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ABSTRACT

The objective of this thesis is to provide higher order convergence of weak Galerkin

finite element solutions to the exact solutions of some time dependent partial differ-

ential equations with Lipschitz continuous interfaces. Due to low global regularity of

the exact solution it is challenging to obtain higher order of convergence for interface

problem. In this thesis, we have proposed non-conforming fitted weak Galerkin finite

element methods (WG-FEMs) for some interface problems with nonhomogeneous jump

conditions and related convergence analysis are carried out under low global regularity

of the true solution.

The weak Galerkin finite element method is a numerical technique for partial differ-

ential equations where the differential operators (e.g., gradient, divergence, curl, Lapla-

cian) are approximated by weak forms. Like the DG methods, WG-FEM makes use of

discontinuous functions in the finite element procedure which endows WG-FEM with

high flexibility to deal with geometric complexities and boundary conditions. WG-FEM

enforces only weak continuity of variables naturally through well-defined discrete differ-

ential operators. Therefore, weak Galerkin methods avoid pending parameters resulted

from the excessive flexibility given to individual elements. As a consequence, WG-FEMs

are absolutely stable once properly constructed. The WG algorithm allows the use of

finite element partitions consisting of general polygonal meshes.

In our first problem, we analyze WG-FEMs for parabolic interface problems. Both

continuous time Galerkin method and discrete time Galerkin methods are discussed.

Fully discrete schemes are based on backward Euler and Crank-Nicolson time discretiza-

tions. Optimal order error estimates in L2 and H1 norms are established for both

semidiscrete and fully discrete schemes.

We next proceed to the a priori error analysis of wave equation with interfaces. Al-

though various higher order finite element methods for elliptic and parabolic interface

problems have been proposed and studied in the literature, but higher order finite ele-

ment treatment of similar hyperbolic problems is mostly missing. In this work, we are

able to prove optimal order point-wise-in-time error estimates in L2 and H1 norms for

the wave equation with interfaces. Fully discrete scheme is based on backward Euler

xi
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method. Numerical experiments are reported for several test cases to confirm our theo-

retical convergence rate. Finite element algorithm presented here can be used to solve

a wide variety of wave models for non-homogeneous inner structures.

In our last problem, we analyze WG-FEMs applied to pulsed electric model arising

in biological tissue when a biological cell is exposed to an electric field. Considering

the cell to be a conductive body, embedded in a more or less conductive medium, the

governing system involves an electric interface (surface membrane), and heterogeneous

permittivity and a heterogeneous conductivity. A fitted finite element method is pro-

posed to approximate the voltage of the pulsed electric model across the physical media.

Optimal pointwise-in-time error estimates in L2-norm and H1-norm are shown to hold

for semidiscrete scheme even if the regularity of the solution is low on the whole domain.

Further, a fully discrete finite element approximation based on backward Euler scheme

is analyzed and related optimal error estimates are derived. Finally, we give numerical

examples to verify the theoretical results.

xii
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1
Introduction

The objective of this thesis is to study higher order weak Galerkin finite element meth-

ods (WG-FEMs) for some interface problems with nonhomogeneous jump conditions.

Interface problems are often referred to as differential equations with discontinuous co-

efficients. The typical mathematical models are the heat or wave type equations with

discontinuous coefficients, which arise when the physical processes involve two or more

materials or media with non-identical properties. Owing to its mathematical complexity

and low regularity of its solutions, the study of interface problems has remained a major

part of the mathematical study up to the present day. In the present work, we have used

non-conforming fitted finite element methods to study the convergence of weak Galerkin

finite element solutions to the exact solutions of some classes of interface problems.

1.1 Problem Description

In this section, we introduces the interface problems that to be studied in this thesis. It

also contains a brief overview on the occurrence of these problems and their applications

in many fields of science and engineering.

Parabolic Interface Problem: Let Ω be a convex polygonal domain in R2 with

boundary ∂Ω and Ω1 ⊂ Ω be an open domain with Lipschitz boundary Γ = ∂Ω1. Let

Ω2 = Ω\Ω1 be an another open domain contained in Ω with boundary Γ ∪ ∂Ω (see,

Figure 1.1). In Ω = Ω1 ∪ Γ ∪ Ω2, we consider the following parabolic interface problem

ut −∇ · (β∇u) = f in Ω× (0, T ], T <∞, (1.1.1)

with initial and Dirichlet boundary condition

u(x, 0) = u0(x) in Ω; u = 0 on ∂Ω× (0, T ] (1.1.2)

and interface conditions

[u] = ψ,

[
β
∂u

∂n

]
= ϕ along Γ× (0, T ]. (1.1.3)

1
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CHAPTER 1. Introduction 2

Ω1

Ω2

Ω

Γ

Figure 1.1: Domain Ω and its sub domains Ω1, Ω2 with interface Γ.

Here, n is the outward pointing unit normal to Ω1 and [v] denotes the jump of a quantity

v across the interface Γ, i.e., [v](x) = v1(x)− v2(x), x ∈ Γ, where vi(x) = v(x)|Ωi
, i =

1, 2. The coefficient function β is assumed to be positive and piecewise constant across

Γ, i.e., β(x) = βk for x ∈ Ωk, k = 1, 2. Across the interface Γ, the source function

f : Ω × (0, T ] → R can be singular. We assume that f is sufficiently smooth locally.

Jump functions ψ, ϕ : Γ× (0, T ] → R and initial data u0 : Ω → R are given.

The model equations of the form (1.1.1)-(1.1.3) involving discontinuous coefficients

are sometimes called diffraction problems of parabolic type. Such problems arise in

non-stationary heat conduction problems in two dimensions with a conduction coeffi-

cient which is discontinuous across a smooth interface. The study of parabolic interface

problems is motivated by the models of heat conduction in composite materials [80], bio

heat transfer in heterogenous media [132], heat-mass transfer problem [76], transport of

a dissolved species in two-phase incompressible flow problems [122], viscoplasticity and

plasticity with hardening as well as perfect plasticity [31], eddy current in electromag-

netic field theory [8, 99] and cellular signal transduction [30].

Wave Interface Problem: Let Ω be a convex polygonal domain in R2 with boundary

∂Ω and Ω1 ⊂ Ω be an open domain with Lipschitz boundary Γ = ∂Ω1. Let Ω2 = Ω\Ω1

be an another open domain contained in Ω with boundary Γ ∪ ∂Ω (see, Figure 1.1). In

Ω = Ω1 ∪ Γ ∪ Ω2, we consider the following wave interface problem

utt −∇ · (β∇u) = f in Ω× (0, T ], (1.1.4)

with initial and boundary conditions

u(x, 0) = u0(x), ut(x, 0) = v0(x) in Ω & u(x, t) = 0 on ∂Ω× (0, T ] (1.1.5)

TH-2665_146123001



CHAPTER 1. Introduction 3

and the jump conditions on the interface

[u] = ψ,
[
β
∂u

∂n

]
= ϕ along Γ× (0, T ], (1.1.6)

where the symbols [v] and n are defined as before. The coefficient function β(x) is

assumed to be positive and piecewise constant across Γ, i.e., β(x) = βk for x ∈ Ωk, k =

1, 2. Source function f : Ω × (0, T ] → R, jump functions ψ, ϕ : Γ × (0, T ] → R and

initial data u0, v0 : Ω → R are given.

In the study of wave equations for some physical problems, such as acoustic or

elastic waves traveling through heterogeneous media, there can be discontinuities in

the coefficients of the equation at interfaces (e.g., [20, 21, 74] and references therein).

For instance, an acoustic wave propagating at different speeds in different media is

modeled by the second order wave equation with discontinuous coefficients. This wave

propagation is modeled by the interface problem (1.1.4)-(1.1.6).

Electric Interface Model Problem: Let Ω be a convex polygonal domain in R2 with

boundary ∂Ω occupied by the concerned physical media having conductivity σ = σ(x)

and permittivity ϵ = ϵ(x). We now consider the pulsed electric field model for biological

media [9, 102, 121, 147]

−∇ ·
(
ϵ∇u′ + σ∇u

)
= f in Ω× (0, T ], (1.1.7)

with initial and boundary conditions

u(x, 0) = u0 in Ω; u(x, t) = 0 on ∂Ω× (0, T ], (1.1.8)

where u and f are the voltage potential and electric pulse of the model, respectively.

Further, u0 is the initial voltage and T is the finite terminal observation time, and u′

denotes the derivative of u with respect to time variable.

The basic effects of an electric field on a biological cell can be described by consider-

ing the cell to be a conductive body (cytoplasm) surrounded by a dielectric layer (surface

membrane), embedded in a more or less conductive medium. When an electric field is

applied to this cell (by placing the cell in a conductive medium between two electrodes

and applying an unipolar voltage pulse to the electrodes), the resulting current causes

accumulation of electric charges at the membrane and consequently a voltage (trans-

membrane voltage) across the membrane. For details, we refer to [13, 100, 102, 117, 126]

and references therein. In [102, 126], biological tissue is described as having a permit-

tivity and a conductivity, and current flow through the biological medium is discussed

in [13, 100, 117]. Figure 1.2 shows a cross-section of a single cell comprising of the

cell cytoplasm and the cell membrane. Here, σj and ϵj define the conductivity and

TH-2665_146123001



CHAPTER 1. Introduction 4

Figure 1.2: A cell comprising of the cell cytoplasm and the cell membrane.

permittivity of each medium with subscripts c, m and e describing the cell cytoplasm,

membrane, and exterior media, respectively. Therefore the governing system involves

interface (surface membrane) and discontinuous media parameters, which may find wide

applications in electromagnetism, medicine, food sciences, and biotechnology. Of our

special interest is the case when the physical coefficients are discontinuous and piece-

wise constant in Ω. Since generalization to multilayered media is straightforward, we

can restrict ourselves to the case when domain Ω consists of two open subdomains Ω1

and Ω2 with Lipschitz interface Γ (see, Figure 1.2). We write

(σ, ϵ) =

 (σ1, ϵ1) in Ω1,

(σ2, ϵ2) in Ω2.

Then the information between both the domains are transferred via some interface

conditions

[u] = ψ,
[
σ
∂u

∂n
+ ϵ

∂u′

∂n

]
= ϕ along Γ× (0, T ], (1.1.9)

where [u] := u1|Γ − u2|Γ and
[
σ ∂u

∂n
+ ϵ∂u

′

∂n

]
:= σ1

∂u1

∂n1
+ σ2

∂u2

∂n2
+ ϵ1

∂u′
1

∂n1
+ ϵ2

∂u′
2

∂n2
. Here, ui

stands for the restrictions of u to Ωi and
∂

∂ni
denotes the outer normal derivative with

respect to Ωi, i = 1, 2. Further, jump functions ψ, ϕ : Γ× (0, T ] → R are given.

1.2 Preliminaries

1.2.1 Basic Notation

In this section, we shall introduce some basic notations, function spaces and preliminary

materials to be used in this thesis. All functions considered here are real valued. For

the purpose of introducing notations, we assume Ω to be a convex polygonal domain

TH-2665_146123001



CHAPTER 1. Introduction 5

in Rd (d-dimensional Euclidean space) and ∂Ω denote the boundary of Ω. For x =

(x1, x2, . . . , xd) ∈ Ω, set dx = dx1 . . . dxd. Further, let α = (α1, . . . , αd) be an d-tuple

with nonnegative integer component and denote the order of α as |α| = α1+α2+. . .+αd.

Then, by Dαϕ, we shall mean the αth derivative of ϕ defined by

Dαϕ =
∂|α|ϕ

∂x1α1 . . . ∂xnαd
.

By support of a function ϕ, denoted by supp(ϕ), we mean the closure of all points x

with ϕ(x) ̸= 0, i.e.,

supp(ϕ) = {x ∈ Ω : ϕ(x) ̸= 0}.

For any nonnegative integer m, Cm(Ω) denotes the space of functions with continuous

derivatives upto and including order m in Ω. Cm
0 (Ω) is the space of all Cm(Ω) func-

tions with compact support in Ω and C∞
0 (Ω) is the space of all infinitely differentiable

functions with compact support in Ω.

Now we introduce the following function spaces which we shall refer frequently. For

any domain M ⊆ Ω ⊂ Rd, d = 2, 3, with 1 ≤ p ≤ ∞, Lp(M) denotes the linear space

of equivalence classes of measurable functions ϕ on Ω such that ∥ϕ∥Lp(M) <∞, where

∥ϕ∥Lp(M) :=

(∫
M

|ϕ(x)|pdx

) 1
p

, 1 ≤ p <∞,

∥ϕ∥L∞(M) := ess sup
x∈M

|ϕ(x)| <∞.

When p = 2, L2(M) is a Hilbert space with respect to the inner product

(ϕ, ψ)M =

∫
M
ϕ(x)ψ(x)dx.

For simplicity of notation, we write the norm ∥ · ∥L2(M) of L
2(M) by ∥ · ∥M and remove

the subscript M whenever M = Ω.

We now introduce the notion of Sobolev spaces. For each integer k ≥ 0 and real

number p with 1 ≤ p ≤ ∞, W k,p(M) denotes the standard Sobolev space of functions

with their distributional derivatives of order up to k in the Lebesgue space Lp(M), i.e.

W k,p(M) = {ϕ ∈ Lp(M) : Dαϕ ∈ Lp(M) for 0 ≤ |α| ≤ k}.

The spaces W k,p(M) are Banach spaces endowed with the norm

∥ϕ∥k,p,M :=

( ∑
0≤|α|≤k

∥Dαϕ∥pLp(M)

) 1
p

, 1 ≤ p <∞,

∥ϕ∥k,∞,M := max
0≤|α|≤k

∥Dαϕ(x)∥L∞(M), p = ∞,

TH-2665_146123001



CHAPTER 1. Introduction 6

also, the semi-norm on W k,p(M) is defined as

|ϕ|k,p,M :=
∑
|α|=k

∥Dαϕ∥Lp(M).

When p = 2, we write Hk(M) for W k,2(M) with the norm ∥ · ∥k,2,M = ∥ · ∥k,M and the

semi-norm | · |k,2,M = | · |k,M. For simplicity of notation, we skip the subscript M in the

norm and inner product notation when M = Ω.

The space Hk(M) is a Hilbert space with natural inner product defined by

(ϕ, ψ)k,M =
∑

0≤|α|≤k

∫
M
DαϕDαψdx, ϕ, ψ ∈ Hk(M).

The Sobolev space Hk
0 (Ω) is defined as the closure of C∞

0 (Ω) with respect to the norm

∥ϕ∥k = ∥ϕ∥k,2. This result is true under some smoothness assumption on the boundary

∂Ω. For a complete discussion on Sobolev spaces, see Adams and Fournier [1].

We shall also use the following space-time function spaces in our error analysis. For

1 ≤ p ≤ ∞, we also define the standard Bôchner spaces Lp(J ;B), where B is a real

Banach space with norm ∥ · ∥B and J = [0, T ], consisting of all measurable functions

ϕ : J → B for which

∥ϕ∥Lp(0,T ;B) =
(∫ T

0

∥ϕ(t)∥pBdt
) 1

p
<∞ for 1 ≤ p <∞,

∥ϕ∥L∞(0,T ;B) = ess sup
t∈[0,T ]

∥ϕ(t)∥B <∞ for p = ∞.

We denote by Hm(0, T ;B), 1 ≤ m < ∞, the space of all measurable functions

ϕ : J → B for which

∥ϕ∥Hm(0,T ;B) =

(
m∑
j=0

∫ T

0

∥∥∥∥∂jϕ(t)∂tj

∥∥∥∥2
B
dt

) 1
2

<∞.

When no risk of confusion exists, we shall write L2(B) for L2(J ;B), L∞(B) for L∞(J ;B)
and Hm(B) for Hm(J ;B). Furthermore, C(0, T ;B) is defined as the space of continuous

functions ϕ : [0, T ] → B with norm ∥ϕ∥C(0,T ;B) := maxt∈[0,T ] |ϕ(t)| <∞. For a complete

discussion on Sobolev Spaces, one may refer to Adams and Fourier [1], Dautray and

Lions [42] and Evans [61].

For our notational convenience, we will be using ∂u
∂t

or ut or u
′ interchangeably to

denote the first order time derivative of u with respect to t. Similar notions are used

for higher order time derivatives.

Now we shall recall some important inequalities for our subsequent use (see Hardy

et al. [71]):
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CHAPTER 1. Introduction 7

Young’s inequality. For a, b ≥ 0 and µ > 0, the following inequality holds

ab ≤ a2

2µ
+
µb2

2
.

An important consequence of the Young’s inequality is the Hölder’s inequality. The

discrete version of Hölder’s inequality is stated below.

Hölder’s inequality: Let p > 1 and q be such that 1
p
+ 1

q
= 1. Then, for any real

numbers ai, bi ∈ R, i = 1, 2, · · · , d,

d∑
i=1

|aibi| ≤

(
d∑

i=1

|ai|p
) 1

p
(

d∑
i=1

|bi|q
) 1

q

.

In particular, for p = q = 2, the above inequality is known as the Cauchy-Schwarz

inequality in Rd.

The integral analogue of Hölder’s inequality is as follows: Let p > 1 and q be such

that 1
p
+ 1

q
= 1. Then, for any measurable functions ϕ, ψ : Ω → R

∥ϕψ∥L1(Ω) ≤ ∥ϕ∥Lp(Ω)∥ψ∥Lq(Ω).

For p = q = 2, the above inequality is known as the Cauchy-Schwarz inequality.

Poincaré inequality: Let Ω be a bounded open domain in Rd. Then there exists a

positive constant C = C(Ω) such that

∥ϕ∥ ≤ C∥∇ϕ∥ ∀ϕ ∈ H1
0 (Ω).

In view of the Poincaré inequality, ∥∇(·)∥ defines a norm on H1
0 (Ω).

Next we state without proof, the following continuous version of Grownwall’s lemma.

For a proof, see Rao [118].

Lemma 1.2.1 (Gronwall’s lemma). Let G(t) be a continuous function and H(t) a non-

negative continuous function on its interval t0 ≤ t ≤ t0 + a. If a continuous function

F (t) has the property

F (t) ≤ G(t) +

∫ t

t0

F (s)H(s)ds for t ∈ [t0, t0 + a],

then

F (t) ≤ G(t) +

∫ t

t0

G(s)H(s)exp

[∫ t

s

H(τ)dτ

]
ds for t ∈ [t0, t0 + a].

In particular, when G(t) = C a nonnegative constant, we have

F (t) ≤ Cexp

[∫ t

t0

H(s)ds

]
for t ∈ [t0, t0 + a].
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CHAPTER 1. Introduction 8

1.3 Background and Motivation

We now present a brief account of the relevant literature and motivation for the present

study. Further, this section elucidates our contributions and motivation for the present

study.

Interface problems are frequently encountered in scientific computing and many ap-

plied sciences. Typical examples are the elliptic, parabolic and hyperbolic equations

with discontinuous coefficients. Numerical methods treating these interface problems

have been investigated widely. Finite element method (FEM) is another class of im-

portant approaches for interface problems and a wide variety of FEM approaches have

been proposed in the literature. There are two major classes of FEM depending on

the choice of the discretization, namely, interface fitted FEMs and unfitted FEMs. In

fitted FEMs, the discretization is made in such a way that the grid line is either follow

the actual interface or an approximation of the smooth interface. In unfitted FEMs,

the discretization is independent of the location of the interface. Numerical methods

applied for interface problems based on finite element framework can be mainly grouped

by conforming FEM, Mixed FEM, Discontinuous Galerkin (DG) and Immersed FEMs.

More recently, weak Galerkin (WG) FEMs with polygonal meshes are applied to inter-

face problems. Classical finite element methods for interface problems are mainly based

on the interface-fitted discretization. The performance of such kind of interface-fitted

FEMs depends not only on the quality of underlying finite element partition but also

on the variational formulation of the problem. While the flux discontinuity of the so-

lution can be captured in a variational formulation, the discontinuity of the solutions

neither fit in the variational formulation nor satisfied in classical FEM solution spaces

(see [9, 34, 43, 45, 46, 48, 49, 59, 85, 127], and references therein). Thus, conforming

FEMs for interface problems assume continuity of the solutions along interfaces. Many

efforts have been made to develop alternative finite element methods based on unfitted

meshes for solving interface problems. Galerkin projections and numerical fluxes have

been considered in discontinuous Galerkin (DG) variational formulations to weakly en-

force the interface conditions (for instance, see [19, 26, 57, 70, 81, 82, 84, 101], and

references therein). Surprisingly, there has been considerably less work on the mixed

finite element methods for interface problems with non-homogeneous jump conditions

(see [27, 157]). In fact, convergence analysis of mixed finite element methods for time-

dependent interface problems is still open. More recently, local discontinuous Galerkin

(LDG) method has been proposed to solve not only the homogeneous but also non-

homogeneous parabolic interface problems in [11]. Using the LDG method for space
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CHAPTER 1. Introduction 9

discretization, authors have derived the approximations for the potential and the flux at

the same time. Moreover, unlike the conforming Galerkin methods which need special

treatment for the discontinuity across an interface, the LDG method provides a natural

framework to enforce the discontinuities in both the potential and the flux weakly in the

discrete formulation. Theoretical convergence analysis of the LDG method for parabolic

interface problems is still missing. Recently, it starts to gain more attention on develop-

ing Discontinuous Galerkin (DG) finite element methods for time dependent interface

problems [11, 158]. Because the discontinuous approximation functions are employed,

DG methods have many advantages such as high parallelizability, localizability, and easy

handling of complicated geometries. Immersed FEMs is another popular class of numer-

ical methods which allow the interface to cut through elements so that simple structured

Cartesian meshes can be employed. Immersed FEMs can be regarded as the Galerkin

formulations of finite difference based interface schemes. It is not surprising that the key

ideas of many immersed FEMs actually come from the corresponding finite-difference

based interface schemes. This renders immersed FEMs great popularity in solving a

variety of interface problems (see [5, 6, 7, 35, 66, 69, 72, 75, 83, 92, 94, 95, 96, 154, 155],

to name only a few). Further, combining immersed FEMs and DG methods (DG-IFE)

together to solve PDEs has been proposed in [95] and subsequently it has been extended

for parabolic interface problems in [96, 155] and hyperbolic interface problems [5, 6, 7].

