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ABSTRACT

action between photons and mechanical motion in a cavity. The radiation pressure

force, arising due to the momentum carried by light, can displace a movable end
mirror of the cavity. This in turn changes the length of the cavity, resulting in modifi-
cation of the cavity frequency. With the rapid advances in micro and nanofabrication
techniques, this nonlinear interaction has led to the exploration of a wide variety of inter-
esting phenomena both theoretically and experimentally, such as squeezing of the light
field and mechanical motion, entanglement between optical and mechanical modes, bista-
bility, optomechanical normal mode splitting, optomechanically induced transparency,
and so on. However, due to the inevitable coupling of the mechanical resonator to its
surrounding, the quantum behavior gets masked by the thermal motion. Therefore, to
observe quantum effects in mesoscopic mechanical resonators, it is necessary to cool
them down to quantum ground state. In this thesis, we have proposed a scheme to
cool the mechanical resonator to its ground state in the unresolved sideband regime by
considering the interaction of the optical field with the excitons of a quantum well placed
inside the cavity. Also, we have discussed the bistable behavior shown by the optical field
and the mechanical motion in an optomechanical cavity, and the controllability of this
behavior by coupling it to a feedback cavity containing an atomic ensemble. In the last
part of the thesis, we have discussed the phenomena of photon and phonon antibunching
in optomechanical setups induced via destructive quantum inference in two-photon and
two-phonon excitation pathways.

C avity optomechanics aims at understanding the radiation pressure induced inter-

vii
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CHAPTER

INTRODUCTION

1.1 Cavity optomechanics

he field of cavity optomechanics delves into the interactions between photons

and the mechanical motion in a cavity, arising due to the radiation pressure.

Radiation pressure-induced effects have been studied since as early as the 17th
century. The first cognition was offered by Johannes Kepler in 1619, when he observed
that the tail of a comet always points away from the Sun. He predicted that this might
happen due to the radiation pressure exerted by sunlight [1]. In 1873, J.C. Maxwell
suggested that due to the momentum carried by light, it can exert a pressure on material
objects during reflection, P = 2I/c (I is the intensity of light and c is the velocity of
light in vacuum). The predictions by Maxwell [2] and Bartoli [3] on the strength of the
radiation-pressure force were verified experimentally by Lebedev [4], and also Nichols
and Hull [5] independently in the early 20th century.

Radiation-pressure effects in the context of gravitational wave interferometers was
studied by Braginsky and co-workers in the 1960’s and 70’s [6]. They analyzed the
sensitivity limits imposed by the quantum nature of light and also speculated that the
radiation pressure inside a cavity with finite decay time would give rise to damping
or antidamping of mechanical motion. In the 1990’s the first set of papers discussing
the generation of quantum effects through radiation pressure inside an optical cavity

were published. These papers discussed the idea of the generation of squeezed light
1
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CHAPTER 1. INTRODUCTION

via the optomechanical Kerr-nonlinearity [7], quantum non-demolition measurements
of photon number [8], feedback cooling of mechanical oscillator [9] and generation of
nonclassical states of mechanical systems [10] etc., among others. However, initially the
required optomechanical interaction strengths were not attainable by the state-of-the-art
experiments; with only one exception of an experiment done in 1983 that demonstrated
radiation pressure induced bistability in an optical cavity [11]. The feedback cooling of
a mechanical mirror mode by radiation pressure was first demonstrated in 1999 [12].
Since then, the field of cavity optomechanics has been established as a feasible approach
to realize the quantum regime of mechanical resonators with numerous theoretical
and experimental studies [13, 14]. With the rapid advancement in nano- and microfab-
rication techniques, the availability of high-quality optomechanical devices has been
possible. Hence, the early theories on radiation pressure induced quantum effects have
become an important basis for exploring quantum optics in this whole new field of cavity
optomechanics [15, 16].

The rapid surge of interest into cavity optomechanics is driven by several motivations
(Ref. [15, 16] and the references therein). Firstly, optomechanical interaction is a viable
tool for highly sensitive detection of small forces and displacements. Another interest
is to manipulate mechanical motion in the quantum regime using light and creating
nonclassical states of light and mechanical motion. Optomechanical devices could serve
as coherent light-matter interfaces for applications in quantum information processing.
Another usefulness is the integrability to form hybrid quantum devices by combining
different quantum systems. Current research interest in cavity optomechanics includes
the generation of squeezed light, quantum non-demolition measurements of photon
numbers, ground-state cooling of mechanical motion, entanglement between optical and
mechanical modes, and quantum-state transfer between light and mechanical resonator

etc., among others.

1.1.1 Optomechanical systems

The prototype of an optomechanical system is an optical cavity with a movable end-mirror
as shown in Fig. 1.1. By trapping the photons inside the cavity, the intracavity optical
field can be amplified. When driven by a laser, owing to momentum transfer, the photons
inside the cavity can exert a radiation pressure force on the movable mirror.

As shown in Fig. 1.1, let us consider the movable end-mirror with frequency w,,
2
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1.1. CAVITY OPTOMECHANICS
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Figure 1.1: A generic optomechanical cavity with one fixed, partially transmitting mirror
and one movable, totally reflecting mirror.

and mass m, and the cavity mode with frequency w.. In typical optomechanical setups
only one of the many optical modes is considered, which is the closest to resonance
with the driving laser. Also, the mechanical mirror is designed as a simple harmonic
oscillator with only one of the many normal modes [15]. Considering the length of the
cavity to be [, the cavity round-trip time is ¢ = 2?1, where c is the velocity of light.
Let us consider that n photons hit the mechanical mirror in the time-duration ¢. Then
the momentum transfer from these photons to the resonator is AP = znTth Hence,

the radiation pressure force exerted by these photons is given by F = "r;“"" , which is

proportional to the instantaneous number of photons inside the cavity. Thus, the mirror
can move under the action of this force, while also undergoing Brownian motion because
of its contact with the environment.

The resonance frequency of the cavity mode is given by w,. = ml”c, where m is the

mode number. The separation of two longitudinal resonances is called the free spectral
range (FSR) of the cavity, given by Aw. = 7. Considering the optical and the mechanical

modes, the Hamiltonian of the system reads (in the unit of 4 = 1)
H = a)caTa+wmbTb. 1.1)

Here, a (a') and b (b") are the annihilation (creation) operators for the cavity and me-

chanical modes respectively. Since the radiation pressure force displaces the mechanical
3
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CHAPTER 1. INTRODUCTION

resonator from its initial position, the resonance frequency of the cavity mode now
changes depending upon the changing length of the cavity. Considering that the change

in length, x < [, the cavity frequency can be expanded in the following way:
ow
we(X) = We +X— +...
0x

Defining, g = xzpp%, where ag;c ¢ is the optical frequency shift per displacement, we

obtain the optomechanical Hamiltonian as follows
H = w.a'a+wnb'b+galad+b"). (1.2)

Here, xzpr = /1/(2muw,,) is the zero point fluctuation of the mechanical resonator and
g is the single-photon optomechanical coupling strength. Now considering the coherent
drive into the cavity, the total Hamiltonian in a frame rotating with the laser frequency,

w; is given by
H = AdTa+0,b'b+ga’a(d+b")+ Q@ +ah), (1.3)

where, A = w.— w; is the detuning of the cavity mode from the laser frequency and
Q is the laser drive amplitude. Hence, it is clear from the above deduction that due to
the motion of the mirror the length of the cavity gets modified, which in turn gives rise
to the modification of the cavity frequency. This is how an optomechanical interaction
arises between light and mechanical motion. A more rigorous derivation can be found in
Ref. [17]. This optomechanical interaction lies at the heart of several recent developments
aiming at the observation of quantum mechanical aspects in nanomechanical resonators
[15].

The Hamiltonian derived in Eq. (1.3) is rather general, since it couples two bosonic
modes (the optical and the mechanical mode) via the optomechanical coupling. Therefore,
the same physics has been tested in a variety of experimental setups developed till
now. The optomechanical model with a suspended mirror in a Fabry-Pérot cavity has
been studied by several groups [18-22]. One particular instance of such suspended
mirrors is the ‘laser interferometer gravitational wave observatory’ (LIGO) [23], where
the arm-lengths are on the order of 4 km. Optomechanical interaction has also been
studied in a ‘membrane-in-the-middle’ setup [24—27]. In such a system, there can be
photon tunneling between both sides of the cavity through the membrane, and depending

upon the membrane-displacement, either linear or quadratic coupling in position can
4
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Figure 1.2: Different types of experimental optomechanical setups. Reused with permis-
sion from Ref. [15]. ©2014 American Physical Society
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CHAPTER 1. INTRODUCTION

be modeled. Whispering gallery mode resonators are another set of analogous systems
[28—-34], where the optomechanical coupling depends on the change in radius of the
resonator. Due to radiation pressure, the radius of the resonator changes which gives
rise to a displacement-dependent resonator mode-frequency, w.(x) = w.(1—x/r), where
displacement, x < r. In this case, the optomechanical coupling is obtained as g =
X7ZPFW,/T.

Another noteworthy implementation of optomechanical-type coupling is in super-
conducting microwave LC-circuits, where one of the two parallel plates of the capacitor
is movable. Depending on the displacement of the movable plate, x, the capacitance,
C = ¢9A/(d+x), also keeps changing. Here, d is the equilibrium distance of the two plates
and A is the area of the plates. Therefore, the resonance frequency of the circuit, which is
given by, w, = 1/ VLC (L is the inductance of the circuit), becomes a function of the plate
displacement. In this case, the optomechanical coupling is obtained as, g = xzprw./2d.
This type of microwave setups has been studied by several groups [35-37].

Optomechanical effects have also been studied in optomechanical crystals, which
support co-localized optical and mechanical modes [38, 39]. These types of systems
possess very low mode-volume and high Q-factor. Therefore, the optomechanical coupling
is found to be larger in comparison to other types of optomechanical systems.

Some other experimental setups for studying optomechanics are levitated dielectric
objects inside a cavity [40, 41], and trapped ensemble of cold-atoms in a cavity [42—44]. In
levitated dielectric systems, the cavity frequency depends on the position of the dielectric
object in sinusoidal pattern. In cold-atomic systems, the single-photon optomechanical
coupling can be obtained on the order of the cavity decay rate.

Some instances of experimental optomechanical setups studied by various groups are

shown in Fig. 1.2

1.1.2 Optomechanical equations of motion

An optomechanical system can be described by the Lindblad master equation approach
or by a formalism called the input-output theory [15]. When one emphasizes only on the
internal modes of the cavity, the system can be described by master equation approach.
However, if one intends to study the output or reflection from the cavity, input-output
theory is used. We briefly describe both the formalism below.

An optomechanical system has to be modeled as an open quantum system as it is
6
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1.1. CAVITY OPTOMECHANICS

always in contact with a thermal bath. The coupling to the environment acts as a channel
for decay of the cavity photons and the phonons on the mechanical resonator. Also, there
would be thermal noise entering to the mechanical resonator as it is in equilibrium with
the heat bath. This is a typical example of fluctuation-dissipation theorem. Following
input-output theory, the dissipative dynamics of the bosonic cavity mode a and the

mechanical mode b are given by [16]

&\ o H1— ga— VK ain,

b = —i[b,H]—gb—\/?bin. (1.4)

In these equations, the first term is motivated from the Heisenberg formalism for coher-
ent dynamics of operators, the second term incorporates the decay of the bosonic mode
and the last term describes the noise entering through the coupling to the environment.
The cavity decay rate is x and the mechanical damping rate is y. The correlators for the

input noise are given by

(ain(t)) =0,
(bin(@®) =0,
(al (am@) =0,
(@in(t)al @) = ot —1t), (1.5)

®! Obin()) = nnd(t -1,
(bin®b] @) = (ngn + 1S~ 1.

Here, ny, = [exp (,f;—”{,,) - 1] N is the thermal occupancy of the heat bath with kg being
the Boltzmann constant. For the optical mode with frequency on the order of 104 Hz,
the number of thermal photons at 300 K is ~ 1073%; whereas for a typical micro- or
nano-mechanical resonator with resonance frequency in the range 1 — 1000 MHz, the
number of thermal phonons at 300 K is found in the range of 10* — 107. Therefore, for
optomechanical systems at the optical frequency, the thermal photon number can be
neglected, but the thermal phonon population has significant effect.

In the Lindblad master equation approach, the dissipative time-evolution of the

modes is given by the evolution of the density matrix

o = —ilH,pl+xZLlalp +y(nm+1)LIblp +ynmZLIbp, (1.6)

TH-1801_136121002



CHAPTER 1. INTRODUCTION

where, Z[olp = opo’ - %oTop - %po*o is the Liouvillian operator for mode ‘o’. Since
the thermal photon number is negligible, the term x£[alp describes only the decay
of photons from the cavity. However for the mechanical resonator, the term yZ[blp
incorporates the damping, whereas the term yny, (Z£[blp +$[bT]p) incorporates the

thermalization due to the environment.

1.2 Optomechanical effects

The Hamiltonian given by Eq. (1.3) exhibits several interesting phenomena in different
detuning and coupling regimes. In this thesis, we have studied the phenomena of op-
tomechanical bistability, mechanical resonator-cooling and photon/phonon antibunching

in optomechanical systems, which we discuss briefly in the following:

1.2.1 Optomechanical bistability

In order to enhance the radiation pressure induced interaction in an optomechanical
cavity, one needs to reach the strong optomechanical coupling regime where g > «,y.
However, it is difficult to achieve strong optomechanical coupling at the single-photon
level in experiments, as the force exerted by a single photon on a mechanical resonator
is typically very weak. Hence, as an alternate to single-photon strong coupling, one
can drive the cavity with a strong laser. Strong coupling using this method has been
demonstrated recently [21]. For a strong drive, the intracavity field is amplified, and
this in turn can trigger different types of nonlinear effects in the cavity depending on
the input laser power and the detuning of the driving laser with respect to the cavity
resonance. In the blue-detuned regime, multistability [45, 46] and instability [18] may
arise, whereas in the red-detuned regime, bistability [11] of the optical field amplitude
and mechanical resonator position occurs.

The name bistability refers to the phenomenon, where for a particular input light
intensity, two stable cavity field intensities as well as mechanical positions are possible.
To understand it, let us consider the optomechanical Hamiltonian given by Eq. (1.3). The

equations of motion are given by the Heisenberg-Langevin equations

. . 8 K .
a=—|i|A+ x|+ =|a—-iL,
XZPF 2
§=—wlx——5 ja?—yi, (1.7)
MXzpF
8
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1.2. OPTOMECHANICAL EFFECTS

radiation pressure force

-
C

displacement

Figure 1.3: At the points A, B and C, the restoring force and the radiation pressure force
are equal. Out of these, only A and C are stable, because the rate of growth of restoring
force is faster than that of the radiation pressure force [47].

where x = xzpp(b +b"). From Eq. (1.7), it can be observed that the mechanical resonator
acts as a damped harmonic oscillator with restoring force, mw?nx, and a radiation
pressure force, g|a|?/xzpr, acting on it. Also, the overall detuning of the cavity changes
proportionally to the displacement of the mechanical resonator. In the steady-state, the

amplitude of the intracavity optical field and the mechanical resonator position are given

by
iQ
a =
—i[A + gx/xzpp]l — x/2
LE-_Lfr R (1.8)
mxXzprWm

By substituting the second equation into the first one in Eq. (1.8), one obtains a cubic
equation in |a|2. Cubic equations can have one real root for some parameter space, or
three real roots simultaneously for other parameter spaces. Therefore in the optome-
chanical cavity, the intracavity optical intensity as well as the mechanical resonator
position can possess three different values for certain input parameters. The physics can
be understood as follows. When the mechanical resonator in an optomechanical cavity

is moved from its equilibrium position, the mechanical restoring force, mw?2 x increases

9
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linearly with displacement, whereas the radiation pressure force, gla|?/xzpp is maximum
only at the cavity resonance. As a result of the competition between these two forces
(see Fig. 1.3), for sufficiently high input power, one obtains three displacement values at
which these two forces become equal. However, only two of the points are stable. This
is how bistability of the intracavity light intensity and mechanical resonator position
arises.

