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ABSTRACT

The objective of this thesis is to provide higher order convergence of weak Galerkin
finite element solutions to the exact solutions of some time dependent partial differ-
ential equations with Lipschitz continuous interfaces. Due to low global regularity of
the exact solution it is challenging to obtain higher order of convergence for interface
problem. In this thesis, we have proposed non-conforming fitted weak Galerkin finite
element methods (WG-FEMs) for some interface problems with nonhomogeneous jump
conditions and related convergence analysis are carried out under low global regularity

of the true solution.

The weak Galerkin finite element method is a numerical technique for partial differ-
ential equations where the differential operators (e.g., gradient, divergence, curl, Lapla-
cian) are approximated by weak forms. Like the DG methods, WG-FEM makes use of
discontinuous functions in the finite element procedure which endows WG-FEM with
high flexibility to deal with geometric complexities and boundary conditions. WG-FEM
enforces only weak continuity of variables naturally through well-defined discrete differ-
ential operators. Therefore, weak Galerkin methods avoid pending parameters resulted
from the excessive flexibility given to individual elements. As a consequence, WG-FEMs
are absolutely stable once properly constructed. The WG algorithm allows the use of

finite element partitions consisting of general polygonal meshes.

In our first problem, we analyze WG-FEMs for parabolic interface problems. Both
continuous time Galerkin method and discrete time Galerkin methods are discussed.
Fully discrete schemes are based on backward Euler and Crank-Nicolson time discretiza-
tions. Optimal order error estimates in L? and H' norms are established for both

semidiscrete and fully discrete schemes.

We next proceed to the a priori error analysis of wave equation with interfaces. Al-
though various higher order finite element methods for elliptic and parabolic interface
problems have been proposed and studied in the literature, but higher order finite ele-
ment treatment of similar hyperbolic problems is mostly missing. In this work, we are
able to prove optimal order point-wise-in-time error estimates in L? and H' norms for

the wave equation with interfaces. Fully discrete scheme is based on backward Euler

xi
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method. Numerical experiments are reported for several test cases to confirm our theo-
retical convergence rate. Finite element algorithm presented here can be used to solve

a wide variety of wave models for non-homogeneous inner structures.

In our last problem, we analyze WG-FEMs applied to pulsed electric model arising
in biological tissue when a biological cell is exposed to an electric field. Considering
the cell to be a conductive body, embedded in a more or less conductive medium, the
governing system involves an electric interface (surface membrane), and heterogeneous
permittivity and a heterogeneous conductivity. A fitted finite element method is pro-
posed to approximate the voltage of the pulsed electric model across the physical media.
Optimal pointwise-in-time error estimates in L?-norm and H'-norm are shown to hold
for semidiscrete scheme even if the regularity of the solution is low on the whole domain.
Further, a fully discrete finite element approximation based on backward Euler scheme
is analyzed and related optimal error estimates are derived. Finally, we give numerical

examples to verify the theoretical results.

xii
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Introduction

The objective of this thesis is to study higher order weak Galerkin finite element meth-
ods (WG-FEMs) for some interface problems with nonhomogeneous jump conditions.
Interface problems are often referred to as differential equations with discontinuous co-
efficients. The typical mathematical models are the heat or wave type equations with
discontinuous coefficients, which arise when the physical processes involve two or more
materials or media with non-identical properties. Owing to its mathematical complexity
and low regularity of its solutions, the study of interface problems has remained a major
part of the mathematical study up to the present day. In the present work, we have used
non-conforming fitted finite element methods to study the convergence of weak Galerkin

finite element solutions to the exact solutions of some classes of interface problems.

1.1 Problem Description

In this section, we introduces the interface problems that to be studied in this thesis. It
also contains a brief overview on the occurrence of these problems and their applications

in many fields of science and engineering.
Parabolic Interface Problem: Let € be a convex polygonal domain in R? with

boundary 02 and 2; C €2 be an open domain with Lipschitz boundary I' = 9€2;. Let
Q2 = OQ\Q; be an another open domain contained in © with boundary I' U 09 (see,

Figure 1.1). In = Q; UT' U Qy, we consider the following parabolic interface problem
u— V- (BVu)=f inQx (0, 7], T < o0, (1.1.1)

with initial and Dirichlet boundary condition

u(z,0) = ug(x) inQ; uw=0 on I x (0,7] (1.1.2)
and interface conditions
[u] =1, [ﬂg—z] =¢ along I" x (0, 7). (1.1.3)

1
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CHAPTER 1. Introduction 2

Qo

Q

Figure 1.1: Domain  and its sub domains 1, Qo with interface I".

Here, n is the outward pointing unit normal to ; and [v] denotes the jump of a quantity
v across the interface I', i.e., [v](7) = vi(z) — v2(x), x € T, where vi(z) = v(7)|g, , i =
1,2. The coefficient function 3 is assumed to be positive and piecewise constant across
[, ie, B(x) = By for x € Qp, k = 1,2. Across the interface I', the source function
f:Qx (0, 7] - R can be singular. We assume that f is sufficiently smooth locally.

Jump functions ¢, ¢ : I' x (0,7] — R and initial data uy : 2 — R are given.
The model equations of the form (1.1.1)-(1.1.3) involving discontinuous coefficients

are sometimes called diffraction problems of parabolic type. Such problems arise in
non-stationary heat conduction problems in two dimensions with a conduction coeffi-
cient which is discontinuous across a smooth interface. The study of parabolic interface
problems is motivated by the models of heat conduction in composite materials [80], bio
heat transfer in heterogenous media [132], heat-mass transfer problem [76], transport of
a dissolved species in two-phase incompressible flow problems [122], viscoplasticity and
plasticity with hardening as well as perfect plasticity [31], eddy current in electromag-

netic field theory [8, 99] and cellular signal transduction [30].
Wave Interface Problem: Let Q be a convex polygonal domain in R? with boundary

0 and Q; C Q be an open domain with Lipschitz boundary I' = 0. Let Qo = Q\Qy
be an another open domain contained in © with boundary I' U 92 (see, Figure 1.1). In

Q=0 Ul UQy, we consider the following wave interface problem
with initial and boundary conditions

u(z,0) = up(x), w(x,0) =2vo(z) in Q & wu(z,t) =0 on INQ x (0,7 (1.1.5)

TH-2665_146123001



CHAPTER 1. Introduction 3

and the jump conditions on the interface
0u]
on

where the symbols [v] and n are defined as before. The coefficient function [5(z) is

[u] =, [ﬁ =¢ along T x (0,77, (1.1.6)

assumed to be positive and piecewise constant across I', i.e., f(x) = Sy for x € Qy, k =
1,2. Source function f : Q x (0,7] — R, jump functions ¢, ¢ : I' x (0,7] — R and

initial data ug, v : €2 — R are given.
In the study of wave equations for some physical problems, such as acoustic or

elastic waves traveling through heterogeneous media, there can be discontinuities in
the coefficients of the equation at interfaces (e.g., [20, 21, 74] and references therein).
For instance, an acoustic wave propagating at different speeds in different media is
modeled by the second order wave equation with discontinuous coefficients. This wave

propagation is modeled by the interface problem (1.1.4)-(1.1.6).
Electric Interface Model Problem: Let Q2 be a convex polygonal domain in R? with

boundary 0f) occupied by the concerned physical media having conductivity o = o(z)
and permittivity ¢ = e(x). We now consider the pulsed electric field model for biological
media [9, 102, 121, 147]

—V - (eVu' +0Vu) = f inQx (0,7, (1.1.7)
with initial and boundary conditions
u(z,0) =up in Q; wu(z,t) =0 on dNQ x (0,77, (1.1.8)

where v and f are the voltage potential and electric pulse of the model, respectively.
Further, ug is the initial voltage and T is the finite terminal observation time, and u’

denotes the derivative of u with respect to time variable.
The basic effects of an electric field on a biological cell can be described by consider-

ing the cell to be a conductive body (cytoplasm) surrounded by a dielectric layer (surface
membrane), embedded in a more or less conductive medium. When an electric field is
applied to this cell (by placing the cell in a conductive medium between two electrodes
and applying an unipolar voltage pulse to the electrodes), the resulting current causes
accumulation of electric charges at the membrane and consequently a voltage (trans-
membrane voltage) across the membrane. For details, we refer to [13, 100, 102, 117, 126]
and references therein. In [102, 126], biological tissue is described as having a permit-
tivity and a conductivity, and current flow through the biological medium is discussed
in [13, 100, 117]. Figure 1.2 shows a cross-section of a single cell comprising of the

cell cytoplasm and the cell membrane. Here, o; and €; define the conductivity and

TH-2665_146123001



CHAPTER 1. Introduction 4

Figure 1.2: A cell comprising of the cell cytoplasm and the cell membrane.

permittivity of each medium with subscripts ¢, m and e describing the cell cytoplasm,
membrane, and exterior media, respectively. Therefore the governing system involves
interface (surface membrane) and discontinuous media parameters, which may find wide
applications in electromagnetism, medicine, food sciences, and biotechnology. Of our
special interest is the case when the physical coefficients are discontinuous and piece-
wise constant in €. Since generalization to multilayered media is straightforward, we
can restrict ourselves to the case when domain {2 consists of two open subdomains {2,

and €, with Lipschitz interface I' (see, Figure 1.2). We write

(01,€1) in )y,
(0,€) =
(0'2762) in QQ.

Then the information between both the domains are transferred via some interface

conditions " 5

[u] =, [Ua—z B ea—iﬂ =¢ along I' x (0,7], (1.1.9)
where [u] := ui|r — us|r and [ @ + ea—“/} r= 018“1 + 03 8“2 + € 8“1 + 626 . Here, u;
stands for the restrictions of u to Q and denotes the outer normal derivative with
respect to €;, i = 1, 2. Further, jump functlons Y, ¢:T x (0,T] = R are given.

1.2 Preliminaries

1.2.1 Basic Notation

In this section, we shall introduce some basic notations, function spaces and preliminary
materials to be used in this thesis. All functions considered here are real valued. For

the purpose of introducing notations, we assume €2 to be a convex polygonal domain

TH-2665_146123001



CHAPTER 1. Introduction 5

in R? (d-dimensional Euclidean space) and 99 denote the boundary of Q. For z =
(x1,22,...,2q) € Q, set de = dxy...dx,. Further, let « = (aq,...,aq) be an d-tuple
with nonnegative integer component and denote the order of v as |a| = a;+ag+. ..+ ag.
Then, by D*¢, we shall mean the ath derivative of ¢ defined by

olelg

Ox1™ ... 0x, %

D =

By support of a function ¢, denoted by supp(¢), we mean the closure of all points z
with ¢(z) # 0, i.e.,

supp(¢) = {z € Q : ¢(x) # 0}

For any nonnegative integer m, C"™(€2) denotes the space of functions with continuous
derivatives upto and including order m in Q. C*(Q) is the space of all C™(Q) func-
tions with compact support in 2 and C§°(Q2) is the space of all infinitely differentiable

functions with compact support in 2.
Now we introduce the following function spaces which we shall refer frequently. For

any domain M C Q C R, d =2, 3, with 1 < p < oo, LP(M) denotes the linear space

of equivalence classes of measurable functions ¢ on Q such that ||¢||Lr(rm) < 00, where

Ipllzorgy = (/M|¢(x)|de) , 1<p<oo,

|PllLeery = esssup |o(x)| < oo.
reM

When p = 2, L?*(M) is a Hilbert space with respect to the inner product

(&, %) M Z/qu(x)@b(a:)dx.

For simplicity of notation, we write the norm || - || 2uy of L*(M) by || - | s and remove

the subscript M whenever M = 2.
We now introduce the notion of Sobolev spaces. For each integer £ > 0 and real

number p with 1 < p < oo, W*P(M) denotes the standard Sobolev space of functions
with their distributional derivatives of order up to k in the Lebesgue space LP(M), i.e.

WkP(M) = {¢p € LP(M): D*¢ € LP(M) for 0 < |a| < k}.
The spaces W*P(M) are Banach spaces endowed with the norm

1
P
Illepr = ( 3 ||Da¢||zpw)) L 1<p<oo,

0<ar| <k

P (0% .
9l kcom = OgﬁéHD o(x)||Le(my, P =00,

TH-2665_146123001



CHAPTER 1. Introduction 6

also, the semi-norm on W*?(M) is defined as

6lkprt = > [ D°¢llr(r

|ae|=k
When p = 2, we write H*(M) for W*2(M) with the norm || - |[x2nm = || - [|[x.0 and the
semi-norm |- |gam = |- |km. For simplicity of notation, we skip the subscript M in the

norm and inner product notation when M = €.
The space H*(M) is a Hilbert space with natural inner product defined by

G m= Y / DGDydz, ¢, € H(M).
0<|a|<k
The Sobolev space HE () is defined as the closure of C§°(Q2) with respect to the norm
|6llk = [|@]|k.2- This result is true under some smoothness assumption on the boundary

0. For a complete discussion on Sobolev spaces, see Adams and Fournier [1].
We shall also use the following space-time function spaces in our error analysis. For

1 < p < oo, we also define the standard Bochner spaces LP(J; B), where B is a real
Banach space with norm || - ||z and J = [0,77, consisting of all measurable functions
¢ : J — B for which

1

T
olors = ([ l6@lkd)" <o for 1<p< oo,
0

@]l Loco,r8) = ess sup ||@(t)|ls < oo for p = oo.
t€[0,T)]

We denote by H™(0,7;8), 1 < m < oo, the space of all measurable functions
¢ : J — B for which
%
< Q.
B

6]l o) = (Z/

When no risk of confusion exists, we shall write L*(B) for L*(J; B), L>=(B) for L>=(J;B)
and H™(B) for H™(J; B). Furthermore, C(0,7’; B) is defined as the space of continuous

functions ¢ : [0, 7] — B with norm ||¢||c,r;8) = maxcjo,r] [¢(t)| < co. For a complete

Po(t)
ot

discussion on Sobolev Spaces, one may refer to Adams and Fourier [1], Dautray and

Lions [42] and Evans [61].

For our notational convenience, we will be using 9u

or u; or u' interchangeably to
denote the first order time derivative of u with respect to t. Similar notions are used

for higher order time derivatives.
Now we shall recall some important inequalities for our subsequent use (see Hardy

et al. [71]):

TH-2665_146123001
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Young’s inequality. For a,b > 0 and p > 0, the following inequality holds

An important consequence of the Young’s inequality is the Holder’s inequality. The

discrete version of Holder’s inequality is stated below.
Holder’s inequality: Let p > 1 and ¢ be such that % + % = 1. Then, for any real

numbers a;,b; e R,i =1,2,--- d,

d d WK :
> laibi] < (Z\ailp) (Z’bi\q) :
=1 1=1 Al

In particular, for p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz
inequality in R

The integral analogue of Holder’s inequality is as follows: Let p > 1 and ¢ be such
that }D + % = 1. Then, for any measurable functions ¢, : Q@ — R

19|z () < 19l @1l Laey-

For p = ¢ = 2, the above inequality is known as the Cauchy-Schwarz inequality.
Poincaré inequality: Let © be a bounded open domain in R?. Then there exists a

positive constant C' = C(€2) such that
Il < ClIVEll Vo € Ho().

In view of the Poincaré inequality, ||V(-)|| defines a norm on HJ ().
Next we state without proof, the following continuous version of Grownwall’s lemma.

For a proof, see Rao [118].

Lemma 1.2.1 (Gronwall’s lemma). Let G(t) be a continuous function and H(t) a non-
negative continuous function on its interval to < t < tg + a. If a continuous function
F(t) has the property
t
F(t) < G(t) +/ F(s)H(s)ds for t € [to,to + al,
to

then

to

F(t) <G(t)+ /tG(s)H(s)exp[/tH(T)dT] ds fort € [to,to + al.

In particular, when G(t) = C' a nonnegative constant, we have

F(t) < Cexp

/tH(s)ds] fort € [to, to + al.

