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Abstract

The primary aim of this thesis is to develop a framework for direct methods for solutions
of rational eigenvalue problems. To achieve this goal, we propose to reformulate the problem
of solving a rational eigenvalue problem G(A)u = 0 for A € C and nonzero vector u € C" to
that of computation of transmission zeros and zero directions of a linear time invariant (LTT)
system X given by

Eix(t) = Az(t) + Bu(t)

y(t) = Ca(t) + P(g)u(t)
for which G(\) is the transfer function. Then the eigenvalues of G(\) form a subset of the
transmission zeros of the LTI system . On the other hand, transmission zeros of 3 are subset
of the invariant zeros of the system Y and the invariant zeros are eigenvalues of the Rosenbrock

system matrix S(\) given by

PY| ©

S0 =
K B | (A-AB)

The transmission zeros of X coincide with the invariant zeros when the LTI system X is
controllable as well as observable. We therefore develop a framework for computing eigenvalues
and eigenvectors of the the Rosenbrock system matrix S(A). For this purpose, we introduce
three families of linearizations - which we refer to as Fiedler pencils, Generalized Fiedler (GF)
pencils and Generalized Fiedler pencils with repetition (GFPR) - of the Rosenbrock system
matrix S(A). We solve the eigenvalue problem for these Fiedler pencils to obtain invariant
zeros of the LTI system Y. Thus, schematically, our strategy for numerical solution of rational

eigenvalue problem is as follows:

Rational matrix function — State-space realization — Linearization — Solution.

There are efficient methods for computing a (minimal) state-space realization of a rational
matrix function. We therefore focus on the construction of Fiedler pencils of the Rosenbrock
system matrix S(A) and show that these Fiedler pencils are linearizations for S(X\). Further, we
show that the Fiedler pencils of S(\) are linearizations of G(\) when the LTI system ¥ is both
controllable and observable, that is, when X is a minimal state-space realization of the transfer

function G()). We also describe eigenvector recovery of G(\) from that of Fiedler pencils of

vii
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the system matrix S(A). In fact, we show that the eigenvectors of G(\) could be recovered
from those of the Fiedler pencils of S(\) without incurring any additional computational cost.
Further, we show that the state-space framework so developed could be gainfully used to
linearize a higher order LTI state-space system so as to analyze and solve the higher order LTI
system. Furthermore, we show that the linearized systems are strict system equivalent to the

higher order systems and hence preserve system characteristics of the original systems.

We also develop a framework for sensitivity analysis of eigenvalues of the system matrix
S(A) and G(A). We define condition numbers for simple eigenvalues of S(A) and G()), and
obtain explicit computable expressions for the condition numbers. We also analyze the effect

of linearization on the conditioning of the eigenvalues of the system matrix S(\).

viil
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1

Introduction

Linear and nonlinear eigenvalue problems arise frequently in various problems in science

and engineering. For example, the polynomial eigenvalue problem P(A)z = 0, where

P(\) = Y- MA; and A;’s are n-by-n matrices, arises in the study of acoustics and
=0
linear stability of flows in fluid mechanics, the vibration analysis of buildings, machines,

and vehicles [11], 39]. Nonlinear eigenvalue problems also arise from certain differential
equations such delay differential equations. Consider the delay differential equations
(DDEs):

i(t) = Ayz(t) +2Am—n (1.1)

where z(t) € R" is the state variable at time ¢, 4; € R™" and 0 < 74 < 7o -+ , Ty
represent the time-delays [28]. The substitution of a sample solution of the form e*wv,

with v # 0, leads to the nonlinear eigenvalue problem

H\w = (Al = Ay — Y Aie? ™) =0,

i=1
where H()) is holomorphic in A.

Rational eigenvalue problems, that is, eigenvalue problems for rational matrix func-
tions, also arise in wide range of applications such as in acoustic emissions of high speed
trains, calculations of quantum dots, free vibration of plates with elastically attached
masses, vibrations of fluid-solid structures and in control theory, see [23] 34] [17, [46], 38,
29, [7, [44] and the references therein. For example, the rational eigenvalue problem

k

G\)z = —Aa:+)\Ba:+)\2Z ! —— G =0,

=1 Y
arises when a generalized linear eigenproblem is condensed exactly [27]. The rational

1
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CHAPTER 1. Introduction 2

eigenproblem

GNz = (K-AM+)_ C)x =0, (1.2)
where K = K" and M = M are positive definite and C; = C] are matrices of small
ranks, arises in the study of the vibrations of fluid solid structures [29] [7, 44], 26] and in
the study of the free vibration of plates with elastically attached masses [25, [33]. Also

the analysis of free vibrations of a structure leads to the eigenproblem

=

G(\z = (\M + K

=0, (1.3)

where K and M are symmetric positive definite, &£ denotes the number of regions with
different relaxation parameters b; and AT} is an assemblage of element stiffness matrices
over the region with the distinct relaxation constants [27]. Further, the rational matrix

eigenvalue problem

G\)z = —Ax+)\Bx+Zk_7)\

Am; 7

Ciz =0, (1.4)

where the matrices A, B and C; are symmetric and positive (semi-) definite, arises
when an elliptic eigenvalue problem with non-local boundary conditions is discretized
by finite elements [7, 42]. Computation of eigenvalues and eigenvectors of a rational
matrix function is an emerging area of research. We therefore consider the following

problem.

PROBLEM-I. Let G(A) be an n-by-n regular rational matrix function. Compute
A € C and nonzero vectors z and y in C® such that G(\)xz = 0 and y?G()\) =0

The rational eigenvalue problem (REP) in PROBLEM-I could be solved by employing
general nonlinear eigensolvers such as Newton method [31], 38|, inverse iteration |31, 3],
and nonlinear Rayleigh-Ritz methods (e.g., nonlinear Arnoldi, rational Krylov, Jacobi-
Davidson), see [43, 20], [45] and the references therein. We mention, however, that the
convergence analysis of a general nonlinear eigensolver is a challenging task. Alterna-
tively, we could convert the REP into a polynomial eigenvalue problem by clearing out
the denominators in G(\) and then “linearizing” the resulting polynomial eigenvalue
problem to obtain a generalized eigenvalue problem. A downside of this brute-force
approach is that the resulting generalized eigenvalue problem may be of very large di-

mension especially when G(A) has a large number of poles [37].

TH-1270-08612306



CHAPTER 1. Introduction 3

On the other hand, considering a minimal realization of G(\) of the form
G(A) =) NAj+C\E-A)"'B=:P(\)+C(\E - A)"'B,
=0
where C' € C™" A E € C™", B € C™™, it is shown in [37] that the eigenvalues and

eigenvectors of G(A) could be computed by solving the generalized eigenvalue problem

for the pencil

A, Ap1 Am_s A | C
I, ~I, 0 0
C(\) = A + (1.5)
I, ~I, 0
i -B| | B|A

The pencil C()\) is referred to as a companion form of G(\) [37] and could be thought

of as an extension of the Frobenius companion form C()) of the matrix polynomial

P(\) =Y A;N given by
=0

J

Am O 0 Am—l Am—2 AO
0 I, -1, 0 0
C(\) =\ + (1.6)
0
0 0 I, 0 —I, 0

to the case of G(\). The pencil C'()\) is also known as the first companion form of
P(X) [24, 11, [14]. An advantage of realization based approach to solution of the REP is
that often the size of the campanion form C(\) of G(\) could be much smaller compared
with the brute-force approach especially when the coefficient matrices of G(\) have low
ranks. It is well known that the companion form C(A) of the matrix polynomial P(\)

is a linearization of P(X) [24, [11] 14]. This raises a natural question.

PROBLEM-II. Can the companion form C(\) be considered as a linearization of the

rational matrix function G(\)? And what does it mean to say that C(\) is a linearization

of G(\)?

Note that we could view a realization of G(\) as a transfer function of a linear time

invariant (LTT) state-space system ¥ given by
Ei(t) = Ax(t) + Bu(t)

(1.7)
y(t) = Ca(t) + P(5)u(t)

TH-1270-08612306



CHAPTER 1. Introduction 4

and compute “transmission zeros” of ¥, where P()) is an n-by-n matrix polynomial
and A, E,C, B are constant matrices of appropriate dimensions with £ being nonsin-
gular. In such case, an eigenvalue of G(\) is a transmission zero of the LTT system X.
Consequently, the eigenvalues and eigenvectors of G(A) could be obtained from transmis-
sion zeros and zero directions of the LTI system Y. We therefore consider the following

problem.

PROBLEM-III. Let 3 be an LTI system in state-space form as in (7). Compute

transmission zeros, invariant zeros, and decoupling zeros of the system ..

Observe that the rational eigenvalue problem in PROBLEM-I could be reformulated
as a special case of PROBLEM-III. Thus, we develop a general framework for solving

PROBLEM-III. The Rosenbrock system matrix of the LTI system ¥ is given by

P| ©
B |(A-AB)

S(A) =

The eigenvalues of S(\) are invariant zeros of the LTI system 3. The transmission
zeros of the LTT sytem > form a subset of the invariant zeros of the LTT system and
the transmission zeros are the same as the invariant zeros when the LTI system ¥ is
controllable as well as observable. We therefore develop a framework for computing
eigenvalues of the the Rosenbrock system matrix S(\). For this purpose, we introduce
three classes of linearizations, which we refer to as Fiedler pencils, Generalized Fiedler
(GF) pencils and Generalized Fiedler pencils with repetition (GFPR) of the Rosenbrock
system matrix S(A). We solve the eigenvalue problem for these Fiedler pencils to obtain
invariant zeros of the LTI system Y. Thus, schematically, our strategy for numerical

solution of PROBLEM-I is as follows:

Rational matrix function — State-space realization — Linearization — Solution.

There are efficient methods for computing a (minimal) state-space realization of a ra-
tional matrix function. We, therefore, focus on solving PROBLEM-III and address the
issues in PROBLEM-II. More precisely, we describe construction of families of Fiedler
pencils of the Rosenbrock system matrix S(A) and show that these Fiedler pencils are
linearizations for S(\). Further, we show that the Fiedler pencils of S(\) are lineariza-
tions of G(A) when the LTI system > is both controllable and observable, that is, when
¥ is a minimal state-space realization of the transfer function G(\). We also describe

eigenvector recovery of G(\) from that of Fiedler pencils of the system matrix S(\). In

TH-1270-08612306



CHAPTER 1. Introduction 5

fact, we show that the eigenvectors of G(\) could be recovered from those of the Fiedler
pencils of S(\) without incurring any additional computational cost. Further, we show
that the state-space framework so developed could be gainfully used to linearize higher
order LTT state-space systems so as to analyze and solve the higher order LTI systems.
Furthermore, we show that the linearized systems are strict system equivalent to the
higher order systems and hence preserve various system characteristics of the original

systems.
Errors are unavoidable in numerical computations. Sensitivity and perturbation

analysis of eigenvalue problems play an important role in the accuracy assessment of
computed eigenvalues and eigenvectors. Thus, for accuracy assessment of computed
eigenvalues, we develop a general framework for sensitivity analysis of eigenvalues of the
system matrix S(A) and G(A). We define condition numbers for simple eigenvalues of
S(A) and G(\) and obtain explicit computable expressions for the condition numbers.
We also analyze the effect of linearization on the conditioning of the eigenvalues of the

system matrix S(\) and the transfer function G(\).

The thesis is organized as follows. The rest of this chapter is devoted to basic
results on matrices, matrix polynomials, rational matrix functions, and LTT state-space
systems. Chapter 2 develops a general framework for construction of Fiedler pencils of
the Rosenbrock system matrix associated with an LTT system in state-space form and
shows that Fiedler pencils are linearizations of the system matrix. Chapter 3 analyzes
recovery property of eigenvectors of the system matrix and transfer function from those
of Fiedler pencils of the system matrix. Chapter 4 describes construction of generalized
Fiedler (GF) pencils of the Rosenbrock system and the eigenvector recovery property of
the system matrix and the transfer function from those of the GF pencils. Chapter 5
is devoted to construction of generalized Fiedler pencils with repetition (GFPR) of the
Rosenbrock system matrix and their eigenvector recovery property. Chapter 6 develops
a general framework for sensitivity analysis of eigenvalues of the Rosenbrock system

matrix and the transfer function. Finally, Chapter 7 presents conclusions.
1.1 Preliminaries

Throughout this thesis, we use C" and C"™*" to denote the vector space of n-tuples

(21, ,z,]T, 2; € C, and the vector space of m x n matrices with entries from C.
Let A € C"™. Then the kernel or the null space of A is defined as

N(A) ={z e C™: Az = 0}.

TH-1270-08612306



CHAPTER 1. Introduction 6

We denote the dimension of N(A) by dim N(A). The range of A is given by
R(A) ={Az:2€C"}
and dimension of R(A) is called the rank of A. We denote the rank of A by rank(A).

Now we define the Kronecker product of matrices which will be used in the subse-

quent development.

Definition 1.1.1. ([35]) Let A € C™*", B € CP*4. Then the Kronecker product (tensor
product) of A and B is defined by

allB ce alnB
A® B = : : e Ccmr*me
CLmlB 500 amnB

Some properties of the kronecker product are as follows:

o Let A€ C™ " B ecC**,CeC™ and D € C**. Then

(A® B)(C® D) = AC ® BD € C"™"*?",

e For all Aand B, (A® B)T = AT ® BT and (A® B)* = A* ® B*.

e If A and B are nonsingular then (A® B)™' = A~' @ B~

1.1.1 Polynomial Eigenvalue Problem(PEP)

We denote by C[A\|™*" the vector space of m X n matrix polynomials. Let

P(z):= Z 2'A;, where A; € C™" with A, # 0, (1.8)
i=0

be a matrix polynomial of degree m. Denote L,,(C"*") is the set of n X n matrix
polynomial of degree less than equal to m of the form (L.8]). Then L,,(C™*") is a vector
space. Then the polynomial eigenvalue problem is to find A € C and non zero vector
x,y € C" such that P(A\)z = 0 and y? P(\) = 0. In such a case, ) is called an eigenvalue
of P(\), and z,y are called right and left eigenvector respectively, of P corresponding to
the eigenvalue \. If m = 1, then L(z) := Ao + zA; is referred to as n x n matriz pencil

and the eigenvalue problem L(\)z = 0, is called a generalized eigenvalue problem.

TH-1270-08612306



CHAPTER 1. Introduction 7

A matrix polynomial P()\) is said to be regular if det(P()\)) # 0 for some A € C.
The spectrum of a regular matrix polynomial P, denoted by Sp(P), is given by

Sp(P) := {X € C: rank(P(\)) < n}.

i.e., for regular matrix polynomials the finite eigenvalues are precisely the roots of the
scalar polynomial det P()\). It is possible for P to have an infinite eigenvalue when the
leading coefficient of the matrix polynomial P is singular. An easy way of studying an
oo eigenvalue of matrix polynomial P(\) € L,,(C"*™) can also be resolved by defining

the reversal of matrix polynomial P(\), which is given by [24]
revP(A) = A"P(1/A) =) XA,_;. (1.9)
i=0

for A\ € C. Note that )\, is an eigenvalue of P(A) iff 1/\g is an eigenvalue of rev P()\)
with 0 and oo considered as reciprocals, see [24]. Here we are not dealing with the

infinite eigenvalue.
Now we state the Smith form of a matrix polynomial P(\) which will be used in the

subsequent development.

Theorem 1.1.1 (Smith form, [11]). Every P()\) € C[]A|™*" admits the representation
P()\) =U(XN)SF(P(M\) V(N), (1.10)

where
SF(P()\)) = diag (£1(\), e2(N), ..., &-(A),0,...,0) € C]A\|™"

with monic scalar polynomials £;(\) such that £;(\) is divisible by ;1 (\); U(N\) €

C[A]™™ and V/(X\) € C[A]"*™ with constant nonzero determinants.

The representation (LI0) given in Theorem [[LIT.Ilwith SF(P(A)) is called the Smith
form of the matrix polynomial P()). Let D;(\) be the monic greatest common divisor
of all nonzero minors of P(\) of order i, if not all of them are zeros, and let D;(\) =0
if all the minors of order i of P(\) are zeros. Let Dg(\) = 1 and SF(P(\)) be the
Smith form of P(A) given in Theorem [[LT.Il Then r is the maximal integer such that

D,(X\) # 0, and
Di(A)
Di_l()\)’

are called the invariant factors of P(\), see [11].

ie{l,2,...,r},

TH-1270-08612306



CHAPTER 1. Introduction 8

Example 1.1. Consider the matrix polynomial

AA+2) 0
P(\) = 0 (A+1)?
A+DHA+2) A+1
I 0 AA+1) |

Then the Smith form of P()) is given by

SE(P())) =

The right and left null spaces of P()\) are defined as follows.

Definition 1.1.2. Let P(\) € CIA|™*" be regular. Let A\ € C be an eigenvalue of P(\).
Then the right and the left nullspaces of P(\) are defined by

N.(P(N) :={zeC": P(\)z =0}
and

Ni(P(X)) == {y € C" : y"P(}) = 0}
respectively.

Definition 1.1.3. The right and the left nullspaces of a singular matrix polynomial
P()\), denoted by N,.(P) and Ny(P), respectively are given by

N,(P) = {z(\) € C]\]" : P(\)z()\) = 0}

and

Ni(P) = {y(\) € CIA" s y(N)"P(A) = 0}

The standard method for solving polynomial eigenvalue problem P(\)x = 0 is to
convert the matrix polynomial P to a linear polynomial (pencil) L(A) = AX + Y with

the same eigenvalue, and solve the problem for the pencil L, see [11J, 24].

Definition 1.1.4 ([24], Unimodular matrix polynomials). Matriz polynomial E()\) is
said to be unimodular if det E(\) is a nonzero constant, independent of . Two matrix
polynomials P(\) and Q(\) are said to be equivalent if there exists unimodular matrices
U(X) and V(N), such that Q(X) = UN)P(AN)V(X). If U(N),V(X) are constant matrices,
then P(\) and Q(X) are said to be strictly equivalent.
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Definition 1.1.5 (Linearization, [24]). Let P(X) be an nxn matriz polynomial of degree
m with m > 1 given in (1.8). A pencil L(\) = AX +Y with X, Y € C™*™" js called a
linearization of P(X) if there exist unimodular matriz polynomials E(X) and F(\) such
that
I

0 | Tniyn
for all X € C. If L(\) is a linearization for P(X\) and rev L(\) is a linearization for rev
P(X), then L()\) is said to be a strong linearization for P(\).

E\LF(\) =

From the above definition it is clear that adet(L())) = det(P (X)) for some nonzero

constant «. Hence L and P have the same spectrum.

For a given matrix polynomial, there are infinitely many linearizations exists [24]
and the most common examples in practice are the companion forms also called the

Frobenius forms. The first and second companion forms of P(\) = >~ \'A; are given by
i=0

11, 24]

[ A, 1 [ A A Ao |
1, —I, 0 0
Ci(\) = A . + (1.11)
1, 0 —I, 0
and _ _ _ _
A, Apo1 —1, 0
I, A, 0
Oy(\) = A (1.12)
Py
1, A 0 ce 0

Generalizing the first and second companion forms of P, Mackey et al. [24] developed

two classes of vector space linearizations.

Li(P)={L(\): LA)(A®I,) =v® P(\), veC"}, (1.13)
Lo(P)={L(\): (A"®L,)L(\) =w" ® P(\), we C"}, (1.14)
where L(\) is an mn x mn matrix pencil and A = [A™~1 ™72 X\ 1]T € C™ ® is the

Kronecker product, v is called the right ansatz vector for L(\) € LL;(P), and w is the
left ansatz vector for L(\) € Lo(P). The spaces L;(P) and Ly(P) are generalizations of

first and second companion form of matrix polynomial.
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Recently, a new classes of linearizations for matrix polynomial - referred to as Fiedler
linearizations, Generalized Fiedler (GF) linearization and Generalized Fiedler pencil
with repetition (GFPR) have been introduced and analyzed in [3], [9], [6], [41], [18].

1.2 Fiedler linearizations for matrix polynomial

Let P(\) be the matrix polynomial in (L8). Define nm x nm Fiedler matrices
associated with P(\) by

Am I(m—l)n
Mm = ,M(] .—] y (115)
I(m—l)n _AO
and _ -
I(m—i—l)n
-A; I,
M; = ,i=1,....m—1. (1.16)
L, O
I Ii—in |
The Fiedler matrices M;,i = 0 : m have the following properties, see, [9].
e Fori=1,...,m — 1, each M; is invertible and
I(m—i—l)n
B 0 I,
M= . (1.17)
In Az
I Ii-in |

o M;M; = M;M; for |i — j| > 1, M; "M; = M;M; " and M; 'M;' = M ' M;" for
i =gl >116].

If o :{0,1,....m — 1} — {1,2,...,m} is a bijection, then we define M, :=
MyqyMy-1(9) - My—1(py and My := I,,. Note that o(i) describes the position of
the factor M; in the product M,; i.e., o(i) = j means that M; is the jth factor in the
product.

Definition 1.2.1 ([9], Fiedler pencil). Let My,..., M,, be Fiedler matrices associated
with P(X\). Given any bijection o : {0,1,...,m — 1} — {1,2,...,m}, the mn x mn

matriz pencil
Lo()\) = )\Mm — Mafl(l) cee Mafl(m) = )\Mm — MU. (118)

is called the Fiedler pencil of P(\) associated with o.
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The first and second companion forms given in (L.II]) and (L.I2)) are Fiedler pencils

of P(\) [3]. Indeed, we have
Cl()\) - )\Mm _Mm—l"'MlMO (]_]_9)
CQ()\) - )\Mm - MO R Mm—2Mm—1~ (120)

Now consider the Fiedler pencil L,(\) of P()\) associated with a bijection o. Then
for showing L,(\) is a linearizations of P(\), we need the following definitions.
Definition 1.2.2. [9] Let o : {0,1,...,m — 1} — {1,2,...,m} be a bijection.

(1) Ford=0,...,m—2, we say that o has a consecution at d if o(d) < o(d+1) and
o has an inversion at d if o(d) > o(d + 1).

(2) We denote the total number of consecutions in o by ¢(o) and the total number of

inversions in o by i(o).

(8) The consecution-inversion structure sequence of o is the tuple (c1, 11, Co, 12, . .., 1, 1),
where o has ¢, consecutive consecutions at 0,1, ...,c1—1; 11 consecutive inversions
at ci,c1+1,...,¢1+1; — 1 and so on, up to i; inversions atm —1—14;,....,m —2,

and is denoted by CISS(c).
Definition 1.2.3. [9] The reversal revo of a bijection o : {0,1,...,m—1} — {1,2,...,m}
is a bijection from {0,1,...,m—1} into {1,2,...,m}, defined by revo(i) = m+1—o0(i)
for 0 < i < m — 1. Equwalently, if o = (¢(0),...,0(m — 1)) then rev o = (o(m —
1),...,0(0)).
Observe that if M, = My—1(1yMy-1(9) - - - M1,y then

M:evo = Jfl(m)Mafl(m—l) T Mafl(l)- (121)

Definition 1.2.4. [9] Let P(\) = Ag + ANA; + -+ + A™A,, be a matriz polynomial of
degree m. For k = 0,...m, the degree k Horner shift of P(\) is the matriz polynomial
Pr(\) i= Ak + Mo_gy1 + -+ MA,,. These Horner shifts satisfy the following:

Py(\) = Ay,
Pk-‘,—l()\) = )\Pk()\) + A1, for0<k<m-—1, (1.22)
Po(\) = P(A).

