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Abstract

Wireless power transfer (WPT) technology offers betteratenal flexibility, safety, and
durability in comparison to plug-in power transfer. Theref, many applications, such
as domestic appliances, rotating systems, mobile robatswaarable devices, use WPT
technology. In recent years, WPT systems are also used dogiclg the electric vehicle
(EV) batteries. In the WPT system, power is transferred fsmurce to load without any
physical connection. Therefore, mutual inductance is agr@gal parameter in designing
of WPT system. Generally, for calculating mutual inducebetween the coils for the
WPT system, the 3-D finite element analysis (FEA) is usedumaf its high accuracy.
However, high mesh-density in the 3-D FEA model requiresrisive computational
power. The coil system with magnetic shields requires maralyers of mesh elements
and results in substantial calculation time. The signiic@mputational burden makes
the design and optimization of the coil system a tediousgs®cMoreover, the designing
of the WPT system involves numerous geometrical modifioatio the 3-D FEA model.
An analytical model is another approach to design the cailesy, and this thesis deals

with this issue.

This thesis begins with a review of various possible modgltechnique for the coil sys-
tem without the magnetic shield of the WPT system. A 3-D anzdy model based on
the harmonic modelling technique is developed to calcwdatgap magnetic field distri-
bution as well as mutual inductance between the coils. Fontbdelling, 3-D magnetic
vector potential and magnetic scalar potential definitiarte Cartesian coordinate sys-
tem is used. The current density distribution in the coil delled by four overlapping
bars. Moreover, using the proposed analytical model, two &ressions are derived

for faster calculation of the mutual inductance betweerctiks of the WPT system. The
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proposed analytical model takes into account the variadfamutual inductance due to
different misalignments for the air core transmitter arceieer coil system. All possible
misalignments that can occur during the charging of EV aresiciered. The magnetic
flux density distribution and mutual inductances are cal@d with the analytical, and

they are validated with finite element analysis and expertai@esults.

The harmonic model is further modified to include a magnédtield below the primary
coil. This model has the flexibility to change the width andpeability of shielding ma-
terial. The magnetic flux density distribution and mutualuntance between the coils,
obtained from the analytical model, FEM, and experimentiltes which are in close
agreement. The proposed analytical model considers tigghleh the magnetic shield is
infinite, which is impractical. In practice, the magnetigedtiing of finite permeability
and finite dimensions is used with the primary and secondaitg.cln this context, a
3-D analytical model that considers the magnetic shieldsaé permeability and finite
dimension is developed. This 3-D model is developed by tipemosition of two 2-D
analytical models. These 2-D models are developed basdieasubdomain technique.
Since 2-D models are invariant in their third direction.(iia they-direction forxzplane
and thex-direction foryzplane), a correction factor is introduced for 2-D subdomai
models to make it variant in their third directions. The fesabtained from the subdo-
main model are compared with FEM and experimental resutiggiware found in good

agreement.

The change in the mutual inductance impacts the power gaeapability and the ef-

ficiency of the entire system. A steady-state model of sgrégallel (SP) compensated
WPT system is developed to analyse the impact of change el¢latrical parameter due
to misalignments. Effect of harmonics is considered in teady-state model to get an
accurate result. Magnetic model is coupled with the stesdie model to calculate the
variation in electrical parameters during misalignmeftse coupled model gives a com-
prehensive mathematical model for a WPT system for the aquaf EV batteries. The

mutual inductance calculated from the analytical modetitierent coil systems is used
TH-2341_126102029



as direct input for the steady-state model. The proposechuaah be used for analysing
the component stress of the SP compensated WPT system fmedif misalignments,

which helps in the initial design process of such a WPT system

Overall, this thesis presents a comprehensive analytiodiehfor research and design of

the wireless power transfer system.
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1. Introduction

1.1 Introduction

Wireless power transfer (WPT) system is widely used in mapplieations such as consumer
electronics, medical devices, rotating systems, and DCGagias due to the advantages of high
convenience, safety, and high reliability [2+15]. In retogears, WPT systems are also being used for
charging electric vehicle (EV) batteries [16+-37].

In the WPT system, power is transferred by the magnetic fieddted by the primary coil (trans-
mitter) and coupled to secondary coil (receiver) throughaim medium. The transferred power and
efficiency of the WPT system depend on the magnetic coupktgden the coils [38—43]. The mag-
netic coupling depends on the flux linkage, and the alignroktiite secondary coil [44, 45], which is
determined with mutual inductance. Therefore, the mutudiictance becomes very sensitive to the
relative position between the coils [46]. The change in thiual inductance impacts the power trans-
fer capability, and the efficiency of the entire system [48], 4ence, for designing a WPT system for
the EV charging, robust modelling of the coil system is reegli

Moreover, in the WPT system with the air-core coils, largekbge flux results in reduced mutual
coupling. Usually, the ferrite core (Magnetic shield) i®dsn both primary and secondary coils to
increase the mutual coupling and minimize the exposureeofrtagnetic field with the other compo-
nents installed nearby [49]. Hence, the primary and seayratals with the ferrite core (coil system)
are preferred. The focus of this thesis is on developingyéical models for different coil systems
(with magnetic shield and without magnetic shield) of the M#ystems that can give understanding

to the working of the system and are computationally lesisit/e.

The inductively coupled WPT system is typically used for ENaging. It consists of two sub-
systems, as shown in Fig. 1.1. One subsystem is under thedjrand it is used to transfer the
power. It includes a power supply, H-bridge inverter, a @tiyncapacitor bank, and the primary coil
(transmitter). The other subsystem is underneath the keglaind it consists of a secondary coil (re-
ceiver), secondary capacitor bank, high-frequency acedwerter, and electric load (battery). The
primary coil creates the high-frequency time-varying nmetgnfield from high-frequency ac current.

This magnetic field links with the secondary coil and induaesltage across that secondary coil.
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H-bridge inverter is used to generate the high-frequencgigital. A compensating capacitor is con-
nected at the primary and secondary side, respectivelggiace the VA rating of the wireless power

transfer system. This capacitor can be connected eitherigssor parallel with the coils.

Secondary coil

T_ T Prinvﬁy coil
T

H-bridge inverter ~ Primary capacitor bank

Figure 1.1: Block diagram of inductively coupled WPT system.

1.2 Literature Review

The WPT system is divided into two categories: near field amdiéld technique. The far-field
power technology includes microwave power transfer [50-e52adio wave power transfer [53] and
laser power transfer [54—56]. The far-field power transéehnology suffers from lower efficiency
[57]. The other is near field transmission, which is furthassified as inductive power transfer and
capacitive power transfer.

In the capacitive power transfer system, power is transfiginrom source to electrical load through
the electric field[58,59]. Here, the transferred power dejgeon the value of the capacitance system.
For higher output power, the capacitance value should bhehrgh, which requires a large area of the
capacitor plate. The requirement of the larger capacitateps undesirable for practical implementa-
tion. Moreover, the capacitance value is inversely propoal to the air-gap length [60]. Therefore,
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the larger the capacitive power transfer is suitable fonir@mal distance (less than 1 mm), whereas
inductive power transfers are suitable for air gap distdreteveen the coils greater than 1 mm|[61].
Apart from this, for the same power level, inductive powansfer is safer as compared to capacitive
power transfer[[62]. Therefore inductive coupling is moreely used in the WPT system for EV
charging.

Since, in the WPT systems, the power is transferred from dliece to the electrical load via
electromagnetic induction. Therefore, the accurate ntagfield modelling is an essential part of
designing of WPT system. This section studies the availpbsible magnetic modelling method,

which can be applied to the WPT system. The possible methredshawn in Figl_1]2.

Electromagnetic modelling methods

l

Numerical method Analytical method
— Finite Difference Method Biot-savert law
— Finite Element Analysis Method of Image
— Boundary Element Method Magnetic Equivalent circuit
— Method of Moment Harmonic Model

Figure 1.2: Classification of available methods to model a coil system

1.2.1 Numerical Method

The numerical methods are the most accurate methods taliksstine magnetic field of consid-
ered magnetic domain. These methods discretize the gepofetie magnetic domain. The most
promising used numerical methods include the finite difieeemethod (FDM), finite element analy-

sis(FEA), and method of moments (MoM).

1.2.1.1 Finite Difference Method (FDM)

The finite difference method is one of the oldest numericahoas used in solving the magnetic
problem. In this modelling technique, the whole magnetstem is discretized into a grid of lines.
The intersection of points called grid points of nodes, asashin Fig. [1.8, then a set of linear
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algebraic equations (difference equations) on grid paanésobtained using differential equations
[63]. The disadvantage of this method is that the regulat does not confirm to have a grid point at
the interface of different media. This can be overcome bygagiBner grid lines, but it requires greater

computation time.

Interface boundary of different media

Grid points

Figure 1.3: Division of magnetic problem into grid points.

1.2.1.2 Finite Element Analysis (FEA)

The 3-D finite element analysis is another numerical methddch is commonly used in mod-
elling. Similar to the finite difference method, the finitement analysis is used to solve differential
equations. In the finite difference method due to the comgaah point, it is not suitable for the mag-
netic problem, which has irregular boundary shaped bouesl&3]. The magnetic problem with
such types of boundaries is easily solved using FEA [63]s Tiethod discretizes the magnetic prob-
lem into the mesh elements, as shown in KigJ] 1.4. The meshealsrare the generally triangular
shape for the 2-D problem and a tetrahedral shape for a 3-Blggro The mesh should be such a
size that magnetic field variation in mesh element can benasdlinear. Therefore, the accuracy of
the obtained magnetic field depends on the size of the mesiméi@ accuracy, the size of the mesh
should be smaller, which results in a larger number of mestmehts in the magnetic problem. The
computational time increases with the increase in the nuoifreesh element. Therefore to get accu-

rate results, this method requires computational time. HEB& model of the magnetic problem with
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a magnetic shield requires even more computational timealite multiphysics structure. When the

meshing is done at only the boundaries, it is called a boynelament method (BEM).

Interface boundary of different media

Figure 1.4: Division of magnetic problem into different mesh.

1.2.1.3 The Moment Method (MoM)

The FDM and FEA are used for solving the differential equatishereas the moment method is
used for solving integral equations. The method of the mdrm#ers a progressively smaller compu-
tational domain, due to the use of integral formulation. sTimethod has lesser computation time as
compared to FEM or FDM. The major drawback of this technicuan increase in implementation
complexity.

1.2.2 Analytical Method

Numerical methods do not offer an intuitive understandifiipe effect of geometrical parameters
on WPT system performance. Therefore, the numerical mathodt suitable for the designing of
the WPT system.
1.2.2.1 Biot Savert Law

The Biot Savert law is commonly used to calculate the magfietd of a coil. The Biot Savert law
is a specific solution of Greens function. The Biot Savertigmapplicable when coils are surrounded
by air. When the distance between the point of interest atldscoery large as compared to the

thickness of turn, then the magnetic field at the point canabautated by assuming turns of the coil
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as current-carrying segments [60, 64, 65]. Then the magfietd due to each segment is added to
get the magnetic field due to coil. In case when the thicknéfiseoturn is comparable to the point
of interest, then the filament method is used. In the filamesthod, turns of coils are considered as
an enclosed volume, which is divided into a finite number @infiénts. The total current is equally
distributed in each filament [60]. The biot Savert law is rqulecable to the magnetic problem where
high permeable material is present. For this situationmbéhod of the image is used [66]. But the
magnetic problem which involves multiple boundaries théhroé of the image is not convenient [67].
1.2.2.2 Magnetic Equivalent Circuit (MEC)

The magnetic equivalent circuit is one of the widely used elioth methods to calculate magnetic
field in the magnetic system [68]. In this method, the wholgn®ic system is divided into small
flux tubes, which forms a network of magnetic reluctarnice 789, The general definition of a flux

tube is shown in Fig.1l5. The magnetic reluctaticés given by-

R
Uy U > w—{

¢)12

Figure 1.5: Geometric definition of a flux tube and its representation.

al U, — U

$12

R (1.1)

where,u; — U, is the potential difference across the flux tube ghngis the magnetic flux flowing
through flux tube. The network of magnetic reluctance isiolethin two ways either by meshing the
system into small domains [70] or with the knowledge of thedagfined path of the magnetic fiel?] [
With the meshing, no prior knowledge of magnetic flux is regdj but it increases the computational
effort, makes it less suitable for the design process. Thgnetic equivalence of Kirchoff’'s current
law or the equivalence of Kirchoff’s voltage law is used tévedhe obtained magnetic network [71].
1.2.2.3 Harmonic Method (HM)

For the modelling, a 3- D electromechanical system usingpémmonic method needs periodicity

in the two directions. The implementation of the harmoni¢hod is suitable when all the divided re-
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gion is equal-sized to the periodicity [72]. However, somsearcher has modified harmonic method

to include material smaller than the periodicity, callechazde-matching technique [72-76]. In the

harmonic modelling method, the whole domain is divided m&@ions along the non-periodic direc-

tion based on their material property. Then Poisson’s odd@pequation using separation of the

variable method is solved in each region. The solution of meéig potential can be written as a

Fourier series.

The features of various mo

Table 1.1: C

delling techniques of the magffiefd are presented in 1.1

omparison of Magnetic Field Modelling techniques

Method

Characteristics

Finite Difference Method

Less suitable for curvillinear boundaries
High computational time
High accuracy

Finite Element Analysis

Suitable for curvillinear boundaries
High computational time
High accuracy

Moment Method

Suitable for curvillinear boundaries
Less computational time compared to FDM an FEA
High accuracy

Biot Savert Law

Straight forward procedure [77]
Elliptical integrals should be solved for complicated genes [78]
Applicable to only coil system surrounded by air [60]

Method of the image

Suitable when finite permeable material

present in the neighborhood of a caoil [60]

For multiple boundaries, infinite number of images
need to be preserit [69]

Magnetic Equivalent Circuit

Suitable only for small air-gap

with ferromagnetic structure around the coils
Not suitable for coils surrounded by air [60]
More computational time

Schwartz Christoffel Mapping

Limited to 2D problems [69]
y Considers infinite permeability of magnetic material
More computational time

Harmonic Method

Able to model the coils surrounded by air

Able to model the coils having magnetic shield nearby

1.3 Research Motivation

Accurate modellingis anin

tegral part of designing the spdtem of the WPT system. Generally,

the 3-D finite element analysis (FEA) is used to design a gatesn because of its high accuracy.
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However, high mesh-density in the 3-D FEA model requiresrisive computational power [79,80].
This computational power increases further according ¢oirtisrease in the dimensions of the coil
system|[80]. The iterative design process requires nunseradifications in the 3-D FEA model to
achieve the desired coil system, which is a tedious process.

An analytical model is another approach to design the cstiesy. Here, any modifications in the
design of the coil system can easily be incorporated fosjreetive dimensions of the coil system
without change in computational power. Moreover, the aiedlmodel gives a better understanding
of the fundamental physics of the coil system[81,82]. Hetleeanalytical model is convenient in the
initial designing and optimization of the coil system. Nefieless, the analytical models are problem-
specific and involve geometrical and physical assumptioatsttighly influence the calculated results

[83].

1.4 Aim of the thesis

In literature, many analytical studies have been done touéate the mutual inductance for the
rectangular and square type geometry considering diffenésalignments.[1, 84—87]. Though these
studies have analyzed different misalignments of the tiwél magnetic shielding effect has not been
included in the analysis. However, Some literature haseotesl an analytical model to calculate
the mutual inductance and magnetic flux density distrilbubip considering a magnetic shield with
a relative permeability of infinite value [77,88,/89]. Theadtical model with the assumption of
infinite permeability does not give the effect of a finite peahle shield, which is practically used.
Practically a magnetic shielding used in the WPT system his fpbermeability and dimension.

By considering the contributions made in literature, thra af this thesis to present an analytical
model for the coil system having magnetic shields of finitemesability and dimension. The analyt-
ical model should be able to describe the magnetic field ircthlesystem accurately. Moreover, the
proposed model should be able to model the various georaktaciation in the coil system having
magnetic shields. The ability to adapt the change in geocaétparameters makes the analytical

model suitable for designing of WPT system.
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1.5 Thesis Contribution

This thesis presents an analytical model (Electromagneddel) for the coil system having mag-
netic shields of finite permeability and dimension. For tmdelling of the coil system without
shields is developed at first. In the next step, magnetiddihge of finite permeability and infinite
length is included in the modelling. After this, the modagdjifor the coil system having the magnetic
shield of finite permeability and finite dimension has beesspnted. The presented electromagnetic
models accurately described the magnetic field for the gstiesn. Furthermore, to analyze the im-
pact of change in mutual inductance of electrical paramettthe WPT system, a steady-state model

also has been developed. The contributions of this thesis ar

e Detailed 3-D analytical models to predict magnetic fieldritisition in the air gap and mutual
inductance between the coils for the coil system shown is.Bigh{ 4.1(3) have been developed.
To develop the analytical model for the coil system shownigsH1.6 and 1)7, the harmonic
modelling technique is used. Whereas, for the coil systeowshin Figs. [4.1(a), the sub-

domain technique is used.

Air
Air
z
y'\]_, X

Figure 1.6: 3D illustration of coil system without magnetic shield.
Air
Air

oL

Figure 1.7: 3D illustration of coil system having magnetic shield of tenpermeability and infinite length.
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Adr— Kl
. !econ&ry Coil \

Coil
—
system

Figure 1.8: 3D illustration of coil system having magnetic shield of tinpermeability and finite length.

e The 3-D FEA models for the coil system shown in Figs] [.6-a} i also developed, and the

results of the FEA model and analytical model are compared.
e The variation in mutual inductance for the different migatnents are studied.

e Examines the variation in electrical parameter for Sefarallel compensated WPT system

during misalignments.

e The analytical results are verified with 3-D FEA model and sueament results.

1.6 Thesis Overview

The thesis contributions described above are presenteffenetit chapters. A brief description

of these chapters is as follows:

[0 Chapter 1 gives a general introduction of the wireless power transystem, advantages, and
applications in different areas. The working principle loé WWPT system has been discussed.

It also describes the problem statement and the motivagbimd the work.

[0 Chapter 2 This presents a 3-D analytical model to describe the magfietd distribution in
the air gap between the coils for the WPT system. For the ninde3-D magnetic vector
potential and magnetic scalar potential have been definednclude coil as a magnetic field
source in the modelling it has been considered as four qyarlg bars, and Fourier series
is used to define the current density distribution in the.c®ie developed analytical model
is applied to calculate mutual inductance for differentatighments, which usually occurs

during EVs battery charging. Moreover, two new expressareglerived for the calculation of
TH-2341_126102029
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the mutual inductance between the coils for different nigsahents, which makes the initial
designing of the WPT system faster. The results of the 3-Iyacal model are compared with

the simulation and the measurement results, and a goodnagn¢das been found.

[0 Chapter 3 In the WPT system with air-core coils large leakage flux oscwhich is reduced
with the inclusion of high permeable material (magnetiekl)i Many researchers have mod-
eled a magnetic shield with the assumption of infinite petriiga The analytical model with
the assumption of infinite permeability does not give theafiof a finite permeable shield,
which is practically used. To deal with this problem thisgtes presents a 3-D analytical model
using a harmonic modelling technique which includes a mtagshield with finite permeabil-
ity. This model has the flexibility to change the width andmeability of shielding material. A
comparison in mutual inductance for coil system with shaetd without shield also has been
made. The results of the mutual inductance and magneticdistdbution obtained from an-
alytical and finite element simulation modelling are conaplwith the experiment, and good

agreement is found.

[0 Chapter 4 The previous chapter presents an analytical model for thesygstem having mag-
netic shielding of finite permeability, but the length of thagnetic shield assumed infinite.
This chapter presents a 2-D analytical model using the suadotechnique to incorporate the
finite dimension of the magnetic shields. This subdomainehatorporates magnetic shields
of finite dimension and finite permeability. To get tangibdsults, a 3-D subdomain model is
developed using the superposition of two 2-D subdomain isodéese 2-D subdomain mod-
els are developed forz andyzplanes, which are invariant in their third direction (j.ie. the
y-direction forxzplane and the x-direction iyzplane). In this context, a correction factor for
2-D subdomain model is introduced to make it variant in ttrend direction. The proposed 3-D
subdomain model can incorporate any changes in the parenoétmagnetic shielding such as
length, width, and relative permeability. Moreover, witle jproposed subdomain model, square
and rectangular coil system of any dimensions can be dedigme analyzed. The comparison

in magnetic field distribution obtained from the 2-D subdammaodel and 2-D FEA has been

TH-2341_ 126102029
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made. The magnetic field distributions obtained from the ibdomain model coincide with
the magnetic field obtained from 2-D FEA, which confirms theusacy of the 2-D subdomain
model. Moreover, The mutual inductances obtained for théocat and horizontal misalign-
ments from the 3-D subdomain model are compared with thotersa from 3-D FEA and
measurements. The obtained results are in close agreemteciy, confirms the accuracy of the

3-D subdomain model.

[0 Chapter 5 The change in the mutual inductance between the coils iraphetpower transfer
capability and the efficiency of the entire WPT system. Tlnapter presents a steady-state
model to investigate the variation in electrical paransetdrithe SP compensated WPT system
during different misalignments. The mutual inductancdsuwtated from the analytical model
presented in chapter 2 and 4 are used as input to the stestdyrsbdel. In order to get an
accurate result, the effect of the harmonics is consideréos steady-state model. This model
can be used to analyze the component stress of SP compeki¢g@iedystem. The results of
the steady-state model are verified experimentally. Thesptoposed method can be adopted

in the initial design process of SP compensated WPT system.

[0 Chapter 6 presents the conclusive remark based on the work presertieelprevious chapters.
All the findings have been highlighted. Further, the futumkvor extending the research also

has been outlined.
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2. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment in Wireless
Power Transfer System

2.1 Introduction

In the WPT system, the transferred energy depends on therdrabomagnetic flux linked to the
secondary coil. Accurate knowledge about the magnetic disdttibution of the coils is required to
model the mutual flux. The possible modelling methods whartloe used to calculate the magnetic
field for the coil system shown in Fif. 2.2 are classified aseniral and analytical methods. Fig. P.1

shows the classification of available modelling methods.

Electromagnetic methods

Numerical method Analytical method

3-D Finite Element Analysis
Biot-savertlaw  Magnetic Equivalent circuit Harmonic Model

Figure 2.1: Classification of available methods to model coil systenwshim Fig.[2.2.

