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Abstract

Wireless power transfer (WPT) technology offers better operational flexibility, safety, and

durability in comparison to plug-in power transfer. Therefore, many applications, such

as domestic appliances, rotating systems, mobile robots, and wearable devices, use WPT

technology. In recent years, WPT systems are also used for charging the electric vehicle

(EV) batteries. In the WPT system, power is transferred fromsource to load without any

physical connection. Therefore, mutual inductance is an essential parameter in designing

of WPT system. Generally, for calculating mutual inductance between the coils for the

WPT system, the 3-D finite element analysis (FEA) is used because of its high accuracy.

However, high mesh-density in the 3-D FEA model requires intensive computational

power. The coil system with magnetic shields requires more numbers of mesh elements

and results in substantial calculation time. The significant computational burden makes

the design and optimization of the coil system a tedious process. Moreover, the designing

of the WPT system involves numerous geometrical modifications in the 3-D FEA model.

An analytical model is another approach to design the coil system, and this thesis deals

with this issue.

This thesis begins with a review of various possible modelling technique for the coil sys-

tem without the magnetic shield of the WPT system. A 3-D analytical model based on

the harmonic modelling technique is developed to calculateair gap magnetic field distri-

bution as well as mutual inductance between the coils. For the modelling, 3-D magnetic

vector potential and magnetic scalar potential definitionsin the Cartesian coordinate sys-

tem is used. The current density distribution in the coil is modelled by four overlapping

bars. Moreover, using the proposed analytical model, two new expressions are derived

for faster calculation of the mutual inductance between thecoils of the WPT system. The
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proposed analytical model takes into account the variationof mutual inductance due to

different misalignments for the air core transmitter and receiver coil system. All possible

misalignments that can occur during the charging of EV are considered. The magnetic

flux density distribution and mutual inductances are calculated with the analytical, and

they are validated with finite element analysis and experimental results.

The harmonic model is further modified to include a magnetic shield below the primary

coil. This model has the flexibility to change the width and permeability of shielding ma-

terial. The magnetic flux density distribution and mutual inductance between the coils,

obtained from the analytical model, FEM, and experiment results, which are in close

agreement. The proposed analytical model considers the length of the magnetic shield is

infinite, which is impractical. In practice, the magnetic shielding of finite permeability

and finite dimensions is used with the primary and secondary coils. In this context, a

3-D analytical model that considers the magnetic shields offinite permeability and finite

dimension is developed. This 3-D model is developed by the superposition of two 2-D

analytical models. These 2-D models are developed based on the subdomain technique.

Since 2-D models are invariant in their third direction (i.e., in they-direction forxz-plane

and thex-direction for yz-plane), a correction factor is introduced for 2-D subdomain

models to make it variant in their third directions. The results obtained from the subdo-

main model are compared with FEM and experimental results, which are found in good

agreement.

The change in the mutual inductance impacts the power transfer capability and the ef-

ficiency of the entire system. A steady-state model of series-parallel (SP) compensated

WPT system is developed to analyse the impact of change in theelectrical parameter due

to misalignments. Effect of harmonics is considered in the steady-state model to get an

accurate result. Magnetic model is coupled with the steady-state model to calculate the

variation in electrical parameters during misalignments.The coupled model gives a com-

prehensive mathematical model for a WPT system for the charging of EV batteries. The

mutual inductance calculated from the analytical model fordifferent coil systems is used
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as direct input for the steady-state model. The proposed model can be used for analysing

the component stress of the SP compensated WPT system for different misalignments,

which helps in the initial design process of such a WPT system.

Overall, this thesis presents a comprehensive analytical model for research and design of

the wireless power transfer system.
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1. Introduction

1.1 Introduction

Wireless power transfer (WPT) system is widely used in many applications such as consumer

electronics, medical devices, rotating systems, and DC microgrids due to the advantages of high

convenience, safety, and high reliability [2–15]. In recent years, WPT systems are also being used for

charging electric vehicle (EV) batteries [16–37].

In the WPT system, power is transferred by the magnetic field created by the primary coil (trans-

mitter) and coupled to secondary coil (receiver) through the air medium. The transferred power and

efficiency of the WPT system depend on the magnetic coupling between the coils [38–43]. The mag-

netic coupling depends on the flux linkage, and the alignmentof the secondary coil [44,45], which is

determined with mutual inductance. Therefore, the mutual inductance becomes very sensitive to the

relative position between the coils [46]. The change in the mutual inductance impacts the power trans-

fer capability, and the efficiency of the entire system [47,48]. Hence, for designing a WPT system for

the EV charging, robust modelling of the coil system is required.

Moreover, in the WPT system with the air-core coils, large leakage flux results in reduced mutual

coupling. Usually, the ferrite core (Magnetic shield) is used in both primary and secondary coils to

increase the mutual coupling and minimize the exposure of the magnetic field with the other compo-

nents installed nearby [49]. Hence, the primary and secondary coils with the ferrite core (coil system)

are preferred. The focus of this thesis is on developing analytical models for different coil systems

(with magnetic shield and without magnetic shield) of the WPT systems that can give understanding

to the working of the system and are computationally less intensive.

The inductively coupled WPT system is typically used for EV charging. It consists of two sub-

systems, as shown in Fig. 1.1. One subsystem is under the ground, and it is used to transfer the

power. It includes a power supply, H-bridge inverter, a primary capacitor bank, and the primary coil

(transmitter). The other subsystem is underneath the vehicle, and it consists of a secondary coil (re-

ceiver), secondary capacitor bank, high-frequency ac-dc converter, and electric load (battery). The

primary coil creates the high-frequency time-varying magnetic field from high-frequency ac current.

This magnetic field links with the secondary coil and inducesa voltage across that secondary coil.
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H-bridge inverter is used to generate the high-frequency acsignal. A compensating capacitor is con-

nected at the primary and secondary side, respectively, to reduce the VA rating of the wireless power

transfer system. This capacitor can be connected either in series or parallel with the coils.

H-bridge inverter Primary capacitor bank

Primary coil

Secondary capacitor bank

Secondary coil
Battery

Figure 1.1: Block diagram of inductively coupled WPT system.

1.2 Literature Review

The WPT system is divided into two categories: near field and far-field technique. The far-field

power technology includes microwave power transfer [50–52] or radio wave power transfer [53] and

laser power transfer [54–56]. The far-field power transfer technology suffers from lower efficiency

[57]. The other is near field transmission, which is further classified as inductive power transfer and

capacitive power transfer.

In the capacitive power transfer system, power is transferred from source to electrical load through

the electric field [58,59]. Here, the transferred power depends on the value of the capacitance system.

For higher output power, the capacitance value should be very high, which requires a large area of the

capacitor plate. The requirement of the larger capacitor plate is undesirable for practical implementa-

tion. Moreover, the capacitance value is inversely proportional to the air-gap length [60]. Therefore,
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the larger the capacitive power transfer is suitable for theminimal distance (less than 1 mm), whereas

inductive power transfers are suitable for air gap distancebetween the coils greater than 1 mm [61].

Apart from this, for the same power level, inductive power transfer is safer as compared to capacitive

power transfer [62]. Therefore inductive coupling is more widely used in the WPT system for EV

charging.

Since, in the WPT systems, the power is transferred from the source to the electrical load via

electromagnetic induction. Therefore, the accurate magnetic field modelling is an essential part of

designing of WPT system. This section studies the availablepossible magnetic modelling method,

which can be applied to the WPT system. The possible methods are shown in Fig. 1.2.

Electromagnetic modelling methods

Numerical method Analytical method

Method of Moment 

Biot-savert law

Magnetic Equivalent circuit

Harmonic Model

Finite Difference Method

Finite Element Analysis Method of Image

Boundary Element Method

Figure 1.2: Classification of available methods to model a coil system

1.2.1 Numerical Method

The numerical methods are the most accurate methods to describes the magnetic field of consid-

ered magnetic domain. These methods discretize the geometry of the magnetic domain. The most

promising used numerical methods include the finite difference method (FDM), finite element analy-

sis(FEA), and method of moments (MoM).

1.2.1.1 Finite Difference Method (FDM)

The finite difference method is one of the oldest numerical methods used in solving the magnetic

problem. In this modelling technique, the whole magnetic system is discretized into a grid of lines.

The intersection of points called grid points of nodes, as shown in Fig. 1.3, then a set of linear
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algebraic equations (difference equations) on grid pointsare obtained using differential equations

[63]. The disadvantage of this method is that the regular grid does not confirm to have a grid point at

the interface of different media. This can be overcome by using finer grid lines, but it requires greater

computation time.

Interface boundary of different media

Grid points

Figure 1.3: Division of magnetic problem into grid points.

1.2.1.2 Finite Element Analysis (FEA)

The 3-D finite element analysis is another numerical method,which is commonly used in mod-

elling. Similar to the finite difference method, the finite element analysis is used to solve differential

equations. In the finite difference method due to the constant grid point, it is not suitable for the mag-

netic problem, which has irregular boundary shaped boundaries [63]. The magnetic problem with

such types of boundaries is easily solved using FEA [63]. This method discretizes the magnetic prob-

lem into the mesh elements, as shown in Fig. 1.4. The mesh elements are the generally triangular

shape for the 2-D problem and a tetrahedral shape for a 3-D problem. The mesh should be such a

size that magnetic field variation in mesh element can be assumed linear. Therefore, the accuracy of

the obtained magnetic field depends on the size of the mesh. For more accuracy, the size of the mesh

should be smaller, which results in a larger number of mesh elements in the magnetic problem. The

computational time increases with the increase in the number of mesh element. Therefore to get accu-

rate results, this method requires computational time. TheFEA model of the magnetic problem with
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a magnetic shield requires even more computational time dueto its multiphysics structure. When the

meshing is done at only the boundaries, it is called a boundary element method (BEM).

Interface boundary of different media

Figure 1.4: Division of magnetic problem into different mesh.

1.2.1.3 The Moment Method (MoM)

The FDM and FEA are used for solving the differential equation, whereas the moment method is

used for solving integral equations. The method of the moment offers a progressively smaller compu-

tational domain, due to the use of integral formulation. This method has lesser computation time as

compared to FEM or FDM. The major drawback of this technique is an increase in implementation

complexity.

1.2.2 Analytical Method

Numerical methods do not offer an intuitive understanding of the effect of geometrical parameters

on WPT system performance. Therefore, the numerical methodis not suitable for the designing of

the WPT system.

1.2.2.1 Biot Savert Law

The Biot Savert law is commonly used to calculate the magnetic field of a coil. The Biot Savert law

is a specific solution of Greens function. The Biot Savert lawis applicable when coils are surrounded

by air. When the distance between the point of interest and coil is very large as compared to the

thickness of turn, then the magnetic field at the point can be calculated by assuming turns of the coil

6
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as current-carrying segments [60, 64, 65]. Then the magnetic field due to each segment is added to

get the magnetic field due to coil. In case when the thickness of the turn is comparable to the point

of interest, then the filament method is used. In the filament method, turns of coils are considered as

an enclosed volume, which is divided into a finite number of filaments. The total current is equally

distributed in each filament [60]. The biot Savert law is not applicable to the magnetic problem where

high permeable material is present. For this situation, themethod of the image is used [66]. But the

magnetic problem which involves multiple boundaries the method of the image is not convenient [67].

1.2.2.2 Magnetic Equivalent Circuit (MEC)

The magnetic equivalent circuit is one of the widely used modelling methods to calculate magnetic

field in the magnetic system [68]. In this method, the whole magnetic system is divided into small

flux tubes, which forms a network of magnetic reluctance [69,70]. The general definition of a flux

tube is shown in Fig.1.5. The magnetic reluctanceℜ is given by-

Figure 1.5: Geometric definition of a flux tube and its representation.

ℜ =
u1 − u2

φ12
(1.1)

where,u1 − u2 is the potential difference across the flux tube andφ12 is the magnetic flux flowing

through flux tube. The network of magnetic reluctance is obtained in two ways either by meshing the

system into small domains [70] or with the knowledge of the predefined path of the magnetic field [?].

With the meshing, no prior knowledge of magnetic flux is required, but it increases the computational

effort, makes it less suitable for the design process. The magnetic equivalence of Kirchoff’s current

law or the equivalence of Kirchoff’s voltage law is used to solve the obtained magnetic network [71].

1.2.2.3 Harmonic Method (HM)

For the modelling, a 3- D electromechanical system using theharmonic method needs periodicity

in the two directions. The implementation of the harmonic method is suitable when all the divided re-
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gion is equal-sized to the periodicity [72]. However, some researcher has modified harmonic method

to include material smaller than the periodicity, called asmode-matching technique [72–76]. In the

harmonic modelling method, the whole domain is divided intoregions along the non-periodic direc-

tion based on their material property. Then Poisson’s or Laplace equation using separation of the

variable method is solved in each region. The solution of magnetic potential can be written as a

Fourier series.

The features of various modelling techniques of the magnetic field are presented in 1.1

Table 1.1: Comparison of Magnetic Field Modelling techniques

Method Characteristics

Finite Difference Method
Less suitable for curvillinear boundaries
High computational time
High accuracy

Finite Element Analysis
Suitable for curvillinear boundaries
High computational time
High accuracy

Moment Method
Suitable for curvillinear boundaries
Less computational time compared to FDM an FEA
High accuracy

Biot Savert Law
Straight forward procedure [77]
Elliptical integrals should be solved for complicated geometries [78]
Applicable to only coil system surrounded by air [60]

Method of the image

Suitable when finite permeable material
present in the neighborhood of a coil [60]
For multiple boundaries, infinite number of images
need to be present [69]

Magnetic Equivalent Circuit

Suitable only for small air-gap
with ferromagnetic structure around the coils
Not suitable for coils surrounded by air [60]
More computational time

Schwartz Christoffel Mapping
Limited to 2D problems [69]
Considers infinite permeability of magnetic material
More computational time

Harmonic Method
Able to model the coils surrounded by air
Able to model the coils having magnetic shield nearby

1.3 Research Motivation

Accurate modelling is an integral part of designing the coilsystem of the WPT system. Generally,

the 3-D finite element analysis (FEA) is used to design a coil system because of its high accuracy.
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However, high mesh-density in the 3-D FEA model requires intensive computational power [79, 80].

This computational power increases further according to the increase in the dimensions of the coil

system [80]. The iterative design process requires numerous modifications in the 3-D FEA model to

achieve the desired coil system, which is a tedious process.

An analytical model is another approach to design the coil system. Here, any modifications in the

design of the coil system can easily be incorporated for irrespective dimensions of the coil system

without change in computational power. Moreover, the analytical model gives a better understanding

of the fundamental physics of the coil system [81,82]. Hence, the analytical model is convenient in the

initial designing and optimization of the coil system. Nevertheless, the analytical models are problem-

specific and involve geometrical and physical assumptions that highly influence the calculated results

[83].

1.4 Aim of the thesis

In literature, many analytical studies have been done to calculate the mutual inductance for the

rectangular and square type geometry considering different misalignments [1, 84–87]. Though these

studies have analyzed different misalignments of the coil,the magnetic shielding effect has not been

included in the analysis. However, Some literature has presented an analytical model to calculate

the mutual inductance and magnetic flux density distribution by considering a magnetic shield with

a relative permeability of infinite value [77, 88, 89]. The analytical model with the assumption of

infinite permeability does not give the effect of a finite permeable shield, which is practically used.

Practically a magnetic shielding used in the WPT system has finite permeability and dimension.

By considering the contributions made in literature, the aim of this thesis to present an analytical

model for the coil system having magnetic shields of finite permeability and dimension. The analyt-

ical model should be able to describe the magnetic field in thecoil system accurately. Moreover, the

proposed model should be able to model the various geometrical variation in the coil system having

magnetic shields. The ability to adapt the change in geometrical parameters makes the analytical

model suitable for designing of WPT system.

9
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1.5 Thesis Contribution

This thesis presents an analytical model (Electromagneticmodel) for the coil system having mag-

netic shields of finite permeability and dimension. For this, modelling of the coil system without

shields is developed at first. In the next step, magnetic shielding of finite permeability and infinite

length is included in the modelling. After this, the modelling for the coil system having the magnetic

shield of finite permeability and finite dimension has been presented. The presented electromagnetic

models accurately described the magnetic field for the coil system. Furthermore, to analyze the im-

pact of change in mutual inductance of electrical parameters of the WPT system, a steady-state model

also has been developed. The contributions of this thesis are:

• Detailed 3-D analytical models to predict magnetic field distribution in the air gap and mutual

inductance between the coils for the coil system shown in Figs. 1.6- 4.1(a) have been developed.

To develop the analytical model for the coil system shown in Figs. 1.6 and 1.7, the harmonic

modelling technique is used. Whereas, for the coil system shown in Figs. 4.1(a), the sub-

domain technique is used.

Secondary Coil

Primary Coil

Air

Shield 1

Copper

Air
Jy

xy
z

Figure 1.6: 3D illustration of coil system without magnetic shield.

Secondary Coil

Primary Coil

Air

Shield 1

Copper

Air
Jy

Air

xy
z

Figure 1.7: 3D illustration of coil system having magnetic shield of finite permeability and infinite length.
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Coil 

system

Secondary Coil

Primary Coil

Air
Shield 1

Air Copper

Air

Air
Shield 2

Jy
JyJx

Jx

x
y

z

Figure 1.8: 3D illustration of coil system having magnetic shield of finite permeability and finite length.

• The 3-D FEA models for the coil system shown in Figs. 1.6- 4.1(a) is also developed, and the

results of the FEA model and analytical model are compared.

• The variation in mutual inductance for the different misalignments are studied.

• Examines the variation in electrical parameter for Series-Parallel compensated WPT system

during misalignments.

• The analytical results are verified with 3-D FEA model and measurement results.

1.6 Thesis Overview

The thesis contributions described above are presented in different chapters. A brief description

of these chapters is as follows:

✍ Chapter 1 gives a general introduction of the wireless power transfersystem, advantages, and

applications in different areas. The working principle of the WPT system has been discussed.

It also describes the problem statement and the motivation behind the work.

✍ Chapter 2 This presents a 3-D analytical model to describe the magnetic field distribution in

the air gap between the coils for the WPT system. For the modelling 3-D magnetic vector

potential and magnetic scalar potential have been defined. To include coil as a magnetic field

source in the modelling it has been considered as four overlapping bars, and Fourier series

is used to define the current density distribution in the coil. The developed analytical model

is applied to calculate mutual inductance for different misalignments, which usually occurs

during EVs battery charging. Moreover, two new expressionsare derived for the calculation of

11
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the mutual inductance between the coils for different misalignments, which makes the initial

designing of the WPT system faster. The results of the 3-D analytical model are compared with

the simulation and the measurement results, and a good agreement has been found.

✍ Chapter 3 In the WPT system with air-core coils large leakage flux occurs, which is reduced

with the inclusion of high permeable material (magnetic shield). Many researchers have mod-

eled a magnetic shield with the assumption of infinite permeability. The analytical model with

the assumption of infinite permeability does not give the effect of a finite permeable shield,

which is practically used. To deal with this problem this chapter presents a 3-D analytical model

using a harmonic modelling technique which includes a magnetic shield with finite permeabil-

ity.This model has the flexibility to change the width and permeability of shielding material. A

comparison in mutual inductance for coil system with shieldand without shield also has been

made. The results of the mutual inductance and magnetic fielddistribution obtained from an-

alytical and finite element simulation modelling are compared with the experiment, and good

agreement is found.

✍ Chapter 4 The previous chapter presents an analytical model for the coil system having mag-

netic shielding of finite permeability, but the length of themagnetic shield assumed infinite.

This chapter presents a 2-D analytical model using the subdomain technique to incorporate the

finite dimension of the magnetic shields. This subdomain model incorporates magnetic shields

of finite dimension and finite permeability. To get tangible results, a 3-D subdomain model is

developed using the superposition of two 2-D subdomain models. These 2-D subdomain mod-

els are developed forxz- andyz-planes, which are invariant in their third direction (i.e., in the

y-direction forxz-plane and the x-direction inyz-plane). In this context, a correction factor for

2-D subdomain model is introduced to make it variant in theirthird direction. The proposed 3-D

subdomain model can incorporate any changes in the parameters of magnetic shielding such as

length, width, and relative permeability. Moreover, with the proposed subdomain model, square

and rectangular coil system of any dimensions can be designed and analyzed. The comparison

in magnetic field distribution obtained from the 2-D subdomain model and 2-D FEA has been

12
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made. The magnetic field distributions obtained from the 2-Dsubdomain model coincide with

the magnetic field obtained from 2-D FEA, which confirms the accuracy of the 2-D subdomain

model. Moreover, The mutual inductances obtained for the vertical and horizontal misalign-

ments from the 3-D subdomain model are compared with those obtained from 3-D FEA and

measurements. The obtained results are in close agreement,which confirms the accuracy of the

3-D subdomain model.

✍ Chapter 5 The change in the mutual inductance between the coils impacts the power transfer

capability and the efficiency of the entire WPT system. This chapter presents a steady-state

model to investigate the variation in electrical parameters of the SP compensated WPT system

during different misalignments. The mutual inductances calculated from the analytical model

presented in chapter 2 and 4 are used as input to the steady-state model. In order to get an

accurate result, the effect of the harmonics is considered in the steady-state model. This model

can be used to analyze the component stress of SP compensatedWPT system. The results of

the steady-state model are verified experimentally. Thus, the proposed method can be adopted

in the initial design process of SP compensated WPT system.

✍ Chapter 6 presents the conclusive remark based on the work presented in the previous chapters.

All the findings have been highlighted. Further, the future work for extending the research also

has been outlined.
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2. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment in Wireless
Power Transfer System

2.1 Introduction

In the WPT system, the transferred energy depends on the amount of magnetic flux linked to the

secondary coil. Accurate knowledge about the magnetic fielddistribution of the coils is required to

model the mutual flux. The possible modelling methods which can be used to calculate the magnetic

field for the coil system shown in Fig. 2.2 are classified as numerical and analytical methods. Fig. 2.1

shows the classification of available modelling methods.

Electromagnetic methods

Numerical method Analytical method

3-D Finite Element Analysis
Biot-savert law Magnetic Equivalent circuit Harmonic Model

Figure 2.1: Classification of available methods to model coil system shown in Fig. 2.2.

The 3-D finite element analysis (FEA) is the most commonly used numerical method to design

such a coil system because of its high accuracy. The method divides the coil system into mesh

elements. The high mesh-density in the 3-D FEA model requires intensive computational power

[79, 80, 90]. This computational power increases further according to the increase in the dimensions

of the coil system [80]. To achieve the desired coil system, the iterative design process requires

numerous modifications in the 3-D FEA model, which is a tedious process. Moreover, it unable to

give an insight into the effect of geometrical parameters onWPT system performance.

The analytical model is another approach to design the coil system. Here, any modifications in

the design of the coil system can be easily included irrespective of the dimensions of the coil system

without change in computational power. Moreover, the analytical model gives a better understand-

ing of the fundamental physics of the coil system [81, 82]. Hence, the analytical model is more

convenient in the initial designing and optimization of thecoil system. Nevertheless, the analytical

models are problem-specific and involve geometrical and physical assumptions that highly influence

the calculated results [83].

The Biot-Savart law is the is most commonly used analytical model to calculate the magnetic
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field for the coil system shown in Fig. 2.2. It gives a direct solution of magnetic flux density. In

this analytical modelling magnetic field at a point is calculated for to the current flowing in the finite

length conductor. The turns of the coil are represented as current-carrying bars to model the coil

system. The total magnetic field due to the coil can be calculated by superposition of magnetic flux

obtained by each bar. The Biot-Savart law is applied only forthe coil system where the magnetic

shield is absent.

The Magnetic Equivalent Circuit (MEC) method uses Ampere’scircuit law and Gauss’ law for the

calculation of magnetic field density in the coil system. Themethod is applicable for the coil system,

having a very small air gap and should have ferromagnetic material around coils. Therefore, MEC is

not suitable for the modelling shown in Fig. 2.2.

