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ABSTRACT 

 

 The curved girder bridges have become popular due to the increased demand 

for curved roadway alignment for the smooth dissemination of congested traffic along 

with advancement in fabrication and erection technology. However, due to geometric 

complexities, in addition to experiencing conventional structural actions, which are 

extension, flexure and torsion, cross-section of curved box-girders may warp out of the 

sectional plane and distort in the cross-section. The bridges are traversed by heavy and 

high speed vehicles and the problem of vehicle-bridge interaction becomes an 

important subject for the bridge engineers, since the vibrations might affect the 

durability of the bridge structure and to the safety and comfort of passengers. In a 

bridge, the fluctuating wheel load goes on repeating with the passage of time and 

degradation of the bridge may start with increased number of load repetition leading to 

fatigue damage.  

In the present work, a thin-walled box-beam finite element has been used to 

model the horizontally thin-walled curved box-girder. In addition to the usual six 

degrees of freedom at each node, represented by the three displacements and the three 

rotations, three more degrees of freedom have been incorporated in the formulation to 

account for the warping and distortion effects, which occur in box-beams. Single cell 

and multi-cell box-girder bridges have been analyzed under static loading. The effect 

of shear lag has been incorporated using effective width concept. Emphasis has been 

given to evaluate the stress parameters which are specifically important for thin-walled 

section. Effect of radius of curvature has been studied.  
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An experiment on free vibration has been conducted in the laboratory with a 

perspex sheet model of a curved bridge. The natural frequencies obtained from the 

theoretical analysis have been compared with experimental results. Modal 

displacements have been obtained through frequency response functions at different 

sensor locations to obtain the displacement configuration at principal mode of 

vibration.  

For dynamic analysis of the bridge, an appropriate vehicle model has been 

chosen incorporating principal components of motion, which includes heave, pitch and 

roll degrees of freedom of vehicle sprung mass in addition to bounce motion of the 

unsprung masses. The effect of centrifugal forces due to the motion of vehicle along 

the curved bridge has also been considered.  The roughness of the bridge deck has 

been considered as the realization of homogeneous random process in space. A 

generalized power spectral density of the road roughness has been considered to model 

the random input to the vehicle. The response of the bridge has been obtained using 

suitable numerical schemes with simulation of deck roughness input from assumed 

power spectral density. A detailed parametric study has been conducted to examine the 

influence of various bridge vehicle parameters on the impact factors for the different 

stress resultants. 

Having obtained the stresses induced by moving vehicle at critical location of 

the bridge, a systematic approach has been outlined based on linear damage 

accumulation rule and appropriate fatigue constants of the bridge detail.   Fatigue 

analysis has been performed using time domain cycle counting method and compared 

with the results obtained by spectral methods in frequency domain approach. In time 

domain approach, rain flow counting method has been used to identify cycle range and 

thereafter to develop the stress range frequency histogram taking into consideration the 
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annual traffic volume. The linear damage accumulation theory is applied to calculate 

fatigue life by finding number of cycles/year corresponding to specific stress range 

and number of cycles sustainable at that stress range to cause fatigue failure.  

The fatigue damage accumulation from simulated time history has been 

verified by recasting the problem in frequency domain. The power spectral density of 

the stress of the critical member has been found and based on the assumption of 

Raleigh’s peak stress distribution, the expected fatigue damage has been calculated. In 

order to reduce the computational time in Rayleigh’s method, another approach based 

only single spectral moment was considered.  Both the spectral methods are 

numerically tested with the curved box-girder single span bridge with vehicle moving 

at constant speed over undulating bridge surface. Various bridge-vehicle parameters 

have been considered to study their effects on the fatigue life of the bridge. The fatigue 

life obtained by spectral method has also been compared with that obtained in the time  
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CHAPTER 1 

INTRODUCTION AND LITERATURE REVIEW 
 
 
1.1 INTRODUCTION  
 
 
 The numbers of vehicles in cities all over the country have risen by a 

substantial margin and inevitably the traffic flows have increased dramatically. In 

consequence, traffic congestion and slow driving vehicles speed have become very 

serious problems. The primary reasons for increased popularity of curved girder 

bridges were the increased demand for curved roadway alignment for the smooth 

dissemination of congested traffic along with advancement in fabrication and erection 

technology. The construction of curved box girder bridges in interchanges of modern 

highway systems has become popular for economic, aesthetic, and environmental 

factors. The actual curving of girders has allowed greater span lengths, fewer piers, 

and more aesthetically pleasing structures than straight girders used as chords in 

forming a curved alignment. The curved box girder bridges, in fact created new design 

challenges for engineers. 

 Curved box girders have found wide application for modern highway bridges 

and interchanges in large urban areas mainly for their high torsional rigidity and high 

stiffness-to-mass ratio. Due to geometric complexities, in addition to experiencing 

conventional structural action, that is, extension, flexure and torsion, cross-section of 

curved box girders may warp out of the sectional plane and distort in the cross-section. 

The shear lag effect may also be significant in wide flange cross-sections and should 

be considered in the design. 

TH-480_01610403



 2

 A three-dimensional finite element analysis can, of course, offer the most 

comprehensive treatment for such structures. It can readily take into account a variety 

of structural geometries, supports and loading conditions, and has made possible the 

accurate assessment of structural effects. However, such an analysis involves very 

extensive computations leading to expensive computing costs and in some cases to 

voluminous computing output. However, at the preliminary analysis and design stage, 

it is likely to be impractical to conduct a full three-dimensional analysis, since the 

bridge geometries and loading conditions, etc. could be modified for instance. It is, 

therefore, desirable at this stage to use a realistic but simplified method of analysis, 

which is both reasonably accurate and economic. The adoption of such an element for 

analysis is one of the primary objectives of this thesis.  

 The bridges are traversed by heavy and high speed vehicles and the problem of 

vehicle-bridge interaction becomes an important subject for the bridge analysis. The 

interaction of vehicles and the structures, which they traverse have been studied by 

many investigators. In particular, attention is paid to vibrations that might affect the 

durability of the bridge structure and to safety and comfort of passengers. It is 

therefore necessary to adopt a mathematical model to be able to describe the dynamic 

behavior of the supporting structure and vehicles in terms of interaction systems. A 

moving vehicle on a bridge generates deflection and stresses that are generally greater 

than those caused by the same vehicular loads applied statically. Vehicles are complex 

structural systems with combinations of wheels and body connected by suspension 

elements. The shock and vibration caused by surface unevenness are transmitted from 

wheels to the super structure of vehicle through the suspension system. The vertical 

irregularities of surface in longitudinal and transverse directions induce heave, pitch, 

roll, yaw and axial motions in the vehicle.  
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 Bridge vehicle vibration is a complex phenomenon governed by a large 

number of different parameters such as characteristics of vehicle (number of axles, 

axle spacing, axle loads, damping provided by the shock absorbers and the internal 

friction in springs), characteristics of bridge structure, such as bridge geometry support 

conditions, mass and stiffness distribution, vehicle speed, profile of the bridge deck, 

the number of vehicles and their path.   

 In design practice of bridges, the dynamic effect caused by the fluctuating 

component induced by the moving vehicle is taken into consideration by increasing 

the live load by a factor termed as impact factor. Although it simplifies the procedure 

of design, the true behavior of bridge subjected to moving loads with various 

characteristics is not reflected at all. As such, coupled vehicle-bridge dynamic problem 

needs to be considered to obtain the design coefficients for various stress resultants in 

a curved box-girder bridge.  

 Bridges are susceptible to repetitive vehicular loads. The structural components 

within a bridge system are subject to fatigue. Structural fatigue can be defined as the 

process of accumulation of damage due to application of time varying stresses. It can 

be expected to occur whenever a structure is subjected to time varying loads and in 

many situations may govern the design. Fatigue behavior is also an important 

consideration in the determining the condition of bridge structures subjected to cyclic 

loads. Specifically, the expected life of the highway bridge subjected to random, 

variable-amplitude traffic cycles are highly dependent upon damage accumulation 

caused by various fatigue mechanisms. Each time a load cycle is applied, an 

incremental amount of damage occurs. This damage is cumulative in nature and 

accumulation continues till the failure occurs. A vital need thus exists in rapidly and 
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accurately determining the amount of fatigue damage sustained by bridge 

superstructures by direct or analytical method. 

The fatigue provisions in the codes of practice for the design of bridges do not 

explicitly consider the stresses induced in the bridge components due to dynamic 

interaction with the moving vehicles. Specifically, the expected life of the highway 

bridge subjected to random, variable-amplitude traffic cycles are highly dependent 

upon damage accumulation caused by various fatigue mechanisms. The fatigue of the 

bridge components is usually a result of high cycle fatigue where stress level is much 

lower than that is required to cause failure under static condition. The present study 

has been undertaken to evaluate the fatigue damage of horizontally curved bridges 

from vehicle induced stress history. 

 
1.2 LITERATURE REVIEW 

 
            
          Literature review has been presented in five sections. First section discusses the 

works done by various researchers to gain understanding of structural action of thin-

walled members. Second section provides reviews of the published works on the 

analysis of thin-walled box-girder bridges using finite element method of analysis. 

Third section reviews the works of past investigators on the free vibration analysis of 

thin-walled box-girder bridge. Fourth section provides a survey of the works done on 

vehicle-bridge interaction problems, modelling of vehicle and categorization of 

pavement roughness. Fifth section furnishes the review of the previous works on the 

assessment of fatigue life by using different approaches and their applications in 

different fields of engineering. 

 

 

TH-480_01610403



 5

 
1.2.1 Structural Action of Thin-Walled Members 

 
 

Thin-walled beams have been widely used in engineering applications because 

of their high stiffness-to-mass ratio. In particular, thin-walled beams with closed cross-

sections are very important structural elements when high torsional and bending 

rigidities are required. For instance, most load carrying members in automobiles and 

airplanes are made of thin-walled closed beams. The most popular use of thin-walled 

structures in civil engineering is found in medium and large span bridges in which 

box-girders are frequently used to support the load. The primary advantage of box-

girder construction lies in its high torsional stiffness. It is a necessary quality of a large 

span bridge where heavily loaded traffic lane produces eccentric live load effect on the 

bridge. Further, in case of curved box-girder, warping and distortion of the cross-

section occurs besides conventional structural action such as extension, flexure and 

torsion. 

Vlasov (1961) has presented a rigorous theory for thin-walled beams. In order 

to explain torsional warping, Vlasov divided torsional moment into pure and warping 

components, which correspond to the St. Venant shear stresses and torsional warping 

shear stresses respectively. Vlasov introduced a new type of force termed ‘bimoment’ 

and defined additional functions of the properties of a section termed as the sectorial 

coordinate and the torsional warping moment of inertia.  

 Based on Vlasov’s thin-walled beam theory, Waldron (1985) presented a 

method for the analysis of circular curved single cell beams. Member curvature and 

secondary shear deformation effects were fully taken into account. Suitable 

geometrical and sectorial functions were derived to describe the transverse distribution 

of stress in curved, thin-walled box girders subject to generalized loading. A strain 
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energy approach was adopted to obtain member flexibility matrix, and included the 

effects of torsional warping. 

Waldron (1987) presented again an equivalent beam method of analysis for 

thin-walled beam structures. He incorporated the effect of torsional warping by the 

addition of an extra degree of freedom representing the action of warping restraint. 

 The issues related to both torsion and distortional were addressed by Heins and 

Oleinik (1976) where they analyzed single and continuous curved box-girder bridge 

subjected to varying loads. The bending and torsional distortions as well as cross-

sectional distortions were determined throughout the box-girder. The forces that were 

determined included bending moment and shear, pure torsion, warping torsion, and bi-

moment. The stresses related to all the forces were also determined. 

 Turkstra and Fam (1978) carried out numerical investigation of single-cell 

curved box-girders to show the effect of curvature, number of diaphragms and web 

spacing under eccentric and uniform loads. It was shown that the importances of 

warping and distortional stresses were important in relation to the longitudinal normal 

bending stresses as obtained from curved beam theory.    

The problem of distortion in thin-walled box-spine beams was elaborately 

discussed by Boswell and Zhang (1984). The distortion of a cross-section was 

characterized by a single representative parameter termed the ‘distortional angle’, and 

appropriate functions of this parameter were used as the degrees of freedom in a finite 

element representation. The basic differential equation for distortion was also derived. 

Derivations of expressions to obtain the distortional normal and shear stresses in a 

thin-walled section were also presented. The interaction between bending, torsion and 

distortion was discussed. 
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 Kermani and Waldron (1993) developed an equivalent beam method of 

analysis for the thin-walled beams to include the effects of warping torsion and 

distortion in addition to the more familiar actions of bending moment and torsion. 

However, the method was applicable to only straight single cell box girders with at 

least one axis of symmetry.  

 Boswell and Li (1995) considered the relationships between torsional warping, 

distortional warping for the analysis of thin-walled beams.  Numerical problems were 

solved for a thin-walled beam with both open and closed cross-section profiles. 

 In the elementary theory of bending, it is assumed that the cross sections of a 

girder, which is plane before bending remains plane after bending. However, for a 

girder with wide flange such as box girders, this assumption is not always justifiable. 

The longitudinal stresses in flanges of wide-flange beams are distributed non-

uniformly throughout the flange width. The stresses are maximum at the edge and 

decrease towards the centre and therefore can not be obtained accurately from the 

elementary bending theory. To account for this effect (often termed as shear lag), the 

evaluation of stresses for the design of such wide-flange beams, the effective width 

concept is generally used. Extensive investigations on the shear lag effect were carried 

out by researchers over the years.  

 Jonsson (1999) also presented a rigorous treatment for the distortion of thin-

walled beams. A general differential equation was derived for the determination of 

axial warping displacements of thin-walled beams from in-plane distortional 

displacements. The methods for calculation of torsional shear flows, flexural and 

torsional warping shears were generalized to include distortion. However, the 

distortional warping functions were determined neglecting the effect of shear lag. 
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          Moffat and Dowling (1975) studied the shear lag phenomenon in steel box-

girder bridge by means of the finite element analysis. From the result so obtained, 

design rules based on the effective width concept were formulated. Thus, in designs, 

the shear lag effect was indirectly considered utilizing the concept of effective flange 

width. 

 Hasebe et al. (1985) presented the problem of effective width and the shear lag 

phenomenon of the curved girder bridges. The investigation showed the effect of 

curvature, load distribution, ratio of width of the flange to span length, and cross-

sectional dimensions on the effective width of curved girders. 

  Maisel (1985) extended the generalized coordinate method developed by 

Vlasov to account for torsional, distortional and shear lag effects in straight, thin-

walled, box beams of uniform section. Single-cell or multi-cell sections with side 

cantilevers could be analyzed by the method. The method could also be applied to both 

single span and continuous box girder bridges. However, the suitability of the method 

was limited to straight box girders only. 

 Burgan and Dowelling (1990) presented a comprehensive guide to designers 

for dealing with shear lag problem in structural design. The effect of shear lag on the 

elastic behavior of box girders was addressed and simple design rules for estimating its 

influence were described. The method was based on parametric studies using finite 

element analysis, which was further validated against experimental results.  

 Tesar (1996) studied the shear lag influence on flexural and torsional behavior 

of thin-walled box beam bridges using refined technical theory of torsion-bending 

behavior. Numerical verification of these theoretical approaches was presented. 

 Luo and Li (2000) investigated the influences of shear lag for thin-walled 

curved box girders, including longitudinal warping. The longitudinal warping 
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displacement functions of the flange slabs were approximated by a cubic parabolic 

curve instead of a quadratic curve of Reissner’s method. On the basis of the thin-

walled curved bar theory and the potential variational principle, the equation of 

equilibrium considering the shear lag, bending and torsion (St.Ventant and warping) 

for a thin-walled curved box-girder were established. The closed-form solutions of 

equation were derived and Vlasov’s equation was further developed. Numerical 

examples were presented to verify the accuracy and applicability of the method. 

 Luo et al. (2002) conducted two experimental studies on shear lag effect for 

box-girders with varying depth of cross section and the other for box-girders under 

simultaneous axial and lateral loads. Three perspex glass models built specifically for 

research work were used to perform the experiments with the purpose of investigating 

the shear lag phenomenon of box girders and providing a benchmark for further 

analytical and numerical studies of shear lag effect. Finite element analysis was also 

conducted to check the accuracy of the numerical methods in predicating shear lag 

effect in these two situations. In general, the experimental results matched reasonably 

well with the numerical predictions.   

 Wu et al. (2003) presented an initial value solution of the static equilibrium 

differential equations of thin-walled box beams considering both shear lag and shear 

deformation. This solution was used to establish the related finite element stiffness 

matrix and equivalent nodal force vector.  

 In general many researchers developed closed form theory for thin-walled open 

as well as closed box-beam section. However, it is appreciated that the thin-walled 

beams with closed cross-sections are very important structural elements when high 

torsional and bending rigidities are required. While a few researchers have not 

included all the complex structural actions of thin-walled beams with closed cross-
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sections in their analysis, the procedures developed based on closed-form solutions of 

Vlasov’s (1961) theory considered adequately all such important components like 

torsion, torsional warping, distortional and distortional warping.  

 
1.2.2 Finite Element Method of Analysis of Thin-Walled Box-Girder Bridges 
 
 Different numerical methods of analyses of thin-walled box bridge include 

analysis of box beams using Finite strip method and Finite element method. The finite 

strip method may be thought of as a special form of the finite element method. It 

approximates the behavior of each plate in a box bridge by an assemblage of narrower 

longitudinal finite strips.  

The analysis of slab bridges by the finite strip method was first attempted by 

Cheung (1971). In addition, a curved strip was applied by Cheung (1969) to the 

solution of curved bridges decks. The spline finite strip was also used to analyze 

various type of bridges. Initially, Fan (1982) analyzed straight slab and box-girder 

bridges. Li et al. (1988) carried out analysis based on the curvilinear coordinates 

system. The spline finite strip method was extended to the elasto-static analysis of 

circular and non-circular box-girder bridges. Abdullah and Abul-Razzak (1990) 

applied finite strip method to the analysis of a pre-stressed concrete box-girder bridge 

using higher order bending and in-plane strips. The higher order finite strip gave good 

results for the analysis of both simply supported and continuous pre-stressed box-

girder bridges. 

 The analysis of thin-walled box-girder bridges has been a focus of attention for 

many investigators in recent years. Various theories and analytical methods have been 

developed. The finite element method of analysis is generally recognized as the most 

versatile technique for the analysis of box bridge deck structures. During the past two 

decades, the finite-element method of analysis has rapidly become a very popular 
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technique for the computer solution of complex problems in engineering. Nowadays a 

logical alternative for modeling curved box girder bridges is to combine finite element 

technique with thin-walled beam theory to develop one dimensional thin-walled box 

beam elements. Several investigators have combined thin-walled beam theory of 

Vlasov (1961) and finite element technique to develop a thin-walled box beam 

element for elastic analysis of straight and curved box bridges.  

 Fam and Turkstra (1975) introduced finite element scheme analysis of box 

bridge with orthogonal boundaries and arbitrary combinations of straight and 

horizontally curved sections. A variety of special purpose elements were developed to 

suit the behavioral characteristics of thin box sections.  

  Mikkolo and Paavola (1980) conducted a finite element analysis for 

rectangular single-cell box-girder with side cantilevers. Shape functions are 

represented by cubic polynomials in each element as in the finite element solution of 

beam problems. It was observed that the known displacement functions describing the 

deformation modes of the cross-section must be chosen in advance for each type of 

cross-section. Thus, difficulties exist in extending the method for more complicated or 

more general types of cross section.  It was observed that the method presented by 

them was applicable only in the case of single box cell. 

 Gunnlaugsson and Pedersen (1982) developed a finite element formulation 

considering seven degrees of freedom at each node for beam with thin-walled cross-

sections. They presented calculation of stresses and deformation of beam with 

different types thin-walled cross-sections. 

 Zhang and Lyons (1984) developed a thin-walled box beam finite element, 

applicable for the analysis of box girder bridges. They considered only one distortional 

mode and the effective width concept was used to include shear lag effects.  In 
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contrast to conventional beam formulation, warping and distortional effects which 

were essential for the analysis of box beam formulation were included in the thin-

walled beam element formulation. They included three extra additional degrees of 

freedom for thin-walled box beam finite element of curved bridge. These additional 

degrees of freedom were the rate of change of twisting angle, distortional angle of the 

cross-section and the rate of change of distortional angle. The thin-walled box beam 

element could be used effectively for static analysis of single or multi-cell box beams 

curved in space and subjected to general loading conditions. 

 Boswell and Zhang (1985) presented the results of experimental investigation 

of the behavior of four types of thin-walled box beam and compared the results with 

those obtained from the specially developed thin-walled box-beam finite element 

theoretical analysis. The behaviors of the individual models were studied, with 

particular attention being given to the torsion and distortion of the box-section, the 

cross-sectional distributions of the longitudinal and transverse bending stresses and the 

deflection. 

 Hsu et al. (1990) developed a more exact horizontally curved beam finite 

element in which the true warping degree of freedom conforms to the bi-moment 

(warping). The variational method was used to formulate the stiffness matrix in an 

explicit form. 

 Shanmugam and Balendra (1991) described an experimental and theoretical 

study of the behavior of multi-cell structures curved in plan. They made perspex 

models of multi-cell box-girders that were curved in plan. The results of eight tests on 

two perspex models of different span/radius ratios subjected to different loading 

conditions were presented. The experimental results were compared with theoretical 
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values obtained by employing the finite element method and good agreements between 

the results were demonstrated. 

 Razaqpur and Li (1994) used Vlasov’s thin-walled beam theory combined with 

special shear lag warping function to derive a box beam finite element for curved thin-

walled box-girder bridge with exact shape functions that could be used to analyze 

single and multi-cell box girders.   

 Paavola (1992) developed a numerical model for analyzing thin-walled girders. 

The theory was based on the conventional idea of Vlasov developed originally for 

torsional problems of thin-walled girders with closed cross-sections. This idea was 

combined with the finite element method. The effect of torsion, distortion, torsional 

and distortional warping were included in the analysis. 

 Kim and Kim (1999) proposed a new C0 –continuous displacement-based box 

beam finite element for straight box bridges. Direct kinematic variables representing 

torsion, warping and distortion were used for both static and dynamic analysis. 

 Kim and Kim (2002) formulated a one-dimensional beam theory for the 

analysis of thin-walled curved box beams under torsion and out-of-plane bending. In 

addition to the conventional three kinematic variables, two additional variables 

representing warping and distortional deformations of a beam cross section were 

included in the present theory 

 Yaping et al. (2002) presented a finite curved beam element method of 

analyzing of curved thin-walled box-beam bridge based on the energy principle. The 

analysis considered both shear lag and warping torsion effects.  

 Park et al. (2005) proposed the expanded method for exact distortional 

behavior of multi-cell box-girder subjected to eccentric loadings. This method 

decomposes the eccentric loading into flexural, torsional and distortional forces by 
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using the force equilibrium. Based on the method, a thin-walled box beam finite 

element, which could be applied to practical distortional analysis of straight multi-cell 

box girder bridges, was also developed. The box beam element possessed nine degree 

of freedom per node to consider each separate behavior of multi-cell box girder. The 

validation of the box beam element was demonstrated through a series of comparative 

studies using a conventional shell element proposed by other researchers.  

 Desantiago and Mohammadi (2005) presented a simple three dimensional 

finite-element analysis for a series of single span horizontally curved bridges. The 

analyses were carried out using a typical truck load and also the dead load of the 

bridge as the primary force on bridges. In each analysis, the behavior of bridges was 

investigated, and the major internal forces developed in members were determined. 

Specifically, an increase in the bending moment and the existence of a torsional 

moment were observed for the cases, where the horizontal angle of curvature was 

large. 

Thus, it has been observed that a large number of finite elements were 

developed by different researchers for the analysis of box girder bridges. While a few 

of them were not completely robust in the representation of all the complex actions of 

a curved box girder bridge, the three noded 1D beam element by Zhang and Lyons 

(1984) with nine degrees of freedom at each node was observed to be very well 

representative of the structural actions and computationally efficient. While, shell 

elements were considered for the accurate analysis of such curved box-girder bridge, 

the total number of degrees of freedom with shell elements would be much higher in 

comparison to the 1D idealization considered by Zhang and Lyons (1984). The main 

advantage of such idealization in the analysis would be to reduce unnecessary 

computational cost such as during preliminary design stages, where a full three-
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dimensional analysis would be unnecessary, the effect on computational time 

requirement will be more pronounced when forced vibration studies (e.g. vehicle 

induced vibration) are carried out. Thus it is observed that while accurate estimation of 

responses are obtained using the 1D beam element, the idealization leads to a 

computationally less expensive procedure in comparison to the analysis using standard 

finite elements (e.g. shell). In view of this, it has been proposed to introduce 1D beam 

element by Zhang and Lyons (1984) in the present study.  

 

1.2.3 Free Vibration of Thin-Walled Box-Girder Bridges 
 
 
        The studies of free vibrational characteristics of thin walled box girder bridges 

have been carried out by many researchers since modal characteristics are important 

for understanding the dynamic response behaviour of a structure.  

 Culver (1967) obtained the exact solution for the equations governing the free 

vibrations of simply supported horizontally curved beams leading to the evaluation of 

natural frequencies of the horizontally curved beams.  

 Petyt and Fleischer (1971) investigated three finite element models for 

determining the radial vibrations of curved beams. One of these was then used to 

investigate the variation of the six lowest natural frequencies of beams with subtended 

angle. Simply supported, hinged and clamped end conditions of the curved beam were 

considered. 

 Yoo and Fehrebach (1981) derived a general matrix formulation to determine 

the natural frequencies of curved beam. The warping contribution and rotary inertia 

effect with respect to flexure and torsion were included.  
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 Mukhopadhyay and Sheikh (1995) investigated the large amplitude free 

flexural vibrations of horizontally curved beams using finite element approach. 

 Yoon et al. (2005) presented the finite element formulation for free vibration 

analysis of horizontally curved steel I- girder bridges. Stiffness as well as mass 

matrices of both the curved and straight beam elements were formulated. Each node of 

both of them possessed seven degrees of freedom including the warping degree of 

freedom.  

 Fam and Turkstra (1975) dealt finite element scheme for static and free 

vibration analysis of box bridge with orthogonal boundaries and arbitrary 

combinations of straight and horizontally curved sections.   

 Lees et al. (1976) calculated the natural frequencies and mode shapes of a 

number of box beams using the finite element displacement methods. Both the in-

plane and transverse motion in the vibrations of box beam were presented.  

 Tabba and Turkstra (1977) examined the problem of free vibrations of curved 

thin-walled girders of non-deformable asymmetric cross-section. The general 

governing differential equations were derived for quadruple coupling between the two 

flexural, tangential and torsional vibrations. A parametric study was conducted to 

investigate the effect of relevant parameter on natural frequencies. Eigen functions 

satisfying the orthogonality condition were given. The solution derived herein for the 

general case was also shown to cover a variety of special cases of straight and curved 

girders with doubly symmetric or singly symmetric cross-sections. 

 Shanmugam and Balendra (1986) described dynamic analysis for free vibration 

characteristics of multi-cell structures by using the simplified grillage technique. 

Comparisons of the results were obtained for structure with different boundary 
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conditions with those obtained by the finite element method. The effect of the natural 

frequencies was also investigated.  

 Noor et al. (1989) developed the simple mixed finite element models for free 

vibration of thin-walled beams with arbitrary open cross section. The analytical 

formulation was based on Vlasov’s type thin-walled beam theory, which included the 

effect of flexural-torsional coupling, the additional effects of transverse shear 

deformation and rotary inertia. The high accuracy and effectiveness of the mixed 

models developed were demonstrated by means of numerical examples of thin walled 

beams with symmetrical and unsymmetrical cross-section.  

 Snyder and Wilson (1992) presented a closed form solution for the out-of-plan 

free vibration frequencies of horizontally curved thin-walled beam which was 

continuous over multiple supports. The bending and twisting of this beam was coupled 

in the mathematical model used. This coupled bending/twisting behavior caused two 

free vibration frequencies to be associated with each vibration mode shape.  

 Kou et al. (1992) presented the free vibration analysis of continuously curved 

girder bridges, based on the direct stiffness method, which included warping and 

adopting lumped mass matrices.  The results obtained were compared with results 

based on other theories. 

  Stavridis and Michaltsos (1999) proposed for the evaluation of the eigen 

frequencies of a thin-walled beam curved in plan for transverse bending and torsion 

mode with various boundary conditions. The static differential equations for curved 

thin-walled beams using established Vlasov theory were appropriately extended and 

treated through the introduction of four dimensionless geometric quantities. 

  Yoon et al. (2006) investigated new equation of motion governing dynamic 

behavior of thin-walled curved beams. Explicit numerical expressions were derived to 
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predict the complex dynamic behavior of the thin-walled curved beams. Stiffness as 

well as mass matrices of the curved beam elements for finite element analysis was 

formulated to allow explicit evaluation of the dynamic behavior. Each node possessed 

seven degree of freedom including the warping degree of freedom. They included 

comparisons of the natural frequencies of the thin-walled curved beams from the finite 

element formulations with those reported by other investigators. 

.  The literature survey showed that a good deal of effort had been put forward by 

past researchers on the evaluation of modal parameters of box-girder bridges using 

different techniques. While some researcher carried out free vibration analysis based 

on closed form solution, a few conducted finite element analysis without considering 

torsion and torsional warping, distortional and distortional warping effect in the 

analysis. Since natural frequencies are important parameters to be considered in 

design, especially for checking the safety of bridge under dynamic excitation, use of 

appropriate finite element formulation is necessary to accurately predict the same. It is 

also desired to use a computationally efficient model which can represent all complex 

structural actions in a horizontally curved thin walled box girder bridge.  In the present 

study, the thin-walled box beam finite element developed by Zhang and Lyons (1984), 

which is computationally efficient as well as reasonably representative of thin-walled 

box girder behaviour have been considered for the free vibration analysis of thin 

walled box girder bridges. However, as per the records available, this element has not 

been used for the dynamic analysis. Laboratory vibration testing of thin walled curved 

box girder bridge model is one of the ways to validate the theoretical model and to 

accept its applicability for further use. Thus, in the present work, experimental free 

vibration analysis has also been conducted on a Perspex sheet model of the curved 
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bridge to validate the natural frequencies and mode shapes of the theoretical bridge 

model.  

 

1.2.4 Vehicle-Bridge Interaction  
 
 

The determination of dynamic response of bridges due to the passage of 

moving vehicles is a problem of considerable interest. In particular, the interaction 

problem between vehicles and bridge structures makes the dynamic analysis very 

complex and accurate estimation of dynamic loads acting on a structure is very 

important for structural design and control. To understand the phenomenon and to 

develop rational design procedure, a number of different approaches can be found 

throughout the literature, most of them attempting to improve the analytical model of 

the physical interaction between the bridge and vehicles moving over it. The moving 

vehicle loads are space and time-dependent, because the position of wheel loads 

change with time and the suspension of vehicle oscillates, due to irregularities of the 

bridge deck and vertical displacement of bridge deck under tires.  In design practice, 

usually the static load is increased by an impact factor to account for the dynamic 

effect of load. The impact factor is usually specified by formula based on the length of 

the bridge in most of the bridge codes. However, this method of design does not 

include the effects of various factors such as the type of bridge, speed, bounce, mass 

distribution, suspension characteristics of the vehicle and the profile of the bridge 

surface.  

Fybra (1972) outlined a detail procedure for calculating the response of 

structure subjected to moving mass. Analytical solutions for the single span and 

continuous span beam and simply supported isotropic plate were obtained by time 

domain and frequency domain method. Transformation techniques were used to 
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convert differential equations to algebraic equations in most of the problems 

discussed. 

Fleming and Romualdi (1961) analyzed the dynamic response of single span 

and three span continuous highway bridges to transient loads. An analogous 

mathematical model was considered and the appropriate equations of motion were 

solved on a digital computer. Several specifics cases were analyzed to evaluate the 

effect of load characteristics and bridge geometry on highway bridge impact. 

Tan and shore (1968) presented a method of analysis for investigating the 

dynamic response of an identical horizontally curved bridge under the passage of a 

force system consisting of masses that simulate a vehicle.  

           Gupta and Rupert (1980) studied the highway bridges that were subjected to 

time-dependent forces when traversed by moving load. These time dependent forces 

were affected by several parameters of the bridge and vehicle. They made a systematic 

and more comprehensive study to determine the effects of vehicle braking on the 

bridge response. In cases, where the vehicle motion was not uniform but subjected to 

acceleration or braking, a redistribution of axle loads took place. This results from 

horizontal internal forces exerted on the system in addition to the other loading 

components. 

Green et al. (1995) studied the effects of heavy vehicles with leaf spring and 

air spring suspension on the dynamic response of short-span highway bridges. The 

dynamic responses of bridges were calculated by modeling the bridge and the vehicle 

separately and combining the modes with an iterative procedure. The bridge model 

was obtained by combining mode shapes with dynamic wheel loads in a convolution 

integral. This bridge calculation procedure was validated by experiments on two 

highway bridges. The validated, nonlinear models consist of a leaf-sprung, four axle 
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articulated vehicle, and a similar vehicle fitted with air suspension and hydraulic 

dampers. These two vehicle models were combined with three different bridge models 

to predict dynamic responses. 

Jagmohan Humar and Ahmed (1995) studied the bridge vehicle response 

considering a single sprung mass moving along the deck, which was idealized as 

rectangular isotropic plate. The plate was discretized as finite elements and the 

nonlinear equations were solved by numerical integration. The objectives of their 

study were to identify the parameters governing the response of isotropic plate models 

and to examine the nature of the dynamic response of the models to central and off-

central vehicles. 

Michaltsos et al. (1996) carried out linear dynamic response of a simply 

supported uniform beam under a moving load of constant magnitude and velocity by 

including the effect of its mass. They used a series solution for the dynamic deflection 

in terms of normal modes. The individual and coupling effect of the mass of moving 

load, its velocity and other parameters were studied. It was observed that the bridge 

deflection increased at higher velocity with increase in the ratio of vehicle mass to 

bridge mass.  

Henchi et al. (1998) proposed a general and efficient method for the solution of 

the dynamic interaction problem between a bridge, discretized by a three-dimensional 

finite element model, and a dynamic system of vehicles running at a prescribed speed, 

using the central difference scheme to solve the coupled equation system. They 

suggested that fully coupled method takes less computational time than the uncoupled 

iteration method and it showed close agreement with the result of published literature 

on uncoupled method. 
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Munirudrappa and Dhruvaraja (1999) studied the dynamic analysis of highway 

bridges. They idealized the bridge as a continuous beam with discrete masses being 

lumped at the nodal points. The road surface irregularities were assumed to be in 

sinusoidal form. The variation of bending moment, shear force and deflection with 

time were investigated for some typical bridges. The influence of shallow area of 

settlement in bridge approach was also examined for impact factors. 

Sasidhar and Talukdar (2003) studied the response of a girder bridge induced 

by vehicle traveling at variable speed. The deck unevenness was considered as the 

realization of homogeneous random process described by power spectral density 

(PSD) function. The response of the bridge and vehicle was obtained using Monte 

Carlo simulation technique. A detailed parameter study was conducted to examine the 

effect of variable speed, deck unevenness and suspension characteristics on the 

dynamic amplification factor of the bridge response. 

 Kwasniewski et al. (2006) presented results of the finite element analysis of 

dynamic interaction between a heavy truck and a selected highway bridge on US 90 in 

Florida. Several static and dynamic field tests were performed on the same bridge. The 

experimental data was used for validation of the FM models of the bridge and the 

truck.  

