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Abstract

In this dissertation, we have proposed a new class of higher order compact (HOC)
finite difference schemes for solving the two-dimensional (2D) incompressible viscous
flows through geometries beyond rectangular. The proposed schemes are developed
for both steady-state and transient flows which are governed by the Navier-Stokes
(N-S) equations. All these schemes are fourth order accurate in space while the ones
for the transient flows are implicit, and first or second order accurate in time depend-
ing on the choice of a weighted average parameter. We have employed these schemes
not only on problems having analytical solutions to verify their order of accuracy, ef-
ficiency, effectiveness and robustness but also to explore new flow phenomena of some
other complicated problems, namely, the lid-driven cavity flow, channel flow with
forward and backward constriction, flow in a lateral and symmetric dilated channels,
flow through constricted tube etc. They are seen to efficiently capture both steady-
state and transient solutions with Dirichlet as well as Neumann boundary conditions.
Apart from including all the features of existing HOC schemes, the formulation has the
added advantage of capturing transient viscous flows involving free and wall bounded
shear layers which invariably contain spatial scale variation. We present both quali-
tative and quantitative results produced by our schemes on relatively coarser grid for
all the test cases and compare them with theoretical predictions, analytical as well as
established numerical and experimental results available in the literature. Excellent
agreement is obtained in all the cases.

Keywords: Transient HOC, N-S equations, Reynolds number, lid driven cavity flow,
symmetric and asymmetric channels, forward and backward constricted channels,
lateral and dilated channels, reentrant corner, free and wall bounded shear layers,
aneurysm, stenosis.
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Chapter 1

Introduction

1.1 Background

The flow physics related to different physical processes is not always easy to under-
stand. Mathematical modelling of these processes needs more attention to explain
the underlying physics. In fact many flows of practical interest such as turbulence,
combustion, multiphase flows, etc. are difficult to describe exactly mathematically
because of the complex nature of flows. Especially, when many different sub-processes
are involved, the mathematical models are useful to understand all the complex inter-
actions of the different subsystems because the main characteristics of mathematical
modelling are the quantitative predictions of the outcome of a process. Most of such
models consist of sets of partial and ordinary or intrego-differential equations with
boundary conditions. As for example, in fluid dynamics, the well known Navier-Stokes
(N-S) equations are familiar as the model equations for fluid flow predictions. The N-
S equations are seen to describe the flow of a Newtonian fluid quite accurately. These
equations are highly non-linear and coupled partial differential equations (PDEs), and
are difficult to solve. In most cases governing equations are simplified for the sake of
calculations; even then, the simplified equations cannot always be solved analytically.
Only in a small number of cases, mostly, fully developed flows in simple geometries,
e.g. in pipes, between parallel plates, etc., it is possible to obtain analytical solutions
of the N-S equations. These flows are important to understand the fundamentals of
fluid dynamics but their practical relevance is limited. In practical situations, to solve
most of the fluid flow problems, one has to resort to numerical methods in the absence
of analytical ones. Among the popular numerical methods one can cite finite differ-
ence (FD), finite volume (FV) and finite element (FE). FD method has been used
as a better choice for the solution in the computational domain (problem domain)
as the FD method is relatively simple and effective on structured grids. The basic
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methodology here is, on the rectangular plane geometry, the computational domain
is covered by a structured grid. At each grid point, the partial differential equation is
approximated by approximating the derivatives appearing in that equation in terms
of the nodal values of the functions. The result is one algebraic equation per grid
node, in which the values of one variable at that and at a certain number of neighbor
nodes appear as unknowns. The resulting system of algebraic equations can then be
solved with some matrix solver.

In the FD representation, Taylor series expansion or polynomial fitting is used in
general to obtain approximations of the derivatives of the variables at the grid points.
The leading term in the truncation error (TE) of this expansion determines the order
of accuracy of the scheme. For example, if this TE is asymptotically proportional to
h™, where h is the distance between two successive grid points, the difference scheme
is said to be accurate of order m or shortly O(h™). Over the last few decades, most of
the popular finite difference schemes for solving two dimensional (2D) incompressible
viscous flows have been either first or second order accurate in space because the
lower order schemes are relatively easy to implement and demand less CPU time.
They do not always yield desired results on reasonable meshes even if the solution
is well behaved. For example, in the case of convection dominated flows, the lower
order schemes may produce poor quality results if the mesh is not sufficiently refined.
Moreover, in practical situations, most of the flow phenomena require refined mesh
to capture the flow physics accurately. This mesh refinement invariably brings in
additional points into the system resulting in an increased system size. Consequently,
more memory and CPU time are required to solve such problems on a computer. The
higher order numerical schemes can be employed to circumvent these limitations.
However, the discretization procedure of a higher order scheme is generally associ-
ated with large non-compact stencils which increase the band-width of the coefficient
matrix of the resulting algebraic system of equations and lead to a large number of
arithmetic operations, especially for higher dimensional problems. Thus, neither a
lower order accurate scheme on a fine mesh nor a higher order accurate scheme on
a non-compact stencil could be computationally effective. In such situations, higher
order compact (HOC) finite difference scheme could be the best way to circumvent
such problems. The objective of compact scheme is to use information only from
the grid points strictly adjacent to the node about which differences are taken. Thus,
compactness not only reduces the stencil size of the scheme but it also reduces the dif-
ficulty of finding approximations in higher order non-compact scheme near the domain
boundaries. In the hierarchy of higher-order methods, compact schemes represent an
attractive choice for reducing dispersion and anisotropy errors. This is primarily due
to their spectral-like resolution. As a result, the higher order accuracy of the HOC
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methods together with the compactness of the difference stencils yield highly accurate
numerical solutions on relatively coarser grids with greater computational efficiency.

There are several mechanisms through which finite difference schemes can achieve
higher-order compactness. Among them Gupta et al’s [51] series expansion procedure
of the differential equation, Dennis and Hudson’s [33] exponential expansion of a
definite integral of the convective coefficient of the PDE, Gartland’s [43] weighted
mean approximation, Noye and Tan’s [106] weighted modified PDE method, and high
order upwind scheme of Yanwen [154] and Sesterhenn [121] are worth mentioning.

In recent times, another popular approach for finding higher order compactness
has been the use of original differential equation to replace the leading truncation
error (TE) terms of the standard central difference approximation. Lax and Wendroff
[79] first implemented this idea on transient hyperbolic PDEs to raise the temporal
accuracy from one to two. Mackinnon and Johnson [93] then implemented this idea
for higher order spatial accuracy on steady-state convection-diffusion problems. At
about the same time Abarbanel and Kumar [1] independently developed a spatial
4th and temporal 2nd order accurate scheme for Euler equations. These schemes are
similar to those developed by Dukowicz [35] though achieved in a different manner.
Spotz and Carey [128,129] have extended the idea in Mackinnon and Johnson to
the steady-state streamfunction vorticity formulation of the 2D Navier-Stokes (N-
S) equations. Based on their ideas, recently Kalita et al. [65] developed a class of
transient HOC schemes for the solution of unsteady 2D convection-diffusion equations
and extended their study to develop HOC schemes on nonuniform grids without
transformation [66]. Unfortunately, these schemes are unable to handle complex
geometries beyond rectangular. Although, there exists compact schemes proposed by
Lele [81] and the higher order schemes used in Visbal [149] for solving unsteady NS
equations on curvilinear and deforming meshes, they could not be termed as compact
in true sense [127]; the stencil used in these schemes extends beyond one step length
away from the point about which finite differences are taken.

1.2 Motivation

Despite significant progress in computational sciences, challenges persist in the ac-
curate numerical simulation of a broad spectrum of dynamics such as fluid-structure
interactions and hemodynamics etc. To resolve these complex flow phenomena more
accurately, we need higher accuracy schemes. In addition to this, the fluid domain
may contain several high gradient regions and boundary layers. To resolve such flow
phenomena accurately we need nonuniform grids. It must be mentioned here that the
earlier schemes discussed in the previous section have been typically used to examine
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the flow fields in cartesian coordinate systems in the simple domains (particularly
rectangular) on uniform grids. This is where the motivation to develop HOC schemes
on nonuniform grids comes from, that can be used in irregular geometries with curvi-
linear grid settings.

1.3 Objectives

The aim of the present work is to develop HOC schemes on nonuniform grids not only
for linear, nonlinear convection-diffusion equations and incompressible viscous flows
governed by N-S equations, but also to develop them so as to make them applicable
to rectangular as well as curvilinear coordinate systems. The intension also is to
come out of the traditional application on only lid-driven cavity flow to broaden
the scope of applicability of HOC algorithms to hitherto less explored problems like
symmetric constricted channel flow, asymmetric channel flow, dilated channel flow,
blood flow through arterial stenosis, etc. It must be noted that in complex flow
domains, the advantages of high-order compact schemes remains to be characterized
and also careful analysis of these issues is essential prior to the routine application of
compact schemes to practical simulations.

1.4 The Work

Keeping all the ideas related to the above discussions in mind, it is worthwhile men-
tioning that in the finite difference set-up, constructing a rectangular grid on irregular
domains is not an easy task. To circumvent this problem, rather than placing a com-
putational grid on the physical domain, we have adopted a more flexible approach by
means of coordinate transformation which can convert a complicated non-orthogonal
or orthogonal non-uniform grid into a simple, uniform orthogonal grid. The trans-
formed version of the governing equations are then solved in the computational plane
by the higher order compact approximation. The associated methodology is that
the space derivatives of the transformed version of the governing equations are ap-
proximated by central difference formula and the derivatives appearing in the leading
terms in the TE are replaced by the transformed version of the original differential
equation. The derivatives appearing due to the above replacement are also approxi-
mated again by central difference formula to make the scheme fourth order accurate.
In the unsteady case, in addition to the scheme being spatially fourth order accurate,
it is second order accurate in time, which can be obtained by introducing an appro-
priate weighted average parameter. The coefficient matrix resulting from the above
HOC schemes that have been developed here, is not usually diagonally dominant and
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symmetric, and the conventional iterative methods such as Gauss-Seidel, SOR are of
little help in solving the resulting system of algebraic equations. It may be pointed
out that on uniform grids, some of the associated matrices are symmetric and positive
definite, which allows the use of algorithms like conjugate-gradient (CG) [68]. But
the transformations to convert nonuniform grids to uniform grids usually lead to non-
symmetric matrices, and the biconjugate gradient stabilized method (BiCGStab) [68]
is applied to solve the systems. In our work, we have used the above iterative meth-
ods without any preconditioning. This mechanism has been adopted throughout the
present work. This approach has the added advantage that a range of problems can
be solved by supplying the Jacobian of the appropriate approximation to a general
N-S solver, and mapping the results back to physical space when the calculation is
complete. The advantages of transforming the differential equations by a mapping of
non-uniform physical space to a body-fitted uniform orthogonal computational space
are: a) the boundaries of the physical space fall on coordinate lines of the compu-
tational space and as such boundary conditions can be implemented accurately and
easily, b) the finite difference approximations of the exact partial derivatives are ob-
tained on uniform orthogonal grid, and ¢) grid points can be clustered in a region of
large gradients and widely spaced in regions of small gradients. The only disadvan-
tage is that the transformed partial differential equations are more complicated and
so are the resulting finite difference equations.

In this work, firstly, we have proposed higher order scheme in the ¢ (streamfunction)-
¢ (vorticity) formulation of the Navier-Stokes equations to solve steady incompressible
viscous flows. The spatial accuracy of the proposed scheme is four. It is seen to ef-
ficiently capture steady-state solutions of the N-S equations with Dirichlet as well
as Neumann boundary conditions. In this context, we have validated the proposed
scheme with the help of several problems which have analytical solutions and bench-
mark results. We have generalized the scheme in such a way that it can be applied in
rectangular cartesian as well as curvilinear coordinate systems. The present method
is not only robust as evidenced from computations at higher Reynolds numbers, but
also accurate as is seen from comparisons with reliable existing results. The scheme
is then modified to capture unsteady phenomena. The transient scheme is first or
second order accurate in time depending on the choice of a weighted average parame-
ter. We have applied these class of HOC schemes on some complicated flow problems
such as lid-driven cavity flows, symmetric and asymmetric channel flows, lateral and
symmetric dilated channel flows and constricted tube flows, etc.

Apart from including the good features of HOC schemes, the formulation has the
added advantage of capturing transient viscous flows involving free and wall bounded
shear layers which invariably contain spatial scale variation. It is to be noted that all
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of our computations were carried out on a Pentium 4 based PC with 512 MB RAM.

1.5 Organization of the work

This dissertation is organized in six chapters: in Chapter 2, we describe the develop-
ment of HOC methodology for 2D steady-state N-S equations in cartesian coordinates
on nonuniform grids. We have validated the proposed HOC schemes for rectangular
lid-driven cavity problem. Chapter 3 describes the transient HOC schemes for 2D
transient N-S equations in cartesian coordinates and its validation for the rectangu-
lar lid-driven cavity problem. We have further applied these proposed schemes on
some new problems in the subsequent chapters. In Chapters 4, 5 and 6, we present
symmetric constricted channel flow problem, asymmetric channel flow problem and
dilated channel flow problem respectively. Chapter 7 describes the HOC methodol-
ogy for 2D steady-state N-S equations in cylindrical coordinates and its application
to the constricted tube which is the idealization of blood flows through arterial steno-
sis. Chapter 8 summarizes and comments on the whole work and discusses scope for
future work.
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Chapter 2

Time independent high order
compact scheme on nonuniform
grids

This chapter deals with the formulation of a higher order compact (HOC) scheme
in cartesian coordinate systems with non-uniform grids on complex geometries to
simulate two-dimensional (2D) steady incompressible viscous flows governed by the

1

Navier-Stokes (N-S) equations *. The proposed scheme is fourth order accurate in

space.

2.1 Introduction

Over the last few decades, numerical schemes and simulation tools for incompress-
ible flows, as a subset of the computational fluid dynamics (CFD) discipline, have
made tremendous progress. Most of these schemes are either first or second-order
accurate in space, and generally fail to produce highly accurate results for convec-
tion dominated flows unless the mesh is sufficiently refined. The use of higher order
numerical methods [51, 52, 64-66, 69, 81, 84, 92, 94, 95, 128, 129, 139] is a recognized
technique to circumvent the limitations of standard low-order algorithms for the
simulation of various physical phenomena. Higher order discretizations are gener-
ally associated with large (non-compact) stencils which increase the band-width of
the resulting matrix and as such, leads to a large number of arithmetic operations,
especially for higher dimensional problems. On the other hand, higher order com-
pact [51,52,64-66,81,84,95,128, 129] approximations reduce the number of points
needed in discretization and consequently reduce computational cost to achieve the

!This study has been accepted for publication in Computer & Fluids [109]
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desired accuracy. Owing to all these factors, the last two decades have seen significant
research efforts towards the development of higher order compact schemes. Almost
all of these efforts involving high order compact schemes [51,52, 64, 65,84, 129] have
employed simple rectangular uniform space grids for a variety of reasons, such as lack
of curvilinear grid techniques and the limited flexibility of the HOC schemes. As
such these schemes could not fully exploit the advantages associated with the usage
of nonuniform grids, particularly that of mesh grading to resolve smaller scales in
the regions of large gradients in the physical domain. Recently, some development of
HOC schemes [45,66,129] on nonuniform grids have been seen for the 2D convection-
diffusion equations. Of these, the application of first two were limited to only linear
problems whereas the last one, which used no transformation from the physical to
the computational plane could accurately capture steady incompressible viscous flow
governed by N-S equations. However, all those schemes were designed to capture
flows only on rectangular domains.

In the present chapter, we propose an HOC scheme that works equally efficiently
on problems described on both rectangular as well as other curvilinear coordinate
settings. The scheme can be applied to both steady-state convection-diffusion and
reaction-diffusion equations, and easily accommodated into solving equations of the
N-S type as well with slight adjustment of the convection coefficients. It is fourth order
accurate in space and handles both Dirichlet and Neumann boundary conditions with
ease. To validate the scheme, it is first applied to a linear and a non linear problem
having analytical solutions, and then to the classical lid driven cavity problem. We
compare our numerical results with both analytical and established numerical results,
and excellent match is obtained in all the cases.

2.2 Mathematical Formulations and Discretization
Procedure

2.2.1 Governing Equations

The steady 2D incompressible viscous flows governed by N-S equations in non-dimensional
primitive variables (pressure-velocity) formulation can be written as:

ou  Ov
e T 2.1
ou Ou  9p 1 (82u 82u>

u%—'—v@_y__%—'—ﬁ @‘l—a—?ﬂ (2.2)
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ox dy Oy ox?  Oy?

where Re is the Reynolds number, p is the pressure and u,v are the velocity com-

(2.3)

ponents along x- and y- directions respectively. Instead of pressure and velocity,
the equations can be described by the variables streamfunction ¢ (x,y) and vorticity
((x,y), that are defined in terms of u, v as

_W
- 8_y7 v = 81’7 (24)

gL 2L 170 (2.5)

With the introduction of the streamfunction as given in equation (2.4), the conserva-
tion of mass is automatically satisfied. Introducing the streamfunction into equation
(2.5), a Poisson equation relating the streamfunction and vorticity is found as

0% 0%

R — = 2.6
and eliminating pressure from (2.2) and (2.3), the vorticity equation can be written
as

0%¢ 9% ¢ 9¢
— = = =0. 9.
52 82+R6x+R3y 0 (2.7)

This 1-¢ formulation ((2.6) and (2.7)) has major advantages over the primitive
variables form: firstly, it satisfies the continuity equation automatically and secondly,
it decouples the pressure calculation from the velocity calculation. In the process, it
also eliminates two computational difficulties, namely, finding (i) the correct bound-
ary condition for pressure, and (ii) an explicit pressure equation satisfying the incom-
pressibility constraint.

The general form of the equations (2.1)-(2.3) and (2.6), (2.7) can be written as

0 % 00 00

(:vy)—Hf( ) 5 + (7, y)a—+V(:cy)ay

where 6 is the source term.

2.2.2 Transformation of the Governing Equations

To carry out the solution of a problem on an irregular domain, a direct transformation
from the physical plane to the computational plane may be given generically which
must be specified by the analytical relations:

TH-372_SKPANDIT



Chapter 2 Time independent HOC scheme on nonuniform grids

The corresponding inverse transformation of the given transformation may be ex-
pressed as

r = x(§n), y =y n). (2.10)

It may be noted here that for the transformed plane one can use the direct or inverse

transformation to obtain the derivatives/metrics. In what follows, we briefly discuss

about the transformation (2.10) from the computational &-n plane to the physical z-y

plane. Under this transformation, equation (2.8) in the physical plane becomes
A 6% 9 06

aa€2+ e +b 5 e a—§+d—+ o = f, (2.11)

in the computational plane where

~ 1 [/~ B
ory) = B&n) alen) = 55 (B + @),
1/~ ~ 3 d,
b(ga 77) = ﬁ (blxg + aly?)a C(éa 77) i 71y77 - 711:77 + Ra
3 d, 2/ ~
d(ga T]) = _71y£ + 71‘T€ + S) g(&?ﬁ) = ﬁ (alyny§ + blxnx§>7
p(faﬁ) = ]/)\1(5777)7 f(§77]> = .]?1<£777)7
with
J = Teyy — Yey,
Oé(l‘,y) — 51(5,77)7 ﬁ(xay) :bl >, 1),
’7(1‘7y) = 61(5777)a V(ZL‘,y) :d1(€777)7
w(r,y) = pu(&n), 0(z,y) = f1(§,n),
and
1 ~
R = 7 —yy| (i + alyn)x& — 2(a1ynye + bizyxe)2ey (blfic5 + alyé)ycm7
+ @ (( 11' + Glyn)y& 2(a1ynye + brxyxe)yey (blﬂfg + al?/g)%r;)]
1 R R
S = = [y ((blx + a1y, ) Tee — 2(A1Ynye + biwye)Tey + (@1y; + blxg):cm,)
- T¢ ((bll’ + GL%,)?J&& — 2(@1Yyye + b1y )yen (blxg + alyg)ynn>]

10
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2.2.3 Fourth-order accurate discretization scheme

Assuming the computational domain to be rectangular and constructing on it a uni-

form rectangular mesh of steps h and k in the & and 7- directions respectively, the

standard central difference approximation to equation (2.11) at the (¢, 7)-th node is

given by

ai,j5§¢z’,j + 9i,j0¢0n®i 5 + bi,ﬂg@,j +¢ij0ci; + dij0n®i; + Di i

Ti; = fij (2.12)

where g/gij denotes qg(fi,nj); ¢, (5? and 0y, 5% are the first and second order central
difference operators along &- and n-directions respectively, and d¢d, is the mixed

second order central difference operator. The truncation error 7;; is given by

n:| 9%
i’j_ﬁ aa€4 -+

o'd PBb k2| 0o ) Bo
2 2 — 2 2d——
9930, + o ) + [ban4+ Ioeas + dan?’ )
+ O(h*, kY. (2.13)

To obtain a fourth order spatial compact formulation for (2.11), each of the derivatives
of the leading terms of (2.13) are compactly approximated [93] to O(h?, k?). In order
to accomplish this, the transformed PDE of equation (2.8) i.e equation (2.11) is
treated as an auxiliary relation that can be differentiated to obtain expressions for

higher derivatives. For example, successive differentiation of (2.11) w.r.t £ yields
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Chapter 2 Time independent HOC scheme on nonuniform grids

30 4
In a similar way expressions for 8 and bﬁ can be found. It is seen that the expres-
n n
sions for the fourth order derivatives (for example, see equation (2.15)) contain mixed
¢ O
03om" 0o

on the stencil shown in figure 2.1. To overcome this difficulty, the transformation

derivative terms like etc. which can not be approximated compactly

n
AT AE
L L L
N T PSS R K IR TS ) (i+1,j+1)
An
i
I @ L @ &
(-1,J) ) (i+1,])
An
v
L L @
G-1,j-1) | G.j-D (i+1,j-1)

Figure 2.1: The 9-point HOC stencil.

can be chosen as an orthogonal or conformation one such that the coefficient g of the
mixed-derivative term appearing in equation (2.11) becomes zero. On considering
such a grid or transformation, and using central difference for derivatives, equation
(2.11) can be written as

A;J(Sgd)l-j + G ;0c0,0i 5 + B; 020; 5 + Ci 0¢iy + Dl 0yt j + H ¢y

i,5%n
1 n ~
+ T2 |:<k;2ai7j + hgbi,j) 525,2]@73' + {hzdm + K2 (26nai,j + dzjaz‘,j)} 535?7@7]‘
+ |:k20i,j + h2 (2(55[77,,] + C;k7]b7,’]>:| 5&5,’27517]] — F‘i,,j + O(h4’ k4>7 (216)
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Chapter 2 Time independent HOC scheme on nonuniform grids

where
o Cig— 200
Cij = y
Qi
g - dij — 20b;
i - 4
bi

h2 k2
Ag,j = Qi + E l(é?am- + 25562'73' —|—p¢,j> + Czj (55&1"3' + Ci’j):| + E {d;j&?am + 5,2](1@-73} s
h? k2
Bz{,j = bl',j -+ E |:C;k’j(5§bi7j + 5§bz7]:| + E |:<5r2]bl7j + 2(577d2',j —f—pm) + dz:j (5Tibi1j + di,j>:| R
2

h? k
Cz{,j = G -+ E |:6§Ci,j -+ 265]92'7]‘ + C;j <5§Ci,j +pi,j):| + — |:5201] + df’jéncm} ,

12

/ h’2 ks
Di,j = dzj = |:5£d7,] + Cljdg i.j + — |:(52d1] + 25,7291] + di,j (6ndi,j + pi7j):| s

h2
Gg,j — 12 |:25€d j+ C;‘kjdi,j:| 290, nCij + dzycl ]:| )
2
H'L/,] = pl7] in E |i55p2] T C’Ljéé.pl] e |: pl’] + d;k,Jénp%J:| ?

12 {
/ h 2 2 *
E,j = fzy J flj+01]6§flj + 6 fz]+di7j5nfi,j ;
Thus equation (2.16) becomes the O(h4, k*) HOC finite difference approximation
for (2.11) on the transformed plane. The order of accuracy is preserved in the physical

plane if the transformation function is smooth enough [24, 56].
The discretized form of (2.16) can now be written as

1 1
n /
E E Witk ,j+ko ¢i+k1,j+k2 24Fzg7 (2'17)
ki=—1ko=—1

where

1

Witk j+ky = h2k2 Titky,j+ka>

with

Ti—1j-1 =

th’G;J + 2Xi,j - k?Y;J‘ - hZi,j)v

i1 = (24h23;7j — 12h°kD;}; — 4X;; + 21<;Y;,j),
Tit1,5-1 = ( — 6th;7] + 2Xi,j — kY;J + hZi,j> )
13

TH-372_SKPANDIT



Chapter 2 Time independent HOC scheme on nonuniform grids

24K* A, — 120K*C); — 4X; 5 + 2th,j),

Fi-1j =

Tij

— A8K* A . — ABW® B, + 24h*k*H| ; + 8X;, )

Tiv1j =

24K° A, + 12hk*C; — - 2th-),

24h2B' + 12h2k‘D/ A 7 Qk}/i,j)a

Tij+1 =

Tic1j+1 = ( thG;j + 2Xi7j + kﬂ/m - hZ@j),

6hkG; ; +2X;; + kY ; + th) :

Titl,j+1 =

with

Xiv]' = h‘Qbi,j + k‘QCli’j,
Vi, = hdij+ k(20,0 + d; jai;),
Zij = h2(25§bm + ¢; ;big) + kQCZ]

Here, (2.17) represents the system of algebraic equations.

2.3 Solution of algebraic systems

We now discuss the solution of algebraic systems associated with the newly proposed
finite difference approximations. The system of equations (2.17) can be written in
matrix form as

AdD =f, (2.18)

where the coefficient matrix A is an asymmetric sparse matrix. For a grid of size
m X n, A is of size mn x mn and ® and f are mn-component vectors.

The next step now is to solve the system of equations (2.18) with iterative meth-
ods. As the coefficient matrix A is not generally diagonally dominant, conventional
iterative methods such as Gauss-Seidel cannot be used. On uniform grids, some of
the associated matrices are symmetric and positive definite, which allows algorithms
like conjugate-gradient (CG) [68] to be used. As nonuniform grid invariably leads
to non-symmetric matrices, in order to solve these systems, the biconjugate gradient
stabilized method (BiCGStab) [68,118,150] is used here without preconditioning.