Earlier, optical bistability in semiconductor microcavities was demonstrated by Gibbs
et al. [48] and Baas et al. [49]. In fact, bistability was one of the early observations
in optomechanical systems. It was demonstrated experimentally by Dorsel et al. [11]
and Gozzini et al. [50]. Recently, the bistable behavior shown by the mean intracavity
photon number has been discussed in a generic optomechanical system [47], two-mode
optomechanical system [51] as well as optomechanical systems with a Bose-Einstein
condensate (BEC) [43], ultracold atoms [52], and a quantum well [53].

1.2.2 Ground-state cooling of a mechanical resonator

In an optomechanical system, the mechanical resonator is always in contact of a thermal
environment. Therefore, due to the coupling to the thermal reservoir, the quantum
behavior of the resonator is masked by the random thermal motion. In order to observe
mechanical quantum effects, one needs to cool the mechanical modes to the quantum
ground-state [36].

The optomechanical cooling of mechanical modes could be understood by using the
linearization approach. For strong input light, the cavity and the mechanical resonator
operators can be expressed as consisting of a classical and a quantum part: a = a; +da,
b =bs+06b. Then the Langevin equations for the classical and quantum fluctuation parts

are given by

as

by = — (iwm + g) bs—iglasl?,
Sa = — (iA’ + g) Sa—igas(6b+6b")—igsa(db+8b") — VKain,

5b

- (iwm+g)&a—igas(5a+5a’f)—ig5a*5a—\/me. (1.9)

Here, A" = A+ g(bs+b}), is the modified cavity detuning. For strong optical driving, the
terms ig6a(6b+6b") and igda’Sa are negligible and can be ignored. Then, the linearized

10
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11,n+1)

Ewl - O Adeay

10,7+1)

!

wy + Oy

|0,m)

|0,n-1)

Figure 1.4: Process of cavity-optomechanical sideband cooling. The transitions correspond
to the Hamiltonian in Eq. (1.10). Using appropriate detuning one can obtain efficient
cooling. Here, ,, is our w,, and w.,y is our w.. Adapted and reused with permission from
[54]. ©2018 Macmillan Publishers Limited, part of Springer Nature. All rights reserved.

Hamiltonian is obtained as
H; = Néa'6a+wn6b76b+GGa+8a")(6b+6b), (1.10)

where G = ga; is the enhanced optomechanical coupling due to the coherent input field.
The processes described by this linearized Hamiltonian are shown in Fig. 1.4. The basic
idea of optomechanical cooling can be understood as follows: in an optomechanical system,
the scattering of intra-cavity light from the movable end mirror gives rise to Stokes
and anti-Stokes sidebands. If the mechanical mirror absorbs a quantum of energy from
the cavity optical field, the Stokes sideband originates leading to heating of the mirror,
whereas if the cavity field absorbs energy from the mirror, the anti-Stokes process occurs
resulting in cooling of the mirror. In other words, the radiation pressure force exerted by
the cavity field reacts with some delay time due to the finite cavity linewidth. Therefore
the optical field introduces extra damping for the mechanical mode in an optomechanical
cavity.

The effective cooling rate can be calculated as follows. Let us assume that the rate of
occurrence of the anti-Stokes process is A_ and that of the Stokes process is A, . Then,

the rates of transition from the phonon state n to the states, n — 1 and n + 1 are given by

[15]
[hen-1 =nA_,
rn_.n+]_ = (n + 1)A+. (1.11)
11
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(a) wl wm
[ @
W) + Wy,
()
)
W] — Wy,
(b) Anti-Stokes (c) Stokes

m
W ) wm_ . .
w, Wc
_'1 K K— |||+—
Wg @ @, W @, @,

Figure 1.5: (a) The process of producing Stokes and anti-Stokes radiation. (b) and (c)
demonstrate the requirement of the resolved-sideband condition.

12
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1.2. OPTOMECHANICAL EFFECTS

The optomechanical damping rate is given by the net downward transition rate,
rom = A__A+ (1-12)

We assume that the optomechanical system is kept in a thermal environment with
average phonon occupancy n,. This thermal bath will also give rise to extra transition

probabilities from the state n, which are given by
Aih = nwY, Ath = (ngy + 1y,

Therefore, the net rate of change of average phonon occupancy on the mechanical res-

onator is given by
A= @+1A+AP) -+ AN, (1.13)

At the steady-state, which corresponds to 7 = 0, the average phonon number is given by

A
_ + T ghYy (1.14)
Yom tY
The transition rates can be obtained from the Fermi’s golden rule as
As = 2pppSEF(Fom) (1.15)
where,
w .
Spr(w) = f dte' (F(t)F(0)) (1.16)
-0

is the quantum noise spectrum. To obtain effective cooling of the mechanical mirror, the
cooling rate should exceed the heating rate.

In analogy to the laser cooling of ions in the strong-binding regime [55], conventional
cavity cooling of mechanical oscillators works in the resolved-sideband regime, where
the cavity-mode decay rate is lower than the mechanical oscillator resonance frequency
[36, 39, 56], as explained in Fig. 1.5. However, for typical mechanical oscillators with
frequency in the range of kHz—MHz, fulfilling this condition is a challenging task. To relax
this requirement, few approaches on ground-state cooling in the unresolved sideband
regime have been suggested recently, such as cooling using dissipative coupling [57-59],
coupling with a high-Q auxiliary cavity [60—62], hybrid atom-optomechanical systems

[63—65], and using optomechanically induced transparency [66].
13
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1.2.3 Photon blockade

Once the mechanical resonator in an optomechanical cavity is prepared in or near to
its ground state, the system can further be used for quantum information processing
related applications. On-demand generation of single photons is a primary requirement
in light-based quantum information processing [67]. In recent years, significant progress
have been made towards the demonstration of single-photon sources in various platforms,
such as single quantum dots integrated with photonic crystal cavities [68], optical fibers
[69] or single atoms coupled with micro-cavity systems [70]. One of the ways of obtaining
single photons is via the mechanism called photon blockade. It is a quantum optical
effect that arises as a result of the quantum anharmonicity ladder in a nonlinear cavity.
In most of the studies, the prototype that has been widely explored is cavity quantum
electrodynamics. The addition of a Kerr-medium or an atom or quantum dot to a cavity
makes it a highly nonlinear system and induces break down of the harmonicity of the
energy levels of the cavity. This leads to the phenomenon of photon blockade, where
only a single photon can occupy the cavity-atom or cavity-quantum dot system at a time
[71, 72]. Presence of one photon prohibits the simultaneous transmission of multiple
photons through the cavity and a stream of one-by-one single photons at the output of
the device from a coherent light input could be achieved.

There have been proposals for achieving single-photon blockade in several systems
such as coupled cavity arrays [73], circuit-QED systems [74], and so on. Recently P. Rabl
discussed the idea of realizing photon blockade in an optomechanical system via the
optomechanical interaction-induced nonlinearity [75]. Subsequently there were several
proposals for photon blockade in optomechanical setups including two-mode optomechan-
ical systems [76], quadratically coupled optomechanical system [77], optomechanical
cavity coupled to a two-level sytem [78] etc.

To understand the origin of the photon blockade effect, we consider the optomechani-

£ tobto
cal Hamiltonian given by Eq. (1.3). Now, using a polaron transform, U = e#n® %' =% the

Hamiltonian can be diagonalized in the absence of coherent driving and bath interactions.

In presence of coherent driving, the transformed Hamiltonian is given by
H = AaTa+AgaTaTaa+wmbTb +Q(a+aT), (1.17)

where, Ag = g%/wn,. In absence of the driving field, the energy eigenvalues are given
by, E,,m = An — Agn2 + w,m, with eigenstates, |[E ;) = |n) ® |m). From the energy-levels

as shown in Fig. 1.6, it is evident that for a fixed value of m, the energy-levels are not
14
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Figure 1.6: Energy-level diagram for an optomechanical system. Here, ¢ is our (2, and
1N = g/w,,. Reused with permission from [75]. ©2011 American Physical Society

equidistant. Therefore, for a resonant coherent driving from n = 0 to n = 1, the next
transition from n = 1 to n = 2 is off-resonant, which gives rise to photon blockade.

The occurrence of photon blockade is characterized by the observation of sub-Poissonian
statistics of the output field [79]. It can be analyzed by means of the zero-time delay

second-order correlation function given by

i T
@) _ (@' (®)a'(H)a(t)al?)) 11
g7(0)= @D (1.18)
and the two-time correlation function
£@r) = @' ®a’(t +T)alt + T)al®)) (1.19)

(af(t)a(?))?

For nonclassical light g?(0) <1 and g®(r) > g?(0).

As in other nonlinear systems, single-photon blockade in optomechanical system
is generally possible only in the single-photon strong coupling regime where, g > «,7y.
However, this type of optomechanical coupling where the influence of one photon is
enough to control the mechanical motion is difficult to achieve. There is only one exception
of optomechanical systems consisting of an ensemble of cold atoms, where this regime
has been reached. In a recent work by Liew and Savona [80], a new mechanism was
invoked to realize photon blockade, based on quantum interference between photon

excitation pathways that is referred to as the unconventional photon blockade. It was
15
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shown that strong antibunching could be achieved even with a weak Kerr nonlinearity
in a system consisting of two coupled quantum modes. Realization of unconventional
photon blockade has been predicted in a few systems, such as coupled nonlinear photonic
molecules [81], coupled single quantum dot—cavity system [82], coupled cavities with

third-order nonlinearities [83], and coupled optomechanical systems [84].

1.2.4 Phonon blockade

Photons have been considered as the conventional candidate for the role of transfering
and storing quantum information owing to the good integrability to different systems.
However, phonons also offer promising role as quantum information carrier due to the low
damping rate and the integrability to a wide range of quantum systems such as electric,
magnetic and optical systems [85, 86]. In fact, it was noted that the low propagation
speed of phonons may enable new dynamic schemes for processing quantum information,
and due to the short wavelength of phonon, it may be exploited to explore new regimes
of atomic physics that cannot be reached otherwise in photonic systems [87]. Single
phonons are the necessary elements in phononic networks. There are several proposals
for preparing single phonons such as via two-phonon damping [88], via performing
measurements [89] and via heralded measurement of the Stokes photon in optomechanics
[90, 91]. In analogy to photon blockade, one can realize phonon blockade as a signature
of quantum behavior in nanomechanical resonators. By coupling a mechanical resonator
to a qubit or by including a nonlinearity, one can obtain the blockaded state where
upon external driving, the number of excitations in the mechanical resonator never
exceeds one. There are several proposals in this regard [92—-95]. However, the intrinsic
nonlinearity in most of the mesoscopic mechanial resonators is very weak [96, 97]. To
circumvent this, the idea originally proposed by Liew and Savona [80] in case of photons
can be borrowed, where the destructive interference between two-phonon excitation
pathways would give rise to phonon blockade. Some of the works in this line has been
reported recently [98, 99].

In addition to these phenomena that we discussed here, there are many other intrigu-
ing properties shown by optomechanical systems. In the opposite process of cooling, the
mechanical resonator motion can be amplified. When the amplification rate exceeds the
mechanical damping rate, dynamical instability of the mechanical motion arises and

finally one can reach the regime of self-sustained oscillations. This has been studied
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in several systems [45, 100-108]. Using the optomechanical interaction one can also
realize the analog of electromagnetically induced transparency seen in atomic systems
[109-113]. One can also generate entanglement between the optical and the mechanical
mode [114-117], squeezing of mechanical modes [118-120] and non-classical mechanical
states [121-123].

1.3 Outline of the thesis

In the following, we present the plan of the thesis briefly by including a description of the
various problems that have been tackled in the form of different chapters of the thesis.

Chapter 2 discusses the bistable behavior shown by the mean intracavity optical field
and the position of the mechanical resonator in an optomechanical cavity, and the effect
of optical feedback from a cavity containing an ultracold two-level atomic ensemble on
the bistable behavior. We show that the optical bistability can be controlled by tuning the
frequency and power of the driving laser and is largely affected by the presence of the
atomic ensemble in the feedback cavity. In essence, our work emphasizes the possibility
of realization of a controllable optical switch that depends on the hybrid interaction and
commands lower threshold power than a single optomechanical cavity.

In chapter 3, we discuss the ground-state cooling of a mechanical oscillator in an
optomechanical cavity in presence of a quantum well, in the unresolved-sideband regime.
Due to the presence of the quantum well, the cavity response gets modified and leads to
asymmetric heating and cooling processes. The cooling rate of the mechanical resonator
can potentially be enhanced by tuning the cavity-field detuning. We show that even when
the cavity is in the unresolved-sideband regime, the effective interaction of the excitons
and mechanical mode can bring the system back to an effective resolved-sideband regime.
The time evolution of the mean phonon number in the mechanical resonator is studied
using the quantum master equation approach. The average phonon occupancy in the
mechanical resonator tends to zero with time.

In chapter 4, we discuss the occurrence of photon blockade in optomechanical systems
via destructive quantum interference between two-photon excitation pathways. First, we
consider an optomechanical system in which two weakly nonlinear optical modes interact
with a mechanical mode via three-mode resonance. We show that through the three-
mode interaction, distinct pathways can be created that leads to two-photon excitation

in the higher frequency optical mode. This may lead to the phenomenon of photon
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antibunching via destructive quantum interference. We derive the optimal conditions for
unconventional photon blockade and numerical analysis also holds these results. We also
discuss the photon blockade effect in an optomechanical cavity containing a degenerate
optical parametric amplifier. We show that for optimal values of the amplifier pump
amplitude and phase, strong photon antibunching can be realized.

Chapter 5 discusses the phenomenon of phonon blockade in a system of two weakly
nonlinear coupled mechanical resonators. We show that via the effect of destructive
quantum interference between the paths leading to two-phonon excitation, phonon
blockade can be realized in the system. We also show that in comparison to a single drive
applied on a single mechanical resonator, driving both the mechanical resonators can
be beneficial in terms of temperature sensitivity of phonon blockade. Also, we discuss
the aspect of detection of phonon blockade via connecting it to an optomechanical cavity
where the radiation pressure force can be exploited to obtain the photon correlation as a
measure of phonon blockade.

Chapter 6 concludes the thesis with a summary of the major findings of the research

works carried out, and a brief outline on the scope for future studies.

18

TH-1801_136121002



CHAPTER

OPTOMECHANICAL BISTABILITY

n this chapter, we study the bistable behavior shown by the mean intracavity

optical field in an optomechanical cavity, and the effect of optical feedback from a

cavity containing an ultracold two-level atomic ensemble on the bistable behavior.
It is observed that the optical bistability can be controlled by tuning the frequency and
power of the driving laser and it is largely affected by the presence of the atomic ensemble
in the feedback cavity. In essence, our work emphasizes the possibility for realization
of a controllable optical switch that depends on the hybrid interaction and commands
lower threshold power than a single optomechanical cavity.

Optical bistability inside a cavity with finite decay time, arising due to the dynamic
backaction induced by radiation pressure has been studied in various optomechanical
systems [43, 47, 51-53, 124-127]. In this work, we consider a hybrid optomechanical
system consisting of two cavities, one optomechanical and the other containing an
ultracold two level atomic ensemble, coupled by a single pump laser. Currently hybrid
optomechanical systems [63, 65, 128—-133] are highly in focus due to the versatility of
both optical and mechanical components in coupling to different systems such as spins,
cold atoms, superconducting qubits etc. In particular, we study the bistable behavior

shown by the cavity optical field in the optomechanical cavity with and without feedback

An article based on this chapter is published in J. Opt. Soc. Am. B, vol. 33, No. 7, year 2016, pages
1335-1340; title: “Controllable optical bistability in a hybrid optomechanical system”; authors: Bijita Sarma
and Amarendra K. Sarma. Selected contents are reproduced with permission. ©2016 Optical Society of
America.
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Figure 2.1: A hybrid optomechanical cavity setup with an optomechanical cavity A and a
feedback cavity C containing ultracold atomic ensemble, coupled optically.

from the atomic cavity. We discuss the controllability of the bistable behavior of the
mean intracavity optical intensity in the optomechanical cavity depending on the system

parameters provided by the feedback cavity.

2.1 Model and theory

We consider a hybrid optomechanical system consisting of two cavities A and C as shown
schematically in Fig. 2.1. Cavity C, with both the end mirrors fixed contains an ensemble
of ultracold two-level atoms. Cavity A consists of one fixed end mirror and another
movable end mirror with resonance frequency w,,, effective mass m and decay rate y,,.
Cavity A is driven by an intense pump laser of frequency wy , which exerts a radiation
pressure force on the movable end mirror. The output optical field from the cavity A
drives the cavity C, and the output from cavity C is again fed back into cavity A.

