increases. A similar trend of an increase in Ez is also reported by other researchers (Mills et al., 

1992). In the present work, as per the correlation, the functionality between Ez and particle size 

was found to be as 083.0
pz dE  .  
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Fig. 5.3 Variation of the axial slurry dispersion coefficient as a function of (a) the superficial slurry 

and the gas velocity (b) the axial height, (c) and (d) the particle concentration, (e) and (f) the 

particle size. 

5.4.3. Variation of the transverse slurry dispersion coefficient in different experimental 

conditions 

This section explains the influence of superficial gas and slurry velocity, particle concentration, 

and particle size on the transverse slurry dispersion coefficient (Ew). The Ew at different 

experimental conditions is shown in Figs 5.4a and 5.4b. The Ew in the middle of the column (i.e., 

at x/W = 0.53) is higher than that of the other transverse positions, as shown in Fig. 5.4a. The 

maximum Ew is noticed in the middle section and lowest at the column wall. It is found that the 

Ew decrease with the increase in the distance from the middle section to the column wall and 

increases with an increase in the usg. Many researchers have reported that the gas volume fraction 

is higher in the central part of the column, and it decreases as approaches to the column wall. The 

higher gas volume fraction in the middle section of the column demarcates the presence of small 

bubbles, leading to an enhancement of Ew. In both Figs, 5.4a (at dp: 61.30 m, ws: 3.0 wt.%, usl: 

0.034 m/s) and 5.4b (at dp: 61.30 m, ws: 0.5 wt.%, usl: 0.018 m/s) the Ew is higher at the higher 

superficial gas velocity.  

The influence of superficial slurry velocity, the particle concentration, and the particle size on the 

Ew is shown in Figs 5.4c, 5.4d, 5.4e, and 5.4f, respectively. It is seen that the Ew decreases with 

increasing distance from the center of the column. The Ew increase with an increase in the 

superficial slurry velocity and the particle diameter, while it decreases by increasing the particle 

concentration.  
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Fig. 5.4 Transverse slurry dispersion coefficient as a function of (a) the column width, (b) the 

superficial gas velocity, (c) the superficial slurry velocity (at ws: 3.0 wt.%), (d) the superficial 
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slurry velocity (at ws:  0.5 wt.%), (e) the particle concentration (at dp: 242.72 m), and (f) the 

particle size (at usl: 0.018 m/s). 

5.4.4. Correlation for the axial and transverse slurry dispersion coefficient 

In the literature, no such correlation is reported for the counter-current slurry bubble column, which 

exhibits the cumulative influence of important variables on the axial slurry dispersion coefficient. 

Therefore, an attempt is made to propose a new correlation that takes into account the impact of 

the variables. The behavior of the slurry dispersion coefficient was observed as a function of the 

superficial gas (usg) and the slurry velocities (usl), the particle diameter (dp), the slurry surface 

tension (sl), the axial height (z), the slurry density (sl), the column diameter (dc), and the 

acceleration due to gravity (g). Therefore, the axial slurry dispersion coefficient as a function of 

different variables can be written as follows 

),,,,,,,( gdzduufE cslslpslsgz          (5.14)     

After applying Buckingham’s Pi theorem of dimensional analysis and multiple linear regression 

analysis to experimental data, the following correlation is obtained 
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The term (Ez/usgz) is known as the inverse of the Bodenstein number (1/Bo). As Bo  0, it 

characterizes the complete backmixing (mixed flow behavior) and Bo  , characterizes no 

backmixing (plug flow behavior). According to Mirón et al. (2004), perfect mixing takes place 

when Bo < 0.1; however, it shows plug flow behavior when Bo > 20.(Chisti, 1989) The terms 

(slusl
2dp/sl) and (gdc/usg

2) are the Weber number (We) and the inverse of the Froude number 

(1/Fr), respectively. The correlation presented in the Eq. (5.15) are valid in the range of

2
sl

2
slsl

4 1095.1/1060.2    pdu ; 48.4122/45.91 2
sgc  ugd ; and 02.7553/97.506 p  dz . 

The absolute average relative error (AARE) between the experimental and predicted axial slurry 

dispersion coefficient is 9.52%. The correlation coefficient and the standard error of Eq. (5.15) are 

0.95 and 0.250, respectively. The parity of the axial slurry dispersion coefficient against the 
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experimental value is shown in Fig. 5.5 a. Similarly, a correlation is proposed for the transverse 

slurry dispersion coefficient. The proposed correlation can be represented as 

1751
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The correlation represented by Eq. (5.16) for the transverse slurry dispersion coefficient is valid 

in the ranges of 2
slp

2
slsl

4 1050.4/1060.2    du ; 48.4122/45.91 2
sg  ugdc ; and

64.3/84.1 c  dw . The regression coefficient and the standard error of the Eq. (5.16) are 0.94 

and 0.293, respectively. The AARE between the experimental and interpreted transverse slurry 

dispersion coefficient is approximately 8.84%. The parity of the experimental and predicted 

transverse slurry dispersion coefficient is shown in Fig. 5.5 b.  

5.4.5. Comparison of the experimental axial and transverse slurry dispersion coefficient with 

the published data 

The present experimental Ez values are compared with the published correlations of the different 

authors, as shown in Fig. 5.5 c. It is seen that the experimental values of Ez (for probe 1, at H/W =  

0.95) are close to those calculated by the correlations of Deckwer et al. (1973) (with AARE = 

16.114%), Miyauchi et al. (1981a) (with AARE = 16.073%)  and Towell and Ackermann (1972) 

(with AARE = 15.016%). It is also noticed that the Ez obtained from the correlation of Deckwer 

et al. (1974), Dobby and Finch (1986), Laplante et al. (1988), Kato et al. (1985), and Miyauchi et 

al. (1981a) are higher than the present experimental values. While the values obtained by 

correlations of Shawaqfeh (2003), Shah et al. (2012), Cruz (1997), Muroyama et al. (1978), 

Nedeltchev et al. (2005), Lim et al. (2011), Kang and Kim (1986) and Wadaugsorn et al. (2018) 

underpredict the Ez. The deviation of the values of the present experiment and the other 

correlations is due to different experimental conditions, operating variables, physical properties of 

the system, geometric variable, and operating mode. The AARE between the present experimental 

and literature data and the correlations is given in Table 5.3. The present experimental values of 

Ew were compared with the experimental values of  Muhsin and Mohammad (2008) and El-

Temtamy et al. (1979), as shown in Fig. 5.5 d. In the case of cylindrical geometry, the radial 

dispersion coefficient (in a two-phase semi-batch) is only about 1 percent (Rubio et al., 2004) and 
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less than one-tenth (Deckwer, 1992) of the axial dispersion coefficient. In this present geometry, 

the range of Ew is 1.03 – 1.39 times of the Ez. The axial dispersion coefficient reported by Rubio 

et al. (2004) was in the range of 150  104 – 380  104 m2/s. The range of Ez in the present 

experiment was found to be 9.12  104 – 137.23  104 m2/s. 
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Fig. 5.5 (a) Comparison of the experimental and predicted axial slurry dispersion coefficient, (b) 

parity of the experimental and predicted transverse slurry dispersion coefficient, (c) comparison 

of the present experimental axial slurry dispersion coefficient with the published empirical 

correlation, and (d) comparison of the transverse slurry dispersion coefficient with the published 

experimental values. 

Table 5.3 Absolute average relative error (AARE) between the present experimental and literature 

data and correlations. 
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Authors Absolute average relative 
error (AARE) (%) 

Authors Absolute average 
relative error 
(AARE) (%) 

Muroyama et al. 
(1978) 

64.542 Deckwer et al. (1974) 24.088 

Kato et al. (1985) 26.129 Nedeltchev et al. 
(2005) 

74.783 

Kang and Kim 
(1986) 

95.911 Towell and 
Ackermann (1972) 

15.016 

Lim et al. (2011) 88.568 Wadaugsorn et al. 
(2018) 

95.066 

Shah et al. (2012) 64.720 Dobby and Finch 
(1986) 

30.336 

Cruz (1997) 67.261 Laplante et al. (1988) 21.409 
Miyauchi et al. 
(1981b) 

16.073 Kawase and Moo-
Young (1989) 

36.295 

Deckwer et al. 
(1973)  

16.114   

 

5.4.6. Analysis of the intensity of dispersion by the degree of phase exchange 

In order to understand the influence of liquid circulation on the coefficient of dispersion, a 

mechanistic model has been developed based on the effects of both liquid turbulence and liquid 

circulation. Two flow regions, such as the up flow in the center of the column (at x/R = 0.53) and 

the down flow in the region between 0.53 < x/R < 1.0 are shown in Fig. 5.6.  
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Fig. 5.6 Circulation pattern in a slurry bubble column. 

The terms Cu, Au, and uu represent the tracer concentration, area, and velocity in the up-flow region, 

respectively. The superscript u and d refer to the up and down flows, respectively. The slurry 

exchange between the up and down flow region is taken into account by the slurry exchange 

parameter (). The transport equation for the tracer at any position z for the downstream flow can 

be written as 
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Similarly, for the up flow stream, the transport equation can be expressed as 
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         (5.18) 

The difference in tracer concentration (Cu – Cd) will be small if the interaction between the up and 

down flows streams is significant. The up and down flow axial dispersion coefficient is assumed 

to be the same and equal to the total axial dispersion coefficient (Ed  Eu = Ez). Incorporating all 

assumptions and adding Eq. (5.17) and Eq. (5.18) it can be written as  
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The area of up and down flow region is considered to be half the area of the cross-section of the 

column (Ad  Au = ½Ac). The average tracer concentration can be expressed as 

)2/()2/(
~ du CCC  . Subtracting Eq. (5.17) from Eq. (5.18) and incorporating all the 

assumptions yields the following equation 
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Differentiating Eq. (5.20) with respect to z yields the Eq. (5.21) 
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The circumference between the up and down flow region is equivalent to S = dc/2. Substituting 

the expression Eq. (5.21) into Eq. (5.19), and by incorporating the value of S yields the Eq. (5.22) 
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The Eq. (5.22) is analogous to the 1-D axial dispersion model, and the term 16/22
cslt duE   

can be expressed by 




 tctz EEEE           (5.23) 

where Et and Ec refer to the dispersion due to turbulence and dispersion due to circulation, 

respectively. The dispersion because of circulation can be represented as 







16

22
csl

c

du
E             (5.24) 

where the parameter  is defined by 
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The dispersion coefficient because of turbulence (Et) and the slurry exchange parameter () was 

evaluated based on the experimental value of the total slurry dispersion coefficient. 

5.4.6.1. Effect of different variables on the dispersion coefficient because of circulation 

The dispersion due to circulation (Ec) increases with an increase in the superficial gas and the 

slurry velocities and particle concentration, as shown in Figs 5.7a and 5.7b. As the slurry or gas 

velocity increases, it intensifies the circulation of the phases in the column, which in turn increases 

the slurry dispersion coefficient. The increase in the particle concentration leads to an increase in 

the slurry viscosity, which inhibits the smooth flow of the slurry, causes phase circulation, and 

increases the dispersion coefficient. As per Joshi (1980), in the heterogeneous bubbly flow, the 

intensity of phase dispersion is related to the sum of the superficial liquid velocity and the average 

liquid circulation velocity. The circulation of the liquid is due to the non-uniform radial gas volume 

fraction. The formation of a non-uniform radial gas volume fraction results in a difference in 

density that causes the circulation and backmixing of the phases (Palaskar et al., 2000b). During 

circulation, a transverse interaction between the phases exchanges a certain amount of slurry with 

each other. The slurry exchange parameter is strongly influenced by the operating and physical 

properties of the system, as shown in Fig. 5.7c. The dependency of Ec on usg and usl at H/W = 0.89 

is  138.0
sgc uE   and 

85.2
slc uE  , respectively. The effect of particle concentration (ws = 0.5 – 3.0 

wt.%) and the superficial gas velocity (usg = 0.011 – 0.075 m/s) on the slurry exchange parameter 

() is shown in Fig. 5.7c. The  increased by increasing ws and the usg. The dependency of the 

slurry exchange parameter on usg and usl at H/W = 0.95 are  096.0
sgu  and 

016.0
slu , respectively. 

