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ABSTRACT 

With the evolution of low-power electronic devices, self-powered micro-sensors and 

communication nodes have become more realistic. At the same time, the need to power remote 

systems or embedded devices independently has motivated many researchers towards harvesting 

electrical energy from various ambient energy sources. Mechanical vibration is a valuable energy 

source that has been used to harvest electrical energy in past decades. The simplicity and 

compatibility of the piezoelectric energy harvesters attracted many researchers to work on 

vibration energy harvesters. The majority of the vibration energy harvesters are based on 

piezoelectric cantilever beams. 

The objective of the presented work is to improve the electrical power output by modifying the 

geometry of the piezoelectric vibration energy harvester (PVEH). The main contributions of the 

thesis are as follows. The thickness profile of bimorph cantilever-based conventional PVEH is 

modified to achieve uniform stress along the beam length. Two new thickness-tapered 

geometries are proposed. The first geometry, PVEH-1, consists of a substrate of tapered 

thickness profile and piezoelectric layers of uniform thickness. The second proposed geometry, 

PVEH-2, consists of a bimorph cantilever with a substrate of uniform thickness and piezoelectric 

layers of tapered thickness profile. The third contribution is about improving the power output 

of conventional diaphragm-based PVEH by dividing the diaphragm into several identical slices 

(sectors). Further, a broadband energy harvester is designed using several slices of different 

central angles. 

In the conventional cantilever-based PVEH of uniform thickness, the stress on the surface is 

maximum at the fixed end and decreases linearly to zero at the free end. The high-stress area is 

prone to mechanical failure while the piezoelectric material towards the free end remains 

underutilized. To resolve this issue, modification is proposed in the thickness profile of the 

cantilever-based PVEH, and two novel geometries for PVEH are introduced. The first proposed 

geometry (PVEH-1) consists of a thickness-tapered substrate layer sandwiched between two 

piezoelectric layers of uniform thickness. The second proposed geometry (PVEH-2) consists of 

a uniform substrate layer sandwiched between two piezoelectric layers of tapered thickness. 

Analytical expressions for resonance frequency, end-mass displacement, generated power, and 

stress profile are derived for PVEH-1 and PVEH-2. The results from the derived analytical 

expressions are validated by comparing with the results from FE analysis of each geometry. The 
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harvested power and the stress profile of the proposed PVEH-1 are compared with the harvested 

power and stress profile of an equivalent conventional PVEH. The proposed PVEH-1 generates 

more power by experiencing less peak stress than the equivalent conventional PVEH. Similarly, 

the PVEH-2 showed more generated power and less peak stress than the equivalent conventional 

PVEH. Because of reduced peak stress, both the proposed PVEH are suitable for harvesting 

energy from vibration sources of high accelerations. 

Another popular geometry investigated in the thesis is diaphragm-based PVEH. The diaphragm-

based PVEH generally has a high resonance frequency of vibration, and the stress distribution is 

mainly concentrated at the central portion only and responsible for most of the generated 

electrical power. A diaphragm-based PVEH is modified by dividing into several identical sectors 

to reduce the resonance frequency and improve the stress distribution. FE analysis is carried out 

to find resonance frequency, proof-mass displacement, stress profile, and generated power. It is 

observed that the slicing of the diaphragm reduces the resonance frequency of vibration and 

increases the harvested power. The optimal slicing angle for the best performance is found from 

the FE analysis results. It is also observed that the slices of different angles exhibit different 

resonance frequencies. A set of different angular slices are combined to design a broadband 

energy harvester. 

 

 

  

TH-3044_11610204



ix 

 

TABLE OF CONTENTS 

Certificate .................................................................................................................................................... i 

Declaration ................................................................................................................................................ iii 

Acknowledgment ....................................................................................................................................... v 

Abstract .................................................................................................................................................... vii 

Table of contents ....................................................................................................................................... ix 

List of figures ........................................................................................................................................... xv 

List of tables ............................................................................................................................................ xix 

Abbreviations .......................................................................................................................................... xxi 

Symbols ................................................................................................................................................ xxiii 

 INTRODUCTION ................................................................................................................................ 1 

1.1 Applications of energy harvester ..................................................................................................... 1 

1.2 Sources of energy harvesting ........................................................................................................... 2 

1.2.1 Solar energy harvesting ............................................................................................................. 2 

1.2.2 Thermoelectric energy harvesting ............................................................................................. 3 

1.2.3 Vibration energy harvesting ...................................................................................................... 3 

1.3 Vibration energy harvesting ............................................................................................................. 4 

1.3.1 Electromagnetic system ............................................................................................................ 5 

1.3.2 Electrostatic system................................................................................................................... 6 

1.3.3 Piezoelectric system .................................................................................................................. 6 

1.4 Piezoelectric vibration energy harvester (PVEH) ............................................................................ 7 

1.4.1 Piezoelectric materials .............................................................................................................. 7 

1.4.2 Piezoelectric constitutive equations .......................................................................................... 8 

1.5 Cantilever-based PVEH ................................................................................................................. 10 

1.5.1 Types of cantilever-based PVEH ............................................................................................ 11 

1.6 Diaphragm-based PVEH ................................................................................................................ 12 

1.7 Nonlinear PVEH ............................................................................................................................ 12 

1.8 Literature review of PVEH ............................................................................................................ 13 

1.8.1 Literature survey on cantilever-based PVEH .......................................................................... 13 

1.8.2 Literature survey on diaphragm-based PVEH ........................................................................ 17 

1.9 Fabrication methods ....................................................................................................................... 18 

1.10 Stress distribution on the conventional PVEH ............................................................................. 19 

1.11 Strategies to solve stress non-uniformity ..................................................................................... 19 

1.12 Research gap ................................................................................................................................ 21 

TH-3044_11610204



x 

 

1.13 Objective of the thesis .................................................................................................................. 22 

1.14 Thesis contribution ....................................................................................................................... 23 

1.15 Scope of the thesis ....................................................................................................................... 23 

1.16 Thesis outline ............................................................................................................................... 24 

 FINITE ELEMENT ANALYSIS OF PVEH ...................................................................................... 27 

2.1 FE modeling and simulation .......................................................................................................... 28 

2.1.1 FE analysis of bimorph PVEH ................................................................................................ 28 

2.1.2 Types of FE analysis ............................................................................................................... 29 

2.1.3 Simulated PVEH geometry ..................................................................................................... 29 

2.2 Simulation results ........................................................................................................................... 30 

2.2.1 Resonance frequency of vibration ........................................................................................... 30 

2.2.2 Time-domain analysis ............................................................................................................. 31 

2.2.3 Frequency domain analysis ..................................................................................................... 32 

2.3 Comparison of results .................................................................................................................... 33 

2.4 Conclusions .................................................................................................................................... 34 

 PVEH OF UNIFORM THICKNESS .................................................................................................. 37 

3.1 Modeling assumptions ................................................................................................................... 37 

3.2 Model derivation ............................................................................................................................ 38 

3.2.1 PVEH with parallel connection of the piezoelectric layers..................................................... 40 

3.2.2 PVEH with series connection of the piezoelectric layers ....................................................... 41 

3.3 Natural frequency of the PVEH ..................................................................................................... 42 

3.4 Model validation by FE analysis .................................................................................................... 42 

3.4.1 FE modeling in COMSOL Multiphysics ................................................................................ 42 

3.4.2 Short-circuit and open-circuit analysis.................................................................................... 43 

3.4.3 Effect of load resistance .......................................................................................................... 43 

3.4.4 Performance at optimal load resistance ................................................................................... 45 

3.4.5 Variation of voltage and current with the load resistor ........................................................... 46 

3.4.6 Damping effect of the load resistance ..................................................................................... 47 

3.5 Power density ................................................................................................................................. 49 

3.6 Conclusions .................................................................................................................................... 49 

 THICKNESS PROFILE FOR UNIFORM STRESS IN PVEH ......................................................... 51 

4.1 Stress and power relation ............................................................................................................... 52 

4.2 Stress on the conventional cantilever beam ................................................................................... 52 

4.3 Derivation of thickness profile for uniform stress ......................................................................... 54 

4.4 Design of PVEH with uniform stress ............................................................................................. 56 

4.4.1 PVEH-1 (Thickness-tapered substrate) ................................................................................... 57 

TH-3044_11610204



xi 

 

4.4.2 PVEH-2 (Thickness-tapered piezoelectric layer) .................................................................... 57 

4.5 Conclusions .................................................................................................................................... 57 

 ANALYSIS OF PVEH-1 (THICKNESS-TAPERED SUBSTRATE) ............................................... 59 

5.1 Derivation of analytical expressions for PVEH-1 .......................................................................... 59 

5.1.1 Geometry and assumptions ..................................................................................................... 59 

5.1.2 Derivation of spring constant and resonance frequency ......................................................... 60 

5.1.3 Stress on the piezoelectric material ......................................................................................... 62 

5.1.4 Derivation of coupled equations ............................................................................................. 63 

5.1.5 Parallel connection of piezoelectric layers .............................................................................. 65 

5.1.6 Series connection of piezoelectric layers ................................................................................ 65 

5.2 Geometrical and material properties of PVEH-1 ........................................................................... 66 

5.3 Results from the derived analytical expressions ............................................................................ 67 

5.3.1 Calculation of resonance frequency ........................................................................................ 67 

5.3.2 Variation of end-mass displacement with load resistance ...................................................... 68 

5.3.3 Variation of electrical power with load resistance .................................................................. 68 

5.4 Comparison of analytical results with FE analysis ........................................................................ 69 

5.4.1 Comparison of end-mass displacement ................................................................................... 69 

5.4.2 Comparison of generated power at optimal load resistance .................................................... 70 

5.4.3 Comparison of the stress profile ............................................................................................. 71 

5.5 Comparison with conventional PVEH ........................................................................................... 72 

5.5.1 Comparison of the end-mass displacement ............................................................................. 73 

5.5.2 Comparison of the stress profiles ............................................................................................ 73 

5.5.3 Comparison of generated power ............................................................................................. 75 

5.5.4 Comparison of generated power at equal stress ...................................................................... 75 

5.6 Input acceleration and power ......................................................................................................... 77 

5.7 Power density ................................................................................................................................. 78 

5.8 Advantages of the proposed thickness-tapered PVEH-1 ............................................................... 78 

5.9 Possible fabrication technique for PVEH-1 ................................................................................... 79 

5.10 Conclusions .................................................................................................................................. 79 

 ANALYSIS OF PVEH-2 (THICKNESS-TAPERED PIEZOELECTRIC LAYER).......................... 81 

6.1 Derivation of analytical expressions for PVEH-2 .......................................................................... 81 

6.1.1 Geometry and assumptions ..................................................................................................... 81 

6.1.2 Derivation of spring constant and resonance frequency ......................................................... 83 

6.1.3 Stress on the piezoelectric material ......................................................................................... 84 

6.1.4 Derivation of coupled equations ............................................................................................. 85 

6.1.5 Parallel connection of piezoelectric layers .............................................................................. 85 

TH-3044_11610204



xii 

 

6.1.6 Series connection of piezoelectric layers ................................................................................ 86 

6.2 Geometrical and material properties of PVEH-2 ........................................................................... 86 

6.3 Results from the derived analytical expressions ............................................................................ 87 

6.3.1 Calculation of resonance frequency ........................................................................................ 87 

6.3.2 Variation of end-mass displacement with load resistance ...................................................... 88 

6.3.3 Variation of electrical power with load resistance .................................................................. 88 

6.4 Comparison of analytical results with FE analysis ........................................................................ 89 

6.4.1 Comparison of end-mass displacement ................................................................................... 89 

6.4.2 Comparison of generated power at optimal load resistance .................................................... 90 

6.4.3 Comparison of the stress profile ............................................................................................. 91 

6.5 Comparison with conventional PVEH ........................................................................................... 92 

6.5.1 Comparison of end-mass displacement ................................................................................... 93 

6.5.2 Comparison of the stress profile ............................................................................................. 93 

6.5.3 Comparison of generated power ............................................................................................. 95 

6.5.4 Comparison of generated power at equal stress ...................................................................... 95 

6.6 Power density ................................................................................................................................. 96 

6.7 Advantages of the proposed PVEH-2 over conventional PVEH ................................................... 97 

6.8 Possible fabrication technique for PVEH-2 ................................................................................... 97 

6.9 Comparison of Proposed PVEH-1 and PVEH-2 ............................................................................ 98 

6.10 Conclusions .................................................................................................................................. 99 

 ANALYSIS OF DIAPHRAGM-BASED PVEH .............................................................................. 101 

7.1 FE analysis of the diaphragm-based PVEH ................................................................................. 101 

7.1.1 Resonance frequency of vibration ......................................................................................... 102 

7.1.2 Voltage and power from the PVEH ...................................................................................... 103 

7.1.3 Stress profile on the diaphragm surface ................................................................................ 104 

7.3 Angular slicing of the diaphragm ................................................................................................. 105 

7.3.1 Angular slicing ...................................................................................................................... 106 

7.3.2 FE analysis of the angular slices ........................................................................................... 106 

7.3.3 Optimal slicing angle ............................................................................................................ 111 

7.4 Broadband PVEH using angular slices ........................................................................................ 113 

7.4.1 Design of the broadband PVEH ............................................................................................ 113 

7.5. Results from the broadband PVEH ............................................................................................. 114 

7.5.1 Displacement of the proof mass ............................................................................................ 114 

7.5.2 Stress on the surfaces ............................................................................................................ 115 

7.5.3 Generated power from the broadband PVEH ....................................................................... 116 

7.6 Advantages of using slices ........................................................................................................... 116 

TH-3044_11610204



xiii 

 

7.7 Possible fabrication approach for the diaphragm-based PVEH ................................................... 117 

7.8 Conclusions .................................................................................................................................. 117 

 CONCLUSIONS AND FUTURE SCOPE ....................................................................................... 119 

PUBLICATIONS ................................................................................................................................... 123 

BIBLIOGRAPHY .................................................................................................................................. 125 

 

TH-3044_11610204



xiv 

 

  

TH-3044_11610204



xv 

 

 

LIST OF FIGURES 

 

Figure 1.1: General model of the vibration energy harvester. ................................................................... 5 

Figure 1.2: Typical electromagnetic energy harvester. .............................................................................. 5 

Figure 1.3: An example of (a) Molecular model of a piezoelectric material, (b) Molecular model under 

stress, (c) Polarizing effect on the bulk material. ....................................................................................... 7 

Figure 1.4: Piezoelectric cantilever beam. ............................................................................................... 11 

Figure 1.5: Different configurations of piezoelectric and substrate layers. ............................................. 11 

Figure 1.6: Diaphragm-based PVEH. ...................................................................................................... 12 

Figure 2.1: A cantilever-based bimorph PVEH. ...................................................................................... 28 

Figure 2.2: Meshing of cantilever-based PVEH. ..................................................................................... 29 

Figure 2.3: Original device described in [84] and corresponding simulated device. ............................... 30 

Figure 2.4: (a) Mode shape at the fundamental resonance frequency, (b) plot of displacement versus 

frequency for short-circuit and open-circuit conditions. .......................................................................... 31 

Figure 2.5: Plot of end-mass and base displacements versus time obtained from FE analysis................ 31 

Figure 2.6: Time-domain response of PVEH at 20 Hz frequency. .......................................................... 32 

Figure 2.7: Time-domain response of PVEH at 80 Hz frequency. .......................................................... 32 

Figure 2.8: Plot of end-mass displacement versus frequency. ................................................................. 33 

Figure 2.9: Plot of power versus frequency from (a) analytical expressions reported in [135] and (b) FE 

simulation. ................................................................................................................................................ 33 

Figure 2.10. Plot of end-mass displacement versus frequency from (a) analytical expressions reported in 

[135] and (b) FE simulation. .................................................................................................................... 34 

Figure 3.1: Side view of energy harvester and cross-sectional view of the bimorph. ............................. 37 

Figure 3.2: (a) parallel and (b) series connection of bimorph. ................................................................. 38 

Figure 3.3: Spring-mass-damper model of PVEH. .................................................................................. 38 

Figure 3.4: Plots of end-mass displacement versus excitation frequency obtained from (a) analytical 

expression and (b) FE simulation............................................................................................................. 44 

Figure 3.5: Plots of generated power versus input frequency for different load resistances obtained using 

(a) analytical expression and (b) FE simulation. ...................................................................................... 44 

Figure 3.6: Plots of end-mass displacement for 10 kΩ load versus frequency obtained from (a) 

analytical expression and (b) FE simulation. ........................................................................................... 45 

Figure 3.7: Plots of harvested power for 10 kΩ load versus frequency obtained from (a) analytical 

expression and (b) FE simulation............................................................................................................. 45 

TH-3044_11610204



xvi 

 

Figure 3.8: Variation of the peak voltage with load resistance for input excitations at the short-circuit 

resonance frequency (100 Hz) and open-circuit resonance frequency (105.5 Hz) using analytical 

expression (MATLAB) and FE analysis (COMSOL). ............................................................................ 46 

Figure 3.9: Variation of the peak current with load resistance for input excitations at the short-circuit 

resonance frequency (100 Hz) and open-circuit resonance frequency (105.5 Hz) using analytical 

expression (MATLAB) and FE analysis (COMSOL). ............................................................................ 46 

Figure 3.10: Variation of the peak power with load resistance for excitations at the short-circuit 

resonance frequency (100 Hz) and open-circuit resonance frequency (105.5 Hz) using analytical 

expression (MATLAB) and FE analysis (COMSOL). ............................................................................ 47 

Figure 3.11: Plots of (a) displacement of end-mass and (b) generated power versus load resistance at the 

resonance frequency. ................................................................................................................................ 48 

Figure 4.1: Side view of a conventional cantilever beam. ....................................................................... 52 

Figure 4.2: Stress distribution on a conventional cantilever calculated from (4.8). ................................ 54 

Figure 4.3: Stress distribution on a conventional cantilever obtained from FE analysis. ........................ 54 

Figure 4.4: (a) side view, and (b) 3D view of the thickness-tapered cantilever beam. ............................ 55 

Figure 4.5: Stress distribution on (a) conventional and (b) thickness-tapered cantilever from FE 

simulation ................................................................................................................................................. 56 

Figure 4.6: Side view of the PVEH-1 geometry. ..................................................................................... 57 

Figure 4.7: Side view of the PVEH-2 geometry. ..................................................................................... 57 

Figure 5.1: Side view of the PVEH-1. ..................................................................................................... 60 

Figure 5.2: Cross-section view of the beam. ............................................................................................ 60 

Figure 5.3: Equivalent spring-mass-damper model of an energy harvester. ............................................ 64 

Figure 5.4: Geometry of PVEH-1 simulated in COMSOL Multiphysics. ............................................... 67 

Figure 5.5: First vibration mode shape of PVEH-1. ................................................................................ 67 

Figure 5.6: Plot of end-mass displacement versus frequency for various load resistance values. ........... 68 

Figure 5.7: Plot of power versus frequency for various load resistance values. ...................................... 69 

Figure 5.8: Plot of end-mass displacement versus frequency at short-circuit condition from (a) the 

derived analytical expression and (b) FE analysis. .................................................................................. 69 

Figure 5.9: Plot of end-mass displacement versus frequency at optimal load from (a) the derived 

analytical expression and (b) FE analysis. ............................................................................................... 70 

Figure 5.10: Plot of power versus frequency at optimal load obtained from (a) analytical expression and 

(b) FE analysis. ........................................................................................................................................ 70 

Figure 5.11: Stress distribution along the length obtained from (a) analytical result and (b) FE analysis.

 ................................................................................................................................................................. 71 

Figure 5.12: Geometry of the equivalent conventional PVEH. ............................................................... 73 

Figure 5.13: Comparison of end-mass displacement of PVEH-1 (tapered thickness) and conventional 

PVEH (uniform thickness). ...................................................................................................................... 73 

TH-3044_11610204



xvii 

 

Figure 5.14: Comparison of stress distribution along the length of (a) proposed PVEH-1 and (b) 

conventional PVEH. ................................................................................................................................ 74 

Figure 5.15: 3-D view of stress distribution on the (a) proposed PVEH-1 and (b) conventional PVEH. 74 

Figure 5.16: Comparison of harvested power from proposed PVEH-1 (tapered thickness) and 

conventional PVEH (uniform thickness). ................................................................................................ 75 

Figure 5.17: Stress profile comparison of the proposed PVEH-1 (tapered thickness) and conventional 

PVEH (uniform thickness) for equal peak stress of 10 MPa. .................................................................. 76 

Figure 5.18: Generated power from the proposed PVEH-1 (tapered thickness) and conventional PVEH  

(uniform thickness) for equal peak stress of 10 MPa. .............................................................................. 76 

Figure 5.19: Variation of power for different input accelerations for the proposed PVEH-1. ................ 77 

Figure 5.20: Variation of power for different input accelerations for the conventional PVEH. .............. 77 

Figure 6.1: Side view of PVEH-2. ........................................................................................................... 82 

Figure 6.2: Cross-section view of the PVEH-2 beam. ............................................................................. 82 

Figure 6.3: Geometry of PVEH-2 simulated in COMSOL Multiphysics. ............................................... 87 

Figure 6.4: Plot of end-mass displacement versus frequency for various load resistance values. ........... 88 

Figure 6.5: Plot of power versus frequency for various load resistance values. ...................................... 89 

Figure 6.6: Plot of end-mass displacement versus frequency at short-circuit condition from (a) the 

derived analytical expression and (b) FE analysis. .................................................................................. 90 

Figure 6.7: Plot of end-mass displacement versus frequency at optimal load from (a) the derived 

analytical expression and (b) FE analysis. ............................................................................................... 90 

Figure 6.8: Plot of power versus frequency at optimal load obtained from (a) analytical expression and 

(b) FE analysis. ........................................................................................................................................ 91 

Figure 6.9: Stress distribution along the length obtained from (a) analytical result and (b) FE analysis. 91 

Figure 6.10: Geometry of the equivalent conventional PVEH. ............................................................... 93 

Figure 6.11: Comparison of end-mass displacement of PVEH-2 (tapered thickness) and conventional 

PVEH (uniform thickness). ...................................................................................................................... 93 

Figure 6.12: Comparison of stress distribution along the length of PVEH-2 (tapered thickness) and 

conventional PVEH (uniform thickness). ................................................................................................ 94 

Figure 6.13: 3-D view of stress distribution on the (a) proposed PVEH-2 and (b) conventional PVEH. 94 

Figure 6.14: Comparison of harvested power from proposed PVEH-2 (tapered thickness) and 

conventional PVEH (uniform thickness). ................................................................................................ 95 

Figure 6.15: Stress profile comparison of the proposed PVEH-2 (tapered thickness) and conventional 

PVEH  (uniform thickness) for equal peak stress of 10 MPa. ................................................................. 96 

Figure 6.16: Generated power from the proposed PVEH-2 (tapered thickness) and conventional PVEH 

(uniform thickness) for equal peak stress of 10 MPa. .............................................................................. 96 

Figure 6.17: Thickness-tapered beam using several layers of piezoelectric material. ............................. 98 

Figure 7.1: Geometry of circular diaphragm-based PVEH. ................................................................... 102 

TH-3044_11610204



xviii 

 

Figure 7.2: Plot of displacement versus frequency for short-circuit and open-circuit conditions. ........ 103 

Figure 7.3: Distribution of voltage on the diaphragm surface. .............................................................. 103 

Figure 7.4: Plot of proof mass displacement versus frequency at optimal load. .................................... 104 

Figure 7.5: Plot of generated power versus frequency at optimal load. ................................................. 104 

Figure 7.6: Distribution of stress on the diaphragm surface. ................................................................. 105 

Figure 7.7: Angular slicing of the diaphragm. ....................................................................................... 105 

Figure 7.8: 3-D view of the diaphragm divided in equal slices each of angle (a) 90o and (b) 36o. ........ 106 

Figure 7.9: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 1200 slice. ....................................................................................................................... 107 

Figure 7.10: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 900 slice. ......................................................................................................................... 107 

Figure 7.11: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 60o slice. ......................................................................................................................... 107 

Figure 7.12: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 45o slice. ......................................................................................................................... 108 

Figure 7.13: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 36o slice. ......................................................................................................................... 108 

Figure 7.14: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 20o slice. ......................................................................................................................... 108 

Figure 7.15: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 10o slice. ......................................................................................................................... 109 

Figure 7.16: Variation of peak stress and power density with slicing angle. ......................................... 111 

Figure 7.17: Displacement profile of 32.7o slices from FE simulation. ................................................. 111 

Figure 7.18: Plot of generated power versus frequency from the conventional diaphragm and  divided 

diaphragm sliced with 32.7o. .................................................................................................................. 112 

Figure 7.19: Stress distribution on the 32.7o slices. ............................................................................... 112 

Figure 7.20: A 3-D view of the broadband PVEH geometry. ................................................................ 114 

Figure 7.21: Displacement of the mass for different angular slices. ...................................................... 114 

Figure 7.22: Stress profile on the surface for input frequencies (a) 120 Hz, (b) 125 Hz, (c) 130 Hz, (d) 

135 Hz, and (e) 140 Hz. ......................................................................................................................... 116 

Figure 7.23: Plot of generated power versus frequency for individual slices and their combination. ... 116 

  

TH-3044_11610204



xix 

 

LIST OF TABLES 

 

Table 1.1: Available energy sources for generating electrical energy. ...................................................... 2 

Table 1.2: Power density comparison of ambient energy sources [22], [23]. ............................................ 3 

Table 1.3: Peak frequency and acceleration amplitude of various vibration sources [23]. ........................ 4 

Table 1.4 Comparison of three types of vibration energy harvesters......................................................... 6 

Table 1.5 Properties of some piezoelectric materials [46]–[49]. ............................................................... 8 

Table 2.1: Geometric and material properties of the simulated PVEH. ................................................... 30 

Table 2.2: Comparison of results from MATLAB and COMSOL. ......................................................... 34 

Table 3.1: Geometric and material parameters used in the simulation. ................................................... 43 

Table 3.2: Variation of resonance frequency with the load resistance..................................................... 48 

Table 3.3: Comparison of results from analytical expressions and FE analysis. ..................................... 49 

Table 4.1: Geometric parameters of the conventional cantilever to study the stress profile. .................. 53 

Table 5.1: Geometric and material parameters of the simulated PVEH-1. .............................................. 66 

Table 5.2: Comparison of results using the analytical expressions and FE analysis. .............................. 71 

Table 5.3: Geometrical and material parameters of the equivalent conventional PVEH. ........................ 72 

Table 5.4: Output comparison of the proposed and conventional PVEH. ............................................... 77 

Table 5.5: Comparison of the proposed PVEH-1 and conventional PVEH at different accelerations. ... 78 

Table 6.1: Geometric and material parameters of the simulated PVEH-2. .............................................. 87 

Table 6.2: Comparison of results using analytical model and FE analysis. ............................................. 92 

Table 6.3: Geometrical parameters of the equivalent conventional PVEH. ............................................ 92 

Table 6.4: Output comparison of the proposed and conventional PVEH. ............................................... 97 

Table 6.5: Comparison of proposed PVEH-1 and PVEH-2 ..................................................................... 98 

Table 7.1: Geometrical and material parameters of the diaphragm. ...................................................... 102 

Table 7.2: Performance comparison of diaphragm divided in different n number of slices. ................. 110 

Table 7.3: Details of the angular slices used to design broadband PVEH. ............................................ 113 

  

TH-3044_11610204



xx 

 

  

TH-3044_11610204



xxi 

 

ABBREVIATIONS 

 

AC Alternate Current 

BTO Barium Titanate 

DC Direct Current 

EM Waves Electromagnetic Waves 

FE Finite Element 

FEA Finite Element Analysis 

HMS  Health Monitoring System 

KE Kinetic Energy 

MEMS Microelectromechanical System 

PE Potential Energy 

PEH Piezoelectric Energy Harvester 

PVDF  Polyvinylidene Fluoride 

PVEH Piezoelectric Vibration Energy Harvester 

PZT  Lead Zirconate Titanate 

RF Radio Frequency 

VEH Vibration Energy Harvester 

WSN Wireless Sensor Nodes 

 

TH-3044_11610204



xxii 

 

  

TH-3044_11610204



xxiii 

 

SYMBOLS 

b  Cantilever beam width 

bm  Mechanical damping coefficient 

Cp   Capacitance of piezoelectric layer 

D  Charge density displacement 

d31, d33 Piezoelectric charge constant for 31 and 33 modes 

E  Electric field 

F  Force on the end-mass 

g   Acceleration due to gravity (9.81 m/s2) 

g31, g33 Piezoelectric voltage constant for 31 and 33 modes 

ho   Beam thickness at the fixed end 

hp  Piezoelectric layer thickness 

hp(x) Varying thickness of piezoelectric layer 

hps  Distance between the center of piezoelectric layer and the NA 

hps(x) Distance between the center of piezoelectric layer and NA of 

thickness-tapered beam 

hs   Substrate layer thickness 

hs(x) Varying thickness of substrate layer 

I  Cross-section moment of inertia of cantilever beam 

i   Current through load resistance  

k  Spring constant of cantilever 

k31, k33 Piezoelectric coupling coefficients for 31 and 33 modes 

L  Cantilever beam length 

lb End-mass width 

Leff  Effective length of cantilever 

TH-3044_11610204



xxiv 

 

lh End-mass thickness 

lm  Length of end-mass 

Lp  Length of piezoelectric layer 

me  Equivalent mass of cantilever 

Mt  Mass of the end-mass 

M(x) Moment of cantilever  

NA   Neutral axis of composite beam 

q  Charge on the electrode 

R  Load resistance 

s11, s33, s15  Elastic compliance of piezoelectric material 

S  Strain 

T  Stress 

Tc Curie temperature of piezoelectric material 

Tk  Maximum kinetic energy 

U  Maximum potential energy 

 v Generated voltage across load resistance 

v(t)  Time varying output voltage 

y(t) Time varying amplitude of input vibration 

Y0 peak amplitude of input vibration 

Ys Young's modulus of substrate material  

Yp Young's modulus of piezoelectric material 

ӱ Input acceleration at the base 

YI  Bending stiffness of cantilever beam 

Z  peak displacement of the end-mass 

z(t)  Time varying end-mass displacement 

  

TH-3044_11610204



xxv 

 

Greek Symbols 

ε33 Permittivity of piezoelectric material 

εo Permittivity of free space 

ζm   Mechanical damping ratio 

  Ratio of Young's moduli of the substrate and the piezoelectric 

material 

θ  damping coefficient of PVEH due to electromechanical 

energy conversion 

ρs Mass density of substrate material (PZT-5H) 

ρp Mass density of piezoelectric material (Brass) 

ρm Mass density of end-mass material 

ρ Mass per unit length of composite beam 

ωn  Resonance frequency of vibration 

ω  Frequency of input vibration 

 

TH-3044_11610204



xxvi 

 

 

  

TH-3044_11610204



CHAPTER 1 INTRODUCTION 

 

1 

 

 

 

CHAPTER 1 

 

 INTRODUCTION 

The perception of energy harvesting generally relates to the process of using ambient energy, 

which is converted largely into electrical energy in order to power small and autonomous 

electronic devices. Energy harvesting, energy scavenging, power harvesting, and power 

scavenging are the most commonly used four terms describing the same process [1]. The main 

components of an energy harvester are the generator which converts available ambient energy 

into electrical energy, the controller circuit which regulates the generated voltage, and the storage 

which can be a battery or a supercapacitor [2].  