14
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Chapter 2 Time independent HOC scheme on nonuniform grids

To solve the N-S equations representing incompressible viscous flows by using the
proposed scheme, we have used the -( formulations and employed an outer-inner
iteration procedure. In an outer cycle, we solve the transformation of (2.7) using
(2.17) with « = =1, = —1, vy = uRe, v = vRe, w = 0, 6 = 0 in (2.8). Then we
solve the transformation of (2.6) using (2.17) with a = —1, = -1, v =0, v = 0,
w=0,0 = (in (2.8). For both the vorticity and streamfunction equation, BiCGStab
is used, which constitutes the inner iterations. Once (2.6) is solved, u and v in (2.4)
are calculated in the following way:

w0 = (@),
- 50 ’z}ﬁ)ﬂ—f(én o] o
[ 22 (Mier — () (320) - (o ) ()
o) - (1) () ofaie) - (3] (i) - () (o)
o) ol o GGl () (5)
(o) (80 (o) - s () (o)
- ()= () 5) =olow) o) D],

K.|3

+ O(h* kY, (2.19)
Likewise,

_ oy

<_M_¢+@_¢)

Jo¢ ' Jon
_ Yn h? 0% k* 0%y 4
= [~ 6a§3) % (o -G ) |, + 00"
2

_ { J{M;—h—( [(sgf (5§a+c) (5§w)—(6§g+d) (555,@)
- ofstne) o)) o) - () () (49 ()
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(o) o))} 3o £ (009 )
o)) () i) o) o)
) o) s o) o) ()},

+ O(R*, kY). (2.20)

Here a,b,c,d, g and p are the coefficients, and f is the source term in the equation
(2.11) for 1. We utilize a relaxation parameter € for the inner iteration cycles for
both ¢ and . For larger values of Reynolds number, we needed in general smaller
values of e.

2.4 Numerical Test Cases

We validate the proposed scheme on three test cases of which one is linear and two
are non-linear. These are (i) a linear convection-diffusion problem, (ii) a problem
governed by N-S equations with a constructed analytical solution and (iii) the lid-
driven cavity flow problem. Problem (i) and (ii) have analytical solutions, so Dirichlet
boundary conditions are used while for the problem (iii), both Dirichlet and Neumann
boundary conditions are applied.

2.4.1 Test case 1: Linear convection-diffusion

Firstly we consider a problem governed by the linear 2D convection-diffusion that
was also numerically solved in [51]. Here the equation is of the form (2.8) in a square
0 < z,y <1 with the coefficients as follows:

Oé(l',y):—l, 5(1’,@/):—1,
Y(x,y) = —Rex, v(z,y) = Rey,
w(x,y) =0,

and
O(x,y) = e ]ay(6 — 2x — 22y — 2y) + vyRe(x® — y* — 2%y + ay?)].

The boundary conditions are

16
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The exact solution of this problem is given by
Pew = 2y(1 — ) (1 — y)e® . (2.21)

Because of the presence of large gradients near the top and right walls (at x = 1
and y = 1) of the problem domain (see the numerical solution in figure 2.2(b)), we
generate the grid (see figure 2.2(a)) in such a way that points are clustered in those
regions. We have used the following transformations

=&+ %sin(ﬂﬁ), (2.22)
y=mn-+ % sin(7n), (2.23)

where \, the stretching parameter (0 < A < 1), determines the degree of clustering
near the boundaries. Here A = 0 indicates a uniform grid.

(a) (b)

Figure 2.2: For problem 1: 41 x 41 Grids, A=0.5 (a) physical plane and (b) Contour
plot of numerical solution at Re=100.

Table 2.1 shows maximum errors in ¢ for 0 < Re < 250 on different meshes e.g.
21 x 21, 41 x 41 with different X\. The last column shows the estimated orders of
accuracy (O(A)), which is calculated by the following formula (2.24).

El/EQ)

O(A) = inf RS (2.24)

where
Ey = ¢ — ou; Ey = ¢ — ¢p.
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Table 2.1: Problem 1: maximum absolute errors and convergence rates of ¢ for
different Re (0 < Re < 250), stretching ratio A (A = 0.0,0.2,0.5 and 0.7), and mesh
size (21 x 21 and 41 x 41).

Maximum absolute errors

Re A 21x 21 41x 41 Rate

0.0 0.0 5.972163(-7) 4.792009(-8) 3.64

0.2 7.380441(-7) 5.404933(-8) 3.77

0.5 2.329631(-6) 1.439459(-7) 4.02

0.7 1.366644(-5) 8.303628(-7) 4.04

0.9 1.426221(-4) 8.327804(-6) 4.10

10.0 0.0 6.495213(-6) 4.162546(-7) 3.96
0.2 4.253100(-6) 2.718492(-7) 3.97

0.5 4.574328(-6) 2.880939(-7) 3.99

0.7 1.312638(-5) 7.927363(-7) 4.05

0.9 1.457512(-4) 8.436668(-6) 4.11

50.0 0.0 6.376308(-5) 4.021584(-6) 3.99
0.2 3.653922(-5) 2.299240(-6) 3.99

0.5 5.088935(-5) 3.198843(-6) 3.99

0.7 7.559852(-5) 4.656992(-6) 4.02

0.9 1.012255(-4) 6.158866(-6) 4.04

100.0 0.0 1.381619(-4) 9.135107(-6) 3.92
0.2 8.318824(-5) 5.268395(-6) 3.98

0.5 1.188183(-4) 7.417254(-6) 4.00

0.7 1.771463(-4) 1.131675(-5) 3.97

0.9 2.492911(-4) 1.525042(-5) 4.03

250.0 0.0 3.276991(-4) 2.375178(-5) 3.77
0.2 2.132622(-4) 1.422608(-5) 3.91

0.5 3.190254(-4) 2.054453(-5) 3.96

0.7 5.027599(-4) 3.205554(-5) 3.97

0.9 7.169570(-4) 4.445088(-5) 4.01

Here ¢, ¢, ¢ stand for exact solution, the solution on a fine grid and the solution
on a coarse grid with half of the numbers of points in each direction respectively. One
can clearly see from Table 2.1 that the error decays as O(h?) as expected. It may
be pointed out that the computed rate deviates from fourth order rate for uniform
meshes (A = 0) are due to insufficient points in high gradient regions in the problem
domain. It can not be accurately resolved unless the grid is fine enough.

2.4.2 Test case 2: 2D N-S equations with a constructed so-
lution

Next we take a problem in the domain (0 < z,y < 1) governed by the N-S equations
in streamfunction-vorticity formulations ((2.6) and (2.7)) with a known constructed
solution in [45]. Here the vorticity equation (2.7) contains a source function # which
is given by the following expression:

p(ePT e PV — 4o P@HY)) ple Pty (e7PT — 7PV

= 1=y BT
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where p is a constant. The exact solutions are

p _ (=ema—em

e P? eV — 2 Pl@HY))

(1—er)? (1—er)?
y = pe PY(1 — e P7) Y _pePr(l—e)
(1—ewr) (1—er)?

For both v and (, there exist boundary layers near the bottom and left boundary

(a) (b)

Figure 2.3:  For problem 2: 41 x 41 Grids, (A=0.6) (a) physical plane and (b)Contour
plot of vorticity at Re=100.

Table 2.2: Problem 2: maximum absolute errors and convergence rates of 1 for
different Res (0 < Re < 100), stretching ratios A (A = 0.0,0.2,0.6 and 0.9), and mesh
sizes (21 x 21, 41 x 41 and 81 x 81.)

Max (1) Max (1)
Re | 21 x 21 11 x 41 Rate(1)) 81 x 81 Rate(t)
1 0.0 8.533237(-4) 5.363826(-5) 3.99 3.359854(-6) 4.00
0.2 | 2.760385(-4) | 1.735080(-5) 3.99 T.084940(-0) 1.00
0.6 | 1.584300(-4) | 1.007031(-5) 3.08 6.313645(-7) 1.00
0.0 | 2.207964(-3) | 1.288683(-4) 1.16 7 841111(-6) T.01
10 0.0 1.982106(-3) 1.228728(-4) 4.01 7.665783(-6) 4.00
0.2 | 8.821008(-4) | 5.460008(-5) 7.01 3.407415(-6) 1.00
0.6 1.924951(-4) 1.179163(-5) 4.03 7.334939(-7) 4.01
0.0 | 1.131330(-3) | 6.882639(-5) 1.04 1.293485(-6) 1.00
100 0.0 2.114424(-2) 1.195317(-3) 4.14 7.007112(-5) 4.09
0.2 1.007629(-2) 5.161778(-4) 4.29 3.092081(-5) 4.06
0.6 2.378835(-3) 1.269820(-4) 4.23 7.868219(-6) 4.01
0.9 3.732115(-3) 1.960301(-4) 4.25 1.223926(-5) 4.00

(shown in figure 2.3(b)). To resolve this layer we have used a non-uniform clustered
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grid (shown in figure 2.3(a)) which is obtained by the following transformations

r=&— %sin(ﬂf), (2.25)
y=mn-— %Sin(ﬂn). (2.26)

Where X is defined as in test case 1. Also a larger value of p indicates a steeper
boundary layer. In all the calculations we have considered p=10. In table 2.2, the
maximum errors of streamfunction (i) have been presented on three grid sizes 21
x 21, 41 x 41 and 81 x 81 which in turn measure the order of accuracy of the
proposed scheme for this non-linear problem as in test case 1 (see equation (2.24)).
This table clearly demonstrates that the order of accuracy (rate) is approximately
O(h*) as expected.

2.4.3 Test case 3: Lid-driven cavity problem

We now move to the classical lid-driven cavity problem. This problem with aspect
ratio K=1 (K:g—;, where Dy and D, are the depth and width of the cavity), over the
years, has become the most frequently used benchmark problem for the assessment of
numerical methods, particularly the steady-state solution of the incompressible fluid
flows governed by the N-S equations [14, 18,19, 46, 65, 66, 72, 120, 148]. In contrast
to the fairly large number of studies conducted in square lid-driven cavity, relatively
less number of investigations have been carried out for flow in a rectangular cavity.
The effects of geometry on the vortex structure in the rectangular cavity were studied
in [96,108,125,141]. This problem is of great scientific interest because it displays
almost all fluid mechanical phenomena for incompressible viscous flows in the simplest
of geometric settings. The geometry and the boundary conditions have been shown
in the figure 2.4 where the top wall is moving and the remaining three walls are
stationary. No slip boundary conditions have been employed on three stationary
walls. The moving wall generates vorticity which diffuses inside the cavity and this
diffusion is the driving mechanism of the flow. At high Re (Re = (U/v)L, U is the lid
velocity, L is the cavity width and v is the kinematic viscosity of the enclosed fluid in
motion), several secondary and tertiary vortices begin to appear, whose characteristics
depend on Re. Because of the presence of large gradients near the walls, we generate a
centro-symmetric grid (see the physical plane in figure 2.5(a) ) and the corresponding
uniform grid in the computational plane in figure 2.5(b)) with clustering near the
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Y Lid
v=0; u=1 ,///
\ Primary
Eddy
u=0
v=0
KL u=0
v=0
Secondar
) -~ Eddy
°] L b

u=0
v=0

Figure 2.4: The lid-driven cavity flow configuration with boundary conditions.

walls using the stretching functions
x=&— A sin(60:€),
01
A
y=n=g-sin(famn),
2

where A, the stretching parameter (0 < A < 1), determines the degree of clustering
and the proper choice of §; and 6, correspond the clustering near the boundaries (see
figure 2.5(a). It can be noted that A = 0 indicates uniform grid (see figure 2.5(b)).

Boundary conditions:

No-slip boundary conditions have been employed on the three stationary walls. Bound-
ary conditions for velocity on the top wall is given by v = 1, v = 0. On all other
walls of the cavity the velocities are zero (u = v = 0). In the - setting used here,
streamfunction values on all the four walls are zero (¢ = 0).
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(a) (b)

Figure 2.5: (a) For problem 2: 41 x 41 Grids, (a) physical plane (A=0.6) and (b)
computational plane.

We now proceed to develop HOC wall boundary conditions for vorticity ¢ in the
following manner:

In the physical plane, the velocity on the left wall, where the index for z-direction
is 0 and j is the y-direction index varying from 0 to Ymax, on using forward difference,

we have
Yoj = _(9_1/1 )
Oxh,j
L _5;¢0,j+%%’0’j (Ag)Q%OJ+0((Ax)3), (2.27)
where Az is the distance between the left wall and the first point closest to it in
the physical plane. Using the fact that % = 0 on a vertical wall, from the Poisson
equation (2.6), we have
i R 1 RN
8x2b; — 7 0x3h;  Oaby’

With this and using the fact that the vertical velocity on the left wall is zero, (2.27)
can be written in the computational plane as

1

1 1
= —— 8T Un . — =h P

h2$55£+<07]’ + O(h3>,
where we have used the fact that

Ax = zedf + x,dn,
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in which d¢ = h; dn = k are the uniform step lengths in the £ and 7 directions
respectively in the computational plane. The vorticity at the other boundaries can
be approximated in a similar way.

The vorticity at the corners has been approximated using a second order accurate
formula as was done by Spotz [127]. It may be mentioned that the use of higher order
formulas at the corners result in oscillatory solutions in their neighbourhoods which
was also observed in references [65,127].

yz— \

7

(a) (b)

7
N\

0,

(¢) (d)

Figure 2.6: For the lid-driven square cavity flow problem, Re = 100: streamlines
computed on a 11 x 11 grid with (a) the present scheme (A = 0.7), (b) reference [128];
appearance of tertiary vortex on a 21 x 21 grid, (A = 0.95): (¢) bottom left and (d)
bottom right.
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Results for square cavity (Aspect ratio=1.0)

We now present the steady-state solutions produced by the proposed scheme for this
problem in tables 2.3-2.9 and figures 2.6-2.11. Figure 2.6 shows the good effects of
clustering: figures 2.6(a) and (b) respectively show computed steady-state streamlines
for Re = 100 on clustered nonuniform (A = 0.7) and a uniform 11 x 11 grid. It clearly
shows that on a grid of this size, a uniform grid cannot produce the secondary corner
vortices at the bottom whereas this can be resolved easily on the nonuniform grid.
Likewise figures 2.6(c) and (d) show the bottom left and bottom right corners of the
cavity, where we were able to capture even the tertiary vortices on a grid as coarse
as 21 x 21 with A = 0.95. In table 2.3 we demonstrate the effect of the stretching

Table 2.3: Lid-driven cavity flow problem: effects of the stretching parameter for (a)
Re=400 on a 41 x 41 grid and (b) Re=2000 on a 61 x 61 grid.

(2)
Present Ref. [46]

A Ymin | €(0.5,1) | ¥min | ¢(0.5,1)
0.6 -0.112 -9.99162 -0.114 -10.0545
0.7 -0.111 -9.96032
0.8 -0.110 -9.89285
0.9 -0.108 -9.64820

(b)

Present [53]
A Ymin Primary vortex BL tertiary vortex 7/ ——— Primary vortex
center (x,y) center (x,y)
0.0 -0.114274 (0.5167, 0.5667) - -0.118 (0.5250, 0.5500)

0.3 -0.115965 (0.5217, 0.5648)
0.4 -0.116151 (0.5233, 0.5466)
0.5 -0.116096 (0.5250, 0.5499)

0.6 -0.115701 (0.5266, 0.5532) develops
0.7 -0.114892 (0.5283, 0.5565) do
0.8 -0.113530 (0.5300, 0.5598) do

parameter A on the computed solutions. It is seen from table 2.3 (a) that with
increasing A, the minimum streamfunction value and the vorticity at the mid-point of
the moving wall deviate from the benchmark results in [46]. This is due to the fact that
severe clustering at the walls takes away some significant points from the interior and
high-gradient vorticity regions are not necessarily aligned to the walls. In addition to
this one can see from the table 2.3 (b) that the location of the primary vortex center
for Re = 2000 varies with A, with slight variation in the 1, value. Next, we try to
find an optimal A\ value which will guarantee the most accurate resolution of the flow
with minimal computational effort. It is numerically experimented and found that
for A < 0.6, bottom left (BL) tertiary vortex could not be captured for Re = 2000.
This phenomenon has been observed for A > 0.6 (see figure 2.7). It is also seen that
for A > 0.6 the ¥, value deviates from the numerical result in [53]. Again from
figure 2.7 we see that with A = 0.6, all the flow characteristics including the tertiary
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corner vortices could be easily captured which 0.2 < XA < 0.5 could not do so. Also
with values of A > 0.6, the size of the top left vortex was seen to decrease as severe
clustering at the walls with higher A values takes away some significant points from
the interior. Therefore, for most of the computations in this problem, we have used
A =0.6. In table 2.4, we present our grid independence data for u, v, ¢ and ( for

Table 2.4: Lid-driven cavity flow problem: grid independence study of the steady-
state data at the center of the cavity.

Present
Re Grid Velocity P [q
u v
100 21 x 21 -0.20453 0.05508 -0.06486 -1.12965
129 x 129 [46] -0.20581 [46] 0.05454 [46]
31 x 31 -0.20701 0.05643 -0.06574 -1.15390
41 x 41 -0.20791 0.05691 -0.06608 -1.16268
61 x 61 -0.20859 0.05725 -0.06633 -1.16910
81 x 81 -0.20883 0.05738 -0.06642 -1.17141
89 x 89 [92] -1.17441 [92]
400 41 x 41 -0.11829 0.05373 -0.10457 -2.42382
61 x 61 -0.11578 0.05242 -0.10603 -2.42169
81 x 81 -0.11529 0.05217 -0.10636 -2.42178
121 x 121 -0.11510 0.05208 -0.10653 -2.42236
1000 41 x 41 -0.07142 0.02831 -0.10924 -2.01695
61 x 61 -0.06467 0.02639 -0.11462 -2.05602
81 x 81 -0.06298 0.02598 -0.11582 -2.06287
121 x 121 -0.06226 0.02583 -0.11633 -2.06575
160 x 160 [18] -0.06206 [18] 0.02578 [18] -2.06722 [18]

Re =100, 400 and 1000, and compare them with those of ref. [18,46,92]. It confirms
that our coarse grids are enough to produce more accurate results.

Table 2.5 compares our primary vortex data for 100 < Re < 5000 with the
benchmark results in [46] as well as other established results [14,18,19,53,57,72,120,
148]. In table 2.6 and 2.7, we provide the secondary vortex data for the same range
of Reynolds numbers at the two bottom corners and at the top left corner whereas
in table 2.8, we present the tertiary vortex data for the bottom corners. In all these
tables, we compare them with the references cited above and excellent match was
observed in all the cases.

In figure 2.8, we present comparisons of the horizontal velocities along the vertical
centerline and the vertical velocities along the horizontal centerline of the square
cavity for Reynolds numbers ranging from 100 to 5000 and compare our data with
those of Ghia et al. [46]. While the data for [46] were obtained using 129 x 129 and
257 x 257 grids, our data are obtained using a 21 x 21 grid ( Re = 100), a 41 x 41
grid (Re = 400), a 61 x 61 grid (Re = 1000), 101 x 101 grid (Re = 3200) and a 121
x 121 grid (Re = 5000). In each case, our velocity profiles exhibit a perfect match
with Ghia’s results.

In figure 2.9, we compare our data of the horizontal vorticities along the vertical
centerline and the vertical vorticities along the horizontal centerline of the square
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Figure 2.7: For caption see next page.
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Figure 2.7: For the lid-driven square cavity flow problem, Re = 2000, on 61 x 61
grid, stream line contours for: (a) A = 0.0, (b) A = 0.5, (¢) A = 0.6, (d) A = 0.7 and
(e) A =0.8.

cavity on a grid 61 x 61 for Reynolds number 1000 with those of [20] on a grid 1024
x 1024. Here also, our coarse grid results are in excellent match with the extremely
fine grid results of ref. [20].

In figure 2.10, we exhibit the well known streamlines and corresponding vorticity
contours for 1000 < Re < 5000. All of these graphs exhibit the typical separations
and secondary vortices at the bottom corners of the cavity as well as at the top left
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Table 2.5: Strength and Location of the Centers of Primary Vortex for the lid-driven
square cavity problem.

Re Ref. Vomin T Yy
100 46 -0.103 0.6172 0.7344
53 -0.103 0.6125 0.7375
57 -0.103 0.6196 0.7373
[120] -0.103 0.6167 0.7417
[148] -0.103 0.6188 0.7375
Present -0.103 0.6183 0.7273
400 46 -0.114 0.5547 0.6055
57 -0.112 0.5608 0.6078
53 -0.113 0.5500 0.6125
[120] -0.113 0.5571 0.6071
[148] -0.114 0.5563 0.6000
Present -0.113 0.5532 0.6055
1000 18 -0.119 0.5308 0.5652
19 -0.116 0.5313 0.5586
46 -0.118 0.5313 0.5625
53 -0.117 0.5250 0.5625
57 -0.118 0.5333 0.5647
[120] -0.116 0.5286 0.5643
[148] -0.117 0.5438 0.5625
Present -0.118 0.5399 0.5598
2000 [53] -0.118 0.5250 0.5500
[57] -0.120 0.5255 0.5490
[148] -0.112 0.5250 0.5500
Present -0.119 0.5200 0.5598
3200 46 -0.120 0.5165 0.5469
53 -0.122 0.5188 0.5438

72 -0.115 =

Present -0.120 0.5160 0.5479
5000 14 -0.122 0.5113 0.5283
19 -0.114 0.5156 0.5313
46 -0.119 0.5117 0.5352
53 -0.122 0.5125 0.5375
57 -0.121 0.5176 0.5373

72 -0.112 — —
[148] -0.092 0.5125 0.5313
Present -0.119 0.5133 0.5399

of the square cavity.

In figure 2.11, we have presented the convergence histiry of the ( errors on a 41
x 41 grid. As expected, the convergence for large Reynolds numbers requires more
number of iterations; in table 2.9, we present the convergence data (and CPU time )
for these cases.
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Table 2.6: Strength and Location of the Centers of Secondary Vortex: Bottom of the
lid-driven square cavity.

Bottom Left Bottom Right

Re Ref. Ymax z Y Ymax x Y
100 19 1.63e-6 0.0313 0.0391 1.23e-5 0.9453 0.0625
46 1.75e-6 0.0313 0.0391 1.25e-5 0.9453 0.0625
53 1.83e-6 0.0375 0.0375 1.45e-5 0.9375 0.0625
57 1.72e-6 0.0392 0.0353 1.22e-5 0.9451 0.0627
[120] 2.05e-6 0.0333 0.0250 1.32e-5 0.9417 0.0500
[148] 1.94e-6 0.0375 0.0313 1.14e-5 0.9375 0.0563
Present 1.72e-6 0.0316 0.0316 1.23e-5 0.9425 0.0575
400 46 1.42e-5 0.0508 0.0469 6.42e-4 0.8906 0.1250
53 1.30e-5 0.0500 0.0500 6.48e-4 0.8875 0.1250
57 1.30e-5 0.0549 0.0510 6.19e-4 0.8902 0.1255
[120] 1.45e-5 0.0500 0.0429 6.44e-4 0.8857 0.1143
[148] 1.46e-5 0.0500 0.0500 6.45e-4 0.8875 0.1188
Present 1.38e-5 0.0528 0.0439 6.35e-4 0.8908 0.1233
1000 18 2.33e-4 0.0833 0.0781 1.73e-3 0.8640 0.1118
19 3.25e-4 0.0859 0.0820 1.91e-3 0.8711 0.1094
46 2.31e-4 0.0859 0.0781 1.75e-3 0.8594 0.1094
53 2.02e-4 0.0875 0.0750 1.70e-3 0.8625 0.1125
57 2.22e-4 0.0902 0.0784 1.69e-3 0.8667 0.1137
[120] 2.17e-4 0.0857 0.0714 1.70e-3 0.8643 0.1071
[148] 2.24e-4 0.0750 0.0813 1.74e-3 0.8625 0.1063
Present 2.24e-4 0.0811 0.0811 1.72e-3 0.8577 0.1092
2000 [53] 8.58e-4 0.0875 0.1000 2.41e-3 0.8375 0.1000
[57] 7.26e-4 0.0902 0.1059 2.44e-3 0.8471 0.0980
[148] 6.90e-4 0.0875 0.1063 2.60e-3 0.8375 0.0938

Present 6.65e-4 0.0899 0.0993 2.48e-3 0.8455 0.0993

3200 [46] 9.78e-4 0.0859 0.1094 3.14e-3 0.8125 0.0859
[53] 1.03e-3 0.0813 0.1188 2.86e-3 0.8125 0.0875

Present 9.80e-4 0.0794 0.1175 2.84e-3 0.8247 0.0863

5000 [14] 1.37e-3 0.0725 0.1370 3.07e-3 0.8041 0.0725
[19] 2.22e-3 0.0664 0.1484 4.65e-3 0.8301 0.0703

[46] 1.36e-3 0.0703 0.1367 3.08e-3 0.8086 0.0742

[53] 1.32e-3 0.0750 0.1313 2.96e-3 0.8000 0.0750

[567] 1.35e-3 0.0784 0.1313 3.03e-3 0.8078 0.0745

[148] 1.67e-3 0.0625 0.1563 5.49e-3 0.8500 0.0813

Present 1.16e-3 0.0782 0.1307 3.09e-3 0.8006 0.0782

Table 2.7: Strength and Location of the Centers of Secondary Vortex: Top left side
wall of the lid-driven square cavity.

Re Ref. Wnsio ax y

2000 [53] -1.22e-4 0.0375 0.8875
Present -7.36e-5 0.0260 0.8804

3200 [46] -7.28e-4 0.0547 0.8984
[53] -7.33e-4 0.0563 0.9000

Present -5.91e-4 0.0491 0.8988

5000 [14] -1.45e-3 0.0635 0.9092
[19] -1.75e-3 0.0625 0.9102

[46] -1.46e-3 0.0625 0.9102

[53] -1.54e-3 0.0688 0.9125

[57] -1.40e-3 0.0667 0.9059

Present -1.24e-3 0.0624 0.9101

Table 2.8: Strength and Location of the Centers of Tertiary Vortex: Bottom of the
lid-driven square cavity.

Bottom Left Bottom Right
Re Ref. Pmin T y Vmin z y

2000 Present -1.59e-8 0.0050 0.0050 -7.52e-8 0.9899 0.0101
3200 [46] -6.33e-8 0.0078 0.0078 -2.52e-7 0.9844 0.0078
[53] -3.74e-8 0.0063 0.0063 -2.37e-7 0.9875 0.0125

Present -2.32e-8 0.0040 0.0080 -1.93e-7 0.9879 0.0121

5000 [14] -6.67e-8 0.0079 0.0079 -1.43e-6 0.9786 0.0188
[19] -2.33e-7 0.0117 0.0098 -2.47e-5 0.9668 0.0293

[46] -7.09e-8 0.0117 0.0078 -1.43e-6 0.9805 0.0195

[53] -5.15e-8 0.0063 0.0063 -1.70e-6 0.9750 0.0188

Present -4.52e-8 0.0067 0.0067 -1.45e-6 0.9795 0.0205
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Figure 2.8: For the lid-driven square cavity flow problem: comparisons of steady-
state (a) horizontal velocity along the vertical centerline and (b) vertical velocity
along horizontal centerline from Re = 100 to Re = 5000.
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Figure 2.10: For the lid-driven square cavity flow problem: comparisons of steady-
state streamfunction contour: (a) Re = 1000 on 61 x 61, (¢) Re = 3200 on 101 x
101 and (e) Re = 5000 on 121 x 121; vorticity contour: (b) Re = 1000 on 61 x 61,
(d) Re = 3200 on 101 x 101 and (f) Re :315000 on 121 x 121.
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Table 2.9: Convergence data and relaxation parameter for the lid-driven square cavity
problem on a 41 x 41 grid in a PC with pentium 4 processor and 512 mB RAM.