For higher order finite element methods with sufficiently smooth interface, we refer to

[3, 4, 24, 78, 81, 82, 85]. The existing work on FEMs for interface problems assume

C2-smooth interface Γ. The material interfaces in real applications can be geometrically

complicated and very irregular. In some extreme cases with non-smooth interfaces or in-

terfaces with Lipschitz continuity, geometric singularities, such as sharp edges, cusps and

tips, could be encountered. It is challenging to obtain high order convergence when the

interface geometries are arbitrarily complex. To achieve a higher order of convergence in

the body fitted FEMs, in which unstructured meshes conform to the interfaces, a proper

variational formulation that handles jumps in solution and flux is indispensable. On the

other hand, discontinuity of the solution along interface adds more challenge than one

would imagine. A higher order weak Galerkin (WG) method is introduced in [112] for

the elliptic interface problem. The WG method in [112] has many new features including

symmetric positive definite formulation, fewer unknowns and, more importantly, allow-

ing the use of general meshes such as hybrid meshes, polygonal and polyhedral meshes

and meshes with hanging nodes. These features make the new WG-FEM more flexible

in handling complicated interface geometries. Further, the WG finite element algorithm

allows interfaces with Lipschitz continuity. Then the author in [44] provides an optimal
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CHAPTER 1. Introduction 10

combination for the polynomial spaces that minimize the number of unknowns in the

WG scheme without affecting the accuracy of the numerical approximation.

Time evolution equations (which often lead to parabolic PDEs) are considered to

study and understand the dynamics of nature. The best-known linear parabolic PDE is

the heat (or diffusion) equation, where an interface problem occurs when two distinct

materials or fluids with different conductivities or densities or diffusions are involved.

In this thesis, a fitted WG-FEM is proposed and analyzed for the interface problem

(1.1.1)-(1.1.3). Typical semidiscrete and fully discrete schemes are presented, and ana-

lyzed. The fully discrete space-time finite element discretization are based on backward

Euler and Crank-Nicolson approximations. Optimal a priori error estimates for both

semidiscrete and fully discrete schemes are proved in L∞(H1) and L∞(L2) norms for the

weak finite element space (Pk(K), Pk−1(∂K),
[
Pk−1(K)

]2
), k ≥ 1. The new WG algo-

rithm allows the use of finite element partitions consisting of general polygonal meshes

and applicable to interface problems with Lipschitz interfaces.

Solving wave propagation problems within heterogeneous media has been of great

interest and has drawn significant attention in a variety of fields such as the oil explo-

ration industry and mineral finding as well as the study of earthquakes. Previous works

on FEMs for wave equation with interfaces are concerned only on linear elements and

assume continuity of the solution along interfaces. In this thesis, WG-FEM is intro-

duced for solving the interface problem (1.1.4)-(1.1.6) on weak Galerkin finite element

space (Pk(K),Pk−1(∂K), [Pk−1(K)]2). Optimal order a priori error estimates for both

space-discrete scheme and implicit fully discrete scheme are derived in L∞(L2) norm.

Our results are intended to enhance the numerical analysis of linear wave equations

where physical domain consists of heterogenous media.

The equation (1.1.7) is numerically interesting as it does not belong to the well-

studied classes of time-dependent equations. Numerical solutions of electric interface

model (1.1.7)-(1.1.9) draw significant attention in a variety of fields such as neural

activation during deep brain simulations, debacterization of liquids, food processing,

biofouling prevention, selective spectroscopic imaging of the electrical properties of bi-

ological media. In this thesis, the weak Galerkin finite element method is applied to a

pulsed electric model arising in biological tissue when a biological cell is exposed to an

electric field. A fitted weak Galerkin finite element method is proposed to approximate

the voltage of the pulsed electric model across the physical media involving an elec-

tric interface (surface membrane), and heterogeneous permittivity and a heterogeneous

conductivity. Optimal pointwise-in-time error estimates in L2-norm and H1-norm are

shown to hold for the semidiscrete scheme even if the regularity of the solution is low
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on the whole domain. Further, a fully discrete approximation based on backward Euler

scheme is analyzed and related optimal error estimates are derived.

1.4 WG Discretization for Interface Problems

In this section, we shall briefly introduce WG-FEMs for elliptic interface problem. More

precisely, we discuss weak Galerkin discretization for interface problems, review the

definition of the weak gradient operator and its discrete analogue.

In Ω = Ω1∪Γ∪Ω2 (see, Figure 1.1), we consider the following linear elliptic interface

problem

−∇ · (β∇u) = f in Ω (1.4.1)

with Dirichlet boundary conditions

u = 0 on ∂Ω (1.4.2)

and interface conditions

[u] = ψ,

[
β
∂u

∂n

]
= ϕ along Γ× (0, T ]. (1.4.3)

Symbols [v] and n are defined as before. The coefficient function β(x) is assumed to be

positive and piecewise constant across Γ, i.e., β(x) = βk for x ∈ Ωk, k = 1, 2. Source

function f : Ω → R and jump functions ψ, ϕ : Γ × (0, T ] → R are given. Throughout

this thesis, we assume that Ω is a convex polygon in R2 and interface Γ is sufficiently

smooth so that solutions to the interface problems belong to desired Sobolev spaces.

The model equation of the form (1.4.1) is known as stationary heat conduction prob-

lems. Numerical methods treating these problems have been investigated widely. Finite

element method (FEM) is another class of important approaches for partial differential

equations and a wide variety of FEM approaches have been proposed in the literature.

For details, we refer to Brenner et al. [22] and Ciarlet [36], and references therein. The

classical finite element methods based on conforming finite element discretization, have

limitations in practical computation. The conforming finite element space is restricted

to piecewise polynomials with prescribed continuity that ensures conformity and stabil-

ity of the corresponding weak formulation, which is often very difficult to implement,

particularly for problems in high dimensions and/or on general polytopal partitions. In

scientific computing, higher order of convergence is always one of the major research

goals, because high order methods are more accurate and cost efficient. Although con-

forming finite element methods have simple formulations with many fewer unknowns,

construction of conforming finite element spaces of any orders would be either chal-

lenging or impossible. Keeping in mind the applicability of numerical methods of higher
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order with polygonal meshes, recently attempts have been made to develop certain tech-

nologies which make use of polygonal meshes, for instance, see [133, 134, 135] for virtual

element methods, [15, 28, 29, 37, 39] for discontinuous Galerkin methods.

Recently, the weak Galerkin finite element method has attracted much attention

in the field of numerical partial differential equations. The WG-FEM introduced in

[143] refers to the numerical algorithms for differential equations where the differential

operators appearing in the variational forms are to project into another appropriately

chosen Sobolev space such that its approximation by polynomials is possible. More

precisely, the WG finite element approximations are derived from the weak formulations

of the problems by replacing differential operators involved by its weak forms and adding

parameter free stabilizers. In fact, WG formulation is a natural extension of conforming

finite element formulation when nonconforming elements are used. In [143], a weak

Galerkin method was introduced and analyzed for second order elliptic equations based

on a discrete weak gradient arising from local RT ([120]) or BDM ([23]) elements. Due

to the use of the RT and BDM elements, the weak Galerkin finite element formulation of

[143] was limited to classical finite element partitions of triangles (d = 2) and tetrahedra

(d = 3). A computational study of the weak Galerkin method for second-order elliptic

equations has been carried out in [105]. In [144], a WG-FEM was developed for the

second order elliptic equation in mixed form. The use of stabilization for the flux variable

in the mixed formulation is the key to the WG mixed finite element method of [144].

The resulting WG mixed finite element schemes turned out to be applicable for general

finite element partitions consisting of shape regular polytopes, and the stabilization idea

opened a new door for weak Galerkin method. The WG approach has been extended

to a variety of PDEs arising from the mathematical modeling of practical problems

in science and engineering. There is an abundant literature on such PDEs; see, e.g.,

elliptic equation [86, 87, 89, 97, 98, 109, 110, 129, 140, 142, 144], biharmonic equation

[40, 56, 106, 108, 111, 138, 156, 159], parabolic equation [50, 65, 88, 149, 160, 161, 162],

wave equation [73, 137], system of equations [32, 90, 93, 103, 104, 113, 139, 145, 146],

interface problems [44, 52, 107, 112, 130] etc.

Let Th be a partition of the domain Ω with mesh size h. We require that the edges

of the elements in Th align with the interface Γ. A simple and efficient interface fitted

mesh generation algorithm has been proposed in [33]. Elements in such interface fitted

meshes are not restricted to simplices but can be polygons or polyhedra. A typical

element is presented in Figure 1.3. Thus, the partition Th can be grouped into two sets

of elements denoted by T 1
h = Th ∩Ω1 and T 2

h = Th ∩Ω2, respectively. Denote by Eh the

set of all edges in Th and let E0
h = Eh\∂Ω be the set of all interior edges. Let Γh be the

TH-2665_146123001



CHAPTER 1. Introduction 13

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

2

1

Figure 1.3: A typical fitted discretization

subset of Eh of all edges on Γ. For every element K ∈ Th, we denote by hK its diameter

and mesh size h = maxK∈Th hK for Th. Note that

Th = {K ∈ Th : K * Ω2 or ∂K ∩ Γ = ∅}

∪{K ∈ Th : K ⊆ Ω2 and ∂K ∩ Γ ̸= ∅}

:= T1 ∪ T2. (1.4.4)

Note that T1 contains all elements in Ω1 and non-interface elements Ω2. For more details,

we refer to [112].

The key in weak Galerkin methods is the use of weak derivatives in the place of

strong derivatives in the variational form for the underlying partial differential equations.

Thus, it is essential to introduce a weak version for the gradient operator. Weak gradient

operators and its discrete version were introduced in [143, 144], and the rest of the section

will review them. Let K be any polygonal domain with interior K0 and boundary ∂K.

A weak function on the region K refers to a pair of scalar valued functions v = {v0, vb}
such that v0 ∈ L2(K) and vb ∈ L2(∂K). Note that vb may not be necessarily related to

the trace of v0 on ∂K. Denote by V(K) the space of weak scalar valued functions on

K; i. e.,

V(K) = {v = {v0, vb} : v0 ∈ L2(K), vb ∈ L2(∂K)}. (1.4.5)

For any weak function v = {v0, vb}, its weak gradient ∇wv is defined (interpreted) as a

linear functional on H(div, K) whose action on each q ∈ H(div, K) is given by

(∇wv, q)K = −
∫
K

v0∇ · qdK +

∫
∂K

vbq · ηds, (1.4.6)

where η is the outward normal to ∂K.

For any given integer k ≥ 0, denote Pk(K) the space of polynomials of total degree

k or less on the element K ∈ Th. Analogously, for any given integer j ≥ 0, Pj(e) denotes
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the space of polynomials of total degree j or less on the edge e ∈ Eh. On each element

K ∈ Th, define the following local weak finite element space

V(k, j,K) = {vh = {v0, vb} : v0 ∈ Pk(K), vb ∈ Pj(∂K)}. (1.4.7)

A global weak finite element space Vh is constructed by patching local space V(k, j,K)

through a common value of vb on all interior edges

Vh = {vh = {v0, vb} : vh|K ∈ V(k, j,K), [vh]e = 0, ∀e ∈ E0
h}. (1.4.8)

Here, [vh]e = [vb] denotes the jump of vh ∈ V =
∏

K∈Th V(k, j,K) across an interior edge

e ∈ E0
h. Denote by V0

h the subspace of Vh consisting of all finite element functions with

vanishing boundary value

V0
h = {vh ∈ Vh : vb|∂Ω = 0}. (1.4.9)

Next, we introduce a discrete weak gradient operator, denoted by ∇w, is defined as

the unique polynomial (∇wvh) ∈ [Pl(K)]2 that satisfies the following equation

(∇wvh, φ)K = −
∫
K

v0(∇ · φ)dK +

∫
∂K

vb(φ · η)ds ∀φ ∈ [Pl(K)]2. (1.4.10)

where η is the outward normal to ∂K and l ≥ 0 is prescribed non-negative integer. By

applying the divergence theorem to the first term on the right-hand side of (1.4.10) we

arrive at

(∇wvh, ϕ)K = (∇v0, ϕ)K + ⟨vb − v0, ϕ · η⟩∂K ∀ϕ ∈ [Pl(K)]2. (1.4.11)

Using the discrete weak gradient operator∇w, we define a bilinear mapA : Vh×Vh →
R by

A(uh, vh) =
∑
K∈Th

(
β∇wuh,∇wvh

)
K
+ S(uh, vh) ∀uh, vh ∈ Vh. (1.4.12)

Here, S(·, ·) is known as stabilizer, which is a semi-positive definite bilinear form defined

on Vh×Vh. Stabilizer S(·, ·) is often chosen in such a way that it fits well into the theory

and implementation of the WG numerical scheme. For examples (cf. [142]):

Example 1.4.1. (Projected Element-Boundary Discrepancy) For vh = {v0, vb} ∈ Vh,

the continuity of vh can be measured by the quantity vb−v0|∂K for each element K ∈ Th.

The projected element-boundary-discrepancy method is based on the following stabilizer

S(uh, vh) =
∑
K∈Th

h−1
K ⟨Qm(ub − u0|∂K),Qm(vb − v0|∂K)⟩∂K , (1.4.13)

where Qm : L2(∂K) → Pm(∂K) is the usual L2- projection operator and m = max{j, l}.
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Example 1.4.2. (Element-Boundary Discrepancy) The element-boundary-discrepancy

method is based on the following stabilizer

S(uh, vh) =
∑
K∈Th

h−1
K ⟨ub − u0|∂K , vb − v0|∂K⟩∂K . (1.4.14)

In the WG methods, the polynomial degree and the stabilizer must be chosen so

that the bilinear form A(·, ·) is coercive with respect to the semi-norm ∥ · ∥1,h (cf. [142])

defined by

∥vh∥1,h =
( ∑

K∈Th

(∥∇v0∥2K + h−1
K ∥v0 − vb∥2∂K)

) 1
2
, vh = {v0, vb} ∈ Vh. (1.4.15)

More precisely, there exist constants C1, C2 > 0 such that for any vh ∈ Vh, the following

inequality holds true

C1∥vh∥21,h ≤ A(vh, vh) ≤ C2∥vh∥21,h. (1.4.16)

The coercivity inequality (1.4.16), for both the stabilizers on weak Galerkin space

(Pk(K), Pj(∂K),
[
Pl(K)

]2
), is stated below (cf. [142]).

Lemma 1.4.1. Assume that l ≥ k−1 and m = max{j, l}. Then the coercivity inequality

(1.4.16) holds true.

In fact, V0
h is a normed linear space with respect to discrete H1-norm ∥ · ∥1,h. For

simplicity, we shall only verify the positive length property for ∥ · ∥1,h. Assume that

∥wh∥1,h = 0 for some wh = {w0, wb} ∈ V0
h. It follows that ∇w0 = 0 on each element

K ∈ Th and wb = w0 on ∂K. It follows that w0 = constant on every K ∈ Th. This,

together with the fact that wb = w0 on ∂K and wb = 0 on ∂Ω, implies that w0 = 0 and

wb = 0.

Let K be an element with e as an edge. For any function φ ∈ H1(K), the following

trace inequality holds true (see [144] for details)

∥φ∥2e ≤ C(h−1
K ∥φ∥2K + hK∥∇φ∥2K). (1.4.17)

For our later use, for any vh = {v0, vb} ∈ Vh, we define following forms

⟨ψ, β∇wvh · n⟩Γ =
∑
K∈T2

⟨ψ, β2∇w(vh|K).n⟩∂K∩Γh
,

h−1⟨ψ, v0 − vb⟩Γ =
∑
K∈T2

h−1⟨ψ, v0|K − vb⟩∂K∩Γh
,

h−1⟨ψ,Qbv0 − vb⟩Γ =
∑
K∈T2

h−1⟨ψ,Qb(v0|K)− vb⟩∂K∩Γh
,

⟨ϕ, vb⟩Γ =
∑
e∈Γh

⟨ϕ, vb⟩e.
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Here, ⟨·, ·⟩M denotes the L2 inner product on M ⊂ Eh and n is the outward pointing

unit normal to Ω1.

The usual L2-inner product can be written locally on each element as follows

(∇wvh,∇wwh) =
∑
K∈Th

(∇wvh,∇wwh)K , wh, vh ∈ Vh. (1.4.18)

1.5 Proposed Contents of the Thesis

This thesis consists of six chapters, and is organized as follows.

Chapter 1 contains the description of the problems, notations and preliminary ma-

terials to be used in the thesis. It also provides a brief survey on the relevant literature

concerning the problems and their numerical solutions. Further, motivations for the

present study is discussed.

In Chapter 2, we present a priori error estimates for the spatially semidiscrete scheme

for the parabolic interface problem (1.1.1)-(1.1.3) on weak Galerkin finite element space

(Pk(K), Pk−1(∂K),
[
Pk−1(K)

]2
). Optimal order of convergence in L∞(L2) and L∞(H1)

norms are established. The derivation of the a priori error bound heavily depends

on the approximation properties of the elliptic interface problems along with standard

analytical tools and techniques. Some parts of this chapter are published in [51].

In Chapter 3, we extend the spatially discrete a priori error analysis to the fully

discrete approximation for the parabolic interface problem (1.1.1)-(1.1.3). The time

discretization are based on backward Euler and Crank-Nicolson schemes. Optimal a

priori error estimates in L2 and H1 norms are derived for the fully discrete solutions.

Further, numerical results are presented to validate our theoretical findings. Some parts

of the Chapter 3 are published in [51, 54].

Chapter 4 deals with the a priori error analysis for hyperbolic model problem (1.1.4)-

(1.1.6). Here, we extend the work of Chapter 3 to the interface problem (1.1.4)-(1.1.6).

Optimal order of convergence in L∞(L2) norm is established for the semidiscrete so-

lution. We have also studied stability of the semidiscrete solution and derived some

estimates which are very crucial for the fully discrete error analysis. The fully discrete

space-time finite element discretization, based on the backward Euler approximation,

is analyzed and related optimal a priori error estimates are derived. Finally, numerical

results are presented to consolidates our theoretical findings. Results and findings of

this Chapter are communicated in [55].

Chapter 5 is devoted to the study of a priori error analysis for the electric interface

problem (1.1.7)-(1.1.9). Optimal order of convergence in L∞(L2), H1(L2) and L∞(H1)

norms are established for the semidiscrete solution. We have also studied stability of
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the semidiscrete solution and derived some estimates which are very crucial for the fully

discrete error analysis. A discrete in time scheme based on backward Euler scheme is

considered and analyzed for the fully discrete solution. Optimal a priori error estimates

in L2 and H1 norms are derived for the fully discrete solution. Further, numerical results

are discussed to validate our theoretical findings. Results and findings of this Chapter

are published in [53].

Finally in Chapter 6, we discuss the critical evaluation of the results presented in

this thesis. This chapter concludes with a brief discussion on the possible extensions

and future work.
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2
Semidiscrete WG-FEM for Parabolic Interface

Problem with Non-homogeneous Jump Conditions

This chapter concerns a numerical solution of a second order linear parabolic interface

problem. Although the solutions of interface problems exhibit higher regularities in each

individual domains, regularity in the entire physical domain is H1 only due to discon-

tinuities across the interface. To handle this difficulty the weak Galerkin finite element

method is used for the discretization since it allows the use of totally discontinuous func-

tions in the approximation space. In the implementation, the weak partial derivatives

and the weak functions are approximated by polynomials with various degrees of free-

dom. The accuracy and the computational complexity of the corresponding WG scheme

is significantly impacted by the selection of such polynomials. This chapter presents an

optimal combination for the polynomial spaces that minimize the number of unknowns

in the numerical scheme without compromising the accuracy of the numerical approx-

imation. More precisely, optimal order error estimates in both H1 and L2 norms are

established for lowest order WG finite element space (Pk(K), Pk−1(∂K),
[
Pk−1(K)

]2
).

Moreover, the new WG algorithm allows the use of finite element partitions consisting

of general polygonal meshes.

2.1 Introduction

To begin with, let us first recall the parabolic interface interface problem of the form

ut −∇ · (β∇u) = f in Ω× (0, T ], (2.1.1)

Some parts of this chapter published online in Numer. Funct. Anal. Optim. 40 (2019), no. 3,

259-279
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CHAPTER 2. Semidiscrete Scheme for Parabolic Interface Problem 19

with initial and Dirichlet boundary condition

u(x, 0) = u0(x) in Ω; u = 0 on ∂Ω× (0, T ] (2.1.2)

and interface conditions

[u] = ψ,

[
β
∂u

∂n

]
= ϕ along Γ× (0, T ]. (2.1.3)

where Ω is a convex polygonal domain in R2 with boundary ∂Ω and Ω1 ⊂ Ω is an open

domain with Lipschitz boundary Γ = ∂Ω1 and Ω2 = Ω\Ω1. Other symbols are as defined

in Chapter 1. We assume that the physical coefficient is discontinuous along interface

Γ and piecewise positive constant i.e., β(x) = βk for x ∈ Ωk, k = 1, 2. We assume that

f is sufficiently smooth locally. Jump functions ψ, ϕ : Γ × (0, T ] → R and initial data

u0 : Ω → R are given.

Due to the mathematical complexity and essential importance in a number of ap-

plication areas, the study of interface problems has evolved into a well defined field

in applied and computational mathematics. The solutions of interface problems may

show higher regularities in each individual material region than in the entire physical

domain because of discontinuities across the interface (cf. [34, 78, 80, 127]). Thus,

achieving higher-order accuracy may be difficult using a classical method, hence, there

is a need to find the solution to the problem by variational formulations. Convergence

analysis for parabolic interface problem via finite element procedure has been studied

by several authors. Conforming fitted finite element methods for parabolic interface

problems can be found in [2, 34, 47, 127, 128, 141, 152] and reference therein. Then

the idea of immersed FEMs have been proposed to allow the interface to cut through

elements so that simple structured Cartesian meshes can be employed. For parabolic

interface problem, we refer to [91] and references therein. Discontinuous Galerkin (DG)

finite element methods for time dependent interface problems can be found in [11, 158],

and combining immersed FEMs and DG methods (DG-IFE) together to solve parabolic

interface problem has been proposed in [96, 136, 154]. In [78], higher order spectral

element method for parabolic interface problem has been discussed. The algorithm in

[78] is restricted to simple interfaces. At present, to the best of our knowledge, there is

no rigorous convergence analysis available for parabolic interface methods that deliver

high order accuracy for nonsmooth interfaces. The objective of the present chapter is to

propose and analyze higher weak Galerkin finite element method for parabolic interface

problems. In this chapter, we extend the work of [44, 112] to parabolic interface prob-

lem for lowest order WG finite element space (Pk(K), Pk−1(∂K),
[
Pk−1(K)

]2
) based
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on projected element-boundary discrepancy stabilizer. Optimal order error estimates in

both L∞(H1) and L∞(L2) norms are established.