Here, it is seen that the effect of usl on the  is dominant compared to that of the usg. It is about 

1.52 times the usg. 
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Fig. 5.7 Influence of different variables on (a) the dispersion due to circulation at different 

superficial slurry and gas velocities, (b) the dispersion due to circulation at different particle 

concentrations, and (c) the slurry exchange parameter at various particle concentrations and 

superficial gas velocities. 

Correlations are proposed for the interpretation of the slurry exchange parameter and the dispersion 

due to circulation as defined by Eq. (5.23) and (5.24), respectively, for all the H/W ratios. The 

proposed correlations are given in Table 5.4.  

Table 5.4 Developed correlations for the dispersion due to circulation and slurry exchange 

parameters at various H/W. 
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The parities of the experimental and predicted dispersion due to circulation and the slurry exchange 

parameter are shown in Figs 5.8a and 5.8b, respectively.  
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Fig. 5.8 Parity plot of (a) the dispersion due to circulation and (b) the slurry exchange parameter. 

5.4.7. Influence of different variables on the dispersion due to bubble motion 

The impact of the superficial gas velocity, the particle concentration, and the particle size on the 

dispersion coefficient of bubble motion (Db) and velocity distribution characteristics factor (k) as 

defined by Eq. (5.11) is shown in Figs 5.9a and 5.9b. It is noticed that the Db increases with the 

increase in the usg, while it decreases with the increase in the particle concentration. As the usg 

increases, the momentum of the gas bubbles increases, resulting in an increase in the Db. Increasing 

the concentration of particles increases the viscosity of the system and also increases the collision 

between bubbles and particles (Majumder, 2016), hence the Db decreases. The k was reduced with 

an increase in the usg; however, it increases by increasing the concentration of particles. As shown 

in Fig. 5.9b, the Db decreases by increasing the particle size; however, the decrease is not 

significant as the particle size increases. The k increases with increasing particle size. The k 

depends on the intensity of the turbulence (Majumder, 2008). The increase in the liquid velocity 

increases the turbulence, which results in a reduction of the k. The functionality )( 26.0
sgb uD   of the 

usg at H/W = 0.89 on Db is approximately 4.34 times the usl )( 06.0
slb uD  . Similarly, in the case of 

the k, the functionalities are: 18.0
sg
uk and 

002.0
sl
uk , respectively.  
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Fig. 5.9 Variation of Db and k as a function of (a) usg at different particle concentrations and (b) dp 

at different superficial gas velocities. 

Correlations for the dispersion due to bubble motion and the velocity distribution characteristics 

factor are suggested based on the experimental results, as shown in Table 5.5.  

Table 5.5 Developed correlations for the dispersion due to bubble motion and the velocity 

distribution characteristic factor at various H/W. 
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Parities of Db and k are shown in Figs 5.10a and 5.10b, respectively. The validity of the velocity 

distribution model is examined by comparing the experimental axial slurry dispersion and axial 

slurry dispersion coefficient calculated by Eq. (5.26), as shown in Fig. 5.10c. 

predictedb
predictedbpredicted

slc
Z D

Dk

ud
E ,

22

,

4
          (5.26) 

To assess the range of experimentally calculated Db, it is compared with the published 

experimental values of  Kato and Nishiwaki (1971), Deckwer et al. (1974), Hikita and Kikukawa 

(1974), Yang and Fan (2003), Baird and Rice (1975), and Kawase and Moo-Young (1986) as 

shown in Fig. 5.10d. It is noticed that the present experimental values of Db are much smaller than 

the literature value. The literature value is higher in the two-phase semi-batch or co-current 

operation in the large diameter column at a higher usg. The Db depends on the extent of turbulence 

and the circulation of phases. However, the present system does not reflect a large amount of 

backmixing because of the structure of the column. Experimentally obtained k is compared with 

the values of Hikita and Kikukawa (1974), Deckwer et al. (1974), and Miyauchi et al. (1981a) as 

shown in Fig. 5.10e. It has been found that the present experimental values of the k increase with 

an increase in the usg and also higher than the values published in the literature. The trend of the k 

is in accordance with the results of other investigators (Sivaiah and Majumder, 2013a). At higher 

superficial gas velocity (i.e., usg > 0.05 m/s), the values of k reported by Towell and Ackermann 

(1972), Riquarts (1981), Reith et al. (1968), and Kato and Nishiwaki (1971) are in the same trend 

as those observed in the present experiment.   
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Fig. 5.10 Comparison of (a) the experimental and interpreted dispersion due to bubble motion, (b) 

the experimental and predicted velocity distribution characteristic factor, (c) the predicted axial 
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dispersion coefficient based on the velocity distribution model (using Eq. 5.26), and the 

experimentally measured axial slurry dispersion coefficient, (d) comparison of the dispersion due 

to the bubble motion with others published experimental data, and (e) comparison of the velocity 

distribution characteristic factor with others published experimental data. 

Some typical values of the axial (at H/W = 1.63) and transverse slurry dispersion (at x/W = 1.0) 

coefficient, dispersion due to the bubble motion (at H/W = 1.63), dispersion due to circulation (at 

H/W = 1.63), the velocity distribution characteristics factor (at H/W = 1.63), and the slurry 

exchange parameter (at H/W = 1.63) are given in Table 5.6. 

Table 5.6. Some typical values of axial (at H/W = 1.63) and transverse dispersion (at x/W = 1.0) 

coefficient, dispersion due to bubble motion (at H/W = 1.63), dispersion due to circulation (at H/W 

= 1.63), velocity distribution characteristics factor (at H/W = 1.63), and slurry exchange parameter 

(at H/W = 1.63). 

Superfi
cial 
slurry 
velocit
y, usl  
103 
(m/s) 

Superfi
cial gas 
velocit
y, usg  
103  
(m/s) 

Particle 
concentra
tion, ws 
(wt. %) 

Particl
e 
diame
ter, dp 
(m) 

Axial  
dispersi
on 
coeffici
ent, Ez 
 103   
(m2/s) 

Tranav
erse  
dispersi
on 
coeffici
ent, Ew 

 103,  
(m2/s) 

Dispers
ion due 
to 
bubble 
motion, 
Db  
103  
(m2/s) 

Dispers
ion due 
to 
circulat
ion, Ec 
 103  
(m2/s) 

Velocity 
distributi
on 
character
istic 
factor, k 
() 

Slurry 
exchan
ge 
parame
ter,   
103    
() 

17.83 11.10 0.5 63.01 1.913 1.385 1.675 0.133 5.614 16.364 
33.69 42.80 0.5 63.01 4.891 3.894 2.439 1.269 3.784 15.631 
57.46 74.50 1.0 63.01 8.889 5.795 2.571 5.586 4.148 29.598 

17.83 11.10 
0.5 242.7

2 
1.923 1.441 1.632 0.143 5.912 21.402 

57.46 11.10 
3.0 242.7

2 
4.892 4.448 1.151 5.306 8.671 27.194 

33.69 74.50 
0.5 408.3

1 
4.464 5.238 2.878 1.236 4.690 29.945 

57.46 42.80 
1.0 408.3

1 
4.119 6.841 1.923 5.403 4.855 27.838 

 

5.4.8. Conclusions 

The present work reports the dispersion characteristics of slurry in the counter-current slurry 

bubble column. The slurry phase mixing patterns are analyzed in terms of axial and transverse 

dispersion coefficient, the intensity of dispersion, velocity distribution characteristic factor, and 
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dispersion due to bubble motion. A thorough study was conducted to quantify the effect of 

operating variables, geometric variables, and physical properties of the system on the investigated 

hydrodynamics. Based on the experimental investigation, the following conclusions can be drawn:  

 The axial (Ez) and transverse (Ew) dispersion coefficient increases with the superficial 

gas and slurry velocities and with the particle diameter, but decreases with the particle 

concentration. The effect of the slurry phase superficial velocity on the axial slurry 

dispersion coefficient )( 848.0
slz uE  is more pronounced compared to that of the gas-

phase superficial )( 240.0
sgz uE  velocity. Similarly, the effect of the superficial slurry 

velocity on the transverse dispersion coefficient )( 632.0
slw uE  is significant compared 

to that of the superficial gas velocity )( 248.0
sgw uE  .  

 The axial slurry dispersion coefficient (Ez) is 1.40 – 9.60 times the dispersion 

coefficient due to circulation (Ec), while it is 1.28 – 3.61 times the dispersion due to 

bubble motion (Db).  The transverse slurry dispersion coefficient (Ew) was 1.03 – 1.39 

times the axial slurry dispersion coefficient (Ez). The transverse dispersion coefficient 

(Ew) is more in the middle (in the transverse direction) of the column and decreases as 

it approaches the right section of the column.  

 The effect of the superficial slurry velocity has a very strong effect on the dispersion 

due to circulation (Ec). The effect is 20.65 times the superficial gas velocity. The scales 

of dispersion due to circulation (Ec) with superficial gas velocity, superficial slurry 

velocity, and particle size at H/W = 0.89 are: 138.0
sgc uE   , 

85.2
slc uE   and 026.0

pc
 dE , 

respectively. It was seen that the influence of superficial gas velocity on the slurry 

exchange parameter is more pronounced compared to the superficial slurry velocity. 

The effect of the superficial gas velocity on the slurry exchange parameter is 6 times 

the superficial slurry velocity. The functionality of the slurry exchange parameter () 

with the superficial gas velocity, the superficial slurry velocity, and the particle size at 

H/W = 0.89 are 096.0
sgu , 

016.0
slu , and 022.0

pd , respectively. The effect of the 
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variation in particle size on the slurry exchange parameter () and the dispersion due 

to circulation (Ec) is marginal compared to other parameters.  

 The velocity distribution model was also used to enunciate the dispersion 

characteristics. The increase in the superficial gas velocity has a positive effect on the 

dispersion coefficient of bubble motion (Db), while it has a negative effect on the 

velocity distribution characteristic factor (k). The increase in the concentration of the 

particles leads to a reduction in the dispersion coefficient of bubble motion, while the 

velocity distribution characteristic factor increases. The increase in the particle size 

reduces the dispersion coefficient of bubble motion, while the velocity distribution 

characteristic factor increases. However, the variation in particle size has no significant 

effect on both parameters. The effect of the superficial gas velocity on dispersion due 

to bubble motion )( 26.0
sgb uD   is about 4.33 times (at H/W = 0.89), the effect of the 

superficial slurry )( 06.0
slb uD   velocity. Similarly, the dependence of the velocity 

distribution characteristic factor on the superficial gas and slurry velocities is: 

18.0
sg
 uk and 

002.0
sl
uk , respectively. 

The proposed correlations for the hydrodynamic parameters are in good agreement between the 

experimental and predicted values for all studied experimental conditions. The proposed 

correlations well predict the experimental values in the  20% error range. The proposed 

correlations can be used to scale-up the system for the further development of the industrial process 

related to such studies. The results of the mixing can give insight into a further understanding, 

process intensification, and modeling of the counter-current slurry bubble column. 
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Chapter 6 

Particle Recovery in Microstructured Column 

Abstract 

The coal particle recovery in a microstructured flotation column is reported in this chapter. The 

current report is based on the deashing/demineralization of coal particles using the froth/column 

flotation beneficiation technique. The effect of operating variables on particle recovery, flotation 

rate constant, efficiency index, ash content, combustible recovery, and induction time is studied. 

Induction time is enunciated using the phenomenological kinetic model based on the consecutive 

sub-processes comprising of the bubble-particle collision, attachment, and detachment. The 

flotation system was optimized by varying the collector as well as surfactant doses.  
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6.1. Introduction 

Coal is one of the largest sources of energy, and perhaps the largest contributor to industrial growth 

worldwide (Zhu et al., 2020b). Coal is primarily used in the power generation sector (Rawat and 

Yadav, 2020), iron & steel sector, metallurgical processes (Wang et al., 2017), coke production 

(Tan et al., 2020) as well as in cement manufacturing units. India produces 157377 MW of 

electricity through 155 coal-fired power plants using 509.46 MT coal (Rawat and Yadav, 2020). 