Present
Re | CPU(s) | Iterations | Relaxation parameter
(inner (¢), inner (v))
100 | 12.225 225 (0.125, 0.2)
400 | 26.109 378 (0.1, 0.2)
1000 | 45.124 481 (0.1, 0.2)
2000 | 116.167 1361 (0.08, 0.175)

100

0.01

le-04

le—06

( —error

1e-08

le-10 ... AN, R
1 10 100 1000 10000

Iterations ———

Figure 2.11:  Convergence history of the (-error till steady-state for the lid-driven
square cavity flow on a 41 x 41 grid on a Pc with pentium 4 processor and 512 mB
RAM.
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Results for rectangular cavity (Aspect ratio#1.0)

In this section, we now present the steady-state solutions produced by the proposed
scheme for the rectangular cavity in table 2.10 and figures 2.12-2.16. In table 2.10
we have presented the location of the centers of first and second large vortices and
corresponding ¥, values thereat for different aspect ratios and compared those with
the results available in the literature [19,28,53,111]. An excellent agreement has been
found. It may be seen from these figures that a series of successive, counter rotating
vortices are formed below the moving lid. All the figures (2.12)-(2.15) represent the
streamline contours and corresponding vorticity contours. These figures show the
effect of Reynolds number on the vortex structure in the cavity.

Table 2.10: Problem 2: Lid-driven rectangular cavity flow problem: strength and
location of the center of first and second large vortices.

First large vortex Second large vortex
Aspect ratio Re Ref. U X y Y min X y
0.5 100 [28] -0.0747 0.6642 0.3275 - - -
41 x 21 Present -0.0746 0.6561 0.3281 - - 3
400
61 x 31 Present -0.0810 0.7043 0.3027 - - =
1000 [28] -0.0782 0.7010 0.2799 0.0043 0.1868 0.2391
61 x 31 Present -0.0788 0.7043 0.2766 0.0041 0.1899 0.2234
1.5 50 [111] -0.0912 0.5781 1.2578 - - -
41 x 61 Present -0.1019 0.5795 1.2682 - - -
400 [111] -0.1084 0.5625 1.1172 6.41e-3 0.4453 0.3906
41 x 61 Present -0.1137 0.5399 1.1241 7.57e-3 0.4205 0.4091
1000 [111] -0.1134 0.5352 1.0820 1.09e-2 0.3007 0.4179
81 x 121 Present -0.1144 0.5399 1.0851 7.74e-3 0.3439 0.3950
2 100 [19] -0.1033 0.6172 1.7344 7.83e-4 0.5391 0.5859
[53] -0.1031 0.6125 1.7375 5.23e-4 0.5625 0.6000
41 x 81 Present -0.1041 0.6184 1.7386 8.1e-4 0.5399 0.5798
400 [19] -0.1124 0.5547 1.5938 9.09e-3 0.4297 0.8125
[53] -0.1131 0.5500 1.6125 8.02e-3 0.4375 0.8625
41 x 81 Present -0.1132 0.5399 1.6107 8.97e-3 0.4205 0.8410
1000 [19] -0.1169 0.5273 1.5625 0.0148 0.3516 0.7891
[53] -0.1182 0.5250 1.5875 0.0125 0.3250 0.8750
61 x 121 Present -0.1180 0.5266 1.5816 0.0133 0.3439 0.8410

In figure 2.12 we have presented results for aspect ratio 0.5. It is seen that for
Re = 0.01 the flow in the cavity is characterized by a symmetric pattern of the
vortex structure, which consists of one large vortex (first primary vortex) and a pair
of bottom corner vortices (secondary vortices). The corner vortices are the primary
vortices from the Moffatt [101] sequence. It is experimented that this symmetric flow
pattern almost remains unchanged till to Re < 1. With the increase in Re, the center
of the large vortex moves from the vertical centerline of the cavity, and the symmetric
flow pattern is perturbed due to the inertia force effect. When Re > 50, the size of
the left bottom corner vortex increases remarkably with increasing Re and ultimately
forms a secondary large vortex with a new vortex at the left bottom corner. The new
vortex is the secondary vortex from the Moffatt sequence.

In figure 2.13 we have presented the results for Re = 1000 with aspect ratios
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0.6 < K < 1. It shows the changes of size of the secondary large vortex at the left
corner and the development of the right bottom secondary corner vortex. With the
increase in aspect ratio, it is seen that the size of the second large vortex as well as
the left corner secondary vortex decreases and the size of the bottom right corner
vortex increases. For an aspect ratio K~0.85 (figure is not shown) a symmetry in size
in the two bottom corners appears.

Figure 2.14 shows the evolution of vortex structures with aspect ratios 1.1 <
K< 1.25. When K= 1.1, due to the inertia effect, the size of the bottom right corner
vortex is larger than that of left corner vortex. As K increases, the attachment point
of the left secondary vortex and separation point of the right secondary vortex on
the bottom wall approach each other and meet together to form a stagnation point.
From numerical experiments it is seen that the stagnation point is not at the center
of the bottom wall. It is also noticed that the merging process of the centers of the
two bottom corner vortices is completed for K=1.25 and forms a second large vortex.
It may be mentioned here that the development of the second large vortex (second
primary vortex) is a function of aspect ratio (K). Further, increase in K shows the
gradual development of a pair of new bottom corner vortices. It is noticed that the
maximum size of the first large vortex decreases with the increase in aspect ratio.

Figure 2.15 shows the constant streamfunction and corresponding vorticity con-
tours for different Res with aspect ratio K= 2.0. It reveals that though the center of
the first large vortex is offset towards the top right corner for Re = 100, with increas-
ing Re, it moves downwards, while the center of the second large vortex shifts from
right to left. Again, as Re increases the size of the first large vortex decreases and
the second large vortex increases. It is also seen that with the increase in Re, the size
of the bottom left secondary vortex increases compared to bottom right secondary
vortex. From vorticity contours the change of vortex line patterns are evident. With
the increase in Re a vortex core is developed in the upper half of the cavity indicating
the viscous effects are confined to the thin boundary layers close to the walls.

Figure 2.16 shows the evolution of vortex structures for low Re (Re = 0.01). As
K increases, the separation point of the left bottom corner vortex and the attachment
point of the right bottom corner vortex on the bottom wall approach each other. They
meet at above the center position of the bottom wall, while the primary large vortex
reaches its vertical length approximately 1.63 [111] (measured from the top moving
wall to the lowest point on the separation line with respect to bottom wall in figure
for aspect ratio 1.65). Finally, when the aspect ratio attained a certain critical value,
the bottom two corner vortices coalesce and forms a second primary eddy. Such a
critical aspect ratio was found to be in the range 1.75 <K< 1.80.
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Figure 2.12: For rectangular lid driven cavity flow: Streamline contours and corre-

sponding vorticity contours for aspect ratio 0.5, and Re=0.01, 50, 100, 400 and 1000
with \=0.6.
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Figure 2.13: For rectangular lid driven cavity flow: Streamline contours and cor-
responding vorticity contours for different aspect ratios 0.6, 0.7, 0.8 and 0.9 with
Re=1000, and A=0.6.
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Figure 2.14: For rectangular lid driven cavity flow: Streamline contours and corre-
sponding vorticity contours for different aspect ratios 1.1, 1.2 and 1.25 with Re=1000,
and A=0.6.
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Figure 2.15: For rectangular lid driven cavity flow: Streamline contours and corre-
sponding vorticity contours for aspect ratio 2.0 with different Re=100, 400 and 1000,
and A\=0.6.
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Figure 2.16: For rectangular lid driven cavity flow: Streamline contours for Re = 0.01
with aspect ratio 1.5, 1.6, 1.65, 1.7, 1.75 and 1.8, and A\=0.6.
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2.5 Conclusions

In this work, we introduce a new HOC formulation for solving incompressible viscous
flow problems governed by the N-S equations on nonuniform grids. The scheme is
fourth order accurate in space. Both Dirichlet and Neumann boundary conditions
can easily be incorporated into the scheme. To bring out different aspects of the
scheme, we employed it to compute the steady-state solutions of a linear convection-
diffusion problem, a problem governed by N-S equations with a constructed analytical
solution and the 2D lid-driven cavity flow problem. We provided ample numerical
evidence to prove its superiority over other established results. The robustness of the
scheme is illustrated by its applicability to problems of varying physical complexities,
represented among others, by Reynolds numbers ranging from 0.01 to 5000 in the
cavity problem. We found that the accuracy of the numerical solutions depend not
only on the order of accuracy of the scheme, but also on a number of other factors such
as different stretching parameter values, the tolerance of the iterative procedure, etc.
The results obtained in all the test cases on relatively coarser grids are in excellent
agreement with the analytical as well as established numerical results as the grid is
nonuniform, underlining the high accuracy of the scheme. The scheme has the added
advantage of being used in non-rectangular physical domains such as constricted
tube which is presented in chapter 7. Thus, it has very good potential for efficient
application to many problems of incompressible viscous flows on complex geometries.
In the next chapter, we will present the extension of the proposed HOC scheme to
transient N-S equations.
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Chapter 3

A transient higher order compact
scheme on nonuniform grids

In this chapter, an extension of the proposed HOC scheme in the previous chapter for
steady flow to a transient one has been made. It describes the formulation of a class
of transient high order compact (HOC) finite difference schemes for solving the two-
dimensional (2D) unsteady Navier-Stokes (N-S) equations on irregular geometries !.
Apart from including the good features of HOC schemes, the formulation has the
added advantage of capturing transient viscous flows involving free and wall bounded
shear layers which invariably contain spatial scale variation. However, the power
of the scheme is better realized when it is used to solve three pertinent fluid flow
problems, namely, the flow in (1) a symmetric channel with both forward and a
backward constriction, (2) an asymmetric constricted channel with different aspect
ratios and (3) a lateral and symmetric dilated channel.

3.1 Introduction

The governing equations representing the 2D unsteady incompressible viscous flow of a
fluid are the N-S equations which, in non-dimensional primitive variables formulation
can be written as

ou Ov
e + 8_y = (), (3.1)

ou ou ou op 1 _,
- - - = 4 2
ot +“ax+”ay 8x+Rev w (3:2)

ov ov ov  dp 1 _,
EjLu%ij&_y_ 8y+Rev v, (3.3)

!This study has been published in Journal of Computational Physics [110]
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where Re is the Reynolds number, p is the pressure and u,v are the velocity com-
ponents along x- and y-directions respectively. The streamfunction ¢ (z,y,t) and the
vorticity ((z,y,t) can be defined as

_ % _ %
u = 3y’ V= (3.4)
and P 5
v U
C— % - a_y. (3.5)

With these, the streamfunction-vorticity (1-¢) form of the N-S equations (3.1)-(3.3)
can be written as

9% 0%
TP T o (36)
oc 9% 9% ¢ oC

The past few decades have seen the development of many numerical schemes
[10, 14, 19, 20, 27,45, 52, 6567, 69, 72, 78, 81, 82, 84, 93-95, 120, 129, 139, 148] to solve
the N-S equations both in the primitive variables ((3.1)-(3.3)) as well as ¥-C ((3.6),
(3.7)) formulations. Of late, HOC finite difference schemes [51, 52, 64-66, 81,84, 85,
92,93,129] for the computation of incompressible viscous flows are gaining popularity
because of their advantages associated with high order accuracy coupled with compact
difference stencils. However, most of these HOC approaches are confined to steady
flow calculations [52, 81, 84,92, 93] mostly on uniform space grids. As such these
schemes could not fully exploit the advantages associated with nonuniform space
grids, particularly that of mesh grading to resolve smaller scales in the regions of large
gradients in the physical domain. Recently, Spotz and Carey [128], Zhang et al. [45],
and, Kalita et al. [66] have developed some HOC schemes on nonuniform grids for the
2D convection-diffusion equations. Of these, the application of first two were limited
to only linear problems whereas the last one, which used no transformation from the
physical to the computational plane, could accurately capture steady incompressible
viscous flows governed by N-S equations. Also, whenever there have been attempts to
develop HOC schemes for the transient flows, these are confined invariably to uniform
space grids [10, 46,65, 85].

In this chapter we propose an HOC scheme for the transient, spatially second order
quasi-linear partial differential equation without the mixed derivative term. Like its
steady-state counterpart the scheme which can be applied to both convection-diffusion
and reaction-diffusion equations, can also be easily accommodated into solving equa-
tions of the N-S type with slight adjustment of the convection coefficients. It may be
noted that application of all the schemes mentioned in the previous paragraph was
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almost confined only to rectangular physical domains. The proposed scheme works
equally efficiently on problems described on both rectangular as well as other curvi-
linear coordinate settings. It is implicit, second order accurate in time and fourth
order accurate in space. It handles both Dirichlet and Neumann boundary conditions
with ease. To validate the scheme, it is first applied to the problem of flow decayed
by viscosity having analytical solutions and, then to the classical lid-driven cavity
problem. We compare our numerical results with both analytical and established
numerical results, and excellent match is obtained in all the cases.

3.2 Basic formulations and Discretization Proce-
dure

All the equations (3.1)-(3.3) and (3.6), (3.7) can be put under the same umbrella of
the two dimensional time dependent second degree equation

00 o2 824 06 06
E‘FOJ(.’E yat)8 2+ﬁ($ Y, )a—yg + V(xvyat)%—i_y(xayat)a_y
+ w(z,y,t)¢ =0(z,y,1), (3.8)

where [ is constant and 6 is the source term.

3.2.1 Transformation of the Governing Equations

We now briefly discuss the transformation

r = x(§n,1), y=y(&n,t), (3.9)

from the physical z-y plane to the computational -7 plane which is used to convert
a complicated grid into a simple, uniform cartesian grid. Under this transformation,
equation (3.8) in the physical plane becomes

06 P66 P 9 06
l b — d— 3.10
;ta 8§2+98§8n+ 5 +c a§+ +po = f, (3.10)
in the computatlonal plane where
1 [/~ N 1 [~ N
a<€7 7, t) = ﬁ (blx% + alyg) ) b(€7 7, t) = ﬁ (blxg + aflyg) )
o d a  d
0(57777 t) - 7y17 - 71:77 + R7 d(&, 777t) = _7y5 + 71:5 + S
g(é? n, t) - % (d\lynyﬁ + 611'77.%‘5> ) p(§7 m, t) - ﬁ1(£7 n, t)7
FEmt) = hEnt), (3.11)
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with
Oz(x,y,t) - 51(5777775)7 B(l’ Y, ) ?(5#7:15);
’}/(Jf,y,t) - /C\l(fanvt)v (.I Y ) C/l\(é 7, )7
w(x,y,t) = ﬁ1<§7n7t>7 9<xay7t) fl(éﬂl:t);

and the expressions for J, R, S are same as in section 2.2.1.

3.2.2 Discretization in the transformed plane

Assuming the transformed domain to be rectangular and constructing on it a uniform
rectangular mesh of steps h and k in the &- and n-directions respectively, the standard
central difference approximation to equation (3.10) at the (i, j)-th node (the stencil
is similar to the one at the n or (n + 1)-th time level shown in figure 3.1) is given by

l(5+¢’ +a1352 ' 92]55 77¢ —|-sz(5727 +Czj5£¢ +dlj577¢

+ pz‘,jﬁbi] " = I (3.12)

;) Ve

2%

where gzﬁl ,j denotes (b(ﬁz, n;); O¢, 52 and 0,), 6127 are the first and second order central
difference operators along &- and n-directions respectively, and d¢0, is the mixed
second order central difference operator. The truncation error T7; is given by

2 8455 84;5 835 " 34;5 34$ ad¢
T — -7
i = 13 a8§4+2g(9§38n+208§3] b8n4+2g3§83+2d8n
i,
+ O(At A% EY). (3.13)

To obtain a fourth order spatial compact formulation for (3.12), each of the derivatives
of the leading terms of (3.13) are compactly approximated [93] to O(At, h? k?). In
order to accomplish this, the original PDE of equation (3.10) is treated as an auxiliary
relation that can be differentiated to obtain expressions for higher derivatives. For
example, successive differentiation of (3.10) w.r.t £ yields

o _1[0f a NP6 (b9, \ PO 06 0P
% a [85 - <9_5+ )5_52_(0_€+ )85817_9052077_5_53_772
_ X6 _0c09 0405 _ 06 Ops 06

gco  DEdE  ogon  ToE oe 9¢

(3.14)
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and

6 f  [(8a 0\ o da 1/0f (da 6
“per 8—52_(8_52+28_€)8—£2_(28_§+C) Ha?(a?“)a?
9 92d Bo d2d . Bbd  0cdd  0dod

} (a‘g* )06077_9052577_0_50_772_ oco ~ dE g OEan

06  Op~ O 9%g _0d\ 0% dg PBo
BT ‘la—g}‘(a—e”a—g) 8€8n_(28_§+d> oo

oo 2bdd  _Ob B O 9%0p  9%doo

Tocson oo “ococon  0€om® 0 0E 0o
0%  _0pdp  p~ P

- P —2=——=—=0¢— : 3.15
Pog ~acoc oe’ " oe (315)
37 470
Expressions for 98 and bm can be found in a similar way. It is seen that the
n n
expressions for the fourth order derivatives (for example, see equation (3.15)) contain
26 ¢

mixed derivative terms like etc. which cannot be approximated com-

0830n’ 0o’
pactly on the stencil shown in figure 3.1. As mentioned in chapter 2, this difficulty

( (n+1)—th time level

(i—l,j+1)‘ (ij+1) G+1,j+1)

(i-1) j) (+1,j)

t
(=Li-D) () (i+1,j-1) J\— £

n

/ (-1j+1) (ij+1) (i+1,j+1)
an

(-1j) Gj) (i+1)

At

n

(-1j-1) (i,j-1) (i+1,j-1)

AE AE

t————= n-th time level

Figure 3.1:  The unsteady HOC computational (9,9) stencil in &nt-space.

could be overcome by choosing an orthogonal or conformal mapping. On consider-
ing such a grid or transformation, and using central difference for space derivatives
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and forward temporal difference with uniform step length At, equation (3.12) can be
written as

72 N R -\
{5+¢ + — (525+¢ J(sgéjgb;fj) + — (525+¢" +d; 0,0, a%) }

+ A 52¢"+G’ 00, ¢” + Bl 626! e +C 5@" +D; 6¢” + H

L,J°n
1
+ D [<k¢2a” + thU) 5552 {thm‘ + k2 (25,7a,~7j + d;‘,jai,j) }526@%
+ {k%m + h? (25gbi,j - c;jbm) }555{;@} = F, + O(At, h* kY, (3.16)
where
20¢a;
C:j A 3% J’
: i,
d; ; — 20,b;
d* 2,7 n-e.J
2,7 bi,j )
with

h2
Ay = gt o Kééaz-,j + 20¢¢; 5 +Pi,j> + ¢ (55@1%1 T Cm’)]
k’2
+ % {dzjénai,j + 53%,3} )

/ h? 2 k? 2
Bi,j = bz +12 (Sgsz—i—(; bz] 12 5bl]+25 le_'_pZJ

+ d;j (677bz‘,j + di,j):| )
2

h? k
CZ{J = ¢,;+ ﬁ |:5§Cz‘,j + 25§pi7]~ - CZ]- (5562‘,]' r p¢7j):| B 19 |:§20” + d;“7j5n0i,j:| )

h? k?
Dy = dij+ 4 {52% + c;ﬁjagdi,j} + 5 {53611.,]- + 26,pi; + d; (5ndi,j + p,,j)} :

h? . ? ‘
G = 5 [255d gt Czyjdz‘,j] I3 {25 Cij + di,jcz’a’] )
Rl R
Hi;, = pij+ B [551%,3‘ + Cf,j(SéPi,j} T [57717@3' + d;jé’?pm} )

, h? K ,
Fi,j = fz] |:52fw +¢ ]6§f1 J} 12 {63]0%] + di,jénfi:j‘| :
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We now introduce a weighted average parameter p through the approximation of the

9,
time derivative a—f such that ¢, = (1 — p)t™ + pt™*+Y where 0 < p < 1. Varying p
yields different schemes of different time accuracies. With these, equation (3.16) can
be put in the form

1 1 1 1
(n+1) _ ! (n)
Z Z Witk ,j+k2 2+k1 Jtke T Z Z Witk ko ¢i+k1’j+k2
ki=—1ko=—1 ki=—1ko=—1
(n+1) (n)
+24A¢ ( FU) 4 (1— ) E ) . (3.17)
where
At
Witk ks = Hyopa itk jthe T ity j+ks
and
/ At
Wit by ks = (M . 1)Wn+k1,j+k2 + Qitkey jtkas
with
ricijo1 = (6hEGT; +2X;; — kYi; — hZ;;), ¢i-1,-1 =0,
Tij-1 (24h*B;; — 12R°kD; ; — 4X; ; 4 2kY; ), Gij-1 =12 — kd,),
Tiyij-1 = (=6hkGy; +2X;; —kYi; +hZ;;), Git1,j-1 =0,
ric1y = (24k%A}; — 12hk°C; — 4X,; + 2hZ; ), Gi-15 = (2 — hc}),
Tij = ( 48]@‘214, g = 48h2B, C 24h2]€2H, T+ 8Xi’j), qij = 16[,
Ti+1,j = (24]43214, —|— 12]’Lk20/ 2hZ ) Q’H-Lj = l<2 + ]’LCZ]-),
ricigp = (—6hkGi; +2X;; + kYz’,j — hZi,j); ¢i-1+1 = 0,
Tij+1 (24h2B/ a4 12h2]€Dl 4Xi,j — 2]€Y;7]’), Qi j+1 = l<2 + kd;})
Tiv1je1 = (6hkGE; 4+ 2X;; + kY;,j +hZ;;), Gi+1,5+1 = 0,
in which

Xi,j = thi,j + kJQaM,
Y;,j = h2dij + k2(25 a; j + d* CLZ])
Zi,j = h2<2(5§b + C sz> + ]{? Cij-

Thus equation (3.17) becomes the O((At)*, h*, k*) HOC finite difference approx-
imation for (3.8) on the transformed plane. It should be noted that for y = 0, the
computational stencil requires nine points at the n-th and five points at (n + 1)-th
time level resulting in what may be termed as a (9, 5) scheme. Similarly ;1 = 0.5 and
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p =1 yields a (9, 9) and a (5, 9) scheme respectively. It is worthwhile mentioning
that these schemes are implicit due to the terms under the brace in equation (3.16).
The temporal order of accuracy s is two for the (9, 9) scheme and one for the other
two. Throughout our computations, we have used the (9, 9) scheme (see the corre-
sponding stencil on figure 3.1). As the scheme is implicit and some stability analysis
of this kind of scheme has been already done in [65], so a separate analysis has not
been made in this study. It is worth mentioning that our scheme is unconditionally
stable.

NOTE: If the grid is non orthogonal, the magnitude of the coefficients of mixed
derivatives relative to the coefficients of the diagonal derivatives depend on the angles
between the grid lines and on the grid aspect ratio. When the angle between grid lines
is small and the aspect ratio large, the coefficients of mixed derivative (off-diagonal
terms) may be larger than the coefficients of the derivative with respect to single
variable (diagonal terms). This can lead to numerical problems (poor convergence,
oscillations in the solution etc.). If the nonorthogonality and aspect ratio make the
coefficients of the mixed derivatives much smaller compared to those of the diagonal
derivatives, the effect of mixed derivative terms become negligible. Hence those terms
can be ignored [41].

3.3 Solution of algebraic systems

Equation (3.17) can now be evaluated in terms of system of equations which can be
written in a matrix form as follows:

AP = f(D"), (3.18)

where A is a nine diagonal asymmetric sparse matrix. The solution procedure is simi-
lar to the one discussed for the steady-state case in section 2.3 except the convergence
criteria. Here we have defined the steady-state solutions through time marching pro-
cess. The convergence criteria for time marching steady-state solutions is, for all the
grid points,

max [®" ! — ®"| < Tol, (3.19)

where @1 and ®" stand for solution at (n + 1)-th and n-th time step respectively,
and Tol is the limit for convergence. We consider the outer iteration cycle at every
time step. In an outer cycle, we solve first the transformation of (3.7) using (3.17).
Here, one more additional coefficient in comparison with vorticity equation in steady

9,
formulation (I = Re due to unsteady term a—g) has been accommodated, Then we

solve the transformation of (3.6) using its steady-state form.
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3.4 Numerical Test cases

The test cases chosen for the proposed extension are (i) the flow decayed by viscosity
and (ii) the lid-driven cavity flow problem. Problem (i) has analytical solutions, so
Dirichlet boundary conditions are used for it while for the problem (ii), both Dirichlet
and Neumann boundary conditions are applied. For the first problem, we use exact
initial data and for the second one, where steady-state is arrived at in a time marching
fashion, zero initial data was used in all the computations.

3.4.1 Test case 1:

Firstly we consider the problem of flow decayed by viscosity [30,64,139,154] governed
by equations (3.1)-(3.3) in the square 0 < z,y < 7 with the following initial conditions

u(z,y,0) = — cos(z)sin(y) and v(z,y,0) = sin(x) cos(y). (3.20)
The exact solution of this problem is given by
u(z,y,t) = — cos(x) sin(y)e’% and v(z,y,t) = sin(z) cos(y)e’%. (3.21)

The initial and boundary conditions for the -( formulations of these equations can
be easily derived from the exact solution.

(a) (b)
Figure 3.2: For problem 1: 41 x 41 grids, (a) physical plane (A\ = 0.5) and (b)

computational plane.

As the flow is characterized by a number of free shear layers, in order to resolve
the flow accurately, we have generated the grid in such a way (see figure 3.2) that
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Table 3.1: Grid independence study for problem 1: numerical and exact values of
(a) ¢ and ¢, and (b) u and v at the point (%, ;) for different Res at different time
stations t = 1,10 and grid sizes with At = 0.01 and A = 0.5.

