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Abstract

We study novel optical phenomena that emerge from light-matter interaction. The

title of the thesis itself suggests that we want to study the optical properties of two

dimensional carbon based materials. There are various allotropic forms of carbon

found in the universe. Graphene, a newly invented in 2004 by an experimental

group of Prof. Geim, is one of them. Graphene is a two dimensional nano-

structured material showing fascinating physical properties, similar to conventional

semiconductors, near the Dirac points. We want to study the optical properties

of graphene and related materials using theoretical techniques. The key point of

the present work is the theoretical formulation of free-standing graphene-based

systems. This theoretical formulation acts as the background for the subsequent

studies done in substrate-graphene systems.

There are several well-known optical phenomena in quantum optics, Rabi oscil-

lation (RO) is one of them. These oscillations were first predicted in two level

atomic systems by an American scientist Isidor Isaac Rabi. These oscillations

are defined as follows: the interaction between the atom and the electromag-

netic field leads to a periodic exchange of energy between the electromagnetic

field and the two-level system, known as Rabi oscillations. This effect can also

be interpreted as a periodic change between absorption and stimulated emission

of photons. Graphene, a semi-metal, also known as zero-gap semiconductor, is

analogous to the conventional semiconductors in some sense. Therefore, we can

anticipate that graphene-based systems may also exhibit the same phenomenon.

Mishchenko and Ishikawa among others have studied Rabi oscillations in single

flake of graphene using rotating wave approximation (RWA). RWA is valid only

near resonance when the frequency of the external driving field is nearly equal to

the electron-hole pair excitation frequency. The main focus of this thesis is the
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anomalous Rabi oscillation that is seen in graphene based system far from con-

ventional resonance. These oscillations have no counterparts either in two-level

atoms or conventional semiconductors.

To discuss the phenomenon of ROs far from resonance, a semiclassical approxima-

tion is used where the electromagnetic field interacts classically with the quantum

nature of the system. This study has been done in case of free-standing mono-

layer graphene. It is shown that free-standing graphene exhibits a new kind of

ROs in off resonance. We call these oscillations as ‘anomalous’ ROs where the

population and polarization oscillate with the frequency of the external field and

the amplitude of these oscillations oscillates with even slower frequency which is

the anomalous Rabi frequency (ARF). These oscillations are obtained using an

approximation which is an alternative to the RWA called the ‘asymptotic’ RWA

(ARWA). The results obtained from this technique are corroborated with a fully

numerical solution of the Bloch equations. Bilayer graphene (BLG) and few-layer

graphene (FLG) can be made by the stacking of single graphene sheets one on

the top of the other. Bilayer graphene and few-layer graphene also exhibit the

phenomenon of anomalous Rabi oscillations far from resonance. These oscillations

in bilayer graphene are associated with the second harmonic in the external driv-

ing frequency whereas in single layer graphene these oscillations are found at the

first harmonic in the external driving frequency. These oscillations are unique to

graphene-based systems. The origin of these oscillations is the ‘pseudo-spin’ degree

of these systems possess. Pseudo-spin lies in the plane of the graphene sheets and

describes the alternation of sublattices in monolayer graphene whereas in bilayer

graphene it shows the transposition of layers. Bilayer graphene show multiple

conventional harmonic resonances: first conventional harmonic resonance occurs

at first harmonic in the external driving frequency whereas second conventional

harmonic resonance occurs at the second harmonic due to the frequency doubling

effect in the external driving frequency while single layer graphene shows only one

conventional harmonic resonance at the single harmonic in the external driving fre-

quency. The experimentally measurable current density in these systems exhibits

threshold behaviour in frequency domain. The exponent at threshold is equal to

the half-integral multiple of the number of layers. The frequency at threshold

is just the anomalous Rabi frequency which is proportional to the square of the

intensity of applied field whereas it varies linearly with intensity in case of single

layer graphene. The current density in these systems shows different power law

decay in time domain.
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The above study is done in case of free-standing graphene based systems. The same

problem is also discussed in more realistic graphene systems (graphene-substrate

systems). These systems change their physical properties very drastically in pres-

ence of substrate. This motivates us to study the same phenomenon in supported

graphene systems. In presence of substrate, graphene-substrate interaction may

takes place which give rise a mass term. This mass term is responsible for the

opening of a gap in the electronic spectrum of graphene-based systems. This

problem is also studied by simply applying the same method described in case of

free-standing graphene-based systems. In presence of substrate-graphene interac-

tion inversion symmetry is broken and system becomes asymmetric. This may be

also caused by an on-site energy difference of the carbon atoms between the two

sublattices in the graphene sheet. In case of bilayer graphene, there are two types

of asymmetries: one is the intra-layer asymmetry and second is the inter-layer

asymmetry. The effect of intra-layer asymmetry on anomalous Rabi oscillations

in monolayer and bilayer graphene is similar. In presence of intra-layer asymme-

try these systems show Rabi-like oscillations even for the applied field strengths

less than the asymmetry parameter (gap parameter). We call these oscillations as

‘offset’ oscillations, and the corresponding frequency may be identified with the

asymmetry parameter. The value of offset frequency depends on the type of the

substrates used. The effect of inter-layer asymmetry on AROs is dramatic. The

ARF goes through a minimum value as a function of applied field. The experimen-

tally measurable current density shows threshold behaviour even for vanishingly

small applied fields. This threshold behaviour is solely attributable to the asymme-

try parameter. In presence of asymmetry parameter the threshold frequency show

a shift towards a larger value equal to the gap parameter. The study so far shows

that anomalous Rabi oscillations are described in perfectly AB-stacked bilayer

graphene. These systems show isotropic band structure. In bilayer graphene, we

can include anisotropy in the band structure with the inclusion of trigonal warp-

ing which leads to the deformation of the Fermi surfaces. This AB-stacking of

graphene sheets is an ideal situation which is very difficult to find in practical life.

There may be a situation where the two layers of bilayer graphene show a small

twist relative to each other. This is called the twisted bilayer graphene also known

as stacking defect. The phenomenon of anomalous Rabi oscillations is studied in

trigonally warped as well as in twisted bilayer graphene. It is shown that all the

external effects are prominent only for the weak applied fields in the study of the

AROs.
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In the preceding studies coherent anomalous Rabi oscillations are described in

graphene-based systems because the relaxation term is not taken into account.

We are also interested to study the relaxation dynamics of carriers in these sys-

tems. The relaxation dynamics may appear in a several ways like- electron-electron

interaction, screening effects and electron-phonon interaction etc. Our main fo-

cus is the study of relaxation dynamics of carriers in these systems by means of

electron-phonon (optical, acoustic and flexural) interaction. This can be done

by calculating the dephasing rate which is the imaginary part of the particle’s

self-energy. We have calculated the self-energy of the system with the help of

Dyson-equation. It is found that AROs in presence of electron-phonon interaction

are not damped near the Dirac point. The electron-phonon interaction plays an

important role in dephasing of AROs only far away from the Dirac point.
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Chapter 1

Introduction

In the introduction part, we give a historical introduction to two dimensional

carbon based materials, mainly graphene and bilayer graphene. We wish to answer

questions such as : How are these two systems different from one another? Why

is bilayer graphene more interesting than single layer graphene? What is the band

structure of these systems and how does it emerge from the tight binding model?

Which peculiar physical properties of these systems can be extracted from their

band structure? At the end of the introduction part, we have also given a survey

of theoretical and experimental literature related to the work presented in this

thesis.

1.1 Historical background

1.1.1 Graphene

Condensed matter physics, as its name suggests, is the study of the physical prop-

erties of the most familiar condensed phases of matter-solid and liquid among the

other known phases of matter. It is the study of physical properties of various

materials by experimental as well as theoretical techniques to understand their

physical behaviour.

Solid state physics is the largest branch of condensed matter physics. It is the

study of rigid phase of matter or solids. The study of solid state physics gives

us an insightful view to know how the large scale properties of solid materials

1
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Chapter 1. Introduction 2

originate from their atomic-scale properties. In this way, the solid-state physics

forms a theoretical basis to understand the materials science. The solid phase

of matter, solid materials, can be formed by the densely packed atoms. These

atoms interact to each other in an intense manner. The interaction among them

forms the basis of new physical properties such as the electrical, mechanical (e.g.

hardness and elasticity), magnetic, thermal and optical properties of solids. The

arrangement of atoms in a material, depending upon the conditions in which it

is prepared, may be regular, irregular or geometric pattern. The study of solid

state physics, as a general theory, is based on the study of crystalline phase of

solid materials because the periodicity of atoms in a crystal. Crystalline materials

often have mechanical, electrical, magnetic or optical properties that have broad

applications in engineering physics.

There are various known solid materials found in the universe. Carbon is one of

them which was recognized as an element of periodic table in 1789 by Antoine

Lavoisier [1, 2]. Carbon is a primary material of life. It is an abundant mate-

rial found in the universe such as in the sun, the earth’s crust, stars and so on.

The recognition of carbon element gives the birth of a new branch in the subject

of chemistry, which is known as ‘Organic Chemistry’. Carbon is found in vari-

ous allotropic forms. The most familiar allotropic forms of carbon are diamond,

graphite and amorphous carbon. These allotropic forms of Carbon show different

physical properties. For example, diamond is highly a transparent crystal to light

and the hardest naturally-occurring known material. It has a very low electrical

conductivity (an insulator). On the other hand graphite is opaque to light and

soft enough to form a streak on paper. It is a very good conductor of electricity.

The significance of carbon element can also be understood with the important

discoveries in the field of material science in the last few decades. For exam-

ple, Fullerene [3], carbon nanotubes [4] and very recently graphene [5]. These

systems are also the allotropes of carbon. Among the well known allotropes of

carbon diamond is a three dimensional material. Each carbon atom of diamond

is sp3 hybridized, whereas graphite is also a three dimensional material but it is

composed of sp2 hybridized carbon atoms. Carbon nanotubes (cylindrical carbon

molecules) are also composed of sp2 hybridized carbon atoms but it is one dimen-

sional showing transport of carriers in one dimensional space while the fullerenes

1http://www.matter.org.uk/glossary/detail.asp?dbid=108,
http://www.physics.ox.ac.uk/nanotech/research/nanotubes/index.html
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Chapter 1. Introduction 3

Figure 1.1: Allotropes of carbon1. Top left: Diamond, Top right: Graphite,
Bottom left: Nanotube and Bottom right: Fullerene (C60).

are zero dimensional compact form of carbon atoms. We have listed all the al-

lotropes of carbon are three dimensional while the two dimensional allotrope of

carbon is missing. This is because of the well-known theorem in the solid state

physics called ‘Mermin–Wagner theorem’ [6]. This theorem states that it is im-

possible to find a long range crystalline order in two dimensions because of the

large thermodynamic fluctuations. Even though it was a hypothetical object, the

two dimensional carbon is a theoretical basis to study the allotropes of carbon in

other dimensions. Experimentalists were using various methods to produce a sin-

gle layer of carbon (two dimensional carbon). Making a two dimensional carbon is

not only important because of its significance but also due to its two dimensional

nature. Low dimensional materials are special because restricting the dimensions

of these materials changes their physical properties drastically. These materials

exhibit many exotic properties in comparison to the bulk materials. This may be

due to the localization of carriers in low dimensions, geometry effect and absence

of inter-layer interactions etc. Experimentalists were producing two dimensional

carbon through intercalation compounds. However, this method was successful

to some extent but making a two dimensional carbon seems impossible through

2Photo Courtesy: http://www.independent.co.uk/news/uk/politics/nobel-
winner-slates- britains-stupid-immigration-reforms-8433324.html?action=gallery,
http://tech.uk.msn.com/news/graphene-research-centre-to-open
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Chapter 1. Introduction 4

Figure 1.2: Nobel prize winners of 2010 in physics2.
Left: Prof. Andre Konstantin Geim. Right: Prof. Konstantin Sergeevich

Novoselov.

Figure 1.3: Schematic of graphene: an atom thick monolayer of carbon atoms.

this process. Experimenters successfully produces few-layer of carbon (few lay-

ers of graphite) with the other deposition techniques leaving the production of

one atom thick monolayer of carbon atoms. The aspiration of producing a two

dimensional one atom thick carbon sheet became possible in 2004 by the two re-

searchers at Manchester University- Novoselov and Geim [5]. They were awarded

Nobel prize in 2010 for their novel contribution to the physics. This is the first

known two dimensional carbon allotrope named ‘Graphene’. The nomenclature of

first 2D carbon allotrope of Carbon comes from graphite and suffix-ene suggested

by Hanns-Peter Boehm [7]. The single-layer foil of carbon was first described in

1962 [8]. The structure of bulk graphite was solved [9] by the powder diffraction

method [10] in 1916. The structure of graphite was determined from single-crystal
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Chapter 1. Introduction 5

diffraction in 1924 by Bernal [11].

The theory of single layer of graphite, known as graphene, was first explored by

Wallace in 1947 [12]. The detailed study of single layer of graphite was the starting

point of understanding the physical properties of bulk graphite. The Landau levels

are responsible for the occurrence of anomalous integer quantum Hall effect [13–15]

at the Dirac point in a magnetic field.

1.1.2 Bilayer graphene

Single layer graphene is a basic building block of understanding the other graphitic

materials in different dimensions. The graphite structure can be found by the

stacking of graphene sheets one on the top of the other. A simplest generalization

of graphite is bilayer (graphite with two layers) [16–19]. It is also known as bilayer

graphene. Bilayer graphene, as its name suggests, is a graphitic material with two

graphene sheets which are arranged in a particular stacking. Single layer graphene

is a zero band gap semiconductor, so it is very difficult to use it in a electronic

devices whereas bilayer graphene shows a tunable band gap. Bilayer graphene can

be made by the stacking of two single graphene sheets one on the top of the other

in a Bernal or Rhombohedral stacking. In Bernal stacking, half the atoms in the

top layer are directly above to half the atoms in the the bottom layer and vice-

versa. This particular arrangement shows very different and interesting physical

properties than the single layer graphene. It shows parabolic energy momentum

dispersion while single graphene sheet shows a linear energy momentum disper-

sion. Bilayer graphene is interesting because a tunable gap can open between the

Figure 1.4: Schematics of bilayer graphene: Bernal stacking of two single
graphene sheets. Left: lateral veiw. Right: top veiw.
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Chapter 1. Introduction 6

conduction and valence band [20], and also the observed IQHE in bilayer graphene

shows anomalies from those in single layer graphene [21]. Bilayer graphene can

also be found in the twisted configuration, in addition to its Bernal stacked con-

figuration, known as twisted bilayer graphene. In twisted bilayer graphene the

two layers show a relative twist or rotation to each other. The physical property,

electronic and optical, of these systems are strongly depend on stacking order and

orientation. The synthesis of bilayer graphene can be done via chemical vapour

deposition technique. This technique is able to produce a large area of bilayer

graphene that almost exclusively conform to a Bernal stack geometry [22].

Similar to bilayer graphene, the crystal structure of few layer graphene can be

made by the stacking of the graphene sheets one on the top of the other in Bernal

or Rhombohedral stacking. The simplest example of few layer graphene is the

Bernal stacked trilayer graphene [23, 24]. In trilayer gaphene, one type of atoms

in the top most layer are directly above to the second type of atoms in the middle

layer which are directly above to the third type of atoms in the bottom most layer.

All the three layers are coupled by a weak Van der Waals forces.

1.2 Similarities and differences between single

and bilayer graphene

In this section, we outline the similarities and the differences between single and

bilayer graphene. Graphene is made of carbon atoms arranged in a honeycomb

lattice. It can also be made by the interpenetration of two triangular sublattices.

It has two atoms per unit cell, by the repetition of which one can obtain the

whole crystal structure. Bilayer graphene is made of two graphene sheets, so

it has four atoms per unit cell. Repetition of this unit cell leads to the whole

crystal structure of bilayer graphene. These two layers are coupled by a weak

Van der Waals forces acting between them. In single layer graphene the charge

carriers are massless chiral Dirac fermions that follow the pseudo-relativistic Dirac-

Weyl equation whereas the current conduction in bilayer graphene is governed by

massive chiral Dirac fermions. However, the speed of massive quasi-particles in

bilayer graphene is less than the velocity of the massless quasi-particles in single

layer graphene. The massless quasi-particles exhibit linear energy momentum

dispersion near the six corners of the hexagonal Brillouin zone. These points are
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known as the Dirac points. The tip of the valance band and the conduction band

touch at these points. Therefore, single layer graphene is a zero-gap semiconductor

[5]. In case of Bernal stacked bilayer graphene, the massive chiral quasi-particles

possess parabolic energy momentum dispersion near each Dirac points in Brilloin

zone in the momentum space. The valance and conduction bands touch at these

points. At low energy, bilayer graphene is a zero-gap (between valance band

and conduction band) semiconductor but a tunable band gap can be opened by

applying a perpendicular electric field [16, 20]. The massless chiral quasi-particles

in single layer graphene possess Berry phase of π [5] whereas massive chiral quasi-

particles in bilayer graphene show a Berry phase of 2π [16]. The Dirac fermions in

both of the graphene systems possess a pseudo-spin degree of freedom similar to

the spin-1
2

elementary particles. The pseudo-spin in single layer graphene describes

the alternation of the sublattices while in case of bilayer graphene the pseudo-spin

shows the transposition of the layers [25]. The pseudo-spin lies in the plane of the

graphene sheets in both the graphene systems.

1.3 Why is bilayer graphene interesting?

Single layer graphene is a zero-gap semiconductor that makes it difficult to use in

electronic applications [5] while bilayer graphene is also a gapless semiconductor

but it supports massive Dirac fermions with a tuneable band gap [16, 20]. The

bilayer graphene is certainly an exciting material, having its own unique properties

just like a single layer graphene, and has its niche electronic applications3.

The electronic properties of bilayer graphene vary on a nanometre scale. Single

layer graphene lacks a band gap. This implies that we cannot use it in elec-

tronic devices because it is impossible to turn ‘on’ and ‘off’ the electronic devices

made from it. Thus the lack of band gap in the band structure of graphene

makes it ill-suited for future nano-electronic applications. Bilayer graphene be-

haves more like a semiconductor when immersed in an electric field perpendic-

ular to the plane of the graphene sheet. The band gap in the electronic spec-

trum of bilayer graphene can also form due to the variation of electrical poten-

tial between sheet’s caused by electron-electron interaction among the graphene

sheets. The gap may also be opened by the interaction of graphene sheet with

3http://phys.org/news/2011-08-bilayer-graphene electronics.html.
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the non-conducting (insulating) substrate upon which the graphene sheet is de-

posited. Due to the mutual interaction between the graphene sheet and the

substrate, the electrons and holes pools are formed in the both graphene layers.

Figure 1.5: Electron and hole puddles in
graphene bilayer4.

These “pools” are deeper on the bot-

tom layer because it is closer and

strongly interacted with substrate.

This difference in charge density be-

tween the layers not only creates the

random pattern of alternating charges

[26] but also spatially varying band

gap. This property of bilayer graphene

gives the signature to use it in the elec-

tronic devices that can be turn on and

off just like a semiconductor. Accord-

ing to Joseph Stroscio (NIST) if the

substrate interaction can be reduced far enough, the exotic quantum properties of

bilayer graphene may be used to create a new quantum field effect transistor.

Jarillo-Herrero (MIT) and Taychatanapat at Harvard [27] found that the band gap

is smaller at low temperature (4 K). But this band gap still large enough to switch

the electronic devices on and off. The on/off ratio found in bilayer graphene is

high enough – of the order of a million – at low temperatures. However, the main

problem with bilayer graphene to use as a viable semiconductor in the electronic

devices is to operate at room temperature. So it is important to know what is

going on at low temperature and understanding the mechanism that does not

permit the electronic transport at higher temperature.

Theoretical [16, 20, 28] and experimental [29] studies of bilayer graphene shows

that the on-site asymmetry between the layers leads to a gap between the conduc-

tion and the valence band. Moreover, unlike single layer graphene, the magnitude

of the gap in the spectrum of bilayer graphene can be controlled using experimen-

tal techniques through the use of an external gate [30–36]. A band gap of up to

200 − 250 meV can be opened in the electronic spectrum of bilayer graphene by

the use of an electric field perpendicular to plane of bilayer graphene, this turns

bilayer graphene into a semiconductor [31, 37]. In a recent study of Yu et al

[38] it is reported that in a large area of bilayer graphene, more generally bilayer

4http://www.nist.gov/cnst/graphene-042611.cfm
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graphene nano ribbon, a large transport gap can be opened. In this study it is

also shown that how to improve the on/off ratio with several strategies. Angle-

resolved photoemission spectroscopy (ARPES) [39] shows that the charge carriers

in AA-stacked bilayer graphene exhibit the mixed behaviour of massive and mass-

less Dirac fermions. The electrons behaviour in bilayer graphene in real time using

time- and angle-resolved photoemission spectroscopy (TR-ARPES) is also studied

by Hofmann [40], it is found that the behaviour of excited carriers in graphene

bilayer is consistent with a single-particle band gap. The motion of electrons in

bilayer graphene can be very efficiently understood with TR-ARPES than static

ARPES. This confirms the bilayer graphene behaves like a semiconductor that

opens a possibility to use it in nanoelectronic applications [41].

1.4 Crystal structure

In this section, the crystal structures of single and bilayer graphene in real and

momentum (reciprocal space) space are described and a comparison between these

two is presented as well.

1.4.1 Single layer graphene

Graphene is an arrangement of carbon atoms in a honeycomb pattern. Each

carbon atom has four valance electrons in its outer orbit three of which, one 2s

and two 2p electrons (2px and 2py), are used to form three sigma (σ) bonds with

the neighbouring atoms. These σ bonds lie in the plane of the graphene sheet with

the bond angle of 120◦ between two neighbouring σ bonds. Therefore, each carbon

atom in graphene honeycomb lattice is sp2 hybridized. This gives rise the trigonal

structure of hybridized state. The remaining electron in pz orbital is aligned

perpendicular to the plane of the graphene sheet forming the π bond. The electrons

in π orbitals are free to move in the plane of the graphene sheet and responsible for

the electronic and transport properties of graphene. sp2 hybridization of carbon

atoms in graphene leads to the trigonal structure. Thus graphene sheet can also

be thought of as made up of two interpenetrating triangular sublattices named

A and B. Therefore each of the carbon atoms in one sublattice of graphene

sheet has three nearest neighbours from the second sublattice and six next-nearest

neighbour from same sublattice, Fig. 1.6. The position of A and B atoms are not
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equivalent because it is not possible to connect them with a lattice vector of the

form ~R = n1~a1 + n2~a2, where n1 and n2 are integers. The lattice unit vectors of

hexagonal lattice in position space can be written as [42]

~a1 =
3

2
ac−c x̂+

√
3

2
ac−c ŷ, ~a2 =

3

2
ac−c x̂−

√
3

2
ac−c ŷ (1.1)

where ac−c ≈ 1.42Å is the carbon-carbon bond length and |~a1| = |~a2| =
√

3ac−c is

the lattice constant. The three nearest-neighbor vectors in real space are given by

~δ1 =
1

2
ac−c x̂+

√
3

2
ac−c ŷ, ~δ2 =

1

2
ac−c x̂−

√
3

2
ac−c ŷ, ~δ3 = −ac−c x̂

while the six second-nearest neighbors are located at

~δ
′

1 = ±~a1, ~δ
′

2 = ±~a2, ~δ
′

3 = ±(~a2 − ~a1)

Figure 1.6: Left: honeycomb crystal structure of graphene, made out of two
interpenetrating sublattices denoted by ‘A’ and ‘B’. Carbon atoms on two sub-
lattices are marked by ‘green’ and ‘purple’ color. The lattice unit vectors and
nearest-neighbour vectors are denoted by ~a1, ~a2 and ~δ1, ~δ2 and ~δ3, respectively.
It has two atoms per unit cell. ac−c is the carbon-carbon bond length. Right:

direct lattice of honeycomb lattice.

The reciprocal lattice of direct graphene lattice can be constructed as shown in

Fig. 1.7. The reciprocal lattice can also be thought of as the rotation of 90◦ of

direct graphene lattice. The reciprocal-lattice vectors are given by

~b1 =
2π

3 ac−c
x̂+

2π√
3 ac−c

ŷ, ~b2 =
2π

3 ac−c
x̂− 2π√

3 ac−c
ŷ (1.2)
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The reciprocal lattice vectors ~b1 and ~b2 can be obtained from the following relation

~ai ·~bj = 2π δi,j

The first Brillouin zone is the smallest volume in the reciprocal space bounded by

the planes bisecting the vectors to the nearest reciprocal lattice points as shown

in Fig. 1.7. The three points in the first Brillouin zone Γ, K and K
′

are of special

interest because graphene shows interesting physics near these points. Γ point is

located at the center of the first Brillouin zone while K and K
′

are at the corners

of the first Brillouin zone where the valance band and conduction band touches

one another. These two points are connected by time-reversal symmetry. The

position of these two points in the momentum space is given by

~K =
2π

3 ac−c
x̂+

2π

3
√

3 ac−c
ŷ, ~K

′
=

2π

3 ac−c
x̂− 2π

3
√

3 ac−c
ŷ (1.3)

First Brillouin zone 

𝒃𝟐 

𝒃𝟏 

Figure 1.7: Left: graphene honeycomb lattice in reciprocal lattice space. ~b1
and ~b2 are the reciprocal lattice vectors. The points K and K

′
are called the

Dirac points and Dirac cones are located at these points. These two points
are connected by the time reversal symmetry. Γ point denotes the center of
the Brillouin zone. Right: It shows the construction of reciprocal lattice from
direct graphene lattice. Green hexagon shows the first Brillouin zone of graphene

lattice in reciprocal space.
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1.4.2 Bilayer graphene

Monolayer graphene is a building block of other graphitic materials [12]. Graphite

structure can be obtained from the stacking of the graphene sheets one on the top of

the other. The simplest generalization is bilayer graphene. Bilayer graphene can be

thought of as made from two coupled monolayers. These two layers are separated

by 3.35A◦, the interplanar distance, and coupled by the weak Van der Waals forces.

Bilayer graphene can be obtained from the stacking of two monolayers of carbon

atoms in a Bernal or Rhombohedral stacking [11]. The crystal lattice structure of

bilayer graphene [16–18] is given in Fig. 1.8. These two layers are arranged in a

way such that one type of atoms in the lower layer, say B1, are directly below to

an atom on the top layer, say A2. These two atomic sites are referred as ‘dimer’

sites. The atomic orbitals on dimer sites are strongly coupled by an inter-layer

coupling γ1. The atomic sites which are not directly above or below to one another

called ‘non-dimer’ sites. The dimer sites in bilayer graphene are responsible for

the formation of high energy bands [43–45] in the electronic spectrum. All four

atomic sites A1, B1 in bottom layer and A2, B2 in top layer are inequivalent.

Bilayer graphene has four atoms per unit cell. The reciprocal lattice of bilayer

Figure 1.8: Left: schematic honeycomb crystal lattice of bilayer graphene,
side view, containing four sites in the unit cell: A1 (black circles) and B1 (green
circles) in the bottom layer, and A2 (green circles) and B2 (purple circles) in the
top layer. Right: Reciprocal lattice of bilayer graphene. It is also a honeycomb
lattice similar to single layer graphene. ~b1 and ~b2 are primitive reciprocal lattice
vectors. The shaded hexagon is the first Brillouin zone with Γ indicating the

center, K+ and K− showing two non-equivalent corners.

graphene is shown in Fig. 1.8 [46]. The reciprocal lattice of bilayer graphene is
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also a hexagonal lattice similar to single layer graphene. Figure 1.9 shows the

Figure 1.9: Schematic of the plane view of the honeycomb crystal lattice
of bilayer graphene. ~a1, ~a2 are the primitive lattice vectors. Bottom layer is
denoted by solid hexagons while top layer denoted by dashed hexagons. The
shaded rhombus indicates the conventional unit cell. a is the lattice constant.

plane view of the graphene bilayer. The bottom and top layers are denoted by

solid and dashed hexagons, respectively. The dimer sites, B1− A2, are shown by

green circles whereas non-dimer sites, A1 and B2, are shown by black and purple

circles, respectively. Shaded region shows the conventional (non-primitive) unit

cell and a = |a1| = |a2| is the lattice constant, the distance between adjacent unit

cells, a = 2.46Å [18, 47]. The lattice constant is different from the carbon-carbon

bond length ac−c = a/
√

3 = 1.42Å, which is the distance between adjacent carbon

atoms. The primitive lattice vectors ~a1 and ~a2 may be defined as

~a1 =
a

2
x̂+

√
3 a

2
ŷ, ~a2 =

a

2
x̂−
√

3 a

2
ŷ (1.4)

The primitive reciprocal lattice vectors ~b1 and ~b2 can be calculated from the fol-

lowing relation between primitive direct lattice vectors and primitive reciprocal

lattice vectors.

~ai ·~bj = 2 π δi,j

where δi,j = 0 for i 6= j and δi,j = 0 for i = j. The primitive reciprocal lattice

vectors are given by

~b1 =
2 π

a
x̂+

2 π√
3 a

ŷ, ~b2 =
2 π

a
x̂− 2 π√

3 a
ŷ (1.5)
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As shown in Fig. 1.8, the reciprocal lattice is hexagonal lattice, and the first

Brillouin zone is a hexagonal. Two of the six points, one at each corner, in the

first Brillouin zone are inequivalent denoted by K+ and K−, also denoted by K

and K
′
. These two points are connected by time reversal symmetry. The physics

of bilayer graphene is important at these points.These two points are called the

Dirac points where the valance band and conduction band touch one another. The

position vectors of Dirac points, also referred to as valleys, in first Brillouin zone

are

~K =
4 π

3 a
x̂, ~K

′
= −4 π

3 a
x̂

In the following section, we discuss the band structures of single and bilayer

graphene. We also show how to apply the tight binding method to calculate

the energy momentum dispersion for both graphene systems.

1.5 Electronic Band structure

According to band theory of solids, the electronic band structure is used to cal-

culate the ranges of energy that are allowed for an electron within solids, these

allowed ranges of energy are called allowed energy bands, and the ranges of energy

which are not allowed for an electron called forbidden energy bands or simply the

band gap. These allowed or forbidden electronic bands can be derived with band

theory by determining the allowed wave functions for an electron in a large peri-

odic lattice. Band theory is widely used to explain the various physical properties,

such as electronic and optical. There are many methods to calculate the electronic

band structure of solids [48–50]. The following sections describe how to calculate

the band structures of single layer and bilayer graphene.

1.5.1 Band structure of graphene

In this section, we calculate the band structure of an electron in a hexagonal lattice

made from the carbon atoms, called graphene. We employ the tight binding ap-

proximation well described in the various text books [48, 49]. This approximation

is based on linear combination of atomic orbitals. In a periodic crystalline struc-

ture each atom has its atomic orbital and corresponding wave function associated

with each atomic site. This wave function is not a true wave function because of
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the overlapping of atomic orbitals with the nearby atomic orbitals. Therefore, the

wave function should be the linear combination of these atomic orbitals on each

atomic site.

The tight binding approximation was first explored by Wallace in 1947 [12] to

calculate the band structure of graphite using a two dimensional model of the

graphitic lattice. The tight binding model of graphene was explored by assuming

that the nearest and next nearest neighbors interaction for the pz orbital which is

normal to the plane of the graphene sheet. The overlap between pz orbital wave

functions centered at different atoms is also neglected. Lately it was explored by

Slonczewski et al by taking the second nearest neighbors or more distant neighbors

[51]. Semenoff [52] calculated the band structure of graphite using two dimensional

hexagonal lattice of more general diatomic system by assuming that sites A and

B are occupied by distinct types of atoms. The calculation of band structure of

graphene using tight binding approximation is also available in literature [42, 53–

58].

Graphene is a two dimensional sheet of carbon atoms arranged in a honeycomb

pattern. The band structure of gaphene is calculated for unbonded pz atomic

orbital using tight binding method. The pz orbital lies normal to the plane of the

graphene sheet that can accommodate two electrons with spin projection ±1 [57].

For convenience, only the nearest neighbor hopping is considered as shown in Fig.

1.6. If we denote the orbital on atom i with spin σ by (i, σ) then the nearest

neighbor tight binding Hamiltonian of graphene can be written as (we use units

such that ~ = 1)

Ĥ1 = −t
∑
〈i,j〉,σ

(
â†iσ b̂jσ + h.c.

)
(1.6)

where the subscript in left hand side stands for number of layers, i (j) are the

ith (jth) atomic orbitals on sublattice A and B, â†iσ (b̂jσ) creates (annihilates) an

electron with spin σ (σ =↑, ↓) on site ~Ri (~Rj) on sublattice A and B, 〈i, j〉 repre-

sents the hopping between nearest neighbors only, σ is pseudospin that describes

the alternation of sublattices A and B, t (' 2.8 eV ) is the nearest-neighbor hop-

ping energy (hopping between different sublattices). To derive an energy disper-

sion, we need to transform Eq. (1.6) to momentum space using the usual Fourier

transformations, we may write

â†iσ =
1√
N

∑
~k

e−i
~k·~R0

i â†~k,iσ; b̂jσ =
1√
N

∑
~k′

ei
~k
′ ·(~R0

i+~δj) b̂~k′ ,iσ (1.7)
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where ~R0
i is the reference point within the unit cell. It is a matter of convention

how we choose the pair A and B and the reference point ~R0
i . For convenience let

us choose atom A as reference point ~R0
i (Fig. 1.6) then B type of atoms will be

the nearest neighbors of A and separated by nearest neighbor vectors ~δ1, ~δ2 and ~δ3

at an angle 120◦ with each other. Substituting Eq. (1.7) into Eq.(1.6), we obtain

Ĥ1 = −t
∑
j,σ

∑
~k

(
ei
~k·~δj â†~k,σ b̂~k,σ + h.c.

)
(1.8)

In Eq. (1.8) sum over j denotes the nearest neighbors of A atom and sum over

σ breaks the spin degeneracy in each valley. For present discussion, we are sup-

pressing sum over σ and include the spin degeneracy in later results. Then the

Hamiltonian Eq. (1.8), in matrix form, can be written as

Ĥ1 =
∑
~k

(
â†~k b̂†~k

)( 0 −t
∑

j e
i~k·~δj

−t
∑

j e
−i~k·~δj 0

)(
â~k

b̂~k

)
(1.9)

Therefore, one electron tight binding Hamiltonian of graphene in momentum space

can be represented in terms of purely off diagonal 2× 2 matrix as follows

Ĥ1 =

(
0 f(~k)

f ∗(~k) 0

)
, f(~k) = −t

3∑
j=1

ei
~k·~δj (1.10)

Substituting the values of three nearest neighbor lattice vectors ~δj, j = 1, 2, 3, we

can write the explicit form of f(~k) as given below

f(~k) = −t
[
ei
~k·~δ1 + ei

~k·~δ2 + ei
~k·~δ3
]

f(~k) = −t eikxac−c
[

1 + 2 ei
3kxac−c

2 Cos

(√
3kyac−c

2

)]
(1.11)

With the help of Eq. (1.11), the eigenvalues of Hamiltonian Eq. (1.10) can be

written as

E(k) = ±|f(~k)|

E(k) = ± t

√√√√1 + 4Cos

(
3kxac−c

2

)
Cos

(√
3kyac−c

2

)
+ 4Cos2

(√
3kyac−c

2

)
(1.12)

Equation (1.12) gives the energy spectrum of electrons in graphene and pictorially
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shown in Fig. 1.10. The plus and minus sign indicates the upper π∗ band (con-

duction) and the lower π band (valance band), respectively. It can be seen that

the energy eigenvalue depends on momentum. Let us check whether Eq. (1.12)

vanishes for some value of momentum, it is equivalent to find the zeros of Eq.

(1.12). Equation (1.12) has zeros whenever the following two conditions satisfied

3 kx ac−c
2

= 2nπ & Cos
(√

3 ky ac−c
2

)
= −1

2

3 kx ac−c
2

= (2n+ 1)π & Cos
(√

3 ky ac−c
2

)
= +1

2

where n is an integer. First set of choice takes the y- component of wave vector

away from the first Brillouin zone (FBZ) while second choice (with n = 0) is

satisfied exactly at the corners of FBZ denoted by K and K
′
, these points are

called the Dirac points and the position of these points in FBZ is given by Eq.

(1.3). The conduction band and valence band touch one another at these points,

and are symmetric around E(k) = 0. The fermi level lies exactly at these points.

It follows that for exactly half filled bands the DOS at the Fermi level is exactly

zero. Thus, undoped graphene is a perfect semimetal. We are interested to know

the behavior of energy spectrum and eigenfunctions close to ~k = ~K, at the Dirac

point. Expanding Eq. (1.11) near ~q = 0 for small value of wave vector ~q such that

~q = ~k − ~K, with |~q| � | ~K| [12, 42, 57], we end up with

f ~K(~q) = 2 e−iKxac−c ~q · ∇k

[
ei

3kxac−c
2 Cos

(√
3kyac−c

2

)]
~k= ~K

f ~K(~q) = −3tac−c
2

e−iKxac−c(iqx − qy) (1.13)

Extracting an overall factor, −ie−iKxac−c , that does not affect the physical results,

then we can write Eq. (1.13) as

f ~K(~q) = ~vF (qx + iqy) (1.14)

where vF = 3tac−c
2~ = 106 m/sec. If we expand Eq. (1.11) around K

′
point, for

which K
′
x = Kx and K

′
y = −Ky, we will obtain

f ~K′ (~q) = ~vF (qx − iqy) = f ∗~K(~q) (1.15)
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𝑬(𝒌) 𝒕  

𝒌𝒚𝒂𝒄−𝒄  

𝒌𝒙𝒂𝒄−𝒄  

Figure 1.10: Schematic of the electronic band structure of graphene honey-
comb lattice. Left: three dimensional plot of Eq. (1.12) between dimensionless
quantities E(k)/t versus kxac−c and kyac−c. Upper band signifies the π∗ band
(conduction band) and lower band the π band (valance band). These two bands
touch one another at the several points, these points are the corners of the FBZ.
These points are called the Dirac points. Right: zoom in of the energy bands

close to one of the Dirac point.

Therefore, in the limit of small lattice constant, known as continuum limit, the

Hamiltonian of electrons in graphene near ~K point in FBZ can be written as

H ~K = ~vF

(
0 qx + iqy

qx − iqy 0

)
≡ ~vF (σ̂ · ~q) (1.16)

where σ̂ are the usual Pauli matrices. The energy eigenvalues of Hamiltonian Eq.

(1.16) are given by

ε(q) = ± ~vF |~q| (1.17)

The Hamiltonian Eq. (1.16) is same as that of an ultra-relativistic (massless)

spin-1
2

particle with the velocity of light replaced by the Fermi velocity vF , which

is equal to c
300

where c is the velocity of light. It is clear from Eq. (1.17) that

the eigenvalues of Eq. (1.16) are depends only on the magnitude of ~q, not on its

direction in two dimensional space. The eigenfunctions in the vicinity of ~K point
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are

ψ±~K(q) =
1√
2

(
eiθ~q/2

±e−iθ~q/2

)
, θ~q ≡ tan−1 (qx/qy) (1.18)

As we can see from Eq. (1.18) when ~q rotates once around the Dirac point, the

phase of ψ±~K(q) changes by π, which is the characteristic of spin-1
2

particles. The

more elaborated discussion on band structure of graphene is taken from references

[42, 57].

1.5.2 Band structure of bilayer graphene

Bilayer graphene contains two graphene sheets in Bernal stacking. The inter-

planar distance between two graphene sheets is 3.35 Å. These two layers are

coupled by a weak Van der Waals force acting between them [16]. The tight-

binding model of bulk graphite can easily be generalized for the stacking of finite

number of graphene layers, for example bilayer graphene, tri-layer graphene and

so on.

The tight binding model of bilayer graphene can be constructed in a similar way

as for single layer graphene, discussed in an earlier section. In case of bilayer

graphene, we have two graphene sheets one on the top of the other in a Bernal

stacking. As we now have two layers, we will have four atoms per unit cell and thus

expect four energy bands. In bilayer graphene two types of hopping are possible:

an intra-layer hopping in both graphene sheets which is similar to single layer

graphene and an inter-layer hopping, hopping between atoms in one layer that lies

directly above and below in the other layer. This hopping forms the ‘dimer’ site

which is a high energy state. The tight binding Hamiltonian of graphene bilayer

can be modeled in a similar way as for single layer graphene. The tight binding

Hamiltonian of hopping from A1 � B1 in lower layer can be written as

ĤL = −t
∑
〈i,j〉

(
â†1i b̂1j + h.c.

)
(1.19)

Equation (1.19) gives the Hamiltonian of hopping from A1 � B1 in lower layer.

i(j) are the ith(jth) atomic sites on sublattice A1 and B1, â†1i(b̂1j) creates (anni-

hilates) an electron on site ~Ri(~Rj) on sublattice A1 and B1, 〈i, j〉 represents the

hopping between nearest neighbors only.
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The tight binding Hamiltonian of upper layer, indexed by 2, can be written in a

similar way as the tight binding Hamiltonian of lower layer (layer 1), and it is of

the form

ĤU = −t
∑
〈i,j〉

(
â†2i b̂2j + h.c.

)
(1.20)

All the notations are similar as in Eq. (1.19), except layer index. The tight binding

Hamiltonian of inter-layer hopping (hopping between two layers), hopping between

B1 � A2 (dimer site), can be written as

ĤI−L = −γ1

∑
i

(
â†2i b̂1i + h.c.

)
(1.21)

where γ1 is the hopping energy for transitions between sites of vertical stacking.

Therefore, the total Hamiltonian of bilayer graphene can be obtained by adding

Eqs. (1.19), (1.20) and (1.21), and can be written as follows

Ĥ2 = ĤL + ĤU + ĤI−L

Ĥ2 = −t
∑
〈i,j〉

(
â†1i b̂1j + h.c.

)
− t
∑
〈i,j〉

(
â†2i b̂2j + h.c.

)
− γ1

∑
i

(
â†2i b̂1i + h.c.