The 3-D finite element analysis (FEA) is the most commonlydusemerical method to design
such a coil system because of its high accuracy. The methodedithe coil system into mesh
elements. The high mesh-density in the 3-D FEA model regquimeensive computational power
[79,[80/90]. This computational power increases furthepeing to the increase in the dimensions
of the coil system[[80]. To achieve the desired coil systdm, iterative design process requires
numerous modifications in the 3-D FEA model, which is a tediptocess. Moreover, it unable to
give an insight into the effect of geometrical parameterSW?il system performance.

The analytical model is another approach to design the geies. Here, any modifications in
the design of the coil system can be easily included irrdgfeof the dimensions of the coil system
without change in computational power. Moreover, the aiedymodel gives a better understand-
ing of the fundamental physics of the coil systeml[81, 82].néte the analytical model is more
convenient in the initial designing and optimization of #¢@l system. Nevertheless, the analytical
models are problem-specific and involve geometrical andighyassumptions that highly influence
the calculated results [33].

The Biot-Savart law is the is most commonly used analyticatleh to calculate the magnetic
TH-2341_ 126102029
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field for the coil system shown in Fid._2.2. It gives a direcluson of magnetic flux density. In
this analytical modelling magnetic field at a point is castatl for to the current flowing in the finite
length conductor. The turns of the coil are represented agrmucarrying bars to model the coll
system. The total magnetic field due to the coil can be caledlay superposition of magnetic flux
obtained by each bar. The Biot-Savart law is applied onlytlier coil system where the magnetic
shield is absent.

The Magnetic Equivalent Circuit (MEC) method uses Ampecesuit law and Gauss’ law for the
calculation of magnetic field density in the coil system. Tirethod is applicable for the coil system,
having a very small air gap and should have ferromagnetiemahtiround coils. Therefore, MEC is
not suitable for the modelling shown in Fig. R.2.

The harmonic model is another method to calculate magnelit diensity for the coil system
shown in Fig[Z.R. In the harmonic modelling method whole domis divided into different regions
based on their material property. The magnetostatic MadxweB = 0 andV xH = J) equations are
solved for each region. For the regions with current denBitysson equation is used whereas for other
regions Laplace equation is used|[91]. The magnetic fielderrégion is obtained by solving passion
or Laplace equation using separation of variables methdathagives the solution as a product of
independent variables can be written as Fourier series [TAE harmonic modelling method can
calculate the magnetic field in the air medium as well as initefpermeable magnetic material [60].
This model originates from the structures with periodicdfidistribution like motors. The same is
extended to the single-coil systems with assuming that éneg of the spatial distribution is large
enough to neglect the electromagnetic influence of repestitecture on it[[75,91].

A comparison has been made between different available limagpenethods relating to the ability
to model the three-dimensional magnetic field of the coilsichy can be surrounded by air or having
magnetic materials nearby. It is found that the harmonic efiod) method can model such a coil
system, which includes a magnetic shield. Compare to thedw@ics model; the Biot Savert’s law
can model the coils which are surrounded by air. The MEC niiodetnethod is suitable only for
that coil system which has a small air gap between the cdlsyedl as magnetic materials near the

coils, which restrict the possibility to calculate the matia field for the coil system surrounded by
TH-2341_126102029
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air. The FEA model can be used for modelling, but it requingh ltomputation power due to the
meshing of the 3D structure of the coil system. The companatipower of FEA simulation varies
with the dimension of the model. Therefore, FEA is not suftecparametric search compared to an
analytical method. The harmonic modelling method is sekk¢d model the coil system shown in
Fig.[2.2 because of flexibility and geometrical options.

This chapter presents an analytical model using harmonéefiing method to calculate the mag-
netic field in the air gap for the coil system having two coilsreunded by the air. The calculated
magnetic field is used to determine self-inductance and ahutductance. These parameters are es-
sential for the design of a wireless power transfer systewrelgver, two new expressions are derived
for faster calculation of the mutual inductance betweenctiiks of the WPT system. The proposed
model takes into account the variation of mutual inductashee to different misalignments for the
air core transmitter and receiver coil system. All possibisalignments that can occur during the
charging of EV are considered.

The organization of this chapter is as follows: Section 2e5pnts the system description and the
governing equations used to develop the analytical modblagisumptions. Sectién 2.3 describes the
possible misalignment between the coils during EV chargBegtiori 2.6 gives the detail description
of the experimental setup and the comparison of the reshtered from the mathematical model,

simulation, and experiment. Finally, Sectlon]2.6 discaske summary of this chapter.

2.2 Analytical Model

The harmonic modelling method is used for developing the@iBlytical model for the coil sys-
tem shown in Fig.[ 2]2. This section presents a detailed gison about the analytical model in
subsequent subsections. This section is organized asvilBubsectioh 2.2.1 presents the descrip-
tion of the coil system, and assumption involves in the ai@lymodelling, then the coil system has
been divided into different regions based on their matgmiaperties. Further, the differential equa-
tions for magnetic vector potential and scalar potentiakaived for each region, given in Subsection
[2.2.2. These potentials contain various unknown coeffisjemhich is calculated by applying the

interface conditions at the boundaries of each regiongpttesl in subsectidn 2.2.4.
TH-2341_126102029
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2.2.1 System Description and Assumptions

——

Coil <
system

Region I: Air

Figure 2.2: 3D illustration of coil system with its regions.

For calculating the magnetic field distribution, the 3-D Igtieal model for the coil system is
derived. In the modelling, the coil system is divided intceth different regions along ttzedirection,
as shown in Fig[_2]2. The areas below and above the primarjsazamed as Region | and Region
11, respectively. The primary coil, which is the currerdrtying region, is denoted as Region Il. Here,
the mutual inductance is calculated using the open circethiod, that is no current flows through
the secondary coil. Hence, the secondary coil is includegegion 1ll. The parameters of the coil
system necessary for the analytical model are listed ine[2Hl. These parameters have been chosen
as an example to verify the analytical model; however, omeusa this analytical model for different
dimensions of the rectangular coils.

The modelling has been done in the 3-D Cartesian coordiyatera. The magnetic field calcu-

lated from the proposed model considers the following agsioms:

¢ In the harmonic model, the solution of magnetic potentiglsiitten as a Fourier series. Thus,
to model a single coil using the Fourier series, a periodiecstire inx- andy-direction with
a period ofr, andry, respectively is assumed. However, the system has only emeny coil
which is physically present and named as a working coil. Tdiks gvhich are used to make the
structure periodic are physically absent and are namedtémfis coil, as shown in Fig.2.3.
The repetition of the fictitious coils is assumed large emotagensure the interference of the

magnetic field produced by the fictitious coil on the workimg ¢ negligible.
TH-2341_126102029

19



2. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment in Wireless
Power Transfer System

1 y |

1 1

1 1
r———L——— [ — RS r———L——-'

Figure 2.3: Arrangement of coils

e The quantities which are temperature-dependent such ssarese of the primary coil is ne-

glected in magnetic modelling.
e The material properties of a medium are linear, homogenandssotropic.
e No current exists in the- direction.

This subsection described the coil system with assignedne@nd assumptions involved during the
analytical modelling. After assigning different regionghe coil system, for calculating the magnetic
field, either magnetic vector potential or scalar potenteds to be solved. The next subsection

discusses magnetic vector potential, scalar potentidlitargoverning equations.

2.2.2 Solution of the magnetic vector potential and scalargtential

The coil system is divided into various regions to calcutasgnetic field density using the pro-
posed modelling method. The magnetic vector potential alasgotential is used to calculate the
magnetic field in each region. These potentials are destnibéne subsequent section. Sub-sub sec-
tion[2.2.2.1 presents the solution of the magnetic vectteng@l, whereas magnetic scalar potential

is explained in sub-sub sectibn 2.2]2.2.
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2.2.2.1 Magnetic vector potential in coil

The magnetostatic Maxwell equations are used for the deivaf the equations, which is given
as-

VxH=J, (2.1)
V.-B=0, (2.2)

whereH is the magnetic field strengtB, is the magnetic flux density, antlis the current density
vector. Considering the vector calculus identity, the djeece of the curl of any vector field is always
zero as

V- (VxG)=0, (2.3)
whereG is an arbitrary vector field. From Gauss law for magnetis)(and vector identity (213),
the magnetic field density can be written as the curl of veobdential [63], given as-

B=VxA (2.4)

whereA is the magnetic vector potential. The magnetic vector g@kemust satisfy the Coulomb
Gauge condition, therefore

V-A=0 (2.5)

The Magnetic flux densiti® and the magnetic field intensiky are related by (216)

B = uourH (2.6)

whereyg is the magnetic permeability of vacuum agmarelative magnetic permeability of the mate-
rial. By using [2.1) and_(216) the magnetic field dend®tgan be written in terms of current density
as

VxB = puourd (2.7)

substituting[(Z.14) intd (2]7)
VX (VXA) = pourd, (2.8)

TH-2341_ 126102029
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and using vector identity

V(V.A) — A(V.V) = uoued, (2.9)

substituting[(Z2.6) in[(2]9) reduces to

V2A = —pou,J. (2.10)

The [2.10) is known as the Poisson equation. The solutiohefriagnetic vector potential, which
satisfies[(2.10), gives valid magnetic field density in thesidered domain.

This region represents the current-carrying primary cdihe direction of the magnetic vector
potential is along the direction of current density. Heheg, turrent density in the primary coil flow
alongx andy directions, represented dgandJy, respectively shown in Fig_2.2, where the current

density along the- direction is assumed to be zero. The component forrh of j2slgiven as

VZAX = —HoHrJx (2.11)
VZAy = —foHrJy (2.12)
V2A, = 0. (2.13)

whereA,, A, andA, are the magnetic vector potentialsxn y-, andz-directions. Here, due to the
absence of the current in tlzedirection, A, is considered as zerp [92]. The current densifig€g, y)

andJ,(x,y) are discussed in detail in subsection 2.2.3. The difféakfarm of (2.11)-(2.1B) is given

as

A PA  0PA

axe " ay? Tz T ~Hokrx (14
PA,  2A,  02A

R ayzy t oz = Hordy (2.15)
2 2 2

6A2+‘9AZ+‘9AZ =0 (2.16)

X2 9y 072

After solving(2.14){(2.16) using the separation of valestmethod, we get the magnetic vector
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potential given by[(Z2.17).

N M
A = Z Z c||1ek +dy, _kzz)cos(k X) sin(kyy) + M
n=1,3

2
,5m=1,3,5 kz

,UOJy(X’ y)

% (2.17)

N M
A = Z Z (c||2ekzz+dee‘kZZ)sin(kxx)coskyy)+
n=13

.5 m=1,3,5

w

The magnetic vector potential may also be used to calcuteteriagnetic field because of the
validity of Gauss law magnetism _(2.2) in the air medium. Bag tmagnetic vector potential for
representing a region of coil system ( shown in gl 2.2 ) meguwo components and, hence more
unknown coefficients. These unknown coefficients need talogvk to calculate the magnetic field,
and they are obtained by solving the boundary condition. eManknown needs more boundary
conditions which increase the complexity of the analytroaldel. The magnetic scalar potential can
be an alternate way to calculate the magnetic field in the danTde magnetic scalar potential and

their governing equation are discussed in the next sulosecti

Table 2.1: Parameters of the coil system and analytical model

Parameters Definition Value Unit
aip Inner distance of primary coil from centre xadirection 66.3 mm
agp Outer distance of primary coil from centrexdirection  92.7 mm
b1p Inner distance of primary coil from centre yrdirection 428 mm
bop Outer distance of primary coil from centreyrdirection  69.2  mm
s Inner distance of secondary coil from centrexidirection 92.5 mm
bas Outer distance of secondary coil from centrgAdirection 69.0 mm

w Diameter of the primary and secondary coils 25 mm
Ty Coil pitch in x-direction 465 mm

Ty Coil pitch iny-direction 353.75 mm

J Current density in the coil 0.713 A-nmh
N Harmonics inx- direction 50

M Harmonics iny- direction 50

TH-2341_ 126102029
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2.2.2.2 Solution of magnetic scalar potential in air medium

For deriving the magnetic scalar potential from the magstate equations, the current density is

assumed to zero. Therefore, Ampere’s law](2.1) can be writse
VxH=0. (2.18)
The vector calculus identity, the curl of the gradient of $alar field is zero, i.e
V x (Vg) =0, (2.19)

whereV is a scalar potential. Therefore, the magnetic filed sttengh be expressed as the gradient
of a scalar potential, given as

H=-Vop. (2.20)

Here, ¢ is a magnetic scalar potential. Besides satisfying (2.4&8hé region where current is
absent, The Gauss law for magnetisSm1(2.2) should also b&fisdti By using[(2)6),[(212) can be

written in terms of magnetic field intensity as
V-H=0. (2.21)
With the help of[(2.20)[(2.21) can be written as
— V- (Vy) = 0. (2.22)
By using vector identity the magnetic scalar potential \&gias
VZp = 0. (2.23)

The (2.238) is known as the Laplace equation. The solutiom®fmagnetic scalar potential, which
satisfies[(2.23), gives valid magnetic field density behaviw the considered domain. However, this
is all under the condition that no current density can exighe considered region. Therefore, the
magnetic scalar potential can be used for the formulatichénregion where the current density is

absent. Among all the divided regions of the coil system shimwFig.[2.2,1 andlll are the regions
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where the current density is absent. Therefore, magnetlarspotential is used for the formulation

in the regionl andlll. The Laplace equation for the regibmandlll are given in[(Z.24)E(2.25).

Vg =0 (2.24)

Vo =0 (2.25)

By solving (2.24) and{2.25) using separation of variablestrad, the expression of the magnetic

scalar potential for these regions is expressed as

N M
Q) = Z ¢, €% cos(kyX) cosk,y) (2.26)
n=135m=135
N M
e = Z Z Cint €7 cos(KeX) cosk,y) (2.27)
n=135m=135
nr mr nr\>  (mr)
kx=—, k=—, and k;= (—) +(—) (2.28)
TX Ty TX Ty

where k, andk, are the spatial frequencies in tk@ndy direction with periodr, andr, respectively.
The solution of the magnetic scalar potential for regiond 8hwhich satisfied the Laplace equation
has been given in this subsubsection.

In this subsection, the solution of the magnetic vector piéand scalar potential for different
regions derived from the magnetostatic Maxwell equaticas been discussed. From (2.17), it can
be seen that for the calculation of magnetic vector poteaegpression, current density distribution
should be known. The next subsection gives a detailed giariof the current density distribution

in the primary coil.

2.2.3 Modelling of the current density distribution

At the four-round corner of the rectangular coil, as showRim[2.4, thex andy-components are
related to each other, which restricts the application phsation of variables method. To consider
the four round corners in the analytical model, the coil camtodeled with different configurations

as (1) Non-overlapping bars, (2) Trapezoidal bars, and {8)lapping bars [60]. Among these ar-
TH-2341_126102029

25



2. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment in Wireless
Power Transfer System

Round corners

Round corners

\%
Figure 2.4: The actual coil and its approximation.

rangement, trapezoidal arrangement and overlappinggenaent give better results as compare to the
non-overlapping bar, but the trapezoidal arrangement ngnbe applied with square coll [77]. The
configuration of four overlapping bars can be used for thearelar shape of the coil. Therefore, in
the proposed analytical model, uses four overlapping Ioetitssi modelling.

The rectangular coil, as shown in Fig. 2.4 can be considesddua-bar with four round corners.
At the four-round corner, theandy-components are related to each other, which restrictyibiéca-
tion of separation of variables method. To consider the found corners in the analytical model, the
coil can be modeled with different configurations as (1) Mweflapping bars, (2) Trapezoidal bars,
and (3) overlapping bars [60]. Among these arrangememtsenoidal arrangement and overlapping
arrangement give better results as compare to the nonapyenlg bar, but the trapezoidal arrange-
ment can only be applied with square coil[77]. The configarabf four overlapping bars can be
used for the rectangular shape of the coil. Therefore, tineectudensity distribution in the primary
coil is modeled by assuming four overlapping rectangulas,bas shown in Fig[_2.4 [77]. These
bars have a finite length in the current direction. Here, thuithe the effect of the round corner on
magnetic filed density, the coils are overlapped at the eerrighe Fourier series is used to represent
the current density distributions [77,92].

The current density distribution @ on Line 1 (UV-Line), i.e along thg-direction, is shown in

Fig.[2.5(@). Fig[ 2.5(b) show the current density distiitnf J, on Line 2 (RS-Line), i.e along the
TH-2341_126102029

26



2.2 Analytical Model
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Figure 2.5: Current density distribution aly[(a] alongy-direction, (b) along«-direction, andl (¢) along- and

y-direction..

x-direction. The current density distributiodgx, y) and J,(x, y) are expressed bl (2]29) and (2.32),

respectively[[92,93].
N M
Lxy)= > > isinky) cosx)
n=135m=135
where

16J(cosk,bip) — cosybyp)) sinkya)

1
J mnr2

2
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N M
Jxy= > D Jasink)cosky) (2:32)

n=1,35m=1,35
where
16J(Cosfxdsp) — COSKidzp)) Sinfka)

. 2.
2 e (2.33)

blp + bzp

For the calculation of magnetic field density usihg [2.68, toefficients of the potentials should
be known for each region. These unknown coefficients aremeted using the boundary conditions.

The next subsection explains the applied boundary comditio

2.2.4 Boundary conditions

Region: 11T

&N
I
=
a~
l—

]
Il
S

Region: I

Region: 1

(2

Figure 2.6: xzface of rectangular coil

The expression of coefficients in potentials should be kntmecalculate the magnetic field with
the potentials. The potentials in_(2117), (2.26) dnd (2@¥jtain six unknown coefficients, ¢,
dy,, Ci,, diy,, andcy;. For calculating these unknowns coefficients, six equagaequired, which
is obtained by applying the boundary conditions at the batied inz- direction of each region. The
boundary conditions are defined by the continuity of tani@éntagnetic field intensityH, andH,)

and normal component magnetic field densBy)(@tz = 0 andz = w, as shown in Fig[ 216 and is
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given as
Ha (X Y,0) = Hxi (xy.0)
Hy (X y,0) = Hyi (XY, 0)
B2 (X y,0) = B (xY,0)
Har 6y, W) = Hyn (XY, W)
Hy (Y, W) = Hyii (XY, W)
B (X y,W) = By (xy,w). (2.35)

With these boundary conditions a set of 6 simultaneous fliegaations is obtained. These set of
equations are solved to get the unknown coefficients. Thearodad analytical expression of unknowns

are given as-

0.5(Jk, + Iky) (1 - &™)

C = i (2.36)
0.5k, 10 (Ieky + JyKy ) €W
Ciy = K0 (% ly(4 ) (2.37)
Z
0.5k Mo J ky + Jyk
e (kz ko) (2.38)
Z
0.5kx/10 (Jxky + \]ykx) e_kzw
Ci, = kg{ (239)
0.5Kyut0 (Ixk, + Jyk
W= O(kzy k) (2.40)
Z
0.5(Jk, + Ik ) (=¥ -1
Cn = ( xky ;’EX)( ) (2.41)

After determining the coefficients of magnetic potenti#ti® magnetic field in region Ill, where the
secondary coil exists, can be calculated. The calculateghete field and alignments of the sec-
ondary coil with respect to the primary coil are requireddalculating mutual inductance. The next

section discusses the possible misalignments during Ekgcita
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2.3 Possible Misalignments

The analytical model presented in this chapter is used tutzk the mutual inductance, which
depends upon the alignment of the secondary coil. Therefioegfollowing misalignments are con-

sidered.
(i) Vertical Variation (VV);
(i) Planar Misalignment (PM);
(i) Angular Misalignment (AM);
(iv) Horizontal Misalignment (HM);
(v) Planar with Horizontal Misalignment (PHM);
(vi) Angular with Horizontal Misalignment (AHM).

The vertical variation and planar misalignment are showRig [2.7(a) and 2.7(b). In both cases,
the secondary coil plane is parallel to the primary coil plain the case of vertical variation, the
secondary coil moves alongaxis whereas, in planar misalignment, secondary coiltecéaound
z-axis at fixed hight. Herez-component of the magnetic fiel, constitutes in mutual inductance.
When the plane of the secondary coil is tilted throyegixis, keeping the centre of secondary coil at
fixed hight is considered as angular misalignment showndn[Ei7(c), hereB, andB, contribute to
mutual inductance.

The other types of variations are possible when the secgrdédmmoves along the-axis. In this
type of misalignment, there is an offset &k in the x-direction, between the centre of the primary
and secondary coil, as shown in Figs. 2.J{(d)-2.7(f). Whensicondary coil moves along the
axis, having the plane parallel to the primary coil plane fixed height, is considered as horizontal
misalignment, as shown in Fig. 2.7(d). Fig. 2.¥(e) showssiheation, where the secondary coil
moves along thex-direction with the rotated plane around thaxis, is considered as planar with

horizontal misalignment (PHM). Fig. 2.7(f) shows the agement, which is referred to as angular
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@) (b)

§ : i: g@
~

X

Figure 2.7: Schematic of studied variatiofis |(a) vertical variation QV[{b) planar misalignment (PM}, {(c)
angular misalignment (AM), (f) horizontal misalignment\bj[(e) planar with horizontal misalignment (PHM)
and(f) angular with horizontal misalignment (AHM).

with horizontal misalignment (AHM). In this arrangemertigtsecondary coil moves along tke
direction with the tilted plane around tlyeaxis.

This section presented different types of misalignmerdsalescur during EV charging. The next
section discusses the calculation of mutual inductanaggusiagnetic field density calculated from

the proposed analytical model for the discussed misaligrsne

2.4 Mutual Inductance Calculation

The magnetic field distribution using (2.6) can be used toutate the mutual inductance. This
mutual inductance is the direct input for the steady-staddehof SP- compensated WPT system,
which is given in Chapter 5. The mutual inductance is defirgettha ratio of flux linkage to each turn
of the secondary coil with current flowing through the prignewil, given as-

A12
M(xy.2) = 7= (2.42)
p
where M(x,y, z) is the mutual inductance due to the variation of the seagndail in x-, y-, and
z-directions with respect to the primary caily, is flux linked to the secondary coil is the r.m.s.
current in the primary coil. With respect to magnetic fielchsigy, the flux linkage to the secondary
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coil can be written as-

A = ﬁBm dA

B, represents the magnetic field density of Region lll.

Step I: Divide the whole coil system into different
regions along the z-direction, as shown in
Fig. 2.2.

