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Abstract

This thesis is mainly devoted to the computation of the number of cliques of

certain Cayley graphs, namely the Paley-type graphs, Peisert graphs and Peisert-

like graphs. Barring the case of the Peisert graphs, the focus is on the number of

cliques of orders three (triangles) and four. Let q be a prime power such that q ≡ 1

(mod 4). The Paley graph of order q is the graph with vertex set as the finite field Fq
and edges defined as, ab is an edge if and only if a−b is a non-zero square in Fq. The

first part of this thesis involves defining a generalization of the Paley graph, called

the Paley-type graph on the commutative ring Zn for certain values of n, precisely

n = 2spα1
1 · · · pαk

k , where s = 0 or 1, αi ≥ 1, where the distinct primes pi satisfy

pi ≡ 1 (mod 4) for all i = 1, . . . , k. For such n, we define the graph with vertex set

Zn and edges defined as, ab is an edge if and only if a−b is a square in the set of units

of Zn. We look at some properties of this graph. For primes p ≡ 1 (mod 4), Evans,

Pulham and Sheehan computed the number of complete subgraphs of order four in

the Paley graph. Recently, Dawsey and McCarthy found the number of triangles

and complete subgraphs of order four in the generalized Paley graph of prime power

order. We find the number of triangles and complete subgraphs of order four in the

Paley-type graph successively for n = pα (p ≡ 1 (mod 4) being a prime and α ≥ 1)

and for general n, using character sums and combinatorial methods.

A graph is called symmetric if its automorphism group acts transitively both on

v
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vi Abstract

the vertices and edges. Another kind of symmetry occurs if a graph is isomorphic to

its complement, in which case the graph is called self-complementary. It turns out

that the Paley graphs are both self-complementary and symmetric (SCS). Peisert

gave a full description of SCS graphs as well as their automorphism groups. He

derived that there is another infinite family of SCS graphs apart from the Paley

graphs, and in addition, one more graph not belonging to any of the two former

families. The graphs in the infinite family that he discovered are now known as

Peisert graphs. The second part of the thesis is devoted to the computation of

the number of cliques in the Peisert graph. We find the number of triangles and

cliques of order four and express them using finite field hypergeometric functions as

developed by Greene, McCarthy and Ono, which are assembled with the well known

Gauss and Jacobi sums. Then, we provide an asymptotic result on the number of

cliques of order m ≥ 1 in the graph.

The final part of the thesis involves defining a Peisert-like graph analogous to

the Peisert graph and exploring some of its properties. We follow in the footsteps of

Greene and define hypergeometric functions corresponding to Dirichlet characters.

Then, using these functions, we find the number of triangles and cliques of order

four in the Peisert-like graph.
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Introduction

Graph theory is the study of graphs, which are abstract mathematical structures

modeling pairwise relations among a set of objects. It is a useful tool in mathemat-

ics, computer science, electrical engineering, economics and other areas galore. A

(simple) graph is a pair G = (V,E), where V is a set whose elements are called

vertices, and E is a set of pairs of distinct vertices whose elements are called edges.

Cayley graphs are a well known family of graphs, see for example [28]. These graphs

are defined on groups and are a central tool in combinatorial and geometric group

theory.

Graphs exhibiting some form of symmetry spike the interest to delve into them.

To this end, the Paley graphs have, since their inception, piqued the interest of

many. Paley graphs are a special class of Cayley graphs that enjoy a variety of

properties. As Jones [36] puts it, “Anyone who seriously studies algebraic graph

theory or finite permutation groups will, sooner or later, come across the Paley

graphs and their automorphism groups”. Named after Raymond E. A. C. Paley,

they were introduced as graphs independently by Sachs [51] in 1962, and Erdős and

Rényi [25] in 1963. While Sachs studied the self-complementarity properties of the

Paley graphs, Erdős and Rényi were interested in their symmetries. Paley graphs are

defined in the following way. Let q be a prime power such that q ≡ 1 (mod 4) and

let Fq denote the finite field with q elements. The Paley graph of order q is the graph

1
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2 Introduction

with vertex set Fq, where ab is an edge if a− b is a non-zero square in Fq. They are

closely related to the Paley construction for constructing Hadamard matrices from

quadratic residues, as stated in Paley’s paper [47] in 1933. Remarkably, the study of

this family of graphs connects many branches of mathematics such as combinatorics,

number theory, group theory, graph theory, design theory, matrix theory and coding

theory. One can refer to [36] for a presentation on the origin of Paley graphs and a

survey on them.

A complete graph is one in which every pair of distinct vertices are adjacent. In

combinatorial mathematics, Ramsey’s theorem, in one of its graph-theoretic forms,

states that, given c number of colors and positive integers n1, . . . , nc, there is a

number R(n1, . . . , nc) such that if the edges of a complete graph on R(n1, . . . , nc)

vertices are colored with c different colors, then for some i, 1 ≤ i ≤ c, it must

contain a complete subgraph (clique) of order ni whose edges are all colored i. For

c = 2, the only values of m for which the diagonal Ramsey number R(m,m) are

known are m ≤ 4. Now, let G(n) denote a graph on n vertices and let G(n) be the

complement of G(n). For a graph G, let Km(G) denote the number of cliques of

order m contained in G. Then, let Tm(n) := min
(
Km(G

(n)) +Km(G(n))
)
, where

the minimum is taken over all graphs G(n). Here we note that the study of Tm(n)

can be linked to Ramsey theory. This is because R(m,m) is the smallest positive

integer n such that Tm(n) is positive. Erdős [24] proved that

Tm(n) ≤
(
n
m

)
2(

m
2 )−1

and conjectured that lim
n→∞

Tm(n)/
(
n
m

)
= 21−(

m
2 ). Subsequent attempts by Goodman

[29] and Thomason [55] generated the interest to calculate Tm(n) for differentm ∈ N.

Computing Tm(n) in turn, put the focus on Paley graphs. Indeed, for the function

Km(G
(n)) + Km(G(n)) on graphs with n = p vertices, p being a prime, it turns out

that Paley graphs are minimal in certain ways. For example, in order to show that

TH-3257_186123003



Introduction 3

R(4, 4) is at least 18, the Paley graph with 17 vertices acts as the only graph (upto

isomorphism) such that K4(G
(17)) + K4(G(17)) = 0. It is also seen that, although

the conjecture given by Erdős is false in general, it holds true for Paley graphs. As

a result, there has been an acute interest in computing the number of cliques in

Paley graphs and some generalizations of these graphs. Character sums have been

extensively used to study cliques in these graphs, for instance see [26, 57]. In view

of such work, the first part of the thesis involves defining a generalization called

the Paley-type graph on the commutative ring Zn for some particular values of n,

investigating some of its properties and finding the number of cliques of orders three

(triangles) and four therein, using two different methods: a Dirichlet character sum

approach and a combinatorial one.

It is natural to study the extent to which a graph exhibits symmetry. A graph is

called symmetric if its automorphism group acts transitively both on the vertices and

edges. Another kind of symmetry occurs if a graph is isomorphic to its complement,

in which case the graph is called self-complementary. It turns out that the Paley

graphs are both self-complementary and symmetric (SCS), see for example [23].

Thus arose a quest for the classification of all SCS graphs. In 2001, Peisert gave a

full description of SCS graphs as well as their automorphism groups in [49]. Using

elaborate algebraic techniques, he derived that there is another infinite family of

SCS graphs apart from the Paley graphs, and in addition, one more graph not

belonging to any of the two former families. The graphs in the infinite family that

he discovered are now known as Peisert graphs. A similarity in the definitions of the

Paley graphs and Peisert graphs has led to numerous studies of the latter in the same

flavour as that of the former, for example in [1, 39, 53, 58]. The second part of the

thesis is mainly devoted to the computation of the number of triangles and cliques of

order four in the Peisert graph and expressing them using finite field hypergeometric

functions as developed by Greene, McCarthy, and Ono [32, 33, 42, 46], which are

assembled with the well known Gauss and Jacobi sums.

TH-3257_186123003



4 Introduction

The final part of the thesis involves defining a Peisert-like graph analogous to

the Peisert graph and exploring some of its properties. We follow in the footsteps

of Greene [32, 33] and define hypergeometric functions corresponding to Dirichlet

characters. Then, using these functions, we find the number of triangles and cliques

of order four in the Peisert-like graph.

There have been a number of studies on cliques of maximum (and maximal)

size in the Paley, Peisert, generalized Paley and generalized Peisert graphs, some

of which are [7, 44, 58, 59, 60]. The generalizations of Paley and Peisert graphs

in the existing literature are cyclotomic graphs, that is, Cayley graphs with the

connection set being the union of cyclotomic classes (a reference for cyclotomic

graphs is [15]). Cyclotomic graphs are of special interest in both algebraic graph

theory and number theory; in particular, character sums and Gauss sums have been

used extensively to study these graphs. With respect to clique(s) in a graph, one can

study the size of a largest clique; alternatively, one can find the number of cliques

of a particular order. In this thesis, we focus on computing the number of cliques of

a particular order in the Paley-type, Peisert and Peisert-like graphs, following the

likes of [11, 16, 21, 26, 30] etc.

Organization of the Thesis

We present the entire work of the thesis in eight chapters as described below.

• Chapter 1: Preliminaries

• Chapter 2: On a Paley-type graph on Zn

• Chapter 3: Triangles in the Paley-type graph

• Chapter 4: Cliques of order four in the Paley-type graph on Zpα

• Chapter 5: Cliques of order four in the Paley-type graph on Zn for general n

TH-3257_186123003



Introduction 5

• Chapter 6: The number of cliques in Peisert graphs

• Chapter 7: Hypergeometric functions for Dirichlet characters

• Chapter 8: On a Peisert-like graph on Zn

In Chapter 1, we will recall some preliminary definitions and results on the

group of units of the commutative ring Zn; finite fields; characters on finite abelian

groups and some character sums associated with finite fields, namely Jacobi sums

and hypergeometric functions; and graphs.

In Chapter 2, we define a generalization of the Paley graph on Zn, namely the

Paley-type graph Gn. We study some properties of the graph and also associate

some character sums with it.

In Chapter 3, we compute the number of triangles in Gn. First, we consider the

case n = pα for a prime p ≡ 1 (mod 4) and a positive integer α. Then, we find the

number of triangles in Gn for general n.

In Chapter 4, we evaluate the number of cliques of order four in Gpα for a prime

p ≡ 1 (mod 4) and a positive integer α. We express the result in terms of Jacobi

sums on Dirichlet characters modulo pα.

In Chapter 5, we obtain an expression for the number of cliques of order four in

Gn without involving Jacobi sums. Hence, combining this expression and the one

we obtained in Chapter 4, we find values of certain character sums modulo pα which

were earlier known for prime modulus only.

In Chapter 6, we find the number of cliques in the Peisert graph using character

sums. First, we provide a new proof for computing the number of triangles. Next,

we express the number of cliques of order four in the graph using finite field hyper-

geometric functions. This involves some tedious computations on character sums.

To overcome the difficulty in this method, we provide an asymptotic result on the

number of cliques of order m ≥ 1, in the graph.

In Chapter 7, we define hypergeometric functions corresponding to Dirichlet

TH-3257_186123003



6 Introduction

characters modulo pα for an odd prime p and a positive integer α. The following

is the motivation behind doing so. In Chapter 8, we introduce a Peisert-like graph.

To find the number of cliques of order four in the Peisert-like graph, we need to

evaluate certain character sums involving Dirichlet characters. Our goal is to find

Zpα-analogues of transformations satisfied by Greene’s finite field hypergeometric

functions as given in [32, 33]. Then, these transformations will be used to study

Peisert-like graphs.

In Chapter 8, we define a generalization of the Peisert graph on Zn and name it

the Peisert-like graph G(n). After studying some basic properties of the graph, we

provide results on the number of triangles and cliques of order four in this graph,

while making use of the hypergeometric functions defined in Chapter 7.

TH-3257_186123003



1
Preliminaries

In this chapter, we recall some necessary definitions and results from the liter-

ature. First, we provide some algebraic background on the group of units of the

commutative ring Zn as well as finite fields. Then, we state some results about

characters and some of their known sums. Finally, we provide some basics on graph

theory.

Before we proceed, we adopt the following notation for this thesis.

(i) n denotes a positive integer, p denotes a prime, q denotes a power of a prime.

(ii) For a set S, the number of elements in S is denoted by |S|.

(iii) Let z be a complex number. Then z̄, |z|,Re(z), Im(z) denote the complex

7
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8 Preliminaries

conjugate, modulus, real part and imaginary part of z, respectively.

(iv) ϕ denotes the Euler’s totient function, so ϕ(n) counts the number of positive

integers less than or equal to n that are relatively prime to n. If n = pα1
1 · · · pαk

k

is the prime factorization of n > 1 , then ϕ(n) = n
k∏
i=1

(
1− 1

pi

)
. This result

can be found in any classical text on number theory, for example in [35, Prop.

2.2.5.].

(v) For non-negative integers a and b,
(
a
b

)
denotes the classical binomial coefficient.

(vi) G denotes a group. Let g ∈ G. Then,

• The order of g is denoted by o(g),

• ⟨g⟩ := {gk : k ∈ Z}, and

• Gn := {xn : x ∈ G}. Note that if G is abelian then Gn becomes a subgroup

of G.

(vii) The set of units in a ring R with unity is denoted by R∗. Note that R∗ forms

a group under multiplication.

1.1 Some algebraic background

In this section, we provide some results on the structure of Z∗
n, solutions of

congruences modulo n and the Chinese remainder theorem. Then, we give a classi-

fication of finite fields. The results we state can be found in [22, 35].

1.1.1 Structure of Z∗
n and the Chinese remainder theorem

We begin by observing the cyclicity of Z∗
n as a group. The following famous

result is due to Gauss. We shall recall this result in the thesis multiple times.

TH-3257_186123003



1.1 Some algebraic background 9

Proposition 1.1. [35, Proposition 4.1.3] Let n be a positive integer and let Z∗
n

denote the multiplicative group of units of Zn. Then, Z∗
n is cyclic if and only if

n = 2, 4, pα or 2pα, where p is an odd prime and α is a positive integer.

The following result sheds light on the structure of Z∗
n when n is a power of 2

and n ̸= 2, 4.

Theorem 1.2. [35, Theorem 2′] Let n ≥ 3, and let Z∗
2n denote the multiplicative

group of units of Z2n. Then,

Z∗
2n = {(−1)x5y : x = 0, 1 and 0 ≤ y < 2n−2}.

It follows that Z∗
2n is the direct product of two cyclic groups, one of order 2, the other

of order 2n−2.

Next, we observe the existence of solutions of congruences modulo 2e for an

integer e ≥ 3.

Proposition 1.3. [35, Proposition 4.2.2] Suppose that n is a positive integer, a is

an odd integer and e ≥ 3, and consider the congruence xn ≡ a (mod 2e). If n is

odd, a solution always exists and is unique. If n is even, a solution exists if and

only if a ≡ 1 (mod 4), a
2e−2

d ≡ 1 (mod 2e), where d = gcd(n, 2e−2); when a solution

exists, there are exactly 2d solutions.

Finally, we shall state the Chinese remainder theorem for rings, and consequently

have some corollaries. First, we present some terminology in ring theory.

Notation 1.4. Let R1 and R2 be rings such that they are isomorphic. Then we

write R1
∼= R2.

Notation 1.5. Let R be a commutative ring with identity 1 ̸= 0. The product AB,

of the ideals A and B of R, is the ideal consisting of all finite sums of elements of

the form xy, where x ∈ A and y ∈ B.

TH-3257_186123003



10 Preliminaries

Definition 1.6 (Comaximal ideals). Let R be a commutative ring with identity

1 ̸= 0. The ideals A and B of R are said to be comaximal if A+B = R.

The following theorem is known as the Chinese remainder theorem for rings.

Theorem 1.7. [22, Chapter 7, Theorem 17] Let A1, A2, . . . , Ak be ideals of a com-

muative ring R with identity 1 ̸= 0. The map

R → R/A1 ×R/A2 × · · · ×R/Ak defined by r 7→ (r + A1, r + A2, . . . , r + Ak)

is a ring homomorphism with kernel A1∩A2∩· · ·∩Ak. If for each i, j ∈ {1, 2, . . . , k}

with i ̸= j the ideals Ai and Aj are comaximal, then this map is onto and A1 ∩A2 ∩

· · · ∩ Ak = A1A2 · · ·Ak, so

R/(A1A2 · · ·Ak) = R/(A1 ∩ A2 ∩ · · · ∩ Ak) ∼= R/A1 ×R/A2 × · · · ×R/Ak.

We have the following corollary to the above theorem, which provides the struc-

ture of Z∗
n as a group.

Corollary 1.7.1. [22, Chapter 7, Corollary 18] Let n be a positive integer and

let pα1
1 p

α2
2 · · · pαk

k be its factorization into powers of distinct primes. Then Zn ∼=

Zpα1
1
×Zpα2

2
×· · ·×Zpαk

k
as rings, so in particular we have the following isomorphism

of multiplicative groups:

Z∗
n
∼= Z∗

p
α1
1

× Z∗
p
α2
2

× · · · × Z∗
p
αk
k

.

As a corollary, we have the following result which is immediate from the state-

ment of the theorem.

Corollary 1.7.2. [22, Chapter 7, Exercise 5(a)] Let n1, . . . , nk be integers which are

pairwise coprime, that is, gcd(ni, nj) = 1 if i ̸= j. Then, for a1, . . . , ak ∈ Z there is

a solution x ∈ Z to the system of congruences

x ≡ a1 (mod n1), · · · , x ≡ ak (mod nk).
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1.1 Some algebraic background 11

Moreover, the solution is unique modulo n1 · · ·nk.

We also obtain the well known result that ϕ is a multiplicative function.

Corollary 1.7.3. [22, p. 267] Let n be a positive integer and let pα1
1 p

α2
2 · · · pαk

k be its

factorization into powers of distinct primes. Then ϕ(n) = ϕ(pα1
1 )ϕ(pα2

2 ) · · ·ϕ(pαk
k ) .

1.1.2 Structure of finite fields

The following result provides a classification of all finite fields.

Theorem 1.8. [22, p. 549, Example: (Existence and Uniqueness of Finite Fields)]

Any finite field has order pn, where p is a prime and n is a positive integer. Moreover,

for any prime p and positive integer n, finite fields of order pn exist and are unique

upto isomorphism.

Notation 1.9. For a prime power q, Fq denotes the finite field with q elements.

Proposition 1.10. [22, Chapter 9, Proposition 18] A finite subgroup of the multi-

plicative group of a field is cyclic. In particular, if Fq is a finite field whose order

is a prime power q, then the multiplicative group F∗
q of non-zero elements of Fq is a

cyclic group.

F∗
q is cyclic, so let g be a generator of F∗

q, that is F∗
q = ⟨g⟩. Then g is called a

primitive element of Fq. Using the above proposition, we also obtain the following.

Corollary 1.10.1. Let q be a prime power and let Fq denote the finite field with q

elements. Then, a ∈ {x2 : x ∈ F∗
q} if and only if a

q−1
2 = 1.

Definition 1.11 (k-th power residue). Let q be a prime power. For the finite field

Fq and a positive integer k, an element of (F∗
q)
k is called a k-th power residue.

For k = 2, 3, 4, an element of (F∗
q)
k is called a quadratic residue, a cubic residue

and a quartic residue, respectively.
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12 Preliminaries

1.2 Multiplicative characters and some associated

character sums

In this section, we introduce characters, Jacobi sums and hypergeometric func-

tions over finite fields. We state some related results. The definitions of characters

and Jacobi sums can be found in classical texts related to number theory, for exam-

ple in [6, 35]. The definition of hypergeometric functions that we provide is due to

Greene [32, 33].

1.2.1 Characters

Characters serve as an integral tool in number theory.

Definition 1.12 (Multiplicative Character). A multiplicative character (or charac-

ter) on a finite abelian group G is a group homomorphism from G to the multiplicative

group of non-zero complex numbers.

Definition 1.13 (Character group/Group of characters). Let G be a finite abelian

group. The set of characters on G becomes a group under multiplication defined as

(ψχ)(a) := ψ(a)χ(a) for a ∈ G, where ψ and χ are two characters on G. This group

is known as the character group of G.

Notation 1.14. The character group of G is denoted by Ĝ. The identity of Ĝ (which

takes all elements of G to 1) is denoted by ε. For a character ψ, its inverse is denoted

by ψ; for a ∈ G, ψ(a) = ψ(a).

Definition 1.15 (Order of a character). Let G be a finite abelian group with its

group of characters Ĝ. Then the order of a character is its order as an element in

Ĝ.

A character of order 2 is called a quadratic character. On the finite field Zp, the

Legendre symbol, denoted by

(
·
p

)
, is the unique quadratic character. The following

theorem characterizes Ĝ in terms of G.
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1.2 Multiplicative characters and some associated character sums13

Theorem 1.16. [19, Theorem 3.13] If G is a finite abelian group, then its character

group Ĝ is isomorphic to G. In particular, if G is finite and cyclic, then so is Ĝ.

As a corollary to Proposition 1.1 and Theorem 1.16, we have the following result

which we shall use extensively in our work.

Proposition 1.17. Let p be an odd prime and let α be a positive integer. For

n = pα and n = 2pα, Ẑ∗
n contains a unique character of order 2. Moreover, if p ≡ 1

(mod 4) then there exist exactly two distinct characters of order 4.

Theorem 1.18. [19, Theorem 3.15 (b)] Let G be a finite abelian group and let g ∈ G.

Let m ∈ Z. Then, g is an m-th power in G if and only if ψ(g) = 1 for every ψ ∈ Ĝ

satisfying ψm = ε.

Following are two useful identities, famously known as orthogonal identities.

Theorem 1.19. [6, Theorem 6.10] Let G be a finite abelian group with character

group Ĝ. Let ψ ∈ Ĝ. Then,

∑
x∈G

ψ(x) =

|G|, if ψ = ε;

0, if ψ ̸= ε.

Theorem 1.20. [6, Theorem 6.13] Let G be a finite abelian group with identity eG,

and character group Ĝ. Let x ∈ G. Then,

∑
ψ∈Ĝ

ψ(x) =

|G|, if x = eG;

0, if x ̸= eG.

Remark 1.21. If G = F∗
q then one extends every ψ ∈ F̂∗

q to Fq by setting ψ(0) := 0.

The following lemma is stated in [13] in the paragraph preceding Theorem 3.3.1.

It will be used in the proof of one of the main results in Chapter 6.
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14 Preliminaries

Lemma 1.22. [13] Let p ≡ 1 (mod 8) and let ψ be a character modulo p of order

8. Then, ψ(−4) = ±1.

On the way to proving the famous theorem on primes in arithmetic progressions,

Dirichlet introduced what we now call Dirichlet characters.

Definition 1.23 (Dirichlet character). Let n be a positive integer. A function ψ

from Z to C is called a Dirichlet character modulo n if it has the following properties:

• ψ(1) = 1,

• ψ(ab) = ψ(a)ψ(b) ∀a, b ∈ Z,

• ψ(a) = ψ(b) if a ≡ b (mod n),

• ψ(a) = 0 if gcd(a, n) > 1.

A Dirichlet character modulo n is essentially a character on the group G = Z∗
n.

Weil gave a strong bound on the magnitude of a character sum; see [52]. We shall

use the following deep result in our work to give an asymptotic result on the number

of cliques in the Peisert graph.

Theorem 1.24 (Weil’s estimate). Let Fq be the finite field of order q, and let ψ be

a character of Fq of order s > 1. Let f(x) be a polynomial of degree d over Fq such

that f(x) cannot be written in the form c · h(x)s, where c ∈ Fq. Then

∣∣∣∑
x∈Fq

ψ(f(x))
∣∣∣ ≤ (d− 1)

√
q.

1.2.2 Jacobi sums

Next, we define a type of character sum called the Jacobi sum. Defined gener-

ally in the case of finite fields, it is an analogue of the beta function. Such sums

were introduced by Jacobi in connection with the theory of cyclotomy. The arith-

metic properties of Jacobi sums have a very long history in number theory, with

applications in Diophantine equations and the theory of L-functions.
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1.2 Multiplicative characters and some associated character sums15

Definition 1.25 (Jacobi sum). Let p be a prime, and let Fq be the finite field with

q elements, where q = pr, r ≥ 1, and let ψ, χ be two multiplicative characters of Fq.

Then the Jacobi sum for ψ, χ is given by

J(ψ, χ) :=
∑
x∈Fq

ψ(x)χ(1− x).

The following result gives the magnitude of a Jacobi sum.

Theorem 1.26. [13, Theorem 2.1.3 (b)] Let q be a prime power, and let χ and ψ

be characters of Fq such that χψ is non-trivial. Then,

|J(χ, ψ)| = √
q.

It is easy to see that any function f : Fq → C has a unique representation

f(x) = f(0) · δ(x) +
∑
ψ∈F̂∗

q

fψ · ψ(x), (1.1)

where

fψ =
1

q − 1

∑
x∈Fq

f(x) · ψ(x) and δ(x) =

1, if x = 0;

0, otherwise.

A character sum analogue for the classical binomial theorem follows easily from (1.1)

with f(x) = A(1 + x), where A is a multiplicative character on Fq.

Theorem 1.27. [33, Theorem 2.3] Let p be a prime, and let Fq denote the finite

field with q elements, where q = pr, r ≥ 1. For any multiplicative character A of Fq
and x ∈ Fq, we have

A(1 + x) = δ(x) +
1

q − 1

∑
ψ∈F̂∗

q

J(A,ψ)ψ(−x).
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16 Preliminaries

Thus, it is inferred from Theorem 1.27 that the Jacobi sum can be considered as

the finite field analogue of the binomial coefficient.

Definition 1.28 (Binomial coefficient). Let p be a prime, and let Fq denote the

finite field with q elements, where q = pr, r ≥ 1. For multiplicative characters A and

B of Fq, the binomial coefficient
(
A
B

)
is defined by

(
A

B

)
:=

B(−1)

q
J(A,B).

Later on, in Chapter 7 we shall formally define the Jacobi sum and the binomial

coefficient corresponding to Dirichlet characters too. Following are some useful

relations among binomial coefficients, which are analogues of (2.6), (2.7) and (2.8)

in [33].

Proposition 1.29. Let p be a prime, and let Fq denote the finite field with q ele-

ments, where q = pr, r ≥ 1. For multiplicative characters A and B of Fq, let
(
A
B

)
denote the binomial coefficient. Then,

(
A

B

)
=

(
A

AB

)
;(

A

B

)
=

(
AB

B

)
B(−1);(

A

B

)
=

(
B

A

)
AB(−1).

Now, we state some results on Jacobi sums.

Theorem 1.30. [13, Theorem 2.1.4] Let p be an odd prime, and let q be a positive

power of p. If ψ is a non-trivial character of Fq and ϕ is the quadratic character of

Fq, then

J(ψ, ϕ) = ψ(4)J(ψ, ψ).
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1.2 Multiplicative characters and some associated character sums17

Theorem 1.31. [13, Theorem 2.1.5] Let q be a prime power. If χ and ψ are char-

acters of Fq with χ, ψ and χψ non-trivial, then

J(χ, ψ) = ψ(−1)J(χψ, ψ) = χ(−1)J(χψ, χ).

Theorem 1.32. [13, Theorem 2.1.6] Let p be an odd prime and let q be a positive

power of p. Let ϕ be the quadratic character of Fq. Let ψ be a non-trivial character

of Fq with ψ ̸= ϕ. Then,

ϕ(−1)J(ψϕ, ϕ) = J(ψ, ϕ) = ψ(−1)J(ψ, ψϕ).

In particular, if ψ has order 2j, where j > 1, then

ϕ(−1)J(ψj−1, ϕ) = J(ψ, ϕ) = ψ(−1)J(ψ, ψj−1).

The following theorem evaluates a character sum (commonly known as a Jacob-

sthal sum) in terms of Jacobi sums. We state its proof (as given in [12]) as well,

since the method of proof shall be used to prove a result in Chapter 4.

Theorem 1.33. [12, Theorem 2.7] Let n be a positive integer and let p be a prime

such that p ≡ 1 (mod 2n). Let

(
·
p

)
be the Legendre symbol modulo p, and let ψ be

a character modulo p of order 2n. Let a ∈ F∗
p. Then,

∑
x∈Zp

(
x

p

)(
xn + a

p

)
= ψ(−1)

n−1∑
j=0

ψn+2j+1(a)J(ψ2j+1, ψn).

Proof. ψ is of order 2n, which implies that ψn =

(
·
p

)
. We have

∑
x∈Zp

(
x

p

)(
xn + a

p

)
=
∑
x∈Zp

ψn(x)ψn(xn + a)
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18 Preliminaries

=
∑
x∈Zp

ψ(xn)ψn(xn + a)

=
∑
x∈Zp

ψ(x)ψn(x+ a)
n−1∑
j=0

ψ2j(x). (1.2)

Using the substitution x 7→ −ax, (1.2) yields

∑
x∈Zp

(
x

p

)(
xn + a

p

)
= ψ(−1)ψn+1(a)

∑
x∈Zp

ψ(x)ψn(1− x)
n−1∑
j=0

ψ2j(ax)

= ψ(−1)ψn+1(a)
n−1∑
j=0

ψ2j(a)J(ψ2j+1, ψn).

This completes the proof. ■

The following results provide values of Jacobi sums in certain cases.

Theorem 1.34. [13, Theorem 2.1.8] Let q ≡ 1 (mod 4) be a prime power. Let ϕ be

the quadratic character of Fq and let ψ be a character of Fq of order 4. Then,

J(ψ, ϕ) + q

2(1− i)
∈ Z[i].

We state the next result along with its proof, since the method of proof will be

used in proving a result later on, in Chapter 6.

Theorem 1.35. [12, Theorem 3.9; 13, Theorem 3.2.1] Let p ≡ 1 (mod 4) be a

prime. Let ϕ be the quadratic character of Fp and let ψ be a character of Fp of order

4. Then,

J(ψ, ϕ) = a4 + ib4,

where a4, b4 are integers such that a24 + b24 = p and a4 ≡ −(p+1
2
) (mod 4).

Proof. Since ψ(x) ∈ Z[i] for each x ∈ Fp, it follows that J(ψ, ϕ) = a4+ib4 for integers

a4 and b4. Moreover, by Theorem 1.26, a24 + b24 = p. Further, by Theorem 1.34,

TH-3257_186123003



1.2 Multiplicative characters and some associated character sums19

a4+ib4+p
2(1−i) ∈ Z[i] and so, 8 divides |(a4+p)+ib4|2 = a24+b

2
4+p

2+2a4p = p(p+1+2a4),

which implies a4 ≡ −(p+1
2
) (mod 4). This completes the proof. ■

Proposition 1.36. [37, Proposition 1] Let p ≡ 3 (mod 4) and let q ≡ 1 (mod 4) be

a power of p. Let ψ be a character of Fq of order 4. Then the system of diophantine

equations q = s2 + t2, s ≡ 1 (mod 4) has a unique solution viz. s = (−p)n
2 , t = 0.

For this solution, the Jacobi sum

J(ψ, ψ) = −s+ it.

