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Synopsis 

 

In the design and analysis of engineering devices, it is essential to have the knowledge of 

medium properties, initial and/or boundary conditions that yield the desired information 

which could either be stress/strain fields in a machine element or any of one or more 

among the velocity, the pressure, the temperature and the heat flux fields in fluid 

mechanics and heat transfer problems.   Depending upon the situation, with known 

information about the stress/strain/velocity/pressure/temperature field, unknown medium 

properties and/or initial and boundary conditions need to be retrieved.  Problems of such 

kind fall under the purview of inverse problems.  Unlike direct problems whose solutions 

proceed with known medium properties and initial and/or boundary conditions and thus 

their solution methods are well established, the analysis of   inverse problems are 

relatively difficult. Inverse problems are ill-posed, and apart from the methods employed 

in the direct methods, they invariably require a tool for regularization and optimization. 

Analyses of inverse problems become essential in the estimation of the medium 

properties or boundary conditions.  In many heat transfer problems, temperature and/or 

heat flux distributions are known from experiments.  However, one or more of the 

medium properties and/or one or more of the boundary conditions that yield, for example, 

the desired temperature distribution, remain unknown.   The number of unknown 

parameters to be retrieved depends upon the complexity of the problem.  In case of heat 

transfer problems involving thermal radiation, because of the volumetric nature of 

radiation, many combinations of parameters need to be retrieved, and thus  owing to an 

increased complexity, they require an efficient solution algorithm.  
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Heat transfer problems involving volumetric radiation find extensive applications in the 

thermal analysis of boilers and furnaces, radiant heaters, insulation systems, phase change 

of semitransparent materials, radiation budget in atmospheric science, medium 

characterization, etc.   Because of the unknown medium properties or the boundary 

conditions, many such problems require an inverse analysis, and due to the ill-posed 

nature of the problem, the quality of the estimated unknown parameters depends upon the 

methods employed in the inverse analysis.  From an extensive literature review, it has 

been observed that many aspects of the inverse transient heat transfer problems involving 

thermal radiation have not been investigated in detail.  

In the recent past, the lattice Boltzmann method (LBM) has gained a considerable 

momentum in the analysis of a wide range of fluid flow and heat transfer problems.   

Recently, its application has also been extended to study heat transfer problems involving 

thermal radiation.  However, as far as its usage in the inverse problems is concerned, no 

work has been reported so far.   The finite volume method (FVM) is an elegant method 

for the computation of the volumetric radiation.  Unlike other computational methods, it 

is less prone to ray effect and is compatible to different solvers that compute other 

information in fluid flow and heat transfer problems.    The genetic algorithm (GA) is a 

stochastic approach and it works on the evolutionary principle.  Unlike deterministic 

methods which work on the determination of gradients and analyzes only one solution at 

a time, the GA proceeds with a group of solutions and it refines the solution set gradually 

in successive iterations.  In optimization of a wide range of problems, the GA has 

received a considerable attention.    The objective of the present work is to analyze 
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different types of combined mode transient conduction and radiation heat transfer 

problems, and to study the efficacy of the LBM, the FVM and the GA in the retrieval of 

different types of unknown medium properties and/or boundary conditions.  The 

importance of selecting a right set of optimization parameters is also investigated. 

Problems in 1-D and 2-D Cartesian and 1-D cylindrical geometry with varying 

complexities are studied.   The thesis is organized in 7 chapters. A brief summary of 

every chapter is provided in the following pages: 

Chapter 1 entitled Introduction provides details on the inverse problems and their 

applications. A detailed literature review pertinent to the inverse problems in general and 

heat transfer problems in particular is provided. The optimization methods used in 

solving an inverse problem are reviewed. The solution methodology and the competent 

methods applied in inverse heat transfer problems are discussed. The need for a 

competent and efficient CFD solver for the solution of energy equations and also to 

evaluate radiative information is highlighted. The advantage of using the stochastic based 

approach such as the GA for the optimization purpose is supported with relevant 

explanations. Apart from heat transfer problems, the recent applications of the GA to 

other branches are also studied. Taking a detailed literature survey into account, 

objectives of the present work are enumerated at the end of the chapter. 

Chapter 2 deals with the formulations involving the LBM - FVM and the LBM-FVM-GA 

for the direct and the inverse problems, respectively. In the direct as well as in the inverse 

methods, the energy equation is formulated using the LBM, and the FVM is employed to 

compute the radiative information. In the inverse method, the GA is used to minimize the 
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objective function which is formed by squaring the summation of the exact and the 

guessed temperature fields. The effect of measurement errors is accounted in the 

objective function. In this case, the minimization is done considering the measured 

temperature field and the guessed one. Using the error contained in the measured data, 

the exact temperature field is evaluated and the increased error is added to the guessed 

field. This way, even, errors of higher magnitudes are minimized using the GA. The 

optimization and stopping criterion for the inverse algorithm are discussed. The flowchart 

is provided to highlight the working principle of the GA in the inverse problem. The 

basic foundation for further analysis is built on the basis of the above mentioned 

formulations. 

Chapter 3 deals with the inverse analysis of a transient conduction-radiation problem in a 

1-D planar geometry using the LBM-FVM in conjunction with the GA. A set of two 

parameters such as (a) the conduction-radiation parameter and the scattering albedo and 

(b) the conduction-radiation parameter and the hot boundary emissivity are 

simultaneously estimated.  The problem is studied for different genetic parameters and 

the optimized results are compared. In addition to this, accuracies of the estimated 

parameters with iterations/generations, comparisons of exact and reconstructed 

temperature fields and comparisons of the CPU times in the direct and inverse methods 

are also reported. In order to show the robustness of the algorithm, effects of 

measurement errors on the estimated parameters are studied, and they are compared with 

the exact results. The optimization parameters were found to significantly affect the 

accuracy of the estimated parameters.   They were also found to affect the convergence 
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rate of the objective function. The set of optimization parameters was found to have a 

significant effect.  The LBM-FVM in conjunction with the GA was found to provide a 

good estimation of unknown parameters. 

Chapter 4 extends the usage of the LBM-FVM-GA to an inverse transient conduction-

radiation problem in a 2-D Cartesian enclosure. In this chapter, three parameters such as 

the conduction-radiation parameter, the scattering albedo and the hot boundary emissivity 

are simultaneously retrieved.   Effects of the GA optimization parameters such as the 

cross-over probability, the mutation probability, the population size and the number of 

generations on accuracy of results are analyzed and suitable ones are identified. For each 

of the GA parameters, the accuracy of the estimated parameters is compared with the 

exact ones and the error analysis is carried out. To study the effects on convergence and 

computational time, an exclusive test has been carried out by performing an analysis with 

a high population size of 500. It has been observed that with a higher population size, the 

convergence is achieved fast, but the CPU time becomes considerably high. In addition to 

these, effects of the measurement errors on estimated parameters and the required CPU 

times are carried out. The study reveals that the CPU times vary in direct proportion to 

the generation as well as the population size. In other words, a linear trend is observed in 

the variation of the CPU time with the number of generations as well as the population 

size. Subject to a proper selection of the genetic parameters, the LBM-FVM-GA 

combination was found to provide good estimates of the unknown parameters. 

Chapter 5 analyzes three types of conduction-radiation problems containing different 

levels of non-linearities and complexities in terms of boundary conditions. The analyses 
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of inverse problems include consideration of non-Fourier conduction, temperature 

dependent thermal conductivity and temperature as well as flux (mixed) boundary 

conditions.  The non-Fourier heat conduction finds application in the analysis of many 

heat transfer problems in which consideration of a finite propagation speed for the 

conduction wave front becomes important. However, this consideration increases the 

non-linearity of the energy equation of a conduction-radiation problem. The second 

problem considers the effect of temperature dependent thermal conductivity. This effect 

becomes significant in high temperature applications such as that involving radiative heat 

transfer. In the third problem, we have applied the inverse problem for estimating 

boundary condition in addition to the unknown parameters. In this study, the boundary 

condition which in itself produces the thermal disturbance in the medium,  is estimated in 

addition to the unknown parameters.   

 

Problems considered in Chapter 5 are representatives of more realistic situations. The 

complete analysis of the GA parameters for estimation of different variables such as the 

medium properties, the boundary properties and conditions, and unknown boundary 

conditions and CPU times required for the same are presented.  Like problems considered 

in Chapters 1-4, for the three problems considered in Chapter 5, the effects of various 

optimization parameters such as the cross-over probability, the mutation probability, the 

population size and the number of generations on estimated parameters are studied. This 

chapter further establishes the robustness of the chosen methods - the LBM, the FVM and 
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GA, in simultaneous estimation of unknown parameters in conduction-radiation problems 

having varying levels of complexities.  

In Chapter 6, an inverse analysis is carried out to estimate the properties and to 

reconstruct the thermal fields involving conduction and radiation problems in a 1-D 

concentric cylindrical enclosure. The LBM formulation extended to the cylindrical 

geometry is used to solve the energy equation of the conduction problem, and the discrete 

transfer method is used for the evaluation of radiative heat flux in the radiation problem.   

In case of a conduction problem, radius ratio is estimated, and in case of a radiative 

transfer problem, radius ratio and the extinction coefficient are simultaneously estimated.  

In both the problems,   after the estimation of the unknown parameters, temperature and 

heat flux fields are reconstructed.  For the cylindrical geometry too, subject to the proper 

selection of optimization parameters, a reasonably good estimates of the unknown 

parameters are obtained.  

 

Summary of the research work and conclusions are made in Chapter 7. Future scope and 

recommendations are also made in this chapter.  
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Chapter 1 

 

Introduction 

 

 

1.1  Overview of Inverse Problems 

An essential task in inverse problems that are often found in many branches of 

engineering is to retrieve some unknown parameters associated with a mathematical 

formulation supplemented with process data. Conceptually, inverse problems could be 

described as those problems in which effects are known, but not the cause. For example, 

if we know the properties of a star and the intervening atmosphere, we can calculate the 

amount of radiation received by the earth from the star. This is referred to as the direct 

problem. However, the inverse problem involves the determination of properties inside 

the star and/or the atmosphere from the measured radiative information. 

Direct problems are characterized by three properties namely existence, uniqueness and 

stability of the solution [1].   For an inverse problem, one among the above three 

conditions are violated and the problem becomes mathematically ill-posed in the manner 

that their solution is highly sensitive to the variation in the input data. Usually, such 

problems become numerically unstable when the measured data contains significant 

errors and their solution demands regularization i.e., smoothening of the solution or the 

minimization of the error and/or efficient optimization. 
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In the area of heat transfer, the design and characterization of a thermal device requires 

knowledge of the medium properties, the initial and the boundary conditions to which it 

remains subjected.  In most of the cases, the initial and the boundary conditions along 

with the medium properties are known, and the objective is to determine distributions of 

temperature and/or heat flux. Mathematical analyses of such problems are straight 

forward and their solution methods are well established.  These problems fall under the 

purview of direct problems.   However, there are many situations in which the initial 

condition, the boundary conditions and/or the medium properties are unknown but 

temperature and/or heat flux distributions are known.  These distributions are typically 

obtained from measurements. On the other hand, especially in the design of radiant 

enclosures, there may be also instances where a particular heat flux/temperature 

distribution is desired which may not require any measurement policies.  These type of 

problems may be grouped under the category of inverse problems[2]. 

 

1.2 Literature Review on Inverse Problems – Applications and its 

Solution  

Inverse problems [2] find numerous applications in science and engineering. In the area 

of atmospheric sciences, inverse problems are found in many situations such as parameter 

estimation [3, 4], study of remote planets [5] and determination of surface properties [6]. 

Applications of inverse problems further involve determination of many useful 

parameters such as phase change location in melting process [7], heat transfer coefficient 

in solidification process [8] and phase front parameters of thermal storage devices [9]. 
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Further, inverse problems are studied in the design of composite materials [10, 11], 

robotics [12] and many manufacturing processes [13-19]. In thermal analysis, the inverse 

problems are extensively applied for parameter estimation in a variety of fluid flow and 

heat transfer problems [20-32].  

As described earlier, inverse problems require some kind of regularization/ minimization 

methodology for their solution. Therefore, in order to obtain an accurate estimation of 

unknown parameters, an efficient optimization tool along with a robust numerical method 

is very important for the solution of inverse problems., Many researchers have 

investigated a wide range of inverse heat transfer problems and they have used various 

numerical schemes. Reinhardt and Hao [33], Chen et al. [34] and Alifanov and 

Nenarokomov [35] have studied inverse heat conduction problems. From the knowledge 

of temperature measurements within the conducting solid, Chen et al. [34] retrieved 

temperature and heat flux on a surface. Kalman Filter scheme was used in their inverse 

analysis. Alifanov and Nenarokomov [35] used iterative regularization method which is 

based on minimizing the residual function by means of first order gradient methods and 

spline-approximation of unknown functions.  With known transient temperature data of a 

plate finned-tube heat exchanger, Huang et al. [36] estimated thermal contact 

conductance. They used the conjugate gradient method (CGM) for the minimization. Li 

[37] estimated thermal parameters in a conduction-radiation heat transfer problem. From 

the measured exit radiation intensities, he used an iterative process along with the CGM 

in the inverse analysis. Both for exact and noisy data, with good accuracy, he estimated 

two parameters viz., single scattering albedo and the optical thickness. The estimation of 

other two parameters viz., the conduction-radiation parameter and phase function were 

TH-814_06610305



Chapter 1 
 

 4 

not very accurate. Liu [38] and Park and Yoon [39] have studied inverse radiative 

transfer in 1-D Cartesian and 3-D Cartesian geometry, respectively. Liu used the mixed 

method (CGM and 1-D search method) and Park and Yoon used the CGM to carry out 

the inverse analysis. The former estimated the absorption coefficient and the latter 

estimated two parameters viz., the absorption coefficient and the scattering coefficient.  

The inverse radiative transfer using Karhunen-Loeve Galerkin procedure in conjunction 

with the CGM has been studied by Park and Yoon [40]. Park and Yoon [41] estimated 

the strength of the heat source using the CGM in conjunction with the discrete ordinate 

method (DOM). An inverse method to determine time dependent heat source based on 

S4-P1 method along with the CGM was employed by Park and Lee [42]. Erturk et al. [43] 

estimated boundary conditions in a transient radiative enclosure. They used the Monte 

Carlo method in conjunction with the CGM to solve the problem.  Shenefelt et al. [44] 

used the singular value decomposition method and the model reduction method to solve a 

linear heat conduction problem. A hybrid method involving Laplace transform technique 

and finite-difference method with the least-squares scheme to predict the unknown 

surface temperature in a 2-D inverse heat conduction problem was employed by Chen et 

al. [45]. Sarvari et al. [46] performed an inverse radiative analysis in an irregular 2-D 

geometry using the discrete transfer method (DTM) and the CGM and estimated 

unknown heat flux distribution over heater surfaces. Sarvari et al. [47] also studied an 

inverse problem involving conduction-radiation in a 2-D irregular enclosure. They 

applied the finite-element method (FEM) and the DTM and determined a set of required 

heater inputs. The optimization was achieved through the CGM.  
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A FEM along with a modified Newton-Raphson method to estimate the boundary 

condition in a non-linear heat conduction problem was used by Yang [48]. Ling et al. 

[49] estimated heat flux profiles in an inverse heat conduction problem using non-

iterative finite element based inverse method. Ding and Tao [50] estimated the boundary 

heat flux in a pipe using proper orthogonal decomposition and the inverse problem was 

solved by the Fletcher-Reeves CGM. For a 1-D inverse heat conduction problem, a 

central difference scheme in time having a regularizing effect was used by Xiong et al. 

[51].  An inverse conduction–radiation problem to estimate emissivity in a 2-D Cartesian 

geometry was investigated by Kim et al. [52]. They used the FVM and the hybrid genetic 

algorithm (GA) in their inverse problem. An inverse analysis to simultaneously estimate 

the effective thermal conductivity, the effective volumetric heat capacity as well as the 

heat transfer coefficient between a porous medium and a hot wire was performed by 

Znaidia et al. [53]. They used the Lavenberg-Marquardt method to solve the inverse 

problem.  

For the design of radiative transfer systems using inverse analysis, three different 

optimization approaches, viz., the conjugate gradient method, Tikhonov’s regularization 

and singular value decomposition method were investigated by Daun and Howell [54]. 

Reconstruction of an unknown transient heat source in a 3-D radiative transfer problem 

from the temperature field was conducted by Wang and Zabaras [55]. They used Markov 

chain Monte Carlo method and Bayesian method in their inverse analysis. Deiveegan et 

al. [56] compared different methodologies for estimation of emissivity and gas properties 

in a participating media. Deng and Hwang [57] applied neural network in an  inverse heat 

conduction problem. Franca and Howell [58] performed inverse design of radiative 
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enclosures for thermal processing of materials.  Their methodology was based on 

truncated singular value decomposition method. They estimated heat input to a heater 

located at the top of a three-dimensional enclosure that can satisfy a prescribed time-

dependent temperature curve on a surface located at the base of the enclosure. Kim and 

Baek [59] performed an inverse analysis in a cylindrical enclosure involving conduction 

and radiation. They estimated heat flux distribution on the design surface using 

Lavenberg-Marquardt method for optimization and the FVM for the energy equation. 

Cheng et al. [60] have applied the Tikhonov regularization method to a 3-D inverse 

conduction problem.  

Most recently, stochastic based methods [61-65] have gained considerable attention for 

inverse heat transfer problems. This is primarily due to the reason that unlike 

deterministic approaches which progressively provide a single solution at a time, the 

stochastic based approaches are capable to provide multiple solutions after exhaustive 

search in the solution space. This increases the probability of obtaining a solution near 

the global optimum solution. 

 

Stochastic based optimization methodologies have been found to be suitable for problems 

containing high degree of non-linearities in the mathematical formulation. This is unlike 

deterministic based methods which fail to provide confidence upon the solution, as they 

do not involve exhaustive search.  The stochastic based approaches are very efficient 

when the measured data contain considerable uncertainties or randomness which cause 

the solution to move much away from the global optimum. The deterministic based 

approaches, on the other hand, may lead to a solution which is only a local optimum.  
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One of the basic limitations of the deterministic approach is their inability to judge the 

quality of the optimal solutions.  The working nature of some stochastic based 

methodologies has been derived from the nature and they mimic biological processes. 

They simultaneously work with a cluster of feasible vectors which upon exhaustive 

search in the solution space yield optimal solutions. In due course of the search process, 

they eliminate the local solutions which could be located far away from the global 

optimal values. In a nutshell, the stochastic based methods are optimization approaches 

capable to handle randomness and uncertainties that arise due to high degree of non-

linearity in the mathematical formulation. 

 

Verma and Balaji [61] used the GA for parameter estimation in a 1-D planar geometry. 

They estimated conduction-radiation parameter, the optical thickness and the boundary 

emissivity in a conduction-radiation problem. The direct problem was solved using the 

FVM. Qi et al. [62] have used particle swarm optimization method in a 1-D radiative 

transfer problem. They investigated three cases in which source term, extinction 

coefficient, scattering coefficient and absorption coefficient were evaluated using the 

DOM to solve the direct problem. Liu [63] estimated the unknown heat source in a 1-D 

heat conduction problem by an inverse method using the GA.  Slota [64] estimated the 

heat transfer coefficient in an inverse Stefan problem. He also used the GA in the inverse 

analysis. The usage of Bayesian method for parameter estimation has been investigated 

by Parthasarathy and Balaji [65]. They estimated thermal conductivity and convection 

heat transfer coefficient in a 2-D unsteady heat conduction problem involving convection 

and convection-radiation boundary conditions. 
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The analysis of transient conduction-radiation heat transfer problems are encountered in 

many physical processes. Depending upon various factors such as the type of geometry 

considered, the type of non-linearity involved and the existence of unconventional heat 

transfer modes, the complexity associated with various combination of solution methods 

varies. This can be corroborated in the following manner. Typically, 1-D transient 

conduction-radiation heat transfer problems are solved with the assumption of a constant 

thermal conductivity [66-68].  Therefore, most of the available literature on transient 

conduction-radiation heat transfer deal with constant thermal conductivity, and its 

variation with temperature is generally neglected. However, if there is a large temperature 

difference within a medium, this assumption is not appropriate. Such variations are 

significant for the case of non-metallic materials subjected to large temperature 

differences. So far, only a few studies have been available in this area [69-71]. However, 

it is noticed that an inverse solution involving the effect of variable thermal conductivity 

type problems have not been reported in the literature. Further, the problem involving 

conduction-radiation in a 2-D enclosure [72-76] becomes more complex when compared 

to the 1-D problem. In addition to the complexities in conduction, the solution of the 

radiative information also becomes difficult due to an increase in the number of discrete 

directions. In conclusion, it can be inferred that a transient inverse solution of either a 1-

D or 2-D Cartesian enclosure has not been presented in literature.  

For a conduction problem which follows Fourier’s law, effects of any thermal 

disturbances in the system, in the form of a sudden rise in the boundary temperature or a 

sudden appearance of a heat source at any location in the medium, propagate with very 

high speed and hence establishes the thermal disturbances instantaneously.  This 
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assumption is not universally applicable in all situations, and in those cases, the problem 

becomes unconventional and more complex [77-79]. For example, the validity of the 

Fourier’s law of heat conduction breaks down when we consider heat transport through a 

processed meat/skin [80-83].  Further, at a very low temperature, heat transport by 

conduction is not governed by Fourier’s law.  When any material is subjected to a pulse 

radiation, at short time levels, a discontinuity in the temperature profile is observed, 

which can not be explained through the Fourier’s law of heat conduction. The governing 

conduction equation becomes hyperbolic in nature and along with the radiative term, the 

solution of the problem becomes difficult. Few  literature dealing with the involvement of 

non-Fourier conduction are available [84-86]. However, an inverse analysis dealing with 

such unconventional heat transport problems has not been reported till date.  

Analysis of conduction-radiation heat transfer involving cylindrical enclosures [87-92] 

find application in many engineering devices such as combustion chambers, rocket 

propulsion systems, fibrous insulations and many more. The set of equations that 

formulate radiative heat transfer in cylindrical coordinates require information along the 

azimuthal direction in addition to the polar direction.  Thus, the evaluation of radiative 

heat transfer in the cylindrical coordinate system is relatively difficult [93-95] than that in 

the Cartesian geometry. As far as inverse analysis in a cylindrical enclosure is concerned, 

from the investigations performed by Kim and Baek [59], we find that in a concentric 

cylindrical enclosure, the governing energy equation corresponds to that in the Cartesian 

coordinate. In other words, it can be inferred that their work neglected the area effect and 

the energy equation has been applied between the two lateral surfaces of the cylinder. 

Also, it can be concluded that the analysis of an inverse transient conduction-radiation 
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heat transfer problems considering the effect of variable area has not been reported in the 

literature. 

 

Analysis of heat transfer problem with flux boundary condition [96-98] finds applications 

in many areas of research such as furnace design, fire protection systems, foam 

insulations, solidification/melting of semitransparent materials, high temperature porous 

insulating materials, glass-fluidized bed, electronics chip and power plants,  etc. For such 

cases, the problem is formulated as a mixed boundary condition.  The mixed boundary 

condition typically constitutes the specification of heat flux on one boundary and 

temperature on the other boundary. Further, it is observed that even though a few  

literature dealt with such type of direct/well posed problems [99,100], the inverse 

formulations have not been investigated so far.  

 

A few good number of computational methodologies have been explored to obtain the 

radiative information in heat transfer problems involving volumetric radiation. These 

methods enable us to evaluate the information about the radiative transfer in a much 

simpler and efficient manner which otherwise become too complicated. They include the 

DTM [101-103], the DOM [104], the spherical harmonics method [105], the Monte-Carlo 

method [106] and the FVM [107-111]. Among the above mentioned methods, the FVM 

is most robust and is widely used for the computation of radiative transfer. This is largely 

due to the reason that the FVM is less prone to the ray effect. However, any of the 

methods mentioned above can be successfully applied without difficulty.   In heat transfer 

involving conduction along with radiation, in addition to radiative information, the 
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evaluation of the energy equation is also required. A number of computational methods 

are available to obtain the solution of the energy equation. They include the finite 

difference method (FDM) [112], the FEM [113] and the FVM [114].  