Definition 1.2.5. Let H = (H;;) be a block m x n matriz with p x q blocks H,;;.
The block transpose of H is the block n x m matriz with p X q blocks, and defined by
HB - (sz)nxm
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Definition 1.2.6. [9] Let P(\) = > M\'A; be an n X n matriz polynomial, and let Py(\)
i=0

be the degree © Horner shift of P(\). For 1 <i <m — 1, define the following nm x nm

matrix polynomials:

Iy
I, M\,
QZ()‘) = )
077/ ]n
| I(m—i—l)n ]
Ii—1yn
0, I,
Ri(A) = = R;(\)°,
I, B}
L I(m—i—l)n ]
Oi—1)n
0, AP_i(A
T = () ,
A, NPy (\)
L O(m—i—l)n |
Oi—1)n
P_i(\) 0,
Di(\) = () :
0, I,
L ](m—i—l)n ]

and Dp,(\) := diag [O(m_l)n, Pm_l(A)} . Sometimes we may write Q;, R;, T;, D; in place
of Qi(N\), Ri(N), Ti(N\), Di(N\). Note that Dy(\) = M,,, and Q;(\), R;(\) are unimodular

foralli=1,...,m—1.
The following result shows that every Fiedler pencil is a linearization.

Theorem 1.2.1. [9] Let P(\) be a matriz polynomial (singular or regular) of degree
m > 1 and L,(\) be the Fiedler pencil of P(\) associated with a bijection o. Let Q;, R;
fori=1,...,m — 1, be the matrices introduced in Definition[1.2.4. Then

S |
UNL(MNV(A) = o P |
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where U(X) and V(X) are the following nm X nm unimodular matriz polynomials:

B - ; '
Q1) U 0 has a consecution at i

U()\) = UOUl o Um—3Um—2 ’thh U’l -

Ry _i+1y 4 o has an inversion at i,

R,y if o has a consecution at i

V(A = VioVis .. . ViV with V; =

Qm—@+1) if o has an inversion at i.
Thus Ls(\) is a linearization of P(\).
Let o be a permutation. Suppose that CISS(o) = (c1, 41, ..., ¢, ;). Define
J

So ;:O’ Sj ::Z(Cp—l—’ip), fOI‘jzl,...,l.

p=1

Note that s; = m — 1. Also define
mg := 0, mj =i +ig+ -+t forjg=1,... 1L

Note that my is the total number of inversions in . Also define A, ;(P) for j =1,...,1
and /A\o,j(P) for j=1,...,1 —1 as follows (see [9]):

N T, Na=L[
A, Al
I ~ I ,
Ay j(P) = and A, ;(P) == if c; > 1. (1.23)
Pm—Sj—l—c]- Pm—Sj—l—c]-
Pm—sj—1—2 Pm—Sj—1—2
| Pm—s]-—l—l ] | Pm—5j—1—1 ]

If ¢; =0, then
Ap1(P) = [Nil,, ... Mo, LB, Ap1(P):=[N*"'L,, ... A, I,]°

and A, ;(P), /A\o,j(P) as in (L23) for j > 1, where P,()) is the degree d Horner shift of
matrix polynomial P()). For the simplicity, we omit the A from the Horner shifts Py(\).

TH-1270-08612306



CHAPTER 1. Introduction 14

Theorem 1.2.2. [9] Let L()\) be a linearization of an n x n matriz polynomial P(\),
and let U(X) and V (\) be unimodular matrices such that

I(m—l)n

ULV (A) = ‘ o

Viewing U(X\) and V(\) as block m x m matrices with n x n blocks, let UL = UX(X) be
the last block row of U(X) and VE = VE(X) the last block column of V(X). Then

(a) the linear map
L: Ni(P) = Ni(L)
wh (\) = wh (\).U*
18 an isomorphism.

(b) the linear map
R : N.(P) = N,(L)
v(\) = VEu(N)

1s an isomorphism.

Let Ly(\) be the Fiedler pencil of P(X) associated with a bijection o, and let V(\) be
as in Theorem [L21. If CISS(c) = (c1,i1,...,¢,1), then the last block column V()
of V(X) is given by

AT NG (P)
™27, 1 (P)
VEQ) = : ifl>1, (1.24)
A™M R, o P)
| AP
and VE(X) = A, 1(P) if I = 1. Further, R,(P) : N.(P) = N.(L,)v = VE(N)v is an

isomorphism. Furthermore, let VE (X) be, for the reversal bijection rev o, the nm x n

matriz defined in (3.8). Then the linear map L, : Ni(P) — Ni(L,)u’ — wTUL(N),

where UE(N) := [VE (N)]B, is an isomorphism.

TEV O

Definition 1.2.7. [18] An ordered tuple of indices consisting of consecutive integers is

called a string and denoted by (t : p) for the string of integers from t to p, i.e.,
(t7t+17"'7p)7 thgp
(t:p) =

o, ift>p
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Remark 1.2.1. In the above definition, if t; > p and ty > p, then both index tuples
(t1 : p) and (ty : p) correspond to the empty index tuple. To avoid this notation, we
will adapt the notation (0o : p) for any tuple of the form (t : p) having t > p where

applicable.
Definition 1.2.8. [/1|] Let h be a non-negative integer and q be an index tuple containing
indices from {0,1,...,h}. Then q is said to be in column standard form if

q = (ap . bp,ap_l . bp_l, oL, Q9 bg,al . bl),

with 0 <b; <by <...<by_1 <b,<hand0 <a; <b;, forallj=1,...,p. We denote
this tuple by csf(q).

Lemma 1.2.1. [18] Let o be a permutation of {ho,ho + 1,...,h}, with 0 < hg < h.

Then o is in column standard form if and only if
g = (ta—l +1: h,ta_g +1: ta_l,...,tg +1 Ztg,tl +1: tg,ho : tl),

for some positive integers hg < t; <ty < --- < to_1 < h.
Denote tg = hg — 1 and t, = h. We call each sequence of consecutive integers

(tiiy+1:t;), fori=1,...,a, a string in o.
The following results gives the eigenvector formula for Fiedler pencil of P()).

Theorem 1.2.3. [18] Let P(\) be an matriz polynomial of degree m and P, ..., P, be
the Horner shifts of P(X). Let o be a permutation of {0,1,...,m — 1} with csf(o) =
(bg,...,b1), where by = (tg—1 + 1 : tg), fork=1,...,8. Let Ly(\) = AM,, — M, be the
Fiedler pencil of P()\) associated with a bijection o. Then

B
E,(P) = [ BoB; ... B4 (1.25)

where, if 0(i) € by, for somek =1,...,03, then

M=l ifi=m—ty—1
B = * (1.26)

NP otherwise.

Let Hy(P) := Eyeyo(PT). Then

(a) v € N,.(Ls(\)) associated with the eigenvalue \ iff v = E,(P)x, where x €
N,.(P())) associated with the eigenvalue \.

(b)) w € Ni(L,(X)) associated with the eigenvalue o iff w = H,(P)y, where y €
Ni(P(X)) associated with the eigenvalue \.
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Moreover, if o has ¢y consecutions at 0, then the (m — co)th block of E,(P) is equal to
I,,, and if o has ig inversions at 0, then the (m —ig)th block of H,(P) is equal to I,.

Next, we consider another class of pencils for matrix polynomial referred to as gen-
eralized Fiedler (GF) pencils.

Definition 1.2.9. (GF pencil) [6] Let {Cy,Ci} be a partition of {0,1,...,m} with
k; = #(C;) fori=0,1. Given any pair of bijections p; : C; — {0,1,...,k;}, i = 0,1,
we denote p = (po, p1). Then the GF pencil of P(X\) associated with p is the nm X nm
pencil T,(\) :== XT,,, — T, with

where the factors ]\Z are defined, in a different way for i = 0, than for i =1 as follows:
(a) if i =0 and j € Cy, then

]\A/E =M1 forj=m

]\f/\[/j = M; forj #+#m
(b) if i =1 and j € C4, then

M; =M,  forj=m

= Mj_1 for j # m.
Note that 11;(j) describes the position Of]/\Zj in the product Mufl(l)ﬂufl(z) . .]T/[Jufl(ki).
If 0 € Cy and m € Cy, then the pencil T, (\) is said to be a PGF pencil of P(\).

Note that GF pencils that are not proper are defined only if A,, and/or A, are
non-singular. Also note that by using the commutativity relation it is easy to see that
every GF pencil of matrix polynomial is strictly equivalent to a Fiedler pencil of matrix

polynomial.

Theorem 1.2.4. [6] Let P(\) be an n x n matriz polynomial. Then any GF pencil of
P(X) is a strong linearization for P(\).

Recall that P(\) = > MA;. Following [18], we consider the Fiedler matrices

0

m
j:

L I(m—l)n L Am
My = L Mo, = , (1.27)

—AQ [(m—l)n
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and
M_; =M " fori=0,1,...,m—1and M,, := M} (1.28)
where
I(m—i—l)n ](m—z'—l)n
—-A; I, . 0 I,
M; = and M, " =
I, O I, A
i Iy ] i Ii—1yn ]

for: = 1:m — 1. Note that M_,, and M, are invertible if and only if A,, and A, are
invertible. Then as before M;M; = M;M, if ||i| — |j]| > 1.

With this new notation, the GF pencil can be defined as follows.

Definition 1.2.10. Let P()\) be the matriz polynomial. Let {Cy, C1} be a partition of
{0,1,...,m} (Cy or C; may be empty set). Let o and T be permutations of Cy and —C1,

respectively. Then the pencil
T.(A) =AM, — M,

is said to be a generalized Fiedler (GF) pencil of P()\) associated with w = (1,0). If
0 € Cy and m € C4, then the pencil T, (\) is said to be a Proper Generalized Fiedler
(PGF) pencil of P(\).

We use the boldface small letters, such as t,q,s,... for index tuples (or ordered

tuples of indices).

Definition 1.2.11. [18] Let q = (i1, 1s, . . .,1s) be an index tuple containing indices from
{0,1,...,m,—=0,—1,...,—m}. Then i; is said to be a simple index of q if i; # i for
k=1:sandk # j. We say that q is simple index tuple if each index i;,7 =1:5, is a

simple index of q.

Definition 1.2.12. [18] Let d > 1 be an integer and q be a simple indez tuple containing
all indices from {0,1,...,d} or all from {—d,—d +1,...,—1}.
(a) Then q has a consecution at k if both k,k + 1 € q and k is to the left of k + 1 in

q. We say that q has an inversion at k if both k,k+1 € q and k is to the right of
k+11n q.

(b) We say that q has ¢y (resp. i) consecutions (res. inversions) at k if q has
consecutions (resp. inversions) at k,k—+1,... k+cpy—1 (res. atk,;k+1,... k+

ir — 1) and q has no consecution (res. inversion) at k + ¢ (res. k + ).
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Example 1.2. Let q = (7 : 10,6,5,3 : 4,0 : 2). Then this tuple has consecutions
at 0,1,3,7,8,9 and inversions at 5,6,4,2. Moreover, q has two consecutions at 0, one
consecutions at 3 and, three consecutions at 7. It has one inversion at 2 and three

inversions at 4. W

Definition 1.2.13. [/1,[18] Let q = (i1, s, ... ,is) be an index tuple (or an ordered tuple
of indices). Then q is said to satisfy the Successor Infix Property (SIP) if for every pair
of indices 4,1, € q with 1 < a < b < s, satisfying i, = 1y, there exists at least one index
ie = 1q + 1 such that a < ¢ < b.

It is clear that if q satisfies SIP, then for any partition (q;,q,,,q,) of q, the tuples
d;,4,,, and q, also satisfy SIP.

Definition 1.2.14. [/, [18] Let d be a non-negative integer and q be an index tuple

containing indices from {0,1,...,d}. Then q is said to be in column standard form if
q = (ap : bp,ap_l . bp_l, .., Q9 bg,a,l . bl),

with 0 < b < by < ... < bp—l < bp <dand 0 < a; < bj, fOT all j = 1,....p. Let t
be an index tuple containing indices from {—d,—d +1,...,—1}. Then t is said to be in

column standard form if d 4+ t is in column standard form.

Lemma 1.2.2. [18] Let q = (iy,...,is) be an index tuple containing indices from
{0,1,...,d} or from {—d,—d + 1,...,—1}, for some d > 1, then q satisfies the SIP

if and only if q is equivalent to a (unique) tuple in column standard form.

Definition 1.2.15. [18] Let q = (i1, .. .,is) be an index tuple containing indices from
{0,1,...,d} or from {—=d,—d+ 1,...,—1}, for some d > 1. The unique index tuple
in column standard form equivalent to an index tuple q satisfying the SIP is called the

column standard form of q. We denote this tuple by csf(q).

If q is simple then q satisfies the SIP. So q is equivalent to a tuple in column standard

form.

Theorem 1.2.5. [18] Let P(\) be an matriz polynomial of degree m. Let P; for i =
0,1,...,m, be the ith Horner shift of matriz polynomial P. Let w := (wp,w;) and
T.,(A\) = A\M,,, — M, be a PGF pencil of P(\). Let A € C be an eigenvalue of P()).
Assume that wy has c_,, consecutions at —m, and csflwy) = (1,—m : —m + c_,,). Set
¢ = csf(—revr,wg) = (by, ba—1,-...,b1), where by = (tp_1 +1: 1), fork=1,... a.
Define E 0, (P) == E¢(P), if c_p, =0 and

B

Ewo,wl (P) = )\Q[PO Pl ... P Bcfm-i-l c. Bm—l 5 (129>

Com—

1] B

C—m
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if c_pm > 0, where E¢(P) is as in Theorem[1.2.3 and if{(i) € b;, for somej=1,2,... a,
then the block Biy. ,, is as in (L208). Then E ., (P) : Np.(P(\) = N.(T,,()\)) is an

1somorphism.
Further, set revw = (revwy, revw;) and define Hyy o, (P) := Erevwyreve; (PT). Then

Heo (P) : Ni(P(N)) = M(T,(N) is an isomorphism. Furthermore, if wo has ¢y con-
secutions at 0, then the (m — co)th block of E,, ., (P) is equal to I, and if wy has iy
inversions at 0, then the (m — ig)th block of Hy, ., (P) is equal to I,,.

Definition 1.2.16 ([4I], GFPR). Let P()\) be the matriz polynomial, where Ay and

A, are non-singular matrices. Let 0 < h < m — 1, and let q and s be permutations of

{0,1,...,h} and {—m,—m + 1,...,—h — 1}, respectively. Assume that l, and 7, are
index tuples with elements from {0,1,...,h — 1} such that (I,, q, r,) satisfies the SIP.
Similarly, let Iy and 75 be index tuples with elements from {—m,—m +1,...,—h — 2}

such that (ls, s, s) satisfies the SIP. Then, the pencil
L(X) = AMy My, M,M,, M, — M, M, M,M, M,

is called a generalized Fiedler pencil with repetition (GFPR) of P(\).
Note that if 1, r,, 15, rs are all empty index tuple then L(\) is a PGF pencil.
Theorem 1.2.6. [/1] Every GFPR of P()) is a linearization of P(\).

1.3 Rational matrix function

Let C(\) denote the field of rational functions of the form p(\)/q()), where p(\)
and ¢(\) are scalar polynomials in C[A]. Let C(\)" denotes the vector space of column
n-tuples over the field C(\), and C(\)™*" denote the vector space of m-by-n matrices

over the field C(\), that is, elements of C(\)™*™ are m-by-n rational matrix functions.

Definition 1.3.1. [5] Let G(\) € C(\)"™*". Then the normal rank of G, denoted by
nrank(G), is defined by nrank(G) := max rank(G(A)), where the mazimum is taken over
all X which are not poles of G(N).

Let G(A\) € C(A\)™ " be a rational matrix function. Then G()) is said to be regular
if nrank(G) = n. Equivalently, G()) is regular if the rank of G(X) over the field C(\) is

n.
Any rational matrix function G(A) € C(A)"*™ can be written as

6 =2

where Q(A\) € C[A|™™ is a matrix polynomial and d(A) is the monic least common

denominator of all entries of G(\).
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Theorem 1.3.1 (Smith-McMillan form, [40, 21]). Let G(\) € C(\)"*™ with normal
rank r. Then there exist unimodular matriz polynomials U(X) and V(X) of sizes n X n

and m X m, respectively, such that
G(A) = U(X) SM(G(A)) V(N),

uhere 71N () o (V)
T 1 2 T
SM(G()N)) = diag (1/)1()\)’%(A)’“"wr()\)’owujo)
is called the Smith-McMillan form of G(\). The scalar polynomials ¢;(X\),¥;(X) are

monic (have the highest degree coefficient equal to 1), are pairwise coprime (do not

have common divisors) for i = 1,2,...,r — 1 and satisfy the divisibility properties:
di(AN)/dix1(N) and i1 (N) /i(N),i = 1,2,....,7 — 1. Moreover, the polynomials ¢;(\)
and ¥;(\) are uniquely defined by G(X\) and are called elementary divisors of G.

Remark 1.3.1. [13] Note that

not necessarily proper.

zg:\\; in the diagonal of the Smith-McMillan form are

Example 1.3. [13] Consider the rational matrix function

i_ﬁ 0 AA+2) 0
0o 2 Q(\) 0 (A +1)?
G(\) = M= , wh =
W iz, B AA+1) - A+DA+2) A+1
i 0 1 | I 0 AA+1) ]

The Smith form of Q()\) is given in Example [[LT1 Hence the Smith-McMillan form of
G(\) is given by

A(Al—i-l) 0
0 At2
SM(G(A) = 73;(;%))) Sl
- 0 O -

Definition 1.3.2 (Poles and zeros). For a rational matriz function G(\) € C(A\)™*™
with Smith-McMilla form given in Theorem [L.3.1, the polynomials

Ya(A) == Y1 (N)he(A) ... (N) (1.30)

and

dc(A) == d1(AN)d2(A) ... o (N) (1.31)
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are called the pole (characteristic) polynomial and zero polynomial of G()\), respectively.
The zeros (i.e., roots) of g (N) and (), are called finite poles and zeros of the rational
matriz G(X\) respectively.

Example 1.4. Consider the rational matrix function given in Example and its

Smith-McMillan form. Then the pole and zero polynomials are
Ya(N) = N(A+1),  da(N) =A+2.

Hence it has three poles 0,0, —1 and one transmission zero —2. B

Remark 1.3.2. [15] For regular rational matriz function G(X) one can study the pole

and zero polynomials without computing the Smith-Mcmillan form since by Theorem

(.31, we have

A
det G(A) = det U(X) det SM(G (X)) det V(A) = cdet SM(G(N)) = c%, (1.32)
where ¢ = det U(X) det V(X). Unfortunately, when the pole and the zero polynomials
have common roots, then the corresponding zeros and poles do not appear in det G(\).

For example, the rational matrix function

1 _ 0
G()\) _ A(A—=2) L
0 =

has a zero at 2 and poles at 0,0,2, but det G(\) = %, which gives double pole at 0, but
hides the pole and zero at 2.

We denote the set of poles of G(\) by Poles(G) and the set of zeros of G(\) by Sp(G)

and are given by
Poles(G) := {A € C: ¢(\) =0} (1.33)
Sp(G) :={A € C: ¢(\) = 0}. (1.34)

1.4 State space theory

Consider a linear, time invariant (LTT), multivariable system 3 given by

where 4 is the differential operator, A(A) € C[A]"*" is regular, B(\) € C[\]"*™, C()) €
C[AP*", D(X) € CIAP*™ wu(t) : RT — R™ is the input vector, xz(t) : Rt — R" is the
state vector and y(t) : R™ — R? is the output vector [40].
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Definition 1.4.1. [30] The matriz polynomial S(\) given by

—AN | BOY
o) | DO

S\ = e C[\ (r+p)x (r+m)
1s called the Rosenbrock system matriz or the Rosenbrock system polynomial or simply

called system matriz of the system X. The rational matriz G(\) given by
G(A) = D(A) + C(A)AN)IB(X) € C(A)Px™

is called the transfer function of the system ..

The system X is said to be in state-space form if it is given by

Ex(t) = Ax(t) + Bu(t)
(1.35)
y(t) = Cu(t) + P(Mu(t),

where P(A) € C[\JP*™ is a matrix polynomial and A, F € C™*" with E being nonsingu-
lar, B € C"*™ C' € CP*™ are constant matrices, see [40]. We denote the system defined
in (L35 denoted by (E, A, B, C, P(\)).

A complex number X is said to be an eigenvalue of the system matrix S(\) if
rank(S(A)) < nrank(S). Equivalently, A € C an eigenvalue of S(\) < ) is a root of the
zero polynomial ¢s(A) of S(A) given by ¢s(A) = @1(A) - - - dp(N), where ¢1(A), ..., dp(N)
are invariant polynomials of S(A). An eigenvalue A of S(A) is called an invariant zero
of the system X. We denote the set of eigenvalues of S(A) by Sp(S). Recall the zero
polynomial ¢g(\) and pole polynomial g(\) given in (L31)) and (4.6]). Then the zeros
(i.e., roots) of ¢c(A) are called transmission zeros of the system ¥X. The zeros of

e (A) are called poles of the system X.

Let P(A),Q(A) € C[A]™*"™. Then Z(X\) € C™™ is said to be a common left
divisor of P(\) and Q()\) if P(A\) = Z(A)R(A) and Q(\) = Z(N\)T'()N), for some
R(\), T(\) € C[A]"™™. Equivalently, [ P(A) Q) } =Z(\) [ R(\) T(N) } . Further,
Z()) is said to be the greatest common left divisor of P(\) and Q()\) if U()) is a
common left divisor of P(A\) and Q(X) then Z(\) = U(A)V(A) for some V() € C™*™,
see [40].

The matrix polynomial P(\) and Q(\) are said to be left coprime if the greatest

common left divisors of P(A) and @(A) is unimodular. The greatest common right
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divisor of P(\) and Q() is defined similarly. Then P(\) and Q(\) are said to be right

coprime if the greatest common right divisor of P(A) and Q(A) is unimodular, see [40].

Definition 1.4.2. [[0] The LTI system X is said to be of least order (or minimal) if
A(X) and B(\) are left coprime, and A(X\) and C(X\) are right coprime.

If AON) =X —A,B(\) =B and C(\) = C then:
(i) A(A) and B(\) are left coprime < rank[A] — A, B] =n for A € C,

AN —A
C

(ii)) A(X) and C'(X) are right coprime < rank =n for A € C.

Definition 1.4.3. [f0] The degree of a matriz polynomial P(X\) € CI\JP*™, denoted by
deg P(\), is defined as the maximum degree among the degrees of all its mazimum order

(non-zero) minors.
Note that if P()\) is square and regular, then deg P(\) = det(P(\)).
Definition 1.4.4. [/0] Let S§;(\) and S2(X) be system matrices with extended forms
I, 0
S =1 0 AN |B
0 G| D

0
A(\) i=1,2, (1.36)

where A;(X) € C[A]"*™, B;(A) € CIA"*™ C(\) € C[]AP*™, D(X) € CIAP*™, n; =
deg|(A;(N))| and ¢ > max{ny,no}. Then S1(N) and Sa(\) are said to be strict system
equivalent (SSE) if there exists unimodular U(X),V (X) € CIA\]9*9, and X (\) € C[AJP*1,
Y (A\) € CIA|7*™ such that

~ =

rx 0 I, O 0
) 0} 0 40 B =] 0 40) B®) [V(A) Y(A)}
X\ I f ' ’ ’ o I, |
0 Ci(A) Di(N) 0 Ca(A) Do(N)

Theorem 1.4.1. [/0] Every extended system matriz S¢(\) € C[N|"TP)*(+m) s g strict

system equivalent to a system matriz in state space form.

