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Abstract

This thesis is mainly devoted to the computation of the number of cliques of
certain Cayley graphs, namely the Paley-type graphs, Peisert graphs and Peisert-
like graphs. Barring the case of the Peisert graphs, the focus is on the number of
cliques of orders three (triangles) and four. Let ¢ be a prime power such that ¢ = 1
(mod 4). The Paley graph of order g is the graph with vertex set as the finite field F,
and edges defined as, ab is an edge if and only if @ — b is a non-zero square in F,. The
first part of this thesis involves defining a generalization of the Paley graph, called
the Paley-type graph on the commutative ring Z, for certain values of n, precisely
n = 2°p{"---pp*, where s = 0 or 1, @; > 1, where the distinct primes p; satisfy
pi =1 (mod 4) for all i = 1,..., k. For such n, we define the graph with vertex set
Z., and edges defined as, ab is an edge if and only if a—b is a square in the set of units
of Z,,. We look at some properties of this graph. For primes p =1 (mod 4), Evans,
Pulham and Sheehan computed the number of complete subgraphs of order four in
the Paley graph. Recently, Dawsey and McCarthy found the number of triangles
and complete subgraphs of order four in the generalized Paley graph of prime power
order. We find the number of triangles and complete subgraphs of order four in the
Paley-type graph successively for n = p* (p =1 (mod 4) being a prime and o > 1)

and for general n, using character sums and combinatorial methods.

A graph is called symmetric if its automorphism group acts transitively both on
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vi ABSTRACT

the vertices and edges. Another kind of symmetry occurs if a graph is isomorphic to
its complement, in which case the graph is called self-complementary. It turns out
that the Paley graphs are both self-complementary and symmetric (SCS). Peisert
gave a full description of SCS graphs as well as their automorphism groups. He
derived that there is another infinite family of SCS graphs apart from the Paley
graphs, and in addition, one more graph not belonging to any of the two former
families. The graphs in the infinite family that he discovered are now known as
Peisert graphs. The second part of the thesis is devoted to the computation of
the number of cliques in the Peisert graph. We find the number of triangles and
cliques of order four and express them using finite field hypergeometric functions as
developed by Greene, McCarthy and Ono, which are assembled with the well known
Gauss and Jacobi sums. Then, we provide an asymptotic result on the number of
cliques of order m > 1 in the graph.

The final part of the thesis involves defining a Peisert-like graph analogous to
the Peisert graph and exploring some of its properties. We follow in the footsteps of
Greene and define hypergeometric functions corresponding to Dirichlet characters.
Then, using these functions, we find the number of triangles and cliques of order

four in the Peisert-like graph.
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Introduction

Graph theory is the study of graphs, which are abstract mathematical structures
modeling pairwise relations among a set of objects. It is a useful tool in mathemat-
ics, computer science, electrical engineering, economics and other areas galore. A
(simple) graph is a pair G = (V, E), where V' is a set whose elements are called
vertices, and F is a set of pairs of distinct vertices whose elements are called edges.
Cayley graphs are a well known family of graphs, see for example [28]. These graphs
are defined on groups and are a central tool in combinatorial and geometric group
theory.

Graphs exhibiting some form of symmetry spike the interest to delve into them.
To this end, the Paley graphs have, since their inception, piqued the interest of
many. Paley graphs are a special class of Cayley graphs that enjoy a variety of
properties. As Jones [36] puts it, “Anyone who seriously studies algebraic graph
theory or finite permutation groups will, sooner or later, come across the Paley
graphs and their automorphism groups”. Named after Raymond E. A. C. Paley,
they were introduced as graphs independently by Sachs [51] in 1962, and Erdds and
Rényi [25] in 1963. While Sachs studied the self-complementarity properties of the
Paley graphs, Erdds and Rényi were interested in their symmetries. Paley graphs are
defined in the following way. Let ¢ be a prime power such that ¢ =1 (mod 4) and
let IF, denote the finite field with ¢ elements. The Paley graph of order ¢ is the graph
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2 INTRODUCTION

with vertex set Fy, where ab is an edge if a — b is a non-zero square in F,. They are
closely related to the Paley construction for constructing Hadamard matrices from
quadratic residues, as stated in Paley’s paper [47] in 1933. Remarkably, the study of
this family of graphs connects many branches of mathematics such as combinatorics,
number theory, group theory, graph theory, design theory, matrix theory and coding
theory. One can refer to [36] for a presentation on the origin of Paley graphs and a
survey on them.

A complete graph is one in which every pair of distinct vertices are adjacent. In
combinatorial mathematics, Ramsey’s theorem, in one of its graph-theoretic forms,
states that, given ¢ number of colors and positive integers nq,...,n., there is a
number R(ng,...,n.) such that if the edges of a complete graph on R(ni,...,n.)
vertices are colored with ¢ different colors, then for some i, 1 < 7 < ¢, it must
contain a complete subgraph (clique) of order n; whose edges are all colored i. For
¢ = 2, the only values of m for which the diagonal Ramsey number R(m,m) are
known are m < 4. Now, let G denote a graph on n vertices and let G be the
complement of G™. For a graph G, let K,,(G) denote the number of cliques of
order m contained in G. Then, let 7,,(n) := min (ICm(G(")) + /Cm(m)), where
the minimum is taken over all graphs G™. Here we note that the study of T}, (n)
can be linked to Ramsey theory. This is because R(m,m) is the smallest positive

integer n such that T,,(n) is positive. Erdés [24] proved that

m

and conjectured that lim T, (n)/(") = 21-(%), Subsequent attempts by Goodman
n—oo

[29] and Thomason [55] generated the interest to calculate T,,(n) for different m € N.

Computing T;,,(n) in turn, put the focus on Paley graphs. Indeed, for the function

Ko (G™) + K,,,(G™) on graphs with n = p vertices, p being a prime, it turns out

that Paley graphs are minimal in certain ways. For example, in order to show that
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INTRODUCTION 3

R(4,4) is at least 18, the Paley graph with 17 vertices acts as the only graph (upto
isomorphism) such that Ky(GU7) + K4(GUD) = 0. It is also seen that, although
the conjecture given by Erdés is false in general, it holds true for Paley graphs. As
a result, there has been an acute interest in computing the number of cliques in
Paley graphs and some generalizations of these graphs. Character sums have been
extensively used to study cliques in these graphs, for instance see [26, 57]. In view
of such work, the first part of the thesis involves defining a generalization called
the Paley-type graph on the commutative ring Z, for some particular values of n,
investigating some of its properties and finding the number of cliques of orders three
(triangles) and four therein, using two different methods: a Dirichlet character sum
approach and a combinatorial one.

It is natural to study the extent to which a graph exhibits symmetry. A graph is
called symmetric if its automorphism group acts transitively both on the vertices and
edges. Another kind of symmetry occurs if a graph is isomorphic to its complement,
in which case the graph is called self-complementary. It turns out that the Paley
graphs are both self-complementary and symmetric (SCS), see for example [23].
Thus arose a quest for the classification of all SCS graphs. In 2001, Peisert gave a
full description of SCS graphs as well as their automorphism groups in [49]. Using
elaborate algebraic techniques, he derived that there is another infinite family of
SCS graphs apart from the Paley graphs, and in addition, one more graph not
belonging to any of the two former families. The graphs in the infinite family that
he discovered are now known as Peisert graphs. A similarity in the definitions of the
Paley graphs and Peisert graphs has led to numerous studies of the latter in the same
flavour as that of the former, for example in [1, 39, 53, 58]. The second part of the
thesis is mainly devoted to the computation of the number of triangles and cliques of
order four in the Peisert graph and expressing them using finite field hypergeometric
functions as developed by Greene, McCarthy, and Ono [32, 33, 42, 46], which are

assembled with the well known Gauss and Jacobi sums.
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4 INTRODUCTION

The final part of the thesis involves defining a Peisert-like graph analogous to
the Peisert graph and exploring some of its properties. We follow in the footsteps
of Greene [32, 33] and define hypergeometric functions corresponding to Dirichlet
characters. Then, using these functions, we find the number of triangles and cliques
of order four in the Peisert-like graph.

There have been a number of studies on cliques of maximum (and maximal)
size in the Paley, Peisert, generalized Paley and generalized Peisert graphs, some
of which are [7, 44, 58, 59, 60]. The generalizations of Paley and Peisert graphs
in the existing literature are cyclotomic graphs, that is, Cayley graphs with the
connection set being the union of cyclotomic classes (a reference for cyclotomic
graphs is [15]). Cyclotomic graphs are of special interest in both algebraic graph
theory and number theory; in particular, character sums and Gauss sums have been
used extensively to study these graphs. With respect to clique(s) in a graph, one can
study the size of a largest clique; alternatively, one can find the number of cliques
of a particular order. In this thesis, we focus on computing the number of cliques of
a particular order in the Paley-type, Peisert and Peisert-like graphs, following the
likes of [11, 16, 21, 26, 30] etc.

Organization of the Thesis

We present the entire work of the thesis in eight chapters as described below.

e Chapter 1: Preliminaries

Chapter 2: On a Paley-type graph on Z,

Chapter 3: Triangles in the Paley-type graph

Chapter 4: Cliques of order four in the Paley-type graph on Z«

Chapter 5: Cliques of order four in the Paley-type graph on Z, for general n
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INTRODUCTION D

e Chapter 6: The number of cliques in Peisert graphs
e Chapter 7: Hypergeometric functions for Dirichlet characters
e Chapter 8: On a Peisert-like graph on Z,

In Chapter 1, we will recall some preliminary definitions and results on the
group of units of the commutative ring Z,; finite fields; characters on finite abelian
groups and some character sums associated with finite fields, namely Jacobi sums
and hypergeometric functions; and graphs.

In Chapter 2, we define a generalization of the Paley graph on Z,, namely the
Paley-type graph G,. We study some properties of the graph and also associate
some character sums with it.

In Chapter 3, we compute the number of triangles in G,,. First, we consider the
case n = p® for a prime p =1 (mod 4) and a positive integer a. Then, we find the
number of triangles in G,, for general n.

In Chapter 4, we evaluate the number of cliques of order four in G« for a prime
p =1 (mod 4) and a positive integer a. We express the result in terms of Jacobi
sums on Dirichlet characters modulo p®.

In Chapter 5, we obtain an expression for the number of cliques of order four in
G, without involving Jacobi sums. Hence, combining this expression and the one
we obtained in Chapter 4, we find values of certain character sums modulo p® which
were earlier known for prime modulus only.

In Chapter 6, we find the number of cliques in the Peisert graph using character
sums. First, we provide a new proof for computing the number of triangles. Next,
we express the number of cliques of order four in the graph using finite field hyper-
geometric functions. This involves some tedious computations on character sums.
To overcome the difficulty in this method, we provide an asymptotic result on the
number of cliques of order m > 1, in the graph.

In Chapter 7, we define hypergeometric functions corresponding to Dirichlet
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6 INTRODUCTION

characters modulo p® for an odd prime p and a positive integer a. The following
is the motivation behind doing so. In Chapter 8, we introduce a Peisert-like graph.
To find the number of cliques of order four in the Peisert-like graph, we need to
evaluate certain character sums involving Dirichlet characters. Our goal is to find
Zpe-analogues of transformations satisfied by Greene’s finite field hypergeometric
functions as given in [32, 33]. Then, these transformations will be used to study
Peisert-like graphs.

In Chapter 8, we define a generalization of the Peisert graph on Z, and name it
the Peisert-like graph G(n). After studying some basic properties of the graph, we
provide results on the number of triangles and cliques of order four in this graph,

while making use of the hypergeometric functions defined in Chapter 7.
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Preliminaries

In this chapter, we recall some necessary definitions and results from the liter-
ature. First, we provide some algebraic background on the group of units of the
commutative ring Z, as well as finite fields. Then, we state some results about
characters and some of their known sums. Finally, we provide some basics on graph
theory.

Before we proceed, we adopt the following notation for this thesis.
(i) n denotes a positive integer, p denotes a prime, ¢ denotes a power of a prime.
(ii) For a set S, the number of elements in S is denoted by |S|.

(iii) Let z be a complex number. Then Z,|z|, Re(z),Im(2) denote the complex
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8 PRELIMINARIES

conjugate, modulus, real part and imaginary part of z, respectively.

(iv) ¢ denotes the Euler’s totient function, so ¢(n) counts the number of positive
integers less than or equal to n that are relatively prime to n. If n = p{* - - - pp*
is the prime factorization of n > 1 | then ¢(n) = nﬁ (1 — pi) This result
can be found in any classical text on number theory, fz():r1 example in [35, Prop.

2.2.5.].
(v) For non-negative integers a and b, (‘;) denotes the classical binomial coefficient.
(vi) G denotes a group. Let g € G. Then,

e The order of g is denoted by o(g),
e (g):={g": ke€Z}, and

e G":={a":x € G}. Note that if G is abelian then G" becomes a subgroup
of G.

(vii) The set of units in a ring R with unity is denoted by R*. Note that R* forms

a group under multiplication.

1.1 Some algebraic background

In this section, we provide some results on the structure of Z}, solutions of
congruences modulo n and the Chinese remainder theorem. Then, we give a classi-

fication of finite fields. The results we state can be found in [22, 35].

1.1.1 Structure of Z; and the Chinese remainder theorem

We begin by observing the cyclicity of Z; as a group. The following famous

result is due to Gauss. We shall recall this result in the thesis multiple times.
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1.1 SOME ALGEBRAIC BACKGROUND 9

Proposition 1.1. [35, Proposition 4.1.3] Let n be a positive integer and let Z;
denote the multiplicative group of units of Z,. Then, Z; s cyclic if and only if

n=2,4,p% or 2p®, where p is an odd prime and « s a positive integer.

The following result sheds light on the structure of Z} when n is a power of 2

and n # 2,4.

Theorem 1.2. [35, Theorem 2'| Let n > 3, and let Z}. denote the multiplicative

group of units of Zon. Then,
sy = {(=1)"5Y : 2 =0,1 and 0 < y < 2" 2},

It follows that Z5, s the direct product of two cyclic groups, one of order 2, the other

of order 22,

Next, we observe the existence of solutions of congruences modulo 2¢ for an

integer e > 3.

Proposition 1.3. [35, Proposition 4.2.2] Suppose that n is a positive integer, a is
an odd integer and e > 3, and consider the congruence x" = a (mod 2°). If n is
odd, a solution always exists and is unique. If n is even, a solution exists if and
only ifa =1 (mod 4), ST =1 (mod 2¢), where d = ged(n, 2°72); when a solution

exists, there are exactly 2d solutions.

Finally, we shall state the Chinese remainder theorem for rings, and consequently

have some corollaries. First, we present some terminology in ring theory.

Notation 1.4. Let Ry and Ry be rings such that they are isomorphic. Then we

write Ry = Rs.

Notation 1.5. Let R be a commutative ring with identity 1 # 0. The product AB,
of the ideals A and B of R, is the ideal consisting of all finite sums of elements of
the form xy, where v € A and y € B.
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10 PRELIMINARIES

Definition 1.6 (Comaximal ideals). Let R be a commutative ring with identity

1#0. The ideals A and B of R are said to be comaximal if A+ B = R.
The following theorem is known as the Chinese remainder theorem for rings.

Theorem 1.7. [22, Chapter 7, Theorem 17| Let Ay, As, ..., Ag be ideals of a com-
muative ring R with identity 1 # 0. The map

R — R/A; X R/As X -+ X R/Ay defined by r— (r+ Ay, r + Ao, ...,17 + Ag)

is a ring homomorphism with kernel AyNAyN---NAg. If for eachi,j € {1,2,...,k}
with © # j the ideals A; and A; are comazimal, then this map is onto and A; N Ay N
"'ﬂAk:A1A2”'Ak; SO

R/(AlAgAk):R/(AlﬂAgﬂﬂAk)%R/Al XR/AQX"'XR/Ak.

We have the following corollary to the above theorem, which provides the struc-

ture of Z; as a group.

Corollary 1.7.1. [22, Chapter 7, Corollary 18| Let n be a positive integer and
let p{'p3?---pp* be its factorization into powers of distinct primes. Then Z, =
prfl X Zpgz X - X Zka as rings, so in particular we have the following isomorphism
of multiplicative groups:

Z*gz*a XZ*a X"'XZ*Q.
n pll p22 pkk

As a corollary, we have the following result which is immediate from the state-

ment of the theorem.

Corollary 1.7.2. [22, Chapter 7, Exercise 5(a)] Let ny, ..., ng be integers which are
pairwise coprime, that is, gcd(n;,n;) =1 if i # j. Then, for ay,...,ax € Z there is

a solution x € 7 to the system of congruences

r=a; (modny), -+, x=ap (mod ng).
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1.1 SOME ALGEBRAIC BACKGROUND 11

Moreover, the solution is unique modulo nq - - - ny.

We also obtain the well known result that ¢ is a multiplicative function.

aq Q2

Corollary 1.7.3. [22, p. 267] Let n be a positive integer and let pi*ps? - - - pi* be its
factorization into powers of distinct primes. Then ¢p(n) = ¢(pi*)o(p5?) - - - d(pp*) -

1.1.2 Structure of finite fields

The following result provides a classification of all finite fields.

Theorem 1.8. [22, p. 549, Example: (Existence and Uniqueness of Finite Fields)]
Any finite field has order p™, where p is a prime and n is a positive integer. Moreover,
for any prime p and positive integer n, finite fields of order p" exist and are unique

upto isomorphism.
Notation 1.9. For a prime power q, F, denotes the finite field with q elements.

Proposition 1.10. [22, Chapter 9, Proposition 18] A finite subgroup of the multi-
plicative group of a field is cyclic. In particular, if Fy is a finite field whose order
is a prime power q, then the multiplicative group ¥, of non-zero elements of F, is a

cyclic group.

[y is cyclic, so let g be a generator of F;, that is F; = (g). Then g is called a

primiative element of F,. Using the above proposition, we also obtain the following.

Corollary 1.10.1. Let g be a prime power and let F, denote the finite field with q

elements. Then, a € {z* : x € F;} if and only if a't =1.

Definition 1.11 (k-th power residue). Let ¢ be a prime power. For the finite field

F, and a positive integer k, an element of (IF'Z)’€ 18 called a k-th power residue.

For k = 2, 3,4, an element of (F ;’1‘)’“ is called a quadratic residue, a cubic residue

and a quartic residue, respectively.
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12 PRELIMINARIES

1.2 Multiplicative characters and some associated
character sums

In this section, we introduce characters, Jacobi sums and hypergeometric func-
tions over finite fields. We state some related results. The definitions of characters
and Jacobi sums can be found in classical texts related to number theory, for exam-
ple in [6, 35]. The definition of hypergeometric functions that we provide is due to

Greene [32, 33].

1.2.1 Characters

Characters serve as an integral tool in number theory.

Definition 1.12 (Multiplicative Character). A multiplicative character (or charac-
ter) on a finite abelian group G is a group homomorphism from G to the multiplicative

group of non-zero complex numbers.

Definition 1.13 (Character group/Group of characters). Let G be a finite abelian
group. The set of characters on G becomes a group under multiplication defined as
(¥x)(a) :=1(a)x(a) for a € G, where ¥ and x are two characters on G. This group

18 known as the character group of G.

Notation 1.14. The character group of G is denoted by G. The identity ofg (which

takes all elements of G to 1) is denoted by €. For a character, its inverse is denoted
by ¥; for a € G, (a) = ¥(a).
Definition 1.15 (Order of a character). Let G be a finite abelian group with its

group of characters G. Then the order of a character is its order as an element in

~

g.

A character of order 2 is called a quadratic character. On the finite field Z,, the
Legendre symbol, denoted by (—) , is the unique quadratic character. The following
p

theorem characterizes G in terms of G.
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Theorem 1.16. [19, Theorem 3.13] If G is a finite abelian group, then its character

group G is isomorphic to G. In particular, if G is finite and cyclic, then so is G.

As a corollary to Proposition 1.1 and Theorem 1.16, we have the following result

which we shall use extensively in our work.

Proposition 1.17. Let p be an odd prime and let o be a positive integer. For
n = p* and n = 2p%, Z\; contains a unique character of order 2. Moreover, if p =1

(mod 4) then there ezist exactly two distinct characters of order 4.

Theorem 1.18. [19, Theorem 3.15 (b)] Let G be a finite abelian group and let g € G.
Let m € Z. Then, g is an m-th power in G if and only if 1(g) = 1 for every ¢ € G
satisfying Y™ = €.

Following are two useful identities, famously known as orthogonal identities.

Theorem 1.19. [6, Theorem 6.10] Let G be a finite abelian group with character
group G. Let (NS G. Then,

‘gya @'f¢=5;
U(z) =
% 0, if Y #e.

Theorem 1.20. [6, Theorem 6.13] Let G be a finite abelian group with identity eg,
and character group Q\ Let x € G. Then,

Z@ZJ(ZE‘): ’g|7 z’f:z::eg;

veG 0, ’LfZE 7é €g.

Remark 1.21. If G = F; then one extends every ¢ € ﬁg to IF, by setting ¥ (0) := 0.

The following lemma is stated in [13] in the paragraph preceding Theorem 3.3.1.

It will be used in the proof of one of the main results in Chapter 6.
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Lemma 1.22. [13] Let p = 1 (mod 8) and let ¢ be a character modulo p of order
8. Then, (—4) = 1.

On the way to proving the famous theorem on primes in arithmetic progressions,

Dirichlet introduced what we now call Dirichlet characters.

Definition 1.23 (Dirichlet character). Let n be a positive integer. A function 1)

from Z to C is called a Dirichlet character modulo n if it has the following properties:
o (1) =1,
e Y(ab) = Y(a)y(b) Va,b€Z,
e Y(a) =(b) ifa=b (mod n),
e Y(a) =0 if ged(a,n) > 1.
A Dirichlet character modulo n is essentially a character on the group G = Z.
Weil gave a strong bound on the magnitude of a character sum; see [52]. We shall

use the following deep result in our work to give an asymptotic result on the number

of cliques in the Peisert graph.

Theorem 1.24 (Weil’s estimate). Let F, be the finite field of order q, and let 1 be

a character of F, of order s > 1. Let f(z) be a polynomial of degree d over F, such

that f(x) cannot be written in the form c- h(x)®, where ¢ € F,. Then

> v(f@)| < (@-1)va

z€lFy

1.2.2 Jacobi sums

Next, we define a type of character sum called the Jacobi sum. Defined gener-
ally in the case of finite fields, it is an analogue of the beta function. Such sums
were introduced by Jacobi in connection with the theory of cyclotomy. The arith-
metic properties of Jacobi sums have a very long history in number theory, with

applications in Diophantine equations and the theory of L-functions.
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Definition 1.25 (Jacobi sum). Let p be a prime, and let F, be the finite field with
q elements, where ¢ =p",r > 1, and let ¢, x be two multiplicative characters of F,.

Then the Jacobi sum for 1, x is given by

Zdj (1—x).

z€lfy
The following result gives the magnitude of a Jacobi sum.

Theorem 1.26. [13, Theorem 2.1.3 (b)] Let q be a prime power, and let x and 1)

be characters of Fy such that x1 is non-trivial. Then,

1706 9)| = V.

It is easy to see that any function f : F, — C has a unique representation

f(@) = £(0)-6(x) + > fu- (), (1.1)
peFy
where
_ 1, ifx=0;
fo=——=" f(@)-Bx) and 5(x) y
q z€F, 0, otherwise.

A character sum analogue for the classical binomial theorem follows easily from (1.1)

with f(z) = A(1+ z), where A is a multiplicative character on F,,.

Theorem 1.27. [33, Theorem 2.3] Let p be a prime, and let F, denote the finite
field with q elements, where ¢ = p",r > 1. For any multiplicative character A of IF,

and v € F,, we have

All+z) = ZJ

wem*
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Thus, it is inferred from Theorem 1.27 that the Jacobi sum can be considered as

the finite field analogue of the binomial coefficient.

Definition 1.28 (Binomial coefficient). Let p be a prime, and let F, denote the
finite field with q elements, where ¢ = p",r > 1. For multiplicative characters A and
B of Fy, the binomial coefficient (g) is defined by

(g) i B(q_l)J(A,F).

Later on, in Chapter 7 we shall formally define the Jacobi sum and the binomial
coefficient corresponding to Dirichlet characters too. Following are some useful
relations among binomial coefficients, which are analogues of (2.6), (2.7) and (2.8)

in [33].

Proposition 1.29. Let p be a prime, and let F, denote the finite field with q ele-
ments, where ¢ = p",r > 1. For multiplicative characters A and B of Fy, let (g)

denote the binomial coefficient. Then,

Now, we state some results on Jacobi sums.

Theorem 1.30. [13, Theorem 2.1.4] Let p be an odd prime, and let q be a positive

power of p. If 1 is a non-trivial character of F, and ¢ is the quadratic character of

F,, then
J(, ¢) = (4)J (¢, ).
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Theorem 1.31. [13, Theorem 2.1.5] Let q be a prime power. If x and v are char-
acters of F, with x,v¢ and xy non-trivial, then

J(x, ¥) = Y(=1)J(x,¥) = x(=1)J(x¥), x).

Theorem 1.32. [13, Theorem 2.1.6] Let p be an odd prime and let q be a positive
power of p. Let ¢ be the quadratic character of F,. Let 1 be a non-trivial character
of F, with ¢ # ¢. Then,

S(=1)J (9o, ¢) = J(¥, ¢) = U(=1)I (¢, ¥9).

In particular, if 1 has order 27, where 7 > 1, then

(=)W d) = J(1,9) = Y(=1)J (b, 7).

The following theorem evaluates a character sum (commonly known as a Jacob-
sthal sum) in terms of Jacobi sums. We state its proof (as given in [12]) as well,

since the method of proof shall be used to prove a result in Chapter 4.

Theorem 1.33. [12, Theorem 2.7] Let n be a positive integer and let p be a prime
such that p =1 (mod 2n). Let (—) be the Legendre symbol modulo p, and let 1) be
p

a character modulo p of order 2n. Let a € . Then,

Z (£> (:c”+a) :w(—l)nzf@b"”jﬂ(aﬂ(?ﬁz”lﬂn)-

TELp p p 7=0

Proof. 1 is of order 2n, which implies that " = (—) We have
p

2 (g) <x; a) = Y @y +a)

T€Lp T€Lp
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= 3 G (@ +a)

= vt a) Y v ) (12)

Using the substitution = — —axz, (1.2) yields

3 (5) (p+ ) — D () S @)1 — 1) S ¥ (ax)
T€Lp TELy j=0
n—1
= Y(—1)¢" " (a) Y ¥ (a)J(WH T Y")
j=0
This completes the proof. [ |

The following results provide values of Jacobi sums in certain cases.