 Green and Cebon (1994) developed a procedure to predict the dynamic 

response of bridge to a given set of vehicle loads. The method involved in convolution 

of the vehicle loads with modal responses of the bridge. The convolution integral was 

solved by transforming to the frequency domain using Fast Fourier transform (FFT). 

The method was then extended by an iterative procedure to include dynamic 

interaction between the bridge and an arbitrary model of vehicle 
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Henchi et al. (1997) studied the dynamic response of multi-span structure 

under convoy of moving loads. They developed a dynamic model coupled with a FFT 

algorithm. The model was highly efficient for calculation of the response of bridges 

under multi-axle moving forces. They presented dynamic amplification factor as a 

function of the speed of moving loads. 

Vibrational behavior of simple-span highway girder bridges induced by heavy 

truckload was studied by Chang (1994). The surface unevenness was considered as the 

main source of bridge vibration under moving load. The dynamic characteristics of 

bridge response were investigated in the time and frequency domains. The studies 

concluded that the impact factor used in current design codes was underestimated with 

rough deck profiles. They suggested an impact factor based on span length, surface 

roughness and vehicle speed.     

Chatterjee et al. (1994) investigated the dynamic behavior of multi-span 

continuous bridges under a moving vehicle load, by considering the effect of 

interaction between the vehicle and the bridge pavement, the torsion in the bridge due 

to eccentrically placed vehicle and the randomness of the surface irregularity of the 

pavement. The responses of the bridge was obtained in the time domain by using an 

iterative procedure employed at each time step to take into account the nonlinearity of 

the pavement vehicle interactive force. The solution procedure was made efficient by 

utilizing a continuum approach for determining the eigen functions of the bridge deck 

and by obtaining the deck response at each iteration.  

Yang (1995) developed a set of formulae for simple supported and continuous 

beams subjected to moving loads. They adopted a non-dimensional speed parameter, 

involving driving frequency of the vehicle, length of bridge and vehicle speed. They 

concluded that the impact factors for the deflections, bending moments, and shear 
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forces at mid span were linearly proportional to the speed parameter and were 

multiplied by certain modification factors to yield results for continuous beams and 

supports. 

Mermertas (1998) presented vehicle-bridge interaction for a vehicle on simply 

supported curved bridge deck considering the effect of vehicle speed and guide way 

parameters. In the dynamic model, the vehicle was considered to have four-degree of 

freedom, with lumped masses, linear springs and dampers. The finite element method 

was used for solving the governing differential equation of the vehicle-bridge system. 

Senthilvasan et al. (2002) compared experimental investigation results for 

dynamic response of curved bridge under moving truckloads with the design code 

predictions as well as with those obtained from computer simulated model. 

Inbanathan and Wieland (1987) presented dynamic response of a simply 

supported box girder bridge due to a vehicle moving across the span. The effect of the 

randomly varying dynamic force generated by the vehicle moving over a rough bridge 

deck was considered in the analysis. 

Galdos et al. (1993) presented the dynamic impact factors of horizontally 

curved steel box girder bridges. Static and dynamic bridge behavior was studied under 

several truck loading. A rational methodology for determining the impact factor was 

developed and alternate impact factor criteria were proposed to replace the current 

AASHTO specification and the Ontario highway bridge design code. 

 The dynamic characteristics of box girder bridges were mostly carried out by 

Huang et al. (1995, 2001). Initially they carried out the bridge model as I-girder bridge 

and later improved to box-girder bridges. They developed a procedure for obtaining 

the dynamic response of thin-walled box girder bridges due to truck loading. The box 
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girder bridge was divided into a number of thin-walled beam elements. Both warping 

torsion and distortion were considered in their study. The model of vehicle used was 

the AASHTO HS20-44 truck simulated as a nonlinear vehicle model with 11 

independent degrees of freedom.  

Sennah et al. (2004) presented a method for determining the dynamic impact 

factors for horizontally curved composite single or multi-cell box-bridges under 

AASHTO truckloads. The bridges were modeled as a 3-D structures using commercial 

available software. 

Lee and Yhim (2005) conducted three-dimensional dynamic analysis of long–

span box-girder bridges subjected to moving loads, using four node Lagrangian and 

Hermite finite elements. The numerical results have shown good agreement with the 

experimental data from an existing two-span prestressed concrete box-girder bridge 

under moving vehicles. 

A bridge is subjected to a variety of vehicular loading. The vehicle has been 

modeled with different degree of complexities. Choices concerning vehicle type and 

characteristics are quite important for accurately predicting bridge loads and 

deflections. For the purpose of dynamic analysis, a vehicle is assumed to be composed 

of a body, wheel with tires and suspension system. There are a variety of 

configurations, including a truck with or without trailer and different axle loads and 

spacing.       

Hino et al. (1984), Green and Cebon (1997) and Lu Sun (2001) considered 

single/double degree of freedom vehicle model crossing a simply supported bridge. 

The vehicle model included wheel-hop and pitch modes of vibration. The study was 

useful to understand the behavior of simple bridge under dynamic moving load.  
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Mermertas (1998), Yang and Wu (2001) and Zhu and Law (2003) studied 

vehicle induced vibration of bridges. The vehicle model was considered to have four-

degree of freedom consisting of heave motion in vehicle body, two-wheel tyre and 

pitch rotation in vehicle body. The studies were focused on simply supported curved 

bridge decks or continuous beam. The heave-pitch and heave-roll models incorporate 

the interaction between two modes at a time and are more complete in comparison to 

the previous study. 

Huang and Wang (1992), Yadav and Upadhyay (1993), Henchi et al. (1998), 

Tan et al. (1998), Marchesiello et al. (1999), Piombo et al. (2004) and Zhu and Law 

(2005) studied the dynamic response of bridges or railway track with three-

dimensional vehicle model. The vehicle model was represented by a rigid body 

motions, including pitching and rolling rotations. At each of the axle locations, there 

were vertical degrees of freedom, which relate the forces and displacements between 

vehicle body, suspension systems and tires. In total, there was seven degree of 

freedom in the vehicle model: vertical displacement of the chassis centre (bounce), 

pitching and rolling rotations about the two axes of the chassis and four vertical 

displacement of wheel tyres at each of its axle locations. 

Huang et al. (1995, 2001) used vehicle model that were AASHTO HS20-44 

truck tractor and trailer type with eleven independent degrees of freedom. The model 

consists of five sprung masses which were tractor, semi trailer, and three wheel/axle 

sets. The tractor and trailer were individually assigned three degree of freedom 

corresponding to the vertical displacement, rotation about the longitudinal axis (roll), 

and rotation about traverse axis (pitch). Each wheel set was provided with the one 

vertical displacement and one rotation angle.  
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The bridge deck unevenness causes moving vehicles to pick up dynamic 

excitation, which in turn imposes oscillatory loads on the deck. The analyst needs to 

choose an appropriate model for the deck roughness. Attempts have been made to 

model the roughness in terms of statistical parameters form profile measurements of a 

large number of road or bridge surfaces. 

Shinozuka (1971) presented an efficient and practical method of simulating 

multivariate and multidimensional process with specific cross-spectral density. When 

the cross-spectral density matrix of an n-variant process was specified, its component 

process could be simulated as the sum of cosine function with random frequencies and 

random phase angle. A homogeneous multidimensional process could also be 

simulated in terms of the sum of the cosine functions with random frequencies and 

random phase angle.  

Dodds and Robson (1973) showed that typical road surfaces could be 

considered as realization of homogeneous and isotropic two-dimensional Gaussian 

random processes. The complete description of the roughness was provided by single 

auto correlation function evaluated from longitudinal profile. 

Honda et al. (1982) showed that power Spectral Density (PSD) of pavement 

profile was related to parameters called roughness and waviness index. These 

parameters could shift the roughness level up and down and thus guidelines for 

classification of roads in terms of roughness were framed. 

The effect of time dependent forces on bridges was studied by   Coussy et al.  

(1988).The authors analyzed the influence of surface irregularities on the dynamic 

response of bridges by modeling the surface irregularities using PSD function. The 

analysis was carried out in frequency domain.  
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Marcondes et al. (1991) proposed a model of relationship between pavement 

PSD and parameter called International Roughness Index (IRI). In order to establish 

the relationship, spectral analyses of different measured profiles were carried out 

whereas IRI was computed using mathematical model of quarter car simulation. 

       The surface irregularity of the bridge pavement was considered by Chatterjee 

et al. (1994) as a random process characterized by a power spectral density function 

(PSD) of the irregularity.  The irregularity profile of the bridge pavement was 

synthetically generated from PSD using Monte Carlo simulation technique.  

The effect of random road surface roughness and long-term deflection of the 

prestressed concrete bridge on the impact effect due to moving vehicles were 

investigated by Au et al. (2000). The generated random road surface roughness was 

described by zero-mean stationary Gaussian process, which was employed in their 

study. 

The passage of vehicles over the bridge induces its self weight in addition to 

dynamic tyre force resulted from the vibration of vehicles due to unevenness of the 

deck. The horizontally curved thin walled section bridge girders present more 

complicated structural action, where  bending and torsion due to moving loads are 

coupled resulting in transverse and lateral deformation accompanied by warping as 

well as distortion of girder cross section. Unlike straight bridges, the horizontally 

curved bridges are additionally loaded due to centrifugal thrust, which are liable to 

affect the dynamic characteristics of the bridge. Initially many researchers calculated 

the response of structure subjected to moving mass only without coupling of vehicle 

motion with the bridge. Although, this assumption is appropriate for the case where 

ratio of bridge/vehicle mass is very high. In modern long span slender bridges, the 

bridge-vehicle motion has significant role. 
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  Literature survey shows that bridge-vehicle interaction is an important area 

that attracted various researchers towards analytical and numerical studies. While the 

literatures on straight girder bridges are abundant, very limited reports on curved box-

girder bridges are available, especially on the dynamic behavior of such bridges 

subjected to random moving loads. It may be noted that the roughness of the bridge 

deck was considered as the realization of homogeneous Gaussian process in space. 

This fact was established by experimental observations. However, with the variation of 

vehicle speed, the dynamic input no longer remains stationary in time although, the 

source of excitation is homogeneous in spatial domain. Many of the earlier studies on 

bridge vehicle interaction did not consider the variation of vehicle forward velocity. In 

other words, the formulation was not general to include the effect of non-stationarity.  

 
1.2.5 Fatigue due to Vehicle Induced Loads 
 
 

Bridges are subjected to the repeated action of moving load, which may 

develop fatigue crack and sometimes lead to the failure of a component of a bridge. 

Fatigue behavior is also an important consideration for the design of bridges subjected 

to repeated action of moving loads. A vehicle passage over a bridge induces loads, 

which vary with the time leading to the development of fatigue in the structural 

member.  

The fatigue behaviour of structures were studied by several authors 

theoretically and experimentally. Bennantine et. al. (1990) described the theory of 

fatigue damage in metallic specimens, where it was customary to study the fatigue 

strength of the structural member based on constant amplitude fatigue test and the 

results were represented in the form of S-N curve.  
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Miner (1945) used S-N curve approach to formulate a linear damage 

accumulation rule, which enabled one to predict fatigue damage at each incremental 

stress range. Later on, Miner’s linear damage hypothesis has found several 

applications in studies related to fatigue damage assessment. 

 Fatigue design criteria based on the S-N curve approach in conjunction with 

linear damage hypothesis were incorporated in American Association of State 

Highway and Transportation Official’s (AASHTO) guide specification for fatigue of 

steel bridges (1989), in British Standard Institution’s code of practice for fatigue 

design of steel, concrete and composite bridges (1980), in Indian Railway’s bridge 

rules (1964) and in Indian Road Congress (IRC) specification for road bridges of 

composite construction(1986) . The drawback of these methods lies on the fact that the 

charts used are based on constant amplitude fatigue test data, which does not reflect 

the stress developed in the members due to the dynamic interaction of vehicles with 

the bridge.  

When structures or components are subjected to repeated applications of 

random forces, as with traffic loadings on the bridge, the number of cycles at which 

failure occurs are random variables. Dowling (1972) developed statistical cycle 

counting method for handling the complicated stress cycles induced by the variable 

amplitude load. 

Wirsching and Light (1980) presented a model for predicting high cycle fatigue 

under wide band random stress processes based on the cycle counting method and a 

linear fatigue damage accumulation. They also developed a closed form expression for 

fatigue damage directly from knowledge of the moments of the stress power spectral 

density. The fatigue damage of wide band model could be obtained from an equivalent 

narrow band process using a correction factor. 
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Wirsching et al. (1982) conducted a study to develop an engineering model 

which was used for design purposes to predict metal fatigue under wide band random 

process. They described Palmgren-Miner’s rule and gave a statistical summaries, 

which provided a description of the performance of the Miners rule. 

Lutes et al. (1984) presented a stochastic fatigue damage theory to model 

uncertainty about stress time history. Numerical simulations were performed based on 

the existence of S-N curves for constant amplitude fatigue. 

Lutes and Larsen (1990) conducted study on the variable amplitude fatigue 

prediction characterizing the stress by power spectral density (PSD) function. Such an 

approach was found useful when one would need to predict fatigue life without 

knowing all the details of loading and stress time history. The accuracy of spectral 

approximation method was tested with rain-flow analysis of simulated time histories 

of stress for both unimodal and bimodal power spectral density functions. A new 

spectral method that involved one spectral moment was found to be substantially more 

accurate than the commonly used Rayleigh approximation method for some situations. 

The single moment method was significantly simpler than other spectral methods that 

involved three or four spectral moments. The studies emphasized on the determination 

of expected rate of fatigue damage using a hypothetical stress spectra of unimodal and 

bimodal characteristics. This method was not applied in case of real stress spectra 

obtained in a bridge from the interaction of moving loads. 

Repetto and Solari (2001) proposed a mathematical model to derive a 

histogram of stress cycles, the accumulated damage and the fatigue life of slender 

vertical structures in along-wind vibrations. The formulation was in closed form based 

on a probabilistic counting cycle method for narrow band process. The method was 

suitable to the engineering applications in the structural field. 
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Gu et al. (1999) suggested a method in the mixed frequency-time domain for 

estimating the fatigue life of steel girders of the Yangpu cable-stayed bridge due to 

buffeting taking into consideration the effects of wind direction and the background 

component of the buffeting response on the critical stress. The results showed that the 

effects of wind direction on the fatigue life of the Yangpu Bridge were significant.  

Li et al. (2002) examined typhoon induced fatigue damage in steel decks of 

long span bridge. The strain-time histories at critical locations of deck sections of long 

span bridges during typhoon passing the bridge area have been investigated by using 

on-line strain data acquired from the structural health monitoring system permanently 

installed on the bridge. Continuum damage mechanics model as well as traditional 

Miner’s rule has been employed in the analysis. The results showed that fatigue 

damage induced by hourly typhoon loading is significantly greater than that for normal 

daily traffic.  

 Fu and Cebon (2000) investigated fatigue failure of component subject to 

random stress histories with bi-model spectral densities. Such spectral densities were 

often experienced by chassis and suspension component of road vehicles. Some of the 

methods for predicting fatigue damage using frequency-domain statistics of random 

stress processes were reviewed. 

Bennantine and Tovo (2006) discussed the fatigue analysis of broad-band 

Gaussian random processes, with attention focused on the distribution of rain flow 

cycles and the fatigue damage under the linear rule. Several spectral methods were 

reviewed. 

Holmes (2002) has derived closed-form expressions for estimating the upper 

and lower limits of fatigue life of structures subjected to along wind loading assuming 

that mean wind speed follows a Weibull probability distribution. The results could be 
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used for initial calculations to determine whether fatigue under wind loading was a 

problem that needs to be considered for particular structures avoiding extensive 

numerical calculations. The theory developed could also be applied to the accumulated 

fatigue damage from many storms of the temperate synoptic type and to fatigue 

damage generated in a tropical cyclone event. 

Repetto (2005) emphasized the need to establish the bounds of fatigue life as 

an essential condition in design of structures and illustrated the approach for the case 

of a wind induced fatigue. This study was devoted to cycle counting methods, starting 

from the spectral properties of the loading process. Focusing attention on bi-model 

processes, which were usual in dynamic response of structures, the cycle histograms 

obtained by the peak and peak-valley counting methods were expressed in closed 

form. 

An alternative way for the fatigue assessment study of the structural members 

is based on the principles of fracture mechanics, which assumes an initial crack of a 

certain length and envisages its propagation until it has attained a critical length.  

Paris and Erdogen (1963) developed a crack growth model which formed the 

basis of such study. From practice, it is generally known that a bridge with a fatigue 

crack can serve for a long time in normal conditions.  

Zhao et al. (1994) and Ranganathan and Ravi (1994) conducted studies on 

fatigue reliability of bridge components taking account of the phase of crack 

propagation. 

Illinois Department of Transportation (1992) conducted a study on several steel 

bridges of various design. The stress range frequency histogram was analyzed to 

calculate damage incurred by the traffic passing over the bridge. The fraction of life 
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consumed after 25 years traffic exposure in the cover-plated girder was found to be 

6% to 10% of the service life of the bridge. With 10% increase of truck weight and 5% 

traffic growth, the fraction of life consumed in the same cover plated steel girder 

increased to as high as 30%. However, the stress magnitude in an element depends on 

its cross section and the distribution of load, as such the conclusions derived from 

these studies may not hold good for other steel railway bridges having different 

structural arrangement and traffic history. 

Erzurumlu and Toprac (1972) reported experimental investigation on the 

fatigue behavior of orthotropic steel bridge decks. Results of fatigue tests on steel 

orthotropic decks with both conventional and biserrated trapezoidal ribs were 

presented. In their first phase, test on two types of deck to rib plate welded connections 

unflanged and flanged ribs, and on two types of rib splices butt joint and diaphragm 

splices reveal that the unflanged rib to deck plate connection and the butt joint rib 

splice exhibit satisfactory fatigue strength.  

Fatigue behaviour of steel and metal structures is more precisely known to date 

compared to plain, reinforced and prestressed concrete. The fatigue damage 

evaluations of steel railway bridges were discussed by Fryba (1996). The observation 

from the field study conducted on steel railway bridges showed principal bridge 

elements like main girders endure a higher number stress cycles per year and also 

include stress cycles in higher stress range classes. The secondary bridge elements and 

orthotropic bridge deck endure lower number of stress cycles and stress ranges were 

also lower. 

Mohammadi et al. (1998) presented the application of field data for condition 

assessment and prediction of service life of highway bridges composed of steel girders 
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with reinforced concrete deck slabs. The field stress range data compiled for each 

bridge was used along with a probabilistic method to estimate fatigue life. 

Fisher and Yuceoglu (1981) compiled qualitative data concerning the cracking 

of 142 steel bridges in the United States and Canada. They identified out-of-plane 

distortion and large initial defects as the two most common specific causes of fatigue 

crack development 

Hahin et al. (1993) conducted studies on fatigue damage of steel bridges in the 

state of Illinois from the collected field data. The bridges were instrumented with foil 

strain gauges to determine their frequencies of loading and magnitudes of stresses 

induced by traffic over a 3-to-8 hour period. They instrumented the fatigue prone 

section, such as the cover plated wide flanges, for each stress range increment gathered 

by the data-acquisition system and published the cumulative damage sustained over an 

extended number of years. They proposed a new equation for factor of safety for 

welded structures subjected to fatigue 

Dicleli and Bruneau (1995) developed fatigue based methodology to assess the 

reduction in service life of steel bridge due to heavy-permit trucks. It was found that a 

reasonably large number of special permits can be issued at small reductions in fatigue 

life, but because stress ranges in excess of the constant-amplitude fatigue limit 

significantly alter the shape of the S-N curve, it was essential to appreciate that the 

concept of infinite fatigue life cannot be relied upon anymore. 

Agerskov and Nielsen (1999) studied fatigue damage accumulation in steel 

highway bridge under random loading and compared with experimental results, results 

of analysis based on fracture mechanics, and results obtained using current codes of 

practice and specifications. 
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Li et al. (2001) developed fatigue damage model to account for the damage 

accumulation process in bridge subjected to in-field traffic loading. Fatigue life 

prediction analyses were made. Good agreements were obtained between the 

analytical and experimental results. 

Dougall et al. (2006) focused on the fatigue damage caused in steel bridge 

girders by the dynamic tire forces that occurred during the crossing of heavy transport 

vehicles. This work quantified the difference in the fatigue life of a short-span and a 

medium-span bridge due to successive passages of either a steel-sprung or an air-

sprung vehicle. 

Huang et al. (1993) calculated the fatigue lives of highway steel bridges using 

a reliability-based methodology. The fatigue life of both non-composite and composite 

steel beam bridges for different vehicle speeds and classes of road surface roughness 

were calculated from the generated stress time-histories. 

Wang et al. (2000) performed truck loading and fatigue damage analysis for 

girder bridges based on the weight-in-motion data. Fatigue damage analysis was 

performed according to the Miner’s linear damage rule. The studies were conducted 

based on the hypothesis of fatigue damage accumulation and was well suited for 

structures, which were in design phase. 

Chotickai and Bowman (2006) developed new fatigue load model based on 

weight-in-motion data collected from three different sites in Indiana. The bridge 

models included single and continuous spans. Based on Miner’s hypothesis, fatigue 

damage accumulations were computed for details at various locations on the bridge 

models and compared with the damage predicted for the 240-KN AASHTO fatigue 

truck, a modified AASHTO fatigue truck with an equivalent effective gross weight, 

and other fatigue truck models. 
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The fatigue behavior of metallic specimens has been investigated widely. The 

field studies conducted on some of the bridges was used to predict fatigue damage and 

remaining service life of the bridges. Since fatigue damage assessment of bridge 

components by conducting full scale fatigue testing is often prohibitive, a need 

therefore exists to apply fatigue damage analysis to different bridges at design stage. 

       Fatigue behaviour of steel and metal structures is more precisely known compared 

to plain, reinforced and prestressed concrete. Fatigue behaviour of concrete and 

reinforced concrete structures are mainly explained from the experimental 

observations. Due to non-linearity of stress strain behaviour, linear damage 

accumulation rule for concrete structures has restricted applications. A probabilistic 

approach to predict the flexural strength of plain concrete was introduced by Oh 

(1986) which utilized constant amplitude fatigue testing of concrete specimen. The 

distribution of fatigue life of concrete under a given stress level is found from 

experimental results and presented as Weibull probability law. Concrete subjected to 

stress reversal deteriorates faster which is explained by the interaction of the 

differently oriented micro-cracks in compression and tension loading. 

Perdikaris et al. (1989) conducted model tests under static, fixed pulsating and 

moving wheel-load to study the effect of deck continuity and reinforcing pattern on 

ultimate and fatigue strength of concrete bridge deck slab supported on steel girders. It 

was found that fatigue loading causes progressive deterioration of the bond between 

reinforcement and concrete. Failure might occur normally due to re-bar fatigue 

fracture or spalling of concrete in compression zone. 

  Scalafli and Bruhwiler (1998) showed that for slender flexural elements like 

slabs fatigue failure of concrete under normal compression forces was unlikely to 

occur and recommended that additional bending stresses for reinforcement should be 
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considered. The conclusion followed from the fatigue test results in the reinforced 

concrete slab specimen. 

 The fatigue loading has different effects on prestressed concrete bridges. Due 

to fatigue of prestressing steels and auxiliary reinforcement, durability of bridge may 

be effected. Particularly in partial prestressing, there is a high stress increment in 

reinforcing and prestressing steel in comparison to fully prestressed or undamaged 

bridge. In post tensioned bridges at the zone where cracks appear, the tensile axial 

force in the prestressing steel acts combined with high lateral pressure and relative 

slips occur between the wires and duct. This phenomenon known as “fretting fatigue” 

reduces significantly fatigue resistance of steel. 

 Wollman (1988) reported an experimental research works where “fretting 

fatigue” and its progression on failure was observed. The expression to evaluate 

fatigue strength of post tensioned steel was developed in the form of S-N curve. 

However, model of researchers take the stress increment greater than 100 MPa. 

Therefore, there is a lack of data regarding low stress increments on S-N curve. 

Minguillon and Cases (1998) developed a model for the fatigue analysis of 

prestressed concrete bridges. The model included nonlinear behaviour under the action 

of external loads. The S-N curve and Palgren-Miner hypothesis were chosen for the 

definition of fatigue strength of reinforcing and prestressing steels. In the development 

of methodology, emphasis was given to find the position of plane of strains that 

balanced the internal load induced axial force and bending moment. 

In prestressed concrete, there may be closure of cracks after removal of 

overloading. Seible et al. (1992) explained how the loss of bond and drop in tensile 

stress in the tendons were not recovered after crack closure. This is very important 

result for fatigue. However, authors also commented that since fatigue depended on 
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stress fluctuation and final stress increments were not very sensitive to the loss of 

bond, full bond behaviour could be assumed. 

Literature survey shows that Fatigue behaviour of structures has been studied 

by several authors theoretically as well as experimentally. Several researchers 

determined the fatigue strength of the structural member based on constant amplitude 

fatigue test and the results were represented in the form of S-N curve. In actual field 

loading conditions, it is not justified to consider the bridge under constant amplitude 

cyclic loading. The codal previsions mainly based on constant amplitude test data are 

having shortfall for dynamic interaction between bridge and vehicle not being 

considered. These load time histories are much more complicated compared to 

periodic loadings used in laboratory fatigue testing and as such a realistic approach 

was necessary to apply for bridges subject to random moving load.   Many researchers 

carried out studies mainly using two approaches, one in the time domain analysis 

using simulated response time history and other in the frequency domain analysis 

using power spectral density of stress and spectral moments of different orders. While 

time domain cycle counting method has been applied to many bridge structures, the 

application of spectral moments was limited to simple structural element for 

illustrative purpose. It was found that time domain analysis by simulation of stress 

histories consumes more computational time compared to spectral methods which is 

based on closed form expression of expected fatigue damage.  However, it is found 

that fatigue calculation for curved box-girder bridges has been attempted so far neither 

by cycle counting method nor by spectral analysis. Since curved box-girder bridges 

present complicated structural response under moving vehicles, it is felt necessary to 

estimate fatigue life of such bridges by suitable methods.   
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1.3 SCOPE AND OBJECTIVES OF THE PRESENT INVESTIGATION 

 
Considering the detailed literature survey, it is realized that computationally 

efficient, well representative of the behavior of the thin-walled box-girder procedure 

for analysis of curved box-girder bridges is highly desired particularly for preliminary 

analysis and conceptual design stage. Further, such an effective methodology is also 

an important requirement for dynamic analysis.  

The studies on free vibrational characteristics of a structure are important for 

understanding the dynamic response behavior of the same structure subjected to any 

excitation. Thus, it is realized that experimental evaluation of modal parameters are 

needed for the validation of theoretical model adopted in the present investigation. The 

agreement between the theoretical and experimental model is necessary to proceed for 

the detail dynamic analysis of the curved thin walled box girder bridge when subject to 

moving load of complex configuration at constant and variable velocity.  

The bridge vehicle interaction study is also regarded as very important since 

accurate evaluations of impact factors are highly significant for safe and economic 

design of a bridge structures. However, efficient vehicle model along with an 

appropriate bridge model are primary requirements for the solution of such coupled 

bridge-vehicle dynamic system.  

Further, since the bridge structures are subjected to fluctuating stresses due to 

vehicle induced vibration, assessment of fatigue life is also considered essential for the 

design of bridge.  The prediction of fatigue life of a bridge is very much involved as 

the stress history of a bridge component due to moving vehicle differs widely from 

that found in constant amplitude fatigue test of the specimen. The fatigue provisions in 

the codes of practice for the design of steel bridges do not faithfully utilize the stresses 

induced in the bridge components due to dynamic interaction with the moving 
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vehicles. This is particularly significant in case of curved thin walled box girder 

configurations because of coupling of flexural and torsional stresses accompanied by 

warping and distortion of the cross section.  

Keeping in view the increasing use of the curved thin-walled box-girder bridge 

in modern highways, a study has been undertaken to carry out static and dynamic 

analysis by adopting a computationally efficient model. Since limited number of 

studies has been carried out by past researchers on the curved thin-walled box-girder 

bridge, especially on the dynamic behavior of bridges, the present study is aimed to 

fulfil the following objectives.    

1. To model the horizontally curved thin-walled box-girder bridge for static 

and dynamic analysis. 

2.  To study free vibrational characteristics of the curved bridge. 

3. To conduct a laboratory experiment with a fabricated model of curved box-

girder bridge to find out the modal parameters and to validate the 

theoretical model. 

4. To conduct elaborate study on the bridge vehicle interaction problem of 

curved box-girder bridges with emphasis on the evaluation of impact 

factors corresponding to various stress resultants and with varying 

parameters that may affect the dynamic response of  the bridge due to 

moving vehicles. A generalized design guideline for curved thin walled box 

girder bridges of single span has been established in terms of impact factor 

which includes effect of bridge span, radius of curvature and speed of 

vehicle. 

5. To outline a systematic approach for the evaluation of fatigue life of a 

curved thin-walled box-girder bridge from the vehicle induced stress 
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history by using both time domain and frequency domain method and to 

compare the efficiency and applicability of both the methods.  

 

 1.4 ORGANIZATION OF THESIS 

        In the present thesis, six chapters has been included. Chapter-1 gives 

introduction, literature review and scope of the present work.  Chapter-2 presents 

theory of thin walled box girder bridge and finite element formulation. Numerical 

examples for static loading including IRC standard loadings have been presented 

for single cell and multi-cell cross sections. Comparison with the results obtained 

by ANSYS is also given. Free Vibration analysis of thin walled section curved 

girder has been incorporated in Chapter-3. Experimental validation of the 

theoretical results is also given in this Chapter. Chapter-4 focuses the vehicle-

bridge interaction study by choosing an heave-pitch-roll vehicle model and random 

roughness profile of the bridge deck. Impact factors for various stress resultants for 

variation of vehicle-bridge parameters have been presented. Finally, a design 

guideline in terms of impact factor has been outlined for various stress resultants 

taking into consideration of the span, radius of curvature and vehicle speed. 

Fatigue analysis of the curved thin walled section box girder bridge has been given 

in Chapter-5. Time domain methods and Spectral methods for fatigue analysis is 

discussed and results have been shown for steel box girder bridge obtained by 

Time domain method and two different spectral methods. Chapter-6 provides 

general conclusions arrived at the study. It also points out scope of the further 

study. Appendices A-F follows the Chapter-6. References and list of publication 

from the present work are given at the end.  
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CHAPTER 2 

 

FINITE ELEMENT FORMULATION OF THIN-WALLED CURVED 
BOX-GIRDER BRIDGE 

 
 

2.1 INTRODUCTION 
 

The box-girder bridge consists of a top and bottom flange connected by vertical or 

inclined webs to form a cellular or box-like section. A curved box-girder bridge is 

basically a rigid curved deck beam structure that is resting on piers at each end. Typical 

cross-sections of box-girder bridges are shown in Fig.2.1. The advantage of the hollow 

section is that the material is efficiently used in bending, torsion and shear. In long spans, 

the dead load is the controlling load, and thus economy in dead load becomes important. 

Thin-walled beams have been widely used in engineering applications because of the high 

stiffness-to-mass ratio. In particular, thin-walled beams with closed cross-sections are 

very important structural elements when high torsional and bending rigidities are 

required. 

 
 

 

 

 
 
 

The task of the development of appropriate strategy for the analysis of thin-walled box -

girder bridges were going on for last three decades. Maisel (1985), Kermani and Waldron 

(1993) developed a very much generalized method for the analysis of straight box-girder 

under static loading, which accounts for warping torsion and distortion in addition to the 

Fig .2.1 Types of box girder bridges 

Single cell Multi-spine Multi-cell 
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more familiar beam actions. However, during the past two decades, the finite-element method 

of analysis has rapidly become a very popular technique for the solution of complex problems 

in engineering. A logical alternative for modeling of curved box-girder bridges is to combine 

finite element technique with thin-walled beam theory. In the present study, one-dimensional 

beam element developed by Zhang and Lyons (1984) has been used to model the thin-walled 

curved box-girder bridge. It incorporates the effects of extension, flexure, torsion, torsional 

warping, distortion and distortional warping.  

 It is understood that although a continuous bridge structure is three-dimensional in reality, 

an idealized one-dimensional form has certain simplifying advantages in many 

circumstances. However, the commonly used truss or beam type elements are viewed as over 

simplified to represent curved box-girder bridges. The one-dimensional beam element, which 

is being considered for the present study, may be regarded as a general beam element 

representing thin-walled box-girder section. In order to appreciate the finite element 

formulation representing thin-walled box-girder, different structural actions of thin-walled 

box-girder have been elaborated in the subsequent sections. 

2.2 BASIC ASSUMPTIONS FOR THIN-WALLED BOX-GIRDER  
 

The conventional assumptions associated with linear elastic small displacement theory 

have been adopted. These assumptions are material is homogeneous, isotropic, linearly 

elastic, and that the actual deformations are small compared to the structural dimensions. 

Additional assumptions, which have been considered are mainly related to thin-walled 

structural behaviour and are as follows: 

1. Plane sections remain plane; but not necessarily normal to the beam axis, when 

subjected to flexure. This will allow the consideration of shear deformation. 
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2.  For warping torsion analysis, cross-sections are assumed to remain un-deformed 

in their own plane, but may rotate about the flexure axis (locus of the shear 

centers) and be subject to longitudinal warping.  

3. The bending action of an individual component plate normal to its plane is        

represented by the flexural behaviour of an equivalent transverse frame.  

2.3 STRUCTURAL ACTIONS IN BOX-GIRDERS 
 
 The structural design of box-girder bridges presents many difficulties because of the 

complex interaction of the individual structural effects. In addition to biaxial bending and 

torsion, a box-girder undergoes torsional warping, distortional warping and shear lag effects. 

Distortion or deformation of the cross-section due to torsional loading leads to a change in 

the shape of the section, which arises from transverse bending of the walls of the box-girder. 

Warping of the cross-section corresponds to out-of-plane displacements of points on the 

cross-sections, causing plane sections not to remain plane. The longitudinal displacements 

caused by torsion and distortions are termed as torsional warping and distortional warping 

respectively. Shear lag leads to a decrease in the longitudinal bending stresses calculated by 

simple bending theory away from the webs. Torsional warping is treated by the original 

Vlasov’s theory (1961), distortional warping is considered using an extended version of 

Vlasov’s theory (1961), while shear lag is taken into account using the effective breadth 

concept.  

  

 

 

 

 

x 

y 

z 

G 

Fig. 2.2 Co-ordinate axes x,y and z 

TH-480_01610403



  

 

 

46

 

2.3.1 Bending Action of Thin-Walled Members 
 

 Assuming that the origin of the x, y and z axes coincide with the centroid of the cross-

section (Fig. 2.2) and the neutral axis passes through the centroid of the cross-section,  the 

normal stress at any point in the cross-section can be expressed as,  
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Since the y axis is fixed as an axis of symmetry in the present approach, then Izy is zero. Eq. 

2.2 reduces to  

  zz MM =ˆ   and  yy MM =ˆ                  (2.3) 

and Eq. 2.1 becomes 
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where  zM   and  yM  are the internal bending moment about x and y axes respectively, zzI  

and yyI    are the moment of inertia about the x and y axes and zyI   is the product of inertia 

respectively. 

2.3.2 Shear Lag Effect 
 
     Shear lag is the non-uniform distribution of longitudinal normal (bending) stresses in a 

thin-walled flanged member caused by a lag of shear strain in the flange plates. Simple 

bending theory assumes the longitudinal strain to be proportional to the distance from the 

neutral axis, but this no longer holds if shearing deformations are considered. 
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 In a box-girder with wide, thin flanges, shearing 

strains may be sufficient to cause the central 

longitudinal displacement to lag behind that at the 

edge of the flange causing a distribution of bending 

stress similar to that shown in Fig. 2.3 and Fig. 2.4. 