India’s energy system relies primarily on the use of coal to generate electricity. Approximately 

40% of the world’s total electricity production and one-third of the world's steel production is 

based on coal. As the reserves of high-grade coal are depleted day by day and in many mining 

processes, the large amounts of fine coal which needs to be beneficiated for use in industries. 

Owing to the high ash and sulfur content of coal, it is becoming mandatory to demineralize and 

desulfurize the coal to make it more valuable. Use of inferior coal in coal-fired power plants results 

in the emission of Hg, NOx, SOx, CO2, trace elements (i.e., As, Se, and Cd), particulate matter, 

corrodes the surface of the boiler, economizer malfunction, huge ash production (Chang et al., 

2019; Steel et al., 2001; Wang et al., 2000; Zhao et al., 2008). Under strict environmental laws, it 

is of the utmost importance to reduce ash and sulfur minerals from substandard coal. 

Several techniques, such as physical, physico-chemical, and chemical techniques are commonly 

used to beneficiate the coal (Xia et al., 2015). The detailed information on the different techniques 

regarding coal beneficiation is provided elsewhere (Barma, 2019; Xia et al., 2015). Each technique 

has its advantages and disadvantages depending on the degree of demineralization, the particle 

characteristics (particle size, the difference in wettability between carbon-rich and mineral-rich 

particle or washability, etc.), the chemical consumption, and the environmental policies. Column 

flotation cell is superior to the mechanical cell, in terms of higher particle recovery with low ash 

content (Jena et al., 2008; Liaoa et al., 2015), low floor space, low capital and operating cost, and 

adaptability to automatic control (Hacifazlioglu and Sutcu, 2007; Tian et al., 2017). The present 

work is focused on the physico-chemical technique in the air-sparged column. The froth flotation 

technique is regarded to be the physico-chemical technique. This technique depends on the particle 

properties (i.e., surface morphology, particle size, particle shape, hydrophobicity, crystal structure, 

roughness), equipment hydrodynamics (i.e., bubble size), mode of operation, physical properties 

(i.e., surface tension), pH, reagent doses, reagent type, etc. (Hassanzadeh et al., 2018; 
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Szczerkowska et al., 2018). All the parameters are interdependent, and any change in the design 

parameters will affect the flotation process. The flotation technique is carried out in a multiphase 

contacting device where the liquid is in a continuous phase while the gas and fine particles are in 

the dispersed phase. In counter-current operation, the feed is introduced after conditioning with 

reagents, entering the flotation column in the middle section or the 2/3 height of the column from 

the column base where it mixes with the liquid and interacts with the swarm of gas bubbles that 

are introduced from the bottom of the column through a gas distributor. The relative velocity of 

particle and gas bubbles decides the probability of the bubble-particle attachment, the power 

requirement of the process, bubble loading, and the flotation rate. A counter-current operation 

provides the optimal conditions for the bubble-particle attachment and stability by reducing the 

rise velocity of the swarm of gas bubbles, thereby increases the retention time in the slurry, and 

reduces the compressed air requirement. In the counter-current operation, the probability of 

bubble-particle collision is high because of the large aerated volume in the column, the large 

distance of travel of the bubble and particle along with the column height and low longitudinal 

slurry mixing. Collectors are chemicals that absorb on the particle surface and make it 

hydrophobic. Collector develops a monolayer on the particle surface, which is the thin film of non-

polar hydrophobic hydrocarbon, which imparts hydrophobicity. Collector increases the contact 

angle between the air bubble and particle, thus increases the adherence capacity of the particle 

surface. Excess concentration of collector limits the recovery of the valuable particle by 

developing the multilayer on the particle surface, which reduces the hydrophobicity and prevent 

floatability. Frother or surfactants reduce the surface tension of the liquid and aid in the formation 

of a large number of stable bubbles and increase the process kinetics. 

For the size of coal particles smaller than 0.5 mm, the flotation technique is one of the most 

efficient processes to enhance the quality of fine coal by removing ash or other mineral matters 

(Gui et al., 2014). It is a physicochemical technique for separating valuable fine particles (Jena et 

al., 2008). The flotation technique is based on the wettability property of coal and minerals. It is 

mainly used to reduce the ash content of coal particles. Ash content mainly consists of inorganic 

impurities such as quartz (SiO2), pyrite (FeS2), aluminum oxide (Al2O3), hematite (Fe2O3), 

kaolinite (Al2Si2O5(OH4)), calcite (CaCO3), etc. (Barma et al., 2018a; Barma et al., 2018b; 

Rahman et al., 2017). The flotation technique is not only capable of reducing the ash content, but 

it also reduces the sulfur from the coal particles. Sulfur in coal is present in organic (mainly in the 
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form of mercaptans, thioethers, and thiophenes) and inorganic (pyritic and sulphate) form (Yu et 

al., 2019). The sulphate sulfur is associated with Ca or Fe, while the pyritic sulfur mainly occurs 

as high-density inorganic minerals, such as pyrite and marcasite. Inorganic sulfur can be reduced 

with the flotation technique, while organic is difficult to reduce due to its strong chemical bond  

(Barma, 2019).  

The hydrophobicity of the particle is characterized by the induction time (Zhu et al., 2020a). The 

most fundamental requirement for efficient flotation is the attachment of the particles on the gas 

bubble. The attachment of particles on the bubble involves thinning and rupturing of the thin film 

between the particle and the gas bubble. The minimum length of time required to draining of thin 

film to the accomplishment of critical thickness and its rupturing and forming the stable bubble-

particle aggregate is the induction time (Yoon and Yordan, 1991). Attachment of particles on gas 

bubbles occurs only when the bubble-particle contact time is larger than the induction time. A 

detailed review of induction and attachment time is given elsewhere (Albijanic et al., 2010). Zhang 

et al. (2018) reported the bubble-coal particle induction time using an induction timer. Shorter 

induction time results in higher recoveries. Smaller particles have a lower induction time compared 

to larger particles. Shorter induction time (< 20 ms) reflects high grade and strong hydrophobicity 

of coal particles. Bubble size significantly affects the induction time. The small bubble has a higher 

interfacial area, which enhances the particle recovery. The induction time for the microbubble-

particle attachment is 1000 ms, while in the case of nanobubble, the induction time is reduced to 

39 ms. Parmar and Majumder (2016) studied induction time using the phenomenological kinetic 

model based on the consecutive sub-processes, comprising of the bubble-particle collision 

efficiency, attachment efficiency, and detachment efficiency. They reported that the induction time 

is strongly dependent on the slurry circulation velocity, surfactant concentration, and type of 

surfactant (ie., cationic, anionic, or non-ionic). The reported induction time increases as the slurry 

circulation velocity increases, while it decreases as the surfactant concentration increases. Zhu et 

al. (2020a) studied the induction time using two different collectors: (i) mixture of fossil oil and 

oxygenated compound and (ii) diesel oil. The induction time of coal particles without conditioning 

with the collector was 100 ms, after conditioning it shortens to 50 ms. The induction time after 

conditioning with a mixture of fossil oil and oxygen compound was approximately 0 – 10 ms. The 

induction time of coal particles in acidic, neutral (i.e, deionized water) and the alkaline solution is 

investigated by Qi et al. (2020). The induction time was 500 ms, 400 ms, and 250 ms in the 
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alkaline, neutral, and acidic solution, respectively. The induction time of coal particles is also 

affected by the fresh coal particles. For the fresh coal particles with the collector, the induction 

time was 10 ms, however, for the aged coal without the collector, it was 11.6 ms (Zhou et al., 

2020).  The effect of the conventional air bubble and nanobubble on coal recovery is studied by 

(Chang et al., 2020). The combustible matter recovery in the presence of nanobubble is 10% higher 

compared to the conventional air bubble. 

The literature review indicates that the cleaning of fine coal can be enhanced by the flotation 

technique. In this study, the cleaning of coal samples has been investigated in a microstructured 

column to understand the effects of various parameters such as collector and surfactant doses, gas 

and feed velocity on combustible recovery, the ash content in concentrate, yield, efficiency index, 

and induction time. An attempt has been made to optimize the reagent doses, and gas and feed 

velocity in the microstructured column. The phenomenological kinetic model has been used based 

on the consecutive sub-processes compromising of the bubble-particle collision, attachment, and 

detachment that has been used to enunciate the induction time. In addition, the correlation for 

induction time has been proposed in terms of gas and feed Reynolds number.  

6.2. Experimental setup and methodology 

All the experiments were done at atmospheric pressure (1 atm) and room temperature (298.15 K) 

in a microstructured flotation column, as shown in Fig. 6.1. The height, width, and depth of the 

experimental setup were 0.63 m, 0.19 m, and 0.03 m, respectively. For the continuous flow of air 

in the column, an air compressor was incorporated. Air flow rate was controlled and measured by 

the needle valve and the calibrated air rotameter (Deluxe Industrial gases, acrylic body, range: 0 – 

40 l/m). A cylindrical super porous sparger (SS316, powder sparger, manufactured by TFI 

Filtration (India) Pvt. Ltd.) with 20 m was positioned horizontally at the column base to disperse 

air in the form of a gas bubble in the chamber. For each test, the slurry was prepared in the 

conditioning tank by taking the known quantity of coal and water. The stirrer was used to mix the 

coal particles and water thoroughly for approximately 5 minutes. Diesel oil (as a collector), and 

short branched-chain alcohol, i.e., Methyl-iso-butyl-carbinol ((CH3)2CHCH2CH(OH)CH3, 

molecular wt.: 105.0 g/mol) (as a frother) were added, respectively at an interval of 5 minutes and 

mixed thoroughly using the stirrer. MIBC used in the experiment was purchased from the Tokyo 

Chemical Industry Corporation Limited, while diesel oil was purchased locally. For each test, froth 
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concentrate generated during the process was collected from the upper lip of the column for 3 

minutes. The experiments were carried out in the continuous mode, where the slurry flow was 

charged continuously wherein the gas flow was dispersed from the base of the column. The feed 

and gas flowrate was varied from 0.004 to 0.044 m/s and 0.043 to 0.090 m/s, respectively. The 

experiments were carried out at the ambient pH of the slurry system. The slurry pump was used to 

feed the slurry from the conditioning tank to the column, while the gravity-driven underflow was 

collected in the tailing tank. Electromagnetic flow meter (Adept Fluidyne, MagFlow 6410, India) 

was installed between the slurry pump and feed inlet to the column to measure the feed flow rate. 

The feed flow rate was controlled using the bypass valve installed between the pump and the 

electromagnetic flow meter. The slurry concentration of 3.0 wt.% was kept constant for all the 

experiments. After collection of the froth concentrate and drying in the oven for 105 C, the 

concentrate was weighted and sampled for analysis. For the measurement of moisture content, the 

coal samples were crushed to 230-micron particle size using mortar and pestle. A fixed amount of 

1 g coal of this sample was measured in a porcelain crucible, which was put in a hot air oven set 

at a temperature of 108°C. It is left to dry for 2-3 hours. The loss in weight gives the moisture 

content of coal. 1 g of 230-micron sample was taken in a high temperature withstanding silica 

crucibles. The sample was then kept in a muffle furnace (IKON, IK-108). A progressive and 

constant rate of heating was maintained inside the furnace until the temperature reached 810°C. 

The sample was maintained at this temperature for the next 1 hour. After that, it was taken out and 

weighed again. Using the initial and final weight of the coal sample, ash content was estimated. 