TH-2665_146123001



CHAPTER 1. Introduction 8

1.3 Background and Motivation

We now present a brief account of the relevant literature and motivation for the present
study. Further, this section elucidates our contributions and motivation for the present

study.
Interface problems are frequently encountered in scientific computing and many ap-

plied sciences. Typical examples are the elliptic, parabolic and hyperbolic equations
with discontinuous coefficients. Numerical methods treating these interface problems
have been investigated widely. Finite element method (FEM) is another class of im-
portant approaches for interface problems and a wide variety of FEM approaches have
been proposed in the literature. There are two major classes of FEM depending on
the choice of the discretization, namely, interface fitted FEMs and unfitted FEMs. In
fitted FEMs, the discretization is made in such a way that the grid line is either follow
the actual interface or an approximation of the smooth interface. In unfitted FEMs,
the discretization is independent of the location of the interface. Numerical methods
applied for interface problems based on finite element framework can be mainly grouped
by conforming FEM, Mixed FEM, Discontinuous Galerkin (DG) and Immersed FEMs.
More recently, weak Galerkin (WG) FEMs with polygonal meshes are applied to inter-
face problems. Classical finite element methods for interface problems are mainly based
on the interface-fitted discretization. The performance of such kind of interface-fitted
FEMs depends not only on the quality of underlying finite element partition but also
on the variational formulation of the problem. While the flux discontinuity of the so-
lution can be captured in a variational formulation, the discontinuity of the solutions
neither fit in the variational formulation nor satisfied in classical FEM solution spaces
(see [9, 34, 43, 45, 46, 48, 49, 59, 85, 127], and references therein). Thus, conforming
FEMs for interface problems assume continuity of the solutions along interfaces. Many
efforts have been made to develop alternative finite element methods based on unfitted
meshes for solving interface problems. Galerkin projections and numerical fluxes have
been considered in discontinuous Galerkin (DG) variational formulations to weakly en-
force the interface conditions (for instance, see [19, 26, 57, 70, 81, 82, 84, 101], and
references therein). Surprisingly, there has been considerably less work on the mixed
finite element methods for interface problems with non-homogeneous jump conditions
(see [27, 157]). In fact, convergence analysis of mixed finite element methods for time-
dependent interface problems is still open. More recently, local discontinuous Galerkin
(LDG) method has been proposed to solve not only the homogeneous but also non-

homogeneous parabolic interface problems in [11]. Using the LDG method for space

TH-2665_146123001



CHAPTER 1. Introduction 9

discretization, authors have derived the approximations for the potential and the flux at
the same time. Moreover, unlike the conforming Galerkin methods which need special
treatment for the discontinuity across an interface, the LDG method provides a natural
framework to enforce the discontinuities in both the potential and the flux weakly in the
discrete formulation. Theoretical convergence analysis of the LDG method for parabolic
interface problems is still missing. Recently, it starts to gain more attention on develop-
ing Discontinuous Galerkin (DG) finite element methods for time dependent interface
problems [11, 158]. Because the discontinuous approximation functions are employed,
DG methods have many advantages such as high parallelizability, localizability, and easy
handling of complicated geometries. Immersed FEMs is another popular class of numer-
ical methods which allow the interface to cut through elements so that simple structured
Cartesian meshes can be employed. Immersed FEMs can be regarded as the Galerkin
formulations of finite difference based interface schemes. It is not surprising that the key
ideas of many immersed FEMs actually come from the corresponding finite-difference
based interface schemes. This renders immersed FEMs great popularity in solving a
variety of interface problems (see [5, 6, 7, 35, 66, 69, 72, 75, 83, 92, 94, 95, 96, 154, 155],
to name only a few). Further, combining immersed FEMs and DG methods (DG-IFE)
together to solve PDEs has been proposed in [95] and subsequently it has been extended
for parabolic interface problems in [96, 155] and hyperbolic interface problems [5, 6, 7].
For higher order finite element methods with sufficiently smooth interface, we refer to
[3, 4, 24, 78, 81, 82, 85]. The existing work on FEMs for interface problems assume
C?-smooth interface I'. The material interfaces in real applications can be geometrically
complicated and very irregular. In some extreme cases with non-smooth interfaces or in-
terfaces with Lipschitz continuity, geometric singularities, such as sharp edges, cusps and
tips, could be encountered. It is challenging to obtain high order convergence when the
interface geometries are arbitrarily complex. To achieve a higher order of convergence in
the body fitted FEMs, in which unstructured meshes conform to the interfaces, a proper
variational formulation that handles jumps in solution and flux is indispensable. On the
other hand, discontinuity of the solution along interface adds more challenge than one
would imagine. A higher order weak Galerkin (WG) method is introduced in [112] for
the elliptic interface problem. The WG method in [112] has many new features including
symmetric positive definite formulation, fewer unknowns and, more importantly, allow-
ing the use of general meshes such as hybrid meshes, polygonal and polyhedral meshes
and meshes with hanging nodes. These features make the new WG-FEM more flexible
in handling complicated interface geometries. Further, the WG finite element algorithm

allows interfaces with Lipschitz continuity. Then the author in [44] provides an optimal
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combination for the polynomial spaces that minimize the number of unknowns in the

WG scheme without affecting the accuracy of the numerical approximation.
Time evolution equations (which often lead to parabolic PDEs) are considered to

study and understand the dynamics of nature. The best-known linear parabolic PDE is
the heat (or diffusion) equation, where an interface problem occurs when two distinct
materials or fluids with different conductivities or densities or diffusions are involved.
In this thesis, a fitted WG-FEM is proposed and analyzed for the interface problem
(1.1.1)-(1.1.3). Typical semidiscrete and fully discrete schemes are presented, and ana-
lyzed. The fully discrete space-time finite element discretization are based on backward
Euler and Crank-Nicolson approximations. Optimal a priori error estimates for both
semidiscrete and fully discrete schemes are proved in L>°(H') and L>(L?) norms for the
weak finite element space (Py(K), Pr—1(0K), [Pk,l(K)f), k > 1. The new WG algo-
rithm allows the use of finite element partitions consisting of general polygonal meshes

and applicable to interface problems with Lipschitz interfaces.
Solving wave propagation problems within heterogeneous media has been of great

interest and has drawn significant attention in a variety of fields such as the oil explo-
ration industry and mineral finding as well as the study of earthquakes. Previous works
on FEMs for wave equation with interfaces are concerned only on linear elements and
assume continuity of the solution along interfaces. In this thesis, WG-FEM is intro-
duced for solving the interface problem (1.1.4)-(1.1.6) on weak Galerkin finite element
space (Py(K), Pr_1(0K), [Pr_1(K)]?). Optimal order a priori error estimates for both
space-discrete scheme and implicit fully discrete scheme are derived in L°(L?) norm.
Our results are intended to enhance the numerical analysis of linear wave equations

where physical domain consists of heterogenous media.
The equation (1.1.7) is numerically interesting as it does not belong to the well-

studied classes of time-dependent equations. Numerical solutions of electric interface
model (1.1.7)-(1.1.9) draw significant attention in a variety of fields such as neural
activation during deep brain simulations, debacterization of liquids, food processing,
biofouling prevention, selective spectroscopic imaging of the electrical properties of bi-
ological media. In this thesis, the weak Galerkin finite element method is applied to a
pulsed electric model arising in biological tissue when a biological cell is exposed to an
electric field. A fitted weak Galerkin finite element method is proposed to approximate
the voltage of the pulsed electric model across the physical media involving an elec-
tric interface (surface membrane), and heterogeneous permittivity and a heterogeneous
conductivity. Optimal pointwise-in-time error estimates in L?-norm and H'-norm are

shown to hold for the semidiscrete scheme even if the regularity of the solution is low
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on the whole domain. Further, a fully discrete approximation based on backward Euler

scheme is analyzed and related optimal error estimates are derived.

1.4 WG Discretization for Interface Problems

In this section, we shall briefly introduce WG-FEMs for elliptic interface problem. More
precisely, we discuss weak Galerkin discretization for interface problems, review the

definition of the weak gradient operator and its discrete analogue.
In Q =Q,UIUQ, (see, Figure 1.1), we consider the following linear elliptic interface

problem

—V - (BVu)=f inQ (1.4.1)

with Dirichlet boundary conditions

u=20 on Jf2 (1.4.2)
and interface conditions
[u] =¥, [ﬁg—z] =¢ alongI' x (0,77. (1.4.3)

Symbols [v] and n are defined as before. The coefficient function 5(z) is assumed to be
positive and piecewise constant across I, i.e., f(z) = By for x € Qx, k = 1,2. Source
function f : Q@ — R and jump functions ¢, ¢ : I' X (0,7] — R are given. Throughout
this thesis, we assume that € is a convex polygon in R? and interface I' is sufficiently

smooth so that solutions to the interface problems belong to desired Sobolev spaces.
The model equation of the form (1.4.1) is known as stationary heat conduction prob-

lems. Numerical methods treating these problems have been investigated widely. Finite
element method (FEM) is another class of important approaches for partial differential
equations and a wide variety of FEM approaches have been proposed in the literature.
For details, we refer to Brenner et al. [22] and Ciarlet [36], and references therein. The
classical finite element methods based on conforming finite element discretization, have
limitations in practical computation. The conforming finite element space is restricted
to piecewise polynomials with prescribed continuity that ensures conformity and stabil-
ity of the corresponding weak formulation, which is often very difficult to implement,
particularly for problems in high dimensions and/or on general polytopal partitions. In
scientific computing, higher order of convergence is always one of the major research
goals, because high order methods are more accurate and cost efficient. Although con-
forming finite element methods have simple formulations with many fewer unknowns,
construction of conforming finite element spaces of any orders would be either chal-

lenging or impossible. Keeping in mind the applicability of numerical methods of higher
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order with polygonal meshes, recently attempts have been made to develop certain tech-
nologies which make use of polygonal meshes, for instance, see [133, 134, 135] for virtual

element methods, [15, 28, 29, 37, 39] for discontinuous Galerkin methods.
Recently, the weak Galerkin finite element method has attracted much attention

in the field of numerical partial differential equations. The WG-FEM introduced in
[143] refers to the numerical algorithms for differential equations where the differential
operators appearing in the variational forms are to project into another appropriately
chosen Sobolev space such that its approximation by polynomials is possible. More
precisely, the WG finite element approximations are derived from the weak formulations
of the problems by replacing differential operators involved by its weak forms and adding
parameter free stabilizers. In fact, WG formulation is a natural extension of conforming
finite element formulation when nonconforming elements are used. In [143], a weak
Galerkin method was introduced and analyzed for second order elliptic equations based
on a discrete weak gradient arising from local RT ([120]) or BDM ([23]) elements. Due
to the use of the RT and BDM elements, the weak Galerkin finite element formulation of
[143] was limited to classical finite element partitions of triangles (d = 2) and tetrahedra
(d = 3). A computational study of the weak Galerkin method for second-order elliptic
equations has been carried out in [105]. In [144], a WG-FEM was developed for the
second order elliptic equation in mixed form. The use of stabilization for the flux variable
in the mixed formulation is the key to the WG mixed finite element method of [144].
The resulting WG mixed finite element schemes turned out to be applicable for general
finite element partitions consisting of shape regular polytopes, and the stabilization idea
opened a new door for weak Galerkin method. The WG approach has been extended
to a variety of PDEs arising from the mathematical modeling of practical problems
in science and engineering. There is an abundant literature on such PDEs; see, e.g.,
elliptic equation [86, 87, 89, 97, 98, 109, 110, 129, 140, 142, 144], biharmonic equation
[40, 56, 106, 108, 111, 138, 156, 159], parabolic equation [50, 65, 88, 149, 160, 161, 162],
wave equation [73, 137], system of equations [32, 90, 93, 103, 104, 113, 139, 145, 146],

interface problems [44, 52, 107, 112, 130] etc.
Let 75, be a partition of the domain €2 with mesh size h. We require that the edges

of the elements in 7T, align with the interface I'. A simple and efficient interface fitted
mesh generation algorithm has been proposed in [33]. Elements in such interface fitted
meshes are not restricted to simplices but can be polygons or polyhedra. A typical
element is presented in Figure 1.3. Thus, the partition 7;, can be grouped into two sets
of elements denoted by 7;! = T, N Q; and T,;2 = T, N Qy, respectively. Denote by &, the
set of all edges in T, and let 8,? = &£,\0N be the set of all interior edges. Let I';, be the
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Figure 1.3: A typical fitted discretization

subset of &, of all edges on I'. For every element K € 7T,, we denote by h its diameter

and mesh size h = maxge7, hix for 7j,. Note that

T = {KeTh: KZQordKNT =0}
U{KeT,: KCQanddKNT # 0}
= TTUTs. (1.4.4)

Note that 77 contains all elements in £2; and non-interface elements €25. For more details,

we refer to [112].
The key in weak Galerkin methods is the use of weak derivatives in the place of

strong derivatives in the variational form for the underlying partial differential equations.
Thus, it is essential to introduce a weak version for the gradient operator. Weak gradient
operators and its discrete version were introduced in [143, 144], and the rest of the section
will review them. Let K be any polygonal domain with interior K° and boundary 0K .
A weak function on the region K refers to a pair of scalar valued functions v = {vg, vy}
such that vy € L?(K) and v, € L*(OK). Note that v, may not be necessarily related to
the trace of vy on K. Denote by V(K) the space of weak scalar valued functions on
K;i e,

V(K) = {v = {vg, 0} : vo € L*(K),v, € L*(OK)}. (1.4.5)

For any weak function v = {vg, v}, its weak gradient Vv is defined (interpreted) as a

linear functional on H(div, K') whose action on each ¢ € H(div, K) is given by

(Vuv,q)x = —/ vV - qdK +/ upq - nds, (1.4.6)
K oK

where 7 is the outward normal to 0K.
For any given integer k > 0, denote Px(K) the space of polynomials of total degree

k or less on the element K € Tj,. Analogously, for any given integer j > 0, P;(e) denotes
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the space of polynomials of total degree j or less on the edge e € &,. On each element

K € T, define the following local weak finite element space
V(k, j, K) = {vn = {vo,vp} : vo € Pi(K), vy € P;(OK)}. (L4.7)

A global weak finite element space V, is constructed by patching local space V(k, j, K)

through a common value of v, on all interior edges
Vi = {vn = {vo, v} vnlx € V(k,j, K), [vn]e =0, Ve € &} (1.4.8)

Here, [vp]e = [vp] denotes the jump of v, € V = [y V(k, j, K) across an interior edge
e € £. Denote by V? the subspace of V, consisting of all finite element functions with

vanishing boundary value
V;? = {Uh EV): Ubl(’)Q = 0} (149)

Next, we introduce a discrete weak gradient operator, denoted by V,,, is defined as

the unique polynomial (V,v,) € [P,(K)J? that satisfies the following equation

(Vwon, p)x = —/

KUO(V . go)dK+/ vy - m)ds Yo € [Pi(K))>. (1.4.10)

oK
where 7 is the outward normal to 0K and [ > 0 is prescribed non-negative integer. By
applying the divergence theorem to the first term on the right-hand side of (1.4.10) we

arrive at

(Vwon, &)k = (Vvo, )i + (v — v0, @ - Mar Vo € [P(K)]. (1.4.11)

Using the discrete weak gradient operator V., we define a bilinear map A : V), xV), —
R by

A(up,vp) = Z (5unh, vah)K + S(up, vp) Yup, vy € V. (1.4.12)
KeTy,

Here, §(-, ) is known as stabilizer, which is a semi-positive definite bilinear form defined
on Vy, x V. Stabilizer S(+, -) is often chosen in such a way that it fits well into the theory

and implementation of the WG numerical scheme. For examples (cf. [142]):

Example 1.4.1. (Projected Element-Boundary Discrepancy) For v, = {vo,vp} € Vp,
the continuity of vy, can be measured by the quantity vy, —volox for each element K € T,.

The projected element-boundary-discrepancy method is based on the following stabilizer

S(Um Uh) = Z h;(1<Qm(ub - UO’BK); Qm(vb - Uo|aK)>aK, (1-4-13)

KeTy

where Q,, : L*(OK) — P, (0K) is the usual L*- projection operator and m = max{j,(}.
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Example 1.4.2. (Element-Boundary Discrepancy) The element-boundary-discrepancy
method is based on the following stabilizer
Sun,vn) = Y h (uy — uolox, vy — volox )ox- (1.4.14)
KeTy,

In the WG methods, the polynomial degree and the stabilizer must be chosen so

that the bilinear form A(-, -) is coercive with respect to the semi-norm || - || (cf. [142])
defined by
lonlln = (D2 UVeoll + Atliv — wl3i) ) *s on = {vo, s} € Vi (14.15)
KEeTh,

More precisely, there exist constants C, Cy > 0 such that for any v, € V},, the following
inequality holds true
Cullvalli < Alvn, o) < Collvallf - (1.4.16)
The coercivity inequality (1.4.16), for both the stabilizers on weak Galerkin space
(Pe(K), P;(0K), [Pi(K)]?), is stated below (cf. [142]).

Lemma 1.4.1. Assume thatl > k—1 and m = max{j,l}. Then the coercivity inequality
(1.4.16) holds true.

In fact, V? is a normed linear space with respect to discrete H'-norm || - ||; 4. For
simplicity, we shall only verify the positive length property for || - ||1,. Assume that
lwp]l1n = 0 for some wy, = {wo, wp} € V). It follows that Vw, = 0 on each element
K € T, and w, = wg on 0K. It follows that wy = constant on every K € 7,. This,
together with the fact that w, = wy on 0K and w, = 0 on 0f2, implies that wy = 0 and
wy = 0.

Let K be an element with e as an edge. For any function ¢ € H'(K), the following
trace inequality holds true (see [144] for details)

lelle < Clhillellk + hxllVelk)- (1.4.17)

For our later use, for any vy, = {vg, vy} € V3, we define following forms

(&, BVwon-m)r = > (¥, BoVu(vnlr) m)oxnr,,

KeTs

RN, 0 — o)y = Z = 4, volk — vb)ornry ,

KeTs

R, Quug — )y = Z =1, Qp(vol k) — vb)ornr,

KeTs

<¢7 Ub>r = Z <¢7 Ub>€'

EEFh
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Here, {-,-)s denotes the L? inner product on M C &, and n is the outward pointing

unit normal to €2;.
The usual L%-inner product can be written locally on each element as follows

(vah, wah) = Z (vaha wah)}(, W, Vp, € Vh. (1418)
K€77L

1.5 Proposed Contents of the Thesis

This thesis consists of six chapters, and is organized as follows.
Chapter 1 contains the description of the problems, notations and preliminary ma-

terials to be used in the thesis. It also provides a brief survey on the relevant literature
concerning the problems and their numerical solutions. Further, motivations for the

present study is discussed.
In Chapter 2, we present a priori error estimates for the spatially semidiscrete scheme

for the parabolic interface problem (1.1.1)-(1.1.3) on weak Galerkin finite element space
(Pi(K), Pr1(0K), [Pri1(K)] 2). Optimal order of convergence in L*>°(L?) and L>°(H*)
norms are established. The derivation of the a priori error bound heavily depends
on the approximation properties of the elliptic interface problems along with standard

analytical tools and techniques. Some parts of this chapter are published in [51].
In Chapter 3, we extend the spatially discrete a priori error analysis to the fully

discrete approximation for the parabolic interface problem (1.1.1)-(1.1.3). The time
discretization are based on backward Euler and Crank-Nicolson schemes. Optimal a
priori error estimates in L? and H' norms are derived for the fully discrete solutions.
Further, numerical results are presented to validate our theoretical findings. Some parts

of the Chapter 3 are published in [51, 54].
Chapter 4 deals with the a priori error analysis for hyperbolic model problem (1.1.4)-

(1.1.6). Here, we extend the work of Chapter 3 to the interface problem (1.1.4)-(1.1.6).
Optimal order of convergence in L*(L?) norm is established for the semidiscrete so-
lution. We have also studied stability of the semidiscrete solution and derived some
estimates which are very crucial for the fully discrete error analysis. The fully discrete
space-time finite element discretization, based on the backward Euler approximation,
is analyzed and related optimal a priori error estimates are derived. Finally, numerical
results are presented to consolidates our theoretical findings. Results and findings of

this Chapter are communicated in [55].
Chapter 5 is devoted to the study of a priori error analysis for the electric interface

problem (1.1.7)-(1.1.9). Optimal order of convergence in L>(L?), H*(L?*) and L>(H")

norms are established for the semidiscrete solution. We have also studied stability of
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the semidiscrete solution and derived some estimates which are very crucial for the fully
discrete error analysis. A discrete in time scheme based on backward Euler scheme is
considered and analyzed for the fully discrete solution. Optimal a priori error estimates
in L? and H! norms are derived for the fully discrete solution. Further, numerical results
are discussed to validate our theoretical findings. Results and findings of this Chapter
are published in [53].