Theorem 1.34. [13, Theorem 2.1.8] Let ¢ = 1 (mod 4) be a prime power. Let ¢ be
the quadratic character of Fy and let ¢ be a character of ¥, of order 4. Then,

JW,9)+q _ 0.
m GZ[Z].

We state the next result along with its proof, since the method of proof will be

used in proving a result later on, in Chapter 6.

Theorem 1.35. [12, Theorem 3.9; 13, Theorem 3.2.1] Let p = 1 (mod 4) be a
prime. Let ¢ be the quadratic character of F, and let ¢ be a character of F,, of order
4. Then,

J(h, @) = ay + iby,

where ay,by are integers such that a3 + b} = p and ay = —(25) (mod 4).

Proof. Since ¢(x) € Z[i] for each x € F, it follows that J (¢, ¢) = as+ib, for integers
ay and by. Moreover, by Theorem 1.26, a2 + b3 = p. Further, by Theorem 1.34,
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bty ¢ 7i] and so, 8 divides |(ay+p) +iba|? = a2 +b3+p?+2a.p = p(p+1+2a4),

2(1—0)
which implies a4 = —(2£%) (mod 4). This completes the proof. |

Proposition 1.36. [37, Proposition 1| Let p = 3 (mod 4) and let g =1 (mod 4) be
a power of p. Let 1 be a character of F, of order 4. Then the system of diophantine
equations ¢ = s> + 1%, s = 1 (mod 4) has a unique solution viz. s = (—p)z, t = 0.

For this solution, the Jacobi sum

J(W, ) = —s + it.

Theorem 1.37. [13, Theorem 3.3.3] Let p = 1 (mod 8) and let g be a primitive
element of F,. Suppose that ¢ is the quadratic character on IF, and v is a character

on F, such that ¢¥(g) = e%, a primitive 8-th root of unity. Then the Jacobi sum

J(,9%) = (—4)(as + iba),

where ay and by are integers such that p = a3 + b3 and ay = —¢(2) (mod 4).

Remark 1.38. It is noted in the proof of Lemma 3.6 (3) in [21] that Theorem 1.37
also holds if we replace a prime p = 1 (mod 8) by a prime power ¢ = 1 (mod 8)
and take any character 1 of Fy of order 8.

Lemma 1.39. [21, Lemma 3.6 (2)] Let ¢ =1 (mod 8) be a prime power and let )
be a character of B, of order 8. Write ¢ = u® + 2v% for integers u and v, such that

u=3 (mod 4) and p{u when p=1,3 (mod 8). Then,
Re(J(,¢)) = (4)u.

1.2.3 Hypergeometric functions

Classical hypergeometric series have been studied for ages. There have been

multiple works to establish relations between classical hypergeometric series and
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different mathematical objects. In 1987, Greene [32, 33| introduced a finite field
character sum analogue of classical hypergeometric series that satisfies summation
and transformation formulae similar to the classical one. Here we recall these finite

field hypergeometric functions.

Definition 1.40 (Hypergeometric function). Let p be a prime, and let F, denote
the finite field with q elements, where ¢ = p",r > 1. For a positive integer n, and
Ag,..., Ay, By,...,B, € ﬁ%, the n11F, finite field hypergeometric function over
1s defined as

A07 A17 -2 An q

e (A (A (A,
B ... B! '_q—lz(w>(31¢) (an)q“ )

YEF?

n+1Fn

For n = 2, we recall the following result from [33, Corollary 3.14]:

; A, B, C _ _ i
@ - 5P ‘1 = S AB@)CE(1 - 2)B(y)BD(1 - y)A(x — ).
D, E z,yclfy

Lemma 1.41. [33, Theorem 3.13] Let q be a power of a prime. For characters Ay,
Ay, ..., Ap,and By, ..., B, of Fy and x € F,, we have

Ag, Ay, ..., Ay
n+1Fn lx
B, R
A,B,(—1 Ao, Al, ceey A, il
- &5alD) )Znanl 2y | Au) BB, (1~ ).
q y€ly Bla R anl

Theorem 1.42. [33, Theorem 4.37] Let q be a power of a prime. Let ¢ be the
quadratic character of F,. Let ¢ be the function defined on the group of characters
of Fy as

1, if A s the trivial character ;

0(A) =

0, otherwise.
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Then, for characters A, B and C' of F,, we have

A7 Bv C q— 1
3Fo _ ==
AC, BC q

BC(—1)5(A)

- qq‘2 Lac(-1s(B) - Lt a-1s(aBe)

0, if C' is not a square ;

+ AB(-1) Is o o
(D) Grp) + (0) (Gapp): € =D

Greene [32, 33] gave some transformation formulae which we state here as follows.

Theorem 1.43. [32, Theorems 5.14, 5.18 & 5.20],[33, Theorem 4.2 (i),(ii) and Equa-
tions (4.23)-(4.26)] Let q be a power of a prime, and let A, B,C, D, E be characters
of Fy. Then, we have

A, B, C BD, AD, CD
31 1] =3l _ _ |1, (1.3)
D, E D, ED
A, B, C A, AD, AE
s 1| = ABODE(~1) - 35 - _‘1 , (1.4)
D, E AB, AT
A, B, C BD, B, BE
B 1| = ABODE(~1) - 3 y _‘1 L (15)
D E BA, BC
A B, C A, B, EC
F 1] = AB(=1) - 3F - ‘1 , (1.6)
D, E ABD, E
A B, C A, DB, C
3F2 1 = AD(—]_) 3F2 . ‘ , (17)
D, E D, ACE
A B, C AD, B, C
o 1] = B(-1) 35 _ ‘1 , (1.8)
D, E D, BCE
A, B, C 4D, BD, C
o 1| = AB(—1) - 35 - ‘1 (1.9)
D, E D, DEAB

TH-3257_186123003



22 PRELIMINARIES

1.3 Terminology in graph theory

This section deals with some basic definitions on finite graphs, and can be found

in any standard text on graph theory, for example in [28, 34].

Definition 1.44 (Graph). A (simple) graph is a pair G = (V, E), where V is a
finite set whose elements are called vertices, and E is a finite set of unordered pairs

of distinct vertices whose elements are called edges.

A graph is often represented pictorially by drawing a dot for each vertex, and

joining two dots by a line if the corresponding vertices are adjacent.

Definition 1.45 (Adjacent vertices). Let G = (V, E) be a graph. For u,v € V if

(u,v) € E, then u and v are said to be adjacent in G, or uv forms an edge in G.

Definition 1.46 (Degree of a vertex). Let G = (V, E) be a graph and v € V. Then

the degree of v, denoted by deg(v), is the number of vertices adjacent to v.

Definition 1.47 (Order of a graph). Let G = (V, E) be a graph. The number of

elements in V' 1s called the order of G.

Definition 1.48 (Path in a graph). A path in a graph is a sequence of distinct

vertices such that two vertices are adjacent if they are consecutive in the sequence.

If P is a path with the sequence vy, ..., v, of vertices, we say that vy and v,, are
connected by a path.

We define some particular cases of graphs.

Definition 1.49 (Complete graph). A graph in which every pair of distinct vertices

are adjacent is called a complete graph.
Notation 1.50. A complete graph on n vertices is denoted by K,,.

Definition 1.51 (Complement of a graph). The complement of a graph G = (V, E)
is the graph G = (V, E), where (u,v) € E if and only if (u,v) ¢ E.
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Definition 1.52 (Subgraph). A graph G, = (Vi, E4) is called a subgraph of the
graph G = (V,E) if Vi CV and E; C E.

We define some particular kinds of subgraphs.
Definition 1.53 (Induced subgraph). A subgraph Gy = (Vi, E1) of the graph G =
(V,E) is called an induced subgraph, if (u,v) € E with u,v € V4, then (u,v) € Ej.
Notation 1.54. For a graph G = (V, E) if H CV then (H) denotes the subgraph
of G induced by H.
Definition 1.55 (Spanning subgraph). A subgraph Gy = (V1, E1) of the graph G =
(V, E) is called a spanning subgraph if Vi = V.
Definition 1.56 (Complete subgraph/Clique). A subgraph Gy = (Vi, Ey) of the

graph G = (V, E) is called a complete subgraph or a clique if every pair of distinct

vertices in G are adjacent.

Notation 1.57. For a graph G, we will denote the number of cliques of order { in
G by Ky(G). For a vertex u of G, we will denote the number of cliques of order { in
G containing u by Ko(G, u).

Definition 1.58 (Clique number of a graph). The order of a clique of maximum

size contained in a graph is known as the clique number of the graph.
We recall the following notation as given in [10, p. 2855].

Notation 1.59. Let G = (V, E) be a graph. If {Gi},; is a family of edge-disjoint
subgraphs of a graph G such that E(G) = U;cr E(G;), we write G = @,.; G;. In this
case if G; = H for every i € I, then we write G = @, H.

el

Definition 1.60 (Graph isomorphism; Graph automorphism). Let Gy = (Vi, E})
and Gy = (Va, Ey) be two graphs. A graph isomorphism between Gy and Gy is a
bijection f : Vi — V4 such that two vertices u and v of G are adjacent in Gy if and
only if f(u) and f(v) are adjacent in Gs.

A graph isomorphism from a graph onto itself is called a graph automorphism.
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If two graphs are isomorphic, then they share the same graph properties and only
differ by the labels of their vertices and edges. Thus, from a graph-theoretic point
of view, two isomorphic graphs are essentially the same. The set of automorphisms

on a graph G forms a group under the operation of composition of functions, and is

denoted by Aut(G).

1.3.1 Types of graphs

Now, we define some more properties of graphs, which may be satisfied by the

graphs we will study.

Definition 1.61 (Connected graph). A graph is called connected if every two dis-

tinct vertices in the graph are connected by a path.

Definition 1.62 (Regular graph). A graph is said to be reqular if each vertex of the

graph has the same degree.

Definition 1.63 (Cycle/Cycle graph). A cycle is a connected graph in which each

vertex has exactly two distinct vertices adjacent to it.

Definition 1.64 (Self-complementary graph). A graph is said to be self-complementary

if there exists a graph automorphism from the graph to its complement.

Definition 1.65 (Vertex-transitive graph). A graph is called vertez-transitive if
given any two vertices in the graph, there is a graph automorphism mapping one of

the vertices to the other.

Definition 1.66 (Edge-transitive graph). A graph is called edge-transitive if given
any two edges in the graph, there exists a graph automorphism sending one edge to

the other.

Definition 1.67 (Symmetric graph). A graph which is both vertex-transitive and

edge-transitive is known as a symmetric graph.
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The following definition of a graph given by Cayley [17] connects graphs and

groups.

Definition 1.68 (Cayley graph). Let G be a group and let C' be a subset of G that
1s closed under taking inverses and does not contain the identity. Then the Cayley
graph associated with G and connection set C' is the graph with vertex set G, where

gh forms an edge if hg~t € C.
Finally, for the sake of completeness, we define the Paley graph.

Definition 1.69 (Paley graph). Let ¢ = p" = 1 (mod 4) be a prime power. Then

the Paley graph P(q) of order q is the graph with vertex set F,, where ab is an edge
ifa—be (F;)>.

It is thus the Cayley graph for the additive group of F,, with (FZ)2 as the con-

nection set.

Ficure 1.1: The Paley graph of order 13
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On a Paley-type graph on Z,

2.1 Introduction

Paley graphs are well studied, and enjoy many properties. Researchers have
attempted to attack problems on these graphs using various tools; implementing
character sums is one of them which is widely used in the literature.

In the spirit of the Paley graph, some of its generalizations have been defined too.
Ananchuen and Caccetta [3, 4, 5] studied some adjacency properties of the cubic
and quadruple graphs. Let ¢ be a power of an odd prime. Let S3 = {23 : z € F;}
and Sy = {2* : € F;}. For ¢ = 1 (mod 3), the graph with vertex set I, and

!The contents of this chapter have been published in Graphs Combin. (2022).

27
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edges ab, where a — b € S3 is called the cubic Paley graph. For ¢ =1 (mod 8), the
graph with vertex set IF, and edges ab, where a — b € Sy is called the quadruple
Paley graph. In 2006, Lim and Praeger [41] generalized further: let k(€ N) > 2
and ¢ be a prime power such that ¢ = 1 (mod k) if ¢ is even, or ¢ = 1 (mod 2k)
if ¢ is odd; then the generalized Paley graph Gy(q) is the graph with vertex set Fy,
where ab is an edge if a — b is a k-th power residue. In a recent paper, Dawsey and
McCarthy [21] have computed the number of complete subgraphs of order four in
Lim and Praeger’s graph using finite field hypergeometric functions, which in turn,
generalizes the results of Evans et al. [26] for Gx(¢). Yip’s thesis [57] and very recent
paper [60] offer an insight into the order and structure of maximum cliques in Gy(q),
while Elsawy studied some properties of this graph for odd k. Wage [56] constructed
three other generalizations with vertex set F,. Some other generalizations can be

found in [16, 43, 50, 54].

2.2 Defining a Paley-type graph on 7,

A natural question that arises is what the analogue of a Paley graph can be
if the vertex set has n vertices, in general, where n is a natural number. In this
chapter, we attempt to define an analogue of the Paley graph with vertex set as the
commutative ring Z,. We look at some properties of this graph, especially those
whose deductions involve similar approaches as done for the Paley graphs.

The property ¢ = 1 (mod 4) for a Paley graph of order ¢ ensures that —1 is a
quadratic residue in F7, so an edge is well-defined. For our purpose, we draw an
analogy between F; and Z;. We first find out the values of n for which the graph
G,, is well-defined.

Proposition 2.1. Let n > 2 be an integer. There exists v € Z}, such that z* = —1
(mod n) if and only if n = 2°p{* - - - pp*, where the distinct primes p; = 1 (mod 4)
foralli=1,...,k and s =0 or 1.
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Proof. Let n = 2°p* -+ pi*, where p; =1 (mod 4) for alli=1,...,k and s =0 or

1. Then by Corollary 1.7.1, Z; = Z;al X - X Z;ak and by Proposition 1.1, each
1 k

21, s cyclic of order pd !t (p; —1). Let a; (mod po*) be an element of order 4 in

Z*a;. Then
Dy
(ap (mod pi*),...,ar (mod pg’“)f = (-1 (mod p*),...,—1 (mod p}*))

in Z;(lll X oo X Z;:k. This gives an element z in Z; with the required property due
to the isomorphism.

Conversely, let there exist some 2 € Z* such that 22 = —1 (mod n). If 22 divides
n, then 22 = —1 (mod 4) which is not possible. Therefore, n = 2°p$" - - - pi*, where

s=0or1, k> 1and p,;’s are distinct primes other than 2. Again, 22 = —1 (mod p;)
implies that p; =1 (mod 4) fori =1,2,..., k. [

Now, we define a Paley-type graph on Z,, which we will denote by G,. We
exclude the cases n = 1 and n = 2 since the graphs turn out to be empty and

trivial, respectively.

Definition 2.2 (Paley-type graph G,). Let n = 2°p{* ---p.*, where the distinct
primes p; = 1 (mod 4) for alli=1,...,k and s =0 or 1. Then, G, is defined as
the graph with vertex set Z,, where ab is an edge if and only if a —b = x* (mod n)

for some x € Z7,.

The Paley-type graphs of orders 25 = 5% and 26 = 2 x 13 are shown in Fig-
ures 2.1 and 2.2 respectively. In Ga5, the vertex 0 is adjacent to the vertices
1,4,6,9,11,14,16,19,21 and 24; in Ggg, the vertex 0 is adjacent to the vertices
1,3,9,17,23 and 25.
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FIGURE 2.2: The Paley-type graph of order 26
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2.3 Fixing an appropriate quadratic Dirichlet char-
acter mod n

There have been multiple instances where character sums were implemented to
find out about properties of the Paley graph and its generalizations, for example
in [11, 14, 21, 26, 56]. In case of the Paley graph of prime order, character sums
involving the Legendre symbol modulo p were evaluated. Here we do the same using
Dirichlet characters modulo n.

We are interested in calculating the number of complete subgraphs in G,, using
a character sum approach. So, we try to define an appropriate quadratic Dirichlet
character analogous to the unique quadratic character on F) (p being a prime). We

are looking for a character ¥ such that
Y(r) =1 if and only if z = @®* (mod n) for some a € Z. (2.1)

We define three possible candidates for such a character. Let a € Z.

e xi(a):= (%) This is the Jacobi symbol which is a Dirichlet character modulo

n.
o For suitable n when a“5” = £1 (mod n), we may define
x2(a) := a5 (mod n).
1, if 22 = a (mod n) has a solution;
o xs3(a):=

—1, otherwise.

Proposition 2.3. Let k > 2 be an integer. Let n = 2°p{* ---p*, where p;’s are
distinct primes satisfying p; =1 (mod 4) for alli=1,...,k and s =0 or 1. Then,
X1 does not satisfy the condition (2.1).

TH-3257_186123003



32 ON A PALEY-TYPE GRAPH ON Z,,

Proof. Here, n = 2°p{* ---pi*, where k > 2, p; = 1 (mod 4) for all i = 1,2,...,k
(e%1 a2 (e25
and s = 0 or 1. Then for a € Z¥, x1(a) = (ﬁ) = <£> (ﬁ) <ﬁ) . Let
n P1 D2 Pk
R, and N, denote the set of quadratic residues modulo p and the set of quadratic non-
residues modulo p, respectively. For 1 < i <k, let o; = 23; 4+ 7;, where 0 < v; < 1.

It is enough to find a € Z; such that <ﬁ) = —1 for some i € {1,2,...,k} but
Di

a pa! a 72 a Tk
(—) (—) e (—) = 1. If some ¢; is even then we choose b € N,,; then the
D1 D2 Dk

system of equations

r=b (modp;)andzx=1 (modp,;)Vji=1,...,k,j#i

has a solution which gives the desired a € Z;. So let us assume that all o;’s are

| wo=(0=() GG

We choose b € N, and ¢ € N,,, then the system of equations
r=b (modp), z=c (modpy)andz=1 (modp;)Vj#1,2

has a solution which gives the desired a € Z. |

Proposition 2.4. Let n be a positive integer. Then, xo = € whenever Z; 1is not

cyclic and consequently does not satisfy the condition (2.1).

Proof. First, we note that x» is a character on Z}. This is because (aw>2 =1 for
all a € Z;, so a”3> can be one of the t elements modulo n whose square is 1, say
hi,ha, ..., hy. Let xa(a) = hi, x2(b) = hj. Then x2(ab) = h;h;, so x2 is a character
on Zy.

It Z; is not cyclic, then by Proposition 1.1, n can be one of the following forms:

1. n = 2% > 3): In this case, Zj. has order 2°~!. But it is not cyclic, so any

element raised to the power 272 is 1. Hence, y» = €.

TH-3257_186123003



2.3 FIXING AN APPROPRIATE QUADRATIC DIRICHLET CHARACTER MOD n 33

2. n = 20 ps? - pif(a > 2,k > 1,04 > 1Vi,p;’s are distinct odd primes):
We first consider that o = 2. We know that ZJ, is cyclic of order 2. Let

T,ai,as,...,a; be generators of Zi,, Z;al , Z;ag, e ,Z;ak, respectively. Then,
1 2 k

the order of the element (z,ay,...,ax) is equal to

lem {2,p" H(pr — 1), ...,p0* H(pr — 1)}

i Eir ¢(n)

<P =)t = 1) =
S0 a®? = 1foralla € Zy. Hence, xo = ¢. lf @ > 3, then Z3. is not cyclic, and
hence 22— is the maximum order of an element. Therefore, the order of an

2
element in Zja X Ztay X -+ X ZL¥a is atmost 202y — 1) - i N (pp — 1)
1 k

which is equal to @ This gives y2 = ¢.

(e}

3. n = 2pt'ps? .- pi(k > 2,04 > 1Vi,p;’s are distinct odd primes): Following

similarly as shown in the previous cases, we find that y, = €.

4. n =p'ps® - ppt(k > 2,04 > 1Vi, p;’s are distinct odd primes): In this case

also, it follows that xo = ¢, and the proof goes along similar lines.
This completes the proof of the proposition. [ |

Proposition 2.5. IfZ; is not cyclic, then there exist a,b € Z;, such that a,b,ab are

all non-squares.

Proof. Since Z; is not cyclic, so by Proposition 1.1, n can be one of the following

forms:

1. n is a power of a prime: In this case, we have n = 2%, where o > 3. Let a = 3
and b = 5. From Proposition 1.3 we find that a and ab are non-squares in Z3..
Again, Theorem 1.2 implies that 5 cannot be a square in Z3.. Consequently,

a=3,b=>5 and ab = 15 are all non-squares in Z3,.
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2. n is divided by atleast two distinct primes: Let R, and N,, be the subsets of
7}, of squares and non-squares, respectively. Let x € N,,. It is enough to show
that 3 y € N, such that xy € N,,. Suppose that there does not exist any such
y. Then, {zy :y € N,,} C R,, which yields ¢(n) < 2|R,,|. In each of the cases
below, we prove that ¢(n) € 2|R,]|.

e 2 is a factor of n: We have the following two cases.

(i) n=2%"---pi*, k> 1,a > 2, p;s are distinct odd primes: In this

case,
"2 x hox 2k

where h = 1 or 2. Hence, ¢(n) £ 2|R,,|.

(i) n = 2p"p3? - pp¥. k > 2, p;’s are distinct odd primes: In this case

|R,| = qbén) and hence ¢(n) £ 2|R,|.
e 2 is not a factor of n: In this case, we have n = pi'p5®---pp*, where
k > 2 and p;’s are distinct odd primes. We find that |R,| = ¢;Z), and

hence ¢(n) £ 2|R,|.

This completes the proof of the proposition. [ |

Corollary 2.5.1. From Proposition 2.5, it follows that x3 cannot be a character

. :
unless Z;, is cyclic.

The above propositions suggest to take xs as the desired quadratic character and
consequently take n such that Z; is cyclic, in order that s be defined. Then by
Proposition 1.1, n = 2,4, p* or 2p®, where p is an odd prime and « is a positive
integer. Note that by Proposition 1.17, yo = x3 is the unique quadratic character
when Z; is cyclic. In this case, using Theorem 1.18 we observe that for z € Z;,
1+ x3() 1, if x is a square in Z;;

(2.2)
2 0, otherwise.
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Before stating the next lemma, we define the p-adic valuation of a non-zero integer
and recall Legendre’s formula, which finds out the p-adic valuation of n! for a positive

integer n.

Definition 2.6 (p-adic valuation). The p-adic valuation of a non-zero integer n
(denoted by v,(n)) is the exponent of the highest power of the prime p that divides

n.

Lemma 2.7. [40, Theorem 3.9] Let n be a positive integer, and let p be a prime.

Then,
up(n!) = BJ + L%J N L%J .

(note that the terms become zero when p’ > n, so this is a finite sum).
Lemma 2.8. Let p =1 (mod 4) be a prime and let a > 1 be an integer. We have
(¢(Z)/2)pi =0 (mod p®), wheren =p*1<i<a-—1.

pa—l(P—l

Proof. Enough to show that p*~* | ( i7)) for 1 <i < a—1. We have

<pa_1(p;1)> P ) - D) T () — i+ 1)
i 7!

P T ) () — 1) TN (P) — i+ D)
2! ‘

For an integer x # 0, let 0,(z) be the sum of digits of the base-p representation of

z. By Lemma 2.7, v,(i!) = 3. | 5|, from which it follows that v,(i!) = 2" "pfz)_
k=1 —

If possible, let p’ | il. Then, v,(i!) > i, that is % > 4, which is not possible.

This completes the proof of the lemma. |

The following lemma, a consequence of Lemma 2.8, will be useful in evaluating

character sums later on.
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Lemma 2.9. Let n = p®, where « > 1 and p =1 (mod 4), and let x be the unique
character mod n of order 2. Let x € Z,. Then we have x(x) = x(x + pk) for any

integer k.

Proof. Let © € Z, and let k be any integer. If x ¢ Z then we have x(z) =
X(x 4+ pk) = 0, and hence we obtain the required result. So, let = € Z%. Then the

S and Lemma 2.8. |

result follows from the binomial expansion of (x + p) 2

2.4 Some basic properties of G,

In this section we look at some properties of the graph G,,. We have seen that
the graph is well-defined for n = 2°p{* - - pi*, where the distinct primes p; = 1
(mod 4) for all i =1,...,k and s = 0 or 1. So, we consider these forms of n. Like

the Paley graph, we see that G, is also regular.

Proposition 2.10. Let n = 2°p{* ... po*, where the distinct primes p; = 1 (mod 4)
¢(n)

2k 1

foralli=1,....k and s =0 or 1. Then G, is reqular of degree equal to

Proof. Let R,, be the subset of Z; of squares. Clearly, G,, is regular of degree equal
to |R,|. Let ay,...,a; be the distinct elements in Z; whose squares are equal to 1.
¢(n)

Then |R,| = - Now, we find the number of solutions of z? = 1 (mod n). This

is equivalent to finding the solutions of
=1 (mod?2%), 2z2=1 (modp*), ..., 22=1 (mod pi*).

If s =1 then 22 = 1 (mod 2°) has 1 solution, and z* = 1 (mod p}*),..., 2% = 1
(mod pi*) have two solutions each. So ¢ must be equal to 2¥. Therefore, |R,| =
¢(n)

T This completes the proof of the result. [ |

Let p =1 (mod 4) be a prime and let « be a positive integer. Proposition 1.1

and Theorem 1.16 imply that there exists a unique Dirichlet character modulo p®;
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let us call it x. It is known from Proposition 2.10 that G« is regular; we see that

the same can be deduced using the character sum given in (2.2). Let a € Lo, then

n—1

1+ x(a—0
degla) =y =Y
b=0
a—bEZ;a

where deg(a) denotes the degree of the vertex a in Gpe. It is easy to calculate this

o(p*)
2

In the following, we prove that (G, is not self-complementary unless n is a prime.

sum and see that deg(a) = which agrees with the proposition.