This phenomenon is termed as shear lag or stress diffusion.  

Shear lag is an important consideration in the design of thin-walled structures. The 

“shear lag” phenomenon reduces the effectiveness of the webs and flanges and can result in 

the deflections and stresses at the web-flange intersections of a girder being significantly 

underestimated in calculations based on the elementary theory of bending.  

A shear lag anomaly, known as ‘Negative Shear Lag’ was also observed along with the 

usual (positive) shear lag phenomenon as can be seen in Fig. 2.4. However, this is of mere 

academic importance rather than that of practical significance, as the stresses induced as a 

result of positive shear lag far exceeds that of the negative one (Lee et al. 2002). 

    For design purpose, it is often convenient when calculating the deflections or stresses 

of a wide-flanged girder to replace the actual breadth bi of each flange by a certain reduced 

breadth be,i , such that the application of the elementary theory of bending to the transformed 

girder cross-section gives the correct value of maximum deflection or longitudinal stress. The 

reduced breadth, be,i is termed the effective breadth. 

  A term, the effective breadth ratio, ψe,i  which is the ratio of the effective breadth of 

each flange to its actual breadth, is given by 

  
ib

b
ie

ie,
, =ψ                              (2.5) 

 

  

Fig. 2.3 Positive shear lag 
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  Moffat and Dowling (1975) used finite element method for carrying out a parametric 

study of the effective breadth ratio. The total effective breadth of a flange associated with 

each web is taken as the sum of the effective breadths of the portions of flange considered 

separately on each side of that web. Thus, the effective breadth of each position shall be taken 

as ψe,i bi  or 0.5ψe,c bc for parts projecting beyond an outer web respectively. 

They gave effective breadth ratios at the mid-span, quarter-span, and support sections 

for different support conditions, loading conditions and different breadth of flange to length 

ratios (bi/2L or bc/L).  

Thus, the availability of effective breadth ratios enables the peak stress at a web-

flange junction ( mx,σ ) to be calculated accurately. However, in order to have an estimate of 

the longitudinal stresses ( bx,σ ) in parts of the flange remote from the web-flange junction, the 

formula suggested by Moffat and Dowling (1975) may be used.  

Fig .2.4 Longitudinal stresses in flanges of a cantilever box-girder 
depicting positive and negative shear lag 
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     ξσσ mxbx ,, =                                                                                                                  (2.6)  

where 
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mx,σ  is the maximum stress at the web-flange junction, x is the distance measured from the 

mid-point of individual flange plates or the extreme edge of side cantilevers to the point 

considered, bi  is the width of between neighboring webs, bc is the width of the side  

cantilevers. Distribution of longitudinal flange stresses with allowance for shear lag has been 

shown in Fig. 2.5. 

 

 

 

 

 

 

 

2.3.3 Torsion of Thin-walled Girder 
 

2.3.3.1 Pure Torsion of Open and Closed Section Members 
 
 
  The pure torsional moment for an open section is given by the well-known formula  
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Fig 2.5 Distribution of longitudinal flange stresses with 
allowance for shear lag 
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  where, G is the shear modulus, xθ  is the twisting angle due to St. Venant torsion, and 

JV  is the St. Venant torsional moment of inertia and is given by 
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  for a composite member, where li is the length of each composite member, ti its 

thickness and m is the total number of such composite members. 

   

For a closed section, the pure torsional moment (Fig 2.6) is given by  
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BJ  is referred to as the Bredt torsional moment of inertia (length4).  
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is defined as the unit shear flow distribution function relating to pure torsion. 

iΩ  is twice the enclosed area of the ith cell, Rt is the perpendicular distance from the shear 

center Es and iBq ,  is the Bredt shear flow around the ith cell.  

  The total pure torsional moment is now given by 
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ds 
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Fig.2.6 Multi-cell box girder subjected to Bredt torsional moment MT,B 
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2.3.3.2 Torsional Warping 
 

With the exception of bars with solid and 

hollow circular cross sections, bars subjected to 

torsion tend to warp. The fundamental 

assumption in St. Venant’s pure torsion analysis 

is that cross sections are free to warp without 

restraint. This assumption is not satisfied if the 

beam has external supports, or if the beam is not prismatic, or when the torsional moment 

varies along the length of the beam. Even in these cases, St. Venant’s hypothesis of free 

warping gives good approximate results for beams with solid cross-sections. For thin-walled 

cross sections (Fig2.7), however, this is no longer true. The twisting resistance of such 

sections is so small and the axial displacements are so large that the axial stresses caused by 

restrained warping cannot be neglected. 

  The general differential equation for warping torsion is given by 
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where, mx,ext is a continuously distributed twisting moment, 
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B
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is called the warping shear parameter, 

  ∫=
A

tC dARJ  2                      (2.17) 

is called the central second moment of area and Rt is the perpendicular distance from the 

shear center to the tangent to the mid-line of wall at the point considered. Considering the 

Fig .2.7.Torsional warping 
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deformation of the cross-section in the case of pure torsion, the tangential displacement of a 

point on the cross-section is   given by 

  xtt Rw θ=                    (2.18)  

where xθ  is the twisting angle of the section in its plane in pure torsion. 

  For an open section, the shear strain at the mid-line of the section is assumed to 

vanish. Thus, 
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where ux denotes the warping displacement. 

  Substituting Eq. 2.18 in Eq. 2.19 and integrating once we obtain 
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in which the unit torsional warping function for an open section 

  ∫+=
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is equal to twice the value of the area shaded in Fig. 2.8 and is also called the sectorial 

coordinate ( in length2). 

 

 

 

 

 

For a closed section, the unit warping function is still defined as the negative warping per unit 

rate of the angle of twist. 

 

s = 0 s  

Rt 

S 

Fig. 2.8 Method of determination of 
sectorial coordinate

TH-480_01610403



  

 

 

53
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The shear strain at the mid-line of the section in the case of closed section is assumed to be 

equal to that obtained from the Bredt formula, 
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  Substituting Eq. 2.13, 2.18 and 2.22 in Eq. 2.23, we get 
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Integrating Eq. 2.24 once, we obtain 
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where Iω̂  is the unit torsional warping function for a closed section and is also called the 

reduced sectorial coordinate. 

  In particular, for an open section, in which Bq = 0, we obtain 

            dsR
s

tIII ∫+==
0

0,ˆ ωωω                                                                              (2.26) 

  The sign of the first integral in Eq. 2.25 is determined on the basis of the sense of 

rotation of Rt as it sweeps through the area in the direction of increasing s (Fig. 2.9). For a 

 

Fig. 2.9 Distribution of torsional warping sectorial  

co-ordinate around a single cell trapezoidal box 
girder 
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right hand co-ordinate system, if this rotation is clockwise, the contribution to the integral is 

negative, and if it is counterclockwise, the contribution is positive. It is vice versa if the co-

ordinate system is left handed. 

  The torsional warping stresses are given by the following expression 

  2
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where 21 1
1
ν−

=E  is the conversion modulus of elasticity. 

  The stresses arising due to torsional warping are self-equilibrating and have a zero 

longitudinal force resultant and a zero moment resultant. This type of force introduced has 

been termed as ‘torsional warping bimoment’ (Vlasov 1961) (Fig2.10). 
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By defining a new type of geometric property of the cross-section, 

  ∫=
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which is known as the torsional warping moment of inertia, we obtain from Eq.2.27, 2.28 and 

2.29. 
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  Substituting Eq. 2.30 in Eq. 2.27, we obtain 
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The total torsional moment with respect to the shear center including the torsional moment 

resulting from warping shear stresses is given by  

  ITPTT MMM ,, +=  

ITBTVT MMM ,,, ++=               (2.32) 
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where   

PTM ,  is the primary torsional moment referred to the St.Venant shear stresses and/or 

the Bredt shear stresses, 

            VTM ,   is the St.Venant torsional moment component, 

            BTM ,   is the Bredt torsional moment component, 

ITM ,   is the secondary or flexural torsional moment resulting from warping shear 

stresses.  

 

 

 

 

 

   The shear centre of a cross-section may be defined as the point in the cross-section through 

which shear loads must act to produce no twisting. The coordinates for the shear centre A at a 

section with respect to any arbitrary chosen pole B is given by (Fig. 2.11) 

  2
ˆˆ

yzzy

yzyyz
z III

IIII
e BB

−

−
= ωω                 (2.33) 

              2
ˆˆ

yzzy

zyyzz
y III

IIII
e BB

−

−
= ωω                           (2.34)  

    For a uni-symmetrical section with y as the axis of symmetry, and because of the anti-

symmetry of the Iω̂  diagram (Fig. 2.9), Eq. 2.33 and 2.34 can be written as  

             0=ze                                                                                  (2.35) 

  
y

y
y I

I
e Bω−= ˆ                                                                                      (2.36) 

Fig. 2.10 Bi-moment action 
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where  

∫= dAzI IBy B
 .ˆˆ ωω    and   ∫= dAyI IBz B

 .ˆˆ ωω  (2.37) 

     

are the sectorial products of inertia about the 

centroidal z and y axes respectively. 

  

2.3.4 Distortion of Thin-walled Girder 
 

     Thin-walled box-girder subjected to torsional loading, tend to distort in the plane of the 

cross-section due to their low cross-sectional rigidity. This in-plane deformation of the cross-

section is termed ‘distortion’, and if it is not constant along the beam, causes additional out-

of-plane displacements called ‘distortional warping’, which when restrained, longitudinal 

normal stresses will be developed. 

A sufficient number of stiff diaphragms or cross bracings can avoid distortion of a thin-

walled box-girder bridge. However, a limited number of these diaphragms are generally 

provided as a large number of diaphragms or cross bracings may not be desirable as they 

increase the weight of the structure and complicate construction.  

 The distortion of the cross-section of box-girder thin-walled bridge is the main source of 

warping stresses and hence may provide a significant contribution to the bending stresses. 

Further, the additional transverse bending stresses due to distortion of the cross-section may 

be of the same order of magnitude as the longitudinal bending stresses. It is, therefore, very 

important that the distortional behaviour of thin-walled box-girder bridges are properly 

accounted for in the analysis in addition to bending and torsional effects.  

 

Centroid G

B 

ez

A
ey

z

y

Fig. 2.11 Shear center determination
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2.3.4.1 Cross-Sectional Deformation 
 
 
  A single-cell box-girder is shown in Fig. 2.12, where the cross-section distorts under 

eccentric load. The corner points of the box are displaced vertically by an amount tv±  and 

by btw w  ,  in the horizontal direction at the top and bottom, respectively. A characteristic 

distortional angle dγ may be defined representing the change in angle between the top flange 

of the cross-section and the inclined side web as described by the box corners.  

This may be written as 

  WFd γγγ +=                   (2.38) 

where Fγ  and  Wγ  are the rotations of 

the top flange and side web of the 

cross-section, respectively, obtained 

from the following equations. 

  
t

t
F b

v2=γ       (2.39) 

  ( )
h

ww bt
w

+=γ  (2.40) 

  By analogy with warping 

torsion, the tangential displacement wt, along the midline of the wall can be expressed as the 

product of a distribution function Vs(S) of the tangential displacement and the distortion 

angle dγ . 

  dst SVw γ)(=                   (2.41) 

  To develop an approximate theory for distortion neglecting shear deformation, it may 

be assumed that the in-plane displacement is accompanied by sufficient warping to neutralize 

the average shear strains in the plate that form the cross-section. This can be expressed as 

 bc btbc bc 

bw

bb 

h 

twtt 

tb 

tw 

Fig. 2.12 Deformed shape of a single cell box 
girder subjected to torsional load 

bw

tv
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  0=
∂

∂
+

∂
∂

s
u

x
w xt                  (2.42) 

  After substitution of Eq. 2.41 in Eq. 2.42 and subsequent integration gives 

  
x

u d
IIx ∂

∂
−=

γ
ω                  (2.43) 

where, ∫=
s

sII dsSV
0

)(ω                      (2.44) 

indicates the distribution of the longitudinal displacement and is defined as the unit 

distortional warping function (Fig.2.13) and has dimensions of L2. 

  Differentiating Eq. 2.43 once, we obtain 

  2

2

xx
u d

II
x

x ∂
∂

−=
∂

∂
=

γ
ωε                (2.45) 

and the corresponding warping stresses are given by 

              2

2

1 x
E d

IIII ∂
∂

−=
γ

ωσ                                                                                  (2.46) 

   

 

 

 

 

 

 

The distortional forces are self-equilibrating as in warping torsion. To represent the resultant 

of the distortional warping stresses, a distortional bi-moment is defined as 

  2

2

1 x
JEdAB d

II
A

IIIIII ∂
∂

−== ∫
γ

ωσ              (2.47) 

where,  

1 2
3

4

6 5

Fig.2.13. Distribution of distortional 
warping function 
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  ∫=
A

IIII dAJ 2ω                   (2.48) 

which is called the distortional warping moment of inertia. 

 From Eq. 2.46 and 2.48, one finally obtains 

  II
II

II
II J

B
ωσ =                   (2.49) 

which is analogous to the warping stresses obtained earlier for warping torsion. 

 

2.3.4.2 Generalized Distortional Force (Distortional Moment) 
 
 
 For a characteristic distortional angle dγ , there exists a generalized distortional force, 

which is represented by the distortional moment Md (Fig.2.14), (Boswell and Zhang 1984),  

  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= xHxV

b

t
d mm

b
b

M
2
1                (2.50) 

where,  yzxH epm −=   and   zyxV epm =          (2.51) 

are the external twisting moments. 

  For loads applied at the cantilever portion of the cross-section, the distortional 

moment is given by (Zhang 1983). 

  ( )( )[ ]zddzd
y

d be
p

M ζαα −+−= 11
2

            (2.52) 
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 where 
t

b
d b

b=α  is the ratio of the 

width of the bottom flange to the top 

flange and  

  
2

t
zz

b
eb −=              (2.53) 

  The distribution factor dζ  is the 

ratio of the distributed moment in the top 

flange to the applied fixed moment and can be obtained from the frame analysis of a frame 

formed from a unit slice of the box-girder due to a unit fixed moment. 

2.3.4.3 Transverse Flexural Resistance of the Cross-Section to Distortion 
 
 
  Transverse flexural stiffness of the individual plates of a box section provides 

resistance to distortion in addition to that contributed by the constraint of warping.  

  If the effective frame stiffness of the section kd per unit length is defined as the 

resisting component corresponding to a unit distortional angle, then by equating the internal 

energy per unit length ( )21
2 d dk γ , and the external energy ( )1

2 d dM γ , we get   

  ddddd JEkM γγ 1==                   (2.54) 

where, Jd is defined as the distortional second moment of area. 

 The distortional frame stiffness can be evaluated by the analysis of a frame of unit length 

of the box-girder, constrained horizontally and vertically at the lower corner points as shown 

in Fig.2.15. It is loaded by diagonal forces with unit horizontal components. This frame has 

been analyzed using SAP 2000 in the present case. 

  1=HS                    (2.55) 
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py 

pz 
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bb 

bc bc bt 

hc 

Shear centre 

Fig.2.14.   Eccentric loads applied to a box    
section
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bt

V bb
hS

+
=

2                  (2.56) 

 

 
  The influence distortional angle dγ~ , the frame stiffness kd and the distortional second 

moment of area Jd are given by the formulae (Zhang 1983) 

  
t

t
d hb

vvhwwb
2

)(2)(~ 2121 −++
=γ              (2.57) 

  ( ) ( )2121

2

2
4

vvhwwb
bhk

t

t
d −++

=               (2.58) 

  ( ) ( )[ ]21211

2

2
4

vvhwwbE
bhJ

t

t
d −++

=              (2.59) 

where 1w , 2w  and 1v , 2v  are the horizontal and vertical displacements respectively at the 

upper corner points of the section as shown in Fig.2.16. 
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Fig.2.15. Plane frame of unit length for assessing 
frame stiffness 

bt 
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Fig.2.16. Deformation of the plane frame 

TH-480_01610403



  

 

 

62

 

2.3.4.4 Transverse Bending Stresses 
 
 
   The frame corresponding to a particular section as shown in Fig 2.15 is analyzed and the 

distribution of associated transverse distortional bending moments dbm% , distortional shear 

forces dbq%  at the junction of the individual plates are evaluated. These become influence 

values of moment and stress and are associated with the influence distortional angle dγ~ . If dγ  

is the actual distortion angle at a particular section, then the transverse distortional moments 

and distortional shear forces per unit length are given by (Boswell and Zhang 1984).  

  d
d

db
db

m
m γ

γ~
~

=                   (2.60) 

  d
d

db
db

q
q γ

γ~
~

=                   (2.61) 

  For a single cell box-girder, only one distortional mode is considered to obtain the 

transverse distortional bending stress dbσ  associated with Eq. 2.60 and 2.61. However, for 

multi-cell box-girders, the final influence value is obtained by the superposition of the 

influence values of the various distortional modes. 

  ∑
=

=
n

i
idbdb

1
,

~~ σσ                   (2.62) 

  where n is the total number of distortional modes (Fig.2.17) which is also equal to the 

number of cells of the box section too. 
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 The transverse distortional bending stresses in deformable box-girders may be of the 

same order as the longitudinal bending stresses under the same loading. Consequently, 

traverse distortional bending can generate significant longitudinal stresses due to the 

Poisson’s ratio effect and are by no means negligible in comparison with the longitudinal 

bending stresses. The longitudinal bending moments of the plates arising due to the Poisson’s 

ratio effect may be approximately estimated by multiplying the transverse bending moments 

by Poisson’s ratio (Zhang 1983).  

  dblb mm  ν=                    (2.63) 

2.3.4.5 Curvature Effect on Single-Spine Horizontally Curved Box-Girder  
 
 
  For a single-spined box-girder bridge curved in plan, it is assumed that the cross-

sectional dimensions are small in relation to the radius of curvature. A modified transverse 

frame analysis (Fig.2.18) is employed for the distortional analysis of single-spined 

horizontally curved box girder, where the plate elements having curved web plates are 

replaced by equivalent flat rectangular members Fig.2.19. The individual plates are then 

considered to have a width equal to the average of the outer and inner edge dimensions of the 

 

Fig. 2.17. Modes of distortion 
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plate. The width of the equivalent web plates, for instance, in a multi-cell box-girder as 

shown in Fig. 2.20 is determined by Zhang (1983). 

 

  
R
zz

b ini
in 2

1 2
2

++
++

+
−=       (i =1,2,….,n+1)      (2.64) 

  where n is the total number of cells, 

  zi and zn+i+1 are the local z co-ordinates of the end nodes of the web plate elements 

respectively. 
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Fig. 2.19.Equivalent transverse frame 

Fig. 2.18. Typical frame considered at a nodal section 
in the transverse frame analysis
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Fig. 2.20. Multi-cell cross-section
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   Additional distortional forces occur in box-girders curved in plan due to the radial 

component of the longitudinal bending stresses. The additional distortional moment per unit 

length is expressed as (Zhang 1983) 

  [ ] dAyyy
RI
yM

m
A

GS
z

z
dR ∫ −−=   )(5.0             (2.65) 

where,  Mz is the longitudinal bending moment about the z axis, 

   Iz is the moment of inertia of the entire cross-section about the z axis, 

y is the coordinate of a point on the centroid of the walls, referred to the neutral 

axis of bending of the cross-section, 

Sy  is the vertical coordinate of the shear center from the mid-line of the top 

flange, 

Gy  is the vertical coordinate of the centroid from the top flange, 

R is the radius of curvature. 

 The bending moments Mz are not known at the outset and the equivalent distortional 

loading is not known in advance. The distribution of bending moments in curved box-girders 

is first evaluated assuming non-deformable cross-sections. The distortional loading is then 

treated as the sum of the distortional component of the loading and the additional distortional 

component given by Eq.2.65. 

  The basic differential equation for distortion is given by 

  ⎟
⎠
⎞

⎜
⎝
⎛ +=+

∂
∂

d
z

d
II

dII
d M

R
M

JEx
μγλ

γ

1

4
4

4 14            (2.66) 

where, dμ  is the initial curvature multiplication factor and from Eq.2.65  is given by   

  ∫ −−=
A

GS
z

d dAyyyy
I

  )]([5.0μ              (2.67) 

and   
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4

14 II

d
II JE

k
=λ                   (2.68) 

is called the distortional decay coefficient. 

2.4   FINITE ELEMENT FORMULATION OF CURVED BOX-GIRDER    
BRIDGE 
 
  Considering the principle of minimum potential energy as the basis for constructing a 

finite element approximation involving a displacement field u, the increment of the total 

potential energy due to any such admissible displacements requires 

  ΔΠ = 0. 

The total potential energy increment ΔΠ can be expressed as 

{ } [ ] { } [ ] [ ] { } { } { } { } { } { } { } { } [ ]  Δ Δ ΔuTT T T T T
0 0

V V V V A

ε D ε dV ε D ε dV ε σ dV u b dV u S dA PΠΔ = − Δ + Δ − − − ∑∫ ∫ ∫ ∫ ∫Δ

         (2.69) 

where { ε } is the strain tensor, { 0ε } is the initial strain tensor, { 0σ } is the vector of initial 

residual stresses, [D] is the elasticity matrix, b is the vector of body forces, {S }is the vector 

of surface tractions, [P] is the vector of external concentrated forces, V is the volume and A is 

the surface area. 

  We finally obtain the general form of the stiffness equation from Eq. (2.69)  

  [K] {δ } = { f }                (2.70) 

where [K] is defined as the stiffness matrix, {δ} is the generalized nodal displacement vector 

and{f} is the vector of nodal forces. The subsequent section on finite element implementation 

of thin-walled box-girder has been carried out based on the formulation of Zhang (1983). 

2.4.1 Definition of Element Geometry 
 
 
  The thin-walled box-girder element as shown in Fig. 2.21 is considered as curved in 

space. However, the cross-sections are generated by straight lines having a vertical axis of 
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symmetry. The element axis is defined as the locus of the centroids, which may be eccentric 

from but parallel to the flexural axis. The element has two end nodes and a midpoint node 

situated on the axis. 

A local rectangular coordinates system (x, y, z) along the curve axis is used in the element 

formulation. The origin of the Cartesian coordinate system is located at the centroid of the 

cross-section, and the orientation of the local axes yz is assumed to coincide with the 

principal axes of the cross-section. The local x axis is tangential to the element axis in the 

direction of the node 1 toward node 3. The local y axis usually represents the vertical axis of 

symmetry; the local z axis being defined by a right handed orthogonal system Fig. 2.21. 

 

 

   

   

 The global cartesian coordinates are in terms of a natural co-ordinateξ , which varies 

between -1 and +1 on the respective face of the element. 

  Let kji ... ZYXr ++=  be the position vector of a point P on the element axis, then a 

unit tangent vector along the x direction becomes 

 ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

= − kjie
ξξξ
ZYXJx

1             (2.71) 

Fig. 2.21. Thin-walled box beam element with three nodes 
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where i, j and k are unit vectors in the global x, y, z directions respectively, and the Jacobian 

factor referring to the Jacobian matrix is  

 
2

1
222

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

=
ξξξ
ZYXJ              (2.72)  

To fix the orientation of the local y axis, the coordinates of the reference node 4-6, 

which in most case can be the mid-points of the top flanges are required. The local z axis can 

then be determined by vector multiplication 

 yxz eee ×=                   (2.73) 

2.4.2  Displacement Field and Degrees of Freedom 
 

2.4.2.1  Displacement Field due to Axial Loading and Bending 
  
 

As the strains in the direction normal to the beam axis are assumed to be negligible, 

the displacement throughout the element can be uniquely defined by the three translations u, 

v and w on the beam axis and the two rotations θz ,θy about the z and y axes respectively. This 

can be written in matrix form as 

  { }
z y

t

u u y z
u v v

w w

θ θ− +⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎩ ⎭

                (2.74) 

2.4.2.2. Displacement Field due to Warping Torsion and Distortion 
 
 
  The three displacement components of a point on the wall are the tangential 

displacement wt, the normal displacement vt and the axial displacement ux. The displacements 

wt and vt are in the plane of the cross-section under consideration, and ux is normal to the 

section. The positive direction of the tangential displacement component wt is identical to the 

positive direction of the curvilinear coordinate S. The positive direction of the axial 
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displacement component follows the positive direction of the x axis. The three displacement 

components wt, vt and ux comprise a right-handed orthogonal system which is shown in 

Fig.2.22. 

 

 

 

 

 

  

 

 

 

The three displacement components can be related to the twisting angle and the 

distortional angle of the cross-section as 

  dsxtt SVRw γθ )(+=  

             dtt SVv γ)(=                                   (2.75) 

  
xx

u d
II

x
Ix ∂

∂
−

∂
∂

−=
γ

ω
θ

ω̂  

or in matrix notation 

  { }
0 0

0 0 0
ˆ0 0

x
t t s

x
b t t

d
x I II

d

w R V
u v V

u

θ
θ
γ

ω ω
γ

⎧ ⎫
⎧ ⎫ ⎧ ⎫⎪ ⎪′⎪ ⎪ ⎪ ⎪⎪ ⎪= =⎨ ⎬ ⎨ ⎬⎨ ⎬
⎪ ⎪ ⎪ ⎪⎪ ⎪− −⎩ ⎭ ⎩ ⎭⎪ ⎪′⎩ ⎭

                      (2.76)  

where θx is the angle of twist, xθ ′  is the rate of twist, γd is the distortional angle, γd′ is the rate 

of distortion, Rt is the perpendicular distance from the shear centre to the tangent to the mid-

line of the wall, Vs(S) is the distribution function of the tangential displacement in distortion, 

y 

z 

vt 

wt 

ux 

vt 

wt 

ux 

ux 

vt 

wt 

dx 

x 

Fig. 2.22 Elementary frame showing displacement components 
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Vt(S) is the distribution function of the normal displacement in distortion, Iω̂  is the unit 

torsional warping function, and ωII is the unit distortional warping function. 

2.4.3  Strain Components and Stress Resultants 
 

2.4.3.1 Strains and Stress Resultants due to Axial Loading and Bending 
 
 
  The strains in the case of bending at a point in the element domain can be expressed 

as 

{ }

b
x
b
yx
b
zx

u
xε

v u= γ = +
x y

γ
w u+
x z

bε

⎧ ⎫
⎪ ⎪

⎧ ⎫ ⎪ ⎪
⎪ ⎪ ⎪ ⎪
⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎪ ⎪

⎪ ⎪
⎩ ⎭

∂
∂

∂ ∂
∂ ∂
∂ ∂
∂ ∂

              (2.77)  

where b
yx

b
zx γγ , and b

xε are the shear strains and axial strains respectively. 

  Substituting Eq. (2.74) in (2.77),  

{ }

yz

b
x
b

b yx z
b
zx

y

u y z
x x x

vε
x
w
x

θθ

ε
γ θ
γ

θ

∂⎧ ⎫∂∂
− +⎪ ⎪∂ ∂ ∂⎧ ⎫ ⎪ ⎪

∂⎪ ⎪ ⎪ ⎪= = −⎨ ⎬ ⎨ ⎬∂⎪ ⎪ ⎪ ⎪
⎩ ⎭ ∂⎪ ⎪+⎪ ⎪∂⎩ ⎭

           (2.78) 

  { } { }
1 0 0
0 1 0 0 0  
0 0 1 0 0

b b

z y
ε ε

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

              (2.79) 

TH-480_01610403



  

 

 

71

where   { }

z

yb

y

z

u
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v
x
wε
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x

x

θ

θ

θ

θ

∂⎧ ⎫
⎪ ⎪∂⎪ ⎪

∂⎪ ⎪−⎪ ⎪∂
⎪ ⎪∂⎪ ⎪+= ⎨ ⎬∂⎪ ⎪

∂⎪ ⎪
⎪ ⎪∂⎪ ⎪

∂⎪ ⎪−⎪ ⎪∂⎩ ⎭

               (2.80) 

The corresponding stress components at a point in the element domain can be 

obtained in the linear-elastic case as 

  [ ]  

b b
x x

b b
yx b yx
b b
zx zx

D
σ ε
τ γ
τ γ

⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪=⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎩ ⎭ ⎩ ⎭

                (2.81) 

where the elasticity matrix is given by 

  [ ]
1 0 0

0 0
0 0

b

E
D G

G

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

                (2.82) 

Substituting Eq.2.79 and 2.82 into the integral expression of Eq.2.69, we obtain 

{ } [ ] { } { } { }
2

2

Δ  
l

l

T T

b b b b
V

ε D ε dV σ dx
−

= Δ∫ ∫ bε           (2.83) 

where    

{ } { } b b bσ D ε⎡ ⎤= ⎣ ⎦                   (2.84) 
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∫           (2.86) 

Integrating over the region A and since the z and y axes are the principal axes of the 

cross-section, this gives 
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zdAE 01 ,  ∫ =
A

ydAE 01 ,   ∫ =
A

zydAE 01  
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A
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⎢ ⎥⎣ ⎦

           (2.87) 

where A is the cross-sectional area and Iy, Iz are the moments of inertia with respect to y and z 

axes respectively. 

  To account for non-uniform shear strain distribution, and effective shear cross-

sectional area is introduced, Eq.2.87 becomes 

  

1

1

1

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

sy

b sz

y

z

E A
GA

D GA
E I

E I

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎡ ⎤ =⎣ ⎦ ⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

          (2.88) 

 

where Asy and Asz represent the beam effective shear cross-sectional areas in the y and z-

direction respectively. 

 

TH-480_01610403



  

 

 

73

The effective shear areas can be expressed as  

 A . 
F
1   
Sz

=SzA     and    A . 
F
1   
Sy

=SyA                                                                                 (2.89)                         

where sF  is defined  as the shear-deformation factor, which depends  on the form of the 

cross-section. For a Rectangular section,
5
6

=sF , For  a  Solid circular section
9

10
=sF , for a 

thin-walled hollow circular section, 2=sF .  For an I or box-section having flanges and webs 

of uniform thickness sF  is given by  

 
( )

2

2
2

1

2
3
2

1
2

1
2
2

10
4

1
2

3
1

r
D

t
t

D
DDD

Fs ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
+=                                                                               (2.90) 

where 1D  =Distance from neutral axis to the nearest surface of the flange, 

           2D  = Distance from neutral axis to extreme fiber, 

           1t    = Thickness of web (or web in box-girder) 

           2t   = Width of flange  

           r   = Radius of gyration of section with respect to the neutral axis. 

The stress vector [ ]bσ  represents the conventional stress resultants for a beam, i.e., axial 

force, shear force and bending moments. 

  [ ] T

b x y z y zσ N Q Q M M⎡ ⎤= ⎣ ⎦               (2.91) 

  The generalized shear strain vector { }bε  represents the axial strain, the shear strain 

and the curvatures. 
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2.4.3.2 Strains and Stress Resultants due to Warping Torsion 
 
 
 The strains due to torsion at a point in the element domain can be expressed as 

  { } 2

2
ˆ

x
t I
xs

t t
x x

I

γ xε
ε

x

θφ

θω

∂⎧ ⎫
⎪ ⎪⎧ ⎫ ⎪ ⎪∂= =⎨ ⎬ ⎨ ⎬

∂⎩ ⎭ ⎪ ⎪−
⎪ ⎪∂⎩ ⎭

             (2.92) 

Eq.2.92 can be written as 

  { } { }
0

 
ˆ0

I
t t

I

ε ε
φ

ω
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

               (2.93) 

where the generalized strain vector due to torsion is 

       { } 2

2

x

t
x

xε

x

θ

θ

∂⎧ ⎫
⎪ ⎪⎪ ⎪∂= ⎨ ⎬

∂⎪ ⎪−
⎪ ⎪∂⎩ ⎭

                (2.94) 

Considering the primary torsional shear strain and neglecting the secondary shear stresses 

associated with the normal warping stresses, the function { }Iφ  may be given as 

  { }
2 n

I B

y
q
t

φ
⎧ ⎫
⎪ ⎪= ⎨ ⎬
⎪ ⎪⎩ ⎭

                 (2.95) 

where yn is the normal coordinate to the mid-line of the wall, Bq  is the unit Bredt shear flow 

function, t is the thickness of the wall.  

  The corresponding stress components are given by 

  { } [ ]
t t
xs xs

t tt t
x x

τ γ
σ D

σ ε
⎧ ⎫ ⎧ ⎫

= =⎨ ⎬ ⎨ ⎬
⎩ ⎭ ⎩ ⎭

               (2.96) 

where the elasticity matrix 

  [ ]
1

0
0t

G
D

E
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

                 (2.97) 

 Substituting Eq. 2.93 and 2.97 into the strain energy expression gives 
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  { } [ ] { } { }{ }
2

2

   
l

l
t t t t t

V

ε D ε dV ε σ dx
−

Δ = Δ∫ ∫            (2.98) 

where the generalized stress vector is 

  { } { } t t tσ D ε⎡ ⎤= ⎣ ⎦                  (2.99) 

The generalized torsional elasticity matrix can be expressed as 

  
1

0 0 0
ˆ ˆ0 0 0

I I
t

I IA

G
D dA

E
φ φ

ω ω
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

⎡ ⎤ = ⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

∫  

        dA
E

G

A
I

I

∫ ⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
=

2
1

2

0

0

ω

φ

ˆ
                (2.100) 

where,       ∫ =
A

I JEdAE 11
2

1ω̂                           (2.101) 

and        ∫ =
A

TI GJdAG 2φ                           (2.102) 

Hence, we can write the generalized torsional elasticity matrix as 

 

  
1 1

0
0

T
t

GJ
D

E J
⎡ ⎤

⎡ ⎤ = ⎢ ⎥⎣ ⎦
⎣ ⎦

              (2.103) 

where,  JT is the torsional moment of inertia 

  JI is the torsional warping moment in inertia 

  The generalized elasticity matrix is modified to include the deformational influence 

due to the warping shear stresses as 

 

  
1 1

0
10

T

t

t

GJ
D

E J
μ

⎡ ⎤
⎢ ⎥⎡ ⎤ =⎣ ⎦ ⎢ ⎥
⎢ ⎥⎣ ⎦

               (2.104) 

in which μt is the warping shear parameter. 

 The generalized stress vector represents the torsional stress resultants, which are the 

torsional moment and the torsional bimoment 

TH-480_01610403



  

 

 

76

 

   [ ] 1
T

t T I
t

σ M B
μ

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
               (2.105) 

2.4.3.3 Strains and Stress Resultants due to Distortion 
 
 
 The strain energy increment due to internal work done by distortion includes two parts: 

1) The strain energy increments due to the internal work done by the distortional 

warping stresses 

dx
x

dAE
x

dVEε
l

l A

d
II

d

V
dxx,d ∫ ∫∫

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∂
∂

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

∂
∂

−Δ=Δ
2

2

2

2
2

12

2

1
γ

ω
γ

ε ,       (2.106) 

      dxB
x II

d

l

l
∫

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−Δ=
2

2

2

2γ           (2.107) 

2) The strain energy increment associated with the transverse frame action of the 

box, i.e., due to the internal work done by the transverse bending 

dxJEdVEε
l

l
ddd

V
dbdb ∫∫

−

Δ=Δ
2

2

11 γγε  

  dxM
l

l
dd∫

−

Δ=
2

2

γ               (2.108) 

where  γd is the distortional angle, Md is the generalized distortional moment, and BII is the 

distortional moment. 