1.1 APPLICATIONS OF ENERGY HARVESTER 

Research in vibration energy harvesting has escalated as the power requirement of electronic 

components reduced considerably due to recent advancements in semiconductor technology. The 

eventual goal in this field is to power electronic devices by using the freely available energy in 

the environment. Achieving this goal will minimize the requirement for an external power source 

and periodic replacement of batteries for electronic devices.  

The primary use of energy harvesters is in powering devices for health monitoring of large 

structures and machineries like buildings [3], [4], bridges [5]–[7], railways [8], [9], airplanes 

[10]–[12], etc. Energy harvesting systems are used to power wireless acceleration sensors for 

building condition monitoring [4], to power acoustic sensors and scour detectors in bridges for 

structural health monitoring [5], [7]. Energy harvesters are also used to power ZigBee nodes for 

railway condition monitoring [12] and as a backup source for various low-power sensors in an 

airplane [11].    

Energy harvesting system is also used for powering tire pressure monitoring systems [13] and 

accelerometers [14]. Usually, in health monitoring systems (HMS), wireless sensor nodes 

(WSN) are used for data transfer [15], and the nodes are generally powered by energy harvesting 
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systems. Besides, energy harvesting systems can be used to power wearable electronics [16], and 

it has the potential to power medical implants like artificial pacemakers, cochlear implants, etc. 

in the near future [17].  

In the past decade, several research groups have developed energy harvesting systems to harness 

energy from solar, wind, temperature gradient, vibration, EM waves etc.  

1.2 SOURCES OF ENERGY HARVESTING 

In recent years, numerous energy harvesting methods have been proposed using thermoelectric, 

EM waves, solar, vibrations, human movements, ocean currents, etc. Table 1.1 lists some of the 

readily available energy sources that have been tapped for generating electricity or have the 

potential to be employed in energy harvesting [18]–[21].  

Table 1.1: Available energy sources for generating electrical energy. 

Energy sources and examples 

Environment 
Solar, wind, temperature gradient, daily temperature, ocean currents, 

EM waves, acoustic waves, RF signal. 

Structures Bridges, tunnels, roads, control-switch, farmhouse, ducts, cleaners. 

Vehicles 
Trains, tires, tracks, aircraft, helicopters, automobiles, peddles, brakes, 

shock absorbers, turbines. 

Human body 
Breathing, skin temperature, arm motion while walking, blood 

pressure, jogging, swimming, eating, talking, finger motion. 

Industrial 
Motors, vibrating machines, chillier, compressors, pumps, conveyors, 

fans, cutting and dicing. 

Among the different ambient energy sources mentioned above, thermoelectric generators, 

vibration/kinetic driven power generators, and solar cells are the most widely studied because of 

their ubiquity, high efficiency, suitable power density, and potentials for miniaturization. The 

power density of different ambient energy sources is compared in Table 1.2. 

1.2.1 Solar energy harvesting 

Solar power harvesting systems are one of the most commonly considered strategies of energy 

harvesting. Solar energy harvesting systems consist of solar arrays and signal processing 

circuitry.  
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Table 1.2: Power density comparison of ambient energy sources [22], [23]. 

Energy Source Power Density 

Solar 
Outdoor: 15000 µW/cm2 

Indoor: 10 µW/cm2 

Vibration 

Electrostatic: 50–100 µW/cm2 

Electromagnetic: 119 µW/cm2 

Piezoelectric: 250 µW/cm3 

Thermal For 5°C gradient: 60 µW/cm2 

The photovoltaic effect generates electrical power on the solar cells, which is the direct 

conversion of incident light into electricity. The advantages of solar systems include their ease 

of incorporation, modularity, zero-emission or noise, no moving parts, and use of easily available 

source, i.e., sunlight. Disadvantages of solar systems consist of the additional signal processing 

circuitry essential to provide high-quality continuous current at a precise voltage, variability in 

quality and amount of power generation, and relatively large surface area needed for arrays of 

cells. Another disadvantage of solar systems is that it has low conversion efficiencies and higher 

cost, in addition to intermittent availability of sunlight. 

1.2.2 Thermoelectric energy harvesting 

Environments that naturally contain temperature gradients and heat flow have the potential to 

generate electrical power using thermal-to-electric energy conversion. The temperature 

difference provides the potential for efficient energy conversion, while heat flow provides the 

power, limited availability of heat limits the power produced. Nevertheless, thermoelectric 

energy harvesting has shown to be a viable technology for systems with exceptionally low-power 

requirements and promises to become more prevalent as the power requirements for such 

applications. An excellent example of thermoelectric energy harvesting is the thermoelectric 

wristwatch that converts body heat into electrical power that drives the watch [24]. 

The advantages of thermoelectric generators are that they are reliable, solid-state, and have long 

operation times with little noise and emissions. However, realization of power generating 

thermoelectric devices for very small sizes is limited due to the lack of large temperature 

gradients (>10 C) in small device volumes (<1 cm3) [25].  

1.2.3 Vibration energy harvesting 

Harvesting electrical energy from vibration deals with the conversion of mechanical energy into 

electrical energy. Energy harvesting devices based on vibration have power density values 
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comparable to other power sources such as thin- and thick-film lithium and lithium-ion batteries 

[25]. The vibration-based energy harvesting system is described in detail in the next section.  

From Table 1.2, it is clear that outdoor solar energy has the highest power density, but indoor 

solar power density has a low value, and it does not apply to embedded applications where no or 

not enough light is available, in contrast, vibration power density has a relatively higher power 

density [22]. The use of vibration energy harvesting devices is an area of interest for wireless, 

self-powered microsystems, and macro-scaled devices. There are several opportunities for 

energy harvesting via vibration. 

1.3 VIBRATION ENERGY HARVESTING 

Vibration energy is a readily available source of energy. Random vibrations with different 

frequencies and amplitudes are freely available in the surroundings. Table 1.3 shows the various 

vibration sources and their typical vibration frequency and corresponding acceleration. 

Table 1.3: Peak frequency and acceleration amplitude of various vibration sources [23]. 

Vibration source Peak frequency (Hz) Acceleration amplitude (m/s2) 

Clothes dryer 121 6.4 

Microwave oven (small) 121 2.25 

Second story floor of offices 100 0.2 

Windows near a busy street 100 0.7 

Washing machine 109 0.5 

Refrigerator 240 0.1 

Car instrument panel 13 3 

Car engine compartment 200 12 

Vehicles 5–2000   0.5–110 

Table 1.3 shows that most of the vibration sources show a peak frequency around 100 Hz. But, 

some vibration sources show a relatively high peak frequency and much higher acceleration 

amplitude. Harvesting electrical energy from vibration deals with the conversion of mechanical 

energy into electrical energy, the process of converting mechanical energy into electrical energy 

is described by the energy flow diagram shown in Figure 1.1. When the mechanical input 

vibration energy overcomes the energy harvesting system's internal damping, the harvester's 

mass component starts to oscillate. This mechanical oscillation of the mass component is used 

to generate electrical energy through any electromechanical transduction mechanism.  
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Figure 1.1: General model of the vibration energy harvester. 

The electromechanical transaction of the vibration energy is generally carried out using 

electromagnetic conversion, electrostatic conversion, and piezoelectric conversion techniques.  

1.3.1 Electromagnetic system 

The basic physics behind the generation of electrical power from an electromagnetic generator 

is that when a changing magnetic field interacts with a closed-loop circuit, a current is induced 

in the loop, and if the loop is open-circuited, a voltage will be generated across the terminals of 

the circuit. The voltage generated for a micro-size generator is usually between 0.1 V and 0.2 V 

[25]. 

 
Figure 1.2: Typical electromagnetic energy harvester.  

A typical vibration-based generator consists of an oscillating spring and mass system, as shown 

in Figure 1.2. The vibration of the base forces the magnetic mass to move relative to the 

stationary coil. As the magnetic flux through the coils changes, an alternating current/voltage is 

generated [26], [27]. 
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1.3.2 Electrostatic system  

Electrostatic energy generators consist of a variable capacitor whose capacitor plates are 

electrically isolated from each other by air, or vacuum, or an insulator [28]. When the system is 

exposed to the external mechanical vibrations, the gap between the plates will vary, causing a 

change in capacitance. In order to extract electrical energy from the vibrational input energy, the 

capacitor plates must be charged and the mechanical input vibrations work against the 

electrostatic forces present in the device. The main disadvantage of electrostatic energy 

harvesters is its requirement of an external energy source and normally, it has lower energy 

density [29], [30]. 

1.3.3 Piezoelectric system 

In a piezoelectric vibration energy harvester (PVEH), energy transaction happens due to the 

piezoelectric effect. The PVEHs are attractive due to their high power density [31] and 

compatibility with microelectromechanical system (MEMS) fabrication technology [25]. The 

cantilever-based energy harvesters are preferred due to their ability to vibrate at low resonance 

frequency and high average stress on the surface for a given input condition [32].  Table 1.4 

discusses the advantages and disadvantages of the above three types of vibration-based energy 

harvesters. 

Table 1.4 Comparison of three types of vibration energy harvesters. 

 Electromagnetic Electrostatic Piezoelectric 

Advantages • No voltage source 

required 

• High current output 

• Relatively high-power 

output 

• No need for smart 

material 

• Small size 

• Easily integrated into 

micro-systems 

• Precise control of the 

mechanical resonance 

• No need for smart 

material 

• No voltage source 

required 

• Higher output 

voltage 

• Small size 

• Simple structure 

• High efficiency 

• Compatible with 

MEMS 

Disadvantages • Complex design 

• Difficult to integrate 

into micro-system 

• Low output voltage 

• Separate voltage source 

required 

• Higher operating 

frequency  

• Limited material 

selection 

• Low output current 

• Brittleness  

Considering the advantages of PVEH, we are motivated to work on PVEH, analyze the 

structures, improve geometry and yield. The following part of the chapter describes PVEH in 

detail.  
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1.4 PIEZOELECTRIC VIBRATION ENERGY HARVESTER (PVEH) 

PVEH generates electrical energy from vibration using the piezoelectric effect. In this type of 

vibration energy harvester, a resonant structure is used, which oscillates when a suitable input 

vibration is applied to the structure. The most popular resonant structure is fixed-free cantilever-

based structure [33]–[36], however, other types of structure, viz. piezoelectric stack [37], [38], 

diaphragm [39]–[41], and several other unconventional geometries [42]–[45] are also reported 

for energy harvesting applications.  

1.4.1 Piezoelectric materials  

The name piezoelectric is composed of two parts; piezo, which is derived from the Greek word 

for pressure, and electric from electricity. The rough translation is, therefore, the pressure-electric 

effect. In a piezoelectric material, the application of a force or stress results in the development 

of electric displacement in the material. This is known as the direct piezoelectric effect. 

Conversely, the application of an electric field to the same material will result in deformation or 

strain. This is known as the indirect or converse piezoelectric effect. 

 

 
 

(a) (b) (c) 

Figure 1.3: An example of (a) Molecular model of a piezoelectric material, (b) Molecular 

model under stress, (c) Polarizing effect on the bulk material.  

When piezoelectric materials are subjected to external force, the material becomes polarized due 

to the external force the dimension of the piezoelectric material changes, and this change in 

dimension results in the variation in bond lengths between cations and anions. This phenomenon 

was discovered by Jacques and Pierre Curie brothers in 1880 and named as piezoelectricity or 

piezoelectric effect, which describes a relationship between stress and voltage. Conversely, a 

piezoelectric material will have a change in dimension when it is exposed to an electric field. 

This inverse mechanism is called electrostriction. The piezoelectric effect is observed in many 

crystals, for instance, tourmaline, topaz, quartz, Rochelle salt, and cane sugar. 

 
+ 

+ + 

+ 

+ 

+  
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Different types of piezoelectric materials are available such as single crystals (e.g., quartz SiO2 

and Rochelle salt), ceramics (e.g., Lead Zirconate Titanate or PZT, BaTiO3 or BTO, and 

LiNbO3), and polymers (e.g., polyvinylidene fluoride or PVDF). Table 1.5 shows the properties 

of different types of piezoelectric materials. 

Table 1.5 Properties of some piezoelectric materials [46]–[49]. 

Constants 
Materials 

Quartz BTO PZT PVDF ZnO 

d31 (10–12 C/N) –0.93 (d12) –79 –190 – –320 23 –5.12 

d33 (10–12 C/N) –2.3 (d11) 149 374 – 593 –33 12.3 

ε33/ε0 4.4 1900 1800 – 3800 12 – 13 10.8 – 11 

k31 NA 0.21 0.32 – 0.44 0.12 0.181 

k33 0.07 0.48 0.70 0.15 0.466 

Tc (
oC) 573* 120 230 – 350 80 – 100 NA 

g31 (10–3 Vm/N) NA 5 –9.1 – –11.4 216 – 0.46 

g33 (10–3 Vm/N) – 58 14.1 20 – 25 330 1.11 

From Table 1.5, we can see that PZT has the highest electromechanical coupling coefficient and 

the highest Curie temperature. Additionally, PZT can be poled easily and has a wide range of 

dielectric constants. The superior properties of PZT make it popular in the design of PVEH. 

1.4.2 Piezoelectric constitutive equations 

Piezoelectric constitutive equations describe mathematically how the piezoelectric material's 

stress (T), strain (S), charge-density displacement (D), and electric field (E) interact with each 

other. The constitutive equations are the combination of mechanical and electrical equations. A 

mechanical constitutive equation describes how a material deforms on the application of stress 

or vice-versa, and an electrical constitutive equation describes how charge moves in a dielectric 

material on the application of voltage or vice versa. The piezoelectric constitutive equations 

combine both the electrical and mechanical equations to describe the coupling between the 

electrical and mechanical properties of the material. 

The linear form of the piezoelectric constitutive equation in Strain-Charge form can be written 

as per IEEE Standard on Piezoelectricity [50] as. 
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 𝑆 = 𝑠𝐸𝑇 + 𝑑𝐸 (1.1) 

 𝐷 = 𝑑𝑇 − 𝜀𝑇𝐸 (1.2) 

where S is the six-dimensional strain vector, T is the vector of stresses, sE is six by six compliance 

matrix evaluated at constant electric field, d is the three by six matrix of piezoelectric strain 

coefficients, E is the electric field vector, D is the three-dimensional electric displacement vector, 

and εT is the three by three dielectric constant matrix evaluated at constant stress. 

The piezoelectric constitutive equations can be written in matrix form as [51]  

 

{
 
 

 
 

 

𝑆1
𝑆2
𝑆3
𝑆4
𝑆5
𝑆6

 

}
 
 

 
 

= 

(

  
 

𝑠11 𝑠12 𝑠13 𝑠14 𝑠15 𝑠16
𝑠21 𝑠22 𝑠23 𝑠24 𝑠25 𝑠26
𝑠31 𝑠32 𝑠33 𝑠34 𝑠35 𝑠36
𝑠41 𝑠42 𝑠43 𝑠44 𝑠45 𝑠46
𝑠51 𝑠52 𝑠53 𝑠54 𝑠55 𝑠56
𝑠61 𝑠62 𝑠63 𝑠64 𝑠65 𝑠66)

  
 

{
 
 

 
 
𝑇1
𝑇2
𝑇3
𝑇4
𝑇5
𝑇6}
 
 

 
 

+ 

(

 
 
 

𝑑11 𝑑21 𝑑31
𝑑12 𝑑22 𝑑32
𝑑13 𝑑23 𝑑33
𝑑14 𝑑24 𝑑34
𝑑15 𝑑25 𝑑35
𝑑16 𝑑26 𝑑36)

 
 
 

{

𝐸1
𝐸2
𝐸3

} (1.3) 

and 

 {

𝐷1
𝐷2
𝐷3

} =  (

𝑑11 𝑑12 𝑑13 𝑑14 𝑑15 𝑑16
𝑑21 𝑑22 𝑑23 𝑑24 𝑑25 𝑑26
𝑑31 𝑑32 𝑑33 𝑑34 𝑑35 𝑑36

)

{
 
 

 
 
𝑇1
𝑇2
𝑇3
𝑇4
𝑇5
𝑇6}
 
 

 
 

+ (

𝜀11 𝜀12 𝜀13
𝜀21 𝜀22 𝜀23
𝜀31 𝜀32 𝜀33

) {

𝐸1
𝐸2
𝐸3

} (1.4) 

Piezoelectric materials are transversely isotropic and it is commonly assumed that the direction-

3 is along the polarization direction, which also coincides with the axis of transverse isotropy. 

Hence the above two equations can be rearranged considering the transversely isotropic nature 

of the material as [51]  

 

{
 
 

 
 

 

𝑆1
𝑆2
𝑆3
𝑆4
𝑆5
𝑆6

 

}
 
 

 
 

=  

(

 
 
 

𝑠11 𝑠12 𝑠13 0 0 0
𝑠12 𝑠11 𝑠13 0 0 0
𝑠13 𝑠13 𝑠33 0 0 0
0 0 0 𝑠44 0 0
0 0 0 0 𝑠44 0
0 0 0 0 0 2(𝑠11 − 𝑠12))

 
 
 

{
 
 

 
 
𝑇1
𝑇2
𝑇3
𝑇4
𝑇5
𝑇6}
 
 

 
 

+ 

(

 
 
 

0 0 𝑑31
0 0 𝑑31
0 0 𝑑33
0 𝑑15 0
𝑑15 0 0
0 0 0 )

 
 
 
{

𝐸1
𝐸2
𝐸3

} (1.5) 

and 

 {
𝐷1
𝐷2
𝐷3

} =  (

0 0 0 0 𝑑15 0
0 0 0 𝑑15 0 0
𝑑31 𝑑31 𝑑33 0 0 0

)

{
 
 

 
 
𝑇1
𝑇2
𝑇3
𝑇4
𝑇5
𝑇6}
 
 

 
 

+ (
𝜀11 0 0
0 𝜀11 0
0 0 𝜀33

) {
𝐸1
𝐸2
𝐸3

} (1.6) 
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The above two equations show that for transversely isotropic piezo-ceramics, there are five 

elastic constants (s11, s12, s13, s33, s44), three piezoelectric strain constants (d31, d33, d15) and two 

dielectric or permittivity constants (ε11, ε33). The above constitutive equation can be expanded as 

 

𝑆1 = 𝑠11𝑇1 + 𝑠12𝑇2 + 𝑠13𝑇3 + 𝑑31𝐸3  

𝑆2 = 𝑠12𝑇1 + 𝑠11𝑇2 + 𝑠13𝑇3 + 𝑑31𝐸3  

𝑆3 = 𝑠13𝑇1 + 𝑠13𝑇2 + 𝑠33𝑇3 + 𝑑33𝐸3  

𝑆4 = 𝑠44𝑇4 + 𝑑15𝐸2  

𝑆5 = 𝑠44𝑇5 + 𝑑15𝐸1  

𝑆6 =  2(𝑠11 − 𝑠12)𝑇6 

(1.7) 

and  

 

𝐷1 = 𝑑15𝑇5 + ε11𝐸1  

𝐷2 = 𝑑15𝑇4 + ε11𝐸2   

𝐷3 = 𝑑31𝑇1 + 𝑑31𝑇2 + 𝑑33𝑇3 + ε33𝐸3  

(1.8) 

The relationship between strain and charge for a piezoelectric material can be found in the above 

two sets of equations. 

1.5 CANTILEVER-BASED PVEH 

Considering the cantilever beam as shown in Figure 1.4, the top and bottom surfaces are covered 

with electrodes, and the cantilever can vibrate only in z-direction that is along the direction-3, 

the strain due to vibration will only be along direction-1 and the electric displacement will only 

be in direction-3. Thus, the stresses T2, T3, T4, T5, and T6 will be zero and electric displacements 

D1 and D2 will be zero, then the piezoelectric strain charge constitutive equation can be written 

as [25] 

 𝑆1 = 𝑠11
𝐸  𝑇1 + 𝑑31𝐸3 (1.9) 

 𝐷3 = 𝑑31𝑇1 + 𝜀33
𝑇 𝐸3 (1.10) 

The equation (1.9) relates to the converse piezoelectric effect. It shows that a strain will result 

from an applied electric field in the material. The direct piezoelectric effect is described in 

equation (1.10) and shows that a charge density field will result from applied stress. 
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Figure 1.4: Piezoelectric cantilever beam.  

1.5.1 Types of cantilever-based PVEH 

Piezoelectric vibration energy harvester consists of one or more piezoelectric layers and 

substrate. Depending upon the number of layers, PVEH can be classified as unimorph [52], [53] 

energy harvester, and multicopy [54] energy harvester. A unimorph energy harvester is where 

only one piezoelectric layer is used whereas, in a multimorph energy harvester, more than one 

piezoelectric layer is used. The majority of the multimorph energy harvesters are bimorph, where 

piezoelectric layers are used on both sides of a metal substrate. Figure 1.5 shows types of layers 

(a), a unimorph (b), bimorph in series connection (c), and bimorph in parallel connection (d). 

  

  
Figure 1.5: Different configurations of piezoelectric and substrate layers.  

In the bimorph cantilever configuration, the two piezoelectric layers can be wired in series 

connection or in parallel connection. In a parallel connection, the two piezoelectric layers are 

polarized in the same direction, and the outer electrodes are joined together to work as a single 

terminal. The other terminal is taken by shorting both sides of the substrate layer, as shown in 

Figure 1.5  (d). In this configuration, the same amount of charge occurs on each outer electrode. 
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When the structure is subjected to stress, in parallel connection, the individual currents add up 

and produce larger currents. In a series connection, the two piezoelectric layers are oppositely 

polarized and the charges generated on the outer electrodes of both the piezoelectric layers are 

opposite in nature. External load is connected between the metal substrate and outer electrodes 

of both the piezoelectric layers, as shown in Figure 1.5 (c). In this configuration, the individual 

voltages of the two piezoelectric layers are added up and produce a higher output voltage.  

1.6 DIAPHRAGM-BASED PVEH 

PVEH using circular diaphragms with a solid structure at the center featuring as a proof mass 

has drawn much attention in recent years [55]–[58]. A diaphragm-based PVEH operates in a 

similar manner to that of a cantilever-based PVEH. The piezoelectric circular diaphragm is 

constructed by attaching a thin circular piezoelectric disc to a metallic shim. A diaphragm 

structure is normally clamped on the outer edge, and a proof mass is placed at the center of the 

disc [59]–[61], as shown in Figure 1.6. The diaphragm-based PVEH can be operated as 

resonance structure [58], [62], or impact-based structure [63]. Diaphragm-based PVEH are also 

used as self-powered pressure sensors [64] and walking energy harvesters [65]. The detailed 

analysis of diaphragm-based PVEH is presented in chapter 7. 

 

Figure 1.6: Diaphragm-based PVEH. 

1.7 NONLINEAR PVEH 

A linear energy harvester generates highest power when the energy harvester is excited with the 

natural frequency of vibration, as the frequency of vibration deviates from the resonance 

frequency of the energy harvesting system the output power falls sharply from its peak. 

Sometimes the source vibration frequency is not constant and varies randomly with time, in this 

scenario a nonlinear energy harvester can be used. In a nonlinear energy harvester, the spring 
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constant of the vibrating mechanism is a nonlinear parameter and the nonlinearity is normally 

introduced by modifying the structural design [66]. A nonlinear energy harvester can be a 

monostable or a multi-stable structure [67]. The nonlinear PVEHs are generally used when the 

vibration source is of random frequency [68]–[70] but a linear energy harvester generates more 

power when the source frequency is of a narrow bandwidth and matches with the resonance 

frequency of the energy harvester. The scope of the thesis is limited to the geometry optimization 

of linear PVEH to achieve uniform stress on the piezoelectric material. 

1.8 LITERATURE REVIEW OF PVEH 

The research objective is to modify the conventional PVEH to increase the power density. 

Therefore, a detailed literature survey is carried out for conventional PVEH based on cantilever 

and diaphragm and various modifications to achieve higher power density.  

1.8.1 Literature survey on cantilever-based PVEH 

The first vibration-based micro-generator was analyzed by William and Yates [71] in 1995. They 

developed an analytical model for the generator using a spring-mass-damper system. The 

proposed micro-generator had a volume of 25 mm3, and the electrical power output was 0.1 mW 

and 1.0 µW, respectively, for 330 Hz and 70 Hz operating frequency.  

Beeby et al. [72] in 1999 studied the microelectromechanical fabrication technology to fabricate 

a PZT-based vibration energy harvester on a silicon substrate. They recommended the plasma 

etching process over wet etching of silicon wafer for better bonding of PZT with silicon.  

Jones et al. [73] in 2001 developed a cantilever-based PVEH and used steel as a substrate and 

PZT as a piezoelectric material. The substrate and the piezoelectric layer had a thickness of 100 μm 

and 70 μm, respectively. Experimental results showed that the energy harvester had a resonance 

frequency of 80.1 Hz and a maximum output electrical power of 2.1 μW. 

Roundy and Wright [74] in 2004 derived an analytical model for a cantilever-based bimorph 

PVEH. They used brass as a substrate material and PZT-5H as the piezoelectric material. Their 

theoretical analysis was verified with experimental results. The 1 cm3 sized device generated 375 

μW of electrical power for an acceleration of 2.5 m/s2 at 120 Hz frequency.  