Y

Step II: Obtain the general solution of potential in
each region given in (2.17), (2.26) and
(2.27) using the Poisson and Laplace
equations.

Y

Step III: Apply boundary conditions given in
(2.35) to obtain the value of unknown
coefficients of the potential equations
(as obtained in step II).

Y

Step IV: Calculate By using (2.6).

|

Step V: Finally, calculate the mutual inductance
using (2.44) and (2.45) for any given
misalignments.

(2.43)

Figure 2.8: Flowchart presenting the steps involved in calculatingtiotual inductance for different misalign-

ments (as given i (2.44) and (2145)).

After calculatingB,;, using [2.6), the final expressions of mutual inductancesutaled from

(2.42), are given by (2.44) and (2]45). Here, expressionsaaothe misalignments parameters such

asAz, 0, Ax, anda, due to the dependency of surface integration limit on ngsatent parameters

(the detailed derivation is given in Appendix A ). Equati@@?) is valid for AM and AHM, whereas

(2.45) is valid for PHM. However, for VV and HM, both (2144)&2.45) can be used to determine

the mutual inductance by puttidganda equal to zero.

M(X,Y, 2)

TH-2341_ 126102029
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- Z i i kz[(2kxkyc052>z

Za/) Sinyz Siny, + (2k ky cos 2v
sin Za/) Sinys Sinyg| (2.45)

where the expressions of parametersks, p1, P2, v1, Y2, Y3, Y4, vs, andye are given in[(2.46). The

misalignments parameters suchAasd, Ax, anda are shown in Fid. 2]7.

ke

ko

P1
P2
Y1
V2
73
Y4
Vs

Y6

—4110Cy), € tel(Bestnsw) sin6+A2) sin(ky (bps — nsw))
Ipl(k§ —kicos 2 + k§)
Cint Hok,€72% cos(kAX)
Ip (Kecoga - K2) (Kcoga - K2)
B "% (2.46)

e2kza12s sing

—Kky[ (Nsw — aps) cosH + AX]

—ky[ (NeW — ays) cOSH — AX]

—(kysina — ky COSa/) (ass — NW)
Ky sina — ky cosa) (bos — Nsw) .

(

—(kx sina + k, cosa) (Nsw — byg)
(
-(

)
— (ky sina + ky cose) (new — az)
)

This section explains the calculation of mutual inductatiteugh magnetic field density ob-

tained from the analytical model. The next section examihesaccuracy of the calculated mutual

inductance and magnetic field density.

2.5 \Verification of Analytical Model

In this section, the verification of the proposed analytinadel has been done by comparing the

analytical results with 3-D FEA simulation and measureme8tibsection 2.5.1 presents a description

of the developed 3D FEA model. Subsection 2.5.2 explaine eamponent of the built hardware.

The obtained magnetic field results from 3-D analytical arid BEA with the measurements are
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given subsection 2.5.3; finally, the verification of the naltimductance for different misalignments

has been discussed in subsection 2.5.4.

2.5.1 FEA Simulation

A 3-D FEA simulation has been done in ANSYS Maxwell 14.0.0iemvment to validate the
proposed model. The model is based on the parameters giviabie[2.1. The prepared 3-D FEA
model of rectangular coils is shown in Fig. 2.9. The primani} is made of four rectangular bars, as
in the case of the analytical model, with the only differen€eircular edge at the corners of the coil.
The primary coil is excited with current densily whereas no current density is given to secondary
coil. The specification of the FEA simulation is given in TeB[2.

z

Secondary coil

Primary coil

Figure 2.9: 3-D FEA model of rectangular coils.

Table 2.2: Specification for FEA Simulation

Number of mesh 58405
Type of mesh Tetrahedral
Solver type Magnetostatic

2.5.2 Experimental Set-up

- :'?W . > 2 % DC-link
S fl P ~ capacitor
a4 = 7 g >

Differential '
voltage probe

Figure 2.10: Experimental set-up (a) hardware prototype, (b) piicail.
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The set-up consists of a dc-ac power converter, two rectangails, and four pick-up coils. A
square wave bipolar dc-ac power converter is used to gengrathigh-frequency current, which is
fed to the primary coil. It generates a high-frequency \g@taignal which switched from positive dc
supply to negative supply voltage using four IRFP460 MOS&:EAItera Cyclone Il, an FPGA starter
board, is used to generate the HF (100 kHz) gate pulse to thévél-bridge inverter by using two
numbers of the half-bridge gate driver IC IR2110. The FPGgtet board is isolated from a high
power dc-ac converter by two optocouplers.

Two rectangular coils of eleven turns each are made usirgviite of American wire gauge
(AWG)#32 copper wire and glued on acrylic sheet. The cogsamposed of 100 strands with 0.1
mm in diameter. The dimensions of the rectangular coil arergin Tablé 2.11.

To measure the magnetic flux density at different pointseéndin gap, four pick up coils of radius
2 mm, and 200 turns are used, shown in Fig. 2.10(b). This pjckeil is made of (AWG)#40 copper
wire. The magnetic field density is obtained by the openudinoltage at the pick- up coil. Based on

the measured value magnetic field density is obtained by

T
f Vpick—u pdt
0

pick-up
wherer yick_yp IS the radius of the pick-up coil, is the time period of the applied voltage to the primary
coil, andVyck_yp iS the voltage of the pick-up coil. Il (2.47,can beB, , B, andB, depending upon
the orientation of the pick-up coil. When the direction oéawector of pick- up coil is along, v,
andz-axis, [2.47) give8, , B, andB,, respectively.

The mutual inductance between the coils is measured withiételRackard 4263B LCR meter.
The inductance of the in-phase and out-phase connectecdmyriamd secondary coil is measured

to calculate the mutual inductance between the coils. Adédculating the in-phase and out-phase

inductance, these two connection gives the following indoces-
Lout:Lp+Ls_2'M
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whereL, andLs are the self inductances of the primary and the secondakryespectively. With the

measurement df;, andL., the mutual inductance between the coils is calculated I28§2

M = % (2.48)

Here, the component of built experiment set-up and methaoddasure the mutual inductance
has been discussed. The next sub-section compares thetrodighe distribution obtained from the

analytical model with measurement and FEA results.

2.5.3 Magnetic Field Distribution in the Air Gap

The proposed analytical model is validated with 3D FEA angeeixnent. The distribution dB,
andB, component above the primary coila& 2 cm, obtained from the analytical model, FEA, and
experiment are compared in Figs. 2[11-2.12. Higs. 2.1 b@}Pal2(d) show the tangential component
of magnetic field density along andy direction, respectively, whereas Figs. 2.11(b) pnd 2)12(b

show the normal component of magnetic field density alwagdy-direction, respectively. In Figs.
[2.11 and 2.12 tangential components of magnetic field de(BjtandB,) and normal component of
magnetic field densityR,) are symmetrical due to the rectangular shape of the coil.

In this sub-sectionBy, By and B, obtained from the analytical model, measurements and FEA
model has been compared. It observed that the magnetic iggtdbdtion obtained from the analytical
model follows the results obtained from 3-D FEA and experitak which confirm the accuracy of
the proposed analytical model. The next sub-section cossghe mutual inductance obtained from

the analytical model with measurement and FEA results.

2.5.4 Mutual Inductance

The proposed analytical model is used to calculate the rhintdactance for different misalign-
ments. The comparison of variations in mutual inductandeaiobd from analytical, FEA, and mea-
surement are shown in Figs. 2|[13-2.18. Hig. P.13 shows thatian of mutual inductance when
the secondary coil moves in the z-direction. Here, mutudbatance decreases as the secondary
coil moves along the z-axis. This decrease in mutual inceetas because of the decrease in the

magnitude of the magnetic field density with respect to tligeetion.
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Figure 2.11: Distribution of[(a) By and (b) B, alongx-direction aty = 0 andz = 2 cm.

The variation in mutual inductance due to angular misalignnis shown in Fig[(2.14. For the

measurement, the centre position of the secondary coilpsdte = 10.25 cm, and the coil is tilted

aroundy-axis from 0 to 90> with an interval of 10. Here, flux linkage through the secondary coil

increases till 40, which increases the mutual inductance and then flux linkaggual inductance

start decreasing for 40°.

Fig.[2.15 shows the variation in mutual inductance for a @tanisalignment. Here, it is observed

that the mutual inductance decreases foto9Q rotation of secondary coil and again increases for

9(r to 180 rotation, and this is due to the decrease and increase ivén&apping area between coils,

respectively.

The variation in mutual inductance for the case where thersiary coil moves along the -

direction is reported in Fig$. 2.116-2]18. These figures stiawvmutual inductance decreases as the

secondary coil moves away from the centre of the primary, dgitause of the decrease in mutual
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Figure 2.12: Distribution of{(a)By and (b)B; alongy-direction atx = 0 andz = 2 cm.
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Figure 2.13: Mutual inductance variation ir-direction without shielding.

coupling. In Fig[2.1]7, both angular and horizontal migafigent, is illustrated. Here, the secondary
coil moves along the-direction with an angular rotation of 1@nd 20 around they-axis, having its
centre az = 3.2 cm and 474 cm, respectively. For the measurement of variation iruedubductance

due to both planar and horizontal misalignment is showngn[EZil8. Here, the secondary coil moves
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Figure 2.16: Mutual inductance variation for horizontal misalignmetiza 1.35 cm.

along thex-direction havingz = 2.4 cm and planar rotation of 2@aroundz-axis). From Figs[_2.13-
[2.18, it is observed that mutual inductance variation olg@ifrom the analytical model, FEA, and

experiment are following the same pattern.
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Figure 2.17: Mutual inductance variation for both angular and horizbntesalignment.
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Figure 2.18: Mutual inductance variation for both planar and horizomégalignment.

2.6 Summary

In this chapter, an analytical model is presented to comih@enutual inductance between the
coils for different misalignments. Magnetic vector potahind magnetic scalar potential are used
to develop the analytical model. Moreover, an experimesgalip with different misalignments is
developed in the laboratory to validate the efficacy of thelehoThe results of the analytical model
are compared with the simulation and the measurementseaali a good agreement has been found.
Therefore, the proposed model can be used in the initiagdesy of such a WPT system.

Generally, the ferromagnetic magnetic material is usedtwentrate the magnetic flux, which
increases the mutual inductance. The proposed model psdldéecmutual inductance for a rectangular
coil system where ferromagnetic material (magnetic shisldbsent, and the next chapter discusses

the analytical modelling, which includes magnetic shiedgdin the coil system.
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Note: The contribution of this chapter is published in:
B. K. Kushwaha, G. Rituraj and P. Kumar, "Mathematical moét®i the analysis of seriesparallel
compensated wireless power transfer system for differesalignments,’IET Circuits, Devices and

Systemsvol. 13, no. 7, pp. 970-978, 10 2019.
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3. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment with
Shielding in WPT System

3.1 Introduction

The previous chapter introduced a 3-D analytical model toutate mutual inductance for an
air-core coil system without a magnetic shield for the WP3$tegn. The results obtained from the
analytical model have been compared with FEA and experiaheesults, and they were found to
be in good agreement. The harmonic modelling technique bas bsed in the analytical model.
In the WPT system, with the air-core coils, large leakage fesults in reduced mutual coupling.
Usually, a ferrite core (Magnetic shield) is used in the WK3tem to increase the mutual coupling
and minimize the exposure of other installations in thenrigiof the WPT system [49]. Hence, the
WPT coils with the ferrite core (coil system) are preferréthe illustration of such a coil system is
shown in Fig[(3.1.

The Magnetic Equivalent Circuit (MEC), finite element arsady(FEA), and harmonic modelling
method (HM), which has been discussed in chapter 2 can beofslpe modelling method to model
coils with the ferrite core. Among these methods, the haimawdelling technique is found suitable
for the coils with ferrite. Some of the studies have presate analytical model using a harmonic
modelling method to calculate the mutual inductance andn@idgflux density distribution by con-
sidering an iron bar with a relative permeability of infint&ue. [77,88,89,94]. The analytical model,
which considers the permeability of used magnetic shidldite gives a result that deviates from the
actual result.

This chapter presents a 3-D analytical model to calcula@thtual inductance and magnetic flux
density distribution in the air medium for a coil system, @hincludes the magnetic shielding of
finite permeability. The harmonic modelling method is used3-D analytical modelling. Magnetic
vector potential and scalar potential described in theetdienensional Cartesian coordinate system
are used in modelling. The mutual inductance for variousahliggements is also described. To show
the efficacy of the analytical model, results are compardt ®EA and experimental results. The
proposed analytical model is capable of taking into acco@tparameter of magnetic shieldings,
such as permeability and width. In order to see the effechefrhagnetic shield on the mutual
inductance between the coils, the mutual inductance focdilesystem without a magnetic shield (

discussed in the previous chapter) is also presented ichiister.
TH-2341_12610202% pter) g bt
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3.2 Analytical modelling

The chapter is organized as follows: Secfion 3.2 describ@Esigm formulation and assumptions
made for modelling. The various forms of considered misalignt are discussed in sectionl3.3.
Sectiorn 3.4 verifies the proposed analytical model with FEgutts and measurements. Finally, the

summary of this chapter is given in section|3.5.

3.2 Analytical modelling

The harmonic modelling method has been used to model thesystiém shown in Fig._3.1. In
the harmonic modelling method, the electromagnetic sysativided along the non-periodic direc-
tion(Here it isz-direction) [72]. Then the Poissons or Laplace equatioessalved for each region.
The solution of Poissons or Laplace equations provide ntagpetentials with the unknown coeffi-
cients. These unknown coefficients are calculated by apglyoundary conditions at the boundaries
of each region. This section presents these modelling stepsbsequent subsections. Subsection
[3.2.1 gives an overview of the coil system with assignedoregiand assumptions made during mod-
elling. Subsectioh 3.2.2 presents the potential solutfi@aoh assigned regions. Finally, the boundary

condition applied between each region has been discus§&bsection 3.213.

3.2.1 Coil System Overview

The 3-D geometry of contactless coils with its regions isvatinin Fig. [3.1. It consists of two

rectangular coils and also a high permeable magnetic rahteiow the primary coil. Figd. 3.3(a)

and 3.3(0) show an actual coil of the WPT system and its etgnvaircuit model.

Air

Air

L
Y X

Figure 3.1: 3D illustration of contactless coils with its regions.

TH-2341_ 126102029

45
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— Region V : Air

@ \ 0% —— Region IV: Copper
4
B —|+ Region III: Air
—— Region II: Shield
—— Region [:  Air

= Contactless coiixe

Primary coil e
Secondary coi

connected | open circuited

with source iR i

(a) (b)

Figure 3.3: WPT system having (p) an actual coils, (b) equivalentitimodel of contactless coils (where
Vp is the high frequency AC sourch, is the primary current, s andLs are the self-inductances of primary and
secondary side respectivel; is the open circuit voltage of secondary side, &hds the mutual inductance).

The whole domain is divided into five regions, as shown in Bd. The cross-section view of
the coil system shown in Fig. 3.1, with the assigned regiahthair dimension, is shown in Fig. 3.2.
Region | is an air medium which is below the shielding mateaad the magnetic shielding material
is presented as Region Il. The base of the primary coil (regip having relative permeability one
(ur = 1) is considered as air medium, and Region 1V is a primarywhbith carries source current.
Region V is above the primary coil, which is an air medium,gbeondary coil carries no current, and
its relative permeability is one; hence, it is consideredeigion V. Each divided region is described
by either magnetic vector potential or magnetic scalar i@k The magnetic vector potential is
used in the region where the current source is present, agdetia scalar potentials are used in other
regions|[94].

The magnetic field calculated from the proposed model censithe following assumptions:
e The eddy-current induced in coil and magnetic shields agéented;

e The magnetic shields used in coil system are considered@eps;
TH-2341_ 126102029
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e The quantities which are temperature-dependent such issare=e of the primary coil is ne-

glected in magnetic modelling;

e No current exists in the - direction.

Table 3.1: Design parameters for WPT system

Parameters Description Value Unit

dw Difference in outer and inner width of 27.5 mm
a coil in x- andy-direction

hy Diameter of coil 25 mm

hy Thickness of base of coil 3.16 mm

St Thickness of magnetic shield 0.02 mm

T Coll pitch in x-direction 465 mm

Ty Coil pitch iny-direction 353.75 mm

J Current density in the coll 0.713 A-nh

N Harmonics inx- direction 50

M Harmonics iny- direction 50

Here, the considered coil system with the assigned regiaasbken discussed. Moreover, the
assumption involved in modelling is also mentioned. Focwlalting the magnetic field in the assigned
regions, the magnetic potential in each region should bezkn@he next subsection gives the solution

of the magnetic vector potential and scalar potentials.

3.2.2 Magnetic Field Description

The magnetic field of the divided region of the coil systemvaman Fig. [3.1 is calculated with

magnetic potentials. The magnetic field in the currentysagrregion (Region V) is calculated by-
B=VxA (3.1)

Here,A andB is the magnetic vector potential and magnetic field densitggion 1V, respectively.
Whereas, the magnetic field of the regions representing adium and magnetic shield region is

calculated by-

Hr = -V(er) (3.2)

whereg; is scalar magnetic potential, angan be the region I, II, 1, or V.

The solution of magnetic potentials used [in {3.1) dnd] (3s2yiven in the following sub-sub
TH-2341_126102029
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section: The Sub-sub sectibn 3.2]12.1 presents the solotitre magnetic vector potential, whereas

the magnetic scalar potential is explained in sub-sub@a&i2.2.2.

3.2.2.1 Region |V

This region is described by the primary coil, which conswtshe current source. Since the
current is present in this region, the magnetic vector gatkis used in describing the magnetic
field. [77/88,94]. The direction of vector potential is irettirection of current density. The solution

of the magnetic vector potential is given by following Poisand Laplace equations-

VA = —HoJdx (3.3)
VZA, = —uody (3.4)
VA, = 0 (3.5)

where A,, A;,, and A, are the components of the magnetic vector potediah x, y, and z-
directions, respectively. The expression of magneticargebtential, by solving[(313) {(3.5) using

separation of variable method, is given as

Ax = = Z (C|VleklZ + d|Vle—kzZ) COS(kXX) Sin(kyy) JL /«LO_;]X
n=1,3,5m=13,5 k2
(o8] o0 B . ﬂ J
A = Z Z (C|vzekZz + di,€ kzZ) sin(kxx) cosky) + % (3.6)
n=1,35m=1,35 z
A, =

where J,(x,y) and Jy(x,y) are current density distributions along tkeandy , respectively. It is
similar to the current density distribution given in chafze And Ay, A,, andA, are vector potentials
in the direction ofx, y, andz. Here,A, is zero because current is absent-irection.

The unknown coefficients involve in the magnetic vector pté& given in [3.6) depends on the
boundary conditions. The boundary conditions in this chiagte different from the previous chapter
due to the inclusion of the magnetic shield. Therefore, tlgmetic vector potential of the primary
coil region given in[(3.6) is different from the magnetic t@cpotential given in chapter 2.

Here, The magnetic vector potential for the current-cagyiegion (Primary coil) has been dis-
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cussed. The next sub-sub section gives the solution of niagrealar potential for the regions where

current is absent (air medium).

3.2.2.2 Regionl, Il, lll,and V

In these regions, the current source is absent. Hence, rt@goalar potential is used in describ-
ing the magnetic field [88]. The magnetic scalar potentiathiese regions is given by (3.7)-(3110).
Region Il and Il represent the magnetic shield region argkled the primary coil, respectively, and
these regions are bounded. Whereas the regions | and V fhvaseat air medium are unbounded, as
shown in Fig.[3.L. Therefore, the scalar potential equdtiaegions Il and Ill has two exponential

terms; on the other hand, the scalar potential equatioreingdjion | and V have only one exponential

term.
o = Z Z €% cos(k.x) cosk,y) (3.7)
n=1,35m=1,35
ol = Z Z (cn € + diy ™) cos(k,X) cosi,y) (3.8)
n=1,35m=135
o = Z Z (C|||ekzz+d|||e_kZZ)COS(kxX)COS((yY) (3.9)
n=135m=135
- Z Z cve " cos(kex) cosk,y) (3.10)
n=1,35m=1,35
where

k, = \Jk + k2 (3.11)

The Magnetic flux densit is obtain by [(3.1P)
B, = uH; (3.12)
wherey is the permeability of corresponding region and given[bg33.

M= o (3.13)
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wherey, is the relative permeability of the medium. The scalar pigdsiused here are different

compared to the magnetic scalar potential used in chaptee 2addifferent boundary conditions.
This subsection defined magnetic vector and scalar potsevitaunknown coefficients for each

assigned region. These unknown coefficients are calculategplying boundary conditions at the

interface between regions. The applied boundary conditiwa discussed in the next subsection.

3.2.3 Boundary Conditions

The unknown coefficients, - ¢, of magnetic scalar potential and magnetic vector poterdml
described in section 3.2, are obtained by applying boundanglitions. In this chapter, a magnetic
shield is added as additional material as compared to a gstiés given in the previous chapter.
Therefore this chapter involves additional boundary coos as due to the inclusion of magnetic
shield as compare to boundary conditions given in the pusvainapter. These additional boundary
conditions are obtained by applying boundary conditionthatboundary of the magnetic shield.
The additional boundary condition is obtained by the cantinof magnetic scalar potential at the
boundary of the magnetic shield region in the z-direction.

The boundary conditions are defined by the continuity of ¢ésutigl magnetic field intensity, ver-
tical magnetic field density, and magnetic scalar potenfitle boundary conditions are applied in
z-direction at points where medium changes such-as-(h; + s,), z= —hy, z= 0, andz = h, shown

in Fig.[3.2.

2 y

&\ i
. o
: - .

Figure 3.4: xzface of rectangular coil
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The equations based on boundary conditions are listéd1d)3.