  Rewriting the above expressions in matrix form 

  { } [ ] { } { } { }
2

2

T
       

l

l
d d d d d

V

ε D ε dV ε σ dx
−

Δ = Δ∫ ∫          (2.109) 

where the generalized distortional strain vector is 

  [ ]
2

2
d

d dε
x
γγ

⎡ ⎤∂
= −⎢ ⎥∂⎣ ⎦

               (2.110) 
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and the generalized elasticity matrix is 

  1

1

0
0

d
d

II

E J
D

E J
⎡ ⎤

⎡ ⎤ = ⎢ ⎥⎣ ⎦
⎣ ⎦

               (2.111) 

in which Jd is the distortional second moment of area, and JII is the distortional warping 

moment of inertia. 

  The generalized stress vector { }dσ  represents the distortional stress resultants, i.e., the 

distortional moment and the distortional bimoment 

  [ ] [ ]T
d d IIσ M B=                  (2.112) 

2.4.4 Stress - Strain Relationship 
 
  The generalized displacements in the local co-ordinate system are given by 

  
T

x y z x d dδ u,v,w,θ ,θ ,θ ,θ ,γ ,γ′ ′⎡ ⎤ ⎡ ⎤= ⎣ ⎦⎣ ⎦             (2.113)  

where u,v,w  are the translations along the local x, y, z  axes respectively, xθ  is the angle of 

twist, xθ ′  is the rate of twist, yθ  and zθ are bending rotations about y and z  axes respectively, 

dγ  is the distortion angle, dγ′  is the rate of distortion.  

  The corresponding displacements in the global co-ordinate system are given by  

  [ ] , , , , , , , ,x y z x d dδ U V W φ φ φ θ γ γ′ ′⎡ ⎤= ⎣ ⎦            (2.114) 

where WVU ,,  are the translations along the X, Y, Z global axes respectively, xφ , zy φφ ,  are 

rotations about the same axes respectively, while the rate of twist xθ ′  and distortional 

variables dγ , dγ ′  remain in locals.  The thin-walled box element has, therefore, nine degrees 

of freedom at each node. 

With reference to the principal local system defined, the relation between the generalized 

stress resultants and the generalized strain components can be expressed from the 

Timoshenko beam theory and the thin-walled beam theory as Fig.2.23. 
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{ } { } σ D ε⎡ ⎤= ⎣ ⎦                  (2.115) 

where the generalized stress vector is 

[ ] 1 11
1, , , , , , , ,

T

x y z T y z d
t

σ N Q Q M M M B M B
μ

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
        (2.116) 

in which xN  is the axial force, Zy QQ ,  are the shear forces, TM  is the pure torsional 

moment, zy MM ,  are the primary bending moments, 1B  is the torsional warping bimoment, 

dM  is the distortional moment, 11B  is the distortional warping bimoment and tμ  is the 

warping shear parameter. 

 

 

 

 

 

 

 

 

 

 

 

The generalized strain vector is 

[ ] , , , , , , , ,
T

x yx zx x yx zx wtx dx wdxε θε ε ε ψ ψ ψ ψ ψ ψ⎡ ⎤= ⎣ ⎦         (2.117)  

where  

axial strain 

  
x
u

x ∂
∂

=ε                   (2.118)  

Displ. Forces 

U Nx 

V Qy 

W Qz 

θx MT 

θy My 

θz Mz 

θx′ BI 

γd Md 

γd′ BII 

u1 v1 

w1 

u2 

u3 

v2 

w2 

v3 

w3 

θx3 

θx2 

θx1 

θy3 

θz3 

θy2 

θz2 

θz1 

θy1 

x1θ′  

x2θ′  

x3θ′  

d1γ′  

d2γ′  

d3γ′  

d1γ  

d2γ  

d3γ  
 

Fig. 2.23. Generalized forces and displacements 
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shear strain in y – direction 

  zyx x
v

y
u

x
v θε −

∂
∂

=
∂
∂

+
∂
∂

=               (2.119) 

shear strain in z – direction  

  yzx x
w

z
u

x
w θε +

∂
∂

=
∂
∂

+
∂
∂

=               (2.120) 

torsional strain 

  
x

x
x ∂

∂
=

θ
ψ θ                   (2.121) 

flexural strain about y – axis 

                       
xzx

u y
yx ∂

∂
=

∂∂
∂

=
θ

ψ
2

                              (2.122) 

flexural strain about z – axis 

  
xyx

u z
zx ∂

∂
−=

∂∂
∂

=
θ

ψ
2

               (2.123) 

torsional warping strain 

  
xRx

zx
wtx ∂

∂
−

∂
∂

−=
θθ

ψ 1
2

2

              (2.124) 

distortional strain 

  ddx γψ =                    (2.125) 

distortional warping strain 

  
2

2

x
d

wdx ∂
∂

−=
γψ                 (2.126) 

The radius of curvature R  introduced in the torsional warping strain component can be 

expressed as 

2
1

2

2

22

2

22

2

2
−

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
=

ξξξ

ZYXR                                 (2.127) 
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where ZYX ,, are the global co-ordinates of the points on the beam axis curve. 

  A modification has been made to the torsional warping strain to take into account the 

effect caused by the initial curvature.  

 Finally, as a result of orthogonalisation the rigidity matrix can be shown to be 

 

1

1

1

0

1

0

sy

sz

T

y

z

I
t

d

II

E A
GA

GA
GJ

E I
D

E I

E J

E J
E J

μ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

⎡ ⎤ = ⎢ ⎥⎣ ⎦
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

   (2.128) 

 

where A is cross-sectional area: Asy, Asz, are effective shear areas in the y and the z directions 

respectively; JT is torsional moment of inertia; Iy , Iz are bending moments of inertia about the 

y and z axes respectively; JI is torsional warping moment of inertia; Jd is distortional second 

moment of area; and JII is distortional warping moment of inertia. It should be noted that the 

bending moments of inertia should be calculated on the basis of an effective flange breath 

replacing the actual width to account for the effect of shear lag. The material properties are 

characterized by the Young’s modulus of elasticity E and the shear modulus G which is 

expressed as 

  ( )v
EG
+

=
12

                            (2.129)  

where v  is the Poisson’s ratio.  
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The conversion modulus of elasticity is 

  ( )21 1 v
EE

−
=                  (2.130) 

  2.4.5 Shape Functions to Define the Displacement Field 
 
  
  Only C0 continuity is required for the extensional and flexural effects, and the 

following quadratic shape functions are used  

  ( )0
2

2
1 ξξ +=iN  for i = 1 and 3    

        ( )21 ξ−=iN   for i = 2                                             (2.131) 

where iξξξ =0 . 

Since the governing equations for torsion and distortion are fourth order (Eq.2.15 and 

2.66) and the beam being three-noded, fifth order C1 continuity is required for torsion and 

distortion.  

( )32
2

11 3254
4

ξξξξ
+−−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=N  

( )( )221
12 11

4
ξξξ −−⎟

⎠
⎞

⎜
⎝
⎛=

J
N   

( )32
2

21 3254
4

ξξξξ
−−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=N                        (2.132) 

           ( )( )11
4

222
22 −+⎟

⎠
⎞

⎜
⎝
⎛= ξξξ

JN  

           ( )22
31 1 ξ−=N  

         ( )22
332 1 ξξ −= JN  

where  0 iξ ξξ=  and  21, JJ and  3J are the Jacobian factors at the three nodes of the element. 
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A special form of transformation, referred to as hierarchical mapping is adopted for 

mapping the geometry. The hierarchical shape functions are defined in terms of the natural 

coordinate ξ  as 

            ( )02
1 1 ξ+=iM   for i=1 and 2            (2.133) 

             ( )21 ξ−=iM   for i=3 

where ξ0 =ξi  ξ 

2.4.6 Formulation of Displacements and Strains 
 

 
The generalized displacements in the local coordinate system are 

{ } { }=   =  e e
1 2 3δ N δ N N N δ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦             (2.134)  

where { }eδ  are the nodal values of the global displacements and  

x x x

y y y

z z z

1 x 1 x 1 x 2

y y y

z z z

1 1
x x

 i.e  j.e  k.e 0 0 0 0 0 0
 i.e  j.e  k.e 0 0 0 0 0 0
 i.e  j.e  k.e 0 0 0 0 0 0
0 0 0  i.e  j.e  k.e 0 0
0 0 0  i.e  j.e  k.e 0 0 0
0 0 0  i.e  j.e  k.e 0 0 0

0 0 0 i.e j.e

i i i

i i i

i i i

i i i i

i i i

i i i i

i i i

N N N
N N N
N N N

N N N N
N N N

N N N N
N N N
x x

⎡ ⎤ =⎣ ⎦
∂ ∂ ∂
∂ ∂

1 2
x

1 2

1 2

k.e 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

i

i i

i i

N
x x

N N
N N
x x

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥∂
⎢ ⎥

∂ ∂⎢ ⎥
⎢ ⎥
⎢ ⎥

∂ ∂⎢ ⎥
⎢ ⎥∂ ∂⎣ ⎦

 

                    (2.135) 

where i.ex , i.ey ….., k.ez are the direction cosines. 

The strains are obtained from  

{ } [ ] { } ε L δ=                   (2.136) 
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where [L] is a linear operator and can be written directly from the definition of the 

generalized strain vector. 

[ ]

0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

10 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0

x

x

x

x
L

x

x

R x x

x

∂⎡ ⎤
∂⎢ ⎥

⎢ ⎥∂ −∂⎢ ⎥
⎢ ⎥∂
⎢ ⎥∂
⎢ ⎥∂⎢ ⎥∂
⎢ ⎥∂= ⎢ ⎥∂⎢ ⎥

∂⎢ ⎥− ∂⎢ ⎥
∂ ∂⎢ ⎥− −∂ ∂⎢ ⎥

⎢ ⎥
⎢ ⎥

∂⎢ ⎥− ∂⎣ ⎦

        (2.137) 

  The strain displacement matrix B⎡ ⎤⎣ ⎦  is  

                       [ ]=  = 1 2 3B L N B B B⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦                                                         (2.138) 

                                      

(2.139) 

1

x x x

y y y z z z

z z z y y y

x x x
1 1 2

 i.e j.e  k.e 0 0 0 0 0 0

i.e  j.e k.e i.e j.e k.e 0 0 0

 i.e  j.e  k.e i.e j.e k.e 0 0 0

0 0 0  i.e  j.e  k.e 0 0

0 0 0  i.

i i i

i i i

i

N N Ni i i
x x x
N N Ni i i
x x x

N N Ni i i
x x x

N N N Ni i i i
x x x x
Ni
x

N N N

N N N

B

∂ ∂ ∂
∂ ∂ ∂
∂ ∂ ∂
∂ ∂ ∂

∂ ∂ ∂
∂ ∂ ∂

∂ ∂ ∂ ∂
∂ ∂ ∂ ∂
∂
∂

− − −

⎡ ⎤ =⎣ ⎦
y y y

z z z

x x x

z z z

1 2

2 2 2
1 1 1 2

2 2 2 2
2

2 2
1 2

2 2

1 1 1

e  j.e k.e 0 0 0

0 0 0  i.e  j.e  k.e 0 0 0

i.e j.e k.e
0 0 0 0 0

 i.e  j.e  k.e

0 0 0 0 0 0 0

0 0 0 0 0 0 0

i i

N Ni i
x x

N N Ni i i
x x x

N N Ni i i
Nix x x
xN N Ni i i

R R Rx x x

N Ni i
x x

N N

∂ ∂
∂ ∂

∂ ∂ ∂
− − −∂ ∂ ∂

∂ ∂ ∂
− − − ∂∂ ∂ ∂ −

∂∂ ∂ ∂
− − −∂ ∂ ∂

∂ ∂
− −

∂ ∂

⎡
⎢
⎢
⎢
⎢
⎢

⎣

⎤
⎥
⎥
⎥
⎥
⎥

⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
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⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

⎦
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  { } { }eε B δ⎡ ⎤= ⎣ ⎦                  (2.140) 

  The derivatives of the shape functions with respect to Cartesian coordinates x are 

related by  

ξ∂
∂

=
∂

∂ − ii N
J

x
N 1                 (2.141) 

  2

2
21

1
1

2

2

)(
ξξξ ∂

∂
+

∂
∂

∂
∂

=
∂

∂ −
−

− iii N
J

NJJ
x
N

           (2.142) 

where  
2
1

222
1

−

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

=
ξξξ
ZYXJ                   (2.143)  
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2.4.7 The Element Stiffness, Mass Matrix and the Equivalent Nodal Force Vector 
 

        The element stiffness matrix may be written as 

l +12 T T

l -1- 2

=    =     eK B D B dx J B D B dξ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ∫ ∫                      (2.145) 

where B⎡ ⎤⎣ ⎦  is the strain displacement matrix. 

        The element mass matrix may be written as 

l +12 T T

l -1- 2

= = JeM A N ρ N dx A N ρ N dξ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦ ∫ ∫                                  (2.146) 

The nodal force vector equivalent to internal and external forces is written as 

{ } { } { } { } { } { }T T T T

l l l l

= + + +  -  
Te

0 0f N b dx N q  dx N P B D ε B σ dx⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑∫ ∫ ∫ ∫  (2.147) 
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where {b}  is body force vector, { q }  is distributed force vector, { P }  is concentrated force 

vector, { }0ε  is initial strain vector including temperature effects, and { }0σ  is initial stress 

vector.  

           The distributed force vector is given by 

[ ] , , ,x y z x ext y ext z ext I d IIq p p p m m m b m b⎡ ⎤= ⎣ ⎦      (2.148) 

  The concentrated force vector is given by 

  [ ] 0 0x y z x y z dP P P P M M M M⎡ ⎤= ⎣ ⎦             (2.149)  

Exact integration of Eq. (2.145) and Eq. (2.146) is achieved by using a three-point Gauss 

quadrature for the axial and bending contributions and a six-point Gauss quadrature for the 

torsional and distortional contributions.  

The normal stresses at the points on the mid-line of the flanges can be obtained by following 

expression, 

II
II

II
I

I

I

z

z

y

yx
x J

B
J
B

y
I

M
z

I
M

A
N

ωωξσ ++−+=                                                                   (2.150) 

where Iω  and IIω  are the torsional and distortional warping functions respectively. The 

factor ξ  is expressed in Eq. (2.7) and Eq. (2.8). 

      A computer program has been developed for the determination of cross-sectional 

properties of thin-walled box-girder and the complete procedure of evaluation of stresses for 

a curved thin-walled box-girder bridge is shown in a flow chart for in Appendix A, Appendix 

B  and Appendix G respectively. 

2.4.8 Boundary Conditions 
 
  For  some conventional support conditions used in bridge construction the following 
holds true: 

(a) If the bridge is fixed at the support, no deformation arises in the support cross-

section, and therefore the following may be written 
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⎭
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zyx
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φφφ

 

                    0x d dθ γ γ′ ′= = =                                              (2.151) 
 

 
(b) If the support cross-section is connected by a pinned support and is braced by 

a rigid diaphragm, and yet is free to warp, then the independent boundary conditions are 

0=== wvu   0=== WVU      
                 0x dθ γ= =                                            (2.152) 
 

 
(c) If the cross-section is supported by a linear roller which is oriented 

perpendicularly to the longitudinal axis, and also is braced by a rigid diaphragm, but is free to 

warp, the boundary conditions may be adjusted to  

0== wv  
0x dθ γ= =                                                                                                    (2.153) 

 
 

(d) If the free end cross-section of a cantilever is braced by a diaphragm to resist its 

transverse deformation only, yet is free to warp, only one boundary condition applies and that 

is             0=dγ                              (2.154) 

 

2.5    NUMERICAL EXAMPLES 
 
 

Different types of box-girder bridge problems have been investigated to check the validity 

and generality of the adopted finite element formulation in this numerical study.  

2.5.1  A Straight Box-Girder Subjected to an Eccentric Load  
 

 
A simply-supported straight box-girder problem (Fig 2.24) given by Kermani and 

Waldron (1993) has been considered. The span is 30 m and the diaphragms are located only 

at the ends. Two cases are considered for the diaphragm action: i) the diaphragms are 
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infinitely rigid in their own plane and prevent distortion of the two ends while they offer no 

resistance to warping, ii) the diaphragms offer both distortional and warping restraint. At 

mid-span there is a point load of 1000 kN acting eccentrically over one web. Thin-walled box 

-girder elements have been used with an 8 element mesh to analyze the beam. Plots for 

deflection, rotations about x and z axis, rate of rotation about x axis, distortional angle, rate of 

distortional angle, bending moment, shear force, pure torsion (Figs. 2.25 (a), (b), (c), (d), (e), 

(f), and Figs. 2.26. (a), (b), (c) ) for case(i) and torsional bimoment, distortional moment and 

distortional bimoment (Figs. 2.27. (a), (b), (c) and Figs.2.28 (a), (b),  (c)) for cases (i) and (ii) 

are presented. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

E  = 3.45 e+10 N/m2 

ν   = 0.15 

G   = 1.5 e+10 N/m2 

zI  = 1.6061 m4 

J    = 3.2593 m4 

JI   = 0.79304 m6 

JII  = 1.01304 m6 

Jd   = 0.00563 m2 

μt  = 0.365 

A = 3.7050 m2 

Fig. 2.24. Loading and geometry (mm) of the straight beam model
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Fig.  2.25. (a) Deflection, v (b) Rotation, θx (c) Rotation, θz with distortional 
restraint and no warping restraint [case (i)] 
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2.5.2 A Simply-Supported Curved Box-Girder Bridge  
 
 A simply supported curved box-girder bridge with cantilever slabs has been considered. 

The support cross-section is connected by a pinned support at one end and by a linear roller at 

the other ends. The end section are braced by a rigid diaphragm at both ends and yet is free to 

warp. The span of the bridge is 30.10 m and the radius of curvature is 76.2m. The cross-

section is as shown in Fig.2.29. An asymmetrical point load of 4.45 x103 N producing 

torsional effects has been applied at mid-span just above the web (Fig2.29). The bridge has 

been discretized using thirty thin-walled box-girder elements in order to evaluate different 

response parameters. Major responses such as deflection, rotations about x and z axes, rate of 

rotation about x axis, distortional angle, rate of distortional angle along the span length have 

been plotted in Fig. 2.30(a)-(f). Further, important stress resultants such as shear force, 

bending moment, torsional moment, torsional bi-moment, distortional moment and 

distortional bi-moment are also plotted in Fig. 2.30(g)-(l). Fig 2.31(a) displays the 

longitudinal normal stresses at mid-span. The longitudinal normal stresses have been 

calculated for both nine degrees of freedom thin-walled box-girder as well as conventional 

six degrees of freedom beam element. The longitudinal stress distribution with and without 

effective width have also been observed for the six degrees of freedom beam element. It is 

observed that the longitudinal normal stresses are substantially effected due to the 

contribution of BI, BII and shear lag, which are not accounted for in the conventional beam 

formulation with six degrees of freedom. Fig. 2.31(b) shows the transverse distortional 

bending stresses at mid-span. It is observed that a reasonably large amount of transverse 

stresses may be developed due to distortion. The example problem has been considered from 

Zhang (1983) and results have been validated. Further, in order to demonstrate the effect of 

curvature on the static analysis, Table 2.1 and 2.2 show the variation of various displacement 

/ rotation and force / moment corresponding to various degree of freedom of the bridge with 
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varying radius (38.10 m – ∞ ). It is observed that the response parameters corresponding to 

torsion have increased appreciably with the reduction in radius of curvature. This will thus 

necessitate increased torsional stiffness requirement as the radius of curvature of the bridge is 

decreased. While the flexural components have been observed to be almost unchanged, the 

distortion components reduce slightly with the reduction in the radius of curvature. Thus, the 

design of bridge remains unaffected except the torsional rigidity, which needs to be 

augmented as the radius of curvature of the bridge, is decreased. 

    In order to compare the evaluated values of different response parameters, the thin-walled 

box-girder bridge has been analyzed using shell elements in the general purpose finite 

element software ANSYS. The finite element model of the straight box-girder bridge is 

shown in Fig.2.32. Table 2.3 shows the maximum magnitude of different response 

parameters as obtained from the analysis using shell elements and have been found to match 

very well with the results of the straight bridge as shown in the last column of Table 2.1 and 

2.2. 

    Further, all the response parameters have been evaluated for IRC loading (IRC:6,2000) of 

Class 70R and of Class A loading (Appendix C) and the values of response parameters 

corresponding to the maximum magnitude for a particular location of the vehicle have been 

shown in Table 2.4 and 2.5. One lane of Class 70 R loading has been considered, while two 

lanes of Class A loading is considered for the analysis as the width of the carriageway is 

more than 5.3 m for the example under consideration. The vehicle loads have been placed 

symmetrically as well as asymmetrically maintaining a minimum distance from the kerb and 

also a minimum distance between two rows of vehicle for Class A loading (Table.C.1.2).It is 

observed that the maximum magnitude of vertical deflection, rotation about z direction and 

corresponding stress resultant (viz. shear force and bending moment) are high in IRC Class A 

train of vehicles compared to IRC 70R Tracked as well as Wheeled Vehicle loading class. 
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The torsional and distortional displacement components and their corresponding stress 

resultants vary differently for different loading cases as the distance between wheels and their 

locations significantly influence the values of those response parameters.   

 

 

 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

E  = 2.69 × 1010 N/m2 

ν   = 0.15 

G   = 8.995 × 109 N/m2 

zI  = 9.41× 10-1 m4 

 J    = 2.01m4 

 JI   = 1.87 × 10-1 m6 

 JII  = 4.45 × 10-1 m6 

 Jd   = 2.32 × 10-2 m2 

 μt   = 0.236 

 A = 2.4305 m2 
0.9144m 

0.2032m

3.048m 0.9144m 

1.3716m 

4.45e3 N 
0.2032m

     Fig.2.29. Cross-section and loading  

Fig 2.30 (a) Vertical deflection (v) 
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Fig 2.30 (e) Distortional angle ( dγ )  

Fig 2.30 (f) Rate of distortional angle ( dγ ′ )  
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Fig 2.30 (g) Shear force ( YQ )  
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Fig 2.30 (i) Torsional moment ( )xM  

Fig 2.30 (j) Torsional bi moment ( )IB  
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Fig 2.30 (h) Bending moment ( ZM )  
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Fig 2.30 (k) Distortional moment ( )DM  

Fig 2.30 (l) Distortional bi moment ( )IIB  
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Fig 2.31 (a) Longitudinal normal stresses at mid-span (N/m2)  
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Fig 2.31 (b) Transverse distortional bending stress at mid-span (N/m2)  
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Radius of box-girder ( )R m 

Response 

parameter 

38.10 76.2 152.4 304.8  ∝ 

v(m) -1.46e-04 -1.40e-04 -1.38e-04 -1.37e-04 -1.36e-04 

zθ (radian) 1.36e-05 1.33e-05 1.33e-05 1.33e-05 1.33e-05 

xθ (radian) 6.03e-06 4.81e-06 4.26e-06 4.01e-06 3.75e-06 

'
xθ (radian/m) 6.00e-07 4.43e-07 3.54e-07 3.09e-07 2.63e-07 

dγ (radian) 2.08e-06 5.59e-06 7.40e-06 8.28e-06 8.63e-06 

'
dγ (radian/m) 7.68e-07 9.21e-07 1.01e-06 1.05e-06 1.07e-06 

Radius of box-girder ( )R m 

 

Response 

parameter 

38.10 76.2 152.4 304.8  ∝ 

YQ (N) 2.22e3 2.22e3 2.22e3 2.22e3 2.22e3 

zM (N-m) -3.39e4 -3.39e4 -3.39e4 -3.39e4 -3.39e4 

xM (N-m) -1.18e4 -8.18e3 -6.44e3 -5.50e3 -4.75e3 

IB (N-m2) 1.090e3 1.085e3 1.083e3 1.080e3 1.078e3 

DM (N-m) 2.28e3 2.33e3 2.35e3 2.36e3 2.37e3 

IIB (N-m2) 5.21e3 5.69e3 5.95e3 6.07e3 6.12e3 

 
Table 2.2 Effect of radius of box-girder bridge on stress resultants 

Table 2.1 Effect of radius of curvature of box-girder bridge on responses 
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                        Fig. 2.32 Finite element model of box-girder bridge using shell element 

 

 

 

Table 2.3 Different response parameters corresponding to a straight box-girder bridge 
modeled using shell elements 

 
v(m) zθ (radian) xθ (radian) YQ (N) zM (N-m) xM (N-m) Response 

parameter  -1.37e-4 1.33e-5 3.87e-6 2.22e3 -3.39e4 -4.72e3 
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   Table 2.4 Displacement response due to IRC Loadings in two lane box-girder bridge  

IRC Loadings 

IRC 
Loading 

Case 
IRC  70R Tracked Vehicle IRC  70R Wheeled Vehicle IRC  A Train of Vehicle 

Response 
parameter 

Symmetrical 
Loading 

Non-
Symmetrical

Loading 

Symmetrical
Loading 

Non-
Symmetrical

Loading 

Symmetrical
Loading 

Non-
Symmetrical

Loading 
v (m) -2.14e-02 -2.14e-02 -2.77e-02 -2.77e-02 -2.79e-02 -2.79e-02 

zθ (radian)  2.09e-03  2.09e-03  2.75e-03  2.75e-03  2.81e-03  2.81e-03 

xθ (radian) ** 1.86e-04 **  3.21e-04 **  2.72e-04 

'
xθ (radian/m) **  3.10e-05 **  4.86e-05 ** 4.88e-05 

dγ (radian) ** -4.59e-04 ** -3.37e-04 ** -5.10e-04 

'
dγ (radian/m) **  4.70e-05 ** 5.10e-05 ** 5.27e-05 

**  Not applicable due to symmetric nature of the load 

 

 

IRC Loadings 

IRC 
Loading 

Case 
IRC  70R Tracked Vehicle IRC  70R Wheeled Vehicle IRC  A Train of Vehicle 

Response 
parameter 

Symmetrical 
Loading 

Non-
Symmetrical

Loading 

Symmetrical
Loading 

Non-
Symmetrical

Loading 

Symmetrical 
Loading 

Non-
Symmetrical

Loading 
YQ (N) -3.43e05 -3.43e05  -4.91e05  -4.91e05  -5.389e05  -5.389e05 

zM (N-m) -5.17e06 -5.17e06 -5.90e06 -5.90e06 -5.93e06 -5.93e06 

xM (N-m) **  5.72e05 **  8.97e05 **  9.02e05 

IB (N-m2) ** 5.56e03 ** 1.05e04 **  8.81e03 

DM (N-m) ** -2.73e04 ** -3.33e04 ** -3.91e03 

IIB (N-m2) ** -5.33e04 ** -6.48e04 ** -6.33e04 

**  Not applicable due to symmetric nature of the load 

Table 2.5 Stress resultant due to IRC Loadings in two lane box-girder bridge  
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2.5.3 A Two-Span Double-Cell Box- Girder Subjected to Eccentric Load 

      A two span continuous double-celled straight box-girder model subjected to two-eccentric 

point loads has been analyzed. The span of each box-girder is 3.5 m. The longitudinal 

elevation and cross-section are shown in Fig. 2.33 (a) and (b). Diaphragms are located at the 

supports preventing in-plane distortion of the cross-section. Sixteen thin-walled box-girder 

elements were used for the present analysis. Fig.2.34 (a), (b), (c) and (d) show the distribution 

of bending moment, torsional bi moment distortional moment and distortional bi-moment 

along the span. Fig.2.35 (a) and (b) show the distribution of longitudinal stresses and 

transverse bending moments across the cross-section at mid-span. The results have been 

observed to match with Zhang and Lyons (1984). 

 

 

 

 

 

 

 

 

 

 

 

 

 

E  = 2.90 × 1010 N/m2 

ν   = 0.18 

G   = 1.229 × 1010 N/m2 

zI  = 5.0309 × 10-4 m4 

 J    = 1.314 × 10-3 m4 

 JI   = 6.6403 × 10-6 m6 

 JII  = 5.3408 × 10-6 m6 

 Jd   = 0.116 × 10-3 m2 

 μt   = 0.311 

 A = 0.05025 m2 
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200100 100
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Fig. 2.33 (b) Cross-section (mm) and member properties 
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Fig. 2.33 (a) Longitudinal elevation (mm) 
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Fig 2.34 (a) Bending moment ( ZM )  

Fig 2.34 (b) Torsional bi-moment ( )IB  

Fig 2.34 (c) Distortional moment ( )DM  
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Fig. 2.35 (a) longitudinal normal stresses at mid-span section (N/m2)  
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Fig.2.35 (b) Transverse distortional bending stress at mid-span section (N/m2)  

Fig.2.34 (d) Distortional bi-moment ( )IIB  
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2.6 CLOSURE 
 
 
      The finite element formulation of thin-walled box-spine bridges as proposed by Zhang 

and Lyons (1984) has been adopted in this study. The three-noded one-dimensional beam 

model developed, takes into account torsional warping and distortion characteristics of thin-

walled box-spine bridges, apart from the usual extensional, flexural and torsional behavior. 

The effect of shear lag has been taken into account using the effective breadth concept. A 

computer program, based on the above three-noded one-dimensional element, has been 

developed. A supplementary program that evaluates the sectional properties of a box-girder 

cross-section has also been developed. The main advantage of the proposed method of 

analysis is that it may be used for bridge analysis in situations where a full three-dimensional 

analysis is unnecessary, such as during preliminary design stages. Further, the dynamic 

analysis due to seismic excitation will be also very efficient as a substantial reduction in 

overall degrees of freedom is achievable by using three noded one dimensional beam model.  
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  CHAPTER 3 
 

FREE VIBRATION CHARACTERISTICS  
 

3.1 INTRODUCTION 
 
         The studies on free vibrational characteristics of thin walled box girder bridges have been 

carried out since the modal parameters like natural frequencies and mode shapes are important 

for understanding the dynamic behavior of the structure. The bridge deck systems with 

continuously distributed mass have infinite number of natural frequencies, however, only few 

lower of those frequencies have practical significance. The thin-walled box beam finite 

element which has been introduced in chapter 2 has been considered for the free vibration 

analysis of thin walled box girder bridges. As per the records available, this element has not 

been used for the dynamic analysis. The experiment on free vibration has been conducted in 

the laboratory with a perspex sheet model of a curved bridge. The natural frequencies and 

mode shape obtained from the theoretical analysis have been validated by experimental data. 

The tensile test on the specimen made of perspex sheet has also been conducted in UTM 

(Make: INSTRON) to evaluate material properties that was used in FEM analysis to obtain 

modal parameters. The subsequent studies on complex bridge vehicle interaction problems 

have been carried out based on the satisfactory performance of the evaluated modal 

parameters.     
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3.2 EIGEN VALUE PROBLEM FOR UN-DAMPED SYSTEM 
 
    The general equation of motion for an un-damped free vibration system can be written as 

[ ] [ ][ ]+ = 0M δ K δ⎡ ⎤⎣ ⎦
&&                                                                                                             (3.1)  

where [ ]δ , δ⎡ ⎤⎣ ⎦
&&  are the values of the global displacements and accelerations, 

 [K]and [M]   are the global stiffness and mass matrix after applying boundary conditions. 

Assuming harmonic motion in natural mode of vibration, the response can be written as  

         { } { } ( )   sin  tXδ ω φ= +                                                                                               (3.2) 

where {X} is the vector of nodal amplitude of vibration, ω  is the circular natural frequency of 

vibration [rad/sec] and φ  is the phase angle.  

Substitution of (3.2) in (3.1) leads to the generalized eigen value problem.   

{ }2    [ ] [ ] { } 0K M Xω− =                                                                                                       (3.3)   

Eq. (3.3) is solved using a standard eigen solver to obtain the values of natural frequencies and 

mode shapes of the box girder bridge.  

3.3 VIBRATION TESTING  

      Free vibration testing has been carried out with the model of a curved thin walled box 

girder bridge. The modal parameters have been found experimentally for a simply supported 

thin-walled curved box girder model and compared with the finite element results.  

3.3.1 Model Description and Evaluation of Material Properties 

          The model of the bridge has been fabricated from perspex sheets. The dimensions of the 

bridge were selected based on the model mentioned by Zhang (1983). The span of the model 

considered is 60 in (1.52 m) with the radius of curvature of 1200 in (30.48 m). The cross-
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sectional dimension is shown in Fig.3.1. It was necessary to determine the material properties 

of which the model has been made so as to give realistic input to the finite element analysis.  

The tensile strength test has been carried out on a specimen from the same perspex sheet, 

which has been used for making the bridge model. Fig 3.2 shows the details of specimen used 

in tensile testing. The tensile testing has been carried out in a universal testing machine (Make: 

INSTRON, Model: 8801, Capacity: 100 KN) with extensometer that measures the strain which 

the sample undergoes during the tensile test. The tensile loading was applied with a crosshead 

speed of 2mm/min till failure.  The extensometer is attached to the sample by small spring 

clamps.  The stress-strain curve obtained in the experiment has been shown in Fig. 3.3.  The 

slope of the initial linear portion of the stress-strain curve is taken as the modulus of elasticity 

(E) (Geore 1988). The linear relationship between stress-strain in the elastic region of stress-

strain curve is described by Hooke’s law as 

                             Tensile stress 11.62Modulus of Elasticity (  )   
Tensile strain 0.00398

E = = =2922.35Mpa                                

                                                                              
                                                                        = 2.92235× 109 Pa (4.2385× 105 psi) 

 

The density of the material is obtained as 1108 kg/m3 (0.04002 psi3 ). 

 
3.3.2 Fabrication of Support 
 
      The simulations of appropriate support conditions are very important as this influence the 

extraction of the desired modes of vibration. The fabrication of the pinned support end for the 

perspex sheet model of the curved box girder bridge has been done with the help of one half of 

a 150 mm long and 28 mm diameter steel pipe. 8mm mild steel bars (as inserts) have been 

welded at the bottom of the half pipe, which are embedded to a concrete block (250mm × 

250mm ×150mm). 26 mm diameter solid plastic rods have been fixed at the bottom surface of 
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each end of the perspex sheet model. One end of the bridge model with the plastic solid pipe is 

placed inside the half steel pipe, thus allowing only rotations to occur. The other end (roller 

end) of the bridge with plastic solid pipe rests on a smooth concrete block (Fig.3.4).   

3.3.3 Sensor Locations and Fittings 
 
        The locations of sensors for picking up responses play important role in extracting the 

mode shapes of the vibrating specimen under study. M5 thread holes have been drilled in 

appropriate locations of the thin-walled curved box girder model to provide mounting for the 

accelerometer on the specimen. The M5 thread holes have been made along two rows (one 

along the deck and the other along the vertical wall of the box girder) for nine different 

locations. The holes are placed uniformly at an interval of 100 mm as shown in Fig.3.4.  

3.3.4 Instrument Setup 

        The responses have been picked up with the data acquisition front end of FFT analyzer in 

the form of frequency response function. Vibration testing in FFT analyzer also indicates the 

resonant frequencies with the help of its compatible PULSE software. The instrument, Bruel & 

Kjaer 3560 D Pulse Analyzer (Frequency range 0-112.5 kHZ) with data acquisition system has 

been used for picking up the responses from the specimens subjected to vibration. The system 

consists of a PC with LAN interface, PULSE software and IDAe based data acquisition front-

end hardware. Other accessories in the experimentation consist of transducers and condition 

amplifiers. The piezoelectric accelerometer is the optimum choice of vibration transducer. 

These piezoelectric accelerometers are used to measure all type of vibrations regardless of the 

nature of the vibration in the time domain and the frequency domain, as long as the 

accelerometer has the correct frequency and dynamic range. The types of accelerometers used 

in the present work are shown in Table 3.1. The Table contains details of frequency range, 
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sensitivity and weight of various accelerometers. The heart of the accelerometer is its 

piezoelectric elements, which are usually made from an artificially polarized ferroelectric 

ceramic. These piezoelectric elements have the property of producing an electric charge, which 

is directly proportional to strain and thus the applied force, when loaded either in tension, 

compression or shear.  