Theorem 1.37. [13, Theorem 3.3.3] Let p ≡ 1 (mod 8) and let g be a primitive

element of Fp. Suppose that ϕ is the quadratic character on Fp and ψ is a character

on Fp such that ψ(g) = e
2πi
8 , a primitive 8-th root of unity. Then the Jacobi sum

J(ψ, ψ2) = ψ(−4)(a4 + ib4),

where a4 and b4 are integers such that p = a24 + b24 and a4 ≡ −ϕ(2) (mod 4).

Remark 1.38. It is noted in the proof of Lemma 3.6 (3) in [21] that Theorem 1.37

also holds if we replace a prime p ≡ 1 (mod 8) by a prime power q ≡ 1 (mod 8)

and take any character ψ of Fq of order 8.

Lemma 1.39. [21, Lemma 3.6 (2)] Let q ≡ 1 (mod 8) be a prime power and let ψ

be a character of Fq of order 8. Write q = u2 + 2v2 for integers u and v, such that

u ≡ 3 (mod 4) and p ∤ u when p ≡ 1, 3 (mod 8). Then,

Re(J(ψ, ψ)) = ψ(4)u.

1.2.3 Hypergeometric functions

Classical hypergeometric series have been studied for ages. There have been

multiple works to establish relations between classical hypergeometric series and
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different mathematical objects. In 1987, Greene [32, 33] introduced a finite field

character sum analogue of classical hypergeometric series that satisfies summation

and transformation formulae similar to the classical one. Here we recall these finite

field hypergeometric functions.

Definition 1.40 (Hypergeometric function). Let p be a prime, and let Fq denote

the finite field with q elements, where q = pr, r ≥ 1. For a positive integer n, and

A0, . . . , An, B1, . . . , Bn ∈ F̂∗
q, the n+1Fn finite field hypergeometric function over Fq

is defined as

n+1Fn

 A0, A1, . . . , An

B1, . . . , Bn

∣∣∣x
 :=

q

q − 1

∑
ψ∈F̂∗

q

(
A0ψ

ψ

)(
A1ψ

B1ψ

)
· · ·
(
Anψ

Bnψ

)
ψ(x).

For n = 2, we recall the following result from [33, Corollary 3.14]:

q2 · 3F2

 A, B, C

D, E

∣∣∣1
 =

∑
x,y∈Fq

AE(x)CE(1− x)B(y)BD(1− y)A(x− y).

Lemma 1.41. [33, Theorem 3.13] Let q be a power of a prime. For characters A0,

A1, . . . , An, and B1, . . . , Bn of Fq and x ∈ Fq, we have

n+1Fn

A0, A1, . . . , An

B1, . . . , Bn

∣∣∣x


=
AnBn(−1)

q

∑
y∈Fq

nFn−1

A0, A1, . . . , An−1

B1, . . . , Bn−1

∣∣∣xy
An(y)AnBn(1− y).

Theorem 1.42. [33, Theorem 4.37] Let q be a power of a prime. Let ϕ be the

quadratic character of Fq. Let δ be the function defined on the group of characters

of Fq as

δ(A) =

 1, if A is the trivial character ;

0, otherwise.
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1.2 Multiplicative characters and some associated character sums21

Then, for characters A,B and C of Fq, we have

3F2

 A, B, C

AC, BC

∣∣∣1
 =

q − 1

q2
BC(−1)δ(A)

− q − 1

q2
AC(−1)δ(B)− q − 1

q2
A(−1)δ(ABC)

+ AB(−1)

 0, if C is not a square ;(
D
A

)(
BD
ABD

)
+
(
ϕD
A

)( ϕBD
ϕABD

)
, if C = D2.

Greene [32, 33] gave some transformation formulae which we state here as follows.

Theorem 1.43. [32, Theorems 5.14, 5.18 & 5.20],[33, Theorem 4.2 (i),(ii) and Equa-

tions (4.23)-(4.26)] Let q be a power of a prime, and let A,B,C,D,E be characters

of Fq. Then, we have

3F2

 A, B, C

D, E

∣∣∣1
 = 3F2

 BD, AD, CD

D, ED

∣∣∣1
 , (1.3)

3F2

 A, B, C

D, E

∣∣∣1
 = ABCDE(−1) · 3F2

 A, AD, AE

AB, AC

∣∣∣1
 , (1.4)

3F2

 A, B, C

D, E

∣∣∣1
 = ABCDE(−1) · 3F2

 BD, B, BE

BA, BC

∣∣∣1
 , (1.5)

3F2

 A, B, C

D, E

∣∣∣1
 = AE(−1) · 3F2

 A, B, EC

ABD, E

∣∣∣1
 , (1.6)

3F2

 A, B, C

D, E

∣∣∣1
 = AD(−1) · 3F2

 A, DB, C

D, ACE

∣∣∣1
 , (1.7)

3F2

 A, B, C

D, E

∣∣∣1
 = B(−1) · 3F2

 AD, B, C

D, BCE

∣∣∣1
 , (1.8)

3F2

 A, B, C

D, E

∣∣∣1
 = AB(−1) · 3F2

 AD, BD, C

D, DEAB

∣∣∣1
 . (1.9)
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1.3 Terminology in graph theory

This section deals with some basic definitions on finite graphs, and can be found

in any standard text on graph theory, for example in [28, 34].

Definition 1.44 (Graph). A (simple) graph is a pair G = (V,E), where V is a

finite set whose elements are called vertices, and E is a finite set of unordered pairs

of distinct vertices whose elements are called edges.

A graph is often represented pictorially by drawing a dot for each vertex, and

joining two dots by a line if the corresponding vertices are adjacent.

Definition 1.45 (Adjacent vertices). Let G = (V,E) be a graph. For u, v ∈ V if

(u, v) ∈ E, then u and v are said to be adjacent in G, or uv forms an edge in G.

Definition 1.46 (Degree of a vertex). Let G = (V,E) be a graph and v ∈ V . Then

the degree of v, denoted by deg(v), is the number of vertices adjacent to v.

Definition 1.47 (Order of a graph). Let G = (V,E) be a graph. The number of

elements in V is called the order of G.

Definition 1.48 (Path in a graph). A path in a graph is a sequence of distinct

vertices such that two vertices are adjacent if they are consecutive in the sequence.

If P is a path with the sequence v0, . . . , vn of vertices, we say that v0 and vn are

connected by a path.

We define some particular cases of graphs.

Definition 1.49 (Complete graph). A graph in which every pair of distinct vertices

are adjacent is called a complete graph.

Notation 1.50. A complete graph on n vertices is denoted by Kn.

Definition 1.51 (Complement of a graph). The complement of a graph G = (V,E)

is the graph G = (V,E), where (u, v) ∈ E if and only if (u, v) /∈ E.
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1.3 Terminology in graph theory 23

Definition 1.52 (Subgraph). A graph G1 = (V1, E1) is called a subgraph of the

graph G = (V,E) if V1 ⊆ V and E1 ⊆ E.

We define some particular kinds of subgraphs.

Definition 1.53 (Induced subgraph). A subgraph G1 = (V1, E1) of the graph G =

(V,E) is called an induced subgraph, if (u, v) ∈ E with u, v ∈ V1, then (u, v) ∈ E1.

Notation 1.54. For a graph G = (V,E) if H ⊆ V then ⟨H⟩ denotes the subgraph

of G induced by H.

Definition 1.55 (Spanning subgraph). A subgraph G1 = (V1, E1) of the graph G =

(V,E) is called a spanning subgraph if V1 = V .

Definition 1.56 (Complete subgraph/Clique). A subgraph G1 = (V1, E1) of the

graph G = (V,E) is called a complete subgraph or a clique if every pair of distinct

vertices in G1 are adjacent.

Notation 1.57. For a graph G, we will denote the number of cliques of order ℓ in

G by Kℓ(G). For a vertex u of G, we will denote the number of cliques of order ℓ in

G containing u by Kℓ(G, u).

Definition 1.58 (Clique number of a graph). The order of a clique of maximum

size contained in a graph is known as the clique number of the graph.

We recall the following notation as given in [10, p. 2855].

Notation 1.59. Let G = (V,E) be a graph. If {Gi}i∈I is a family of edge-disjoint

subgraphs of a graph G such that E(G) = ∪i∈IE(Gi), we write G =
⊕

i∈I Gi. In this

case if Gi
∼= H for every i ∈ I, then we write G =

⊕
i∈I H.

Definition 1.60 (Graph isomorphism; Graph automorphism). Let G1 = (V1, E1)

and G2 = (V2, E2) be two graphs. A graph isomorphism between G1 and G2 is a

bijection f : V1 → V2 such that two vertices u and v of G1 are adjacent in G1 if and

only if f(u) and f(v) are adjacent in G2.

A graph isomorphism from a graph onto itself is called a graph automorphism.
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If two graphs are isomorphic, then they share the same graph properties and only

differ by the labels of their vertices and edges. Thus, from a graph-theoretic point

of view, two isomorphic graphs are essentially the same. The set of automorphisms

on a graph G forms a group under the operation of composition of functions, and is

denoted by Aut(G).

1.3.1 Types of graphs

Now, we define some more properties of graphs, which may be satisfied by the

graphs we will study.

Definition 1.61 (Connected graph). A graph is called connected if every two dis-

tinct vertices in the graph are connected by a path.

Definition 1.62 (Regular graph). A graph is said to be regular if each vertex of the

graph has the same degree.

Definition 1.63 (Cycle/Cycle graph). A cycle is a connected graph in which each

vertex has exactly two distinct vertices adjacent to it.

Definition 1.64 (Self-complementary graph). A graph is said to be self-complementary

if there exists a graph automorphism from the graph to its complement.

Definition 1.65 (Vertex-transitive graph). A graph is called vertex-transitive if

given any two vertices in the graph, there is a graph automorphism mapping one of

the vertices to the other.

Definition 1.66 (Edge-transitive graph). A graph is called edge-transitive if given

any two edges in the graph, there exists a graph automorphism sending one edge to

the other.

Definition 1.67 (Symmetric graph). A graph which is both vertex-transitive and

edge-transitive is known as a symmetric graph.
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1.3 Terminology in graph theory 25

The following definition of a graph given by Cayley [17] connects graphs and

groups.

Definition 1.68 (Cayley graph). Let G be a group and let C be a subset of G that

is closed under taking inverses and does not contain the identity. Then the Cayley

graph associated with G and connection set C is the graph with vertex set G, where

gh forms an edge if hg−1 ∈ C.

Finally, for the sake of completeness, we define the Paley graph.

Definition 1.69 (Paley graph). Let q = pr ≡ 1 (mod 4) be a prime power. Then

the Paley graph P (q) of order q is the graph with vertex set Fq, where ab is an edge

if a− b ∈ (F∗
q)

2.

It is thus the Cayley graph for the additive group of Fq, with (F∗
q)

2 as the con-

nection set.

Figure 1.1: The Paley graph of order 13
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2
On a Paley-type graph on Zn

2.1 Introduction

Paley graphs are well studied, and enjoy many properties. Researchers have

attempted to attack problems on these graphs using various tools; implementing

character sums is one of them which is widely used in the literature.

In the spirit of the Paley graph, some of its generalizations have been defined too.

Ananchuen and Caccetta [3, 4, 5] studied some adjacency properties of the cubic

and quadruple graphs. Let q be a power of an odd prime. Let S3 = {x3 : x ∈ F∗
q}

and S4 = {x4 : x ∈ F∗
q}. For q ≡ 1 (mod 3), the graph with vertex set Fq and

1The contents of this chapter have been published in Graphs Combin. (2022).

27
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28 On a Paley-type graph on Zn

edges ab, where a− b ∈ S3 is called the cubic Paley graph. For q ≡ 1 (mod 8), the

graph with vertex set Fq and edges ab, where a − b ∈ S4 is called the quadruple

Paley graph. In 2006, Lim and Praeger [41] generalized further: let k(∈ N) ≥ 2

and q be a prime power such that q ≡ 1 (mod k) if q is even, or q ≡ 1 (mod 2k)

if q is odd; then the generalized Paley graph Gk(q) is the graph with vertex set Fq,

where ab is an edge if a− b is a k-th power residue. In a recent paper, Dawsey and

McCarthy [21] have computed the number of complete subgraphs of order four in

Lim and Praeger’s graph using finite field hypergeometric functions, which in turn,

generalizes the results of Evans et al. [26] for Gk(q). Yip’s thesis [57] and very recent

paper [60] offer an insight into the order and structure of maximum cliques in Gk(q),

while Elsawy studied some properties of this graph for odd k. Wage [56] constructed

three other generalizations with vertex set Fp. Some other generalizations can be

found in [16, 43, 50, 54].

2.2 Defining a Paley-type graph on Zn

A natural question that arises is what the analogue of a Paley graph can be

if the vertex set has n vertices, in general, where n is a natural number. In this

chapter, we attempt to define an analogue of the Paley graph with vertex set as the

commutative ring Zn. We look at some properties of this graph, especially those

whose deductions involve similar approaches as done for the Paley graphs.

The property q ≡ 1 (mod 4) for a Paley graph of order q ensures that −1 is a

quadratic residue in F∗
q, so an edge is well-defined. For our purpose, we draw an

analogy between F∗
q and Z∗

n. We first find out the values of n for which the graph

Gn is well-defined.

Proposition 2.1. Let n > 2 be an integer. There exists x ∈ Z∗
n such that x2 ≡ −1

(mod n) if and only if n = 2spα1
1 · · · pαk

k , where the distinct primes pi ≡ 1 (mod 4)

for all i = 1, . . . , k and s = 0 or 1.
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2.2 Defining a Paley-type graph on Zn 29

Proof. Let n = 2spα1
1 · · · pαk

k , where pi ≡ 1 (mod 4) for all i = 1, . . . , k and s = 0 or

1. Then by Corollary 1.7.1, Z∗
n
∼= Z∗

p
α1
1

× · · · × Z∗
p
αk
k

and by Proposition 1.1, each

Z∗
p
αi
i

is cyclic of order pαi−1
i (pi − 1). Let ai (mod pαi

i ) be an element of order 4 in

Z∗
p
αi
i
. Then

(a1 (mod pα1
1 ), . . . , ak (mod pαk

k ))2 = (−1 (mod pα1
1 ), . . . ,−1 (mod pαk

k ))

in Z∗
p
α1
1

× · · · × Z∗
p
αk
k

. This gives an element x in Z∗
n with the required property due

to the isomorphism.

Conversely, let there exist some x ∈ Z∗
n such that x2 ≡ −1 (mod n). If 22 divides

n, then x2 ≡ −1 (mod 4) which is not possible. Therefore, n = 2spα1
1 · · · pαk

k , where

s = 0 or 1, k ≥ 1 and pi’s are distinct primes other than 2. Again, x2 ≡ −1 (mod pi)

implies that pi ≡ 1 (mod 4) for i = 1, 2, . . . , k. ■

Now, we define a Paley-type graph on Zn, which we will denote by Gn. We

exclude the cases n = 1 and n = 2 since the graphs turn out to be empty and

trivial, respectively.

Definition 2.2 (Paley-type graph Gn). Let n = 2spα1
1 · · · pαk

k , where the distinct

primes pi ≡ 1 (mod 4) for all i = 1, . . . , k and s = 0 or 1. Then, Gn is defined as

the graph with vertex set Zn, where ab is an edge if and only if a− b ≡ x2 (mod n)

for some x ∈ Z∗
n.

The Paley-type graphs of orders 25 = 52 and 26 = 2 × 13 are shown in Fig-

ures 2.1 and 2.2 respectively. In G25, the vertex 0 is adjacent to the vertices

1, 4, 6, 9, 11, 14, 16, 19, 21 and 24; in G26, the vertex 0 is adjacent to the vertices

1, 3, 9, 17, 23 and 25.
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30 On a Paley-type graph on Zn

Figure 2.1: The Paley-type graph of order 25

Figure 2.2: The Paley-type graph of order 26
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2.3 Fixing an appropriate quadratic Dirichlet character mod n 31

2.3 Fixing an appropriate quadratic Dirichlet char-

acter mod n

There have been multiple instances where character sums were implemented to

find out about properties of the Paley graph and its generalizations, for example

in [11, 14, 21, 26, 56]. In case of the Paley graph of prime order, character sums

involving the Legendre symbol modulo p were evaluated. Here we do the same using

Dirichlet characters modulo n.

We are interested in calculating the number of complete subgraphs in Gn using

a character sum approach. So, we try to define an appropriate quadratic Dirichlet

character analogous to the unique quadratic character on F∗
p (p being a prime). We

are looking for a character ψ such that

ψ(x) = 1 if and only if x ≡ a2 (mod n) for some a ∈ Z∗
n. (2.1)

We define three possible candidates for such a character. Let a ∈ Z∗
n.

• χ1(a) :=
(
a
n

)
. This is the Jacobi symbol which is a Dirichlet character modulo

n.

• For suitable n when a
ϕ(n)
2 ≡ ±1 (mod n), we may define

χ2(a) := a
ϕ(n)
2 (mod n).

• χ3(a) :=

1, if x2 ≡ a (mod n) has a solution;

−1, otherwise.

Proposition 2.3. Let k ≥ 2 be an integer. Let n = 2spα1
1 · · · pαk

k , where pi’s are

distinct primes satisfying pi ≡ 1 (mod 4) for all i = 1, . . . , k and s = 0 or 1. Then,

χ1 does not satisfy the condition (2.1).
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Proof. Here, n = 2spα1
1 · · · pαk

k , where k ≥ 2, pi ≡ 1 (mod 4) for all i = 1, 2, . . . , k

and s = 0 or 1. Then for a ∈ Z∗
n, χ1(a) =

(a
n

)
=

(
a

p1

)α1
(
a

p2

)α2

· · ·
(
a

pk

)αk

. Let

Rp andNp denote the set of quadratic residues modulo p and the set of quadratic non-

residues modulo p, respectively. For 1 ≤ i ≤ k, let αi = 2βi + γi, where 0 ≤ γi ≤ 1.

It is enough to find a ∈ Z∗
n such that

(
a

pi

)
= −1 for some i ∈ {1, 2, . . . , k} but(

a

p1

)γ1( a

p2

)γ2
· · ·
(
a

pk

)γk
= 1. If some αi is even then we choose b ∈ Npi ; then the

system of equations

x ≡ b (mod pi) and x ≡ 1 (mod pj) ∀j = 1, . . . , k, j ̸= i

has a solution which gives the desired a ∈ Z∗
n. So let us assume that all αi’s are

odd. Then

χ1(a) =
(a
n

)
=

(
a

p1

)(
a

p2

)
· · ·
(
a

pk

)
.

We choose b ∈ Np1 and c ∈ Np2 , then the system of equations

x ≡ b (mod p1), x ≡ c (mod p2) and x ≡ 1 (mod pj) ∀j ̸= 1, 2

has a solution which gives the desired a ∈ Z∗
n. ■

Proposition 2.4. Let n be a positive integer. Then, χ2 = ε whenever Z∗
n is not

cyclic and consequently does not satisfy the condition (2.1).

Proof. First, we note that χ2 is a character on Z∗
n. This is because

(
a

ϕ(n)
2

)2
= 1 for

all a ∈ Z∗
n, so a

ϕ(n)
2 can be one of the t elements modulo n whose square is 1, say

h1, h2, . . . , ht. Let χ2(a) = hi, χ2(b) = hj. Then χ2(ab) = hihj, so χ2 is a character

on Z∗
n.

If Z∗
n is not cyclic, then by Proposition 1.1, n can be one of the following forms:

1. n = 2α(α ≥ 3): In this case, Z∗
2α has order 2α−1. But it is not cyclic, so any

element raised to the power 2α−2 is 1. Hence, χ2 = ε.
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2.3 Fixing an appropriate quadratic Dirichlet character mod n 33

2. n = 2αpα1
1 p

α2
2 · · · pαk

k (α ≥ 2, k ≥ 1, αi ≥ 1∀i, pi’s are distinct odd primes):

We first consider that α = 2. We know that Z∗
22 is cyclic of order 2. Let

x, a1, a2, . . . , ak be generators of Z∗
22 ,Z

∗
p
α1
1
,Z∗

p
α2
2
, . . . ,Z∗

p
αk
k

, respectively. Then,

the order of the element (x, a1, . . . , ak) is equal to

lcm
{
2, pα1−1

1 (p1 − 1), . . . , pαk−1
k (pk − 1)

}
≤ pα1−1

1 (p1 − 1) · · · pαk−1
k (pk − 1) =

ϕ(n)

2
.

So a
ϕ(n)
2 = 1 for all a ∈ Z∗

n. Hence, χ2 = ε. If α ≥ 3, then Z∗
2α is not cyclic, and

hence 2α−1

2
is the maximum order of an element. Therefore, the order of an

element in Z∗
2α ×Z∗

p
α1
1
×· · ·×Z∗

p
αk
k

is atmost 2α−2pα1−1
1 (p1−1) · · · pαk−1

k (pk−1)

which is equal to ϕ(n)
2
. This gives χ2 = ε.

3. n = 2pα1
1 p

α2
2 · · · pαk

k (k ≥ 2, αi ≥ 1∀i, pi’s are distinct odd primes): Following

similarly as shown in the previous cases, we find that χ2 = ε.

4. n = pα1
1 p

α2
2 · · · pαk

k (k ≥ 2, αi ≥ 1∀i, pi’s are distinct odd primes): In this case

also, it follows that χ2 = ε, and the proof goes along similar lines.

This completes the proof of the proposition. ■

Proposition 2.5. If Z∗
n is not cyclic, then there exist a, b ∈ Z∗

n such that a, b, ab are

all non-squares.

Proof. Since Z∗
n is not cyclic, so by Proposition 1.1, n can be one of the following

forms:

1. n is a power of a prime: In this case, we have n = 2α, where α ≥ 3. Let a = 3

and b = 5. From Proposition 1.3 we find that a and ab are non-squares in Z∗
2α .

Again, Theorem 1.2 implies that 5 cannot be a square in Z∗
2α . Consequently,

a = 3, b = 5 and ab = 15 are all non-squares in Z∗
2α .
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2. n is divided by atleast two distinct primes: Let Rn and Nn be the subsets of

Z∗
n of squares and non-squares, respectively. Let x ∈ Nn. It is enough to show

that ∃ y ∈ Nn such that xy ∈ Nn. Suppose that there does not exist any such

y. Then, {xy : y ∈ Nn} ⊆ Rn which yields ϕ(n) ≤ 2|Rn|. In each of the cases

below, we prove that ϕ(n) ≰ 2|Rn|.

• 2 is a factor of n: We have the following two cases.

(i) n = 2αpα1
1 · · · pαk

k , k ≥ 1, α ≥ 2, pi’s are distinct odd primes: In this

case,

|Rn| =
ϕ(n)

2× h× 2k
,

where h = 1 or 2. Hence, ϕ(n) ≰ 2|Rn|.

(ii) n = 2pα1
1 p

α2
2 · · · pαk

k , k ≥ 2, pi’s are distinct odd primes: In this case

|Rn| =
ϕ(n)

2k
, and hence ϕ(n) ≰ 2|Rn|.

• 2 is not a factor of n: In this case, we have n = pα1
1 p

α2
2 · · · pαk

k , where

k ≥ 2 and pi’s are distinct odd primes. We find that |Rn| =
ϕ(n)

2k
, and

hence ϕ(n) ≰ 2|Rn|.

This completes the proof of the proposition. ■

Corollary 2.5.1. From Proposition 2.5, it follows that χ3 cannot be a character

unless Z∗
n is cyclic.

The above propositions suggest to take χ3 as the desired quadratic character and

consequently take n such that Z∗
n is cyclic, in order that χ3 be defined. Then by

Proposition 1.1, n = 2, 4, pα or 2pα, where p is an odd prime and α is a positive

integer. Note that by Proposition 1.17, χ2 = χ3 is the unique quadratic character

when Z∗
n is cyclic. In this case, using Theorem 1.18 we observe that for x ∈ Z∗

n,

1 + χ3(x)

2
=

 1, if x is a square in Z∗
n;

0, otherwise.
(2.2)
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2.3 Fixing an appropriate quadratic Dirichlet character mod n 35

Before stating the next lemma, we define the p-adic valuation of a non-zero integer

and recall Legendre’s formula, which finds out the p-adic valuation of n! for a positive

integer n.

Definition 2.6 (p-adic valuation). The p-adic valuation of a non-zero integer n

(denoted by vp(n)) is the exponent of the highest power of the prime p that divides

n.

Lemma 2.7. [40, Theorem 3.9] Let n be a positive integer, and let p be a prime.

Then,

vp(n!) =

⌊
n

p

⌋
+

⌊
n

p2

⌋
+

⌊
n

p3

⌋
+ · · ·

(note that the terms become zero when pj > n, so this is a finite sum).

Lemma 2.8. Let p ≡ 1 (mod 4) be a prime and let α ≥ 1 be an integer. We have(
ϕ(n)/2

i

)
pi ≡ 0 (mod pα), where n = pα, 1 ≤ i ≤ α− 1.

Proof. Enough to show that pα−i |
(
pα−1( p−1

2
)

i

)
for 1 ≤ i ≤ α− 1. We have

(
pα−1(p−1

2
)

i

)
=
pα−1(p−1

2
)(pα−1(p−1

2
)− 1) · · · (pα−1(p−1

2
)− i+ 1)

i!

=
pα−ipi−1(p−1

2
)(pα−1(p−1

2
)− 1) · · · (pα−1(p−1

2
)− i+ 1)

i!
.

For an integer x ̸= 0, let σp(x) be the sum of digits of the base-p representation of

x. By Lemma 2.7, vp(i!) =
∞∑
k=1

⌊
i
pk

⌋
, from which it follows that vp(i!) =

i− σp(i)

p− 1
.

If possible, let pi | i!. Then, vp(i!) ≥ i, that is
i− σp(i)

p− 1
≥ i, which is not possible.

This completes the proof of the lemma. ■

The following lemma, a consequence of Lemma 2.8, will be useful in evaluating

character sums later on.
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Lemma 2.9. Let n = pα, where α ≥ 1 and p ≡ 1 (mod 4), and let χ be the unique

character mod n of order 2. Let x ∈ Zn. Then we have χ(x) = χ(x + pk) for any

integer k.

Proof. Let x ∈ Zn and let k be any integer. If x /∈ Z∗
n then we have χ(x) =

χ(x + pk) = 0, and hence we obtain the required result. So, let x ∈ Z∗
n. Then the

result follows from the binomial expansion of (x+ p)
ϕ(n)
2 and Lemma 2.8. ■

2.4 Some basic properties of Gn

In this section we look at some properties of the graph Gn. We have seen that

the graph is well-defined for n = 2spα1
1 · · · pαk

k , where the distinct primes pi ≡ 1

(mod 4) for all i = 1, . . . , k and s = 0 or 1. So, we consider these forms of n. Like

the Paley graph, we see that Gn is also regular.

Proposition 2.10. Let n = 2spα1
1 . . . pαk

k , where the distinct primes pi ≡ 1 (mod 4)

for all i = 1, . . . , k and s = 0 or 1. Then Gn is regular of degree equal to
ϕ(n)

2k
.

Proof. Let Rn be the subset of Z∗
n of squares. Clearly, Gn is regular of degree equal

to |Rn|. Let a1, . . . , at be the distinct elements in Z∗
n whose squares are equal to 1.

Then |Rn| =
ϕ(n)

t
. Now, we find the number of solutions of x2 ≡ 1 (mod n). This

is equivalent to finding the solutions of

x2 ≡ 1 (mod 2s), x2 ≡ 1 (mod pα1
1 ), . . . , x2 ≡ 1 (mod pαk

k ).

If s = 1 then x2 ≡ 1 (mod 2s) has 1 solution, and x2 ≡ 1 (mod pα1
1 ), . . . , x2 ≡ 1

(mod pαk
k ) have two solutions each. So t must be equal to 2k. Therefore, |Rn| =

ϕ(n)

2k
. This completes the proof of the result. ■

Let p ≡ 1 (mod 4) be a prime and let α be a positive integer. Proposition 1.1

and Theorem 1.16 imply that there exists a unique Dirichlet character modulo pα;

TH-3257_186123003



2.4 Some basic properties of Gn 37

let us call it χ. It is known from Proposition 2.10 that Gpα is regular; we see that

the same can be deduced using the character sum given in (2.2). Let a ∈ Z∗
pα , then

deg(a) =
n−1∑
b=0

a−b∈Z∗
pα

1 + χ(a− b)

2
,

where deg(a) denotes the degree of the vertex a in Gpα . It is easy to calculate this

sum and see that deg(a) =
ϕ(pα)

2
which agrees with the proposition.

In the following, we prove that Gn is not self-complementary unless n is a prime.

Proposition 2.11. Let n = 2spα1
1 · · · pαk

k , where the distinct primes pi ≡ 1 (mod 4)

for all i = 1, . . . , k and s = 0 or 1. Then Gn is not self-complementary unless n is a

prime. If n is a prime, Gn, being the Paley graph of order n, is self complementary.

Proof. The graph Gn has
n
ϕ(n)

2k

2
number of edges. But we know that a self-

complementary graph must have
n(n− 1)

4
number of edges. So, if Gn is self-

complementary, we must have
n
ϕ(n)

2k

2
=
n(n− 1)

4
which gives ϕ(n) = (n − 1)2k−1,

which is not possible except for the case k = 1, s = 0, α1 = 1. This completes the

proof of the proposition. ■

Proposition 2.12. Let n = 2spα1
1 · · · pαk

k , where the distinct primes pi ≡ 1 (mod 4)

for all i = 1, . . . , k and s = 0 or 1. Then Gn is not a complete graph.

Proof. A necessary condition that Gn is a complete graph is x− y is a square in Z∗
n

for all distinct x, y ∈ Zn. This implies that {x− y : x, y ∈ Zn, x ̸= y} ⊆ Rn, where

Rn is the subset of Z∗
n of squares. Hence, n− 1 ≤ ϕ(n)

2k
, which is not possible. Thus

Gn is not complete. ■

Paley graphs are connected, and we find that the Paley-type graphs are connected

as well.
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Proposition 2.13. Let n = 2spα1
1 · · · pαk

k , where the distinct primes pi ≡ 1 (mod 4)

for all i = 1, . . . , k and s = 0 or 1. Then the graph Gn is connected.

Proof. Let x < y be two distinct vertices of the graph. Let (i, j) denote the edge

between two vertices i and j. Then the edges (x, x+1), (x+1, x+2), . . . , (y− 1, y)

form a path between x and y. Hence, Gn is connected. ■

Since 1 is always a quadratic residue modulo n, Gn always contains a spanning

cycle. In the following proposition we check when the graph is a cycle graph.

Proposition 2.14. Let n = 2spα1
1 · · · pαk

k , where the distinct primes pi ≡ 1 (mod 4)

for all i = 1, . . . , k and s = 0 or 1. Then Gn is a cycle if and only if n = 5 or 10.

Proof. We observe that Gn is a cycle if and only if 1 and −1 are the only squares

modulo n. Let the graph be a cycle. If n ̸= 5, 10, then n > 10 and 3 ∈ Z∗
n, which

means that 9 is a square in Z∗
n which is neither 1 nor −1. This completes the proof

of the proposition. ■

Proposition 2.15. Let n = 2spα1
1 · · · pαk

k , where the distinct primes pi ≡ 1 (mod 4)

for all i = 1, . . . , k and s = 0 or 1. Then Gn is a vertex-transitive graph.