The rest of the chapter is organized as follows. In Sec. 2, we propose the semidiscrete

weak Galerkin finite element approximation and derive an important error relation. Sec.

3 is devoted to the error analysis for the spatially semidiscrete scheme, which is based

on elliptic projection.

2.2 Semidiscrete Approximation

This section deals with spatially discrete scheme for the parabolic interface problem

(2.1.1)-(2.1.3).

Let Th = T1 ∪ T2 be the fitted finite element discretization of Ω as described in

Chapter 1. Based on the discretization Th, for k ≥ 1, we define following weak Galerkin

finite element space

Vh = {vh = {v0, vb} : vh|K ∈ V(k, k − 1, K), [vh]e = 0, ∀e ∈ E0
h, K ∈ Th}. (2.2.1)

Here, [vh]e = [vb] denotes the jump of vh ∈
∏

K∈Th V(k, k − 1, K) across an interior

edge e ∈ E0
h and V(k, k − 1, K) is the local weak Galerkin space as defined in (1.4.7).

Denote by V 0
h the subspace of Vh consisting of all finite element functions with vanishing

boundary value

V 0
h = {vh ∈ Vh : vb|∂Ω = 0}. (2.2.2)

For each vh = {v0, vb} ∈ Vh, we recall its discrete weak gradient (∇wvh) ∈ [Pk−1(K)]2

that satisfies the following equation

(∇wvh, φ)K = −
∫
K

v0(∇ · φ)dK +

∫
∂K

vb(φ · η)ds ∀φ ∈ [Pk−1(K)]2, (2.2.3)

where η is the outward normal to ∂K.

A time-dependent weak function vh : [0, T ] → Vh is written as vh(t) := {v0(t), vb(t)}
and subsequently we define vht(t) := {v′0(t), v′b(t)}, where ‘′’ denotes the time derivatives.

For simplicity, we use vh = {v0, vb} for vh(t) and vht = {v′0, v′b} for vht(t). Similar remarks

hold for other higher order time derivatives.

Remark 2.2.1. As there may be confusion with the notation u0 for the initial data and

finite element approximation uh = {u0, ub}, we write u(0) for the initial data. �

For each element K ∈ Th, denote by Q0 the usual L
2 projection operator from L2(K)

onto Pk(K) and by Qb the L
2 projection from L2(e) onto Pk−1(e) for any e ∈ Eh. We

shall combine Q0 with Qb by writing Qh = {Q0, Qb}. We define another L2-projection

Qh from [L2(K)]2 onto [Pk−1(K)]2. We recall following crucial approximation properties

for local projections Qh (Lemma 3.4 in [144]).
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Lemma 2.2.1. Let Th be a finite element partition of Ω satisfying the shape regularity

assumption as specified in [144]. Then, for u ∈ Hk+1(Ωi) with i = 1, 2, we have∑
K∈Th

(
∥u−Q0u∥2K + h2K∥∇(u−Q0u)∥2K

)
≤ Ch2(k+1)

2∑
i=1

∥u∥2k+1,Ωi
,

∑
K∈Th

(
∥∇u−Qh(∇u)∥2K + h2K∥∇(∇u−Qh(∇u))∥2K

)
≤ Ch2k

2∑
i=1

∥u∥2k+1,Ωi
. �

The continuous-time weak Galerkin finite element approximation to (2.1.1)-(2.1.3)

can be obtained by seeking uh = {u0, ub} : [0, T ] → V 0
h satisfying both uh(0) = Qhu(0) =

{Q0u(0), Qbu(0)} and following equation for any vh = {v0, vb} ∈ V 0
h

(uht, v0) + a(uh, vh) = (f, v0) + ⟨ψ, β∇wvh · n⟩Γ + ⟨ϕ, vb⟩Γ −
1

h
⟨ψ,Qbv0 − vb⟩Γ. (2.2.4)

The bilinear map a(·, ·) on V 0
h is given by

a(uh, vh) =
∑
K∈Th

(β∇wuh,∇wvh)K + s(uh, vh), (2.2.5)

where the stabilizer s(·, ·) is defined as

s(uh, vh) =
∑
K∈Th

h−1
K ⟨Qbu0 − ub, Qbv0 − vb⟩∂K . (2.2.6)

Inner product ⟨·, ·⟩Γ is as described in Sec. 1.4 of Chapter 1.

From the Lemma 1.4.1, it is easy to observe that the finite element space V 0
h is a

normed linear space with a triple-bar norm given by

|||wh|||2 =
∑
K∈Th

∥β
1
2∇wwh∥2K+

∑
K∈Th

h−1
K ∥Qbw0−wb∥2∂K = a(wh, wh), wh = {w0, wb} ∈ V 0

h .

(2.2.7)

As an immediate consequence, the following solvability holds true for weak Galerkin

finite element scheme (2.2.4).

Lemma 2.2.2. The weak Galerkin finite element scheme (2.2.4) has one and only one

solution. �
Assume that the exact solution of (2.1.1)-(2.1.3) is given by u. For an e ∈ Eh shared

by the two elementsK1 andK2, if e ̸∈ Γh, u|K1∩e = u|K2∩e and if e ∈ Γh, u|K1∩e ̸= u|K2∩e.

Next, we like to define Qhu = {Q0u,Qbu} ∈ Vh. To ensure Qhu ∈ Vh, i.e. Qbu takes

single value on any e ∈ Eh, we define Qbu in the following way:

Qbu =


Qb(u|K∩e) if e ⊆ Γ & K ⊂ Ω1,

Qb(u|K∩e) +Qbψ if e ⊆ Γ & K ⊂ Ω2,

Qb(u|K∩e) if e * Γ & K ∈ Th.

(2.2.8)
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Then we have following result connecting Qh and Qh operators (see, Lemma 3.2 in

[44]). We present the proof for the completeness of this work.

Lemma 2.2.3. Let Qh and Qh be the L2 projection operators as defined. Then, on each

element K ∈ Th and for any τ ∈ [Pk−1(K)]2, we have

(∇w(Qhu), τ)K = (Q(∇u), τ)K + ⟨ψ, τ · η⟩∂K∩Γ, K ∈ T2, (2.2.9)

(∇w(Qhu), τ)K = (Q(∇u), τ)K , K ∈ T1, (2.2.10)

where T1 and T2 are as defined in (1.4.4).

Proof. Let K ∈ T1. Using (2.2.10) together with the definition (2.2.8) that for any

τ ∈ [Pk−1(K)]2

(∇w(Qhu), τ)K = −(Q0u,∇ · τ)K + ⟨Qbu, τ · η⟩∂K
= −(u,∇ · τ)K + ⟨u, τ · η⟩∂K
= (∇u, τ)K
= (Q(∇u), τ)K .

Here, we have used the definitions of Qh and Qh operators. For any K ∈ T2, we obtain

(∇w(Qhu), τ)K = −(Q0u,∇ · τ)K + ⟨Qbu, τ · η⟩∂K
= −(u,∇ · τ)K + ⟨Qb(u|∂K), τ · η⟩∂K + ⟨Qbψ, τ · η⟩∂K∩Γ

= −(u,∇ · τ)K + ⟨u, τ · η⟩∂K + ⟨ψ, τ · η⟩∂K∩Γ

= (∇u, τ)K + ⟨ψ, τ · η⟩∂K∩Γ

= (Q(∇u), τ)K + ⟨ψ, τ · η⟩∂K∩Γ.

This completes the rest of the proof. �
As in finite element method, we split our error into two components using an inter-

mediate operator. We write

u− uh = (u−Qhu) + (Qhu− uh),

where uh = {u0, ub} ∈ V 0
h is the semidiscrete weak Galerkin solution defined by (2.2.4)

and Qhu is as defined in (2.2.8). For simplicity, we introduce the following notation

eh := {e0, eb} = uh −Qhu = {u0 −Q0u, ub −Qbu}. (2.2.11)

Then eh satisfies following error equation which is crucial for our later analysis.
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Lemma 2.2.4. Let eh be the error as defined in (2.2.11), then we have

(eht, v0) + a(eh, vh) = l1(u, vh) + l2(u, vh) ∀vh = {v0, vb} ∈ V 0
h , (2.2.12)

where bilinear forms l1(·, ·) and l2(·, ·) are given by

l1(u, vh) =
∑
K∈Th

⟨β(∇u−Qh(∇u)) · η, v0 − vb⟩∂K ,

l2(u, vh) =
1

h

∑
K∈Th

⟨Qb(Q0u)−Qb(u|∂K), Qbv0 − vb⟩∂K ,

where η is the outward normal to ∂K.

Proof. Testing (2.1.1) by using v0 of vh = {v0, vb} ∈ V 0
h we arrive at

(f, v0) = (ut, v0)−
∑
K∈Th

(∇ · (β∇u), v0)K

= (Qhut, v0) +
∑
K∈Th

(β∇u,∇v0)K −
∑
K∈Th

⟨β∇u · η, v0⟩∂K

= (Qhut, v0) +
∑
K∈Th

(β∇u,∇v0)K

−
∑
K∈Th

⟨β∇u · η, v0 − vb⟩∂K −
∑
K∈Th

⟨β∇u · η, vb⟩∂K

= (Qhut, v0) +
∑
K∈Th

(β∇u,∇v0)K

−
∑
K∈Th

⟨β∇u · η, v0 − vb⟩∂K − ⟨ϕ, vb⟩Γ. (2.2.13)

It follows from the definitions of discrete weak gradient (2.2.3) and Qh operator, and

the integration by parts that

(βQh(∇u),∇wvh)K = −(v0,∇ · (βQh∇u))K + ⟨vb, (βQh(∇u)) · η⟩∂K
= (∇v0, βQh∇u)K − ⟨v0 − vb, (βQh(∇u)) · η⟩∂K
= (∇v0, β∇u)K − ⟨v0 − vb, (βQh(∇u)) · η⟩∂K . (2.2.14)

Combining (2.2.13) and (2.2.14), we have

(f, v0) = (Qhut, v0) +
∑
K∈Th

(βQh(∇u),∇wvh)K

+
∑
K∈Th

⟨v0 − vb, β(Qh(∇u)−∇u) · η⟩∂K − ⟨ϕ, vb⟩Γ. (2.2.15)
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This together with (2.2.9) and (2.2.10) leads to

(Qhut, v0) +
∑
K∈Th

(β∇wQhu,∇wvh)K

= (f, v0) + ⟨ψ, β∇wvh · n⟩Γ + ⟨ϕ, vb⟩Γ
−
∑
K∈Th

⟨v0 − vb, β(Qh(∇u)−∇u) · η⟩∂K . (2.2.16)

Adding s(Qhu, vh) to both sides of the above equation gives

(Qhut, v0) + a(Qhu, vh) = (f, v0) + ⟨ψ, β∇wvh · n⟩Γ + ⟨ϕ, vb⟩Γ
+l1(u, vh) + s(Qhu, vh). (2.2.17)

It follows from (2.2.8) that

s(Qhu, vh) =
1

h

∑
K∈Th

⟨Qb(Q0u)−Qbu,Qbv0 − vb⟩∂K

=
1

h

∑
K∈Th

⟨Qb(Q0u)−Qb(u|∂K), Qbv0 − vb⟩∂K

−1

h
⟨ψ,Qbv0 − vb⟩Γ.

Substituting the above equation in (2.2.17) yields

(Qhut, v0) + a(Qhu, vh) = (f, v0) + ⟨ψ, β∇wvh · n⟩Γ + ⟨ϕ, vb⟩Γ

+l1(u, vh)−
1

h
⟨ψ,Qbv0 − vb⟩Γ

+
1

h

∑
K∈Th

⟨Qb(Q0u)−Qb(u|∂K), Qbv0 − vb⟩∂K . (2.2.18)

Subtracting (2.2.4) from (2.2.18) leads to desire result. �
Before proceeding further, we introduce following results from earlier literature for

our later analysis (cf. [44, 112])

Lemma 2.2.5. For any vh = {v0, vb} ∈ V 0
h , we have

∥v0 − vb∥∂K ≤ C(h
1
2
K∥∇v0∥K + ∥Qbv0 − vb∥∂K). �

Lemma 2.2.6. Assume that Th is shape regular. Then for u ∈ Hk+1(Ωi), i = 1, 2 and

vh = {v0, vb} ∈ V 0
h , we have

|l1(u, vh)| ≤ Chk(∥u∥k+1,Ω1 + ∥u∥k+1,Ω2)|||vh|||,

|l2(u, vh)| ≤ Chk(∥u∥k+1,Ω1 + ∥u∥k+1,Ω2)|||vh|||. �
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2.3 Semidiscrete Error Analysis

This section deals with the error analysis for the spatially discrete scheme (2.2.4). Opti-

mal order of convergence in both L∞(L2) and L∞(H1) norms are established when the

regularity of the solution is low on the entire domain.

Now, we are ready to discuss the main results of this section.

Theorem 2.3.1. Let uh ∈ V 0
h be the weak Galerkin finite element solution of the problem

(2.1.1)-(2.1.3) arising from (2.2.4). Assume the exact solution u ∈ H1(0, T ;Hk+1(Ωi)), i =

1, 2. Then there exists a constant C > 0 such that

∥∇(u− uh)∥ ≤ Chk
2∑

i=1

(
∥u∥k+1,Ωi

+ ∥u∥H1(0,t;Hk+1(Ωi))

)
.

Proof. By letting vh = eh in (2.2.12), we have

1

2

d

dt
(e0, e0) + |||eh|||2 = l1(u, eh) + l2(u, eh).

By integration over the time period [0, t], we get

1

2
∥e0(t)∥2 +

∫ t

0

|||eh|||2ds ≤
∫ t

0

|l1(u, eh)|ds+
∫ t

0

|l2(u, eh)|ds.

Here, we have used the fact that eh(0) = 0. It then follows from Lemma 2.2.6 that

1

2
∥e0(t)∥2 +

∫ t

0

|||eh|||2ds

≤ Ch2k
∫ t

0

(∥u∥2k+1,Ω1
+ ∥u∥2k+1,Ω2

)ds+
1

2

∫ t

0

|||eh|||2ds. (2.3.1)

Hence, we have

∥e0(t)∥2 +
∫ t

0

|||eh|||2ds ≤ Ch2k
∫ t

0

(∥u∥2k+1,Ω1
+ ∥u∥2k+1,Ω2

)ds. (2.3.2)

In order to estimate |||eh|||, we apply the error equation (2.2.12) with vh = eht to have

(e0t, e0t) +
1

2

d

dt
a(eh, eh) =

d

dt
l1(u, eh) +

d

dt
l2(u, eh)− l1(ut, eh)− l2(ut, eh).

Thus, integrating above equation with respect to t, we obtain∫ t

0

∥e0t∥2ds+
1

2
a(eh, eh) ≤ l1(u, eh) + l2(u, eh)

+

∫ t

0

|l1(ut, eh)|ds+
∫ t

0

|l2(ut, eh)|ds,
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which together with Lemma 2.2.6 leads to∫ t

0

∥e0t∥2ds+ |||eh|||2 ≤ C(ν)h2k
2∑

i=1

(∥u∥2k+1,Ωi
+

∫ t

0

∥ut∥2k+1,Ωi
ds)

+Cν

(
|||eh|||2 +

∫ t

0

|||eh|||2ds
)
. (2.3.3)

Here, we have used Young’s inequality with parameter ν > 0.

Combining (2.3.2)-(2.3.3), we obtain∫ t

0

∥e0t∥2ds+ |||eh|||2

≤ Ch2k
2∑

i=1

∥u∥2k+1,Ωi
+ Ch2k

2∑
i=1

∫ t

0

(
∥u∥2k+1,Ωi

+ ∥ut∥2k+1,Ωi

)
ds. (2.3.4)

Now, triangle inequality, coercive property (1.4.16) and Lemma 2.2.1 leads to

∥∇(u− uh)∥ ≤ ∥∇(u−Q0u)∥+ ∥∇(Q0u− u0)∥

≤ Chk(∥u∥k+1,Ω1 + ∥u∥k+1,Ω2) + ∥eh∥1,h
≤ Chk(∥u∥k+1,Ω1 + ∥u∥k+1,Ω2) + C|||eh|||. (2.3.5)

The desire estimate follows from (2.3.4)-(2.3.5). This completes the proof. �
Next, we derive an optimal order of estimate for eh in L

2-norm, the basic idea applied

is to use elliptic projection. Let X∗ be the collection of all v ∈ L2(Ω) with the property

that v ∈ H2(Ω1)∪H2(Ω2)} ∩ {ψ : ψ = 0 on ∂Ω} and [v] = ψv and
[
β ∂v

∂η

]
= ϕv along Γ.

Define

f ∗
v =

{ −∇ · (β1∇v) in Ω1,

−∇ · (β2∇v) in Ω2.

Clearly f ∗
v ∈ L2(Ω). Define Rh : X∗ → V 0

h by

a(Rhv, wh) = (f ∗
v , w0) + ⟨ψv, β∇wwh · n⟩Γ + ⟨ϕv, wb⟩Γ

−h−1⟨ψv, Qbw0 − wb⟩Γ ∀wh = {w0, wb} ∈ V 0
h , v ∈ X∗. (2.3.6)

It is easy to observe from the definition of elliptic projection and equation (2.2.4) that

(uht, vh) + a(uh, vh)− a(Rhu, vh) = (f, v0) + (∇ · (β∇u), v0) = (ut, v0), (2.3.7)

for all vh = {v0, vb} ∈ V 0
h . Here, we have used equation (2.1.1).
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Arguing as in (2.2.18), we obtain

a(Qhv, wh) = (f ∗
v , w0) + ⟨ψv, β∇wwh · n⟩Γ + (ϕv, wb)Γ + l1(v, wh)

+l2(v, wh)−
1

h
⟨ψv, Qbw0 − wb⟩Γ. (2.3.8)

Further, in view of (2.3.6), this definition may be expressed by saying that Rhv is the

weak Galerkin finite element solution of the following elliptic interface problem with

exact solution v (cf. [44, 112])

−∇ · (β(x)∇v) = f ∗
v in Ω,

v = 0 on ∂Ω, (2.3.9)

[v] = ψv,

[
β
∂u

∂η

]
= ϕv along Γ.

The error estimate for Rh, as shows in the following lemma (cf. [44, 112]), should be

applied.

Lemma 2.3.1. Let Rh be defined by (2.3.6). Assume that the exact solution of problem

(2.3.9) is so regular that v ∈ Hk+1(Ωi), i = 1, 2. Then there exists a constant C > 0

such that

|||Rhv −Qhv||| ≤ Chk(∥v∥k+1,Ω1 + ∥v∥k+1,Ω2),

∥Rhv −Qhv∥ ≤ Chk+1(∥v∥k+1,Ω1 + ∥v∥k+1,Ω2). �

Corollary 2.3.1. Let u be the exact solution of the interface problem (2.1.1)-(2.1.3),

then

∥Rhu−Qhu∥L2(Ω) + h|||Rhu−Qhu||| ≤ Chk+1

2∑
i=1

∥u∥k+1,Ωi
,

∥Rhut −Qhut∥L2(Ω) + h|||Rhut −Qhut||| ≤ Chk+1

2∑
i=1

∥ut∥k+1,Ωi
. �

We write the error eh = uh −Qhu in standard ρ and θ form as

eh(t) = uh(t)−Qhu(t) = θ(t) + ρ(t), (2.3.10)

where ρ = Rhu−Qhu and θ = uh −Rhu. According to Corollary 2.3.1, we obtain

∥ρ∥ ≤ Chk+1(∥u∥k+1,Ω1 + ∥u∥k+1,Ω2). (2.3.11)

Again, subtracting (2.3.8) from (2.3.6), we obtain

a(Rhv, wh) = a(Qhv, wh)− l1(v, wh)− l2(v, wh) ∀v ∈ X∗, wh ∈ V 0
h . (2.3.12)
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Setting v = u ∈ X⋆ in (2.3.12) and further differentiating with respect to t, we have

a((Rhu)t, wh) = a((Qhu)t, wh)− l1(ut, wh)− l2(ut, wh).

Also,

a(Rhut, wh) = a(Qhut, wh)− l1(ut, wh)− l2(ut, wh).

From the above two equations, we have

a((Rhu−Qhu)t − (Rhut −Qhut), wh) = 0 ∀wh ∈ V 0
h .

Setting wh = (Rhu−Qhu)t−(Rhut−Qhut) in the above equation and applying positivity

of the bilinear map a(., .), we obtain

ρt = Rhut −Qhut.

Then, as a consequence of Corollary 2.3.1, we obtain

∥ρt∥ ≤ Chk+1(∥ut∥k+1,Ω1 + ∥ut∥k+1,Ω2). (2.3.13)

In order to estimate θ, for all vh ∈ V 0
h , note that

(θt, vh) + a(θ, vh) = (uht − (Rhu)t, vh) + a(uh −Rhu, vh)

= (uht, vh) + a(uh, vh)− ((Rhu)t, vh)− a(Rhu, vh)

= (ut, vh)− ((Rhu)t, vh)

= (Qhut, vh)− ((Rhu)t, vh)

= ((Qhu)t, vh)− ((Rhu)t, vh) = (−ρt, vh). (2.3.14)

Here, we have used equation (2.3.7). For vh = θ in (2.3.14), we have

(θt, θ) + C|||θ|||2 ≤ ∥ρt∥∥θ∥,

which leads to

∥θ∥2 + C

∫ t

0

|||θ|||2ds ≤ ∥θ(0)∥2 + C

∫ t

0

∥ρt∥2ds+ C

∫ t

0

∥θ∥2ds.