(a)

Stream-function (v) Vorticity (¢)
t Re 21 x 21 41 x 41 81 x 81 Exact 21 x 21 41 x 41 81 x 81 Exact
1.0 100 0.680621 0.679970 0.679934 0.679932 1.361058 1.359910 1.359866 1.359864

400 0.691508 0.690313 0.690214 0.690208 1.385520 1.380628 1.380417 1.380416
1000 0.693919 0.692480 0.692296 0.692282 1.394472 1.385375 1.384579 1.384563
10.0 100 0.568445 0.567849 0.567815 0.567813 1.136711 1.135682 1.135630 1.135627
400 0.660942 0.659928 0.659811 0.659804 1.323536 1.319808 1.319613 1.319608
1000 0.681361 0.680119 0.679937 0.679918 1.368113 1.360586 1.359864 1.359837

(b)

velocity (u) velocity (v)
t Re 21 x 21 41 x 41 81 X 81 Exact 21 x 21 41 x 41 81 x 81 Exact
1.0 100 -0.129682 -0.134237 -0.134474 -0.134489 0.682061 0.680064 0.679940 0.679932
400 -0.128669 -0.135917 -0.136486 -0.136522 0.692395 0.690369 0.690219 0.690208
1000 -0.127638 -0.135865 -0.136851 -0.136932 0.694413 0.692454 0.692296 0.692282
10.0 100 -0.108007 -0.112084 -0.112299 -0.112312 0.569634 0.567926 0.567820 0.567813
400 -0.123506 -0.129804 -0.130466 -0.130508 0.661914 0.659969 0.659815 0.659804
1000 -0.126156 -0.133403 -0.134383 -0.134486 0.682178 0.680092 0.679935 0.679918

maximum number of points gets allocated to those regions. To generate the grid we
have used the following stretching functions:

A A
xzf—zsin(élf), y:n—ZSin(Zln).

Here, the parameter A € [0, 1) determines the degree of clustering with greater value
of A indicating more number of grid points at specified locations. The stretching
function constructed in the present case generates a centro-symmetric distribution of
points with clustering along the centerlines.

We present our results computed on different grid sizes for different Reynolds
number in tables 3.1, 3.2 and figure 3.3. In table 3.1(a), we show the values of ¢, ¢

for time t = 1.0 and 10.0 at the point (%, 110), whereas table 3.1(b) shows variation
in u and v at same time stations. It is obvious from the table that our numerical
results are grid independent and they are in excellent agreement with the analytical
ones. In table 3.2, we present the maximum absolute errors of ¥, ¢, u and v for
Re = 100 on three different grid sizes 21 x 21, 41 x 41 and 81 x 81 at ¢t = 1.0 and
10.0. This table clearly demonstrates that with grid refinement, the error decays with
O(h*) as expected.

In figure 3.3(a) and (b), we show the numerical and analytical results using stream-
lines for Re = 1000 on a 81 x 81 grid and figures 3.3(c) and (d) show the corresponding
vorticity contours at time ¢ = 10.0 for the same Reynolds number. All these figures
indicate a very close match of the numerical solutions with the exact ones including

excellent resolution of the shear layers.
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Table 3.2: Problem 1: maximum absolute errors and convergence rates of (a) v, (b)
¢, (¢) w and (d) v for Re = 100 at two time stations t = 1 and t = 10 (At = 0.01 and

A =0.5).
(2)
?
t Grid Max (1) Rate(v)
1.0 21 x 21 1.367266(-3)
3.99
41 x 41 | 8.604717(-5)
4.04
81 x 81 | 5.222722(-6)
10.0 21 x 21 1.480007(-3)
3.99
41 x 41 | 9.345349(-5)
4.05
81 x 81 | 5.646347(-6)
(b)
¢
t Grid Max () Rate (¢)
1.0 21 x 21 9.765736(-3)
3.89
41 x 41 | 6.572612(-4)
4.01
81 x 81 | 4.070853(-5)
10.0 21 x 21 1.150130(-2)
3.83
41 x 41 | 8.085744(-4)
4.02
81 x 81 4.990446(-5)
©
u
t Grid Max (u) Rate (u)
1.0 21 x 21 2.185866(-2)
3.53
41 x 41 | 1.890278(-3)
3.83
81 x 81 | 1.328059(-4)
10.0 21 x 21 1.871943(-2)
3.55
41 x 41 | 1.596069(-3)
3.84
81 x 81 | 1.114534(-4)
(D)
v
t Grid Max (v) Rate (v)
1.0 | 21 x 21 | 2.166603(-2)
3.53
41 x 41 | 1.877177(-3)
3.83
81 x 81 | 1.323446(-4)
10.0 21 x 21 1.812902(-2)
3.53
41 x 41 | 1.569013(-3)
3.83
81 x 81 | 1.105766(-4)
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Figure 3.3: For problem 1, at t=10, Re=1000, (At = 0.01, A = 0.5), on grid size 81
x 81: streamlines (a) exact and (b) numerical, and vorticity contours (c) exact and
(d) numerical.

3.4.2 Test case 2: The lid-driven cavity problem

Next we consider the classical 2D lid-driven cavity problem. The basic problem is
same as discussed in section 2.4.3. It is worthwhile mentioning that there is a limited
literature concerning the evolution of vortex structures and the related issues in a
lid-driven cavity [19,31,54,111,122]. Shankar [122] analyzed the Stokes flow in a deep
cavity and found that the primary eddy structure is related to the corner eddy. Most
of the facts that happen in cavity flow can be found in [122]. He concluded that very
little work has been done on flow in a deep cavity for higher Res. Miller [97] studied
shallow cavity (aspect ratio<1) flow and observed that the nature of the boundary
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conditions affect the predicted vortex structures.

In this section, we have produced and discussed both the steady-state and tran-
sient results for different aspect ratios (K = g—;, where Dy and D, are the depth
and width of the cavity) in a time marching fashion. The boundary conditions for
vorticity have been treated in the same way as in section 2.4.3 for the problem of
lid-driven cavity. Here it is noted that the final form of the vorticity boundary condi-
tions become time dependent as the flow variables (¢, (,u,v) in this study are time
dependent. In an outer temporal cycle, the convergence criteria of the solution of

® (1, () is, for all the grid points,
max [®" — ®"| < 0.5 x 107°, (3.22)

where ®"*1 and ®" stand for the solution at two consecutive time levels. The nonuni-
form grid is generated as in chapter 2 for lid-driven cavity problem. We have con-
sidered the same optimal A (degree of clustering, A = 0.6) for all the calculations
as discussed in section 2.3.4. It can be seen an excellent agreement through the
comparison of our steady-state results obtained in a time marching manner to the
steady-state results presented in chapter 2 for the same problem.

Here, we have presented extensively the evolution of vortex structures in a cavity
with different aspect ratios. It shows clearly how the large vortex structures (other
than first primary vortex) are generated from the corner vortices in the intermediate
steps.

Results for lid-driven square cavity problem (Aspect ratio=1.0)

We now present the time-marching steady-state and the transient solutions produced
by the proposed scheme for this problem in tables 3.3-3.6 and figures 3.4-3.8.

In table 3.3, we present grid independence results obtained in time marching
steady-state manner for flow variables u, v, ¥ and ¢ for Re = 100 and 1000, and
compare them with the numerical data available in the literature [18,46,92]. Table
3.4 and 3.5 show the comparison with the calculated primary, secondary and tertiary
vortex data for different Res (100 < Re < 5000) with the numerical results available
in the literature [20,46,57,72]. An excellent agreement is found.

Figure 3.4 shows the wall vorticity values for different Res (100 < Re < 5000) on
different sizes of grid. It reveals that the use of a coarser grid is sufficient to capture
the flow phenomena accurately if the grid is nonuniform and thereby confirms that
our formulation on nonuniform grids yield quantitatively accurate solutions.

In table 3.6, we present the convergence data (and CPU time ) on a 61x 61 grid
till steady-state where steady-state was assumed to reach when
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Table 3.3: Lid-driven square cavity flow problem: grid independence study of the
steady-state data at the center of the cavity.

Present Reference
Re Grid Velocity P C Grid Velocity 4
u v u v
100 21 x 21 -0.20424 0.05489 -0.06468 -1.12383 129 -0.20581 0.05454 -
[46] (46] [46]
31 x 31 -0.20690 0.05636 -0.06566 -1.15113 - - - -
41 x 41 -0.20785 0.05688 -0.06600 -1.16012 - - - -
61 X 61 -0.20851 0.05729 -0.06619 -1.16404 - - - -
81 x 81 -0.20882 0.05738 -0.06641 -1.17101 89 - - -1.17442
[92] [92]
1000 41 x 41 -0.07180 0.02810 -0.10858 -2.01270 - - - -
61 X 61 -0.06469 0.02638 -0.11463 -2.05634 - - - -
81 x 81 -0.06304 0.02600 -0.11585 -2.06441 - - - -
101 x 101 -0.06253 0.02587 -0.11622 -2.06661 160 -0.06206 0.02578 -2.06722
(18] (18] (18] (18]
121 x 121 -0.06189 0.02582 -0.11587 -2.05344 - - - -

Table 3.4: Lid-driven
for 100 < Re < 5000.

square cavity flow problem: steady-state primary vortex data

Re variables Ghia et al. Kim and Moin Bruneau and Saad Present(A = 0.6)
[46], (1982) [72], (1985) [20], (2005)
100 Prmin -0.103 -0.103 -0.103
Cv,c -3.166 -3.177 - -3.1397
X,y (0.6172, 0.7344 ) - = (0.6183, 0.7273)
grid 129 x 129 65 X 65 - 41 x 41
400 Dmin -0.114 S0.112 = S0.1135
Coe -2.295 -2.260 = -2.2920
X,y (0.5547, 0.6055) - - (0.5532, 0.6055)
grid 257 x 257 65 X 65 - 61 X 61
1000 Ymin -0.118 -0.116 -0.1189 -0.1183
Cv,e -2.050 -2.026 -2.0674 -2.0659
X,y (0.5313, 0.5625) = (0.5313, 0.5654) (0.5399, 0.5598)
grid 129 x 129 97 x 97 1024 x 1024 81 x 81
2000 Ymin = = B S0.1182
= s E (-0.120 ) [57]
Cv,c - - - -1.9453
X,y - - - (0.5200, 0.5598)
grid - - - 81 x 81
3200 Ymin -0.120 -0.115 = -0.1193
Cu,c -1.989 -1.901 = -1.9399
X,y (0.5165, 0.5469) - - (0.5160, 0.5479)
grid 129 x 129 97 x 97 - 101 x 101
5000 Drvim ~0.119 S0.112 C0.1219 -0.1204
Cule -1.860 -1.812 -1.9322 -1.9708
X,y (0.5117 ,0.5352) (0.5147, 0.5352) (0.5133,0.5399)
grid 257 x 257 97 X 97 1024 x 1024 121 x 121

max [(("F) — ¢()| < 5 x 107,

Here, ("1 and ¢ stand for solutions at (n+ 1)-th and n-th time steps respectively
and we have used the computed solution for a lower Re as the initial guess for a higher
Re. We also compare our CPU times with that for the scheme presented in [65], which
used direct discretization on a uniform Cartesian grid. Although the CPU time taken
by our scheme is more than the CPU time taken for direct discretization on a uniform
Cartesian grid (presented here within parentheses), our scheme has the advantage of
working equally well in domains beyond rectangular whereas the scheme in [65] is
limited to rectangular domain only. It is worthwhile mentioning that coarser uniform
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Table 3.5: Lid-driven square cavity flow problem: steady-state secondary and tertiary
vortex data for 100 < Re < 5000.

Re
Vortex Property 100 400 1000 3200 5000
Secondary Ymazx — — — 5.91e-4 1.27e-3
TL — — — (7.28e-4) (1.46e-3)
Location z, y — — — 0.0491, 0.8988 0.0624, 0.9101
— — — (0.0547, 0.8984) (0.0625, 0.9125)
Hyp, — — — 0.0838 0.1153
— — — (0.0859) (0.1211)
\%3 — — — 0.2054 0.2678
— — — (0.2057) (0.2693)
BL Ymaz 2.06e-6 1.37e-5 2.12e-4 8.92e-4 1.23e-3
(1.75€-6) (1.42e-5) (2.31e-4) (9.78e-4) (1.36e-3)
Location z,y 0.0316, 0.0316 0.0528, 0.0439 0.0840, 0.0727 0.0794, 0.1175 0.0727, 0.1384
(0.0313, 0.0391) (0.0508, 0.0469) (0.0859, 0.0781) (0.0859, 0.1094) (0.0703, 0.1367)
Hyp, 0.0834 0.1301 0.2288 0.3002 0.3310
(0.0781) (0.1273) (0.2188) (0.2844) (0.3184)
147 0.0835 0.1093 0.1665 0.2462 0.2840
(0.0781) (0.1081) (0.1680) (0.2305) (0.2643)
BR Ymaz 1.22e-5 6.35e-4 1.75e-3 2.85e-3 3.16e-3
(1.73e-3)* (3.07e-3)*
(1.25e-5) (6.42e-4) (1.75e-3) (3.14e-3) (3.08e-3)
Location z, y 0.9526, 0.0638 0.8908, 0.1233 0.8616, 0.1092 0.8247, 0.0863 0.8005, 0.0782
(0.8643, 0.1123)* (0.8057, 0.0732)*
(0.9453, 0.0625) (0.8906, 0.1250) (0.8594, 0.1094) (0.8125, 0.0859) (0.8086, 0.0742)
Hy, 0.1334 0.2723 0.3191 0.3589 0.3816
(0.1328) (0.2617) (0.3034) (0.3406) (0.3565)
\%7 0.1612 0.3193 0.3685 0.4204 0.4457
(0.1484) (0.3203) (0.3536) (0.4102) (0.4180)
Tertiary ), . — — -5.87e-8 -2.16e-8
BL = = (-6.33e-8) (-7.08e-8)
Location z, y = = 0.0059, 0.0060 0.0080, 0.0080 0.0060, 0.0080
— — — (0.0078, 0.0078) (0.0117, 0.0078)
Hyp, — — 0.0156 0.0168 0.0152
— — — (0.0254) (0.0156)
\%3 — — 0.0175 0.0160 0.0165
— — — (0.0234) (0.0163)
Tertiary Ymin -1.25e-9 -4.81e-8 -1.10e-7 -2.77e-7 -1.26e-6
BR — (-8.91e-8) (-9.32e-8) (-2.52e-7) (-1.46e-6)

Grid Size (present)

Ghia et al.

* Bruneau and Saad

Location z,y
Hy,

VL

0.9974,0.0057

0.0081

0.0075

41 x 41
(129 x 129)

0.9933, 0.0067
(0.9922, 0.0078)
0.0152
(0.0156)
0.0156
(0.0156)

61 x 61
(257 x 257)

0.9933, 0.0067
(0.9922, 0.0078)
0.0078
(0.0078)
0.0087
(0.0078)

61 x 61
(129 x 129)
(1024 x 1024)

0.9879, 0.0121
(0.9844, 0.0078)
0.0240
(0.0254)
0.0226
(0.0234)
101 x 101
(129 x 129)

0.9795, 0.0170
(0.9805, 0.0195)
0.0559
(0.0528)
0.0448
(0.0417)
121 x 121
(257 x 257)
(1024 x 1024)

grid used in [65] could not capture the flow patterns for higher Res accurately.

Table 3.6: Convergence data and relaxation parameter for the lid-driven square cavity
problem on a 61 x 61 grid in a PC with pentium 4 processor and 512 mB RAM.

Re CPU(s) Relaxation parameter
(inner (¢), inner (v))

100 | 116.585 (64.926) (0.725, 0.9)

400 | 261.197 (126.972) (0.425, 0.625)

1000 | 782.034 (372.254) (0.5, 0.6)

In figures 3.5 and 3.6, we show the time-wise evolution of the streamlines for
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Figure 3.4: Lid-driven square cavity flow problem: comparison of wall vorticity for
(a) Re=100 and 400, and (b) Re=1000, 3200 and 5000.

50 100
0
ok
-100
-50 -
/ =200 Re Present Ghia et al.
-100 ! Re Present Ghia etal. | N 00 ‘;} 1000 — 8% ) + ( 1292)
: 100 — (212, A=06) 4 (129%) | )
150 H ) 4| g00 - (10F) o« (129°) | ]
; 400 - (41 ,A=0.6) * (129° ) | | swp .
200 ¢ 1 ol | B000--- (12%) *  (257%) | |
250 L L L L ~700 1 1 1 1
0 0.2 04 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

(a) (b)

Re = 1000 and 3200 till the steady-state is reached (on a 81 x 81 and 101 x 101 grid
respectively). These figures show that our scheme excellently captures the formation
of the secondary and tertiary vortices as time progresses. In a similar note, the
adjacent tables show the time evolution of the 1-( data at different time stations for
Re = 1000 and 3200 respectively on a 81 x 81 and 101 x 101 grid. We have compared
the transient data presented in figure 11 with the same given in [31].

Figures 3.7 and 3.8 respectively show the horizontal velocity along the vertical
centerline and vertical velocity along the horizontal centerline at instant ¢ = 20.0,
captured with five different time steps At = 0.05, 0.02, 0.01, 0.005 and 0.001 for
Re = 5000. These profiles captured on a grid of size 121 x 121 clearly exemplifies
the good effects of the implicitness of our scheme which allows time step as coarse as
At = 0.02 to achieve time-grid-independence (hence time-accuracy).
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Figure 3.5: Evolution of streamlines at different time stations for the lid-driven cavity
flow for Re = 1000 on a grid 81 x 81 (A =0.6): (a) t=1.25 (b) t=2.5 (c¢) t=5.0 (d)
t=10.0 (e) t=40.0 (f) t=288.925 (steady-state).
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t=5.0 t=10.0
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7 B8
(b)
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P =-0.110616
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.0
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.0
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Figure 3.6: Evolution of streamlines at different time stations for the lid-driven cavity
flow for Re = 3200 on a grid 101 x 101 (A = 0.6): (a) t=5.0 (b) t=10.0 (c¢) t=20.0
(d) t=40.0 (e) t=120.0 (f) t=2330.0 (steady-state).
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L | L L L L L | L L L
-0.4 . . . . ) . L 0.4 0.6 0.8 1

()

Figure 3.7: Temporal grid independence study, horizontal velocity along the vertical
centerline for Re = 5000 at time station t = 20 (A=0.6) for lid-driven square cavity
flow: (a) At=0.05, At=0.02, At=0.01, At=0.005, At=0.001, (b) At=0.001, At=0.05,
(c) At=0.001, At=0.02, (d) At=0.001, At=0.01 and (e) At=0.001, At=0.005.
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Figure 3.8: Temporal grid independence study, vertical velocity along the horizontal
centerline for Re = 5000 at time station t = 20 (A=0.6) for lid-driven square cavity
flow: (a) At=0.05, At=0.02, At=0.01, At=0.005, At=0.001, (b) At=0.001, At=0.05,
(¢) At=0.001, At=0.02, (d) At=0.001, At=0.01 and (e) At=0.001, At=0.005.
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Results for rectangular cavity (Aspect ratio#1.0)

In this section, we now present the transient solutions produced by the proposed
scheme for the rectangular cavity (both shallow and deep cavity) having aspect ratio
other than 1.0 in figures 3.9-3.14. The streamline contours show the dramatic extent
of the effects of vortices that starts to develop along the right or left wall. These
figures also show that the first large vortex shrinks at first as time evolves but beyond
a certain time, the shrinkage is insignificant. Again, it may be observed from these
figures that a series of successive, counter-rotating vortices are formed below the
moving lid. In the case of deep cavity, the center of the primary vortex does not
reach the geometric center of the cavity due to evolution of large vortices other than
first large vortex (primary vortex) at higher Res. Thus, the rectangular cavity gives
rise to some more interesting flow phenomena in comparison with the flow structure
in the square lid-driven cavity. It is to be noted here that the effect of the Reynolds
number on the flow structures in the rectangular cavity for different aspect ratios is
still not fully understood. For instance, when the inertial force is involved, what is the
flow structure in a deep cavity? How does the inertia force affect the flow structure
as Re increases? As time evolves, distribution of inertial forces in the cavity is not
symmetrical. Due to this fact, high velocity gradient regions develop which causes
eddy formation. In addition to this it is numerically experimented and found that
the vortex formation occurs almost immediately but the amplitudes develop much
more slowly. In the following we discuss the evolution of flow structures for different
aspect ratios.
Aspect ratio=0.5, Re = 1000

In figures 3.9, we show the time-wise evolution of the streamlines for aspect ratio
0.5 for Re = 1000 (on 81 x 41 grid). It is seen that at the early stage (see figure at
t=1.25) of the fluid motion the primary vortex occupies almost the whole area of the
cavity with two small vortices (secondary vortices) at two bottom corners. Then, the
size of the right bottom corner vortex increases in comparison with left bottom corner
vortex (see figure at t=4.0 and 5.0). But further increase in time shows that the size
of the left vortex increases rapidly while the bottom right corner vortex maintains
almost same size. In addition to this, the center of the primary vortex shifts down
towards left and finally settles down at a stationary position. In the intermediate
steps the left corner vortex splits up into two vortices and then they coalesce in a
short time. Towards steady-state two large vortices along with two bottom corner
vortices develop in the cavity (see figure at t=20.0).
Aspect ratio=0.5, Re = 3200

For Re = 3200 (on 101 x 51 grid ), the transient flow characteristics are almost
same with those for Re = 1000. It is numerically experimented, and can be seen
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from figure 3.10 that more computational time is required for higher Res to reach
steady-state solutions. It is noted here that in both the cases (Re = 1000 and 3200)
the second large vortex is generated from left corner vortex. The size of the right
bottom corner vortex is larger than that of the left bottom corner vortex which is
due to inertia effect.
Aspect ratio=2.0, Re = 1000

When the aspect ratio of the cavity increases, additional dynamical information
on basic eddy formation, growth, separation, and reintegration in the low domain has
been found (see figure 3.11 for Re = 1000 with aspect ratio 2.0). The evolution of the
vortex structures is completely different from those in case of aspect ratio 0.5. In the
early stage of the flow development, early distortion of the outer streamline contours
along the right wall near the lid has been seen. As a result a small eddy is evolved on
the right wall (see figure at t=7.5). As time progresses the growth and movement of
this wall eddy is evident. Meanwhile, it meets with right corner vortex and then with
left one. These three secondary vortices finally form a massive recirculating region in
the lower half occupying more than 50% of the area of the cavity, and called second
large vortex (second primary vortex). It is also observed that when flow approaches
towards steady state, the center of the second large vortex drifts along (see figure
at t=25.0) left wall (see figure at t=40.0). These vortex dynamics have been also
observed by Gustafson and Halasi [54] for Re = 2000.
Aspect ratio=2.0, Re = 3200

Further increase in Re (see figure 3.12 for Re = 3200) adds some new flow features
due to increase in inertia force effect in the cavity with aspect ratio 2.0. The change
in the flow patterns in comparison with figure 3.11 is observed after t=220.0. Then
another vortex slowly develops at the top of the left wall (see figure at t=240.0). As
time evolves, this vortex increases up to a certain size. The center of the second
large vortex is offset towards the left wall with slight distortion of its outer streamline
contours towards that left wall. Another wall eddy develops just above the left bottom
corner eddy and immediately it merges with the bottom left corner eddy. Later there
is a coalescence with bottom right corner eddy. Towards steady-state (see figure at
t=1300.0) a third large vortex develops near the bottom wall with the two small
vortices at the left and right bottom corners.
Aspect ratio=3.0, Re = 3200

In comparison with the transient flow structures in a cavity with aspect ratio 2.0,
similar flow phenomena have been noticed for aspect ratio 3.0 (see figure 3.13). The
steady-state results contain three large vortices with two bottom corner vortices and
a top left vortex. The main differences are the strength and the size of the vortices.
Aspect ratio=5.0, Re = 3200
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Further with increase in aspect ratio one can see some more interesting intermedi-
ate steps for the development of vortex structures. The evolution of second and third
vortices followed almost same intermediate steps as discussed for aspect ratio 3.0.
Then the size of the bottom left and right corner vortices are found to be symmetric
with respect to each other, and the center of the third large vortex moves slowly
towards left wall. With these, the reattachment point of the left corner vortex and
the separation point of the right corner vortex approach each other. These vortices
merge together. In the process of evolution, a large fourth vortex forms. Finally, the
steady-state flow domain consists of four large vortices with a top left vortex and two
bottom corner vortices.

The above facts can be explained on the basis of velocity. Velocity in the cavity
decreases towards bottom with increase in depth. The deeper the cavity, the smaller
the velocity in the region of bottom wall will be i.e the flow near the bottom wall in
a deep cavity is closer to the Stokesian limit, and is dominated by viscous force over
inertia force.

The above discussions reveal that when the cavity becomes infinitely deep, beyond
a certain distance from the moving wall, the flow field consists of a series of counter
rotating vortices. The number of such vortices depends on both Re and aspect ratios.
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Figure 3.9: Lid-driven rectangular cavity flow problem: evolution of streamlines at
different time stations for the lid-driven cavity flow with aspect ratio 0.5 for Re = 1000

on a grid 81 x 41 (A =0.6).
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Figure 3.10: Lid-driven rectangular cavity flow problem: evolution of streamlines at
different time stations for the lid-driven cavity flow with aspect ratio 0.5 for Re = 3200

on a grid 101 x 51 (A =0.6). o

TH-372_SKPANDIT



Chapter 3 Transient HOC scheme on nonuniform grids

0.5

0.5

0 025 05 075 1
X

t=20.0

15

0.5

00 025 05 075 1 O0 025 05 075 1 00 025 05 075 1

X X X

Figure 3.11: Lid-driven rectangular cavity flow problem: evolution of streamlines at
different time stations for the lid-driven cavity flow with aspect ratio 2.0 for Re = 1000
on a grid 101 x 201 (A =0.6).
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Figure 3.12: For caption see next page.
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Figure 3.12: For caption see next page.
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Figure 3.12: Lid-driven rectangular cavity flow problem: evolution of streamlines at
different time stations for the lid-driven cavity flow with aspect ratio 2.0 for Re = 3200
on a grid 101 x 201 (A =0.6).
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Figure 3.13: For caption see next page.
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Figure 3.13: For caption see next page.
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Figure 3.13: Lid-driven rectangular cavity flow problem: evolution of streamlines at
different time stations for the lid-driven cavity flow with aspect ratio 3.0 for Re = 3200
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Figure 3.14: Lid-driven rectangular cavity flow problem: evolution of streamlines at
different time stations for the lid-driven cavity flow with aspect ratio 5.0 for Re = 3200
on a grid 101 x 501 (A =0.6).
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3.5 Conclusions

In this chapter, we developed a new HOC formulation for solving unsteady incom-
pressible viscous flow problems governed by the N-S equations on nonuniform grids.
The scheme is implicit, second order accurate in time and fourth order accurate in
space. It is seen to efficiently capture both transient and steady-state solutions of the
N-S equations with Dirichlet as well as Neumann boundary conditions. Despite the
presence of singularities at the top corners, our numerical results exhibited no oscil-
lation (as was seen for the simulations utilizing the steady-state equations in chapter
2). The use of BiCGStab algorithm for solving the algebraic systems arising at every
time level, makes the implicit procedure computationally efficient even in capturing
transient solutions. Since the proposed scheme is higher order accurate, it demands
lesser number of grid points than other popular schemes to reach the desired accuracy.
To bring out different aspects of the scheme, we employed it to compute the tran-
sient solutions of the flow decayed by viscosity and the time marching steady-state
as well as transient solutions of the 2D lid-driven cavity flow. The robustness of the
scheme has been presented for wide range of Reynolds numbers ranging from 100 to
5000 in the cavity problem. The results obtained on relatively coarser grids, are in
excellent agreement with the analytical as well as the established numerical results
as the grid is nonuniform, underlining the high accuracy of the scheme. The implicit
nature of the scheme is fully exploited in arriving at the steady-state results for the
lid-driven cavity where time-steps as high as 0.05 have been employed for some of
the computations. This is the first study in our knowledge where we have presented
transient solutions in a rectangular cavity for higher aspect ratios and higher Res,
which in turn produce some new flow features. The present scheme has the added
advantage of being used in non-rectangular physical domains, it has very good po-
tential for efficient application to many problems of incompressible viscous flows on
complex geometries as can be seen in the next few chapters. The present scheme
can be used for curvilinear coordinates also. So far we have not come across any
work on transient HOC scheme on nonuniform curvilinear grids and our work in the
subsequent chapters could be the first one of this kind.
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Chapter 4

Incompressible viscous flow in a
channel with sudden contraction or
expansion

4.1 Introduction

The study of flows in presence of obstructions varying from different types of blocking
or various constrictions such as a valve to an orifice (which are widely used in a pipe
line systems) is of practical importance. This is due to the fact that situations such
as these are prone to accumulate high shear stress resulting from flow disturbances.
The outcome of such studies is of great importance in the field of physiological fluid
flows. Moreover, a reduction in cross sectional area caused by constriction brings
about an increase in flow resistance. The dependency of resistance on the flow rate
is an important factor in the design of pumping devices. Flow phenomena in such
problems resemble the classic example of the flow through channel with both for-
ward and backward constrictions with re-entrant corner which are important in both
engineering and biomechanics. The richness and complexity of the flow patterns oc-
cur in both the cases even in a relatively simplest of geometrical settings. There
has been extensive studies in the last two decades on the flow through asymmetric
and symmetric channels with sudden expansion or contraction that include uniform,
nonuniform and pseudospectral grids. The most common amongst them is the study
of backward facing step flow [8,36,146]. Both experimental and numerical results
for the flow in a symmetric channel with right angled as well as 45° angled expan-
sion can be found in references [29,36-38,130, 137] for different expansion ratios. In
these studies, the development of asymmetric flow patterns with increase of Reynolds
number in a symmetrical channel has been justified. This phenomenon is explained
by Coanda effect [153]. In addition to this the causes of instability occurring in this
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channel flow have been analyzed in [17,124,137]. It must be mentioned that these
studies have made a significant stride towards the understanding of flow physics in a
channel with backward expansion.