The Hamiltonian of the whole system, in a frame rotating with the driving laser
frequency wy,, is given by,

2

1 1
H = hAAaTa + hAccTc + g—m + émw?nq2 + éhAatUS + hgat (cTalz + 0021)

- thManaq + he (cTa + aTc) +iheyp (aJr - a) , 2.1)
where the first and second terms represent the free energy of the cavity modes in
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the two cavities, A and C respectively. Ay = wa —wr, and A¢ = wc —wy, are the cavity
detunings with w4 and w¢ being the corresponding cavity resonance frequencies. The
third and fourth terms give the energy of the mechanical oscillator expressed in terms
of the position and momentum operators q and p satisfying the commutation relation
[q,p]l=ih. The fifth term is the energy of the two-level atomic ensemble trapped inside
the cavity C where, Ayt = wat — w1, is the detuning of the atomic resonance from the laser
drive. 0;; ’s are the atomic operators with o;; = |i){j| and we have denoted o223 — 011
as 03, where 092 and 011 are the atomic populations in the excited and ground levels
respectively. The sixth term describes the interaction of the atomic ensemble with
the optical field in the cavity C, g,; being the single atom-photon coupling constant.
The seventh term is the optomechanical interaction term, where, gom = wa/L, is the
optomechanical coupling between the cavity field and the mechanical oscillator in cavity
A. The eighth term accounts for the coupling between the two cavities where o/ is the
coupling strength [134—138]. The last term represents the effect of the driving pump
laser with frequency w;, and amplitude €4 =4/ % , on the optomechanical cavity
where P;, 4 is the input laser power.

To study the effect of feedback into cavity A, we first need to analyze the cavity field
dynamics in cavity C. The time evolution of the system operators are given by nonlinear

Heisenberg-Langevin equations:

d
d—‘; = —(hc+iAg)c—igaors—ida+ 2k cin(t), (2.2a)
do . .
T (Yat +ilat) 012 + i8atcO8 + /27 at Cin (2), (2.2b)

where, 7, is the atomic coherence decay rate and cj, is the input vacuum noise operator

with zero mean value and nonzero correlation function given by [139]
(eimn@el (#)=5(t—1). (2.3)

Assuming the system operators under mean field approximation and considering (og2) =
0 and (o11) = N , i.e. atoms populating only the ground state, the steady state operators

are given by

—ida

CS = 2 ) (2.43.)
. &a N
ko+ilAc+ Yat+tiAat
—igatcsN
0128 = ——————— (2.4b)
Yat +1Aat

21

TH-1801_136121002



CHAPTER 2. OPTOMECHANICAL BISTABILITY

Now, defining the dimensionless position and momentum operators, @ = mT")”" q and
P= Wlwm , satisfying the commutation relation [@,P] = i, the equations of motion for
the operators for cavity A are given by
de
— = w,P, 2.5a
It m (2.5a)
dP
Fri wm)(afa—wmQ —YmP +¢, (2.5b)
da U?
T = —iAa—-|ka+ N a+epq+V2kAain, (2.5¢)
ko+ilAc+ Yat‘a"tiAat

where, y = ajl,)n_AL‘ / % = i\ / mLa‘)m , is the scaled coupling constant, and A = Ay —w, Y®@s
is the effective detuning in the optomechanical cavity. a;, is the input vacuum noise

operator for cavity A, given by [139]
(am@al, (¢)) =0 (t-1). 2.6)

¢ is the Brownian noise operator associated with the damping of the mechanical oscillator,

with zero mean value and nonzero correlation function given by [140]

(E@EE)) = %Z)—’" f we 11 do. 2.7)

hw
1 h
+ cot. (ZkBT)

2.2 Bistability of the intracavity field and mirror
position

Bistability is a ubiquitous phenomenon observed in many nonlinear systems. The inher-
ent nonlinearity in the equations of motion of our system indicates observation of such
effects through optomechanical coupling. Considering that the mean values of the system

operators can be factorized, one derives the steady state solutions of the equations (2.5)

as
Qs = xlasl?, (2.82)
Pg =0, (2.8b)
ag = £A , (2.8¢)
ba+t—L —— +iA
. gatN
kC+LAC+m
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Figure 2.2: Plot of (a) yQs VS =4 for P = 0.3 uW (blue solid line), 3 uW (red solid line)
and 7uW (green solid line), (b) )(QS vs P for optomechanical cavity detuning Ay = w,,.
Other system parameters used are L =1mm, m =10 ng, A =794.98 nm, w,, =10 MHz,
ka=0.1w,,Q=10".

Simplifying Eq. (2.8)(a)-(c) , we get the following expression for |ag |2, that indicates the

occurrence of bistable behavior

a5 | Kaew + (Bnew = 0mx*las ()| = leal?, 2.9)

J*(yatA1+DatAs) J?(DatA1~YarA2)
A%+A?2 A%+A?Z
optomechanical cavity decay rate and detuning in presence of the atomic cavity; with

where, kpew = kA + , and Apew = Ag + , are the modified

A= gitN + ke Yat—AcQAat and Ag = Acyat +kcAat - Now, to observe bistability, one
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dleal® _
dlasl?

must have 0, which results in the condition for our system

(k121ew + Aiew) - 4Anewwm7(2 |ClS|2 + 3w?n)(4 |aS|4 =0. (2.10)

Equation (2.10) is a quadratic equation in |ag |2 that will have two distinct roots when the

discriminant is positive: w?, y*(A2,,, —3%2_,) > 0. This expression clearly shows that for

1 =0, i.e. when there is no optomechanical coupling, bistability disappears. For nonzero

X, the condition for bistability is given by: Aﬁew — 3k121ew >0, or,
J* 2 J* 2
A% —3k2A+—2(AatA1—YatA2) 8 ————— (YatA1+AatAz)
(AT +A3) (AT +A3)
2 J2
—6kp—— A1+ AgtAg) + 20 ———— (AgtA1—yatAs) > 0. (2.11)
A(A%_I_A%)(Yat 1 at 2) A(A%+A§) ( atA1 — Yat 2)

To analyze the bistability behavior of intracavity optical field in the optomechanical
cavity, first we consider the case for J = 0, i.e. without coupling to the atomic cavity. In
absence of the atomic cavity, the condition in equation (2.11) reduces to Ai - Ski > 0.
Fig. 2.2(a) shows the behavior of intracavity optical intensity and mechanical resonator
position in the optomechanical cavity denoted in terms of y@s with respect to normalized
cavity detuning in the optomechanical cavity, As/w,,. The parameters used are: L = 1mm,
m =10 ng, A =794.98 nm, w, =10 MHz, k4 = 0.1 w,,, @ = 107 [141]. The cavity is
pumped at the red sideband, Agy = w,,. For driving laser power P = 0.3 uW, the mean
intracavity intensity curve is nearly Lorentzian. With increasing power of the driving
laser, bistable behavior is seen to occur after crossing a critical value of the input laser
power. It is also noted that for higher laser power, bistability occurs at larger cavity
detuning. Fig. 2.2(b) exhibits the hysteresis curve for the mean intracavity intensity
with respect to varying input power, without feedback from the atomic cavity. This curve
clearly indicates the bistable behavior of the intracavity photon intensity. If one starts
scanning from a low driving power and gradually increases the driving laser power, the
intracavity intensity initially follows the lower stable branch. When it reaches the first
bistable point P, it jumps to the upper stable branch and continues to follow that branch
for further increasing laser power. Now, if one starts decreasing the input laser power,
the intracavity intensity is observed to decrease following the upper stable branch at
first; however when it reaches the second bistable point Py, it will jump down to the
lower stable branch and continue to decrease along that branch for further decrease in

the input laser power.
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Figure 2.3: (a) Plot of yQs vs Aa/w,,, with driving power P =20 uW, (b) Plot of y@g vs
P, with cavity detuning A = w,,; for different values of A,;. Other parameters used are:
J =W, 8at =27 kHz, ko =0.1w,,, N = 108, Yat =271 x2.875 MHz, Ac = wp,, others same
as in Fig. 2.2.

Next, we proceed to study the bistability behavior of the intracavity optical field in
the optomechanical cavity in presence of the atomic cavity. The effect of the presence of
the atomic ensemble is shown in Fig. 2.3. The parameters considered are: g, =27 kHz,
kc=0.1w,, N =108, Yat =271x2.87T5 MHz, A¢c = w,, and J = w,, [62, 137, 142]. Fig. 2.3(a)
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shows the bistable behavior shown by the intracavity optical intensity with respect to
the detuning in the optomechanical cavity for different values of A,¢, and Fig. 2.3(b)
shows the hysteresis curves. From Fig. 2.3(a), it is evident that the bistable behavior is
dependent on the atom-field detuning A,;. We get different operating frequency range
for bistability for the same input power if we have different atom-field detunings. As
can be seen from Fig. 2.3(a), for higher atom-field detuning, the intracavity optical field
curve is nearly Lorentzian. Therefore for higher values of atom-field detuning bistability
vanishes. It should be noted that the mean intracavity intensity is highly system specific.
In order to satisfy the condition for bistability, the contribution from all the terms in the
LHS of Eq. (2.11) should add up to give a positive number. The bistability behavior also
depends on the atom-cavity coupling g,; and the coupling between the two cavities </, as
indicated in Eq. (2.11).

Fig. 2.3(b) shows the hysteresis curve for the intracavity optical field. It shows that,
for increasing value of atom-field detuning, the operating power range for bistability
becomes wider. For the parameters considered in Fig. 2.3(b), it can be trivially shown that
for the system to exhibit bistability, A, should be approximately higher than —60y 4,
which is the threshold value for A, for the specific parameters. The threshold power for

observing bistability can be calculated to be: Py, = g‘,:—j las Ifh (2., + (Anew —0mx?las Ifh)],

where, lag|3 = (2Anew —\JAZ . —3R2. )/ (8wmx?), is the intra-cavity photon number at
the threshold power. For A, = 0, the threshold power needed for bistability is almost
equal to that for the single optomechanical cavity; and if the detuning is increased to
more positive value, the threshold value of input power further shows an increase as
seen from Fig. 2.3(b). Significantly, for negative values of A, the threshold input power
for the hybrid system appears to be lower than the generic single cavity case, as shown
in Fig. 2.3(b). The threshold power, Pi;, also depends on the decay rate of the feedback
cavity kc.

The variation of Py, with respect to k¢ and Ay, is shown in Fig. 2.4. This shows
that for a range of A, and k¢, the threshold power is lower than that for the single
cavity optomechanical system, which is calculated to be 31.9 uW for the experimental
parameters considered in this work. Lower value of threshold power is obtained for lower
values of k¢ as can be seen from Fig. 2.4. The occurrence of bistability at low input power
can be attributed to the additional feedback field from the atomic cavity. Lower decay

rate of the atomic cavity ensures more feedback intensity to the optomechanical cavity.
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Figure 2.4: Variation of threshold power for bistability as a function of A,i/yat and kc/wy,.

Therefore, by coupling a feedback cavity with optimum parameters to the optomechanical
cavity, one can observe bistability for lower input power. Conclusively, we find that the
system has the following three externally controllable parameters: power of the single
driving laser, cavity-field detuning in the optomechanical cavity and the atom-field
detuning in the atomic cavity. The extra controlling parameters provided by the feedback
from the atomic cavity modify the condition for bistability. This presents us with more
flexibility in switching the intracavity intensity in the optomechanical cavity, between

the two stable branches.

2.3 Summary

In conclusion, we have studied a hybrid system consisting of an optomechanical cavity
and another cavity containing ultracold two level atomic ensemble serving as a feedback
to the first cavity; with a special emphasize on bistability shown by the optical field
in the optomechanical cavity, emerging due to the effect of radiation pressure force. It
turns out that the bistable behavior of the intracavity field in the optomechanical cavity
can be controlled by tuning the power of the single driving laser as well as by changing
the frequency of the driving laser that can control the cavity-field detuning in the

optomechanical cavity and the atom-field detuning in the atomic cavity. This allows more
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flexibility in controlling bistability compared to the single cavity optomechanical system.
In addition, by coupling the atomic cavity with the optomechanical cavity, one can obtain
bistability for much lower threshold power compared to the generic optomechanical

cavity system.
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CHAPTER

GROUND-STATE COOLING OF A MECHANICAL

RESONATOR IN THE UNRESOLVED-SIDEBAND REGIME

his chapter discusses the ground-state cooling of a mechanical resonator in an
optomechanical cavity induced by a quantum well, in the unresolved-sideband
regime. Due to the presence of the quantum well, the cavity response gets
modified and leads to asymmetric heating and cooling processes. The cooling rate of the
mechanical resonator can potentially be enhanced by tuning the cavity-field detuning. It
is demonstrated that, even when the cavity is in the unresolved-sideband regime, the
effective interaction of the excitons and mechanical mode can bring the system back to
an effective resolved-sideband regime. The time evolution of the mean phonon number
in the mechanical resonator is studied using the quantum master equation. The average

phonon occupancy in the mechanical resonator tends to zero with time.

3.1 Brief overview

In the previous chapter, we studied the bistable behavior shown by the mean intracavity

optical field and mechanical mirror position, which is a classical nonlinear optomechani-

An article based on this chapter is published in Phys. Rev. A, vol. 93, No. 3, year 2016, pages 033845:1-
7; title: “Ground-state cooling of micromechanical oscillators in the unresolved-sideband regime induced by
a quantum well”; authors: Bijita Sarma and Amarendra K. Sarma. Selected contents are reproduced with
permission ©2016 American Physical Society.
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CHAPTER 3. GROUND-STATE COOLING OF A MECHANICAL RESONATOR IN THE
UNRESOLVED-SIDEBAND REGIME

cal effect. In this chapter, we analyze the phenomenon of mechanical resonator-cooling
which essentially occurs in the regime of linearized quantum optomechanics [15]. For
observing quantum effects in optomechanical systems, ground state cooling of the me-
chanical oscillator is an essential condition [36, 39, 56, 143]. In an optomechanical
system, the light scattered from the movable end mirror gives rise to Stokes and anti-
Stokes sidebands. During the Stokes process, the mirror absorbs a quantum of energy
from the cavity optical field, leading to heating of the mirror; whereas during the anti-
Stokes process, the cavity field absorbs energy from the mirror resulting in cooling of
the mirror. To obtain an effective cooling of the mechanical mirror, cooling rate should
be higher than the heating rate. Therefore, in analogy to the laser cooling of ions in
the strong binding regime [55], conventional cavity cooling of mechanical oscillators
requires the condition of resolved-sideband regime, where the cavity mode decay rate
is lower than the mechanical oscillator resonance frequency [56, 144, 145]. However,
in practical situations, for typical mechanical oscillators of frequency in the range of
kHz-MHz; fulfilling this condition is a challenging task, that poses serious constraints
experimentally. To relax this requirement, few different approaches have been suggested
such as cooling using dissipative coupling [57-59, 146, 147], coupling with high-Q auxil-
iary cavity [60—62], hybrid atom-optomechanical systems [63—65, 148-151], and using
optomechanically induced transparency [66, 152]. Here, in this chapter, we consider the
cavity cooling of a micromechanical mirror, with a quantum well (QW) having lower
exciton decay rate, placed inside the optomechanical cavity. This type of solid-state sys-
tems has their own advantages over atomic cavity systems. The engineerable emission
frequency, fixed position and potential for integration with cavities and waveguides using
developed semiconductor fabrication techniques [149, 153, 154] make them unique tool
for exploring optomechanics further [15, 30, 155, 156]. The same type of system has
been studied in the context of nonlinear effects like bistability and squeezing of the
output field [563, 157]. It is also predicted in such a system that the interaction between
the exciton and mechanical modes through the cavity field may lead to entanglement
between the two [158].

We explore the aspect of ground state cooling of the mechanical oscillator in the
unresolved-sideband regime. In this regime, by coupling the mechanical oscillator to
a quantum well placed at the anti-node of the cavity field, one can modify the noise
spectrum. This illustrates mode structuring around the sidebands, due to the inhibition of

the heating process, while enhancing the cooling process through quantum interference.
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In order to study the cooling effect in the mechanical oscillator, we use an effective
exciton-phonon interaction model that is analogous to dark mode formation, which has
been studied extensively in optomechanics, in connection to state transfer protocols
[159, 160]. The dark mode in optomechanics is similar to coherent-population trapped
state or the dark state in atomic physics [161]. The similarity to the so-called stimulated
Raman adiabatic passage (STIRAP) is also notable.