A simple application of Grownwall’s inequality yields

∥θ∥2 ≤ ∥θ(0)∥2 + C

∫ t

0

∥ρt∥2ds. (2.3.15)

Using Lemma 2.3.1, we find

∥θ(0)∥ = ∥uh(0)−Rhu(0)∥ = ∥Qhu(0)−Rhu(0)∥ ≤ Chk+1∥u(0)∥k+1. (2.3.16)
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This together with (2.3.13) and (2.3.15) leads to

∥θ∥2 ≤ Ch2(k+1)∥u(0)∥2k+1

+Ch2(k+1)

∫ t

0

(∥ut∥2k+1,Ω1
+ ∥ut∥2k+1,Ω2

)ds. (2.3.17)

Substituting (2.3.11) and (2.3.17) in (2.3.10), and applying Lemma 2.2.1, we obtain

following optimal L∞(L2) norm error estimate

Theorem 2.3.2. Let uh ∈ V 0
h be the weak Galerkin finite element solution of the problem

(2.1.1)-(2.1.3) arising from (2.2.4). Assume the exact solution u ∈ H1(0, T ;Hk+1(Ωi)), i =

1, 2. Then there exists a constant C > 0 such that

∥u− uh∥ ≤ Chk+1
{
∥u(0)∥k+1 +

2∑
i=1

(
∥u∥k+1,Ωi

+ ∥u∥H1(0,t;Hk+1(Ωi))

)}
. �
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3
Fully Discrete Error Analysis for Parabolic Interface

Problem with Non-homogeneous Jump Conditions

This chapter is devoted to the extension of spatially semidiscrete a priori error analysis

to the fully discrete approximation for the parabolic interface problem (1.1.1)-(1.1.3) in a

convex polygonal domain. First order backward Euler and second order Crank-Nicolson

schemes are applied for the temporal discretization. Optimal order of convergence in

L∞(L2) norm is derived for the fully discrete solution. Finally, two dimensional test

experiments are presented to testify our theoretical results.

3.1 Introduction

We shall begin with first recalling the parabolic interface problem of the form

ut −∇ · (β∇u) = f in Ω× (0, T ], (3.1.1)

with initial and Dirichlet boundary condition

u(x, 0) = u0(x) in Ω; u = 0 on ∂Ω× (0, T ] (3.1.2)

and interface conditions

[u] = ψ,

[
β
∂u

∂n

]
= ϕ along Γ× (0, T ]. (3.1.3)

where Ω is a convex polygonal domain in R2 with boundary ∂Ω and Ω1 ⊂ Ω is an open

domain with Lipschitz boundary Γ = ∂Ω1 and Ω2 = Ω\Ω1. Other symbols are as defined

Some parts of this chapter published online in Numer. Funct. Anal. Optim. 40 (2019), no. 3,

259-279 and J. Appl. Anal. Comput. 10 (2020), no. 4, 1433-1442.
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in Chapter 1. We assume that the physical coefficients are discontinuous along interface

Γ and piecewise positive constant i.e., β(x) = βk for x ∈ Ωk, k = 1, 2. We assume that

f is sufficiently smooth locally. Jump functions ψ, ϕ : Γ × (0, T ] → R and initial data

u0 : Ω → R are given.

In fluid dynamics and material sciences, we often encounter parabolic interface prob-

lems. These interface models happen in many practical applications, such as, heat

conduction process in different heat media, electric field distribution in different elec-

tromagnetic media, blood flow of human heart, dynamics of biological cell membrane

and so on. A considerable amount of numerical algorithms are developed for interface

problems based on Finite Element Methods (FEMs). These methods can be divided

into two categories via the meshes: fitted FEM [2, 34, 47, 127, 141, 152] and unfitted

FEM [11, 91, 95, 96, 128, 136, 154, 158]. Under the low regularity of solutions for inter-

face problems, the convergence analysis has remained a major part of the mathematical

study up to the present day. The purpose of the present chapter is to extend the conver-

gence analysis of fitted WG-FEMs for elliptic interface problems to parabolic interface

problems. To derive optimal O(hr+1) (r ≥ 1) in the L2 norm for WG-FEM, the min-

imum regularity assumption on the exact solution u should be u ∈ H1(0, T ;Hr+1(Ω))

(for instance, see [88, 160, 161]). More recently, in [50], the authors have shown the

convergence of WG finite element solution to the true solution at an optimal rate in

L2(L2) norm under the assumption that u ∈ L2(0, T ;Hr+1(Ω)) ∩H1(0, T ;Hr−1(Ω)). In

fact, the error analysis in [50] can be extended for the parabolic interface problems to

derive optimal error estimate in L2(L2) norm with some more details arguments. In this

chapter, assuming higher local regularity (cf. [78]) of the true solutions, we have shown

the convergence of WG finite element solution to the true solution at an optimal rate

in L2 norm on WG finite element space (Pk, Pk−1, P2
k−1). The obtained results intend

to enhance the fully discrete error analysis of linear parabolic equations on polygonal

meshes with Lipschitz interfaces and non-homogeneous jump conditions.

We now turn our attention to some discrete time weak Galerkin procedures. First,

we divide the interval [0, T ] into M equally-spaced subintervals by the following points

0 = t0 < t1 < · · · < tM = T

with tn = nτ , τ = T/M be the time step. For a smooth function ξ on [0, T ], define

ξn = ξ(tn) and

∂̄ξn =
ξn − ξn−1

τ
, ξ̂n =

ξn + ξn−1

2
. (3.1.4)

Let Un = Un
h = {Un

0 , U
n
b } ∈ V 0

h be the fully discrete approximation of u at t = tn which

we shall define through the following scheme: Given Un−1 in V 0
h , we now determine
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Un ∈ V 0
h satisfying

(∂̄Un, v0) + a(Un, vh) = (fn, v0) + ⟨ψn, β∇wvh · n⟩Γ + ⟨ϕn, vb⟩Γ
−h−1⟨ψn, Qbv0 − vb⟩Γ ∀vh = {v0, vb} ∈ V 0

h , (3.1.5)

with U0 = U0
h = Qhu(0) = {Q0u(0), Qbu(0)}. For other notations, we refer to Chapter

1 or Chapter 2.

The Crank-Nicolson scheme can be defined through the following scheme: Given

Un−1 in V 0
h , we now determine Un ∈ V 0

h satisfying

(∂̄Un, v0) + a(Ûn, vh) = (f̂n, v0) + ⟨ψ̂n, β∇wvh · n⟩Γ + ⟨ϕ̂n, vb⟩Γ
−h−1⟨ψ̂n, Qbv0 − vb⟩Γ ∀vh = {v0, vb} ∈ V 0

h , (3.1.6)

with U0 = U0
h = Qhu(0) = {Q0u(0), Qbu(0)}.

The layout of this chapter is as follows: Sec. 3.1 introduces the fully discrete schemes.

While Sec. 3.2 discusses the convergence behavior of backward Euler scheme, we discuss

error analysis of Crank-Nicolson scheme in Sec. 3.3. Finally, in Sec. 3.4 we present some

numerical results to validate our theoretical findings.

3.2 Error Analysis for Backward Euler Scheme

This section is devoted to optimal pointwise-in-time error estimate in L2 norm for the

fully discrete approximation given by backward Euler scheme (3.1.5). The error analysis

is highly influenced by the techniques in [131].

For fully discrete error estimates, we now split the errors at t = tn as follows

un − Un = un −Qhu
n +Qhu

n − Un.

Here, Qhu
n = {Q0u

n, Qbu
n} ∈ V 0

h is as defined by (2.2.8).

At t = tn, we denote our fully discrete approximation error as

en = Un −Qhu
n = {en0 , enb }.

Using ρ and θ, error en can be further separated as

en = θn + ρn, (3.2.1)

where θn = Un − Rhu
n and ρn = Rhu

n − Qhu
n. Here, Rh is the elliptic projection as

defined in (2.3.6).

For θn, we have the following error equation

(∂̄θn, v0) + a(θn, vh) = −(∂̄Rhu
n − unt , v0)

≡: −(wn, v0) ∀vh = {v0, vb} ∈ V 0
h , (3.2.2)
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where wn = ∂̄Rhu
n − unt . For simplicity of the exposition, we write wn = wn

1 + wn
2 ,

where wn
1 = ∂̄Rhu

n − ∂̄un and wn
2 = ∂̄un − unt .

Now, setting vh = θn in (3.2.2), we have

(∂̄θn, θn) + a(θn, θn) = −(wn, θn). (3.2.3)

Since a(θn, θn) ≥ 0, we have

∥θn∥ ≤ τ∥wn∥+ ∥θn−1∥

≤ ∥θ0∥+ τ
n∑

j=1

∥wj
1∥+ τ

n∑
j=1

∥wj
2∥. (3.2.4)

The term wj
1 can be expressed as

wj
1 = Rh∂̄u

j − ∂̄uj = (Rh − I)(∂̄uj)

= (Rh − I)
1

τ

∫ tj

tj−1

utdt =
1

τ

∫ tj

tj−1

(Rhut − ut)dt. (3.2.5)

An application of Corollary 2.3.1 leads to

τ∥wj
1∥ ≤ Chk+1

∫ tj

tj−1

(∥ut∥k+1,Ω1 + ∥ut∥k+1,Ω2)dt.

Using above estimate, we have

τ
n∑

j=1

∥wj
1∥ ≤ Chk+1

∫ tn

0

(∥ut∥k+1,Ω1 + ∥ut∥k+1,Ω2)dt. (3.2.6)

Similarly, for the term wj
2, we have

τwj
2 = uj − uj−1 − τujt = −

∫ tj

tj−1

(s− tj−1)uttds, (3.2.7)

and hence,

τ∥wj
2∥L2(Ωi) ≤ τ

∫ tj

tj−1

∥utt∥L2(Ωi)ds.

Summing over j from j = 1 to j = n, we obtain

τ

n∑
j=1

∥wj
2∥ ≤ Cτ

∫ tn

0

{
∥utt∥L2(Ω1) + ∥utt∥L2(Ω2)

}
dt. (3.2.8)

Combining (3.2.6), (3.2.8) and (3.2.4), and further using the fact that ∥θ0∥ = ∥Qhu(0)−
Rhu(0)∥ ≤ Chk+1∥u(0)∥k+1, we obtain

∥θn∥ ≤ C(hk+1 + τ)
(
∥u(0)∥k+1 +

2∑
i=1

∫ tn

0

(
∥ut∥k+1,Ωi

+ ∥utt∥L2(Ωi)

)
dt
)
. (3.2.9)
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An application of Corollary 2.3.1 for ρn yields

∥ρn∥ ≤ Chk+1

2∑
i=1

∥un∥k+1,Ωi
.

Again, it is easy to verify that

∥un∥k+1,Ωi
≤ ∥u(0)∥k+1,Ωi

+

∫ tn

0

∥ut∥k+1,Ωi
dt.

Thus, we have

∥ρn∥ ≤ Chk+1
(
∥u(0)∥k+1 +

2∑
i=1

∫ tn

0

∥ut∥k+1,Ωi
dt
)
. (3.2.10)

Combining estimates (3.2.9) and (3.2.10) along with Lemma 2.2.1, we obtain follow-

ing optimal L2 norm error estimate

Theorem 3.2.1. Let u and U be the solutions of the problem (3.1.1)-(3.1.3) and (3.1.5),

respectively. Assume the exact solution u ∈ H1(0, T ;Hk+1(Ωi)) ∩H2(0, T ;L2(Ωi)), i =

1, 2. Then there exists a constant C > 0 such that

∥Un − un∥

≤ C(hk+1 + τ)

{
∥u(0)∥k+1 +

2∑
i=1

(∥u∥H1(Hk+1(Ωi)) + ∥utt∥L2(L2(Ωi)))

}
. �

Standard inverse inequality (Lemma A.4, [144]), together with estimates (3.2.9) and

(3.2.10), and Lemma 2.2.1 leads to following discrete H1 norm error estimate

Theorem 3.2.2. Let u and U be the solutions of the problem (3.1.1)-(3.1.3) and (3.1.5),

respectively. Assume the exact solution u ∈ H1(0, T ;Hk+1(Ωi)) ∩H2(0, T ;L2(Ωi)), i =

1, 2. Then there exists a constant C > 0 such that

∥Un − un∥1,h

≤ C(hk + τ)

{
∥u(0)∥k+1 +

2∑
i=1

(∥u∥H1(Hk+1(Ωi)) + ∥utt∥L2(L2(Ωi)))

}
. �

3.3 Error Analysis for Crank-Nicolson Scheme

Optimal pointwise-in-time error estimate in L2 norm is established for the Crank-

Nicolson scheme (3.1.6).
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From the definition (2.3.6), for all wh = {w0, wb} ∈ V 0
h , it is easy to notice that

a

(
Rhu

n +Rhu
n−1

τ
, wh

)
=

2∑
i=1

(−∇ · (β∇ûn), w0)Ωi
+ ⟨ψ̂n, β∇wwh · n⟩Γ

+⟨ϕ̂n, wb⟩Γ − h−1⟨ψ̂n, Qbw0 − wb⟩Γ. (3.3.1)

Above equation and (3.1.1) leads to following error equation for θn

(∂̄θn, v0) + a(θ̂n, vh) = (f̂n, v0) +
2∑

i=1

(∇ · (β∇ûn), v0)Ωi
− (∂̄Rhu

n, v0)

= (ûnt , v0)− (∂̄Rhu
n, v0)

:= −(wn, v0) ∀vh = {v0, vb} ∈ V 0
h , (3.3.2)

where wn = ∂̄Rhu
n − ûnt . For simplicity of the exposition, we write wn = wn

1 + wn
2 ,

where wn
1 = ∂̄Rhu

n − ∂̄un and wn
2 = ∂̄un − ûnt .

Now, setting vh = θ̂n in (3.3.2), we have

(∂̄θn, θ̂n) + a(θ̂n, θ̂n) = −(wn, θ̂n). (3.3.3)

Since a(θ̂n, θ̂n) ≥ 0, we have

1

2τ

(
∥θn∥2 − ∥θn−1∥2

)
≤ 1

2
∥wn∥

(
∥θn∥+ ∥θn−1∥

)
,

which implies

∥θn∥ ≤ ∥θn−1∥+ τ∥wn∥

≤ ∥θ0∥+ τ

n∑
j=1

∥wj
1∥+ τ

n∑
j=1

∥wj
2∥. (3.3.4)

The term wj
1 can be expressed as

wj
1 = Rh∂̄u

j − ∂̄uj = (Rh − I)(∂̄uj)

= (Rh − I)
1

τ

∫ tj

tj−1

utdt =
1

τ

∫ tj

tj−1

(Rhut − ut)dt. (3.3.5)

An application of Corollary 2.3.1 leads to

τ∥wj
1∥ ≤ Chk+1

∫ tj

tj−1

(∥ut∥k+1,Ω1 + ∥ut∥k+1,Ω2)dt.

Using above estimate, we have

τ
n∑

j=1

∥wj
1∥ ≤ Chk+1

∫ tn

0

(∥ut∥k+1,Ω1 + ∥ut∥k+1,Ω2)dt. (3.3.6)
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Now, it remains to determine estimates for wj
2. To find an estimate for wj

2, we consider

the following two parts separately

σj
1 :=

u(tj)− u(tj−1)

τ
− u′

(
tj−1 +

τ

2

)
,

σj
2 := u′

(
tj−1 +

τ

2

)
− u′(tj) + u′(tj−1)

2
.

Using the Taylor’s expansion, we obtain

∥σj
1∥Ωi

+ ∥σj
2∥Ωi

≤ Cτ

∫ tj

tj−1

∥uttt(s)∥Ωi
ds, i = 1, 2. (3.3.7)

Summing over j from j = 1 to j = n in (3.3.7), we obtain

τ
n∑

j=1

∥wj
2∥ ≤ Cτ 2

∫ tn

0

{
∥uttt∥Ω1 + ∥uttt∥Ω2

}
dt. (3.3.8)

Combining (3.3.6), (3.3.8) and (3.3.4), and further using the fact that ∥θ0∥ = ∥Qhu(0)−
Rhu(0)∥ ≤ Chk+1∥u(0)∥k+1, we obtain

∥θn∥ ≤ C(hk+1 + τ 2)
(
∥u(0)∥k+1 +

2∑
i=1

∫ tn

0

(
∥ut∥k+1,Ωi

+ ∥uttt∥Ωi

)
dt
)
. (3.3.9)

An application of Lemma 2.3.1 for ρn yields

∥ρn∥ ≤ Chk+1

2∑
i=1

∥un∥k+1,Ωi
.

Again, it is easy to verify that

∥un∥k+1,Ωi
≤ ∥u(0)∥k+1,Ωi

+

∫ tn

0

∥ut∥k+1,Ωi
dt.

Thus, we have

∥ρn∥ ≤ Chk+1
(
∥u(0)∥k+1 +

2∑
i=1

∫ tn

0

∥ut∥k+1,Ωi
dt
)
. (3.3.10)

Combining estimates (3.3.9) and (3.3.10) along with Lemma 2.2.1, we obtain follow-

ing optimal L2 norm error estimate

Theorem 3.3.1. Let u and U be the solutions of the problem (3.1.1)-(3.1.3) and (3.1.6),

respectively. Assume the exact solution u ∈ H1(Hk+1(Ωi))∩H3(L2(Ωi)), i = 1, 2. Then

there exists a constant C > 0 such that

∥Un − un∥

≤ C(hk+1 + τ 2)

{
∥u(0)∥k+1 +

2∑
i=1

(∥u∥H1(Hk+1(Ωi)) + ∥uttt∥L2(L2(Ωi)))

}
. �
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Standard inverse inequality (Lemma A.4, [144]), together with estimates (3.3.9) and

(3.3.10), and Lemma 2.2.1 leads to following discrete H1 norm error estimate

Theorem 3.3.2. Let u and U be the solutions of the problem (3.1.1)-(3.1.3) and (3.1.6),

respectively. Assume the exact solution u ∈ H1(Hk+1(Ωi))∩H3(L2(Ωi)), i = 1, 2. Then

there exists a constant C > 0 such that

∥Un − un∥1,h

≤ C(hk + τ 2)

{
∥u(0)∥k+1 +

2∑
i=1

(∥u∥H1(Hk+1(Ωi)) + ∥uttt∥L2(L2(Ωi)))

}
. �

Remark 3.3.1. The proposed fully discrete finite element scheme can be easily extended

for the numerical approximation of the solutions to the following IBVP
σut −∇.(β∇u) = f in Ω× (0, T ],

u(x, 0) = u0, ut(x, 0) = v0 in Ω,

u(x, t) = 0 on ∂Ω× (0, T ],

(3.3.11)

coupled with the jump conditions (3.1.3). For numerical validation, we refer to numerical

example 3.4.2.

3.4 Numerical Results

We present in this section a numerical result to validate the theoretical estimates pre-

sented in Section 3.3. For our numerical experiment, we use lowest order weak Galerkin

space (P1(K), P0(∂K),
[
P0(K)

]2
) based on uniform triangulations of Ωi, i = 1, 2. The

nodes of the triangulations of Ω1 and Ω2 coincide on the interface Γ. Note that for each

iteration, the spatial mesh size becomes half of the previous mesh size. We choose the

uniform time step τ = 1
10
h.

For the L2 norm error with τ = O(h), we observe its experimental order of conver-

gence (EOC). For each run i, EOC of a given sequence of L2 norm errors e(i) defined

on a sequence of meshes of size h(i) by

EOC(e(i)) =
log
(
e(i+ 1)/e(i)

)
log
(
h(i+ 1)/h(i)

) .
Similarly, we have calculated the EOC for the discrete H1-norm.
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Example 3.4.1. We consider the two dimensional domain Ω = (−1, 1) × (−1, 1) and

the interface is taken to be the circle x2 + y2 = 1
4
. We select the data appearing in

(3.1.1)-(3.1.3) by setting exact solution as

u1(x, y, t) = t(0.25− x2 − y2) in Ω1 × (0, 1],

u2(x, y, t) = t(0.25− x2 − y2)sin(πx)sin(πy) in Ω2 × (0, 1],

with β1 = 10−4 and β2 = 1.

Table 3.4.1: Numerical results for L2-norm error in Example 3.4.1 at final time

l (runs) h Error EOC

1 1
8

8.38744× 10−2 −

2 1
16

3.05176× 10−2 1.45

3 1
32

7.04421× 10−3 2.11

4 1
64

1.84338× 10−3 1.93

5 1
128

4.40906× 10−4 2.01

Table 3.4.2: Numerical results for discrete H1-norm error in Example 3.4.1 at final time

l (runs) h Error EOC

1 1
8

1.17124 −

2 1
16

6.84037× 10−1 0.77

3 1
32

3.17659× 10−1 1.10

4 1
64

1.59264× 10−1 0.99

5 1
128

7.93007× 10−2 1.00

The convergence behavior of the fully discrete weak Galerkin solutions at final time T =

1 with respect to the L2-norm and discrete H1 norm are also depicted in Tables 3.4.1-

3.4.2. It is clear from these tables that we have achieved optimal order of convergence

in both the norms, which confirm the theoretical prediction as proved in Theorems

3.3.1-3.3.2.
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Example 3.4.2. In our second numerical example, we consider the square domain Ω =

(−1, 1)×(−1, 1) and the interface is taken to be the ellipse {(x, y) : 4x2+16y2 = r2 = 1}.
We select the data in (3.3.11) such that the exact solution u is given by

u(x, y, t) =

 10−1(1− r2)t2 exp(−t) if r2 ≤ 1,

10−2(1− r2) sin(0.25πt) sin(πx) sin(πy) if r2 > 1.

The second set of physical coefficients borrowed from Dai et.al. [41] that corresponds

to the classical Pennes bio heat transfer model is given by

(σ, β) =

 (4.08, 0.0052) in 4x2 + 16y2 ≤ 1,

(3.06, 0.0021) in 4x2 + 16y2 > 1.