Theorem 1.4.2. [0] Suppose that the LTI system ¥ is of minimal order. Consider the

system matrix

S(\) =

—AW | BOY }
o) | DY)
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and the transfer function
G(A) = D(A\) + C(N)AN)IB()\) € CA)P™,
Suppose that the Smith-McMillan form of G(X) is given by

SM(G(A)) = diag[¢1(A)/¢1(A), - -, 0g(A)/1hg(A), Op—g.m—g-

Then the Smith forms of A(X) and S(\) are given by

SF(A(N)) = diag[lr—q, ¥g(A), g1 (A) .., Y1 (A)], (1.37)
SF(S(X)) = diag[l, ¢1(A), @2(A) - . -, §g(A), Op—gm—q)- (1.38)
Thus we have Poles(G) = Sp(A) and Sp(S) = Sp(G).

Definition 1.4.5. ([§]) The system given in (1.33) is said to be controllable if starting
from any initial state z(0), the system can be driven to any final state x; = x(t1) in

some finite time t1, choosing the input variable u(t),0 < t <ty appropriately.
Theorem 1.4.3. [§] The following statements are equivalent:

(a) The system (1.33) is controllable.
(c) rank|]\E — A, B] = n for every A € C.

Definition 1.4.6. ([8/) The system given in (1.33) is said to be observable if there
exists t; > 0 such that the initial condition x(0) can be uniquely determined by the input
u(t) and the output y(t), for allt,0 <t <ty

Theorem 1.4.4. [§] The following statements are equivalent:

(a) The system (1.33) is observable.

(c¢) rank =n for all A € C.

)\EA}

1.4.1 Minimal realizations

Let G(A\) € C(A\)P*™ be a rational matrix. Then G()) is said to be proper if G(\) —
D € CP™ as |A| = oco. If D =0 then G()) is called strictly proper [8].
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Definition 1.4.7 (Realization, [8]). Let G € CP*™(\) be a proper rational matriz func-
tion. If there exists matrices A € C**" B € C™*™ (' € CP*" D € CP*™ such that

G\ =CW\ —-A)™"'B+D (1.39)

then (A, B,C, D) is called a realization of G.
Theorem 1.4.5 ([12]). Every p x m proper rational matriz function has a realization.

A realization of a rational matrix is not unique, that is, the realization of a rational
function can be represented in different forms. For example, if G(\) = C(A[—A)"'B+D

is a realization of GG then direct computation shows that

A0 B
A7A7|:CO:|7D7
0 A B

where A and B are arbitrary matrices of appropriate sizes, is also a realization of G(\).

A realization of ﬁ is given by [37]

g -1 1o
<a—1A>2:[10}< 0 o _”> 1

On the other hand, a symmetric realization is given by

—1
1 0 o 0 1 0
=110 - A
(0 —A)? [ }< o -1 10 ) 1

Definition 1.4.8 (Minimal Realization, [4]). Let G()) be a proper rational matriz func-
tion. A realization (A, B,C, D) of G(X) is said to be minimal if the order of A is the
smallest, that is, if (A, B',C", D') is any other realization of G(X), then the order of A’

is greater than or equal to the order of A.

Consider a realization G(\) = C(A\ — A)"'B + D. It is easy to see that every pole
of G(\) is an eigenvalue of A\l — A. The converse does not hold in general but if the
realization is minimal then the converse is true. The state space associated with G(\)
is given by

&(t) = Az(t) + Bu(t)
(1.40)
y(t) = Cz(t) + Dul(t).
Then the pair (A, B) is said to be controllable if the system (L40) is controllable. The
pair (A, C) is said to be observable if the system (L.40) is observable.
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Theorem 1.4.6. ([22]) Let (A, B,C, D) be a realization of G(\).

(a) The (A, B,C, D) is minimal if and only if the pair (A, B) is controllable and the
pair (A, C) is observable.

(b) If (A, C, B, D) is a minimal realization of G(X\) then the eigenvalues of A coincide
with the poles of G.

Next, one may ask whether it is possible to construct directly a minimal realiza-
tion. There are several algorithms available for construction of minimal realization such
as Gilbert’s realization, see [22] and ”Silverman Realization Algorithm” ([4], Theorem.
4.41). An outline of Gilbert algorithm is as follows.

Let G(\) be a n x m transfer matrix. We write it in the form

where d(A) is a scalar polynomial and Q()) is a matrix polynomial. We denote the zeros
of d(A) by A1, ..., A\, and assume for simplicity that they are pairwise distinct and real.
Then

dA) = A=) (A=)

and G(\) has the following partial fractional expansion (with m X m-matrices W):

m

G\ =D+>_

k=1

A — Ak

Suppose rank(W}) = pi. Let By € R and C) € R™*Pk be such that Wy = CyBy.
Then a realization of G()\) is given by

ML, - 0 | B
alBl | :
clp| | o - AL |B

- G | D

Using Theorem [[.4.3] and Theorem [[.4.4] it is easy to see that this realization is control-
lable and observable and hence it is minimal. Note that each pole A; is of multiplicity 1
by assumption, whereas in the state space realization the eigenvalue Ay is of multiplicity
pr, which may be larger than 1. The method can be extended to cases with complex or
multiple roots of d(\) [22].
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Theorem 1.4.7. [J0] Let ¥;,i = 1,2 be LTI systems of minimal order with system

matrix

—AW | BO
c() | i)

and transfer functions G;(\),i = 1,2. Then X is strict system equivalent to ¥ <
G1(A) = Go(N).

Si(>\) =

1.5 Sensitivity analysis of eigenvalues

Norms of vectors, matrices and matrix polynomials will play an important role in

the sensitivity analysis of eigenvalue problems.

Vector and matrix norm. A function ||.|| : C" — R is said to be norm on C" (or

a vector norm) if ||.|| satisfies the following properties:
(i) ||lz]| =0 2=0
(ii) |laz|| = |a|||z|| for & € C and z € C"
(i) |z +yll < [lz]| + lly[| for z,y € C"

Forz € C"and 1 < p < oo, the Hélder p-norm on C" is given by ||z|, := (3 |z:]?)¥/?,
=1

and ||z||» := max |x;|. Let ||.|| be a norm on C". Define ||.||« : C" — R by
1<i<n
[yl := supfly™z| - w € C", |l = 1}.

Then ||.||« is a norm and is called the dual norm of the norm ||.||. It is easy to see that

for x,y € C", we have |y*z| < ||z]|||y||«-

Definition 1.5.1. ([36]) Let x = [xq,...,x,)T € C*. We define |z| == [|a1], ..., |za|]"-
We say that |x| < |y| if |x:] < |yi| for alli =1:n. A vector norm on C" is said to be
monotone if |z| < |y| = ||z| < ||ly|| for all z,y € C™.

Next we consider a matrix norm. Let ||.|| be a norm on C". Define ||.|| : C™*™ — R
by
[A[] := sup{[|Az|| : 2 € C", ||z[| = 1}.
Then ||.|| is a norm on C™*™ and is referred to as subordinate norm or induced operator

norm. The operator norm induced by the 2-norm ||.|| on C" is referred to as the 2-norm

or the spectral norm on C"*". We denote the spectral norm on C™*" by ||.||2. Thus

|All2 := max ||Az||.
[[z]|l2=1
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Define (X,Y) := Trace(Y*X) for X,Y € C"*". Then (.,.) defines an inner product on
C™™ and || X || := /(X, X) = (TraceX*X)'/? is the Frobenius norm on C"*", where
Trace(A) is the trace of A. Now let ||.|| be a norm on C"*". Then .||, : C*" — R
given by

Y] = sup{[{(X,Y)| : X € C™", [|X][| = 1}

defines a norm and is referred to as the dual norm of ||.||.

Definition 1.5.2. A norm ||.|| on C"*" is said to be a maz-norm if ||diag(A, B)|| =
max (|[A[l, [[B]) -

A matrix U € C™*" is said to be unitary if U*U = UU* = I, where U* is the conju-

gate transpose of U. The spectral and Frobenius norms satisfy the following properties:

o |[Uzl||z = ||z||2 for any unitary matrix U.
o |[UAV*||r = ||Al|r for any unitary matrix Uand V.

o |A® Bls = ||All2]| B2, for A € R**™ and , B € R™*™.

Let A € C"*™ be a nonzero matrix with rank r. Then the singular value decompo-
sition (SVD) of A is defined as

by
A=U %
0 0
where U € C™*™ and V € C™ " are unitary and ¥ = diag(oy, 09, ...,0,), with o1 >
oy > -+ >0, > 0. Here o1,...,0, are called singular values of A. The columns of
U and V are left and right singular vectors of A. We denote by op,.x(A) and o (A),

respectively, the largest and the smallest nonzero singular values of A [47]. Note that
|All2 = omax(A) =01 and  ||A||F =07 + 05 + ...+ 02

Let H be a finite dimensional innerproduct space with an innerproduct (.,.). Let
|.]| be a norm on H. Then
el = sup {1{z, )] > € 1)

defines a norm on H. The norm ||.||. on H is called the dual norm of ||.|| relative to the

innerproduct (.,.). Note that [(x,y)| < ||||[|y||« and that ||z|| = sup {|[{(x,y)|:y € H}.
lyll«=1
Also note that there exists oy and Yo, in H such that ||z.]| =1 = ||yopt||« and that

(@, Yopt) = [l]| and (Zopt, y) = [|y]l--
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Let H; be a finite dimensional innerproduct space with an innerproduct (, )z;, j =
1,...,m. Consider the cartesian product H = H; X Hy X - - - X H,,, and the innerproduct
(., )m : Hx H— C given by

(. vy = (@ y)m + A+ (T Ym) o

where = (21, , &) and y = (Y1, -+ ,Ym) € H. Let |.||g, be a norm on H; and
|- lzr; be the dual norm of ||.|[y; for j =1,...,m. Then ||| : H — R defined by

Il = Nzl - Mzmll )l Where 1< p < oo,

is a norm on H. Further,

Il == [Nzl s l@mllag g, where 1/p+1/¢ =1, (1.41)
is the dual norm of ||.|| relative to the innerproduct (.,.)y. Furthermore, we have
[z, v) | < [|lz|||lyll«. Also, for each z and y in H there exists 2, and Y, in H such

that [|zop[l =1 = [[yoptll« and that

(@, Yopr) = |zl and (opr, y) = NIyl

Indeed, choose z; ., € Hj such that |[ajexl = 1 and (2j0pt,y;) = [|ylla,. for j =
L...,m. Set Topt = (T1opts-- -+ Tmopt) When p = 0o and oy = (Z1,...,%,) when
1 < p < o0, where
s . q_lx.o
= Uyl B j=1,.,m. (1.42)
(lyll+)er»
Then ||z = 1 and (@op, y) = |lyfl« for 1 < p < co. When p = 1, define z,, =
(T1,...,%m), where
Ziopt i 1Yjllm;. = Nyl
5= " 7 (1.43)
0, else.

Then [lzop || =1 and (zopr, y) = [yl

Norms of matrix polynomials. We briefly review norms of matrix polynomial, see
[2, 1] for details. Let ||.|| be a norm on C**™. For 1 < p < oo, define ||.|| : L,,(C™*") — R
by
120 = I Aoll, - 1 Am DIl 1 <p <00,
where P(z) = i 2'A; and ||.||,, is the Holder’s p-norm. Then ||.|| is a norm on L, (C™*™)
and (., ) ]L;:(?C”X”) X LL,,(C™*"™) — C given by

m

<P1, Pg)m = Z<A2, Bz)

=0
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is an innerproduct on L,,(C""), where Pi(\) = 37" N'A; and Py(\) = Y27 N'B;.
Then the dual norm ||.|. of ||.|| is given by

Y1l = max{| (X, Y| | X =1}

Let P(z) = Y 2'A; € L,,(C™™). Then there exists @ € L,,(C"*™) such that [|Q[ =1
i=0
and [| Pl = (Q, P)m = [|([|Aols, - -, [Amll:)llg, where 1/p+1/¢ = 1. In particular, for

Holder p-norm on C", we have

1Pl == NI Aollp, -+ s 1 Amllp) -
Then
IP1lg = (1 Aollgs - == 5 1 Amllg) [l

is the dual norm of || P||,, where 1/p+ 1/q = 1.
The condition number of a simple eigenvalue of a matrix polynomial is defined as

follows:
Definition 1.5.3. [1] Let )\ denote a simple, finite eigenvalue of P(z) = > A;z'. Then
i=0

the condition number cond(X, P) of A is given by
, dist(A, Sp(P + AP))
cond (A, P) := limsup {
NGB AP
Definition 1.5.4. [16] The adjugate of A is the transpose of the matriz of cofactors of
A and is given by adj(A) = CT.

AP € ILm((C"X")} !

The explicit formula for condition number of simple eigenvalue of matrix polynomial
P() is as follows.

Theorem 1.5.1. [1] Let P € L,,(C™") be reqular and (X, z,y) be a simple eigentriple.
Set Ay = (1, A, ..., N") and p(z) := det(P(2)). Then X as a function of P is differen-
tiable at P and the derivative DA(P) is given by

_ —Trace(adjP(A\)X (X))
DA\P)X = SO = (P, VA(P)),
where - . b n %
VA(P) = —A,, ®ij(P(A)) - -\, @ yx ‘
() y* O P(N)x
Hence . N X
cond(\, P) = [Aalglladi(PA)* [l [[Amllqlly=" |l

[P/ (N)] gy P(Na|
For the Spectral or the Frobenius norm on C™*", we have

|Amllg TTZ 05 (POD) ([ Awllgllll2llyll2
P'(N)] [y O\P(N)z]

cond(\, P) =
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Fiedler Linearizations for system matrix of LTIl system

In this chapter, we introduce a family of linearizations, which we refer to as Fiedler
linearizations, of the Rosenbrock system matrix of an LTI system in state space form for
computation of transmission and invariant zeros of the system. We define linearizations
for the transfer function of the LTT system and show that under appropriate assumptions
a Fiedler linearization of the system matrix is also a linearization of the transfer function.
Thus, given a rational eigenvalue problem, we reformulate the problem of computing
eigenvalues of a rational matrix function to that of computation of transmission zeros of
an LTI state space system. Hence we compute the eigenvalues by solving a generalized

eigenvalue problem for Fiedler pencil of the system matrix.
2.1 Introduction

Rational eigenvalue problems (REP) arise in many applications such as in acoustic
emissions of high speed trains, calculations of quantum dots, free vibration of plates with
elastically attached masses, vibrations of fluid-solid structures and in control theory,
see [23], [34], 17, [46], 38, 29] [7| [44] and the references therein. Computation of eigenvalues
and eigenvectors of a rational matrix function is an emerging area of research. We

therefore consider the following problem.

PROBLEM-I. Let G(A\) € C(\)™™ be a regular rational matrix function. Compute
A € C and nonzero vectors z and y in C" such that G(\)x = 0 and y?G()\) = 0.

We could solve the REP in PROBLEM-I by converting it into a polynomial eigenvalue
problem by clearing out the denominators in G(\) and then “linearizing” the resulting
polynomial eigenvalue problem to obtain a generalized eigenvalue problem. A downside
of this brute-force approach is that the resulting generalized eigenvalue problem may

be of very large dimension especially when G(\) has a large number of poles. On the
31
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other hand, we could consider a state-space realization of G()\), that is, view G(\) as a

transfer function of a linear time invariant (LTI) state-space system ¥ given by

Ei(t) = Az(t) + Bu(t)

(2.1)
y(t) = Ca(t) + P(5)u(t)

and compute “transmission zeros” of ¥, where P()) is an n-by-n matrix polynomial and
A, E,C, B are constant matrices of appropriate dimensions with £ being nonsingular.
Indeed, G(\) can be written uniquely as G(\) = P(\) + Q(\), where P(A) is a matrix
polynomial and Q(\) is a strictly proper rational matrix function, that is, Q(\) — 0 as
|A| = oo. Since Q()) is strictly proper there exist matrices A € C™*", B € C™*",C €
C™" such that Q(\) = C(AI — A)~'B. Alternatively, Q(\) could also be realized as

Q(\) = CAE — A)'B,

where E € C™*" is nonsingular. Then G(\) = P(\) + C(AE — A)~!B gives the transfer
function of an LTT system X of the form (2.1]). In such case, an eigenvalue of G(\) is a
transmission zero of the LTT system Y. Consequently, the eigenvalues and eigenvectors
of G(\) could be obtained from transmission zeros and zero directions of the LTT system

Y. We therefore consider the following problem.

PROBLEM-II. Let ¥ be an LTI system in state-space form as in (2I). Compute

transmission zeros, invariant zeros, and decoupling zeros of the system 3.

Observe that PROBLEM-I could be reformulated as a special case of PROBLEM-II.
We, therefore, develop a framework for solving PROBLEM-II. For this purpose, we intro-
duce a family of linearizations, which we refer to as Fiedler pencils, of the Rosenbrock
system matrix S(\) associated with the LTI system Y. We solve the eigenvalue problem
for the Fiedler pencils and obtain invariant zeros of the LTI system Y. We show that
the Fiedler pencils of the Rosenbrock system matrix S(\) are in a sense “linearizations”
of G(A\) when the LTT system X is both controllable and observable, that is, when
is a minimal state-space realization of the transfer function G(\). Schematically, our

strategy for numerical solution of PROBLEM-I is as follows:

Rational matrix function — State-space realization — Linearization — Solution.

There are efficient methods for computing a (minimal) state-space realization of a ra-
tional matrix function. We, therefore, focus on solving PROBLEM-II. More precisely,
in this chapter, we describe construction of Fiedler pencils of the Rosenbrock system

matrix S(A\) and show that Fiedler pencils are linearizations for S(\).
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2.2 Zeros and poles

Let G(\) € C(A\)™" be a rational matrix function. Suppose that the Smith-McMillan
form SM(G(X)) of G(A) is given by
(N Pr(N) )
SM(G(N)) = dia I yOn—kn—t | -
(G e (wlw )

where the scalar polynomials ¢;(A) and v;(\) are monic, are pairwise coprime and, ¢;(\)
divides ¢;4+1(N) and 1;41(A) divides ¢ (), for i = 1,2,...,k — 1. Recall that the zero
polynomial ¢g(\) and the pole polynomial 1 (\) of G(\) are given by

k
() = H d;(\) (2.2)

and i
Ya(N) = H i (). (2.3)

Also recall that the set of zeros of G(X) or the spectrum of G()\) is given by
Sp(G) = {A € C: pc(A) =0} (2.4)
and the poles of G(\) are given by
Poles(G) = {\ € C: ¢g(N) = 0}. (2.5)

Definition 2.2.1. Let A\g € Sp(G). Then ¢g(Xo) = 0 and ¢;(A) = (A — Xg)"d;(N\) with
d;(Ao) # 0 and v; > 0 fori=1,2,..., k. The index tuple Inds(Xo, G) := (Y1, .-, 7Vk) 1S
called the multiplicity index of G at Ay and satisfies the condition 0 < v < v < -+ <
k- The nonzero components in Inds(Ng, G) are called the partial multiplicities of A\g as
a zero of G(XN). The factors (A — X)) with v; # 0 are called elementary divisors of G(\)
at A\g. The algebraic multiplicity of \g is defined by

ms(Xo) =71 + Y2 + - -+ + Y = maltiplicity of Ao as a root of pa(N).

If ms(XNg) =1 then A is called a simple eigenvalue of G(\).

Definition 2.2.2. Let Ay € Poles(G). Then pg(Xo) = 0= 1;(A) = (A= Xo)¥q;(N) with
¢(Xo) # 0 anda; > 0 fori =1,2,... k. The index tuple Ind,(No, G) := (g, Qg1 ..., 1)
is called the multiplicity index of G at A\ and satisfies the condition oy, < a1 < -+ <

ay. The nonzero components in Ind,(A\g, G) are called the partial multiplicities of Ay as
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a pole of G(X). The factors (A — Xo)™ with c;; # 0 are called elementary divisors of G/(\)
at the pole \g. The algebraic multiplicity of Ay is defined by

my(Xo) 1= o + ag + - - - + oy = muldtiplicity of Ao as a root of g (N).

If my(No) = 1 then Ao is called a simple pole of G(A).

Remark 2.2.1. [t is possible that Sp(G) N poles(G) # 0. If Ao € Sp(G) N poles(G)
then Inds(Ao, G) # 0 and Ind,(A\o,G) # 0. In such a case, \g has two multiplicity

indices, namely, multiplicity index as a zero and multiplicity index as a pole. In general
Inds(XNo, G) # Ind,( Mo, G).

AA—2)2 . Then Sp(G) = {2} and poles(G) =

Example 2.1. Consider G(\) = .

X
{0,0,2,2}. So 2 € Sp(G) N poles(G),Inds(2,G) = (0,1) and Ind,(2,G) = (0,2). Hence
Ind,(2,G) # Ind,(2,G). B

1
. 0
Example 2.2. Consider G(\) = | A-D7O+17 . Then Sp(G) = {1, -2}
0 ()\—1)1()\+2)

and poles(G) = {1,1,—1,—1}. So 1 € Sp(G) N poles(G), Inds(1,G) = (0,1) and
Ind,(1,G) = (0,2). Hence Inds(1,G) # Ind,(1,G). A

Definition 2.2.3. A complez number \g € C is said to be an eigenvalue of G(\) if
rank(G(Ao)) < nrank(G). We denote the eigenspectrum of G(X) by Sp.(G) given by

Sp.(G) == {\ € C : rank(G(\)) < nrank(G)}.

Note that Sp,(G) Npoles(G) = O and Sp,(G) C Sp(G) where the inclusion may be

strict.

Definition 2.2.4. A complex number Ay is said to be an eigenpole of G(\) if Ao is a
pole of G(X\) and there exists v(\) € C*[A] with v(X\g) # 0 such that /\lin/’\l G(N)v(A) =0.
—A0
We denote the set of eigenpoles of G(X) by Sp,,(G) given by
Spep(G) == {A € C: X is an eigenpole of G(N).}
Observe that that Sp,,(G) C Poles(G). More generally, we have the following result.

Theorem 2.2.1. Let G(\) € C(\)"*". Then Sp(G) = Sp.(G) U Sp,,,(G). In particular,
Sp.,(G) = Sp(G) N Poles(G).
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Proof. Suppose that SM(G(X)) = diag (¢1(N)/1(N), ..., dk(N)/¥k(N),0,...,0). Let
¢a(N) and g (N) be zero and pole polynomials. Let A\g € Sp,(G) = rank(G(X\)) < k =
nrank(G) = ¢;(Ag) = 0 for some i = ¢g(Ag) =0 = A¢ € Sp(G). Thus Sp,(G) C Sp(G).

Let Ao € Sp,,(G). Then there exists v(A) € C"[A] such that v(Ag) # 0 and )\hn}} GM\)v(\) =
0. Now by Smith McMillan form we have G(\) = U(X) SM(G(A)) V(A) with U(X) and
V(A) being unimodular. So

U YNNG (N)v(A) = SM(GA)V (Mv(N). (2.6)

Set x(A) = V(AN)v(A). Then z(\) — z(Ng) = V(Ao)v(Ng) # 0. So from (2.6) we have
9/ ;. () = 0 for i = 1 : k. Since z(\g) # 0, there is some 7 such that z;(\o) # 0. Since

Yi(N)
m — m, we have
1 ¢i(N) ¢i(A)
7 >\ = )
e N = w0
and ,
4l )xi()\) =0.