3.2 Model and theory
Y
kV
k?
wy,

g
e

x(t)

Qw

Figure 3.1: An optomechanical cavity containing a Quantum Well (QW) placed at the
antinode of the cavity field.

We consider an optomechanical cavity containing a QW as shown schematically in
Fig. 3.1. The movable end mirror has resonance frequency w,,, effective mass m and
decay rate y,,. The cavity is driven by an intense pump laser of frequency wy,, which
exerts a radiation pressure force on the movable end mirror. The Hamiltonian of the

system is given by (in the unit of 2= 1)
H:Hfree +Hom +Ho-d +Hdrive (3.1)
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The first term Hy.e in Eq. (3.1) describes the free Hamiltonian of the system, given by
Hpreo =wecie +wgd’d + 0, bTh, where, w., wg and w,, are the resonance frequencies of
the cavity optical field, the QW excitons and the mechanical oscillator respectively. Since
we are dealing with quasi-resonant coherent excitation, higher lying exciton states of
the QW are neglected. The optomechanical interaction between the cavity mode and
the mechanical oscillator is described by the second term, Hy.;m = gomc' ¢ (bJr + b). Here,
gowm is the single-photon optomechanical coupling strength between the cavity field
and the mechanical oscillator. The third term in Eq. (3.1) accounts for the coupling
between the cavity mode and the exciton mode in the QW, given by H,q =g (ch + ch),
with interaction strength, g. The last term represents the pump laser driving, given by,
Harive = €p (cTe™ 1Lt + ce“Lt)  with pump laser frequency, w;, and amplitude, ¢, = \/% ;
P;, and x. being the input power and cavity decay rate respectively. In the frame rotating

with the input laser frequency, wy,, one can obtain the Hamiltonian of the system as
H=-A.clc- Adde + wmbTb +g0McTc (bT + b) +g (ch + ch) +&p (CT + c) 1 (3.2)

where, A, = wr, —w., and Ay = oy, — wg, are the detunings of the cavity mode and the
exciton mode respectively. The time evolution of the system operators are given by the

nonlinear Heisenberg-Langevin equations

¢=(ife- %) c—igome (b +b)—igd —ie, — /Ko eim(), (3.3)
d =(idg- %d) d—ige—Kgdin(®), (3.3b)
b= (—iwm - %n) b—igomec c— VY m bin(t), (8.3¢)

where, k., kg and y,, are the decay rates of the optical mode, exciton mode and the
mechanical mode respectively. Here, cin, din and bi, are the corresponding input vacuum

noise operators with zero mean value and nonzero correlation functions given by [139]:
<Cin(t)cinT (t')> =8(t—t),
(din@®din' (£)) =00t -1),
(bin@®)bin" (¢) ) = (e + DEE 1),

(6], ®bin (¢)) = nns(t =),

where, ny, is the environmental thermal phonon number given by, n, = [exp(w,,/kgT) — 1174

with, kg being the Boltzmann constant, and 7T being the environmental temperature.
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B
\
n.,n;+1,n,—1) @
\
\
\

|nc Mg, nb)

Figure 3.2: Level diagram for the linearized Hamiltonian [Eq. (3.6)] and different coupling
routes in displaced frame where |n.,n4,n3) denotes the state with n. number of photons,
ng number of excitons and n; number of phonons. The solid, red curve A(B) denote
the cooling process due to energy swapping (counter-rotating-wave interaction). The
dashed, purple curve C(D) denote the heating process due to energy swapping (quantum
back-action). The energy swapping due to exciton-cavity coupling is denoted by solid
curves K and F.

3.3 Cooling of the mechanical resonator

Assuming a strong driving condition, Eqgs. (3.3)(a)-(c) can be linearized around the steady
state mean values by expressing the system operators to be comprising of the mean
value Og, and a small fluctuating term 60: O = Og + §0. The Langevin equations for the

fluctuation terms are given by:

Se=(in, - %) 5c~iG (56" +6b) - igd - i ein(®), (3.52)

6d = (ing - %d) 6d —igde — /Kqdin(D), (3.5b)

R %”') 5b—iG(6cT +8¢) = Tmbin(). (3.5¢)
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Then the linearized Hamiltonian of the system is given by:

Hy = -N 5¢'6¢— AysdT6d +w,,6b76b +G ((scT + 60) (6bT + 5b) +g (wad + 5d*5c) ,
(3.6)

where, G = ggpics, is the enhanced optomechanical coupling strength due to the driving
optical field, and, A, = A. — gom(bs + b:) is the modified cavity detuning. Fig. 3.2 displays
the level diagram of the linearized Hamiltonian and all the coupling routes among states
denoted by |n.,n4,np) in the displaced frame; where n.,n4 and n, are the photon, exciton
and phonon numbers respectively. Different kinds of cooling and heating processes may
occur due to the optomechanical interaction [162]. The cooling processes associated with
energy swapping and counter-rotating-wave interaction are illustrated by solid (red)
curves A and B respectively. The heating processes are denoted by the dashed (purple)
curves, corresponding to swap heating (C) and quantum backaction heating (D). The
energy swapping due to the extra exciton-cavity coupling is shown by curves E and F. In
order to achieve efficient mechanical motion cooling, one needs to enhance the cooling
effect while suppressing the heating. Eqs. (3.5) (a)-(c) can be solved in the frequency

domain to obtain the expression for 5b (w) as follows:

VT bin (0) — i /Ko A ()~ /K B(w)

iw—i[wn+Z()] -2

5b(w) = , (3.7

where,

A(0) =Gl (@) én (@) + x* (~0)én ' (0)],
B() =gGly (@) 14 @)din (@) — 1" (~0) 13 (~w)dim (@)1,

Here, X(w) = —iGz[)((w)— 1* (—w)l], is the optomechanical self-energy, where y(w) =
-1
[{Xc (a))}_1 +g2 Xd (w)] is the total response function of the optomechanical cavity

with the QW. And y.(w)=[-i(w+A) + % -1 Xd (@) =[-i(w+Ag)+ %d]_l and y,, (w) =

[—i (w—wpy)+ %’"] _1, are the response functions of the optical mode, the exciton mode and

the mechanical mode respectively. The radiation pressure force, in an optomechanical
5?;“. Using this, the
radiation pressure force for our system is estimated as, F = -G [6cT+6 cl/xzpr, where,

system, arising due to the interaction term, Hj.;, is given by, F' = —

xzpF is the zero-point fluctuation of the mechanical oscillator. The quantum noise spec-

trum is calculated using: Sz (0) = [ dte'! (F(t)F(0)) [15]. The spectral density, in our
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system is calculated to be:

G2y ()|
— |

XzpF

Srr(w)= ke +xag?|ra@)’]. (3.8)

-30 -20 -10 0 10 20 30

Figure 3.3: Plot of noise spectrum Sgr vs. normalized frequency w/w,, for Al = x,
(red solid), A, = —«, (blue dashed). Other parameters are Ay = 0.5w,,, Ym = 107%w,,,
ke =10%wp, kg = Wm, & = 100w,,, G = 50w, and ny, = 10* [163].

The cooling rate of the mechanical resonator is given by, A_ = Srr (wm)x% pp> While
the heating rate is given by, A, =S FF(—wm)x%PF. Due to the dynamical back-action
induced by the radiation pressure force, the spring constant (and thereby the effective
oscillation frequency) and the damping rate of the mechanical oscillator get modified. The
extra damping of the mechanical oscillator due to the optomechanical interaction is given
by, yom = A- —A; = —-2Im[Z(w,,)] and the mechanical frequency shift is given by, dw,, =
RelZ(wn,)]. In Fig. 3.3, we have plotted the noise spectrum for different values of modified
cavity-field detuning in the unresolved-sideband regime. In a generic optomechanical

cavity, in the unresolved-sideband regime, the noise spectrum reduces to, Spr(w) =
G y)?
2

" k.. This gives rise to a Lorentzian curve illustrating equal heating and cooling
ZPF
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rates of the mechanical resonator. Nevertheless, the noise spectrum for the system
considered here as depicted in Fig. 3.3, shows asymmetric Fano lineshapes that arise as
a result of interference between resonant and nonresonant processes [57]. This indicates
that the presence of the QW modulates the cavity profile to show asymmetry in cooling
and heating processes. For A/ = k., there is an increase in cooling rate while the heating
rate is reduced, and for A, = —«x., the opposite happens. Therefore, by tuning the cavity-
field detuning, the cooling rate of the mechanical resonator can potentially be enhanced
while reducing the heating rate. This is possible due to the interaction of the high-Q QW
with the mechanical mode through the cavity field. Intuitively, the asymmetry in cooling
and heating rates can be pictured as an outcome of quantum interference. As can be
observed from Fig. 3.2, due to the presence of the exciton-cavity coupling, g, there are
two different pathways leading to the same cooling or heating process. Therefore, one
can harness the interference to overpower the heating effect while enhancing the cooling
effect.

In the highly unresolved regime, k. > w,,, and for k. > (R4, Ym), A, > A4, the
three-mode system can be reduced to a two-mode system by considering the cavity mode
as perturbation. Integrating Egs. (3.5) (a)-(c), we get the time dependent form of the

operators as follows:

5e(t) = dc(0)exp int— %t) +expiAyt - %t) fo [=iGob! (7)— iGob (1) - igbd(r)
— VK¢ ¢in(T)] x exp (—iA'CT + %T) dr, (3.9a)
5d (t) = 6d (0)exp (iAdt - K?dt) +exp (iAdt - K?dt) fot[—igéc(r) —VKq din(7)]
X exp (—iAdT+K2—dr) dr, (3.9b)
0b(t)=6b(0)exp (—iwmt— Y?mt) + exp (—iwmt— Y?mt) fot[—iGécT(T) —1Gébe(1)

—VYm bin(1)]exp (iwmr+ %nr) dr. (3.9¢)

Now considering the effect of the cavity mode as perturbation, the expressions for the

time dependent exciton mode and mechanical mode operators are approximated as

5d(¢) =6d (0)exp (iAdt - %dt) +Din(t), (3.10a)
5b(2) Eéb(O)exp(—iwmt— %’”t) +Bi(d), (3.10b)
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where, the effect of the cavity mode is included in the noise terms D;,(#) and Bj,(¢) .
Substituting Eqgs. (3.10)(a) and (b) back into Eq. (3.9)(a), and under the assumptions,

|Ac| > Ag,xc > (K4, Ym), we obtain:

iG[6b1)+8b ()] igdd(t)

Ke Ke

Oc(t)=—
©) —iA+ 5 AV

+0c(0)exp (it - %t] +Cm(®).  (3.11)

And substituting dc(¢) into Eqgs. (3.5)(b) and (3.5)(c), we get the equation for the exciton

mode as:
L Kq . [iG[sb@t)+6bT ()]  igsd(t)
6d = (LAd—?)5d+Lg[ —lAé-i—% +—lA,c+% _VKddln(t)
= ig[ac(O)exp(iA;t— %t) + Cin(®)1. (3.12)

Comparing this with the generic single-cavity optomechanical system, we can derive
the parameters for the effective exciton-mechanical mode interaction as, A = Ag —
N2AL, ket = kg +0°k¢, Gegr = NG, where 1 = g/\/AZ + (%)2 , that can be approximated
to n = g/A, for A, > k.. Analogous to the single cavity optomechanical system, the
steady-state c2001i2ng limits are approximated as, nf = n¢assical + " quantum [162, 164]. Here,

4G2. +k

Nelassical = —a—Ly, Ny = kett 5YmNth 18 the classical steady-state cooling limit and
4Gk err 4|G gl

_ _hegt8GLy ki
Mquantum = T2 75625 ¥ 1.2
sideband (k¢ff < wy,) and the effective weak coupling regime (Gefr < kefr). In Figs. 3.4(a)-

is the quantum limit of cooling for effective resolved

(b) the variations of steady-state cooling limit as functions of normalized cavity detuning
and the thermal phonon number are shown. As seen from Fig. 3.4(a), ground state cooling
is not possible for a generic optomechanical cavity in the unresolved-sideband regime.
Nevertheless, in case of the QW coupled system, ground state cooling can be achieved for
a range of high cavity detuning near 10*w,,. For large detuning, dark modes with respect
to the low-Q cavity mode (c¢) are formed via linear combination of the mechanical mode
(b), and high-Q exciton mode (d). This dark-mode is responsible for an effective cooling
[159, 160]. It is worth to be noted that in case of a single optomechanical cavity without
the QW, cooling occurs in the red detuned regime only. But, with the QW inside the
cavity, the damping is significantly enhanced in the blue-detuned regime as illustrated in
Fig. 3.3. The effective detuning term, Aegr contains both A/ and A;. Hence, it is possible
to tune these blue-detuned terms to get a red-detuned, Aeg at high value of A/, that
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Figure 3.4: Plot of steady-state cooling limit as function of (a) Al/wp,, with kg = w,, and
nn = 10%. The red solid line denotes the final phonon number in the mechanical oscillator
for a generic optomechanical cavity, whereas the blue dotted line shows the phonon
number in presence of the QW in the cavity; (b) ny, with A, = 10%w,,. Other unspecified
parameters are: y,, = 107 %w,,, ke = 10%w),, g =100w,,, G =50w,,, Ag = 0.5w,,.

results in cavity cooling. Fig. 3.4(b) depicts the variation of the steady-state cooling limit
as a function of the bath phonon number for different values of x;. The plots show that,
for ground state cooling of the mechanical resonator, high values of bath phonon number
is tolerable. For example, for x; = w,,, the maximum tolerable bath phonon number is
approximately equal to 37x102. It is also to be noted that more bath phonon number is

tolerable for ground state cooling with lower decay rate of the QW excitons.
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t (units of w'1)
m

Figure 3.5: Time evolution of the mean phonon number in the mechanical resonator
in presence of the QW, starting from n, = 10%. Parameters considered are k. = 10%w,,,
Kq = Wm, A, =100, Ag =050, Ym = 105w, g = 100w,, and G = 50w,,.

C

It is important to have an idea about the optimum range of the optomechanical
coupling, G, and the exciton-cavity coupling, g to be used for efficient mechanical mode

cooling. The optimum value of g can be determined analytically by maximizing the

cooling rate, that is found to be, g = \/(ﬁi‘cl:_aa))z) (%)2 + (AL + wn)(Ag + wm)‘. For the stabil-
ity of the system, the effective coupling must follow, Gt < w,,/2, as observed from the
quantum limit of cooling. Therefore, the condition for the optomechanical coupling, G,
and the exciton-cavity coupling, g simplifies to, gG < w,\/ A2 + (%)2 / 2. For A, Zx., the
requirement for the approximate value of the couplings give gG < w,, k. / 2.

In order to study the time evolution of the mean phonon number in the mechanical
resonator, we use the Lindblad master equation approach. The quantum master equation

of the system reads:
p =1ilpHL]+ % (25@p<5cT —sctsep— p6cT(5c) + %‘1 (25dp5dT ~od'sdp - pod'sd)

+%’” (nen+1) (26b psb’ — bt sbp - p6bT66) + %"nth(zab‘fpab —5b6b p— pobsb?)
(3.13)

We use the covariance approach to find out the time evolution of the mean phonon num-
ber ny (£) = (5b76b)(¢) [162]. For this, we solve a linear system of differential equations

0:(0i0;) =Tr(06;6;) = ¥ m.n Hm,n (Ombn), where, 6;, 6, 6m, 0, are one of the operators:
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0 bT, set, 6dT, 6b, 6c and 6d; and p,, , are the corresponding coefficients. Solving these,
we can find out the mean values of all the time-dependent second-order moments: (& b'e b),
(5b78¢y, (8bT8d), (5cTb¢e), (BcTod), (8dT8d), (5b2), (5bdc), (5bd), (5c?), (5cdd) and
(6d?). In Fig. 3.5, we show the time evolution of the mean phonon number. The environ-
mental phonon number is assumed to be 10%. The cavity is considered to be in highly
unresolved sideband regime. Initially the phonon number in the mechanical oscillator is
equal to the environmental phonon number. All other second order moments are consid-
ered to be zer initially. The plot shows that with increasing time, the average phonon
occupancy in the mechanical resonator is cooled down to below one. This indicates ground

state cooling of the resonator mode in the highly unresolved sideband regime.