The harmonic model is another method to calculate magnetic field density for the coil system

shown in Fig. 2.2. In the harmonic modelling method whole domain is divided into different regions

based on their material property. The magnetostatic Maxwell (∇ ·B = 0 and∇×H = J) equations are

solved for each region. For the regions with current density, Poisson equation is used whereas for other

regions Laplace equation is used [91]. The magnetic field in the region is obtained by solving passion

or Laplace equation using separation of variables method, which gives the solution as a product of

independent variables can be written as Fourier series [72]. The harmonic modelling method can

calculate the magnetic field in the air medium as well as in a finite permeable magnetic material [60].

This model originates from the structures with periodic field distribution like motors. The same is

extended to the single-coil systems with assuming that the period of the spatial distribution is large

enough to neglect the electromagnetic influence of repeatedstructure on it [75,91].

A comparison has been made between different available modelling methods relating to the ability

to model the three-dimensional magnetic field of the coils, which can be surrounded by air or having

magnetic materials nearby. It is found that the harmonic modelling method can model such a coil

system, which includes a magnetic shield. Compare to the harmonics model; the Biot Savert’s law

can model the coils which are surrounded by air. The MEC modelling method is suitable only for

that coil system which has a small air gap between the coils, as well as magnetic materials near the

coils, which restrict the possibility to calculate the magnetic field for the coil system surrounded by
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air. The FEA model can be used for modelling, but it requires high computation power due to the

meshing of the 3D structure of the coil system. The computational power of FEA simulation varies

with the dimension of the model. Therefore, FEA is not suitedfor parametric search compared to an

analytical method. The harmonic modelling method is selected to model the coil system shown in

Fig. 2.2 because of flexibility and geometrical options.

This chapter presents an analytical model using harmonic modelling method to calculate the mag-

netic field in the air gap for the coil system having two coils surrounded by the air. The calculated

magnetic field is used to determine self-inductance and mutual inductance. These parameters are es-

sential for the design of a wireless power transfer system. Moreover, two new expressions are derived

for faster calculation of the mutual inductance between thecoils of the WPT system. The proposed

model takes into account the variation of mutual inductancedue to different misalignments for the

air core transmitter and receiver coil system. All possiblemisalignments that can occur during the

charging of EV are considered.

The organization of this chapter is as follows: Section 2.2 presents the system description and the

governing equations used to develop the analytical model with assumptions. Section 2.3 describes the

possible misalignment between the coils during EV charging. Section 2.5 gives the detail description

of the experimental setup and the comparison of the results obtained from the mathematical model,

simulation, and experiment. Finally, Section 2.6 discusses the summary of this chapter.

2.2 Analytical Model

The harmonic modelling method is used for developing the 3-Danalytical model for the coil sys-

tem shown in Fig. 2.2. This section presents a detailed discussion about the analytical model in

subsequent subsections. This section is organized as follows: Subsection 2.2.1 presents the descrip-

tion of the coil system, and assumption involves in the analytical modelling, then the coil system has

been divided into different regions based on their materialproperties. Further, the differential equa-

tions for magnetic vector potential and scalar potential are solved for each region, given in Subsection

2.2.2. These potentials contain various unknown coefficients, which is calculated by applying the

interface conditions at the boundaries of each region, presented in subsection 2.2.4.
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2.2.1 System Description and Assumptions

Coil 

system

Secondary coil

Primary coil

Shield 1

Jy Jx

Region III: Air

Region I: Air

Region II:  Copper

Figure 2.2: 3D illustration of coil system with its regions.

For calculating the magnetic field distribution, the 3-D analytical model for the coil system is

derived. In the modelling, the coil system is divided into three different regions along thez-direction,

as shown in Fig. 2.2. The areas below and above the primary coil is named as Region I and Region

III, respectively. The primary coil, which is the current-carrying region, is denoted as Region II. Here,

the mutual inductance is calculated using the open circuit method, that is no current flows through

the secondary coil. Hence, the secondary coil is included inRegion III. The parameters of the coil

system necessary for the analytical model are listed in Table 2.1. These parameters have been chosen

as an example to verify the analytical model; however, one can use this analytical model for different

dimensions of the rectangular coils.

The modelling has been done in the 3-D Cartesian coordinate system. The magnetic field calcu-

lated from the proposed model considers the following assumptions:

• In the harmonic model, the solution of magnetic potentials is written as a Fourier series. Thus,

to model a single coil using the Fourier series, a periodic structure inx- andy-direction with

a period ofτx andτy, respectively is assumed. However, the system has only one primary coil

which is physically present and named as a working coil. The coils which are used to make the

structure periodic are physically absent and are named as fictitious coil, as shown in Fig.2.3.

The repetition of the fictitious coils is assumed large enough to ensure the interference of the

magnetic field produced by the fictitious coil on the working coil is negligible.
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x

y

τx
Working coil Fictitious coil

τy

Figure 2.3: Arrangement of coils

• The quantities which are temperature-dependent such as resistance of the primary coil is ne-

glected in magnetic modelling.

• The material properties of a medium are linear, homogeneousand isotropic.

• No current exists in thez - direction.

This subsection described the coil system with assigned regions and assumptions involved during the

analytical modelling. After assigning different regions to the coil system, for calculating the magnetic

field, either magnetic vector potential or scalar potentialneeds to be solved. The next subsection

discusses magnetic vector potential, scalar potential, and its governing equations.

2.2.2 Solution of the magnetic vector potential and scalar potential

The coil system is divided into various regions to calculatemagnetic field density using the pro-

posed modelling method. The magnetic vector potential or scalar potential is used to calculate the

magnetic field in each region. These potentials are described in the subsequent section. Sub-sub sec-

tion 2.2.2.1 presents the solution of the magnetic vector potential, whereas magnetic scalar potential

is explained in sub-sub section 2.2.2.2.
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2.2.2.1 Magnetic vector potential in coil

The magnetostatic Maxwell equations are used for the derivation of the equations, which is given

as-

∇ × H = J, (2.1)

∇ · B = 0, (2.2)

whereH is the magnetic field strength,B is the magnetic flux density, andJ is the current density

vector. Considering the vector calculus identity, the divergence of the curl of any vector field is always

zero as

∇ · (∇ ×G) = 0, (2.3)

whereG is an arbitrary vector field. From Gauss law for magnetism (2.2) and vector identity (2.3),

the magnetic field density can be written as the curl of vectorpotential [63], given as-

B = ∇ × A (2.4)

whereA is the magnetic vector potential. The magnetic vector potential must satisfy the Coulomb

Gauge condition, therefore

∇ · A = 0 (2.5)

The Magnetic flux densityB and the magnetic field intensityH are related by (2.6)

B = µ0µrH (2.6)

whereµ0 is the magnetic permeability of vacuum andµr relative magnetic permeability of the mate-

rial. By using (2.1) and (2.6) the magnetic field densityB can be written in terms of current density

as

∇ × B = µ0µrJ (2.7)

substituting (2.4) into (2.7)

∇ × (∇ × A) = µ0µrJ, (2.8)
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and using vector identity

∇(∇.A) − A(∇.∇) = µ0µrJ, (2.9)

substituting (2.5) in (2.9) reduces to

∇2A = −µ0µrJ. (2.10)

The (2.10) is known as the Poisson equation. The solution of the magnetic vector potential, which

satisfies (2.10), gives valid magnetic field density in the considered domain.

This region represents the current-carrying primary coil.The direction of the magnetic vector

potential is along the direction of current density. Here, the current density in the primary coil flow

alongx andy directions, represented asJx andJy, respectively shown in Fig 2.2, where the current

density along thez- direction is assumed to be zero. The component form of (2.10) is given as

∇2Ax = −µ0µr Jx (2.11)

∇2Ay = −µ0µr Jy (2.12)

∇2Az = 0. (2.13)

whereAx, Ay, andAz are the magnetic vector potentials inx-, y-, andz-directions. Here, due to the

absence of the current in thez-direction,Az is considered as zero [92]. The current densitiesJx(x, y)

andJy(x, y) are discussed in detail in subsection 2.2.3. The differential form of (2.11)-(2.13) is given

as

∂2Ax

∂x2
+
∂2Ax

∂y2
+
∂2Ax

∂z2
= −µ0µr Jx (2.14)

∂2Ay

∂x2
+
∂2Ay

∂y2
+
∂2Ay

∂z2
= −µ0µr Jy (2.15)

∂2Az

∂x2
+
∂2Az

∂y2
+
∂2Az

∂z2
= 0 (2.16)

After solving(2.14)-(2.16) using the separation of variables method, we get the magnetic vector
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potential given by (2.17).

Ax = −

N
∑

n=1,3,5

M
∑

m=1,3,5

(

cII1e
kzz + dII1e

−kzz
)

cos(kxx) sin(kyy) +
µ0Jx(x, y)

k2
z

Ay =

N
∑

n=1,3,5

M
∑

m=1,3,5

(

cII2e
kzz + dII2e

−kzz
)

sin(kxx) cos(kyy) +
µ0Jy(x, y)

k2
z

(2.17)

Az = 0

The magnetic vector potential may also be used to calculate the magnetic field because of the

validity of Gauss law magnetism (2.2) in the air medium. But the magnetic vector potential for

representing a region of coil system ( shown in Fig. 2.2 ) requires two components and, hence more

unknown coefficients. These unknown coefficients need to be known to calculate the magnetic field,

and they are obtained by solving the boundary condition. More unknown needs more boundary

conditions which increase the complexity of the analyticalmodel. The magnetic scalar potential can

be an alternate way to calculate the magnetic field in the domain. The magnetic scalar potential and

their governing equation are discussed in the next subsection.

Table 2.1: Parameters of the coil system and analytical model

Parameters Definition Value Unit

a1p Inner distance of primary coil from centre inx-direction 66.3 mm

a2p Outer distance of primary coil from centre inx-direction 92.7 mm

b1p Inner distance of primary coil from centre iny-direction 42.8 mm

b2p Outer distance of primary coil from centre iny-direction 69.2 mm

a2s Inner distance of secondary coil from centre inx-direction 92.5 mm

b2s Outer distance of secondary coil from centre iny-direction 69.0 mm

w Diameter of the primary and secondary coils 2.5 mm

τx Coil pitch in x-direction 465 mm

τy Coil pitch iny-direction 353.75 mm

J Current density in the coil 0.713 A-mm−2

N Harmonics inx- direction 50

M Harmonics iny- direction 50
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2.2.2.2 Solution of magnetic scalar potential in air medium

For deriving the magnetic scalar potential from the magnetostatic equations, the current density is

assumed to zero. Therefore, Ampere’s law (2.1) can be written as

∇ × H = 0. (2.18)

The vector calculus identity, the curl of the gradient of thescalar field is zero, i.e

∇ × (∇ϕ) = 0, (2.19)

whereΨ is a scalar potential. Therefore, the magnetic filed strength can be expressed as the gradient

of a scalar potential, given as

H = −∇ϕ. (2.20)

Here,ϕ is a magnetic scalar potential. Besides satisfying (2.18) in the region where current is

absent, The Gauss law for magnetism (2.2) should also be satisfied. By using (2.6), (2.2) can be

written in terms of magnetic field intensity as

∇ · H = 0. (2.21)

With the help of (2.20), (2.21) can be written as

− ∇ · (∇ϕ) = 0. (2.22)

By using vector identity the magnetic scalar potential is given as

∇2ϕ = 0. (2.23)

The (2.23) is known as the Laplace equation. The solution of the magnetic scalar potential, which

satisfies (2.23), gives valid magnetic field density behaviour in the considered domain. However, this

is all under the condition that no current density can exist in the considered region. Therefore, the

magnetic scalar potential can be used for the formulation inthe region where the current density is

absent. Among all the divided regions of the coil system shown in Fig. 2.2,I andIII are the regions
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where the current density is absent. Therefore, magnetic scalar potential is used for the formulation

in the regionI andIII . The Laplace equation for the regionI andIII are given in (2.24)-(2.25).

∇2ϕI = 0 (2.24)

∇2ϕIII = 0 (2.25)

By solving (2.24) and (2.25) using separation of variables method, the expression of the magnetic

scalar potential for these regions is expressed as

ϕI =

N
∑

n=1,3,5

M
∑

m=1,3,5

cI e
kzz cos(kxx) cos(kyy) (2.26)

ϕIII =

N
∑

n=1,3,5

M
∑

m=1,3,5

cIII e
−kzz cos(kxx) cos(kyy) (2.27)

kx =
nπ
τx
, ky =

mπ
τy
, and kz =

√

(

nπ
τx

)2

+

(

mπ
τy

)2

(2.28)

where,kx andky are the spatial frequencies in thex andy direction with periodτx andτy respectively.

The solution of the magnetic scalar potential for region I and III which satisfied the Laplace equation

has been given in this subsubsection.

In this subsection, the solution of the magnetic vector potential and scalar potential for different

regions derived from the magnetostatic Maxwell equations has been discussed. From (2.17), it can

be seen that for the calculation of magnetic vector potential expression, current density distribution

should be known. The next subsection gives a detailed description of the current density distribution

in the primary coil.

2.2.3 Modelling of the current density distribution

At the four-round corner of the rectangular coil, as shown inFig. 2.4, thex andy-components are

related to each other, which restricts the application of separation of variables method. To consider

the four round corners in the analytical model, the coil can be modeled with different configurations

as (1) Non-overlapping bars, (2) Trapezoidal bars, and (3) overlapping bars [60]. Among these ar-
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Jx

Jy Jy

Jx

x

y

b1p

a1p

a2p

b2p

Line1

Line2 

dw

Round corners

Round corners

dw

U

V

R S

Figure 2.4: The actual coil and its approximation.

rangement, trapezoidal arrangement and overlapping arrangement give better results as compare to the

non-overlapping bar, but the trapezoidal arrangement can only be applied with square coil [77]. The

configuration of four overlapping bars can be used for the rectangular shape of the coil. Therefore, in

the proposed analytical model, uses four overlapping bars in the modelling.

The rectangular coil, as shown in Fig. 2.4 can be considered as four-bar with four round corners.

At the four-round corner, thex andy-components are related to each other, which restricts the applica-

tion of separation of variables method. To consider the fourround corners in the analytical model, the

coil can be modeled with different configurations as (1) Non-overlapping bars, (2) Trapezoidal bars,

and (3) overlapping bars [60]. Among these arrangements, trapezoidal arrangement and overlapping

arrangement give better results as compare to the non-overlapping bar, but the trapezoidal arrange-

ment can only be applied with square coil [77]. The configuration of four overlapping bars can be

used for the rectangular shape of the coil. Therefore, the current density distribution in the primary

coil is modeled by assuming four overlapping rectangular bars, as shown in Fig. 2.4 [77]. These

bars have a finite length in the current direction. Here, to include the effect of the round corner on

magnetic filed density, the coils are overlapped at the corners. The Fourier series is used to represent

the current density distributions [77,92].

The current density distribution ofJx on Line 1 (UV-Line), i.e along they-direction, is shown in

Fig. 2.5(a). Fig. 2.5(b) show the current density distribution of Jx on Line 2 (RS-Line), i.e along the

26

TH-2341_126102029



2.2 Analytical Model

-Jx

y

Jx

Ja1p

a2p

(a)

x

J

av-av

Jx

(b)

(c)

Figure 2.5: Current density distribution ofJx (a) alongy-direction, (b) alongx-direction, and (c) alongx- and
y-direction..

x-direction. The current density distributionsJx(x, y) andJy(x, y) are expressed by (2.29) and (2.32),

respectively [92,93].

Jx(x, y) =
N

∑

n=1,3,5

M
∑

m=1,3,5

j1 sin(kyy) cos(kxx) (2.29)

where

j1 =
16J(cos(kyb1p) − cos(kyb2p)) sin(kxav)

mnπ2
(2.30)

av =
a1p + a2p

2
. (2.31)
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Jy(x, y) =
N

∑

n=1,3,5

M
∑

m=1,3,5

j2 sin(kxx) cos(kyy) (2.32)

where

j2 =
16J(cos(kxa1p) − cos(kxa2p)) sin(kyav)

mnπ2
(2.33)

bv =
b1p + b2p

2
. (2.34)

For the calculation of magnetic field density using (2.6), the coefficients of the potentials should

be known for each region. These unknown coefficients are determined using the boundary conditions.

The next subsection explains the applied boundary conditions.

2.2.4 Boundary conditions

z = w

z = 0

z

x
Region: I

Region: II

Region: III

IItx

Figure 2.6: xzface of rectangular coil

The expression of coefficients in potentials should be knownto calculate the magnetic field with

the potentials. The potentials in (2.17), (2.26) and (2.27)contain six unknown coefficientscI , cII1,

dII1, cII2, dII2, andcIII . For calculating these unknowns coefficients, six equationis required, which

is obtained by applying the boundary conditions at the boundaries inz- direction of each region. The

boundary conditions are defined by the continuity of tangential magnetic field intensity (Hx andHy)

and normal component magnetic field density (Bz) at z = 0 andz = w, as shown in Fig. 2.6 and is
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given as

HxI (x, y, 0) = HxII (x, y, 0)

HyI (x, y, 0) = HyII (x, y, 0)

BzI (x, y, 0) = BzII (x, y, 0)

HxII (x, y,w) = HxIII (x, y,w)

HyII (x, y,w) = HyIII (x, y,w)

BzII (x, y,w) = BzIII (x, y,w) . (2.35)

With these boundary conditions a set of 6 simultaneous linear equations is obtained. These set of

equations are solved to get the unknown coefficients. The obtained analytical expression of unknowns

are given as-

cI =

0.5
(

Jxky + Jykx

) (

1− e−kzw
)

k3
z

(2.36)

cII1 =

0.5kyµ0

(

Jxky + Jykx

)

e−kzw

k4
z

(2.37)

dII1 =

0.5kyµ0

(

Jxky + Jykx

)

k4
z

(2.38)

cII2 =

0.5kxµ0

(

Jxky + Jykx

)

e−kzw

k4
z

(2.39)

dII2 =

0.5kxµ0

(

Jxky + Jykx

)

k4
z

(2.40)

cIII =

0.5
(

Jxky + Jykx

) (

ekzw − 1
)

k3
z

(2.41)

After determining the coefficients of magnetic potentials,the magnetic field in region III, where the

secondary coil exists, can be calculated. The calculated magnetic field and alignments of the sec-

ondary coil with respect to the primary coil are required forcalculating mutual inductance. The next

section discusses the possible misalignments during EV charging.
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2.3 Possible Misalignments

The analytical model presented in this chapter is used to calculate the mutual inductance, which

depends upon the alignment of the secondary coil. Therefore, the following misalignments are con-

sidered.

(i) Vertical Variation (VV);

(ii) Planar Misalignment (PM);

(iii) Angular Misalignment (AM);

(iv) Horizontal Misalignment (HM);

(v) Planar with Horizontal Misalignment (PHM);

(vi) Angular with Horizontal Misalignment (AHM).

The vertical variation and planar misalignment are shown inFig. 2.7(a) and 2.7(b). In both cases,

the secondary coil plane is parallel to the primary coil plane. In the case of vertical variation, the

secondary coil moves alongz-axis whereas, in planar misalignment, secondary coil rotate around

z-axis at fixed hight. Here,z-component of the magnetic fieldBz constitutes in mutual inductance.

When the plane of the secondary coil is tilted throughy-axis, keeping the centre of secondary coil at

fixed hight is considered as angular misalignment shown in Fig. 2.7(c), hereBx andBz contribute to

mutual inductance.

The other types of variations are possible when the secondary coil moves along thex-axis. In this

type of misalignment, there is an offset of∆x in the x-direction, between the centre of the primary

and secondary coil, as shown in Figs. 2.7(d)-2.7(f). When the secondary coil moves along thex-

axis, having the plane parallel to the primary coil plane at afixed height, is considered as horizontal

misalignment, as shown in Fig. 2.7(d). Fig. 2.7(e) shows thesituation, where the secondary coil

moves along thex-direction with the rotated plane around thez-axis, is considered as planar with

horizontal misalignment (PHM). Fig. 2.7(f) shows the arrangement, which is referred to as angular
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(a) (b) (c)

(d) (e) (f)

x
y

z

Figure 2.7: Schematic of studied variations (a) vertical variation (VV), (b) planar misalignment (PM), (c)
angular misalignment (AM), (d) horizontal misalignment (HM), (e) planar with horizontal misalignment (PHM)
and (f) angular with horizontal misalignment (AHM).

with horizontal misalignment (AHM). In this arrangement, the secondary coil moves along thex-

direction with the tilted plane around they-axis.

This section presented different types of misalignments that occur during EV charging. The next

section discusses the calculation of mutual inductance using magnetic field density calculated from

the proposed analytical model for the discussed misalignments.

2.4 Mutual Inductance Calculation

The magnetic field distribution using (2.6) can be used to calculate the mutual inductance. This

mutual inductance is the direct input for the steady-state model of SP- compensated WPT system,

which is given in Chapter 5. The mutual inductance is defined as the ratio of flux linkage to each turn

of the secondary coil with current flowing through the primary coil, given as-

M(x, y, z) =
λ12

Ip
(2.42)

whereM(x, y, z) is the mutual inductance due to the variation of the secondary coil in x-, y-, and

z-directions with respect to the primary coil,λ12 is flux linked to the secondary coil,IP is the r.m.s.

current in the primary coil. With respect to magnetic field density, the flux linkage to the secondary
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coil can be written as-

λ12 =

∫∫

©BIII .dA (2.43)

BIII represents the magnetic field density of Region III.

Step I: Divide the whole coil system into different            

regions along the z-direction, as shown in 

Fig. 2.2.

Step II: Obtain the general solution of potential in   

  each region given in (2.17), (2.26) and       

  (2.27)  using the Poisson and Laplace  

equations.

Step III: Apply boundary conditions given in         

   (2.35)   to obtain the value of unknown        

   coefficients of the potential equations         

   (as obtained in step II). 

Step V: Finally, calculate the mutual inductance     

  using (2.44) and (2.45) for any given  

  misalignments. 

Step IV: Calculate BIII using (2.6). 

Figure 2.8: Flowchart presenting the steps involved in calculating themutual inductance for different misalign-
ments (as given in (2.44) and (2.45)).

After calculatingBIII using (2.6), the final expressions of mutual inductance, calculated from

(2.42), are given by (2.44) and (2.45). Here, expressions contain the misalignments parameters such

as∆z, θ, ∆x, andα, due to the dependency of surface integration limit on misalignment parameters

(the detailed derivation is given in Appendix A ). Equation (2.44) is valid for AM and AHM, whereas

(2.45) is valid for PHM. However, for VV and HM, both (2.44) and (2.45) can be used to determine

the mutual inductance by puttingθ andα equal to zero.

M(x, y, z) =
NS
∑

ns=1,2,3

∞
∑

n=1,3,5

∞
∑

m=1,3,5

k1
[

0.5ky
2 sin 2θ (p1 cosγ1

− p2 cosγ2) − kxkz (p1 sinγ1 + p2 sinγ2)
]

(2.44)
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M(x, y, z) =
NS
∑

ns=1,2,3

∞
∑

n=1,3,5

∞
∑

m=1,3,5

k2
[

(

2kxky cos 2α

−
(

k2
x − k2

y

)

sin 2α
)

sinγ3 sinγ4 +
(

2kxky cos 2α

+

(

k2
x − k2

y

)

sin 2α
)

sinγ5 sinγ6
]

(2.45)

where the expressions of parametersk1, k2, p1, p2, γ1, γ2, γ3, γ4, γ5, andγ6 are given in (2.46). The

misalignments parameters such as∆z, θ, ∆x, andα are shown in Fig. 2.7.

k1 =
−4µ0cIII e−kz((a2s+nsw) sinθ+∆z) sin

(

ky (b2s− nsw)
)

IP1

(

k2
x − k2

y cos 2θ + k2
z

)

k2 =
cIII µ0kze−kz∆z cos(kx∆x)

IP1

(

k2
zcos2α − k2

y

) (

k2
zcos2α − k2

x

)

p1 = e2kznswsinθ (2.46)

p2 = e2kza2s sinθ

γ1 = −kx
[

(nsw− a2s) cosθ + ∆x
]

γ2 = −kx
[

(nsw− a2s) cosθ − ∆x
]

γ3 = −
(

ky sinα − kx cosα
)

(a2s − nsw)

γ4 = −
(

kx sinα + ky cosα
)

(nsw− b2s)

γ5 = −
(

ky sinα + kx cosα
)

(nsw− a2s)

γ6 = −
(

kx sinα − ky cosα
)

(b2s − nsw) .