Shahruz [75] in 2006 designed an array of cantilever-based PVEH, each with different 

dimensions. The research suggested that an array of cantilevers with varying resonance 

frequencies could work as a mechanical bandpass filter and could be used to harvest vibration 

energy for a wide range of frequencies. 
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Fang et al. [76] in 2006 fabricated a unimorph PVEH using MEMS fabrication technology. In 

this work, a PZT layer of thickness 1.64 μm was used with Ti/Pt electrodes. The device showed 

a resonance frequency of 609 Hz and generated 2.16 μW of power across a load resistance of 

21.4 kΩ.  

Yuantai et al. [77] in 2007 designed a bimorph PVEH with axial preload to adjust the resonance 

frequency of the system. Analytical expressions were derived for the system and results showed 

that axial preload could change the device resonance frequency from 58 Hz to 169 Hz.  

Huan Xue et al. [78] in 2008 designed multiple piezoelectric bimorphs of different aspect ratios 

to be used as a broadband PVEH. They revealed that the operating frequency band of the energy 

harvester could be shifted towards the ambient vibration frequency range by changing the 

number of piezoelectric bimorphs connected in a parallel connection.  

Erturk and Inman [79] in 2008 derived a distributed parameter model for PVEH, and this model 

was able to estimate harvested power from all the modes of vibration. They also discussed the 

issues with different mathematical modeling of PVEH [80] and proposed a correction factor for 

the lumped parameter-based model in [81]. The correction factor presented in this article was 

essential for PVEH with a lower ratio of end-mass to beam mass and for PVEH without any end-

mass. 

Lee et al. [82] in 2009 fabricated PZT-based PVEH on silicon-based cantilever using aerosol 

deposition method. The piezoelectric cantilever was designed to operate in {3-1} mode and  

{3-3} mode. The {3-1} mode of operation produced an output power of 2.765 μW at 255.9 Hz 

frequency for an acceleration of 2.5g while the {3-3} mode of operation produced an output power 

of 1.288 μW at 214 Hz frequency for an acceleration of 2.0g.  

Elvin and Elvin [83] in 2009 developed an equivalent circuit model for an unimorph PVEH 

generator. The derived model was validated with the published analytical solutions given in [79]. 

Erturk and Inman [84] in 2009 developed a distributed parameter model for a piezoelectric 

bimorph. The model was used to estimate power generated from series and parallel connected 

bimorphs, and the results were compared with the experimental results from an identical PVEH. 

The energy harvester generates 23.9 mW of power at 45.6 Hz resonance frequency across an 

optimal load resistance of 35 kΩ. 

Durou et al. [85] in 2010, developed a cantilever-based PVEH of resonance frequency 76 Hz. 

The energy harvester was excited with an acceleration of 0.2g, and the generated peak power 

was 13.9 μW. 

TH-3044_11610204



CHAPTER 1 INTRODUCTION 

 

15 

 

Park et al. [86] in 2010 fabricated a d33 mode PVEH with sol-gel spin-coating method. The peak 

power generated from this device was reported as 1.1 μW for an input acceleration of 0.39g at 528 

Hz frequency.  

Zhu et al. [87] in 2010 studied different design strategies for PVEH using coupled piezoelectric-

circuit FE method. They suggested three design strategies to harvest maximum power from 

vibration and claimed that their strategy would increase the power density from 200 μW/cm3 to 

around 1 to 2 mW/cm3. 

Challa et al. [88] in 2011 developed a self-tuning PVEH using magnetic stiffness technique. 

Their device can tune its resonance frequency from -27% to 22% of the untuned resonance 

frequency. However, the tuning mechanism consumes enormous energy, and the energy 

harvester needs 88 min to generate that energy. 

Xu et al. [89] in 2012 reported a piezoelectric bimorph-based energy harvester with silicon end-

mass. They have noticed an increase in coupling coefficient due to two piezoelectric layers and 

claimed to have generated 37.1 μW power for 1g acceleration. 

Ahmad et al. [90] in 2012 developed a cantilever-based PVEH to harvest electrical energy from 

rain droplets. The cantilever consisted of five layers of PZT and had a resonance frequency of 

315.15 Hz. They reported 400 μJ of harvested energy for 230 drops per second rainfall.  

Zhao and Erturk [91] in 2013 presented electrostatic modeling of piezoelectric bimorph energy 

harvester for random broadband vibrations. They verified their mathematical results by 

comparing them with experimental results.  

Alsuwaiyan et al. [92] in 2014 presented PVEH from a multi-frequency vibration source using 

three cantilevers of resonance frequencies 40 Hz, 45 Hz, and 53.4 Hz. The reported peak power 

was 440 μW at around 40 Hz frequency.  

Yaowen Yang et al. [93] in 2015 proposed a PVEH geometry to harvest electricity from two-

dimensional vibration. The proposed geometry was able to generate energy with base excitation 

from any direction in the horizontal and vertical plane. The peak harvested power was 2.9 mW 

for input vibration at 60o, and the lowest was 1.8 mW for input vibration at 15o to the horizontal 

direction. 

Emamian et al. [94] in 2016 developed a PVEH using screen printing technique. The PVEH was 

a unimorph with a 12.5 μm polarized PVDF layer sandwiched between Metglas electrodes. They 
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reported that the device could generate 0.28 μW of power across a 1 MΩ load resistance at 54 Hz 

frequency. The power density was reported as 11.67 μW/cm3. 

Baishya et al. [95] in 2017 proposed a correction factor for lumped parameter model of 

cantilever-based PVEH. The model was able to predict resonance frequency and output power 

accurately and was verified with published experimental results. 

Zhang et al. [96] in 2017 proposed a rotational piezoelectric energy harvester to harvest wind 

energy. In their design, a PVDF beam generated electricity using impact-induced vibration. The 

reported peak power was 2566.4 μW for a wind speed of 14 m/s.   

Yang et al. [97] in 2017 analyzed the efficiency of cantilever-based PVEH systems using 

theoretical and experimental studies. They reported that the efficiency decreased with the 

increase in excitation frequency. They also noted that at resonance, the phase difference was 90o 

between excitation and response, and the PVEH showed the highest efficiency. 

Palosaari et al. [98] in 2018 investigated the effect of substrate layer thickness on bimorph 

PVEH. They used four different substrate configurations and claimed that the thinner substrate 

layer showed higher efficiency. 

Khalili et al. [99] in 2019 developed a PVEH system to harvest mechanical energy from 

roadways and derived an electromechanical model to characterize it. The energy harvester was 

exposed to dynamic loading of 1.1 kN and 11 kN at 66 Hz frequency, and the voltage output was 

reported as 95 V and 1190 V respectively across a 500 kΩ load resistance. 

Pradeesh and Udhayakumar [100] in 2019 studied the effect of piezoelectric material and end-

mass placement on the PVEH performance and reported that the piezoelectric material should 

be placed near the fixed end to generate maximum power, and the end-mass shape had a 

negligible effect on the harvested energy. 

Asthana & Khanna [101] in 2020 designed a bimorph PVEH and derived an analytical model 

based on Euler-Bernoulli beam theory. They estimated the harvested power as 1.31 mW at 90 

Hz frequency for 1g input acceleration. 

Taemin et al. [102] in 2020 designed a wideband PVEH based on an array of four cantilevers 

with resonance frequencies 111 Hz, 117 Hz, 123 Hz, and 129 Hz. In the second part of the paper, 

the four cantilevers were merged together to form a single-substrate PVEH, and the performances 

were compared. It was reported that the PVEH array was able to produce 105.5 mW of power at 
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1.5g acceleration, while the single-substrate PVEH was able to generate 321 mW of power at the 

same acceleration. 

Jeong et al. [103] in 2021, proposed a smartpen PVEH that can generate electrical energy during 

writing. The energy harvester was able to store 3.1 μJ of energy in a capacitor from 10 seconds 

of writing.  

1.8.2 Literature survey on diaphragm-based PVEH 

Kim et al. [104] in 2004 developed an energy harvester using cymbal transducer having a ceramic 

disc. The diameter and thickness of the disk were respectively 29 mm and 1 mm. The reported 

generated power was 39 mW for 7.8 N of dynamic force at 100 Hz frequency. 

Mo et al. [41], [105] in 2010 designed an unimorph circular diaphragm-based PVEH with smaller 

radius of the piezoelectric layer than the substrate layer. They derived an analytical expression 

for the proposed diaphragm-based PVEH and later, they used experimental results to validate 

the analytical results. It was shown that the strain and deflection due to load and bending were 

the limiting factors in the design process. 

Chen et al. [62] in 2012 demonstrated a circular diaphragm-based PVEH, and they used a pre-

stressed diaphragm at 1g acceleration. The reported harvested power was 12 mW at 113 Hz 

frequency across a 33 kΩ load resistor.  

Deterre et al. [106] in 2012 developed a diaphragm-based PVEH to harvest electrical energy 

from fluid pressure. Their ultimate goal was to generate electric energy to power active 

implantable medical devices. A fluid pressure of 0 to 50 mmHg is applied at 2 Hz frequency to 

the diaphragm as mechanical input energy. They also proposed an active energy harvesting 

method to increase energy extraction efficiency from piezoelectric material. 

Mohammadi and Abdalbeigi [107] in 2013 derived an analytical model for simply supported and 

clamped supported diaphragm-based PVEH. Their parametrical study found an optimal value 

for the thickness and radius of unimorph piezoelectric layer.  

Xiao et al. [58] in 2014 reported a broadband PVEH using four similar circular diaphragms with 

varying tip-masses. They reported that the four diaphragms showed resonance frequency in the 

range of 120 Hz to 225 Hz and generated 5.14 mW, 6.65 mW, 9.7 mW, and 10 mW of power for 

an input acceleration of 1g. 
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Wang et al. [108] in 2014 developed a broadband PVEH using circular diaphragm array. The 

array was comprised of three diaphragms in parallel connection and was able to generate 21.4 

mW power across an optimal load resistance of 11 kΩ at 1g acceleration. 

Dong et al. [109] in 2015 studied the relation between piezoelectric material properties 

performance of diaphragm-based PVEH. They recommended piezoelectric material with a 

higher d33 coefficient and a lower dielectric coefficient for higher harvested power.  

Yang et al. [60] in 2017 developed a PVEH using circular diaphragm structure and applied a pre-

stress of 0.3 N. They optimized the structural parameters to obtain maximum output power and 

lower resonance frequency. It was reported that the optimized structure was able to harvest 16.3 

mW power at 219 Hz frequency. 

Shu et al. [110] in 2018 developed a diaphragm-based PVEH, they had applied input acceleration 

at the center of the diaphragm and the outer edge was allowed to vibrate freely. They reported 

20.8 mW of generated power for 1g acceleration at 237 Hz frequency. 

Xu et al. [111] in 2020 developed a diaphragm-based PVEH and discussed the non-uniform 

strain distribution on the disk. The designed PVEH with 19 mm diameter was able to harvest 

8.34 mW of power for 1g acceleration.   

Mehdipour and Honarvar [112] in 2021, derived an analytical model for unimorph diaphragm-

based PVEH. They studied the effect of different parameters on the zero-strain point of the PVEH 

disk and found that the radii of the disk control the position of the zero-strain point. They also 

reported that optimized performance is observed inside the radius of the zero-strain boundary. 

Yuan et al. [57] in 2021 developed an acoustic energy harvester using piezoelectric diaphragm-

based geometry. Their experimental results showed that the energy harvester could generate 

8.452 µW of power from urban railway noise.  

1.9 FABRICATION METHODS 

The cantilever-based PVEH structure usually consists of a substrate layer, one or more 

piezoelectric layers and an end-mass attached to the free end of the cantilever. The substrate 

layer typically works as a mechanical support for the piezoelectric layers and the end-mass. The 

materials used for the substrate layers are primarily stainless steel, brass, aluminum, or 

micromachined silicon, depending on the fabrication processes and the physical size [113], 

[114]. Though many piezoelectric materials are available, Lead Zirconate Titanate (PZT) is the 

most commonly used piezoelectric material for PVEH fabrication [115] because of its high 
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piezoelectric coefficients and easy availability. Other piezoelectric materials used for PVEH are 

ZnO nanowires, Barium Titanate, PVDF, Aluminum Nitride [116], [117] etc. In this study, PZT 

is considered as the piezoelectric material because of its high electromechanical coupling 

coefficient, and brass is considered as the substrate material as all the studied devices are macro-

sized.  

PZT films can be deposited on a substrate using sputtering, chemical vapor deposition (CVD), 

Sol-gel process, metal-organic decomposition (MOD), and chemical solution deposition (CSD) 

techniques [116]. These fabrication processes can produce piezoelectric thin films on a silicon 

substrate. However, for thick film deposition, screen-printing methods are used [89]. When the 

PVEH geometry is of larger size, readymade piezoelectric patches (readily available in the 

market) are used. In this process, the piezoelectric patches are generally glued to the substrate 

layer with a suitable adhesive [118], [119]. 

1.10 STRESS DISTRIBUTION ON THE CONVENTIONAL PVEH 

The literature on cantilever-based PVEH suggests that the fixed-free geometry is the most 

popular choice to design PVEH. The conventional cantilever-based energy harvesters consist of 

rectangular beams of uniform cross-section area with one or more piezoelectric layers. The main 

advantage of choosing a cantilever-based structure is its strain generating capability and low 

resonance frequency of vibration. Though the cantilever with a uniform cross-section area is 

preferred for PVEH, the stress distribution on the conventional PVEH is highly non-uniform 

[120], [121]. A fixed-free cantilever-based PVEH exhibits considerable stress on the fixed end 

and very low stress on the free end of the beam. Thus, the piezoelectric material at the free end 

generates much lower electrical energy and remains underutilized.  

1.11 STRATEGIES TO SOLVE STRESS NON-UNIFORMITY 

The stress non-uniformity in conventional cantilever-based PVEH reduces the average stress on 

the piezoelectric material, and as a result, the harvested power density decreases. Several 

research groups have proposed geometrical modifications to achieve uniformity in stress along 

the length of the energy harvester beam.  

Roundy et al. [32] in 2005 proposed that tapering the width of a cantilever beam would increase 

the average strain on the piezoelectric material and improve the harvested electrical energy.   

Baker et al. [122] in 2005 used two width-tapered beams, one trapezoidal and the other triangular 

beam. They reported that the trapezoidal beam showed a 30% improvement in the generated 

power density while the triangular beam showed a 50% increase in the generated power density. 
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Mehraeen et al. [123] in 2010 designed a cantilever-based PVEH with tapered thickness. The 

thickness-tapered bimorph was made by varying the substrate thickness, and they reported that 

tapering the substrate thickness led to additional harvested power and a more uniform stress 

profile.  

Ben Ayed et al. [124] in 2014 investigated linear and quadratic shaped cantilever structures for 

unimorph PVEH. They reported a change in resonance frequency and mode shape for change in 

the beam shape. They also reported that the quadratic shape beam yielded double electrical 

energy than the rectangular-shaped cantilever beam.  

Muthalif and Nordin [125] in 2015 designed a triangular-shaped PVEH and compared its 

performance with a rectangular-shaped beam. They reported that the triangular-shaped cantilever 

beam produced double average strain along the length than a rectangular cantilever beam and 

showed that the triangular-shaped PVEH generated more voltage across resistive load compared 

to rectangular-shaped PVEH. 

Sriramdas et al. [126] in 2015 modified a bimorph PVEH to have a multistep thickness profile 

of piezoelectric layers and reported reduction in resonance frequency and 90% increase in 

harvested power for the same input acceleration. 

Hosseini and Nouri [127] in 2016 studied rectangular, triangular, and trapezoidal beams for 

PVEH application and strain distribution. They reported that the triangular beam generated more 

strain and voltage than the other two.  

X D Xie et al. [128] in 2017 studied rectangular, trapezoidal, and triangular beams for PVEH 

design and found that triangular beam showed the best strain distribution among the three. They 

also reported that the triangular beam showed an enhanced electromechanical coupling 

coefficient and less stress value. 

H. Salmani et al. [129] in 2018 developed a PVEH based on an exponentially tapered-width 

cantilever. They carried out width tapering for various beams of different lengths and observed 

that tapering led to a higher voltage for all the beam lengths. 

Alireza Keshmiri and Nan Wu [130] in 2018 presented an analytical approach to a wideband 

PVEH using thickness-tapered cantilever arrays. They showed that an array of nonlinearly 

tapered piezoelectric cantilevers could be used to generate higher voltage over a wide frequency 

range.  
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Srinivasulu Raju et al. [131] in 2019 designed a width-tapered PVEH with a rectangular cavity 

and reported that their design generated 157.8% higher voltage than PVEH having a uniform 

cantilever beam.  

Pradeesh and Udhayakumar [132] in 2019 compared several geometrical designs for PVEH 

applications and reported that inverted tapering of width and thickness generates 47.39% more 

electrical power than a conventional rectangular cantilever-based energy harvester. 

Chaudhury et al. [133] in 2019 analyzed four different geometries of PVEH, the modeling and 

analysis were carried out using FEM software. They reported that the width-tapered perforated 

structure showed an output voltage of around 8.5 volts which was 97% higher than the 

rectangular structure. 

Biao Wang et al. [121] in 2020 developed a linearly varying thickness-tapered PVEH, and the 

PVEH was based on the Garolite FR-4 epoxy laminate. They reported a 78% increase in energy 

conversion efficiency for the thickness-tapered beam compared to conventional PVEH with 

uniform thickness. 

D. S. Ibrahim et al. [134] in 2020 has done a comparative study between a width-tapered and a 

thickness-tapered beam for PVEH application. They derived expressions for the strain on both 

the beams and concluded that the thickness-tapered beam showed an 18% decrease in resonance 

frequency and a 6.4% increase in power compared to the width-tapered beam.  

In summary, literature clearly indicates that the most suitable option to obtain higher power is 

by using variable cross-section beam such that the stress profile is more uniform. There are two 

major options in variable cross-section design, one is width-tapered and the other is thickness-

tapered beam. Both the geometrical modifications have their own merits and demerits. A width-

tapered beam is much easier to fabricate while a thickness-tapered beam occupies less volume. 

A comparison between width-tapered and thickness-tapered piezoelectric vibration energy 

harvesters (PVEH) revealed that the thickness-tapered PVEH produces a higher power output 

compared to the width-tapered PVEH [134]. Width-tapered PVEH are well examined and width-

tapered PVEH having uniform stress distribution are reported, however thickness-tapered PVEH 

having uniform stress distribution has not been reported. 

1.12 RESEARCH GAP 

It is clear from the above literature that the more uniform the distribution of stress on the 

piezoelectric material, the more is the harvested power. Uniform stress distribution on a 

cantilever-based PVEH  increases the average stress on piezoelectric material and thus generates 
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higher power. A uniform stress distribution will also increase the device's reliability in terms of 

mechanical failure. Therefore, a suitable cantilever geometry which can produce uniform stress 

along the beam length is most desired for vibration-based energy harvesters. The uniformity in 

stress will ensure that the piezoelectric material contributes equally to the electrical energy 

generation process. The increase in average stress on the beam should increase the overall power 

density of the energy harvester.  

The above literature also implies that the majority of the research groups have two geometrical 

modifications to achieve uniform stress distribution. The first approach is by modifying the width 

of the cantilever-based structure and the second approach is by modifying the thickness of the 

cantilever-based structure.  

In literature, most of the reported geometry modifications to reduce stress non-uniformity is by 

width tapering of the cantilever, which results in a trapezoidal-shape or a triangular-shape PVEH. 

In trapezoidal-shape PVEH, the stress distribution improves to some extent, but it's not perfectly 

uniform. In the triangular-shape PVEH, the stress is uniform. However, the surface area to attach 

piezoelectric material reduces significantly due to the narrow width at the free end. Some 

research groups have modified the thickness profile to achieve improved stress distribution by 

tapering the thickness in linear or exponential outline and reported better stress uniformity. A 

comparative study between width-tapered and thickness-tapered PVEH suggested that the 

thickness-tapered PVEH generates more power than the width-tapered PVEH. However, an 

optimal thickness-tapered geometry for uniform stress distribution and its analytical model for 

thickness-tapered PVEH has not been reported and needs more research. 

1.13 OBJECTIVE OF THE THESIS 

Considering the present research gaps mentioned above, the main objectives of this thesis are as 

follows. 

• To study necessary modifications required in the thickness profile for perfectly uniform 

stress on cantilever-based PVEH.  

• Reduction in peak stress value on the PVEH system for better device reliability. 

• Design of PVEHs with higher electrical power density utilizing cantilevers of constant 

stress. 

• Development of analytical expressions to analyze the proposed PVEHs. 

• Exploring other geometrical modifications to increase PVEH power density. 
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1.14 THESIS CONTRIBUTION 

The thesis aims to improve the electrical power generation capability of PVEH by modifying the 

geometry. For each proposed geometry, improved harvested power, power density, peak stress, 

and stress profile of the PVEH are estimated and compared with equivalent conventional PVEH 

geometries. The main contributions of the thesis are as follows. 

• The thickness profile of bimorph cantilever-based conventional PVEH is modified to 

achieve uniform stress along the beam length. Two new thickness-tapered geometries are 

proposed. The first geometry, PVEH-1, consists of a substrate of tapered thickness profile 

and piezoelectric layers of uniform thickness. The desired thickness profile for uniform 

stress distribution is derived analytically. The uniform stress profile ensures a lower value 

of peak stress and increased average stress in the beam leading to high power density. The 

performance of PVEH-1 is compared with equivalent conventional PVEH having a 

uniform thickness.  

• The second proposed geometry, PVEH-2, consists of a bimorph cantilever with a substrate 

of uniform thickness and piezoelectric layers of tapered thickness profile. Analytical 

expressions are derived for end-mass displacement, generated voltage, resonance 

frequency, and stress profile on the piezoelectric material. FE analysis of the PVEH is 

carried out, and the results are verified with the solutions from the analytical expressions. 

The generated power and stress distribution of the proposed energy harvester are compared 

with equivalent conventional PVEH of uniform thickness. 

• The conventional diaphragm-based PVEH is modified by introducing radial cuts in the 

diaphragm. FE analysis is carried out to find resonance frequency, end-mass displacement, 

and generated power. The diaphragm is further divided into several identical sectors, and 

the changes in resonance frequency and electrical power density are studied. The sectored 

diaphragm-based PVEH is further analyzed to design a wideband energy harvester.  

1.15 SCOPE OF THE THESIS 

In this thesis, issues with conventional PVEH are studied, and geometrical modification is 

proposed to improve electrical energy output and increase device reliability. The scope of the 

thesis is limited to the following analyses   

• FE modeling and analysis of conventional cantilever-based PVEH to study resonance 

frequency, displacement, stress profile, generated electrical power across a resistive load. 

TH-3044_11610204



CHAPTER 1 INTRODUCTION 

 

24 

 

Validation of FE analysis results by comparing with published experimental and 

analytical results. 

• The thesis covers proposals to improve stress distribution on the conventional cantilever-

based PVEH by modifying thickness profile, derivation of analytical expressions for the 

proposed thickness modified PVEHs to estimate various outputs, and finally verification 

of analytical results with FE analysis. 

• The thesis includes proposals to improve the power density of diaphragm-based PVEH 

by introducing radial cuts in the diaphragm and verification using FE analysis. 

• In this study, it is considered that the input frequency varies around the fundamental 

resonance frequency of the energy harvesting device. Normally the frequency of the 

second-order mode is approximately six times higher than the frequency of fundamental 

mode and broadband excitation sources covering higher order modes are rare. In addition, 

higher order modes have lower amplitude and lower stress contributing insignificant 

power compared to the fundamental mode. The unique shape of fundamental mode 

allows use of single electrode whereas harvesting additional power from higher order 

modes is not practical from the same electrode. Therefore analysis of higher order modes 

is not included in the scope of the thesis. 

• As all the performances of the geometries proposed in the thesis are thoroughly verified 

with FE simulations, experimental verification is unnecessary and is not included in the 

scope of the thesis. 

1.16 THESIS OUTLINE 

The thesis is organized into eight chapters. The summary of each chapter is briefly discussed 

below. 

Chapter 1: This chapter presents an introduction to the piezoelectric vibration energy harvester 

(PVEH), it covers a brief background of piezoelectric materials and energy harvesting 

techniques. It also presents a literature review for various types of piezoelectric vibration energy 

harvesters and thereafter motivation and contributions of the thesis. 

Chapter 2: In this chapter, PVEH with bimorph piezoelectric layers and an end-mass is modeled 

and simulated using finite element (FE) analysis software. A piezoelectric-circuit coupled model 

is constructed and simulated for Eigenmode frequency analysis to obtain resonance frequencies 

of vibration for open and short circuit conditions. The model is also analyzed for the time domain 
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and frequency domain response of the PVEH with respect to the sinusoidal input excitation. The 

FE analysis results are verified with the published experimental and analytical results. 

Chapter 3: In this chapter, an analytical model is derived for the one-dimensional vibration of 

a PVEH consisting of piezoelectric bimorph cantilever with an end-mass. The model can be used 

to study series as well as parallel-connected piezoelectric layers. The analytical model can 

estimate the harvested electrical power across a resistive load due to input sinusoidal base 

excitation; it can also be used to estimate resonance frequency and displacement of end-mass. 

The results from the derived analytical model are verified with the results from FE analysis of 

the same PVEH.  

Chapter 4: In this chapter, an optimal thickness profile for cantilever-based PVEH is proposed 

to achieve uniform stress along the beam length. The stress uniformity ensures that the entire 

piezoelectric material on the beam surface experiences the same level of stress. In the proposed 

geometry, width is kept constant while the thickness is optimized. The proposed thickness profile 

is further used to design two separate PVEH geometries, PVEH-1 and PVEH-2. The PVEH-1, 

consists of a substrate of tapered thickness profile and two piezoelectric layers of uniform 

thickness, and the PVEH-2 consists of a substrate of uniform thickness profile and two 

piezoelectric layers of tapered thickness. 

Chapter 5: The proposed geometry, PVEH-1, consists of a substrate of tapered thickness profile 

and two piezoelectric layers of uniform thickness. Analytical expressions are derived for the end-

mass displacement, resonance frequency, generated voltage, and generated power. The analysis 

shows that the proposed PVEH experiences almost uniform stress along the length and generates 

higher electrical power than an equivalent conventional PVEH with uniform thickness. Due to 

uniformity in the stress distribution, the proposed PVEH experiences much lower peak stress and 

higher average stress than that of an equivalent conventional PVEH. The results from the derived 

analytical expressions are validated with that of the finite element (FE) analysis of an identical 

PVEH. 

Chapter 6: The second proposed geometry is PVEH-2, it is a bimorph with a substrate of 

uniform thickness and piezoelectric layers of tapered thickness profile. Here the substrate layer 

thickness is kept uniform, and the piezoelectric layer thickness is varied to get the desired 

thickness profile. Analytical expressions are developed for the end-mass displacement, generated 

voltage, resonance frequency, and stress profile. The stress profile is found to be uniform along 

the length, and a significant increase in the power density is observed compared to an equivalent 
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conventional PVEH. FE analysis of an identical energy harvester is carried out to compare the 

results with the solutions of derived analytical expressions. 

Chapter 7:  In this chapter, a circular diaphragm-based piezoelectric vibration energy harvester 

is simulated using finite element analysis. The modeled diaphragm is a bimorph parallel-

connected energy harvester with a resistive load. Initially, the entire diaphragm is simulated to 

estimate the total harvested electrical power, and subsequently, the diaphragm is divided into 

smaller angular slices of equal size, and performance is studied. It is found that the slicing of the 

diaphragm increases the generated power significantly, which in turn increases the power density 

of the entire system. As the angular slices of different angles resonate at different frequencies, a 

combination of different slices is used to design a broadband PVEH.  

Chapter 8: The final chapter provides key conclusions of the work done and recommendations 

for future work.  
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CHAPTER 2 

 

 FINITE ELEMENT ANALYSIS OF PVEH 

Finite element (FE) analysis is a computer-based procedure used to model complex systems. In 

this analysis, the simulation occurs in a virtual environment to produce output results, thus 

removing the complexity of designing a physical prototype. FE analysis can develop complex 

geometrical models with almost any kind of size and shape. With the help of FE analysis, it is 

easy to determine how different factors affect the output results. FE analysis also eliminates the 

need for a physical prototype in the design steps, significantly reducing the compulsory time and 

expenditure. FE analysis demonstrates excellent visualization of the simulated device to help the 

design engineers spot any vulnerabilities and make it easy to fix them before fabrication. 