Proof. Let a, b ∈ Z∗
n and a is a square modulo n. Then for x ∈ Z∗

n, x 7→ ax + b is

a graph isomorphism on Gn. Using this isomorphism and taking appropriate values

of a and b we see that Gn becomes vertex-transitive. ■

Thus, both the Paley and Paley-type graphs are vertex-transitive. In fact, one

can proceed along similar lines as in the proof of [23, Prop. 2.2.1] to show that the

Paley-type graphs are also edge-transitive. However, we do not use edge-transitivity

of Paley-type graphs in the proofs of our results. The following result provides a

formula for counting cliques in the Paley-type graph. Recall that for a graph G, we

denote the number of cliques of order ℓ in G by Kℓ(G), and for a vertex u of G, we

denote the number of cliques of order ℓ in G containing u by Kℓ(G, u).
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Proposition 2.16. Let n = pα1
1 · · · pαk

k , where αi ≥ 1 and the distinct primes pi

satisfy pi ≡ 1 (mod 4) for all i = 1, . . . , k. Let Rn denote the set of squares in Z∗
n

and let Hn denote the subgraph of Gn induced by Rn. Then for ℓ ≥ 3,

Kℓ(Gn) =
nϕ(n)

2kℓ(ℓ− 1)
×Kℓ−1(Hn, 1).

Proof. As observed in Proposition 2.15, Gn is vertex-transitive. So, we find that

Kℓ(Gn) =
n

ℓ
×Kℓ(Gn, 0) =

n

ℓ
×Kℓ−1(Hn). (2.3)

Let r ∈ Rn be fixed. Then, the map x 7→ rx on Rn gives a graph isomorphism on

Hn. This proves that Hn is also vertex-transitive. So, we have

Kℓ−1(Hn) =
|Rn|
ℓ− 1

×Kℓ−1(Hn, 1). (2.4)

Combining (2.3) and (2.4), we obtain the required result. ■

In the forthcoming chapters we will study the number of cliques in Gn for the

case n = pα, where p ≡ 1 (mod 4) is a prime and α ≥ 1. So, we prove a result

about the structure of the graph Gpα . We follow Notation 1.59.

Proposition 2.17. Let α be a positive integer. Let n = pα, where p is a prime

satisfying p ≡ 1 (mod 4). Let χ be the quadratic character mod n. Let P (p) be the

Paley graph of order p. Then a copy of P (p) exists in the graph Gn. In fact, we can

write

Gn =

pα−1⊕
i=1

P (p)
⊕ pα−1(pα−1−1)

2⊕
j=1

(
p⊕

m=1

K1, p−1
2

) ,

where K1, p−1
2

is a complete bipartite graph.

Proof. Let k be an integer such that 0 ≤ k ≤ pα−1 − 1. We define a map from P (p)

to the subgraph of Gn induced by the vertices {kp, kp + 1, . . . , kp + p − 1}. For
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40 On a Paley-type graph on Zn

i ∈ Fp = {0, 1, . . . , p − 1}, let i 7→ kp + i. We show that this is an isomorphism.

Let i and j be elements of Fp such that i − j is a quadratic residue in F∗
p. Then

(i − j)
p−1
2 ≡ 1 (mod p) by Corollary 1.10.1, and so (i − j)

p−1
2 = 1 + pℓ for some

ℓ ∈ Z. Therefore, (i − j)
p−1
2

×pα−1
= (1 + pℓ)p

α−1 ≡ 1 (mod pα) by using binomial

theorem and proceeding in the same way as in Lemma 2.8 after replacing ϕ(n)
2

by

pα−1 in the statement of the lemma. So, χ((kp+ i)− (kp+ j)) = χ(i− j) = 1 and

hence (kp + i)− (kp + j) is a square modulo pα and thus there is an edge between

the vertices kp+ i and kp+ j in the induced subgraph of Gn. For the converse, let

kp + i and kp + j be two vertices in the induced subgraph of Gn connected by an

edge, where 0 ≤ i, j ≤ p−1. Then i−j ≡ x2 (mod pα) for some 1 ≤ x ≤ p−1. This

implies that i− j ≡ x2 (mod p), and hence there is an edge between the vertices i

and j in P (p).

So each induced subgraph of Gn comprising of the vertices {kp, kp+ 1, . . . , kp+

p− 1}, where 0 ≤ k ≤ pα−1 − 1, is a copy of P (p). Each such induced subgraph has
p(p− 1)

4
edges, and there are pα−1 such induced subgraphs. The total number of

edges of Gn exhausted this way is pα−1p(p− 1)

4
. The number of edges remaining in

Gn is
nϕ(n)

4
− pα−1p(p− 1)

4
= pα

(
p− 1

4

)
(pα−1 − 1).

We see how these edges are exhuasted as follows. Let r1, r2, . . . , r p−1
2

be the quadratic

residues in the range 1 to p− 1. Then for 1 ≤ k ≤ pα−1 − 1,

χ(r1 + kp) = 1, χ(r2 + kp) = 1, . . . , χ(r p−1
2

+ kp) = 1.

So, r1 + kp, r2 + kp, . . . , r p−1
2

+ kp are quadratic residues too. In fact, these are the

quadratic residues in the range kp to kp+ p− 1. So, from the induced subgraph of

{0, 1, . . . , p− 1} we have the following edges:

0 has edges with the vertices r1 + kp, r2 + kp, . . . , r p−1
2

+ kp;
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1 has edges with the r1 + kp+ 1, r2 + kp+ 1, . . . , r p−1
2

+ kp+ 1;

...

p− 1 has edges with the vertices r1 + kp+ p− 1, r2 + kp+ p− 1, . . .

. . . , r p−1
2

+ kp+ p− 1.

Since each edge is counted twice, the total number of edges among these pα−1 induced

subgraphs is

p(p− 1)

2
(pα−1 − 1)pα−1

2
. This completes the proof. ■
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3
Triangles in the Paley-type graph

3.1 Introduction

For a prime p ≡ 1 (mod 4), let G(p) denote a graph on p vertices and let G(p) be

the complement of G(p). In 1981, Evans, Pulham and Sheehan [26] gave a sim-

ple closed formula to calculate the number of cliques of order 4 in P (p), P (p)

being the Paley graph of order p. The purpose was to give an upper bound for

T4(p) = min
(
K4(G

(p)) +K4(G(p))
)
, where the minimum is taken over all graphs

G(p). They computed character sums involving the Legendre symbol. This work

was extended by Atanasov et al. [11] for a prime power q = pn ≡ 1 (mod 4) when

1The contents of this chapter have partially been published in Graphs Comb. (2022).

43
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44 Cliques of order three in the Paley-type graph

p ≡ 1 (mod 4). In a recent paper, Dawsey and McCarthy [21] have computed

the number of triangles and complete subgraphs of order four in the graph Gk(q)

introduced by Lim and Praeger in [41], using finite field character sums and hyperge-

ometric functions, which in turn, generalizes the results of Evans et al. The general

formula they provided for the number of triangles in Gk(q) gives lower bounds for the

multicolor diagonal Ramsey numbers Rk(3) = R(3, 3, . . . , 3). Wage [56] constructed

three other generalizations with vertex set Fp for a prime p, and gave asymptotic

answers to the number of cliques for those generalized graphs, besides Paley graphs.

3.2 The number of triangles in Gn

In this chapter, we put our focus on computing the number of triangles in the

Paley-type graph. Let p be a prime such that p ≡ 1 (mod 4) and let α ≥ 1 be an

integer. First, we use a character sum approach to compute the number of triangles

in the graph Gpα . Then, using this result and some basic combinatorics, we find the

number of triangles in the graph Gn for all n for which the graph is defined. We

exclude the case when n is even, since there cannot exist cliques of order more than

2 in that case, and we see why. Let n = 2pα, and if possible let x, y and z be vertices

in Gn which form a clique. Then x− y, y − z and x− z are necessarily elements in

Z∗
n, and therefore, are odd integers, which contradicts that x − z = x − y + y − z.

Thus, we consider only the case n = pα. In the following theorem, for primes p ≡ 1

(mod 4) and any positive integer α, we find the number of triangles contained in

the graph Gpα .

Theorem 3.1. Let p be a prime such that p ≡ 1 (mod 4). For any positive integer

α, we have

K3(Gpα) =
p3α−2(p− 1)(p− 5)

24 × 3
.

It is easy to see that the expression forK3(Gpα) is an integer. We writeK3(Gpα) =
p3α−2

(
p−1
4

) (
p−1
4

− 1
)

3
, and observe that 3 ∤ p−1

4
+ 1, so 3 |

(
p−1
4

) (
p−1
4

− 1
)
.
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In [20], Das introduced Paley-type graphs ΓN modulo N , where N = pq, p and

q being distinct primes satisfying p ≡ q ≡ 1 (mod 4). The graph ΓN is a special

case of the Paley-type graphs Gn, and it turns out to be Gpq. He gave a formula for

K3(Gpq), where p and q are distinct primes satisfying p ≡ q ≡ 1 (mod 4), and Gpq

is the Paley-type graph of order pq. In the following theorem we find the number of

triangles in Gn for all odd n for which the graph is defined.

Theorem 3.2. Let n = pα1
1 · · · pαk

k , where αi ≥ 1 and the distinct primes pi satisfy

pi ≡ 1 (mod 4) for all i = 1, . . . , k. Then, the number of triangles in Gn is given by

K3(Gn) =
1

3× 23k+1

k∏
i=1

[
p3αi−2
i (pi − 1)(pi − 5)

]
.

To show that the expression for K3(Gn) is an integer, we write K3(Gn) =

1
3×2

k∏
i=1

p3αi−2
i

(
pi−1
4

) (
pi−1
2

− 2
)
. Let p1 = 4s1 + 1. Then, it is enough to show that

3 |
(
p1−1
4

) (
p1−1
2

− 2
)
, that is, 3 | 2s1(s1 − 1), which holds since p ∤ s1 + 1.

We find the values of K3(Gn) for some particular values of n by using Python

which are listed in Table 3.1.

n K3(Gn) n K3(Gn)
132 57122 13× 17 10608
172 334084 132 × 17 23305776
292 9901934 29× 37 2163168
372 44979864 29× 41 2996280

Table 3.1: Values of K3(Gn)

We obtain the same values of K3(Gn) from Theorem 3.2 as well.

Remark 3.3. If we take k = 2, α1 = α2 = 1 and p1 = 5 in Theorem 3.2, then we

obtain Theorem 7 in [20]. Also, if we take k = 2, α1 = α2 = 1 in Theorem 3.2, then

we obtain Theorem 12 in [20].
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46 Cliques of order three in the Paley-type graph

3.2.1 Proof of Theorem 3.1

In this section we present the proof of Theorem 3.1.

Proof of Theorem 3.1. Since Z∗
pα is cyclic by Proposition 1.1, we infer from Propo-

sition 1.17 that there exists a unique character modulo pα of order 2; let us call it

χ. Let Hpα denote the subgraph of Gpα induced by the set of squares in Z∗
pα . Using

Proposition 2.16 and (2.2), we readily obtain that

K3(Gpα) =
pαϕ(pα)

12
× number of edges in Hpα containing 1

=
pαϕ(pα)

12
×

∑
x∈Zpα

x,x−1∈Z∗
pα

(
1 + χ(x)

2

)(
1 + χ(1− x)

2

)
. (3.1)

We will evoke Lemma 2.9 as required. We have

∑
x∈Zpα

x,x−1∈Z∗
pα

1 = pα−1(p− 2) (3.2)

and evoking Theorem 1.19, we have

∑
x∈Zpα

x,x−1∈Z∗
pα

χ(x) =
∑
x∈Z∗

pα

χ(x)−
∑
x∈Z∗

pα

p|x−1

χ(x)

= −
[
χ(1) + χ(p+ 1) + χ(2p+ 1) + · · ·+ χ((pα−1 − 1)p+ 1)

]
= −pα−1. (3.3)

Similarly, we have ∑
x∈Zpα

x,x−1∈Z∗
pα

χ(1− x) = −pα−1 (3.4)
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and

∑
x∈Zpα

x,x−1∈Z∗
pα

χ(x(x− 1)) =
∑
p∤x

χ(x(x− 1))χ(x−2)

=
∑
p∤x

χ(1− x−1)

=
∑
p∤x

χ(1− x)

= −pα−1. (3.5)

Combining (3.2), (3.3), (3.4) and (3.5), (3.1) yields

K3(Gpα) =
pαpα−1(p− 1)

12
× 1

4
(p− 5)pα−1,

completing the proof of the theorem. ■

3.2.2 Proof of Theorem 3.2

By the statement of the theorem, n = pα1
1 · · · pαk

k , where αi ≥ 1 and the distinct

primes pi satisfy pi ≡ 1 (mod 4) for all i = 1, . . . , k. The following lemma states a

relation between the squares in Z∗
n and the squares in Z∗

p
αi
i
, for i ∈ {1, . . . , k}.

Lemma 3.4. Let n = pα1
1 · · · pαk

k , where αi ≥ 1 and the distinct primes pi satisfy

pi ≡ 1 (mod 4) for all i = 1, . . . , k. Let Z∗
n denote the group of units in Zn, and let

Rn and Rp
αi
i

(1 ≤ i ≤ k) denote the group of squares in Z∗
n and Z∗

p
αi
i
, respectively.

Then, for x ∈ Zn we find that

x ∈ Rn if and only if x ∈
k⋂
i=1

Rp
αi
i
.

Proof. Let x ∈ Zn be such that x ∈ Rn. Then x ≡ a2 (mod n) for some a ∈ Z∗
n,

which yields x ≡ a2 (mod pαi
i ) for each i ∈ {1, . . . , k}. Conversely, let x ≡ a21
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(mod pα1
1 ), . . . , x ≡ a2k (mod pαk

k ) for ai ∈ Z∗
p
αi
i
. Let z be an integer satisfying the

system of congruences

z ≡ a1 (mod pα1
1 ), . . . , z ≡ ak (mod pαk

k ).

Then by Corollary 1.7.2 we find that x ≡ z2 (mod n) and so, x ∈ Rn. This completes

the proof of the lemma. ■

Now, using the above lemma, we prove Theorem 3.2.

Proof of Theorem 3.2. Let Hn denote the subgraph of Gn induced by the group of

squares in Z∗
n.

Employing Proposition 2.16 and using Notation 1.57, we find that the number

of triangles in Gn is given by

K3(Gn) =
nϕ(n)

3× 2k+1
×K2(Hn, 1). (3.6)

Let E denote the set of edges in Hn containing the vertex 1, and for i ∈ {1, . . . , k}

let Ei denote the set of edges in Hp
αi
i

containing the vertex 1. Let (1, x) denote the

edge connecting the vertices 1 and x. We define a function f : E → E1 × · · · × Ek

as follows.

(1, x) 7→ ((1 (mod pα1
1 ), x (mod pα1

1 )), . . . , (1 (mod pαk
k ), x (mod pαk

k ))).

f is well defined, and evoking Corollary 1.7.2 and Lemma 3.4 we find that f is

one-one and onto as well. Thus, f is a bijection which implies |E| =
k∏
i=1

|Ei|. So,

(3.6) yields

K3(Gn) =
nϕ(n)

3× 2k+1
×

k∏
i=1

K2(Hp
αi
i
, 1). (3.7)
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Now, let i ∈ {1, . . . , k} and let χi be the unique quadratic character modulo pαi
i .

Using (2.2), we have

K2(Hp
αi
i
, 1) = number of edges in Hp

αi
i

containing 1

=
∑

x∈Z
p
αi
i

x,x−1∈Z∗
p
αi
i

(
1 + χi(x)

2

)(
1 + χi(1− x)

2

)
, (3.8)

as expressed in (3.1). So, using (3.2),(3.3),(3.4) and (3.5), where we replace p and

α by pi and αi, respectively, (3.8) yields

K2(Hp
αi
i
, 1) =

1

4
[pαi−1
i (pi − 2)− 3pαi−1

i ] =
pαi−1
i (pi − 5)

4
.

Hence, substituting this expression in (3.7) yields the required result. ■
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4
Cliques of order four in the Paley-type

graph on Zpα

4.1 Introduction

In this chapter, we find the number of cliques of order 4 in the Paley-type graph

Gn, for some particular values of n. Let p ≡ 1 (mod 4) be a prime; we recall that

P (p) denotes the Paley graph of order p. Evans et al. in [26] provided the number

of cliques of order 4 in P (p) by the following formula. Write p = a2 + b2, where

1The contents of this chapter have been published in Graphs Comb. (2022)
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a, b ∈ Z, and a is even. Then,

K4(P (p)) =
p(p− 1)((p− 9)2 − 4a2)

29 × 3
.

They proved the above result using character sums involving the Legendre symbol

modulo p. Now, let q be a power of an odd prime. For the generalized Paley

graph Gk(q) defined in [41], Dawsey and McCarthy have provided a general formula

for K4(Gk(q)) using character sums and finite field hypergeometric functions (as

developed by Greene [33]). Then the authors proceed to show that the formula gives

lower bounds for the multicolor diagonal Ramsey numbers Rk(4) = R(4, 4, . . . , 4).

4.2 The number of cliques of order four in Gpα

Inspired by the above mentioned works, we find K4(Gn) for some particular

values of n. In this chapter, we consider the case n = pα, where p ≡ 1 (mod 4)

is a prime and α is a positive integer, because we intend to use a character sum

approach, and thus use the quadratic character that we fixed in the discussion in

Chapter 2 satisfying the condition given in (2.1). In the following theorem, we find

the number of complete subgraphs of order 4 contained in the graph Gpα for primes

p ≡ 1 (mod 4).

Theorem 4.1. Let p be a prime such that p ≡ 1 (mod 4), and let α be a positive

integer. Let χ denote the unique quadratic Dirichlet character mod pα and let ψ be

a Dirichlet character mod pα of order 4. Let J(ψ, χ) =
∑

x∈Zpα

ψ(x)χ(1 − x) be the

Jacobi sum of ψ and χ. Then,

K4(Gpα) =
p2α−1(p− 1)[p2α−2 {(p− 9)2 − 2p}+ J(ψ, χ)2 + J(ψ, χ)

2
]

29 × 3
.
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Remark 4.2. If we take α = 1, then we can further simplify the Jacobi sum ap-

pearing in Theorem 4.1 and obtain the result of Evans et al. proved in [26].

4.2.1 Some lemmas involving character sums

Here, we evaluate some character sums which shall be required to prove the

results on the number of cliques of order four in Gpα . By the statement of the

theorem, χ denotes the unique character mod pα of order 2. It is easy to see that

χ(−1) = 1.

Lemma 4.3. Let n = pα, where α ≥ 1 and p ≡ 1 (mod 4). Let χ be the unique

character mod n of order 2. Then, for a ∈ Z∗
n, we have

∑
x∈Z∗

n

χ(x2 − a) = −(1 + χ(a))pα−1.

Proof. For x ∈ Z∗
n, let x

−1 denote the multiplicative inverse of x in Z∗
n. We employ

(2.2), and find that

∑
x∈Z∗

n

χ(x2 − a) = 2
∑
x∈Z∗

n
x is a square

χ(x− a)

=
∑
x∈Z∗

n

χ(x− a)(1 + χ(x))

=
∑
x∈Z∗

n

χ(x− a) +
∑
x∈Z∗

n

χ(x(x− a)). (4.1)

Now, using Theorem 1.19 and Lemma 2.9, we have

∑
x∈Z∗

n

χ(x− a) =
∑
x∈Z∗

n
x−a∈Z∗

n

χ(x− a)

=
∑

x−a∈Z∗
n

χ(x− a)−
∑

x−a∈Z∗
n

x/∈Z∗
n

χ(x− a)
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= −
∑

x−a∈Z∗
n

p|x

χ(x− a)

= −χ(a)pα−1, (4.2)

and

∑
x∈Z∗

n

χ(x(x− a)) =
∑
x∈Z∗

n

χ(x(x− a)x−2)

=
∑
x∈Z∗

n

χ(1− ax−1)

=
∑
x∈Z∗

n

χ(1− ax)

= χ(a)
∑
x∈Z∗

n

χ(a−1 − x)

= χ(a)

∑
x∈Zn

χ(a−1 − x)−
∑
x∈Zn
p|x

χ(a−1 − x)


= −pα−1. (4.3)

Combining (4.1), (4.2) and (4.3) we obtain the required result. ■

Lemma 4.4. Let n = pα, where α ≥ 1 and p ≡ 1 (mod 4). Let χ be the unique

character mod n of order 2. We have

|{x ∈ Zn : p ∤ x, 1− x2;χ(1− x2) = 1}| = pα−1(p− 5)

2
.

Proof. We evoke (2.2) and find that

|{x ∈ Zpα : p ∤ x, 1− x2;χ(1− x2) = 1}| =
∑
x∈Zpα

p∤x,1−x2

1 + χ(1− x2)

2
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=
1

2

∑
x∈Zpα

p∤x,1−x2

1 +
1

2

∑
x∈Zpα

p∤x,1−x2

χ(1− x2). (4.4)

Since p ∤ x, let x = pm+ k, where 0 < k < p and m ∈ Z. If p divides x2 − 1, then p

divides k2 − 1 = (k − 1)(k + 1) which yields k = 1 or p − 1. Hence the number of

x ∈ Zpα such that p ∤ x but p | x2 − 1 is equal to 2pα−1. Now,

∑
x∈Zpα

p∤x,1−x2

1 = |{x ∈ Zpα : p ∤ x}| − |{x ∈ Zpα : p ∤ x, p | (1− x2)}|

= ϕ(pα)− 2pα−1

= pα−1(p− 3).

Using this and employing Lemma 4.3 with a = 1, (4.4) yields the required result. ■

Lemma 4.5. Let n = pα, where α ≥ 1 and p ≡ 1 (mod 4). Let χ be the unique

character mod n of order 2. For a, b ∈ Zn, we have

∑
x∈Zn

χ((x− a)(x− b)) =



pα−1(p− 1), if p | a, p | b;

−pα−1, if p | a, p ∤ b;

−pα−1, if p ∤ a, p ∤ b, p ∤ 1− ba−1;

pα−1(p− 1), if p ∤ a, p ∤ b, p | 1− ba−1.

Proof. We consider each of the four cases as given in the statement of the lemma.

Let Rn and Nn be the subsets of Z∗
n of squares and non-squares, respectively. We

make use of Theorem 1.19 as needed.

Case 1: Let p | a and p | b. Then, using Lemma 2.9 we readily obtain that

∑
x∈Zn

χ((x− a)(x− b)) =
∑
x∈Rn

1 +
∑
x∈Nn

1 = ϕ(n) = pα−1(p− 1).
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Case 2: Let p | a and p ∤ b. Again using Lemma 2.9, we have

∑
x∈Zn

χ((x− a)(x− b)) =
∑
x∈Rn

χ(x− b)−
∑
x∈Nn

χ(x− b)

= 2
∑
x∈Rn

χ(x− b)−
∑
x∈Z∗

n

χ(x− b). (4.5)

We find that

2
∑
x∈Rn

χ(x− b) =
∑
x∈Z∗

n

χ(x2 − b) = −(1 + χ(b))pα−1 (4.6)

and ∑
x∈Z∗

n

χ(x− b) = −
∑
p|x

χ(x− b) = −χ(b)pα−1. (4.7)

Combining (4.5), (4.6) and (4.7) we obtain the result.

Case 3: Let p ∤ a and p ∤ b. Then

∑
x∈Zn

χ((x− a)(x− b)) =
∑
x∈Zn

χ((ax− a)(ax− b))

=
∑
x∈Zn

χ((x− 1)(x− ba−1))

=
∑
y∈Z∗

n

χ(y)χ(y + 1− ba−1). (4.8)

The last equality is obtained by using the substitution x − 1 = y. If p | 1 − ba−1

then (4.8) becomes

∑
y∈Z∗

n

χ(y)χ(y + 1− ba−1) =
∑
y∈Z∗

n

1 = ϕ(n) = pα−1(p− 1), (4.9)
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and if p ∤ 1− ba−1 then using the substitution c = 1− ba−1 we have in (4.8),

∑
y∈Z∗

n

χ(y)χ(y + 1− ba−1) =
∑
y∈Z∗

n

χ(1 + cy−1)

=
∑
y∈Z∗

n

χ(1 + cy)

= χ(c)
∑
y∈Z∗

n

χ(c−1 + y)

= χ(c)

−∑
p|y

χ(c−1 + y)


= −pα−1.

This completes the proof of the lemma. ■

4.2.2 Proof of Theorem 4.1

We prove Theorem 4.1 in the following manner. First, we prove two lemmas

which will be required to prove the theorem. These lemmas essentially deal with

the most intricate character sum that we encounter in the proof of the theorem.

Using these lemmas, we provide the entire proof, where we recall these lemmas

appropriately.

Lemma 4.6. For a positive integer α, let n = pα, where p is a prime satisfying

p ≡ 1 (mod 4). Let χ be the quadratic character mod n. Let

S =
∑
x∈Zn

∑
y∈Zn

χ((1− x2)(1− y2)(x2 − y2))

and

S0 =
∑∑
(x,y)∈X

χ((1− x2)(1− y2)(x2 − y2)),

where X = {(x, y) ∈ Zn×Zn : p ∤ x, y, 1−x2, 1−y2, x2−y2}. Then, S0 = S+4p2α−2.
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Proof. Breaking the double sum
∑
x∈Zn

∑
y∈Zn

in S as

∑∑
(x,y)∈X

+
∑
p|x

∑
y

+
∑
p∤x

p|1−x2

∑
y

+
∑
p∤x

p∤1−x2

∑
p|y

+
∑
p∤x

p∤1−x2

∑
p∤y

p|1−y2

+
∑
p∤x

p∤1−x2

∑
p∤y

p∤1−y2

p|x2−y2

,

we write

S = S0 + T1 + T2 + T3 + T4 + T5. (4.10)

We evoke Lemma 2.9 and employ Lemma 4.3 with a = 1 to evaluate the Ti’s. We

have

T1 =
∑
p|x

∑
y

χ(1− x2)χ((1− y2)(x2 − y2))

=

pα−1∑
t=1

∑
y

χ((1− y2)(p2t2 − y2))

=

pα−1∑
t=1

∑
p|y

χ(1− y2)χ(p2t2 − y2) +

pα−1∑
t=1

∑
p∤y

χ(1− y2)χ(p2t2 − y2)

=

pα−1∑
t=1

∑
p∤y

χ(1− y2)

= −2p2α−2. (4.11)

We also find that

T3 =
∑
p∤x

p∤1−x2

∑
p|y

χ(1− x2)χ(1− y2)χ(x2 − y2)

=
∑
p∤x

p∤1−x2

pα−1∑
t=1

χ(1− x2)χ(x2 − p2t2)
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=
∑
p∤x

p∤1−x2

pα−1∑
t=1

χ(1− x2)

= −2p2α−2. (4.12)

It is easy to see that

T2 = T4 = T5 = 0. (4.13)

Using (4.11), (4.12) and (4.13), (4.10) yields the required result. ■

Lemma 4.7. For a positive integer α, let n = pα, where p is a prime satisfying

p ≡ 1 (mod 4). Let χ be the quadratic character mod n and let ψ be a character

mod n of order 4; let J(ψ, χ) =
∑
x∈Zn

ψ(x)χ(1− x) be the Jacobi sum of ψ and χ. If

K =
∑
x∈Z∗

n

∑
y∈Z∗

n

χ((1− x)(1− y)(y − x)xy),

then K = J(ψ, χ)2 + J(ψ, χ)
2
.

Proof. The proof goes along similar lines as adopted in [26]. For x ∈ Z∗
n, we use the

notation 1
x
or x−1 to refer to the multiplicative inverse of x in Z∗

n. We have

K =
∑

p∤x,1−x

∑
p∤y,1−y

p∤x−y

χ((1− x)(1− y)(y − x)xyx−2y−2)

=
∑

p∤x,x−1

∑
p∤y,y−1

p∤x−y

χ
((
(x− 1)y−1

) (
(y − 1)x−1

)
(y − x)

)
.

We break the sum into two parts. One part deals with the case when p | x + y − 1

and the other part deals with the case when p ∤ x + y − 1. First, we evaluate the

part when p | x+ y − 1. Let x+ y − 1 = tp for some k ∈ Z, 1 ≤ t ≤ pα−1. Then by

Lemma 2.9,

χ((x− 1)y−1) = χ(−1 + tpy−1) = χ(−1) = 1.
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Similarly,

χ((y − 1)x−1) = 1 and χ(y − x) = χ(2x− 1).

Using these and Theorem 1.19, we get

∑
p∤x,x−1

∑
p∤y,y−1

p∤x−y
p|x+y−1

χ((x− 1)y−1)χ((y − 1)x−1)χ(y − x)

=
∑

p∤x,x−1,2x−1

pα−1∑
t=1

χ(2x− 1)

= pα−1
∑

p∤x,x−1,2x−1

χ(2x− 1)

= pα−1

0−∑
p|x

χ(2x− 1)−
∑
p∤x
p|x−1

χ(2x− 1)


= −2p2α−2,

where we have used Lemma 2.9 as required. So K is reduced to the following

expression.

K = −2p2α−2 +
∑

p∤x,x−1

∑
p∤y,y−1

p∤x−y
p∤x+y−1

χ

(
x− 1

y

)
χ

(
y − 1

x

)
χ(y − x). (4.14)

Now, we use the substitution t = x−1
y

and u = y−1
x

in the above sum. Let

U =
∑

p∤x,x−1

∑
p∤y,y−1

p∤x−y
p∤x+y−1

χ

(
x− 1

y

)
χ

(
y − 1

x

)
χ(y − x)

TH-3257_186123003



4.2 The number of cliques of order four in Gpα 61

and

V =
∑
p∤t,t+1

∑
p∤u,u+1

p∤u−t
p∤ut−1

χ(tu(u− t)(ut− 1)).

Then we show that U = V in what follows, which will imply that the substitution

t = x−1
y

and u = y−1
x

is possible. It is easy to see that

{(
x− 1

y
,
y − 1

x

)
: (x, y) ∈ Zn × Zn and p ∤ x, x− 1, y, y − 1, x− y, x+ y − 1

}
={(t, u) : (t, u) ∈ Zn × Zn and p ∤ t, t+ 1, u, u+ 1, u− t, ut− 1}.

Let

U1 = {(x, y) ∈ Zn × Zn | p ∤ x, x− 1, y, y − 1, x− y, x+ y − 1};

V1 = {(t, u) ∈ Zn × Zn | p ∤ t, t+ 1, u, u+ 1, u− t, ut− 1}.

Then

U =
∑∑
(x,y)∈U1

χ

(
x− 1

y

)
χ

(
y − 1

x

)
χ(y− x) and V =

∑∑
(t,u)∈V1

χ(tu(u− t)(ut− 1)).

We note that |U1| = |V1| = (p − 3)2p2α−2. Let us define an equivalence relation on

U1 as

(x, y) ∼ (x′, y′) if and only if x ≡ x′ (mod p) and y ≡ y′ (mod p)

and similarly we define an equivalence relation on V1 as

(t, u) ∼1 (t
′, u′) if and only if t ≡ t′ (mod p) and u ≡ u′ (mod p).
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Then

U =
∑∑
(x,y)∈U1

(pα−1)2 χ

(
x− 1

y

)
χ

(
y − 1

x

)
χ(y − x), (4.15)

where the summation is over distinct equivalence class representatives correspond-

ing to the equivalence relation ∼, because each equivalence class contains (pα−1)2

elements and for (x, y) and (x′, y′) in the same equivalence class,

χ

(
x− 1

y

)
χ

(
y − 1

x

)
χ(y − x) = χ

(
x′ − 1

y′

)
χ

(
y′ − 1

x′

)
χ(y′ − x′).