This section explains the calculation of mutual inductancethrough magnetic field density ob-

tained from the analytical model. The next section examinesthe accuracy of the calculated mutual

inductance and magnetic field density.

2.5 Verification of Analytical Model

In this section, the verification of the proposed analyticalmodel has been done by comparing the

analytical results with 3-D FEA simulation and measurements. Subsection 2.5.1 presents a description

of the developed 3D FEA model. Subsection 2.5.2 explains each component of the built hardware.

The obtained magnetic field results from 3-D analytical and 3-D FEA with the measurements are
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given subsection 2.5.3; finally, the verification of the mutual inductance for different misalignments

has been discussed in subsection 2.5.4.

2.5.1 FEA Simulation

A 3-D FEA simulation has been done in ANSYS Maxwell 14.0.0 environment to validate the

proposed model. The model is based on the parameters given inTable 2.1. The prepared 3-D FEA

model of rectangular coils is shown in Fig. 2.9. The primary coil is made of four rectangular bars, as

in the case of the analytical model, with the only differenceof circular edge at the corners of the coil.

The primary coil is excited with current densityJ, whereas no current density is given to secondary

coil. The specification of the FEA simulation is given in Table 3.2.

ZY

X

Secondary coil

Primary coil

Figure 2.9: 3-D FEA model of rectangular coils.

Table 2.2: Specification for FEA Simulation

Number of mesh 58405
Type of mesh Tetrahedral
Solver type Magnetostatic

2.5.2 Experimental Set-up

Wooden frame

L
s

L
p

C
s

HF rectifier

R
L

 (300 W)

Current probe

Differential 

voltage probe

Differential 

voltage probe

Oscilloscope

FPGA board

DC-link

capacitor

Current probe

C
p

Gate 

driver

 circuit

HF H-bridge inverter

(a) (b)

Figure 2.10: Experimental set-up (a) hardware prototype, and (b) pick-up coil.
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The set-up consists of a dc-ac power converter, two rectangular coils, and four pick-up coils. A

square wave bipolar dc-ac power converter is used to generate the high-frequency current, which is

fed to the primary coil. It generates a high-frequency voltage signal which switched from positive dc

supply to negative supply voltage using four IRFP460 MOSFETs. Altera Cyclone II, an FPGA starter

board, is used to generate the HF (100 kHz) gate pulse to drivethe H-bridge inverter by using two

numbers of the half-bridge gate driver IC IR2110. The FPGA starter board is isolated from a high

power dc-ac converter by two optocouplers.

Two rectangular coils of eleven turns each are made using Litz wire of American wire gauge

(AWG)#32 copper wire and glued on acrylic sheet. The coils are composed of 100 strands with 0.1

mm in diameter. The dimensions of the rectangular coil are given in Table 2.1.

To measure the magnetic flux density at different points in the air gap, four pick up coils of radius

2 mm, and 200 turns are used, shown in Fig. 2.10(b). This pick-up coil is made of (AWG)#40 copper

wire. The magnetic field density is obtained by the open-circuit voltage at the pick- up coil. Based on

the measured value magnetic field density is obtained by

B =

T
∫

0

Vpick−updt

π · r2
pick−up

(2.47)

whererpick−up is the radius of the pick-up coil,T is the time period of the applied voltage to the primary

coil, andVpick−up is the voltage of the pick-up coil. In (2.47),B can beBx , By andBz depending upon

the orientation of the pick-up coil. When the direction of area vector of pick- up coil is alongx, y,

andz-axis, (2.47) givesBx , By andBz, respectively.

The mutual inductance between the coils is measured with Hewlett Packard 4263B LCR meter.

The inductance of the in-phase and out-phase connected primary and secondary coil is measured

to calculate the mutual inductance between the coils. Aftercalculating the in-phase and out-phase

inductance, these two connection gives the following inductances-

Lin = Lp + Ls + 2 · M

Lout = Lp + Ls − 2 · M
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whereLp andLs are the self inductances of the primary and the secondary coil respectively. With the

measurement ofLin andLout, the mutual inductance between the coils is calculated by (2.48)

M =
Lin − Lout

4
. (2.48)

Here, the component of built experiment set-up and method tomeasure the mutual inductance

has been discussed. The next sub-section compares the magnetic field distribution obtained from the

analytical model with measurement and FEA results.

2.5.3 Magnetic Field Distribution in the Air Gap

The proposed analytical model is validated with 3D FEA and experiment. The distribution ofBz

andBx component above the primary coil atz= 2 cm, obtained from the analytical model, FEA, and

experiment are compared in Figs. 2.11-2.12. Figs. 2.11(a) and 2.12(a) show the tangential component

of magnetic field density alongx andy direction, respectively, whereas Figs. 2.11(b) and 2.12(b)

show the normal component of magnetic field density alongx andy-direction, respectively. In Figs.

2.11 and 2.12 tangential components of magnetic field density (Bx andBy) and normal component of

magnetic field density (Bz) are symmetrical due to the rectangular shape of the coil.

In this sub-section,Bx, By andBz obtained from the analytical model, measurements and FEA

model has been compared. It observed that the magnetic field distribution obtained from the analytical

model follows the results obtained from 3-D FEA and experimental, which confirm the accuracy of

the proposed analytical model. The next sub-section compares the mutual inductance obtained from

the analytical model with measurement and FEA results.

2.5.4 Mutual Inductance

The proposed analytical model is used to calculate the mutual inductance for different misalign-

ments. The comparison of variations in mutual inductance obtained from analytical, FEA, and mea-

surement are shown in Figs. 2.13-2.18. Fig. 2.13 shows the variation of mutual inductance when

the secondary coil moves in the z-direction. Here, mutual inductance decreases as the secondary

coil moves along the z-axis. This decrease in mutual inductance is because of the decrease in the

magnitude of the magnetic field density with respect to the z-direction.

36

TH-2341_126102029



2.5 Verification of Analytical Model

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
x (m)

-6

-4

-2

0

2

4

B
x (

T
)

×10-4

3D Analytical
3D FEM
Experimental

µ
r
=1

(a)

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
x (m)

-2

0

2

4

6

8

B
z (

T
)

×10-4

3D Analytical
3D FEM
Experimental

µ
r
=1

(b)

Figure 2.11: Distribution of (a)Bx and (b)Bz alongx-direction aty = 0 andz= 2 cm.

The variation in mutual inductance due to angular misalignment is shown in Fig. 2.14. For the

measurement, the centre position of the secondary coil is kept atz = 10.25 cm, and the coil is tilted

aroundy-axis from 0◦ to 90◦ with an interval of 10◦. Here, flux linkage through the secondary coil

increases till 40◦, which increases the mutual inductance and then flux linkage, mutual inductance

start decreasing for≥ 40◦.

Fig. 2.15 shows the variation in mutual inductance for a planar misalignment. Here, it is observed

that the mutual inductance decreases for 0◦ to 90◦ rotation of secondary coil and again increases for

90◦ to 180◦ rotation, and this is due to the decrease and increase in the overlapping area between coils,

respectively.

The variation in mutual inductance for the case where the secondary coil moves along thex -

direction is reported in Figs. 2.16-2.18. These figures showthat mutual inductance decreases as the

secondary coil moves away from the centre of the primary coil, because of the decrease in mutual
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Figure 2.12: Distribution of (a)By and (b)Bz alongy-direction atx = 0 andz= 2 cm.
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Figure 2.13: Mutual inductance variation inz-direction without shielding.

coupling. In Fig. 2.17, both angular and horizontal misalignment, is illustrated. Here, the secondary

coil moves along thex-direction with an angular rotation of 10◦ and 20◦ around they-axis, having its

centre atz= 3.2 cm and 4.74 cm, respectively. For the measurement of variation in mutual inductance

due to both planar and horizontal misalignment is shown in Fig. 2.18. Here, the secondary coil moves
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Figure 2.14: Mutual inductance variation for angular misalignment.
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Figure 2.15: Mutual inductance variation for planar misalignment atz= 10.25 cm
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Figure 2.16: Mutual inductance variation for horizontal misalignment at z= 1.35 cm.

along thex-direction havingz = 2.4 cm and planar rotation of 20◦ (aroundz-axis). From Figs. 2.13-

2.18, it is observed that mutual inductance variation obtained from the analytical model, FEA, and

experiment are following the same pattern.
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Figure 2.17: Mutual inductance variation for both angular and horizontal misalignment.
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Figure 2.18: Mutual inductance variation for both planar and horizontalmisalignment.

2.6 Summary

In this chapter, an analytical model is presented to computethe mutual inductance between the

coils for different misalignments. Magnetic vector potential and magnetic scalar potential are used

to develop the analytical model. Moreover, an experimentalsetup with different misalignments is

developed in the laboratory to validate the efficacy of the model. The results of the analytical model

are compared with the simulation and the measurement results, and a good agreement has been found.

Therefore, the proposed model can be used in the initial designing of such a WPT system.

Generally, the ferromagnetic magnetic material is used to concentrate the magnetic flux, which

increases the mutual inductance. The proposed model predicts the mutual inductance for a rectangular

coil system where ferromagnetic material (magnetic shield) is absent, and the next chapter discusses

the analytical modelling, which includes magnetic shielding in the coil system.
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Note: The contribution of this chapter is published in:

B. K. Kushwaha, G. Rituraj and P. Kumar, ”Mathematical modelfor the analysis of seriesparallel

compensated wireless power transfer system for different misalignments,”IET Circuits, Devices and

Systems, vol. 13, no. 7, pp. 970-978, 10 2019.

41

TH-2341_126102029



2. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment in Wireless
Power Transfer System

42

TH-2341_126102029



3
3-D Analytical Model for Computation of

Mutual Inductance for Different
Misalignment with Shielding in WPT System

Contents
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 44

3.2 Analytical modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 45

3.3 Possible Misalignments . . . . . . . . . . . . . . . . . . . . . . . . . . .. . . . 52

3.4 Verification of Analytical Model . . . . . . . . . . . . . . . . . . . .. . . . . . 54

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

43

TH-2341_126102029
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3.1 Introduction

The previous chapter introduced a 3-D analytical model to calculate mutual inductance for an

air-core coil system without a magnetic shield for the WPT system. The results obtained from the

analytical model have been compared with FEA and experimental results, and they were found to

be in good agreement. The harmonic modelling technique has been used in the analytical model.

In the WPT system, with the air-core coils, large leakage fluxresults in reduced mutual coupling.

Usually, a ferrite core (Magnetic shield) is used in the WPT system to increase the mutual coupling

and minimize the exposure of other installations in the vicinity of the WPT system [49]. Hence, the

WPT coils with the ferrite core (coil system) are preferred.The illustration of such a coil system is

shown in Fig. 3.1.

The Magnetic Equivalent Circuit (MEC), finite element analysis (FEA), and harmonic modelling

method (HM), which has been discussed in chapter 2 can be the possible modelling method to model

coils with the ferrite core. Among these methods, the harmonic modelling technique is found suitable

for the coils with ferrite. Some of the studies have presented an analytical model using a harmonic

modelling method to calculate the mutual inductance and magnetic flux density distribution by con-

sidering an iron bar with a relative permeability of infinitevalue. [77,88,89,94]. The analytical model,

which considers the permeability of used magnetic shield infinite gives a result that deviates from the

actual result.

This chapter presents a 3-D analytical model to calculate the mutual inductance and magnetic flux

density distribution in the air medium for a coil system, which includes the magnetic shielding of

finite permeability. The harmonic modelling method is used for 3-D analytical modelling. Magnetic

vector potential and scalar potential described in the three-dimensional Cartesian coordinate system

are used in modelling. The mutual inductance for various misalignments is also described. To show

the efficacy of the analytical model, results are compared with FEA and experimental results. The

proposed analytical model is capable of taking into accountthe parameter of magnetic shieldings,

such as permeability and width. In order to see the effect of the magnetic shield on the mutual

inductance between the coils, the mutual inductance for thecoil system without a magnetic shield (

discussed in the previous chapter) is also presented in thischapter.
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3.2 Analytical modelling

The chapter is organized as follows: Section 3.2 describes problem formulation and assumptions

made for modelling. The various forms of considered misalignment are discussed in section 3.3.

Section 3.4 verifies the proposed analytical model with FEA results and measurements. Finally, the

summary of this chapter is given in section 3.5.

3.2 Analytical modelling

The harmonic modelling method has been used to model the coilsystem shown in Fig. 3.1. In

the harmonic modelling method, the electromagnetic systemis divided along the non-periodic direc-

tion(Here it isz-direction) [72]. Then the Poissons or Laplace equations are solved for each region.

The solution of Poissons or Laplace equations provide magnetic potentials with the unknown coeffi-

cients. These unknown coefficients are calculated by applying boundary conditions at the boundaries

of each region. This section presents these modelling stepsin subsequent subsections. Subsection

3.2.1 gives an overview of the coil system with assigned regions and assumptions made during mod-

elling. Subsection 3.2.2 presents the potential solution of each assigned regions. Finally, the boundary

condition applied between each region has been discussed inSubsection 3.2.3.

3.2.1 Coil System Overview

The 3-D geometry of contactless coils with its regions is shown in Fig. 3.1. It consists of two

rectangular coils and also a high permeable magnetic material below the primary coil. Figs. 3.3(a)

and 3.3(b) show an actual coil of the WPT system and its equivalent circuit model.

Secondary Coil

Primary Coil

Air

Shield 1

Copper

Air
Jy

Air

xy
z

Figure 3.1: 3D illustration of contactless coils with its regions.
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z
x

2tx

Region I:    Air

Region II:  Shield

Region III: Air

Region IV: Copper

Region V : Air

Figure 3.2: Schematic cross section of the coil system shown in Fig. 3.1

Primary coil
connected 
with source

Secondary coil
open circuited

Contactless coils

(a)

pL
pV

pI
M

sL sV

(b)

Figure 3.3: WPT system having (a) an actual coils, and (b) equivalent circuit model of contactless coils (where
Vp is the high frequency AC source,Ip is the primary current,Ls andLs are the self-inductances of primary and
secondary side respectively,Vs is the open circuit voltage of secondary side, andM is the mutual inductance).

The whole domain is divided into five regions, as shown in Fig.3.1. The cross-section view of

the coil system shown in Fig. 3.1, with the assigned region and their dimension, is shown in Fig. 3.2.

Region I is an air medium which is below the shielding material, and the magnetic shielding material

is presented as Region II. The base of the primary coil (region III) having relative permeability one

(µr = 1) is considered as air medium, and Region IV is a primary coilwhich carries source current.

Region V is above the primary coil, which is an air medium, thesecondary coil carries no current, and

its relative permeability is one; hence, it is considered inregion V. Each divided region is described

by either magnetic vector potential or magnetic scalar potential. The magnetic vector potential is

used in the region where the current source is present, and magnetic scalar potentials are used in other

regions [94].

The magnetic field calculated from the proposed model considers the following assumptions:

• The eddy-current induced in coil and magnetic shields are neglected;

• The magnetic shields used in coil system are considered as isotropic;
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• The quantities which are temperature-dependent such as resistance of the primary coil is ne-

glected in magnetic modelling;

• No current exists in thez - direction.

Table 3.1: Design parameters for WPT system

Parameters Description Value Unit

dw Difference in outer and inner width of 27.5 mm

a coil in x- andy-direction

h2 Diameter of coil 2.5 mm

h1 Thickness of base of coil 3.16 mm

s1 Thickness of magnetic shield 0.02 mm

τx Coil pitch in x-direction 465 mm

τy Coil pitch in y-direction 353.75 mm

J Current density in the coil 0.713 A-mm−2

N Harmonics inx- direction 50

M Harmonics iny- direction 50

Here, the considered coil system with the assigned regions has been discussed. Moreover, the

assumption involved in modelling is also mentioned. For calculating the magnetic field in the assigned

regions, the magnetic potential in each region should be known. The next subsection gives the solution

of the magnetic vector potential and scalar potentials.

3.2.2 Magnetic Field Description

The magnetic field of the divided region of the coil system shown in Fig. 3.1 is calculated with

magnetic potentials. The magnetic field in the current-carrying region (Region IV) is calculated by-

B = ∇ × A (3.1)

Here,A andB is the magnetic vector potential and magnetic field density in region IV, respectively.

Whereas, the magnetic field of the regions representing air medium and magnetic shield region is

calculated by-

Hr = −∇ (ϕr) (3.2)

whereϕr is scalar magnetic potential, andr can be the region I, II, III, or V.

The solution of magnetic potentials used in (3.1) and (3.2) is given in the following sub-sub
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section: The Sub-sub section 3.2.2.1 presents the solutionof the magnetic vector potential, whereas

the magnetic scalar potential is explained in sub-sub section 3.2.2.2.

3.2.2.1 Region IV

This region is described by the primary coil, which consistsof the current source. Since the

current is present in this region, the magnetic vector potential is used in describing the magnetic

field. [77,88,94]. The direction of vector potential is in the direction of current density. The solution

of the magnetic vector potential is given by following Poisson and Laplace equations-

∇2Ax = −µ0Jx (3.3)

∇2Ay = −µ0Jy (3.4)

∇2Az = 0 (3.5)

where Ax, Ay, and Az are the components of the magnetic vector potentialA in x, y, and z-

directions, respectively. The expression of magnetic vector potential, by solving (3.3) - (3.5) using

separation of variable method, is given as

Ax = −

∞
∑

n=1,3,5

∞
∑

m=1,3,5

(

cIV1e
kzz+ dIV1e

−kzz
)

cos(kxx) sin(kyy) +
µ0Jx

k2
z

Ay =

∞
∑

n=1,3,5

∞
∑

m=1,3,5

(

cIV2e
kzz+ dIV2e

−kzz
)

sin(kxx) cos(kyy) +
µ0Jy

k2
z

(3.6)

Az = 0

whereJx(x, y) and Jy(x, y) are current density distributions along thex, andy , respectively. It is

similar to the current density distribution given in chapter 2. AndAx, Ay, andAz are vector potentials

in the direction ofx, y, andz. Here,Az is zero because current is absent inz-direction.

The unknown coefficients involve in the magnetic vector potential given in (3.6) depends on the

boundary conditions. The boundary conditions in this chapter are different from the previous chapter

due to the inclusion of the magnetic shield. Therefore, the magnetic vector potential of the primary

coil region given in (3.6) is different from the magnetic vector potential given in chapter 2.

Here, The magnetic vector potential for the current-carrying region (Primary coil) has been dis-
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cussed. The next sub-sub section gives the solution of magnetic scalar potential for the regions where

current is absent (air medium).

3.2.2.2 Region I, II, III, and V

In these regions, the current source is absent. Hence, magnetic scalar potential is used in describ-

ing the magnetic field [88]. The magnetic scalar potential for these regions is given by (3.7) - (3.10).

Region II and III represent the magnetic shield region and base of the primary coil, respectively, and

these regions are bounded. Whereas the regions I and V that represent air medium are unbounded, as

shown in Fig. 3.1. Therefore, the scalar potential equationin regions II and III has two exponential

terms; on the other hand, the scalar potential equation in the region I and V have only one exponential

term.

ϕI =

∞
∑

n=1,3,5

∞
∑

m=1,3,5

cIe
kzz cos(kxx) cos(kyy) (3.7)

ϕII =

∞
∑

n=1,3,5

∞
∑

m=1,3,5

(

cII e
kzz+ dII e

−kzz
)

cos(kxx) cos(kyy) (3.8)

ϕIII =

∞
∑

n=1,3,5

∞
∑

m=1,3,5

(

cIII e
kzz+ dIII e

−kzz
)

cos(kxx) cos(kyy) (3.9)

ϕV =

∞
∑

n=1,3,5

∞
∑

m=1,3,5

cVe−kzz cos(kxx) cos(kyy) (3.10)

where

kz =

√

kx
2
+ ky

2 (3.11)

The Magnetic flux densityB is obtain by (3.12)

Br = µHr (3.12)

whereµ is the permeability of corresponding region and given by (3.13).

µ = µrµ0 (3.13)
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whereµr is the relative permeability of the medium. The scalar potentials used here are different

compared to the magnetic scalar potential used in chapter 2 due to different boundary conditions.

This subsection defined magnetic vector and scalar potential with unknown coefficients for each

assigned region. These unknown coefficients are calculatedby applying boundary conditions at the

interface between regions. The applied boundary conditions are discussed in the next subsection.

3.2.3 Boundary Conditions

The unknown coefficientscI - cV of magnetic scalar potential and magnetic vector potential, as

described in section 3.2, are obtained by applying boundaryconditions. In this chapter, a magnetic

shield is added as additional material as compared to a coil system given in the previous chapter.

Therefore this chapter involves additional boundary conditions as due to the inclusion of magnetic

shield as compare to boundary conditions given in the previous chapter. These additional boundary

conditions are obtained by applying boundary conditions atthe boundary of the magnetic shield.

The additional boundary condition is obtained by the continuity of magnetic scalar potential at the

boundary of the magnetic shield region in the z-direction.

The boundary conditions are defined by the continuity of tangential magnetic field intensity, ver-

tical magnetic field density, and magnetic scalar potential. The boundary conditions are applied in

z-direction at points where medium changes such asz= −(h1 + s1), z= −h1, z= 0, andz= h2 shown

in Fig. 3.4.

z = h2

z = 0

z

xz = -h1

z = -(h1+s1 )
I

III

IV

V

II

Figure 3.4: xzface of rectangular coil
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The equations based on boundary conditions are listed in (3.14).

BzI (x, y,− (h1 + s1)) = BzII (x, y,− (h1 + s1))

ϕI (x, y,− (h1 + s1)) = ϕII (x, y,− (h1 + s1))

BzII (x, y,−h1) = BzIII (x, y,−h1)

ϕII (x, y,−h1) = ϕIII (x, y,−h1)

HxIII (x, y, 0) = HxIV (x, y, 0)

HyIII (x, y, 0) = HyIV (x, y, 0) (3.14)

BzIII (x, y, 0) = BzIV (x, y, 0)

HxIV (x, y, h2) = HxV (x, y, h2)

HyIV (x, y, h2) = HyV (x, y, h2)

BzIV (x, y, h2) = BzV (x, y, h2)

The development of (3.14) provides simultaneous linear equation. After solving linear equations, the
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obtained unknown coefficient is given as-

cI = −
2µµ0

(

Jxky + Jykx

) (

1− e−kzh2
)

k3
z

(

(µ + µ0)
2 − (µ − µ0)

2e−2kzs1

) (3.15)

cII = −
µ0 (µ + µ0)

(

Jxky + Jykx

) (

1− e−kzh2
)

k3
z

(

(µ + µ0)
2 − (µ − µ0)

2e−2kzs1

) (3.16)

dII = −
µ0 (µ − µ0)

(

Jxky + Jykx

) (

1− e−kzh2
)

e−2kzh1

k3
z

(

(µ + µ0)
2e2kzs1 − (µ − µ0)

2
) (3.17)

cIII = −

(

Jxky + Jykx

) (

1− e−kzh2
)

2k3
z

(3.18)

dIII = −

(

Jxky + Jykx

) (

1− e−kzh2
) (

e−2kz(s1+h1) − e−2kzh1
)

2k3
z

(

(µ + µ0)
2 − (µ − µ0)

2e−2kzs1

) (3.19)

cIV1 = −
µ0ky

(

Jxky + Jykx

)

e−kzh2

2k4
z

(3.20)

dIV1 = −
µ0ky

(

Jxky + Jykx

)

2k4
z

















1+

(

µ2 − µ2
0

) (

1− e−kzh2
) (

e2kz(s1−h1) − e−2kzh1
)

(

(µ − µ0)
2 − (µ + µ0)

2e2kzs1

)

















(3.21)

cIV2 = −
µ0kx

(

Jxky + Jykx

)

e−kzh2

2k4
z

(3.22)

dIV2 = −
µ0kx

(

Jxky + Jykx

)

2k4
z

















1+

(

µ2 − µ2
0

) (

1− e−kzh2
) (

e2kz(s1−h1) − e−2kzh1
)

(

(µ − µ0)
2 − (µ + µ0)

2e2kzs1

)

















(3.23)

cV = −

(

Jxky + Jykx

)

2k3
z

(

(µ − µ0)
2 − (µ + µ0)

2
) ×

((

µ2 − µ2
0

) (

e−kz(2h1+h2) − e−kz(2s1+2h1+h2) (3.24)

−e−2kzh1 + e−2kz(s1+h1)
)

+ (µ + µ0)
2
(

1− ekzh2
)

+(µ − µ0)
2
(

e−kz(2s1−h2) − e−2kzs1
))

(3.25)

After calculating unknown coefficients of the magnetic potentials, the magnetic potentials (3.6)

and (3.10) can be used to calculate the self-inductance and mutual inductances for different misalign-

ments, respectively. The next section discusses the possible misalignments that can happen.