Proposition 2.11. Let n = 2°p{* - - - pi*, where the distinct primes p; = 1 (mod 4)
foralli=1,...,k and s =0 or 1. Then G,, is not self-complementary unless n is a

prime. If n is a prime, Gy, being the Paley graph of order n, is self complementary.

¢(n)

Proof. The graph G, has gk number of edges. But we know that a self-

—1
complementary graph must have %

¢(n)
"ok n(n —1)
complementary, we must have = 1 which gives ¢(n) = (n — 1)2F71,

which is not possible except for the case k = 1,s = 0,a; = 1. This completes the

number of edges. So, if G, is self-

proof of the proposition. [ |

Proposition 2.12. Let n = 2°p{* - - - pi*, where the distinct primes p; = 1 (mod 4)
foralli=1,...;k and s =0 or 1. Then G, is not a complete graph.

Proof. A necessary condition that G, is a complete graph is z —y is a square in Z;
for all distinct =,y € Z,. This implies that {z —y : z,y € Z,,x # y} C R,,, where
¢(n)

R, is the subset of Z} of squares. Hence, n —1 < TR which is not possible. Thus

G, is not complete. [

Paley graphs are connected, and we find that the Paley-type graphs are connected

as well.
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Proposition 2.13. Let n = 2°p{" - - - pi*, where the distinct primes p; = 1 (mod 4)
foralli=1,... .k and s =0 or 1. Then the graph G, is connected.

Proof. Let x < y be two distinct vertices of the graph. Let (i,j) denote the edge
between two vertices i and j. Then the edges (z,x+ 1), (z+ 1,24+ 2),...,(y — 1,y)

form a path between x and y. Hence, GG,, is connected. [

Since 1 is always a quadratic residue modulo n, GG,, always contains a spanning

cycle. In the following proposition we check when the graph is a cycle graph.

Proposition 2.14. Let n = 2°p{" - - pp*, where the distinct primes p; = 1 (mod 4)
foralli=1,....k and s =0 or 1. Then G, is a cycle if and only if n =5 or 10.

Proof. We observe that G, is a cycle if and only if 1 and —1 are the only squares
modulo n. Let the graph be a cycle. If n # 5,10, then n > 10 and 3 € Z, which

means that 9 is a square in Z; which is neither 1 nor —1. This completes the proof

of the proposition. [ |

Proposition 2.15. Let n = 2°p{* - - - pi*, where the distinct primes p; = 1 (mod 4)

foralli=1,...)k and s =0 or 1. Then G, is a vertex-transitive graph.

Proof. Let a,b € Z; and a is a square modulo n. Then for x € Z;, x +— ax + b is
a graph isomorphism on G,,. Using this isomorphism and taking appropriate values

of a and b we see that (G,, becomes vertex-transitive. |

Thus, both the Paley and Paley-type graphs are vertex-transitive. In fact, one
can proceed along similar lines as in the proof of [23, Prop. 2.2.1] to show that the
Paley-type graphs are also edge-transitive. However, we do not use edge-transitivity
of Paley-type graphs in the proofs of our results. The following result provides a
formula for counting cliques in the Paley-type graph. Recall that for a graph G, we
denote the number of cliques of order ¢ in G by K;(G), and for a vertex u of G, we

denote the number of cliques of order ¢ in G containing u by ICi(G, u).
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Proposition 2.16. Let n = pi*---p.*, where o > 1 and the distinct primes p;
satisfy p; = 1 (mod 4) for alli =1,...,k. Let R, denote the set of squares in Z,
and let H, denote the subgraph of G, induced by R,,. Then for { > 3,

Ko(G) = #@1) X K1 (H,, 1).

Proof. As observed in Proposition 2.15, GG, is vertex-transitive. So, we find that
n n
IC[(Gn) = Z X IC[(Gn,O) = Z X ICg_1<Hn). (23)

Let r € R, be fixed. Then, the map z — rz on R, gives a graph isomorphism on

H,,. This proves that H,, is also vertex-transitive. So, we have

_ R

K€—1<Hn) — K 1

% K1 (H, 1). (2.4)

Combining (2.3) and (2.4), we obtain the required result. [

In the forthcoming chapters we will study the number of cliques in G,, for the
case n = p%, where p = 1 (mod 4) is a prime and o > 1. So, we prove a result

about the structure of the graph Gp.. We follow Notation 1.59.

Proposition 2.17. Let a be a positive integer. Let n = p®, where p is a prime
satisfying p = 1 (mod 4). Let x be the quadratic character mod n. Let P(p) be the
Paley graph of order p. Then a copy of P(p) exists in the graph G,. In fact, we can

write
P21l 1

(W@ & (Bre)|

=1

where Kl,% 15 a complete bipartite graph.

Proof. Let k be an integer such that 0 < k < p*~! — 1. We define a map from P(p)
to the subgraph of G, induced by the vertices {kp,kp + 1,...,kp +p — 1}. For
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ieF,={0,1,...,p—1}, let ¢ — kp + i. We show that this is an isomorphism.
Let 7 and j be elements of [, such that i — j is a quadratic residue in F,. Then
(1 — j)p%1 = 1 (mod p) by Corollary 1.10.1, and so (i — j)pr1 = 1+ pl for some
¢ € Z. Therefore, (i — j)%”’

a—1

= (14 p0)*™ " =1 (mod p®) by using binomial
theorem and proceeding in the same way as in Lemma 2.8 after replacing @ by
p*~! in the statement of the lemma. So, x((kp +1i) — (kp+j)) = x(i —j) = 1 and
hence (kp + i) — (kp + j) is a square modulo p® and thus there is an edge between
the vertices kp 4+ ¢ and kp + j in the induced subgraph of G,,. For the converse, let
kp 4+ ¢ and kp + 7 be two vertices in the induced subgraph of G, connected by an
edge, where 0 <i,j < p—1. Theni—j = 2 (mod p*) for some 1 < x < p—1. This
implies that 7 — 7 = 2 (mod p), and hence there is an edge between the vertices 4
and j in P(p).

So each induced subgraph of G,, comprising of the vertices {kp,kp+1,... kp+
p(— 1}, ;Nhere 0<k<p>*!—1,is acopy of P(p). Each such induced subgraph has
pp—1

———= edges, and there are p®~

4
edges of GG, exhausted this way is p

G, 1s

! such induced subgraphs. The total number of

a_1p(p _ 1)

T The number of edges remaining in

ﬁf&ﬂ-—pWJgglzjz=:p“(p__1)(pWJ-ll

4 4 4

We see how these edges are exhuasted as follows. Let 1,79, ..., 7,-1 be the quadratic
2

residues in the range 1 to p — 1. Then for 1 < k < p*~! — 1,
X(ri+kp) =1, x(ra+kp) =1,... x(reza +kp) = 1.

So, r1 + kp,ro + kp, ... ,rp—1 + kp are quadratic residues too. In fact, these are the
2

quadratic residues in the range kp to kp + p — 1. So, from the induced subgraph of

{0,1,...,p — 1} we have the following edges:

0 has edges with the vertices r; + kp, 79 + kp, ... ST kp;
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1 has edges with the 7 +kp+ 1,79+ kp+1,... 701 + kp+1;
2

p — 1 has edges with the vertices r1 +kp+p—1,ro+kp+p—1,...

...,T%+k’p+p—1.

Since each edge is counted twice, the total number of edges among these p®~! induced

p(p — 1) <pa—1 L 1>pa71

2
2

subgraphs is . This completes the proof. [
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Triangles in the Paley-type graph

3.1 Introduction

For a prime p = 1 (mod 4), let G® denote a graph on p vertices and let G®) be
the complement of G®. In 1981, Evans, Pulham and Sheehan [26] gave a sim-
ple closed formula to calculate the number of cliques of order 4 in P(p), P(p)
being the Paley graph of order p. The purpose was to give an upper bound for
Ty(p) = min (IC4(G(7’)) + ICAW)), where the minimum is taken over all graphs
G® . They computed character sums involving the Legendre symbol. This work

was extended by Atanasov et al. [11] for a prime power ¢ = p™ = 1 (mod 4) when

!The contents of this chapter have partially been published in Graphs Comb. (2022).

43
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p = 1 (mod 4). In a recent paper, Dawsey and McCarthy [21] have computed
the number of triangles and complete subgraphs of order four in the graph Gy(q)
introduced by Lim and Praeger in [41], using finite field character sums and hyperge-
ometric functions, which in turn, generalizes the results of Evans et al. The general
formula they provided for the number of triangles in G (q) gives lower bounds for the
multicolor diagonal Ramsey numbers Ry (3) = R(3,3,...,3). Wage [56] constructed
three other generalizations with vertex set IF, for a prime p, and gave asymptotic

answers to the number of cliques for those generalized graphs, besides Paley graphs.

3.2 The number of triangles in G,

In this chapter, we put our focus on computing the number of triangles in the
Paley-type graph. Let p be a prime such that p =1 (mod 4) and let @ > 1 be an
integer. First, we use a character sum approach to compute the number of triangles
in the graph Gpa. Then, using this result and some basic combinatorics, we find the
number of triangles in the graph G, for all n for which the graph is defined. We
exclude the case when n is even, since there cannot exist cliques of order more than
2 in that case, and we see why. Let n = 2p®, and if possible let x, y and z be vertices
in G,, which form a clique. Then z — y,y — z and x — z are necessarily elements in
7

n’

and therefore, are odd integers, which contradicts that x —z =2 —y +y — 2.
Thus, we consider only the case n = p*. In the following theorem, for primes p =1
(mod 4) and any positive integer «, we find the number of triangles contained in

the graph Gpe.

Theorem 3.1. Let p be a prime such that p =1 (mod 4). For any positive integer

a, we have
p***(p —1)(p - 5)
24 % 3 '
It is easy to see that the expression for IC5(G e ) is an integer. We write K3(Gpa) =
P 02) (2

3

K3(Gp“ ) -

-1
), and observe that 3{’%1 +1,s0 3| (’%1) (’%1 — 1).
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In [20], Das introduced Paley-type graphs I'y modulo N, where N = pq, p and
q being distinct primes satisfying p = ¢ = 1 (mod 4). The graph 'y is a special
case of the Paley-type graphs G,,, and it turns out to be G,. He gave a formula for
KCs5(Gpq), where p and ¢ are distinct primes satisfying p = ¢ = 1 (mod 4), and Gy,
is the Paley-type graph of order pq. In the following theorem we find the number of
triangles in GG, for all odd n for which the graph is defined.

Theorem 3.2. Let n = pi*---p.*, where a; > 1 and the distinct primes p; satisfy

pi =1 (mod 4) for alli=1,...,k. Then, the number of triangles in G,, is given by

Ks(G) = m LI [ i = (i = 5)] .

=1

To show that the expression for K3(G,) is an integer, we write K3(G,) =
k
st T () (75
31 (1) (22 —2), that is, 3 | 2s1(s; — 1), which holds since p { s; + 1.
We find the values of 35(G,,) for some particular values of n by using Python
which are listed in Table 3.1.

2). Let p; = 4s; + 1. Then, it is enough to show that

132 | 57122 13 x 17 10608

172 | 334084 | 132 x 17 | 23305776
292 | 9901934 | 29 x 37 | 2163168
37% | 44979864 | 29 x 41 | 2996280

Table 3.1: Values of K3(G,,)

We obtain the same values of K3(G,,) from Theorem 3.2 as well.

Remark 3.3. If we take k =2, ay = as = 1 and p; = 5 in Theorem 3.2, then we
obtain Theorem 7 in [20]. Also, if we take k =2, ay = ag = 1 in Theorem 3.2, then
we obtain Theorem 12 in [20].
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3.2.1 Proof of Theorem 3.1

In this section we present the proof of Theorem 3.1.

Proof of Theorem 5.1. Since Zy. is cyclic by Proposition 1.1, we infer from Propo-
sition 1.17 that there exists a unique character modulo p® of order 2; let us call it
X Let Hpa denote the subgraph of G« induced by the set of squares in Z.. Using
Proposition 2.16 and (2.2), we readily obtain that

Ks(Gpe) = a ¢1(2p ) x number of edges in Hy,« containing 1
_ po(p®) 1+ x(z)\ (1+x(1—2)
=— X x; ( 5 5 . (3.1)
r,x—léZ;a

We will evoke Lemma 2.9 as required. We have

S 1= p-2) (3.2)

IEZpoc
x,xflez;;a

and evoking Theorem 1.19, we have

Y @ =3 - 3 v@)

TELper mEZ;a a:eZ;a
T,2—1€2pa plz—1

=[x +x+1D)+x@p+1)+ - +x((p* ' = p+1)]
- —pafl. (3.3)

Similarly, we have

Y x(l—z)=—p*! (34)

IEEZpa
x,:v—leZ;a
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and

xGZpa Mm
x,x—lEZ;a

Combining (3.2), (3.3), (3.4) and (3.5), (3.1) yields

o, a—1
P (p—1) 1 o
Ks(Gpe) = —1(2 ) X Z(p —5)p*

completing the proof of the theorem. [

3.2.2 Proof of Theorem 3.2

By the statement of the theorem, n = pi" - - - p*, where a; > 1 and the distinct
primes p; satisfy p; = 1 (mod 4) for all i = 1,..., k. The following lemma states a

relation between the squares in Z; and the squares in ZZ%, fori e {1,... k}.

Lemma 3.4. Let n = pi*---pp*, where a; > 1 and the distinct primes p; satisfy
pi =1 (mod 4) for alli=1,...,k. Let Z} denote the group of units in Z,,, and let
R, and Rp?i (1 < i < k) denote the group of squares in Z: and Z;?i, respectively.
Then, for x € Z, we find that

k
x € R, if and only if v € ﬂRp%.

i=1

Proof. Let x € Z, be such that z € R,,. Then z = a* (mod n) for some a € Z;,

2 2

which yields x = a® (mod p]?) for each i € {1,...,k}. Conversely, let z = a]
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(mod p{*),...,z = a} (mod pp*) for a; € Lo, Let z be an integer satisfying the

system of congruences
z=a; (modp),...,z=ar (mod p*).

Then by Corollary 1.7.2 we find that z = 2% (mod n) and so, z € R,,. This completes

the proof of the lemma. [ |
Now, using the above lemma, we prove Theorem 3.2.

Proof of Theorem 3.2. Let H, denote the subgraph of ,, induced by the group of
squares in Zy .
Employing Proposition 2.16 and using Notation 1.57, we find that the number

of triangles in (G}, is given by

Ks(G) = 37?;(221 X Ko(Hy, 1), (3.6)

Let E denote the set of edges in H,, containing the vertex 1, and for i € {1,...,k}
let F; denote the set of edges in H i containing the vertex 1. Let (1, ) denote the
edge connecting the vertices 1 and x. We define a function f: £ — E; X -+ X E}

as follows.
(L,z) = (T (mod pi*),z (mod pi*)),...,(1 (mod pp*),z (mod p;*))).

f is well defined, and evoking Corollary 1.7.2 and Lemma 3.4 we find that f is
k

one-one and onto as well. Thus, f is a bijection which implies |E| = [] |E;|. So,
i=1

(3.6) yields

no(n) 1
]Cg(Gn) = W X H/CQ(HP%, 1) (37)
i=1

k3
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Now, let i € {1,...,k} and let x; be the unique quadratic character modulo p;".

Using (2.2), we have

Ko(H i, 1) = number of edges in H e« containing 1

»; ¥ (1—|—)2(z‘($))(1+xiél—x>>7 (3.8)

TEL oy
D

K3
z,x—1€2% o,
P;

as expressed in (3.1). So, using (3.2),(3.3),(3.4) and (3.5), where we replace p and
a by p; and «;, respectively, (3.8) yields

| = p?i_l(pi —5)

N o
Ko(H i, 1) = ~[pF~ ! (p; — 2) — 3pf ™! .

p; 4 ?

Hence, substituting this expression in (3.7) yields the required result. [
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Cliques of order four in the Paley-type
graph on Za

4.1 Introduction

In this chapter, we find the number of cliques of order 4 in the Paley-type graph
G, for some particular values of n. Let p =1 (mod 4) be a prime; we recall that
P(p) denotes the Paley graph of order p. Evans et al. in [26] provided the number
of cliques of order 4 in P(p) by the following formula. Write p = a? + b2, where

!The contents of this chapter have been published in Graphs Comb. (2022)

51

TH-3257_186123003



52 CLIQUES OF ORDER FOUR IN Gjpo

a,b € 7Z, and a is even. Then,

pp = 1)((p = 9)* —4a®)

K4(P(p)) = 29 % 3

They proved the above result using character sums involving the Legendre symbol
modulo p. Now, let ¢ be a power of an odd prime. For the generalized Paley
graph Gy(q) defined in [41], Dawsey and McCarthy have provided a general formula
for IC4(Gk(q)) using character sums and finite field hypergeometric functions (as
developed by Greene [33]). Then the authors proceed to show that the formula gives
lower bounds for the multicolor diagonal Ramsey numbers Ry(4) = R(4,4,...,4).

4.2 The number of cliques of order four in G«

Inspired by the above mentioned works, we find Ky(G,,) for some particular
values of n. In this chapter, we consider the case n = p®, where p = 1 (mod 4)
is a prime and « is a positive integer, because we intend to use a character sum
approach, and thus use the quadratic character that we fixed in the discussion in
Chapter 2 satisfying the condition given in (2.1). In the following theorem, we find
the number of complete subgraphs of order 4 contained in the graph G« for primes

p=1 (mod 4).

Theorem 4.1. Let p be a prime such that p = 1 (mod 4), and let « be a positive
integer. Let x denote the unique quadratic Dirichlet character mod p® and let 1) be
a Dirichlet character mod p® of order 4. Let J(v,x) = >, ¥(x)x(1 — z) be the

J?GZpa

Jacobi sum of b and x. Then,

—_—2

P p = D {(p = 9)° = 20} + I, X)° + (0 |

Ka(Gpe) = 29 % 3
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Remark 4.2. If we take a = 1, then we can further simplify the Jacobi sum ap-

pearing in Theorem 4.1 and obtain the result of Evans et al. proved in [26].

4.2.1 Some lemmas involving character sums

Here, we evaluate some character sums which shall be required to prove the
results on the number of cliques of order four in G,.. By the statement of the

theorem, x denotes the unique character mod p® of order 2. It is easy to see that

x(=1)=1.

Lemma 4.3. Let n = p®, where « > 1 and p = 1 (mod 4). Let x be the unique

*
n’

character mod n of order 2. Then, for a € Z}, we have

> x(@® —a) = —(1+x(@)p" "
TEZF,
Proof. For x € Z}, let z~! denote the multiplicative inverse of x in Z*. We employ

(2.2), and find that

Sx@?-a)=2 Y wa-a)

TELY, TELY,
x is a square

= > xlz—a)(1+x(2))

=Y xlz—a)+ Y x(@(r—a): (4.1)

Now, using Theorem 1.19 and Lemma 2.9, we have

d o xlz—a)= > x(z—a)

TELY, T€E€Ly,
r—a€ly,
= D xe—a)= > xl@—a)
T—a€ly, r—a€Zy,

x¢Zy,
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=— > xlz-—a)

r—a€ly,
plz

= _X(a)pa_1’ (42)

and

Y Xz —a) =Y xlz(@ - a)™®)

TEL], TEL,

plz

= —p* L. (4.3)

Combining (4.1), (4.2) and (4.3) we obtain the required result. |

Lemma 4.4. Let n = p®, where a > 1 and p = 1 (mod 4). Let x be the unique

character mod n of order 2. We have

a—1 j
Hzx € Z, :ptz,1 —a*x(1—2?) =1} = %'
Proof. We evoke (2.2) and find that
1+ x(1—2?%)
: 2001 a2) — 11 — 14 x(1—a?)
{z € Zpo :ptx,1—2%x(1—2%) =1} Z >

IEZpa
ple,1—x2
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Z‘Gzpa xEZpa
plx,1—2? ple,1—22

Since p{ x, let & = pm + k, where 0 < k < p and m € Z. If p divides 2® — 1, then p
divides k* — 1 = (k — 1)(k + 1) which yields k = 1 or p — 1. Hence the number of

& € Zye such that pfax but p | 22 — 1 is equal to 2p*~!. Now,

Y, 1=z eZp:pta}|—{z€Zp:pta,p|(1-2")}

Iezpa
plx,1—2?

= ¢(p*) — 2p°7"

=p"'(p—3).

Using this and employing Lemma 4.3 with a = 1, (4.4) yields the required result. W

Lemma 4.5. Let n = p®, where a > 1 and p = 1 (mod 4). Let x be the unique

character mod n of order 2. For a,b € Z,,, we have

pa_l(p_1)7 ifpla,pl|b;
_ma—1 . b
Zx((as—a)(z—b)): P ifpla,pth;

T€2Ln _poz—17 pr 'f a,p 'f b7p+ L ba_l;

e —1), ifptapfbp|l—bat.

Proof. We consider each of the four cases as given in the statement of the lemma.
Let R, and N, be the subsets of Z; of squares and non-squares, respectively. We
make use of Theorem 1.19 as needed.

Case 1: Let p | a and p | b. Then, using Lemma 2.9 we readily obtain that

dox(@—a)z—b)= Y 14> 1=¢n) =p"'(p-1).

TELn z€ER, €Ny,
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Case 2: Let p | a and ptb. Again using Lemma 2.9, we have

d xl@—a)x—-b)=> x@—b—-> xx-b

TELny Tz€R, TENp
=2) x(z—b)— > xlx-b). (4.5)
TERy, TELY,
We find that
23 x@—b) = 3 x(@® = b) = —(1+ (b)) (4.6)
TER TEZY
and

Z (x =) Zxx—b —x(b)p* . (4.7)

TELY, plx
Combining (4.5), (4.6) and (4.7) we obtain the result.
Case 3: Let pta and p{b. Then

Y x(@—a)z=b) =) x((ax - a)(az b))

= Zx((:z:—l x—ba"))
= > xWx(y+1-ba). (4.8)

The last equality is obtained by using the substitution z — 1 =y. If p | 1 — ba™!

then (4.8) becomes

D oxWxly+1—ba )= 1=¢(n)=p*'(p-1), (4.9)

yeLF, yeZ?
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and if pf 1 — ba~! then using the substitution ¢ = 1 — ba~! we have in (4.8),

d o xxy+1-ba ) => x(1+ey™)

YyELY, yELY,

—Z (1+ cy)

yeLy,

=x(0) Y x(c " +y)

This completes the proof of the lemma. [

4.2.2 Proof of Theorem 4.1

We prove Theorem 4.1 in the following manner. First, we prove two lemmas
which will be required to prove the theorem. These lemmas essentially deal with
the most intricate character sum that we encounter in the proof of the theorem.
Using these lemmas, we provide the entire proof, where we recall these lemmas

appropriately.

Lemma 4.6. For a positive integer «, let n = p*, where p is a prime satisfying

p=1 (mod 4). Let x be the quadratic character mod n. Let

= > x(1=a)(1 - —y?)

TELn yGZn

and

=D D x((1=2”)(1 = ¢*)(a” =),

(z,y)eX

where X = {(2,y) € ZnXZLn : pta,y,1—a? 1—y* a®—y?}. Then, Sy = S+4p**~2.
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Proof. Breaking the double sum > > in S as

TE L, yEZn

IDIODNDIPRPIPNDIPI

(z,y)eX plz Yy Y

p|1 x? pﬂ x?

we write

S:SO+T1+T2+T3+T4+T5.

22

ply ptz  ply piw pfy
pll—a? p[1—y®  pfl—a? ptl—y
plz?—y?

(4.10)

We evoke Lemma 2.9 and employ Lemma 4.3 with a = 1 to evaluate the T;’s. We

have

T, = Z Zx(l —a?)x((
—szl—yzﬁyﬂ
= Z > X1 = y)x(p*t -

t=1 ply

=) ) x(1—v)
t=1 pfy

— _2p2a—2‘

We also find that

= > > x(1-2")x(1

plz ply

pfl—x?

= 3 YA - (e

pJ(Q: t=1

pfl—x?
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t=1 pty
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pa—l
SDIPNUE
ptz t=1
pil—a?
= —2p*? (4.12)
It is easy to see that
T2 = T4 - T5 == 0 (413)
Using (4.11), (4.12) and (4.13), (4.10) yields the required result. |

Lemma 4.7. For a positive integer a, let n = p®, where p is a prime satisfying
p =1 (mod 4). Let x be the quadratic character mod n and let 1 be a character
mod n of order 4; let J(1,x) = > ¥(x)x(1 —x) be the Jacobi sum of b and x. If

TELn

K=2 > x((l=2)(1-y)(y—x)y),

TELY yeLy,

then K = J(1,x)* + J(, X)Q'

Proof. The proof goes along similar lines as adopted in [26]. For x € Z, we use the

notation % or 7! to refer to the multiplicative inverse of z in Z;. We have

=Y. D x((=2)(1 =)y —v)ayzy?)

ptz,l—z  ply,l-y
plz—y

Z Z (@=1y ) (y—1Da7 ") (y—x)).
plz.z—1  plyy—1
ple—y
We break the sum into two parts. One part deals with the case when p |z +y — 1
and the other part deals with the case when p { x + y — 1. First, we evaluate the
part when p |z +y — 1. Let z +y — 1 = tp for some k € Z,1 <t < p®~ 1. Then by

Lemma 2.9,

X((z—=1)y ) =x(=1+tpy ') = x(-1) = L.
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Similarly,
X((y = Da™") =1 and x(y — ) = x(2z - 1).

Using these and Theorem 1.19, we get

> D =y Hxly =D )x(y — =)
plz,T ; _I;’ryy 1

plzt+y—1

= > D x2e=1

plr,x—1,20—1 t=1

=p* Y x(z-1)

pte,x—1,22—1

=p* 0= x@z—1)= ) x(2z—1)
plz plx
— _2p2a—2

where we have used Lemma 2.9 as required. So K is reduced to the following

expression.