In FE analysis, the entire structure with physical complexities and mathematical discontinuities 

is divided into smaller and easily manageable segments. These segments signify the physical 

properties of its local domain. By dividing the entire structure into smaller parts, the simulator 

understands how the whole system will react to the different external excitations.  

The simulation process starts with the placement of nodes on the entire geometry. The node is a 

point in the system linked with the material properties and structural data of its location. The 

lines connecting all the nodes create the mesh of the structure. The meshing creates a finite 

number of simpler and smaller elements of the whole system. All the elements are defined by 

simple equations concerning strength, stress, thickness, length, etc. The accuracy of the 

simulation result depends on the density of the mesh structure; higher mesh density provides 

more accurate results but requires more computational power and time.  

In this chapter, FE modeling and simulation of conventional PVEH coupled with resistive load 

is carried out using COMSOL Multiphysics. A cantilever-based PVEH is simulated to obtain 
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various output parameters. The results from the FE analysis are verified with the published 

experimental and analytical results. 

2.1 FE MODELING AND SIMULATION 

Commercially available software COMSOL Multiphysics is used for the FE modeling and 

simulation of PVEH. The FE modeling starts with the structural configuration of the energy 

harvester, where the geometry and sizes are defined. After building the geometry, all the 

materials are specified. While specifying a particular material, all the physical and electrical 

parameters like Young’s modulus, material density, Poisson’s ratio, electrical conductivity, 

dielectric constant, piezoelectric constants, etc., need to be defined. The substrate, end-mass, and 

base are defined as linear elastic materials, and the top and bottom layers are defined as a 

piezoelectric material, as shown in Figure 2.1. The electrode thickness on the piezoelectric 

material is considered negligible and defined as electrical terminals in the simulation. These 

terminals are further connected to an external resistive load. Free tetrahedral meshing is used to 

mesh the energy harvester structure with a minimum element size less than the thickness of the 

thinnest layer. This simulation of PVEH is carried out using two different physics modules, viz. 

piezoelectric devices from structural mechanics and electrical circuits from AC/DC module. 

2.1.1 FE analysis of bimorph PVEH 

Bimorph PVEH devices are modeled and simulated for parallel connection of piezoelectric 

layers. The fixed end of the cantilever-based bimorph is usually attached to the input vibration 

source and the end-mass is attached to the free end, as shown in Figure 2.1. 

 
Figure 2.1: A cantilever-based bimorph PVEH.  

The meshing of the energy harvester geometry is carried out using the internal tetrahedral 

meshing available in the software. Figure 2.2 shows the meshed geometry of a cantilever-based 

PVEH.  
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Figure 2.2: Meshing of cantilever-based PVEH. 

2.1.2 Types of FE analysis 

In the FE analysis of PVEH, the eigenmode frequency analysis, time-dependent analysis, and 

frequency domain analysis are carried out to visualize different output characteristics of the 

energy harvester. 

The resonance frequency of vibration is estimated from the eigenmode frequency analysis of the 

energy harvester. During the eigenmode frequency analysis, the fixed end of the cantilever is 

defined as a fixed body, and the rest are defined as a free body. The load resistance value should 

be zero to estimate the short-circuit resonance frequency, and it should be very high to estimate 

the open-circuit resonance frequency. The time-dependent analysis is used to analyze the energy 

harvester’s performance due to varying input excitation over a certain period. This study applies 

a time-varying input vibration of constant amplitude and frequency to the cantilever base to study 

its response. In frequency domain analysis, a varying frequency is applied to the base with 

constant acceleration. In this analysis, peak values of displacement and peak values of voltage 

across the resistive load are studied.  

2.1.3 Simulated PVEH geometry 

The accuracy of the FE analysis result depends on the correctness of the defined physical and 

geometrical parameters. In this study, a PVEH is modeled and simulated to observe output results 

under different input conditions. The simulation results are further verified with published 

experimental and analytical results of an identical PVEH. 

The energy harvesting device described in [84] by Erturk and Inman is considered for simulation, 

and the same geometrical parameters and material properties are used. Figure 2.3 (a) shows the 

image of the device fabricated in [84] and Figure 2.3 (b) shows the corresponding device 

modeled for simulation. The simulation results from FE analysis are compared with the 

experimental results reported in [84]. 
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(a) 

 
(b) 

Figure 2.3: Original device described in [84] and corresponding simulated device. 

In addition, the results are also verified with the results obtained by using analytical expressions 

derived in [135] by the same authors. 

In this study, a coupled FE model of the PVEH shown in Figure 2.3 is designed and analyzed in 

COMSOL. Table 2.1 shows the geometrical and material properties mentioned in [84] and used 

for FE simulation in this chapter. 

Table 2.1: Geometric and material properties of the simulated PVEH. 

Geometrical 

parameters 

Piezoelectric 

layers 

Substrate 

layer 

Material properties Piezo 

(PZT-5A) 

Substrate 

(Brass) 

Length (mm) 50.8 50.8 Mass density (kg/m3) 7800 9000 

Width (mm) 31.8 31.8 Young’s modulus (GPa) 66 105 

Thickness (mm) 0.26 (each) 0.14 Piezo constant d31 (pm/V) –190 NA 

Tip-mass (kg) 0.012 Permittivity (nF/m) 13.28 NA 

2.2 SIMULATION RESULTS 

FE analysis of the PVEH is carried out using the geometrical and material properties mentioned 

in Table 2.1 and different analyses are carried out and the results are discussed in the following 

subsections. 

2.2.1 Resonance frequency of vibration 

The resonance frequency of the PVEH is estimated using eigenmode frequency analysis of the 

energy harvester for short-circuit and open-circuit conditions of the piezoelectric layers, as 

shown in Figure 2.4 (b). In short-circuit condition, the PVEH shows a resonance frequency of 

45.75 Hz, while in the open-circuit condition, the resonance frequency is 48.5 Hz. 

TH-3044_11610204



CHAPTER 2 FINITE ELEMENT ANALYSIS OF PVEH 

 

31 

 

 
(a) 

 
(b) 

Figure 2.4: (a) Mode shape at the fundamental resonance frequency, (b) plot of displacement versus 

frequency for short-circuit and open-circuit conditions. 

2.2.2 Time-domain analysis  

In time-domain analysis, the simulation result shows the change in behavior of the energy 

harvester with respect to a time-varying input vibration. The sinusoidal input vibration at the 

base excites the PVEH to vibrate at the same frequency. Figure 2.5 shows the displacement of 

the base due to sinusoidal input excitation at the resonance frequency and corresponding end-

mass displacement for a load resistance of 1 kΩ.  

 
Figure 2.5: Plot of end-mass and base displacements versus time obtained from FE analysis. 

 

In the above case, the input vibration frequency is the same as that of the system resonance 

frequency and the end-mass of the PVEH shows the highest displacement with a 90o phase 

difference with the input vibration. When the input vibration frequency is significantly lower 
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than the resonance frequency, the end-mass oscillates with almost equal phase and amplitude as 

that of the input vibration, as shown in Figure 2.6. Similarly, when the input vibration frequency 

is much higher than the system resonance frequency, the end-mass oscillates with almost equal 

amplitude but 180o out of phase with the input vibration, as shown in Figure 2.7. 

 
Figure 2.6: Time-domain response of PVEH at 20 Hz frequency. 

 
Figure 2.7: Time-domain response of PVEH at 80 Hz frequency. 

2.2.3 Frequency domain analysis 

In frequency domain analysis, the PVEH is simulated for an input frequency range of interest. 

During the analysis, the input excitation acceleration is kept constant at 0.2g. Figure 2.8 shows 

the variation of end-mass displacement with input frequency in short-circuit condition. The peak 

displacement is observed as 2.4 mm at 45.75 Hz frequency. 
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Figure 2.8: Plot of end-mass displacement versus frequency.  

2.3 COMPARISON OF RESULTS 

The geometrical and material properties of the simulated device are taken from [84], where a 

bimorph PVEH with end-mass is fabricated and tested. In [135], a mathematical model is 

presented to estimate output parameters of bimorph PVEH with end-mass. The expressions for 

end-mass displacement and generated voltage across a load resistance given in [135] are 

simulated in MATLAB for the same geometrical and material properties as mentioned in Table 

2.1. The results from analytical expressions and FE analysis, and the experimental results from 

[84] are compared. The generated power varies with the variation of connected load resistance, 

and for an optimal value of load resistance, the harvested power is maximum. The optimal load 

resistance value is mentioned as 35 kΩ for the original device [84]  and we verified it in our 

simulation. Figure 2.9 and Figure 2.10 compare the results from FE simulation with the 

corresponding analytical solutions obtained by MATLAB using expressions derived in [135].  

 
(a) 

 
(b) 

Figure 2.9: Plot of power versus frequency from (a) analytical expressions reported in [135] and (b) FE 

simulation. 
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(a) 

 
(b) 

Figure 2.10. Plot of end-mass displacement versus frequency from (a) analytical expressions reported in 

[135] and (b) FE simulation. 

The FE simulation result of the PVEH demonstrates almost identical results as the experimental 

results mentioned in [84] and results after solving analytical expressions mentioned in [135], 

Table 2.2 compares all the results quantitatively. 

Table 2.2: Comparison of results from MATLAB and COMSOL. 

 

From reported analytical 

model simulated in 

MATLAB [135] 

From reported 

experimental 

results [84] 

From FE 

analysis in 

COMSOL  

Resonance frequency at 

short-circuit condition 
45.38 Hz 45.6 Hz 45.75 Hz 

End-mass displacement 

for RL = 1 kΩ 
2.33 mm Data not available 2.225 mm 

Resonance frequency 

with RL = 1 kΩ 
45.38 Hz 45.6 Hz 45.75 Hz 

Voltage for RL = 1 kΩ 1.56 V 1.57 V 1.55 V 

Resonance frequency 

with RL = 470 kΩ  
47.8 Hz 48.4 Hz 48.5 Hz 

Voltage for RL = 470 kΩ  94.91 V 84 V 99 V 

End-mass displacement 

for RL = 470 kΩ  
1.69 mm Data not available 1.54 mm 

Maximum generated 

power  
26.44 mW 23.9 mW 26.12 mW 

2.4 CONCLUSIONS  

A coupled piezoelectric-circuit FE model is analyzed for cantilever-based PVEH using 

COMSOL Multiphysics. A series-connected bimorph cantilever with end-mass attached is 

simulated for different input frequencies with constant acceleration. The energy harvester’s 

resonance frequencies for short-circuit and open-circuit conditions are studied. The variation of 
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generated power and end-mass displacement is studied using frequency domain analysis for 

different input frequencies.  

Results from FE analysis are verified with published analytical expressions simulated in 

MATLAB and published experimental results of an identical reported device.  
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CHAPTER 3 

 

 PVEH OF UNIFORM THICKNESS 

In the previous chapter, FE simulation of PVEH was carried out, and the results were verified 

with the published experimental and analytical results. FE simulations of PVEH have their 

advantages and disadvantages over analytical results. An FE simulation can mimic experimental 

results even for a complicated geometry that is difficult to model analytically. On the other hand, 

for simple geometry, an analytical expression is easier to derive and can produce output results 

very swiftly compared to FE simulation results.  

In this chapter, analytical expressions are derived to estimate the resonance frequency, end-mass 

displacement, stress on the cantilever beam, and generated voltage across an externally 

connected load resistor. The system's resonance frequency is calculated using Rayleigh's method, 

and the expression for generated voltage is derived for a connected load resistor. The energy 

harvester performance is studied in terms of the amount of electrical power generated across a 

connected load resistor. The results from the analytical solution are compared with the results 

from the FE analysis carried out in COMSOL Multiphysics. 

3.1 MODELING ASSUMPTIONS 

The energy harvester considered for modeling in this chapter is a composite cantilever with 

uniform thickness and an end-mass attached symmetrically to the free end, as shown in Figure 

3.1. The central layer is a brass substrate sandwiched between two piezoelectric layers of PZT-

5H.  

   

 

X 

 

Y    

Z   

Polarization 

 

Figure 3.1: Side view of energy harvester and cross-sectional view of the bimorph. 
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Figure 3.1 shows the schematic diagram of the cantilever-based bimorph PVEH of length L and 

its cross-section view, where hs and hp are the substrate layer and piezoelectric layer thicknesses, 

NA is the beam's neutral axis, hps is the distance between the center of the piezoelectric layer and 

the NA. Due to the motion of the end-mass, the moment exerts stress on the piezoelectric 

material, generating electrical charge on metallic electrodes attached to both sides of 

piezoelectric layers. The input vibration is assumed to be sinusoidal and applied in the z-

direction, the end-mass motion will also be in the z-direction, and the stress on the piezoelectric 

material will be in the x-direction. 

The piezoelectric layers' top and bottom surfaces are metalized to form the electrodes. The 

piezoelectric layers can be wired as parallel or series connections, as shown in Figure 3.2 (a) and 

(b). For parallel connection, the polling of the piezoelectric layers is in the same direction, 

producing electric fields in opposite directions. On the other hand, piezoelectric layers are poled 

in the opposite direction for the series connection to create electric fields in the same direction. 

  

(a) (b) 

Figure 3.2: (a) parallel and (b) series connection of bimorph. 

3.2 MODEL DERIVATION 

The frequently used spring-mass-damper model of vibration energy harvester [71] is shown in 

Figure 3.3. The model consists of an equivalent mass me, a spring with constant k, and dampers. 

bm represents mechanical damping coefficient, and θ represents damping coefficient due to 

electromechanical energy conversion.  

 
Figure 3.3: Spring-mass-damper model of PVEH. 
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In Figure 3.3, y(t) is the input base displacement, x(t) is the absolute displacement of the end-

mass, and z(t) is the displacement of the end-mass relative to the base displacement. Then, the 

equation of motion of the end-mass is given by [136], [137] 

  𝑚𝑒𝑧̈(𝑡) + 𝑏𝑒ż(𝑡) +  𝑘𝑧(𝑡) + 𝜃𝑣 = 𝑚𝑒𝑦̈(𝑡) (3.1) 

 
𝑧̈(𝑡) + 2𝜁𝑚𝜔𝑛ż(𝑡) + 𝜔𝑛

2𝑧(𝑡) + 
𝜃

𝑚𝑒
𝑣 = 𝑦̈(𝑡) (3.2) 

where ωn is the resonance frequency of vibration,  is the generated voltage, ζm is the mechanical 

damping ratio. The equivalent circuit equation of the PVEH in the electrical domain with 

mechanical coupling is derived using constitutive equations of piezoelectric material as follows.  

For the cantilever-based PVEH, the constitutive equations of piezoelectric material can be 

written as  

 𝐷3 = 𝑑31𝑇1 + 𝜀33
𝑇 𝐸3 (3.3) 

where T1 is the stress, D3 is electric displacement, E3 is the electric field, and ɛ
T

33
  is permittivity 

at constant stress [91]. The subscripts 1 and 3 denote the direction along which a particular 

parameter is measured. 

The stress T(x) in the piezoelectric layer along the length of the cantilever beam is expressed as  

 
𝑇(𝑥) =  

𝑀(𝑥)

𝐼
ℎ𝑝𝑠 (3.4) 

where I representing the cross-section moment of inertia of the composite cantilever beam, M(x) 

is moment due to the motion of the end-mass [74] and is given by  

 𝑀(𝑥) =  (𝐿 + 𝑙𝑚 2⁄ − 𝑥)𝐹 (3.5) 

where F is the force at the end of the cantilever due to motion of the end-mass and is the product 

of spring constant k and displacement z of the end-mass. Therefore equation (3.4) becomes  

 
𝑇(𝑥) =  

𝑘𝑧(𝐿 + 𝑙𝑚 2⁄ − 𝑥)

𝐼
ℎ𝑝𝑠 (3.6) 

As noted from equation (3.6), the stress is maximum at x = 0 and minimum at x = L; thus, the 

average stress can be written as  

 
𝑇 =

1

𝐿
 ∫

𝑘𝑧(𝐿 + 𝑙𝑚 2⁄ − 𝑥)

𝐼
ℎ𝑝𝑠𝑑𝑥

𝐿

0

 (3.7) 

 
𝑇 = 

𝑘𝑧(𝐿 + 𝑙𝑚)

2𝐼
ℎ𝑝𝑠 (3.8) 

The spring constant k is expressed as 
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𝑘 =  

3𝑌𝐼

(𝐿 +
𝑙𝑚
2 )

3 
(3.9) 

where YI is the bending stiffness of the composite cantilever beam and can be written as [125]  

 
𝑌𝐼 = 𝑌𝑠

𝑏ℎ𝑠
3

12
+ 𝑌𝑝

2𝑏

3
[(ℎ𝑝 +

ℎ𝑠
2
)
3

− (
ℎ𝑠
2
)
3

] 
(3.10) 

Using equations (3.8) and (3.9), we can rewrite equation (3.3) as 

 
𝐷3 = 𝑑31 [

𝑘𝑧(𝐿 + 𝑙𝑚)

2𝐼
ℎ𝑝𝑠] − 𝜀33

𝑇
𝑣

ℎ𝑝
 (3.11) 

where v is the voltage across a connected load resistor. The generated charge on the electrode is 

given by 

 
𝑞 = 𝐷3𝑏𝐿 =  𝑑31 [

𝑘𝑧(𝐿 + 𝑙𝑚)

2𝐼
ℎ𝑝𝑠] (𝑏𝐿) − 𝜀33

𝑇
𝑣

ℎ𝑝
(𝑏𝐿) (3.12) 

and the current through the load resistance is written as 

 
𝑖 =

𝑣

𝑅
=  
𝑑𝑞

𝑑𝑡
=  𝑑31 [

𝑘𝑏𝐿(𝐿 + 𝑙𝑚)

2𝐼
ℎ𝑝𝑠]

𝑑𝑧

𝑑𝑡
− 
𝜀33
𝑇 𝑏𝐿

ℎ𝑝

𝑑𝑣

𝑑𝑡
 (3.13) 

and the above equation can be simplified as 

 𝑣

𝑅
+ 𝐶𝑝

𝑑𝑣

𝑑𝑡
=  𝜃

𝑑𝑧

𝑑𝑡
 (3.14) 

where 𝜃 = 𝑑31 [
𝑘𝑏𝐿(𝐿+𝑙𝑚)

2𝐼
ℎ𝑝𝑠] is the electrically induced damping coefficient and 𝐶𝑝 =

𝜀33
𝑇 𝑏𝐿

ℎ𝑝
 

represents the capacitance of a single piezoelectric layer. 

Equation (3.14) is the electrical circuit equation of the piezoelectric energy harvester. Equations 

(3.2)and (3.14) are called electromechanically coupled governing equations for the PVEH.  

3.2.1 PVEH with parallel connection of the piezoelectric layers 

When the piezo layers are connected in a parallel configuration, the equivalent capacitance of 

the energy harvester becomes double of that in the single piezoelectric layer, thus for parallel-

connected energy harvester, equation (3.14) becomes 

 𝑣(𝑡)

𝑅
+ 2𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
=  2𝜃

𝑑𝑧(𝑡)

𝑑𝑡
 (3.15) 

 
𝑣(𝑡) + 2𝑅𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
− 2𝑅𝜃

𝑑𝑧(𝑡)

𝑑𝑡
= 0 (3.16) 

and the equation in the mechanical domain will be 

 
𝑧̈(𝑡) + 2𝜁𝑚𝜔𝑛ż(𝑡) + 𝜔𝑛

2𝑧(𝑡) + 
2𝜃

𝑚𝑒
𝑣(𝑡) = 𝑦̈(𝑡) (3.17) 
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Equations (3.16) and (3.17) are called the coupled equation for parallel-connected bimorph 

PVEH. The dynamic response of the cantilever beam and the voltage across load resistance can 

be estimated by solving these two equations for z(t) and v(t).  

When the input base excitation has a periodic motion of angular frequency ω, the end-mass 

motion and the output voltage are also periodic of the form z(t) = Zejωt and v(t) = Vejωt, where Z 

and V are respectively the peak amplitudes of displacement and voltage. After solving for 

displacement z and generated voltage v, we get 

 
𝑧(𝑡) = −

𝑚𝑒𝜔
2𝑌0(1 + 𝑗2𝑅𝐶𝑝𝜔)

(𝜔𝑛
2 − 𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(𝑚𝑒 + 𝑗2𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗4𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (3.18) 

and 

 
𝑣(𝑡) =  − 

2𝑗𝑅𝜃𝑚𝑒𝜔
3𝑌0

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(𝑚𝑒 + 𝑗2𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗4𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (3.19) 

Once v(t) is calculated, the power transferred to the load can be computed using the v(t)2/R 

relation. 

3.2.2 PVEH with series connection of the piezoelectric layers 

When the piezoelectric layers are connected in series, the equivalent capacitance becomes half 

of that in the single layer. Thus for series-connected piezoelectric layers, the equation will be 

 𝑣(𝑡)

𝑅
+
𝐶𝑝

2

𝑑𝑣(𝑡)

𝑑𝑡
=  𝜃

𝑑𝑧(𝑡)

𝑑𝑡
 (3.20) 

 
2𝑣(𝑡) + 𝑅𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
− 2𝑅𝜃

𝑑𝑧(𝑡)

𝑑𝑡
= 0 (3.21) 

and the equation in the mechanical domain will become 

 
𝑧̈(𝑡) + 2𝜁𝑚𝜔𝑛ż(𝑡) + 𝜔𝑛

2𝑧(𝑡) + 
𝜃

𝑚𝑒
𝑣(𝑡) = 𝑦̈(𝑡) (3.22) 

Equations  (3.21) and (3.22) are called the coupled equation for series-connected bimorph 

PVEH. Solving these two equations for displacement z and generated voltage v, the dynamic 

response of the beam and generated voltage can be estimated.  

After solving for z and v, we get 

 
𝑧(𝑡) = −

𝑚𝑒𝜔
2𝑌0(2 + 𝑗𝑅𝐶𝑝𝜔)

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(2𝑚𝑒 + 𝑗𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗2𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (3.23) 

and 

 
𝑣(𝑡) =  −

𝑗2𝑚𝜔3𝑅𝜃𝑌0

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(2𝑚𝑒 + 𝑗𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗2𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (3.24) 
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3.3 NATURAL FREQUENCY OF THE PVEH 

The natural frequency of the PVEH is calculated using Rayleigh's method [138], which requires 

the expressions for maximum potential energy (U) and maximum kinetic energy (Tk). The 

deflection curve of the cantilever beam as a function of distance x from the fixed-base for an 

applied force F is given by [138]  

 

𝑧(𝑥) =  
𝐹𝑥2

6𝑌𝐼
(3𝐿 − 𝑥) (3.25) 

The maximum potential (U) energy of the beam is written as  

 

𝑈 =  
1

2
 ∫ 𝑌𝐼

𝐿

0

[
𝑑2𝑧

𝑑𝑥2
]

2

𝑑𝑥 (3.26) 

The maximum kinetic energy (Tk) of the energy harvester vibrating at frequency ωn is given by  

 

𝑇𝑘 =
1

2
𝜔𝑛
2∫ 𝜌𝑧2

𝐿

0

𝑑𝑥 + 
1

2
𝑀𝑡𝜔𝑛

2𝑍2 (3.27) 

where ρ is the mass per unit length of the composite beam, ωnZ represents peak velocity of the 

end-mass and Mt is its mass [139]  

Equating equations (3.26) and (3.27), the natural frequency of vibration can be expressed as 

 

𝜔𝑛 =
√

∫ 𝑌𝐼
𝐿

0
[
𝑑2𝑧
𝑑𝑥2

]
2

𝑑𝑥

∫ 𝜌 𝑧2
𝐿

0
 𝑑𝑥 + 𝑀𝑡  𝑍

2
 

(3.28) 

3.4 MODEL VALIDATION BY FE ANALYSIS 

Analytical expressions have been derived for the end-mass displacement, resonance frequency, 

generated voltage and generated electrical power from the PVEH. These expressions are solved 

using MATLAB to obtain the results for varying input frequencies and different load resistances.  

The results obtained from the derived analytical expressions are compared with the results from 

FE analysis of an identical PVEH. 

3.4.1 FE modeling in COMSOL Multiphysics 

The FE model of the PVEH is developed using COMSOL Multiphysics software in chapter-2. 

The bimorph is connected with the resistive load using the piezoelectric-circuit interface, and a 

sinusoidal input of constant acceleration of 0.2g is applied at the base. The PVEH is simulated 

to obtain the end-mass displacement and generated power across a load resistance as a function 

of the input frequency. The geometrical parameters and material properties used in the simulation 

are shown in Table 3.1. 
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Table 3.1: Geometric and material parameters used in the simulation. 

Parameters Description Values Units 

L Beam length 50  mm 

b Beam width 5  mm 

hp Piezoelectric layer thickness 0.5  mm 

hs Substrate layer thickness 0.5 mm 

lm End-mass length  10  mm 

lb End-mass width 5  mm 

lh End-mass thickness 7.8  mm 

Ys Young's modulus of substrate material  110  GPa 

Yp Young's modulus of piezoelectric material 60.6  GPa 

ρs Mass density of piezoelectric material (PZT-5H) 7500  kg/m3 

ρp Mass density of substrate material (Brass) 9000  kg/m3 

ρm Mass density of end-mass material (Brass) 9000  kg/m3 

ӱ Input acceleration at the base 0.2g m/s2 

3.4.2 Short-circuit and open-circuit analysis 

The stiffness of a piezoelectric material varies with electrical loading; for short-circuit 

conditions, a piezoelectric material exhibits lower stiffness than an open-circuit condition. The 

relative displacement of the end-mass is obtained using equation (3.18) and is plotted as a 

function of input frequency in Figure 3.4 (a). The short-circuit and open-circuit resonance 

frequencies are 99.80 Hz and 105.50 Hz, respectively. The short-circuit and open-circuit 

resonance frequencies obtained from FE analysis (Figure 3.4 (b)), respectively, are 100.00 Hz 

and 105.75 Hz.  

3.4.3 Effect of load resistance 

The plot of generated power obtained from the derived analytical expression for a set of load 

resistances is shown in Figure 3.5 (a). As the external load resistance increases, the resonance 

frequency steadily moves from short-circuit resonance frequency to open-circuit resonance 

frequency and the harvested power changes. In Figure 3.5, two peaks in the output power are 

observed for two different load resistance values. The first peak is observed at 100 Hz frequency 

for a load resistance value of 10 kΩ, and the second peak is observed at 105.5 Hz for a load 

resistance value of 500 kΩ. The difference of 5.5 Hz for the short-circuit and open-circuit 

conditions of the PVEH is very well predicted by the derived analytical expression shown in 

Figure 3.5 (a) and the FE simulation results shown in Figure 3.5 (b). 
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Figure 3.4: Plots of end-mass displacement versus excitation frequency obtained from (a) analytical 

expression and (b) FE simulation. 

 

(a) 

 

(b) 

Figure 3.5: Plots of generated power versus input frequency for different load resistances obtained using 

(a) analytical expression and (b) FE simulation. 

 
(a) 

 
(b) 
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3.4.4 Performance at optimal load resistance  

At the resonance frequency, the harvested power depends on the load resistance value, and for 

every excitation frequency, there exists an optimal load resistance value for maximum power 

generation. When the PVEH is excited with the short-circuit resonance frequency, the optimal 

load resistance is 10 kΩ. When the PVEH is excited with the open-circuit resonance frequency, 

the optimal load resistance is 500 kΩ. The peak power output is 0.323 mW for excitation at 100 

Hz with the optimal load resistance (10 kΩ) connected.   

The performances of the PVEH with the 10 kΩ load resistance connected across its terminals are 

studied and plotted below. Figure 3.6 (a) and (b) show the plots of end-mass displacement versus 

frequency obtained using the derived analytical expression and FE simulation, respectively. 

Figure 3.7 (a) and (b) show the plots of generated power versus frequency obtained using the 

derived analytical expression and FE simulation, respectively. 

 
(a) 

 
(b) 

Figure 3.6: Plots of end-mass displacement for 10 kΩ load versus frequency obtained from (a) 

analytical expression and (b) FE simulation. 