)
(1.22)

In order to derive the electronic dispersion relation of electrons in bilayer graphene,

we need to transform the Hamiltonian Eq. (1.22) to momentum space using usual

Fourier transform technique, and this can be done in a similar way as described

in sec. 1.5.1. When we define the Fourier transform in the standard way, the last

term in Eq. (1.22) picks up no ~k− dependence because both operators â†2i and b̂1i

operate at the same point in the x− y plane. Then the resulting Hamiltonian of

electrons in bilayer graphene in momentum space can be expressed in the form of

a 4× 4 matrix as follows,

H2,~k =


0 0 0 f(~k)

0 0 f ∗(~k) 0

0 f(~k) 0 γ1

f ∗(~k) 0 γ1 0

 (1.23)

where f(~k) = −t
∑

δ e
i~k·δ and t is an in-plane (intra-layer) hopping parameter that

has relation with in-plane velocity v as, v = (
√

3/2)ta/~. In subsequent discussion

we have taken γ0 as in-plane hopping parameter instead t. In order to parameterize

tight binding couplings relevant to bilayer graphene, we have adopted the notation

c©Indian Institute of Technology Guwahati

TH-1429_10612106



Chapter 1. Introduction 21

of the Slonczewski-Weiss-McClure (SWM) model [51, 59, 60] that is often used

to describe bulk graphite. As in single layer graphene, f(~k) can be expanded

about the ~K in the continuum approximation (for small lattice constant) to get

|f(~q)| = ~vq. Therefore, in the continuum limit, Eq. (1.23) near ~K point in the

FBZ can be represented as

H2, ~K =


0 0 0 vπ†

0 0 vπ 0

0 vπ 0 γ1

vπ† 0 γ1 0

 (1.24)

where v is the intra-layer hopping velocity in each layer, π = qx + iqy and π† =

qx − iqy. The energy eigenvalues of Eq. (1.24) in terms of f(~q) are given by

E2
α =

γ2
1

2
+ |f(~q)|2 + (−1)α

√
γ4

1

4
+ |f(~q)|2γ2

1 (1.25)

where |f(~q)| = ~vq, α = 1 for low-energy bands and α = 2 for high-energy bands

that occur from the hopping between the dimer sites. Equation (1.24) is a 4 × 4

𝑬𝒒 𝜸𝟏  

ћ𝒗𝒒𝒚/𝜸𝟏 

ћ𝒗𝒒𝒙/𝜸𝟏 

Figure 1.11: Bilayer graphene band structure. Left: 3D plot of energy bands
in the vicinity of K valley. ~q measured from the center of the valley, where the
valance band and conduction band touch one another. Right: 2D plot of energy

E~q versus x-component of wave number ~q.

matrix, so it has four eigenvalues given by Eq. (1.25), and denoted by E
(1)
+ , E

(2)
+ ,

E
(1)
− and E

(2)
− in the right part of Fig. 1.11. The main low-energy physics of
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electrons in bilayer graphene occurs near ~K and ~K
′

points, called Dirac points, in

the FBZ. The band structure of bilayer graphene is now quadratic in ~q for low-

energies while the band structure is still linear for high-energies, as clearly shown

in Fig. 1.11. We now have four bands as predicted; two valance band and two

conduction band. Of them, high-energy bands E
(2)
+ and E

(2)
− , occur due to dimer

sites, are separated by ±γ1, respectively, from the Dirac point, and the low-energy

bands E
(1)
+ and E

(1)
− touch one another at Dirac point of the BZ.

Bilayer graphene Hamiltonian Eq. (1.24) is derived by assuming two types of

hopping, an intra-layer hopping (an in-plane hopping in each layer) parameterized

by γ0 and a direct inter-layer hopping (hopping between dimer sites) between two

graphene sheets which is parameterized by γ1. In whole of the above discussion, we

have ignored a weak direct hopping from lower layer to the upper layer (indicated

by γ3), apart from this, an on-site asymmetry in each layer and between the layers

have also not been taken into account. In presence of γ3, the band structure be-

comes anisotropic (directionally dependent) that gives rise to the trigonal warping

of bands. On-site asymmetries have remarkable effect on the electronic spectrum

of bilayer graphene. These asymmetries are responsible for opening a gap in the

electronic spectrum. It becomes clear from the following discussion.

1.5.2.1 Gap opening in bilayer graphene band structure

Bilayer graphene has four atomic sites per unit cell. These sites may be held

at different energies say εA1, εB1, εA2 and εB2. Therefore, the Hamiltonian of

bilayer graphene including on-site energy difference between four atomic sites can

be written as

H2, ~K =


εA1 0 0 vπ†

0 εB2 vπ 0

0 vπ εA2 γ1

vπ† 0 γ1 εB1

 (1.26)

Three independent parameters are required to define the energy difference among

four atomic sites. These independent parameters are ∆AB, ∆ and U describing the

on-site energy difference between the sublattice sites A and B on each layer (an

intra-layer asymmetry), the energy difference between dimer and non-dimer sites

[61–64] and inter-layer asymmetry between the two layers caused by the application

of external gates or a doping effect [16–18, 20, 28–32, 65–69], respectively. In terms
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of energies of four atomic sites these parameters in a unit cell can be represented

as follows:

∆AB =
[(εA1 + εA2)− (εB1 + εB2)]

2

∆ =
[(εA1 + εB2)− (εB1 + εA2)]

2

U =
[(εA1 + εB1)− (εA2 + εB2)]

2

(1.27)

The choice of these three asymmetry parameters ∆AB, ∆ and U is not unique.

The four-component Hamiltonian Eq. (1.26) give the following energy eigenvalues

(taking U = 0, ∆ = 0),

E2
α =

∆2
AB

4
+
γ2

1

4

[√
1 +

4γ2
0 |f(~q)|2
γ2

1

+ (−1)α

]2

(1.28)

where, α = 1 and 2, accounts for the low-energy bands (degenerate bands) and

𝑬𝒒 𝜸𝟏  

ћ𝒗𝒒𝒚/𝜸𝟏 

ћ𝒗𝒒𝒙/𝜸𝟏 

Figure 1.12: Bilayer graphene band structure when an intra-layer asymmetry
is taken into account. Solid and dashed curves for with and without intra-
layer asymmetry, respectively. For clarity, we choose large value of asymmetry,

∆AB = 0.2 eV . Other parameters are γ0 = 3.0 eV , γ1 = 0.35 eV .

for the split bands (high energy bands), respectively. For small wave vector ~q in

the vicinity of a valley, we may approximate γ2
0 |f(~k)|2 = ~2v2q2. Equation (1.28)

pictorially shown in Fig. 1.12. It is clear from figure that the role of ∆AB is to open

a gap in the electronic spectrum by a trivial shift of the energy. Thereby, lifting
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the degeneracy at the Dirac point. The lower (E
(1)
+ ) and upper (E

(1)
− ) sub-band in

the conduction and valance band shifted by an amount (±∆AB)/2, respectively.

This gives rise a band gap of ∆AB between E
(1)
+ and E

(1)
− . The high-energy bands

E
(2)
+ and E

(2)
− are almost remains unshifted.

The parameter U describes the inter-layer asymmetry between two layers arising

from external gate or a doping effect. In this case, the four component Hamiltonian

Eq. (1.26) gives the following energy eigenvalues (taking ∆AB = 0, ∆ = 0)

E2
α =

U2

4
+
γ2

1

2
+ γ2

0 |f(~k)|2 + (−1)α
√
γ4

1

4
+ γ2

0 |f(~k)|2(γ2
1 + U2) (1.29)

where all parameters have the same definition as above. The inter-layer asym-

metry U is responsible for the appearance of a distinctive ‘Mexican hat’ struc-

ture of the degenerate bands in the electronic spectrum, as shown in Fig. 1.13.

E+
H2L

E+
H1L

E-
H2L

E-
H1L

+ Γ1

- Γ1

U D
�

-2 -1 0 1 2

-3

-2

-1

0

1

2

3

Ñvqx�Γ1

Eq

Γ1

Figure 1.13: Bilayer graphene band structure
when an inter-layer asymmetry is taken into ac-
count. Solid and dashed curves for with and
without inter-layer asymmetry, respectively. For
clarity, we choose large value of asymmetry, U =

γ1 = 0.35 eV and γ0 = 3.0 eV .

The parameter U is tuneable and

strongly depends on the external

applied gate voltage. The numer-

ical value of U is explicitly cal-

culated in bilayer graphene [20,

28]. Unlike intra-layer asymmetry,

here, the high-energy bands show a

remarkable shift in energy at Dirac

point, and the shift is equal to

the asymmetry parameter. The

lower and upper sub-bands in the

valance and conduction band, E
(2)
−

and E
(2)
+ , shift towards slight lower

and higher value of energy in each

band. This shift is equal to ∓U/2,

respectively. Inter-layer asymme-

try is responsible for the ‘Mexi-

can hat’ like structure in the low-

energy bands which is quite differ-

ent in comparison to intra-layer asymmetry in single and bilayer graphene. The

appearance of ‘Mexican hat’ like structure in the low-energy spectrum gives the

true value of the gap, say ∆̃, between the conduction and valance band occurs at

finite value of wave vector, ~q 6= 0, away from the Dirac point. The value of gap ∆̃
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and the corresponding non-zero wave vector qg is given below [17],

∆̃ =
|U |γ1√
γ2

1 + U2
, qg =

|U |
2v

√
2γ2

1 + U2

γ2
1 + U2

(1.30)

For large value of asymmetry |U | � γ1, the gap saturates at ∆̃ ≈ γ1, although

for intermediate value of asymmetry |U | � γ1, it is simply equal to ∆̃ ≈ |U |.
Theoretical [16] and experimental [29] studies show that the inter-layer asymmetry

(asymmetry between the layers) is responsible for the gap ∆̃ between the otherwise

degenerate conduction and valance band. Moreover, unlike monolayer graphene,

here, there is an experimental possibility to control the magnitude of induced gap

in the spectrum of bilayer graphene through the use of an external gate [5, 13, 15,

21, 30]. A more elaborate discussion of controlling the gap in bilayer graphene is

given in the references [17, 28].

A tuneable band gap in the electronic spectrum of bilayer graphene was first

observed with angle-resolved photoemission spectroscopy (ARPES) of epitaxial

bilayer graphene on silicon carbide [29]. The band gap has now been observed in a

number of different experiments including photoemission [29], magneto-transport

[31], infrared spectroscopy [34, 35, 37, 62, 70, 71], scanning tunneling spectroscopy

[72] and transport [27, 32, 73, 74]. The band structure of bilayer graphene discussed

above uses four-component Hamiltonian that includes low as well high energy

states. The physics of bilayer graphene at low-energy is more interesting than the

physics at high-energy. The low-energy physics of massive chiral Dirac fermions

in bilayer graphene is governed by two component Hamiltonian. At low-energy

the band structure of bilayer graphene has only single valance band and single

conduction band.

1.5.2.2 Trigonal warping of bands in bilayer graphene

Similar to the bulk graphite [63, 75, 76] the trigonal warping also occurs in bilayer

graphene. In bilayer graphene the weak direct A1 − B2 coupling γ3 responsible

for the trigonal warping which leads to the effective velocity v3 � v. At very

low energies, the effect of trigonal warping is dramatic. It leads to a Lifshitz

transition: the iso-energetic line is broken into four pockets, which can be referred

to as one “central” and three “leg” parts [16, 77–80]. This transition takes place

when εF ∼ εL = γ1v
2
3/(4v), where v3/v = 0.1 [16]. The low-energy two-component
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Hamiltonian describing effective hopping between the A1−B2 sites, including the

effect of weak direct coupling parameter γ3, can be written as

HTW
2, ~K

= − 1

2m

(
0 (π†)2

π2 0

)
+ v3

(
0 π

π† 0

)
(1.31)

This effective Hamiltonian Eq. (1.31) is applicable within the energy range |E| <
γ1

4
and yields the following energy eigenvalue

E2
1 = v2

3q
2 − 2v2v3q

2

γ1

Cos3φ+

(
v2q2

γ1

)2

(1.32)

where φ = tan−1
(
qy
qx

)
. In presence of parameter γ3 the band structure of bilayer

graphene becomes anisotropic, it is directionally dependent. The energy eigenvalue

Eq. (1.32) is pictorially shown in Fig. 1.14. It is clear from figure that the

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
-2

-1

0

1

2

Ñvqx�Γ1

Eq

Γ1 𝒒𝒙 

𝒒𝒚 

2 𝑚 𝑣3 

Figure 1.14: Left: bilayer graphene band structure in presence of weak direct
inter-layer coupling parameter γ3. The energy bands are potted along the line
qy = 0. Dashed and solid curves stand for without and with trigonal warping in

bilayer graphene. Right: Schematic of the Fermi line in the valley ~K for high
(light shading) and low density (dark shading). This shows the effect of trigonal
warping leads to a Lifshitz transition: the iso-energetic line is broken into four

pockets, one “central” and three “leg” parts.

presence of coupling parameter γ3 gives rise a zero non-trivial minimum of energy

for q 6= 0. At this value of wave vector dispersion-relation is linear similar to

that of monolayer graphene. The trigonal warping breaks the iso-energetic line

into four pockets one central and three leg parts. The central and leg parts have

minimum |E| = |U |/2 at q = 0 and at q = 2mv3 = γ1v3/v
2, angle φ0, respectively.
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For ~K valley, φ0 = 0, 2π
3
, 4π

3
, whereas for ~K

′
valley, φ0 = π, π

3
, 5π

3
. For ~K valley,

taking qy = 0 and φ = 0, Eq. (1.32) gives

E±(q) = ±
∣∣∣∣v3q −

q2

2m

∣∣∣∣ (1.33)

Equation (1.33) shows that, at zero energy, the leg pocket of the Fermi surface

develops at q = 2mv3 where the valance and conduction band overlap and the

overlap is given by 2εL ≈ γ1

2

v2
3

v2 ≈ 2 meV [55] using γ1 = 0.4 eV and v3/v = 0.1.

Note that Berry phase 2π [16] is conserved through the Lifshitz transition; the

three leg pockets each have Berry phase π while the central pocket has −π. A

detailed description of Berry phase and pseudospin in single and bilayer graphene

is given in the next section.

1.6 Pseudo-spin and Berry phase

1.6.1 Single layer graphene

Single layer graphene can be think of as made by the interpenetration of two

triangular sublattices A and B. Consider the Hamiltonian of single layer graphene

in presence of a vector potential ~A(t) such that ~A(t) is slowly varying and periodic

~A(0) = ~A(tf ) = 0. Thus a slowly time varying electric field ~E(t) = −1
c
~̇A(t) is

turned on at t = 0 and finally off at t = tf . We want to know how the states

of the Dirac quasi-particles change with time in this case. The energy eigenvalue

equation of the system can be written as

Hψ = Eψ (1.34)

where H is the Hamiltonian of monolayer graphene and ψ is a two component

column matrix.

H = vF

(
0 px − ipy

px + ipy 0

)
(1.35)

with the energy eigenvalues The eigenvalues and the eigenfunction of Eq. (1.34)

are

E = ±vF |p| (1.36)
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ψ+(~p, 0) =
1√
2

(
1

eiθp

)
, ψ−(~p, 0) =

1√
2

(
1

−eiθp

)
(1.37)

Another choice of eigenfunction with an additional phase factor e±iθp/2 is

ψ+(~p, 0) =
1√
2

(
e−iθp/2

eiθp/2

)
, ψ−(~p, 0) =

1√
2

(
e−iθp/2

−eiθp/2

)
(1.38)

where |p| is the magnitude of ~p that makes an angle θp with the x- axis and ±
corresponds to conduction and valance band respectively. Since vector potential

~A(t) is slowly varying, we may claim that at each time t, the state ψ(~p, t) is close

to the eigenstate φ(~p, t) of the Hamiltonian H(t) = vF~σ · (~p− e
c
~A(t)) with energy

+vF |~p − e
c
~A(t)| ≡ E(t). The energy eigenvalue equation near one of the Dirac

point can be written as,

H(t)φ(~p, t) = E(t)φ(~p, t)

ψ(~p, 0) = φ(~p, 0)

Since each energy +vF |~p− e
c
~A(t)| is non-degenerate, the states representing ψ(~p, t)

and φ(~p, t) are the same. This means the wave functions can differ at most by a

phase ϑB(t). This is called the geometric phase, Pancharatnam Berry phase or

simply Berry’s phase. We may write,

ψ(~p, t) = eiϑB(t) e−i
∫ t
0 E(t

′
)dt
′

φ(~p, t)

The phase
∫ t

0
E(t

′
)dt

′
is called the dynamical phase and is expected to be there.

The new contribution ϑB(t) is the geometric phase. Now,

φ(~p, t) =
1√

2|P (t)|2

(
(Px(t)− iPy(t))
Pz(t)− P (t)

)

where ~P (t) = ~p− e
c
~A(t) and P (t) =

√
Px(t)2 + Py(t)2.

i
∂

∂t
ψ(~p, t) = eiϑB(t) E(t)φ(~p, t)− ∂ϑB(t)

∂t
eiϑB(t) φ(~p, t) + eiϑB(t) i

∂

∂t
φ(~p, t)

= H(t)ψ(~p, t) = eiϑB(t) H(t)φ(~p, t) = eiϑB(t) E(t)φ(~p, t)

−∂ϑB(t)

∂t
φ(~p, t) + i

∂

∂t
φ(~p, t) = 0
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since φ†(~p, t)φ(~p, t) = 1, therefore

∂ϑB(t)

∂t
= iφ†(~p, t)

∂

∂t
φ(~p, t)

But φ(~p, t) = φ(~P (t), 0). This means,

∂ϑB(t)

∂t
= iφ†(~P (t), 0)

∂

∂t
φ(~P (t), 0)

Using chain rule,

∂ϑB(t)

∂t
= iφ†(~P (t), 0)

d~P (t)

dt
· ∇~P (t)φ(~P (t), 0)

Integrating with respect to time,

ϑB(tf ) = i

∫ ~P (tf )=~p

~P (0)=~p

d~P (t) · (φ†(~P (t), 0)∇~P (t)φ(~P (t), 0))

ϑB(tf ) = i

∮
d~p · (φ†(~p, 0)∇~pφ(~p, 0)) (1.39)

where,

d~p = p̂ dp+ p dθ θ̂, ∇~p = p̂
d

dp
+ θ̂

1

p

d

dθ

φ†(~p, 0)∇~pφ(~p, 0) =
1√
2

(
eiθ −1

)(
p̂
d

dp
+ θ̂

1

p

d

dθ

)
1√
2

(
e−iθ

−1

)

=
−i
2p
θ̂

Therefore,

ϑB(tf ) = i

∮
d~p · (φ†(~p, 0)∇~pφ(~p, 0)) = i

∮
d~p · −i

2p
θ̂ = π

which is the Berry phase corresponding to the eigenfunctions in Eq. (1.37). If we

calculate ϑB(tf ) using eigenfunctions in Eq. (1.38), the Berry phase comes out to

be zero. It is convenient to use the wave-function of Eq. (1.38), since the effect

of Berry’s phase is included in the wave-function [81]. This change of phase by π

under rotation is characteristic of spinors and experimentally verified by Zhang et

al. [15]. In fact, the wave function is a two component spinor.

The eigenfunctions may be characterize by their helicity. In quantum-mechanics

the helicity operator, the projection of the momentum operator along the (pseudo)
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spin direction, is defined as

ĥ =
1

2

~σ · ~p
|~p|

(1.40)

It is clear from Eq. (1.40) that the states ψ ~K and ψ ~K′ are also the eigenfunction

of the helicity operator ĥ because, [H, ĥ] = 0. This means,

ĥψ ~K = ±1

2
ψ ~K (1.41)

Therefore, electrons and holes have positive and negative helicity, respectively.

Equation (1.41) implies that ~σ has its two eigenvalues either in the direction of

momentum or against it. This property says that the states of the system close to

the Dirac point have well defined chirality or helicity. Helicity is a good quantum

number as long as Hamiltonian, H = vF~σ · ~p is valid. The helicity is not a

good quantum number for large energies or in presence of next-nearest neighbor

hopping. The chirality discussed in the context of graphene is not related to the

real spin of the electron in graphene but to the pseudo-spin variable associated

with the two components of the wave function, labeled by sublattice index A and

B. Pseudo-spin is aligned in mutually opposite directions on two sublattices, the

superposition of which lies in the plane of the graphene sheet [25].

1.6.2 Bilayer graphene

Bilayer graphene is composed of two single graphene sheets separated by 3.35 Å

and coupled by a weak Van der Waals force acting between them. The low-energy

eigenvalue equation of electrons in graphene bilayer can be written as

Hψ = Eψ (1.42)

where H is 2 × 2 Hamiltonian matrix and ψ is a two component column matrix,

given by

H = − 1

2m

(
0 (π†)2

π2 0

)
, ψ =

(
ψA1

ψB2

)
(1.43)

After solving Eq. (1.42) with the help of Eq. (1.43), we can write the eigenvalues

and eigenfunctions as follows

E = ±|p|
2

2m
(1.44)
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ψ+(~k) =
1√
2

(
1

−e2iθk

)
, ψ−(~k) =

1√
2

(
1

e2iθk

)
(1.45)

where θk is angle of ~k that makes with the x-axis and ± stands for conduction

band and valance band, respectively. The electronic wave function amplitudes on

two sublattice sites A1 and B2 can be expressed in terms of pseudo-spin degree

of freedom which is related to these amplitudes. If all the electronic densities

are located on A1 or B2 sites, the pseudo-spin part of the wave function could

be viewed as a pseudo-spin ‘up’ (| ↑〉 = (1, 0)) or ‘down’ (| ↓〉 = (0, 1)) states

pointing upward and downward out of the graphene plane, respectively. However,

the electronic density is usually shared equally between the two layers. Thus the

pseudo-spin can be represented as a linear combination of up and down states,

| ↑〉 ∓ e2iθk | ↓〉, and it lies in the plane of the graphene sheet. The pseuso-spin in

bilayer graphene turns twice as quickly as the direction of momentum [16]. The

Berry phase in bilayer graphene can also be calculated using Eq. (1.39),

φ†(~p, 0)∇~pφ(~p, 0) =
1√
2

(
e2iθ −1

)(
p̂
d

dp
+ θ̂

1

p

d

dθ

)
1√
2

(
e−2iθ

−1

)

=
−i
p
θ̂

Therefore,

ϑB(tf ) = i

∮
d~p · (φ†(~p, 0)∇~pφ(~p, 0)) = i

∮
d~p · −i

p
θ̂ = 2π

Thus the massive chiral quasi-particles in bilayer graphene shows a Berry phase

of 2π. The 2π Berry phase of electronic wave function in bilayer graphene is same

as that of conventional two dimensional electron gas (DEG) [82]. Thus the Berry

phase in bilayer graphene is not nontrivial and is equivalent to that of a trivial

Berry phase of zero in conventional 2-DEG.

1.7 Methods of synthesis

Graphene is a very special material because it is highly conducting as well as trans-

parent. Graphene sheet has the property of flexibility which can be withstand high

stress. Therefore it can be used to develop the flexible electronic devices, for ex-

ample touch screens [83]. It is very difficult to grow low dimensional systems using
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usual growth mechanism because of the large thermodynamic fluctuations at high

temperature during growth process. This may damage the system and even if

they exist but they cannot be stable. Even though the conventional methods are

not successful in the production of 2D materials, a possibility remains that they

may be produced artificially. Broadly speaking, there are two ways of preparation

of graphene, one is ‘exfoliation method’ and other is ‘growth technique’. In ex-

foliation method the graphene can be detached from an already existing graphite

crystal. This method of preparation of graphene was first used by Novoselov et al.

in 2004 [5, 84]. In growth technique, the graphene sheet can be directly grown on

the surface of substrate.

1.7.1 The “Scotch Tape Method”

Figure 1.15: Schematic of scotch tape
method to prepare graphene5.

This method of micromechanical ex-

foliation uses a adhesive tape to de-

tach graphene layer from the graphite

crystal. The graphene layers are peel-

ing off the graphite with the help

of adhesive tape. In this way the

multi-layer graphene is obtained on

the adhesive tape. After the multi-

ple process of peeling the multi-layer

graphene, it converted to few-layer

graphene flakes. Thereafter the tape

is attached to the substrate and the

glue solved, e.g. by acetone, in order

to detach the tape. Finally one last peeling with an unused tape is performed. The

graphene flakes obtained with this process differ considerably in size and thick-

ness. The size of obtained single layer graphene is ranges from nanometers to

several tens of micrometers. Single-layer graphene has a absorption rate of 2%,

nevertheless it is possible to see it under a light microscope on SiO2/Si, due to

interference effects [85]. The Scotch tape method of production of graphene is the

easiest method for research purpose but not for industrial purpose. This method

cannot be used to prepare the large amount of graphene sheet which limits the

use of this method for the industrial purpose. The complexity of this method is

5http://www.democraticunderground.com/122820077
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basically low and the quality of the prepared graphene is very high with almost no

defects. Some other exfoliation methods are dispersion of graphite and graphite

oxide exfoliation.

1.7.2 Growth techniques

The growth of graphene can occur in two different ways: either the carbon already

exists in the substrate or it has to be added by chemical vapour deposition (CVD).

Epitaxial growth of graphene can be done by simply heating and cooling down an

SiC crystal [86]. Generally, single- or bi-layer graphene and few-layer graphene

grow on the Si and C face of the crystal [87], respectively. The crystal structure

of Ni(111) is more similar to that of graphene, with a miss match of the lattice

constant at about 1.3% [88]. Thus, the graphene can also be prepared by use of

the nickel diffusion method. In this method, Ni-layer is evaporated onto a SiC

crystal and after heating it the carbon diffused through the Ni layer and forms

a graphene or graphite layer on the surface, depending on the heating rate. The

graphene prepared by this method can easily be detached from the surface than

that produced by simply the growth on a simple SiC crystal without Ni [88].

The quality of graphene samples prepared by this method is not as good as that

of exfoliated graphene that can only be found by growing it on a single crystal.

The size of graphene layer is limited by the size of the crystal used. The large

amount of production of graphene by this method is not as good as by liquid-phase

exfoliation. However, the complexity of this methods is comparatively low.

Among the well-known deposition techniques, the chemical vapour deposition

(CVD) is one of them. In this deposition technique the substrate is exposed

to gaseous compounds. Graphene can be grown by exposing of a Ni film to a gas

mixture of H2, CH4 and Ar at about 1000 ◦C [89] which a process similar to the

Ni diffusion method. These graphene layers can be transferred via polymer sup-

port, which will be attached onto the top of the graphene. After etching the Ni,

the graphene can be stamped onto the required substrate and the polymer sup-

port gets peeled off or etched away. Using this method several layers of graphene

can be stamped onto each other in order to decrease the resistance. Single-layer

graphene can also be grown using copper substrate instead nickel [90]. The optical

and electrical performance of graphene prepared by CVD is very high. However,

the purity of graphene samples produced by this method is not very good which

c©Indian Institute of Technology Guwahati

TH-1429_10612106



Chapter 1. Introduction 34

is required by research purpose. On the other hand, this method allows us to

produce large graphene samples in size as well as in amount. The complexity of

this method is rather low. The detailed description of this section is directly taken

from Ref. [91] and the references therein.

1.8 Properties of graphene and bilayer graphene

1.8.1 Electronic properties

Single layer graphene is a semi-metal or a zero-gap semiconductor whereas bilayer

graphene is also a zero-gap semiconductor. The band gap in bilayer graphene is

tuneable. The properties that separate these systems from one another and also

from the other condensed matter systems are as follows:

Graphene, one atom thick carbon sheet, exhibits various supreme properties in-

cluding exceptionally high electronic and thermal conductivities, extreme mechan-

ical strength, impermeability to gases and so on. These physical properties among

other make it highly attractive for various potential applications. The charac-

teristics of graphene observed experimentally are very excellent than those found

in any other material. The experiments based on transport measurements re-

veals that graphene exhibits a remarkably high electron mobility in excess of

15, 000 cm2V −1s−1 at room temperature [13, 15, 92]. Mayorov with his collabora-

tors [93] reported the value of electron mobility in graphene is 2.5×105 cm2V −1s−1

while the theoretically calculated value of mobility is 2× 105 cm2V −1s−1 [94–97].

The electron and hole mobilities in graphene are found nearly the same [98], and

nearly independent of temperature between 10 K and 100 K [13, 94, 99]. This

implies that the dominant scattering mechanism for such a high mobility is de-

fect scattering. The room temperature mobility of carriers in graphene due to

scattering by the acoustic phonon of graphene is found to be 200, 000 cm2V −1s−1

at a carrier density of 1012 cm−2 [94, 100] which is 10 times greater than cop-

per [101]. However, the mobility of graphene deposited on SiO2 substrates at

room temperature is largely affected by the scattering of electrons in graphene

caused by optical phonons of substrates than scattering by its own phonons. Un-

der this condition the value of mobility found to be equal to 40, 000 cm2V −1s−1

[94]. The carriers (electron and hole) in graphene can travel a large distances
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without experiencing any scattering mechanism, even at room temperature [42].

The minimum conductivity exhibited by carriers in graphene is of the order of

4e2/h. The reasons of occurring such a minimum conductivity of graphene are

still unknown. Several proposed theories suggest that the minimum conductiv-

ity should be 4e2/πh. However, most measurements are of the order 4e2/h or

greater [92] and depend on impurity concentration [102]. The mobility of bilayer

sample on h-BN is better than bilayer sample on SiO2 [94]. According to Monte

Carlo calculation, the intrinsic mobility of carries in single layer graphene is better

than bilayer graphene [103]. The calculated value of mobility in single and bilayer

graphene is 1× 106 cm2V −1s−1 and 1.2× 105 cm2V −1s−1, respectively.

The well known phenomenon “Hall effect” is observed in conventional semiconduc-

tors placed in a magnetic field. The quantum Hall effect is a quantum mechanical

version of the classical Hall effect. Graphene is most like a conventional semi-

conductor, it also exhibits the phenomenon of Hall effect. It has been observed

that the high mobility graphene samples exhibit an unusual sequence of quantum

Hall (QH) effects [13, 15]. Graphene shows the ‘anomalous’ quantum Hall effect

in terms of quantization of conductivity. It is anomalous in the sense that the

sequence of steps is shifted by 1/2 with respect to the standard observed sequence

with an additional factor of 4 accounts for the double valley and double spin degen-

eracies. The observed Hall conductivity in graphene is σxy = ±4 · (N + 1/2) e2/h,

where N is the Landau level (LL) [92]. The spin and valley degeneracy can be

lifted by applying a high magnetic field that splits N = 0 LL into four sublevels,

lifting spin and valley degeneracy. However, in such an experimentally accessible

high magnetic field only the spin degeneracy of N = ±1 LL seems to be lifted

[30], the valley degeneracy of N = ±1 LL in such a high magnetic field is still

present. This response of graphene sample is a direct consequence of massless

Dirac electrons in graphene. Similar to single layer graphene, the behaviour of

bilayer graphene is also more like a semiconductor. It can be expected that it will

also exhibit the phenomena those observed in single layer graphene. The quantum

Hall effect is also observed in bilayer graphene. The quantized Hall conductiv-

ity of bilayer graphene is σxy = ±4 ·N · e2/h which is quite different than single

layer graphene. The observed Hall conductivity in bilayer graphene is similar to a

conventional semiconductor. The pre-factor of 4 arising from the spin and valley

degrees of freedom [12, 16, 21, 43, 63, 104, 105]. The quantum Hall effect in bilayer

graphene shows anomaly those observed in single layer graphene. Unlike single

layer graphene, the first plateau at N = 0 is absent in bilayer graphene. This
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indicates that bilayer graphene behaves more like a metal at the neutrality point

[21, 92]. The N = 0 LL can be recovered with the help of chemical doping. In

chemically dopped bilayer graphene the neutrality point shifts to a high value of

gate voltage that creates an asymmetry gap [31].

The prediction of integral quantum Hall plateaus in graphene [13, 15] poses several

questions: Does the fractional quantum Hall effect (FQHE) also occur in graphene,

and, if so, what is its character? Does it resemble the integral quantum Hall effect

(IQHE) in graphene? The FQHE is experimentally observed by Bolotin et al. in

an ultra clean suspended single layer graphene [106]. A multi-component FQHE

is also observed in graphene [107]. In presence of mixing of LLs the FQHE in

monolayer graphene shows different results for N = 1 compared to N = 0 LL.

Mixing of LLs break the particle-hole symmetry [108]. In presence of magnetic

field the physics of LLs in suspended bilayer graphene even more interesting than

single layer graphene. Suspended bilayer gaphene exhibits an even denominator

FQHE at ν = −1/2 on the hole side [109]. Kou et al. studied the IQHE and

FQHE in electron-hole symmetry broken bilayer graphene [110]. The tuneable

and unusual FQH states can be produced by the unique choice of spin, valley,

and orbital degeneracies in bilayer graphene. Quantum anomalous Hall effect

(QAHE) is also predicted in single and bilayer graphene in presence of exchange

field and Rashba spin orbit interaction [111–113]. Single layer graphene also show

a quantum spin Hall effect (QSHE) at sufficiently low energy in presence of spin-

orbit (SO) interaction [114]. Recently, the QSH effect in supported and suspended

graphene samples is also studied [115–117]. A detailed study of QSH effect in AB-

and AA-stacked bilayer graphene is given in the refs.[118–120]

1.8.2 Optical properties

The nonlinear optics is the study of light-matter interaction in presence of strong

electromagnetic field. The nonlinear optics of graphene is an active research field

from theoretical as well as experimental point of view. The unique optical proper-

ties of graphene produces a high opacity for one atom thick layer. Graphene is a

good absorber of red light, it absorbs almost πα ≈ 2.3% part of red light falling on

it, where α is the fine-structure constant [121]. In presence of magnetic field the

optical responses of large area graphene (graphene nanoribbon) are tuneable [122].

The linear and ultrafast optical properties of graphene and graphene oxide systems
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are tuneable because these system show electrochromic behaviour [123–127]. For

the threshold value of input optical intensity such a unique absorbtion exhibits

a saturation behaviour. This nonlinear optical behavior of graphene is known as

saturable absorption and the threshold value, at which the absorbtion approaches

to saturation, called the saturation fluence. Saturable absorption in graphene

could occur at the Microwave and Terahertz band, owing to its wideband optical

absorption property. The property of saturable absorbtion in graphene opens the

possibilities of graphene to use it in various nanophotonic devices as described in

the literature [128]. In presence of more intense laser light field graphene possess

a nonlinear phase shift caused by the optical nonlinear Kerr effect exhibited by

the system. The nonlinear Kerr coefficient of graphene is very large compared to

bulk dielectrics. It is of the order of 10−7cm2W−1 which is very large in magnitude

than that of bulk dielectrics [129]. This suggests that graphene may be used as a

powerful nonlinear Kerr medium.

The theoretical background of graphene was available from almost mid of 20th

century. However, only after its experimental realization graphene based systems

becomes very active for experimentalists as well as for theoreticians. Nowadays,

researchers are trying to replace the conventional semiconductor by the graphene

in the electronic devices and trying to develop graphene-based nanoelectronic,

nanophotonic and optoelectronic devices operating at room temperature. The

study of the optical properties of graphene based systems is an active field of re-

search interest. There has been increasing interest in graphene-based materials for

photonic applications, as well as the realization of graphene’s potential in the tera-

hertz to far infrared regime. The optical properties of graphene-based systems are

seems to be more significant, interesting and more versatile than perhaps previ-

ously believed. Among the several well-known most important optical properties

of graphene optical conductivity is one of them. A detailed calculated general

expression of optical conductivity of graphene is given by Gusynin et al. [130].

The theoretical calculation of universal ac optical conductivity [131] and the sum

rules for optical and Hall conductivities [132] are also well studied along with the

electro- and magneto-optical response of graphene [133–136]. The conductivity of

graphene has been extensively studied theoretically [137–141] and largely verified

experimentally [121, 142–144]. Similarly, the optical conductivity of AB-stacked

bilayer graphene is also studied theoretically [64, 145–147] and verified experimen-

tally [34, 61, 62]. There are a number of studies which deals the substrate effects

on graphene, its visible criteria, contrast analysis etc [148, 149]. Apart from the
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above mentioned optical properties, other optical properties involved the study of

optical Stark effect, four wave mixing, photon echo and the phenomenon of Rabi

oscillation. These properties are widely described in various text books available

in literature [150–152]. The phenomenon of Rabi oscillations is one of the well-

known optical phenomena in quantum optics [153, 154] and also in conventional

semiconductors [152]. These oscillations were first predicted in a two-level atomic

systems.

Experimental study of optical properties of graphene systems is based on opti-

cal spectroscopy. Single layer of graphite, graphene, was first identified with the

reflection spectroscopy of graphene on SiO2 substrate by the interference effects

[5, 155]. Among the several experimental tools to study the optical properties

of graphene systems Raman Spectroscopy is one of them. Raman spectroscopy

is helpful to count the number of layers present in sample [156–161]. Raman

spectroscopy is also used to determine the effective doping [162]. Pump-probe

spectroscopy [163–169] is used to detect the coherent and incoherent optical phe-

nomena like Rabi oscillations [150–152], four-wave mixing [150], optical dephasing

[152] and relaxation dynamics of excited carriers. In pump-probe spectroscopy,

two successive laser pulses are used with a variable time delay. One of them is

used to prepare the system in excited state called the pump pulse other pulse of

low intensity monitors the system known as probe pulse. The intensity of pump

pulse is greater than the probe pulse.

1.9 Applications of graphene

So far, graphene is not used in commercial applications [170], many have been

proposed and/or are under development, in areas including electronics, biological

engineering, filtration, lightweight/strong composite materials, photovoltaics and

energy storage [171]. Graphene is produced as a powder and as a dispersion in

a polymer matrix, or adhesive, elastomer, oil and aqueous and non-aqueous solu-

tions. The dispersion is stated by the manufacturer to be suitable for advanced

composites [172], paints and coatings, lubricants, oils and functional fluids, ca-

pacitors and batteries, thermal management applications, display materials and

packaging, inks and 3D-printers’ materials, and barriers and films [173].
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1.10 Motivations

This section describes the motivation and the back ground of my thesis work. Our

main motivation is to study the coherent and incoherent optical properties of single

and bilayer graphene. There are several well-known optical phenomena described

in an earlier discussion. Among the well-known optical phenomena, Rabi oscilla-

tion is one of them. Rabi oscillations were first predicted in a two-level atomic

systems [174] and subsequently in conventional semiconductors [152]. The phe-

nomenon of Rabi oscillation emerges from the interaction of the electromagnetic

field with the matter under consideration. The definition of Rabi oscillation is as

follows: a periodic exchange of energy between the electromagnetic field and the

two-level system is known as Rabi oscillation and the frequency of these oscilla-

tions referred to as Rabi frequency. This effect can also be interpreted as a periodic

change between absorption and stimulated emission of photons. Graphene is also

a semi-metal or a zero gap semiconductor. We can expect that graphene-based

systems will also exhibit the phenomena that are observed in two-level atomic sys-

tems and conventional semiconductors. Therefore, it is worthwhile to study these

phenomena in graphene and graphene-based systems because these systems are

analogous to two-level atomic systems and conventional semiconductors. Our in-

tention is to study the phenomenon of Coherent and incoherent Rabi oscillations in

single and bilayer graphene. Coherent and incoherent Rabi oscillations in graphene

have already been studied by a number of authors available in literature [169, 175–

180]. Nonlinear optics of graphene is a nascent field. Ishikawa [181] studied the

nonlinear optical response of graphene in time domain. His study shows that the

nonlinear optical response is not sufficiently described neither by pure intra-band

nor by pure inter-band dynamics but their interplay has to be taken into account.

Romanets et al. [177] described the mechanisms of coherent nonlinear response

of an intrinsic graphene under ultra-fast inter-band excitation. They showed that

Rabi oscillations, both versus time and versus pumping intensity, can easily be

observed on femtosecond time scales. Ang et al. [182] studied the nonlinear op-

tics of bilayer graphene in the frequency range from the terahertz regime to the

far-infrared regime and concluded that it is useful for developing graphene-based

nonlinear photonics and optoelectronic devices. The optical properties of bilayer

graphene are also described in references [146, 183].

In this thesis work, we will describe the phenomenon of Rabi oscillations (ROs) in
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suspended and supported graphene systems. Mischenko [175] has already been de-

scribed the phenomenon of Rabi oscillation in resonance in single flake of graphene

using rotating wave approximation. Rotating wave approximation is valid when

the frequency of the external field is nearly equal to the electron-hole pair excita-

tion frequency. We are interested in studying the phenomenon of Rabi oscillations

far from resonance in graphene systems when the frequency of the applied field is

very large in comparison to the electron-hole pair excitation frequency. To discuss

the Rabi oscillations far from resonance we use an approximation called asymp-

totic rotating wave approximation (ARWA) which is alternative to rotating wave

approximation (RWA). This approximation is used to describe Rabi oscillations in

suspended single layer graphene [184]. We are interested to use this approximation

in clean bilayer graphene and substrate-graphene systems to describe Rabi oscil-

lations. The results obtained from this technique are corroborated with a fully

numerical solution of the Bloch equations.

The above description shows the study of coherent Rabi oscillations. We are also

interested in studying the phenomenon of carrier relaxation dynamics in clean

suspended single and bilayer samples by determining the behaviour of Rabi oscil-

lations in presence of electron-phonon interaction (optical, acoustic and flexural).

The inclusion of electron-phonon interaction in graphene potentially leads to a

damping of ROs. We have discussed the incoherent ROs by means of optical exci-

tations (carriers excitation under applied electric field). Energetic optically excited

carriers are known as hot carriers. These carriers lose their energy to lattice vibra-

tions known as phonons resulting in what is known as dephasing of these carriers.

In order to observe ROs experimentally, it is important that these oscillations are

not significantly affected by the presence of electron-phonon interaction.
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Chapter 2

Anomalous Rabi oscillations in

Suspended Graphene Systems

This chapter deals with the light-matter interaction in suspended graphene sys-

tems. Light matter interaction in graphene systems leads to novel physical phe-

nomena similar to that of two-level atomic systems and conventional semicon-

ductors. Graphene systems are analogous to two-level atomic systems in some

ways. The difference is that in graphene systems the levels are replaced by bands.

Two-level atomic systems show novel optical phenomena in presence of an electro-

magnetic field. Among known optical phenomena, Rabi oscillations is one of them

which is widely discussed in many text books [150, 151] of quantum optics. These

oscillations in conventional semiconductors are described i. e. in the text book by

Haug and Lindberg [152]. Graphene is a zero-gap semiconductor showing a linear

energy momentum dispersion relation unlike conventional semiconductors. There-

fore, it is worthwhile to study the same phenomenon in case of graphene systems.

Rabi oscillations in graphene have already been discussed in resonance case by a

number of authors using rotating wave approximation (RWA). This approximation

is valid only when the frequency of the external applied field is nearly equal to

the electron-hole pair excitation frequency of the system considered. Mishchenko

[175] studied Rabi oscillations in clean graphene sample using RWA. The novel

work of Mishchenko on ROs in conventional resonance case is the background of

my thesis work. He also studied the damping of Rabi oscillations by including

energy relaxation in a phenomenological way. The same phenomenon has been

studied in our group in undoped single layer graphene in extreme non-resonance

case (far from resonance), also known as off resonance. To discuss Rabi oscillations

43
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far from resonance an approximation is used called asymptotic rotating wave ap-

proximation (ARWA) [184] which is an alternative to RWA, the results of which is

corroborated with a fully numerical solution of the Bloch equations. RWA is valid

only near resonance when the frequency of the applied field is nearly equal to the

electron-hole pair excitation frequency whereas ARWA is valid when the frequency

of the applied field is very large in comparison to the electron-hole pair excitation

frequency. These oscillations are known as ‘anomalous’ Rabi oscillations (AROs)

since they are absent in two level systems and conventional semiconductors. Sim-

ilar to single layer graphene, bilayer graphene is also a zero-gap semiconductor.