K = 2102“+M§1 p%:l (x_1> (y;l)x(y—x). (4.14)

plz—y
plr+y—1

Now, we use the substitution ¢t = ””T_l and u = yz;l in the above sum. Let

- (5 (5w

T
plzz—1  plyy—1

plz—y

plr+y—1
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and

V=Y > x(tu(u—t)(ut - 1)).
pit,t+1  pluutl
plu—t
ptut—1
Then we show that U = V in what follows, which will imply that the substitution

t="%= Land u= 4= is possible. It is easy to see that

1 y—
{(x Y )3($ay)€ZnXZnandp)f%x—1,%9—1>$—ya$+y—1}

={(t,u): (t,u) € Zy, X Zn and p{t,t + 1L,u,u+ 1,u—t,ut —1}.

Let
Ul = {($7y) € Zn X Zn |pfx,x—1,y,y— 1,x—y,x+y— 1},
Vi={(t,u) € Zn X Zy, | ptt,t+ 1L u,u+1,u—tut—1}
Then
x—1 y—1
U= ZZX x X(y —x) and V:ZZX(tu(u—t)(ut—l)).
(z,y)eln (t,u)eVy
We note that |U;]| = |V3| = (p — 3)*p** 2. Let us define an equivalence relation on
U; as

(v,y) ~ (2',y") ifand only if z=2" (modp) and y=y (mod p)

and similarly we define an equivalence relation on V; as

(t,u) ~1 (t',u') ifand only if ¢ =+ (mod p) and u=u" (mod p).
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Then

U= ZZ “ (x_l)x(y;l>x(y—x), (4.15)

(z,y)€UL Yy
where the summation is over distinct equivalence class representatives correspond-
ing to the equivalence relation ~, because each equivalence class contains (p®~1)2

elements and for (z,y) and (2/,9') in the same equivalence class,

x(x;l)x(y;1>x(y—x)=x<x/y_,1)x(y;1)x(y — ).

Again, let (t,u) € V;. Then for any (¢',u') € V; which belongs to the equivalence

class of (t,u) corresponding to the equivalence relation ~q, x(tu(u — t)(ut — 1)) =

Xt (v — ) (W't —1)). So

V=) (0 x(tu(u —t)(ut — 1)), (4.16)
(t,u)eVh
where the summation is over distinct equivalence class representatives corresponding
to the equivalence relation ~, similar to (4.15).
Now, for a class representative (z,y) € U; corresponding to the equivalence

relation ~, (m 1) x (£2) x(y — z) = x(tu(u — t)(ut — 1)) for some (¢,u) € V1. So

T

(5 1) x (y . 1) "y — o) = (P x(tule — )t — 1)), (417)

Yy T

What remains to be seen is that if (z,y) and (x1,y;,) € Uy are in different equiv-

alence classes of the equivalence relation ~, (t,u) and (t1,u;) € V; are in differ-

ent equivalence classes of the equivalence relation ~; as well, where t = yl u =

y%,tl = up = - L But this is immediate since (z,y) % (21,y:) implies that

y17

(t,u) o1 (t,u1). Thus combining (4.15), (4.16) and (4.17) we have proved that
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U = V. Therefore, (4.14) yields

K= 2p20‘2—|—z Z (tu(u — t)(ut — 1))

pttt+1  plu,utl

ptu—t
ptut—1
=3 x(tu(u—t)(ut — 1))
ptt ptu
ptu—t
plut—1
= D> Xt =1) > x(u(u® 1), (4.18)
pit,t—1 pluu2—t

where the last summation is obtained by the substitution ¢ — £. The sum in (4.18)
indexed by u remains to be reduced, and following a similar approach as given in
[26], we proceed as in the proof of Theorem 1.33 to simplify this sum. Then for each
t in the sum indexed by ¢ in (4.18), we have

Z x(u(u? —t)) Z P2 (u)y? (u® —t)

plu,u—t plu,u?—t

= > YW@ 1)

u€eZ?

=Y D@ (u— 1)1+ x(u))

uEeZLy,

= Y Pt u—t)+ Y ox(u)y?(u —1). (4.19)

u€e”zsy, u€”Zy,

The first sum in (4.19) is

> (e (u—t) =Y (ut)?(ut —t)

ueZy, ueZy,
0 3 v

@(t)(](%b, Vv?)
= 0(1)J (¥, x). (4.20)
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Similarly we simplify the second sum in (4.19) and obtain

> ox(d(u—t) = () J (@, x)- (4.21)

u€Zy,

Combining (4.19), (4.20), (4.21), and (4.18), we have

K=Y x(tt = 1D))[) (¢, x) + ()T (@, x)]
pit,t—1

and hence K = J(¢, x)? + J(4, X)Q. This completes the proof of the lemma. |

Having all the required lemmas proved, we are now ready to prove Theorem 4.1.

We shall proceed in a similar fashion as in [26].

Proof of Theorem 4.1. Let H,» denote the subgraph of G, induced by the set of
squares in Z., and let f(p®) denote the number of triangles in H,« containing 1.
Then, Proposition 2.16 yields

P e =1 f(p*)

K4(Gpe) = = , (4.22)

so we are left to evaluate f(p®). Let
X ={(2,y) € Zpo X Lpo : ptz,y,1 —2* 1 — 9> 2> — y°}.

Then,

f*) = % x {(z,y) € X : x(1—2%) = x(1 =) = x(2® —y*) = 1}].

Let X = A U Ay U --- U Ag, where Ay, As, ..., Ag are as given in Table 4.1. For

example, Aj is the subset of X such that for any (x,y) € As, we have x(1 — z?) =

L, x(1—y?) =1and y(z* —y*) = —1. Let 3; = |A;| for i = 1,2,...,8. Our objective
1

is to find f3; since we have f(p*) = gB1. To find B, we employ some relations
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Subset of X | x(1 —2?) | x(1 —v?) | x(z* —y
1 1

1

A, 1 1 1
1
1

1 1
1 1
As ~1 1 1
Ag ~1 1 ~1
A, 1 1 1
Ag i 1 1

Table 4.1: The sets Aq,..., Ag

between the (3;’s which we proceed to find out, similar to what is done in [26]. Now,

AU Ay

:{(muy> GZPU‘ XZPO‘ pJf=T71_I2;Q,1_927I2_y27X<1_x2):1aX<1_y2):1}

Using Lemma 4.4, we find that

-5 -9
A=A U Ay| = p*o? <p 5 ) (p - ) (4.23)

Again, we have

As U Ay

={(2,y) € Zpa X Lpo :pta,1 — 2%y, 1 —y? 2> —y? x(1 — 2°) = 1;x(1 —y°) = —1}.

We calculate the cardinality of A3 U Ay in the following manner. The total number
* 2\ o * 2

of y € Z7. such that x(1 —y?) = £1 is the number of y € Z;. such that p{y* — 1,

which is p® — 2p®~1 = p*~}(p — 2). Out of them, the number of y € Zno such that

x(1—¢?*) =1is w by Lemma 4.4. So the remaining number of y € Z;. is

" tHp—2)— w — v, where 7 is the number of y such that y(1 —?) =1 and
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p|y. Clearly, v = p®~1. Hence

—5\ [(p-1
B = |A; U Ay = p*~? (p > ) (p > ) . (4.24)

Recalling (4.23) and (4.24) we get

Br+p=A

B3+ By = B.

We define a bijection from A; U A3 to Ay U Ay as

(z,y) = (z,2y™").

Then By + B3 = 1 + 2. In a similar fashion we get other relations among the (;’s
in terms of A and B (as named in (4.23) and (4.24)). In particular, we have

B+ B2 = A;
B+ B3 = 4
Bs + fs = B;
b1+ Bs = 4;
B2 + s = B;
Bs + pr = B;
B7 + Bs = B. (4.25)

Let
S= > > x((1=2)(1 =) (" —y)

xEZpa yEZpa
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and

=3 > X1 =) (1= y*) (=" = v?)).

(z,y)eX

Using (4.25) we have

ZZX (1= 2*)(1 = y*)(@* —y?)) +ZZX (1=2*)(1 = y*)(2* = )

I y)€A1 $ y GAg

= 01— P2—Ps+ Pa— Bs+ B + b7 — Bs

=bi—(A=B1)=(A=B1)+(B=P3) = (A= 1)+ (B—B2) +(B—55) — (B—fr)

= 64f(p®) + p***(p — 5)(15 — p). (4.26)
Employing Lemma 4.6 and (4.26) we have

S+ p**~2(p? — 20p + 79)

") = — . (4.27)
Now,
S=33 x((A=a)A=¢”)(@ = *) + DD x((1 —2*)(1 =)@ — 7)),
plr Y plr Y

(4.28)

The first term in (4.28) is

D x@ =1 =)@ =) =D > x(1—y)x(=" —y?)

plr Yy plz ply

)Y X=X — )

plz ply

—Zle— x(@? = y?)
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_ 20172.
So, (4.28) yields

S =2+ 303 ML~ 21— ) — o)

ptr Yy
= =202 43Ny (L= 2?)(L - ¢7)(a® = 3?)
plz ply
+ ) x((1— 2?1 = ) (@ = ). (4.29)
plz ply
We have
DY x =)L —yP)x(a® —y?) =) > x(1—2?) = —2p™,
plz ply plz ply

50 (4.29) yields
§ =~ £ I (1 - )1 - ) — )
— gyt Zx(l — 2?) Zx((l —y)(@® —y) {1+ x()}
_ 2M+ZX1— ) {1+ x(y }Zx (1 —2?)(y — %))
_ 2a2+ZX1_ ) {1+ x(y }ZX (1 —2)(y — ) {1+ x(z)}

= —dp*- 2+ZZX (1—=2)(1 = y)(y—2) {1+ x(2)} {1+ x(»)}-
© ply
Now, we break the sum S into three parts as in [26]. Let

S=—4p* 2+ 1+2J+K, (4.30)
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where
1= 23 (=)= =)
=3 1= =)y =)o)
and

We evaluate [ using Lemma 4.5.

I= ZZX((l —a)(1 = y)(y — )
—le—x ZX (1 =y)(z—v)

= Zx(l — ) Zx((l —y)(z—y) = > x(1—y)(z—y))

ply

= 2p’* 2, (4.31)

= 2p2a—2. (4.32)
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Using (4.31), (4.32) and Lemma 4.7, (4.30) yields
S=—dp* 2 4 1420+ K =202 4 J (0, x)* + T (&, 1) - (4.33)

Combining (4.27) and (4.33), we obtain

2

oy _ PPT3(p? —20p +81) + J(¥, x)* + J (¥, X)
f*) = :
64
Finally, putting the value of f(p®) in (4.22), we complete the proof. [ |
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Cliques of order four in the Paley-type

graph on Z, for general n

5.1 Introduction

The Paley-type graph GG,, we defined in Chapter 2 resembles the classical Paley
graph in a number of ways, and adds to the list of generalizations of the Paley graph.
In Chapter 4, we found the number of cliques of order four in G, that is K4(G,,),
for n = p® using a character sum approach. However, the same approach is not

applicable for general n. In this chapter, we follow a combinatorial approach and

IThe contents of this chapter are under review.
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find K4(G,,) for all n for which the graph G,, is defined. We omit the case when n
is even since there cannot exist cliques of order more than two in G, in that case.
We note that the expression for K4(G,,) proved in this chapter does not contain any
Jacobi sums. Hence, combining this expression for n = p* with the one given in
Theorem 4.1, we find values of certain character sums modulo p® which were earlier

known for prime modulus only.

5.2 The number of cliques of order four in G,

In the following theorem, we provide a closed formula for the number of cliques
of order four in G,, for odd n. Note that if p = 1 (mod 4) is a prime, then there

exist integers a and b such that p = a? + b2, where a is even; a? and b* are unique.

Theorem 5.1. Let n = pi" ---p.*, where a; > 1 and the distinct primes p; satisfy
pi=1 (mod 4) foralli=1,....k. Forie€{l,...,k}, let p; = a? + b?, where a;, b;
are integers and a; is even. Then, the number of cliques of order four in G, is given

by

k

Ki(Gy) = ﬁ H i (pi = D{(pi — 9)> — 4a}}] .

To show that the expression for K4(G,,) is an integer, we begin by showing

that for i € {1,2,...,k}, 64 | (p; — 9)> — 4a?. Let p; = 4s; + 1. We have, (p; —

)

9)2 — 4a? = 16 [(M‘T*l e (%)2] = 16 [(s; — 2)2 — (%)2], so it is enough to

2 2

show that 4 | s? — (%)%, The relation 4s; + 1 = p; = af + b7 yields s; = (%)* +

b2—1 . b2—1 . ) . .
(#4-), and since = is even, s; and % have the same parity. So, we obtain that

4] s? — (%)*. Now, to show that the expression for K4(G,) is an integer, we

: 1 i Ao —3 (pi—9)%—4a2 ..
write Ky4(Gh) = 55 [1 [pi p—1) {T}], o it is enough to show that
i=1

3x8|(p—1) {(pl_gﬁ)#}, that is, 3 x 8 | s {(s1 — 2)? — (%)?}. We find that

8| s1{(s1—2)? = (%)?} follows from the fact that s; and % have the same parity.
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Finally, we obtain that 3 | s; {(s1 — 2)? — (%)?} by considering the cases s; = 0, 1,2
(mod 3) and using the relation 4s; + 1 = 4(%)? + b7 after reduction modulo 3.

We find the values of K4(G,,) for some specific values of n by using Python which
are listed in Table 5.1.

n K:4(Gn> n K:4(Gn)
132 0 13 x 17 0
172 0 132 x 17 0

292 | 143578043 | 29 x 37 | 2703960
372 | 1040159355 | 29 x 41 | 4993800

Table 5.1: Values of K4(G,,)

For the primes p = 13,17, 29, 37, 41, we have p = a®>+b*, where a® = 4, 16, 4, 36, 16,
respectively. By putting these values in Theorem 5.1, we obtain the same values of

K4(G,,) as listed in Table 5.1.

5.2.1 Some corollaries of Theorem 5.1

As a consequence of Theorem 5.1, we readily obtain the following formula for
KC4(Gpe) by taking k = 1 which does not involve any Jacobi sums, unlike Theorem

4.1 in the previous chapter.

Corollary 5.1.1. Let p =1 (mod 4) be a prime and let o be a positive integer. Let
p = a® + b%, where a and b are integers such that a is even. Then, the number of
cliques of order four in Gpe is given by

P = Dilp — 9)* — 4a?}

Ka(Gpe) = 29 % 3

Let p = 1 (mod 4) be a prime such that p = a? + b? with a even. Let y and
1 be characters modulo p of orders 2 and 4, respectively. Then it follows from

Theorem 1.35 that for suitably chosen signs of a and b, the Jacobi sum J(1, x) =
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b+ ai. Combining Theorem 4.1 and Corollary 5.1.1, we readily obtain the following

corollary which extends Theorem 1.35 to characters modulo prime powers.

Corollary 5.1.2. Let p =1 (mod 4) be a prime such that p = a* + b* with a even.
Let o be a positive integer. Let x denote the unique quadratic Dirichlet character mod
p* and let ¢ be a Dirichlet character mod p® of order 4. Let J := J(1, x) = x + iy
be the Jacobi sum. Then,

J2 4+ TP =2(2? — y?) = 2p™ 2(p — 2a7). (5.1)

Note that by Proposition 1.17 there are two Dirichlet characters modulo p® of
order 4, namely ¢ and ¢, and J (¢, x) = m =z —iy. So, (5.1) is independent
of the choice of a character of order 4. The identity (5.1) follows from Theorem 1.35
when o = 1. We do not know if the identity (5.1) already exists in the literature
when a > 1. In Table 5.2, we calculate  and y by using Python and verify (5.1)

for some particular values of p and a.

p y 22 — o2 pPo=2

5 10 | 52x(—=3) | 52
25 | 50 | 5'x(=3) | 5%
—39 | 26 132x5 132
—507 | 338 | 13'x5 13°
—17 | 68 | 172 x (—15)| 17?
—289 | 1156 | 17F x (—15) | 17°

p,a’, p — 2a*
p=b=22+12
a®=4,p—2a°> = -3
p—13= 2+ 3,
a’>=4,p—2a*>=5
p=17=4%+12
a? =16,p — 2a®> = —15

p =29 =2%+ 52 5 2 21 1
a2 =4,p— 242 =21 145 | 58 297 x 21 | 292
p=237=06%+12 1 —6 —35 1
a? =36,p — 242 = —35 37 | =222 [ 37 x (—=35) | 372
p =41 =42 + 52, =5 | 4 9 1

DO | DO [ DN —| Wl N w| N w| N D

—205 | 164 41% x 9 412

Table 5.2: Numerical data for (5.1)

We also prove the following corollary which follows from Theorem 5.1.
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Corollary 5.1.3. Let n = p{* --- pi*, where a; > 1 and the distinct primes p; satisfy
pi =1 (mod 4) for alli=1,...,k. Then, K4(G,) = 0 if and only if p; € {5,13,17}
for some i € {1,...,k}.

Proof. From Theorem 5.1 we find that K4(G,,) = 0 if and only if (p;—9)?—4a? = 0 for
some i € {1,...,k}, where p; = a?+0? for integers a; and b; such that a; is even. So,
we have (p;—9)?—4a? = 0 if and only if (p;—9)?—4(p;—b?) = 0. Solving this equation
as a quadratic equation in p;, we have p? — 22p; + (81 +4b?) = 0, and readily obtain
p; =11+ QM. Then we have the inequality p; < 11 + 210 ~ 17.3245. ..
and so, p; < 17. The only primes p =1 (mod 4) satisfying p < 17 are 5,13 and 17.
Finally, we finish the proof by observing that for p € {5,13,17}, if p = a® + ? for
integers a and b such that a is even, then (p — 9)? — 4a® = 0. |

As a consequence of Theorem 3.2 and Corollary 5.1.3, we readily obtain the
following. Recall that the clique number of a graph is the order of a clique of

maximum size contained in the graph.

Corollary 5.1.4. Let n = p{' - - - pp*, where o; > 1 and the distinct primes p; satisfy
pi =1 (mod 4) for alli=1,... k. We have:

1. if p; =5 for some i € {1,...,k} then the clique number of G,, is 2; and
2. if p; € {13,17} for some i € {1,...,k} and 51 n then the clique number of G,

18 3.

5.2.2 Proof of Theorem 5.1

For primes p =1 (mod 4) and positive integers «, the following lemma lists the

squares in Z. in terms of the squares in Z;.

Lemma 5.2. Let p be a prime satisfying p = 1 (mod 4), and let « be a posi-

twe integer. Let R, denote the set of non-zero squares in Z,, say R, = (Z]”;)2 =
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{ry,... ,r%}. Then the set of squares in Z;. is given by
p=1
Ry = U{n +tp i t is an integer satisfying 0 <t < p*~t —1}.
i=1
Proof. Consider r; € R, for some i € {1,..., ’%1}, and 0 <t < p* ! —1. We show

that (r; + tp) M2y (mod p®). By the binomial theorem, we find that

S

®%)

o 2, (2PN sty
(s + 1p) 25 = Z( 2 ) (tp)".

m
m=0
. (%) 2@%)
Then, using Lemma 2.8 we have (r; +tp) 2 =r; > (mod p®). So, we proceed
s(@%) p=1
to show that r, 2 = 1 (mod p*). Now, r; € R, implies ;> = 1 (mod p) by

p—1

Corollary 1.10.1, so we have r, > = 1+ pX for some integer X. Again applying the

binomial theorem, we find that

p—1

a—1
(r? P77 = (14 pX)” = (p )plX’-

So, it suffices to show that if 1 <1 < a — 1 then p*! | (pal_l). We proceed along
similar lines as in the proof of Lemma 2.8. Let 0,(y) denote the sum of the digits

of the base-p representation of y. We have

(p“) P =) (T =)

pa—lpl—l(pa—l = 1) *¥. (poz—l —1 + 1)

If possible, let p' | Il. Recalling Definition 2.6, we have v,(I!) > [, which implies

l_pgf”l(l) > [, which is not possible. So, p®~! | (palfl) and hence r; 2 =1 (mod p®).
Thus, we have proved that (r; + tp)¢(g b =1 (mod p®). Since Zy. is cyclic of order

d(p®), this implies r; + tp € Rya. Conversely, let z € Rye. Then z = 2 (mod p®)
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for some unit & € Zye, which implies z = 2? (mod p). Thus, z = r; (mod p) for

some i € {1,..., 1%1} and our proof is complete. [ |

Remark 5.3. Let n = p{*---pp*, where o; > 1 and the distinct primes p; satisfy
pi=1 (mod4) foralli=1,... k. Let © € Z,. Then by Lemmas 3.4 and 5.2, we
have

x € R, if and only if x  (mod p;) € R, fori=1,... k.

This yields

k o — 1_1 (b )
|Rn|:H(pil xS ): éz

i=1
Now, we prove a lemma which will be used to prove Theorem 5.1. Before stating
the lemma, we recall a proposition from [26] which will be used in the proof of the

lemma.

Proposition 5.4. [26, Proposition 4] Suppose that p =1 (mod 4) is a prime, and
p = a® + b* with a even. Let P(p) be the Paley graph of order p, let H, be the
subgraph of P(p) induced by the set of non-zero squares in Z, and let f(p) be the

number of triangles in H, containing the vertex 1. Then,

(p—9)° — 4a®

f(p) = o1

The following lemma counts the number of triangles of a particular kind in the

graph G,e in terms of the number of triangles in G,,. We use Notation 1.57.

Lemma 5.5. Let p =1 (mod 4) be a prime and let o be a positive integer. Let Gpa
denote the Paley-type graph of order p* and let Hyo denote its subgraph induced by
the set of squares in Z. Let P(p) denote the Paley graph of order p and let H,
denote its subgraph induced by the non-zero squares in Z,. Let p = a* + b*, where

a and b are integers such that a is even. Then, the number of triangles in Ho
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containing the vertex 1 is given by

_ 2 4 2
Kl 1) = 127 x Kl 1) = 2o (P25 250,

Proof. Let Rye and R, denote the set of squares in Zj. and Zj, respectively. Let
(1,z,y) denote a triangle in H,« containing the vertex 1, where x,y € Zy. Then,
z,y,x — 1,y — 1,2 —y € Ry and so, (1 (mod p),z (mod p),y (mod p)) yields a
triangle in H, containing the vertex 1. Conversely, let (1,c,d) denote a triangle
in H, containing the vertex 1, whereby ¢,d,c —1,d — 1,c —d € R,. Employing
Lemma 5.2, we find that (1, ¢ + tp,d + t'p) yields a triangle in Hyo containing the
vertex 1, where ¢,t are integers satisfying 0 < ¢,¢’ < p®* ! — 1. Each such triangle
constructed in Hye is unique: if (1, ¢+ tp,d+t'p) and (1,d + t"p,c +t"p) yield the
same triangle (0 < ¢,¢,¢", ¢ < p*! — 1), this implies ¢ = d (mod p) which is a
contradiction. Thus, the triangle (1,¢,d) in H, produces (p®~*)? distinct triangles
in Hp. containing the vertex 1. We have proved the first equality in the statement
of the lemma. The second equality follows from Proposition 5.4. This completes the

proof of the lemma. [ |
Having all the required lemmas proved, we are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Let H, denote the subgraph of G, induced by the set of

squares in Z;. Employing Proposition 2.16 and using Notation 1.57, we have

Ki(Gy) = ;:’;(222 X KCa(Hy, 1). (5.2)

Let F' denote the set of triangles in H,, containing the vertex 1, and fori € {1,... k}
let F; denote the set of triangles in H o containing the vertex 1. Let us set the

notation (1,z,y) to denote the triangle with the vertices 1,z and y. We define the
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following map:

gZF—>F1X"'XFk
(Lz,y) = (1 (mod p{"),z (mod pi"*),y (mod pi")),...,

(1 (mod pi*),z  (mod p*),y  (mod pi*))).

g is a well defined function. Next, to show that g is onto we seek for a pre-image of
an element in Fy X --- X Fy, say j := ((1,¢1,dy),...,(1,¢x,dy)). We find z,y € Z,
such that (1,x,y) € F. We have a solution for x and y if they satisfy the following

system of congruences:

r=c¢ (modpl!),...,x=c¢, (mod py*),
y=d; (modpi"),...,y=dr (mod p3*). (5.3)
i Ci ... Cg . .
Let us denote this system as . Note that interchanging the elements
dy ... dy
. € ... Cg . . .
in any column of and finding the solution to the corresponding
dy ... dg
system of congruences also gives another pre-image of j in F. However, (1,¢;, d;)
. dy. .. ~dg _
and (1,d;,¢;) denote the same triangle, so the system gives the
ct ... Cg
same triangle in Hp. as (5.3) does. Hence, each element in F; x --- x Fj has

ﬁ — Qkfl

5 pre-images in F', and therefore, (5.2) yields

Ki(Gp) = _nen)_ x 2F71 % HIC3 (5.4)

I x 2k+2

Finally, employing Lemma 5.5 to substitute K3(H i ,1) for i € {1,...,k} in (5.4)
completes the proof of the theorem. [ |
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Number of cliques in Peisert graphs

6.1 Introduction

It is a natural question to ask for the classification of all self-complementary and
symmetric (SCS) graphs (see Definitions 1.64 and 1.67). In this direction, Peisert
[48] observed that Chao’s classification in [18] sheds light on the fact that the only
such possible graphs of prime order are the Paley graphs. Zhang in [61], gave an
algebraic characterization of SCS graphs using the classification of finite simple
groups, although it did not follow whether one could find such graphs other than
the Paley graphs. In 2001, Peisert gave a full description of SCS graphs as well as

IThe contents of this chapter are under review.

81
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82 NUMBER OF CLIQUES IN PEISERT GRAPHS

their automorphism groups in [49]. He derived that there is another infinite family
of SCS graphs apart from the Paley graphs, and, in addition, one more graph not
belonging to any of the two former families. He constructed the P*-graphs (which

are now known as Peisert graphs) as follows.

Definition 6.1 (Peisert graph). Let p = 3 (mod 4) be a prime, and for a positive
integer t, let ¢ = p*. Let g be a primitive element of the finite field F,, that is,
Fy; = F,\ {0} = (g9). Then the Peisert graph P*(q) is defined as the graph with
vertex set F,, where ab is an edge if and only if a — b € (g*) U g(g*).