Bz (XY, = (hy + 1))

Bz (%Y, — (hy + 51))
o (XY, —(+s) = @n(xy,—(h+s))
Bz (%Y, =) = Ban (XY, —)
en (%Y, —h) = o (XY, —)
Han (xy.0) = Huv (xY.0)
Hyn (Xy,0) = Hyv(xy,0) (3.14)
Bz (%Y,0) = Bav(xy.0)
Hav (Y. h2) = Hyy (XY, hp)
Hyv (XY, ) = Hyv (XY, hy)

BZ|V (X9 y9 h2) = BZV (Xa ya h2)

The development of (3.14) provides simultaneous lineaatgn. After solving linear equations, the
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obtained unknown coefficient is given as-

2HHto (Jxky + ‘]ykx) (1 - e‘kth)
k3 ((/1 + /lo)2 - (u- ,uo)ze—Zszl)
_/lo (:u + /lO) (Jxky + Jykx) (1 — e—kzhz)

= 3.16
. k3 ((/1 + po)* — (u - ﬂo)2€2kzsl) ( )

g, - _Folmm (kg + Iy (1= ) e (3.17)

13 ((u + o) = (u - uo)?)
Ik, + k) (1 — et
Cin = —( al yZIL”( ° ) (3.18)

k ) (1 — ek (@ 2lsithy) _ g2kh
dy = —(JX L 0% X) (1 ° )(e ° ) (3.19)
262 ((u + o)’ = (e — o))

ﬂoky(Jxky + Jykx) gk

C =

(3.15)

_— e (3.20)
g ~ _,uoky (Jxky + 'Jykx) 1+ (luz - lu(z)) (1 - e—kth) (eZkZ(SI_hl) B e_2k2hl) (3 21)
IV 2k§ (('u _ ,Lto)2 _ ('u +,Llo)292kzsl) .
Ky (Jxky + Jyky) €7k
o, = Mo x(Jx yz‘"k;y X) € (3.22)
L ok, ( Ik + Jykx) ('uz _ ﬂg) (1 - e—kzhz) (eZkz(sl—hl) _ e_2kzh1) 22
V2 B 2K i ((.U — po)’ — (u + ,Uo)zezkzsl) o
o (Jxky + Jykx) % ((/12 _ ’ug) (e_k2(2h1+h2) _ e—kz(251+2h1+h2) (3_24)

23 (- )  (u + 10)?)
e @3] 4 )P (1 ) i (€5 %) (3.2

After calculating unknown coefficients of the magnetic poids, the magnetic potentials (B.6)
and [3.10) can be used to calculate the self-inductance ahsahinductances for different misalign-

ments, respectively. The next section discusses the pessibalignments that can happen.

3.3 Possible Misalignments

The possible misalignments that can happen between theareilshown in Fig._3.5. Here, the
secondary coil is underneath of EV, whereas the primaryvatti a magnetic shield is kept under the

ground. Therefore, the secondary coil in the coil systemasing part, and the primary coil with the
TH-2341_ 126102029
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shield is stationary. Depending on the different movemehtle secondary coil with respect to the
primary coil, the misalignments are considered. As congarehe coil system discussed in chapter
2, the only difference is that in chapter 2, the primary cogurrounded by air, whereas here magnetic
shield exists near the primary coil. The secondary coilnsilar in both the coil system. Since the
misalignment is decided with the movement of the secondaity Therefore the same misalignments

are considered, which are:
(i) Vertical Variation (VV);
(i) Planar Misalignment (PM);
(i) Angular Misalignment (AM);
(iv) Horizontal Misalignment (HM);

(v) Planar with Horizontal Misalignment (PHM);

(vi) Angular with Horizontal Misalignment (AHM).

Figure 3.5: Schematic of studied variatiofis |(a) vertical variation (V{b) planar misalignmenf, (c) angu-
lar misalignment| (d) horizontal misalignmeft,](e) plamath horizontal misalignment arid [f) angular with
horizontal misalignment.

TH-2341_12(;|-1|63&%ta'|ed description of these misalignments is giveshapter 2.
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The verification of proposed 3-D misalignment by considgtimeese misalignments has been dis-

cussed in the next section.

3.4 \Verification of Analytical Model

The proposed analytical model is verified with FEA simulatamd hardware-setup in subsequent
sub-sections. Subsectidn 3]4.1 describes the developedEzDmodel. [3.4.2 explains the built
hardware. The distribution d8,, By, and B, obtained from 3-D analytical and 3-D FEA with the
measurements are given subsecfion 8.4.3. The verificafidheomutual inductance for different
misalignments and self-inductance has been discussedsestiori 3.4)4. Finally, subsectibn 3]4.5
compares the mutual inductance obtained from the propasagitecal model and model presented
in [1].

3.4.1 FEA Simulation

The prepared 3-D FEA simulation model of rectangular cailshown in Fig[-3]7. This model
is based on the parameters given in Tablé 3.1. In the simulatie size of the magnetic shield has
been taken comparatively larger than the coil dimensionabge of the assumption of the infinite
size of the magnetic shield in the analytical model. The prinrcoil is made of four rectangular bars
according to the assumption made in the analytical moded.ofther simulation specification is given
in chapter 2.

To show the effect of magnetic shielding on leakage flux, 2Busation (using ANSYS Maxwell
14.0.0) without and with shielding also has been done, showig[3.6. From Fig[ 3.6(b), it is found

that magnetic shielding decreases the leakage flux by ctmatieg flux lines around the primary coil.

3.4.2 Experimental Set-up

In order to verify the validity of the analytical model, a @wped hardware-setup is shown in Fig.
[3.8. The set-up consists of an H-bridge inverter, two regiiéar coils, four pick-up coils, and a high
permeability magnetic material. The designing of H-bridgeerter, rectangular coils, and pick-up
has been described in chapter 1. To guide the magnetic flughgoermeability magnetic material
3M Flux Field Directional Material (FFDM) EM80KM as a magieshield is used, shown in Fig.
TH-2341_126102029
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Figure 3.6: Magnetic flux line$ (a) without shielding aphd(b) with shieigl
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Figure 3.7: 3-D FEM model of rectangular coils.
3.4.3 Magnetic Field Distribution in the Air Gap

To show the effect of magnetic shielding and accuracy of tiadyéical model, 2-D graphs @,
By, andB, componentin the air gag & 2 cm) for without shielding and with shielding, are compared
in Figs. [3.9-3.12. From Fig$._3[9-3]112 it can be seen thatthgnitude of the magnetic fieldB,
TH-2341_126102029
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““ Pick-up coils ™ FPGA, ST

- \\

-~ Magnetic shield | /
4/

o

~\\<Eeuangulal coil xese

Figure 3.8: Experimental set-up (a) hardware prototype] (b) pick-upara[(c) magnetic shield.

By, andB,) for the coil system having a magnetic shield is higher ti@rhagnitude of the magnetic
field for the coil system without the shield.
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Figure 3.9: Magnetic field distribution 0B, alongx-direction aty = 0 andz = 2 cm[(a) without shielding and
with shielding.
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Figure 3.10: Magnetic field distribution 0B, alongy-direction atx = 0 andz = 2 cm[(a) without shielding (b)
with shielding and.

Here, the magnetic field distribution obtained from the el model has been compared with
the results obtained from 3-D FEA and experimental. It issobsd that the magnetic field distribution

Tﬂt_)%iz?le_dl%)mztgfganalytical model matches with the reslitained from 3-D FEA and experimen-
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Figure 3.11: Magnetic field distribution 0By along x-direction aty = 0 andz = 2 cm([(a) without shielding
and (b) with shielding.
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Figure 3.12: Magnetic field distribution 0By along x-direction atx = 0 andz = 2 cm[(a) without shielding
and (b) with shielding.

tal, which confirm the accuracy of the proposed analyticatleho The next subsection presents a
comparison in mutual inductance for different misaligntsesbtained from the analytical model,

3-D FEA, and measurements.

3.4.4 Mutual Inductance

The proposed analytical model is used to calculate the rhintdactance for different misalign-
ments. The mutual inductance from the analytical model isutated by surface integration of the
magnetic field in Region V obtained from_(3112), over theaagular surface of dimensiorazand

2b,. The mutual inductanchkl is expressed as follows:

M== (JB,.da (3.26)

lp
wherel, is the rms current flowing in primary coil.

TH-2341_ 126102029
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The comparison of variations in mutual inductance withiglsling and with shielding, obtained
from analytical, FEA, and measurement are shown in [Fig{3.18. In the Figd. 3.13-3.118, for each
misalignment, variation in mutual inductance with shieffishows the same pattern with a higher

magnitude compared to without shielding. This is due to #aiction in leakage flux.
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Figure 3.13: Mutual inductance variation ir-direction[(a) without shielding arid (b) with shielding.

Fig. [3.13 shows the variation of mutual inductance as thers#ary coil moves along the

direction. Here, mutual inductance decreases as the sagocail moves along theaxis because of

the decrease in flux linkage.
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Figure 3.14: Mutual inductance variation for angular misalignnient (&haut shielding anfl (b) with shielding.

The variation in mutual inductance due to angular misalignims shown in Fig.[[3.14. For
the measurement, the centre position of the secondaryscképt atz = 10.25 cm, and the coil is
tilted around they-axis from 0 to 9¢° with an interval of 10. Here, until 40, both the cease small

variation in mutual inductance is observed, and after thikecreases drastically. In this variatids,

Tﬁi‘ﬁ'?flb‘i%%%@B“te to mutual inductance as the coll tilt thetobaotion of B, in mutual inductance
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decreases.
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Figure 3.15: Mutual inductance variation for planar misalignmentzat 10.25 cm[(a) without shielding and
with shielding.

Fig. [3.1% shows the variation in mutual inductance for a @tamisalignment. Since in this
variation, the plane of the secondary coil is in parallehwiite plane of the primary coil. Therefore
only B, contributes to mutual inductance. Here, it is observedrmnatual inductance decreases for
0° to 90 rotation of the secondary coil and again increases fot®080 rotation. This is due to a
decrease in the overlapping area between coils during tagan of 0 to 90 and an increase in the
overlapping area during the rotation 0of°d0 180'.

The variation in mutual inductance for the case where seamgrmbil moves along the -direction
are reported in Figd, _3.1[6-3]18. It may be seen from Higs6{3.18, as the secondary coil moves
away from the centre of the primary coil, there is a decreasied overlapping area between the coils,

and hence, the mutual inductance between the coils getseeédu
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Figure 3.16: Mutual inductance variation for horizontal misalignmettza= 1.35 cm.[(a) without shielding
and (b) with shielding.
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3. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment with

Shielding in WPT System

In Fig.[3.17 angular with horizontal misalignment (AHM) ikstrated. Here, the secondary coil

moves along-direction with the angular rotation of 1@nd 20 around they-axis, having its centre

atz = 3.2 cm and 474 cm, respectively. From Fig._3J17 it can be seen that hotaanisalignment

for 10 rotation has a higher magnitude mutual inductance as canipdiO rotation.

For the measurement of variation in mutual inductance dp&attar with horizontal misalignment

(PHM) is shown in Fig[3.18. Here, the secondary coil movesgk-direction havingz = 2.4 cm

and planar rotation of 2Qaroundz-axis). Among all the misalignments shown in Figs._3.1383itl

can be observed that planar misalignment shows the smadtiear in mutual inductance during the

misalignment.

% 10°

- =3D FEM
10

Mutual inductance (H)

—3D Analytical

* Experimental

0 2 4 6 8 10
Horizontal distance (cm)

@

12

Mutual inductance (H)

—— 3D Analytical
- -3D FEM
% Expeimental

0 2 4 6 8 10 12
Horizontal distance (cm)

(b)

Figure 3.17: Mutual inductance variation for both angular and horizbnissalignment[ (g) without shielding

and (b) with shielding.
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Figure 3.18: Mutual inductance variation for both planar and horizomtggalignment[ (a) without shielding

and (b) with shielding.

The magnetic field obtained in Region IV is used to calculat gelf-inductancel(,) of the

TH-2341_ 126102029
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3.4 Verification of Analytical Model

primary coil (with and without shielding). The expressian the self-inductance is given in (3127)

1
L, == ()By.dA (3.27)

Iy
The obtained self-inductances (with and without shielfifrmm an analytical model are compared
in Table[3.2 with measured values. The self-inductancesnaasured at 100 kHz with the help of
LCR meter.

Table 3.2: Comparison of the primary self-inductands,

Coill Analytical (uH) | Measured gH)
Without shielding 28.41 28.74
With shielding 41.12 40.50

In this subsection, the variation in mutual inductance fifletent misalignments are shown in
Figs.[3.18-3.18. It is observed that for the coil system shiowFig.[3.1, mutual inductance variation
obtained from the analytical model, FEA, and experimentfalewing the same pattern, which
confirms the accuracy of the proposed analytical model. Téx subsection compares proposed

analytical results with the analytical model reported_ih [1

3.4.5 Comparison with method given in[[1]

The calculated mutual inductance by the proposed model eas bompared with the model
given in [1]. In [1], the mutual inductance is calculated éd®n the Biot-Savart principle. The
integrals used in the Biot-Savart formula are computed migag. The numerical calculation is
done by dividing each turn area of the secondary coil intatiplelsmall areas. Then, the flux linked
with each small region is calculated. The flux linked to thegk turn of the secondary coil has
been calculated by summing all the flux linkage of small regio The same procedure has been
repeated for all the turns. The accuracy and computatiama of mutual inductance calculation
in this method depend on the number of small regions of theiveccoil. To calculate the mutual
inductance from_[1], the secondary coil is divided into 2@ &6 divisions in thex- andy-directions,
respectively. For achieving high accuracy, the number wfldd regions required, which increases
computational time. Moreover, this method does not cateutautual inductance for the coil system,

_I_H_2341_\/¥Ebc1r6982sgmagnetlc shielding near the coils. However, tbpgsed model is able to calculate mutual

61



3. 3-D Analytical Model for Computation of Mutual Inductanc e for Different Misalignment with
Shielding in WPT System

inductance for both the coil system (coil system surrounolgcir and magnetic shield as well).
Therefore, the coils that are surrounded by air have beewtsel for comparison.

The comparison for angular, planar, and horizontal misatignt without shielding is given in
Table[3.3. At a vertical height af = 10.25 cm, the mutual inductance for angular, planar, and
horizontal misalignment are calculated. The values of muhductance obtained from the proposed

model and([1] are given in Table 3.3. The difference obtainethble[3.3 is due to the consideration

Table 3.3: Comparison of Angular, Planar, and Horizontal Misalignirieasults with[[1]

Angular misalignment Planar misalignment Horizontal rigganent

Anglel [1] |Thiswork Discre- | Angle [[1] Thiswonk Discre-{ Distag [1] | This work Discrepancgy
) |H)| (H) |pancy fH)| () |wH)| (H) |pancy fH) (cm) | @H)| (uH) (uH)
0 |2.883 2.810 0.073 0| 2.883 2.810 0.073 0 2/883 2.810 0.0Y3
10 (2,913 2.841 0.072 10 2.879 2.80f 0.072 1 2,863 2.190 0.0[73
20 |2.993 2.928 0.071 20 2.867 2.796 0.071L p. 2,803 2.132 0.071
30 [3.121 3.056 0.065 30 2.851 2.781 0.07p 3 2,707 2.637 0.0[70
40 |3.214 3.165 0.049 40 2.833 2.764 0.06P 4 2579 218511 0.068
50 [3.126 3.106 0.02 50 2.816 2.74Y 0.069 5 21424 2.359 0.065
60 |2.690 2.689 0.001 60 2.800 2.732 0.068 6 2248 2.185 0.0p3
70 |1.932 1.932 0 70| 2.788 2.721 0.067 7 2/056 1.997 0.059
80 (1.001 1.009 0.008 80 2.781 2.718 0.068 8 1,854 1.798 0.0p6
90 0 0 0 90 | 2.778 2.710 0.068 9| 1646 1.594 0.05p

10 |1.437 1.390 0.047

of small regions of the receiver coil. But in the proposed sipthe mutual inductance is calculated

by solving the equations in the required region.

3.5 Summary

A 3-D analytical model to calculate the distribution of mago flux density and mutual induc-
tance for different misalignments for a coil system havimgagnetic shield below the primary coil is
proposed. This model has the flexibility to change the widtth permeability of shielding material.
A comparison in mutual inductance for coil system with sthigshd without shield has been made. It
is observed that the coil system having a magnetic shietwlhbigle primary coil shows higher mutual
inductance than the coil system without the shield. For tbdeting, magnetic vector and scalar po-
tential definitions in the Cartesian coordinate system &lug he magnetic flux density distribution

and mutual inductance calculations obtained from the aicalymodel, FEA, and experiment results
TH-2341_ 126102029
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are in close agreement.
In the proposed model, the length of the magnetic shieldiisiia, which is impractical. The next

chapter discusses the analytical modelling, which indudagnetic shielding of finite length.

Note: The contribution of this chapter is published in:
B. K. Kushwaha, G. Rituraj and P. Kumar, "3-D Analytical Mdder Computation of Mutual Induc-
tance for Different Misalignments With Shielding in WisddPower Transfer SystemEEE Trans.
Transp. Electrif.vol. 3, no. 2, pp. 332-342, June 2017.
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4. A Subdomain Analytical Model of Coil System with MagneticShields of Finite Dimensions and Finite
Permeability for WPT systems

4.1 Introduction

The previous chapter discussed a 3-D analytical model tutzke the mutual inductance for a
coil system, which includes a magnetic shield below the arintoil using a harmonic modelling
technique. Here, the permeability of the magnetic shield fidte, but the dimension of the mag-
netic shield was infinite, which is impractical. Hence, timalgtical model for the coil system with
magnetic shields of finite dimension, for both the primarg éime secondary coil, is needed. Fig.

shows a coil system that is closer to the actual sicenar

Air— TR
. econ ary 01
C011_< . .

system

J’iv ! Shield)lv
(a) (b)

Figure 4.1:[(a) 3-D illustration of the coil system (Shields 1 and 2 hanédidimensions and finite permeabil-
ity). [(B) An equivalent circuit model of the coil system (lée¥, andl, are the high-frequency voltage source
and primary current, respectivelly, andLs are the self-inductances of the primary and secondary, eoitiM

is the mutual inductance between these cidlsis the open-circuit voltage of the secondary coil. The prima
coil generates the high-frequency magnetic field throyghand the secondary coil receives these magnetic
fields to generate the voltad®k).

In the harmonic modelling technique, the coil system isdbd only in non-periodic regions(i.e.,
in the z-direction). Therefore, in the previous chapter, the disi@mof the magnetic shield was infi-
nite. While in practice, the material in electromechansyatem changes in periodic and non-periodic
directions both. To include the different medium changdsath the direction, researcher have mod-
ified the harmonics modelling technique with the mode maighechniquel[72, 74—76]. With this
techniquel[78] has presented an analytical model havingnégnetic shielding of finite dimension
but the infinite permeability. The analytical model with gesumption of infinite permeability does
not give the effect of a finite permeable shield, which is pcatly used.

Further, to incorporate the magnetic shield of finite peroilésa and finite dimension in mod-
elling, the author Plulet al. [95] assume non-physical boundaries of infinite permegtai hori-

_I_ﬁqgﬁlﬁ-ﬁlé%%%-edges of the magnetic shield. This assumptitoduces error in the analytical
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4.2 2-D Subdomain Model for the Coil System

results[95], which depends on the thickness of the used etagshield.

Developing a 3-D analytical model for the system shown in is difficult because it re-
quires more equations in the mathematical formulation amexgbto the 2-D analytical model. There-
fore, this chapter proposes a 2-D analytical model usingtibelomain techniquée [96] to incorporate
the finite dimension of the magnetic shields. This subdomaidel incorporates magnetic shields
of finite dimension and finite permeability, as shown in Figl(d). A 3-D subdomain model is de-
veloped using the superposition of two 2-D subdomain mottetget tangible results. These 2-D
subdomain models are developed k& andyzplanes, which are invariant in their third direction
(i.e., in the y-direction foxzplane and the x-direction iyz-plane). In this context, a correction fac-
tor for 2-D subdomain models is introduced to make it variarheir third direction. The proposed
3-D subdomain model can incorporate any changes in the pé&easnof magnetic shielding such
as length, width, and relative permeability. Moreover,hattie proposed subdomain model, square
and rectangular coil system of any dimensions can be dasigneé analyzed. The accuracy of the
proposed 3-D subdomain model is verified by comparing theltedor the vertical and horizontal
misalignments, of the 3-D subdomain model with results & BEA and measurements.

The organization of this chapter is as follows. Section 4e&ents an overview of the considered
coil system along with a 2-D subdomain model. Further, thigisn compares the results obtained
from the proposed 2-D subdomain model with 2-D FEA to verifydccuracy. Sectidn 4.3 provides
a 3-D subdomain model using the superposition of two 2-D satain models along with the cor-
rection factors. Sectidn 4.4 verifies the results obtaimeohfthe 3-D subdomain model with results

obtained from 3-D FEA and measurements. Finally, setiBisdrmises the presented work.
4.2 2-D Subdomain Model for the Coil System

This Section explains each step involved in developing ti2 fubdomain model of the coill
system shown in Fig[ 4.I(a). Sectibn 4]2.1 describes thisidivof the coil system in different
regions based on their material properties. In sedtiorP4t#e differential equations for magnetic
vector potential are solved for each region, which contaersous unknown coefficients. These
unknown coefficients are calculated by applying the int&rfaonditions in each region, which is

discussed in sectidn 4.2.4. Finally, the obtained analytiesults are compared with 2-D FEA results
TH-2341_126102029
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in sectior 4.2.5. The steps involved in creating a 2-D sulmiommodel for the coil system shown in

Fig.[4.1(a) are summarized in Flg. %.2.

Step I: Divide the whole coil system into different
regions along the x and z-direction.

Y

Step I1: Assumptions.

Y

Step III: Obtain the general solution of potential in
each region using the Poisson and Laplace
equations.

\ 4

Step IV: Apply interface conditions to obtain the
value of unknown coefficients of the
potential equations (as obtained in step III).

v
Step V: Calculate B using (1.3).

\ 4
Step V: Finally, 2-D subdomain model validation.

Figure 4.2: Steps involved in creating the 2-D subdomain model.

4.2.1 System Overview

Fig. [4.1(a) shows a 3-D illustration of the considered cgditem. The rectangular coils in Fig.
are named as primary coil and secondary coil, and #gnatic shields below and above them
are called Shield 1 and Shield 2, respectively. In this wirk, primary coil together with Shield 1,
is called the primary coil arrangement, whereas the secyrutal together with Shield 2 is called
the secondary coil arrangement. Here, two geometricaéntidal rectangular coils and magnetic
shields are taken. However, the presented model is genataam be used for different dimensions
of magnetic shields and coils.