This motivates us to study the same phenomenon in case of bilayer graphene

and to see that what would be the response of bilayer graphene under the same

circumstances as in single layer graphene.

One may ask a question that why we choose bilayer graphene to discuss ROs

while these oscillations have already been predicted in single layer graphene. This

is because of the difference in the band structure which is a very crucial point

that makes the two systems very different from one another. Single layer graphene

shows linear dispersion relation whereas bilayer graphene exhibits parabolic energy

momentum dispersion, while both are zero gap semiconductors.

The study of ROs in bilayer graphene is generalized to include a few graphene

layers (few-layer graphene). The outline of this chapter is as follows: the optical

Bloch equations are derived for population and polarization on two sublattices

in bilayer graphene. These Bloch equations are solved near resonance as well as

far from resonance using conventional RWA and asymptotic RWA, respectively.

Bilayer graphene shows multiple conventional harmonic resonances whereas a sin-

gle anomalous Rabi frequency is found in off resonance. Single layer graphene

on the other hand, possesses a single conventional and anomalous Rabi frequency

(ignoring frequency doubling effects). Subsequently, the experimentally accessible

quantity current density is calculated in both cases. Finally, this idea is generalized

to few-layer graphene. The generalized n-layer expressions for Rabi frequency and

current density are found. These expressions are able to reproduce the results of

Rabi frequencies and current densities for the case of single layer, bilayer graphene

and so on. It can easily be understood with the help of the following discussion.
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2.1 Coherent optical Bloch equations of bilayer

graphene

In this section we derive the coherent optical Bloch equations of bilayer graphene.

The effective low-energy two-component Hamiltonian of bilayer graphene (BLG)

describes the effective hopping between non-dimer sites A1–B2 (red solid arrow)

through dimer sites B1–A2 (green dashed arrow), Fig. 1.8. The hopping between

non-dimer sites A1–B2 includes an inter-layer hopping (γ1). This effective low-

energy Hamiltonian of bilayer graphene has been derived by McCann et al. [16]

using Green’s function method.

Ĥ2 = − 1

2m

(
0 k2

−

k2
+ 0

)
(2.1)

with the energy eigenvalues E±(k) = ± |k|
2

2m
, ± corresponds to conduction and

valance band respectively, k± = kx ± iky and m is the effective mass of massive

chiral Dirac fermions, m = γ1

2v2 ∼ 0.035 me. The eigenfunction of Hamiltonian

Eq. (2.1) in K valley can be represented as ψT = (ψA1 ψB2). A semiclassical

approach is used to describe the phenomenon of ROs where radiation is treated

classically and matter fields are quantum in nature. An in-plane electric field is

applied through a vector potential of the form A(t) = A(0)e−iωt, where A(0) =
e
c

(Ax(0) + iAy(0)) is a complex amplitude of the external applied field. This vector

potential couples to BLG in a transverse gauge, and changes the momentum of

massive Dirac fermions from ~k to ~k − e
c
~A. In second quantization, using two

component basis eigenstates of the Hamiltonian Eq. (2.1) in momentum space of

the form ψT =
(
cA1(~k, t) cB2(~k, t)

)
, the Hamiltonian Eq. (2.1) reads as

H = − 1

2m

∑
~k

[
(k− − A∗(t))2 c†A1(~k, t) cB2(~k, t) + h.c.

]
(2.2)

where c and c† are annihilation and creation operators on sublattice sites A1 and

B2 in bottom and top layer respectively and vice-versa.

Now we are going to derive the Bloch equations which are nothing but the rate

equations of polarization and population excess on sublattice site A1 and B2. The

fundamental dynamical quantities are (i) the population difference ndiff (~k, t) in

the number densities of the A1 sublattice site in the bottom layer and the B2
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sublattice site in the top layer and (ii) the inter-layer polarization p(~k, t). In terms

of creation and annihilation operators these quantities may be represented as

ndiff (~k, t) = 〈c†A1(~k, t) cA1(~k, t)〉 − 〈c†B2(~k, t) cB2(~k, t)〉

p(~k, t) = 〈c†A1(~k, t) cB2(~k, t)〉
(2.3)

With the help of the equations of motion for operators i∂tρ̂ = [ρ̂, H], and simple

anti-commutator algebra for fermions, the Bloch equations of ndiff (~k, t) and p(~k, t)

reads as (setting ~ = 1),

i∂tndiff (~k, t) = − 1

m

[(
k− − A∗(0) eiωt

)2
p(~k, t)− h.c.

]
(2.4)

i∂tp(~k, t) = − 1

2m

(
k+ − A(0) e−iωt

)2
ndiff (~k, t) (2.5)

where k± = kx±iky, and A(0) = e
c

(Ax(0) + iAy(0)). Equations (2.4) and (2.5) are

also called the coherent optical Bloch equations. Therefore, the model presented,

here, is a pure coherent process of uncorrelated fermions. In other words, we are

studying the phenomenon of coherent ROs.

2.2 Solution of Bloch equations

In this section, we discuss the solution of Bloch equations in the regions of in-

terest. We first solve these equations in conventional resonance condition using

rotating wave approximation (RWA), when the external driving frequency (EDF)

ω is nearly equal to the inter-band transition frequency 2 |k|
2

2m
of the system. Subse-

quently, these equations are solved in off resonance condition, when the frequency

of the external field is much larger than the inter-band transition frequency of

the system (ω � |k|2
m

). To solve the Bloch equations in off resonance we employ

‘asymptotic’ RWA (ARWA), the results of which is corroborated with a fully nu-

merical solution of the Bloch equations. This situation is quite different from the

conventional case where the external driving frequency is close to the particle-hole

creation frequency. The conventional resonant case in single layer graphene is al-

ready discussed in the literature [175, 181]. Here we will give only a qualitative

description of this regime in the case of bilayer graphene.
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2.2.1 Solution of Bloch equations near resonance, νω ≈
2 |k|

2

2m

This section describes the solution of Bloch equations in the resonance regime when

νω is nearly equal to electron-hole pair excitation frequency. Bilayer graphene

possesses a parabolic dispersion between energy and momentum. Therefore, here,

there are two possible resonances – one is at the first harmonic in EDF, i.e. when

ν = 1 and the second resonance occurs due to the frequency doubling effect al-

ready present in the Hamiltonian due to quadratic energy momentum dispersion,

i.e. when ν = 2. To solve the Bloch equations in the resonance case, we in-

voke a rotating wave approximation [150, 151, 174] well known in the context

of two-level atomic systems in quantum optics. Mischenko [175] has already been

studied the phenomenon of Rabi oscillations in suspended single layer graphene for

small detuning, ∆, which is the difference between external driving frequency and

electron-hole pair excitation frequency. His study shows a saturation behaviour

of current density. To solve the Bloch equations of bilayer graphene in resonance

case, we use a change of basis for the time independent part of Hamiltonian. It

can be understood from the following discussion.

The Bloch Eqs. (2.4) and (2.5) can be written in the following matrix form (sup-

pressing ~k in the argument).

i
d

dt


nd(t)

p(t)

p∗(t)

 =


0

−k2
−

m

k2
+

m
−k2

+

2m
0 0

k2
−

2m
0 0




nd(t)

p(t)

p∗(t)

+


0

K∗t
m

−Kt
m

Kt
2m

0 0
−K∗t
2m

0 0




nd(t)

p(t)

p∗(t)



+


0 −(A∗(t))2

m
(A(t))2

m
−(A(t))2

2m
0 0

(A∗(t))2

2m
0 0




nd(t)

p(t)

p∗(t)

 (2.6)

where, Kt = 2k+A(t), K∗t = 2k−A
∗(t), k± = kx ± iky. Diagonalizing the un-

perturbed Hamiltonian (time independent part of Hamiltonian) by making the

following substitution
nd(t)

p(t)

p∗(t)

 =


0 −2k+

k−

2k+

k−
k2

+

k2
−

−k2
+

k2
−

−k2
+

k2
−

1 1 1




ñd(t)

p̃(t)

p̃
′
(t)

 (2.7)
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yields the following set of three equations

nd(t) =
−2k+

k−
p̃(t) +

2k+

k−
p̃
′
(t)

p(t) =
k2

+

k2
−

[
ñd(t)− p̃(t)− p̃

′
(t)
]
, p∗(t) = ñd(t) + p̃(t) + p̃

′
(t)

(2.8)

Inserting Eq. (2.7) into Eq. (2.6) gives

i
d

dt


ñd(t)

p̃(t)

p̃
′
(t)

 =


0 0 0

0 −|k|2
m

0

0 0 |k|2
m




ñd(t)

p̃(t)

p̃
′
(t)

+


0

−Ktk2
−+K∗t k

2
+

2m|k|2
Ktk2

−−K∗t k2
+

2m|k|2
Ktk2

−−K∗t k2
+

4m|k|2
Ktk2

−+K∗t k
2
+

2m|k|2 0
−Ktk2

−+K∗t k
2
+

4mκ2 0
−Ktk2

−−K∗t k2
+

2m|k|2




ñd(t)

p̃(t)

p̃
′
(t)

+


0

k2
−(A(t))2−k2

+(A∗(t))2

2mκ2

−k2
−(A(t))2+k2

+(A∗(t))2

2mκ2

−k2
−(A(t))2+k2

+(A∗(t))2

4mκ2

−k2
−(A(t))2−k2

+(A∗(t))2

2mκ2 0
k2
−(A(t))2−k2

+(A∗(t))2

4mκ2 0
k2
−(A(t))2+k2

+(A∗(t))2

2mκ2




ñd(t)

p̃(t)

p̃
′
(t)


This gives the following set of equations

i
d

dt
ñd(t) =

[
−Kt k

2
− +K∗t k

2
+ + k2

− (A(t))2 − k2
+ (A∗(t))2

2m|k|2

]
p̃(t)

+

[
Kt k

2
− −K∗t k2

+ − k2
− (A(t))2 + k2

+ (A(t)∗)2

2m|k|2

]
p̃
′
(t)

i
d

dt
p̃(t) =

[
Kt k

2
− −K∗t k2

+ − k2
− (A(t))2 + k2

+ (A∗(t))2

4m|k|2

]
ñd(t)

+

[
−2|k|4 +Kt k

2
− +K∗t k

2
+ − k2

− (A(t))2 − k2
+ (A∗(t))2

2m|k|2

]
p̃(t)

i
d

dt
p̃
′
(t) =

[
−Kt k

2
− +K∗t k

2
+ + k2

− (A(t))2 − k2
+ (A∗(t))2

4m|k|2

]
ñd(t)

+

[
2|k|4 −Kt k

2
− −K∗t k2

+ + k2
− (A(t))2 + k2

+ (A∗(t))2

2m|k|2

]
p̃
′
(t)

(2.9)

Now, let us assume

p̃
′
(t) = e

−i|k|2
m

tP
′
(t), p̃(t) = e

i|k|2
m

tP (t) (2.10)
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Inserting the above assumption, we left with the following set of equations

i
d

dt
ñd(t) =

[
−Kt k

2
− +K∗t k

2
+ + k2

− (A(t))2 − k2
+ (A∗(t))2

2m|k|2

]
e
i|k|2
m

tP (t)

+

[
Kt k

2
− −K∗t k2

+ − k2
− (A(t))2 + k2

+ (A∗(t))2

2m|k|2

]
e
−i|k|2
m

tP
′
(t)

i
d

dt
P (t) =

[
Kt k

2
− −K∗t k2

+ − k2
− (A(t))2 + k2

+ (A∗(t))2

4m|k|2

]
e
−i|k|2
m

tñd(t)

+

[
Kt k

2
− +K∗t k

2
+ − k2

− (A(t))2 − k2
+ (A∗(t))2

2m|k|2

]
p(t)

i
d

dt
P
′
(t) =

[
−Kt k

2
− +K∗t k

2
+ + k2

− (A(t))2 − k2
+ (A∗(t))2

4m|k|2

]
e
i|k|2
m

tñd(t)

−
[
Kt k

2
− +K∗t k

2
+ − k2

− (A(t))2 − k2
+ (A∗(t))2

2m|k|2

]
p
′
(t)

Writing A(t) = A(0)e−iωt, A∗(t) = A∗(0)eiωt and applying rotating wave approxi-

mation (RWA), ∆ = νω − |k|
2

m
, ν = 1, 2 for first and second harmonic resonance,

respectively. Therefore, applying RWA to get the first harmonic resonance by tak-

ing ν = 1, ∆ = ω− |k|
2

m
. With this assumption the above equations reduces to the

following-

i
d

dt
ñd(t) =

−Kk2
−

2m|k|2
P (t)e−i∆t −

K∗k2
+

2m|k|2
ei∆tP

′
(t)

i
d

dt
P (t) =

−K∗k2
+

4m|k|2
ei∆tñd(t)

i
d

dt
P
′
(t) =

−Kk2
−

4mκ2
e−i∆tñd(t)

(2.11)

To solve the above set of equations, we need to make the further following assump-

tion

P
′
(~k, t) = e−i∆tu

′
(~k, t), P (~k, t) = ei∆tu(~k, t) (2.12)

This assumption reduces the above set of equations in the following-

i
d

dt
ñd(t) =

−K k2
−

2m|k|2
u(t)−

K∗ k2
+

2m|k|2
u
′
(t)

i
d

dt
u(t)−∆u(t) =

−K∗ k2
+

4m|k|2
ñd(t)

i
d

dt
u
′
(t) + ∆u

′
(t) = −

K∗ k2
−

4m|k|2
ñd(t)

(2.13)
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The set of equations (2.13) may easily be solved by assuming the solution in the

following from, restoring ~k in the argument,

u(~k, t) = A(~k)Sin(Ωt) +B(~k)(1− Cos(Ωt))

u
′
(~k, t) = A

′
(~k)Sin(Ωt) +B

′
(~k)(1− Cos(Ωt))

Putting the value of u and u
′

in Eq. (2.13) and solving for unknown coefficients,

we can get the solution of u and u
′

as given below,

u(~k, t) =
ik−A

∗(0)|A(0)|2ns(~k, 0)

2m2Ωω
Sin(Ωt)

+
∆k−A

∗(0)|A(0)|2ns(~k, 0)

2m2Ω2ω
(1− Cos(Ωt))

u
′
(~k, t) =

iA(0)k2
−|A(0)|2ns(~k, 0)

2m2Ωωk+

Sin(Ωt)

−
∆A(0)k2

−|A(0)|2ns(~k, 0)

2m2Ω2ωk+

(1− Cos(Ωt))

After back substitution in Eq. (2.8), we can get the solution of Bloch equations

in resonance case as given below,

ndiff (~k, t) = −
i Θ( |k|

2

2m
− µ)

4mΩ
[2k+A

∗(0)− 2k−A(0)]Sin(Ωt)

−
∆ Θ( |k|

2

2m
− µ)

4mΩ2

[
2k+A

∗(0)eiωt + 2k−A(0)e−iωt
]

[1− Cos(Ωt)]
(2.14)

p(~k, t) = −
[
ik2

+A
∗(0)

4mΩk−
eiωt − ik+A(0)

4mΩ
e−iωt

]
Sin(Ωt) Θ(

|k|2

2m
− µ)

−
[
k2

+|A(0)|2

m2Ω2
+

∆k2
+A
∗(0)

4mΩ2k−
eiωt − ∆k+A(0)

4mΩ2
e−iωt

]
[1− Cos(Ωt)] Θ(

|k|2

2m
− µ)

(2.15)

where,

Ωω =

√
∆2 +

2|k|2ωR
m

(2.16)

is the generalized conventional Rabi frequency at first harmonic resonance and

∆ = ω− |k|
2

m
is the detuning (difference between the external driving frequency and

the electron-hole pair excitation frequency). If we repeat the similar calculation
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for second harmonic resonance, the Rabi frequency comes out to be equal to

Ω2ω =
√

∆2 + ω2
R (2.17)

where ωR = |A(0)|2
2m

. Unlike single layer graphene where only single resonance is

possible which occurs at the level of first harmonic in the external driving frequency

[184], here, we have seen that there are two possible resonances in case of bilayer

graphene- one is at first harmonic in external driving frequency, i.e. when ν = 1

and the second resonance occurs due to the frequency doubling effect, i. e. when

ν = 2. The frequency doubling effect is directly attributable to the quadratic

dispersion relation of bilayer graphene between energy and momentum. In passing,

we note that we have used complex exponential time varying vector potentials, as

opposed to real sinusoidal ones used by Mishchenko [175]. These two approaches

are equivalent in linear response but when including nonlinear terms as we do

here, they are different. The appeal of Mishchenko’s work is that he treats the

external applied field as a purely physical real quantity. However, our approach

of using time-varying complex exponentials renders calculations involving higher

harmonics (which is the norm in BLG and MLG) quite easy and elegant. This

preceding discussion was about solving the Bloch equations in the resonance case.

In following section, the Bloch equations are solved far from resonance using an

approximation which is an alternative to the rotating wave approximation (RWA)

called asymptotic rotating wave approximation (ARWA) which has been recently

used to discuss the same phenomenon in case of single layer graphene [184]. We

shall also justify that the results obtained from ARWA technique are corroborated

with a fully numerical solution of the Bloch equations. Here, we employ this

approximation to solve the Bloch equations for the case of bilayer graphene which

is quite different than single layer graphene.
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2.2.2 Solution of Bloch equations far from resonance, ω �
ωR, 2

|k|2
2m

The Bloch equations are solved in the off resonance regime using ARWA [184].

For that we have to decompose ndiff (~k, t) and p(~k, t) (e.g. see Boyd [150]) using

the ansatz,

ndiff (~k, t) = ns(~k, t) +
2∑
l=1

nfl(~k, t)e
−ilωt +

2∑
l=1

n∗fl(
~k, t)eilωt (2.18)

p(~k, t) = ps(~k, t) +
2∑
l=1

pl+(~k, t)e−ilωt +
2∑
l=1

pl−(~k, t)eilωt (2.19)

Here we retain terms varying as e±iωt and e±2iωt unlike single layer graphene where

we retain only the first harmonic, the underlying reason being that the AROs are

associated with the second harmonic in case of BLG (at least for the population)

while in SLG it is associated with the first harmonic. In BLG, the single harmonic

may affect the second harmonic since multiplication of two single harmonics may

give rise to the second harmonic. Hence it is necessary to keep both the harmonics

in external frequency when decomposing ndiff (~k, t) and p(~k, t) into slow and fast

terms. Moreover, if we consider the Bloch equations for the case where ~k = 0,

it is clear that we have to keep terms at least up to second harmonic in external

frequency when decomposing the population and polarization into slow and fast

terms. Inserting Eqs. (2.18) and (2.19) into Bloch Eqs. (2.4) and (2.5) and

comparing the coefficients of the same exponential powers from both sides, we can

separate the slow as well as the fast population and polarization equations. The

slowly and rapidly varying polarization equations comes out to be:

i
∂

∂t
ps(~k, t) = − 1

2m

[
k2

+ns(
~k, t) + A2(0)n∗f2(~k, t)− 2k+A(0)n∗f1(~k, t)

]
i
∂

∂t
p1+(~k, t) + ωp1+(~k, t) = − 1

2m

[
k2

+nf1(~k, t) + A2(0)n∗f1(~k, t)− 2k+A(0)ns(~k, t)
]

i
∂

∂t
p1−(~k, t)− ωp1−(~k, t) = − 1

2m

[
k2

+n
∗
f1(~k, t)− 2k+A(0)n∗f2(~k, t)

]
i
∂

∂t
p2+(~k, t) + 2ωp2+(~k, t) = − 1

2m

[
k2

+nf2(~k, t) + A2(0)ns(~k, t)− 2k+A(0)nf1(~k, t)
]

i
∂

∂t
p2−(~k, t)− 2ωp2−(~k, t) = − 1

2m
k2

+n
∗
f2(~k, t)
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The slowly and rapidly varying population equations comes out to be:

i
∂

∂t
ns(~k, t) = − 1

m

[
k2
−ps(

~k, t) + A∗2(0)p2+(~k, t)− 2k−A
∗(0)p1+(~k, t)

− k2
+p
∗
s(
~k, t)− A2(0)p∗2+(~k, t) + 2k+A(0)p∗1+(~k, t)

]
i
∂

∂t
nf1(~k, t) + ωnf1(~k, t) = − 1

m

[
k2
−p1+(~k, t)− 2k−A

∗(0)p2+(~k, t)− k2
+p
∗
1−(~k, t)

− A2(0)p∗1+(~k, t) + 2k+A(0)p∗s(
~k, t)

]
i
∂

∂t
n∗f1(~k, t)− ωn∗f1(~k, t) = − 1

m

[
k2
−p1−(~k, t) + A∗2(0)p1+(~k, t)− 2k−A

∗(0)ps(~k, t)

− k2
+p
∗
1+(~k, t) + 2k+A(0)p∗2+(~k, t)

]
i
∂

∂t
nf2(~k, t) + 2ωnf2(~k, t) = − 1

m

[
k2
−p2+(~k, t)− k2

+p
∗
2−(~k, t)

− A2(0)p∗s(
~k, t) + 2k+A(0)p∗1−(~k, t)

]
i
∂

∂t
n∗f2(~k, t)− 2ωn∗f2(~k, t) = − 1

m

[
k2
−p2−(~k, t) + A∗2(0)ps(~k, t)

− 2k−A
∗(0)p1−(~k, t)− k2

+p
∗
2+(~k, t)

]
The above set of equations is derived by neglecting the terms containing harmonics

larger than those present in the Hamiltonian of the system. Now, we want to solve

these set of equations. These equations may easily be solved by assuming that the

external driving frequency (EDF) ω is very large compared to all other frequencies

(so we can neglect the terms
∣∣∂f
∂t

∣∣ in comparison to ω|f |). These simplifications

gives the solution of the fast coefficients of population nfl(~k, t) and polarization

pl+(~k, t) equations in terms of slow coefficients ns(~k, t) and ps(~k, t).

nf1(~k, t) = −2k+A(0)

mω
p∗s(
~k, t), n∗f1(~k, t) = −2k−A

∗(0)

mω
ps(~k, t)

nf2(~k, t) =
A2(0)

2mω
p∗s(
~k, t), n∗f2(~k, t) =

A∗2(0)

2mω
ps(~k, t)

(2.20)

p1+(~k, t) =
1

2mω
2k+A(0)ns(~k, t)

p1−(~k, t) = − 1

mω

[
k2

+

k−A
∗(0)

mω
ps(~k, t) + k+A(0)

A∗2(0)

2mω
ps(~k, t)

]
p2+(~k, t) = − 1

4mω
A2(0)ns(~k, t)

p2−(~k, t) =
k2

+

4mω

A∗2(0)

2mω
ps(~k, t)

(2.21)
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The simplified slow varying part of population and polarization equation comes

out to be,

i∂tns(~k, t) = − 1

m

[
k2
− ps(

~k, t)− k2
+ p∗s(

~k, t)
]

(2.22)

i∂tps(~k, t) = − 1

2m

[
k2

+ ns(~k, t) + α ps(~k, t)
]

(2.23)

These equations may be solved by assuming that ns(~k, t) = ns(~k, 0)Cos(2Ωt) and

ns(~k, 0) = 2|k−|2
α

is the equilibrium value of population which can be determined in

mean field approximation, see Appendix A.1. This gives the solution for the slow

part of polarization,

ps(~k, t) =
k+

2k−

[
Cos(2Ωt) + i

4mΩ

α
Sin(2Ωt)

]
(2.24)

Ω =

( |k|2
2m

)2

+

(
ω2
R + 4 |k|

2ωR
m

)2

4ω2


1/2

, α =

(
2mω2

R

ω
+

8|k|2ωR
ω

)

ΩBLG
ARWA(= 2Ω) is the generalized anomalous Rabi frequency for BLG far from

resonance. The anomalous Rabi frequency exactly at Dirac point can be found by

setting ~k = 0 in the expression of Ω and comes out to be equal to, ΩARF =
ω2
R

ω

where ωR = |A(0)|2
2m

. This anomalous behavior of Rabi frequency in off resonance

case is attributed to pseudospin degree of freedom of BLG.

We may equally easily write an approximate solution of Bloch Eqs. (2.4) and (2.5)

in terms of slow coefficients ps(~k, t) and ns(~k, t) with the help of Eqs. (2.18) and

(2.19) together with the fast coefficients.

ndiff (~k, t) = ns(~k, t)−
2k+A(0)

mω
p∗s(
~k, t)e−iωt − 2k−A

∗(0)

mω
ps(~k, t)e

iωt

+
A2(0)

2mω
p∗s(
~k, t)e−2iωt +

A∗2(0)

2mω
ps(~k, t)e

2iωt

(2.25)

p(~k, t) = ps(~k, t) +
k+A(0)

mω
ns(~k, t)e

−iωt − βps(~k, t)eiωt −
A2(0)

4mω
ns(~k, t)e

−2iωt

+
k2

+A
∗2(0)

8m2ω2
ps(~k, t)e

2iωt

(2.26)
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where ps(~k, t) given by Eq. (4.8),

β =

(
k2

+k−A
∗(0)

m2ω2
+
k+A(0)A∗2(0)

2m2ω2

)
, ns(~k, t) =

2|k−|2

α
Cos(2Ωt)

Equations (2.25) and (2.26) gives the solution of Bloch Eqs. (2.4) and (2.5) far from

resonance, when the external driving frequency is very large. In Eq. (2.26), third

and last terms are proportional to O( 1
ω2 ), these terms can be neglected because

we are working with very high intense optical pump field. Therefore, we have seen

that bilayer graphene exhibits a second kind of Rabi oscillations far from resonance

similar to single layer graphene. The difference is that the Rabi frequency has a

different dependence on amplitude of external driving frequency. The frequency

of these oscillations is even slower than the conventional Rabi oscillations. There

is a special situation exactly at the Dirac point, ~k = 0 where the Bloch equations

may be solved exactly. The Bloch equations exactly at the Dirac point can be

found by setting ~k = 0 in Eqs. (2.4) and (2.5), as given below

i∂tndiff (~0, t) = − 1

m

[(
−A∗(0) eiωt

)2
p(~0, t)− h.c.

]
i∂tp(~0, t) = − 1

2m

(
−A(0) e−iωt

)2
ndiff (~0, t)

(2.27)

The above set of equations reduces to the following set of ordinary differential

equations with the substitution p(~0, t) = p̃(~0, t) e−2iωt.

i∂tndiff (~0, t) = − 1

m

[
(−A∗(0))2 p̃(~0, t)− h.c.

]
i∂tp̃(~0, t) + 2ωp̃(~0, t) = − 1

2m
(−A(0))2 ndiff (~0, t)

The above equations may be solved directly by Mathematica using DSolve routine.

ndiff (~0, t) = 1 +
ω2
R

ω2
Cos(Ωt), p̃(~0, t) =

ωR
2ω

(
eiΩt − 1

)
(2.28)

where, Ω =

√
4m2ω2+|A(0)|4

m
≈ 2ω+

ω2
R

ω
. Back substitution gives that the polarization

oscillates with frequency
ω2
R

ω
which is the anomalous Rabi frequency exactly at the

Dirac point, where ωR = |A(0)|2
2m

. Thus, we find that the carriers are oscillating

even more slower frequency than the frequency in the resonance case.

In this way, we may conclude that Rabi oscillations in bilayer graphene show

anomalous behaviour far from resonance and corresponding frequency known as
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Figure 2.1: (a) Schematic of the effective Rabi frequency Ω versus band energy
ek = vF |k| for single layer graphene. In all three plots there is one anomalous
Rabi frequency (ARF) close to ek = 0. For a single layer, there is one conven-
tional Rabi frequency (CRF) at ω = 2ek. (b) Schematic of the effective Rabi

frequency Ω versus band energy ek = |k|2
2m for BLG. In addition to one ARF, two

resonances (CRFs) are possible, one is at single harmonic (ω = 2ek) and another
is at second harmonic (2ω = 2ek) in external driving frequency. (c) Schematic

of the effective Rabi frequency Ω versus band energy ek =
v3
0 |k|3
γ2

1
for trilayer

graphene. In addition to one ARF, three resonances are possible at values of
ek determined by νω = 2ek, ν = 1, 2, 3. The ARF plot near ek = 0, gets flatter
as the number of layers increases. Vertical axes (ordinates) are exaggerated for

clarity. The corresponding formulae are given in Appendix A.2.

anomalous Rabi frequency ΩARWA. In resonance case, bilayer graphene exhibits

multiple harmonic resonances- one is at first harmonic in the external driving fre-

quency. Second is at the second harmonic in the external driving frequency which

is due to the frequency doubling effect. Frequency doubling effect is directly at-

tributable to the quadratic dispersion of bilayer graphene. Thus the resonance

case of bilayer graphene is quite different than the resonance case of single layer

graphene. Bilayer graphene exhibits two harmonic resonances as explained above
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while in single layer graphene there is only one possible reonance [184]. This is

made clearer in Fig. 2.1. Figures 2.1(a), (b) and (c) show an interpolation between

RWA and ARWA regime. The resonance conditions are identified by the minimum

observed in Ω versus ek diagrams. We are interested only in the minimum of the

diagrams because the amplitudes of the fast oscillations far from the minimum

average out to zero. It is clear from these figures that there is only one minimum

near the origin. This minimum corresponds to the anomalous resonance (far from

conventional resonance) and the corresponding frequency is called anomalous Rabi

frequency. Secondary minima, the minimum other than near the origin, are char-

acterized by conventional resonances. In case of single layer graphene, there is only

one secondary minimum observed that tells there is only one possible resonance

in single layer graphene, Fig. 2.1(a). In case of bilayer graphene, two secondary

minima are observed- one is at first harmonic resonance while second minimum oc-

curs due to the frequency doubling effect in bilayer graphene, Fig. 2.1(b), whereas

trilayer graphene exhibits three secondary minima, Fig. 2.1(c). This means tri-

layer graphene shows three harmonic resonances other than one minimum near

the Dirac point which corresponds to the anomalous resonance. Thus we have

seen that all the graphene based systems show only one anomalous minimum that

means there is only one anomalous resonance possible in all graphene based sys-

tems. As the number of layers increase, the number of secondary minima increases.

The number of secondary minima are directly proportional to the number of layers

presented in the system considered. It means, in bilayer graphene there are two

possible resonances while trilayer graphene possesses three possible conventional

resonances and so on. The number of minima is directly attributable to the band

structure of the system considered. In other words, we can say that the number of

harmonic resonances present in the system can be directly identified with the num-

ber of harmonics appears in the Hamiltonian of the system under consideration.

In the derivation of formulae of Rabi frequencies in conventional and anomalous

resonances, the harmonics higher than that present in the system are ignored. If

we are including the harmonics higher than the harmonics present in the system

that leads to a slight modification in the original results and our approximation

to the realistic results.
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2.3 Current density in bilayer graphene

The natural question that arises is how to observe Rabi oscillations in RWA and

ARWA regime experimentally. One way to answer this question is to calculate

the current density in both the regimes. Current density is a gauge invariant and

easily experimentally accessible quantity. Therefore, this section deals with the

calculation of current density due to massive carriers in bilayer graphene in RWA

and ARWA regimes. The current density is directly proportional to the inter-

layer polarization (inter-band polarization) of carriers induced in presence of high

intense applied electric field. The expression of current density can be obtained

with the help of the continuity equation ~∇ · ~J(~r, t) = −∂tρ(~r, t), the quantum

kinetic equation i~∂tρ(~r, t) = [ρ(~r, t), H], ρ(~r, t) is the total density of carriers in

the system considered, and the simple anti-commutator algebra for fermions. The

compact form of current density in momentum space for bilayer graphene can be

written as follows (the average current is independent of position, of course),

〈 ~J(t)〉 = − 1

2πm

∑
~k

[
(k− − A∗(t))p(~k, t) + h.c.

]
x̂

+
i

2πm

∑
~k

[
(k− − A∗(t))p(~k, t)− h.c.

]
ŷ

(2.29)

Current density is, of course, a real quantity. A detailed calculation of Eq. (2.29)

is given in appendix A.3.

2.3.1 Current density of bilayer graphene in RWA regime

As Eq. (2.29) exposes that current density solely depends on inter-layer polariza-

tion. The inter-layer polarization, in RWA regime, is given by Eq. (2.15). For

small detuning ∆, the terms proportional to ∆ in Eq. (2.15) can be neglected.

Therefore, Eq. (2.15) reduces to the following,

p(~k, t)|RWA = −i k+A(0)

4mΩRWA,ω

Sin(ΩRWA,ω t)e
−iωt (2.30)

Other terms will also not contribute because the contribution from other terms

will be zero after integration over θk. Therefore, the x-component of the slow part
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of the current density can be written as,

〈~jx(t)〉 =
i

2πm

A(0)

4m

∑
~k

(k− − A∗(t))
k+

ΩRWA,ω

Sin(ΩRWA,ω t)

Writing k± = |k|e±iθk and performing integration over θk, all the terms drop

out except the terms which oscillate with the first harmonic in external applied

field. Therefore, in low-energy approximation we may write the current density in

frequency domain to exhibit a threshold behavior.

jsx(ω
′)|RWA,ω ≈

A

64π2

A(0)

π

ω√
ω′2 − 2ωωR

Θ(ω
′2 − 2ωωR) (2.31)

where ω
′

is the frequency of Fourier transform of current density from time do-

main to frequency domain. Equation (2.31) gives the current density of bilayer

graphene at first harmonic resonance. If we perform the similar calculation of

current density of bilayer graphene at second harmonic resonance, we will get the

following compact form of current density of bilayer graphene at second harmonic

resonance.

jsx(ω
′)|RWA,2ω ≈

A

16π2m

A4(0)

8A∗(0)

1√
ω′2 − ω2

R

Θ(ω
′2 − ω2

R) (2.32)

It is clear from Eqs. (2.31) and (2.32) that the current density in both the res-

onance cases shows a threshold behaviour in frequency domain. The threshold

frequencies at the first and the second harmonic resonances are
√

2ωωR and ωR,

respectively. In other words, we can say that the current density in the conven-

tional resonance case shows two different kinds of threshold behaviour. This is

pictorially shown in Fig. 2.2.

The asymptotic from of current density, after doing straight forward Fourier trans-

formation from frequency to time domain of the current density Eqs. (2.31) and

(2.32), in time domain can be written as follows,

jsx(t)|RWA,ω ≈ γ
Cos(

√
2ωωR t)− Sin(

√
2ωωR t)√

t
(2.33)

jsx(t)|RWA,2ω ≈ λ
Cos(ωR t)− Sin(ωR t)√

t
(2.34)

where γ and λ are constants that fit the dimension of current density. Equations

(2.31) and (2.32) reveals that the slow part of current density in RWA case exhibits
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two different types of threshold behaviour, one is at first harmonic and another at

the second harmonic in the external frequency. The corresponding Rabi frequen-

cies are (2ωωR)1/2 and ωR respectively. The current density in both RWA cases

has an amplitude that has a power law decay of the form t−1/2, see Fig. 2.2.

2.3.2 Current density of bilayer graphene in ARWA regime

The current density in bilayer graphene in extreme non-resonance can be calculated

in a similar way as we did in case of resonance case. The inter-layer polarization

in ARWA case is given by Eq. (2.26). In this equation the terms proportional

to O( 1
ω2 ) can be neglected because we are assuming that the frequency of the

external applied field is very large. Inserting into the current density Eq. (2.29)

and performing integration over θk, all the terms drop out except the terms which

oscillate with the first harmonic in external applied field. Therefore, in low-energy

approximation we may write the current density in frequency domain to exhibit a

threshold behavior.

jsx(ω
′
)|ARWA ≈ −

A

16π2

ω2A(0)

32ω3
R

(
ω
′ − ω2

R

ω

)
θ

(
ω
′ − ω2

R

ω

)
(2.35)

Near the threshold, when ω
′ ≈ ω2

R

ω
, the current density exhibits a linear behaviour.

The exponent at the threshold of induced current in BLG is thus found to be equal

to unity whereas in SLG this exponent has been computed [184] to be equal to

1/2. The asymptotic forms of the current density in time domain in ARWA case

can be written as,

jsx(t)|ARWA ≈ β
e−i

ω2
R
ω
t

t2
(2.36)

where β is a constant that fits the dimension of current density. Therefore, it is

obvious from Eq. (2.36) that the slow part of the current density in off resonance

oscillates with the threshold frequency
ω2
R

ω
with the amplitude exhibiting a power-

law decay t−2. The threshold behaviour of current density in off resonance case is

pictorially shown in Fig. 2.2.
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Figure 2.2: (a) Schematic of the variation of slow part of current density j(ω′)
with frequency ω′ of BLG (blue solid curve) for zero detuned Rabi frequency
ωR = 1 in arbitrary units. The slow part of current density exhibits threshold
behavior at the anomalous Rabi frequency, ω2

R/ω. Near threshold, the current
density exhibits linear behavior unlike SLG [184] (red dashed curve) where the
current is proportional to the square root of the deviation from the resonant
frequency (red dashed curve shown in the inset of the diagram). (b) This plot
shows the variation of current density j(t) versus t. The solid thick black curve
shows ARO in the time domain. The solid red and dashed blue lines show the
first and second harmonic RWA case respectively. The frequency associated

with solid red and dashed blue curves are
√

2ωωR and ωR, respectively.
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2.4 Numerical solution of the problem

In the above study, we have solved Bloch equations analytically in different regions

of interest namely- RWA and ARWA. In this section, we present a fully numerical

simulation of the Bloch equations. Numerical simulation affirms the findings
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Figure 2.3: Fully numerical simulation (a) is a schematic of the variation

of ARF versus ω2
R(= |A(0)|4

4m2 ) ∼square of the intensity of the applied field. The
ARF found analytically, solid black line, is in good agreement with the numerical
simulation, red dots. (b) Shows the slow as well as rapidly (inset) varying part
of population p(~k, t) versus time t. For plotting purposes, we have chosen the

parameters k−√
2m

= 0, A(0)√
2m

= 10 and ω = 2000, in arbitrary units. The frequency

obtained from plot (b) is in complete agreement with analytical expectations.
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Figure 2.4: Schematic of the slow as well as rapidly varying population
ndiff (~k, t) and polarization p(~k, t) versus time t at first harmonic resonance,
respectively . The frequency of oscillation matches with the expectations from
analytical solution. To plot we have chosen the parameters, k−√

2m
= 10, A(0)√

2m
= 1

and ω = 200.
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of the other sections discussed so far. We have employed the NDSolve routine

of Mathematica (Appendix A.4) on the Bloch equations to generate the plots of

population and polarization with respect to time.

In this section, no approximations of any kind are involved so the results obtained

would be reliable and if they agree with the approximate analytical results, it

would provide immediate vindication of the approximation methods used. The

analytical (black line) anomalous Rabi frequency is in excellent agreement with the

numerical simulation (red dots). This is diagrammatically shown in Fig. 2.3(a).

Far from resonance, the slow part of polarization oscillates exactly with the ARF

that matches with the frequency inferred from numerical simulations, refer to Fig.

2.3(b). The fast oscillations are shown in inset of Fig. 2.3(b). The frequency of fast

oscillations is exactly the frequency of the external field. Figure (2.4) shows the

numerical solution of Bloch equations in first harmonic resonance for population

and polarization, respectively. The frequency of oscillation determined from plot

is consistent with the analytical result.

2.5 Anomalous Rabi oscillations in multi-layer

graphene

In this section, we describe how to generalize the ideas of the previous discussion to

n-layer graphene, also known as multi-layer graphene (MLG) [185]. The layered

structure make it very high exceptionally anisotropic material. This section is

devoted to deriving the generalized form of the formulae of the previous sections.

MLG can be formed by the stacking of single graphene sheets one on the top of the

other - either in ABAB... arrangement (Bernal stacking) or ABCABC.. pattern

(Rhombohedral stacking), see Fig. 2.5. The MLG can be prepared by mechanical

exfoliation of highly ordered pyrolytic graphite. Multi-layer graphene with less

than ten layers each show different electronic band spectrum. For the present

discussion, ABC-stacking is considered. These layers are weakly coupled by a Van

der Waals forces.
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Figure 2.5: Schematic diagrams of few layer graphene crystal structure: (a)
ABAB... arrangement (Bernal stacking) and (b) ABC.... arrangement (Rhom-
bohedral stacking). A and B corresponds to green and black colour circles

respectively.

2.5.1 Hamiltonian of multi-layer graphene

The two band model Hamiltonian [16, 23, 186] of ABC-stacked n-layer graphene

can be written as follows,

Hn =
vn0

(−γ1)(n−1)

(
0 kn−

kn+ 0

)
(2.37)

In terms of second quantization, the effective low energy Hamiltonian Eq. (2.37)

can be read as follows,

Hn = λ
∑
~k

n−1∑
j=1

[
Kn
−c
†
Aj(
~k, t)cB(j+1)(~k, t) + h.c.

]
(2.38)

where λ = vn0 /(−γ1)(n−1), K− = k− − A∗(0)eiωt, K+ = K∗−, k± = kx ± iky,

A(0) = e
c
(Ax(0) + iAy(0)) is the complex vector potential which couples to MLG

in the transverse gauge, (~∇· ~A = 0). The index n starts from n = 2, 3, 4, ... for two,

three, four layers respectively. The single layer n = 1 is a special case which we

have already dealt separately [184]. Nevertheless, we may recover the single layer

graphene Hamiltonian by setting n = 1 and removing the summation and all the

indices. The symbol j denotes the effective inter-layer hopping between non-dimer
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states through the dimer states is accomplished by coupling the jth layer to the

(j + 1)th layer.

2.5.2 Bloch equations for n-layer graphene

In this section, we derive the Bloch equation for n-layer graphene. These equa-

tions can be derived by adopting a process similar to described in case of bilayer

graphene. Just as in bilayer graphene, here too, we define dynamical quantities

such as population and polarization as shown below,

Nν ν+1(~k, t) = 〈c†Aν(~k, t)cAν(~k, t)〉 − 〈c
†
B(ν+1)(

~k, t)cB(ν+1)(~k, t)〉

πν ν+1(~k, t) = 〈c†Aν(~k, t)cB(ν+1)(~k, t)〉
(2.39)

where the index ν = 1, 2, ... labels a layer in MLG. If ν = 1, two graphene layers

will be involved and if ν = 2, three graphene layers will be involved and so on.

The quantum kinetic equations for nν ν+1(~k, t) and πν ν+1(~k, t) of n-layer graphene

reads,

i∂tNν ν+1(~k, t) = λ
[
2Kn
− πν ν+1(~k, t)− h.c.