In this chapter, we consider the flow in an symmetric constricted channel with
different shapes of reentrant corners in two forms, namely, (i) the forward [94, 95]
and (ii) the backward constricted channel. The first one is formed as a result of
contraction and the second one results from expansion. The channels are nonuniform
in cross section both at the proximal and distal side of the corner (throat). The
schematic flow diagrams and corresponding boundary conditions for both the cases
are shown in figures 4.1(a) and 4.1(b).

We extensively discuss how the nonuniform channel geometry with a re-entrant
corner with different shapes affects the flow in a restrictive way. We also present
numerical results for the flow through symmetric nonuniform rigid channel having
varying degrees of constriction, either forward or backward, over a wide range of
Reynolds numbers (1 < Re < 1000 and 1 < Re < 500 are studied for forward and
backward constricted channel respectively).

4.2 (Governing equations

The governing equations for the cases considered here are the N-S equations for the 2D
unsteady incompressible viscous flows, which in non-dimensional primitive variable
formulation can be written as

ou  Ov
5 oy = (4.1)
Ou + e + W + iV2u, (4.2)

ot T or oy dr ' Re

v v ov dp 1

— fu— Fv— = 4 —V?, 4.3
6t+u8x+vé?y 8y+Re ! (43)
where u, v are velocities along x-, y-directions respectively, p is the pressure, ¢ is the

time and Re is the Reynolds number given by Re = ﬂ, where L is the unperturbed
channel width at the inlet, u is the average Veloci‘QV/ at the entrance and v is the
kinematic viscosity.

To eliminate p, we may introduce streamfunction ¢ (x,y,t) and vorticity ((z,y, t)
in terms of u and v as

_ __Hw
U= 9y V=g (4.4)
and P 5
v U
( — % - a_y. (4.5)
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Chapter 4 Transient flow in a forward and backward constricted channel

With these, the streamfunction-vorticity (1-¢) form of the N-S equations (4.1)-(4.3)
can be written as

0% 0%
- axQ - 8y2 - C? (46)
aC 9% X ¢ ¢
= - - — — =0. 4,
Re ot 0 op + uRe pe + vRe o 0 (4.7)

4.3 Boundary Conditions

The top and bottom walls in both the cases are considered as fixed rigid ones through-
out the channel and the usual no-slip condition is imposed thereat

u=uv=0. (4.8)

Because of the symmetry of the flow about the horizontal centerline, we use

8u_

'Uza—y—

0, (4.9)
thereat. At the entrance, a parabolic velocity profile is prescribed:

u = cl(l—cgy2),
v o= 0, (4.10)

where ¢; and ¢y are constants. The boundary conditions for ¢ and ¢ can be easily
obtained from the equations (4.4) and (4.5). At the outlet, fully developed flow is
considered.

4.4 Mesh Structure

We are considering forward and backward constricted channels, both of which have
reentrant corners. To resolve the flow accurately at such corners we have incorporated
the grid given in figures 4.2(a) and 4.2(b). The mesh structure for such a situation
may be provided through a conformal transformation [94] which maps the actual
nonuniform geometry (physical domain) (see figure 4.2 (a) and (b)) to a uniform
rectangular geometry (computational domain) (see figure 4.2(c)) as follows:

z = w(A + Btanh(w)), (4.11)
where z = x + iy and w = £ + i (i = v/—1) with
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Figure 4.1: (a) Forward (physical) and (b) backward (physical) constricted channel
flow configuration with boundary conditions.
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Figure 4.2: Mesh structure for (a) forward (physical) constricted channel, (b) back-
ward (physical) constricted channel and (c) mesh structure in computational plane.
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Chapter 4 Transient flow in a forward and backward constricted channel

/\/ 1=1.0

Figure 4.3: Top boundaries for different degrees of sharpness of constriction in a (a)
forward and (b) backward constricted channel.
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Chapter 4 Transient flow in a forward and backward constricted channel

B
r = A+ E[é sinh(2¢) — nsin(2n)], (4.12)
B
y=An+ E[n sinh(2¢) + £ sin(2n)]. (4.13)
Here H = cosh(2€)+cos(2n); (£, n) are the coordinates in the computational plane. A
and B are constants defined by A = rit 7"0’ B="1""" Ghere 2r;, 2r, respectively

are the inlet and outlet heights of theTconstricted cThannel and 7 is a parameter
controlling the smoothness as well as sharpness of the constriction: an increasing
value of 7 indicating a sharp corner. In the present computation, we have taken
r; = 1 and r, = 0.5 for the channel with forward constriction [figure 4.1(a)], and
r; = 0.5 and r, = 1.0 for the backward one [figure 4.1(b)]. We present the mesh
distributions in figure 4.2(a) and 4.2(b). The varying shapes of the top boundary
due to the above fixed inlet and outlet radii, and different choices of the degrees of
sharpness of the constriction are shown in figure 4.3. One can see smooth corner for
7 = 0.6. But a slight variation in the value of 7 can drastically change the sharpness
of the corner as can be seen for 7 = 0.9 and 7 = 1.0.

4.5 Discretization and Related Issues

At the interior, to discretize equation (4.7) for ¢, we use the recently developed HOC
scheme on irregular domains for 2D transient convection-diffusion (details can be
found in section 3.2.2), whereas for ¢ ( equation (4.6)), we use its steady-state form.
For the Neumann conditions at the outlet and the horizontal centerline, we use a one-
sided five point formula prescribed in [143]. For example, for a typical flow variable
¢ (which may represent u, v, ¢ or () at the outlet (denoted by the index b along
r-axis), we use
_ 09 5
¢b,j =0.04 48¢b_1,j * 36@51,_27]‘ + 16§Z5b_37j = 3¢b—4,j - 12h(8_y>b } + O(h )7
J

where h is the x-step length in the physical plane. Finally, after discretization, the
resulting matrix equation for ¢ may be written as

AP = £(®"), (4.14)

where the coefficient matrix A is an asymmetric sparse matrix with at most nine
non-zero entries in each row. For a grid of size m x n, A has dimension mn, and
&1 and f(P") are mn-component vectors. To solve the system of equation (4.14)
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Chapter 4 Transient flow in a forward and backward constricted channel

Biconjugate Gradient Stabilized method (BiCGStab) [68,118,150] has been employed
without any preconditioning. Steady state was assumed to reach when the following

condition is satisfied,
max|¢" D — ¢™| < 107°. (4.15)

Here, (™ denotes numerical value of ¢ at n-th time level.

NOTE: In addition to grid step and the tolerance of the iterative procedure,
the position of upstream and the downstream boundary affect the correctness of the
numerical solution. We have numerically experimented and found that the minimum
inlet distance from the throat should be x &~ —8 and —10 for forward and backward
constricted channel respectively to eliminate the throat effect at the inlet. And to
get fully developed flow at the outlet for Reynolds numbers up to Re = 1000 (for
7 =0.6), Re = 750 (for 7 = 0.9) and Re = 500 (for 7 = 1.0) we experimented and
found a common minimum distance from the throat as = ~ 25 in the case of forward
constricted channel whereas for backward constricted channel we experimented and
found the distances as = ~ 45 for Reynolds numbers up to Re = 500 (for 7 = 0.6),
and = =~ 30 up to Re = 250 (for 7 = 0.9 and 1.0). However, these distances depend
on the parameters (Re, width of the channel). In all the computations, we have used

1 1 1 1 1 1
step lengths Aé — 2—0, 2—5, % and 0 alon.g the horizontal, and An = 20 and 10
along the vertical direction in the computational plane for the corner flow geometry
defined by 7 = 0.6, 0.9 and 1.0, and time step At = 0.001 in all the cases.

4.6 Results and Discussions

4.6.1 General flow behavior study

Generally, flows in constricted channel develop closed separation bubbles (also called
as recirculation zones or vortex) immediate after the channel throat. In addition to
the appearance of vortices, some more complex flow phenomena are usually seen in
the case of transient flows, which do not occur in the case of steady flows. Locating
centers of such vortices are difficult from the vorticity field since there is no unique
relation between vorticity contours and separated recirculating zones. The strength of
a vortex is defined by the difference between the Max (¢)) in the calculated region and
1 at the wall, and its center is defined by the point at which ¢ attains its maximum
value. Besides the formation of a strong vortex there exists a large velocity gradient
in the flow field, this combination could cause several new phenomena. Therefore, it
is important to study the flow characteristics. A description of the various possible
steady state laminar flow patterns is perhaps best rendered by a display of streamlines
and vorticity contours for different degrees of constrictions as well as flow parameters.
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Chapter 4 Transient flow in a forward and backward constricted channel

In the following two subsections, we have presented results of numerical solutions
of the N-S equations for unsteady flow in a nonuniform rigid channel with a forward
constriction or backward constriction having a smooth corner with increasing sharp-
ness. Extensive set of model cases have been considered to study the numerical and
physical aspects of the flow.

4.6.2 Flow in a channel with forward constriction

In this section, numerical study of flows in a symmetric channel with forward con-
striction has been presented. Numerical results are compared with that of Mancera
et al. [94,95] and they are in excellent agreement. As they do not give numerical
data in a tabular form, the graphical results were optically scanned to produce the
cited quantities. Three model cases have been considered as given in table 4.1. We

Table 4.1: Geometries of forward constricted channel and Reynolds number range

studies.
Model | Degrees of constriction Reynolds number Computed separation
(1) range for calculations | Reynolds number
M, 0.6 1-1000 no separation
My 0.9 1-750 168.0
Ms 1.0 1-500 separation is
seen for Re = 1

Table 4.2: Location of the corner (r, Ymin) in the forward constricted channel for
different T.

T (%, Yomin)

0.6 | (0.940104, 0.436011)

0.7 | (0.750907, 0.428928)

0.8 | (0.635091, 0.418853)
( )
( )

0.9 | (0.530827, 0.404055
1.0 | (0.450649, 0.381584

have restricted our study up to Re = 1000. The channel geometries used in [94, 95]
are closely approximated by our models given in table 4.1. It should be mentioned
that for all the models convergent solutions have been obtained over a wide range
of Reynolds numbers. Time marching steady state results with zero initial condition
have also been presented in the form of tables (table 4.3 and 4.5) as well as in the
form of figures (figure 4.4 - 4.9).
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Table 4.3: Separation and reattachment points in the forward constricted channel

flow for 7 = 0.9 and 1.0.

7 | Re | Separation points | Reattachment points
(x,y) (xy)
0.9 | 170 | (0.65909, 0.42473 (0.87626, 0.45733)
250 | (0.57916, 0.41010 (1.25243, 0.485207)
500 | (0.53085, 0.40407 (2.25000, 0.49930)
750 | (0.51741, 0.40409 3.33335, 0.49997
1.0

100

0.46394, 0.38384

1.17478, 0.48834

250

0.45065, 0.38158

( )
(0.64651, 0.43568)
( )
( )

2.64998, 0.49993

0.456, 0383) [94

(2.55, 0.499) [94]

( )
( )
( )
( )
50 | (0.51349, 0.40068)
( )
( )
( ]
( )

200 | (0.45065, 0.38158 (5.27500, 0.50000)

Table 4.4: Vortex center in the forward constricted channel flow for 7 = 0.9 and 1.0.

7 | Re | Vortex center | Max(¢))
(x.y)
0.9 | 250 | (0.8283, 0.4258) | 1.00085
500 | (1.1198, 0.4105) | 1.00896
750 | (1.4326, 0.4084) | 1.01778
1.0 [ 100 | (0.6759, 0.3964) | 1.00381
250 | (1.0674, 0.3684) | 1.02781
500 | (1.6519, 0.3645) | 1.04359

Flow in a forward constricted channel is symmetric which is shown in figure 4.4.
Therefore, we have considered one half planar area (upper half plane) of the forward
constricted channel for the numerical calculations.

It has been numerically experimented that no separation zone is formed in the
range of the Reynolds numbers studied (given in table 4.1) for model M; (7 = 0.6),
whereas in model Ms(7 = 0.9) separation starts to occur at approximately Re = 168
and in the case of model Mj(7 = 1.0) separation is seen for Reynolds number as low
as 1.

In figure 4.5, the first column illustrates the curves of constant streamfunction for
a fixed 7 (7 = 0.8) with different Re values and the second column represents the
same for a fixed Re with different degrees of constriction. It is evident that there
500 in the geometry defined by 7 = 0.6,0.7
respectively whereas a small recirculation zone develops in the case of 7 = 0.8. It is

is no separation zone even for Re =
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Table 4.5: Error analysis of the constricted channel flow problem for different Res

(1=0.6).
Errors
Re 108 — ¢cllos | loF — dull Order
1.0 | v | 1.705187e-03 | 1.111000e-04 3.94
¢ | 1.124975e-02 | 7.101000e-04 3.43
u | 2.822500e-03 | 7.080000e-04 3.99
v | 3.531502e-03 | 2.238000e-04 3.98
10.0 | v | 3.060635e-03 | 2.008000e-04 | 3.93 (3.60 [95])
¢ | 2.208857e-02 | 1.371000e-03 | 4.01 (3.75 [95])
u | 1.892129e-02 | 1.232800e-03 3.94
v | 1.216307e-02 | 7.870000e-04 3.95
100.0 | ¢ | 8.086469¢e-03 | 6.353000e-04 | 3.67 (1.48 [95])
¢ | 4.897917e-02 | 2.998200e-03 | 4.03 (3.69 [95])
u | 8.545852e-02 | 7.047700e-03 3.60
v | 5.004434e-02 | 4.070300e-03 3.62
y Res250 Re=500
L
W) 0 2 4 6
ﬁ X

Figure 4.4: separation lines in the forward constricted channel flow defined by 7 = 0.9
for Re=250 and 500.

also seen that in the case of 7 = 0.8, even for higher Res (e.g. Re=750, 1000) the size
of the recirculation region is small in compared to lower Re (e.g. Re=500) in the case
of model My(7 = 0.9) and M5(7 = 1.0). The above facts conclude that the corner
sharpness is more important for the development of corner vortex than velocity (or
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Re).

In figure 4.6, we have presented the corresponding vorticity contours for figure
4.5. Tt shows the existence of several high gradient regions around the throat in the
flow domain. It can be emphasized that changes in area around the throat of the
channel due to different degrees of sharpness could be the main reason for the flow
disturbance and the generation of different sizes of vortices.

Separation and reattachment points for different Res are presented in the table
4.3 for 7 = 0.9 and 7 = 1.0 respectively. For Re = 250 in the case of 7 = 1.0, we
have compared our results with [94] (given in table 4.3) and an excellent agreement
has been found. It is seen that the separation length increases with the increase in
Res for both the model cases. In comparison to table 4.2 it is also seen that in the
case of model My(T = 0.9), the separation point occurs in the downstream side of
the corner for Re as large as 500 but for higher Re (say Re = 750) separation point
occurs just immediately before the corner whereas in the case of model M;(r = 1.0),
the separation point starts to occur at corner for 250 < Re < 500.

In table 4.4, the center of the vortex and its strength have been presented for
different Res with different degrees of constriction. It reveals that for a fixed Re
the center of the vortex shifts towards downstream with the increase in degrees of
constriction and the same phenomenon occurs for a fixed 7 with increase in Re.

As no analytical solution exists for the problem, in order to estimate the grid
convergence rate for this problem, we compute the steady-state solution on three dif-
ferent grid sizes 161 x 16, 321 x 31 and 641 x 61 (denoted by C, M and F’ respectively).
Then the formula for grid convergence rate of a variable ¢ (which represents u, v, 1
or ¢ here) is
_ In((lI¢" — ¢“lloo) /(18" — "l0))

In2 .

R (4.16)

where
6" — 6"llec = max |0 — o35] (4.17)

We present these results in table 4.5 for three Reynolds numbers, namely, 1, 10,
100. All the flow variables show approximately a fourth order grid convergence as
expected. We have compared our computed grid convergence rate based on maximum
error with those in [95] (presented here within parentheses).

Figure 4.7 shows the variation of centerline velocity with axial location for the
model M;(7 = 0.6), My(7 = 0.9) and M3(7 = 1.0) for different Res. It has been
seen that the peak velocity occurs after the throat. It is also noticed that with
the increase in degrees of sharpness of the reentrant corner the peak velocity value
increases. Another important observation is that for degree of sharpness 7 = 0.6, the
change in velocity pattern is quite different from the other patterns for 7 = 0.9 and
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7 = 1.0 respectively. The related physics of such flow patterns needs more discussion.

Since there is no reliable experimental method to determine wall shear-stress near
the recirculation zone, we try to get some information about wall shear stress (wall-
vorticity value) theoretically. Figure 4.8(a) shows the changes in wall vorticity along
the x-direction for different Res in the case of model M;(7 = 0.6). It may be men-
tioned that no separation region has been noticed even for Re as large as 1000 for
model M; (7 = 0.6). Peak shear stress value occurs at x = 0.683569 even with increase
in Re. Likewise, in the case of model My(7 = 0.9) (can be seen from figure 4.8(b)),
the peak shear stress occurs at the same point (z = 0.485673) just immediately be-
fore the corner (throat) even with increase in Re. For model Ms(T = 1.0) peak shear
stress value occurs at the corner (not shown in picture). Thus, it can be stated that
for forward constricted channel peak shear stress values occur at the corner or near
to the corner along upstream. In addition to this it is also seen that the region of
recirculation increases with increase in Re (which is evident from the negative values
of shear stress). That is a central jet, issued from the constriction, creates a potential
core bounded by a shear layer which links up to the wall by a recirculation zone. The
rapid increase in wall vorticity with Re for the sharp constriction is quite apparent.

Figure 4.9 shows the vector plots of the flow field. A parabolic flow was prescribed
at the inlet. As soon as it reaches the throat of the constriction, the flow profile is
changed to a blunt shaped non-parabolic profile with a negative flow zone near the
wall. This figure also reveals that the profile slowly regains the parabolic shape as
it moves along the downstream. The negative velocity near the wall indicates the
existence of separation zone.
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Figure 4.5: In a forward constricted channel: the first column corresponds to stream-
line contour for fixed T = 0.8 with different Re and the second column corresponds
to streamline contour for Re = 500 with different 7.
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Figure 4.6: In a forward constricted channel: the first column corresponds to vorticity
contour for fixed 7 = 0.8 with different Re and the second column corresponds to
vorticity contour for Re = 500 with different 7.
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Figure 4.7: In a forward constricted channel: centerline axial velocity for (a) T = 0.6,
(b) 7=10.9 and (c) T = 1.0.
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Figure 4.8: In a forward constricted channel: wall vorticity for (a) T = 0.6 and (b)
7=20.9.
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Figure 4.9: In a forward constricted channel: velocity profile for (a) T = 0.6, Re =
1000, (b) 7 = 0.9, Re = 750 and (c¢) 7 = 1.0, Re = 500.
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4.6.3 Flow in a channel with backward constriction

Numerical results for flow in a channel with backward constriction have been pre-
sented in this section. The degree of sharpness of the corner has been considered
same as in the case of forward constricted channel. Table 4.6 shows the range of

Table 4.6: Geometries of backward constricted channel and Reynolds number range

studied.
Model | 7 Reynolds number Computed separation
range for calculations Reynolds number
my | 0.6 1-500 15.0
mo | 0.9 1-250 4.0
ms 1.0 1-250 separation is
seen for Re =1

y Re=100 Re=250 Re=400
| | |
Y
-10 0 10 20 30 40
NN X

Figure 4.10: Separation lines in the backward constricted channel flow geometry
defined by 7 = 0.6 for Re=100, 250 and 400.

Reynolds numbers studied and the critical Res for flow separation for different values
of 7 (called as model my, my and ms).

It is worthwhile mentioning that for a prescribed parabolic flow at the inlet and
symmetric flow boundary condition at the centerline, we observed a symmetric flow
behaviour (shown in figure 4.10) in the backward constricted channel. Our obser-
vations concur with those made by Pedrizzetti [112]. However, it differs with the
observations made in the studies of [38,130,137] where occurrence of flow asymmetry
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has been discussed. This difference between these two sets of observations may be
due to the use of different channel geometries (right angled and 45° sloped expansion)
and different inlet flow condition (oscillatory flow) used by [38,130,137].

Table 4.7: Vortex center of the backward constricted channel flow for T = 0.6, 0.9 and
1.0.

7 | Re | Vortex center | Max(v))
(x,)

250 1.1125

0.6 | 50 | (1.0697, 0.7319) | 1.0310
100 | (1.7848, 0.7035) | 1.0556
250 | (3.0080, 0.6450) | 1.0687

0.9 | 50 | (0.9178, 0.6716) | 1.0871
100 | (1.4778, 0.6428) | 1.0966
250 | (3.0330, 0.6162) | 1.0929

1.0 | 50 | (0.8919, 0.6383) | 1.1208
100 | (1.4081, 0.6030) | 1.1214

( )

3.5194, 0.6013

Table 4.7 shows the vortex center and the maximum value of ¢ for all three model
cases. It is seen from this table that in each model the center of the vortex moves
towards downstream with the increase in Re. It is also noticed that for fixed lower
Re (Re = 50,100), the center of the vortex moves towards upstream with increase in
degrees of constriction and for Re = 250 it moves towards downstream. It is because
of the fact that up to a certain Re, 7 becomes responsible for shifting the vortex
center towards upstream for a fixed Re. Beyond that 7 acts differently.

In table 4.8, we have presented the separation and reattachment points for all
the three model cases. It is seen that for model m,(7 = 0.6) and my(7 = 0.9),
as Re increases the separation point moves slightly towards the upstream and the
reattachment point moves towards downstream whereas for model mg(7 = 1.0) the
separation point almost remains unchanged though the reattachment point moves
towards downstream, which can be observed from figure 4.11(a), 4.12(a) and 4.13(a)
respectively. As a result the large amplitude vortex develops in the downstream side
of the corner in all cases. It is also seen that for model m; (7 = 0.6) a large vortex
develops even for Re as small as 50. The increase in area just after the constriction in
the case of backward constricted channel flow causes pressure loss which brings out
a large recirculation region.

Figures 4.14 and 4.15 show a time-wise evolution of the streamlines for Re = 100
in the case of model mi(7 = 0.6) and mo(7 = 0.9) respectively. For the model
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Table 4.8: Separation and reattachment points for the backward constricted channel

flow for 7 = 0.6,0.9 and 1.0.

7 | Re | Separation points | Reattachment points
(x,y) (x,y)

0.6 | 50 | (-0.4940, 0.5600) (3.5680, 1.0199)
100 | (-0.5677, 0.5186) (7.2497, 1.0005)
250 | (-0.6188, 0.4939) (18.6667, 1.0000)

09| 50 | (-0.4728, 0.4317) (4.2593, 1.0010)
100 | (-0.4777, 0.4239) (8.5000, 1.0000)
250 | (-0.4857, 0.4151) (21.6668, 1.0000)

1.0 | 50 | (-0.4478, 0.3829) (4.7600, 1.0002)
100 | (-0.4479, 0.3829) (9.4000, 1.0000)
250 | (-0.4478, 0.3829) (23.2800, 1.0000)

m1(7 = 0.6) at t=2.5, there is a small separated region in the downstream of the throat
with a strong vortex at x &~ 1(given in figure 4.14). As time evolves the separated
region becomes larger with a weaker vortex at x ~ 2, which can be seen from the
figure 4.14. At t=20.0, the flow becomes nearly steady by forming a large vortex. On
the other hand for the model my(7 = 0.9), (given in figure 4.15) intermediate flow
features become more complicated. The separation region increases gradually with
time. At t=2.5 a small separation region evolves with a strong vortex at x ~ 0. As
time passes (say t=>5.0 or 10.0), the vortex grows and splits into a number of smaller
vortices. When flow approaches the steady state (say at t=20.0), these small vortices
coalesce and formed a larger separated region.