3.4 Summary

To summarize, we have studied the sideband cooling of a mechanical resonator in an
optomechanical cavity containing a quantum well. It is worthwhile to note that such
semiconductor structures, with well-developed semiconductor fabrication techniques, are
easily integrable with cavities and waveguides making them a unique tool for exploiting
optomechanics. The exciton and mechanical modes are not coupled directly, but their
interaction with the cavity optical field gives rise to an indirect coupling between them.
This specific configuration of the system can lead to cooling of the mechanical oscillator in
the unresolved sideband regime. Due to the presence of the high-Q element in the cavity,
the noise spectrum is modified and leads to asymmetric cooling and heating rates. Even
when the cavity is in the highly unresolved-sideband regime, the effective interaction
between the exciton and mechanical modes can bring the system back to effective
resolved-sideband regime. Hence the requirement of the resolved-sideband condition
for cooling is relaxed significantly. The cooling rate of the mechanical resonator can be
enhanced by tuning the cavity-field detuning. The time evolution of the mean phonon
number in the mechanical resonator is studied using the quantum master equation. It
is found that, with increasing time, the average phonon occupancy in the mechanical
resonator tends towards zero exhibiting dynamic controllability of cavity dissipation. This
might open up the possibility of manipulation of semiconductor integrated mechanical

systems in the quantum mechanical regime.
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CHAPTER

PHOTON BLOCKADE

n this chapter we discuss the occurrence of photon blockade in optomechanical

systems via destructive quantum interference between two-photon excitation path-

ways. First, we consider an optomechanical system in which two weakly nonlinear
optical modes interact with a mechanical mode via three-mode coupling. It is shown
that through the three-mode interaction, distinct pathways can be created that leads to
two-photon excitation in the higher frequency optical mode. These pathways may lead
to the phenomenon of photon antibunching via destructive quantum interference. We
derive the optimal conditions for photon blockade, and subsequent numerical analysis
also agree with the analytical results. In the second part of this chapter, we discuss
the photon blockade effect in an optomechanical cavity containing a degenerate optical
parametric amplifier. We show via analytical and numerical calculations, that for optimal
values of the amplifier pump amplitude and phase, strong photon antibunching can be

realized in the cavity.

This chapter is based on two articles: (1) Phys. Rev. A, vol. 96, No. 5, year 2017, pages 053827:1-6; title:
“Quantum-interference-assisted photon blockade in a cavity via parametric interactions”; authors: Bijita
Sarma and Amarendra K. Sarma. Selected contents are reproduced with permission ©2017 American
Physical Society, (2) Phys. Rev. A, vol. 98, No. 1, year 2018, pages 013826:1-7; title: “Unconventional photon
blockade in three-mode optomechanics”; authors: Bijita Sarma and Amarendra K. Sarma. Selected contents
are reproduced with permission ©2018 American Physical Society.

41

TH-1801_136121002



CHAPTER 4. PHOTON BLOCKADE

4.1 Brief overview

Following the early theories on cavity optomechanical cooling of mechanical resonators,
recent progress in optomechanical experiments has enabled the realization of mechanical
resonators near to the ground state [18, 19, 39, 54, 165-170]. This has opened up newer
avenues for quantum applications of optomechanical systems [131, 171, 172]. Recently,
cavity optomechanical systems have been studied for its inherent nonlinear coupling to
achieve photon blockade [75, 173].

Photon blockade arises from the anharmonicity in energy eigenvalues of an optical
mode, which can be introduced via nonlinear interactions. Due to the anharmonicity, res-
onant excitation of one photon prohibits other photons from simultaneous excitation, giv-
ing rise to sub-Poissonian light. The early theories and experiments on photon blockade
dealt with atom-coupled cavities [71, 174], or quantum dot-coupled cavity QED systems
[72], or cavities with Kerr-type nonlinearity [175]. After that, there have been several
studies on photon blockade in optical waveguides [176], coupled cavities [73, 177, 178],
qubit-cavity systems [179], circuit-QED [74, 180, 181], gain cavity [182], four-wave
mixing in weakly nonlinear system [183], and multiphoton blockade in some systems
[184-186]. Numerous possible quantum device designs such as: single-photon transistors
[187], quantum repeaters [188], quantum gates [189], quantum-optical Josephson inter-
ferometer [190], fermionization of photons [191], and crystallization of polaritons [192]
rely on the phenomenon of photon blockade. In fact, generation of single photons plays a
central role in light-based quantum computation and cryptography [67, 193—-195].

Photon blockade in an optomechanical system was studied recently, where due to
the photon-phonon nonlinear interaction, realization of antibunched sub-Poissonian
light was predicted [75]. Subsequently, photon blockade [76-78], as well as phonon
blockade [92—-94] have been studied in various optomechanical and nanomechanical
systems. However, similar to the cavity-QED systems, realization of optomechanical
photon blockade demands the criterion of strong-coupling, where the single-photon
optomechanical coupling is strong enough to overcome system losses, in order to produce
sufficient anharmonicity in the energy-levels [75]. Reaching this strong-coupling regime
is a long-sought-after goal in cavity optomechanics, however only with a few realizations
like cold-atomic clouds in optomechanical cavity [43, 196], where this requirement has
been met till date.

Recently, another mechanism for photon blockade which does not require the strong-
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coupling condition to hold, is invoked by Liew and Savona in coupled-polaritonic systems
[80]. This method, named as the unconventional photon blockade, is based on quantum
interference, in which strong photon antibunching was predicted with nonlinearity much
smaller than the decay rate of the photonic modes [81]. Afterwards, it has been studied in
other systems including coupled nonlinear photonic molecules [81], coupled cavities with
Kerr-type nonlinearity [83, 197—201], coupled optomechanical cavities [84, 202], coupled
quantum dot-cavity system [82], bimodal cavity [203, 204], weakly nonlinear photonic
molecules [205], Gaussian squeezed states [206], a double quantum well embedded in a
micropillar optical cavity [207],and with second-order nonlinearity [208, 209]. Recently,
unconventional photon blockade has also been realized experimentally in a quantum dot

cavity system [210].

4.2 Photon blockade in a three-mode

optomechanical cavity

Here, we study photon correlations in a nonlinear optomechanical cavity containing
two optical modes and one mechanical mode which are cross-coupled by a three-mode
interaction. We show that even when the Kerr-nonlinearities in the optical modes are
weak, due to the three-mode interaction, distinct two-photon excitation pathways arise
which gives rise to strong photon antibunching via unconventional photon blockade. We
describe the model and derive the optimal conditions for photon blockade.We calculate the
equal-time second-order correlation function as well as the two-time correlation function
for the higher-frequency cavity mode and analyze the photon blockade characteristics.

We also discuss the effects of temperature and pure-dephasing induced decoherences.

4.2.1 Model and theory

We consider a nonlinear optomechanical system as shown in Fig. 4.1(a), that contains
two cavity modes with frequencies, w; and w9, and one mechanical mode with frequency

®m. The Hamiltonian of the system reads

Hy = wlaJ{al + wga;ag + wmbTb + Uaia;alal
+ Ua;a;agag + g(aiaz + a;al)(b +bh

+ Ql(a;e_i“’lt +ae’it)+ Qz(a;e_i‘“lt +age’th), (4.1)
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Figure 4.1: (a) Schematic diagram of the optomechanical cavity with two optical modes
and a single mechanical mode, (b) The low energy-levels of the system for a weak drive

and low temperature.
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where a1 (ai), as (ag), and b (b") are the annihilation (creation) operators for the two
cavity modes with decay rates k1 and x2, and the mechanical mode with damping rate v,
respectively. Here, U is the strength of the Kerr-nonlinearity experienced by both the
optical modes. We assume the difference between the two cavity mode frequencies to
be equal to the mechanical frequency, i.e. w1 — w2 = w,,, so that the cavity modes can
be cross-coupled by the optomechanical interaction [211]. The coupling is characterized
by the rate, g, and is also proportional to the mechanical displacement. The last two
terms in Eq. (4.1) describe the driving input fields and its interaction with the two cavity
modes. For simplicity, we will assume that x; = kg = x, for the rest of the analysis.

In a rotating frame at the laser frequency, w;, the Hamiltonian is transformed to

H = Ad! 121+ (A—wp)a, a2+wmbTb+Ua af 121a1
+Ual a2a2a2 +g(a1a2+a2a1)(b+bf)

+Ql(a1+a1)+Qg(a2+a2), (4.2)

where, A = w1 — w;, is the detuning of the cavity mode a; from the laser drive. Now,
we transform the Hamiltonian to a frame defined by the unitary transformation, U =
expl—iwn, t(bTb - a;az)]. Assuming that the coupling rate is much lower in comparison to
the mechanical resonator frequency, i.e. w,, > g, under a rotating-wave approximation,

the transformed Hamiltonian is obtained as:

H = A(a ai+a, a2)+Ua a a1a1+UaTa}La2a2

+g(a1a2b+a1a£bT)+Ql(a1+a1). 4.3)

This Hamiltonian indicates a three-mode interaction among the two optical modes and
the mechanical mode, in which one photon from the mode, a1, is annihilated to create
one photon in the mode, a2, and one phonon in the mechanical mode, 6. In the reverse
process, one photon from the mode, a2, and one phonon in the mode, b of the mechanical
resonator are annihilated to create one photon in the mode, a;. In the following, we
intend to study the photon antibunching effect in the mode, a1, arising as a result of this
three-wave mixing Hamiltonian.

Photon antibunching would be studied by analyzing the normalized zero-time-delay

second-order correlation function, given by

22(0) = <‘7‘1(’5)‘7‘1(”‘1 1(H)a 1(t))

(4.4)
(@l ®ar@)?
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This quantity characterizes the joint probability of detecting two photons at the same
time, which can be calculated numerically from the Lindblad master equation. The

master equation for the driven-dissipative system is given by
p = ilp,H1+L1(p)+La(p) + Ly(p), (4.5)

where, L1(p) = £(2a1pa’ —alaip—palay), La(p) = £(2agpal —alasp—palas), and Ly(p) =
X(nm + 1)(2bpbT —bTbp — pbTh) + Enn(267pb — bbTp — pbbT), are the Liouvillian oper-
ators for the two optical modes and the mechanical mode respectively. Here, ny, =
1/[exp(w,,/kpT) — 1] denotes the thermal phonon number in the mechanical mode at
the bath temperature, T'. The steady-state value of g(2)(0) can be found numerically by
solving the master equation and then from the steady state density matrix operator
as, gf,2)(0) = Tr(paiaia1a1)/[Tr(paJ£a1)]2. For this, we have used the Quantum Optics
Toolbox in MATLAB [212] and QuTiP (Quantum Toolbox in Python) [213, 214].

In addition to the master equation approach, optimal conditions for photon blockade
can be determined in the following manner. When the driving field is very weak in
comparison to the Kerr nonlinearity, and the temperature is also very low, then, only the
lower energy levels of the cavity and the mechanical modes are occupied [78], as shown

in Fig. 4.1(b). Considering the allowed low-energy transitions given by the Hamiltonian

in Eq. (4.3), the truncated state of the system is given by [81]

[w) = C0001000) + C100/100) + C11/011)
+C200|200) + C111|1]_1) + 0022|022>, (4.6)

where, Cg,q,5’s are the amplitudes of the quantum states for which the corresponding
occupation probability is given by |Cq 4,5 2. The values of the coefficients can be deter-
mined by solving the Schrodinger equation, i —-*~ W’) = H'|y), where H' is the non-Hermitian

Hamiltonian containing the optical decay and mechamcal damping terms

=(A- z—)(alal +a2a2)— Lyb*b + Uala aial

+UaTa 9@202 +g(a asb +a1aTbT)+Ql(a1+a1). 4.7)

For a weak drive, a set of equations for the coefficients is obtained from the Schrodinger
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equation
oC
i 6100 = (A—ig)cloo+g0011+Q(Cooo+\/50200),
oC +
i 6?:11 = (A—iK Y)C'011+g0100+QC'111,
oC
3 6?500 :2(A+U—i5)C200+\/§gC111+\/E.QClO(),
GC K
111 [2( —15)—zg]0111+g(20022+f0200)
+QCo11,
oC +
3 6(;22 :2(A+U—iK 7/)C()22+2g0111. (4-8)

Under the weak driving assumption, one can consider that {C111,Cg22,C200} < {C100,Co11} <
Cooo- In steady-state, to solve the coupled equations, we follow the iterative method
prescribed by Bamba et. al [81]. The optimal condition for complete photon blockade
corresponds to the case, when the probability of a photon in the state |200) equals zero.

Therefore, at steady-state, the equations for C199 and Cy11 are given by

K
(A - 15) C100+8Co11 +QCopo =0,

K +

(A—i Y)C011+g0100 =0. 4.9)

These two equations give the coefficints C199 and Cy1; as

G Q(A—l ) C
100 = (A—z")(A—z 7)o 000>
Qg
Coi1= Cooo- (4.10)
(A—ig)(A—z 5 Yy -

Now, the equations for the other coefficients are reduced to

8C111+QC100 =
[2 (A— l—) — l—] C111 +2g0022 +QC()11 =0,

2(A+U—i Y)0022+2g0111:0. (4.11)

Now, considering y <« « for typical optomechanical systems, the necessary and suffi-
cient condition for the existence of nontrivial solutions of Eqs. (4.11) gives the optimal
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parameters for complete photon antibunching in the mode a;:

1 1
Agpy = 5\/2\/g2(5g2 +2x2) —4g% —x2,

A(4A? +2g2% +5k2)
2(2g2 —«2)

(4.12)

Uopt =

These optimal conditions correspond to the situation, where different transition paths
leading to two-photon excitation in the mode a; interferes destructively, as shown in
Fig. 4.1(b).

4.2.2 Results

In the following, we discuss the numerical results for gff)(O) obtained from solving

Eq. (4.5). In Fig. 4.2(a), we show gﬁlz)(O) as a function of A/kx with different moderate
values of g. The values of U is considered to be U,pt. For the values of g considered in the
plot, the optimal parameters from Eq. (4.12) are obtained as, for g/x = 1: Agpi/x = 0.27,
Uopi/x = 0.98; for g/x = 1.5: Agpi/x = 0.47, Ugpt/x = 0.71; for g/x = 2: Agpt/x = 0.66, Ugpt/x =
0.69; for g/x = 2.5: Agpt/x = 0.84, Ugpi/x = 0.74. It can be observed from Fig. 4.2(a) that,
as predicted from the optimal conditions calculated analytically, gf)(O) shows a strong
antibunching effect at the optimal values of A/x.

Fig. 4.2(b), demonstrates the two-time second-order correlation function gff)(r) which

is calculated as:

Ty T
220 = (al(t)al(t: T)a1(t+T)a1(t)>. 4.13)
(a](Da1(2))?

This quantity, gf,z)(r) is proportional to the joint probability of detecting one photon at
time, (¢ + 1), provided another photon was detected at time, ¢, at that position [215].

The plots show g(am(r) under the optimal conditions for different values of J. We can

observe that at 7 =0, gflz)(O) =~ 0, and for other delay times g&z)(r) > gff)(O). Therefore, it
clearly demonstrates that the emitted photons are antibunched and sub-Poissonian in
nature. From Figs. 4.2(a) and (b), one can observe that for the values of U falling in the
weak coupling regime, i.e. U < k, photon blockade can be realized owing to the quatum
interference-inducing interaction, as verified by the optimal parameters.

In order to visualize the photon blockade effects more clearly, we show the contour
plots of g5,2)(0) in Fig. 4.3, as functions of normalized detuning, A/x and normalized

nonlinear strength, U/x. In Figs. 4.3(a)-(d), the values of g/« are considered as: g/x =1 in
48

TH-1801_136121002



4.2. PHOTON BLOCKADE IN A THREE-MODE OPTOMECHANICAL CAVITY

103 —\ T T J
(a) _
| —_— g/k=1.0
107 e, == g/k=15 |
‘ T g/k=2.0
.0

RT

Figure 4.2: Plot of second-order correlation function, gflz)(O) at T =0 as a function of
normalized detuning A/x for different values of g/x. The nonlinearity is considered to be
Uopi/x =0.98, 0.71, 0.69, and 0.74 for the normalized values of coupling, g/x =1, 1.5, 2
and 2.5 respectively. (b) Plot of two-time correlation function, gff)(r). The values of U is
considered same as in (a). The nonlinear strength is considered as A,pt/x = 0.27, 0.47,

0.66, and 0.84 respectively.
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Figure 4.3: Contour plots showing the variation of log gff) (0) as functions of A/x and
U/x, for different values of g/x considered as: g/x =1 in (a), g/x = 1.5 in (b), g/x =2 in (¢),
and g/x = 2.5 in (d).
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—_ g/k=1.0

s g/k=2.0

v g/k=2.5

Figure 4.4: Plot of gff)(O) as a function of thermal phonon number, n, for various values
of g/x.