]
i∂tπν ν+1(~k, t) = λKn

+ Nν ν+1(~k, t)
(2.40)

These are the coherent optical Bloch equations of multilayer graphene.

2.5.3 Solution of Bloch equations

In this section, the Bloch equations of n-layer graphene are solved applying a

process similar used to solve the Bloch equations of bilayer graphene. These

equations are solved in different regions of interest. First we solve these equations

exactly at Dirac point where ~k = 0. These equations are also solved near Dirac

point in conventional as well as in off resonance case using RWA and ARWA,

respectively.

Case -I: At Dirac point, ~k = 0

At the Dirac point, ~k = 0, the coupled Bloch equations for n-layer graphene may be

solved using an ansatz, πν ν+1(~0, t) = πν ν+1, s(~0, t) e
−inωt. Making this substitution
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and performing a straightforward calculation we may write the solution of Bloch

equations

Nν ν+1(~0, t) =
4λ(−A(0))n

nω
π∗ν ν+1, s(~0, 0) Sin(ΩRt)

π∗ν ν+1, s(~0, t) = π∗ν ν+1, s(~0, 0) e−iΩRt, ΩR ≈ nω + ΩMLG
ARF

(2.41)

where ΩMLG
ARF =

2ω2
R

nω
is the generalized ARF for n-layer graphene at the Dirac point

with which the slow part of polarization oscillates and ωR = λ |A(0)|n. As we

have been stressing, this ARF is observable only in the systems that possess a

pseudospin degree of freedom. One may see that while the ARO in polarization

appears to be associated with the nth harmonic in the EDF ω for n-layer graphene,

in reality, the overall polarization p(~0, t) is slowly varying on the scale of the EDF.

However the population does oscillate according to the nth harmonic in EDF.

Case -II: Near the Dirac point (off resonance ω � ωR, λ|k|)n)

This section describes how to solve the Bloch equations for n-layer graphene using

the ARWA method discussed earlier. The main assumption involved in ARWA is

that the EDF (ω) is the largest frequency. In order to solve the Bloch equations

we decomposed population nν ν+1(~k, t) and polarization πν ν+1, s(~k, t) into slow

and fast varying equations, as we did for BLG. But, this time the summation

over l will run from l = 1 to l = n. Since in SLG, ARO are observed at the

level of first harmonic whereas in BLG these are observed at second harmonic.

Therefore, it forces us to keep all the harmonics in case of n-layer graphene to

see the ARO. Inserting these equations into the Bloch equations and following a

process described in case of bilayer graphene far from resonance, we may easily

write the solution of rapidly varying polarization and population equations in

terms of their slowly varying coefficients. The slowly varying part of population

and polarization equations will be,

i∂tns(~k, t) = 2λkn−πs(
~k, t)− 2αkn+ π∗s(

~k, t)

i∂tπs(~k, t) = λkn+ns(
~k, t)− 2βπs(~k, t)

(2.42)

The solution of these equations can easily be found by assuming the solution of

the slow part of population equation in the form of ns(~k, t) = ns(~k, 0)Cos(2Ωt).
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The solution of the slow part of polarization equation comes out to be,

πs(~k, t) = πs(~k, 0)

[
−i β

Ω
Cos(2Ωt) + Sin(2Ωt)

]
Ω =

[
λ2|k|2n + β2

] 1
2 , β =

n∑
l=1

(λCn
l )2 |k|2(n−l) |A(0)|2l

lω

(2.43)

where Ωn
ARWA(= 2Ω) is the generalized anomalous Rabi frequency for n-layer

graphene and πs(~k, 0) = (−1)n
kn+

2|k|n and ns(~k, 0) = − (−1)nλ|k|n
β

are the equilib-

rium values of polarization and population, and may be determine in the mean

field approximations. From these general expressions of equilibrium values of po-

larization and population, we can easily write the the expressions of equilibrium

values of polarization and population in case of single and bilayer graphene by

simply putting n = 1 and n = 2, respectively. We can reproduce the formulae of

anomalous Rabi frequency of single and bilayer graphene by simply putting n = 1

and n = 2 in Eq. (2.43), respectively.

Case -III: Near resonance (ω ≈ 2λ|k|)n)

This section deals with the solution of Bloch equations in the resonance case for

small detuning, ∆ � (νω − 2λ|k|n), where ν denotes the number of resonances

present in the particular graphene system i.e. if n = 1 then ν = 1 and only one

resonance will be present, for BLG n = 2, two resonances will occur. The one at

ν = 1 occurs at single harmonic in EDF and the second at ν = 2 is due to the

frequency doubling effect in BLG absent in SLG and so on. First, we write the

Bloch equations in matrix form then find the diagonalization matrix of the time

independent part of the Hamiltonian thereafter use the appropriate substitutions

to solve the Bloch equations. The conventional Rabi frequency comes out to be,

ΩMLG
RWA =

√
∆2 + ω2

R, ωR = λCn
ν |Ac(0)|ν |k|n−ν (2.44)

where Cn
ν = n!

ν!(n−ν)!
are combinatorial factors. Equation (2.44) is the general

form of conventional Rabi frequency of n-layer graphene in resonance case. All

the conventional resonance results in single and bilayer graphene can be found

directly from Eq. (2.44) by simply putting n = 1 and n = 1, 2, respectively.
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2.5.4 Current density in n-layer graphene

In order to compute the current density in n-layer graphene, we adopt a procedure

similar to discussed in bilayer graphene. The expression of current density in n-

layer graphene will be of the form, 〈Jν(t)〉 = Jxx̂ + Jyŷ where Jx, Jy defined as

Jν,± = Jx ± iJy where Jν,+ reads as,

〈Jν,+(t)〉 =
2nλ

2π

∑
~k

n−1∑
l=0

Cn−1
l kn−1−l

− (−A∗(0))leilωt πνν+1(~k, t) (2.45)

Inserting the value of polarization πνν+1(~k, t) in above equation and doing straight-

forward simplification, Eq. (2.45) reduces to the following equation,

〈Jν,+(t)〉 = −nλ
π

∑
~k

(−1)n|k|n

(−A∗(0))
Cos(ΩMLG

ARWAt)e
−iωt (2.46)

Equation (2.46) is the basic equation to find the current density in n-layer graphene.

After performing integration over ~k in above equation, in the low-energy approxi-

mation, the general expression of current density in frequency domain comes out

to be

〈Jν,+(ω′)〉 = J0

(
ω′ − 2ω2

R

nω

)n
2

(2.47)

where J0 is constant that fit the dimension of current density. It must be stressed

that the current density in Eq. (2.47) is valid only in low energy approximations

and near the threshold when ω′ ≈ 2ω2
R

nω
.

Before summarizing our results we wish to clarify that the theory presented here

is not valid for bulk graphite. The term ‘n-layer’ should not be confused with

‘graphite’. It is used to describe ‘few-layer’ graphene or multi-layer graphene not

‘bulk graphite’. In the present discussion, we use RWA and ARWA on low-energy

effective theory of monolayer, bilayer and few-layer graphene. Low-energy effective

theory means we have considered only the nearest neighbour hopping. If we include

next nearest hopping, the methodology presented in this chapter still remains

valid. The next nearest hopping give rise nonlinearity in the band structure of

graphene systems which includes higher energy electronic states. However, the

present discussion does not include any nonlinearity. Eq. (2.37) holds only for

few-layer low-energy electronic spectrum. It is not valid for bulk graphite because

we are not discussing graphite using the band structure of graphene.
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2.6 Summary and conclusions

In this section, we give overall summary of the work presented in this chapter. In

this chapter, we have described Rabi oscillations, which is a well-known nonlinear

optical phenomenon in quantum optics, in different regions of interest, namely-

resonance and off resonance regimes. To describe the phenomenon of Rabi oscilla-

tions in bilayer graphene we first derived the Bloch equations for population and

polarization in a similar way as in case of two-level atomic systems. Then, these

equations are solved in resonance and off resonance case. Bloch equations in off res-

onance are solved using a new technique called asymptotic rotating (ARWA) which

is an alternative approach to rotating wave approximation (RWA) well-known in

quantum optics. It is found that Rabi oscillations in off resonance case show an

anomalous behaviour similar to that of single layer graphene. The anomalous be-

haviour of Rabi oscillations is attributable to the pseudospin degree of freedom

these systems possess. The anomalous Rabi frequency in these systems has a

different dependence on the external electric field from the conventional one. In

conventional resonance case, more than one layer graphene systems show multiple

harmonic resonances depending upon the system chosen. In multi-layer graphene,

multiple conventional harmonic resonances occur because of presence of multiple

harmonics in the system of Hamiltonian in presence of external applied field. The

number of conventional harmonic resonances present in the graphene systems are

directly attributed to the dispersion relation of these systems. For example, single

layer graphene possesses linear energy-momentum dispersion. Therefore, single

layer graphene possesses single conventional resonance. Charge carriers in bilayer

graphene show parabolic energy-momentum dispersion. So, bilayer graphene ex-

hibits two conventional harmonic resonances- one is at first harmonics in external

driving frequency and other is at second harmonics in external driving frequency

which occurs due to the frequency doubling effect. Similarly, trilayer graphene ex-

hibits three harmonic resonances and so on. This is pictorially shown in Fig. 2.1.

It is seen that, the frequency of anomalous Rabi oscillations in bilayer graphene

is less by the order of 1
ω

than the frequency of conventional Rabi oscillations in

resonance case. In this figure, there is only one minimum is seen near ek = 0 which

is the anomalous Rabi frequency in each graphene systems. Whereas, the conven-

tional resonances are shown by the secondary minima for each graphene system.

There is only single secondary minimum in case of single layer graphene while as
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the number of layers increases the number of secondary minima increases. Num-

ber of secondary minima is directly proportional to the number of layers. There

are two secondary minimum in bilayer graphene and in trilayer graphene three

secondary minima are present. It means multi-layer graphene shows multiple con-

ventional resonances whereas there is only single anomalous resonance is present

in each graphene systems. In other words, we can say that multi-layer graphene

exhibits only single anomalous resonance in off resonance regime while there are

multiple conventional resonance are present in multi-layer graphene.

We have also calculated the experimentally accessible quantity current density in

bilayer graphene. Current density in bilayer graphene shows a threshold behaviour

in frequency domain that oscillates exactly with the anomalous Rabi frequency

(
ω2
R

ω
) in off resonance regime. Whereas, in resonance case current density exhibits

two threshold behaviours in frequency domain- one is at first harmonic resonance

and other is at second harmonic resonance. The frequency of oscillations at first

and second harmonic resonances are
√

2ωωR and ωR, respectively, where ωR =
|A(0)|2

2m
. The threshold behaviour of current density in different regions of interest

is clearly shown in Fig. 2.2. The exponent at threshold in ARWA regime in bilayer

graphene is computed to be equal to unity whereas it is equal to 1
2

in case of single

layer graphene. The current density in time domain shows a power law decay of

the form t−2 in ARWA case whereas in both RWA cases it is of the form t−
1
2 .

A fully numerical solution of Bloch equations is also presented that completely

corroborates the analytical findings.

We have successfully generalized the ideas applied on single and bilayer graphene

to multi-layer graphene. The results obtained in case of single and bilayer graphene

can easily be recovered with the help of generalized formulae obtained in case of

multi-layer graphene. It is seen that there is a single anomalous resonance present

in multi-layer graphene whereas there are multiple conventional resonances present

in multi-layer graphene. Number of multiple conventional resonances depend on

the number of layers present in the multi-layer graphene system.

The work presented in this chapter has been taken from Ref.[187]

c©Indian Institute of Technology Guwahati

TH-1429_10612106



Chapter 3

Anomalous Rabi oscillations in

Supported Graphene Systems

.

In chapter 2, we studied AROs in suspended graphene systems. Suspended graphene

systems (free standing graphene systems) possess a zero gap between the valance

and the conduction band. Therefore, these systems cannot be used in electronic

devices. Absence of gap in electronic spectrum does not permit the turning off the

electronic devices. To use graphene as a viable semiconductor in electronic devices

a gap is required to turn off these devices. Therefore, to make use of graphene in

electronic applications, it is very important to open a tunable and sizable band gap

in the electronic spectrum of graphene. There are several methods to open a gap

between the valance and the conduction band. This gap may be opened usually

by symmetry breaking through extrinsic effects [188]. The electronic spectrum

of gapped graphene is parabolic similar to bilayer graphene without gap which is

quite different from gapless graphene. The carriers in gapped graphene no longer

massless but are now massive. These massive carriers in gapped graphene possess

a parabolic dispersion between energy and momentum [189]. Thus, the asymmetry

breaks the valley degeneracy in monolayer graphene. The gap between the valance

band and the conduction band can also be open in presence of substrate-graphene

interaction upon which the graphene sheet is deposited. Several attempts have

been made to open a gap by depositing graphene on different substrates and dif-

ferent values of the gap parameter is found in each case.
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Using density functional theory, Quhe and collaborators [190] show that when

single layer graphene is properly sandwiched between a pair of hexagonal boron

nitride single layers, a gap of 0.16eV and 0.34eV can be opened without and

with electric field, respectively. Hexagonal boron nitride consists of single layers

of BN of a honeycomb structure almost commensurate to single layer graphene.

Mak et al. [35] studied the gap opening in the electronic spectrum of bilayer

graphene by applying a perpendicular electric field to the plane of bilayer graphene.

They successfully induced a gap of 0.2eV in the electronic spectrum of bilayer

graphene in the presence of a strong applied electric field, about 1V/nm. In bilayer

graphene two types of asymmetries are possible: intra- and inter-layer asymmetry.

The effect of intra-layer symmetry on electronic spectrum is similar to gapped

graphene. While, the effect of inter-layer asymmetry on electronic spectrum is

very dramatic than intra-layer asymmetry. An inter-layer asymmetry gives rise

to a ‘Mexican-hat’ like structure in the band structure of the bilayer graphene

[16, 29, 65, 191, 192]. The properties of gapped monolayer and bilayer graphene

are also discussed in the extensive literature available [46, 193–196].

In present chapter, we discuss the same phenomenon described in chapter 2 in

gapped monolayer and bilayer graphene in presence of an intense optical pump

field. The phenomenon of Rabi oscillation is analysed in two different regions of

interest namely–the resonance and the off resonance case. In the case of symmetric

graphene, Rabi oscillations close to resonance have already been discussed in the

literature [175, 177, 181] using rotating wave approximation (RWA) [151, 152]. To

analyze the phenomenon of Rabi oscillations in off resonance in gapped graphene

systems, we use a similar methodology as described in Chapter 2 in symmetric

graphene systems. In off resonance, the gapped graphene systems (‘graphene sys-

tems’ mean – monolayer and bilayer graphene) show offset oscillations even for van-

ishingly small applied electric fields– a feature absent in the symmetric graphene

systems. These offset oscillations are characterized by the asymmetry parameter

in these systems. In bilayer graphene, inter-layer asymmetry has a dramatic ef-

fect on anomalous Rabi oscillations. Conventional Rabi oscillations, however, are

not significantly affected by the asymmetry parameter in these graphene systems.

This is made clear from the following discussion.
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3.1 Effect of asymmetry on Rabi oscillations in

single layer graphene

This section describes the effect of asymmetry on Rabi oscillations in resonance

as well as in off resonance case in single layer graphene. The conventional ROs

(ROs in resonance case) are almost not affected by the asymmetry parameter (gap

parameter). On the other hand, ROs in off resonance are very highly sensitive to

the gap parameter.

3.1.1 Effective low-energy Hamiltonian of gapped single

layer graphene

The low-energy Hamiltonian of graphene honeycomb lattice is derived using the

tight binding model [92]. This honeycomb lattice is made from two sublattices,

A and B, connected by time-reversal symmetry (SU(2) symmetry). Therefore,

the Hamiltonian of gapless graphene is symmetric under the transformation of

A←→ B, and the massless Dirac fermions show gapless linear energy–momentum

dispersion at the Dirac points. The zero gap dispersion implies that the conduction

of electrons cannot be simply toggled by the external gate voltage, and this limits

the use of graphene in electronic applications. This gapless energy dispersion of

graphene has been derived by assuming that the on-site energy of electrons in the

sublattices A and B are equal, HAA = HBB. Whenever HAA 6= HBB, a mass term

exists which is responsible for opening of a gap in the energy spectrum. This mass

term breaks the symmetry between the two sublattices A and B, and graphene

becomes asymmetric under the transformation of A ←→ B. Now the graphene

Hamiltonian will no longer be symmetric under this transformation. There are

various ways to induce this mass term such as interaction of graphene sheet with

the substrate upon which graphene sheet is deposited [188, 196], sandwiching a

monolayer graphene between a pair of hexagonal Boron nitride layers [190] or

applying an external electric field perpendicular to plane of the graphene sheet.

There are experimental and theoretical [189, 193] research articles available on the

topic of generation of a gap in the energy spectrum of graphene.

The effective low energy Hamiltonian [92] of gapped monolayer graphene can then

be written as a pure graphene Hamiltonian and a term that describes the creation
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of a mass term

H = H0 +Hmt (3.1)

where, H0 = vF (~σ · ~p) is the intrinsic graphene Hamiltonian and Hmt = v2
Fmtσz

is the Hamiltonian of the mass term that may arise due to sublattice space asym-

metry between A and B sublattices. The energy eigenvalues of Hamiltonian Eq.

(3.1) are derived in Refs. [189, 194] as given below:

E±(~k) =

√
(v2
Fmt)2 + γ2|f(~k)|2 (3.2)

where f(~k) = e
i kxa√

3 + 2e
−i kxa√

3 Cos(kya
2

) and γ is the transfer integral. Equation

(3.2) gives the parabolic dispersion for the charge carriers (Fig. 3.1).

+
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Figure 3.1: Left: Schematic of the graphene sheet deposited upon a sub-
strate. ∆ is the on-site energy of the atoms on sublattice sites A and B that
defines the intra-layer asymmetry between two sublattices and gives rise a mass
term in the monolayer graphene Hamiltonian Eq. (3.1). Right: Energy band
spectrum of single layer graphene with (solid green) and without asymmetry
(dashed black). The energy spectrum of asymmetric single layer graphene has a
parabolic dispersion and shows a band gap between the conduction and valance

band.

To describe the phenomenon of Rabi oscillations a semiclassical approximation is

used, radiation is treated classically and matter fields are quantum. An in plane

electric field is applied to the graphene sheet through a vector potential of the

form ~A(t) = ~A(0)e−iωt, where ~A(0) = e
c
(Ax(0) + iAy(0)) is a complex amplitude

of an external driving field. In second quantization, using two-component basis

eigenstates of Hamiltonian Eq. (3.1) in momentum space of the form ψT (~k, t) =
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(cA(~k, t) cB(~k, t)), the Hamiltonian Eq. (3.1) reads as

Ĥ =
∑
~k

[
vF (k+ − A∗(t)) c†A(~k, t)cB(~k, t) + h.c.

]
+ v2

Fmt

∑
~k

[
c†A(~k, t)cA(~k, t)− c†B(~k, t)cB(~k, t)

] (3.3)

where k± = kx ± iky, c(c†) are the annihilation(creation) operators on sublattice

sites A and B and vice versa. If mass term is zero, the Hamiltonian Eq. (3.1)

commutes with the helicity operator ĥ (projection of pseudo-spin in the direction

of momentum) that preserves the SU(2) symmetry. In presence of a mass term,

the Hamiltonian Eq. (3.1) does not commute with helicity operator ĥ. This breaks

SU(2) symmetry of Hamiltonian Eq. (3.1). It means the time reversal symmetry

has been broken or we can say that there exists a sublattice space asymmetry

between two sublattices A and B. This also signifies that we cannot produce the

crystal of graphene by simply repetition of a unit cell in two dimensions.

3.1.2 Bloch equations of gapped graphene

In this section, we derive the Bloch equations of population and polarization excess

on sublattice sites A and B in gapped graphene. In second quantization, these

quantities are expressed as follows,

ndiff (~k, t) = 〈c†A(~k, t) cA(~k, t)〉 − 〈c†B(~k, t) cB(~k, t)〉

p(~k, t) = 〈c†A(~k, t) cB(~k, t)〉
(3.4)

With the help of the equations of motion for operators i∂tρ̂ = [ρ̂, H], and simple

anti-commutator algebra for fermions, the Bloch equations of ndiff (~k, t) and p(~k, t)

reads as (setting ~ = 1),

i∂tndiff (~k, t) = 2vF

[
(k+ − A∗(t)) p(~k, t)− h.c.

]
(3.5)

i∂tp(~k, t) = vF (k− − A(t))ndiff (~k, t)− 2v2
Fmtp(~k, t) (3.6)

These are the rate equations of the population excess ndiff (~k, t) and polariza-

tion p(~k, t) on sublattice site A and B. Where k± = kx ± iky, ~A(t) = ~A(0)e−iωt,

and ~A(0) = e
c

(Ax(0) + iAy(0)). The asymmetry affects only the rate equation of

polarization p(~k, t) while the population equation remains unchanged. It means
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asymmetry affects only the induced polarization in presence of an electric field

while population is not affected by asymmetry. This is the main difference be-

tween the Bloch equations of gapped and without gapped single layer graphene.

Now, we want to solve these equations near resonance, when the external driving

frequency is nearly equal to the inter-band transition frequency of the system, and

far from resonance, when the external driving frequency is very large in compar-

ison to the inter-band transition frequency of the system. The Bloch equations

in single layer graphene have already been solved in absence of gap [184]. Here,

we solve these equations in presence of gap parameter (in presence of asymmetry

parameter). We followed a process similar to the one described in Ref.[184].

3.1.3 Solution of Bloch equations near resonance, ω ≈ 2Ek

This section describes the solution of Bloch equations of gapped single layer

graphene in the resonance regime when ω is nearly equal to electron-hole pair

excitation frequency. Similar to bilayer graphene, gapped single layer graphene

also exhibits parabolic dispersion between energy and momentum. Unlike bi-

layer graphene, here, there is only one resonance, similar to single layer graphene

without gap, which occurs at the first harmonic in EDF . To solve the Bloch

equations of gapped single layer graphene in the resonance case, we applied a ro-

tating wave approximation [150, 151, 174] well known in the context of two-level

atomic systems in quantum optics. These Bloch equations are explicitly solved

in resonance regime in case of single layer graphene without gap [184]. Hence we

provide only the results and their interpretation. Following a process similar to

the one described in Ref.[184], we obtain the following formula of conventional

Rabi frequency in gapped single layer graphene

ΩRWA =

√
δ2 + ω2

R +
ω2
R

E2
k

∆ (∆− 2Ek) (3.7)

where δ = ω − 2Ek and Ek =
√
v2
Fk

2 + ∆2. Near resonance ω ∼ 2Ek and also

∆� ω. With these approximations, Eq. (3.7) reduces to ΩRWA = ωR
(
1− 2∆

ω

)
≈

ωR which is approximately the same as in suspended graphene. Thus, we can

see that the conventional Rabi frequency near resonance is almost independent of

asymmetry parameter ∆.
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3.1.4 Solution of Bloch equations far from resonance, ω �
ωR, 2Ek

In this section, we solve the Bloch equations in off resonance case using ARWA

described in refs.[184, 187]. Therefore, we highlight only the results. Note that

the population equations in gapped and without gapped single layer graphene are

same. This means that the solution for the population equation of gapped and

without gapped single layer graphene remains unchanged. The change appears

only in the solution of polarization equation. The solutions of rapidly varying

part of population and polarization equations are as follows,

nf (~k, t) ∼
2vFA

∗(0)

ω
p∗s(
~k, t)

p+(~k, t) ∼ − vFA
∗(0)

(2v2
Fmt + ω)

ns(~k, t)

p−(~k, t) ∼ 2v2
Fk−A(0)

ω(2v2
Fmt − ω)

ps(~k, t)

(3.8)

The solution of slow varying part of polarization equation comes out to be equal

to,

ps(~k, t) = ns(~k, 0)
ωRm

4vFk+

[
−Cos(2Ωt)− i 2Ω

ωRm
Sin(2Ωt)

]
(3.9)

ΩARWA = 2

[
(vF |k|)2 +

ω2
Rm

4

]1/2

, ωRm = 2v2
Fmt +

2v2
F |A(0)|2

ω
(3.10)

Equation (3.10) gives the anomalous Rabi frequency of gapped single layer graphene

in off resonance. Exactly at the Dirac point of the Brillouin zone, the formula of

anomalous Rabi frequency reduces to, ΩARF = 2v2
Fmt+

2ω2
R

ω
, where ωR = vF |A(0)|,

is the zero detuned conventional Rabi frequency. This formula turns into the

anomalous Rabi frequency of suspended graphene in absence of gap parameter.

In presence of mass term, monolayer graphene show Rabi-like oscillations even

for vanishingly small applied field. We call these oscillations ‘offset oscillations’

and the corresponding frequency is called the offset frequency. The value of offset

frequency may be identified with the asymmetry parameter. This feature of offset

oscillations is absent in suspended graphene. Typically, this asymmetry parameter

is due to sublattice space asymmetry ∆ between A and B sublattices. Figure 3.2

depicts the offset frequency in asymmetric monolayer graphene. The actual value

of offset frequency ΩARF is 0.21ω for a value of frequency ω = 6π × 1014rad/sec

of the applied field. In addition we choose ωR = 2.02 × 1013rad/sec. This offset
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Figure 3.2: Schematic of the variation of the dimensionless anomalous Rabi
frequency (ARF) ΩARF /ω versus a dimensionless quantity x (=

√
2ωR
ω , ωR =

vF |A(0)|) in case of symmetric graphene (dashed black) and asymmetric mono-
layer graphene (solid green), at the Dirac point of the Brillouin zone. ARF in
symmetric graphene shows a zero trivial minimum in the absence of externally
applied field whereas for asymmetric graphene it has a finite value. This shows
that the ARF exhibits offset oscillations that may be identified with the twice
the asymmetry parameter ∆. For clarity, we have chosen a large value of the
offset frequency. A realistic value of the offset frequency is related to asymmetry

parameter through the relation, ΩARF
ω = 2∆

~ω = 0.21.

frequency is better observable for weak electric fields. We can see that the mass

term has a remarkable effect on the anomalous Rabi frequency only for weak fields,

as it is obvious from Eq. (3.10). Thus we have seen that the asymmetry parameter

has no significant effect on conventional Rabi frequency while the anomalous Rabi

oscillations are significantly affected by the asymmetry parameter in monolayer

graphene.

3.1.5 Current density in gapped single layer graphene

The current density of suspended graphene sheet has been derived in detail in

Ref.[184]. Here, we mention the key differences of behaviour of current density

of gap and gapless single layer graphene. As we have seen the asymmetry has no

significant effect on conventional Rabi oscillations. Therefore, our concern is to

discuss the effect of asymmetry on induced current density only in off resonance

case. Current density is an experimentally accessible quantity. Theoretically, this
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may be derived with the help of continuity equation and Hiesenberg’s equation of

motion for the charge density.

~J(t) = 4evF
∑
~k

p(~k, t)~σAB + h.c. (3.11)

where vF is the Fermi velocity of Dirac fermions, ~σ is the Pauli spin matrices, and

the prefactor 4 = 2×2 is for the spin and valley degeneracy, respectively. Inserting

the value of polarization p(~k, t) in above equation and performing a straightforward

calculation, we may easily write the slow part of current density in the frequency

domain, in off-resonance case,

~js(ω
′
) ≈ −4eAA∗(0)~σAB

ωRmvFω

[
ω
′4 − ω′2

(
2∆ +

2ω2
R

ω

)2
]1/2

(3.12)
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Figure 3.3: Schematic of the variation of the slow part of: (left) induced
current versus a dimensionless quantity η(= ω

′
/ω), in the presence of an external

applied field, and (right) in the absence of an externally applied field. This figure
is plotted by assuming that ωR = 1 and ω = 10, in arbitrary units. It is obvious
from the left part of this figure that the threshold frequency of the induced
current is increased in the presence of asymmetry (solid green) in comparison
to that of without asymmetry (dashed black) shown in inset for clarity. The

threshold frequency ω
′

ω is (2∆
~ω +

2ω2
R

ω2 ) which is the anomalous Rabi frequency at
Dirac point, as may be seen from Eq. (3.10). The right part is plotted in the
absence of external field. It is clear from the right part of this figure that the
induced current in symmetric graphene [184] (dashed black) loses its threshold
behaviour when the external field is absent whereas, asymmetric monolayer
graphene (solid green) still exhibits the threshold behaviour. The frequency of
offset oscillations of the current is identified by the asymmetry parameter ∆,

and has the relation, 2∆ = 0.21~ω.
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Equation (3.12) has the following explanation: the value of threshold frequency of

slow part of current density, in asymmetric monolayer graphene, is increased by the

asymmetry parameter (as we have seen earlier as well), and the threshold frequency

ω
′

of induced current is equal to (2∆ + 2ω2
R/ω) which is exactly the anomalous

Rabi frequency at the Dirac point which is obvious from Eq. (3.10). Moreover,

the current density in asymmetric graphene exhibits a threshold behaviour even

for vanishingly small applied fields. The asymmetry parameter does not affect the

exponent at threshold but it has a remarkable effect on the value of the threshold

frequency. In Fig. 3.3, we have shown the variation of the induced current with

a dimensionless quantity η(= ω
′
/ω). For this, we make the quantity within the

square bracket dimensionless. Realistic values of ω and ωR are 6π × 1012rad/sec

and 2.02× 1013rad/sec, respectively.

In the above discussion, we have observed the effect of asymmetry on Rabi oscilla-

tions as well as on the induced current in asymmetric monolayer graphene, mainly

in the off resonance case. The anomalous Rabi frequency is offset by the asym-

metry parameter in the off resonance case whereas asymmetry has no significant

effect on the conventional Rabi frequency. The induced current in asymmetric

monolayer graphene shows threshold behaviour even for vanishingly small applied

fields less than the gap parameter.

The subsequent sections describe the same phenomenon in asymmetric bilayer

graphene. In bilayer graphene, there are two asymmetries involved namely- inter-

layer and intra-layer asymmetry. We investigate the effect of these asymmetries on

anomalous Rabi oscillations in bilayer graphene. The intra-layer asymmetry has a

similar effect on anomalous Rabi oscillations as in asymmetric monolayer graphene

whereas, the effect of inter-layer asymmetry on anomalous Rabi oscillations is even

more dramatic. We have already discussed anomalous Rabi oscillations in bilayer

graphene without gap parameter. Therefore, the following sections describe only

the results and their interpretations when the asymmetry is considered in bilayer

graphene.
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3.2 Effect of asymmetry on Rabi oscillations in

bilayer graphene

This section describes the effect of asymmetry on ROs in bilayer graphene. Bilayer

graphene is composed of two single graphene sheets in a Bernal stacking [28]. In

bilayer graphene, there are two kinds of asymmetry: one is intra-layer asymmetry

and second is inter-layer asymmetry. The inter-layer asymmetry may be due to

doping effect or external gate-voltage whereas, intra-layer asymmetry arises due

to the substrate and graphene sheet interaction upon which the graphene sheet

is deposited. It could also arise due to an applied electric field perpendicular to

the plane of the graphene sheet [35, 46, 191]. The effect of intra-layer asymmetry

on ROs in bilayer graphene is similar to that of single layer graphene. The effect

of inter-layer asymmetry on ROs is more dramatic than intra-layer asymmetry,

as we will see from the following discussion. We will not discuss further details

of the effect of asymmetry on conventional ROs because these oscillations do not

change significantly as we have seen in case of single layer graphene. Therefore,

we discuss only the effect of asymmetry in detail on ROs in off resonance case.

The effective low-energy Hamiltonian of bilayer graphene including inter- and

intra-layer asymmetries may be written as follows,

H2 = − 1

2m

(
0 k2

−

k2
+ 0

)
+

(
∆ 0

0 −∆

)
+ U

(
1

2
− v2k+k−

γ2
1

)(
1 0

0 −1

)
(3.13)

The first term in Eq. (3.13) is the effective low energy two component Hamiltonian

of pure bilayer graphene that describes the indirect inter-layer hopping from A1

to B2 atomic site which includes direct inter-layer hopping γ1 forming dimer-site

between the atomic sites B1 and A2, and an intra-layer hopping velocity v. This

two component Hamiltonian was first derived by E. McCann et al. [16] using the

Green’s function method for matrices. The second and third term in Eq. (3.13)

are due to the intra- and inter-layer asymmetry that breaks the sublattice space

symmetry and the symmetry between two layers, respectively. The intra-layer

asymmetry opens up a gap in the low energy spectrum of bilayer graphene. The

effect of inter-layer asymmetry is dramatic, it leads to a ‘Mexican-hat’ structure in

the low energy spectrum of bilayer graphene, Fig. 3.4. Our purpose is to describe

the effect of asymmetry on Rabi oscillations in the presence of an intense applied

electromagnetic field. We first discuss the effect of intra-layer asymmetry on Rabi
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Figure 3.4: Left: Schematic of bilayer graphene deposited upon a substrate.
∆ is the on site energy of the atoms on sublattice site A1 and B1 that defines the
intra-layer asymmetry between two sublattices and opens up a gap at the Dirac
point. U is the asymmetry between two layers that gives rise to a ‘Mexican’
hat structure in the energy spectrum. Right: Low energy spectrum of bilayer
graphene with intra-layer asymmetry (solid green), without asymmetry (dashed

black) and with inter-layer asymmetry (solid blue).

oscillations and the effect of inter-layer asymmetry is discussed afterwards. The

low-energy electronic band spectrum in Fig. 3.4 is theoretically derived in the

references [16, 17, 192] by solving a four-component Hamiltonian, that gives the

following energy bands when intra- and inter-layer asymmetry have been taken

into account, respectively,

E2
α =

∆2

4
+
γ2

1

4

√1 +
4γ2

0 |f(~k)|2
γ2

1

+ (−1)α

2

(3.14)

E2
α =

γ2
1

2
+
U2

4
+ γ2

0 |f(~k)|2 + (−1)α
√
γ4

1

4
+ γ2

0 |f(~k)|2 (γ2
1 + U2) (3.15)

where f(~k) = e
ikya√

3 + 2e
−ikya
2
√

3 Cos(kxa
2

), a is the lattice constant. α = 1, 2 that

describe low and high energy bands, respectively. Equations (3.14) and (3.15)

show that intra-layer asymmetry only gives a shift in the energy whereas inter-

layer asymmetry gives rise to a ‘Mexican hat’ structure in the energy spectrum.

3.2.1 Effect of intra-layer asymmetry on Rabi oscillations

Here, we describe the effect of intra-layer asymmetry on ROs in bilayer graphene.

In presence of intra-layer asymmetry (∆), a gap is open in the band structure of

bilayer graphene as shown by solid green curve in Fig. 3.4. The effect of intra-layer
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asymmetry on the band structure of bilayer graphene is similar to that of single

layer graphene. In presence of intra-layer asymmetry anomalous ROs show an

offset oscillations similar to that of single layer graphene. The frequency of these

offset oscillations can be determined by the asymmetry parameter. In other words,

we can say that the frequency of offset oscillations depends on the gap parameter

that depends on the type of substrates chosen. This can be clearly understood

with the help of following discussion.

To discuss the effect of intra-layer asymmetry on ROs, we use a semiclassical

approximation, similar to the model presented in case of asymmetric monolayer

graphene. In the low-energy continuum limit, the Hamiltonian of bilayer graphene

including intra-layer asymmetry, in second quantization, may be written as

H = − 1

2m

∑
~k

[
(k− − A∗(t))2 c†A1(~k, t) cB2(~k, t) + h.c.

]
+ ∆

∑
~k

[
c†A1(~k, t) cA1(~k, t)− c†B2(~k, t) cB2(~k, t)

] (3.16)

where k± = kx ± iky, ~A(t) = ~A(0)e−iωt is the vector potential which couples to

bilayer graphene in the Coulomb gauge and ~A(0) = e
c
(Ax(0) + iAy(0)), c and c†

are annihilation and creation operators on sublattice sites A1 and B2. The second

term in Eq. (3.16) is purely due to intra-layer asymmetry.

We follow a process similar to the single layer graphene. We first derive the Bloch

equations of bilayer graphene including intra-layer asymmetry. These Bloch equa-

tions are solved in two different regions of interest- resonance and off resonance.

Here, we will give a qualitative description because the process is similar to that

of single layer graphene, hence, we do not want to repeat the similar calculations.

Similar to single layer graphene, we discuss the effect of asymmetry on experimen-

tal accessible quantity current density.

We may write the Bloch equations of population ndiff (~k, t) and polarization p(~k, t)

excess on sublattice site A1 in the bottom layer and B2 in the top layer when intra-

layer asymmetry is taken into account as follows,

i∂tndiff (~k, t) = − 1

m

[
(k− − A∗(t))2 p(~k, t)− h.c.

]
(3.17)

i∂tp(~k, t) = − 1

2m
(k+ − A(t))2 ndiff (~k, t)− 2∆p(~k, t) (3.18)
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Now we wish to solve the rate equations of population and polarization in two

different regions of interest- resonance and far from resonance, as we have already

been mentioned in case of asymmetric monolayer graphene.

Solution of Bloch equations near resonance. To solve the Bloch equations near

resonance, we follow a process similar to the one described in previous chap-

ters and also in the earlier section. In bilayer graphene, there are two possible

resonances- one is at the first harmonic and other is at the second harmonic in

external frequency, unlike in single layer graphene [184] where there is only one

possible resonance. The conventional Rabi frequencies near first and second har-

monic resonances are given below, respectively,

Ωω =

[
δ2 + 2ωR

|k|2

mE2
k

(
|k|4

4m2
+ 2∆ (∆− Ek)

)]1/2

(3.19)

Ω2ω =

[
δ2 +

ω2
R

E2
k

(
|k|4

4m2
+ 2∆(∆− Ek)

)]1/2

(3.20)

where δ = nω− 2Ek, n defines the order of harmonic resonances and Ek is the en-

ergy eigenvalue of the system. When ∆ = 0, Equations (3.19) and (3.20) gives the

conventional Rabi frequencies without asymmetry in bilayer graphene. Near reso-

nance, nω ≈ 2Ek, the conventional Rabi frequencies at first and second harmonic

resonance reduces to the following

Ωω =

(
2ωR
|k|2

m

)1/2(
1− 2∆

ω

)
, Ω2ω = ωR

(
1− 2∆

ω

)
Since ∆ � ω, therefore we can see that the conventional Rabi frequencies are

nearly independent of the intra-layer asymmetry. This shows that the conven-

tional Rabi frequency in both resonance cases is nearly the same with or without

asymmetry. In other words, asymmetry has no significant effect on conventional

ROs. On the other hand, ROs in off resonance are significant effected by the

presence of asymmetry, it may be clear from the subsequent description.

Solution of Bloch equations in off resonance case. In off resonance, when the

frequency of external field is very large in comparison to the inter-band transi-

tion frequency of the system (ω � |k|2/m) and also from the zero detuned Rabi

frequency of carriers (ω � ωR), the Bloch equations are solved using an approxi-

mation called asymptotic rotating wave approximation (ARWA). In case of bilayer

graphene, when we decomposed the population ndiff (~k, t) and polarization p(~k, t)
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into slow and fast varying, we have to keep terms up to the second harmonic in

the external frequency unlike single layer graphene, where we kept only the terms

that oscillate with the first harmonic in external driving frequency, as it is clear

from the Hamiltonian Eq. (3.16). Following a similar process described in case of

asymmetric monolayer graphene, we may write the solution of fast coefficients of

population and polarization,

nf1(~k, t) = −2k+A(0)

mω
p∗s(
~k, t), nf2(~k, t) =

A2(0)

2mω
p∗s(
~k, t)

p1−(~k, t) =
1

m(2∆− ω)

[
|k|2k+A

∗(0)

mω
ps(~k, t) +

k+|A(0)|2A∗(0)

2mω
ps(~k, t)

]
p2−(~k, t) = −

k2
+A
∗2(0)

8m2ω(∆− ω)
ps(~k, t), p1+(~k, t) =

k+A(0)

m(2∆ + ω)
ns(~k, t)

p2+(~k, t) = − A2(0)

4m(∆ + ω)
ns(~k, t)

The slow varying population and polarization equations are

i∂tns(~k, t) = − 1

m

[
k2
−ps(

~k, t)− k2
+p
∗
s(
~k, t)

]

i∂tps(~k, t) = −
k2

+

2m
ns(~k, t)−

[
2∆ +

ω2
R

ω
+ 4
|k|2ωR
mω

]
ps(~k, t)

These two equations may be solved mutually by assuming that the solution of

the slow part of the populations equation ns(~k, t) = ns(~k, 0)Cos(2Ωt). Then the

solution of the slow part of polarization equation may be written as follows

ps(~k, t) =
k2

+

4mEk

[
Cos(2Ωt) + i

2Ω

ωR,asy
Sin(2Ωt)

]
, ns(~k, 0) =

|k|4

2m2EkωR,asy

ΩARWA = 2

[(
|k|2

2m

)2

+
ω2
R,asy

4

]1/2

, ωR,asy =

[
2∆ +

ω2
R

ω
+ 4
|k|2ωR
mω

]
(3.21)

where ωR = |A(0)|2/2m, Ek = (|k|4/4m2 + ∆2)1/2 is the energy eigenvalue of the

system and ∆ denotes the intra-layer asymmetry that opens a gap between the

valance and conduction band. Equation (3.21) gives the anomalous Rabi frequency

near the Dirac point of the Brillouin zone. Exactly at Dirac point, when ~k = 0,

Eq. (3.21) reduces to ΩARF = 2∆+ω2
R/ω. In absence of asymmetry, this gives the

anomalous Rabi frequency of suspended bilayer graphene that varies linearly with

the square of the intensity of the applied field whereas, in single layer graphene
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Figure 3.5: Schematic of the variation of the dimensionless anomalous Rabi
frequency (ARF) ΩARF

ω versus a dimensionless quantity x (intensity of applied

field)
(

= ωR
ω , ωR = |A(0)|2

2m

)
for symmetric (dashed black) and asymmetric bi-

layer graphene (solid green) respectively, at the Dirac point of the Brillouin
zone. The dimensionless ARF for symmetric bilayer graphene shows a zero
trivial minimum in the absence of the applied field whereas for asymmetric bi-
layer graphene it has a finite value. This reveals that the ARF shows offset
oscillations in the absence of applied field, and these offset oscillations are ob-
served only for weak fields. For clarity, we have chosen a large value of offset
frequency. A realistic value of offset frequency is related to the asymmetry

parameter by the relation, 2∆
~ω = 0.24.

it is linear with intensity [184]. In presence of asymmetry, the system exhibits

Rabi-like oscillations even for vanishingly small applied fields. It means, here also,

similar to asymmetric monolayer graphene, the anomalous Rabi frequency is offset

by an asymmetry parameter. The value of the offset frequency is identified with

the asymmetry parameter. Realistic values of ω, ωR and ∆ are listed in the table

(3.1). Offset oscillations in bilayer graphene with intra-layer asymmetry are shown

in Fig. 3.5.