The presence of volatiles in coal favors the coal ignition. The volatile matter was estimated using 

closed lid cylindrical silica crucibles. 1 g of finely powdered coal (230-micron size) was placed in 

silica crucibles and kept in the muffle furnace at 910 °C for 10 minutes. To prevent the oxidation 

of carbon in coal and to allow only volatile matter and moisture to escape, 2-3 drops of benzene 

was put in coal sample to create an inert atmosphere before putting in a muffle furnace. The sample 

was taken out and weighed. The difference between the initial and final weight of the sample gives 

the cumulative weight of moisture and volatiles. After each experiment, the setup was cleaned 

properly with water to avoid traces of chemicals and other contaminants for the new experiment.     
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 Fig. 6.1. Schematic of the experimental setup. (Copyright material) 

The slurry density and viscosity of the slurry was calculated as per the Eq. (6.1) and Eq. (6.2), 

respectively. 

lsss
sl ww 


/)100(/

100


       (6.1) 

  lsssl kk  2
211        (6.2) 

where sl and eff denote the density and viscosity of the slurry, respectively. The terms ws, s, αs 

are particle concentration, particle density, and particle holdup. The values of k1 and k2 in Eq. (6.2) 

are 2.5 and 10.05, respectively. The particle holdup is calculated using the following Eq. (6.3) 

mc

ss
s ha

m  /
        (6.3) 

where ms, ac, and hm refers to the mass of the particle, cross-sectional area of the column, and gas-

slurry dispersion height. 

6.2.1. Materials and method 
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The high ash coal sample used in the experiment was taken from the Shillong mine in Meghalaya, 

India. It was low-rank coal. Four different size fractions (< 150 m, 150 – 300 m, 300 – 425 m, 

and 425 – 525 m) of the coal was prepared by the jaw crusher, roll crusher, hammer mill, followed 

by sieving in mechanical sieve shaker.  

Ash analysis was performed for all the four different particle fractions, as shown in Table 6.1. It 

was observed that ash content is 23.542% for particle fraction of size less than 150 μm. 

Therefore, raw coal was grinded to this size, and all the experiments were carried out at the 

same particle fraction. Proximate and ultimate analysis of coal is shown in Table 6.2 and 

Table 6.3, respectively. The fixed carbon in the proximate analysis was calculated was as 

fixed carbon (%) = 100 – (%ash + % moisture + % volatile matter). The gross calorific value 

of coal was measured by the bomb calorimeter. The gross calorific value was found to be 

24.41 MJ/kg. Ultimate analysis of coal was performed by carbon-hydrogen-nitrogen-sulfur 

(CHNS) analyzer (Eurovector EA3000) in Guwahati Biotech Park. The zeta potential of raw 

coal was also measured by Delsa Nano (Delsa Nano C, Beckman Coulter, Switzerland). The 

zeta potential of coal particle was found to be – 6.51 mV.    

Table 6.1. Ash content in different particle fractions.  

Particle fraction < 150 150  300 300 425 > 425 
% Ash 23.542 25.538 23.707 25.830 

 

Table 6.2. Proximate analysis of coal particle (for dp < 150 μm). 

Proximate analysis Fixed moisture Ash content Volatile matter Fixed carbon 
wt.% 2.751 23.542 37.017 36.69 

 

Table 6.3. Ultimate analysis of coal particle (for dp < 150 μm). 

Ultimate analysis Carbon Hydrogen Nitrogen Sulfur Oxygen (by difference) 
wt.% 55.585 4.447 1.50 2.756 35.712 

 

The recovery (R) of concentrate was calculated as per the following equation 
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100  (%) 
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M
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The combustible recovery (CR) was calculated using the following expression 
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where Ac, Af, Mc, and Mf refers to the ash content of concentrate, the ash content of feed coal, 

the mass of concentrate, and mass of feed, respectively. Percentage ash rejection (AR) of the 

flotation test was calculated as per the following equation 
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ff
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 AR          (6.6) 

The efficiency index (EI) of flotation was estimated as per the following equation 

EI = (Combustible recovery (%) + Ash rejection (%))  100     (6.7) 

6.2.2. Particle characterization 

Typical image of coal particles captured by Field Emission Scanning Electron Microscope 

(FESEM) (make: Zeiss, Model: Sigma) and particle size distribution (measured by laser particle 

size analyzer) is shown in Fig. 2.2a. and 2.2b, respectively.  

 
6.2.2.1. X-ray fluorescence of coal 

X-ray fluorescence (XRF) spectrometry is an instrumental method used for the analysis of major, 

minor, and trace compounds and elements in the coal samples. The XRF spectrometry (Table 6.4) 

of raw coal shows that the major constituents of ash in coal are silica (SiO2 = 42.601%), followed 

by alumina (Al2O3 = 7.919%) and iron oxide (Fe2O3 = 7.387%). Cumulatively, all three constitute 

57.907% of the ash. In the elemental analysis, all these three (Al, Si, and Fe) contribute 29.271%. 

The coal also has high sulphur content (SO3 = 38.128%, S = 15.269%).  

Table 6.4. X-ray fluorescence spectrometry of coal. 

Element   Concentration (%) Compound    Concentration (%) 
O 52.303 Na2O 0.627 
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Na 0.465 MgO 0.434 
Mg 0.262 Al2O3 7.919 
Al 4.191 SiO2 42.601 
Si 19.913 P2O5 0.087 
P 0.038 SO3 38.128 
S 15.269 Cl 0.230 
Cl 0.230 K2O 1.021 
K 0.848 CaO 0.881 
Ca 0.629 Ti 0.471 
Ti 0.471 Cr 0.069 
Cr 0.069 Fe2O3 7.387 
Fe 5.167 Sr 0.117 
Sr 0.117 Zr 0.028 
Zr 0.028   

 

6.2.2.2. XRD of coal 

Identification of mineral phases available in coal is helpful to detect the quality of coal and 

important for its beneficiation. X-ray powder diffraction (XRD) (Make: Bruker, Netherland, 

Model: D8, Advance) analysis is performed over a 2 interval and step size of 3 to 90 and 0.02, 

respectively. Quartz (SiO2) and kaolinite (Al2Si2O5(OH)4)  are the major mineral phase, as shown 

in Fig. 6.2a. However, among these two, the maximum peaks of the quartzitic phase reveal its 

predominance. Quartzitic phase contributes to the majority of crystalline or free silica (SiO2) 

matters while kaolinite contributes alumina (Al2O3) along with some amount of SiO2. Reduction 

in the peak intensity (as shown in Fig. 6.2a) of mineral phases indicating the removal of 

accompanied impurities after flotation.  
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Fig. 6.2. XRD result of coal particles.  

 

6.2.2.3. FESEM-EDX result of coal  

Field emission-scanning electron microscope in conjunction with energy-dispersive X-ray 

spectrometer (FESEM-EDX) (Make: Zeiss, model: Sigma 300) was used to analyze the 

distribution of mineral matters of raw and treated coal. Feed coal (Fig. 6.3a and Fig. 6.3b) and 

concentrate (Fig. 6.3c and Fig. 6.3d) show a substantial amount of mineral matters are removed 

from the raw coal. Fig. 6.3b shows the content of raw coal corresponding to spectrum 3 (Fig. 6.3a), 

where C (66.1%), O (20.90%), S (3.20%), Si (3.0%), Al (2.5%), Fe (2.30%) and Cl (1.40%) are 

major components. In Fig. 6.3d, the content of concentrate corresponding to spectrum 25 (Fig. 

6.3c) shows that C content increases to 79.60%, while other components such as O, S, Si, Al, Cl, 

and Fe reduces to 14.20%, 2.0%, 1.60%, 1.40%, 0.80%, 0.10%, respectively. Results show 

significant removal of mineral content after coal flotation.  
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Fig. 6.3. EDX spectra of coal: (a) raw coal, (b) EDX of raw coal, (c) treated coal, and (d) EDX 

result of treated coal. (Copyright material) 

6.2.2.4. FTIR analysis of coal 
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Fourier-transform infrared spectroscopy (FTIR) analysis of powdered samples of coal was 

performed to identify the functional group of raw and concentrate coal. The analysis was done in 

the FTIR instrument (Model No.: IRAffinity-1; Make: M/s Shimadzu, Japan) in the range of 400 

to 4000 cm-1, as shown in Fig. 6.4. Coal sample of approximately 5 – 7 mg was weighed in a single 

pan digital balance-weighing machine (Make: MicroSet, model: MS WB-325). The sample was 

prepared by thoroughly mixing coal particles with dry finely ground spectroscopic grade KBr 

(approximately 180 -200 mg) in an agate mortar and pestle. FTIR was performed at the 30 scans 

in an absorbance mode. 
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Fig. 6.4. FTIR analysis of coal. 

6.3. Results and discussion 

6.3.1. Optimization of collector and surfactant doses  

The effect of variation of collector and surfactant doses on combustible recovery (CR) and 

efficiency index (EI) at 0.004 m/s feed (uf) and 0.082 m/s gas velocity (ug) and at fixed surfactant 

dose of 600 gram per ton (GPT) is shown in Fig. 6.5a and Fig. 6.5b, respectively.  In Fig. 6.5a, it 
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is noticed that as the collector doses increased from 2500 to 3100 gram per ton (GPT), the CR 

increases from 54.275 to 83.66%, and a further increase in the collector doses (from 3400 to 3700 

GPT) leads to CR more or less constant. The EI of the system increases from 24.94% to 35.78% 

(as the collector doses increase from 2500 to 3100 GPT), and it starts to decrease from 35.78% to 

28.47% (as the collector dose increase from 3400 to 3700 GPT). This may be attributed to the non-

selectivity of the collector on the coal particles and entrainment of ash containing minerals in the 

froth concentrate at high collector doses.  

The addition of the surfactant stabilizes the gas bubbles and forms the small bubble size. Small 

bubble size has a high interfacial area that facilitates more bubble-particle interaction and leads to 

enhance the system performance. The influence of the surfactant dose on CR and EI at 0.004 m/s 

feed and 0.082 m/s gas velocity at fixed collector doses (at 3100 GPT) is shown in Fig. 6.5b. It is 

observed that CR increases from 73.88% to 87.67% (as surfactant dose increases from 320 to 540 

GPT), and a further increase in the surfactant dose (from 600 to 660 GPT) leads to a slight variation 

in CR. The maximum EI (39.60%) is observed to be at 480 GPT surfactant dose, and an increase 

in the surfactant dose beyond 480 GPT, the EI starts to decrease. The reduction in EI is attributed 

to a reduction in the growth rate of yield and the increase in the ash content in concentrate caused 

due to the recovery of high ash content minerals. 

The optimization of the collector and surfactant dose is performed based on the EI of the system. 

From Figs. 6.5a and 6.5b, it is found that the maximum EI is about 39.60% at collector and 

surfactant dose of 3100 and 480 GPT, respectively. Further experiments were carried out to 

enunciate the influence of operating variables such as feed and gas velocity at the optimized 

collector and surfactant dose.  
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Fig. 6.5. Effect of (a) collector on combustible recovery and efficiency index and (b) surfactant on 

combustible recovery and efficiency index. 

6.3.2. Effect of different variables on combustible recovery, efficiency index, yield, and ash 

content 

The effect of gas velocity on yield at various feed rates (uf = 0.004 – 0.044 m/s) is shown in Fig. 

6.6a. It is observed that the yield is increasing as the gas velocity increases for all the feed rates. It 

is obvious that as the gas velocity increases, it forces more particles to come to the froth phase, 

therefore the yield of the system increases.  

The increase in the feed velocity reduces the residence time of the slurry. Hence the yield of the 

system also gets influenced significantly. The yield of the system decreases, owing to a reduction 

in the residence time of the slurry. The low residence time of the slurry does not facilitate effective 

bubble-particle interaction, bubble-particle collision, and bubble-particle attachment, which is 

attributed to reducing the yield of the system. At high feed velocity, from 0.028 – 0.044 m/s, the 

reduction in yield for all the gas velocity is clearly noticed, however at low feed velocity from 

0.004 to 0.020 m/s, the yield curve intersects each other at few gas velocities. It is attributed to the 

effective interaction of bubble-particle due to the high residence time of slurry in the column. The 

maximum and minimum yield is found to be approximately 83.22% and 28.40% at 0.09 m/s gas 

velocity (for uf = 0.020 m/s) and 0.004 m/s gas velocity (for uf = 0.044 m/s), respectively. At the 

maximum feed rate (uf = 0.044 m/s), as the gas velocity increases from 0.043 to 0.090 m/s, the 

yield increases from 28.41% to 43.01%, approximately an increase of 51.01%. Similarly, at low 

feed velocity (uf = 0.004 m/s), the increase in yield is about 57.85% at the same variation of the 

gas velocity. 