(a), g/xk =1.51n (b), g/x =2 in (c), and g/x = 2.5 in (d). The plots show that strong photon
antibunching occurs exactly at the values predicted from the analytical calculations, in
Eq. (4.12).

Next, we want to study the influence of environmental phonon population on the
photon blockade characteristics. In Fig. 4.4, we demonstrate gf,Z)(O) as a function of the
bath phonon number, ny,. For g/x =1, gﬁzz)(O) reaches 1 at ny, = 0.5, whereas, for g/x = 1.5,
2 and 2.5, gflz)(O) < 1 upto ny, = 0.25. Therefore, it is evident that the environmental

thermal phonon population has undesirable effect on the observation of photon blockade.

Till now, in our analysis, we have not considered the effect of pure dephasing induced
decoherences. Pure dephasing may arise from the instability of the laser drive, or coupling
of the cavity modes to other mechanical modes, and due to this there can be perturbing
effect on polarization, linewidth, transmittance, and photon statistics [202]. Therefore in
the following, we analyze the effect of pure-dephasing on the antibunching properties
of the cavity photons. The effects of pure dephasing can be modeled by adding another
Lindblad term of the form L ,(p) = 77” P2 [2a;ajpaj.aj —(aj.aj)zp _p(a;aj)z], into the

j=12
master equation, where y, is the pure dephasing rate for the cavity modes. Figs. 4.5(a)-
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(b)

(d)

Figure 4.5: Effect of pure dephasing. The black solid line represents y,/x = 0, red dashed
line is for y,/x = 0.001 and the blue dash-dotted line denotes y,/x = 0.01.

(d) show the second-order correlation function gf,z)(O) for different pure dephasing rates

with different sets of optimized values. The values of g is considered as: g/k =1 in (a),
g/x =1.51n (b), g/x =2 in (c), and g/x = 2.5 in (d). The black solid line represents y,/x =0,
red dashed line is for y,/x = 0.001 and the blue dash-dotted line denotes y,/x = 0.01.
With increase in the pure dephasing rate, gf,z)(O) increases near the optimal detuning.
For higher values of pure-dephasing rates eg. y, = 0.01x, gf,z)(O) approaches classical

Poissonian statistics.
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4.2.3 Summary

In conclusion, we analyzed the photon statistics in terms of the second-order correlation
function, in a weakly driven optomechanical system, where two optical modes and one
mechanical mode interact via a three-mode mixing. Due to this coupling, additional
two-photon excitation pathways are created in the higher-frequency optical mode, which
can be exploited to obtain the desired photon blockade characteristics in the system via
quantum interference. We derived the optimal parameters required for strong photon
blockade by solving the non-Hermitian Schrodinger equation containing the terms
corresponding to damping and decay present in the system. The numerical calculations
of the second-order correlation function obtained from solving the master equation show
agreement with the analytical calculations. It is observed that even when the Kerr-type
nonlinearity is weak, under the optimal conditions necessary for the fulfillment of the

quantum-interference effect, photon blockade is possible in the system.

4.3 Photon blockade in an optomechanical cavity

with a degenerate optical parametric amplifier

Next, we study the possibility of realizing unconventional photon blockade in an op-
tomechanical cavity that includes a degenerate optical parametric amplifier (OPA).
Introducing the OPA, one can create new paths for photon excitation, that may lead
to destructive quantum interference in the two-photon excitation pathway. We find out
the optimal conditions for achieving this. The validity of the optimal conditions are also
confirmed via numerical calculations. We also analyze the effects of pure dephasing

induced decoherence on the unconventional photon blockade.

4.3.1 Model and theory

We study an optomechanical cavity containing an optical parametric amplifier (OPA),
which can be modeled schematically as shown in Fig. 4.6(a). The Hamiltonian for the

system in a frame rotating at the pump frequency is given by
H=Ad"a+ wmbTb + gaTa (b + bT) + iG(eiHOLT2 —e 942+ Q' + a), (4.14)

where a (') and b (b7) are the annihilation (creation) operators for optical and me-

chanical modes respectively. Also, A = w, — w; is the cavity detuning, where w, is the
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Figure 4.6: (a) Schematic diagram of the optomechanical system with an OPA medium,
(b) Transition paths of the system for quantum interference.

resonance frequency of the cavity field and w; is the driving laser frequency, and w,, is
the resonance frequency of the mechanical resonator. The single-photon optomechanical
coupling strength between the cavity field and the mechanical resonator is denoted by g,
G is the OPA coupling term, and ( is the driving laser amplitude.

First, we will derive the optimal conditions for unconventional photon blockade
analytically. In the weak driving condition (2 < x) and for low temperature, the photon
number and phonon number Hilbert space can be truncated to low values. Considering a
Fock-state basis, |m,n) in Hilbert space, where m and n are the photon and the phonon

numbers respectively, the state of the system can be expressed as [81]:
ly) = Cool00) + Cp1/01) + C10]10) + C11111) + Cg|20), (4.15)

where C,,, are the amplitudes of the quantum states and the corresponding occupation
probability is given by |C,,,|2. In terms of the probability coefficients, the second-order
correlation function for the optical mode can be written as:

2|Cgol?

@(0) = : (4.16)
& T IC P+ IC1 PR
The coefficients C,,,, can be obtained by solving the Schrodinger equation:
dly) /
——=H 4.17
l ar lp), ( )

where H' is the effective non-Hermitian Hamiltonian that takes into account the dissipa-

tions in the system:

H =Nd'a+w,b'b+gatad+b)+iG?a’” —e 4% + Q' +a), (4.18)
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with A" = A—-ix/2 and ), = w, —iy/2. Using Eq. (4.15) for the state |y) and Eq. (4.18) for

d|w>

the Hamiltonian H' in the Schrodinger equation, i ==~ = H'|w), we get a set of equations

for the coefficients:

oC .
i atoo =QC19— i\/gGCQ()e_LB
.0Co1
1 5t :U);nC()l +QC11
oC
i atl" =A'C1+gC11+QUCoo + V2 Csp) (4.19)
oC
i 0t11 =(A"+,,)C11+8C10+QCo1
oC '
l atzo ZZA,CQO aF \/E.cho + i\/gGeLGCOO

The steady-state solution can be found by solving the coupled equations for the coef-
ficients. Under the weak driving condition, the first equation in Eqs. (4.19) is always
approximately satisfied. Therefore, we only consider the last four equations for further

calculations:

w,,, Co1 +QC11 =0
A'C1o+gC11+QCop + V2 Cg0) =0 (4.20)

(A" +w),)C11+8C10+QCo1 =0

2A'Cog+V2QC10+iV2Ge®Coy =0

For complete photon blockade, the probability of a photon in state |20) should be approx-
imately zero. Therefore, we consider Coy = 0 in Eqgs. (4.20) for photon blockade. After
finding out the necessary and sufficient conditions for these equations to have a solution,

more simplifications lead us to the following optimum conditions:

QZ
Gopt:
cosf(5 + -5 BZ)+S1D9( A+A2 BZ)
2
A.}.&
Oopt =arctan (ﬂ) ) (4.21)
x, _&°A
A?+B?
Q2w
where, A = (K+y+ 7T )2) andB:A+wm—w%1+—‘z%)2-

Interestingly, these conditions depend on the cavity-detuning, the driving laser

amplitude and the cavity linewidth. Since the optimal conditions correspond to the
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02— .
0
A/k

Figure 4.7: Numerical and analytical results for the zero-time-delay second order cor-
relation function, g®(0) as function of normalized detuning A/k. Other parameters are
considered as: w,,/k = 10 (resolved sideband limit), /x = 0.01, y/x = 0.01 g/x = 0.5, and
ny, = 0. OPA parameters are: G/x = 4.89 x 1072, 6/n = —0.42 in (a), G/x = 4.77 x 1072,
0/ =0.42 in (b), G/x =3.30 x 107°, /m = —0.44 in (c) and G/x =3.25x 1075, 6/w = 0.44 in

(d).

parameters of the pump field driving the OPA, these are expected to be controlled by

tuning the OPA pump field.
The statistical properties of the cavity field can be described by the normalized
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zero-time-delay second-order correlation function given by:
(@' ®a’ Wa®)a®)
(@’ (Da(t)?

For photon blockade, we assume that the cavity is driven by a weak classical field. The

g2(0) = (4.22)

master equation of the density operator p for the driven system reads as:
0 =1ilp,H]+ Ly(p)+ Ly(p), (4.23)

where L,(p) = g(ZapaJr —a'ap — pa’a) and Ly(p) = %(nth +1)(2bpb" —bTbp — pbTh) +
%nth(Qprb - bb'p — pbb'), are the Liouvillian operators for the optical and the me-
chanical modes respectively. Here, ny;, is the thermal phonon number given by ny, =
1/[e®n"®8T) _1]. It is worth to be noted that due to the high frequency of optical radiation,
thermal photon number is considered to be zero at low temperature. The steady-state
value of g?(0) can be found numerically by solving the master equation and from the
steady state density matrix operator as [212-214]:

Tr(pa'a’aa)
[Tr(pata)?

We also derive an analytic expression for the zero-delay time second-order correlation

g2 = (4.24)

function and compare it with the numerical solution. In the weak pumping limit, it can
be assumed that the ground state population is unity and population in other levels is
negligible. In that case, we may assume that Cy = 1. Then Eqs. (4.20) transform to:
a);nC()l + QCH =0,
A'Ci19+gC11 +Q(1 +V2Cy) =0, (4.25)
(A" +w,,)C11+gC10+QCo1 =0,
2A'Co + \/EQC;[O +ivV2Ge" =0.
Solving these equations, the coefficients to be used for the calculation of g®(0) are

obtained as:
Q1 -iGe'f/A")

Cio= >
_A/ + Q_? + 8
A A’+w§n—3—,2
C
Ci1=- % (4.26)
A+ Wy, — m
Con = — (iGe'? +QCqp)
V2N
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— Gll 01

Figure 4.8: Time evolution of the second-order correlation function, g®(1). The OPA
parameters are: G1 = 4.89 x 107%x, 0; = —0.4271, G = 4.77 x 10~ %k, 0y = 0.427, G5 =
3.30 x 107%k, O3 = —0.447 and G4 = 3.25 x 10~°k, 04 = 0.447.

4.3.2 Results

In the following, we solve the quantum master equation numerically using the analytical
optimum conditions, and compare with the approximate analytical results. For the entire
calculations, we have considered (2/x = 0.01 for the weak driving condition. In Fig. 4.7, we
have discussed the variation of the second-order correlation function at zero-time delay,
2?(0) as a function of the normalized detuning A/k, for optimal values of G and 0. The
red dots show the numerical simulation results. In Fig. 4.7(a), the optimized values are,
Gopt =4.89 x 107°x and Oop: = —0.427 that correspond to the optimum values for A/x = 2.
As expected, g?(0) shows a strong antibunching effect at an exact value of A/k = 2,
as precisely predicted by the optimal parameters calculated analytically. In Fig. 4.7(b),
optimized values are G/x =4.77 x 1075, 0/ = 0.42 for A/x = —2. In this case also, g?(0)
shows a strong antibunching effect at an exact value of A/x = —2. For Fig. 4.7(c) and (d),
G and 6 values are considered to satisfy the optimal parameter calculations for A/x =3
and—3 respectively.

Figure 4.8 shows the time evolution of the second-order correlation function g® (1),
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Figure 4.9: Numerical results for log;, 2?(0) as functions of normalized detuning A/x
and OPA coupling G/« for g/x = 0.01. In (a) 8/7 = —0.42, in (b) 8/71 = 0.42, in (c) 6/ = —0.44
and in (d) 6/ = 0.44.

that is calculated as:

@ @®a’(t+1)alt+1)alt)
@)= . 4.2
£ (@ (Da(0)? @20

g?(1) is proportional to the joint probability of detecting one photon at time ¢ = 7,
provided another photon was detected at time ¢ = 0, at that position [215]. The plots
show g@(7) for different optimal conditions. We can observe that at 7 = 0, g?(0) = 0 and
for other delay times g® (1) > g‘?(0). Therefore, it clearly demonstrates that the emitted
photons are antibunched and sub-Poissonian in nature.

To further investigate the antibunching effects, we calculated g?(0) as a function of

cavity-light detuning A/x and OPA gain G/x with optimized values of 6. In Fig. 4.9(a), the
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phase is assumed to be —0.427, that corresponds to the optimum value for A/k = 2. As
expected, a strong photon blockade occurs near the red detuning with A = x, and it occurs
at G/x =~ 4.85 x 1075 as optimized precisely in Eq. (4.21). However for the blue detuned
regime with A = —x, there is no strong antibunching because the phase of 8 = —0.427 is
not an optimized value in this case. In Fig. 4.9(b), 8/m = 0.42 corresponding to A/x = —-2.
Here also, a strong antibunching occurs near the blue detuned regime with A = —2x again
at G/k = 4.85 x 107%; whereas there is no photon blockade in the red detuning regime in
this case. Fig. 4.9(c)-(d) depict the behavior for /7 = —0.44 and 0.44 corresponding to
A/x = 3 and —3 respectively.

i1 0.5

-0.5

-3 -2 -1 0
A/k

Figure 4.10: Numerical results for log, g(z)(O) as a function of normalized detuning A/x
and 6/r for G/x = 4.85x 107°,

Fig. 4.10 illustrates the variation of g'®(0) as a function of the cavity-light detuning
A/x and the OPA pump phase 6 with an optimized coupling strength G/x =4.85x1075. A
red-blue detuning asymmetric feature for g2(0) is observed, that is related to the OPA
phase 6. For A = x in the red detuning regime, g?(0) exhibits a strong sub-Poissonian
quantum statistics at a phase of 8/ = —0.42. For this 0 value, g‘?(0) does not show any

antibunching in the blue detuning regime. Similar features can be observed for the blue
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Figure 4.11: Temperature dependence of g?(0) corresponding to different optimal para-
meters: G =4.89 x 107%k, 01 = —0.427; Go =4.77 x 10 %, 03 = 0.427; G5 = 3.30 x 1075«
03 = —0.447; and G4 = 3.25 x 1079k, 04 = 0.447.

detuning case with A = x with phases at 6/7 = 0.42. This proves that the OPA pump
phase has an important role in achieving strong photon antibunching.

In Fig. 4.11, we show the temperature dependence of photon blockade. For all the
optimal values, g?(0) is on the order of 0.1 upto a value of ny, = 20 showing strong
antibunching characteristics.