Fig. [4.3 shows the detailed cross-sectional viewglane) of the coil system (Fig. 4.1[a)), used

for formulating the 2-D subdomain model, and T&ble 4.1 gitleggeometrical parameters for the coil
TH-2341_126102029
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Figure 4.4: Co-ordinate representation of different regions demaiestrin Fig[4.8.

system. These parameter has been chosen as an exampléydheesubdomain model; however,
one can use this subdomain model for different dimensiotise€oil system shown in Fi§. 4.1(a).
The whole coil system is divided into several regions in tbezontal k-direction) as well as
in the vertical g-direction) directions, as shown in Fig._#.3. These regiaresdivided based on
the interaction of different material properties. Reglampresents air medium below the Shield 1,
whereas RegioW 1l represents the air medium above the Shield 2. RedignandV, represent
Shield 1 and Shield 2, respectively. The air medium to thiedkthe Shield 1 is called Regiok,,
whereas the one to the right, is called Regibn Similarly, the air medium to the left and right side
of Shield 2 is represented as Regionk andV |, respectively. Regioll is the air gap between
the primary coil and the Shield 1, and Regidnepresents the air gap between the primary coil and
Shield 2. Since the secondary coil is open-circuited hemcges no current, it is included in the

RegionV. RegionslV, andlV, represent the air medium to the left and the right side of timagry
TH-2341 126102029

69



4. A Subdomain Analytical Model of Coil System with MagneticShields of Finite Dimensions and Finite
Permeability for WPT systems

coil, respectively. Regionb/, andIVy, respectively, represent the two coil sides (carrying enirr
inward and outward of thezplane , i.e., in the/-direction) of the primary coil. The RegiokV,
represents the air medium between the two coil sides of theapy coil.

The proposed analytical model considers the following eggions:

The eddy-current induced in magnetic shields are neglected

The magnetic shields used in coil system are considered@epic;

The coil system is surrounded by a vacuum through a rectangolx, as shown in Fid._4.3.

The magnetic vector potential to at the edge of this recti@ndpox is assumed zero;

The temperature-dependent quantity such as resistanie pfitmary colil is neglected in mag-

netic modelling;

No current exists in the z-direction.

Table 4.1: Parameters of the Coil System and Subdomain Model

Parameters, symbols Value
Diameter of the primary and secondary coil§ ( 2.4 mm
Number of turn in primary and secondary coiigrf) 11
Relative permeability of Shield 1 and Shield&,§, v ib) 20000

Geometrical specification in thedirection k1, X2, X3, X4, X5, Xg)

Coil length in thex-direction Xs-Xx
Coil length in they-directionys-y»
Geometrical specification in thedirection @1, 2, z3, 1, Z5)

(O, 45, 47.75, 60.85,
63.60, 108.6) cm
18.6 cm

14.11 cm
(-100.511, -0.511,
-0.509, 0, 0.25) cm

Current density in the primary coil (at 3.5 A) 0.56 A-mfn
Number of Harmonics ix- direction for Big region i, Nj;;, Ny, Ny;;) 210
Harmonics inx- direction for Regionsl a,11p,11¢ (Nj1a, Nip, Niic) 100
Harmonics inz- direction for Regionsl a,l1p,11¢ (Lyja, Lib, Liic) 30
Harmonics inx- direction for RegionsVa,1Ve,1Ve (Niv,, Nive, Nive) 50
Harmonics inz- direction for Region$Va,I1Ve,IVe (Liva, Live, Live) 30
Harmonics inx- direction for RegionsVy,IVe (Njv,, Nive, Nive) 60
Harmonics inz- direction for RegionsVp,I1Ve (Liva, Live, Live) 60
Harmonics inx- direction for Region/ 15, Vlp, Vlc (Nj1a, Niib, Niic) 100
Harmonics inz- direction for Region®/ 15, Vly, Ve (Li1a, Lib, Liic) 30
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4.2 2-D Subdomain Model for the Coil System

The magnetic vector potential formulation has been usedbd@main modelling. A regionhas
been defined to represent the magnetic vector potentiahfiir subdomain, as shown in Hig.14.4. The
inial and final co-ordinates in thedirection of regiorr are denoted by, andx;, whereas in the
z-direction, they are denoted lzy, andz; , respectively. The regioncan be any of the regions, from
| to VI, as shown in Fig._4]13. The exact values@f, X, zn,, andz; for a particular region can be
taken from Fig[4.8. For example, the values@f, x: , zn,, andz; for the regionlV, (r = 1V,) are
X3, X4, Z4, @andzs, respectively.

The magnetic field for each described region is calculatechbgnetic vector potential, which is

obtained using the Poisson and Laplace equations, as sestiusthe next subsection.

4.2.2 Magnetic Field Description
The magnetic vector potential in the region where the ctidensity is present (i.e., regiohg,
andlVy in Fig.[4.3), governed by the Poisson’s equation [77], giveri4d.1)

A, A,

55+ = o) (4.1)

whereas, for all other regions (excépt, andIVy) where the current density is absent; it is governed
by the Laplace’s equation and is given as

A, A,

e + 57 =0 4.2

The magnetic flux density is calculated using the magnetitovgootential by[(4.3)
B, = VXA, (4.3)

Here, A, is the magnetic vector potential foth region (the regions are shown in Fig._14.3). The

magnetic field intensity is calculated by

H, = By /uruo (4'4)

Here,u, is relative permeability of region andyg is relative permeability of air medium.

From the [(4.B), it can be seen that the calculation of the mitégfield requires magnetic vector

TH-2341_ 126102029

71



4. A Subdomain Analytical Model of Coil System with MagneticShields of Finite Dimensions and Finite
Permeability for WPT systems

potential. The next subsection presents the expressiorectdr potentials for each region discussed
in sectiorf 4.2.11.
4.2.3 Magnetic Vector Potentials

For thexz the plane has been considered for modelling, and the dwulsssity vector has only
a component in thg-direction. Therefore, the magnetic vector potential hag one component in
they-direction. This subsection gives the magnetic vectormicits of each region. Sub-sub section
[4.2.3.1 presents the solution of vector potential for thié axad shield region. The solution of the
magnetic vector potential for the regions existing betwienprimary coil to shield 1 and shield 2
is given in sub-sub sectidn 4.2.8.1. Finally, sub-sub ea@fi.Z.3.3 and sub-sub section 4.2.3.4 give
the solution of magnetic vector potential for the regionsakthave a boundary with zero potential

regions.

4.2.3.1 Regionsly, IVy, Vg4, and Vi,

Regionll, and VI, represent shield 1 and shield 2, respectively, whereasoReétj and VI,
define the primary coil. The forward conductor is represgg RegionlVy,, whereas RegiohV
represents the return conductor. The expression of magresttor potential for coil region{, and
IVy) is obtained by solvind (411), and given ty (4.5). The exgi@sof magnetic vector potential for
shield regions (J and V), is obtained by solvind (4.2) and given lyy (B.66).

A= (K +A+A)g (4.5)

Ar= (A +A)E (4.6)

whereAJ, A}, andAj are given as

N
A;,( = (Zfr - Z)Cor +(z- Zinr)d0, + Z COS((x, (X - Xinr)) )

n=1

c sinhk (z;, — 2)) T sinhky (2 - zpn,))
" sinhf 75) " sinhky 75)
p - i (_er coshi, (x = 1)) | f; coshk, (X %n))
= k;, sinh(k, 7y) K, sinh{; 7x)
A = ~05u0dyy’ (4.8)
TH-2341_126102029
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4.2 2-D Subdomain Model for the Coil System

Here, for a regiom, n, andl, are the spatial harmonic orders in tk@andz-directions, respectively,
andcg, do, Cr, dr, &, andf, are unknown coefficientk, andk, are the spatial frequencies in the
andz-directions with the periods af, = (x;, - Xn,) andr, = (z;, - zy,), respectively, and are given by

@4.9).
Ky =nt/tx, K, = lit/75. (4.9)

4.2.3.2 Regiongll andV

Regiond |l andV both represent air medium. Regitih exists between shield 1 and the primary
coil, whereas regioW is the region between the primary coil and shield 2. The twgesdf these
regions have zero potential &x; and X=X, respectively. The magnetic vector potential for the

regionlll and regiorV is given as

A [-eccomule—2o) g cosh =20
n=1

Ky SinhKy 77) " ky, SinhK 75) )-Sin(kx,(x—xmr))ey (4.10)

4.2.3.3 Regiongl,, ll¢, 1V, 1V, Ve, Vi, and Vi

The magnetic vector potential for these regions is desdiilye(4.11)
A= (A +A)E (4.12)

where the expression & andA; is given by [4.12) and (4.13), respectively.

W sinhke(z, —2)  sinhl (- Zn))| .

= n;(c sinhets) d sinﬁ«xrfzr) ) +SiN(Ky (X = Xin,)) (4.12)
s N\ o SNl (1 =) ¢ sinhi (X= %))

D R e e (4.1

=1
The magnetic vector potential for regioHs, IVa, andVla is obtained by putting = 0 in (4.13),

whereas for regiondc, 1Ve, andV Ic, the magnetic vector potentials are obtained by assighiag)

in (4.13).
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4.2.3.4 Regionsd and VIl

Regionl andVII represents air medium below the shield 1 and above the shie&bpectively.
The magnetic vector potential at the three sides of theserregs equal to zero, which leaves the
interface condition to be applicable at only one side forrdggon. The expression of magnetic vector

potential for regions andV 11 are obtained by applying = 0 andd, = O, respectively, in[(4.14).

- sin(ky, (X — Xin,)) & (4.14)

. i (_ C sinhi (2, = 2)  dr sinh (2 2n,))
r n=1 ky. coshi 77) Ky COShk, 72)

The expression magnetic vector potential for each regipnasented in Appendix C.

For the calculation of magnetic field density usiag (4.3g tmknown coefficients of magnetic
vector potentials should be known for each region. Thes@awmhk coefficients are determined us-
ing the boundary condition, which is applied between eagfore and it is explained in the next

subsection.

4.2.4 Boundary Conditions

The boundary conditions are applied betweenxla@dz edge of each region. Here, the divided
regions are shown in Figl_4.3, are classified as big and smgibms based on the width of the
region along thex-direction. The example is shown in Fig. 4.5 explains thdiappon of boundary
conditions. The big region is denoted by regipnwherep can be the regioh, 111, V, or VII, as
shown in Fig[4.B. The small region is denoteddjywhereq can be the regioil, IV, VI, or j can
beato e (decided by Fig[_413). For example,qfis regionll, thenj is ato c, and ifqis regionlV,
thenjisato e. The interaction of a big region with small regions occur aas shown in Figs. 4.5(a)
and 4.5(0). Herez can bez, to z;. The interface of subregions occursxgtas shown in Figs. 4.5(c)
and[4.5(d). Here, the interface betweeandb is shown. Although, it can be betwebrandc or c
andd or d ande depending on the value af. The value ofx’ can bex, to xs.

The boundary conditions are defined by the continuity of éamtigl magnetic field intensity and
magnetic vector potentials atandz edge of each subregion. The tangential magnetic field gtieng
Hyxp must be equal to tangential magnetic field strertdgky of each subregion for respective width

subregion atZ, as shown in Fig[ 4.5(a). The magnetic vector potential echeagionqg; must be
TH-2341_126102029
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equal to the magnetic vector potential of the regicat z, as shown in Fid. 4.5(b). Similarly, in Figs.

[4.5(c) and 4.5(d), the continuity of tangential magnetitdfig&rength and magnetic vector potential

should be ak’. The boundary conditions can be written as

(c) (d)

Figure 4.5: lllustration of the interface conditions by continuity[@fj(magnetic field intensity afd (b) magnetic
vector potential az=z', and continuity of (d) magnetic field intensity and](d) maimeector potential ak=x'.

Hyp(XZ) = Ej]HXq,- (X, Z) WhereXin,; < X < Xing, + Tx (4.15)
Agi(%.Z) = Ap(X,Z) wherexn, < X< Xing + Txg; (4.16)
Hzp(X,2) = Hzqa(X,2) Wherezn, < z< zp, + 74, (4.17)
Aga(X,2)  =Agp(X,2) wherez,, < Z< Zng, + Tz (4.18)

The boundary condition at the edge of each region is giverppeidix C. The boundary conditions,
given in (4.15){(4.1B), are applied between the regionsngaunequal width. This unequal width
implies that regions have different fundamental spatiefjfiencies. Equations (4]15)-(4.18) show
that two waveforms of different fundamental spatial freagies should be equal for a specific interval,
and it is implemented by expressing a Fourier series of aegi®n waveform into a specific interval

(width of another region). Therefore, equations (#.15]8% can be implemented by (4119)-(4.22),
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respectively.
Xingj *Txgj

> f Hygj (% Z) Sin(Ky, (X — Xin,))dX (4.19)
Xinqj
1 Ngj Snai*Txa]
ucgj:T—Z f A (X, Z) Sin(Kyg, (X = Xing,))dX (4.20)
alngi=1
"

ZingytTzab
1B

uc, = = Z f Haga (X, 2) SiN(Ky,,(Z — Zingy))dZ (4.21)
zq lgo=1 P
Ngb

ZingatT
Lga gatTzzqa

wGm =3, [ AnX.Dsinl (20,2 (4.22)
zqalqazl e

whereuc is an unknown coefficient of region and depending od, it can bec, or d;, whereas
depending o', it can bee; or f;. By using (4.19){(4.22), the developed simultaneous liegaations

are solved by rewriting these equations into matrix formass 96].
[UC] = [BC] T[S V] (4.23)

Here, the matrix BC] and [UC] contain elements of known and unknown coefficients, rebgsly.
The matrix B V] contains the elements representing the source withindbate®ns. The expanded
form of [UC] is given by [4.41).

UC = [UCI] [UCIIa] [UCIIb] [UCIIC] [UCIII] [UCIVa] [UCIVb] [UCIVC] [UCIVd] [UCIVe]
T

[UCy] [UCvia] [UCyi] [UCyi] [UCvi]
(4.24)

Each element of [UC] is sub-matrix, the element of this sulbmaepresents unknown coefficients
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of magnetic vector potentials described in subsectioB4diven by [4.25)E(4.39).

[uc] = [[df]Nm] (4.25)
[UCial = | [cfadhma [Bialna I,a]L”axl] (4.26)
U] = | [0l [Sulua (9l (Sl Enlupa (o | 427
U] = | (Sl [l (€] | (4.28)
UG = | STy [l | (4.29)
UCkal = | e [idua (el | (430
el = [ 100 (S [0 [l i [l [43D
UCwd = | (S [ i [fdion | (432)
UCwa] = | [0glus (e 900l [Giedpa i [l (+39)
UGV = | (S [ i | (439
UG = | [y [Kya (4.35)
el = | [ iadowa Foradime | (4.36)
Ul = | (0 [ [0l Erdones [Endines [l (437
[UCuid = :[cé,c]mel RN [e@lc]%xl] (4.38)
[UCu] = [[o]yy (4.39)

The matrix [BC] with its element is expressed as
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:_Iiﬁ.

[BC] =

12341 126102029

[ (1]

KIlla
KII Ib
KIIIc
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]

| [O]

[ Kll la ]
[1]
[Kiig ]
[0]
[Kif?]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]

’Knb

’Klllb"
'Kub‘

lla |
[

llc |

-Kllb

0]

[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]

K]
[0]
|Kis ]
[1]
K¢
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]

(e 1]
_KIVa_
[ "™MVb,
| "1Vc|

| Mvd
KiVe

0]
Kiia
Kiib
KIII

llc |

[1]

KIII
KIII
KIII

[0]
[0]
[0]
[0]
[0]

|
]
]

[0] [0 [0]
[0] [0] [0]
[0] [0] [0]
[0] [0] [0]
[Khre] [Kiee] e
[11 |Kva] [O]
[Khe] [ KNE
01 |k [
[0] [0 [KVS
[o] [0] [0]
k02| [ede] [kl
[0 [0] [0]
[0] [0 [0]
[0 [0] [0]
[0] [0 [0]

|
|

[0]
[0]
[0]
[0]

K

[0]
[0]
K vVd

IVc

[1]
KIVd

Ve
1vd
KV

[0]
[0]
[0]
[0]

]
]

[0]
[0]
[0]
[0]
[Kive]
[0]
[0]
[0]
[kive
[1]
KV
[0]
[0]
[0]
[0]

[0]
[0]
[0]
[0]
] [°] -
Kiva)
Kivs
Kive)
Kiva
[Kive|
i [!] .
_K\\//Ia_

v
_KVIb_

\
KVlC_

[0]

[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
KV
[1]
[KVa]
[0]
K]

'Kvm"

[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]

,K\\;Ib,
'Kvm‘

IVa |
[1]

IVc

Vib]
»Kvn_

[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
KV
[0]
[KVie]
[1]
K|

[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
[0]
KV 1
KV 1
KVI |

[1]

Via
Vib

Vic

(4.40)
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The matrix [SV] is given in[(4.41).

[SM =] [SM] [SVial [SVib] [SVic] [SMul [SMval [SVMvel [SVivel [SVival [SVivel
T

[SW] [SWial [SWinl [SMic] [SMul

(4.41)
Each element of vector [SV] is given in (S20=(4.55).

[SM] = [[O]nyal (4.42)
SVl = | Olypes Ol Oltye | (4.43)
SVl = | (00 s O Ol Ol O (4.44)
[SViel = | Olya Oy Ol | (4.45)
SVl = | (Ol [Vl | (4.46)
SVl = | Oy Ol (S Vvl | (4.47)
SVl = | [SVybeoloa Olnpa [SMvboola Ol Ol Oleyoa | 448)
SV = | Ol O [SVovdiyod [SVivel o (4.49)
[SWel = | [ESwactlia Owea SWvaolsa Oy Oty Oliypa | 450
SVl = | Ol Ol [SWaltya | (451)
[SWill = | Olwwa Olugws Oliypa | (4.5
SVl = | 00 Olnpa e Owa Olupa Olip | (4.53)
S = | Ol O Ol | (4.54)
[SMm] =[Ol (4.55)

The element of matrix [BC] and [SV] is given in appendix C. Tdlements of matrix [BC] and [SV]
can be obtained from the simultaneous equations developed (#.19){4.2R). The dimension of

matrix [BC] iSs DmaxxDmax @nd the dimension of matrix [IC] and [SV] Byaxx1. The value oDy
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is given by

Dmax=N1+2-Nja+Lia+2- (Nyp+Lip +1) +2- Nye + Lic +2- Ny + 2+ Njva + Liva
+2-(Nwo + Livo + 1) +2- (Nive + Live) +2- (Nvg + Liva +1) +2- Nje + Live +2- Ny (4.56)
+2 - Nyja + Lvia + 2+ (Nyip + Lvip + 1)

+2 - Nyic + Lvic + Nyz.

The accuracy and computational time of the subdomain maglgmd on the maximum number of
harmonics taken into account in the solution. The maximumlmer of harmonics depends on the
available memory of the computer [96]. After a certain numbkharmonics, the linear system
becomes ill-conditioned and gives inaccurate results. [TBE less number of harmonics gives inac-
curate field solutions at discontinuous points in the geomespecially at the edge of the magnetic
shields. This is due to the dominance of the Gibbs phenomatibre interface of regions. However,
having different sizes of regions, the magnetic potensalses can be truncated at different points.
Here, the different number of harmonics (given in Tablé #ot different regions has been selected
to obtain a correctly converged solution. A detailed discus on the number of the harmonic taken
into account is given in [96]. The finite number of harmormigsNy, (x-edge) and.5-Lva (z-edge),
given in Tabld 4.11, have been used for calculating the aicalytesults. With the obtained value of
unknown coefficients, the magnetic field density can be tatled using[(4.13). Further, the analytical
results of the magnetic field are compared with 2-D FEA redulthe next subsection.
4.2.5 2-D Subdomain Model Verification

For a fair comparison, the magnetic field densities obtafred subdomain model and 2-D FEA
are plotted on Path 1, as shown in Fig. ]4.6. Path 1 is locatedelee the coils at,, which is
the distance from the bottom of the primary coil to Path 1 ,&nsl 15 mm. The distance between
the Shield 1 and the top of the primary coil (represented fais &iig. [4.1(a)) is 5.09 mm due to the
presence of base material (acrylic) and adhesive. The sameifor the secondary coil arrangement.
The Shield 2 is at%) 20.09 mm.

Fig.[4.7 depicts the magnetic field distribution for the petfalignment of the coils. In this case,

the magnetic field distribution is symmetric to the centréhef coil. Fig.[4.8 illustrates the magnetic
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iy
l‘ ;,? % )
o=

(b)

Figure 4.6: 2-D flux distribution of the practical coil system ie-plane[(a) without shift and (p) with 40mm
horizontal shift of the secondary coil arrangement.

field distribution for 40 mm horizontal displacement of tlezandary coil arrangement. Here, the
asymmetrical pattern in the distributionBf andB, is observed because the flux distribution between
the coils becomes unsymmetrical, as shown in[Fig. 4.6(bs d$ymmetry in flux distribution is due
to an increase in flux concentration in the direction of thevemoent of Shield 2. Similarly, the
magnetic field distribution inside the Shield 1 and Shielad2derfect alignment and misalignment
cases is shown in Figs. 4.9-4110. From Figs.[4.734.10, itbeaseen that the results from the 2-D
subdomain model, for the aligned as well as the misaligneds;ashow an excellent agreement with

2-D FEA results.  Fig["4.11 shows the comparisoBjrobtained from the 2-D subdomain model
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Figure 4.7: Distribution of{(a)By and (b)B; along Path 1.
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Figure 4.8: Distribution of[(a) Bx and[(b) B, along Path 1 with 40mm horizontal shift of the secondary colil
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Figure 4.9: By distribution, along the-direction, on the center §f (a) Shield 1 dnd (b) Shield 2.
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8.0]x107% ——3-DFEA g.0{x107# ——3-DFEA
........ 2-D Ana veeeee:2.D Ana
404 Iytical 4.0 Iytical
E 0.0 e R — E 00 :
S i )\ N ;
M “ : .: :' : - M r
-4.0- Wi 4.0 ! ,
8.0 :y: coil length in -1: 8.0 E coil length in :’
' i x-direction i ’ i x-direction E
0303 0403 0503 0603 0703 0.803 0303 0403 0503 0.603 0.703 0.803
x (m) x (m)

(a) (b)

Figure 4.11: Magnetic field density distribution d, on Path 1, obtained from 2-D subdomain model and 3-D
FEA[(a) without shift angl () with 40 mm shift of the secondagyl arrangement.

and 3-D FEA model (shown in Fig. 4.12) on Path 1 and Path 2eaisely, where Path 2 is the line
along thex-axis atz,, = 15 mm andy = 0, as shown in Fig._4.12. From Fig. 4111, a clear difference
in B, obtained from the 2-D subdomain model and 3-D FEA model casele®. This difference is
due to the contribution of four-bars (having current in brtlandy-directions) in the magnetic field
obtained from the 3-D FEA model, as shown in Fig. 4.12, wheiea 2-D subdomain model, it
is of two rectangular bars (current is only in onye) (direction). Similarly, a 2-D subdomain model
for yzplane can be developed. Two 2-D subdomain models are sypasied to include the effect of
four rectangular bars, and it is discussed in the next sectio

4.3 Superposition of Two 2-D Subdomain Models

The superposition of two 2-D subdomain models is performedlis section to get the 3-D analyt-
ical results. Here, 2-D subdomain models for #zeplane (invariant in the-direction) andyzplane

(invariant in thex-direction) are added according fo (4.57).