The centerline velocity data has been presented in figure 4.16 for each model
with different Res. It shows that for each model the peak of the centerline velocity
occurs just immediately after the throat for lower Res and the peak shifts slightly
towards downstream with the increase in Re. It is also noticed that in each model for
lower Res the centerline velocity decreases sharply up to a small distance along the
downstream just after reaching its peak value and then it behaves asymptotically to
attain a constant value (for example, it is 1.5 for Re = 50) whereas for higher Res,
this decrease is linear from its peak value. This could be explained as follows. For
a model, at lower Re the size of the vortex is smaller in comparison with the size
of the vortex in higher Re. However, this vortex behaves as an obstacle. After the
throat, the velocity gradient is high for a smaller vortex compared to larger vortex.
For larger one the velocity gradient is dying out slowly. This fact causes the decrease
in centerline velocity sharply for smaller one and linearly for larger one.
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Figure 4.11: In a backward constricted channel: (a) streamline-contours and (b)

corresponding vorticity contours for 7 = 0.6.
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Figure 4.14: Time evolution for T = 0.6, Re = 100 at (a) t=2.5, Max(y)) = 1.13756,
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Figure 4.15: Time evolution for 7 = 0.9, Re = 100 at (a) t=2.5, Max(y)) = 1.33982,
(b) t=5.0, Max()) = 1.25592, (c) t=10.0, Max(y)) = 1.10354 and (d) t=20.0,

Max() = 1.09789 in a backward constricted channel.
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In figure 4.17 we have presented magnified view (see figures 4.17 (a), (b) and (c)) of
the change in shear stress values for Re = 250 in each model in a small neighborhood
of the reentrant corner. Also we have presented the wall shear stress (wall vorticity)
values for each model with different Res (see figures 4.17 (a'), (b’) and (¢’)). From
figures 4.17 (a), (b) and (c) respectively for models my (7 = 0.6), ma(7 = 0.9) and
mg(T = 1.0), it is seen that around the throat, the change in shear stress values is
sharp with the increase in degrees of constriction. In each of the three models the
maximum shear stress value occurs just immediately before the corner. In figures
4.17(a’) and (b’) it has been noticed that with the increase in Re the location of the
peak shear stress shifts slightly to upstream and it occurs at the onset of the corner
whereas figure 4.17(¢’)) for model ms(7 = 1.0) shows that the peak shear stress values
occur at the same point. In addition to this, it is noticed that the peak value of the
wall shear stress increases significantly with the increase in degrees of constriction.
As in the case of forward constricted channel, the negative vorticity values in figures
4.17 (a'), (b') and (¢’) represent the regions of flow separation.

Figure 4.18 shows the vector plots of the flow field. Like forward constricted
channel a parabolic flow was prescribed at the inlet. It retains the parabolic shape
at the throat with a negative velocity zone in the expansion region. As the profile
moves along the downstream, slowly the parabolic part is extended vertically and the
negative flow zone is reduced. Finally after some distance negative zone disappears
and a parabolic velocity profile is regained in downstream of the channel.

In comparison of the flow field in the backward constricted channel with the
same in the forward constricted channel, it is noticed that for a fixed Re the area
of the negative velocity zone i.e separation zone in backward constricted channel
is greater than that in the forward constricted channel. It is because of the fact
that after the throat the upstream flux in the forward constricted channel reduces
substantially along downstream due to contraction. Again, after the throat of the
forward constricted channel geometry at 7 = 0.9 and 1.0, a small area increased,
for which a small vortex forms. In the case of backward constricted channel, after
the throat the upstream flux diffuses in an expanded large region which causes high
pressure drops resulting a large separation zone.
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Figure 4.16: In a backward constricted channel: centerline axial velocity for (a)
7=0.6, (b) 7=0.9 and (c¢) T = 1.0.
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Figure 4.17: in a backward constricted channel, wall shear-stress: (a), (b) and (c)
respectively present the magnified view of the wall shear stress at the top wall around
the throat for Re = 250 with 7 = 0.6, 7 = 0.9 and 7 = 1.0, and (&), (V') and ()
respectively present the change of wall shear stress in a large part of the domain for
different Res and different 7 (1 = 0.6, 7 = 0.9 and 7 = 1.0).
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Figure 4.18: In a backward constricted channel: velocity profile for Re = 250
7=0.6, (b) 7=0.9 and (c) T = 1.0.
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Chapter 4 Transient flow in a forward and backward constricted channel

4.7 Conclusions

In this chapter, a comparison study has been made between the transient flows in
an symmetric channel with both forward and backward constriction. The govern-
ing equations have been solved using proposed higher order compact (HOC) schemes
presented in chapter 3. We have explored in detail the related issues. Some inter-
esting features of the flow in both the channel geometries have been presented. The
channel geometry as well as sharpness of the throat of the channel are the important
parameters to control the strength and size of the separation zone without modifying
the general flow patterns. Generally, flow separation takes place at the corner or
along downstream of the corner. For flow through a channel with forward constric-
tion, it can be mentioned that flow separation does not occur for 7 < 0.7 even at
higher Res (say Re=1000) but flow separation has been observed at the throat when
Re =500, 7 = 0.8. The size of the vortex developed in the forward constricted chan-
nel flow is small compared to that in backward constricted channel flow. In the case
of backward constricted channel there is a sudden change in shear stress values from
positive to negative whereas in the case of forward constricted channel this change is
smooth. The parabolic flow profile prescribed at the inlet of the forward constricted
channel becomes blunter (non-parabolic) near the throat and in the case of backward
constricted channel, the shape of the flow profile at the inlet is maintained along the
downstream. The axial symmetry in the flow pattern has been noticed throughout
the channel. It can also be pointed out that the generation of a series of vortices [146]
has not been observed in this study because of using symmetric boundary condition.
However, the present study enriches various aspects of channel flows and provides a
good opportunity to encompass in detail the flow patterns. As we have produced the
steady state convergent results for a wide range of Reynolds numbers and an excel-
lent agreement with [94] demanding that our code is correct and has the capability
to produce highly accurate results for complex geometries beyond rectangular. The
present chapter in conjunction with our previous chapter focuses on the robustness
of our recently proposed scheme in chapter 3. In the next chapter we have discussed
incompressible viscous flows in an asymmetric channel.
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Chapter 5

Dynamical flow characteristics of
incompressible viscous flows
through asymmetric channels

5.1 Introduction

The past several years have seen a significant research efforts to solve the incompress-
ible viscous channel flows governed by Navier-Stokes equations. In many channel
flow systems, the development of recirculation region due to a sudden large scale
nonuniform expansion of the flow passages (i.e. flow phenomena in an asymmetric
channel with backward constriction) play an important role which is of practical as
well as of theoretical interests. Among such channels, the classic backward facing
step flow has been prescribed as benchmark problems. The importance of such flow
phenomena has been studied both in numerically [2,8,11,38,74,75,116] and exper-
imentally [3,8,40,44,47]. In most of these studies, a right angled shaped step and
steady flow conditions were considered. In comparison with the flow domain of the
symmetric sudden expansion channel which consists of only one separated region in
the downstream of the step, it is worthwhile mentioning that the flow domain of
asymmetric backward-facing step flow develops more than one recirculation zone de-
pending on Res and aspect ratios. Besides these step channels there exist other kinds
of channel geometries which consist of gradual contraction followed by an expansion
in a large region of flow domain by forming mild, moderate and severe sharp corner.
Nowadays, technological interest and practical applications of these type of channel
geometries are increasing in the field of designing of water channels, heat transfer
performance of electronic chips and flow behaviors in diffusers etc. It is indicated the
need of a better understanding of the effects of expansion ratios and the sharpness of
the corners in the asymmetric channel with backward constriction.
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Therefore, the present study focuses on the unsteady flow phenomena in an asym-
metric nonuniform rigid channel with backward constriction having mild, moderate
and severe sharp corners. The present study in conjunction with our previous work
focussing on the transient flow analysis for the asymmetric channel and the robustness
of our proposed scheme in chapter 3.

In this chapter, numerical solutions are performed to quantify the effects of the
corner geometries (mild, moderate and severe sharp corner) upon the flow characteris-
tics (stream lines, size and intensity of recirculation vortices) in asymmetric channels
with expansion ratios (= D = g—;, where D; and D, are the inlet and outlet radius
of the channel) 1:2 and 1:4. The parameters studied include Reynolds numbers (Re),

degrees of constriction (7) and channel expansion ratios (D).

5.2 The problem

We consider incompressible viscous fluid flows in an asymmetric channel with back-
ward constriction having mild, moderate and severe reentrant corners. The nonuni-
form geometry is formed as a result of gradual contraction and then expansion. The
schematic flow diagrams and corresponding boundary conditions are shown in figure
5.1(a). To resolve the flow accurately at the reentrant corner of the backward con-
stricted channel, we have used the grid given in figure 5.1(b). The comparatively
large spacing of the grid near the expansion region after the throat caused no prob-
lems as the flow is not particularly vigorous there. The mesh structure for such a
situation may be provided through a conformal transformation [94] which maps the
actual nonuniform geometry (physical domain) to a uniform rectangular geometry
(computational domain) as follows:

z = w(A + Btanh(w)),

where z = x + iy and w =€ +in (i = v/—1)
with (The derivation given in Appendix J)

y = An-+ 2 [ysinh(26) + Esin(2n)].

Here H = cosh(2€) 4 cos(2n); A and B are the constants. The constants A and B

Ty + 7o To —Tj . :
are defined by A = 5 b= where r; and r, respectively are the inlet

T T
and outlet radii of the channel with 7 controlling the smoothness and the degree of
sharpness of the constriction; a higher value of 7 indicates a more sharper corner. We
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Figure 5.1: (a) Backward (physical) constricted channel geometry with boundary

conditions, (b) associated mesh structure in physical plane and (c) corresponding
mesh structure in computational plane.
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Chapter 5 Transient flow in an asymmetric backward constricted channel

define the corners correspond to 7 = 0.6 as mild, 7 = 0.9 as moderate and 7 = 1.0 as
severe sharp corner. To obtain the geometry in the physical plane for 7 = 0.6 we have
used —12.0 < ¢ < 28.0, 0.0 < n < 0.6; for 7 = 0.9 we have used —18.0 < ¢ < 32.0,
0.0 <71 <0.9; and for 7 = 1.0 we have used —20.0 < ¢ < 30.0, 0.0 <7 < 1.0. In the
present computation for a channel with expansion ratio 1:2, the inlet and the outlet
radii are taken as r; = 0.5 and r, = 1.0 respectively whereas for expansion ratio 1:4,
the inlet and the outlet radii are taken as r; = 0.25 and r, = 1.0 respectively. We
present the mesh distributions in physical plane and computational plane as in figure
5.2(b) and (c) respectively.

The governing equations for the 2D unsteady incompressible viscous asymmetric
channel flows are the N-S equations, which in non-dimensional primitive variable
formulation can be written as

ou  Ov
e — L) 5.1
ou ou  Ou op 1 _,
- o — = 5.2
ot +“ax+”ay 8x+Rev “ (5:2)
ov ov Jv dp 1 _,
hutind - b 5.3
ot +u8x +U8y Oy 4 Re ' (5:3)
where u, v are velocities along x-, y-directions respectively, p is the pressure, ¢ is the

time and Re is the Reynolds number given by Re = ﬂ, where L is the unperturbed
channel width at the outlet, ug is the average Velocityy at the entrance and v is the
kinematic viscosity.

To eliminate p, we may introduce streamfunction ¥ (x,y,t) and vorticity ((z,y,t)

oY oY

U= —, V=

Ay ox’

in terms of v and v as

(5.4)

and
= — =, (5.5)

With these, the streamfunction-vorticity (¢-¢) form of the N-S equations (5.1)-(5.3)
can be written as

0%y 0% !
“oE o= (5:6)
¢ 0*¢C 9% a¢ ao¢

The boundary conditions at top and bottom walls in both the cases (aspect ratio
1:2 and 1:4) are the usual no-slip condition which follow

u=uv=0. (5.8)
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At the entrance, a parabolic velocity profile is prescribed:

u = ay(l—cy),
v = 0, (5.9)

where ¢; and ¢y are constants. The boundary conditions for ¢ and ¢ can be easily
obtained using (5.4) and (5.5). At the outlet, fully developed flow is considered.

5.3 Discretization and Related Issues

The governing N-S equations (5.6, 5.7) in ¢ — ¢ variables maintain their forms under
a conformal transformation. We have followed the same discretization procedure as
discussed in section 3.2.2. We use a Crank-Nicholson type scheme which is second
order accurate in time. For the Neumann boundary conditions at the outlet, we use
an one-sided five point formula [143]

9¢

Op; = 0.04 481, — 36¢p—2; + 16¢y_3; — 3Pp_a,; — 12h <a—y>
b

5]

} + O(R®),

where h is the z-step length in the physical plane and ¢ (which may represent u,
v, ¥ or () is a typical flow variable and the index b (znax) along z-axis denotes the
outlet boundary whereas j is the y-direction index varying from 0 to ymax. We have
numerically experimented and found the minimum inlet distance x =~ —10 from the
throat such that the throat effects on the inlet flow profile are negligible. In order to
get the fully developed flow at the outlet, the length of the channel has been found
out through numerical experiments for different flow conditions and sharpness of the

1
corner. Flow simulations are carried out using grid steps A§ = 20 and 20 along the

1
horizontal and An = — along the vertical direction in the computational plane for the

corner flow geometry defined by 7 = 0.6, 0.9 and 1.0. Both the steady-state results
(which are produced in a time marching fashion) and the transient results have been
produced with a time step At = 0.001 in all the cases. The governing equations are
highly nonlinear and the use of nonuniform grid invariably leads to non-symmetric
matrices. In order to solve these systems, we use the biconjugate gradient stabilized
method (BiCGStab) [68,118,150] without preconditioning. Steady-state was assumed
to reach when the following condition is satisfied:

max|¢" ) — ¢ <1076 (5.10)
where ¢ denotes numerical value of ¢ at n-th time level.
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5.4 Results and Discussions

In the following two subsections, we have presented steady-state and transient so-
lutions of the N-S equations for unsteady flow in a nonuniform rigid asymmetric
channel with backward constriction for different expansion ratios and different de-
grees of constrictions. These results show the combined effects of Reynolds number,
the aspect ratios and sharpness of the corners on the vortex structures for flows in
the asymmetric channels.

5.4.1 Expansion ratio 1:2

Like axisymmetric channel flow problems discussed in previous chapter, we have con-
sidered here three model cases depending on the degrees of constriction. In table
5.1 we have cited the location of the corner of the asymmetric channel geometry for
these defined degrees of constriction. We have restricted our study up to Re = 750.

Table 5.1: Location of the corner (, Ymi,) in the asymmetric backward constricted
channel for different .

Model | 7 (%, Ymin)
M, 0.6 | (-0.940104, 0.436011)
M,y 0.9 | (-0.530827, 0.404055)
M | 1.0 | (-0.450649, 0.381584)

Table 5.2: Geometries of asymmetric backward constricted channel and Reynolds
number range studies.

Model

Degree of constriction

(7)

Reynolds number
range for calculations

Computed separation
Reynolds number

M, 0.6 1-750 80
M, 0.9 1-750 19
M; 1.0 1-500 4

Time marching steady state solutions with zero initial condition have been presented
in the form of tables (table 5.2 - 5.4) as well as in the form of figures (figure 5.2 - 5.8)
whereas the transient solutions have been shown in figures 5.9.

In table 5.2 we have presented critical Re values at which separation starts to occur
for different degrees of sharpness of the corner. It has been numerically experimented
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and found that for 7 = 0.6,0.9 and 1.0 the critical Re values are 80, 19 and 4
respectively. It shows that as degrees of constriction increase the critical Re values
fall rapidly.

Figure 5.2 illustrates the curves of constant streamfunction for 7 = 0.6 with
different Re values. It is seen that there is no separation zone at Re = 50. Only
one recirculation region (primary vortex) develops just immediate after the throat
and adjacent to the top wall for Re = 100 and 250. It is also seen that streamlines
are slightly perturbed adjacent to the bottom wall after the throat for Re = 250.
This could be the indication of the development of another separation zone (called
secondary vortex). This prediction comes true with further increase in Re (see figure
5.2 for Re = 500). As Re increases the size of the two recirculation zones increase
(see figure 5.2 for Re = 750).

In figures 5.3 and 5.4 for 7 = 0.9 and 1.0 respectively, almost the same flow
phenomena are observed as in figure 5.2. One important observation is that the
secondary vortex develops at a lower Reynolds number in comparison with the figure
5.2. In addition to this, it has also been noticed that the sizes of the vortices increase
with the increase in degrees of sharpness of the corner.

Table 5.3: Separation and reattachment points for the large vortex nearer to the top
boundary of the asymmetric channel with expansion ratio 1:2 for different degrees of
constrictions.

7 | Re | Separation points | Reattachment points
(x, y) (x, ¥) Max(¥))
0.6 | 50 - - 0.5000
100 | (-0.3878, 0.6251) (0.7235, 1.0196) 0.5010
250 | (-0.5845, 0.5097) (3.0575, 1.0302) 0.5261
500 | (-0.6188, 0.4939) (4.6618, 1.0075) 0.5385
750 | (-0.6515, 0.4803) (5.3309, 1.0039) 0.5400
0.9 | 50 | (-0.4705, 0.4363) (0.7879, 1.0949) 0.5163
100 | (-0.4776, 0.4240) (1.6502, 1.0472) 0.5444
250 | (-0.4857, 0.4151) (3.1111, 1.0061) 0.5581
500 | (-0.4856, 0.4150) (4.3317, 1.0008) 0.5556
750 | (-0.4857, 0.4152) (5.1669, 1.0007) 0.5559
1.0 | 50 | (-0.4474, 0.3835) (1.0097, 1.0837) 0.5484
100 | (-0.4474, 0.3835) (1.7972, 1.0284) 0.5716
250 | (-0.4474, 0.3836) (3.1003, 1.0037) 0.5729
500 | (-0.4474, 0.3835) (4.2502, 1.0003) 0.5697

From table 5.3, it is seen that for Re = 50, no separation occurs at 7 = 0.6 but
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Figure 5.2: In the asymmetric backward constricted channel (expansion ratio 1:2):
streamline contours at T = 0.6 for Re=50, 100, 250, 500 and 750.

separation is prominent for other two cases (7 = 0.9 and 1.0). This could be explained
by seeing the changes of maximum ¢ values. If there is no separation zone in the flow
domain, the maximum 1) value always occurs at the top boundary in steady-state
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Figure 5.3: In the asymmetric backward constricted channel (expansion ratio 1:2):
streamline contours at T = 0.9 for Re=50, 100, 250, 500 and 750.

solution for a prescribed parabolic profile at the inlet. For Re = 50 with degree of
constriction 7 = 0.6, the maximum ¢ value (0.5) occurs at the top boundary. This
fact confirms that there is no separation, whereas change in maximum v value (e.g.
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Figure 5.4: In the asymmetric backward constricted channel (expansion ratio 1:2):
streamline contours at T = 1.0 for Re=50, 100, 250 and 500.

for Re = 50, max ¥=0.5163 at 7 = 0.9 and 0.5484 at 7 = 1.0) demands the existence
of flow separation zone in the flow domain. For each of the models M; (7 = 0.6),
M, (7 = 0.9) and M3 (7 = 1.0) flow separation starts at the downstream of the
throat. Moreover, with the increase in Re beyond critical values, the first model M,
(7 = 0.6) reveals that separation point approaches towards throat along upstream but
for higher degrees of constriction the general tendency is that the separation starts
at same location. It is also seen that for a fixed value of 7, as Re increases the length
of the separation region increases.

Table 5.4 presents abscissa of the points of separation and the points of reattach-
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Table 5.4: Separation points for the second vortex nearer to the bottom boundary of
the asymmetric channel with expansion ratio 1:2 for different degrees of constrictions.

7 | Re abscissa of abscissa of
separation points | reattachment points
0.6 | 500 3.8143 6.7491
750 4.1522 9.6671
0.9 | 250 2.7121 4.1655
500 3.2733 8.1111
750 3.8872 11.2225
1.0 | 250 2.4405 4.8003
500 3.1973 8.8500

ment for the secondary vortex. It is noticed that for a fixed 7 both the separation
point and the reattachment point shift towards the downstream direction with the
increase in Re. This is due to the fact that as Re increases the size of the first
large vortex increases. As a result, when fluid is about to cross the first large vortex,
pressure gradient again increases causing further separation. On the contrary, for
a fixed Re, the separation point shifts towards the upstream and the reattachment
point shifts towards the downstream with the increase in 7. This is because of higher
degrees of constriction resulting early separation.

Figure 5.5 shows the vorticity contours for Re = 250 and 500 at 7 = 0.6,0.9
and 1.0. For each Re, it is observed that almost same patterns occur for different
constrictions with a slight variation of vortex lines. Difference is observed at the
secondary vortex zone. It is also noticed that the core vortex lines move along the
downstream and diffuse in the downstream direction after traversing a small distance
away from the top and bottom vortex depending on Res and degrees of constriction.
The length of the core regions increase with the increase in Res.

It is seen from figure 5.6, describing the curves of lower wall shear-stress values
that the minimum lower wall shear stress value decreases with increase in degrees
of constriction as well as increase in Re. Another important observation is that the
maximum lower wall shear-stress value may not always negative (it is negative for
lower Res and positive for higher Res). It is also observed that for a fixed Re in
each model the maximum wall shear stress value occurs near the downstream of the
reattachment point of the primary vortex.

In figure 5.7 we have presented upper wall shear stress for the three models. For
Re = 250, it is seen from figures 5.7 (a), (b) and (c) (magnified view around the
corner) in models m;(7 = 0.6), mao(7 = 0.9) and ms(7 = 1.0) respectively, that the
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shear stress value changes remarkably (the wall share stress value changes sharply)
around the corner for model ms(7 = 1.0). In models m;(7 = 0.6) and ma(7 = 0.9)
the maximum shear stress value occurs at the corner whereas in model ms(7 = 1.0)
it occurs at the proximal lip of the corner which is just upstream of the separation
point of the primary vortex. Figures 5.7 (a’), (b') and (c¢’) show the changes of wall
shear stress values in a wide range of flow domain. From figures 5.7 (a’) and (b'),
it has been noticed that with the increase in Re the location of the minimum wall
shear-stress value shifts towards the downstream of the separation points for higher
Res whereas for lower Res it occurs closed to the separation point along downstream.
For figure 5.7 (¢) the minimum wall shear-stress value is at the separation points for
all Res which could be due to the severe sharpness of the corner.

Figure 5.8 shows the velocity flow fields. A parabolic flow was prescribed at the
inlet. The flow retains its parabolic shape up to the throat. As soon as it departs the
throat of the constriction, the core flow maintains the parabolic shape and the flow
profiles in the regions near the top and bottom walls are distorted due to development
of reverse flow zone. The negative velocity near the wall indicates the existence of a
separation zone which are already discussed earlier. As the profile moves along the
downstream, slowly the parabolic part is extended vertically and the negative flow
zone is going to be reduced. Finally after some distance negative zone disappears and
a parabolic velocity profile is regained along the downstream of the channel.

In figures 5.9 we have shown the time-wise evolution of the streamlines for Re =
250 with 7 = 0.9. It is noticed that at t=1.25, there is a small separated region
attached to the throat, which is adjacent to the top wall in the flow domain. As time
evolves another vortex (secondary vortex) develops at the bottom wall and moves
along downstream. They elongate first and then split into two or more. In addition
to this slight perturbation of the streamlines occurs closed to the top wall developing
one more top wall vortex. Towards steady-state, it dissipates and smears out. It is
also seen that after a while (see t=20.0) the vortices adjacent to the top wall coalesce
to form a first large vortex. Further increase in time reveals that one of the bottom
wall vortices moves towards downstream and smear out there. Finally at steady-state
condition, the flow domain consists of two large vortices, of which one adjacent to the
top wall and other one adjacent to the bottom wall.
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Figure 5.5: In the asymmetric backward constricted channel (expansion ratio 1:2):
vorticity contours for Re = 250,500 at (a) 7 = 0.6, (b) 7 = 0.9 and (c) T = 1.0.
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Figure 5.6: In the asymmetric backward constricted channel (expansion ratio 1:2):
lower wall shear-stress for (a) T = 0.6, (b) 7 =0.9 and (c) 7 = 1.0.
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Figure 5.7: In the asymmetric backward constricted channel (expansion ratio 1:2):
(a), (b) and (c) respectively present the magnified view of the wall shear stress at the
top wall around the throat for Re = 250 with 7 = 0.6, 7 = 0.9 and 7 = 1.0, and (&),
(V') and (c') respectively present the change of wall shear stress in a large part of the
domain for different Res and different 7 (1 = 0.6, 7 = 0.9 and 7 = 1.0).
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Figure 5.8: In the asymmetric backward constricted channel (expansion ratio 1:2):
velocity profile for re=500, A = 0.6,0.9 and 1.0.
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Figure 5.9: In the asymmetric backward constricted channel (expansion ratio 1:2):
evolution of streamlines for Re = 250 (A = 0.9) at different time stations.
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5.4.2 Expansion ratio 1:4

In this section, we have presented the steady-state solutions in figures (figure 5.10
and 5.11 ) and transient solutions in figure 5.12 for flow in an asymmetric channel
with backward constriction having expansion ratio 1:4.

Figure 5.10 shows the streamline contours and corresponding vorticity contours
for 7 = 0.6 with different Res. It is seen that as Re increases the number of vortices
increases. As for example, at 7 = 0.6 the number of vortices developed for Re =
50,100 and 250 are 1, 2 and 3 respectively. In comparison with the figure 5.2 for
streamlines, it is seen that a drastic change in flow characteristics occurs in figure
5.10 for expansion ratio 1:4. In the constricted channel with expansion ratio 1:2, only
one recirculation region develops for Re = 250 whereas in expansion ratio 1:4, the
number of recirculation regions are three. This fact could be due to the lowering of
expansion ratio. The flux at the upstream of the throat decreases for expansion ratio
1:4 in comparison with expansion ratio 1:2 but it diffuses in a large expansion region
along the downstream of the throat. As a result pressure falls rapidly causing several
recirculation regions. In the vorticity contours, the vortex lines pattern shows the
increase in complexity of the flow with the increase in Res.

From figure 5.11, it is seen that the minimum wall shear stress at the lower wall
occurs very close to the corner (throat) while the maximum occurs towards down-
stream. In comparison with the figures in 5.7 for expansion ratio 1:2, it is clearly
observed (see figure 5.11) that at the lower wall, the minimum wall shear stress value
further decreases and maximum wall shear stress value further increases. In the case
of upper wall, the upper peak (maximum) occurs approximately at the same abscissa
where the minimum shear stress occurs for lower wall. But the lower peak values
occur at different location for different Res towards downstream. Again, this figure
also reveals that for a fixed Re, the range of the wall shear stress values are high.

In figure 5.12 we have presented the time-wise evolution of the streamlines for
Re = 250 with 7 = 0.6. It is noticed that a series of vortices appear at the lower time
levels. This observation is in well agreement with the observation in [?]. As time
evolves the vortices move downstream and elongated. The weaker vortices, which are
far away from the corner move further downstream and smear out. Finally, towards
steady-state, the flow domain contains only three vortices (see figure for t=30.0).