B ) )
So ZE:\\; — 0 as A — \g. Since ¢; and 9; are coprime, 1;(A\g) # 0 and ¢;(\) — ¢;(Ag) =0
for some 4. Thus ¢c(Ng) = 0. So A\g € Sp(G). Thus Sp,(G) U Sp,,(G) C Sp(G).
Conversely, let Ay € Sp(G) = ¢a(Ng) = 0 = ¢i(Ag) = 0 for some i. So 1;(Ag) # 0,
since ged(gy, ;) = 1. If ¥g(No) # 0, then rank(SM(G(N\y))) < k = rankG(\g) <
nrank(G) = \g € Sp.(G). If ¥g(No) = 0 then define u(\) = V='()\)e;, where G(\) =
U(N)SM(G(N)) V(X) with U(X) and V(A) being unimodular. Then

GA)u(N) = UN)SM(G(\))e; = U(A)j}?iii e; — 0as A — o
= Ao € Sp,,,(G). This shows that Sp(G) C Sp,(G) U Sp,,,(G). Hence the proof. O

Remark 2.2.2. When G(\) is a transfer function of an LTI state-space system, the

zeros of G are called transmission zeros of the state-space system.

Suppose that G(\) = P(\) + C(AE — A)7'B is a realization of G()\). Then recall
that the realization is said to be minimal if the size of A is the smallest. A realization
G(\) = P(\) + C(A\E — A)~'B is minimal if and only if the associated LTT system is

controllable as well as observable [19].
Now suppose that G(\) = P(A\) + C(AE — A)™' B is the transfer function of the LTI

system X given in (2.I]). Then recall that the matrix polynomial

c (C(n—l—r) x (n4+r)
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is the Rosenbrock system matrix of the LTT system .

Definition 2.2.5. A complex number \ is said to be an invariant zero of the LTI system
¥ associated with S(A) if rank(S(X\)) < nrank(S). The spectrum of S given by

Sp(S) :={\ € C : rank(S())) < nrank(S)}

u

s the set of invariant zeros of the LTI system Y. The vector v = [ e C"" with

v
u € C" andv € C" such that S(\)v = 0 is called an eigenvector or an invariant direction

of system X. The vector u is called an input direction and v is called a state direction
of the LTI system ..

The following result provides structural information about G(\) and a state-space
realization of G(\). The proof is immediate and follows from Theorem [[L4.2]

Theorem 2.2.2. Suppose that G(A\) = P(\) + C(AE — A)™'B is minimal and that

e (1) @V Pr(N)
SM(G()N)) = diag (1/11()\)’%(A)’.”’wk()\)’o"”’o)'

Set L(A\) = AE — A. Then the following results hold

(a) The Smith form SF(L(X)) of L()\) is given by
SF(L(N)) = diag (I,_, Ui, Cr_1, - - ., 11) -
The Smith form SF(S(\)) of S(\) is given by
SF(S(\)) = diag (I, 1, P2, - - ., Pk, 0,...,0).

(b) Poles(G) C Sp(L), and the equality holds if the realization of G(X\) is minimal. In
such a case, Ind,(Ao, G) = Ind(Xo, L), for Ao € Poles(G).

(c) Sp(G) C Sp(S) and the equality holds if the realization is minimal. In such a case
Inds(\, G) = Inds(\, S) for A € Sp(G).

(d) Sp(S) N Sp(L) D Sp,(G), and the equality holds if G is minimal.

(e) Sp(S)Np(L) = Sp.(G), where p(L) is the resolvent of L.
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2.3 Fiedler pencils for Rosenbrock system matrix

Consider a linear time invariant (LTI) system X given by

Ei(t) = Az(t) + Bu(t)

i) = a0+ P () uto)

where £ € C™" is nonsingular and P(\) € C**"[)\]. For the rest of the chapter, we

assume that
m

P(A) =) NA; and A, #0.
=0

The Rosenbrock system matrix associated with ¥ is given by

PY| ¢
S(A) = (2.7)
B |(A-AEB)
The transfer function of the LTI system ¥ is given by
G(\) := P(\) + C(A\E — A)™'B. (2.8)
Define (nm + r) x (nm + r) matrices
M, ‘ —em ®C
M, = ‘ . M, = (2.9)
—el ® B ‘ —A
and
M; |0
M, = ., i=1,...,m—1, (2.10)
0 |1,
where M;,i = 0,1,...,m are Fiedler matrices associated with P()). We refer to the
matrices M;,7 = 0,1,...,m, as the Fiedler matrices associated with the system X or

simply Fiedler matrices associated with S(A). The Fiedler matrices M;,i = 0,...,m

have the following properties.

(a) We have
M;M; = MM for |i — j| > 1, except for M, and M. (2.11)
(b) The matrices M; for i = 1,...,m — 1 are always invertible and
—1 Mi_l 0 -1 - . .
M; " = , where M, " is given in (L.I7). (2.12)
0 |7
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Further,

M; "Mt = MM for |i — j| > 1, except for Mg" and M. (2.13)

If o :{0,1,....m — 1} — {1,2,...,m} is a bijection, then we define M, :=
Mg-1(yMg-1(2) - - -My-1(n). Note that o(i) denotes the position of the factor M in
the product M,; i.e., o(i) = j means that M; is the jth factor in the product M.

Definition 2.3.1 (Fiedler Pencil). Let S(\) be the system matriz associated with LTI
system X, and let My, ..., M,, be the Fiedler matrices given in (2.9) and (210). Given
any bijection o : {0,1,...,m —1} — {1,2,...,m}, we define the pencil L,(\) by

LU()\) = )\Mm = Mg—l(l)Mafl(g) s -Ma—l(m) —= )\Mm - MU. (214)

We refer to L,(X) as Fiedler pencil of S(\) (or G(\)) associated with o.

Definition 2.3.2. Let o, 7 :{0,1,...,m — 1} = {1,2,...,m} be bijections. Then o is
said to be equivalent to T (o ~ 1) if M, = M.

A2 A, + Ay + A \ c

B 0L
Ay + Ay + C(NI, — 0)7'B, where C' € C"*" and B € C™*". Then the Fiedler matrices
associated with S(\) are

Example 2.3. Consider S(\) = and G()\) = M\?A3 +

L, 0 |0 —Ay I, | 0 A,
My=|0 -4 |-C |, Mi=]| I, 0|0 | andM,= i
0 —B| 0 0 0] ~d,

Then the pencil

As Ay, A | -C
=A I, - I, 0 0
—1, 0 —-B| 0

is a Fiedler pencil of S(\). A
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Example 2.4. Consider the transfer function G(\) = AMAy+-- -+ Ag+ C(AE— A)"'B
and the Fiedler pencil L,(\) = A\My — M;MyMyMs. Then

4, I, 0 0 | 0 ]

A, A 0 I, 0 |0

L, () = A I, -4 0 0 -4 |-C
_E L, 00 0|0

0 0 0 -B|-4

Next, consider the pencil L, (\) = AMy — MyMoM; M3 = A\My — M,,, where 07! =
(2,0,1,3) and 0 = (2,3,1,4). Then

Ay ~As I, 0 0] 0
I, —Ay 0 —Ay I,| 0
L,(A\) = I, - I, 0 0 0] 0
b, 0 0 -4 0|-C

I -E| | 0 0 -B 0|-A]

Note that if we take another bijection 77! = (0,2, 3, 1), then L, (\) = AM —M,M,M;3M,

Ay —As I, 0 0] 0
I, —4, 0 —A; I,| 0
_ I, - I, 0 0 0] 0 |=L,\.
L 0 0 —4, 0 |—C
i -E| | 0 0 —-B 0|-4]

This shows that L,(\) =L.(\) ie,o~7. &

Let 0: {0,1,...,m—1} — {1,2,...,m} be a bijection. Then we have the following.

(1) o has a consecution at d if and only if My is to the left of My, in M, while o
has an inversion at d if and only if My is to the right of My, in M.

(2) For 'l,] € o, we have MZM] = M]Mz 54 MZM] = M]MZ

Example 2.5. Consider the pencil L, (\) = AMg—M, where M, = M;M3MsMM,M,.
Then we have 7! = (1,3,5,0,2,4),0 = (4,1,5,2,6,3), and CISS(¢) = (0,1,1,1,1,1).
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Similarly if we consider M, = MyM;M3sMsM,My, then 7' = (0,1,3,5,2,4),7 =
(1,2,5,3,6,4), and CISS(7) = (2,1,1,1).

Next, consider the pencil L,(\) = AMy — MoMyM;M;. Then we have o=! =
(2,0,1,3),0 = (2,3,1,4), and CISS(0) = (1,1,1,0). W

Now, we show that there is a bijection from set of Fiedler pencils of P()\) to set of
Fiedler pencils of S(A\) which can be used to construct a Fiedler pencil of S(A) from
that of P(\) and vice-versa.

Theorem 2.3.1. Leto : {0,1,...., m—1} = {1,2,...,m} be a bijection. Let L,(\) and
Ly (X) be the Fiedler pencils of P(\) and S(\), respectively, given by Ly(\) = AM,, — M,
and Ly(A) = A\M,,, — M. If o' = (67",0,05") for some bijections o, and oy then

L) | Mo(en®C)
(el ® B)YM,, | (A—\E)

LG()‘) —

Further, if CISS(0) = (¢1,11,...,¢,14;) then

LN |en®C

Lo(\) = , ifcg >0
and
Ls(\) |ef . ®C
La()\) = ( ) ‘ : . Zf C1 = 0.

e%@B‘ A—-)\E

Thus the map Fiedler(P) — Fiedler(S), AM,, — M, — AM,, — M, is a bijection, where
Fiedler(P) and Fiedler(S), respectively, denote the set of Fiedler pencils of P(\) and
S(N).

Proof. Consider L,(\) = \M,,, — M, = A\M,,, — M, MyM,,

M, | 0 M,, | 0 My |—emcwc || Mm,|o
0 |-E 0 ||| -zaB| -4 0 |1,
NEAK M, MyM,, | =M, (e, ® O)
0 |-E (= © B)M,, A

L)) | Mu(en®0)
(el @ B)YM,, | (A—\E)
which is Fiedler pencil of S(\). Next, suppose that CISS(o) = (¢1, 41, ..., ¢, 9).
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Case I : Suppose that ¢; > 0. Then by commutativity relation we have M, =
MglMoMl B ‘Mcl with c1 + 1e 1. Thus MU = MglMoMUQ, where MUQ = Ml s Mcl-

Hence
M M,, M ‘ —em ®C M,,
’ || -teB| -A I,
My, MMy, | My~ 0 C)
(—ef ® B)M,, —A
*
Since j € oy implies that j > ¢; + 1, we have M, = . This shows that

Icln
My, (61, ® I,) = €, @ I,,. Hence My, (—e,, ® C) = —e,, ® C. Next, we have

I(m—2)n
(ef, ® I,)M; = (e}, ® I,) —A, I, | =(eh @ 1).

I, 0

I(m—S)n
—As I,

(7 ® LM M, = (ef_, ® I,) ’ — (F_,®1,).
L 0
I,

Thus (], ® I,) MiMs - - -M,, = (ef,_., ® I,,). Hence (e}, ® I,)M,, = (e,_. ® I,,) and
(—el @ B)YM,, = — (el ® B). Consequently, we have

m—cy

L) |en®C
ey ®B|A-AE

Ly(A) =AM, — M, =

Case I : Suppose that ¢; = 0. Then o has ¢; inversions at 0. Hence by commutativ-
ity relations we have M, = M, - - - MMM, with ¢; +1 € 09. Thus M, = M, MyM,,,
where M,, = M, ---M;. Hence

M]‘—%®C M,,
|| -teB| -A

M,

M, =

My, MMy, | My~ 0 C)
(—e” ® B)M,, A
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Since j € o9 implies that 7 > i; + 1, we have M,, = . This shows that
Ii1n

(el @ I,)M,, = el ® I,. Hence M,,(—el @ B) = —el. @ B. Next, we have

](m—2)n
M, (en, ® I,) = A, I, | (em® 1) = (em-1 ® Ip).
I, 0
I(m—S)n
_AZ In
MM, (e, ® I,) = (em—1® I,)) = (em—2 ® I,).
)
I

Thus My, - - - MM (e, ® I,) = (em—iy, ® I,). Hence My, (e,, ® I,) = (em—i;) ® I,) and
My, (—€m ® B) = —(e(m—i,) @ B). Consequently, we have
L,V |, ®C

L,(\) = AM,, — M, =
e%@B‘ A—-)\E

For each i,j € o, M;M; = M;M; & M;M; = M;M;. Hence #(Fiedler(P)) =
#(Fiedler(S)). This completes the proof. O

Consider the Fiedler pencil of S(\) given by
Cl()\) S )\Mm i Mm_le_g ‘il ‘MlMo. (215)

Observe that C;(\) = L, (A\), where 0y = (m—1,...,2,1,0) and CISS(oy) = (0,m —1).
Since Ly, (A) = AM,,, — M,,,_1 -+~ My My = C1(A\) given in (ILI9)) is the first companion
form of P()\), we conclude that

o | asc
Ci(\) =

efm ® B ‘ (A—)\E)
A, 1 [ Ay —Ans o —A | —C]

I, I, 0 0

=\ - : (2.16)
I, I, 0
—F —-B|-A
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is companion form of S(A). The pencil C;(A) is derived in [37] and is referred to as
companion form of G(X\). We refer to Ci(\) as the first companion form of S(\) or
G(A). Next, consider the pencil

Cg()\) == )\Mm - MOM1 R Mm—2Mm—1-

Observe that Cy(A) = L,,(A), where oo = (0,1,...,m — 1) and CISS(02) = (m —
1,0). Since Ly, (N) = AM,, — My -+ My,_oM,,_1 = Cs(X) given in (L.20)) is the second

companion form of P()), we have

GO | eneC
G =A | T @ B|(A-AB)
4, | ]
7 Ay O
o) - . I @17
I A - 0 0|-C
_ £| | -B A

We refer to Ca(\) as the second companion form of S(A) or G(A).
There are Fiedler pencils of S(\) such as block pentadiagonal pencils which have

lower bandwidth than the first companion form C; (\) and second companion form Cy(\).

Theorem 2.3.2. Let L,(\) = AM,, — M, be a block pentadiagonal Fiedler pencil of
P()\) associated with a bijection o : {0,1,...,m—1} — {1,2,...,m} having CISS(c) =
(c1,01, - ,¢1,7). Then Ly(A) = AM,, — M, is a block pentadiagonal Fiedler pencils of
S(N) provided that ¢; <1 and iy < 1. In such a case, we have

LN | enwC
L & B | (A AB)

m

ZfCl >0

LN |en1®C
el ®B| (A~ AE)
Proof. If ¢; > 0then ¢; =1 and el . ® B =e¢l | ® B. So by the Theorem 23.1] we

m—cy

and  L,(\) =

ifCl =0.

have
L) | ensc

L ® B | (A AE)

L) | enwC
eI . ®B | (A—AE)

LG()‘) =

is block pentadiagonal, since L,(\) is block pentadiagonal. Similar argument holds

when ¢; =0 and i1 = 1. O

TH-1270-08612306



CHAPTER 2. Linearizations Of Rational Matrix Functions 44

Let O = M{Ms--- be the product of odd M; factors and &€ = MyM,--- be the
product of the even M; factors, excluding My and M,,. Then it is shown in [9] that the
product of O, & and M, in any order gives a pentadiagonal Fiedler pencil of P()).

Corollary 2.3.3. Let M,, be the product of odd M; factors and M,, be the product
of even M; factors, excluding My and M,,. Then L,(\) = AM,, — M, MyM,, and
Lz(A\) = AM,, —MM,, M, are block pentadiagonal pencils of S(X). However, the pencils
L(A) = AM,,, — M,,M,, My and L(\) = AM,,, — MM,,, M, are not block pentadiagonal.

Proof. Consider the pencil L,(\) = AM,,, — M,, MyM,,. Then CISS(c) = (¢1,141,...) =
(0,1,...). Hence by Theorem 2311 we have

LN | emca ®C LN |eni®C
L ®B|(A-AE) | | heB|(A-AR)

Lo(A) =

where L,(\) = AM,,, — M,, MoM,,. 1t is well known that the product of M,,, M,,, M,
in any order gives a block pentadiagonal matrix ([9], Example 3.2). Hence L,(\) =
AM,, — M, is a block pentadiagonal and consequently LL,(A) is block pentadiagonal.
For the pencil Lz(\) we have CISS(c) = (c1,41,...) = (1,1,...). Hence by Theorem
237 Lz is block pentadiagonal. For L(A\) = AM,, — M, M, M, we have CISS(c) =
(c1,11,...) = (2,...). By Theorem 231 IL(A) has more than two subdiagonal blocks

and hence is not block pentadiagonal. Similar argument holds for the pencil L(\) =

M, — MM, M, . O
i1 0
Recall that M; = ,¢ =1 :m — 1 are the Fiedler matrices associated
0 | I,
I(m—i—l)n
—A; I,
with S(A), where M; = . Since M; are invertible for
I, 0
Ii—1yn

1 =1:m—1 then M,, = M;M;--- and M,, = MMy - - - excluding M, and M,
are always invertible. Note that M,, and M,, are block tridiagonal matrices, since the

differences between each pair of indices in ¢; and o5 is greater than equal to two.

We illustrate the above corollary by the following example.
Example 2.6. Let G(\) = Ag\® + -+ + MA; + Ag + C(AE — A)™'B. Let 0y = (1,3,5)
and oy = (2,4).
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Case I: Consider the pencil La()\) = )\Mﬁ—MlMgM5M0M2M4 = )\Mﬁ—MalMQMUQ =
)\M6 — MU, where Mgl = M1M3M5 and Mgz = M2M4. Now

[ —As Iy ] [ I i
I, 0 _A4 I,
—As Iy In 0
M,, = L0 , MM, = e I
—A; In In 0
In 0 —Ag | —C
| I | L —-B | —A ]
So ) )
—As Ay I, O 0 0 0
I, 0 0 0 0 0 0
0 —-A3 0 —-A, I, O 0
M, = 0 I, 0 0 0 0 0
0 0 0 -4 0 —-Ay|-C
0 0 0o I, 0 0 0
0 0 0 0 0 -B|-A

This shows that L, (\) is block pentadiagonal. Note that the number of consecutions at

0 in M, is zero and the number of inversion at 0 in M, is 1.

Case II: Consider the pencil L, (A) = AMg—MMoM,M; MsMs = AMg—MM,,M,, =
AML,,, — M. Then

[ A L, 0 0 0 0] o0 |
A 0 —As I, 0 0|0
L, 0 0 0 0 00
MoMy,M,, = | 0 0 —A, 0 —A, I,| 0
0 0 I, 0 0 0|0
0 0 0 0 —A 0|-C
0 0 0 0 —B 0|-A|

is block pentadiagonal. Thus L, (A) is block pentadiagonal and low bandwidth pencil.

Note that the number of consecutions at 0 in M, is 1, i.e., ¢; = 1.
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Case III: Consider the pencil L, (A) = AMg—MoM; MsMsMoMy = AMg—MoM,, M,,,
where 07! = (1,3,5) and 0, = (2,4). Then this pencil is not pentadiagonal, since the
number of consecutions at 0 in M, is 2. Now MM, M, is equal to

A5 In In
I, 0 Ay In
Isn A3 I, I, 0
—Agp | —C In 0 —As I,
_B ‘ _A A I I, 0
In 0 I
| S — ]
14 0 0

I, —-A; 0 —Ay, I, O

= —Ay | —C I, 0 0 0 0

—-B | —-A A, 0 I,

I, 0 0

I
—As —Ay I, 0 0O 0 0
I, 0 0 0 0O 0 0
0 —A; 0 —Ay I, O 0
= 0 1, 0 0 0 O 0 ’

0 0 0 —-A;, 0 I,] O
0 0 0 -4 0 0 |-C
0 0 0 —-B 0 0]-A

which is not block pentadiagonal but the first block which is M, is pentadiagonal. Sim-

ilarly, M, = M,,M,, M is also not block pentadiagonal, since the number of inversions
at 0in M, is 2. H

Given a bijection ¢ : {0,1,...,m — 1} — {1,2,...,m}, the following algorithm
constructs the product M, of Fiedler matrices.

Theorem 2.3.4. Let o : {0,1,...,m —1} = {1,2,...,m} be a bijection. Let L,(\) =
AML,,, — M, be the Fiedler pencil of system matriz S(\) associated with o. Consider the
matrices Wo, W1, ..., W,._a constructed by Algorithm[1] below. Then M, = W,,,_s.
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Algorithm 1 Construction of M, for L,(\) = AM,,, — M.

STNA; C
Input: S(\) = |_i=0 and a bijection o.
B |A-AE
Output: M,
if 0 has a consecution at 0 then
-Ay I, O
WO = —AO 0|-C
B 0|-4
else .
—-A; —Ay | -C
Wy = 1, 0 0
0 -B|-A
end if

fori=1:m—2

if o has a consecution at ¢ then

—Ai 1, 0 0
W, =
Wi_1<3,1) 0 VVZ‘_l(I,Q o Z—|—1) Wi_1<17’i+2>
else : -
—Aita VVi—l(la 1)
1, 0
Wi —
0  Wia(2:i+1,2)
0 Wi_l(i == 2, I)
end if g
endfor
MO’ = Wm—2

Proof. We prove the result by induction on the degree m. For m = 2 the proof is
obvious, since for m = 2 there are only three Fiedler factors and two possibility for M,

either M, = MM if o has a consecution at 0 or M, = M; M, if o has an inversion at
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0. Now
“A L] o A —Ay | -C
MM, = | -4, 0 |—-C | and MM, = I, 0 0
B 0|-4 0 -B|-A

This proves the case for m = 2. Suppose that the result is true for m — 1 > 2. We show
that it is true for m and the bijection o : {0,1,...,m — 1} — {1,2,...,m}. Note that

S NA; C
the Fiedler matrices M; associated with S(\) = |_i=0 satisfies
B |A-aE

M, = diag (I, M;), for i =0:m — 2, (2.18)

where M; are the (n(m — 1) +r) x (n(m — 1) + r) Fiedler matrices associated with
m—1
_ STNA; C
S(A) = [_i=0 ¥
B |A-)E

Case L. If o has a consecution at m — 2, then using the commutativity relations of

the matrices M; we can write

MU:Mio"'M Mm—la

Tm—2
where (ig, 71, . ..,4n—2) is a permutation of (0, 1,...,m — 2). By (2.I8)) we can write
M, = diag(Ln, M;)M,,_1, (2.19)

where 7:{0,1,...,m —2} = {1,...,m — 1} is a bijection such that for i = 0: m — 3,
7 has a consecution (resp., inversion) at ¢ if and only if o has a consecution (resp.,

inversion) at . So by the induction hypothesis, MT = W,,_3. Finally the product given

in (2.19) is

[ _Am—l In |
I, 0 0 0 I 0
M, =
0 Wphos(,1) Wp-3(:,2:m—1) Wy_3(:,m) Itm—2yn
—An1 I, 0 0
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which is equal to W,,,_o constructed when ¢ has a consecution at m — 2.
Case II. If o has an inversion at m — 2 the proof is similar, but

M, = Mm—lMig M = Mm—ldiag(lna M’T‘)7

Tm—2

since M,,,_; lies to the left of Ml,,,_5. O

2.4 Fielder pencils are linearizations

Let L,(\) be a Fiedler pencil of the system matrix S(\). We show that L,(\) is a
linearization for S(A). Note that a unimodular equivalence transformation of the system
matrix S(A\) need not be a system matrix of an LTI system in state space form. We
therefore introduce a notion of linearization of the system matrix by imposing additional

conditions on the choice of unimodular equivalence transformations.
Definition 2.4.1 (Linearization for system matrix). An (nm +r) X (nm + r) matriz
| x

Y |[A-aB
pencil, is said to be a linearization of the Rosenbrock system matriz S(\) if there exist

pencil L(A) of the form L(A\) =

, where L(\) is an nm X nm matriz

nm x nm unimodular matriz polynomials U(X) and V (X) such that

0 |1, 0 |1 0[S

If, in addition, U(X) and V(X) are constant matrices then LL(\) is said to be a strict

linearization of S(\).