 

1.3 Suitability and Selection of Efficient Method for Direct and Inverse 

Heat Transfer Problems 

Since an inverse problem can be analyzed as a direct problem coupled with some kind of 

regularization/optimization tool, the solution of such problems necessitates the usage of 

an efficient forward problem solution methodology along with an equally competent 

optimization tool. In the following pages, we discuss the importance and the competent 

methodologies used to solve the energy equations for the heat transfer problems in 

general and to obtain the radiative information in particular. 

 

1.3.1 Selection of Direct Method Required in the Inverse Problem 

Conduction and convection are the two important modes of heat transfer.  In these two 

modes, the rate of heat transport is proportional to the temperature difference. On the 

other hand, the radiative heat transfer rate is proportional to the difference in the absolute 

temperature to the fourth power. Thus, the analysis of thermal radiation becomes 

important when the temperature becomes considerably high. Thermal radiation finds 

extensive applications in the design and analysis of combustion chambers, furnaces, IC 

engines, re-entry vehicles, etc.   
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The thermal radiation falls under two categories, viz., surface radiation and gas radiation. 

In the former case, the radiative intensity does not change as it travels from one point to 

the other as the intervening medium does not take part during the radiative energy 

exchange process, and thus is a surface phenomenon. When the intervening medium also 

takes part in the energy exchange process, it is known as gas radiation and the emitted 

intensity undergoes a change due to processes such as absorption, emission and scattering 

by the medium before it reaches the other boundary. In other words, it is a volumetric 

phenomenon. 

 

In the analysis of radiative transfer through a participating medium, the radiatve transport 

equation (RTE) is used to analyze the rate of radiative heat transfer through a 

participating medium, which is third order integro-differntial equation. The RTE in 

general has seven independent variables such as three space coordinates, two direction 

coordinates, wavelength and time. Since thermal radiation travels with the speed of light, 

in most of the engineering applications, even though conduction and convection remain a 

transient processes, radiative transport is an instantaneous phenomenon.   Even with the 

temporal dimension, compared to conduction and convection, the presence of two extra 

dimensions, viz., polar angle and azimuthal angle in radiation, brings additional 

complexity.  The analysis becomes further complicated and solution becomes relatively 

difficult, when apart from radiation, a problem involves conduction and/or convection.  

Thus, efficient methods are required to analyze combined mode heat transfer problems 

involving thermal radiation.   
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Many numerical methods are available for the computation of radiative information 

either in purely a radiative transport problem or a combined mode problem.  Each method 

has some strong and weak points.  Some of the radiative transfer methods found in the 

literature are the exact analytical method [157], the diffusion approximation [158], the 

zonal method [159], the multi-flux method [160], the Monte Carlo method [161], the 

moment method [162], the PN approximation [163], the DOM [101], the DTM [101], the 

FEM [157], the FVM [93, 164-166] and the collapsed dimension method [167].  

Amongst these methods,  the FVM is the most robust and it is less prone to the ray effect. 

In addition, the method is fully conservative, i.e. the radiative energy remains conserved 

and in this, the false scattering does not manifest.  The method is compatible with other 

numerical methods.  Because of these features, the FVM is a superior method for the 

computation of radiative information. Therefore, in the present work, the FVM has been 

used in most of the cases involving radiative heat transfer. 

 

Due to the mesoscopic origin, , the lattice Boltzmann method (LBM) has emerged as an 

efficient and attractive numerical computational tool to analyze a wide range of heat 

transfer problems [115-127]. The LBM has many advantages over conventional CFD 

solvers such as the FDM, the FVM and the FEM. This surge of interest in the usage of 

the LBM is largely attributed to its ability of handling the complex geometry in a simpler 

and efficient manner, possession of a clear physical meaning and the ability of parallel 

computational analysis.  The LBM has been successfully used to simulate a wide range of 

fluid flow and heat transfer problems.  These include both single, multiphase and 

chemically reacting flows as well as phase change phenomena in simple and complex 
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physical systems. However, the application of the LBM application to the problems 

involving thermal radiation is very recent [117-119, 166]. Besides this, in the field of 

inverse problems, its usage has not been explored so far. Therefore, in the present work, 

both in the direct and the inverse problem, we formulate the energy equations using the 

LBM.  In the next section, we discuss some of the optimization methodologies used for 

the solution of inverse problems.  

 

1.3.2 Selection of Optimization Method Required in the Inverse Problem 

 

The optimization methodology can be broadly classified under two categories, 

deterministic based approaches and stochastic approaches. Prominent deterministic 

methods are the conjugate gradient method, the Newton-Raphson method and the 

Levenberg-Marquardt method. All these methods involve iterative calculation of the 

gradient of the function that has to be either minimized or maximized. These methods 

essentially need an initial feasible point which successively approaches towards the final 

solution with the concept of function gradients.  It has been seen that although most of 

these methods are useful in attaining a fast convergence, they suffer from many inherent 

drawbacks. In case of the conjugate gradient method and the Newton Raphson method, 

solutions mainly depend upon the initial guess, i.e., the global convergence is not 

guaranteed from any starting point. They require the function to be differentiable, and, 

they have not been investigated for the problems which are transient in nature. This may 

be attributed to the reason that the minimization in the inverse method for transient 

problems needs to be performed at each time level until the steady-state time level is 
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attained, which results in a large function size. The Lavenberg-Marquardt algorithm 

provides a fairly good solution for a non-linear function minimization based on least 

squares curve fitting and non-linear programming. However, in addition to above 

drawbacks, it is expected to become computationally slower for the problems requiring 

minimization of large dimensional functions due to the calculations involved in obtaining 

the gradients at each successive time step. The stochastic based methods, on the other 

hand, fare well as compared to deterministic methods and the probability of obtaining a 

solution nearer to a global maximum/minimum is high. This is because, unlike 

deterministic methods, which work with one solution at a time, the stochastic based 

approaches work simultaneously and collectively with a group of possible solutions. In 

successive iterations, the solutions that lie considerably away from the proximity of the 

global optimal domain are eliminated from the collective groups. However, they demand 

high CPU times due to exhaustive search performed by them in the solution space. 

 

The concept behind the stochastic method is their heuristic approach. They are 

evolutionary in nature, i.e., their working is derived from the nature.  Besides GA [128-

133], other optimization methods based upon evolutionary scheme/stochastic methods 

include simulated annealing [134-138], particle swarm method [29, 139-145], tabu search 

[146-152] and ant colony method [153-157].  However, among the above methods, two 

main methods based upon the stochastic approach which have been investigated for 

inverse heat transfer problems are the particle swarm optimization and the GA. The main 

difference between the two is that in the former, only the best particle or solution shares 

information with other solutions, whereas in the latter, the whole population or groups of 

TH-814_06610305



Chapter 1 
 

 16 

solutions successively move towards the optimality domain. Amongst these two methods, 

the usage of the GA has been found more applicable than the particle swarm method to 

the heat transfer problems involving thermal radiation. Apart from heat transfer 

problems, the GA is one of the optimization tools that has gained considerable attention 

in other fields of research also.  This is due to the reason because the GA offers good 

flexibility (using crossover operator) to exhaustively search the parametric solution 

space. This may not exist in a systematic framework for other evolutionary techinques 

like simulated annealing, particle swarm, Tabu search, etc. Therefore it will be 

advantageous to rapidly identify solutions with strong parameter dependencies upon one 

another.  Based upon the above discussion, in the present work, in the following pages, 

we further justify the preference of the GA. 

 

1.4  Selection of the Genetic Algorithm (GA) as an Optimization Tool for 

the Present Work 

 

It is observed from the literature survey that the application of the GA has not been 

investigated thoroughly for a variety of inverse transient heat transfer problems involving 

conduction and thermal radiation. It is also observed from the literature review that there 

exists a necessity to investigate the effects of optimization algorithm/GA parameters. The 

inverse problems being dependent upon efficient regularization or optimization method, a 

simple and convenient implementation of the same becomes an added advantage. The 

efficiency of the optimization methodology based upon evolutionary approach has been 

described previously. Many modern commercial packages contain different features 
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which are useful to solve various kinds of problems. In the same line, MATLAB-7 

contains optimization toolboxes based upon gradient or deterministic based method as 

well as stochastic based tool box involving the GA.  Alternatively, the GA can also be 

easily implemented by the method of calling the function. This requires an objective 

function to be written and the same can be called by the GA function.  Further, in the area 

of inverse problems, the suitability of a combination involving an efficient set of methods 

such as the LBM and the FVM/DTM in conjunction with the GA has not been 

investigated. Therefore, below we set the objectives for the present investigation 

involving inverse analysis of inverse transient conduction-radiation problems.  

 

1.5 Objectives  

From the above discussion, we find that the usage of the LBM and the GA has not been 

explored in the area of heat transfer problems.  Further, in the past studies, the inverse 

problems involving conduction and radiation heat transfer have been investigated for 

simple cases where transient effects are ignored, transeint state, variable thermal 

conductivity, non-Fourier laws, area effect in the cylindrical geometry and mixed 

boundaru conditions It is well known that the inverse problems are mathematically ill-

posed and they pose a tougher challenge when the objective function is highly non-linear 

and the variables to be determined are interdependent. Moreover, the usage of the GA is 

subjected to a proper selection of the genetic parameters and thus it requires a careful 

investigation. Therefore, in the present work, we perform an inverse investigation of 

different classes of heat transfer problems involving transient conduction and thermal 
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radiation and we also investigate the implications of different GA parameters The usage 

of the LBM in conjunction with the GA has been investigated for inverse problems. The 

FVM or the DTM has been used to obtain the radiative information. To summarize, the 

objectives of the present work are as mentioned below, 

(1) To study the application of the LBM-FVM for the solution of transient 

conduction-radiation heat transfer problems in participating media under different 

conditions and in different geometries. 

(2)  To investigate the application of evolutionary algorithm (GA in the present work) 

for different inverse problems in participating media and to identify critical 

optimization parameters for the problems considered in this work. 

(3) Subject to proper selection of GA parameters, to establish the suitability of the 

LBM-FVM-GA in multiparameter retrieval for inverse transient conduction-

radiation heat transfer problems in different geometries and under different 

conditions. 

 

1.6 Organization of the Thesis 

This thesis is organized in form of six chapters. In the following pages, we briefly discuss 

the organization of the thesis and the problems considered for the investigation in the 

present work.  

 

Chapter 1 summarizes concepts associated to an inverse problem and discusses its 

application in the area of science and technology.  The involvement of thermal radiation 

mode of heat transfer and the numerical methods are also dealt with. The methodologies 
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adopted in the past and those gaining recent popularity for solving the inverse problems 

have also been highlighted to a large extent. The selection of suitable numerical method 

to solve the direct problem and the selection of competent optimization tool along with 

the reason for the same are also explained. 

 

Chapter 2 presents the mathematical formulations involved in the present work and the 

procedure followed for obtaining the solution. The usage of the LBM for the solution of 

the energy equation and the application of the FVM for computing the radiative 

information is enumerated in this Chapter. The working procedure of the GA is 

discussed. The methodology to solve a direct problem and an inverse problem is also 

presented. The objective function required for optimization is also formulated and the 

working procedure of the optimization algorithm is also presented in this chapter. 

 

Chapter 3 deals with the application of the LBM-FVM in conjunction with the GA to 

transient conduction-radiation heat transfer problems in 1-D planar geometry.  The 

formulation of the objective function using the LBM-FVM and the minimization of the 

same using the GA are studied in detail. An exhaustive study has been conducted to 

visualize the impact of optimization parameters on the accuracy of the solution. The 

computational time required in the direct method and the inverse method is also 

compared. The results are benchmarked with those available in the literature. 

 

In Chapter 4, the usage of the LBM-FVM-GA has been extended to a 2-D Cartesian 

geometry. The formulation of the objective function is carried out using the LBM-FVM 
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and the minimization of the same is carried out in the similar manner as for the case of 

the 1-D problem. Compatible optimization algorithm parameters are identified and tested 

for different sets of medium properties such as the conduction-radiation parameter, the 

boundary emissivity and the scattering albedo. 

 

Chapter 5 performs the inverse analysis of three different problems with varying 

complexities, viz., non-Fourier transient conduction-radiation problem, transient 

conduction-radiation problem with variable thermal conductivity and transient 

conduction-radiation problem with mixed boundary condition.. Though the problem has 

been solved using the same methodology as adopted in Chapters 3 and 4, the efficacy of 

the LBM-FVM and the GA to solve different kinds of non-linear inverse problems with 

variant complexities is of relevance in this chapter.  

 

Chapter 6 deals with inverse problems in concentric cylindrical media. The energy 

equation is modified in the radial direction and the objective function is constructed. The 

LBM-GA and the DTM-GA are respectively used to solve the conduction and the 

radiative transfer problem. The effect of various optimization algorithm parameters on 

the quality of estimated unknown variables is also reported in this chapter. 

 

A summary of the research work conducted in the present study along with the 

conclusions drawn from the same are provided in Chapter 7. This chapter also presents 

possible scope for future research direction.  
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1.7 Summary 

In this chapter, inverse problems along with their applications have been summarized. 

Various methods available for the solution of inverse problems were reported. The 

methods used for the solution of the direct and the inverse heat transfer problem 

involving conduction and/or thermal radiation were discussed. The concept to implement 

the LBM to the field of inverse problem involving transient heat transfer was justified 

and the need for investigating the effects of optimization parameters was realized. 

Various shortcomings in the past studies associated with inverse heat transfer analysis 

have been outlined to justify the usages of the methods in this work.  The choice and need 

for an optimization algorithm based on stochastic or evolutionary approach such as the 

GA has also been emphasized. Various classes of problems where the computational 

investigations have been considered were also presented.  Finally, objectives of this study 

and the organization of the thesis were presented.  
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Formulation of an Inverse Problem 

 

 

2.1 Introduction 

 

In a heat transfer problem involving thermal radiation, due to the volumetric nature of 

radiation, the solution of the energy equation becomes difficult. It has been mentioned in 

the previous chapter that in the direct problem, the medium properties and the initial and 

the boundary conditions are known. Determination of either temperature or heat flux may 

be accomplished using either computationally or experimentally. This is an example of a 

direct problem.  A direct problem is mathematically well-posed. On the other hand, an 

inverse problem is mathematically ill-posed, and it invariably requires some kind of 

regularization or optimization. Thus, in addition to an optimization tool, solution of an 

inverse problem also requires method(s) needed to solve a direct problem.  

This chapter deals with the formulations required for the solution of an inverse transient 

conduction-radiation heat transfer problem. As mentioned in the previous chapter, the 

LBM has several advantages over other CFD solvers such as the FDM, the FEM and the 

FVM, in the present work, the LBM is used to formulate the governing energy equation 

and the FVM is used to compute the radiative information in both direct and inverse 
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methods. In the inverse method, the GA is used as an optimization tool. The inherent 

advantages of the GA as an optimization tool have already been mentioned in the 

previous chapter. In the following pages, first we briefly describe the mathematical 

formulations of the LBM and the FVM in order to solve the direct problem. Next, we 

provide the methodology for solving the inverse problem using the GA as an 

optimization tool. In the present chapter, formulations have been given for 1-D and 2-D 

Cartesian geometry.   

 

2.2 Energy Equation 

The general form of the energy equation, with the assumption of constant thermophysical 

properties involving transient conduction-radiation problem can be written as [101, 102], 

2
p R

T
c k T q

t
ρ ∂ = ∇ − ∇ ⋅

∂
�

 (2.1) 

where ρ  is the density, pc is the specific heat at constant pressure, k  is the thermal 

conductivity and Rq  is the radiative heat flux. In the following sections, we briefly 

describe the methodology of the LBM to solve the energy equation (Eq. (2.1)) and then 

we deal with the methodology of the FVM to compute the divergence of the radiative 

heat flux, . .Rq∇ �  
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2.3 Lattice Boltzmann Method (LBM) 

The usage of the LBM has gained considerable momentum in science and engineering, in 

general, and it has emerged as an efficient numerical method for fluid flow and heat 

transfer problems, in particular. Owing to its mesoscopic origin, it presents a clear 

physical meaning, relatively simple solution procedure especially for complex geometries 

and its adaptability to parallel computational processing architecture. In the following 

pages, we describe the derivation of the lattice Boltzmann equation. 

2.3.1 Derivation of Lattice Boltzmann Equation 
 
 
Using the single relaxation time, the Boltzmann equation with Bhatanagar-Gross-Krook  

approximation can be written as [115, 116]: 

( )01
. fffc

t

f −−=∇+
∂
∂

λ
 (2.2) 

Equation  2.2 can be written in the form of an ordinary differential equation [115, 116] 

011
fffDt λλ

=+  (2.3) 

where ∇+
∂
∂= .c
t

Dt is the Lagrangian derivative along the microscopic velocity vector 

( )txffc ,, =  is the single-particle distribution function, λ  is the relaxation time due to 

collision and 0f is the Maxwell-Boltzmann distribution function given by [115, 116] 

( )
( )










 −−=
RT

uc

RT
f

D 2
exp

2

2

2

0

π
ρ

 (2.4) 

where TuDR ,,,, ρ  are the ideal gas constant, space dimension, density, velocity vector 

and temperature,  respectively. 
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The macroscopic variables are the moments of the distribution function f [115, 116] 

( )
∫ ∫ ∫

−=== dcf
uc

edccfudcf
2

,,
2

ρρρ  (2.5) 

where  2
0RTDe =  and 0D is number of degree of freedom of a particle. 

 

Multiplying both sides of Eq. (2.3) by the integral factor ∫ dt
e λ

1

, Eq. (2.3) takes the 

following form [115, 116] 

∫=∫+∫ dtdtdt
effee

dt

df λλλ

λλ

1
0

11 11
 (2.6) 

Eq. (2.6) can be rewritten as [115, 116] 

∫=









 ∫

dt
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λ

λ
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(2.7) 

Integrating Eq. (2.7) over time t∆ , we get [115, 116] 

∫∫
∆∆
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
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1
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1 1 λλ

λ
 (2.8) 

Solution of Eq. (2.8) gives the following expression [115, 116] 

( )[ ] ( )[ ] ( ) tdtttcrfetetrfetttcrf
t

t
t

′′+′+∆−+=∆+∆+ ∫
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,, 0
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 (2.9) 

If t∆ is infinitesimally small and 0f is locally smooth, we can write [115, 116]: 

( ) ( ) ( ) ( )2000 ,,1, ttcttcrf
t

t
trf
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tttcrf ∆+∆+∆+
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Subtracting ( )trf ,  from both sides of the above equation and neglecting the higher order 

terms [115, 116] 
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(2.11) 

Simplifying Eq. ( 2.11) we get [115, 116] 
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The Eq. (2.12) can be simplified and after simplification it can be rewritten as [115, 116] 
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Eq. (2.14) can further be simplified and expressed as [115, 116] 
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Using Taylor series expansion and neglecting the higher order terms we get 
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Therefore, Eq. (2.14) gets modified to [115, 116] 

( ) ( ) ( ) ( ){ }

( ) ( ){ }trftrf

trftrf
t

trftttcrf

,,
1

,,,,

0

0

−−=

−∆−=−∆+∆+

τ

λ  (2.17) 

where 
t

λτ =
∆

is the relaxation time. The Eq. (2.17) represents the evolution equation of 

the distribution function f with discrete time. Below we provide the usage of the LBM 

formulation for heat transfer problem. 

 

The discrete Boltzmann equation with BGK approximation for any direction ,r
�

is given 

as [115-125], 

( ) ( ) ( ) ( )(0), 1
, , , , 0,1,2, ,i

i i i i

f r t
e f r t f r t f r t i b

t τ
∂

 + ⋅∇ = − − = ∂

�
� � � �

…  (2.18) 

where if is the particle distribution function denoting the number of particles at the lattice 

noder
�

and time t  moving in direction i  with velocity ie
�

 along the lattice link ir e t∆ = ∆  

connecting the neighbors and 0if is the equilibrium particle distribution function. The 

selection of lattices used in the LBM depends upon the geometry. For e.g., in a 1-D 

geometry, we use D1Q2 and D1Q3 lattice, while in a 2-D geometry we use D2Q7 and D2Q9 
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lattice. In a 3-D geometry, normally D3Q15 and D3Q19 lattices are used. The alphabet D 

represents the dimension and the number following Q denotes the number of directions  

 

 

Figure 2.1: D1Q2 lattice of the LBM and control volume of the FVM used in a 1-D  
planar geometry. 

 

through which the particle distribution function if  propagates, which in the Eq. (2.18) is 

represented by b . It is to be noted that one particle distribution function always remains at 

rest at the lattice centre, therefore, ( )1b + is the number of particle distribution functions in a 

lattice. Therefore, for the D2Q9 lattice, 8b = .  In Eq. (2.18), τ  is the relaxation time and it is 

dependent upon the type of lattice selected for the analysis. For D1Q2 lattice (Fig. 2.1), the 

relaxation time τ  is expressed as [115-125] 

2
  

2
i

t

c

ατ ∆= +�  (2.19) 
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x yD D   

 [1] (+,+)  
 [2] (-,+)  
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(b) 

 
(c) 

Figure 2.2: (a) Arrangement of lattices and control volumes in a 2-D rectangular 

geometry with marching scheme in the FVM for four equally spaced sample directions 

with one in every quadrant (b) coordinate system for direction in the FVM. (c) D2Q9 

lattice. 
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where α  is the thermal diffusivity and t∆  is the time-step. For the lattice under 

consideration, which is D1Q2, the two velocities 1c and 2c , and their corresponding 

weights 1w  and 2w are evaluated as 

1 2,x xc ct t
∆ ∆= = −∆ ∆  (2.20) 

2

1
21 == ww  

(2.21) 

The relaxation time τ  for a D2Q9 lattice (Fig. 2.2), which is used in 2-D geometry can 

be expressed as [115-125], 

2
i

3
   

2

t

c

ατ ∆= +�  (2.22) 

The 9 velocities ic
�

 and their corresponding weights iw  in the D2Q9 lattice (Fig. 2.2) are the 

following [115-125], 

0 1,3 2,4 5,6,7,8(0,0), ( 1,0) , (0, 1) , ( 1, 1)c c U c U c U= = ± ⋅ = ± ⋅ = ± ± ⋅  (2.23) 

36

1
,

9

1
,

9

4
8,7,6,54,3,2,10 === www  (2.24) 

For any lattice, the weights always satisfy the following relation, 

1

1
b

i
i

w
=

=∑  (2.25) 

In Eq. (2.23), for a square D2Q9 lattice, 
x y

U
t t

∆ ∆= =
∆ ∆

.  Discretization of Eq. (2.18) leads 

to the following expression[115-125], 
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Eq. (2.26) is the LB equation with BGK approximation that describes the evolution of the 

particle distribution functionif  and it represents transient heat conduction problem. The 

Eq. (2.26) essentially involves two parts,. collision i.e. the calculation of new particle 

distribution functions, if  and propagation which involves streaming of the particle 

distribution functions to the neighboring nodes.  