Thus, from the above discussions it can be concluded that expansion ratio plays
an important role on the the behavior of flow characteristics.
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Figure 5.10: In the asymmetric backward constricted channel (expansion ratio 1:4):
streamlines contours at 7 = 0.6 for (a) Re=50, 100 and 250; and corresponding
vorticity contours for (b) Re=50, 100 and 250.
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Figure 5.11: In the asymmetric backward constricted channel (expansion ratio 1:4):

wall shear stress (wall vorticity) at (a) lower wall, and (b) upper wall for Re = 50, 100
and 250 at 7 = 0.6.
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Re =250,t=5.0

Figure 5.12: In the asymmetric backward constricted channel (expansion ratio 1:4)

evolution of streamlines for Re = 250 (A = 0.6) at different time stations (a) t=>5.0,
(b) t=10.0, (c) t=15.0, (d) t=20.0, (e) t=25.0 and (£) t=30.0.
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5.5 Conclusions

A numerical investigation has been carried out on both the steady-state and transient
flow phenomena in an asymmetric channel with backward constriction through the
(9,9) transient higher order compact (HOC) schemes proposed in chapter 3. The
higher order accuracy of the scheme coupled with compactness of the computational
stencils affords efficient computations for a wide range of parameters governing the
flow on relatively coarser grids. Flow through the nonuniform asymmetric channel
geometry with different degrees of sharpness of the reentrant corner is a new problem,
and has not been numerically tested or validated before. The theories (results) pro-
duced for this asymmetric channel geometry agree reasonably well with the theories
of backward facing constricted channel with right angled expansion. The channel
geometry as well as sharpness of the throat of the channel along with Re are the
important parameters to control the strength and size of the separation zone. The
development of series of vortices, as observed in some other studies [130, 146], have
also been observed in this study. The size of the vortex developed in the asymmetric
backward constricted channel flow is small compared to that in axisymmetric case.
In the next chapter we have discussed incompressible viscous flows through dilated
channel.
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Chapter 6

Flow analysis of incompressible
viscous flows in a dilated channel

6.1 Introduction

Study of flows in dilated channels is of great importance in the field of hemodynamics.
Flow phenomena in such channels resemble with the blood flow through aneurysmal
vessels. It is well known that hemodynamics plays an important role for the genesis
and progression of the arterial diseases. In this context, a brief history related to the
aneurysm disease has been presented as follows:

As the human aorta is a relatively low resistance circuit for circulating blood in
comparison to the lower extremities so the repeated trauma of a reflected wave on
the distal aorta may injure a weaker aortic wall, the result is growth of a balloon-like
bulge called a saccular aneurysm. Saccular aneurysms arising on the major arteries
at one side of the arterial segment are called sidewall (lateral) aneurysms. It is a
pathological dilation of an artery. An artery is considered aneurysmal when it grows
more than 50% over its normal size. It may be pointed out that intracranial saccular
aneurysm is a well known cerebrovascular disease. Intracranial saccular aneurysms
are, in general, located along the cavernous segment of the intracranial arteries and
may be of lateral, symmetric and bifurcation types. Over forty years, 5-6% of the
population in Taiwan have been suffering from this disease [156]. Again, in the United
States, approximately 15,000 people die annually due to aneurysm rupture, which is
also recognized as the 13th leading cause of death in that country. Thus, the study
of blood flow in diseased arteries is a challenging problem over the last century for
which no satisfactory solution has yet been available.

Recent developments of techniques for the endovascular treatment of aneurysms
have indicated the need of a better understanding of the relevant hemodynamic ef-
fects. In general, fluid flow in an aneurysmal artery depends upon its geometric
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configuration, the size of the orifice and volume of the aneurysm. An aneurysmal
artery looks similar to a dilated channel. Flow in a channel with dilation provides
an idealization of the flow through an aneurysmal vessel. Analytically, the solution
of flow through a dilated channel is quite difficult. Computational fluid dynamics
has revealed an useful, non-invasive tool to evaluate the flow characteristics in such
geometries. Although it may be sometimes difficult to relate the assumed geometry
and flow conditions to those seen clinically, as such often the simplifications used have
helped to provide some understanding of the complexity of underlying physics.

The difficulties such as large computational requirements associated with the nu-
merical solutions of the full three dimensional time-dependent Navier-Stokes equa-
tions motivate us to study the two dimensional version of this problem to throw some
lights on steady and unsteady flow phenomena.

In the present work, we have considered rigid channel geometry with different
shapes on the flow characteristics of Newtonian fluid as the effects of non-Newtonian
fluid properties and wall elasticity are not prominent [88,134-136]. We extensively
discuss how the channel geometry with different shapes affects the flow. We have
restricted our study up to Re = 750 because the Reynolds number in the intra-
cranial arteries does not exceed 600 to 700 [87]. We have concentrated on numerical
solutions of the flow characteristics in various lateral dilated channels and also those
on symmetric nonuniform rigid channel having different degrees of dilatation since
there is a limited literature available on these flow geometries.

6.2 Numerical procedure

6.2.1 The problem

We consider the incompressible viscous flows in a lateral (see figure 6.1 (a)) and in a
symmetric (see figure 6.1 (b)) dilated channels. The schematic diagrams of channel
geometry and related flow boundary conditions are shown in figure 6.1. Note that
the dilation examined in the present study has a wide orifice with the neck close to
it. We have considered the lateral channel geometry similar to that investigated by
Lieber et al. [86]. This is an idealized model problem of a spherical sidewall saccular
aneurysm emanating from a straight blood vessel.

For lateral channel geometry (see figure 6.1 (a)), the bottom wall is taken as -
axis and the line along the maximum height through the dilated region has been
considered as y-axis. The point of their intersection has been considered as origin.

Similarly, the coordinate systems for symmetric channel geometry has been pre-
sented in figure 6.1 (b).
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Figure 6.1: Schematic diagrams of (a) lateral and (b) symmetric dilated channel
geometries with flow boundary conditions.

The governing equations are the two dimensional (2D) N-S equations which, in
non-dimensional primitive variable formulation can be written as

Ou Ov
—_— _— . 1

ou ou ou  dp 1 _,
E + U% + Ua—y = o + RGV u, (62)
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ov ov ov op 1

— 4 U— +v— = —— + —V?. 6.3
ot ox dy Jdy  Re (6:3)
For non-dimensionalization we have considered z* = 7, y* = 4, u* = = v* = =,

0 uo
t* =t, p* = L5, where u, v are velocities along -, y-directions respectively, p is the

pug’
pressure, t is the time and Re is the Reynolds number given by Re = %, where L
is the characteristic length (in case of lateral dilated channel it is the lejidth and in
symmetric channel it is half of the width at inlet), ug is the average velocity at the
entrance and v is the kinematic viscosity.
Instead of pressure and velocity, the derived quantities such as streamfunction
(z,y,t) and vorticity ((x,y,t) can be introduced in terms of u, v as

aw 31/1
— 4
U= ; , v . (6 )

and

R (6.5)

With these, the streamfunction-vorticity (¢-¢) form of the N-S equations (6.1)-(6.3)
can be written as

>y Y
o oy (66)
oc 9% 9% ¢ oC
R€E — @ - 0—y2 aF uRG% aF URea—y = 0. (67)

The boundary conditions are as follows:
On the top and bottom, a fixed rigid wall is considered and the usual no-slip condition
is imposed i.e.

= w = (). (6.8)

Symmetry conditions are imposed along the horizontal centerline of the symmetric
dilated channel which reads as

= 8_y =
At the entry section, a parabolic velocity profile is prescribed:
(a) For lateral dilated channel

v

0. (6.9)

v = 0,
u = 6y(l—uy). (6.10)
(b) For symmetric dilated channel
v = 0,
u = 1.5(1—1y?). (6.11)
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The boundary conditions for ¢) and ¢ can be easily obtained from the equations (6.4)
and (6.5). At the outlet, fully developed flow is considered.

6.2.2 Mesh structure

We have constructed a grid (see figure 6.2) on curvilinear setting through the use of
the conformal mapping which maps the nonuniform dilated channel (physical domain)
to a straight rectangular channel (computational domain) as follows

z=w+ Btanh(gC’w), (6.12)

where z = x + iy and w = £ +in (i = v/—1) with

r = £+ g sinh(C'7¢), (6.13)
y = n+ gsin(Cﬂ'n). (6.14)

Here G = cosh(C7€) + cos(Cmn); B and C are the constants and determine the
degrees of the «

Figure 6.2:  Mesh structure.

NOTE: The discretization of the transformed form of the governing equations and
the solution procedure of the resulting algebraic equations are same as in problem of
symmetric channel flow with forward and backward constriction [see chapter 4]. We
have numerically experimented and accordingly we have considered the inlet position
at * & —6 and x ~ —10 respectively for circular and concave shaped dilations in
the dilated channel to eliminate the effects of dilation at the inlet. And to get fully
developed flow at the outlet for different flow conditions and different degrees of

dilations, we experimented numerically and accordingly we set the outlet at x ~ 25.

1 1
In all the computations we have used step lengths A& = % 50 and &0 along the
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1 1
horizontal, and An = —, — and 20 along the vertical direction in the computational

plane, and time step At = 0.001.

6.3 Results and discussions

In this section, numerical results of flows in a lateral and in an symmetric dilated
channel have been presented.

6.3.1 Lateral dilated channel

General flow behavior in a lateral aneurysmal vessel

Most of the studies [48,50,140] show that the general patterns of blood flow in lateral
aneurysms were similar i.e. three distinct zones characterize the blood flow behaviors.
They are as follows:

1. An inflow entering the aneurysm from the distal side of the neck.
2. An outflow exiting the aneurysm at the proximal side of the neck.

3. A central slow flow vortex formed at the entrance to the aneurysm at each
systole and circulated around the aneurysm during each cardiac cycle.

In this section, we have presented results for four model cases on the basis of
the sectional area of the dilated region determined by the orifice length and height
(=H, which is defined as the maximum vertical length from orifice to the dome.) of
the dilation. They are such as model (a) m; for orifice length —0.5 < 2 < 0.5 and
H ~ 1, (b) my for orifice length —1.0 < z < 1.0 and H =~ 2, (c¢) mg for orifice length
—2.0 <x <2.0and H ~ 4, and (d) my for orifice length —4.0 <z < 4.0 and H ~ 2.
Among these the first three are circular shaped dilation and the last one is concave
shaped.

Figure 6.3 shows that the velocity vectors near the orifice of different sectional area
of the dilated regions are deviated from the main path and gradually turn upward.
The turning angle with respect to z-axis increases and becomes maximum at the
distal lip of the orifice of the dilation. As a consequence, fluid starts to enter into
the dilated part from the distal lip of the orifice and the fact that the stream layer
rather adjacent to the upper wall of the parent channel has chance to enter into
the dilated part. The upward vectors make turn again and move down along the
proximal lip of the orifice. Thus, a counter-clockwise vortex is formed. It is also seen
that a part of the fluid (mainly the outer part of the counter-clockwise vortex) at the
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interface between the main stream in the parent channel and the counterclockwise
vortex, moves along downstream with the main flow in the parent channel and the
rest returns into the dilated region. From the above discussion a conclusion can be
made that the dilated region has little impact on the main flow both at upstream and
downstream of the orifice in the parent channel. It must be mentioned that we have
observed one dominant vortex in the dilated region for all the three models (my, msy
and mg) as observed by Lieber et al. [86] because the orifice and the neck are closely
associated as stated in [50,89,90].

Table 6.1: Vortex center of the lateral dilated channel flow.

Orifice length and Re | Vortex center | Max(1))
height of dilatation (H) (x,y)

—-0.5 <2z <0.5, 100 | (0.1110, 1.2783) | 1.0332

H=~1 250 | (0.1615, 1.2612) | 1.0302

500 | (0.1841, 1.3116) | 1.0266

750 | (0.1277, 1.3344) | 1.0244

-1.0<2<1.0, 100 | (0.3407, 1.5637) | 1.0897

H~=~?2 250 | (0.2624, 1.7606) | 1.0789

500 | (0.1787, 1.7857) | 1.0687

750 | (0.2018, 1.8770) | 1.0624

—20<z <20, 100 | (05797, 2.6300) | 1.2447

H~4 250 | (0.3846, 2.8150) | 1.2107

500 | (0.2589, 2.8408) | 1.1912

750 [ (0.2589, 2.8400) | 1.1731

Table 6.1 presents the location of the vortex center and the max(¢)) value thereat
for different Res with different sectional areas determined by the orifice length and
height (H) of the dilated region. It is seen that for a fixed sectional area of the dilated
region, the strength of the vortex decreases with increase in Res and for a fixed Re the
strength of the vortex increases with the increase in sectional area of the dilatation.
It is also seen that the location of the vortex center in the dilated region fluctuates
(along upstream and downstream direction) with increase in Re for models m; and
ms whereas for model mj3 the vortex center remains fixed after Re = 300 (See figure
6.4). For higher degrees of dilation or for higher Res, vortex center generally moves
away from the orifice.

Figure 6.5 shows the wall shear stress curves for models my, ms and ms of the
lateral dilated channels. It is seen that for all the models, changes of wall shear stress
values are mostly taken place around the necks of the dilated region. The maximum
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wall share stresses occur at or near the distal lip of the orifice (see point P in figure
6.5). This observation agrees reasonably well with the theory of lateral aneurysm
models in [89-91,135].

In figure 6.6 we have presented streamfunction and the corresponding vorticity
contours along with the results of velocity fields and shear stress values for Re = 500.
In this geometry, the orifice is too wide with respect to the height (H ~ 2) of the
concavity of the dilation. It is seen that for a wide range of the orifice length (—4.0 <
x < 4.0 approximately) two counter-rotating vortices develop, which is not observed
in the previous models. The numerical experiments for smaller Res (0 < Re < 250)
reveal that at most one vortex develops in the concavity of the dilation (though the
figures are not presented here). However, in this case, a secondary vortex (smaller
one) develops near the dome deforming the primary vortex (first large vortex). Figure
6.6(c) and (d) show the velocity fields in the flow domain and in the concavity of
the dilation respectively. The magnified view of the vectors in 6.6(d) shows the
developments of two counter-rotating vortices in the concavity of the dilation. The
wall shear stress values at different points on the dilated wall are presented in figure
6.6(e), which shows a similar pattern to the figure 6.5(b). The heights of the dilated
regions have been assumed to be equal (it has been considered as 2 ), though the
orifice lengths are different.
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Figure 6.3: In a lateral dilated channel: velocity fields for Re = 500 and models
(a) my (0.5 < x <05, H=~1) (b)mg (-1.0 <z < 1.0, H = 2) and (c) ms
(—2.0 <2 <20, H=4).
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Figure 6.4: In a lateral dilated channel: movement of the location of the vortex center
for models (a) m; (—0.5 <z <05, H~1), (b)my (—1.0 <2 <1.0, H~2) and (c)
mg (—2.0 <z <20, H=~A4).
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Figure 6.5: In a lateral dilated channel: wall shear stress values for Re = 500 at the
dilated wall for models m; (—0.5 <z < 0.5, H~1); my (-1.0 <2 < 1.0, H ~ 2)
and m3 (—2.0 <x <20, H~4).
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Figure 6.6: In a lateral dilated channel: (a) Streamline contours, (b) Vorticity con-
tours, (c) Velocity fields in the domain, (d) Magnified view of velocity fields in the
dilated region, and (e) wall shear stress values at the top wall for Re = 500, and
orifice length —4.0 < x < 4.0 and height H ~ 2.
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6.3.2 Symmetric dilated channel

We have numerically studied the flow patterns for different Res in the full dilated
channel. In figure 6.7 we have presented the streamline contours for Re=100 and
600. It is seen that the curves of constant streamfunction values and the size of the
recirculation zones are symmetrical with respect to the centerline. This flow phenom-
ena confirms that the flow patterns in the symmetric dilated channel is symmetric.
Therefore, we have considered one half plane (upper half plane) of the dilated channel
for the numerical solutions and accordingly we have continued to discuss the following
issues. For symmetric channel geometries, three model cases have been considered

Re=100 Re=600
4 4
1
1.02— 1.
- 1 08 > - 1
. 05 . 0.8 05 -
0 0. oE . 0
0505 08 0.
1 -1
. 10— 152
2 20,7105 2 2, A
A\
6 4 2 0 2 4 6 8 -8 6 4 2 0 2 4 6
X X

Figure 6.7: Symmetric flow phenomena in a symmetric dilated channel having orifice
length —4.0 < x < 4.0 and height of the maximum dilatation from the orifice H = 2.0
for Re=100 and 600.

as given in table 6.2, in which M; (=2.0 < z < 2.0, H = 0.5) represents mild, M,
(=3.0 < z < 3.0, H =) represents moderate, and M3 (—4.0 < x < 4.0, H = 2)
represents severe dilated channel. It should be mentioned here that for all the mod-
els convergent solutions have been obtained over a wide range of Reynolds numbers
(1 < Re < 750). Time marching steady-state results with zero initial condition have
been presented in the form of tables (table 6.3 - 6.5) as well as in the form of figures
(figure 6.7 - 6.16). A description of the various possible steady-state laminar flow pat-
terns is perhaps best rendered by a display of streamlines and vorticity contours for
different degrees of constrictions as well as flow parameters. It has been numerically
experimented that separation starts to occur at approximately Re = 66 for model
M, whereas for model M, and M; separations start to occur at Re = 22 and 10
respectively (given in table 6.2).
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Table 6.2: In an symmetric dilated channel: geometries of dilated channel and
Reynolds number range studies.

Model Reynolds number Computed separation
range for calculations Reynolds number
M,y 1-750 66
M, 1-750 22
Ms 1-750 10

Table 6.3: In an symmetric dilated channel: grid independence study of the steady-
state data at the center of the primary vortex for model My (—4.0 < z < 4.0,
H=05)

(h, k) | Re | Primary vortex | Max 1
center (X, y)
(35+75) | 100 | (1.1767, 1.6377) | 1.0880
250 | (1.6095, 1.5929) | 1.0862
500 | (1.7068, 1.5623) | 1.0744
(55-35) | 100 | (1.1844, 1.6718) | 1.0881

( )

( )

250 | (1.6095, 1.5929) | 1.0861
200 | (1.7166, 1.5923

1.0749

In table 6.3, we present grid independence data for v at the center of the primary
vortex in model M3 for Re = 100, 250 and 500 with two different grid sizes (h, k).
Such grid sizes are (55, 15) and (55, 35), called as G1 and G respectively. With these
grid sizes, we have presented the graph (see figure 6.8 for model Mj3) for centerline
velocity and the wall shear stress (wall vorticity) curves for Re = 500. These results
confirm that the grid size finer than (G; does not influence the numerical results.

In figures 6.9, 6.10 and 6.11, the first column illustrates the curves of constant
streamfunctions with different Re values for the model M; (—2.0 < z < 2.0, H = 0.5),
My (—=3.0 < x <3.0, H=1) and M3 (—4.0 < x < 4.0, H = 2) respectively, and the
second column represents corresponding vorticity contours. It has been numerically
experimented that for lower Res (for example, Re < 50 in model M;, Re < 20 in
model Ms and Re < 9 in model Mj3) the streamlines contour show symmtrical patterns
about the maximum height of the dilation (though the figures are not presented here).
These symmetrical phenomena could be described by the fact that the effects of inertia
do not dominate at these Re. A slight increase in Re stimulates the inertial effects
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Figure 6.8: In an symmetric dilated channel: grid independence test of (a) centerline
velocity and (b) upper wall shear stress for Re = 500 in model Mj3 (—4.0 < x < 4.0,
H=2).

which result a slight perturbation in the streamlines (given in figure 6.9 for Re = 50,
in figure 6.10 for Re = 20, in figure 6.11 for Re = 9) and the flow asymmetry starts to
develop around the maximum cross-section of the channel. If Re values are increased
further, recirculation zones (the large vortex called primary vortex) slowly develop
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because the pressure gradient across the dilated part of the channel is much higher
in compared to the pressure gradient across the rest of the whole channel.

Table 6.4: In a symmetric dilated channel: primary vortex center in the dilated
channel flow for models My, My and Ms.

Model | Re | Primary vortex | Max ¢ | Secondary vortex
center (x, y) center (x, y)
M; | 100 | (-0.2035, 1.3623) | 1.0004 -

750

250 | (0.0654, 1.2435) | 1.0043 -
500 | (0.2574, 1.1943) | 1.0072 -
750 | (0.3837, 1.1832) | 1.0081 -

M, | 100 | (0.2590, 1.4629) | 1.0205 -
250 | (0.6667, 1.3612) | 1.0283 -
500 | (0.9724, 1.2007) | 1.0278 .
750 | (1.1157, 1.2647) | 1.0263 -

Ms | 100 | (1.1767, 1.6377) | 1.0880 -
250 | (1.6095, 1.5029) | 1.0862 -
500 | (1.7068, 1.5623) | 1.0744 | (0.1486, 2.6053)

( )

1.8830, 1.5675) | 1.0649 | (0.1156, 2.3373)

For higher Res, a common observation is that the vortex rings nestled in the
concavity of the dilated area and tend to grow in size with increase in Re, filling
most of the dilated portion of the channel. It is also evident that for model Mj
(—4.0 <z < 4.0, H = 2) a large vortex develops even for Re = 20 (see figure 6.11).

In each model, it is seen that as Re increases, the center of the primary vortex
moves towards distal side (see table 6.4 and figure 6.12). It is also seen from the
table that for model M; (—2.0 < z < 2.0, H = 0.5), the 1. value increases with
increase in Re but for higher degrees of dilation the general tendency is to decrease
in Ymax value with increase in Res. Another important observation for model Mj
(=4.0 < x < 4.0, H = 2) is that at higher Re (say for Re=500) (figure 6.11) a
secondary vortex develops in the concavity of the dilatations deforming the shape of
the primary vortex. The above facts conclude that the degree of dilatation i.e the
area of the dilated region is more important for the development of recirculation zone
than velocity (or Re).

In table 6.5 the separation and reattachment points have been cited for all the
three model cases (see figure 6.13). The separation and reattachment points move
further upstream and downstream respectively with the increase in Res resulting
the growth and development of the vortices size. It is seen that for a constant Re,
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separation lengths increase with the increase in cross sectional area in the concavity
of dilatations.

Table 6.5: In a symmetric dilated channel: separation and reattachment points in the
dilated channel flow for different degrees of dilatation.

Model | Re | Separation points | Reattachment points
(x, ¥) (%, ¥)
M, | 100 | (-1.0219, 1.3227) |  (0.4867,1.4552)
250 | (-1.4133, 1.2110) |  (1.0744, 1.3073)
500 | (-1.6345, 1.1576) (1.3674, 1.2233)
750 | (-1.7624, 1.1315) (1.5033, 1.1881)
M, | 100 | (-2.1549, 1.2968) (1.7615, 1.4723)
250 | (-2.4610, 1.1937) (2.1549, 1.2968)
500 | (-2.6285, 1.1513) (2.3757, 1.2191)
750 | (-2.7110, 1.1336) |  (2.4610, 1.1938)
M; | 100 | (-3.6597, 1.2843) (3.2577, 1.4952)
250 | (-3.9104, 1.1955) (3.5739, 1.3219)
500 | (-4.0742, 1.1522) (3.7860, 1.2358)
750 | (-4.1625, 1.1331) (3.8553, 1.2125)

Figure 6.14 shows the variations of centerline velocity along axial direction for
fixed Re with different degrees of dilation. It is seen that the effect of dilation on
the centerline velocity is less along the upstream of the proximal side of the orifice
compared to the distal side of the orifice. A drastic change of the centerline velocity
occurs along the axial direction in the orifice. It is also noticed that for each Re the
point at which minimum centerline velocity occurs, shifts towards the downstream
It should be mentioned that
velocity decreases in the region around the maximum sectional area of the dilated

with the increase in sectional area of the dilation.
channel. From physiological point of view, it can be mentioned that the dilated
region leads to deposit lipids, proteins, fatty substances in the recirculation regions.
This process is mainly responsible for the disease called “mural thrombogenesis”.
Thus, the thrombus completely occludes a blood vessel or a part of the thrombus
may break off and moves downstream, which may enter in a smaller vessel and block
it. This is a common disease in popliteal artery [62].

Figure 6.15 shows a comparative study on changes of wall vorticity along the x-
direction for fixed Re with all the three models.
occurs near to the distal lip of the orifice (see the tabular value of locations in figure

The maximum wall shear stress
6.15). As Re increases, the location of the point at which shear stress is maximum
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slightly shifts towards distal side of the orifice (see the tabular values of locations
in figure 6.15). The maximum change of the wall shear stress values occurs in the
dilated region. Physiologically, it can be stated that this spatial variation in wall
stresses lead to the damage of the vessel wall. i.e. endothelium. This may further
weaken the wall and increase the possibility of aneurysm rupture. In addition to this,
the high stress values in the ends of the dilatation (aneurysm lip) could be described
as the cause of atherogenesis in the vicinity of aneurysms [62].

In figure 6.16 we have presented the axial velocity profile at the maximum cross
section (z = 0) of the dilated channel. It shows that the parabolic shape of the profile
has been disturbed towards the top wall indicating the development of negative shear
stress values. Figure 6.16(a) and (b) show that the negative shear stress zone increases
with increase in Re whereas the figure 6.16(c) shows a similar pattern up to Re = 250
but further increase in Re shows different behavior due to the development of another
counter-rotating vortex in the sectional area.
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Re=50 15 _ Re=50

Figure 6.9: In a symmetric dilated channel: streamline and corresponding vorticity
contours for model M, (—2.0 <z < 2.0, H =0.5) at Re=50, 100, 250, 500 and 750.
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Figure 6.10: In a symmetric dilated channel: streamline and corresponding vorticity
contours for model My (—3.0 < x < 3.0, H = 1) at Re=20, 50, 250, 500 and 750.
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Figure 6.11: In a symmetric dilated channel: streamline and corresponding vorticity
contours for model M3 (—4.0 <z < 4.0, H = 2) at Re=9, 50, 250, 500 and 750.
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Figure 6.12: In a symmetric dilated channel: movement of the location of the primary
vortex center for models (a) M (—2.0 <z < 2.0, H=0.5), (b) My (—3.0 <z < 3.0,
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Figure 6.13: In a symmetric dilated channel: separation and reattachment points of
the primary vortex along the dilated wall for different degrees of dilatation.
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Figure 6.14: In a symmetric dilated channel: Centerline axial velocity for (a) Re =
100, (b) Re = 250 and (c) Re = 500.
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Figure 6.15: In a symmetric dilated channel: Wall shear stress for (a) Re = 100, (b)
Re = 250 and (¢) Re = 500.
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Figure 6.16: In a symmetric dilated channel: axial velocity at the maximum cross-
section for models (a) M; (—2.0 < x < 2.0, H = 0.5), (b) My (—3.0 < z < 3.0,
H=1)and (¢) M3 (—4.0 <z <4.0, H=2).
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6.4 Conclusions

This study analyzes the steady-state solution of incompressible viscous flows in a
lateral and a symmetric dilated channel with different degrees of dilatation using the
proposed transient HOC schemes in chapter 3. We have studied a wide variety of
model cases. The numerical solutions of these cases are performed to quantify the
effect of the geometries upon the flow characteristics (separation and reattachment
of points, stream lines, size and intensity of recirculation vortices). The following
conclusions are drawn from the data presented:
Lateral dilated channel

1. In all the models, the flow patterns along upstream and downstream of the
orifice are found to be similar.

2. One vortex in circular shaped dilated region and two vortices in concave shaped
dilated region develop.

3. Generally, the wall shear stress is maximum at the distal lip or near it towards
downstream.

Symmetric dilated channel

1. With the increase in area in the concavity of the dilatations, the critical Re for
separation decreases.

2. Increase in Res show that the flow asymmetry exists about the maximum height
of the dilated region of the channel.

3. Vorticity contours show that the gradients is high around the proximal and
distal lip of the orifice.

4. The maximum wall share stress occurs near to distal lip of the orifice towards
downstream.

It is obvious that neck of the aneurysm plays an important role for wall shear stress
distribution. In the case of symmetric dilation the wall shear stress is comparatively
low. It indicates that the spherical shaped aneurysm is more sensitive to aneurysm
rupture. This flow analysis could predict the cause of some arterial diseases. Such
as, the development of recirculation region can facilitate thrombogenesis in the case
of dilatation of blood vessels. The high shear stress values in the vicinity of the end
of aneurysms can lead to the atherogenesis. However, it is clear from our study that
the area in the dilated part, the shape of the dilated region, Reynolds number are the
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important parameters to control the strength and the size of the recirculation zone
without modifying the general flow patterns. However, the present study enriches

various aspects of channel flows.
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Chapter 7

Steady incompressible viscous
flows in a constricted tube

So far we have confined our studies in the Cartesian coordinate systems. In this
chapter, we have discussed our proposed scheme (given in chapter 2) for cylindrical
coordinate systems. A calculation procedure for two dimensional (2D) incompress-
ible viscous flows over curved boundaries, particularly flow in a constricted tube, is
described.