Again, let (t, u) ∈ V1. Then for any (t′, u′) ∈ V1 which belongs to the equivalence

class of (t, u) corresponding to the equivalence relation ∼1, χ(tu(u − t)(ut − 1)) =

χ(t′u′(u′ − t′)(u′t′ − 1)). So

V =
∑∑
(t,u)∈V1

(pα−1)2 χ(tu(u− t)(ut− 1)), (4.16)

where the summation is over distinct equivalence class representatives corresponding

to the equivalence relation ∼1, similar to (4.15).

Now, for a class representative (x, y) ∈ U1 corresponding to the equivalence

relation ∼, χ
(
x−1
y

)
χ
(
y−1
x

)
χ(y − x) = χ(tu(u− t)(ut− 1)) for some (t, u) ∈ V1. So

(pα−1)2 χ

(
x− 1

y

)
χ

(
y − 1

x

)
χ(y − x) = (pα−1)2χ(tu(u− t)(ut− 1)). (4.17)

What remains to be seen is that if (x, y) and (x1, y1) ∈ U1 are in different equiv-

alence classes of the equivalence relation ∼, (t, u) and (t1, u1) ∈ V1 are in differ-

ent equivalence classes of the equivalence relation ∼1 as well, where t = x−1
y
, u =

y−1
x
, t1 = x1−1

y1
, u1 = y1−1

x1
. But this is immediate since (x, y) ̸∼ (x1, y1) implies that

(t, u) ̸∼1 (t1, u1). Thus combining (4.15), (4.16) and (4.17) we have proved that
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U = V . Therefore, (4.14) yields

K = −2p2α−2 +
∑
p∤t,t+1

∑
p∤u,u+1

p∤u−t
p∤ut−1

χ(tu(u− t)(ut− 1))

=
∑
p∤t

∑
p∤u

p∤u−t
p∤ut−1

χ(tu(u− t)(ut− 1))

=
∑
p∤t,t−1

χ(t(t− 1))
∑

p∤u,u2−t

χ(u(u2 − t)), (4.18)

where the last summation is obtained by the substitution t 7→ t
u
. The sum in (4.18)

indexed by u remains to be reduced, and following a similar approach as given in

[26], we proceed as in the proof of Theorem 1.33 to simplify this sum. Then for each

t in the sum indexed by t in (4.18), we have

∑
p∤u,u2−t

χ(u(u2 − t)) =
∑

p∤u,u2−t

ψ2(u)ψ2(u2 − t)

=
∑
u∈Z∗

n

ψ(u2)ψ2(u2 − t)

=
∑
u∈Z∗

n

ψ(u)ψ2(u− t)(1 + χ(u))

=
∑
u∈Z∗

n

ψ(u)ψ2(u− t) +
∑
u∈Z∗

n

ψχ(u)ψ2(u− t). (4.19)

The first sum in (4.19) is

∑
u∈Z∗

n

ψ(u)ψ2(u− t) =
∑
u∈Z∗

n

ψ(ut)ψ2(ut− t)

= ψ(t)
∑
u∈Z∗

n

ψ(u)ψ2(u− 1)

= ψ(t)J(ψ, ψ2)

= ψ(t)J(ψ, χ). (4.20)
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Similarly we simplify the second sum in (4.19) and obtain

∑
u∈Z∗

n

ψχ(u)ψ2(u− t) = ψ(t)J(ψ, χ). (4.21)

Combining (4.19), (4.20), (4.21), and (4.18), we have

K =
∑
p∤t,t−1

χ(t(t− 1))[ψ̄(t)J(ψ, χ) + ψ(t)J(ψ, χ)]

and hence K = J(ψ, χ)2 + J(ψ, χ)
2
. This completes the proof of the lemma. ■

Having all the required lemmas proved, we are now ready to prove Theorem 4.1.

We shall proceed in a similar fashion as in [26].

Proof of Theorem 4.1. Let Hpα denote the subgraph of Gpα induced by the set of

squares in Z∗
pα , and let f(pα) denote the number of triangles in Hpα containing 1.

Then, Proposition 2.16 yields

K4(Gpα) =
p2α−1(p− 1)f(pα)

24
, (4.22)

so we are left to evaluate f(pα). Let

X = {(x, y) ∈ Zpα × Zpα : p ∤ x, y, 1− x2, 1− y2, x2 − y2}.

Then,

f(pα) =
1

8
× |{(x, y) ∈ X : χ(1− x2) = χ(1− y2) = χ(x2 − y2) = 1}|.

Let X = A1 ∪ A2 ∪ · · · ∪ A8, where A1, A2, . . . , A8 are as given in Table 4.1. For

example, A2 is the subset of X such that for any (x, y) ∈ A2, we have χ(1− x2) =

1, χ(1−y2) = 1 and χ(x2−y2) = −1. Let βi = |Ai| for i = 1, 2, . . . , 8. Our objective

is to find β1 since we have f(pα) = 1
8
β1. To find β1, we employ some relations
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Subset of X χ(1− x2) χ(1− y2) χ(x2 − y2)
A1 1 1 1
A2 1 1 −1
A3 1 −1 1
A4 1 −1 −1
A5 −1 1 1
A6 −1 1 −1
A7 −1 −1 1
A8 −1 −1 −1

Table 4.1: The sets A1, . . . , A8

between the βi’s which we proceed to find out, similar to what is done in [26]. Now,

A1 ∪ A2

= {(x, y) ∈ Zpα × Zpα : p ∤ x, 1− x2, y, 1− y2, x2 − y2;χ(1− x2) = 1;χ(1− y2) = 1}.

Using Lemma 4.4, we find that

A := |A1 ∪ A2| = p2α−2

(
p− 5

2

)(
p− 9

2

)
. (4.23)

Again, we have

A3 ∪ A4

= {(x, y) ∈ Zpα × Zpα : p ∤ x, 1− x2, y, 1− y2, x2 − y2;χ(1− x2) = 1;χ(1− y2) = −1}.

We calculate the cardinality of A3 ∪A4 in the following manner. The total number

of y ∈ Z∗
pα such that χ(1− y2) = ±1 is the number of y ∈ Z∗

pα such that p ∤ y2 − 1,

which is pα − 2pα−1 = pα−1(p − 2). Out of them, the number of y ∈ Z∗
pα such that

χ(1 − y2) = 1 is pα−1(p−5)
2

by Lemma 4.4. So the remaining number of y ∈ Z∗
pα is

pα−1(p− 2)− pα−1(p−5)
2

− γ, where γ is the number of y such that χ(1− y2) = 1 and
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p | y. Clearly, γ = pα−1. Hence

B := |A3 ∪ A4| = p2α−2

(
p− 5

2

)(
p− 1

2

)
. (4.24)

Recalling (4.23) and (4.24) we get

β1 + β2 = A

β3 + β4 = B.

We define a bijection from A1 ∪ A3 to A1 ∪ A2 as

(x, y) 7→ (x, xy−1).

Then β1 + β3 = β1 + β2. In a similar fashion we get other relations among the βi’s

in terms of A and B (as named in (4.23) and (4.24)). In particular, we have

β1 + β2 = A;

β1 + β3 = A;

β3 + β4 = B;

β1 + β5 = A;

β2 + β6 = B;

β5 + β7 = B;

β7 + β8 = B. (4.25)

Let

S =
∑
x∈Zpα

∑
y∈Zpα

χ((1− x2)(1− y2)(x2 − y2))
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and

S0 =
∑∑
(x,y)∈X

χ((1− x2)(1− y2)(x2 − y2)).

Using (4.25) we have

S0 =
∑∑
(x,y)∈A1

χ((1− x2)(1− y2)(x2 − y2)) + · · ·+
∑∑
(x,y)∈A8

χ((1− x2)(1− y2)(x2 − y2))

= β1 − β2 − β3 + β4 − β5 + β6 + β7 − β8

= β1 − (A− β1)− (A− β1) + (B − β3)− (A− β1) + (B − β2) + (B − β5)− (B − β7)

= 64f(pα) + p2α−2(p− 5)(15− p). (4.26)

Employing Lemma 4.6 and (4.26) we have

f(pα) =
S + p2α−2(p2 − 20p+ 79)

64
. (4.27)

Now,

S =
∑
p|x

∑
y

χ((1− x2)(1− y2)(x2 − y2)) +
∑
p∤x

∑
y

χ((1− x2)(1− y2)(x2 − y2)).

(4.28)

The first term in (4.28) is

∑
p|x

∑
y

χ(1− x2)χ((1− y2)(x2 − y2)) =
∑
p|x

∑
p|y

χ(1− y2)χ(x2 − y2)

+
∑
p|x

∑
p∤y

χ(1− y2)χ(x2 − y2)

=
∑
p|x

∑
p∤y

χ(1− y2)χ(x2 − y2)

=
∑
p|x

∑
p∤y

χ(1− y2)
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= −2p2α−2.

So, (4.28) yields

S = −2p2α−2 +
∑
p∤x

∑
y

χ((1− x2)(1− y2)(x2 − y2))

= −2p2α−2 +
∑
p∤x

∑
p|y

χ((1− x2)(1− y2)(x2 − y2))

+
∑
p∤x

∑
p∤y

χ((1− x2)(1− y2)(x2 − y2)). (4.29)

We have

∑
p∤x

∑
p|y

χ(1− x2)χ(1− y2)χ(x2 − y2) =
∑
p∤x

∑
p|y

χ(1− x2) = −2p2α−2,

so (4.29) yields

S = −4p2α−2 +
∑
p∤x

∑
p∤y

χ((1− x2)(1− y2)(x2 − y2))

= −4p2α−2 +
∑
p∤x

χ(1− x2)
∑
p∤y

χ((1− y)(x2 − y)) {1 + χ(y)}

= −4p2α−2 +
∑
p∤y

χ(1− y) {1 + χ(y)}
∑
p∤x

χ((1− x2)(y − x2))

= −4p2α−2 +
∑
p∤y

χ(1− y) {1 + χ(y)}
∑
p∤x

χ((1− x)(y − x)) {1 + χ(x)}

= −4p2α−2 +
∑
p∤x

∑
p∤y

χ((1− x)(1− y)(y − x)) {1 + χ(x)} {1 + χ(y)} .

Now, we break the sum S into three parts as in [26]. Let

S = −4p2α−2 + I + 2J +K, (4.30)
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where

I =
∑
p∤x

∑
p∤y

χ((1− x)(1− y)(y − x)),

J =
∑
p∤x

∑
p∤y

χ((1− x)(1− y)(y − x)x),

and

K =
∑
p∤x

∑
p∤y

χ((1− x)(1− y)(y − x)xy).

We evaluate I using Lemma 4.5.

I =
∑
p∤x

∑
p∤y

χ((1− x)(1− y)(y − x))

=
∑
p∤x

χ(1− x)
∑
p∤y

χ((1− y)(x− y))

=
∑
p∤x

χ(1− x)

∑
y

χ((1− y)(x− y))−
∑
p|y

χ((1− y)(x− y))


=
∑
p∤x
p∤1−x

χ(1− x)
[
−pα−1 − pα−1χ(x)

]
= 2p2α−2. (4.31)

We further evaluate J and evoke Lemma 4.5 for the same.

J =
∑
p∤x

∑
p∤y

χ((1− x)(1− y)(y − x)x)

=
∑

p∤x,x−1

χ(x(1− x))
∑
p∤y

χ((1− y)(y − x))

=
∑

p∤x,x−1

χ(x(1− x))
[
−pα−1 − pα−1χ(x)

]
= 2p2α−2. (4.32)
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Using (4.31), (4.32) and Lemma 4.7, (4.30) yields

S = −4p2α−2 + I + 2J +K = 2p2α−2 + J(ψ, χ)2 + J(ψ, χ)
2
. (4.33)

Combining (4.27) and (4.33), we obtain

f(pα) =
p2α−2(p2 − 20p+ 81) + J(ψ, χ)2 + J(ψ, χ)

2

64
.

Finally, putting the value of f(pα) in (4.22), we complete the proof. ■
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5
Cliques of order four in the Paley-type

graph on Zn for general n

5.1 Introduction

The Paley-type graph Gn we defined in Chapter 2 resembles the classical Paley

graph in a number of ways, and adds to the list of generalizations of the Paley graph.

In Chapter 4, we found the number of cliques of order four in Gn, that is K4(Gn),

for n = pα using a character sum approach. However, the same approach is not

applicable for general n. In this chapter, we follow a combinatorial approach and

1The contents of this chapter are under review.

71
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find K4(Gn) for all n for which the graph Gn is defined. We omit the case when n

is even since there cannot exist cliques of order more than two in Gn in that case.

We note that the expression for K4(Gn) proved in this chapter does not contain any

Jacobi sums. Hence, combining this expression for n = pα with the one given in

Theorem 4.1, we find values of certain character sums modulo pα which were earlier

known for prime modulus only.

5.2 The number of cliques of order four in Gn

In the following theorem, we provide a closed formula for the number of cliques

of order four in Gn for odd n. Note that if p ≡ 1 (mod 4) is a prime, then there

exist integers a and b such that p = a2 + b2, where a is even; a2 and b2 are unique.

Theorem 5.1. Let n = pα1
1 · · · pαk

k , where αi ≥ 1 and the distinct primes pi satisfy

pi ≡ 1 (mod 4) for all i = 1, . . . , k. For i ∈ {1, . . . , k}, let pi = a2i + b2i , where ai, bi

are integers and ai is even. Then, the number of cliques of order four in Gn is given

by

K4(Gn) =
1

3× 82k+1

k∏
i=1

[
p4αi−3
i (pi − 1){(pi − 9)2 − 4a2i }

]
.

To show that the expression for K4(Gn) is an integer, we begin by showing

that for i ∈ {1, 2, . . . , k}, 64 | (pi − 9)2 − 4a2i . Let pi = 4si + 1. We have, (pi −

9)2 − 4a2i = 16
[(

pi−1
4

− 2
)2 − (ai

2
)2
]

= 16
[
(si − 2)2 − (ai

2
)2
]
, so it is enough to

show that 4 | s2i − (ai
2
)2. The relation 4si + 1 = pi = a2i + b2i yields si = (ai

2
)2 +

(
b2i−1

4
), and since

b2i−1

4
is even, si and

ai
2
have the same parity. So, we obtain that

4 | s2i − (ai
2
)2. Now, to show that the expression for K4(Gn) is an integer, we

write K4(Gn) = 1
3×8

k∏
i=1

[
p4αi−3
i (pi − 1)

{
(pi−9)2−4a2i

64

}]
, so it is enough to show that

3 × 8 | (p1 − 1)
{

(p1−9)2−4a21
64

}
, that is, 3 × 8 | s1

{
(s1 − 2)2 − (a1

2
)2
}
. We find that

8 | s1
{
(s1 − 2)2 − (a1

2
)2
}
follows from the fact that s1 and a1

2
have the same parity.
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Finally, we obtain that 3 | s1
{
(s1 − 2)2 − (a1

2
)2
}
by considering the cases s1 ≡ 0, 1, 2

(mod 3) and using the relation 4s1 + 1 = 4(a1
2
)2 + b21 after reduction modulo 3.

We find the values of K4(Gn) for some specific values of n by using Python which

are listed in Table 5.1.

n K4(Gn) n K4(Gn)
132 0 13× 17 0
172 0 132 × 17 0
292 143578043 29× 37 2703960
372 1040159355 29× 41 4993800

Table 5.1: Values of K4(Gn)

For the primes p = 13, 17, 29, 37, 41, we have p = a2+b2, where a2 = 4, 16, 4, 36, 16,

respectively. By putting these values in Theorem 5.1, we obtain the same values of

K4(Gn) as listed in Table 5.1.

5.2.1 Some corollaries of Theorem 5.1

As a consequence of Theorem 5.1, we readily obtain the following formula for

K4(Gpα) by taking k = 1 which does not involve any Jacobi sums, unlike Theorem

4.1 in the previous chapter.

Corollary 5.1.1. Let p ≡ 1 (mod 4) be a prime and let α be a positive integer. Let

p = a2 + b2, where a and b are integers such that a is even. Then, the number of

cliques of order four in Gpα is given by

K4(Gpα) =
p4α−3(p− 1){(p− 9)2 − 4a2}

29 × 3
.

Let p ≡ 1 (mod 4) be a prime such that p = a2 + b2 with a even. Let χ and

ψ be characters modulo p of orders 2 and 4, respectively. Then it follows from

Theorem 1.35 that for suitably chosen signs of a and b, the Jacobi sum J(ψ, χ) =
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b+ ai. Combining Theorem 4.1 and Corollary 5.1.1, we readily obtain the following

corollary which extends Theorem 1.35 to characters modulo prime powers.

Corollary 5.1.2. Let p ≡ 1 (mod 4) be a prime such that p = a2 + b2 with a even.

Let α be a positive integer. Let χ denote the unique quadratic Dirichlet character mod

pα and let ψ be a Dirichlet character mod pα of order 4. Let J := J(ψ, χ) = x+ iy

be the Jacobi sum. Then,

J2 + J̄2 = 2(x2 − y2) = 2p2α−2(p− 2a2). (5.1)

Note that by Proposition 1.17 there are two Dirichlet characters modulo pα of

order 4, namely ψ and ψ, and J(ψ, χ) = J(ψ, χ) = x− iy. So, (5.1) is independent

of the choice of a character of order 4. The identity (5.1) follows from Theorem 1.35

when α = 1. We do not know if the identity (5.1) already exists in the literature

when α > 1. In Table 5.2, we calculate x and y by using Python and verify (5.1)

for some particular values of p and α.

p, a2, p− 2a2 α x y x2 − y2 p2α−2

p = 5 = 22 + 12, 2 5 10 52 × (−3) 52

a2 = 4, p− 2a2 = −3 3 25 50 54 × (−3) 54

p = 13 = 22 + 32, 2 −39 26 132 × 5 132

a2 = 4, p− 2a2 = 5 3 −507 338 134 × 5 134

p = 17 = 42 + 12, 2 −17 68 172 × (−15) 172

a2 = 16, p− 2a2 = −15 3 −289 1156 174 × (−15) 174

p = 29 = 22 + 52, 1 5 2 21 1
a2 = 4, p− 2a2 = 21 2 145 58 292 × 21 292

p = 37 = 62 + 12, 1 1 −6 −35 1
a2 = 36, p− 2a2 = −35 2 37 −222 372 × (−35) 372

p = 41 = 42 + 52, 1 −5 4 9 1
a2 = 16, p− 2a2 = 9 2 −205 164 412 × 9 412

Table 5.2: Numerical data for (5.1)

We also prove the following corollary which follows from Theorem 5.1.
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Corollary 5.1.3. Let n = pα1
1 · · · pαk

k , where αi ≥ 1 and the distinct primes pi satisfy

pi ≡ 1 (mod 4) for all i = 1, . . . , k. Then, K4(Gn) = 0 if and only if pi ∈ {5, 13, 17}

for some i ∈ {1, . . . , k}.

Proof. From Theorem 5.1 we find thatK4(Gn) = 0 if and only if (pi−9)2−4a2i = 0 for

some i ∈ {1, . . . , k}, where pi = a2i +b
2
i for integers ai and bi such that ai is even. So,

we have (pi−9)2−4a2i = 0 if and only if (pi−9)2−4(pi−b2i ) = 0. Solving this equation

as a quadratic equation in pi, we have p
2
i − 22pi+(81+4b2i ) = 0, and readily obtain

pi = 11 ± 2
√

10− b2i . Then we have the inequality pi ≤ 11 + 2
√
10 ≈ 17.3245 . . .

and so, pi ≤ 17. The only primes p ≡ 1 (mod 4) satisfying p ≤ 17 are 5, 13 and 17.

Finally, we finish the proof by observing that for p ∈ {5, 13, 17}, if p = a2 + b2 for

integers a and b such that a is even, then (p− 9)2 − 4a2 = 0. ■

As a consequence of Theorem 3.2 and Corollary 5.1.3, we readily obtain the

following. Recall that the clique number of a graph is the order of a clique of

maximum size contained in the graph.

Corollary 5.1.4. Let n = pα1
1 · · · pαk

k , where αi ≥ 1 and the distinct primes pi satisfy

pi ≡ 1 (mod 4) for all i = 1, . . . , k. We have:

1. if pi = 5 for some i ∈ {1, . . . , k} then the clique number of Gn is 2; and

2. if pi ∈ {13, 17} for some i ∈ {1, . . . , k} and 5 ∤ n then the clique number of Gn

is 3.

5.2.2 Proof of Theorem 5.1

For primes p ≡ 1 (mod 4) and positive integers α, the following lemma lists the

squares in Z∗
pα in terms of the squares in Z∗

p.

Lemma 5.2. Let p be a prime satisfying p ≡ 1 (mod 4), and let α be a posi-

tive integer. Let Rp denote the set of non-zero squares in Zp, say Rp := (Z∗
p)

2 =
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{r1, . . . , r p−1
2
}. Then the set of squares in Z∗

pα is given by

Rpα =

p−1
2⋃
i=1

{ri + tp : t is an integer satisfying 0 ≤ t ≤ pα−1 − 1}.

Proof. Consider ri ∈ Rp for some i ∈ {1, . . . , p−1
2
}, and 0 ≤ t ≤ pα−1 − 1. We show

that (ri + tp)
ϕ(pα)

2 ≡ 1 (mod pα). By the binomial theorem, we find that

(ri + tp)
ϕ(pα)

2 =

ϕ(pα)
2∑

m=0

(ϕ(pα)
2

m

)
r

ϕ(pα)
2

−m
i (tp)m.

Then, using Lemma 2.8 we have (ri + tp)
ϕ(pα)

2 ≡ r
ϕ(pα)

2
i (mod pα). So, we proceed

to show that r
ϕ(pα)

2
i ≡ 1 (mod pα). Now, ri ∈ Rp implies r

p−1
2

i ≡ 1 (mod p) by

Corollary 1.10.1, so we have r
p−1
2

i = 1+ pX for some integer X. Again applying the

binomial theorem, we find that

(r
p−1
2

i )p
α−1

= (1 + pX)p
α−1

=

pα−1∑
l=0

(
pα−1

l

)
plX l.

So, it suffices to show that if 1 ≤ l ≤ α − 1 then pα−l |
(
pα−1

l

)
. We proceed along

similar lines as in the proof of Lemma 2.8. Let σp(y) denote the sum of the digits

of the base-p representation of y. We have

(
pα−1

l

)
=
pα−1(pα−1 − 1) · · · (pα−1 − l + 1)

l!

=
pα−lpl−1(pα−1 − 1) · · · (pα−1 − l + 1)

l!
.

If possible, let pl | l!. Recalling Definition 2.6, we have vp(l!) ≥ l, which implies

l−σp(l)
p−1

≥ l, which is not possible. So, pα−l |
(
pα−1

l

)
and hence r

ϕ(pα)
2

i ≡ 1 (mod pα).

Thus, we have proved that (ri + tp)
ϕ(pα)

2 ≡ 1 (mod pα). Since Z∗
pα is cyclic of order

ϕ(pα), this implies ri + tp ∈ Rpα . Conversely, let z ∈ Rpα . Then z ≡ x2 (mod pα)
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for some unit x ∈ Zpα , which implies z ≡ x2 (mod p). Thus, z ≡ ri (mod p) for

some i ∈ {1, . . . , p−1
2
} and our proof is complete. ■

Remark 5.3. Let n = pα1
1 · · · pαk

k , where αi ≥ 1 and the distinct primes pi satisfy

pi ≡ 1 (mod 4) for all i = 1, . . . , k. Let x ∈ Zn. Then by Lemmas 3.4 and 5.2, we

have

x ∈ Rn if and only if x (mod pi) ∈ Rpi for i = 1, . . . , k.

This yields

|Rn| =
k∏
i=1

(
pαi−1
i × pi − 1

2

)
=
ϕ(n)

2k
.

Now, we prove a lemma which will be used to prove Theorem 5.1. Before stating

the lemma, we recall a proposition from [26] which will be used in the proof of the

lemma.

Proposition 5.4. [26, Proposition 4] Suppose that p ≡ 1 (mod 4) is a prime, and

p = a2 + b2 with a even. Let P (p) be the Paley graph of order p, let Hp be the

subgraph of P (p) induced by the set of non-zero squares in Zp and let f(p) be the

number of triangles in Hp containing the vertex 1. Then,

f(p) =
(p− 9)2 − 4a2

64
.

The following lemma counts the number of triangles of a particular kind in the

graph Gpα in terms of the number of triangles in Gp. We use Notation 1.57.

Lemma 5.5. Let p ≡ 1 (mod 4) be a prime and let α be a positive integer. Let Gpα

denote the Paley-type graph of order pα and let Hpα denote its subgraph induced by

the set of squares in Z∗
pα. Let P (p) denote the Paley graph of order p and let Hp

denote its subgraph induced by the non-zero squares in Zp. Let p = a2 + b2, where

a and b are integers such that a is even. Then, the number of triangles in Hpα
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containing the vertex 1 is given by

K3(Hpα , 1) = p2α−2 ×K3(Hp, 1) = p2α−2 ×
(
(p− 9)2 − 4a2

64

)
.

Proof. Let Rpα and Rp denote the set of squares in Z∗
pα and Z∗

p, respectively. Let

(1, x, y) denote a triangle in Hpα containing the vertex 1, where x, y ∈ Zpα . Then,

x, y, x − 1, y − 1, x − y ∈ Rpα and so, (1 (mod p), x (mod p), y (mod p)) yields a

triangle in Hp containing the vertex 1. Conversely, let (1, c, d) denote a triangle

in Hp containing the vertex 1, whereby c, d, c − 1, d − 1, c − d ∈ Rp. Employing

Lemma 5.2, we find that (1, c + tp, d + t′p) yields a triangle in Hpα containing the

vertex 1, where t, t′ are integers satisfying 0 ≤ t, t′ ≤ pα−1 − 1. Each such triangle

constructed in Hpα is unique: if (1, c+ tp, d+ t′p) and (1, d+ t′′p, c+ t′′′p) yield the

same triangle (0 ≤ t, t′, t′′, t′′′ ≤ pα−1 − 1), this implies c ≡ d (mod p) which is a

contradiction. Thus, the triangle (1, c, d) in Hp produces (pα−1)2 distinct triangles

in Hpα containing the vertex 1. We have proved the first equality in the statement

of the lemma. The second equality follows from Proposition 5.4. This completes the

proof of the lemma. ■

Having all the required lemmas proved, we are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let Hn denote the subgraph of Gn induced by the set of

squares in Z∗
n. Employing Proposition 2.16 and using Notation 1.57, we have

K4(Gn) =
nϕ(n)

3× 2k+2
×K3(Hn, 1). (5.2)

Let F denote the set of triangles in Hn containing the vertex 1, and for i ∈ {1, . . . , k}

let Fi denote the set of triangles in Hp
αi
i

containing the vertex 1. Let us set the

notation (1, x, y) to denote the triangle with the vertices 1, x and y. We define the
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following map:

g : F → F1 × · · · × Fk

(1, x, y) 7→ ((1 (mod pα1
1 ), x (mod pα1

1 ), y (mod pα1
1 )), . . . ,

(1 (mod pαk
k ), x (mod pαk

k ), y (mod pαk
k ))).

g is a well defined function. Next, to show that g is onto we seek for a pre-image of

an element in F1 × · · · × Fk, say j := ((1, c1, d1), . . . , (1, ck, dk)). We find x, y ∈ Zn
such that (1, x, y) ∈ F . We have a solution for x and y if they satisfy the following

system of congruences:

x ≡ c1 (mod pα1
1 ), . . . , x ≡ ck (mod pαk

k ),

y ≡ d1 (mod pα1
1 ), . . . , y ≡ dk (mod pαk

k ). (5.3)

Let us denote this system as

 c1 . . . ck

d1 . . . dk

. Note that interchanging the elements

in any column of

 c1 . . . ck

d1 . . . dk

 and finding the solution to the corresponding

system of congruences also gives another pre-image of j in F . However, (1, ci, di)

and (1, di, ci) denote the same triangle, so the system

 d1 . . . dk

c1 . . . ck

 gives the

same triangle in Hpα as (5.3) does. Hence, each element in F1 × · · · × Fk has

2k

2
= 2k−1 pre-images in F , and therefore, (5.2) yields

K4(Gn) =
nϕ(n)

3× 2k+2
× 2k−1 ×

k∏
i=1

K3(Hp
αi
i
, 1). (5.4)

Finally, employing Lemma 5.5 to substitute K3(Hp
αi
i
, 1) for i ∈ {1, . . . , k} in (5.4)

completes the proof of the theorem. ■
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6
Number of cliques in Peisert graphs

6.1 Introduction

It is a natural question to ask for the classification of all self-complementary and

symmetric (SCS) graphs (see Definitions 1.64 and 1.67). In this direction, Peisert

[48] observed that Chao’s classification in [18] sheds light on the fact that the only

such possible graphs of prime order are the Paley graphs. Zhang in [61], gave an

algebraic characterization of SCS graphs using the classification of finite simple

groups, although it did not follow whether one could find such graphs other than

the Paley graphs. In 2001, Peisert gave a full description of SCS graphs as well as

1The contents of this chapter are under review.

81
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their automorphism groups in [49]. He derived that there is another infinite family

of SCS graphs apart from the Paley graphs, and, in addition, one more graph not

belonging to any of the two former families. He constructed the P ∗-graphs (which

are now known as Peisert graphs) as follows.

Definition 6.1 (Peisert graph). Let p ≡ 3 (mod 4) be a prime, and for a positive

integer t, let q = p2t. Let g be a primitive element of the finite field Fq, that is,

F∗
q = Fq \ {0} = ⟨g⟩. Then the Peisert graph P ∗(q) is defined as the graph with

vertex set Fq, where ab is an edge if and only if a− b ∈ ⟨g4⟩ ∪ g⟨g4⟩.

It is shown in [49] that the definition is independent of the choice of g. It turns

out that an edge is well defined, since q ≡ 1 (mod 8) implies that −1 ∈ ⟨g4⟩.

Figure 6.1: The Peisert graph of order 9

Various properties of Peisert graphs have been studied, for example, their au-

tomorphism groups by Peisert himself in [49], pseudo-random properties in [39],

structure of maximal and maximum cliques in [58] and [8], critical groups of the

graphs in [53], etc. Peisert graphs have been used to produce binary and ternary

codes from their adjacency matrices in [38]. In [1], certain designs have been pro-

duced from Peisert graphs as well.

The Peisert graphs lie in the class of SCS graphs along with Paley graphs, so it

would serve as a good analogy to study the number of cliques in the former class too.

In [2], Alexander found the number of triangles using the properties that the Peisert
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graphs are edge-transitive and that any pair of vertices connected by an edge have

the same number of common neighbors. There was also an attempt to compute the

number of cliques of order 4, but it was mentioned that the associated character

sums “are notoriously difficult to simplify in any meaningful way”. In this chapter,

we follow a character sum approach to compute the number of cliques in Peisert

graphs.