NEXUS™ Conditioning Amplifier Type 2692 provides the interface between the transducers 

and PULSE for charge accelerometer. BNC input connectors are used to link up with amplifier. 

The channels have comprehensive high and low-pass filtering facilities. The filters can be set 

up for specific tasks. NEXUS™ conditioning amplifiers are contained with an optional 

rechargeable battery and hence as well suited for laboratory as well as field use.  

3.3.5   Test Procedure 

       The bridge model has been subjected to impact load on the top surface at a particular 

location. This is carried out by giving impact with the help of 150 gm impact hammer on the 

top of the bridge deck. The complete experimental set up is shown in Fig.3.5. The 

accelerometers are fed to input channels in the front end of FFT analyzer. The FFT analyzer 

consists of acquisition front end with AC/DC power supply, 100 kHz input modules, generator 

modules, signal analyzer input modules and output modules. The signal analyzer interface 

module handles all digital data communication between the Digital Signal Processing unit (s) 

and modules in acquisition front end. All the input modules have a dynamic range greater than 

80 dB. The output channels from FFT are connected to a PC loaded with PULSE software, 

which enables the processing of the response signals.  
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Fig. 3.1 Geometry (inch) and properties of the box girder model 

 

 

 

 

 

 

 

 

 

  

 
 Fig 3.2   Perspex sheet specimen for tensile strength test 
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                  Fig. 3.3   The tensile stress-strain curve of the perspex sheet specimen 

 

 

Table 3.1 Details of accelerometers used for the experiment 

Property Type 4371 Type 4381 Type 4396 

Type 

Frequency range (Hz) 

Sensitivity (pC/ms-2) 

Weight (grams) 

Charge 

0.2-9100 

1 ± 2% 

11 

Charge 

0.2-3500 

10 ± 2%  

43 

Deltatrone 

1-25000 

10 ± 2% (mV/ms-2) 

18.2 
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Fig. 3.4 Schematic diagram of experimental set-up for thin-walled curved 
box girder model fabricated from perspex sheets 
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Fig. 3.5 Experimental setup for free vibration study of a curved box girder bridge model 
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3.3.6 Modal Data Extraction 
 
     Once the frequency response of a test structure is obtained, the post processing is done to 

evaluate damping ratios and modal amplitudes associated with each resonant peak of the 

measured frequency response function. The frequencies, damping ratios and mode shape of the 

test specimen are shown in the subsequent sections.  

3.3.6.1 Natural Frequencies and Damping Ratio 
 
      The natural frequencies have been obtained by observing the frequencies at which peaks 

are prominent in the frequency response function. The damping ratio associated with each peak 

of the frequency response function is assumed to be the modal damping ratio iζ . Half Power 

Band Width Method (Inman 2001) has been utilized for the evaluation of the damping ratio 

(ζ ) of the model bridge. To obtain the modal damping ratios, the frequency response functions 

(compliance) magnitude plot is considered as shown in Fig 3.6. 
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Fig.3.6 Magnitude of FRF for calculating modal damping ratio by 
using Half Power Band Width Method 
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For systems with small damping, the peak ( )H ω  at resonance is well defined. The modal 

damping ratio ζ  is related to the frequencies corresponding to the two points (a, b) on the 

magnitude plot, where 

  ( ) ( ) ( )
2

d
a b

H
H H

ω
ω ω= =                (3.4) 

The bandwidth b aω ω−  is equal to 2 dζω , so that 

  
2
b a

d

ω ωζ
ω
−

=                  (3.5) 

Here dω  is the damped natural frequency at resonance and aω  and bω  satisfy condition of Eq. 

(3.4).  

3.3.6.2 Mode Shape Measurement 
 
 
      Determining the mode shapes from experimentally measured transfer function is slightly 

more complicated and involves the measurement of several transfer functions. Mode shapes 

have been experimentally determined from the Frequency Response Functions (FRF) and 

corresponding phase angle plot at different sensor locations. In the present study, data from 

nine sensor locations have been used.  A Quadratic Peak Picking Method suggested by Inman 

(2001) has been adopted to extract the mode shape from observed data and compared with 

theoretical results. The basic idea was to establish a relation between the receptance matrix and 

the system’s mode shapes, which can be utilized in testing to provide a measurement of the test 

specimen mode shapes. 
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The procedure for obtaining mode shape from experimentally observed frequency response 

function at different sensor locations are explained below: 

Let us consider the response of the multiple degree of freedom system, subjected to harmonic 

force input, which is represented in a complex form by{ } j tf e ω . 

where f = amplitude of force 

         ω  = circular natural frequency [rad/sec], 

          j is imaginary unit. 

The equation of motion becomes 

  [ ][ ] [ ][ ] [ ][ ] { } j tM x C x K x f e ω+ + =&& &                                           (3.6) 

The forced response can be constructed by assuming that the solution x(t) is harmonic, of the 

form ( ){ } { } j tx t u e ω= . where {u} = amplitude of  the displacement vector. Substitution of this 

form in Eq. (3.6) yields 

             [ ] [ ] [ ]( ){ } { }2K M j C u fω ω− + =                              (3.7) 

 Thus { } [ ] [ ] [ ]( ) { }12u K M j C fω ω
−

= − +        (3.8) 

The receptance matrix, denoted as ( )α ω⎡ ⎤⎣ ⎦  is defined by 

  ( ) [ ] [ ] [ ]( ) 12K M j Cα ω ω ω
−

= − +⎡ ⎤⎣ ⎦       (3.9) 

The Eq.(3.8) can be written in simplified form as { } ( ) { }u fα ω= ⎡ ⎤⎣ ⎦  

The modal stiffness matrix can be represented in diagonal form as (Inman 2001). 

[ ] [ ] [ ] [ ][ ] [ ]1/ 2 1/ 22 T
k idiag P M K M Pω − −⎡ ⎤Λ = =⎣ ⎦           (3.10) 
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where [P]is the matrix of normalized eigenvectors of the matrix [ ] [ ][ ]1/ 2 1/ 2M K M− − .  

Similarly, if the modal damping is assumed to be proportional to mass, the modal damping 

matrix can be written as 

 [ ] [ ] [ ] [ ] [ ][ ] [ ]1/ 2 1/ 22 T
c i idiag P M C M Pζ ω − −Λ = =                            (3.11) 

Premultiplying Eq. (3.10) by [ ] [ ]1/ 2M P   and post multiplying the same by [ ] [ ]1/ 2TP M  one 

gets 

 [ ] [ ] [ ][ ][ ] [ ]1/ 2 1/ 2T
kK M P P M= Λ              (3.12) 

since [ ] [ ] [ ]TP P I= . [I] is unitary matrix. Similarly, the damping matrix can be written from 

Eq.  (3.11) as 

  [ ] [ ] [ ][ ][ ] [ ]1/ 2 1/ 2T
cC M P P M= Λ              (3.13) 

Substitution of Eq. (3.12) and (3.13) for [K] and [C] into Eq. (3.9) for the receptance matrix 

yields 

  ( ) [ ] [ ] [ ] [ ] [ ]( )[ ] [ ]
11/ 2 1/ 22 T

k cM P I j P Mα ω ω ω
−

⎡ ⎤= Λ − + Λ⎡ ⎤⎣ ⎦ ⎣ ⎦   

        [ ] [ ] [ ] [ ]( )[ ]
1

2 T
k cS I j Sω ω

−
⎡ ⎤= Λ − + Λ⎣ ⎦      

          [ ] ( )[ ]
1

2 2  2 T
i i iS diag j Sω ω ζ ωω

−
⎡ ⎤= − +⎣ ⎦          (3.14) 

where [ ] [ ] [ ]1/ 2S M P= , called the matrix of mode shapes, each column of which is a mode 

shape vector. 
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The Eq.  (3.14) can be written as 

  ( ) [ ] [ ] 1
2 2

1 
2

T

i i i

S diag S
j

α ω
ω ω ζ ωω

− −⎡ ⎤
=⎡ ⎤ ⎢ ⎥⎣ ⎦ − +⎣ ⎦

              (3.15) 

since the inverse of a diagonal matrix is obtained simply by inverting its nonzero diagonal 

elements. 

Eq.  (3.15) for receptance matrix can be expressed as a summation of n terms by realizing that 

the columns of TS −  are the mode shape vectors of the system, denoted by iu . So Eq.  (3.15) can 

be written as 

  ( ) ( ) ( )2 2
1 2

Tn
i i

i i i i

u u
j

α ω
ω ω ζ ωω=

⎡ ⎤
⎢ ⎥=⎡ ⎤⎣ ⎦ − +⎢ ⎥⎣ ⎦

∑                      (3.16) 

where n is the number of modes. 

This representation provides a connection between the receptance matrix and the system’s 

mode shapes, which can be exploited in testing to provide a measurement of the test specimen 

mode shapes. 

The element of the receptance matrix located at the intersection of the sth row and rth column 

( )α ω⎡ ⎤⎣ ⎦  is essentially the transfer function between the response ( )su  at point s, and the input 

( )rf at point r, when all other inputs are held at zero. 

The srth element of ( )α ω  is given by 

  ( ) ( ) ( )2 2
1 2

Tn
i i sr

sr
i i i i

u u

j
α ω

ω ω ζ ωω=

⎡ ⎤⎣ ⎦=⎡ ⎤⎣ ⎦ − +
∑              (3.17) 
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which relates the transfer function between a given input and output, ( )srα ω⎡ ⎤⎣ ⎦ , to elements of 

the mode shapes iu . 

Since ( )α ω⎡ ⎤⎣ ⎦  is a matrix, it cannot be written as the ratio of an output to an input. However, 

each element of ( )α ω  is a transfer function: 

  ( ) ( )s
srsr

r

u H
f

α ω ω= =⎡ ⎤⎣ ⎦             (3.18) 

where ( )srH ω  is the transfer function between an input at point r and an output at point s. If it 

is assumed that the modes, or peaks, of the system are well spaced, the summation in Eq. 

(3.17) evaluated at a natural frequency will be dominated by one term, the term corresponding 

to that frequency.  

Substituting iω ω=  in   Eq. (3.17) and taking the magnitude, one has 

                      ( ) 22

T
i i sr

sr i
i r

u u
α ω

ζ ω
=                                                                          (3.19) 

where it is assumed that the contributions from the other terms in the summation are much 

smaller because of the nonzero term 2 2
iω ω−  in their denominators. 

 Eq. (3.19) can be written as 

  ( )22T
i i i i sr isr

u u Hζ ω ω=                 (3.20) 

where ( ) ( )sr i sr iH ω α ω=  is the magnitude of the frequency response function measured 

between points s and r and evaluated  at the ith natural frequency. 
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This equation relates the measured damping ratio, iζ , measured natural frequency, iω , and the 

measured magnitude of the transfer function, ( )sr iH ω , to the ith mode shape, iω , and hence 

provides a measure of the mode shape of the test structure. The phase plot of ( )iH ω  can be 

used to determine the sign of the element T
i i sr

u u . 

Eq.(3.20)  gives only the measurement of magnitude of one element of  [ ] T
i i sr

u u .The phase 

plot of ( )iH ω  is used to determine the sign of element. To construct the [ ] T
i i sr

u u  matrix, one 

has to obtain FRF at points i=1,2,........s corresponding to each position of input   

i=1,2,………..r. In the experiment, FRF at nine sensor location have been obtained in pulse 

analyzer corresponding to each input locations. The peak of FRF is multiplied by 2
12ζω as 

given in Eq. (3.20) to obtain the mode shape vector{ }iu .  

3.3.7 Experimental Results and Discussion 
 
      First two frequencies for the simply supported curved box girder model have been 

determined experimentally by picking up responses through the accelerometers mounted on the 

curved box girder model along the center line of deck. Accelerometers are also mounted on the 

web of the box girder to capture lateral mode if any. Experimental data were processed by the 

Bruel & Kjaer FFT analyzer with in-built PULSE software.  
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Fig. 3.7 Frequency response function plot for the simply supported curved box girder bridge 
model 

 

      The natural frequencies for the simply supported curved box girder model during an impact 

excitation could be observed accurately for the first two modes and hence results are presented 

for the first two modes. These two modes correspond to vertical and lateral bending of the 

bridge specimen.  

        Fig.3.7 shows a Frequency Response Function (FRF) obtained experimentally. The peaks 

of the FRF correspond to the natural frequencies of the bridge being tested. The variations 

between theoretical and experimental results of the first two frequencies have been presented in 

Table 3.2. The modes shapes as obtained theoretically as well as from experimental 

observation have been presented in Fig.3.8 and 3.9. The agreement obtained has been observed 

to be quite satisfactory. The experimentally evaluated damping ratios as obtained by Quadratic 
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Peak Picking method from the FRF plot have also been presented in Table 3.2. The FRF 

corresponding to different sensor locations have given identical values of both the natural 

frequencies observed experimentally.  

 

            Table 3.2 Structural natural frequencies and damping ratios of box girder bridge 

 

Frequency (Hz) Mode sequence 

Theoretical (FEM) Experimental (FFT) 

% 

Difference 

Damping 

Ratio (ζ ) 

First mode (flexural) 59.1726 61.50 3.93 0.04509 

Second mode (lateral) 116.2049 121.00 3.96 0.03361 

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.8   1st mode (flexural) shape of curved box girder 

 

 

 

0.00E+00

2.00E-01

4.00E-01

6.00E-01

8.00E-01

1.00E+00

1.20E+00

0 20 40 60

Distance (inch)

M
od

el
 D

is
pl

ac
em

en
t

Theortical(FEM)

Experimental(FFT)

TH-480_01610403



 126  

 

 

 

 

 

 

 

 

 

 

 

Fig. 3.9    2nd mode (lateral) shape of curved box girder 

 
          Further, in order to compare the natural frequencies of the curved box-girder model with 

standard results, analysis has been carried out using ANSYS (version 6.0) general purpose 

finite element software. Eight noded shell elements have been used for modeling the curved 

box-girder bridge model for the estimation of modal parameters. The frequencies as obtained 

from ANSYS are shown in Table 3.3 and have been observed to be very close to the finite 

element solution obtained using Zhang and Lyons (1984) element. The first mode shape of the 

bridge model, as observed from ANSYS is shown in Fig. 3.10. 
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Table 3.3 Verification of the performance of Zhang and Lyons (1984) element 

 

Frequency (Hz) Mode sequence 

Zhang and Lyons 

(1984) element 

Shell element 

(ANSYS) 

First mode (Transverse 

Bending) 

59.1726 60.13 

Second mode (lateral 

bending) 

116.2049 116.54 

 
 
 
 
 
 
 

 

 Fig. 3.10 First mode shape of curved box-girder bridge (using ANSYS) 
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3.4 PARAMETRIC STUDY 
 
        Having obtained the modal parameters of curved box girder bridge model by experiment, 

the natural frequencies and mode shapes have been evaluated again using the adopted finite 

element model for a simply supported concrete bridge with a span of 30 m for parametric 

study.  Mainly, the effect of curvature on the free vibration characteristics of box-girder 

bridges has been studied. The cross-sectional dimension and geometry properties are shown in 

Fig.3.11 The bridge has got end diaphragms. The mass density of the bridge materials is 2403 

kg/m3, while modulus of elasticity and Poisson’s ratios has been taken as 3.45 e+10 N/m2 and 

0.15. First ten frequencies and mode shapes have been presented in Table 3.4 for the bridge 

with the radius of curvature of 40 m. The modes shapes show the presence of coupled modes 

even in the early modes of the curved box-girder bridge. However the initial few modes show a 

significant contribution of either the conventional modes corresponding to the translational 

degrees of freedom or the eigen modes corresponding to the distortion and torsion. The 

evaluation of natural frequencies and mode shapes have also been carried out corresponding to 

a finite element representation using the conventional beam element having six degrees of 

freedom only and have been presented in Table 3.5. The exercises have been carried out in 

order to examine the differences of results with the present finite element adopted for the 

discretization of the thin walled box girder curved bridge. It has been observed that though the 

initial translational frequencies are quite identical corresponding to both the types of finite 

elements, the torsional frequency shows a significant difference. Further, in order to 

demonstrate the effect of curvature on the free-vibration, analyses have been carried out with 

varying radii of curvatures (40 m – 200 m) of the box girder bridge. Table 3.6 shows the 

variation of frequencies of the bridge with the change in the radius of curvature of the bridge. 
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The Table shows that the frequencies change slightly with the increase in the radius of 

curvature of simply supported box-girder bridge. In general, the effect of curvature of practical 

curved-box girder bridges on frequency is not significant. An identical observation has also 

been mentioned in Huang et al (1998) by carrying out similar parametric studies on a simply 

supported curved box-girder bridge. 
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Fig. 3.11 Cross-section of the box-girder bridge 

 
E  = 3.45 e+10 N/m2 

ν   = 0.15 

G   = 1.5 e+10 N/m2 

zI  = 1.6061 m4 

J    = 3.2593 m4 

JI   = 0.79304 m6 

JII  = 1.01304 m6 

Jd   = 0.00563 m2 

μt  = 0.365 

A = 3.7050 m2 
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 Table 3.4 Mode shape for curved box-girder bridge considering 9 d.o.f elements 

Mode Natural  Frequencies 
(Hz) 

Mode Shape 

1. 
4.1898 

 

 

 

 

2. 
11.7081 

 

 

 

 

 

3. 
16.3744 

 

 

 

 

 

4. 
23.8249 

 

 

 

 

 

5. 
26.6891 

 

 

 

 

 

6. 

31.1207 
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7. 
33.8420 

 

 

 

 

 

8. 
36.5429 

 

 

 

 

 

9. 

 

40.2627 

 

 

 

10. 

 

44.8571 

 

 

 

 

 

 

 

 

 

 

 

 

Table 3.4 (Contd.) 
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     Table 3.5 Mode shape for curved box-girder bridge considering 6 d.o.f element 

Mode Natural  Frequencies 
(Hz) Mode Shape 

1. 
4.2209 

 

 

 

 

2. 
11.7081 

 

 

 

 

 

3. 
16.4561 

 

 

 

 

 

4. 
31.1207 

 

 

 

 

 

5. 
34.2464 
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6. 44.8571 

 

 

 

7. 
46.5872 

 

 

 

 

 

8. 
59.2860 

 

 

 

 

 

9. 

 

80.0740 

 

 

10. 89.2602 

 

 

 

 

 

 

 

 

 

Table 3.5 (Contd.) 

-5 5 15 25 35

Distance (m)

-5 5 15 25 35

Distance (m)

-5 5 15 25 35

Distance (m)

-5 5 15 25 35

Distance (m)

-5 5 15 25 35

Distance (m) 

TH-480_01610403



 134  

 

Table 3.6 Influence of radius of curvature on frequencies 

Frequencies(Hz)  

Radius 

(m) 
1st 

Mode 
2nd 

Mode 
3rd 

Mode 
4th 

Mode 
5th 

Mode 
6th 

Mode 
7th 

Mode 
8th 

Mode 
9th 

Mode 
10th 

Mode 

40  
4.189 

 
11.708 

 
16.374 

 
23.824 

 
26.689 

 
31.120

 
33.842 

 
36.542 

 
40.262

 
44.857

90 
4.245 12.487 16.719 23.864 26.914 31.50 35.757 37.405 39.594 44.641

120 
4.398 12.573 16.786 23.869 26.940 31.523 36.029 37.507 39.400 44.614

150 
4.341 12.607 16.793 23.920 26.999 31.528 36.155 37.589 39.365 44.600

200 
4.323 12.643 16.788 23.936 26.993 31.535 36.252 37.614 39.233 44.589

 
 
 
3. 5. CLOSURE 

       A computationally less expensive and realistic three noded thin-walled box beam element 

has been utilized for the modeling of the bridge curved in plan. The applicability of such an 

element for the dynamic analysis has been verified by evaluating the modal parameters of a 

curved box girder model theoretically as well as experimentally. The credibility of the adopted 

finite element for dynamic analysis has been further enhanced by carrying out analysis in 

ANSYS (version 6.0) general purpose finite element software for the estimation of modal 

parameters. The frequencies as obtained from ANSYS have been observed to be very close to 

the finite element solution obtained using Zhang and Lyons (1984) element. Further the 
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performances of the three noded thin-walled box-beam element have been compared with 

those of conventional (6-d.o.f) box-beam element and the necessity of the adopted finite 

element for handling of curved box-girder bridge have been very clearly realized. However, it 

has been observed that the effects of curvature of most of the practical bridges are 

insignificant.  
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Fig. 3.5 Experimental setup for free vibration study of a curved box girder bridge model 
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CHAPTER 4 
 

BRIDGE-VEHICLE INTERACTION 
 

4.1 INTRODUCTION 
 
     The problem of vehicle-bridge dynamic interaction has been an important topic in the field of 

civil engineering. In particular, attention is paid to vibrations that might affect the durability of 

the structure as well as safety and comfort of passengers. Mathematical models have been 

developed to be able to describe the dynamic behavior of the supporting structure and the 

vehicles in terms of two uncoupled and coupled systems. Bridge vehicle vibration is a complex 

phenomenon governed by a large number of different parameters such as characteristics of 

vehicle, characteristics of bridge structure and their mutual influence on each other.  In design 

practice, the dynamic effect caused by the fluctuating force component induced by the moving 

vehicle is taken into consideration by magnifying the live load effect by a multiplying factor 

termed as impact factor. In the present work, the impacts on curved box-girder bridges due to 

vehicle moving across rough bridge deck has been analyzed using bridge-vehicle coupled 

dynamics. 

4.2 SYSTEM MODELS 
 
    The dynamic analysis of a bridge due to vehicle-induced vibration is considered as a coupled 

bridge-vehicle interaction problem with bridge deck surface irregularity significantly 

contributing to the overall response of the bridge structure. Thus, appropriate modeling of 

vehicle, deck surface and the bridge are very much essential for reliable evaluation of dynamic 

response.  
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4.2.1 Vehicle Model 
 
    A bridge is subjected to a variety of vehicular loading. The model of vehicle chosen for the 

present investigation of the dynamic interaction is seven degrees of freedom, heave-pitch-roll 

model (Yadav and Upadhyay 1993) as shown in Fig.4.1. The model is well representative of the 

prevailing design truck as available in India and surrounding South Asian countries and is fully 

capable of idealizing all the important motion components of the vehicle and their interaction. 

The model consists of one rigid beam representing vehicle body, whose mass is lumped at the 

centroid of the rigid beam and is known as “sprung mass” the vehicle. There are four unsprung 

masses which represent mass of the wheel, tires and part of suspension systems. The sprung 

mass has been assigned three degree of freedom, which corresponds to the vertical displacement 

z  (heave motion along vertical axis), rotation about the longitudinal axis θ (pitch) and rotation 

about the transverse axis ψ  (roll). The unsprung masses are assumed to have only heave motion, 

a vertical displacement zip . The first suffix i denotes wheel position. The suffix i can be taken 1 

for the right wheel and 2 for the left wheel. The second suffix p gives the axle sequence, starting 

with the front axle. The vertical displacement of sprung, unsprung mass and that of box-girder 

bridge are considered positive upward. The pitch and roll motion of sprung mass are considered 

positive in clockwise direction. 

The total seven independent degrees of freedom of the vehicle model can be written as  

                         [ ] , , ,    1, 2; 1,2;D z z i pipψ θ⎡ ⎤= = =⎢ ⎥⎣ ⎦
                                      (4.1) 

The centrifugal force (Fc) of each mass has been assumed to act horizontally at its centroid.  
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    (a)               (b) 

           

Fig.4.1    3-D Vehicle model with seven degrees of freedom (a) Side view (b) End view   
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4.2.2 Bridge Deck Roughness 

     The bridge deck unevenness causes moving vehicles to pick up dynamic excitation, which in 

turn imposes oscillatory loads on the deck. The degree of unevenness, however, varies depending 

upon the quality of construction and maintenance works. Simplified analysis can be performed 

assuming road surface in the form of sinusoidal wave, triangular wave or step function. But they 

do not reflect the actual behavior, since surface profiles are rarely of simple forms. The analyst 

needs to choose an appropriate model for the deck roughness.  Investigations on road surface 

unevenness confirmed that it could be represented as the realization of random process, which 

may be assumed as homogeneous and ergodic in space (Dodds and Robson 1973). The vertical 

height of the bridge deck profile along the longitudinal axis measured with respect to flat datum 

are taken positive upward at a distance x from the reference station. This can be represented 

(Honda et al. 1982) as  

( ) ( )( )m rh x h x h x= +                              (4.2 (a)) 

where hm(x) is the deterministic function describing the deck mean surface and hr(x) is a zero 

mean random process. 

The location x can be taken as  

( ) 2
0 1 2  x t a a t a t= + +                                                                                                    (4.2 (b)) 

where 0 1,    a a and 2  a are constants. For constant velocity case 2  =  0a  

4.2.2.1 Simulation of Road Roughness  
 
      To find the dynamic tyre force on the bridge deck, resulting from the vibration of moving 

vehicle it is necessary to specify input to the wheels. The random road surface irregularity has 

been taken as the source of dynamic excitation. In the present study, random road unevenness is 
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specified in terms of power spectral density (PSD) function. Vehicle response and hence 

dynamic tyre force can be obtained by using standard numerical integration scheme, with deck 

profile digitally simulated from the selected PSD function. The random road surface roughness 

hr(x) of the bridge can be described by zero mean, stationary Gaussian ergodic process in space.  

Shinozuka (1971) proposed that random road profile can be expressed as 

1
( ) cos(2 )

N

r k k k
k

h x xα π φ
=

= Ω +∑                                                                                         (4.3)                         

where αk is the amplitude of the cosine wave, Ωk, is the spatial frequency (rad/m) within the 

interval [Ωl, Ωu] in which power spectral density function is defined, φk, the random phase angle 

with uniform probability distribution in the interval [0, 2π]. x is the global coordinate measured 

from  left end of the bridge and N is the total number of terms used to built up the road surface 

roughness in Eq.(4.3). The value of N depends on the velocity of the vehicle (hence the total time 

taken to cross the bridge) and size of the time increment chosen for the analysis of the dynamic 

response (N=Total time/Δt). The parameters αk and Ωk are computed as 

2 4 ( )k r kSα = Ω ΔΩ                                                                                                            (4.4) 

( 1/ 2)k l kΩ = Ω + − ΔΩ                                                                                                              (4.5)                         

( ) /u l NΔΩ = Ω −Ω                                                                                                                     (4.6)                         

where Sr(Ωk) is the PSD function (m3/rad), Ωl and Ωu are the lower and upper cut-off spatial 

frequencies (rad/m), respectively. 

The PSD function Sr(Ωk) is expressed in terms of the spatial frequency of the road surface 

roughness Ωk (in rad/m). The following form of PSD of deck roughness suggested by Hwang 

and Nowak (1991) has been used as the dynamic input to the moving vehicles. 
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,
( )

0

r
s k l k u

r k
for

S
else where

βα −⎧ Ω Ω < Ω < Ω
Ω = ⎨

⎩
                                          (4.7) 

where the parameter αs is a spectral roughness coefficient in m2/ (m/cycle), and βr is the spectral 

exponent which is taken as 1.94. The spatial frequency can be transformed to temporal frequency 

ω (rad/sec) if the vehicle forward velocity is known. The relationship between spatial frequency 

Ω (rad/m) and temporal frequency ω (rad/sec) for the surface profile is given by  

Vω = Ω                                                                                                                                       (4.8) 

in which V is the vehicle forward velocity. The road surface condition may be classified in to 

five classes according to ISO specification in terms of coefficient αs as shown in the Table 4.1. 

 

                                        Table 4.1 Road surface classification 

 
Road surface condition αs (m2/(m/cycle)) 

Very good αs ≤ 0.24 X10-6 

Good 0.24 X 10-6 ≤ αs ≤ 1.0 X  10-6 

Average 1.0  X 10-6 ≤ αs ≤ 4.0 X 10-6 

Poor 4.0 X 10-6 ≤ αs ≤ 16.0 X 10-6 

Very Poor αs >16.0 X 10-6 

       

4.2.3 Bridge Model 
 
    The curved box-girder bridge has been numerically modeled using a thin-walled box-beam 

finite element which has been already introduced in section 2.4. 
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4.3   COUPLED BRIDGE-VEHICLE SYSTEM EQUATIONS   

    The equation of heave motion of the sprung mass can be written as  

     ( ) ( ){ } 0
2

1

2

1
=−−−+−−−+ ∑ ∑

= =i p
ippiipippiips zlbzkszlbzcszm ψθψθ &&&&&&                   (4.9)                         

As the random input of deck profile is not same for the front and rear wheels, the vehicle is    

subjected to pitching. The pitching motion of sprung mass is given by                                  

                        

(4.10)                         

The rolling motion of sprung mass is given by 

                                                

              (4.11) 

 

The front and rear wheel bounce can be represented as                         

( ) ( )
( ) ( )

1,2;pi

vhzkuvhzcu

zlbzkszlbzcszm

ipipipipipipipip

ippiipippiipipip

==

=−−+−−+

−−−−−−−−

   ;2,1

0&&&

&&&&&& ψθψθ

                                    (4.12)    

The governing differential equation of motion of the box-girder bridge can be expressed as  

[ ] { } [ ] { } [ ] { } ( ) ( ){ }
2 2

1 1

222 2 2 2

'
1 1 1 1

          

0

b b b ip ip ip ip ip ip ip ip
i i

ips
s ip

i p i p i

m c k cu z h v ku z h v

m vm vm g m g
R R

δ δ δ
= =

= = = =

+ + − − − + − −

⎛ ⎞⎛ ⎞
+ + + + =⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠

∑ ∑

∑ ∑ ∑∑

&&& & &&

  

                                                                                                                                                  (4.13)                         

The weight of the vehicle and centrifugal forces will also act at appropriate location in addition 

to the damping and spring forces from vehicle as shown in Eq. (4.13). 

Here, 122111242231 ,,, salsalsabsab ==== , 2b  and 2l  are negative quantities. ipv  are the bridge 

displacements under front / rear wheels at any arbitrary time t. iph represents the random input of 

( ) ( ){ } 0  
2

1

2

1
=−−−−−−−−+ ∑∑

= =i p
pippiippippiip lzlbzkslzlbzcsJ ψθψθψ &&&&&&

( ) ( ){ } 0  
2

1

2

1
=−−−−−−−−+ ∑∑

= =i p
iippiipiippiip bzlbzksbzlbzcsI ψθψθθ &&&&&&
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deck profile under the front / rear wheels and iph& are the time derivatives of the random input of 

deck profile.  

The suspension stiffness and damping of the vehicle are denoted by ipks and ipcs . Similarly, the 

tyre stiffness and damping are denoted by ipku  and ipcu . The sprung mass and unsprung masses 

are denoted by sm  and ipm respectively. The pitch and roll moment of inertia of the vehicle are 

designated as J and I, while [ ] [ ] [ ], ,b b bm c k represents the bridge mass, damping and stiffness 

matrices respectively, g is the acceleration due to gravity. R is the radius of curvature with 

respect to the center of gravity of vehicle and R’
i is the corresponding radius of curvature with 

respect to the right and left wheel. The tyres of the vehicle always remain in contact with the 

bridge deck and the coupled bridge-vehicle system is solved for the range of velocities such that 

the interaction force is never less than zero.  

The set of equations (4.9) to (4.13) can be expressed in matrix form amenable to its solution by a 

suitable numerical scheme as 

[ ]{ } [ ]{ } [ ]{ } { }M C K Pχ χ χ+ + =&& &                                                                                           (4.14)  

where [M], [C] and [K] are the global mass, damping and stiffness matrix respectively obtained 

after assembly and applying boundary conditions. The damping matrix has been taken as 

Rayleigh’s damping matrix from the section 4.4. The response vector { }χ includes the vehicles 

sprung mass heave, pitch and roll degrees of freedom, unsprung mass vertical bounce and also 

displacement coordinates defined at the nodal points of the curved bridge. The vector {P} 

represents the generalized force vector which is dependent on pavement roughness, its 

derivative, moving vehicle mass and centrifugal force due to curvature effect. 
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4.4 CONSTRUCTION OF DAMPING MATRIX 

       The damping of the bridge is assumed to be Rayleigh damping (Chopra 2005). In this case, the 

damping matrix is assumed to be proportional to either the mass or the stiffness matrix or 

combination of both because the undamped mode shapes are orthogonal with respect to each of 

these. Thus the damping matrix can be expressed as 

                             [ ] [ ]0 =  ab bc m     or         [ ] [ ]1 =  ab bc k                                                       (4.15) 

in which the proportionality constants 0a  and 1a have units of sec-1  and sec, respectively. These 

are called mass proportional and stiffness proportional damping. The damping behavior 

associated with them may be recognized by evaluating the generalized modal damping value for 

each mode. These may be expressed as 

             T T T
n n 0 n 1 n =   = a   or   a    b n b n b nc c m kφ φ φ φ φ φ                                                                     (4.16) 

             or   2
0     1 n n2  = a  or    a             (where  k   =   )n n n n n nm m k mω ξ ω                                    (4.17) 

      where nφ is the nth mode shape, ,  n nm c and nk  are the normal-coordinate generalized mass, 

damping and stiffness corresponding nth mode  respectively. 

 From Eq.( 4.17). 

                                 0 1  or    
2 2

n
n n

n

a aωξ ξ
ω

= =                                                                        (4.18) 
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An improvement of the results may be obtained, if the damping is assumed to be proportional to 

a combination of the mass and the stiffness matrices as given by the expressions shown in Eq 

(4.15). 

                                     [ ] [ ] [ ]0 1b b bc a m a k= +                                                                          (4.19) 

which is called Rayleigh damping. Rayleigh damping leads to the following relation between 

damping ratio and frequency.          

               0 1 +  
2 2

n
n

n

a aωξ
ω

=                                                                                                    (4.20) 

The relationships between damping ratio and frequency expressed in Eq. (4.18) and Eq. (4.20) 

are shown graphically in Fig 4.2. The combined form of damping as represented by Eq. (4.19) 

has been also shown in Fig.4.2. 

      It is apparent that the two damping factors, 0a and 1a can be evaluated by the solution of a pair of 

simultaneous equations if the damping ratio mξ and nξ  associated with two frequencies nand  mω ω  

in mth and nth mode are known. Writing Eq.(4.20) for each of these two cases and expressing the two 

equations in matrix form leads to 

                   
m

m 0

1n
n

1
a1  =    
a12

m

n

ωωξ
ξ ωω

⎡ ⎤
⎧ ⎫ ⎧ ⎫⎢ ⎥
⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎩ ⎭⎩ ⎭ ⎢ ⎥⎣ ⎦

                                                                           (4.21) 

and the factors resulting from the simultaneous solution are 

                  
n m

0 m
2 2

1
n m

a
  =   2  -1 1a

mn

nn m

ω ω ξω ω
ξω ω ω ω

−⎡ ⎤ ⎧ ⎫⎧ ⎫ ⎢ ⎥⎨ ⎬ ⎨ ⎬− ⎢ ⎥⎩ ⎭ ⎩ ⎭⎣ ⎦
                                                             (4.22) 
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      When these factors have been evaluated, the proportional damping matrix that will give 

required values of damping ratio at the specified frequencies. The variation of damping 

coefficient with frequency as can be obtained from Eq. (4.18) and Eq. (4.20) is shown in Fig 4.2. 