3.3 Possible Misalignments

The possible misalignments that can happen between the coils are shown in Fig. 3.5. Here, the

secondary coil is underneath of EV, whereas the primary coilwith a magnetic shield is kept under the

ground. Therefore, the secondary coil in the coil system is moving part, and the primary coil with the
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shield is stationary. Depending on the different movementsof the secondary coil with respect to the

primary coil, the misalignments are considered. As compared to the coil system discussed in chapter

2, the only difference is that in chapter 2, the primary coil is surrounded by air, whereas here magnetic

shield exists near the primary coil. The secondary coil is similar in both the coil system. Since the

misalignment is decided with the movement of the secondary coil. Therefore the same misalignments

are considered, which are:

(i) Vertical Variation (VV);

(ii) Planar Misalignment (PM);

(iii) Angular Misalignment (AM);

(iv) Horizontal Misalignment (HM);

(v) Planar with Horizontal Misalignment (PHM);

(vi) Angular with Horizontal Misalignment (AHM).

(a) (b) (c)

(d) (e) (f)

x
y

z

Figure 3.5: Schematic of studied variations (a) vertical variation (VV), (b) planar misalignment, (c) angu-
lar misalignment, (d) horizontal misalignment, (e) planarwith horizontal misalignment and (f) angular with
horizontal misalignment.

The detailed description of these misalignments is given inchapter 2.
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The verification of proposed 3-D misalignment by considering these misalignments has been dis-

cussed in the next section.

3.4 Verification of Analytical Model

The proposed analytical model is verified with FEA simulation and hardware-setup in subsequent

sub-sections. Subsection 3.4.1 describes the developed 3DFEA model. 3.4.2 explains the built

hardware. The distribution ofBx, By, andBz obtained from 3-D analytical and 3-D FEA with the

measurements are given subsection 3.4.3. The verification of the mutual inductance for different

misalignments and self-inductance has been discussed in subsection 3.4.4. Finally, subsection 3.4.5

compares the mutual inductance obtained from the proposed analytical model and model presented

in [1].

3.4.1 FEA Simulation

The prepared 3-D FEA simulation model of rectangular coils is shown in Fig. 3.7. This model

is based on the parameters given in Table 3.1. In the simulation, the size of the magnetic shield has

been taken comparatively larger than the coil dimension, because of the assumption of the infinite

size of the magnetic shield in the analytical model. The primary coil is made of four rectangular bars

according to the assumption made in the analytical model. The other simulation specification is given

in chapter 2.

To show the effect of magnetic shielding on leakage flux, 2D simulation (using ANSYS Maxwell

14.0.0) without and with shielding also has been done, shownin Fig.3.6. From Fig. 3.6(b), it is found

that magnetic shielding decreases the leakage flux by concentrating flux lines around the primary coil.

3.4.2 Experimental Set-up

In order to verify the validity of the analytical model, a developed hardware-setup is shown in Fig.

3.8. The set-up consists of an H-bridge inverter, two rectangular coils, four pick-up coils, and a high

permeability magnetic material. The designing of H-bridgeinverter, rectangular coils, and pick-up

has been described in chapter 1. To guide the magnetic flux, a high permeability magnetic material

3M Flux Field Directional Material (FFDM) EM80KM as a magnetic shield is used, shown in Fig.
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Z

Secondary coil

Magnetic shield (µ
r
=1)Primary coil

(a)

Z

Primary coil
Magnetic shield (µ

r
=2600)

Secondary coil

Reduced flux lines

(b)

Figure 3.6: Magnetic flux lines (a) without shielding and (b) with shielding.

Primary coil

Secondary coil

Magneic shield

Figure 3.7: 3-D FEM model of rectangular coils.

3.8(c).

3.4.3 Magnetic Field Distribution in the Air Gap

To show the effect of magnetic shielding and accuracy of the analytical model, 2-D graphs ofBx,

By, andBz component in the air gap (z= 2 cm) for without shielding and with shielding, are compared

in Figs. 3.9-3.12. From Figs. 3.9-3.12 it can be seen that themagnitude of the magnetic field (Bx,
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(a) (b) (c)

Figure 3.8: Experimental set-up (a) hardware prototype, (b) pick-up coil and (c) magnetic shield.

By, andBz) for the coil system having a magnetic shield is higher than the magnitude of the magnetic

field for the coil system without the shield.
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Figure 3.9: Magnetic field distribution ofBz alongx-direction aty = 0 andz= 2 cm (a) without shielding and
(b) with shielding.

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
y (m)

-4

-2

0

2

4

6

8

B
z (

T
)

×10-4

3D Analytical
3D FEM
Experimental

µ
r
=1

(a)

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
y (m)

-4

-2

0

2

4

6

8

B
z (

T
)

×10-4

3D Analytical
3D FEM
Experimental

µ
r
=2600

(b)

Figure 3.10: Magnetic field distribution ofBz alongy-direction atx = 0 andz= 2 cm (a) without shielding (b)
with shielding and.

Here, the magnetic field distribution obtained from the analytical model has been compared with

the results obtained from 3-D FEA and experimental. It is observed that the magnetic field distribution

obtained from the analytical model matches with the resultsobtained from 3-D FEA and experimen-
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Figure 3.11: Magnetic field distribution ofBx along x-direction aty = 0 andz = 2 cm (a) without shielding
and (b) with shielding.
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Figure 3.12: Magnetic field distribution ofBy along x-direction atx = 0 andz = 2 cm (a) without shielding
and (b) with shielding.

tal, which confirm the accuracy of the proposed analytical model. The next subsection presents a

comparison in mutual inductance for different misalignments obtained from the analytical model,

3-D FEA, and measurements.

3.4.4 Mutual Inductance

The proposed analytical model is used to calculate the mutual inductance for different misalign-

ments. The mutual inductance from the analytical model is calculated by surface integration of the

magnetic field in Region V obtained from (3.12), over the rectangular surface of dimension 2a2 and

2b2. The mutual inductanceM is expressed as follows:

M =
1
Ip

∫∫

©BV.dA (3.26)

whereIp is the rms current flowing in primary coil.
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The comparison of variations in mutual inductance without shielding and with shielding, obtained

from analytical, FEA, and measurement are shown in Figs. 3.13-3.18. In the Figs. 3.13-3.18, for each

misalignment, variation in mutual inductance with shielding shows the same pattern with a higher

magnitude compared to without shielding. This is due to the reduction in leakage flux.
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Figure 3.13: Mutual inductance variation inz-direction (a) without shielding and (b) with shielding.

Fig. 3.13 shows the variation of mutual inductance as the secondary coil moves along thez-

direction. Here, mutual inductance decreases as the secondary coil moves along thez-axis because of

the decrease in flux linkage.
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Figure 3.14: Mutual inductance variation for angular misalignment (a) without shielding and (b) with shielding.

The variation in mutual inductance due to angular misalignment is shown in Fig. 3.14. For

the measurement, the centre position of the secondary coil is kept atz = 10.25 cm, and the coil is

tilted around they-axis from 0◦ to 90◦ with an interval of 10◦. Here, until 40◦, both the cease small

variation in mutual inductance is observed, and after this,it decreases drastically. In this variation,Bx

andBz both contribute to mutual inductance as the coil tilt the contribution ofBz in mutual inductance
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decreases.

0 20 40 60 80 100 120 140 160 180

Angle (° )

0

1

2

3

4

M
ut

ua
l i

nd
uc

ta
nc

e 
(H

)
×10-6

3D Analytical
3D FEM
Experimental

µ
r
=1

(a)

0 20 40 60 80 100 120 140 160 180
Angle (° )

0

1

2

3

4

M
ut

ua
l i

nd
uc

ta
nc

e 
(H

)

×10-6

3D Analytical
3D FEM
Experimental

µ
r
=2600

(b)

Figure 3.15: Mutual inductance variation for planar misalignment atz = 10.25 cm (a) without shielding and
(b) with shielding.

Fig. 3.15 shows the variation in mutual inductance for a planar misalignment. Since in this

variation, the plane of the secondary coil is in parallel with the plane of the primary coil. Therefore

only Bz contributes to mutual inductance. Here, it is observed thatmutual inductance decreases for

0◦ to 90◦ rotation of the secondary coil and again increases for 90◦ to 180◦ rotation. This is due to a

decrease in the overlapping area between coils during the rotation of 0◦ to 90◦ and an increase in the

overlapping area during the rotation of 90◦ to 180◦.

The variation in mutual inductance for the case where secondary coil moves along thex -direction

are reported in Figs. 3.16-3.18. It may be seen from Figs. 3.16-3.18, as the secondary coil moves

away from the centre of the primary coil, there is a decrease in the overlapping area between the coils,

and hence, the mutual inductance between the coils gets reduced.
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Figure 3.16: Mutual inductance variation for horizontal misalignment at z = 1.35 cm. (a) without shielding
and (b) with shielding.
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In Fig. 3.17 angular with horizontal misalignment (AHM) is illustrated. Here, the secondary coil

moves alongx-direction with the angular rotation of 10◦ and 20◦ around they-axis, having its centre

at z = 3.2 cm and 4.74 cm, respectively. From Fig. 3.17 it can be seen that horizontal misalignment

for 10◦ rotation has a higher magnitude mutual inductance as compare to 10◦ rotation.

For the measurement of variation in mutual inductance due toplanar with horizontal misalignment

(PHM) is shown in Fig. 3.18. Here, the secondary coil moves along x-direction havingz = 2.4 cm

and planar rotation of 20◦ (aroundz-axis). Among all the misalignments shown in Figs. 3.13-3.18, it

can be observed that planar misalignment shows the small variation in mutual inductance during the

misalignment.
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Figure 3.17: Mutual inductance variation for both angular and horizontal misalignment. (a) without shielding
and (b) with shielding.
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Figure 3.18: Mutual inductance variation for both planar and horizontalmisalignment. (a) without shielding
and (b) with shielding.

The magnetic field obtained in Region IV is used to calculate the self-inductance (Lp) of the
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primary coil (with and without shielding). The expression for the self-inductance is given in (3.27)

Lp =
1
Ip

∫∫

© BIV .dA (3.27)

The obtained self-inductances (with and without shielding) from an analytical model are compared

in Table 3.2 with measured values. The self-inductances aremeasured at 100 kHz with the help of

LCR meter.

Table 3.2: Comparison of the primary self-inductance (Lp)

Coil Analytical (µH) Measured (µH)
Without shielding 28.41 28.74

With shielding 41.12 40.50

In this subsection, the variation in mutual inductance for different misalignments are shown in

Figs. 3.13-3.18. It is observed that for the coil system shown in Fig. 3.1, mutual inductance variation

obtained from the analytical model, FEA, and experiment arefollowing the same pattern, which

confirms the accuracy of the proposed analytical model. The next subsection compares proposed

analytical results with the analytical model reported in [1].

3.4.5 Comparison with method given in [1]

The calculated mutual inductance by the proposed model has been compared with the model

given in [1]. In [1], the mutual inductance is calculated based on the Biot-Savart principle. The

integrals used in the Biot-Savart formula are computed numerically. The numerical calculation is

done by dividing each turn area of the secondary coil into multiple small areas. Then, the flux linked

with each small region is calculated. The flux linked to the single turn of the secondary coil has

been calculated by summing all the flux linkage of small regions. The same procedure has been

repeated for all the turns. The accuracy and computational time of mutual inductance calculation

in this method depend on the number of small regions of the receiver coil. To calculate the mutual

inductance from [1], the secondary coil is divided into 20 and 16 divisions in thex- andy-directions,

respectively. For achieving high accuracy, the number of divided regions required, which increases

computational time. Moreover, this method does not calculate mutual inductance for the coil system,

which has magnetic shielding near the coils. However, the proposed model is able to calculate mutual
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inductance for both the coil system (coil system surroundedby air and magnetic shield as well).

Therefore, the coils that are surrounded by air have been selected for comparison.

The comparison for angular, planar, and horizontal misalignment without shielding is given in

Table 3.3. At a vertical height ofz = 10.25 cm, the mutual inductance for angular, planar, and

horizontal misalignment are calculated. The values of mutual inductance obtained from the proposed

model and [1] are given in Table 3.3. The difference obtainedin Table 3.3 is due to the consideration

Table 3.3: Comparison of Angular, Planar, and Horizontal Misalignment Results with [1]

Angular misalignment Planar misalignment Horizontal misalignment
Angle [1] This work Discre- Angle [1] This work Discre- Distance [1] This work Discrepancy

(◦) (µH) (µH) pancy (µH) (◦) (µH) (µH) pancy (µH) (cm) (µH) (µH) (µH)
0 2.883 2.810 0.073 0 2.883 2.810 0.073 0 2.883 2.810 0.073
10 2.913 2.841 0.072 10 2.879 2.807 0.072 1 2.863 2.790 0.073
20 2.993 2.928 0.071 20 2.867 2.796 0.071 2 2.803 2.732 0.071
30 3.121 3.056 0.065 30 2.851 2.781 0.070 3 2.707 2.637 0.070
40 3.214 3.165 0.049 40 2.833 2.764 0.069 4 2.579 2.511 0.068
50 3.126 3.106 0.02 50 2.816 2.747 0.069 5 2.424 2.359 0.065
60 2.690 2.689 0.001 60 2.800 2.732 0.068 6 2.248 2.185 0.063
70 1.932 1.932 0 70 2.788 2.721 0.067 7 2.056 1.997 0.059
80 1.001 1.009 0.008 80 2.781 2.713 0.068 8 1.854 1.798 0.056
90 0 0 0 90 2.778 2.710 0.068 9 1.646 1.594 0.052

10 1.437 1.390 0.047

of small regions of the receiver coil. But in the proposed model, the mutual inductance is calculated

by solving the equations in the required region.

3.5 Summary

A 3-D analytical model to calculate the distribution of magnetic flux density and mutual induc-

tance for different misalignments for a coil system having amagnetic shield below the primary coil is

proposed. This model has the flexibility to change the width and permeability of shielding material.

A comparison in mutual inductance for coil system with shield and without shield has been made. It

is observed that the coil system having a magnetic shield below the primary coil shows higher mutual

inductance than the coil system without the shield. For the modelling, magnetic vector and scalar po-

tential definitions in the Cartesian coordinate system is used. The magnetic flux density distribution

and mutual inductance calculations obtained from the analytical model, FEA, and experiment results
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3.5 Summary

are in close agreement.

In the proposed model, the length of the magnetic shield is infinite, which is impractical. The next

chapter discusses the analytical modelling, which includes magnetic shielding of finite length.

Note: The contribution of this chapter is published in:

B. K. Kushwaha, G. Rituraj and P. Kumar, ”3-D Analytical Model for Computation of Mutual Induc-

tance for Different Misalignments With Shielding in Wireless Power Transfer System,”IEEE Trans.

Transp. Electrif., vol. 3, no. 2, pp. 332-342, June 2017.

63

TH-2341_126102029



3. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment with
Shielding in WPT System

64

TH-2341_126102029



4
A Subdomain Analytical Model of Coil
System with Magnetic Shields of Finite

Dimensions and Finite Permeability for WPT
systems

Contents
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 66

4.2 2-D Subdomain Model for the Coil System . . . . . . . . . . . . . . .. . . . . 67

4.3 Superposition of Two 2-D Subdomain Models . . . . . . . . . . . .. . . . . . . 83

4.4 Verification of Analytical Model . . . . . . . . . . . . . . . . . . . .. . . . . . 88

4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

65

TH-2341_126102029



4. A Subdomain Analytical Model of Coil System with MagneticShields of Finite Dimensions and Finite
Permeability for WPT systems

4.1 Introduction

The previous chapter discussed a 3-D analytical model to calculate the mutual inductance for a

coil system, which includes a magnetic shield below the primary coil using a harmonic modelling

technique. Here, the permeability of the magnetic shield was finite, but the dimension of the mag-

netic shield was infinite, which is impractical. Hence, the analytical model for the coil system with

magnetic shields of finite dimension, for both the primary and the secondary coil, is needed. Fig.

4.1(a) shows a coil system that is closer to the actual scenario.

Coil 

system

Secondary Coil

Primary Coil

Air
Shield 1

Air Copper

Air

Air
Shield 2

Jy
JyJx

Jx

x
y

z

(a)

pL
pV

pI
M

sL sV

Shield 1 Shield 2

(b)

Figure 4.1: (a) 3-D illustration of the coil system (Shields 1 and 2 have finite dimensions and finite permeabil-
ity). (b) An equivalent circuit model of the coil system (Here,Vp andIp are the high-frequency voltage source
and primary current, respectively.Lp andLs are the self-inductances of the primary and secondary coils, andM
is the mutual inductance between these coils.Vs is the open-circuit voltage of the secondary coil. The primary
coil generates the high-frequency magnetic field throughIp, and the secondary coil receives these magnetic
fields to generate the voltageVs).

In the harmonic modelling technique, the coil system is divided only in non-periodic regions(i.e.,

in thez-direction). Therefore, in the previous chapter, the dimension of the magnetic shield was infi-

nite. While in practice, the material in electromechanicalsystem changes in periodic and non-periodic

directions both. To include the different medium changes inboth the direction, researcher have mod-

ified the harmonics modelling technique with the mode matching technique [72, 74–76]. With this

technique [73] has presented an analytical model having themagnetic shielding of finite dimension

but the infinite permeability. The analytical model with theassumption of infinite permeability does

not give the effect of a finite permeable shield, which is practically used.

Further, to incorporate the magnetic shield of finite permeability and finite dimension in mod-

elling, the author Pluket al. [95] assume non-physical boundaries of infinite permeability at hori-

zontal (x-direction)-edges of the magnetic shield. This assumptionintroduces error in the analytical

66

TH-2341_126102029



4.2 2-D Subdomain Model for the Coil System

results [95], which depends on the thickness of the used magnetic shield.

Developing a 3-D analytical model for the system shown in Fig. 4.1(a) is difficult because it re-

quires more equations in the mathematical formulation compared to the 2-D analytical model. There-

fore, this chapter proposes a 2-D analytical model using thesubdomain technique [96] to incorporate

the finite dimension of the magnetic shields. This subdomainmodel incorporates magnetic shields

of finite dimension and finite permeability, as shown in Fig. 4.1(a). A 3-D subdomain model is de-

veloped using the superposition of two 2-D subdomain modelsto get tangible results. These 2-D

subdomain models are developed forxz- andyz-planes, which are invariant in their third direction

(i.e., in the y-direction forxz-plane and the x-direction inyz-plane). In this context, a correction fac-

tor for 2-D subdomain models is introduced to make it variantin their third direction. The proposed

3-D subdomain model can incorporate any changes in the parameters of magnetic shielding such

as length, width, and relative permeability. Moreover, with the proposed subdomain model, square

and rectangular coil system of any dimensions can be designed and analyzed. The accuracy of the

proposed 3-D subdomain model is verified by comparing the results, for the vertical and horizontal

misalignments, of the 3-D subdomain model with results of 3-D FEA and measurements.

The organization of this chapter is as follows. Section 4.2 presents an overview of the considered

coil system along with a 2-D subdomain model. Further, this section compares the results obtained

from the proposed 2-D subdomain model with 2-D FEA to verify its accuracy. Section 4.3 provides

a 3-D subdomain model using the superposition of two 2-D subdomain models along with the cor-

rection factors. Section 4.4 verifies the results obtained from the 3-D subdomain model with results

obtained from 3-D FEA and measurements. Finally, section 4.5 surmises the presented work.

4.2 2-D Subdomain Model for the Coil System

This Section explains each step involved in developing the 2-D subdomain model of the coil

system shown in Fig. 4.1(a). Section 4.2.1 describes the division of the coil system in different

regions based on their material properties. In section 4.2.2 the differential equations for magnetic

vector potential are solved for each region, which containsvarious unknown coefficients. These

unknown coefficients are calculated by applying the interface conditions in each region, which is

discussed in section 4.2.4. Finally, the obtained analytical results are compared with 2-D FEA results
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in section 4.2.5. The steps involved in creating a 2-D subdomain model for the coil system shown in

Fig. 4.1(a) are summarized in Fig. 4.2.

Step I: Divide the whole coil system into different            

regions along the x and z-direction.

Step III: Obtain the general solution of potential in   

  each region using the Poisson and Laplace    

  equations.

Step IV: Apply interface conditions to obtain the          

   value of unknown coefficients of the    

  potential equations (as obtained in step III). 

Step V: Finally, 2-D subdomain model validation. 

Step V: Calculate B using (1.3). 

Step II: Assumptions.

Figure 4.2: Steps involved in creating the 2-D subdomain model.

4.2.1 System Overview

Fig. 4.1(a) shows a 3-D illustration of the considered coil system. The rectangular coils in Fig.

4.1(a) are named as primary coil and secondary coil, and the magnetic shields below and above them

are called Shield 1 and Shield 2, respectively. In this work,the primary coil together with Shield 1,

is called the primary coil arrangement, whereas the secondary coil together with Shield 2 is called

the secondary coil arrangement. Here, two geometrically identical rectangular coils and magnetic

shields are taken. However, the presented model is general and can be used for different dimensions

of magnetic shields and coils.

Fig. 4.3 shows the detailed cross-sectional view (xz-plane) of the coil system (Fig. 4.1(a)), used

for formulating the 2-D subdomain model, and Table 4.1 givesthe geometrical parameters for the coil
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Figure 4.3: xz-face of the coil system.
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τx= xfr
- xinr

r 
τz= zfr

- zinr where r can be any region from I

to VII.

Figure 4.4: Co-ordinate representation of different regions demonstrated in Fig. 4.3.

system. These parameter has been chosen as an example to verify the subdomain model; however,

one can use this subdomain model for different dimensions ofthe coil system shown in Fig. 4.1(a).

The whole coil system is divided into several regions in the horizontal (x-direction) as well as

in the vertical (z-direction) directions, as shown in Fig. 4.3. These regionsare divided based on

the interaction of different material properties. RegionI represents air medium below the Shield 1,

whereas RegionVII represents the air medium above the Shield 2. RegionsIIb andVIb represent

Shield 1 and Shield 2, respectively. The air medium to the left of the Shield 1 is called RegionIIa,

whereas the one to the right, is called RegionII c. Similarly, the air medium to the left and right side

of Shield 2 is represented as RegionsVIa andVIc, respectively. RegionIII is the air gap between

the primary coil and the Shield 1, and RegionV represents the air gap between the primary coil and

Shield 2. Since the secondary coil is open-circuited hence carries no current, it is included in the

RegionV. RegionsIVa andIVe represent the air medium to the left and the right side of the primary
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coil, respectively. RegionsIVb and IVd, respectively, represent the two coil sides (carrying current

inward and outward of thexz-plane , i.e., in they-direction) of the primary coil. The RegionIVc

represents the air medium between the two coil sides of the primary coil.

The proposed analytical model considers the following assumptions:

• The eddy-current induced in magnetic shields are neglected;

• The magnetic shields used in coil system are considered as isotropic;

• The coil system is surrounded by a vacuum through a rectangular box, as shown in Fig. 4.3.

The magnetic vector potential to at the edge of this rectangular box is assumed zero;

• The temperature-dependent quantity such as resistance of the primary coil is neglected in mag-

netic modelling;

• No current exists in the z-direction.