6.2 The number of triangles and cliques of order

four in the Peisert graph

Cliques in Paley graphs have been extensively studied by implementing character

sums. The Peisert graphs go hand in hand with Paley graphs; they are often men-

tioned in discussions related to Paley graphs, for example in [23, 36]. Moreover, the

definition of a Peisert graph is quite similar to that of a Paley graph: both graphs

involve a finite field as the vertex sets and have the edge sets depending on cosets

of subgroups of the multiplicative group of the finite field. Thus, we are tempted

to apply character sums in computing cliques in Peisert graphs. In the following

theorem, we find the number of triangles in Peisert graphs by evaluating certain

character sums.

Theorem 6.2. Let q = p2t, where p ≡ 3 (mod 4) is a prime and t is a positive

integer. Then, the number of triangles in the Peisert graph P ∗(q) is given by

K3(P
∗(q)) =

q(q − 1)(q − 5)

24 × 3
.

It is easy to see that the expression for K3(P
∗(q)) is an integer. We write

K3(P
∗(q)) =

q( q−1
4
)( q−1

4
− 1)

3
. Then, 3 ∤ q−1

4
+ 1 unless q is an even power of 3

(in which case K3(P
∗(q)) is evidently an integer), so 3 | ( q−1

4
)( q−1

4
− 1).

We note that the number of triangles in the Peisert graph of order q equals the
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number of triangles in the Paley graph of the same order.

There is no known formula for the number of cliques of order 4 in the Peisert

graph P ∗(q). The main purpose of this chapter is to provide a general formula

for K4(P
∗(q)). In this case, the character sums are difficult to evaluate. We use

finite field hypergeometric functions to evaluate some of the character sums. In the

following theorem, we express the number of cliques of order 4 in Peisert graphs in

terms of finite field hypergeometric functions as given in Definition 1.40.

Theorem 6.3. Let p be a prime such that p ≡ 3 (mod 4). For a positive integer

t, let q = p2t. Let q = u2 + 2v2 for integers u and v such that u ≡ 3 (mod 4) and

p ∤ u when p ≡ 3 (mod 8). If χ4 is a character of Fq of order 4, then the number of

cliques of order 4 in the Peisert graph P ∗(q) is given by

K4(P
∗(q)) =

q(q − 1)

210 × 3

2(q2 − 20q + 81) + 2u(−p)t + 3q2 · 3F2

χ4, χ4, χ
3
4

ε, ε

∣∣∣1
 .

Using SageMath, we numerically verify Theorem 6.3 for certain values of q. We

list some of the values in Table 6.1. We denote by 3F2(·) the hypergeometric function

appearing in Theorem 6.3.

p q K4(P
∗(q)) u q2 · 3F2(·) K4(P

∗(q)) 3F2(·)
(by SageMath) (by SageMath) (by Theorem 6.3)

3 9 0 −1 10 0 0.1234 . . .
7 49 2156 7 −30 2156 −0.0123 . . .
3 81 21060 7 −62 21060 −0.0094 . . .
11 121 116160 7 42 116160 0.0028 . . .
19 361 10515930 −17 522 10515930 0.0040 . . .
23 529 49135636 23 930 49135636 0.0033 . . .

Table 6.1: Numerical data for Theorem 6.3
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6.2.1 Some preliminaries and lemmas

To count the number of cliques in Peisert graphs, we note that since the graph

is vertex-transitive, any two vertices in the graph are contained in the same number

of cliques of a particular order. Before we proceed to prove the main results, we

begin by fixing some notation. For a prime p ≡ 3 (mod 4) and positive integer t, let

q = p2t. Let g be a primitive element of the finite field Fq, that is, F∗
q = Fq\{0} = ⟨g⟩.

Now, we fix a multiplicative character χ4 on Fq of order 4 (which exists since q ≡ 1

(mod 4)). Let φ be the unique quadratic character on Fq. Then, we have χ2
4 = φ.

Let H = ⟨g4⟩ ∪ g⟨g4⟩. Since H is the union of two cosets of ⟨g4⟩ in ⟨g⟩, we see that

|H| = 2 × q−1
4

= q−1
2
. Peisert graphs being symmetric, are vertex-transitive. Also,

the subgraphs induced by ⟨g4⟩ and g⟨g4⟩ are both vertex-transitive: if s, t are two

elements of ⟨g4⟩ (or g⟨g4⟩) then the map on the vertex set of ⟨g4⟩ (or g⟨g4⟩) given

by x 7→ t
s
x is an isomorphism sending s to t.

Throughout the chapter, we fix h = 1−χ4(g). For x ∈ F∗
q, we have the following:

2 + hχ4(x) + hχ4(x)

4
=

 1, if χ4(x) ∈ {1, χ4(g)};

0, otherwise.
(6.1)

We note here that for x ̸= 0, x ∈ H if and only if χ4(x) = 1 or χ4(x) = χ4(g).

Now, we state some preliminary lemmas which we make use of, to prove Theorems

6.2 and 6.3. We have the following lemma which will be used in proving the main

results.

Lemma 6.4. Let q = p2t, where p ≡ 3 (mod 4) is a prime and t is a positive

integer. Let χ4 be a multiplicative character of order 4 on Fq, and let φ be the

unique quadratic character. Then, we have J(χ4, χ4) = J(χ4, φ) = −(−p)t.

Proof. By Proposition 1.36, we have J(χ4, χ4) = −(−p)t. By Theorem 1.35, where

the result remains the same if we replace a field of prime order by a field with

prime power order, and by Theorem 1.30, we see that J(χ4, φ) = χ4(4)J(χ4, χ4) =
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a4 + ib4, where a
2
4 + b24 = q and a4 ≡ −( q+1

2
) (mod 4). Hence, a4 ≡ 1 (mod 4) and

a4 = −(−p)t, b4 = 0. Thus, we obtain J(χ4, φ) = J(χ4, χ4) = −(−p)t. ■

Next, we evaluate certain character sums in the following lemmas.

Lemma 6.5. Let q ≡ 1 (mod 4) be a prime power and let χ4 be a character on Fq
of order 4 such that χ4(−1) = 1, and let φ be the unique quadratic character. Let

a ∈ Fq be such that a ̸= 0, 1. Then,

∑
y∈Fq

χ4((y − 1)(y − a)) = φ(a− 1)J(χ4, χ4).

Proof. We have

∑
y∈Fq

χ4((y − 1)(y − a)) =
∑
y′∈Fq

χ4(y
′(y′ + 1− a))

=
∑
y′′∈Fq

χ4((1− a)y′′)χ4((1− a)(y′′ + 1))

= φ(1− a)
∑
y′′∈Fq

χ4(y
′′(y′′ + 1))

= φ(1− a)
∑
y′′∈Fq

χ4(−y′′(−y′′ + 1))

= φ(1− a)J(χ4, χ4),

where we used the substitutions y − 1 = y′, y′′ = y′(1 − a)−1, and replaced y′′ by

−y′′. ■

Lemma 6.6. Let q ≡ 1 (mod 4) be a prime power and let χ4 be a character on Fq
of order 4 such that χ4(−1) = 1. Let a ∈ Fq be such that a ̸= 0, 1. Then,

∑
y∈Fq

χ4(y)χ4(a− y) = −1.
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Proof. We have

∑
y∈Fq

χ4(y)χ4(a− y) =
∑
y′∈Fq

χ4(ay
′)χ4(a− ay′)

=
∑
y′∈Fq

χ4(y
′)χ4(1− y′)

=
∑
y′∈Fq

χ4

(
y′(1− y′)−1

)
=

∑
y′′∈Fq ,y′′ ̸=−1

χ4(y
′′)

= −1,

where we used the substitutions y′ = ya−1 and y′′ = y′(1− y′)−1, respectively. ■

Now, we prove Theorems 6.2 and 6.3. Note that we use Theorem 1.19 as and

when required.

6.2.2 Proof of Theorem 6.2

In this section we present the proof of Theorem 6.2.

Proof of Theorem 6.2. Recall that H = ⟨g4⟩ ∪ g⟨g4⟩ and ⟨H⟩ denotes the subgraph

of P ∗(q) induced by H. We also use Notation 1.57. Using the vertex-transitivity of

P ∗(q), we find that

K3(P
∗(q)) =

1

3
× q ×K3(P

∗(q), 0)

=
q

3
× number of edges in ⟨H⟩. (6.2)

Now,

the number of edges in ⟨H⟩ = 1

2
×

∑∑
χ4(x−y)∈{1,χ4(g)}

1, (6.3)
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where the first sum is taken over all x such that χ4(x) ∈ {1, χ4(g)} and the second

sum is taken over all y ̸= x such that χ4(y) ∈ {1, χ4(g)}. Hence, using (6.1) in (6.3),

we find that

the number of edges in ⟨H⟩

=
1

2× 43

∑
x ̸=0

(2 + hχ4(x) + hχ4(x))

×
∑
y ̸=0,x

[(2 + hχ4(y) + hχ4(y))(2 + hχ4(x− y) + hχ4(x− y))]. (6.4)

We expand the inner summation in (6.4) to obtain

∑
y ̸=0,x

[(2 + hχ4(y) + hχ4(y))(2 + hχ4(x− y) + hχ4(x− y))] (6.5)

=
∑
y ̸=0,x

[4 + 2hχ4(y) + 2hχ4(y) + 2hχ4(x− y) + 2hχ4(x− y) + 2χ4(y)χ4(x− y)

+ 2χ4(y)χ4(x− y)− 2χ4(g)χ4(y(x− y)) + 2χ4(g)χ4(y(x− y))]. (6.6)

We have

∑
y ̸=0,x

χ4(y(x− y)) =
∑
y ̸=0,1

χ4(xy)χ4(x− xy) = φ(x)J(χ4, χ4). (6.7)

Using Lemma 6.6 and (6.7), (6.5) yields

∑
y ̸=0,x

[(2 + hχ4(y) + hχ4(y))(2 + hχ4(x− y) + hχ4(x− y))]

= 4(q − 3)− 4hχ4(x)− 4hχ4(x)− 2χ4(g)φ(x)J(χ4, χ4) + 2χ4(g)φ(x)J(χ4, χ4).

(6.8)

Now, putting (6.8) into (6.4), and then using Lemma 6.4, we find that

the number of edges in ⟨H⟩

TH-3257_186123003



6.2 The number of triangles and cliques of order four in the
Peisert graph 89

=
1

2× 43

∑
x ̸=0

[(2 + hχ4(x) + hχ4(x))(4(q − 3)− 4hχ4(x)− 4hχ4(x))]

=
1

2× 43

∑
x ̸=0

[8(q − 5) + (4h(q − 3)− 8h)χ4(x) + (4h(q − 3)− 8h)χ4(x)]

=
(q − 1)(q − 5)

16
.

Substituting this value in (6.2) gives us the required result. ■

6.2.3 Proof of Theorem 6.3

The proof of Theorem 6.3 requires more machinery. We begin with some lemmas

which will simplify some of the terms in the character sums that we come across in

the proof of the theorem.

Lemma 6.7. Let q = p2t, where p ≡ 3 (mod 4) is a prime and t is a positive

integer. Let χ4 be a character on Fq of order 4 and let φ be the unique quadratic

character. Let J(χ4, χ4) = J(χ4, φ) = ρ, where ρ = −(−p)t. Then,

∑
x,y∈Fq ,x ̸=1

χ4(x)χ4(y)χ4(1− y)χ4(x− y) = −2ρ (6.9)

and

∑
x,y∈Fq ,x ̸=1

χ4(x)χ4(y)χ4(1− y)χ4(x− y) = 1− ρ. (6.10)

Proof. By Lemma 6.6, we have

∑
y ̸=0,1

χ4(y)χ4(1− y)
∑

x̸=0,1,y

χ4(x)χ4(x− y) =
∑
y ̸=0,1

χ4(y)χ4(1− y) [−1− χ4(y − 1)]

= −ρ−
∑
y

χ4(y)φ(1− y) = −2ρ,
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which proves (6.9). Next, using the substitution x′ = xy−1, we have

∑
x

χ4(x)χ4(x− y) =
∑
x′

χ4(x
′y)χ4(x

′y − y) = φ(y)ρ. (6.11)

So, using (6.11), we find that

∑
y ̸=0,1

χ4(y)χ4(1− y)
∑

x ̸=0,1,y

χ4(x)χ4(x− y) =
∑
y ̸=0,1

χ4(y)χ4(1− y) [φ(y)ρ− χ4(y − 1)]

= ρ
∑
y

χ4(y)χ4(1− y)−
∑
y ̸=1

χ4(y)

= −ρ+ 1.

This completes the proof of the lemma. ■

We need to evaluate several analogous character sums as in Lemma 6.7. To this

end, we have the following two lemmas whose proofs merely involve Lemmas 6.5

and 6.6 (as in Lemma 6.7).

Lemma 6.8. Let q = p2t, where p ≡ 3 (mod 4) is a prime and t is a positive

integer. Let χ4 be a character on Fq of order 4 and let φ be the unique quadratic

character. Let J(χ4, χ4) = J(χ4, φ) = ρ, where ρ = −(−p)t. Then, we have

∑
x,y∈Fq ,x ̸=0,1

χi14 (y)χ
i2
4 (1− y)χi34 (x− y)

=


−2ρ, if (i1, i2, i3) ∈ {(1, 1, 1), (−1,−1,−1)};

2, if (i1, i2, i3) ∈ {(1, 1,−1), (−1,−1, 1)};

1− ρ, if (i1, i2, i3) ∈ {(1,−1, 1), (1,−1,−1), (−1, 1, 1), (−1, 1,−1)}.

Proof. The proofs are similar, and we provide one such instance. For (i1, i2, i3) =
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(1, 1, 1), we have

∑
y ̸=0,1

∑
x ̸=0,1

χ4(y)χ4(1− y)χ4(x− y) =
∑
y ̸=0,1

χ4(y)χ4(1− y)
∑
x ̸=0,1

χ4(x− y)

=
∑
y ̸=0,1

χ4(y)χ4(1− y)(−χ4(y)− χ4(1− y))

= −
∑
y ̸=0,1

ϕ(y)χ4(1− y)−
∑
y ̸=0,1

χ4(y)ϕ(1− y)

= −2ρ.

■

Lemma 6.9. Let q = p2t, where p ≡ 3 (mod 4) is a prime and t is a positive integer.

Let χ4 be a character on Fq of order 4 and let φ be the unique quadratic character.

Let J(χ4, χ4) = J(χ4, φ) = ρ, where ρ = −(−p)t. Then, for i1, i2, i3 ∈ {±1}, we

have the following tabulation of the values of the expression given below:

∑
x,y∈Fq ,x ̸=0,1

Ax · χi14 (y)χi24 (1− y)χi34 (x− y). (6.12)

For w ∈ {1, 2, . . . , 8} and z ∈ {1, 2, . . . , 7}, the (w, z)-th entry in the table corre-

sponds to (6.12), where Ax is either χ4(x), χ4(x), χ4(1 − x) or χ4(1 − x) and the
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tuple (i1, i2, i3) depends on w.

Ax

i1 i2 i3 χ4(x) χ4(x) χ4(1− x) χ4(1− x)

1 1 1 −2ρ −2ρ −2ρ −2ρ

1 1 −1 1− ρ 1− ρ 1− ρ 1− ρ

1 −1 1 ρ2 + 1 2 ρ2 − ρ 1− ρ

1 −1 −1 1− ρ ρ2 − ρ 2 ρ2 + 1

−1 1 1 ρ2 − ρ 1− ρ ρ2 + 1 2

−1 1 −1 2 ρ2 + 1 1− ρ ρ2 − ρ

−1 −1 1 1− ρ 1− ρ 1− ρ 1− ρ

−1 −1 −1 −2ρ −2ρ −2ρ −2ρ

For example, the (3, 6)-th position contains the value ρ2−ρ. Here w = 3 corresponds

to i1 = 1, i2 = −1, i3 = 1; z = 6 corresponds to the column Ax = χ4(1− x). So,

∑
x,y∈Fq ,x ̸=0,1

χ4(1− x)χ4(y)χ4(1− y)χ4(x− y) = ρ2 − ρ.

Proof. The calculations follow along the lines of Lemma 6.5 and Lemma 6.6. For

example, in Lemma 6.7, one can take χ4(x), χ4(x−1) or χ4(x−1) in place of χ4(x)

in (6.9) and (6.10) (which we denote by Ax), and easily evaluate the corresponding

character sum. ■

Lemma 6.10. Let q = p2t, where p ≡ 3 (mod 4) is a prime and t is a positive

integer. Let χ4 be a character of order 4. Let φ and ε be the quadratic and the

trivial characters, respectively. Let q = u2+2v2 for integers u and v such that u ≡ 3

(mod 4) and p ∤ u when p ≡ 3 (mod 8). Then,

3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1
 = 3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1

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= 3F2

 χ4, χ4, χ4

φ, ε

∣∣∣1


= 3F2

 χ4, χ4, χ4

φ, ε

∣∣∣1


=
1

q2
[−2u(−p)t].

Proof. Let χ8 be a character of order 8 such that χ2
8 = χ4. Now, Proposition 1.36

tells us that J(χ4, χ4) = −(−p)t and hence it is real. Again, by Lemma 1.22 and

Remark 1.38, J(χ8, χ
2
8) = χ8(−4)J(χ4, χ4), where χ8(4) = ±1 and thus, is also real.

By Theorem 1.42, we have

3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1
 =

(
χ8

χ2
8

)(
χ8

χ3
8

)
+

(
χ5
8

χ2
8

)(
χ5
8

χ8

)

=
χ8(−1)

q2
[J(χ8, χ

6
8)J(χ8, χ

5
8) + J(χ5

8, χ
6
8)J(χ

5
8, χ8)].

(6.13)

Using Theorems 1.31 and 1.32, we obtain

J(χ8, χ
6
8) = χ8(−1)J(χ8, χ8),

J(χ8, χ
5
8) = χ8(−1)J(χ8, χ

2
8),

J(χ5
8, χ

6
8) = χ8(−1)J(χ8, χ8).

Substituting these values in (6.13), and using Lemma 1.39 and Remark 1.38, we find

that

3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1
 =

χ8(−1)

q2
[J(χ8, χ8)J(χ8, χ

2
8) + J(χ8, χ8)J(χ8, χ

2
8)]

=
1

q2
J(χ8, χ

2
8)× 2Re(J(χ8, χ8))× χ8(−1)
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=
1

q2
[−2u(−p)t]. (6.14)

Since 3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1
 is the conjugate of 3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1
, so both

are equal as the value given in (6.14) is a real number. Evoking Theorem 1.42 again,

we have

3F2

 χ4, χ4, χ4

φ, ε

∣∣∣1
 =

(
χ8

χ2
8

)(
χ8

χ8

)
+

(
χ3
8

χ2
8

)(
χ3
8

χ8
3

)

=
χ8(−1)

q2
[J(χ8, χ8

2)J(χ8, χ8) + J(χ3
8, χ8

2)J(χ3
8, χ

3
8)].

(6.15)

Recalling Theorem 1.32 gives J(χ8, χ8) = J(χ3
8, χ

3
8). Also, Theorem 1.31 gives

J(χ3
8, χ8

2) = J(χ5
8, χ

2
8) = J(χ8, χ2

8) = J(χ8, χ
2
8). Hence, (6.15) yields

3F2

 χ4, χ4, χ4

φ, ε

∣∣∣1
 =

1

q2
J(χ8, χ

2
8)× 2Re(J(χ8, χ8))× χ8(−1)

=
1

q2
[−2u(−p)t],

which is the same real number we found in (6.14). Hence, its complex conjugate,

namely 3F2

 χ4, χ4, χ4

φ, ε

∣∣∣1
 is also real and has the same value. This completes

the proof of the lemma. ■

Next, we note the following observations given in the beginning of the sixth

section in [21]. We state it as a lemma since we shall use it in proving Theorem 6.3.

Let X = {(t1, t2, t3, t4, t5) ∈ Z5
4 : t1, t2, t3 ̸= 0, t4, t5; t1 + t2 + t3 ̸= t4, t5}. To each of

the transformations in (1.3)-(1.9), Dawsey and McCarthy in [21] associated a map
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on X; for example, the transformation in (1.3) gives that

3F2

 χt14 , χt24 , χt34

χt44 , χt54

∣∣∣1
 = 3F2

 χt2−t44 , χt1−t44 , χt3−t44

χ−t4
4 , χt5−t44

∣∣∣1
 ,

so it induces a map f1 : X → X given by

f1(t1, t2, t3, t4, t5) = (t2 − t4, t1 − t4, t3 − t4,−t4, t5 − t4).

Similarly, the other transformations in (1.4)-(1.9) led to the construction of the maps

f2 to f7.

Lemma 6.11. [21] Let X = {(t1, t2, t3, t4, t5) ∈ Z5
4 : t1, t2, t3 ̸= 0, t4, t5; t1+ t2+ t3 ̸=

t4, t5}. Define the functions fi : X → X, i ∈ {1, 2, . . . , 7} in the following manner:

f1(t1, t2, t3, t4, t5) = (t2 − t4, t1 − t4, t3 − t4,−t4, t5 − t4),

f2 (t1, t2, t3, t4, t5) = (t1, t1 − t4, t1 − t5, t1 − t2, t1 − t3) ,

f3 (t1, t2, t3, t4, t5) = (t2 − t4, t2, t2 − t5, t2 − t1, t2 − t3) ,

f4 (t1, t2, t3, t4, t5) = (t1, t2, t5 − t3, t1 + t2 − t4, t5) ,

f5 (t1, t2, t3, t4, t5) = (t1, t4 − t2, t3, t4, t1 + t3 − t5) ,

f6 (t1, t2, t3, t4, t5) = (t4 − t1, t2, t3, t4, t2 + t3 − t5) ,

f7 (t1, t2, t3, t4, t5) = (t4 − t1, t4 − t2, t3, t4, t4 + t5 − t1 − t2) .

Then the group generated by f1, . . . , f7, with operation composition of functions, is

the set

F = {f0, fi, fj ◦fl, f4◦f1, f6◦f2, f5◦f3, f1◦f4◦f1 : 1 ≤ i ≤ 7, 1 ≤ j ≤ 3, 4 ≤ l ≤ 7},

where f0 is the identity map.
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Moreover, the group F acts on the set X, and X contains eleven orbits with represen-

tatives (1, 1, 1, 0, 0), (3, 3, 3, 0, 0), (1, 3, 3, 2, 0), (3, 1, 1, 2, 0), (2, 1, 3, 0, 0), (1, 3, 2, 0, 0),

(2, 3, 1, 0, 0), (1, 2, 2, 0, 0), (2, 2, 1, 0, 0), (1, 1, 3, 0, 0) and (2, 2, 2, 0, 0). If we associate

the 5-tuple (t1, t2, . . . , t5) ∈ X to the hypergeometric function 3F2

 χt14 , χt24 , χt34

χt44 , χt54

∣∣∣1
,

then each orbit of the group action consists of a number of 5-tuples (t1, t2, . . . , t5),

and the corresponding 3F2 terms have the same value.

Proof. For a proof, see Section 6 of [21]. ■

Now, we prove Theorem 6.3. We will use the following notation. Let J(χ4, χ4) =

J(χ4, φ) = ρ, where the value of ρ is given by Lemma 6.4. Let χ8 be a character

of order 8 such that χ2
8 = χ4. Note that in the proof we shall use the fact that

χ4(−1) = 1 multiple times.

Proof of Theorem 6.3. Noting again that P ∗(q) is vertex-transitive, we find that

K4(P
∗(q)) =

q

4
× number of cliques of order 4 in P ∗(q) containing 0

=
q

4
×K3(⟨H⟩). (6.16)

Here, H = ⟨g4⟩ ∪ g⟨g4⟩ and ⟨H⟩ denotes the subgraph of P ∗(q) induced by H. We

use Notation 1.57. Let a, b ∈ H be such that χ4(ab
−1) = 1. We note that

K3(⟨H⟩, a) = 1

2
×

∑∑
χ4(x−y)∈{1,χ4(g)}

1, (6.17)

where the 1st sum is taken over all x such that χ4(x), χ4(a − x) ∈ {1, χ4(g)} and

the 2nd sum is taken over all y ̸= x such that χ4(y), χ4(a− y) ∈ {1, χ4(g)}. Hence,

using (6.1) in (6.17), we find that

K3(⟨H⟩, a)
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=
1

2× 45

∑
x ̸=0,a

∑
y ̸=0,a,x

[(2 + hχ4(a− x) + hχ4(a− x))

× (2 + hχ4(a− y) + hχ4(a− y))(2 + hχ4(x− y) + hχ4(x− y))

× (2 + hχ4(x) + hχ4(x))(2 + hχ4(y) + hχ4(y))].

Using the substitution Y = ba−1y, the sum indexed by y in the above yields

K3(⟨H⟩, a)

=
1

2× 45

∑
x ̸=0,a

∑
Y ̸=0,b,ba−1x

[(2 + hχ4(a− x) + hχ4(a− x))

× (2 + hχ4(Y − b) + hχ4(Y − b))(2 + hχ4(Y − ba−1x) + hχ4(Y − ba−1x))

× (2 + hχ4(x) + hχ4(x))(2 + hχ4(Y ) + hχ4(Y ))]

=
1

2× 45

∑
Y ̸=0,b

∑
x ̸=0,a,ab−1Y

[(2 + hχ4(a− x) + hχ4(a− x))

× (2 + hχ4(Y − b) + hχ4(Y − b))(2 + hχ4(Y − ba−1x) + hχ4(Y − ba−1x))

× (2 + hχ4(x) + hχ4(x))(2 + hχ4(Y ) + hχ4(Y ))].

Again, using the substitution X = ba−1x yields

K3(⟨H⟩, a)

=
1

2× 45

∑
Y ̸=0,b

∑
X ̸=0,b,Y

[(2 + hχ4(b−X) + hχ4(b−X))

× (2 + hχ4(b− Y ) + hχ4(b− Y ))(2 + hχ4(X − Y ) + hχ4(X − Y ))

× (2 + hχ4(X) + hχ4(X))(2 + hχ4(Y ) + hχ4(Y ))]

= K3(⟨H⟩, b).

Thus, if a, b ∈ H are such that χ4(ab
−1) = 1, then

K3(⟨H⟩, a) = K3(⟨H⟩, b). (6.18)
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Let ⟨g4⟩ = {x1, . . . , x q−1
4
} with x1 = 1 and g⟨g4⟩ = {y1, . . . , y q−1

4
} with y1 = g.

Then,

q−1
4∑
i=1

K3(⟨H⟩, xi) +

q−1
4∑
i=1

K3(⟨H⟩, yi) = 3×K3(⟨H⟩). (6.19)

By (6.18), we have

K3(⟨H⟩, x1) = K3(⟨H⟩, x2) = · · · = K3(⟨H⟩, x q−1
4
)

and

K3(⟨H⟩, y1) = K3(⟨H⟩, y2) = · · · = K3(⟨H⟩, y q−1
4
).

Hence, (6.19) yields

K3(⟨H⟩) = q − 1

12
[K3(⟨H⟩, 1) +K3(⟨H⟩, g)]. (6.20)

Thus, we need to find only K3(⟨H⟩, 1) and K3(⟨H⟩, g). We first find K3(⟨H⟩, 1).

We have

K3(⟨H⟩, 1)

=
1

2× 45

∑
x ̸=0,1

[(2 + hχ4(1− x) + hχ4(1− x))(2 + hχ4(x) + hχ4(x))]

∑
y ̸=0,1,x

[(2 + hχ4(1− y) + hχ4(1− y))(2 + hχ4(x− y) + hχ4(x− y))

× (2 + hχ4(y) + hχ4(y))]. (6.21)

Let i1, i2, i3 ∈ {±1} and let Fi1,i2,i3 denote the term χi14 (y)χ
i2
4 (1−y)χi34 (x−y). Using

this notation, we expand and evaluate the inner summation in (6.21). We have

∑
y ̸=0,1,x

[2 + hχ4(y) + hχ4(y)][2 + hχ4(1− y) + hχ4(1− y)][2 + hχ4(x− y) + hχ4(x− y)]
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=
∑

y ̸=0,1,x

[8 + 4hχ4(y) + 4hχ4(y) + 4hχ4(1− y) + 4hχ4(1− y) + 4hχ4(x− y)

+ 4hχ4(x− y) + 4χ4(y)χ4(1− y) + 4χ4(y)χ4(1− y) + 4χ4(y)χ4(x− y)

+ 4χ4(y)χ4(x− y) + 4χ4(1− y)χ4(x− y) + 4χ4(1− y)χ4(x− y)

+ 2h2χ4(y)χ4(1− y) + 2h
2
χ4(y)χ4(1− y) + 2h2χ4(y)χ4(x− y)

+ 2h
2
χ4(y)χ4(x− y) + 2h2χ4(1− y)χ4(x− y) + 2h

2
χ4(1− y)χ4(x− y)]

+
∑

y ̸=0,1,x

[h3F1,1,1 + 2hF1,1,−1 + 2hF1,−1,1 + 2hF1,−1,−1 + 2hF−1,1,1 + 2hF−1,1,−1

+ 2hF−1,−1,1 + h
3
F−1,−1,−1]. (6.22)

Now, referring to Lemmas 6.5 and 6.6, we can easily check that any term of the form∑
y

χ4(·)χ4(·) gives −1,
∑
y

χ4((y − 1)(y − x)) gives φ(x − 1)ρ and
∑
y

χ4(y(y − x))

gives φ(x)ρ. Hence, (6.22) yields

∑
y ̸=0,1,x

[2 + hχ4(y) + hχ4(y)][2 + hχ4(1− y) + hχ4(1− y)][2 + hχ4(x− y) + hχ4(x− y)]

= A+Bχ4(x) +Bχ4(x) +Bχ4(x− 1) +Bχ4(x− 1)− 4χ4(x)χ4(x− 1)

− 4χ4(x)χ4(x− 1)− 2h2χ4(x)χ4(x− 1)− 2h
2
χ4(x)χ4(x− 1)

+
∑

y ̸=0,1,x

[h3F1,1,1 + 2hF1,1,−1 + 2hF1,−1,1 + 2hF1,−1,−1 + 2hF−1,1,1 + 2hF−1,1,−1

+ 2hF−1,−1,1 + h
3
F−1,−1,−1]

=: I, (6.23)

where A = 8(q − 8) and B = −12h.

Next, we introduce some notation. Let

B1 = 16h(q − 15),

E1 = 8h2(q − 15),

F1 = 16(q − 15).
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For i ∈ {1, 2, 3, 4} and j ∈ {1, 2, . . . , 8}, we define the following character sums.

Tj :=
∑
x̸=0,1

∑
y

χi14 (y)χ
i2
4 (1− y)χi34 (x− y),

Uij :=
∑
x ̸=0,1

χl4(m)
∑
y

χi14 (y)χ
i2
4 (1− y)χi34 (x− y),

Vij :=
∑
x

χl14 (x)χ
l2
4 (1− x)

∑
y

χi14 (y)χ
i2
4 (1− y)χi34 (x− y),

where

l =

 1, if i is odd,

−1, otherwise;

m =

 x, if i ∈ {1, 2},

1− x, otherwise;

and

(l1, l2) =



(1, 1), if i = 1,

(1,−1), if i = 2,

(−1, 1), if i = 3,

(−1,−1), if i = 4.
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Also, corresponding to each j, let (i1, i2, i3) take the value according to the following:

(i1, i2, i3) =



(1, 1, 1), if j = 1,

(1, 1,−1), if j = 2,

(1,−1, 1), if j = 3,

(1,−1,−1), if j = 4,

(−1, 1, 1), if j = 5,

(−1, 1,−1), if j = 6,

(−1,−1, 1), if j = 7,

(−1,−1,−1), if j = 8.