Theorem 2.4.1. Let L(\) be a linearization of P(X\) (regular or singular), that is,
NIV () = diagln 1y PO

for some unimodular matriz polynomials U(X) and V(N). If Q :== U (N)(e,, @ C) and
Z = (el @ B)V~Y(\) are independent of \, then

| @
Z |(A-AE)

L) =

is a linearization of S(\). In particular, if L(\) is a strict linearization of P(\) then
L(A) is a strict linearization of S(A).
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Proof. We have

Since
I(m—l)n
ULV () = ,
[ POV

we have

ULV | e @0 )

L®B | (A-AE)

[ o) | 0 LY U Mmoo | [ V)]0

0 L || heBvX ‘ (A — \E) 0 |1 |
So if (el @ B)V=Y()\) = Z and U '(\)(e,, ® C) = @ are independent of \ then
[ L) ‘ 9 ] is a linearization of S(\). O

Z |(A-AE)

Next, we recall Q;(\), Ri(\), T;(A), D;(A) for 1 < i < m — 1, and D,,(\) given in
Definition [.2.6] We use these matrices frequently in this section to calculate the last
block column of U~!()) and last block row of V=1()).

Note that _ _
e
P (A) = ; (2.20)
A, I,
| I(m—i—l)n ]
Iy
. I, —M\I,
Qi (\) = , (2:21)
0, I,
i ](m—i—l)n ]
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Iy
B -1 I O ~1\B
Q7 (N) = = (Qi(N)7)7, (2.22)
-, I,
| I(m—i—l)n ]
Iy
1 _PZ()‘) I By—1
R\ = = (R:(\)°) ", (2.23)
In On
| I(m—z'—l)n i

Lemma 2.4.1. Let Py(\) ford =0,...,m be the Horner shifts of the matriz polynomial
P(\) and (QB)™! and R;' fori=1,...,m — 1 be as in (2.23) and (223). Then for

eachi=1,....m—1andj=1,...,m —1, we have
[ Ii—1yn |
In 0 0 0
Ao I. 0 0
Qi, j) = (QiB)_l( Zgg+1)_1 290 ng+j_1)_1 = “Aln In :
0
A I
L Ttm—(itipn |
and
[ Ii—1)n i
—P;(A)  —Piri (V) —Piyj—1(N) I
In 0 0 0
R(i,j) :== R 'R} - - 'Ri_-i-lj—l =
0 0
In 0
i I(m—(i+i)n
Proof. We have
Iy Ii—1yn
Rz_lRZ_-l-ll = In 0 — 441 In
I, I, 0
i I(m—i—?)n L I(m—i—Z)n |
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Ii—1yn
~P —Piy I,
= I, 0 0
0 I, 0
i I(m—i—?)n i
and R "R R, =
Ity I(i—1)n
P =P I I,
I, 0 0 I,
0 In 0 AL D In
L, I, 0
i I(m—i—3)n ] L ](m—i—?))n i
Iy
—F, —F —Fyp In
I, 0 0 0
0 I, 0 0
0 0 I, 0
| ](m—i—3)n
Similarly, we have
[ I(i*l)n I(’ifl)"
In 0 In
(@)@ = - oo
I, Al In
| I('rrLfifQ)n I(’”L*’L‘*Q)"L
Ii-1yn
I, 0
= -\, I,
-\, I,
i ](m—i—Z)n ]

Thus the proof is a straight forward induction on the number of factors.
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The following result shows that the last block column of U(X)™! is independent of
A

Lemma 2.4.2. Let L,()\) be the Fiedler pencil of P()\) associated with a bijection o,
and let U(X) be as in Theorem[L.21. If CISS(c) = (c1, i1, ..., ¢, 1), then

em @ I, if ¢ >0,
U em @ 1,) = 1

em—i; & Ina Zf ¢y = 0.

Proof. Note that

(QF _.1))"" if o has a consecution at i
U™ (N) = UploUnly . U UG with U = (i+1)

(Rp_(i11))~" if o has an inversion at 4,

(2.24)

where (QF)~! and (RP)~! are given in (2.:22)) and (2.23). As CISS(0) = (c1, 41, - - -, 1, 41),

the factors defining U~*()\) in (224) can be sorted together into the form U~(\) =
(71(71_1 [ (72(71, where

Uj = R(m — Sjaij)'Q(m — 8+ ijacj)

is associated with the pair (¢;, i;) from CISS(o) and consists of i; consecutive R~ !-factors

and ¢; consecutive (QP)~!-factors are defined in Lemma 241l Recall that sy = 0,s; =

J
S (ex +ix), for j=1,...,1, and s; = m — 1. A direct multiplication gives

k=1
I(mfsjfl)n

_mesj _mesj+ij71 In

In o .- 0 0

In 0 0

ﬁj _ I, 0

—An In
_)\In In
—Xn  In

-y In

I(Sj—l)” _

The central part of U; is a (i; + 1+ ¢;) x (i; + 1 + ¢;) block matrix with n x n blocks.

i.e, the order of the second diagonal block matrix in (7]- is (i; x i;)n and the order
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of the fourth diagonal block matrix is (¢; x ¢j)n. To find out the last block column
of U7Y(\), we calculate UU,._, . ..ﬁgﬁl(em ® I,). If ¢ > 0 then for j = 1 we have
ﬁl(em ® I,) = e ® I, since for j = 1 we have sg = 0. Now for j = 2, the order of last
diagonal block is sin. So (72(71(67” ® I,) = ey ® I,. Applying induction on j =1,...,1
we have

U_l(em X In) = ﬁjfjj—l e (72(71(em &® In) = €m & In

If ¢; = 0 then in (7]- the fourth diagonal block matrix is not there. So for j = 1 we have
sg = 0, and hence ﬁl(em ® I,) = em_iy @ I,. Similarly, ﬁQﬁl(em ® I,) = emi, @ I,.

Applying induction on j = 1,...,[, we have

U_l(em & In) = ﬁjﬁj—l . .(72(71(6,% X In) = €m—iy & In

Hence the result follows. O

We have seen that the last block column of U'()) is independent of A. Now we
show that the last block row of V71()) is independent of .

Lemma 2.4.3. Let Py(\) for k =0,...,m be the Horner shifts of the matriz polynomial
P(\), and Q;' and R;' fori = 1,...,m — 1 be as in (Z23). Then for each i

1,....m—1and j=1,...,m —1, we have
Iy
I, —)\I, 0 0
I, -, 0
Q71(6,4) = Qi1 Qi Qi = I,
-,
I
i Im—(i+i)n |
and
A vpn
—Pii(A) 0 I
R, j) o= Ry oo REA R = '
- i+j—1()‘) 0 In
I 0 O
i Lm—(itipn |
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Proof. Proof is similar to that of Lemma 2.4.1] and follows by induction on the number

of factors. O

Lemma 2.4.4. Let L,(\) be the Fiedler pencil of P(\) associated with a bijection o, and
let V(X) be as in Theorem[LZ1. If CISS(c) = (¢, iy, ..., c, i), then (el @ I,)V(A) ™' =

T
€y @ In.

Proof. We have

-1

Rm_(i +1) if o has a consecution at ¢

V) = Vo vt VL VL with Vi =
Q;nl_(l +1) if 0 has an inversion at 1,

(2.25)

where Q; ' and R; ' are given in (2.22) and ([Z.23)). Since CISS(c) = (c1,i1, ..., ¢, 4;), the

factors of V=1()) given in (Z25) can be grouped together so that V=(\) = ViVs... V],
where

Vi=R ' (m—s;+ij,¢).Q ' (m—s;,i))
is associated with the pair (¢;,4;) from CISS(o), and consists of ¢; consecutive R™!-

factors and i; consecutive Q~'-factors defined in Lemma 243 A direct multiplication

gives
I(mfsjfl)n
I, =X, ... 0 0
In
=y 0
i Al
"‘/’ _mesj +ij In
J —Prm—s;4i;4+1 0 In
_mestrijJrc]'fl In
I 0 0
L I(Sj—l)” J

The central four blocks of V; is a (i;4¢;+1) x (i;4¢;+1) block matrix with n x n blocks.
To find out the last block row of V=1()), we calculate (¢ ® I,)ViVs...V;. Applying

the induction on 5 = 1,...,[, we have

(€ @ L) iTh.. V=l

m—cy

Hence the follows. ]
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Now we show that Fiedler pencils of S(\) are linearizations for S(\).

Theorem 2.4.2. Let L,(\) = A\M,, — M, and L,(\) = AM,, — M, be the Fiedler
pencil of S(A) and P(X), respectively, associated with a bijection o : {0,1,... m—1} —
{1,2,...,m}. ThenL,()) is a linearization of S(A\) < L,(\) is a linearization of P(\).
Further, L, (\) is a strict linearization of S(\) < Ly () is a strict linearization of P(\).

Proof. Suppose that CISS(o) = (1,11, ..., ¢, 4). Then by Theorem 22311 we have

L,(\ em ® C
L,(}) = »_| if ey >0
eI @B | (A= AE)
I m—i; @ C
and L) = |2 K e, =0.
2. ® B | (A= AE)

Suppose that L, () is a linearization of P()A). By Theorem [[.2.1], we have

Now we have

I y o ! UML)V | en®C
“dI(m—-1)n o Em
=l . PN | ¢ | =
SO L ®B | (A-AE)
0 B ‘ A—-)\E
Jom]o L) U w0 | [ vy ]o
0 |5 | | (BeBVNT| (A-AB) 0 |1
By Lemma 2.4.2] and Lemma 2.4.4] we have
em @ 1, if ¢; >0,
U (em ® 1) =
€m—iy &® In, if C1 = 0.
and (e}, ® I,)V(A\) ' = el ®I,. Consequently, we have
Lo (A UN HenC
W |owteso |
(L@BV(N|  (A-AE)

Hence L, () is a linearization of S(\).
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Conversely, let L,(A) = AM,,, — M, be a linearization of S(\). Then

I(m—l)n

SO I, I,

for some unimodular U(A) and V(A) in C**™™[\]. Thus, we have

J . 0
. vy | | [zw|=] vy
PN | © -
I, * ‘ * I,
0 B ‘ A—\E

This shows that

Im— n

—3 = UL,V

| P(Y)

Hence the proof. 0

The Fiedler pencils of the system matrix under appropriate assumptions can be
thought of as linearizations of the transfer function G(\). For this purpose, we now
introduce a notion of linearization for rational matrix functions. The degree of a matrix
polynomial U(\) is the highest power of A in U()) and is denoted by deg U(\).

Definition 2.4.2 (Linearization for rational matrix function). Let G(\) € C(\)"™*"
be rational matriz function such that G(A) = P(\) + Q(X\), where P(\) is a matric

polynomial and Q(X) is a strictly proper rational matriz function. Suppose that
- (91(A) ¢a(N) Px(N) )
SM(G(N)) = dia , e ,0,...,0),
(G0 = g (G EI57 - T2
where k = nrank(G). Set m := max(deg P(\),1) and r := degg(N), where ¥g(\) is
the pole polynomial. Then a pencil L(A\) = A\X + Y € Crmtr)x(mm+n)[\] s said to be a
linearization of G(X\) if the Smith form of L(X) is given by

SF(L()\)) = diag (I(m—l)n-‘rru <Z51()\), s 7¢k()\)7 On—k,n—k) .

Theorem 2.4.3. Let L,()\) be a Fiedler pencil of the Rosenbrock system matriz S(X).
If the LTI system % is controllable and observable (realization of G(X\) is minimal) then
Ly () is a linearization of the transfer function G(\).

Proof. Suppose that the Smith form of G(\) is given by

o (01N (D) (M)
SM(G())) = diag (@Dl()\),Q/)Z()\)’”.,'l/)k()\),()’.”,o).
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Since G(\) is minimal, by Theorem 2.2.2] the Smith form SF(S()\)) of S(\) is given by
SF(S(\)) = diag (I, ¢1, P2y - - -, D, 0,...,0).

Since L, (A) is a Fiedler linearization of S(\), we have

SF<H"0()\)) = dlag (I(m—l)n-i-?“u ¢17 ¢27 R ¢k7 07 R O) :
Hence L, () is a linearization of G (). O

We have already seen that Fiedler pencils of the Rosenbrock system matrix S(\) are
linearizations for S(A). We now give a direct proof of this fact without any recourse to
Fiedler pencils of matrix polynomials. We adapt the method of proof given in [9] for
matrix polynomials to the case of Rosenbrock system matrix.

Lemma 2.4.5. [J] Let Q;, R;, T;, D; be as in Definition[1.2.6. Then the following rela-
tions hold fori=1,...,m — 1.

(a) QF(AD;)R; = ADipy + T;, and QF (Myn—(i41)Mpm—i) Ry = My i41) + T
(b) REP(AD;)Q; = ADiy1 + TF, and RP (M i My (i41)) Qi = My—(iv1) + TP

(C) EMJ:MJ,_TZ:CTZ andﬂBMj:MjEB:ﬂBforallj§m—i—2.

It is also shown in [[9], Lemma 5.2] that fori=1,...,m—land j=1,....,m — 1,
Ii—1yn
I, M\, ... NI,
Qi J) == QiQit1 - Qipj1 = . . - (2.26)
M,
L,
i Lm—(its)n |

and
_ T -
0 0 0 I,
I, 0 0 B\
R(i,7) = RiRis1- Riyjo1 = o, : ,
0 Piyjr

Tm—(itipn |
(2.27)
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where 0 is the zero block matrix of size n x n, and P;(\) is the degree i Horner shift of

P(N).
. A ‘ €; ® X
Definition 2.4.3. Let A = € Clman)xnm+r) yhere A = [A;j] is
e;‘r ®Y ‘ A
an m x m block matriz with A;; € C*", ¢; € C", X € C" Y € C™" and Z € C™".
AB 6]' & X
We define the block transpose of A by A® :=
el ®Y ‘ A
Fori=1,...,m —1, we define
Qi(A) = (2.28)
Ti(A) = (2.29)
Din(N) = (2.30)
RE(A) = , (2.31)

where Q;(A), R;(A), T;(A), and D;(\) are as in Definition [[.2.6]

Di(A) | 0 M, | 0 |
Observe that Dy(A\) = = = M,,, and for all i =

0 —F 0 |—F
1,...,m—1, Q;(\) and R;(\) are unimodular matrices.

Lemma 2.4.6. Let Q;,R;, T;, D; be the matrices defined in (2.28) and (2.29). Then the

following unimodular equivalence relations hold fori=1,...,m — 1.
(a) QB(\D;)R; = A\Dyy1 + Ti, and Q?(Mm—(i—l-l)Mm—i)Ri = M—i+1) + T
(b) RE(AD;)Q; = ADyy1 + T2, and RE (M Mo—(i+1)) Qi = Miy_i1) + T5.

(c) TM; = M;T; = T; and TPM,; = M; TP =TF for all j <m —i—2.
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Proof.  (a) We have

510 AD; | 0 R, |0
QF(\DR, = |2
0 |1, 0 ‘ —\E 0|1
[ QEAD:R: | 0 ADipy +T0| 0
_ Qz _ +1 _ )\Di_,’_l i 7;
0 |-am 0 |-AE
and
Q? 0 - Mm— i+1 ‘ 0 Mm—i 0 Rz 0
QF (M i1y M) R; = )
0 |1 0 I, 0 | 0|1,
QZBMm— ) Mm—iRi 0 [ Mm_ i + TZ O
_ (i+1) _ (i4+1) My + T
0 L, 0 I,
For i = m — 1, we have Q8 | (MoM;)R,,_1
B 5 ‘ 0 My ‘ —eyn @ C M, ‘ 0 R,_1 ‘ 0
0 |1 -l @ B ‘ —A 0 |1, 0 |1
| et ‘ 0 MoMiRm—1 ‘ —em ®@C
0 ||| ~A®BMR.,| -A

QF _\ MoMi Ry, ‘ Qh_1(—em®C) Mo+ T ‘ —€m ®C

—637; X BMlRm—l ‘ A —6% X B ‘ —A
I(m—?)n 0
= My + Tpn—1, since I, M, : = —e, ® C and
U —C
Tm—2)n Iim—2yn
—e! @ BMiR,,_1 = —e. ® B —A, I, 0 I,
I, O I, Pn_1()\)
](m—2)n
~|o - -B] I, —Ai+Pus(V) | =2 @B
0 I,

TH-1270-08612306



CHAPTER 2. Linearizations Of Rational Matrix Functions 61
(b) Now
R, |0 AD; | 0 i| 0
0 |1, 0 ‘ —\E 0|1,
| RADQi | 0 | ADip +TF |0
Y Y
= \Di1 + T
Slmll&l‘ly R?(Mm_sz_(z_,_l))Qz - Mm—(i+l) + 7;8.
(c) We have ) )
T;10 M; ‘ 0
TM, = =
0 ‘ 0 0 |1, 0 |0
T ‘ 0 | M, ‘ —em @ C
Trrlf—2M0 = m g
0 ‘ 0 —el' ® B ‘ —A
T5_, My ‘ T8 o(—em @ C) TE_, Mo ‘ 0 oy, ‘ 0 -
= pr— = prm— m_27
0 ‘ 0 0 ‘ 0 0 ‘ 0

O(m—3)n 0

) 0 A
since T8 ,(—e,, @ C) = =0
AP,_3 MNP, 3 0
0, —-C
This completes the proof. o ) O

The next definition gives the intermediate steps in the unimodular transformation

of a Fiedler pencil L, () into

Tn—1)

TH-1270-08612306



CHAPTER 2. Linearizations Of Rational Matrix Functions 62

Definition 2.4.4. Let L,(\) = A\M,,, — M, be the Fiedler pencil of S(\) associated with
a bijection o. For j =1,2,...,m, define

ng) = H Mo 1(4)s

o~ (@) <m—j

where the factors My-1;) are in the same relative order as they are in M,. Observe
that MY = T],-1(<m1 Mo-1() = M, and MY™ =M. Also for j =1,2,...,m define

(nm + 1) x (nm + 1) pencils
LY (A) := AD;(\) — MY).

Notice that

L&Y = ADy — MY =AM, — M, = L,

and

Dm‘ 0 MO ‘—em®C’
=\ - — PN | C
0 ‘—E eﬁ@B‘ —A
B |A-)\E

The following lemma demonstrates, how to transform LS (A) into LY (X) by uni-

modular transformations and adapt the proof given in [9].

Lemma 2.4.7. ]Lgi)()\) is unimodularly equivalent to LS (A (A) fori=1,2,...,m—1.
Particularly, if Q; and R; are the unimodular matrices defined in (2.28), then

Q?L@(A)Ri, if ¢ has a consecution at m —i —1

RZBLg) Q;, if o has an inversion at m — i — 1.

Proof. Suppose that o has a consecution at m — ¢ — 1, then M,,,_;,_1 is to the left of

M,,,_; in the product M . Since M,,,_; is the highest index among all factors in M( )

by using the commutativity relations given in (2.I1]) we can shift M,,_; up to adJacent
to Ml,,,_;_1, that is I\\/Jlgi) =..-M,,_i—1M,,_;---. Now Qf and R, commute with M; for

all j <m —1— 2, so we have
OPMYR; = -+ (QPMyp—s 1 My iRy) - -
=---M,_s1+7T)---, by Lemma[2.4.06]a)

=M 1+ 77, by Lemma [2.4.6(c).
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So,
QLYR; = QP (AD; — MR, = QF (AD,)R; — QF (M) R,
= (A\Di1 + T5) — (MUY 1+ T) by Lemma ZZ.6(a)
= \D,;; — MUY = L0+D),
The proof of (b) is similar. O

The next result shows that a Fiedler pencil is a linearization of S(\).

Theorem 2.4.4. Let L,(\) be a Fiedler pencil of S(\) associated with a bijection o :
{0,1,....m —1} = {1,2,...,m}. Then L,(\) is a linearization for S(\). Further, if
G(A) is minimal then L,(X) is a linearization for G(\).

Proof. To show that LL,(\) is a linearization for S(\), we have to find out unimodular

ui) V(N

matrices and such that

_I(m—l)n
Ly(N) = P(X) C : (2.32)
B |(A-AE)

Using Lemma .47 we can construct an equivalence relation as the composition of a

sequence of m — 1 unimodular equivalences as follows:

Ly(\) =LY - LP(\) —» - = LI\ = P(\) C :

where

, OBLY(A\)R;, if o has a consecution at m —i — 1,
LG () =

RZBLSJ)(A)Q,-, if 0 has an inversion at m —1i — 1.
As the product of unimodular matrices is again unimodular and R; and Q; have the
desired block diagonal form, taking the final product together with premultiplication
by diag[—I(m-1yn, In, I;], we have ([232). This completes the proof that L,()) is a

linearization for S(\). O
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The following corollary gives precisely the m — 1 unimodular equivalences given in
2.33).
Corollary 2.4.5. Let L,(\) be the Fiedler pencil of S(\) associated with a bijection o,
and Q;, R, OF fori=1,2,...m —1, be as in (228) and (2.31). Then

_I(m—l)n
UL (NV(A) = P()\) C : (2.34)
B | (A—)\E)

where U(X) and V(X) are (nm +1) x (nm + r) unimodular matriz polynomials given by

.

Qg_(i+l), if 0 has a consecution at 1,
U()\) = UOZ/ﬁ o 'Z/{m_3um_2, with Z/{z =
\an_(iﬂ), if o has an inversion at i,

(
Rm—@i+1), if 0 has a consecution at i,

V()‘) = Vim—2Vm-3 - V1V, with V; =

Qm—(i+1), if 0 has an inversion at i.
\

Note that the indexing of U; and V; factors in U () and V() in the above corollary

has been chosen here for simplification of notation.

Example 2.7. Consider the pencil L,(\) = AMy — MoMoM;Mj of a rational ma-
trix function G(\) = A\* + -+ + A4\ + Ag + C(AE — A)"'B. By Corollary 2.4.5
Q5 (R, OF)L,(N)(R1Q2R3) transforms the pencil to the form (2.34). B
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3

Eigenvector Recovery From Fiedler Pencils

The main objective of this chapter is to analyze recovery of eigenvector from Fiedler
pencils of system matrix. We also describe recovery of eigenvector of transfer function
from that of Fiedler pencil of system matrix. In fact, we establish isomorphisms between

null spaces of transfer functions, system matrix, and Fiedler pencils.