The influence of gas and feed velocity on ash content of concentrate at optimum collector and 

surfactant dose is shown in Fig. 6.6b. It is noticed that the ash content is increasing as the gas 

velocity increases for all the feed rates. In actual lower ash content is obtained at the expanse of 

combustible recovery. As the gas velocity increases, along with desired particles, the entrainment 

of gangue particles to the froth phase also increases, therefore the ash content. At lower feed 

velocity, the resistance on the upward carrying of the particle by a gas bubble is low, which leads 

to a higher yield of the ash containing particle, which leads to an increase the ash in concentrate. 

At high feed rate (uf = 0.028 to 0.044 m/s), the throughput of the particles with froth is low. 
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Therefore, the ash content curve is not clear as it was with uf < 0.028m/s. At minimum feed 

velocity, 0.004 m/s, the ash content in concentrate increases from 13.58% to 16.93%, an increase 

of approximately 24.62%, when the gas velocity increases from 0.043 to 0.090 m/s. Similarly, at 

maximum feed velocity, the ash content increases from 10.24 to 12.38%, the increase is about 

20.92% at the same variation of gas velocity. The minimum increase in the ash content is 10.97 to 

12.12%, approximately an increase of 10.53% (at uf = 0.036 m/s), at the same variation of gas 

velocity.  If looking at the variation of ash content with the feed velocity, for all the gas velocity, 

the ash content in concentrate decreases with an increase in the feed velocity. For minimum gas 

velocity, say 0.043 m/s, the ash content decreases from 13.58 to 10.24%, the reduction of about 

24.65%, as the feed velocity increases from 0.004 to 0.044 m/s. Similarly, for maximum gas 

velocity, say 0.090 m/s, the reduction in ash content is about 26.89%, at the same change in the 

feed velocity.   

The variation in combustible recovery (CR) as a function of gas velocity and feed velocity at 

optimum collector and surfactant concentration is shown in Fig. 6.6c. Combustible recovery is the 

function of the mass of concentrate, the mass of feed, the ash content in concentrate, and ash 

content in the feed. Higher recovery and lower ash content in concentrate improve the product 

quality and combustible recovery. Combustible recovery from the fines of coal particles strongly 

depends on the hydrophobicity of the fine particles, mineral (ash) distribution, and particle size 

distribution in the feed (Das et al., 2010). Under the suitable kinetic condition, the CR reaches 80% 

and also exceeds the value. It is noticed that the CR increases as the gas velocity decreases while 

it decreases with an increase in the feed velocity. The present CR results are in agreement with the 

finding of other researchers (Babu et al., 2018).  The maximum CR is observed to be 93.65% at 

0.090 gas velocity and 0.020 m/s feed velocity. For 0.004 and 0.012 m/s feed velocity, at ug  

0.075 m/s, the CR is greater than 80%, while for the feed velocity 0.020 m/s, CR more than 80% 

is observed at ug  0.082 m/s. For other feed and gas velocities, the CR is below 80%.   

Efficiency index (EI) is a useful parameter to compare the system performance under various 

experimental conditions is shown in Fig. 6.6d.  EI is dependent on combustible recovery and ash 

removal from the feed. The maximum EI of 47.70% is observed to be at 0.020 m/s feed velocity 

and 0.082 m/s gas velocity. Unlike other plots (Fig. 6.6a, 6.6b, and 6.6c), no any particular trend 

observed with respect to feed and gas velocities. The improvement in EI is about 1.78% (at uf = 
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0.004 m/s), 6.06% (at uf = 0.012 m/s), 42.03% (at uf = 0.020 m/s), 17.79% (at uf = 0.028 m/s), 

16.22% (at uf = 0.036 m/s), and 25.68% (at uf = 0.044 m/s) when the gas velocity changes from 

0.043 to 0.090 m/s. Operating the system at gas velocity of 0.082 m/s and feed rate 0.020 m/s will 

leads to provide the optimum condition for this system in terms of efficiency index.     
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Fig. 6.6. Effect of gas and feed velocity on (a) yield, (b) ash content in concentrate, (c) combustible 

recovery, and (d) efficiency index. 

6.3.3. Variation of particle recovery with time 

To understand the science behind the flotation technique and plant design, numerous flotation 

model have been developed by several researchers (Albijanic et al., 2015; Danoucaras et al., 2013).   

The flotation process has been shown to follow a rate equation of the type given below. 

NKC
dt

dC
                 (6.8) 
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where C is the concentration of the floatable mineral in the pulp, C = M / V, t is time for which the 

mineral is allowed to float, and N is the rate of the order. The term M denotes the mass of floatable 

mineral in the pulp, and V is the volume of the pulp and is kept constant throughout the experiment. 

If time is the only variable, then  

NtKC
dt

dC
)(

                  (6.9) 

Integrating Eq. (6.9) with N = 1 and the appropriate limit of C = C0 at t = 0, gives the following 

equation: 

 0ln)(ln CKttC                           (6.10) 

In Eq. (6.10), it is assumed that non –floatable mineral is not present in the cell. However, due to 

some reasons like insufficient collector concentration or incomplete liberation of mineral, etc. 

some portion of the mineral in the pulp is non-floatable. So the Eq. (6.9) becomes 

]ln[])(ln[ 0   CCKtCtC         (6.11) 

where C∞ is the concentration of mineral remaining in the pulp after prolonged floatation. 

Expressing recovery of the valuable mineral as 

0

0 )(
)(

C

tCC
tR


                          (6.12) 

After a prolonged time  

0

0

C

CC
R 



                               (6.13) 

Combining Eq. (6.12) and (6.13) with Eq. (6.11), the recovery as a function of time can be 

expressed as 

 )1()( KteRtR 
             (6.14) 

where R(t) and  R refers to the recovery at time t and ultimate recovery (or theoretical 

maximum recovery), respectively. The ultimate recovery is dependent on the chemical doses 

TH-2738_156107030



 

174 
 

such as collector and surfactant concentration, while the rate constant depends on the 

process variables such as power input, particle size, and gas velocity (Nguyen and Schulze, 

2003). The rate constant reflects the particle floatability (Cheng et al., 2013), and both of 

these parameters are used to analyze the flotation behavior (Xu, 1998). Flotation kinetics is 

related to micro sub-process such as collision, attachment, and stability efficiencies, all of 

these are associated with the transport of the hydrophobic particles to the froth phase. 

Determination of the flotation rate constant can be divided into three categories: (i) single 

flotation rate constant, (ii) distributed rate constant (Gamma, rectangular distributions, etc.), 

and (iii) fractional rate constant type (Alvarez-Silva et al., 2016).  Alvarez-Silva et al. (2016) 

reported that a single flotation rate constant is suitable for the identification of ultimate 

recovery. Other flotation kinetic model used in flotation is given elsewhere (Drzymała, 

2018). The flotation kinetic model brings together all the factors that takes place while 

flotation (Lazic and Calic, 2000). Flotation running under steady-state condition, the rate 

constant is dependent on the probability of flotation and bubble surface area flux (sb = 6qg/db). 

A typical variation of fractional and cumulative recovery as a function of time at fixed feed velocity 

(0.004 m/s) and different gas velocities (0.043 – 0.090 m/s) is shown in Fig. 6.7. It is noticed that 

for each gas velocity, fractional recovery is maximum for the first 30 s and in the later period, it 

starts to decreases. In the initial period, the affinity of attachment of particles to the gas bubble is 

high because of the presence of a larger number of hydrophobic particles, and with time quantity 

of hydrophobic particles reduces in the column, therefore the fractional recovery decreases. Up to 

80 s, the little variation of fractional recovery is observed. Beyond this time, the variation in 

fractional recovery is more or less the same. The flotation rate constant (K) and ultimate recoveries 

(R) for each experimental condition are evaluated by fitting the Eq. (6.14) using experimental 

cumulative recovery values as a function of time. Typical values of flotation rate constant and 

ultimate recoveries are given in Table 6.5. 
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Fig. 6.7. Variation of fractional and cumulative recovery with time at different gas velocities.  

Table 6.5. Typical values of rate constant and ultimate recovery. 

ug × 102 (m/s) 4.28 5.07 5.87 6.66 7.45   8.24 9.04 
K × 10-2 (1/s) 2.0151 2.0357 2.0357 2.0437 2.0648 2.1037 2.0075 
R 53.11 61.67 65.18 64.99 75.50 78.25 83.18 

 

6.3.4. Modeling of induction time 

The collection efficiency in the flotation process is the function of three sub-processes, such as Ec 

(particle-bubble collision), Ea (particle-bubble attachment), Es (stability) efficiencies, also known 

as a three-zone model (Derjaguin and Dukhin, 1993). The efficiencies are strongly dependent on 

the particle size, particle shape, particle composition, induction time, pulp viscosity, particle 

density, particle velocity, holdup characteristics, bubble diameter, bubble velocity, turbulence, etc. 

(Danoucaras et al., 2013). Any change in these input parameters greatly influences flotation 

efficiencies. Three sub-processes takes place, and attachment of particle on gas bubbles takes place 

in a very short period: (i) thinning of liquid film to a critical thickness between the gas bubble and 

particle, (ii) rupturing of the thin film at critical film thickness and establishment of initial three-
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phase contact, and (iii) expansion of initial three-phase contact and formation of the stable wetting 

perimeter (Albijanic et al., 2010; Basařová et al., 2019; Nguyen et al., 1997; Subasinghe and 

Albijanic, 2014). Details on the expansion of a three-phase contact line are given elsewhere 

(Basařová et al., 2019). Considering, these sub-processes are independent of each other, particle 

and bubble are spherical, and particle size is less than the bubble size, the kinetic relation 

representing the recovery of the particle is expressed as 

sacpbP
P EEEZKN

dt

dN
           (6.15) 

where Np is the number of particles, t is time, K is rate constant, and Zpb is particle-bubble collision 

frequency based on the size of the particle and bubble, and hydrodynamics of the pulp flotation. 

The particle-bubble collision frequency can be calculated by the expression given by Pyke et al. 

(2003) 

22

2

2
5 pb

pb
bPpb vv

dd
NNZ 







 
          (6.16) 

where Nb denotes the number of bubbles per unit volume. Terms vb and vp are the roots mean 

square velocities of bubbles and particles relative to the turbulent fluid velocity. Since, dp << db, 

hence, the root mean square velocity of the particle neglected, and the root mean square velocity 

of the bubble is expressed by the following equation suggested by (Schubert, 1999) 

 
3/2

3/1

9/79/4
2/12 33.0 









 


f

fpb
b

d
v







        (6.17) 

where  denote the dispersion rate of turbulent kinetic energy per unit mass,  is the kinematic 

viscosity of the fluid, p is particle density, and f is the fluid density. Dispersion rate of turbulent 

kinetic energy per unit mass can be calculated as per the following equation  

5.1222

2

85.0









 
 czcycx UUU

L
          (6.18) 

where L refers to the flow length scale, which can be taken as 0.04dc. Hence, Eq. (6.18) can be 

modified as 
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5.1222

2

143.12









 
 czcycx

c

UUU

d
         (6.19) 

The root mean square circulation velocity of bubble-particle is assumed to equal to the circulation 

velocity of the mixture, therefore the Eq. (6.19) can be expressed as 

5.12

2

143.12




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


 c

c

U

d
           (6.20) 

Substituting the Eq. (6.20) into Eq. (6.17), the root mean square velocity of the bubble can be 

written as 
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The number of bubbles per unit volume can be calculated as  

3

6

b

g
b d

N



             (6.22) 

where αg denote the gas holdup. Substituting Eq. (6.21) and Eq. (6.22), into Eq. (6.16), the final 

form of the particle-bubble collision frequency equation can be expressed as 
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    (6.23) 

Replacing the expression for particle-bubble collision frequency (Eq. (6.23)) into Eq. (6.15), the 

expression for rate constant can be given as 
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6.3.4.1. Collision efficiency 

