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Abstract 

In recent years, material interfaces have become part of numerous engineering and 

structural applications. Interface failure comprising both cohesive and adhesive failure is 

one of the shortcomings of bonded structures during service loading conditions. Therefore, 

predicting interface failures is essential for ensuring the reliability, safety, and cost-

effectiveness of systems and processes across various industries. The cohesive zone model 

(CZM) is a widely used computational technique for analyzing the interface fracture 

phenomenon within computational fracture mechanics studies. The main objective of the 

present thesis is to expand the applicability of the CZM for a wide range of material 

interfaces, ranging from adhesively bonded joints to laminated composites. Additionally, 

the experimental crack growth studies of isotropic and orthotropic material interfaces 

augment the proposed numerical methodology within the finite element framework. 

The CZM is classified into two types based on the shape of the traction-separation law 

(T-S-L): the extrinsic and the intrinsic. While there are many studies on the applications of 

the intrinsic CZM owing to its simplicity in implementation, the associated stress singularity 

characterized by the stress intensity factor (SIF) of a crack is not nullified. Until now, there 

has been no practical application of the extrinsic CZM, which nullifies the SIF for predicting 

the interface crack propagation. Therefore, one of the primary objectives of the present work 

is to investigate the influence of the primary parameter – characteristic length of the 

extrinsic cohesive zone towards nullifying the SIF and predicting load vs. displacement 

response due to crack propagation. The SIF at the crack tip is obtained using the interaction 

integral technique, including crack face traction. The computed results agree with the 

analytical/semi-analytical results for constant and linear T-S-L. The influence of the order 

of different extrinsic cohesive laws on the crack tip SIF is also analyzed and contrasted with 

one another. To extend the applicability of the extrinsic CZM with SIF nullification criteria, 

experimental interface crack growth studies on adhesively bonded joints are carried out 

under pure mode I and mode II loading conditions. For pure mode II loading, the intrinsic 

CZM is also used to predict the experimentally observed load vs. displacement response, 

and its performance is contrasted with the extrinsic CZM results.  
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Though CZMs are popular, few deterministic approaches exist to estimate the cohesive 

strength and fracture energy for predicting interface failure due to crack propagation. In 

most cases, direct and indirect approaches are used to evaluate the CZM parameters, which 

involve customized experimental setups and numerical procedures. The latter include 

regression analysis, trial and error, etc., to determine the parameters, which are 

computationally intensive and time-consuming. In the present thesis work, the cohesive 

strength is estimated using the cross-tension and short-beam shear (SBS) tests for mode I 

and mode II, respectively. Subsequently, the mode I and mode II cohesive energy are 

determined from double-cantilever beam (DCB) and end-notch flexure (ENF) tests. The 

experimentally determined cohesive parameters are used in the FE analyses for predicting 

the mechanical responses for hydroxyl functionalized multi-walled carbon nanotubes 

(MWCNTs) reinforced, laminated carbon fiber reinforced plastics (CFRP) under pure mode 

I, mode II, and mixed-mode loading. The computed mechanical responses are in good 

agreement with the experimental findings for different kinds of loading, demonstrating the 

effectiveness of the proposed approach. Finally, the fracture surfaces of composites are 

investigated under field emission scanning electron microscopy (FESEM) to understand the 

mechanics of the interface fracture. 

Keywords: Interface fracture, Cohesive zone, Delamination, Composite, Adhesively 

bonded joint, Mixed-mode loading. 
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Chapter 1 Introduction 

1.1 Motivation 

The importance of material interfaces has grown significantly across different fields of 

structural and engineering applications, ranging from adhesive joining to laminated composites. 

However, these interfaces frequently experience debonding, which can result in the complete 

collapse of structures. With the increasing demand for multifunctional materials in mechanical, 

aerospace, and biomedical applications, it is vital to comprehend the mechanical characteristics 

of these interfaces to achieve optimal design outcomes. Precisely simulating the process of 

interfacial crack propagation is thus crucial to prevent material failure when subjected to 

operational loading conditions. 

Therefore, it is crucial to establish dependable design techniques and effective 

methodologies for studying interface fracture behaviour. Several analytical, numerical, and 

experimental techniques have been employed to investigate the interface fracture phenomenon. 

The analytical approach becomes highly complex when analyzing composite adherend or 

adhesive materials exhibiting significant plasticity [1]. In that context, the experimental and 

numerical procedure is proven effective for analyzing the interface crack propagation.  

1.2 Fracture mechanics: Introduction and importance 

Fracture represents an unexpected failure in materials and structures. Within the fracture 

mechanics, failure arises from a crack, described as a fine slit with a narrow opening at its edges. 

As the crack gradually extends, the stiffness of the structure diminishes, resulting in fracture. 

Fracture mechanics is a specific branch of engineering science dedicated to investigating the 

behaviour of structural components when cracks are present, aiming to understand and predict 

their failure characteristics. 

Fracture mechanics emerged as a result of significant catastrophic failures that occurred in 

the past. These failures were pivotal in transforming fracture mechanics from a collection of 

scientific concepts into a widely recognized engineering discipline. One such influential event 

was the failure of the liberty ships during World War II, as shown in Fig. 1.1, where numerous 
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ships experienced ruptures and structural fractures due to stress concentration from poor weld 

properties. Other notable disasters around the world contributed to the advancement of fracture 

mechanics, such as the disintegration of the pressurized cabin of the Havilland Comet jetliner 

in 1954 (shown in Fig. 1.2), the Cleveland liquid natural gas storage tank disaster in 1944, and 

the collapse of the King's Bridge in Melbourne, which happened only a year after its 

construction in 1962. 

Fig. 1.1 Liberty ship failure 

 (https://www.mathscinotes.com/2018/05/liberty-

ship-production-data) 

Fig. 1.2 Failure of comet jetliner 

 (https://www.rafmuseum.org.uk/research/archive-

exhibitions/comet-the-worlds-first-jet-airliner/comet-

failure/) 

The foundation of fracture mechanics can be traced back to the work of Inglis [2], who 

examined the stress distribution around an elliptical hole in an infinite plate under tensile 

loading. Building upon Inglis' work, Griffith [3] used an energy balance approach to analyze 

the fracture phenomenon in cracked bodies. This analysis, employing the continuum mechanics 

approach, represented the initial investigation into the relationship between crack length and 

the load-bearing capacity of structures. However, the development of fracture mechanics as an 

engineering discipline was propelled by the contributions of Irwin and his colleagues [4], who 

extensively studied the failure of liberty ships. Additionally, the work of Westergaard [5] and 

Williams [6] in the context of 2D analysis of linear elastic cracked bodies marked significant 

milestones in the evolution of fracture mechanics. 

The study of fracture mechanics can be broadly divided into two main categories: brittle 

and ductile fractures. Brittle fracture, also called elastic and cleavage fracture, shows minimal 

plastic deformation at the crack tip. This fracture type is hazardous as it can happen well below 
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the component's design stress and at high speeds without any morning signs. On the contrary, 

ductile fracture is characterized by a gradual propagation of cracks accompanied by significant 

plastic deformation in the region surrounding the crack tip. This plastic deformation enables 

the material to withstand higher loads, providing greater resistance to failure than brittle 

materials. 

Fracture mechanics provides a framework for predicting the strength and durability of 

structures and designing materials with improved resistance to fracture. It can be divided into 

linear elastic and elastic-plastic fracture mechanics (LEFM and EPFM). The LEFM assumes 

that the material response is linearly elastic with a negligible plastic zone size around the crack 

tip. It uses simple failure criteria (Griffith [7] and Irwin's [8]  assumption) to study the crack 

growth. Unlike linear elastic fracture mechanics, EPFM considers plasticity and large material 

deformations around the crack tip. The local stress field near the crack tip and the crack 

propagation behaviour in LEFM is defined using the SIF. However, determining SIF is not 

simple for interface crack growth studies. To address these issues, critical values of fracture 

toughness and strain energy released rate (SERR) are used to analyze bonded joints or 

composite laminate [9–11]. 

1.3 Overview of an interface crack in an isotropic medium 

Fig. 1.3 Interface crack in an isotropic material 

The interface cracks within isotropic materials display uniform crack growth patterns and 

deformation behaviour. This particular behaviour simplifies the process of analysis and 

prediction, which is particularly significant within the context of fracture mechanics to analyze 
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most of the engineering materials. Isotropic interface crack is prominent in many engineering 

materials, such as metal and polymer interfaces. A schematic of an isotropic interface crack is 

shown in Fig. 1.3. 

The stress intensity factor (SIF) and the energy release rate (ERR) are the two essential 

parameters within the context of linear elastic fracture mechanics (LEFM) for analyzing the 

interface crack propagation. The SIF characterizes the stress field around the crack tip, 

representing a driving force for the crack propagation. The crack propagates once the SIF at the 

crack tip exceeds the fracture toughness of the material.  

The ERR represents the energy released when the crack moves along an interface. This 

value signifies the potential energy released as the crack progresses. It is a crucial indicator for 

the crack extension. Understanding the critical ERR offers valuable information on the impetus 

behind crack propagation and is a significant factor for assessing the fracture behaviour of 

adhesively bonded joints and the laminated interface.  

It is important to note that although the LEFM forms a solid basis for understanding 

isotropic crack propagation, it possesses a few limitations. The LEFM principles are used to 

analyze the linear elastic behaviour with small-scale yielding conditions. Employing more 

advanced fracture mechanics theories, such as elastic-plastic fracture mechanics (EPFM), is 

more beneficial for materials exhibiting substantial plastic deformation at the crack tip or 

yielding on a larger scale. 

1.3.1 Experimental Methodologies for analyzing the interface crack propagation 

Experimental procedures involve the physical testing of material in real-world situations. 

The adhesively bonded joints and composite laminate often display complex interface 

behaviour due to material non-linearity and time-dependent effects. Experimental methods can 

capture all these failure modes and intricate failure mechanisms. It provides a detailed 

understanding of improving the interface behaviour with optimal material selection. Though 

time-consuming experimental methods can be used for refining and validating the analytical 

results wherever applicable, this comparison can help to improve the reliability and accuracy 

of the analytical models.  
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Several commonly employed test methods to anticipate the interface fracture toughness of 

adhesively bonded joints and composite laminates include the double cantilever beam (DCB) 

test for mode I, the End-notched flexure (ENF) test for mode II, and the mixed-mode bending 

(MMB) test, which simulates mixed-mode (I/II) fracture behaviour. Moreover, the standard lap 

shear test and the short beam shear (SBS) test method are commonly utilized to evaluate shear 

strength in adhesively bonded joints and composite laminates. Digital image correlation (DIC) 

and acoustic emission (AE) monitoring techniques can also be coupled with these test methods 

to track crack propagation in real-time.  

Standardized testing approaches ideally adhere to established guidelines and specifications, 

enabling direct comparison of results across different research facilities. These methods are 

built upon expert knowledge, with meticulous validation and refinement over time. Generally, 

standardized testing procedures are uncomplicated and can be executed using conventional 

experimental setups compared to other non-standard methodologies. Despite these benefits, 

non-standard testing procedures are commonly incorporated to capture specific fracture 

behaviour with unique design considerations. The compact mixed-mode (CMM) fracture test 

is a prominent non-standard technique frequently employed in recent years to estimate the 

failure behaviour of adhesively bonded joints. 

1.3.2 Different approaches for analyzing the crack propagation within the context of 

finite element method (FEM) 

Several approaches have accounted for crack propagation analysis within the context of FE: 

continuum mechanics, fracture mechanics, and damage mechanics [12]. The main principle of 

continuum mechanics is using an appropriate failure criterion to compare stress, strain, and 

energy values developed in a material with their maximum permissible values. It assumes that 

structures are void-free and continuous, which overlooks the influence of microstructural 

characteristics, such as grain boundaries, dislocations, and voids that considerably influence the 

crack initiation and its propagation. Moreover, the continuum approach fails to provide 

solutions for singular points caused by amplified stress and strain values. Therefore, researchers 

have adopted fracture mechanics-based approach to investigate the failure behaviour of 

structures with cracks. 
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The virtual crack closure technique (VCCT) is a popular method used within the LEFM 

framework. The VCCT assumes that the amount of potential energy released as the crack 

extends is identical to the virtual work required to close the crack back to its original state [13]. 

The technique estimates the energy release rate by analyzing nodal forces and displacements of 

every individual node under particular loading conditions. The VCCT has limitations regarding 

shorter cracks, as it assumes uniform nodal force values along the crack path [14]. In addition, 

determining SIFs using the VCCT for a bi-material interface crack is not straightforward due 

to coupled SIFs [15].  

The extended finite element method (XFEM) is a recently developed technique adopted in 

the FE tools for modelling 2D crack initiation and growth. Since its inception in the 1990s [16], 

it has evolved to handle various complexities, including modelling cracks with multiple 

branching [17], modelling finite deformation with discontinuities [18], and mixed-mode fatigue 

crack growth studies [19]. Although the XFEM does not require re-meshing methodology, it 

introduces computational complexity due to the incorporation of local enrichment functions. 

The local enrichment functions are dependent on the type of problem considered. They are 

obtained from the analytical solutions which are not readily available for complex 2D and 3D 

scenarios [20].   

The EPFM, in contrast to the LEFM, considers the non-linear behaviour of materials beyond 

their elastic limit. It offers a framework for predicting crack propagation in structures that 

undergo significant plastic deformation before its failure. Here, the energy needed for crack 

growth is assessed using the J-integral [21], encompassing both elastic and plastic deformation 

near the crack tip. The EPFM approach, therefore, can be applied to materials exhibiting 

significant plastic deformation, such as many metals and certain classes of polymers. However, 

all these fracture mechanics-based methods need the presence of an initial crack and involve 

higher computational time for accurate results [12].  

Addressing the issue of interface fracture necessitates more intricate and precise predictions 

of failure, aiming to overcome the limitations associated with the approaches above. Interface 

fracture can be perceived as damage characterized by the formation of micro-cracks or voids. 

The damage can be quantified in terms of damage variables depending on stresses, strain, 

moduli, strain rates, Poisson's ratio, etc. [22]. Damage mechanics permits the progressive 
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accumulation of damage that results in stiffness degradation that progressively leading to the 

final failure of the structure [23]. This field remains at the forefront of innovation, with ongoing 

advancements focused on refining modelling techniques, improving robustness, and resolving 

convergence-related challenges [24]. 

The techniques used for damage modelling can be classified into two main categories: local 

and continuum approaches. In the local approach, damage is assumed to be confined to a zero-

thickness plane or surface. This approach enables the modelling of an interface failure, such as 

the failure between the adhesive bond line and the adherend [25] or the interlaminar 

(delamination) failure in laminated composites [26]. On the other hand, the continuum approach 

allows for the modelling of damage within a solid finite element, which enables the simulation 

of bulk failure [27] or the failure along the bond line of an adhesive [28].  

Although the numerical implementation of the fracture mechanics-based approach achieved 

greater success, simulating complex crack growth, including branching and coalescence of 

crack, is difficult to capture using classical fracture mechanics-based approaches. Many modern 

adhesives exhibit larger plastic deformation zones, so analyzing them using classical fracture 

criteria may lead to erroneous results. The cohesive zone model (CZM) is computationally 

convenient to implement using the FE tools. This flexibility enables the researchers to optimize 

the design and explore the failure scenarios efficiently. CZM can be implemented using local 

and continuum approaches to investigate the interface damage under a variety of loading 

conditions. 

1.4 Cohesive zone model (CZM) 

In recent times, the CZM has emerged as a popular computational tool to approximate the 

non-linear fracture behaviour in engineering materials and structures. In the CZM, a thin band 

with a minimal thickness, known as a "cohesive zone," is assumed to exist just ahead of the 

crack tip, as shown in Fig. 1.4. Within this zone, the cohesive interaction between the fracture 

surfaces is defined using a cohesive law or traction separation law (T-S-L). The T-S-L signifies 

the variation of cohesive traction with the separation along the length of the cohesive zone. The 

crack growth occurs once the cohesive separation reaches its critical separation or the cohesive 

traction goes down to zero. 
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Fig. 1.4 Schematics of a cohesive zone model 

1.4.1 Initial development 

Fig. 1.5 Cohesive traction-separation law (T-S-L) 

The CZM has been employed to mitigate stress singularity in the LEFM and to approximate 

non-linear failure phenomena. In that aspect, Elliott [29] has introduced the concept of 

interatomic force per unit area to investigate the non-linear failure behaviour of crystalline 

substances. Barenblatt [30] introduced the cohesive zone concept in the context of brittle failure 

behaviour. Additionally, the strip yield model developed by Dugdale [31] is viewed as 

analogous to the CZM, where the yield zone of a steel sheet is regarded as the cohesive zone. 

The cohesive T-S-L is utilized to characterize the fundamental behaviour of the cohesive 

zone along an interface. Any cohesive law has three influential parameters: stiffness (𝐾𝑐),

damage initiation stress (𝜎𝑐) in the cohesive zone, and fracture energy (𝐺𝑐), as shown in Fig.

1.5. The cohesive stiffness represents the slope of the traction-separation curve in the elastic 

region until it reaches the damage initiation stress. Once damage initiation occurs, the cohesive 
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stiffness deteriorates to (1 − 𝑑)𝐾𝑐, reducing the cohesive traction with an increase in the

separation. The cohesive traction approaches zero value at the critical separation, indicating 

complete failure.  

The cohesive zone parameters are determined through either iterative numerical methods or 

customized experimental techniques. Various cohesive laws have been proposed to simulate 

the failure behaviour of the material interfaces. These include the linear softening cohesive law 

by Camacho and Ortiz [32], the cubic polynomial and exponential cohesive law by Needleman 

[33] and Xu and Needleman [34], the trapezoidal cohesive law by He and Hutchinson [35], and

the polynomial cohesive law by Park et al. [36]. 

1.4.2 Applications of CZM 

The CZM has been widely used in various engineering and structural fields, covering areas 

such as adhesive joining, laminated composites, microelectronic device analysis, and crack 

propagation in rock mechanics [37]. Researchers have employed the CZM concept to gain 

insights into the strength and durability of bonded joints, allowing them to optimize the bonding 

processes.  

The CZM can also simulate fatigue crack growth in engineering materials. Incorporating 

cohesive elements along potential failure paths, the CZM allows us to predict failure 

mechanisms and estimate fatigue life under cyclic loading conditions. The application of fatigue 

within the framework of CZM has gained significant attention and development in the past 

decade regarding reduced time and cost. However, determining the number of cycles required 

for damage initiation is challenging, as fatigue life depends on various factors such as material 

properties, specimen geometry, stress ratio, and testing conditions. 

1.4.3 Different types of CZM 

The CZM can be categorized into two types based on the relationship between cohesive traction 

and separation: the potential-based and the non-potential-based CZMs. The potential-based 

CZMs, such as those developed by Needleman [33], Xu and Needleman [34], and Park et al. 

[36], utilize a potential function to describe the behaviour of the fracture surface [37]. The 

cohesive traction values are determined by the first derivative of the potential with respect to 

separation, while the second derivative provides the constitutive response across the fracture 

surface. For a potential-based CZM, the cohesive traction must fulfill the symmetry and anti-
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symmetry [36] conditions. On the other hand, the non-potential-based cohesive models are 

simpler to develop as the cohesive traction does not need to adhere to the symmetry and anti-

symmetry requirements [38].  

1.4.4 Selection of the shape of the T-S-L 

In the CZM, it is desirable to customize the shape of the cohesive law to accurately represent 

the behaviour of the interface or adhesive being simulated. The selection of the specific shape 

of the T-S-L depends on user’s understanding and knowledge of the interface properties. 

However, it is essential to note that even with slight variations in the parameters of the CZM, 

different cohesive laws can produce load-displacement responses that are practically 

indistinguishable [24]. 

When considering the suitability of cohesive laws, a trapezoidal law is commonly favored 

for simulating the failure of a ductile adhesive [39,40]. Likewise, a triangular cohesive law is 

beneficial when dealing with a brittle material interface that experiences minimal plasticity after 

yielding [41,42]. The triangular cohesive law also effectively predicts failures of composite 

interfaces because of their inherent brittleness. Consequently, the exponential softening 

cohesive law is mainly used for predicting the material interface with reasonable ductility. 

Although a trapezoidal cohesive law is ideal for capturing the desired behaviour, it can present 

challenges in terms of convergence due to abrupt changes in the cohesive stiffness during the 

softening process, unlike the smoother transition provided by the triangular cohesive law. 

1.4.5 Advantages and limitations 

Using the CZM allows researchers to incorporate damage initiation and propagation within 

a single model, which in turn helps improve the overall structural integrity and reliability of the 

components [43]. The progressive damage evolution provides a comprehensive understanding 

of the amount of damage an element undergoes before complete failure. Unlike other methods, 

the CZM does not require an initial crack for damage propagation, making it suitable for 

analyzing structures without cracks but with multiple potential crack paths. The ability to 

capture localized damage facilitates the CZM as a computationally convenient tool for 

engineering applications [44]. 

Finally, the CZM is affected by the mesh size used in simulations. To improve accuracy, it 

is necessary to decrease the mesh size, which increases the computational time. Using a finer 
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mesh makes it possible to precisely identify the damage initiation and propagation. 

Additionally, the behaviour of interface failure is influenced by the shape of the cohesive law 

employed. Different cohesive laws are suitable for specific scenarios, such as triangular 

cohesive law is used for predicting brittle crack propagation, while trapezoidal cohesive law is 

more accurate for predicting ductile failure. 

1.5 Organization of the Thesis 

Chapter 1 introduces the importance of interface fracture and briefly reviews various 

experimental and computational methods for analyzing interface crack propagation. The 

fundamentals of CZM are also summarized, outlining its primary benefits and limitations.  

Chapter 2 comprehensively reviews the existing literature, discussing the interface crack 

propagation within adhesively bonded joints and laminated composites and different techniques 

to improve the interface properties. The chapter also includes various methodologies for 

determining CZM parameters when subjected to diverse loading conditions. 

Chapter 3 of the thesis presents detailed theoretical formulations and numerical procedures 

to estimate the CZM parameters that remove the crack tip stress singularity.  

Chapter 4 describes the experimental methodology of interface crack propagation in 

adhesively bonded joints under mode I and mode II loading conditions. The influence of multi-

walled carbon nanotubes (MWCNTs) on mode II interface fracture of adhesively bonded joints 

is also presented at the end.   

Chapter 5 provides a detailed extrinsic CZM methodology to validate the mode I and mode 

II crack propagation. Furthermore, the intrinsic CZM parameters are computed for adhesively 

bonded joints, and a comparison is drawn with the extrinsic CZM parameters under pure mode 

II loading conditions. 

Chapter 6 outlines the experimental procedures used to determine the CZM parameters for 

investigating composite delamination under mode I and II loading conditions. The chapter also 

elaborates on the crack propagation in the composite interface under mixed-mode (I/II) loading 

conditions. 

Chapter 7 presents the detailed numerical methodology to validate the load-displacement 

response of composite laminate under pure mode I, pure mode II, and mixed-mode (I/II) 

loading. 
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Chapter 8 concludes the thesis by outlining important conclusions and the scope for future 

work based on the present study.  
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Chapter 2 Literature Review 

In fracture mechanics, interface fracture refers to the initiation and propagation of cracks along 

the boundary between two material components. The behaviour of the interface fracture 

primarily depends upon the presence of defects or irregularities, interface properties, and crack 

geometry. Research on interface fracture aims to develop strategies that can minimize the 

occurrence and effects of such fractures and enhance the durability of structures. The literature 

review initially addresses some of the essential concepts of interface fracture in the context of 

fracture mechanics. A detailed review of the application of the interface crack propagation, 

ranging from adhesively bonded joints to laminated composites, the influence of nano-

reinforcement on the interface properties, and the dependency of interface parameters on global 

failure response, is presented in the subsequent section. 

Furthermore, the literature review discusses the implementation of the CZM for simulating 

interface fracture, addressing essential considerations and challenges associated with this 

approach. Based on the exhaustive literature survey, the potential research gap and the 

objectives of the present thesis are laid down. 

2.1 Parameters in Fracture Mechanics 

In the context of fracture mechanics, the potency of an existing crack can be defined using 

the three mentioned parameters  

 Stress intensity factor (𝐾)

 Energy released rate (𝐺)

 Crack opening displacement (COD)

A selection of appropriate parameters depends on the material properties and the crack tip 

conditions. The parameter 𝐾 is used in the LEFM analysis, whereas 𝐺 is useful for both LEFM 

and EPFM studies. 

2.1.1 Stress intensity factor (SIF) 

The SIF (𝐾) is a crucial parameter in the LEFM that plays a significant role in characterizing 

cracks under small-scale yielding (SSY). 𝐾 is influenced by the crack length and specimen 
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geometry. Unlike the stress concentration factor, which is the ratio between the maximum stress 

and the average stress, 𝐾 describes stress, strain, and displacement field in the vicinity of the 

crack tip, known as the singularity-dominated region (SDZ). 

The concept of the SIF is extensively used to explain most metal fractures within the 

framework of LEFM. Its practical significance has led to the compilation of the SIF values for 

various crack configurations in numerous handbooks. By comparing the applied SIF (𝐾) with 

the critical SIF (𝐾𝐶 or fracture toughness), it becomes possible to predict whether a crack will 

propagate or remain stable.  