Now, we analyze the effect of pure-dephasing on the antibunching properties of the
cavity photons. The effects of pure dephasing can be modeled by solving the master
equation after adding another Lindblad term of the form L ,(p) = %”(2aTa pa‘a—(ata)?p-
p(a’@)?), in the master equation, where Yp is the pure dephasing rate for the cavity mode.
Figs. 4.12(a)-(d) show the second-order correlation function g®(0) for different pure
dephasing rates with different sets of optimized values: G/x = 4.85 x 1072, /1 = —0.42
in (a), G/x = 4.85 x 1075, 6/7 = 0.42 in (b), G/x = 3.28 x 107°, 0/ = —0.44 in (c) and
G/x =3.28 x107°, 0/m = 0.44 in (d). It can be shown that g®?(0) still maintains the red-
blue detuning asymmetry. In Fig. 4.12(a), for a typical pure dephasing rate of 0.01x,
the value of log; 22(0) at the red detuning with A =~ k is —1. With increase in the pure
dephasing rate, g®(0) increases near the red detuning at A = 2«. Similar feature is

shown in Fig. 4.12(b)-(d) for A = -2k, 3x and —3«x respectively. For higher values of
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Figure 4.12: Plot of g®(0) for different pure-dephasing rates. The black solid line is
for y, =0 case, i.e. without any pure-dephasing. The red and blue dashed lines are for
¥Yp = 0.01x and 0.1k respectively. OPA parameters are: G/x = 4.85 x 107°, 6/n = —0.42
in (a), G/x = 4.85x 1072, 0/m = 0.42 in (b), G/x = 3.28 x 1075, §/m = —0.44 in (c) and
G/x =3.28 x107°, 0/m = 0.44 in (d).

pure-dephasing rates, g?(0) approaches the classical Poissonian statistics similar to a

thermal source.
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4.3.3 Summary

In conclusion, we have proposed a model to realize a strong unconventional photon
blockade by placing an OPA medium inside an optomechanical cavity under weak pump
driving with G < w,. We studied the photon correlations in terms of the second-order
correlation function. Using analytical calculations, we derive the conditions for optimized
photon antibunching in terms of OPA pump phase 6 and the OPA gain G. We find
that the optimal parameters depend on the cavity-light detuning. Under the optimal
parameters, the system can be used to generate sub-Poissonian light. A red-blue detuning
asymmetry for pump phase 6 has been observed. We find that the analytical expressions
are consistent with the numerical solutions. We hope that the proposed scheme may
provide us with a way to control the photon blockade exactly and it could be used as a

single-photon source on-demand.
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CHAPTER

PHONON BLOCKADE

n this chapter, we show that phonon blockade could be achieved in a system of
two weakly nonlinear mechanical resonators coupled by a Coulomb interaction.
The optimal blockade arises as a result of the destructive quantum interference
between paths leading to two-phonon excitation. It is observed that, in comparison to a
single drive applied on one mechanical resonator, driving both the resonators could be
beneficial in many aspects; such as, in terms of the temperature sensitivity of phonon
blockade and also with regard to the tunability, by controlling the amplitude and the
phase of the second drive externally. We also show that via a radiation pressure induced
coupling in an optomechanical cavity, phonon correlations can be measured indirectly in

terms of photon correlations of the cavity mode.

5.1 Brief overview

Reaching the quantum regime of micro- and nanomechanical resonators has significance
in weak force detection [216, 217] as well as quantum information processing [86, 218,
219]. Quantum effects can be realized when the mechanical resonator is cooled to its
motional ground state, i.e. when its vibrational energy is higher than or comparable to

the thermal noise. Once the quantum regime of a mechanical resonator is reached, it can

This chapter is based on the article “Tunable phonon blockade in weakly nonlinear coupled mechanical
resonators via Coulomb interaction”; arXiv:1803.10403, authors: Bijita Sarma and Amarendra K. Sarma.
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be further used for quantum information processing related applications. Phonons, which
are the quanta of mechanical vibrations, have lower decay rate in comparison to photons.
Due to this advantage, phonons have been studied for possible applications in phononic
quantum networks [85—87]. In analogy to Coulomb blockade [220] and photon blockade
[175], it was proposed by Liu et al. that the phonons in a nanomechanical resonator
coupled to superconducting charge qubit can exhibit a nonclassical phenomenon called
phonon blockade [92]. In such a system, if the nonlinearity is strong enough to give rise
to an anharmonic energy level, the excitation of one resonating phonon makes the second
phonon off-resonant, so that the number of phonons in the resonator never exceeds
one. Phonon blockade based on this mechanism has been studied in a nanomechanical
resonator coupled to a qubit [94, 221] or a two-level defect [222], and also in quadratically
coupled optomechanical systems [95, 223], which requires a strong anharmonicity of
the eigenstates corresponding to large coupling strength. Another method has been
proposed to obtain phonon blockade in the weak coupling regime via interference of
phonon transition pathways [98, 99, 224], which is analogous to the unconventional
photon blockade effect explored in several systems [80-82, 225].

Conventional phonon blockade has been studied in a mechanical resonator with a
Kerr-type nonlinearity. [93] The realization of phonon blockade in this system demands
strong Kerr-type nonlinearity in order to obtain an anharmonic energy-level. Different
from this, here we show that phonon blockade in a weakly nonlinear mechanical resonator
can be realized by coupling it to another weakly nonlinear mechanical resonator via
Coulomb interaction [226—228]. Although the nonlinearities in the mechanical resonators
are weak, owing to the presence of quantum interference pathways, the system can
exhibit phonon blockade. We first discuss the effect of driving only one of the resonators
and then driving both the resonators. In case of a single drive, we show that under
optimal conditions for the detuning, A, and Kerr nonlinearity, U, phonon blockade
could be achieved. However, by driving both the resonators, one can tune the blockade
characteristics by using the optimal values of the drive amplitude and the phase, which
can be controlled more conveniently. Also, this modification gives more robustness
towards the temperature dependence of the second order correlation function. The
detection of phonon blockade by measuring the photon correlations in the presence of an

optomechanical interaction is also discussed.
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Wi J

Figure 5.1: Schematic representation of the optomechanical system, where, M is the
weakly nonlinear movable end-mirror coupled to another weakly nonlinear mechanical
resonator My by Coulomb interaction. The electrodes on the resonators carrying charge
q1 and g9 are charged by the bias gate voltages V; and Vs. The equilibrium separation
of the resonators is d. The small deviations of M; and My from their equilibrium
positions due to the optomechanical and Coulomb interactions are denoted by x1 and xo
respectively. The cavity linewidth is x and the damping rate of the mechanical resonators
is considered to be .

5.2 Model and Hamiltonian

We consider an optomechanical cavity where the movable end-mirror denoted by M1,
is weakly nonlinear, and is coupled to another weakly nonlinear mechanical resonator,
M, via a Coulomb interaction as shown in Fig. 5.1. The cavity mode with annihilation
operator, a, and frequency, w,, is driven by a coherent drive with frequency, w;. The total

Hamiltonian of the system is given by

H=H,,+Hy, (5.1)

where, H,,, describes the standard linearized optomechanical interaction [222] as given
below, with effective optomechanical coupling, G, and detuning, A,, in a frame rotating
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at the drive frequency w;

Hom = Aqa’a +Gla+a") by +b). (5.2)
The Hamiltonian for the mechanical resonators is given by

Hy = Hfree + Hnl + Heo + Harive, (5.3)

with, Hpree = (b]b1 +b3b), Hy = U(bb]b1by +b]bhbobs), Heo = el

and Hrive = Q1(ble 7t + b1ei@rt) + Qo(ble e 100t + byelPeivat),

Here, b4 (b;) and by (b;) are the annihilation (creation) operators for the two mechanical
resonator modes with damping rate y. Hereafter, we will call the mode ‘b1’ as the primary
mode and the mode ‘b9’ as the secondary mode. Here, Hyee is the free Hamiltonian of
the two mechanical resonators, Hy, is the Hamiltonian describing the Kerr nonlinearity,
U, in both the mechanical resonators and H., represents the Coulomb interaction
Hamiltonian of the two charged mechanical oscillators. The primary and the secondary
mechanical modes are driven by pumps with frequencies w, and w, respectively with
the corresponding pump amplitudes Q; and Q9 and an initial phase difference ¢; which
is described by the term Hgyiyv.. Hereafter, we will assume that w, = w,.

In the Coulomb interaction Hamiltonian, H,, k. denotes the electrostatic constant, d
is the equilibrium separation of the two charged oscillators in absence of any interaction
between them, and x; and x9 are the small oscillations of the two mechanical oscillators
from their equilibrium positions. Now, assuming that the deviations are small compared

to the equilibrium separation, i.e. {x1, x9} < d, one can expand

Iifo =

ke(ilqu [1_ (x1;x2)+ (xl;xz)z '

Here, the first term is a constant term and the second one is a linear term which can

be absorbed into the definition of the equilibrium positions. The last term consists of
two parts: one part refers to the small frequency shift of the original frequencies and
can be neglected by renormalising the mechanical frequencies, and the other part is the
coupling term between the oscillators. Therefore, we obtain the Coulomb interaction

between the mechanical oscillators as [226—228]

_ 2keq192

lqéo = 3

X1X9.

The charge contained in the electrodes are given by g1 = C1V1, and q2 = —C2Vs, where C;

is the capacitance of the bias gate on the resonator M ;. Therefore, H, can be obtained as
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H.,=J(b1+ bi)(bz + b;), where, J = kecl}gCQVZ | /mln;w?n . In the weak-coupling regime,

considering only the resonant terms, the Coulomb interaction Hamiltonian reduces to
He = J(blbg+b1b)).

In the following, we will study the occurrence of phonon blockade in the primary res-
onator by analyzing the phonon statistics by means of the zero-time delay second-order
correlation function given by, g(b2)(0) = (b;(t)b;(t)b 1(1)b 1(t))/(b;(t)b 102,

5.3 Phonon blockade with a single drive

First, we will consider the case when there is no optomechanical interaction. The master

equation describing the evolution of the system is given by:

p = ilp, Hyl+ (g1 + DLIb11p +ynem1LIb{1p + y(nms + DLIb2)p + ynm L6},
(5.4)

where L[b;lp = bipbj - %b:bip — %pb;.rbi is the Liouvillian operator for the mode b;
and ny, ; = 1/[exp(w,,/kpT) — 1] denotes the thermal phonon number in that mode at
environmental temperature, T. We will consider n, 1 = nn 2 = ny, for the rest of the
chapter. The Hamiltonian describing the mechanical resonators in a rotating frame with

the mechanical drive frequency is given by

H), = AbTb1+Ablby +Ub b 6161 +UBSbIboby +J(B1bs +b16)) + Q16T +b1)

+Qa(ble™ + bge'?), (5.5)
where, A = w,, —w,, is the detuning from the mechanical pump frequency. We will calcu-
late g(bz)(O) numerically by solving Eq. (5.4) in the weak-driving limit i.e. for {Q21,Qs} <« v,
from g(b2)(0) = Tr(b;b;b1b1pss)/[Tr(b;b1pss)]2, where pg is the steady-state density ma-
trix [212—-214]. Before solving the master equation numerically, in order to obtain the
optimal parameters for unconventional phonon blockade, we develop an analytical model
in the following. Firstly, we consider the case when the secondary mechanical resonator
is not driven, i.e. Q9 = 0. At low temperature, and assuming a weak pumping condition,
the low-energy levels dictated by the Hamiltonian is shown in Fig. 5.2(a). Assuming that
the system is initially prepared in the |00) state, we consider the following ansatz for the

state of the system:

[w) =Co0l00) + C10110) + Cp1/01) + C20120) + C11111) + C2/02). (5.6)
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Figure 5.2: (a) Different two-phonon excitation paths that can lead to interference-based
phonon blockade for a single pump applied on the primary resonator, and (b) logarithmic
plot of g(z)(O) as functions of normalized U and J with optimum values of A. The black
dashed hne represents the optimum values of U/y corresponding to the values of J/y.

The coefficients C;,’s can be obtained by solving the Schrédinger equation, i —>* lw) = Hogly),
where, Hegg=H., — i YbTbl -1 Ybsz is the non-Hermitian Hamiltonian that 1ncludes the
damping of the mechanical oscillators. Following an iterative method prescribed by
Bamba et al. in connection with photon blockade in coupled photonic molecules [81], in

the limit of weak 1, at steady-state, the optimal parameters are obtained as follows:

1 /9.J4 272 _ .2 2‘ Aopi(57 +4A2pt)
Aopt = i§ 9J% +8y=J= —y4-3J4 , Uopt = 2(2J2— 2y~ (5.7

The limit for the coupling, J/, in this case is that the value of J must be larger than y/ V2.

In Fig. 5.2(b), we show the variation of the zero time-delay second-order correlation
function, g(z)(O) by solving the master equation, i.e. Eq. (5.4), in a truncated Fock
space. Here, g(2) (0) is plotted as functions of the normalized coupling strength, J/y and
nonlinearity, U/y for U <y, with optimal values of A as derived in Eq. (5.7). The black
dashed curve shows the optimal values of U calculated in Eq. (5.7). It is observed that for
the optimal conditions, phonon blockade can be obtained in the weakly nonlinear regime.

To demonstrate these results more clearly, in Fig. 5.3(a), g(z)(O) is depicted as a
function of A/y for different values of J/y. The value of U is considered to be Ugpt. For
J/y =0.8, 0.95, and 1.5, the optimal values of A/y found from the analytical calculations
are = 0.11, 0.16, and 0.24 respectively. The corresponding optimal values of U/y are 0.98,
0.52, and 0.18 respectively. From the plots, it is evident that the numerically calculated
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Figure 5.3: (a) Plot showing the variation of g(bz)(O) as a function of A/y with U = Uy for

different values of /. (b) Second-order correlation function with finite time-delay, gf)(r)

and (c) temperature dependence of g(bz)(O). Other parameters are: 21 = 0.1y, U = Ugpt

and A = Agpt.

results show complete agreement with the optimal values of the parameters calculated
from the approximate analytical model. With weak coupling strengths of JJ/y = 0.8 and
0.95, g(bz)(O) ~ 0.1,while for a moderate value of J/y = 1.5, g(bz)(O) is on the order of 0.01.
We also demonstrate the second-order correlation function, g(bz)(r) = (bi(t)b;(t +1)b1(2 +
7)b 1(t))/<b];(t)b 1(2)Y2, as a function of the normalized time delay t/(2n/J) in Fig. 5.3(b).
Considering optimal parameters, when J/y = 0.8 and 0.95, g(bz)(O) ~ 0.1 at 7 =0, and for
increasing delay times g(b2)(r) > g(b2)(0). Similarly, for J/y = 1.5, g(b2)(0) ~0.01 at 1 =0, and
for higher delay times, g(b2)(r) > g@(0) and finally reaches the value 1. Therefore, the plots
demonstrate that the phonons are antibunched and have sub-Poissonian distribution.

Now, in order to see the influence of environmental phonon population on the phonon
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blockade characteristics, in Fig. 5.3(c), we show the variation of g(bZ)(O) as a function of

the bath phonon number, ny,. For J/y = 0.8, g(b2)(0) reaches 1 at ny, =~ 0.001, whereas,
for J/y =0.95 and 1.5, g(bz)(O) <1 upto n¢, =4.5x 1074 and ng, = 1.5 x 107 respectively.
Therefore, it is evident that the environmental thermal population has undesirable effect

on the observation of phonon blockade.

5.4 Phonon blockade with two drives

|00)

Figure 5.4: Different paths for two-phonon excitation when an additional pump is applied
on the secondary mechanical resonator.