B? = Br(X, Z)lfor xzplane + Br (y, Z)lfor xzplane (4-57)

By using [4.57) B, on Path 2 is calculated and compared again with the 3-D FE#ltres shown

in Fig.[4.13. From Figl_4.13, it is observed that the supeadsegl result still does not follow the 3-D
FEA result. This mismatch is because of the 2-D subdomaineinmzhsiders infinite length in the
third direction [79]. Therefore, a correction factor is assary to take into account the finite length

in the third direction for a 2-D subdomain model [97), 98].
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Figure 4.12: 3-D FEA model of coil system.
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Figure 4.13: Distribution of B, on Path 3 using (25) and 3-D FEA.
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Figure 4.14: Top view of coil.
The 2D subdomain model has been developed for two conduatatswo magnetic shields.
Therefore, the correction has been derived in two-part. n@, @ derived for two parallel conduc-
tors, which is based on Biot-Savart law [63] and the othepisaf magnetic shield with the help of

curve fitting. The magnetic field density at an arbitrary pé&i(x,y,z) due to two parallel conductors
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surrounded by air shown in Fig._4]14, is given by (4.58)

., (4.58)

(X Y.2) = o -
ST e\ Vg2 ed  Verto?

and the magnetic field density due to two parallel conductanfmite length in they-direction is

lp 94 O3 )+ Mol p ( Oa B O3
@\ Vo2 +92 ol + s

given as-
Holp 4 Mol p
Ar-01 4n- O

fo(x,y,2) = (4.59)

wheregy = V(X - X)? + (2= 1) G2 = V(X— X2)* + (2= 1)% 05 = (Yo - ¥), andgs = (Y2 - Y)
with X1 = 0.5(X2 + X3), X2 = 0.5(X4 +Xg5), Yeu = 0.5(y2+Y3), andya = 05(y2+Y3), Yo =
0.5(y4 + ¥s). The ratio of ratio of[(4.58)/(4.59), given as

f3(X, Y, Z) = fl(X’ Y, Z)/ fZ(X’ Y, Z)’ (460)

provide a factor which can be used to make 2D analytical medent in third direction having
two conductor surrounded by air. Here, the magnetic shi&ldot included in the factor, and an
additional factor is required. This factor is determinecchyve fitting, and the points for curve fitting
are calculated at different valuesgfusing [4.61). The obtained curves with its expression avesh

in Fig.[4.1%. The factoG,,, is valid only for the rectangular and square shape of the coi

B3-D FEA B3-D FEA =1
[OR= = (461

Bz,—rms (:ur) Bz_rms (/Jr = 1)

The correction factor for coil system shown in Fig. 4.14 igegi as-
fiX Y, 2) = 0.5G,, f3(X, Y, 2) (4.62)

Figs. [4.16(8) and (b) show the plot 6f (4.62) along ¥rendy-directions, respectively. Since
fx(X, Y, 2) varies with they-direction, as shown in Fig 4.16(b), its multiplication tvi&d 2-D subdo-
main model kzplane) facilitates to calculate the magnetic field in tiirg direction. Similarly, the
multiplication of f,(x, y, ) in subdomain model foyz plane enables to calculate the magnetic field

in the third (-) direction. Thus, to obtain the tangible results for th& sgstem shown in Fig. 1(a),
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Figure 4.16: Results offy,(x, y, Z) along[(a) Path 2 arid (b) Path 3.
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Figure 4.17: Prediction ofB, distribution (on Path 2) for the considered coil system gi§h63) and 3-D FEA.

the magnetic field in regioncan be expressed as

B?f(X, Y, Z) = (Br(X, Z)|f0r xz—plane) . fxz(X, Y, Z)+ (463)

(Br (Ys Dltor yzplane) - TyAX Y, 2)

wheref,X, Yy, 2) is the correction factor for thgzplane subdomain model. Now, the question arises;
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Figure 4.18: Prediction ofB, distribution (on Path 2) for the coil system whose dimendiihalf of the
considered coil system using (4163) and 3-D FEA.
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Figure 4.19: Prediction ofB; distribution (on Path 2) for the coil system whose dimenssomvo times of the
considered coil system using (4163) and 3-D FEA.
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Figure 4.20: Prediction ofB, distribution (on Path 2) for the square coil system whosgtleis x5-x2 using
(4.63) and 3-D FEA.

is the obtained expression_(4162) applicable for diffeimensions of the coils? In this context,
expression(4.63) is used to confirm the same. Figs][4.10'sh@ws the distributions &, (on Path

TH-2341_21)28%%129§ from[(4.63) and 3-D FEA for different dimensiafishe coils. Here, the magnetic field
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2-D subdomain model for xz-plane 2-D subdomain model for yz-plane
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Multiply correction factor f;. (x,y,z) Multiply correction factor £, (x,y,z)

A

L 3-D subdomain model
Superposition of 2-D subdomain

models with correction factor

Figure 4.21: Development of 3-D subdomain model form 2-D subdomain nzdel

distributions obtained froni_(4.63) are matching well witie t3-D FEA results, which confirm the

applicability of the correction factof (4.62) for the coyistem shown in Fig[ 4.1(a) of different di-

mensions. Therefore, expressibn (4.63) can be used fereliff dimensions of rectangular (including
square) coil systems.

The mutual inductance from the proposed subdomain modelésiated by

- (X5—t-w) (X5—t-w)
A 1 &

M= = = I_Z f BC' (%, y, 2)dxdy. (4.64)
P Pt=1 Xo+1-W) (Xo+t-W)

whereaA is the flux linkage to the secondary caoil, aBﬁ(x, Y, ) is the magnetic field in regiov with
the correction factor. The steps involved in developing3He subdomain model are summarized
in Fig[5.4. The magnetic field distributions obtained franb@) and 3-D FEA are compared with
measurements in the next section.

4.4  \ferification of Analytical Model

This section verifies the analytical model by comparing il results with measurements and
FEA simulation results. Sectidn 4.4.1 presents a desoriif the developed experimental setup.
Sectiori4.4.1 compares magnetic field density and mutuatiatce obtained from analytical, mea-
surements, and 3D FEA simulation.

4.4.1 Experimental Setup

The proposed subdomain model is validated with experinheegalts. For this, an experimental
setup shown in Fid. 4.22 is built in the laboratory. Here, tectangular coils are made of American
wire gauge (AWG)#32 copper wire. 3M high permeability magnshielding sheet 1380 is used as
a Shield 1 and Shield 2, which are glued on the other side ob#ise (acrylic sheet) of the coils.

The specifications of coils and magnetic shields are meatiom Table I. Further, a pick-up coil of
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a 2 mm radius and 200 turns is used to measure the magneticdéekity in the air gap, which is
made of AWG#40 copper wire. An H-bridge inverter is used tppdya 100-kHz current of 3.5 A
to the primary coil. Cyclone-Il FPGA board is used to geretae pulses to drive the MOSFETSs
(IRFP450) of H-bridge inverter. The mutual inductance lestwthe coils is measured with Hewlett

Packard 4263B LCR meter.

. , T | e iy
Oscilloscope [=======9 . — . H-bridge inverter
L : Secondary coil === \" " driver circuit

arrangement

__ (open circuited) FPGA bOard '

LCR meter ? Ple up colls

Figure 4.22:[(a) Experimental setup. (b) Pick-up cgil.|(c) Magnetic &hie

4.4.2 Results Description

This section compares the results of the magnetic field artdahinductance for different mis-

alignments between the coils obtained fram (#.63) and 4 1@%pectively, with the 3-D FEA and
experimental results. The comparison of the magnetic feeloerformed on Path 2 and Path 3, as
shown in Fig.[4.12, where Path 3 is the line along ykexis atz,, andx = 0. For the measurement
easezs = 34.98 mm andz, = 1389 mm. For the perfect aligned coils, the magnetic field dhigtr
tions are given in Fid. 4.23. The waveformsByfandB, in Fig.[4.23 are in good agreement with 3-D
FEA and measurement results, which confirm the accurady.6g)4

The variation in mutual inductance for different misaligemts between coils is shown in Fig.
4.24. Figs.[ 4.24(a) and (b) show the mutual inductance Namidor the horizontal misalignment
in the x- andy-directions, respectively, & = 20.09 mm. For the horizontal misalignment in the
x-direction, the secondary coil arrangement is moved at@atd0 mm in the positivec-direction,

TH-2341_VX98{8§82|5' the-direction, secondary coil arrangement is moved in thetpesy-direction with the
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Figure 4.23: Distributions of B and B, shown in (@) and (b), respectively, along Path 2. Distrimnsiof By
andB; shown ir{ (c) andl (d), respectively, along Path 3. The cogsperfectly aligned aty, = 13.89 mm.

same step. From Figs. 4.24(a) and (b), it is observed thatigsignment increases, the value of
mutual inductance decreases because of decrement in tHmKage in the secondary coil.

Fig. shows the variation in mutual inductance fatieal misalignment. Here, the sec-
ondary arrangement is moved towards a posithrection with a step of 10 mm from an initial
position ofzs = 24.09 mm. From Fig[ 4.24{c), it can be seen that as the d&pafzetween the
primary and secondary coil arrangements increases, the edimutual inductance decreases due to
decrement in the magnitude of the magnetic field density. CHheulated mutual inductance in Fig.
4.24 is in a good agreement with 3-D FEA and measurementtsesiiich confirm the accuracy of

the proposed 3-D subdomain model.
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Figure 4.24: Mutual inductance variation in the [adirection [(b)y-direction, and (¢y-direction.

4.5 Summary

This chapter presents an analytical model based on the subddechnique to calculate the mag-
netic field distribution and mutual inductance between tiksén the WPT system having magnetic
shields of finite dimension and finite permeability. The metgnvector potential formulation in the
cartesian coordinate system has been used in subdomairlimgpd&or the subdomain modelling,
the continuity of magnetic vector potential and magnetildfietensity is applied in two directions
(i.e., x- andy-edges). The comparison in magnetic field distribution ioletéh from the subdomain

model and 2-D FEA has been made. The magnetic field distoibsitbbtained from the 2-D subdo-
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main model coincide with the magnetic field obtained from ZPA, which confirms the accuracy
of the 2-D subdomain model. A 3-D subdomain model has beenulated by the superposition of
two 2-D subdomain models to obtain the result close to measent results. For limiting the 2-D
subdomain model in the third direction, a correction fattas been introduced. The proposed sub-
domain model is validated by the computation of magnetic fagnsity distribution in the air gap
and compared with FEA and experiment. It shows a good agneermi@e mutual inductance from
the 3-D subdomain model has been compared with FEA resultsraasurement. The proposed
subdomain model facilitates to change the parameterstflengdth, and permeability) of magnetic
shields. The results from the proposed subdomain modetasptably accurate for initial designing
and optimization of the WPT system having magnetic shigldifinite dimension and permeability.
The change in mutual inductance affects the power transfiealulity and the efficiency of the

entire WPT system. The impact of misalignments on thesenpeteas for the series-parallel (SP)

compensated WPT system is discussed in the next chapter.
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5. Mathematical Model for Analysis of Series Parallel Compasated Wireless Power Transfer System
for Different Misalignments

5.1 Introduction

The previous chapters discussed the analytical modelddolate mutual inductance for different
coil system without and with shielding. These chapters disoussed the variation in mutual induc-
tance for different misalignments. The change in the mundictance impacts the power transfer
capability, and the efficiency of the entire system [47, 48] in this chapter, the focus is on devel-
oping a comprehensive analytical model for WPT system farging of EV batteries.

Generally, constant current (CC) and constant voltage (@dges are used to charge the battery.
Series-series (SS) and series-parallel (SP) topologig@shvare capable of operating in CC and CV
modes [[99, 100], are mostly used. In case of misalignmentd®at the coils, the current in the
primary coil, for SS topology, can increase to a very highueggll0l1]. However, in the case of SP
topology, the current does not increase to a very high vdl0g][ Hence, in this chapter, SP topology
is chosen for charging of EV batteries and a detailed amaltnodel for it is developed.

The impact of change in the mutual inductance on system geaishas been presented.in [102—
104]. In these works, the circular coil geometry, with mulki transmitters and receivers, is used.
In [105], the authors have presented a model to evaluatedtiermmance of WPT systems for linear
actuators. However, the limitation of this work is that itvslid for only horizontal misalignment.
Thus, it is evident from the previous research that a detaiiathematical model that considers the
effect of different misalignments on the electrical partarefor SP compensated WPT system has
not been reported.

In this chapter, an analytical model to predict the varmaiio the electrical parameter of the SP
compensated WPT system during misalignments has beempedsd-or determining the variation
in the electrical parameter of the SP compensated WPT sygitenmutual inductance for different
misalignments has been used as direct input for the stdatly+model. The variation in electrical
parameters has been considered for the two coil systemsyitmaut shield (discussed in chapter 2)
and the other with shield (discussed in chapter 4). This m#keproposed model a suitable tool for

use in the initial design process of the SP compensated W§t&émay

TH-2341_ 126102029

94



5.2 System Description and Mathematical Model

5.2 System Description and Mathematical Model

Two coils with air gaps are the primary subsystem of the wgglpower transfer system, which
can be model by the electrical equivalent circuit. Thisisectlescribes the component of SP com-
pensated WPT system and its steady-state modelling. Tti®séas organized as follows: Section
describes the series-parallel compensated WPTnsy3tee mathematical model based on the

equivalent circuit is given in sectién 5.2.2.

5.2.1 System Description

The block diagram of the SP compensated WPT system is showigin5.1. It consists of
high-frequency (HF) H-Bridge inverter, HF rectifier, pringaand secondary coils, and compensation
capacitors. One compensation capacitor is connectedigssgith the primary coil, and the other is
connected in parallel to the secondary coil, which is dethat&C, andCs, respectively. The values
of C, andC; are determined at the resonance frequenaypofdiscussed in subsection 5.2.2) for a
case when the coils are perfectly aligned and have a sepaut20.15 mm. These valuesd, Cp,
andC,) are kept constant for all the misalignments analysis.

The H-bridge inverter used in the system (Hig.] 5.1) conwdesinput DC voltage to HF square
wave voltage. The square wave voltage has harmonics, apddpesed model takes these harmonics

into account.

5.2.2 Steady-State Model

The steady-state model of the SP compensated WPT systemd®pled using the equivalent
circuit model, as shown in Fid._3.2. Tl&, andC; are calculated by (5.1) anf_(b.2), respectively
[46,47104].

Cpz—— (5.1)
T (- )
1
C.= 5.2
S wils (5.2)
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Figure 5.1:[(a) Block diagram of the SP compensated WPT system for theysten] (b) without a magnetic

shield, and (¢) with magnetic shields.
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Figure 5.2: Equivalent circuit model of the SP compensated WPT system.

i,(1) Zp

v (009 Z,

Figure 5.3: Impedance of the SP compensated WPT system seen by the.source

where the self-inductance of the primary and secondarg eoé represented &g andL, respec-
tively and the mutual inductance between the coildvasFrom [5.1), it can be seen that the value
of C, is dependent oM. Due to the misalignment between the coils, the valudathanges and

the primary side is no more in resonance (it gets mistunek. imipact of mistuning on the electri-
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cal parameters of the SP compensated WPT system is investigsing the proposed mathematical
model.
The impedance of primary sidg, as seen from the input source, and the impedance of segondar

sideZs (as seen from the induced voltage source), as shown if FAgfds h™" harmonic, are given in

(5.3) and[(5.14), respectively.

! 1
p
. R,
Zs=Rs+ jths + (m) (54)

The secondary side impedance referred to the primary Sidgyen by

(hwM(Xx, Y, 2))?

r = - .
Rs + jhowls + (—1+ jhiLCSRL)

(5.5)

The total impedancg; of the SP compensated WPT system (FFig] 5.3), as seen by thees@.
given by

5.2.2.1 Modelling of the Primary Side

The Fourier series expression of the instantaneous oughiaigev, (t) for the H-bridge inverter

is given by [5.7)

4V -
Vp (t) = ﬂdc Z

h=1,35..
The instantaneous primary currépft), using (5.6) and(517) is given as

Sl

sinhwt (5.7)

i (t) = i | pmsin(ht — @) (5.8)

h=1,35..
wherel i the maximum value df, (t) and; is the impedance angle &f for theh™ harmonic, and

are expressed bl (5.9) and (5.10), respectively.

lom = (5.9)
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¢ = tan'(Z) (5.10)

The instantaneous voltage across the primary capagjj¢t) is obtained by

Ve, (t) = Z [Xc,| Tpmsin(hwt — ¢ + ) (5.11)
h=1,3,5..
where
K= (5.12)
P jwhC, '
¢c, = tam*(Xe,). (5.13)

and the instantaneous voltage across the primarygcgit) is obtained by

o (Ve .
v, = > (ﬂ;:csmhwt—|ch||lpm|SIn(hwt+gn|_p)) (5.14)

h=1,3,5..
where
YL, = PC, — Pt- (5.15)
The instantaneous input power of the compensated primérpg() and the active powd?, are

calculated usind (5.16) and (5117), respectively.

Pp (1) = vp () ip (1) (5.16)
1 T

Pp = ?fpp (t)dt (5.17)
0

5.2.2.2 Modelling of the Secondary Side

For the secondary side modelling, the induced voltage orsélsendary coil is considered as a

voltage source. The instantaneous induced voliggé) is expressed as
Vind (1) = JhwM (XY, 2)ip (1) . (5.18)

The instantaneous secondary curriglt) is calculated by((5]4) an@ (5.]18) and is expressed as

(o)

NOEEY Ismsin(hwt - %) (5.19)

h=1,3,5.. 2
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wherel g, is the maximum value df, (t) andys is the impedance angle @£ for " harmonic and are
expressed by (5.20) and (5121), respectively:

_ hoM (XY, 2) Ipm

lsm= 2
s 7 (5.20)
s = tan ™ (Zs) (5.21)
The instantaneous current flowing through secondary ceyagi (t) is given by
. - . v/
ic,®= ) [Zalllond sm(hwt t 5Tt sodl) (5.22)
h=1,3,5..
where
R
Zg1 = (—Ll] (5.23)
R|_ ar TohCs
oa1=tan *(Zq). (5.24)
and the instantaneous current flowing through the Igadt) is given by
. - . /s
oad®= D |Zas| s sm(hwt + gt tpdz) (5.25)
h=1,3,5..
where
1
Zg, = &) (5.26)
2 [RL + o
¢q,= tan *(Zg,). (5.27)
The instantaneous voltage across the hgd (t) is given by
- ) T
Vioad (t) = Z R |Zd2| [ sml Sln(ha)t + E — ¢t — s+ ‘sz)- (5.28)

h=1,35..

The instantaneous power of the lopglkq (t) and the active powd?,.q at the secondary side are

obtained by[(5.29) and (5.80), respectively.

Pioad (t) = Vioad (t) iIoad (t) (5-29)
T
Poas = 7 f Proaa (1) dt (5.30)
0
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Furthermore, the efficiency of the compensated ogil$s given by

P
Mo = —29. (5.31)
Pp

The rms value ok (t) is calculated usind (5.82) andt) can bevp(t), vc, (1), Vi, (t), Viead(t), ip(t),

i5(t), ic,(t), andijgag(t). ] o
x:[%fo x2(t)dt] . (5.32)

where the calculated rms valoeof x(t) is represented agép, Vc,, Vi,, Vioad: Ip, Is, lc,, andligad,
respectively. The procedure for initial designing of SP pemsated system is given in flowcHart|5.4

Table 5.1: Experimental parameters of the SP compensated WPT system

Parameter Term Value

Np Number of turn in primary coil 11

Ns Number of turn in secondary coil 11

Lp Self-inductance of primary coil 29.97uH
Ls Self-inductance of secondary coil 30.59uH
Rp Primary coil AC resistance at 200kHz 0.138Q

Rs Secondary coil AC resistance at 200kHz 0.141Q
Cp Primary side compensation capacitoit= 15.38 uH 30.65 nF
Cs Secondary side compensation capacitor 21.70 nF
Cp Primary side compensation capacitor for coil system haxiagnetic shield aM = 35uH 31.33 nF
Cs Secondary side compensation capacitor for coil systermpawiagnetic shield 13.87 nF
fo Resonance frequency 197.50 kHz
Ve Input dc voltage 60V

R. Load resistance 88.10Q

5.3 Experimental Setup Description

To validate the efficacy of the proposed mathematical maatelexperimental implementation
of the SP compensated WPT system with different misalignsnesnconducted on a scaled-down
prototype of 300 W, as shown in Fi§. 5.5(a). The specificatedated to HF H-bridge inverter and
coil design has been given in chapter 2. The secondary sideskifier is built with Hyperfast
diodes RHRP30120. A wooden frame is used to create diffenésdlignments in real-time. With
this frame, the secondary coil can be adjusted in the pesitiandz-directions up to 14 cm and 12
cm, respectively. The distance in tlkalirection is measured from the bottom of the primary coil
to the mid of secondary coil. A digital vernier calliper isegsto measure the distancesxnand
z-directions. Other specifications related to design patarsare given in Table 5.1.
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Select the input parameter
e Select the design parameter of SP compensated WPT system

Initialization: Set the misalignment parameters
(0, A x, Az, and a) to zero

Electromagnetic Model

Calculation of mutual according to misalignment parameter for
related misalignments from chapter 2 and chapter 4

v

Increase the Steady state Model
value of
misalignments Calculation of the RMS value of electrical parameter
parameter

If
Misalignment parameters < desired
value (maximum value

Yes

No

v

Component rating selection
Max {RMS}: Find the maximum RMS value of the electrical
parameters among all calculated misalignments.

e Ratings=./2 times of Max {RMS}

End

Figure 5.4: Flowchart presenting procedure of proposed analyticalehod
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A Corrent prove Bl
X

Differential
voltage probe

Considered misalignments
between primary and
secondary coils

Figure 5.5:[(a) Experimental setup and [b) Measurement connectiorfeedlectrical parameters with consid-
ered misalignments.