Finally in Chapter 6, we discuss the critical evaluation of the results presented in
this thesis. This chapter concludes with a brief discussion on the possible extensions

and future work.
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Semidiscrete WG-FEM for Parabolic Interface

Problem with Non-homogeneous Jump Conditions

This chapter concerns a numerical solution of a second order linear parabolic interface
problem. Although the solutions of interface problems exhibit higher regularities in each
individual domains, regularity in the entire physical domain is H! only due to discon-
tinuities across the interface. To handle this difficulty the weak Galerkin finite element
method is used for the discretization since it allows the use of totally discontinuous func-
tions in the approximation space. In the implementation, the weak partial derivatives
and the weak functions are approximated by polynomials with various degrees of free-
dom. The accuracy and the computational complexity of the corresponding WG scheme
is significantly impacted by the selection of such polynomials. This chapter presents an
optimal combination for the polynomial spaces that minimize the number of unknowns
in the numerical scheme without compromising the accuracy of the numerical approx-
imation. More precisely, optimal order error estimates in both H' and L? norms are
established for lowest order WG finite element space (Px(K), Pr_1(0K), [Pk_l(K )]2)
Moreover, the new WG algorithm allows the use of finite element partitions consisting

of general polygonal meshes.

2.1 Introduction

To begin with, let us first recall the parabolic interface interface problem of the form

u— V- (fVu)=f inQ x (0,77, (2.1.1)

Some parts of this chapter published online in Numer. Funct. Anal. Optim. 40 (2019), no. 3,
259-279
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CHAPTER 2. Semidiscrete Scheme for Parabolic Interface Problem 19

with initial and Dirichlet boundary condition
u(z,0) =ug(x) in € u=0 ondQx (0,T] (2.1.2)

and interface conditions

[u] =, {5%] =¢ along I x (0,7]. (2.1.3)

on
where €2 is a convex polygonal domain in R? with boundary 992 and €; C Q is an open
domain with Lipschitz boundary I' = 92y and Qs = Q\€;. Other symbols are as defined
in Chapter 1. We assume that the physical coefficient is discontinuous along interface
[' and piecewise positive constant i.e., f(x) = fy for x € Q, k = 1,2. We assume that
f is sufficiently smooth locally. Jump functions ¢, ¢ : I' x (0,7] — R and initial data
up : £ = R are given.

Due to the mathematical complexity and essential importance in a number of ap-
plication areas, the study of interface problems has evolved into a well defined field
in applied and computational mathematics. The solutions of interface problems may
show higher regularities in each individual material region than in the entire physical
domain because of discontinuities across the interface (cf. [34, 78, 80, 127]). Thus,
achieving higher-order accuracy may be difficult using a classical method, hence, there
is a need to find the solution to the problem by variational formulations. Convergence
analysis for parabolic interface problem via finite element procedure has been studied
by several authors. Conforming fitted finite element methods for parabolic interface
problems can be found in [2, 34, 47, 127, 128, 141, 152] and reference therein. Then
the idea of immersed FEMs have been proposed to allow the interface to cut through
elements so that simple structured Cartesian meshes can be employed. For parabolic
interface problem, we refer to [91] and references therein. Discontinuous Galerkin (DG)
finite element methods for time dependent interface problems can be found in [11, 158],
and combining immersed FEMs and DG methods (DG-IFE) together to solve parabolic
interface problem has been proposed in [96, 136, 154]. In [78], higher order spectral
element method for parabolic interface problem has been discussed. The algorithm in
[78] is restricted to simple interfaces. At present, to the best of our knowledge, there is
no rigorous convergence analysis available for parabolic interface methods that deliver
high order accuracy for nonsmooth interfaces. The objective of the present chapter is to
propose and analyze higher weak Galerkin finite element method for parabolic interface
problems. In this chapter, we extend the work of [44, 112] to parabolic interface prob-
lem for lowest order WG finite element space (P(K), Pp-1(0K), [Pr_1(K )}2) based
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CHAPTER 2. Semidiscrete Scheme for Parabolic Interface Problem 20

on projected element-boundary discrepancy stabilizer. Optimal order error estimates in

both L>*(H') and L°°(L?) norms are established.

The rest of the chapter is organized as follows. In Sec. 2, we propose the semidiscrete
weak Galerkin finite element approximation and derive an important error relation. Sec.
3 is devoted to the error analysis for the spatially semidiscrete scheme, which is based

on elliptic projection.
2.2 Semidiscrete Approximation

This section deals with spatially discrete scheme for the parabolic interface problem

(2.1.1)-(2.1.3).
Let 7, = T1 U 75 be the fitted finite element discretization of 2 as described in

Chapter 1. Based on the discretization Ty, for k > 1, we define following weak Galerkin

finite element space
Vi ={vn = {vo,w} : vnlx €EV(k,k—1,K), [up)e =0, Ve € &), KT} (22.1)

Here, [vs)e = [vp] denotes the jump of v, € [[gcr V(K k — 1, K) across an interior
edge e € £ and V(k,k — 1, K) is the local weak Galerkin space as defined in (1.4.7).
Denote by V;? the subspace of V}, consisting of all finite element functions with vanishing
boundary value

V2 = {vy, € Vi : plaq = 0}. (2.2.2)

For each v, = {vg, v} € Vj, we recall its discrete weak gradient (V,vy,) € [Pr_1(K)]?
that satisfies the following equation

(Vurn, =~ [

(- i + / wlo-n)ds Vo € [Pea(K)2  (2.2.3)

oK
where 7 is the outward normal to 0K.

A time-dependent weak function vy, : [0,7] — V}, is written as vp,(t) := {vo(t), vp(t)}
and subsequently we define vy, (t) := {v((¢),v,(t)}, where ‘7’ denotes the time derivatives.
For simplicity, we use v, = {vg, vp} for v, (t) and vy, = {v{, vy} for vy (t). Similar remarks

hold for other higher order time derivatives.

Remark 2.2.1. As there may be confusion with the notation ug for the initial data and

finite element approzimation u, = {ug, up}, we write u(0) for the initial data. O

For each element K € T, denote by Qg the usual L? projection operator from L?(K)
onto Pi(K) and by Qp the L? projection from L?(e) onto Py_;(e) for any e € &,. We
shall combine Qo with Q; by writing Q, = {Qo, @s}. We define another L2-projection
Qy, from [L%(K)]? onto [Py_1(K)]?. We recall following crucial approximation properties
for local projections @y (Lemma 3.4 in [144]).

TH-2665_146123001



CHAPTER 2. Semidiscrete Scheme for Parabolic Interface Problem 21

Lemma 2.2.1. Let T;, be a finite element partition of Q0 satisfying the shape reqularity
assumption as specified in [144]. Then, for u € H*Y(Q;) with i = 1, 2, we have

2
S (o= Quullk + BV (= Q) < CHEHD S ully g,
=1

KeTy,

2
> (IVu = Qu(Va) % + AV (Tu = Qu(Va) Ik ) < Ch* Y flulf g, O

KEeT; i=1
The continuous-time weak Galerkin finite element approximation to (2.1.1)-(2.1.3)
can be obtained by seeking uy, = {ug,up} : [0, T] — V;? satisfying both u;(0) = Qxu(0) =

{Qou(0), Qpu(0)} and following equation for any v, = {vg, vy} € V}

(Uhty'UO) + a(uh,vh) = (f, Uo) + <’¢, vavh ] Il>r + <¢, Ub)F — %(77/), Qb'UO — Ub)F- (2.2.4)

The bilinear map a(-, ) on V}¥ is given by
a(up,vp) = Z (BVwtn, Vur) i + s(un, vp), (2.2.5)
KeTy,
where the stabilizer s(-,-) is defined as
S(Uh, Uh) = Z h]_{1<QbU0 — Up, vao —- 'Ub>8K- (226)
KeTy
Inner product (-, -)r is as described in Sec. 1.4 of Chapter 1.
From the Lemma 1.4.1, it is easy to observe that the finite element space V) is a
normed linear space with a triple-bar norm given by
1
llwnll® = > 182 Vwwnllie+ > hilQewo —wyl|35 = alwn, wh), wy = {wo,ws} € V.

KeTy, KeTy,
(2.2.7)

As an immediate consequence, the following solvability holds true for weak Galerkin

finite element scheme (2.2.4).

Lemma 2.2.2. The weak Galerkin finite element scheme (2.2.4) has one and only one

solution. [

Assume that the exact solution of (2.1.1)-(2.1.3) is given by u. For an e € &, shared
by the two elements K7 and Ko, if e € I'y, u|k,ne = U] ryne and if e € Ty, ul ke 7 U] kone-
Next, we like to define Qpu = {Qou, Qyu} € V. To ensure Quu € Vj, i.e. Qpu takes

single value on any e € &, we define Qpu in the following way:

Qb(ulrne) if eCT&K CQy,
Qv =4 Qu(ulgne) + Qup if e CT & K C €y, (2.2.8)
Qb(ulkre) if e¢l&KEeT,.
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Then we have following result connecting @), and Q) operators (see, Lemma 3.2 in

[44]). We present the proof for the completeness of this work.

Lemma 2.2.3. Let Q;, and Qy, be the L? projection operators as defined. Then, on each
element K € Ty, and for any 7 € [Pr_1(K)]?, we have

(Vw(Qhu),T)K = (Q(VU),T)K+ <'§D,T'77>3Knp, K ¢ 7-2, (229)
(Vu(Qru), Tk = (Q(Vu),7)k, K €T, (2.2.10)

where Ty and Ty are as defined in (1.4.4).

Proof. Let K € T;. Using (2.2.10) together with the definition (2.2.8) that for any
T E I:,Pkfl(K):I2

(Vu(@ru), T)k = —(Qou,V - T)x + (Qou, T - n)ox
= —(u,V-7T)g+ (u, 7 n)ox
= (Vu, 7))k
= (Q(Vu),7)k.

Here, we have used the definitions of @), and Qy, operators. For any K € 75, we obtain

(Vu(@nu), T)x = —(Qow, V- T)x + (Qou, T - ok
= —(u, V- 7)k + (Qu(ulok), 7 - maox + (Qu¥, T - Maoxrr
—(u, V- T)g + (u, 7 n)or + (¥, 7 Marnr
(Vu, 7) i + (¥, 7 - moxnr
= (Q(Vu),7)rx + (¥, 7 Mornr-

This completes the rest of the proof. [
As in finite element method, we split our error into two components using an inter-

mediate operator. We write

U — up = (U — QhU) + (Qhu - Uh),

where uy, = {ug,up} € V) is the semidiscrete weak Galerkin solution defined by (2.2.4)

and Qpu is as defined in (2.2.8). For simplicity, we introduce the following notation

en = {eo, ep} = up — Quu = {up — Qou, up — Qpu}. (2.2.11)

Then e, satisfies following error equation which is crucial for our later analysis.
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Lemma 2.2.4. Let e, be the error as defined in (2.2.11), then we have
(6}”5,’00) + a(eh,vh) = ll(u,vh) + lg(u, ’Uh) Vvh = {"Uo,’Ub} € V,?, (2212)
where bilinear forms l1(-,-) and ly(+,-) are given by

Liu,vp) = Z (B(Vu — Qu(Vu)) - n,v0 — vp)ok,

KeTy

lo(u,vp) = % Z (@Qp(Qou) — Qp(ulok), Qvvo — vb) ok,

KeTh

where 1 is the outward normal to 0K.

Proof. Testing (2.1.1) by using vg of vy, = {vg, vy} € V}! we arrive at

(five) = (uv0) — Y (V- (BVu),v0)x

KeTy,
= (Qnus,vo) + Y (BVu, Vo) — Y (BVu - n, vo)ax
KeTy, KeTy,
= (Qhuta UO) + Z (5VU, V’UO)K
=
= D (BVu-m,v —v)ox — Y (BVu -, vp)ox
KeTh KeT;,
= (Qnug,vo) + Z (BVu, Vug) g
KeTh
- Z (BVu - 1,0 — vp)ax — (¢, vs)r- (2.2.13)

KeTy

It follows from the definitions of discrete weak gradient (2.2.3) and Q) operator, and

the integration by parts that

(BQu(Vu), Vyup)gk = —(vo, V- (BQrVU))k + (s, (BQL(VU)) - M)ax
= (Voo, BQuVu)k — (vo — vs, (BQr(Vu)) - n)ox
= (Vuo, BVU)k — (vo — vy, (BQL(VW)) - Mok (2.2.14)

Combining (2.2.13) and (2.2.14), we have

(fivo) = (Quug,v0) + Y (BQW(V), Vitn) i

KeTy

+ Y (vo— vy, BQu(Vu) = V) - n)ox — (,0)r. (2.2.15)

KeTy,
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This together with (2.2.9) and (2.2.10) leads to

(Qnrug, vo) + Z (BVw@nu, Vyup) i

KeTy,
= (f7 UO) + <Q/}7 6vwvh ' Il>1" + <¢7Ub>l“
- Z (vo = vy, B(Qu(Vu) = Vu) - n)ox. (2.2.16)

KeTy,

Adding s(Qpu,vy) to both sides of the above equation gives

(Qhuty 'UO) + Q(Qhu, Uh) = (f7 UO) + <77/}7 vavh b n>F + <¢7 Ub)F
+11(u, vp) + s(Qru, vp). (2.2.17)

It follows from (2.2.8) that

s(Qnu,vn) = % > (Qu(Qou) — Quu, Quvo — vh)ox
KeT,
= % (Qb(@ou) - Qb(u|8K)7 Qpvo — Ub>aK
KEeT,
_%W; Qpvo — ’Ub>r-

Substituting the above equation in (2.2.17) yields

(Qnug,vo) + a(Qru,vp) = (f,v0) + (¥, BVwvs - n)r + (@, vs)r
+1 (u, vp) — %W% Qvvo — Vp)T

+% > {@u(Qou) — Qul(ulox), Quvo — vb)orc.  (2.2.18)

KeTy

Subtracting (2.2.4) from (2.2.18) leads to desire result. O
Before proceeding further, we introduce following results from earlier literature for
our later analysis (cf. [44, 112])

Lemma 2.2.5. For any v, = {vg, v} € V}, we have

1
[vo — vellorx < C(hf||Volx + |Qpvo — vellor). O

Lemma 2.2.6. Assume that Tj, is shape regular. Then for v € H*Y(Q;), i = 1,2 and

v, = {vo, vp} € V)2, we have

h(w, o)l < CRE(Jullerrgn + llullrrioa)loall,
l2(u, o)) < CR*(lullesrgy + lullesrg)llonlll. O
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2.3 Semidiscrete Error Analysis

This section deals with the error analysis for the spatially discrete scheme (2.2.4). Opti-
mal order of convergence in both L>(L?) and L>(H"') norms are established when the

regularity of the solution is low on the entire domain.
Now, we are ready to discuss the main results of this section.

Theorem 2.3.1. Let uy, € V)2 be the weak Galerkin finite element solution of the problem
(2.1.1)-(2.1.3) arising from (2.2.4). Assume the exact solutionu € H'(0,T; H*1(,)), i =
1,2. Then there exists a constant C' > 0 such that

2

190e = un)ll < CHF 37 (llesn, + sy )

i=1
Proof. By letting v;, = e; in (2.2.12), we have

1d
5@(607 eo) + |H€h|||2 = li(u, en) + la(u, ep).

By integration over the time period [0, t], we get

1 t t G
leo®lP [ lenlPds < [ Yt en)lds + [ ot cn)lds
0 0 0
Here, we have used the fact that e,(0) = 0. It then follows from Lemma 2.2.6 that
1 9 k 2
Sleo®II"+ [ lenll"ds
0
ok [ e 2 1 4y 2
<o [l +luloe)ds+ 5 [ llalPds. 231)
0 0
Hence, we have
¢ ) [
2 2 2
leolo? + [ Mlenll’ds < Ch* [ (ulf g, + 05 2.3.2)
0 0
In order to estimate |||ey|||, we apply the error equation (2.2.12) with v, = ep; to have

1d d d
(eot, €ot) + §£G(€h, en) = ah(u? en) + £l2(ua en) — li(ug, en) — la(uy, ep).

Thus, integrating above equation with respect to ¢, we obtain
! 1
/ leodPds + galen en) < Dl en) + bo(u,en)
0

t t
+/mwmmw+/Mmem
0 0
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which together with Lemma 2.2.6 leads to

t 2 t
| leadPds + lenll? < €MDl g, + [l i0d

t
+C(lleall* + [ llewlas) (2:3.3)

Here, we have used Young’s inequality with parameter v > 0.
Combining (2.3.2)-(2.3.3), we obtain

t
/ leorlPds + [leall?
0

2 2 t
< CR S (lulf g, + CHF Y / (!Iu\liﬂvgi + HutHiH,gi)ds- (2.3.4)
i=1 i=1 70
Now, triangle inequality, coercive property (1.4.16) and Lemma 2.2.1 leads to

IV(u—un)ll < [[V(u—=Qou)ll +[|V(Qou — uo)]|
< OP*(llullksran + llullesi,) + llenllsn
< CP¥(llullksran + llullesin,) + Cllexll. (2.3.5)

The desire estimate follows from (2.3.4)-(2.3.5). This completes the proof. [
Next, we derive an optimal order of estimate for e;, in L?-norm, the basic idea applied

is to use elliptic projection. Let X* be the collection of all v € L?(2) with the property
that v € H*(Q) UH*(Q2)} N{¢ : ¢y =0 on 9N} and [v] = ¢, and [ g—ﬂ = ¢, along I'.
Define

f* { -V (51Vv) in Ql,
-V (BQVU) in Qg.

Clearly f* € L*(Q). Define Ry, : X* — V)2 by

a(Rpv,wp) = (fy, wo) + (Yo, BVwwy - 0)1 + (D, wp)r
_hflwv, Qvwo — wy)r Ywy, = {wo, wp} € V,?, ve X" (2.3.6)

It is easy to observe from the definition of elliptic projection and equation (2.2.4) that
(une, vp) + alup, vp) — a(Rpu,vp) = (f,v0) + (V- (BVu),v9) = (ug, vo), (2.3.7)

for all vy, = {vg, vy} € V)?. Here, we have used equation (2.1.1).
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Arguing as in (2.2.18), we obtain
a’(Qh'Ua wh) = (fq:ka UJ()) + <77Z}va /vawh . n>F + (¢va wb)F + ll(vv U)h)
1
+lo(v, wp) — E(@/Jv, Qpwo — Wp)r. (2.3.8)

Further, in view of (2.3.6), this definition may be expressed by saying that Rjv is the
weak Galerkin finite element solution of the following elliptic interface problem with
exact solution v (cf. [44, 112])

=V (B(x)Vv) = f; in,

v=0 on 00, (2.3.9)
[U] 5 %, |:6(3_:;:| = ¢v along L.