It is shown in [49] that the definition is independent of the choice of ¢. It turns
out that an edge is well defined, since ¢ = 1 (mod 8) implies that —1 € (g?).

F1GURE 6.1: The Peisert graph of order 9

Various properties of Peisert graphs have been studied, for example, their au-
tomorphism groups by Peisert himself in [49], pseudo-random properties in [39],
structure of maximal and maximum cliques in [58] and [8], critical groups of the
graphs in [53], etc. Peisert graphs have been used to produce binary and ternary
codes from their adjacency matrices in [38]. In [1], certain designs have been pro-
duced from Peisert graphs as well.

The Peisert graphs lie in the class of SCS graphs along with Paley graphs, so it
would serve as a good analogy to study the number of cliques in the former class too.

In [2], Alexander found the number of triangles using the properties that the Peisert
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graphs are edge-transitive and that any pair of vertices connected by an edge have
the same number of common neighbors. There was also an attempt to compute the
number of cliques of order 4, but it was mentioned that the associated character
sums “are notoriously difficult to simplify in any meaningful way”. In this chapter,
we follow a character sum approach to compute the number of cliques in Peisert

graphs.

6.2 The number of triangles and cliques of order
four in the Peisert graph

Cliques in Paley graphs have been extensively studied by implementing character
sums. The Peisert graphs go hand in hand with Paley graphs; they are often men-
tioned in discussions related to Paley graphs, for example in [23, 36]. Moreover, the
definition of a Peisert graph is quite similar to that of a Paley graph: both graphs
involve a finite field as the vertex sets and have the edge sets depending on cosets
of subgroups of the multiplicative group of the finite field. Thus, we are tempted
to apply character sums in computing cliques in Peisert graphs. In the following
theorem, we find the number of triangles in Peisert graphs by evaluating certain

character sums.

Theorem 6.2. Let ¢ = p*, where p = 3 (mod 4) is a prime and t is a positive

integer. Then, the number of triangles in the Peisert graph P*(q) is given by

Ko(P (@) = L5 0)

It is easy to see that the expression for K3(P*(¢)) is an integer. We write
o 4D -
(P (q) = T

(in which case K3(P*(q)) is evidently an integer), so 3 | (£5) (4 — 1).

Then, 3 ¢ % + 1 unless ¢ is an even power of 3

We note that the number of triangles in the Peisert graph of order ¢ equals the
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number of triangles in the Paley graph of the same order.

There is no known formula for the number of cliques of order 4 in the Peisert
graph P*(¢q). The main purpose of this chapter is to provide a general formula
for K4(P*(q)). In this case, the character sums are difficult to evaluate. We use
finite field hypergeometric functions to evaluate some of the character sums. In the
following theorem, we express the number of cliques of order 4 in Peisert graphs in

terms of finite field hypergeometric functions as given in Definition 1.40.

Theorem 6.3. Let p be a prime such that p = 3 (mod 4). For a positive integer
t, let g = p*. Let q = u?® + 20v* for integers u and v such that v = 3 (mod 4) and
p1{u when p =3 (mod 8). If x4 is a character of F, of order 4, then the number of
cliques of order 4 in the Peisert graph P*(q) is given by

* —1 X4, X4, X5
Ku(P'(@) = DD (g2~ 20q +81) + 2u(—p)' + 3¢ 5P h
g, DE

Using SageMath, we numerically verify Theorem 6.3 for certain values of ¢. We
list some of the values in Table 6.1. We denote by 3F5(-) the hypergeometric function

appearing in Theorem 6.3.

p| q Ka(P*(q)) u ¢ 3F5(") Ka(P*(q)) 32 ()
(by SageMath) (by SageMath) | (by Theorem 6.3)

319 0 | 10 0 0.1234 ...
7149 2156 7 —30 2156 —0.0123. ..
3 | 81 21060 J —62 21060 —0.0094 . ..
11| 121 116160 7 42 116160 0.0028...
19 | 361 10515930 —17 022 10515930 0.0040. ..
23 | 529 49135636 23 930 49135636 0.0033. ..

Table 6.1: Numerical data for Theorem 6.3
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6.2.1 Some preliminaries and lemmas

To count the number of cliques in Peisert graphs, we note that since the graph
is vertex-transitive, any two vertices in the graph are contained in the same number
of cliques of a particular order. Before we proceed to prove the main results, we
begin by fixing some notation. For a prime p = 3 (mod 4) and positive integer ¢, let
q = p*. Let g be a primitive element of the finite field F,, that is, F; = F,\ {0} = (g).
Now, we fix a multiplicative character x4 on F, of order 4 (which exists since ¢ =1
(mod 4)). Let ¢ be the unique quadratic character on F,. Then, we have x5 = .
Let H = (g*) U g(g*). Since H is the union of two cosets of (¢g*) in (g), we see that
|H| =2 x % = q;—l. Peisert graphs being symmetric, are vertex-transitive. Also,
the subgraphs induced by (¢g*) and g(g*) are both vertex-transitive: if s,¢ are two
elements of (g*) (or g(g*)) then the map on the vertex set of (g*) (or g{g*)) given

by x + Lz is an isomorphism sending s to t.
S

Throughout the chapter, we fix h = 1—x4(g). For x € [F;, we have the following:

4 0, otherwise.

We note here that for z # 0, « € H if and only if y4(x) = 1 or x4(x) = xa(9).
Now, we state some preliminary lemmas which we make use of, to prove Theorems
6.2 and 6.3. We have the following lemma which will be used in proving the main

results.

Lemma 6.4. Let ¢ = p*, where p = 3 (mod 4) is a prime and t is a positive
integer. Let xa be a multiplicative character of order 4 on F,, and let ¢ be the

unique quadratic character. Then, we have J(x4, xa) = J(x4,9) = —(—p)".

Proof. By Proposition 1.36, we have J(x4, x4) = —(—p)’. By Theorem 1.35, where
the result remains the same if we replace a field of prime order by a field with

prime power order, and by Theorem 1.30, we see that J(x4, ) = xa(4)J (x4, X4) =
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ay + iby, where a + b7 = g and ay = —(%') (mod 4). Hence, ay =1 (mod 4) and

ay = —(—p)', by = 0. Thus, we obtain J(x4, ¥) = J(xa, x4) = —(—p)". u
Next, we evaluate certain character sums in the following lemmas.

Lemma 6.5. Let ¢ =1 (mod 4) be a prime power and let x4 be a character on IF,
of order 4 such that x4(—1) = 1, and let ¢ be the unique quadratic character. Let
a € F, be such that a # 0,1. Then,

Z xa((y = 1)y —a)) = o(a —1)J (x4, x4)-

IS

Proof. We have

Y oxally—Dy—a) =D ¥ +1-a)

yqu y/ EFq

= >~ (- 9y )a( - a)y" + 1)

y/l qu

=p(l—a) Y xay'@' +1)

y// G]Fq

=p(1—a) > xa(=y'(-y"+1))

y"eFy

= (1 —a)J (x4, X4),

where we used the substitutions y — 1 = ¢/, v = ¥/(1 — a)™!, and replaced y" by
__yu‘ B

Lemma 6.6. Let ¢ =1 (mod 4) be a prime power and let x4 be a character on F,

of order 4 such that x4(—1) = 1. Let a € F, be such that a # 0,1. Then,

> xa(y)xa(a —y) = —1.

yEF,
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Proof. We have

> xawxala—y) = xalay')xala — ay)

y€lg y'ely

=Y @)l —y)

y'ely

= > =y

y'€ly

= Z xa(y")

y"€Fqy"#-1

=—1

)

where we used the substitutions ¥’ = ya=! and 3’ = /(1 — y/) 7}, respectively. W

Now, we prove Theorems 6.2 and 6.3. Note that we use Theorem 1.19 as and

when required.

6.2.2 Proof of Theorem 6.2

In this section we present the proof of Theorem 6.2.

Proof of Theorem 6.2. Recall that H = (g*) U g(¢g*) and (H) denotes the subgraph
of P*(q) induced by H. We also use Notation 1.57. Using the vertex-transitivity of
P*(q), we find that

Ks(P*(0) = » x q x Ka(P*(g).0)

3
= g x number of edges in (H). (6.2)
Now,
) 1
the number of edges in (H) = 5 % Z Z 1, (6.3)
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where the first sum is taken over all z such that y4(x) € {1, x4(9)} and the second
sum is taken over all y # x such that x4(y) € {1, x4(g)}. Hence, using (6.1) in (6.3),
we find that

the number of edges in (H)

o 2+ hle) + (o)
x#0

X Y 12+ hxa(y) +hxa) 2+ hxa(e — y) + hxa(z —y))]. - (6.4)
y#0,z

We expand the inner summation in (6.4) to obtain

; [(2 + hxa(y) + X)) (2 + hxa(z — ) + hxa(z — y))] (6.5)

= ; [4 + 2hxa(y) + 27Xa(y) + 2hxa(z — y) + 2hXa(z — y) + 2x4(y)Xa(z — y)

+ 2x_;(y)><4(x —y) = 2xa(9)xa(y(z — ) + 2xa(g)Xaly(z — y))]. (6.6)
We have

> xalwe =) = Y xal@y)xa(x — zy) = o(@)J (x4, xa)- (6.7)

y7#0,z y7#0,1

Using Lemma 6.6 and (6.7), (6.5) yields

D 12+ hxa(y) + Ixa())(2 + hxa(z — y) + hxa(z — y))]
y#0,z

= 4(q — 3) — 4hxa(z) — 4Eﬂ($) —2X4(9)p () J (X4, Xa) + 2xa(g)0(2)J (X4, Xa)-
(6.8)

Now, putting (6.8) into (6.4), and then using Lemma 6.4, we find that

the number of edges in (H)
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=5 > 2+ hxa(x) + Bxa(x)) (4(q — 3) — 4hxa(z) — 4hXa(@))]

= [8(q —5) + (4h(q — 3) — 8h)xa(x) + (4h(q — 3) — 8h)Xa(x)]

Substituting this value in (6.2) gives us the required result. |

6.2.3 Proof of Theorem 6.3

The proof of Theorem 6.3 requires more machinery. We begin with some lemmas
which will simplify some of the terms in the character sums that we come across in

the proof of the theorem.

Lemma 6.7. Let ¢ = p*, where p = 3 (mod 4) is a prime and t is a positive
integer. Let x4 be a character on F, of order 4 and let ¢ be the unique quadratic

character. Let J(xa, X4) = J(Xx4, ) = p, where p = —(—p)*. Then,

> xa@)xa@xall —y)xale —y) = —2p (6.9)
z,y€lfqg,x#1
and
> Xa@)xa@xa(l—y)Xalz —y) =1—p. (6.10)
x,y€lfy,x#1

Proof. By Lemma 6.6, we have

> xawxal—y) D Xa@xalz —y) = Y xa@)xall =) [=1 = xaly = 1)]

y#0,1 x#0,1,y y#0,1

= —p— > xalW)e(l —y) = =2p,
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which proves (6.9). Next, using the substitution 2/ = zy~!, we have

Z Xa(o)xXa(z —y) = Y Xal@'y)xa(='y — y) = ¢(v)p. (6.11)

x/

So, using (6.11), we find that

Z Xa(y)xa(l —y) Z Xa(z)xa(z — Z Xa(y)xa(l —y) [e(y)p — Xaly — 1)]

y#0,1 x#0,1,y y#0,1
=) Xaxa(l—y) — > xav)
Y y#1
= — -+ %
This completes the proof of the lemma. [

We need to evaluate several analogous character sums as in Lemma 6.7. To this

end, we have the following two lemmas whose proofs merely involve Lemmas 6.5

and 6.6 (as in Lemma 6.7).

Lemma 6.8. Let ¢ = p**, where p = 3 (mod 4) is a prime and t is a positive
integer. Let x4 be a character on F, of order 4 and let ¢ be the unique quadratic

character. Let J(xa, x4) = J(Xx4,¢) = p, where p = —(—p)t. Then, we have

Yo XA =y —y)
,y€F,,270,1
—2p, if (i1,d2,45) € {(1,1,1), (-1, =1, -1}
=19 2 if (ir,i2,43) € {(1,1,-1), (=1, -1, )}
1= p, if (i1,d0,43) € {(1,—1,1), (1, —1, —1), (~1,1,1), (~1,1, —1)}.

Proof. The proofs are similar, and we provide one such instance. For (iy,is,i3) =
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(1,1,1), we have

D> xaWxal—yxalz —y) = Y xalWxa(l—y) Y xalz —y)

y#£0,1 30,1 y#0,1 270.1
=) xaW)xa(l = ) (—xaly) — xa(l —v))
y#0,1
== oyxal—y) = > xaly)o(1 —y)
y#0,1 y7#0,1
= —2p.

Lemma 6.9. Let ¢ = p*, where p =3 (mod 4) is a prime and t is a positive integer.
Let x4 be a character on Fy of order 4 and let ¢ be the unique quadratic character.
Let J(x4,Xx4) = J(xa,0) = p, where p = —(—p)'. Then, for iy, is, iz € {+1}, we

have the following tabulation of the values of the expression given below:

Yo A X XE(1 - yxE @ —y). (6.12)

x,y€lfq,2#0,1

For w € {1,2,...,8} and z € {1,2,...,7}, the (w,z)-th entry in the table corre-
sponds to (6.12), where A, is either x4(x),Xa(z), xa(1 — x) or Xz(1 — x) and the
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tuple (iy,12,13) depends on w.

Ay

iv iz |43 | xa(@) | Xa(z) | xa(l—2) | Xa(l—x)
1 1 1 | —=2p —2p —2p —2p

1 1 |=1({1—=p |[1—=p |1—0p 1—p

1 [ =111 |[p*2+1]2 Pt —p 1—p

1 |=1|=1]|1—p |p*—p|2 PP +1
—1[1 |1 |p2P=pll—p [p*+1 2

" _4p PP+11—p 0> —p
—1(-1/1 |1—p [1—p |1—0p 1—0p
—1|-1]-1]-2p —2p —2p —2p

For example, the (3,6)-th position contains the value p*—p. Here w = 3 corresponds

to iy = 1,ip = —1,i3 = 1; 2 =6 corresponds to the column A, = x4(1 — z). So,

> xal—2)xa)xa(l — y)xalz —y) = p° = p.
z,y€lfq,2#0,1
Proof. The calculations follow along the lines of Lemma 6.5 and Lemma 6.6. For
example, in Lemma 6.7, one can take x4(z), xa(x—1) or xz(z — 1) in place of Yz (z)
in (6.9) and (6.10) (which we denote by A,), and easily evaluate the corresponding

character sum. [ |

Lemma 6.10. Let ¢ = p*, where p = 3 (mod 4) is a prime and t is a positive
integer. Let x4 be a character of order 4. Let ¢ and € be the quadratic and the
trivial characters, respectively. Let ¢ = u?+2v? for integers u and v such that u = 3

(mod 4) and ptu when p =3 (mod 8). Then,

X4, X4, X4 X4, X4, X4
3F2 1 :3F2 1

g, € g, €
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_.F, X4, X4, X4 ‘1
w, €
_ 3F2 X4, X4, X4 ‘1
w, €
1
= ?[—QU(—p)t]-

Proof. Let xg be a character of order 8 such that x2 = x4. Now, Proposition 1.36
tells us that J(x4, x4) = —(—p)* and hence it is real. Again, by Lemma 1.22 and
Remark 1.38, J(xs, x2) = xs(—4)J (x4, Xa), where yg(4) = +1 and thus, is also real.
By Theorem 1.42; we have

5 5
() ()
e, € X8/ \X8 X8/ \X8

= ngzl) [J(X& Xg)J(Xg’ Xg) L J(Xg’ Xg)J(Xg, XS)]«

(6.13)

Using Theorems 1.31 and 1.32, we obtain

J(XS»XS) = Xs(—1>J(X8, X8>,
J(xs, x3) = xs(—1)J (xs, X3),

J(x3. x8) = xs(—1)J (xs, Xs)-

Substituting these values in (6.13), and using Lemma 1.39 and Remark 1.38, we find
that

X4, X4, X4 —1 -
3y 1] = XBEJQ )[J(XS,Xs)J(Xs,Xﬁ)+J(Xs,x8)J(X8,X§)]

1
= ?J(Xg,xg) x 2Re(J(xs, x8)) X xs(—1)
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= q—lz[—Qu(—p)t]. (6.14)

Since 3F5 XXX 1| is the conjugate of 3F3 XXX 1], so both

g, € g, €
are equal as the value given in (6.14) is a real number. Evoking Theorem 1.42 again,

we have

X4 X_7 X_ Xs Xs : :
(T TR E)
p, ¢ A i
A . —
v ngz 6 %) I (. %) + T0& )T 8]

(6.15)

Recalling Theorem 1.32 gives J(xs,xs) = J(x3,x3). Also, Theorem 1.31 gives
J(x3,xz%) = J(x3, X2) = J(xs, x2) = J(xs, x2). Hence, (6.15) yields

X4, ﬂa ﬂ 1
3Fy 1| = <J(xs x3) X 2Re(J(xs, xs)) X xs(—1)
P, € q
1
= ?[—%(—P)t],

which is the same real number we found in (6.14). Hence, its complex conjugate,

namely 3F5 Xl e, 1 | is also real and has the same value. This completes
w, &
the proof of the lemma. [ |

Next, we note the following observations given in the beginning of the sixth
section in [21]. We state it as a lemma since we shall use it in proving Theorem 6.3.
Let X = {(tl,tg,tg,t4,t5) c ZZ : tl,tg,t:; §£ 0,t4,t5; t1 +to + 13 §£ t4,t5}. To each of

the transformations in (1.3)-(1.9), Dawsey and McCarthy in [21] associated a map
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on X; for example, the transformation in (1.3) gives that

11 to t3 to—tyg t1—14 t3—tg
X4 X4 X4 X4 y X4 » X4
31 t t L] =3k t ts—t E
4 5 —lq 5—Ul4
X4, Xa X4 5 X4

so it induces a map f; : X — X given by
fl(t17t27t37t47t5) N <t2 ) t47 tl s t47t3 - t47 _t47t5 - t4>

Similarly, the other transformations in (1.4)-(1.9) led to the construction of the maps

J2 to fr.

Lemma 6.11. [21} Let X = {(tl,t27t37t4,t5) = Zi : tl,tg,tg % 0,t4,t5; t1 4+t 413 7£
ts,ts}. Define the functions f; : X — X, i € {1,2,...,7} in the following manner:

fi(ti,te, ts, ta, t5 to —ta, t1 — tg, b5 — ta, —ts, t5 — t4),
fa (t1,ta,t3, 14, t5
f3 t t27t37t47 5

( ) =
( )
( )
4 (t1, ta, b3, ta, ts)
( )
( )
( ) =

ti,t — ta, t1 —ts5,81 — to, t; — t3),

tg — t4,ta,ta — t5, 10 — 11,12 — t3),

—

t1,ty — to, b3, g, 01 +t3 — 1),

[5
fo (t1,ta,t3, 14, t5

f7 tla t27 t37 t47 t5

t t27t37t47 5

ty —t1,to,t3, s, ta +t3 — t5),

(
(
(
(t1,ta, ts — ta, t1 + ta — ta,ts),
(
(
(

ty —ty,ty — to, b, by, bty + 15 —t1 — ta).

Then the group generated by fi,..., f7z, with operation composition of functions, is

the set
F = {f07fi7fjofl7f4of17f60f27f5of37flof4of1 01 < { < 77 1 SJS 37 4 < [ < 7}7

where fo is the identity map.
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Moreover, the group F acts on the set X, and X contains eleven orbits with represen-

tatives (1,1,1,0,0), (3,3,3,0,0), (1,3,3,2,0), (3,1,1,2,0), (2,1, 3,0,0), (1, 3,2,0,0),

(2,3,1,0,0), (1,2,2,0,0), (2,2,1,0,0), (1,1,3,0,0) and (2,2,2,0,0). If we associate
Xis Xis XT

the 5-tuple (t1,ta, ..., t5) € X to the hypergeometric function 3 Fy 4 j ’ j‘ 1
Xd's X4

then each orbit of the group action consists of a number of 5-tuples (t1,ta, ..., 15),

and the corresponding sFy terms have the same value.
Proof. For a proof, see Section 6 of [21]. [ |

Now, we prove Theorem 6.3. We will use the following notation. Let J(x4, x4) =
J(x4,) = p, where the value of p is given by Lemma 6.4. Let xs be a character
of order 8 such that x2 = y4. Note that in the proof we shall use the fact that
X4(—1) = 1 multiple times.

Proof of Theorem 6.3. Noting again that P*(q) is vertex-transitive, we find that

K4(P*(q)) = % x number of cliques of order 4 in P*(q) containing 0

zngMH» (6.16)

Here, H = (g*) U g{¢*) and (H) denotes the subgraph of P*(¢q) induced by H. We
use Notation 1.57. Let a,b € H be such that y,(ab~') = 1. We note that

Ks((H), a) = % X ZZ 1, (6.17)

xa(z—y)€{1,x4(9)}

where the 1st sum is taken over all x such that y,(z), x4(a — x) € {1, x4(g9)} and
the 2nd sum is taken over all y # x such that x4(y), xa(a —y) € {1, x4(9)}. Hence,
using (6.1) in (6.17), we find that

Ks((H),a)
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1
2 x 45

Y. > 2+ hxala—z) +hxa(a - x))

x#0,a y#0,a,x

X (2+ hxala —y) + hxala — ) (2 + hxa(z — y) + hxa(z — y))

X (2 + hxa(x) + hxa(2))(2 + hxa(y) + hxa(y))].

Using the substitution Y = ba~'y, the sum indexed by y in the above yields

]C3<<H>7a)
5 Z Z [(2+ hxa(a — x) + hxa(a — z))

x#0,a Y #£0,b,ba~ 1z
X (24 hxa(Y —b) + hxa(Y —b)(2 4+ hxa(Y —ba ' 2) + hxa(Y — ba 'x))
X (2 + hxa(z) + hxa(z)) (2 + hxa(Y) + hxa(Y))]
-1 S @+ hxla—2)+Fxala—2)

2 x 45
Y#0,b 2#£0,a,ab— 1Y

X (24 hxa(Y —b) + hxa(Y —b))(2 + hxa(Y — ba ') + hxa(Y — ba™'x))

x (2+ hxa(@) + hxa(@)) (2 + hxa(Y) + ~hxa(Y)].

1
2 x4

Again, using the substitution X = ba~'x yields

Ks({(H),a)
1
2 x 4°

> > @+ hxalb— X) + hxa(b— X))

Y #£0,b X#0,b,Y

X (24+hxa(b=Y) +hxa(d = Y)(2+ hya(X —Y) +hya(X —Y))
X (2 + hxa(X) 4+ hxa(X))(2 + hxa(Y) + hxa(Y))]
= K3(<H>’b)

Thus, if a,b € H are such that y4(ab™!) = 1, then

Ks((H),a) = Ks({(H),b). (6.18)
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Let (¢%) = {x1,..., 241} with 2y = 1 and g(g*) = {yl,...,y%} with y; = g¢.
Then,

Z/C3(<H>,ﬂfi) + Z’%((H%yi) =3 x K5((H)). (6.19)
By (6.18), we have
Ks((H),11) = K3((H), 23) = - -- = K3((H), £41)

and

K () = L i), 1) + Ka((), 9)) (6.20)

Thus, we need to find only K3((H), 1) and K3((H), g). We first find K3((H), 1).

We have
(), 1)
- D212 B ) TG = )2 + hlo) + )
7;7 (24 hxa(1 —y) + AXa(1 — ) (2 + hxa(z — y) + hxa(z — y))
H x (2+ hxa(y) + hxa(y)))- (6.21)

Let 1,49, i3 € {#1} and let Fj, ;,., denote the term x7 (y)x{ (1 —y)x%(z —y). Using

this notation, we expand and evaluate the inner summation in (6.21). We have

D 2+ hxaly) + a2 + hxa(l = y) + hxa(l = 9)]2 + hxa(e — y) + hxa(e - y)]
y#0,1,x
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= > [8+4hxaly) + 4hXa(y) + 4hxa(1 — y) + ARXG(L — y) + dhxa(z — y)
y#0,1,x

+4hXa(r — y) +4Axa(y)Xa(l —y) + 4xXa(y)xa(l — y) + dxa(y)Xa(z —y)
+4xa(y)xa(z —y) + Axa(l = y)Xalz — y) + 4Xa(1 — y)xa(z — y)

+ 2024 (y)va(l — ) + 20 Ta()xa(l — y) + 2k (y)xale — v)

+ 20 Xa(y)Xa(e — ) + 207 xa(1 — y)xa(e — y) + 20 (1 — y)ale — )]

+ Z Fii1+2hFyq -1+ 2hFY 11+2hF1 11+ 2hF_ 111+2hF 1,1,-1
y#0,1,z

4 2RF 1 4R F oy 1], (6.22)

Now, referring to Lemmas 6.5 and 6.6, we can easily check that any term of the form
> xa()xa(+) gives =1, 3o xa((y = 1)(y — 2)) gives p(z — 1)p and - xa(y(y — z))
y y y

gives ¢(x)p. Hence, (6.22) yields

> 24 hay) + a2 + hxa(l — y) + hxa(l — 9)][2 + hxa(z — y) + Ixa(z — y)]

y#0,1,x
= A+ Bxa(z) + Bxa(z) + Bxa(w — 1) + Bxa(z — 1) — 4xa(z)Xa(z — 1)
— 4xa(x) xalz — 1) — 2k xa(2) xa( — 1) — 20" Xa(@)Xa(e — 1)

+ Y WP R+ 2Py sy + 20 Py g+ 2RF) g+ 20 F g+ 20F
y#0,1,z

+ 25}11,4,1 I E3F—1,71,71]

= 7, (6.23)

where A = 8(q — 8) and B = —12h.

Next, we introduce some notation. Let

B) = 16h(q — 15),
Ey, = 8h*(q — 15),

Fy =16(q — 15).
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For i € {1,2,3,4} and j € {1,2,...,8}, we define the following character sums.

Tji= ) ) XPWxE(—yxi(z —y),

z#0,1 y
Ui =Y xa(m) Y xGW)x2(1—y)x§(z — ),
x#0,1 Y

Vi = ) X @B —2) > XX —y)xi @ —y),
x y
where

L,
l:

—1, otherwise;

if 7 is odd,

z, if i e {1,2},

1 —x, otherwise;

and

1,1), if i =1,
1,-1), ifi=2,

1,1), ifi=3,
—1,-1), ifi=4.