Fig. 2.1 Schematics of basic fracture modes (a) Mode I, (b) Mode II, and (c) Mode III 

A crack comprises upper and lower surfaces connected at the crack front, situated at the end 

between these surfaces. When an external load is applied to a cracked body, the upper and lower 

surfaces undergo relative movements, described by differences in displacement denoted as 

𝛿𝑥, 𝛿𝑦, and 𝛿𝑧 between the two surfaces. In this context, the local Cartesian coordinate system 

(𝑥, 𝑦, 𝑧) is positioned at the crack front. The 𝑥, 𝑦, and 𝑧 axes are perpendicular to the crack 

front, perpendicular to the crack plane, and aligned along the crack front, respectively, as 

illustrated in Fig. 2.1. 

Irwin [8] identified three distinct separations of crack surfaces corresponding to three 

primary fracture modes: Mode I, Mode II, and Mode III. Each fracture mode represents a 

specific way in which the crack surfaces can move. The fracture of a cracked body can be 

described independently as one of these three basic modes or a combination of them. 
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Mode I (Opening mode): It involves the symmetrical movement of the crack surfaces with 

respect to the undeformed 𝑥𝑧 plane, specifically in the 𝑦-direction, as shown in Fig. 2.1 (a). 

Mode II (Sliding mode): Sliding mode is characterized by the anti-symmetrical movement 

of the crack surfaces along the 𝑥𝑧 plane, as shown in Fig. 2.1 (b). 

Mode III (Tearing mode): The tearing mode represents the symmetrical movement of the 

crack surfaces along the 𝑧-direction, as shown in Fig. 2.1 (c). 

Each of the three fundamental fracture modes can be accurately characterized by the stress 

present at the leading edge of the crack, also known as the crack tip, within a two-dimensional 

system. The stresses near the crack tip can be written as (𝑦 = 0, 𝑥 → 0+)

𝜎𝑦𝑦 =
𝐾𝐼

√2𝜋𝑥
+ 𝑂(√𝑥),  𝜎𝑥𝑦 = 𝜎𝑦𝑧 = 0 

𝜎𝑥𝑦 =
𝐾𝐼𝐼

√2𝜋𝑥
+ 𝑂(√𝑥),  𝜎𝑦𝑦 = 𝜎𝑦𝑧 = 0 

𝜎𝑦𝑧 =
𝐾𝐼𝐼𝐼

√2𝜋𝑥
+ 𝑂(√𝑥),  𝜎𝑦𝑦 = 𝜎𝑥𝑦 = 0 

(2.1) 

The expression showed that the intensity of stress follows square root singularity with 

𝐾𝐼 , 𝐾𝐼𝐼, and 𝐾𝐼𝐼𝐼 represents the SIF in opening, sliding, and tearing modes, respectively. Various 

SIF estimation methods, including experimental, analytical, and numerical approaches, have 

been developed in the past decades. 

2.1.2 Strain energy release rate (SERR) 

The SERR (𝐺) quantifies the energy required to form two new surfaces, a key parameter in 

determining whether a crack will continue to propagate or become stable upon loading. 

Building upon Griffith's [7] groundbreaking work on metals, Irwin [8] introduced the SERR 

concept to investigate the crack propagation phenomenon.  

The quantity, 𝐾𝐶 — critical stress intensity factor (SIF) or 𝐺𝐶 — critical strain energy

release rate (SERR) at the moment of crack extension is usually defined as fracture toughness, 

2.1.3 Crack opening displacement (COD) 

The COD serves as an alternative parameter to the J-integral when significant plastic 

deformation occurs relative to the size of the cracked body. Wells [45] introduced the concept 
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of the COD, which plays a pivotal role in the EPFM. The COD increases as the crack length 

increases, signifying a more significant propensity for crack propagation. 

2.2 Different methods for the determination of SIF of a cracked geometry 

2.2.1 Analytical methods 

Analytical techniques are primarily suitable for uncomplicated crack geometries and simple 

boundary conditions. These methods employ the LEFM equations to describe the stress and 

displacement patterns near the crack tip. Several commonly utilized analytical methods for 

estimating the SIFs include Laurent series expansion, boundary collocation, integral transform, 

and weighted function [46]. These analytical approaches hold significance for two main 

reasons. Firstly, they yield the appropriate stress singularity form and asymptotic solutions, 

which aid in analyzing experimental observations and enhancing the precision of the numerical 

outcomes. Secondly, they establish benchmark solutions for straightforward geometries 

assuming idealized material behaviour, facilitating the validation of numerical and 

experimental findings. 

2.2.2 Numerical methods 

Numerical approaches for SIF estimation are valuable for analyzing intricate geometries 

and boundary conditions commonly encountered in practical applications. These methods prove 

particularly useful when dealing with complex problem scenarios. The SIFs can be estimated 

using displacement-based or energy-based numerical techniques. Using numerical methods, 

specifically finite element method (FEM), boundary element method (BEM), and meshfree 

methods expands the scope of problems that can be addressed through computational 

approaches. Among the commonly employed methods for SIF estimation, the direct method 

and the J-integral stand out as widely used approaches [47]. These numerical methods enhance 

the capability to solve a broad range of problems, enabling the analysis of complex crack 

behaviour and providing reliable results. 

(a) Direct method

The direct method, one of the initial techniques developed, uses the stress and displacement 

fields near the crack tip along the 𝑥-axis to estimate the SIF. The stress and displacement values 

at a specified distance 𝑥 in front of the crack tip can be expressed as follows. 
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𝜎𝑦𝑦 =
𝐾𝐼

√2𝜋𝑥
, 𝑥 → 0+

(2.2) 

𝛿𝑦 =
𝐾𝐼(𝜅 + 1)

4𝜇𝜋
√−2𝜋𝑥, 𝑥 → 0−

(2.3) 

Thus, 

𝐾𝐼 = 𝜎𝑦𝑦√2𝜋𝑥, 𝑥 → 0+   (2.4) 

𝐾𝐼 =
2𝜇𝛿𝑦

𝜅 + 1
√
2𝜋

−𝑥
, 𝑥 → 0−   (2.5) 

The 𝑥-axis, aligned with the crack direction, is used as a reference. The SIF at any arbitrary 

distance along 𝑥 can be obtained by plotting 𝜎𝑦𝑦√2𝜋𝑥(𝛿𝑦√
2𝜋

−𝑥
) versus 𝑥(−𝑥) using the data 

𝜎𝑦𝑦(𝑢𝑦) obtained from the FE solution. Typically, the displacement solution provides a more 

precise estimation of the SIF. Here, 𝜇 and 𝜅 are the shear modulus and Kolosov constant, 

respectively. 

However, these techniques require more FE meshes around the crack tip to obtain more 

accurate results. Using a finer mesh may yield a significant degree of freedom, thus increasing 

the computation time. Another alternative approach is to use the singular finite elements to 

surround the crack tip, which contains proper 𝑟−
1

2 stress singularity terms in the displacement 

function. Using singular elements allows one to use coarse mesh in the crack tip region. 

(b) J-integral/Interaction integral

While dealing with elastic-plastic deformation, the principles of LEFM become inadequate 

due to the considerable plasticity near the crack tip. To address this, Rice [48,49] introduced 

the concept of J-integral. J-integral is path-independent and finds extensive use in studying 

elastic-plastic fracture of ductile materials. Like other parameters (𝐺 and 𝐾), the J-integral is 

essential to characterize cracks. In fact, 𝐺 is a particular class of J-integral, i.e., 𝐺 is valid for 

the linear elastic material. In contrast, J-integral is applicable to linear and non-linear elastic 

material and is also useful for characterizing material that exhibits elastic-plastic behaviour near 

the crack tip. 
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For a 2-D crack problem, the J-integral is defined as 

𝐽 = lim
Γ→0

∫(𝑊𝛿1𝑖 − 𝜎𝑖𝑗𝑢𝑗,1)𝑛𝑖dΓ
Γ

 
(2.6) 

where 𝑊 and 𝛿1𝑖 represent strain energy density (SED) and Kronecker delta, respectively. 𝑢𝑗,1 

defines the derivative of the displacement component 𝑢𝑗  with respect to the coordinate 𝑥1. 𝑛𝑖  

represents the outward normal to the contour Г as shown in Fig. 2.2. For a problem of linear 

elasticity, the SED 𝑊 = 𝜎𝑖𝑗𝜖𝑖𝑗/2, where 𝜎𝑖𝑗 and 𝜖𝑖𝑗 signifies the component of stress and strain 

tensor, respectively.  

 

Fig. 2.2 Integral path around the crack tip  

Fig. 2.3 Crack path for interaction integral with crack 

face traction 

It is important to note that from a single value of J-integral, the two SIFs in mode I (𝐾𝐼) and 

mode II (𝐾𝐼𝐼) cannot be separated. The initial successful attempt to decouple the mixed-mode 

SIFs was carried out by Stern et al. [50] by establishing a two-state integral based on Betti’s 

reciprocal theorem. The two-state integral is a contour integral with respect to the integrand 

(𝑢𝑖𝑡𝑖
𝑎𝑢𝑥 − 𝑢𝑖

𝑎𝑢𝑥𝑡𝑖), where 𝑡𝑖
𝑎𝑢𝑥 and 𝑢𝑖

𝑎𝑢𝑥 define the auxiliary traction and displacement vector, 

respectively.  

Superimposing the actual and auxiliary state from Eq. (2.6), we can obtain 

𝐽(𝑢𝑖 + 𝑢𝑖
𝑎𝑢𝑥) = lim

Γ→0
∫
1

2Γ
{(𝜎𝑗𝑘 + 𝜎𝑗𝑘

𝑎𝑢𝑥)(𝜖𝑗𝑘 + 𝜖𝑗𝑘
𝑎𝑢𝑥)𝛿1𝑖

− (𝜎𝑖𝑗 + 𝜎𝑖𝑗
𝑎𝑢𝑥)(𝑢𝑗,1 + 𝑢𝑗,1

𝑎𝑢𝑥)}𝑛𝑖dΓ 

 

(2.7) 

 

TH-3322_176103002



Literature review 19 

Eq. (2.7) can be rewritten as 

𝐽(𝑢𝑖 + 𝑢𝑖
𝑎𝑢𝑥) = 𝐽(𝑢𝑖) + 𝐽(𝑢𝑖

𝑎𝑢𝑥) + 𝐼 (2.8)

where 𝐽(𝑢𝑖) and 𝐽(𝑢𝑖
𝑎𝑢𝑥)  are the J-integral corresponding to the actual and the auxiliary field,

respectively. 𝐼 define the cross-term or interaction integral term. The interaction integral term 

is defined as 

𝐼 = lim
Γ→0

∫𝑃1𝑖𝑛𝑖dΓ
Γ

 
(2.9) 

where 𝑃1𝑖 is the mutual energy-momentum tensor expressed as 

𝑃1𝑖 =
1

2
(𝜎𝑗𝑘𝜖𝑗𝑘

𝑎𝑢𝑥 + 𝜎𝑗𝑘
𝑎𝑢𝑥𝜖𝑗𝑘)𝛿1,𝑖 − 𝜎𝑖𝑗

𝑎𝑢𝑥𝑢𝑗,1 − 𝜎𝑖𝑗𝑢𝑗,1
𝑎𝑢𝑥 (2.10) 

In the presence of crack face traction, the expression for interaction integral is given as 

𝐼 = ∫ [𝜎𝑖𝑗𝑢𝑗,1
𝑎𝑢𝑥 + 𝜎𝑖𝑗

𝑎𝑢𝑥𝑢𝑗,1 −
1

2
(𝜎𝑗𝑘𝜀𝑗𝑘

𝑎𝑢𝑥 + 𝜎𝑗𝑘
𝑎𝑢𝑥𝜀𝑗𝑘)𝛿1,𝑖] 𝑞,𝑖d𝐴

𝐴

−∫ (𝑡𝑗𝑢𝑗,1
𝑎𝑢𝑥)𝑞dC

𝐶++𝐶−

(2.11) 

where 𝑡𝑗 represents the cohesive traction acting on the crack surfaces 𝐶+ and 𝐶−, as shown in

Fig. 2.3. 𝑞 is a smoothly increasing function with values of zero in 𝐶1 and unity in Γ. 

2.2.3 Experimental methods 

Experimental techniques involve conducting physical tests on specimens that contain pre-

existing cracks, subjecting them to controlled loading conditions, and thereby accurately 

determining the SIF. The analytical methods for SIF determination often rely on simplifying 

assumptions that may deviate from real-world situations. Therefore, experimental validation is 

necessary to ensure that such idealizations do not unduly distort the fundamental aspects of the 

problem. Several commonly employed experimental methods include caustics, Moire 

interferometry, photoelasticity, and strain gauge techniques [51]. These experimental 

approaches provide valuable insights into the behaviour of cracks and can be used to validate 

the accuracy of analytical models and assumptions. 
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2.3 Crack propagation in adhesively bonded joints — Experimental and 

Numerical studies 

In recent times, adhesively bonded joints have gained significant popularity because of their 

reduced weight, improved resistance to fatigue, flexible design possibilities, and durability [52–

54]. As a result, these joints have found widespread use in the aerospace, automotive, and 

infrastructure industries.  

The properties of adhesively bonded joints are greatly influenced by the adhesive thickness, 

adhesive type, surface preparation, bonding pressure, curing conditions, and environmental 

factors like temperature and humidity [55]. Gleich et al. [56] conducted a study to examine the 

influence of the bond line thickness on the performance of the adhesively bonded joints. The 

experimental findings revealed that the ideal adhesive thickness for optimal joint strength is 

0.1-0.2 mm. However, commonly used analytical methods for adhesive joint analysis tend to 

show increased joint strength with greater adhesive thickness. This discrepancy can be 

attributed to the through-the-thickness stress distribution within the adhesive. Han et al. [57] 

investigated the influence of adhesive thickness on the mode I energy release rate of the 

adhesively bonded joints. The mode I fracture energy initially increased and afterward 

diminished with increased adhesive layer thickness in the selected range of 0.2-1 mm. 

Increasing the bond line thickness increases the possibility of internal flaws that result in 

reduced joint strength. 

Fig. 2.4 (a) DCB and (b)ENF test configuration 

Rahmani and Choupani [58] examined the performance of adhesively bonded joints at low 

temperatures. They observed that the ultimate tensile strength (UTS), yield strength, and elastic 

modulus of the joints increased as the temperature decreased. The critical SIF and the ERR 
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follow the same trend with decreasing temperature. However, the effect of temperature on mode 

I was less pronounced than on mode II. 

Several test methods have been employed to investigate the fracture energy of adhesively 

bonded joints, namely the DCB test for mode I and the ENF test for mode II, as shown in Fig. 

2.4. Andersson and Biel [59] conducted an experimental study to determine the effective 

properties of adhesive in the DCB test. They utilized a stress elongation relationship derived 

from the experiment, which represents the derivative of the ERR with respect to the elongation 

of the adhesive layer. Marzi et al. [60] investigated the influence of different adhesive 

thicknesses on fracture properties. They performed experiments using the DCB and tapered 

DCB test methods to examine the mode I fracture properties. The ENF and end-loaded shear 

joint (ELSJ) test methods were used to investigate fracture under the mode II loading 

conditions. It was observed that the fracture energy also increased as the adhesive layer 

thickness increased. For smaller adhesive thicknesses, the results were consistent across all test 

methods. However, the results showed a significant variation while dealing with larger adhesive 

thicknesses. Chaves et al. [61] reviewed and summarized all fracture characterization tests to 

investigate the mode I and mode II energy-released rates of adhesively bonded joints. The 

mixed-mode (I/II) tests were also carried out to examine the influence of specimen geometry 

for a range of mixed-mode ratios. 

The testing mentioned above has limited utility due to the difficulties in obtaining a wide 

range of mixed-mode ratios. Moreover, different specimen geometries are required to analyze 

fracture toughness in each mode. Choupani [11] developed Arcan specimens with various 

combinations of adhesive, composite, and metallic adherends to address this issue. These 

specimens were subjected to loading in a specific fixture, with the loading angle ranging from 

0° to 90°. By conducting experimental analysis, the fracture toughness was estimated under 

mixed-mode loading conditions. In another work, Choupani [62] employed the FE analysis for 

an identical specimen configuration and loading setup to calculate the SIF for different types of 

bonded joints using finite correction factor methods. The fracture toughness test results 

indicated that the fracture toughness in shearing mode was higher than in the opening mode. 

Consequently, several criteria for mixed-mode conditions were examined and compared with 

experimental observations. Pang and Seetoh [63] manufactured CMM specimens to evaluate 
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fracture toughness under pure mode I, mode II, and mixed-mode loading conditions. They also 

conducted a numerical investigation to explore the effects of adhesive layer thickness, crack 

length ratio, and the angle of fracture mode on the failure characteristics of bonded joints. 

Within the context of the FE analysis, Jokinen et al. [64] investigated the applicability of 

the VCCT to study the crack growth analysis of adhesively bonded joints with ductile adhesive. 

Initially, the mode I fracture energy was evaluated for a pre-cracked DCB specimen, assuming 

a linear elastic behaviour of the adhesive. The ERR for a ductile adhesive is then evaluated by 

conducting a non-linear analysis with a plastic material model for the adhesive and comparing 

numerical and experimental results. Senthil et al. [65] used the VCCT to investigate damage 

initiation in adhesively bonded composite joints under compressive load. Mixed-mode failure 

criteria were also utilized to examine the influence of crack shape, size, and location on the 

failure behaviour of the joints.    

Another alternate method to analyze the debond growth is the CZM. The CZM relies on 

principles of damage mechanics and employs a cohesive law to investigate the initiation and 

propagation of damage within the bonded joints. De Moura et al. [66] used a crack equivalent 

concept to estimate the fracture energy of adhesively bonded joints under pure mode I loading 

conditions. This novel approach was subsequently compared to a traditional data reduction 

method and validated using a trapezoidal CZM. The remarkable consistency observed between 

the numerical and experimental results is compelling evidence for the effectiveness of the 

proposed method. Campilho et al. [67] investigate the influence of different cohesive laws 

(triangular, trapezoidal, or exponential) on the strength prediction in single-lap adhesively 

bonded joints. The study reveals that cohesive law has a notable effect, particularly for shorter 

overlap lengths. Specifically, a trapezoidal cohesive law demonstrates the closest agreement 

with experimental data when a ductile adhesive is employed. 

Conversely, the shape of the cohesive law has minimal influence on brittle adhesively 

bonded joints. Sadeghi et al. [68] investigated the applicability of four different FE techniques 

— cohesive element, surface-based cohesive behaviour, XFEM, and VCCT for analyzing the 

failure behaviour of single lap joints. The experiments involved two bond line thicknesses, 

measuring 0.2 mm and 0.9 mm. The findings indicate a clear trend where an increase in bond 

line thickness correlates with a decrease in the peak load. The reduction in peak load may be 
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due to increased secondary bending moment induced in the joints. Moreover, the plane strain 

elements always lead to a higher load-displacement response stiffness than the plane stress 

elements. 

2.4 Composite material — a brief overview 

"Composites" refers to a class of materials formed by combining two or more individual 

materials, each with unique physical and chemical properties. When these distinct components 

are brought together, they interact in such a way that it produces a synergistic effect, resulting 

in composite materials that exhibit enhanced characteristics compared to the individual 

components. 

Composites comprise two primary elements: the matrix and the reinforcement. These 

components play distinct roles in the overall structure and properties of the composite material. 

The matrix, commonly made of polymers, metals, or ceramics, acts as a binding agent or a 

surrounding medium that holds the reinforcement in place. It provides a stable framework and 

ensures the cohesion of the composite. The reinforcement component of composites can take 

various forms, such as fibers, flakes, or particles. These reinforcements are incorporated into 

the matrix to enhance specific properties of the composite. For example, fiber reinforcements, 

such as carbon fibers or fiberglass, are known for their high strength and stiffness. When 

embedded within the matrix, they contribute to the overall mechanical strength, rigidity, and 

load-bearing capacity of the composite. 

2.4.1 Classification of Composites 

Matrix is a binding agent that plays a pivotal role in providing cohesion with the fiber. 

Based on the type of matrix, the composite can be classified as  

 Polymer matrix composites (PMCs):  PMCs comprise polymer matrices, including

epoxy, vinyl ester, or polyester, combined with various fiber reinforcements like carbon,

glass, and aramid. They exhibit low density and offer exceptional resistance against

corrosion. PMCs are extensively used in the automotive and aerospace sectors.

 Metal matrix composites (MMCs): MMCs utilize metal matrices such as aluminum,

magnesium, and titanium. These composites exhibit enhanced conductivity, strength,
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and improved thermal stability. MMCs find extensive applications in the automotive, 

aerospace, and electronic industries. 

 Ceramic matrix composites (CMCs): CMCs employ ceramic matrices like alumina

and silicon carbide. These composites offer exceptional thermal stability and resistance

to wear. CMCs find wide applications in defense applications and thermal management

systems.

 Carbon matrix composites (CMCs): CMCs comprise carbon fibers embedded within

a carbon matrix. These composites provide excellent strength, stiffness, and exceptional

thermal conductivity. CMCs find extensive defense and aerospace applications due to

their superior properties.

Based on the type of reinforcement, composites are classified as 

 Fiber-reinforced composites (FRCs): This composite type utilizes fibers as

reinforcement. Examples of commonly employed fiber-reinforced composites (FRCs)

are carbon fiber-reinforced plastic (CFRP), glass fiber-reinforced plastic (GFRP), and

aramid fiber-reinforced plastic (AFRP) composites. These composites exhibit an

excellent strength-to-weight ratio and find widespread use in the automobile and

aerospace industries.

 Particulate reinforced composites (PRCs): PRCs consist of metal, ceramic, or

polymer particle matrices. These composites improve wear resistance, hardness, and

dimensional stability.

 Laminated composites: Laminated composites are created by layering multiple

lamina, primarily fiber-reinforced composites with varying orientations. These layers

are bonded together to create a composite material with customized properties.

 Hybrid composites: Hybrid composites combine different fibers, such as carbon and

glass, into a single composite structure. It can achieve a desirable balance of stiffness,

strength, and cost-effectiveness by incorporating various fibers.

The different types of composites based on the reinforcement are schematically shown in 

Fig. 2.5.  
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Fig. 2.5 Classification of composites (a) Fiber-reinforced, (b) Particulate reinforced, and (c) Laminated 

composites 

2.5 Composite delamination — Experimental and Numerical studies 

Fiber-reinforced composites have been extensively used in automobile, aerospace, and 

structural applications in recent decades due to their impressive strength-to-weight ratios and 

superior stiffness. Despite all these benefits, they are susceptible to delamination due to their 

limited interlaminar properties [69–71]. As shown in Fig. 2.6, delamination often arises from 

low-velocity impact and geometric inconsistencies that emerge during fabrication. This 

delamination can compromise the strength and stiffness of the composite, leading to the 

possibility of a catastrophic failure. It is crucial to thoroughly understand the behaviour of 

delamination in composite laminates to ensure fail-safe designs and maintain the component's 

structural integrity. 

Fig. 2.6 Delamination 

The delamination behaviour of the laminated composite primarily depends on the 

compatibility between the fiber and the matrix, fiber orientation, and environmental factors 

(temperature, moisture, humidity, etc.) [72,73]. Asp [74] investigated the influence of moisture 

and temperature on the delamination behaviour of carbon fiber-reinforced epoxy composites 

under pure mode I, mode II, and mixed-mode (I/II) loading conditions. The mode I strain energy 

release rate is unaffected, whereas the mode II and mixed-mode ERR decreased with increased 

moisture content. However, an increase in temperature results in marginal improvement of the 

mode I and mode II energy release rates.  
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Tan et al. [70] investigated the influence of interface properties on the interlaminar and 

intralaminar damage behaviour of unidirectional composite laminate. Composites with 

different interlaminar properties were fabricated using an autoclave under curing pressure 

ranging from 0 to 0.8 MPa. The interlaminar shear strength of the composite is measured by 

conducting a SBS test. The interface shear strength increased, whereas the void content 

decreased with increased curing pressure. 

Lucas [75] investigated the effect of fiber orientation on the delamination fracture toughness 

of continuous fiber-reinforced composites. The fracture toughness was estimated for 

graphite/epoxy composite laminate by varying the fiber orientation from 00 to 900 with respect 

to the crack direction. It is observed that the fracture toughness of the composite laminate 

increased with an increase in the fiber orientation. It can be due to crack tip bifurcation, 

deflection, and twisting. Such deviant crack-tip behaviour can be attributed to the rise in mixed-

mode fracture toughness. 

Considerable focus has been dedicated to numerical investigations to explore the 

delamination mechanism. Morais et al. [76] used the VCCT to simulate the propagation of 

cracks using a predefined path. They conducted the DCB tests on carbon/epoxy [0/90]12 

composite samples as part of their experimental research. These tests revealed intralaminar and 

interlaminar delamination within the 900 mid-layer and along the [0/90] interface. The 

numerical observations indicated a noteworthy disparity between the intralaminar and 

interlaminar fracture toughness. Consequently, interlaminar crack propagation was impeded 

due to the significantly lower intralaminar fracture toughness. 