 
(a) 

 
(b) 

Figure 3.7: Plots of harvested power for 10 kΩ load versus frequency obtained from (a) analytical 

expression and (b) FE simulation. 
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3.4.5 Variation of voltage and current with the load resistor 

The short-circuit and open-circuit resonance frequencies are found to be 100 Hz and 105.5 Hz, 

respectively, and are the frequencies of practical importance. The short-circuit condition is 

defined as the load resistor value tends to zero, whereas the open-circuit condition is defined as 

the load resistor value close to infinity. The variation of output voltage with load resistance for 

excitation at the two frequencies (100 Hz and 105.5 Hz) is shown in Figure 3.8 

 
Figure 3.8: Variation of the peak voltage with load resistance for input excitations at the short-circuit 

resonance frequency (100 Hz) and open-circuit resonance frequency (105.5 Hz) using analytical 

expression (MATLAB) and FE analysis (COMSOL). 

Figure 3.9 shows the variation of current through the load resistance for excitation at the short-

circuit and open-circuit resonance frequencies from analytical solution (MATLAB) and FE 

analysis (COMSOL). The current through the load resistance decreases slowly as the load 

resistor value increases. There exists a particular load resistor value (62 kΩ) for which the current 

output is equal for both the excitation frequencies. 

 
Figure 3.9: Variation of the peak current with load resistance for input excitations at the short-circuit 

resonance frequency (100 Hz) and open-circuit resonance frequency (105.5 Hz) using analytical 

expression (MATLAB) and FE analysis (COMSOL). 
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The electrical power variation with change in resistive load is shown in Figure 3.10 for the 

excitations at short-circuit and open-circuit frequencies. At short-circuit excitation frequency, 

the energy harvester has an optimal load resistance value of 10 kΩ, whereas, at open-circuit 

excitation frequency, the optimal value of load resistor is 500 kΩ. The generated power from the 

energy harvester for excitation at short-circuit resonance frequency is found to be 0.323 mW for 

the load resistance value of 10 kΩ. In contrast, for the excitation at the open-circuit resonance 

frequency, the power is found to be 0.320 mW for the load resistance value of 500 kΩ. 

 

Figure 3.10: Variation of the peak power with load resistance for excitations at the short-circuit 

resonance frequency (100 Hz) and open-circuit resonance frequency (105.5 Hz) using analytical 

expression (MATLAB) and FE analysis (COMSOL). 

3.4.6 Damping effect of the load resistance 

From the discussions above, it is clear that the energy harvester exhibits different resonance 

frequencies depending on the connected load resistance. As the load resistor value increases from 

a very low value to a very high value, the energy harvester shifts from short-circuit resonance 

frequency (100 Hz) to open-circuit resonance frequency (105.5 Hz). Table 3.2 shows the 

variation of resonance frequency with the load resistance. 

Input excitations are applied at the resonance frequencies corresponding to the connected load 

resistance and the performances are studied. Figure 3.11 shows that below the load resistor value 

62 kΩ, the energy harvester works in the range of short-circuit resonance frequency. Above 62 

kΩ, the energy harvester starts working in the range of the open-circuit resonance frequency. 
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Table 3.2: Variation of resonance frequency with the load resistance. 

Load resistance (kΩ) Resonance frequency (Hz) 

1 99.82 

2 99.82 

5 99.82 

10 100.15 

15 100.15 

20 100.25 

50 102.25 

100 104.12 

200 105.06 

300 105.40 

500 150.40 

1000 105.55 

2000 105.55 

5000 105.55 

When the load resistance is very low, the damping due to electrical conversion of energy is 

minimum, and the displacement of the end-mass is maximum. As the load resistance is increased, 

the end-mass displacement starts to decrease and reaches a minimum for a load resistance value 

of R = 62 kΩ. After that, the end-mass displacement increases until it reaches a maximum at the 

open-circuit condition. Figure 3.11 (a) shows the variation of end-mass displacement with load 

resistance at the corresponding resonance frequencies and verifies the damping effect due to the 

load resistance. Figure 3.11 (b) shows the variation of generated peak power with load resistance 

at the corresponding resonance frequencies. The plot of power from analytical expression shows 

two maxima, at 99.80 Hz (short-circuit resonance frequency) and at 105.50 Hz (open-circuit 

resonance frequency). The corresponding frequencies for FE analysis are 100 Hz and 105.75 Hz, 

respectively.  

   

(a)   (b) 

Figure 3.11: Plots of (a) displacement of end-mass and (b) generated power versus load resistance at the 

resonance frequency. 

at 

105.50 Hz 
at 

99.80 Hz 
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3.5 POWER DENSITY 

The conventional practice to estimate the energy harvester's performance is by the power density 

value, usually defined by the amount of generated power divided by the device volume [47], 

[140].  In this case, the device volume is considered as the sum of the beam volume and the end-

mass volume. The base volume is ignored as the base is a part of the vibration source. The volume 

of the beam is 0.375 cm3, whereas the volume of the end-mass is 0.390 cm3, yielding the total 

device volume of 0.765 cm3. The peak power density for optimal load resistance is found to be 

0.422 mW/cm3 for excitation at 100 Hz with 0.2g acceleration.  

3.6 CONCLUSIONS 

In this chapter, a lumped parameter model is derived for the analysis of uniform thickness PVEH 

consisting of a bimorph piezoelectric cantilever with end-mass. Mathematical expressions are 

derived for natural frequency, displacement of end-mass and generated voltage for parallel and 

series configurations of the bimorph. For the parallel configuration of the piezoelectric layers, 

the derived expressions have been evaluated in MATLAB and the results are validated using FE 

analysis of an identical system. 

The analytical model is further used to find the short-circuit and open-circuit resonance 

frequencies of the PVEH. The effect of load resistance on the end-mass displacement, resonance 

frequency, generated voltage is studied and the optimal load resistance has been found for 

maximum power generation. The comparison of the results is summarized in Table 3.3.  

Table 3.3: Comparison of results from analytical expressions and FE analysis. 

Parameters MATLAB result by 

solving derived 

analytical expressions 

FE simulation 

results 

Short-circuit resonance frequency  99.80 Hz 100.00 Hz 

Open-circuit resonance frequency  105.50 Hz 105.75 Hz 

Displacement of end-mass at optimal load  127 μm 134 μm 

Harvested power at optimal load (10 kΩ) 0.323 mW 0.334 mW 

Power density 0.422 mW/cm3 0.437 mW/cm3 
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CHAPTER 4 

 

 THICKNESS PROFILE FOR UNIFORM STRESS 

IN PVEH 

In the previous chapter, analytical expressions have been derived to estimate resonance 

frequency, end-mass displacement, generated voltage, and power for a conventional PVEH of 

uniform thickness. The results from the analytical expressions are verified with the results from 

the FE analysis. Usually, a conventional cantilever-based piezoelectric energy harvester is a 

fixed-free cantilever beam with an end-mass attached to its free end and input excitation applied 

to the fixed end, i.e., base. When the free end is subjected to a displacement with respect to its 

base, the beam experiences stress proportional to the strain caused by bending. It is observed that 

the stress on the cantilever beam is maximum at the fixed end and decreases linearly towards the 

free end. In the case of a conventional PVEH of uniform cross-section, the piezoelectric material 

is generally used on the entire length of the cantilever beam [101], [141]–[144], but only a 

specific portion of the piezoelectric material experiences significant stress and primarily 

contributes to the generated electrical energy. As a result, some part of the piezoelectric material 

remains underutilized. For high efficiency, the entire piezoelectric material on the cantilever 

beam should contribute maximum in the energy generation process. It will significantly increase 

overall generated power as well as the power density of the energy harvester. In recent years 

many researchers have claimed to have achieved higher harvested power by altering the cross-

section of conventional cantilever-based PHEVs [45], [121], [145]–[149], as discussed in 

chapter-1. 

The main contribution of this chapter is the determination of optimal thickness profile for 

cantilever-based PVEH to achieve uniform stress throughout the beam so that the entire 

piezoelectric material on the surface experiences the same level of stress. In the proposed 

geometry, width is kept constant while the thickness is optimized.  
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4.1 STRESS AND POWER RELATION 

The electric field on a stressed piezoelectric material is proportional to the applied stress. 

Therefore, for a cantilever-based PVEH, the average stress on the piezoelectric material plays a 

significant role in the output power. The average stress on piezoelectric material should be 

maximum to generate maximum power. The relationship of generated voltage with applied stress 

can be derived using the piezoelectric constitutive equation [150] given in (3.3). 

 𝐷3 = 𝑑31𝑇1 + 𝜀33
𝑇 𝐸3 (4.1) 

where, D = charge density (C/m2), T = stress (N/m2), d = piezoelectric constant, ε = permittivity 

(F/m) and E = electric field (V/m), for an open-circuit case, the above equation reduces to 

 
𝐸3 = −

𝑑31𝑇1

𝜀33
𝑇  (4.2) 

And the generated voltage due to stress T can be written as 

 
𝑉3 = −

𝑑31𝑡𝑝

𝜀33
𝑇 𝑇1 (4.3) 

Equation (4.3) shows that increasing the stress on the piezoelectric material increases the 

generated voltage. The generated power is proportional to the square of the generated voltage, 

and thus, to maximize the electrical power output, the stress on the piezoelectric material should 

be of the highest possible value.  

4.2 STRESS ON THE CONVENTIONAL CANTILEVER BEAM 

A conventional cantilever is a beam with a uniform cross-section throughout the length. Figure 

4.1 shows the side view of a conventional cantilever beam having length L where force F is 

applied at the free end (x = L) and the other end (x = 0) is fixed. The width of the beam is b and 

the thickness is h. 

 

Figure 4.1: Side view of a conventional cantilever beam. 

Stress on the surface of a cantilever beam under point force F at the free end depends on the 

beam bending curvature and the distance between the surface and the neutral axis (NA) denoted 
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by ђ. Further, the bending curvature depends upon the moment of the applied force and the 

beam's moment of inertia [151] and is given by  

 𝑑2𝑧

𝑑𝑥2
= 
𝑀(𝑥)

𝑌𝐼
 (4.4) 

where z is the displacement of the beam's neutral axis, Y is Young's modulus, M(x) is the bending 

moment at any arbitrary point x along the length, and I is the cross-section moment of inertia. 

The bending moment M(x) and cross-section moment of inertia I are given by 

 𝑀(𝑥) = (𝐿 − 𝑥)𝐹 (4.5) 

 
𝐼 =

𝑏ℎ3

12
 (4.6) 

The stress on the beam surface (at ђ = h/2) along the length due to bending moment M(x) can be 

written as [151] 

 
𝑇(𝑥) = ℎ

𝑀(𝑥)

2𝐼
 (4.7) 

 
𝑇(𝑥) =

6(𝐿 − 𝑥)𝐹

𝑏ℎ2
 (4.8) 

From (4.8), it is evident that the stress is highest at the fixed end of the cantilever beam. For 

more elaborate discussion, an example of a conventional cantilever with the specifications given 

in Table 4.1 is examined.  

Table 4.1: Geometric parameters of the conventional cantilever to study the stress profile. 

Parameters Description Values Units 

L Beam length 30  mm 

b Beam width 5  mm 

h Beam thickness 1  mm 

F Applied force 0.5 N 

The stress on the beam surface is calculated using (4.8) and is plotted against length in Figure 

4.2. FE analysis of the same cantilever is carried to find out the stress distribution for an applied 

force of 0.5 N. Free tetrahedral meshing is used to mesh the geometry. The stress profile on the 

cantilever surface from FE analysis is shown in Figure 4.3.  
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Figure 4.2: Stress distribution on a conventional cantilever calculated from (4.8). 

 

 
Figure 4.3: Stress distribution on a conventional cantilever obtained from FE analysis. 

It is observed that in a conventional cantilever of uniform cross-section, the stress on the beam 

surface decreases linearly from the fixed end to the free end, as shown in Figure 4.2 and Figure 

4.3. In this type of stress distribution, the fixed end of the cantilever experiences very high stress 

and decreases linearly to zero at the free end. It is noted that the piezoelectric material on the 

cantilever beam also experiences this stress variation, significantly reducing the average stress 

on the material and resulting in lower electrical power generation. In addition, the non-uniformity 

in stress makes the fixed end prone to mechanical failure due to the highest stress value. 

4.3 DERIVATION OF THICKNESS PROFILE FOR UNIFORM STRESS 

Our objective is to design a PVEH where the stress on the piezoelectric material is uniform, so 

that the average stress and the harvested power will improve. Researchers have worked on 

uniform strength beams that have geometry resulting in uniform stress along the beam to prevent 

mechanical failure and increase load-bearing capacity [152], [153]. To achieve uniform stress 

distribution in PVEH, we have adopted a uniform strength cantilever beam of varying thickness 
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and uniform width.  Figure 4.4 (a) shows the side view of the cantilever beam, and Figure 4.4 

(b) shows the 3D view.  

In Figure 4.4 (a), h(x) is the beam thickness at any arbitrary point along the length, and h0 is the 

thickness of the beam at the fixed end. For a thickness varying beam, the stress at any point on 

the beam surface can be written as 

 
𝑇(𝑥) =

ℎ𝑥
2

𝑀(𝑥)

𝐼(𝑥)
 (4.9) 

where hx is the thickness of the beam. The cross-section moment of inertia can be written as  

 
𝐼(𝑥) =

𝑏ℎ𝑥
3

12
 (4.10) 

where b is the width of the beam. Thus, the stress can be written as  

 
𝑇(𝑥) =

6𝐹(𝐿 − 𝑥)

𝑏ℎ𝑥
2  

(4.11) 

And stress on the beam surface at x = 0 (fixed end) can be written as 

 
𝑇(𝑥 = 0) =

6𝐹𝐿

𝑏ℎ0
2  

(4.12) 

 
(a) 

 

 
(b) 

Figure 4.4: (a) side view, and (b) 3D view of the thickness-tapered cantilever beam. 
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If we equate (4.11) and(4.12), we get the relationship between h0 and h(x) for uniform stress 

profile as 

 

ℎ(𝑥) = √
(𝐿 − 𝑥)

𝐿
ℎ0 (4.13) 

It is clear that the thickness should vary according to (4.13) to achieve uniform stress distribution 

along the length. This thickness profile is the basis for the design of the proposed PVEH 

introduced in the next section.  

The FE analysis of a conventional cantilever of uniform cross-section and a thickness-tapered 

cantilever as proposed in the above section is carried out to observe variations in stress profiles 

along the beam length. Figure 4.5 (a) shows the stress distribution on a conventional cantilever 

with uniform thickness and Figure 4.5 (b) shows the stress distribution on a thickness-tapered 

cantilever for identical load conditions.  

 
(a) 

 
(b) 

Figure 4.5: Stress distribution on (a) conventional and (b) thickness-tapered cantilever from FE 

simulation 

The above plots show that the stress on the conventional cantilever of uniform cross-section is 

concentrated at the fixed end of the beam while it is well distributed on the thickness-tapered 

beam.  

4.4 DESIGN OF PVEH WITH UNIFORM STRESS  

Based on the uniform strength cantilever discussed above, two PVEH geometries are proposed. 

In the first approach (PVEH-1), the substrate layer thickness is varied while keeping the 

thickness of piezoelectric layers uniform, and in the second approach (PVEH-2), the substrate 

layer thickness is kept uniform while the thickness of piezoelectric layers is varied. In both the 

geometries, the overall thickness is maintained according to (4.13). 
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4.4.1 PVEH-1 (Thickness-tapered substrate) 

This geometry consists of a substrate layer with a tapered thickness and two piezoelectric layers 

of uniform thickness. The end-mass is fixed to the free end and the input excitation is applied to 

the base. The side view of PVEH-1 is shown in Figure 4.6. The width (along y-axis) of the 

cantilever is kept uniform along the length. The detailed analysis of PVEH-1 is carried out in 

chapter-5. 

 
Figure 4.6: Side view of the PVEH-1 geometry.  

4.4.2 PVEH-2 (Thickness-tapered piezoelectric layer) 

This geometry consists of a substrate layer with uniform thickness and two piezoelectric layers 

of tapered thickness. The end-mass is fixed to the free end and the input excitation is applied to 

the base. The side view of PVEH-2 is shown in Figure 4.7. The width (along y-axis) of the 

cantilever is kept uniform along the length. The detailed analysis of PVEH-2 is carried out in 

chapter-6. 

 

Figure 4.7: Side view of the PVEH-2 geometry. 

4.5 CONCLUSIONS 

The thickness profile of the conventional cantilever is modified to obtain uniform stress 

distribution on the beam surface. The modified thickness profile is used to introduce two new 

PVEH geometries. The first proposed geometry consists of a thickness-tapered substrate layer 

sandwiched between two piezoelectric layers of uniform thickness, discussed in detail in the next 

chapter. The second proposed geometry consists of a uniform substrate layer sandwiched 

between two piezoelectric layers of tapered thickness, discussed in detail in chapter-6.  
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CHAPTER 5 

 

 ANALYSIS OF PVEH-1 (THICKNESS-TAPERED 

SUBSTRATE) 

The previous chapter proposes two new thickness-tapered geometries to obtain uniform stress 

distribution on the surface of cantilever-based PVEH. The geometries consist of a substrate layer 

sandwiched between two piezoelectric layers and an end-mass attached to the free end. The first 

geometry consists of a substrate layer with a tapered thickness and two piezoelectric layers of 

uniform thickness and is named PVEH-1, and the second geometry consists of a substrate layer 

with uniform thickness and two piezoelectric layers of tapered thickness and is named PVEH-2. 

The width, across the length, is uniform in both the PVEH. 

The main contribution of this chapter is that, analytical expressions are derived for resonance 

frequency, end-mass displacement, stress profile on the surface, and generated power for PVEH-

1. In addition, FE analysis is carried out and the results are compared with the results from the 

derived analytical expressions. The performance of the proposed PVEH-1 is also compared with 

an equivalent conventional PVEH of uniform thickness.  

5.1 DERIVATION OF ANALYTICAL EXPRESSIONS FOR PVEH-1 

The geometry of PVEH-1 consists of a substrate layer with a tapered thickness and two 

piezoelectric layers of uniform thickness. The end-mass is fixed to the free end, and the input 

excitation is applied to the base. 

5.1.1 Geometry and assumptions 

The side view of PVEH-1 geometry is shown in Figure 5.1. The cantilever's width (along y-axis) 

is kept uniform. The overall thickness of the cantilever beam h(x) is the summation of the 

thickness hs(x) of the substrate layer and thickness hp of two piezoelectric layers, and the length 

of the piezoelectric layer is Lp. The top and bottom sides of the piezoelectric layers are metalized 
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to form electrodes that are used to connect an external resistive load. The end-mass length is lm 

and is attached to the free end of the beam. 

 

Figure 5.1: Side view of the PVEH-1.  

The effective length L is the distance from the base to the center of the end-mass. The cross-

section view of the beam is shown in Figure 5.2, and it consists of two piezoelectric layers of 

uniform thickness hp and a thickness-tapered substrate of thickness hs(x). The width b is constant 

along the length of the beam. The parameter hps(x) is the distance between the center of the 

piezoelectric layer from the beam's neutral axis (NA). 

 

Figure 5.2: Cross-section view of the beam. 

As described in (4.13), h(x) is the overall thickness of the beam. Thus, the varying substrate 

layer thickness hs(x) can be written as 

 ℎ𝑠(𝑥) = ℎ(𝑥) − 2ℎ𝑝 (5.1) 

The input excitation is applied in the z-direction to the base at x = 0. When the input excitation 

frequency is near the cantilever's resonance frequency, the end-mass starts oscillating in the z-

direction and exerts stress on the cantilever beam in the x-direction. The stress on the 

piezoelectric material generates an electrical voltage across the connected load resistance. 

5.1.2 Derivation of spring constant and resonance frequency  

The resonance frequency of the PVEH-1 is derived using the Euler-Bernoulli beam equation  

given by [74], [151] 
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 𝑑2𝑧(𝑥)

𝑑𝑥2
= 
𝑀(𝑥)

𝑌𝐼(𝑥)
 

(5.2) 

where z(x) is the beam displacement at any point x along the length due to the moment M(x), and 

YI(x) is the stiffness of the cantilever beam. Solving the second-order differential equation (5.2) 

yields the beam deflection equation. 

The moment M(x) of the beam due to the end-mass motion can be written as [151] 

 𝑀(𝑥) = 𝐹(𝐿 − 𝑥) (5.3) 

where F is the force at x = L due to the motion of the end-mass, the stiffness of the thickness-

tapered composite beam can be written as [84]  

 
𝑌𝐼(𝑥) =

𝑌𝑝𝑏ℎ
3(𝑥)

12
+ (𝑌𝑠 − 𝑌𝑝)

𝑏ℎ𝑠
3(𝑥)

12
 

(5.4) 

where Ys and Yp are Young's moduli of the substrate material and piezoelectric material, 

respectively, and b is the uniform width of the beam. Using (5.3) and (5.4), the beam equation 

(5.2) can be rewritten as 

 𝑑2𝑧(𝑥)

𝑑𝑥2
= 

𝐹(𝐿 − 𝑥)

Y𝑠𝑏ℎ0
3

12𝐿3 2⁄ (𝐿 − 𝑥)3 2⁄ − 𝑏(𝑌𝑠 − 𝑌𝑝) [
2
3
ℎ𝑝
3 + 

ℎ𝑝ℎ0
2(𝐿 − 𝑥)

2𝐿
− ℎ𝑝

2ℎ0√
𝐿 − 𝑥
𝐿

 ] 

 
(5.5) 

The differential equation (5.5) is the expanded form of (5.2) representing the Euler-Bernoulli 

beam equation for the thickness-tapered cantilever beam. The term ℎ𝑝
3 in the denominator is 

negligible compared to the other terms and can be ignored for simplicity. Thus, the above 

equation reduces to  

 𝑑2𝑧(𝑥)

𝑑𝑥2
= 

𝐹(𝐿 − 𝑥)

Y𝑠𝑏ℎ0
3

12𝐿3 2⁄
(𝐿 − 𝑥)3 2⁄ − 𝑏(𝑌𝑠 − 𝑌𝑝) [ 

ℎ𝑝ℎ0
2(𝐿 − 𝑥)

2𝐿 − ℎ𝑝
2ℎ0√

𝐿 − 𝑥
𝐿  ] 

 
(5.6) 

Solving (5.6) for an applied force F at x = L yields the displacement z(x) along the length. As 

the cantilever is a mechanical spring, the beam's spring constant (k) can be expressed as the ratio 

of applied force F and the resultant displacement z at x = L. The beam equation (5.6) is solved 

in MATLAB for a unit force, and the spring constant k is calculated. From the spring constant 

obtained above, the resonance frequency ωn of the energy harvester is expressed as  

 𝜔𝑛 = √
𝑘

𝑚𝑒
= √

𝑘

(33 140⁄ )𝑚 + 𝑀𝑡
 

(5.7) 
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where me is the effective mass of the cantilever represented by (33 140⁄ )𝑚 + 𝑀𝑡, where m is 

the mass of the beam and Mt is the mass of the end-mass [97]. 

5.1.3 Stress on the piezoelectric material 

The end-mass motion exerts stress on the cantilever beam, and the stress is maximum on the top 

surface and gradually decreases towards the beam's neutral axis. The piezoelectric material on 

the PVEH experiences maximum stress on the outer surface and reduced stress on the inner 

surface.  

Therefore the stress on the piezoelectric layer along the length x due to the moment M(x) can be 

written as [74] 

 𝑇(𝑥) =  
𝑀(𝑥)

𝐼(𝑥)
ℎ𝑝𝑠(𝑥) 

(5.8) 

and the average stress on the piezoelectric material can be written as  

 𝑇 =  
1

𝐿𝑝
∫

𝑀(𝑥)

𝐼(𝑥)
ℎ𝑝𝑠(𝑥) 𝑑𝑥

𝐿𝑝

0

 (5.9) 

where I(x) is the cross-sectional moment of inertia of the composite beam and hps(x) is the 

distance of the center of the piezoelectric layer from the NA as shown in Figure 5.2 and are 

respectively given as follows. 

 𝐼(𝑥) =
𝑏ℎ3(𝑥)

12
+ ( − 1)

𝑏ℎ𝑠
3(𝑥)

12
 (5.10) 

 ℎ𝑝𝑠(𝑥) =
ℎ(𝑥)

2
−
ℎ𝑝
2

 (5.11) 

where  is the ratio of Young's moduli of the substrate and the piezoelectric material. For a 

sinusoidal input excitation of frequency ω, the end-mass motion will also be periodic, and hence 

the force and end-mass displacement will be a function of time given as  

 𝐹(𝑡) = 𝑘𝑧(𝑡) (5.12) 

where z(t) is the displacement of the end-mass. Thus, the average stress as a function of time can 

be written as 

 𝑇(𝑡) =  
1

𝐿𝑝
∫

(𝐿 − 𝑥)𝑘𝑧(𝑡)

𝑏ℎ3(𝑥)
12 + (− 1)

𝑏ℎ𝑠
3(𝑥)
12

[(√
𝐿 − 𝑥

𝐿
)
ℎ0
2
−
ℎ𝑝

2
]

𝐿𝑝

0

 𝑑𝑥 (5.13) 
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Equation (5.13) defines the instantaneous average stress on the piezoelectric material due to the 

end-mass displacement z(t), and it can be rewritten as 

 𝑇(𝑡) =  𝑧(𝑡) (5.14) 

where  is given by  

  =
1

𝐿𝑝
∫

(𝐿 − 𝑥)𝑘

𝑏ℎ3(𝑥)
12 + (− 1)

𝑏ℎ𝑠
3(𝑥)
12

[(√
𝐿 − 𝑥

𝐿
)
ℎ0
2
−
ℎ𝑝
2
]

𝐿𝑝

0

 𝑑𝑥 (5.15) 

Note that  depends on the composite cantilever's dimension and material properties and not on 

the input excitation condition. 

5.1.4 Derivation of coupled equations  

The generated voltage across the piezoelectric layer results from stress on the material. The end-

mass motion in the z-direction exerts stress on piezoelectric material in the x-direction. The 

piezoelectric material is poled in the z-direction, which is the direction of the input vibration. 

Therefore, the plain stress form of the piezoelectric constitutive equations can be written as [91], 

[154] 

  𝐷 =  𝑑31𝑇1 + 𝜀33
𝑇 𝐸3 (5.16) 

where T1 is the average stress along the length and is given by (5.13), E3 is electric field across 

the piezoelectric layer, D3 is electric displacement, d31 is the piezoelectric charge constant which 

relates generated charge density per unit stress and ɛ33
𝑇  is permittivity of the piezoelectric 

material at constant stress. The subscripts 1 and 3 denote the direction along which a particular 

parameter is measured. The generated charge q due to stress T can be written using (5.16) as 

 
𝑞 =  𝐿𝑝𝑏 (𝑑31𝑇 − 𝜀33

𝑇
𝑣

ℎ𝑝
) (5.17) 

where Lp and b represent the piezoelectric layer’s length and width, respectively. The term 𝑣 

represents the voltage across the piezoelectric layer of thickness hp. When a time-varying 

sinusoidal excitation is applied to the base, the current i(t) can be written as   

 
𝑖(𝑡) =

𝑑𝑞

𝑑𝑡
  

(5.18) 

 
𝑖(𝑡) =  𝐿𝑝𝑏𝑑31 

𝑑𝑧(𝑡)

𝑑𝑡
−
𝐿𝑝𝑏𝜀33

𝑇

ℎ𝑝

𝑑𝑣(𝑡)

𝑑𝑡
 (5.19) 
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When an external load resistance R is connected across the electrodes, the current through the 

load resistance can be written as 

 𝑣(𝑡)

𝑅
=  𝐿𝑝𝑏𝑑31 

𝑑𝑧(𝑡)

𝑑𝑡
−
𝐿𝑝𝑏𝜀33

𝑇

ℎ𝑝

𝑑𝑣(𝑡)

𝑑𝑡
 (5.20) 

 𝑣(𝑡)

𝑅
+ 𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
=  𝜃

𝑑𝑧(𝑡)

𝑑𝑡
 (5.21) 

Equation (5.21) is the electrical equation for the piezoelectric layer, where Cp represents the 

capacitance of the piezoelectric layers and θ represents the electromechanical coupling 

coefficient of the piezoelectric layer.  