(ll>l2) =
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Also, corresponding to each j, let (i1, 72, i3) take the value according to the following:

(

(1,1,1), if =1,

(1,1,-1), if 7 =2,

(1,—1,1), if 7 =3,

S (L,-1,-1), ifj=4,

(1,12, 13) =

(—=1,1,1), if 7 =5,

(-1,1,-1), if j =6,

(—1,-1,1), ifj=T1,

\ (-1,—-1,-1), if 5 =8.

Then, using (6.23) and the notation we just described, (6.21) yields

Kal(H) D) = op SO R+ hxa(a) + FG@R2 + hxa(l - 2) + AG(L - )] x T
z#0,1
:2_11 [32((1 —15) + Bixa(x) + Bixa(z) + Bixa(r — 1) + Bixa(z — 1)
x#0,1

+ Erxa(@)xa(z — D+ BEixa(e)Xa(e — 1)+ Fixa(@)xa(l — )+ Fixa(z)xa(z — 1)
+ % [4h3T1 + 8WTy + 8hTy + SKTy + 8hT + SHTs + SRTy + 4R T

+ 214Uy + 4h2U1, + 402U + 8Uw + 4h2Us5 + 8Usg + 8Uvs + 41 Uss

+ 4h2Uy; + 8Uss + 8Uss + 4R Usy + 8Uss + AR Usg + 4R Usy + 2k Usg

+ 214 U1 + AR2Usy + 4h2Us + 8Usy + 4h2Uss + 8Usg + 8Usy + 4k Uss

+ 412Uy + 8Uss + 8Uss + 41 Usy + 8Uss + 48 Us + 47" Usy + 2k Uss

+ hVir + 20%Vag + 20%Vig + 4hVig + 2h°Vis + 4hVig + 4hVir + 4hVig

+ 203 Viy + 4hViy + 4hVag + 4hVay + 4RVas + 4R Vag + 4RVar + 2 Vag

+ 213V + ARV + 4hVas + 4RV + 4hVas + 4RV + 4hVar + 20 Vig

+ AhViy + ARVis + 4RVis + 28 Vig + AhVis + 20 Vig + 28 Vig + B Vis .
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Using Lemmas 6.7, 6.8 and 6.9, we find that

Ks((H),1) = 7 [32(¢° — 20g + 81)

211
+ hViy 4 2R3Vig + 2R3 Vi3 + 4hViy + 203 Vis + 4hVig + 4hVi7 + 4hVig

+2h%@1+4h%2+4h%3+4ﬁ%4+4h%5+4E%6+4ﬁ%7+25%@8
213V + 4hVay + 4hVias + 4RVay + 4hVas + 4RVag + 4R Var + 21 Vi

4RV + AhVis + AhVis + 20 Vi + 4RVis + 20 Vig + 21 Vir + 551/48] . (6.24)

Now, we convert each term of the form Vj; [i € {1,2,3,4},5 € {1,2,...,8}] into
its equivalent ¢? - 3F, form. We use the notation (¢;,%s,...,%5) € Z3 for the term
X{s X£s Xf

¢ - 3F, 1 |. Then, (6.24) yields

ta ts
X4 X4

Ks((H),1) = =17 [32(4” — 20 + 81)

211
+R°(3,1,1,2,2) + 2h3(1,1,3,2,0) + 2h3(3,1,1,0,2) + 4h(1,1,3,0,0)
+2h%(3,3,1,0,2) + 4h(1,3,3,0,0) + 4h(3,3,1,2,2) + 4h(1,3,3,2,0

+2h%(3,1,3,2,2) + 4h(1,1,1,2,0) + 4h(3,1,3,0,2) + 4h(1,1,1,0,0
—3

)

)

+41(3,3,3,0,2) + 4h(1,3,1,0,0) + 4h(3,3,3,2,2) + 28°(1,3,1,2,0)
,0,2)

+4h(3,3,3,0,0) + 4h(1,3,1,0,2) + 4h(3,3,3,2,0) + 2h°(1,3, 1,2, 2)
+4h(3,1,1,2,0) + 4h(1,1,3,2,2) + 47(3,1,1,0,0) + 2h°(1, 1, 3,0, 2)

(
(
(
+2h3(3,1,3,2,0) +4h(1,1,1,2,2) +4h(3,1,3,0,0) +4h(1,1,1 0
g
(
R

+45(3,3,1,0,0) + 27°(1,3,3,0,2) + 2h°(3,3,1,2,0) + 7 (1,3,3,2,2)| . (6.25)

Next, we use Lemma 6.11 along with the notation therein. We list the tuples
(t1,t9,...,t5) in each orbit of the group action of F on X, and then group the
corresponding terms in (6.25) together. The orbit representatives (1,1,1,0,0),
(3,3,3,0,0), (1,3,3,2,0), (3,1,1,2,0) and (1,1,3,0,0) mentioned in Lemma 6.11
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are the ones whose orbits exhaust the hypergeometric terms in (6.25). We denote
the ¢% - 3F5 terms corresponding to these orbit representatives as M, Mo, ..., Ms,

respectively. Then, (6.25) yields

Ks((H),1) = % [32(¢” — 20¢ + 81)
+ WMy + 213 M,y + 203 M, + AhMs + 213 M, + 4hMs + 4hM, + 4R M
+ 213 M, + AhMs + AhMy + 4R M, + 4hMs + 4R My + 4R Ms + 21° M;
+ 2B3 My + AhMy + AhMs + 4R Ms + AhMy + ARM, + 4R Ms + 2h° M

 ARM, + ARMy + ARMs + 21° My + ARM; + 21 My + 25° M, + ESM3] .

(6.26)
Using Lemma 6.10 (note that we could not reduce Ms), (6.26) yields
1 ’ '
Ks((H),1) = o |2(¢* = 20 +81) + 2u(=p)" + 3¢* - 517 X Xa Xa |y
g, €
(6.27)

Returning back to (6.20), we are now left to calculate K3((H), g). Again, we have

Ks((H),g)
= 3 [+ by — a) + Fwale — o) (2 +hvale — 1) + Tl — )
x#0,9 y#0,9,x
X (24 hxa(z —y) + hxa(z — y)) (2 + hxa(z) + hxa(2))(2 + hxa(y) + hxa(y))] -

(6.28)

Using the substitutions ¥ = yg=! and X = z¢~!, and then using the fact that
hxa(g) = h, (6.28) yields

Ks((H), 9)
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Z D @+ hxa(l =) + hxa(l = 2)2 + hxa(1 = y) + hxa(l - y))

x#0,1 y#0,1,x

X (2 + hxa(z — y) + hxa(z — y))(2 + hxa(@) + hxa(z))(2 + hya(y) + hxa(y))] -

Comparing this with (6.21) we see that the expansion of the expression inside this
summation will consist of the same summation terms as in (6.21), except that the
coefficient corresponding to each summation will become the complex conjugate of
the corresponding coefficient of the same summation. This means that, to calculate
the coefficient of each summation after expanding the expression in (6.28), we need
to replace each corresponding coefficient in (6.26) by its complex conjugate. Now,
(6.27) is the final expression from (6.26), and we see that (6.27) contains three
summands, two of them being real numbers and the other being a 3F; term whose
coefficient is also a real number. Then by the foregoing argument, (6.28) yields the

same value as given in (6.27). Thus, (6.20) gives that
X4, X5 X4

N
Ks((H)) = 2‘-’8 - 2(¢% — 20g + 81) + 2u(—p): + 3¢% - 3 F 1
g, &€

Substituting the above value in (6.16), we complete the proof of the theorem. W

6.3 An asymptotic result on the number of cliques

The computations for the number of cliques of order 4 are quite tedious, so we
further give an asymptotic result in the following theorem, for the number of cliques

of order m in Peisert graphs, m > 1 being an integer.

Theorem 6.12. Let p be a prime such that p = 3 (mod 4). For a positive integer
t, let ¢ = p*. Form > 1, let K,,(P*(q)) denote the number of cliques of order m in
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the Peisert graph P*(q). Then,

Kn(P*(q)) 1

lim = .
e q 2(%) 1

Taking m = 3 in Theorem 6.12, we find that

KaPg) 1
g—o0 q3 24 x 3

We obtain the same limiting value from Theorem 6.2 as well.
Taking m = 4 in Theorem 6.3 and Theorem 6.12, we obtain the following corol-

lary which is also evident from Table 6.1.

Corollary 6.12.1. We have

lim 3F2 1 = 0.

q—0

Proof. Putting m = 4 in Theorem 6.12, we have

Ka(P*(q)) 1

ML @~ wxs (6:29)
Putting m = 4 in Theorem 6.3, we have
P 1 ;X4 Xi
lim 2 4@) = ———+3x lim 35 X XXy ) (6.30)
g—00 q 29 %3 g—00 e e
Combining (6.29) and (6.30), we complete the proof. |

Now, we prove Theorem 6.12. The method follows along the lines of [56] and so

we prove by the method of induction.

Proof of Theorem 6.12. We fix an enumeration of the elements of F,: let F, =

{b1,ba, ..., b,}. For u,v € {1,2,...,q}, we shall use the notation ‘a, < a,’ to mean
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that a,,a, € F, and a, comes before a, in the enumeration. Now, let F, = (g).
Let x4 be a fixed character on [, of order 4 and let h = 1 — x4(g). First, we note
that the result holds for m = 1,2 and so let m > 3. Let the induction hypothesis
hold for m — 1. We shall use the notation ‘a,, # a;,” to mean that a,, € F, and

am # a1, ..., ayn_1. Recalling (6.1), we find that

Kn(Pr@)=> > ]I 2+hX4(ai_aji+hX4(ai_aj). (6.31)

a1€Fy am€Fy 1<i<j<m
a1 <--<am

Our goal is to use induction as used in the proofs in [56], so we isolate the sum in-
dexed by a,, along with the associated terms involving a,,,. We replace the condition
m_1 < Ay by a,, # a;, and note that this counts each set of m vertices m times,

once for each possible final term, and so we must divide by m. Then, (6.31) yields

Kon(P*(q)) —% Yy | I 2+h><4(ai—aji+hx4(ai _ 4))

a1€lFy am€Fg L1<i<j<m—1
a1<-<am-1

> 1:[{2 + hxa(am — ;) + hxi(am — a;)} (6.32)

am#a; =1

1
4m71

In order to use the induction hypothesis, we try to bound the expression
m—1
T = > T2+ malam — a:) + ixi(am — a:)}
am#Fa; =1
in terms of ¢ and m. We find that

7= 3 T2+ hxalan - a) + xan — ap))

am#a; =1
=2"" g —m+1)

+ Z [(3™~! — 1) number of terms containing expressions in y,].  (6.33)

am#a;
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Each term in (6.33) containing x4 is of the form
20 Xal(am = @iV (am = @),

where

0<d,j'<m—1,

Q1,0 €{1,2,... ,m— 1},
Ji,---»Js € {1,3}, and
1<s<m-—1.

~

(6.34)

J

Let us consider such an instance of a term containing y,. Excluding the constant

factor 2/ h"/ﬁjl, we obtain a polynomial in the variable a,,. Let
g(am) = (am — a;, Pree (am — ais)js € Fylan).
Using Weil’s estimate (Theorem 1.24), we find that

| D xalglam)) I Gr+ -+ s — DG (6.35)

am€Fq

Then, using (6.35) we have

2703 xalg(am))] < 27 G+ G = 1)vE

am€Fyq
< 2% 4(3m —4)\/q

< 2% . 3m,/q. (6.36)

Noting that the values of y4 are roots of unity, using (6.36), and using the conditions
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n (6.34), we obtain

2R > xalglam)|= 127" R {Z)@ (@m)) (g(al))—-'-—X4(g(am1))}\

am#a;

S 23m . 3m\/a + 22m73

< 22™(1+2™ - 3m,/q),
that is,

—22(1 427 3myg) < P1R Y xalglam)) < 22™(1 + 27 - 3my/g).

am#a;

Then, (6.33) yields

2" g —m+1) —22™(1+ 2™ - 3m/q)(3™ ! = 1)
<J
<2 Hg—m+1)+22"(1+2™-3m/q)(3™ ' — 1),

and thus, (6.32) yields

277N g —m+1) =22 (1 + 2™ - 3my/q)(3™ ' — 1)] x chm 1(P*(q))

< Kin(P*(q))

<2 = m 1)+ 22 (1 + 27 3y (37 = 1)] x W}Cm (P*(q)).
(6.37)

Dividing by ¢™ throughout in (6.37) and taking ¢ — oo, we have

2m g —m+1) = 22"(1+2"-3m/Q)(3" " = 1) . Kn1(P*(q))

qlggo m X 4m=1 x ¢ qlglolo gmt
m ("
q—ro0 qm
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2m—1(q — 1) +22m(1+2m.3 3m-t—1 (P
o 2 m ) P2 B 1) K (P )
q—00 m x 4m—1 x q q—00 qm—l

(6.38)

Now, using the induction hypothesis and noting that

o 2 g m A ) £ 2127 3myg) (37 — 1)
11m

q—00 m x 4m—lq
2m—1

T om ox Am1
P 1
~m x 2m=1’
we find that both the limits on the left hand side and the right hand side of (6.38)

are equal. This completes the proof of the result. [ |
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Hypergeometric functions for Dirichlet

characters

7.1 Introduction

Number theorists have introduced finite field hypergeometric functions as gen-
eralizations of classical hypergeometric functions by using Gauss and Jacobi sums,
see for example [27, 32, 33, 42]. Some of the biggest motivations for studying finite

field hypergeometric functions have been their connections with Fourier coefficients

LContents of this chapter have been published in La Matematica (2023).

111
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and eigenvalues of modular forms and with counting points on certain kinds of al-
gebraic varieties. For example, Ono [45] gave formulae for the number of F,-points
on elliptic curves in terms of special values of Greene’s finite field hypergeometric
functions. In [46], Ono wrote a beautiful chapter on finite field hypergeometric func-
tions and mentioned several open problems on hypergeometric functions and their
relations to modular forms and algebraic varieties. In recent times, many authors
have studied and found solutions to some of the problems posed by Ono. Finite field
hypergeometric functions have recently led to applications in graph theory as well,
for example in the study of Paley and Peisert graphs [11, 21, 56].

In Chapter 8, we introduce a Peisert-like graph. To find the number of cliques
of order four in the Peisert-like graph, we need to evaluate certain character sums
involving Dirichlet characters. In this chapter, we introduce hypergeometric func-
tions having Dirichlet characters modulo p® as arguments, where p is an odd prime
and « is a positive integer. Our goal is to find Z,.- analogues of transformations
satisfied by Greene’s finite field hypergeometric functions as given in [33]. Then,

these transformations will be used to study Peisert-like graphs in Chapter 8.

7.2 Paving the way and the subsequent definition

Let s,t € Zyo. We define the function d,(t) as

1, ifs=t;
53@) =

0, otherwise.

Firstly, we study some character sums involving Dirichlet characters. For Dirichlet

characters A and B modulo n, the Jacobi sum is defined as

J(A,B):=>  A(z)B(1 - ),

CEEZTL
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similar to Definition 1.25. The following lemma is an analogue of Theorem 1.27.

Lemma 7.1. Let ¢ = p®, where p is an odd prime and o > 1 is an integer. Let A

be a Dirichlet character mod q. For x € Z,, we have

-1
Ad+a)= > A +1tp)dy(x Z J(A,X)x (7.1)
t=0 XEZ*

Proof. For a € Zj, we have

1 _ 1, ifz=a;
5@ x(z)x(a) =

7 0, otherwise.

Hence, we have

pa—l_l
Al +2) = AL+ tp)dp(x) + Y A(L + a)da(
t=0 aEZ*
pD‘*l—l

= A1 + tp)dyy(z) + ¢( Z ) > AL+ a)x(

t=0 XGZ* GEZ*

It is easy to see that

> A+ a)x(a) = > Al —a)x(—a) = x(—1)J(A,X),

a€Zq a€lyq
which completes the proof of the lemma. [ |

We have already observed in Theorem 1.27 that the finite field analogue of the
binomial coefficient is the Jacobi sum. Following Greene, we define binomial coeffi-

cient for Dirichlet characters.

Definition 7.2. Let ¢ = p®, where p is an odd prime and o > 1 is an integer. For
Dirichlet characters A and B mod q, we define (g) = B( Y J(A, B).
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We can rewrite (7.1) in terms of binomial coefficients as follows.

Sy 4N (AL
A(l+2) = ; A1+ tp)oy,(z) + ‘b(q)xezi; (X)X( ). (7.2)

In the following lemma, we state some properties of the binomial coefficients. This

is an analogue of Proposition 1.29.

Lemma 7.3. Let ¢ = p®, where p is an odd prime and o > 1 is an integer. For

Dirichlet characters A and B mod q, we have

Q-(b)
(5) - ()2 (74)

(g) _ <§>AB(—1). (7.5)

Proof. We prove (7.3). By definition,

q
_ABCD S~ jGyaBa - )
q plz,l—x
= AB(_l) z(l =)t —x
W M;HA( (I—2)7")B(1 -z (7.6)

The following map

{reZy:ptal—a} ={yecZy:ptyy+1}

rx(l—x)?
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is a bijection, so (7.6) yields

1)

A AB(-1)
(AF) . M%;IA B(1+y)
_ AB(-1)
p mwaA B(1-y)
_ @A(—l)J(A,F),

which equals (g). This proves (7.3). The proofs of (7.4) and (7.5) follow in a
similar fashion, using the definition of binomial coefficient and the bijection used in
the proof of (7.3).

[ |

The following definition can be considered as a Z,.- analogue for the integral

representation of the classical hypergeometric series.

Definition 7.4. Let ¢ = p®, where p is an odd prime and o > 1 is an integer. Let
A, B and C' be Dirichlet characters mod q and let € be the trivial character mod q.
Then, for x € Z,, we define

A B y
o Fy T | e ZB )BC (1 — y)A(1 — zy).

¢ YE€Lq

In the following lemma we express the hypergeometric function in terms of the

binomial coefficients, much like [33, Theorem 3.6].

Lemma 7.5. Let ¢ = p*, where p is an odd prime and o > 1 is an integer. For

Dirichlet characters A, B and C' mod q,
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Proof. Let y € Z,. By (7.2), we have

A1~ zy) = t:;‘Zu-+nm%x—xw-%$%ﬁgé% D). @
Using (7.4), (7.7) yields

_ e A

A(l —zy) = 2 A(1 +tp)de,(—zy) + @ XEZ:; < XX) X(zy). (7.8)

Substituting (7.8) in Definition 7.4 and noting that e(x)B(y)dy(—zy) = 0 for all =

and y yields

A —
2N i ’:c 2 Bi((q)l) > (ix)x(x)Bx(y)BC(l o)
yEqueig
L () s
. q Ax\ ( Bx
‘mm%%(x>cw)<”
and we complete the proof by using (7.3). |

We now define hypergeometric functions containing Dirichlet characters for any

n > 1.

Definition 7.6. Let ¢ = p®, where p is an odd prime and o > 1 is an integer.
For Dirichlet characters Ay, Ay, ..., A,, and By, ..., B, mod q and x € Z,, the

hypergeometric function ,,.1F, is defined by

AO; A17 ey An q <AOX) <A1X> (ANX>
o B, ..., B, ‘ ¢(q) Z x /) \Bix B x 1)

XEZLY
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We have the following recursive formula, an analogue of Theorem 1.41.

Lemma 7.7. Let ¢ = p*, where p is an odd prime and o > 1 is an integer. For

Dirichlet characters Ao, Av, ..., Ayn, and By, ..., B, mod q and x € Z,, we have
AOa A17 ) An
n—l—an ‘I‘
By, ..., B,
A, B, (-1 Ag, A, ..., A, _
= AnBn(=1) ZnFn_l xy | An(y)A,Bn(1 —vy).
q Y Bla 2809 anl

Proof. Let x € Zg. Using (7.3), we find that

Anx) [ Anx
B.x) \4.B.
_Aan(—l)

q

_ AuBu(=1) S A A Ba(1 — ). (7.9)

4 YELq

J(Aux, A By)

Then, using (7.9) in Definition 7.6, we have

B :
By, ..., B,
_ 4 N |(Aox AlX)...(An—w) AnBulTD S g () A1 -
gb(q))gi:i ( X )(le Bn—lX X(f) q ygz:q nX(y> n n( y)
_ ABa(=)~ | g (onxAlx)___(An_lx) A (NIB. (1 —
i 2w 22Uy o) (e )@ [ B =)

q

and we complete the proof by noting Definition 7.6 again.

We have the following corollary which is an analogue of Corollary 3.14 in [33].
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Corollary 7.7.1. Let ¢ = p*, where p is an odd prime and o« > 1 is an integer.
Let A,B,C, D and E be Dirichlet characters mod q and let € be the trivial character

mod q. Then,
A, B, C ~
5 ‘x :e(x)BCZZDE( 1)
D, E q
x Y C(y)CE(1L—y)B(2)BD(1 — 2)A(1 — zyz), (7.10)
Y,z
A B, C e(x)BD(—1
S S Zgane
D, E q

x > AE(y)CE(1 —y)B(z)BD(1 — 2)A(y — xz). (7.11)

y7z

Proof. The proof of (7.10) follows from Lemma 7.7 and Definition 7.4. To prove
(7.11), we note that

{re€Zy:ptyl—yt=>{y €Z:pty 1=y}

yry

is a bijection. So, we use the substitution ' = y~! in the sum indexed by y in (7.10)

and readily obtain (7.11).

7.3 Certain transformations of hypergeometric func-
tions

Now, we list some transformation formulae satisfied by the aforementioned hy-
pergeometric functions, along similar lines as in [33]. To be specific, we shall observe

that (1.3)-(1.9) also hold if we replace multiplicative characters on a finite field by
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Dirichlet characters modulo p®. These transformations will be used to derive a for-
mula for the number of cliques of order four in the Peisert-like graphs in the next

chapter, hence we state them as lemmas. Recalling Definition 7.6, we have

a(* 2 ) S (EIEN o

(e

P

Below are three lemmas whose proofs involve change of variable in the sum in (7.12).

The following lemma is a Z,«- analogue of (1.3).

Lemma 7.8. Let p be an odd prime and let o > 1 be an integer. Let A, B,C, D, E

be Dirichlet characters mod p®. Then,

A B, C BD, AD, CD
3F2 1 :3F2 _ _ 1
D, E D, ED

Proof. Employing the transformation x — Dy in (7.12) yields the required result.
[ |

The following lemma is a Z,«- analogue of (1.4).

Lemma 7.9. Let p be an odd prime and let o > 1 be an integer. Let A, B,C, D, E

be Dirichlet characters mod p*. Then,

A/ B, C A, AD, AE
3F2 1 :ABCDE(—1)3F2 ailll _ 1
D, E AB, AC

Proof. We employ the transformation y +— Ay in (7.12), and then use (7.5) to
complete the proof. [ |

The following lemma is a Z,«- analogue of (1.5).

TH-3257_186123003



120 HYPERGEOMETRIC FUNCTIONS FOR DIRICHLET CHARACTERS

Lemma 7.10. Let p be an odd prime and let a > 1 be an integer. Let A, B,C, D, E
be Dirichlet characters mod p®. Then,
A B, C BD, B, BE X

3F2 1 - ABCDE(-l)gFQ . o
D, E BA, BC

Proof. Employing the transformation x + By in (7.12), and then using (7.5) we
complete the proof. [ |

We further prove Z,.- analogues of certain transformations satisfied by the
Greene’s finite field hypergeometric functions. We shall evoke Definition 7.4 and
Lemma 7.7 multiple times. Note that in the proofs, we denote the multiplicative

inverse of ¥ € Zy. by z~!. Following is an Z,.- analogue of (1.6).

Lemma 7.11. Let p be an odd prime and let a > 1 be an integer. Let A, B,C, D, E

be Dirichlet characters mod p®. Then,

A, B, C A B, CE
3F2 1 = AE(—l)gFg .
D, E ABD, FE

Proof. We first show that for x € Zy., if p{ 1 — , then

A B A B
D ABD

To prove (7.13), let x € Z¢. be such that p {1 — x. By Definition 7.4, we have

B(y)BD(1 —y)A(1 —zy). (7.14)

o) X

A, B _ 1xBD(-1) 3
D pe

pty,1—y,1—zy
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We find that

{Y€Zp :pty,1—y, 1l -2y} > {2 €Zp:pfz,1—21—-(1-2)z}

y=yly —1)7
is a bijection. Hence, (7.14) yields

A, B BD(—1
o x| = —(a )
D P ptz,1—2z,

x A((z — 1 —z2)(z — 1)™)]

:D;U S B()AD(1 - A(1—(1—2)2).  (715)
ptz,1—2,
1—-(1—2)z

Thus, by Definition 7.4 and (7.15), and noting that (1 —x) = 1, we conclude (7.13).
Now, Lemma 7.7 and (7.13) give

A B, C CE(—-1 A, B
1 :L Z 2F1

sF 3 z | C(z)CE(1 —x)
Da E p ptz,l—x D
— A, B —
:AC’E—(El) Z oy 1=z | C(x)CE(1—x)
p pte,l—x ABD

:ACE—(_D Z o Fy - | C(l—2)CE(x)

Vi ABD
AN \BAN~CE
— AE(—1)F, _ L,
ABD, E

where we have used the substitution x +— 1 — x in the penultimate line. This

completes the proof of the lemma. [ |

The following lemma gives a Zyo- analogue of (1.7).
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Lemma 7.12. Let p be an odd prime and let o > 1 be an integer. Let A, B,C, D, E

be Dirichlet characters mod p®. Then,

A B, C A, BD, C
3F2 1 == AD(—l)gFQ .
D, E D, ACE

Proof. Putting x = 1 in (7.11) and using the substitutions ¢ =1 —y and 2/ = 1—z
in the double summation therein yield the required result. [

The following lemma gives a Zyo- analogue of (1.8).