 Zhao et al. [77] employed four models based on the XFEM to forecast the growth of 

delamination in laminated composites subjected to mode I loading. They devised a novel model 

for crack initiation, utilizing quadratic stress criteria with the crack growth direction 

perpendicular to the maximum principal stress. Comparing the experimental results with all 

four delamination growth models, the mode I delamination along the zigzag path was 

investigated. The delamination growth model incorporating a mixed-mode damage evolution 

law and a critical fracture toughness function displayed the highest level of agreement with the 

experimental results. 
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The CZM has been recognized as a promising tool for predicting delamination in composite 

laminates. The primary advantages of the CZM are its straightforward and uncomplicated 

implementation, eliminating the need for an initial crack. Turon et al. [78] developed an 

accurate simulation methodology for predicting the mixed-mode delamination of laminated 

composites. A relationship between the interlaminar strength and the penalty stiffness was 

proposed to consider changes in local mode ratios during damage evolution. The proposed 

model was validated with the corresponding analytical solutions for different mixed-mode 

ratios.  Lu et al. [79] systematically investigated the influence of cohesive element parameters 

on progressive damage and failure load. Through varying the cohesive strength in their finite 

element (FE) analysis, the researchers identified two types of failure behaviour: strength-

sensitive and strength-insensitive, which were influenced by the geometry and ply layup of the 

composite material. The penalty stiffness of the cohesive element mainly affects the 

computational accuracy and efficiency in delamination modelling. Too low penalty stiffness 

delayed the damage initiation, whereas high stiffness increased the computational time. Zhao 

et al. [80] proposed a numerical model to accurately simulate the mode I and mixed-mode 

delamination of multidirectional laminate. A fracture toughness function is derived that 

depends on crack growth length and reflects the variations of fiber bridging tractions. The 

predicted delamination behaviour with interface 00/50, 450/-450, and 900/900 in both the DCB 

and the MMB results were consistent with the experimental observations. 

2.6 Influence of nano-reinforcements on improving the interface properties 

of adhesively bonded joints/laminated structures 

Interface fracture poses a significant challenge in the design of adhesively bonded joints 

and laminated structures. Incorporating nano-scale fillers into the adhesive has emerged as a 

practical approach to enhance the mechanical properties of such joints [81–83]. Nanofillers like 

graphene, carbon nanotubes (CNTs), and silicon carbide have been widely utilized to join 

structural elements and strengthen interfaces in composite materials. The exceptional strength 

and stiffness of CNTs, stemming from their unique atomic structures, make them particularly 

well-suited for improving the interface properties of bonded joints and composite laminates. 

Ejaz et al. [81] investigated the influence of multi-walled carbon nanotubes (MWCNTs) on 

the mechanical properties of adhesively bonded joints. They utilized Araldite 2011 adhesive 
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and an aluminum adherend to create two types of lap joint configurations: a single lap joint 

(SLJ) and a double strap lap joint (DSLJ). Including MWCNTs resulted in a significant 

enhancement in joint strength of the lap joint. When 1 wt.% of non-functionalized MWCNTs 

were added, the SLJ and the DSLJ exhibited maximum improvements of 60% and 31%, 

respectively. 

Khoramishad et al. [84] studied the combined effect of temperature and the MWCNTs on 

the shear strength of adhesively bonded joints. They observed that as the testing temperature 

increased, the beneficial effect of the MWCNTs on the joint strength diminished. However, 

when the nanofiller content was further increased, it led to agglomeration, which adversely 

affected the interface properties of the joints. In another significant study, the same authors 

conducted experiments to investigate the influence of graphene oxide nano-platelets (GONPs) 

on the performance of bonded joints at elevated temperatures. The temperature range examined 

encompassed room temperature up to the glass transition temperature, using nanocomposites 

fabricated with GONP concentrations of 0.1 wt.% and 0.3 wt.%. It was noted that as the testing 

temperature exceeded a critical threshold, adding GONPs reduced joint strength. The 

concentration of GONPs played a substantial role in determining this critical temperature level. 

For specimens containing 0.1 wt.% of GONPs, the estimated critical temperature was 60°C, 

which decreased to 40°C when the GONP concentration was increased to 0.3 wt.% [85]. 

The load transfer mechanism between the carbon nanotubes (CNTs) and the polymer 

directly depends on the effectiveness of the chemical bonding between them. The improper 

bonding between the CNTs and the polymer leads to CNTs pulling out during delamination, 

limiting the fracture toughness of the composites [86]. Functionalization helps to produce 

strong covalent bonds between the CNTs and the polymer matrix, resulting in improved 

strength and toughness of the composite. Functionalized CNTs have better dispersion ability 

within the polymer matrix than non-functionalized CNTs. The electric charges of the 

functionalized CNTs counteract the Van der Walls force of attraction, thus increasing the 

effective areas of CNTs interacting with the polymer matrix.    

Two methods have been employed to incorporate CNTs into fiber matrix composites. The 

first technique thoroughly mixes CNTs with the matrix, resulting in modifications to the matrix 

itself. The second method involves modifying the surfaces of the fibers by applying CNTs, 
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leading to modifications at the interface between the fibers and the matrix. Regarding the matrix 

modification techniques, Hsiao et al. [87] used two different MWCNTs content of 0.1 wt.% and 

0.5 wt.% to fabricate graphite fiber-reinforced epoxy composites. Single-lap shear tests were 

performed to assess the impact of nanofillers on the adhesive properties, measuring the average 

shear strength. The results showed a significant enhancement in average shear strength, with a 

45.6% increase observed when 0.5 wt.% of MWCNTs were added to the epoxy resin. Tarfaoui 

et al. [88] investigated the influence of MWCNTs on the mechanical behaviour of textile-based 

composites. Different volume percentages (pristine, 0.5%, 1%, 2%, and 4%) were used to 

fabricate three-phased composites composed of carbon fiber, epoxy resin, and MWCNTs. 

Different sets of experiments consisting of flatwise and open-hole tension tests and short beam 

tests were performed. The experimental observations showed that the mechanical properties of 

the composite increased up to 2 wt.% of MWCNTs and decayed beyond that.  

Gude et al. [89] examined the strength and toughness of composite joints reinforced with 

carbon nanotubes (CNTs) in carbon fiber/epoxy composites. They conducted lap shear tests to 

evaluate the strength and DCB tests to assess toughness. The results indicated that the 

introduction of carbon nanofibers and nanotubes led to an increase in the fracture energy under 

mode I loading. At the same time, the lap shear strength remained relatively constant. This 

enhancement in fracture toughness can be attributed to carbon nanotubes, which facilitated 

toughening mechanisms. 

Furthermore, including nanofillers altered the crack growth behaviour and improved the 

strength at the interface between the substrate and adhesives. Mujika et al. [90] investigate the 

influence of the MWCNTs on the interlaminar fracture properties of long carbon fiber 

composites. They evaluated fracture toughness using a newly proposed test method called 

"Beam theory including bending rotation effect" in ENF tests. This method offers the advantage 

of determining the critical ERR at specific points during the test, where stable crack 

advancement occurs. The findings demonstrated that the dispersion of the MWCNTs resulted 

in a 22% enhancement in initiation fracture toughness and a 14% improvement in propagation 

fracture toughness. 
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2.7 Influence of interface material properties on global load-displacement 

response 

The fracture characteristics of any material and structure can transition from ductile to 

brittle (shown in Fig. 2.7) based on factors such as specimen geometry, material properties, 

loading conditions, and boundary constraints. Various authors have employed the π theorem of 

dimensional analysis to investigate the influence of fracture toughness, interface strength, and 

geometric dimensions on the failure behaviour of the specimen [91,92]. When the brittle 

fracture occurs, the crack propagation is rapid, followed by a sudden decrease in the load-

bearing capacity of the structures. In such scenarios, the concept of LEFM can be used to 

explain the behaviour of catastrophic failure. Conversely, the EPFM provides a suitable 

framework in highly ductile cases. Snap-back instability is another rare phenomenon observed 

primarily in concrete specimens, where load and displacement reverse after reaching the peak 

load. The CZM can be employed to describe the size effects phenomenon of fracture mechanics 

and can predict both ductile and brittle interface fracture behaviour. 

Fig. 2.7 Ductile, Brittle, and Snap-back response 

Carpenteri [93] introduced a dimensionless parameter, the Brittleness number (𝑆𝐸), to 

analyze the size effect phenomenon and investigated the brittleness of the interface. The 

Brittleness number for a material interface can be calculated using the following expression. 

𝑆𝐸 =
𝐺𝑛
𝑐

𝜎𝑛
𝑐𝑏

    (2.11) 
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where 𝐺𝑛
𝑐 and 𝜎𝑛

𝑐 are the fracture energy and cohesive strength, respectively. 𝑏 represents

the specimen depth. Carpenteri [93] conducted a study using the three-point bending (TPB) test 

configuration, obtaining a range of load-displacement responses with varying values of the 

Brittleness number 𝑆𝐸. The ratio between the interface strength (𝜎𝑛
𝑐) and Young's modulus (𝐸)

was kept constant during the analysis. For specimens with higher brittleness numbers, 

indicating greater fracture energy 𝐺𝑛
𝑐, and smaller structural size 𝑏, the load-displacement

response exhibited a ductile behaviour. Conversely, specimens with lower fracture energy and 

larger structural dimensions exhibited brittle fracture behaviour. Moës and Belytschko [94] 

used the concepts of brittleness number and the XFEM for simulating the cohesive crack growth 

in concrete. A range of Brittleness numbers was considered, and the global failure responses 

were initially validated with the reference results of Carpenteri and Colombo [93] for TPB test 

configurations. Furthermore, they extended the application of their proposed methodology to 

analyze the mixed-mode crack growth in concrete during a four-point bending test. 

Snap-back is commonly observed in reinforced concrete and a few adhesively bonded 

structures. Li et al. [95] examined the snap-back instability and crack-trapping effect in 

adhesively bonded composite joints using DCB specimens with fiber bridging. They 

specifically focused on the influence of the bridging phase and derived a dimensionless 

parameter to quantify the intensity of snap-back instability. The effect of substrate thickness 

and arrangement spacing of the bridging space on snap-back instability and toughening 

mechanism was also investigated. Lacidogna et al. [96] studied the influence of snap-back on 

the AE response of rock specimens under compression. The energy is dissipated in brittle crack 

propagation, and no energy dissipation due to snap-back phenomena is observed. They found 

that fracture and AE energy are independent qualities, and the AE counts result from the 

structural local instabilities.   

2.8 Theoretical formulations of the CZM 

The CZMs can be classified into two types based on their numerical implementation: 

intrinsic CZMs and extrinsic CZMs. Intrinsic CZMs are characterized by zero cohesive traction 

with no separation displacement [97,98]. Bi-linear T-S-Ls with linear and exponential softening 

and trapezoidal CZMs are widely used intrinsic CZMs, as shown in Fig. 2.8. Bilinear T-S-L 

with linear softening is also termed a triangular CZM, which is used in the later part of the 
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present work. On the other hand, the extrinsic CZMs exhibit finite and non-zero traction even 

at zero separation. Extrinsic CZMs employ cohesive elements that are incrementally inserted 

during the computational simulations [99], whereas, in intrinsic CZMs, the cohesive elements 

are anticipated along the failure path before the simulations. Examples of extrinsic CZMs 

include constant traction, linear softening, and parabolic softening, as depicted in Fig. 2.9.  

In fracture mechanics, stress singularity pertains to exceptionally high stress levels at the 

tip of a crack. In the LEFM, the prevailing type of stress singularity is the inverse square-root 

singularity. In contrast, non-linear fracture mechanics analysis, such as the EPFM, exhibits the 

Hutchinson-Rice-Rosengren (HRR) stress singularity. Stress singularity plays a crucial role in 

evaluating the stress and deformation in the vicinity of the crack tip, which is critical for 

assessing the behaviour of crack initiation and propagation in materials. 

Fig. 2.8 Intrinsic CZMs: Bilinear CZM with (a) Linear, (b) Exponential softening, and (c) trapezoidal CZMs 

Fig. 2.9 Extrinsic CZMs: (a) Constant traction, (b) Linear, and (c) Exponential softening 

Although the CZM was initially developed to eliminate the crack tip stress singularity, most 

researchers did not follow the stress singularity nullification criteria. Jin and Sun [60] initially 

used linear hardening cohesive law with a linear elastic material model to investigate some 

crucial aspects of the CZM. Using an integral equation approach, they observed that stress 

singularity can only be eliminated for a cohesive law with non-zero traction at zero separation 
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displacement. Moreover, they derived a CZM for necking in thin ductile cracked sheets, based 

on which the cohesive energy density, cohesive traction, and shape of the cohesive law were 

discussed. In another work [100], the same authors extended their study to investigate some 

conceptual issues for investigating the interface fracture in elastic bi-material. The SIF 

generated due to the far-field loading and cohesive zone length for semi-infinite dis-similar 

elastic media was initially estimated, which helps to estimate the size of the CZM for removing 

crack tip stress singularity. Their observations showed that a single value of cohesive zone 

length cannot nullify the crack tip stress singularity under combined tension and shear loading 

conditions. In the end, the energy dissipated at the tip of the cohesive zone was estimated using 

a bilinear CZM with uncoupled normal and shear traction. 

Estimating the strength of stress singularity in a cohesive zone can be facilitated by 

analyzing the stress and displacement field. Xiao and Karihaloo [101] used the complex 

potential functions of Kolosov and Muskhelishvili [102] to derive an asymptotic stress and 

displacement field, focusing specifically on normal cohesive separation. They also explored a 

particular case of pure mode-I with consideration for Coulomb friction along the crack face. 

This solution is similar to William's [6] expression, which applies to various types of cohesive 

laws, such as rectangular, triangular, and exponential, expressed in polynomial forms. 

However, the coefficients of the solution depend on the cohesive law types and boundary 

conditions. The obtained asymptotic field is employed as an enrichment function at the tip of a 

long cohesive crack and short branches/kinks to investigate crack propagation with the help of 

XFEM analysis. In a separate study, the same authors expressed the asymptotic fields in a 

separable form, even for a polynomial cohesive law with integer powers [103].  

2.9 Determination of the CZM parameters 

While the CZM provides a valuable tool for predicting the behaviour of non-linear fractures, 

its effective use requires meticulous calibration through experimental data and subsequent 

validation to ensure accurate simulation of the fracture process [104]. Several data reduction 

techniques, such as property determination, direct, and inverse methods, are available to 

estimate the cohesive zone parameters — cohesive stiffness, strength, and fracture energy. 

These methods vary in complexity and offer different levels of accuracy in their results. Some 

of these approaches have been validated using established fracture characterization 
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experiments, such as the DCB and the ENF tests for mode I and mode II loadings and the MMB 

test for mixed-mode (I/II) loadings [28,105]. 

2.9.1 Property determination method 

The approach for determining property involves estimating the cohesive law parameters 

through appropriate testing [106,107]. However, the CZM parameters acquired from the 

comprehensive tests are not entirely reliable because of the variations in properties between the 

bulk material and the thin adhesive bond. This discrepancy is primarily caused by the mixed-

mode crack propagation within the adhesive and the strain-constraining effect of the adherends 

[28,105]. 

Campilho et al. [108] utilized a cohesive damage model to assess the tensile strength of the 

CFRP single strap repairs, considering variations in patch thickness and overall length. They 

employed a trapezoidal cohesive law within a continuum approach to simulate the ductile 

behaviour of Araldite 420 adhesive. They have evaluated the normal and the shear cohesive 

strength based on the stress-strain characteristics of the bulk adhesive. The normal cohesive 

strength aligned with the tensile strength measured in bulk tests, while the shear strength  was 

derived from the normal strength using the von Mises yield criteria. In a separate study, 

Carlberger and Stigh [109] developed an FE model to simulate the fracture occurring in 

adhesively bonded joints. The mode I and mode II fracture energies of the bonded joints were 

estimated by conducting mode I and mode II fracture tests, respectively.  

Ibrahim et al. [110] used two distinct test setups, namely the DCB and bonded-shear 

specimens, to assess the fracture properties in mode I and II of structural epoxy adhesives. After 

conducting the mode I and mode II fracture characterization tests, they derived the CZM 

properties for the SLJ and cross-tension (CT) FE models. The FE models for SLJ and CT 

accurately predicted the peak load, with an average deviation ranging from 2% to 19%. These 

models demonstrated the ability to anticipate the joint response across various adherend 

thicknesses, specimen geometries, and modes of loading. 

2.9.2 Direct method 

The direct approach allows for easy determination of the exact shape of the T-S-L by 

analyzing the variations of fracture energy with the deformation of the cohesive under fracture 

characterization tests. Some studies have focused on directly calculating the CZM parameters 

TH-3322_176103002



Literature review 35 

for adhesively bonded joints and composite laminates [105,111]. Andersson and Stigh [112] 

employed a direct method to estimate the CZM parameters for the ductile failure behaviour of 

Dow Betamate XW1044-3 adhesively bonded joints. They used a series of exponential 

functions to minimize errors in the measured fracture energy and displacement data obtained 

from experiments. The resulting cohesive law was trapezoidal and comprised three sections: 

the initial linear elastic behaviour of the adhesive until it reaches peak stress, a region of 

constant limiting stress corresponding to plasticity development in the adhesive, and a parabolic 

softening region at the curve's end. 

Högberg and Stigh [113] proposed a direct integration scheme to derive the cohesive law 

for adhesively bonded joints under mixed-mode loading conditions. For a mixed-mode DCB 

specimen, the normal and shear cohesive laws are obtained by differentiating the mode I and 

mode II J-integral values with respect to normal and shear separation, respectively. The results 

indicated a significant disparity between the normal and the shear cohesive laws. Furthermore, 

the mixed-mode constitutive behaviour of the adhesive can be accurately captured by utilizing 

ten evenly distributed sets of mixed-mode ratios for any load and geometry conditions. In the 

CZM analysis, Ji et al. [114] conducted the DCB test methods to address the influence of 

adhesive thickness on the cohesive strength and fracture energy of adhesive joints bonded with 

brittle adhesive Loctite Hysol 9460. The measurement of fracture energy by the J-integral 

approach is based on the same methodology proposed by Andersson and Stigh [112].   

2.9.3 Inverse method 

The inverse method involves an iterative fitting procedure that compares experimental data 

with numerical results, aiming to precisely describe the cohesive law and the typical behaviour 

of the simulated material [55]. Campilho et al. [115] employed an iterative approach to 

determine the CZM parameters for assessing the tensile residual strength of repaired CFRP 

specimens with varying geometries. The critical fracture energy values necessary for the 

numerical model were directly obtained from the R-curve generated during fracture 

characterization tests. To fully define the cohesive parameters, the strength was determined 

through a trial and error approach. The CZM parameters were fine-tuned with the FE analysis 

until accurate predictions of the experimental results were achieved. 
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Campilho et al. [116] conducted experimental and numerical studies to investigate the 

tensile behaviour of three-dimensional carbon-epoxy adhesively bonded strap repair in their 

work. The elastic stiffness, strength, and failure modes were evaluated experimentally for 

different overlap lengths and patch thicknesses. The adhesive layer is simulated in ABAQUS® 

with a mixed-mode trapezoidal cohesive law for the ductile failure behaviour of the adhesive. 

All the CZM parameters were determined by inverse methods using a fitting procedure of the 

experimental results with the numerical load-displacement response. Lee et al. [117] introduced 

a systematic approach for determining the parameters of the CZM applied to adhesive-bonded 

joints experiencing mixed-mode loading. They conducted tests using co-cured single-leg 

bending (SLB) specimens and employed linear extrapolation techniques to calculate fracture 

toughness in each mode of loading. The damage variables, cohesive strength, and stiffness were 

identified, and their specific sampling points were established. These sampling points and the 

defined errors were utilized as input for a kriging metamodel. Subsequently, a non-linear 

optimization algorithm was employed within the kriging metamodel to assess the CZM 

parameters when subjected to mixed-mode loading conditions.    

2.10 Research gap and the objectives of the present work  

The CZM is a widely utilized computational method for simulating the failure of material 

interfaces. Although the primary purpose of the CZM is to eliminate stress singularity at crack 

tips, this was not commonly observed in most published literature that employed the CZM to 

simulate material failure. Another significant finding from the literature is that only extrinsic 

CZM can remove the stress singularity at the crack tip. Therefore, the first part of the present 

thesis targets incorporating both intrinsic and extrinsic CZMs to investigate the failure 

behaviour of adhesively bonded joints under mode I and mode II loading conditions. The study 

aims to accomplish the following objectives. 

 To investigate the influence of the CZM parameters on the crack tip stress singularity for

any extrinsic generalized T-S-Ls.

 To perform interface crack growth studies under pure mode I loading conditions.

 To evaluate the extrinsic CZM parameters for predicting the experimental load-

displacement response.
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 To perform mode II crack growth studies of MWCNTs reinforced adhesively bonded

joints. Additionally, it aims to estimate the extrinsic and the intrinsic CZM parameters

while predicting the load-displacement response of MWCNTs reinforced adhesively

bonded joints under mode II loading.

Although many works have been published on estimating the CZM parameters, they involve 

customized experimental setups or repetitive trial-and-error processes. Therefore, the thesis 

aims to evaluate the CZM parameters for composite laminate using straightforward fracture 

characterization tests. The purpose of the study is to achieve the following objectives. 

 To determine the CZM parameters — cohesive strength and fracture energy for the

pristine and MWCNTs reinforced CFRP under pure mode I and mode II loading

conditions.

 To validate the load-displacement response numerically with the experimentally obtained

CZM parameters.

 To conduct an MMB test to examine the failure behaviour of CFRP reinforced with

MWCNTs under various mixed-mode ratios.

 To validate the MMB load-displacement response with the obtained mode I and mode II

CZM parameters employing proper damage initiation and damage evolution criteria.
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Chapter 3 Theoretical Formulation 

This chapter outlines the theoretical formulations for determining the cohesive zone 

parameter that eliminates the crack tip stress singularity. The existing literature showed that a 

T-S-L with non-zero traction at the onset of the separation could only remove the stress

singularity [118]; such CZMs are categorized as extrinsic CZMs, which is primarily focused in 

the present chapter. Initially, the stress and displacement fields are presented for pure mode I 

and mode II in the presence of CZM for quasi-brittle materials. These stress and displacement 

profiles are compared with the numerical field expression to estimate the SIF generated within 

the cohesive zone. Furthermore, the changes in the overall SIF are displayed in relation to the 

length of the cohesive zone, showcasing this behaviour for three distinct cohesive laws: constant 

traction, linear, and parabolic softening. 

3.1 Crack tip stress and displacement field in the presence of the CZM 

Fig. 3.1 Asymptotic near tip field in the presence of  cohesive zone 

The stress and displacement field in the presence of the cohesive zone can be obtained from 

Muskhelishvili's [102] formulation of planar elasticity. Here, the stress and displacement field 

can be expressed in two complex analytical functions: 𝜙(𝑧) and 𝜒(𝑧). According to 

Muskhelishvili [102], the convenient representation of stress and displacement in Cartesian 

coordinates is 
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𝜎𝑥𝑥 + 𝜎𝑦𝑦 = 2[𝜙
′(𝑧) + 𝜙′(𝑧)̅̅ ̅̅ ̅̅ ̅]

𝜎𝑦𝑦 − 𝜎𝑥𝑥 + 2𝑖𝜎𝑥𝑦 = 2[𝑧̅𝜙′′(𝑧) + 𝜒′′(𝑧)] 

2𝜇(𝑢 + 𝑖𝑣) = 𝜅𝜙(𝑧) − 𝑧𝜙′(𝑧)̅̅ ̅̅ ̅̅ ̅ − 𝜒′(𝑧)̅̅ ̅̅ ̅̅ ̅

(3.1)

where 𝑘 and 𝜇 are the Kolosov constant and the shear modulus, respectively. For elasticity 

problems, 𝑘 = 3 − 4𝜈 for plane strain or 𝑘 = (3 − 𝜈)/(1 + 𝜈) for plane stress conditions. The 

shear modulus 𝜇 = 𝐸/2(1 + 𝜈); 𝐸 and 𝜈 are Young's modulus and Poisson's ratio, respectively. 

𝑧 is a complex variable in polar coordinate with 𝑧 = 𝑟𝑒𝑖Ѳ, as shown in Fig. 3.1. The prime and

overbar are used for the differentiation and the complex conjugate. Sih and Liebowitz [119] 

expressed the analytical functions 𝜑(𝑧) and 𝜒(𝑧) as a series of  complex Goursat functions 

𝜙(𝑧) = ∑𝐴𝑛𝑛𝑧
𝜆𝑛 =∑𝐴𝑛𝑛𝑟

𝜆𝑛𝑒𝑖𝜆𝑛𝜃

𝑛=0𝑛=0

𝜒(𝑧) = ∑𝐵𝑛𝑛𝑧
𝜆𝑛+1 =

𝑛=0

∑𝐵𝑛𝑛𝑟
𝜆𝑛+1𝑒𝑖(𝜆𝑛+1)𝜃

𝑛=0

(3.2) 

where 𝐴𝑛𝑛 = 𝑎1𝑛 + 𝑖𝑎2𝑛 and 𝐵𝑛𝑛 = 𝑏1𝑛 + 𝑖𝑏2𝑛 are the coefficients of complex eigenvalue 

expansion. As the crack propagation occurs, the cohesive zone opens up, and the fracture 

process zone (FPZ) is developed ahead of the crack tip. The end coordinate of FPZ is defined 

mainly by a physical tip where cohesive traction approaches zero and a mathematical tip with 

zero crack opening and maximum traction, as shown in Fig. 3.1. The complete series expansion 

of stress and displacement near the crack tip can be obtained by substituting Eq. (3.2) into Eq. 