The error estimate for Ry, as shows in the following lemma (cf. [44, 112]), should be

applied.

Lemma 2.3.1. Let Ry, be defined by (2.3.6). Assume that the exact solution of problem
(2.8.9) is so reqular that v € H*(Q;), i = 1,2. Then there exists a constant C > 0
such that

I1Bhw — Quolll < CR*([[ollksr.0 + [[0llksr,0.),
IBho — Quoll < CR*([[ollksrgn + 0llktr0.). O

Corollary 2.3.1. Let u be the exact solution of the interface problem (2.1.1)-(2.1.3),
then

2
1Ry = Quull 2 + Bl Byw = Quull - < CREEY " Jlulliir 0,
=1

2
| Rntte — Quul| 20y + Bl Ruwe — Quuelll < CRF Y™ Jwaligro. O
i=1
We write the error e, = u, — Qpu in standard p and 6 form as

en(t) = un(t) — Quu(t) = 0(t) + p(t), (2.3.10)
where p = Ryu — Qpu and 0 = up, — Ryu. According to Corollary 2.3.1, we obtain

ol < CR* (fullisray + lullrnn,)- (2.3.11)
Again, subtracting (2.3.8) from (2.3.6), we obtain

a(Ryv, wy) = a(Quu,wy,) — Li(v,wy) — la(v,wy) Yo € X*, wy, € V2. (2.3.12)
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Setting v = u € X* in (2.3.12) and further differentiating with respect to ¢, we have

a((Rpu), wp) = a((Qpu)e, wp) — Uy (ug, wy) — lo(ug, wp).

Also,

CL(RhUt7wh) = a(Qhutawh) - ll(ut,wh) - 12(Ut, wh)-

From the above two equations, we have
a((Ryu — Quu)y — (Ryuy — Qpuy), wy) = 0 Yy, € V).

Setting wy, = (Rpu—Qpu);— (Rpu—Qpuy) in the above equation and applying positivity

of the bilinear map af(.,.), we obtain
pr = Rpuy — Qpuy.
Then, as a consequence of Corollary 2.3.1, we obtain
el < CHuellngr.on + lllisrn): (2.3.13)
In order to estimate 6, for all v, € V}?, note that

(O, vp) +a(f,v,) = (upe — (Rpw)t, vp) + a(up, — Ryu, vp)

(
(Ung, vp) + alup, vp) — ((Rpw)g, vp) — a( Ry, vy)
= (ug,vn) — ((Rnw)e, vn)
(Qnue, vn) = ((Bruw)e, vn)
((@nw)e, vn) — ((Rpw)e, vn) = (—pi; vn)- (2.3.14)

Here, we have used equation (2.3.7). For v, = 6 in (2.3.14), we have

(6,0) +CllON* <ol

which leads to
t , t ¢
o1+ ¢ [ Nollds < oI+ [ llds+C [ foiPas
0 0 0
A simple application of Grownwall’s inequality yields
t
1617 < 16+ C [l (2315)
0
Using Lemma 2.3.1, we find

10(0)]| = [[un(0) = Ryu(0)] = |Quu(0) — Rou(0)]| < CH* (01 (2:3.16)
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This together with (2.3.13) and (2.3.15) leads to
01> < Ch*u(0)],
¢
+Ch2(k+1)/ (luellzr0, + luellii ,)ds. (2.3.17)
0

Substituting (2.3.11) and (2.3.17) in (2.3.10), and applying Lemma 2.2.1, we obtain

following optimal L°°(L?) norm error estimate

Theorem 2.3.2. Let uy, € V)2 be the weak Galerkin finite element solution of the problem
(2.1.1)-(2.1.3) arising from (2.2.4). Assume the exact solutionu € H*(0,T; H*(Q,)), i =
1,2. Then there exists a constant C' > 0 such that

2

=il < EH Ju@llcia + 3 (lllisn, + el o) b O

=1
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Fully Discrete Error Analysis for Parabolic Interface

Problem with Non-homogeneous Jump Conditions

This chapter is devoted to the extension of spatially semidiscrete a priori error analysis
to the fully discrete approximation for the parabolic interface problem (1.1.1)-(1.1.3) in a
convex polygonal domain. First order backward Euler and second order Crank-Nicolson
schemes are applied for the temporal discretization. Optimal order of convergence in
L>(L?) norm is derived for the fully discrete solution. Finally, two dimensional test

experiments are presented to testify our theoretical results.

3.1 Introduction

We shall begin with first recalling the parabolic interface problem of the form
w =V (BVu) = f inQx(0,T], (3.1.1)
with initial and Dirichlet boundary condition
u(z,0) = ug(x) inQ; u=0 on I x (0,7] (3.1.2)

and interface conditions

ou

[u] =, [Ba—n} =¢ along I' x (0,7]. (3.1.3)

where ) is a convex polygonal domain in R? with boundary 9Q and Q; C € is an open
domain with Lipschitz boundary I' = 9y and Q5 = Q\Q;. Other symbols are as defined

Some parts of this chapter published online in Numer. Funct. Anal. Optim. 40 (2019), no. 3,
259-279 and J. Appl. Anal. Comput. 10 (2020), no. 4, 1433-1442.
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in Chapter 1. We assume that the physical coefficients are discontinuous along interface
[' and piecewise positive constant i.e., f(x) = f for x € Q, k = 1,2. We assume that
f is sufficiently smooth locally. Jump functions ¢, ¢ : I' x (0,7] — R and initial data
up : 2 = R are given.

In fluid dynamics and material sciences, we often encounter parabolic interface prob-
lems. These interface models happen in many practical applications, such as, heat
conduction process in different heat media, electric field distribution in different elec-
tromagnetic media, blood flow of human heart, dynamics of biological cell membrane
and so on. A considerable amount of numerical algorithms are developed for interface
problems based on Finite Element Methods (FEMs). These methods can be divided
into two categories via the meshes: fitted FEM [2, 34, 47, 127, 141, 152] and unfitted
FEM [11, 91, 95, 96, 128, 136, 154, 158]. Under the low regularity of solutions for inter-
face problems, the convergence analysis has remained a major part of the mathematical
study up to the present day. The purpose of the present chapter is to extend the conver-
gence analysis of fitted WG-FEMs for elliptic interface problems to parabolic interface
problems. To derive optimal O(h™*!) (7 > 1) in the L? norm for WG-FEM, the min-
imum regularity assumption on the exact solution u should be u € H'(0,T; H™™(Q))
(for instance, see [88, 160, 161]). More recently, in [50], the authors have shown the
convergence of WG finite element solution to the true solution at an optimal rate in
L*(L*) norm under the assumption that w € L*(0,T; H™(Q)) N H'(0,T; H™'(2)). In
fact, the error analysis in [50] can be extended for the parabolic interface problems to
derive optimal error estimate in L?(L?) norm with some more details arguments. In this
chapter, assuming higher local regularity (cf. [78]) of the true solutions, we have shown
the convergence of WG finite element solution to the true solution at an optimal rate
in L? norm on WG finite element space (Py, Py_1, P7_;). The obtained results intend
to enhance the fully discrete error analysis of linear parabolic equations on polygonal

meshes with Lipschitz interfaces and non-homogeneous jump conditions.
We now turn our attention to some discrete time weak Galerkin procedures. First,

we divide the interval [0, 7] into M equally-spaced subintervals by the following points
0=t"<t'<...<t™=T

with t" = n7, 7 = T/M be the time step. For a smooth function & on [0, 7], define
§" =¢&(t") and
_ gn _ gnfl - gn gn 1
oK'=—"—, "=
T 2
Let U™ = U = {U, U} € V2 be the fully discrete approximation of u at ¢ = ¢" which

we shall define through the following scheme: Given U"™! in V}!, we now determine

(3.1.4)
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U" € VP satisfying

(aUna UO) + a’(Un7 Uh) - (fna UO) + <¢n7 vavh . n>F + <¢n7 Ub>F
—h~ ™, Qyuo — ve)r Yo, = {vo, v} € V), (3.1.5)

with U° = U = Qnu(0) = {Qou(0), Qyu(0)}. For other notations, we refer to Chapter

1 or Chapter 2.
The Crank-Nicolson scheme can be defined through the following scheme: Given

U™ !in V2, we now determine U™ € V¥ satisfying
(OU™,vo) + a(U",vn) = (", v0) + (¥", BVuwvn - m)r + (6", v3)r
—h~ 0", Quvo — vy Yor = {uo, v} € Vi, (3.1.6)

with U = U = Quu(0) = {Qou(0), Qpu(0)}.
The layout of this chapter is as follows: Sec. 3.1 introduces the fully discrete schemes.

While Sec. 3.2 discusses the convergence behavior of backward Euler scheme, we discuss
error analysis of Crank-Nicolson scheme in Sec. 3.3. Finally, in Sec. 3.4 we present some

numerical results to validate our theoretical findings.
3.2 Error Analysis for Backward Euler Scheme

This section is devoted to optimal pointwise-in-time error estimate in L? norm for the
fully discrete approximation given by backward Euler scheme (3.1.5). The error analysis

is highly influenced by the techniques in [131].
For fully discrete error estimates, we now split the errors at t = t" as follows

u = U" =u" — Qpu" + Qpu”™ — U™,

Here, Qpu™ = {Qou™, Qpu™} € V) is as defined by (2.2.8).

At t =t", we denote our fully discrete approximation error as
e = U — Q™ = {ef, 7},
Using p and 6, error e can be further separated as
e"=0"+p", (3.2.1)

where 0" = U™ — Rpu™ and p" = Rpu™ — Qpu™. Here, Ry, is the elliptic projection as
defined in (2.3.6).
For 6", we have the following error equation
(00", vo) + a0, vy) = —(ORpu™ —ull,vp)
= —(w",v) Yo, = {vo, v} € V2, (3.2.2)
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where w" = ORpu™ — uy. For simplicity of the exposition, we write w" = w} + w},

where w} = OR,u™ — u™ and wi = du™ — ul.
Now, setting v, = 6" in (3.2.2), we have
(90", 0™) + a(6™,0") = —(w", 0"). (3.2.3)
Since a(0",6™) > 0, we have

o < 7lwl 116"

< 16O+ Y N+ Y i (3.2.)
j=1 j=1

The term w] can be expressed as
wl = Ruow —ou! = (R, — I)(0w)

" A
4 (Rh—l)—/ utdt:—/ (Rotty — )t (3.2.5)
T Ji—1 T Jyi—1
An application of Corollary 2.3.1 leads to
tJ
rlufl < OH [ (ulhrnan + lulle o)

ti—1

Using above estimate, we have
n . tn
3 ]| < CRE / (wallis s, + Trtllinog)dt. (3.2.6)
j=1 0
Similarly, for the term w}, we have

tJ
T w — Tt — T = —/ (s tjfl)uttdé’; (3.2.7)
ti

j —li

and hence,

i L
iz <7 / e 2 s.
tj—1

Summing over j from j =1 to j = n, we obtain

n tn
TZ HU]%H S CT/O {HuttHLQ(Ql) —+ HuttHLz(QQ)}dt. (328)
j=1

Combining (3.2.6), (3.2.8) and (3.2.4), and further using the fact that ||6°|| = ||Qnu(0) —
Ryu(0)|| < ChEFL||w(0)||x41, we obtain

2 tn
671 < O 1) (a0 + 3 [l + lualzag)de).  (3:2:9)
i=1 70
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An application of Corollary 2.3.1 for p™ yields

2
| < O Y a0

=1

Again, it is easy to verify that

t”l
le e < (O, + / el ..
0

Thus, we have

2 tn
16 < R ()b + 3 [ s de). (3:2.10)
i=1 70

Combining estimates (3.2.9) and (3.2.10) along with Lemma 2.2.1, we obtain follow-

ing optimal L? norm error estimate

Theorem 3.2.1. Let u and U be the solutions of the problem (3.1.1)-(3.1.3) and (3.1.5),
respectively. Assume the exact solution u € HY(0,T; H*1(Q;)) N H2(0,T; L*()), i =
1,2. Then there exists a constant C' > 0 such that

1T = |

2
< G 4 r>{uu<o>uk+l £ 3l gy + ||utt|rLz<L2<m>>>}. 0

i=1

Standard inverse inequality (Lemma A.4, [144]), together with estimates (3.2.9) and

(3.2.10), and Lemma 2.2.1 leads to following discrete H' norm error estimate

Theorem 3.2.2. Let u and U be the solutions of the problem (3.1.1)-(3.1.3) and (3.1.5),
respectively. Assume the exact solution uw € HY(0,T; H*(;)) N H?*(0,T; L*()), i =
1,2. Then there exists a constant C' > 0 such that

1U" = [l

2
<M+ r>{||u<o>||k+1 3 (ullmgreray + ||utt||m<m<w>}. 0
=1

3.3 Error Analysis for Crank-Nicolson Scheme

Optimal pointwise-in-time error estimate in L? norm is established for the Crank-
Nicolson scheme (3.1.6).
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From the definition (2.3.6), for all wy, = {wo,wp} € V¥, it is easy to notice that
(Rhu” + Rhu” 1 )
a
-

Above equation and (3.1.1) leads to following error equation for 6"

- (BVA"), wo)q, + @n,ﬁvwwh ‘)

@M“

+< "wp)r — ", Quwo — wy)r (3.3.1)

(89”, U()) + a(é”, 'Uh) = f ’UO

Mw

(BVA™),v0)0, — (ORyu™, vy)

= (’EL?,UQ) (5Rhu Uo)
= —(w",v0) Yo = {vo, v} € Vy, (3.3.2)

where w" = ORju™ — 4. For simplicity of the exposition, we write w" = w} + w,
where w? = ORyu™ — Ou™ and wh = Ju™ — 4.
Now, setting v, = 6" in (3.3.2), we have

(26", 0™) + a(0™,6™) = —(w",8"). (3.3.3)
Since a (0™, 6™) > 0, we have
Loz = o) < pern@enn + o)
2T - 2 ’
which implies
10 < 16+ e

< N+ lwlll + 7> lwd]- (3.3.4)
i=1 i=1

A

The term w) can be expressed as
w{ = Rhéuj — 5107 — (Rh = ])(5U])

I I
T ti T ti

j—1

An application of Corollary 2.3.1 leads to

+J

rlofl < Cr [ (s + e )de
ti

Using above estimate, we have

n n
D= Ch’““/ (luellerron + llwllirrg.)dt. (3.3.6)
0

j=1
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Now, it remains to determine estimates for wj. To find an estimate for wj, we consider

the following two parts separately

oo W) e U,<tj_1 n z>7
! 1(4] / '271
o) = u’(tH + %) _ i) +2u )
Using the Taylor’s expansion, we obtain
4
Il + llodlloy < cf/tj (e ds, i = 1,2 (33.7)

Summing over j from j =1 to j = n in (3.3.7), we obtain

n tn
Yl <or {nutttnm i ||uttt||m}dt. (3.3.8)
=1 0

Combining (3.3.6), (3.3.8) and (3.3.4), and further using the fact that ||6°]] = ||Qnu(0) —
Ruu(0)|] < Ch*1|u(0)||x41, we obtain

2 tn
o) < €t 4 7) (@l + 3 [ Qllesnen + o)) (339
i=1 V0

An application of Lemma 2.3.1 for p" yields

2
o < CRE Y [lu” a0,
i=1
Again, it is easy to verify that

tn
e g < () llisnas + / el et
0

Thus, we have

2 £
T (TOES Sy A ) (3.3.10)
i=1 70

Combining estimates (3.3.9) and (3.3.10) along with Lemma 2.2.1, we obtain follow-

ing optimal L? norm error estimate

Theorem 3.3.1. Let u and U be the solutions of the problem (3.1.1)-(3.1.3) and (3.1.6),
respectively. Assume the exact solution u € HY(H* ()N H3(L*(Y)), i = 1,2. Then

there exists a constant C > 0 such that

U™ —u"|

2
< O + r2>{||u<o>||k+1 S lull sy + HUtttHLQ(L?(m)))}- 0

i=1
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Standard inverse inequality (Lemma A.4, [144]), together with estimates (3.3.9) and

(3.3.10), and Lemma 2.2.1 leads to following discrete H' norm error estimate

Theorem 3.3.2. Let u and U be the solutions of the problem (3.1.1)-(3.1.3) and (3.1.6),
respectively. Assume the exact solution uw € H'(H*1(Q;)) N H3(L* (), i = 1,2. Then

there exists a constant C > 0 such that
U™ —u"[[1,n

2
<o+ 72>{||u<0>||k+1 £ 3 (ullmgrerag + ||uttt||L2<L2mi>>>}. =
=1

Remark 3.3.1. The proposed fully discrete finite element scheme can be easily extended

for the numerical approzimation of the solutions to the following IBVP

ou; — V.(BVu) = f in Q x (0,77,
u(z,0) = ug, ui(x,0)=wvy in 9, (3.3.11)
u(z,t) =0 on 092 x (0,77,

coupled with the jump conditions (8.1.3). For numerical validation, we refer to numerical

example 3.4.2.

3.4 Numerical Results

We present in this section a numerical result to validate the theoretical estimates pre-
sented in Section 3.3. For our numerical experiment, we use lowest order weak Galerkin
space (P1(K), Py(0K), [PO(K)]Z) based on uniform triangulations of €;, ¢ = 1,2. The
nodes of the triangulations of ©; and {2, coincide on the interface I'. Note that for each
iteration, the spatial mesh size becomes half of the previous mesh size. We choose the
uniform time step 7 = lioh.

For the L? norm error with 7 = O(h), we observe its experimental order of conver-

gence (EOC). For each run i, EOC of a given sequence of L? norm errors e(i) defined

on a sequence of meshes of size h(i) by

log (e(i+1)/e(0))

EOC(e(i)) = _ -~
log (h(z +1) /h@))

Similarly, we have calculated the EOC for the discrete H'-norm.
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Example 3.4.1. We consider the two dimensional domain 2 = (—1,1) x (—1,1) and

1

the interface is taken to be the circle 2% + y? = 1

(3.1.1)-(3.1.3) by setting exact solution as

We select the data appearing in

u(z,y,t) = t(0.25 — 2% —y?) in O x (0,1],
us(w,y,t) = 1(0.25 — 2% — y?)sin(wz)sin(my) in Qy x (0, 1],

with 61 = ].0_4 and 62 =1.