In heat transfer problems, the calculation of the equilibrium particle distribution function 

and the methodology of obtaining the temperature (by summing if over all directions) the 

following relationship holds good [115-125], 

( ) ( )(0)

0 0 0

, ( , ) ( , ) ,
b b b

i i i
i i i

f r t wT r t T r t f r t
= = =

= = =∑ ∑ ∑
� � � �

 (2.27) 

 

For a D1Q2 lattice, 2,b =  and for a D2Q9 lattice, 8.b =  To account for the volumetric 

radiation, the energy equation in the LBM formulation, Eq. (2.26) is modified to the 

following equation[117-119] 

( ) ( ) ( ) ( )(0), , , , i
i i i i i R

p

twt
f r c t t t f r t f r t f r t q

cτ ρ
 ∆∆

 + ∆ + ∆ = − − − ∇ ⋅    
 

� � � � � �
 (2.28) 

Equation (2.28) is the equivalent form of the energy equation (Eq. (2.1)) in the LBM 

formulation. It describes a transient conduction-radiation problem.  It is to be noted that 

using the Chapman-Enskog multi-scale expansion, energy equation (Eq. (2.1)) can be 

deduced from Eq. (2.28). In Eq. (2.28), since the evaluation of the radiative information  
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Figure 2.3: Intensity jI in the direction jΩ in the center of the elemental sub-solid angle 

 j∆Ω  

 

is direction dependent, Fig. (2.3) shows the discrete angular directions, the polar angle, 

the azimuthal angle and the concept of elemental solid angle which are used for the 

calculation of the radiative intensity distribution at any location which in turn is used to 

evaluate the required radiative information for solving the energy equation (Eq. (2.28)). 

In the following pages we describe the methodology of the FVM to calculate the radiative 

information . Rq∇ �  required to process the energy equation in the LBM (Eq.(2.28)). 
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2.4 Finite Volume Method (FVM) 

The methodology of computing the radiative information using the FVM was initially 

formulated by Raithby and Chai [109] and subsequently it was modified and proposed by 

Chai et al. [165]. As described in the previous Chapter, the FVM is less prone to the ray 

effect and it involves exact integration over both spatial control volume and the solid angle in 

the angular direction. Because there is no loss of radiative energy, the FVM methodology is 

fully conservative. In a conduction-radiation problem, the divergence of radiative heat 

flux . Rq∇ can be computed using any of the methods such as the discrete transfer method 

[117, 120], the discrete ordinates method [94, 104], Monte Carlo method [101, 106, 160], 

spherical harmonics method [101, 102] and the FVM [107-111, 119].  Due to the inherent 

advantages of the FVM as mentioned earlier, in the present work, the same is used to 

compute the radiative information in both direct and inverse methods. In the following pages, 

we provide formulation of the FVM.   

 

The governing radiative transfer equation (RTE) which involves the radiative energy 

balance for the intensity field in an absorbing, emitting and scattering medium is given by 

the following relation[101, 102],  

( ) ( )

( ) ( )
4

, , ( ) ( , ) ( , )

,
4

b s b

s

I
I s ds I s ds I s ds I s ds I s ds

s

I s p d
π

κ κ σ

σ
π ′Ω =

∂+ Ω − Ω ≡ = − Ω − Ω
∂
  ′ ′ ′+ Ω Ω → Ω Ω 
 

∫
 (2.29) 

 

TH-814_06610305



Formulation of an Inverse Problem 
 

 35 

where, I  is the intensity, s  is the location, Ω  represents direction, κ is the absorption 

coefficient,  bI  is the boundary intensity, sσ is the scattering coefficient, p is the phase 

function and d ′Ω is the elemental solid angle. 

 
Eq. (2.29) can be written as [101, 102], 

( ) ( ) ( )
4

,
( ) ( , ) ,

4
s

b

dI s
I s I s I s p d

ds π

σκ β
π ′Ω =

Ω   ′ ′ ′= − Ω + Ω Ω → Ω Ω 
 

∫  (2.30) 

where β  = ,κ σ+ is the extinction coefficient of the medium.  

Rewriting Eq. (2.30) in the differential form of the RTE for any direction ̂s  and for any 

solid angle Ω  about an elemental solid angle dΩ  is given by [107, 109, 120] 

dI
I S

ds
β= − +  (2.31) 

where S is the source term which is given by the following equation[107, 109, 120] 

 

( ) ( )
4

4

,
4

sT
S I d

π

σσκ
π π ′Ω =

  ′ ′ ′= + Ω Φ Ω Ω Ω 
 

∫  (2.32) 

Resolving Eq. (2.31) (Fig. 2.3) along the Cartesian coordinate directions and integrating 

it over the elemental solid-angle j∆Ω , we get the following expression [107, 109, 120] 

j j j
j j j j j j j

x y z

I I I
D D D I S

x y z
β∂ ∂ ∂+ + = − ∆Ω + ∆Ω

∂ ∂ ∂
 (2.33) 

If n̂ is the outward normal to a surface, then jD  is given the following 

( )ˆ ˆ.
j

j jD n s d
∆Ω

= Ω∫  (2.34) 

where the direction ( ) ( ) ( ) ˆˆ ˆˆ sin cos sin sin cos .j j j j j js i j kδ φ δ φ δ= + +  When n̂  is 

pointing towards one of the positive coordinate directions, ,j j
x yD D  and j

zD are given by 

[107, 109, 120] 
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2 2
2

2 2

sin cos cos sin

cos sin cos 2 sin( )
2

j j
j j

j j j
j j

j
x

j
j j j j

D d d d

φ δφ δ

φ δφ δ

δ φ φ δ δ φ

φφ δ δ δ

∆ ∆+ −

∆Ω ∆ ∆− −

= Ω =

 ∆
 = ∆ − ∆   

 

∫ ∫ ∫
 (2.35a) 

 

2 2
2

2 2

sin sin sin sin

sin sin cos 2 sin( )
2

j j
j j

j j j
j j

j
y

j
j j j j

D d d d

φ δφ δ

φ δφ δ

δ φ φ δ δ φ

φφ δ δ δ

∆ ∆+ −

∆Ω ∆ ∆− −

= Ω =

 ∆
 = ∆ − ∆   

 

∫ ∫ ∫
 (2.35b) 

 

( )

2 2

2 2

cos cos sin

sin cos sin

j j
j j

j j j
j j

j
z

j j j j

D d d d

φ δφ δ

φ δφ δ

δ δ δ δ φ

δ δ δ φ

∆ ∆+ −

∆Ω ∆ ∆− −

= Ω =

= ∆ ∆

∫ ∫ ∫  (2.35c) 

For n̂ pointing towards the negative coordinate directions, signs of ,j j
x yD D  and j

zD are 

opposite to what are obtained from Eq. (2.35). In Eq. (2.34), j∆Ω  is given the following 

[107, 109, 120] 

2 2

2 2

sin 2sin sin
2

j j
j j

j j j
j j

j
j j jd d d

φ δφ δ

φ δφ δ

δδ δ φ δ φ

∆+ +

∆Ω ∆− −

 ∆∆Ω = Ω = = ∆ 
 

∫ ∫ ∫  (2.36) 

Integrating Eq. (2.35) over control volume and using the concept of the FVM of the CFD, 

we get the following[107, 109, 120], 

j j j j j j j j j
E W EW x N S NS y F B FB z

j j
P

I I A D I I A D I I A D

VIβ

     − + − + −     

 = − ∆Ω 

 (2.37) 
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where EWA , NSA  and FBA  are the areas of the x-, y- and z- faces of a 3-D control volume, 

respectively. In Eq. (2.37), I  with suffixes , , , ,E W N S F  and B designate east, west, 

north, south, front and back control surface average intensities, respectively. On the right-

hand side of Eq. (2.37), V dx dy dz= × ×  is the volume of the cell and jPI and j
PS are the 

intensities and source terms at the cell centre ,P respectively. 

 

In any discrete direction ,jΩ  if a linear relationship among the two cell-surface 

intensities and cell-centre intensity j
PI  is assumed, then we can write as[107, 109, 120] 

( ) ( ) ( )1 1 1j j j j j j j
P x E x W y N y S z F z BI I I I I I Iχ χ χ χ χ χ= + − = + − = + −  (2.38) 

where χ is the finite-difference weighting factor and its value is normally considered to 

be 0.5. While marching from the first octant of a 3-D enclosure, for which ,j j
x yD D  and 

j
zD  are all positive, j

PI  in terms of known cell-surface intensities can be written as 

below[107, 109, 120] 

 

( )
jj j
y NSj j j j jx EW z FB

W S B P
x y zj

P jj j
y N jx E z F

x y z

D AD A D A
I I I V S

I
D AD A D A

V

χ χ χ

β
χ χ χ

+ + + ∆Ω
=

+ + + ∆Ω
 (2.39) 

where, 
 

( ) ( ) ( ), 1 , 1 , 1E W x E x W NS y N y S FB z F y BA A A A A A A A Aχ χ χ χ χ χ= − + = − + = − +  (2.40) 

are the averaged areas. When any one of the ,j j
x yD D  or j

zD is negative, marching starts 

from other corners. In this case, a general expression of j
PI in terms of known intensities 

and source term can be written as the following [107, 109, 120], 
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( )
j j j

x x y y z zj j j j j
xi yi zi P

x y zj
P j j j

x E y N z F j

x y z

D A D A D A
I I I V S

I
D A D A D A

V

χ χ χ

β
χ χ χ

+ + + ∆Ω
=

+ + + ∆Ω

 (2.41) 

where in Eq.(2.41), ,i ix y  and iz  suffixes over jI  are for the intensities entering the 

control volume through x-, y- and z-faces, respectively and ,x yA A  and zA  are given the 

following, 

( ) ( ) ( )1 , 1 1
e i e i e ix x x x x y y y y y z z z z zA A A A A A A A Aχ χ χ χ χ χ= − + = − + = = − +  (2.42) 

In Eq.(2.42), A  with suffixes ,i ix y  and iz  represent control surface areas through which 

intensities enter the control volume, while A  with suffixes ,e ex y  and ez  represent 

control surface areas through which intensities leave the control volume. 

 

Therefore, for a 1-D control volume, the cell-centre intensity is given the following [120], 

2
, 0

2

2
, 0

2

j jj j
jx W P

xj j
x

j
j jj jP

x E P j
xj j

x

D I S dx
D

D dx
I

D I S dx
D

D dx

β

β









+ ∆Ω
>

+ ∆Ω
= + ∆Ω

<
+ ∆Ω

 
(2.43) 

Whereas, for a 2-D control volume, the intensities are given by the following [120], 

( )2 2

2 2

j j j j j j
x x y yW PSj

P j j j
x x y y

D A I D A I V S
I

D A D A Vβ

+ + ∆Ω
=

+ + ∆Ω
, 1st quadrant: 0j

xD > , 0j
yD >  (2.44a) 

( )2 2

2 2

j j j j j j
x x y yE N Pj

P j j j
x x y y

D A I D A I V S
I

D A D A Vβ

+ + ∆Ω
=

+ + ∆Ω
, 2nd quadrant: 0j

xD < , 0j
yD >  (2.44b) 
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( )2 2

2 2

j j j j j j
x x y yE N Pj

P j j j
x x y y

D A I D A I V S
I

D A D A Vβ

+ + ∆Ω
=

+ + ∆Ω
, 3rd quadrant: 0j

xD < , 0j
yD <  (2.44c) 

( )2 2

2 2

j j j j j j
x x y yW N Pj

P j j j
x x y y

D A I D A I V S
I

D A D A Vβ

+ + ∆Ω
=

+ + ∆Ω
, 4th  quadrant: 0j

xD > , 0j
yD <  (2.44d) 

 

For a linear anisotropic phase function ( ), 1 cos cos ,a δ δ′ ′Φ Ω Ω = +  the source term S at 

any location r
�

 can be written as [120] 

( )( )
24

0 0

, 1 cos cos sin
4

S
a

T
S I a d d

π πσσκ δ φ δ δ δ δ φ
π π

    ′ ′ ′ ′ ′ ′= + +   
  

∫ ∫  (2.45) 

which in terms of the incident radiation G  and net radiative heat flux Rq is written as 

[120] 

[ ]cos
4

S
RS G a q

σ δ
π

 = + 
 

 (2.46) 

In Eq. (2.46), G  and Rq  computed using the following expressions, 

( ) ( )

( )

4 2

0 0 0

1 1

, sin

, 2sin sin
2

M M
j j j j j

l k l k
k l

G I d I d d

I
φ δ

π π π

φ δ

δ φ δ δ φ

δδ φ δ φ

Ω= = =

= =

= Ω Ω =

∆ ≈ ∆ 
 

∫ ∫ ∫

∑∑

 (2.47) 

where Mδ and Mφ  are the number of discrete points considered over the complete span 

of the polar angle ( )0 δ π≤ ≤  and azimuthal angle ( )0 2 ,φ π≤ ≤ respectively. Therefore, 

M Mδ φ×  constitute the number of discrete directions in which intensities are considered 

at any point. The radiative heat flux is expressed by the following [120],  
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( ) ( )

( ) ( )

4 2

0 0 0

1 1

cos , cos sin

, 2sin cos sin

R

M M
j j j j j j j

l k l l l k
k l

q I d I d d

I
φ δ

π π π

φ δ

δ δ φ δ δ δ φ

δ φ δ δ δ φ

Ω= = =

= =

= Ω Ω =

≈ ∆ ∆

∫ ∫ ∫

∑∑

 (2.48) 

In case of a 1-D planar geometry, radiation is azimuthally symmetric, thus in this case,   

incident radiation G  and net heat flux Rq  are given by and computed from the following 

expressions [120], 

10

s in
2

2 s in 4 s in
j

j j
M

j
G I d I

δπ

δ

δδπ δ δ π
==

 ∆
 
 

= ≈ ∑∫  (2.49) 

 

( )
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c o s s in s in c o s s in2 2 j j j j
R

M

j
dq I I

δπ

δ
δ δ δ δ δ δπ π

==
∆= ≈ ∑∫ (2.50) 

while marching from any of the corners, evaluation of Eq. (2.41) requires knowledge of 

the boundary intensity. For a diffuse-gray boundary/wall having temperature bT  and 

emissivity ,bε the boundary intensity bI  is computed from the following[120] 

( )
4 2

1 1

1
, sin cos sin

M
M

j j j j j j jb b b
b l k l l l k

k l

T
I I

δφε σ ε δ φ δ δ δ φ
π π = =

− = + ∆ ∆ 
 

∑∑  (2.51) 

 

In Eq. (2.51), the first and the second terms represent the emitted and the reflected 

components of the boundary intensity, respectively. 

 

Once the intensity distributions are known, radiative information . Rq∇ �  required for the 

energy equation is computed from the following[120], 

( )
4

. 1 4r

T
q G

σβ ω π
π

 
∇ = − − 

 

�  (2.52) 
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where in Eq. (2.52), sσω
β

= is the scattering albedo. 

For generalization and ease of computation, the transformation of the dimensional quantities 

is done in non-dimensional forms. For a 2-D geometry, with non-dimensional distance*x , 

*y , temperatureθ , conduction-radiation parameterN , incident radiation *G , radiative heat 

flux RΨ  and time ξ  defined in the following way  

* * *
3 4

ref ref ref ref

2
4

ref

4

1

4

W

R
R

x y T k G
x y N G

L L T T T

q
t

N T

βθ
σ σ

π

ξ αβ
σ

= = = = =
 
 
 

 Ψ = = 
 

 
(2.53) 

Therefore, the energy equation in the LBM form as given by Eq. (2.28) and the divergence of 

radiative flux given by Eq. (2.52), respectively, become as given below, 

( ) ( ) ( ) ( )* * * * * * *(0) *
* *

, , , ,
4

i R
i i i i i

w
f r c f x f x f x

N x

ξξξ ξ ξ ξ ξ ξ
τ

∆ ∂Ψ∆  + ∆ + ∆ = − − −
  ∂

� � � � �
 (2.54) 

( )
*

4. 4 1
4R
Gω θ
π

 
∇ Ψ = − −  

 
 (2.55) 

In Eq. (2.54), for 1-D planar geometry, the relaxation time *τ  in the non-dimensional form is 

expressed as, 

( )
*

2*

1
  

2x

ξτ

ξ

∆= +
∆

∆

 
 

(2.56) 

whereas, for a 2-D geometry, the relaxation time *τ  in the non-dimensional form can be 

expressed as, 

*
2*

3
  

2
ic

ξτ ∆= +
�

 
 

(2.57) 
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where *
ic  is the non-dimensional velocity. 

Below we describe the steps involved for calculating the temperature field in a transient 

conduction-radiation problem using the LBM-FVM to solve the direct problem. 

 

2.5 Solution Methodology for the Direct Problem: 

1. According to the geometry (1-D or 2-D), select the type of lattice (D1Q2 or 

D2Q9). 

2. Divide the computational domain into finite number of lattices/ control volumes. 

It should be noted that the number of lattices will be one more than the number pf 

control volumes. 

3. Compute the corresponding relaxation time, τ  using Eq. 2.19 or Eq. 2.22. 

4. Depending upon the initial temperature condition, evaluate the equilibrium 

particle distribution function using Eq. 2.27 

5. Subject to the same temperature distribution, calculate Rq.∇  using the Eq. 2.52. 

For the selected number of discrete directions, use appropriate relationships for 

computing the intensities (Eq. 2.43 or Eq. 2.44). 

6. Evaluate the new particle distribution function using Eq. 2.28 and propagate the 

particle distribution functions to neighboring lattice centers/ nodes of control 

volumes. 

7. At the next time step, calculate the new temperature field using the Eq. 2.27. 
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8. Calculate the equilibrium particle distribution function corresponding to the new 

temperature field. 

9. Check the convergence criterion for the attainment of steady state and if so, 

terminate the process. 

10. Modify the particle distribution function locally for the satisfaction of boundary 

condition. 

11. If not converged, go to step 4. 

In the direct method, temperature θ  distributions are obtained from the given values of the 

medium properties along with the known initial and boundary conditions. In the inverse 

method, for known temperature θ  distributions, in the present work, simultaneous estimation 

of unknown parameters has been done.  It is assumed that the temperature θ  distributions 

provided by the direct method are accurate and thus assumed to be experimental values. In 

the inverse method, we minimize the difference between the known temperature distributions 

and some initially guessed temperature distributions using the GA.  In the following pages 

we present the working procedure of the GA. 

 

2.6 Principle of Genetic Algorithm 

 

It has been mentioned earlier in Chapter 1 that the working principle of the GA is derived 

from the nature and is based upon the Darwin’s theory of evolution. In other words, the 

evolutionary approach of the GA enables the worst individuals to get eliminated from the 

population and it ultimately results in a population having better characteristics befitting 

the imposed condition. This very similar analogy when applied in mathematical mode 
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gives rise to the GA. The process of the GA is analogous to biological evolution of any 

species in which successive generations are conceived, born and raised until they 

themselves become ready to reproduce. Thus a number of different operators as required 

for the evolution of individual in nature are required in the GA too. The exchange of 

information in the GA occurs by virtue of the genes. In a binary coded GA, the genes are 

represented using binary digits 0 and 1 and their different arrangement constitutes 

different strings. These strings represent an individual and the individuals constitute the  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 2.4: Flowchart of the genetic algorithm. 
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population. Figure 2.4 shows the flowchart of the GA. The following processes with 

necessary operators are involved in the GA and work together in a sequential order 

during the operation of the algorithm: 

 

2.6.1 Generation of Initial Population 

The very first step of any GA is to generate a group of individuals collectively known as 

the population. This population represents a group of solutions which give different 

values of the objective function to be optimized. Population undergoes gradual 

refinements in successive generations. The generations are mathematically analogous to 

the iterations. The higher the population size, the more the chance of getting good as well 

individuals/solution. This has the advantage of obtaining a higher proportion of better 

individuals/solutions and also, more number of bad individuals to get eliminated in 

successive generations of evolution.  

 

2.6.2 Evaluation of Fitness 

The next step of the algorithm is to obtain the fitness value of the individuals which in 

turn represent the value of the objective function to be optimized. It should be noted that 

the objective function may be a representation of cost, efficiency, weight, strength, error 

and so on. In our present study, the objective function is  represented as the sum of square 

of errors between the measured and the exact temperature fields. The population having 

good fitness values is replicated in the next generation. Retaining the best individual in 

the next generation from the previous generation is determined by the elite count operator 

and the phenomenon is called elitism. Since the optimum or minimum value of the 
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objective function can not be initially determined in advance, accordingly the appropriate 

fitness limit too can not be determined in advance. So, a theoretical value of fitness needs 

to be prescribed and a minimum number of individuals whose fitness lies closer to the 

prescribed limit are replicated in the next generations. In our present work, the theoretical 

value of the required objective function is zero.  

 

 

2.6.3 Reproduction, Crossover and Mutation 

 

The other individuals which are not retained by the elite count operator undergo 

reproduction among themselves. The reproduction also known as selection is the first 

operator and it selects good individuals for mating. There are different types of selection 

schemes such as proportionate selection, ranking selection and tournament selection. In 

proportionate selection operator alternatively known as roulette-wheel selection, a string 

in current population is selected with a probability proportional to the string’s fitness. In 

ranking selection scheme, all strings in a population is copied based upon increasing 

order of their best fitness or objective function value and ranked (1 for the best, 2 for the 

second best and so on). In tournament selection scheme, two strings are randomly chosen 

and better of the two is selected and if done systematically, the best string gets two copies 

in the mating pool. 

 

Since crossover is required for the reproduction and the generation of new offspring, the 

same is handled by the crossover probability operator in the GA. The crossover can be of 
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single point, two point and multipoint depending upon the number of sites chosen. The 

main purpose of the crossover operator is to search the parameter space. Apart from this, 

the search is required to be carried out in such a manner that the information stored in the 

parent string is preserved to the maximum extent possible. In uniform crossover, each bit 

from either parent is selected with a probability of 0.5. However, minimum information is 

preserved between parent and children strings. In order to preserve some of the 

previously found good strings, not all strings in the population participate in the crossover 

operation. The crossover probability represents the number of individuals taking part in 

the crossover and its value lies from 0 to 1.0. For example, a crossover probability of 0.5 

implies that 50% of the selected individuals will undergo crossover operation. A 

crossover probability of 1.0 or values closer to 1.0 is not preferred because it is better to 

keep some bad individuals too in the population. This is because these bad individuals 

can create better offspring in later generations.  

 

The mutation operator maintains the diversity by randomly changing the genes in the 

string of the generated offspring. Like the crossover probability, the mutation probability 

also determines the number of individuals undergoing mutation process. In the binary 

coded GA, the mutation process makes the digit 0 to 1, and vice versa.  The difference 

between the crossover and the mutation is that in the crossover the exchange of genes 

occurs between two randomly selected individuals and at a randomly selected site 

whereas in the mutation process, the change occurs within the individual.  The main 

function of the mutation operator is to maintain diversity in the population. 
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2.6.4 Termination Condition 

The fitness value is evaluated for the new population evolved from the processes 

mentioned in step 2 above.  The algorithm is terminated when there is no change of 

fitness values from one generation to the next generation. A sufficiently good number of 

generations are needed to be evaluated for the same because the fitness value may get 

updated at a later stage if the algorithm is terminated at a premature time. The common 

practice of terminating the GA process is to study the variation of the objective function 

which in turn represents the fitness for a specified number of generations. The other, but 

most unlikely mode of termination is the attainment of a global maximum or global 

minimum of the value of the objective function. In the present work, the theoretically set 

global minimum value for the objective function is zero. Therefore, the algorithm gets 

automatically terminated if at any stage, the value of the objective function becomes zero 

and hence it will fetch out the best individual or solution. 

 

2.7 Formulation of Inverse Problem 
 
 
In transient conduction-radiation heat transfer problem, from the direct method, the 

temperature θ  distributions are obtained from the knowledge of medium properties, initial 

condition and the boundary conditions. For the correct value of the unknown parameters, 

with given initial and boundary conditions, let ,pθɶ  Np ,......2,1=  be the known temperature at 

the west boundary of the thp control volume. For the same initial and boundary conditions, in 
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the inverse problem, the objective is to estimate the correct values of the unknown 

parameters for the known temperature pθ~  field. Initially a guessed value of unknown 

parameters is taken and then the guessed temperature field pθ  is calculated.  Since pθ  is 

based on guess values of unknown parameters, the exact value pθ~  and the estimated value 

pθ will not be the same.  To minimize the difference between pθ~  and pθ , an objective 

function J as given in the following equation is defined. 