3.1 Introduction
Consider the LTI system X :
Ei(t) = Az(t)+ Bu(t)

y(t) = Cux(t)+ P (-) ult), (3.1)

the associated system matrix

Py| C
S(\) = (3:2)
B | (A-AE)
and the transfer function
G(A)=PAN)+COAE-A)T'B=> NAj+CAE—-A)"'B, (3.3)
j=0

where A; € C" A, E € C™", C € C"*" and B € C"™*".

Recall that Sp(S) is the set of invariant zeros of 3 and Sp(G) is the set of transmis-
sion zeros of X. When ¥ is both controllable and observable we have Sp(S) = Sp(G).
Also recall that if L,(\) is a Fiedler linearization of S(\) then Sp(S) = Sp(L,), and
Ind(\, L,) = Ind(\, S) for A € Sp(S). We now describe recovery of invariant directions

65
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of ¥, that is, eigenvectors of S(\) from the eigenvectors of L, (\). We also derive eigen-
vectors of G(A) from that of L, ().

For any bijection o : {0,1,...,m — 1} — {1,2,...,m}, consider the Fiedler pen-
cils L,(A) = AM,,, — M,,. We wish to recover eigenvectors of S(\) and G(\) from the

eigenvectors of L, (). For the special case of companion pencil C; () given by

Ci(A) = AML,, — My 1Miyp - MyMp = AX — Y, (3.4)
where
[ Aoy —Any o —Ag | —C ] [ A, |
I, 0 - 0 I,
Y= : and X = ,
I, 0 I,
I —-B|-A \ I —F |

it is shown in [37] that eigenvalues and eigenvectors of G(A) can be computed from those
of C1()N). Indeed, if A is an eigenvalue of G(\) then G(\)z = 0 if and only if C;(\)v =0,

where _ )
A1y

A2

x
(AE — A)"'Bx
Equivalently, let N (G()\)) and N (C;()\)) be nullspace-s of G(\) and C; () respectively,
then the map

ALy
A2y
N(GN) = N(Ci(N), z=

(\E — A)~'Bx

is an isomorphism.
It is also easy to recover left eigenvector of G(A) from that of C; (). Indeed, we have

the following result.
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Lemma 3.1.1. The vector y € C" is a left eigenvector of G(X\) corresponding to an

eigenvalue \ if and only if

I,
M, + A 1)T

()\m_lAm + )\m—2Am_1 _I_ R + Al)T
(CAE —A)~HT

is a left eigenvector of C1(\) corresponding to A.
Proof. We have

WCIN) =y [ i Mm+An1) - ™A A" 240 1+ + A1) COE—A)! |
[ )\A'm + Amfl Am72 e AO C T
_I Mo -0
_I T Mo
i 0 B | A-AE

7| Mm+Am_1 — AAm + Am_1)
(A Ap + A Ay + A2 A 2 4+ A1+ Ao+ C(AE - A)"!'B) C-C

)
This shows that ©7C;(\) = 0 if and only if y?G()\) = 0. Hence proved. O

This shows that eigenvector of G(\) can be recovered from that of C;(\). We now
show how to recover right and left eigenvectors of G(A) and S(A) from those of Fiedler
pencils L, ().

3.2 Eigenvector recovery for system matrix

First, we define left and right null spaces of a rational matrix function.

Definition 3.2.1. Let G(\) € C(A\)™*™ be regular. Let A € C be an eigenvalue of G(\).
Then the right and the left nullspaces of G()\) are defined by

N(GN)) :={z € C": G(\)z =0}

and

M(GN) = {y e C":y"G(\) =0}

respectively.
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Definition 3.2.2. The right and the left nullspaces of a singular G(\) € C(\)™*",
denoted by N.(G) and Ni(G), respectively, are given by

N(G) == {z()) € C"[\] : G(\)z(N) = 0}

and

Ni(G) = {y() € C"[\| : y(\)"G(N) = 0}.

Now, we define left inverse of a matrix which will play an important role in recovering

eigenvector of S(A) from its linearizations.

Definition 3.2.3. Let E : C" — C™, m > n. Then E is said to be left invertible if
there exists Ey : C™ — C" such that E,F = 1,,. In such a case, Ey is called a left inverse
of E.

Lemma 3.2.1. Let F: C" — C™ be left invertible with left inverse E,. Let A € C™*"
and B € C™™. If E : N(A) — N(B) is an isomorphism then E, : N(B) — N(A) is

an tsomorphism.

Proof. Let y € N(B) = y = Ex for some x € N(A) = Eyy = E;Ex =2 € N(A) =
Eyy € N(A). This shows that E, : N(B) — N(A). Let y € N(B) and suppose that
Ew = 0. Then Eyy = E/Ex = 0 for some z € N(A) = 2 =0=y=FEx =0=
Ey [n(B) is one to one. Next, let x € N(A). Let y = Ex. Then Eyy = E/Ex =z =

Ey [n By is onto. Hence £y is an isomorphism. O

Recall that P()) is a matrix polynomial of degree m. Let L()) be a linearization of
P()\). We show that there is an isomorphism between nullspaces of P(\) and L(\).

Theorem 3.2.1. Suppose that P()\) is reqular. Let L(\) be a linearization of P(\), and
let U(X) and V(X) be unimodular matrices such that

POV

(a) Define E(P):C" — C" by E(P) := V(A (em®1,). Then E(P) is left invertible
and F(P) : C"™ — C" defined by F(P) := (el @ I,)V(\)7! is a left inverse of
E(P).

(b) Further the linear map E(P) : N.(P(\)) — N.(L()\)) is an isomorphism and
F(P) : N.(L(X)) = N.(P(X)) is an isomorphism.

Proof. (a) We have F(P)E(P) = (e}, @ )V \) "'V (A (en®1,) = (el @ I,) [nn (€ @
L) = (el @ I,)(em ® I,) = I,. Hence F(P) is a left inverse of E(P).
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(b) Let = € N.(P(\)) = P(\)z = 0. Now

LOVE(P)z = LV (M) (em ® L)z = UN) UMW LAV (A (em @ L)z

| Tnim 0 oo
= U(N) =U(N) — 0.
Snr 1M R P

Thus L(A)E(P)x = 0 implies that E(P)xz € N,(L()\)). This shows that E(P) :

N.(P(N) = N(L(N)). Let z € N,.(P(\)) and suppose that E(P)x = 0. Since
F(P)E(P) = I,, we have F(P)E(P)r =0 = I, = 0= 2 = 0. Hence E(P) is
one-one.

Let y € N.(L(\)) = L(A\)y = 0. Define uw = F(P)y. We have

LNy =0=L)WVANVN) ly=0=UN)" Lm—1)n

I(m—l)n

= VA ly=0= P\ (el @ L)V Ny =0

| P(N)
= P(\)F(P)y = 0= P(\)u=0.

So u = F(P)y € N,(P()\)). This shows that F(P) : N,.(L(\)) — N,.(P(\)). Let

2
y € N.(L()\)) and suppose that F(P)y = 0. Then V(\)~ly = =
F(P)y

2

— |, for some z € C™ V" Now LAy = 0 = LO)VIAOV(\) 'y =0 =

0

1| Lmern z .
U(N\) =0=2=0=VA\)'y=0=y =0
PO | [0

Hence F(P) is one-one. Since E(P) : N.(P(\)) — N,(L())) is one-one and
F(P) : N.(L(\)) = N,.(P()\)) is one-one, we have dim N, (P()\)) < dim N,.(L()))
and dimN,.(L())) < dimN,.(P()\)). Therefore dimN,.(P(\)) = dim N,.(L())).
Hence E(P) : N.(P()\)) = N,.(L(\)) is an isomorphism and F(P) : N,.(L()\)) —
N.(P())) is an isomorphism. Hence proved.

U

We mention that E(P) : N.(P(\)) — N.(L()\)) is an isomorphism has also been
shown in [9]. Since F'(P) is the left inverse of E(P), by LemmaB.2.1] F(P) : N.(L(\)) —
N.(P())) is also an isomorphism.
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Theorem 3.2.2. Suppose that P(\) is reqular. Let L(\) be a linearization of P()\), and
let U(X) and V(X) be unimodular matrices such that

UNLNV(N\) = [ Tm-1)n

PV

(a) Define H(P) : C* — C"™ by H(P) = (UX)T(em ® I,,). Then H(P) is left
invertible and K (P) : C"™ — C" defined by K(P) := (el @ I,)(UN)™1)7T is a left
inverse of H(P).

(b) Further the linear map H(P) : Ni(P(X)) — N(L(\)) is an isomorphism and
K(P) : Ni(L(X\)) = Ni(P(X)) is an isomorphism.
)

Proof. (a) We have K(P)H(P) = (el, ® L)(UN) ™ HTUN) (em ® I,) = (eI, ®
L) Ln(em @ 1) = (el @ 1) (e, @ I,,) = I,,. Hence K(P) is a left inverse of H(P).

(b) Let y € Ni(P(X)) = y" P(A) = 0. Now (H(P)y)"L(A) = y" (H(P))"L(})

=y (em ® 1) UN)L(A) =y (e, @ L)UN)L(N)

=y (€ ® L)UNLNVOV ) =y (e, ® L)

. Iin—1yn
o] [

= [0 O]V()\)_lzo.
Thus (H(P)y)"L(\) = 0 imply that H(P)y € N;(L(\)). This shows that H(P) :
N(P(N) = M(L(XN)). Let y € Ni(P()\)) and suppose that H(P)y = 0. Since
K(P)H(P) = I, we have K(P)H(P)y =0= I,y = 0=y = 0. Hence H(P) is
one-one.

Let w € M(L(\)) = wTL()\) = 0. Define u = K(P)w. We have

w' L) =0 = w " UN) UM LNV AV =0

I(m—l)n

= wlU\)™ VINTt=0

Im— n
= WU | =0 = wTUN) " Yew ® I,)P(X) = 0
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So u = K(P)w € N;(P()\)). This shows that K(P) : Ni(L(\)) — N;(P())). Let

W

w € Ni(L(N\)) and suppose that K(P)w = 0. Then (U(MN)T) tw =

2
|::| , for some z € C™~ D" Now
0

0

So (UN)T)™'w =0 = w = 0. Hence K(P) is one-one. Since H(P) : Ni(P(\)) —
Ni(L(N)) is one-one and K(P) : M(L(\)) — N(P(\)) is one-one, we have
dim N (P()\)) < dim N (L(A)) and dim A(L(X)) < dim A (P()\)). Therefore
dim N (P()\)) = dim N (L()N)). Hence H(P) : Ni(P(\)) — N/(L()\)) is an iso-
morphism and K(P) : Mj(L(\)) = N(P())) is an isomorphism. Hence proved.
U

Similar results hold for singular polynomial. Indeed, we have the following.

Corollary 3.2.3. Suppose that P(\) is singular. Let L(\) be a linearization of P(\).
Let E(P), F(P) and H(P), K(P) be as in Theorem[3.2.1 and Theorem[3.2.2 respectively.

Then we have the following:

(a) The linear map

BE(P) : N,.(P) = N, (L)

z(A) — E(P)z()\)
s an isomorphism. Further, the linear map

F(P): N.(L) = N.(P)

v(A) = F(P)u())

s an 1somorphism.
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(b) The linear map
H(P) : Ni(P) = Ni(L)
y(A) = H(P)y(A)
is an isomorphism. Further, the linear map
K(P): Ni(L) = Ni(P)
w(A) = K(P)w())
is an isomorphism.

Remark 3.2.1. Note that E(P),F(P),H(P) and K(P) depend on A, i.e., E(P) =
E(P()N)) and so on. We refer to F(P) as the right eigenvector recovery map and K (P)

as the left eigenvector recovery map.

To further specify the eigenvector recovery maps, we recall the following.
Let o be a permutation. Suppose that CISS(¢) = (c1, 1, ..., ¢, 79). Recall that
J
So: =0, s5:= Z(cp+ip), forj=1,...,1L
p=1

Note that s; = m — 1. Define
mO::O, mj::i1+i2+-~-+ijforjzl,...,l.

Note that m; is the total number of inversions in o. Also recall from ([L23) that A, ;(P)
for j=1,...,1 and /A\o,j(P) for j=1,...,1 —1 are given by

i I, i,
A, Ay,
I, ~ L, .
A, ;(P) = and A, ;(P) = if ¢y > 1.
Pm—5j—1—0j Pm—sj'—l—cj'
Pm—Sj—1—2 Pm—Sj—1—2
| Pm—5j—1—1 ] L Pm—5j—1—1 i

If ¢; =0, then

Ap1(P) = [NiI,, ... Mo, L]P,  Ap1(P):=[N*"'L,, ... A, I,)°
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and A, ;(P), /A\U,j(P) as in (L23) for j > 1, where P;(\) is the degree d Horner shift of
matrix polynomial P(\). For the simplicity, we omit the A from the Horner shifts P,(\).

Theorem 3.2.4. Suppose that P(\) is reqular. Let L,(\) be the linearization of P()\)
associated with a bijection o : {0,1,...,m —1} — {1,2,...,m}. Let U(X) and V(\) be

unimodular matrices such that

P
(a) Define E,(P) :C" — C™ by E,(P)=V(\(en ®I,) and F,(P) : C™ — C" by
F,(P)= (el @ I,)V(A\)~. Then F,(P)E,(P) = I,.

(b) Further, if CISS(o) = (¢1,11,-..,¢,7). Then

[ Ameip,(P) ]
A=z (P)
Eq(P) = : (3.6)
)\mllA\a,z(P)
Ao (P)
and
Fy(P) = () ® In. (3.7)

(¢) Furthermore, let Py, . .., Py, be the Horner shifts of P(X\) and csf(o) = (bs, ..., b1),
where by, = (tg_1 +1:tg), fork=1,...,8. Then

B
E,(P) = By By ... Bh (3.8)

where, if 0(i) € by, for some k=1,...,0, then
N ifi=m— b — 1

o (3.9)
Ne=1P otherwise.

Thus Ey(P) : N.(P(\)) = N,.(Ly(\) and F,(P) : N;.(Ly(N\)) — N,.(P(\)) are isomor-
phisms.

Proof. Part (a) follows from Theorem B.2.Il The equality in (B.6]) given in Theorem
[[2.2l Since CISS(0) = (c1,41,- - -, ¢, i), by Lemma 244 we have I, (P) = ef), ..\ @ I,.
This proves part (b). The equality in ([B.8)) given in Theorem [L2Z3l E,(P) : N,.(P(\)) —
NA(L,(N)) and F,(P) : N.(L,(N)) = N,.(P()\)) are isomorphisms follow from Theorem
B.2.1 O
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The reversal of a bijection plays an important role in showing that there is an iso-

morphism between the left nullspace of S(\) and the left nullspace of pencil L, ().
Definition 3.2.4. [9] The reversal revo of a bijectiono : {0,1,...,m—1} — {1,2,...,m}
is a bigection from {0,1,...,m—1} into {1,2,...,m} defined by revo(i) = m+1—o(i)
for 0 < i < m —1. Equwalently, if o0 = (¢(0),...,0(m — 1)) then rev o = (o(m —

1),...,0(0)).
Observe that if M, = Mgfl(l)Mgfl(g) cee Mofl(m) then

Mrevo— - Mafl(m)Mafl(m—l) . 'Ma—l(l). (310)
For the left nullspace of P(\) and L,(\), we have the following.

Theorem 3.2.5. Let L,(P) := AM,,— M, be the Fiedler linearization of P(\) associated
with a bijection o. Let E,(P) and F,(P) be as in Theorem [3.27. Define H,(P) :
C" — C™ and K,(P) : C™ — C™ by H,(P) = UM (e, ® 1,,) and K,(P) = (& ®
LY UM Y. Then K,(P)H,(P) = I,,. Further, H,(P) = E,c,o(PT) and K,(P) =
Freoo(PT). Furthermore, if CISS(o) = (1,11, .., 1), then

eﬁ@[n, ifcg >0
KG(P):

e?m_l.l) ®I,, ifcg=0.

Thus Hy(P) : Ni(P(A\)) = NMi(Ly(N\)) and K,(P) : Ni(L,(X)) = Ni(P()\)) are isomor-

phisms.

Proof. By Theorem B.2.2, we have K,(P)H,(P) = I,,. It is easy to see that L,(P)’ =

I(m—l)n

AME — MT = L, o(PT). Since U(A) L, (P)V(X) =

, we have

POV

VN Le(PYTUN)" = = V(N Lieo o (PHUN)".

Hence H,(P) = UM (e @ I,) = Erevo(PT) and K (P) = (el @ L) (UN)™HT =
Frevo(PT). Given that CISS(c) = (c1,41,...,¢,4). If ¢ = 0 then CISS(reveo) =
(i1,...), and if ¢; > 0 then CISS(revo) = (0,41, ...). Therefore by Theorem B.2.4 we

have

L @I, ifc;>0

er{ .)®In, if ¢y =0.

m—iy
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Note that M (P(\)) = N,.(P(A\)T) and N(Ly(P)) = N,(Ly(P)T). Since L,(P)T =
Lyeyo(PT), we have
N (Lo (P)") = No(Lrewo (PT)).
Since H,(P)u = FErepo(PT)u, by Theorem B.24, we have H,(P) : N, (P(\)T) —
N (Lypewo(PT)) is an isomorphism. Hence H,(P) : Ni(P()\)) — Ni(L,) is an isomor-
phism. Since K, (P) is a left inverse of H,(P), so by LemmaB.21], K,(P) : Mi(L,(P)) —
N(P(X)) is an isomorphism. O

Next, we consider the system matrix S(\) and the associated transfer function G(\).

Let L, (A) be the Fiedler pencil of S(\) associated with a bijection 0. We show that there
is an isomorphism between nullspaces of G(\), S(A), and L, ().

Theorem 3.2.6. Let S(\) and G(\) be as in (3.2) and (3.3). Let A € C be an eigenvalue

of G()). Define f : C* — C™** by f(z) = v and g : CM — Cr
(A\E — A)~'Bx
by g(x) = v . Then the maps f : N.(G(\)) = N.(S(N) and
(CNE — A Hlx
g : M(G(N) = N(S(N)) are isomorphisms.
Proof. Let z € N.(G(\)) = G(A\)x = 0. Now
x [ P(X) ‘ C x
S(A) =
AE-A)"Bz | | B |A-\E || (\E-A)'Be
| e | o
| Bx— By o
So X € N.(S(\)). This shows that f : NL(G(N) — No(S(V)). Tt is
(\E — A)"'Bx
easy to check f : N.(G()\)) — N.(S()N)) is an isomorphism. The proof is similar for
g. ]

Next, we consider Fiedler linearization of S(A) and determine isomorphism between
N:(8(N)) and N (Lg(X)).
Theorem 3.2.7. Let L,()\) be the Fiedler linearization of S(\) associated with a bijec-
tion 0. Let E,(P) and F,(P) be as in Theorem[3.2.4. Then E,(S) : C"+") — Crm+r
defined by
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is left invertible and F,(S) : C"™*" — C"*" given by

is a left inverse of By (S). Further, Ey(S) : N.(S(A\)) = N.(L,(\)) is an isomorphism
and Fy(S) : No(Ly (M) = N(S(N)) is an isomorphism.

Proof. We have

F,(P)| 0 E,(P)| 0 F,(P)E,(P I,
ok e sl o]

u
since F,(P) is the left inverse of E,(P). Hence F, is a left inverse of E,. Let |: :| €
v

0

Im— n

N(S(\) withu € C"and v € C". Then SO\ | © | =0 = [—=D | =
0 SO

0. Since L, (A) is a linearization of S(A), we have

[U(A) ]MM V(| ] ) [le)n }
I, I, SO
Consequently, we have
0
U L) V(A i
L | I,
Since v :I is unimodular, we have
I, ’
V(A ’ V(A 0
LU()\) ( ) ] U =0= LU()\) U =0
Ir
Sy | EE ) s [ B v o)
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This shows that E,(S) : No(S(\)) — No(Lo(N). Let w = | | € NM(S(A)) with

v
u € C" and v € C". Suppose that E,(S)w = 0. Since F,(S)E,(S) = [+, we have
F,(S)E,(S)w =0 = I,,,w = 0 imply that w = 0. Hence E,(S) is one-one.
u u z u
Let € N.(L,()\)). Then L,()\) |: = 0. Define = F,(S) |: :| :

(%

o i .
_ I, s | | Ll
N I(m—l)n V()\)_l U :l —0
I S(\) L | | v
e (e ® L)V | [u o sy | ] |:u] L
A v I, v

So | © ] € N(S(\)). This shows that Fy(S) : Ma(Lo(A)) — Na(S(V). Let { e

w (%

(%

u
N(L,())) and suppose that F,(S) |: } = 0. Then F,(P)u = 0 and v = 0. Conse-

quently,
V(AL ] [ | (’;)u ) Z
I, v v 7 0
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Now
LMV]H U0y ”f<m , vy ] V]O
v _ I SO Ll e
_ | Ly ] 0]=0=2=0
S(A)
- 0
So :| |: :| = 0. Hence F,(S) is one-one. Since E,(S) :
N.(S L,())) is one-one and Fy(S) : N, (L,(A)) — N.(S()\)) is one-one,
we have dlm/\/ (S(N) < dim N, (L, () and dim N, (L, (X)) < N.(S())). Therefore

=
dim N,(S(A)) = dimN;(Ly(X)). Hence Eo(S) : No(S(A)) = N (Lo (X)) and Fo(S) :

N (Ls(N)) = N.(S(N\)) are isomorphisms.
]

We refer to F,(S) as the eigenvector recovery map for the system matrix S(A).

The next theorem shows an isomorphism between A;(S())) and N;(L,(\)).

Theorem 3.2.8. Let L,(S) = MM, — M, be the Fiedler linearization of S(\). Let
H,(P) and K,(P) be as in Theorem[32.3. Then H,(S) : C"*") — C"™*" defined by

H,(P)| 0
0 I,
is left invertible and K, (S) : C"™*" — C"*" defined by

K,(P)| 0
0 I,

is a left inverse of H,(S). Further, we have Hy(S) = Epey o (ST) and Ky (S) = Frewo (ST).
Furthermore, H,(S) : Ni(S(N)) = Ni(Ls(S)) is an isomorphism and K, (S) : M(L,(S)) —

Ni(S(N)) is an isomorphism.

[KU(P) 0 | [HU(P) o}
Proof. We have K, (S)H,(S) =

0 I,
Since K,(P) is the left inverse of H,(P), we have

-
K, (S)H, (S) = ; ] .
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Hence K, (S8) is a left inverse of H, (S). Note that AVj(S(\)) = N,.(S(A\)T) and V(L (S)) =
N (Ly(S)T). Tt is easy to see that L,(S)T = AMZ — MZ = L., ,(ST). Therefore

N (Lo(8)T) = No(Lrewo(ST))-

Since Hy, (S)u = E,ep o (ST)u, by Theorem B.27] we have H, (S) : N.(S(A\)T) = N, (Lyevo (ST))
is an isomorphism. Hence we have H,(S) : Mi(S(\)) — N(IL,(S)) is an isomorphism.
Since K, (S) is a left inverse of H,(S), by Lemma B21] K, (S) : M(L,(S)) = N, (S(\))

is also an isomorphism. O
We refer to K, (S) as the left eigenvector recovery map for system matrix.