 
𝐶𝑝 =

𝜀33
𝑇 𝑏𝐿𝑝
ℎ𝑝

 (5.22) 

 𝜃 = 𝑑31𝑏𝐿𝑝 (5.23) 

The mechanical equation of the PVEH can be derived using the spring-mass-damper system 

shown in Figure 5.3, where bm represents mechanical damping coefficient, x(t) is the absolute 

displacement of the mass due to input excitation y(t), and θ is the damping due to 

electromechanical coupling.  

 
Figure 5.3: Equivalent spring-mass-damper model of an energy harvester. 

The equation of motion of the mass relative to the base displacement can be written as [136] 

 𝑑2𝑧(𝑡)

𝑑𝑡2
 + 2𝜁𝑚𝜔𝑛

𝑑𝑧(𝑡)

𝑑𝑡
+ 𝜔𝑛

2𝑧(𝑡) + 
𝜃

𝑚𝑒
𝑣(𝑡) =

𝑑2𝑦(𝑡)

𝑑𝑡2
 (5.24) 

where z(t) is the relative displacement of the mass given by z(t) = x(t) – y(t), ωn is the resonance 

frequency of vibration, me is the effective mass of the cantilever, ζm is the mechanical damping 

ratio, and y(t) represents input excitation amplitude at the base. Equations (5.21) and (5.24) are 

the coupled equations of the proposed PVEH-1. In bimorph PVEH, both the piezoelectric layers 

can be wired in series connection or parallel connection.  
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5.1.5 Parallel connection of piezoelectric layers 

The polarity of the generated voltage on the piezoelectric layers depends on the poling direction 

of the piezoelectric material and the direction of applied stress. For a bimorph PVEH, if the upper 

piezoelectric layer experiences tensile stress, the lower piezoelectric layer will experience 

compressive stress. Consequently, the generated electrical fields on the two piezoelectric layers 

are in opposite directions. In a parallel connection, both the piezoelectric layers are connected in 

parallel. The piezoelectric capacitance and the piezoelectric coupling coefficient double due to 

the parallel connection of two piezoelectric layers. Thus (5.21) and (5.24) can be written as 

 
𝑣(𝑡) + 2𝑅𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
−  2𝜃𝑅

𝑑𝑧(𝑡)

𝑑𝑡
= 0 (5.25) 

 𝑑2𝑧(𝑡)

𝑑𝑡2
 + 2𝜁𝑚𝜔𝑛

𝑑𝑧(𝑡)

𝑑𝑡
+ 𝜔𝑛

2𝑧(𝑡) + 
2𝜃

𝑚𝑒
𝑣(𝑡) =

𝑑2𝑦(𝑡)

𝑑𝑡2
 (5.26) 

Equations (5.25) and (5.26) are the coupled equations for the proposed thickness-tapered PVEH-

1 for parallel-connected piezoelectric layers. Solving (5.25) and (5.26) for displacement z(t) and 

generated voltage 𝑣(𝑡), the generated electrical power can be calculated. When the energy 

harvester is excited with a sinusoidal excitation of angular frequency ω and peak amplitude Y0 

at the base, the solution for the above equations can be written as  

 
𝑧(𝑡) = −

𝑚𝑒𝜔
2𝑌0(1 + 𝑗2𝑅𝐶𝑝𝜔)

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(𝑚𝑒 + 𝑗2𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗4𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (5.27) 

 
𝑣(𝑡) =  − 

2𝑗𝑅𝜃𝑚𝑒𝜔
3𝑌0

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(𝑚𝑒 + 𝑗2𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗4𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (5.28) 

The above analytical expressions are useful in estimating electrical power transferred to the 

resistive load due to the mechanical motion of the energy harvester.  

5.1.6 Series connection of piezoelectric layers 

When both the piezoelectric layers are connected in series, the equivalent capacitance of the 

PVEH becomes half of the capacitance of a single piezoelectric layer. For series connection, the 

coupled equation of the PVEH can be written as 

 
2𝑣(𝑡) + 𝑅𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
− 2𝑅𝜃

𝑑𝑧(𝑡)

𝑑𝑡
= 0 (5.29) 

 𝑑2𝑧(𝑡)

𝑑𝑡2
+ 2𝜁𝑚𝜔𝑛

𝑑𝑧(𝑡)

𝑑𝑡
+ 𝜔𝑛

2𝑧(𝑡) + 
𝜃

𝑚𝑒
𝑣(𝑡) =

𝑑2𝑦(𝑡)

𝑑𝑡2
 (5.30) 
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Equations (3.21) and (5.30) are the coupled equations for the proposed thickness-tapered PVEH-

1 for series-connected piezoelectric layers. Solving (3.21) and (5.30) for displacement z(t) and 

generated voltage 𝑣(𝑡), the generated electrical power can be calculated. When the energy 

harvester is excited with a sinusoidal excitation of angular frequency ω and peak amplitude Y0 

at the base, the solution for the above equations can be written as  

 
𝑧(𝑡) = −

𝑚𝑒𝜔
2𝑌0(2 + 𝑗𝑅𝐶𝑝𝜔)

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(2𝑚𝑒 + 𝑗𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗2𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (5.31) 

 
𝑣(𝑡) =  −

𝑗2𝑚𝑒𝜔
3𝑅𝜃𝑌0

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(2𝑚𝑒 + 𝑗𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗2𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (5.32) 

The above analytical expressions can be used to compute end-mass displacement and the 

corresponding voltage across a resistive load R.  

5.2 GEOMETRICAL AND MATERIAL PROPERTIES OF PVEH-1 

The detailed dimensions of the energy harvester used in the simulation are shown in Table 5.1. 

All calculations are performed for a constant input acceleration of 0.2g or 1.96 m/s2 and a 

mechanical damping ratio of 0.01. The piezoelectric material considered in all the simulations is 

PZT-5H, and for this material 𝑑31 = −274 x 10
−12 C/N and 𝜀33

𝑇 =  30.104 x 10−9 F/m. [155]. 

Table 5.1: Geometric and material parameters of the simulated PVEH-1. 

Parameter Description Value 

L Beam length 50.00 mm 

b Beam width, end-mass width 5.00 mm 

hs Substrate thickness at the base 2.50 mm 

hp Piezoelectric layer thickness  0.25 mm 

lm Length and height of end-mass 20.00 mm 

Yp Young's modulus of the piezoelectric material 60.60 GPa 

Ys Young’s modulus of the substrate (Brass)  110.00 GPa 

ρp Piezoelectric material (PZT-5H) density 7500 kg/m3 

ρs Substrate material density 9000 kg/m3 

ρm End-mass material density 9000 kg/m3 

The derived analytical expressions are solved in MATLAB using the specifications mentioned 

in Table 5.1. An FE model is also developed and studied to compare the analytical results. The 
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3D view of the proposed PVEH-1 developed for FE analysis in COMSOL Multiphysics is shown 

in Figure 5.4. 

 
Figure 5.4: Geometry of PVEH-1 simulated in COMSOL Multiphysics. 

5.3 RESULTS FROM THE DERIVED ANALYTICAL EXPRESSIONS  

The analytical expressions derived for the parallel connected piezoelectric layers are solved using 

MATLAB, and results are obtained for the resonance frequency of vibration, end-mass 

displacement, generated power, and stress profile on the surface. In the following sections, all 

the results are discussed in detail. 

5.3.1 Calculation of resonance frequency  

The resonance frequency for the PVEH-1 mentioned above is calculated using (5.7). 

Piezoelectric materials exhibit lower stiffness in short-circuit conditions and higher stiffness in 

open-circuit conditions [156]. Thus, the resonance frequency in the open-circuit condition is 

higher than the short-circuit condition. In this study, the default resonance frequency mentioned 

is for the short-circuit condition. The resonance frequency found from the derived expression is 

99.8 Hz and from FE analysis is 99.7 Hz. Figure 5.5 shows the first vibration mode shape of the 

PVEH-1. 

 

Figure 5.5: First vibration mode shape of PVEH-1. 
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5.3.2 Variation of end-mass displacement with load resistance 

The end-mass displacement due to input base excitation is maximum near the resonance 

frequency. The end-mass displacement decreases as the excitation frequency moves away from 

the system resonance frequency. The load resistance also influences the PVEH's end-mass 

displacement. Figure 5.6 shows the variations of resonance frequency and end-mass 

displacement with load resistance for an input sinusoidal acceleration of 0.2g. As the load 

resistance increases from a lower value to a very high value, the end-mass displacement varies 

and two peaks are observed as shown in Figure 5.6. The first peak at 99.8 Hz corresponds to the 

short-circuit resonance frequency, and the second at 102.8 Hz corresponds to the open-circuit 

resonance frequency.  

 

Figure 5.6: Plot of end-mass displacement versus frequency for various load resistance values. 

5.3.3 Variation of electrical power with load resistance 

The PVEH generates an electrical voltage across the connected load resistance due to stress on 

it, and the power is calculated as the product of current through the load resistor and voltage 

across it. Figure 5.7 shows the variation of electrical power for various load resistances obtained 

from the derived analytical expressions. 

As shown in Figure 5.7, the generated electrical power depends on the connected load resistance, 

and the load resistance value for which the PVEH generates the highest power is called optimal 

load resistance. The above analysis found that the optimal load resistance is 11 kΩ when the 

PVEH is excited with the short-circuit resonance frequency. 
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Figure 5.7: Plot of power versus frequency for various load resistance values. 

5.4 COMPARISON OF ANALYTICAL RESULTS WITH FE ANALYSIS 

An FE model of conventional bimorph PVEH is developed in chapter-2 using COMSOL 

Multiphysics software. Using the same methodology, an FE model for PVEH-1 is developed, 

and a sinusoidal input of constant acceleration of 0.2g is applied at the base. The PVEH is 

simulated to obtain the end-mass displacement, generated power, and stress profile on the 

piezoelectric material. 

5.4.1 Comparison of end-mass displacement  

The end-mass displacement of the PVEH-1 is calculated using (5.31) for the short-circuit 

condition and plotted against input frequency in Figure 5.8 (a). The end-mass displacement for 

the same PVEH obtained from FE analysis is also plotted in Figure 5.8 (b). The analytical result 

 
(a) 

 
(b) 

Figure 5.8: Plot of end-mass displacement versus frequency at short-circuit condition from (a) the 

derived analytical expression and (b) FE analysis. 
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shows that the peak value of end-mass displacement is 249 μm at 99.8 Hz frequency, and the 

result from the FE analysis shows that the peak value of end-mass displacement is 242 μm at 

99.7 Hz frequency. FE results are consistent with the analytical results.  

When the optimal load resistance (11 kΩ) is connected to the PVEH-1, the plots of end-mass 

displacement from the analytical result and FE analysis are shown in Figure 5.9 (a) and Figure 

5.9 (b), respectively. 

 

(a) 

 

(b) 

Figure 5.9: Plot of end-mass displacement versus frequency at optimal load from (a) the derived 

analytical expression and (b) FE analysis.  

5.4.2 Comparison of generated power at optimal load resistance 

As shown in Figure 5.7, the electrical power depends on the connected load resistance, and to 

harvest maximum power, the load resistance should be of optimal value. The load resistance 

value for which the PVEH generates the highest power is called optimal load resistance. Figure 

5.10 (a) and Figure 5.10 (b) show the plots of the generated power at optimal load resistance 

obtained using the derived analytical expression and FE simulation, respectively.  

 
(a)  

(b) 

Figure 5.10: Plot of power versus frequency at optimal load obtained from (a) analytical 

expression and (b) FE analysis. 
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5.4.3 Comparison of the stress profile    

The end-mass of the cantilever oscillates due to the applied base excitation, and this oscillation 

produces stress on the piezoelectric material. The stress on the beam surface of the proposed 

PVEH is uniform in nature which significantly increases the device reliability. The stress profile 

of the proposed PVEH-1 is shown in Figure 5.11 (a) and Figure 5.11 (b), respectively, from the 

analytical solution and FE analysis results. The stress profiles are for the input excitation at 100 

Hz frequency with 0.2g acceleration. The stress on the piezoelectric material is uniformly 

distributed along the entire length. This kind of distribution reduces the peak stress on the 

piezoelectric material and at the same time, raises the average stress on the piezoelectric material.   

 

 

Figure 5.11: Stress distribution along the length obtained from (a) analytical result and 

(b) FE analysis. 

Table 5.2 summarizes the results from the derived analytical solution and FE analysis of the 

proposed PVEH. From the table, it is clear that the results from the derived analytical model are 

close to the results from FE analysis. In the next section, the proposed thickness-tapered PVEH-

1 is compared with an equivalent conventional PVEH having a uniform thickness.  

Table 5.2: Comparison of results using the analytical expressions and FE analysis. 

Parameters MATLAB result by 

solving derived analytical 

expressions 

Results from 

FE analysis  

Natural frequency of vibration 99.80 Hz 99.70 Hz 

Open-circuit natural frequency of vibration 102.80 Hz 102.75 Hz 

End-mass displacement at short-circuit  249 μm 242 μm 

End-mass displacement at optimal load  126.20 μm 121.50 μm 

Generated power at optimal load 11 kΩ 1.46 mW 1.40 mW 

Maximum stress at optimal load 5.14 MPa 5.15 MPa 
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5.5 COMPARISON WITH CONVENTIONAL PVEH 

The conventional PVEH refers to the cantilever-based PVEH with a uniform cross-section 

throughout the length. In the equivalent conventional PVEH, the thickness of the substrate layer 

is set as the average substrate thickness of the proposed energy harvester that is 1.812 mm. The 

piezoelectric layer thickness and the width of the conventional energy harvester beam are equal 

to that of the proposed energy harvester. Analytical expressions are derived for conventional 

PVEH with uniform thickness in chapter-3 and are used herein to evaluate the performance of 

the equivalent conventional PVEH. 

The equivalent energy harvester's resonance frequency is kept the same (100 Hz) as the proposed 

PVEH-1 by adjusting the end-mass. All the parameters of the equivalent conventional PVEH are 

shown in Table 5.3. The end-mass for the equivalent conventional energy harvester is 15.18 

grams, whereas the thickness-tapered energy harvester is 17.9 grams. Both the energy harvesters 

are excited with a constant acceleration of 0.2g (1.96 m/s2), and their responses are recorded. 

Figure 5.12 shows the schematic diagram of the equivalent conventional PVEH with a uniform 

cross-section area. 

Table 5.3: Geometrical and material parameters of the equivalent conventional PVEH. 

 Parameter Description Value 

L Beam length 50.00 mm 

b Beam width, end-mass width 5.00 mm 

hs Thickness of substrate layer 1.812 mm 

hp Thickness of Piezoelectric layer 0.25 mm 

lm Length and height of end-mass 18.20 mm 

Yp Young's modulus of the piezoelectric material 60.60 GPa 

Ys Young’s modulus of the substrate material  110.00 GPa 

ρp piezoelectric material (PZT-5H) density 7500 kg/m3 

ρs Substrate material density 9000 kg/m3 

ρm End-mass material density 9000 kg/m3 
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Figure 5.12: Geometry of the equivalent conventional PVEH. 

5.5.1 Comparison of the end-mass displacement  

The proposed PVEH-1 and the equivalent conventional PVEH are excited with the same input 

acceleration, i.e., 0.2g at their respective bases, and their performances are compared. The 

displacements of the end-mass for both the devices are measured when optimal load resistances 

are connected. Figure 5.13 compares the end-mass displacement of the proposed PVEH-1 and 

its equivalent conventional PVEH, which are 126.2 μm and 124 μm, respectively.  

 

Figure 5.13: Comparison of end-mass displacements of PVEH-1 (tapered thickness) and 

conventional PVEH (uniform thickness). 

5.5.2 Comparison of the stress profiles  

Figure 5.14 (a) and (b) show the stress distribution along beam length for the proposed PVEH-1 

and conventional PVEH, respectively, for an acceleration of 0.2g (1.96 m/s2) at 100 Hz 
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frequency. The solid line represents the actual stress value on the piezoelectric material, whereas 

the dotted line represents the average stress on the piezoelectric material. FE analyses of the 

proposed PVEH-1 and its equivalent uniform thickness energy harvester are carried out, and 

their 3D view of stress distribution is shown in Figure 5.15 (a) and (b), respectively. 

 
(a) 

 
(b) 

Figure 5.14: Comparison of stress distributions along the length of (a) proposed PVEH-1 and (b) 

conventional PVEH. 

 

(a) 

 

(b) 

Figure 5.15: 3-D views of stress distribution on (a) proposed PVEH-1 and (b) conventional PVEH. 

The conventional PVEH experiences the highest stress at the fixed end of the beam, whereas the 

proposed PVEH-1 experiences almost uniform stress along the entire length of the beam. The 

proposed PVEH-1 will be more reliable since the stress is well distributed along the length, and 

it can be used for higher input accelerations. The highest value of stress on the proposed PVEH-

1 is 5.14 MPa at the fixed end of the beam, and the minimum value of stress is 4.46 MPa at the 

free end of the beam. On the other hand, the highest value of stress on the conventional PVEH 

is 7.52 MPa at the fixed end of the beam, and the minimum value of stress is 1.16 MPa at the 

free end of the beam. The average stress on the beam is calculated by measuring stress on fifty 
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different points on the beam, and it is found to be 5.05 MPa for the proposed PVEH-1 and 4.34 

MPa for the conventional PVEH. Though the peak stress on the proposed PVEH-1 is 

significantly lower, the average stress is noticeably higher than the conventional PVEH.  

5.5.3 Comparison of generated power 

The power generated from the PVEH is directly proportional to the average stress on the 

piezoelectric material. In last section, we have seen that the proposed energy harvester 

experiences significantly higher average stress on the piezoelectric material, and thus it should 

generate higher electrical power compared to the conventional PVEH.  Figure 5.16 shows 

generated power for optimal load resistance from the proposed PVEH-1 and equivalent uniform 

thickness conventional PVEH for the same input acceleration (0.2g). The maximum power 

generated is 1.46 mW and 1.22 mW from the proposed PVEH-1 and conventional PVEH, 

respectively. In uniform thickness PVEH, the stress reduces linearly along the length as observed 

in Figure 5.14 (b), and the piezoelectric material towards the free end remains underutilized. In 

contrast, in the proposed PVEH-1, the piezoelectric material experiences almost uniform stress 

and contributes equally to the energy generation process, resulting in more harvested power. 

 
Figure 5.16: Comparison of harvested power from proposed PVEH-1 (tapered thickness) and 

conventional PVEH (uniform thickness). 

5.5.4 Comparison of generated power at equal stress 

The proposed PVEH-1 experiences less stress and generates higher power compared to the 

conventional PVEH for the same input conditions. The lower stress on the proposed PVEH 

allows the use of this energy harvester for higher input accelerations without much stress on the 

piezoelectric materials. In this section, both the energy harvesters are exposed to the same peak 
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stress value, and their performances are compared. Both conventional and proposed PVEH are 

excited with 100 Hz frequency such that the peak stress on the piezoelectric material is 10 MPa. 

To achieve the peak stress, the proposed PVEH-1 is excited with 3.81 m/s2 acceleration, and the 

conventional energy harvester is excited with 2.593 m/s2 acceleration. When both the energy 

harvesters are excited to 10 MPa peak stress, the average stress value on the piezoelectric 

material is 9.81 MPa for the proposed energy harvester, and the average stress value for the 

conventional energy harvester is 5.77 MPa. The stress distribution on the proposed PVEH-1 and 

the conventional PVEH is shown in Figure 5.17. The generated power from the proposed PVEH-

1 is 5.5 mW, and from the conventional PVEH is 2.19 mW for the peak stress value of 10 MPa. 

 
Figure 5.17: Stress profile comparison of the proposed PVEH-1 (tapered thickness) and conventional 

PVEH (uniform thickness) for equal peak stress of 10 MPa. 

 
Figure 5.18: Generated power from the proposed PVEH-1 (tapered thickness) and conventional PVEH  

(uniform thickness) for equal peak stress of 10 MPa. 

The proposed PVEH-1 shows a significant improvement in the generated power than the 

equivalent PVEH of uniform thickness. The summary of all the observations is given in Table 

5.4 to compare both the energy harvesters quantitively.  
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Table 5.4: Output comparison of the proposed and conventional PVEH. 

 Proposed PVEH-1 Conventional PVEH 

Displacement of end-mass at 0.2g acceleration 126 μm 124 μm 

Generated power at 0.2g acceleration 1.46 mW 1.22 mW 

Maximum stress at 0.2g acceleration 5.14 MPa 7.56 MPa 

Average stress at 0.2g acceleration 5.05 MPa 4.34 MPa 

Generated power at 10 MPa peak stress 5.522 mW 2.190 mW 

5.6 INPUT ACCELERATION AND POWER 

Increasing the input acceleration significantly increases the stress on piezoelectric material and 

so the harvested power. Figure 5.19 and Figure 5.20 show the variation of power for different 

input accelerations for the PVEH-1 and corresponding conventional PVEH, respectively. 

 
Figure 5.19: Variation of power for different input accelerations for the proposed PVEH-1.  

 
Figure 5.20: Variation of power for different input accelerations for the conventional PVEH.  

Generated power and corresponding peak stress for different input accelerations are shown in 

Table 5.5. It is clear from the table that a two-fold increase in the acceleration results in a four-

fold increase in the harvested power. Thus, using the highest input acceleration level available 

for a particular frequency is very important. The proposed PVEH-1 is suitable for higher 
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acceleration levels without compromising device reliability. It is also observed that the proposed 

PVEH-1 always generates 19% more power by experiencing 31.6% less stress than the 

equivalent conventional PVEH for the same input acceleration. 

Table 5.5: Comparison of the proposed PVEH-1 and conventional PVEH at different accelerations. 

Input 

acceleration 

Proposed PVEH-1 Conventional PVEH Increase 

in power 

(%) 

Reduction 

in peak 

stress (%) 
Peak stress 

(MPa) 

Power 

(mW) 

Peak stress 

(MPa) 

Power 

(mW) 

0.1g 2.57 0.36 3.76 0.31 16.13 31.65 

0.2g 5.14 1.46 7.52 1.22 19.67 31.65 

0.3g 7.72 3.29 11.29 2.77 18.77 31.63 

0.4g 10.30 5.86 15.06 4.89 19.84 31.61 

5.7 POWER DENSITY 

The power density is calculated by dividing the harvested power by the corresponding device 

volume. The total volume is the summation of beam volume and end-mass volume. The proposed 

thickness-tapered beam and the equivalent conventional beam have equal volume. The beam 

volume for both the devices is 0.575 cm3, the end-mass volume for the proposed PVEH-1 is 2.0 

cm3 and that for the conventional PVEH is 1.656 cm3. Thus, the total volume of the proposed 

PVEH-1 is 2.575 cm3 and the total volume of the conventional PVEH is 2.231 cm3. The power 

density for the proposed thickness-tapered PVEH is 0.567 mW/cm3 and for the conventional 

PVEH is 0.547 mW/cm3 for excitation at 100 Hz with 0.2g acceleration. At the same acceleration 

level, the proposed PVEH shows a slight increase in power density and a significant decrease in 

peak stress value. When both the PVEH are excited to the same level of stress (10 MPa), the 

power density of the proposed PVEH becomes 2.144 mW/cm3, and the power density of the 

conventional PVEH becomes 0.981 mW/cm3.  

5.8 ADVANTAGES OF THE PROPOSED THICKNESS-TAPERED PVEH-1 

• The generated power is 19% more than conventional PVEH for the same input 

acceleration (0.2g). 

• The generated power is 152% more than the conventional PVEH for the same peak stress 

(10 MPa).  

• Power density is higher than the conventional PVEH. 

• Input acceleration levels can be higher compared to the conventional PVEH. 

• More robust and reliable compared to conventional PVEH. 

TH-3044_11610204



CHAPTER 5 ANALYSIS OF PVEH-1 (THICKNESS-TAPERED SUBSTRATE) 

 

79 

 

5.9 POSSIBLE FABRICATION TECHNIQUE FOR PVEH-1 

The Proposed PVEH-1 comprises a thickness-varying substrate layer sandwiched between two 

piezoelectric layers of uniform thickness. The substrate layer material can be casted in the desired 

shape or machined using a CNC machine, and the uniform-thickness piezoelectric layer can be 

glued on either side of the substrate. 

5.10 CONCLUSIONS 

The stress variation on the conventional cantilever-based PVEH is minimized using a thickness-

tapered geometry. The proposed geometry consists of a thickness-tapered substrate layer and two 

piezoelectric layers of uniform thickness. Analytical expressions for end-mass displacement, 

stress profile and generated electrical voltage are derived for the proposed PVEH-1. The FE 

analysis results of an identical PVEH are consistent with the results obtained from the analytical 

expressions. The proposed PVEH-1 can generate 19% more power than the equivalent 

conventional PVEH with uniform thickness under identical input conditions. Since the stress in 

the proposed PVEH-1 is uniformly distributed, the peak stress is 32% less compared to the 

conventional PVEH. Thus, it is mechanically more reliable and capable of operating at higher 

input vibrations. When both the energy harvesters are exposed to the same peak stress, the 

proposed PVEH produces 152% more electrical power than the conventional PVEH. 
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CHAPTER 6 

 

 ANALYSIS OF PVEH-2 (THICKNESS-TAPERED 

PIEZOELECTRIC LAYER) 

In chapter-4, we have proposed two new thickness-tapered geometries that give uniform stress 

along the length of cantilever-based PVEH. The first geometry consists of a substrate layer with 

a tapered thickness and two piezoelectric layers of uniform thickness and is named PVEH-1, 

while the second geometry consists of a substrate layer with uniform thickness and two 

piezoelectric layers of tapered thickness and is named PVEH-2. The width, across the length, is 

uniform in both the PVEH. In the previous chapter, analytical expressions have been derived for 

PVEH-1, and the results have been compared with the results from FE analysis. The 

performances of PVEH-1 have also been compared with an equivalent conventional PVEH of 

uniform thickness. 

In this chapter, the second proposed geometry, PVEH-2, is studied. The main contribution of this 

chapter is the derivation of analytical expressions for resonance frequency, end-mass 

displacement, stress profile on the beam surface, and generated power for PVEH-2. In addition, 

FE analysis is carried out and the results are compared with the results from the derived analytical 

expressions. The performance of the proposed PVEH-2 is also compared with an equivalent 

conventional PVEH of uniform thickness. 

6.1 DERIVATION OF ANALYTICAL EXPRESSIONS FOR PVEH-2 

The PVEH-2 consists of a uniform thickness substrate layer placed between two thickness-

tapered piezoelectric layers. The end-mass is fixed to the free end, and the input excitation is 

applied to the base. 

6.1.1 Geometry and assumptions 

The side view of PVEH-2 geometry is shown in Figure 6.1. The cantilever's width (along y-axis) 

is kept uniform. 
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Figure 6.1: Side view of PVEH-2. 

The overall thickness of the cantilever beam h(x) is the summation of the thickness hs of the 

substrate layer and thickness hp(x) each of the two piezoelectric layers, and the length of the 

piezoelectric layer is Lp. The top and bottom sides of the piezoelectric layers are metalized to 

form electrodes that are used to connect an external resistive load. The end-mass length is lm and 

is attached to the free end of the beam. The effective length L is the distance from the base to the 

center of the end-mass. The cross-section across the length of the beam is shown in Figure 6.2 

and it consists of two piezoelectric layers of tapered thickness hp(x) and a substrate layer of 

uniform thickness hs. The width b is constant along the length of the beam. The parameter hps(x) 

is the distance between the center of the piezoelectric layer and the beam's neutral axis (NA). The 

end-mass length is lm and is attached symmetrically to the free end, as shown in Figure 6.1.  

 
Figure 6.2: Cross-section view of the PVEH-2 beam. 

As described in (4.13), h(x) is the thickness of the beam and is a function of x along the length. 