( )
2

1

~
∑

=

−=
N

p
ppJ θθ  (2.58) 

Similarly for a 2-D geometry the above equation is modified as below; 

( )
21 1

, ,

N N

p q p q
p q

J θ θ
+ +

= −∑∑ ɶ  (2.59) 

In the above equation, ,p qθɶ  is the exact temperature and ,p qθ is based on some guessed values 

of the unknown parameters at any lattice center  ( ),p q  of a lattice in the LBM or a node of 

the control volume in the FVM (Fig. 2.1 and 2.2 a). 

 

The accuracy of the estimated parameters depends on how accurately the temperature field is 

measured. If  E  is the error in the measurement of temperaturemeasuredθ  profile, then   

=measuredθ θɶ E±  (2.60) 

whereθɶ is the exact temperature. With measuredθ  defined as above in Eq. (2.60), if the 

measured temperature field contains error E± , in Eq. (2.58 and 2.59), measuredθ θ=ɶ . It 
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should be noted that a measurement error of ,0.2=E means that if the exact temperature 

is 500 K and the reference temperature is 400 K, then the measured temperature is 1,300 

K with an error of 800 K. Therefore, the objective function with the inclusion of the 

measurement error takes the following form:  

( )[ ]2~ θθ −±= EJ  (2.61) 

 Rearranging the above equation (Eq. 2.61) we obtain the following: 

( )[ ]2~
EJ ∓θθ −=  (2.62) 

It is clear from the expression Eq. (2.62) that for minimizing the objective function, the 

optimization algorithm must be robust enough to take care of increased uncertainties due 

to measurement errors. Below we mention the steps involved in solving the inverse 

problem. 

 

2.8  Solution Methodology to Solve Inverse Problem 

1. Obtain any temperature field from the direct method at all the time levels 

including the steady state. It is this field corresponding to which unknown 

parameters need to be obtained. 

2. Induce perturbations on the above temperature field. Therefore, this becomes 

the measured temperature field or experimental data at all time levels. 

3. Start with a guessed temperature field. This will correspond to some arbitrary 

values of the parameters to be determined. 
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Figure 2.5: Solution methodology to solve the inverse problem. 
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4. Mininimize/ Regularize/ Optimize the objective function as given by Eq. 2.58 

and 2.59.  

5. Define the desired value of the objective function.Check if the objective 

function value changes in successive iterations.If the objective function value 

remains nearly constant for sufficient finite number of iterations terminate the 

algorithm. 

6. Get the values of the unknown parameters. 

7. If the objective function value keeps changing, discard the old values and 

assume other values of parameters and go to step 2. 

8. A flowchart for solving an inverse problem is given in Fig. 2.5. 

 

2.9 Summary 

The present chapter comprehensively dealt with complete mathematical formulation of a 

conduction-radiation problem. It started with the direct problem involving the LBM and 

the FVM methods respectively to solve the energy equation and the equation of obtaining 

the radiative information. Then, the formulation of the inverse problem and the 

construction of the objective function were described for both 1-D and 2-D Cartesian 

geometries. The methodology of the GA for the optimization and the working nature 

were discussed.  In the next chapter, we study the application of the inverse method to a 

transient conduction-radiation problem in a 1-D planar medium. 
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Parameter Retrieval in a 1-D Transient Conduction-Radiation 

Problem 

 

 

3.1   Introduction 

 

This chapter deals with the estimation of thermophysical properties in a 1-D transient 

conduction-radiation problem. This type of problems finds applications in atmospheric 

science, insulation systems, welding processes, phase change phenomena, etc. [3, 7, 70]. 

Generally, these problems are transient in nature, and for estimating multiple parameters, 

their inverse analyses involve varying levels of complexities. Their solutions are 

generally not unique, as the same output can be obtained with more than one set of 

estimated parameters. This effect puts a limitation to the number of unknown parameters 

to be estimated in the inverse method. However, physical insights could guide the inverse 

formulation for feasible parameter estimation. The analyses of inverse conduction-

radiation problems are done by some kind of regularization or optimization of either 

temperature distribution or radiative intensity distribution.  

 

In the present chapter, simultaneous estimation of a combination of two parameters such 

as the conduction-radiation parameter, the boundary emissivity and the scattering albedo 

is done. The temperature field is calculated from the direct method using the LBM-FVM 

in which the LBM is used to solve the energy equation and the FVM is used to compute 

the radiative information. This temperature field is taken as the exact or experimental 
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values and random perturbations are imposed on the same. In the inverse method, the GA 

is used to minimize the objective function, which is represented by the summation of the 

square of errors between the exact and the guessed or the measured temperature field. 

The quality of the estimated parameters is studied for the effects of the optimization 

algorithm/GA parameters such as the crossover probability, the mutation probability and 

the numbers of generations.  In order to establish the correctness of the estimated 

parameters in the inverse method using the LBM-FVM-GA, temperature fields are 

evaluated on the basis of the estimated parameters and compared with that obtained from 

the direct method. Further, a comparison of the CPU times involved in the direct method 

and the inverse method is also done. Detailed formulations for the analysis of a transient 

conduction-radiation problem in the direct and inverse methods have been presented in 

Chapter 2. In the following pages, we briefly provide the relevant formulations used for 

the inverse analysis of a 1-D transient conduction-radiation heat transfer problem. 

 

3.2   Formulation 

 

Consider a homogenous conducting-radiating planar participating medium as shown in 

Fig. 2.1.  Initially, the system is at temperature ET  and for time 0t > , the west boundary 

is maintained at temperature ( )W ET T> .  The west and the east boundaries are diffuse-gray 

with emissivities Wε  and Eε , respectively.  β, ω and N  are the extinction coefficient, the 

scattering albedo and the conduction-radiation parameter, respectively. The variations of 

the medium and the boundary properties with time are considered negligible. For the 

problem under consideration, the governing energy equation can be written as,  
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
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
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T
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xt

T
C R

pρ  (3.1) 

The corresponding equation in the LBM-FVM formulation is given by the following 

( ) ( ) ( ) ( )(0), , , , i R
i i i i i

p

tw qt
f x c t t t f x t f x t f x t

c xτ ρ
∆ ∂∆

 + ∆ + ∆ = − − −  ∂
� � � � �

 (3.2) 

where the divergence of radiative heat flux Rq

x

∂
∂

is expressed as 

( )
4

1 4Rq T
G

x

σβ ω π
π

 ∂ = − − ∂  
 (3.3) 

With non-dimensional distance *x , temperatureθ , conduction-radiation parameter N , 

incident radiation *G , radiative heat flux RΨ  and time ξ  defined in the following way, 

* * 2
3 44

1

4 4
R

R
W W WW

qx T k G
x N G t

X T T N TT

βθ ξ αβ
σ σσ

π

 = = = = Ψ = = 
   
 
 

 

(3.4) 

in  non-dimensional form,  Eqs.(3.2)  and (3.3) take the following form 

( ) ( ) ( ) ( )* * * * * * *(0) *
* *

, , , ,
4

i R
i i i i i

w
f x c f x f x f x

N x

ξξξ ξ ξ ξ ξ ξ
τ

∆ ∂Ψ∆  + ∆ + ∆ = − − −  ∂
� � � � �

 (3.5) 

( ) 







−−=

∂
Ψ∂

π
θω

4
14

*
4

*

G

x
R  (3.6) 

 

For known values of medium properties, using the above formulations, we obtain the 

temperature θ  distributions in the medium using the direct method as explained in the 

previous chapter.  For the correct values of the set of parameters, in this study, first the 

exact temperature field is obtained by solving the energy equation of the transient 

conduction-radiation problem using the LBM in which the radiative information is 
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computed using the FVM. The temperature field which is obtained from the direct 

method serves as an exact result or experimental values to be used in the inverse analysis 

and to account for the noise/measurement error, perturbations are also imposed on this 

temperature field. Therefore, the temperature field becomes a measured temperature 

field. In order to minimize the difference between the exact temperature pθ~  and the 

guessed temperature pθ field, we define an objective function J as given below, 

( )
2

1

~
∑

=

−=
N

p
ppJ θθ  (3.7) 

 

In the present work, based upon the population size, the guessed temperature pθ field is 

generated randomly. Henceforth, the initial value of the objective function will be 

significantly high in comparison with the theoretical minimum value (zero).  Further, to 

visualize the efficacy and robustness of the inverse methodology, we incorporate some 

measurement error to the exact temperature pθ~  field, so as to evaluate the contribution of 

measurement error towards retrieved parameters.   Also, the concept of measurement 

error would be also beneficial to provide larger insights upon the sensitivity of retrieved 

parameters on temperature distribution profiles.  If  E  is the error in the measurement, 

the measured temperature measuredθ is given by the following, 

measured Eθ θ= +ɶ  (3.8) 

In order to minimize the objective function (Eq. (3.7)), in the present work, we have used 

the GA.   The working procedure of the GA has been outlined in Chapter 2. 
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3.3   Results and Discussion 

 

In the following pages, we present the results based on the inverse analysis of a transient 

conduction-radiation heat transfer problem in a planar medium. In this analysis, we have 

simultaneously estimated a combination of two properties of the medium such as the 

scattering albedoω , the boundary emissivity ε and the conduction-radiation parameter 

.N  In both the direct method and the inverse method, non-dimensional time step 

41.0 10ξ −∆ = ×   was considered, and the steady-state condition was assumed to have been 

achieved when the maximum variation in temperature 
W

T

T
θ =  at any location between 

two consecutive time levels did not exceed 61.0 10−× . The initial temperature of the 

system was taken to be 0.5E
E

W

T

T
θ = =  and for time 0ξ > , the west boundary was raised to 

a temperature 1.0 2W Eθ θ= = .  In the LBM and the FVM, a maximum of 100 equal size 

lattices/control volumes and in the FVM, 10 equally spaced directions were found 

sufficient for grid and ray independent solutions. Below we study the effect of the 

optimization algorithm/ GA parameters on the quality of the estimated results.  
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Table 3.1: Combination of genetic parameters and measurement errors for different runs 
used in the inverse method. 
 
 

Run Crossover 
Probability 

Mutation 
Probability 

Measurement 
Error E 

1 0.20  0.30  0.0  
2 0.40  0.60  0.5  
3 0.60  0.80  1.0  
4 0.20  0.30  1.5  
5 0.40  0.60  2.0  
6 0.60  0.80  0.0  
7 0.20  0.30  0.5  
8 0.40  0.60  1.0  
9 0.60  0.80  1.5  
10 0.80  0.60  2.0  

 

3.3.1 Effect of the GA Parameters 

 

To realize the importance of the genetic parameters, in the present study, in the GA, study 

was made for three different combinations of crossover and mutation probabilities. For 

the present investigation, the population size was taken to be 50. For runs 1-10, Table 3.1  

shows different combinations of crossover and mutation probabilities along with 

measurement errors.  In the present work, we have studied three different values of the 

crossover probabilities, viz., 0.20, 0.40 and 0.60.  The three values of the mutation 

probability considered were 0.30, 0.60 and 0.80. The measurement errors E introduced 

was in the range 0.0 to 2.0. 

 

In Figs. 3.1 and 3.2, for runs 1-10 given in Table 3.1, we study the variations of the best 

fitness against the number of generations.   In Figs. 3.1a-c, results are shown for three 

different combinations of the conduction-radiation parameter N and the scattering 
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albedoω .  In Figs. 3.2a-c, the same are given for three different combinations of  N  and 

west boundary emissivity Wε . It is observed from Figs. 3.1 and 3.2 that beyond 200 

generations, no significant change in the best fitness take place, and thus this was taken 

as one of the stopping criterion. It is to be noted that while presenting the comparisons in 

Figs. 3.1 and 3.2, for simplicity we have divided the values of the best fitness at each 

generation by 103.  It is also observed that, in some cases, no significant change in the 

best fitness was observed even below 200 generations.  Based on these evaluations, it was 

concluded that 200 generations were sufficient for a population size of 50, and solution 

near to the global minimum was achieved.   

 

To demonstrate the workability of the LBM-FVM-GA combination in the inverse 

method, for 10 different runs with crossover and mutation probabilities along with 

measurement errors as given in Table 3.1, in Table 3.2, we compare the exact and the 

estimated results for three different combinations of the conduction-radiation parameter 

N and the scattering albedo ω , viz., ( ),N ω  = (0.01, 0.1), (0.01, 0.5) and (1.0, 0.1).  In 

Table 3.2, we also compare results for three different combinations of the conduction-

radiation parameter N and the emissivity of the west boundary Wε , viz.,   ( ), WN ε  = 

(0.01, 0.1), (0.01, 0.5) and (0.01, 0.9).  For ( ),N ω  combinations, we considered 

extinction coefficient 1.0β =  and 1.0W Eε ε= = , while for ( ), WN ε  

combinations, 1.0β = ,  1.0Eε =  and 0.0ω =  were considered.  From Table 3.2, it is  
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CHAPTER 4 
 

 
 

Parameter Retrieval in a 2-D Transient Conduction-Radiation 

Problem 

 

 

4.1   Introduction 

 

In this chapter, an inverse analysis has been done to retrieve unknown parameters in a    

transient conduction-radiation heat transfer problem in a 2-D rectangular enclosure. 

Many long enclosures can be mathematically approximated as 2-D rectangular 

enclosures.   The changes in thermal field are found only along two coordinate directions, 

viz., height and width.  Hence, the analysis of such geometry is done as a 2-D problem.    

 

In the present work, an inverse analysis has been done for a 2-D transient conduction-

radiation problem.   In the direct method, the radiative information has been computed 

using the FVM and the LBM has been used to solve the energy equation. In the inverse 

method, the temperature field obtained in the direct method has been used for the 

simultaneous retrieval of three unknown parameters, viz., the scattering albedo, the 

boundary emissivity and the conduction-radiation parameter.  Effects of measurement 

errors in the measured temperature field have been accounted.  In the inverse analysis, the 

energy equation has been solved using the LBM in which the FVM has been used to 

provide the radiative information, and the optimization has been done using the GA.  A 
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detailed study has been done to investigate the effects of the GA parameters, viz., the 

crossover probability, the mutation probability, the population size and the number of 

generations. CPU times in the direct and the inverse methods have also been compared.  

 

4.2   Formulation 

 

A 2-D rectangular enclosure (Fig. 4.1) containing an absorbing, emitting and scattering 

medium is considered. The boundaries of the enclosure are diffuse gray. Initially, the system 

is at a uniform temperature 0E W N ST T T T T= = = = . For time 0t > , the south boundary is 

maintained at temperature 0ST T> .   For the problem under consideration, the energy equation 

is written as, 

2 2

2 2p R

T T T
c k q

t x y
ρ  ∂ ∂ ∂= + − ∇ ⋅ ∂ ∂ ∂ 

�
 (4.1) 

In the LBM with the BGK approximation, the corresponding form of the governing 

energy equation (Eq. (4.1)) gets modified to the following, 

( ) ( ) ( ) ( )(0), , , , i
i i i i i R

p

twt
f r c t t t f r t f r t f r t q

cτ ρ
 ∆∆

 + ∆ + ∆ = − − − ∇ ⋅    
 

� � � � � �
 (4.2) 

where, r
�

represents position of the lattice node in the 2-D geometry. For a general 

conduction-radiation problem, development of Eq. (4.2) has been described in Chapter 2. 

For the present problem, we have used the D2Q9 lattice.  
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 Figure 4.1: Distribution of the lattices in the LBM and the control volumes in the    

FVM for the 2-D geometry. 

 

For generalization of Eq. (4.2), the non-dimensionalization has been done in the 

following manner 

* * 2 *
23 4 *

ref ref ref ref i

3
, , , , ,  

4 2e

r T k G
r N G t

L T T T

β ξθ ξ αβ τ
σ σ

π

∆= = = = = = +
 
 
 

�
 

(4.3) 

In non-dimensional form, Eq. (4.2) is written as   

( ) ( ) ( ) ( )* * * * * * * *(0) *
*

, , , ,
4

i
i i i i i R

tw
f r c f r f r f r

N

ξξ ξ ξ ξ ξ ξ
τ

∆∆   + ∆ + ∆ = − − − ∇ ⋅Ψ    

�� � � � �
(4.4) 

In the above equation, the divergence of non-dimensional radiative heat flux expressed as 

( )
*

4
R 4 1

4

Gω θ
π

 
∇ ⋅Ψ = − − 

 

�
 (4.5) 
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In the present work, the radiative information R∇ ⋅Ψ
�

has been computed using the FVM. 

Using the above formulations, the temperature θ  field at different time levels ξ can be 

obtained using the direct method in which the energy equation has been solved by the 

LBM and the radiative information has been computed using the FVM. 

 

In the inverse method, simultaneous estimation of three parameters, viz., the scattering 

albedoω , the south boundary emissivitySε  and the conduction-radiation parameter N  

has been done. In this case, the objective function to be minimized using the GA is 

represented by the following equation  

( )
21 1

, ,

N N

p q p q
p q

J θ θ
+ +

= −∑ ∑ ɶ  (4.6) 

where the subscripts p and q (Fig. 4.1) are the indices for the lattice centre in the LBM 

and the node in the FVM. With the inclusion of measurement errors( )E , the measured 

temperature profile (measured Eθ θ= +ɶ ) and the exact one are minimized in the same 

manner as discussed in Chapter 3. In the following pages, we provide results of the 

inverse analysis in which three parameters such as the conduction-radiation parameter, 

the scattering albedo and the boundary emissivity are simultaneously retrieved and the 

extinction coefficient was fixed. 

 

4.3   Results and Discussion 

 

In heat transfer problems involving transient conduction-radiation, the thermophysical 

properties of the participating media such as the conduction-radiation parameter, the 
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scattering albedo, the emissvity, etc., influence the local temperature distributions. As 

observed earlier in the investigation of a 1-D planar media that the temperatures are 

generally higher for lower values of the conduction-radiation parameter, scattering albedo 

and higher values of the boundary emissivity. In this case too, we perform an inverse 

analysis for the case of a 2-D Cartesian geometry and also study the influence of the 

thermophysical properties on the temperature field.  

 

In the following pages, we present results of the simultaneous estimation of three 

parameters, viz., the scattering albedoω , the conduction-radiation parameterN , and the 

south boundary emissivitySε  by the inverse method using the LBM-FVM-GA. To 

establish the correctness of the estimated values, the centreline temperature distributions 

at different time levels obtained by the direct method and the inverse method have been 

compared. Towards this end, some sample results have been also compared with the 

benchmark results available in the literature [72-74]. Subsequently, effects of the 

crossover probability, the mutation probability, the number of generations and the 

population size on the estimated parameters with and without measurement errors have 

also been investigated. Variation of computational time with increasing the number of 

generations as well as increasing the population size has also been reported. 

 

In order to study the effect of the population size, in the GA, the population size was 

varied from 25 to 100, and beyond 200 generations, no significant change in the value of 

the objective function was observed.  Since the genetic parameters, such as the crossover 

probability, the mutation probability, the population size and the number of generations 
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significantly affect the accuracy of the estimated parameters, the proper selection of these 

parameters is important.  The following pages provide results which show effects of these 

genetic parameters on the accuracy of the estimated values along with the computational 

time. 

 

In the LBM, 21 21×  lattices were used and since in the FVM, the number of CVs in 

every coordinate direction remains one less, in the FVM, this number was 20 20.×  In the 

FVM, the number of directions was 4 8M Mδ φ× = × . No significant variation in 

temperature θ  was observed when the numbers of lattices, control volumes and 

directions were further increased.  The steady-state condition was assumed when the 

maximum variation in temperature 
S

T

T
θ =  at any location between two consecutive time 

levels did not exceed 61.0 10−× . The initial temperature of the system was taken to be 

0.5E W N Sθ θ θ θ= = = =  and for time 0ξ > , the south boundary was raised to a 

temperature 1.0 2 2 2S E W Nθ θ θ θ= = = = .  

 

4.3.1 Retrieval of Parameters without Measurement Error  

 

To investigate the workability of the LBM-FVM-GA combination, 6 sets of different 

parameters( , , )SNω ε = (0.8,0.03,0.9), (0.3,0.01,0.1), (0.0,0.01,0.5),  (0.0,1.0,1.0), 

(0.0,0.1,1.0) and (0.0,0.01,1.0) were estimated. For each of the 6 cases, five different 

runs were taken. The objective function was minimized on the basis of SS temperature 

field only. In this case, parameters were estimated considering that the measured  
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Table 4.1: Comparison of exact and estimated values of parameters for (ω , N , Sε ) =  

(0.8, 0.03, 0.9), (0.3, 0.5, 0.1), (0.0, 0.01, 0.5), (0.0, 1.0, 1.0), (0.0, 0.1, 1.0) and (0.0, 0.01, 
1.0). 
 

Exact values Inverse Analysis results  
Runs ω  N  

Sε  ω  N  
Sε  

1 0.7657 0.0353 0.7915 

2 0.7024 0.0252 0.9209 
3 0.8699 0.0338 0.8835 
4 0.7910 0.0243 0.8812 
5 

 
 

0.8 
 
 

 
 

0.03 
 
 

 
 

0.9 
 
 

0.8094 0.0277 0.9303 
Average 0.7876 0.0292 0.8814 

1 0.3662 0.0093 0.1319 
2 0.2533 0.0115 0.0877 
3 0.2447 0.0142 0.0971 
4 0.3119 0.0088 0.1080 
5 

 
 

0.3 
 
 

 
 

0.01 
 
 

 
 

0.1 
 
 0.3125 0.0104 0.0912 

Average 0.2977 0.0108 0.1031 
1 0.0005 0.0114 0.6024 
2 0.0118 0.0168 0.4739 
3 0.0021 0.0095 0.4595 
4 0.0007 0.0091 0.5311 
5 

 
 

0.0 

 
 

0.01 

 
 

0.5 

0.0029 0.0108 0.4473 
Average 0.0036 0.0115 0.5028 

1 0.0066 0.8722 0.8841 
2 0.0141 0.7957 0.9336 
3 0.0080 0.9638 0.9972 
4 0.0110 0.9442 0.8713 
5 

 
 

0.0 

 
 

1.0 

 
 

1.0 

0.0053 0.8990 0.9008 
Average 0.0090 0.8949 0.9174 

1 0.0106 0.0739 0.9074 
2 0.0009 0.0910 0.8982 
3 0.0077 0.0988 0.9914 
4 0.0115 0.1266 0.9458 
5 

 
 

0.0 

 
 

0.1 

 
 

1.0 

0.0038 0.1018 0.9741 
Average 0.0069 0.0984 0.9433 

1 0.0087 0.0096 0.8861 
2 0.0121 0.0092 0.9736 
3 0.0038 0.0108 0.9055 
4 0.0024 0.0115 0.9972 
5 

 
 

0.0 

 
 

0.01 

 
 

1.0 

0.0165 0.0133 0.9048 
Average 0.0087 0.0108 0.9334 
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temperature field contained no error ( )0.0E = and the population size was taken to be 50, 

the number of generations was 100, the crossover probability was 0.8 and the mutation 

probability was 0.03.   Results are shown in Table 4.1. Estimated values of the 

parameters have been found to vary with runs.  In other words, even if the GA parameters 

remain the same, the solution generated is not unique. Thus, the averages over the 5 runs 

have been taken. The corresponding averaged estimated values for different parameters 

are also shown in Table 4.1. It is observed that the averaged estimated values are in good 

agreement with the exact ones. 

Figs. 4.2-4.3 show the comparisons of the centerline temperature distribution at three 

different time levels including the steady-state (SS) computed from the estimated values 

of the parameters obtained using the inverse method with that calculated by the direct 

method. In the inverse method, the genetic parameters used are the same as taken for 

results in Table 4.1 and the measurement error is0.0.E =  It is seen that, at all time levels, 

the centerline temperature θ  and θɶ  distributions in the medium at different instants ξ  

are in good agreement. In Figs. 4.2 and 4.3, steady-state times in the direct and the 

inverse methods are also shown and they are found to be comparable. This indicates that 

the estimated values of the parameters obtained by the inverse analysis are in good 

agreement with the exact ones and also the temperature fields agree very well with each  
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Table 4.2: Comparison of steady-state centerline ( )0.5x
X =  temperature at three 

locations in a black square enclosure; 0.0, 1.0ω β= =  and 1.0Sε = . 