Lemma 7.13. Let p be an odd prime and o > 1 be an integer. Let A, B,C, D, E be

Dirichlet characters mod p®. Then,

A, B, C 4D, B, C
3F2 1 :B(—l)gFQ - 1
D, B D, BCE

Proof. At first, we show that if € Zy such that p{1 — z, then

A, B _ AD, B .
o F z | =B(l —x)F z(z—1)""|. (7.16)
D D

To prove this, let © € Z,« be such that pt 1 —z. We begin by employing Definition
7.4 to obtain

o Fy A4 B ) Z @B > B(y)BD(l—yA(l—=zy). (7.17)

pty,1-y,1—zy

The following map

{y€Zp :pty, 1 —y, 1 —ay} = {2€Zp :ptz,1—21—x+z2}

y = y(l—az)(1—ay)™
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1

is a bijection. Hence, using the substitution y — y(1 — z)(1 — zy)~" in the sum in

(7.17) yields

A B

== 3 [B(z(l—z+22) " )BD(1—-z)1-2)(1—z+z2)")

p“/zvl_'z’
l—z+zz

x A(1—2)(1 —a+z2)" ")
_ ABD(1 — z)e(x)BD(-1)

> B(z)BD(1 - 2)AD(1 -z + x2).

pa plz,1—2z,
l—z+4zz
_B(1- m)igf)BD(_D Z B(2)BD(1 — 2)AD(1 — zz(z — 1)71). (7.18)
ptz,1—z,
1—x+xz

Note that we have assumed p { x —1, so p | z if and only if p | x(x —1)~!. Therefore,
we have g(z) = ¢ (z(x — 1)™!). Thus, replacing e(z) by e(z(z — 1)~!) in (7.18) and
then using Definition 7.4 in the same, we conclude (7.16).

Now, using Lemma 7.7 and (7.16) we find that

A B, C CE(—-1 A B
1 :L Z 2F1

3y

D, E P e D
CE(-1 AD, B
= (a ) > |oF ’y(y—l)_l
p iy, 1=y D
xC@E@Eﬂ—wl (7.19)

It is easy to see that

{y€Zp :pty, 1l -yt =>{2€Zp:ptz1-=z}

y—yly—1)7"
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is a bijection, and hence, (7.19) together with Lemma 7.7 yields

A, B, C CE(-1 AD, B
3F2 1 = # Z 2F1 ’Z
Da E p ptz,1—2z D
x C(2(z—=1)"") BCE (—(z — 1)_1)]
E(-1 AD, B
_ (a ) S C(z)BE(1 - 2):F, ’z
p ptz,1—z D
AD, B, C
Al £ p. BeE )
concluding the proof of the lemma. [

The following lemma is the Zy- analogue of (1.9).

Lemma 7.14. Let p be an odd prime and let a« > 1 be an integer. Let A,B,C, D, E
be Dirichlet characters mod p®. Then,
A B, C AD, BD, C

3F2 1 = AB(_]_)3F2 -
D, E D, ABDE

Proof. Firstly, we show that if € Z,« is such that p{1 — z, then

A, B . AD, BD
D D
To prove this, we assume that « € Z,. satisfying p{ 1 —z. It is easy to see that the

following map is a bijection.

{y€Zp :pty, 1l —y, 1 —ay} = {2€Zp:pfz,1—21—2z}

y— (1L—y)(1—ay)™
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We substitute z = (1 — y)(1 — xy)~! in the sum in Definition 7.4 to obtain

A, B . :5(x)BD(—1) 1 o)
F( D) — W;Z’[B(u (1 —z2)™)

x BD(z(1 —2)(1 —22) " HA((1 — 2)(1 — 22)™1)]
e(x)BD(-1)

. ABD(1—z) Y  BD(2)B(1-2)AD(1 — z).

pfz,lfzj

1—xz

(7.21)

As a result, Definition 7.4 and (7.21) yield (7.20). Now, using Lemma 7.7 and (7.20)

we find that
A B, C
3y ‘1
D. E
CE(-1 A, B _
= (a ) > R ‘y C(y)CE(l —y)
p ply,1—y D

L CEEUES - [ v | cwaBcpEQ - y)

> ply,1—y D
AD, BD, C
D, ABDE
This completes the proof of the lemma. [
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On a Peisert-like graph on Zj,

8.1 Introduction

Besides Paley graphs, their relatives the Peisert graphs have also been generalized
into graphs called generalized Peisert or Peisert type graphs, addressed in [8, 9, 31,
44]. In this chapter, we investigate into the generalization of the Peisert graph for
the commutative ring Z,,, much like how we defined the Paley-type graph in Chapter
2. Note that for ¢ =1 (mod 4), where ¢ is an even power of a prime p = 3 (mod 4)
and F; = (g), the edges of the Paley graph are determined by the cosets (g*) Ug*(g*),
while those of the Peisert graph depend on the cosets (g*) U g{g?).

!Contents of this chapter have been published in La Matematica (2023).

127
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128 ON A PEISERT-LIKE GRAPH ON Z,

In this chapter, we introduce a Peisert-like graph on the commutative ring Z,,,
for suitable n. Computing the number of cliques in the Paley and Peisert graphs
has been of interest, for instance see [1, 26]. Our primary focus is to evaluate the
number of triangles and cliques of order four in the Peisert-like graph by evaluating
certain character sums involving Dirichlet characters. To this end, we make use
of the hypergeometric functions containing Dirichlet characters as arguments that
were defined in Chapter 7, and then use these functions to compute the number of

cliques of order 4 in the Peisert-like graph.

8.2 Defining a Peisert-like graph on 7,

We begin by considering n such that Z; is cyclic, omitting the trivial cases
n = 2,4. By Proposition 1.1, n = p® or 2p®, where p is an odd prime and « is a
positive integer. Since we attempt to define an analogue of the Peisert graph, we
consider the possibilities of constructing graphs by considering two cosets out of the
four cosets of the subgroup (g*) in Z* = (g). We find that the order of ¢g* is equal

to
a—1 (

O<g4) B 0(9) _ pa_l(p - 1) _ P p— 1)
ged(4,0(g))  ged(4,petp—1)) 2ged(2,52)

If ged(2,252) = 1 then o(g") = 22 and so (g%) has two distinct cosets in (g),

whereby Z; becomes the union of the two distinct cosets. So, in order that the
edge set of the graph we construct depends on a proper subset of Z;, we need that
gcd(2,’%1) # 1, and hence 2 | p%l, that is, p = 1 (mod 4). Then there are four
distinct cosets of (g?) in (g). Subsequently, we assume that n = p® or n = 2p%,
where p is an odd prime such that p = 1 (mod 4) and « > 1. Now, we look at
the possible pairs of cosets of (g?) that can be taken to construct the edge set of a
well-defined graph. Let the cosets be g*(g*) and ¢’(g*),i # j and 7,5 € {0,1,2,3}.
To ensure that an edge is well-defined for an undirected graph, we need the property

that, for z € Z,,, if z € ¢'(g*) U ¢/(g*) then —z € ¢'(¢g*) U ¢’(g*). Let G;; denote
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8.2 DEFINING A PEISERT-LIKE GRAPH ON Z, 129

the graph constructed, if possible, by taking the vertex set to be Z,,, where G| ; has
an edge zy if © —y € ¢'(¢*) U ¢’ (¢*).

Case 1: If i = 0 or j = 0 then the cosets are {(g*) and g*(g*) where a € {1,2,3}.
If @ = 2 then we get back the Paley-type graph, and so we do not consider G .
Then, we have a = 1 or a = 3. However, Gy ; and G 3, if well defined, are isomorphic

due to the following isomorphism:

V(Go,1) = V(Gos)

T g,

So, it is enough to study Gp ;. Note that if p = 1 (mod 8) then G, and Gy 3 are
well defined, but if p = 5 (mod 8) then 1 € (g*) but —1 ¢ (¢g*) so an edge is not
well defined in both Gy, and Gy 3. Hence, it is enough to study Gy, when p =1
(mod 8).

Case 2: Let i,5 > 1. The possible graphs considered are G 2, Gy 3 and Ga3. We

observe the following.

e p=1 (mod 8) if and only if there exists some x € Z* such that x, —z € g'(g*).

o If Go1,Go2,Gi2,G1 3 and Gy 3 are well defined, we find that GG 5 is isomorphic

to G, by the isomorphism

V(GLQ) — V(GOJ)

T — g,

and this map provides isomorphisms from G 3 to G2 and from G 3 to Goo

as well.

Based on the above observations, we have the following subcases.
Subcase 1: p = 1 (mod 8). Then, Go1,Go2,G12,G13 and Gag are well
defined. Ignoring the case for Gy 3 (since it is isomorphic to the Paley-type graph
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Gl 2), we obtain that it is enough to study Gy ;.
Subcase 2: p="5 (mod 8). In order that the graph becomes well defined, for
any r € Z,, x € g*(g") should imply that —z € ¢7(¢g*), so that —1 € ¢"~*(g*). This

(j—i+4h)7 <0 pa—l(p o 1) |

yields, —1 = ¢/~ for some h € Z, which implies 1 = ¢°
2(j — i1+ 4h). Then, 2 | j — i since p%l is even. Hence i = j (mod 2). So, we only
consider G 3. Note that in this case —1 € g?(g*).

Out of the aforementioned cases, we choose the first case since it seems to mimic

the definition of the Peisert graph the most. Thus, we have the following definition.

Definition 8.1 (Peisert-like graph G*(n)). Let n = p® or n = 2p®, where p is
an odd prime such that p = 1 (mod 8) and « is a positive integer. Let 7 = (g).
Then, the Peisert-like graph is the graph G*(n) = (V, E), where V. = Z,, and E =

{zylz —y € (g*) Uglgh)}.

The definition of the graph is independent of the choice of the generator g, like
in the Peisert graph. To see this, let h be another generator of Z*. Then h = ¢* for
some t € Z. If t is even then h = (¢2)2 € (Z%)?, which implies Z* C (Z*)2, which
is not possible. So, t = 1 or 3 (mod 4). If £ = 1 (mod 4), then (¢g*) = (h?) since
both are subgroups of order ’% and Z;. is cyclic, and h(h*) = g*(¢*) = g(g*).
So the edge set remains unchanged. If ¢t = 3 (mod 4), we define the graph G'(n) as
G'(n) = (V', E'), where V' = Z,, and E' = {zy|z —y € (h*) U h(h*)}. Then,

V(G*(n)) = V(G'(n))

T — hx

is an isomorphism.
The Peisert-like graph G*(17) is shown in Figure 8.1. The vertex 0 is adjacent
to the vertices 1,3,4,5,12,13,14 and 16.
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FIGURE 8.1: The Peisert-like graph of order 17

8.3 Some properties of the Peisert-like graph

We begin by fixing some notation. Let n = p® or 2p®, where p = 1 (mod 8)
and a > 1, and let G*(n) be the Peisert-like graph of order n. Since 4 divides the
order of Z; and Z; is cyclic, there exists a character of order 4 in z\;; let us fix
such a character and call it y4. Let ¢ = x7 be the quadratic character. The trivial
character is denoted by €. Let Z; = (g) and let h = 1 — x4(g). Then, for z € Z},
we observe that

2 + hya(z) + hxa(x) _ 1, ifz e (g*) Ug(gh); 5.1)

4 0, otherwise.

Now, we prove some basic properties of G*(n).

Proposition 8.2. Let n = p® or 2p*, where p = 1 (mod 8) and « is a positive
integer. Let G*(n) be the Peisert-like graph of order n. Then, G*(n) is regular of

degree W. Also, the number of edges in G*(n) is equal to %(").

Proof. By the definition of G*(n), the degree of a vertex is equal to the cardinality

of the set (g*) U g(g*). Alternatively, we may use a character sum to deduce the

TH-3257_186123003



132 ON A PEISERT-LIKE GRAPH ON Z,

same. Let a € Z,,. Then, using (8.1), we find that the degree of the vertex a is

degla) = Z 2+hx4(a—xi+hﬂ(a—a7) B pal(é)— 1)'

r—a€ly,

The last equality is obtained by using > xu(a—2z)= > Xila—x)=0. The

r—a€Zy, r—a€Zy
number of edges in G*(n) is 3 x Y deg = %w X n = %(”). This completes the
proof of the proposition. [ |

Alternatively, one can find the number of edges in G*(n) by evaluating the fol-

lowing character sum:

1 2+ hyaly —x) + hxaly — x
52 Z xa(y i Xa(y )

T y—xELy,

Proposition 8.3. Let n = p® or 2p%, where p = 1 (mod 8) and o > 1, and let
G*(n) be the Peisert-like graph of order n. Then, G*(n) is vertez-transitive.

Proof. G*(n) being a Cayley graph, is vertex-transitive; see [28, Theorem 3.1.2].
We have the following explicit automorphism to demonstrate the same. Let a € Z,,.

Then, the map

V(G*(n)) = V(G"(n))

rxT—T+a

is an automorphism. This completes the proof. [ |

We note here that unlike the Peisert graph, the Peisert-like graph is not self-
complementary unless the number of vertices in the graph is a prime. This is because
a self complementary graph on n vertices must necessarily have @ edges, but
for n = p* or n = 2p®, ¢(n) # n — 1 unless n is a prime. We also observe that the

Peisert-like graph, although never a cycle graph, has a spanning cycle. So, it is a
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connected graph. This is because, for each vertex x € Z,, the vertices x + 1 and

x — 1 are both adjacent to x.

8.4 'Triangles and cliques of order four in the graph

The Peisert-like graph G*(n) is defined for n = p* or n = 2p®, where p = 1
(mod 8) is a prime and « is a positive integer. However, to calculate the number of
triangles and cliques of order four in the graph, we consider only the case n = p®.
This is because there cannot exist cliques of order more than two if n = 2p®, and we
see why. Let n = 2p®, and if possible let x,y and z be vertices in G*(n) which form
a clique. Then # — y,y — 2z and & — 2 are necessarily elements in Z;, and therefore,
are odd integers, which contradicts that * — 2 = x — y + y — z. Thus, we consider
only the case n = p®. In the following theorem, we compute the number of triangles

in the Peisert-like graph.

Theorem 8.4. Let p = 1 (mod 8) be a prime and let o be a positive integer. Let
G*(p®) be the Peisert-like graph of order p*. Then,

7 = (= 5)

Kol () = T2

Comparing Theorem 3.1 and Theorem 8.4, we observe that for a prime p = 1
(mod 8) and a positive integer «, the number of triangles in the Peisert-like graph
of order p® equals the number of triangles in the Paley-type graph of order p©.

To find the number of cliques of order 4 in the Peisert-like graph G*(p®), one
needs to compute certain character sums involving Dirichlet characters modulo p®.
We simplify such character sums by the hypergeometric functions for Dirichlet char-

acters that were introduced in Chapter 7. Thus, we have the following theorem.

Theorem 8.5. Let ¢ = p®, where p = 1 (mod 8) is a prime and « is a positive

integer. Let G*(q) be the Peisert-like graph of order q. Let x4 be a character mod q
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of order 4, and let ¢ and € be the quadratic and trivial characters mod q, respectively.

Then,

2a—1(

K4(G*(q)) = pQw—Z;”W“(ﬁ —20p + 81) + 2Im(p)* + 4Im(p) - Im(€)

— Re(Mg) + 3M5],

X4, ﬂ7 ﬂl

where p = J(x4,Xx4) and & == J(x4,); and My = ¢* - 3F; and
v, €
M; = ¢* - 3F5 X6 o 1| are the hypergeometric terms.
g, €

It is evident from the theorem that Mj is a real number, since K4(G*(q)) is a
real number. Using Python, we numerically verify Theorem 8.5 for certain values
of p and a. We list some of the values in Table 8.1. We find that for each of the

values of p® listed below, p = &. The Python code that we used is provided in the

appendix.
= [KC@)] p=¢ i i | (G
(by Thm 8.5)

171 =17 17 —144: —6 — 244 10 17
41Y = 41 1025 —5+ 44 —30 — 244 —30 1025
731 =173 14235 3+ 8¢ —6 + 167 10 14235
89! = 89 32307 -5+ 81 90 + 1441 —22 32307
97t =97 44426 -9 — 4 90 — 40z —150 44426
17 =289 | 1419857 | —17 4 68i | —1734 — 6936i | 2890 1419857

Table 8.1: Numerical data for Theorem 8.5

Before proceeding with the proofs of the main results, we prove the following

lemma which will be recalled in the proofs of Theorem 8.4 and Theorem 8.5.

Lemma 8.6. Let n = p*, where p = 1 (mod 8) is a prime and « is a positive

integer. Let x4 be a character on Z;, of order 4. Then, x4 has period p.
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Proof. The proof goes along similar lines as in Lemmas 2.8 and 2.9 in Chapter 2.
Let ZF = (g) and let « € Z,,. The result holds if p | z, so let us assume that = € Z}.

Let 27! denote the multiplicative inverse of  in Z?. Then by the binomial theorem,

4
(1t pr )% = < i )<px—1>i. (82)
1=0 t
Now, we show that

o(n)
P~ | ( 2 )(px_l)i fori=1,..., @ (8.3)

For a <i < @, (8.3) is evident. So, we assume that 1 <i < a — 1. To this end,

we observe that

oy 4 (1) (i)
( i ) a il
where %n) = p*~'pi~! (&), therefore to show (8.3) it is sufficient to show that p’
does not divide i!. Let 0,(7) be the sum of digits of the base-p representation of i.

Recalling Definition 2.6, we have by Lemma 2.7, v,(il) = > Lp%j, from which it can
k=1

) = ﬂ. If p’ divides 4! then v, (i) > i, that is, =l >
=il p—1
(n)

i, which is not possible. This proves (8.3). Thus, (8.2) yields (1 + pz~') 1 =1

(mod p®). So, if 1 +px~! = ¢* in Z* for some t € Z, then 1 = (1+px_1)% = gwin),

be deduced that v, (3!

which implies that ¢(n) | @, which gives 4 | ¢ and hence, 1 + pz~! € (¢*). This
means that y4(1 + pz~') = 1, that is, x4(z + p) = xa(7), completing the proof of

the lemma. [ |

8.4.1 Proof of Theorem 8.4

In this subsection, we prove Theorem 8.4. Note that we use Notation 1.57.
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Proof of Theorem 8.4. Let KC3(G*(p®),0) denote the number of triangles in G*(p®)

containing the vertex 0. Since G*(p®) is vertex-transitive, so

(07

Ka(G" (%) = 55 x KalG" (5, 0). (8.4)

Recall that Zy. = (g9) and h =1 — x4(g). Now, using (8.1) we have

Ks(G*(p®),0) :% >y {2+h><4(xi+hm(x) ’ 2+hx4(yi+/m(y)

IGZ;& y:xVyEZ;a

X2—|—hx4(:v—y) + hxa(z — )

y (8.5)

We shall use the fact that y4(—1) = 1 since —1 € (g*). We also make use of Theorem
1.19 as needed. Firstly, we evaluate the sum in (8.5) indexed by y. We have

Y. 2+ hxa(y) + @R+ hxa(e — y) + hxa(e — y)]

= )[4+ 2hxu(y) + 2hxa(y) + 2hxa(z — y) + 2hxa(z — y) + P xaly(z — y))
+ h2xaly)Xale — y) + [hPXaW)xale — y) + B Xaly(z — v)). (8.6)

Using Lemma 8.6, we find that

Yo owulr—y)= Y xaEe-y - > xul@-y)

y,x—yEZ;a x—yEZ;a xnyZ;a
ply
pa—lil pa—lil
=— ) xule—pt)=- xa(x) = —p""xa(x),  (8.7)
t=0 t=0

and similarly

> xaly) = "), (8.8)

Y& —YELy o
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Using the substitution y — zy in the following sum, we have

> xaly@—m))= > xall@—y) = ()] (x4 xa)- (8.9)

YT —YEL YELpa

Also, we find that

Y vz —y Zx4 vy~ (8.10)

Y, r— yGZ
where y~! denotes the multipicative inverse of y in Z*. The following map

We€Zy :pty,x —y} = {2€Zpo:pfz,2+1}

y»—>azy’1—1

is a bijection, and hence, (8.10) yields

>, x@xae-y) =) xlz)=- > x()=-p"" (8.11)

y,x—yEZ;a ptz+1 plz+1

Lastly, we have

> 1_21—21_ Y(p—2). (8.12)

Y x—YELr Pty
plr Yy

Employing (8.7) - (8.12) in (8.6), and then combining with (8.5) we find that

Ks(G*(p"),0) = % > [2+ hxa(e) + Bxa(@)][A — Bxa(z) — Bxa(z) + Cop())],
plz

(8.13)
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where

A=4(p-3)p* T,
B = 4hp®~', and
C=h*J(xa: X4) +h J (X4, Xa)-

After expanding the expression inside the sum over x and proceeding similarly as

shown above, (8.13) yields
1 — — 1
Ks(G"(p%),0) = 37[24 — Bh = Bh$(p*) = 570™ " (p = D)(p = 5). (8.14)

Finally, combining (8.14) and (8.4), we obtain the required result. |

8.4.2 Proof of Theorem 8.5

Before proceeding with the proof of the theorem, we evaluate some character
sums which we come across in the proof of Theorem 8.5. The following three lemmas

are analogues of Lemmas 6.5 to 6.9 in Chapter 6.

Lemma 8.7. For a primep =1 (mod 8) and an integer a > 1, let x4 be a Dirichlet
character mod p® of order 4 and let ¢ be the quadratic character mod p®. Letx € Zyq

be such that pt 1 —x. Let p := J(x4, x4). Then, we have

> Xi@—yxE( - y)XE)
YEL o
Ml—yfb—y
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P p—3), if (i
—p* (1 + xa(2)), if (i
—p* (1 + xa(1 = ), if (i
=" (xa(l — @) + xal@)),  if (4
p =1 xa(l —2)xalz),  if (in,
if (i
if (i
if (i
if (i
if (i

11
11

11

o(x)p —p* txa(l — ), i

o(x —1)p — p* 'xalz), i
—p* 711+ Xa(1l = @) xa(x)), i
—p* (1 +xa(1 — z)),

—p* (1 +Xa()),

11

11

\

Z17Z2723

, 19,13
, 12,13

Z27 3

, 12,13
ZQ? 3
, 12,13

y 19,13

) =
i3) =
i3) =
i3) =
Qg,13) =
i3) =
i) =
i3) =
i) =
) =

21,12,Z3

Proof. The proofs are straightforward, and we give one such instance. Let (i1, ia,13) =

(0, —1,1). Since x4 is of period p, we have

Z xa(y)xa(1 —y) ZX4 xa(l—y) —p*

YELYa pty,1—y
pl—y,z—y

Now, the following map

{y€Zpo:pty,y—1} = {2 € Zpe

y—y(l—y)™!

is a bijection. Hence,

“Iya(r)xz(l — ). (8.15)

ptz,1+z}

Z X4(y)ﬂ(1 — y) = _pa—l'

ply,1—y

(8.16)

Combining (8.15) and (8.16), we complete the proof of the lemma when (i1, is,1i3) =

(0,—1,1).

The proofs of the following two lemmas are similar to that of Lemma 8.7 and
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involve the same techniques, so we state them without proofs.

Lemma 8.8. Let p = 1 (mod 8) be a prime and let « > 1 be an integer. Let x4
be a Dirichlet character mod p™ of order 4 and let ¢ be the quadratic character mod

p*. Let & := J(xa,¢). Then, we have

Yoo Xl -y —y)
pte,l—z pty,l—y,z—y
[ _oepe, 1,1);

M 1);
1,—1,1);

1,—1,-1).

if (ir,d2,13) = (1
if (ia,ia,03) = (1
—p* N E—p*), if (i, dz,d3) = (
| o =), if (i) = (

Z1)227/L3

Lemma 8.9. Let p = 1 (mod 8) be a prime and let « > 1 be an integer. Let x4
be a Dirichlet character mod p* of order 4 and let ¢ be the quadratic character mod
p*. Let p = J(xa,x4), & = J(Xay0), S1:= —p*(p+§), Sy := —p*'p+p™,

5 = |p2 + p?@72, Sy = p?2 2 — poIE, S = p? — p* I and Sg = 2p20‘_2. Then,
for iy, is, iz € {£1}, we have the following tabulation of the values of the expression

given below:

Y A XX —y)xE(z —y). (8.17)
l’,yGZpa,
plr,l—x

Forw e {1,...,8} and z € {1,2,...,7}, the (w, z)-th entry in the table corresponds

o (8.17), where A, is either x4(z),Xxa(x),xa(1 — ) or Xa(1 — x) and the tuple
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(i1,149,13) depends on w.

A,
i |2 |3 | xa(®) | Xa(®) | xa(l —2) | Xa(1—2)
1|1 |1 [S |5 |S Si
1 (1 |[=11S |S |S, Sy
1 | =11 |85 [Ss |85 Sy
1 [ =1/~1]8, Ss Se S3
—1/1 |1 |Ss Sy S Se
—1[1 |-1|Ss |Ss |S, Ss
—1|-1(1 |8 [S |, Sy
—1|=1(-1|S5 |S |S St

For example, the (3,6)-th position contains the value S5 = p*> — p®~*¢. Here w = 3

corresponds to 11 = 1,19 = —1,i3 = 1; z = 6 corresponds to the column A, =

x4(1—z).

In Chapter 6, we used Lemma 6.11 (due to [21]) therein, in the proof of finding
cliques of order 4 in the Peisert graph. The purpose was to have a group action,
which ultimately concluded that certain hypergeometric functions (over finite fields)
would yield the same value. Here, we do the same but for hypergeometric functions
with Dirichlet characters as arguments. The lemmas listed in Section 7.3 in Chapter
7 allow us to do so. The following lemma looks essentially the same as Lemma 6.11
in Chapter 6, except that the hypergeometric functions here involve the Dirichlet

characters modulo p®.

Lemma 8.10. Let X = {(tl,t27t37t4,t5) S Zi D ty,to,ts 7é 0,t4,t5; t1 + o + 13 7é
ty,ts}. Define the functions f;: X — X, i € {1,2,...,7} in the following manner:

fi(ty, to, ta, ta, ts) = (ta — ta, ty — ta, ts — ta, —ts, t5 — ta),
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fa (t1,ta,t3, 14, t5 ti, bty —ta, ty — b5, — to, t1 — t3),
f3 (t1,ta,t3, 14, t5
fa

(
( to — ty,to, ty — ts, bty — t1,to — t3),
(
fs (t1,t2, 13,14, 15
(
(

t t?at37t47 5 t t27t5_t3at1+t2 _t4at5)7

ti,ty — to, b3,y 01 + 13 — t5),

fo (t1,ta,t3, 1, t5 ty —t1,to, 3, ty, to +t3 — t5),

f7 tla t27 t37 t47 t5

)= (
)= (
)= (
)= (
)= (
)= (

ty —ty,ty — to, b, ta, ta + 15 — t1 — ta).