Table 3.4.3: Numerical results for L2-norm error in Example 3.4.2 at final time

l (runs) h Error EOC

1 1
4

2.3268× 10−2 −

2 1
8

5.68903× 10−3 2.03

3 1
16

1.48856× 10−3 1.93

4 1
32

3.60021× 10−4 2.04

5 1
64

9.6392× 10−5 2.01

Table 3.4.4: Numerical results for discrete H1-norm error in Example 3.4.2 at final time

l (runs) h Error EOC

1 1
4

2.037× 10−1 −

2 1
8

1.32786× 10−1 0.61

3 1
16

6.59948× 10−2 1.00

4 1
32

3.17777× 10−2 1.05

5 1
64

1.57923× 10−2 1.01

Tables 3.4.3-3.4.4 represent the numerical solution errors and convergence rates in L2

and discrete H1 norms, respectively. In both cases, errors are calculated at time t = 1

and clearly demonstrates the second order of convergence in L2 norm and first order of

convergence in discrete H1 norm.
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4
Convergence of WG-FEMs for Wave Equation with

Interfaces

Weak Galerkin finite element method is proposed for solving wave equation with in-

terface on the weak Galerkin finite element space (Pk(K),Pk−1(∂K), [Pk−1(K)]2). Op-

timal order a priori error estimates for both space-discrete scheme and implicit fully

discrete scheme are derived in L∞(L2) norm. Finite element algorithm presented here

can contribute to a variety of hyperbolic problems where physical domain consists of

heterogeneous media. Finally, numerical results are presented to validate our theoretical

findings.

4.1 Introduction

To begin with, let us first recall the electric interface interface problem of the form

utt −∇ · (β(x)∇u) = f(x, t) in Ω× (0, T ], (4.1.1)

with initial and boundary conditions

u(x, 0) = u(0) & ut(x, 0) = v(0) in Ω; u(x, t) = 0 on ∂Ω× (0, T ] (4.1.2)

and the jump conditions on the interface

[u] = ψ,

[
β
∂u

∂n

]
= ϕ along Γ× (0, T ]. (4.1.3)

where Ω is a convex polygonal domain in R2 with boundary ∂Ω and Ω1 ⊂ Ω is an open

domain with Lipschitz boundary Γ = ∂Ω1 and Ω2 = Ω\Ω1. Other symbols are as defined

in Chapter 1. We assume that the physical coefficients are discontinuous along interface

Γ and piecewise positive constant i.e., β(x) = βk for x ∈ Ωk, k = 1, 2. We assume that

40
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f is sufficiently smooth locally. Jump functions ψ, ϕ : Γ × (0, T ] → R and initial data

u(0), v(0) : Ω → R are given.

The numerical solution of the wave equation is of fundamental importance to the

simulation of time dependent acoustic, electromagnetic, or elastic waves. For such wave

phenomena the scalar second order wave equation often serves as a model problem. In

the study of wave equations for some physical problems, such as acoustic or elastic waves

traveling through heterogeneous media, there can be discontinuities in the coefficients

of the equation at interfaces (e.g., [20, 21, 74] and references therein). For instance,

an acoustic wave propagating at different speeds in different media is modeled by the

second order wave equation with discontinuous coefficients. In the past few decades

there has been remarkable progress in understanding and analyzing numerical algorithms

for solving hyperbolic equations. A substantial amount of research on a priori and a

posteriori error estimates in the design of finite element methods for the hyperbolic

equations without interfaces is available in literature (e.g., [16, 17, 38, 58, 60, 63, 64,

68, 77, 114, 119] and references therein). Solving wave propagation problems within

heterogeneous media has been of great interest and has drawn significant attention in a

variety of fields such as the oil exploration industry and mineral finding as well as the

study of earthquakes. Finite element approximations of wave equation with interfaces

via interface fitted conforming finite element algorithms are carried out in [43, 45, 46]. To

avoid interface fitted mesh, immersed FEMs have been proposed to allow the interface

to cut through elements so that simple structured Cartesian meshes can be employed

that are not necessarily body-fitted (cf. [5, 7, 154]). Previous works on FEMs for wave

equation with interfaces are concerned only on linear elements and assume continuity of

the solution along interfaces. On the other hand it is challenging to obtain high order

convergence when the interface geometries are arbitrarily complex. In this chapter, we

extend the work of [112] to the interface problem (4.1.1)-(4.1.3). Typical semidiscrete

and fully discrete schemes are presented. The fully discrete space-time finite element

discretizations are based on the backward Euler approximations. Optimal a priori error

estimates for both semidiscrete and fully discrete schemes are proved in L∞(H1) and

L∞(L2) norms. Our results are intended to enhance the numerical analysis of linear

wave equations where physical domain consists of heterogenous media.

The rest of the paper is organized as follows. Sec. 4.2 is devoted to the optimal order

error estimates of semidiscrete WG-FEM algorithm. In Sec. 4.3, a implicit backward

scheme is described along with a priori error bounds in L∞(L2) norm. Sec. 4.4 focuses on

some numerical results that confirm the convergence theory developed in earlier section.
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4.2 Error Analysis for the Semidiscrete Scheme

This section deals with the error analysis for the spatially discrete scheme. Optimal

order of convergence in L∞(L2) norm is established when the regularity of the solution

is low on the entire domain.

Let V 0
h be the weak Galerkin finite element space defined by (2.2.2) based on the

fitted finite element discretization Th of Ω as described in Chapter 1. For each vh =

{v0, vb} ∈ Vh, we introduce a discrete weak gradient operator, denoted by ∇w, is defined

as the unique polynomial (∇wvh) ∈ [Pk−1(K)]2 that satisfies the following equation

(∇wvh, φ)K = −
∫
K

v0(∇ · φ)dK +

∫
∂K

vb(φ · η)ds ∀φ ∈ [Pk−1(K)]2. (4.2.1)

Using the discrete weak gradient operator ∇w, we define a bilinear map A : Vh×Vh → R
by

A(vh, wh) =
∑
K∈Th

(
β∇wvh,∇wwh

)
K
+ S(vh, wh) ∀vh, wh ∈ Vh, (4.2.2)

where S(·, ·) is known as stabilizer, which is a semi-positive definite bilinear form defined

on Vh×Vh. Stabilizer S(·, ·) is often chosen in such a way that it fits well into the theory

and implementation of the WG numerical scheme. Here, the stabilizer S(·, ·) is defined
as

S(vh, wh) =
∑
K∈Th

h−1
K ⟨Qbv0 − vb, Qbw0 − wb⟩∂K . (4.2.3)

Notation ⟨·, ·⟩∂K denotes the L2 inner product on ∂K and accordingly, we write

⟨·, ·⟩∂K =
∑
e∈∂K

⟨·, ·⟩e,

where ⟨·, ·⟩e denotes the L2 inner product on e ∈ Eh.
Recall that the weak Galerkin finite element space V 0

h is a normed linear space with

respect to following triple-bar norm given by (cf. [44])

|||wh|||2 =
∑
K∈Th

∥β
1
2∇wwh∥2K +

∑
K∈Th

h−1
K ∥Qbw0 − wb∥2∂K = A(wh, wh) wh ∈ V 0

h . (4.2.4)

Based on the space V 0
h , we are now in a position to define the semidiscrete approx-

imation of the interface problem (4.1.1)-(4.1.3). The continuous-time weak Galerkin

finite element approximation to (4.1.1)-(4.1.3) is defined as follows: Find uh = {u0, ub} :

[0, T ] → V 0
h satisfying

(uhtt, v0) + A(uh, vh) = (f, v0) + ⟨ψ, β∇wvh · n⟩Γ + ⟨ϕ, vb⟩Γ

−1

h
⟨ψ,Qbv0 − vb⟩Γ, (4.2.5)
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for all vh ∈ V 0
h with uh(0) = Rhu(0) and uht(0) = Rhv(0). Well-posedness of the scheme

(4.2.5) can be verified from the fact that weak finite element space V 0
h is a normed linear

space with respect to the triple-bar norm. Here, Rh : X∗ → V 0
h is the elliptic projection

defined by (2.3.6).

Now, like earlier, we split our error into two components using L2 projection as an

intermediate operator. We write

u− uh = (u−Qhu) + (Qhu− uh),

where Qhu = {Q0u,Qbu} ∈ V 0
h is defined by (2.2.8). For simplicity, we introduce the

following notation

eh := {e0, eb} = Qhu− uh. (4.2.6)

Now, we further split our error eh = uh −Qhu into standard ρ and θ form as

eh(t) = uh(t)−Qhu(t) := θ(t) + ρ(t), (4.2.7)

where ρ := Rhu−Qhu and θ := uh −Rhu. According to Corollary 2.3.1, we obtain

∥ρ∥ ≤ Chk+1(∥u∥k+1,Ω1 + ∥u∥k+1,Ω2). (4.2.8)

Again, from the identity (2.3.12) it is easy to note that

ρt = Rhut −Qhut.

Then, as a consequence of Corollary 2.3.1, we obtain

∥ρt∥ ≤ Chk+1(∥ut∥k+1,Ω1 + ∥ut∥k+1,Ω2). (4.2.9)

Next, using the definitions of projection operators Rh andQh along with the semidiscrete

approximation (4.2.5), we arrive at following important identity

(θtt, vh) + A(θ, vh)

= (uhtt, vh) + A(uh, vh)− ((Rhu)tt, vh)− A(Rhu, vh)

= (f, vh)− ((Rhu)tt, vh) + (∇ · (β∇u), vh)

= (utt, vh)− ((Rhu)tt, vh)

= (Qhutt, vh)− ((Rhu)tt, vh)

= ((Qhu)tt, vh)− ((Rhu)tt, vh) = −(ρtt, vh) ∀vh ∈ V 0
h . (4.2.10)

Now, for some suitable ξ ∈ (0, T ), we define

θ̂(., t) =

∫ ξ

t

θ(., s)ds, 0 ≤ t ≤ T.
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Clearly, we observe that

θ̂(ξ) = 0 and θ̂t = −θ(., t), t ∈ [0, T ]. (4.2.11)

Now, set ϕh = θ̂ in (4.2.10), integrate between 0 to ξ with respect to the variable t to

obtain

−
∫ ξ

0

(θt, θ̂t)ds+ (θt(ξ), θ̂(ξ))− (θt(0), θ̂(0)) +

∫ ξ

0

A(θ, θ̂)ds

=

∫ ξ

0

(ρt, θ̂t)ds− (ρt(ξ), θ̂(ξ)) + (ρt(0), θ̂(0)).

Using (4.2.11), we have∫ ξ

0

1

2

d

dt
∥θ(t)∥2dt− (θt(0), θ̂(0))−

∫ ξ

0

1

2

d

dt
A(θ̂, θ̂)dt

= −
∫ ξ

0

(ρt, θ)dt+ (ρt(0), θ̂(0)).

Since θ is continuous in the time variable, we select ξ such that ∥θ(ξ)∥ = max0≤t≤T ∥θ(t)∥.
Then observe that θ(0) = 0 and ∥θ̂(0)∥ ≤ ξ∥θ(ξ)∥, which together with Young’s inequal-

ity gives

1

2
∥θ(ξ)∥2 + 1

2
A(θ̂(0), θ̂(0))

= (eht(0), θ̂(0))−
∫ ξ

0

(ρt, θ)dt

≤ ∥eht(0)∥∥θ̂(0)∥+ max
0≤t≤T

∥θ(t)∥
∫ ξ

0

∥ρt∥dt

≤ ξ∥eht(0)∥∥θ(ξ)∥+ ∥θ(ξ)∥
√
T∥ρt∥L2(L2)

≤ ϵ

2
ξ2∥eht(0)∥2 +

1

ϵ
∥θ(ξ)∥2 + ϵ

2
T∥ρt∥2L2(L2), (4.2.12)

for some ϵ > 0. Now, combine estimates (4.2.9) and (4.2.12) to obtain

∥θ(ξ)∥2 ≤ Ch2(k+1)
(
∥v(0)∥2k+1 +

2∑
i=1

∥ut∥2L2(Hk+1(Ωi))

)
. (4.2.13)

Thus, we have proved the following optimal L∞(L2) norm estimate.

Theorem 4.2.1. Let u and uh be the solutions of problems (4.1.1)-(4.1.3) and (4.2.5),

respectively. Assume that the solution of (4.1.1)-(4.1.3) is so regular that u ∈ H1(Hk+1(Ω1)∩
Hk+1(Ω2)). Then there exists a constant C such that

∥Qhu(t)− uh(t)∥ ≤ Chk+1
(
∥v(0)∥k+1 +

2∑
i=1

∥u(t)∥k+1,Ωi

+
2∑

i=1

∥ut∥L2(Hk+1(Ωi))

)
, t ∈ (0, T ].
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4.3 Fully Discrete Error Analysis

We now turn our attention to discrete time weak Galerkin procedure. A discrete-in-time

implicit scheme based on backward Euler method for approximating exact solution u

is discussed in this section. Optimal pointwise-in-time error estimate in L2 norm is

established. The basic error analysis technique is highly influenced by the works in

[43, 63]. It is worth to note that [43] has discussed only linear conforming finite element

method for homogeneous wave equation with homogeneous jump conditions.

Before proceeding further, we now prove a stability result for the semidiscrete solu-

tion uh given by (4.2.5). Regarding the stability of uh, we have the following result.

Lemma 4.3.1. Let uh satisfy (4.2.5). Then, we have

∥uhtttt(t)∥

≤ C
(
∥u(0)∥4 + ∥v(0)∥3 + ∥f∥H3(H2(Ω)) +

2∑
i=1

∥ut∥H2(H3(Ωi))

)
.

Proof. We differentiate (4.2.10) with respect to t and substitute vh = θtt to have

1

2

d

dt
∥θtt∥2 +

1

2

d

dt
|||θt|||2 = −(ρttt, θtt).

Integration from 0 to t yields

∥θtt(t)∥2 + |||θt(t)|||2

≤ ∥θtt(0)∥2 + |||θt(0)|||2 +
∫ t

0

∥ρttt∥2ds+
∫ t

0

∥θtt∥2ds.

Then standard Gronwall’s inequality yields

∥θtt(t)∥2 ≤ C
(
∥θtt(0)∥2 + |||θt(0)|||2 +

∫ T

0

∥ρttt∥2dt
)
. (4.3.1)

Similarly, we obtain

∥θtttt(t)∥2 ≤ C
(
∥θtttt(0)∥2 + |||θttt(0)|||2 +

∫ T

0

∥ρttttt∥2dt
)
. (4.3.2)

Setting t → 0+ in (4.2.10) and using the fact that θ(0) = uh(0) − Rhu(0) = 0, we

obtain

(θtt(0), vh) = −(ρtt(0), vh) ∀vh ∈ V 0
h . (4.3.3)
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Then Lemma 2.3.1 leads to

∥θtt(0)∥ ≤ C∥ρtt(0)∥

≤ Ch2(∥utt(0)∥2,Ω1 + ∥utt(0)∥2,Ω2)

≤ Ch2(∥u(0)∥4 + ∥f(0)∥2)

≤ Ch2(∥u(0)∥4 + ∥f∥H1(H2(Ω))). (4.3.4)

In the previous estimate, we have used the fact that (cf. [123], Proposition 7.1)

sup
0≤t≤T

∥v(t)∥B ≤ C(T )∥v∥H1(J ;B) ∀v ∈ H1(J ;B), (4.3.5)

for any Banach space B. As a consequence of above estimate together with inverse

inequality, we obtain

|||θtt(0)||| ≤ Ch−1∥θtt(0)∥ ≤ Ch(∥u(0)∥4 + ∥f∥H1(H2(Ω))). (4.3.6)

We differentiate (4.2.10) with respect to t and then take t→ 0+ to have

(θttt(0), vh) = −(ρttt(0), vh) ∀vh ∈ V 0
h . (4.3.7)

Here, we have used the fact that θt(0) = uht(0)−Rhut(0) = 0. Now, using Lemma 2.3.1

we arrive at

∥ρttt(0)∥ = ∥Rhuttt(0)−Qhuttt(0)∥

≤ Ch(∥uttt(0)∥1,Ω1 + ∥uttt(0)∥1,Ω2)

≤ Ch(∥v(0)∥3 + ∥ft(0)∥1)

≤ Ch(∥v(0)∥3 + ∥f∥H2(H1(Ω))). (4.3.8)

Now, we combine estimates (4.3.7)-(4.3.8) to have

∥θttt(0)∥ ≤ Ch(∥v(0)∥3 + ∥f∥H2(H1(Ω))). (4.3.9)

Then use inverse inequality (Lemma A.4, [144]) to have

|||θttt(0)||| ≤ Ch−1∥θttt(0)∥ ≤ C(∥v(0)∥3 + ∥f∥H2(H1(Ω))). (4.3.10)

Differentiating (4.2.10) twice with respect to t and then take t→ 0+ to have

(θtttt(0), vh) = −A(θtt(0), vh)− (ρttt(0), vh)

≤ C(|||θtt(0)||||||vh|||+ ∥ρttt(0)∥∥vh∥)

≤ C(h−1|||θtt(0)|||+ ∥ρttt(0)∥)∥vh∥

≤ C(∥u(0)∥4 + ∥v(0)∥3 + ∥f∥H2(H2(Ω))),
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In the last inequality, we have used standard inverse inequality. Further, using the

estimates (4.3.6) and (4.3.8), we have

(θtttt(0), vh) ≤ C(∥u(0)∥4 + ∥v(0)∥3 + ∥f∥H2(H2(Ω))),

which yields

∥θtttt(0)∥ ≤ C(∥u(0)∥4 + ∥v(0)∥3 + ∥f∥H2(H2(Ω))). (4.3.11)

Using estimates (4.3.10) and (4.3.11) in (4.3.2), we find that

∥θtttt(t)∥2

≤ C
(
∥u(0)∥24 + ∥v(0)∥23 + ∥f∥2H2(H2(Ω)) +

∫ T

0

∥ρttttt∥2dt
)
.

Using above estimate in (4.2.7), we obtain

∥uhtttt(t)∥

≤ ∥ρtttt∥+ ∥θtttt∥+ ∥Qhutttt∥

≤ C
(
∥u(0)∥4 + ∥v(0)∥3 + ∥f∥H2(H2(Ω)) +

2∑
i=1

∥u∥H5(H1(Ωi))

)
.

In the last inequality, we have used Lemma 2.3.1. �
Now, we turn our attention towards fully discrete approximation. We first divide

the interval [0, T ] into N equally-spaced subintervals by the following points

0 = t0 < t1 < · · · < tN = T

with tn = nτ , τ = T/N be the time step. For a smooth function ν ∈ C(0, T ;L2(Ω)), we

denote νn be the value of ν at t = tn.

Let Un
h = {Un

0 , U
n
b } ∈ V 0

h be the fully discrete approximation of u at t = tn, which we

shall define through the following scheme: For each n = 1, 2, . . . , N, we now determine

Un
h ∈ V 0

h satisfying

(∂2Un
h , vh) + A(Un

h , vh) = (fn, v0) + ⟨ψn, β∇wvh · n⟩Γ + ⟨ϕn, vb⟩Γ
−h−1⟨ψn, Qbv0 − vb⟩Γ, (4.3.12)

for all vh = {v0, vb} ∈ V 0
h . The backward second and first finite differences are defined

as

∂2Un
h =

∂Un
h − ∂Un−1

h

τ
, for n = 1, 2, . . . , N , (4.3.13)
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with

∂Un
h =

 (Un
h − Un−1

h )/τ, for n = 1, 2, . . . , N ,

Rhv(0), for n = 0,
(4.3.14)

where U0
h = Rhu(0).

To connect both fully discrete and semidiscrete solutions, we define U : (0, T ]×Ω →
R by

U(t) =
t− tn−1

τ
Un
h +

tn − t

τ
Un−1
h − (t− tn−1)(tn − t)2

k
∂2unh, (4.3.15)

for t ∈ (tn−1, tn], n = 1, 2, . . . , N, with ∂2unh is defined as in (4.3.13)-(4.3.14). Time

reconstruction U(t) has been introduced to setup a bridge between continuous time

error analysis and discrete time error analysis. Note that U is a C1 function in the

time variable, with U(tn) = Un
h and Ut(t

n) = ∂Un
h for n = 0, 1, . . . , N . Further, for

t ∈ (tn−1, tn], n = 1, 2, . . . , N , we obtain

Utt(t) = (1 + µn(t))∂2unh, with (4.3.16)

µn(t) = −6

k
(t− tn−1/2), tn−1/2 =

1

2
(tn + tn−1).

Next, in order to bound the error U −Qhu, we decompose it as

U −Qhu = (U − uh) + (uh −Qhu),

where uh : [0, T ] → V 0
h is the semidiscrete solution defined by (4.2.5).

Then fully discrete error relation in α := (U − uh) is given by

(αtt, vh) = (µn(t)∂2unh, vh) + (∂2unh − unhtt, vh)− (uhtt − unhtt, vh), (4.3.17)

for t ∈ (tn−1, tn], 1 ≤ n ≤ N . In the last equality, we have used (4.3.16).

Setting ωn
1 = µn(t)∂2unh, ω

n
2 = ∂2unh − unhtt and ω

2
3 = unhtt − uhtt in (4.3.17), we have

(αtt, vh) = (ωn
1 , vh) + (ωn

2 , vh) + (ωn
3 , vh) ∀vh ∈ V 0

h . (4.3.18)

Let α̂ : [0, T ]× Ω → R be defined as

α̂(t, .) = α̂(t) =

∫ λ

t

α(s, .)ds, t ∈ [0, T ].

Here, λ ∈ (tm−1, tm] is fixed for some integer m with 1 ≤ m ≤ N such that ∥α(λ)∥ =

max0≤t≤T ∥α(t)∥. Next, we set vh = α̂ in (4.3.18) and integrate the resulting equation

with respect to t between 0 and λ to arrive at∫ λ

0

(αtt, α̂)dt = T1 + T2 + T3, (4.3.19)
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where

T1 =
m−1∑
j=1

∫ tj

tj−1

(
ωj
1, α̂
)
dt+

∫ λ

tm−1

(
ωm
1 , α̂

)
dt,

T2 =
m−1∑
j=1

∫ tj

tj−1

(
ωj
2, α̂
)
dt+

∫ λ

tm−1

(
ωm
2 , α̂

)
dt, (4.3.20)

T3 =
m−1∑
j=1

∫ tj

tj−1

(ωj
3, α̂)dt+

∫ λ

tm−1

(ωm
3 , α̂)dt.