 

N  

Centreline 

S

T
T  at 

y
Y  

Wu and 
Ou [72] 

Yuen and 
Takara 
[73] 

Mishra et 
al.   [74] 

Direct 
method 

Inverse 
method 

0.3 0.733 0.737 0.734 0.739 0.736 
0.5 0.630 0.630 0.630 0.632 0.631 

1.0 

0.7 0.560 0.560 0.564 0.566 0.563 
0.3 0.760 0.763 0.759 0.761 0.759 
0.5 0.663 0.661 0.663 0.664 0.660 

0.1 

0.7 0.590 0.589 0.594 0.596 0.592 
0.3 0.791 0.807 0.789 0.789 0.786 
0.5 0.725 0.726 0.725 0.727 0.725 

0.01 

0.7 0.663 0.653 0.666 0.668 0.664 

 

other. It is also observed from Fig. 4.3 that with a reduction in the value of the 

conduction-radiation parameter ,N  the SS is achieved fast due to the dominance of 

radiation over conduction and thus, the temperature values are higher.  

 

Table 4.2 compares the centreline 0.5,
x y

X Y
 = 
 

temperature 
S

T

T
θ =  at three different 

locations viz. yY = 0.3, 0.5, and 0.7 obtained from the direct method and the inverse 

method. These values are compared against those of Wu and Ou [72], Yuen and Takara 

[73] and Mishra et al. [74]. For this comparison, in the inverse method, the same set of 

genetic parameters as used for results in Table 4.1 was used. It is observed that the results 

of the inverse method are in close agreement with that of the direct method. 
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To illustrate the variation of the objective function with increase in the number of 

generations, a comparison has been shown in Figs. 4.4 and 4.5. The analysis has been 

done for five different runs taken during the inverse analysis. It is to be noted that while 

making comparison in Figs. 4.4 and 4.5, the fitness value of the objective function is 

calculated based on the SS temperature distribution. It is observed from the figures that 

for the selected set of GA parameters, in the inverse analysis, the initial values of the 

objective function are invariably less than unity. This is due to reason that in the present 

case study, the exact field θɶ , which is used in the objective function deviates less from 

the initially guessed field .θ  Therefore, the errors between the initially guessed 

temperature field θ  and the exact temperature field θɶ  are lesser in magnitude. It is seen 

that upto 100 generations, the value of the fitness function converges to a satisfactory 

minimum value. Therefore, compared to the initial population, after approximately 100 

generations, a better population has been developed by the GA. This in turn establishes 

that the temperature field obtained from the estimated values of the parameters and the 

exact temperature field θɶ  are in good agreement with each other.  

 

With 100 generations, Fig. 4.6a presents the variation of the CPU time (second) with the 

population size.  In Fig. 4.6b, with population size of 50, the variation of the CPU time 

with the number of generations has been shown. Results in Figs. 4.6a and 4.6b are shown 

for 0.0, 0.01, 1.0SNω ε= = = . All runs were taken on Pentium (R) 4, 2.8 GHz, 248 MB 

RAM at 266 MHz.  It is observed from Figs. 4.6a and 4.6b that the CPU time is directly 

proportional to the number of generations as well as the population size. This is due to 

the reason that a gradual refinement of the objective function takes place with increase in  
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CHAPTER 5 
 

 
 

 

Inverse Analysis of Conduction-Radiation Problems with 

Varying Complexities  

 

 

5.1   Introduction 

 

In the previous chapters, estimation of thermophysical properties was done for 1-D and 2-

D transient conduction-radiation heat transfer problems involving constant thermal 

conductivity, Fourier conduction and constant temperature boundary conditions. In this 

chapter, an inverse analysis is carried out for the estimation of unknown parameters 

and/or boundary conditions in three different types of transient conduction-radiation heat 

transfer problems involving varying level of complexities/ non-linearities. The problems 

considered are non-Fourier conduction-radiation problem, variable thermal conductivity 

conduction-radiation problem and conduction-radiation problem involving mixed 

boundary conditions. The consideration of non-Fourier effect incorporates an additional 

non-linearity in the energy equation appearing in the form of an extra term. Similarly, the 

incorporation of variable thermal conductivity also induces an extra non-linearity in the 

energy equation. The mixed boundary condition type problem being different than the 

previous problems is investigated at the end. Therefore, the trend is to gradually shift the 

study towards increasing non-lienearities in the chosen problems. In many practical/real 
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time problems, however, simplifying assumptions are used.  In many problems, heat 

transfer by conduction is governed by the Fourier’s law.  In Fourier heat conduction, 

effects of any thermal disturbances in the system which can either be in the form of a 

sudden rise in boundary temperatures or a sudden appearance of a heat source at any 

location in the medium, propagate with infinite speed and hence establishes 

instantaneously.  This assumption is not universally applicable in all situations. For 

example, the validity of the Fourier’s law of heat conduction breaks down when we 

consider heat transport through a processed meat/skin [80].  Further, at a very low 

temperature, heat transport by conduction is not governed by Fourier’s law [77-79].  

When any material is subjected to a pulse radiation, at short time levels, a discontinuity in 

the temperature profile is observed, which cannot be explained through the Fourier’s law 

of heat conduction [82]. 

 

In many transient conduction-radiation heat transfer problems, thermal conductivity is 

assumed constant.  However, this assumption is invalid for the heat transfer analysis of 

metals and the applications involving very high temperatures in which the effect of 

thermal radiation becomes considerably high. Thus the assumption of constant thermal 

conductivity can not yield correct temperature field and the effect of variable thermal 

conductivity needs to be accounted for. Thirdly, many problems involve more than one 

type of boundary conditions in which the boundaries are maintained under different 

conditions such as in the heating chambers where heat flux is prescribed at one or more 

boundaries and the other boundaries remain subjected to some finite temperatures. 
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In the present chapter, we study three different classes of transient conduction-radiation 

heat transfer problems, viz., non-Fourier, variable conductivity and mixed boundary 

condition type. In non-Fourier transient conduction-radiation problem, we have 

simultaneously estimated two unknown parameters, viz., the extinction coefficient and 

the conduction-radiation parameter.   In the transient conduction-radiation problem 

involving variable conductivity, we have simultaneously estimated different 

combinations of two unknown parameters, viz., the extinction coefficient, the scattering 

albedo and the conduction-radiation parameter. However, in the inverse analysis of 

transient conduction-radiation with mixed boundary condition, we have simultaneously 

estimated two unknown boundary conditions, viz., the boundary heat flux and the 

boundary emissivity. In the following pages, we provide the formulations for three 

problems considered for the inverse analysis, viz., the transient non-Fourier conduction-

radiation heat transfer problem, the transient conduction-radiation heat transfer problem 

with variable thermal conductivity and the transient conduction-radiation heat transfer 

problem with mixed boundary condition.  

 

5.2 Formulation of a Non-Fourier Conduction-Radiation   Problem 

 

Let us consider a planar participating medium as shown in Fig. 2.1.   Its thermophysical 

and optical properties are constant. The initial temperature of the system isrefT . For 

time 0,t >  the west and the east boundaries of the medium are maintained at 

temperature ( )refWT T>  and ( )ref ,ET T=  respectively. The boundaries of the medium are 
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diffuse gray. The thermophysical and optical properties of the conducting-radiating 

medium are assumed to be constant. For the problem under consideration, the governing 

energy equation is given by the following equation, 

T C R
p

q q
c

t x x
ρ ∂ ∂∂ = − −

∂ ∂ ∂
 (5.1) 

 

 where ρ  is the density, pc  is the specific heat, Cq  is the conductive heat flux and Rq is 

the radiative heat flux. In the present analysis, it is assumed that the conduction wave 

front Cq  takes some finite time to establish itself in the medium, and thus the assumption 

of the infinite propagation speed of the conduction wave as considered in the Fourier heat 

conduction will not be applicable for the non-Fourier heat conduction.  The radiation 

wave front Rq  propagates with the speed of light( )8 -13 10 ms× , and thus for the time-

scale considered in the present study, radiative transfer is an instantaneous process. 

 

With finite propagation speed of the conduction wave front, the non-Fourier heat 

conduction equation can be expressed as below [77, 78]  

C
C

q T
q k

t x

∂ ∂Γ + = −
∂ ∂

 (5.2) 

where 
2

,
C

αΓ =  is the thermal relaxation time, α is the thermal diffusivity and C  is the 

speed of the conduction wave front.  

 

Using  Eq. (5.2), the energy equation takes the following form [123] 

( )
2 2

2 2
R R

p

q qT T T
c k

t t x x t x
ρ   ∂  ∂ ∂ ∂ ∂ ∂  Γ + = − − Γ    ∂ ∂ ∂ ∂ ∂ ∂   

 (5.3) 
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In Eq. (5.3), the divergence of radiative heat flux Rq

x

∂
∂

 is expressed as the following [123] 

( )
4

1 4Rq T
G

x

σβ ω π
π

 ∂ = − − ∂  
 (5.4) 

where β  is the extinction coefficient, ω  is the scattering albedo and G  is the incident 

radiation. 

 

In non-dimensional form, defining timeξ , distance *x , temperatureθ , conductive heat 

flux CΨ , radiative heat flux RΨ , conduction-radiation parameter N and incident 

radiation G in the following way, 

 
Ct

X
ξ =  

 

 
* x

X
x =  

 

ref

T

T
θ =  

 

4
ref

C
C

q

Tσ
Ψ =  

 

4
ref

R
R

q

Tσ
Ψ =  

 

3
ref4

kC
N

Tασ
=  

 
*

4
ref

G

T
G

σ
π

=  

(5.5 ) 

 

In non-dimensional form, Eq. (5.4) is written as [123]  


















∂
Ψ∂

∂
∂+

∂
Ψ∂−

∂
∂=

∂
∂+

∂
∂

**2

2

2

2 1

4

111

xAxNAA
RR

ξξ
θ

ξ
θ

ξ
θ

 (5.6) 

where
XC

A
α

= .  

 

In non-dimensional form Eq. (5.4) is written as [123] 

( ) ( )4
*

1
4R

L
G

x

β ω
πθ

π
 −∂Ψ = − ∂  

 (5.7) 
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In the present work, we compute 
*
R

x

∂Ψ
∂

 using the FVM and the LBM is employed to 

solve the energy equation.  

 

The formulation of the FVM to compute the information about the volumetric radiation 

*
R

x

∂Ψ
∂

 remains the same as explained in Chapter 2, hence we do not discuss the same in 

this section. Below the LBM formulation for the solution of the energy equation for a 

non-Fourier conduction-radiation problem is provided. 

 

In the LBM, in non-dimensional form, equation describing non-Fourier conduction and 

radiation heat transfer is given by the following [123]  

( ) ( ) ( ) ( ) ( )* 0* * * * * * *
*

*
*

, , , ,

2
4

i i i i i i i

i R
i i

f x c f x f x f x

w
y c

N x

ξξ ξ ξ ξ ξ ξ
τ

ξξ

∆  + ∆ + ∆ = − − 

∆ ∂Ψ − ∆ Ψ −  ∂ 

� � � � �

 (5.8) 

where *
if is the non-dimensional particle distribution function, 

*
*
i

x
c

ξ
∆=
∆

 is the velocity,  

τ  is the non-dimensional relaxation time and ( )* 0
if  is the equilibrium distribution 

function.   For a planar medium problem under consideration, with D1Q2 lattice, 2b =  

and the non-dimensional relaxation time *τ   is computed from the following[119] 

*
2*

1

2x

ξτ

ξ

∆= +
 ∆
 ∆ 

 
(5.9) 

 

To solve Eq. (5.8), an equilibrium distribution function is required, which for the non-

Fourier conduction-radiation problem can be written as [119] 
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( )* 0
i i i if w y cθ= + Ψ  (5.10) 

where, 

1 2 1 2

1

2
w w y y= = = =  (5.11) 

With known thermophysical properties and the boundary conditions as mentioned above, 

using the LBM-FVM formulations, the non-dimensional temperature θ  distributions at 

different time levels ξ  can be obtained from the direct method.  With the known 

temperature θ  field, simultaneous estimation of two unknown parameters is done in the 

inverse method. The methodology of obtaining the temperature θ  distributions, 

implementation of the measurement errors and the procedure for formulating the 

objective function to be minimized using the GA remains similar to the case involving 

conduction-radiation problem with Fourier heat conduction described in the previous 

chapter, and hence the same are not repeated here. In the following pages we provide the 

results of the non-Fourier conduction-radiation problem. In the inverse analysis, the two 

parameters which are retrieved are the conduction-radiation parameter and the extinction 

coefficient.  The scattering albedo and the boundary emissivity are fixed. 
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5.3 Results and Discussion on Inverse Non-Fourier Transient 

Conduction Radiation Problem 

 

In the following pages, we present results of the inverse analysis.  The boundaries of the 

planar medium (Fig. 2.1) are assumed black.  Initially,  the entire system is at a finite 

temperatureref .ET T= With this, the non-dimensional initial temperature is *( ,0) .Exθ θ=  

For time 0,t >  the west boundary is maintained at a higher temperature 2 .W ET T=  In non-

dimensional form, at time 0.0ξ > , the east and the west boundaries are at temperatures 

Eθ  and 2W Eθ θ= , respectively.  The non-dimensional velocity 
*

i

x
c

ξ
∆=
∆

   is considered to 

be unity. Therefore, the non-dimensional time step *xξ∆ = ∆  is taken for the analysis. In 

Table 5.1, we present results of grid and ray independency tests. For this, at time 0.0ξ > , 

we set the non-dimensional temperatures of the west and the east boundaries at 1.0Wθ =  

and 0.5,Eθ = respectively. We test the temperature θ  distributions at time 0.60ξ =  and at 

three different locations viz. 40.0,20.0* =x and 0.80. It is observed from Table 5.1 that 

beyond 100 control volumes and 12 rays, there is no significant change in the 

temperature θ  distributions. Therefore, in the present work, we have provided the results 

considering 100 control volumes and 12 rays. 
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Table 5.1: The effect of the number of lattices in the LBM and control volumes in the 
FVM and number of discrete directions on temperature distribution at three different 
locations; 0.60,ξ = 0.5,β =   0.8,ω =  0.01N=  and 1 2 1.0;ε ε= = 1 1.0T = and 2 0.5.T =  

 
 

/ 0.20x X =  / 0.40x X =  / 0.80x X =  Control 
volumes / 
lattices 

Number of 
directions 

Mδ  
LBM-FVM LBM-FVM LBM-FVM 

Effect of control volumes/lattices  

25 0.8706 0.8434 0.7191 

50 0.8812 0.8451 0.7164 

100 0.8862 0.8465 0.7154 

200 

 
 

12 

0.8886 0.8473 0.7150 

Effect of number of directions Mδ  

6 0.8682 0.8286 0.7041 

12 0.8862 0.8465 0.7154 100 

24 0.8913 0.8500 0.7174 

 

To check the accuracy of the direct problem involving the LBM and the FVM, in Fig. 

5.1, we compare the temperature θ  distributions with that of Chu et al. [85]. In this case, 

for time 0.0,ξ >  the non-dimensional temperatures of the west and the east boundaries 

are kept at 1.0Wθ =  and 0.0,Eθ = respectively. For extinction coefficient 1.0β =  and 

scattering albedo 0.50,ω =  this comparison has been carried out at two different time 

steps, viz., 0.30ξ =  and 0.60.  Three different cases for conduction-radiation parameter, 

viz., 2.5,0.25N =  and 0.025 have been investigated. It is observed from Fig. 5.1 that the 

temperature θ  distributions obtained from the direct method compare very well with 
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those given by Chu et al. who have solved the same problem using the McCormack 

explicit predictor-corrector scheme and 3P  approximation. 

In the following pages, we present the results for the inverse analysis using the LBM-

FVM in conjunction with the GA. For this analysis, at time 0.0ξ > , we maintain the non-

dimensional temperatures of the west and the east boundaries at 1.0Wθ =  

and 0.5,Eθ = respectively. In the direct method involving the LBM and the FVM, for 

extinction coefficient 0.50,β = scattering albedo 0.80ω =  and conduction-radiation 

parameter 0.01,N = we obtain the temperature θ  distributions at two different time 

levels, viz., 0.30ξ = and 0.60. With the temperature θ  distributions available from the 

direct method in the inverse method, we simultaneously estimate two parameters, viz., 

the extinction coefficient β  and the conduction-radiation parameter .N   

 

5.3.1 Effects of GA Parameters for Inverse Non-Fourier Conduction-Radiation   

Problem 

To demonstrate the workability of the LBM-FVM-GA in the inverse method, for a 

population size of 100, in Table 5.2, we study the effects of the crossover probabilitycP  

and the mutation probabilitymP . For scattering albedo 0.80,ω =   this study has been done 

for four different cases of cP  and mP , viz., ( ) ( ) ( ) ( ), 0.3,0.03 , 0.8,0.03 , 0.8,0.3c mP P =  and 

( )0.3,0.3 .The exact values of the parameters which were simultaneously estimated in the 

inverse method are 0.50β = and 0.01.N = This investigation is done for four different 

measurement errors, viz., E= 0.0, 0.5, 1.0 and 2.0.  
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 Figure 5.1: Validation of the Direct Problem with Chu et al. [85]. 
 

 

 

 

 

TH-814_06610305



Chapter 5 
 

 114 

Table 5.2: Comparison of exact and estimated value of the parameters for different 
combinations of cP    and mP  (Range: ( ) ( ), 0.0 5.0N β = − ).  

 
Exact Value( ),N β  E 

cP  mP  Estimated Value( ),N β  % Error ( ),N β  

0.3 0.03 (0.0111, 0.4777) (11.0, -4.46) 
0.8 0.03 (0.0097, 0.5175) (3.0, 3.50) 
0.8 0.3 (0.0107, 0.5703) (7.0, 14.06) 

0.0 

0.3 0.3 (0.0092, 0.4289) (-8.0, -14.22) 
0.3 0.03 (0.0106, 0.5611) (6.0, 12.22) 
0.8 0.03 (0.0103, 0.4794) (3.0, -4.12) 
0.8 0.3 (0.0109, 0.5240) (9.0, 4.80) 

0.5 

0.3 0.3 (0.0079, 0.4032) (-21.0, -19.36) 
0.3 0.03 (0.0119, 0.3982) (19.0, -20.36) 
0.8 0.03 (0.0106, 0.4749) (6.0, -5.02) 
0.8 0.3 (0.0111, 0.4148) (11.0, -17.04) 

1.0 

0.3 0.3 (0.0075, 0.4207) (-25.0, -15.86) 
0.3 0.03 (0.0142, 0.6311) (42.0, 26.22) 
0.8 0.03 (0.0114, 0.5264) (-14.0, 5.28) 
0.8 0.3 (0.0074, 0.4113) (-26.0, -17.74) 

(0.01, 0.50) 

2.0 

0.3 0.3 (0.0153, 0.6193) (53.0, 23.86) 
 

It can be observed that for all measurement errors, a crossover probability 0.8cP =  and a 

mutation probability 0.03mP =  yields a minimum error in the estimated value of the 

parameters. This result is in line with that of the 2-D transient conduction-radiation 

problem.  

 

For the good combination of crossover and mutation probability( )0.80; 0.03c mP P= = , it 

is also noticed that at lower measurement errors ( )0.0 :1.50 ,E =  the estimation accuracy 

of the unknown parameters, viz., the conduction-radiation parameter N and the 

extinction coefficient β are almost similar. However, at large measurement error 2.0E = , 
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Figure. 5.2: Effect of different cross over probability and mutation probability on the 
best fitness (a) E = 0.0, (b) E = 0.5, (c) E = 1.0 and (d) E = 2.0. 

 

the estimation of the conduction-radiation parameter N  is difficult for all values of the 

crossover and the mutation probabilities. 
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For the parameters considered in Table 5.2,  to study the effects of the crossover 

probability cP  and the mutation probabilitymP  on the convergence rate of the best fitness 

and their effects on the required number of generations for the convergence, we present a 

comparison in Fig. 5.2. It can be observed that the crossover probability 0.8cP =  and the 

mutation probability 0.03mP =  provide a minimum value of the best fitness as compared 

to other combinations of the crossover and the mutation probabilities. In the previous 

paragraph it has been observed that the crossover probability 0.8cP =  and the mutation 

probability 0.03mP =  yield the estimated values of the parameters with least error. 

Therefore, in the present two-parameter estimation problem, the minimum the value of 

the objective function, the better is the accuracy of the estimated parameters. Further, it 

can be noticed that in case of( ) ( ), 0.8,0.03 ,c mP P =  the attainment of the convergence is 

faster. This is due to the reason that the solution or the populations are tuned towards the 

optimality domain in the earlier generations itself and further refinements do not occur in 

the successive generations. However, for all combinations of cP  and ,mP  it is also 

observed that there is no significant change in the variation of the best fitness between 

60-100 generations. Thus, in the present work, the analysis has been done for a maximum 

of 100 generations.  
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From Table 5.2 and Fig. 5.2, it has been observed that ( ) ( ), 0.8,0.03c mP P =  provide the 

estimated values with least errors and for the convergence, they also require less number 

of generations.   Thus with ( ) ( ), 0.8,0.03 ,c mP P =  in Table 5.3, we study the effect of the 

population size on the accuracy of the estimated values of the parameters. For this 

comparison, three different population sizes, viz., 25, 50 and 100 have been investigated. 

For all values of the measurement errors, it is seen that the estimation accuracy 

deteriorates for small population numbers and as the population size increases, the 

accuracy also improves. This result is in accordance with the inverse analysis in the 2-D 

geometry (Chapter 4) and a similar justification holds good in this case too. 

 

 
Table 5.3: Comparison of the exact and the estimated values of the parameters for 
different population size, (Range: ( ) ( ), 0.0 5.0N β = − ) 

 
 

Exact Value 
β,N  

E Population 
size 

Estimated Value β,N  % Error 
β,N  

25 (0.0072, 0.6681) (-27.0, 33.62) 
50 (0.0118, 0.4459) (18.0, -10.82) 0.0 
100 (0.0097, 0.5175) (3.0, 3.50) 
25 (0.0146, 0.7408) (46.0, 48.16) 
50 (0.0071, 0.5657) (-29.0, 13.14) 0.5 
100 (0.0103, 0.4794) (3.0, -4.12) 
25 (0.0046, 0.3470) (-54.0, -30.6) 
50 (0.0068, 0.6019) (-32.0, 20.38) 1.0 
100 (0.0106, 0.4749) (6.0, -5.02) 
25 (0.0031, 0.3605) (-69.0,-27.90) 
50 (0.0135, 0.3513) (35.0, -29.74) 

(0.01, 0.50) 

2.0 
100 (0.0114, 0.5264) (-14.0, 5.28) 
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Figure 5.3: Effect of different population sizes on the best fitness (a) E = 0.0, (b) E = 0.5, 
(c) E = 1.0 and (d) E = 2.0. 
 

In Fig. 5.3, we compare the effect of the population size on the variation of best fitness 

with the number of generations required for the convergence. In this case too, 

( ) ( ), 0.8,0.03c mP P =  is taken. It is observed from Fig. 5.3 that for all measurement errors  

  

TH-814_06610305



Inverse Analysis of Conduction-Radiation Problems with Varying Complexities 

 

 

 119 

the attainment of convergence is faster for a higher population size. It is also observed 

that the converged values are low for a population size of 100. Thus, in the present study,  

a higher value of the population size provides a better result for the estimated parameters. 

This can be explained in the following manner. A small population number means that in 

the population, few individuals are present. Hence, the probability of obtaining an 

individual of desired fitness at a particular generation is also less. So, the number of 

generations required for the convergence is more and the presence of fitter individuals is 

also less and hence the estimation accuracy reduces. On the other hand, the presence of 

more individuals in the population contains more individuals with better fitness and 

hence require less generations to attain the convergence. 