In flotation sub-processes, the first process is a bubble-particle collision, where particles will 

collide with the gas bubble. It is dependent on the hydrodynamic characteristics of the fluid flow 
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around the bubble-particle encounter. The expression for bubble-particle collision efficiency is 

given by Dukhin so-called generalized Sutherland (
GSE
cE ), which can be expressed as 

(Hassanzadeh et al., 2019) 
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where 
SU
cE  is given as 3dp/ db. The maximum possible collision angle (t) of the particle on the 

bubble surface is given as 

  5.05.02 )1(2arcsin2  t         (6.26) 

The term K3 in Eq. (6.25) is defined as 
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were kst denote the particle Stokes number, which can be given as 

bsl
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

9

2

              (6.28) 

where ub and sl denote the bubble rising velocity and slurry viscosity. The rising velocity is 

calculated as per the expression given by (Clift et al., 1978)  
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The parameter  is calculated as 

39

2

K

fE Su
c             (6.30) 

where f is constant and its value is given as 2.034 (Dukhin and Rulev, 1977).  
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6.3.4.2. Stability efficiency 

All the particles attached to the gas bubble does not reach to the froth phase, some of the particles 

detach and fall back to the pulp phase due to the hydrodynamic effect (Wang and Tao, 2019). The 

detachment of the particles takes place on the detachment force (i.e., bubble oscillation caused by 

the bubble-bubble interaction or vigorous interaction among phases due to turbulent condition or 

backmixing of the phases as a result of non-uniform radial or axial gas holdup characteristics) is 

more compared to the adhesive forces.  The detachment of particles from the bubble as a means of 

vibration technique is reported by Cheng and Holtham (1995). Other researchers reported that the 

bubble collision against large particles results in the detachment of many small particles 

(Kirchberg  and Topfer, 1965). The forces acting between bubble particle attachments are 

Capillary force, the weight of the particle, excess force such as the relative difference between the 

excess pressure in the bubble, which facilitates attachment and hydrodynamic force, which enables 

detachment, and drag force (Drzymala, 1994; Ralston et al., 1999a; Ralston et al., 1999b). More 

hydrophobic particles have a greater stabilizing influence on froth (Klassen and Mokrousov, 

1963). Intermediate hydrophobic particle (  65) stabilizes the froth phase, high hydrophobic 

particle ( > 90) actually destabilize and low hydrophobic particle  ( < 40) have no influence 

on froth stability (Johansson and Pugh, 1992). Stability efficiency was calculated as per the 

modified Schulze (1992) model 
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where As is constant, its value is taken as 0.5 (Bloom and Heindel, 2002) and  Bo denote the Bond 

number, which can be expressed as (Koh and Schwarz, 2007; Pyke et al., 2003) 
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where  is the contact angle and sl is the slurry surface tension. The contact angle is taken as 62 

for coal particles (He et al., 2018). 
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6.3.4.3. Bubble-particle attachment efficiency  

Sufficient hydrophobic particles encounter a gas bubble and thin the liquid film between the 

particle and gas bubble and finally rupture it as a result of attractive surface forces (Tao, 2005). 

Ultimately, the particle attaches to the surface of the gas bubble. Experiential and analytical studies 

show that attachment efficiency improves in the presence of hydrophobic particles while 

deteriorate as the particle size increases (Dai et al., 1998; Ralston et al., 1999b).  The attachment 

of the particle on the gas bubble will occur only when the induction time is lower compared to the 

sliding time. Dobby and Finch (1987) model were used to calculate the bubble-particle attachment 

efficiency. The model is expressed as 

t

a
aE


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2

2

sin

sin
             (6.33) 

where a is the adhesion angle, which can be expressed as equation given by Dobby and Finch 

(1987)  
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where tind is the induction time and up is the particle velocity, which can be expressed as (Bruce, 

2003) 
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      (6.35) 

In the present work, the induction time is calculated from the experimental values of recovery and 

fitting the classical first-order kinetic Eq. (6.14).  

6.4. Variation of induction time  
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The concept of induction time was first introduced by Sven-Nilsson (1934), measuring the 

induction time by moving the bubble towards and away from the flat mineral surface. The time 

required for the liquid film to thin to a critical film thickness where thin-film ruptures are called 

as induction time. Particles with shorter induction time will be easily captured by the gas bubbles 

and said to have higher selectivity (Li et al., 1990). Bubble-particle attachment time is regarded as 

the sum of induction time (ti), the time required to thin-film rupture and establish the three-phase 

contact line (tr), and time required to the three-phase contact line to expand beyond the nucleus 

radius to establish a stable wetting perimeter (tpc) (Albijanic et al., 2010). Under normal 

experimental conditions, tr is very small of order 1 ms, which is significantly low compared to tr 

and tpc. Therefore, it is neglected during the modeling of attachment time. Generally, researchers 

used both time scales, induction time, and attachment time interchangeably without proper 

definition.  Induction time is a strong function of particle size, particle shape, surface chemistry of 

bubbles and particles, trajectories of particle and bubble and their relative velocity, bubble size, 

surface tension, and viscosity of the continuous phase (Albijanic et al., 2010; Li et al., 1990; 

Verrelli et al., 2014; Verrelli et al., 2011). Attachment of particles on gas bubbles takes place when 

the contact time between the particle and gas bubble (i.e., sliding time) is low compared to 

induction time. Induction time is related to surface chemistry, and it has the potential to link the 

future scope related to changing the chemical environment. In the literature, no correlation between 

particle recovery and induction time is mentioned. However, variation in induction time with the 

particle size was studied and mentioned by several researchers (Zhang et al., 2018). The relation 

exhibiting a change in induction time with particle diameter and contact angle (Dai et al., 1999; 

Duan et al., 2003), particle and bubble diameter (Li et al., 1990). Other researchers reported the 

generalized correlation for induction time in terms of circulation velocity, capillary number, 

Reynolds number, bubble, and particle diameter (Parmar and Majumder, 2016). Induction times 

vary based on the particle size. Smaller particle size has a shorter induction time. Induction time 

lower than 20 ms, is considered to be the better coal quality and higher hydrophobicity. Shorter 

induction time reflects the higher particle recovery (Yoon and Yordan, 1991). The particle 

hydrophobicity can be characterized by the induction time (Ofori et al., 2014; Wang and Tao, 

2019). The variation of induction time (ti) as a function of gas velocities at different feed velocities 

are shown in Fig. 6.8. It is noticed that the ti decreases as the gas velocities increases while it is 

increased with the feed velocities. The increase in the gas velocity increases the turbulence, as a 
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result, the rate of rupturing of thin-film between the gas bubble and particle decreases, therefore, 

the induction time decreases. The increase in the feed velocity reduces the residence time of slurry 

in the column, as a result, contact time decreases, while the attachment time increases. The 

reduction in slurry residence time in the column decreases the rate of breakage of the thin film 

between the particle and the gas bubble. Therefore the induction time increases. Thin film draining 

time account for 76 – 94% of induction time and influenced by the force acting on it (Drelich et 

al., 1997; Schulze et al., 2001; Wang et al., 2005). The force acting on the thin-film is Reynolds 

number. Induction time will be shorter when the energy barrier between particle and gas bubble 

will be overcome easily by hydrodynamic forces (Feng and Aldrich, 2001). 
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 Fig. 6.8. Effect of gas and feed velocities on induction time (ti).  

In the present study, a correlation is developed in terms of operating and physical properties of the 

system for the interpretation of induction time. Induction time is correlated as follows:  

   
fgi K

t ReRe            (6.36) 
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The values of coefficient () and exponents ( and ) in Eq. (6.36) is calculated after doing the 

regression analysis on experimental values. The proposed correlation is expressed as follows: 

    160.0160.0
4

ReRe
1095.1

fgi K
t 


          (6.37) 

where Reg (= (g × ug × dc)/ air) and Ref (= (f × uf × dc)/ slurry) denote the gas and feed Reynolds 

number. The range of parameters of Eq. (6.37) are 493.306Re180.145  g ; 

177.2740Re107.249  f . The proposed correlation is suitable to interpret the experimental 

induction time within the error range of ± 9.27% and absolute average relative error (AARE) of 

16.44%. The correlation coefficient and standard error of proposed correlation, Eq. (6.37) is 0.93, 

and 0.062, respectively. The parity of experimental and predicted induction time is shown in Fig. 

6.9. 
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Fig. 6.9. Parity of experimental and predicted induction time. 

6.5. Conclusion 
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Flotation of coal particles was carried out in the counter-current microstructured column using 

diesel oil and MIBC as a collector and frother, respectively. Production of clean coal can be 

improved by optimizing the operating and process variables. The performance of the flotation was 

assessed in terms of flotation parameters such as yield, the ash content in concentrate, combustible 

recovery, flotation rate constant, and efficiency index. The effect of gas and feed velocities are 

investigated on the flotation performance parameters. The extent of combustible recovery, ash 

removal, and efficiency index depends on the selection of optimized collector and surfactant 

concentration and operating variables such as the gas and feed velocity. The optimization of 

collector and surfactant doses was done based on the efficiency index at the fixed gas and feed 

velocity. The increase in the gas velocity improves the yield and combustible recovery, while it 

decreases with an increase in the feed velocity. The ash content of the concentrate increases as the 

gas velocity increases, whereas the ash content reduces with the feed velocity. The maximum 

efficiency index of 47.70% with 91.88% combustible recovery and 12.53% ash content is observed 

at 0.020 m/s feed velocity and 0.082 m/s gas velocity. Induction time is also enunciated using the 

phenomenological kinetic model based on the consecutive sub-processes compromising of the 

bubble-particle collision, attachment, and detachment. The results showed shorter induction time 

and higher rate constant at higher particle recovery. In addition, correlation is also developed for 

induction time in terms of the gas and feed Reynolds number.  
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Chapter 7 

Overall Conclusion, Limitation, and Future Recommendation 

This chapter provides the overall conclusions, limitations, and future recommendations based on 

the present research in the three-phase microstructured column.   

7.1. Overall conclusion 

 The experimental investigation of the gas holdup characteristics in a three-phase counter-

current microstructured column is carried out with and without the presence of a surfactant. 

 The result shows that the gas holdup is highly dependent on the operating variables and the 

particle concentration, but only to a small extent on the size of the particles. 

 The maximum gas holdup in the column is found to be 38.570% and 33.195% in the 

presence and absence of the surfactant, respectively. 

 It has been found that increasing the concentration of particles reduces gas holdup. 

Moreover, increasing particle size and superficial gas velocity and superficial slurry 

velocity increases gas holdup. The effect of superficial gas velocity, superficial slurry 

velocity, and particles concentration on gas holdup is more pronounced compared to the 

particle size. 

 The analysis of holdup characteristics by the slip velocity model enunciates two critical 

parameters  (ub and n), demonstrating that the ranges of the two parameters are higher in 

the three-phase without surfactant as compared to the three-phase with a surfactant. Higher 

values of the parameter ‘n’ in the absence of surfactant reflect that the rising bubbles are 

exposed to more interaction with the neighboring bubbles and surrounding fluids. 

 Frictional pressure drop observed to increase with an increase in the superficial gas 

velocity, the particle concentration, and the bubble size, while it reduces by increasing the 

superficial slurry velocity and the average particle diameter, respectively. A reduction in 

the frictional pressure drop was about 34.46% when the superficial slurry velocity increases 

from 0.018 to 0.057 m/s and an increase was approximately 35.38% when the superficial 

gas velocity increases from 0.01 to 0.075 m/s (at dp = 65.29 m and ws = 3.0 wt.%). The 

addition of the surfactant reduces the frictional pressure drop as compared to that of the 

system without surfactant. 
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 A considerable change of approximately 15.04% (without surfactant) was noticed in the 

interfacial shear stress as the particle concentration varied from 0.5 to 3.0 wt.%, but this 

change is insignificant and reduced to 1.61% in the presence of a surfactant. 

 The impact of the bubble size on the rate of energy loss because of a slip of the gas-slurry 

interface was lower in the case of the surfactant solution. The rate of energy loss because 

of the gas-slurry interface decreased to about 50.21% as the bubble size increased by 8.01% 

in the presence of the surfactant.  