Table 3.4.1: Numerical results for L?-norm error in Example 3.4.1 at final time

[ (runs) h Error EOC
1 : 838744 x 107 —
2 & 3.05176 x 1072 1.45
3 & 7.04421 x 107*  2.11
4 & 1.84338x107% 1.93
5 g 440906 x 107* 2.01

—
[\
oo

Table 3.4.2: Numerical results for discrete H'-norm error in Example 3.4.1 at final time

[ (runs) h Error EOC
1 : 1.17124 —
2 75 6.84037 x 107! 0.77
3 & 3.17659 x 107" 1.10
4 & 1.59264 x 107" 0.99
5 g 7.93007x 1072 1.00

—
[\
co

The convergence behavior of the fully discrete weak Galerkin solutions at final time 7" =
1 with respect to the L?norm and discrete H' norm are also depicted in Tables 3.4.1-
3.4.2. Tt is clear from these tables that we have achieved optimal order of convergence
in both the norms, which confirm the theoretical prediction as proved in Theorems
3.3.1-3.3.2.
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Example 3.4.2. In our second numerical example, we consider the square domain 2 =
(—1,1)x (=1, 1) and the interface is taken to be the ellipse {(z,y) : 42*+16y* = r? = 1}.
We select the data in (3.3.11) such that the exact solution u is given by
10751 — r?)t? exp(—t) if r2 <1,
u(z,y,t) =
107%(1 — r?) sin(0.257t) sin(7zx) sin(7y) if 72 > 1.

The second set of physical coefficients borrowed from Dai et.al. [41] that corresponds

to the classical Pennes bio heat transfer model is given by
(4.08,0.0052) in 42% + 16y < 1,
(3.06,0.0021)  in 4z*+ 16y* > 1.

Table 3.4.3: Numerical results for L?>-norm error in Example 3.4.2 at final time

(o,

[ (runs) h Error EOC
1 L 23268 x 1072
2 L 5.68903 x 107  2.03
3 = 1.48856 x 107*  1.93
4 & 360021 x 107*  2.04
5 & 9.6392x107° 201

Table 3.4.4: Numerical results for discrete H'-norm error in Example 3.4.2 at final time

[ (runs) h Error EOC
1 ro203rx107t -
2 £ 1.32786 x 107*  0.61
3 L 6.59948 x 1072 1.00
4 5 317777 x 1072 1.05
5 & 157923 x 1072 1.01

Tables 3.4.3-3.4.4 represent the numerical solution errors and convergence rates in L?
and discrete H' norms, respectively. In both cases, errors are calculated at time t = 1
and clearly demonstrates the second order of convergence in L? norm and first order of

convergence in discrete H' norm.
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Convergence of WG-FEMs for Wave Equation with

Interfaces

Weak Galerkin finite element method is proposed for solving wave equation with in-
terface on the weak Galerkin finite element space (Py(K), Pr_1(0K), [Pr_1(K)]?). Op-
timal order a priori error estimates for both space-discrete scheme and implicit fully
discrete scheme are derived in L°°(L?) norm. Finite element algorithm presented here
can contribute to a variety of hyperbolic problems where physical domain consists of
heterogeneous media. Finally, numerical results are presented to validate our theoretical

findings.

4.1 Introduction

To begin with, let us first recall the electric interface interface problem of the form
uy — V- (B(x)Vu) = f(z,t) inQ x (0,7T], (4.1.1)
with initial and boundary conditions
u(z,0) = u(0) & wu(z,0) =v(0) inQ; u(x,t) =0 on I x (0,T] (4.1.2)

and the jump conditions on the interface

ou

[u] =, {ﬁa—nl =¢ along I' x (0,7]. (4.1.3)

where ) is a convex polygonal domain in R? with boundary 9Q and Q; C Q is an open
domain with Lipschitz boundary I' = 91 and Q5 = Q\Q;. Other symbols are as defined
in Chapter 1. We assume that the physical coefficients are discontinuous along interface
I' and piecewise positive constant i.e., f(x) = B for © € Q, k = 1,2. We assume that

40
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f is sufficiently smooth locally. Jump functions ¢, ¢ : ' x (0,7] — R and initial data
u(0), v(0) : 2 — R are given.

The numerical solution of the wave equation is of fundamental importance to the
simulation of time dependent acoustic, electromagnetic, or elastic waves. For such wave
phenomena the scalar second order wave equation often serves as a model problem. In
the study of wave equations for some physical problems, such as acoustic or elastic waves
traveling through heterogeneous media, there can be discontinuities in the coefficients
of the equation at interfaces (e.g., [20, 21, 74] and references therein). For instance,
an acoustic wave propagating at different speeds in different media is modeled by the
second order wave equation with discontinuous coefficients. In the past few decades
there has been remarkable progress in understanding and analyzing numerical algorithms
for solving hyperbolic equations. A substantial amount of research on a priori and a
posteriori error estimates in the design of finite element methods for the hyperbolic
equations without interfaces is available in literature (e.g., [16, 17, 38, 58, 60, 63, 64,
68, 77, 114, 119] and references therein). Solving wave propagation problems within
heterogeneous media has been of great interest and has drawn significant attention in a
variety of fields such as the oil exploration industry and mineral finding as well as the
study of earthquakes. Finite element approximations of wave equation with interfaces
via interface fitted conforming finite element algorithms are carried out in [43, 45, 46]. To
avoid interface fitted mesh, immersed FEMs have been proposed to allow the interface
to cut through elements so that simple structured Cartesian meshes can be employed
that are not necessarily body-fitted (cf. [5, 7, 154]). Previous works on FEMs for wave
equation with interfaces are concerned only on linear elements and assume continuity of
the solution along interfaces. On the other hand it is challenging to obtain high order
convergence when the interface geometries are arbitrarily complex. In this chapter, we
extend the work of [112] to the interface problem (4.1.1)-(4.1.3). Typical semidiscrete
and fully discrete schemes are presented. The fully discrete space-time finite element
discretizations are based on the backward Euler approximations. Optimal a priori error
estimates for both semidiscrete and fully discrete schemes are proved in L>®(H') and
L>=(L?) norms. Our results are intended to enhance the numerical analysis of linear

wave equations where physical domain consists of heterogenous media.
The rest of the paper is organized as follows. Sec. 4.2 is devoted to the optimal order

error estimates of semidiscrete WG-FEM algorithm. In Sec. 4.3, a implicit backward
scheme is described along with a priori error bounds in L>(L?) norm. Sec. 4.4 focuses on

some numerical results that confirm the convergence theory developed in earlier section.
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4.2 Error Analysis for the Semidiscrete Scheme

This section deals with the error analysis for the spatially discrete scheme. Optimal
order of convergence in L°°(L?) norm is established when the regularity of the solution

is low on the entire domain.
Let V¥ be the weak Galerkin finite element space defined by (2.2.2) based on the

fitted finite element discretization 7T, of €2 as described in Chapter 1. For each v, =
{vo, vp} € Vj, we introduce a discrete weak gradient operator, denoted by V,,, is defined
as the unique polynomial (V,,vy,) € [Pr_1(K)]? that satisfies the following equation

(Vurn il = - [

KUO(V ~p)dK +/ vp( - m)ds Yo € [Pr_1(K)). (4.2.1)

oK
Using the discrete weak gradient operator V,,, we define a bilinear map A : V;, xV;, = R
by

A(Uh, wh) = Z (ﬂvwvh, wah)K T S(Uh, wh) Yo, wp, € Vi, (422)
KeT,

where S(-, ) is known as stabilizer, which is a semi-positive definite bilinear form defined
on Vj, x V3. Stabilizer S(-,-) is often chosen in such a way that it fits well into the theory
and implementation of the WG numerical scheme. Here, the stabilizer S(-,-) is defined

as

S(vn,wp) = > h (Qyvo — vb, Quwo — wy) ok (4.2.3)

KeTy
Notation (-, -)sx denotes the L? inner product on K and accordingly, we write
<'7 '>(9K — Z <'7 '>87
ecOK
where (-, -). denotes the L? inner product on e € &,.
Recall that the weak Galerkin finite element space V) is a normed linear space with
respect to following triple-bar norm given by (cf. [44])
1 _
llwnll® = Y 182 Vawalli + Y hitllQvwo — wyllx = Alwn,wn) wy € Vi) (4.2.4)
KeTh KeTy
Based on the space V}?, we are now in a position to define the semidiscrete approx-
imation of the interface problem (4.1.1)-(4.1.3). The continuous-time weak Galerkin
finite element approximation to (4.1.1)-(4.1.3) is defined as follows: Find u;, = {uq, up} :

0, T] — V;? satisfying
(une, vo) + Alun,vn) = (f,v0) + (¥, BVyon - m)p + (o, vp)r

Qo — ), (1.25)
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for all vy, € V2 with u;,(0) = Rpu(0) and up(0) = Ryv(0). Well-posedness of the scheme
(4.2.5) can be verified from the fact that weak finite element space V}? is a normed linear
space with respect to the triple-bar norm. Here, Ry, : X* — V) is the elliptic projection
defined by (2.3.6).

Now, like earlier, we split our error into two components using L? projection as an

intermediate operator. We write

u—up = (u—Qpu) + (Qru — up),

where Quu = {Qou, Qyu} € V¥ is defined by (2.2.8). For simplicity, we introduce the

following notation
en = {eo, e} = Qnu — up. (4.2.6)
Now, we further split our error e;, = up — Qpu into standard p and 6 form as
en(t) = up(t) — Quu(t) := 0(t) + p(t), (4.2.7)
where p:= Ryu — Qpu and 0 := uy — Ryu. According to Corollary 2.3.1, we obtain

loll < CRE (lullsr,n + Nulliss n): (4.2.8)

Again, from the identity (2.3.12) it is easy to note that

pr = Rpuy — Qpuy.

Then, as a consequence of Corollary 2.3.1, we obtain

lpell < CREF (Jluellnrron + luelliese.). (4.2.9)

Next, using the definitions of projection operators R;, and @5, along with the semidiscrete

approximation (4.2.5), we arrive at following important identity

(Os, vp) + A(6,vp)

= (unet, vn) + Aup, vn) — ((Rpw)g, vn) — A(Rpu, vp)
= (f,on) = (Ba)ee, vn) + (V- (BVu), vp)

= (ug, vp) — ((Rpt)ge, vp)

(
(

= (Qnus, vr) — ((Rpt)y, vn)
(

= (QhU)tt,'Uh> — ((RhU)tt, Uh) = _(ptt; 'Uh) vvh S V}? (4210)
Now, for some suitable £ € (0,7), we define
3
/ o(. 0<t<T
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Clearly, we observe that
0(€) =0 and 6, = —0(.,t), t € [0, 7. (4.2.11)

Now, set ¢p, = 6 in (4.2.10), integrate between 0 to £ with respect to the variable ¢ to

obtain

~

& . . ¢

- / (6,,0))ds + (6,(6),0(6)) — (6,(0),6(0)) + / A(6,6)ds
3 . R R

- / (o1, 02)ds — (pu(€), B(E)) + (2(0), 6(0)).

Using (4.2.11), we have

€14 ; ; *1d 65
/0 57160 dt—(et(o),e(on—/o 5 7 A0, 0)dt

13 ~
:_/0 (pr, 0)dt + (p(0), 6(0)).

Since 6 is continuous in the time variable, we select & such that ||0(&)|| = maxo<;<7 [|0(t)||.
Then observe that 8(0) = 0 and [|6(0)|| < £]|6(£)||, which together with Young’s inequal-
ity gives

L10E)|” + SAWD(0), 00)
. 3
= (en(0).000) = [ (o100

N 13
< lew (OI8O + max [10()] / lodlt
< &llen )16 + 18IV Tllptll 2o
1
< 2€endO)[ + O + STl pula(z (4.2.12)

for some ¢ > 0. Now, combine estimates (4.2.9) and (4.2.12) to obtain

2
1617 < O (o) + D lulsqansnany ) (12.13)
=1

Thus, we have proved the following optimal L>(L?) norm estimate.

Theorem 4.2.1. Let u and uy, be the solutions of problems (4.1.1)-(4.1.8) and (4.2.5),
respectively. Assume that the solution of (4.1.1)-(4.1.8) is so reqular that w € H'(H*(Q)N
H*Y(Qy)). Then there exists a constant C such that

1@nu(t) —un(®)] < Cthrl(HU(O)”kJrl + Z [u() k41,04

2
+ Z HutylLQ(H’Hl(Qi))), t € (0,7).
=1
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4.3 Fully Discrete Error Analysis

We now turn our attention to discrete time weak Galerkin procedure. A discrete-in-time
implicit scheme based on backward Euler method for approximating exact solution u
is discussed in this section. Optimal pointwise-in-time error estimate in L? norm is
established. The basic error analysis technique is highly influenced by the works in
[43, 63]. It is worth to note that [43] has discussed only linear conforming finite element

method for homogeneous wave equation with homogeneous jump conditions.
Before proceeding further, we now prove a stability result for the semidiscrete solu-

tion uy, given by (4.2.5). Regarding the stability of wy, we have the following result.

Lemma 4.3.1. Let uy, satisfy (4.2.5). Then, we have

| tntee (1)

2
< C(HU(O)IM + ()5 + 1 | msqarzien + Huth(Hﬁ(m)))-
=1

Proof. We differentiate (4.2.10) with respect to ¢ and substitute v, = 6, to have

)
2 dt

Ld

2 dt ”let”’2 = —(pett, Out).-

1601 +
Integration from 0 to ¢ yields

166 (£)11% + 11166 (£

t t
< 18O + IO + | el + [ ol
0 0

Then standard Gronwall’s inequality yields

1801 < C10uO + O + [ lpeat). (43.1)

Similarly, we obtain

T
100 (1) ]|* < C<H9mt(0)\|2 + (162 (0)| +/ HptttttHth>' (4.3.2)
0

Setting ¢ — 07 in (4.2.10) and using the fact that 6(0) = u,(0) — Ryu(0) = 0, we

obtain

(011(0), vn) = —(pu(0),v1) Yoy € V. (4.3.3)
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Then Lemma 2.3.1 leads to

162(0)]

IN

Cllpu(0)]

Ch*([lun(0) |20, + llun(0)]120.)

CR*(|lu(0)]la + £ (0)]]2)

CR?([[uO)la + 1fll a2 (4.3.4)

IA A

IA

In the previous estimate, we have used the fact that (cf. [123], Proposition 7.1)

sup [[o(t)]l < C(T) o]l Vo € H'(J: B), (4.3.5)

o<t<T

for any Banach space B. As a consequence of above estimate together with inverse

inequality, we obtain

16O < Ch 8 (O)| < Chu(O)la + 11711 2 (4.3.6)

We differentiate (4.2.10) with respect to ¢ and then take ¢ — 0T to have

(61¢(0),vn) = —(puz(0), vn) Vou € V. (4.3.7)

Here, we have used the fact that 6;(0) = up(0) — Rpu(0) = 0. Now, using Lemma 2.3.1

we arrive at

[ Rt (0) — Qrue (0) ||

< Ch([luw(0)[[1.0, + lluwe(0)[1,0,)

< Ch(]lv(0)]|s + [l f:(0)11)

< Ch(lu(0)ls + I fll 2 o)) (4.3.8)

Now, we combine estimates (4.3.7)-(4.3.8) to have

| peee (0) ]

N

10 O)I| < Ch([[o(O)l3 + [l 12 (a2 (27))- (4.3.9)

Then use inverse inequality (Lemma A.4, [144]) to have
1026 (Ol < CR™H10ute (O < C Yo (O)l3 + 1l 2 a1 29))- (4.3.10)

Differentiating (4.2.10) twice with respect to ¢ and then take ¢ — 07 to have

(0144(0), vn) —A(0:(0), vn) — (p2(0), vn)
C10: O l[vnll + Nl peee O) [ [ )
C(h™ 0 O) Il + [zt (O)[]) v

C([lw(O)]la + lv(O)lls + LF 1l a2 (z2(2))

IN A

IN
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In the last inequality, we have used standard inverse inequality. Further, using the
estimates (4.3.6) and (4.3.8), we have

(O1¢(0), vn) < C([u0)lla + [[0(O)ls + I f | 222 (2)):
which yields

10222 () | < C([[a(O)]]4 + [[0(0) Iz + [/ |22 (27))- (4.3.11)

Using estimates (4.3.10) and (4.3.11) in (4.3.2), we find that

[0 (1) )12
T

< C(1u(0) I + 0O)IE + 1o + | Nonele).
0
Using above estimate in (4.2.7), we obtain

| neeet ()|

< || pretel] + 1|Oseee]] + || Q@rweeset ||
2

< C(Jju(@)lls + 10O lls + If 20 + D Nllmscmany )

i=1
In the last inequality, we have used Lemma 2.3.1. [

Now, we turn our attention towards fully discrete approximation. We first divide

the interval [0, T] into N equally-spaced subintervals by the following points
0=t'<t'<...<tN =T

with " = n7, 7 = T/N be the time step. For a smooth function v € C(0,T; L3(2)), we

denote " be the value of v at t = t".
Let U = {Ug, U} € V2 be the fully discrete approximation of u at ¢ = ¢*, which we

shall define through the following scheme: For each n = 1,2,..., N, we now determine

Upr € V0 satisfying

(82(]}?7 Uh) + A(U;Ll7 Uh) = (fn’ UO) + <7vz)n7 6vwvh : n>F + <¢n’ Ub>F
—h ", Qyuo — vy, (4.3.12)

for all v, = {vg, v} € V2. The backward second and first finite differences are defined

as
oup — ou;t

T

O = ,forn=1,2,...,N, (4.3.13)
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with

ur—urYh/r, forn=1,2,..., N,
U = Ui =0/ (4.3.14)
Ry,v(0), for n =0,

where UP = Ryu(0).
To connect both fully discrete and semidiscrete solutions, we define U : (0,7 x 2 —
R by

t—¢nt m—t t—t,_1)(t, —t)?
Ut) = ———Ui' + — U;;—l—( 111( )a%z, (4.3.15)

for t € (t""1,¢"], n = 1,2,...,N, with 9?u} is defined as in (4.3.13)-(4.3.14). Time
reconstruction U(t) has been introduced to setup a bridge between continuous time
error analysis and discrete time error analysis. Note that U is a C' function in the
time variable, with U(t") = U}’ and U(t") = OU; for n = 0,1,...,N. Further, for
te (1 t"], n=1,2,..., N, we obtain

Up(t) = (1 + p™(t))0%u}, with (4.3.16)
1
Hn(t) — —g(t _ tn_1/2), z511—1/2 _ _(tn + tn—l)‘
k 2
Next, in order to bound the error U — Qpu, we decompose it as
U — Qhu = (U — uh) =+ (uh — Qhu),

where uy, : [0, T] — V}¥ is the semidiscrete solution defined by (4.2.5).
Then fully discrete error relation in « := (U — uy,) is given by

(e, o) = (" (8)0%upys vn) + (8%ufy — uj, vn) — (Unsr — Upyys V), (4.3.17)

for t € (t"71,¢"], 1 <n < N. In the last equality, we have used (4.3.16).
Setting wi = p"(t)0*uy, wy = O*ul} — ujly, and w3 = uf,, — upy in (4.3.17), we have

(cus,vn) = (W o) + (W5, vp) + (Wi, vn) Yo, € V2. (4.3.18)

Let & : [0,7] x 2 — R be defined as

&(t,.):@(t):/t a(s, )ds, t € [0,T].