Effect of intra-layer asymmetry on current density. Current density in bilayer

graphene is not affected directly in presence of asymmetry. Therefore, the expres-

sion of current density for symmetric and asymmetric bilayer graphene remains

same, as we can see from Eqs. (2.29) and (3.22). The current density in bilayer

graphene is affected by the presence of asymmetry through polarization because

asymmetry modified the polarization and current density is proportional to polar-

iation. The compact form of current density of asymmetric bilayer graphene can
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Energy Unit(eV )
SLG BLG

~ω2
R/ω 1.4× 10−4 1.78× 10−7

~ωR 0.013 4.69× 10−4

∆ 0.26 0.15
U - 0.075
~ω 1.24 1.24

Table 3.1: This table contains realistic values of various energy scales in mono-
layer and bilayer graphene. The value of ∆ and U are adopted from the refer-

ences [29, 188, 197].

be derived by using a process similar to that of asymmetric single layer graphene,

x-component of which can be written as

< Jx(t) >= − 1

2πm

∑
~k

(k− − A∗(t)) p(~k, t) + h.c. (3.22)

Inserting p(~k, t) in above equation and performing the integration over the mo-

menta ~k, we can write a final expression of slow part of current density in the

frequency domain,

Jsx(ω′) = −
(
A(0)

16π2

)
Aω2

32ω3
R

(
ω′ − 2∆− ω2

R

ω

)
Θ

(
ω′ − 2∆− ω2

R

ω

)
(3.23)

Equation (3.23) gives the induced current in bilayer graphene when intra-layer

asymmetry has been taken into account. If ∆ = 0, Eq. (3.23) gives the induced

current in bilayer graphene without asymmetry. Equation (3.23) is valid only

near threshold. The exponent of induced current at threshold is equal to unity

whereas, in monolayer graphene [184] this computed to be equal to 1/2. The

asymmetry does not affect the exponent at the threshold but changes the value of

the threshold frequency. The value of threshold frequency is increased by the gap

parameter. The induced current in Eq. (3.23) shows Rabi-like oscillations even in

absence of external applied electric field (ωR = 0). This shows that the induced

current exhibits offset oscillations- a feature absent in symmetric bilayer graphene.

These offset oscillations are characterized by the asymmetry parameter ∆. This

explanation will become more clear from Fig. 3.6.
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Figure 3.6: Schematic of the variation of the slow part of: (left) induced cur-

rent versus a dimensionless quantity η(= ω
′

ω ), in the presence of the external
applied field. This figure is plotted by assuming that ωR = 1 and ω = 10, in
arbitrary units. It is obvious from the left part of this figure that the thresh-
old frequency of the induced current is increased in the presence of asymmetry
(solid green) in comparison to without asymmetry (dashed black). The thresh-

old frequency ω
′

ω is (2∆
~ω +

ω2
R
ω2 ), where ωR = |A(0)|2

2m . The right part is plotted in
the absence of external field which shows that the induced current in symmet-
ric bilayer graphene (dashed black) loses its threshold behaviour whereas, the
asymmetric bilayer graphene (solid green) retains a threshold behaviour. The
frequency of offset oscillations of the current is identified with the asymmetry
parameter ∆. The offset oscillations in induced current are observable only for
weak applied fields. For strong fields these parameters reduce to those without

asymmetry. A realistic value of the offset frequency is 2∆
~ω = 0.24.

3.2.2 Effect of inter-layer asymmetry on Rabi oscillations

The third term in Hamiltonian Eq. (3.16) is due to inter-layer asymmetry in

bilayer graphene, where U denotes the strength of inter-layer asymmetry. The

inter-layer asymmetry has a dramatic effect on the energy spectrum of bilayer

graphene. A ‘Mexican hat’ like structure appears in the low energy spectrum of

bilayer graphene that gives the true value of the energy gap [17], Fig. 3.4. In the

continuum limit, the Hamiltonian of bilayer graphene with inter-layer asymmetry

may be written as,

H = − 1

2m

∑
~k

[
(k− − A∗(t))2 c†A1(~k) cB2(~k) + h.c.

]
+
∑
~k

[
U

2
− Uv2

γ2
1

K+K−

]
[c†A1(~k) cA1(~k)− c†B2(~k) cB2(~k)]

(3.24)
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To discuss the effect of inter-layer asymmetry on Rabi oscillations, we follow a

procedure as described in earlier section. We first derive the Bloch equations and

then solve these equations near resonance and far from resonance. Upon solving

the Bloch equations far from resonance, we obtain the following expression for the

slowly varying part of polarization,

ps(~k, t) =
k2

+

4mEk

[
Cos2Ωt+ i

2Ω

ω
′
R

Sin2Ωt

]
where Ek is the energy eigenvalue of bilayer graphene with inter-layer asymmetry.
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Figure 3.7: Schematic of the variation of the dimensionless anomalous Rabi
frequency (ARF) ΩARF

ω versus a dimensionless quantity x (∼ ωR/ω) for symmet-
ric (dashed black) and inter-layer asymmetric bilayer graphene (solid green), at
the Dirac point of the Brillouin zone. The dimensionless ARF for symmetric
bilayer graphene shows a zero trivial minimum in the presence of the applied
field. For inter-layer asymmetric bilayer graphene, the ARF goes through a
non-trivial minimum that occurs at a value of x = U

2γ1
, and is observed only

for weak applied fields. For strong applied fields, the effect of inter-layer asym-
metry becomes similar to the intra-layer asymmetry, and if we further increase
the strength of the applied field the ARF tends towards to that without asym-
metry. The offset frequency is related to asymmetry parameter by the relation,
ΩARF
ω = U

~ω = 0.06, for a realistic value of the ratio U
γ1
∼ 0.21 and frequency of

the applied field ω = 6π × 1014rad/sec.

The general expression of anomalous Rabi frequency in this case comes out to be,

ΩARWA = 2

√(
|k|2
2m

)2

+
ω
′2
R

4

ω
′

R =

[
|A(0)|4

4m2ω
+

2|k|2|A(0)|2

m2ω
+ U

(
1− v2

γ2
1

(
|k|2 + |A(0)|2

))]
(3.25)
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Exactly at Dirac point, the above expression for anomalous Rabi frequency reduces

to the following,

ΩARF = U

(
1− ωR

γ1

)
+
ω2
R

ω
, ωR =

|A(0)|2

2m
(3.26)

Unlike the anomalous Rabi frequency in bilayer graphene with intra-layer asym-

metry, here we find an additional term containing ωR that is responsible for a

non-trivial minimum in the anomalous Rabi frequency. This non-trivial minimum

is observed only for weak applied electromagnetic fields- a characteristic absent

in symmetric and intra-layer asymmetric bilayer graphene. For strong fields, it

tends towards the anomalous Rabi frequency of bilayer graphene with intra-layer

asymmetry. The effect of inter-layer asymmetry on anomalous Rabi frequency in

bilayer graphene at Dirac point of the Brillouin zone is shown in Fig. 3.7. The
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Figure 3.8: Schematic of the variation of the slow part of: (left) induced

current versus a dimensionless quantity η = ω
′

ω , in the presence and (right) in
the absence of the applied field. This figure is plotted assuming that ωR = 1
and ω = 10, in arbitrary units. It is obvious from the left part of this figure that
the threshold frequency of the induced current is increased in the presence of
asymmetry (solid green) in comparison to that of without asymmetry, similar
to the intra-layer asymmetric bilayer graphene. This shift is observed only for
weak fields, for strong fields, the behaviour is same as without asymmetry. The

threshold frequency ω
′

ω is ( U~ω −
UωR
ωγ1

+
ω2
R
ω2 ). Right part of this figure shows

that the induced current in symmetric bilayer graphene (dashed black) loses its
threshold behaviour whereas, the bilayer graphene with inter-layer asymmetry
(solid green) exhibits threshold behaviour even for vanishingly small external
fields, and this is prominent only for the weak applied fields. The frequency of
offset oscillations of the current is identified by the asymmetry parameter U ,

and has the relation, U = 0.06~ω.

effect of inter-layer asymmetry on the slow part of induced current can be seen
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from the following expression,

Jsx(t) =
A

2πm

γ2
1

8πUv2

ωR
4m2ω

A(0)(
U − UωR

γ1
+

ω2
R

ω

) ω′ −
(
U − UωR

γ1
+

ω2
R

ω

)
(

4ωR
mω
− Uv2

γ2
1

)2 (3.27)

The induced current in bilayer graphene with inter-layer asymmetry is also offset

by the asymmetry parameter- a feature absent in symmetric bilayer graphene,

and the offset value is identified with the asymmetry parameter which is different

than that of the intra-layer asymmetry parameter. A shift appears in the induced

current from lower to higher threshold frequency and is well observed only for

weak fields. Similar to the effect of intra-layer asymmetry on induced current,

the inter-layer asymmetry also does not change the exponent at threshold but

changes the threshold frequency with different asymmetry parameter, as can be

seen from Eq. (3.27). The effect of inter-layer asymmetry on induced current in

bilayer graphene can be easily understood from Fig. 3.8. The numerical values

of various quantities given in table (3.1) are calculated at a fixed value of the

frequency ω = 6π× 1014rad/sec of the external applied field, Emax = 250 kV/cm.

The value of the zero-detuned Rabi frequency and anomalous Rabi frequency at

Dirac point in monolayer graphene is 102 and 103 times larger than that of bilayer

graphene, respectively.

So far we have discussed the phenomenon of Rabi oscillations in monolayer and

bilayer graphene deposited on a substrate, for example hexagonal boron nitride.

The substrate-graphene interaction is responsible for opening of a gap, around

53 meV [198], in the electronic spectrum of these graphene systems. There are

known substrates such as Ni that open a negligible gap [199, 200] or no gap [196]

in the electronic spectrum. Experimenters [69, 188, 197, 201, 202] observed a gap

of 260 meV in the band spectrum of epitaxial graphene on SiC substrate due to

graphene-substrate interaction. A density functional theory (DFT) calculation

confirmed substrate-induced symmetry breaking [203]. Their results showed a gap

in the band spectra of graphene of about 200 meV , which is in agreement with

recent experimental observations. Varykhalov et al. [196] has studied the photoe-

mission spectrum of a single graphene sheet grown on Ni and Co substrate, and

demonstrated the absence of a band gap at the Dirac point. They have shown that

the effects that usually open a gap at the Dirac point may also have the adverse

effect of closing it in such situations. The gap opening is also dependent on the

distance between substrate and graphene sheet. So according to aforementioned
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literature on opening of gap in the electronic spectrum of graphene systems, the

value of the gap parameter depends on the nature of substrate chosen. When there

is no gap, the anomalous and conventional Rabi oscillations in these graphene sys-

tems correspond to that of gapless graphene systems, and the current density will

lose its threshold behaviour for the vanishingly small applied fields. Depending

upon the type of substrate, therefore, the gap parameter may increase, decrease or

vanish altogether. Therefore, our results still valid even in these unusual situations

with an appropriate choice of the gap parameters.

3.3 Summary and conclusions

This section summarizes the results obtained in this chapter and their conclu-

sions. In preceding chapter, we discussed the phenomenon of Rabi oscillations

in suspended bilayer graphene whereas, the present chapter describes the same

phenomenon in these systems in presence of asymmetry. In other words we can

say that this chapter is fully devoted to the study of ROs in supported graphene

systems. The natural question arises that what are the similarities and the dif-

ferences between the results obtained in these systems with or without including

asymmetry. This issue is also addressed very well in this section.

We have studied the effect of intra- and inter-layer asymmetries on ROs in graphene-

based systems (monolayer and bilayer). In monolayer graphene only intra-layer

asymmetry is possible. Bilayer graphene possesses two kinds of asymmetries-

intra- and inter-layer asymmetries. The intra-layer asymmetry in monolayer and

bilayer graphene comes either from the graphene-substrate interaction or by simply

applying an electric field perpendicular to plane of the graphene sheets. The intra-

layer asymmetry has a dramatic effect on (anomalous) ROs far from resonance in

monolayer graphene whereas, (conventional) ROs near resonance are nearly inde-

pendent of asymmetry parameter. In presence of asymmetry, monolayer graphene

show Rabi-like oscillations in off resonance even for vanishingly small applied elec-

tromagnetic fields- a feature absent in symmetric monolayer graphene. We called

these oscillations ‘offset’ oscillations. The frequency of offset oscillations is identi-

fied with the asymmetry parameter. The offset oscillations are observable only for

weak applied fields. For strong applied fields, the anomalous Rabi frequency tends

towards to that without asymmetry. The induced current exhibits the threshold

behaviour even for vanishingly small applied fields. Asymmetry does not change
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the value of exponent at threshold but changes the value of the threshold frequency.

In presence of asymmetry, the value of the threshold frequency is increased by the

asymmetry parameter.

A similar study is also done in case of bilayer graphene. In bilayer graphene,

there are two kinds of asymmetry- intra- and inter-layer asymmetry. The effect of

intra-layer asymmetry on Rabi oscillations in graphene bilayer has a similar effect

as in monolayer graphene, only the difference is in the strength of the asymmetry

parameter. The inter-layer asymmetry has an even more dramatic effect on Rabi

oscillations in bilayer graphene. In presence of inter-layer asymmetry, anomalous

Rabi frequency goes through a non-trivial minimum- a feature absent in asym-

metric monolayer and intra-layer asymmetric bilayer graphene. Rabi oscillations

in monolayer and bilayer graphene at extreme non-resonance are significantly af-

fected by asymmetry, and is easily observable for weak applied fields. Usually,

different substrates open gaps in the band structure whose size depends on the

nature of the substrate-graphene interaction and also on type of substrate cho-

sen. Our work is able to probe this aspect also through the phenomenon of Rabi

oscillations.

The work presented in this chapter has been taken from Ref.[204]
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Chapter 4

Band Structure Effects on AROs

in Graphene Systems

In previous chapters, we have discussed AROs in symmetric and asymmetric

graphene systems (single and bilayer graphene) mainly in off resonance. In the

discussion of ROs in bilayer graphene, so far, we have considered an indirect hop-

ping A1 to B2 between the layers on to different sublattice sites. This indirect

hopping between two layers is shown in Fig. 4.1 by red arrow. Besides this in-

-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
-2

-1

0

1

2

Ñvqx�Γ1

Eq

Γ1

Figure 4.1: Left: Bilayer graphene crystal structure showing the intra-layer
nearest neighbor hoping in top and bottom layer marked by red arrows. Black
dashed arrows show direct inter-layer hoping, γ1, hoping between dimer sites.
Solid black arrow shows indirect inter-layer hoping, γ3. Right: Band structure
of bilayer graphene with (solid curves) and without (dashed curves) trigonal
warping in the direction where qy = 0. In presence of trigonal warping, a

second non-trivial zero minimum appears far from the Dirac point.

direct inter-layer hopping from A1 to B2 between two layers, there is one more
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possible way to do the hopping from A1 to B2 between two layers that includes

direct hopping from A1 to B2 as shown by hopping parameter γ3 (black arrow) in

Fig. 4.1. This direct hopping from A1 to B2 has a remarkable effect on the band

structure of bilayer graphene at very low energy. It leads to Lifshitz transitions:

[16, 66, 205, 206] the iso-energetic lines are broken into four pockets, which can

be referred to as one “central” and three “leg” parts [16, 77–80]. This transition

takes place when εF ∼ εL = γ1v
2
3/(4v), where v3/v = 0.1 [16]. The band structure

of bilayer graphene when trigonal warping (γ3) is taken into account is shown in

Fig. 4.1.

In the above discussion, even in previous chapters, bilayer graphene is considered

in a perfect Bernal stacking which is an ideal situation. This stacking is very

difficult to find in practical life. In practical bilayer graphene samples (especially,

those produced by epitaxy), these two graphene layers are not exactly AB but,

there is a relative twist between the layers. Twisting, also called stacking defect, is

obviously absent in monolayer graphene. The low-energy band structure of twisted

bilayer graphene is drastically different from the AB-stacked bilayer and possesses

intriguing electronic properties. Unlike biased AB stacked bilayer graphene [17], a

potential difference between the twisted layers does not open a gap in the energy

spectrum. Rather, this potential difference between the layers gives rise to a
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Figure 4.2: Schematic diagrams of band structure of twisted BLG. Left: for
q = K + ∆K

2 . Right: q = K − ∆K
2 . In the presence of twist, the Dirac

point splits up into two Dirac points and shift by ±∆K
2 . For plotting purposes,

we have taken the parameters: vF |∆K| = 1.56 eV , twist angle θ = 10◦ and
t⊥ = 0.22 eV .

vertical shift in the energies at the degeneracy points [207]. The electronic band

structure of twisted graphene bilayer has also been confirmed experimentally [208–

210]. We wish to investigate what effect twisting has on a property we have been
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stressing is unique to graphene-based systems, i.e. anomalous Rabi oscillations

(AROs). The band structure of twisted bilayer graphene is given in Fig. 4.2.

4.1 Effect of trigonal warping on ROs

In this section, we describe the phenomenon of ROs in bilayer graphene when a

weak direct inter-layer hopping, γ3, is taken into account. The effective low-energy

Hamiltonian of bilayer graphene when trigonal warping is taken into account [16],

can be written as follows

Ĥ2 = − 1

2m

(
0 (π†)2

(π)2 0

)
+ v3

(
0 π

π† 0

)
(4.1)

with the energy eigenvalues E±(p) = ±|v3p+ −
p2
−

2m
|, ± corresponds to conduction

and valance band respectively, where p± = px ± ipy. These energy eigenvalues

are pictorially shown in Fig. 4.1. The first term in Hamiltonian Eq. (4.1) gives

the indirect hopping from A1 to B2 that includes three hops between the atomic

sites: an intra-layer hop A1-B1, followed by an inter-layer hop B1-A2 via dimer

site, followed by an intra-layer hop A2-B2. The second term in Hamiltonian Eq.

(4.1) describes a weak direct inter-layer hopping A1-B2, parameterized by γ3 and

γ3 � γ0. Since the Hamiltonian Eq. (4.1) describes the effective hopping between

the non-dimer sites, A1-B2, i. e. between those atomic sites that do not lie

directly above and below each other, therefore, the corresponding wave function

of Hamiltonian Eq. (4.1) will be, ψ = (ψA1, ψB2). The weak direct inter-layer

hopping parameter γ3 has a dramatic effect on energy momentum dispersion of

bilayer graphene. Similar to bulk graphite [79, 211], the effect of coupling γ3 is to

produce trigonal warping that deforms the iso-energetic lines along the direction

φ = φ0, following Fig.2 in Ref.[16]. At very low energies |ε| � 1
2
γ1(v3/v)2, the

trigonal warping effect is striking. It leads to Lifshitz transitions: the iso-energetic

line breaks into four pockets, which is referred to as one ‘central’ and three ‘leg’

parts [16, 17, 79]. The central part and leg parts have minimum at p = 0 and at

|p| = 2mv3, angle φ0, respectively. In the continuum limit, the Hamiltonian Eq.

(4.1) in the K valley may be written as,

H =
∑
~k

ψ†~kĤ2ψ~k (4.2)
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where Ĥ2 is given by Eq. (4.1). The eigenstates of the Hamiltonian Eq. (4.1)

in momentum space will be of the form ψ =
(
cA1(~k, t) cB2(~k, t)

)
. An in-plane

electric field is applied to the bilayer graphene through a vector potential of the

form ~A(t) = ~A(0)e−iωt, where ~A(0) = e
c

(Ax(0) + iAy(0)). This vector potential

couples to BLG through the minimal coupling prescription ~k → ~k− e
c
~A. In second

quantization, the Hamiltonian Eq. (4.2) reads,

H = − 1

2m

∑
~k

[
(k− − A∗(t))2c†A1(~k, t)cB2(~k, t) + h.c.

]

+ v3

∑
~k

[
(k+ − A(t)) c†A1(~k, t) cB2(~k, t) + h.c.

]
(4.3)

where c and c† are the annihilation and creation operators on two sublattice sites

A1 and B2. The Hamiltonian Eq. (4.3) is valid only in semiclassical approximation

where light is treated classically but the electronic degrees of freedom are quantum

in nature.

The reason why we are interested in studying the same phenomenon in trigonally

warped bilayer graphene, even when this phenomenon has already been discussed

in bilayer graphene without trigonal warping effect. The main reason is the change

in the low-energy Hamiltonian in presence of trigonal warping that changes the

band structure drastically. Therefore, it is worthwhile to study the phenomenon

of ROs in bilayer graphene, when weak direct inter-layer hopping is taken into ac-

count, even when this phenomenon has already been discussed in bilayer graphene

without trigonal warping effect. To do so, we follow a strategy similar to described

in previous chapters. First, we derive the Bloch equations and then these equations

will be solved in conventional and in off resonance cases. To solve these equations

in both the aforementioned cases, we apply a method which has already been

used to solve the Bloch equations in single and bilayer graphene without trigonal

warping effect. Therefore, briefly indicate the method of solution and the inter-

pretations of the results obtained. Hence, we first will discuss the effect of trigonal

warping on conventional Rabi oscillations and later treat the same phenomenon

in off resonance case.

Bloch equations of trigonally warped bilayer graphene: Here, we derive the Bloch

equations of bilayer graphene when trigonal warping effect is taken into account.

Using Heisenberg’s equation of motion and Hamiltonian Eq. (4.3), we may write
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the Bloch equations of trigonally warped bilayer graphene as follows

i∂tndiff (~k, t) = − 1

m

[(
k− − A∗(0) eiωt

)2
p(~k, t)− h.c.

]
+ 2v3

[(
k+ − A(0) e−iωt

)
p(~k, t)− h.c.

]
(4.4)

i∂tp(~k, t) = − 1

2m

(
k+ − A(0) e−iωt

)2
ndiff (~k, t)

+ v3

(
k− − A∗(0) eiωt

)
ndiff (~k, t) (4.5)

where,

ndiff (~k, t) = 〈c†A1(~k, t) cA1(~k, t)〉 − 〈c†B2(~k, t) cB2(~k, t)〉

p(~k, t) = 〈c†A1(~k, t) cB2(~k, t)〉, k± = kx ± iky

Equations (4.4) and (4.5) are the coherent optical Bloch equations of bilayer

graphene when trigonal warping is taken into account.

Now, we move on to discuss the solution of these equations in the different re-

gions of interest. We first solve the Bloch equations in the conventional resonance

case, when the frequency ω of the externally applied field is nearly equal to the

particle-hole creation frequency. Later on, the Bloch equations are solved in the

off resonance case where the external frequency ω is very large compared to all

other frequencies.

Solution of Bloch equations in conventional resonance case: Here, Bloch equations

(4.4) and (4.5) are solved in conventional case when nω is nearly equal to the inter-

band transition frequency of the system, where n defines the order of harmonic

resonances. We adopt the well known RWA in order to solve the Bloch equations in

conventional resonance case. In bilayer graphene, there are two possible resonances

- single harmonic resonance occurs at the first harmonic in external frequency i.e.

when n = 1 and a second resonance that occurs due to the frequency doubling

effect i.e. when n = 2. Bloch equations are solved in the resonance case by

using the rotating wave approximation [150–152] well-known in the context of two

level atomic systems in quantum optics. Mishchenko [175] has already studied

the phenomenon of Rabi oscillations in single layer graphene, for small detuning δ

which is the difference between the external driving frequency, and the inter-band

transition frequency of the system. For small detuning, the conventional Rabi

frequency at the single and double (ω and 2ω) harmonic resonance are given by
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respectively,

Ωω =

[
δ2 +

2|k|2

m
ωR2 + ω2

R1

] 1
2

, Ω2ω =
[
δ2 + ω2

R2

] 1
2 (4.6)

where δ = nω − 2Ek, and n = 1, 2 for the first and second harmonic resonance,

respectively. ωR1 = v3|A(0)|, which is analogous to ωR in case of single layer

graphene only the difference is that vF replaced by v3 and ωR2 = |A(0)|2
2m

. The

above formulae have the following explanation: Ωω in Eq. (4.6) contains an addi-

tional factor of ωR1 in comparison to bilayer graphene without trigonal warping,

see Eq. (2.16) in chapter 2. This term is solely due to the weak direct inter-

layer hopping parameter γ3. This means, the conventional Rabi frequency at first

harmonic resonance is increased by a factor of ωR1 in presence of trigonal warp-

ing in bilayer graphene. On the other hand, Ω2ω in Eq. (4.6) has no terms that

contains ωR1 which means trigonal warping does not affect the conventional Rabi

frequency at second harmonic resonance. Therefore, in the conventional resonance

case, trigonal warping affects only the conventional Rabi frequency at first har-

monic resonance while conventional Rabi frequency at second harmonic resonance

remains unaffected. This is the direct consequence of the effect of trigonal warping

on band structure. In Hamiltonian Eq. (4.3), the second term (trigonal warping

term) contains only the first harmonics in the external deriving frequency. This

shows that the trigonal warping affects the conventional Rabi frequency only at

the first harmonic resonance while conventional Rabi frequency at the second har-

monic resonance is not affected by the presence of trigonal term. Therefore, we can

conclude that the trigonal warping affects the conventional Rabi frequency only

at the first harmonic resonance while conventional Rabi frequency at the second

harmonic resonance is not affected by the trigonal warping term.

Solution of Bloch equations in off resonance case: As usual, here also, we solve

the Bloch equations of bilayer graphene in off resonance. The method of solving

the Bloch equations in off resonance case has been described in earlier chapters

hence we merely describe the results obtained and their interpretations. To solve

the Bloch equations in off resonance case, we employ an approximation called the

asymptotic rotating wave approximation (ARWA) described in earlier chapters,

the results of which is corroborated with a fully numerical solution of the Bloch

equations. To this end, we decompose ndiff (~k, t) and p(~k, t) into slow and fast

terms as usual. Using this ansatz into the Bloch equations and comparing the

same exponential power in the external frequency from both sides, we may easily
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separate the slow and fast varying population and polarization equations. In

this analysis, we have neglected the terms containing higher harmonics than that

present in the Hamiltonian of the system. Finally, we assumed that the frequency

ω of the external field is the largest frequency. Using these simplifications, we may

write the solutions of the fast varying population and polarization equations as,

nf1(~k, t) = −2k+A(0)

mω
p∗s(
~k, t)− 2v3A(0)

ω
ps(~k, t), nf2(~k, t) =

(A(0))2

2mω
p∗s(
~k, t)

p1+(~k, t) =
k+A(0)

mω
ns(~k, t), p∗1+(~k, t) =

−v3A
∗(0)

ω
ns(~k, t)

p∗2+(~k, t) =

(
k2

+(A∗(0))2

8m2ω2
− 5v3k−(A∗(0))2

4mω2

)
ps(~k, t)−

v2
3(A∗(0))2

ω2
p∗s(
~k, t)

p2+(~k, t) =
−A2(0)

4mω
ns(~k, t)

The slow varying part of population and polarization equations comes out to be,

i∂tns(~k, t) = − 1

m

[
k2
− ps(

~k, t)− k2
+ p∗s(

~k, t)
]
+2v3

[
k+ ps(~k, t)− k− p∗s(~k, t)

]
(4.7)

i∂tps(~k, t) = −
(
k2

+

2m
− v3k−

)
ns(~k, t)− ωR12 ps(~k, t) (4.8)

ωR12 =

(
ω2
R2

ω
+

4|k|2ωR2

mω
− 2ω2

R1

ω

)
, ωR2 =

|A(0)|2

2m

ωR1 = v3|A(0)|, is the zero detuned Rabi frequency of the trigonal warping term

which is similar to that of the single layer graphene, and ωR2 is the zero de-

tuned conventional Rabi frequency of bilayer graphene without trigonal warp-

ing. Equations (4.7) and Eq.(4.8) may be solved by assuming that ns(~k, t) =

ns(~k, 0)Cos(2Ωt) and ns(~k, 0) = 2Ek
ωR12

, is the equilibrium value of population that

can be determined in mean field approximation. Ek = | k
2
+

2m
− v3k−|, is the energy

eigenvalue of the Hamiltonian Eq. (4.1). Using this simplification, we may write

the solution of the slow part of polarization equation as,

ps(~k, t) = p0(~k)

[
Cos(2Ωt) + i

2Ω

ωR12

Sin(2Ωt)

]

ΩARWA = 2Ω = 2

[
E2
k +

(ωR12)2

4

]1/2

, ωR12 =

(
ω2
R2

ω
+

4|k|2ωR2

mω
− 2ω2

R1

ω

)
where p0(~k) = Ek/

(
k2
−
m
− 2v3k+

)
is the equilibrium value of polarization. ΩARWA
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is the generalized anomalous Rabi frequency (ARF) for bilayer graphene in the off

resonance case when trigonal warping effect is taken into account.

Moreover, there is a special situation at the Dirac point, ~k = 0, of the Brillouin

zone where the Bloch equations may be solved easily by the above process. The

ARF at the Dirac point is given by,

ΩARF =

∣∣∣∣ω2
R2

ω
− 2ω2

R1

ω

∣∣∣∣ (4.9)
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Figure 4.3: Schematic of the variation of dimension-
less ARF ξ

(
= 105ΩARF /ω

)
versus a dimensionless quantity

η
(
= 105X and X = ω2

R2/ω
2
)
. Bilayer graphene without TW effect (black

dashed curve) shows a zero trivial minimum at a zero value of the applied field
whereas, when the TW effect is taken into account, it shows a zero non-trivial
minimum (solid green curve). This zero non-trivial minimum occurs at a
strength of the field that corresponds to a value of the momentum where the
‘leg pocket’ of the Fermi surface develops, and thereafter varies linearly with
the square of the intensity of the applied field consistent with bilayer graphene

without TW effect.

The above ARF has following explanation: if we ignore the trigonal warping effect,

(set the parameter v3 ∼ 0), the first term in Eq. (4.9) is present, but the second

term is zero since ωR1 = v3|A(0)|. That yields the anomalous Rabi frequency

of bilayer graphene without trigonal warping, at the Dirac point of the Brillouin

zone. The second term in Eq. (4.9) is purely due to trigonal warping, and this term

has an analogy with the zero detuned conventional Rabi frequency of single layer

graphene with some minor differences. The single layer graphene Hamiltonian [92]
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and the second term in the Hamiltonian Eq.(4.1) are nearly identical, the only

difference [16, 18] being that in single layer graphene vF ∼ 106 m/s whereas in

bilayer graphene v3 ∼ 9.7× 104 m/s.

It is clear from Fig. 4.3 that the ARF varies linearly with a dimensionless quantity

X (∼ square of intensity) and exhibits a zero trivial minimum (black dashed curve)

whereas it shows a zero non-trivial minimum (solid green curve) when trigonal

warping effect has been taken into account. The zero non-trivial minimum occurs

at a value of the intensity that corresponds to a value of the momentum where the

‘leg pocket’ of the Fermi surface develops, described in the pioneering work of E.

McCann et al. [16, 17]. A realistic value of X is 1.4× 10−7 at an applied external

field Emax = 250 KV/cm for a frequency of the applied field, ω = 6π×1014 rad/s.

It can be seen that the trigonal warping effect is significant only for weak applied

electric fields. For a weak applied field, ARF of bilayer graphene with trigonal

warping is similar to that of single layer graphene. As the strength of the applied

field increases, the behaviour of ARF tends towards the bilayer graphene without

trigonal warping and varies linearly with the square of the intensity. This transition

occurs where the ‘leg pocket’ of the Fermi surface develops.

So far we have discussed the effect of trigonal warping on ROs in bilayer graphene

when trigonal warping is taken into account while we have neglected the effect

of on-site asymmetry. This asymmetry may be caused by the substrate-graphene

interaction or it may be due to an applied field perpendicular to the graphene

sheet. The effect of asymmetry on AROs, when trigonal warping is not taken into

account, is well described in chapter 3. When asymmetry is taken into account,

the Hamiltonian Eq. (4.1) has to be modified by the inclusion of an additional

term σz ∆. This term is responsible for opening a gap at the Dirac point in the

electronic spectrum of graphene bilayer. Now the Hamiltonian Eq. (4.1) has three

terms- the first term which describes the parabolic dispersion at the Dirac points

of the Brillouin zone, the second term describes the trigonal warping effect and the

third term which is proportional to σz describes the on-site asymmetry. Using the

modified Hamiltonian (that includes on-site asymmetry) we re-derive the Bloch

equations and solve these equations far from resonance by a process similar to the

one already discussed. We then obtain the following expression for the anomalous

Rabi frequency at the Dirac point,

Ωasy
ARF =| 2∆ +

ω2
R2

ω
− 2ω2

R1

ω
| (4.10)
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Equation (4.10) gives the effective ARF at Dirac point in graphene bilayer when

both trigonal warping and on-site asymmetry have been taken into account. It is

clear from Eq. (4.10) that graphene bilayer exhibits Rabi-like oscillations (offset

oscillations) even for applied field strengths less than the gap parameter. As the

strength of the applied field increases, the ARF smoothly decreases to a zero

minimum value. This minimum occurs when Ωasy
ARF = 0. The phenomenon of

offset oscillation is pictorially shown in Fig. 4.4.
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2.

X

Ξ

0 1 2 3 4
0

2

4

6

8

X

Ξ

Figure 4.4: Schematic of the variation of dimensionless ARF ξ versus a dimen-
sionless quantity η, in presence of on-site asymmetry. Bilayer graphene without
any effect (black dashed curve) and with the trigonal warping and asymmetry
effect (solid green curve). Without any effect ARF shows a zero trivial minimum
at the origin. When on-site asymmetry is also taken into account, the ARF ex-
hibits Rabi-like oscillations (inset) even for applied field strengths less than the
gap parameter. For clarity, we have chosen a large value of gap parameter. The
realistic value of the offset frequency is related to the gap parameter through

the relation 2∆/~ω = 0.24.

Similar to bilayer graphene without trigonal warping effect, here, we have also

calculated the experimentally measurable and gauge invariant quantity current

density when trigonal warping effect is taken into account in bilayer graphene.

To calculate the current density, we apply a usual method described in previous

chapters. The expression of current density for the bilayer graphene with trigonal

warping may be derived using the continuity equation ~∇ · ~J(~r, t) = −∂tρ(~r, t) and

quantum kinetic equation i~∂tρ(~r, t) = [ρ(~r, t), H] along with the Hamiltonian Eq.

(4.3). The real part of the current density, in momentum space, is given by (the

average current is independent of position)

< Re
(
~J(t)

)
>= − 1

2πm

∑
~k

(k− − A∗(t)) p(~k, t) +
v3

2π

∑
~k

p(~k, t) + c.c. (4.11)
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Inserting p(~k, t) into Eq. (4.11), writing k± = |k|e±iθk , and upon integration over

θk all terms drop out except the one that oscillates with the frequency of the

external field. Performing a Fourier transform of this and integrating over |k|, we

obtain a closed formula for the current density in the frequency domain,

〈Jsx(ω
′
)〉 ≈ α

(
ω
′ − 1

ω

(
ω2
R2 − 2ω2

R1

))
(4.12)

where ω
′
> (ω2

R2 − 2ω2
R1) /ω and 〈Jsx(ω

′
)〉 = 0 otherwise. Eq. (4.12) is valid only

near the threshold, ω′ ≈ ω2
R2−2ω2

R1

ω
, evaluated using Ek � ωR12/2 and v3 � v as

in Ref.[16]. Close to the threshold, the induced current exhibits linear behaviour

in the frequency ω
′

measured from the threshold. The exponent at the threshold

is equal to unity unlike the single layer graphene where this exponent has been

computed [184] to be equal to 1/2. The current density at the first and second
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Figure 4.5: Schematic of the variation of the slow part of the current density
in bilayer graphene in the frequency domain, in the extreme-non resonance
case, without (black dashed curve) and with TW (solid green curve). Black
dashed curve is plotted at a fixed value of ωR2 = 1 and ω = 10 (in arbitrary
units). Solid green curve is plotted by fixing the value of the ratio (realistic)
ωR2/ωR1 = 0.36, ω = 10 and ωR1 = 1 (in arbitrary units). The frequency
threshold with TW shows a shift towards a smaller value of the threshold and
this shift is prominent for weak applied fields. The threshold frequencies of solid
green and black dashed curve are

(
ω2
R2 − 2ω2

R1

)
/ω and ω2

R2/ω, respectively, and
the exponent at threshold is equal to unity in both cases.

harmonic resonance in frequency domain, respectively, given by,

jsx(ω
′)|ω ≈

Ar
64π2

ωA(0)√
ω′2 − (2ωωR2 + ω2

R1)
, jsx(ω

′)|2ω ≈
Ar

16π2m

(A(0))4

16A∗(0)

1√
ω′2 − ω2

R2
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The current density in time domain in resonance and off resonance case can be

written as follows,

jsx(t)|ARWA ≈
α

2π

e
−i
(
ω2
R2−2ω2

R1
ω

)
t

t2
(4.13)

jsx(t)|ω ≈ β
Cos(Ω t)− Sin(Ω t)√

t
, jsx(t)|RWA,2ω ≈ γ

Cos(ωR2 t)− Sin(ωR2 t)√
t

(4.14)

α = − Ar
16π2

ωA(0)

32ωR2

1(
ω2
R2

ω
− 2ω2

R1

ω

) , Ω =
√

2ωωR2 + ω2
R1

β =
ArA(0)

64π2

ω

2
√
π(2ωωR2 + ω2

R1)1/4
, γ =

Ar
16π2m

(A(0))4

16
√
πA∗(0)

1
√
ωR2
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Figure 4.6: Shows the variation of the slow part of the current density in the
time domain, in the extreme non-resonance case. Black dashed and solid green
corresponds to, respectively, without and with TW. The frequency of oscillation
of the current density with TW is increased relative to without TW. The current

density in off resonance case shows a power law decay of the form t−2.

Figures 4.5, 4.6 and 4.7 have been plotted keeping in mind that the values of

ωR1 and ωR2 are such that the ratio (realistic) ωR2/ωR1 = 0.36 is fixed, ωR1 = 1

and ω = 10, in arbitrary units. However, the realistic values of ω and ωR1 are

6π × 1014 rad/sec and 1.96 × 1012 rad/sec, respectively, and the corresponding

value of applied field is, E = 250 kV/cm. Therefore, it is clear that TW effect

plays a major role only for weak fields. If the value of the applied field is increased,

the threshold behaviour of bilayer graphene with TW tends towards the threshold

behaviour of the bilayer graphene without TW, as can be seen from Fig. 4.5,

and this occurs at a very high value of the applied electric field, approximately

1375 kV/cm. Equation (4.14) reveal that the slow part of current density in

both the resonance cases exhibit a different threshold behaviour, one is at the
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Figure 4.7: Shows the variation of the slow part of the current density in
the time domain, in the near resonance case. Black dashed and solid green
corresponds to without and with TW at the first harmonic resonance whereas,
blue dot dashed corresponds to the second harmonic resonance. The threshold
frequencies at first and second harmonic resonance are (2ωωR2 + ω2

R1)1/2 and
ωR2, respectively. The current density in both the resonance cases shows a

power law decay of the form t−1/2.

first harmonic resonance and another one at second harmonic resonance in the

external frequency. The corresponding frequencies are (2ωωR2 + ω2
R1)1/2 and ωR2,

respectively. The threshold behaviour of current density at the second harmonic

resonance is not affected by trigonal warping, it is clear from the second term of

Eq. (4.6) and also from the Hamiltonian Eq. (4.3). The frequency of oscillations of

the current density at first harmonic resonance is enhanced, and this increment is

equal to the square of the zero detuned Rabi frequency due to the trigonal warping

effect. The current density in both the resonance cases shows a power law decay

of the form t−1/2 while, for off resonance case it is of the form t−2 as Eqs. (4.13)

and (4.14) reveals. The power law behaviour of the current density is not affected

by trigonal warping i. e. the current density has the same power law decay in the

bilayer graphene, either with or without trigonal warping.

So far, we have discussed the analytical solution of Bloch equations in different

regions of interest. Our main motivation is to investigate the behaviour of induced

current in the off resonance case, which is proportional to the inter-layer polariza-

tion in presence of an intense applied pump field. The induced current exhibits

threshold behaviour in the frequency domain, and the corresponding threshold

frequency may be identified with the ARF of the system. We have justified our

predictions numerically by solving the Bloch equations. We have used the ND-

Solve routine of Mathematica to solve the Bloch equations and generate the plot
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of polarization versus time, Figs 4.8 and 4.9. The frequency obtained from the

fully analytical method is consistent with the frequency inferred from the fully

numerical solution of the Bloch equations.
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Figure 4.8: Schematic of the numerical plot of polarization p(~k, t) versus time
(t) far from resonance. It shows slow as well as rapidly varying oscillations. The
frequency of oscillation of the slow part of the polarization exactly matches the
analytically calculated anomalous Rabi frequency. To generate the plot we have
taken the parameters k−√

2m
= v3k− = 0, A(0)√

2m
= 10, v3A(0) = 300 and ω = 2000.
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Figure 4.9: Schematic of the numerical plot of polarization p(~k, t) versus time
(t) at resonance. In this case, our numerical result favours the analytical result,
as well. For plotting purposes, we have chosen k−√

2m
=
√

50, v3k− = 100,
A(0)√

2m
= 1, v3A(0) = 1 and ω = 100.

Similar trigonal warping effect is also found in case of single layer graphene in

presence of Rashba spin orbit interaction. Bilayer graphene with weak direct
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inter-layer hopping γ3 is similar to that of single layer graphene with Rashba spin

orbit interaction. Therefore, we wish to remark that the results obtained above

in bilayer graphene with the trigonal warping effect and that found in single layer

graphene with Rashba spin-orbit interaction are quite similar to one another. The

Hamiltonian of the single layer graphene when Rashba spin-orbit [111, 114, 212,

213] interaction is taken into account may be written as,

H =


0 vFπ

† 0 −vλπ
vFπ 0 3iλR 0

0 −3iλR 0 vFπ
†

−vλπ† 0 vFπ 0

 (4.15)

where vF = 3γ0d/(2~), vλ = 3λRd/(2~) with vλ � vF as in given in Ref.[213],

π = px + ipy and π† = px − ipy with d being the nearest neighbor distance.

Also, λR represents the strength of spin-orbit coupling which may be due to a

perpendicularly applied electric field or due to a graphene-substrate interaction.

The bilayer graphene Hamiltonian including weak direct inter-layer hopping γ3

(trigonal warping effect) [16] near the center of the ~K valley in a basis correspond-

ing to the atomic wave function ψ = (ψA1, ψB2, ψA2, ψB1) will be of the form;

H =


0 v3π 0 vπ†

v3π
† 0 vπ 0

0 vπ† 0 γ1

vπ 0 γ1 0

 (4.16)

The Hamiltonian in Eq. (4.15) has the same components as the Hamiltonian in Eq.