Integrate by parts the left-hand side in (4.3.19) to obtain

1

2
∥α(λ)∥2 = T1 + T2 + T3 + (αt(0), α̂(0)) +

1

2
∥α(0)∥2

= T1 + T2 + T3 + (αt(0), α̂(0)). (4.3.21)

Here, we have used the fact that α̂t = −α and

αt(0) = Ut(0)− uht(0) = ∂U0
h −Rhv(0) = 0 &

α(0) = U(0)− uh(0) = Uh(0)−Rhu(0) = 0.

Now, we borrow following estimates from [43]. For the terms Ti (1 ≤ i ≤ 3), we

obtain

T1 ≤ Cτ 2∥α∥L∞(L2(Ω))

×
(
∥uhtttt∥L∞(L2(Ω)) + ∥uhttt∥L∞(L2(Ω)) + ∥uhtt∥L∞(L2(Ω))

)
,

T2 ≤ Cτ 2∥uhtttt∥L∞(L2(Ω))∥α∥L∞(L2(Ω)),

T3 ≤ Cτ
5
2

(
∥uhtttt∥L∞(L2(Ω)) + ∥uhttt∥L∞(L2(Ω))

)
∥α∥L∞(L2(Ω)).

Using above estimates in (4.3.21), we obtain

∥α(λ)∥2 ≤ Cτ 4
4∑

i=2

∥∥∥ ∂i
∂ti

uh(t)
∥∥∥2.

Above estimate together with Lemma 4.3.1 yields

∥α(λ)∥2 ≤ Cτ 4
(
∥u(0)∥24 + ∥v(0)∥23 + ∥f∥2H2(H2(Ω)) + ∥f∥2H3(H1(Ω))

+
2∑

i=1

∥utt∥2H1(H3(Ωi))

)
.

Finally, above estimate together with Theorem 4.2.1 leads to following optimal L2

norm error estimate.
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Theorem 4.3.1. Let u and Un
h be the solution of (4.1.1)-(4.1.3) and (4.3.12), respec-

tively. Assume that the solution of (4.1.1)-(4.1.3) is so regular that u ∈ H1(Hk+1(Ωi))∩
H2(H3(Ωi)), i = 1, 2. Then, there exists a constant C > 0 such that

∥U(t)−Qhu(t)∥

≤ C(hk+1 + τ 2)
(
∥u(0)∥4 + ∥v(0)∥3 + ∥v(0)∥k+1 + ∥f∥H3(H2(Ω))

+
2∑

i=1

(
∥u∥H1(Hk+1(Ωi)) + ∥ut∥H2(H3(Ωi))

))
. �

Remark 4.3.1. Recently, linear immersed finite element method for second order wave

equation in inhomogeneous media has been discussed in [5] with homogeneous jump

conditions. The authors have established optimal order O(h2 + τ 2) error estimate for

the fully discrete scheme under the assumption that utttt ∈ L∞(H2(Ω1) ∩ H2(Ω2)) or

equivalently utt ∈ L∞(H4(Ω1) ∩ H4(Ω2)) (see, Theorem 4.1 therein). In the previous

result, for linear elements, we have derived same optimal order error estimate assuming

utt ∈ H1(H3(Ω1) ∩H3(Ω2)).

4.4 Numerical Results

In this section, we will explore the performance of proposed weak Galerkin method in

solving second order wave equation with discontinuous coefficients. We present some nu-

merical illustrations to validate the theoretical findings reported in the previous section.

Here, our main significance is to numerically analyze the standard L2 norm convergence,

which is obtained in the Theorem 4.3.1. To demonstrate the flexibility and efficiency

of the method, different forms of interfaces along with a large scale of variation in the

physical coefficients are considered. All the numerical computations are done in the

time interval J = (0, 1].

Let Un
h be the weak Galerkin solution defined by (4.3.12). Then, we have calculated

the following error

eh := Qhu(tn)− Un
h

at final time tn = T with respect to L2-norm.

The experimental order of convergence (EOC) for a given finite sequence of successive

runs (indexed by i) ) is computed by

EOC(e(i)) =
log(e(i+ 1)/e(i))

log(h(i+ 1)/h(i))
,

where e(i) is the error corresponding to the L2 norm and h(i) is the mesh size of the

run i.
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Table 4.4.1: The history of L2 error convergence with time step τ = h

Example 4.4.1 Example 4.4.2

h ∥eh∥ EOC ∥eh∥ EOC

1/2 5.725347e-01 - 2.635670e-01 -

1/4 2.674987e-01 1.09 7.841587e-02 1.74

1/8 8.489914e-02 1.65 1.890224e-02 2.05

1/16 2.283136e-02 1.89 4.992931e-03 1.92

1/32 5.818861e-03 1.97 1.23735e-03 2.01

1/64 1.461836e-03 1.99 3.017352e-04 2.03

Example 4.4.1. We have considered a line interface as x = 1 in the computational

domain Ω = (0, 2) × (0, 1), which is being considered in this numerical example. The

exact solution is selected as

u(x, y, t) =

 t2 sin(πx) sin(πy) if x ≤ 1,

−t2 sin(2πx) sin(2πy) if x > 1.

The source function f , interface functions (ψ, ϕ) and the initial data (u(0), v(0)) that

appear in (4.1.1)-(4.1.3) are determined from the choice of u with following physical

coefficients

β =

1 if x ≤ 1,

1
2

otherwise.

In this example, we have used rectangular mesh with line interface. We have reported

errors in L2 norm and the order of accuracy for linear WG space at time t = 1 for

TH-2665_146123001



CHAPTER 4. WG-FEMs for Wave Equation with Interface 52

different values of h in Table 4.4.1 (left). The time step is intentionally selected as

τ = h.

Example 4.4.2. In our second numerical example, we have considered a line interface

given by y = 1/2 in the computational domain Ω = (0, 1)× (0, 1). The true solution is

given by

u(x, y, t) =

 t2 exp(−t) sin(πx) sin(2πy) if y ≤ 1/2,

t sin(t) sin(πx) sin(2πy) if y > 1/2,

with the diffusion coefficient

β =

2 if y ≤ 1/2,

5 otherwise.

The order of convergence in L2 norm at the final time t = 1 is evaluated for linear WG

space (P1(K), P0(∂K),
[
P0(K)

]2
) on uniform triangular meshes, which is reported in

Table 4.4.1 (right) for time step τ = h.

Example 4.4.3. This example is concerned with the higher order WG methods for

the interface problem (4.1.1)-(4.1.3). Here, we have considered a square interface. Let

Ω = (−1, 1)2 with Ω1 = [−0.5, 0.5]2 and Ω2 = Ω \Ω1, as shown in Figure 4.1. We select

the data appearing in (4.1.1)-(4.1.3) setting the exact solution as

u(x, y, t) =

 t2(x2 − 1
4
)(y2 − 1

4
) in Ω1,

t2 exp(−t) sin(πx) sin(2πy) in Ω2

with following set of diffusion coefficient

β =

3.02 in Ω1,

4.06 in Ω2.

Here, we have observed that the proposed WG-FEM scheme still achieved the optimal

rate of convergence in L2 norm at the final time t = 1 for the WG space of the form

(P2(K), P1(∂K),
[
P1(K)

]2
) on triangular meshes as depicted in Table 4.4.2 (left). We

have selected the time step as τ = h2. Table 4.4.2 (left) clearly demonstrates the O(h3)

in L2 norm.
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Table 4.4.2: The history of L2 error convergence

Example 4.4.3 Example 4.4.4

h ∥eh∥ EOC ∥eh∥ EOC

1/8 3.52536e-01 - 8.93151e-01 -

1/16 4.76792e-02 2.88 4.32018e-01 1.04

1/32 9.00415e-03 2.40 8.94715e-02 2.27

1/64 1.37947e-03 2.70 1.98659e-02 2.17

1/128 1.90361e-04 2.85 4.99063e-03 1.99

1/256 2.58287e-005 2.93 1.26788e-03 1.97
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Figure 4.1: Triangulation of Ω (left) in Example 4.4.3 and a curved interface Γ (right)

in Example 4.4.4.

Example 4.4.4. Here, we are considering a curved interface Γ in the given domain

Ω = (−1, 1)×(−1, 1) to examine the ability of the WG method to accommodate complex

geometries. The interface and sub-domains are illustrated in the Figure 4.1 and its
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parametric form is given as x(θ) = a cos θ(1− cos θ),

y(θ) = a sin θ(1− cos θ),

for θ ∈ [0, 2π]. Here we have chosen a = 0.25.

We select the data in (4.1.1)-(4.1.3) such that the exact solution u is given by

u(x, y, t) =

 t2 exp(−t)
(
(x2 + y2 + ax)2 − a2(x2 + y2)

)
in Ω1,

sin(tπ/4) sin(πx) sin(2πy)
(
(x2 + y2 + ax)2 − a2(x2 + y2)

)
in Ω2,

along with the diffusion coefficient

β =

10−1 in Ω1,

10−4 in Ω2.

We have achieved optimal rate of convergence in L2 norm at the final time t = 1

evaluated on linear WG space for uniform triangular meshes described in Table 4.4.2

(right) with time step τ = h.

Example 4.4.5. We consider following initial boundary value problem
γutt −∇ · (β∇u) = f in Ω× J,

u(x, 0) = u(0), ut(x, 0) = v(0) in Ω,

u(x, t) = 0 on ∂Ω× J,

where Ω = (−1, 1) × (−1, 1) with interface Γ as a circle centered at (0, 0) with radius

0.5, as shown in Figure 4.2 (top right). We set the exact solution u as

u(x, y, t) =

 (r20 − r2) sin t exp(−t) if r ≤ r0,

(r20 − r2)t2 sin(πx) sin(πy) if r > r0,

where r2 = x2 + y2 and r0 = 0.5. Then, we select the interface functions and the

data appearing in the above problem from the choice of u with the following physical

coefficients

(γ, β) = (K−1, ρ−1) =


(
1, 1500

)
if r ≤ r0,(

10, 3000
)

if r > r0.
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Here, K represents the bulk modulus and ρ the density. In this numerical example,

physical coefficients (γ, β) are borrowed from Xu et al. [150, 151]. A large variation in

the coefficients is a common occurrence in study of acoustic wave propagation through

heterogeneous media in geophysical prospecting [18, 79]. Errors in L2 norm and the

convergence rate at time t = 1 for different values of h are listed in Table 4.4.3 (left).

The time step is consciously taken as τ = h. It is clear from the Table 4.4.3 (left)

that we have achieved optimal order of convergence in L2 norm which consolidates

our theoretical findings. Figure 4.2 (top left) clearly demonstrates the second order of

convergence in L2 norm.
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Figure 4.2: Log-log plot of the L2 error versus the mesh size at time t = 1 (top left)

along with the triangulation of Ω (top right) in Example 4.4.5, and polygonal mesh with

h = 1/4 (bottom) in Example 4.4.6.

Example 4.4.6. In our last numerical example, we have considered a polygonal mesh

with a line interface given by y = 1/2 in the computational domain Ω = (0, 1)× (0, 1).

A typical polygonal mesh is depicted in Figure 4.2 (bottom), where given domain Ω

consists of two sub-domains Ω1 and Ω2 with line interface Γ. Necessary data appearing

in equations (4.1.1)-(4.1.3) are selected from the following exact solution

u(x, y, t) =

 t2 sin (2πt)(x2 − 1/4)(y2 − 1/4) if y ≤ 1/2,

exp(−t) cos(t2) sin(πx) sin(2πy) if y > 1/2,
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Table 4.4.3: The history of L2 error convergence with time step τ = h

Example 4.4.5 Example 4.4.6

h ∥eh∥ EOC ∥eh∥ EOC

1/2 2.208641e-02 - 3.863172e-01 -

1/4 1.269432e-02 0.79 1.711643e-01 1.17

1/8 3.087225e-03 2.03 3.87092e-02 2.14

1/16 7.871982e-04 1.97 9.331984e-03 2.05

1/32 1.804471e-04 2.12 2.257593e-03 2.04

1/64 4.803721e-05 1.90 5.270162e-04 2.09

and the diffusion coefficient

β =

1 if y ≤ 1/2,

10−2 otherwise.

We have evaluated the rate of convergence in L2 norm at the final time t = 1 for linear

WG space (P1(K), P0(∂K),
[
P0(K)

]2
), which is reported in Table 4.4.3 (right) for

τ = h.
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5
WG-FEMs for Electric Interface Problem with

Non-homogeneous Jump Conditions

In this chapter, we study a priori error estimates for the spatially semidiscrete scheme for

the electric interface problem (1.1.7)-(1.1.9). Optimal order of convergence for L∞(L2)

and L∞(H1) norms are established when the global regularity of the solution is low on

the entire domain. We have also established some a priori estimates for the semidiscrete

solution which are very crucial to prove optimal convergence rate of the fully discrete

solution. The fully discrete scheme is based on first order in time backward Euler

discretization.

5.1 Introduction

To begin with, let us first recall the electric interface interface problem of the form

−∇ ·
(
ϵ∇u′ + σ∇u

)
= f in Ω× (0, T ], T <∞, (5.1.1)

with initial and boundary conditions

u(x, 0) = u0 in Ω; u(x, t) = 0 on ∂Ω× (0, T ] (5.1.2)

and jump conditions on the interface

[u] = Φ,
[
ϵ
∂u′

∂n
+ σ

∂u

∂n

]
= Ψ along Γ× (0, T ], (5.1.3)

where Ω is a convex polygonal domain in R2 with boundary ∂Ω and Ω1 ⊂ Ω is an open

domain with Lipschitz boundary Γ = ∂Ω1 and Ω2 = Ω\Ω1. Other symbols are as defined

Published online in Numer. Methods Partial Differential Equations 36 (2020), no. 4, 734-755.
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in Chapter 1. We assume that the physical coefficients are discontinuous along interface

Γ and piecewise positive constant. We write

(σ, ϵ) =

 (σ1, ϵ1) in Ω1,

(σ2, ϵ2) in Ω2.

Several electrical models have been developed for biological cells exposed to an ex-

ternal electric field to obtain the distribution of the transmembrane voltage in [124].

The value and the spatial distribution of the transmembrane voltage are of significant

interest in the electroporation of the cell membrane. Once the required voltage of elec-

troporation is achieved the lipid bilayer molecules of the membrane rearrange themselves

and form pores in the membrane through which ions and impermeable molecules can

pass and enter the cytoplasm [148]. Electroporation is gaining increased importance

because of its clinical applications in gene therapy and drug delivery as a method to

introduce new DNA and drugs into a cell in order to change its function [12]. Numerical

solutions of electric interface model (5.1.1)-(5.1.3) draw significant attention in a variety

of fields such as neural activation during deep brain simulations [25, 67], debacteriza-

tion of liquids, food processing [153], biofouling prevention [125], selective spectroscopic

imaging of the electrical properties of biological media [10]. One of the first finite ele-

ment methods treating electric interface problem has been studied by Ammari et al. in

[9]. Well-posedness of the model interface problem and the regularity of its solutions

have been established. A fully discrete finite element scheme based on backward Eu-

ler discretization has been proposed for the numerical approximation of the potential

distribution. Optimal convergence order in both L2(H1) and L2(L2) norms have been

obtained with homogeneous jump conditions. In [9], authors have used fitted finite ele-

ment discretization. More recently, L∞(H1)-norm and L∞(L2)-norm error estimates are

derived in [48] assuming solutions are continuous along interface. As far as we know,

the other classes of finite element methods which are developed for interface problems

yet to be discussed for the electric interface model. In this work, we consider an electric

interface model with non-homogeneous jump conditions and solve it numerically using

recently developed weak Galerkin finite element method. In this article, we extend

the work of [112] to the electric interface model (5.1.1)-(5.1.3). Typical semidiscrete

and fully discrete schemes are presented. The fully discrete space-time finite element

discretizations are based on the backward Euler approximations. Optimal a priori er-

ror estimates for both semidiscrete and fully discrete schemes are proved in L∞(H1)

and L∞(L2) norms. Finally, numerical results are reported to confirm our theoretical

convergence rate. The present work not only discusses the electric interface model with
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non-homogeneous jump conditions but also confirm the optimal point-wise-in time error

estimates with respect to L2 and H1 norms.

The rest of the chapter is organized as follows. In Sect. 5.2, we review the definitions

of weak gradient and its discrete analogs in suitable polynomial spaces. Sec. 5.3 is

devoted to the convergence analysis of semidiscrete WG-FEM algorithm. In Sec. 5.4,

a backward Euler scheme is described along with a priori error bounds in L∞(H1) and

L∞(L2) norms. Sec. 5.5 focuses on some numerical examples.

5.2 Preliminaries

In this section, we shall describe the weak Galerkin finite element discretization for the

problem (5.1.1)-(5.1.3) and review the definition of the weak gradient operator for our

convenience.

Let Th = T1 ∪ T2 be the fitted finite element discretization of Ω as described in

Chapter 1. Based on the discretization Th, for k ≥ 1, we define following weak Galerkin

finite element space

Vh = {vh = {v0, vb} : vh|K ∈ V(k, k,K), [vh]e = 0, ∀e ∈ E0
h, K ∈ Th}. (5.2.1)

Here, [vh]e = [vb] denotes the jump of vh ∈ V =
∏

K∈Th V(k, k,K) across an interior edge

e ∈ E0
h and V(k, k,K) is the local weak Galerkin space as defined in (1.4.7). Denote by

V 0
h the subspace of Vh consisting of all finite element functions with vanishing boundary

value

V 0
h = {vh = {v0, vb} ∈ Vh : vb|∂Ω = 0}. (5.2.2)

For each vh = {v0, vb} ∈ Vh, we recall its discrete weak gradient (∇wvh) ∈ [Pk−1(K)]2

that satisfies the following equation

(∇wvh, φ)K = −
∫
K

v0(∇ · φ)dK +

∫
∂K

vb(φ · η)ds ∀φ ∈ [Pk−1(K)]2, (5.2.3)

where η is the outward normal to ∂K.

For each element K ∈ Th, denote by Q0 the usual L2 projection operator from

L2(K) onto Pk(K) and by Qb the L
2 projection from L2(e) onto Pk(e) for any e ∈ Eh.

In addition, let Qh be an another local L2 projection from [L2(K)]2 onto [Pk−1(K)]2.

We recall following crucial approximation properties for local projections Qh and Qh.

For details, we refer to [144].

Lemma 5.2.1. Let Th be a finite element partition of Ω satisfying the shape regularity
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assumption as specified in [144]. Then, for u ∈ Hk+1(Ωi) with i = 1, 2, we have

∑
K∈Th

(
∥u−Q0u∥2K + h2K∥∇(u−Q0u)∥2K

)
≤ Ch2(k+1)

2∑
i=1

∥u∥2k+1,Ωi
,

∑
K∈Th

(
∥∇u−Qh(∇u)∥2K + h2K∥∇(∇u−Qh(∇u))∥2K

)
≤ Ch2k

2∑
i=1

∥u∥2k+1,Ωi
. �

Now, for uh = {u0, ub}, vh = {v0, vb} ∈ Vh, we introduce following bilinear maps to

be used in this chapter

a1(uh, vh) := (σ(x)∇wuh,∇wvh) =
∑
K∈Th

(
σ(x)∇wuh,∇wvh

)
K
,

a2(uh, vh) := (ϵ(x)∇wuh,∇wvh) =
∑
K∈Th

(
ϵ(x)∇wuh,∇wvh

)
K
,

s(uh, vh) :=
∑
K∈Th

h−1⟨u0 − ub, v0 − vb⟩∂K & ⟨Ψ, vb⟩Γh
:=
∑
e∈Γh

⟨Ψ, vb⟩e.

Further, we define following bilinear forms

⟨Φ, σ(x)∇wvh · n⟩Γh
=
∑
K∈T2

⟨Φ, σ2∇wvh · n⟩∂K∩Γh
,

⟨Φ, ϵ(x)∇wvh · n⟩Γh
=
∑
K∈T2

⟨Φ, ϵ2∇wvh · n⟩∂K∩Γh
,

h−1⟨Φ, v0 − vb⟩Γh
=
∑
K∈T2

h−1⟨Φ, v0 − vb⟩∂K∩Γh
=
∑
e∈Γh

h−1⟨Φ, v0|K2 − vb⟩e.

Here, ⟨·, ·⟩e denotes the L2 inner product on e ∈ Eh and we write

⟨·, ·⟩∂K =
∑
e∈∂K

⟨·, ·⟩e.

To deal with the interface problem, we introduce a Banach space

Y = {u ∈ H1
0 (Ω) : u|Ωi

∈ H2(Ωi), i = 1, 2}

with the norm

∥u∥Y = ∥u∥H1(Ω) + ∥u∥H2(Ω1) + ∥u∥H2(Ω2).

5.3 Semidiscrete Scheme

This section deals with the error analysis for the spatially discrete scheme. Optimal

order of convergence in both L∞(L2) and L∞(H1) norms are established.
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The continuous-time weak Galerkin finite element approximation to (5.1.1)-(5.1.3)

is stated as follows: Find uh : [0, T ] → V 0
h such that

a(uh, vh) + b(u′h, vh) = (f, v0) + ⟨Ψ, vb⟩Γh
+ ⟨Φ, σ∇wvh · n⟩Γh

+ ⟨Φ′, ϵ∇wvh · n⟩Γh

−h−1⟨Φ + Φ′, v0 − vb⟩Γh
∀vh = {v0, vb} ∈ V 0

h (5.3.1)

and uh(0) = Qhu(0) = (Q0u(0), Qbu(0)). Bilinear maps a(·, ·) and b(·, ·) on V 0
h are given

by

a(uh, vh) = a1(uh, vh) + s(uh, vh),

b(uh, vh) = a2(uh, vh) + s(uh, vh).

Recall that a time dependent weak function vh : [0, T ] → V 0
h is written as vh(t) :=

{v0(t), vb(t)} and subsequently v′h(t) := {v′0(t), v′b(t)}. For simplicity, we use vh = {v0, vb}
for vh(t) and v′h = {v′0, v′b} for v′h(t). With above notations and from the definition of

weak gradient (5.2.3), it is easy to note that (∇wvh)
′ = ∇wv

′
h and (∇wvh)|t=0 = ∇wvh(0)

for all vh ∈ Vh.

Well-posedness of the scheme (5.3.1) can be verified from the fact that finite element

space V 0
h is a normed linear space with respect to the triple norm

|||vh||| :=
[
(∇wvh,∇wvh) + s(vh, vh)

] 1
2
, vh ∈ V 0

h .