(3.1) as follows 

2𝜇𝑢 = ∑𝑟𝜆𝑛{𝑘(𝑎1𝑛cos𝜆𝑛𝜃 − 𝑎2𝑛sin𝜆𝑛𝜃)

𝑛=0

+ 𝜆𝑛[−𝑎1𝑛 cos(𝜆𝑛 − 2) 𝜃 + 𝑎2𝑛 sin(𝜆𝑛 − 2) 𝜃] + (𝜆𝑛

+ 1)(−𝑏1𝑛cos𝜆𝑛𝜃 + 𝑏2𝑛sin𝜆𝑛𝜃)}     (3.3) 

2𝜇𝑣 = ∑𝑟𝜆𝑛{𝑘(𝑎1𝑛sin𝜆𝑛𝜃 + 𝑎2𝑛cos𝜆𝑛𝜃)

𝑛=0

+ 𝜆𝑛[𝑎1𝑛 sin(𝜆𝑛 − 2) 𝜃 + 𝑎2𝑛 cos(𝜆𝑛 − 2) 𝜃] + (𝜆𝑛

+ 1)(𝑏1𝑛sin𝜆𝑛𝜃 + 𝑏2𝑛cos𝜆𝑛𝜃)}

    (3.4) 
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𝜎𝑥𝑥 = ∑𝑟𝜆𝑛−1

𝑛=0

{2𝜆𝑛[𝑎1𝑛 cos(𝜆𝑛 − 1) 𝜃 − 𝑎2𝑛 sin(𝜆𝑛 − 1) 𝜃]

− 𝜆𝑛(𝜆𝑛 − 1)[𝑎1𝑛 cos(𝜆𝑛 − 3) 𝜃] − 𝑎2𝑛 sin(𝜆𝑛 − 3) 𝜃] − (𝜆𝑛

+ 1)𝜆𝑛[𝑏1𝑛 cos(𝜆𝑛 − 1) 𝜃 − 𝑏2𝑛 sin(𝜆𝑛 − 1) 𝜃]}

    (3.5) 

𝜎𝑦𝑦 = ∑𝑟𝜆𝑛−1

𝑛=0

{2𝜆𝑛[𝑎1𝑛 cos(𝜆𝑛 − 1) 𝜃 − 𝑎2𝑛 sin(𝜆𝑛 − 1) 𝜃]

+ 𝜆𝑛(𝜆𝑛 − 1)[𝑎1𝑛 cos(𝜆𝑛 − 3) 𝜃] − 𝑎2𝑛 sin(𝜆𝑛 − 3) 𝜃] + (𝜆𝑛

+ 1)𝜆𝑛[𝑏1𝑛 cos(𝜆𝑛 − 1) 𝜃 − 𝑏2𝑛 sin(𝜆𝑛 − 1) 𝜃]}

    (3.6) 

𝜎𝑥𝑦 =∑𝑟𝜆𝑛−1{𝜆𝑛(𝜆𝑛 − 1)[𝑎1𝑛 sin(𝜆𝑛 − 3) 𝜃 + 𝑎2𝑛 cos(𝜆𝑛 − 3) 𝜃]

𝑛=0

+ (𝜆𝑛 + 1)𝜆𝑛[𝑏1𝑛 sin(𝜆𝑛 − 1) 𝜃 + 𝑏2𝑛 cos(𝜆𝑛 − 1) 𝜃]}
    (3.7) 

The generalized opening displacement behind the cohesive zone tip can be given as 

𝛿𝑛 = 𝑣|𝜃=𝜋 − 𝑣|𝜃=−𝜋 = ∑
𝑟𝜆𝑛

𝜇
[(𝑘 + 𝜆𝑛)𝑎1𝑛 + (𝜆𝑛 + 1)𝑏1𝑛]sin𝜆𝑛𝜋

𝑛=0

(3.8) 

Similarly, the sliding displacement of the crack faces 

𝛿𝑠 = 𝑢|𝜃=𝜋 − 𝑢|𝜃=−𝜋 =∑
𝑟𝜆𝑛

𝜇
[(𝜆𝑛 − 𝑘)𝑎2𝑛 + (𝜆𝑛 + 1)𝑏2𝑛]sin𝜆𝑛𝜋

𝑛=0

(3.9) 

The above stress and displacement solutions must satisfy the boundary conditions along the 

cohesive crack faces and proper symmetric conditions along the extension line of the cohesive 

crack. 

If the cohesive crack faces are subjected to pure mode I condition, we have 

𝜎𝑦𝑦|𝜃=𝜋 = 𝜎𝑦𝑦|𝜃=−𝜋 ≠ 0, 𝜎𝑥𝑦|𝜃=𝜋 = 𝜎𝑥𝑦|𝜃=−𝜋 = 0, 𝜎𝑥𝑦|𝜃=0 = 0, 𝑣|𝜃=0 = 0 (3.10)

After substituting the boundary condition 𝜎𝑥𝑦|𝜃=0 = 0, 𝑣
|𝜃=0 = 0 in the above stress and

displacement field expression from Eq. (3.3)-Eq. (3.7), we can obtain 

(𝜆𝑛 − 1)𝑎2𝑛 + (𝜆𝑛 + 1)𝑏2𝑛 = 0

(𝜅 + 𝜆𝑛)𝑎2𝑛 + (𝜆𝑛 + 1)𝑏2𝑛 = 0

𝑎2𝑛 = 𝑏2𝑛 = 0 

(3.11) 
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Additionally, the boundary condition  𝜎𝑦𝑦|𝜃=𝜋 = 𝜎𝑦𝑦|𝜃=−𝜋 ≠ 0, 𝜎𝑥𝑦|𝜃=𝜋 = 𝜎𝑥𝑦|𝜃=−𝜋 = 0 is 

satisfied only if [(𝜆𝑛 − 1)𝑎1𝑛 + (𝜆𝑛 + 1)𝑏1𝑛] sin(𝜆𝑛 − 1) 𝜋 = 0, which gives 

{

𝜆𝑛 = 𝑛 + 1, 𝑛 = 0,1,2, … . or

𝑏1𝑛 = −
𝜆𝑛 − 1

𝜆𝑛 + 1
𝑎1𝑛

 

 

(3.12) 

The above equation provides the asymptotic solutions of a pure mode I cohesive crack. The 

expression for opening displacement (𝛿𝑛) in the presence of a cohesive zone can be obtained 

by substituting Eq. (3.12) into the displacement field Eq. (3.8), which gives 

𝛿𝑛 = ∑
𝑟
2𝑛+3
2

𝜇
𝑎1𝑛(𝜅 + 1)sin

2𝑛 + 3

2
𝜋

𝑛=0

 

𝛿𝑛̂ = ∑𝑐𝑛̅𝑟
(2𝑛+3)/2

𝑛=0

, 𝑐𝑛̅ =
(𝜅 + 1)

𝜇𝛿𝑛
𝑓

𝑎1𝑛sin
2𝑛 + 3

2
𝜋 

 

(3.13) 

The above formulation is already presented in the work of Xiao and Karihaloo [120].  

Assuming an ideal mode II cohesive crack conditions (frictionless crack surfaces), the boundary 

conditions along the cohesive crack faces can be given as 

𝜎𝑥𝑦|𝜃=𝜋 = 𝜎𝑥𝑦|𝜃=−𝜋 ≠ 0; 𝜎𝑦𝑦|𝜃=𝜋 = 𝜎𝑦𝑦|𝜃=−𝜋 = 0 

𝜎𝑦𝑦|𝜃=𝜋 = 𝜎𝑥𝑥|𝜃=0 = 0  and 𝑢|𝜃=0 = 0 

(3.14) 

Following the identical solution procedure as mentioned for mode I cohesive crack, the 

expression for sliding displacement (𝛿𝑠) under pure mode II loading is obtained by substituting 

Eq. (3.14) into the stress and displacement expression mentioned in Eq. (3.3)-Eq. (3.7), which 

finally gives 

𝛿𝑠 = ∑
𝑟
2𝑛+3
2

𝜇
𝑏2𝑛(𝜅 + 1)sin

2𝑛 + 3

2
𝜋

𝑛=0

 

𝛿𝑠̂ =∑ 𝑑̅𝑛𝑟
(2𝑛+3)/2

𝑛=0

, 𝑑̅𝑛 =
(𝜅 + 1)

𝜇𝛿𝑠
𝑓

𝑏2𝑛sin
2𝑛 + 3

2
𝜋 

 

(3.15) 
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3.2 Crack tip stress singularity and the cohesive zone 

Assume a plate containing a central crack with a length of 2𝑎, at the interface of an elastic 

medium depicted in Fig. 3.2. The plate experiences far-field loading, characterized by tensile 

stress 𝜎𝑛
∞ and shear stress 𝜎𝑠

∞. Due to this external loading, a cohesive zone is developed ahead

of the crack tip, spanning a distance of  𝜌 = 𝑏 − 𝑎. Assuming 𝜌 is much smaller than 𝑎, we can 

write 𝑎 = 𝑎 + 𝜌. The SIF generated under the application of applied load can be expressed as  

𝐾𝑎𝑝𝑝𝑙𝑖𝑒𝑑 = (𝜎𝑛
∞ + 𝑖𝜎𝑠

∞)√π𝑎 (3.16) 

Fig. 3.2 Infinite central crack plate with the K-dominated region used for the analysis 

Using the Green's function approach, the SIF generated at the tip of the cohesive zone due to 

the cohesive traction can be given as [121] 

𝐾𝑐𝑜ℎ𝑒𝑠𝑖𝑣𝑒 = −√
2

π
∫ [𝜎𝑛(𝜂) + 𝑖𝜎𝑠(𝜂)
𝜌

0

]𝜂−
1
2d𝜂 

(3.17) 

where 𝜎𝑛(𝜂) and 𝜎𝑠(𝜂) are the normal and shear cohesive traction at any arbitrary location 𝜂

along the crack axis. 

For the removal of stress singularity, we can use 

𝐾𝑎𝑝𝑝𝑙𝑖𝑒𝑑 + 𝐾𝑐𝑜ℎ𝑒𝑠𝑖𝑣𝑒 = 0 (3.18) 

which gives, 

(𝜎𝑛
∞ + 𝑖𝜎𝑠

∞)√π𝑎 = √
2

π
∫ [𝜎𝑛(𝜂) + 𝑖𝜎𝑠(𝜂)
𝜌

0

]𝜂−
1
2d𝜂 

(3.19) 
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For a cohesive zone with constant normal and shear traction 𝜎𝑛(𝜂) = 𝜎𝑛
𝑐 and 𝜎𝑠(𝜂) = 𝜎𝑠

𝑐, Eq.

(3.19) leads to 

(𝜎𝑛
∞ + 𝑖𝜎𝑠

∞)√π𝑎 =  √
2

π
(𝜎𝑛

𝑐 + 𝑖𝜎𝑠
𝑐)∫ 𝜂−

1
2d𝜂

𝜌

0

 

(𝜎𝑛
∞ + 𝑖𝜎𝑠

∞)√π𝑎 =  √
2

π
(𝜎𝑛

𝑐 + 𝑖𝜎𝑠
𝑐)2√𝜌

 (3.20) 

Assuming a pure mode I or mode II case, separating the real and imaginary parts of Eq. (3.20), 

we get 

𝜎𝑛
∞√π𝑎 =  √

2

π
𝜎𝑛
𝑐2√𝜌

𝜎𝑠
∞√π𝑎 =  √

2

π
𝜎𝑠
𝑐2√𝜌

      (3.21) 

Therefore, for a given constant normal cohesive traction 𝜎𝑛
𝑐 and shear cohesive traction 𝜎𝑠

𝑐 with

prescribed loading 𝜎𝑛
∞ and 𝜎𝑠

∞, the cohesive zone length 𝜌 can be evaluated from Eq. (3.21).

However, for any generalized T-S-Ls, the cohesive stress distribution 𝜎𝑛(𝜂) or 𝜎𝑠(𝜂)

mentioned in Eq. (3.19) along the cohesive zone is not readily available to determine the 

cohesive zone parameters for the removal of stress singularity. A combined semi-analytical 

method, incorporating FE analysis alongside theoretical formulations, is employed to compute 

the SIF. Subsequently, a domain-independent interaction integral approach is used to 

numerically evaluate the SIF in the presence of a cohesive zone. The change in SIF is presented 

for eight distinct cohesive zone lengths. This dataset enables the determination of the value of 

𝜌 at which the SIF approaches zero. 

3.2.1 Interface cohesive law 

It is already mentioned that in order to mitigate the crack tip stress singularity, a cohesive 

zone needs to exhibit non-zero traction when at zero separation displacement. To fulfill these 

criteria, a generalized extrinsic CZM is employed to describe the behaviour of the interface. 

The constitutive behaviour of the cohesive model can be given as 
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𝜎𝑖(𝛿𝑖) =

{

𝜎𝑖
𝑐 (1 −

𝛿𝑖

𝛿𝑖
𝑓
)

𝑁

, 𝛿𝑖 < 𝛿𝑖
𝑓

0, 𝛿𝑖 ≥ 𝛿𝑖
𝑓

(3.22) 

where 𝜎𝑖
𝑐 is the peak cohesive traction with 𝑖 = 𝑛 or 𝑠 under mode I and mode II loading,

respectively. For the proposed extrinsic CZM, the cohesive tractions are initially 𝜎𝑛
𝑐 (or 𝜎𝑠

𝑐);

the cohesive traction decreases gradually and approaches zero value once the instantaneous 

cohesive separation 𝛿𝑛 (or 𝛿𝑠) approaches the critical cohesive separation 𝛿𝑛
𝑓
 (or 𝛿𝑠

𝑓
) under their

respective modes of loadings. The exponent 𝑁 is used to define the shape of the cohesive law.  

Fig. 3.3 A generalized extrinsic CZM 

Three distinct values of 𝑁 =0, 0.5, and 1 are considered, corresponding to constant traction, 

parabolic, and linear softening law, respectively. The variation of the T-S-Ls for different values 

of N are shown in Fig. 3.3.  

3.3 Numerical methodology 

This section outlines the numerical procedures for determining the characteristic cohesive 

zone length 𝜌 within the singularity-dominated region (SDZ), as illustrated in Fig. 3.2, 

nullifying the crack tip stress singularity. The results are then compared with analytical and 

semi-analytical results for constant traction and linear softening laws. This approach can readily 

be expanded to encompass higher-order laws, as detailed in Eq. (3.22). 
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3.3.1 Model geometry and the boundary conditions 

As the region adjacent to the crack is primarily 𝐾-dominated, a finite circular area centered 

at the mathematical crack tips, as depicted in Fig. 3.2, is selected for the numerical analysis. 

The traction field developed at the outer edge of the 𝐾-dominant region can be given as 

[
𝑇𝑥
𝑇𝑦
] =  [

𝜎𝑥𝑥 𝜎𝑥𝑦
𝜎𝑥𝑦 𝜎𝑦𝑦

] [
𝑛𝑥
𝑛𝑦
]

(3.23) 

where 𝑛𝑥 and 𝑛𝑦 are the direction cosines of the unit normal vector to the boundary with 𝑛𝑥 =

cos𝜃 and 𝑛𝑦 = sin𝜃, respectively. 𝜎𝑥𝑥, 𝜎𝑦𝑦, and 𝜎𝑥𝑦 are the near-tip stress field, where 

𝜎𝑥𝑥 =  
𝐾𝐼

√2𝜋𝑟
cos (

𝜃

2
) [1 − sin (

𝜃

2
) sin (

3𝜃

2
)] 

𝜎𝑦𝑦 =  
𝐾𝐼

√2𝜋𝑟
cos (

𝜃

2
) [1 + sin (

𝜃

2
) sin (

3𝜃

2
)] 

𝜎𝑥𝑦 = 
𝐾𝐼

√2𝜋𝑟
[sin (

𝜃

2
) cos (

𝜃

2
) cos (

3𝜃

2
)] 

(3.24) 

for pure mode I and 

𝜎𝑥𝑥 = −
𝐾𝐼𝐼

√2𝜋𝑟
sin (

𝜃

2
) [2 + cos (

𝜃

2
) cos (

3𝜃

2
)] 

𝜎𝑦𝑦 = 
𝐾𝐼𝐼

√2𝜋𝑟
[sin (

𝜃

2
) cos (

𝜃

2
) cos (

3𝜃

2
)] 

𝜎𝑥𝑦 =  
𝐾𝐼𝐼

√2𝜋𝑟
cos (

𝜃

2
) [1 − sin (

𝜃

2
) sin (

3𝜃

2
)] 

(3.25) 

for pure mode II, respectively. 

The singularity-dominated region, as represented in Fig. 3.2, is modelled in the FE software 

ABAQUS® 2017. The behaviour of the cohesive material and the failure criteria are defined 

using the user subroutine UMAT. The global coordinate system is positioned at the center of 

the geometry, specifically at the mathematical tip. A magnified view of the finite element mesh 

near the tip of the cohesive zone is presented in Fig. 3.4. The meshed geometry on the parent 

material is discretized using four-noded quadrilateral elements with two-dimensional cohesive 

elements (COH2D) along the interface. Two distinct mesh configurations are considered: a 

square domain encompassing the cohesive zone tip and a circular domain surrounding it. The 

circular domain has a radius of 𝑟 =100 mm, with an initial crack length of 𝑎 = 𝑟 − 𝜌. The base 
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material is aluminum with the following properties: Young's modulus (𝐸) = 70 GPa, and 

Poisson's ratio (𝜈) = 0.33. The far-field loading is characterized by SIF 𝐾 = 𝐾𝐼 = 𝐾𝐼𝐼 = 100 

MPa√mm, where 𝐾𝐼 and 𝐾𝐼𝐼 are the mode I and mode II SIF, respectively. The thickness of the 

cohesive layer is maintained at 𝑡 = 0.1 mm. The total number of elements is considered based 

on the mess convergence analysis. 

The assumed material properties for the cohesive are: 

𝜎𝑛
𝑐 = 𝜎𝑠

𝑐 =50 MPa; 𝐺𝑛
𝑐 = 𝐺𝑠

𝑐 =
𝐾2

𝐸
=0.1428 KJ/m2.

(3.26) 

Here, 𝐺𝑛
𝑐 and 𝐺𝑠

𝑐 are the critical fracture energy in mode I and mode II loading, respectively.

Fig. 3.4 FE mesh geometry of the singularity-dominated region 

The in-built contour integral in ABAQUS® lacks crack face traction term; therefore, the SIF 

obtained depends on the contour.  Including crack face traction would have solved the issue, 

but mode separation would still be an issue for contour integral. Therefore, the domain-

dependent interaction integral is used for the present analysis. This formulation assumes a linear 

elastic response with no body forces, implemented on a square path (composed of 8 elements 

in the first contour; out of which four 2-D quadrilateral parent elements and another four 2-D 

cohesive elements) encircling the tip of the cohesive zone, as shown in Fig. 3.5 (a). The SIFs 

obtained by the interaction integral and contour integral for a particular cohesive zone length 

𝜌 =1.75 mm and 𝜎𝑛
𝑐 = 50 MPa for a linear softening cohesive law are shown in Fig. 3.5 (b).

From Fig. 3.5 (b), it is evident that the interaction integral formulation is domain-independent, 

and it can be extended to any square domain covering the mathematical tip of the cohesive zone. 
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The detailed interaction integral formulation is already described in the section 2.2.2 of the 

literature review section. 

(a) (b) 

Fig. 3.5 (a) Domain for the interaction integral, (b) Comparison of SIF between contour and interaction integral 

(a) (b) 

Fig. 3.6 Variation in the SIF with changes in cohesive zone length (a) Mode I, (b) Mode II 

The length of the cohesive zone, denoted as 𝜌, is varied within a range of 1 mm to 2.75 mm, 

incrementing by 0.25 mm. The cohesive energy and strength remain unchanged, as mentioned 

in Eq. (3.26) of section 3.3.1 during the entire simulation. The SIF is computed at the tip of the 

cohesive zone using the interaction integral procedure under pure mode I and mode II loading 

for all three cohesive laws: constant traction, linear softening, and parabolic softening. Fig. 3.6 

(a) and Fig. 3.6 (b) show that the reduction in SIF is more rapid in constant traction cohesive

law compared to linear and parabolic softening. In the case of constant traction cohesive law, 
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the magnitude of the 𝐾𝑐𝑜ℎ𝑒𝑠𝑖𝑣𝑒 increases rapidly, as evident from Eq. (3.21), resulting in a rapid 

reduction in the net SIF. So, not only the magnitude but also the variation of cohesive stress 

along the length of the CZM is the deciding factor that affects the net SIF. Additionally, it is 

noticed that for linear softening cohesive law, the reduction in SIF is rapid under mode I loading 

compared to mode II loading conditions. This discrepancy primarily arises from the variations 

in the deformation behaviour along the length of the cohesive crack. Specifically, the cohesive 

crack subjected to mode I loading experiences smaller deformation than the mode II loading. 

This limited deformation results in comparatively higher cohesive stress, consequently leading 

to an increase in the 𝐾𝑐𝑜ℎ𝑒𝑠𝑖𝑣𝑒 values for larger cohesive zone lengths. These increased 𝐾𝑐𝑜ℎ𝑒𝑠𝑖𝑣𝑒 

values subsequently contribute to a rapid reduction in the overall SIF. 

3.3.2 Comparison between FEA results with the semi-analytical studies 

For a constant cohesive law, the SIF developed from the cohesive zone at the crack tip can 

be easily evaluated through analytical expression, as outlined in Eq. (3.21), as discussed earlier 

in Section 3.2. The comparison between the SIF determined via the analytical expression and 

the interaction integral is shown in Fig. 3.7. The numerical results agree well with the analytical 

results, and the errors are within reasonable limits. 

 However, for any other generalized T-S-Ls, straightforward analytical expressions for 

evaluating the SIF are unavailable due to the complexity of the cohesive profile. Hence, a semi-

analytical procedure is adopted to approximate the SIF around the tip of the cohesive zone. In 

this regard, a linear-softening cohesive model is employed. 

For other generalized T-S-Ls, the pure mode I and II asymptotic displacement fields 

mentioned in Eq. (3.13) and Eq. (3.15) approximate the stress field ahead of the cohesive tip. 

After obtaining the displacement field numerically around the cohesive tip for a specified 

cohesive law, unknown coefficients are determined by comparing the numerically obtained 

field with the analytical field mentioned in Eq. (3.13) and Eq. (3.15). Coefficient up to their 

fifth order is considered to get the desired computational accuracy, as shown in Fig. 3.8.  
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(a) (b) 

Fig. 3.7 Comparison of SIFs for a constant T-S-L under (a) Mode I, and (b) Mode II loading 

Table 3.1 Variation of the coefficients with the cohesive zone length (pure mode I with linear softening T-S-L) 

𝜌 (in mm) 𝑐1̅ 𝑐2̅ 𝑐3̅ 𝑐4̅ 𝑐5̅ 

1 6.042 −26.347 53.080 −48.847 16.785 

1.25 4.090 −13.963 22.515 −16.604 4.572 

1.5 2.822 −7.760 10.380 −6.360 1.455 

1.75 2.097 −4.821 5.571 −2.949 0.581 

2 1.514 −2.866 2.865 −1.314 0.225 

2.25 1.092 −1.710 1.519 −0.620 0.094 

2.5 0.568 −.9475 0.621 −0.295 . 0412 

2.75 −0.193 0.447 −0.295 0.091 −0.011 

For a linear softening cohesive law, the obtained value of the coefficients and their 

variations, along with the cohesive zone length, is mentioned in Table 3.1 and Table 3.2 for 

pure mode I and mode II, respectively. All the coefficients are monotonically increased or 

decreased with the change in cohesive zone length 𝜌. After obtaining the displacement field, 

the stress field in the cohesive crack for a particular cohesive law can be easily evaluated from 

Eq. (3.22). Fig. 3.9 and Fig. 3.10 compared the pure mode I and mode II displacement and 

stress behaviour for a linear softening T-S-L, respectively, for a specific value of 𝜌 =1.75 mm. 

Fig. 3.11 (a) and Fig. 3.11 (b) represents the SIF obtained for semi-analytical and interaction 
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integral with the changes in cohesive zone length for a linear-softening cohesive law. The 

numerical results agree well with the semi-analytical formulation.   

Fig. 3.8 Polynomial order considered to estimate the displacement field (for pure mode I, 𝜌 = 1.75 mm) 

Table 3.2 Variation of the coefficients with the cohesive zone length (pure mode II with linear softening T-S-L) 

𝜌 (in mm) 𝑑1̅̅ ̅ 𝑑2̅̅ ̅ 𝑑3̅̅ ̅ 𝑑4̅̅ ̅ 𝑑5̅̅ ̅

1 5.143 −21.661 43.067 −39.286 13.417 

1.25 3.437 −11.277 17.925 −13.081 3.573 

1.5 2.342 −6.176 8.177 −4.973 1.131 

1.75 1.573 −3.370 3.837 −2.007 0.392 

2 0.964 −1.622 1.629 −0.752 0.129 

2.25 0.416 −0.382 0.364 −0.156 0.025 

2.5 −0.094 0.185 −0.216 0.075 −0.009 

2.75 −0.478 0.873 −0.609 0.199 −0.024 

3.4 Closure 

This chapter proposes a numerical solution procedure with analytical/semi-analytical 

methodology to determine the size of the cohesive zone (𝜌) that nullifies the crack tip stress 

singularity. The variations in the SIF with the CZM length are presented for three extrinsic 

CZMs: constant traction, linear, and parabolic softening. It is observed that the variation in the 
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SIF with the cohesive zone length is highest for constant T-S-L, followed by linear and 

parabolic softening. 