(4.16) (apart from some relabeling). This result is remarkable since these systems

are completely different. The matrix elements H14 and H41, in Hamiltonian Eq.

(4.15), are very small in comparison to the matrix elements that are proportional

to vF . These terms are responsible for the trigonal warping of the bands at low

energy that changes the topology of the bands close to the Dirac points [213]. The

energy momentum dispersion of both systems - single layer graphene with Rashba

spin-orbit interaction and bilayer graphene with trigonal warping effect - is quite

similar to one another. For a comparison of band diagram of both the systems we

refer to Fig. 1(a) and 1(c) in Ref.[213] and Fig. 7(b) and 7(c) in Ref.[17].
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Thus the results (ARO and conventional Rabi oscillations) that are obtained in

case of BLG with trigonal warping will also be found in SLG with Rashba spin-

orbit interaction.

Therefore, we can conclude that the anomalous Rabi frequency (ARF) is dramat-

ically affected by trigonal warping since the ARF goes through a zero non-trivial

minimum as a function of the applied field. This zero non-trivial minimum occurs

at a strength of the applied field that corresponds to a situation where energy

bands undergo trigonal warping. This happens at a value of the band momentum

where the ‘leg pockets’ of the Fermi surface develop. Trigonal warping has a signif-

icant effect only for weak applied fields. When on-site asymmetry is also taken into

account, graphene bilayer exhibits Rabi-like oscillations even for the field strengths

less than the gap parameter. We call this ARF ‘offset’ frequency and is observ-

able only for the weak applied fields. For strong applied field strengths, all the

effects (trigonal warping and on-site asymmetry) go away and the system behaves

like a bilayer graphene without any effect. Moreover, the threshold behaviour of

the induced current in the off resonance case and in the first harmonic resonance

case are significantly changed by trigonal warping whereas trigonal warping has

no effect on the induced current or on the conventional Rabi frequency near the

second harmonic resonance.

4.2 Effect of twisting on ROs in bilayer graphene

The previous chapters and the preceding section in this chapter are dealt with the

phenomenon of ROs in perfect AB-stacked bilayer graphene (BLG). This section

describes the same phenomenon, when relative twist between the layers is taken

into account. Twisting, also called stacking defect, is unique to graphene with

two or more layers. Twisted BLG shows quite different electronic properties than

perfectly AB-stacked BLG, as we have already mentioned. We show that the ARF

strongly depends on twist angle, and this dependence is most prominent for weak

applied fields. The effective low-energy two component Hamiltonian of twisted

BLG [207, 214, 215] can be written as follows,

Heff
2,twist = − 2v2

F

15t̃⊥

 0 k2
− −

(
∆K−

2

)2

k2
+ −

(
∆K+

2

)2

0

 (4.17)
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where k± = kx ± iky, ∆K± = ∆Kx ± i∆Ky, vF and t̃⊥ is the Fermi velocity

of the carriers and inter-layer coupling, respectively. ∆Kx and ∆Ky define the

relative shift between the corresponding Dirac points of the twisted BLG. Unlike

in untwisted BLG, the band minimum in twisted BLG splits up into two and show

a linear band spectrum in the vicinity of these points. Expanding Hamiltonian

Eq. (4.17) near ∆K±
2

by defining, k± = q± + ∆K±
2

, keeping terms up to quadratic

in q, Hamiltonian Eq. (4.17) reduces to the following form

Heff
2,twist = − 2v2

F

15t̃⊥

(
0 q2

− + q−∆K−

q2
+ + q+∆K+ 0

)
(4.18)

Using Hamiltonian Eq. (4.18) and following the same process as described in

earlier chapters, we can find anomalous Rabi frequency in off resonance case as

given below

ΩARWA = 2

√√√√
E2
q +

(
|αA2(0)|2

ω
+ 2α2

ω
|(2q+A(0) + A(0)∆K+)|2

)2

4
(4.19)

where E~q(±) = ±|q2
− + q−∆K−| is the energy eigenvalue of the twisted BLG
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Figure 4.10: This density plot shows dimensionless anomalous Rabi frequency
ΩARF /ω versus ωR/ω and ξ(= ~α|∆K|2/ω) at the shifted Dirac point. It is
clear from figure that twisting is prominent for weak applied fields. The value
of ~ΩARF for red, green and blue colours are 3.7× 10−5eV , 1.84× 10−4eV and

2.97× 10−4eV , respectively, at a fixed value of ξ = 1.5.

and α =
2v2
F

15t̃⊥
. Eq. (4.19) gives the anomalous Rabi frequency near the shifted

Dirac points in twisted BLG. If twist ∆K = 0, we can get back the anomalous

Rabi frequency of bilayer graphene without twist. Exactly at the shifted Dirac
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point, the Eq. (4.19) reduces to, ΩARF =
[
ω2
R

ω
+ 2ωR

ω
α|∆K|2

]
. The variation of

anomalous Rabi frequency at the shifted Dirac point with an external applied field

and with the twist angle is clearly shown in the density plot in Fig. 4.10. It is

seen that the anomalous Rabi frequency depends sensitively on the twist for weak

applied fields (small ωR).

We have also solved the Bloch equations of twisted BLG in the resonant case. A

similar process is adopted to solve the Bloch equations as described earlier. The

conventional Rabi frequency near first and second harmonic resonance found to

be, respectively,

Ωω =
√

∆2 + ωR (α|q+|2 + α|∆K−|2 + αq+∆K− + αq−∆K+)

Ω2ω =
√

∆2 + ω2
R

∆ = ω − 2Ek, Ek = |αq2
− + αq−∆K−|, ωR = α|A(0)|2, α =

2v2
F

15t̃⊥

Similar to BLG, twisted BLG also shows harmonic resonances. Twist has effect

only on first harmonic resonance while second harmonic resonance is not affected

by twisting as we can see from Eq. (4.18). We just saw that the anomalous Rabi

frequency is greatly affected by the twist whereas conventional Rabi frequency is

less affected. This is because at resonance q is not small rather it is given by

the condition 2|αq2
− + αq−∆K−| = ω. Thus we see that while the anomalous

Rabi frequency with twist is ∝ ωR for small fields and ∝ ω2
R without twist, the

conventional Rabi frequency continues to have the form ∝
√

(..) + ωR(..) both

with and without twist.

Lastly, we examine the effect of a small voltage between layers. The low-energy

electronic spectrum of twisted BLG in presence of a small bias (voltage) (V �
vF |∆K|) between the layers has already been discussed by Lopes et al. [207].

They find that the system continues to be gapless and the dispersion is linear with

the same Fermi velocity as twisted bilayer without bias, but the Dirac points shift

vertically by ∼ ±V/3.

Thus our predictions for the anomalous Rabi frequency in this case are unchanged.

A comparison between the various parameters in single layer, bilayer and twisted

bilayer graphene has been given in the following table:
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Energy Unit(eV )
SLG BLG TBLG

~ω2
R/ω 1.4× 10−4 1.78× 10−7 8.8× 10−8

~ωR 1.3× 10−2 4.69× 10−4 1.05× 10−4

~ΩARF 2.8× 10−4 1.78× 10−7 5.02× 10−5

~(~α|∆K|2) − 0 2.9
~ω 1.24 1.24 1.24

Table 4.1: This table contains realistic values of various energy scales in mono-
layer, bilayer and twisted BLG. The numerical values of all parameters are de-
termined at a fixed value of external frequency, ω = 6π × 1014rad/sec and an

applied electric field, |E| = 250kV/cm.

4.3 Summary and conclusions

This section includes a summary and conclusions of the present chapter. In pre-

vious chapters, we have studied the phenomenon of ROs in perfect AB-stacked

bilayer graphene. This indirect inter-layer hopping includes a direct inter-layer

hopping γ1. In this discussion, we have not considered any direct inter-layer hop-

ping between the layers of perfect AB-stacked bilayer graphene. In this chapter,

we have taken into account a weak direct inter-layer hopping γ3 between the layers

and studied the phenomenon of ROs in bilayer graphene. This weak direct inter-

layer hopping produces trigonal warping of bands at very low-energy in the band

structure of the bilayer graphene. The behaviour of bilayer graphene with trigonal

warping is intermediate to those of single layer graphene and bilayer graphene.

The present chapter also describes the phenomenon of ROs if the two layers in

bilayer graphene are not in perfect AB-stacking. In other words, the effect of a

relative twist between layers on Rabi oscillations is studied in this chapter. This

twisting is sometimes also known as a stacking defect.

In this chapter, first, we have described the effect of trigonal warping on ROs.

Off resonance ROs (anomalous ROs) are dramatically affected by the presence

of trigonal warping. Off resonance Rabi frequency as a function of intensity of

applied field exhibits a zero non-trivial minimum far from origin. This zero non-

trivial minimum appears solely due to the presence of a weak direct inter-layer

hopping γ3. This zero non-trivial minimum occurs at a strength of the applied

field that corresponds to a value of the momentum where the ‘leg pocket’ of the
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Fermi surface develops, and thereafter varies linearly with the square of the inten-

sity of the applied field consistent with bilayer graphene without trigonal warping

effect. It can be seen that the trigonal warping effect is significant only for weak

applied electric fields. For a weak applied field, ARF of bilayer graphene with

trigonal warping is similar to that of single layer graphene. As the strength of the

applied field increases, the behaviour of ARF tend towards the bilayer graphene

without trigonal warping and varies linearly with the square of the intensity. This

transition occurs where the ‘leg pocket’ of the Fermi surface develops. This ef-

fect is pictorially shown in Fig. 4.3. In presence of trigonal warping and on-site

asymmetry in each layer, bilayer graphene exhibits Rabi-like oscillations (offset

oscillations) even for applied field strengths less than the gap parameter. This

effect is same as in asymmetric bilayer graphene. In other words, we can say that

if the on-site asymmetry is present in the graphene systems, these systems neces-

sarily will show Rabi-like oscillations. For strong applied field strengths, all the

effects (trigonal warping and on-site asymmetry) go away and the system behaves

like an ideal bilayer graphene. The effect of asymmetry on off resonance ROs in

trigonally warped bilayer graphene is pictorially shown in Fig. 4.4. The trigonal

warping affects only the first harmonic conventional Rabi frequency whereas the

second harmonic conventional Rabi frequency is not affected by the trigonal warp-

ing. This is because the trigonal warping term depends only on the first harmonic

in the external driving frequency, as we can see from Eq. (4.6). Similar to the

discussion in other chapters, here also, we have determined the effect of trigonal

warping on experimentally measurable quantity current density. In presence of

trigonal warping, the frequency threshold in extreme non-resonance case shows a

shift towards a smaller value of the threshold and this shift is prominent for weak

applied fields. This is diagrammatically shown in Fig. 4.5. Even in presence of

trigonal warping effect the exponent at threshold is equal to unity. It means that

the presence of trigonal warping does not changes the exponent at threshold, it

changes only the frequency threshold, it is clear from Eq. (4.12). The frequency

of oscillations of current density, in time domain in off resonance and at the first

conventional harmonic resonance in presence of trigonal warping, is increased rel-

ative to without trigonal warping whereas the frequency of oscillations of current

density at second conventional harmonic resonance remains unaffected. This is

shown in Figs. 4.6 and 4.7. Equations (4.13) and (4.14) show that the off reso-

nance current density shows a power law decay of the form t−2 whereas the current

density in the conventional resonance shows a power law decay of the form t−1/2,
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respectively. The power law decay of current density with and without trigonal

warping is same in both cases. In other words, we can say that the effect of trigo-

nal warping does not affect the power law decay of current density. We have also

given a fully numerical solution of the Bloch equations that fully corroborates the

analytical findings. We have used the NDSolve routine of Mathematica to solve

the Bloch equations and generate the plot, Figs. 4.8 and 4.9, of polarization versus

time. The frequency obtained from the fully analytical method is consistent with

the frequency inferred from the fully numerical solution of the Bloch equations.

We have also studied the effect of twisting, also known as stacking defect, on ROs

in bilayer graphene. Twisting means, the two layers in bilayer graphene are not

exactly in AB-stacking but they are twisted by a small twist angle relative to

each other. In this study, it is found that the off resonance Rabi frequency is

significantly affected by the presence of a small relative twist between the layers.

This phenomenon is pictorially shown in Fig. 4.10. It is seen that the off resonance

Rabi frequency depends sensitively on twist only for weak applied fields (small ωR).

The Bloch equations of twisted bilayer graphene are also solved in conventional

resonance case, and found that twist has effect only on first harmonic resonance

while second harmonic resonance is not affected by twisting. The form of formulae

of conventional Rabi frequencies remains same.

All the details of this chapter are taken from references [187, 216]
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Chapter 5

Phonon assisted damping of ROs

in Graphene Systems

The previous chapters describe the phenomenon of coherent ROs in graphene-

based systems. It is referred to as coherent because of absence of relaxation term

or energy dissipation. The optical properties of graphene-based systems are rich

and varied. Nevertheless, a basic question still remains unsolved: What is the

effect of electron-phonon interaction on these optical properties? Specifically, does

damping due to phonons make Rabi oscillations in general and anomalous Rabi

oscillations in particular, unobservable?

The electron-phonon interaction is one of the most important fundamental physical

problems in any new electronic material. The impact of electron-phonon coupling

on the ac conductivity of monolayer graphene is studied by Wright et al. [217]. It

is shown that electron-LO phonon interactions cause an increase in the absorption

of monolayer graphene of as much as 20% at room temperature. Resonance Raman

scattering (RRS) from metallic single-wall carbon nanotubes [218] and by inelas-

tic x-ray scattering from a graphite flake [219] revealed that the phonon modes

of certain symmetries in graphitic materials exhibit a frequency softening. This

frequency softening is attributed to Kohn anomalies in two-dimensional graphite

[220] and occurs when electrons at the Fermi surface screen the phonon mode

in a graphene sheet. Generally, electron-phonon scattering in graphene expected

to be weak due to very high phonon frequencies [221]. Phonon modes in bilayer

graphene are strongly affected by the presence of a potential difference between the

layers which is due to an applied electric field. In presence of potential difference
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between the layers symmetric and asymmetric phonon modes strongly mixed with

each other [222]. The performance of proposed graphene-based devices (electronic

and optical) depends on carrier and phonon scattering as well as relaxation dynam-

ics. The optical phonons in graphene-based systems can decay in two main ways.

First is that the optical phonons may be absorbed by electrons and holes. Second

is that optical phonons can decay into other phonons via anharmonic interactions

and lattice defects. The relaxation dynamics of hot optical phonons in few-layer

and multi-layer graphene films grown by epitaxy on silicon carbide substrates and

by chemical vapour deposition on nickel substrates is studied using ultra-fast opti-

cal spectroscopy, and it is shown that optical phonon cooling on short time scale is

independent of graphene growth technique, the number of layers, and the type of

the substrate [168]. Electron-phonon coupling is an important effect in monolayer

𝑨 𝒕 = 𝑨 𝟎  𝒆− 𝒊 𝝎𝒕 

Figure 5.1: Left and right shows the transitions between the valence and the
conduction band in monolayer and bilayer graphene, respectively, induced by

externally applied electric field of frequency ω.

as well as in bilayer graphene. Electron phonon interaction in monolayer graphene

exhibits interesting phenomena such as the Kohn anomalies [220], breakdown of

the adiabatic approximation (Born-Oppenheimer) [162], and renormalization of

the phonon energy [223] have been reported. In AB-stacked bilayer graphene, the

effect of electron-phonon interaction is expected to be more interesting where both

the band structure and the Fermi level can be tuned through the applied electrical

gates [35, 37, 61], allowing for the control of a delicate interplay between electrons,

phonons, and photons [34, 224, 225]. Inter-layer asymmetry qualitatively changes

the electron-phonon interaction in bilayer graphene absent in monolayer graphene

[222].
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In this chapter, our main focus is the study of carrier relaxation dynamics on

optical response in bilayer as well as in monolayer graphene in presence of highly

oscillating electric field. Graphene-based systems exhibit novel quantum optical

phenomena under applied electromagnetic field. Mishchenko [175] determined the

ac conductivity in monolayer graphene by studying Rabi oscillations and revealed

that the induced current under strong applied field shows a saturation phenomenon

upon inclusion of relaxation dynamics. In his study the energy relaxation is intro-

duced in a phenomenological way and the calculation performed ‘near resonance’,

when the frequency of the external field is nearly equal to the electron-hole pair

excitation frequency, using the well-known rotating wave approximation (RWA)

[150, 151]. We have also studied Rabi oscillations in graphene-based systems ‘far

from resonance’, when the frequency of applied field is very large compared to

electron-hole pair excitation frequency, using a new approximation called ‘asymp-

totic’ rotating wave approximation [184, 187]. We successfully showed that Rabi

oscillations in graphene-based systems exhibit ‘anomalous’ behavior far from reso-

nance (off resonance). This chapter is devoted to the study of relaxation dynamics

in bilayer as well as in monolayer graphene, not by including the energy relaxation

in a phenomenological way, but by explicit calculation of electron-phonon scatter-

ing rate. In other words, we are interested in studying the phenomenon of carrier

relaxation in a clean bilayer sample by determining the behaviour of Rabi oscil-

lations in presence of electron-phonon interaction (optical, acoustic and flexural).

Energetic optically excited carriers are known as hot carriers. These carriers lose

their energy to lattice vibrations known as phonons resulting in a relaxation of

these carriers. The main conclusions of our findings is that the combination of

the constraints of energy and momentum conservation in phonon scattering in

the region of the Brillouin zone relevant to ARO means that there is a momen-

tum threshold for carrier phonon scattering. In other words, very long wavelength

anomalous Rabi oscillations remain undamped. This is in contrast to the situation

with conventional Rabi oscillations that occur at a wave number determined by

the resonance condition which is large enough that these oscillations become heav-

ily damped. This another indication that anomalous (rather than conventional)

Rabi oscillations are an ideal probe of the low energy band structure of graphene

based materials.
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5.1 Optical phonon damped AROs in graphene-

systems

In this section, we wish to study the relaxation dynamics of massive chiral quasi-

particles in bilayer graphene with electron-optical phonon interaction in presence

of intense optical pump field. Optical phonons in graphene have been discussed in

the context of a valence-force field model [226, 227]. We restrict ourselves to work

in the long-wavelength limit. There are two optical modes in graphene bilayer,

symmetric and antisymmetric with displacement of two layers oscillating in phase

and out of phase, respectively [222]. These modes can be represented by a relative

displacement of two sublattice atoms A and B in layer one, given by

u(~r) =
∑
~q,ν

√
~

4NMω0

(b~q,ν + b†−~q,ν)eν(~q)e
i~q·~r (5.1)

where N is the number of unit cells, M is the mass of a carbon atom, ω0 is

the optical phonon frequency at the Γ point, ν stands for longitudinal (l) and

transverse (t) modes of the phonon, b and b† are the annihilation and creation

operators, respectively.

el(~q) = i(qx/|~q|, qy/|~q|), qx = |~q| cosφ(~q)

et(~q) = i(−qy/|~q|, qx/|~q|), qy = |~q| sinφ(~q)
(5.2)

The corresponding optical phonon hamiltonian can be written as follows,

Hph =
∑
~q,ν

~ω0

(
b†~q,νb~q,ν +

1

2

)
(5.3)

The displacement in second layer is exactly same as in layer one. These two

layers are coupled by a weak Van der Waals forces so the phonons in two layers

are also weakly coupled to one another. These weakly coupled phonons form

symmetric and antisymmetric modes with slightly different frequencies. For the

present discussion we have ignored such small effect. The symmetry between

transverse and longitudinal mode of phonons is not destroyed due to equal charge

distribution between A and B sublattices and the isotropic nature in the long-

wavelength limit. Therefore, we omit the subscript ν in the present discussion.

The interaction Hamiltonian between the optical phonon and an electron [226] at
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one of the Dirac points, say ~K, can be written as

He−oph = χ
∑
~k,~q

[
X~q(t)

q−
|~q|

c†A1(~k, t)cB2(~k − ~q, t) + h.c.

]
(5.4)

χ =
√

2
βγ

b2

√
~

4NMω0

, X~q = (b~q + b†−~q)

where b = a/
√

3 is the equilibrium bond length. The dimensionless parameter β

is given by β = d(ln γ0)/d(ln b), M is the mass of the carbon atom.

The Hamiltonian [16] of bilayer graphene in presence of an electromagnetic field

can be written as follows,

H2 = − 1

2m

∑
~k

[
c†A1(~k, t)(k− − A(t))2cB2(~k, t) + h.c.

]
(5.5)

where, k± = kx ± iky, c(c
†) are annihilation(creation) operators on sublattice

site A1 and B2 and vice-versa. ~A(t) is a complex vector potential applied that

couples to bilayer graphene through a Coulomb gauge, where ~A(t) = e
c
~A(0)e−iωt

and ~A(0) = e
c
(Ax(0)+iAy(0)). Therefore, the full Hamiltonian of bilayer graphene

including electron-optical phonon interaction can be written as,

Hfull = − 1

2m

∑
~k

[
c†A1(~k, t)(k− − A(t))2cB2(~k, t) + c†B2(~k, t)(k+ − A∗(t))2cA1(~k, t)

]

+χ
∑
~k,~q

[
X~q(t)

q−
|~q|

c†A(~k, t)cB(~k − ~q, t) +X−~q(t)
q+

|~q|
c†B(~k, t)cA(~k + ~q, t)

]

+
∑
~q

ω0

(
b†~qb~q +

1

2

)
(5.6)

As usual we decompose Hamiltonian Eq. (5.6) and corresponding eigenfunctions

into slow as well as fast terms as follows,

H =
∑

m=0,±1,....

Hm e−imωt, ψ =
∑

n=0,±1,....

ψn e
−inωt (5.7)

Inserting Eq. (5.7) into Eq. (5.6) and comparing the coefficients of same expo-

nential powers from both sides and then using Schrödinger equation of motion,

i∂ψ
∂t

= [ψ,H], and simple anti-commutator algebra for fermions, we can write the
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slow part of Hamiltonian Eq. (5.6) as,

Heff = − 1

2m

∑
~k

[
k2
− c
†
A1,0(~k, t)cB2,0(~k, t) + k2

+ c†B2,0(~k, t)cA1,0(~k, t)
]

−
∑
~k

(
2k2

m

ωR
ω

+
ω2
R

2ω

)
(c†A1,0(~k, t)cA1,0(~k, t)− c†B2,0(~k, t)cB2,0(~k, t))

+χ
∑
~k,~q

[
X~q(t)

q−
|~q|

c†A1,0(~k, t)cB2,0(~k − ~q, t) +X−~q(t)
q+

|~q|
c†B2,0(~k, t)cA1,0(~k + ~q, t)

]

+
∑
~q

ω0

(
b†~qb~q +

1

2

)
(5.8)

We wish to study the dephasing of ROs under the problem consideration. This

is easily be done by calculating the self energy of the system considered, which is

generally a complex quantity. The real part of the self-energy gives the physical

energy of particles (also referred as particle’s self energy) whereas the imaginary

part of the self energy is identified as scattering rate or dephasing rate. The inverse

of the imaginary part is a measure for the lifetime of the particle under investi-

gation. The self energy operator is related to the bare and dressed propagators,

often denoted by G0 and G, respectively, via the Dyson equation as follows,

G = G0 +G0ΣG or G = (1−G0Σ)−1 ·G0 (5.9)

where G′s are defined as,

Gab(~k, t) = −i〈 T S ca(~k, t)c
†
b(
~k, t

′
) 〉0

〈 TS 〉0

S = Exp

[
−i
∫
c

Ĥe−ph(t1)dt1

] (5.10)

where T is the time ordering symbol, S represents the S− matrix expansion. A

second order expansion of S− matrix is required because the expectation value

of first order expansion is zero due to presence of phonon operator X~q in the

interacting part of Hamiltonian. Using Eqs. (5.9) and (5.10), we can calculate the

imaginary part of the self energy which gives the dephasing rate.

Γk,R =
∑
~q

π χ2 α~k α~k+~q

2 Ω~k Ω~k+~q

δ(ω0 − Ω~k + Ω~k+~q) (5.11)
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where

Ω~k = 2

√
|k|4
4m2

+ α2
~k
, α~k =

(
2|k|2

m

ωR
ω

+
ω2
R

2ω

)
The delta function in Eq. (5.11) is responsible for energy conservation of sys-

tem under consideration. According to energy conservation, this delta function

will survive only when anomalous Rabi frequency Ω~k is greater than the optical

phonon frequency ω0. In this case, the carriers in bilayer graphene show an energy

relaxation by throwing away their energy to produce lattice vibrations known as

optical phonons. This happens only when the carriers are highly energetic and

these carriers are known as hot carriers (electron and hole). Inserting the values

of Ω~k and α~k in Eq. (5.11) and assuming that |k|
2

m
> ω0, after straightforward

calculation Eq. (5.11) reduces to the following

Γk,R =
Aχ2

2

mω2
R

2ω2~3
(5.12)

It is clear form Eq.(5.12) that beyond the threshold, the relaxation rate of carriers

by optical phonons in bilayer graphene is independent of electron wave number.

Monolayer and bilayer graphene possess similarities and differences, which is ad-

dressed in Sec.1.2. The relaxation dynamics of carriers in bilayer graphene by

0 1 2 3 4 5
0

5

10

15

20

25

HvF ÈkÈL�Ω0

Gk, R

G0

Figure 5.2: This schematic figure shows the variation of
Γk,R
Γ0

with respect

to a dimensionless quantity vF |k|
ω0

. It is clear from figure that the scattering
rate exhibit a threshold behaviour that can be identified with the electron wave
number, |k| = ω0

2vF
and zero otherwise. Thereafter, Γk,R varies linearly with k.

It shows that for the electron wave numbers |k| < ω0
2vF

, the optical phonons are
insensitive in dephasing of AROs.
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the optical phonon is discussed above. Below, the same phenomenon is described

in monolayer graphene. To discuss the relaxation of carriers by optical phonons

in monolayer graphene, we have adopted a similar method as described in case

of bilayer graphene. The electron-optical phonon interacting Hamiltonian in bi-

layer and monolayer graphene has the same form [222, 223]. In case of monolayer

graphene, the scattering rate is given by

Γk,R = Γ0

(
vFk

ω0

)
(2πSinθk), θk = cos−1

(√
2ω0(vFk)− ω2

0

v2
Fk

2

)
(5.13)

where Γ0 = A
(2π)2

χ2

2~2
ω0

v2
F

. It is clear from Eq. (5.13) that the electron-optical phonon

interaction in monolayer graphene is prominent in dephasing of AROs only for the

electron wave numbers vF |k| ≥ ω0 and zero otherwise. This is pictorially shown

in Fig. 5.2. Therefore, we have seen that the effect of electron-optical phonon

interaction on AROs in monolayer graphene is very different from bilayer graphene.

In bilayer graphene, the scattering rate is constant (independent of electron wave

number) while in case of monolayer graphene it varies linearly with electron wave

number. Figure 5.3 shows the variation of Rabi cycles with respect to electron

W' =
WARWA

SLG

Ω

G' =
Gk , R

G0

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.05

0.10

0.15

HvF ÈkÈL�Ω

W'

G'

Figure 5.3: This figure shows the variation of number of Rabi cycles within a

unit decay time Ω
′

Γ′
with respect to a dimensionless quantity vF |k|

ω0
. For k = 0,

there are a huge number of Rabi cycles present in the system considered. As
k increases, number of Rabi cycles decreases because Γ

′
increases linearly with

increase in electron wave number. For large value of electron wave number, the
number of Rabi cycles becomes constant and shows no further decay.

wave number. This clearly shows that carriers in monolayer graphene exhibit

energy relaxation in presence of electron-optical phonon interaction far from the
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Dirac point. For small values of electron wave number there are huge number of

Rabi cycles present in the system before these oscillations decay away. It means

optical phonons are ineffective in dephasing of AROs near the Dirac point.

The effect of acoustic and flexural phonons on AROs in these systems is described

in the subsequent sections.

5.2 Acoustic phonon damped AROs in graphene-

systems

This section describes the damping of AROs in monolayer and bilayer graphene by

means of electron-acoustic phonon interaction. Long-wavelength acoustic phonon

may be treated with continuum theories to a good approximation. The dominant

form of electron-phonon coupling for long-wavelength acoustic phonon modes is

due to the deformation potential [227–229]. The deformation potential for in-

plane acoustic phonon mode is of the form D~∇ · u(~r), where u(~r) is an in-plane

displacement vector and D is the coupling constant and D = 10−50 eV [229–232]

The deformation potential is non zero only for longitudinal acoustic (LA) modes.

The electron-acoustic phonon interacting Hamiltonian, in second quantized form,

can be written as follows

He−acph =
∑
~k,~q

χ~q X~q(t)
q2
−

|q|
c†A1(~k, t) cB2(~k − ~q, t) + h.c. (5.14)

χ~q =

√
~

2Mωq
D

where M = Aρ is the total mass, ωq = va|q| is the LA phonon dispersion and

va = 2×104m/s, is the velocity of sound. Acoustic phonon Hamiltonian is similar

to optical phonon Hamiltonian only the difference is that the frequency of optical

phonon ω0 is replaced by acoustic phonon frequency ωq. To calculate the dephasing

rate in presence of electron-acoustic phonon interaction in bilayer graphene we

employ a similar strategy as we did in previous section. The modified form of Γk,R

for the case of acoustic phonon modes in bilayer graphene is given by

Γk,R =
∑
~q

q2
π χ2

q α~k α~k+~q

2 Ω~k Ω~k+~q

δ
(
ω~q − Ω~k + Ω~k+~q

)
(5.15)

c©Indian Institute of Technology Guwahati

TH-1429_10612106



Chapter 5. Phonon assisted damping of ROs in Graphene Systems 128

All symbols have their usual meanings. Due to energy conservation law, the delta

function in above expression will survive only when ωq < Ω~k. The acoustic phonons

may create even with very small amount of energy which is in contrast to optical

phonons. Creation of acoustic phonons depend on the value of phonon wave vector

~q. In the present case, the magnitude of acoustic phonon wave vector is q =

qmin + α(k − kmin), where α = −2cosθ, k > kmin = −0.01134
cosθ

and qmin = 0.01512.

These values are found by taking the realistic values in Eq. (5.15) and solving the

quantity within the delta function numerically. A numerical plot of Γk,R versus

electron wave number is given in Fig. 5.4. Figure 5.4 clearly depicts that the
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0.0
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Figure 5.4: This is a schematic numerical plot of Γk,R versus |k| (in arbitrary
units) for the case of acoustic phonos in bilayer graphene. Γk,R increases beyond

a threshold value of electron wave number kmin = 0.01134, zero otherwise.

acoustic phonons are ineffective in dephasing of AROs in bilayer graphene near

the Dirac point. It is prominent for large values of electron wave vector. In

other words, acoustic phonons play an important role in dephasing of AROs in

bilayer graphene far from Dirac point. It means ARO is a robust nonlinear optical

phenomenon in graphene like systems.

If we perform a similar calculation in case of monolayer graphene, the value of

Γk,R comes out to be equal to

Γk,R =
ξ2

2

∑
~q

q2 Ω~k (Ω~k − ω~q)− Ω2
0

ω~q Ω~k (Ω~k − ω~q)
δ(ω~q − Ω~k + Ω~k+~q) (5.16)
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where ξ =
√

~
2M
D and Ω~k = 1

ω

√
(vF |k|ω)2 + ω4

R, is the anomalous Rabi frequency

of monolayer graphene. All parameters have their usual meaning as before. A

0 1 2 3 4
0

1

2

3

4

5

6

ÈkÈ

Gk, R

Figure 5.5: This is a schematic numerical plot of Γk,R versus |k| (in arbitrary
units) for the case of acoustic phonons in monolayer graphene.

numerical plot of Γk,R versus electron wave number for the case of monolayer

graphene is given in Fig. 5.5. Figure 5.5 shows that the scattering rate increases

after a finite value of electron wave number and zero otherwise. Thus acoustic

phonons too are insensitive in dephasing of AROs near the Dirac point in mono-

layer graphene. Acoustic phonons are prominent in dephasing of AROs only far

from the Dirac point. The following discussion deals with the effect of electron-

flexural phonon interaction in dephasing of AROs in bilayer graphene.

5.3 Flexural phonon damped AROs in graphene-

systems

In presence of mechanical deformation, uniaxial strain, the graphene lattice cou-

ples to the electronic properties in two ways [228, 229, 233–236]. First is that

the presence of deformation can change the bond length which leads to change

in the hopping parameters results in corrections to the matrix elements of the

Hamiltonian. This leads to a shift in the momenta analogous to the inclusion of

a vector potential. As a result, mechanical deformations translate into fictitious

gauge fields in the Dirac Hamiltonian.
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Second, the elastic deformation involving local variations in areas which induces

the fluctuations in the electronic densities [229, 237] that translates into a scalar

potential in each layer. Consequently, symmetric deformations between two layers

gives rise to a global scalar potential in bilayer graphene Hamiltonian. Whereas,

asymmetric deformations yields to a potential difference between two layers. This

produces similar effect as inter-layer electric fields [238–240]. There are two types

of deformations in bilayer membrane- in-plane ~u(~r) and out-of-plane h(~r). Here,

~u(~r) is the vector field describing in-plane deformations and h(~r) is the scalar

field associated with out-of-plane deformations, also known as flexural distor-

tions. Under the deformation of bilayer membrane, the atoms in the membrane

are shifted. The atom at position ~r under flexural deformation shifts from ~r to

~r + ~u(n)(~r) + ẑh(n)(~r), where n denotes the layer number. Flexural deformation

come in two categories- symmetric and antisymmetric. Therefore, it is convenient

to introduce symmetric (S) and antisymmetric (A) deformations in the layer index

as follows:

h(S/A)(~r) =
h(2)(~r)± h(1)(~r)

2

~u(S/A)(~r) =
~u(2)(~r)± ~u(1)(~r)

2

(5.17)

where, ± corresponds to symmetric and antisymmetric flexural deformations, re-

spectively. For this study, it is worthwhile to discuss the dispersion of phonons

in bilayer graphene. The phonon dispersion in bilayer graphene can be easily

obtained with the help of elastic Lagrangian density [241]

L =
∑
n=1,2

Ln + Lc

Ln =
1

2
ρ0

[
u̇(n)2 + ḣ(n)2

]
− 1

2

[
2µu

(n)2
ij + λu

(n)2
kk

]
− 1

2

[
κ[∇2h(n)]2 + Γ[∇h(n)]2

]
Lc = −1

2
ρ0ω

2
in[u(1) − u(2)]2 − 1

2
ρ0ω

2
F [h(1) − h(2)]2

where, µ and λ are the Lamé coefficients for in-plane strechning, κ is the bending

energy, ρ0 is the mass density in each layer and Γ is the sample specific coefficient.

Lc is a harmonic cofinement for the sliding of one layer with respect ot the other

as well as for the modification of the inter-layer distance. Our intention is to

study the effect of symmetric flexural phonons on anomalous Rabi oscillations

in bilayer graphene. Upon solving the Euler-Lagrange equations for the elastic
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Lagrangian at harmonic level for symmetric deformation, the dispersion [239] of

flexuaral phonons may be written as

ωS,Fq =

√
κq4 + γq2

ρ0

(5.18)

The above result is valid in the absence of coupling between the layers. The

coupling between the layers stiffen the bending coefficient κ, which is happening

in the case of realistic bilayer membrane.

To describe the effect of electron-flexural phonon interaction on AROs, we consider

the gauge field term proportional to F
(τ)
3 as described in Ref.[239]. The relevant

electron-flexural phonon coupling Hamiltonian in one valley can be expressed as

a 2× 2 off diagonal matrix.

Hel−Fph =

(
0 F3

F †3 0

)
(5.19)

F3 ' g3 (∂y − i∂x)h(s)(x, y)

hs(x, y) =
1

L

∑
~q

ξ~q (b~q + b†−~q) e
i~k·~r (5.20)

where, g3 = 3ac
2c̃

∂γ3

∂c̃
is the coupling strength. The interacting Hamiltonian in second

quantized language can be written as

Hel−Fph =
g3

L

∑
~k,~q

q+ ξ~q X~q(t) c
†
A1(~k, t) cB2(~k − ~q, t) + h.c.

X~q(t) = (b~q + b†−~q), ξ~q =

√
~

2Mωq

(5.21)

where, ωq is given by Eq. (5.18). The full Hamiltonian of bilayer graphene includ-

ing electron-flexural phonon interaction can be then written as

Hfull = − 1

2m

∑
~k

c†A1(~k, t)(k− − A(t))2cB2(~k, t)

+
g3

L

∑
~k,~q

q+ ξ~q X~q(t) c
†
A1(~k, t) cB2(~k, t) + h.c. (5.22)
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The Hamiltonian in Eq. (5.22) can be broken into slow and fast varying terms by

following a similar methodology to the one described in Sec.5.1. Therefore, the

slow part of Hamiltonian Eq. (5.22) can be written as follows,

Heff = −
∑
~k

1

2m
k2
− c
†
A1,0(~k, t)cB2,0(~k, t)−

∑
~k

1

2m
k2

+ c†B2,0(~k, t)cA1,0(~k, t)

+
∑
~q

ω~q b
†
~qb~q −

∑
~k

ω
′

R

(
c†A1,0(~k, t)cA1,0(~k, t)− c†B2,0(~k, t)cB2,0(~k, t)

)
+
g3

L

∑
~k,~q

[
q+X~q(t)ξ~qc

†
A1,0(~k, t)cB2,0(~k − ~q, t) + q−X−~q(t)ξ~qc

†
B2,0(~k, t)cA1,0(~k + ~q, t)

]
(5.23)

ω
′

R =
1

m2ω

e2

c2
k2|Ac(0)|2 +

1

8m2ω

e4

c4
|Ac(0)|4

Using Hamiltonian Eq. (5.23) and performing a similar calculation described in

previous sections, we can write the imaginary part of self energy, which gives the

scattering rate or dephasing rate, as follows

Γk,R =
πg2

3

2L2

∑
~q

q2
α~k α~k+~q ξ

2
~q Ω~k

Ω~k+~q ω
2
~q

δ(−Ω~k + Ω~k+~q + ω~q) (5.24)

After solving integration over ~q straightforwardly, we obtain a compact form of
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Figure 5.6: This plot shows variation of Γk,R versus |k| (in arbitrary units)
for the case of flexural phonons in bilayer graphene. For plotting purposes we

have chosen kth = 1 in arbitrary units.

Γk,R as given below

Γk,R ∝ (k − kth)2 Θ (k − kth) (5.25)

c©Indian Institute of Technology Guwahati

TH-1429_10612106



Chapter 5. Phonon assisted damping of ROs in Graphene Systems 133

where kth =
mω

∣∣∣∣2√ γ
ρ0

∣∣∣∣
8ωR

is the threshold value of electron wave number. It is clear

from Eq. (5.25) Γk,R is non-zero whenever k > kth. Integration over q in Eq.

(5.24) is done for long wavelength phonons, where the dispersion relation is linear,

ωq =
√

γ
ρ0
q. It is clear from Fig. 5.6 that scattering rate shows a threshold

behaviour with respect to electron wave number. Γk,R > 0 for k > kth, and zero

otherwise. It means the flexural phonons are also ineffective in dephasing AROs

near the Dirac point. Flexural phonons are important in daphasing of AROs only

far from the Dirac point.

5.4 Summary and conclusions

This section summarizes the results obtained in the present chapter. In this chap-

ter, we studied the effect of electron-phonon interaction on AROs in graphene-

based systems. It is found that electron-phonon interaction does not play a major

role in dephasing of AROs near Dirac point while these oscillations are damped

far from Dirac point in presence of electron-phonon interaction.

This chapter describes the effect of electron-phonon interaction on AROs via three

types of phonons- optical, acoustic and flexural. The effect of electron-optical

phonon interaction on AROs is studied in Sec.5.1. This is done by calculating the

scattering rate or dephasing rate which is the imaginary part of the self-energy.

The self energy is calculated with the help of Dyson equation. In case of bilayer

graphene, the electron-optical phonon interaction shows a constant dephasing of

AROs, it is independent of electron wave vector. While, the effect of electron-

optical phonon interaction on AROs in monolayer graphene is very dramatic than

bilayer graphene. In monolayer graphene, AROs show a damping phenomenon far

from the Dirac point in presence of electron-optical phonon interaction. However,

these oscillations remain unaffected near the Dirac point. The damping of AROs

by electron-optical phonon interaction in monolayer graphene is pictorially shown

in Fig. 5.2. There are huge number of Rabi cycles present near the Dirac point

in monolayer graphene (Fig. 5.3). This signifies that near Dirac point AROs

are not damped. As the value of wave vector increases number of Rabi cycles

decreases rapidly. Further increase in electron wave number the Rabi cycles are

not affected. This tells that AROs are not going to be destroyed completely by

means of electron-optical phonon interaction in monolayer graphene.
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The above study shows the damping of AROs in presence of electron-optical

phonon interaction in monolayer and bilayer graphene. We have also studied the

effect of electron-acoustic phonon interaction on AROs. In this study, we follow

a similar strategy to calculate the self energy of the system. From the self energy

expression we extract the imaginary part which is the scattering rate or dephasing

rate. It is given in Eq. (5.15). A schematic numerical plot of this equation is

pictorially shown in Fig. 5.4. It is clear from figure that the dephasing rate is

zero for some minimum value of electron wave number and afterwards increases

slowly. This minimum value of electron wave number is kmin = 0.01134, calcu-

lated numerically. The dephasing rate is zero below kmin. A similar calculation in

monolayer has also been done. This study is also able to show that AROs are not

damped near Dirac point whereas the electron-acoustic phonon interaction plays

an important role in dephasing of AROs far from Dirac point. This is pictorially

shown in Fig. 5.5.

The above discussion shows the effect of electron phonon, optical and acoustic,

interaction on AROs in monolayer and bilayer graphene. The last section, Sec.5.3,

in the present chapter describes the effect of electron-flexural phonon interaction

on AROs in bilayer graphene. Deformation potential in the layer or between the

layers causes the flexural phonons. To describe the damping phenomenon of AROs

in bilayer graphene in presence of gauge field induced flexural phonons, we follow

a similar method described in Secs.5.1 and 5.2 and calculate the imaginary part

of the self-energy to obtain a compact formula of scattering rate or dephasing

rate. A numerical plot of scattering rate with respect to electron wave number

is shown in Fig. 5.6. It is clear from figure that the scattering rate shows a

threshold behaviour with electron wave number. It has a finite value for k > kth

and is zero otherwise. The exponent at threshold is computed to be equal to 2.