 

5.3.2 Comparison of Reconstructed and Exact Temperature Fields 

 

To  demonstrate the accuracy of the estimated parameters obtained in the inverse method, 

in Fig. 5.4 we compare the temperature θ  distributions computed using the direct method 

and the inverse method. This comparison corresponds to a measurement error E=2.0. For 

the selected values of the crossover probabilitycP  and the mutation probabilitymP  which 

in the present study are 0.80 and 0.03, respectively, it is sufficient to compare the 

temperature θ  distribution corresponding to E= 2.0.  This is because the case E= 2.0 

contains a maximum error in the estimated values as compared to other sets of E. It is 

observed that the temperature θ  distributions computed using the direct method and the 

inverse method are in excellent agreement with each other. 
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Figure 5.4: Comparison of exact and estimated temperature profiles for  
measurement error E = 2.0. 

 

5.3.3 Comparison of Computational Time 

The comparison of CPU times involved in the direct method as well as the inverse 

method is presented in Table 5.4. This comparison corresponds to time 

0.60and 0.80,ξ ω= =  and for four different cases of measurement errors, viz., E=0.0, 0.5, 

1.0 and 2.0. All runs were carried out on 2.8 GHz, CPU (Pentium (R) 4 with 248 MB 

RAM).  

 

Table 5.4:  Comparison of the CPU(s) times required in the LBM-FVM and the LBM-
FVM-GA for 0.60;ξ = 0.8,ω = 1 2 1.0,ε ε= = 1 1.0θ = and 2 0.5.θ =  
 

CPU time (s) 
 

( ),N β  E LBM-FVM LBM-FVM-GA 

Ratio of CPU times 
LBM-FVM-GA

LBM-FVM
 
 
 

 

0.0 0.766 1033 1348.56 
0.50 0.766 1159 1513.05 

1.0 0.766 1261 1646.21 
(0.01, 0.50) 

2.0 0.766 1408 1838.12 
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It is seen that the inverse method requires CPU time approximately 1300-1800 times than 

that required by the direct method. 

 

5.3.4 Variation of Estimated Parameters 

 

To demonstrate the variation of the estimated parameters with generations, in Fig. 5.5, we 

present a comparison for the simultaneous estimation of the conduction-radiation 

parameter,N  and the extinction coefficient,β . The comparison has been done for the 

case without measurement error 0.0.E =  For this comparison, the population size 

considered is 100 and the crossover and the mutation probabilities are 0.80 and 0.03, 

respectively. For this study, the boundary emissivities considered are 1E Wε ε= = and the  

Generations

N
,β

0 20 40 60 80 100
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2

β Exact
N Exact
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N Estimated

 
Figure 5.5: Comparison of estimated and the exact values of the parameters with 
generations. (Range: ( ) ( ), 0.0 5.0N β = − ) 
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scattering albedo 0.80.ω =  It is observed from the figure that the initial values of the two 

unknown parameters, viz., the conduction-radiation parameter,N  and the extinction 

coefficient,β  are the same and between 70-80 generations, both agree very well with 

their corresponding exact values. In the following pages, we carry out an inverse analysis 

for a transient conduction-radiation heat transfer problem with variable thermal 

conductivity. 

 

5.4 Formulation of an Inverse Transient Conduction-Radiation Problem 

with Variable Thermal Conductivity 

 

For investigating an inverse problem considering the effect of variable thermal 

conductivity, we assume the thermal conductivity to vary according to the following 

relationship: 

( )WTTkk −′+= γ0  (5.12) 

where γ ′  is the variation of thermal conductivity. For the problem under consideration, 

the governing energy equation is given by 





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
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T
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Substitution of k from Eq. (5.12) in Eq. (5.13) gives the following expression 
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In non-dimensional form,  Eq. (5.14) is rewritten as, 

( )
*

2

**

2

4

11
1 2

xNxNxN
R

∂
Ψ∂

−








∂
∂+

∂
∂








 −+=
∂
∂ θγθθγ

ξ
θ

 (5.15) 

where,γ ′  is the coefficient of variation of thermal conductivity in non-dimensional form 

and it is given by, 

0k

NTWγγ
′

=  (5.16) 

Other non-dimensional terms in Eq. (5.15) are already described in the previous chapters 

and hence they are not repeated here. The FVM formulation to obtain the radiative 

information remains the same as described in Chapter 2 and the same are not discussed in 

this section. 

 

Due to temperature dependence of the thermal conductivity, the modified dimensional 

form of the relaxation time in the lattice Boltzmann equation takes the following form, 

 

( )

( )

0
2 2
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2 2

2 2

2

p W

i p i
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p i p i

k
c k T Tt t

c c c
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c c c c

ρ γ
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ρ
γ

ρ ρ

′+ −∆ ∆= + = +

′ ∆= + − +

 (5.17) 

For generalization, we carry out non-dimensionalization in the following manner, 
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The non-dimensional form of the relaxation time in the LBM gets modified to the 

following, 

( )
2

1
2*2*

* ξθθ

ξ

γ

ξ

τ ∆+−




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


∆

∆
+









∆

∆
= W

xx
 

(5.19) 

 

Therefore, for the problem under consideration, the non-dimensional form of the energy 

equation in the LBM is given by the following equation, 

( ) ( ) ( ) ( )* * * * * * *(0) *
* *

, , , ,
4

i R
i i i i i

w
f x c f x f x f x

N x

ξξξ ξ ξ ξ ξ ξ
τ

∆ ∂Ψ∆  + ∆ + ∆ = − − −  ∂
� � � � �

 
(5.20) 

 

The determination of temperature distributionsθ , the construction of the objective 

function and the solution of the inverse problem are carried out in the same manner as 

done in the previous chapters. In the following pages, we present the results based on the 

investigations carried out for the present problem. In the present problem we 

simultaneously estimate any two parameters such as the conduction-radiation parameter, 

the extinction coefficient and the scattering albedo. For the case corresponding to the 

estimation of conduction-radiation parameter and the extinction coefficient, the scattering 

albedo and the emissivity are fixed. In the simultaneous estimation of the conduction-

radiation parameter and the scattering albedo, the emissivity and the extinction 

coefficient are fixed. Whereas, for the estimation of the extinction coefficient and the 

scattering albeo, the conduction-radiation parameter and the emissivity are fixed.  
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5.5 Results and Discussion on Inverse Problem involving Variable 

Thermal Conductivity 

 

In the following pages, we provide results of the inverse analysis for the simultaneous 

retrieval of parameters. Initially,  the entire system is at a temperature ( )* ,0 0.5.xθ =  For 

time 0,ξ > the east boundary is kept at the same initial temperature( )0.5Eθ =  and the 

west boundary is maintained at a higher temperature 2 1.0.W Eθ θ= = In the energy 

equation, the non-dimensional time step 0.0001ξ∆ =  was considered. The steady-state  

Table 5.5: Effect of number of lattices/control volumes in the direct method (LBM-
FVM) and number of directions in the FVM on the variation of steady state (SS) 
temperatureθ ; 1.0E Wε ε= = , 1.0, 0.5, 0.01,Nβ ω= = = 0.50.γ =  

 
 

Non-dimensional location Control 
volumes/ / 
lattices 

Number of 
directions 

Mδ  x* = 0.20 x* = 0.40 x* = 0.80 

Effect of control volumes/lattices  

25 12 0.9019 0.8247 0.6439 

50 12 0.8928 0.8401 0.6937 
100 12 0.8905  0.8550 0.7392 

200 12 0.8900 0.8596 0.7486 

Effect of number of directions δM  

100 6 0.8377 0.8036 0.7023 

100 12 0.8905  0.8550 0.7392 

100 24 0.9045 0.8643 0.7429 
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(SS) conditions were assumed to have been attained when the temperature difference 

between two consecutive time levels at each lattice center did not exceed 61.0 10 .−×  

 

In Table 5.5, we study the effect of lattices/control volumes and number of rays on the SS 

temperature θ  distribution. For this, both the boundaries are assumed black. The 

comparison corresponds to the extinction coefficient 1.0,β =  the scattering albedo 

0.5,ω =  the conduction-radiation parameter N = 0.01 and the coefficient of variation of 

thermal conductivity 0.5.γ =  It is observed from Table 5.5 that beyond 100 control 

volumes and 12 rays, there is no significant change in the temperature θ  distributions. 

Therefore, in the present work, we have provided the results considering 100 control 

volumes and 12 rays.  It is to be noted that in the LBM, the number of lattices remains 

one more than the number of control volumes.  

 

For checking the accuracy of the direct method, in Fig. 5.6, we compare the SS 

temperature θ  distributions with that given in reference [69]. The cold/east boundary is 

assumed to be black and the emissivity of the hot/west boundary 0.5.Wε =  For extinction 

coefficient 0.1,β =  the scattering albedo 0.5ω =  and the conduction-radiation parameter 

N = 0.5, this comparison has been shown for three values of thermal conductivity 

parameter 1.0, 0.50 and 0.0.γ = − −  It is observed from Fig. 5.6 that the SS temperature θ  

distributions obtained from the direct method compare very well with those given in the 

literature where FDM [69] involving implicit scheme and the DTM were used [69]. 
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Figure 5.6:  Comparison of the temperature θ  distributions at different locations for 
different variable thermal conductivity parameter γ  with Talukdar and Mishra [69] 

 

In the following pages, we present results for the inverse analysis using the LBM-FVM in 

conjunction with the GA. For this analysis, at time0.0ξ > , we maintain the non-

dimensional temperatures of the west and the east boundaries at 1.0Wθ =  and 

0.5,Eθ = respectively. For the set of parameters considered in Table 5.5, with the SS 

temperature θ  distributions available from the direct method, in the inverse method,  we 

simultaneously estimate two parameters, viz., ( ), Nβ , ( ), Nω  and ( ),β ω .  

 

5.5.1 Effects of GA Parameters 

 

To demonstrate the workability of the LBM-FVM-GA in the inverse method, for a 

population size of 100, in Table 5.6, we study the effect of the crossover probabilitycP  

and the mutation probabilitymP  on the accuracy of the simultaneous estimation of the 
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extinction coefficient β  and the conduction-radiation parameter .N  For measurement 

errors E in the range 0-2, the effect has been studied for two cases of andc mP P , viz.,  

(a) lower value of the crossover probability( )0.30cP =  with a higher value of the 

mutation probability( )0.30mP =  and (b) higher value of the crossover 

probability( )0.80cP =  with a much lower value of the mutation probability ( )0.03 .mP =  It 

is observed from Table 5.6 that for the present study, a higher value of the crossover 

probability( )0.80cP =  with a much lower value of the mutation probability ( )0.03mP =  is 

desirable. Thus, in the present work, we select the 0.80 and 0.03c mP P= =  for 

simultaneous estimation of other sets of parameters, viz.( ), Nβ , ( ), Nω  and( ),β ω .  

 

Table-5.6: Effect of crossover and mutation probabilities on the simultaneous retrieval of 
parameters for a population size of 100; 1.0, 0.50.E Wε ε γ= = =  (Range: 

( ) ( ) ( ) ( ) ( ) ( ), 0.0 5.0 ; , 0 5,0 1 ; , 0 5,0 1N Nβ ω β ω= − = − − = − − ) 

 

Exact Values 
 

( ),c mP P  E Estimated Values % Error 

0.0 (0.0124, 1.1935) (24.0, 19.35) 
1.0 (0.0067, 0.7938) (-33.0, 20.62) ( )0.3,0.3  
2.0 (0.0157, 1.3259) (57.0, 32.59) 
0.0 (0.0105, 1.0581) (5.0, 5.81) 
1.0 (0.0011, 0.9011) (11.0, -9.89) 

( ),N β = ( )0.01,1.0  

0.50ω =  
( )0.8,0.03  

2.0 (0.0082, 0.8584) (-18.0, -14.16) 
0.0 (0.0097, 0.5481) (-3.0, 9.62) 
1.0 (0.0081, 0.6039) (-19.0, 20.78) 

( ),N ω = ( )0.01,0.5  

1.0β =  
( )0.8,0.03  

2.0 (0.0128, 0.3673) (28.0, -26.54) 
0.0 (0.9673, 0.4705)  (-3.27, -5.90) 
1.0 (0.8903, 0.5806) (-10.97, 16.12) 

( ),β ω = ( )1.0,0.5  

0.01N =  

( )0.8,0.03  

2.0 (1.2932, 0.3890) (29.32, -22.2) 
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Figure 5.7: Comparison of the effect of crossover probability cP and mutation probability 

mP  on the variation of the best fitness and number of generations for different 

measurement errors, (a) 0.0E =  (b) 1.0E =  and (c) 2.0;E =  
0.01, 1.0, 1.0, 0.50and 0.50,N β ε γ ω= = = = =  (Estimated values: N andβ ). 
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From Table 5.6, it is also seen that with 0.80 and 0.03c mP P= = , the estimated values of 

the set of parameters( ), Nβ , ( ), Nω  and( ),β ω  are in good agreement with the exact 

ones. It is also noticed from the table that in the simultaneous estimation of ( ),N β as 

well as( ),N ω , at higher measurement errors ( )1.0,2.0 ,E =  estimation of the conduction-

radiation parameterN  is more difficult than the extinction coefficient β  and the 

scattering albedo .ω  However, for the case of without measurement ( )0.0E =  both sets 

of estimated parameters possess reasonably good accuracy with respect to their exact 

values.  

For parameters considered in Table 5.6,  to study the effects of the crossover 

probability cP  and the mutation probabilitymP  on the convergence rate of the best fitness 

and their effects on the number of generations required for the convergence, we present a 

comparison in Fig. 5.7. For simultaneous estimation of the extinction coefficient β  and 

the conduction-radiation parameter N, the comparison has been done for the three 

different measurement errors, viz., E= 0.0, 1.0 and 2.0 It can be observed that for all 

measurement errors E,  a crossover probability 0.8cP =  and a mutation probability 

0.03mP =  provide a minimum value of the best fitness as compared to the other 

combination of the crossover probability cP  and the mutation 

probability ( )i.e. 0.30, 0.30 .m c mP P P= =  Further, it can be noticed that in case 

of ( ) ( ), 0.8,0.03 ,c mP P =  the attainment of the convergence is faster. However, for other 

combination of cP  and ( )i.e. 0.30, 0.30 ,m c mP P P= =  it is also observed that there is no 

significant change in the variation of the best fitness beyond 100 generations. Thus in the  
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Figure 5.8: Comparison of the variation of the best fitness and number of generations for 
different measurement errors, (a) 0.0E =  (b) 1.0E =  and (c) 2.0;E =  

( ) ( ), 0.80,0.03 , 0.01, 0.50, 1.0, 1.0and 0.50,c mP P N γ β ε ω= = = = = = (Estimated values: 

N andω ). 
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present work, the analysis has been done for a maximum of 100 generations. In Fig. 5.8, 

we present the variation of the best fitness with the number of generations for the 

simultaneous retrieval of the conduction-radiation parameter N and the scattering albedo 

.ω  The study has been done for three measurement errors E= 0.0, 1.0 and 2.0It is 

observed that the value of the best fitness increases with measurement errors for a fixed 

number of generations (100 for the present study). It is also noticed that the convergence 

rate is faster for the case involving least measurement error, i.e., E= 0.0. This can be 

explained in the following manner. When the initial population contains large error, the 

probability that the GA needs large number of generations for tuning the population 

towards the minimum value becomes more. On the other hand, with the least 

measurement error, the probability that the population contains more number of fit 

individuals is high. Thus, the convergence rate is faster and less number of generations is  

 
Table 5.7: Effect of the population size on the estimation accuracy of simultaneous 
retrieval of parameters; 1.0, 0.50.E Wε ε γ= = =  

(Range: ( ) ( ) ( ) ( ) ( ) ( ), 0.0 5.0 ; , 0 5,0 1 ; , 0 5,0 1N Nβ ω β ω= − = − − = − − ) 

 

Exact Values 
Population 
size 

E Estimated Values % Error 

0.0 (0.0161, 1.3617) (61.0, 36.17) 
1.0 (0.0022, 1.4321) (-78.0, 43.21) 25 
2.0 (0.0014, 0.4803) (-86.0, -51.97) 
0.0 (0.0105, 1.0581) (5.0, 5.81) 
1.0 (0.0011, 0.9011) (11.0, -9.89) 

( ) ( ), 0.01,1.0N β =
0.50ω =  

100 
2.0 (0.0082, 0.8584) (-18.0, -14.16) 
0.0 (0.0097, 0.5481) (-3.0, 9.62) 
1.0 (0.0081, 0.6039) (-19.0, 20.78) 

 

( ) ( ), 0.01,0.50N ω =  

1.0β =  
100 

2.0 (0.0128, 0.3673) (28.0, -26.54) 

0.0 (0.9673, 0.4705)  (-3.27, -5.90) 
1.0 (0.8903, 0.5806) (-10.97, 16.12) 

( ) ( ), 1.0,0.50β ω =  

0.01N =  
100 

2.0 (1.2932, 0.3890) (29.32, -22.2) 
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required.  For the parameters considered in Table 5.6, we present the variation of the best 

fitness with number of generations for the simultaneous retrieval of the extinction 

coefficient β  and the scattering albedo ω  in Fig. 5.9. It is observed that for all 

measurement errors E, the variation is similar to the one observed in Fig. 5.8. Thus, a 

similar justification can be provided for the present case also. 

To study the effect of population size on the accuracy of the estimated parameters in the 

inverse method, we present a comparison in Table 5.7. For simultaneous estimation of the 

extinction coefficient β  and the conduction-radiation parameterN , the study has been 

made for two different population sizes of 25 and 100. For different measurement errors 

E, the crossover probabilitycP  and the mutation probabilitymP  have been taken as 0.80 

and 0.03, respectively because this combination appears to perform better as observed 

from Table 5.6 and Figs. 5.7-5.9.  It is observed from Table 5.7 that a higher population 

size gives a more accurate value of the retrieved parameter. This is because, the higher 

the population size, the higher the probability of obtaining better individuals in the 

population. The estimated values of the other set of parameters viz., the scattering albedo 

ω  with the conduction-radiation parameter ,N  and the extinction coefficient β  with the 

scattering albedo ω  agree well with that of exact ones for a population size of 100 as 

observed from Table 5.7. 

 

To study the effect of the population size on the variation of the best fitness with number 

of generations, we present a comparison in Fig. 5.10. For this comparison, the same set of 

parameters as assumed in Table 5.7 is taken.  It is observed from Fig. 5.10 that for a  
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Figure 5.9: Comparison of the variation of the best fitness and number of generations for 
different measurement errors, (a) 0.0E =  (b) 1.0E =  and (c) 2.0;E =  

( ) ( ), 0.80,0.03 , 0.01, 1.0, 1.0, 0.50and 0.50,c mP P N β ε γ ω= = = = = =  (Estimated values: 

ω andβ ). 
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Figure 5.10: Comparison of the effect of the population size on the best fitness and 
number of generations for different measurement errors, (a) 0.0E =  (b) 1.0E = and 

(c) 2.0;E = ( ) ( ), 0.80,0.03 , 0.01, 1.0,c mP P N β= = = 1.0, 0.50and 0.50,ε γ ω= = =  

(Estimated values: N andβ ). 
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higher population size, the attainment of the convergence is faster i.e., it requires less 

number of generations for the convergence. However, it is also noticed that the value of 

the best fitness is considerably less for a greater population size. This establishes the fact 

that, if more number of good individuals are present in the population, then the estimation 

accuracy also improves. It is also noticed from Fig. 5.10 that for all measurement errors, 

there is no change in the value of the best fitness beyond 100 generations. For different 

measurement errors E = 0.0, 1.0 and 2.0 the variation of the best fitness with the number 

of generations for a population size of 100 and ( ) ( ), 0.80,0.03c mP P =  in case of the 

simultaneous estimation of the scattering albedo ω  along with the conduction-radiation 

parameter N  and for the simultaneous estimation of the extinction coefficient β  and the 

scattering albedo ω  has already been shown in Figs. 5.8 and 5.9 respectively. Thus, the 

details of the same are not repeated here. 

 

5.5.2  Comparison of Reconstructed and Exact Temperature Fields 

 

To demonstrate the accuracy of the estimated parameters obtained in the inverse method, 

in Fig. 5.11, we compare the temperature θ  distributions computed using the direct 

method and the inverse method. This comparison corresponds to a measurement error E= 

2.0. For the selected values of the crossover probability cP  and the mutation 

probability mP  which in the present study are 0.80 and 0.03, respectively, it is sufficient to 

compare the temperature θ  distribution corresponding to E= 2.0.   This is because the 

case E= 2.0 contains a maximum error in the estimated values as compared to other sets  
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Figure 5.11: Comparison of the temperature θ  distributions obtained from the direct 
method and the inverse method with a measurement error, 2.0E = for  (a) 0.0γ =  (b) 

0.5γ =  (c) 0.5γ = −  and (d) 1.0;γ = −  
1.0, 1.0, 0.5, 0.50and 0.01,Nε β ω γ= = = = = (Estimated values areandN ω ). 

 

of E= 2.0. It is observed that the temperature θ  distributions computed using the direct 

method and the inverse method are in excellent agreement with each other. 
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Table 5.8: Comparison of CPU times required in the direct and the inverse method for 

population size of 100 and ( ) ( ), 0.80,0.03c mP P =  for SS temperatureθ ; 

0.50, 1.0, 0.50.E Wω ε ε γ= = = =  

CPU time (s) 
Exact values 

Estimated  
values 

E Direct 
method 

Inverse 
Method 

Ratio of  
CPU times 

(0.0105, 1.0581) 0.0 14799 1513.03 
(0.0011, 0.9011) 1.0 15012 1534.81 

( ) ( ), 0.01,1.0N β =
 (0.0082, 0.8584) 2.0 

9.781 
15758 1611.08 

 

5.5.3 Comparison of Computational Time 

 

To study the effect of the CPU time involved in the direct method and the inverse 

method, we present a comparison in Table 5.8. The comparison has been done for three 

different measurement errors, viz., E= 0.0, 1.0 and 2.0.  All runs were carried out on 2.8 

GHz CPU (Pentium (R) 4 with 248 MB RAM).  It is evident from the Table 5.8 that the 

inverse method requires CPU time which is approximately more than 1500 times than 

that required in the direct method. This is due to the reason that in the inverse method, the  

GA starts with a random generation of the initial population. The values of the estimated 

parameters corresponding to this initial population deviates greatly with respect to the 

actual ones. Thus, to attain the converged solution, the algorithm has to undergo a series 

of generations and for a particular generation, in the GA loop, there are a number of 

processes involved. Therefore, in the inverse method, the CPU time is considerably larger 

than the direct method. 
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Figure 5.12: Comparison of the estimated parameters with number of generations with 
the exact ones, for (a)( ) ( ), 0.01,1.0N β = , (b) ( ) ( ), 0.01,0.50N ω =  and (c) 

( ) ( ), 1.0,0.50β ω = ; 0.5.γ =   

(Range: ( ) ( ) ( ) ( ) ( ) ( ), 0.0 5.0 ; , 0 5,0 1 ; , 0 5,0 1N Nβ ω β ω= − = − − = − − ) 
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5.5.4 Variation of Estimated Parameters 

 

In Fig. 5.12, we present the variation of estimated parameters with the number of 

generations for different sets of combination of parameters considered in Table 5.7. This 

study has been carried out for the case E= 0.0 and 0.5.γ =  It is observed that the initial 

values of the estimated parameters are considerably offset from the exact ones and they 

undergo gradual refinements in successive generations. 

 

5.6 Formulation of an Inverse Transient Conduction-Radiation Problem 

with Mixed Boundary Condition 

 

In this section, the application of the LBM is extended to the mixed boundary condition 

problem where the hot boundary is provided with a constant heat flux and the other 

boundary is kept at constant temperature. Fig. 5.13 shows the 1-D planar medium with its 

west boundary subjected to a prescribed heat flux.  Energy balance over the half-lattice 

on the west boundary is also shown.  