Example 3.1. Let G(\) = MAg+ ...+ Ag+ C(AE — A)™'B and L,(\) = A\M; —
MM MsMsMoMy = AMg — M, be the Fiedler pencil of G()\). Here CISS (o) =
(c1,11,C2,12) = (2,1,1,1). So by the Theorem [3.2.4], we have [ = 2,51 = 51 = 3,my_; =

my =11 = 1, and m; = 2. Thus we have

I, AL,
Kml(P) = Pm—2 ) AU,Q(P) = ]n
Pm—l Pm—4

and
[ [ Ama, . (P) 1
Ka,l(P)

I,

[A?In M, AP,(N) I, PN PM)VS

a3l

Theorem 3.2.9 (Eigenvector recovery from Fiedler pencils). Let L,()\) be the Fiedler

pencil of S(N\) associated with a bijection o having CISS(o) = (1,41, ..., ¢, 0;).

(€fmer) ® In)u

(a) If [ ! ] € N (Ly(N\)) with u € C*™ and v € C" then x := [ (m—e1 €
v

(Y

N(S(N)).
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Uj

(0) If {vi,...,vp} is a basis of N.(L,(X)), and v; = [uj ] with u; € C"™ and

el ® I)u; ]
v; € C" then {zy,...,x,} is a basis of N;.(S(N)), where z; := (€lm—c1) Ju;
Uj
forg=1,...,p. )
U el @ I,)u ]
(c) Let |: ] € M(L,(\)) with uw € C" and w € C". Define y := [ (€n )
w w

(e?m—il) ® ‘[n)u

w

if g >0, and y := |: } if cp = 0. Then y € Ni(S(\)).

(d) If {w1,...,w,} is a basis of Nj(L,()\)) and w; = |: W ] with u; € C" and w; €

wj

T
C" then {yx, ..., yp} is a basis of Ni(S(N)), where y; := [ (€on-in ) } if e, =

wj

el @ I,)u;
0, and y; := (m Jui

] ifci >0, forj=1,... p.

wj

Proof.  (a) Since z = F,(S) “ | and Fy(S) : No(Ly(X)) = N(S(N)) is an isomor-
v

phism, it follows that x € N,.(S())).

(b) Define B, :={vy,...,v,}, and &, := {x1,...,2,}. Since F,(S) is an isomorphism,
so & =F,(S)(B,) is a basis for N,.(S(X)).

(c) Since y = K, (S) “lyang K, (S) : M(L,(S)) = N,(S(N)) is an isomorphism,

w

it follows that y € NV (S(N)).

(d) Define C; := {wy,...,w,}, and D; := {y1,...,y,}. Since K,(S) is an isomor-
phism, so D; = K, (8)(C)) is a basis for NV(S(N)).
U

Consider the first companion linearization of S(\) given by

Cl ()\) - )\Mm - Mm_le_g . ‘MlMO == )\Mm - Mo.
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Then we have CISS(0) = (¢1,41) = (0,m — 1) for C;(A). Let A € C be an eigenvalue of

u u
S(A). Then Cy(N) = 0 for some nonzero ,u€ C™ v e C". By Theorem
v v
u el . ®@I,)u el @ I,)u
B29 we have x = F,(S) { ] = { (e, ) = ( ) is a right
v v v

eigenvector of S(A).
The next result gives an isomorphism between nullspaces of G(A) and a Fiedler

linearization of S(\).

Theorem 3.2.10. Let L,(\) be the linearization of S(\) associated with a bijection o.
Let E,(P) be as in Theorem[3.2.4 and H,(P) be as in Theorem[3.2.0. Let F,(S) be as in
Theorem [3.2.7 and K,(S) be as in Theorem [3.2.8. Suppose that A € C is an eigenvalue

of G(N).
(a) Then E,(G) : C* — C™™*" defined by

E,(P)x

E,(G)x =
(\E — A)~'Bx

is left-invertible and Fy(G) : C™*" — C" defined by F,( is

4

N(

a left inverse of E,(G), where I; : C"" — C" is given by Iy ( )
Further, Eo(G) : N.(G(N\)) = N,.(L, (X)) and F,(G) ) = N.(G(N)

1somorphisms.

are

(b) Define H,(G) : C" — C"™*" by

H,(G)y =

H,(P)y
(CAE—=A)y DTy |

Then H,(G) is left-invertible and K,(G) : C™*" — C™ defined by K,(G) :=
I 0o K, (S) is a left inverse of H,(G). Further, H,(G) : Ni(G(\)) — Ni(ILy(N))
and K, (G) : Ni(L, (X)) = NMi(G(X)) are isomorphisms.

Proof. By Theorem B.2.6, we have f : N.(G(\)) = N.(S(\)) and g : M(G(N\)) —
Ni(S(N)) are isomorphisms and by Theorem B.27, we have E,(S) : N, (S(\)) —
N:(L,(N) and Hy(S) : M(S(A\)) — Ni(L,(N)) are isomorphisms. It is easy to see
that E,(G) = E,(S)o f and H,(G) = H,(S) og. Hence E,(S) o f and H,(S) o g are iso-
morphisms. Thus E,(G) : N.(G(\)) = N, (L, (X)) and H,(S) : M(G(N)) = Ni(L,(N))
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are isomorphisms. Since F,(S)E,(S) = I,,1., we have F,(G)E,(G) = II1F,(S)E,(S)f =
IT; f. By Theorem B2.6, we have II; f = I,,. Therefore F,(G)E,(G) = I,,. Hence by
LemmaB.2.1 F,(G) : N;.(L,(\)) = N,.(G(X)) is an isomorphism. Similarly, K, (G)H,(G) =
I,,. Hence by Lemma 3.21] K,(G) : Mi(L,(\)) = M (G(N)) is an isomorphism. O

The following examples illustrates the eigenvectors of Fiedler pencils of G(\).

Example 3.2. Consider the transfer function G(\) = A\ +-- -+ Ag+ C(\E—A)™' B,
and L, (A) = AM — MoMoM; M3 = AM, — M,,. The right and left eigenvectors of L, ()

are _ i - -
AT A%y
APz Ay
E,(G)x = x , Ho(G)y = APy ;
Psx Y
| (\E— A)"'Bz | | (COE =AY |

where z and y are right and left eigenvector of G(\).

Example 3.3. Let G(\) = P(\) + C(AE — A)~'B with deg(P()\)) = 13. Let L,(\
be the Fiedler pencil associated with ¢ = (10 : 12,9,8,6 : 7,5,2: 4,0 : 1). So L,(\) =
)\Mlg — MU and

E.(G) - [ [ X1, APy AP, ML ML, NI, MB NI, Ma APy AP I Pi | ] .
(M\E - A)"'B
Now csf(revo) = (12,11,7:10,4:6,3,1:2,0) and

B
[AGIn NIn XN, MNP MpT MNP X3, NPT MNP NI, M. APL In] }

Ho (G) = [
(CAE-A)HT

Corollary 3.2.11. Let L,(\) be a Fiedler pencil of G(\) associated with a bijection o
having CISS(o) = (¢1,11, - .., ¢, 4;). Suppose that X € C is an eigenvalue of G(N).

u
(a) If v= € N, (Lo (N) with u € C"™ and v € C" then x := (e,,_,,) @ In)u €

(m—c1
v
NHGA)-
u.
(0) If {vi,...,v,} is a basis of N.(Ly(N)) and v; = " | with u; € C™ and
Uj
v; € C" then {z1,...,x,} is a basis of N;.(G(X)), where x; := (e?m_q) ® I,)u; for
7=1,...,p.
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u
(c) Let w = € M(Ly(N\) with w € C"™ and w € C". Define y = (el ®
w
L)u if ¢; > 0, cmdy::(( iy @ Luif e =0. Then y € Ni(G
(d) If {wr, ..., w,} is a basis of Ni(L,(\)) and w; = with u; € C"™ and w; €

C" then {y1,...,yp} is a basis of Ni(G(X)), where y] =
and y; = (el @ I,)u; ifc; >0, forj=1,...,p

) @ In)ujif ¢ =0,

mu

Consider the first and second companion linearization of G(A) given by
Cl()\) = )\Mm i Mm—le—2 T MlMO — )\Mm - MU

and
C2()\) - )\Mm = MOMl to Mm—2Mm—l - )\Mm - Mreva-

Then we have CISS(o) = (c1,41) = (0,m — 1) for C;(\) and CISS(revo) = (c1,41) =

(m — 1,0) for Co(A). Let A € C be an eigenvalue of G(A). Then C;(\) “p- 0 for

u
some nonzero e C"+" y € C" and v € C". By Theorem [B.2.11, we have

v

= (el ®@IL,)u= (e}, ® I,)u is a right eigenvector of G()\) which is consistent with
T

u u
BA). Let Ci(\) = 0 for some nonzero € C"*". Then by Theorem

v v
B2I0 y = (el _., ® L)u = (e},_pny1 @ In)u = (ef ® I,,)u is a left eigenvector of G(N)
which is consistent with Lemma BTl For Co(A), we have

A Ay I,
I, Y RN
Co(\) = A L TS I,
I, ' 0 0]|-C
i -E| | -B ~A |
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It is easy to see that

x ATy
A + Ami)a A2y
v u
—| = : and |—| =
w z
A LA+ A2 A+ A y
i (AE — A)~'Bx | (C(AE — A)~")Ty
T
v u
are such that Co(\) [—| = 0 and |—| Co(\) = 0. Hence z = (ef,_., ® I,)v =
w z

(eh i1 @ Iy)v = (e ® I,)v is a right eigenvector of G(A) and y = (e},_,, ® I,)u =
(el @ I,)u is a left eigenvector of G(\).

Next, we consider singular system matrix and singular transfer function, i.e., S(\)
and G(\) are singular and then analyze isomorphism between AV(S(\)) and N (I, (\)),

where L, () is a linearization of S(A).

Recall that the right and left nullspaces of the singular system matrix S(\) are given
by
N(S) = {v(A) € C™IA] - S(A)v(A) = 0},

N(S) = {u(N) € C"I] (VSN =0} .

Theorem 3.2.12. Let S(\) be singular. Let L, () be the Fiedler linearization of S(\)
associated with a bijection o. Let E,(S) and Fy(S) be as in Theorem [3.2.7, and let
H,(S) and K,(S) be as in Theorem [3.2.8.

(a) The map E,(S) : CHI\] — CY™ [\ defined by v(\) — Eo(S)v(\) is left
invertible and F,(S) : C"*"[\] — C"*"[A] given by u(A) — Fo(S)u(N) is a
left inverse of E,(S). Further, Ey(S) : N;.(L,) = N,(S) is an isomorphism and
Fy,(S) : No(L,) = N.(S) is an isomorphism.

(b) The map H,(S) : CPHI[N] — C [\ defined by v(A) — H,(S)v(N) is left
invertible and K,(S) : C" " [A\] — C"*"[\] given by u(\) — K, (S)u(A) is a
left inverse of Hy(S). Further, H,(S) : Ni(L,) = Ni(S) is an isomorphism and
Ky (8S) : Mi(Ly) — Ni(S) is an isomorphism.

Similar results hold for singular transfer function G(\).
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Next, we consider an LTI state space system and associated system matrix. We wish
to derive a linearized state space system of the given LTI system. Also, we consider a

higher order state space system and derive a linearized state space system.
3.3 Linearized state-space system

Consider the time invariant state space system % given in (B]). Recall that the

Rosenbrock system matrix associated with X is given by
Py|  c

S\ =
W B | -(AE - 4)

c C(n-{—r) X (n4r) ’

and the transfer function is given by G(\) = P(\) + C(AE — A)™'B. The system ¥ can
be written as
u
S0 _ | Y
i 0

The nonzero vector u for which G(A\)u = 0 is called a zero direction of 3. The nonzero

u u
vector such that S(X) = 0 is called an invariant direction of 3, where u is
x x

referred as input zero direction and x is referred to as state zero direction associated with
A [40]. We have discussed recovery of zero directions of ¥ from eigenvector recovery of

L,(X). Now, we derive the linearized state-space system.

Theorem 3.3.1. Let X be the LTI state-space system given in (31]) and S(\) be the
associated system matriz polynomial. Let E,(P) and K,(P) be as in Theorem[3.2.]] and
Theorem respectively. Set U = Ey(P)u. If Ly(\) is the Fiedler linearization of
S(A) associated with the bijection o, then the state-space system S associated with Ly ()
s given by

AEx = Ax + BF,(P)U
(3.11)
y=Cxr+ K,(P)L,(\U.

Further, if CISS(o) = (cy, i1, .. .,¢1,1;), then the state space system (311) is given by

AEx = Az + (e},_., ® B)U
Zf c1 > 0
y = (em ® C)z + Lo(A)U,

and
AEx = Az + (el @ BU
Zf C1 = 0.
Y= (em—iy ® C)x + Ly (AU
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HEE

Considering the extended system matrix, we have

Proof. We have
Py|  c
B | -(\E - 4)

(3.12)

](m—l)n

[ LN | K.(P)C
=
BF,(P)| A-\E

This gives

(A= AE)x + BE,(P)(E,(P)u) = 0 (3.13)
K,(P)'Cz + L,(\)(E,(P)u) = K(P)"y.

Since K, (P)K,(P)T = I,, the state-space system associated with L,()) is given by

(A= \E)z+ F,(P)BU = 0 (3.14)
Cz + K,(P)L,(\U = v,

where U = E,(P)u. Hence

AEx = Ax+ BF,(P)U
y = Cx+ K,(P)L,(\U
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is the required state-space system associated with L, (). Since CISS(o) = (¢y, 1, .., ¢, 4p),
by Theorem B.2.4 and Theorem B2 we have F,(P) = e{m_q) ® I,, and
el @1I,, ifc;>0
Ko (P) =
iy @ In, if c1 =0,
Hence the state space system associated with (B.11]) is given by

AEx = Az + (e},_., ® B)U

if c1 > 0
y=(en®C)x+ L,( AU,
and
AEx = Az + (el @ BU
if C1 = 0,
Y = (em—i, ® O)x + Lo (MU
where U = E,(P)u. O

Consider the system 5] given in Theorem 3.3. 1] Then the associated transfer function
G(A) is given by

G\) = Lo(A\) + (em @ C)YAE — A) (el . ® B) ifc; >0

and
G(\) = Le(A) + (em_iy ® CO)AE — A) (el ® B) if ¢; = 0.
Theorem 3.3.2. Let X and & be as in Theorem[Z:30. Let G(X) and G()\) be associated

transfer functions of ¥ and 5 respectively. Then we have the following.

(a) The system X is observable if and only if the system S is observable.

(b) The system X is controllable if and only if the system S is controllable.

Im— n
(c) The transfer function G(\) is unimodularly equivalent to =

G(A)
(d) Let A € C. Then X\ is an input (output, input-output) decoupling zero of ¥ if and
only if X is an input (output, input-output) decoupling zero of S

Proof. Since rank[A\FE — A, B] = rank[]A\F — A, BF,(P)] and

AE—A AE— A
rank = rank
C K,(P)'C
for all A € C, the desired results in (a), (b) and (d) follow. The result in (c) is immediate.
U
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Next, we consider a higher order state space system and derive linearized state space

systems which are strict system equivalent to the higher order system.

3.3.1 Higher order state space system

Now, we consider a higher order LTI system. We wish to compute zeros of higher order
systems. Let P(\) = > MA; € C™"[)\] be regular. Consider the higher order LTI
=0

state space system X1 given by

2 (%) 2(t) = Bul(t),

y(t) = Cx(t) + Du(t),

(3.15)

where D € C"™" C' € C™", B € C™*". The associated system matrix is given by

—P(\) | B
SO\ = Q) g Clntn)x(mtr) (3.16)
c | D

and the transfer function of ¥; is given by
G(\)=CP\)'B+DeC™. (3.17)

Now, we define system linearization of S(\).

LM | X
Definition 3.3.1 (System linearization). A pencil of the form L(\) = 9 €
Y | D

ClvmAn)x(mmr) “yphere L(A) is an nm x nm matriz pencil, is called a system linearization

of S(N) given in (3.18) if S(\) is strict system equivalent to ().

Now, we define the Fiedler pencil of S()A) given in (B.16]). Define (nm+r) x (nm+r)

matrices
M, ‘ —em ® B M, |0

My := Sy M (3.18)
—eﬁ ®C ‘ -D 0 |0,
and
M; |0
M = i=1,....,m—1, (3.19)
0 | I
where
Am ](m—l)n
M, = ., My := , (3.20)
I(m—l)n _AO
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and

I(m—i—l)n
M, = i=1,...,m—1. (3.21)
I, O

Ty

are the Fiedler matrices associated with P(A). The Fiedler matrices M; associated with

S(A) have the following properties.

e The matrix M, is always singular.
e Since M;M; = M;M,; for |i — j| > 1 so it follows that

M;M; = MM for |i — j| > 1, except for M, and M. (3.22)

For any bijection o : {0,1,...,m —1} — {1,2,...,m}, we define the pencil
Se(A) = AM,,, — M.
We refer to S,(\) as a Fiedler pencil of S(\).

Theorem 3.3.3. Let S(\) be the system matriz given in (3.10). Let L,(\) = AM,, —
M, be the Fiedler linearization of P(X) associated with a bijection o : {0,1,...,m —
1} = {1,2,...,m} having CISS(0) = (c1,1,...,¢,7%). Then the Fiedler pencil S,(\)
associated with o defined by

[ —L,(\) |en®B J
Se(A) = ) ‘ ifer >0
el _., ®C ‘ D
and _ .
—LU A Cm—iq X B
So()\) = ( ) ‘ ifCl =0
el ®C ‘ D

is a system linearization of S(\).

Proof. By Theorem 2311 S,(\) = AM,,, — M, is the Fiedler pencil of S(\) associated

with 0. Now, we have

I(m—l)n Onser
= PN | B |. (3.23)
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Since

I(m—l)n

UM (=Ls(A\)V(N) = : (3.24)

—P(\)

we have

UN(=L,O)V () | e, @ B
el ®C ‘ D

[UQ)O

vy | 0

—L,(\) MKM*@m®B) (3.25)
o ||

@;®mvurﬂ D

0 I

By Lemma 2.4.2] and Lemma 2.4.4] we have

1 em®1L,  ife; >0,
UM (em®@1,) =
€m—iy (02 In, if C1 = 0,

and (e, @ I,)V(A\) ' = el . ®I,. Hence by (B:25) we have

LY | e.®B)
(el C)V(NT | D

= SO’()\)
0

Iim—1)n V()
0 |SW L |

This shows that S, () is a system linearization of S(\). O

So(A)

I,

Example 3.4. Consider the pencil S,(\) = AM,,, — M,,,_;1... MM, of S(\) given in
BI6). Then CISS(c) = (0,m — 1). Since L,(\) = AM,, — M,y - - - My My is the first
companion form of P()), by the Theorem B.3.3] we have

S, () = Ci(N) ‘ e1 ® B
el ®C ‘ D
[ 4, 1 [ -4,0 —Ans - —4y|-B ]
I I, 0 - 0
— A _ :
I, L, 0
_ o, | | —C|-D |
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is a system linearization of S(\). Therefore we refer to C1(\) as first companion form of
S(A). &

As before, we construct low band-width linearization of S(\).
Theorem 3.3.4. Let L,(\) = AM,, — M, be a pentadiagonal Fiedler pencil of P(\)
associated with a bijection o : {0,1,...,m — 1} — {1,2,...,m} having CISS(o) =
(1,01, ... ¢,9). Then S,(\) = MM, — M, is pentadiagonal Fiedler pencil of S(\)

provided that ¢; <1 and 11 < 1. In such a case, we have

—L,(\) |e,®B
Sg()\) = ( ) ‘ Zf c >0
em1®C ‘ D
—L;(\) | 1 ®B
and  S,()\) == ()‘ ! if c1 = 0.

el ®C ‘ D
Proof. If ¢4 > 0 then ¢; =1 and ¢}, _, ® C =€, _; ® C. So by the Theorem B.3.3] we
have
—L,(%) |en®B —L,(Y) |en®B

poid) = eﬁ_q@@o‘ D N eﬁ_1®0‘ D

is a pentadiagonal, since L, () is pentadiagonal. Similar argument holds for ¢; = 0 and
’il == 1 |:|

Example 3.5. Let P(\) = AAg+- - -+ AA; + A be regular and G(\) = CP(\)"'B+D.
Consider the pencil SU()\> = )\MG 3 M1M3M5MOM2M4 = )\Mg — MU. Now

—As -Ay I, 0 0 0 0
I, o 0 0 0 O 0
0 -4 0 -4, I, 0 0
M, = 0 InT™ 0 105 YQLIO 0
0 0 0 -4 0 —-A4|—-C
0 o o0 L, 0 0 0
0 o 0 0 0 =B |-D

shows that S, () is pentadiagonal. B

Theorem 3.3.5. Let 3y be the LTI state-space system given in (313) and S(\) be
the associated system matriz in (3.106). Let E,(P) and K,(P) be as in Theorem [3.2.]]
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and Theorem [3.2.0 respectively. If Sy(A) is the Fiedler pencil of S(\) associated with a
bijection o, then the state-space system Yo associated with S,(\) is given by
MM, X = M,X + K,(P)"Bu
y = CF,(P)X + Du
where Ly(A) = AM,, — M, is the Fiedler pencil of P()\) associated with the bijec-
tion o. The state vector x of ¥y is given by x = F,(P)X. Further, if CISS (o) =

(C1,01, ..., C1,7), then Xy is given by

AM, X = M, X + (e ® B)u,

Zf c1 > 0
y=(el_,, ®C)X + Du
and
AM, X = M, X + (ep—i; ® B)u, _
if g = 0.

y= (el ® C)X + Du

Further, the state vector x of ¥y is given by & = (el y @ In)X . Furthermore, the

(m—c1

system Xy is strict system equivalent to the system Y.

Proof. We have

PO | B || = 0
C D u Yy

Considering the extended system, we have

I(m—l)n 0 0
—P(\) B z | |=110
C D u Yy
U vy . |
_ S,(\) | =110
I, I,
Uu )
VX (e, ® I, UM 0 0
s, () (A)(e )x _ (A)
u 0 Ir y
E,(P)x 0
= S, (M) -
Uu )
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L, | K,(P)'B | [ E,(P)e 0
CF.(P)| D u y

=

This gives

—Ly(\)(E,(P)z) + K,(P)'Bu = 0
CF,(P)(E,(P)x) +Du = y.

Thus the state-space system associated with S, () is given by

~Lo(\)X + K,(P)Y'Bu = 0
CF,(P)X+Du = y.

where X := E,(P)x. Hence

AM,, X = M, X + K,(P)" Bu
y=CF,(P)X + Du

is the required state-space system associated with S,(\). Since F,(P)E,(P) = I, we
have F,(P)X = F,(P)E,(P)xr = x. Second part of the proof follows from Theorem
3.3.3 O

Consider the system Y5 given in Theorem [3.3.51 Then the associated transfer func-
tion G(\) is given by

GO = (X_. ® C)Ly(N) Yem @ BY+ D,  ifer >0

and
G()‘) = (651 ® C)La()‘)_l(em—h ® B) + D if C1 = 0.

It is easy to see that G(\) = G(\), which is consistent with the fact that S(\) is SSE
to Sy (A).