Then, using (6.23) and the notation we just described, (6.21) yields

K3(⟨H⟩, 1) = 1

211

∑
x ̸=0,1

[2 + hχ4(x) + hχ4(x)][2 + hχ4(1− x) + hχ4(1− x)]× I

=
1

211

∑
x ̸=0,1

[
32(q − 15) +B1χ4(x) +B1χ4(x) +B1χ4(x− 1) +B1χ4(x− 1)

+ E1χ4(x)χ4(x− 1)+ E1χ4(x)χ4(x− 1)+ F1χ4(x)χ4(1− x)+ F1χ4(x)χ4(x− 1)
]

+
1

211

[
4h3T1 + 8hT2 + 8hT3 + 8hT4 + 8hT5 + 8hT6 + 8hT7 + 4h

3
T8

+ 2h4U11 + 4h2U12 + 4h2U13 + 8U14 + 4h2U15 + 8U16 + 8U17 + 4h
2
U18

+ 4h2U21 + 8U22 + 8U23 + 4h
2
U24 + 8U25 + 4h

2
U26 + 4h

2
U27 + 2h

4
U28

+ 2h4U31 + 4h2U32 + 4h2U33 + 8U34 + 4h2U35 + 8U36 + 8U37 + 4h
2
U38

+ 4h2U41 + 8U42 + 8U43 + 4h
2
U44 + 8U45 + 4h

2
U46 + 4h

2
U47 + 2h

4
U48

+ h5V11 + 2h3V12 + 2h3V13 + 4hV14 + 2h3V15 + 4hV16 + 4hV17 + 4hV18

+ 2h3V21 + 4hV22 + 4hV23 + 4hV24 + 4hV25 + 4hV26 + 4hV27 + 2h
3
V28

+ 2h3V31 + 4hV32 + 4hV33 + 4hV34 + 4hV35 + 4hV36 + 4hV37 + 2h
3
V38

+ 4hV41 + 4hV42 + 4hV43 + 2h
3
V44 + 4hV45 + 2h

3
V46 + 2h

3
V47 + h

5
V48

]
.
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Using Lemmas 6.7, 6.8 and 6.9, we find that

K3(⟨H⟩, 1) = 1

211
[
32(q2 − 20q + 81)

+ h5V11 + 2h3V12 + 2h3V13 + 4hV14 + 2h3V15 + 4hV16 + 4hV17 + 4hV18

+ 2h3V21 + 4hV22 + 4hV23 + 4hV24 + 4hV25 + 4hV26 + 4hV27 + 2h
3
V28

+ 2h3V31 + 4hV32 + 4hV33 + 4hV34 + 4hV35 + 4hV36 + 4hV37 + 2h
3
V38

+4hV41 + 4hV42 + 4hV43 + 2h
3
V44 + 4hV45 + 2h

3
V46 + 2h

3
V47 + h

5
V48

]
. (6.24)

Now, we convert each term of the form Vij [i ∈ {1, 2, 3, 4}, j ∈ {1, 2, . . . , 8}] into

its equivalent q2 · 3F2 form. We use the notation (t1, t2, . . . , t5) ∈ Z5
4 for the term

q2 · 3F2

 χt14 , χt24 , χt34

χt44 , χt54

∣∣∣1
. Then, (6.24) yields

K3(⟨H⟩, 1) = 1

211
[
32(q2 − 20q + 81)

+ h5(3, 1, 1, 2, 2) + 2h3(1, 1, 3, 2, 0) + 2h3(3, 1, 1, 0, 2) + 4h(1, 1, 3, 0, 0)

+ 2h3(3, 3, 1, 0, 2) + 4h(1, 3, 3, 0, 0) + 4h(3, 3, 1, 2, 2) + 4h(1, 3, 3, 2, 0)

+ 2h3(3, 1, 3, 2, 2) + 4h(1, 1, 1, 2, 0) + 4h(3, 1, 3, 0, 2) + 4h(1, 1, 1, 0, 0)

+ 4h(3, 3, 3, 0, 2) + 4h(1, 3, 1, 0, 0) + 4h(3, 3, 3, 2, 2) + 2h
3
(1, 3, 1, 2, 0)

+ 2h3(3, 1, 3, 2, 0) + 4h(1, 1, 1, 2, 2) + 4h(3, 1, 3, 0, 0) + 4h(1, 1, 1, 0, 2)

+ 4h(3, 3, 3, 0, 0) + 4h(1, 3, 1, 0, 2) + 4h(3, 3, 3, 2, 0) + 2h
3
(1, 3, 1, 2, 2)

+ 4h(3, 1, 1, 2, 0) + 4h(1, 1, 3, 2, 2) + 4h(3, 1, 1, 0, 0) + 2h
3
(1, 1, 3, 0, 2)

+4h(3, 3, 1, 0, 0) + 2h
3
(1, 3, 3, 0, 2) + 2h

3
(3, 3, 1, 2, 0) + h

5
(1, 3, 3, 2, 2)

]
. (6.25)

Next, we use Lemma 6.11 along with the notation therein. We list the tuples

(t1, t2, . . . , t5) in each orbit of the group action of F on X, and then group the

corresponding terms in (6.25) together. The orbit representatives (1, 1, 1, 0, 0),

(3, 3, 3, 0, 0), (1, 3, 3, 2, 0), (3, 1, 1, 2, 0) and (1, 1, 3, 0, 0) mentioned in Lemma 6.11
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are the ones whose orbits exhaust the hypergeometric terms in (6.25). We denote

the q2 · 3F2 terms corresponding to these orbit representatives as M1,M2, . . . ,M5,

respectively. Then, (6.25) yields

K3(⟨H⟩, 1) = 1

211
[
32(q2 − 20q + 81)

+ h5M4 + 2h3M1 + 2h3M1 + 4hM5 + 2h3M1 + 4hM5 + 4hM1 + 4hM3

+ 2h3M4 + 4hM5 + 4hM2 + 4hM1 + 4hM5 + 4hM5 + 4hM5 + 2h
3
M3

+ 2h3M4 + 4hM5 + 4hM5 + 4hM5 + 4hM2 + 4hM1 + 4hM5 + 2h
3
M3

+ 4hM4 + 4hM2 + 4hM5 + 2h
3
M2 + 4hM5 + 2h

3
M2 + 2h

3
M2 + h

5
M3

]
.

(6.26)

Using Lemma 6.10 (note that we could not reduce M5), (6.26) yields

K3(⟨H⟩, 1) = 1

27

2(q2 − 20q + 81) + 2u(−p)t + 3q2 · 3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1
 .
(6.27)

Returning back to (6.20), we are now left to calculate K3(⟨H⟩, g). Again, we have

K3(⟨H⟩, g)

=
1

211

∑
x ̸=0,g

∑
y ̸=0,g,x

[
(2 + hχ4(g − x) + hχ4(g − x))(2 + hχ4(g − y) + hχ4(g − y))

× (2 + hχ4(x− y) + hχ4(x− y))(2 + hχ4(x) + hχ4(x))(2 + hχ4(y) + hχ4(y))
]
.

(6.28)

Using the substitutions Y = yg−1 and X = xg−1, and then using the fact that

hχ4(g) = h, (6.28) yields

K3(⟨H⟩, g)
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=
1

211

∑
x̸=0,1

∑
y ̸=0,1,x

[
(2 + hχ4(1− x) + hχ4(1− x))(2 + hχ4(1− y) + hχ4(1− y))

× (2 + hχ4(x− y) + hχ4(x− y))(2 + hχ4(x) + hχ4(x))(2 + hχ4(y) + hχ4(y))
]
.

Comparing this with (6.21) we see that the expansion of the expression inside this

summation will consist of the same summation terms as in (6.21), except that the

coefficient corresponding to each summation will become the complex conjugate of

the corresponding coefficient of the same summation. This means that, to calculate

the coefficient of each summation after expanding the expression in (6.28), we need

to replace each corresponding coefficient in (6.26) by its complex conjugate. Now,

(6.27) is the final expression from (6.26), and we see that (6.27) contains three

summands, two of them being real numbers and the other being a 3F2 term whose

coefficient is also a real number. Then by the foregoing argument, (6.28) yields the

same value as given in (6.27). Thus, (6.20) gives that

K3(⟨H⟩) = q − 1

28 × 3

2(q2 − 20q + 81) + 2u(−p)t + 3q2 · 3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1
 .

Substituting the above value in (6.16), we complete the proof of the theorem. ■

6.3 An asymptotic result on the number of cliques

The computations for the number of cliques of order 4 are quite tedious, so we

further give an asymptotic result in the following theorem, for the number of cliques

of order m in Peisert graphs, m ≥ 1 being an integer.

Theorem 6.12. Let p be a prime such that p ≡ 3 (mod 4). For a positive integer

t, let q = p2t. For m ≥ 1, let Km(P
∗(q)) denote the number of cliques of order m in
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the Peisert graph P ∗(q). Then,

lim
q→∞

Km(P
∗(q))

qm
=

1

2(
m

2
)m!

.

Taking m = 3 in Theorem 6.12, we find that

lim
q→∞

K3(P
∗(q))

q3
=

1

24 × 3
.

We obtain the same limiting value from Theorem 6.2 as well.

Taking m = 4 in Theorem 6.3 and Theorem 6.12, we obtain the following corol-

lary which is also evident from Table 6.1.

Corollary 6.12.1. We have

lim
q→∞ 3F2

 χ4, χ4, χ3
4

ε, ε

∣∣∣1
 = 0.

Proof. Putting m = 4 in Theorem 6.12, we have

lim
q→∞

K4(P
∗(q))

q4
=

1

29 × 3
. (6.29)

Putting m = 4 in Theorem 6.3, we have

lim
q→∞

K4(P
∗(q))

q4
=

1

29 × 3
+ 3× lim

q→∞ 3F2

 χ4, χ4, χ3
4

ε, ε

∣∣∣1
 . (6.30)

Combining (6.29) and (6.30), we complete the proof. ■

Now, we prove Theorem 6.12. The method follows along the lines of [56] and so

we prove by the method of induction.

Proof of Theorem 6.12. We fix an enumeration of the elements of Fq: let Fq =

{b1, b2, . . . , bq}. For u, v ∈ {1, 2, . . . , q}, we shall use the notation ‘au < av’ to mean
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that au, av ∈ Fq and au comes before av in the enumeration. Now, let F∗
q = ⟨g⟩.

Let χ4 be a fixed character on Fq of order 4 and let h = 1 − χ4(g). First, we note

that the result holds for m = 1, 2 and so let m ≥ 3. Let the induction hypothesis

hold for m − 1. We shall use the notation ‘am ̸= ai’ to mean that am ∈ Fq and

am ̸= a1, . . . , am−1. Recalling (6.1), we find that

Km(P
∗(q)) =

∑
a1∈Fq

· · ·
∑
am∈Fq

a1<···<am

∏
1≤i<j≤m

2 + hχ4(ai − aj) + hχ3
4(ai − aj)

4
. (6.31)

Our goal is to use induction as used in the proofs in [56], so we isolate the sum in-

dexed by am along with the associated terms involving am. We replace the condition

am−1 < am by am ̸= ai, and note that this counts each set of m vertices m times,

once for each possible final term, and so we must divide by m. Then, (6.31) yields

Km(P
∗(q)) =

1

m

∑
a1∈Fq

· · ·
∑
am∈Fq

a1<···<am−1

[ ∏
1≤i<j≤m−1

2 + hχ4(ai − aj) + hχ3
4(ai − aj)

4

1

4m−1

∑
am ̸=ai

m−1∏
i=1

{2 + hχ4(am − ai) + hχ3
4(am − ai)}

]
(6.32)

In order to use the induction hypothesis, we try to bound the expression

J :=
∑
am ̸=ai

m−1∏
i=1

{2 + hχ4(am − ai) + hχ3
4(am − ai)}

in terms of q and m. We find that

J :=
∑
am ̸=ai

m−1∏
i=1

{2 + hχ4(am − ai) + hχ3
4(am − ai)}

= 2m−1(q −m+ 1)

+
∑
am ̸=ai

[(3m−1 − 1) number of terms containing expressions in χ4]. (6.33)
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Each term in (6.33) containing χ4 is of the form

2fhi
′
h
j′

χ4((am − ai1)
j1 · · · (am − ais)

js),

where

0 ≤ f ≤ m− 2,

0 ≤ i′, j′ ≤ m− 1,

i1, . . . , is ∈ {1, 2, . . . ,m− 1},

j1, . . . , js ∈ {1, 3}, and

1 ≤ s ≤ m− 1.


(6.34)

Let us consider such an instance of a term containing χ4. Excluding the constant

factor 2fhi
′
h
j′

, we obtain a polynomial in the variable am. Let

g(am) = (am − ai1)
j1 · · · (am − ais)

js ∈ Fq[am].

Using Weil’s estimate (Theorem 1.24), we find that

|
∑
am∈Fq

χ4(g(am)) |≤ (j1 + · · ·+ js − 1)
√
q. (6.35)

Then, using (6.35) we have

|2fhi′hj
′ ∑
am∈Fq

χ4(g(am))| ≤ 2f+i
′+j′(j1 + · · ·+ js − 1)

√
q

≤ 23m−4(3m− 4)
√
q

≤ 23m · 3m√
q. (6.36)

Noting that the values of χ4 are roots of unity, using (6.36), and using the conditions
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in (6.34), we obtain

|2fhi′hj
′ ∑
am ̸=ai

χ4(g(am))|= |2fhi′hj
′
{∑

am

χ4(g(am))−χ4(g(a1))− · · · −χ4(g(am−1))

}
|

≤ 23m · 3m√
q + 22m−3

≤ 22m(1 + 2m · 3m√
q),

that is,

−22m(1 + 2m · 3m√
q) ≤ 2fhi

′
h
j′ ∑
am ̸=ai

χ4(g(am)) ≤ 22m(1 + 2m · 3m√
q).

Then, (6.33) yields

2m−1(q −m+ 1)− 22m(1 + 2m · 3m√
q)(3m−1 − 1)

≤ J

≤ 2m−1(q −m+ 1) + 22m(1 + 2m · 3m√
q)(3m−1 − 1),

and thus, (6.32) yields

[2m−1(q −m+ 1)− 22m(1 + 2m · 3m√
q)(3m−1 − 1)]× 1

m× 4m−1
Km−1(P

∗(q))

≤ Km(P
∗(q))

≤ [2m−1(q −m+ 1) + 22m(1 + 2m · 3m√
q)(3m−1 − 1)]× 1

m× 4m−1
Km−1(P

∗(q)).

(6.37)

Dividing by qm throughout in (6.37) and taking q → ∞, we have

lim
q→∞

2m−1(q −m+ 1)− 22m(1 + 2m · 3m√
q)(3m−1 − 1)

m× 4m−1 × q
lim
q→∞

Km−1(P
∗(q))

qm−1

≤ lim
q→∞

Km(P
∗(q))

qm
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≤ lim
q→∞

2m−1(q −m+ 1) + 22m(1 + 2m · 3m√
q)(3m−1 − 1)

m× 4m−1 × q
lim
q→∞

Km−1(P
∗(q))

qm−1
.

(6.38)

Now, using the induction hypothesis and noting that

lim
q→∞

2m−1(q −m+ 1)± 22m(1 + 2m · 3m√
q)(3m−1 − 1)

m× 4m−1q

=
2m−1

m× 4m−1

=
1

m× 2m−1
,

we find that both the limits on the left hand side and the right hand side of (6.38)

are equal. This completes the proof of the result. ■
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7
Hypergeometric functions for Dirichlet

characters

7.1 Introduction

Number theorists have introduced finite field hypergeometric functions as gen-

eralizations of classical hypergeometric functions by using Gauss and Jacobi sums,

see for example [27, 32, 33, 42]. Some of the biggest motivations for studying finite

field hypergeometric functions have been their connections with Fourier coefficients

1Contents of this chapter have been published in La Matematica (2023).
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and eigenvalues of modular forms and with counting points on certain kinds of al-

gebraic varieties. For example, Ono [45] gave formulae for the number of Fp-points

on elliptic curves in terms of special values of Greene’s finite field hypergeometric

functions. In [46], Ono wrote a beautiful chapter on finite field hypergeometric func-

tions and mentioned several open problems on hypergeometric functions and their

relations to modular forms and algebraic varieties. In recent times, many authors

have studied and found solutions to some of the problems posed by Ono. Finite field

hypergeometric functions have recently led to applications in graph theory as well,

for example in the study of Paley and Peisert graphs [11, 21, 56].

In Chapter 8, we introduce a Peisert-like graph. To find the number of cliques

of order four in the Peisert-like graph, we need to evaluate certain character sums

involving Dirichlet characters. In this chapter, we introduce hypergeometric func-

tions having Dirichlet characters modulo pα as arguments, where p is an odd prime

and α is a positive integer. Our goal is to find Zpα- analogues of transformations

satisfied by Greene’s finite field hypergeometric functions as given in [33]. Then,

these transformations will be used to study Peisert-like graphs in Chapter 8.

7.2 Paving the way and the subsequent definition

Let s, t ∈ Zpα . We define the function δs(t) as

δs(t) =

 1, if s = t;

0, otherwise.

Firstly, we study some character sums involving Dirichlet characters. For Dirichlet

characters A and B modulo n, the Jacobi sum is defined as

J(A,B) :=
∑
x∈Zn

A(x)B(1− x),
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similar to Definition 1.25. The following lemma is an analogue of Theorem 1.27.

Lemma 7.1. Let q = pα, where p is an odd prime and α ≥ 1 is an integer. Let A

be a Dirichlet character mod q. For x ∈ Zq, we have

A(1 + x) =

pα−1−1∑
t=0

A(1 + tp)δtp(x) +
1

ϕ(q)

∑
χ∈Ẑ∗

q

J(A,χ)χ(−x). (7.1)

Proof. For a ∈ Z∗
q, we have

1

ϕ(q)

∑
χ∈Ẑ∗

q

χ(x)χ(a) =

 1, if x = a;

0, otherwise.

Hence, we have

A(1 + x) =

pα−1−1∑
t=0

A(1 + tp)δtp(x) +
∑
a∈Z∗

q

A(1 + a)δa(x)

=

pα−1−1∑
t=0

A(1 + tp)δtp(x) +
1

ϕ(q)

∑
χ∈Ẑ∗

q

χ(x)
∑
a∈Z∗

q

A(1 + a)χ(a).

It is easy to see that

∑
a∈Zq

A(1 + a)χ(a) =
∑
a∈Zq

A(1− a)χ(−a) = χ(−1)J(A,χ),

which completes the proof of the lemma. ■

We have already observed in Theorem 1.27 that the finite field analogue of the

binomial coefficient is the Jacobi sum. Following Greene, we define binomial coeffi-

cient for Dirichlet characters.

Definition 7.2. Let q = pα, where p is an odd prime and α ≥ 1 is an integer. For

Dirichlet characters A and B mod q, we define
(
A
B

)
:= B(−1)

q
J(A,B).
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We can rewrite (7.1) in terms of binomial coefficients as follows.

A(1 + x) =

pα−1−1∑
t=0

A(1 + tp)δtp(x) +
q

ϕ(q)

∑
χ∈Ẑ∗

q

(
A

χ

)
χ(x). (7.2)

In the following lemma, we state some properties of the binomial coefficients. This

is an analogue of Proposition 1.29.

Lemma 7.3. Let q = pα, where p is an odd prime and α ≥ 1 is an integer. For

Dirichlet characters A and B mod q, we have

(
A

B

)
=

(
A

AB

)
; (7.3)(

A

B

)
=

(
AB

B

)
B(−1); (7.4)(

A

B

)
=

(
B

A

)
AB(−1). (7.5)

Proof. We prove (7.3). By definition,

(
A

AB

)
=
AB(−1)

q
J(A,AB)

=
AB(−1)

q

∑
p∤x,1−x

A(x)AB(1− x)

=
AB(−1)

q

∑
p∤x,1−x

A(x(1− x)−1)B(1− x). (7.6)

The following map

{x ∈ Zq : p ∤ x, 1− x} → {y ∈ Zq : p ∤ y, y + 1}

x 7→ x(1− x)−1
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is a bijection, so (7.6) yields

(
A

AB

)
=
AB(−1)

q

∑
p∤y,y+1

A(y)B(1 + y)

=
AB(−1)

q

∑
p∤y,y+1

A(−y)B(1− y)

=
AB(−1)

q
A(−1)J(A,B),

which equals
(
A
B

)
. This proves (7.3). The proofs of (7.4) and (7.5) follow in a

similar fashion, using the definition of binomial coefficient and the bijection used in

the proof of (7.3).

■

The following definition can be considered as a Zpα- analogue for the integral

representation of the classical hypergeometric series.

Definition 7.4. Let q = pα, where p is an odd prime and α ≥ 1 is an integer. Let

A,B and C be Dirichlet characters mod q and let ε be the trivial character mod q.

Then, for x ∈ Zq, we define

2F1

 A, B

C

∣∣∣x
 :=

ε(x)BC(−1)

q

∑
y∈Zq

B(y)BC(1− y)A(1− xy).

In the following lemma we express the hypergeometric function in terms of the

binomial coefficients, much like [33, Theorem 3.6].

Lemma 7.5. Let q = pα, where p is an odd prime and α ≥ 1 is an integer. For

Dirichlet characters A,B and C mod q,

2F1

 A, B

C

∣∣∣x
 =

q

ϕ(q)

∑
χ∈Ẑ∗

q

(
Aχ

χ

)(
Bχ

Cχ

)
χ(x).
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Proof. Let y ∈ Zq. By (7.2), we have

A(1− xy) =

pα−1−1∑
t=0

A(1 + tp)δtp(−xy) +
q

ϕ(q)

∑
χ∈Ẑ∗

q

(
A

χ

)
χ(−xy). (7.7)

Using (7.4), (7.7) yields

A(1− xy) =

pα−1−1∑
t=0

A(1 + tp)δtp(−xy) +
q

ϕ(q)

∑
χ∈Ẑ∗

q

(
Aχ

χ

)
χ(xy). (7.8)

Substituting (7.8) in Definition 7.4 and noting that ε(x)B(y)δtp(−xy) = 0 for all x

and y yields

2F1

 A, B

C

∣∣∣x
 =

BC(−1)

ϕ(q)

∑
y∈Zq

∑
χ∈Ẑ∗

q

(
Aχ

χ

)
χ(x)Bχ(y)BC(1− y)

=
BC(−1)

ϕ(q)

∑
χ∈Ẑ∗

q

(
Aχ

χ

)
J(Bχ,BC)χ(x)

=
q

ϕ(q)

∑
χ∈Ẑ∗

q

(
Aχ

χ

)(
Bχ

BC

)
χ(x),

and we complete the proof by using (7.3). ■

We now define hypergeometric functions containing Dirichlet characters for any

n ≥ 1.

Definition 7.6. Let q = pα, where p is an odd prime and α ≥ 1 is an integer.

For Dirichlet characters A0, A1, . . . , An, and B1, . . . , Bn mod q and x ∈ Zq, the

hypergeometric function n+1Fn is defined by

n+1Fn

A0, A1, . . . , An

B1, . . . , Bn

∣∣∣x
 :=

q

ϕ(q)

∑
χ∈Ẑ∗

q

(
A0χ

χ

)(
A1χ

B1χ

)
· · ·
(
Anχ

Bnχ

)
χ(x).
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We have the following recursive formula, an analogue of Theorem 1.41.

Lemma 7.7. Let q = pα, where p is an odd prime and α ≥ 1 is an integer. For

Dirichlet characters A0, A1, . . . , An, and B1, . . . , Bn mod q and x ∈ Zq, we have

n+1Fn

A0, A1, . . . , An

B1, . . . , Bn

∣∣∣x


=
AnBn(−1)

q

∑
y

nFn−1

A0, A1, . . . , An−1

B1, . . . , Bn−1

∣∣∣xy
An(y)AnBn(1− y).

Proof. Let χ ∈ Ẑ∗
q. Using (7.3), we find that

(
Anχ

Bnχ

)
=

(
Anχ

AnBn

)
=
AnBn(−1)

q
J(Anχ,AnBn)

=
AnBn(−1)

q

∑
y∈Zq

Anχ(y)AnBn(1− y). (7.9)

Then, using (7.9) in Definition 7.6, we have

n+1Fn

A0, A1, . . . , An

B1, . . . , Bn

∣∣∣x


=
q

ϕ(q)

∑
χ∈Ẑ∗

q

(A0χ

χ

)(
A1χ

B1χ

)
· · ·
(
An−1χ

Bn−1χ

)
χ(x)

AnBn(−1)

q

∑
y∈Zq

Anχ(y)AnBn(1− y)


=
AnBn(−1)

q

∑
y∈Zq

 q

ϕ(q)

∑
χ∈Ẑ∗

q

(
A0χ

χ

)(
A1χ

B1χ

)
· · ·
(
An−1χ

Bn−1χ

)
χ(xy)

An(y)AnBn(1− y),

and we complete the proof by noting Definition 7.6 again.

■

We have the following corollary which is an analogue of Corollary 3.14 in [33].

TH-3257_186123003



118 Hypergeometric functions for Dirichlet characters

Corollary 7.7.1. Let q = pα, where p is an odd prime and α ≥ 1 is an integer.

Let A,B,C,D and E be Dirichlet characters mod q and let ε be the trivial character

mod q. Then,

3F2

 A, B, C

D, E

∣∣∣x
 =

ε(x)BCDE(−1)

q2

×
∑
y,z

C(y)CE(1− y)B(z)BD(1− z)A(1− xyz), (7.10)

3F2

 A, B, C

D, E

∣∣∣x
 =

ε(x)BD(−1)

q2

×
∑
y,z

AE(y)CE(1− y)B(z)BD(1− z)A(y − xz). (7.11)

Proof. The proof of (7.10) follows from Lemma 7.7 and Definition 7.4. To prove

(7.11), we note that

{x ∈ Zq : p ∤ y, 1− y} → {y′ ∈ Zq : p ∤ y′, 1− y′}

y 7→ y−1

is a bijection. So, we use the substitution y′ = y−1 in the sum indexed by y in (7.10)

and readily obtain (7.11).

■

7.3 Certain transformations of hypergeometric func-

tions

Now, we list some transformation formulae satisfied by the aforementioned hy-

pergeometric functions, along similar lines as in [33]. To be specific, we shall observe

that (1.3)-(1.9) also hold if we replace multiplicative characters on a finite field by
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Dirichlet characters modulo pα. These transformations will be used to derive a for-

mula for the number of cliques of order four in the Peisert-like graphs in the next

chapter, hence we state them as lemmas. Recalling Definition 7.6, we have

3F2

 A, B, C

D, E

∣∣∣1
 =

pα

ϕ(pα)

∑
χ∈Ẑ∗

pα

(
Aχ

χ

)(
Bχ

Dχ

)(
Cχ

Eχ

)
χ(1). (7.12)

Below are three lemmas whose proofs involve change of variable in the sum in (7.12).

The following lemma is a Zpα- analogue of (1.3).

Lemma 7.8. Let p be an odd prime and let α ≥ 1 be an integer. Let A,B,C,D,E

be Dirichlet characters mod pα. Then,

3F2

 A, B, C

D, E

∣∣∣1
 = 3F2

 BD, AD, CD

D, ED

∣∣∣1
 .

Proof. Employing the transformation χ 7→ Dχ in (7.12) yields the required result.

■

The following lemma is a Zpα- analogue of (1.4).

Lemma 7.9. Let p be an odd prime and let α ≥ 1 be an integer. Let A,B,C,D,E

be Dirichlet characters mod pα. Then,

3F2

 A, B, C

D, E

∣∣∣1
 = ABCDE(−1)3F2

 A, AD, AE

AB, AC

∣∣∣1
 .

Proof. We employ the transformation χ 7→ Aχ in (7.12), and then use (7.5) to

complete the proof. ■

The following lemma is a Zpα- analogue of (1.5).
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Lemma 7.10. Let p be an odd prime and let α ≥ 1 be an integer. Let A,B,C,D,E

be Dirichlet characters mod pα. Then,

3F2

 A, B, C

D, E

∣∣∣1
 = ABCDE(−1)3F2

 BD, B, BE

BA, BC

∣∣∣1
 .

Proof. Employing the transformation χ 7→ Bχ in (7.12), and then using (7.5) we

complete the proof. ■

We further prove Zpα- analogues of certain transformations satisfied by the

Greene’s finite field hypergeometric functions. We shall evoke Definition 7.4 and

Lemma 7.7 multiple times. Note that in the proofs, we denote the multiplicative

inverse of x ∈ Z∗
pα by x−1. Following is an Zpα- analogue of (1.6).

Lemma 7.11. Let p be an odd prime and let α ≥ 1 be an integer. Let A,B,C,D,E

be Dirichlet characters mod pα. Then,

3F2

 A, B, C

D, E

∣∣∣1
 = AE(−1)3F2

 A, B, CE

ABD, E

∣∣∣1
 .

Proof. We first show that for x ∈ Z∗
pα , if p ∤ 1− x, then

2F1

 A, B

D

∣∣∣x
 = A(−1)2F1

 A, B

ABD

∣∣∣1− x

 . (7.13)

To prove (7.13), let x ∈ Z∗
pα be such that p ∤ 1− x. By Definition 7.4, we have

2F1

 A, B

D

∣∣∣x
 =

1×BD(−1)

pα

∑
p∤y,1−y,1−xy

B(y)BD(1− y)A(1− xy). (7.14)
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We find that

{y ∈ Zpα : p ∤ y, 1− y, 1− xy} → {z ∈ Zpα : p ∤ z, 1− z, 1− (1− x)z}

y 7→ y(y − 1)−1

is a bijection. Hence, (7.14) yields

2F1

 A, B

D

∣∣∣x
 =

BD(−1)

pα

∑
p∤z,1−z,
1−(1−x)z

[B(z(z − 1)−1)BD(−(z − 1)−1)

× A((z − 1− xz)(z − 1)−1)]

=
D(−1)

pα

∑
p∤z,1−z,
1−(1−x)z

B(z)AD(1− z)A(1− (1− x)z). (7.15)

Thus, by Definition 7.4 and (7.15), and noting that ε(1−x) = 1, we conclude (7.13).

Now, Lemma 7.7 and (7.13) give

3F2

 A, B, C

D, E

∣∣∣1
 =

CE(−1)

pα

∑
p∤x,1−x

2F1

 A, B

D

∣∣∣x
C(x)CE(1− x)

=
ACE(−1)

pα

∑
p∤x,1−x

2F1

 A, B

ABD

∣∣∣1− x

C(x)CE(1− x)

=
ACE(−1)

pα

∑
p∤x,1−x

2F1

 A, B

ABD

∣∣∣x
C(1− x)CE(x)

= AE(−1)3F2

 A, B, CE

ABD, E

∣∣∣1
 ,

where we have used the substitution x 7→ 1 − x in the penultimate line. This

completes the proof of the lemma. ■

The following lemma gives a Zpα- analogue of (1.7).
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Lemma 7.12. Let p be an odd prime and let α ≥ 1 be an integer. Let A,B,C,D,E

be Dirichlet characters mod pα. Then,

3F2

 A, B, C

D, E

∣∣∣1
 = AD(−1)3F2

 A, BD, C

D, ACE

∣∣∣1
 .