Here, A € (t™~1,t™] is fixed for some integer m with 1 < m < N such that [|a()\)|| =
maxo<;<7 ||a(t)]|. Next, we set v, = & in (4.3.18) and integrate the resulting equation

with respect to t between 0 and A\ to arrive at

A
/ (Oétt, d)dt = T1 + T2 + T3, (4319)
0
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A
/ wl, & dt—i—/ t,
: tm—1
A
T, = / w%,oz dt+/ t, (4.3.20)
tm—1

Ty, = / dt+/ (W, &) dt.
tm—1

1

where

Ty =

SQMS

<.
Il
,_.»—\

3

<.
Il

Integrate by parts the left-hand side in (4.3.19) to obtain

1 . 1
§H@()\)|’2 = T1 + 15+ T3 + (ae(0), &(0)) + 5“04(0)H2
Here, we have used the fact that &, = —a and

;(0) = U;(0) — upy (0) = U — Ryv(0)
a(0) = U(0) — un(0) = Ux(0) — Ryu(0) =

&

0
0.

Now, we borrow following estimates from [43]. For the terms T; (1 < ¢ < 3), we

obtain
I < Orllallpze))
X (||uhtttt||L°°(L2(Q)) + [[wntse]| oo (r2@)) + ||“hft”L°°(L2(Q)))’
Ty < Cr||unwsl| noe 2@ llel ne 2 )

5
T3 < C72(|luneeel o r2@)) + luneeel zoor2) 1ol oo (r20)) -

Using above estimates in (4.3.21), we obtain

e L

Above estimate together with Lemma 4.3.1 yields

laV)]? < 074(”“(0)”421 + 1o O)3 + 1 F 12 a0y + 1 s e

2
+ 3 Nl sy
=1

Finally, above estimate together with Theorem 4.2.1 leads to following optimal L2

norm error estimate.
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Theorem 4.3.1. Let u and U} be the solution of (4.1.1)-(4.1.3) and (4.3.12), respec-
tively. Assume that the solution of (4.1.1)-(4.1.3) is so reqular that u € H'(H*(Q;))N
H2(H3(Q)), i = 1,2. Then, there erists a constant C' > 0 such that

1U(#) = Quu(t)]]
< C(h* 417 (I\u(0)||4 + 0(O)lls + (O} lk+x + [1F 32

2
+ 3 (el e o + el mmsen) ) O
=1

Remark 4.3.1. Recently, linear immersed finite element method for second order wave
equation in inhomogeneous media has been discussed in [5] with homogeneous jump
conditions. The authors have established optimal order O(h? + 72) error estimate for
the fully discrete scheme under the assumption that uyy € L®(H?(S4) N H*(Qy)) or
equivalently uy € L®°(H*(Qy) N HY(S)) (see, Theorem 4.1 therein). In the previous
result, for linear elements, we have derived same optimal order error estimate assuming
uy € HY(H?(Q1) N H3(Qy)).

4.4 Numerical Results

In this section, we will explore the performance of proposed weak Galerkin method in
solving second order wave equation with discontinuous coefficients. We present some nu-
merical illustrations to validate the theoretical findings reported in the previous section.
Here, our main significance is to numerically analyze the standard L? norm convergence,
which is obtained in the Theorem 4.3.1. To demonstrate the flexibility and efficiency
of the method, different forms of interfaces along with a large scale of variation in the
physical coefficients are considered. All the numerical computations are done in the
time interval J = (0, 1].

Let U} be the weak Galerkin solution defined by (4.3.12). Then, we have calculated
the following error

en = Quu(ty,) — U}

at final time t,, = T with respect to L?-norm.

The experimental order of convergence (EOC) for a given finite sequence of successive
runs (indexed by ) ) is computed by

log(e(i 4+ 1)/e(i))
~ log(h(i + 1)/h(0))’

where e(i) is the error corresponding to the L? norm and h(i) is the mesh size of the

EOC(e(i))

run 7.
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Table 4.4.1: The history of L? error convergence with time step 7 = h

Example 4.4.1 Example 4.4.2
h lenl] EOC lenll EOC
1/2 5.725347e-01 -  2.635670e-01 -

1/4 2.674987e-01 1.09 7.841587e-02 1.74

1/8 8.489914e-02 1.65 1.890224e-02 2.05

1/16 2.283136e-02 1.89 4.992931e-03 1.92

1/32 5.818861e-03 1.97 1.23735e-03 2.01

1/64 1.461836e-03 1.99 3.017352e-04 2.03

Example 4.4.1. We have considered a line interface as * = 1 in the computational
domain ©Q = (0,2) x (0,1), which is being considered in this numerical example. The
exact solution is selected as
t?sin(rz)sin(ry)  if x <1,
u(z,y,t) =
—t?sin(27z) sin(2my) if x > 1.
The source function f, interface functions (¢, ¢) and the initial data (u(0),v(0)) that
appear in (4.1.1)-(4.1.3) are determined from the choice of u with following physical

coefficients

lifz <1,

% otherwise.

In this example, we have used rectangular mesh with line interface. We have reported

errors in L? norm and the order of accuracy for linear WG space at time ¢ = 1 for
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different values of h in Table 4.4.1 (left). The time step is intentionally selected as
T =h.

Example 4.4.2. In our second numerical example, we have considered a line interface

given by y = 1/2 in the computational domain = (0,1) x (0,1). The true solution is

given by
t? exp(—t) sin(mx) sin(2mry) if y < 1/2,
u(z,y,t) =
t sin(t) sin(7x) sin(27y) ify>1/2,
with the diffusion coefficient
2 if y < 1/2,

5 otherwise.

The order of convergence in L? norm at the final time ¢ = 1 is evaluated for linear WG
space (P1(K), Po(0K), [Po(K )]2) on uniform triangular meshes, which is reported in
Table 4.4.1 (right) for time step 7 = h.

Example 4.4.3. This example is concerned with the higher order WG methods for
the interface problem (4.1.1)-(4.1.3). Here, we have considered a square interface. Let
Q= (—1,1)? with Q; = [-0.5,0.5]* and Qy = Q \ Q, as shown in Figure 4.1. We select
the data appearing in (4.1.1)-(4.1.3) setting the exact solution as

a2 =H2-1 in
wep)=q OV 1
t? exp(—t) sin(mz) sin(2ry) in Q

with following set of diffusion coefficient

3.02 in Q,

4.06 in 2.

Here, we have observed that the proposed WG-FEM scheme still achieved the optimal
rate of convergence in L? norm at the final time ¢t = 1 for the WG space of the form
(P2(K), P1(0K), [Pl(K)f) on triangular meshes as depicted in Table 4.4.2 (left). We
have selected the time step as 7 = h%. Table 4.4.2 (left) clearly demonstrates the O(h?)

in L? norm.
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Table 4.4.2: The history of L? error convergence

Example 4.4.3 Example 4.4.4

h lell  EOC  fleu|  EOC

1/8  3.52536e-01 - 8.93151e-01 -

1/16  4.76792¢-02 2.88 4.32018e-01 1.04

1/32  9.00415e-03 2.40 8.94715e-02 2.27

1/64 1.37947¢-03 2.70 1.98659¢-02 2.17

1/128 1.90361e-04 2.85 4.99063e-03 1.99

1/256 2.58287¢-005 2.93 1.26788e-03 1.97

Figure 4.1: Triangulation of Q (left) in Example 4.4.3 and a curved interface I' (right)
in Example 4.4.4.

Example 4.4.4. Here, we are considering a curved interface I' in the given domain
= (—1,1)x(—1,1) to examine the ability of the WG method to accommodate complex

geometries. The interface and sub-domains are illustrated in the Figure 4.1 and its
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parametric form is given as
x(0) = acosf(1 — cosb),
y(0) = asinf(1 — cosb),

for 6 € [0, 27]. Here we have chosen a = 0.25.
We select the data in (4.1.1)-(4.1.3) such that the exact solution u is given by

( ) t? exp(—t) ((:c2 + 92+ ar)? — a®(2? + y2)> in Q,
u(z,y,t) =
sin(t/4) sin(nx) sin(27y) ((x2 +y? +axr)? — a®(z? + y2)> in Q,

along with the diffusion coefficient

1071 in Q,
b=
107* in Q.
We have achieved optimal rate of convergence in L? norm at the final time ¢ = 1

evaluated on linear WG space for uniform triangular meshes described in Table 4.4.2

(right) with time step 7 = h.

Example 4.4.5. We consider following initial boundary value problem

;

yug — V- (BVu) = fin Q x J,

§ w(x,0) =u(0), wu(z,0)=v(0)in Q,

u(z,t) =0 on I x J,

\

where 2 = (—1,1) x (—1,1) with interface I' as a circle centered at (0,0) with radius
0.5, as shown in Figure 4.2 (top right). We set the exact solution u as

(r2 — r?) sint exp(—t) if r <,
u(z,y,t) =
(r2 — rA)t*sin(mx) sin(my) if r > 1o,
where > = 22 + y? and ry = 0.5. Then, we select the interface functions and the

data appearing in the above problem from the choice of u with the following physical

coefficients

L (1,1500) if r < 7o,
(v, B) = (K", p7) =
(10, 3000) if r > ro.

TH-2665_146123001



CHAPTER 4. WG-FEMs for Wave Equation with Interface 55

Here, K represents the bulk modulus and p the density. In this numerical example,
physical coefficients (v, ) are borrowed from Xu et al. [150, 151]. A large variation in
the coefficients is a common occurrence in study of acoustic wave propagation through
heterogeneous media in geophysical prospecting [18, 79]. Errors in L? norm and the
convergence rate at time ¢t = 1 for different values of h are listed in Table 4.4.3 (left).
The time step is consciously taken as 7 = h. It is clear from the Table 4.4.3 (left)
that we have achieved optimal order of convergence in L? norm which consolidates
our theoretical findings. Figure 4.2 (top left) clearly demonstrates the second order of

convergence in L? norm.

Figure 4.2: Log-log plot of the L? error versus the mesh size at time ¢t = 1 (top left)
along with the triangulation of 2 (top right) in Example 4.4.5, and polygonal mesh with
h =1/4 (bottom) in Example 4.4.6.

Example 4.4.6. In our last numerical example, we have considered a polygonal mesh
with a line interface given by y = 1/2 in the computational domain Q = (0,1) x (0, 1).
A typical polygonal mesh is depicted in Figure 4.2 (bottom), where given domain €
consists of two sub-domains €2; and ), with line interface I". Necessary data appearing

in equations (4.1.1)-(4.1.3) are selected from the following exact solution
t2sin (27t) (2% — 1/4)(y* — 1/4) if y < 1/2,

u(z,y,t) =
exp(—t) cos(t?) sin(rz) sin(2ry) if y > 1/2,
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Table 4.4.3: The history of L? error convergence with time step 7 = h

Example 4.4.5 Example 4.4.6

h lenll EOC el EOC

1/2 2.208641e-02 -  3.863172e-01 -

1/4 1.269432e-02 0.79 1.711643e-01 1.17

1/8 3.087225¢-03 2.03 3.87092¢-02 2.14

1/16 7.871982e-04 1.97 9.331984e-03 2.05

1/32 1.804471e-04 2.12 2.257593e-03 2.04

1/64 4.803721e-05 1.90 5.270162e-04 2.09

and the diffusion coefficient

1ify <1/2,

1072 otherwise.

We have evaluated the rate of convergence in L? norm at the final time ¢ = 1 for linear
WG space (P1(K), Po(0K), [PO(K)]Q), which is reported in Table 4.4.3 (right) for
T =h.
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WG-FEMs for Electric Interface Problem with

Non-homogeneous Jump Conditions

In this chapter, we study a priori error estimates for the spatially semidiscrete scheme for
the electric interface problem (1.1.7)-(1.1.9). Optimal order of convergence for L>(L?)
and L>®(H') norms are established when the global regularity of the solution is low on
the entire domain. We have also established some a priori estimates for the semidiscrete
solution which are very crucial to prove optimal convergence rate of the fully discrete
solution. The fully discrete scheme is based on first order in time backward Euler

discretization.

5.1 Introduction

To begin with, let us first recall the electric interface interface problem of the form
—V (VU +0Vu) = f inQx (0,T], T < oo, (5.1.1)
with initial and boundary conditions
u(z,0) =up in Q; wu(z,t) =0 on I x (0,7 (5.1.2)

and jump conditions on the interface

ou’ Ju
[u] = @, [ea—n + aa—n} =V along I x (0,77, (5.1.3)
where  is a convex polygonal domain in R? with boundary 92 and ; C Q is an open

domain with Lipschitz boundary I' = 9y and Q5 = Q\Q;. Other symbols are as defined
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in Chapter 1. We assume that the physical coefficients are discontinuous along interface

I and piecewise positive constant. We write

(01,€1) in €y,
(0,€) =
(09,€9) 1in .

Several electrical models have been developed for biological cells exposed to an ex-
ternal electric field to obtain the distribution of the transmembrane voltage in [124].
The value and the spatial distribution of the transmembrane voltage are of significant
interest in the electroporation of the cell membrane. Once the required voltage of elec-
troporation is achieved the lipid bilayer molecules of the membrane rearrange themselves
and form pores in the membrane through which ions and impermeable molecules can
pass and enter the cytoplasm [148]. Electroporation is gaining increased importance
because of its clinical applications in gene therapy and drug delivery as a method to
introduce new DNA and drugs into a cell in order to change its function [12]. Numerical
solutions of electric interface model (5.1.1)-(5.1.3) draw significant attention in a variety
of fields such as neural activation during deep brain simulations [25, 67], debacteriza-
tion of liquids, food processing [153], biofouling prevention [125], selective spectroscopic
imaging of the electrical properties of biological media [10]. One of the first finite ele-
ment methods treating electric interface problem has been studied by Ammari et al. in
[9]. Well-posedness of the model interface problem and the regularity of its solutions
have been established. A fully discrete finite element scheme based on backward Fu-
ler discretization has been proposed for the numerical approximation of the potential
distribution. Optimal convergence order in both L*(H') and L?*(L?) norms have been
obtained with homogeneous jump conditions. In [9], authors have used fitted finite ele-
ment discretization. More recently, L>°(H')-norm and L>(L?)-norm error estimates are
derived in [48] assuming solutions are continuous along interface. As far as we know,
the other classes of finite element methods which are developed for interface problems
yet to be discussed for the electric interface model. In this work, we consider an electric
interface model with non-homogeneous jump conditions and solve it numerically using
recently developed weak Galerkin finite element method. In this article, we extend
the work of [112] to the electric interface model (5.1.1)-(5.1.3). Typical semidiscrete
and fully discrete schemes are presented. The fully discrete space-time finite element
discretizations are based on the backward Euler approximations. Optimal a priori er-
ror estimates for both semidiscrete and fully discrete schemes are proved in L>(H!)
and L*°(L?) norms. Finally, numerical results are reported to confirm our theoretical

convergence rate. The present work not only discusses the electric interface model with
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non-homogeneous jump conditions but also confirm the optimal point-wise-in time error

estimates with respect to L? and H' norms.
The rest of the chapter is organized as follows. In Sect. 5.2, we review the definitions

of weak gradient and its discrete analogs in suitable polynomial spaces. Sec. 5.3 is
devoted to the convergence analysis of semidiscrete WG-FEM algorithm. In Sec. 5.4,
a backward Euler scheme is described along with a priori error bounds in L>(H?') and

L>(L?) norms. Sec. 5.5 focuses on some numerical examples.

5.2 Preliminaries

In this section, we shall describe the weak Galerkin finite element discretization for the
problem (5.1.1)-(5.1.3) and review the definition of the weak gradient operator for our

convenience.
Let 7;, = 71 U 72 be the fitted finite element discretization of 2 as described in

Chapter 1. Based on the discretization 7Ty, for k£ > 1, we define following weak Galerkin

finite element space
Vi = {vn = {vo, v} : vplx € V(k, k, K), [vp]e =0, Ye € E), K € Tp,}. (5.2.1)

Here, [vp]e = [vp] denotes the jump of v, € V = [[ g7 V(k, k, K) across an interior edge
e € &) and V(k, k, K) is the local weak Galerkin space as defined in (1.4.7). Denote by
VY the subspace of V}, consisting of all finite element functions with vanishing boundary

value

Vi = {un = {vo, v} € Vi : vp|an = 0} (5.2.2)

For each v, = {vg,vp} € Vj, we recall its discrete weak gradient (V,v;) € [Pr_1(K)]?

that satisfies the following equation

(Vwvn, )k = —/

[ w(V - pparc + / wlp-n)ds Vo € [Pr(K)P  (5.2.3)

oK

where 7 is the outward normal to 0K.

For each element K € 7T, denote by @, the usual L? projection operator from
L*(K) onto Pi(K) and by Q; the L? projection from L?(e) onto Py(e) for any e € &.
In addition, let @), be an another local L? projection from [L?(K)]? onto [Pr_1(K)]%.

We recall following crucial approximation properties for local projections @0, and Qy,.
For details, we refer to [144].