Thus, the varying piezoelectric layer thickness hp(x) can be written as 

 ℎ𝑝(𝑥) = (√
𝐿 − 𝑥

𝐿
)
ℎ0
2
−
ℎ𝑠
2

 (6.1) 

The input excitation is applied in the z-direction to the base at x = 0. When the input excitation 

frequency is near the cantilever's resonance frequency, the end-mass starts oscillating in the z-

direction and exerts stress on the cantilever beam in the x-direction. The stress on the 

piezoelectric material generates an electrical voltage across the connected load resistance. 
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6.1.2 Derivation of spring constant and resonance frequency 

The spring constant and the resonance frequency of the PVEH-2 are derived using the Euler-

Bernoulli beam equation given by [74], [151] 

 𝑑2𝑧(𝑥)

𝑑𝑥2
= 
𝑀(𝑥)

𝑌𝐼(𝑥)
 (6.2) 

Equation (6.2) is the second-order differential equation of the thickness-tapered cantilever, where 

z(x) is the displacement of the beam along its length due to the moment M(x) and beam stiffness 

YI(x). Solving the second-order differential equation of the thickness-tapered beam (6.2) yields 

the beam deflection equation. 

The moment M(x) of the beam due to the end-mass motion can be written as [151] 

 𝑀(𝑥) = 𝐹(𝐿 − 𝑥) (6.3) 

where F is the force at x = L due to the motion of the end-mass, the stiffness of the thickness-

tapered composite beam can be written as [84]  

 
𝑌𝐼(𝑥) =

𝑌𝑝𝑏ℎ
3(𝑥)

12
+ (𝑌𝑠 − 𝑌𝑝)

𝑏ℎ𝑠
3

12
 (6.4) 

where Yp and Ys are Young's moduli of the piezoelectric material and substrate material, 

respectively, and b is the uniform width of the beam. The beam equation (6.2) can be rewritten 

as 

Solving (6.5) will produce the beam displacement z(x) along the length due to the force F at  

x = L. The end-mass displacement is the beam displacement at x = L. As the cantilever is a 

mechanical spring, the beam's spring constant (k) can be expressed as the ratio of applied force 

F and the resultant displacement z at x = L. The beam equation (6.5) is solved in MATLAB for a 

unit force, and the spring constant k is calculated. From the spring constant obtained above, the 

resonance frequency ωn of the energy harvester is expressed as  

 

𝜔𝑛 = √
𝑘

𝑚𝑒
= √

𝑘

(33 140⁄ )𝑚 + 𝑀𝑡
 (6.6) 

where me is the effective mass of the cantilever represented by (33 140⁄ )𝑚 + 𝑀𝑡, where m is 

the mass of the beam and Mt is the mass of the end-mass [97]. 

 
𝑑2𝑧

𝑑𝑥2
= 

12(𝐿 − 𝑥)𝐹

𝑌𝑝𝑏ℎ
3(𝑥)  + (𝑌𝑠 − 𝑌𝑝)𝑏ℎ𝑠

3
 

(6.5) 
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6.1.3 Stress on the piezoelectric material 

The end-mass motion exerts stress on the cantilever beam, and the stress is maximum on the top 

surface and gradually decreases towards the beam's neutral axis. Therefore the stress on the 

piezoelectric layer along the length x due to the moment M(x) can be written as [21]  

 𝑇(𝑥) =  
𝑀(𝑥)

𝐼(𝑥)
ℎ𝑝𝑠(𝑥) (6.7) 

and the average stress on the piezoelectric material can be written as  

 𝑇 = 
1

𝐿𝑝
∫

𝑀(𝑥)

𝐼(𝑥)
ℎ𝑝𝑠(𝑥) 𝑑𝑥

𝐿𝑝

0

 (6.8) 

where I(x) is the cross-section moment of inertia of the composite beam and hps(x) is the distance 

between the center of the piezoelectric layer and the neutral axis (NA) as shown in Figure 6.2 

and are respectively given as follows. 

 
𝐼(𝑥) =

𝑏ℎ3(𝑥)

12
+ (− 1)

𝑏ℎ𝑠
3

12
 (6.9) 

 
ℎ𝑝𝑠(𝑥) =

ℎ𝑠
2
+
ℎ𝑝(𝑥)

2
 (6.10) 

where  is the ratio of Young's moduli of the substrate and the piezoelectric material. For a 

sinusoidal input excitation of frequency ω, the end-mass motion will also be periodic, and hence 

the force and end-mass displacement will be a function of time given as  

 𝐹(𝑡) = 𝑘𝑧(𝑡) (6.11) 

where z(t) is the displacement of the end-mass. Thus, the average stress as a function of time can 

be written as 

 𝑇(𝑡) =  
1

𝐿𝑝
∫

𝑘𝑧(𝑡)

𝑏ℎ0
3

12  [
(𝐿 − 𝑥)
𝐿 ]

3

 + (− 1)
𝑏ℎ𝑠

3

12(𝐿 − 𝑥)

[
ℎ𝑠
4
+ (√

𝐿 − 𝑥

𝐿
)
ℎ

4
]  𝑑𝑥

𝐿𝑝

0

 (6.12) 

Equation (6.12) defines the instantaneous average stress on the piezoelectric material due to the 

end-mass displacement z(t), and it can be rewritten as 

 𝑇(𝑡) =  𝑧(𝑡)𝜓 (6.13) 

where ψ is given by  
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 𝜓 =
1

𝐿𝑝
∫

𝑘

𝑏ℎ0
3

12
 [
(𝐿 − 𝑥)
𝐿 ]

3

 + (− 1)
𝑏ℎ𝑠

3

12(𝐿 − 𝑥)

[
ℎ𝑠
4
+ (√

𝐿 − 𝑥

𝐿
)
ℎ

4
]

𝐿𝑝

0

𝑑𝑥 (6.14) 

Note that ψ depends on the composite cantilever's dimension and material properties and not on 

the input excitation condition. 

6.1.4 Derivation of coupled equations 

The equations for the end-mass displacement and the generated voltage across load resistance 

are derived in section 5.1.4 of the previous chapter. Using the same procedure, the coupled 

equations for the PVEH-2 can be written as 

 
𝑣(𝑡) + 𝑅𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
− 𝑅𝜃

𝑑𝑧(𝑡)

𝑑𝑡
= 0 (6.15) 

 
𝑧̈(𝑡) + 2𝜁𝑚𝜔𝑛ż(𝑡) + 𝜔𝑛

2𝑧(𝑡) + 
𝜃

𝑚𝑒

𝑣(𝑡) = 𝑦̈(𝑡) (6.16) 

where, Cp represents the capacitance of a single piezoelectric layer, and θ represents the 

electromechanical coupling coefficient of the energy harvester and are respectively given by 

 
𝐶𝑝 =

𝜀33
𝑇 𝑏𝐿𝑝

ℎ𝑝(𝑎𝑣)
 (6.17) 

 𝜃 = 𝑑31𝑏𝐿𝑝𝜓 
(6.18) 

6.1.5 Parallel connection of piezoelectric layers 

Using the same procedure as discussed in section 5.1.5 for PVEH-1, the coupled equations for 

parallel-connected piezoelectric layers of the PVEH-2 can be written as 

 
𝑣(𝑡) + 2𝑅𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
−  2𝜃𝑅

𝑑𝑧(𝑡)

𝑑𝑡
= 0 (6.19) 

 
𝑧̈(𝑡) + 2𝜁𝑚𝜔𝑛𝑧̇(𝑡) + 𝜔𝑛

2𝑧(𝑡) + 
2𝜃

𝑚𝑒

𝑣 = 𝑦̈(𝑡) (6.20) 

Equations (6.19) and (6.20) are the coupled equations for the thickness-tapered PVEH-2 with 

parallel-connected piezoelectric layers. Solving (6.19) and (6.20) for displacement z(t) and 

generated voltage 𝑣(𝑡), the generated electrical power can be calculated. When the energy 

harvester is excited with a sinusoidal excitation of angular frequency ω and peak amplitude Y0 

at the base, the solution for the above equations can be written as  
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𝑧(𝑡) = −

𝑚𝑒𝜔
2𝑌0(1 + 𝑗2𝑅𝐶𝑝𝜔)

(𝜔𝑛2 − 𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(𝑚𝑒 + 𝑗2𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗4𝑅𝜃2𝜔
𝑒𝑗𝜔𝑡 (6.21) 

 
𝑣(𝑡) =  − 

2𝑗𝑅𝜃𝑚𝑒𝜔
3𝑌0

(𝜔𝑛2 − 𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(𝑚 + 𝑗2𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗4𝑅𝜃2𝜔
𝑒𝑗𝜔𝑡 

(6.22) 

The above analytical expressions are useful in estimating electrical power transferred to the 

resistive load due to the mechanical motion of the energy harvester.  

6.1.6 Series connection of piezoelectric layers 

Using the same procedure as discussed in section 5.1.6 for PVEH-1, the coupled equations for 

the series-connected piezoelectric layers of PVEH-2 can be written as 

 
2𝑣(𝑡) + 𝑅𝐶𝑝

𝑑𝑣(𝑡)

𝑑𝑡
− 2𝑅𝜃

𝑑𝑧(𝑡)

𝑑𝑡
= 0 (6.23) 

 
𝑧̈(𝑡) + 2𝜁𝑚𝜔𝑛ż(𝑡) + 𝜔𝑛

2𝑧(𝑡) + 
𝜃

𝑚𝑒

𝑣(𝑡) = 𝑦̈(𝑡) (6.24) 

Equations (3.21) and (5.30) are the coupled equations for the thickness-tapered PVEH-2 with 

series-connected piezoelectric layers. Solving (3.21) and (5.30) for displacement z(t) and 

generated voltage 𝑣(𝑡), the generated electrical power can be calculated. When the energy 

harvester is excited with a sinusoidal excitation of angular frequency ω and peak amplitude Y0 

at the base, the solution for the above equations can be written as  

 𝑧(𝑡) = −
𝑚𝑒𝜔

2𝑌0(2 + 𝑗𝑅𝐶𝑝𝜔)

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(2𝑚 + 𝑗𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗2𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (6.25) 

 𝑣(𝑡) =  −
𝑗2𝑚𝜔3𝑅𝜃𝑌0

(𝜔𝑛
2 −𝜔2 + 𝑗2𝜁𝑚𝜔𝜔𝑛)(2𝑚𝑒 + 𝑗𝑚𝑒𝑅𝐶𝑝𝜔) + 𝑗2𝑅𝜃

2𝜔
𝑒𝑗𝜔𝑡 (6.26) 

6.2 GEOMETRICAL AND MATERIAL PROPERTIES OF PVEH-2 

The detailed dimensions of the PVEH-2 used in the simulation are shown in Table 6.1. The 

energy harvester under consideration is a bimorph with parallel-connected piezoelectric layers. 

All calculations are performed for a constant input acceleration of 0.2g or 1.96 m/s2. The 

piezoelectric material considered in all the simulations is PZT-5H, and for this material 𝑑31 =

 −274 x 10−12 C/N and 𝜀33
𝑇 =  30.104 x 10−9 F/m [155]. 
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Table 6.1: Geometric and material parameters of the simulated PVEH-2. 

Parameter Description Value 

L Beam length 50.0 mm 

b Beam width, end-mass width 5.0 mm 

hp0 Piezoelectric layer thickness at the base 1.5 mm 

hs Substrate layer thickness 1.0 mm 

lm Length and height of end-mass 21.7 mm 

Ys Young's modulus of substrate material  110.0 (GPa) 

Yp Young's modulus of the piezoelectric material 60.6 GPa 

ρp piezoelectric material (PZT-5H) density 7500 kg/m3 

ρp Density of substrate material (Brass) 9000 (kg/m3) 

ρm Density of end-mass material 11000 (kg/m3) 

The derived analytical expressions are solved in MATLAB using the specifications mentioned 

in Table 6.1. An FE model is also developed and studied to compare the analytical results. The 

3D view of the proposed PVEH-2 developed for FE analysis in COMSOL Multiphysics is shown 

in Figure 6.3. 

 
Figure 6.3: Geometry of PVEH-2 simulated in COMSOL Multiphysics. 

6.3 RESULTS FROM THE DERIVED ANALYTICAL EXPRESSIONS 

The analytical expressions derived for the parallel-connected piezoelectric layers are solved 

using MATLAB, and results are obtained for the resonance frequency of vibration, end-mass 

displacement, generated power, and stress profile on the surface. In the following sections, all 

the results are discussed in detail. 

6.3.1 Calculation of resonance frequency 

The resonance frequency for the PVEH-2 of the specifications mentioned above is calculated 

using (6.6). Piezoelectric materials exhibit lower stiffness in short-circuit conditions and higher 
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stiffness in open-circuit conditions [156]. Thus, the resonance frequency in the open-circuit 

condition is higher than the short-circuit condition. In this study, the resonance frequency 

mentioned is for the short-circuit condition. The resonance frequency found from the derived 

expression is 100.02 Hz and from FE analysis is 100.50 Hz. 

6.3.2 Variation of end-mass displacement with load resistance 

The end-mass displacement due to input base excitation is maximum near the resonance 

frequency. The end-mass displacement decreases as the excitation frequency moves away from 

the system resonance frequency. Figure 6.4 shows the variation of end-mass displacement with 

input frequency for different load resistances. As the load resistance increases from a very low 

value to higher values, the end-mass displacement varies and two peaks are observed as shown 

in Figure 6.4. The first peak at 100.02 Hz corresponds to the short-circuit resonance frequency 

and the other peak at 106.6 Hz corresponds to the open-circuit resonance frequency. 

 

Figure 6.4: Plot of end-mass displacement versus frequency for various load resistance values. 

6.3.3 Variation of electrical power with load resistance 

The PVEH-2 generates an electrical voltage across the connected load resistance due to stress on 

it, and the power is calculated as the product of current through the load resistance and voltage 

across it. Figure 6.5 shows the variation of electrical power with frequency for various load 

resistances obtained from the derived analytical expressions. As the load resistance increases 

from a lower value to a very high value, the generated power varies and two peaks are observed 

as shown in Figure 6.5. The first peak at 100.02 Hz corresponds to the short-circuit resonance 

frequency and the other peak at 106.6 Hz corresponds to the open-circuit resonance frequency. 
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Figure 6.5: Plot of power versus frequency for various load resistance values. 

As shown in Figure 6.5, the generated power depends on the connected load resistance, and the 

load resistance value for which the PVEH generates the highest power is called optimal load 

resistance. In the above analysis, the optimal load resistance is found to be 17 kΩ when the PVEH 

is excited with the short-circuit resonance frequency (100 Hz). 

6.4 COMPARISON OF ANALYTICAL RESULTS WITH FE ANALYSIS  

An FE model of conventional bimorph PVEH has been developed in chapter-2 using COMSOL 

Multiphysics. Using the same methodology, an FE model for PVEH-2 is developed, and a 

sinusoidal input of constant acceleration of 0.2g is applied at the base. The PVEH is simulated 

to obtain the end-mass displacement, generated power, and stress profile on the piezoelectric 

material. 

6.4.1 Comparison of end-mass displacement 

The end-mass displacement of the PVEH-2 is calculated using (6.21) for the short-circuit 

condition and plotted against input frequency in Figure 6.6 (a). The end-mass displacement for 

the same PVEH obtained from FE analysis is also plotted in Figure 6.6 (b). The analytical result 

shows that the peak value of end-mass displacement is 245 μm at 100 Hz frequency, and the 

result from the FE analysis shows that the peak value of end-mass displacement is 237 μm at 

100.5 Hz frequency. FE analysis results are consistent with the analytical results.  When the 

optimal load resistance (17 kΩ) is connected to the PVEH-2, the plots of end-mass displacement 

from the analytical result and FE analysis are shown in Figure 6.7 (a) and Figure 6.7 (b), 

respectively. 
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(a) 

 
(b) 

Figure 6.6: Plot of end-mass displacements versus frequency at short-circuit condition from (a) the derived 

analytical expression and (b) FE analysis. 

 
(a) 

 
(b) 

Figure 6.7: Plot of end-mass displacements versus frequency at optimal load from (a) the derived 

analytical expression and (b) FE analysis. 

6.4.2 Comparison of generated power at optimal load resistance 

As shown in Figure 6.5, the electrical power depends on the connected load resistance, and to 

harvest maximum power, the load resistance should be of optimal value. The load resistance 

value for which the PVEH-2 generates the highest power is called optimal load resistance. Figure 

6.8 (a) and Figure 6.8 (b) show the plots of the generated power at optimal load resistance 

obtained using the derived analytical expression and FE simulation. 
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(a) 

 
(b) 

Figure 6.8: Plot of power versus frequency at optimal load obtained from (a) analytical expression 

and (b) FE analysis. 

6.4.3 Comparison of the stress profile    

The end-mass of the cantilever oscillates due to the applied base excitation, and this oscillation 

produces stress on the piezoelectric material. The stress on the beam surface of the proposed 

PVEH-2 is uniform in nature which significantly increases the device reliability. The stress 

profile from the analytical solution and FE analysis results of the proposed PVEH-2 are shown 

in Figure 6.9 (a) and Figure 6.9 (b), respectively. The stress profiles are for the input excitation 

at 100 Hz frequency with 0.2g acceleration. The stress on the piezoelectric material is uniformly 

distributed along the entire length. This kind of distribution reduces the peak stress on the 

piezoelectric material and at the same time, raises the average stress on the piezoelectric material.   

 
(a) 

 
 

 (b) 

Figure 6.9: Stress distribution along the length obtained from (a) analytical result and (b) FE analysis. 

Table 6.2 summarizes the results from the derived analytical solution and FE analysis of the 

proposed PVEH-2. From the table, it is clear that the results from the derived analytical model 

are close to the results from FE analysis. In the next section, the proposed thickness-tapered 

PVEH-2 is compared with an equivalent conventional PVEH having a uniform thickness. 
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Table 6.2: Comparison of results using analytical model and FE analysis. 

Parameters MATLAB result by 

solving derived analytical 

expressions 

Results from 

FE analysis  

Natural frequency of vibration 100.02 Hz 100.50 Hz 

Open circuit natural frequency of vibration 106.6 Hz 106.5 Hz 

End-mass displacement in short circuit 245 μm 237 μm 

End-mass displacement at optimal load 128 μm 118 μm 

Generated power at optimal load of 17 kΩ 2.18 mW 2.08 mW 

Peak stress 6.40 MPa 6.43 MPa 

The comparison table shown above confirms that the results from the derived analytical model 

are equivalent to the results from FE analysis. In the next section, we will be comparing the 

proposed device's performance with its equivalent conventional PVEH with uniform thickness. 

6.5 COMPARISON WITH CONVENTIONAL PVEH 

The conventional PVEH refers to the cantilever-based PVEH with a uniform cross-section 

throughout the length. In the equivalent conventional PVEH, the thickness of the piezoelectric 

layer is set as the average piezoelectric thickness of the proposed energy harvester that is 1.0 

mm. The substrate layer thickness and the width of the conventional energy harvester beam are 

equal to that of the proposed energy harvester. Analytical expressions have been derived for 

conventional PVEH with uniform thickness in chapter-3 and are used herein to evaluate the 

performance of the equivalent conventional PVEH. The resonance frequency of the equivalent 

conventional energy harvester is kept the same (100 Hz) as that of the proposed PVEH-2 by 

adjusting the end-mass. All the geometrical parameters of the equivalent conventional PVEH are 

shown in Table 6.3 and the material properties are the same as that of the PVEH-2. 

Table 6.3: Geometrical parameters of the equivalent conventional PVEH. 

Parameter Description Value 

L Beam length 50 mm 

b Beam width 5 mm 

hp Piezo layer thickness 1 mm 

hs Substrate layer thickness 1 mm 

lm End-mass length and height 20.65 mm 

The end-mass for the equivalent conventional energy harvester is 23.45 grams, whereas that of 

the PVEH-2 is 25.90 grams. Both the energy harvesters are excited with a constant acceleration 
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of 0.2g (1.96 m/s2) around their resonance frequency, and their responses are recorded. Figure 

6.10 shows the schematic diagram of the equivalent conventional PVEH with uniform cross-

section beam. 

 
Figure 6.10: Geometry of the equivalent conventional PVEH. 

6.5.1 Comparison of end-mass displacement  

The proposed PVEH-2 and the equivalent conventional PVEH are excited with the same input 

acceleration, i.e., 0.2g at their respective bases, and their performances are compared. The 

displacements of the end-mass for both the devices are measured when optimal load resistances 

are connected. Figure 6.11 compares the end-mass displacements of the proposed PVEH-2 and 

its equivalent conventional PVEH, which are 128 μm and 124 μm, respectively. Both the energy 

harvesters resonate at the same frequency and show almost equal end-mass displacement. 

 
Figure 6.11: Comparison of end-mass displacements of PVEH-2 (tapered thickness) and conventional 

PVEH (uniform thickness). 

6.5.2 Comparison of the stress profile  

Figure 6.12 shows the plot of stress distribution on the beam surface for the proposed PVEH-2 

and the equivalent conventional PVEH at an excitation frequency of 100 Hz with 0.2g (1.96 

m/s2) acceleration. The conventional PVEH experiences the highest stress at the fixed end, 

whereas the proposed PVEH-2 experiences almost uniform stress all along the length.  
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Figure 6.12: Comparison of stress distribution along the length of PVEH-2 (tapered thickness) and 

conventional PVEH (uniform thickness). 

The proposed thickness-tapered PVEH-2 is more reliable as the stress is well distributed along 

the entire length, and it can be used for higher input accelerations compared to equivalent 

conventional PVEH. The peak value of stress on the proposed PVEH-2 is 6.40 MPa at the fixed 

end of the beam, and the minimum value of stress is 5.43 MPa at the free end of the beam. On 

the other hand, the highest value of stress on the conventional PVEH is 9.28 MPa, and the 

minimum value of stress is 1.59 MPa. The average stress on the beam is calculated from stress 

at fifty different points on the beam and it is found to be 6.195 MPa for the proposed PVEH-2 

and 5.43 MPa for the conventional PVEH. Though the peak stress on the proposed PVEH is 

significantly lower, the average stress is noticeably higher than the conventional energy 

harvester.  

FE analyses of the proposed PVEH-2 and its equivalent conventional energy harvester are carried 

out, and their 3D views of stress distribution are shown in Figure 6.13 (a) and (b), respectively. 

 
(a) 

 
 (b) 

Figure 6.13: 3-D views of stress distribution on (a) proposed PVEH-2 and (b) conventional PVEH. 
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6.5.3 Comparison of generated power 

The generated power from a PVEH is directly proportional to the average stress on the 

piezoelectric material. In the previous subsection, we have seen that the proposed energy 

harvester experiences significantly higher average stress on the piezoelectric material, and thus 

it should generate higher electrical power compared to the conventional PVEH. Figure 6.14 

shows the generated power for optimal load resistance from the proposed PVEH-2 and 

equivalent conventional PVEH for the same input acceleration (0.2g). The peak generated power 

is 2.18 mW and 1.90 mW from the proposed PVEH-2 and conventional PVEH, respectively. In 

uniform thickness PVEH, the stress reduces linearly along the length as observed in Figure 6.12, 

and the piezoelectric material towards the free end remains underutilized, whereas in the 

proposed PVEH-2, the piezoelectric material experiences almost uniform stress and contributes 

equally to the energy generation process, resulting in more harvested power. 

 

Figure 6.14: Comparison of harvested power from proposed PVEH-2 (tapered thickness) and 

conventional PVEH (uniform thickness). 

6.5.4 Comparison of generated power at equal stress 

The proposed PVEH-2 experiences less stress and generates higher power compared to the 

conventional PVEH for the same input conditions. The lower stress on the proposed PVEH-2 

allows the use of this energy harvester for higher input accelerations without much stress on the 

piezoelectric materials. In this section, both the energy harvesters are exposed to the same peak 

stress value, and their performances are compared. Here both conventional and proposed PVEH 

are excited with 100 Hz frequency such that the peak stress on the piezoelectric material is 10 

MPa. To achieve the peak stress, the proposed PVEH-2 is excited with 3.065 m/s2 acceleration, 

and the conventional energy harvester is excited with 2.112 m/s2 acceleration. When both the 

PVEH are excited to the 10 MPa stress level, the stress distributions are as shown in Figure 6.15. 
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The generated powers at the same stress level are 5.328 mW and 2.205 mW, respectively, for 

the PVEH-2 and the conventional PVEH and are shown in Figure 6.16. 

 
Figure 6.15: Stress profile comparison of the proposed PVEH-2 (tapered thickness) and conventional 

PVEH  (uniform thickness) for equal peak stress of 10 MPa. 

 
Figure 6.16: Generated power from the proposed PVEH-2 (tapered thickness) and conventional PVEH 

(uniform thickness) for equal peak stress of 10 MPa. 

6.6 POWER DENSITY 

The power density is calculated by dividing the harvested power by the corresponding device 

volume. The total volume is the summation of beam volume and end-mass volume. The proposed 

PVEH-2 beam and the equivalent conventional beam have equal volume. The beam volume for 

both the devices is 0.750 cm3, the end-mass volume for the proposed PVEH-2 is 2.3544 cm3 and 

that of the conventional PVEH is 2.132 cm3. Thus, the total volume of the proposed PVEH-2 is 

3.104 cm3 and the total volume of the conventional PVEH is 2.882 cm3. The power density for 

the proposed PVEH-2 is 0.702 mW/cm3 and for the conventional PVEH is 0.659 mW/cm3 for 
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excitation at 100 Hz with 0.2g acceleration. At the same acceleration level, the proposed PVEH 

shows a slight increase in power density and a significant decrease in peak stress value. When 

both the PVEH are excited to the same level of stress (10 MPa), the power density of the proposed 

PVEH is 1.716 mW/cm3, and the power density of the conventional PVEH is 0.765 mW/cm3. 

The proposed PVEH-2 shows a significant improvement in the generated power compared to the 

equivalent conventional PVEH of uniform thickness. The summary of all the observations is 

given in Table 6.4 to compare both the energy harvesters quantitively. 

Table 6.4: Output comparison of the proposed and conventional PVEH. 

 Proposed PVEH-2 Conventional PVEH 

Displacement of end-mass at 0.2g acceleration  128 μm 124 μm 

Generated power at 0.2g acceleration  2.18 mW 1.90 mW 

Maximum stress at 0.2g acceleration 6.40 MPa 9.28 MPa 

Power density at 0.2g acceleration  0.702 mW/cm3 0.659 mW/cm3 

Generated power at 10 MPa stress  5.328 mW 2.205 mW 

Power density at 10 MPa stress  1.716 mW/cm3 0.765 mW/cm3 

6.7 ADVANTAGES OF THE PROPOSED PVEH-2 OVER CONVENTIONAL PVEH 

• The generated power is 14.7% more than the conventional PVEH for the same input 

acceleration (0.2g). 

• The Peak stress value is 31% lower than the conventional PVEH for the same input 

acceleration (0.2g). 

• The generated power is 141.6% more than the conventional PVEH for the same peak 

stress (10 MPa).  

• Higher power density compared to the conventional PVEH. 

• The proposed energy harvester can be used for higher acceleration levels compared to 

conventional PVEH. 

• The proposed energy harvester is mechanically more robust and reliable than 

conventional PVEH. 

6.8 POSSIBLE FABRICATION TECHNIQUE FOR PVEH-2 

The proposed PVEH-2 comprises a substrate layer of uniform thickness sandwiched between 

two thickness-varying piezoelectric layers. Since piezoelectric material (PZT-5H) is brittle, the 
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nonuniform thickness layer is difficult to realize with the present fabrication technology. To 

attain the desired thickness profile of the piezoelectric layers, piezoelectric patches of different 

lengths can be stacked together as shown in the Figure 6.17 below.   

 

Figure 6.17: Thickness-tapered beam using several layers of piezoelectric material. 

6.9 COMPARISON OF PROPOSED PVEH-1 AND PVEH-2 

As discussed above, the proposed PVEH-1 and PVEH-2 perform better in all respect compared 

to equivalent conventional PVEH due to uniform stress profile. In this section comparison 

between PVEH-1 and PVEH-2 is done to know the suitability of each device.  