(a) (b) 

Fig. 3.9 (a) Mode-I displacement, and (b) Stress profile for 𝜌= 1.75 mm. 

(a) (b) 

Fig. 3.10 (a) Mode-II displacement, and (b) Stress profile for 𝜌= 1.75 mm. 

One can easily calculate the SIF in the presence of a cohesive zone for constant T-S-L. 

However, no straightforward procedures are available when dealing with other generalized T-

S-Ls. In such cases, a semi-analytical approach is employed to determine the SIF in the presence 

of the CZM. The numerical results of the interaction integral method align well with those 
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obtained using the semi-analytical and analytical approaches for linear softening and constant 

traction. This proposed semi-analytical procedure can be extended to evaluate the strength of 

stress singularity for other higher-order CZMs. 

(a) (b) 

Fig. 3.11 Comparison of SIFs for a linear softening T-S-L under (a) Mode I, and (b) Mode II loading 
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Chapter 4 Interface Fracture – Experimental

methodology 

This chapter briefly overviews the adhesively bonded joints, emphasizing their potential 

advantages and limitations. The initial part of the study explores the fracture behaviour of 

Polymethyl methacrylate (PMMA) adhesively bonded specimens subjected to pure mode I 

loading conditions. At the same time, the latter portion investigates the influence of multi-

walled carbon nanotubes (MWCNTs) on the mode II interface fracture behaviour in adhesively 

bonded aluminum joints. Some essential inferences from the experimental study are presented 

at the end. 

4.1 Adhesive joining — a brief insight 

Adhesive bonding is a versatile technique used to join similar or dissimilar materials using 

adhesive materials. The process entails the application of adhesive onto the surface of the 

substrate, which subsequently cures and establishes a resilient bond. Various types of adhesives, 

such as epoxies, polyurethane, acrylic resin, and cyanoacrylate, have been utilized in adhesive 

joining. The choice of adhesive depends on factors like the compatibility between the adhesive 

and the substrate, the desired bond strength, and the conditions under which the joints will 

operate [122,123]. As advanced joining technologies continue to evolve, the utilization of 

adhesive bonding continues to expand. 

4.1.1 Different types of joints 

Adhesively bonded joints come in various types, each possessing unique characteristics and 

suitable applications. The joint selection relies on factors such as the specific application, the 

materials involved, the desired strength, and the load-bearing capacity. Additionally, the 

thickness of the adhesive is a crucial parameter that influences the joint performance. 

Experimental studies have indicated that the adhesive thickness should ideally range between 

0.1-0.2 mm for optimal joint strength [56]. 

Lap joints are the simplest adhesive bond configuration commonly used, where overlapping 

surfaces are joined together using an appropriate adhesive. These are particularly well-suited 
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for connecting flat surfaces and offer excellent shear strength. Single-lap joints are easy to 

fabricate and analyze; however, the double-lap joint provides better resistance to peel stress. T-

shape joints are widely used in manufacturing aircraft tails, where one component is bonded at 

a right angle to another, forming a T-shaped configuration. This type of joint provides enhanced 

resistance against bending and twisting forces. 

When joining larger surface areas like panels or sheets, a common choice is the butt joint, 

which is applied to the ends of the two substrates and bonded together. The scarf joint is widely 

used in boatbuilding and furniture construction, joining two tapered edges. This type of joint 

offers increased bonding areas, resulting in stronger bond connections and higher load-bearing 

capacity [124]. However, it's important to note that a mismatch in stiffness between the 

adherend and the adhesive can lead to increased stress concentration at the end of the joint. A 

fillet joint is often used for that purpose, which helps minimize stress singularity and promotes 

a more even distribution of the load. An overview of some popularly used joints is shown in 

Fig. 4.1. 

Fig. 4.1 Types of Adhesively bonded joints (a) Lap joint, (b) Butt joint, and (c) Scarf joint 

4.1.2 Failure modes within the bonded joints 

Failure modes in bonded joints can be classified into cohesive, adhesive, and adherend 

failure. When the failure occurs within the adhesive itself rather than at the interface between 

the adherend and adhesive, it is known as cohesive failure. This type of failure happens when 

the adhesive lacks sufficient strength to withstand the applied force, resulting in internal failure 

within the adhesive material. Excessive stress concentration within the adhesive, caused by 

flaws or incorrect bonding techniques, can also contribute to cohesive failure. Selecting 
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appropriate adhesives and employing proper bonding techniques is crucial to mitigate the risk 

of cohesive failure. 

An adhesive failure occurs when the adhesive and the adherend are separated at their 

interface. This failure is typically caused by inadequate surface preparation and a lack of 

compatibility between the adhesive and the substrate. If both cohesive and adhesive failures are 

present, and the fracture is near the adhesive surface, it can also be classified as an adhesive 

failure. It is essential to follow proper surface preparation methods, choose an appropriate 

adhesive for the specific application, and maintain suitable environmental conditions to avoid 

this type of failure. 

Adherend failure, which is less commonly observed, predominantly occurs in bonded joints 

where the adherend material is composed of composites. The primary reason behind adherend 

failure can be attributed to inadequate curing of the lamina or flawed ply matrices. Different 

failure modes of the bonded joint are illustrated in Fig. 4.2. 

Fig. 4.2 Failure modes in bonded joints (a) Cohesive failure, (b) Adhesive failure, and (c) Adherend failure 

4.1.3 Advantages and limitations 

Adhesively bonded joints exhibit superior strength and load-bearing capacity, ensuring even 

stress distribution and reducing stress concentration for enhanced overall joint strength. 

Compared to conventional mechanical fastening techniques like bolts or rivets, adhesively 

bonded joints can significantly reduce weight. This advantage is precious in industries such as 

automotive and aerospace, where lightweight structures are crucial for improving fuel 

efficiency and optimizing engine performance. Furthermore, adhesively bonded joints offer 

superior resistance to fatigue, impact, and vibration compared to traditional joining methods. 

Some adhesives also possess excellent damping properties, contributing to the longevity and 

durability of the joints. By eliminating the need for drilling holes and mechanical fasteners, 

adhesively bonded joints eliminate potential entry points for corrosive agents. Moreover, the 
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design flexibility of bonded joints allows for joining similar and dissimilar materials, expanding 

the range of available adhesives and enabling innovative designs. 

Adhesively bonded joints require specific procedures for surface preparation, which 

involves roughening and cleaning the substrate. Inadequate surface preparation results in 

decreased adhesion between the adhesive and the adherend, leading to a decline in joint 

strength. Moreover, adhesives are susceptible to environmental conditions such as temperature 

and humidity. Extreme temperature changes and exposure to certain chemicals can degrade the 

adhesive properties and overall durability, thereby impacting the strength of the joint. 

In contrast to bolted and riveted joints that can be effortlessly taken apart, disassembling 

adhesively bonded joints necessitates specialized tools and techniques, resulting in a time-

consuming and expensive process. Adhesive bonding techniques rely on the compatibility of 

materials, ensuring that they adhere effectively to one another. The proper adhesive selection 

is essential, considering the material to be joined for the requisite bond strength.   

4.2 Crack propagation study in Adhesively bonded Interface  

The study investigates the interface fracture behaviour of adhesively bonded joints under 

mode I and mode II loading conditions. The selection of adhesives and the substrate system are 

chosen based on their anticipated use in automobile, aerospace, and structural applications. Two 

different substrates, PMMA and aluminum, are bonded with commercially available epoxy 

resin for mode I and mode II crack propagation studies, respectively. Furthermore, the study 

also investigates the influence of MWCNTs on the interface fracture properties of adhesively 

bonded aluminum joints under mode II loading.  

4.3 Experimental procedure: Mode I interface crack propagation 

4.3.1 Material 

The material chosen for the experimental study is a transparent and non-crystalline 

thermoplastic polymer known as PMMA, commonly called acrylic or Plexiglas. PMMA is a 

suitable structural polymer and can be effectively bonded with various commercial adhesives 

for interface studies. An acrylic sheet with a thickness of 10 mm, available under the brand 

name BIGMALL (India), is selected for experimental investigations. 
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4.3.2 Strength and Toughness Measurement 

Fig. 4.3 Tensile test specimen 
Fig. 4.4 Experimental setup for the tensile test 

As there is no standard method for evaluating the interfacial fracture toughness, a procedure 

identical to Alam et al. [125] for measuring the deflection-penetration behaviour of the PMMA 

interface is adopted. Before proceeding, accurate material properties (Young's modulus and 

Poisson's ratio) are essential to perform interface crack propagation simulation. Five specimens 

are tested according to the ASTM D638-14 [126] test method to evaluate the requisite elastic 

properties. A schematic diagram of a dog-bone-shaped tensile specimen is shown in Fig. 4.3. 

All the specimens are machined in a CNC (computer numeric control) laser cutting machine to 

confirm good dimensional accuracy. The tests are conducted in a 250 kN BISS servo-hydraulic 

Universal Testing Machine with a 1mm/min strain rate, as shown in Fig. 4.4. The obtained 

elastic properties after the experimentation are listed in Table 4.1. 

Table 4.1 Obtained mechanical properties of the PMMA 

Property value 

Young's modulus (GPa) 2.88 

Poisson's ratio 0.38 

A non-standard fracture test is carried out to evaluate the fracture toughness at the interface. 

The schematic of a disc-shaped CT specimen with a thickness denoted as 𝑡 = 10 mm, employed 

for the experimental process, as shown in Fig. 4.5. The adhesive joining involves a low-

strength, brittle Araldite resin (Epofine 1564) mixed adequately with hardener (FINEHARD-
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3486-2) in the weight ratio of 10:3 to connect the native PMMA with minimal thickness, 

ensuring the discontinuity in local properties. Thorough cleaning of all interfaces is achieved 

using fine-grade sandpaper and subsequent acetone treatment to eliminate debris and impurities. 

Fig. 4.5 Non-standard disc-shaped CT specimen for 

fracture test 

Fig. 4.7 Load displacement behaviour at the interface 

Two semicircular PMMA specimens are affixed with the mentioned adhesive, positioned 

ahead of the notch tip from the center of the midplane. Additionally, two circular openings with 

a diameter of 13 mm are precision-machined on each specimen to facilitate secure clamping in 

appropriate fixtures. Employing a 25 kN INSTRON 8801 dynamic testing machine, shown in 

Fig. 4.6, the fracture toughness of the interface is assessed for five identical samples. A quasi-

Fig. 4.6 Experimental setup for fracture test 
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static test is performed at a displacement rate of 0.1 mm/min to determine the overall load-

deflection behaviour of the interface accurately. 

The load resistance by the specimen increases linearly with the separation until crack 

propagation is initiated, and it drastically drops. This sudden drop in the load-displacement 

response mimics the inherently brittle fracture of the material interface. Fig. 4.7 illustrates the 

average load-displacement behaviour of all test specimens, accompanied by their standard 

deviation. 

4.4 Experimental procedure: Mode II interface crack propagation 

4.4.1 Material 

Aluminum specimens are bonded using adhesives mixed with different proportions of 

hydroxyl functionalized MWCNTs. Modified compact tension (CT) samples are fabricated, 

incorporating pristine, 0.1 wt.%, 0.2 wt.%, and 0.3 wt.% of MWCNTs. All the specimens are 

subjected to an Instron 8801 100 kN dynamic testing system under quasi-static loading 

conditions. The subsequent sections illustrate the experimental methodology in detail. 

The half CT-shaped Aluminium-6061 substrates are joined by the same epoxy adhesives 

used for pure mode I crack propagation. The aluminum substrate is purchased from Maharashtra 

Metal, India. The specimens are cut out from an aluminum alloy plate of dimension 

500×500×10 mm3 using a wire-cut electrical discharge machine (EDM). The Young's modulus 

and the Poisson's ratio of the epoxy-based adhesive are approximately 3.1 GPa and 0.29, 

respectively, as provided by the manufacturer. The MWCNTs have a diameter of 30 nm, length 

of 10 μm, and elastic modulus of 400 GPa (approx.) supplied by Adnano Technologies, India. 

The fixture is made of steel. The material properties of the substrate and the fixture are provided 

in Table 4.2. 

Table 4.2 Material properties of specimen and fixture 

Material Young's modulus (𝐸) in 

GPa 

Poisson's ratio (𝜈) 

Aluminum 70 0.33 

Steel 210 0.30 
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4.4.2 Techniques used for the dispersion of MWCNTs within the Epoxy resin 

Applying CNTs-reinforced adhesively bonded joint poses significant challenges due to the 

improper dispersion of nanofillers into the polymer matrix and the chemical affinity between 

the CNTs and the polymers. The CNTs tend to agglomerate and hold together in bundles owing 

to the strong van der Walls force of attraction between the individual tubes. Beyond a particular 

proportion, they aggregate easily, a source of stress concentration that weakens the joint 

strength. Therefore, it is essential to maintain a stable dispersion of CNTs within the polymer 

matrix to fabricate good-quality bonded joints. 

Numerous dispersion techniques, including mechanical stirring, centrifugal mixing, and 

magnetic stirring, have been used to efficiently mix CNTs within the epoxy resins [7]. One 

widely utilized technique is ultra-sonication, which employs pulsed sound waves to disperse 

CNTs and prevent them from clumping within the epoxy resin. Ultra-sonication is most 

effective for dispersing small quantities of CNTs because the vibrational energy decreases 

significantly as the distance from the sonication tip increases. Additionally, the localized energy 

input during sonication can cause the CNTs near the tip to break, reducing their effective length. 

Maintaining the high aspect ratios of CNTs is crucial for enhancing the mechanical properties 

of the polymer. The calendaring process, or three-roll milling, efficiently disperses large 

volumes of CNTs without reducing their effective length.  

4.4.3 Specimen Fabrication and Test Procedure 

Fig. 4.8 Dispersion of MWCNTs in Resin (a) Manual mixing, (b) Ultra-sonication, and (c) Magnetic stirring 
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In order to achieve a bonded joint with superior interface properties, the nanofillers must be 

effectively dispersed in the epoxy resin. The MWCNTs of different weight proportions are 

dispersed in the epoxy resin using the ultra-sonication process used by most researchers 

[127,128]. The detailed dispersion procedures of MWCNTs in the epoxy resin are described 

and schematically shown in Fig. 4.8. 

(a) The MWCNTs are first manually mixed with the resin and stirred for 5 minutes. The

amount of MWCNTs used is determined by their weight relative to the combined weight of 

resin and hardener for each proportion of MWCNTs. 

(b) The resin mixer is sonicated in a tip sonicator SONICS of 20 kHz frequency range and

500-watt power capacity. The amplitude of the sonicator is kept at 40% and 20% for the

sonication time of 5 min and 1hr 55 min, respectively, with 5 min on and 2 min off cycle. The 

solution container is kept in an ice bath to reduce the temperature of the solution generated 

during the sonication process. 

(c) The solution is finally mechanically stirred for another 2 hours at 600 C and 600 rpm,

and the hardener is added afterward with a weight ratio of 3:10 to that of the resin. 

Fig. 4.9 Fabricated specimens for fracture tests (a) Pristine (b) 0.1%, (c) 0.2% and 0.3% of MWCNTs 

The machined surface of the aluminum substrate is initially wiped with a cloth wetted with 

acetone solution. The bonded surfaces of the substrates are then etched and anodized with 

H2SO4 solution as per the standard ASTM D2651 [129]. The adhesives are then applied to the 

surfaces of the substrate and bonded by placing it properly in a suitable fixture. All the 

specimens are cured for a day in the furnace at a temperature of 800 C, and the excess materials 

from the specimen are removed using abrasive paper. The prepared specimen for all wt.% 
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variation of MWCNTs is shown in Fig. 4.9. The thickness of the adhesive layer is 

approximately 0.1 mm, measured using a Vernier caliper. Five specimens are prepared for each 

nanofiller variation to confirm the repeatability of the results. 

To ensure pure mode II loading, the specimens are connected to the cross-head of the 

universal testing machine (UTM) through Richard's [130] fixture. The fixture is made of steel 

with a thickness of 4 mm. All other geometric dimensions of the fixture and the specimen are 

shown in Fig. 4.10 (a) and Fig. 4.10 (b), respectively. The specimens are connected to the 

fixture with a 13 mm diameter mild steel pin. The material properties of the fixture are already 

mentioned in Table 4.2. 

Fig. 4.10 Schematic dimensions of the (a) Fixture, (b) Specimen, and (c) Experimental setup 

The strength of the bonded joints is found to vary with the changes in strain rate. Machado 

et al. [131] investigated the fracture toughness of CFRP and found that a higher strain decreases 

the mode II fracture toughness considerably. Therefore, the cross-head speed is kept constant 

to maintain a strain rate of 1mm/min. The Richard's fixture is connected to the upper and lower 

part of the cross-head of the UTM, as shown in Fig. 4.10 (c). The cross-head applied the tensile 

force to the bonded surface through the fixture. The displacement data are simultaneously 

recorded till the fracture happens along the interface. 
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4.4.4 Experimental results 

The average experimental load-displacement responses for all the variations of MWCNTs 

are shown in Fig. 4.11. Initially, the load data is recorded for each common displacement value 

for every category of specimens (five specimens each for pristine and all other variations of 

MWCNTs). The average load is obtained by summing the respective load of the specimens and 

dividing by the no of samples tested for every wt.% of MWCNTs.  

Fig. 4.11 Load displacement response of Pristine and all weight proportions of MWCNTs 

Fig. 4.12 Peak load with their standard deviations for Pristine and all wt.% of MWCNTs 

The failure response is brittle for all the specimens; the load linearly increased with the 

displacement, followed by a drastic drop in the load-bearing capacity due to the unstable crack 

propagation. From the observations, as shown in Fig. 4.12, it is found that the maximum failure 

load is obtained for 0.2 wt.% of MWCNTs. The load-bearing capacity for 0.1 wt.% and 0.2 

wt.% MWCNTs are 8.1% and 21.2% higher, respectively, compared to pristine bonded joints. 
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The failure load for 0.3 wt.% of MWCNTs is less than 0.1 wt.% and 0.2 wt.% of MWCNTs 

variation (approximately 1.5% less than the pristine samples). The decrease in failure load is 

possibly due to the agglomeration of MWCNTs, as it reduces the bonding ability of the 

adhesives with the aluminum substrate [132,133]. The fracture surfaces of the tested specimens 

are shown in Fig. 4.13. Visual observation revealed that the fracture occurred between the 

aluminum substrate and the adhesive, and the failure mode is primarily interfacial. 

Fig. 4.13 Fracture surfaces illustrating the interface fracture of (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, (d) 0.3 

wt.% of MWCNTs reinforced adhesively bonded joints. 

4.5 Closure 

This chapter briefly reviews adhesively bonded joints, along with their potential advantages 

and limitations. The mode I failure behaviour of non-standard adhesively bonded PMMA 

specimens is studied using the routine experimental setup (Universal testing machine). The 

interface exhibits brittle failure behaviour, as observed from the load-displacement response. 

Secondly, the mode II failure behaviour of adhesively bonded aluminum joints is performed 

utilizing a specially designed Richard’s fixture. Three different categories of specimens are 

fabricated by reinforcing 0.1 wt.%, 0.2 wt.%, 0.3 wt.% of MWCNTs into the epoxy resin. These 

MWCNTs are evenly distributed within the epoxy resin using a standard ultra-sonication 

procedure, which is used by most of the researchers. The load-bearing capacity increases from 

pristine to 0.2 wt.% of MWCNTs reinforced adhesively bonded joints. All the specimens 

subjected to fracture tests possess brittle interface behaviour. 

The load-carrying capacity experiences a significant decline in the case of specimens 

reinforced with 0.3 wt.% of MWCNTs. This decrease could result from the MWCNTs 
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clustering or aggregating within the epoxy resin. Agglomeration results in ineffective stress 

transfer between MWCNTs and epoxies. Consequently, it is strongly recommended to limit the 

reinforcement of hydroxyl functionalized MWCNTs up to 0.2 wt.% only when using the 

specific epoxy resin combination (Epofine 1564 + FINEHARD-3486-2) for fabricating 

adhesive-bonded aluminum joints. 
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Chapter 5 Numerical validation: Adhesively bonded 

joints 

This chapter provides a fundamental overview of intrinsic and extrinsic CZMs, discusses 

their possible benefits and drawbacks, and the implementation methodologies in interface crack 

propagation. The extrinsic CZM parameters are evaluated to predict the growth of mode I 

interface cracks in adhesively bonded joints, as discussed in the preceding chapter. 

Subsequently, intrinsic and extrinsic CZM parameters are estimated to replicate the load-

displacement behaviour of adhesively bonded joints reinforced with MWCNTs under mode II 

loading, as detailed in the earlier chapter. Finally, a correlation between intrinsic and extrinsic 

parameters is established and presented in the concluding section. 

5.1 Intrinsic and extrinsic CZMs: Brief insight 

CZM, a phenomenological model, finds application in analyzing the fracture of various 

materials and structures. Near the crack tip, the material softens due to void growth and micro-

crack formation, as shown in Fig. 5.1. This softening initiates at point A, eventually resulting 

in a complete loss of load-bearing capacity at point B within the cohesive zone. A traction-

separation relationship is employed to study the fracture behaviour within this zone. 

In the case of intrinsic CZM, the traction 

value initially rises, approaching its 

maximum at the critical separation 

displacement. Afterward, it gradually 

decreases, reaching zero at the final 

separation displacement of the cohesive. 

In contrast, the extrinsic CZM exhibits 

non-zero traction even at zero separation 

displacement. The intrinsic and extrinsic 

CZM under mode I loading is shown in 

Fig. 5.1. 

Fig. 5.1 Schematic diagram of intrinsic and extrinsic CZM 
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It is essential to mention that although the intrinsic CZM is relatively more straightforward 

for computational implementation, it cannot remove the crack tip stress singularity. 

Additionally, the initial stiffness of the intrinsic CZM will introduce an artificial reduction of 

the stiffness of the total structure [134,135]. On the other hand, the extrinsic CZM can mitigate 

the stress singularity at the crack tip. Still, the computational application of extrinsic CZM is 

challenging due to the stepwise incorporation of cohesive elements along the potential path of 

failure. The intrinsic CZM is more susceptible to mesh size variations than the extrinsic CZM. 

5.2 Extrinsic CZMs: Numerical Implementation 

5.2.1 Validation of the extrinsic CZM 

The three-point bending test, shown in Fig. 5.2, is mainly used for simulating crack 

propagation under the pure mode I condition. The crack propagation methodology is identical 

to Moës and Belytschko's [94] analysis with a linear softening law defining cohesive behaviour. 

However, to the author's knowledge, no mode II work has been published within the context of 

removing the crack tip stress singularity using extrinsic CZM procedures. The stated problem 

can be considered a benchmark for predicting the interface crack propagation under mode I and 

II loading conditions. 

Fig. 5.2 Schematics of three-point bending (TPB) test 

Fig. 5.3 Mesh geometry of TPB specimen with a magnified view around the crack tip 
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Fig. 5.4 Implementation procedures for intrinsic and extrinsic CZM 
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The length of the beam is 𝑙 = 600 mm. The cross-section of the beam is square with 𝑏 =

 𝑡 = 150 mm; an initial crack length of 𝑎 = 45 mm, shown in Fig. 5.2, is considered for the 

analysis. 𝑡 and 𝑏 represented the width and depth of the beam, respectively. The load is applied 

on the mid-length of the beam on the top surface ahead of the crack plane. The finite element 

mesh consists of quadrilateral elements with a mesh size of 6 mm × 6 mm and two-dimensional 

interface cohesive elements with a mesh size of 0.15 mm×0.1 mm, as shown in Fig. 5.3 inserted 

ahead of the initial crack length a. The plane stress condition is considered with an incremental 

cohesive zone length 𝑑𝑎 = 15 mm. The properties of the bulk material are 𝐸 = 36500 MPa, 

𝜈 = 0.1 with the material properties at the cohesive interface 𝜎𝑛
𝑐 = 3.19 MPa. 𝐸, 𝜈, and 𝜎𝑛

𝑐  are

Young's modulus, Poisson's ratio, and mode I cohesive strength, respectively. The detailed 

crack propagation methodology is represented in Fig. 5.4 by a flowchart, as shown. 

In most engineering structures, crack growth is usually steady and progresses slowly. In 

some other cases, the crack formation and its propagation are catastrophic, resulting in the 

abrupt loss of load-bearing capacity. The failure behaviour of the structure might range from 

ductile to brittle depending on its material properties, structural geometry, and loading 

condition. To investigate the effect of geometric dimensions (size effect) on the global load-

displacement behaviour and to compare the interface brittleness, a dimensionless number 

(popularly known as brittleness number) was introduced by Carpinteri and Colombo [93]. The 

brittleness number can be defined as 

𝑆𝐸 =
𝐺𝑛
𝑐

𝜎𝑛
𝑐𝑏

(5.1) 

where, 𝐺𝑛
𝑐 represents mode I fracture energy.

The load-deflection path presumed a positive slope for particularly brittle failure (specimen 

with high tensile strength and low toughness) at the interfaces. This can only be possible with 

simultaneous degradation of load and displacement to achieve stable and controlled crack 

propagation. On the other hand, a higher value of 𝑆𝐸, which is due to a higher value of 𝐺𝑛
𝑐 or a

lower value of 𝜎𝑛
𝑐, resulting in a more ductile specimen. A ductile failure always proceeds with

normal softening, resulting in a negative slope in the load-displacement behaviour. Two 

different values of brittleness number (𝑆𝐸) are considered to capture the ductile to brittle failure 
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transition behaviour at the interface, as shown in Fig. 5.5-Fig. 5.6. The crack propagation 

procedure agreed well with the reference results of Carpinteri and Colombo [93] for both cases. 