Proof. Putting x = 1 in (7.11) and using the substitutions y′ = 1− y and z′ = 1− z

in the double summation therein yield the required result. ■

The following lemma gives a Zpα- analogue of (1.8).

Lemma 7.13. Let p be an odd prime and α ≥ 1 be an integer. Let A,B,C,D,E be

Dirichlet characters mod pα. Then,

3F2

 A, B, C

D, E

∣∣∣1
 = B(−1)3F2

 AD, B, C

D, BCE

∣∣∣1
 .

Proof. At first, we show that if x ∈ Zpα such that p ∤ 1− x, then

2F1

 A, B

D

∣∣∣x
 = B(1− x)2F1

 AD, B

D

∣∣∣x(x− 1)−1

 . (7.16)

To prove this, let x ∈ Zpα be such that p ∤ 1− x. We begin by employing Definition

7.4 to obtain

2F1

 A, B

D

∣∣∣x
 =

ε(x)BD(−1)

pα

∑
p∤y,1−y,1−xy

B(y)BD(1− y)A(1− xy). (7.17)

The following map

{y ∈ Zpα : p ∤ y, 1− y, 1− xy} → {z ∈ Zpα : p ∤ z, 1− z, 1− x+ xz}

y 7→ y(1− x)(1− xy)−1
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is a bijection. Hence, using the substitution y 7→ y(1 − x)(1 − xy)−1 in the sum in

(7.17) yields

2F1

 A, B

D

∣∣∣x


=
ε(x)BD(−1)

pα

∑
p∤z,1−z,
1−x+xz

[B(z(1− x+ xz)−1)BD((1− x)(1− z)(1− x+ xz)−1)

× A((1− x)(1− x+ xz)−1)]

=
ABD(1− x)ε(x)BD(−1)

pα

∑
p∤z,1−z,
1−x+xz

B(z)BD(1− z)AD(1− x+ xz).

=
B(1− x)ε(x)BD(−1)

pα

∑
p∤z,1−z,
1−x+xz

B(z)BD(1− z)AD(1− xz(x− 1)−1). (7.18)

Note that we have assumed p ∤ x−1, so p | x if and only if p | x(x−1)−1. Therefore,

we have ε(x) = ε (x(x− 1)−1). Thus, replacing ε(x) by ε(x(x− 1)−1) in (7.18) and

then using Definition 7.4 in the same, we conclude (7.16).

Now, using Lemma 7.7 and (7.16) we find that

3F2

 A, B, C

D, E

∣∣∣1
 =

CE(−1)

pα

∑
p∤y,1−y

2F1

 A, B

D

∣∣∣y
C(y)CE(1− y)

=
CE(−1)

pα

∑
p∤y,1−y

[
2F1

 AD, B

D

∣∣∣y(y − 1)−1


× C(y)BCE(1− y)

]
. (7.19)

It is easy to see that

{y ∈ Zpα : p ∤ y, 1− y} → {z ∈ Zpα : p ∤ z, 1− z}

y 7→ y(y − 1)−1
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is a bijection, and hence, (7.19) together with Lemma 7.7 yields

3F2

 A, B, C

D, E

∣∣∣1
 =

CE(−1)

pα

∑
p∤z,1−z

[
2F1

 AD, B

D

∣∣∣z


× C
(
z(z − 1)−1

)
BCE

(
−(z − 1)−1

) ]

=
E(−1)

pα

∑
p∤z,1−z

C(z)BE(1− z)2F1

 AD, B

D

∣∣∣z


= B(−1)3F2

 AD, B, C

D, BCE

∣∣∣1
 ,

concluding the proof of the lemma. ■

The following lemma is the Zpα- analogue of (1.9).

Lemma 7.14. Let p be an odd prime and let α ≥ 1 be an integer. Let A,B,C,D,E

be Dirichlet characters mod pα. Then,

3F2

 A, B, C

D, E

∣∣∣1
 = AB(−1)3F2

 AD, BD, C

D, ABDE

∣∣∣1
 .

Proof. Firstly, we show that if x ∈ Zpα is such that p ∤ 1− x, then

2F1

 A, B

D

∣∣∣x
 = D(−1)ABD(1− x)2F1

 AD, BD

D

∣∣∣x
 . (7.20)

To prove this, we assume that x ∈ Zpα satisfying p ∤ 1− x. It is easy to see that the

following map is a bijection.

{y ∈ Zpα : p ∤ y, 1− y, 1− xy} → {z ∈ Zpα : p ∤ z, 1− z, 1− xz}

y 7→ (1− y)(1− xy)−1
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We substitute z = (1− y)(1− xy)−1 in the sum in Definition 7.4 to obtain

2F1

 A, B

D

∣∣∣x
 =

ε(x)BD(−1)

pα

∑
p∤z,1−z,
1−xz

[B((1− z)(1− xz)−1)

×BD(z(1− x)(1− xz)−1)A((1− x)(1− xz)−1)]

=
ε(x)BD(−1)

pα
ABD(1− x)

∑
p∤z,1−z,
1−xz

BD(z)B(1− z)AD(1− xz).

(7.21)

As a result, Definition 7.4 and (7.21) yield (7.20). Now, using Lemma 7.7 and (7.20)

we find that

3F2

 A, B, C

D, E

∣∣∣1


=
CE(−1)

pα

∑
p∤y,1−y

2F1

 A, B

D

∣∣∣y
C(y)CE(1− y)

=
CDE(−1)

pα

∑
p∤y,1−y

2F1

 AD, BD

D

∣∣∣y
C(y)ABCDE(1− y)

= AB(−1)3F2

 AD, BD, C

D, ABDE

∣∣∣1
 .

This completes the proof of the lemma. ■
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8
On a Peisert-like graph on Zn

8.1 Introduction

Besides Paley graphs, their relatives the Peisert graphs have also been generalized

into graphs called generalized Peisert or Peisert type graphs, addressed in [8, 9, 31,

44]. In this chapter, we investigate into the generalization of the Peisert graph for

the commutative ring Zn, much like how we defined the Paley-type graph in Chapter

2. Note that for q ≡ 1 (mod 4), where q is an even power of a prime p ≡ 3 (mod 4)

and F∗
q = ⟨g⟩, the edges of the Paley graph are determined by the cosets ⟨g4⟩∪g2⟨g4⟩,

while those of the Peisert graph depend on the cosets ⟨g4⟩ ∪ g⟨g4⟩.
1Contents of this chapter have been published in La Matematica (2023).
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128 On a Peisert-like graph on Zn

In this chapter, we introduce a Peisert-like graph on the commutative ring Zn,

for suitable n. Computing the number of cliques in the Paley and Peisert graphs

has been of interest, for instance see [1, 26]. Our primary focus is to evaluate the

number of triangles and cliques of order four in the Peisert-like graph by evaluating

certain character sums involving Dirichlet characters. To this end, we make use

of the hypergeometric functions containing Dirichlet characters as arguments that

were defined in Chapter 7, and then use these functions to compute the number of

cliques of order 4 in the Peisert-like graph.

8.2 Defining a Peisert-like graph on Zn

We begin by considering n such that Z∗
n is cyclic, omitting the trivial cases

n = 2, 4. By Proposition 1.1, n = pα or 2pα, where p is an odd prime and α is a

positive integer. Since we attempt to define an analogue of the Peisert graph, we

consider the possibilities of constructing graphs by considering two cosets out of the

four cosets of the subgroup ⟨g4⟩ in Z∗
n = ⟨g⟩. We find that the order of g4 is equal

to

o(g4) =
o(g)

gcd(4, o(g))
=

pα−1(p− 1)

gcd(4, pα−1(p− 1))
=
pα−1 (p− 1)

2 gcd(2, p−1
2
)
.

If gcd(2, p−1
2
) = 1 then o(g4) = o(g)

2
and so ⟨g4⟩ has two distinct cosets in ⟨g⟩,

whereby Z∗
n becomes the union of the two distinct cosets. So, in order that the

edge set of the graph we construct depends on a proper subset of Z∗
n, we need that

gcd(2, p−1
2
) ̸= 1, and hence 2 | p−1

2
, that is, p ≡ 1 (mod 4). Then there are four

distinct cosets of ⟨g4⟩ in ⟨g⟩. Subsequently, we assume that n = pα or n = 2pα,

where p is an odd prime such that p ≡ 1 (mod 4) and α ≥ 1. Now, we look at

the possible pairs of cosets of ⟨g4⟩ that can be taken to construct the edge set of a

well-defined graph. Let the cosets be gi⟨g4⟩ and gj⟨g4⟩, i ̸= j and i, j ∈ {0, 1, 2, 3}.

To ensure that an edge is well-defined for an undirected graph, we need the property

that, for x ∈ Zn, if x ∈ gi⟨g4⟩ ∪ gj⟨g4⟩ then −x ∈ gi⟨g4⟩ ∪ gj⟨g4⟩. Let Gi,j denote
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8.2 Defining a Peisert-like graph on Zn 129

the graph constructed, if possible, by taking the vertex set to be Zn, where Gi,j has

an edge xy if x− y ∈ gi⟨g4⟩ ∪ gj⟨g4⟩.

Case 1: If i = 0 or j = 0 then the cosets are ⟨g4⟩ and ga⟨g4⟩ where a ∈ {1, 2, 3}.

If a = 2 then we get back the Paley-type graph, and so we do not consider G0,2.

Then, we have a = 1 or a = 3. However, G0,1 and G0,3, if well defined, are isomorphic

due to the following isomorphism:

V (G0,1) → V (G0,3)

x 7→ g3x.

So, it is enough to study G0,1. Note that if p ≡ 1 (mod 8) then G0,1 and G0,3 are

well defined, but if p ≡ 5 (mod 8) then 1 ∈ ⟨g4⟩ but −1 /∈ ⟨g4⟩ so an edge is not

well defined in both G0,1 and G0,3. Hence, it is enough to study G0,1 when p ≡ 1

(mod 8).

Case 2: Let i, j ≥ 1. The possible graphs considered are G1,2, G1,3 and G2,3. We

observe the following.

• p ≡ 1 (mod 8) if and only if there exists some x ∈ Z∗
n such that x,−x ∈ gi⟨g4⟩.

• If G0,1, G0,2, G1,2, G1,3 and G2,3 are well defined, we find that G1,2 is isomorphic

to G0,1 by the isomorphism

V (G1,2) → V (G0,1)

x 7→ g3x,

and this map provides isomorphisms from G2,3 to G1,2 and from G1,3 to G0,2

as well.

Based on the above observations, we have the following subcases.

Subcase 1: p ≡ 1 (mod 8). Then, G0,1, G0,2, G1,2, G1,3 and G2,3 are well

defined. Ignoring the case for G1,3 (since it is isomorphic to the Paley-type graph
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G0,2), we obtain that it is enough to study G0,1.

Subcase 2: p ≡ 5 (mod 8). In order that the graph becomes well defined, for

any x ∈ Zn, x ∈ gi⟨g4⟩ should imply that −x ∈ gj⟨g4⟩, so that −1 ∈ gj−i⟨g4⟩. This

yields, −1 = gj−i+4h for some h ∈ Z, which implies 1 = g2(j−i+4h), so pα−1(p − 1) |

2(j − i + 4h). Then, 2 | j − i since p−1
2

is even. Hence i ≡ j (mod 2). So, we only

consider G1,3. Note that in this case −1 ∈ g2⟨g4⟩.

Out of the aforementioned cases, we choose the first case since it seems to mimic

the definition of the Peisert graph the most. Thus, we have the following definition.

Definition 8.1 (Peisert-like graph G∗(n)). Let n = pα or n = 2pα, where p is

an odd prime such that p ≡ 1 (mod 8) and α is a positive integer. Let Z∗
n = ⟨g⟩.

Then, the Peisert-like graph is the graph G∗(n) = (V,E), where V = Zn and E =

{xy|x− y ∈ ⟨g4⟩ ∪ g⟨g4⟩}.

The definition of the graph is independent of the choice of the generator g, like

in the Peisert graph. To see this, let h be another generator of Z∗
n. Then h = gt for

some t ∈ Z. If t is even then h = (g
t
2 )2 ∈ (Z∗

n)
2, which implies Z∗

n ⊆ (Z∗
n)

2, which

is not possible. So, t ≡ 1 or 3 (mod 4). If t ≡ 1 (mod 4), then ⟨g4⟩ = ⟨h4⟩ since

both are subgroups of order pα−1(p−1)
4

and Z∗
n is cyclic, and h⟨h4⟩ = gt⟨g4⟩ = g⟨g4⟩.

So the edge set remains unchanged. If t ≡ 3 (mod 4), we define the graph G′(n) as

G′(n) = (V ′, E ′), where V ′ = Zn and E ′ = {xy|x− y ∈ ⟨h4⟩ ∪ h⟨h4⟩}. Then,

V (G∗(n)) → V (G′(n))

x 7→ hx

is an isomorphism.

The Peisert-like graph G∗(17) is shown in Figure 8.1. The vertex 0 is adjacent

to the vertices 1, 3, 4, 5, 12, 13, 14 and 16.
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Figure 8.1: The Peisert-like graph of order 17

8.3 Some properties of the Peisert-like graph

We begin by fixing some notation. Let n = pα or 2pα, where p ≡ 1 (mod 8)

and α ≥ 1, and let G∗(n) be the Peisert-like graph of order n. Since 4 divides the

order of Z∗
n and Z∗

n is cyclic, there exists a character of order 4 in Ẑ∗
n; let us fix

such a character and call it χ4. Let φ = χ2
4 be the quadratic character. The trivial

character is denoted by ε. Let Z∗
n = ⟨g⟩ and let h = 1 − χ4(g). Then, for x ∈ Z∗

n,

we observe that

2 + hχ4(x) + hχ4(x)

4
=

 1, if x ∈ ⟨g4⟩ ∪ g⟨g4⟩;

0, otherwise.
(8.1)

Now, we prove some basic properties of G∗(n).

Proposition 8.2. Let n = pα or 2pα, where p ≡ 1 (mod 8) and α is a positive

integer. Let G∗(n) be the Peisert-like graph of order n. Then, G∗(n) is regular of

degree pα−1(p−1)
2

. Also, the number of edges in G∗(n) is equal to nϕ(n)
4

.

Proof. By the definition of G∗(n), the degree of a vertex is equal to the cardinality

of the set ⟨g4⟩ ∪ g⟨g4⟩. Alternatively, we may use a character sum to deduce the
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same. Let a ∈ Zn. Then, using (8.1), we find that the degree of the vertex a is

deg(a) =
∑

x−a∈Z∗
n

2 + hχ4(a− x) + hχ4(a− x)

4
=
pα−1(p− 1)

2
.

The last equality is obtained by using
∑

x−a∈Z∗
n

χ4(a− x) =
∑

x−a∈Z∗
n

χ4(a− x) = 0. The

number of edges in G∗(n) is 1
2
×
∑

deg = 1
2
pα−1(p−1)

2
×n = nϕ(n)

4
. This completes the

proof of the proposition. ■

Alternatively, one can find the number of edges in G∗(n) by evaluating the fol-

lowing character sum:

1

2

∑
x

∑
y−x∈Z∗

n

2 + hχ4(y − x) + hχ4(y − x)

4
.

Proposition 8.3. Let n = pα or 2pα, where p ≡ 1 (mod 8) and α ≥ 1, and let

G∗(n) be the Peisert-like graph of order n. Then, G∗(n) is vertex-transitive.

Proof. G∗(n) being a Cayley graph, is vertex-transitive; see [28, Theorem 3.1.2].

We have the following explicit automorphism to demonstrate the same. Let a ∈ Zn.

Then, the map

V (G∗(n)) → V (G∗(n))

x 7→ x+ a

is an automorphism. This completes the proof. ■

We note here that unlike the Peisert graph, the Peisert-like graph is not self-

complementary unless the number of vertices in the graph is a prime. This is because

a self complementary graph on n vertices must necessarily have n(n−1)
4

edges, but

for n = pα or n = 2pα, ϕ(n) ̸= n− 1 unless n is a prime. We also observe that the

Peisert-like graph, although never a cycle graph, has a spanning cycle. So, it is a
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connected graph. This is because, for each vertex x ∈ Zn, the vertices x + 1 and

x− 1 are both adjacent to x.

8.4 Triangles and cliques of order four in the graph

The Peisert-like graph G∗(n) is defined for n = pα or n = 2pα, where p ≡ 1

(mod 8) is a prime and α is a positive integer. However, to calculate the number of

triangles and cliques of order four in the graph, we consider only the case n = pα.

This is because there cannot exist cliques of order more than two if n = 2pα, and we

see why. Let n = 2pα, and if possible let x, y and z be vertices in G∗(n) which form

a clique. Then x− y, y − z and x− z are necessarily elements in Z∗
n, and therefore,

are odd integers, which contradicts that x − z = x − y + y − z. Thus, we consider

only the case n = pα. In the following theorem, we compute the number of triangles

in the Peisert-like graph.

Theorem 8.4. Let p ≡ 1 (mod 8) be a prime and let α be a positive integer. Let

G∗(pα) be the Peisert-like graph of order pα. Then,

K3(G
∗(pα)) =

p3α−2(p− 1)(p− 5)

24 × 3
.

Comparing Theorem 3.1 and Theorem 8.4, we observe that for a prime p ≡ 1

(mod 8) and a positive integer α, the number of triangles in the Peisert-like graph

of order pα equals the number of triangles in the Paley-type graph of order pα.

To find the number of cliques of order 4 in the Peisert-like graph G∗(pα), one

needs to compute certain character sums involving Dirichlet characters modulo pα.

We simplify such character sums by the hypergeometric functions for Dirichlet char-

acters that were introduced in Chapter 7. Thus, we have the following theorem.

Theorem 8.5. Let q = pα, where p ≡ 1 (mod 8) is a prime and α is a positive

integer. Let G∗(q) be the Peisert-like graph of order q. Let χ4 be a character mod q
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of order 4, and let φ and ε be the quadratic and trivial characters mod q, respectively.

Then,

K4(G
∗(q)) =

p2α−1(p− 1)

210 × 3
[2p2α−2(p2 − 20p+ 81) + 2Im(ρ)2 + 4Im(ρ) · Im(ξ)

− Re(M3) + 3M5],

where ρ := J(χ4, χ4) and ξ := J(χ4, φ); and M3 = q2 · 3F2

 χ4, χ4, χ4

φ, ε

∣∣∣1
 and

M5 = q2 · 3F2

 χ4, χ4, χ4

ε, ε

∣∣∣1
 are the hypergeometric terms.

It is evident from the theorem that M5 is a real number, since K4(G
∗(q)) is a

real number. Using Python, we numerically verify Theorem 8.5 for certain values

of p and α. We list some of the values in Table 8.1. We find that for each of the

values of pα listed below, ρ = ξ. The Python code that we used is provided in the

appendix.

q = pα K4(G
∗(q)) ρ = ξ M3 M5 K4(G

∗(q))
(by Thm 8.5)

171 = 17 17 −1 + 4i −6− 24i 10 17
411 = 41 1025 −5 + 4i −30− 24i −30 1025
731 = 73 14235 3 + 8i −6 + 16i 10 14235
891 = 89 32307 −5 + 8i 90 + 144i −22 32307
971 = 97 44426 −9− 4i 90− 40i −150 44426
172 = 289 1419857 −17 + 68i −1734− 6936i 2890 1419857

Table 8.1: Numerical data for Theorem 8.5

Before proceeding with the proofs of the main results, we prove the following

lemma which will be recalled in the proofs of Theorem 8.4 and Theorem 8.5.

Lemma 8.6. Let n = pα, where p ≡ 1 (mod 8) is a prime and α is a positive

integer. Let χ4 be a character on Z∗
n of order 4. Then, χ4 has period p.
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Proof. The proof goes along similar lines as in Lemmas 2.8 and 2.9 in Chapter 2.

Let Z∗
n = ⟨g⟩ and let x ∈ Zn. The result holds if p | x, so let us assume that x ∈ Z∗

n.

Let x−1 denote the multiplicative inverse of x in Z∗
n. Then by the binomial theorem,

(1 + px−1)
ϕ(n)
4 =

ϕ(n)
4∑
i=0

(ϕ(n)
4

i

)
(px−1)i. (8.2)

Now, we show that

pα |
(ϕ(n)

4

i

)
(px−1)i for i = 1, . . . ,

ϕ(n)

4
. (8.3)

For α ≤ i ≤ ϕ(n)
4
, (8.3) is evident. So, we assume that 1 ≤ i ≤ α − 1. To this end,

we observe that

(ϕ(n)
4

i

)
=

ϕ(n)
4

(
ϕ(n)
4

− 1
)
· · ·
(
ϕ(n)
4

− i+ 1
)

i!

where ϕ(n)
4

= pα−ipi−1
(
p−1
4

)
, therefore to show (8.3) it is sufficient to show that pi

does not divide i!. Let σp(i) be the sum of digits of the base-p representation of i.

Recalling Definition 2.6, we have by Lemma 2.7, vp(i!) =
∞∑
k=1

⌊ i
pk
⌋, from which it can

be deduced that vp(i!) =
i− σp(i)

p− 1
. If pi divides i! then vp(i) ≥ i, that is,

i− vp(i)

p− 1
≥

i, which is not possible. This proves (8.3). Thus, (8.2) yields (1 + px−1)
ϕ(n)
4 ≡ 1

(mod pα). So, if 1+px−1 = gt in Z∗
n for some t ∈ Z, then 1 = (1+px−1)

ϕ(n)
4 = g

tϕ(n)
4 ,

which implies that ϕ(n) | tϕ(n)
4

, which gives 4 | t and hence, 1 + px−1 ∈ ⟨g4⟩. This

means that χ4(1 + px−1) = 1, that is, χ4(x + p) = χ4(x), completing the proof of

the lemma. ■

8.4.1 Proof of Theorem 8.4

In this subsection, we prove Theorem 8.4. Note that we use Notation 1.57.
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Proof of Theorem 8.4. Let K3(G
∗(pα), 0) denote the number of triangles in G∗(pα)

containing the vertex 0. Since G∗(pα) is vertex-transitive, so

K3(G
∗(pα)) =

pα

3
×K3(G

∗(pα), 0). (8.4)

Recall that Z∗
pα = ⟨g⟩ and h = 1− χ4(g). Now, using (8.1) we have

K3(G
∗(pα), 0) =

1

2

∑
x∈Z∗

pα

∑
y,x−y∈Z∗

pα

[
2 + hχ4(x) + hχ4(x)

4
× 2 + hχ4(y) + hχ4(y)

4

×2 + hχ4(x− y) + hχ4(x− y)

4

]
. (8.5)

We shall use the fact that χ4(−1) = 1 since −1 ∈ ⟨g4⟩. We also make use of Theorem

1.19 as needed. Firstly, we evaluate the sum in (8.5) indexed by y. We have

∑
y,x−y∈Z∗

pα

[2 + hχ4(y) + hχ4(y)][2 + hχ4(x− y) + hχ4(x− y)]

=
∑

y,x−y∈Z∗
pα

[4 + 2hχ4(y) + 2hχ4(y) + 2hχ4(x− y) + 2hχ4(x− y) + h2χ4(y(x− y))

+ |h|2χ4(y)χ4(x− y) + |h|2χ4(y)χ4(x− y) + h
2
χ4(y(x− y))]. (8.6)

Using Lemma 8.6, we find that

∑
y,x−y∈Z∗

pα

χ4(x− y) =
∑

x−y∈Z∗
pα

χ4(x− y)−
∑

x−y∈Z∗
pα

p|y

χ4(x− y)

= −
pα−1−1∑
t=0

χ4(x− pt) = −
pα−1−1∑
t=0

χ4(x) = −pα−1χ4(x), (8.7)

and similarly

∑
y,x−y∈Z∗

pα

χ4(y) = −pα−1χ4(x). (8.8)
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Using the substitution y 7→ xy in the following sum, we have

∑
y,x−y∈Z∗

pα

χ4(y(x− y)) =
∑
y∈Zpα

χ4(y(x− y)) = φ(x)J(χ4, χ4). (8.9)

Also, we find that

∑
y,x−y∈Z∗

pα

χ4(y)χ4(x− y) =
∑
p∤y

χ4

(
xy−1 − 1

)
, (8.10)

where y−1 denotes the multipicative inverse of y in Z∗
n. The following map

{y ∈ Zpα : p ∤ y, x− y} → {z ∈ Zpα : p ∤ z, z + 1}

y 7→ xy−1 − 1

is a bijection, and hence, (8.10) yields

∑
y,x−y∈Z∗

pα

χ4(y)χ4(x− y) =
∑
p∤z+1

χ4(z) = −
∑
p|z+1

χ4(z) = −pα−1. (8.11)

Lastly, we have

∑
y,x−y∈Z∗

pα

1 =
∑
p∤y

1−
∑
p∤y

p|x−y

1 = pα−1(p− 2). (8.12)

Employing (8.7) - (8.12) in (8.6), and then combining with (8.5) we find that

K3(G
∗(pα), 0) =

1

27

∑
p∤x

[2 + hχ4(x) + hχ4(x)][A−Bχ4(x)−Bχ4(x) + Cφ(x)],

(8.13)
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where

A = 4(p− 3)pα−1,

B = 4hpα−1, and

C = h2 · J(χ4, χ4) + h
2 · J(χ4, χ4).

After expanding the expression inside the sum over x and proceeding similarly as

shown above, (8.13) yields

K3(G
∗(pα), 0) =

1

27
[2A−Bh−Bh]ϕ(pα) =

1

24
p2α−2(p− 1)(p− 5). (8.14)

Finally, combining (8.14) and (8.4), we obtain the required result. ■

8.4.2 Proof of Theorem 8.5

Before proceeding with the proof of the theorem, we evaluate some character

sums which we come across in the proof of Theorem 8.5. The following three lemmas

are analogues of Lemmas 6.5 to 6.9 in Chapter 6.

Lemma 8.7. For a prime p ≡ 1 (mod 8) and an integer α ≥ 1, let χ4 be a Dirichlet

character mod pα of order 4 and let φ be the quadratic character mod pα. Let x ∈ Z∗
pα

be such that p ∤ 1− x. Let ρ := J(χ4, χ4). Then, we have

∑
y∈Z∗

pα

p∤1−y,x−y

χi14 (x− y)χi24 (1− y)χi34 (y)
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=



pα−1(p− 3), if (i1, i2, i3) = (0, 0, 0);

−pα−1(1 + χ4(x)), if (i1, i2, i3) = (0, 0, 1);

−pα−1(1 + χ4(1− x)), if (i1, i2, i3) = (0, 1, 0);

−pα−1(χ4(1− x) + χ4(x)), if (i1, i2, i3) = (1, 0, 0);

ρ− pα−1χ4(1− x)χ4(x), if (i1, i2, i3) = (0, 1, 1);

φ(x)ρ− pα−1χ4(1− x), if (i1, i2, i3) = (1, 0, 1);

φ(x− 1)ρ− pα−1χ4(x), if (i1, i2, i3) = (1, 1, 0);

−pα−1(1 + χ4(1− x)χ4(x)), if (i1, i2, i3) = (0,−1, 1);

−pα−1(1 + χ4(1− x)), if (i1, i2, i3) = (−1, 0, 1);

−pα−1(1 + χ4(x)), if (i1, i2, i3) = (−1, 1, 0).

Proof. The proofs are straightforward, and we give one such instance. Let (i1, i2, i3) =

(0,−1, 1). Since χ4 is of period p, we have

∑
y∈Z∗

pα

p∤1−y,x−y

χ4(y)χ4(1− y) =
∑

p∤y,1−y

χ4(y)χ4(1− y)− pα−1χ4(x)χ4(1− x). (8.15)

Now, the following map

{y ∈ Zpα : p ∤ y, y − 1} → {z ∈ Zpα : p ∤ z, 1 + z}

y 7→ y(1− y)−1

is a bijection. Hence,

∑
p∤y,1−y

χ4(y)χ4(1− y) = −pα−1. (8.16)

Combining (8.15) and (8.16), we complete the proof of the lemma when (i1, i2, i3) =

(0,−1, 1). ■

The proofs of the following two lemmas are similar to that of Lemma 8.7 and
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involve the same techniques, so we state them without proofs.

Lemma 8.8. Let p ≡ 1 (mod 8) be a prime and let α ≥ 1 be an integer. Let χ4

be a Dirichlet character mod pα of order 4 and let φ be the quadratic character mod

pα. Let ξ := J(χ4, φ). Then, we have

∑
p∤x,1−x

∑
p∤y,1−y,x−y

χi14 (y)χ
i2
4 (1− y)χi34 (x− y)

=



−2ξpα−1, if (i1, i2, i3) = (1, 1, 1);

2p2α−2, if (i1, i2, i3) = (1, 1,−1);

−pα−1(ξ − pα−1), if (i1, i2, i3) = (1,−1, 1);

−pα−1(ξ − pα−1), if (i1, i2, i3) = (1,−1,−1).

Lemma 8.9. Let p ≡ 1 (mod 8) be a prime and let α ≥ 1 be an integer. Let χ4

be a Dirichlet character mod pα of order 4 and let φ be the quadratic character mod

pα. Let ρ := J(χ4, χ4), ξ := J(χ4, φ), S1 := −pα−1(ρ + ξ), S2 := −pα−1ρ + p2α−2,

S3 := |ρ|2 + p2α−2, S4 := p2α−2 − pα−1ξ, S5 := ρ2 − pα−1ξ and S6 := 2p2α−2. Then,

for i1, i2, i3 ∈ {±1}, we have the following tabulation of the values of the expression

given below:

∑
x,y∈Zpα ,
p∤x,1−x

Ax · χi14 (y)χi24 (1− y)χi34 (x− y). (8.17)

For w ∈ {1, . . . , 8} and z ∈ {1, 2, . . . , 7}, the (w, z)-th entry in the table corresponds

to (8.17), where Ax is either χ4(x), χ4(x), χ4(1 − x) or χ4(1 − x) and the tuple
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(i1, i2, i3) depends on w.

Ax

i1 i2 i3 χ4(x) χ4(x) χ4(1− x) χ4(1− x)

1 1 1 S1 S1 S1 S1

1 1 −1 S2 S2 S2 S2

1 −1 1 S3 S6 S5 S4

1 −1 −1 S4 S5 S6 S3

−1 1 1 S5 S4 S3 S6

−1 1 −1 S6 S3 S4 S5

−1 −1 1 S2 S2 S2 S2

−1 −1 −1 S1 S1 S1 S1

For example, the (3, 6)-th position contains the value S5 = ρ2 − pα−1ξ. Here w = 3

corresponds to i1 = 1, i2 = −1, i3 = 1; z = 6 corresponds to the column Ax =

χ4(1− x).