 

In this chapter, simultaneous estimation of two parameters such as the hot boundary heat 

flux and the emissivity has been done using the LBM-FVM in conjunction with the GA. 

In this case too, the FVM is used for the computation of the radiative information and the 

LBM is employed to solve the energy equation. In the inverse analysis, the GA has been 

used as the optimization tool. In the following pages, we provide a brief formulation of 

the solution of mixed boundary condition problem which is followed by the formulation  
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Figure 5.13: 1-D planar medium with D1Q2 lattice subjected to heat flux at its west 
boundary. The initial and boundary conditions are ξ= 0 : TE = TW = 0.5, ξ>0 : TE =  0.5, 
ΨW=0.4, and 1.0 
 

of the inverse problem. This is followed by results and discussions and conclusions are 

made at the end. Consider a planar homogenous participating medium (Fig. 5.13) in 

which the east boundary is subjected to a constant temperature and the west boundary is 

provided with a constant heat flux. Below we briefly discuss the procedure for the 

treatment of the mixed boundary condition type problem. 

 

 

In implementation of the boundary condition in the LBM, the conservation of energy is 

applied to the half size boundary lattice. This conservation of energy over time t∆  to the 

half size lattice at the west boundary yields the following,  

 

( )
2

0

x

t t t t

p in out

t t

T
c dt dx q q dt

t
ρ

∆ 
  +∆ +∆   ∂ = − ∂ 
∫ ∫ ∫  (5.21) 
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where inq  is the prescribed heat flux at the west boundary and out C Rq q q= +  is the flux 

leaving the half size boundary lattice. Using Fourier’s law for Cq  and after discretization 

of terms in Eq. (5.21), we get the following equation 

( ) ( ) 11

2

k kt t
j jk k

p j j in R

t

T Tx
c T T q q k dt

x
ρ

+∆
++

  −∆− = − −   ∆   
∫  (5.22) 

where, k  and 1k +  represent the time levels at t  and ,t t+ ∆ respectively. Using an 

explicit scheme for the time discretization on the right hand side of the Eq. (5.21), we 

obtain the following, 

( ) ( )1
11k k k

j j j in RT F T FT H q q+
+= − + + −  (5.23) 

where, 
( )2

2 t
F

x

α∆=
∆

 and 
2

p

t
H

c xρ
∆=
∆

. Once, the temperature 1k
jT +  at the boundary is 

known in terms of the prescribed heat fluxinq , the unknown particle distribution function 

if  at the boundary can be calculated by using the procedure described in Chapter 2 for 

the constant temperature boundary condition. 

 

In this case too, the radiative information is obtained using the FVM which is already 

explained in Chapter 2. The implementation of the LBM scheme for solving the transient 

energy equation also remains the same as provided in Chapter 2 and thus the same are not 

reproduced here. 

 

Once the temperature field at different time levels ξ  are obtained from the direct method, 

in the inverse method, we simultaneously estimate the west boundary heat flux WΨ  and 

boundary emissivity .Wε  To minimize the objective function represented by square of the 
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difference between the guessed and exact temperature fields, we have used the GA. The 

methodology of the construction of the objective function is similar to the one mentioned 

in Chapter 2. Therefore, these are not explained in this section. In the present work two 

parameters which are simultaneously retrieved are the boundary heat flux and the 

emissivity. The extinction coefficient and the conduction-radiation parameter are fixed. 

 

5.7 Results and Discussions on the Inverse Transient Conduction-

Radiation Problem with Mixed Boundary Condition  

 

Consider the planar participating medium shown in Fig. 5.13. Initially, the medium is at 

temperature, ,ET  and for time 0,t >  its west boundary is maintained at temperature 

.N ET T>  The medium is absorbing emitting and isotropically scattering. Its boundaries 

are diffuse gray. 

 

From the grid and ray independent tests it is observed that no significant change occurs 

beyond 100 lattices/control volumes and 16 rays. In this case too, a non-dimensional time 

step of 41.0 10ξ −∆ = × was used and steady state condition was assumed when the 

temperature θ  distributions between two consecutive time steps did not exceed 

61.0 10 .−×  Thus, in the present work, the investigation is carried out by considering 100 

control volumes and 16 ray directions. It is noted that the number of lattices is always one 

more than the number of control volumes. Thus the number of lattices considered in the 

present work becomes 101. 
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Table 5.9: Comparison of temperature θ  distributions for 

1.0, 0.5, 0.5 and 0.05.E W Nβ ω ε ε= = = = =  

 Temperature θ  at 

,T WΨ  0.0
x

X
=  0.5

x

X
=  

0.05N =  
 [99] [100] Present work [99] [100] Present work 

0.2 0.701 0.701 0.702 0.439 0.439 0.439 
0.4 0.919 0.919 0.921 0.610 0.611 0.612 
0.6 1.054 1.055 1.056 0.732 0.733 0.734 
0.8 1.155 1.157 1.158 0.828 0.830 0.831 

 

Fernandes and Francis [99] and Lin and Tsai [100]. From Table 5.9, a good comparison 

is observed. 

 

Table 5.9 presents the steady-state temperature θ  distributions for 

1.0, 0.5, 0.5 and 0.05.E W Nβ ω ε ε= = = = =  This comparison is done for two different 

locations 0.0
x

X
=  , 0.5

x

X
=  and four different cases of west boundary heat flux, viz., 

,T WΨ = 0.2, 0.4, 0.6 and 0.8.  The results are then compared with those available in  

 

 

5.7.1 Estimation of Parameter and Unknown Boundary Condition 

 

Table 5.10 presents the estimated and the exact values of the heat flux and hot boundary 

emissivity. This comparison has been done for three different measurement errors, viz., E 

= 0.0, 1.0 and 2.0. For the inverse method, a uniform crossover and mutation 

probabilities of 0.8 and 0.03 are taken. This comparison is done for a population size of  
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Table 5.10: Comparison of the estimated and the exact values of hot boundary heat flux 
and emissivities for different measurement errors.  

(Range:( ) ( ), , 0.0 5.0,0.0 1.0T W WεΨ = − − ) 

 

Exact value 

( ), ,T W WεΨ  
Measurement 

Error,  

Estimated Value 

( ), ,T W WεΨ  % Error 

0.0 (1.120, 0.526) (12.0, 5.2) 
1.0 (0.809, 0.453) (19.1, -9.4) (1.0, 0.5) 
2.0 (0.683, 0.609) (-31.7, 21.8) 
0.0 (0.301, 0.570) (-24.75, 14.0) 
1.0 (0.352, 0.616) (-12.0, 23.2) (0.4, 0.5) 
2.0 (0.554, 0.363) (38.5, -27.4) 

 

 

100. It is noticed that although a good agreement between exact and estimated ones are 

observed at low measurement errors, with increase in measurement errors, the error in the 

estimated values increase substantially. Moreover, at zero measurement error and even at 

all measurement errors, the error in the estimated value of the boundary heat flux ,T WΨ  is 

more than that of the emissivityWε  and it indicates that the estimation of the flux is 

difficult compared to the emissivity. 

 

5.7.2 Effect of the GA Parameters 

 

Fig. 5.14 presents the variation in the best fitness for two different population sizes of 25 

and 100. For each case two different values of boundary heat flux and emissivity, viz., 

( ), ,T W WεΨ = (1.0, 0.5) and (0.4, 0.5) are investigated. This comparison corresponds to a 

measurement error of E= 2.0.  It is to be noted that for determination of maximum 
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number of generations, it is sufficient to investigate the case corresponding to the 

measurement error of E= 2.0, because it contains the largest error which is minimized 

using the GA. Other cases of measurement error, viz., E= 0.0 and 1.0,  contains  smaller 

perturbations and hence, the number of generations required for a particular value of the 

objective function in those cases will always be less as compared to the case E= 2.0. 

Moreover, it is also noticed from Fig. 5.14 that a higher population size, i.e., 100 for the 

present work, is desirable for reasonable minimization of the objective function.  This is 

due to the reason that in a higher population size, the chance of obtaining a good 
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Figure 5.14: Comparison of the best fitness for different population sizes, (a) 

( ), ,T W WεΨ = (1.0, 0.5) and (b) ( ), ,T W WεΨ =(0.4, 0.5); 

1.0, 0.5, 0.5 and 0.05.E W Nβ ω ε ε= = = = =  
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individual is more as compared to a smaller population size. However, it is also noticed 

that the values of the objective function are lower for any value of generation. For this 

comparison, a uniform crossover and mutation probabilities of 0.8 and 0.03, respectively 

have been considered. It is observed that for a population size of 100, no significant 

change in the value of the best fitness occurs beyond 200 generations. Hence, it is 

assumed that the convergence has been achieved.  

 

5.7.3 Comparison of Reconstructed and Exact Temperature Fields 

 

Fig. 5.15 shows the reconstructed temperature fields computed using the exact values and 

estimated ones. For 1.0, 0.5, 0.5 and 0.05,E W Nβ ω ε ε= = = = =  this comparison has been 
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Figure 5.15: Comparison of the exact and estimated temperatureθ , (a) ( ), ,T W WεΨ = (1.0, 

0.5) and (b) ( ), ,T W WεΨ =(0.4, 0.5); 1.0, 0.5, 0.5 and 0.05.E W Nβ ω ε ε= = = = =  
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done for two sets of wall heat flux and the boundary emissivities viz. ( ), ,T W WεΨ = (1.0, 

0.5) and (0.4, 0.5). The comparison has been carried out for the case corresponding to the 

measurement error E= 2.0.  A similar justification presented in Fig. 5.14 can be provided 

for this case too. This comparison is carried out for four different time levels, viz., 

0.005,0.03,0.05ξ = and the steady-state. A very good agreement between the exact and 

estimated temperature fields can be observed even though there exists approximately 

40% high error in one parameter and 30% low error in the other parameter as observed 

from Table 5.10. This is due to the reason that parameter dependencies and non 

uniqueness in the problem could yield different combination of the parameters satisfying 

a given temperature field. So, the inverse analysis of such kind of heat transfer problems 

help a designer to carefully design his experimental investigations and obtain the desired 

choice of parameters. 

 

 

 Table 5.11: Comparison of CPU times involved in the direct method and inverse method 

CPU time (s) 
Exact values 

Estimated 
values 

E Direct 
method 

Inverse 
Method 

Ratio of 
CPU times 

(1.120, 0.526) 0.0 15709 1333.41 
(0.809, 0.453) 1.0 16352 1387.99 ( ) ( ), , 1.0,0.5T W WεΨ =

 
 (0.683, 0.609) 2.0 

11.781 
17253 1464.47 
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5.7.4 Comparison of CPU Time 

 

In Table 5.11, we present the comparison of the CPU times elapsed in the direct method 

(LBM-FVM) and the inverse method (LBM-FVM-GA). This comparison has been 

performed for the simultaneous estimation of ( ) ( ), , 1.0,0.5T W WεΨ = . The computations 

were performed on the 2.8 GHz CPU (Pentium (R) 4 with 248 MB RAM). For this 

comparison, the same set of genetic parameters such as the crossover probability of 0.8 

and the mutation rate of 0.03 along with other parameters as considered for comparison 

in Fig. 5.15 are taken. This comparison has been done for three different values of the 

measurement errors, viz., E= 0.0, 1.0 and 2.0 are taken. From Table 5.11, it is observed 

that with increase in the measurement error E, the CPU time required in the direct method 

remains constant. However, the CPU time required by the GA increases with 

measurement error. This is due to the reason that calculation of the exact temperature 

field is obtained from the direct method which in the present work is computed using the 

LBM-FVM. Once this exact temperature field is obtained, measurement errors have been 

imposed and the minimization procedure is being carried out using the GA. Thus the GA 

needs to minimize a larger error when the measurement error increases. Consequently, 

the CPU time elapsed for the convergence also increases with the measurement error. 
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Figure 5.16: Comparison of the estimated and the exact values of the parameters with 

number of generations. (Range: ( ) ( ), , 0.0 5.0,0.0 1.0T W WεΨ = − − ). 

 

5.7.5 Variation of Estimated Parameters 

 

Fig. 5.16 shows the variation of the estimated parameters with number of generations. It 

is noticed that at around 100 generations, the estimated values matches very well with  

 

that of the exact ones. With further increase in the number of generations, the variation is 

very small. It is also noticed from Fig. 5.16 that the estimation of west boundary heat 

flux WΨ  requires more refinement as compared to the emissivity Wε  indicating a difficult 

estimation or converging tendency. This is due to the reason that the temperature field 

which is minimized in the inverse method is contributed by virtue of this heat flux 

imposed on the west boundary.   
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5. 8 Summary  

 

Three different types of inverse transient conduction-radiation problem involving 

different levels of complexities were analyzed. At first, an inverse method was used for 

simultaneous estimation of parameters in a non-Fourier transient conduction-radiation 

problem. Two parameters such as the extinction coefficient and the conduction-radiation 

parameter were simultaneously estimated and they were compared with their exact value. 

Effects of different genetic parameters such as the crossover and the mutation 

probabilities, the population size, the number of generations were studied. For the non-

Fourier transient conduction-radiation problem, for the crossover probability of 0.80, the 

mutation probability of 0.03 and a population size of 100, approximately 100 generations 

were found to be satisfactory. It was observed that at low measurement errors, the 

estimated values of both the conduction-radiation parameter and the extinction coefficient 

posses approximately the same accuracy. However, at large measurement error, the 

estimated accuracy of the conduction-radiation parameter is less than the extinction 

coefficient. A comparison of CPU times involved in the direct and the inverse method 

was also done. It was observed that the CPU time required in the inverse method varied 

approximately between 1400-1800 times than that required in the direct method. The  

accuracy of the estimated parameters was checked by comparing the temperature 

distributions obtained using the direct and the inverse method. The estimated results were 

found to be in reasonably good agreement with the exact ones.  The LBM, the FVM and 

the GA have been found to provide reasonably correct estimates of unknown parameters 

in a non-Fourier conduction-radiation problem.    
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Next, an inverse method was used for the simultaneous retrieval of parameters in a 

transient conduction-radiation problem involving variable thermal conductivity. Different 

combinations of two parameters such as the extinction coefficient, the scattering albedo 

and the conduction-radiation parameter were simultaneously estimated and they were 

compared with their exact values. Effects of different genetic parameters such as the 

crossover and the mutation probabilities, the population size, number of generations were 

studied in this case too. In this problem too, for the crossover probability of 0.80, the 

mutation probability of 0.03 and a population size of 100, approximately 100 generations 

were found to be satisfactory.  Effect of measurement errors on the accuracy of the 

retrieved parameters was also investigated. It was observed that in the simultaneous 

estimation of the conduction-radiation parameter and the extinction coefficient, error in 

estimation of the conduction-radiation parameter was more compared to the extinction 

coefficient. In case of the simultaneous estimation of the conduction-radiation parameter 

and the scattering albedo, at low measurement error, the error in the estimation of the 

scattering albedo was more than the conduction-radiation parameter. However, in the 

simultaneous estimation of the extinction coefficient and the scattering albedo, at lower 

measurement errors, the estimated error in the scattering albedo was more and vice versa. 

A comparison of the CPU times involved in the direct and the inverse method was also 

done. In this case the CPU times required in the inverse method were found to vary 

between 1500-1600 times than those required in the direct method. The accuracy of the 

estimated parameters was checked by comparing the temperature distributions obtained 

using the direct and the inverse method. The LBM and the FVM in conjunction with the 
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GA have been found to provide fairly good estimates for the unknown parameters in a 

transient conduction-radiation problem involving temperature dependent thermal 

conductivity.   

 

Lastly, an inverse method for the reconstruction of temperature fields and estimation of 

boundary heat flux and emissivity subjected to a transient mixed boundary condition was 

analyzed. The problem was solved using the LBM and the FVM in conjunction with the 

GA.  The estimated parameters were studied for the effect of measurement errors and 

genetic parameters such as the population size and number of generations. In the present 

problem, for the crossover probability of 0.80, the mutation probability of 0.03 and a 

population size of 100, approximately 200 generations were found to be satisfactory. In 

most of the cases, the error in the estimated values of the heat flux was found to be more 

as compared to the boundary emissivity. The ratio of CPU times required in the inverse 

method to the direct method was found to vary between 1300-1400 times. The 

reconstruction of the transient temperature field is also done by using the inverse method 

and the same was compared with the exact one. From the present investigation, it is 

found that for the inverse analysis, a good estimation of the unknown parameters is 

obtained using the LBM, the FVM and the GA.   In the next chapter, we carry out an 

inverse analysis in a cylindrical geometry involving transient conduction and radiative 

heat transfer. 

TH-814_06610305



CHAPTER 6 
 

 
 

 

Simultaneous Reconstruction of Thermal Field and Retrieval 

of Parameters in a Cylindrical Enclosure 

 

 

6.1   Introduction 

 

In the previous chapters, inverse analyses have been done to retrieve unknown medium 

properties and/or boundary conditions of transient conduction-radiation problems in 1-D 

planar and 2-D rectangular geometry.  Problems of varying complexities were 

considered.  The suitability of the LBM as a solver for the energy equations, the usage of 

the FVM for the computation of radiative information and the application of the GA as an 

optimization tool were successfully demonstrated by simultaneously retrieving  either 

two or three unknown parameters.   Because of the changing area in the radial direction, 

compared to a planar  and a rectangular geometry, a cylindrical geometry brings 

additional difficulties.  Computation of radiative information is much more difficult as 

unlike a 1-D planar medium, in case of a 1-D cylindrical geometry, the azimuthal 

symmetry does not exist.  The cylindrical geometry finds plenty of applications in 

engineering devices.  In the present chapter, we do the inverse analyses of transient heat 

conduction and radiative heat transfer in a concentric cylindrical enclosure. The LBM 

and the GA have been used  for the inverse analysis of the transient heat conduction 
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problem.  Since in the concentric cylindrical enclosure the DTM formulation is more 

simpler for the radiative heat transfer problem, the same has been done using the DTM 

and the GA.   For the conduction problem, the unknown radius ratio that would yield a 

desired temperature distribution has been estimated.  While in the radiative transfer 

problem, two parameters, viz., the extinction coefficient and the radius ratio that would 

provide a desired heat flux distribution in the medium have been simultaneously 

estimated. The accuracies of the estimated parameters are studied for the effects of 

measurement errors and the genetic variables. The CPU times disbursed in the direct 

method and the inverse method have also been compared.  Below we provide the LBM 

formulation for the conduction heat transfer and  the DTM formulation for the 

computation of radiative heat transfer in a cylindrical geometry.  

 

6.2   Formulation of an Inverse Problem in a Cylindrical Geometry 

 

6.2.1 LBM Formulation for Conduction Problem in a Cylindrical Geometry 

 

In the macroscopic form, the general form of the generalized energy equation for a 

transient conduction problem applicable for a 1-D planar/cylindrical/spherical geometry 

can be written as  

1
p n

T T
c k

t r r r
ρ ∂ ∂ ∂ =  ∂ ∂ ∂ 

 (6.1) 

where for a planar medium, the exponent 0n =  and for a cylindrical medium, 1n =    and 

for a spherical medium 2n = . For a cylindrical geometry, Eq. (6.1) becomes 
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2

2p

T T k T
c k

t r r r
ρ ∂ ∂ ∂= +

∂ ∂ ∂
 (6.2) 

 

The second term on the right hand side of Eq. (6.2) accounts for the effect of variable 

area in the cylindrical geometry, which in case of the planar geometry is absent. In the 

LBM, this term is accounted by modifying the discrete Boltzmann equation given in 

Chapter 2 as below: 

( ) ( ) ( ) ( )

( ) ( ) ( )

(0), , , ,

, ,

i i i i i

i i i
i

t
f r c t t t f r t f r t f r t

t
f r c t t f r t

r c t

τ
∆
 + ∆ + ∆ = − − 

∆+ + ∆ −  ∆

� � � � �

� � �

� �

 (6.3) 

 

Equation (6.3) is the LBM formulation of the transient heat conduction in a cylindrical 

medium.  For a conduction-radiation problem in a planar geometry, this procedure has 

been shown in Mishra and Lankadasu [117].  

 

The procedure of implementing prescribed temperature and/or heat flux boundary 

conditions in the cylindrical geometry remains the same as that for a Cartesian geometry 

and the same has been given in Chapter 2.  Below we provide a brief formulation of the 

DTM to compute the radiative information. 

 

6.2.2 Formulation for Radiative Transfer Problem 

 

The radiative transfer equation as derived in Chapter 2 is given by the following 

equation, 
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dI
I S

ds
β= − +  (6.4) 

The above equation being an ordinary differential equation can be easily solved in which 

the integrating factor is given by ( )dsβ−exp  

In the DTM, with the source term avS  assumed to be known from the previous iteration 

as an average of the source term values at the upstream uS  and the downstream dS points, 

intensity at any radial location r
�

 in any direction ( ),δ φ is found from the following [103, 

118]: 

( ) ( )exp 1 expd u avI I ds S dsβ β= − + − −    (6.5) 

where dI  and uI  are the intensities at the downstream and the upstream points which are 

separated by a geometric distance ds and optical distance dsβ .  The average source 

function
2

u d
av

S S
S

+=  is taken as the value in the middle of the path-leg. 

 

For an absorbing, emitting and isotropically scattering medium, the source term is given 

by [118], 

 

( )
4

1
4

T
S G

σ ωω
π π

= − +  (6.6) 

where ω is the scattering albedo and  G is the incident radiation which is given by and  

numerically computed from the following [118], 

 

2

1 10 0

( , ) s in ( , ) 2 s in s in
2

M M
j j j j

l k l
k l

G I d d I
φ δπ π

φ δ

δδ φ δ δ φ δ φ δ φ
= == =

∆ = ≈ ∆ 
 

∑ ∑∫ ∫  
(6.7) 
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where δ  is the polar angle and φ  is the azimuthal angle.  With intensity distributions 

known, the radiative heat flux Rq  is computed from the following [118]: 

2

0 0

,
1 1

( , ) cos sin

( ) sin cos sin( )

R

M M
j j j j j

l k l l
k l

q I d d

I
φ δ

π π

φ δ

δ φ δ δ δ φ

δ φ δ δ δ φ

= =

= =

=

≈ ∆ ∆

∫ ∫

∑ ∑

 

(6.8) 

where Mδ  and Mφ  are the number of discrete points considered over the complete span 

of the polar angle ( )0 δ π≤ ≤ and azimuthal angle ( )0 2φ π≤ ≤ , respectively.   Therefore, 

M Mδ φ×  constitute the number of discrete directions in which intensities are considered 

at any point.  

 

While marching from either boundary of the inner cylinder or the outer cylinder, 

evaluation of Eq. (6.7) requires knowledge of the boundary intensity. For a diffuse-gray 

boundary having temperature bT   and emissivity bε , the boundary intensity bI  is 

computed from [118], 

( )
4 2

1 1

1
, sin cos sin

M
M

j j j j jb b b
b l k l l

k l

T
I I

δ
φε σ ε δ φ δ δ δ φ

π π = =

− = + ∆ ∆ 
 

∑ ∑  (6.9) 

In Eq. (6.8), the first and the second terms represent the emitted and the reflected 

components of the boundary intensity, respectively. 

 

Using the procedure described above, we evaluate the transient temperature profiles for 

the conduction problem and obtain the heat flux distribution for the radiation problem. In 

the inverse method we construct the objective function in the same manner as described 
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in the Chapter 2 and the same are not reproduced in this section. The only difference is 

that, in the conduction problem, we minimize the objective function represented by the 

square of the exact and the guessed temperature fields whereas in the radiative transfer 

problem, we minimize the heat flux profiles. In the estimation of the radius ratio and the 

extinction coefficient, the boundary emissivity was kept fixed at 1.0 and the medium was 

considered non-scattering, i.e., the scattering albedo was taken as 0.0. Being purely a 

radiative transfer problem, the conduction-radiation parameter assumes the value 0.0. 