Table 4.1: Parameters of the Coil System and Subdomain Model

Parameters, symbols Value

Diameter of the primary and secondary coils (w) 2.4 mm

Number of turn in primary and secondary coils (turn) 11

Relative permeability of Shield 1 and Shield 2 (µIIb , µVIb) 20000

Geometrical specification in thex-direction (x1, x2, x3, x4, x5, x6) (0, 45, 47.75, 60.85,

63.60, 108.6) cm

Coil length in thex-directionx5-x2 18.6 cm

Coil length in they-directiony5-y2 14.11 cm

Geometrical specification in thex-direction (z1, z2, z3, z4, z5) (-100.511, -0.511,

-0.509, 0, 0.25) cm

Current density in the primary coil (at 3.5 A) 0.56 A-mm−2

Number of Harmonics inx- direction for Big region (NI , NIII , NV, NVII ) 210

Harmonics inx- direction for RegionsIIa,IIb,IIc (NIIa , NIIb , NIIc) 100

Harmonics inz- direction for RegionsIIa,IIb,IIc (LIIa , LIIb , LIIc) 30

Harmonics inx- direction for RegionsIVa,IVc,IVe (NIVa, NIVc, NIVe) 50

Harmonics inz- direction for RegionsIVa,IVc,IVe (LIVa, LIVc, LIVe) 30

Harmonics inx- direction for RegionsIVb,IVe (NIVa, NIVc, NIVe) 60

Harmonics inz- direction for RegionsIVb,IVe (LIVa, LIVc, LIVe) 60

Harmonics inx- direction for RegionsVIa, VIb, VIc (NIIa, NIIb , NIIc) 100

Harmonics inz- direction for RegionsVIa, VIb, VIc (LIIa , LIIb, LIIc) 30
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4.2 2-D Subdomain Model for the Coil System

The magnetic vector potential formulation has been used in subdomain modelling. A regionr has

been defined to represent the magnetic vector potential for each subdomain, as shown in Fig. 4.4. The

inial and final co-ordinates in thex-direction of regionr are denoted byxinr andxfr , whereas in the

z-direction, they are denoted byzinr andzfr , respectively. The regionr can be any of the regions, from

I to VII , as shown in Fig. 4.3. The exact values ofxinr , xfr , zinr , andzfr for a particular region can be

taken from Fig. 4.3. For example, the values ofxinr , xfr , zinr , andzfr for the regionIVc (r = IVc) are

x3, x4, z4, andz5, respectively.

The magnetic field for each described region is calculated bymagnetic vector potential, which is

obtained using the Poisson and Laplace equations, as discussed in the next subsection.

4.2.2 Magnetic Field Description

The magnetic vector potential in the region where the current density is present (i.e., regionsIVb

andIVd in Fig. 4.3), governed by the Poisson’s equation [77], givenby (4.1)

∂2Ar

∂x2
+
∂2Ar

∂z2
= −µ0J (4.1)

whereas, for all other regions (exceptIVb andIVd) where the current density is absent; it is governed

by the Laplace’s equation and is given as

∂2Ar

∂x2
+
∂2Ar

∂z2
= 0 (4.2)

The magnetic flux density is calculated using the magnetic vector potential by (4.3)

Br = ∇ × Ar (4.3)

Here, Ar is the magnetic vector potential forrth region (the regions are shown in Fig. 4.3). The

magnetic field intensity is calculated by

Hr = Br/µrµ0 (4.4)

Here,µr is relative permeability of regionr, andµ0 is relative permeability of air medium.

From the (4.3), it can be seen that the calculation of the magnetic field requires magnetic vector
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potential. The next subsection presents the expressions ofvector potentials for each region discussed

in section 4.2.1.

4.2.3 Magnetic Vector Potentials

For thexz- the plane has been considered for modelling, and the current density vector has only

a component in they-direction. Therefore, the magnetic vector potential has only one component in

they-direction. This subsection gives the magnetic vector potentials of each region. Sub-sub section

4.2.3.1 presents the solution of vector potential for the coil and shield region. The solution of the

magnetic vector potential for the regions existing betweenthe primary coil to shield 1 and shield 2

is given in sub-sub section 4.2.3.1. Finally, sub-sub section 4.2.3.3 and sub-sub section 4.2.3.4 give

the solution of magnetic vector potential for the regions which have a boundary with zero potential

regions.

4.2.3.1 RegionsIIb, IVb, IVd, and VIb

Region IIb and VIb represent shield 1 and shield 2, respectively, whereas Region IIb and VIb

define the primary coil. The forward conductor is represented by RegionIVb, whereas RegionIVd

represents the return conductor. The expression of magnetic vector potential for coil region (IVb and

IVd) is obtained by solving (4.1), and given by (4.5). The expression of magnetic vector potential for

shield regions (IIb and VIb), is obtained by solving (4.2) and given by (B.66).

Ar = (Ax
y + Az

y + As
y)
→
ey (4.5)

Ar = (Ax
y + Az

y)
→
ey (4.6)

whereAx
y, Az

y, andAs
y are given as

Ax
y = (zfr − z)c0r + (z− zinr )d0r +

Nr
∑

nr=1

cos(kxr (x− xinr )) ·

(

cr

sinh(kxr (zfr − z))

sinh(kxrτzr )
+ d

r

sinh(kxr (z− zinr ))
sinh(kxrτzr )

)

(4.7)

Az
y =

Lr
∑

lr=1

(

−
er cosh(kzr (x− xfr ))

kzr sinh(kzrτxr )
+

fr cosh(kzr (x− xinr ))

kzr sinh(kzrτxr )

)

· sin(kzr (z− zinr ))

As
y = −0.5µ0Jyy

2 (4.8)
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4.2 2-D Subdomain Model for the Coil System

Here, for a regionr, nr andlr are the spatial harmonic orders in thex-andz-directions, respectively,

andc0r , d0r , cr , dr , er , and fr are unknown coefficients.kxr andkzr are the spatial frequencies in thex

andz-directions with the periods ofτxr = (xfr - xinr ) andτzr = (zfr - zinr ), respectively, and are given by

(4.9).

kxr = nrπ/τxr , kzr = lrπ/τzr . (4.9)

4.2.3.2 RegionsIII and V

RegionsIII andV both represent air medium. RegionIII exists between shield 1 and the primary

coil, whereas regionV is the region between the primary coil and shield 2. The two edges of these

regions have zero potential atx=x1 and x=x6, respectively. The magnetic vector potential for the

regionIII and regionV is given as

Ar =

Nr
∑

nr=1

(

−
cr cosh(kxr (z− zfr ))

kxr sinh(kxrτzr )
+

dr cosh(kxr (z− zinr ))
kxr sinh(kxrτzr )

)

· sin(kxr (x− xinr ))
→
ey (4.10)

4.2.3.3 RegionsIIa, II c, IVa, IVc, IVe, VIa, and VIc

The magnetic vector potential for these regions is described by (4.11)

Ar = (Ax
y + Az

y)
→
ey (4.11)

where the expression ofAx
y andAz

y is given by (4.12) and (4.13), respectively.

Ax
y =

Nr
∑

nr=1

(

cr

sinh(kxr (zfr − z))

sinh(kxrτzr )
+ dr

sinh(kxr (z− zinr ))
sinh(kxrτzr )

)

· sin(kxr (x− xinr )) (4.12)

Az
y =

Lr
∑

lr=1

(

er

sinh(kzr (xfr − x))

sinh(kzrτxr )
+ fr

sinh(kzr (x− xinr ))
sinh(kzrτxr )

)

· sin(kz(z− zinr )) (4.13)

The magnetic vector potential for regionsIIa, IVa, andVIa is obtained by puttinger = 0 in (4.13),

whereas for regionsIIc, IVe, andVIc, the magnetic vector potentials are obtained by assigningfr = 0

in (4.13).
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4.2.3.4 RegionsI and VII

RegionI andVII represents air medium below the shield 1 and above the shield2, respectively.

The magnetic vector potential at the three sides of these regions is equal to zero, which leaves the

interface condition to be applicable at only one side for theregion. The expression of magnetic vector

potential for regionsI andVII are obtained by applyingcr = 0 anddr = 0, respectively, in (4.14).

Ar =

Nr
∑

nr=1

(

−
cr sinh(kxr (zfr − z))

kxr cosh(kxrτzr )
+

dr sinh(kxr (z− zinr ))

kxr cosh(kxrτzr )

)

· sin(kxr (x− xinr ))
→
ey (4.14)

The expression magnetic vector potential for each region ispresented in Appendix C.

For the calculation of magnetic field density using (4.3), the unknown coefficients of magnetic

vector potentials should be known for each region. These unknown coefficients are determined us-

ing the boundary condition, which is applied between each region, and it is explained in the next

subsection.

4.2.4 Boundary Conditions

The boundary conditions are applied between thex andz edge of each region. Here, the divided

regions are shown in Fig. 4.3, are classified as big and small regions based on the width of the

region along thex-direction. The example is shown in Fig. 4.5 explains the application of boundary

conditions. The big region is denoted by regionp, wherep can be the regionI , III , V, or VII , as

shown in Fig. 4.3. The small region is denoted byq j, whereq can be the regionII , IV, VI, or j can

bea to e (decided by Fig. 4.3). For example, ifq is regionII , then j is a to c, and ifq is regionIV,

then j is a to e. The interaction of a big region with small regions occur atz′, as shown in Figs. 4.5(a)

and 4.5(b). Here,z′ can bez2 to z7. The interface of subregions occurs atx′, as shown in Figs. 4.5(c)

and 4.5(d). Here, the interface betweena andb is shown. Although, it can be betweenb andc or c

andd or d andedepending on the value ofx′. The value ofx′ can bex2 to x5.

The boundary conditions are defined by the continuity of tangential magnetic field intensity and

magnetic vector potentials atx andz edge of each subregion. The tangential magnetic field strength

Hxp must be equal to tangential magnetic field strengthHxq j of each subregion for respective width

subregion atz′, as shown in Fig. 4.5(a). The magnetic vector potential of each regionq j must be
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equal to the magnetic vector potential of the regionp atz′, as shown in Fig. 4.5(b). Similarly, in Figs.

4.5(c) and 4.5(d), the continuity of tangential magnetic field strength and magnetic vector potential

should be atx′. The boundary conditions can be written as

j = a

Region p

z’

Region qj

j = b j = c

Hxqa

Hxp

x
z

Hxqb
Hxqc

(a)

j = a

Region p

z’

Region qj

j = b j = c

x
z

Aqb Aqc

Ap

Aqa

Ap
Ap

(b)

x’
x

z
H
zqa H

zqb

(c)
x’

x
z

Aqa Aqb

(d)

Figure 4.5: Illustration of the interface conditions by continuity of (a) magnetic field intensity and (b) magnetic
vector potential atz=z′, and continuity of (c) magnetic field intensity and (d) magnetic vector potential atx=x′.

Hxp
(

x, z′
)

=
∑

j
Hxq j (x, z′) wherexinq j ≤ x ≤ xinq j + τxq j (4.15)

Aq j
(

x, z′
)

= Ap (x, z′) wherexinq j ≤ x ≤ xinq j + τxq j (4.16)

Hzqb
(

x′, z
)

= Hzqa(x′, z) wherezinqb ≤ z≤ zinqb + τzqb (4.17)

Aqa
(

x′, z
)

= Aqb (x′, z) wherezinqa ≤ z≤ zinqb + τzqb. (4.18)

The boundary condition at the edge of each region is given in Appendix C. The boundary conditions,

given in (4.15)-(4.18), are applied between the regions having unequal width. This unequal width

implies that regions have different fundamental spatial frequencies. Equations (4.15)-(4.18) show

that two waveforms of different fundamental spatial frequencies should be equal for a specific interval,

and it is implemented by expressing a Fourier series of one’sregion waveform into a specific interval

(width of another region). Therefore, equations (4.15)-(4.18) can be implemented by (4.19)-(4.22),

75

TH-2341_126102029



4. A Subdomain Analytical Model of Coil System with MagneticShields of Finite Dimensions and Finite
Permeability for WPT systems

respectively.

ucx
p =

1
τxq j

Np
∑

np=1

∑

j

xinq j+τxq j
∫

xinq j

Hxq j
(

x, z′
)

sin(kxp(x− xinp))dx (4.19)

ucx
q j =

1
τxq j

Nq j
∑

nq j=1

xinq j+τxq j
∫

xinq j

Ap
(

x, z′
)

sin(kxq j (x− xinq j ))dx (4.20)

ucz
qb =

1
τzqb

Lqb
∑

lqb=1

zinqb+τzqb
∫

zinqb

Hzqa
(

x′, z
)

sin(kzqb(z− zinqb))dz (4.21)

ucz
qa =

1
τzqa

Lqa
∑

lqa=1

zinqa+τzzqa
∫

zinqa

Aqb
(

x′, z
)

sin(kzqa(z− zinqa))dz (4.22)

whereuc is an unknown coefficient of regionr, and depending onz′, it can becr or dr , whereas

depending onx′, it can beer or fr . By using (4.19)-(4.22), the developed simultaneous linear equations

are solved by rewriting these equations into matrix form as [83,96].

[UC] = [BC]−1[S V] (4.23)

Here, the matrix [BC] and [UC] contain elements of known and unknown coefficients, respectively.

The matrix [S V] contains the elements representing the source within the equations. The expanded

form of [UC] is given by (4.41).

UC =
[

[UCI ] [UCIIa ] [UCIIb ] [UCIIc ] [UCIII ] [UCIVa] [UCIVb] [UCIVc] [UCIVd] [UCIVe]

[UCV] [UCVIa] [UCVIb] [UCVIc] [UCVII ]
]T

(4.24)

Each element of [UC] is sub-matrix, the element of this submatrix represents unknown coefficients
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of magnetic vector potentials described in subsection 4.2.3, given by (4.25)-(4.39).

[UCI ] =
[

[dx
1]N1×1

]

(4.25)

[UCIIa ] =
[

[cx
IIa ]NIIa×1 [dx

IIa]NIIa×1 [ f z
IIa]LIIa×1

]

(4.26)

[UCIIb ] =
[

[c0x
IIb]1×1 [cx

IIb]NIIb×1 [d0x
IIb]1×1 [cx

IIb ]NIIb×1 [ez
IIb ]LIIb×1 [ f z

IIb]LIIb×1

]

(4.27)

[UCIIc ] =
[

[cx
IIc]NIIc×1 [dx

IIc]NIIc×1 [ez
IIc ]LIIc×1

]

(4.28)

[UCIII ] =
[

[cx
III ]NIII×1 [dx

III ]NIII×1

]

(4.29)

[UCIVa] =
[

[cx
IVa]NIVa×1 [dx

IVa]NIVa×1 [ f z
IVa]LIVa×1

]

(4.30)

[UCIVb] =
[

[c0x
IVb]1×1 [cx

IVb]NIVb×1 [d0x
IVb]1×1 [dx

IVb]NIVb×1 [ez
IVb]LIVb×1 [ f z

IVb]LIVb×1

]

(4.31)

[UCIVc] =
[

[cx
IVc]NIVc×1 [dx

IVc]NIVc×1 [ez
IVc]LIVc×1 [ f z

IVc]LIVc×1

]

(4.32)

[UCIVd] =
[

[c0x
IVd]1×1 [cx

IVd]NIVd×1 [d0x
IVd]1×1 [dx

IVd]NIVd×1 [ez
IVd]LIVd×1 [ f z

IVd]LIVd×1

]

(4.33)

[UCIVe] =
[

[cx
IVe]NIVe×1 [dx

IVe]NIVe×1 [ez
IVe]LIVe×1

]

(4.34)

[UCV] =
[

[cx
V]NV×1 [dx

V]NV×1

]

(4.35)

[UCVIa] =
[

[cx
VIa]NVIa×1 [dx

VIa]NVIa×1 [f z
VIa]LVIa×1

]

(4.36)

[UCVIb] =
[

[c0x
VIb]1×1 [cx

VIb]NVIb×1 [d0x
VIb]1×1 [dx

VIb]NVIb×1 [ez
VIb]LVIb×1 [ f z

VIb]LVIb×1

]

(4.37)

[UCVIc] =
[

[cx
VIc]NVIc×1 [dx

VIc]NVIc×1 [ez
VIc]LVIc×1

]

(4.38)

[UCVII ] =
[

[dx
VII ]NVII×1

]

(4.39)

The matrix [BC] with its element is expressed as
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
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















[I ]
[

K IIa
I

] [

K IIb
I

] [

K IIc
I

]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0]
[

K I
IIa

]

[I ]
[

K IIb
IIa

]

[0]
[

K III
IIa

]
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[

K I
IIb
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K IIa
IIb
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[

K IIc
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K III
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[

K I
IIc

]

[0]
[

K IIb
IIc

]

[I ]
[

K III
IIc

]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0]

[0]
[

K IIa
III

] [

K IIb
III

] [

K IIc
III

]

[I ]
[

K IVa
III

] [

K IVb
III

] [

K IVc
III

] [

K IVd
III

] [

K IVe
III

]

[0] [0] [0] [0] [0]

[0] [0] [0] [0]
[

K III
IVa

]

[I ]
[

K IVb
IVa

]

[0] [0] [0]
[

KV
IVa

]

[0] [0] [0] [0]

[0] [0] [0] [0]
[

K III
IVb

] [

K IVa
IVb

]

[I ]
[

K IVc
IVb

]

[0] [0]
[

KV
IVb

]

[0] [0] [0] [0]

[0] [0] [0] [0]
[

K III
IVc

]

[0]
[

K IVb
IVc

]

[I ]
[

K IVd
IVc

]

[0]
[

KV
IVc

]

[0] [0] [0] [0]

[0] [0] [0] [0]
[

K III
IVd

]

[0] [0]
[

K IVc
IVd

]

[I ]
[

kIVe
IVd

] [

KV
IVd

]

[0] [0] [0] [0]

[0] [0] [0] [0]
[

K III
IVe

]

[0] [0] [0]
[

K IVd
IVe

]

[I ]
[

KV
IVe

]

[0] [0] [0] [0]

[0] [0] [0] [0] [0]
[

K IVa
V

] [

K IVb
V

] [

K IVc
V

] [

K IVd
V

] [

K IVe
V

]

[I ]
[

KVIa
V

] [

KVIb
V

] [

KVIc
V

]

[0]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0]
[

KV
VIa

]

[I ]
[

KVIb
IVa

]

[0]
[

KVII
VIa

]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0]
[

KV
VIb

] [

KVIa
VIb

]

[I ]
[

KVIc
VIb

] [

KVII
VIb

]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0]
[

KV
VIc

]

[0]
[

KVIb
IVc

]

[I ]
[

KVII
VIc

]

[0] [0] [0] [0] [0] [0] [0] [0] [0] [0] [0]
[

KVIa
VII

] [

KVIb
VII

] [

KVIc
VII

]

[I ]
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

(4.40)
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The matrix [SV] is given in (4.41).

[S V] =
[

[S VI ] [S VIIa] [S VIIb ] [S VIIc] [S VIII ] [S VIVa] [S VIVb] [S VIVc] [S VIVd] [S VIVe]

[S VV] [S VVIa] [S VVIb] [S VVIc] [S VVII ]
]T

(4.41)

Each element of vector [SV] is given in (S21)-(4.55).

[S VI ] =
[

[0]N1×1

]

(4.42)

[S VIIa ] =
[

[0]NI Ia×1 [0]NI Ia×1 [0]LI Ia×1

]

(4.43)

[S VIIb ] =
[

[0]1×1 [0]NI Ib×1 [0]1×1 [0]NI Ib×1 [0]LI Ib×1 [0]LI Ib×1

]

(4.44)

[S VIIc] =
[

[0]NVIc×1 [0]NVIc×1 [0]LVIc×1

]

(4.45)

[S VIII ] =
[

[0]NI I I ×1 [S VIII ]NI I I ×1

]

(4.46)

[S VIVa] =
[

[0]NIVa×1 [0]NIVa×1 [S VIVa]LIVa×1

]

(4.47)

[S VIVb] =
[

[S VIVb c0]1×1 [0]NIVb×1 [S VIVb d0]1×1 [0]NIVb×1 [0]LIVb×1 [0]LIVb×1

]

(4.48)

[S VIVc] =
[

[0]NIVc×1 [0]NIVc×1 [S VeIVc]LIVc×1 [S Vf IVc]LIVc×1

]

(4.49)

[S VIVd] =
[

[ESIVd c0]1×1 [0]NIVd×1 S VIVd d0]1×1 [0]NIVd×1 [0]LIVd×1 [0]LIVd×1

]

(4.50)

[S VIVe] =
[

[0]NIVe×1 [0]NIVa×1 [S VIVa]LIVa×1

]

(4.51)

[S VVIa] =
[

[0]NVIa×1 [0]NVIa×1 [0]LVIa×1

]

(4.52)

[S VIVb] =
[

[0]1×1 [0]NVIb×1 [0]1×1 [0]NVIb×1 [0]LVIb×1 [0]LVIb×1

]

(4.53)

[S VVIc] =
[

[0]NVIc×1 [0]NVIc×1 [0]LVIc×1

]

(4.54)

[S VVII ] =
[

[0]NVII×1

]

(4.55)

The element of matrix [BC] and [SV] is given in appendix C. Theelements of matrix [BC] and [SV]

can be obtained from the simultaneous equations developed from (4.19)-(4.22). The dimension of

matrix [BC] is Dmax×Dmax, and the dimension of matrix [IC] and [SV] isDmax×1. The value ofDmax

79

TH-2341_126102029



4. A Subdomain Analytical Model of Coil System with MagneticShields of Finite Dimensions and Finite
Permeability for WPT systems

is given by

Dmax = N1 + 2 · NIIa + LIIa + 2 · (NIIb + LIIb + 1) + 2 · NIIc + LIIc + 2 · NIII + 2 · NIVa + LIVa

+2 · (NIVb + LIVb + 1) + 2 · (NIVc + LIVc) + 2 · (NIVd + LIVd + 1) + 2 · NIVe + LIVe + 2 · NV

+2 · NVIa + LVIa + 2 · (NVIb + LVIb + 1)

+2 · NVIc + LVIc + NVI1 .

(4.56)

The accuracy and computational time of the subdomain model depend on the maximum number of

harmonics taken into account in the solution. The maximum number of harmonics depends on the

available memory of the computer [96]. After a certain number of harmonics, the linear system

becomes ill-conditioned and gives inaccurate results [75]. The less number of harmonics gives inac-

curate field solutions at discontinuous points in the geometry, especially at the edge of the magnetic

shields. This is due to the dominance of the Gibbs phenomenonat the interface of regions. However,

having different sizes of regions, the magnetic potentialsseries can be truncated at different points.

Here, the different number of harmonics (given in Table 4.1)for different regions has been selected

to obtain a correctly converged solution. A detailed discussion on the number of the harmonic taken

into account is given in [96]. The finite number of harmonicsNI -NVII (x-edge) andLIIa-LVIa (z-edge),

given in Table 4.1, have been used for calculating the analytical results. With the obtained value of

unknown coefficients, the magnetic field density can be calculated using (4.3). Further, the analytical

results of the magnetic field are compared with 2-D FEA results in the next subsection.

4.2.5 2-D Subdomain Model Verification

For a fair comparison, the magnetic field densities obtainedfrom subdomain model and 2-D FEA

are plotted on Path 1, as shown in Fig. 4.6. Path 1 is located between the coils atzm, which is

the distance from the bottom of the primary coil to Path 1 ,andit is 15 mm. The distance between

the Shield 1 and the top of the primary coil (represented as air in Fig. 4.1(a)) is 5.09 mm due to the

presence of base material (acrylic) and adhesive. The same is true for the secondary coil arrangement.

The Shield 2 is at (z6) 20.09 mm.