Lemma 5.2.1. Let T}, be a finite element partition of () satisfying the shape reqularity
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assumption as specified in [144]. Then, for v € H*1(Q,) with i = 1, 2, we have

2
S (= Quully + 11V - Qo)) < CRED S lull g,
=1

KeTy

2
> (IVu = QuVa) % + RV (Vu = QuVa)ll) < Ch* Y ullf g,
=1

KeTy

Now, for up, = {ug, up}, v, = {vo,vp} € Vi, we introduce following bilinear maps to

be used in this chapter

ay(up,vp) = (0(x)Vyun, Vo) = Z (o@)unh, vah)K

KeTs,
as(up, vy) = (e(x)Vyup, Vyvy) = Z (e(:v)unh,vah)K
KeT,
s(up, vp) Z ™ ug — wp, vo — vp)or & (¥, vp)r, = Z(‘D,Ub>e-
KeTy, eel'y,

Further, we define following bilinear forms

(®,0(x)Vyup, -n)p, = Z (@, 09Vyup - M)aknry, ,

KeTs
(@, e()Vavn - m)r, = > (P, e2Vuth - Moxer,
KeTs
h™ <<I> Vo — Up)T Z ht (D, v9 — Wp)aknr, = Zh (D, Vol Ky — Vb)e-
KGB eel"h

Here, (-, ). denotes the L? inner product on e € &, and we write

(-, Vox = Z () Ve

e€cOK

To deal with the interface problem, we introduce a Banach space
YV={uecH} Q) : ulg, € H* (), i =1, 2}

with the norm

lully = llulla @) + [lullz2@) + lull 2@z

5.3 Semidiscrete Scheme

This section deals with the error analysis for the spatially discrete scheme. Optimal

order of convergence in both L>*(L?) and L*(H"') norms are established.

TH-2665_146123001



CHAPTER 5. WG-FEMs for Electric Interface Problem 61

The continuous-time weak Galerkin finite element approximation to (5.1.1)-(5.1.3)
is stated as follows: Find uy, : [0, 7] — V}? such that

a(up,vn) + b(uy,,vn) = (f,v0) + (¥, v)r, + (P, 0V - n)p, + (P, Vv - n)p,
—h NP + & vy — wp), Von = {vo, v} € V) (5.3.1)

and u;,(0) = Qru(0) = (Qou(0), Qyu(0)). Bilinear maps a(-,-) and b(-, ) on V;? are given
by

aup, vp) = ay(up, vp) + s(up, vp),
b(up,vp) = ag(up, vy) + s(un, vp).

Recall that a time dependent weak function vy, : [0, 7] — V; is written as v,(t) :=
{vo(t), vp(t)} and subsequently vj,(t) := {v(t), v;(¢)}. For simplicity, we use vy, = {vg, vy}
for v, (t) and v;, = {v(, v} for v, (t). With above notations and from the definition of
weak gradient (5.2.3), it is easy to note that (V,v,) = V), and (V,vp)|i=0 = Vuur(0)
for all vy, € V},.

Well-posedness of the scheme (5.3.1) can be verified from the fact that finite element

space V)2 is a normed linear space with respect to the triple norm

lonll := | (Vwvn, Vivn) + S(Uh,vh)] oo e W

It is easy to see that ||-|| is equivalent to the norms ||-|||, and |||, associated with the

bilinear maps a(-,-) and b(-, -), respectively.

Remark 5.3.1. We define following energy norm

1 1 !
IS = a0, 60D+ ZHEEE0) + [ al€.©) +He s, § 7.
In the absence of source function and jump functions, for v, = uj, we obtain
1 Lo 1
§a(uh(t),uh(t)) +/ b(uy,, up)ds = §a(uh(0),uh(0)). (5.3.2)
0

Stmilarly we derive

! 1 1
/ a(up, up)ds + §b(uh(t),uh(t)) = §b(uh(0),uh(0)). (5.3.3)
0
Adding equations (5.3.2) and (5.3.3), we have

lln(Oll = llun(O)I7; vt € (0,7]. O
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Remark 5.3.2. A simple application of trace inequality (1.4.17) and discrete weak
gradient (5.2.8), it is easy to verify that the triple bar norm is equivalent to following

discrete H - norm

el = (3 (9wl + Adlivo = wl3i)) s vn = {wo,w} €V (5.3.4)

KeTy,

Thus, for the projection operator Qy, : H'(K) — V)2 on each element K € Ty, defined by
Qnv = {Qov, Qpv}, we have

llQwoll* < € (IVQovli5 + h Qo — Quvll3x)
KeTy,
< C D (IVQoullk + hg lQov — vl3x)
KeTy,
< ) (IVQulI% + hilQov — vll% + IV(Qov — v) %)
KeTy,

2
) CZ ||| g2y Vv € V.
i=1
Here, we have used the fact that ||Qou — Qpullorx < [|Qou — ullox and standard approxi-
mation properties of L? projection. [
Moreover, the following Poincare-type inequality holds true (see, Lemma 7.1 in [109)])
lvoll < Clllvnll, v = {vo,vs} € V3. (5.3.5)

Next, we recall the definition for Qnu = {Qou, Qpu} € Vj,. To ensure Qru € Vj, i. e.

Qyu takes single value on any e € &, we define Q,u in the following way

Qb(u|Kﬂe) if € Q I & K C Ql,
Qo= S Qu(ulgne) + Qp® if eCT & K C Qy, (5.3.6)
Qp(ulrre) if eZT &K €T,

Then we have the following lemma connecting @, and Qj, operators ([112]). We omit
the details.

Lemma 5.3.1. Let Q;, and Qy, be the L? projection operators as defined. Then, on each
element K € Ty, and for any 7 € [Pr_1(K)]?, we have

(Vu(@uu), )k = (Q(Vu), 7)k +(®, 7 m)oknr, K € T, (5.3.7)
(Vu(@Quu), Tk = (Q(Vu),7)k, K €T, (5.3.8)

where Ty and T are as defined in (1.4.4). O
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It is easy to observe from the definition of local L? projection and definition (5.3.6)

that
Qu(v'|xre) if eCT&KCy,
(Quu) =S Qp(|kne) + @o® if eCT & K CQy, (5.3.9)
Qv(U'| Ke) if e¢T&KeT,
and hence (Quu) = {(Qou)', (Qvu)'} = {Quv/, (Qyu)'} € Vi, in which (Quu)’ is given by

the relation (5.3.9).
Remark 5.3.3. Using the relation (5.3.9), on each element K € T, and for any T €
[Pr_1(K)]?, we have
(Vu(@rt'), Tk = (Q(VU), T)x + (P, 7 - n)arnr, K €Ty,
(Vu(@Qru'), )k = (Q(VU), )k, K€ Ti. O
Now, we define Qnu’ := {Qou’, Qpu'} with

Qb(v'|Kne) if eCl &K CQ,
Qo' = ¢ Qo |xre) + Qp® if eCT & K C s, (5.3.10)
Qb(v'[kre) if e¢Zl&K €T,

so that Qpu’ = {Qov/, Qpu’} € V}, and Qpu’ = (Qpu)’.

Remark 5.3.4. Let u € H'(J;Y) be the solution to the problem (5.1.1)-(5.1.3). Then
it follows from the definition of bilinear map s(-,-) that

s(Quu,vp) = Z " Qou — Qpu, vy — vp)ox

KeTh

7 Z h= {Qou — Qpu, vo — Vp)ar

KeT

+ Z h~HQou — Qvu, vo — V)ox T,

KeTs

+ > hHQou — Quut, vy — v)e

ecl’y,

= Z h~HQou — Qu(ulox), vo — vp)ox — (D, vg — Up)1), -
KeTh

Similar arguments and definition (5.5.10) leads to
s((Qnu)’,vn) = s(Qnt’,vp) = Z h™HQou' — Qu('|ox ), vo — vb)ox

KeTy,
—h_1<q)/, Vo — Ub>Fh- D
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Below, we shall prove the following stability result for the solution u, satisfying (5.3.1)

Lemma 5.3.2. Assume u;, € V¥ satisfies (5.5.1). Then, for f, ¥ € L*(J; L*(Q)) and

® e H'(J; H*(T)), we have

t
lan(OII* < N Quu(O)II* + C/O (LFI + 1212y + 1N a2y + 1122 ry)ds.

Proof. Putting v, = uj, = {ug, up} in (5.3.1), we obtain

a(up, up) + bluy, up) = (f,u0) + (U, up)r, + (P, 0Vuy - n)r, + (', eVuy - n)p,

i h_1<(I) = (I)/7 Ug — Ub>1“h~

Now, integrate with respect to ¢t from 0 to ¢ to have

t 1 1
2 2 2
/ llanllids + 3 llun I = 5 s (O
0

t t t
< / 1 luollds + / 1% e, o — wplley ds + / 1%l 1ol ds

t t
+C/ !\éllrhllkuh-nllrhdﬁc/ 1), [ Vwtin - |, ds
0 0

t
+o/ B + & |1, [l — |, ds. (5.3.11)
0

From (5.3.5), we observe that

[ ishaolds < [ igiintias < ([ 0rPas)* ([ aiias)’. G312

Similarly, we obtain

t
AL
0

t
/0 190, ol ds <

Ty |U/0 - ub| F}Lds S

IN

IA

IA

IA

1
2

t - t
( / PR, ds) ( Zhluuo—ub\%de)

0 KeT,
Cl¥l 202wy lunllzz0m)- (5.3.13)

t % t %
o [ 1w, as) ( /> uuouins>

KeTh

t 1
ClI¥zosaeen ([ (ol + [Vuol)ds)

KeTy

t

oy ( [ Munll + s )ds)
0

Ol 20 2o l[unll 220 001 - (5.3.14)

2
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Here, we have used (5.3.5) and Remark 5.3.2. For ® € L?(J; H*(T')), we note that

t
Anwmemmmw

: ) 3 : 3
S (/0 Z h—euq)’ﬁdS) (/0 Zhe”kuh’nuzd‘S)

EEFh EGF;L
1 1
t 2 t 2
< c(/ > helmeas(e)HfI)H%oo(e)ds) (/ > hKukuh.nungs>
0 eery, KeTy,
" 3 ¢ 3
< C(/ ||‘I)||§{2(r)d5> (/ Z HVthH%(dS)
0 0 KeT
< Ol @220, m2r)) lwnll 2001 - (5.3.15)
In the derivation of above inequality, we have used the fact that meas(e) = O(h.)

and standard inequality ||®||ze() < || P2 along with trance inequality (1.4.17) and

inverse inequality (c¢f. Lemma A.6 in [144]).
Arguing as in (5.3.15), we obtain

t t
| 1Vl ds [ @ o e
0 0
S C(Hq)HB(O,t;HQ(F)) + 191 20,1220 |un | 20,6501 - (5.3.16)
Finally, estimates (5.3.11)-(5.3.16) leads to desire inequality. [

Remark 5.3.5. Setting v, = uj, in (5.3.1) and arguing as in Lemma 5.3.2, we derive

following stability for uy satisfying (5.3.1)

t
Il (I < llQuu(0)I* + C/O (LA + 1l Z2 ) + 1@l ey + 122y )ds. O

For the error analysis, we split our error into two components using an intermediate

operator. We write
u—up = (u— Qpu) + (Qnu — up).
For simplicity, we introduce the following notation

en = {eo, e} = Qnu — up = {Qou — uo, Qou — up}, un = {uo, up}-. (5.3.17)

As an usual technique, we try to derive some error equation involving e, which is

crucial for our later analysis.
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Lemma 5.3.3. Let e, be the error as defined in (5.5.17) and w € H'(J;Y) be the
solution to the problem (5.1.1)-(5.1.8). Then, for any vy, = {vo,vp} € V)2, we have

a(en, vy) + b€y, vn) = li(u, vp) + L(u', vp) + l3(w, vy) + (W', vp), (5.3.18)
where bilinear forms l1(-,-), la(+, ) and l3(+,-) are given by

Ii(u,vp) = Z (o0(Vu — Qp(Vu)) - n,v0 — ok,

KeTy

l2(u7 Uh) - Z <€(VU - Qh(vu)) <N,V — Ub)aKa
KeTy,

ls(u,vn) = Y hHQou — Qu(ulox), vo — p)ox
KeTy,

where n is the outward normal to OK.

Proof. For any K € Tj, either K C Q; or K C . When K belongs to Q;,7 = 1,2, we

obtain

—(V-oVu,v)r = —(V-(0:Vu),v0)x
= (0;Vu, Vug)g — (0;Vu - n,v0) oK .-

Now, summing over K € T, leads to

—(V-oVu,vy) = Z (cVu, Vug) g — Z (oVu - n,v0 — )oK

KeTh KeTh
- Z (oVu - n,vp) oK. (5.3.19)
KeTy,

Here, oVu -7 = o;Vu -1 on K when K belongs to Q;,i = 1,2. It follows from (5.2.3)
and the definition of Q; operator that

(eQu(Vu), Vyur)k = —(v0, V- (6QrVu)) i + (vp, (6Qn(Vu)) - n)ox
= (Vuy,cQnVu)g — (vg — vy, (60Qrn(Vu)) - n)ox
= (Vwvg,oVu)g — (vg — vp, (6Qr(Vu)) - m)or.  (5.3.20)

Combining (5.3.19) and (5.3.20), we have

—(V-oVu,vy) = Z (cQn(Vu), Vyun)x — Z (oVu - n,vp) oK

KeTy, KeTy,
+ ) (w0 — vy, 0 (Qu(V) — Vu) - n)ox. (5.3.21)
KeTp
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In a similar way, we obtain

—(V - eV v9) = Z (€Qn(Vu'), Vyun) ik — Z (eVu' - n, vp)ax

KeTy KeTy,
+ ) (v — vy, €(Qu(V) — V') - ok (5.3.22)
KeTy,

Now, taking L?-inner product of
—V: (o(x)Vu+e(x)Vu') = f
with vy and using above equations (5.3.21)-(5.3.22), we obtain

(f,v0) = Z (0Qu(Vu), Vyor)k + Z (€Qn(Vu'), Vavr)
KeTh KeTh
— (U, vp)r, — li(u,vp) — la(u', vp). (5.3.23)
This together with identities (5.3.7)-(5.3.8) and Remark 5.3.3 leads to

Z (oVwQnu, Vyup) ik + Z (eVuQnt', Viyup) i

KeTy, KeTy,
= (f,v0) + (®,0Vyvp - m)r, + i (w,vp) + lo(u', vp)
+<(I)/, vevh : Il)rh i <\If, Ub>Fh- (5324)

Adding s(Qpu,vy) and s((Qru)’, vs) to both sides of the above equation gives

a(Qhu, 'Uh) + b((QhU)lv ’Uh) = (fa UO) + <q)7 O_vah : n)Fh in <(I)/, va'Uh : n>Fh
+<\If, Ub>I‘h — h_1<q3 + (I)I, Vo — Ub>I‘;L
+1y (u, vp) + lo(u', vp) + l3(u, vp) + l3(u', v,). (5.3.25)

Here, we have used Remark 5.3.4.
Now, subtracting equation (5.3.1) from equation (5.3.25) yields the desire result.
This completes the rest of the proof. [

Remark 5.3.6. Unlike the LDG methods where the interface conditions appears natu-
rally in variational formulations, the WG-FEM approximation (5.3.1) is motivated by
the work of Mu et al. [112] and equation (5.53.25). More precisely, we incorporate jump

functions ® and V in the discrete formulation to avoid residue in the error equation. [

Next, we recall following crucial estimates for the bilinear maps Iy, ls and l3 from
literature [112].
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Lemma 5.3.4. Assume that T, is shape reqular. Then, for u € H(J; H*1(Q;)), i =
1,2 and vy, = {vo, vy} € V)2, we have

11w, vn)| + lls(u,vn)| < CR*(lfulliesro, + lellisron) llonl,

[l2(, vn)| + [ls(u on)] < CRA ([ ks + ' lesa.g) llonlll
Now, we are ready to discuss the main results of this section.

Theorem 5.3.1. Let uy, € V)0 be the weak Galerkin finite element solution of the problem
(5.1.1)-(5.1.8) arising from (5.8.1). Assume the exact solutionu € H'(J; H*1()), i =
1,2. Then there exists a constant C' such that

t 2
2 2
() lllen(®)Il +/0 llew()lIPds < CR* Y lulin omme gy

=1
t 2
2 2
(b) e, D1 + / lley()IPds < CRES ™ [ull2n o umessia-
=1

Proof. Putting v, = e, in (5.3.18) and using the fact that (V,e,) = V e}, we obtain

1d
llenllly + 5 = lenlly = b (s en)+a(u', en) + ls(u, en) + Is(w/, en).

By integration over the time period [0, ] and use of Lemma 5.3.4 yields

2
[ enlis + et |u2<ch‘“{ZHunHlotm+l } [ ealias.
=1

Here, we have used the fact that e,(0) = Qpu(0) — us(0) = Qpu(0) — Qru(0) = 0
Finally, Young’s inequality leads to part (a).
For the second part, we set v, = ¢}, in (5.3.18) and proceed in a similar fashion. This

completes the rest of the proof. [
Next, we want to estimate the error in L?-norm. To obtain an optimal order error

estimate in L?-norm, we use duality argument. We consider the following interface
problem that seeks w € H'(J;Y) such that for a. e. t € J,

~V - (o(z)Vw — e(z)Vu') = ey in Q, (5.3.26)
ow  ouw'
[w]=0 [J%_an} =0 onTl

and w(r) = 0, 7 € J. Assume that there exists a unique solution w € H'(J;Y) such
that (cf. [9])
|| gy < Clleoll 22 ())- (5.3.27)
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Testing equation (5.3.26) with ef, we obtain,
(e0,€p) = (— V- (o(z)Vw — e(z) V'), ).

Next, arguing as in (5.3.23) and (5.3.24), we obtain

(€0, €0) = Z (oVuQrw — eV,Quu', Vyey,) — Li(w, e),) + b(w', e}), (5.3.28)
KeTy

where bilinear maps {4 (-, ) and ly(+, -) are as defined in (5.3.18).
Now, for suitable 7 € (0,71, integrate the equation (5.3.28) in [0, 7] to obtain

ot = 3 [ {e9.0um. (Fuen i~ (T, Tuchucfds

KeTy

/ I (w, e'h)ds+/ lo(w', e),)ds

- Z / Vu@nw)', Ven)x + (veQhw',Vwe;l)K}ds

KeTh

s Z (oVWQrw, Vyen) k / {li(w, ;) — lo(W', €,) }ds

KeTh,

= — /OT{CLI (eh, (Qhw)') + a2(6;1, (Qhw)/)}ds
- /oT{ll(U% en) — la(w', €} ) hds.

Here, we have used the fact that V,us(t)|imo = V,vn(0) for v, € V2 and e,(0) =

{e0(0),e,(0)} = 0.

Now, using the error equation (5.3.18), we obtain

%HQO(T)HQ:/O s(eh,Qhw')ds—l—/O s(eﬁl,Qhw’)ds—/O I (u, Qrw')ds
u’,Qhw’)ds—/ lg(u,Qhw')ds—/ I3(uv/, Quu'’)ds
0

0

|
/oT hiw,€i)ds + /0 L(w', €)ds. (5.3.20)
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Next, we estimate each term of the equation (5.3.29) individually.