Combined

Stiffness proportional

Mass proportional

ξ n
ξm

ωm ω n  

Fig 4.2 Relationship between damping ratio and frequency for Rayleigh damping 
 
 
 

4.5 SOLUTION TECHNIQUE 
 
    Newmark-β scheme (average acceleration) with predictor-corrector algorithm (Owen and 

Hinton 1960) has been used for the evaluation of dynamic response of the bridge due to vehicle-

induced vibration.  

4.5.1 Explicit Predictor-Corrector Algorithm 

The algorithm has been explained in the following steps. 

1. Begin predictor phase by setting 

 
                             [ ] ( ) 2/21~ 2

1
0

1 nnnnn attvddd β−Δ+Δ+== ++                                             (4.23(a))  
 

                   [ ] ( ) nnnn atvvv γ−Δ+== ++ 1~
1

0
1                                                                    (4.23(b)) 
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                    [ ] 00
1 =+na                                                                                                    (4.23(c))  

2. Evaluate the residual forces using the equation 

                            [ ] [ ] [ ] [ ]( )0
1

0
1

0
,11

0 , ++++ −=Ψ nnnn avdpf                                                                        (4.24) 

3. If required, form the ‘effective’ stiffness matrix using the expression 

                                 ( ) ( )
[ ]( )i
ndKt

C
t

MK 12
*

++Δ+
Δ

= ββ                                                         (4.25) 

      Note that as the mass matrix M does not change *K  will be formed once only. 

4. Performing factorization, forward reduction and back substitution as required to solve 

                 [ ] [ ]00* Ψ=ΔdK                                                                                                (4.26) 

5. Enter the corrector phase in which we set                     

                                           [ ] [ ] [ ]00
1

1
1 ddd nn Δ+= ++                                                                    (4.27(a))      

 

                                           [ ]
[ ][ ]

( )β2
1

1
11

1

~

t
dda nn

n Δ
−= ++

+                                                         (4.27(b)) 

 
                                  [ ] [ ]1

11
1

1
~

+++ Δ+= nnn atvv γ                                                                  (4.27(c))                          

 

6.                  [ ]1
11 ++ = nn dd                                                                                              (4.28(a)) 

                     [ ]1
11 ++ = nn vv                                                                                               (4.28(b)) 

                     [ ]1
11 ++ = nn aa                                                                                               (4.28(c)) 

for use in the next time step. Also set n=n+1, form p and begin next time step where  

11 ,, ++ nn paM   and 1+nf  are the mass matrix, acceleration vector, internal force vector (which may 

depend on the displacements 1+nd  and velocity 1+nd&  and their histories) and applied force vector 

respectively. nn vd ,  and na are the approximation to ( ) ( )nn tdtd &,  and ( )ntd&& . The parameters β  
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and γ  control the accuracy and stability of the method and these values are taken as 0.25 and 0.5 

respectively. The values 1
~

+nd  and 1
~

+nv  are predictor values and 1+nd  and 1+nv are corrector 

values. tΔ is the time interval. 

4.6  NUMERICAL SIMULATION 
 
      Free vibration studies have been conducted prior to the evaluation of dynamic response of 

curved thin-walled box girder bridge due to vehicle-induced vibration. The natural frequencies 

and mode shapes for first two modes have been obtained experimentally and compared with the 

theoretically evaluated values as documented in chapter 3. The validation of modal parameters 

demonstrated the applicability of the thin-walled box-beam finite element for the evaluation of 

dynamic response of the box girder bridge. 

 

4.6.1 Vehicle Induced Vibration 
 
        The vibrations of the bridge induced by moving vehicles at different velocities have been 

studied for a set of bridge and vehicle parameters presented in the subsequent sections. One 

percent of critical damping is taken for the first and second modes. It is assumed that the bridge 

surfaces have the same roughness in the transverse direction. The initial conditions viz 

displacements and velocities of all degrees of freedom are taken zero. It is also assumed that the 

roadway approaches also have the same class of road surface as the bridge. Appendix-D 

illustrates the sequence of operation for the dynamic analysis of bridge vehicle coupled system. 
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4.6.2 Vehicle Parameters 
 
      The vehicle model as mentioned in section 4.2.1 is a heave-pitch-roll 3D model. All the 

parameters relevant to the vehicle are taken from ref. (Henchi et al. 1998) and have been 

presented in Table 4.2.   

4.6.3 Road Roughness Profile 
 
      The details of the procedure for generation of random road surface roughness from PSD 

function have been given in the section 4.2.2.1. In this study, the values of spectral roughness 

coefficient, αs have been taken as 0.24 x10-6, 0.5x10-6, 3.0x10-6, 10.0x10-6 and 25.0x10-6 

m3/(m/cycle) according to International Organization for Standardization (ISO) specifications for 

the classes of very good, good, average, poor and very poor roads respectively. Twenty profiles 

of road roughness are generated for each type of road using the following parameters: 

The lower and upper limits of the spatial frequencies of the road profile are taken as 

ωl=0.01cycle/m and ωu=3.0 cycle/m. The cut-off spatial frequencies are chosen in view of the 

practical size of a tyre. In generating the random road surface roughness, random numbers φk 

have been generated in MATLAB. Thus, for the bridge deck span of 30m, deck profile heights 

are generated along the span of the bridge at discrete points, which corresponds to the velocity of 

the vehicle and time step size chosen. A typical vertical highway surface profile of good road 

surface is as shown in Fig.4.3.(a). Dynamic responses are evaluated for each of the simulations 

corresponding to a particular vehicle velocity.  
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Table 4.2 Data of vehicle with seven degrees of freedom (Fig.4.1) 

 

Parameter Unit Value 

Sprung mass ( )sm  

Unsprung mass in front axle ( )2111 , mm  

Unsprung mass in rear axle ( )2212 , mm  

Vehicle suspension stiffness ( )ipks  

Vehicle tyre stiffness ( )ipku   

vehicle suspension damping in front axle ( )2111   , cscs  

vehicle suspension damping in rear axle ( )2212   , cscs  

Vehicle tyre damping ( )ipcu  

Pitch moment of inertia ( )J  

Roll moment of inertia ( )I  

Position parameter (length wise)  1a  

Position parameter (length wise)  2a  

Position parameter (breath wise) 3a  

Position parameter (breath wise) 4a   

Vehicle axle spacing (length wise) 1s  

Vehicle axle spacing (breath wise) 2s    

Height of C.G. of vehicle from deck surface (hv) 

kg 

kg 

kg 

N/m 

N/m 

Ns/m 

Ns/m 

Ns/m 

kgm2 

kgm2 

- 

- 

- 

- 

m 

m 

m 

15000 
 
800  
 
710  

0.399 x 106  

0.351 x 106  
 
23210  
 
5180  
 
800  

154.536 

449  

 
0.35 

 
0.65  

0.5  

0.5  

2.66 

1.5  

1.2 
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                            Fig .4.3(a) A typical good road surface profile for a box girder bridge     
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                Fig. 4.3(b) Comparison of target PSD and simulated PSD for good road surface 
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 The comparison of simulated PSD with the target PSD for good road surface condition 

has been shown in Fig.4.3 (b). The agreement is good towards higher cut-off frequencies where 

as in the middle of the frequency range, discrepancy appears mainly because of numerical noise 

in the simulation process.  

4.6.4 Box-Girder Bridge Parameters  
 
        A simply supported curved box girder bridge (Fig.4.4) as considered by Kermani and 

Waldron (1993) has been chosen in the present study to obtain the dynamic response due to 

moving vehicles. The span of the simply supported bridge is 30 m with a radius of curvature of 

150 m and the bridge has diaphragms at supports. The mass density, modulus of elasticity and 

Poisson’s ratio of the material are 2403 kg/m3, 3.45 x 1010 N/m2 and 0.15 respectively. Though 

the chosen Newmark-β scheme is unconditionally stable, all the analyses have been carried out 

by choosing a time increment equal to 1/50th of first fundamental time period from the accuracy 

point of view. Further, more refined time increments values have also been considered, which 

did not show any significant changes in the dynamic response of the bridge under study. Thus, 

considering numerical error due to inappropriate space and time discretizations, the bridge has 

been discretized using thirty numbers of thin-walled box beam elements and a time step of 3.6 x 

10-3 sec is chosen for the analysis. 

 

TH-480_01610403



 153

                        
 Fig .4.4    Geometry (mm) and properties of box girder bridge 

4.6.5 Box-Girder Bridge Response 
 
      Some typical time histories for the bridge (Fig.4.4) are shown in Fig 4.5-4.11. The histories 

are obtained at the mid span of the curved thin-walled box-girder bridge corresponding to a good 

road surface roughness (ref. Table 4.1) with a vehicle speed of 20m/sec and asymmetric car 

loading (Fig. 4.12, loading case 2) as the vehicle crosses the bridge. The abscissa in those time 

histories is the distance measured from the left of the bridge to the front axle of the vehicle. 

Fig.4.5 and Fig.4.6 show the time history at the mid span of the bridge for the bending moment 

about the transverse axis and the vertical deflection at the center of the bridge as the vehicle 

moves along the span. From this figures, it can be observed that the vibration modes with higher 

frequencies significantly contributes to the dynamic response. Fig. 4.7 and 4.8 show the history 

of shear force and torsional moment at the center of the bridge. These figures indicate that the 

centrifugal force has greatly influenced the dynamic response of torque, while the shear force is 

almost unaffected by centrifugal force. Fig. 4.9-4.11 show the time history of torsional 

bimoment, distortional moment and distortional bimoment. A significant effect of higher 

frequency modes as well as centrifugal forces on those dynamic responses have been observed. 

Thus, similar to the established findings in the existing literature, it has been clearly observed 

 
E  = 3.45 e+10 N/m2 

ν   = 0.15 

G   = 1.5 e+10 N/m2 

zI  = 1.6061 m4 

J    = 3.2593 m4 

JI   = 0.79304 m6 

JII  = 1.01304 m6 

Jd   = 0.00563 m2 

μt  = 0.365 

A = 3.7050 m2 
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from Fig.4.5-4.11 that a substantial difference exist in all the response parameters between static 

and dynamic loading conditions. The impact factor have been suitably evaluated corresponding 

to each of these parameters. 

4.6.6 Dynamic Amplification Factor (DAF) 

  
             Dynamic amplification factor can be defined as the ratio of absolute maximum dynamic 

response to static responses corresponding to the jth simulation of random road surface. DAF can 

be represented as 

Absolute maximum dynamic response
  Absolute maximum static response       

DAF =                                                                  (4.29) 

Since, a large majority of bridges are designed considering static vehicular load, such 

amplification due to dynamic effect has been considered using either IF (Impact factor based on 

span length relationship) or DLA (Dynamic Load Allowance based on the relationship of natural 

frequencies of bridge and vehicle) in many design codes. The impact factor usually adopted in 

design practices does not depend on time. Hence the largest absolute value of the impact factor 

calculated for a particular section has been presented in the report. Effects of various parameters 

such as damping of box-girder structure, load positions, vehicle speed, span, radius of curvature 

of the box girder bridge, surface roughness, suspension stiffness, sprung mass and acceleration of 

vehicle on the impact factor have been discussed in the present section.  The impact factor as 

presented in Tables 4.3-4.11 represents the mean values corresponding to twenty simulation of 

road surface corresponding to a particular type of road condition. 

     The example problem as shown in Fig.4.4 with a span length of 30 m and a radius of 

curvature of 150 m with a good road surface roughness has been considered again. A vehicle 

speed of 20m/sec and an asymmetric car loading (Fig. 4.12, loading case 2) has been chosen. The 
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damping ratio for the bridge is taken as 1%. However, some of these physical parameters will be 

varied in order to evaluate the influence of them on impact factors based on the dynamic 

response.  

 

 

 

 

 

 

 

 

                                                                       

 

 

     Fig .4.5 Time history for bending moment about transverse axis 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                       Fig.4.6 Time history for vertical deflection 
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                                               Fig .4.7 Time history for shear force            

 

 

 

 

 

 

 

 

 

 

 

 

 

                

 

Fig .4.8 Time history for torsional moment 
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                                          Fig .4.9 Time history for torsional bimoment           

 

 

 

 

 

 

 

                                        

 

 

                           

 

           

                                

                                  Fig.4.10 Time history for distortional moment         
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                             Fig.4.11 Time history for distortional bimoment   

 

 

 

 

 

 

 

                                               

 

 

 

 

   

 

 

 

 

 

 

                             Fig .4.12 Traverse loading cases on curved box girder bridge  
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4.6.7 Parameter Study 
 
     The influence of certain physical parameters on the Bending moment about the transverse 

axis ( )zM , Shear force ( )yQ , Torsional moment ( )xM , Torsional Bimoment ( )IB , Distortional 

moment ( )dM , Distortional Bimoment ( )IIB , Vertical deflection (v) have been studied in details 

here. It is fully appreciated that all these response parameters are highly significant for a thin-

walled box girder bridge. Thus, the impact factor based on these response parameters will also 

accordingly reflect the significance of all the physical parameters considered for the present 

study.  

4.6.7.1 Effect of Damping  
 
     Table 4.3 shows the variation of impact factor corresponding to various response 

parameters with varying damping ratio of bridge structure. It has been observed that neglecting 

the effect of damping will reasonably overestimates the impact factors of vertical deflection, 

bending moment and shear force for a curved box-girder bridge. However, with increasing 

damping ratio from 1% to 4%, only small decrease of impact factors have been observed for 

most of the response parameters. Hence, damped forced vibration analysis of the structure with 

any reasonable estimation of damping ratio will lead to the acceptable evaluation of impact 

factors. 
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4.6.7.2 Effect of Load Positions 
 
      In order to find the most unfavorable loading position for the assessment of impact factor, 

six different positions of traverse load on a box-girder bridge have been considered as shown in 

Fig.4.12. The load positions have been selected from Huang et al. 2001. Appendix F shows the 

detailed calculation for the evaluation of equivalent load vector for an eccentrically placed 

vehicle. Table 4.4 shows the variation of impact factor corresponding to different response 

parameters with different loading cases. The impact factors of curved box-girder bridge for a 

double- truck loading have been observed to be higher than that for a single truck loading. The 

loading positions have lesser influence on vertical shear and bending moment, while impact 

factors of torque, distortional moments and bimoments are relatively more effected by the 

Damping ratio ( )ξ  

Response 

parameter 

0% 1% 2% 3% 4% 

( )zM  1.13 1.08 1.07 1.05 1.03 

( )yQ  1.15 1.08 1.07 1.06 1.05 

( )xM  2.05 1.93 1.92 1.92 1.92 

( )IB  2.25 2.24 2.24 2.24 2.24 

( )dM  1.53 1.52 1.52 1.51 1.51 

( )IIB  1.80 1.79 1.79 1.79 1.78 

( )v  1.21 1.14 1.13 1.11 1.09 

Table 4.3 Effect of damping on impact factor 
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loading positions. From the design point of view, it is observed that the loading case-6, which 

can produce maximum design internal forces, should be used. 

 
 
 
 

 

Loading case 

Type of 

truck 

Single truck Double truck 

Response 

parameter 

Case-1 Case-2 Case-3 Case-4 Case-5 Case-6 

( )zM  1.08 1.08 1.0960 1.10 1.56 1.56 

( )yQ  1.08 1.08 1.0552 1.05 1.45 1.45 

( )xM  ** 1.92 1.1625 1.05 ** 2.33 

( )IB  ** 2.25 1.2208 1.08 ** 2.56 

( )dM  ** 1.52 1.02 1.01 ** 2.05 

( )IIB  ** 1.79 1.15 1.0397 ** 2.21 

( )v  1.14 1.14 1.17 1.18 1.78 1.78 

**  Not applicable due to symmetric nature of the load 

                       

 

4.6.7.3 Effect of Vehicle Speed 
 
     Table 4.5 gives the variation of impact factor with vehicle speed. The Table shows that 

while the impact factors of torque, distortion and their corresponding bi-moments rapidly 

increase with vehicle speed, those of vertical deflection, bending moment and shear force do 

not show such tendency. A large range of velocities have been covered and significant 

influence of torsion, distortion and their corresponding bi-moments have been observed. Thus, 

Table 4.4 Effect of Loading Position on Impact Factor  
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unless the torsion, distortion and their bi-moments are appropriately accounted for in the 

design, the safety and reliability can not be ensured in the conventional design predominantly 

based on bending moment and shear force.  

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 4.6.7.4 Effect of Span of Box Girder Bridge 
 
      Table 4.6 shows the influence of span of curved box girder bridge on the impact factors 

based on different response parameters. It can be observed that the impact factors of all the 

responses decrease with the increase of span length. However, the variation of the impact 

factor of torsion, distortion and their corresponding bimoments are comparatively significant, 

while those of the vertical deflection, bending moment and shear force are almost unaffected 

for the range of span considered in the present study. Hence, for short span bridges, torsion, 

Vehicle speed ( ) sec
mν  

 

Response 

parameter 

5 10 15 20 25 30 

( )zM  1.05 1.06 1.07 1.08 1.12 1.142 

( )yQ  1.04 1.06 1.0712 1.08 1.12 1.142 

( )xM  1.16 1.24 1.52 1.92 2.47 3.15 

( )IB  1.27 1.47 1.80 2.25 2.88 3.58 

( )dM  1.012 1.16 1.21 1.52 1.95 2.39 

( )IIB  1.04 1.17 1.43 1.79 2.26 2.86 

( )v  1.11 1.12 1.13 1.14 1.161 1.184 

               Table 4.5 Effect of vehicle speed on impact factor 
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distortion and their bi-moments are more significant and should be adequately considered in 

the design of curved box-girder bridge.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.6.7.5 Effect of Radius of Curvature of Box Girder Bridge 
 
     Table 4.7 shows the variation of impact factor with the varying radius of curvature of box-

girder bridge. The Table shows that the impact factors corresponding to different response 

parameters of box-girder bridges decrease with the increase of radius of curvature. The 

parametric study shows very clearly that any attempt on using the existing codal provision on 

straight bridges to curved box-girder bridge may lead to serious under estimation of dynamic 

magnification effect on the bridge.  

 

 

Span of box-girder ( )L m 

Response 

parameter 
30 60 90 

( )zM  1.08 1.041 1.025 

( )yQ  1.08 1.06 1.03 

( )xM  1.92 1.781 1.529 

( )IB  2.25 2.01 1.891 

( )dM  1.52 1.218 1.010 

( )IIB  1.79 1.44 1.29 

( )v  1.14 1.125 1.103 

Table 4.6   Effect of span of box-girder bridge on impact factor 
 

TH-480_01610403



 164   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4.6.7.6 Effect of Bridge Deck Surface Condition 
 
      The surface characteristics play an important role on the dynamic excitation transmitted on 

the bridge by the moving vehicle. Five categories of surface characteristics have been 

considered to examine their effect on the response based on the spectral roughness coefficient 

and classified as very good, good, average, poor and very poor. The effect of any discrete form 

of roughness such as bump at the approach, construction joints etc are not taken into account. 

The impact factor corresponding to different response parameters for different categories of 

road surface has been presented in Table 4.8. It can be observed that surface roughness has 

more significant effect on impact factor for the vertical deflection, bending moment and shear 

force than any other parameters considered in the study. However, the effect of surface 

Radius of box-girder ( )R m 

 

Response 

parameter 

100 150 250 ∞  

( )zM  1.0907 1.08 1.0785 1.07 

( )yQ  1.092 1.081 1.0712 1.06 

( )xM  2.5061 1.92 1.5176 1.02 

( )IB  3.1636 2.25 1.6766 1.21 

( )dM  2.4597 1.52 1.3734 1.0051 

( )IIB  2.3198 1.79 1.50 1.14 

( )v  1.1647 1.14 1.13 1.12 

Table 4.7 Effect of radius of box-girder bridge on impact factor 
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roughness on torsion, distortion and their corresponding bi-moments are comparatively less 

significant. Thus, surface roughness is one of the predominant factors, which may cause large 

increase in the response magnitude. Increased deck roughness due to poor maintenance may 

cause appreciable increase in the impact factor in all span range. 

 

 

 

4.6.7.7 Effect of Sprung Mass and Suspension Stiffness of Vehicle 
 
     It can be observed from the Table 4.9 that the impact factors of most responses decrease 

with the increase of sprung mass. This is due to increase of static response of the bridge. It also 

indicates that with the reduction in vehicle mass, as fundamental natural frequency of the 

vehicle increases, the impact factor also increases. However, the impact factors of most 

Random road surface condition 

 

Response 

parameter 

Very good Good Average Poor Very poor 

( )zM  1.06 1.08 1.33 1.72 2.00 

( )yQ  1.07 1.08 1.26 1.60 1.83 

( )xM  1.91 1.92 1.93 2.00 2.05 

( )IB  2.24 2.25 2.26 2.28 2.29 

( )dM  1.51 1.52 1.53 1.55 1.56 

( )IIB  1.78 1.79 1.80 1.81 1.83 

( )v  1.08 1.14 1.48 1.91 2.21 

Table 4.8 Effect of random road surface condition on impact factor  
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responses are unaffected with the increase of suspension stiffness of vehicle as can be observed 

from Table 4.10. 

 

 

 

 

 

Sprung mass  ( )sm  

 

Response 

parameter 

0.7 ( )sm  0.9 ( )sm  1 ( )sm  1.1 ( )sm  1.3 ( )sm  

( )zM  1.1586 1.10 1.08 1.0782 1.06 

( )yQ  1.12 1.09 1.08 1.07 1.05 

( )xM  1.9189 1.92 1.9196 1.92 1.917 

( )IB  2.2453 2.24 2.2469 2.24 2.2411 

( )dM  1.5154 1.52 1.5165 1.52 1.5188 

( )IIB  1.7771 1.78 1.79 1.7858 1.7882 

( )v  1.2880 1.19 1.14 1.13 1.1223 

Table 4.9 Effect of sprung mass ( )sm on impact factor  
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4.6.7.8 Effect of Acceleration of Vehicle 
 
     Table 4.11 shows the effect of vehicular acceleration (constant) on the impact factors. 

Dynamic responses have been evaluated with the initial velocity of 5m/sec at the entry to the 

bridge and with different constant values of vehicle forward acceleration. It has been observed 

that while the impact factors corresponding to bending moment, shear force and vertical 

deflection have increased, the impact factors corresponding to torsional and distortional 

moments, their respective bi-moments have reduced significantly with the increase of 

acceleration of vehicular motion.    

 

 

Vehicle suspension stiffness  ( )sk  

 

Response 

parameter 

0.7 ( )sk  0.9 ( )sk  1 ( )sk  1.1 ( )sk  1.3 ( )sk  

( )zM  1.12 1.11 1.08 1.07 1.06 

( )yQ  1.10 1.09 1.08 1.07 1.06 

( )xM  1.92 1.92 1.92 1.92 1.92 

( )IB  2.24 2.24 2.24 2.24 2.24 

( )dM  1.52 1.52 1.52 1.52 1.52 

( )IIB  1.78 1.78 1.78 1.78 1.78 

( )v  1.18 1.17 1.14 1.13 1.12 

Table 4.10 Effect of vehicle suspension stiffness ( )sk on impact factor  
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4.6.7.9 Effect of Frequency Ratio 
 
           The largest bridge vibrations are known to occur when the natural frequency of the 

vehicle approaches close to that of the bridge.  

 The frequency ratio may be define as b
r

v

ff
f

=                                                        (4.30) 

where vf  is the natural frequency of the vehicle corresponding to the heave degree of freedom 

of the sprung mass and bf  is first natural frequency of bridge corresponding to the transverse 

flexural mode of vibration.  

 The parametric studies have been carried out by varying the vehicle mass (both sprung 

and unsprung) and suspension stiffness, while the bridge parameters have not been altered. 

Table 4.12 shows that the DAF values corresponding to all the response parameters and it has 

Acceleration ( ) 2sec
ma  

Response 

parameter 

10 5 2.5 0 

( )zM  1.31 1.25 1.20 1.08 

( )yQ  1.24 1.22 1.19 1.08 

( )xM  1.16 1.22 1.31 1.92 

( )IB  1.27 1.35 1.47 2.25 

( )dM  1.02 1.14 1.20 1.52 

( )IIB  1.13 1.19 1.28 1.79 

( )v  1.38 1.31 1.27 1.14 

               Table 4.11 Effect of acceleration of vehicle on impact factor 
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been observed that DAF has attained the maximum value when rf  is chosen as unity. The 

value of  rf  for the actual vehicle parameter considered in the study has been calculated as 

4.15 and significant values of DAF have been observed even for the frequency ratio of 4.5. 

 

 
 

4.7 GENERAL DESIGN GUIDELINE USING IMPACT FACTOR 

4.7.1 Existing Codal Provisions            

        The bridge structures are greatly affected by heavy traffic-induced vibrations. Many 

bridge engineers treated such problems by considering only impact factors based on length 

specified in current design codes, even though the vibrations may depend on many other 

 

Frequency ratio( )rf b

v

f
f

=  

 

b
r

v

ff
f

=  0.5 1.00 1.5 2.0 2.5 3.0 3.5 4.0 4.5 

( )zM  1.345 2.722 2.40 1.341 1.26 1.20 1.1586 1.08 1.06 

( )yQ  1.357 2.523 2.23 1.36 1.25 1.19 1.12 1.08 1.05 

( )xM  1.955 3.12 2.28 1.956 1.942 1.917 1.9189 1.9196 1.917 

( )IB  2.243 3.47 2.52 2.2422 2.241 2.2419 2.2453 2.2469 2.2411

( )dM  1.541 1.75 1.62 1.555 1.53 1.522 1.5154 1.5165 1.5188

( )IIB  1.85 2.051 1.95 1.86 1.81 1.79 1.7771 1.79 1.7882

( )v  1.95 2.88 2.53 1.96 1.425 1.323 1.2880 1.14 1.1223

               Table 4.12 Effect of frequency ratio( )rf  on impact factor 
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factors such as vehicle and bridge dynamic characteristics, vehicle speed and deck conditions 

etc. The bridge codes usually provide for the dynamic effects in straight bridges, though some 

attention has been paid recently to curved bridge analysis. Mainly, there are two distinct codal 

provisions debated by many researchers. One is the impact factor-span length relationship and 

other one is DLA-natural frequency relationship. 

        In 1927, a joint committee of American Railway Engineering Association (AREA) and 

the American Association of State and Highway Transportation Officials (AASHTO) 

recommended for the dynamic effect through an impact factor as the standard specification for 

Highway bridges. The impact factor was computed based on the span-length only and given as 

                
( )

50
125

I
L

=
+

                                                                                                            (4.31) 

        where I is the impact factor and L, the span length in feet.  

        AASHTO (1993) specification has provided a separate provision for curved composite 

box-girder bridges and accounts for dynamic effects including centrifugal force produced by 

the vehicle on curved bridges. But these code provisions not applicable to all curved bridges as 

the validity of the expressions were restricted by speed, number of spans, ratio of vehicle mass 

to bridge mass, etc. 

         In 1979, the first edition of the Ontario Highway Bridge Design code (OHBDC) was 

published. In this code, the term IF was dropped in favour of DLA as the term ‘Impact’ 

indicates a loading due to impact action of wheels. The DLA was given as a function of first 

flexural frequency of the bridge. The Australian bridge design code (AUSTROADS 1992) also 

adopted the OHDBC provisions. Bridge designer using these code provisions have to calculate 

the first flexural frequency of the bridge to determine the DLA.                   
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        The current Indian code specifies impact factor in terms of span length only. The Indian 

Road Congress Code (IRC-6 2000) specified impact factor for concrete and steel bridges for 

different categories of live load specified as Class AA tracked and wheeled vehicles, Class A 

and B train of vehicles etc. However, the formulae are valid only for straight bridges. Hence, 

there are some necessities to evaluate appropriate impact factor for curved bridges. 

 

         4.7.2 Suggested Guidelines for Curved Box Girder Bridge   

                The present study attempts to establish general guidelines for the designer to account for 

the dynamic effect of live load by using simplified formula which incorporated the effect of 

predominant parameters influencing dynamic response of bridges. The key parameters that 

influence curved box girder bridge design are length, radius of curvature and speed of the 

vehicle. A multiple regression analysis has been carried out to fit a linear relationship for the 

impact factor.  

                    The multiple linear regressional analyses are conducted using the large volume of data 

obtained from the parametric studies in the earlier section to derive empirical formulae for 

impact factors.  

             A multivariate modal of the data is given by 

               0 1 1 2 2 3 3y a a x a x a x= + + +                                                                                     (4.32) 

               Multiple regressions solve for unknown co-efficient 0 1 2 3, , ,a a a a by performing a least 

squares fit. The set of simultaneous equations are constructed and have been solved by 

forming the regression matrix (X). The co-efficient have been evaluated using MAT LAB. 

                    The regressional equation for the bending moment about the transverse axis ( )zM , shear 

force ( )yQ , torsional moment ( )xM , torsional bimoment ( )IB , distortional moment ( )dM , 
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distortional bimoment ( )IIB  and vertical deflection (v) are as shown in Table 4.13. The 

empirical formulae for impact factors have been represented in terms of span length (L), 

vehicle speed (ν ) and radius of curvature(R) of a curved box-girder bridge. However, the 

formulae can be used for the following data range: 

              30 90m L m≤ ≤ ,  50 300m R m≤ ≤  and 10 / sec 30 / secm v m≤ ≤  

 

 
 

 
Response parameter Impact factor 

Bending moment about the 
transverse axis ( )zM  

1.0707 - 0.0012 L + 0.0035 ν - 0.0001R 

Shear force ( )yQ  1.0669 - 0.0010L + 0.0038ν  - 0.0002R 
Torsional moment ( )xM  1.6061 - 0.0094 L + 0.0793ν  - 0.0055R 

Torsional Bi-moment ( )IB  1.9146 - 0.0102L + 0.0927 ν  - 0.0068R 

Distortional moment ( )dM  1.5975 - 0.00128 L + 0.0561ν  - 0.0041R 

Distortional Bi-moment ( )IIB  1.4529 - 0.0116 L + 0.0722 ν - 0.0042R 

Vertical deflection (v) 1.1356 - 0.0007 L + 0.0029 ν  - 0.0002R 

 

          A population correlation coefficient (R2) (Wesolowsky 1976) has been found to test how 

well the regression curve obtained fits the data obtained from the detailed dynamic analysis. 

The coefficient R2 has been found for each of the regression formula of the impact factor. For 

vertical deflection, the regression equation gives an excellent fit whose R2 value is close to 1. 

For bending moment, torsion, torsional bi-moment, distortion and distortion bi-moment and 

shear force, coefficient R2 have been observed to lie between 0.82 to 0.94. These shows the 

regression equations for estimating Impact factor for various stress resultants are reasonably 

accurate to predict the dynamic effect of the vehicles on the bridge response.  

Table 4.13 General design guideline for impact factor  
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4.8 CLOSURE 

 The dynamic response of thin-curved box girder bridge due to moving vehicle has been 

studied considering surface unevenness of the deck as the random input to the vehicle wheels. 

The effect of centrifugal force has been considered in the formulation of dynamic problem. The 

impact factors for several response parameters have been presented for the variations of several 

bridge and vehicle parameters.  A computationally less expensive and realistic three noded 

thin-walled box beam element has been utilized for the modeling of the bridge. The 

applicability of such an element for the dynamic analysis has been verified by evaluating the 

modal parameters of a curved box girder model theoretically as well as experimentally. A 

generalized design guideline for curved thin walled box girder single span bridges has been 

suggested in terms of impact factor, which includes the effect of bridge span, radius of 

curvature and speed of vehicle. 
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CHAPTER 5 

 

FATIGUE LIFE PREDICTION  

 

5.1 INTRODUCTION 

    Structural fatigue is the process of accumulation of damage due to application of time 

varying stress. It can be expected to occur whenever a structure is subjected to time varying 

loads and in many situations may govern the design. Structures when subjected to cyclic, 

repeated or fluctuating load may fail in fatigue at a stress level much lower than that required 

to cause failure under static condition. Fatigue failure is viewed as the accumulation of 

localized permanent damage occurring in a structure subjected to repeated actions of time 

dependent stresses and strains. Each time a load cycle is applied, an incremental amount of 

damage occurs. This damage is cumulative in nature and accumulation continues till the 

failure occurs. If fatigue cracks are detected early, then repair may be possible. If not 

detected and properly repaired, the results may be disastrous failures. The bridges are one of 

the examples where similar situation may arise. In the present chapter, the procedure for the 

evaluation of fatigue life of bridges from vehicle induced stress history has been described. 

The linear damage accumulation theory has been adopted. Both time domain and frequency 

domain analysis have been presented. Time domain analysis employed cycle counting 

method where frequency domain method required spectral moments to be determined from 

the power spectral density of stress.  The derivations of the analytical expressions for fatigue 

life using more than one spectral moment and only one spectral moment have been given in 

detail in this chapter. The underlying assumptions of spectral methods have been stated.  The 
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numerical results have been obtained using both time domain and frequency domain 

approaches discussed in this chapter and the influence of some of key parameters affecting 

fatigue life of the curved box girder bridges have been studied. 

 

5.2 FATIGUE STRENGTH TEST 

      Both the material properties and the dynamic load process are important for fatigue 

evaluation. The simplest of all fatigue load processes is periodic load, which is defined as 

constant amplitude load cycle. Empirical data from such constant amplitude tests form the 

basis for the prediction of fatigue life under complicated time history. Constant fatigue 

behavior is determined experimentally from tests in which a load or deflection is controlled 

and varied in simple periodic manner until failure. In this situation, fatigue failure is usually 

found to depend significantly on the stress range, which is defined as the difference between 

maximum and minimum stress. An alternative formulation uses the mean stress value, 

defined as the average of the minimum and maximum stress. The stress range effect is 

usually found to be considerably more important than mean stress. A typical stress history for 

the constant amplitude loading is shown in Fig.5.1 

      The result of a constant amplitude fatigue test is often described by stress range Sr, and 

number of cycles to failure denoted by Nf. A typical experimental investigation of constant 

amplitude fatigue for a specimen of given configuration and material involves a large number 

of tests. The test results are usually presented in the form of S-N curve with the stress range 

on the ordinate and the number of cycles on the abscissa as shown in Fig.5.2. 
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Sr

Smax

Smin

Time

Cycle

 

Fig.5.1 A typical stress history for the constant amplitude loading 

 

                                 

Fig. 5.2 A typical S-N Curve for constant amplitude test results 

 

The experimental data usually show that a large portion of S-N curve can be fitted to an 

equation of the form (Lutes and Sarkani 1997)  

( ) m
f r rN S KS −=                   (5.1) 
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in which K and m are the positive material constants whose values depend on both materials 

and geometry of the specimen. The constants K and m for different metals and their alloys 

have been compiled by American Society of Metals (1986) which are readily applicable for 

the fatigue analysis of metallic specimen. A linear equation can be used to predict the value 

of Sr for any particular value of Nf  and vice versa when S-N curve is plotted in a log-log 

scales.  The following equation represents S-N curve on the log-log plot 

y c xα= +                                                                                                                         (5.2) 

where log( ); log( ); ; log( )f ry N c K m x Sα= = = − =   

 

log(N  ) = log(K) - m log(S  )

log(Nf)

lo
g(

Sr
) m

f

1

 r

 

  Fig.5.3 S-N Curve on log-log plot. 

 

     Sometimes, it becomes necessary to use mean stress instead of stress range as stated 

earlier. Simple empirical formulae are available in literature (Lutes and Sarkani 1997). The 

basis of such formulae were the equivalent stress range (Se) with zero mean stress which 

experimentally correlates with stress range Sr  having mean stress xm in constant amplitude 
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fatigue loading. Two such formulae known as “Goodman correction” and “Gerber 

correction” are in use (Lutes and Sarkani 1997). 