Fig. 4.7 depicts the magnetic field distribution for the perfect alignment of the coils. In this case,

the magnetic field distribution is symmetric to the centre ofthe coil. Fig. 4.8 illustrates the magnetic
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Primary coil

Shield 1 

Shield2 

Reduced flux lines

Rectangular bar 1 Rectangular bar 2
Center of coil

Path 1

Left side Right side

zm z6

Reduced flux lines

Secondary coil

(a)

Primary coil

Shield 1 

Shield2 

Reduced flux lines

Rectangular bar 1 Rectangular bar 2
Center of coil

Path 1

Left side Right side

zm

Reduced flux lines

Secondary coil

(b)

Figure 4.6: 2-D flux distribution of the practical coil system inxz-plane (a) without shift and (b) with 40mm
horizontal shift of the secondary coil arrangement.

field distribution for 40 mm horizontal displacement of the secondary coil arrangement. Here, the

asymmetrical pattern in the distribution ofBx andBz is observed because the flux distribution between

the coils becomes unsymmetrical, as shown in Fig. 4.6(b). This asymmetry in flux distribution is due

to an increase in flux concentration in the direction of the movement of Shield 2. Similarly, the

magnetic field distribution inside the Shield 1 and Shield 2 for perfect alignment and misalignment

cases is shown in Figs. 4.9-4.10. From Figs. 4.7-4.10, it canbe seen that the results from the 2-D

subdomain model, for the aligned as well as the misaligned cases, show an excellent agreement with

2-D FEA results. Fig. 4.11 shows the comparison inBz obtained from the 2-D subdomain model
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Figure 4.7: Distribution of (a)Bx and (b)Bz along Path 1.
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Figure 4.8: Distribution of (a)Bx and (b)Bz along Path 1 with 40mm horizontal shift of the secondary coil
arrangement.
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Figure 4.9: Bx distribution, along thex-direction, on the center of (a) Shield 1 and (b) Shield 2.
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Figure 4.10: Bx distribution, along thex-direction with 40mm horizontal shift of the secondary coilarrange-
ment, on the center of (a) Shield 1 and (b) Shield 2.
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Figure 4.11: Magnetic field density distribution ofBz on Path 1, obtained from 2-D subdomain model and 3-D
FEA (a) without shift and (b) with 40 mm shift of the secondarycoil arrangement.

and 3-D FEA model (shown in Fig. 4.12) on Path 1 and Path 2, respectively, where Path 2 is the line

along thex-axis atzm = 15 mm andy = 0, as shown in Fig. 4.12. From Fig. 4.11, a clear difference

in Bz obtained from the 2-D subdomain model and 3-D FEA model can beseen. This difference is

due to the contribution of four-bars (having current in bothx- andy-directions) in the magnetic field

obtained from the 3-D FEA model, as shown in Fig. 4.12, whereas in a 2-D subdomain model, it

is of two rectangular bars (current is only in one (y-) direction). Similarly, a 2-D subdomain model

for yz-plane can be developed. Two 2-D subdomain models are superimposed to include the effect of

four rectangular bars, and it is discussed in the next section.

4.3 Superposition of Two 2-D Subdomain Models

The superposition of two 2-D subdomain models is performed in this section to get the 3-D analyt-

ical results. Here, 2-D subdomain models for thexz-plane (invariant in they-direction) andyz-plane

(invariant in thex-direction) are added according to (4.57).

Bs
r = Br(x, z)|for xz-plane+ Br(y, z)|for xz-plane (4.57)

By using (4.57),Bz on Path 2 is calculated and compared again with the 3-D FEA result, as shown

in Fig. 4.13. From Fig. 4.13, it is observed that the superimposed result still does not follow the 3-D

FEA result. This mismatch is because of the 2-D subdomain model considers infinite length in the

third direction [79]. Therefore, a correction factor is necessary to take into account the finite length

in the third direction for a 2-D subdomain model [97,98].
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Figure 4.12: 3-D FEA model of coil system.
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Figure 4.14: Top view of coil.

The 2D subdomain model has been developed for two conductorsand two magnetic shields.

Therefore, the correction has been derived in two-part. In one, it derived for two parallel conduc-

tors, which is based on Biot-Savart law [63] and the other is for a magnetic shield with the help of

curve fitting. The magnetic field density at an arbitrary point P(x,y,z) due to two parallel conductors
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surrounded by air shown in Fig. 4.14, is given by (4.58)

f1(x, y, z) =
µ0Ip

2π · g1












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

, (4.58)

and the magnetic field density due to two parallel conductor of infinite length in they-direction is

given as-

f2(x, y, z) =
µ0Ip

4π · g1
+
µ0Ip

4π · g2
(4.59)

whereg1 =

√

(x− xc1)
2
+ (z− r)2, g2 =

√

(x− xc2)
2
+ (z− r)2, g3 = (yc1 − y), andg4 = (yc2 − y)

with xc1 = 0.5(x2 + x3), xc2 = 0.5(x4 + x5), yc1 = 0.5(y2 + y3), and yc1 = 0.5(y2 + y3) , yc2 =

0.5(y4 + y5). The ratio of ratio of (4.58)/(4.59), given as

f3(x, y, z) = f1(x, y, z)/ f2(x, y, z), (4.60)

provide a factor which can be used to make 2D analytical modelvariant in third direction having

two conductor surrounded by air. Here, the magnetic shield is not included in the factor, and an

additional factor is required. This factor is determined bycurve fitting, and the points for curve fitting

are calculated at different values ofµr using (4.61). The obtained curves with its expression are shown

in Fig. 4.15. The factorGµr , is valid only for the rectangular and square shape of the coil.

f (µr) =
B3-D FEA

z,rms (µr)

B2-D FEA
z,rms (µr)

/

B3-D FEA
z,rms (µr = 1)

B2-D FEA
z,rms (µr = 1)

(4.61)

The correction factor for coil system shown in Fig. 4.14 is given as-

fxz(x, y, z) = 0.5Gµr f3(x, y, z) (4.62)

Figs. 4.16(a) and (b) show the plot of (4.62) along thex- andy-directions, respectively. Since

fxz(x, y, z) varies with they-direction, as shown in Fig 4.16(b), its multiplication with a 2-D subdo-

main model (xz-plane) facilitates to calculate the magnetic field in third(y-) direction. Similarly, the

multiplication of fyz(x, y, z) in subdomain model foryz- plane enables to calculate the magnetic field

in the third (x-) direction. Thus, to obtain the tangible results for the coil system shown in Fig. 1(a),
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Figure 4.16: Results offxz(x, y, z) along (a) Path 2 and (b) Path 3.
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Figure 4.17: Prediction ofBz distribution (on Path 2) for the considered coil system using (4.63) and 3-D FEA.

the magnetic field in regionr can be expressed as

Bcf
r (x, y, z) = (Br(x, z)|for xz-plane) · fxz(x, y, z)+

(Br(y, z)|for yz-plane) · fyz(x, y, z)
(4.63)

where fyz(x, y, z) is the correction factor for theyz-plane subdomain model. Now, the question arises;
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Figure 4.18: Prediction ofBz distribution (on Path 2) for the coil system whose dimensionis half of the
considered coil system using (4.63) and 3-D FEA.
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Figure 4.20: Prediction ofBz distribution (on Path 2) for the square coil system whose length is x5-x2 using
(4.63) and 3-D FEA.

is the obtained expression (4.62) applicable for differentdimensions of the coils? In this context,

expression (4.63) is used to confirm the same. Figs. 4.17-4.20 shows the distributions ofBz (on Path

2) obtained from (4.63) and 3-D FEA for different dimensionsof the coils. Here, the magnetic field
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Figure 4.21: Development of 3-D subdomain model form 2-D subdomain models.

distributions obtained from (4.63) are matching well with the 3-D FEA results, which confirm the

applicability of the correction factor (4.62) for the coil system shown in Fig. 4.1(a) of different di-

mensions. Therefore, expression (4.63) can be used for different dimensions of rectangular (including

square) coil systems.

The mutual inductance from the proposed subdomain model is calculated by

M =
λ

Ip
=

1
Ip

turn
∑

t=1


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






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∫

(x2+t·w)

Bc f
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
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













(4.64)

whereλ is the flux linkage to the secondary coil, andBc f
V (x, y, z) is the magnetic field in regionV with

the correction factor. The steps involved in developing the3-D subdomain model are summarized

in Fig 5.4. The magnetic field distributions obtained from (4.63) and 3-D FEA are compared with

measurements in the next section.

4.4 Verification of Analytical Model

This section verifies the analytical model by comparing analytical results with measurements and

FEA simulation results. Section 4.4.1 presents a description of the developed experimental setup.

Section 4.4.1 compares magnetic field density and mutual inductance obtained from analytical, mea-

surements, and 3D FEA simulation.

4.4.1 Experimental Setup

The proposed subdomain model is validated with experimental results. For this, an experimental

setup shown in Fig. 4.22 is built in the laboratory. Here, tworectangular coils are made of American

wire gauge (AWG)#32 copper wire. 3M high permeability magnetic shielding sheet 1380 is used as

a Shield 1 and Shield 2, which are glued on the other side of thebase (acrylic sheet) of the coils.

The specifications of coils and magnetic shields are mentioned in Table I. Further, a pick-up coil of
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a 2 mm radius and 200 turns is used to measure the magnetic fielddensity in the air gap, which is

made of AWG#40 copper wire. An H-bridge inverter is used to supply a 100-kHz current of 3.5 A

to the primary coil. Cyclone-II FPGA board is used to generate the pulses to drive the MOSFETs

(IRFP450) of H-bridge inverter. The mutual inductance between the coils is measured with Hewlett

Packard 4263B LCR meter.

H-bridge inverter 

& driver circuit

Primary coil arrangement 

Secondary coil 

arrangement 

(open circuited)
FPGA board 

LCR meter

Oscilloscope

Pick-up coils

(a)

(b) (c)

Figure 4.22: (a) Experimental setup. (b) Pick-up coil. (c) Magnetic shield.

4.4.2 Results Description

This section compares the results of the magnetic field and mutual inductance for different mis-

alignments between the coils obtained from (4.63) and (4.64), respectively, with the 3-D FEA and

experimental results. The comparison of the magnetic field is performed on Path 2 and Path 3, as

shown in Fig. 4.12, where Path 3 is the line along they-axis atzm andx = 0. For the measurement

ease,z6 = 34.98 mm andzm = 13.89 mm. For the perfect aligned coils, the magnetic field distribu-

tions are given in Fig. 4.23. The waveforms ofBx andBz in Fig. 4.23 are in good agreement with 3-D

FEA and measurement results, which confirm the accuracy of (4.63).

The variation in mutual inductance for different misalignments between coils is shown in Fig.

4.24. Figs. 4.24(a) and (b) show the mutual inductance variation for the horizontal misalignment

in the x- andy-directions, respectively, atz6 = 20.09 mm. For the horizontal misalignment in the

x-direction, the secondary coil arrangement is moved at a step of 10 mm in the positivex-direction,

whereas in they-direction, secondary coil arrangement is moved in the positive y-direction with the
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Figure 4.23: Distributions ofBx andBz shown in (a) and (b), respectively, along Path 2. Distributions ofBx

andBz shown in (c) and (d), respectively, along Path 3. The coils are perfectly aligned atzm = 13.89 mm.

same step. From Figs. 4.24(a) and (b), it is observed that as misalignment increases, the value of

mutual inductance decreases because of decrement in the fluxlinkage in the secondary coil.

Fig. 4.24(c) shows the variation in mutual inductance for vertical misalignment. Here, the sec-

ondary arrangement is moved towards a positivez-direction with a step of 10 mm from an initial

position ofz6 = 24.09 mm. From Fig. 4.24(c), it can be seen that as the separation between the

primary and secondary coil arrangements increases, the value of mutual inductance decreases due to

decrement in the magnitude of the magnetic field density. Thecalculated mutual inductance in Fig.

4.24 is in a good agreement with 3-D FEA and measurement results, which confirm the accuracy of

the proposed 3-D subdomain model.

90

TH-2341_126102029



4.5 Summary

(a)

0 1 2 3 4 5 6 7
0

8

16

24

32

40

M
 (m

H
)

x (cm)

 3D-Analytical
 3D-FEM
 Measured

(b)

1 2 3 4 5 6 7 8 9 10
0

8

16

24

32

40

M
 (m

H
)

Air gap (cm)

 3D-Analytical
 3D-FEM
 Measured

(c)

Figure 4.24: Mutual inductance variation in the (a)x-direction , (b)y-direction, and (c)z-direction.

4.5 Summary

This chapter presents an analytical model based on the subdomain technique to calculate the mag-

netic field distribution and mutual inductance between the coils in the WPT system having magnetic

shields of finite dimension and finite permeability. The magnetic vector potential formulation in the

cartesian coordinate system has been used in subdomain modelling. For the subdomain modelling,

the continuity of magnetic vector potential and magnetic field intensity is applied in two directions

(i.e., x- andy-edges). The comparison in magnetic field distribution obtained from the subdomain

model and 2-D FEA has been made. The magnetic field distributions obtained from the 2-D subdo-
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main model coincide with the magnetic field obtained from 2-DFEA, which confirms the accuracy

of the 2-D subdomain model. A 3-D subdomain model has been formulated by the superposition of

two 2-D subdomain models to obtain the result close to measurement results. For limiting the 2-D

subdomain model in the third direction, a correction factorhas been introduced. The proposed sub-

domain model is validated by the computation of magnetic field density distribution in the air gap

and compared with FEA and experiment. It shows a good agreement. The mutual inductance from

the 3-D subdomain model has been compared with FEA results and measurement. The proposed

subdomain model facilitates to change the parameters (length, width, and permeability) of magnetic

shields. The results from the proposed subdomain model are acceptably accurate for initial designing

and optimization of the WPT system having magnetic shielding of finite dimension and permeability.

The change in mutual inductance affects the power transfer capability and the efficiency of the

entire WPT system. The impact of misalignments on these parameters for the series-parallel (SP)

compensated WPT system is discussed in the next chapter.
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5. Mathematical Model for Analysis of Series Parallel Compensated Wireless Power Transfer System
for Different Misalignments

5.1 Introduction

The previous chapters discussed the analytical models to calculate mutual inductance for different

coil system without and with shielding. These chapters alsodiscussed the variation in mutual induc-

tance for different misalignments. The change in the mutualinductance impacts the power transfer

capability, and the efficiency of the entire system [47, 48],and in this chapter, the focus is on devel-

oping a comprehensive analytical model for WPT system for charging of EV batteries.

Generally, constant current (CC) and constant voltage (CV)modes are used to charge the battery.

Series-series (SS) and series-parallel (SP) topologies, which are capable of operating in CC and CV

modes [99, 100], are mostly used. In case of misalignment between the coils, the current in the

primary coil, for SS topology, can increase to a very high value [101]. However, in the case of SP

topology, the current does not increase to a very high value [101]. Hence, in this chapter, SP topology

is chosen for charging of EV batteries and a detailed analytical model for it is developed.

The impact of change in the mutual inductance on system parameters has been presented in [102–

104]. In these works, the circular coil geometry, with multiple transmitters and receivers, is used.

In [105], the authors have presented a model to evaluate the performance of WPT systems for linear

actuators. However, the limitation of this work is that it isvalid for only horizontal misalignment.

Thus, it is evident from the previous research that a detailed mathematical model that considers the

effect of different misalignments on the electrical parameters for SP compensated WPT system has

not been reported.

In this chapter, an analytical model to predict the variation in the electrical parameter of the SP

compensated WPT system during misalignments has been presented. For determining the variation

in the electrical parameter of the SP compensated WPT system, the mutual inductance for different

misalignments has been used as direct input for the steady-state model. The variation in electrical

parameters has been considered for the two coil systems, onewithout shield (discussed in chapter 2)

and the other with shield (discussed in chapter 4). This makes the proposed model a suitable tool for

use in the initial design process of the SP compensated WPT system.
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5.2 System Description and Mathematical Model

5.2 System Description and Mathematical Model

Two coils with air gaps are the primary subsystem of the wireless power transfer system, which

can be model by the electrical equivalent circuit. This section describes the component of SP com-

pensated WPT system and its steady-state modelling. This section is organized as follows: Section

5.2.2 describes the series-parallel compensated WPT system. The mathematical model based on the

equivalent circuit is given in section 5.2.2.

5.2.1 System Description

The block diagram of the SP compensated WPT system is shown inFig. 5.1. It consists of

high-frequency (HF) H-Bridge inverter, HF rectifier, primary and secondary coils, and compensation

capacitors. One compensation capacitor is connected in series with the primary coil, and the other is

connected in parallel to the secondary coil, which is denoted asCp andCs, respectively. The values

of Cp andCs are determined at the resonance frequency ofω0 (discussed in subsection 5.2.2) for a

case when the coils are perfectly aligned and have a separation of 20.15 mm. These values (ω0, Cp,

andCs) are kept constant for all the misalignments analysis.

The H-bridge inverter used in the system (Fig. 5.1) convertsthe input DC voltage to HF square

wave voltage. The square wave voltage has harmonics, and theproposed model takes these harmonics

into account.

5.2.2 Steady-State Model

The steady-state model of the SP compensated WPT system is developed using the equivalent

circuit model, as shown in Fig. 5.2. TheCp andCs are calculated by (5.1) and (5.2), respectively

[46,47,104].

Cp =
1

ω2
0

(

Lp −
M2

Ls

) (5.1)

Cs =
1

ω2
0Ls

(5.2)
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Figure 5.1: (a) Block diagram of the SP compensated WPT system for the coil system (b) without a magnetic
shield, and (c) with magnetic shields.
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Figure 5.2: Equivalent circuit model of the SP compensated WPT system.
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( )pv t

( )pi t
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Figure 5.3: Impedance of the SP compensated WPT system seen by the source.

where the self-inductance of the primary and secondary coils are represented asLp andLs, respec-

tively and the mutual inductance between the coils asM. From (5.1), it can be seen that the value

of Cp is dependent onM. Due to the misalignment between the coils, the value ofM changes and

the primary side is no more in resonance (it gets mistuned). The impact of mistuning on the electri-
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cal parameters of the SP compensated WPT system is investigated using the proposed mathematical

model.

The impedance of primary sideZp, as seen from the input source, and the impedance of secondary

sideZs (as seen from the induced voltage source), as shown in Fig. 5.2, for hth harmonic, are given in

(5.3) and (5.4), respectively.

Zp = Rp + j

(

hωLp −
1

hωCp

)

(5.3)

Zs = Rs+ jhωLs+

(

RL

1+ jhωCsRL

)

(5.4)

The secondary side impedance referred to the primary side, is given by

Zr =
(hωM(x, y, z))2

Rs+ jhωLs+

(

RL
1+ jhωCsRL

) . (5.5)

The total impedanceZt of the SP compensated WPT system (Fig. 5.3), as seen by the source, is

given by

Zt = Zp + Zr (5.6)

5.2.2.1 Modelling of the Primary Side

The Fourier series expression of the instantaneous output voltagevp (t) for the H-bridge inverter

is given by (5.7)

vp (t) =
4Vdc

π

∞
∑

h=1,3,5..

1
h

sinhωt (5.7)

The instantaneous primary currentip (t), using (5.6) and (5.7) is given as

ip (t) =
∞
∑

h=1,3,5..

Ipmsin(hωt − ϕt) (5.8)

whereIpm is the maximum value ofip (t) andϕt is the impedance angle ofZt for thehth harmonic, and

are expressed by (5.9) and (5.10), respectively.

Ipm =
4Vin

πh|Zt|
(5.9)
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ϕt = tan−1(Zt) (5.10)

The instantaneous voltage across the primary capacitorvCp (t) is obtained by

vCp(t) =
∞
∑

h=1,3,5..

∣

∣

∣XCp

∣

∣

∣ Ipmsin
(

hωt − ϕt + ϕCp

)

(5.11)

where

XCp =
1

jωhCp
(5.12)

ϕCp = tan−1(XCp). (5.13)

and the instantaneous voltage across the primary coilvLp (t) is obtained by

vLp (t) =
∞
∑

h=1,3,5..

(

4Vdc

πh
sinhωt −

∣

∣

∣XCp

∣

∣

∣

∣

∣

∣Ipm

∣

∣

∣ sin
(

hωt + ϕLp

)

)

(5.14)

where

ϕLp = ϕCp − ϕt. (5.15)

The instantaneous input power of the compensated primary coil pp (t) and the active powerPP are

calculated using (5.16) and (5.17), respectively.

pp (t) = vp (t) ip (t) (5.16)

PP =
1
T

T
∫

0

pp (t) dt (5.17)

5.2.2.2 Modelling of the Secondary Side

For the secondary side modelling, the induced voltage on thesecondary coil is considered as a

voltage source. The instantaneous induced voltagevind (t) is expressed as

vind (t) = jhωM (x, y, z) ip (t) . (5.18)

The instantaneous secondary currentis (t) is calculated by (5.4) and (5.18) and is expressed as

is (t) =
∞
∑

h=1,3,5..

Ismsin
(

hωt +
π

2
− ϕt − ϕs

)

(5.19)
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whereIsm is the maximum value ofis (t) andϕs is the impedance angle ofZs for hth harmonic and are

expressed by (5.20) and (5.21), respectively:

Ism=
hωM (x, y, z) Ipm

|Zs|
(5.20)

ϕs = tan−1 (Zs) (5.21)

The instantaneous current flowing through secondary capacitor iCs (t) is given by

iCs (t)=
∞
∑

h=1,3,5..

|Zd1| |Ism| sin
(

hωt +
π

2
− ϕt − ϕs + ϕd1

)

(5.22)

where

Zd1 =















RL

RL +
1

jωhCs















(5.23)

ϕd1= tan−1(Zd1). (5.24)

and the instantaneous current flowing through the loadi load (t) is given by

i load (t)=
∞
∑

h=1,3,5..

∣

∣

∣Zd2

∣

∣

∣ |Ism| sin
(

hωt +
π

2
− ϕt − ϕs + ϕd2

)

(5.25)

where

Zd2 =















1
jωhCs

RL +
1

jωhCs















(5.26)

ϕd2= tan−1(Zd2). (5.27)

The instantaneous voltage across the loadvload (t) is given by

vload (t)=
∞
∑

h=1,3,5..

RL

∣

∣

∣Zd2

∣

∣

∣ |Ism| sin
(

hωt +
π

2
− ϕt − ϕs + ϕd2

)

. (5.28)

The instantaneous power of the loadpload (t) and the active powerPload at the secondary side are

obtained by (5.29) and (5.30), respectively.

pload (t) = vload (t) i load (t) (5.29)

Pload =
1
T

T
∫

0

pload (t) dt (5.30)
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Furthermore, the efficiency of the compensated coilsηcc is given by

ηcc =
Pload

PP
. (5.31)

The rms value ofx (t) is calculated using (5.32) andx (t) can bevp(t), vCp(t), vLp(t), vload(t), ip(t),

is(t), iCs(t), andi load(t).

X =

[

1
T

∫ T

0
x2 (t) dt

]1/2

. (5.32)

where the calculated rms valueX of x (t) is represented asVP, VCp, VLp, Vload, IP, IS, ICs, and I load,

respectively. The procedure for initial designing of SP compensated system is given in flowchart 5.4

Table 5.1: Experimental parameters of the SP compensated WPT system

Parameter Term Value

Np Number of turn in primary coil 11

Ns Number of turn in secondary coil 11

Lp Self-inductance of primary coil 29.97µH

Ls Self-inductance of secondary coil 30.59µH

Rp Primary coil AC resistance at 200kHz 0.138Ω

Rs Secondary coil AC resistance at 200kHz 0.141Ω

Cp Primary side compensation capacitor atM = 15.38µH 30.65 nF

Cs Secondary side compensation capacitor 21.70 nF

C′p Primary side compensation capacitor for coil system havingmagnetic shield atM = 35µH 31.33 nF

C′s Secondary side compensation capacitor for coil system having magnetic shield 13.87 nF

f0 Resonance frequency 197.50 kHz

Vdc Input dc voltage 60 V

RL Load resistance 88.10Ω

5.3 Experimental Setup Description

To validate the efficacy of the proposed mathematical model,an experimental implementation

of the SP compensated WPT system with different misalignments is conducted on a scaled-down

prototype of 300 W, as shown in Fig. 5.5(a). The specificationrelated to HF H-bridge inverter and

coil design has been given in chapter 2. The secondary side HFrectifier is built with Hyperfast

diodes RHRP30120. A wooden frame is used to create differentmisalignments in real-time. With

this frame, the secondary coil can be adjusted in the positive x- andz-directions up to 14 cm and 12

cm, respectively. The distance in thez-direction is measured from the bottom of the primary coil

to the mid of secondary coil. A digital vernier calliper is used to measure the distances inx- and

z-directions. Other specifications related to design parameters are given in Table 5.1.
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Figure 5.4: Flowchart presenting procedure of proposed analytical model.
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Figure 5.5: (a) Experimental setup and (b) Measurement connections of the electrical parameters with consid-
ered misalignments.