Therefore, like optical and acoustic phonons, flexural phonons are also ineffective

in dephasing AROs near Dirac point. Similar to optical and acoustic phonons,

flexural phonons are also plays an important role in dephasing of AROs far from

Dirac point. Like optical and acoustic phonons, the scattering rate in flexural

phonons show a threshold behaviour in momentum. The threshold value of the

momentum varies inversely with the intensity of the applied field at a fixed value

of frequency of the applied field.

The detailed calculation of this chapter has been taken from Ref.[242].
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Chapter 6

Summary and outlook

As the title of the thesis itself suggests, the work presented is based on the study

of optical properties of two dimensional carbon materials. There are various al-

lotropes of carbon that exit in the nature but all allotropes are three dimensional

like- graphite, diamond etc. Till 2004, it was believed that it is impossible to find

long range crystalline order in two dimensions, due to large thermodynamics fluc-

tuations in two dimensions. In 2004, Prof. Geim and Prof. Novoselov at University

of Manchester made it possible to synthesize the first two dimensional allotrope of

carbon material named graphene by ‘Scotch Tape Method’. They were awarded

with the Nobel prize in 2010 for their novel contribution to physics. Graphene is

defined as one atom thick, densely packed two dimensional flat carbon sheet in

which all carbon atoms are arranged in a hexagonal pattern forming a honeycomb

lattice. This newly discovered material shows very unusual physical properties

than other known materials in condensed matter, and has wide potential appli-

cations. There are various theoretical and experimental studies are available in

literature on this material. The study of optical properties of this material is one

of them. There are several theoretical and experimental studies that are ongo-

ing on the optical properties of this material. Nevertheless, the optical properties

of this particular material is less explored compared to electronic and transport

properties. Graphene derivatives like- bilayer graphene, few-layer graphene and

graphene nanoribbons etc, and these systems with support show very different

physical properties than graphene. They also emerge as their own research field

in condensed matter physics. After the inventional of world’s thinnest first two

dimensional material ‘graphene’, several attempts were made to prepare other two

dimensional materials as well.
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The optical studies of monolayer and bilayer graphene is the main focus of this

thesis. This thesis contains two parts- in the first part coherent optical study is

done in these systems, and the second part of the thesis describes the incoherent

optical study in the same systems. Among well-known optical phenomenon in

optics Rabi oscillations one of them. Coherent and incoherent Rabi oscillations

have already been discussed by a number of authors available in literature. All of

them used a well-known rotating wave approximation to describe Rabi oscillations

which is valid near resonance. Recently, the same phenomenon is also studied in

suspended monolayer graphene by one of the member in our group in the extreme

non-resonance case by invoking a new technique called ‘asymptotic’ rotating wave

approximation which is valid far from resonance. Using the method applied on

suspended monolayer graphene, we did a similar study (coherent ROs) in sus-

pended bilayer graphene and supported-graphene systems. The coherent ROs are

described in chapters after the introductory chapter of this thesis whereas penul-

timate chapter is devoted to describing incoherent ROs in monolayer and bilayer

graphene. Coherent and incoherent ROs in these systems are studied in presence

of an intense classical electromagnetic field. However, the electronic states of the

system considered are quantum in nature. Therefore, the phenomenon studied in

the present thesis is purely semiclassical.

In chapter 1, a historical background of these systems is given including theoretical

and experimental studies based on electronic and optical properties along with

corresponding references wherever needed. This also includes the literature survey

relevant to our work presented in this thesis.

In chapter 2, the system under study is suspended AB-stacked bilayer graphene

which is taken to be intrinsic without any defects or disorders. Bilayer graphene

can be modeled as stacking of two monolayer one on the top of the other in

AB-stacking. The system under study in this chapter is exposed to a plane elec-

tromagnetic field which is propagating perpendicular to the plane of graphene

system under consideration. The Bloch equations of the system under study are

derived using Heisenberg’s equation of motion and simple anti-commutator alge-

bra for fermions. These coupled differential equations are solved in two different

regions of interest- resonance and extreme non-resonance. The main focus of this

chapter is to study the behaviour of AROs in extreme non-resonance. The AROs

are studied using asymptotic rotating wave approximation. This method is valid

only when the frequency of the external applied field is very large compared to the
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other frequencies involved in the problem under consideration. We have shown

that ROs in bilayer graphene also show anomalous behaviour similar to single

layer graphene. This anomalous behaviour of ROs in extreme non-resonance is at-

tributable to the pseudospin degree of freedom of system possesses. We have also

calculated the experimentally measurable quantity current density in both cases-

resonance as well as extreme non-resonance. It is found that current density in ex-

treme non-resonance case show a threshold behaviour in frequency domain. The

exponent at threshold is different to the one calculated in monolayer graphene.

The frequency at threshold varies parabolically with the intensity of the applied

field whereas in monolayer graphene it is linear with intensity. The current density

in time domain shows a power law decay which is quite different from monolayer

graphene. As the number of layers increases, multi-layer graphene shows multiple

harmonic resonance whereas there is only single anomalous resonance present in

these systems. Except solving the Bloch equations analytically, these equations

are also solved numerically using NDSolve routine of Mathematica. The results

obtained analytically are in full agreement with the results obtained by numerical

approach. At the end of this chapter, we have also described the same phenomenon

in n-layer graphene which is nothing but the generalization of ideas applied on bi-

layer graphene. The results obtained in multi-layer graphene are able to reproduce

the results of monolayer, bilayer, tri-layer graphene and so on.

Chapter 2 describes the phenomenon of AROs in freely suspended graphene bilayer

which is not supposed to have any disorder effects due to the presence of substrate

material. The natural question now arises that what will be effect on these os-

cillations when these systems are placed on substrate material. Therefore, the

study of Chapter 2 is extended to the graphene-substrate graphene systems. This

is presented in Chapter 3. In presence of substrate a mass term exists which is re-

sponsible of opening a gap in the electronic spectrum of these systems. It is found

that gapped monolayer and bilayer graphene (asymmetric monolayer graphene)

show Rabi-like oscillations even in presence of vanishingly small applied fields less

than the gap parameter. These oscillations are called ‘offset’ oscillations. The fre-

quency of these oscillations may be identified with the gap parameter. In presence

of inter-layer asymmetry in bilayer graphene, anomalous Rabi frequency shows a

minimum value with respect to intensity of the applied field- a feature absent in

monolayer and also in bilayer graphene. Conventional Rabi oscillations in these

systems are almost not affected in presence of asymmetry parameter. Current
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density in substrate-graphene systems show a threshold behaviour even for van-

ishingly small applied fields which can be identified with gap parameter. The

threshold frequency in presence of gap parameter is increased by an amount equal

to the gap parameter. The effect of different types of substrates on AROs is also

addressed in this chapter.

Chapters 2 and 3 describe AROs in perfectly AB-stacked bilayer graphene ex-

cluding any direct hopping between the layers. The carries in bilayer graphene

can also make a direct inter-layer hopping between two layers. This weak direct

hopping parameter defined by γ3. The perfect AB-stacking of bilayer graphene

is very difficult to find in practical life. These two layers may be twisted relative

to each other. This twisting is also called the stacking defect. These two issues

are also addressed in chapter 4 in more detail. In presence of trigonal warping,

anomalous Rabi frequency (ARF) at Dirac point goes through a zero non-trivial

minimum in addition to a zero trivial minimum. This zero non-trivial minimum

is attributable to the trigonal warping term due to weak direct coupling parame-

ter γ3. This zero non-trivial minimum in ARF appears at a value of the applied

field which corresponds to the value of the momentum where the leg pocket of the

Fermi surfaces develops. The threshold value of experimentally measured quantity

current density show shift towards a smaller value. Conventional Rabi frequencies

in presence of trigonal warping preserve their same form as without trigonal. At

the end of this chapter, we mentioned the effect of twisting on AROs in bilayer

graphene which is, of course, absent in monolayer graphene. In twisted bilayer

graphene it is shown that AROs are significantly affected whereas conventional

Rabi oscillations are not affected significantly in presence of relative small twist

between the layers. The effect of twisting on AROs is observable only for weak

applied electric fields.

Chapters 2, 3 and 4 describe the phenomenon of AROs in absence of relaxation

term. The relaxation is responsible for the dephasing of AROs. It means, so

far, coherent AROs are described in graphene based systems. One may ask a

question how are these oscillations affected in presence of relaxation term. This

issue is addressed in chapter 5. We wish to study the dephasing of AROs in

monolayer and bilayer graphene by means of electron-phonon (optical, acoustic

and flexural phonons) interaction. The study of dephasing of AROs in these

systems can be done by calculating the dephasing rate which is the imaginary part

of the self-energy. The self energy is calculated with the help of Dyson equation.
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It is found that electron-optical phonon interaction in bilayer graphene show a

constant dephasing of AROs whereas in monolayer graphene, AROs are damped

far from the Dirac point while they are undamped near the Dirac point. It means

electron-optical phonon interaction in monolayer graphene plays an important role

in dephasing of AROs only far from the Dirac point. Similar study is also done

in these systems in presence of electron-acoustic phonon interaction. It is seen

that acoustic phonons in these systems too are ineffective in dephasing of AROs

near the Dirac point, these are important only far away from the Dirac point.

Even flexural phonons in bilayer graphene are not dephasing AROs near the Dirac

point, these are significant only far from the Dirac point. In this way, we have

seen that electron-phonon interaction in these systems are not capable to dephase

the AROs near the Dirac point while these are significant only far from the Dirac

point.

This study further can be extended to other similar materials such as Topolog-

ical insulators (TI), Weyl semimetals, nanotubes and graphene nanoribbons etc.

The other optical properties to be studied are- four-wave mixing, photon echo

and optical Stark effect. The work presented in this thesis excludes the carrier-

carrier interaction (Coulomb interaction), screening effects. These are the future

directions of the research work.

c©Indian Institute of Technology Guwahati

TH-1429_10612106



TH-1429_10612106



Appendix A

Detailed calculations of chapter 2

A.1 Calculation of equilibrium values of polar-

ization and population

This section describes how can we calculate the equilibrium values of polarization

and population using mean field approximation as we argued in chapter 2. In

second quantization, the Hamiltonian of bilayer graphene in absence of external

applied field is

H = − 1

2m

∑
~p

[
c†A1(~p)p2

− cB2(~p) + c†B2(~p)p2
+ cA1(~p)

]
(A.1)

If we assume that our system is in grand canonical ensemble, the expectation value

of a general operator Ô can be defined as

〈O〉 =
Tr(e−β(H−µN)Ô)

Z
(A.2)

where, Z = Tr(e−β(H−µN)) is the grand canonical partition function, µ is the

chemical potential, β = 1/(KT ), T is temperature and N =
∑

~p(c
†
A1(~p)cA1(~p) +

c†B2(~p)cB2(~p)) is the number operator. We want to calculate the polarization den-

sity as well as population density. Using Eq. (A.2), the expectation value of the

density operator (polarization and population) can be defined as follows,

〈c†s(~p)cs′(~p)〉 =
Tr(e−β(H−µN)c†s(~p)cs′(~p))

Z
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〈c†s(~p)cs′(~p)〉 =
Tr(cs′(~p)e

−β(H−µN)c†s(~p))

Z

〈c†s(~p)cs′(~p)〉 =
Tr(e−β(H−µN) f(β, s′) c†s(~p))

Z
(A.3)

where s and s
′

stands for two sublattice sites A1 and B2 and vice-versa. In above

equation, we use the cyclic property of trace i. e. Tr(ABC..) = Tr(CAB..) =

Tr(BAC..) and we defined

f(β, s′) = eβ(H−µN)cs′(~p)e
−β(H−µN)

The equation of motion of above quantity is

∂f(β, s′)

∂β
= eβ(H−µN)[(H − µN), cs′(~p)]e

−β(H−µN)

Using the anti-commutator algebra of composite fermions, we easily can write the

equations of motion for ‘f ′ on two sublattices A1 and B2 with the help of above

equation as follows,

∂f(β,A1)

∂β
= eβ(H−µN)

(
p2
−

2m
cB2(~p) + µcA1(~p)

)
e−β(H−µN)

∂f(β,B2)

∂β
= eβ(H−µN)

(
p2

+

2m
cA1(~p) + µcB2(~p)

)
e−β(H−µN)

Using the definition of f , the above equations can be written into two coupled

linear differential equation as given below,

∂f(β,A1)

∂β
=
p2
−

2m
f(β,B2) + µf(β,A1)

∂f(β,B2)

∂β
=
p2

+

2m
f(β,A1) + µf(β,B2)

These coupled linear differential equations may be solved using DSolve routine of

Mathematica. The solution of these coupled differential equations comes out to

be,

f(β,A1) = c1e
βµCosh[β

p2

2m
] + c2

p2

p2
+

eβµSinh[β
p2

2m
]

f(β,B2) = c2e
βµCosh[β

p2

2m
] + c1

p2

p2
−
eβµSinh[β

p2

2m
]
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where c1 and c2 are constants. These constants can be calculated with initial

condition assuming that temperature is very high so that β → 0. It gives,

f(0, A1) = c1 f(0, B2) = c2

f(0, s′) = cs′(~p)⇒ f(0, A1) = cA1(~p) = c1 and f(0, B2) = cB2(~p) = c2

f(β,A1) = cA1(~p)eβµCosh[β
p2

2m
] + cB2(~p)

p2

p2
+

eβµSinh[β
p2

2m
]

f(β,B2) = cB2(~p)eβµCosh[β
p2

2m
] + cA1(~p)

p2

p2
−
eβµSinh[β

p2

2m
]

f(β,A1) = eβµ
(
cA1(~p)Cosh[β

p2

2m
] + cB2(~p)

p2

p2
+

Sinh[β
p2

2m
]

)
f(β,B2) = eβµ

(
cB2(~p)Cosh[β

p2

2m
] + cA1(~p)

p2

p2
−
Sinh[β

p2

2m
]

) (A.4)

Equation (A.3) can be written in the form of two sublattice sites A1 and B2 by

expanding one of two indices as folows,

〈c†s(~p)cA1(~p)〉 =
Tr(e−β(H−µN) f(β,A1) c†s(~p))

Z

〈c†s(~p)cB2(~p)〉 =
Tr(e−β(H−µN) f(β,B2) c†s(~p))

Z

(A.5)

Inserting Eq. (A.4) in to Eq. (A.5), we can obtain

〈c†s(~p)cA1(~p)〉 =
Tr
(
e−β(H−µN)eβµ(cA1(~p)Cosh[β p2

2m
] + cB2(~p) p

2

p2
+
Sinh[β p2

2m
])c†s(~p)

)
Z

〈c†s(~p)cB2(~p)〉 =
Tr
(
e−β(H−µN)eβµ(cB2(~p)Cosh[β p2

2m
] + cA1(~p) p

2

p2
−
Sinh[β p2

2m
])c†s(~p)

)
Z

Using Eq. (A.2), the above coupled equations can be written as

〈c†s(~p)cA1(~p)〉 = eβµ
(
〈cA1(~p)c†s(~p)〉Cosh[β

p2

2m
] +

p2

p2
+

〈cB2(~p)c†s(~p)〉Sinh[β
p2

2m
]

)

〈c†s(~p)cB2(~p)〉 = eβµ
(
〈cB2(~p)c†s(~p)〉Cosh[β

p2

2m
] +

p2

p2
−
〈cA1(~p)c†s(~p)〉Sinh[β

p2

2m
]

)
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The quantity on right hand side in above equations can also be written in the

following using anti-commutation relations

〈cA1(~p)c†s(~p)〉 = δs,A1 − 〈c†s(~p)cA1(~p)〉

〈cB2(~p)c†s(~p)〉 = δs,B2 − 〈c†s(~p)cB2(~p)〉

Inserting above equations into preceding equations and solving these two coupled

simultaneous equations using Solve routine of Mathematica, we obtain

〈c†s(~p)cA1(~p)〉 = δs,A1 +
p2
−(δs,B2e

βµp2Sinh[β p2

2m
]− δs,A1(1 + eβµCosh[β p2

2m
])p2

+)

−e2βµp4Sinh[β p2

2m
]2 + (1 + eβµCosh[β p2

2m
])2p2

−p
2
+

Further simplification of the above equation gives,

〈c†s(~p)cA1(~p)〉 = δs,A1 +
δs,B2

p2
−
p2 Sinh[β p2

2m
]− δs,A1e

−βµ − δs,A1Cosh[β p2

2m
]

eβµ + e−βµ + 2Cosh[β p2

2m
]

For equilibrium zero temperature distribution, β → 0, the above equation reduces

to

〈c†s(~p)cA1(~p)〉 = δs,A1 +

1
2
(δs,B2

p2
−
p2 − δs,A1)

1 + e−β( p
2

2m
−µ)

(A.6)

Similarly, we can obtain,

〈c†s(~p)cB2(~p)〉 = δs,B2 +

1
2
(δs,A1

p2
+

p2 − δs,B2)

1 + e−β( p
2

2m
−µ)

(A.7)

If the energy of the system is greater than the chemical potential
(
|p|2
2m

> µ
)

, Eqs.

(A.6) and (A.7) gives

〈c†s(~p)cA1(~p)〉 =
1

2

(
δs,A1 + δs,B2

p2
−

p2

)
; 〈c†s(~p)cB2(~p)〉 =

1

2

(
δs,B2 + δs,A1

p2
+

p2

)

If the energy of the system is less than the chemical potential
(
|p|2
2m

< µ
)

, Eqs.

(A.6) and (A.7) gives

〈c†s(~p)cA1(~p)〉 = δs,A1; 〈c†s(~p)cB2(~p)〉 = δs,B2
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Therefore, the equlibrium zero temperature distributions comes out to be

〈c†s(~p)cA1(~p)〉 = Θ

(
p2

2m
− µ

)
1

2

(
δs,A1 + δs,B2

p2
−

p2

)
+ Θ

(
µ− p2

2m

)
δs,A1 (A.8)

〈c†s(~p)cB2(~p)〉 = Θ

(
p2

2m
− µ

)
1

2

(
δs,B2 + δs,A1

p2
+

p2

)
+ Θ

(
µ− p2

2m

)
δs,B2 (A.9)

Equations (A.8) and (A.9) gives the equilibrium temperature distribution of po-

larization and population densities.

A.2 Formulae used to plot Fig. 2.1

This section describes the analytical expressions used to generate the central result

of our work viz. Fig. 2.1. All the three parts of Fig. 2.1 are obtained through a

numerical solution of the nonlinear equation for the eigenfrequency (see our earlier

work [184]). In our earlier work, we showed that the plots are equally well given

by a simple smooth interpolation of subplots applicable in different regimes where

analytical expressions are possible. Here too we adopt the same strategy to obtain,

for single layer graphene (a):

ΩSLG

(
vF |k| <

ω

4

)
= 2

√
(vF |k|)2 +

ω4
R

ω2

ΩSLG

(ω
4
< vF |k|

)
=

√
(ω − 2vF |k|)2 + ω2

R

The conventional Rabi frequency is related to the fields in case of single layer

graphene through, ωR = vF | ec~σBA · ~A(0)|.
For BLG (b):

ΩBLG

(
|k|2

2m
<
ω

4

)
= 2

√√√√( |k|2
2m

)2

+

(
ω2
R + 8 |k|

2ωR
2m

)2

4ω2

ΩBLG

(
ω

4
<
|k|2

2m
<

3ω

4

)
=

√(
ω − 2

|k|2
2m

)2

+ 4
|k|2ωR

2m

ΩBLG

(
3ω

4
<
|k|2

2m

)
=

√(
2ω − 2

|k|2
2m

)2

+ ω2
R, ωR =

|A(0)|2

2m
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Finally for trilayer graphene (c):

ΩTLG

(
α|k|3 < ω

4

)
= 2

√(
ω
′
R

)2
+ α2|k3|2ω2

ω

ω
′

R =

(
9α2|k|4

(ωR
α

)2/3

+
9

2
α2|k|2

(ωR
α

)4/3

+
1

3
ω2
R

)
ΩTLG

(
ω

4
< α|k|3 < 3ω

4

)
=

√
∆2 + 9ω

2/3
R (α|k|3)4/3

ΩTLG

(
3ω

4
< α|k|3 < 5ω

4

)
=

√
∆2 + 9ω

4/3
R (α|k|3)2/3

ΩTLG

(
5ω

4
< α|k|3

)
=
√

∆2 + ω2
R, ωR =

v3
0

γ2
1

|A(0)|3

where ∆ = (νω − 2α|k|3). ν = 1, 2, 3 for first, second and third harmonic reso-

nance, respectively. These formulae clearly show the harmonic resonances associ-

ated with conventional Rabi oscillations.

A.3 Calculation of current density in bilayer gra-

phene

The low-energy Hamiltonian of bilayer graphene in second quantization in absence

of external applied electric field, in spatial co-ordinates, can be written as follows

H =
−1

2m

∫
d2~r′

(
ψ†A1(~r′, t)p

′2

−ψB2(~r′, t) + ψ†B2(~r′, t)p
′2

+ψA1(~r′, t)
)

The charge density in two sublattice site A1 and B2 in bilayer graphene is defined

as follows,

ρ(~r, t) = ψ†A1(~r, t)ψA1(~r, t) + ψ†B2(~r, t)ψB2(~r, t)

To calculate the current density in bilayer graphene we make the use of continuity

equation

~∇ · ~J(~r, t) = −∂ρ(~r, t)

∂t
,

and Heisenberg’s equation of motion which states that

∂Â

∂t
= − i

~

[
Â,H

]
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Now we are going to calculate the commutation relation between current density

and Hamiltonian of bilayer graphene, this can be written as follows,

[ρ(~r, t), H] = [ψ†A1(~r, t)ψA1(~r, t),
−1

2m

∫
ψ†A1(~r′, t)p

′2

−ψB2(~r′, t)d2~r′]

+ [ψ†B2(~r, t)ψB2(~r, t),
−1

2m

∫
ψ†A1(~r′, t)p

′2

−ψB2(~r′, t)d2~r′]

+ [ψ†A1(~r, t)ψA1(~r, t),
−1

2m

∫
ψ†B2(~r′, t)p

′2

+ψA1(~r′, t)d2~r′]

+ [ψ†B2(~r, t)ψB2(~r, t),
−1

2m

∫
ψ†B2(~r′, t)p

′2

+ψA1(~r′, t)d2~r′]

(A.10)

Therefore,

[ρ(~r, t), H] = − 1

2m
[ψ†A1(~r, t)p2

−ψB2(~r, t)− p′2+ψ
†
B2(~r, t)ψA1(~r, t)]

− 1

2m
[−p2

−ψ
†
A1(~r, t)ψB2(~r, t) + ψ†B2(~r, t)p2

+ψA1(~r, t)]

we can write,

ψ†A1(~r, t)p2
−ψB2(~r, t) = p−(ψ†A1(~r, t)(p−ψB2(~r, t)))− (p−ψ

†
A1(~r, t))(p−ψB2(~r, t))

Applying similar process on the other three terms also, we can write

[ρ(~r, t), H] =
−1

2m
[p−Q− + p+Q+] (A.11)

where,

Q− = ψ†A1(~r, t)p−ψB2(~r, t)− p−ψ†A1(~r, t)ψB2(~r, t)

Q+ = ψ†B2(~r, t)p+ψA1(~r, t)− p+ψ
†
B2(~r, t)ψA1(~r, t)

Using continuity equation and Hiesenberg’s equation of motion, we can write

−i~∇ · ~J = [ρ(~r, t), H] = −i∂Jx
∂x
− i∂Jy

∂y

p+ = px + ipy = −i ∂
∂x

+
∂

∂y

Similarly,

p− = px − ipy = −i ∂
∂x
− ∂

∂y

Therefore,

p+ + p− = −2i
∂

∂x
, p+ − p− = 2

∂

∂y

c©Indian Institute of Technology Guwahati

TH-1429_10612106



Appendix A. 148

Hence,

[ρ(~r, t), H] =
p+ + p−

2
Jx +

p+ − p−
2i

Jy (A.12)

Therefore from Eqs. (A.11) and (A.12),

−1

2m
[p−Q− + p+Q+] =

p+ + p−
2

Jx +
p+ − p−

2i
Jy

Now comparing the co-efficient of p+ and p−, we will end up with,

Jx − iJy = −Q+

m
, Jx + iJy = −Q−

m

From the above equation we can write the expression for Jx and Jy

Jx =
−1

2m
[Q+ +Q−], Jy =

i

2m
[−Q+ +Q−]

Therefore, the expression for current density in spatial co-ordinates comes out to

be equal to

~J(~r, t) = − 1

2m

[
ψ†B2(~r, t)p+ψA1(~r, t)− p+ψ

†
B2(~r, t)ψA1(~r, t)

+ ψ†A1(~r, t)p−ψB2(~r, t)− p−ψ†A1(~r, t)ψB2(~r, t)
]̂
i

+
i

2m

[
− ψ†B2(~r, t)p+ψA1(~r, t) + p+ψ

†
B2(~r, t)ψA1(~r, t)

+ ψ†A1(~r, t)p−ψB2(~r, t)− p−ψ†A1(~r, t)ψB2(~r, t)
]
ĵ

Applying the Fourier transform to get the expression for current density in Fourier

space (momentum space)

ψA1(B2)(~r, t) =
1√
Ar

∑
k

e−i
~k·~rcA1(B2)(~r, t)

p+ψA1(B2)(~r, t) = −i 1√
Ar

∑
k

ik+e
i~k·~rcA1(B2)(~r, t)

Therefore, the expectation value of current density can be written as,

〈 ~J(t)〉 = − 1

2m

1

Ar

∑
~k

[2k+p
∗(~k, t) + 2k−p(~k, t)]̂i

+
i

2m

1

Ar

∑
~k

[−2k+p
∗(~k, t) + 2k−p(~k, t)]ĵ

(A.13)
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In presence of external applied electric field, the current density in bilayer graphene

is given by the following equation

〈 ~J(t)〉 = − 1

mAr

∑
~k

[
(zk − A∗(t))p(~k, t) + (z∗k − A(t))p∗(~k, t)

]
î

+ i
1

mAr

∑
~k

[
(zk − A∗(t))p(~k, t)− (z∗k − A(t))p∗(~k, t)

]
ĵ

(A.14)

A.4 Details of numerical solution of Bloch equa-

tions, Sec. 2.4

In the numerical solution of Bloch equations, we have used NDSolve routine of

Mathematica to generate the plots. According to the user manual of Mathematica,

it uses ‘Non-stiff Adams method or a Stiff Gear backward differentiation formula’.

The Mathematica program is given below,

The Bloch equations are

Eq1 := ID[p[t], t] == −
[
k+√
2m
− A(0)e−iωt√

2m

]2

nd[t]

Eq2 := ID[ps[t], t] ==

[
k−√
2m
− A∗(0)eiωt√

2m

]2

nd[t]

Eq3 := ID[nd[t], t] == − 2

[
k−√
2m
− A∗(0)eiωt√

2m

]2

p[t]

+ 2

[
k+√
2m
− A(0)e−iωt√

2m

]2

ps[t]

For plotting purpose, we have chosen the value of parameters in RWA and ARWA

case, respectively, as tabulated below:

RWA case: ω = 2 |k|
2

2m
ARWA case: ω � 2 |k|

2

2m
k±√
2m

= 10 k±√
2m

= 0
A(0)√

2m
= 1 = A∗(0)√

2m

A(0)√
2m

= 10 = A∗(0)√
2m

ω = 200 ω = 2000
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NDSolve routine is used as follows,

Input:

s = NDSolve[{Eq1, Eq2, Eq3, nd[0] == 0, p[0] == −1/2, ps[0] == −1/2},

{nd, p, ps}, {t, 0, 500},MaxSteps→ 10000000]

Output:

{{nd→ InterpolatingFunction[{{0.0, 500.0}}, <>],

p→ InterpolatingFunction[{{0.0, 500.0}}, <>],

ps→ InterpolatingFunction[{{0.0, 500.0}}, <>]}}

Then, we generate plots of nd and p using ‘Plot’ command of Mathematica as

given below,

Plot[Re[nd[t]]/.s, { t, 0, 1 }, PlotRange→All, Frame→True, FrameLable→{“t”,

“Population, ndiff [k, t]”}, PlotStyle→{Red, Thickness[0.008]}, LableStyle→Directive[Bold,

Black, FontSize→15]]

Plot[Evaluate[Re[p[t]]/.s], { t, 0, 1 }, PlotRange→All, Frame→True, FrameLable→{“t”,

“Polarization, p[k, t]”}, PlotStyle→{Red, Thickness[0.008]}, LableStyle→Directive[Bold,

Black, FontSize→15]]
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Detailed calculations of chapter 5

B.1 Electron-optical phonon Hamiltonian

The phonons are characterized by the relative atomic displacement from their

equilibrium positions. The relative displacement of two sublattice atoms in bilayer

graphene can be written as

u(~r) =
∑
~q,ν

√
~

4NMω0

(b~q,ν + b†−~q,ν)eν(~q)e
i~q·~r (B.1)

The meaning of the symbols used are described in corresponding chapter. where,

el(~q) = i(Cosφ(~q), Sinφ(~q)), et(~q) = i(−Sinφ(~q), Cosφ(~q))

The electron-optical phonon interacting Hamiltonian [226] at one of the Dirac

point is given by

He−oph = −
√

2
βγ

b2
(~σ × u(~r)) = −

√
2
βγ

b2
[σxuy(~r)− σyux(~r)] (B.2)

where

σxuy(~r) =

(
0 1

1 0

)
×
∑
~q,ν

√
~

4NMω0

(b~q,ν + b†−~q,ν)(i
qy
q

)ei~q·~r

σyux(~r) =

(
0 −i
i 0

)
×
∑
~q,ν

√
~

4NMω0

(b~q,ν + b†−~q,ν)(i
qx
q

)ei~q·~r
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The symmetry between transverse and longitudinal mode of phonons is not de-

stroyed due to equal charge distribution between A and B sublattices and the

isotropic nature in the long-wavelength limit. Therefore, we can omit the sub-

script ν in the present discussion. Inserting these into Eq. (B.2), we obtain

He−oph = −
√

2
βγ

b2

∑
~q

√
~

4NMω0

(b~q + b†−~q)

(
0 − q−

q
q+
q

0

)
ei~q·~r (B.3)

In continuum limit, the Hamiltonian Eq. (B.3) can be written as

He−oph = −
√

2
βγ

b2

∫
d~rψ†(~r)

∑
~q

√
~

4NMω0

(b~q + b†−~q)

(
0 − q−

q
q+
q

0

)
ei~q·~rψ(~r)

(B.4)

where, ψ is an eigenfunction of Hamiltonian and it can be written in terms of the

eigenfunctions of two atomic sites A1 and B2 as follows,

ψ(~r) =
1

L

∑
~k′

(
cA(~k

′
)

cB(~k
′
)

)
ei
~k
′ ·~r

Inserting ψ in Eq. (B.4) and doing further simplification, Eq. (B.4) reduces to

He−oph = −
√

2
βγ

b2

1

L2

∑
~k,~k′ ,~q

√
~

4NMω0

(b~q + b†−~q)

×
∫
d~r ·
[
c†B(~k

′
) q+|~q| cA(~k)− c†A(~k

′
) q−|~q| cB(~k)

]
ei(

~k−~k′+~q)·~r

Using the definition of Delta function,

δ~k−~k′+~q,0 =
1

L2

∫
d~r ei(

~k−~k′+~q)·~r,

the above equation can be written as

He−oph = χ
∑
~k,~q

[
X~q c

†
A(~k)

q−
|~q|

cB(~k − ~q) + h.c.

]

χ =
√

2
βγ

b2

√
~

4NMω0

, X~q = b~q + b†−~q

This is the electron-optical phonon Hamiltonian, we used it in calculation in Sec.

5.1 of chapter 5.
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B.2 Extraction of slow part of Hamiltonian

Here, we give the detailed calculation to obtain the slow part of Hamiltonian Eq.

(5.8) from full Hamiltonian Eq. (5.6), used in Sec. 5.1. The Hamiltonian Eq.

(5.6) is,

Hfull = − 1

2m

∑
~k

[
c†A1(~k, t)(k− − A(t))2cB2(~k, t) + c†B2(~k, t)(k+ − A∗(t))2cA1(~k, t)

]

+χ
∑
~k,~q

[
X~q(t)

q−
|~q|
c†A(~k, t)cB(~k − ~q, t) +X−~q(t)

q+

|~q|
c†B(~k, t)cA(~k + ~q, t)

]

+
∑
~q

ω0

(
b†~qb~q +

1

2

)
(B.5)

We can write Hamiltonian Eq. (B.5) and wave function in ‘slow’ as well as ‘fast’

harmonic terms.

H =
∑

m=0,±1,....

Hm e−imωt, ψ =
∑

n=0,±1,....

ψn e
−inωt (B.6)

Using Heisenberg equation of motion we can write the equation of motion for ψ

as,

i∂tψ0 +
∑

n=±1,±2,...

e−inωtψn =

[
ψ0 +

∑
n=±1,±2,...

e−inωtψn, H0 +
∑

m=±1,±2,...

e−imωtHm

]

= [ψ0, H0] +
∑

n=±1,±2,...

[
ψ0, e

−imωtHm

]
+

∑
n=±1,±2,...

e−inωt [ψn, H0]

+
∑

n=±1,±2,...

e−i(n+m)ωt [ψn, Hm]

Comparing the coefficients of same exponential powers from both sides. The co-

efficients of ei0t is

i∂tψ0 =
∑

n=0,±1,±2,...

[ψn, H−n]

Similarly we can collect the coefficients of e±iωt and e±2iωt, and solving them as-

suming that the external driving frequency is very large. This assumption allows

us to neglect the terms containing 1/ω2 in comparison to the terms containing
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1/ω. This simplification gives us,

ψ1 =
[ψ0, H1]

ω
, ψ−1 = − [ψ0, H−1]

ω

ψ2 =
[ψ0, H2]

2ω
, ψ−2 = − [ψ0, H−2]

2ω

(B.7)

Therefore, the equation of motion of ψ0 comes out to be

i∂tψ0 =
∑

n=0,±1,±2,...

[ψn, H−n]

i∂tψ0 = [ψ0, H0] + [ψ1, H−1] + [ψ−1, H1] + [ψ2, H−2] + [ψ−2, H2] (B.8)

Inserting the vales of ψ′s in above equation, we will obtain a equation of motion

of ψ0 which is fully in terms of ψ0. This is,

i∂tψ0 = [ψ0, H0] +
1

ω
[[ψ0, H1], H−1]− 1

ω
[[ψ0, H−1], H1]

+
1

2ω
[[ψ0, H2], H−2]− 1

2ω
[[ψ0, H−2], H2]

This way, we get rid off from the fast varying coefficients in wavefunction. The

remaining is how to get rid off from the fast coefficients of Hamiltonian. This is

explained below:

The interacting part of Hamiltonian Eq. (B.5) has no harmonics in external driving

field. Therefore, our focus will only be on the rest part of the Hamiltonian. The

bilayer graphene Hamiltonian without electron-phonon interaction is given by,

H = − 1

2m

∑
~k

[
c†A1(~k, t)(k2

− + (−e
c
A(0))2e−2iωt + 2k−(−e

c
A(0))e−iωt)cB2(~k, t)

]

− 1

2m

∑
~k

[
c†B2(~k, t)(k2

+ + (−e
c
A∗(0))2e2iωt + 2k+(−e

c
A∗(0))eiωt)cA1(~k, t)

]
(B.9)

Now decomposing the creation and annihilation operators in slow and fast terms

as follows,

c = c0 + c+1e
−iωt + c−1e

iωt + c+2e
−2iωt + c−2e

2iωt

c† = c0 + c†+1e
iωt + c†−1e

−iωt + c†+2e
2iωt + c†−2e

−2iωt
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Inserting these equations in Eq. (B.9) and comparing the same exponential powers

from both sides. The term of ei0t:

H0 = −
∑
~k

k2
−

2m

(
c†A1,0cB2,0 + c†A1,+1cB2,+1 + c†A1,−1cB2,−1 + c†A1,+2cB2,+2 + c†A1,−2cB2,−2

)

− 1

2m

∑
~k

(−e
c
A(0))2

(
c†A1,0cB2,−2 + c†A1,+1cB2,−1 + c†A1,+2cB2,0

)

−
∑
~k

2k−(− e
c
A(0))

2m

(
c†A1,0cB2,−1 + c†A1,+1cB2,0 + c†A1,−1cB2,−2 + c†A1,+2cB2,+1

)

− 1

2m

∑
~k

k2
+

(
c†B2,0cA1,0 + c†B2,+1cA1,+1 + c†B2,−1cA1,−1 + c†B2,+2cA1,+2 + c†B2,−2cA1,−2

)

− 1

2m

∑
~k

(−e
c
A∗(0))2

(
c†B2,0cA1,+2 + c†B2,−1cA1,+1 + c†B2,−2cA1,0

)

− 1

2m

∑
~k

2k+(−e
c
A∗(0))

(
c†B2,0cA1,+1 + c†B2,+1cA1,+2 + c†B2,−1cA1,0 + c†B2,−2cA1,−1

)
Similarly the coefficients of e∓iωt and e∓2iωt are H±1 and H±2, respectively, and

given by,

H+1 = − 1

2m

∑
~k

2k−

(
−e
c
A(0)

)
c†A1,0cB2,0, H−1 = H†+1

H+2 = − 1

2m

∑
~k

(
−e
c
A(0)

)2

c†A1,0cB2,0, H−2 = H†+2

(B.10)

Using Eq. (B.10) along with Eq. (B.7), we can calculate the various fast terms

contained in the expression of H0. Inserting these fast coefficients into the expres-

sion of H0, it comes out to be

H0 = − 1

2m

∑
~k

k2
−c
†
A1,0(~k, t)cB2,0(~k, t)− 1

2m

∑
~k

k2
+c
†
B2,0(~k, t)cA1,0(~k, t)

−
| e
c
A(0)|2

m2ω

∑
~k

|k|2c†A1,0(~k, t)cA1,0(~k, t) +
| e
c
A∗(0)|2

m2ω

∑
~k

|k|2c†B2,0(~k, t)cB2,0(~k, t)

−
| e
c
A(0)|4

8m2ω

∑
~k

c†A1,0(~k, t)cA1,0(~k, t) +
| e
c
A∗(0)|4

8m2ω

∑
~k

c†B2,0(~k, t)cB2,0(~k, t) (B.11)
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Equation (B.11) gives the slow part of Hamiltonain we used in calculation in

chapter 5.

B.3 Green’s function

This section describes how to calculate the Green’s function of bilayer graphene.

The full Green function is defined as

G = (1−G0Σ)−1 ·G0 (B.12)

where G0 is defined as

G0(~k, t− t′) = (−i)〈 T cb,0(~k, t)c†a,0(~k, t
′
) 〉0 (B.13)

The equations of motion of 〈 T cb,0(~k, t)c†a,0(~k, t
′
) 〉0 on two sublttice sites will be

of the form

i∂t〈 T cA1,0(~k, t)c†a,0(~k, t
′
) 〉0 = iδa,A1δ(t− t

′
)− 1

2m
k2
− 〈 T cB2,0(~k, t)c†a,0(~k, t

′
) 〉0

−
[

1

m2ω

e2

c
k2|Ac(0)|2 +

1

8m2ω

e4

c4
|Ac(0)|4

]
〈 T cA1,0(~k, t)c†a,0(~k, t

′
) 〉0

and,

i∂t〈 T cB2,0(~k, t)c†a,0(~k, t
′
) 〉0 = iδa,B2δ(t− t

′
)− 1

2m
k2

+ 〈 T cA1,0(~k, t)c†a,0(~k, t
′
) 〉0

+

[
k2

m2ω

e2

c2
|Ac(0)|2 +

1

8m2ω

e4

c4
|Ac(0)|4

]
〈 T cB2,0(~k, t)c†a,0(~k, t

′
) 〉0

Using the following fourier transform

〈 T ca,0(~k, t)c†b,0(~k, t
′
) 〉0 =

∑
n

ezn(t−t′ ) 〈 T ca,0(~k, n)c†b,0(~k, n) 〉0

the above two coupled equations turn into two coupled simultaneous linear equa-

tions. These equations may easily be solved using Solve routine of Mathematica,

this gives

〈 T cA1,0(~k, n)c†a,0(~k, n) 〉0 =
2m(2im(zn + iαk)δa,A1 − k2

−δa,B2)

(k4 + 4m2(z2
n + α2

k))β
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〈 T cB2,0(~k, n)c†a,0(~k, n) 〉0 =
2m(−k2

+δa,A1 + 2im(zn − iαk)δa,B2)

(k4 + 4m2(z2
n + α2

k))β

Therefore, the Green functions on two sublattice sites can easily be written using

Eq. (B.13),

G0,A1,a(~k, n) =
2m(2m(zn + iαk)δa,A1 + ik2

−δa,B2)

(k4 + 4m2(z2
n + α2

k))β

G0,B2,a(~k, n) =
2m(ik2

+δa,A1 + 2m(zn − iαk)δa,B2)

(k4 + 4m2(z2
n + α2

k))β

(B.14)

Therefore, G0 can be written as,

G0 =

(
GA1A1,0 GA1B2,0

GB2A1,0 GB2B2,0

)
=


2m(2m(zn+iαk))

(k4+4m2(z2
n+α2

k))β

2m(ik2
−)

(k4+4m2(z2
n+α2

k))β

2m(ik2
+)

(k4+4m2(z2
n+α2

k))β

2m(2m(zn−iαk))

(k4+4m2(z2
n+α2

k))β


(B.15)

G0Σ =


2m(2m(zn+iαk))

(k4+4m2(z2
n+α2

k))β

2m(ik2
−)

(k4+4m2(z2
n+α2

k))β

2m(ik2
+)

(k4+4m2(z2
n+α2

k))β

2m(2m(zn−iαk))

(k4+4m2(z2
n+α2

k))β


(

ΣA1A1 ΣA1B2

ΣB2A1 ΣB2B2

)

(1−G0Σ)−1 =
1

Denfull

×

 Den(Den− 2m(ik2+ΣA1B2 + 2m(zn − iαk)ΣB2B2)) (2m)Den(2m(zn + iαk)ΣA1B2 + ik2−ΣB2B2)

(2m)Den(ik2+ΣA1A1 + (2m)(zn − iαk)ΣB2A1) Den(Den− 2m(2m(zn + iαk)ΣA1A1 + ik2−ΣB2A1))



Denfull = Den2 + 4m2(k4 + 4m2(z2
n + α2

k))(−ΣA1B2ΣB2A1 + ΣA1A1ΣB2B2)

−2im Den(k2
+ΣA1B2 + k2

−ΣB2A1 + 2m(αk(ΣA1A1 −ΣB2B2)− izn(ΣA1A1 + ΣB2B2)))

Den = (k4 + 4m2(z2
n + α2

k))β

Therefore, the full Green function in Eq. (B.12) can be written as

G =
1

DenfullNew

( (
(2m)2(zn + iαk)

)
− (2m)2

β
ΣB2B2 (2m(ik2−)) +

(2m)2

β
ΣA1B2

(2m(ik2+)) +
(2m)2

β
ΣB2A1

(
(2m)2(zn − iαk)

)
− (2m)2

β
ΣA1A1

)

c©Indian Institute of Technology Guwahati

TH-1429_10612106



Appendix B. 158

DenfullNew = Den+
4m2

β
(−ΣA1B2ΣB2A1 + ΣA1A1ΣB2B2)

− 2im
[
k2

+ΣA1B2 + k2
−ΣB2A1 + 2m(αk(ΣA1A1 − ΣB2B2)− izn(ΣA1A1 + ΣB2B2))

]
(B.16)

B.4 Self-energy

−∞ ————–t4———–→———-t3———– +∞

−∞ ————–t1———–←———–t2———– +∞

t1 > t2, t1, t2 > t3, t4, t3 > t4

The time on bottom line is always greater than the time on top line.