We now turn to study the phonon correlations by applying an additional drive, 29 on the
secondary mechanical resonator. The transition paths leading to two-phonon excitation,

are shown in Fig. 5.4. The optimal conditions for phonon blockade could be determined
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Figure 5.5: (a) Contour plot showing the variation of zero-time-delay second-order corre-

lation function g(bz)(O) as function of normalized detuning A,/x and U/x and (b) phonon

number in the primary resonator for {, ¢.. (c) Variation of g(b2)(0) for different values of
J with U = 0.5y and A = 0.5y. The black solid, red dashed and blue dotted lines corre-
spond to J = 0.5y, 0.85y and y, and the corresponding values of {{, ¢/} are {2.59,0.20},
{1.60,0.23} and {0.39,0.06} respectively. (d) shows the variation of g(bz)(O) for Ugpt = 0.5y
and Aypt = —0.5y for J = 0.5y (black solid line), 0.85y (red dashed line) and y (blue dotted
line). The respective values of {{,¢./n} are {1.09,0.88}, {0.82,0.93} and {0.77,0.95}.

by solving the equations for the coefficients obtained from Schriodinger equation:

iC1o=(A- ig)cw +JCo1 +Q1(Coo + VZCa0) + Qe C1y, (5.8)
iCo1 =(A- ig)Cm +JC10+Q1C11 + Qa(eCop + V2 ®Cog), (5.9)
iCa0=2(A+U - i%)Czo +V2JC11 + V204 Cro, (5.10)
iC11=2(A- ig)Cu + V2 J(Cao + Coz) + Q1Co1 + Qe ¢Cro, (5.11)
iCoz =2 (A+U—ig)coz+\/§ JC11+ V2 Qe *Coy1. (5.12)

In the limit of weak (27 and Qg, the probability of phonon excitation to higher levels

becomes subsequently lower i.e. Cyg > {C19,Co1} > {C29,C11,Co2}. The optimal condition
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for the complete phonon blockade in the primary resonator corresponds to the case when
the probability of a phonon in state |20) equals zero. Under these assumptions, solving
Egs. (5.8) and (5.9), the values of C1g and Cy; at the steady-state are obtained as

JQge™ ¥ - Q1 (A—iL)

10 = — Coo, (5.13)
a- i
JQl—Qge_i(P(A—iZ)
01= = 2~ Coo. (5.14)
a-iff

Now, sustituting Egs. (5.13) and (5.14) into Egs. (5.10)-(5.12), we obtain the following

matrix equation

x11 x12 %13 (C11
x91 %22 x23|[Coo| = O, (5.15)
x31 x32 x33) \Coz

where, the matrix elements are given by

JQlﬂze_i‘/’ = Q%(A = l%)

x11 =dJ, x12 = , x13 =0,
11 12 (A—i%)Q—ﬂ 13
2 2 —ig) _ —ipeA _ Y
Y J(Ql-l-Qze ) 291926 (A LZ)
x91 = 20A—i%), x99 = , x93 = V2J, (5.16)
21 2 22 (A—i%)z—J2 23
JOQ1Qge7 ™ - Q2 2P(A i) y
= J, L , = V2(A+U-iZ|.
x31 X32 (A—i%)z—ﬂ X33 ( 12)

To obtain nontrivial solutions for C11, Coo and Cyg, the determinant of the coefficient

matrix must be zero, which gives rise to a quadratic equation in {e™*¢:
a2(26_2i¢+a1(e_i‘/’+ao =0, (6.17)

with ¢ = Qo/Q1, ag = 2J2(N +U/2), a1 = —4JA' (A +U), ag = 2A + U(J? + 2A’?) and

A=A- i%. The solutions of the quadratic equation are given by:

(e i = 2JN (U + A+ VJ2UQUA2 +2AB — J2U —2J2A) |.  (5.18)

T JAU+24)
From Eq. (5.18), it can be seen that for specific values of the parameters, U, J and A, the
optimal values of { and ¢ could be obtained, and there are two optimal values of { and
¢ for a specific set of system parameters. Therefore, by applying the additional pump
we can choose the optimal values of the amplitude and the phase of the second drive for

different coupling strengths and detuning in the system.
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Fig. 5.5(a) depicts g(bZ)(O) as functions of the rescaled detuning A/y and U/y corre-

sponding to {;,¢, for a weak coupling value of J = 0.5y. In Fig. 5.5(b), we show the
corresponding average phonon number in the primary resonator. From these plots, it is
observed that for the parameter regime where g(bz)(O) is found to be on the order of 0.01,
average phonon number on the order of 0.01 could be obtained. We show the variation
of g(z)(O) as a function of A/y, for different values of J in Fig. 5.5(c), with Uyyi/y = 0.5

b
and Aypt/y = 0.5, and J/y = 0.5, 0.85 and 1. It is observed that phonon blockade could

be obtained at A = 0.5y, which is in agreement with Ay, as predicted by the analytical

calculations. Fig. 5.5(d) shows the variation of g(b2)(0), with Ugype = 0.5y, and Agpy = —0.57,

and it is observed that phonon blockade could be obtained at A = —0.5y.

(2)
b

the primary resonator, as functions of the rescaled detuning, A/y and nonlinearity, U/y

Similarly, in Figs. 5.6(a) and (b), we show g,’(0) and the average phonon number in
corresponding to {_,¢_ for J = 0.5y. Here also, g(b2)(0) on the order of 0.01 is obtained
with average phonon number = 0.01. In Fig. 5.6(c), we discuss the variation of g(bZ)(O)
with respect to A/y for Uypy = 0.5y and Agpt = 0.15y and different values of J/y = 0.5, 0.85
and 1. It is observed that phonon blockade can be obtained at A,y = 0.15y. Fig. 5.6(d)
shows the variation of g(b2)(0) for Uypt = 0.5y and A,pe = —0.15y. In this case, phonon
blockade is obtained at A = —0.15y.

Next, we discuss the variation of the second-order correlation function with finite time-
delay, g(bQ)(T). In Figs. 5.7(a) and (c), we show g(bz)(r) as a function of the normalized time
delay 7/(2n/JJ) with different values of JJ for {;,¢, and {_,¢_ respectively. It shows that
the value of g(bZ)(O) is the lowest at 7 = 0 and for increasing delay times g(l?)(r) > g(b2)(0),
which demonstrates that the phonons are antibunched and sub-Poissonian in nature.
In Figs. 5.7(b) and (d), we discuss the effect of environmental phonon number on g(bZ)(O)
for different values of U/y, with ({4, ¢4, Agpt/y = 0.5, J/y =0.5) and ({_,¢p_, Aypt/y =0.15,
J/y = 0.5) respectively. As observed in Fig. 5.7(b), for optimum values of {;,¢., the
phonon blockade effect can be sustained upto ny, = 0.01 for U = 0.9y whereas for U = 0.1y
and 0.5y, g(bZ)(O) < 1 for values of ny, upto = 0.001 and 0.006 respectively. On the other
hand, for optimum values of {_,¢_, as shown in Fig. 5.7(d), the phonon blockade effect
can be sustained upto ny, = 0.02 for U = 0.9y. For U = 0.1y and 0.5y, g(b2)(0) <1 for ny,

upto = 0.001 and 0.01 respectively.
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Figure 5.6: (a) Contour plot showing the variation of zero-time-delay second-order corre-

lation function g(b2)(0) as function of normalized detuning A,/x and U/x and (b) phonon

number in the primary resonator for {_, ¢_. (c) Variation of gf)(O) for different values
of J with U = 0.5y and A = 0.15y. The black solid, red dashed and blue dotted lines
correspond to J = 0.5y, 0.85y and y, and the corresponding values of {{_,¢_/n} are
{2.25,0.30}, {1.51,0.32} and {1.37,0.33} respectively. (d) shows the variation of g(bz)(O) for
Uopt = 0.5y and Agpy = —0.15y for J = 0.5y (black solid line), 0.85y (red dashed line) and
Y (blue dotted line). The corresponding values of {{_,¢_/n} are {2.23,0.38}, {1.52,0.37}
and {1.37,0.36} respectively.

5.5 Measurement of phonon blockade via photon

correlations

Now, we study the phonon statistics in presence of the optomechanical interaction. Here,
we will show that phonon blockade in the primary mechanical resonator can be detected
by studying photon statistics of the optical mode in the cavity. Considering the cavity to

be at the red sideband, the Langevin equation for the cavity mode fluctuation is given by
K
a= —(iwm+§)—iGb1+\/1?am. (5.19)

76

TH-1801_136121002



5.5. MEASUREMENT OF PHONON BLOCKADE VIA PHOTON CORRELATIONS

10}

10°

~ 107 =
> — J/y=0.5 = 10
-=  J/y=0.85
w2l J/y=1.0
0.0 0.5 1.0 15 R R R v a—Y 1.0
7/(27/J) o x10”

100 i (C) ‘u."-hl'w-u._

100

w101} ~
~ a=
- > 107t

1072 (A — J/4=0.5

S -~ J/y=0.85
----- J/v=1.0
107 : : -2 . : .
0.0 0.5 1.0 1.5 10 0.0 0.5 1.0 15 2.0
7’/(271'/:]) m x10~

Figure 5.7: (a) Second-order correlation function with finite time-delay gf)(r), and (b)

effect of environmental temperature on g(b2)(0) for {4, ¢-. (c) Second-order correlation

function with finite time-delay g(b2)(r), and (d) effect of environmental temperature on

g(bQ)(O) for {_, ¢_. Other parameters are considered to be same as in Figs. 5.6(c) and (d).

Here, a;, is the input vacuum noise with the correlation function, @'in®ain)) = 0.In
the resolved sideband regime, i.e. x < w,,, and also for k > {G,J,y(ny, + 1)}, the cavity
field follows the mechanical mode adiabatically [98, 222, 229]
2G
a =—1—b1 +noise, (5.20)
K

Therefore, g(bZ)(O) = gff)(O) = (a'aTaa)/(aTa)?, so that the phonon correlation can be stud-

ied by evaluating the second-order correlation function for photons. We calculate g(bZ)(O)
and also the zero time-delay second-order correlation function for photon, gfzz)(O), by

solving the following master equation:

Ptot = ilpsos, H'1+KLIalpsor +y(nin + DLIb11ps0s + YnthL[b;]ptot +y(nth + DLIb2]ptor
+ynaLlbpror, (5.21)
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Figure 5.8: (a) The phonon correlations when the drive is applied only on the primary
resonator i.e. Qg = 0, showing g(b2)(0) in absence of the optomechanical coupling (black
solid line) and in presence of optomechanical coupling (red dashed line). (b) The phonon
and photon correlations calculated for the total Hamiltonian in presence of the optome-
chanical coupling. (c) g(b2)(0) in absence of the optomechanical coupling (black solid line)
and in presence of optomechanical coupling (red dashed line) for additional driving of
the secondary mode. (d) The phonon and photon correlations with two drives in presence

of the optomechanical coupling. Other parameters are x = 10y, G = 0.1x.

where the total Hamiltonian of the system, in a frame rotating at the mechanical pump

frequency w, is given by
H' =Ad"a+Ablby+Ablba+UbIbIb1b1 +UbIB Doy +J(B1b2+b16)) +Glaby +abl)
+ Q16T +b1)+ Qa(ble ™™ + bge'®). (5.22)

In Fig. 5.8(a), we discuss the phonon correlations for only one drive applied on the

primary resonator. We consider G = 0.1x, that lies in the weak coupling regime and

x = 10y for typical optomechanical systems. The black solid line shows g(bz)(O) in absence

of the optomechanical coupling and the red dashed line shows the one in presence of the
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optomechanical coupling. It is observed that both the values agree well with each other in
this parameter regime. Therefore, there is not any modification in the phonon blockade
characteristics due to the additional coupling term induced by the optomechanical
interaction in the adiabatic regime. In Fig. 5.8(b), we compare the phonon and photon
correlations calculated by solving the master equation for the total Hamiltonian in
presence of the optomechanical coupling. We observe that both the correlation functions
show evidence of blockade at the same detuning value. Therefore, the photon blockade
characteristics for the cavity mode can serve as an evidence of phonon blockade in the
primary mechanical resonator. Further, in Figs. 5.8(c)-(d), we show g(bz)(O) for additional
driving of the secondary mode i.e for Qg # 0, which also show similar features as the

single-driving case.

5.6 Summary

In conclusion, we have proposed schemes for the realization of phonon blockade in
a weakly nonlinear mechanical end-mirror in an optomechanical cavity, coupled by
Coulomb interaction to another weakly nonlinear mechanical resonator. Phonon corre-
lations are characterised in terms of the second-order correlation function. Firstly, we
studied the phonon blockade characteristics without considering the optomechanical
interaction. By applying a single drive on the primary mechanical resonator, strong
phonon blockade could be obtained with optimum values of the mechanical drive detun-
ing and Kerr-nonlinearity. However, the phonon blockade effect is very fragile towards
environmental thermal phonon number. Next, we discussed the scenario where both the
mechanical resonators were driven simultaneously. In this case, the optimum values
could be obtained in terms of the amplitude and the phase of the second mechanical
drive, which allows more controllability of phonon blockade. Also, the phonon blockade
effect could be sustained upto higher number of thermal phonons. Finally, we discussed
the blockade characteristics to be observed when the optomechanical interaction was
switched on. It was demonstrated that when the cavity optical field follows the resonator
dynamics adiabatically, for both the single and the double mechanical drives, phonon

blockade could be detected in terms of the photon correlations of the cavity mode.

79

TH-1801_136121002



TH-1801_136121002



CHAPTER

CONCLUSION

n this thesis, we have discussed the optomechanical bistability, mechanical res-

onator cooling, and photon and phonon antibunching effects in cavity optomechani-

cal systems. In chapter 2, we studied the bistable behavior shown by the intracavity
optical field and mechanical mirror motion in a hybrid optomechanical system consisting
of a driven optomechanical cavity and another cavity containing an ultracold two-level
atomic ensemble serving as feedback to the optomechanical cavity. We observe that the
bistability of the intracavity field in the optomechanical cavity can be tuned by the power
of the driving laser as well as the frequency of the driving laser which controls both the
cavity-field detuning in the optomechanical cavity and the atom-field detuning in the
atomic cavity. Compared to a generic optomechanical system, this allows more flexibility
in the control of bistability. We also observed that due to the feedback from the atomic
cavity, bistability can occur for much lower threshold power compared to the single-cavity
optomechanical system.

In chapter 3, we discussed the unresolved-sideband cooling of a mechanical resonator
in an optomechanical cavity in the presence of a quantum well with lower decay rate.
Although the excitons in the quantum well and mechanical mode are not coupled directly,
but due to their interaction with the common optical mode, there arises an indirect
coupling between them and as a result, the system comes back to the resolved-sideband
regime. Due to the presence of the quantum well, the cavity noise spectrum is modified

and one can obtain asymmetric cooling and heating rates. Therefore the requirement
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of the resolved-sideband condition for cooling is relaxed significantly. We observed that
the cooling rate could be enhanced by tuning the cavity-field detuning. We also studied
the time evolution of the average phonon number in the mechanical resonator using the
quantum master equation approach. It was observed that with time, the average phonon
number in the mechanical resonator tend towards the ground-state.

In chapter 4, we studied the photon antibunching effect in a weakly driven three-mode
optomechanical system, where two nonlinear optical modes and one mechanical mode
interact via a three-mode mixing. In addition to the resonant pathways, new two-photon
excitation paths in the higher-frequency optical mode are created due to this coupling.
One can harness these two-photon excitation processes to obtain the desired photon
blockade characteristics in the system via destructive quantum interference mechanism.
We studied the photon statistics in terms of second-order correlation function, and we
derived the optimal parameters required for strong photon blockade by solving the
non-Hermitian Schrodinger equation describing the damping in the system. Also, we
performed numerical calculations by solving the master equation, which show complete
agreement with the analytical calculations. In conventional photon blockade mechanism,
strong antibunching is obtained only in the strong-coupling regime. Here we observed
that even when the Kerr-nonlinearity in the optical modes is weak, under the optimal
conditions fulfilling the criteria for quantum interference mechanism, strong photon
antibunching is possible in the system. In the next part of the chapter, we explored
another system that can give rise to photon blockade in the weak-coupling regime.
We considered a weakly driven optomechanical cavity containing a degenerate optical
parametric amplifier, which gives rise additional two-photon excitation paths in the
cavity mode. Using analytical calculations, we found that optimal antibunching can be
obtained in the system by tuning the parametric amplifier pump gain and phase. We
observed a red-blue detuning asymmetry in the photon blockade characteristics for the
pump phase. The numerical calculations were found to be consistent with the analytical
results.

In chapter 5, we explored the occurrence of phonon blockade in a weakly nonlinear
mechanical resonator in an optomechanical cavity, coupled to another weakly nonlinear
mechanical resonator via Coulomb interaction. We analyzed the situations where in one
case, only one of the mechanical resonators is driven, and in the other case, both the
mechanical resonators are driven. Phonon blockade characteristics are studied in terms

of the second-order correlation function. Firstly, we studied phonon blockade in absence of
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the optomechanical interaction. Under a single drive, optimum values of the mechanical
drive detuning and Kerr-nonlinearity were determined for strong phonon antibunching.
However, the phonon blockade effect was found to be very fragile towards environmental
thermal phonon number. In the case of double drive, the optimum values are obtained in
terms of the amplitude and the phase of the second mechanical drive, which allows more
controllability of phonon blockade. Also, the phonon blockade effect could be sustained
upto higher number of thermal phonons in comparison to the earlier case, and we also
discussed the blockade characteristics in presence of the optomechanical interaction. We
observed that when the cavity field follows the resonator dynamics adiabatically, phonon
blockade can be studied in terms of the photon correlations of the cavity mode.

With new theoretical studies and experiments coming up, the area of cavity op-
tomechanics has been proven to be a promising platform where quantum mechanics
in mesoscopic scale might be utilized in device-based applications. For example, cavity
cooling has possibilities in suppressing thermalization effects in spintronic devices by
cooling mechanical modes in semiconductor nanomembranes [15, 155]. One particular
interesting aspect of optomechanical systems is its coupling via the mechanical motion
to other quantum systems, which are not compatible otherwise [15, 230, 231]. There is
possibility of exploring antibunching phenomena in various hybrid quantum systems
with particular emphasis on solid-state platform, owing to the tremendous potential in
quantum communication related applications. Therefore, combining the developments in
the field of cavity optomechanics to the parallel developments in analogous areas like
circuit-QED systems, cold atoms etc., one may explore newer possibilities in transduction

and quantum information processing as a whole.
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