 The rate of energy loss due to the wetting of a thin liquid layer with the column wall 

increases to approximately 14% in the particle concentration range of ws = 0.5  3.0 wt.% 

(at usg = 0.075 m/s without surfactant), and the increase is less than 1% in the presence of 

the surfactant.  

 An increase in the dispersed phase velocity, the particle concentration led to a rise in Sauter 

mean bubble diameter, while, it is decreased with an increase in the continuous phase 

velocity and particle size. 

 The aspect ratio of the bubble gradually decreases with an increase in Eötovos number. 

Here also, it has been observed that the sphericity of the bubbles reduces as the dispersed 

gas and continuous slurry velocity and particle concentration increase. In the presence of 

the large particle size, the bubble shape distortion is low compared to that of the small 

particle size.  

 Bubble size distribution became wider and shifted towards the larger bubble diameter as 

the particle concentration, and dispersed gas velocity increased, whereas it was narrower 

and moved to a smaller bubble size with an increase in the continuous slurry velocity and 

particle size.  

 Bubble size distribution in the two- and three-phase systems (with and without surfactant) 

satisfactorily follows the log-logistic distribution function.  

 Experimental investigation of the degree of axial and transverse dispersion coefficient, 

dispersion due to circulation, dispersion due to bubble motion, slurry exchange parameter, 

and velocity distribution characteristics factor was carried out in the three-phase counter-

current column in the presence of the surfactant. 
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 The axial (Ez) and transverse (Ew) dispersion coefficient increases with the superficial gas 

and slurry velocities and with the particle diameter, but decreases with the particle 

concentration. 

 The effect of the slurry phase superficial velocity on the axial slurry dispersion coefficient 

)( 848.0
slz uE  is more pronounced compared to that of the gas-phase superficial 

)( 240.0
sgz uE  velocity. Similarly, the effect of the superficial slurry velocity on the 

transverse dispersion coefficient )( 632.0
slw uE  is significant compared to that of the 

superficial gas velocity )( 248.0
sgw uE  .  

 The axial slurry dispersion coefficient (Ez) is 1.40 – 9.60 times the dispersion coefficient 

due to circulation (Ec), while it is 1.28 – 3.61 times the dispersion due to bubble motion 

(Db). The transverse slurry dispersion coefficient (Ew) was 1.03 – 1.39 times the axial slurry 

dispersion coefficient (Ez). The transverse dispersion coefficient (Ew) is more in the middle 

(in the transverse direction) of the column and decreases as it approaches the right section 

of the column.  

 The effect of the superficial slurry velocity has a very strong effect on the dispersion due 

to circulation (Ec). The effect is 20.65 times the superficial gas velocity. The effect of the 

superficial gas velocity on the slurry exchange parameter is 6 times the superficial slurry 

velocity.  

 The performance of the coal flotation was assessed in terms of flotation parameters such 

as yield, the ash content in concentrate, combustible recovery, flotation rate constant, and 

efficiency index. 

 The ash content of the concentrate increases as the gas velocity increases, whereas the ash 

content reduces with the feed velocity. The maximum efficiency index of 47.70% with 

91.88% combustible recovery and 12.53% ash content is observed at 0.020 m/s feed 

velocity and 0.082 m/s gas velocity. 

 Induction time is enunciated using the phenomenological kinetic model based on the 

consecutive sub-processes compromising of the bubble-particle collision, attachment, and 
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detachment. The results showed shorter induction time and higher rate constant at higher 

particle recovery. 

 Correlation is proposed for the interpretation of induction time in terms of the gas and feed 

Reynolds number.  

7.2. Future recommendation 

This section discusses the future recommendations based on the present research.  

 There are mainly two types of flow regime occurs, namely homogeneous (bubbly flow) 

and heterogeneous (churn turbulent) region. If scale-up is initiated, the first design 

parameter that significantly changes is the flow regime. In the present research, most of the 

experiments have been carried out in the bubbly flow region. Thorough characterizations 

of the hydrodynamic characteristics need to be studied in the heterogeneous regime. 

Limitation in gas and liquid flow rate, surfactant concentration, particle concentration, and 

particle size restrict the analysis of the extent of design parameters. The limitations are also 

in the context of the size of the column, which causes an overflow of the system. Therefore, 

in the future, a large column needs to be designed following the Wilkinson scale-up criteria 

(Wilkinson et al., 1992). 

 Volume expansion and phase isolation technique are one of the most efficient technique to 

determine the average or overall holdup characteristics of the system. However, this 

technique fails to measure the radial or transverse and axial holdup profile and holdup at a 

point in the column. Other techniques such as dynamic gas disengagement, differential 

pressure, conductometric method, and electrical resistance tomography technique can be 

used to enunciate the radial or transverse and axial gas holdup profile of holdup.  

 Studies on frictional pressure drop and bubble-slurry interfacial shear stress in a 

heterogeneous flow regime are missing. Further, frictional pressure drop characteristics 

can be analyzed using the different models (i.e., Lockhart and Martinelli model, Kato 

model, Bankoff model, Davis model, Akoi, and Inoue model, Baroczy model, Chisholm 

model, etc.) available in the literature. A mechanistic model can be developed. The present 

developed mechanistic model could be modified and extended for the scale-up condition.   

 Despite time-consuming, photographic technique is proved to be efficient for the 

measurement of bubble size in bubbly and dense bubbly flow. This technique measures the 
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bubble size near the wall in the presence of sufficient light source. Bubbles in the central 

region is cannot be measured due to a lack of proper visualization. The probe technique 

can be used to measure the bubble size in the central region of the column, and this 

technique is time-efficient. In the future, bubbles size & its distribution and bubble aspect 

ratio can be studied in the heterogeneous flow. Bubble size and gas holdup are useful 

parameters, which required to physically estimate the bubble interfacial area, however, this 

can be also done using the chemical technique, and the disparity between these two 

techniques can be compared. Probe technique can be used to estimate the bubble diameter 

at the higher particle concentration and a wider range of experimental conditions. 

Moreover, transport efficiency is better in the presence of a small bubble, i.e., micro or 

nanobubble. Micro and nanobubble can be achieved using the pressure dissolution 

technique. The oscillatory air supply can also produce small gas bubbles, which can be 

produced using the microfluidic device (fluidic oscillator). Oscillatory gas flow device is 

suitable to produce significantly small bubbles compared to the other gas bubbles 

generation techniques such as cavitation, plunging jets, sparging, agitation, electrolysis, 

etc.   

 The present research is limited to the interpretation of axial and transverse slurry dispersion 

characteristics in a lab-scale column. Lab-scale column restricts wide variations of particle 

concentration, particle size, surfactant concentration, superficial gas, and superficial slurry 

velocity. Therefore, it is recommended to study the mixing characteristics in the scaled-up 

column. The Wilkinson scale-up criteria (Wilkinson et al., 1992) can be followed for scale-

up purposes. The presently developed mechanistic model for the determination of the 

intensity of dispersion based on the turbulence and circulation should be modified to use 

for the scaled-up column. The present work can be extended to measure the quality of 

mixing based on the information entropy theory.   

 Optimization of collector and surfactant concentration is performed based on the 

combustible recovery and efficiency index during the flotation of coal particles. Detail 

analysis can be also conducted in the presence of different collectors and surfactants. The 

phenomenological kinetic model was used to enunciate the induction time based on the 

best fitting of the experimental flotation rate constant. However, the induction can be 

measured experimentally with the aid of an induction timer setup and a high-speed camera. 
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In this work, induction time is measured using the sub-processes of flotation, such as 

collision, attachment, and stability efficiency. Several researchers have suggested sub-

processes. Numerous investigators have proposed several suitable expressions for each 

sub-processes, therefore it is of paramount importance to analyze which set of expressions 

provides better results. The proposed two sets of expressions are: (I) generalized Sutherland 

equation (for collision), modified Dobby-Finch model (for attachment), and modified 

Schulze model (for stability), and (ii) Yoon–Luttrell collision model, Yoon–Luttrell 

attachment model, and modified Schulze stability model. Two sets of equations can be 

used to identify the suitable combination and better interpretation of induction time.  

 Studied design parameters can be further continued using the computational fluid dynamics 

(CFD) for the bubbly and heterogeneous flow conditions at the wider variation of operating 

and physical properties of the system.  
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Nomenclature 

Chapter 2 

AARE   Absolute average relative error () 

Ac   Column cross-sectional area (m2) 

cs   Particle concentration (kg/m3) 

cf   Surfactant concentration (ppm) 

dp   Particle diameter (m) 

do   Pore diameter of sparger (mm) 

dn   Number of pores in sparger () 

dbe   Equivalent column diameter (m) 

dc   Column diameter (m) 

g   Acceleration due to gravity (m/s2) 

hc   Column height (m) 

hl   Initial liquid height (m) 

hm   Gas-slurry or gas-liquid mixture height (m) 

ms   Mass of particle (kg) 

P   Pressure (MPa) 

STDEV  Standard deviation () 

s   Sample size () 

T   Temperature (K) 

usg   Superficial gas velocity (m/s) 

usl   Superficial slurry velocity (m/s) 
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ul   Superficial liquid velocity (m/s) 

us   Slip velocity (m/s) 

ub   Bubble rise velocity (m/s) 

U   Standard uncertainties () 

Ur   Relative uncertainties (%) 

ws   Particle concentration (wt.%) 

x   Mean of experimental quantities  

Greek letters 

eff   Effective viscosity of slurry (Pa.s) 

l   Liquid viscosity (Pa.s) 

sl   Slurry viscosity (Pa.s) 

sl    Slurry surface tension (N/m) 

m   Slurry density (kg/m3) 

g   Gas density (kg/m3) 

l   Liquid density (kg/m3) 

s   Particle density (kg/m3) 

sl   Slurry density (kg/m3) 

g   Gas holdup () 

g, slip   Gas holdup as per slip velocity model () 

l   Liquid holdup () 

s   Particle holdup () 

Chapter 3 
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Ac   Column cross-sectional area (m2) 

cd   Drag coefficient () 

cf   Surfactant concentration (ppm) 

cs   Particle concentration (kg/m3) 

cv   Particle concentration (volume %) 

d   Depth of column (m) 

dp   Average particle diameter (m) 

d32   Sauter mean bubble diameter (m) 

dbe   Equivalent column diameter (m) 

Eg   Rate of frictional energy dissipation due to gas flow (Nm/s) 

Esl   Rate of frictional energy dissipation due to slurry flow (Nm/s) 

Eslip  Rate of energy dissipation due to slip of gas-slurry interface (Nm/s) 

Eb   Rate of energy dissipation due to bubble formation (Nm/s) 

Ew   Rate of energy dissipation due to wetting of solid wall (Nm/s) 

fsl0   Friction factor due to slurry flow () 

ffg0   Friction factor due to gas flow () 

fT   Three-phase effective friction factor () 

g   Acceleration due to gravity (m/s2) 

G   Gas mass flux (kg/m2s) 

h   Length of the column (m) 

hm   Gas-liquid-solid mixture height (m) 

Ls   Slurry mass flux (kg/m2s) 

ms   Mass of particle (kg) 

Mo   Morton number () 

Nb   Rate of bubble formation (1/s) 

N   Total number of data points () 

Pf   Frictional pressure drop (bar (g)) 

Ph  Hydrostatic pressure drop (bar (g)) 
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Pa  Acceleration pressure drop (bar (g)) 

PT  Total pressure drop (bar (g)) 

Pfsl  Frictional pressure drop due to slurry flow (bar (g)) 

Pfsl0  Frictional pressure drop due to slurry flow (bar (g)) 

Pfg0  Frictional pressure drop due to gas flow (bar (g)) 

pfg  Frictional pressure drop due to gas flow (bar (g)) 

PFD  Pressured drop due to phase interaction (bar (g)) 

Qm   Gas-slurry mixture flow rate (m3/s) 

Reb   Bubble Reynolds number () 

St   Stokes number () 

STDEV  Standard deviation () 

usg   Superficial gas velocity (m/s) 

usl   Superficial slurry velocity (m/s) 

ul   Superficial liquid velocity (m/s) 

us   Slip velocity (m/s) 

U   Standard uncertainties () 