5.4 Results and Discussion

The results of the steady-state model are determined bydmimg 50 harmonics. The system
parameters are given in Talble 5.1, are used in the steatdyrstalel and simulation. Afy. = 60V,
theVp from (5.32) is calculated to 59.76 V, which was maintaineaistant throughout the experiment.

The steady-state waveforms are calculated from the matimhmodel, the simulation model
based on MATLAB/Simulink, and the experiment when the sdeaoy coil was perfectly aligned
with the primary coil az = 20.15 mm. The steady-state waveforms/gft), i(t), Viead(t), @andijoaq(t)
are computed froni (58.7), (5.14), (5128), ahd (5.25), retypay, and are shown in Fi¢. 5.6.

The proposed analytical model takes into account the hamsoithe voltages and currents, and
this enables the model to capture the instantaneous wawefétig| 5.6(8) shows the primary current
waveform, which is close to a sine wave because the switdheggency has been selected lower than
the resonance frequency. The switching frequency has ledected lower than resonance frequency

to achieve zero voltage switching (ZVS). In Hig.]5.6, the efavms calculated from the mathematical
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Figure 5.6: Waveforms akz = 20.15 mm for{(a) primary voltage¢, (b) primary current,| (c) loasltage, and (d)
load current.

model match with the simulated waveforms. However, the foames from the measurement show a
small difference with the waveforms from the mathematicatlel. This difference is due to a small

variation in the mutual inductance, obtained from the expent and the electromagnetic model.

5.4.1 Results with Different Misalignments

In this subsection, the variation i}, Prp, Pp, Pioads 7ces Iy s, lcgs lioads Ve, Vi, and Vipad
for different types of misalignments are discussed. Thailet discussion about different types
of misalignment, such as VV, AM, HM, AHM, and PHM, are discedsn chapter 2. First, the
parameter variation for the coil system without a magnédtield for misalignments, shown in Fig.
[5.5(b), is investigated then parameter variation for cggtem with the magnetic shield for vertical
and horizontal misalignments is investigated.

Fig.[5.7 shows the variation in total impedanZg (or different misalignments for the coil system
surrounded by air. The variation in total impedance is dated by [5.6). Here, it can be seen that as
misalignment occurs, total impedance starts decreasiagplsh and after some misaligned, it again

increases except for planar variation (shown in Fig. S)Afihlere it remains almost constant.
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Figure 5.7: The variation in total impedance duripg](a) IV,](b) AM,](c) HF) AHM [[e)] PHM.

Figs. [5.8-5.19 show the variation Py, Poad, 1ces Ip, Isy lc., lioads Ve, Vi, andV,yq for the
misalignments. Th®p, Pjyaq, andne are calculated from (5.17), (5.30), and (5.31) for the déffe
misalignments, are given in Figs. 5IL11-5.19, and compaitdthe experimental resultsp, Is, Ic,,
lioad: Ve,» Vi, andV,q,q are evaluated for the different misalignments by usingZp.Bespectively,
are plotted in Figd. 518-5.10 with the experimental results

The primary current for all considered misalignments isekted by the ratio of the inverter
output voltage to the total impedance of the SP compensafet $ystem, given by (5.8). Since total
impedance/; for different variations is decreasing and increasing reaturherefore, the primary

current variation in different variations is increasinglatecreasing nature. Thg,, Vi, and induced
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Figure 5.8:[(@)f(b) and (d)-(d) are the current and voltage variationtM/V and AM, respectively.
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Figure 5.10:[(a)] Current and () voltage variation for PHM.

voltage and its derive quantities suchlgslc,, loaq iS proportional tdp. Therefore, variation in these

guantities follows a similar pattern for different misaligent adp.
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Figure 5.11: Representation of VV, (b) primary powgr,](c) output powed,[(d) compensated coil effi-
ciency.

For VV, the secondary coil is moved along thaxis from 1.66 to 9.66 cm in a step of 1 cm,
as shown in Fig[ 5.11(an). The electrical parameter vanatio.r.t. VV are shown in Figg. 5.11(b)-
[(d), [5.8(a) and (B). It can be seen from Fig.5.8(a), as thace¢distance between the primary
and secondary coils increases, the reflected impedandecreases, which results in an increase in
the primary currentp. It is observed that the maximum value Igf V¢, andV,, occurs at ém

displacement from the starting point and it approximatefy tdtmes the initial value whereas the
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Figure 5.12: Variation in[(a) input reactive power arid,]|(b) power fadtrvertical variation.

maximum value ofs, Ic,, lioad,» @NdVieag Observed at @ndisplacement, and it is approximately1
times the initial value. Therefore, the ratings of secopddde elements (such as MOSFET, Diode,
inductor, and capacitor) can be lower than ratings of piynsate elements. The variations in primary

side reactive power and power factor w.r.t. VV are shown gsfb.12(d) and 5.12(b). Here, it can be

seen that as the secondary coil moves away from the priméryeactive power increases, whereas

the power factor decreases.
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Figure 5.13: At z = 10840 mm[(a) Representation of AN, {b) primary power] (c) outpatver and[ (d)
compensated coil efficiency.

Fig. [5.13(a) shows the representation of AM. Here, the s#agncoil is tilted around thg-axis
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Figure 5.14: Variation in,[(a) primary reactive power apd|(b) power fadty angular misalignments.

from O to 50 in the step of 10atz = 10840 mm. In this variation, as the secondary coil tilts,
the effective area for the flux linkage decreases; this tesula decrease of reflective impedance.

The variation in electrical parameters w.r.t. AM are showrrigs.[5.13(B)-(d), 5.8(k), arid {d) and

it is observed that variation remains unchanged. The vanatn primary side reactive power and

power factor w.r.t. AM are shown in Figs. 5.14(a) and 5.14té@re, it is observed that during this

misalignment, reactive power and power factor remainsteomns
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Figure 5.15: At z = 20.15 mm[(a) Representation of HNI, [b) primary powfer] (c) outpatver and[ (d)
compensated coil efficiency.

For HM, the secondary coil is moved along thexis from 0 to 10 cm at a step 1 cmzat 20.15
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Figure 5.16: Variation in[(a) primary reactive powgr, {b) power factor Fmrizontal misalignments.

mm, as shown in Fig[ 5.15(a). As the secondary coil movesptleglapping area between the
coils decreases, which reduces the mutual inductance. d¢reake in mutual inductance affects the
magnitude of electrical parameters, as shown in FHgs. B, [5.9(d), and (b). It can be seen
that the max RMS values d@f, Vc,, andV,, are approximately.3 times the initial value when the
displacement between the two coils m8in positive thex-direction from the initial position (x=0),
whereas the maximum value &f, I, lwag @ndVieaq are observed atcsn displacement, and it is

approximately 22 times the initial value. Figs. 5.12[a) and 5.12(b) shovesuériations in primary

side reactive power and power factor w.r.t. HM. Here, as timahgnment between primary and
secondary coil increases, primary coil reactive poweraases, whereas the power factor decreases.

In AHM, as shown in Fig] 5.17(p), the secondary coil is kepariangle of 147 (around the
y-axis) and moved along theaxis from 0 to 10 cm at a step 1 cmzat 39.06 mm. Figs[ 5.17(l)-(d),
[5.9(c)/(d), and5.18 show the variation in electrical pagtars w.r.t. this misalignment. Itis observed
that the maximum rms value o, V¢, andV, is approximately P times of the initial value at the
horizontal displacement often, whereas the secondary parameters are decreases froral ivaiones
during misalignment.

Fig. [5.19(d) represents the PHM variation. Here, the sesmyncbil is kept at an angle of°8
(around thez-axis) atz = 26.40 mm and moved along theaxis from 0 to 10 cm at a step of 1 cm.

The variation in electrical parameters w.r.t. PHM are showkigs.[5.19(6)-(d), 5.10(H), (b) ahd 5120.

It is observed that the primary electrical parameters apecqimately 17 times of the initial value
at the horizontal displacement ofm whereas the value of the secondary side electrical paeamet

remains almost the same.
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Figure 5.17: At an angle of 10L7° andz = 39.06 mm[(a) Representation of AHN, {b) primary powler] (c)
output power and, (1) compensated coil efficiency.
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Figure 5.18: Variation in[(a) input reactive power ahd](b) power factarAdiM variation.

From the above discussion, itis concluded that The VV shbestaximum deviation in electrical

parameters among all the six misalignments.

5.4.2 Variation in electrical parameter for coil system haing magnetic shields

The variation in parameters of the sp compensated systemti@tmagnetic shield for vertical
and horizontal misalignment is shown in Figs. 5.21-5.23. B.21 shows the variation in the self-
inductance of vertical and horizontal misalignments. Taeation in electrical parameter for vertical

misalignment is shown in Fig._5.P2, whereas the variatioth@éelectrical parameter for horizontal
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Figure 5.19: At an angle of 8 andz = 26.40 mm[(a) Representation of PHM, |(b) primary power, (c) outpu
power and] (d) compensated coil efficiency.
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Figure 5.20: Variation in[(a) primary reactive primary power gnd](b) povactor for PHM variation.

misalignment is shown in Fi§. 5.P3.

From Fig.[5.2P it is observed that the maximum RMS valuésofVc,, andV, occurs at 6m
displacement from the starting point, and it approximaghb times the initial value, whereas the
maximum value ofs, Ic,, livad, @NdVieag Observed at @ndisplacement, and it is approximatelyl &
times the initial value.

From Figs. [5.22(#)-5.22(b) it can be seen that the max RMBegabflp, Vc,, andV,, are

approximately 172 times the initial value when the displacement betweenwlecoils is £min

positive thex-direction from the initial position (x=0), whereas the nmaxm value ofls, Ic,, lioads
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Figure 5.22: Variation in electrical parameter w.r.t. VV.
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Figure 5.23: Variation in electrical parameter w.r.t. horizontal migaments.

andV,yaq are observed atcdndisplacement, and it is approximatelyl T times the initial value.
From comparing the variation in the electrical paramete&8®icompensated WPT system for coll
system without shield and with shield, it is obtained thatpzeter variation in sp compensated WPT

system with shields has lesser variation than sp compeh8&B system without the shield.

5.5 Summary

In this chapter, the variation in voltage, current, powed afficiency of the SP compensated WPT
system for different misalignments, such as horizontajuéar, planar, etc, has been discussed. The
steady-state model is used to calculates the electricahpzter variation of the SP compensated WPT
system. In order to get an accurate result, the effect ofdnebnics is considered in the steady-state
model. Moreover, an experimental setup of 300 W for SP cosged WPT system with different
misalignments is developed in the laboratory to validatedfficacy of the model. The analytical
results are compared with the simulation and the measurteresults, and a good agreement has
been found. Therefore, the proposed model can be used fiyzargathe component stress of the SP
compensated WPT system for different misalignments, whalps in the initial design process of

such a WPT system.
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6. Conclusion and Future Works

6.1 Summary of the Work

For the designing WPT system, an accurate modelling of thgneté field is required. The 3-D
finite element analysis (FEA) is used to design a coil systeoabse of its high accuracy. However,
high mesh-density in the 3-D FEA model requires high comjmutal power. An iterative design
process, to achieve the desired coil system, requires rmusenodifications in the 3-D FEA model,
which is a tedious process. Moreover, many FEA packages tprowide a straight relationship
between the performance and the parameter of the WPT system.

To address this issue, the objective of this thesis is toeptesn alternative FEA modelling for
the designing of the WPT system. For this, an accurate, celmepisive analytical model to predict
parameter variation during misalignment for the WPT syshas been given. The analytical model
consists of electromagnetic and steady-state models. [Ebga@nagnetic model is used to compute
the mutual inductance between the coils for different ngsathents. On the other hand, the steady-
state model calculates the voltage, current, power, antdesfly of the SP compensated WPT system
(by using the mutual inductance information from the el@ttagnetic model). This model can be
used to analyze the component stress of the SP compensafegystem. The results of the math-
ematical model are verified experimentally. Thus, the psepdanethod can be adopted in the initial
design process of the SP compensated WPT system.

The electromagnetic model has been developed for diffehsystems. First, the modelling has
been done for the coil system without a magnetic shield. i®ntodelling, various modelling method
has been discussed, and it is found that harmonic model fewitable to describe the magnetic field
distribution and mutual inductance between the coils otthksystem of WPT system. The harmonic
model divides the three-dimensional coil system into déife regions in the non-periodic direction
(Here,z-direction) according to the material property. For eaghiar, either three-dimensional mag-
netic vector potential or magnetic scalar potential, byisgl Poisson or Laplace equation using
the method separation of variables, has been formulatetkicadrtesian coordinates system. These
magnetic potentials contain unknown coefficients, whickoised by applying boundary conditions
between the regions. The boundary conditions are definetidogdntinuity of tangential magnetic

field intensity and normal component of the magnetic flux dgrad the edge of each region in the
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z-direction. Applying the various boundary conditionsagi\a set of linear equations, which is solved
to obtain the value of unknown coefficients of magnetic ptisdsn The number of linear equations is
equal to the number of unknowns. These magnetic potenaaksireen used to calculate the magnetic
flux density distribution in the air-gap and mutual inductaibetween the coils. The coil is modelled
by four current overlapping bars and mathematically regavesd in similar for magnetic vector po-
tential. The mutual inductance from the proposed analyticadel has been calculated for different
misalignments and validated with a 3-D FEA model and measents. Moreover, the variation in
mutual inductance for different misalignments (such aszootal, angular, planar, etc.), which are
the practical case of wireless charging for EVs, are alstudised. The results of the analytical model
are compared with the 3-D FEA model and the measurements, godd agreement has been found.

Furthermore, the analytical model for the coil system hgwimagnetic below the primary coil
has been developed. The developed analytical model fordiheystem without a shield with some
modification has been successfully applied to the coil sy$taving magnetic below the primary coil.
With the addition of a magnetic shield underneath of printany, as compared to the previous model,
a region representing a magnetic shield has been added nmatielling. The magnetic scalar poten-
tial is used to describes the magnetic field in this regions Tilgnetic potential contains unknown
coefficients, which is calculated by applying boundary ¢tods at the boundary of the magnetic
shield region. The boundary conditions have been defineddéogdntinuity of magnetic scalar poten-
tial and normal component of the magnetic flux density at tigeef the magnetic shield region. This
model has the flexibility to change the width and permeabditshielding material. The presented
analytical model is verified for different misalignmentgiwEA results and measurements.

The proposed analytical model considers the length of thgnetsc shield is infinite, which is
impractical. In practice, the magnetic shielding of finiexmeability and finite dimensions is practi-
cally used with the primary and secondary coils. Therefai@D analytical model that considers the
magnetic shields of finite permeability and finite dimendias been developed. The magnetic vector
potential formulation in the cartesian coordinate systaslieen used in subdomain modelling. For
the subdomain modelling, the continuity of magnetic vegimtential and magnetic field intensity is

applied in two directions (i.ex- andy-edges). The comparison in magnetic field distribution ioletz
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from the subdomain model and 2-D FEA has been made. The made#t distributions obtained
from the 2-D subdomain model coincide with the magnetic faddthined from 2-D FEA, which con-
firms the accuracy of the 2-D subdomain model. A 3-D subdommaidel has been formulated by the
superposition of two 2-D subdomain models to obtain theltretose to measurement results. For
limiting the 2-D subdomain model in the third direction, areation factor has been introduced. The
proposed subdomain model is validated by the computationaginetic field density distribution in
the air gap and compared with FEA and experiment. It showsd ggreement. The mutual induc-
tance from the 3-D subdomain model has been compared withrEB#lts and measurement. The
proposed subdomain model facilitates to change the paeasn@¢ngth, width, and permeability) of
magnetic shields. The results from the proposed subdomadlehare acceptably accurate for initial
designing and optimization of the WPT system having magrsdtielding of finite dimension and
permeability.

The change in the mutual inductance impacts the power ganapability and the efficiency of
the entire WPT system. To investigate the variation in @tacurrent, power, and efficiency of the
SP compensated WPT system for different misalignment$, asidhorizontal, angular, planar, etc. ,
a steady-state model of SP compensated WPT system has besopeel. The mutual inductance
calculated by electromagnetic model is used as direct oghe steady-state model. In order to getan
accurate result, harmonics effect is considered in thelgtetate model. Moreover, an experimental
setup of 300 W for SP compensated WPT system with differesailigihments is developed in the
laboratory to validate the efficacy of the model. The respilthe mathematical model are compared
with the simulation and the measurement results, and a gg@eément has been found. Therefore,
the proposed model can be used for analyzing the comporresssif the SP compensated WPT

system for different misalignments, which helps in thei@ilesign process of such a WPT system.

6.2 Limitations of the Work

This thesis developed 3-D analytical models to analyze thgnetic field distribution in the WPT
system. Different coil system has been considered in theething. In developing the analytical
models, harmonic and subdomain technique has been usedhgRbe development of analytical

models, several assumptions such as current iz-thieection, eddy current, temperature-dependent
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guantity, non-linearity and hysteretic property of magnshield have been neglected to simplify
the analytical model. These assumptions limit the appliitglof proposed models. Moreover, The
presented subdomain model in chapter 4 calculates muthatiance only for horizontal and vertical
misalignments.

6.3 Scope for Future Research

The following recommendations are made to improve the rafiggplicability of the proposed

model:

e Much research has been carried out to improve the couplihgeea the coils in the WPT
system. For this, different coil structures such as DD, DBItiple coil couplers, etc/ [106—
108], have been designed. By changing the definition of tmeentidensity in the proposed

analytical models, one can develop the analytical modeh®MWPT system having these coils.

e Include the current in thedirection.

e By re-defining magnetic potential in the proposed 3-D amedytnodel, the eddy currents can

be included in the modelling. .

e The analytical model using the subdomain technique discluss chapter 4 predicts mutual
inductance does not consider angular and planar misaligtesm€he magnetic vector potentials

can be further modified to include these misalignments.

e The applicability of the proposed electromagnetic modellmaincreased with the inclusion of

non-linear magnetic property of the applied magnetic shiel

e The transferred power in the WPT system depends on theaesesbf the coils. The resistance
of coils varies with the temperature of the coils. A thermaidel can be included in the

proposed models to predict the parameter variation witlpggature in the WPT system.

e The research has been focussed on the magnetic design oRthey8tem. Moreover, the vari-
ation in the electrical parameter for the SP compensated 8YBfEm also has been studied. For

the SP compensated WPT system, resonance frequency depetidsmutual inductance and
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the self inductances of the coils. Due to the misalignmetwéen the coils, the value o, L,
andLs changes, and the WPT system is no more in resonance (it geiismad), this mistuning
impacts the electrical parameters of the SP compensated W&Tdc-ac converter with the

ability of self-tuning can overcome the variation in elézt parameters during misalignments.
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A. Calculation of Expression of Mutual Inductance

A.1 Calculation of Expression

To get a generalized expression a case is considered wheeceiths shifted and tilted by angle
6 and shifted inAx in x-direction as shown in Fid,_Al1, a generalized expressionb@aderived as
follows:

In (3.26), the integration has been done from the coordipaite P(x;, ;) to Q(xs, y;) andP(x;, y;)
to Q(Xxs, y;) indicated in Fig[(A.L).

R(x; ,¥r)

P(x; ,y)

QCxs ,¥)
Figure A.1: Generalized coil position.

The value ofx;,x;,y; andys can be written in terms af andAx as-

X = (Ns X W—aps) X COSP)+AX (A.1)
Xt = (Ns X W—aps) X COSP)+AX (A.2)
Vi = Ng X SW—Dyg (A.3)
Vi = Ng X SW—Dpg (A.4)

The coil parameters such ag, by, etc. are given in Table 2.1. Since the integration limitisan in

x andy coordinate, writingz in terms ofx as-

z=—tan@) x (Xx— AX) + Az (A.5)
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A.1 Calculation of Expression

Now From [3.26)

Vi X (B|,.).(sin(9)?+cos(9)ﬁ)
M(x,y,z):fyi L c0s0) dxdy (A.6)
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B. Magnetic Vector Potential of Different Regions

B.1 Applied Boundary Conditions Between Different Regions

In this section the boundary condition between each regibesil system shown in Fig._4.3 is

presented. The boundary condition is applied at the interfeetween the each regions.//ZAt

A= 0\A 1, 11, 11,
H E Hrl[/) : H[]'
z fiﬂ.a}____’“f’“__i:"_uz}___E________E_A_ﬂzl____"_i_.
2 A[ A[ [_le A[
1
Z]
Figure B.1: lllustration of boundary condition atz,.
|_|xl (X, 22) 3 HxIIa (X, ZZ)lxlsxgxz + HxIIb (X, ZZ)lngxgxs + Hxllc (X, 22)|x5§xgx6 (B-l)
Ala(X2) = A (X, 2) wherex; < X< X (B.2)
A (X2) = A (X 2) wherex, < X < Xs (B.3)
Aic(X,2) = A (X,2) wherexs < X< Xg (B.4)
At 73
~ A=0
A=0-_ ul wu,, /
Z A Joooee- Awg Aw R
3 Ila H v A H 1A e
xlla | ) xIIb 1 H, xIlc
1, ! 11, e
Xy X2 Xs X6

Figure B.2: lllustration of boundary condition atz;.
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Han (0027) = Hig (0 )], e, Hoin 620y + Hie $ 23,y (B5)
Aia (X,z5) = Ay (X 23) wherex; < X< X (B.6)
A (X,z5) = A (X 2z3) wherex; < X< Xs (B.7)
Aic (X,z3) = A (X, z3) Wherexs < X < Xg (B.8)
At z4
/AZOIV; L, | v, L 1 A=0\J
Ay, Ay Ay, Ay Ay
11 Hen
X1 X, X3 Xy X5 X6
Figure B.3: lllustration of boundary condition atz,.
Hyy (622) = Hia (6 22)] o + Hxwn (6 23], s+ Hoe (0 23)], (B.9)
+ Hwe (6 2)| o+ Hive (02)], o (B.10)
Av, (X z1) = A (X z) wherex; < X< % (B.11)
An, (X22) = A (X z1) wherex; < X< X3 (B.12)
Av, (X,22) = A (X,2) wherexz < X< Xy (B.13)
Ay, (X,z) = A (X 2z) wherexs < X< Xs (B.14)
Av, (X, z2) = Ay (X z5) wherexs < X < Xg (B.15)
Regionzs
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B. Magnetic Vector Potential of Different Regions

y
HXV
Ay Ay Ay A, Ay,
Z5';1' """'A' """ L l';l"'__"'.T"A" -7
I I-le Va : i H XIVh : A[ Ve H\'] Ve : v Hx[ vd : Ive I{xl Ve
I
v, . v, L (4
1 1 1 1
X X7 X3 Xy Xs Xg
Figure B.4: lllustration of boundary condition atzs.
|_|Xv (X’ 25) = HXIVa (X’ 25)|X19L<X2 + HXIVb (X’ Z5)|xz5x5>@ + HXch (X’ 25)|&SXSX4 (816)
+ HXIVd (X’ Z5)|X45x5x5 + HXIVe (X’ Z5)|X55x5x5 (Bl?)