It is easy to see that |||·||| is equivalent to the norms |||·|||1 and |||·|||2 associated with the

bilinear maps a(·, ·) and b(·, ·), respectively.

Remark 5.3.1. We define following energy norm

|||ξ(t)|||2E =
1

2
a(ξ(t), ξ(t)) +

1

2
b(ξ(t), ξ(t)) +

∫ t

0

{a(ξ, ξ) + b(ξ′, ξ′)}ds, ξ ∈ V 0
h .

In the absence of source function and jump functions, for vh = u′h, we obtain

1

2
a(uh(t), uh(t)) +

∫ t

0

b(u′h, u
′
h)ds =

1

2
a(uh(0), uh(0)). (5.3.2)

Similarly we derive∫ t

0

a(uh, uh)ds+
1

2
b(uh(t), uh(t)) =

1

2
b(uh(0), uh(0)). (5.3.3)

Adding equations (5.3.2) and (5.3.3), we have

|||uh(t)|||2E = |||uh(0)|||2E ∀t ∈ (0, T ]. �
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Remark 5.3.2. A simple application of trace inequality (1.4.17) and discrete weak

gradient (5.2.3), it is easy to verify that the triple bar norm is equivalent to following

discrete H1- norm

∥vh∥1,h =
( ∑

K∈Th

(∥∇v0∥2K + h−1
K ∥v0 − vb∥2∂K)

) 1
2
, vh = {v0, vb} ∈ V 0

h . (5.3.4)

Thus, for the projection operator Qh : H1(K) → V 0
h on each element K ∈ Th defined by

Qhv = {Q0v,Qbv}, we have

|||Qhv|||2 ≤ C
∑
K∈Th

(∥∇Q0v∥2K + h−1
K ∥Q0v −Qbv∥2∂K)

≤ C
∑
K∈Th

(∥∇Q0v∥2K + h−1
K ∥Q0v − v∥2∂K)

≤ C
∑
K∈Th

(∥∇Q0v∥2K + h−2
K ∥Q0v − v∥2K + ∥∇(Q0v − v)∥2K)

≤ C

2∑
i=1

∥v∥H2(Ωi) ∀v ∈ Y .

Here, we have used the fact that ∥Q0u−Qbu∥∂K ≤ ∥Q0u− u∥∂K and standard approxi-

mation properties of L2 projection. �

Moreover, the following Poincaŕe-type inequality holds true (see, Lemma 7.1 in [109])

∥v0∥ ≤ C|||vh|||, vh = {v0, vb} ∈ V 0
h . (5.3.5)

Next, we recall the definition for Qhu = {Q0u,Qbu} ∈ Vh. To ensure Qhu ∈ Vh, i. e.

Qbu takes single value on any e ∈ Eh, we define Qbu in the following way

Qbu =


Qb(u|K∩e) if e ⊆ Γ & K ⊂ Ω1,

Qb(u|K∩e) +QbΦ if e ⊆ Γ & K ⊂ Ω2,

Qb(u|K∩e) if e * Γ & K ∈ Th.

(5.3.6)

Then we have the following lemma connecting Qh and Qh operators ([112]). We omit

the details.

Lemma 5.3.1. Let Qh and Qh be the L2 projection operators as defined. Then, on each

element K ∈ Th and for any τ ∈ [Pk−1(K)]2, we have

(∇w(Qhu), τ)K = (Q(∇u), τ)K + ⟨Φ, τ · n⟩∂K∩Γ, K ∈ T2, (5.3.7)

(∇w(Qhu), τ)K = (Q(∇u), τ)K , K ∈ T1, (5.3.8)

where T1 and T2 are as defined in (1.4.4). �
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It is easy to observe from the definition of local L2 projection and definition (5.3.6)

that

(Qbu)
′ =


Qb(u

′|K∩e) if e ⊆ Γ & K ⊂ Ω1,

Qb(u
′|K∩e) +QbΦ

′ if e ⊆ Γ & K ⊂ Ω2,

Qb(u
′|K∩e) if e * Γ & K ∈ Th

(5.3.9)

and hence (Qhu)
′ = {(Q0u)

′, (Qbu)
′} = {Q0u

′, (Qbu)
′} ∈ Vh in which (Qbu)

′ is given by

the relation (5.3.9).

Remark 5.3.3. Using the relation (5.3.9), on each element K ∈ Th and for any τ ∈
[Pk−1(K)]2, we have

(∇w(Qhu
′), τ)K = (Q(∇u′), τ)K + ⟨Φ′, τ · n⟩∂K∩Γ, K ∈ T2,

(∇w(Qhu
′), τ)K = (Q(∇u′), τ)K , K ∈ T1. �

Now, we define Qhu
′ := {Q0u

′, Qbu
′} with

Qbu
′ =


Qb(u

′|K∩e) if e ⊆ Γ & K ⊂ Ω1,

Qb(u
′|K∩e) +QbΦ

′ if e ⊆ Γ & K ⊂ Ω2,

Qb(u
′|K∩e) if e * Γ & K ∈ Th,

(5.3.10)

so that Qhu
′ = {Q0u

′, Qbu
′} ∈ Vh and Qhu

′ = (Qhu)
′.

Remark 5.3.4. Let u ∈ H1(J ;Y) be the solution to the problem (5.1.1)-(5.1.3). Then

it follows from the definition of bilinear map s(·, ·) that

s(Qhu, vh) =
∑
K∈Th

h−1⟨Q0u−Qbu, v0 − vb⟩∂K

=
∑
K∈T1

h−1⟨Q0u−Qbu, v0 − vb⟩∂K

+
∑
K∈T2

h−1⟨Q0u−Qbu, v0 − vb⟩∂K\Γh

+
∑
e∈Γh

h−1⟨Q0u−Qbu, v0 − vb⟩e

=
∑
K∈Th

h−1⟨Q0u−Qb(u|∂K), v0 − vb⟩∂K − h−1⟨Φ, v0 − vb⟩Γh
.

Similar arguments and definition (5.3.10) leads to

s((Qhu)
′, vh) = s(Qhu

′, vh) =
∑
K∈Th

h−1⟨Q0u
′ −Qb(u

′|∂K), v0 − vb⟩∂K

−h−1⟨Φ′, v0 − vb⟩Γh
. �
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Below, we shall prove the following stability result for the solution uh satisfying (5.3.1)

Lemma 5.3.2. Assume uh ∈ V 0
h satisfies (5.3.1). Then, for f, Ψ ∈ L2(J ;L2(Ω)) and

Φ ∈ H1(J ;H2(Γ)), we have

|||uh(t)|||2 ≤ |||Qhu(0)|||2 + C

∫ t

0

(∥f∥2 + ∥ψ∥2L2(Γ) + ∥Φ∥2H2(Γ) + ∥Φ′∥2H2(Γ))ds.

Proof. Putting vh = uh = {u0, ub} in (5.3.1), we obtain

a(uh, uh) + b(u′h, uh) = (f, u0) + ⟨Ψ, ub⟩Γh
+ ⟨Φ, σ∇wuh · n⟩Γh

+ ⟨Φ′, ϵ∇wuh · n⟩Γh

− h−1⟨Φ + Φ′, u0 − ub⟩Γh
.

Now, integrate with respect to t from 0 to t to have∫ t

0

|||uh|||21ds+
1

2
|||uh(t)|||22 −

1

2
|||uh(0)|||22

≤
∫ t

0

∥f∥∥u0∥ds+
∫ t

0

∥Ψ∥Γh
∥u0 − ub∥Γh

ds+

∫ t

0

∥Ψ∥Γh
∥u0∥Γh

ds

+C

∫ t

0

∥Φ∥Γh
∥∇wuh · n∥Γh

ds+ C

∫ t

0

∥Φ′∥Γh
∥∇wuh · n∥Γh

ds

+C

∫ t

0

h−1∥Φ + Φ′∥Γh
∥u0 − ub∥Γh

ds. (5.3.11)

From (5.3.5), we observe that∫ t

0

∥f∥∥u0∥ds ≤
∫ t

0

∥f∥|||uh|||ds ≤
(∫ t

0

∥f∥2ds
) 1

2
(∫ t

0

|||uh|||2ds
) 1

2
. (5.3.12)

Similarly, we obtain

∫ t

0

∥Ψ∥Γh
∥u0 − ub∥Γh

ds ≤
(∫ t

0

h∥Ψ∥2Γh
ds
) 1

2

(∫ t

0

∑
K∈Th

h−1∥u0 − ub∥2∂Kds

) 1
2

≤ C∥Ψ∥L2(0,t;L2(Γ))∥uh∥L2(0,t;|||·|||). (5.3.13)∫ t

0

∥Ψ∥Γh
∥u0∥Γh

ds ≤ C
(∫ t

0

∥Ψ∥2Γh
ds
) 1

2

(∫ t

0

∑
K∈Th

∥u0∥21,Kds

) 1
2

≤ C∥Ψ∥L2(0,t;L2(Γ))

(∫ t

0

∑
K∈Th

(∥u0∥2K + ∥∇u0∥2K)ds
) 1

2

≤ C∥Ψ∥L2(0,t;L2(Γ))

(∫ t

0

(|||uh|||2 + ∥uh∥21,h)ds
) 1

2

≤ C∥Ψ∥L2(0,t;L2(Γ))∥uh∥L2(0,t;|||·|||). (5.3.14)
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Here, we have used (5.3.5) and Remark 5.3.2. For Φ ∈ L2(J ;H2(Γ)), we note that∫ t

0

∥Φ∥Γh
∥∇wuh · n∥Γh

ds

≤

(∫ t

0

∑
e∈Γh

1

he
∥Φ∥2eds

) 1
2
(∫ t

0

∑
e∈Γh

he∥∇wuh · n∥2eds

) 1
2

≤ C

(∫ t

0

∑
e∈Γh

h−1
e meas(e)∥Φ∥2L∞(e)ds

) 1
2
(∫ t

0

∑
K∈Th

hK∥∇wuh · n∥2∂Kds

) 1
2

≤ C

(∫ t

0

∥Φ∥2H2(Γ)ds

) 1
2
(∫ t

0

∑
K∈Th

∥∇wuh∥2Kds

) 1
2

≤ C∥Φ∥L2(0,t;H2(Γ))∥uh∥L2(0,t;|||·|||). (5.3.15)

In the derivation of above inequality, we have used the fact that meas(e) = O(he)

and standard inequality ∥Φ∥L∞(e) ≤ ∥Φ∥H2(e) along with trance inequality (1.4.17) and

inverse inequality (cf. Lemma A.6 in [144]).

Arguing as in (5.3.15), we obtain∫ t

0

∥Φ′∥Γh
∥∇wuh · n∥Γh

ds+

∫ t

0

h−1∥Φ + Φ′∥Γh
∥u0 − ub∥Γh

ds

≤ C
(
∥Φ∥L2(0,t;H2(Γ)) + ∥Φ′∥L2(0,t;H2(Γ)))∥uh∥L2(0,t;|||·|||). (5.3.16)

Finally, estimates (5.3.11)-(5.3.16) leads to desire inequality. �

Remark 5.3.5. Setting vh = u′h in (5.3.1) and arguing as in Lemma 5.3.2, we derive

following stability for uh satisfying (5.3.1)

|||u′h(t)|||
2 ≤ |||Qhu(0)|||2 + C

∫ t

0

(∥f∥2 + ∥ψ∥2L2(Γ) + ∥Φ∥2H2(Γ) + ∥Φ′∥2H2(Γ))ds. �

For the error analysis, we split our error into two components using an intermediate

operator. We write

u− uh = (u−Qhu) + (Qhu− uh).

For simplicity, we introduce the following notation

eh := {e0, eb} = Qhu− uh = {Q0u− u0, Qbu− ub}, uh = {u0, ub}. (5.3.17)

As an usual technique, we try to derive some error equation involving eh which is

crucial for our later analysis.

TH-2665_146123001



CHAPTER 5. WG-FEMs for Electric Interface Problem 66

Lemma 5.3.3. Let eh be the error as defined in (5.3.17) and u ∈ H1(J ;Y) be the

solution to the problem (5.1.1)-(5.1.3). Then, for any vh = {v0, vb} ∈ V 0
h , we have

a(eh, vh) + b(e′h, vh) = l1(u, vh) + l2(u
′, vh) + l3(u, vh) + l3(u

′, vh), (5.3.18)

where bilinear forms l1(·, ·), l2(·, ·) and l3(·, ·) are given by

l1(u, vh) =
∑
K∈Th

⟨σ(∇u−Qh(∇u)) · η, v0 − vb⟩∂K ,

l2(u, vh) =
∑
K∈Th

⟨ϵ(∇u−Qh(∇u)) · η, v0 − vb⟩∂K ,

l3(u, vh) =
∑
K∈Th

h−1⟨Q0u−Qb(u|∂K), v0 − vb⟩∂K ,

where η is the outward normal to ∂K.

Proof. For any K ∈ Th, either K ⊆ Ω̄1 or K ⊆ Ω̄2. When K belongs to Ω̄i, i = 1, 2, we

obtain

−(∇ · σ∇u, v0)K = −(∇ · (σi∇u), v0)K
= (σi∇u,∇v0)K − ⟨σi∇u · η, v0⟩∂K .

Now, summing over K ∈ Th leads to

−(∇ · σ∇u, v0) =
∑
K∈Th

(σ∇u,∇v0)K −
∑
K∈Th

⟨σ∇u · η, v0 − vb⟩∂K

−
∑
K∈Th

⟨σ∇u · η, vb⟩∂K . (5.3.19)

Here, σ∇u · η = σi∇u · η on ∂K when K belongs to Ω̄i, i = 1, 2. It follows from (5.2.3)

and the definition of Qh operator that

(σQh(∇u),∇wvh)K = −(v0,∇ · (σQh∇u))K + ⟨vb, (σQh(∇u)) · η⟩∂K
= (∇v0, σQh∇u)K − ⟨v0 − vb, (σQh(∇u)) · η⟩∂K
= (∇v0, σ∇u)K − ⟨v0 − vb, (σQh(∇u)) · η⟩∂K . (5.3.20)

Combining (5.3.19) and (5.3.20), we have

−(∇ · σ∇u, v0) =
∑
K∈Th

(σQh(∇u),∇wvh)K −
∑
K∈Th

⟨σ∇u · η, vb⟩∂K

+
∑
K∈Th

⟨v0 − vb, σ(Qh(∇u)−∇u) · η⟩∂K . (5.3.21)
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In a similar way, we obtain

−(∇ · ϵ∇u′, v0) =
∑
K∈Th

(ϵQh(∇u′),∇wvh)K −
∑
K∈Th

⟨ϵ∇u′ · η, vb⟩∂K

+
∑
K∈Th

⟨v0 − vb, ϵ(Qh(∇u′)−∇u′) · η⟩∂K . (5.3.22)

Now, taking L2-inner product of

−∇ · (σ(x)∇u+ ϵ(x)∇u′) = f

with v0 and using above equations (5.3.21)-(5.3.22), we obtain

(f, v0) =
∑
K∈Th

(σQh(∇u),∇wvh)K +
∑
K∈Th

(ϵQh(∇u′),∇wvh)K

−⟨Ψ, vb⟩Γh
− l1(u, vh)− l2(u

′, vh). (5.3.23)

This together with identities (5.3.7)-(5.3.8) and Remark 5.3.3 leads to∑
K∈Th

(σ∇wQhu,∇wvh)K +
∑
K∈Th

(ϵ∇wQhu
′,∇wvh)K

= (f, v0) + ⟨Φ, σ∇wvh · n⟩Γh
+ l1(u, vh) + l2(u

′, vh)

+⟨Φ′, ϵ∇wvh · n⟩Γh
+ ⟨Ψ, vb⟩Γh

. (5.3.24)

Adding s(Qhu, vh) and s((Qhu)
′, vh) to both sides of the above equation gives

a(Qhu, vh) + b((Qhu)
′, vh) = (f, v0) + ⟨Φ, σ∇wvh · n⟩Γh

+ ⟨Φ′, ϵ∇wvh · n⟩Γh

+⟨Ψ, vb⟩Γh
− h−1⟨Φ + Φ′, v0 − vb⟩Γh

+l1(u, vh) + l2(u
′, vh) + l3(u, vh) + l3(u

′, vh). (5.3.25)

Here, we have used Remark 5.3.4.

Now, subtracting equation (5.3.1) from equation (5.3.25) yields the desire result.

This completes the rest of the proof. �

Remark 5.3.6. Unlike the LDG methods where the interface conditions appears natu-

rally in variational formulations, the WG-FEM approximation (5.3.1) is motivated by

the work of Mu et al. [112] and equation (5.3.25). More precisely, we incorporate jump

functions Φ and Ψ in the discrete formulation to avoid residue in the error equation. �

Next, we recall following crucial estimates for the bilinear maps l1, l2 and l3 from

literature [112].
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Lemma 5.3.4. Assume that Th is shape regular. Then, for u ∈ H1(J ;Hk+1(Ωi)), i =

1, 2 and vh = {v0, vb} ∈ V 0
h , we have

|l1(u, vh)|+ |l3(u, vh)| ≤ Chk(∥u∥k+1,Ω1 + ∥u∥k+1,Ω2)|||vh|||,

|l2(u′, vh)|+ |l3(u′, vh)| ≤ Chk(∥u′∥k+1,Ω1 + ∥u′∥k+1,Ω2)|||vh|||. �

Now, we are ready to discuss the main results of this section.

Theorem 5.3.1. Let uh ∈ V 0
h be the weak Galerkin finite element solution of the problem

(5.1.1)-(5.1.3) arising from (5.3.1). Assume the exact solution u ∈ H1(J ;Hk+1(Ωi)), i =

1, 2. Then there exists a constant C such that

(a) |||eh(t)|||2 +
∫ t

0

|||eh(s)|||2ds ≤ Ch2k
2∑

i=1

∥u∥2H1(0,t;Hk+1(Ωi))
,

(b) |||e′h(t)|||
2
+

∫ t

0

|||e′h(s)|||
2
ds ≤ Ch2k

2∑
i=1

∥u∥2H1(0,t;Hk+1(Ωi))
.

Proof. Putting vh = eh in (5.3.18) and using the fact that (∇weh)
′ = ∇we

′
h, we obtain

|||eh|||21 +
1

2

d

dt
|||eh|||22 = l1(u, eh)+l2(u

′, eh) + l3(u, eh) + l3(u
′, eh).

By integration over the time period [0, t] and use of Lemma 5.3.4 yields∫ t

0

|||eh|||21ds+ |||eh(t)|||22 ≤ Chk

{
2∑

i=1

∥u∥H1(0,t;Hk+1(Ωi))

}∫ t

0

|||eh|||ds.

Here, we have used the fact that eh(0) = Qhu(0) − uh(0) = Qhu(0) − Qhu(0) = 0.

Finally, Young’s inequality leads to part (a).

For the second part, we set vh = e′h in (5.3.18) and proceed in a similar fashion. This

completes the rest of the proof. �
Next, we want to estimate the error in L2-norm. To obtain an optimal order error

estimate in L2-norm, we use duality argument. We consider the following interface

problem that seeks w ∈ H1(J ;Y) such that for a. e. t ∈ J ,

−∇ ·
(
σ(x)∇w − ϵ(x)∇w′) = e0 in Ω, (5.3.26)

[w] = 0,

[
σ
∂w

∂ν
− ϵ

∂w′

∂ν

]
= 0 on Γ

and w(τ) = 0, τ ∈ J. Assume that there exists a unique solution w ∈ H1(J ;Y) such

that (cf. [9])

∥w∥H1(J ;Y) ≤ C∥e0∥L2(J ;L2(Ω)). (5.3.27)
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Testing equation (5.3.26) with e′0 we obtain,

(e0, e
′
0) =

(
−∇ ·

(
σ(x)∇w − ϵ(x)∇w′), e′0).

Next, arguing as in (5.3.23) and (5.3.24), we obtain

(e0, e
′
0) =

∑
K∈Th

(
σ∇wQhw − ϵ∇wQhw

′,∇we
′
h

)
− l1(w, e

′
h) + l2(w

′, e′h), (5.3.28)

where bilinear maps l1(·, ·) and l2(·, ·) are as defined in (5.3.18).

Now, for suitable τ ∈ (0, T ], integrate the equation (5.3.28) in [0, τ ] to obtain

1

2
∥e0(τ)∥2 =

∑
K∈Th

∫ τ

0

{
(σ∇wQhw, (∇weh)

′)K − (ϵ∇wQhw
′,∇we

′
h)K

}
ds

−
∫ τ

0

l1(w, e
′
h)ds+

∫ τ

0

l2(w
′, e′h)ds

= −
∑
K∈Th

∫ τ

0

{
(σ(∇wQhw)

′,∇weh)K + (ϵ∇wQhw
′,∇we

′
h)K

}
ds

+
∑
K∈Th

(σ∇wQhw,∇weh)K(0)−
∫ τ

0

{l1(w, e′h)− l2(w
′, e′h)}ds

= −
∫ τ

0

{a1(eh, (Qhw)
′) + a2(e

′
h, (Qhw)

′)}ds

−
∫ τ

0

{l1(w, e′h)− l2(w
′, e′h)}ds.

Here, we have used the fact that ∇wvh(t)|t=0 = ∇wvh(0) for vh ∈ V 0
h and eh(0) =

{e0(0), eb(0)} = 0.