The Goodman correction is given below 

1mr

e u

xS
S x

+ =                                                                                                                            (5.3) 

in which xu denotes the ultimate stress capacity of the material, Sr denotes stress range having 

mean stress xm, Se is the equivalent stress range for zero mean process.  

The Gerber correction is expressed in the following form. 

2

1mr

e u

xS
S x

⎛ ⎞
+ =⎜ ⎟
⎝ ⎠

                                                                                                                     (5.4) 

 

5.3 ACCUMULATED DAMAGE  
 

     The term fatigue is used to describe accumulation of damage, which is measured by 

damage function ( )tD . This has been used to describe the progress towards failure whether 

the progress is observable or not observable. The damage function ( )tD  is presumed to start 

at zero value for new structure and is normalized to be unity when failure occurs. 

Furthermore it is a non decreasing function of time. If some function f(t) goes monotonically 

from zero (at 0=t ) to 1 (at Tt = ,T is the failure time), then f(t) is one possible choice of 

damage function D(t). 

Having known the NS −  curve relationship, a linear damage assumption can be used to 

evaluate D(t) . Let jDΔ  be the incremental damage during the cycle j and ( )tN  denote the 

number of applied cycles of load up to time t, such that it can be written as,  
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( )
( )

∑
=

Δ=
tN

j
jDtD

1
                                                                                                                      (5.5) 

Further, let T is the failure time, so that ( )TNN f =  is the number of cycles to failure. This 

gives ( ) 1=tD , so that 

( )

∑∑
==

Δ=Δ=
fN

j
j

TN

j
j DD

11
1                                                                                                            (5.6)   

For periodic constant amplitude loading with the stress range rS , the upper limit of the 

summation is ( )rf SN . If we can assume that the jDΔ  values are all the same throughout the 

test, the damage per cycle is given by 

 
( )

1 m
r

1  Sj
f r

D K
N S

−Δ = =                                                                                                      (5.7)  

5.4 DAMAGE ACCUMULATION HYPOTHESIS 

     In real situation, however, a vehicle passing over a bridge induces dynamic load as a 

result of the vehicle oscillation caused by pavement roughness. These load time histories are 

much more complicated compared to periodic loadings used in laboratory fatigue testing 

because of the random nature of the pavement roughness. The load-time history is generally 

dominated by one large cycle equal to the peak live load produced by the vehicle. Dynamic 

effects generate additional small cycles superimposed on the large cycle. In order to assess 

the fatigue damage caused by the passage of vehicle, it is necessary to account for both the 

large dominant cycle and the small-superimposed cycles. The basic problem of fatigue 

analysis is to use appropriately the S-N curve data from the periodic tests to predict fatigue 

life of an element or assembly, which is subjected to a service load having a complicated 

time history. In case of random load history, the Eq. (5.1) cannot be used without additional 
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information. The effect of variable-amplitude loading (i.e., random load or irregular) on 

fatigue performance is normally accounted for with cumulative damage rules. Typically, 

these rules attempt to relate fatigue behavior under a complex loading history to the known 

behavior under constant amplitude loading. The linear damage accumulation hypothesis, 

called “Palmgren-Miner” hypothesis (Lutes and Sarkani 1997) has been used in the present 

study. The cumulative damage accumulation under variable-amplitude loading is given by 

( )
1 1

b bn n
j

j j j
j j j

n
D( t ) D       n N

N= =

= Δ = ≤∑ ∑                                                                  (5.8)            

in which ∆Dj is the incremental damage, nj is the number of stress cycles at stress range level 

Srj and Nj is the number of cycles at constant stress range level Srj from (S-N curve) to cause 

failure, nb is the number of stress range blocks in the histogram. The fatigue life T is then 

calculated as T=1/D(t).  Using S-N curve relation in Eq.(5.8), the damage function at t=T can 

be written as  

( )
( )

1

N T
-1 mt

t rm
j r

nD t    = K  n S
KS −

=

= ∑ ∑                                                                                 (5.9)       

5. 5 APPROACH FOR FATIGUE LIFE PREDICATION  

      Fatigue predictions can follow several approaches, differing in the level of stress and 

strain analysis used. Moving vehicle induces vibrations in curved box-girder bridge. The 

resulting fluctuating stresses lead to damage accumulation in the components of the bridge 

with the progress of time. In the present work, fatigue damage calculations for the thin 

walled curved box girder bridge has been performed based on vehicle induced stress history 

and fatigue strength parameters obtained from the standards. Two approaches have been 

employed, one in the time domain analysis using simulated response time history and other 
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in the frequency domain analysis using power spectral density of stress. In the first approach, 

cycle counting procedures has been used to identify cycle range and thereafter to develop the 

stress range frequency histogram taking into consideration of the annual traffic volume. The 

linear damage accumulation theory is applied to calculate fatigue life by finding number of 

cycles/year corresponding to specific stress range and number of cycles sustainable at that 

stress range to cause fatigue failure.  

     The second approach is based on spectral moment characteristics which assume 

Rayleigh’s probability density function for the peak stresses. Improved version of spectral 

method using only single spectral moment has also been used. The spectral method is based 

on narrow band assumption of Gaussian process where as time Domain method using cycle 

counting does not rely on such assumption. The spectral method requires less computational 

time but its applicability will depend on the nature of the power spectral density function.   

In the present investigation, the frequency domain approach for determining fatigue life of 

curved thin walled box girder bridge, analytical expressions have been used involving more 

than one or only one spectral moment which are to be obtained from the power spectral 

density function of the stresses. The step by step procedure for obtaining the expected 

damage rate in spectral methods has been given. The improvement of this method using 

single moment suggested by Lutes and Sarkani (1997) has also been incorporated and 

implemented for the curved thin walled section box girder bridge.   

 

5.5.1 Cycle Counting Method 

     The cycle counting has been regarded as a procedure to transform a loading time history 

into a set of cycles. Various statistical counting methods for the classification of random time 

histories are available in the literature. Fryba (1996) discussed different counting methods for 
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the classification of random time history.  In the present study, Rain-flow Counting method 

(RFCM) has been used in the time domain cycle counting method to identify cycle range. 

This method establishes one to one correspondence between local maximum and minima of 

the stress time history. It is observed that in RFCM, small cycles are interruptions of the 

larger cycles. In this way, the method identifies both slowly varying large amplitude cycles 

and more rapid small reversals on the top or bottom of these cycles. The sequence of 

operations followed in RFCM method has been illustrated in Appendix E. 

 

5.5.1.1 Rain-flow Counting Method 

      The most frequently used method is the Rain-flow cycle counting method which 

characterizes the irreversible stress components of the stress-strain diagram that are decisive 

for the fatigue of structure. The rain-flow method of cycle counting is widely used in 

practice. The method was developed by Dowling (1972).Rain-flow Method is generally 

regarded as the method leading to better prediction to fatigue life. It can identify events in a 

complex stress sequence, which is compatible with constant-amplitude fatigue data. 

Furthermore, it identifies stress range cycles associated with low frequency components and 

the mean stress associated with each cycle. The basic idea behind any stress cycle 

identification scheme is to consider the segment of a stress time history σr (x,t) between any 

two subsequent local extreme (from peak to a valley or from valley to a peak) to be a half 

cycle. The evaluation of random processes with reference to the fatigue of structures is based 

on the stress-time history. The fundamental assumption of the rain-flow counting method is 

that fatigue damage due to small induced stress cycles may be added to the fatigue damage 

due to large stress cycles. Referring Fig.5.4, it can be seen that if the cycle 41−  is 
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interrupted by a small cycle 232 ′−− , the coordinate of the point 2′  is very near to the point 

2 and the material acts as if no interruption by an inserted cycle has taken place. Moreover, 

one complete cycle 232 ′−−  has remained at disposal. 
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Fig.5.4 Stress-time history (CC-Complete Cycles, HC-Half Cycles) 

 

5.5.1.2 Stress Counting Rule 

     The name “Rain-flow” method has derived it name from an analogy of water flowing 

along a pagoda-shaped roof. In order to obtain such a pagoda shaped roof, the stress time 

history is rotated by 090  (time axis downward) as shown in Fig.5.5. The following rules for 

the stress range counting are applied (one complete cycle = two stress ranges); 

(1) One stress range is counted, when water flows from the initial stress to the maximum, 

from which it flows downwards along next roof slope to the next maximum. 

The flowing water is stopped, when 

(a) The stress minimum is lower than the initial stress. 

(b) It meets some former rain-flow, or when, 
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(c) It reaches the end of the strain record. 

(2) The stress range is counted, when the water flows (from the highest maximum attained 

during the preceding range) downwards along the roof to the nearest minimum, from where it 

flows down to the nearest roof slope and to the next minimum. It stops only when 

(a) The stress maximum is higher than the initial maximum. 

(b) It meets some former rain-flow. 

(c) It reaches the end of the record. 

(3) In this way, stress ranges are counted by successive application of rules (1) and (2).  

(4) The roof parts, which have not been covered by the rain-flow so far, are counted as, 

(a) The flow beginning in the maximum and flowing down across the following minima 

as described in rule (2)  or 

(b)  The flow beginning in the minimum and flowing down across the following maxima 

as described in rule (1).   In either case the flow stops, when 

(c) It meets an earlier stress which is more extreme than the initial point of the flow, or 

when  

(d) It meets an earlier flow. 

     The rain-flow counting method evaluates the stress-time history in the same way as the 

material reacts to a random loading process. It counts both the large amplitudes (half-cycles) 

and, separately, small inserted stress cycles (complete cycles).  

     The “Rain flow Counting” method faithfully reflects the behavior of the material and 

characterizes its hysteresis. For this reason it is recommended for the evaluation of random 

stress-time histories with reference to fatigue of materials. Every time interval of stress is 

counted only once and the same result is obtained, if the evaluation proceeded in the opposite 

direction 
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Fig.5.5 Rotated Stress Time history 

 

5.5.1.3 Counting Algorithm  

 
     The algorithm for “Rain-flow Counting” is described below with help of schematic 

diagram of stress cycle in Fig.5.6. 
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(a) Rising part of the time history.                                    (b) Decaying part of the time history 

 

         Fig. 5.6 Two basic cases of complete cycle counting in the Rain-flow method 

 

 (1) The local peaks A(0), A(1), …, A(k) are read from the stress time history and     

digitized.  

(2) The set of local peaks obtained is decomposed into half-cycles and cycles. 

(3) The condition for a cycle counting is defined by the relations 

  1 1 2A( i ) A( i ) A( i ) A( i )− ≤ + < ≤ +                                     (5.10) 

or  1 1 2A( i ) A( i ) A( i ) A( i )− ≥ + > ≥ +                         (5.11) 

(3a) The computation proceeds from the lowest i=1 to the highest i=k-2. If the conditions (4) 

or (5) have been satisfied then, one cycle= two half cycles with the stress range 

 1rS A( i ) A( i )= − +                                                                                              (5.12) 

(3b) The peaks A(i) and A(i+1) are eliminated from the sequence of extremes and sequence is 

renumbered. 

(3c) The procedure according to (3a) and (3b) are repeated until at least one cycle has 

remained from the remaining sequence. 
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(4) If the decomposition into cycle has been completed, the stress ranges (i.e. absolute values 

of differences of adjoining extremes) in the remaining sequence are called half-cycles. 

(5) The cycles and the remaining half-cycles of equal magnitude are added in the course of 

the calculations; the result is a Table of stress range frequencies, usually represented in the 

form of a frequency histogram and called stress range spectrum. The cycles counted for each 

time history is extrapolated by the ratio of the annual and measured traffic loads yielding the 

total number of stress cycles per year for a bridge element.  

 

5.5.2 Spectral Method 

      Spectral method of estimating fatigue life requires the evaluation of power spectral 

density of stress. In this section, the method to obtain PSD of stress at particular location of 

bridge has been discussed. The PSD of stress has been used to find spectral moments. With 

the help of spectral moment of various order (integer/ non integer), the fatigue damage for 

the bridge have been obtained based on the assumption of Gaussian Narrow Band process. 

Out of different spectral method, two methods have been applied to the problem under 

investigation and compared with time domain cycle counting method. 

Let for a linear time invariant system like the one being presented here, the finite Fourier 

transform of the force ( ){ }F ω and response ( ){ }X ω are related by 

( ){ } ( ) ( ){ }X H Fω ω ω= ⎡ ⎤⎣ ⎦                                                                                             (5.13) 

where ( )H ω⎡ ⎤⎣ ⎦  is the complex frequency response function of the system, which is given by 

( ) 12[ ] [ ] [ ]H K M i Cω ω ω
−

⎡ ⎤= − +⎡ ⎤⎣ ⎦ ⎣ ⎦                                                                                    (5.14) 
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Transposing the complex conjugate of the Eq. (5.13) and then post multiplying the Eq. (5.13) 

by the transposed equation, the following expression is obtained 

                        ( ){ } ( ){ } ( ) ( ){ } ( ){ } ( )* * *T T T
X X H F F Hω ω ω ω ω ω⎡ ⎤= ⎡ ⎤⎣ ⎦ ⎣ ⎦                     (5.15) 

 where asterisk (*) denotes complex conjugate. 

Taking expectation on both sides of Eq. (5.15) 

              ( ){ } ( ){ } ( ) ( ){ } ( ){ } ( )* * *
T TT T T

E X X H E F F Hω ω ω ω ω ω⎡ ⎤ ⎡ ⎤ ⎡ ⎤= ⎡ ⎤⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
             (5.16) 

Using the definition of PSD, the Eq. (5.16) can be written as    

* *[ ( )] { ( )}{ ( ) [ ( )] [ ( )][ ( )]T
XX FFS E X X H S Hω ω ω ω ω ω⎡ ⎤= =⎣ ⎦                                            (5.17)                 

in which ( )XXS ω⎡ ⎤⎣ ⎦ is the cross spectral density matrix of the response and ( )FFS ω⎡ ⎤⎣ ⎦ is the 

cross spectral density matrix of excitation.  

     In frequency domain, fatigue of structures is estimated based on the statistical properties. 

The stress PSD functions are usually obtained after solving the equations of motions in 

frequency domain. To analyze the structural behavior with respect to fatigue, the response 

must be expressed in terms of stresses as follows 

( ) ( ) ( ), ,S x t S x s x t= +                                                                                                    (5.18) 

where S is the mean stress, s is the zero mean fluctuating stress at location x. Both S and 

s are Gaussian random stationary processes. The mean static stress S can be easily derived 

from the application of the mean static force. Furthermore, assuming that the ratio between 

the fluctuating and the mean value of stress is equal to the ratio between the fluctuating and 
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the mean value of displacement (Repetto and Solari 2001), the power spectral density of the 

stress at location x1 can be derived as  

( ) ( )
( ) ( )

2

1 12, ,XX

S z
S x S x

X zσ ω ω
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

                                                                                    (5.19) 

where 

{ } [ ] { }1X K F−=                                                                                                             (5.20) 

 { }F  is nodal load vector for mean force and ( )1,S xσ ω is power spectral density of stress at 

location x1 as function of circular frequency. 

5.5.2.1 Rayleighs Approximation 

     In Rayleigh approximation method, the stress ranges are assumed to have Rayleigh 

distribution. In particular, each stress range is taken to be twice the random amplitude of the 

process, and for a Gaussian process, this amplitude has a Rayleigh’s probability distribution. 

As an example, Let the random stress X(t) be a narrow-band Gaussian stationary random 

process with a zero mean. The probability density function of peak stress X(t) is Rayleigh 

distributed (Lutes and Sarkani 1997) which can be written as 

( )
2

2 2exp      0
2X

x x

p ξ ξξ ξ
σ σ

⎛ ⎞
= − ≤ < ∞⎜ ⎟

⎝ ⎠
                                                                             (5.21) 

where xσ  is the standard deviation of process. 

Calculation of the mth moment of Sr in this situation is particularly simple if X (t) is also 

Gaussian, since the stress range (twice the stress amplitude) then follows the Rayleigh 

distribution. It is assumed that number of cycles of stress in actual structure produced by 
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moving vehicles over a time is independent of the magnitude of stress range in constant 

amplitude test.  

The expected damage can be written using Eq. (5.7) 

[ ] ( )1 1     2 mm
rE D K E S K E u− − ⎡ ⎤⎡ ⎤Δ = = ⎢ ⎥⎣ ⎦ ⎣ ⎦

                                                                      (5.22) 

in which u is the peak stress assumed as 
r

1 S
2

 

The Eq. (5.22) can be further expressed using Eq. (5.21) 

[ ]

2u- 22σ-1 m m u
2
u0

u      E Δ   = K 2  u   e  du
σ

D
∞

∫                                                                (5.23) 

( ) ( )
u-

-2 -22σ-1 m m+1 -1 m
u u R

0

2
2u           = K 2 σ u  e  du = K 2 σ I

∞

∫                                      (5.24) 

where 

2u- 22m 1
R

0
        I u  e  duuσ

∞
+= ∫                                                                                       (5.25) 

To evaluate the integral in Eq.(5.25) let us substitute   

   2

2

2 u

ut
σ

=       so that     2
uudu dtσ=                                                                        

Then ( )           udu e u   udu e u   I        
0

22

2u-

2
2
m

2

0

22

2u-

2

m
R ∫∫

∞∞
== u

u

u

u

σσ

σσ
                (5.26) 

        ( ) ( ) ∫∫
∞∞

==
0

t-22
m

0

2t-
2

2
m

2
dte 2 dt e 2                   

m
m
uu

u

u tt
σσ

σ

σ                         (5.27) 
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Using Gamma function the integral can written as 

    ( )
m
2               2 1

2
m

R u
m    I σ ⎛ ⎞= Γ +⎜ ⎟

⎝ ⎠
                                                                  (5.28)  

 The Gamma function ( )1λΓ +  is defined as   
0

te t dtλ
∞

−∫  ( )1λ > −  (Potter and Goldberg 

1991).                    

Thus ( ) ( )
3 m

1
2       2 1

2
m
u

mE D K σ− ⎛ ⎞Δ = Γ +⎜ ⎟
⎝ ⎠

                                                              (5.29) 

Let the kth moment of the spectral density is defined as (Lutes and Sarkani 1997)  

( )k
k σ 1

0
λ = ω S x ,ω  dω

∞

∫                                                                                                       (5.30) 

where ( )1,S xσ ω is the spectral density of stress at location x1 as function of circular 

frequencyω .   

For  k=0,       ( ) ( )0 2
0 1 1

0 0

, , xS x d S x dσ σλ ω ω ω ω ω σ
∞ ∞

= = =∫ ∫                                                (5.31) 

For  k=2,       ( )2 2
2 1

0

, xS x dσλ ω ω ω σ
∞

= =∫ &                                                                           (5.32) 

For  k=4,      ( )4 2
4 1

0

, xS x dσλ ω ω ω σ
∞

= =∫ &&                                                                            (5.33) 

Using Eq. (5.31) in Eq. (5.29), one obtains 

( ) ( )
3m

1 22 0       2  1
2

m
mE D K λ− ⎛ ⎞Δ = Γ +⎜ ⎟

⎝ ⎠
                                                                           (5.34) 
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The simplest form for the appropriate rate of cycle occurrence for this zero mean narrow 

band process is given by the rate of up crossing of the mean value. 

Probability density of crossing the level “α ” is given by (Nigam 1983) 

( ) ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
== −+

2

2

2
1exp

2
1

xx

xNN
σ
α

σ
σ

π
αα

&                                                              (5.35) 

where α -crossing level. Putting 0=α , we get expected rate of zero crossings with positive 

and negative slope respectively  

( ) ( ) 2

0

1 10 0
2 2

x

x
N N

σ λ
π σ π λ

+ −= = =
&                                                                                          (5.36) 

( ) [ ]1 1 1. .
2 2

x x

x f x
E D t E E D

N
σ σ

π σ π σ

⎡ ⎤ ⎛ ⎞
= = Δ⎡ ⎤ ⎢ ⎥ ⎜ ⎟⎣ ⎦

⎢ ⎥ ⎝ ⎠⎣ ⎦

& &                                                                 (5.37) 

Using Eq. (5.34) and Eq. (5.36) in Eq. (5.37) and assuming that S-N curve for the materials 

are defined, the expected fatigue damage accumulation rate can be expressed as  

( ) [ ] ( )
3m

12 2 22 0
0 0

1 1.   2  1
2 2 2

m

R A Y

mE D t E D Kλ λ λ
π λ π λ

− ⎛ ⎞= Δ = Γ +⎡ ⎤ ⎜ ⎟⎣ ⎦ ⎝ ⎠
                               (5.38) 

Simplifying the above expression, one can write 

( )
( )1 / 21 3 / 2 1/ 2
0 22 1

2
2

mm

t T RAY

mK
E D t

λ λ

π

−−

=

⎛ ⎞Γ +⎜ ⎟
⎝ ⎠⎡ ⎤ =⎣ ⎦                                                             (5.39) 

where subscript “RAY” is used to indicate the expression based on Rayleigh’s probability 

density function. 

 

5.5.2.2 Single Moment Approximation 

     The spectral method based on Rayleigh’s assumption developed in the proceeding section 

involves two spectral moments to be obtained from PSD function. To reduce computational 

effort in Rayleigh’s method, Lutes and Sarkani (1997) established that only a single moment 
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is sufficient to yield reasonably accurate results. The method was, however, applied to 

different PSD of unimodal are bimodal characters taken without reference to the particular 

structural model and actual loading.  Thus, this method has been tested in the present 

investigation on a curved box-girder bridge using stress spectra obtained after solving a 

complete bridge-vehicle interaction problem with random loading. As mentioned, the single 

moment method predicts the fatigue life based on only one moment of the power spectral 

density curve. The single moment method is found to be simpler than most spectral methods, 

and all spectral methods are much simpler than any method involving simulation of stress 

time histories. Two corrections have been suggested to Rayleigh’s approximate method 

(Lutes and Sarkani 1997). 

1. Lutes et al. (1984) proposed the correction as function of a band width parameter 

given by: 

            
0 2

b
b

b

λα
λ λ

=                                                                                                        (5.40) 

            where ( )
0

 b
b S dλ ω ω ω

∞
= ∫                                                                                       (5.41) 

 where bα  is the bandwidth parameters. The parameter “b” can be related empirically     

to m.  

2. Ortiz and Chen (1987) suggested correction to a Rayleigh expression, using the five 

spectral moment  0 2 4, , , bλ λ λ λ  and 2bλ +  .  

The damage function given by them is   
2

m

bβ
α
⎛ ⎞
⎜ ⎟
⎝ ⎠

  times Rayleighs   damage function. Thus 

one can write                                                           
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           ( ) ( ) 
2

m
b

O C RAY
E D t E D tβ

α
=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦                                                                              (5.42) 

The subscript “OC” in the above expression indicate the corrected expression proposed by 

Ortiz and Chen. The factor βb is given by       

          
1
22

0 2

b
b

b

λ λβ
λ λ +

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

                                                                                                   (5.43) 

It was found that parameter b is related to S-N curve parameter as 

  2b
m

=                                                                                                                      (5.44) 

Eq. (5.42) can also be written in expanded form. 

           ( )
2m-11 3 / 2 21

2 2
2 4 

22

2  1  
2 2

m

m
m

O C
m

K mE D t
λ

λ λ
π λ

−

+

⎛ ⎞
⎛ ⎞ ⎜ ⎟= Γ +⎡ ⎤ ⎜ ⎟⎣ ⎦ ⎜ ⎟⎝ ⎠

⎝ ⎠

                                       (5.45) 

Since 0λ  term in the correction factor cancels out with the 0λ  term in the Rayleigh    

approximate expression, the damage rate in fact depends on the four spectral moments  

2 4 2, ,
m

λ λ λ  and 22  m
λ

+
 .    

Accuracy in fatigue life prediction is expected to improve since the method involves four 

spectral moments instead of two in Rayleigh’s method. However, computations are lengthy 

as the process requires four times integration of PSD curves to obtain integer/ non integer 

spectral moments. 

    A new approximate method introduced by Lutes and Sarkani (1997) involves only a single 

spectral moment, which considerably reduces the computational time. The method, found to 

yield results closer to rain-flow counting method as reported by Lutes and Sarkani (1997). In 

the present work, single moment method has been applied to estimate fatigue life of the 
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curved box girder bridge. The expression given by Lutes and Sarkani (1997) was based on 

the assumption of very narrow band random process. The single moment method has been 

explained in detail as follows. 

Let the autospectral density of very narrow band random process concentrated at frequencies 

0 ω±  be represented by  

( ) ( ) ( ){ }
2

0 02
X

XXS σω δ ω ω δ ω ω= + + −                                                                 (5.46) 

where Xσ  is the standard deviation, "δ" is the Direct delta function, having the following 

properties. 

( ) 0xδ =  for 0x ≠  and ( )0δ →∞                                                                                   (5.47)                          

and  ( ) ( ) ( )0   dx = 0x x f x f xδ
+∞

−∞

−∫  

Let us assume [ ] ( )-1
a( )  = C  bE D t λ −                                                                                    (5.48) 

where a, b and c are constants which depends on the specimen characteristics but not on the 

power spectral density curve. 

The spectral moment of order “a” is defined for the narrow band process (Lutes and Sarkani 

1997). 

( )1
-

 = ,  da
a XXS xλ ω ω ω

∞

∞
∫                                                                                                  (5.49) 

where ( )1,XXS x ω  is the PSD of stress at location x1 in the structure. 

On the substitution of Eq. (5.46) in Eq. (5.49) and using the property of Direct delta function, 

ath  moment of PSD of stress at location x1 may be  obtained as  

2
x 0 =  a

aλ σ ω                                                                                                                         (5.50) 
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Since 2
0 x = λ σ ,one can write 

1

0
0

aaλω
λ

⎛ ⎞
= ⎜ ⎟
⎝ ⎠

                                                                        (5.51) 

Hence expected damage function is Eq. (5.48) can be expressed as 

( ) ( )-1 2 a -1 2 -ab
0 0= C    = C   

b b
X XE D t σ ω σ ω

− −⎡ ⎤⎣ ⎦                                                                      (5.52) 

From, Rayleigh’s approximation expression one has  

         ( ) [ ]2

0

1   
2

E D t E Dλ
π λ

= Δ⎡ ⎤⎣ ⎦                                                                                (5.53) 

Since 2 2
2 x 0 =  λ σ ω one can write 2

0
0 0

 = 
b

aλλ ω
λ λ

−
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

                                                   (5.54) 

The Eq. (5.53) becomes                                   

( ) [ ] ( )
3m

10 0 22 0   2  1
2 2 2

m mE D t E D Kω ω λ
π π

− ⎛ ⎞= Δ = Γ +⎡ ⎤ ⎜ ⎟⎣ ⎦ ⎝ ⎠
                                      (5.55)  

                 ( )
3m

1 m0 2 x  2   1
2 2

mKω
σ

π
− ⎛ ⎞= Γ +⎜ ⎟

⎝ ⎠
                                                                     (5.56)  

To make an agreement of single moment method with Rayleigh’s method, Eq. (5.52) and Eq. 

(5.56) may be compared to conclude that single moment method agrees fully when 

 2a
m

= ,  
2
mb = −   and  

( )
3

22  1
1 2

2

m m

c Kπ

⎛ ⎞Γ +⎜ ⎟
⎝ ⎠=                                                                  (5.57) 

Thus substituting a, b and c from Eq. (5.57) in Eq. (5.52) and utilizating Eq. (5.54), one 

yields expression for the expected damage rate as  

( )
1 3 / 2 / 2

2 /2  1
2

2

m m
m

t T SM

mK
E D t

λ

π

−

=

⎛ ⎞Γ +⎜ ⎟
⎝ ⎠⎡ ⎤ =⎣ ⎦                                                                        (5.58) 

TH-480_01610403



 197 
 

The subscript “SM” refers to single moment method. The above expression, therefore 

contains only one spectral moment of order 2/m. It is known that single moment method 

yields better results with less computational effort. The accuracy of this method has been 

termed in the present work in order to obtain fatigue life of curved box girder bridge. 

 

5.6 RESULTS AND DISCUSSION 

      A simply supported single cell thin walled section box girder bridge (Fig.5.7) as 

considered by Heins and Oleinik  (1976) has been chosen in the present study to obtain the 

dynamic response due to moving vehicles from which the fatigue life has been estimated. 

The bridge considered is a steel bridge. The span of the simply supported bridge is 30 m with 

a radius of curvature of 150 m and the bridge has diaphragms at supports. The vehicle model 

is a heave-pitch-roll 3D model. All the parameters relevant to the vehicle are taken from the 

work of Henchi et al. (1998) and have been presented in Fig 5.7. The mass density, modulus 

of elasticity and Poisson’s ratio of the material are taken as 7840 kg/m3, 2×10 11 N/m2 and 

0.3 respectively. The numerical simulation has been carried out to find the dynamic response 

of the bridge. The details of the simulation procedure has been described in Chapter 4. 

 

Fig .5.7    Geometry and properties of steel box girder bridge 
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5.6.1 Time History of Stress 

       The moving vehicle induces flexural, torsional warping and distortional warping stresses 

in thin-walled curved box girder bridge. In the present analysis, for the chosen parameters of 

the bridge, the magnitudes of flexural stresses dominate over other stresses. Hence for 

evaluating fatigue life, flexural stresses at mid span have been considered only. Some typical 

time histories of stress for the bridge are shown in Fig 5.8-5.10. The abscissa in those stress 

histories is the distance measured from the left end of the bridge to the front axle of the 

vehicle. The time histories have been obtained for various road surface conditions, varying 

vehicle speeds and vehicle weight to examine their influence on the fatigue life of the curved 

bridge. 

Slow and fast moving vehicles are covered in the study adopting operating speed range 5 

m/sec (17.8 km/h) to 20 m/sec (71.4 km/h). Fig. 5.8 shows the flexural stress at mid span in 

good road surface condition for different vehicle forward velocities. Fig. 5.9 and Fig.5.10 

show the flexural stress at the same location for different road conditions and for different 

vehicle mass corresponding to constant vehicular velocity of 20 m/sec. The results indicate 

the presence of fluctuating stress component due to dynamic excitation of the bridge. The 

high frequency components are found all along the response time history. The peak 

magnitude is seen to occur when vehicle c.g is close to the center of the span, the magnitude 

of peak being greater for higher velocity, deteriorated road surface condition and increased 

vehicle weight.  
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 Fig .5.8    Flexural stress histories at mid span for different vehicle forward velocities 

 

 

 

 

 

           

              

 

 

 

 

   Fig .5.9    Flexural stress histories at mid span for different surface category 
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Fig .5.10    Flexural stress histories at mid span for different vehicle mass 

 

5.6.2 Stress Range Histogram 

     The stress range histogram is needed for the calculation of fatigue life of the bridge. 

Corresponding to the flexural stress samples at mid span of the bridge obtained by numerical 

simulation, the stress histogram is prepared after synthesizing the time history by Rain flow 

counting method. It may be noted that the flexural stresses have been calculated considering 

the passage of single vehicle over the bridge. Assuming uniform traffic for all the days in a 

year, number of cycles obtained by Rainflow analysis is simply converted into the annual 

cycles by using a constant multiplier (Average daily traffic x 365).  The flow rates of 

vehicles over the bridge have been taken 5×105 vehicles annually.  Fig.5.11 shows a typical 
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0.02GPa (mean stress 0.015 GPa) in the operating vehicle speed 5 m/sec to 20 m/sec. In the 

higher stress range, the numbers of stress cycles experienced by the bridge seem to decline. 

Fig.5.12 presents the stress range vs. frequency histogram obtained for the stress histories 

corresponding to five different categories of the pavement such as very good, good, average 

and poor, very poor. The vehicle speed considered is 20 m/sec. It reveals from the histogram 

analysis, maximum number of stress cycle generated annually corresponds to approximately 

4.55 ×107 cycles/year in the stress range 0.01 GPa – 0.02GPa for the good condition of the 

bridge deck. The histogram reveals that the number of stress cycles in higher stress range, 

although very small, is associated with the poor surface condition of the pavement.  The 

number of stress cycles in significant stress range does not reflect much variation due to 

change of vehicle weight within ±30% limit. This is evident in Fig.5.13. 

 
 

 

 

 

 

 

 

 

Fig.5.11 Stress ranges versus Frequency (cycles/year) Histogram for different vehicle 

velocity 
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Fig.5.12 Stress ranges versus Frequency (cycles/year) Histogram for various surface 

condition of the deck 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.5.13 Stress ranges versus Frequency (cycles/year) Histogram for different vehicle mass 
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5.6.3 Power Spectral Density of Stress  

      The power spectral density (PSD) of stress process is necessary for the calculation of 

spectral moments required to be used to determine fatigue life using spectral moment 

method.  To illustrate the nature of the power spectral density of stress, the spectral curve of 

stresses for the box-girder bridge have been plotted. Fig.5.14, 5.15 and 5.16 show the effect 

of vehicle forward velocity, road roughness and vehicle mass on PSD of stress at the mid-

span of box-girder bridge. Results show that all the peaks occur at the fundamental natural 

frequency of the bridge and has narrow band width centered about the fundamental 

frequency.  

Thus the nature of PSD curves shows that stresses induced by moving vehicle is the 

realization of narrow band random process, which justifies the applicability of the Rayleigh’s 

expression for the evaluation of fatigue life. The magnitude of peak for spectral density of 

stresses increases with the increase of vehicle velocity, road roughness and vehicle mass, 

which indicates the increase of variance of the flexural stresses. 

 

 

 

 

 

 

 

 

Fig. 5.14 PSD of flexural stress at mid span for different vehicle velocity 
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Fig. 5.15 PSD of flexural stress at mid span for different road surface 

 

 

 

 

 

 

 

 

 

 

 

                   Fig. 5.16 PSD of flexural stress at mid span for different vehicle mass 
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5.6.4 Effect of Different Parameters on Fatigue life 

   This section examines the effect of some of the important factors, which are believed to 

influence the fatigue life of the bridge. Fatigue life of the curved thin walled box girder 

bridge section has been evaluated both by time domain cycle counting analysis and spectral 

analysis using Rayleigh’s approximation and Single moment method.  

 

5.6.4.1 Effect of S-N curve Constants on Fatigue Life 

    The constants m and K that are used in the computation of fatigue life of the structure play 

a very significant role. In procedure for calculating fatigue life mentioned in the present 

work, the evaluation of material constants from S-N curve test data is a perquisite. It is 

difficult to choose the constants m and K without obtaining data of the fatigue test conducted 

on the specimen. Because of non-availability of parameters of S-N curve after performing 

fatigue test, it is desired to examine the sensitivity of the predicted life of the bridge due to 

variation of those material constants. The S-N curves for steel have been presented for eight 

categories of weld details in AASHTO specifications (1998). These fatigue constants K of S-

N curve for the steel specimens have also been used by Chung (2004) for fatigue reliability 

analysis of steel bridges. The same constants have been used in the present study to examine 

the change of fatigue life of the horizontally curved box girder steel bridges. The constant 

‘m’ has been taken as 3 for steel structures. The results are presented in Table 5.1. The 

damage accumulation rates have been computed using Rain flow counting method, Rayleigh 

approximation and Single moment method. The vehicle velocity has been assumed as of 

20m/sec and road surface condition has been considered good. Since the constants are varied 
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(through A to E’) in order of decreasing fatigue strength, the predicted life systematically 

decreases with weaker details. Although, the results are expected, the study ensures correct 

behaviour of the model adopted in two approaches for finding fatigue life of the horizontally 

curved box girder bridges. The results obtained by two approaches are sufficiently closer. 