In Chapter 6, we used Lemma 6.11 (due to [21]) therein, in the proof of finding

cliques of order 4 in the Peisert graph. The purpose was to have a group action,

which ultimately concluded that certain hypergeometric functions (over finite fields)

would yield the same value. Here, we do the same but for hypergeometric functions

with Dirichlet characters as arguments. The lemmas listed in Section 7.3 in Chapter

7 allow us to do so. The following lemma looks essentially the same as Lemma 6.11

in Chapter 6, except that the hypergeometric functions here involve the Dirichlet

characters modulo pα.

Lemma 8.10. Let X = {(t1, t2, t3, t4, t5) ∈ Z5
4 : t1, t2, t3 ̸= 0, t4, t5; t1 + t2 + t3 ̸=

t4, t5}. Define the functions fi : X → X, i ∈ {1, 2, . . . , 7} in the following manner:

f1(t1, t2, t3, t4, t5) = (t2 − t4, t1 − t4, t3 − t4,−t4, t5 − t4),
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f2 (t1, t2, t3, t4, t5) = (t1, t1 − t4, t1 − t5, t1 − t2, t1 − t3) ,

f3 (t1, t2, t3, t4, t5) = (t2 − t4, t2, t2 − t5, t2 − t1, t2 − t3) ,

f4 (t1, t2, t3, t4, t5) = (t1, t2, t5 − t3, t1 + t2 − t4, t5) ,

f5 (t1, t2, t3, t4, t5) = (t1, t4 − t2, t3, t4, t1 + t3 − t5) ,

f6 (t1, t2, t3, t4, t5) = (t4 − t1, t2, t3, t4, t2 + t3 − t5) ,

f7 (t1, t2, t3, t4, t5) = (t4 − t1, t4 − t2, t3, t4, t4 + t5 − t1 − t2) .

Then the group generated by f1, . . . , f7, with operation composition of functions, is

the set

F = {f0, fi, fj ◦fl, f4◦f1, f6◦f2, f5◦f3, f1◦f4◦f1 : 1 ≤ i ≤ 7, 1 ≤ j ≤ 3, 4 ≤ l ≤ 7},

where f0 is the identity map. Moreover, the group F acts on the set X, and X

contains eleven orbits with representatives (1, 1, 1, 0, 0), (3, 3, 3, 0, 0), (1, 3, 3, 2, 0),

(3, 1, 1, 2, 0), (2, 1, 3, 0, 0), (1, 3, 2, 0, 0), (2, 3, 1, 0, 0), (1, 2, 2, 0, 0), (2, 2, 1, 0, 0),

(1, 1, 3, 0, 0) and (2, 2, 2, 0, 0).

Now, let p ≡ 1 (mod 8) be a prime and α be a positive integer. Let χ4 be a Dirichlet

character mod pα of order 4. If we associate the 5-tuple (t1, t2, . . . , t5) ∈ X to

the hypergeometric function 3F2

 χt14 , χt24 , χt34

χt44 , χt54

∣∣∣1
, then each orbit of the group

action consists of a number of 5-tuples (t1, t2, . . . , t5), and the corresponding 3F2

terms have the same value.

Proof. As observed in Lemma 6.11, F acts on X. Now, for each of the Lemmas 7.8

to 7.14, we associate the maps f1 to f7. For example, the transformation in Lemma

7.8 gives that

3F2

 χt14 , χt24 , χt34

χt44 , χt54

∣∣∣1
 = 3F2

 χt2−t44 , χt1−t44 , χt3−t44

χ−t4
4 , χt5−t44

∣∣∣1
 ,
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and hence, it induces the map f1 : X → X given by

f1(t1, t2, t3, t4, t5) = (t2 − t4, t1 − t4, t3 − t4,−t4, t5 − t4).

Similarly, the other transformations in Lemmas 7.9 to 7.14 correspond to the maps

f2 to f7. Due to the equality of the 3F2(·) hypergeometric functions in these lemmas

and the fact that F acts on X, the value of 3F2(·) is constant in each orbit. ■

We are now ready to prove Theorem 8.5. We recall that Z∗
pα = ⟨g⟩, χ4 is a fixed

character of order 4 and h = 1 − χ4(g). Since −1 ∈ ⟨g4⟩, we have χ4(−1) = 1.

Let H = ⟨g4⟩ ∪ g⟨g4⟩. We make use of Theorem 1.19 as needed. Note that we use

Notation 1.57.

Proof of Theorem 8.5. Since G∗(pα) is vertex-transitive, we find that

K4(G
∗(pα)) =

pα

4
× number of cliques of order 4 in G∗(pα) containing 0

=
pα

4
×K3(⟨H⟩). (8.18)

So, our task is to find K3(⟨H⟩). We proceed as in the proof of Theorem 6.3 in

Chapter 6. Let a, b ∈ H be such that χ4(ab
−1) = 1. We note that

K3(⟨H⟩, a) = 1

2
×

∑∑
χ4(x−y)∈{1,χ4(g)}

1, (8.19)

where the first sum is taken over all x such that χ4(x), χ4(a−x) ∈ {1, χ4(g)} and the

second sum is taken over all y such that p ∤ y − x and χ4(y), χ4(a− y) ∈ {1, χ4(g)}.

Hence, using (8.1) in (8.19), we find that

K3(⟨H⟩, a)

=
1

2× 45

∑
p∤x,x−a

∑
p∤y,y−a,x−y

[(2 + hχ4(a− x) + hχ4(a− x))
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× (2 + hχ4(a− y) + hχ4(a− y))(2 + hχ4(x− y) + hχ4(x− y))

× (2 + hχ4(x) + hχ4(x))(2 + hχ4(y) + hχ4(y))]. (8.20)

Now,

{y ∈ Zpα : p ∤ y, y − a, x− y} → {Y ∈ Zpα : p ∤ Y, b− Y, Y − ba−1x}

y 7→ ba−1y

is a bijection. Therefore, using the substitution y 7→ ba−1y in the inner sum in (8.20)

indexed by y yields

K3(⟨H⟩, a)

=
1

2× 45

∑
p∤x,x−a

∑
p∤Y,b−Y,Y−ba−1x

[(2 + hχ4(a− x) + hχ4(a− x))

× (2 + hχ4(b− Y ) + hχ4(b− Y ))(2 + hχ4(x− ab−1Y ) + hχ4(x− ab−1Y ))

× (2 + hχ4(x) + hχ4(x))(2 + hχ4(Y ) + hχ4(Y ))]

=
1

2× 45

∑
p∤Y,b−Y

∑
p∤x,x−a,x−ab−1Y

[(2 + hχ4(a− x) + hχ4(a− x)

× (2 + hχ4(b− Y ) + hχ4(b− Y ))(2 + hχ4(x− ab−1Y ) + hχ4(x− ab−1Y ))

× (2 + hχ4(x) + hχ4(x))(2 + hχ4(Y ) + hχ4(Y ))]. (8.21)

Again, we find that

{x ∈ Zpα : p ∤ x, x− a, x− ab−1y} → {X ∈ Zpα : p ∤ X,X − b,X − Y }

x 7→ ba−1x

is a bijection, and hence, employing the substitution x 7→ ba−1x in the inner sum in
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(8.21) indexed by x yields

K3(⟨H⟩, a)

=
1

2× 45

∑
p∤Y,
Y−b

∑
p∤X,X−b,
X−Y

[(2 + hχ4(X − b) + hχ4(X − b))

× (2 + hχ4(Y − b) + hχ4(Y − b))(2 + hχ4(X − Y ) + hχ4(X − Y ))

× (2 + hχ4(X) + hχ4(X))(2 + hχ4(Y ) + hχ4(Y ))]

= K3(⟨H⟩, b).

Thus, if a, b ∈ H are such that χ4(ab
−1) = 1, then

K3(⟨H⟩, a) = K3(⟨H⟩, b). (8.22)

Let ⟨g4⟩ = {x1, . . . , xpα−1( p−1
4 )} with x1 = 1 and g⟨g4⟩ = {y1, . . . , ypα−1( p−1

4 )} with

y1 = g. Then,

pα−1( p−1
4 )∑

i=1

K3(⟨H⟩, xi) +
pα−1( p−1

4 )∑
i=1

K3(⟨H⟩, yi) = 3×K3(⟨H⟩). (8.23)

By (8.22), we have

K3(⟨H⟩, x1) = K3(⟨H⟩, x2) = · · · = K3(⟨H⟩, xpα−1( p−1
4 ))

and

K3(⟨H⟩, y1) = K3(⟨H⟩, y2) = · · · = K3(⟨H⟩, ypα−1( p−1
4 )).

Hence, (8.23) yields

K3(⟨H⟩) = pα−1(p− 1)

12
[K3(⟨H⟩, 1) +K3(⟨H⟩, g)]. (8.24)
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Thus, we need to find only K3(⟨H⟩, 1) and K3(⟨H⟩, g). We first find K3(⟨H⟩, 1).

Employing (8.1), we have

K3(⟨H⟩, 1)

=
1

2× 45

∑
p∤x,
1−x

[(2 + hχ4(1− x) + hχ4(1− x))(2 + hχ4(x) + hχ4(x))]

∑
p∤y,1−y,
x−y

[(2 + hχ4(1− y) + hχ4(1− y))(2 + hχ4(x− y) + hχ4(x− y))

× (2 + hχ4(y) + hχ4(y))]. (8.25)

Let i1, i2, i3 ∈ {±1} and let Fi1,i2,i3 denote the term χi14 (y)χ
i2
4 (1−y)χi34 (x−y). Next,

we expand and evaluate the inner summation in (8.25). We have

∑
p∤y,1−y,
x−y

[2 + hχ4(y) + hχ4(y)][2 + hχ4(1− y) + hχ4(1− y)][2 + hχ4(x− y) + hχ4(x− y)]

=
∑

p∤y,1−y,
x−y

[8 + 4hχ4(y) + 4hχ4(y) + 4hχ4(1− y) + 4hχ4(1− y) + 4hχ4(x− y)

+ 4hχ4(x− y) + 4χ4(y)χ4(1− y) + 4χ4(y)χ4(1− y) + 4χ4(y)χ4(x− y)

+ 4χ4(y)χ4(x− y) + 4χ4(1− y)χ4(x− y) + 4χ4(1− y)χ4(x− y)

+ 2h2χ4(y)χ4(1− y) + 2h
2
χ4(y)χ4(1− y) + 2h2χ4(y)χ4(x− y)

+ 2h
2
χ4(y)χ4(x− y) + 2h2χ4(1− y)χ4(x− y) + 2h

2
χ4(1− y)χ4(x− y)

+ h3F1,1,1 + 2hF1,1,−1 + 2hF1,−1,1 + 2hF1,−1,−1 + 2hF−1,1,1 + 2hF−1,1,−1

+ 2hF−1,−1,1 + h
3
F−1,−1,−1]. (8.26)

Now, referring to Lemma 8.7, (8.26) yields

∑
p∤y,1−y,
x−y

[2 + hχ4(y) + hχ4(y)][2 + hχ4(1− y) + hχ4(1− y)][2 + hχ4(x− y) + hχ4(x− y)]
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= A+Bχ4(x) +Bχ4(x) +Bχ4(x− 1) +Bχ4(x− 1)− 4pα−1χ4(x)χ4(x− 1)

− 4pα−1χ4(x)χ4(x− 1)− 2h2pα−1χ4(x)χ4(x− 1)− 2h
2
pα−1χ4(x)χ4(x− 1) + Cφ(x)

+ Cφ(x− 1)

+
∑

p∤y,1−y,
x−y

[h3F1,1,1 + 2hF1,1,−1 + 2hF1,−1,1 + 2hF1,−1,−1 + 2hF−1,1,1

+ 2hF−1,1,−1 + 2hF−1,−1,1 + h
3
F−1,−1,−1]

=: I, (8.27)

where A := 8pα−1(p− 8) + 4Re(h2ρ), B := −12hpα−1 and C := 4Re(h2ρ).

Next, we introduce some notation. Let

A1 := 32(p− 15)pα−1 + 16Re(h2ρ),

B1 := 16(p− 15)hpα−1 + 16Re(h2ρ),

C1 := 16Re(h2ρ),

D1 := 8hRe(h2ρ),

E1 := 8(p− 15)h2pα−1 + (4h2 + 16)Re(h2ρ), and

F1 := 16(p− 15)pα−1 + 8Re(h2ρ).

For i ∈ {1, 2, 3, 4} and j ∈ {1, 2, . . . , 8}, we define the following character sums.

Tj :=
∑

p∤x,1−x

∑
y

χi14 (y)χ
i2
4 (1− y)χi34 (x− y),

Uij :=
∑

p∤x,1−x

χl4(m)
∑
y

χi14 (y)χ
i2
4 (1− y)χi34 (x− y),

Vij :=
∑
x

χl14 (x)χ
l2
4 (1− x)

∑
y

χi14 (y)χ
i2
4 (1− y)χi34 (x− y),
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where

l =

 1, if i is odd,

−1, otherwise;

m =

 x, if i ∈ {1, 2},

1− x, otherwise;

and

(l1, l2) =



(1, 1), if i = 1,

(1,−1), if i = 2,

(−1, 1), if i = 3,

(−1,−1), if i = 4.

Also, corresponding to each j, let (i1, i2, i3) take the value according to the following:

(i1, i2, i3) =



(1, 1, 1), if j = 1,

(1, 1,−1), if j = 2,

(1,−1, 1), if j = 3,

(1,−1,−1), if j = 4,

(−1, 1, 1), if j = 5,

(−1, 1,−1), if j = 6,

(−1,−1, 1), if j = 7,

(−1,−1,−1), if j = 8.

Then, using (8.27) and the notation we just described, (8.25) yields

K3(⟨H⟩, 1) = 1

211

∑
p∤x,1−x

[(2 + hχ4(x) + hχ4(x))(2 + hχ4(1− x) + hχ4(1− x))× I]
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=
1

211

∑
p∤x,1−x

(A1 +B1χ4(x) +B1χ4(x) +B1χ4(x− 1) +B1χ4(x− 1)

+ C1φ(x) + C1φ(x− 1) +D1χ4(x)φ(x− 1) +D1χ4(x)φ(x− 1)

+D1φ(x)χ4(x− 1) +D1φ(x)χ4(x− 1) + E1χ4(x)χ4(x− 1) + E1χ4(x)χ4(x− 1)

+ F1χ4(x)χ4(1− x) + F1χ4(x)χ4(x− 1))

+
1

211
(4h3T1 + 8hT2 + 8hT3 + 8hT4 + 8hT5 + 8hT6 + 8hT7 + 4h

3
T8

+ 2h4U11 + 4h2U12 + 4h2U13 + 8U14 + 4h2U15 + 8U16 + 8U17 + 4h
2
U18

+ 4h2U21 + 8U22 + 8U23 + 4h
2
U24 + 8U25 + 4h

2
U26 + 4h

2
U27 + 2h

4
U28

+ 2h4U31 + 4h2U32 + 4h2U33 + 8U34 + 4h2U35 + 8U36 + 8U37 + 4h
2
U38

+ 4h2U41 + 8U42 + 8U43 + 4h
2
U44 + 8U45 + 4h

2
U46 + 4h

2
U47 + 2h

4
U48

+ h5V11 + 2h3V12 + 2h3V13 + 4hV14 + 2h3V15 + 4hV16 + 4hV17 + 4hV18

+ 2h3V21 + 4hV22 + 4hV23 + 4hV24 + 4hV25 + 4hV26 + 4hV27 + 2h
3
V28

+ 2h3V31 + 4hV32 + 4hV33 + 4hV34 + 4hV35 + 4hV36 + 4hV37 + 2h
3
V38

+ 4hV41 + 4hV42 + 4hV43 + 2h
3
V44 + 4hV45 + 2h

3
V46 + 2h

3
V47 + h

5
V48).

Employing Lemmas 8.8 and 8.9, we find that

K3(⟨H⟩, 1) = 1

211
[
16(p− 9)pα−1Re(h2ρ) + 32p2α−2(p2 − 20p+ 81)

+ 2Re{ρ(8h2(p− 17)pα−1 + 4(h2 + 4)Re(h2ρ))}+ 32Re(h2ρ)Re(ξh) + 16Re(h2ρ2)

+ h5V11 + 2h3V12 + 2h3V13 + 4hV14 + 2h3V15 + 4hV16 + 4hV17 + 4hV18

+ 2h3V21 + 4hV22 + 4hV23 + 4hV24 + 4hV25 + 4hV26 + 4hV27 + 2h
3
V28

+ 2h3V31 + 4hV32 + 4hV33 + 4hV34 + 4hV35 + 4hV36 + 4hV37 + 2h
3
V38

+4hV41 + 4hV42 + 4hV43 + 2h
3
V44 + 4hV45 + 2h

3
V46 + 2h

3
V47 + h

5
V48

]
. (8.28)

Now, we convert each term of the form Vij [i ∈ {1, 2, 3, 4}, j ∈ {1, 2, . . . , 8}] into

its equivalent p2α · 3F2 form. We use the notation (t1, t2, . . . , t5) ∈ Z5
4 for the term
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p2α · 3F2

 χt14 , χt24 , χt34

χt44 , χt54

∣∣∣1
. Then, (8.28) yields

K3(⟨H⟩, 1) = 1

211
[
16(p− 9)pα−1Re(h2ρ) + 32p2α−2(p2 − 20p+ 81)

+ 2Re{ρ(8h2(p− 17)pα−1 + 4(h2 + 4)Re(h2ρ))}+ 32Re(h2ρ)Re(ξh) + 16Re(h2ρ2)

+ h5(3, 1, 1, 2, 2) + 2h3(1, 1, 3, 2, 0) + 2h3(3, 1, 1, 0, 2) + 4h(1, 1, 3, 0, 0)

+ 2h3(3, 3, 1, 0, 2) + 4h(1, 3, 3, 0, 0) + 4h(3, 3, 1, 2, 2) + 4h(1, 3, 3, 2, 0)

+ 2h3(3, 1, 3, 2, 2) + 4h(1, 1, 1, 2, 0) + 4h(3, 1, 3, 0, 2) + 4h(1, 1, 1, 0, 0)

+ 4h(3, 3, 3, 0, 2) + 4h(1, 3, 1, 0, 0) + 4h(3, 3, 3, 2, 2) + 2h
3
(1, 3, 1, 2, 0)

+ 2h3(3, 1, 3, 2, 0) + 4h(1, 1, 1, 2, 2) + 4h(3, 1, 3, 0, 0) + 4h(1, 1, 1, 0, 2)

+ 4h(3, 3, 3, 0, 0) + 4h(1, 3, 1, 0, 2) + 4h(3, 3, 3, 2, 0) + 2h
3
(1, 3, 1, 2, 2)

+ 4h(3, 1, 1, 2, 0) + 4h(1, 1, 3, 2, 2) + 4h(3, 1, 1, 0, 0) + 2h
3
(1, 1, 3, 0, 2)

+4h(3, 3, 1, 0, 0) + 2h
3
(1, 3, 3, 0, 2) + 2h

3
(3, 3, 1, 2, 0) + h

5
(1, 3, 3, 2, 2)

]
. (8.29)

Next, we list the tuples (t1, t2, . . . , t5) in each orbit of the group action of F onX, and

then group the corresponding terms in (8.29) together (this is possible due to Lemma

8.10). The orbit representatives (1, 1, 1, 0, 0), (3, 3, 3, 0, 0), (1, 3, 3, 2, 0), (3, 1, 1, 2, 0)

and (1, 1, 3, 0, 0) mentioned in Lemma 8.10 are the ones whose orbits exhaust the

hypergeometric terms in (8.29). We denote the p2α · 3F2 terms corresponding to

these orbit representatives as M1,M2, . . . ,M5, respectively. Then, (8.29) yields

K3(⟨H⟩, 1) = 1

211
[
16(p− 9)pα−1Re(h2ρ) + 32p2α−2(p2 − 20p+ 81)

+ 2Re{ρ(8h2(p− 17)pα−1 + 4(h2 + 4)Re(h2ρ))}+ 32Re(h2ρ)Re(ξh) + 16Re(h2ρ2)

+ h5M4 + 2h3M1 + 2h3M1 + 4hM5 + 2h3M1 + 4hM5 + 4hM1 + 4hM3

+ 2h3M4 + 4hM5 + 4hM2 + 4hM1 + 4hM5 + 4hM5 + 4hM5 + 2h
3
M3

+ 2h3M4 + 4hM5 + 4hM5 + 4hM5 + 4hM2 + 4hM1 + 4hM5 + 2h
3
M3
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+ 4hM4 + 4hM2 + 4hM5 + 2h
3
M2 + 4hM5 + 2h

3
M2 + 2h

3
M2 + h

5
M3

]
. (8.30)

Simplifying (8.30), we have the reduced expression of K3(⟨H⟩, 1) as follows.

K3(⟨H⟩, 1) = 1

211
[16(p− 9)pα−1Re(h2ρ) + 32p2α−2(p2 − 20p+ 81)

+ 2Re{ρ(8h2(p− 17)pα−1 + 4(h2 + 4)Re(h2ρ))}+ 32Re(h2ρ)Re(ξh)

+ 16Re(h2ρ2) + 8(1− h)M1 + 8(1− h)M2 − 8hM3 − 8hM4 + 48M5].

(8.31)

Returning back to (8.24), we are now left to calculate K3(⟨H⟩, g). Again, by em-

ploying (8.1), we have

K3(⟨H⟩, g)

=
1

211

∑
p∤x,
g−x

∑
p∤y,g−y,
x−y

[
(2 + hχ4(g − x) + hχ4(g − x))(2 + hχ4(g − y) + hχ4(g − y))

× (2 + hχ4(x− y) + hχ4(x− y))(2 + hχ4(x) + hχ4(x))(2 + hχ4(y) + hχ4(y))
]
.

(8.32)

Using the substitutions Y = yg−1 and X = xg−1, and then using the fact that

hχ4(g) = h, (8.32) yields

K3(⟨H⟩, g)

=
1

211

∑
p∤x,
1−x

∑
p∤y,1−y,
x−y

[
(2 + hχ4(1− x) + hχ4(1− x))(2 + hχ4(1− y) + hχ4(1− y))

× (2 + hχ4(x− y) + hχ4(x− y))(2 + hχ4(x) + hχ4(x))(2 + hχ4(y) + hχ4(y))
]
.

Cmparing this with (8.25), we see that the expansion of the expression inside this

summation will consist of the same summation terms as in (8.25), except that the

coefficient corresponding to each summation term in this case, will become the
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complex conjugate of the corresponding coefficient of the same summation term

that we obtain by expanding (8.25). So, we proceed to evaluate K3(⟨H⟩, g) in the

same manner as we did for K3(⟨H⟩, 1) and find that for the step analogous to (8.27),

there is a change in the value of the constants A and C: Re(h
2
ρ) takes the place of

Re(h2ρ); the other coefficients remain unchanged except for complex conjugation.

Eventually, we have that the expression for K3(⟨H⟩, g) can be written by replacing

Re(h2ρ) by Re(h
2
ρ) and taking the complex conjugate of the coefficients of ρ, ξ

as well as the complex conjugate of the coefficients of the hypergeometric terms

corresponding to K3(⟨H⟩, 1) in (8.31). In particular, we have

K3(⟨H⟩, g) = 1

211
[16(p− 9)pα−1Re(h

2
ρ) + 32p2α−2(p2 − 20p+ 81)

+ 2Re{ρ(8h2(p− 17)pα−1 + 4(h
2
+ 4)Re(h

2
ρ))}+ 32Re(h

2
ρ)Re(ξh)

+ 16Re(h
2
ρ2) + 8(1− h)M1 + 8(1− h)M2 − 8hM3 − 8hM4 + 48M5].

(8.33)

Finally, using (8.31) and (8.33) in (8.24), we have

K3(⟨H⟩) = pα−1(p− 1)

28 × 3

[
2p2α−2(p2 − 20p+ 81) + 2(Imρ)2 + 4Imρ · Imξ

−Re(M3) + 3M5] .

Substituting the above value in (8.18), we complete the proof of the theorem. ■
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Appendix: Python Code

We have used Python to verify Theorem 8.5 numerically. We refer to the the-

orem for the notation of ρ, ξ,M3 and M5. The code takes a prime p ≡ 1 (mod 8)

and a positive integer r as inputs, and computes the number of cliques of order four

in the Peisert-like graph G∗(pr), the Jacobi sums (denoted by ρ and ξ), and the

hypergeometric terms (denoted by M3 and M5). This Python code can be found in

the following link:

https://github.com/AnwitaB/cliques of order four in Peisert-like graph

Alternatively, the SageMath code for the Peisert-like graph can be found in the fol-

lowing link:

https://github.com/AnwitaB/Peisert-like-graph-SageMath/blob/main/Peisert-like

For sake of completeness, we have provided the Python code below.

from sympy.ntheory.factor import totient

from math import gcd

import cmath

import numpy as np

#the function below calculates the number of cliques of order four in the

Peisert-like graph G^*(n) where n=p^r

def cliques four (n,H): #H is the connection set of the graph

159
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b1=(int)(totient(n)/2)

number=0

flag1, flag2, flag3, flag4, flag5, flag6=0,0,0,0,0,0

temp1, temp2, temp3, temp4, temp5, temp6=0,0,0,0,0,0

#now, checking if each tuple (i,j,k,l) forms a clique

for i in range (n):

for j in range(i+1,n): #checking if ij is an edge

temp1, flag1=(i-j)%n,0

for m in range (b1):

if temp1==H[m]:

flag1=1

break

if flag1==0:

continue

for k in range(j+1,n): #checking if ik and jk are edges

temp2, temp3, flag2, flag3=(i-k)%n, (j-k)%n, 0, 0

for m in range (b1):

if temp2==H[m]:

flag2=1

break

for m in range (b1):

if temp3==H[m]:

flag3=1

break

if flag2==0 or flag3==0:

continue

for l in range(k+1,n): #checking if il,jl,kl are edges
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temp4, temp5, temp6=(i-l)%n, (j-l)%n, (k-l)%n

flag4, flag5, flag6= 0, 0, 0

for m in range (b1):

if temp4==H[m]:

flag4=1

break

for m in range (b1):

if temp5==H[m]:

flag5=1

break

for m in range (b1):

if temp6==H[m]:

flag6=1

break

if flag4==0 or flag5==0 or flag6==0:

continue

number=number+1 #counts the number of tuples (i,j,k,l)

#forming a clique

print("The number of cliques of order four in the Peisert-like graph

G^*(p^r) is ",number)

return 1

def raised(k): #this returns the value of i^k

if (k%4)==0:

return 1

elif (k%4)==1:
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return complex(0,1)

elif (k%4)==2:

return -1

else:

return complex(0,1)*(-1)

#the function below calculates the Jacobi sums rho:=J(chi 4,chi 4)

#and zi:=J(chi 4,phi) where chi 4(g)=i, a primitive fourth root of

#unity and phi is the quadratic character, and g is the generator

# of Z n^*

def jacobi sums(n,zn,a):

pos x, pos x1=0,0

rho, zi=0,0

for i in range(totient(n)):

x=zn[i]

x1=(1-x)%n

if gcd(x1,n)==1:

for j in range(totient(n)): #finds pos x such that g^pos x=x

if a[j]==x:

pos x=j

break

for j in range(totient(n)): #finds pos x1 such that

if a[j]==x1: #g^pos x1=1-x

pos x1=j

break

rho=rho+raised(pos x+pos x1)

zi=zi+raised(pos x+2*pos x1)
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print("The Jacobi sum rho:=J(chi 4,chi 4) is ",rho)

print("The Jacobi sum zi:=J(chi 4,phi) is ",zi)

return 1

def hypergeom sums(n,zn,a): #this function calculates the

#hypergeometric terms M 3 and M 5

x,x1=0,0

pos x, pos x1=0,0

sum3,sum5=0,0,

temp=0

pos y, pos y1, pos xy=0,0,0

# For calculating the hypergeometric terms, which are double

#summations, we assume that the outer summation is indexed by

#x and the inner summation is indexed by y

for i in range(totient(n)):

x=zn[i]

x1=(1-x)%n

if gcd(x1,n)==1:

for j in range(totient(n)): #finds pos x such that

if a[j]==x: #g^pos x=x

pos x=j

break

for j in range(totient(n)): #finds pos x1 such that

if a[j]==x1: #g^pos x1=1-x

pos x1=j

break

temp=raised(pos x+pos x1) #chi 4(x(1-x))
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temp1, tempo1=0,0

for k in range(totient(n)):

y=zn[k]

y1=(1-y)%n

xy=(x-y)%n

if (gcd(y1,n)!=1) or (gcd(xy,n)!=1):

continue

for l in range(totient(n)): #finds pos y such that

if a[l]==y: #g^pos y=y

pos y=l

break

for l in range(totient(n)): #finds pos y1 such that

if a[l]==y1: #g^pos y1=1-y

pos y1=l

break

for l in range(totient(n)): #finds pos xy such that

if a[l]==xy: #g^pos xy=x-y

pos xy=l

break

temp1=temp1+raised(pos y+pos y1+pos xy)

#chi 4(y(1-y)(x-y))

tempo1=tempo1+raised(pos y)*np.conj(raised(pos y1+pos xy))

#chi 4(y)overline(chi 4(1-y)(x-y))) for M 5

temp1=np.conj(temp1) #overline(chi 4(y(1-y)(x-y))) for M 3

sum3=sum3+temp*temp1 #calculates M 3 which involves the

#sum chi 4(x(1-x))overline(chi 4(y(1-y)(x-y)))

sum5=sum5+temp*tempo1 #calculates M 5 which involves the

#sum chi 4(x(1-x))chi 4(y)overline(chi 4((1-y)(x-y)))
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print("The hypergeometric sum M 3 is ",sum3)

print("The hypergeometric sum M 5 is ",sum5)

return 1

def main():

print("enter a prime p congruent to 1 modulo 8")

p = int(input())

print("enter a positive integer r")

r = int(input())

n=int(pow(p,r))

zn=list()

div=list()

g = 0

for i in range(1,n):

if gcd(i,n)==1:

zn.append(i) #zn contains the elements of Z n^*

for i in range(1, int(totient(n)/2)+1):

if totient(n)%i==0:

div.append(i) #div contains all the positive divisors

ldiv=len(div) #of phi(n), except phi(n)

for i in range(totient(n)): #this loop finds g, a generator

var=0 #of Z n^*. Each element a in

a1=zn[i] #Z n^* is considered, and if

for d in range (ldiv): #a^dd=1 in Z n^* for some dd
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dd=div[d] #in div, then a is discarded

if (pow(a1,dd)%n)==1:

var=1

break

if var==0:

g=a1

break

g1=(g*g*g*g)%n

H=list() #H is the connection set of the graph G(p^r)

for i in range(1, int(totient(n)/4)+1):

temp=1

for j in range(1, i+1):

temp=temp*g1

H.append(temp%n) #powers of g^4, that is, elements of <g^4>,

#are appended to H

for i in range(int(totient(n)/4)):

H.append((H[i]*g)%n) #elements of g<g^4> are appended to H

a=list()

for i in range(totient(n)):

s=(int)(pow(g,i))

a.append(s%n) #a stores all the powers of the generator g,

#that is, 1,g,g^2,..,g^(totient(n)-1)

cliques four(n, H)

jacobi sums(n,zn,a)

hypergeom sums(n,zn,a)

main()
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The following link contains the SageMath code for the Paley-type graph:

https://github.com/AnwitaB/Paley-type-SageMath/blob/main/Paley-type
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