Av, (X%z) = Av(X z5);wherex; < X< X (B.18)

Ay, (X% z5) = Av(X z5);wherex; < X< X3 (B.19)

Av,(Xz5) = Av(Xz);wherexs < X< x (B.20)

Av, (X 25) = A (X 25);wherex; < X< Xs (B.21)

Ay, (X%,25) = Av(X z);wherexs < X< Xg (B.22)
At z5

VI, : VI, ! VI,
A= { I . I A=0
H | xIVb !
Ay, e I Ay + — Ay, xlVe 4
Zgl-=-=---------- Fe e e - 14— {. _____
Ay Ay Ay
V H\’V
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Figure B.5: lllustration of boundary condition at-z.
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Hyy (x2) = Hvia (%, zG)|x15xsxz + Hyy (%, ZG)|xzsxsx5 + Hxie (%, ZG)|xssxsx5 (B.23)
Avi,(X,25) = Av(XZ);wherex; < X< X (B.24)
Ay, (X, 25) = Av(X Z);wherex; < X< Xs (B.25)
Avi, (%, Z5) = A (X Z); wherexs < X < Xg (B.26)
At z;
A=0
/
Vil
H
A — 0 xVII A — 0
\ /
z AVIIl‘ AV[[ "; AV[]
74 I I T e S H I
Via — Ay Pe— Vie
Hxl Va : m H\‘] Vb : H xIVe
| |
Vi, l Vi, l VI,

Figure B.6: lllustration of boundary condition at-z;.

Hx, (X27) = Hxvia(X Z7)lg<xex, + Hxvib (% Z7)lhgexexs + Hxvie (X Z)lgexexs  (B-27)
Avia(X,z7) = Avi (X, Z7);wherex; < X< X (B.28)
Avb(X,2z7) = Avi (X, z7);wherex, < X< Xs (B.29)
Avic(Xz7) = Avii (X Z7);wherexs < X < Xg (B.30)

At X
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Vi, H | | I Vi,
ZV](J I HZV[b
Z6 ________ ]
Ze e
5 ————————————
A[Va I AIVb
|
]Va [ 1 [ Hleh [Vb
H '
Z4 ——————————————————
Z3 ———————— T—-——=—=—=—====
I A[[a ‘_:_’ A[[b 17
a
Hzlla |: IHzllb b
ZZ ________ e
X

Figure B.7: lllustration of boundary condition at=xX».

Alla (X2,2) = A (X2,2);wherez, <7<z
Haib (%2.2) = Hza(X,2);wherez, <z<z;
Ava(X2,2) = Awb(X,2);wherez; <z< 7
Hz (X2,2 = Hy,, (X, 2);wherezg <z<z
Avia(X2,2) = Awb(X,2);wherez; <2<z
Hovib(Xs,2) = Havia(Xs,2);wherezs <z< 7
At X3
_____________ Z
AIVb 1 A[Vc ’
I N

Figure B.8: lllustration of boundary condition at=xs.
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(B.35)

(B.36)

130



B.1 Applied Boundary Conditions Between Different Regions

Hz,, (X%3,2) = Hg,. (%,2);wherez; <z<z (B.37)
Ave(%3,2) = Awp(Xs,2);wherez; <z<z (B.38)
At X4
______ 9 —-—-—-—-— Z
A Ay )
|
s | e
H7[V(I ! [ H,,,
______ de e __ 7 4
Xy
Figure B.9: lllustration of boundary condition a&x4.
Av,(X,2) = Ay, (%,2);wherez, <z<z (B.39)
Hava(Xs,2) = Hzve(Xs,2); wherez, <2< z (B.40)
At X5
H.i, (%5,2 = Hz, (Xs,2) ;wherez, < z< z3 (B.41)
A, (X%,2 = Ay, (Xs,2);wherez, <2<z (B.42)
Hava(X%s,2) = Hzve(Xs, 2 ;wherez, <z < z (B.43)
Av, (X5,2) = A, (%, 2);wherez, < z< z (B.44)
Hovy, (X5,2 = Hav (Xs,2); wherezs <z< z (B.45)
Ay, (X%5,2 = Ay, (Xs,2);wherezs <z< 7z (B.46)
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———————— —_——————— Z7
AVIb‘:_’Al/[L
Vi, | Vi,
H7V”J ! I H_y,
________ e e e - - Z6
———————— |m———————= 7
A1 Ay, 5
v, I (7
Hz[Vd[' I Hz[Ve
________ . Z4
_______ Q= ——————— 23
A[[b‘_'_’Aﬂc
1l ! 17
b c
Hz]]b : Hz[]c
________ m———————- 22
Xs

Figure B.10: lllustration of boundary condition at=xs.

B.2 Regions with Applied Boundary Conditions

The divided region of the coil system for which magnetic wegiotential needs to be derived
is shown in Fig.[4.3. Based on the applied boundary conditairthe interface of each region, the

divided regions are classified into different cases, as showig.[B.11.

B.3 Magnetic Vector Potential of Different Regions

The regions with applied boundary conditions are showngn[Bill. In this section, the detailed
derivation for only case 1 shown Fig. B.11(a) is explainelde Thagnetic vector potentials of regions

with other cases are derived with the same steps.
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x _ X _
z 4] =5 z 4] =@
N 1 J v
% , i P
A» . = f,(®)| where » can be any region A}Z ) :f3(x) H‘ =/, Yil/erc;\;;can\t;clz any region II,, H,| - @)
10,11, IV, IV IV, VL, or VL. = - AV 1V g OF Vi =
Zinr ------------------ L T
| | o -
Ay - - f‘2 (x) 3 ' Ay o - f‘Z (x)
X X
xinr xfr X xinr .fr
(a) (b)
¢ H = f,(x) z H| =[x
P =y, 2o | =z,
I P g r
X _p . , A | -0 £ =0 - Al =0
Y lx=x,, Where r is the reigon 1 ey, Veer, — where r can be region Il or V. e, T
VAN R .
iy e _ o ! Zmr --------------- :
¥y z=2z, T 3 i H\ B = fz(x)
xin,, xfr X xinr xfr X
(© (d)
3 x
Z A =0
Y zZ=2Zz /r
Zf -------------
g r
z = . . z —_
Ay — 0 where is  the region VII. 4, e 0
A= Xin, X=Xy
Ze N
My : :
: X :
0 = L) |
X X X
in, 1

Figure B.11: lllustration of divided regions with applied boundary cdiunh [(@) case 1, (¢) case[Z, {d) case 3,
cse 4, anfl (g) case 5.

(e)
B.3.1 General Solution of Magnetic Vector Potential

The magnetic vector potential of regions of the coil systemaverned by the Laplace equation

given in (B.47)
PA, A,
e + 57 =0 (B.47)
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B. Magnetic Vector Potential of Different Regions

Solving (B.4T) by the method of separation of variables,gbl@ition of Ay in the Cartesian coordi-

nates §,z) can be written as

A= (K + K)E, (B.48)

AS)/( = (Corl + dorl X) (COrZ + dOrZZ)

(o8]

+ Z (Cr1 coshky 2) + dry Sinhky 2)) (Cr2 COSKy, X) + dra Sin(ky, X)) (B.49)

n =123

A‘f/ = (a)rl + forlx) (a)rz + fOrzz)

+

i (&1.coshky X) + frisinhfk, X)) (&2 cosky 2) + frzsin(ky 2)) (B.50)

;=123

Here, for a regiom, n, andl, are the spatial harmonic orders in tk@ndz-directions, respectively,
andcg,,, do,, Cr1, dr1,Co,,, o, Cr2, Or2, €4, fo,.61, fr1,80,, fo,.62, @andf;, are unknown coefficients.
k. andk; are the spatial frequencies in tk@andz-directions with the periods af, = (x;, - X, ) and
7, = (24, - Zn,)-
B.3.2 Derivation of magnetic vector potential according tamposed boundary conditions

Fig.[B.11(a) show regions whose magnetic vector poteragigsapplied as a boundary condition
on all edges. For applying the boundary conditions, thecgpla of superposition is used, illustrated
in Fig. [B.12(a). With the principle of superposition, thdwmn of A, for the regions in case 1 can

be obtained by-

Ay= (AL + A+ As+ AL g, (B.51)

For obtaining the solution of; and A, the boundary condition shown in Fig. B.12(b) and Fig.
are applied td (B.49). Therefore,

A{f = Al + A2 (852)

Whereas, the solution @&; andA, are obtained by applying solution boundary conditions show
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Z A = f,(x)
7 =z,
Zp prmmmmmmm e
fy r
A1 e = f4(x) where r can be any region Ayz = fg(x)
I, I1,IV,, IV IV, VL, or VL. s
VAN
- :
x — :
Aoy, =20
Xin, ﬂ, & x
(@)
x A} =0
A4l =5 o
=2
A =0 A -0
£ =0 4, 4l =0 Trhes, 4,
x:xinr Colx=x fr
PE -0 4, = f,(x)
Y Z=Zm,, "
(b) (c)
A:‘ =0 A =0
z=z, Y zy
A; X=X, - 0 A3 A; X=X, - f‘(Z) A’:— x=x;, - f4(Z) A4 Ai X=Xy =0
A;C Z=Zy,, - 0 A; z=z, - 0
(d) (e)

Figure B.12: case 1 where Az is applied at all edge a region and principteiérposition] (@) (1) () (f) (e)

in Fig.[B.12(b) and Fig. B.12() in (B.50). Therefore,
A= Ag+ Ay (B.53)

Solution of Aj:Applying A§|X:)q = 0in (B.49), we gety, = 0;dy, = 0;Cq, = 0;dg,2 = 0;Cr2 = 0.
Therefore,[(B.49) becomes

Ar= ) (C1coshis2) + di sinh,2) (sinks (X = Xn))). (B.54)
n=123
Applying A§|Z:an =0, we get
_ b sinhky zin,)
sinh(y Zn,)

rl —

(B.55)
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putting the value o€, in (B.54) and rearranging we get-

A = Z (dr1 sinhky, (z— zp,))) (SIN(Ky, (X — Xin,)))

n =123

Applying A§|Z:Zfr = f(x) in (B.58), we get

Xinr +T>(r
Oy =

Xirlr

f1(X)
sinhk, (21, — Zn,))

sinhk (z - zn,))dx

Therefore[(B.56) can be rewritten as-

H) ( sinhky (2= zn,))
T == 1 3
s " sinhky, 72)

)(sin(kx, (x= %)

(B.56)

(B.57)

(B.58)

Solution of A;: To get the solution of\; the boundary condition shown in Fig. B.12(c) are applied

in (B.49). Since, boundary conditions shown in Fig. B.Ibyl Fig[B.12(d) ak = X, andx = X,
are same. Thereforé, (B154) is used to apply vertical bayncianditions. ApplyingA’/<|Z=Zf =0in

(B.54) we get

Cr1 COShi Zf,)
sinhtks 1)
putting the value ofl,; in (B.54) and rearranging we get-

dm.= -

A = n;g(crlsinh«x, (21, = 2))) (ch2SiNfy (X = Xin,)

Applying Af|_, = f1(x) in (B.80), we get

Xinr +TX(
f2(x)

1= | Sinht,s)

sinhk (z - zn,))dx

Xinr

Therefore[(B.6D) can be rewritten as-

A= i (Crlsinhq(x' i Z))) (siny (X = Xin,)))

Wb sinhky 77)

With (B.52) we can write-

A = i (CrlsinhG(x,(Zf, —2) | o Sinhks (2-7n,)

sinhke72) SiNhKy 77,) )(Sin(er(x—xmr)))

n=12,3
TH-2341_126102029
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The same procedure can be applied for the boundary condtimmn in Fig[ B.12(d) and Fi§. B.12{e)
in (B.50). The obtained with boundary condition is given as-

- 5 (a3 0) sk

sinh( 7x,) " sinhf,7y)

)sin(kz(z—an,» (B.64)

=123

The magnetic vector potentials are given by (B.65)-(B.96).

e Region |

N :
o2 Z( d sinhk, (2= 2)

ke coshit,) )Si”(kx'(x‘x'»ev (B.65)

n=1
° Regiot&lllé ~ (A§‘+A§)§y (B.66)

where, Aj, AY, andA} is given as

Niia : :
X SlnhQ(X“a(Zg — Z)) SlnhQ(X“a(Z _ ZZ)) ;
= ; +d,— sin(ky,, (X — X
AS/ n||a=1( 3 SInhG(XIIaTZIIa) SInhG(XIIaTZIIa) (kX ( 5))
Lila ;
z Slnhq(zlla(x B Xl)) :
= e SIN(Kz,(Z— Z
Ay l,=1 ( 5 SInhG(ZIIaTXIIa) (kZ ( 2))
and
kXIIa = n”aﬂ; kZIIa - M; Txe = X2 =Xy Tz, = B3~ 2 (867)
Txila Tz1a
° Reglo%'ﬁ - (A +A§)€y (B.68)

where, Aj, A}, andAj is given as

A;E = (- Z)COHb +(z- ZZ)dOHb
N . .
. Slnhq(xllb(z?) - Z)) SlnhQ(X“b(Z - 22)))
+ - . cos X — X B.69
nlla:l( I1lb SlnhG(XIIbTZ”b) b Slnhq(xlleZ”b) ((Xllb( 2)) ( )
Liip
z € COSh((Zub(X - X5)) fIlb COSh((an(X - XZ))) .
= —_—— + — sin Z- 2))and
AS/ |”b:1( kZub Smh(kzubTXHb) kZIIb Slnh(kZubTXub) (kZ”b( 2))
n n
qub = ”bﬂ; kZub = M; Ty = X6 — X2y Tz, =B~ 2 (B.70)
TXip Tz

° Region Ik
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—

A=A +A)g (B.71)
where, Aj, A7, andA} is given as
Niic ; ;
X _ Slnhq(xuc (23 ~ Z)) Slnhq(xuc (Z_ ZZ)) ; _
AS/ ) n||c=1(cIIC SinhG(XIIcTZIIc) e SinhG(XIICTZIIc) SIn(kX”C(X XS))
Liic ;
z SlnhQ(Z”C (X6 - X)) . _
Ay ) |r=1( ¢ Sinhq(lucTXuc) SIn(kZ”C(Z ZZ))
and
n n
kXIIc = TI)I(CJT; kZ||c = %Cﬂ-, Txic = X6 — Xs, Tz = 83— 2. (872)

ﬂ coshky (z— z3))

e Regionjll _ NZ (_clcoshkx... (z-24))
, =

Sin(kXIII (X — Xl)) é)y(B73)

- als :
i =1 kXIII Smhq()ﬂnTZm) ka Smh(k)ﬂnTZul)
and
ngm
kXIII = TIH i = X6~ Xg (B.74)
X1
Region IV, -
* REUOAVES (R + A g, (B.75)
where, Aj, A7, andAj is given as
Niia ; ;
X SInhG(XWa(ZE) - Z)) SInhG(XWa(Z = 23)) : _
AS/ B Nija=1 (C|Va SinhG(XIVaTZIIa) y SinhG(XIVaTZr) SIn(kXIVa(X Xl))
Liia ;
2 sinh(q,, (X — X1))\ _.
= - SIN(Kz,.(Z— 24
Ay |“a=1( 'y Slnh(kaaTXHa) (kZ ( ))
and
kx,va = r;_lVaﬂ'; kz,va = %; Txya = X2 = X1, Tgya=L—24 (876)
Xva Z)va
e Region I\ Aw, = (A’y‘ N Aﬁ)gy (B.77)
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where, Aj, A}, andAj is given as

A;/( = (25 - Z)CONb + (Z - Z4)d0|Vb
Nivb ; ;
Slnh«XWb(z’.’S - Z)) SInhG(XWb(Z - 24)))
+ . +d . COSKx,, (X — X B.78
anb=1( Ve Slnh(kXWbTZWb) Ve SInhG(XIVbTZIVb) ((X b( 2)) ( )
Livb
z €vb COSh((ZIVb(X - X3)) fIVb COSh((ZIVb(X - XZ))) .
= - - + - SINKz,,(Z—
Ay ||Vb:1( kZlVb Slnhq(ZIVbTXIVb) kZlVb Slnhq(ZIVbTXIVb) (kZ b( 24))
and
Kavo = anbTr; Kao = M; Txve = X8~ X2y Tz, =5~ 4 (B.79)
Txivb Tavp
Region I\, ~
L] eg|0%\|vcc: (A;,( + Af/) ey (B80)

where, A}, A, andAJ is given as

Sinhky. (2~ 2))

Nive : _
X - (IVCsunh«x.VC(zs 2)

SinhG(XNcTZva)

Nve=1

K= 3 fanitates)

Sinh(kZIVcTXWC)

=123
and
Nyyer Ny
leVc = ’ kZch = TXch =
TXch Zve
° Regiol&lvd x . -
ve = (A +A) &

where A}, A, andAj is given as

(25 - Z)CO|Vd + (Z - Z4)d0|\/d
Nivd ;
" Z (CIVd Slnha(xwd (25 - Z))

Sinhq(XIVdTZIVd)

A

Ivd

Ve

)sin(kxm(x ~ %)

Sinhq(xvaTzva)

sinh(k,,.(X = X3))
Sinh(TZchTch)

IVc

)Sin(Tz.vC(Z - Z))

X¢=X3 Tz =2~ (B.81)

(B.82)

Sinh(kxn/d (Z - 24))
SinhG(XIVdTZIVd)

)cos«x.w(x—xm (8.83)

fIVd COSh((ZIVd(X - X4))

Nvg=1
Livd
Af/ _ (_ €vd COSh((ZIVd(X - XS))
liva=1 kZIVd Slnh(kadTXWd)
and
Nivar Ny,
kXIVd = ' kZIVd = )
TX|Vd Zvd
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TX|Vd = X5 - X4|

)sin(kz.w (2-29)

kZIVd Si nhG(de TXIVd)

Tavg = 26— 2 (884)
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. Regiog\lloe/e: 0 +A§)€y (B.85)

where A}, A, andAJ is given as

. NS (. sinhK.(z - 2) sinh(Ky,.(z - 72))
A Ve Ve——
1 Slnhq(XIVeTZIVe) SInhG(XIVeTZIVe)

)sin(kx.Ve(x ~ %)

Nive=

Live

z Sinhq(ZIVe(XG - X)) .
= € - Sin Z2—Z
AS/ |N§1( llc SlnhG(ZweTXWe) (kZIVe( 2))
and
Nyy e Ny et
kXIVe = — kZIVe = L; Txve = X6 = X5, Tzye =B~ 2L (B.86)
Txive Zve

e RegionV, Ny o coshk, (2 - z)) d_VCOSh((Xv(Z_ZS)) _ ’ .
AV Z( kxV SinhG(XvTZv) ’ kXV Sinhq(Xszv) )SIn(kXV(X Xl))ey (887)

ny=1
and
key = " Txy = X6 — X1 (B.88)
TXV
° Reg|0£\\>l/ah: (AS)/( +A§/)é)y (889)

where, Aj, Ay, andAj is given as

Nvia : r . -
A;,( — (VIaSInhG(XVIa(Z? Z)) SInhG(XVIa(Z ZG))

+ dVIa Sin(kaa(X iy Xl))

nvia=1 Sinhq(XWaTva) Sinh(kXWaTva)
Lvia ;
2 SinhKg (X — Xl))) :
= . SIN(Kz,,,(Z —
Ay |V|a:1( ¥ SInhq(ZVIaTXVIa) (kZ ( ZG))

and
Ny |aT My alt

kXVIa = Vi ; kZVIa = ﬁ; Txia = X=X, Tz, =247~ 25 (BQO)
TXia 2Vla

. Regloml/al): (A§+Aj)é’y (B.91)
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where, Aj, A}, andAj is given as

Ai/( = (27 - Z)CO\nb + (Z_ ZG)dovm
Nija ; ;
Slnhq(wa(b B Z)) Slnh(kxvm(z - 26)))
+ . . COSKy,,, (X — X B.92
n||a=1( v Slnhq(xvava) v Slnh«vaTva) ((X b( 2)) ( )
Liib
z €vib COSh((Zvn)(X - XS)) fVIb COSh((Z\/m(X - XZ))) .
= - - ; SIN(Kz,,(Z — Z
Ay |”b=1( kZvn:; Slnhq(zvava) kZVIb Slnhq(zvava) (kz b( 2))
and
n
kva = nVIb7T; kam = M; Txvip = X6 — X2 Tz, = 47— 2 (B.93)
Txvib 2vib
o RegloR\Xl:: (A§+A§)€y (B.94)

where, AJ, AY, andA] is given as

Nyic . - . _
A;( — Z (CVICSInhq(va(Z? Z)) d Slnha(xvm(z 26))

T VlIc .
SlnhG(vaTZvu:) Slnhq(xvava)

)sin(kxv.c(x %)

Nyic=1

Liic :
2 sinh(k,,. (X — X))) :
= . Sin(K,,. (2 — 7))
Ay |V|c=1( ¢ SInhG(ZVIcTXVIc) =
and
kXVIc = nVICﬂ-; kZVIc = M; Txyie = X6 = X5, Tz =271~ 25 (895)
TXVlC 2vic
: Ny .
e RegionVII ( Cvii smh(er(zg—z))) . .
A = — sin X—X B.96
" nyi=1 kau COSh((XvnTZvn) (kXV“( 1))ey ( )
Ny
kan & i ; Txv = Xe — X1, Tanm = 3 — 77 (897)
Txvin
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