Fig. 5.5 Dimensionless load-displacement behaviour 

for 𝑆𝐸 =0.00208

Fig. 5.6 Dimensionless load-displacement behaviour 

for 𝑆𝐸 =0.000627

5.2.2 Parametric studies for the extrinsic cohesive laws 

In this section, the failure response of a structure is evaluated for three different extrinsic 

cohesive laws, as mentioned in Eq. (3.22) of the theoretical formulation part in Chapter 3. The 

dimensions and material properties of the specimens are the same as those mentioned in the 

experimental methodology section, mentioned in Chapter 4, under the mode I and mode II 

loading conditions. The extrinsic crack propagation methodology is already mentioned. The 

depth term (𝑏) is considered as the width of the specimen in the direction of applied load for 

mode II loading. However, for non-dimensional mode I fracture test, it is considered as the out 

of plane thickness. The plane stress condition is assumed throughout the analysis. 

The specimen geometry and the FE model of the specimen under pure mode I loading 

condition, as mentioned in Section 4.3.2, is shown in Fig. 5.7 (a) and Fig. 5.7 (b). An initial 

crack of length 𝑎 = 𝑟 along the mid-plane is considered up to the center point (𝑥 = 0, 𝑦 = 0)  

of the specimen. The center of the circular hole is considered a reference point for applying the 

boundary conditions and evaluating the interface fracture toughness. The incremental cohesive 

zone length 𝑑𝑎 is assumed as 5 mm throughout the analysis. 

The top reference point (RP-1) is constrained to move along the 𝑥-direction, while the 

bottom (RP-2) is constrained in both 𝑥 and 𝑦 directions. The displacement control boundary 

condition is prescribed along 𝑦-direction at the top reference point to induce crack propagation. 
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The substrate is modelled with 4-noded bilinear plane stress quadrilateral element (CPS4) with 

the 4-nodded 2D cohesive element (COH2D4) along the interface. The global size of the 

continuum and cohesive elements are 2 mm and 0.1 mm, respectively, based on the mesh-

sensitivity analysis.  

(a) (b) 

Fig. 5.7 (a) The CT geometry (b) FE mesh 

Fig. 5.8 Load-displacement response for constant, 

linear, and parabolic softening law (Mode I) 

Fig. 5.9 Load-displacement response for linear-

softening cohesive law to examine the size effect 

Initially, a brittleness number of 𝑆𝐸 =0.007335 is considered, corresponding to fracture 

energy 𝐺𝑛
𝑐 = 0.352 N/mm and 𝜎𝑛

𝑐 =16 MPa from Eq. (5.1). The load-displacement response

for all three cohesive laws (constant, linear, and parabolic) is shown in Fig. 5.8. It is noticed 
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that depending upon the shape of the cohesive laws, the peak load changes and the failure 

behaviour of material changes from ductile to brittle. Also, the failure response with parabolic 

softening cohesive law is more ductile with reasonable strain hardening. For linear softening 

cohesive behaviour, a softening load-displacement response is observed once it reaches the 

peak load. However, the failure response with the constant traction cohesive law is unstable. 

It is evident that for the same values for fracture energy and maximum cohesive stress, the 

parabolic softening cohesive law will have the highest values of critical separation 𝛿𝑛
𝑓
 compared

to the other two cohesive laws. It prolonged the crack propagation, leading to ductile failure 

behaviour. So, a parabolic softening extrinsic T-S-L will result in ductile types of fracture 

compared to constant and linear softening T-S-Ls for the same cohesive strength and fracture 

energy.  

The size effect of the specimen is further investigated for three different values of brittleness 

number shown in Fig. 5.9. The failure response changes from ductile to brittle with the 

reduction in brittleness number from 0.001467 to 0.01467 with linear softening behaviour for 

the cohesive interfaces.  

Fig. 5.10 Model geometry with the boundary conditions 

The schematic drawing of the specimen with loading and the boundary conditions are 

shown in Fig. 5.10. The FE model of the specimen geometry under pure mode II loading 

condition, as mentioned in Section 4.4.3, is shown in Fig. 5.11. Two reference points (RP-1 and 
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RP-2) are provided in the fixture to apply the displacement-based boundary conditions. To 

eliminate the rigid body motion, RP-2 is allowed to move only in the 𝑥-direction. The 

displacement of the other reference point RP-1 is constrained in both 𝑥 and 𝑦 directions. The 

thickness of the cohesive is set at 0.1 mm with cohesive strength as 𝜎𝑠
𝑐 = 200 MPa.

Fig. 5.11 FE mesh of the specimen and fixture 

Fig. 5.12 Load-displacement response for constant, 

linear, and parabolic softening law (Mode II) 

Fig. 5.13 Load-displacement response for linear-

softening cohesive law to examine the size effect 

One square region is considered in the specimen geometry for evaluating the SIF at the tip 

of the cohesive zone. The specimen and fixtures are modelled with 4-noded bilinear 
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quadrilateral elements with 3640 and 1723 elements in the specimen and fixture, respectively. 

d𝑎 is set at 5 mm throughout the analysis. The size of the continuum and cohesive elements is 

considered 2 mm and 0.05 mm, respectively, based on sensitivity analysis. 

A specific value of the brittleness number 𝑆𝐸 =0.00175 (corresponding to fracture energy 

𝐺𝑠
𝑐 =35 N/mm and 𝜎𝑠

𝑐 =200 MPa) is assumed, and its influence on the global load-

displacement response is investigated for the same three extrinsic cohesive laws used for pure 

mode I analysis. Fig. 5.12 shows that the failure response is identical to mode I analysis for all 

three cohesive laws; however, for different values of the brittleness number.  

Finally, the size effect of the specimen is studied for three different values of brittleness 

number shown in Fig. 5.13. The failure response changes from ductile to brittle with the 

reduction in brittleness number from 0.00150 to 0.00200 with linear softening cohesive law. A 

perfect brittle specimen with a sudden drop in the load after the peak value can be modelled 

using the information of the brittleness number. In this case, it lies between 0.00150 and 

0.00175 for a linear softening T-S-L. 

5.3 Numerical validation (Extrinsic CZM) 

The crack propagation methodology for extrinsic CZM is already described in 

Fig. 5.4. The governing parameters for the extrinsic CZM are only the cohesive strength 

and fracture energy. A linear softening cohesive law is considered throughout the analysis. The 

cohesive strength (𝜎𝑛
𝑐) is assumed in such a way that it correlates well with the elastic response

of the interface obtained from the experiment. The removal of SIF at the tip of the cohesive 

zone is also sequentially carried out. 

The assumed cohesive strength value is 16 MPa to accurately predict the elastic response 

of adhesively bonded joints under mode I loading. Moreover, It is observed from Fig. 5.14 that 

for a brittleness number 𝑆𝐸 = 0.001467, the numerical results obtained from the present 

procedure are very close to those obtained from the experiments. So, the current procedure can 

be efficiently used to capture the ductile to brittle fracture transition behaviour of the interface 

fracture mechanics. The out-of-plane thickness of the specimen is considered as 3 mm to 

accurately predict the peak load of the specimen observed under the fracture toughness test. 
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Fig. 5.14 Comparison of results obtained from the experiment and the present method 

Four different cohesive strengths (𝜎𝑠
𝑐) values are obtained for pristine and three different

variations of MWCNTs (0.1 wt.%, 0.2 wt.%, and 0.3 wt.%) reinforced adhesively bonded joints 

under the mode II loading condition. It is observed that for higher values of brittleness number 

under mode II loading, the global failure behaviour of the specimen is mainly influenced by the 

continuum element placed ahead of the cohesive zone. The cohesive zone length incrementally 

varied from da = 5 mm to 45 mm, and their load-displacement responses were recorded. The 

estimated CZM parameters are provided in Table 5.1. 

5.4 Numerical validation (Intrinsic CZM) 

This section evaluates the intrinsic CZM parameters for MWCNTs reinforced aluminum 

specimens subjected under mode II loading conditions. The obtained parameters are then 

compared with their extrinsic counterpart, based on which some specific conclusions are made. 

It must be noted that, due to the unique deformation behaviour of cohesive elements along the 

cohesive zone, an intrinsic CZM cannot be used to capture the brittle load-displacement 

response of the interface under mode I loading conditions.     

One of the most popular ways to estimate the intrinsic CZM parameters (cohesive strength, 

stiffness, and fracture energy) is to compare the results obtained from the experiment with the 

numerical simulation. Cohesive strength (𝜎𝑠
𝑐) and fracture energy (𝐺𝑠

𝑐) are directly obtained

from the peak load (𝑃𝑚𝑎𝑥 ), and failure displacement is obtained for each MWCNT variation 

under load-displacement response. It is found that any increase in the cohesive stiffness 

increases the load vs. displacement response slope in the linear elastic regime. Accordingly, 
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based on iterations, the 𝐾𝑠 is chosen in such a way that the elastic responses obtained from the 

numerical study correlated well with the experimental observations. 

For a specimen subjected to pure shear loading, as shown in the experimental methodology 

part of the adhesively bonded joint under mode II loading in the previous chapter, it results in 

uniform and maximum shear stress distribution across the interface. The interface shear stress 

obtained from the experiment can be considered as cohesive strength 𝜎𝑠
𝑐 in the numerical

simulation. For a 50 mm interface length with 10 mm thickness, as shown in Fig. 4.10 (b), the 

cross-section of the adhesive bond across the interface is 500 mm2. The maximum load

obtained for each proportion of  MWCNTs divided by the interface bond area will give the 

values of the cohesive strength 𝜎𝑠
𝑐. Numerically, the cohesive strength:

𝜎𝑠
𝑐 =

𝑃𝑚𝑎𝑥
𝐴𝑠

(5.2) 

where 𝐴𝑠 is the sheared area, and 𝑃𝑚𝑎𝑥 is the maximum load under load-displacement behaviour 

obtained from the experiment, as shown in Fig. 4.11 in the previous chapter. 

Fig. 5.15 Load-displacement responses with different 

damage initiation/failure combinations (𝛿𝑠
𝑐 = 𝛿𝑠

𝑓)
Fig. 5.16 Mode II triangular CZM 

To investigate the influence of cohesive stiffness, the CT specimen is modelled under pure 

mode II with a triangular T-S-L. The cohesive stiffness varies from 10 to 30 MPa/mm, and the 

global load-displacement behaviour is shown in Fig. 5.15. As the failure response of the 

adhesive is perfectly brittle, it can be considered that the adhesive undergoes rapid damage 

evolution. Therefore, the critical separation corresponding to the damage initiation 𝛿𝑠
𝑐 is equal
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to the displacement at the failure 𝛿𝑠
𝑓
 of the cohesive, as shown in Fig. 5.16. In that scenario, the

mode II fracture energy is estimated as: 

𝐺𝑠
𝑐 =

1

2
𝜎𝑠
𝑐𝛿𝑠

𝑓 (5.3) 

The intrinsic cohesive zone parameters for all proportions of MWCNTs are provided in Table 

5.1. 

Intrinsic CZMs are straightforward to implement. Additionally, depending upon the 

fracture energy values, one can obtain a wide variety of load-displacement behaviour for pure 

mode II loading, ranging from ductile to brittle. The problems of removing the crack tip stress 

singularity still need to be addressed, even though implementing intrinsic CZM is 

computationally more convenient than the extrinsic CZM. The extrinsic CZM parameters – 

cohesive strength and fracture energy reported in Table 5.1, differ considerably from the 

intrinsic parameters.  

Table 5.1 Estimated CZM parameters for MWCNTs reinforced bonded joints 

wt. % 

of 

MWCNTs 

Intrinsic CZM parameters Extrinsic CZM parameters 

𝐾𝑠 

(MPa/mm) 

𝜎𝑠
𝑠

(MPa) 

𝐺𝑠
𝑐

(kJ/m2) 

𝜎𝑠
𝑠

(MPa) 

𝜎𝑠
𝑠. 𝑡

(N/mm) 

𝐺𝑠
𝑐

(kJ/m2) 

Pristine 15.2 14.40 6.82 158 214.88 26.70 

0.1% 

MWCNTs 12.2 15.62 10 215 232.20 37 

0.2% 

MWCNTs 18 17.41 8.41 170 241.40 28.80 

0.3% 

MWCNTs 11.5 14.31 8.90 206 212.18 34.80 

Ideally, the presented extrinsic crack propagation methodology is initially developed for 

continuous specimens with no bonded interface. As the interfaces are significantly weaker in 

adhesively bonded joints, the out-of-plane thickness (𝑡) is set to correlate well with the stiffness 

of the experimental load vs. displacement response. Accordingly, the 𝑡 for the pristine, 0.1%, 

0.2%, and 0.3wt.% of MWCNTs are set at 1.36 mm, 1.08 mm, 1.42 mm, and 1.03 mm, 

respectively. Any other combination will not give the expected response. The experimental and 
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numerical results (both intrinsic and extrinsic CZM) are shown in Fig. 5.17 (a)-Fig. 5.17 (d). 

The numerical results agreed well with the experimental observation. On the other hand, for the 

intrinsic CZM, the out-of-plane thickness 𝑡 =10 mm, which is the same as that of the specimen 

thickness used in the experimental section. 

(a) (b) 

(c) (d) 

Fig. 5.17 Numerical validation of load-displacement response for (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and 

(c) 0.3 wt.% of MWCNTs

The intrinsic CZM parameters, i.e., cohesive strength and fracture energy, are precisely 

calculated using Eq. (5.2) and Eq. (5.3). As the cohesive strength depends entirely on the peak 

load of the load-displacement response, the cohesive strength for 0.2 wt. % of MWCNTs is the 

highest. However, as seen in Eq. (5.3), the fracture energy (𝐺𝑠
𝑐) of the intrinsic CZM depends
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on the displacement at failure in addition to the cohesive strength (𝜎𝑠
𝑐). Therefore, among all

the MWCNTs variations, 0.1 wt.% MWCNTs sustain maximum failure separation and, 

therefore, exhibit maximum fracture energy (𝐺𝑠
𝑐). On the other hand, the load vs. displacement

response of the extrinsic CZMs depends upon the ratio of fracture energy to the product of the 

width of the specimen and the cohesive strength for any specific cohesive law. The ratio is 

almost constant at approximately 0.0017 for pristine and all other variations of MWCNTs with 

the assumed linear-softening extrinsic cohesive law. This supports the conclusions made at the 

end of Section 5.2.2. It implies that for a set of bulk material properties, geometric dimensions, 

and the type of test, the brittleness number remains constant for simulating a particular manner 

of load vs. displacement response, e.g., a perfectly brittle response. The cohesive fracture 

energy and strength can change with the type of adhesives, but they get tuned to a specific 

brittleness number to obtain a particular load vs. displacement response. 

It is observed that there is a good correlation between the cohesive strength (𝜎𝑠
𝑐) of the

intrinsic CZM with the 𝜎𝑠
𝑐 . 𝑡 (cohesive strength times the thickness) of the extrinsic CZM. A

higher displacement at failure observed during the experiment requires an increase in extrinsic 

cohesive strength (𝜎𝑠
𝑐) to nullify the SIF. Consequently, the displacement at failure in the

experiments shown in Fig. 5.17 and the extrinsic cohesive strength (shown in Table 5.1) follow 

a similar trend. In summary, the intrinsic CZM strength solely depends on the experimental 

peak load. However, the extrinsic cohesive strength relies upon the displacement at the failure 

of the load-displacement response. 

5.5 Closure 

This chapter outlines an extrinsic CZM procedure to investigate the mode I and mode II 

interface fracture behaviour of adhesively bonded joints. The extrinsic CZM procedure is 

initially validated with the TPB test reference results. A parametric study is also carried out to 

investigate the influence of the shape of the cohesive law and the brittleness number 𝑆𝐸 on the 

interface load vs. displacement response. 

Moreover, the extrinsic CZM parameters are evaluated while validating the load-

displacement response of adhesively bonded joints under mode I and mode II loading. The 
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intrinsic CZM parameters are also estimated for MWCNTs reinforced adhesively bonded joints, 

and a comparison is made with their extrinsic counterpart. 
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Chapter 6 Experimental procedure: Composite 

delamination 

This chapter uses an experimental approach to assess the interface characteristics of CFRP 

reinforced with MWCNTs subjected to mode I and mode II loading conditions. The interface 

normal and shear strength are initially evaluated using cross-tension and short beam shear 

(SBS) tests, respectively. Moreover, the mode I and mode II fracture energy is estimated using 

standard test procedures, such as the DCB and ENF tests. 

The mixed-mode (I/II) fracture toughness of the composites is also estimated for three 

different mixed-mode ratios. Finally, the mode I, mode II, and mixed-mode (I/II) fracture 

surfaces of the specimen are investigated to understand the interface fracture mechanism.   

6.1 Experimental methodology 

Fig. 6.1 Composite fabrication process (a) Manual mixing of MWCNTs with the resin, (b) Ultra-sonication, 

(c) Magnetic stirring, (d) Composite fabrication process, and (e) Fabricated composite plate

The unidirectional carbon fiber (grade 200 GSM) is supplied by FIBER REGION, INDIA. 

The fiber diameter is 10-20 μm with approximated elastic modulus and tensile strength equal 

to 230 GPa and 2750 MPa, respectively. The material properties and geometric dimensions of 

the MWCNTs and epoxy resin are the same as those used to fabricate adhesively bonded joints, 
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as mentioned in Chapter 4. Three different MWCNTs wt.% of 0.1%, 0.2%, and 0.3% are used 

in the present study. The ultra-sonication process effectively disperses the MWCNTs into the 

epoxy resin. The experimental methodology section in Chapter 4 has already presented the step-

wise dispersion of MWCNTs in the epoxy resin. 

6.1.1 Fabrication of carbon fiber-reinforced epoxy nanocomposites 

Due to the higher aspect ratios, the MWCNTs are segregated while passing through each 

layer of fibers. Therefore, traditional hand lay-up techniques with vacuum bagging are used to 

fabricate the composite instead of the resin transfer molding (RTM) process. This entire 

procedure involves pouring a mixture of resin and hardener onto a single layer of unidirectional 

carbon fiber, maintaining a fiber-matrix volume fraction 𝑉𝑓 = 50%. A paintbrush and a hand 

roller are used to distribute the resin-hardener mixture across the fiber layer uniformly. This 

process is repeated for each subsequent layer of carbon fiber. A Teflon sheet with a thickness 

of 0.1 mm is inserted in the middle of the composite laminate to create an initial crack. The 

entire fabrication process is shown in Fig. 6.1. After fabrication, the test coupons are cut from 

the laminated composite plate using a shearing cutter. Specific geometric dimensions and the 

number of fiber layers used for each test category are detailed in Table 6.1. 

6.2 Test procedures 

The CZM parameters of laminated composite can be evaluated with direct and indirect test 

procedures, which involve customized experimental setup and tiresome trial and error 

processes. To overcome these limitations, specific fracture characterization tests are conducted. 

The key advantage of all these test procedures is their sensitivity to individual cohesive 

parameters (cohesive strength and fracture energy) in their respective loading modes. Here, the 

cross-tension test determines the mode I cohesive strength, while the SBS test estimates the 

mode II cohesive strength of the composites. 

Moreover, the fracture energy in mode I and mode II loading are evaluated using the 

standard DCB and ENF test procedures. It is essential to mention that the shape of the cohesive 

law plays a significant role in influencing the failure response of the structure. Therefore, in the 

present study, a triangular T-S-L is employed — a choice made by numerous researchers for 

accurately predicting composite delamination [136]. 
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Table 6.1 Specimen geometry and standards  for conducting specific fracture characterization test 

Tests Standard   

procedure 

No of 

lamina 

Dimensions 

(𝒍 × 𝒃 × 𝒉) in 

mm3 

Crack length 

(𝒂) in mm 

Cross-tension 

test 

Non-standard 16 50 × 50 × 3.2 — 

SBS test ASTM D2344 

[137] 

30 36 × 12 × 6 — 

DCB tests ASTM D5528 

[138] 

16 160 × 21 × 3.2 65 

ENF tests ASTM D7905 

[139] 

16 140 × 21 × 3.2 50 

MMB test ASTM D6671 

[140] 

16 150 × 21 × 3.2 50 

6.2.1 Estimation of mode I interface strength 

Fig. 6.2 (a) Schematic of cross-tension specimen geometry, and (b) Experimental setup 

To perform the cross-tension test, a Teflon sheet is inserted into the central portion of the 

composite laminate, as shown in Fig. 6.2 (a). The Teflon sheet covers all laminate edges except 

for a square region measuring 10 mm × 10 mm at the center. The backing plates are made by 
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welding two mild steel square plates in a 'T' shaped configuration. An uneven texture is made 

on the bonded surface of the backing plate using a rough file to improve adhesion between the 

specimen and the backing plate. The surface of the backing plate is then cleaned with acetone, 

glued with the composite specimen using Araldite klear adhesive, and fixed in a bench vice 

under even clamping force. The specimen-fixture assembly is cured for 24 hrs. in the furnace 

at 800 C. After curing, the side surfaces of the specimens are polished with sandpaper to remove 

any excessive adhesives. 

The cross-tension test is performed with a 0.5 mm/min displacement rate in a SHIMADZU 

100 kN Universal Testing Machine (UTM), as shown in Fig. 6.2 (b). The cohesive strength  𝜎𝑛
𝑐

is calculated using the formula 

𝜎𝑛
𝑐 =

𝑃𝑚𝑎𝑥
𝐴𝑁

(6.1) 

where 𝑃𝑚𝑎𝑥 and 𝐴𝑁 are the maximum load and the cohesive area under the cross-tension test, 

respectively. 

6.2.2 Evaluation of interlaminar shear strength 

The SBS test is commonly employed to investigate interlaminar shear strength due to its 

relatively more straightforward specimen fabrication and simplified test procedures [141–143]. 

The SBS rectangular specimen geometry is schematically shown in Fig. 6.3 (a). When the 

transverse shear load exceeds the interlaminar shear strength, delamination occurs between the 

layers of reinforcing fibers. 

To conduct the SBS tests, all specimens are subjected to a TPB test in a SHIMADZU 100 

kN UTM with a crosshead speed of 1 mm/min, as shown in Fig. 6.3 (b). The specimen is 

considered to have failed due to interlaminar shear if its load drops by 30% after reaching the 

peak load. The interlaminar shear strength (ILSS) for a beam with a rectangular cross-section 

can be calculated using the following formula.  

𝜎𝑠
𝑐 = 0.75

𝑃𝑚𝑎𝑥
𝑏. 𝑡

(6.2)

where 𝑏 and 𝑡 denote the width and thickness of the specimen, respectively. 𝑃𝑚𝑎𝑥 corresponds 

to the maximum load observed in the load-displacement response. The distance between the 

supports is four times the thickness of the specimen. 
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Fig. 6.3 (a) Schematic of SBS specimen geometry, and (b) Experimental setup 

6.2.3 Evaluation of mode I interlaminar fracture toughness 

Fig. 6.4 (a) Schematic of DCB specimen geometry, and (b) Experimental setup 

DCB test is most frequently used for evaluating the mode I fracture toughness of the 

composite laminate. Here, all specimens have an initial crack length of approximately 65 mm, 

comprising a 50 mm initial delamination length and an additional 15 mm length for bonding 

the loading block with the upper and lower parts of the composite laminate, as shown in Fig. 

6.4 (a). The tests are conducted using a SHIMADZU 100 kN UTM with a 5 mm/min crosshead 

speed, as illustrated in Fig. 6.4 (b). 
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A modified beam theory is employed to estimate the strain energy released rate (SERR) for the 

DCB test specimen. For the DCB specimen, the SERR can be evaluated as 

𝐺𝑛
𝑐 =

3𝑃𝛿

2𝑏𝑎

(6.3) 

where 𝑃 and 𝛿 represent the instantaneous load and load point displacement. 𝑏 and 𝑎 define the 

specimen width and instantaneous delamination length, respectively.  

Nevertheless, the procedure above tends to overestimate the SERR values because of the 

rotation of the delamination front. To address this issue, a correction factor Δ is introduced to 

adjust the delamination length. This correction factor is obtained by creating a least square fit 

of the cube root of compliance C1/3 with 𝛿 [138]. As a result, the modified SERR can be 

calculated as  

𝐺𝑛
𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑 =

3𝑃𝛿

2𝑏(𝑎 + Δ)

(6.4) 

6.2.4 Evaluation of mode II interlaminar fracture toughness 

The mode II fracture toughness of unidirectional fiber-reinforced polymer composites is 

estimated using the ENF test method under pure mode II loading conditions. Fig. 6.5 (a) shows 

the schematic dimensions of an ENF test specimen. The tests are conducted on a three-point 

bend fixture with a 0.5 mm/min crosshead speed, as shown in Fig. 6.5 (b). The Compliance 

calibration (CC) procedure determines the mode II fracture toughness of the composite 

laminate, which is already provided in the ASTM standard [139]. The mode II fracture 

toughness can be estimated as 

𝐺𝑠
𝑐 =

3𝑚𝑃𝑚𝑎𝑥𝑎0
2

2𝑏

(6.5) 

The compliance calibration coefficient, denoted as 𝑚, is derived by plotting compliance 

against the cube of the crack length, 𝑎. The width of the specimen is represented by 𝑏, and 𝑃𝑚𝑎𝑥 

corresponds to the peak load observed during the fracture test. Additionally, the initial crack 

length 𝑎0, employed in the fracture test, is set at 30 mm. 
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Fig. 6.5 (a) Schematic of ENF specimen geometry, and (b) Experimental setup 

6.2.5 Evaluation of mixed-mode (mode I /mode II) interlaminar fracture toughness 

The mixed-mode interlaminar fracture toughness is evaluated using the MMB test. To 

control the mixed-mode ratio, the lever length '𝑐' of the customized fixture, as shown in Fig. 