5.4 Results and Discussion

The results of the steady-state model are determined by considering 50 harmonics. The system

parameters are given in Table 5.1, are used in the steady-state model and simulation. AtVdc = 60 V,

theVP from (5.32) is calculated to 59.76 V, which was maintained constant throughout the experiment.

The steady-state waveforms are calculated from the mathematical model, the simulation model

based on MATLAB/Simulink, and the experiment when the secondary coil was perfectly aligned

with the primary coil atz= 20.15 mm. The steady-state waveforms ofvp(t), ip(t), vload(t), andi load(t)

are computed from (5.7), (5.14), (5.28), and (5.25), respectively, and are shown in Fig. 5.6.

The proposed analytical model takes into account the harmonics of the voltages and currents, and

this enables the model to capture the instantaneous waveforms. Fig. 5.6(b) shows the primary current

waveform, which is close to a sine wave because the switchingfrequency has been selected lower than

the resonance frequency. The switching frequency has been selected lower than resonance frequency

to achieve zero voltage switching (ZVS). In Fig. 5.6, the waveforms calculated from the mathematical
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Figure 5.6: Waveforms atz= 20.15 mm for (a) primary voltage, (b) primary current, (c) load voltage, and (d)
load current.

model match with the simulated waveforms. However, the waveforms from the measurement show a

small difference with the waveforms from the mathematical model. This difference is due to a small

variation in the mutual inductance, obtained from the experiment and the electromagnetic model.

5.4.1 Results with Different Misalignments

In this subsection, the variation inZt, Prp, PP, Pload, ηcc, IP, IS, ICs, I load, VCp, VLp, andVload

for different types of misalignments are discussed. The detailed discussion about different types

of misalignment, such as VV, AM, HM, AHM, and PHM, are discussed in chapter 2. First, the

parameter variation for the coil system without a magnetic shield for misalignments, shown in Fig.

5.5(b), is investigated then parameter variation for coil system with the magnetic shield for vertical

and horizontal misalignments is investigated.

Fig. 5.7 shows the variation in total impedance (Zt) for different misalignments for the coil system

surrounded by air. The variation in total impedance is calculated by (5.6). Here, it can be seen that as

misalignment occurs, total impedance starts decreasing sharply, and after some misaligned, it again

increases except for planar variation (shown in Fig. 5.7(b)) where it remains almost constant.
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(a) (b)

(c) (d)

(e)

Figure 5.7: The variation in total impedance during (a) VV, (b) AM, (c) HM, (d) AHM (e) PHM.

Figs. 5.8-5.19 show the variation inPP, Pload, ηcc, IP, IS, ICs, I load, VCp, VLp, andVload for the

misalignments. ThePP, Pload, andηcc are calculated from (5.17), (5.30), and (5.31) for the different

misalignments, are given in Figs. 5.11-5.19, and compared with the experimental results.IP, IS, ICs,

I load, VCp, VLp, andVload are evaluated for the different misalignments by using (5.32), respectively,

are plotted in Figs. 5.8-5.10 with the experimental results.

The primary current for all considered misalignments is calculated by the ratio of the inverter

output voltage to the total impedance of the SP compensated WPT system, given by (5.8). Since total

impedance,Zt for different variations is decreasing and increasing nature. Therefore, the primary

current variation in different variations is increasing and decreasing nature. TheVCp, VLp and induced
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Figure 5.8: (a)-(b) and (c)-(d) are the current and voltage variation w.r.t. VV and AM, respectively.

0 1 2 3 4 5 6 7 8 9 10
Horizontal distance (cm)

0

1

2

3

4

5

6

C
ur

re
nt

 (
A

)

(a)

0 1 2 3 4 5 6 7 8 9 10
Horizontal distance (cm)

50

75

100

125

150

175

200

V
ol

ta
ge

 (
V

)

(b)

0 1 2 3 4 5 6 7 8 9 10
Horizontal distance (cm)

0

1

2

3

4

5

6

C
ur

re
nt

 (
A

)

(c)

0 1 2 3 4 5 6 7 8 9 10
Horizontal distance (cm)

50

75

100

125

150

175

200

V
ol

ta
ge

 (
V

)

(d)

Figure 5.9: (a)-(b) and (c)-(d) are the current and voltage variation w.r.t. HM and AHM, respectively.
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Figure 5.10: (a) Current and (b) voltage variation for PHM.

voltage and its derive quantities such asIS, ICs, I load is proportional toIP. Therefore, variation in these

quantities follows a similar pattern for different misalignment asIP.
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Figure 5.11: (a) Representation of VV, (b) primary power, (c) output power and, (d) compensated coil effi-
ciency.

For VV, the secondary coil is moved along thez-axis from 1.66 to 9.66 cm in a step of 1 cm,

as shown in Fig. 5.11(a). The electrical parameter variations w.r.t. VV are shown in Figs. 5.11(b)-

(d), 5.8(a) and (b). It can be seen from Fig.5.8(a), as the vertical distance between the primary

and secondary coils increases, the reflected impedanceZr decreases, which results in an increase in

the primary currentIP. It is observed that the maximum value ofIP, VCp, andVLp occurs at 4cm

displacement from the starting point and it approximately 2.6 times the initial value whereas the
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(a) (b)

Figure 5.12: Variation in, (a) input reactive power and, (b) power factorfor vertical variation.

maximum value ofIS, ICs, I load, andVload observed at 3cmdisplacement, and it is approximately 1.4

times the initial value. Therefore, the ratings of secondary side elements (such as MOSFET, Diode,

inductor, and capacitor) can be lower than ratings of primary side elements. The variations in primary

side reactive power and power factor w.r.t. VV are shown in Figs. 5.12(a) and 5.12(b). Here, it can be

seen that as the secondary coil moves away from the primary coil, reactive power increases, whereas

the power factor decreases.
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Figure 5.13: At z = 108.40 mm (a) Representation of AM, (b) primary power, (c) outputpower and, (d)
compensated coil efficiency.

Fig. 5.13(a) shows the representation of AM. Here, the secondary coil is tilted around they-axis
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(a) (b)

Figure 5.14: Variation in, (a) primary reactive power and (b) power factor for angular misalignments.

from 0◦ to 50◦ in the step of 10◦ at z = 108.40 mm. In this variation, as the secondary coil tilts,

the effective area for the flux linkage decreases; this results in a decrease of reflective impedance.

The variation in electrical parameters w.r.t. AM are shown in Figs. 5.13(b)-(d), 5.8(c), and (d) and

it is observed that variation remains unchanged. The variations in primary side reactive power and

power factor w.r.t. AM are shown in Figs. 5.14(a) and 5.14(a). Here, it is observed that during this

misalignment, reactive power and power factor remains constant.
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Figure 5.15: At z = 20.15 mm (a) Representation of HM, (b) primary power, (c) outputpower and, (d)
compensated coil efficiency.

For HM, the secondary coil is moved along thex-axis from 0 to 10 cm at a step 1 cm atz= 20.15
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(a) (b)

Figure 5.16: Variation in (a) primary reactive power, (b) power factor for horizontal misalignments.

mm, as shown in Fig. 5.15(a). As the secondary coil moves, theoverlapping area between the

coils decreases, which reduces the mutual inductance. The decrease in mutual inductance affects the

magnitude of electrical parameters, as shown in Figs. 5.15(b)-(d), 5.9(a), and (b). It can be seen

that the max RMS values ofIP, VCp, andVLp are approximately 2.3 times the initial value when the

displacement between the two coils is 8cm in positive thex-direction from the initial position (x=0),

whereas the maximum value ofIS, ICs, I load andVload are observed at 5cm displacement, and it is

approximately 1.2 times the initial value. Figs. 5.12(a) and 5.12(b) shows the variations in primary

side reactive power and power factor w.r.t. HM. Here, as the misalignment between primary and

secondary coil increases, primary coil reactive power increases, whereas the power factor decreases.

In AHM, as shown in Fig. 5.17(a), the secondary coil is kept atan angle of 10.17◦ (around the

y-axis) and moved along thex-axis from 0 to 10 cm at a step 1 cm atz= 39.06 mm. Figs. 5.17(b)-(d),

5.9(c), (d), and 5.18 show the variation in electrical parameters w.r.t. this misalignment. It is observed

that the maximum rms value ofIP, VCp, andVLp is approximately 1.2 times of the initial value at the

horizontal displacement of 6cm, whereas the secondary parameters are decreases from intimal values

during misalignment.

Fig. 5.19(a) represents the PHM variation. Here, the secondary coil is kept at an angle of 8◦

(around thez-axis) atz = 26.40 mm and moved along thex-axis from 0 to 10 cm at a step of 1 cm.

The variation in electrical parameters w.r.t. PHM are shownin Figs. 5.19(b)-(d), 5.10(a), (b) and 5.20.

It is observed that the primary electrical parameters are approximately 1.7 times of the initial value

at the horizontal displacement of 7cm, whereas the value of the secondary side electrical parameter

remains almost the same.
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Figure 5.17: At an angle of 10.17◦ andz = 39.06 mm (a) Representation of AHM, (b) primary power, (c)
output power and, (d) compensated coil efficiency.

(a) (b)

Figure 5.18: Variation in (a) input reactive power and (b) power factor for AHM variation.

From the above discussion, it is concluded that The VV shows the maximum deviation in electrical

parameters among all the six misalignments.

5.4.2 Variation in electrical parameter for coil system having magnetic shields

The variation in parameters of the sp compensated system with the magnetic shield for vertical

and horizontal misalignment is shown in Figs. 5.21-5.23. Fig. 5.21 shows the variation in the self-

inductance of vertical and horizontal misalignments. The variation in electrical parameter for vertical

misalignment is shown in Fig. 5.22, whereas the variation inthe electrical parameter for horizontal
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Figure 5.19: At an angle of 8◦ andz = 26.40 mm (a) Representation of PHM, (b) primary power, (c) output
power and, (d) compensated coil efficiency.

(a) (b)

Figure 5.20: Variation in (a) primary reactive primary power and (b) power factor for PHM variation.

misalignment is shown in Fig. 5.23.

From Fig. 5.22 it is observed that the maximum RMS value ofIP, VCp, andVLp occurs at 6cm

displacement from the starting point, and it approximately2.15 times the initial value, whereas the

maximum value ofIS, ICs, I load, andVload observed at 2cmdisplacement, and it is approximately 1.18

times the initial value.

From Figs. 5.22(a)-5.22(b) it can be seen that the max RMS values of IP, VCp, and VLp are

approximately 1.72 times the initial value when the displacement between thetwo coils is 7cm in

positive thex-direction from the initial position (x=0), whereas the maximum value ofIS, ICs, I load,
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5. Mathematical Model for Analysis of Series Parallel Compensated Wireless Power Transfer System
for Different Misalignments

(a) (b)

Figure 5.21: Self-inductance variation w.r.t. VV and HM.

(a) (b)

(c) (d)

Figure 5.22: Variation in electrical parameter w.r.t. VV.
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(a) (b)

(c) (d)

Figure 5.23: Variation in electrical parameter w.r.t. horizontal misalignments.

andVload are observed at 3cmdisplacement, and it is approximately 1.17 times the initial value.

From comparing the variation in the electrical parameter ofSP compensated WPT system for coil

system without shield and with shield, it is obtained that parameter variation in sp compensated WPT

system with shields has lesser variation than sp compensated WPT system without the shield.

5.5 Summary

In this chapter, the variation in voltage, current, power, and efficiency of the SP compensated WPT

system for different misalignments, such as horizontal, angular, planar, etc, has been discussed. The

steady-state model is used to calculates the electrical parameter variation of the SP compensated WPT

system. In order to get an accurate result, the effect of the harmonics is considered in the steady-state

model. Moreover, an experimental setup of 300 W for SP compensated WPT system with different

misalignments is developed in the laboratory to validate the efficacy of the model. The analytical

results are compared with the simulation and the measurement results, and a good agreement has

been found. Therefore, the proposed model can be used for analyzing the component stress of the SP

compensated WPT system for different misalignments, whichhelps in the initial design process of

such a WPT system.
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6. Conclusion and Future Works

6.1 Summary of the Work

For the designing WPT system, an accurate modelling of the magnetic field is required. The 3-D

finite element analysis (FEA) is used to design a coil system because of its high accuracy. However,

high mesh-density in the 3-D FEA model requires high computational power. An iterative design

process, to achieve the desired coil system, requires numerous modifications in the 3-D FEA model,

which is a tedious process. Moreover, many FEA packages do not provide a straight relationship

between the performance and the parameter of the WPT system.

To address this issue, the objective of this thesis is to present an alternative FEA modelling for

the designing of the WPT system. For this, an accurate, comprehensive analytical model to predict

parameter variation during misalignment for the WPT systemhas been given. The analytical model

consists of electromagnetic and steady-state models. The electromagnetic model is used to compute

the mutual inductance between the coils for different misalignments. On the other hand, the steady-

state model calculates the voltage, current, power, and efficiency of the SP compensated WPT system

(by using the mutual inductance information from the electromagnetic model). This model can be

used to analyze the component stress of the SP compensated WPT system. The results of the math-

ematical model are verified experimentally. Thus, the proposed method can be adopted in the initial

design process of the SP compensated WPT system.

The electromagnetic model has been developed for differentcoil systems. First, the modelling has

been done for the coil system without a magnetic shield. For the modelling, various modelling method

has been discussed, and it is found that harmonic model foundsuitable to describe the magnetic field

distribution and mutual inductance between the coils of thecoil system of WPT system. The harmonic

model divides the three-dimensional coil system into different regions in the non-periodic direction

(Here,z-direction) according to the material property. For each region, either three-dimensional mag-

netic vector potential or magnetic scalar potential, by solving Poisson or Laplace equation using

the method separation of variables, has been formulated in the cartesian coordinates system. These

magnetic potentials contain unknown coefficients, which issolved by applying boundary conditions

between the regions. The boundary conditions are defined by the continuity of tangential magnetic

field intensity and normal component of the magnetic flux density at the edge of each region in the
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z-direction. Applying the various boundary conditions gives a set of linear equations, which is solved

to obtain the value of unknown coefficients of magnetic potentials. The number of linear equations is

equal to the number of unknowns. These magnetic potentials have been used to calculate the magnetic

flux density distribution in the air-gap and mutual inductance between the coils. The coil is modelled

by four current overlapping bars and mathematically represented in similar for magnetic vector po-

tential. The mutual inductance from the proposed analytical model has been calculated for different

misalignments and validated with a 3-D FEA model and measurements. Moreover, the variation in

mutual inductance for different misalignments (such as horizontal, angular, planar, etc.), which are

the practical case of wireless charging for EVs, are also discussed. The results of the analytical model

are compared with the 3-D FEA model and the measurements, anda good agreement has been found.

Furthermore, the analytical model for the coil system having magnetic below the primary coil

has been developed. The developed analytical model for the coil system without a shield with some

modification has been successfully applied to the coil system having magnetic below the primary coil.

With the addition of a magnetic shield underneath of primarycoil, as compared to the previous model,

a region representing a magnetic shield has been added in themodelling. The magnetic scalar poten-

tial is used to describes the magnetic field in this region. This magnetic potential contains unknown

coefficients, which is calculated by applying boundary conditions at the boundary of the magnetic

shield region. The boundary conditions have been defined by the continuity of magnetic scalar poten-

tial and normal component of the magnetic flux density at the edge of the magnetic shield region. This

model has the flexibility to change the width and permeability of shielding material. The presented

analytical model is verified for different misalignments with FEA results and measurements.

The proposed analytical model considers the length of the magnetic shield is infinite, which is

impractical. In practice, the magnetic shielding of finite permeability and finite dimensions is practi-

cally used with the primary and secondary coils. Therefore,a 3-D analytical model that considers the

magnetic shields of finite permeability and finite dimensionhas been developed. The magnetic vector

potential formulation in the cartesian coordinate system has been used in subdomain modelling. For

the subdomain modelling, the continuity of magnetic vectorpotential and magnetic field intensity is

applied in two directions (i.e.,x- andy-edges). The comparison in magnetic field distribution obtained
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from the subdomain model and 2-D FEA has been made. The magnetic field distributions obtained

from the 2-D subdomain model coincide with the magnetic fieldobtained from 2-D FEA, which con-

firms the accuracy of the 2-D subdomain model. A 3-D subdomainmodel has been formulated by the

superposition of two 2-D subdomain models to obtain the result close to measurement results. For

limiting the 2-D subdomain model in the third direction, a correction factor has been introduced. The

proposed subdomain model is validated by the computation ofmagnetic field density distribution in

the air gap and compared with FEA and experiment. It shows a good agreement. The mutual induc-

tance from the 3-D subdomain model has been compared with FEAresults and measurement. The

proposed subdomain model facilitates to change the parameters (length, width, and permeability) of

magnetic shields. The results from the proposed subdomain model are acceptably accurate for initial

designing and optimization of the WPT system having magnetic shielding of finite dimension and

permeability.

The change in the mutual inductance impacts the power transfer capability and the efficiency of

the entire WPT system. To investigate the variation in voltage, current, power, and efficiency of the

SP compensated WPT system for different misalignments, such as horizontal, angular, planar, etc. ,

a steady-state model of SP compensated WPT system has been developed. The mutual inductance

calculated by electromagnetic model is used as direct inputto the steady-state model. In order to get an

accurate result, harmonics effect is considered in the steady-state model. Moreover, an experimental

setup of 300 W for SP compensated WPT system with different misalignments is developed in the

laboratory to validate the efficacy of the model. The resultsof the mathematical model are compared

with the simulation and the measurement results, and a good agreement has been found. Therefore,

the proposed model can be used for analyzing the component stress of the SP compensated WPT

system for different misalignments, which helps in the initial design process of such a WPT system.

6.2 Limitations of the Work

This thesis developed 3-D analytical models to analyze the magnetic field distribution in the WPT

system. Different coil system has been considered in the modelling. In developing the analytical

models, harmonic and subdomain technique has been used. During the development of analytical

models, several assumptions such as current in thez-direction, eddy current, temperature-dependent
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quantity, non-linearity and hysteretic property of magnetic shield have been neglected to simplify

the analytical model. These assumptions limit the applicability of proposed models. Moreover, The

presented subdomain model in chapter 4 calculates mutual inductance only for horizontal and vertical

misalignments.

6.3 Scope for Future Research

The following recommendations are made to improve the rangeof applicability of the proposed

model:

• Much research has been carried out to improve the coupling between the coils in the WPT

system. For this, different coil structures such as DD, DDQ,multiple coil couplers, etc. [106–

108], have been designed. By changing the definition of the current density in the proposed

analytical models, one can develop the analytical model forthe WPT system having these coils.

• Include the current in thez-direction.

• By re-defining magnetic potential in the proposed 3-D analytical model, the eddy currents can

be included in the modelling. .

• The analytical model using the subdomain technique discussed in chapter 4 predicts mutual

inductance does not consider angular and planar misalignments. The magnetic vector potentials

can be further modified to include these misalignments.

• The applicability of the proposed electromagnetic model can be increased with the inclusion of

non-linear magnetic property of the applied magnetic shield.

• The transferred power in the WPT system depends on the resistance of the coils. The resistance

of coils varies with the temperature of the coils. A thermal model can be included in the

proposed models to predict the parameter variation with temperature in the WPT system.

• The research has been focussed on the magnetic design of the WPT system. Moreover, the vari-

ation in the electrical parameter for the SP compensated WPTsystem also has been studied. For

the SP compensated WPT system, resonance frequency dependson the mutual inductance and
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the self inductances of the coils. Due to the misalignment between the coils, the value ofM, Lp,

andLs changes, and the WPT system is no more in resonance (it gets mistuned), this mistuning

impacts the electrical parameters of the SP compensated WPT. The dc-ac converter with the

ability of self-tuning can overcome the variation in electrical parameters during misalignments.
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A. Calculation of Expression of Mutual Inductance

A.1 Calculation of Expression

To get a generalized expression a case is considered where the coil is shifted and tilted by angle

θ and shifted in∆x in x-direction as shown in Fig. A.1, a generalized expression can be derived as

follows:

In (3.26), the integration has been done from the coordinatepointP(xi , yi) to Q(xf , yi) andP(xi , yi)

to Q(xf , yi) indicated in Fig.(A.1).

Figure A.1: Generalized coil position.

The value ofxi,xf ,yi andyf can be written in terms ofθ and∆x as-

xi = (ns× w−a2s) × cos(θ)+∆x (A.1)

xf = (ns× w−a2s) × cos(θ)+∆x (A.2)

yi = ns× sw−b2s (A.3)

yf = ns× sw−b2s (A.4)

The coil parameters such asa2s, b2s, etc. are given in Table 2.1. Since the integration limit is taken in

x andy coordinate, writingz in terms ofx as-

z= − tan(θ) × (x− ∆x) + ∆z (A.5)
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Now From (3.26)

M(x, y, z) =
∫ yf

yi

∫ xf

xi



























(BIII ) .
(

sin(θ)
∧

i + cos(θ)
∧

k
)

cos(θ)



























dxdy (A.6)

123

TH-2341_126102029



A. Calculation of Expression of Mutual Inductance

124

TH-2341_126102029



B
Magnetic Vector Potential of Different

Regions

125

TH-2341_126102029



B. Magnetic Vector Potential of Different Regions

B.1 Applied Boundary Conditions Between Different Regions

In this section the boundary condition between each regionsof coil system shown in Fig. 4.3 is

presented. The boundary condition is applied at the interface between the each regions.// Atz3

I

IIa

IIb

IIcA = 0

x1
x2 x5

x6

z1

z2

IIb

HxIIa
HxIIb HxIIc

HxIAI

AIIa AIIa

AI

AIIa

AI

Figure B.1: Illustration of boundary condition atz=z2.

HxI (x, z2) = HxIIa (x, z2)|x1≤x≤x2
+ HxIIb (x, z2)|x2≤x≤x5

+ HxIIc (x, z2)|x5≤x≤x6
(B.1)

A IIa (x, z2) = A I (x, z2) wherex1 ≤ x ≤ x2 (B.2)

A IIb (x, z2) = A I (x, z2) wherex2 ≤ x ≤ x5 (B.3)

A IIc (x, z2) = A I (x, z2) wherex5 ≤ x ≤ x6 (B.4)

At z3

III

IIa

IIb
IIc

A = 0

z3

z6

IIb

A = 0

HxIIa
HxIIb HxIIc

HxIII

AIII

AIIa AIIb

AIII AIII

AIIc

x1
x2

x5 x6

Figure B.2: Illustration of boundary condition atz=z3.
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HxI I I (x, z3) = HxI Ia (x, z3)
∣

∣

∣

x1≤x≤x2
+ HxI Ib (x, z3)

∣

∣

∣

x2≤x≤x5
+ HxI Ic (x, z3)

∣

∣

∣

x5≤x≤x6
(B.5)

AIIa (x, z3) = AIII (x, z3) wherex1 ≤ x ≤ x2 (B.6)

AIIb (x, z3) = AIII (x, z3) wherex2 ≤ x ≤ x5 (B.7)

AIIc (x, z3) = AIII (x, z3) wherex5 ≤ x ≤ x6 (B.8)

At z4

III
HxIII

HxIVa HxIVb HxIVc HxIVd
HxIVe

AIII

AIVb

AIII

AIVa

AIII

AIVc

AIII

AIVd

AIII

AIVe

x1 x2 x3 x4
x6x5

A = 0A = 0
IVa

IVc IVd IVeIVb

z4

Figure B.3: Illustration of boundary condition atz=z4.