7.1 Introduction

Like previous chapter, the study of flows in a constricted tube is an another important
aspect in the field of physiological flow. Flow phenomena in such problems resemble
with the blood flow through stenosed vessel. Stenosis is a generic medical term which
means a narrowing of any body passage, tube or orifice. In physiology it is caused
mainly due to atherosclerosis disease.

A considerable amount of work on arterial stenosis has been reported in the last
few decades. Stenosis due to atherosclerosis causes the drastic change of the blood
flow behavior. Hemodynamical perturbations induced by an atherosclerotic plaque
have been continuously investigated over the past few decades. Changes in blood
flows through diseased vessels generally depend on its geometric configurations and
the percentage of area reductions. There are several literature about information
pertinent to the genesis [4,70,117,155], progression [12,13,15] and fluid dynamical
effects [7,22,25,26,58,61,63,99,100, 107,126,142, 144] which has been acquired from
autopsies and various in vivo, in vitro and numerical studies. Though there are several
experimental studies available in the literature, but the number of theoretical studies
is limited. This could be due to the complexity of simulation of the flow behaviour
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in reality as well as lower order accurate numerical schemes that have been used
so far. So there is a great interest to solve this problem with higher order accurate
schemes. Constantinescu and Lele [32] make a mark on cylindrical coordinate systems
for higher order schemes.

Recent developments of techniques for the endovascular treatment of stenosis have
indicated the need of a better understanding of the relevant hemodynamic effects. As
the flow in a constricted tube is an ideal case of the flow through a stenosed vessel, the
theoretical study of the flow in a constricted tube may give some basic informations
and predictions about the flow through stenosed artery. It is very difficult to find
analytical solution of the problem of fluid flows through a constricted tube. In ad-
dition to this, it may be sometimes difficult to describe mathematically the stenosed
geometry and flow conditions seen in reality. In such cases often many simplifying
assumptions make easier to find the approximate solution.

In the present work, we have applied our scheme proposed in chapter 2 on incom-
pressible viscous flows through a constricted tube. In reality, vessels are elastic but
due to the plaque formation, the local region of stenosis mostly behaves like a rigid
tube. Again blood flow in a large artery shows Newtonian fluid flow behavior [152].
Therefore, in present study, we have considered the flow to be Newtonian and the
tube to be rigid.

7.2 Numerical procedure

7.2.1 The problem

We consider incompressible viscous flows in a axisymmetric constricted tube with
different degrees of area reductions. The schematic flow diagrams and corresponding
boundary conditions are shown in figure 7.1. The geometry have been chosen for the
present work because it has been studied experimentally and present suitable test
case for the calculation method. In this figure the centerline is treated as z-axis and
the line perpendicular on z-axis and passes through the throat with minimum cross
section is donated as r-axis. The point of intersection of z and r-axes is called origin.
Here, [ is the half of stricture length (stenosis length) and ¢ the depth of the throat,
as shown in figure 7.1.

The Navier-Stokes equations representing the axisymmetric steady flow in cylindrical
coordinate system for a fluid, which is assumed to be homogeneous, incompressible,
isothermal and Newtonian, can be written in non-dimensional form using the non-
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Figure 7.1: Constricted tube flow configuration with boundary conditions.
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where u, v are velocities along 2-, r-directions respectively, p is the pressure and Re is
the Reynolds number given by Re = O—UO, where 7 is called the characteristic radius,
up is the average velocity at the inlet aynd v is the kinematic viscosity.
To formulate the governing equations (7.1), (7.2) and (7.3) in streamfunction
Y (z,r) and vorticity ((z,r) form, we use the following definition of u, v such as
19y 10y

u = 7“87" V= —;E (74)

From definition of vorticity (¢) it can be written as

Lo o
0z Or
1(92w+18w 1 0%y

roz2  r20r ror?’

le
O % 10y
a2 "o ror T " (75)
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To eliminate p from the two non-dimensional momentum equations (7.2) & (7.3) by
subtracting the differentiation of (7.2) w.r.t r from the differentiation of (7.3) w.r.t z
and by continuity equation with simplification we get

v( ¢ ol [(0%C 9% 1/0¢ ¢
he T +u3z +U@r] B (322 * or? y o r) (7.6)
Therefore, the coupled equation for ¢/ and ( in non-dimensional form can be written
as )
2/}zz + wrr — ;wr == —T’C, (77)
1 1 R
— (Cox + Gor) +uRe(. + (vRe - ;) G+ ¢ <§ - %) = 0. (7.8)

These equations are the stream function and vorticity equation for incompressible
viscous flows in a constricted tube. Equations (7.7) & (7.8) have the singularity at
the centerline r = 0. So it needs a special treatment at the centerline. Retaining the
physics of the flow as unchanged, this singularity has been handled with care. The
equations (7.7) & (7.8) can be brought under the umbrella of a general differential
equation

o o d¢

0
a(z, r)@ + ﬁ(z,r)w + v(z,r)% + v(z, r)a—f +w(z,r)p =0(z,71), (7.9)

where 6 is the source term.

The same procedure as in chapter 2 has been followed to get the higher order compact
scheme in cylindrical coordinate system.

The boundary conditions applied are as follows:

1. Symmetry line

(a) 6 =0.C=0,0=0 2% =

or 0-

2. Upper boundary
(a) u = v = 0 (usual no-slip conditions at the wall), 1 = 0.25.
(b) The vorticity ¢ is obtained from governing equations.

3. Inflow
(@) = 420~ Jr?),C =2r,u= (1= %), v =0

4. outflow
The downstream location is assumed to be far enough so that the flow field does
not change along the axis i.e the flow is assumed to be fully developed flow

(a) ¢z:O,Cz=0,uz=0,vz:O.
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7.2.2 Flow geometry and Mesh structure

Flow characteristics in the r-z half plane with respect to central line are computed
as the flow is assumed to be axisymmetric. In vivo study reveals that the flow is very
sensitive around the throat region. To capture the flow phenomena in a constricted
tube accurately, a nonuniform mesh structure (see figure 7.2) on curvilinear setting
has been provided through a conformal transformation [107] which produces a refined
grid around the throat (see figure 7.2) as desired. This transformation maps the
actual nonuniform geometry (physical domain) to a uniform rectangular geometry
(computational domain) as follows:

X=w+ Btanh(ng),

where x = z +ir and w = £ +in (i = /—1) with

B sinh(Crz)
§ =24 BCOSh(CTFZ) + cos(Crr)’
W o= 4B sin(Crr) (7.10)

cosh(Crz) + cos(Crr)’

where B and C' are constants and determine the degrees of area reduction.

Figure 7.2: Constricted tube’s mesh structure.

NOTE: The discretization of the transformed form of the governing equations (7.7)
and (7.8), and the solution procedure of the resulting algebraic equations have been
followed as in chapter 2. For the Neumann conditions at the outlet and along the
horizontal centerline, we use a one-sided five point formula prescribed in [143]. For
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example, for a typical flow variable ¢ (which may represent u, v, ¥ or ) at the outlet
(denoted by the index b along z-axis), we use

0
gzﬁb’j =0.04 48@25(,_10' — 369251,_2,]' + 16@251,_3,]' — 3§bb—4,j — 12h<a—f> :| -+ O(h5),
b’j

where h is the z-step length in the physical plane.

We have numerically experimented and accordingly we have found the minimum
inlet distance from the throat of the constricted tube, which is z &~ —10 such that the
stenosis effect at the inlet is negligible. And in order to get fully developed flow at
the outlet for Reynolds numbers up to Re = 1000 we have numerically experimented
and found a common minimum distance from the throat as z ~ 30. However these
distances depend on the parameters (Re, degrees of constriction, etc.) In all the

1
computations we have used step lengths A& = 20° 7% and 0 along the horizontal,
and An = — and — along the vertical directions in the computational plane.

20 40

7.3 Results and discussions

Figure 7.3 shows the comparison of separation and reattachment points with Young
and Tsai’s experimental and Deshpande’s numerical results for 56% area reduction.
The present results for separation points are showing a very good agreement with both
the experimental and numerical results but for reattachment points a disagreement
is found with experimental results. It was mentioned that the experimental results
for reattachment points were difficult to measure for Re higher than 300 due to flow
instabilities [155]. It is seen that the separation length increases with the increase in
Re.

The change in axial velocity (u) along radial direction (r) at different axial stations
for 75% area reduction has been presented in figure 7.4 at Re = 200. Theoretically,
it is well known that for a prescribed parabolic profile at the inlet of an symmetric
tube the maximum axial velocity of each of the subsequent parabolic profile always
occurs at the centerline. But our study shows that for a prescribed parabolic profile
at the inlet of the constricted tube the maximum axial velocity generally does not
occur on the centerline near the throat for severe area reductions (see figure 7.4 for
velocity profile at the throat i.e. z = 0) whereas at inlet and outlet a parabolic profile
is maintained. This observation agrees reasonably well with Deshpande et al. [34]. It
could be due to severe area reduction that makes the flow field unstable around the
throat.

Figure 7.5 reveals the effects of area reductions on velocity field around the throat.
It is seen that for a fixed stricture length (—1 <1 < 1) the parabolic profile prescribed
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Figure 7.3: In a constricted tube: separation and reattachment curve for steady flow
with 56% area reduction with stricture length —4 <[ < 4.
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Figure 7.4: In a constricted tube: velocity profiles for Re = 200 at three axial locations
having stricture length —1 <[ < 1 with 75% area reduction.

at the inlet is no longer remains parabolic around the throat and it turns into blunt
(non-parabolic) shaped at the throat with the increase in area reductions. It is also
noticed that the velocity increases at the throat with the increase in area reductions
as expected. After the throat of the constricted tube, a small negative velocity zone
develops for 44% area reduction, which increases in size with the increase in area
reduction (see figure 7.5 for 75% area reduction). This phenomenon can be explained
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Figure 7.5: In a constricted tube: velocity profiles around the throat for Re = 200
with different degrees of area reduction, having stricture length —1 <[ < 1.

as follows. Sudden expansion of the tube just after the throat causes pressure drop
resulting recirculation of flows thereat. The area of the expanded region increases
with higher degrees of area reduction resulting high pressure drops which causes large
recirculation zone. From a physiological point of view, the decrease in velocity in this
recirculation zone helps to deposit lipids, proteins, fatty substances there stimulating
further stenosis.

In figure 7.6 the streamline contours for Re = 200 have been presented for different
area reductions with the same stricture lengths (—1 <[ < 1). It is seen that as the
area reduction increases the size of the recirculation zone increases which has already
been discussed in the previous paragraph. It is to be noted here that the strength of
this recirculation zone increases with increase in area reduction.

Figure 7.7 shows the corresponding vorticity contours of figure 7.6. It shows that

in the flow domain the patterns of the vortex line structures are basically same with
different high gradient regions.
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The variation of the axial velocity along the centerline is quite evident from figure
7.8 for different degrees of area reductions. In all cases, the stricture length is fixed
—1 <1 < 1. It reveals that for a fixed degree of area reduction the peak centerline
velocity decreases with increase in Re. It is also seen that for a fixed Re, the peak
velocity values increases with the increase in degrees of the area reduction as expected.
For a fixed degree of area reduction the peak velocities occur for different Res nearer
the throat towards downstream. The locations of the points (cited in the respective
table) at which the peak velocities occur slightly shift towards downstream with
increase in Re. In addition to this it is also noticed that, with the increase in Re the
centerline velocity decreases linearly along the downstream. The above facts could be
described as follows. Due to separation velocity gradients occur. For lower Re, this
gradient is high in comparison with higher Re. For higher Re, velocity falls slowly
and the maximum velocity is diminished due to resistance.

In figure 7.9 the results of wall shear stress due to area reductions 44 %, 56% and
75% respectively have been presented. The negative values of wall shear stress in the
post stenotic region correspond to flow reversal in the separated flow region. It is seen
that as the area reduction increases, the peak shear stress values increase for a fixed
Re. For severe constriction, the rapid increase in wall vorticity is quite apparent. It is
also seen that the location of the peak vorticity occurs at the upstream of the throat.

Figure 7.10 presents streamline contours determining the effect of varying stricture
length. With the increase in stricture length, the recirculation zone becomes shorter
and thinner. The separation point move further downstream from the throat.

In figure 7.11 the results of wall shear stresses for different Res in a 56% area
reductions with different stricture lengths have been presented. It shows that with
increase in stricture lengths the peak shear stress values are reduced and the peak
does not rise sharply. However, all these three figures are showing the same patterns.
The only difference is in peak vorticity values for different Res. The negative values
of wall shear stresses after the throat correspond to flow reversal in the separated
flow region. It also shows that as the stricture length increases, the region of negative
shear stresses decreases which can be observed from figure 7.10.
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Figure 7.6: In a constricted tube: streamline-contours for Re = 200, having stricture
length —1 <[ < 1 with different degrees of area reduction.
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Figure 7.7: In a constricted tube: vorticity contours for Re = 200, having stricture

length —1 <[ < 1 with different area reductions.
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Re Location (z)
100 0.334005

200 0.376873
400 0.463693
1.500 0.507677

Re Location (z)
100 0.418159
200 0.499387
400 0.625396

Re Location (z)
50 0.340196
100 0.340196
200 0.401888

Figure 7.8: In a constricted tube: centerline velocity for stricture length —1 <[ <1
with area reduction (a) 44%, (b) 56% and (c) 75%.
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Figure 7.9: In a constricted tube: wall vorticity for stricture length —1 <[ <1 with
area reduction (a) 44%, (b) 56% and (c) 75%.
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Figure 7.10: In a constricted tube with 56% area reduction and stricture length
—1<1<1,-2<1<2and —4 <[ < 4: streamline contours for (a) Re = 100 and
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7.4 Conclusions

In this chapter, we have extended the proposed higher order compact (HOC) scheme
from cartesian coordinate systems (presented in chapter 2) to cylindrical coordinate
systems. A constricted tube flow problem has been studied to realize the potential
of the scheme. The numerical results are compared with both experimental and
numerical results available in the literature. An excellent agreement has been found.
For a prescribed parabolic profile at the inlet of the constricted tube the maximum
axial velocity generally does not occur on the centerline near the throat for severe area
reductions. The profile at the throat of the stenosis is blunt shaped for a prescribed
parabolic profile at the inlet of the stenosed tube with higher degrees of area reduction.
The maximum centerline velocity occurs along downstream of the throat. Unlike
dilated channel, maximum wall shear stress occurs at the proximal side of the throat.
In physiology, it is well known that stenosed artery sometimes collapses or plaque
cap of the stenosis ruptures. From our study, it can be predicted that maximum
and minimum wall shear stresses could be one of the important factors for such
collapse and rupturing. However, our study captures all the well known flow features
accurately confirming the code is right. It should be noted that to understand blood
flow in atherosclerotic arteries, more realistic physiological conditions and geometry
need to be considered. This model could be applied to analyze more complicated
situations, such as multiple stenoses in a single vessel.
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Chapter 8

Conclusions and Outlooks

8.1 Observations and Remarks

The aim of this dissertation is to enrich the scope of applications of HOC schemes
by developing new generalized schemes for the simulation of fluid flows on geometries
beyond rectangular. We have employed the proposed schemes not only to verify the
order of accuracy, efficiency, effectiveness and robustness of these schemes on some
well known problems (linear and nonlinear) having analytical solutions but also to
explore new flow phenomena of some other complicated problems such as lid driven
cavity flow problem, constricted channel as well as dilated channel problems, etc.
However, these schemes can be applied to both convection-diffusion and reaction-
diffusion equations, and can also be easily accommodated into solving problems of
incompressible viscous flows through the geometries beyond rectangular governed by
the N-S type equations with slight adjustment of the convection coefficients. Both
Dirichlet and Neumann boundary conditions can be incorporated into the scheme with
ease. Extensive validation exercise has been carried out by comparing the results ob-
tained through these proposed schemes with analytical, numerical and experimental
results available in the literature. In the following, the prominent features of the pro-
posed HOC schemes and important physics of some flows through complex geometries
obtained by our schemes have been summarized.

A new steady-state HOC scheme in the ¥ —( formulation for solving incompressible
viscous flow problems on non-uniform grids has been proposed. The scheme is fourth
order accurate in space. To bring out different aspects of the scheme, we employed it to
compute the steady-state solutions of a linear convection-diffusion problem, a problem
governed by N-S equations with a constructed analytical solution, the 2D lid-driven
cavity flow, and flow through constricted tube in cylindrical coordinate systems. We
presented ample numerical evidence of its superiority over other established results.
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The robustness of the scheme is illustrated by its applicability to problems of varying
physical complexities, represented among others, by Reynolds numbers ranging from
0.01 to 5000 in the cavity problem and 1 to 1000 in the constricted tube flow problem.
The results obtained in all the test cases by using the steady-state formulation of HOC
schemes on relatively coarser grids are in excellent agreement with the analytical as
well as established numerical results, underlining the high accuracy of the scheme.

One of the significant contributions of our work is the development of a class
of implicit high order compact (HOC) finite difference schemes for solving the two-
dimensional (2D) unsteady Navier-Stokes (N-S) equations on irregular geometries.
From the above class, we have chosen a transient scheme which is second order
accurate in time and fourth order accurate in space to simulate the complicated
flow problems. To verify the effectiveness of the chosen scheme, we employed it to
compute the transient solutions of the flow decayed by viscosity, the time marching
steady-state as well as transient solutions of the 2D lid-driven cavity flow problem
for Reynolds numbers ranging from 100 to 5000. However, the power of the pro-
posed transient scheme is better realized when it is used to solve three complicated
fluid flow problems, namely, the flow through (1) axisymmetric channels with forward
and backward constrictions with different sharpness of the re-entrant corner, (2) an
asymmetric channel with sudden expansion and different aspect ratios, (3) lateral and
axisymmtric dilated channel. Our computed numerical results on relatively coarser
grids are in excellent agreement with the analytical as well as established numerical
and experimental results available in the literature.

Overall, the work has two major components, namely, (i) the development of gen-
eralized HOC schemes for efficient computation of steady-state and transient incom-
pressible viscous flows on nonuniform grids, and (ii) their successful implementation
to simulate flows through geometries beyond rectangular. In what follows the ma-
jor achievements of the thesis will be highlighted in the form of observations and
comments, further substantiating the claim of objectives having been achieved.

Most of the proposed earlier HOC approaches are confined to steady flow calcu-
lations on rectangular geometries with uniform grids. As such these schemes could
not fully exploit the advantages associated with using nonuniform grids, particularly
that of mesh grading to resolve smaller scales in the regions of large gradients in
the physical domain. Our scheme efficiently handles the complex fluid flow problems
on geometries beyond rectangular using nonuniform grids. So far we have not come
across any work on transient HOC scheme on nonuniform curvilinear grids and our
work could be the first one of this kind.

Since the proposed scheme is higher order accurate, it demands lesser number of
grid points than other popular lower order schemes to reach a desired accuracy. Hence
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the required computational time (CPU time) is substantially reduced. Such savings of
CPU time could be more effective in higher dimensions. Thus, in spite of complexities
associated with transformation, our schemes preserve all the good features of existing
HOC schemes and also show a better scale resolution even with coarser grids. The
power of capturing tertiary vortices on a grid as coarse as 21x 21, even for Re=100,
is one of such achievements through our proposed schemes. Again, on a grid of size
11x 11, a uniform grid fails to reproduce the secondary corner vortices at the bottom
whereas this can be resolved easily when the grid is nonuniform. This clearly shows
the advantage of nonuniform grids over uniform grids.

To the best of our knowledge, the transient evolution of vortex structures in the
lid driven cavity flow problem for large values of aspect ratio (aspect ratio=5.0) could
be the first work using HOC scheme. The deeper cavity gives rise to more interesting
dynamics and the streamfunction contours show the dramatic extent of the effects
due to the secondary vortex that begins to develop along the downstream wall near
the lid. The intermediate steps show a clear picture of the development of the series
of counter rotating vortices. We also tested the effects of aspect ratios of the cavity
and found that the aspect ratios play an important role in the development of vortex
structures.

Some prominent observations of the flow field in the backward constricted channel
in comparison with the same in the forward constricted channel are as follows. For
flow through a channel with forward constriction, it can be mentioned that flow
separation does not occur for 7 < 0.7 even at higher Res (say Re=1000). The area
of the negative velocity zone i.e separation zone in backward constricted channel is
larger than that in the forward constricted channel. We also observe that the velocity
profile at the throat of the forward constricted channel problem becomes blunter
(non-parabolic profile) while in the backward constricted channel problem, it remains
almost parabolic. In both the cases maximum wall shear stress values occur at the
corner or near to corner along upstream. The evolution of vortex structures show that
a series of vortices is observed in asymmetric backward constricted channel problem,
the same is not seen in the axisymmetric case. This is perhaps the first study where
the reentrant corner effects have been investigated thoroughly.

One of the important aspects in the study of dilated channel flow problem is
the effects of the degrees of dilation. This is the idealization of blood flow through
aneurysmal vessel. The increase of cross sectional area in the dilated region is seen
to result in rapidly falling critical Reynolds number. Like lateral dilated channel, the
maximum wall share stress in axisymmetric channel occurs at or nearer to the distal lip
of the orifice along downstream, which agrees reasonably well with the experimental
results. The development of secondary vortex in the dilated region depends more on
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the orifice length than the height of the dilated region. For higher Res the dilated
region is nestled by single or two counter-rotating vortex rings.

The study of constricted tube flow problem (similar to the study of blood flow
through stenosed artery) could be the first one where cylindrical coordinate system
has been introduced into the formulation of HOC. Our proposed scheme reproduces
all the well known flow features. One of the important observation is that for a
prescribed parabolic profile at the inlet of the constricted tube the maximum axial
velocity of the velocity profile at the throat generally does not occur on the centerline
and a blunter (non-parabolic) shaped profile develops thereat for severe area reduc-
tions. The degrees of area reduction and stricture lengths in the constricted tube flow
problem show a significant change in the flow field.

In view of the successful implementation of our schemes over a wide variety of
problems on irregular geometric settings, these schemes may be treated as the most
generalized HOC schemes for incompressible viscous flows. However, the formulations
of the proposed HOC schemes presented herein are limited to orthogonal grids only.

8.2 Scope for future work

In this section, we present some ideas for further research possibilities, stimulated by
the work presented in this thesis. Of which, the major ones are listed below.

1. In most of the problems studied in this thesis, parabolic profiles have been
prescribed at the inlet. It will be worthwhile to examine for oscillatory and
pulsatile flows.

2. Three-dimensional study of the constricted channel and tube problems using
HOC schemes will be an important and interesting area of research.

3. Study of blood-like fluid flows through stenosed and aneurismal vessel will be
more realistic to use elastic wall removing the traditional rigid wall assumption.

4. Computation of the physiological flow considering the elastic properties of the
arterial wall by using the proposed HOC schemes incorporating further modifi-
cations, if needed, will be more efficient and accurate. This study will be helpful
to the medical practitioners.
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Fundamentals of transformations

We can relate the metrics x¢, 2, e, Y, to the inverse metrics &;, &y, 15,1, as follows:
§o = y—j; gy:_l’_; nx:—y—j; Ny = x_j (L.1)
where the jacobian (J) is z¢yy, — yex,,.
The inverse metrics can be calculated directly also by the inverse transformation
(8). The differential operator in terms of inverse transformation as well as inverse
metrics will be as follows.

1

Os = = (yn0¢ = y¢Oy) (1.2)
1

0y = . (20 — 2y 0) - (L3)

For one-to-one mapping to exist, the determinant J should be finite and non-zero.
Second derivatives are given by

1
O = 3 { (YnOee — 2YyYeOen + Y£Om) + Wnen — Yelm) Oc + (Yelen — Ynee) @7}
1
- ﬁ {yzlﬁa& - ynyﬁjnaﬁ - yﬁyanaﬁ + ygjnan} ) (1'4)
1
Opy = 72 [ (wia& — 22y x¢0g,; + xgann) + (T ey — Teyy) O + (Teey — TyTee) 877]
1
where
Je = Teehn + Telen — Yeely — YeTen,
Iy = TenYy + Telny — YneTy — YeToy- (1.6)
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Derivation of the transformation

As described in section 5.2 in chapter 5, the transformation relation can be obtained
as follows.

tanh(w) = tanh(& + in)

sin(€ + in)

cos (i)

sinh  cosn + i cosh  sinn

cosh & cosn 4+ 2sinh Esiny
sinh £ cosh £ + i cosnsiny

cosh? € cos? n + sin® £sin?
sinh(2€) + isin(2n)
cosh(2¢) + cos(2n)

(by rationalization and after simplification)

NOTE:

cosh? € —sinh*¢ = 1; cosh(2¢) = 1 + 2sinh*¢; sinh(2¢) = 2sinh £ cosh €.

Let H = cosh(2¢) + cos(2n)
Now substituting w and tanh(w) in

z = w(A + Btanh(w))

we get
v = AE+ g[g sinh(2€) — nsin(21)].

y = An+ g[n sinh(2¢) + & sin(2n)].
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