Then the group generated by fi,..., fz, with operation composition of functions, is

the set

F ={fo, fi, fiofi, fao f1, feo fa, fso fs, fiofaof1: 1 <i <7, 1 <5 <3, 4 <1< T},

where fo is the identity map. Moreover, the group F acts on the set X, and X
contains eleven orbits with representatives (1,1,1,0,0), (3,3,3,0,0), (1,3,3,2,0),
(3,1,1,2,0), (2,1,3,0,0), (1,3,2,0,0), (2,3,1,0,0), (1,2,2,0,0), (2,2,1,0,0),
(1,1,3,0,0) and (2,2,2,0,0).

Now, let p =1 (mod 8) be a prime and « be a positive integer. Let x4 be a Dirichlet
character mod p® of order 4. If we associate the 5-tuple (ti,ts,...,t5) € X to
Xis XP. X7
the hypergeometric function sy + j ’ j 1|, then each orbit of the group

Xd' Xd
action consists of a number of 5-tuples (t1,ts, ..., t5), and the corresponding 3F,

terms have the same value.

Proof. As observed in Lemma 6.11, F acts on X. Now, for each of the Lemmas 7.8
to 7.14, we associate the maps f; to f7;. For example, the transformation in Lemma

7.8 gives that

t1 to t3 to—ty t1—t4 ts—t4
X4y X4y X4 X4 y X4 y X4
sl t t L] =3l t ts—t E
4 5 —1lq 5—ta
X4 X4 Xe 5 X4
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and hence, it induces the map f; : X — X given by
Ji(ta, o, ts, ta, ts) = (to — ta,ty — Ly, t3 — ta, —ta, 15 — ta).

Similarly, the other transformations in Lemmas 7.9 to 7.14 correspond to the maps
fa to f7. Due to the equality of the 3F5(-) hypergeometric functions in these lemmas

and the fact that F acts on X, the value of 3F5(-) is constant in each orbit. |

We are now ready to prove Theorem 8.5. We recall that Z;. = (g), x4 is a fixed
character of order 4 and h = 1 — y4(g). Since —1 € (g*), we have x4(—1) = 1.
Let H = (g%) U g(g*). We make use of Theorem 1.19 as needed. Note that we use
Notation 1.57.

Proof of Theorem 8.5. Since G*(p®) is vertex-transitive, we find that

K4(G*(p®)) = pz x number of cliques of order 4 in G*(p®) containing 0

_ pza % ICs((H)). (8.18)

So, our task is to find KC3((H)). We proceed as in the proof of Theorem 6.3 in
Chapter 6. Let a,b € H be such that y4(ab~') = 1. We note that

x> 1, (8.19)

xa(z—y)e{l,xa(9)}

Ks((H),a) =

N | —

where the first sum is taken over all x such that x4(x), xa(a—2z) € {1, x4(¢9)} and the
second sum is taken over all y such that pty —x and x4(vy), xa(a —y) € {1, x4(9)}-
Hence, using (8.1) in (8.19), we find that

Ks((H),a)

1 f—
- 2 x 45 Z Z (24 hxs(a — x) + hxz(a — 7))
pfﬂr,x—a My7y_a7x_y
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X (24 hxa(a —y) + hxa(a — y))(2 + hxa(z — y) + hxa(z — y))

X (2 + hxa(x) + hxa(z))(2 4 hxa(y) + hxa(y))]. (8.20)
Now,

{y€Zp:pty,y—a,v—y} = {Y €Zp:ptY,b—Y,Y —ba '}

y > ba "ty

is a bijection. Therefore, using the substitution y — ba~'y in the inner sum in (8.20)

indexed by y yields

K5<<H>va)
LS Y [@+hule—a)+ = 2)

2.544°
ple.z—a plY,b—Y,Y —ba—lz

X (2 + hxa(b—Y) + hxa(b — Y))(2 + hxa(x — ab'Y) + hxa(z — ab™'Y))
X (24 hxa(z) + hxa(x)) (2 + hxa(Y) + hxa(Y))]
1 Z Z [(2 4+ hxs(a —x) + Eﬂ(a — )

2 x 45
Y, b—Y plz,z—a,x—ab=1Y

x (24 hxa(b=Y) +hxa(b— Y))(2 + hxa(z — ab™'Y) + hxa(z — ab™'Y))

x (2 + hya(z) + hxa(2)(2 + hxa(Y) + hxa(Y))]. (8.21)
Again, we find that

{2 €Zpo:pto,x—a,x—ab 'y} > {X €Zp :pt X, X —b, X - Y}

x— ba tx

is a bijection, and hence, employing the substitution « + ba~'x in the inner sum in
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(8.21) indexed by z yields

Kal(H).a)
LS S (@4 halX = b) + (X — b))

2 x 4°
p"'Y, P)(X7X*b7
Y-b X-Y

X (24 hxa(Y —b) + hxa(Y = b)) (24 hxa(X = Y) + hxa(X = Y))

X (2 + hxa(X) + Pxa(X))(2 + hxa(Y) + hxa(Y))]
= IC3(<H>7 b)

Thus, if a,b € H are such that x4(ab™') = 1, then

K((H), a) = Ka((H), b). (8.22)
Let (¢%) = {z1,..., :cpa_l(p%l)} with z; = 1 and g{¢*) = {y1,..., ypa,l(pT_l)} with
y1 = ¢g. Then
po() roi(e2)
> Ks((H),z:) + Ks((H),y:) = 3 x Ks((H)). (8.23)
By (8.22), we have
Ka((H),21) = Ks((H),05) = - = IG((H), T por (221))
and
Ka((H),y1) = Ks({H), o) = - = Ks((H), Ypa1(251)).
Hence, (8.23) yields
(i) = 2= D). 1) + k(). ). (8.24)
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Thus, we need to find only K3((H),1) and K3((H), g). We first find K3((H), 1).
Employing (8.1), we have

Ks((H), 1)

= oo Sl ha(l — 2) + Fa(L — )2 + hxale) + Fa(a)]
piz,

11—z

> 1@+ hxa(l —y) + hxa(l — )2 + hyalz — y) + hxa(z — y))
Py, 1-y,

X (2 + hxa(y) + hxa(y)))- (8.25)

Let i1,49, 43 € {#1} and let F}, 4, ;, denote the term X' (y)x2 (1 —y)x§ (v —y). Next,

we expand and evaluate the inner summation in (8.25). We have

Y 2+ hxaly) + a2+ hxa(l = y) + hxa(l = y)][2 + hxa(z — y) + hxa(z — )]

pty,1-y,
T—y

= > [8+ dhyaly) + 4Bxaly) + dhxa(1 — y) + 4hxa(1 — y) + Ahxa(z — y)

My,l—y7
=y

+4hxa(e — y) + dxa(y)xa(l = y) + 4xa(y)xa(l — y) + 4xa(y)xa(e — y)
+ 41 (y)xa(z —y) + 4xa(l — y)Xa(z — y) + 4Xa(1 — y)xalzr — y)

+ 202 xa(y)xa(l = y) + 28 Xa(y)Xa(l = ) + 202 (W)xa(z — y)

+ 20 Xa(y)Xa(e — y) + 2kl = y)xa(e — y) + 20 Xa(1 = y)Xa(z — y)
+Rh*Fiqq +2hF 1 +2hF 1 +2RFy 1 +2hF 10 +2RF

4 ORF g+ Fy ). (8.26)
Now, referring to Lemma 8.7, (8.26) yields

Y 2+ hxa(y) + hxa®))2 + hxa(l — ) + hxa(l — y))[2 + hxa(z — y) + hxa(z — y)]

Pfyal_%
=y
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= A+ Bxa(x) + BXa() + Bxa(z — 1) + BXa(z — 1) — 4p* "xa(2)xa(z — 1)

— 4p (@) xa (e — 1) — 2077 (@) xale — 1) — 20 " X)Xl — 1) + Cp(a)

+Cop(x—1)
+ ) [WPFia 4 2hF 1+ 2hF) g+ 2hFy g+ 2hF 0,
ply,1-y,
z—y

+2hF 11 4 +2hF 11+ EgF—1,—1,—1]

=T, (8.27)

where A :=8p*~!(p — 8) + 4Re(h?p), B := —12hp*~ " and C := 4 Re(h?p).

Next, we introduce some notation. Let

Ay = 32(p — 15)p*t + 16 Re(h?p),

By :=16(p — 15)hp®~* + 16 Re(h?p),

C, := 16 Re(h?p),

Dy := 8hRe(h?p),

E, :=8(p — 15)h%p* ! + (4h* + 16)Re(h?p), and

Fy = 16(p — 15)p* ' + 8 Re(h?p).
For i € {1,2,3,4} and 5 € {1,2,...,8}, we define the following character sums.

Tp= Y Y X2l -—yxi—y),

ple,l—z Y

Uj = Y xXa(m) > xixe(t—yxg (@ —y),

ple,l1—x
Vij = > X @)X B —2) Y i (1 -y — ),
x y
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where
l 1, if 7 is odd,
—1, otherwise;
x, if 1 € {1, 2},
m =
1 — 2, otherwise;
and
(
(1,1), ifi=1,
(1,-1), ifi=2,
(I, 1) =
(—-1,1), ifi=3,
(-1,-1), ifi=4.

y
L ifj =1,

(

(L,1,-1), ifj=2,

(1,-1,1), if 7 =3,
Sy (1,-1,-1), ifj=4,
(11,19,13) =
(—1,1,1), if 7 =5,
(=1,1,-1), if 7 =6,
(-1,-1,1), ifj=7,
(=1,-1,-1), if j =8.

—_ =

\

Then, using (8.27) and the notation we just described, (8.25) yields

G((H), 1) = 5ip 30 12 ) + Fxa(a)) (2 + (1 = 2) + Fxa(1 = 2)) x 7]

pte,l—x

TH-3257_186123003



8.4 TRIANGLES AND CLIQUES OF ORDER FOUR IN THE GRAPH 149

+ Dip(a)xa(z — 1) + Dip(z)Xa(z — 1) + Erxa(z)xa(z — 1) + Eixa(e)xa(z — 1)
+ Fixa(e)xa(l — x) + Fixa(@)xa(z — 1))

+ %(41&’?1 + 8hT + SKT; + 8T, + 8hTs + ShTs + ShT, + 4k T

+ 204U + AR2ULs + 4h2U4s + 8UL + 4h2U5s + 8Usg + 8Uyy + 41 Usg
+ 4h2Us; + 8Uny + 8Uns + 4R Usy + 8Uss + AR Usg + 4R " Usr + 2k Usg
+ 2h4Us; + 4h2Uss + 4h2Uss + 8Usy + 4h2Uss + 8Usg + 8Usy + 4R Usg
+ AR2U 4y + 8Us + 8Uss + 48Uy + 8Uss + 4R Usg + 4R Usy + 2k Uss
+ BPVA1 + 203 Vig + 2R%Vi3 + 4hViy + 203 Vi + 4hVig + 4hVi; + 4RVig
+ 283V + AhVay + AhVas + ARVay + 4hVas + 4RVag + 4hVar + 2k Vag
+ 2h3Vay + 4hViy + AhVas + ARVay + AhVis + 4RVag + 4RVa;y + 20 Vag
+ ARV + ARV + 4RV + 2k Vig + 4RVis + 28 Vig + 27 Vig + B Vis).

Employing Lemmas 8.8 and 8.9, we find that

1
Ks((H), 1) = 537 [16(p — 9)p* "Re(h*p) + 32p***(p* — 20p + 81)

+ 2Re{p(8h*(p — 17)p* ! + 4(h* + 4)Re(h®p))} + 32Re(h*p)Re(ER) + 16Re(h?p?)
+ hViy + 2R Vig + 2R3 Vi + 4hViy + 20%Vis + 4hVig + 4hViz + 4hVig

+ 283V, + AhVay + AV + 4RVay + 4hVas + 4RVag + ARVar + 21 Vag

+ 283V, + AWV + AhVis + ARVay + AhVas + 4RVag + 4RV + 27 Vg

ARV + ARV + 4RVig + 21 Vig + 4RVis + 27 Vig + 20 Vir + E5v48] . (8.28)

Now, we convert each term of the form Vj; [i € {1,2,3,4},j € {1,2,...,8}] into

its equivalent p?® - 3F, form. We use the notation (t1,ts,...,t5) € Z3 for the term
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t1 to t3
p** - 3 Fy X X X 1 |. Then, (8.28) yields

tq ts
X4y X4

1
211

+ 2Re{p(8h*(p — 17)p*~! 4 4(h* + 4)Re(h?p))} + 32Re(h?p)Re(ER) 4 16Re(h?p?)

Ks((H),1) = o7 [16(p — 9)p~ "Re(h?p) + 32p™*~*(p* — 20p + 81)
+R%(3,1,1,2,2) + 2h%(1,1,3,2,0) + 2h3(3,1,1,0,2) + 4h(1,1,3,0,0)
+2h%(3,3,1,0,2) + 4h(1,3,3,0,0) + 4h(3,3,1,2,2) + 4h(1,3,3,2,0
+2h%(3,1,3,2,2) +4h(1,1,1,2,0) + 4h(3,1,3,0,2) + 4h(1,1,1,0,0

)
)
+4h(3,3,3,0,2) + 4h(1,3,1,0,0) + 4A(3,3,3,2,2) + 2"(1,3,1,2,0)
)
)
)

\)

+4h(3,3,3,0,0) + 4h(1,3,1,0,2) + 4h(3,3,3,2,0) + 2h°(1,3,1,2,2

3

+4h(3,1,1,2,0) + 4h(1,1,3,2,2) + 4k(3,1,1,0,0) + 2h"(1,1,3,0,2

(

(

(
+2h%(3,1,3,2,0) + 4h(1,1,1,2,2) + 4h(3,1,3,0,0) + 4h(1,1,1,0

’(

(

R

+45(3,3,1,0,0) + 27°(1,3,3,0,2) + 2h°(3,3,1,2,0) + 7 (1,3,3,2,2) | . (8.29)

Next, we list the tuples (¢, ta, . . ., t5) in each orbit of the group action of F on X, and
then group the corresponding terms in (8.29) together (this is possible due to Lemma
8.10). The orbit representatives (1, 1,1,0,0), (3,3, 3,0,0), (1,3,3,2,0), (3,1,1,2,0)
and (1,1,3,0,0) mentioned in Lemma 8.10 are the ones whose orbits exhaust the
hypergeometric terms in (8.29). We denote the p?® - 3F, terms corresponding to

these orbit representatives as My, Mo, . .., Ms, respectively. Then, (8.29) yields

1
911

+ 2Re{p(8h*(p — 17)p*~! + 4(h* + 4)Re(h?p))} + 32Re(h?p)Re(ER) + 16Re(h?p?)

K3((H),1) = — [16(p — 9)p™ 'Re(h’p) + 32p°**(p* — 20p + 81)

+ WS My + 213 My + 213 My + 4hMs + 2h3 M, + 4hMs + AhM,y + 4hMs
213 My + 4hMs + AhM, + 4RM, + AhMs + 4L Ms + AhMs + 20h° M,

4 W3 M, + 4hMs + AhMs + AR Ms + 4hM,y + AWM, + AR Ms + 28" M,
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+ Ah My + AR My + ARMs + 20 My + 4R Ms + 20 My + 20 My + B M| . (8.30)

Simplifying (8.30), we have the reduced expression of K3({H), 1) as follows.

1
911 ol

+ 2Re{p(8R*(p — 17)p* " + 4(h* + 4)Re(h*p))} + 32Re(h*p)Re(ER)

KCs((H), 1) = 16(p — 9)p* 'Re(h?p) + 32p**2(p* — 20p + 81)

+ 16Re(h?p?) + 8(1 — )M, + 8(1 — h)My — 8hMsz — 8h M, + 48 Ms).
(8.31)

Returning back to (8.24), we are now left to calculate KC3((H), g). Again, by em-
ploying (8.1), we have

IC3(<H>7 g)
= o Z > [+ hxalg — =) + hxalg — 2)) (2 + hxalg — y) + hxa(g — v))
plz, pty,g—y,
g—z oy
X (24 hxa(z —y) + hxa(e — 9))(2 + hxa(@) + hxa(@))(2 + hxa(y) + hxa(y))] -
(8.32)
Using the substitutions ¥ = yg=! and X = z¢~!, and then using the fact that
hxa(g) = h, (8.32) yields
IC3(<H>7 g)
= i Z > (@4 hxa(l = 2) + hxa(l — 2))(2 + hxa(1 — y) + hxa(1 — y))
pﬂ philyy

X (24 hxa(z —y) + hxa(z — y)) (2 4 hxa(z) + hxa(2)) (2 + hxa(y) + hxa(y))] -

Cmparing this with (8.25), we see that the expansion of the expression inside this
summation will consist of the same summation terms as in (8.25), except that the

coefficient corresponding to each summation term in this case, will become the
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complex conjugate of the corresponding coefficient of the same summation term
that we obtain by expanding (8.25). So, we proceed to evaluate KC3((H), g) in the
same manner as we did for K3((H), 1) and find that for the step analogous to (8.27),
there is a change in the value of the constants A and C" Re(#p) takes the place of
Re(h?p); the other coefficients remain unchanged except for complex conjugation.
Eventually, we have that the expression for IC3((H), g) can be written by replacing
Re(h?p) by Re(EQp) and taking the complex conjugate of the coefficients of p, &
as well as the complex conjugate of the coefficients of the hypergeometric terms

corresponding to KC3({(H), 1) in (8.31). In particular, we have

1 ol —2 -
Ks((H),9) = 557 [16(p — 9)p*~"Re(h"p) + 32p™*(p* — 20p + 81)

+ 2Re{p(8°(p — 17)p" " + A(h" + 4)Re(h’p))} + 32Re(h’ p)Re(¢h)
+ 16Re(R’p?) + 8(1 — h) M + 8(1 — h) My — 8hM; — ShM, + 48Ms).
(8.33)

Finally, using (8.31) and (8.33) in (8.24), we have

p*p—1)

fea(() = Bt

[20%7%(p? — 20p + 81) + 2(Imp)? + 4Imp - Imé

—Re(Ms) + 3Ms) .

Substituting the above value in (8.18), we complete the proof of the theorem. W
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Appendix: Python Code

We have used Python to verify Theorem 8.5 numerically. We refer to the the-
orem for the notation of p,&, M3 and Ms. The code takes a prime p = 1 (mod 8)
and a positive integer r as inputs, and computes the number of cliques of order four
in the Peisert-like graph G*(p”), the Jacobi sums (denoted by p and &), and the
hypergeometric terms (denoted by M3 and Ms). This Python code can be found in
the following link:
https://github.com/AnwitaB /cliques_of order_four_in_Peisert-like_graph
Alternatively, the SageMath code for the Peisert-like graph can be found in the fol-
lowing link:
https://github.com/AnwitaB /Peisert-like-graph-SageMath /blob /main/Peisert-like

For sake of completeness, we have provided the Python code below.

from sympy.ntheory.factor_ import totient
from math import gcd
import cmath

import numpy as np

#the function below calculates the number of cliques of order four in the
Peisert-like graph G"*(n) where n=p°r

def cliques four (n,H): #H is the connection set of the graph
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160 APPENDIX: PyTHON CODE

bl=(int) (totient(n)/2)
number=0
flagl, flag2, flag3, flag4, flagb, flag6=0,0,0,0,0,0

templ, temp2, temp3, temp4, tempb5, temp6=0,0,0,0,0,0

#now, checking if each tuple (i,j,k,1) forms a clique
for i in range (n):
for j in range(i+1,n): #checking if ij is an edge
templ, flagi=(i-j)%n,0
for m in range (bl):
if templ==H[m]:
flagli=1
break
if flagl==0:
continue
for k in range(j+1,n): #checking if ik and jk are edges
temp2, temp3, flag2, flag3=(i-k)%n, (j-k)%n, 0, O
for m in range (bl):
if temp2==H[m]:
flag2=1
break
for m in range (bl):
if temp3==H[m]:
flag3=1
break
if flag2==0 or flag3==0:
continue

for 1 in range(k+1,n): #checking if il,jl,kl are edges
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temp4, temp5, temp6=(i-1)%n, (j-1)%n, (k-1)%n
flag4, flagb, flagb= 0, 0, O
for m in range (bl):
if temp4==H[m]:
flagd=1
break
for m in range (bl):
if temp5==H[m] :
flagh=1
break
for m in range (bl):
if temp6==H[m] :
flag6=1
break
if flag4==0 or flagb==0 or flag6==0:
continue
number=number+1 #counts the number of tuples (i,j,k,1l)

#forming a clique

print ("The number of cliques of order four in the Peisert-like graph
G™*(p"r) is ",number)

return 1

def raised(k): #this returns the value of i’k
if (k%4)==0:
return 1

elif (k%4)==1:
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return complex(0,1)
elif (k4)==2:
return -1
else:

return complex(0,1)*(-1)

#the function below calculates the Jacobi sums rho:=J(chi_4,chi_4)
#and zi:=J(chi 4,phi) where chi 4(g)=i, a primitive fourth root of
#unity and phi is the quadratic character, and g is the generator
# of Zn™x

def jacobi_sums(n,zn,a):

pos_x, pos_x1=0,0
rho, zi=0,0
for i in range(totient(n)):
x=zn[i]
x1=(1-x)%n
if ged(xl,n)==1:
for j in range(totient(n)): #finds pos_x such that g pos_x=x
if aljl==x:
pos_x=j
break
for j in range(totient(n)): #finds pos_x1 such that
if aljl==x1: #g pos_x1=1-x
pos_x1=j
break
rho=rho+raised(pos_x+pos_x1)

zi=zi+raised(pos_x+2*pos_x1)
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print ("The Jacobi sum rho:=J(chi 4,chi 4) is ",rho)
print ("The Jacobi sum zi:=J(chi 4,phi) is ",zi)

return 1

def hypergeom_sums(n,zn,a): #this function calculates the
#hypergeometric terms M_3 and M.b
x,x1=0,0
pos_x, pos_x1=0,0
sum3, sum5=0,0,
temp=0
pos_y, pos_yl, pos_xy=0,0,0
# For calculating the hypergeometric terms, which are double
#summations, we assume that the outer summation is indexed by
#x and the inner summation is indexed by y
for i in range(totient(n)):
x=zn[i]
x1=(1-x)%n
if ged(x1l,n)==1:
for j in range(totient(n)): #finds pos_x such that
if aljl==x: #g pos_x=x
pos_x=]
break

for j in range(totient(n)): #finds pos_xl such that

if aljl==x1: #g pos_x1=1-x
pos_x1=j
break
temp=raised(pos_x+pos_x1) #chi 4(x(1-x))
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templ, tempol=0,0
for k in range(totient(n)):
y=zn [k]
y1=(1-y)%n
xy=(x-y)%n
if (gcd(yl,n)!=1) or (gcd(xy,n)!=1):
continue
for 1 in range(totient(n)): #finds pos_y such that
if a[ll==y: #g pos_y=y
pos_y=1
break
for 1 in range(totient(n)): #finds pos_yl such that
if a[ll==y1: #g pos_yl=1-y
pos_yl=1
break
for 1 in range(totient(n)): #finds pos_xy such that
if al[l]l==xy: #g pos_xy=x-y
pos_xy=1
break
templ=templ+raised(pos_y+pos_yl+pos_xy)
#chi 4(y(1-y) (x-y))
tempol=tempol+raised(pos_y)*np.conj(raised(pos_yl+pos xy))
#chi 4(y)overline(chi 4(1-y)(x-y))) for M5
templ=np.conj(templ) #overline(chi 4(y(1-y)(x-y))) for M3
sum3=sum3+temp*templ #calculates M_3 which involves the
#sum chi 4(x(1-x))overline(chi 4(y(1-y) (x-y)))
sumb=sumb+temp*tempol #calculates M5 which involves the

#sum chi 4(x(1-x))chi 4(y)overline(chi 4((1-y) (x-y)))
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print ("The hypergeometric sum M3 is ",sum3)
print ("The hypergeometric sum M5 is ",sumb)

return 1

def main():
print("enter a prime p congruent to 1 modulo 8")
p = int(input())
print("enter a positive integer r")
r = int(input())

n=int (pow(p,r))

zn=1ist ()
div=list()
g=0

for i in range(1l,n):
if gcd(i,n)==1:

zn.append (i) #zn contains the elements of Z n~x*

for i in range(1l, int(totient(n)/2)+1):
if totient(n)%i==0:
div.append (i) #div contains all the positive divisors

ldiv=len(div) #of phi(n), except phi(n)

for i in range(totient(n)): #this loop finds g, a generator

var=0 #of Zn"*. Each element a in
al=zn[i] #Z_n"* is considered, and if
for d in range (1div): #a"dd=1 in Zn"* for some dd
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dd=div[d] #in div, then a is discarded
if (pow(al,dd)%n)==1:
var=1
break
if var==0:
g=al
break

gl=(g*g*g*g) %n

H=1ist () #H is the connection set of the graph G(p~r)
for i in range(l, int(totient(n)/4)+1):
temp=1
for j in range(1l, i+1):
temp=temp*gl
H.append(temp%n) #powers of g~4, that is, elements of <g~4>,
#are appended to H
for i in range(int(totient(n)/4)):
H.append ((H[i]*g)%n) #elements of g<g 4> are appended to H
a=list ()
for i in range(totient(n)):
s=(int) (pow(g,1))
a.append (s%n) #a stores all the powers of the generator g,
#that is, 1,g,872,..,g" (totient(n)-1)
cliques_four(n, H)
jacobi_sums(n,zn,a)
hypergeom_sums(n,zn,a)

main()
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The following link contains the SageMath code for the Paley-type graph:
https://github.com/AnwitaB/Paley-type-SageMath/blob/main/Paley-type
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