6.6 (a), can be adjusted. Three specific lever lengths of 104 mm, 68 mm, and 52 mm are 

considered, corresponding to mixed-mode ratios 𝐺𝑆/𝐺 equal to 0.2, 0.3, and 0.4, respectively. 

All tests are performed in displacement mode with a 1 mm/min crosshead speed, as shown in 

Fig. 6.6 (b). The lever length can be determined using the following formula 

𝑐 =
12𝛽2 + 3𝛼 + 8𝛽√3𝛼

36 𝛽2 − 3𝛼
𝐿 

(6.6) 

In the given context, ′𝐿′ refers to the half-span length of the MMB apparatus. The 

parameters 𝛼 and 𝛽 in the equation are related to the mixed-mode transformation parameter and 

the non-dimensional crack length correction used for determining the lever length. These values 

are obtained from the following expression. 

𝛼 =
𝐺

𝐺𝑆
− 1 

𝛽 =
𝑎 + 𝜒ℎ

𝑎 + 0.42𝜒ℎ

(6.7) 

where 𝑎 represents the delamination length, and 𝜒 denotes the crack length correction parameter 

given as 
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𝜒 = √
𝐸11
11 𝐺13

{3 − 2 (
Γ

1 + Γ
)
2

} 
(6.8) 

where 𝐸11 and 𝐸22 are the longitudinal and transverse modulus of elasticity, respectively. 𝐺13 

corresponds to the shear modulus in the out-of-plane direction. The parameter 𝛤 represents the 

transverse modulus correction parameter and is defined as follows 

Γ = 1.18
√𝐸11𝐸22
𝐺13

 (6.9) 

Fig. 6.6 (a) Schematics of MMB specimen geometry with fixture, and (b) Experimental setup 

6.3 Results and discussions 

The load-displacement responses of pristine and MWCNTs-reinforced specimens are 

obtained following the experimental procedures. The strength and toughness of the composite 

specimen are evaluated for mode I and mode II loading scenarios, employing the methodologies 

detailed in the earlier section. 

6.3.1 Evaluation of mode I interface strength 

All the specimens subjected to cross-tension test exhibit interface failure, as shown in Fig. 

6.7 (a). The load-displacement response of all the specimens is brittle; the load increases 

linearly with the displacement until a drastic drop follows the maximum load. The mode I 

cohesive strength of 0.2 wt.% MWCNTs reinforced composite specimen is the highest 

compared to pristine and other reinforced test specimens. The average mode I interface strength 
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for 0.2 wt.% MWCNTs reinforced test coupons are approximately 20 MPa, approximately 25% 

higher than the pristine composite specimen. Consequently, the average mode I cohesive 

strength for 0.1 and 0.3 wt.% of MWCNTs reinforced composite specimens is about 13.1% and 

9.37% higher than the pristine composite, as shown in Fig. 6.7 (b). 

(a) (b) 

Fig. 6.7 (a) Interface failure of CT specimen, and (b) Mode I interface strength for different MWCNTs variation 

6.3.2 Evaluation of mode I fracture toughness 

The representative load-displacement behaviour of pristine and MWCNTs reinforced 

composite specimens are shown in Fig. 6.8 (a). Although all the specimens exhibit identical 

stiffness, the load-bearing capacity of 0.2 wt.% of MWCNTs reinforced composite specimen is 

maximum. The peak load of all the specimens gradually increased from pristine to 0.2 wt.% of 

MWCNTs, and beyond that, it decayed. 

The resistance curve (R-curve) represents the variations of mode I fracture toughness (or 

SERR) as a function of the delamination length, as shown in Fig. 6.8 (b). The R-curve shows 

that the inclusion of MWCNTs enhanced the mode I interlaminar fracture toughness (IFT). The 

CFRP test coupons reinforced with 0.2 wt.% of MWCNTs exhibit the highest IFT compared to 

pristine and other MWCNTs-reinforced specimens. The maximum IFT (𝐺𝑛
𝑐) for 0.2 wt.% of

MWCNTs reinforced specimens is around 1.30 kJ/m2, approximately 47% higher than the 

pristine composites. The IFT values for 0.1 and 0.3 wt.% of MWCNTs reinforced specimens 

are 0.95 kJ/m2 and 0.92 kJ/m2, approximately 7.9% and 4.3% higher compared to pristine 

composite specimens. 
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(a) (b) 

Fig. 6.8 (a) Load-displacement response of CFRP under DCB test, and (b) Variation of SERR along the crack 

length  

It is confirmed that for pristine CFRP laminate, the delamination occurs due to the tensile 

cracking of the matrix associated with the bridging of the carbon fiber. When the MWCNTs 

are added, a similar mechanism remains; however, an additional energy consumption 

mechanism is developed where the MWCNTs also bridge the interface of the crack tip and 

provide resistance to crack propagation. The experimentally obtained strength and energy 

parameters under mode I and mode II loading are listed in Table 6.2. 

Table 6.2 Estimated CZM parameters from the experiments 

MWCNTs 

Variations 

Cohesive strength (MPa) Fracture toughness (kJ/m2) 

Mode I Mode II Mode I Mode II 

Pristine 16.12 28.50 0.88 2.08 

0.1 wt.% MWCNTs 18.23 31.62 0.95 2.34 

0.2 wt.% MWCNTs 20.08 32.50 1.30 2.45 

0.3 wt.% MWCNTs 17.63 31.08 0.92 2.15 

6.3.3 Interlaminar shear stress (ILSS) studies 

The representative load-displacement behaviour of the specimens subjected to the SBS test 

is shown in Fig. 6.9 (a). A gradual increase in load with the displacement up to the peak load 

followed by a sudden drop represents an interlaminar shear failure of the specimens. The ILSS 
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of pristine and nanofiller-modified specimens are shown in Fig. 6.9 (b). The average ILSS value 

of the pristine laminate is approximately 28.5 MPa, which increases up to 32.5 MPa for 0.2 wt. 

% of MWCNTs modified CFRP. The increase in the MWCNTs content results in improved 

fiber/matrix adhesion and effective stress transfer between epoxy and MWCNTs. However, it 

is noticed that an increase in MWCNT content proportionally increases the viscosity of the 

matrix, which results in poor wettability and poor fiber-matrix adhesion. Accordingly, a 

decrease in interlaminar shear stress is observed for CFRP reinforced with 0.3 wt.% of 

MWCNTs.  

(a) (b) 

Fig. 6.9 (a) Load-displacement response obtained from the SBS test, and (b) Variation of interlaminar shear 

stress for different MWCNTs variation 
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6.3.4 Mode II interlaminar fracture studies 

(a) (b) 

Fig. 6.10 (a) Load-displacement response obtained from the ENF test, and (b) Mode II fracture toughness for 

different MWCNTs variation 

The representative load-displacement response of pristine and MWCNTs reinforced 

specimens is shown in Fig. 6.10 (a). The responses are initially linear and become non-linear 

before approaching their peak load. The average mode II fracture toughness value is 2.08, 2.34, 

2.45, and 2.15 kJ/m2 for pristine, 0.1, 0.2, and 0.3 wt.% of MWCNTs reinforced composites, 

respectively. The mode II fracture toughness of 0.2 wt.% of MWCNTs reinforced composite 

specimen is the highest, approximately 17.78% higher than pristine composites, as shown in 

Fig. 6.10 (b). The fracture toughness of 0.3 wt.% of MWCNTs reinforced composite specimen 

is decreased compared to 0.2 wt.% of MWCNTs, possibly due to the agglomeration of 

MWCNTs into the epoxy resin [144]. 
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6.3.5 Mixed-mode (I/II) interlaminar fracture studies 

Fig. 6.11 Mixed-mode load-displacement response for lever length 𝑐 =52 mm 

Fig. 6.12 Mixed-mode load-displacement response 

for lever length 𝑐 =68 mm 

Fig. 6.13 Mixed-mode load-displacement response 

for lever length 𝑐 =104 mm 

The representative load-displacement responses from the MMB test are shown in Fig. 6.11-

Fig. 6.13. The experiments are conducted for pristine and all MWCNTs variations, and their 

average responses are considered. Similar to the DCB and ENF test results, the 0.2 wt.% 

MWCNTs reinforced composites can sustain a more significant value of failure load under 

mixed-mode loading conditions irrespective of the mixed-mode ratios. The peak load reduces 

for 0.3 wt.% of MWCNTs reinforced composites, possibly due to the agglomeration of 

MWCNTs into the epoxy resin. Moreover, adding MWCNTs makes the interface brittle, as 

observed from the load-displacement response. 

In addition to the dispersion of MWCNTs, the mixed-mode ratio also significantly 

influenced the interlaminar fracture toughness. The peak load corresponds to the lever length 
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of 52 mm, the highest compared to the other two lever lengths for pristine and all wt.% of 

MWCNTs reinforced composites. The decrease in lever length significantly increases the 

dominance of mode II loading, resulting in an increase in the peak load under load-displacement 

response. 

6.4 Study of Surface Morphology 

The fractured surfaces of the specimen are investigated to understand the influence of 

MWCNTs on the toughening mechanism. After conducting the mode II fracture tests, the 

specimens are cut into a dimension of 5 mm × 5 mm and placed under ZEISS, Gemini 300 FE-

SEM. The detailed surface morphology under different loading modes is described in the 

subsequent subsection.  

6.4.1 Study of mode I fracture surface 

Fig. 6.14 Mode I fracture surfaces of (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and (c) 0.3 wt.% of MWCNTs-

reinforced composites 
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The crack growth under pure mode I loading is prominently continuous along the fiber 

matrix interfaces. Clean fibers are observed in pristine fiber composites due to weak fiber-

matrix adhesion, as shown in Fig. 6.14 (a). Matrix debris is significant for composite specimens 

reinforced with 0.1 wt.% of MWCNTs, as shown in Fig. 6.14 (b). Moreover, fiber bridging 

phenomena are observed in CFRP-reinforced with 0.2 wt.% of MWCNTs, as shown in Fig. 

6.14 (c). The fiber-bridging phenomenon usually occurs in the initial crack propagation stage, 

increasing mode I fracture toughness. 

Rough surface texture is observed for MWCNTs reinforced composite specimens 

(specifically for 0.2 wt.% and 0.3 wt.%). Adding MWCNTs into the epoxy resin toughens the 

matrix and improves fiber-matrix adhesion. The stiffer epoxy will contribute to better resistance 

to crack propagation, leading to increased fracture toughness and rougher surface texture. 

6.4.2 Study of mode II fracture surface 

Fig. 6.15 Mode II fracture surfaces of (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and (c) 0.3 wt.% of MWCNTs-

reinforced composites 
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The mode II fractured surfaces of the pristine specimens are relatively smooth and clean 

compared to the other MWCNTs-reinforced specimens, as shown in Fig. 6.15 (a). In addition, 

several resin-rich areas and broken fibers are observed in the fracture surface of the pristine 

specimen observed under the microscope. On the other hand, the surface texture of the 

MWCNTs reinforced specimens is relatively rougher. The crack-deflecting mechanism in the 

presence of MWCNTs is mainly responsible for uneven surface morphology. A specific surface 

texture of the shear lip and saw-tooth hackles is observed in the fractured surface of the 

MWCNTs reinforced specimens. The hackles and the shear lip are prominent on the fractured 

surface with increasing contents on MWCNTs (prominently for 0.2 wt.% of MWCNTs content 

observed from Fig. 6.15 (c)). Furthermore, nanofillers in the epoxy resin repelled the matrix 

cracking by bridging mechanism, which requires a more considerable amount of energy for 

crack propagation. The MWCNTs reinforced specimens, therefore, exhibit a larger fracture 

toughness compared to pristine composite specimens. 

The highly dense MWCNTs may result in agglomeration of MWCNTs in the reinforced 

composite specimens. Agglomeration reduces fiber/matrix adhesion and stress transfer between 

MWCNTs and matrix. This may be why the fracture toughness of 0.3 wt.% of MWCNTs 

specimens declined compared to the other MWCNTs reinforced specimens. 

6.4.3 Study of mixed-mode (I/II) fracture surface 

In mixed-mode loading, the presence of mode II contributes to the formation of hackles, as 

shown in Fig. 6.16. The crack growth pattern is primarily discontinuous, creating a rough 

surface texture. Clean fiber (for pristine composite specimens) represents a weak fiber matrix 

bonding that implies adhesive failure at the fiber-matrix interface. With the increasing content 

of MWCNTs (0.3 wt.%), the formation of hackles is less significant. Additionally, more matrix 

debris is observed for pristine and 0.1 wt.% MWCNTs reinforced tested coupons.     

6.5 Closure  

Specific fracture characterization tests are used to estimate the cohesive strength and 

interlaminar fracture toughness of MWCNTs reinforced CFRP. The mode I and mode II 

cohesive strength of the composite is evaluated using cross-tension and SBS test, respectively, 

for pristine and all wt.% variations of MWCNTs. The interlaminar fracture toughness of the 

composites is obtained by conducting the DCB and ENF test procedures. The mixed-mode (I/II) 
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fracture test of the CFRP is also carried out for three different mixed-mode ratios with a 

customized MMB setup. 

Fig. 6.16 Mixed-mode (I/II) fracture surfaces of (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and (c) 0.3 wt.% of 

MWCNTs-reinforced composites 

The addition of MWCNTs up to 0.2 wt.% proportionally increases the strength and toughness 

properties. The interface strength and fracture toughness are decayed for CFRP reinforced with 

0.3 wt.% of MWCNTs, possibly due to the agglomeration of the nanofillers into the epoxy 

resin. Moreover, the MWCNTs made the interface brittle, as observed from the load-

displacement behaviour of the specimens observed under the DCB and the MMB tests. The 

FESEM analysis of the fracture surfaces confirmed the presence of hackles in MWCNTs 

reinforced composites, which may be a driving factor for enhancing fracture toughness. 
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Chapter 7 Numerical validation: Composite 

delamination 

Triangular CZM is the commonly used T-S-L for predicting the delamination responses in 

composites, as it predicts reasonably well the experimental failure load and progressive 

delamination response [136]. This chapter presents a detailed formulation of the triangular 

CZM, specifically in the context of mixed-mode failure behaviour. The experimentally obtained 

cohesive strength and fracture energy in the preceding chapter is directly imputed into the 

triangular CZM to predict the interface failure behaviour of the laminated composites. A few 

parametric studies are also conducted to investigate the influence of the CZM parameters on 

the delamination response under pure mode I and mode II loading conditions.  

It is essential to understand the delamination behaviour of the composites under mixed-

mode loadings, which is more important in real-world scenarios. Numerous damage initiation 

such as — maximum stress, maximum strain, quadratic stress, quadratic strain, and damage 

evolution criteria — power law and B-K criteria are developed to study the composite 

delamination within the context of the CZM. In the present work, quadratic stress and power 

law criteria are used to combine the strength and energy parameters obtained experimentally 

under mode I and mode II loading conditions.  

7.1 Triangular CZM 

The triangular CZM is commonly employed to simulate delamination, the most prevalent 

failure mode in laminated composites. Fig. 7.1 (a) and Fig. 7.1 (b) illustrate the development 

of the cohesive zone with respect to the crack opening displacement or separation for the DCB 

and ENF test configurations, respectively. As the separation increases, the stress in the cohesive 

element approaches the cohesive strength and moves into the softening region of the T-S-L. 

The instantaneous traction-separation response for five different cohesive elements along the 

length of the cohesive zone for a triangular cohesive law is shown in Fig. 7.1 (a) and Fig. 7.1 

(b) for mode I and mode II loading, respectively.
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The constitutive response of the cohesive element on the onset of damage initiation can be given 

as 

𝜎𝑖 = 𝐾𝑖𝛿𝑖 (7.1)

where 𝑖 = 𝑛 or 𝑠 are used to represent the cohesive stress, stiffness, and separation of the 

cohesive zone under mode I and mode II loading conditions, respectively.  Once the damage 

gets initiated, the stiffness of the interface decreases from 𝐾𝑖 to (1 − 𝑑)𝐾𝑖. The damage variable

𝑑 of the cohesive element is assumed to be zero till the onset of damage initiation corresponding 

to the cohesive layer separation 𝛿𝑛
𝑐 (or 𝛿𝑠

𝑐) and it approaches a value of one as it reaches the

critical final separation 𝛿𝑛
𝑓
 (or 𝛿𝑠

𝑓
). Here 𝛿𝑛

𝑐 or 𝛿𝑠
𝑐 represents the mode I and mode II cohesive

separation, respectively, corresponding to the peak cohesive traction. Accordingly, the cohesive 

traction approaches zero once the cohesive separation becomes 𝛿𝑛
𝑓
 or 𝛿𝑠

𝑓
 under mode I and

mode II loading, respectively. The instantaneous cohesive stress during damage evolution can 

be represented as 

𝜎𝑖 = (1 − 𝑑)𝐾𝑖𝛿𝑖

𝑑 =
𝛿𝑖
𝑓
(𝛿𝑖 − 𝛿𝑖

𝑐)

𝛿𝑖(𝛿𝑖
𝑓
− 𝛿𝑖

𝑐)
 , 𝑑 ∈ [0,1] 

(7.2) 

Fig. 7.1 Triangular CZM for (a) Mode I, and (b) Mode II loading. 
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7.1.1 Overview of mixed-mode triangular CZM 

To describe combined mode I and mode II failure behaviour, a three-dimensional 

representation, employing the 0 − 𝜎 − 𝛿 𝑛𝑜𝑟𝑚𝑎𝑙 (normal) and 0 − 𝜎 − 𝛿 𝑠ℎ𝑒𝑎𝑟 (shear) planes is 

shown in Fig. 7.2. The triangles 0 − 𝜎𝑛
𝑐 − 𝛿𝑛

𝑓
 and  0 − 𝜎𝑠

𝑐 − 𝛿𝑠
𝑓
 are used to represent mode I

and mode II triangular cohesive responses, respectively. Any point on the 0 − 𝛿𝑛
𝑓
− 𝛿𝑠

𝑓

represents the mixed-mode relative displacement. 

Fig. 7.2 Mixed-mode (I/II) triangular CZM 

Here 𝛿𝑛 and 𝛿𝑠 are the instantaneous separation under mode I and mode II loading conditions. 

The instantaneous mixed-mode relative displacement is defined as  

𝛿𝑚 = √𝛿𝑛2 + 𝛿𝑠2
(7.3) 

The quadratic stress criteria used for damage initiation is defined as 

(
𝜎𝑛
𝜎𝑛
𝑐)
2

+ (
𝜎𝑠
𝜎𝑠
𝑐)
2

= 1 
(7.4) 

where 𝜎𝑛 and 𝜎𝑠 represents the instantaneous normal and shear stresses in the first shear 

direction, respectively. 𝜎𝑛
𝑐 and 𝜎𝑠

𝑐 are the normal and shear strengths in the respective directions.

In the present work, a power law [145] is used for damage evolution under mixed-mode loading 

conditions, which is given as 

(
𝐺𝑛
𝐺𝑛
𝑐)
𝛼

+ (
𝐺𝑠
𝐺𝑠
𝑐)
𝛾

= 1 
(7.5) 

TH-3322_176103002



106 Chapter 7 

where 𝐺𝑛 and 𝐺𝑠 are the instantaneous fracture energy under mode I and mode II loading, 

respectively. 𝐺𝑛
𝑐 and 𝐺𝑠

𝑐 are the critical fracture energy in the respective loading conditions. 𝛼

and 𝛾 are the exponents used to define the damage evolution. 

The experimentally obtained cohesive strength and fracture energy are imputed into the 

triangular T-S-L to predict the failure response of the CFRP reinforced with the MWCNTs 

under different loading conditions. Several parametric studies are also carried out to investigate 

the influence of the CZM parameters on the global load-displacement response. The composite 

laminate is modelled as an orthotropic material with nine independent elastic constants. All the 

material properties are evaluated using the rule of mixture and the EasyPBC plugin [146] in 

ABAQUS®. 

7.2 Evaluation of the effective properties of the nanocomposites 

Computational modelling is an efficient tool to estimate the effective properties of the 

MWCNTs reinforced composite laminate with intricate morphologies. Various methods, 

including the rule of mixture [147] and the strength of materials [148] concept, can be employed 

to predict the overall properties of the composite laminate. Another effective approach is the 

homogenization technique [149], which utilizes the FE tool to convert heterogeneous media 

into an equivalent continuous homogeneous medium. 

In the present work, a two-step methodology is adopted to evaluate the effective properties 

of the composite. Initially, the rule of mixtures is used to compute the equivalent properties of 

epoxy nanocomposites. If 𝜌𝑟 denotes the density ratio between the hydroxyl functionalized 

MWCNTs and epoxy, the volume fraction of CNTs corresponding to a particular weight 

percentage can be derived as follows [150] 

𝑣𝑐𝑛𝑡 = (
𝜌𝑟
𝑤𝑐𝑛𝑡

− 𝜌𝑟 + 1)
−1 (7.6) 

where 𝑤𝑐𝑛𝑡 is the weight fraction of CNTs. The effective modulus of epoxy-based 

nanocomposite is calculated using the rule of mixtures using the formula 

𝐸𝑛𝑐 = 𝐸𝑚𝑣𝑚 + 𝐸𝑐𝑛𝑡𝑣𝑐𝑛𝑡 (7.7)

where 𝐸𝑚, 𝑣𝑚, and  𝐸𝑐𝑛𝑡, 𝑣𝑐𝑛𝑡 represent the Young's modulus and the volume fraction of resin 

and the MWCNTs, respectively.  

TH-3322_176103002



Numerical validation: Composite delamination 107 

Next, a representative volume element (RVE) is considered, and the homogenization 

technique is used to compute the effective properties of the nanocomposites with reinforced 

fibers. Because of the recurring patterns within the composites, the RVE shown in Fig. 7.3 is 

appropriate. The homogenization technique is employed through periodic boundary conditions 

(PBCs).  

Fig. 7.3 Representative volume element (RVE) 

As the RVEs can be assembled to form the complete lamina, the displacement should be 

continuous at the boundary of the neighboring RVE. So, the traction distribution at the opposite 

parallel faces of RVE should be equal and opposite. The displacement field of the pair of 

opposing parallel faces can be represented by the following set of equations [151]. 

𝑢𝑖
𝑗+
= 𝜖𝑖𝑘𝑥𝑘

𝑗+
+ 𝑢𝑖

∗

𝑢𝑖
𝑗−
= 𝜖𝑖𝑘𝑥𝑘

𝑗−
+ 𝑢𝑖

∗ 
(7.8)

where 𝜖𝑖𝑘 is the global strain tensor of the periodic structure, and 𝑢∗ is the periodic function

from one RVE to another. 𝑘+ and 𝑘− represents 𝑘th pair opposite parallel boundary surfaces of

the RVE. The periodic component of the displacement field, 𝑢∗ is the same for the opposite

faces of RVE, which leads to 

𝑢𝑖
𝑗+
− 𝑢𝑖

𝑗−
= 𝜖𝑖𝑘(𝑥𝑘

𝑗+
− 𝑥𝑘

𝑗−
) = 𝜖𝑖𝑘Δ𝑥𝑘

𝑗 (7.9) 

Eq. (7.9) is known as the displacement difference periodic boundary conditions (PBCs), 

which can be applied as displacement constraints on the boundary nodes of the surface. These 

boundary conditions satisfy both displacement and traction continuity conditions. To determine 

the average stress (𝜎𝑖𝑗) and strain (𝜖̅𝑖̅𝑗) in the RVE, we use 
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𝜎𝑖𝑗 =
1

𝑉𝑅𝑉𝐸
∫ 𝜎𝑖𝑗(𝑥, 𝑦, 𝑧)d𝑣
𝑉𝑅𝑉𝐸

 

𝜖̅𝑖̅𝑗 =
1

𝑉𝑅𝑉𝐸
∫ 𝜖𝑖𝑗(𝑥, 𝑦, 𝑧)d𝑣
𝑉𝑅𝑉𝐸

 

(7.10) 

Here 𝑉𝑅𝑉𝐸 represents the volume of the RVE. The above two equations ensured the 

equivalency of strain energy between the original and the equivalent RVEs. Therefore, the 

strain energy of the original heterogeneous RVE (𝑈∗) and the strain energy in the homogenous

RVE (𝑈) can be given as 

𝑈∗ =
1

2
∫ 𝜎𝑖𝑗𝜖𝑖𝑗d𝑣
𝑉𝑅𝑉𝐸

 

𝑈 =
1

2
𝜎𝑖𝑗𝜖̅𝑖̅𝑗𝑉𝑅𝑉𝐸 

(7.11) 

Finally, the specific stiffness modulus 𝐶̅̅
̅̅
𝑖𝑗𝑘𝑙 is obtained from the calculated average stress and 

strain from Eq. (7.10). The specific stiffness modulus can be given as 

𝜎𝑖𝑗 = 𝐶̅̅
̅̅
𝑖𝑗𝑘𝑙𝜖̅𝑙̅𝑘 

(7.12) 

In numerical analysis, the stresses and strains are initially evaluated for each element, and the 

weighted average is taken over all elements. The acquired values are divided by the volume of 

the RVE to obtain the average stresses and strains.  