Table 6.5: Comparison of proposed PVEH-1 and PVEH-2 

Parameter PVEH-1 PVEH-2 

Device volume  2.575 cm3 3.104 cm3 

Volume of piezoelectric material 0.125 cm3 0.500 cm3 

Generated power at 0.2g 1.46 mW 2.18 mW 

Peak stress value  5.14 MPa 6.40 MPa 

Power density per unit volume of piezo material 11.68 mW/cm3 4.36 mW/cm3 

Input acceleration for 10 MPa stress 3.81 m/s2 (0.3884 g) 3.065 m/s2 (0.313g) 

Power density mW/cm3 for 0.2g acceleration 0.567 mW/cm3 0.702 mW/cm3 

Generated power at 10 MPa 5.522 mW 5.328 mW 

Power per unit peak stress 0.552 mW/MPa 0.5328 mW/MPa 

Power density mW/cm3 at 10 MPa stress 2.144 mW/cm3 1.716 mW/cm3 

Table 6.5 summaries mechanical and electrical output parameters for both the proposed energy 

harvesters. When the same input acceleration (0.2g) is applied to both the devices, PVEH-2 

generates 49% more power, however, PVEH-2 has higher device volume resulting in 27% more 

power density. The peak stress value on PVEH-2 is 24.5% more compared to PVEH-1. For a 
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given acceleration, PVEH-1 will experience lower stress, therefore PVEH-1 will be a better 

choice to deploy when acceleration levels are high.  

6.10 CONCLUSIONS 

The stress variation on the conventional PVEH is minimized using a thickness-tapered geometry. 

The proposed geometry (PVEH-2) consists of a uniform thickness substrate layer and two 

thickness-tapered piezoelectric layers. Analytical expressions for the resonance frequency, end-

mass displacement, stress profile and generated electrical voltage are derived for the proposed 

PVEH-2. The FE analysis results of an identical PVEH are consistent with the results obtained 

from the analytical expressions. The proposed PVEH-2 can generate 14.7% more power than the 

equivalent conventional PVEH with uniform thickness under identical input conditions. Since 

the stress in the proposed PVEH-2 is uniformly distributed, the peak stress is 31% less compared 

to the conventional PVEH. Thus, it is mechanically more reliable and capable of operating at 

higher input acceleration. When both the energy harvesters are exposed to the same peak stress, 

the proposed PVEH produces 141.6% more electrical power than the conventional PVEH. 
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CHAPTER 7 

 

 ANALYSIS OF DIAPHRAGM-BASED PVEH 

A diaphragm-based PVEH structure consists of a circular piezoelectric disk generally attached 

to a metallic substrate layer, and a proof mass is fixed at the center [2]. The diaphragm is 

normally made of unimorph or bimorph piezoelectric layers. An introduction to the diaphragm-

based PVEH has been presented in Chapter-1. 

In this chapter, a circular diaphragm-based PVEH is modeled in COMSOL Multiphysics and FE 

analysis is carried out to find output power, stress profile and displacement of the proof mass. 

Initially, the entire diaphragm is simulated as a single energy harvester, and subsequently, the 

diaphragm is divided into different angular slices by introducing radial cuts. The optimal slicing 

angle is estimated from the FE analysis results. A broadband energy harvester is proposed using 

a combination of different angular slices. 

7.1 FE ANALYSIS OF THE DIAPHRAGM-BASED PVEH 

The FE analysis of diaphragm-based PVEH is carried out using the piezoelectric-circuit interface 

of the software. A sinusoidal input excitation is applied to the outer base of the diaphragm and a 

proof mass is attached at the center to adjust the resonance frequency. When the input vibration 

frequency matches the device resonance frequency, the diaphragm starts oscillating, and the mass 

at the center shows the maximum displacement. The stress due to displacement of the mass 

induces an electrical voltage between the electrodes placed on piezoelectric layers. The 

geometrical specification and the material properties of the analyzed diaphragm are given in 

Table 7.1. The plate of the diaphragm-based PVEH consists of a substrate layer sandwiched 

between two piezoelectric layers. The circular outer ring works as the base and can be attached 

to an external vibration source, and a circular proof mass is used at the center to control the 

resonance frequency, as shown in Figure 7.1. Figure 7.1The piezoelectric material used is PZT-

5H and the material properties are already discussed in the previous chapters. 
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Table 7.1: Geometrical and material parameters of the diaphragm-based PVEH. 

Parameter Description Value 

R Diaphragm radius 70.00 mm 

hp Piezo-layer thickness 0.25 mm 

hs Substrate layer thickness 1.50 mm 

Rm The radius of the proof mass 20.00 mm 

hm The thickness of the proof mass 25.00 mm 

Yp Young's modulus of piezoelectric material 60.60 GPa 

Ys Young’s modulus of substrate (Brass) 110 GPa 

ρp Density of the substrate (Brass) 9000 kg/m3 

ρm Density of the proof mass 15000 kg/m3 

V Device volume 59.66 cm3 
The    

In the FE analysis of the above PVEH, the eigenmode frequency analysis and frequency domain 

analysis are carried out to study different output characteristics of the energy harvester. 

7.1.1 Resonance frequency of vibration 

The resonance frequency of vibration is estimated from the eigenmode frequency analysis. In 

this analysis, short-circuit and open-circuit resonance frequencies are estimated. The load 

resistance value should be zero to estimate the short-circuit resonance frequency, and it should 

be very high to estimate the open-circuit resonance frequency.  

The short-circuit and open-circuit resonance frequencies are found by eigenmode frequency 

analysis of the diaphragm and are 284 Hz and 301.5 Hz, respectively. The proof mass 

displacement for the open-circuit condition and short-circuit condition is shown in Figure 7.2. 

 
Figure 7.1: Geometry of circular diaphragm-based PVEH. 

Mass 

Outer Base 

TH-3044_11610204



CHAPTER 7 ANALYSIS OF DIAPHRAGM-BASED PVEH 

 

103 

 

 

Figure 7.2: Plots of displacement versus frequency for short-circuit and open-circuit conditions. 

7.1.2 Voltage and power from the PVEH 

The diaphragm-based PVEH is excited with sinusoidal input excitations at the outer base. The 

input excitation is of the varying frequency with a constant acceleration of 0.2g. The mass at the 

center oscillates with the same frequency as that of the input excitation. The displacement of the 

mass exerts stress on the piezoelectric material, generating an electrical voltage across the 

connected load resistance. As the central mass moves upward, the strain on the outer edge of the 

plate is negative and on the inner edge is positive and vice versa. This opposite strain on the 

diaphragm surface generates two opposite polarity voltages on the electrodes, as shown in Figure 

7.3. Therefore, the piezoelectric layer on the surface is divided into two sections, viz. inner 

region, close to proof mass, and outer region, close to the base. 

 
Figure 7.3: Distribution of voltage on the diaphragm surface. 

In Figure 7.3, the generated voltages on the inner and outer regions are of opposite polarity. 

Therefore, separate electrodes are needed for each region. The electrodes are connected with two 

separate resistive loads, and the total generated power is the summation of powers from both the 
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load resistances. The variations of proof mass displacement and the corresponding total power 

are plotted against the input frequency and are shown in Figure 7.4 and Figure 7.5, respectively. 

 
Figure 7.4: Plot of proof mass displacement versus frequency at optimal load. 

 
Figure 7.5: Plot of generated power versus frequency at optimal load. 

The above results show that the peak value of the proof mass displacement is 16.08 µm at the 

frequency 284 Hz. The peak stress on the diaphragm is 3.7 MPa and the generated peak power 

is 15.84 mW at the resonance frequency. The electrical power density of the diaphragm-based 

energy harvester is 0.261 mW/cm3 for an input acceleration of 0.2g. 

7.1.3 Stress profile on the diaphragm surface 

The stress profile on the piezoelectric surface is shown in Figure 7.6 for 284 Hz excitation with 

optimal load resistance connected. It is observed from the stress profile that the stress is mainly 

concentrated at the inner edge close to the proof mass. The stress distribution is similar to that of 

the conventional cantilever-based PVEH discussed in section 4.2. In this type of stress 

distribution, the average stress on the piezoelectric material significantly reduces, resulting in 
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lower electrical power generation. In addition, the inner edge near the proof mass experiencing 

the highest stress is prone to mechanical failure. 

 
Figure 7.6: Distribution of stress on the diaphragm surface. 

In the following sections, the conventional diaphragm-based PVEH is divided into several 

angular slices by giving radial cuts to study harvested power and bandwidth. 

7.3 ANGULAR SLICING OF THE DIAPHRAGM  

The diaphragm-based structures typically have higher resonance frequency than the cantilever-

based structures. On the other hand, most of the vibration sources suitable for energy harvesting 

range from 100 Hz to 200 Hz. The options to reduce the resonance frequency of vibration are 

generally by increasing the mass at the center or by increasing the diameter. Both the options 

increase the device's mass and volume, thus reducing the power density. The other option to 

reduce resonance frequency is by reducing the diaphragm thickness, which increases the stress 

and makes the device more prone to mechanical failure. 

In this study, we propose to divide the diaphragm into angular slices (sectors) so that the 

individual slices will behave as cantilevers and the resonance frequency will reduce, increasing 

the harvested power. The entire diaphragm is divided into an integral number (n) of identical 

slices and Figure 7.7 shows the conventional diaphragm and divided diaphragm for n = 8.  

 
Figure 7.7: Schematic of conventional diaphragm (left) and diaphragm sliced in 8 sectors (right). 
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7.3.1 Angular slicing  

Analysis is carried out for cases in which the diaphragm is divided into integral number (n) of 

identical slices (sectors) for all integers between 2 and 16, and selected values of n beyond 16.  

The division results in 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 18, 20, 24, 30, 36, 40, 45, 

60, 90, 120, 180 and 360 number of slices (sectors) corresponding to the central angles of 180o, 

120o, 90o, 72o, 60o, 51.4o,45o, 40o, 36o, 32.7o, 30o, 27.6o, 25.7o, 24o, 22.5o, 20o, 18o, 15o, 12o, 10o, 

9o, 8o, 6o, 4o, 3o, 2o and 1o, respectively. 

The 180o slicing results in two equal slices of the diaphragm, similarly 120o slicing results in the 

three equal slices and so on. The pictorial representation of 90o (n = 4) and 36o (n = 10) slicing 

of the diaphragm is shown in Figure 7.8.  

 
(a) 

 
(b) 

Figure 7.8: 3-D view of the diaphragm divided in equal slices each of angle (a) 90o 

and (b) 36o. 

7.3.2 FE analysis of the angular slices 

The diaphragms sliced with the above-mentioned angles are studied using FE analysis, and the 

results are obtained for resonance frequency of vibration, displacement of the mass, distribution 

of stress, and generated power. For the entire study, a sinusoidal excitation is applied for a range 

of frequencies around the resonance frequency and the acceleration level is kept constant at 0.2g. 

A total of 27 cases of sliced diaphragm mentioned above are simulated and their results are 

studied. The plots of generated power in the entire diaphragm and stress distribution for angles 

of 120o, 90o, 60o, 45o, 36o, 20o, and 10o in one sector are shown in Figure 7.9 to Figure 7.15, 

respectively.  
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Figure 7.9: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 1200 slice. 

 
(a) 

 
 (b) 

Figure 7.10: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 900 slice. 

 
 

Figure 7.11: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 60o slice.  
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Figure 7.12: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 45o slice.  

  
Figure 7.13: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 36o slice.  

  
Figure 7.14: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 20o slice. 
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Figure 7.15: Plots of (a) total power generated in the diaphragm versus frequency and (b) stress 

distribution in 10o slice. 

The 120o slice shows a resonance frequency of 155.25 Hz and three such slices form the complete 

diaphragm and generate total electrical power of 25.53 mW across an optimal load resistance of 

500 Ω. The generated power is 63.88% higher than that of the conventional undivided 

diaphragm-based PVEH. Similarly, the results from other angular slices show that slicing has 

improved the overall power generation capability of the diaphragm without sacrificing any 

additional volume or mass. The stress on the slices are also very well distributed all over the 

surface compared to the conventional diaphragm. In Table 7.2, the mechanical and electrical 

performances of all the angular slices are compared, and the optimal slicing angle for efficient 

power generation is determined. In, Table 7.2 it is observed that the generated power for the 

conventional diaphragm is 15.58 mW, and slicing the diaphragm into integral number (n) of 

identical slices results in increase in the total output power. The generated power is lowest for 

the 180o slice and increases as the number of slices (n) increases. Thus, the generated power is 

found to be proportional to the number of slices (n) but, a large value of n will increase stress on 

the surface as well as the operational and wiring difficulty. Thus, we have to pick a suitable angle 

of slicing that should generate a decent amount of power without compromising reliability. 
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Table 7.2: Performance comparison of diaphragm divided in different n number of slices. 
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1 360o 284.00 16.44 15.58 0.261 ----- 3.70 4.210 

2 180o 202.50 48.07 18.51 0.310 18.80 9.18 2.016 

3 120o 155.25 68.85 25.53 0.428 63.88 7.32 3.488 

4 90o 138.50 82.70 28.64 0.480 83.82 5.25 5.455 

5 72o 132.00 94.92 30.30 0.508 94.48 4.22 7.180 

6 60o 127.50 104.50 30.72 0.515 97.17 4.12 7.474 

7 51.4o 126.00 105.48 31.55 0.529 102.61 3.89 8.110 

8 45o 124.50 106.00 31.68 0.531 103.33 3.73 8.516 

9 40o 124.00 104.23 31.68 0.532 103.53 3.56 8.899 

10 36o 123.25 104.98 31.95 0.535 105.07 3.52 9.077 

11 32.7o 122.75 105.54 31.97 0.536 105.27 3.49 9.156 

12 30o 122.00 111.30 31.98 0.536 105.26 3.59 8.908 

13 27.6o 122.00 111.77 32.06 0.539 106.45 3.62 8.856 

14 25.7o 121.75 112.56 32.28 0.541 107.33 3.63 8.894 

15 24o 121.50 112.41 32.40 0.543 107.96 3.61 8.950 

16 22.5o 121.50 113.72 32.38 0.543 107.85 3.65 8.872 

18 20o 121.25 115.00 32.28 0.543 107.96 3.67 8.820 

20 18o 121.00 115.72 32.40 0.546 109.24 3.70 8.828 

24 15o 120.50 118.00 32.45 0.547 109.50 3.72 8.818 

30 12o 120.50 119.00 32.60 0.548 109.88 3.76 8.811 

36 10o 120.00 121.00 32.64 0.548 109.80 3.79 8.774 

40 9o 120.00 121.00 32.70 0.550 110.52 3.81 8.697 

45 8o 120.00 121.70 32.69 0.551 110.84 3.82 8.625 

60 6o 120.00 123.00 32.80 0.553 111.81 3.85 8.609 

90 4o 119.75 124.60 32.85 0.551 110.84 3.94 8.599 

120 3o 119.75 125.32 33.00 0.551 111.04 4.20 8.571 

180 2o 119.50 126.01 32.85 0.551 110.84 4.25 8.338 

360 1o 119.50 126.70 32.88 0.552 111.19 4.40 7.829 
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7.3.3 Optimal slicing angle 

Figure 7.16 shows the variation of peak stress on the surface and power density for different 

slicing angles. The optimal angle for the slicing is selected based on the results from and Figure 

7.16. It is observed that the generated power increases by more than 100% for slicing angles less 

than 51.4o (n = 7). On the other hand, the peak value of stress initially decreases with the decrease 

in slicing angle and shows a minimum for the 32.7o (n = 11), and increases with further decrease 

in slicing angle. Thus, the optimal angle to cut the diaphragm is 32.7o, resulting in 11 identical 

slices, as shown in Figure 7.17.  

 

Figure 7.16: Variation of peak stress and power density with slicing angle. 

 
Figure 7.17: Displacement profile of 32.7o slices from FE simulation. 
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The plot of total generated power versus frequency for the conventional diaphragm and 

corresponding divided diaphragm sliced with 32.7o (n = 11) is shown in Figure 7.18. 

 
Figure 7.18: Plot of generated power versus frequency from the conventional diaphragm and  

divided diaphragm sliced with 32.7o. 

The divided diaphragm sliced with 32.7o consists of 11 identical slices, and the resonance 

frequency is 122.75 Hz for all the slices. Each 32.7o slice generates 2.91 mW of power for an 

optimal resistance of 1.43 kΩ, and the total generated power from all the slices is 31.97 mW. 

Since the conventional diaphragm generates only 15.58 mW of power, cutting the diaphragm 

into 11 equal pieces will increase the generated power by 105%. 

Since the angular slices are more like width-tapered PVEH, consequently, the stress on the 

piezoelectric material surface is well distributed along the entire length. Figure 7.19 shows the 

distribution of stress on the sliced diaphragm surface. 

 
Figure 7.19: Stress distribution on the 32.7o slices. 
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7.4 BROADBAND PVEH USING ANGULAR SLICES 

A PVEH with a resonant structure suffers from a narrow bandwidth problem. As the source 

vibration frequency shifts away from the system resonance frequency, the output power falls 

significantly. To minimize this effect of frequency dependency, researchers have used multiple 

resonant structures of different frequencies together [108], [130], [157]–[161] for PVEH 

applications. In the above study, we have observed that the slices of different angles exhibit 

different resonance frequencies. Thus, a set of different angular slices can be combined to obtain 

a broadband energy harvester.  

7.4.1 Design of the broadband PVEH 

In the broadband PVEH design, the following requirements are kept in mind.  

• The energy harvester should generate power from a wide range of input frequencies. 

• The generated power should be uniform in the entire frequency range of the harvester.  

• The summation of angles of all the slices should be 360o.  

With the above design requirement in mind, a broadband PVEH is designed using five different 

angular slices of different resonance frequencies. The slice angles are selected so that the energy 

harvester should be able to harvest from 120 Hz to 140 Hz frequency, and all the slices should 

generate almost equal power. The broadband frequency range of 120 Hz to 140 Hz is selected 

because the slices from 90o to 10o show resonance frequency in that range. Table 7.3 shows the 

details of the slices used in the design of broadband PVEH.   

Table 7.3: Details of the angular slices used to design broadband PVEH. 

Slicing 

angle 

Number of 

slices used in 

the design 

Total angle 

covered  

Resonance 

frequency 

(Hz) 

Optimal load 

resistance (Ω) 

Total expected 

power (mW) 

84o 1 84o 137.75 620 7 

72o 1 72o 132.00 650 6 

60o 1 60o 127.50 700 5.1 

36o 2 72o 123.25 675 6.4 

12o 6 72o 120.5 625 6.5 

The slices mentioned in Table 7.3 are used, and FE analysis is carried out to study the 

performances. The 3-D view of the broadband energy harvester geometry is shown in Figure 

7.20. A set of five corresponding optimal load resistances mentioned in Table 7.3 is used.  
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Figure 7.20: A 3-D view of the broadband PVEH geometry. 

7.5. RESULTS FROM THE BROADBAND PVEH  

The FE analysis of the above geometry is carried out using the same procedure as described in 

the earlier chapters. A sinusoidal input excitation of varying frequency and constant acceleration 

of 0.2g is applied to all the bases, and frequency domain analysis is carried out. The results from 

the above-designed broadband PVEH are discussed in the following subsections. 

7.5.1 Displacement of the proof mass 

The angular slices of different angles show different resonance frequencies and are responsible 

for power generation around their respective resonance frequencies. Figure 7.21 shows the 

displacement of the mass for different angular slices.  

 
Figure 7.21: Displacement of the mass for different angular slices. 
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7.5.2 Stress on the surfaces  

As the angular slices of different angles show different resonance frequencies, the displacement 

is also different. A higher displacement develops more stress on the surface and generates higher 

power. The designed broadband PVEH experiences different stress for different frequencies. The 

stress profiles on the surface of slices are shown in Figure 7.22 (a), (b), (c), (d), and (e) for input 

frequencies 120 Hz, 125 Hz, 130 Hz, 135 Hz, and 140 Hz respectively. The stress distribution 

profile shows that a particular input frequency excites a particular set of angular slices. 

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 
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 (e) 

Figure 7.22: Stress profile on the surface for input frequencies (a) 120 Hz, (b) 125 Hz, (c) 130 Hz, (d) 

135 Hz, and (e) 140 Hz.  

7.5.3 Generated power from the broadband PVEH 

As the angular slices of different angles experience stress at different frequencies, the generated 

power is also different for different frequencies. The individual power from the slices and the 

total power are plotted against input frequency in Figure 7.23. The plot shows that the energy 

harvester can generate electrical power for a wide range of input frequencies (120-140 Hz).  

 
Figure 7.23: Plot of generated power versus frequency for individual slices and their combination.  

7.6 ADVANTAGES OF USING SLICES 

The conventional diaphragm-based PVEH has a higher resonance frequency of vibration. The 

stress on the diaphragm is concentrated at the central portion only and generates most of the 

TH-3044_11610204



CHAPTER 7 ANALYSIS OF DIAPHRAGM-BASED PVEH 

 

117 

 

electrical power. The voltage generated on the diaphragm surface is of opposite polarity, i.e., if 

the voltage is positive at the central portion, then the voltage at the outer side will be negative. 

Hence, we need two sets of electrodes to harvest electrical power from conventional diaphragm-

based PVEH. After dividing the diaphragm-based PVEH into angular slices of 32.70 each the 

power is increased by 105%. The proposed sliced-PVEH has the following advantages over the 

conventional diaphragm-based PVEH. 

• The Resonance frequency of vibration is lower than the intact diaphragm. 

• It can generate more than double electrical power. 

• The stress distribution is almost uniform. 

• The generated voltage is of the same polarity, hence no need to use separate sets of 

electrodes.  

7.7 POSSIBLE FABRICATION APPROACH FOR THE DIAPHRAGM-BASED PVEH 

The conventional diaphragm-based PVEH can be machined to introduce radial cuts into the 

desired angular slices.  

7.8 CONCLUSIONS 

An FE analysis of the diaphragm-based PVEH is carried out. A diaphragm-based PVEH 

generally has a high resonance frequency of vibration, and the stress distribution on the 

diaphragm is mainly concentrated at the central portion only and responsible for most of the 

generated electrical power. We have introduced radial cuts on the diaphragm to produce eleven 

identical angular slices of 32.7o and found that the sliced PVEH has lower resonance frequency 

and generates more electrical power. The observed increase in power is 105% more than the 

intact diaphragm-based PVEH. The slices of different angles are proposed in order to obtain a 

broadband PVEH. 
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CHAPTER 8 

 

 CONCLUSIONS AND FUTURE SCOPE 

The thesis presents geometrical modification of conventional PVEH to improve output 

performance. The thickness profile of the cantilever-based PVEH is modified to obtain uniform 

stress distribution on the piezoelectric material along the beam length and two geometries are 

proposed. The first proposed geometry PVEH-1 consists of a thickness-tapered substrate layer 

sandwiched between two piezoelectric layers of uniform thickness. The second geometry PVEH-

2 consists of a substrate layer of uniform thickness sandwiched between two thickness-tapered 

piezoelectric layers. The thesis also presents modification of diaphragm-based PVEH to reduce 

resonance frequency and higher throughput by introducing radial cuts in the diaphragm. The 

optimal slicing angle for the best performance at a given frequency is found and a broadband 

PVEH using several slices of different angles is proposed.   

Chapter-1 presents an introduction to the PVEH and covers a brief background of piezoelectric 

materials and different energy harvesting techniques. It also presents literature review for various 

types of PVEH and different geometrical modifications adopted to improve stress distribution. 

In Chapter 2, conventional PVEH with bimorph piezoelectric layers and an end-mass is modeled 

and simulated using finite element (FE) analysis software. A piezoelectric-circuit coupled model 

is developed and simulated for Eigenmode frequency analysis to obtain the resonance frequency 

of vibration for open and short circuit conditions. The FE model is also analyzed for time domain 

and frequency domain responses of the PVEH with respect to the sinusoidal input excitation. 

The FE analysis results are verified with the published experimental and analytical results. 

In chapter 3, an analytical model is derived for the one-dimensional vibration of a PVEH 

consisting of piezoelectric bimorph cantilever with an end-mass. The model can be used to study 

series-connected as well as parallel-connected piezoelectric layers. The analytical model can 

estimate the harvested electrical power across a resistive load due to input sinusoidal base 
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excitation. It can also be used to estimate resonance frequency of vibration, displacement of end-

mass, and stress on the piezoelectric material. The effect of load resistance on the end-mass 

displacement and output power is studied. The results from the derived analytical expressions 

are verified with the results from FE analysis of the same PVEH.  

Chapter 4 presents an analytical derivation of the optimal thickness profile for cantilever-based 

PVEH to achieve uniform stress along the beam length. The stress uniformity ensures that the 

entire piezoelectric material on the beam surface experiences the same level of stress. In the 

proposed geometry, width is kept constant while the thickness is optimized. The proposed 

thickness profile is further used to design two separate PVEH geometries, PVEH-1 and PVEH-

2. The PVEH-1, consists of a substrate of tapered thickness profile and two piezoelectric layers 

of uniform thickness, and the PVEH-2 consists of a substrate of uniform thickness and two 

piezoelectric layers of tapered thickness. 

Chapter 5 presents the derivation of analytical expressions for the proposed geometry PVEH-1. 

Analytical expressions are derived for the end-mass displacement, resonance frequency, 

generated voltage, and power. The analytical model can be used to study series-connected as 

well as parallel-connected piezoelectric layers. The results from the derived analytical 

expressions are verified with the results from FE analysis. The performance of the proposed 

PVEH-1 is compared with the equivalent conventional PVEH of uniform thickness. The 

proposed PVEH-1 can generate 19% more power than the equivalent conventional PVEH with 

uniform thickness under identical input conditions. Since the stress in the proposed PVEH-1 is 

uniformly distributed, the peak stress is 32% less compared to the conventional PVEH. When 

excited with equal peak stress, the proposed PVEH-1 generates 152% more power than the 

equivalent conventional PVEH. 

In chapter 6, the derivation of analytical expressions for the proposed PVEH-2 is presented. 

Analytical expressions are derived to estimate the end-mass displacement, resonance frequency, 

generated voltage, and output power. The results from the derived analytical expressions are 

verified with the results from FE analysis. The proposed PVEH-2 generates 14.7% more power 

than the equivalent conventional PVEH with uniform thickness under identical input conditions. 

Since the stress in the proposed PVEH-2 is uniformly distributed, the peak stress is 31% less 

compared to the conventional PVEH. The proposed PVEH-2 generates 141.6% more power 

when excited with equal peak stress than the equivalent conventional PVEH. Both the proposed 

PVEHs are compared in terms of performances and suitability. For the same input acceleration, 

the peak stress on PVEH-2 is more and it generates more power. For a given acceleration, PVEH-
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1 will experience lower stress, therefore PVEH-1 will be a better choice to deploy when 

acceleration levels are high. 

In chapter 7, a circular diaphragm-based PVEH is simulated using finite element analysis. The 

modeled diaphragm is a bimorph parallel-connected energy harvester with resistive load. 

Initially, the conventional diaphragm is simulated to estimate the total harvested electrical power, 

and subsequently, the diaphragm is divided into integral number of identical angular slices, and 

performance is studied. It is found that the slicing of the diaphragm increases the generated 

power, and an optimal slicing angle for high power and minimum stress is found to be 32.7o. The 

PVEH with optimal slicing gives 105% more power than the conventional diaphragm-based 

PVEH. A broadband PVEH is designed by combination of slices of different angles. The 

proposed broadband PVEH can be operated in a frequency range of 120 Hz to 140 Hz. 

Compared to conventional PVEH, the proposed PVEH-1 and PVEH-2 show considerable 

improvement in harvested power and at the same time exhibit lower peak stress on the beam 

surface. The lower stress on the beam increases device reliability from mechanical failure. It also 

enables the device to be used for higher input acceleration. Though the proposed devices are 

comparatively difficult to fabricate, once fabricated the advantage of extra harvested power will 

compensate the fabrication cost. 

Compared to width-tapered PVEH, the advantage of the proposed PVEH is that it occupies less 

volume resulting in higher power density and will be preferred where space constraint is major 

issue, in spite of difficulty in fabrication.  

Following are possible future research directions of the present work 

• The analytical expressions for the proposed PVEH-1 and PVEH-2 are derived for the 

first vibration mode only. It is possible to harvest electrical energy from higher-order 

modes of vibrations, analytical expressions can be derived for the higher-order modes of 

vibrations. 

• Performances of the proposed geometries are verified with FE simulations. Fabrication and 

testing of all the proposed devices may be carried out. 

• Only resistive load is considered in this thesis, however, PVEH with other kinds of loads 

can also be studied. 

• In diaphragm-based broadband PVEH, 5 separate optimal load resistances are used. 

Different angular slices can be combined in series and parallel connections to study the 

effect on the bandwidth changes. 
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