The generalized one particle Green’s function is defined as

Gab(~k, t− t
′
) = (−i)〈T S ca(~k, t)c

†
b(
~k, t

′
)〉0

〈 TS 〉0
(B.17)

Here T is the time ordered parameter and S represents the S-matrix given by

S = Exp[−i
∫
c

Ĥe−oph(t1)dt1]

Expanding S-matrix perturbatively,

S = 1 + (−i)
∫
c

Ĥe−oph(t1)dt1 +
(−i)2

2

∫
c

∫
c

〈Ĥe−oph(t1)Ĥe−oph(t2)〉dt1dt2

The first order expansion will be zero because the expectation value of phonon

operator X is zero. The integrant of second term can be expanded by inserting

the electron-optical phonon Hamiltonian.

〈Ĥe−oph(t1)Ĥe−oph(t2)〉 =

= χ2
∑

~k′ ,~q′ ,~k′′ ,~q′′

Xq′ (t1)
q
′
−

q′
c†A(~k

′
, t1)cB(~k

′ − ~q′ , t1)×Xq′′ (t2)
q
′′
−

q′′
c†A(~k

′′
, t2)cB(~k

′′ − ~q′′ , t2)

+χ2
∑

~k′ ,~q′ ,~k′′ ,~q′′

Xq′ (t1)
q
′
−

q′
c†A(~k

′
, t1)cB(~k

′−~q′ , t1)×X−q′′ (t2)
q
′′
+

q′′
c†B(~k

′′
, t2)cA(~k

′′
+~q

′′
, t2)
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+χ2
∑

~k′ ,~q′ ,~k′′ ,~q′′

X−q′ (t1)
q
′
+

q′
c†B(~k

′
, t1)cA(~k

′
+~q

′
, t1)×Xq′′ (t2)

q
′′
−

q′′
c†A(~k

′′
, t2)cB(~k

′′−~q′′ , t2)

+χ2
∑

~k′ ,~q′ ,~k′′ ,~q′′

X−q′ (t1)
q
′
+

q′
c†B(~k

′
, t1)cA(~k

′
+~q

′
, t1)×X−q′′ (t2)

q
′′
+

q′′
c†B(~k

′′
, t2)cA(~k

′′
+~q

′′
, t2)

Using above expansion the Green’s function in Eq. (B.17) comes out to be

Gab(~k, t− t
′
)−Gab,0(~k, t− t′) =

(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
−

q′
q
′′
−

q′′
〈 T Xq′ (t1)Xq′′ (t2) 〉×

〈 T c†A(~k
′
, t1)cB(~k

′ − ~q′ , t1)c†A(~k
′′
, t2)cB(~k

′′ − ~q′′ , t2)ca(~k, t)c
†
b(
~k, t

′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
−

q′
q
′′
+

q′′
〈 T Xq′ (t1)X−q′′ (t2) 〉×

〈 T c†A(~k
′
, t1)cB(~k

′ − ~q′ , t1)c†B(~k
′′
, t2)cA(~k

′′
+ ~q

′′
, t2)ca(~k, t)c

†
b(
~k, t

′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
+

q′
q
′′
−

q′′
〈 T X−q′ (t1)Xq′′ (t2) 〉×

〈 T c†B(~k
′
, t1)cA(~k

′
+ ~q

′
, t1)c†A(~k

′′
, t2)cB(~k

′′ − ~q′′ , t2)ca(~k, t)c
†
b(
~k, t

′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
+

q′
q
′′
+

q′′
〈 T X−q′ (t1)X−q′′ (t2) 〉×

〈 T c†B(~k
′
, t1)cA(~k

′
+ ~q

′
, t1)c†B(~k

′′
, t2)cA(~k

′′
+ ~q

′′
, t2)ca(~k, t)c

†
b(
~k, t

′
) 〉0

Only the connected parts will survive, and in grouping we will use the following

〈Tc†k1
(t1)ck2(t2)〉 = −δk1=k2〈Tck1(t2)c†k1

(t1)〉
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Gab(~k, t− t
′
)−Gab,0(~k, t− t′) =

(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
−

q′
q
′′
−

q′′
〈 T Xq′ (t1)Xq′′ (t2) 〉×

〈 T cB(~k
′′ − ~q′′ , t2)c†A(~k

′
, t1) 〉0〈 T cB(~k

′ − ~q′ , t1)c†b(
~k, t

′
) 〉0〈 T ca(~k, t)c

†
A(~k

′′
, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
−

q′
q
′′
−

q′′
〈 T Xq′ (t1)Xq′′ (t2) 〉×

〈 T ca(~k, t)c
†
A(~k

′
, t1) 〉0〈 T cB(~k

′ − ~q′ , t1)c†A(~k
′′
, t2) 〉0〈 T cB(~k

′′ − ~q′′ , t2)c†b(
~k, t

′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
−

q′
q
′′
+

q′′
〈 T Xq′ (t1)X−q′′ (t2) 〉×

〈 T cA(~k
′′

+ ~q
′′
, t2)c†A(~k

′
, t1) 〉0〈 T cB(~k

′ − ~q′ , t1)c†b(
~k, t

′
) 〉0〈 T ca(~k, t)c

†
B(~k

′′
, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
−

q′
q
′′
+

q′′
〈 T Xq′ (t1)X−q′′ (t2) 〉×

〈 T ca(~k, t)c
†
A(~k

′
, t1) 〉0〈 T cB(~k

′ − ~q′ , t1)c†B(~k
′′
, t2) 〉0〈 T cA(~k

′′
+ ~q

′′
, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
+

q′
q
′′
−

q′′
〈 T X−q′ (t1)Xq′′ (t2) 〉×

〈 T cB(~k
′′ − ~q′′ , t2)c†B(~k

′
, t1) 〉0〈 T cA(~k

′
+ ~q

′
, t1)c†b(

~k, t
′
) 〉0〈 T ca(~k, t)c

†
A(~k

′′
, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
+

q′
q
′′
−

q′′
〈 T X−q′ (t1)Xq′′ (t2) 〉×

〈 T ca(~k, t)c
†
B(~k

′
, t1) 〉0〈 T cA(~k

′
+ ~q

′
, t1)c†A(~k

′′
, t2) 〉0〈 T cB(~k

′′ − ~q′′ , t2)c†b(
~k, t

′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
+

q′
q
′′
+

q′′
〈 T X−q′ (t1)X−q′′ (t2) 〉×

〈 T cA(~k
′′

+ ~q
′′
, t2)c†B(~k

′
, t1) 〉0〈 T cA(~k

′
+ ~q

′
, t1)c†b(

~k, t
′
) 〉0〈 T ca(~k, t)c

†
B(~k

′′
, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2

∑
~k′ ,~q′ ; ~k′′ ,~q′′

q
′
+

q′
q
′′
+

q′′
〈 T X−q′ (t1)X−q′′ (t2) 〉×

〈 T ca(~k, t)c
†
B(~k

′
, t1) 〉0〈 T cA(~k

′
+ ~q

′
, t1)c†B(~k

′′
, t2) 〉0〈 T cA(~k

′′
+ ~q

′′
, t2)c†b(

~k, t
′
) 〉0
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Integrating over ~k
′
, ~k
′′

and ~q
′′

using momentum conservation, this gives:

Gab(~k, t− t
′
)−Gab,0(~k, t− t′) =

(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

(−
q
′2
−

q′2
)〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T cB(~k + ~q
′
, t2)c†A(~k + ~q

′
, t1) 〉0〈 T cB(~k, t1)c†b(

~k, t
′
) 〉0〈 T ca(~k, t)c

†
A(~k, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

(−
q
′2
−

q′2
)〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T ca(~k, t)c
†
A(~k, t1) 〉0〈 T cB(~k − ~q′ , t1)c†A(~k − ~q′ , t2) 〉0〈 T cB(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
−

q′
q
′
+

q′
〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T cA(~k + ~q
′
, t2)c†A(~k + ~q

′
, t1) 〉0〈 T cB(~k, t1)c†b(

~k, t
′
) 〉0〈 T ca(~k, t)c

†
B(~k, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
−

q′
q
′
+

q′
〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T ca(~k, t)c
†
A(~k, t1) 〉0〈 T cB(~k − ~q′ , t1)c†B(~k − ~q′ , t2) 〉0〈 T cA(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
q
′
−

q′
〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T cB(~k − ~q′ , t2)c†B(~k − ~q′ , t1) 〉0〈 T cA(~k, t1)c†b(
~k, t

′
) 〉0〈 T ca(~k, t)c

†
A(~k, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
q
′
−

q′
〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T ca(~k, t)c
†
B(~k, t1) 〉0〈 T cA(~k + ~q

′
, t1)c†A(~k + ~q

′
, t2) 〉0〈 T cB(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
(−
q
′
+

q′
)〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T cA(~k − ~q′ , t2)c†B(~k − ~q′ , t1) 〉0〈 T cA(~k, t1)c†b(
~k, t

′
) 〉0〈 T ca(~k, t)c

†
B(~k, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
(−
q
′
+

q′
)〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T ca(~k, t)c
†
B(~k, t1) 〉0〈 T cA(~k + ~q

′
, t1)c†B(~k + ~q

′
, t2) 〉0〈 T cA(~k, t2)c†b(

~k, t
′
) 〉0
(B.18)
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The self-energy of the systems in terms of bare and dressed operators is defined as

G = G0 +G0ΣG⇒ G−G0 = G0ΣG (B.19)

This can be expanded, using (G0ΣG)ab =
∑

λλ′ Gaλ,0Σλλ′Gλ′b, as

(Gab(~k, t− t
′
)−Gab,0(~k, t− t′)) ≈

1

(−iβ)2

∮
dt1

∮
dt2 GaA1,0(~k, t− t1)ΣA1A1(~k, t1 − t2)GA1b,0(~k, t2 − t

′
)

+
1

(−iβ)2

∮
dt1

∮
dt2 GaA1,0(~k, t− t1)ΣA1B2(~k, t1 − t2)GB2b,0(~k, t2 − t

′
)

+
1

(−iβ)2

∮
dt1

∮
dt2 GaB2,0(~k, t− t1)ΣB2A1(~k, t1 − t2)GA1b,0(~k, t2 − t

′
)

+
1

(−iβ)2

∮
dt1

∮
dt2 GaB2,0(~k, t− t1)ΣB2B2(~k, t1 − t2)GB2b,0(~k, t2 − t

′
) (B.20)

But,

Gab(~k, t− t
′
)−Gab,0(~k, t− t′) =

(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

(−
q
′2
−

q′2
)〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T cB(~k + ~q
′
, t2)c†A(~k + ~q

′
, t1) 〉0〈 T cB(~k, t1)c†b(

~k, t
′
) 〉0〈 T ca(~k, t)c

†
A(~k, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

(−
q
′2
−

q′2
)〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T ca(~k, t)c
†
A(~k, t1) 〉0〈 T cB(~k − ~q′ , t1)c†A(~k − ~q′ , t2) 〉0〈 T cB(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
−

q′
q
′
+

q′
〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T cA(~k + ~q
′
, t2)c†A(~k + ~q

′
, t1) 〉0〈 T cB(~k, t1)c†b(

~k, t
′
) 〉0〈 T ca(~k, t)c

†
B(~k, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
−

q′
q
′
+

q′
〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T ca(~k, t)c
†
A(~k, t1) 〉0〈 T cB(~k − ~q′ , t1)c†B(~k − ~q′ , t2) 〉0〈 T cA(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
q
′
−

q′
〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T cB(~k − ~q′ , t2)c†B(~k − ~q′ , t1) 〉0〈 T cA(~k, t1)c†b(
~k, t

′
) 〉0〈 T ca(~k, t)c

†
A(~k, t2) 〉0
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+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
q
′
−

q′
〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T ca(~k, t)c
†
B(~k, t1) 〉0〈 T cA(~k + ~q

′
, t1)c†A(~k + ~q

′
, t2) 〉0〈 T cB(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q
′

q
′
+

q′
(−
q
′
+

q′
)〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T cA(~k − ~q′ , t2)c†B(~k − ~q′ , t1) 〉0〈 T cA(~k, t1)c†b(
~k, t

′
) 〉0〈 T ca(~k, t)c

†
B(~k, t2) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
(−
q
′
+

q′
)〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T ca(~k, t)c
†
B(~k, t1) 〉0〈 T cA(~k + ~q

′
, t1)c†B(~k + ~q

′
, t2) 〉0〈 T cA(~k, t2)c†b(

~k, t
′
) 〉0

We can change the time from t1 ↔ t2, it will not change the value of the expression

Gab(~k, t− t
′
)−Gab,0(~k, t− t′) =

(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

(−
q
′2
−

q′2
)〈 T Xq′ (t2)X−q′ (t1) 〉×

〈 T cB(~k + ~q
′
, t1)c†A(~k + ~q

′
, t2) 〉0〈 T ca(~k, t)c

†
A(~k, t1) 〉0〈 T cB(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

(−
q
′2
−

q′2
)〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T cB(~k − ~q′ , t1)c†A(~k − ~q′ , t2) 〉0〈 T ca(~k, t)c
†
A(~k, t1) 〉0〈 T cB(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
−

q′
q
′
+

q′
〈 T Xq′ (t2)X−q′ (t1) 〉×

〈 T cA(~k + ~q
′
, t1)c†A(~k + ~q

′
, t2) 〉0〈 T ca(~k, t)c

†
B(~k, t1) 〉0〈 T cB(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
q
′
−

q′
〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T ca(~k, t)c
†
B(~k, t1) 〉0〈 T cA(~k + ~q

′
, t1)c†A(~k + ~q

′
, t2) 〉0〈 T cB(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
−

q′
q
′
+

q′
〈 T Xq′ (t1)X−q′ (t2) 〉×

〈 T cB(~k − ~q′ , t1)c†B(~k − ~q′ , t2) 〉0〈 T ca(~k, t)c
†
A(~k, t1) 〉0〈 T cA(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
q
′
−

q′
〈 T X−q′ (t2)Xq′ (t1) 〉×
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〈 T cB(~k − ~q′ , t1)c†B(~k − ~q′ , t2) 〉0〈 T ca(~k, t)c
†
A(~k, t1) 〉0〈 T cA(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
(−
q
′
+

q′
)〈 T X−q′ (t2)Xq′ (t1) 〉×

〈 T cA(~k − ~q′ , t1)c†B(~k − ~q′ , t2) 〉0〈 T ca(~k, t)c
†
B(~k, t1) 〉0〈 T cA(~k, t2)c†b(

~k, t
′
) 〉0

+
(−i)3

2!

∫
C

dt1

∫
C

dt2 χ
2
∑
~q′

q
′
+

q′
(−
q
′
+

q′
)〈 T X−q′ (t1)Xq′ (t2) 〉×

〈 T ca(~k, t)c
†
B(~k, t1) 〉0〈 T cA(~k + ~q

′
, t1)c†B(~k + ~q

′
, t2) 〉0〈 T cA(~k, t2)c†b(

~k, t
′
) 〉0

Comparing the above equation with Eq. (B.20), we get

ΣA1B2(~k, t1 − t2) = (−i)(−iβ)
2
χ
2
∑
~q
′

(−
q
′2
−

q
′2

)〈 T X
−q′

(t1)X
q
′ (t2) 〉〈 T cB(~k + ~q

′
, t1)c

†
A

(~k + ~q
′
, t2) 〉0

ΣB2B2(~k, t1 − t2) = (−i)(−iβ)
2
χ
2
∑
~q
′

q
′
−

q
′
q
′
+

q
′ 〈 T X

−q′
(t1)X

q
′ (t2) 〉〈 T cA(~k + ~q

′
, t1)c

†
A

(~k + ~q
′
, t2) 〉0

ΣA1A1(~k, t1 − t2) = (−i)(−iβ)
2
χ
2
∑
~q
′

q
′
−

q
′
q
′
+

q
′ 〈 T X

q
′ (t1)X

−q′
(t2) 〉〈 T cB(~k − ~q

′
, t1)c

†
B

(~k − ~q
′
, t2) 〉0

ΣB2A1(~k, t1 − t2) = (−i)(−iβ)
2
χ
2
∑
~q
′

q
′
+

q
′ (−

q
′
+

q
′ )〈 T X

q
′ (t1)X

−q′
(t2) 〉〈 T cA(~k − ~q

′
, t1)c

†
B

(~k − ~q
′
, t2) 〉0

〈 T Xq′ (t1)X−q′ (t2) 〉 =
∑
n

ewn(t1−t2) 〈 T Xq′ (n)X−q′ (−n) 〉

This means,

〈 T Xq′ (t1)X−q′ (t2) 〉 = θ(t1 − t2) e−iω0(t1−t2) + θ(t2 − t1) e−iω0(t2−t1)

Here, we use

Xq(t1)X−q(t2) = (bq(t1) + b†−q(t1))(b−q(t2) + b†q(t2))

= bq(t1)b−q(t2) + bq(t1)b†q(t2) + b†−q(t1)b−q(t2) + b†−q(t1)b†q(t2)

In Heisenberg representation,

b(t) = e−iω0tb(0)

Because,

H = ωb†b, b(t) = eiHtb(0)e−iHt
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Using expansion of eBAe−B we will get the required result. Therefore,

〈b(t)b†(t′)〉 = e−iω0(t−t′ )〈b(0)b†(0)〉 = e−iω0(t−t′ )〈G|b(0)b†(0)|G〉

= e−iω0(t−t′ )

δ(t1 − t2) =
1

−iβ
∑
n

ewn(t1−t2)

θ(t1 − t2) =
1

−iβ
∑
n

ewn(t1−t2)

wn + iδ

∑
n

e
wn(t1−t2) 〈 T X

q
′ (n)X

−q′
(−n) 〉 =

1

−iβ

∑
n

ewn(t1−t2)

wn + iω0 + iδ
+

1

−iβ

∑
n

ewn(t1−t2)

−wn + iω0 + iδ

〈 T Xq′ (n
′
)X−q′ (−n

′
) 〉 =

1

β
(

1

−iwn′ + ω0 + δ
+

1

iwn′ + ω0 + δ
) =

1

β
F (wn′ )

〈 T ca,0(~k, t)c†b,0(~k, t
′
) 〉0 =

∑
n

ezn(t−t′ ) 〈 T ca,0(~k, n)c†b,0(~k, n) 〉0

Σab(~k, t− t
′
) =

∑
n

ezn(t−t′ ) Σab(~k, n)

Therefore, the expressions of self-energy comes out to be

ΣA1B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q
′

(−
q
′2
−

q
′2

)
∑
n
′
〈 T X

−q′
(n
′
)X
q
′ (−n

′
) 〉〈 T cB(~k + ~q

′
, n− n

′
)c
†
A

(~k + ~q
′
, n− n

′
) 〉0

ΣB2B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q
′

q
′
−

q
′
q
′
+

q
′
∑
n
′
〈 T X

−q′
(n
′
)X
q
′ (−n

′
) 〉〈 T cA(~k + ~q

′
, n− n

′
)c
†
A

(~k + ~q
′
, n− n

′
) 〉0

ΣA1A1(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q
′

q
′
−

q
′
q
′
+

q
′
∑
n
′
〈 T X

q
′ (n
′
)X
−q′

(−n
′
) 〉〈 T cB(~k − ~q

′
, n− n

′
)c
†
B

(~k − ~q
′
, n− n

′
) 〉0

ΣB2A1(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q
′

q
′
+

q
′ (−

q
′
+

q
′ )
∑
n
′
〈 T X

q
′ (n
′
)X
−q′

(−n
′
) 〉〈 T cA(~k − ~q

′
, n− n

′
)c
†
B

(~k − ~q
′
, n− n

′
) 〉0

Inserting the known values in the above equations,

ΣA1B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

(−
q2−
q2

)
∑
n
′

1

β
F (w

n
′ )

2m(−(k+ + q+)2)(
(~k + ~q)4 + 4m2((zn − w

n
′ )2 + α2

~k+~q
)

)
β

ΣB2B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

q−

q

q+

q

∑
n
′

1

β
F (w

n
′ )

2m(2im((zn − w
n
′ ) + iα~k+~q))(

(~k + ~q)4 + 4m2((zn − w
n
′ )2 + α2

~k+~q
)

)
β

ΣA1A1(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

q−

q

q+

q

∑
n
′

1

β
F (w

n
′ )

2m(2im((zn − w
n
′ )− iα~k−~q))(

(~k − ~q)4 + 4m2((zn − w
n
′ )2 + α2

~k−~q
)

)
β

ΣB2A1(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

(−
q2+

q2
)
∑
n
′

1

β
F (w

n
′ )

2m(−(k− − q−)2)(
(~k − ~q)4 + 4m2((zn − w

n
′ )2 + α2

~k−~q
)

)
β
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ΣA1B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

(−
q2−
q2

)(iβ)

∫ ∞
−∞

dw
n
′

2πi

1

β
F (w

n
′ )

2m(−(k+ + q+)2)(
(~k + ~q)4 + 4m2((zn − w

n
′ )2 + α2

~k+~q
)

)
β

ΣB2B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

q−

q

q+

q
(iβ)

∫ ∞
−∞

dw
n
′

2πi

1

β
F (w

n
′ )

2m(2im((zn − w
n
′ ) + iα~k+~q))(

(~k + ~q)4 + 4m2((zn − w
n
′ )2 + α2

~k+~q
)

)
β

ΣA1A1(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

q−

q

q+

q
(iβ)

∫ ∞
−∞

dw
n
′

2πi

1

β
F (w

n
′ )

2m(2im((zn − w
n
′ )− iα~k−~q))(

(~k − ~q)4 + 4m2((zn − w
n
′ )2 + α2

~k−~q
)

)
β

ΣB2A1(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

(−
q2+

q2
)(iβ)

∫ ∞
−∞

dw
n
′

2πi

1

β
F (w

n
′ )

2m(−(k− − q−)2)(
(~k − ~q)4 + 4m2((zn − w

n
′ )2 + α2

~k−~q
)

)
β

where,

F (w
n
′ ) =

 1

−iw
n
′ + ω0 + δ

+
1

iw
n
′ + ω0 + δ


Solving the values of integrations using Integrate route of Mathematica, we will get

ΣA1B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

(−
q2−
q2

)×−
2m(k+ + q+)2 [NumA1B2]

β

√
(~k + ~q)4 + 4m2α2

~k+~q

(
(~k + ~q)4 + 4m2

(
α2
~k+~q

− (ω0 + izn)2
))

DenA1B2

NumA1B2 = (~k + ~q)
4 − 2m

(
izn

√
(~k + ~q)4 + 4m2α2

~k+~q
+ 2m

(
−α2

~k+~q
+ ω

2
0 + iω0zn

))

DenA1B2 =

(√
(~k + ~q)4 + 4m2α2

~k+~q
+ 2m(ω0 − izn)

)

ΣB2B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

q−

q

q+

q
×

4m2 [NumB2B2]

β

(
(~k + ~q)4 + 4m2α2

~k+~q

)(
(~k + ~q)4 + 4m2

(
α2
~k+~q

− (ω0 + izn)2
))

DenB2B2

NumB2B2 = (~k + ~q)
4
[
2mzn(iα~k+~q − iω0 + zn)− (α~k+~q − izn)

√
(~k + ~q)4 + 4m2α2

~k+~q

]

+4m
2
α~k+~q(−α~k+~q + ω0 + izn)

[
(α~k+~q + ω0)

√
(~k + ~q)4 + 4m2α2

~k+~q
− 2imznα~k+~q

]

DenB2B2 =

(√
(~k + ~q)4 + 4m2α2

~k+~q
+ 2m(ω0 − izn)

)

ΣA1A1(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

q−

q

q+

q
×

4m2 [NumA1A1]

β

(
(~k − ~q)4 + 4m2α2

~k−~q

)(
(~k − ~q)4 + 4m2

(
α2
~k−~q

− (ω0 + izn)2
))

DenA1A1

NumA1A1 = (~k − ~q)4
[
(α~k−~q + izn)

√
(~k − ~q)4 + 4m2α2

~k−~q
− 2imzn(α~k−~q + ω0 + izn)

]

+4m
2
α~k−~q(α~k−~q + ω0 + izn)

[
(α~k−~q − ω0)

√
(~k − ~q)4 + 4m2α2

~k−~q
− 2imznα~k−~q

]

DenA1A1 =

(√
(~k − ~q)4 + 4m2α2

~k−~q
+ 2m(ω0 − izn)

)

ΣB2A1(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

(−
q2+

q2
)×−

2m(k− − q−)2 [NumB2A1]

β

√
(~k − ~q)4 + 4m2α2

~k−~q

(
(~k − ~q)4 + 4m2

(
α2
~k−~q

− (ω0 + izn)2
))

DenB2A1

NumB2A1 = (~k − ~q)4 − 2m

(
izn

√
(~k − ~q)4 + 4m2α2

~k−~q
+ 2m

(
−α2

~k−~q + ω
2
0 + iω0zn

))

DenB2A1 =

(√
(~k − ~q)4 + 4m2α2

~k−~q
+ 2m(ω0 − izn)

)

We can find the following quantities by simply using Mathematica,

ΣA1A1(~k, n)+ΣB2B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

q−

q

q+

q
×

8im2zn[
(~k + ~q)4 + 4m

(
m(ω2

0 + z2n + α2
~k+~q

) + ω0

√
(~k + ~q)4 + 4m2α2

~k+~q

)]
β

ΣA1A1(~k, n)− ΣB2B2(~k, n) = (−i)(−iβ)
2
χ
2
∑
~q

q−

q

q+

q
×

8m2α~k+~q [NumSA1A1MSB2B2]√
(~k + ~q)4 + 4m2α2

~k+~q
DenSA1A1MSB2B2 β
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where,

NumSA1A1MSB2B2 = (~k + ~q)
4 − 2m(2m(ω

2
0 + iω0zn − α

2
~k+~q

) + izn

√
(~k + ~q)4 + 4m2α2

~k+~q
)

DenSA1A1MSB2B2 =
(
(~k + ~q)

4
+ 4m

2
(−(ω0 + izn)

2
+ α

2
~k+~q

)
)(

2m(ω0 − izn) +

√
(~k + ~q)4 + 4m2α2

~k+~q

)

Den = (k
4

+ 4m
2
(z

2
n + α

2
k))β

We are looking for the most singular part of G, putting it to zero,

DenfullNew = Den +
4m2

β
(−ΣA1B2ΣB2A1 + ΣA1A1ΣB2B2)

−2im
[
k
2
+ΣA1B2 + k

2
−ΣB2A1 + 2m(αk(ΣA1A1 − ΣB2B2)− izn(ΣA1A1 + ΣB2B2))

]
= 0

This gives,

β
(
k
4

+ (2m)
2
(z

2
n + α

2
k)
)
− i(2m)

2
αk

(
ΣA1A1(~k, n)− ΣB2B2(~k, n)

)
− (2m)

2
zn

(
ΣA1A1(~k, n) + ΣB2B2(~k, n)

)
= 0

Inserting known values,

β
[
k
4

+ (2m)
2
(
z
2
n + α

2
k

)]

−i(2m)
2
αk × (−i)(−iβ)

2
χ
2
∑
~q

8m2α~k+~q [Num1T ]√
(~k + ~q)4 + 4m2α2

~k+~q

(
(~k + ~q)4 + 4m2(−(ω0 + izn)2 + α2

~k+~q
)

)
Den1T β

− (2m)
2
zn × (−i)(−iβ)

2
χ
2
∑
~q

8im2zn[
(~k + ~q)4 + 4m

(
m(ω2

0 + z2n + α2
~k+~q

) + ω0

√
(~k + ~q)4 + 4m2α2

~k+~q

)]
β

= 0 (B.21)

where,

Num1T = (~k + ~q)
4 − 2m(2m(ω

2
0 + iω0zn − α

2
~k+~q

) + izn

√
(~k + ~q)4 + 4m2α2

~k+~q
)

Den1T =

(
2m(ω0 − izn) +

√
(~k + ~q)4 + 4m2α2

~k+~q

)

Den = (k
4

+ 4m
2
(z

2
n + α

2
k))β = 0

Hence,

zn = ±i

√
k4

4m2
+ α2

k
= ±iΩ~k

Putting, the relaxation term in zn in a phenomenological way and assuming it is a complex quantity,

zn = ±iΩ~k + Γk,C , ΓC,k = Γk,R + i Γk,I

Therefore,

zn = ±iΩ~k + Γk,R + i Γk,I

Inserting this in Eq. (B.21), after some simplification we obtain

β
[
k
4

+ (2m)
2
(
(−iΩ~k + Γk,R + i Γk,I )

2
+ α

2
k

)]

+(2m)
2
αkβ

2
χ
2
∑
~q

8m2α~k+~q [T1N ]√
(~k + ~q)4 + 4m2α2

~k+~q

(
(~k + ~q)4 − 4m2(ω0 + Ω~k + i Γk,R − Γk,I )2 + 4m2α2

~k+~q

)
T1D β

−(2m)
2
(Ω~k + i Γk,R − Γk,I )β

2
χ
2
∑
~q

8m2(Ω~k + i Γk,R − Γk,I )[
(~k + ~q)4 + 4m (T2D)

]
β

= 0

T1N = (~k + ~q)
4 − 4m

2
(ω

2
0 + iω0(−iΩ~k + Γk,R + i Γk,I )− α2

~k+~q
)− 2m(Ω~k + i Γk,R − Γk,I )

√
(~k + ~q)4 + 4m2α2

~k+~q

T1D =

(
2m(ω0 − Ω~k − i Γk,R + Γk,I ) +

√
(~k + ~q)4 + 4m2α2

~k+~q

)

T2D = m(ω
2
0 + (−iΩ~k + Γk,R + i Γk,I )

2
+ α

2
~k+~q

) + ω0

√
(~k + ~q)4 + 4m2α2

~k+~q
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From above equation, first two terms can be written as

β
[
k
4

+ (2m)
2
(
(−iΩ~k + Γk,R + iΓk,I )

2
+ α

2
k

)]

+(2m)
2
αkβ

2
χ
2
∑
~q

8m2α~k+~q (T1N)√
(~k + ~q)4 + 4m2α2

~k+~q
β

1(√
(~k + ~q)4 + 4m2α2

~k+~q
− 2m(ω0 + Ω~k + iΓk,R − Γk,I )

)

×
1(√

(~k + ~q)4 + 4m2α2
~k+~q

+ 2m(ω0 + Ω~k + iΓk,R − Γk,I )

) 1(
2m(ω0 − Ω~k − iΓk,R + Γk,I ) +

√
(~k + ~q)4 + 4m2α2

~k+~q

) = 0

Using ComplexExpand routine of Mathematica, we can easily separate the real and imaginary parts of above equation, the real

and imaginary parts comes out to be, respectively,

−4m
2
βΓ

2
kI+4m

2
βΓ

2
kR+8m

2
βΓk,IΩk = −

∑
~q

(8m2αkαk+qβχ
2(ω0 + Ωk+q)(Γ2

k,R − (Γk,I − Ωk)2 + (ω0 + Ωk+q)2))

Ωk+q(Γ2
k,R

+ (Γk,I + ω0 − Ωk + Ωk+q)2)(Γ2
k,R

+ (−Γk,I + ω0 + Ωk + Ωk+q)2)

and,

(8m
2
βΓk,IΓk,R − 8m

2
βΓk,RΩk) =

∑
~q

16m2αkαk+qβΓk,Rχ
2(Γk,I − Ωk)(ω0 + Ωk+q)

Ωk+q(Γ2
k,R

+ (Γk,I + ω0 − Ωk + Ωk+q)2)(Γ2
k,R

+ (−Γk,I + ω0 + Ωk + Ωk+q)2)

Using partial fraction, the above equations can be written as

−4m
2
βΓ

2
kI + 4m

2
βΓ

2
kR + 8m

2
βΓk,IΩk = −

∑
~q

(8m2αkαk+qβχ
2(ω0 + Ωk+q))

4Ωk+q(Γk,I − Ωk)(ω0 + Ωk+q)
×

 (x)2

(Γ2
k,R

+ (x)2)
−

(y)2

(Γ2
k,R

+ (y)2)



+
∑
~q

[
(Γk,I − Ωk)

2 − (ω0 + Ωk+q)
2
]
×

(8m2αkαk+qβχ
2(ω0 + Ωk+q))

4Ωk+q(Γk,I − Ωk)(ω0 + Ωk+q)
×

 1

(Γ2
k,R

+ (y)2)
−

1

(Γ2
k,R

+ (x)2)


and,

(8m
2
βΓk,IΓk,R − 8m

2
βΓk,RΩk) =

∑
~q

16m2αkαk+qβχ
2(Γk,I − Ωk)(ω0 + Ωk+q)

Ωk+q 4(Γk,I − Ωk)(ω0 + Ωk+q)

 Γk,R

Γ2
k,R

+ (y)2
−

Γk,R

Γ2
k,R

+ (x)2



x = Γk,I + ω0 − Ωk + Ωk+q

y = −Γk,I + ω0 + Ωk + Ωk+q

Using the following identity,
p

p2 + a2
= πδ(a)

the above equations can be written in terms of Delta function,

−4m
2
βΓ

2
kI + 4m

2
βΓ

2
kR + 8m

2
βΓk,IΩk = −

∑
~q

(8m2αkαk+qβχ
2(ω0 + Ωk+q))

4Ωk+q(Γk,I − Ωk)(ω0 + Ωk+q)

π

Γk,R
×
[
(x)

2
δ(x)− (y)

2
δ(y)

]

+
∑
~q

[
(Γk,I − Ωk)

2 − (ω0 + Ωk+q)
2
]
×

(8m2αkαk+qβχ
2(ω0 + Ωk+q))

4Ωk+q(Γk,I − Ωk)(ω0 + Ωk+q)
×

π

Γk,R
[δ(y)− δ(x)]

and,

(8m
2
βΓk,IΓk,R − 8m

2
βΓk,RΩk) =

∑
~q

16m2αkαk+qβχ
2(Γk,I − Ωk)(ω0 + Ωk+q)

Ωk+q 4(Γk,I − Ωk)(ω0 + Ωk+q)
× π [δ(y)− δ(x)]

Simplifying the above equations assuming that Γk,I � ω0,

Γk,IΩk =
∑
~q

(αkαk+qχ
2)

Ωk+q

(−Ωk)2 − (ω0 + Ωk+q)2

−Ωk)
×

π

Γk,R

[
−δ(ω0 − Ωk + Ωk+q)

]

−Γk,RΩk =
∑
~q

αkαk+qχ
2

2Ωk+q
× π

[
−δ(ω0 − Ωk + Ωk+q)

]
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Our focus is only on the real part of Γ,

Γk,R =
∑
~q

πχ2αkαk+q

2ΩkΩk+q

× δ(ω0 − Ωk + Ωk+q) (B.22)

Delta function gives,

−ω0 + Ωk = Ωk+q

Inserting all known values in Eq. (B.22) along with the above condition and
assuming that the energy of the system is very large, Eq. (B.22) reduces to

Γk,R =
∑
~q

πχ2
(

2|k|2
m

ωR
ω

)(
2|k+q|2
m

ωR
ω

)
2× |k|

2

m
×
(
−ω0 +

|k|2
m

) × δ
(
ω0 −

|k|2

m
+
|k + q|2

m

)

For our easiness keeping ky = 0 and taking kx = k, the above equation can be written as,

Γk,R =
∑
~q

πχ2
(

2k2

m
ωR
ω

)(
2(k2+q2x+2kqx+q2y)

m
ωR
ω

)
2× k2

m
×
(
−ω0 + k2

m

) × δ
(
ω0 −

k2

m
+

(k2 + q2x + 2kqx + q2y)

m

)

Γk,R =
∑
~q

πχ2
(

2k2

m
ωR
ω

)(
2

(
−ω0 + k2

m

)
ωR
ω

)
2× k2

m
×
(
−ω0 + k2

m

) × δ
(
ω0 −

k2

m
+

(k2 + q2x + 2kqx + q2y)

m

)

Γk,R =
∑
~q

πχ
2 ω

2
R

ω2
× δ

(
ω0 +

(q2 + 2kqcosθ)

m

)

Γk,R =
∑
~q

πχ
2 ω

2
R

ω2
×
∫ 2π

0
dθ

[∫ ∞
0

q dq × δ
(
ω0 +

(q2 + 2kqcosθ)

m

)]

Γk,R =
∑
~q

πχ
2 ω

2
R

ω2
×
∫ 2π

0
dθIq

where

Iq =

∫ ∞
0

q dq × δ
(
ω0 +

(q2 + 2kqcosθ)

m

)

The integration over q can easily be solved using the following property of delta function

qδ[f(q)] =
∑
i

qi
δ(q − qi)
|f ′(qi)|

q δ

(
ω0 +

(q2 + 2kqcosθ)

m

)
=

q

| 2k cos(θ)+2q
m

|
δ

(
q −

1

2
(−2k cos(θ)±

√
2
√
k2 − 2mω0 + k2 cos(2θ))

)

Therefore,

Iq± =

∫ ∞
0

q dq × δ
(
ω0 +

(q2 + 2kqcosθ)

m

)

=

∫ ∞
0

dq
q∣∣∣± 2k cos(θ)+2q
m

∣∣∣ δ
(
q −

1

2

(
−2k cos(θ)±

√
2
√
k2 − 2mω0 + k2 cos(2θ)

))

=

1
2

(
−2k cos(θ)±

√
2
√
k2 − 2mω0 + k2 cos(2θ)

)
∣∣∣∣∣∣∣
2k cos(θ)+2× 1

2

(
−2k cos(θ)±

√
2
√
k2−2mω0+k2 cos(2θ)

)
m

∣∣∣∣∣∣∣
=
−k cos(θ)± k

√
cos2(θ)− mω0

k2

2k

√
cos2(θ)−mω0

k2

m

c©Indian Institute of Technology Guwahati

TH-1429_10612106



Appendix B. 170

Therefore, after integration over q, Γk,R comes out to be

Γ
±
k,R =

A

(2π)2
πχ

2 ω
2
R

ω2

∫ 2π

0
dθ ×m

−
√

2k cos(θ)±
√

2k
√

cos2(θ)− mω0
k2

2
√

2k
√

cos2(θ)− mω0
k2

This can also be written as,

Γ+
k,R =

A

(2π)2
πχ2ω

2
R

ω2
× m

2

∫ 2π

0

dθ ×
− cos(θ) +

√
cos2(θ)− cos2(θk)√

cos2(θ)− cos2(θk)
(B.23)

where,

θk = Cos−1

(√
mω0

k2

)
The integration over θ in Eq. (B.23) will be valid only when both of the following

conditions satisfied simultaneously,

cos2(θ) > cos2(θk); − cos(θ) +
√

cos2(θ)− cos2(θk) > 0

These two conditions are satisfied only some particular ranges of θ, these ranges

of θ can be found by using Reduce route of Mathematica, that comes out to be,

π − θk < θ < π + θk; 0 < θk <
π

2

Integrating over θ for the above ranges, we obtain

Γ+
k,R =

A

(2π)2
πχ2ω

2
R

ω2
× m

2
× (π + 2θk)

Γ−k,R =
A

(2π)2
πχ2ω

2
R

ω2
× m

2
× (π − 2θk)

Therefore,

Γk,R = Γ+
k,R + Γ−k,R
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B.5 Electron-flexural phonon Hamiltonian

Mechanical deformations causes fictitious gauge field induced phonons known as

flexural phonons. The relavant electronic and electron-phonon coupling Hamilto-

nians in one valley are given by

Hel =
−1

2m

(
0 p2

−

p2
+ 0

)
, Hel−ph =

(
0 F

(+)
3

F
(+)†
3 0

)

where, p± = px ± ipy and F+
3 is the dominant coupling due to symmetric flexural

deformations, given by

F+
3 = g3 [∂y − i∂x]h(s)

with g3 = 3ac
2c̃

∂γ3

∂c̃
the coupling strength. h(s) is a scalar field responsible for out-of-

plane distortion.

h(s)(~r) =
1

L

∑
~q

ξ~q e
i~k·~r(b~q + b†−~q)

F3 = g3(∂y − i∂x)×
1

L

∑
~q

ξ~qe
i~q·~r(b~q + b†−~q) =

g3

L

∑
~q

ξ~q(iqy − iiqx)ei~q·~r(b~q + b†−~q)

=
g3

L

∑
~q

ξ~q(qx + iqy)e
i~q·~r(b~q + b†−~q) =

g3

L

∑
~q

ξ~qq+e
i~q·~r(b~q + b†−~q)

HAB
el−ph =

g3

L

∑
~q

ξ~qq+e
i~q·~r(b~q + b†−~q)

Similarly, we can also find HBA
el−ph. In continuum limit,

HAB
e−ph =

∫
ψ†F3ψ, ψ(~k) =

1

L

∑
~k

ei
~k·~rc, ψ†(~k

′
) =

1

L

∑
~k′

e−i
~k
′ ·~rc†

HAB
e−ph =

∫
dr

1

L

∑
~k′

e−i
~k
′ ·~rc†(~k

′
) · g3

L

∑
~q

ξ~qq+e
i~q·~r(b~q + b†−~q) ·

1

L

∑
k

ei
~k·~rc(~k)

=
g3

L

∑
~k,~k′ ,~q

ξ~qq+(b~q + b†−~q)c
†(~k

′
)c(~k) ·

(
1

L2

∫
drei(

~k−~k′+~q)·~r
)

=
g3

L

∑
~k,~k′ ,~q

ξ~qq+(b~q + b†−~q)c
†(~k

′
)c(~k) · δ~k−~k′+~q,0 =

g3

L

∑
~k,~q

ξ~kq+(b~q + b†−~q)c
†(~k + ~q)c(~k)

HAB
e−ph =

g3

L

∑
~k,~q

q+X~q(t)ξ~qc
†
A1,0(~k, t)cB2,0(~k − ~q, t)

c©Indian Institute of Technology Guwahati
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where,

X~q = (b~q + b†−~q)

c©Indian Institute of Technology Guwahati
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