Ur   Relative uncertainties (%) 

w   Width of the column (m) 

ws   Particle concentration (wt.%) 

x    Mean of experimental quantities 

xi   Each of the values of the data ()  

Z   Distance between the two pressure port (m) 

 

Greek Letter 

i   Bubble-slurry interfacial shear stress (N/m2)  

b    Bubble response time (s) 

k    Kolmogorov time scale (s) 
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eff   Effective viscosity of slurry (Pa.s) 

l   Liquid viscosity (Pa.s) 

sl   Slurry viscosity (Pa.s) 

sl    Slurry surface tension (N/m) 

m   Slurry density (kg/m3) 

g   Gas density (kg/m3) 

l   Liquid density (kg/m3) 

s   Particle density (kg/m3) 

sl   Slurry density (kg/m3) 

g   Gas holdup () 

l   Liquid holdup () 

s   Particle holdup () 

sl   Parameter equal to (
slsl) () 


sl   Parameter equal to (fslg/fsl0) () 

g   Parameter equal to (
gg) () 

 

Chapter 4 

AARE   Absolute average relative error 













n

in 1  

100
Exp

ExpPre1 (%)  

AR   Aspect ratio () 

Ac   Column cross-sectional area (m2) 

cf   Surfactant concentration (ppm) 

d   Depth of the rectangular column (m) 

dp   Particle diameter (m) 

dpore   Pore diameter (mm) 
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d32   Sauter mean bubble diameter (mm) 

dbe   Equivalent column diameter (m) 

dc   Column diameter (m) 

deq   Equivalent bubble diameter (mm) 

db   Bubble diameter (mm) 

db, max   Major length of bubble (mm) 

db, min   Minor length of bubble (mm) 

F(db)    Bubble distribution function () 

g   Acceleration due to gravity (m/s2) 

hm   Gas-slurry mixture height (m) 

Lc   Length of the column (m) 

MPosition  Measurement position (m) 

ms   Mass of Particle (kg) 

ni   Number of bubbles with diameter dbi () 

nc   Number of bins ()  

P   Pressure (MPa) 

Qsl   Slurry flow rate (l/s) 

RF   Relative frequency (%) 

r/R   Radial position () 

s   Sample size () 

T   Temperature (K) 

usg   Dispersed gas velocity (m/s) 
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usl   Continuous slurry velocity (m/s) 

ul   Superficial liquid velocity (m/s) 

ub   Bubble rise velocity (m/s) 

w   Width of the rectangular column (m) 

ws   Particle concentration (wt.%) 

Non-dimensional number 

Eo   Eötovos number 








 

l

bgl dg


 2)(

() 

Mo   Morton number 








 
32

4)(

ll

lglg




 () 

Re   Reynolds number 








l

btl du


 () 

Greek letters  

    Aspect ratio () 

eff   Effective viscosity of slurry (kg/ms) 

l   Liquid viscosity (kg/ms) 

sl   Slurry viscosity (kg/ms) 

sl    Slurry surface tension (N/m) 

l    Liquid surface tension (N/m) 

m   Mixture density (kg/m3) 

g   Gas density (kg/m3) 

l   Liquid density (kg/m3) 
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p   Particle density (kg/m3) 

sl   Slurry density (kg/m3) 

   ubble shape parameter () 

β    Scale parameter ()

l   Liquid holdup () 

s   Particle holdup () 

   Ratio between the bubble and column diameter () 

Chapter 5 

 a              Slope of Eq. (5.13) (kgm-3.cm ms-1) 

Ac   Column cross-sectional area (m2) 

AARE   Absolute average relative error () 

Au   Area of up flow region (m2) 

Ad   Area of downflow region (m2) 

Bo   Bodenstein number () 

C   Tracer concentration (kg/m3) 

C0   Initial Tracer concentration (kg/m3) 

C(ti)    Tracer concentration of the collected sample at time ti second (kg/m3) 

Cu   Tracer concentration in up flow region (kg/m3) 

Cd   Tracer concentration in down flow region (kg/m3) 

Db   Dispersion coefficient of bubble motion (m2/s) 

d32   Sauter mean bubble diameter (m) 
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dp    Particle size (µm) 

dc   Column diameter (m) 

Ez   Axial dispersion coefficient (m2/s) 

Et   Dispersion coefficient due to turbulence (m2/s) 

Ec   Dispersion coefficient due to circulation (m2/s) 

Ew   Transverse dispersion coefficient (m2/s) 

Eu   Dispersion coefficient in up flow region (m2/s) 

Ed   Dispersion coefficient in down flow region (m2/s) 

g     Acceleration due to gravity (m/s2) 

k   Velocity distribution Characteristic factor (-)  

K   Conductivity of solution (mS/cm) 

K0   Conductivity of tap water (mS/cm) 

hm   Gas-slurry mixture height (m) 

ms   Mass of the Particle (kg) 

N   Total number of variables (-) 

Pe   Peclet number (-) 

S   Circumference between up flow and down flow region (m) 

t   Time (s) 

t   Time interval of conductivity measurement (s) 

tm   Mean residence time (s) 

uo   Maximum velocity at the column axis (m/s) 
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usl    Superficial slurry velocity (m/s)         

usg    Superficial gas velocity (m/s)   

uu   Velocity in up flow region (m/s) 

ud    Velocity in down flow region (m/s) 

ws   Particle concentration (wt.%) 

w   Probe distance from left side of the column (m) 

z   Distance of the probe from the tracer inlet (m) 

Z   Dimensionless distance of a probe from tracer inlet (-) 

σsl    Surface tension of slurry (N/m) 

   Dimensionless time () 

   Dimensionless concentration, C/C0 () 

eff   Effective viscosity of slurry (kg/m.s) 

l   Liquid viscosity (kg/m.s) 

s   Particle volume fraction () 

g   Gas volume fraction ()  

l   Liquid volume fraction () 

sl   Slurry surface tension (N/m) 

m   Mixture density (kg/m3) 

sl   Slurry density (kg/m3) 

s   Particle density (kg/m3) 

g   Gas density (kg/m3) 

l   Liquid density (kg/m3) 
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tm   Mean residence time (s)  

   Slurry exchange parameter () 

   Parameter in Eq. (5.25) () 

2   Variance () 

2
θ    Normalized variance or dimensionless variance function () 

Chapter 6 

AR  Ash rejection (%) 

Ac  Ash content in concentrate (%) 

ac  Cross-sectional area of column (m2) 

Af  Ash content in feed (%)  

Bo  Bond number () 

CR  Combustible recovery (%) 

C  Concentration of the floatable mineral (kg/m3) 

C0  Initial concentration mineral (kg/m3) 

C∞   Concentration of mineral remaining in the pulp after prolonged floatation (kg/m3) 

dp  Particle size (m) 

db  Equivalent bubble diameter (m) 

d32  Sauter mean bubble diameter (m) 

dc  Column diameter (m) 

Ec  Particle-bubble collision efficiency () 

Ea  Particle-bubble attachment efficiency () 

Es  Particle-bubble stablity efficiency () 

EI  Efficiency index (%) 

GSE
cE    Generalized Sutherland collision efficiency () 

SU
cE    Sutherland collision efficiency () 
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f  Constant in Eq. (6.30) () 

g  Gravitational constant (m/s2) 

hm  Gas-slurry dispersion height (m) 

K  Rate constant (1/s) 

k1, k2  Constant in Eq. (6.2) () 

K3  Parameter in Eq. (6.25) () 

kst   Particle stokes number () 

L  Flow length scale (m) 

ms  Mass of Particle (kg) 

Mc  Mass of concentrate (gm) 

Mf  Mass of feed (gm) 

M  Mass of floatable mineral (gm)  

N  Rate of order () 

NP  Number of particles () 

Nb   Number of bubbles per unit volume (1/m3) 

R  Recovery (%) 

Reg  Gas Reynolds number () 

Ref  Feed Reynolds number () 

R  Ultimate recovery (%) 

ti   Induction time (s) 

t  Time  (s) 

uf  Feed velocity (m/s) 

ug  Gas velocity (m/s) 

Uc  Circulation velocity (m/s) 

ub  Bubble rise velocity (m/s) 

TH-2738_156107030



 

203 
 

up  Particle velocity (m/s) 

V  Volume of pulp (kg/m3) 

vb   root mean square velocity of bubble relative to the turbulent fluid velocity (m/s) 

vp   root mean square velocity of particles relative to the turbulent fluid velocity (m/s) 

ws  Particle concentration (wt.%) 

Zpb   Particle-bubble collision frequency () 

 

Greek letter 

p  Particle density (kg/m3) 

f  Fluid density (kg/m3) 

   Dispersion rate of turbulent kinetic energy per unit mass (m2/s3) 

   Kinematic viscosity of fluid (m2/s) 

αg   Gas holdup () 

  Parameter in Eq. (6.26) () 

t  Maximum possible collision angle () 

  Contact angle (radian) 

a   Adhesion angle (radian) 

sl   Slurry viscosity (kg/m.s) 

l   Liquid viscosity (kg/m.s) 

sl   Slurry surface tension (N/m) 

αg  Gas holdup ()  

αs  Particle holdup ()  
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Appendix A 

Uncertainty analysis 

The experiments were repeated three times for each experimental condition. The mean of the 

experimental values are calculated as per the given expression (𝑥)  





N

i
ixN

x
1

1
            (A1) 

where (𝑥) refers to the mean of the data points. The standard deviation (STDEV) is evaluated as 

 

1
1

2







N

xx
STDEV

N

i

           (A2) 

where xi and N refer the ith element of variables and the total number of variables, respectively. 

The expression for evaluation of standard uncertainty (U) can be given as 

N
STDEV

U              (A3) 

The relative uncertainty (Ur) of the repeated experimental data points is determined by 

%100
x
U

U r            (A4) 
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Appendix B 

 

Calculation Procedure for Typical Multiple Regression  

For Eq. (2.11) 

The regression equation is  

7
1 ,,,,,, 654321 bb

c
b

p
b

sl
b

sl
b

sl
b

sgg gdduuc          (B1) 

Taking logarithm on both sides of Eq. (B1), one get 

   gLogbdLogbdLogbLogbLogb

uLogbuLogbcLogLog

cpslsl

slsgg

76543
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




   (B2) 

The Eq. (B2) can be written as 

eXbXbXbXbXbXbXbbY  776655443322110     (B3) 

where  Y = Log (αg), X1=Log (usg), X2 = Log(usl), X3 = Log(sl), X4 = Log(sl), X5 = Log(dp), X6 

= Log(dc), X7 = Log(g) and b0 = Log (c1). Here, e is the error term, which has to be minimized to 

estimate the regression model as 

 776655443322110 XbXbXbXbXbXbXbbY 


     (B4) 

Y


is the predicted value of Y 

The intercept b0 and coefficients b1, b2, b3, b4, b5, b6, and b7 have been estimated by multiple 

regression analysis by “Data Analysis Tool” of Software “Microsoft Excel”. 

The software gives the outputs based on the following calculation 

The equation A3 can be written as matrix form for n (here n = 557) observations and k (here k = 

7) variables as 
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  Y   =               X                      ×   B   +   e 

Regression Statistics  

  Explanation 

Multiple R 0.993 R = square root of R2 

R Square 0.987 R2 = coefficient of determination 

Adjusted R Square 0.987 Adjusted R2 used if more than one X variable 

Standard Error 0.099 This is the estimate of the st. dev. of the error e 

Observations 557 Number of observations used in the regression (n) 

 

Analysis of Variance 

 
Degrees 

Of  freedom 
Sum of Square 

Mean Sum of 

Square 
F-stat 

Regression 2 407.614 203.807 20629.48 

Residual 543 5.364 0.009  

Total 545 412.978   

 

Where 

2SquareofSum Regression YnYXB   

2SquareofSumTotal YnYY   

Residual Sum of Square = Total Sum of Square – Regression Sum of Square 
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The F-stat gives the overall F-test of null hypothesis H0: bi = 0. The F-stat gives the associated 

Probability-value. Since it is greater than 0.05 at the 5% significance level, we do not reject null 

hypothesis for the goodness of fit. 
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