The fatigue constant directly influences number of cycles to failure of the specimen. For 

some category of bridge detail, higher value of fatigue constant decreases cumulative damage 

index which ultimately lead to increase of fatigue life. 

 

Table 5.1 Influence of S-N curve constant ‘K’ (AASHTO-LRFD Fatigue Categories) on 

fatigue life                                                                                                                                                             

 

 

 

 

Fatigue life(T) Years 

Spectral Method  

 

 

Detailed Category 

( AASHTO 

specifications 

1998) 

 

Fatigue 

constant(K) 

( 108 ) Rayleigh 

Approximation 

Method 

Single Moment 

Method 

Cycle 

Counting  

Method 

A 250.0 234.943 238.593 228.315 

B 120.0  112.772 114.215 109.5890 

B’ 61.0  57.326 60.022 55.7078 

C 44.0  41.350 47.746 40.1826 

C’ 44.0  41.350 47.746 40.1826 

D 22.0  20.675 28.214 20.0913 

E 11.0 10.337 14.186 10.0457 

E’ 3.9 3.665 5.0298 3.5616 
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5.6.4.2 Effect of Vehicle Forward Velocity on Fatigue Life 

 

    Table 5.2 shows the variation of fatigue life due to the variation of vehicle velocity. The 

fatigue life of the bridge has been computed for good road surface condition with velocity of 

the vehicle varying from 5 m/sec to 20 m/sec.  The effect of increase of speed of the vehicle 

over the bridge increases the dynamic deflection as well as the peak flexural stress. This 

leads to the increases of the stress range as well. Higher magnitude of the stress range is 

expected to reduce the number of cycles to failure. The result would be the increase of 

cumulative damage index and reduction of fatigue life. A decrease in fatigue life of the girder 

has been observed at high-speed vehicle movements along the bridge in the Table 5.2.  It is 

observed that two methods adopted in the estimation of fatigue life closely agree with each 

other, having slight conservative estimate in Rayleigh’s approach. As the vehicle velocity 

increases, the frequency of dynamic excitation in temporal domain increases directly for 

given surface condition as the spatial frequency or wave number of surface roughness is 

related to the temporal frequency of excitation imposed on the vehicle through vehicle 

velocity. It may be noted that high frequency of oscillation of vehicle, in turn imposes high 

stress cycle on the bridge superstructure. The cumulative effect leads to increase of damage 

index. However, initially after construction of bridge, the surface condition generally remains 

good, in the later stage the damage rate increases rapidly. The study reveals some restriction 

should be imposed on vehicles regarding speed limit in order to avoid fatigue stresses not to 

become critical for the bridge. This was also depicted in the earlier study for dynamic load 

allowance.  
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                                  Table 5.2 Influence of vehicle speed on fatigue life 

 

5.6.4.3 Effect of Pavement Roughness on Fatigue Life 

 

    The surface characteristics play an important role on the dynamic excitation transmitted to 

the bridge by the moving vehicle. Five categories of surface characteristics have been 

considered to examine their effect on the response. Based on the spectral roughness 

coefficient, the road is classified as very good, good, average, poor and very poor. The effect 

of any discrete form of roughness such as bump at the approach, construction joints etc are 

not taken into account. The fatigue life corresponding to different response parameters for 

different categories of road surface has been presented in Table 5.3.  The vehicle velocity has 

been assumed as 20m/sec. The fatigue life decreases with the increase in surface roughness. 

Higher amplitude of tire force imposed on the pavement due to increased pavement 

roughness coefficient causes a high value of stress ranges in the bridge girder at the critical 

sections. The fatigue life reduces irrespective of the vehicle speed for degraded pavement 

 

Fatigue life(T) Years 

Spectral Method  

 

Vehicle forward 

velocity 

m/sec Rayleigh 

Approximation Method 

Single Moment 

Method 

Cycle Counting  

Method 

5 323.891 331.040 316.478 

10  288.205 296.822 276.257 

15 262.117 268.250 255.102 

20 234.943 238.593 228.310 
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condition.  When computed by two methods, Rayleigh’s method is again found to yield 

higher estimate of fatigue life. The spectral roughness is characterized by two constants 

related to surface condition. The parameter spectral exponent is selected to represent a 

narrow band process with central frequency very near to lower cut off frequency. The result 

showed direct dependence on roughness coefficient rather than spectral exponent, reflecting 

reduction of fatigue life of bridge with deterioration of the pavement. 

                       Table 5.3 Influence of pavement surface condition on fatigue life 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.6.4.4 Effect of Sprung Mass on Fatigue Life 

 

      In case of emergency and from strategic point of view, special permits are issued to allow 

extra heavy loads to pass over the bridge. Therefore, it is necessary to examine the fatigue 

life of the bridge at increased vehicle weight. The numerical experiment is performed by 

decreasing and increasing the weight of the vehicle (up to maximum 30%). Table 5.4 shows 

the effect of increased (or decreased) vehicle mass on the fatigue life of the bridge. The 

 

Fatigue life(T) Years 

Spectral Method  

 

Surface 

condition 

Rayleigh 

Approximation Method 

Single Moment 

Method 

Cycle Counting  

Method 

Very Good 277.884 286.193 263.157 

Good 234.943 238.593 228.315 

Average 83.847 92.236 75.188 

Poor 31.225 37.990 24.177 

Very Poor 21.792 28.456 14.7536 
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surface condition of the pavement is assumed as ‘good’.   Uniform vehicle velocity of 20 

m/sec is considered for the evaluation of effect of sprung mass variation. It is expected that 

the deflection and flexural stress in the bridge would increase for the increase of vehicle load. 

This may result in the increase of higher magnitude stress range causing reduction in the 

number of cycles to failure. It is observed from the result shown in Table 5.4 that the fatigue 

life decreases with the increase of sprung mass. However, it is seen that with maximum 30% 

increase of vehicle weight in the present case, the decrease of fatigue life is about 15%-20%. 

Such type of quantitative study is also useful to take decision on the restriction of payload of 

the vehicle plying over the bridge. The importance of studying the effect of sprung mass on 

fatigue life is to focus the attention of designers is to take into account the annual rate of 

traffic growth in estimating remaining life of the bridge. 

 

  Table 5.4 Influence of vehicle mass on fatigue life  

 

 

 

Fatigue life(T) Years 

Spectral Method  

 

Vehicle mass 

Rayleigh 

Approximation 

Method 

Single Moment 

Method 

Cycle Counting  

Method 

0.7ms 278.000  286.3574 264.550 

0.9 ms 258.3532 264.418 252.525 

1.0 ms 234.943 238.593 228.315 

1.1 ms 222.615 231.365 208.333 

1.3 ms 191.935 200.653 183.150 
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5.6.4.5 Effect of Bridge Span on Fatigue Life 

 

      The single span curved box girder bridge in the span range 10m to 30m has been 

considered to examine the effect of the bridge span on fatigue life. The vehicle velocity is 

taken as 20 m/sec. The results are tabulated in Table.5.5 for the class of bridge pavement 

taken as good. It has been observed that with the increase of the bridge span, natural 

frequencies of the bridge decrease in all the modes. The decrease in natural frequencies 

results in large amplitude stress cycles.  The number of stress cycles in higher stress range 

decreases which yield lower value of damage index. This effect may be attributed to the 

increase of fatigue life of the bridge which is reflected in Table 5.5. It may be observed that 

fatigue life estimated by spectral methods yield higher value compared to rain-flow counting 

method. The increase of fatigue or in other words decrease in damage index in a longer span 

bridge may also be thought of as a minor effect of fluctuating live load on the bridge 

compared to dead load of the superstructure. The dead load generally varies directly with the 

span for a given cross section. The study shows that effect of high cycle fatigue caused by 

traffic is not of serious concern for the design of superstructure in long span bridge. 
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                                       Table 5.5 Influence of bridge span on fatigue life     

 

5.7 CLOSURE 

      A systematic theoretical approach has been outlined for the calculation of the fatigue life 

of a horizontally curved thin walled box girder bridge considering its dynamic interaction 

with the vehicle. The key feature of the study is the estimate of fatigue life through the 

solution of bridge vehicle coupled dynamics with the application of linear damage 

accumulation rule. Both time domain cycle counting and frequency domain spectral method 

using Rayleigh’s approximate and single moment theory have been employed. The spectral 

method uses an analytical expression for the calculation of fatigue life which is simpler in 

application and requires less computational time compared to cycle counting method in time 

domain. The comparative study of the fatigue life of the bridge shows that results of the 

spectral method, although provides conservative estimate are reasonably closer to the 

estimates in time domain cycle counting method.  However, the spectral methods can only be 

applied to narrow band Gaussian process where the time domain cycle counting method is 

not restricted by such assumption and can be expected to a wide class of problems. The detail 

parametric study conducted in this chapter is expected to become helpful to identify several 

 

Fatigue life (T) Years 

Spectral Method  

 

Span  

 m 

Rayleigh 

Approximation Method 

Single Moment 

Method 

Cycle Counting 

Method 

10 183.053 189.843 171.1351 

20 196.178 204.04 189.393 

30 234.943 238.593 228.310 
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factors that may be responsible for the damage and degradation of the bridges. The 

parameters that influence fatigue life was found to be important but presently missing in the 

existing formula given in the bridge specification. Even, the bridge specification at present 

has not given any recommendation of fatigue life of box girder curved bridge. The usefulness 

of present study was discussed that by the histograms of stress cycle obtained from detail 

dynamic analysis including the effect of different parameters can be used to find remaining 

life of structure knowing the present age of the bridge. As such, the study is not only useful 

in the design stage but also finds application to know the remaining service life. This helps to 

take important decision to periodical maintenance and major repairing. The actual traffic 

history and annual growth rate may be obtained by field survey to use the technique of 

present study. 
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CHAPTER 6 
 

CONCLUSION AND SCOPE OF FUTURE WORK 
 
 
 
6.1  INTRODUCTION 
 

In this chapter, a critical analysis of the results obtained through this investigation 

and a summary of conclusions are presented. Further, the proposals for future research 

are also given. 

 
6.2   ANALYSIS OF RESULTS AND SUMMARY OF CONCLUSIONS 
 

A computationally efficient thin-walled box-beam finite element has been used 

to model curved box-girder bridge which takes into account the torsional warping, 

distortion and distortional warping characteristics of thin-walled box-spine bridges, 

apart from the usual extensional, flexural and torsional behavior. The effect of shear 

lag has also been taken into account using the effective width concept. A 

supplementary program that evaluates the sectional properties of a box-girder cross-

section has also been developed. The stress resultants for curved thin walled box 

girder bridge for static loading has been evaluated for single and double cell section 

for single and two span bridges. The static analysis reveals that with increasing 

curvature, the torsional and distortional stress resultants are significantly changed 

whereas other stress resultants corresponding to bending and shear remain almost 

unaffected. The applicability of such an element for the dynamic analysis has been 

verified by evaluating the modal parameters of a curved box girder model theoretically 

as well as experimentally. The dynamic response of thin-walled curved box girder 

bridge due to moving vehicle has been studied considering surface unevenness of the 

deck as the random input to the vehicle wheels. Impact factors for several response 

parameters have been evaluated for the variations of various bridge and vehicle 
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parameters, which would be very much useful for the design of curved thin walled box 

girder bridges.  

Another important feature of the present study is the estimate of fatigue life 

through the solution of bridge vehicle coupled dynamics with the application of linear 

damage accumulation rule. The time domain cycle counting method yields the stress 

histogram from which fatigue life has been evaluated. Frequency domain approach 

using Rayleigh’s assumption with two spectral moments of integer order and single 

spectral moment of non integer order have also been applied to evaluate expected 

fatigue life of steel curved thin walled box girder bridge. The comparison of time 

domain and frequency domain results shows close agreement between the two 

methods. It was observed that stress being a narrow band process, the spectral method 

provides quick estimate compared to cycle counting, which depends on the simulated 

time history. The parametric studies indicate that increase of pay load and vehicle 

velocity decreases the fatigue life. The major factor responsible for the reduction of 

fatigue life of the bridge has been found to be the deck surface condition. This 

indicates that proper maintenance and periodic inspection is necessary to reduce the 

tendency of fatigue failure in the bridge component. 

The major observations from the present study may be summarized as follows: 
 

1. The results obtained from the present study have been validated, thus 

supporting the appropriateness and accuracy of the code developed. The code 

developed can thus be used successfully for the elastic analysis of single-spine 

(single cell and multi cell) box girder bridges.  

2. The results obtained from the present study have reaffirmed the significance of 

warping, distortion and shear lag in the analysis of thin walled box girder 

bridges. The static analysis reveals that with increasing radius of curvature, the 
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torsional and distortional stress resultants are significantly reduced, whereas 

other stress resultants (bending moment and shear force) are unaffected.  

3. A computationally less expensive and realistic three noded thin-walled box 

beam element has been utilized for the modeling of the bridge. The main 

advantage of the proposed method of analysis is that it may be used for bridge 

analysis in situations where a full three-dimensional analysis is unnecessary, 

such as during preliminary design stages. Further, the dynamic analysis due to 

vehicle induced excitation will be also very efficient as a substantial reduction 

in overall degrees of freedom is achievable by using three noded one 

dimensional beam models. The applicability of such an element for the 

dynamic analysis has been verified by evaluating the modal parameters of a 

curved box girder model theoretically as well as experimentally. 

4. Free vibration studies of thin-walled box-girder bridges show that the natural 

frequencies of curved box-girders increase with the increase of radius of 

curvature. However, the effect of curvature on the frequency of practical box 

girder bridges is insignificant. 

5. Due to the effect of centrifugal force in a curved bridge, the impact factors due 

to torque, distortion and their corresponding bi-moments are generally higher 

than those of vertical deflection, bending moment and shear force. Further, it 

has been observed that the impact factors of torque, distortion and their 

corresponding bi-moments rapidly increase with vehicle speed, while those of 

vertical deflection, bending moment and shear force do not show such 

tendency. 
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6. Surface roughness is one of the predominant factors, which may cause large 

increase in the magnitude of dynamic response particularly of vertical 

deflection, bending moment and shear force.  

7. The transverse load position on the bridge deck as well as number of vehicles 

at a section influence the values of impact factor. The impact factors in a 

curved box-girder bridge corresponding to a two- truck loading have been 

observed to be higher than that for a single truck loading. The loading 

positions have lesser influence on vertical shear and bending moment, while 

impact factors of torque, distortional moments and bi-moments are relatively 

more affected by the loading positions. 

8. Vehicle suspension stiffness has lesser influence on impact factors 

corresponding to different response parameters in comparison to the sprung 

mass variation. 

9. It has been observed that by completely neglecting the effect of damping will 

overestimate the impact factors corresponding to vertical deflection, bending 

moment and shear force for a curved box-girder bridge.  

10. With the increase in acceleration of vehicle, impact factors corresponding to 

bending moment, shear force and vertical deflection increases, while those of 

torsional moments, distortional moments and their respective bi-moments 

reduces. 

11. The moving vehicle induces flexural, torsional warping and distortional 

warping stresses in thin-walled curved box girder bridge. The magnitudes of 

flexural stresses dominate over other stresses. Hence for evaluating fatigue life, 

flexural stresses at mid span have been found important. The magnitude of 
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peak stresses becomes larger with higher vehicle forward velocity, deteriorated 

road surface condition and increased vehicle weight. 

12. The first largest peak of the power spectral density of stresses (PSD) is found 

to occur at fundamental natural frequency. The PSD curve also exhibits a 

significant value over narrow band width.  

13. Out of two methods used in fatigue life estimation, time domain method is 

computationally more expensive compared to spectral method. The spectral 

method used in the present study has to restrict its application only to narrow 

band Gaussian process. The time domain method based on cycle counting, 

however, is general in applications. 

14. The fatigue life according to Rayleigh and Single moment approximation are 

very close to each other. However, rain flow method predicts lower values of 

fatigue life compared to spectral methods. 

15. The fatigue life of the bridge is dependent on the vehicle weight and the speed 

of the vehicle. The damage accumulation progresses rapidly due to increase of 

the vehicle weight, decreasing the fatigue life.  The increase of the vehicle 

speed also decreases the fatigue life. Thus it is important to regulate the vehicle 

load and speed over the bridge to increase the safety limit of the bridge. 

16. The condition of the bridge pavement is found to be an important parameter 

affecting the fatigue life of the bridge. The deteriorated bridge pavement 

decreases the fatigue life of the bridge. 

17. The S-N curve constant to be used in fatigue life prediction plays an important 

role. These constants can drastically change the value of fatigue life.  

18. The fatigue life of the bridge increases with the increase of bridge span.  
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The integrated module has been developed involving analysis of thin-walled box-

girder bridge using a computationally efficient finite element, computing impact factor 

incorporating all the complexities of bridge-vehicle parameters and assessing the 

safety limit of the bridge by evaluating fatigue life. This module could be used for 

many important observations critical to efficient design of the box-girder bridges.   

 
6.3  SCOPE OF FUTURE WORK 
 

1. An empirical procedure for the prediction of shear lag (Moffat and Dowling 

1975) has been used in this study. The generalized coordinate method of 

Vlasov (1961) could perhaps be used to include the structural action of shear 

lag directly in the element formulation. 

2. The initial conditions of the vehicle and entry velocity may be considered 

random. 

3. Nonlinearity in suspension of the vehicle can be included in the future study. 

4. Fatigue prediction method in the present study depends on linear damage rule, 

which may be modified taking into account of the non-linearity of damage 

accumulation with time.  

5. The initiation of the crack and its growth in fatigue model of the bridge may be 

included.  

6. The super elevation consideration may be included in the modeling of bridge 

and equivalent load vectors may be accordingly incorporated. 

7.  The present formulation has been carried out based on only one type of 

vehicle model. However, the realistic simulation will require the modeling of 

mixed vehicular type and also considering congestion effect in the evaluation 

of impact factor. 
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APPENDIX - A  
 

A.1 DETERMINATION OF CROSS–SECTIONAL PROPERTIES OF 
THIN-WALLED BOX-GIRDERS 
 

A.1.1   Introduction 
 
  For the calculation of stresses due to bending, warping torsion and distortional 

warping, cross-sectional properties of the box-girder are required to be evaluated. The 

evaluation of cross sectional properties is tedious, time consuming and numerical errors are 

easily introduced. A computer program has been developed for the determination of cross-

sectional properties of thin-walled box-girder with at least one vertical axis of symmetry. 

A.1.2 Scheme of integration 
 

In the course of determining cross-sectional properties, a certain number of definite 

integrals must be found. Consider a straight element j-k of the mid-line of the section with 

thickness ti (Fig.A.1). For this segment, let the ordinates η  and η of two different diagrams 

be given, whose form is linear.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. A.1 Integral along a straight element 
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 The integral 
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is given by    [ ])2()2(
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or 
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when  ηη = , Eq. A.2 and A.3 may be simplified as 
 

  [ ])
3
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jk
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A.1.3 Calculation of Sectional Properties in Bending and Torsion 
 
 
  Applying the numerical integration as described in Eq.A.2 and A.3, we obtain for the 

moment of inertia about the z axis as  

  [ ]∑
=

++=
m

i
kjkjiiz yyyytlI

1

22
3
1               (A.5) 

 
where  m is the total number of plate elements in the section, 

  li is the length of the ith element and ti is its thickness, 

  j and k indicate the number of the end nodes of the individual elements. 

Similarly, the moment of inertia about the y axis is given by 

  [ ]∑
=

++=
m

i
kjkjiiy zzzztlI

1

22
3
1              (A.6) 

To determine the position of the shear center and to obtain the diagram of the reduced 

sectorial co-ordinates Iω̂ , the intersection of the y axis and the mid-line of the top flange B is 

chosen as the principal integral origin (Fig.A.2). The sectorial coordinates IBω̂  of individual 

characteristic points can be calculated by the following expressions 
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where, 2
nk = , when n is an even number and 1

2
nk += , when n is an odd number 
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in which shear flow 01,0, == +nBB qq  , and n is the total number of cells in the cross-section. 

Fig. A.2 Multi-cell cross-section 
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  Applying the numerical integration as described in Eq A.2, we obtain from the 

diagram of IBω̂  , the sectortial product of inertia about the y axis
ByI ω̂ as 

  ( ) ( ) ( ) ( )1
ˆ 6

1

ˆ ˆ2 2
B

m

i i IB j k IB k jy j k
i

I l t z z z zω ω ω
=

⎡ ⎤= + + +⎣ ⎦∑        (A.14) 

The shear center ys can thus be obtained from Eq.2.36 as 

y

y
y I

I
e Bω−= ˆ                  (A.15) 

  ,B iq  can be evaluated using the flexibility equations (Zhang 1983). 

  [ ]{ } { }=f q Ω                  (A.16) 

where, flexibility coefficients f is given by 

  ∫=
i

ii t
dsf   or  ∫−=

ki
ik t

dsf
,

,           (A.17) 

  Ω  is twice the enclosed area of each cell. 

  The normalized reduced sectorial coordinates Iω)  at individual nodes can then be 

evaluated by the following expressions 

  ( ) ( ) ( ),0 0 1 , 2, , 1
1

ˆ ˆ
k

I S B i i B k I nm i m k
i

z y z z zω τ τ ω− ++
=

= − − − = −∑       (A.18) 

where, 2
nk =  when n is an even number, and 1

2
nk +=  when n is and odd number, 

  ( ) ( ), , 1 1,
ˆ ˆI i I i S B i im i

y z zω ω τ− −
⎡ ⎤= − − −⎣ ⎦         ( )1, 2,..., 2i n= +   (A.19) 

  ( ) ( ), 2 , 2 ,, 2
ˆ ˆI n i I i i S n i i B c im n i

hz y z z hω ω τ+ + + + + +
= + + − −     ( )1, 2,..., 1i n= +   (A.20) 

  Using the diagram of normalized sectorial coordinates ˆ Iω  we obtain from Eq.A.2, the 

value of torsional warping moment of inertia JI as 

  ( )2 21
, , , ,3

1

ˆ ˆ ˆ ˆ
m

I i i I j I k I j I k
i

J l t ω ω ω ω
=

= + +∑              (A.21) 
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 The central moment of area CJ  can be expressed as 

  
( )2

1

m
i j k k E k j j E

C
i i

t z y z y z y z y
J

l=

− − +
= ∑           (A.22) 

where, 0Ez =  

  E S Gy y y= −                    (A.23) 

A.1.4 Calculation of Sectional Properties in Distortion 

 
    For a section with a vertical axis of symmetry as shown in Fig. A.2, the warping stress 

pattern has a linear variation across each element plate as shown in Fig.A.3.  

 

 

 

 

 

 

From the linear variation of unit distortional warping function IIω  we may define  

  ,

,1 1

II i i
i

II

z
z

ω
α

ω
= =         ( )0,1,2,..., 2i n= +     (A.24a) 

  , 2 2

, 3 3

II n i n i
i

II n n

z
z

ω
λ

ω
+ + + +

+ +

= =       ( )1, 2,..., 1i n= +      (A.24b) 

  , 3

,1

II n

II

ω
β

ω
+= −         ( )1, 2,..., 1i n= +      (A.24c) 

  , 2
,

,1

II n i
b i i

II

ω
α λ β

ω
+ += = −       ( )1, 2,..., 1i n= +      (A.24d) 

where 0 1 2 3, ...... nz z z +  are the coordinates related to the local coordinate system. 

G 

y 

z 

Fig.A.3. Distribution of unit distortional   warping function 
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  Thus, the ratio of IIω  at the two ends of individual webs can be obtained as 

  , 2

,

II n i
i

II i

ω
βψ

ω
+ + =                 (A.25) 

where,  

  i
i

i

λψ
α

= −          ( )1, 2,..., 1i n= +      (A.26) 

  The ratio β  is obtained from the equilibrium z 0IIA
dAσ =∫  

i) The moment with respect to the y axis of symmetry due to the normal stresses at 

the upper flange is 

      ( ) ( ) ( ) ( ), ,
0 0 1 1 1 0 1 1 1

1
2 2 2 2

3 6

n
t i t ic c

t i i i i i i
i

b tb tM z z z z z z z zα α α α+ + +
=

= + + + + + + +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑   (A.27) 

ii) The moment with respect to the y axis of symmetry due to the normal stresses at 

the lower flange is  

( ) ( ), ,
2 3 1 3 2

1

2 2
6

n
b i b i

b i n i n i i n i n i
i

b t
M z z z zβ λ λ+ + + + + + + + +

=

= − + + +⎡ ⎤⎣ ⎦∑  

 bMβ= −                  (A.28) 
where 

  ( ) ( ), ,
2 3 1 3 2

1
2 2

6

n
b i b i

b i n i n i i n i n i
i

b t
M z z z zλ λ+ + + + + + + + +

=

= + + +⎡ ⎤⎣ ⎦∑      (A.29) 

  iii) The moment with respect to the y axis of symmetry due to the normal stresses at 

the webs 

  ( ) ( )
1

, ,
2 2

1
2 2

6

n
c i h i

h i i n i i n i i
i

h t
M z z z zα λ β

+

+ + + +
=

= + − +⎡ ⎤⎣ ⎦∑  

   ,1 ,2h hM Mβ= −                 (A.30) 

where 

  ( )
1

, ,
,1 2

1

2
6

n
c i h i

h i i n i
i

h t
M z zα

+

+ +
=

= +∑             (A.31) 

  ( )
1

, ,
,2 2

1

2
6

n
c i h i

h i n i i
i

h t
M z zλ

+

+ +
=

= +∑             (A.32) 
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  From the equilibrium condition 0t b hM M M+ + = , we obtain 

  ,1

,2

t h

b h

M M
M M

β
+

=
+

                (A.33) 

  The unit distortional warping function for node 1 of the cross-section as shown in 

Fig.A.2 is given by (Zhang 1983). 

  
( )( )

2

,1 2
t b

II
t b t b

hb b
b b b b

ω
β

= −
+ +

             (A.34) 

  Again, using the diagram of normalized sectorial coordinates ,1IIω , we obtain from 

Eq.A.2, the distortional moment of inertia JII as 

  ( )2 21
, , , ,3

1

m

II i i II j II k II j II k
i

J l t ω ω ω ω
=

= + +∑            (A.35) 
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APPENDIX – B 

B.1 FLOW CHART FOR FINITE ELEMENT ANALYSIS (STATIC) OF 
CURVED BOX-GIRDER BRIDGE 

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Start 

Define input parameters: 
i. Element mesh 
ii. Connectivity 
iii. Geometrical data 
iv. Boundary conditions 
v. Loading data 

Evaluate cross-sectional properties other than distortion 
i. Cross-sectional area 
ii. Moment of inertia 
iii. Torsional moment of inertia 
iv. Torsional warping moment of inertia 
v. Distortional warping moment of inertia 
vi. Warping shear parameter 
vii. Distortional second moment of area from 

frame analysis. 

Finite Element Analysis

Curved or
Straight 

Evaluate 
additional 
distortional 
forces 

Stress evaluation 

Stress 
evaluation 

Stop 

Stop 

Stress evaluation: 
1. Evaluate and superimpose the normal stresses due to bending, torsion and 

distortion  
2. Evaluate the transverse distortional bending stresses from frame analysis 

Curved 
Straight 

For single 
iteration 

Curved after 
iteration = 1

Preprocessing

Post 
Processing 
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APPENDIX – C 

 
                                              
C.1 DETAILS OF IRC LOADINGS 
 
C.1.1   IRC 70R TRACKED VEHICLE 
 
 

 
 

Carriage Width 

Total weight 70 t 

4.57 
7.92 

(a) Elevation 

(b) Cross-section 

35 t 

1.2 C 

2.9 

0.85 0.85 

35 t 
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8 t 12 t 17 t 12 t 17 t 17 t 17 t 

3.96 1.52 2.13 1.37 3.05 1.37 

W 

B 

(a) Elevation 

  1.485  0.45   0.45 

0.91 0.91 

P P 

 C.1.2 IRC 70R WHEELED VEHICLES

(b) Plan 
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Note: All axle loads are in tonne and linear dimensions are in metre. 

4.8 4.8 8.3 18.5 1.2 1.2 

1.8 

Section on p-p 

W 

B 

P P 

1.1 

3.2 

1.2 

W W 

1.8 

6.8t 2.7t 

Min 

Direction   of motion 

2.7t 

3.0 3.0 1.2 

(a) Elevation 

2.7t 

20.0 

Min 
18.5 

2.7t 11.4t 6.8t 

1.1 

11.4t 6.8t 6.8t 6.8t 

3.2 4.3 3.0 20.0 1.1 3.2 1.2 

(b) Plan 

6.8t 11.4t 11.4t 

 C.1.3 IRC CLASS A TRAIN OF VEHICLES
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Table C.1.1 The Minimum clearance distance between outer edge of the wheel and the 
roadway face of the kerb, (C) for IRC 70R Vehicles 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table C.1.2 Minimum clearance on multi-lane bridge for IRC Class A Train of Vehicles 
 

Clear 
carriageway 
width 

Minimum clearance distance 
between outer edge of the wheel 
and the roadway face of the kerb 

(g) 

Minimum clearance 
distance between outer 
edge of the passing or 
crossing vehicles (f) 

5.5 m to 7.5 m 
 
Above 7.5m 

Uniformly increasing  from  
0.4m to 1.2m 

1.2m 

150 mm for all carriageway 
width 

 
 
 

Carriageway width Minimum value of C 

Single Lane Bridges 
3.8m and above 

 
0.3m 

Multi-Lane Bridges 
 

Less than 5.5m 
 

5.5m or above 

 
 

0.6m 
 

1.2 m 
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 232   

Thin-walled Curved Box-
Girder Bridge Finite 
Element Model  

Interface: Road Surface 
Roughness 

Heave-Pitch-Roll (3-D)  
7-d.o.f Vehicle Model  

Bridge-Vehicle Interaction 

Coupled Equation of Dynamic System of Bridge-
vehicle. 

Solution: iterative process using Newmark-β scheme 
(average acceleration) with predictor-corrector algorithm  

Displacement based convergence with time step is 
1/50th of first fundamental time period 

Bridge response and parametric study  

Box-Girder Bridge 

ms

APPENDIX – D 

D.1   DYNAMIC ANALYSIS PROCEDURE FOR VEHICLE-BRIDGE INTERACTION 
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Print results

Cycle count
A(i-1)    A(i+1)    A(i)    A(i+2)

A(i-1)    A(i+1)    A(i)    A(i+2)
Cycle count

Local extremes - number k
time history

Analysis of stress

Stress range
i=1,...,k-1

Classify half-cycles

Cycle eliminated ?

i    (k-2)
Further extreme ?

k       k-2
j=i+2,....,k

A(j)       A(j-2)
Eliminate extremes

for

yes

yes

Renumber
for

| A(i)-A(i+1) |
A(i), A(i+1)

no

no

<

A(i), A(i+1)

Stress range
Classify full cycles

| A(i)-A(i+1) |

yes

yes

>

<

End

no

i=i+1

no

> >

<

i=1

<

Start

 

APPENDIX – E 

E.1   FLOW DIAGRAM FOR THE RAIN FLOW COUNTING METHOD  

 [A(i) is the stress at ith time step]  
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APPENDIX – F 
  

F.1 DETERMINATION OF EQUIVALENT LOAD VECTOR FOR 
A ECCENTRICALLY PLACED VEHICLE ON THIN-
WALLED BOX-GIRDER BRIDGE 

 
 
 

 
 
 
 
 
 
 Load from sprung and unsprung mass in front axle  

11 212
s

f
mW m m g⎡ ⎤= + + ×⎢ ⎥⎣ ⎦

 

 
 
Load from sprung and unsprung mass in rear axle  

12 222
s

r
mW m m g⎡ ⎤= + + ×⎢ ⎥⎣ ⎦

 

 

b2 

gc.

m22 m12

csF θz ms

hdsv

centreshear
m22 m12

m21 m11

b1

Fig .F.1 box girder bridge with vehicle model 
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Torsional moment in front axle ( )f Vf HfT m m= −  

 
Torsional moment in in rear axle ( )r Vr HrT m m= −  
 
 
Ref section 2.3.4.2 for distortional moment calculation 
 

Distortional moment in front axle 
1
2

t
df Vf Hf

b

bM m m
b

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
 

 

Distortional moment in rear axle
1
2

t
dr Vr Hr

b

bM m m
b

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
 

 
 
The torsional moment due to vehicle eccentricity in front axle is written as                                

11 1 21 24 4
s s

Vf
m mm m b m b g⎡ ⎤⎛ ⎞ ⎛ ⎞= + × − + × ×⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 
 
The torsional moment due to vehicle eccentricity in rear axle 
 

12 1 22 24 4
s s

Vr
m mm m b m b g⎡ ⎤⎛ ⎞ ⎛ ⎞= + × − + × ×⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 

 
 
The resultant torsional moment due to resultant centrifugal force   *c c dsvT F h=  
 
 
The torsional moment due to centrifugal force in rear axle  

2*
(Distance between two axles)

t
Hr

Tc Xm =  

 
 
The torsional moment due to centrifugal force in front axle  Hf c Hrm T m= −  
 
where  
 
b1, b2= distance between front wheel and rear wheel (breath wise) 
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 bt, bb= breath of top and bottom flange 

ms=mass of  vehicle(sprung mass) 

m11=m21= front wheel mass (unsprung mass) 

m21=m22= rear wheel mass (unsprung mass) 

cF =resultant centrifugal forces  

dsvh =distance between shear centre of box-girder bridge to the point of resultant     

centrifugal force acting on the vehicle. 

1tX , 2tX =Position of the resultant torsional moment due to centrifugal force from rear 

and front axle respectively. 
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APPENDIX – G 

G.1 FLOW CHART FOR EVALVATION OF STRESSES FOR CURVED 
BOX-GIRDER BRIDGE 

   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Start 

Evaluate cross-sectional properties (ref: Appendix A) 
 

(i)Cross-sectional area (A), center of gravity (yg) and shear 
center (ys) 
(ii)Moment of inertia (Iy, Iz) 
(iii)Torsional moment of inertia (JT) 
(iv)Torsional warping moment of inertia (JI) 
(v)Distortional warping moment of inertia (JII) 
(vi)Warping shear parameter ( )tμ   
(vii) Torsional ( )Iω and distortional ( )IIω  Warping function  
(viii)Distortional second moment of area (Jd) from frame 
analysis. 

Finite Element Analysis

Evaluate Stress Resultant by using finite element analysis ((i)-(iv)) and frame 
analysis ((v)-(vi))   (ref: chapter 2) 
 

(i) Bending Moment about y and z axis (My, Mz) 
(ii) Torsional moment (MT) 
(iii) Torsional warping bi-moment (BI) 
(iv) Distortional warping bi-moment (BII) 

            (v) Actual distortion angle ( )dγ  and influence distortional angle ( )dγ%  
            (vi) Influence transverse distortional bending moments ( )dbm%   

Preprocessing

Shear lag analysis for wide flange box-girder by using effect width concept 
(ref: sec 2.3.2) 

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

22

41
2

13
4

i

e

i b
x

b
x ψ

ξ    for parts between webs,                           

( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

22

1
2

13

c

e

c b
x

b
x ψ

ξ        for projections   

A term, the effective breadth ratio, ψe,i  table  given in Moffat and Dowling (1975)  

Post processing
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The Transverse distortional bending moment per unit length 

(considering distortional mode effect)  

d
d

db
db

m
m γ

γ~
~

=  

 Stress evaluation  
 
(i)The Longitudinal normal stresses  

II
II

II
I

I

I

z

z

y

yx
x J

B
J
B

y
I

M
z

I
M

A
N

ωωξσ ++−+=       

  
(ii)The Transverse distortional bending stress per unit 

length

12

2
*

3bt

tm db

tb =σ  

Post processing

End 
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