Table 7.1 Material properties for multiscale composites with all variations of MWCNTs 

wt.% 

MWCNTs 

𝐸𝑥𝑥 (GPa) 𝐸𝑦𝑦

= 𝐸𝑧𝑧(GPa) 

𝜈𝑥𝑦

= 𝜈𝑥𝑧 

𝜈𝑦𝑧 𝐺𝑥𝑦

= 𝐺𝑥𝑧 (GPa) 

𝐺𝑦𝑧(GPa) 

Neat 116.423 11.243 0.2414 0.2597 3.883 2.810 

0.1% 116.537 11.947 0.2414 0.2598 4.130 2.992 

0.2% 116.652 12.652 0.2414 0.2598 4.377 3.175 

0.3% 116.766 13.348 0.2414 0.2599 4.622 3.357 

A cylindrical fiber with a fiber-to-matrix volume fraction 𝑉𝑓 = 50% is considered inside a 

cubical RVE. The required volume faction is decided by dividing the required weight 

proportion of fiber and matrix by their respective densities. An ABAQUS® plugin named 
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EasyPBC [146] is used to evaluate the effective orthotropic properties for the given 𝑉𝑓 of the 

samples. The equivalent effective composite properties are mentioned in Table 7.1.  

7.3 Numerical Modelling: Mode I delamination 

The specimen geometry is modelled numerically in the FE software ABAQUS®. To 

simulate the load application, a vertical displacement 𝑢𝑦 is applied at the end node situated at 

the upper half of the cantilever beam. Another equivalent node on the bottom part of the 

cantilever beam is provided with hinged support, as shown in Fig. 7.4. The hinged boundary 

condition allows the free rotation of the beam, preventing the mode II delamination and 

interlaminar shear stress at the interface. Both the top and the bottom edge node is tied to the 

top and bottom surface of the cantilever up to a distance of 20 mm from the left edge of the 

beam using a beam-type MPC constraint. 

Fig. 7.4 Model geometry and boundary conditions of DCB 

7.3.1 Mess-convergence study 

In order to simulate the delamination phenomena accurately, the mesh should be sufficiently 

fine in the cohesive zone ahead of the crack tip. However, an extremely fine mesh may be 

computationally intensive for large structures. Therefore, a mesh sensitivity analysis is required 

to obtain the minimum number of elements required for a reliable result. 

Fig. 7.5 Mesh configurations used for the DCB analysis 

Each part of the cantilever beam is modelled with 4-noded bilinear plane stress quadrilateral 

elements (CPS4). Two-dimensional 4-noded cohesive elements (COH2D4) are positioned 

along the interface of the cantilever beam, as shown in Fig. 7.4. Three different mesh geometries 
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with 420, 1380, and 5220 total elements are considered for the mesh-sensitivity analysis. As 

shown in Fig. 7.5, the mesh configuration is the magnified meshed geometry of the region 'A' 

shown in the DCB geometry in Fig. 7.4. The load-displacement response obtained for the 

pristine composite for all three mesh configurations is shown in Fig. 7.6. Based on the mesh 

convergence analysis, 1340 total elements are considered for mode I crack propagation analysis. 

Fig. 7.6 DCB  mesh convergence study 

7.3.2 Parametric analysis 

(a) (b) 

Fig. 7.7 Influence of (a) Cohesive strength, and (b) fracture energy on the load-displacement response of DCB 

The load-displacement response is significantly affected by the variations in the CZM 

parameters. The parametric analysis involves three distinct sets of cohesive strength and 

fracture energy variations to investigate the delamination behaviour of the composite materials. 
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The cohesive strength plays a significant role in accessing the delamination behaviour of 

composites. The cohesive strength defines the damage initiation stress at which the 

delamination initiates within the composite material. A higher cohesive strength necessitates a 

more significant amount of energy for damage initiation, which, in turn, enhances the load-

bearing capacity of the structures. Fig. 7.7 (a) shows the influence of cohesive strength on the 

global load-displacement behaviour with a constant cohesive fracture energy 𝐺𝑛
𝑐 = 0.5 kJ/m2.

The cohesive strength also subsequently influences the propagation of the delamination front. 

A higher value of the cohesive strength means the delamination will progress slowly, as it 

requires greater stress to propagate through the material.  

The cohesive fracture energy is another important parameter representing the energy 

required to initiate delamination within the composites. A relatively more significant value of 

the fracture energy indicates more resistance to fracture and vice versa. Moreover, a larger 

fracture energy value represents that the crack will propagate more slowly, resulting in greater 

resistance to crack propagation. Three different fracture energy variations are considered for a 

constant value of cohesive strength 𝜎𝑛
𝑐 = 5 MPa and their load-displacement responses are

plotted, as shown in Fig. 7.7 (b).    

7.3.3 Numerical validation 

 Fig. 7.8 Deformed geometry (DCB) 

The numerical simulations are carried out for the pristine and all other variations of the 

MWCNTs. The experimentally obtained CZM parameters for each variation of the MWCNTs 

are used in the numerical model. The deformed FE model for the pristine composite laminate 

is shown in   Fig. 7.8. The numerical results are in close agreement with the 
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experimental observations of pristine and all wt.% of MWCNTs, as shown in Fig. 7.9 (a)-Fig. 

7.9 (d). The % error between the experimental and the numerical peak load is mentioned in 

Table 7.2. 

(a) (b) 

(c) (d) 

Fig. 7.9 Numerical validation (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and (d) 0.3 wt.% of MWCNTs 

Table 7.2 Difference between the experimental and numerical peak load (DCB) 

wt.% of 

MWCNTs 

Experimental peak 

load (N) 

(𝑃𝑒𝑥𝑝) 

Numerical 

peak load (N) 

(𝑃𝑛𝑢𝑚) 

% Error 

|
𝑃𝑒𝑥𝑝 − 𝑃𝑛𝑢𝑚

𝑃𝑒𝑥𝑝
| 

Pristine 62.33 61.67 1.05% 

0.1% 65.80 63.19 3.96% 

0.2% 78.38 75.95 3.10% 

0.3% 66.74 63.43 4.96% 
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7.4 Numerical Modelling: Mode II delamination 

A 2-D deformable solid part is created for each half of the ENF specimens. For generating 

a pre-crack to initiate the delamination, no contact interaction is provided for the initial length 

of 50 mm along the bonded surface of the laminate. The 4-nodded 2D cohesive elements are 

inserted ahead of the pre-crack region in the mid-surface of the composite laminate, as shown 

in Fig. 7.10. The specimen geometry is positioned with a span length of 100 mm between two 

fixed roller supports, while the top roller is subjected to a downward displacement of 7 mm. 

Fig. 7.10 Model geometry and the boundary conditions of ENF 

A mesh-convergence analysis is performed for three different mesh. The mesh 

configurations are shown in Fig. 7.11, and their load-displacement response is recorded. This 

configuration is the magnified meshed geometry of the region 'A' shown in the ENF geometry 

(Fig. 7.10). From the load-displacement response, as shown in Fig. 7.12, the optimum number 

of elements considered for the present study is 1658, which includes 1120 linear plane stress 

quadrilateral elements (CPS4) for each half of the laminated beam, 90 2-D cohesive elements 

(COH2D4), and 66 linear line elements for the three rigid roller support. 

Fig. 7.11 Mesh configurations used for the ENF analysis 
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Fig. 7.12 ENF  mesh convergence study 

7.4.1 Parametric analysis 

(a) (b) 

Fig. 7.13 Influence of (a) Cohesive strength and (b) fracture energy on the load-displacement response of ENF 

The parametric analysis is performed with different cohesive strengths and fracture 

energies. For the pristine composites, the influence of the cohesive strength on the delamination 

response is investigated for a constant value of the cohesive fracture energy with  𝐺𝑠
𝑐 = 2 kJ/m2.

It is observed from Fig. 7.13 (a) that an increase in cohesive strength for a fixed fracture energy 

increases the peak load under the load-displacement response. Additionally, the increased value 

of the cohesive strength enhances the brittleness of the interface. 

The failure behaviour is further investigated under three different variations of fracture 

energy for a constant value of the cohesive strength with 𝜎𝑠
𝑐 = 30 MPa. The increase in the
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fracture energy proportionally increases the load-bearing ability and the ductility of the 

interfaces, as shown in Fig. 7.13 (b). 

7.4.2 Numerical validation 

The FE simulations are carried out for the pristine and all the wt.% of MWCNTs. The 

deformed FE model for the ENF specimens is shown in Fig. 7.14. It is observed that the load-

displacement response of the numerical model for the pristine and all other variations of the 

MWCNTs are in close agreement with the experimental results. The combined numerical and 

the experimental load-displacement response of the pristine and all the other MWCNTs 

variations are shown in Fig. 7.15. The  % error between the experimental and the numerical 

peak load is mentioned in  

Table 7.3. 

Fig. 7.14 Deformed geometry (ENF) 

Table 7.3 Difference between the experimental and numerical peak load (ENF) 

wt.% of 

MWCNTs 

Experimental peak 

load (N) 

(𝑃𝑒𝑥𝑝) 

Numerical 

peak load (N) 

(𝑃𝑛𝑢𝑚) 

% Error 

|
𝑃𝑒𝑥𝑝 − 𝑃𝑛𝑢𝑚

𝑃𝑒𝑥𝑝
| 

Pristine 701.10 717.04 3.01% 

0.1% 748.04 767.35 2.58% 

0.2% 756.46 771.17 1.98% 

0.3% 708.32 726.47 2.57% 
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(a) (b) 

(c) (d) 

Fig. 7.15 Numerical validation (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and (d) 0.3 wt.% of MWCNTs 

7.5 Numerical Modelling: Mixed-mode (I/II) delamination 

The MMB setup consists of four parts: the composite laminate, cohesive, the support roller, 

and the lever for applying the load. Each half of the composite beam is modelled with 2-D plane 

stress quadrilateral elements and 2-D cohesive elements along the interface. Moreover, the lever 

and the roller are modelled as 2-D discrete rigid parts without deformation during loading.   

A downward displacement 𝑢𝑦 is applied to the reference point of the lever, as shown in Fig.

7.16. The reference point of the roller is fixed to eliminate all degrees of translation and 

rotational motion. The reference point, situated at the right corner of the bottom laminate, is 
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provided with hinged boundary conditions. Additionally, the top and the bottom edge node, 

situated at the right end of each half of the cantilever, is tied to the composite surface up to a 

distance of 25 mm from the using a beam-type MPC constraint. A pair of contact interactions 

is provided between the top surface of the laminate with the lever and the bottom surface of the 

laminate with the roller to avoid interpenetration. 

Fig. 7.16 Model geometry and the boundary conditions of ENF 

The total number of elements in MMB meshed geometry is 4455, which consists of 1500 

CPS4 elements on each half of the composite beam with 250 2-D interface cohesive elements. 

The optimum number of elements required to perform the simulation is based on the 

convergence analysis. 

7.5.1 Numerical validation 

Fig. 7.17 Deformed geometry (MMB) 

The FE simulations are carried out for the pristine and all the wt. % of MWCNTs. For lever 

length 𝑐 = 68 mm, the deformed FE model of the MMB specimen is shown in Error! R

eference source not found. As Eq. (7.4) mentioned, the quadratic stress criteria is used to 
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predict damage initiation under mixed-mode. Moreover, the damage evolution is governed by 

the power law with exponent 𝛼 = 𝛾 =1, which is popular choice for many researchers [152–

154].  

Table 7.4 Difference between the experimental and numerical peak load (MMB) 

wt.% 

of 

MWCNTs 

Lever 

length (𝑐) 

in mm 

Mixed-

mode ratio 

𝐺𝑠/𝐺

Experimental 

peak load (N) 

(𝑃𝑒𝑥𝑝) 

Numerical 

peak load (N) 

(𝑃𝑛𝑢𝑚) 

% Error 

|
𝑃𝑒𝑥𝑝 − 𝑃𝑛𝑢𝑚

𝑃𝑒𝑥𝑝
| 

Pristine 

52 0.4 271.64 267.25 1.61% 

68 0.3 191.90 197.50 2.92% 

104 0.2 101.52 102.14 0.61% 

0.1% 

52 0.4 289.17 280.36 3.04% 

68 0.3 209.26 206.40 1.36% 

104 0.2 112.31 107.14 4.60% 

0.2% 

52 0.4 337.06 326.88 3.02% 

68 0.3 243.06 242.38 0.28% 

104 0.2 133.76 126.08 5.74% 

0.3% 

52 0.4 283.89 269.81 4.96% 

68 0.3 211.35 204.90 3.05% 

104 0.2 108.44 105.38 2.82% 

It is observed that the load-displacement response of the numerical model for the pristine 

and all the other variations of MWCNTs are in close agreement with the experimental results, 

as shown in Fig. 7.18-Fig. 7.20. The % error between the experimental and the numerical peak 

load for all three lever length is mentioned in Table 7.4. 

7.6 Discussions 

The FE modelling provides a detailed understanding of the influence of the MWCNTs on 

the interlaminar fracture toughness. The experimentally obtained strength and energy 

parameters are used in all three numerical models (i.e., DCB, ENF, and MMB) to validate their 

delamination responses. The main advantage of this method is that the damage experienced by 
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each variation of the MWCNTs can be evaluated and displayed separately, allowing the 

distinction between different failure scenarios. 

(a) (b) 

(c) (d) 

Fig. 7.18 Numerical validation with lever length 𝑐 =52 mm for (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and (d) 

0.3 wt.% of MWCNTs 

The numerical validation shows that although the FE results generally align well with the 

experimental load-displacement responses, some disparities arise, particularly during the crack 

growth phase. One possible explanation for these differences is using a constant critical energy 

release rate in the numerical simulation despite the fracture energy changes as delamination 

advances. The modified beam theory employed to estimate mode I fracture energy assumes a 

linear relationship between the cube root of compliance and crack length. This holds true only 

TH-3322_176103002



120 Chapter 7 

when a constant fracture energy value is assumed during crack propagation. In fiber bridging 

cases, the experimental data points form a curved trajectory, rendering a linear fitting method 

inadequate for determining corrected fracture energy values. However, the FE modelling offers 

valuable insights for visualizing the influence of the MWCNTs on the interlaminar fracture 

toughness. The standard ASTM standard testing procedures are used to estimate the fracture 

parameters, which adhere to the traditional LEFM theories. Alternatively, other fracture 

mechanics theories, such as EPFM, might be suitable for effectively validating the nonlinear 

failure behaviour of the laminated composites reinforced with the MWCNTs. 

(a) (b) 

(c) (d) 

Fig. 7.19 Numerical validation with lever length 𝑐 =68 mm for (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and (d) 

0.3 wt.% of MWCNTs 
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(a) (b) 

(c) (d) 

Fig. 7.20 Numerical validation with lever length 𝑐 =104 mm for (a) Pristine, (b) 0.1 wt.%, (c) 0.2 wt.%, and (d) 

0.3 wt.% of MWCNTs 

7.7 Closure 

This chapter uses an intrinsic triangular CZM to validate the mode I and mode II 

delamination response of the CFRP composite laminate. The CZM parameters obtained from 

the specific fracture characterization tests are directly provided into the numerical model, 

eliminating the need for resource-intensive trial-and-error computations. The influence of the 

CZM parameters on the delamination behaviour of composites is investigated through some 

parametric analysis.  

The mode-independent CZM parameters are combined with appropriate damage criteria to 

validate the mixed-mode delamination response. The computational outcomes exhibit a 
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reasonable agreement with the experimental findings, thus affirming the reliability of the 

experimental methods employed. This validation of the delamination response covers three 

specific mixed-mode ratios with less than 5% error in the peak load. This approach can be 

extended to evaluate delamination behaviour under various mixed-mode conditions. 
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Chapter 8 Conclusions and Future Scope 

This final chapter provides an overview of the current study, followed by key findings and 

the scope for future research. The last section of this chapter outlines the contributions made by 

this thesis. 

8.1 Observations and discussions 

The primary objective of the present work is to extend the applicability of the CZM for 

predicting the interface fracture of adhesively bonded joints and laminated composites. A semi-

analytical asymptotic stress and displacement field solution is obtained for mode I and mode II 

interface fracture analysis in a cohesive zone for any generalized extrinsic cohesive law that 

nullifies the crack tip singularity, assuming no friction between the crack surfaces. The solution 

coefficients depended on the type of cohesive law, material geometry, and the boundary 

conditions of the problem. However, there is no need to evaluate the coefficients for a given 

cohesive zone length 𝜌 of constant cohesive T-S-L. The obtained SIFs using the domain-

independent interaction integral ascertain the reduction in the strength of the singularity. The 

computed results agree well with the analytical formulation for determining the SIF. The 

presented procedure could be easily extended to higher-order extrinsic T-S-Ls with finite 

traction at zero separation.  

The interaction integral method, which is not specific to any particular domain, is used to 

estimate the SIF, considering the traction along the crack faces. The SIF is computed for three 

types of extrinsic cohesive laws: constant traction, linear, and parabolic softening. The strength 

of stress singularity is determined across a range of cohesive zone lengths, with the cohesive 

strength being kept constant for all three types of cohesive laws. It is observed that the decrease 

in the SIF is more pronounced when using the constant traction cohesive law as compared to 

the linear and parabolic softening models. This is primarily because, in the case of a constant 

traction cohesive law, the stress intensity caused by the presence of the cohesive zone increases 

rapidly, leading to a rapid reduction in the overall SIF. 

The brittleness number related to cohesive law parameters and material geometry 

specifications affects the load-displacement curve, thus demonstrating the ability of ductile to 
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brittle crack propagation phenomenon along the interface. For the same value of the brittleness 

number, different load-displacement responses are obtained for various extrinsic CZMs. The 

load-displacement responses are also presented for linear softening cohesive law for different 

brittleness number values under pure mode I and mode II loading conditions. 

The failure in the bonded interface is simulated using the SIF nullification criteria within 

the framework of the extrinsic CZM. A pre-cracked adhesively bonded PMMA disc-shaped CT 

specimen is fabricated and subjected to mode I loading conditions in the UTM to investigate 

the interface crack propagation; this corresponds to brittle failure. Additionally, the influence 

of MWCNTs on the mode II failure behaviour is investigated by conducting interface fracture 

studies on adhesively bonded aluminum joints. In the FE analysis considering a linear softening 

cohesive law, the load required for incremental crack growth is determined by nullifying the 

SIF at the mathematical crack tip. The FE results agreed with the experimental data, 

demonstrating the effectiveness of extrinsic CZM in the interface crack propagation problems. 

The intrinsic CZM parameters are also estimated for mode II crack propagation studies and 

compared with the extrinsic CZM counterpart. 

Experimentally estimating the CZM parameters — cohesive strength and fracture energy, 

is another significant finding of the present thesis work. Most researchers evaluate the CZM 

parameters using direct and indirect procedures involving dedicated experimental setup or 

numerically intensive computational resources. The present work evaluates the CZM 

parameters for pristine and MWCNTs-reinforced CFRP laminate with routine experimental 

facilities (UTM) under mode I and mode II loading conditions. The cohesive strength is 

evaluated using the cross-tension and SBS tests under mode I and mode II loadings, 

respectively. Moreover, the fracture energy is estimated using the standard DCB and ENF test 

procedures provided in the ASTM standard.  

The influence of hydroxyl functionalized MWCNTs on the interlaminar strength and 

fracture toughness of the CFRP is also investigated in the present work. It is observed that the 

mode I interface strength and interlaminar shear strength for 0.2 wt.% MWCNTs reinforced 

composite increases by 24.37% and 14.03% compared to the pristine composites. Additionally, 

adding MWCNTs up to 0.2 wt.% increases the mode I and mode II fracture toughness by 
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47.72% and 14.63% compared to the pristine composites. The higher MWCNTs contents, i.e., 

0.3 wt.% of MWCNTs, however, reduce the effective stress transfer and the fracture toughness 

of the composites.   

The mixed-mode (I/II) fracture toughness of the composites reinforced with MWCNTs is 

evaluated under three distinct mixed-mode ratios. Increasing the mixed-mode ratios is achieved 

by reducing the lever length, which improves the mixed-mode interlaminar fracture toughness. 

The improvement in mixed-mode fracture toughness exhibits a similar pattern observed under 

mode I and mode II loading. Specifically, the mixed-mode fracture toughness increases up to 

0.2 wt.% of MWCNTs but declines beyond this point. The FESEM analysis of the fractured 

surfaces also confirms the enhancement in the fracture toughness. The improvement of mode I 

fracture toughness is prominently due to the fiber bridging and rough surface textures. 

Similarly, the interlaminar fracture surface with 0.2 wt.% of MWCNTs shows a higher density 

of hackles, indicating the resistance to crack propagation by the nano-reinforced matrix. 

The obtained material properties and cohesive parameters are directly imputed into the FE 

model with a triangular T-S-L to validate the load-displacement response for pristine and all 

proportions of MWCNTs under mode I, mode II, and mixed-mode (I/II) loading conditions. 

The effective orthotropic properties of the nanofiller-reinforced CFRP are computed using the 

rule of mixtures and the homogenization technique using periodic boundary conditions. The 

accuracy between the experimental and the numerically simulated load vs. displacement 

responses confirms the sufficiency and reliability of the experimental test procedures. The 

maximum error in the peak load between the numerical and experimental results is less than 

5%. 

8.2 Thesis contributions 

The contributions of the thesis can be summarized as 

i. A semi-analytical procedure is used to estimate the SIF in the presence of the CZM

for any generalized extrinsic cohesive law.

ii. The failure response of an adhesively bonded interface is investigated using

different extrinsic CZMs that possess identical brittleness number values.
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iii. The influence of MWCNTs on the mode II interface fracture of adhesively bonded

joints is investigated.

iv. A suitable extrinsic CZM methodology based on SIF nullification criteria is

proposed to validate the brittle fracture of adhesively bonded joints under mode I

and mode II loading conditions.

v. A simplified experimental methodology is developed to evaluate the CZM

parameters for lesser utilized hydroxyl functionalized MWCNTs reinforced CFRP

under mode I and mode II loading scenarios.

vi. The mixed-mode (I/II) delamination response is evaluated for MWCNTs reinforced

composites by varying the lever length of the MMB apparatus.

vii. FE modelling is performed to investigate the authenticity of the experimental

obtained CZM parameters.

viii. FESEM analysis of delaminated CFRP is carried out to understand the fracture

mechanism under mode I, mode II, and mixed-mode loading conditions.

8.3 Conclusions 

The main conclusions of the present thesis are summarized as follows: 

i. The SIFs obtained using the domain-independent interaction integral closely match

the analytical and semi-analytical results of constant traction and linear softening

cohesive law. This method can readily be expanded to accommodate higher-order

extrinsic T-S-Ls.

ii. The SIF decreases rapidly for constant T-S-L with cohesive zone length, followed

by linear and parabolic T-S-L. Therefore, not only the magnitude of the cohesive

stress but also its variations is another critical factor influencing the crack tip SIF.

iii. Lower order T-S-L is recommended to nullify the SIF for a small cohesive zone

length.

iv. The load-displacement response does not solely depend on the values of the

brittleness number but is also influenced by the order of the extrinsic cohesive laws

used.
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v. The load required for an incremental crack growth is determined by nullifying the

SIF at the mathematical crack tip with linear softening cohesive law. The FE results

agreed with the experimental data (with an error of less than 5%), demonstrating the

effectiveness of extrinsic CZM to model interface crack propagation problems.

vi. The strength of the adhesively bonded aluminum joints is maximum for 0.2 wt.% of

MWCNTs. Any further increase in MWCNT concentration leads to deteriorated

strength, possibly due to the agglomeration of MWCNTs in the epoxy.

vii. The experimental peak load is the only factor influencing the intrinsic CZM

strength. However, the failure displacement of the load-displacement response

determines the extrinsic cohesive strength.

viii. The cohesive strength and fracture energy of the MWCNTs reinforced composite

laminate are estimated from the cross-tension and DCB test for pure mode I loading

conditions. The SBS and ENF tests are used to evaluate the cohesive strength and

fracture energy under mode II loadings, respectively.

ix. It is noticed that the addition of MWCNTs up to 0.2 wt.% increases the interface

strength and fracture energy proportionally. The mode I interface strength and

fracture energy increase is 24.37% and 47.72% for 0.2 wt.% of MWCNTs compared

to pristine composites. The specific surface textures (fiber bridging and the presence

of hackles) also confirm the improvement of interlaminar fracture toughness with

the addition of MWCNTs.

x. The mode II interlaminar shear strength and fracture energy for 0.2 wt.% reinforced

composites are increased by 14.03% and 14.63%, respectively, compared to pristine

composite.

8.4 Future scope 

i. The extrinsic CZM methodology based on the SIF nullification procedure can be used

to validate the mixed-mode fracture of adhesively bonded joints.

ii. The adhesively bonded structure does not solely depend on the values of the

brittleness number but is also influenced by the order of the cohesive laws used. A

parameter that considers cohesive strength, cohesive energy, and order of the cohesive
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law could be used as a better measure for predicting the same load vs. displacement 

response. 

iii. Estimating cohesive stiffness from experimental studies or other direct approaches

will reduce the computational effort on interface failure.
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