Now, using the error equation (5.3.18), we obtain

1

2
∥e0(τ)∥2 =

∫ τ

0

s(eh, Qhw
′)ds+

∫ τ

0

s(e′h, Qhw
′)ds−

∫ τ

0

l1(u,Qhw
′)ds

−
∫ τ

0

l2(u
′, Qhw

′)ds−
∫ τ

0

l3(u,Qhw
′)ds−

∫ τ

0

l3(u
′, Qhw

′)ds

−
∫ τ

0

l1(w, e
′
h)ds+

∫ τ

0

l2(w
′, e′h)ds. (5.3.29)
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Next, we estimate each term of the equation (5.3.29) individually.

|l1(u,Qhw
′)| = C

∑
K∈Th

⟨σ(∇u−Qh(∇u)) · η,Q0w
′ −Qbw

′⟩∂K

≤ C
∑
K∈Th

∥∇u−Qh(∇u)∥∂K∥Q0w
′ − w′∥∂K

≤ Chk
(
∥u∥k+1,Ω1 + ∥u∥k+1,Ω2

)( ∑
K∈Th

h−1
K ∥Q0w

′ − w′∥2∂K
) 1

2

≤ Chk
(
∥u∥k+1,Ω1 + ∥u∥k+1,Ω2

)
×

( ∑
K∈Th

(
h−2
K ∥Q0w

′ − w′∥2K + ∥∇(Q0w
′ − w′)∥2K

)) 1
2

≤ Chk
(
∥u∥k+1,Ω1 + ∥u∥k+1,Ω2

)
h
(
∥w′∥2,Ω1 + ∥w′∥2,Ω2

)
. (5.3.30)

In a similar way, other terms l2(·, ·) and l3(·, ·) can be estimated as

|l2(u′, Qhw
′)|+ |l3(u,Qhw

′)|+ |l3(u′, Qhw
′)|

≤ Chk+1

2∑
i=1

∥u∥k+1,Ωi

2∑
i=1

∥u′∥k+1,Ωi

2∑
i=1

∥w′∥2,Ωi

and hence ∫ τ

0

{|l1(u,Qhw
′)|+ |l2(u′, Qhw

′)|+ |l3(u,Qhw
′)|+ |l3(u′, Qhw

′)|}ds

≤ Chk+1

2∑
i=1

∥u∥H1(0,τ ;Hk+1(Ωi))∥e0∥L2(J ;L2(Ω)). (5.3.31)

For the last two terms appearing in (5.3.29), we use Lemma 5.3.4 to have

|l1(w, e′h)|+ |l2(w′, e′h)| ≤ Ch∥w′∥Y |||e′h|||

which together with Theorem 5.3.1 yields∫ τ

0

{|l1(w, e′h)|+ |l2(w′, e′h)|}ds

≤ Chk+1

2∑
i=1

∥u∥H1(0,τ ;Hk+1(Ωi))∥e0∥L2(J ;L2(Ω)). (5.3.32)

Also, we have following estimate for s(eh, Qhw
′)

s(eh, Qhw
′) =

∑
K∈Th

h−1
K ⟨e0 − eb, Q0w

′ −Qbw
′⟩∂K

≤ C|||eh|||
( ∑

K∈Th

h−1
K ∥Q0w

′ − w′∥2∂K
) 1

2

≤ Ch|||eh|||∥w′∥Y . (5.3.33)
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Similarly, we obtain

s(e′h, Qhw
′) ≤ Ch|||e′h|||∥w′∥Y . (5.3.34)

Combining the estimates (5.3.33)-(5.3.34) together with Theorem 5.3.1, we obtain∫ τ

0

{s(eh, Qhw
′) + s(e′h, Qhw

′)}dt

≤ Chk+1

2∑
i=1

∥u∥H1(0,τ ;Hk+1(Ωi))∥e0∥L2(J ;L2(Ω)). (5.3.35)

Using estimates (5.3.31), (5.3.32) and (5.3.35) in (5.3.29), we arrive at

∥e0(τ)∥2 ≤ Chk+1

2∑
i=1

∥u∥H1(0,τ ;Hk+1(Ωi))∥e0∥L2(J ;L2(Ω)). (5.3.36)

Now, we select τ such that ∥e0(τ)∥ = maxt∈J ∥e0(t)∥ so that estimate (5.3.36) finally

leads to following optimal L∞(L2) norm estimate

Theorem 5.3.2. Let uh ∈ V 0
h be the weak Galerkin finite element solution of the problem

(5.1.1)-(5.1.3) arising from (5.3.1). Assume the exact solution u ∈ H1(J ;Hk+1(Ωi)), i =

1, 2. Then there exists a constant C such that

∥e0∥L∞(J ;L2(Ω)) ≤ Chk+1

2∑
i=1

∥u∥H1(J ;Hk+1(Ωi)). �

5.4 Fully Discrete Method

In this section, we are going to formulate a fully discrete finite element scheme to

approximate the solution of the interface problem (5.1.1)-(5.1.3). We shall use the

backward Euler scheme for the time discretization.

We first divide the time interval J = [0, T ] into N equally spaced subintervals by

using the following nodal points

0 = t0 < t1 < t2 < · · · < tN = T,

where tn = nκ for n = 1, 2, · · ·N − 1 and κ = T/N being the time step. For any given

sequence {wn}Nn=0 ∈ Vh and a function g ∈ C(J ;L2(Ω)), we define

∂̄wn =
wn − wn−1

κ
, ḡn =

1

κ

∫ tn

tn−1

g(·, s)ds, n = 1, 2, 3, · · · , N.

We denote by wn the value of w ∈ C(J ;L2(Ω)) at t = tn.
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Now, we propose a fully discrete finite element scheme to approximate the solution to

the interface problem. Let U0
h = Qhu(0) and U

n
h = {Un

0 , U
n
b } ∈ V 0

h be the fully discrete

approximation of u at t = tn which we shall define through the following scheme: For

given U0
h ∈ V 0

h , determine Un
h ∈ V 0

h , 1 ≤ n ≤ N, satisfying

a(Un
h , vh) + b(∂̄Un

h , vh) = (f̄ n, v0) + ⟨Ψ̄n, vb⟩Γh
+ ⟨Φ̄n, σ(x)∇wvh · n⟩Γh

+ ⟨∂̄Φn, ϵ(x)∇wvh · n⟩Γh
− 1

h
⟨Φ̄n + ∂̄Φn, v0 − vb⟩Γh

, (5.4.1)

for all vh = {v0, vb} ∈ V 0
h .

We decompose the fully discrete error at t = tn as follows:

en := Un
h − un = θn + ξn, where θn := Un

h − unh and ξn := unh − un,

where uh : [0, T ] → V 0
h is the semidiscrete solution given by the equation (5.3.1).

Now, integrating the equation (5.3.1) from tn−1 to tn with respect to t and dividing

by κ, for all vh ∈ V 0
h , we obtain

a(ūnh, vh) + b(∂̄unh, vh) = (f̄ n, v0) + ⟨Ψ̄n, vb⟩Γh
+ ⟨Φ̄n, σ(x)∇wvh.n⟩Γh

+ ⟨∂̄Φn, ϵ(x)∇wvh.n⟩Γh
− 1

h
⟨Φ̄n + ∂̄Φn, v0 − vb⟩Γh

. (5.4.2)

Now, we subtract (5.4.2) from (5.4.1) to have following error equation in θ

a(θn, vh) + b(∂̄θn, vh) = a(ūnh − unh, vh). (5.4.3)

Putting vh = θn in the equation (5.4.3), we obtain

|||θn|||2 ≤ C|||θn|||
∣∣∣∣∣∣θn−1

∣∣∣∣∣∣+ Cκ|||ūnh − unh||||||θn|||.

Here, we have used continuity of b(·, ·), and positivity of the operators a(·, ·) and b(·, ·).
Further, Young’s inequality leads to following estimate

|||θn|||2 ≤ C
∣∣∣∣∣∣θ0∣∣∣∣∣∣2 + Cκ

n∑
j=1

∣∣∣∣∣∣ūjh − ujh
∣∣∣∣∣∣2

≤ Cκ2
n∑

j=1

∫ tj

tj−1

|||uht|||2dt. (5.4.4)

Here, we have used the fact that θ0 = U0
h − u0h = Qhu(0) − Qhu(0) = 0 and Taylor’s

series expansion.

Now, it follows from (5.3.4)-(5.3.5) that

∥θn∥+ ∥∇θn∥ ≤ C|||θn|||+ C∥θn∥1,h ≤ C|||θn||| ≤ Cκ∥uh∥H1(0,tn;|||·|||). (5.4.5)
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In the last inequality, we have used (5.4.4).

Above estimate together with semidiscrete error estimates and (5.3.5) leads to fol-

lowing fully discrete error estimates.

Theorem 5.4.1. Let Uh ∈ V 0
h be the weak Galerkin finite element solution of the problem

(5.1.1)-(5.1.3) arising from (5.4.1). Assume the exact solution u ∈ H1(J ;Hk+1(Ωi)) i =

1, 2. Then there exists a constant C such that

(a) ∥Un
h − un∥ ≤ Chk+1

2∑
i=1

∥u∥H1(0,tn;Hk+1(Ωi)) + Cκ∥uh∥H1(0,tn;|||·|||),

(b) ∥∇(Un
h − un)∥ ≤ Chk

2∑
i=1

∥u∥H1(0,tn;Hk+1(Ωi)) + Cκ∥uh∥H1(0,tn;|||·|||). �

5.5 Numerical Results

In this section, we present some numerical experiments to validate the theoretical find-

ings presented in the previous section for weak Galerkin space (P1(K), P1(∂K),
[
P0(K)

]2
)

based on uniform triangulations of Ωi, i = 1, 2. The nodes of the triangulations of Ω1

and Ω2 coincide on the interface Γ. All the numerical computations are done in the time

interval J = (0, 1] for the coupling κ = O(h2).

To illustrate the flexibility of the method, different forms of interfaces along with a

large scale of variation in the physical coefficients are considered. To mark the signifi-

cance of the interface model problem (5.1.1), we take a set of specific thermal parameters

from the paper by Rems et al. [121] given as

σ =

σ1 = 0.25,

σ2 = 5× 10−7,

& ϵ =

ϵ1 = 70,

ϵ2 = 4.5.

Example 5.5.1. For our first numerical example, we consider the two dimensional

domain Ω = (−1, 1)× (−1, 1) and the interface is taken to be the circle r2 := x2 + y2 =

1/4. The source function f is taken as

f(x, y, t) =



40(σ1 sin t+ ϵ1 cos t) if r2 ≤ 1
4
,{

(σ2t+ ϵ2) sin(πx) sin(πy)(2π
2(1

4
− r2)

+ 4 sin(πx) sin(πy)) + 4πx sin(πy) cos(πx)

+ 4πy cos(πy) sin(πx)
}

if r2 > 1
4
.
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And the exact solution of the problem is given by

u(x, y, t) =

10(1
4
− r2) sin t if r2 ≤ 1

4
,

t(1
4
− r2) sin(πx) sin(πy) if r2 > 1

4
.

The Dirichlet boundary condition, initial data and interface functions are calculated

from the exact solution. In Figure 5.1, we show the numerical solution at final time step

and triangulation of the domain Ω with mesh size h = 0.167378.
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Figure 5.1: Numerical solution (right) and triangulation (left) of Ω for h = 0.167378

with circular interface (Test Example 5.5.1).
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Figure 5.2: Numerical solution (left) and triangulation (right) of Ω for h = 0.152069

with elliptic interface (Test Example 5.5.2).

Example 5.5.2. For our second numerical example, we take the computational domain

Ω = (−1, 1)× (−1, 1) and the interface is the ellipse given by r2 := 4x2 + 16y2 = 1. We

select the data in (5.1.1)-(5.1.3) such that the exact solution is given by

u(x, y, t) =


1
10
(1− r2)t2e−t if r2 ≤ 1,

1
100

(1− r2)(x2 − 1)(y2 − 1) sin πt
4

if r2 > 1.
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In Figure 5.2, we show the exact solution and triangulation of the domain Ω with mesh

size h = 0.152069 at final time step.

For numerical implementation of the weak Galerkin algorithm (5.4.1), we have used

linear WG-FEM space on triangular mesh Th matched with the interface. By successive

mesh refinements using piecewise linear finite elements, the convergence behavior of the

fully discrete solution at final time t = 1 with various mesh parameters h and κ are

reported in Figure 5.3. It is evident from the error plots that we have obtained optimal

second order of convergence in L2-norm and first order of convergence in H1-norm which

consolidates our theoretical findings in Theorem 5.4.1.
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Figure 5.3: Log-log plot of the L2-norm and H1-norm errors versus the mesh size at

time t = 1 for Examples 5.5.1-5.5.2.

-0.1

-0.05

-1

0

0.05

0.1

0 -1
-0.5

0
0.51 1

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

-0.1

-0.05

-1

0

0.05

0.1

0 -1
-0.5

0
0.51 1

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

Figure 5.4: Numerical solutions at t = t1 = κ = 0.01 (right) and at t = tM = 1 (left) for

h = 0.167378.

Example 5.5.3. (Conservation of voltage) We consider IBVP (5.1.1)-(5.1.3) in domain

Ω× (0, 1] = (−1, 1)× (−1, 1)× (0, 1] with initial data u(x, y, 0) = sinx and coefficients

(β1, β2) = (1, 1
2
) = (ϵ1, ϵ2). The interface is taken to be the circle x2 + y2 = 1/4. We

define

An :=
∑
K∈Th

∫
K

Un
h dx, n = 1, 2, . . . , N.
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In the absence of source function and interface functions, we have numerically

achieved that our approximate solution Uh satisfying (5.4.1) is conserved in the sense

that difference |An − An−1| (1 ≤ n ≤ N) is sufficiently small. For instance, Fig-

ure 5.4 demonstrates the numerical solutions at time levels t = t1 and t = tN . It is

easy to notice from Figure 5.4 that areas A1 and AN under the curves U1
h and UN

h in

Ω = (−1, 1)×(−1, 1) are preserved. In fact it is calculated that |A1−AN | ≈ 0.061×10−6.
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6
Conclusions and Extensions

In this chapter, we highlight the significant and contribution of the current thesis work

also techniques to derive them. We also provide possible extensions and scope for future

investigations.

6.1 Critical Review of the Results

In this thesis, we proposed some time dependent interface problem with non homoge-

neous jump conditions. We have used non-conforming fitted finite element methods to

study the convergence of weak Galerkin finite element solutions to the exact solutions.

In Chapter 2, we have presented a priori error estimates for the spatially semidiscrete

scheme for the parabolic interface problem (2.1.1)-(2.1.3). In this chapter, we extend

the work of [44, 112] to parabolic interface problem based on WG finite element space

(Pk(K), Pk−1(∂K),
[
Pk−1(K)

]2
) with projected element-boundary discrepancy stabi-

lizer (see, (1.4.13)). Optimal order error estimates in both L∞(H1) (see, Theorem 2.3.1)

and L∞(L2) (see, Theorem 2.3.2) norms are established. To obtain optimal order error

estimates in L∞(H1) norm, we have used usual splitting technique, where L2 projection

Qh (defined as in (2.2.8)) of the exact solution has used as an intermediate operator.

Further, the error equation (2.2.12) played a crucial role in the derivation of optimal

error with respect to point-wise in time discrete H1 norm. Then, elliptic type projection

operator Rh has been introduced in (2.3.6) to obtain optimal order of convergence for

semidiscrete solution with respect to L∞(L2) norm.

In Chapter 3, we have extended the spatially discrete a priori error analysis to the

fully discrete approximation for the parabolic interface problem (3.1.1)-(3.1.3). First

order backward Euler and second order Crank-Nicolson schemes are applied for the

time discretization. We have obtained optimal order of convergence in L2 norm (see,

Theorem 3.2.2 and Theorem 3.3.2) for both fully discrete schemes. The basic error

77
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analysis technique is borrowed from [131]. Finally, we have presented some numerical

experiments to validate the theoretical estimates for fully discrete method based on

Crank-Nicolson schemes.

In Chapter 4, we have presented a priori error analysis for wave interface problem

(4.1.1)-(4.1.3) with non-homogeneous jump conditions along the interface. We have

derived optimal order of convergence for both semidiscrete scheme and fully discrete

scheme in L∞(L2) norm (see, Theorem 4.2.1 and Theorem wt51). The fully discrete

error estimate is based on the stability of the semidiscrete solution and a reconstruction

operator defined by (4.3.15) connecting both fully discrete and semidiscrete solutions.

Finally, we have presented few numerical examples to validate our theoretical findings.

In Chapter 5, we have considered an electric interface model problem (5.1.1)-(5.1.3)

with non-homogeneous jump conditions and solve it numerically using WG-FEM. We

have presented error analysis for both semidiscrete and fully-discrete finite element

schemes. Optimal order of convergence in L∞(L2) and L∞(H1) norms are established

for the semidiscrete solution (see, Theorem 5.3.1 and Theorem 5.3.2). For the L∞(H1)

norm error estimate for the semidiscrete solution, the splitting technique has been used,

where the L2 projection Qh (defined as in (5.3.6)) of the exact solution has used to split

the error into two parts. In fact, apart from the standard error splitting technique, the

newly derived error equation (5.3.3) is also critical. The L∞(L2) norm error analysis is

based on duality arguments. We have also proved stability of the semidiscrete solution

and derive some estimates which are very crucial to prove the optimal convergence rate

of the fully discrete solution. Further, optimal a priori error estimates for fully discrete

scheme is proved in L2 norm (see, Theorem 5.4.1). The fully discrete error analysis is

based on standard ρ and θ technique. Finally, numerical results are reported to confirm

our theoretical convergence rate.

6.2 Extensions and Remarks

Unfitted WG-FEMs for Interface Problems: In this thesis, we have considered

fitted finite element method where the discretization is done in such a way that the grid

line follows the actual interface. In unfitted finite element method, the discretization of

the domain is independent of the interface. Unfitted FEMs are helpful in a number of

context including multi-phase and multi-physics applications with moving interfaces or

in situations in which one wants to avoid the generation of body-fitted meshes to reduce

the computational cost. In future, one can consider unfitted WG-FEMs for parabolic

interface problems. As parabolic error analysis depends on the error estimates of elliptic

problems, one has to first analyze the unfitted FEMs for elliptic interface problems.
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Non-Fourier Bio Heat Model Problem: Let Ω be a bounded domain in Rd(d =

2, 3) with Lipschitz boundary ∂Ω and Ω1 ⊂ Ω is an open domain with Lipschitz

boundary Γ = ∂Ω1 and Ω2 = Ω\Ω1(see, Figure 1.1). In Ω, we consider the following

non-Fourier bio heat transfer model in multi-layered media (cf. [150] and references

therein)

u′′ + σu′ −∇ · (β∇u) = f in Ω× (0, T ], T <∞, (6.2.1)

with initial and boundary conditions

u(x, 0) = u0, u′(x, 0) = v0 in Ω & u(x, t) = 0 on ∂Ω× (0, T ]. (6.2.2)

Here, σ = σ(x) and β = β(x) are non-negative real-valued functions, and f denotes the

source. Further, u′ and u′′ denotes the first and second order time differentiation of u,

respectively.

Equation (6.2.1) is also known as hyperbolic heat equation/Maxwell-Cattaneo (MC)

equation/damped wave equation. As a model, we consider bio heat transfer model in

non-homogeneous media. With advances in laser, microwave, radio-frequency and sim-

ilar technologies, a variety of thermal methods have been proposed to analyze the bio

heat transfer in living tissue. However, in applications involving samples with non-

homogeneous internal structures, e.g. biological samples, it has been experimentally

demonstrated that the Fourier law of heat conduction cannot accurately predict the

thermal response of such samples (e.g. [150]). Biological tissue, along with a number

of other common materials, exhibits a relaxation time. Relaxation time reflects the

time between phonon collisions or it represents a time lag between the imposition of a

temperature gradient and the creation of a thermal flux. Skin tissue has a “lengthy”

relaxation time, which means it is desirable to develop a computational approach to

examine the non-Fourier heat transfer process. For details, we refer to Xu et al. [150].

Due to implication of such relaxation time, heat conduction in biological media is gener-

ally not described by Fourier’s law, but rather by the Maxwell-Cattaneo law. Thermal

behavior or heat transfer in biological media is mainly a heat conduction process and

since the thermal properties of biological media vary between different layers, so, it is

natural to have heterogeneity in the underlying media. In particular, media parameters

are discontinuous and piecewise constants in Ω. We write

(σ, β) =

 (σ1, β1) in Ω1,

(σ2, β2) in Ω2.

The interfacial continuity conditions between layers are given by

[u] = ϕ,
[
β
∂u

∂n

]
= ψ along Γ× (0, T ], (6.2.3)
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where the symbols [v] and n are defined as before. The convergence analysis for the

finite element methods for such problems with nonhomogeneous jump conditions and

irregular interfaces are still open.

WG-FEMs for Westervelt’s Equation: Consider the following nonlinear damped

wave equation of the form

c−2utt −∇ · (∇u+ β∇u′) = γ(u2)tt in (0, T ]× Ω. (6.2.4)

The above equation (6.2.4) is known as Westervelt equation which is widely used to

simulate high-intensity focused ultrasound fields generated by medical ultrasound trans-

ducers. High intensity focused ultrasound has numerous applications starting from

treatment of kidney and bladder stones via thermotherapy, ultrasound cleaning, and

welding to sonochemistry. Westervelt equation (6.2.4) with interfaces are motivated

by lithotripsy where a silicone acoustic lens focuses the ultrasound traveling through

a nonlinearity acoustic fluid to a kidney stone. Although substantial work has been

dedicated to their analytical studies [62, 115] and their numerical treatment via finite

element procedure (cf. [14, 62] just to name a few), rigorous error analysis for finite

element methods of nonlinear acoustic phenomena is still largely missing from the liter-

ature. Recently, a priori error estimates for the classical finite element approximation

of Westervelt’s quasi-linear strongly damped wave equation (6.2.4) with linear elements

have been discussed in [116]. Then, a high-order discontinuous Galerkin (DG) method

for the equation (6.2.4) has been carried out in [14]. It is worthwhile to note that only

the semidiscrete scheme (space discretization) has been discussed in [14, 116]. The fully

discrete scheme (space-time discretization) error analysis is still open. It will be inter-

esting and challenging to extend the present the analysis discuss in this thesis to the

interface problems associated with nonlinear acoustic wave equation discussed in [115].
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[68] M. J. Grote, A. Schneebeli and D. Schötzau, Discontinuous Galerkin finite element

method for the wave equation, SIAM J. Numer. Anal. 44 (2006), 2408-2431.

[69] R. Guo and T. Lin, A group of immersed finite-element spaces for elliptic interface

problems, IMA J. Numer. Anal. 39 (2019), 482-511.

TH-2665_146123001



BIBLIOGRAPHY 87

[70] A. Hansbo and P. Hansbo, An unfitted finite element method, based on Nitsche’s

method, for elliptic interface problems, Comput. Methods Appl. Mech. Engrg., 191

(2002), 5537-5552.

[71] G. H. Hardy, J. E. Littlewood and G. Pólya, Inequalities, Cambridge Univ. Press,
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