HxI I I (x, z4) = HxIVa (x, z4)
∣

∣

∣

x1≤x≤x2
+ HxIVb (x, z4)

∣

∣

∣

x2≤x≤x3
+ HxIVc (x, z4)

∣

∣

∣

x3≤x≤x4
(B.9)

+ HxIVd (x, z4)
∣

∣

∣

x4≤x≤x5
+ HxIVe (x, z4)

∣

∣

∣

x5≤x≤x6
(B.10)

AIVa (x, z4) = AIII (x, z4) wherex1 ≤ x ≤ x2 (B.11)

AIVb (x, z4) = AIII (x, z4) wherex2 ≤ x ≤ x3 (B.12)

AIVc (x, z4) = AIII (x, z4) wherex3 ≤ x ≤ x4 (B.13)

AIVd (x, z4) = AIII (x, z4) wherex4 ≤ x ≤ x5 (B.14)

AIVe (x, z4) = AIII (x, z4) wherex5 ≤ x ≤ x6 (B.15)

Regionz5
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V

HxV

HxIVa HxIVb
HxIVc

HxIVd HxIVe
AIII

AVAV

AIVa AIVc

AV

AIVd AIVe

AV

x1 x2 x3 x4 x6
x5

AV

IVa IVb IVc
IVd IVe

z5

Figure B.4: Illustration of boundary condition atz=z5.

HxV (x, z5) = HxIVa (x, z5)
∣

∣

∣

x1≤x≤x2
+ HxIVb (x, z5)

∣

∣

∣

x2≤x≤x3
+ HxIVc (x, z5)

∣

∣

∣

x3≤x≤x4
(B.16)

+ HxIVd (x, z5)
∣

∣

∣

x4≤x≤x5
+ HxIVe (x, z5)

∣

∣

∣

x5≤x≤x6
(B.17)

AIVa (x, z5) = AV (x, z5) ; wherex1 ≤ x ≤ x2 (B.18)

AIVb (x, z5) = AV (x, z5) ; wherex2 ≤ x ≤ x3 (B.19)

AIVc (x, z5) = AV (x, z5) ; wherex3 ≤ x ≤ x4 (B.20)

AIVd (x, z5) = AIII (x, z5) ; wherex4 ≤ x ≤ x5 (B.21)

AIVe (x, z5) = AV (x, z5) ; wherex5 ≤ x ≤ x6 (B.22)

At z6

V
HxV

HxIVa
HxIVb HxIVc

AV

AVIb

AV

AVIa

AV

AVIc

x2 x6
x5x1

z6

A = 0 A = 0

VIa VIb VIc

Figure B.5: Illustration of boundary condition atz=z6.
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HxV (x, z6) = HxVIa (x, z6)
∣

∣

∣

x1≤x≤x2
+ HxVIb (x, z6)

∣

∣

∣

x2≤x≤x5
+ HxVIc (x, z6)

∣

∣

∣

x5≤x≤x6
(B.23)

AVIa (x, z6) = AV (x, z6) ; wherex1 ≤ x ≤ x2 (B.24)

AVIb (x, z6) = AV (x, z6) ; wherex2 ≤ x ≤ x5 (B.25)

AVIc (x, z6) = AIII (x, z6) ; wherex5 ≤ x ≤ x6 (B.26)

At z7

VII
HxVII

HxIVa HxIVb HxIVc

AVII

AVIb

AVII

AVIa

AVII

AVIc

x2 x6
x5x1

z7

A = 0 A = 0

A = 0

VIa VIb VIc

Figure B.6: Illustration of boundary condition atz=z7.

HxVII (x, z7) = HxVIa (x, z7)|x1≤x≤x2
+ HxVIb (x, z7)|x2≤x≤x5

+ HxVIc (x, z7)|x5≤x≤x6
(B.27)

AVIa (x, z7) = AVII (x, z7) ; wherex1 ≤ x ≤ x2 (B.28)

AVIb (x, z7) = AVII (x, z7) ; wherex2 ≤ x ≤ x5 (B.29)

AVIc (x, z7) = AVII (x, z7) ; wherex5 ≤ x ≤ x6 (B.30)

At x2
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HzIIa HzIIb

AIIbAIIa

x2

z2

AIVa AIVb

HzVIa

HzIVb

AVIa AVIb

HzVIb

HzIVa

z3

z4

z5

z7

z6

IIa IIb

VIa VIb

IVa
IVb

Figure B.7: Illustration of boundary condition atx=x2.

AIIa (x2, z) = AIIb (x2, z) ; wherez2 ≤ z≤ z3 (B.31)

HzIIb (x2, z) = HzIIa (x2, z) ; wherez2 ≤ z≤ z3 (B.32)

AIVa (x2, z) = AIVb (x2, z) ; wherez4 ≤ z≤ z5 (B.33)

HzIVb (x2, z) = HzIVa (x2, z) ; wherez4 ≤ z≤ z5 (B.34)

AVIa (x2, z) = AIVb (x2, z) ; wherez6 ≤ z≤ z7 (B.35)

HzVIb (x5, z) = HzVIa(x5, z) ; wherez6 ≤ z≤ z7 (B.36)

At x3

x3

AIVb AIVc

HzIVcHzIVb

z4

z5

IVcIVb

Figure B.8: Illustration of boundary condition atx=x3.
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HzIVb (x3, z) = HzIVc (x3, z) ; wherez4 ≤ z≤ z5 (B.37)

AIVc (x3, z) = AIVb (x3, z) ; wherez4 ≤ z≤ z5 (B.38)

At x4

x4

AIVc AIVd

HzIVdHzIVc

z4

z5

IVc IVd

Figure B.9: Illustration of boundary condition atx=x4.

AIVc (x4, z) = AIVd (x4, z) ; wherez4 ≤ z≤ z5 (B.39)

HzIVd (x4, z) = HzIVc(x4, z) ; wherez4 ≤ z≤ z5 (B.40)

At x5

HzIIb (x5, z) = HzIIc (x5, z) ; wherez2 ≤ z≤ z3 (B.41)

AIIc (x5, z) = AIIb (x5, z) ; wherez2 ≤ z≤ z3 (B.42)

HzIVd (x5, z) = HzIVe(x5, z) ; wherez4 ≤ z≤ z5 (B.43)

AIVe (x5, z) = AIVd (x5, z) ; wherez4 ≤ z≤ z5 (B.44)

HzVIb (x5, z) = HzVIc (x5, z) ; wherez6 ≤ z≤ z7 (B.45)

AVIc (x5, z) = AIVd (x5, z) ; wherez6 ≤ z≤ z7 (B.46)
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HzIIb HzIIc

AIIcAIIb

x5

z2

AIVd AIVe

HzVIb

HzIVe

AVIb AVIc

HzVIc

HzIVd

z3

z4

z5

z7

z6

VIb VIc

IVd IVe

IIb IIc

Figure B.10: Illustration of boundary condition atx=x5.

B.2 Regions with Applied Boundary Conditions

The divided region of the coil system for which magnetic vector potential needs to be derived

is shown in Fig. 4.3. Based on the applied boundary conditions at the interface of each region, the

divided regions are classified into different cases, as shown in Fig. B.11.

B.3 Magnetic Vector Potential of Different Regions

The regions with applied boundary conditions are shown in Fig. B.11. In this section, the detailed

derivation for only case 1 shown Fig. B.11(a) is explained. The magnetic vector potentials of regions

with other cases are derived with the same steps.
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Figure B.11: Illustration of divided regions with applied boundary condition (a) case 1, (c) case 2, (d) case 3,
(b) cse 4, and (e) case 5.

B.3.1 General Solution of Magnetic Vector Potential

The magnetic vector potential of regions of the coil system is governed by the Laplace equation

given in (B.47)
∂2Ay

∂x2
+
∂2Ay

∂z2
= 0 (B.47)
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Solving (B.47) by the method of separation of variables, thesolution of Ay in the Cartesian coordi-

nates (x,z) can be written as

Ay = (Ax
y + Az

y)
→
ey (B.48)

Ax
y =

(

c0r1 + d0r1 x
) (

c0r2 + d0r2z
)

+

∞
∑

nr=1,2,3

(

cr1 cosh(kxr z) + dr1 sinh(kxr z)
) (

cr2 cos(kxr x) + dr2 sin(kxr x)
)

(B.49)

Az
y =

(

e0r1 + f0r1 x
) (

e0r2 + f0r2z
)

+

∞
∑

lr=1,2,3

(

er1 cosh(kxr x) + fr1 sinh(kxr x)
) (

er2 cos(kxr z) + fr2 sin(kxr z)
)

(B.50)

Here, for a regionr, nr and lr are the spatial harmonic orders in thex-andz-directions, respectively,

andc0r1, d0r1, cr1, dr1,c0r2, d0r2, cr2, dr2, e0r1, f0r1,er1, fr1,e0r2, f0r2,er2, and fr2 are unknown coefficients.

kxr andkzr are the spatial frequencies in thex andz-directions with the periods ofτxr = (xfr - xinr ) and

τzr = (zfr - zinr ).

B.3.2 Derivation of magnetic vector potential according toimposed boundary conditions

Fig. B.11(a) show regions whose magnetic vector potentialsare applied as a boundary condition

on all edges. For applying the boundary conditions, the principle of superposition is used, illustrated

in Fig. B.12(a). With the principle of superposition, the solution of Ay for the regions in case 1 can

be obtained by-

Ay = (A1 + A2 + A3 + A4.)
→
ey (B.51)

For obtaining the solution ofA1 andA2 the boundary condition shown in Fig. B.12(b) and Fig.

B.12(c) are applied to (B.49). Therefore,

Ax
y = A1 + A2 (B.52)

Whereas, the solution ofA3 andA4 are obtained by applying solution boundary conditions shown
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Figure B.12: case 1 where Az is applied at all edge a region and principle ofsuperposition. (a) (b) (c) (d) (e)

in Fig. B.12(b) and Fig. B.12(c) in (B.50). Therefore,

Az
y = A3 + A4 (B.53)

Solution of A1:Applying Az
y

∣

∣

∣

x=xinr
= 0 in (B.49), we getc0r1 = 0;d0r1 = 0;c0r2 = 0;d0r2 = 0;cr2 = 0.

Therefore, (B.49) becomes

A1 =

∞
∑

nr=1,2,3

(

cr1 cosh(kxr z) + dr1 sinh(kxr z)
) (

sin(kxr (x− xinr ))
)

. (B.54)

Applying Ax
y

∣

∣

∣

z=zinr
= 0, we get

cr1 = −
dr1 sinh(kxr zinr )

sinh(kxr zinr )
(B.55)
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putting the value ofcr1 in (B.54) and rearranging we get-

A1 =

∞
∑

nr=1,2,3

(

dr1 sinh(kxr (z− zinr ))
) (

sin(kxr (x− xinr ))
)

(B.56)

Applying Ax
y

∣

∣

∣

z=zfr
= f1(x) in (B.56), we get

dr1 =

xinr +τxr
∫

xinr

f1(x)
sinh(kxr (zfr − zinr ))

sinh(kxr (z− zinr ))dx (B.57)

Therefore (B.56) can be rewritten as-

A1 =

∞
∑

nr=1,2,3

(

dr1
sinh(kxr (z− zinr ))

sinh(kxrτzr )

)

(

sin(kxr (x− xinr ))
)

(B.58)

Solution of A2: To get the solution ofA2 the boundary condition shown in Fig. B.12(c) are applied

in (B.49). Since, boundary conditions shown in Fig. B.12(b)and Fig. B.12(c) atx = xinr andx = xfr

are same. Therefore, (B.54) is used to apply vertical boundary conditions. ApplyingAx
y

∣

∣

∣

z=zfr
= 0 in

(B.54) we get

dr1 = −
cr1 cosh(kxr zfr )

sinh(kxr zfr )
. (B.59)

putting the value ofdr1 in (B.54) and rearranging we get-

A2 =

∞
∑

nr=1,2,3

(

cr1 sinh(kxr (zfr − z))
)

(

dr2 sin(kxr (x− xinr ))
)

(B.60)

Applying Ax
y

∣

∣

∣

z=zinr
= f1(x) in (B.60), we get

cr1 =

xinr +τxr
∫

xinr

f2(x)
sinh(kxrτzr )

sinh(kxr (z− zinr ))dx (B.61)

Therefore (B.60) can be rewritten as-

Ax
y =

∞
∑

nr=1,2,3

(

cr1
sinh(kxr (zfr − z))

sinh(kxrτzr )

)

(

sin(kxr (x− xinr ))
)

(B.62)

With (B.52) we can write-

Ax
y =

∞
∑

nr=1,2,3

(

cr1
sinh(kxr (zfr − z))

sinh(kxrτzr )
+ dr1

sinh(kxr (z− zinr ))
sinh(kxrτzr )

)

(

sin(kxr (x− xinr ))
)

(B.63)
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The same procedure can be applied for the boundary conditionshown in Fig. B.12(d) and Fig. B.12(e)

in (B.50). The obtainedAz
y with boundary condition is given as-

Az
y =

∞
∑

lr=1,2,3

(

er

sinh(kzr (xfr − x))

sinh(kzrτxr )
+ fr

sinh(kzr (x− xinr ))
sinh(kzrτxr )

)

sin(kz(z− zinr )) (B.64)

The magnetic vector potentials are given by (B.65)-(B.96).

• Region I

AI =

NI
∑

nr=1

(

dI

kxI

sinh(kxI (z− z1))
cosh(kxI τzI )

)

sin(kxI (x− xI ))
→
ey (B.65)

• Region IIaAIIa = (Ax
y + Az

y)
→
ey (B.66)

where,Ax
y, Az

y, andAs
y is given as

Ax
y =

NI Ia
∑

nI Ia=1

(

cIIa
sinh(kxI Ia (z3 − z))

sinh(kxI IaτzI Ia)
+ dI Ia

sinh(kxI Ia (z− z2))

sinh(kxI IaτzI Ia)

)

sin(kxI Ia (x− x5))

Az
y =

LI Ia
∑

lr=1

(

eIIa
sinh(kzI Ia (x− x1))

sinh(kzI IaτxI Ia )

)

sin(kzI Ia(z− z2))

and

kxI Ia =
nIIaπ

τxI Ia

; kzI Ia =
nIIaπ

τzI Ia

; τxI Ia = x2 − x1; τzI Ia = z3 − z2. (B.67)

• Region IIbAIIb = (Ax
y + Az

y)
→
ey (B.68)

where,Ax
y, Az

y, andAs
y is given as

Ax
y = (z3 − z)c0I Ib + (z− z2)d0I Ib

+

NI Ia
∑

nI Ia=1

(

cIIb
sinh(kxI Ib (z3 − z))

sinh(kxI IbτzI Ib)
+ dIIb

sinh(kxI Ib (z− z2))

sinh(kxI IbτzI Ib)

)

cos(kxI Ib (x− x2)) (B.69)

Az
y =

LI Ib
∑

l I Ib=1

(

−
eIIb

kzI Ib

cosh(kzI Ib(x− x5))

sinh(kzI IbτxI Ib )
+

fIIb

kzI Ib

cosh(kzI Ib(x− x2))

sinh(kzI IbτxI Ib )

)

sin(kzI Ib(z− z2))and

kxI Ib =
nIIbπ

τxI Ib

; kzI Ib =
nIIbπ

τzI Ib

; τxI Ib = x5 − x2; τzI Ib = z3 − z2 (B.70)

• Region IIc
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AIIc = (Ax
y + Az

y)
→
ey (B.71)

where,Ax
y, Az

y, andAs
y is given as

Ax
y =

NI Ic
∑

nI Ic=1

(

cIIc
sinh(kxI Ic (z3 − z))

sinh(kxI IcτzI Ic)
+ dI Ic

sinh(kxI Ic (z− z2))
sinh(kxI IcτzI Ic)

)

sin(kxI Ic (x− x5))

Az
y =

LI Ic
∑

lr=1

(

eIIc
sinh(kzI Ic (x6 − x))

sinh(kzI IcτxI Ic )

)

sin(kzI Ic(z− z2))

and

kxI Ic =
nIIcπ

τxI Ic

; kzI Ic =
nIIcπ

τzI Ic

; τxI Ic = x6 − x5; τzI Ic = z3 − z2. (B.72)

• RegionIII
Ay =

NI I I
∑

nI I I =1

(

−
cIII

kxI I I

cosh(kxI I I (z− z4))

sinh(kxI I I τzI I I )
+

dIII

kxI I I

cosh(kxr (z− z3))

sinh(kxI I I τzI I I )

)

sin(kxI I I (x− x1))
→
ey(B.73)

and

kxI I I =
nIII π

τxI I I

; τxI I I = x6 − x1 (B.74)

• Region IVaAIVa = (Ax
y + Az

y)
→
ey (B.75)

where,Ax
y, Az

y, andAs
y is given as

Ax
y =

NI Ia
∑

nI Ia=1

(

cIVa
sinh(kxIVa(z5 − z))

sinh(kxIVaτzI Ia )
+ dIVa

sinh(kxIVa(z− z3))

sinh(kxIVaτzr )

)

sin(kxIVa(x− x1))

Az
y =

LI Ia
∑

l I Ia=1

(

fIVa
sinh(kzIVa(x− x1))

sinh(kzIVaτxI Ia )

)

sin(kzIVa(z− z4))

and

kxIVa =
nIVaπ

τxIVa

; kzIVa =
nIVaπ

τzIVa

; τxIVa = x2 − x1; τzIVa = z5 − z4 (B.76)

• Region IVb AIVb = (Ax
y + Az

y)
→
ey (B.77)
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where,Ax
y, Az

y, andAs
y is given as

Ax
y = (z5 − z)c0IVb + (z− z4)d0IVb

+

NIVb
∑

nIVb=1

(

cIVb
sinh(kxIVb(z5 − z))

sinh(kxIVbτzIVb)
+ dIVb

sinh(kxIVb(z− z4))

sinh(kxIVbτzIVb)

)

cos(kxIVb(x− x2)) (B.78)

Az
y =

LIVb
∑

l IVb=1

(

−
eIVb

kzIVb

cosh(kzIVb(x− x3))

sinh(kzIVbτxIVb)
+

fIVb

kzIVb

cosh(kzIVb(x− x2))

sinh(kzIVbτxIVb)

)

sin(kzIVb(z− z4))

and

kxIVb =
nIVbπ

τxIVb

; kzIVb =
nIVbπ

τzIVb

; τxIVb = x3 − x2; τzIVb = z5 − z4 (B.79)

• Region IVcAIVc = (Ax
y + Az

y)
→
ey (B.80)

where,Ax
y, Az

y, andAs
y is given as

Ax
y =

NIVc
∑

nIVc=1

(

cIVc
sinh(kxIVc(z5 − z))

sinh(kxIVcτzIVc)
+ dIVc

sinh(kxIVc(z− z4))

sinh(kxIVcτzIVc)

)

sin(kxIVc(x− x3))

Az
y =

∞
∑

lr=1,2,3

(

eIVc
sinh(kzIVc(x4 − x))

sinh(kzIVcτxIVc)
+ fIVc

sinh(kzIVc(x− x3))

sinh(τzIVcτxIVc)

)

sin(τzIVc(z− z4))

and

kxIVc =
nIVcπ

τxIVc

; kzIVc =
nIVcπ

τzIVc

τxIVc = x4 − x3 τzIVc = z5 − z4 (B.81)

• Region IVdAIVd = (Ax
y + Az

y)
→
ey (B.82)

where,Ax
y, Az

y, andAs
y is given as

Ax
y = (z5 − z)c0IVd + (z− z4)d0IVd

+

NIVd
∑

nIVd=1

(

cIVd
sinh(kxIVd(z5 − z))

sinh(kxIVdτzIVd)
+ dIVd

sinh(kxIVd(z− z4))

sinh(kxIVdτzIVd)

)

cos(kxIVd(x− x4)) (B.83)

Az
y =

LIVd
∑

l IVd=1

(

−
eIVd

kzIVd

cosh(kzIVd(x− x5))

sinh(kzIVdτxIVd)
+

fIVd

kzIVd

cosh(kzIVd(x− x4))

sinh(kzIVdτxIVd)

)

sin(kzIVd(z− z4))

and

kxIVd =
nIVdπ

τxIVd

; kzIVd =
nIVdπ

τzIVd

; τxIVd = x5 − x4; τzIVd = z5 − z4 (B.84)
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• Region IVeAIVe = (Ax
y + Az

y)
→
ey (B.85)

where,Ax
y, Az

y, andAs
y is given as

Ax
y =

NIVe
∑

nIVe=1

(

cIVe
sinh(kxIVe(z5 − z))

sinh(kxIVeτzIVe)
+ dIVe

sinh(kxIVe(z− z4))

sinh(kxIVeτzIVe)

)

sin(kxIVe(x− x5))

Az
y =

LIVe
∑

l IVe=1

(

eIIc
sinh(kzIVe(x6 − x))

sinh(kzIVeτxIVe)

)

sin(kzIVe(z− z2))

and

kxIVe =
nIVeπ

τxIVe

; kzIVe =
nIVeπ

τzIVe

; τxIVe = x6 − x5; τzIVe = z3 − z2 (B.86)

• RegionV
AV =

NV
∑

nV=1

(

−
cV

kxV

cosh(kxV (z− z6))

sinh(kxVτzV)
+

dV

kxV

cosh(kxV(z− z5))

sinh(kxVτzV)

)

sin(kxV (x− x1))
→
ey (B.87)

and

kxV =
nVπ

τxV

; τxV = x6 − x1 (B.88)

• Region VIaAVIa = (Ax
y + Az

y)
→
ey (B.89)

where,Ax
y, Az

y, andAs
y is given as

Ax
y =

NVIa
∑

nVIa=1

(

cVIa
sinh(kxVIa(z7 − z))

sinh(kxVIaτzVIa)
+ dVIa

sinh(kxVIa(z− z6))

sinh(kxVIaτzVIa)

)

sin(kxVIa(x− x1))

Az
y =

LVIa
∑

lVIa=1

(

fVIa
sinh(kzVIa(x− x1))

sinh(kzVIaτxVIa)

)

sin(kzVIa(z− z6))

and

kxVIa =
nVIaπ

τxI Ia

; kzVIa =
nVIaπ

τzVIa

; τxI Ia = x2 − x1; τzVIa = z7 − z6 (B.90)

• Region VIbAVIa = (Ax
y + Az

y)
→
ey (B.91)
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where,Ax
y, Az

y, andAs
y is given as

Ax
y = (z7 − z)c0VIb + (z− z6)d0VIb

+

NI Ia
∑

nI Ia=1

(

cVIb
sinh(kxVIb(z7 − z))

sinh(kxVIbτzVIb)
+ dVIb

sinh(kxVIb(z− z6))

sinh(kxVIbτzVIb)

)

cos(kxVIb(x− x2)) (B.92)

Az
y =

LI Ib
∑

l I Ib=1

(

−
eVIb

kzVIb

cosh(kzVIb(x− x5))

sinh(kzVIbτxVIb)
+

fVIb

kzVIb

cosh(kzVIb(x− x2))

sinh(kzVIbτxVIb)

)

sin(kzVIb(z− z2))

and

kxVIb =
nVIbπ

τxVIb

; kzVIb =
nVIbπ

τzVIb

; τxVIb = x5 − x2; τzVIb = z7 − z6 (B.93)

• Region VIcAVIa = (Ax
y + Az

y)
→
ey (B.94)

where,Ax
y, Az

y, andAs
y is given as

Ax
y =

NVIc
∑

nVIc=1

(

cVIc
sinh(kxVIc(z7 − z))

sinh(kxVIcτzVIc)
+ dVIc

sinh(kxVIc(z− z6))

sinh(kxVIcτzVIc)

)

sin(kxVIc(x− x5))

Az
y =

LI Ic
∑

lVIc=1

(

eVIc
sinh(kzVIc(x6 − x))

sinh(kzVIcτxVIc)

)

sin(kzVIc(z− z6))

and

kxVIc =
nVIcπ

τxVIc

; kzVIc =
nVIcπ

τzVIc

; τxVIc = x6 − x5; τzVIc = z7 − z6 (B.95)

• RegionVII
AVII =

NVII
∑

nVII=1

(

−
cVII

kxVII

sinh(kxr (z8 − z))
cosh(kxVII τzVII )

)

sin(kxVII (x− x1))
→
ey (B.96)

kxVII =
nVIIπ

τxVII

; τxVII = x6 − x1; τzVII = z8 − z7 (B.97)
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