13 (u, Quu')| = C Y~ (o(Vu— Qu(Vu)) - 0, Qo' — Quu')ox

KeTy,
<0 Y [V - Qu(Vu) o [ Qo — o
KeTy,
%
< O ([[uflosn, + Huum,m)( S b [ Qou — w’H%K)

KeTy

< ChF(Jlullisron + ullkir0.)

N (Z (h}2||Qow’—w’H§<+ IIV(Qow’—w’)IIi»

KeTy,

[N

< CH* (lullriaen + Nullre) (w20, + lw']20,)- (5.3.30)

In a similar way, other terms ls(+,-) and l3(+,-) can be estimated as

[l (v Qhw/)l + lls(w, Qh’w')! + |l (v Qhw)l

< Chk“ZHUHkHQ ZHU 1.0 Zl\w 2.0

and hence

/ {11 oty Quw)] + [t e, @uat)] -+ WCaty Quiw!)] + [l (e, @u) Y

< Ch**! Z [l 10,10

=1

lleollz2(rz2))- (5.3.31)
For the last two terms appearing in (5.3.29), we use Lemma 5.3.4 to have
|l (w, )| + [la(w', €,)| < Chllw|ly el

which together with Theorem 5.3.1 yields

/0 "l (w, )|+ la(w', &)}

2
< CRFY "l o,y

(J;L2(Q))' (5332)
i=1
Also, we have following estimate for s(e,, Qnw’)
s(en, Quu’) Z hit{eo — ey, Qo' — Quu’) ok
KeTh
1 / 112 % /
< C|||€h|||( > i Qow’ —w ||az<) < Chlllenll[llw']y. (5.3.33)

KeTy,
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Similarly, we obtain
s(eh, @nw'’) < Chlleyl[lw|ly. (5.3.34)

Combining the estimates (5.3.33)-(5.3.34) together with Theorem 5.3.1, we obtain

/ {s(en, Quu’) + s(ej,, Quu’) hdt
0

2
< Ohk+1 Z ||u||H1(D,T;Hk+1(Qi))

=1

leollr2(7;12(0))- (5.3.35)

Using estimates (5.3.31), (5.3.32) and (5.3.35) in (5.3.29), we arrive at

2
leo(T)||* < CR* Z lwll a1 0,r; 01 (02

i=1

|60HL2(J;L2(Q)). (5336)

Now, we select 7 such that ||eo(7)|| = maxses ||eo(t)|| so that estimate (5.3.36) finally

leads to following optimal L>(L?) norm estimate

Theorem 5.3.2. Let uy, € V)2 be the weak Galerkin finite element solution of the problem
(5.1.1)-(5.1.3) arising from (5.3.1). Assume the exact solution v € H(J; H*1(,)), i =

1,2. Then there exists a constant C' such that

2

leollzezzen < CHF D lullm ey O
=1

5.4 Fully Discrete Method

In this section, we are going to formulate a fully discrete finite element scheme to
approximate the solution of the interface problem (5.1.1)-(5.1.3). We shall use the

backward Euler scheme for the time discretization.
We first divide the time interval J = [0,7] into N equally spaced subintervals by

using the following nodal points
0=t"<tl<t?<... <tV =T,
where t" = nk forn =1,2,--- N — 1 and kK = T'/N being the time step. For any given

sequence {w"}N_ €V}, and a function g € C(J; L*(9)), we define

K K

n—1

B n __ ,,n—1 1 "
g = VT gn:_/ g 8)ds, n=1,2,3,- .
t

We denote by w™ the value of w € C(J; L*(2)) at ¢t = ¢".
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Now, we propose a fully discrete finite element scheme to approximate the solution to
the interface problem. Let UY) = Q,u(0) and U = {UJ, U} € V; be the fully discrete
approximation of u at ¢ = t" which we shall define through the following scheme: For

given U € V| determine U}* € V?, 1 < n < N, satisfying
a(US, vp) + 00U vy) = (", v0) + (U™, vp)r, + (", 0(2)V vy, - M1,
_ 1 - _
+ (09", €(z)V v - n)p, — E(@” + 09", vy — V)1, (5.4.1)

for all v, = {vg, vp} € V).
We decompose the fully discrete error at ¢t = t" as follows:

"= Uy — " = 0" + ", where 0" := Uyl — uf and €" := ], — ",

where uy, : [0, 7] — V2 is the semidiscrete solution given by the equation (5.3.1).
Now, integrating the equation (5.3.1) from ¢"~! to t" with respect to ¢ and dividing

by &, for all v, € V}, we obtain

a(@y, vy) + b(Ouf, vy) = (f ", v0) + (U™, vp)r, + (D", 0(2) Vv,
+ (00", €(x)V yvp-0)1, — %(@” + 00" vy — V)1, - (5.4.2)
Now, we subtract (5.4.2) from (5.4.1) to have following error equation in 6
a(0”,vp) + 600", vy,) = a(ay — uy,vy). (5.4.3)
Putting v, = 6" in the equation (5.4.3), we obtain
e 11* < Cllle™ifile™=Il + Crllaz — wrllle" -

Here, we have used continuity of b(-, -), and positivity of the operators a(-,-) and b(-, -).

Further, Young’s inequality leads to following estimate

o> < clle])” + o> |l@, — il

=1
n tJ
Y / s I2dt. (5.4.4)
=177

Here, we have used the fact that ° = U — u) = Qnu(0) — Qpu(0) = 0 and Taylor’s

series expansion.
Now, it follows from (5.3.4)-(5.3.5) that

IN

10" + IV ]| < C||e"[l + CN10" [|1,n < CNO"I| < Ckllunll e o,emsy)- (5.4.5)
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In the last inequality, we have used (5.4.4).
Above estimate together with semidiscrete error estimates and (5.3.5) leads to fol-

lowing fully discrete error estimates.

Theorem 5.4.1. Let Uy, € V)2 be the weak Galerkin finite element solution of the problem
(5.1.1)-(5.1.8) arising from (5.4.1). Assume the exact solutionu € H'(J; H*1(Q;)) i =
1, 2. Then there exists a constant C' such that

2
(a) NUp —wl| < CO* ullmoummrrigy) + Crllunllm oy,

i=1

2
(b) V(U —u) < CH* Y Nulls o.msmrsragy + Crllunllm ompp- O

=1

5.5 Numerical Results

In this section, we present some numerical experiments to validate the theoretical find-
ings presented in the previous section for weak Galerkin space (Py(K), P1(0K), [Po(K)] %)
based on uniform triangulations of €2;, ¢ = 1,2. The nodes of the triangulations of 2,
and 25 coincide on the interface I'. All the numerical computations are done in the time
interval J = (0, 1] for the coupling x = O(h?).

To illustrate the flexibility of the method, different forms of interfaces along with a
large scale of variation in the physical coefficients are considered. To mark the signifi-
cance of the interface model problem (5.1.1), we take a set of specific thermal parameters

from the paper by Rems et al. [121] given as
g1 = 025, €1 = 70,
oy =5 x 1077, eg=4.5.

Example 5.5.1. For our first numerical example, we consider the two dimensional
domain Q = (—1,1) x (—1,1) and the interface is taken to be the circle r* := 22 + y* =

1/4. The source function f is taken as

(

40(0y sint + € cost) if r? < 1,
{(oat + €) sin(rz) sin(my) (272(3 — r?)
f(xa Y, t) -
+ 4sin(mzx) sin(my)) + 4wz sin(mwy) cos(mz)
|+ 4my cos(my) sin(mz) } if r? > 1.
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And the exact solution of the problem is given by

u(z,y,t) =

10( — r?)sint

t(3 — r?)sin(rz) sin(my) if r2 > 1.

The Dirichlet boundary condition, initial data and interface functions are calculated

from the exact solution. In Figure 5.1, we show the numerical solution at final time step

and triangulation of the domain {2 with mesh size h = 0.167378.
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Figure 5.1: Numerical solution (right) and triangulation (left) of © for h = 0.167378

with circular interface (Test Example 5.5.1).
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Figure 5.2: Numerical solution (left) and triangulation (right) of Q for A = 0.152069

with elliptic interface (Test Example 5.5.2).

Example 5.5.2. For our second numerical example, we take the computational domain

Q= (—1,1) x (—=1,1) and the interface is the ellipse given by r? := 42 + 16y? = 1. We

select the data in (5.1.1)-(5.1.3) such that the exact solution is given by

u(z,y,t) =

1
1o

L
100

1 —rH)t2et

(1 =r)@*=Dy* = 1)

s Tt
S1n 1

if r2 <1,

if 72> 1.
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In Figure 5.2, we show the exact solution and triangulation of the domain €2 with mesh
size h = 0.152069 at final time step.

For numerical implementation of the weak Galerkin algorithm (5.4.1), we have used
linear WG-FEM space on triangular mesh 7, matched with the interface. By successive
mesh refinements using piecewise linear finite elements, the convergence behavior of the
fully discrete solution at final time ¢ = 1 with various mesh parameters h and k are
reported in Figure 5.3. It is evident from the error plots that we have obtained optimal
second order of convergence in L?-norm and first order of convergence in H'-norm which

consolidates our theoretical findings in Theorem 5.4.1.

Example 1 Example 2
10t

Figure 5.3: Log-log plot of the L?norm and H'-norm errors versus the mesh size at

time ¢ = 1 for Examples 5.5.1-5.5.2.

Figure 5.4: Numerical solutions at t = t! = x = 0.01 (right) and at t =t =1 (left) for
h =0.167378.

Example 5.5.3. (Conservation of voltage) We consider IBVP (5.1.1)-(5.1.3) in domain
Qx(0,1] = (—1,1) x (=1,1) x (0, 1] with initial data u(x,y,0) = sinz and coefficients
(B1,B2) = (1,3) = (e1,€2). The interface is taken to be the circle 2? + y* = 1/4. We

define
A, = Z/U,?dm, n=1,2,...,N.
K

KeTy,
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In the absence of source function and interface functions, we have numerically
achieved that our approximate solution U, satisfying (5.4.1) is conserved in the sense
that difference A, — A,—1] (1 < n < N) is sufficiently small. For instance, Fig-
ure 5.4 demonstrates the numerical solutions at time levels ¢t = t' and t = tV. It is
easy to notice from Figure 5.4 that areas A; and Ay under the curves U} and U} in
Q) = (—1,1)x(—1,1) are preserved. In fact it is calculated that |.A; —Ax| =~ 0.061x107°.
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Conclusions and Extensions

In this chapter, we highlight the significant and contribution of the current thesis work
also techniques to derive them. We also provide possible extensions and scope for future

investigations.

6.1 Critical Review of the Results

In this thesis, we proposed some time dependent interface problem with non homoge-
neous jump conditions. We have used non-conforming fitted finite element methods to

study the convergence of weak Galerkin finite element solutions to the exact solutions.
In Chapter 2, we have presented a priori error estimates for the spatially semidiscrete

scheme for the parabolic interface problem (2.1.1)-(2.1.3). In this chapter, we extend
the work of [44, 112] to parabolic interface problem based on WG finite element space
(Pe(K), Pr_1(0K), [Pk_1(K )}2) with projected element-boundary discrepancy stabi-
lizer (see, (1.4.13)). Optimal order error estimates in both L>(H"') (see, Theorem 2.3.1)
and L>®(L?) (see, Theorem 2.3.2) norms are established. To obtain optimal order error
estimates in L°(H"') norm, we have used usual splitting technique, where L? projection
Q1 (defined as in (2.2.8)) of the exact solution has used as an intermediate operator.
Further, the error equation (2.2.12) played a crucial role in the derivation of optimal
error with respect to point-wise in time discrete H' norm. Then, elliptic type projection
operator R, has been introduced in (2.3.6) to obtain optimal order of convergence for

semidiscrete solution with respect to L>(L?) norm.
In Chapter 3, we have extended the spatially discrete a priori error analysis to the

fully discrete approximation for the parabolic interface problem (3.1.1)-(3.1.3). First
order backward Euler and second order Crank-Nicolson schemes are applied for the
time discretization. We have obtained optimal order of convergence in L? norm (see,
Theorem 3.2.2 and Theorem 3.3.2) for both fully discrete schemes. The basic error

7
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analysis technique is borrowed from [131]. Finally, we have presented some numerical
experiments to validate the theoretical estimates for fully discrete method based on

Crank-Nicolson schemes.
In Chapter 4, we have presented a priori error analysis for wave interface problem

(4.1.1)-(4.1.3) with non-homogeneous jump conditions along the interface. We have
derived optimal order of convergence for both semidiscrete scheme and fully discrete
scheme in L>®(L?) norm (see, Theorem 4.2.1 and Theorem wt51). The fully discrete
error estimate is based on the stability of the semidiscrete solution and a reconstruction
operator defined by (4.3.15) connecting both fully discrete and semidiscrete solutions.

Finally, we have presented few numerical examples to validate our theoretical findings.
In Chapter 5, we have considered an electric interface model problem (5.1.1)-(5.1.3)

with non-homogeneous jump conditions and solve it numerically using WG-FEM. We
have presented error analysis for both semidiscrete and fully-discrete finite element
schemes. Optimal order of convergence in L>°(L?) and L>*(H') norms are established
for the semidiscrete solution (see, Theorem 5.3.1 and Theorem 5.3.2). For the L>(H*)
norm error estimate for the semidiscrete solution, the splitting technique has been used,
where the L? projection @, (defined as in (5.3.6)) of the exact solution has used to split
the error into two parts. In fact, apart from the standard error splitting technique, the
newly derived error equation (5.3.3) is also critical. The L*°(L?) norm error analysis is
based on duality arguments. We have also proved stability of the semidiscrete solution
and derive some estimates which are very crucial to prove the optimal convergence rate
of the fully discrete solution. Further, optimal a priori error estimates for fully discrete
scheme is proved in L? norm (see, Theorem 5.4.1). The fully discrete error analysis is
based on standard p and # technique. Finally, numerical results are reported to confirm

our theoretical convergence rate.

6.2 Extensions and Remarks

Unfitted WG-FEMs for Interface Problems: In this thesis, we have considered
fitted finite element method where the discretization is done in such a way that the grid
line follows the actual interface. In unfitted finite element method, the discretization of
the domain is independent of the interface. Unfitted FEMs are helpful in a number of
context including multi-phase and multi-physics applications with moving interfaces or
in situations in which one wants to avoid the generation of body-fitted meshes to reduce
the computational cost. In future, one can consider unfitted WG-FEMs for parabolic
interface problems. As parabolic error analysis depends on the error estimates of elliptic

problems,; one has to first analyze the unfitted FEMs for elliptic interface problems.
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Non-Fourier Bio Heat Model Problem: Let © be a bounded domain in R4(d =
2, 3) with Lipschitz boundary 909 and ©; C € is an open domain with Lipschitz
boundary I' = 0Q; and Qs = Q\Q(see, Figure 1.1). In Q, we consider the following
non-Fourier bio heat transfer model in multi-layered media (c¢f. [150] and references

therein)
W'+ ou' — V- (BVu)=f inQx(0,7T], T < oo, (6.2.1)

with initial and boundary conditions
w(z,0) = up, u'(x,0)=1v9 inQ & u(x,t)=0 on N x (0,7T]. (6.2.2)

Here, 0 = o(x) and § = B(x) are non-negative real-valued functions, and f denotes the
source. Further, v’ and «” denotes the first and second order time differentiation of u,

respectively.
Equation (6.2.1) is also known as hyperbolic heat equation/Maxwell-Cattaneo (MC)

equation/damped wave equation. As a model, we consider bio heat transfer model in
non-homogeneous media. With advances in laser, microwave, radio-frequency and sim-
ilar technologies, a variety of thermal methods have been proposed to analyze the bio
heat transfer in living tissue. However, in applications involving samples with non-
homogeneous internal structures, e.g. biological samples, it has been experimentally
demonstrated that the Fourier law of heat conduction cannot accurately predict the
thermal response of such samples (e.g. [150]). Biological tissue, along with a number
of other common materials, exhibits a relaxation time. Relaxation time reflects the
time between phonon collisions or it represents a time lag between the imposition of a
temperature gradient and the creation of a thermal flux. Skin tissue has a “lengthy”
relaxation time, which means it is desirable to develop a computational approach to
examine the non-Fourier heat transfer process. For details, we refer to Xu et al. [150].
Due to implication of such relaxation time, heat conduction in biological media is gener-
ally not described by Fourier’s law, but rather by the Maxwell-Cattaneo law. Thermal
behavior or heat transfer in biological media is mainly a heat conduction process and
since the thermal properties of biological media vary between different layers, so, it is
natural to have heterogeneity in the underlying media. In particular, media parameters

are discontinuous and piecewise constants in €2. We write

(o1,51) in (Y,
(02,B2) in Q.
The interfacial continuity conditions between layers are given by
Ju
=0, [5]

o) ¢ along T x (0, 7], (6.2.3)
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where the symbols [v] and n are defined as before. The convergence analysis for the
finite element methods for such problems with nonhomogeneous jump conditions and

irregular interfaces are still open.
WG-FEMs for Westervelt’s Equation: Consider the following nonlinear damped

wave equation of the form
c2uy — V- (Vu + V) = y(u?)y in (0,T] x Q. (6.2.4)

The above equation (6.2.4) is known as Westervelt equation which is widely used to
simulate high-intensity focused ultrasound fields generated by medical ultrasound trans-
ducers. High intensity focused ultrasound has numerous applications starting from
treatment of kidney and bladder stones via thermotherapy, ultrasound cleaning, and
welding to sonochemistry. Westervelt equation (6.2.4) with interfaces are motivated
by lithotripsy where a silicone acoustic lens focuses the ultrasound traveling through
a nonlinearity acoustic fluid to a kidney stone. Although substantial work has been
dedicated to their analytical studies [62, 115] and their numerical treatment via finite
element procedure (cf. [14, 62] just to name a few), rigorous error analysis for finite
element methods of nonlinear acoustic phenomena is still largely missing from the liter-
ature. Recently, a priori error estimates for the classical finite element approximation
of Westervelt’s quasi-linear strongly damped wave equation (6.2.4) with linear elements
have been discussed in [116]. Then, a high-order discontinuous Galerkin (DG) method
for the equation (6.2.4) has been carried out in [14]. It is worthwhile to note that only
the semidiscrete scheme (space discretization) has been discussed in [14, 116]. The fully
discrete scheme (space-time discretization) error analysis is still open. It will be inter-
esting and challenging to extend the present the analysis discuss in this thesis to the

interface problems associated with nonlinear acoustic wave equation discussed in [115].
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