 

6.3 Results and Discussions 

The following problems are considered:  

 

• A concentric solid cylinder having inner and outer radii 1r  and 2r , respectively 

(Fig. 6.1) is initially at temperature 0.1θ =  and for time
2

2

0.0
t

r

αξ
 

= > 
 

, its inner 

boundary is raised to temperature 2 1.0θ = .  The objective of the inverse analysis 

using LBM in conjunction with the GA is to reconstruct the temperature θ  profile 

and estimate the radius ratio 1

2

r

r
.  

 

• The concentric cylinder having inner and outer radii 1r  and 2r  (Fig. 6.1), 

respectively is filled with an absorbing and emitting participating isothermal 

medium. The cylinder boundaries are cold and are black.  The objective of the 

inverse analysis in this problem is to reconstruct the flux Ψ profile and to  
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Figure 6.1: Physical geometry of the problem; initial condition and boundary conditions 

are 0.1θ = ; 1.0:0 1 => θξ , 2 1.0θ =  

 

simultaneously estimate the extinction coefficient β  and the radius ratio 1

2

r

r
.  In 

this case, the DTM in conjunction with the GA is used in the inverse analysis.  

 

 

In the following pages we provide the results for the simultaneous estimation of the 

temperature profile and radius ratio ( )1

2

r
r  in a conduction problem and estimation of 

extinction coefficient β and radius ratio ( )1

2

r
r  in a non-radiative equilibrium problem.  

From grid and ray independency tests it is observed that 100 nodes in the DTM and 101 

lattices in the LBM along with 16 rays in δ  direction and 32 rays in φ  direction are 

sufficient to obtain independent solutions. In Table 6.1, we compare the steady-state heat 
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Table 6.1: Comparison of the hot/inner boundary heat flux for different extinction 
coefficient computed using the DTM with those available in [101]. 
 
 

Hot/Inner boundary heat flux Extinction coefficient 
Modest [101] Present work-DTM 

0.1 0.1770 0.1767 
0.2 0.3172 0.3161 
0.3 0.4299 0.4280 
0.4 0.5213 0.5186 
0.5 0.5960 0.5928 
0.6 0.6573 0.6537 
0.7 0.7080 0.7041 
0.8 0.7500 0.7460 
0.9 0.7850 0.7809 
1.0 0.8143 0.8102 
1.5 0.9047 0.9008 
2.0 0.9458 0.9425 
2.5 0.9662 0.9636 
3.0 0.9772 0.9752 
3.5 0.9836 0.9823 
4.0 0.9877 0.9869 
4.5 0.9904 0.9901 
5.0 0.9923 0.9924 

  

flux 
4

ref

Rq

Tσ
π

Ψ = distribution for a non-radiative equilibrium problem computed in the 

present work with those available in Modest [101]. It is observed that a good agreement 

is attained between the present results and those available [101].  

In order to establish the accuracy of the LBM for the application in concentric cylindrical 

media, in Fig. 6.2 we compare the results of the same with that obtained using the FDM 

and also that obtained analytically. For this comparison, a concentric cylindrical 

enclosure with radius ratio 1

2
0.5r

r
 = 
 

 is considered. The hot and cold boundaries are  
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Figure 6.2: Comparison of the steady state temperature distribution computed using the 
LBM with that obtained analytically and by the FDM. 
 

maintained at temperatures 1 21.0 and = 0.1θ θ= ,  respectively. An excellent agreement 

can be observed from Fig. 6.2. 

 

Table-6.2 Comparison of the estimated and the exact values of the radius ratio along with 

measurement error. (Range: 1

2
0.0 1.0r

r
 = − 
 

 

 
Exact value Measurement error Estimated Value % Error 

0.0 0.1072 7.2 
1.0 0.0801 -19.9 0.1 
2.0 0.1202 20.2 
0.0 0.4603 -7.9 
1.0 0.4535 -9.3 0.5 
2.0 0.5814 16.2 
0.0 0.8793 -2.3 
1.0 0.9402 4.4 0.9 
2.0 0.7805 -13.2 

 
 

TH-814_06610305



Simultaneous Reconstruction of Thermal Field and Retrieval of Parameters in a 

Cylindrical Enclosure 

 

 164 

6.3.1 Effects of the GA Parameters 

In Table 6.2, we compare the exact and the estimated values of the  radius ratio for a 

conduction problem in a concentric cylindrical media. The tests have been shown for 

three different values of the radius ratios, viz., 1

2

r
r

 
 
 

 = 0.1, 0.5 and 0.9. For a particular 

value of the radius ratio, three different measurement errors E = 0.0, 1.0 and 2.0, have 

been considered. It is observed from Table 6.2 that the estimated results agree fairly well 

for the small measurement errors. With large estimation error E = 2.0, the maximum error 

in the estimated value is 20.2 %.  

 

In order to study the effect of the population size on the value of the best fitness, a 

comparison is shown in Fig. 6.3. The test corresponds to two different population sizes of 

25 and 100, respectively. For this study, the probability of the crossover and the mutation 

probabilities have been taken as cP =0.8 and mP =0.03.  The results are shown for the case 

corresponding to the large measurement error i.e. E=2.0. It is seen that the values of the 

best fitness are more when the population size is small. This is because in a smaller 

population size, the availability of good solution or good individuals is less. Therefore, 

for a particular generation, the corresponding values of the objective function or the best 

fitness are  comparetively larger as compared to those with larger population size. 

Moreover, 200 generations are found sufficient for a population size of 100. Thus, the 

results in this case are also in line with those obtained in previous investigations. 
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Figure 6.3: Variation of the best fitness for the estimation in radius ratio (a) ( )1

2

r
r  = 0.1, 

(b)  ( )1

2

r
r =0.5 and (c) ( )1

2

r
r =0.9 
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Table 6.3 shows the estimation of parameters for radiative transfer problems subjected to 

different measurement errors. In this case, simultaneous estimation of two parameters, 

viz., the extinction coefficient β  and the radius ratio 1

2

r
r have been done. It is observed 

that in most of the cases, the estimation accuracy of the radius ratio is better than the 

extinction coefficient. This is because, in the estimation of the radius ratio, the search is 

performed for a narrower range of 0.0 and 1.0. However, in other cases too, the 

difference in the estimation accuracy between the extinction coefficient and the radius 

ratio is within 9%.  

 

Table-6.3 Comparison of the exact and estimated values of 1

2
, r

rβ 
 
 

 for different 

measurement errors (Range: ( )1

2
, 0.0 10,0.0 1.0r

rβ  = − − 
 

) 

 
Exact value 

1

2
, r

rβ 
 
 

 Measurement error Estimated Value % Error 

0.0 (1.011, 0.513) (1.1, 2.6) 
1.0 (0.953, 0.544) (-4.7, 8.8) (1,0.5) 
2.0 (0.879, 0.399) (-12.1, -20.2) 
0.0 (4.617, 0.495) (-7.6, -1.0) 
1.0 (5.703, 0.561) (14.0, 12.2) (5,0.5) 
2.0 (4.203, 0.602) (-15.9, 20.4) 
0.0 (4.79, 0.001) (-4.2, 0.0) 
1.0 (4.533, 0.001) (-9.3, 0.0) (5,0.001) 
2.0 (4.381, 0.001) (-12.3, 0.0) 
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Figure 6.4: Variation of the best fitness for the estimation in radius ratio (a) β =1.0, 

( )1

2

r
r  = 0.5,  (b) β =5.0, ( )1

2

r
r =0.5 and (c) β =5.0, ( )1

2

r
r =0.0. 

 

 

 

 

TH-814_06610305



Simultaneous Reconstruction of Thermal Field and Retrieval of Parameters in a 

Cylindrical Enclosure 

 

 168 

In order to investigate the variation in best fitness against two different population sizes 

of 25 and 100, for the set of parameters considered in Table 6.3, we present a comparison  

in Fig. 6.4. The same trend as observed for the conduction problem is observed in this 

case too.  

 

6.3.2 Comparison of Reconstructed and Exact Thermal Fields 

 

In order to verify the temperature profiles at transient as well as steady-state, the exact 

and estimated temperature profiles are presented in Fig. 6.5. The results are shown for the 

case corresponding to the largest measurement error E=2.0. It is observed that the 

estimated results match very well with that of the exact ones at all time levels.  However, 

it is also noticed from the figure that at lower value of the  radius ratio, the attainment of 

the steady-state is relatively slower than those having higher radius ratio. Moreover, at 

particular location, the steady-state temperatures are also lesser than those with higher 

values of the radius ratio. This is because at lower values of the  radius ratio, the hot and 

the cold cylindrical surfaces are at a larger distance. Therefore, the thermal disturbance 

propagates through a larger distance and thus consumes more time. Therefore, the 

attainment of the steady-state is delayed. A lower value of the  radius ratio also means a 

less temperature availability at the colder boundary. Thus, the temperatures are generally 

less for lower radius ratios. On the other hand, when the cold and the hot surfaces are at 

close proximity, the rate of energy exchange is also faster and, therefore, the steady-state 

times are less and a higher temperature distribution is obtained.  
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Figure 6.5: Comparison of the estimated and exact temperature profiles (a) radius 
ratio=0.1, (b) radius ratio=0.5 and (c) radius ratio=0.9. 
 

Thus it is observed that the method involving LBM-GA is well capable for simultaneous 

estimation of the temperature profile and the radius ratio. In the following pages, we 

present the results of simultaneous estimation of extinction coefficient and radius ratio in 
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a non-radiative equilibrium problem. The comparison of the estimated values of the heat 

flux, Ψ distributions at different radial locations are shown in Fig. 6.6. This has been 

carried out for different sets of radius ratios and extinction coefficients. It is observed that 

the local heat flux distributions shift to lower values with increase in extinction 

coefficient due to loss of radiative information. Further, it is also noticed from Fig. 6.6 

that at a given value of the extinction coefficient, the local heat flux are lower when the 

radius ratio decreases due to slower energy exchange and more loss of the radiative 

energy.  An excellent comparison is observed between the exact and the estimated 

radiative heat flux profiles. 

 

6.3.3 Variation of Estimated Parameters 

 

For measurement error, E=0.0, Figs. 6.7a and 6.7b represent variations of the estimated 

parameters in the conduction and the radiative transfer problems, respectively. It is 

observed that initially the process starts with a values of the estimated parameter which 

deviates considerably from the actual value and successively undergoes refinements until 

the convergence or satisfactory values close enough to the actual ones are obtained. It is 

observed that at approximately 200 numbers of generations, the exact and the estimated 

values are in excellent match with each other. This indicates the requirement of an 

optimization algorithm which must be robust enough to perform the desired task. 
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Figure 6.6: Comparison of the estimated and exact heat fluxes (a) β =1.0, ( )1

2

r
r  = 0.5, 

(b) β =5.0, ( )1
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r =0.5 and (c) β =5.0, ( )1
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r
r =0.0. 
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Figure 6.7: Comparison of the exact and the estimated values of parameters with 
generations for (a) conduction problem and (b) radiative transfer problem. 
 

6.3.4 Comparison of CPU Time 

 

In order to compare the CPU times disbursed in the direct as well as inverse methods, we 

present a comparison in Tables. 6.4 and 6.5 for the conduction and the radiation 

problems, respectively.  

 

From Table 6.4, it is observed that the attainment of the steady-state is faster for a 

concentric cylinder having a larger radius ratio 1

2

r

r
. This is due to the reason that when the 

radius ratio 1

2

r

r
 is more, the two boundaries are in close proximity. Therefore, the rate of 

heat exchange is faster and consequently the attainment of the steady-state is faster. For a 

smaller radius ratio, the CPU time disbursed in the inverse method is approximately 70 
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times more than that expended in the direct method. However, for a larger radius ratio, 

the CPU time required in the inverse method is almost 3500 times more than that 

required in the direct method. It is also observed from Table 6.4 that the CPU time 

required in the inverse method does not vary considerably with the increase in the radius 

ratio 1

2

.
r

r
 This is due to the reason that in both the direct and the inverse problems, the 

solution of the energy equation to solve for the temperature field is not computationally 

intensive.  Since the GA consumes more time in the minimization process, the CPU time 

in the inverse method is more than the direct method. The major difference in the CPU 

time owing to the solution of the energy equation does not get reflected in the inverse 

analysis.  

 

From Table 6.5, it is noticed that for the reconstruction of the heat flux Ψ  field and for 

simultaneously estimating the extinction coefficient β  and the radius ratio 1

2

,
r

r
 CPU times 

required in the inverse method is almost 1700 times more than those required in the direct 

method. Moreover, as observed in Table 6.4, it is noticed that the CPU times required in 

the inverse method do not vary considerably in this case too. 

 

Table 6.4:  Comparison of CPU times in the direct and inverse methods for the 

conduction problem.  

 

CPU time required (s) Exact value of 

1

2

r

r
 Direct method  Inverse method  

Ratio of CPU 
time in direct 
and Inverse 

method 
0.1 43.662 2279 71.11 
0.5 7.661 1838 230.18 
0.9 0.515 1826 3545.63 
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Table 6.5:  Comparison of CPU times in the direct and inverse methods for the radiation 

problem. 

 

CPU time required (s) Exact value of 

1

2

,
r

r
β
 
 
 

 Direct method  Inverse method 

Ratio of CPU 
time in direct 
and Inverse 

method 
(5.0, 0.0)  1.047 1776 1696.27 
(5.0, 0.5)  0.906 1639 1809.05 
(1.0, 0.5) 0.890 1597 1794.38 

 

 

6.4 Summary 

 

An inverse method was used for the reconstruction of temperature and heat flux profiles 

and for parameter estimation in a transient conduction and radiation problem in a 

concentric cylindrical enclosure. In the conduction problem, the radius ratio was 

estimated using an inverse analysis involving the LBM and the GA. Effects of different 

genetic parameters such as the population size and the number of generations were 

studied. Effect of measurement errors on the accuracy of the retrieved parameters was 

also investigated. It was observed that the estimated error in the radius ratio did not 

exceed beyond 9%. The temperature fields obtained using the direct method and those 

obtained using the estimated value of the unknown parameter in the inverse method were 

also compared and found to be in good agreement. For all the estimated range of the 

radius ratio, the ratio of CPU times involved in the direct method to the inverse method 

approximately varied between 71 -3545. In the radiative transfer problem, simultaneous 

estimation of two parameters viz., the extinction coefficient and the radius ratio was done 
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by an inverse analysis involving the DTM and the GA. The effect of various GA 

parameters was also studied in the present problem. It was observed that, for all 

measurement errors, the maximum estimated error in the radius ratio and the extinction 

coefficient did not exceed 21% and 16%, respectively. The accuracy of the estimated 

parameters was checked by comparing the heat flux fields obtained using the direct and 

the inverse method. In this case, the ratio of CPU times involved in the direct method and 

the inverse method approximately varied between 1700 - 1800. The DTM in conjunction 

with the GA was found suitable to accurately reconstruct the heat flux fields and also in 

estimating the parameters even with data containing measurement errors. 
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Conclusions and Scope for Future Work 

 

This dissertation dealt with the analysis of inverse transient conduction-radiation heat 

transfer problems in 1-D planar, 2-D rectangular and 1-D cylindrical geometry. The aim 

of the work is to propose a methodology to retrieve various thermophysical properties, 

surface properties, geometric properties and boundary conditions from the knowledge of 

temperature distributions in the medium in transient conduction-radiation heat transfer 

problems. Different types of estimation of unknown parameters such as the conduction-

radiation parameter, the extinction coefficient, scattering albedo, boundary emissivity as 

well as unknown boundary conditions was carried out. Different types of conduction-

radiation problems involving varying complexities and involving different geometric 

configurations were studied. The governing energy equation was solved using the LBM 

and the FVM was used to compute the radiative information. However, the DTM was 

used for the solution of radiative transfer problem in a 1-D concentric cylindrical 

geometry. In the inverse analysis, the GA was used as an optimization tool. The usage of 

the LBM, the FVM or the DTM and the GA was studied for the simultaneous estimation 

of various unknown properties and/or unknown boundary conditions. The quality of the 

estimated values of the unknown parameters was studied for the effect of different 

optimization/GA parameters and measurement errors. The CPU times involved in the 

direct method and those required in the inverse method were also compared.  Inverse 
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analysis was carried out for a total of six problems. In the following pages conclusions 

of the study made in this work are presented and scope for the future work are 

enumerated.  

 

7.1 Conclusions 

 

The work starts with a transient conduction-radiation problem and the effect of 

parameters such as the scattering albedo, the conduction-radiation parameter and the 

boundary emissivity on the temperature distribution and  simultaneous estimation of 

combination of two parameters is done in a 1-D planar medium. The conclusions are as 

mentioned below: 

 

• The local temperature distributions are higher for lower value of the scattering 

albedo, the conduction-radiation parameter and higher value of emissivity. 

• The solution accuracy was found to dependent upon the GA parameters and 

measurement error.  

• The maximum error in the estimated values of the conduction-radiation 

parameter, the scattering albedo and the emissivity were +38%, +37% and -

28.5%, respectively. These high errors indicate that the high values of mutation 

probabilities are undesirable. 

 

The second problem undertaken in the present study was a transient conduction-

radiation problem in a 2-D Cartesian enclosure. In this chapter, in addition to the 

investigation of medium and boundary properties, simultaneous estimation of three 
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parameters such as the conduction-radiation parameter, the scattering albedo and the 

boundary emissivity was done for different ranges of parameters. The conclusions 

derived from the study are as mentioned below: 

 

� The local temperature distributions are higher for lower value of the scattering 

albedo, the conduction-radiation parameter and higher value of emissivity. 

� Crossover probability of 0.80 and mutation probability of 0.03, population size 

of 100 and 200 generations were found to yield the most accurate estimation. 

� At maximum measurement error, the maximum error in the conduction-radiation 

parameter, the scattering albedo and the emissivity was found to be +11%, -0.9% 

and -12%, respectively. 

� Mere attainment of minimum value of the objective function does not always 

guarantee correct estimation of parameters. In other words, many combinations 

of the estimated parameters can provide a given temperature field. 

 

Next, three problems containing different level of non-linearites and boundary 

conditions were investigated. The problems considered are non-Fourier, variable thermal 

conductivity and mixed boundary condition type of conduction-radiation problems. The 

main conclusions derived from the study are the following: 

 

� In the non-Fourier problem, with most suitable value of the GA parameters 

(crossover probability of 0.80 and mutation probability of 0.03) at a 

measurement error of E= 2.0, the accuracy in the estimation of the conduction-
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radiation parameter and the extinction coefficient were -14% and +5%, 

respectively. Population size and generation size of 100 were found to be 

satisfactory. 

� The effect of variable thermal conductivity is observed to have very insignificant 

effect in radiation dominant situation.  

� In the variable thermal conductivity problem, with best combination of the GA 

parameters, the accuracy in the simultaneous estimation of the conduction-

radiation parameter and the extinction coefficient were -18% and -14%, 

respectively. In the estimation of the conduction-radiation parameter and the 

scattering albedo this was found to be +28% and -26%, respectively. Whereas, in 

the estimation of the extinction coefficient and the scattering albedo, the 

accuracy was +29% and -22%, respectively. 

� Crossover and mutation probabilities of 0.80 and 0.03 provide better results. 

Population and generation size of 100 each was found to yield satisfactory 

solutions for the variable thermal conductivity problem. 

� In the conduction-radiation problem involving variable thermal conductivity, the 

estimation of boundary heat flux was found relatively difficult than the boundary 

emissivity due a non-linear dependency of the temperature field on the total heat 

flux. At highest level of measurement error, the error in the estimation of the 

boundary heat flux and the emissivity were found to be +38% and -27%, 

respectively. 

� In the conduction-radiation problem involving mixed boundary condition, a 

higher value of boundary heat flux gives higher local temperatures. 
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� Crossover and mutation probabilities of 0.80 and 0.03, respectively and 

population and generation size of 100 and 200, respectively were found to 

provide better solutions in the mixed boundary condition problem. 

  

In the last problem, the study of conduction and radiation problem in a concentric 

cylindrical enclosure was carried out.  The following conclusions were derived from the 

analysis: 

� As radius ratio increases, the local temperature in the medium also rises 

significantly. 

� For a given value of radius ratio, the local heat flux distributions shift to lower 

values with increase in extinction coefficient due to loss of radiative information. 

� Estimated error in the radius ratio did not excced +20% even at a measurement 

error of E = 2.0. 

� In the simultaneous estimation of the extinction coefficient and the radius ration, 

for all measurement errors, the maximum estimated error in the radius ratio and 

the extinction coefficient did not exceed 21% and 16%, respectively . 

 

Therefore from the study it can be concluded that in the estimation of unknown 

parameters involving transient conduction-radiation, the LBM-FVM-GA can be 

successfully applied. However, proper care needs to be taken in the selection of GA 

parameters which could significantly affect the solution quality. Furthermore, it should 

be noted that mere attainment of a desired thermal field doesnot always guarantee 

correct estimation because of the availability of a number of possible combinations of 
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the unknown parameters satisfying a given temperature field. This happens when the 

retrieved parameters are interrelated and the temperature field possess non-linearities 

especially when the involvement of thermal radiation becomes appreciable especially at 

high temperatures. Therefore such kind of inverse analysis are useful in the design of 

high temperature heating enclosures and combustion chambers involving high 

temperature heating. 

Further, a comparison of CPU times for different inverse problems show that the 

problems involving different complexities could be solved without significant variation 

in CPU times. For example, 1-D Fourier conduction-radiation problem, variable thermal 

conductivity problem and the mixed boundary condition type problem comsumes 

approximately same amount of CPU time. This is possibly due to the ability of LBM to 

absorb non-linearities into its own framework and don’t allow the enhancement of CPU 

times drastically.  On the other hand, non-Fourier conduction–radiation problem and the 

cylindrical geometry problem consumes even lesser time. Thus the usage of LBM in 

such cases is very helpful when problems in different geometries and involving different 

non-linerities exist. 

 

 

7.2 Scope for the Future Work 

 

In the present work, unknown parameters in transient conduction and radiation heat 

transfer problems were estimated using the inverse analyses.  Energy equations of all 

problems were formulated using the LBM.  For the 1-D  planar and the 2-D rectangular 
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geometry, the radiative information were obtained using the FVM, while in case of a 1-

D cylindrical enclosure, the DTM was used to compute the radiative information.  In all 

cases, optimizations of the objective functions were done using the GA.   The present 

analyses have resulted in some important findings as summarized above. However, this 

study has also paved way for further work in the area of inverse analysis, and 

applications of the methods, viz., the LBM, the FVM, the DTM and the GA used in such 

problems.   With reference to these accomplishments, scopes for the future work are 

enumerated below:  

 

� Inverse analyses of volumetric radiation in the presence of conduction and 

convection need to be explored for simple as well complex geometry.  This analysis 

can be done for the estimation of different parameters such as the Prandtl number, 

Grashof number, Rayleigh number, etc.   

� Estimation of heater powers in a multi-dimensional heating chamber can be 

investigated.  In this problem, walls of a heating chamber can have a finite number 

of panel heaters and their powers can be different.  For a specified temperature or 

heat flux distributions along the design object located inside the chamber, the 

required heater powers need to be estimated.    

� Inverse problems involving pulsed radiation can be studied to estimate the 

inhomogenity contained inside the medium. This can effectively be used in cancer 

treatment applications.  
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� The above problems can be investigated using the LBM, the FVM and the GA and 

by solving the same problems using other methods, a recommendation can be made 

on usage of these methods for more general problems.  

� By keeping the solver for the energy equation, such as the LBM and the method for 

calculation of the radiative information, such as the FVM, as the same, usages of 

different optimization algorithm viz., the GA, the CGM, the particle swarm 

method, the tabu search method, the ant colony method, etc., can be compared and 

a suitable recommendation about an optimization method can be made.   

�  A comparison of the combination of evolutionary and deterministic methods can 

be made.  
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