Next, we consider Fiedler linearization S,(\) of the system matrix S(\) in (3.16]) and
determine isomorphism between nullspaces of S(A) and S, (). Recall E,(S),F,(S) and
H,(S), K, (S) defined in Theorem B:2.7 and Theorem B.2.8 respectively. Then it is also
easy to see that B, (S) : N.(S(\)) = N,.(Sy(N)) and Fy(S) : N;.(S,(N)) — No(S(N)) are
isomorphisms. Furthermore, H,(S) : M(S()\)) — Ni(So(N\)) and K, (S) : Ni(So () —
N (S(N)) are isomorphisms. The next result gives an isomorphism between nullspaces

of G(A) and S(\).
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Theorem 3.3.6. Let S(\) and G(\) be as in (310) and (3.17). Let A € C be an

P()\) !Bz

eigenvalue of G(N). Define f : C" — C"" by f(x) = and g : C" —

T

CP\) 'z

C™™ by g(x) = ] Then the maps f : N.(G(N) = N.(S(\)) and

T

g Ni(G(N) = Ni(S(N)) are isomorphisms.
Proof. Let x € N.(G()\)) = G(\)z = 0. Now

s PNTBa || =P | B | | PO)Bx
x I C D x
| -Ba+Ba| [0
ez | o
P(A)~'Bx : :
So € N.(S(A)). This shows that f : N.(G(N)) — N.(S(N)). It is easy

x
to check f: N.(G(\)) = N,.(S())) is an isomorphism. The proof is similar for g. 0

Consider G(A) and S(A) given in [B.I7) and (8.I6]) respectively. Then we show that

there is an isomorphism between nullspaces of G(\) and a Fiedler linearization of S(\).

Theorem 3.3.7. Let L,(\) be the linearization of S(\) associated with a bijection o.
Let E,(P) be as in Theorem [3.24] and H,(P) be as in Theorem [3.2.5. Suppose that
G(A) is giwen in (3.17) and X € C is an eigenvalue of G(\).

(a) Then E,(G) : C" — C"™*" defined by

e E,(P)P(\)~'Bx

T
is an isomorphism from N.(G(N)) to N, (L, (X))

(b) Define H,(G) : C" — C"™*" by

Then H,(G) is an isomorphism from Ni(G(X)) to Ni(L,(X)).
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\

Proof. By Theorem B.3.8, we have f : N.(G(\)) — N.(S(\)) and g : Ni(G(N))
N (S(N)) are isomorphisms. Since E,(S) : N.(S(A)) = N,.(L,(A)) and H,(S) : Ni(S(A
N(L, (X)) are isomorphisms, then it is easy to see that E,(G) = E,(S)o f and H,(G)
H,(S) o g. Hence E,(S) o f and H, (S) o g are isomorphisms. Thus E,(G) : N.(G()))
N:(L,(N)) and H,(S) : Mi(G(N)) = NM(L, (X)) are isomorphisms.

~—

) —

o4
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Generalized Fiedler Pencils For System Matrix

We introduce generalized Fiedler (GF) pencil of system matrix and show that GF pen-
cils are also linearizations for system matrix. It is well known that Fiedler pencils of
matrix polynomials do not preserve structures such as symmetric or Hermitian structure
that may be present in the matrix polynomials. With a view to preserving structures,
generalized Fiedler pencils have been proposed in the literature for matrix polynomials.
We generalize these results to the case of system matrix. In particular, we construct
self-adjoint linearizations of self-adjoint system matrix. We analyze eigenvector recovery

of system matrix from GF pencils.

4.1 Generalized Fiedler pencil

Consider the system matrix

Pyy|  ©
S(\) = (4.1)
B |(A-AE)
and the transfer function
G(\) =P\ +CO\E - A)'B, (4.2)

where P(A) = 7" MA;. Recall that for any bijection o : {0,1,...,m — 1} —
{1,2,---,m}, the Fiedler pencil L,(\) = AM,,, — M, is a linearization of S(\). Note
that for any subsets oy and o of {1,2,--- ,m — 1}, the pencil T(\) = M 'L,(A\)M} is
strictly equivalent to L, () and hence a linearization for S(A). Note however that T(\)
may not possess a distinctive feature of L, (A), namely, that the block entries of T())
may not consist of 0, 4;, A, B,C and E as is the case for L,(\). We now analyze pen-

cils which are strictly equivalent to Fiedler pencils and the block entries of the pencils
96
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consist of 0, A;, A, B, C, E. We refer to these pencils as Generalized Fiedler (GF) pencil.

We also discuss eigenvector recovery from GF pencils.
Recall that the (nm+7r) x (nm+r) Fiedler matrices associated with S(\) are given

by
M(] ‘ —ey, & C Mm 0
M := ., M, = (4.3)
—el ® B ‘ —A 0 |-F
and
M; | 0
M; = i=1,...,m—1, (4.4)
0 |7

where M;,i = 0 : m are Fiedler matrices of P(\). The M; matrices given in (L) are

always invertible fort =1,...,m — 1.
Consider the pencil

Ag _A2 [n

. 0 I, I, O
LU()\) = ()\Mg =3 M(]Mng)Ml = —
I, A4 —Ay | —C
—-F —-B | -A
Note that L,(A\) = (AM3 — MgMyM;,; )M ! is not a Fiedler pencil.

Generalized Fiedler pencils are further classified into two groups, namely, proper

generalized Fiedler pencils (PGF pencils) and non-proper generalized Fiedler pencils
(NPGF pencils). These are defined as follows. If 7: {0,1,...,m —1} — {1,2,...,m}

is an injective then we define
MT = MT—l(l)MT—l(g) oo .MT—l(m) and M@ — Inm+7’~ (45)

Definition 4.1.1. Let {1y, 71} be a partition of {0,1, ... ,m} with k; = #(7;) fori =0,1.
For any pair of bijections w; : 7, — {1, ..., k;}, i =0,1, we set w := (wp,wy). Then the
pencil T, (A) := AM,,, — My, is called a GF pencil of S(X\) associated with w. Here

Mwi = Mwil(l)szfl@) .. Mw’jl(kz), Z = 0, 1,

and the factors Mj are defined as follows:
(a) For M,,, we have M,, = M} and I\\7[[j =M for j # m.

(b) For M,,, we have M,,, = M, and M; = M for j #m.

If 0 € 19 and m € 1y, then the pencil T, (\) is said to be a proper generalized Fiedler
(PGF) pencil of S(\) associated with w.
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It is clear that any Fiedler pencil L,(A) of S(A) is a particular case of GF pencil
with 7o = {0,1,...,m —1},n = {m},wy = o and w;(m) = 1. Note that non-proper
GF (NPGF) pencils are defined only when M,,, and/or My are non singular. Also note
that a non PGF pencil T, (\) = AM,,, — M,,, is not operation-free, that is, formation
of T, (A) requires operations on the matrices A;, A, B,C, and E unless £ = [.. For
example, the NPGF pencil T,,(\) = AM; 'M;'M; ' — M "My = AM,, — ML, of S(}\) is

not operation-free. Indeed, we have

L ]
ALt I
MM, = I3, In
—E! —Ay | -C
L —B —A 2
) y ]
I,
= I,
—Ay | =C
I ET'B|ET'A |

which shows that T, (\) = AM; "M "M ' — M 'M, is not operation-free. Note however
that M, is operation-free, and M, is operation-free when £ = I,. Thus a non PGF

pencil is operation-free when F = I,.

Remark 4.1.1. Unless stated otherwise, we consider only GF pencils of the form
To(A) =AM, — M, such that 0 € wy.

There are GF pencils of §(\) which have lower bandwidth than pentadiagonal Fiedler

pencil such as block tridiagonal pencil which may be useful for computations.

Example 4.1. Consider G()\) = AgA\°+- - -+ A+ C(AE—A) ™' B and the pencil L,(\) =
Mg — My MMz MoMoMl, = AMg — M. Define O := M;M3Mj5 and £ := MyM,. Note
that the matrices O and £ are always nonsingular with block-tridiagonal inverses since
M; are invertible for i = 1 : m — 1. Now, L,()\) := AMg — OM€ is strictly equivalent
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to the pencils \O~'Mg — M€ and AMgE ! — OMy. Although A\O Mg — M€ =

0 I, I,
As As Ay I,

0 I, I, O
A I, A; - —Ay I,
0 I, I, O
I, A —Ay | —-C
+F —-B | -A

is a block tridiagonal pencil, the pencil \MgE ! — OM,

A\ MG ‘ 0 (M2M4)_1 ‘ 0 M1M3M5 ‘ 0 M(] ‘ —E€g ®C
17| 8 1) | o ||| “ges -4
B )\M()‘ — (M2M4)_1 ‘ M1M3M5(€6 & C)
8B | A-AE
. C . €5 X C
is not block tridiagonal. Indeed, we have M;M;Ms(eg @ C') = . Conse-
0
quently, the pencil AMg€E ! — OM, =
[ A 1 [-a = '
Qe I I, O
In A4 _A3 In
A 0o I, — I, O
In A2 _Al —AO -C
I, I, 0 0
—F 0 —-B | A

is not block tridiagonal unlike in the case of matrix polynomial, see[9]. B

Theorem 4.1.1. Let S(X\) be the system matriz in ({4.1). Let M,, be the product of
odd M; factors and M,, be the product of even M; factors for i # 0,m. Then the PGF
pencil T(X) = AM_ M, — MoM,, is a block tridiagonal pencill.
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Proof. Let 01 = (1,3,5,...) and 09 = (2,4,6,...). Now

. AM M, ‘ MyM,, ‘ —em ®C
AM "M, — MgM,, = —
AE (=T @ B)M,, | —A
x| 0
Since M,, = , we have (—e! @ B)M,, = —el, @ B. Thus

0|1,

. AM My — MoM,, | €, @ C

AM; M, — MyM,, =
L @ B | A-AE

It is shown in [9] that AM, C,_11]\4m—M()]\40.2 is a block tridiagonal pencil. Hence proved. [
Definition 4.1.2. [6] Let {m5, 71} be a partition of {0,1,...,m}, with k; = #(7;) for
i=0,1, and let w; : 7; = {1,2...,k;},i = 0,1 be a pair of bijections.
(a) We say that w; has a consecution at q if {q,q+1} C 7, and w;(q) < wi(q¢+1). We
say that w; has an inversion at q if {q¢,q+ 1} C 7, and w;(q) > w;(g+1).

(b) We say that w; has ¢, (resp., iy) consecutions (resp., inversions) at q if w; has
consecutions (resp., inversions) at q,q+1,...,q+c,—1 (resp., at ¢,q+1,...,q+

ig—1) and it does not have a consecution (resp., inversion) at q+c, (resp., q+1i,).

(¢c) We say that w; has c; (resp., i;) final consecutions (resp., inversions) if w; has
consecutions (resp., inversions) at m —cj,m—c; +1,...,m—2,m—1 (resp., at
m—i;,m—1i;+1,...,m—2m—1) and it does not have a consecution (resp.,
inversion) at m —c¢; — 1 (resp., m —i; — 1).

Note that the bijection w;,7 = 0,1 in Definition .1.2] has a consecution (resp., an
inversion) at ¢ if and only if Mq and I\\7J1q+1 are both factors of the product defining M,
and I\\7J1q is to the left (resp., right) of I\\7J1q+1 in M,,. Also note that if T, (\) = AM,,, —M,,,
is a GF pencil, then the commutativity relations given in (2.11]) may allow us to change
the position of the factors I\\7J1q in Ml,,, and M,,,. The new position will be related to a
pair of bijections 7 = (79, 71) such that 7 # w and T,(\) = T,(\). However, the use
of the commutativity relations can not change the relative positions of Mq and Mq+1
and so, for i = 0,1, 7; has a consecution (res., inversion) at ¢ if and only if w; has a

consecution (res., inversion) at ¢, see [6].
It is well known [6] that for a matrix polynomial P(X) there are more than one Fiedler

pencils which are strictly equivalent to a given GF pencil. Like matrix polynomial, there
are more than one Fiedler pencil of S(\) which are strictly equivalent to a given GF

pencil. However, all these Fiedler pencils do not preserve consecutions at 0.
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Example 4.2. Consider G(\) = N>4; + -+ MA; + Ag + C(AE — A)~' B and the PGF
pencil of S(X) given by

T.,(A) = AM;M; "M ' — MoMoM, = AM,,, — ML,
= )\Ml_lMg,Mg_ 1 MM,M, by commutativity relation.
So T, ()) is strictly equivalent to the Fiedler pencil
Ly(A) = Ty,(A)M; M3 = AM; — MoMyM,M; Mj
and is also strictly equivalent to the Fiedler pencil

Lol()\) Fa MlTw()\>M3 = )\M5 — M1MOM2M4M3.

Now
[ I, | [ —Ay I i
—As I In 0
In 0 A In
M1M3 = A I and MOM2M4 = . ° .
In 0 —Ag | —C
| I | L -B | -A ]
So _ -
—Ay —As I,
I, 0 0
—A;, 0 —-A I,
MOM2M4M1M3 = and
I, O 0 0
-4, 0 |-C
-B 0]|-A
—A4 —Ag In
I, 0 0
-Ay, 0 I,
M MgM,M, M5 =
—-A; 0 0 —-Ay|-C
I, 0 0 0 0
—-B | -A

Thus L, (A) and L,/ (\) are not same. Note that wy has 0 consecutions at 0. But o has 1
consecution at 0 and ¢’ has 0 consecution at 0. Thus L,/ (\) preserves the consecutions
at 0 of M, but L,(A) does not. B
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Now our aim is to prove that any PGF pencil T, (\) = AM,,, —M,,, of S()) is strictly
equivalent to a Fiedler pencil that preserves the consecutions at 0 of wy, except in the

following particular case:

Ts(A) = AM, ML, .. M2k, — MM ... M,,, (4.6)
where ¢g € {0,1,...,m — 2}. In (0] the bijections 0 = (dy, d71) is defined by

(05 1(1),651(2),. ... 65 (co+1)) = (0,1,...,co) @
(51_1(1)7 61_1(2)7 SRR 61_1(m T CO)) o (ma m — 1a .o, Co Tt 1)
Note that MyM,,, # M,,,M,. Therefore the GF pencils of S(\) although similar to

those of P(\) require a special treatment.
The following result describes PGF pencils which are equivalent to Fiedler pencils

that preserve consecutions at 0. We adapt the proof from [6].

Lemma 4.1.1. Let S(\) be the system matriz given in ({{.1]), and T,(\) be the PGF
pencil of S(X\) associated with the bijection w = (wo,w1). If wo has ¢y consecutions at 0
and (wg,w1) # (09, 01), where 0y and 61 are defined in ({4.7), then there exist two ordered
subsets & and & of {1,2,...,m — 1} such that

(a) co & & and co+ 1 ¢ & and

(b) Ly(N) = Mg, T, (MM, is a Fiedler pencil of S(\) associated with a bijection o

that has ¢y consecutions at 0.

Proof. If T,,()\) is a Fiedler pencil of S()\), then by taking & = () = &, we are done
since Mg, = Mg, = I(nmtr). Therefore we assume that T, (A) = AM,,, — M, is not a
Fiedler pencil. Since it is given that wqy : 79 — {1, ..., ko} has ¢y consecutions at 0 then
by the Definition T2l we have {0,1,..., ¢} C 79, and My, My, ..., M,, are the factors
of M, and appear in M, in this order. Now ¢y < m — 2, (otherwise if ¢y > m — 2,
then the pencil would be a Fiedler pencil, since in a Fiedler pencil, M, contains m — 1

number of M; factors). Therefore we divide the proof into three cases:
Case I. If cp+1 € 1y then M, +; must be to the left of M, in M, because otherwise

wp should have more than ¢y consecutions at 0. So
_ ~1 ~1
T,(\) = AM M, M — M,
where ¢o & &, o+ 1 ¢ &, and {&1,&2, 70} is a partition of {0,1,...,m — 1}. Then

LU()‘) = M&TW()‘)M& = A\M,, — M€1MWOM§2
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is a Fiedler pencil of S(\) and preserves the consecution at 0 i.e., ¢ has also ¢y conse-

cutions at 0, since the consecutions are determined only by the factors in M.
Case II. If cg+1 € 1 and wy(cp+ 1) < wi(m) then MC_OlJrl must be to the left of M,,

in ML, (by the definition of PGF pencil, and ¢ + 1 # m, so M, , appears in M,,).

Therefore

T (A) = AM "M, M ' — M, (4.8)
where co+1 € &1, 0 € &, and ¢o+1 € & and {1, &, 10} is a partition of {0,1,...,m—1}.
Then

H‘U()‘) = MﬁlTw(A>M§2 = AM,, — MﬁleoMfz
is a Fiedler pencil of S(\). Since consecutions are determined only by the factors in

M, and the fact that M, 1; is a factor of M, so o has an inversion at cy. Therefore

o has ¢y consecutions at 0.
Case II1. If ¢cg+1 € 1 and wy(m) < wi(cp+ 1) then MC_O1+1 must be to the right of

M,, in ML, (by the definition of PGF pencil, and ¢ + 1 # m, M, appears in M,,).
Therefore

T.,(\) = AMngMg — M,,,
where ¢o + 1 € &, co & &, and {&],&5, 7o} is a partition of {0,1,...,m — 1}.

Our aim is to rearrange the order of the factors defining M,, and shift M, to
the left of M, using the commutativity relation. For this purpose let d > 0 be the
integer such that w; has inversion at ¢o+1,¢9+2,...,¢co +d. Note that co+14+d < m,
(otherwise if ¢y + 1+ d > m then the pencil T, (\) must be of the form

AM, Mt MY — MM .M, (4.9)

which is not possible, as (wp,w1) # (o, 01)). So by commutativity relations we can shift

the factors MY, M_Y,, ..., M_ Y, in M,, to the left and set

co+d
M= MoL, ML ML M

co+1+d™ " “co+d " - co+2"" "co+1-

In this shifting process it may happen that MC_O1+1 is to the left of M, and then

M, =...M;'...M,,..., (4.10)
or that MC_OlJrl goes to the right of Ml,, and then

M, =...M,,...M;'.... (4.11)
Again from ([@I1]) we have ¢+ 1+4+d < m — 1 (otherwise the pencil must be of the form
(@3), which is not possible) and M_*

co+2+
no inversion at ¢y + 1+ d). So by commutativity relation, (ZI1]) reduces to (£I0). By

(4.10), we have wy(co + 1) < wyi(m). Hence the result follows from case I1. O

4 1s not between M, and I\\/JIC?1 (since wy has
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Theorem 4.1.2. Let T, (\) = A\M,,, — M,,, be a GF pencil of S(\). If T,(\) is a PGF
pencil then it is a linearization of S(N). If T,(A) is a non PGF pencil then

T N RO
SO X y

where X = —FE andY =1, or X = I, and Y = —FE. Further, if E = I, then the

operation-free NPGF pencil Ty,(\) is also a linearization of S(X). Furthermore, If G(\)

is minimal, then T,(\) = AM,,, — M, is also a linearization of G(\).

Proof. Case I : Suppose that T, (\) is a PGF pencil of S(A). Then 0 € wy and m € w;.

By definition of PGF pencil, we have M, = M_'M,,M'. Hence M, T, (A\)M,, =

I(m—l)n

M,
AM,, — M, M, M, =: L,()) is a Fiedler pencil, where M,, = - vi=1,2.
I,

Since M, =

a linearization of S(\). Therefore every PGF of S()) is a linearization of S(\).

Case I1 : Suppose that T, ()\) is a non PGF. Note that in this case M, is nonsingular.
Since we are considering NPGF pencils where 0, m € wy, we have M,,, = M, M_'M,,
with 0 € 01 or 0 € 09. Now if 0 € oy, then TM(A)M;;Mm = )\I\\/JIMM;;Mm — M,,

MM, ‘

is a PGF pencil. Hence T, (\) ‘ is a PGF pencil. If 0 € oy then
—-F
M, M !
M, M T (A) = AML, M ML, — M, is a PGF pencil. Hence ‘ T.(N)
—F
is a PGF, where FE is nonsingular. Consequently, we have
I(m—l)n U()‘> V()‘)
= Tw( ) )
SO X y

where X = —FandY = [, or X = [, andY = —FE. So GF pencils are also linearizations
of S(A\) when E = I,. O
4.2 Self-adjoint PGF pencil

We define adjoint of S(\) by
Py B

S*(\) =
W o | (A
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where P*(\) = > MAj. The adjoint of the associated transfer function G(X) is given by
j=1
G*(\) = P*(\) + B*(AE* — A*)~1C*. A transfer function G()\) is said to be self-adjoint
if G*(A\) = G(N). Note that S*(\) = S(\) & G*(\) = G()).
The next result analyzes the existance of self-adjoint linearizations of self-adjoint

system matrix.

Theorem 4.2.1. Let S(\) be a self-adjoint/ symmetric system matriz. If m is odd,
then

L(A) = AM,,M 1, - - Mz "Mt — MMy - - - M, _sM,,_;
is a self-adjoint/ symmetric PGF pencil of S(X). Hence IL()) is a self-adjoint/ symmet-
ric linearization of S(N\). In particular, if G(X) is minimal then IL(X\) is a self-adjoint/

symmetric linearization of G(\).

Proof. Recall that the matrices M; and M; commute for |i — j| > 1 except for M, and
M,,,. Suppose that m is odd. Define O := MMj...M,, 5 and € := MoMy---M,,_;.
Consider the pencil

L(A\) = AM,, 0~ — Mé€.

Suppose that S(A) is self-adjoint. Then we have A = A;,C' = B*,; A = A*, and F = E*.
So M =M for : =0,1,...,m. Now
(M, 07" = (M. M5 M M) = (M) (M5 )" (M5 )" ... . (M)
= MMMt M,
=M,, ... M;'M; 'M;! by commutativity property given in (ZI2)

=M, 07"
Similarly, again by commutativity relation we have
(Mo€)* = .. . MIMEM = ... MMMy = MMMy ... = Mp€.

Hence L(A)* = LL(\). The proof is similar when S(\) is symmetric. O

Remark 4.2.1. We mention that S(\) does not admit a self adjoint GF pencil when
m is even. We also mention that for the matriz polynomial P()\), the GF pencil
T,(\) = NO™' — MoEMY is self-adjoint/ symmetric when P()\) is self-adjoint/ sym-
metric, where O = MyMs ... My, and € = MMy -+ M,, o, see [3, [6]. In contrast,
L(A) = A0~ —=MyEM,! is not self-adjoint/ symmetric, where € = MoMy - - - M, _» and
O=MMsj.. M, ;.

TH-1270-08612306



CHAPTER 4. Generalized Fiedler Pencils For System Matrix 106

Example 4.3. Let G(A\) = MA; + - -+ Ay + C(AE — A)~' B be self-adjoint. Then the
PGF pencil L(\) = AMsM; M, — MgM,M, is equal to

As Ay I,
0 I, I, 0

I, As —Ay I

0 I, I, 0

I, A4 —Ay | —C

—F -C* | -A

So IL(A) is self-adjoint and has block-tridiagonal structure. l

Example 4.4. Let G(\) = MNAg + -+ + Ay + C(A\E — A)™' B be self-adjoint. Then
the GF pencil L(A\) = AMsM; "M — MgM,MM ' is not self-adjoint, since Mg "' and
My do not commute, we have (MpMoM,Mz")* # MgM,M,M;'. Hence L()\) is not
self-adjoint. W

Next, we analyze eigenvector recovery from generalized Fiedler pencils of system

matrix.
4.3 Eigenvector recovery from GF pencils

Consider the system matrix S()). Recall that N,.(S) and N;(S), are the right and left
nullspaces of singular S(\), and N,(S()\)) and MV;(S())) are the right and left nullspaces

of regular S(\).
First, consider two linearizations L(A) and K(\) of S(\) that are strictly equivalent;

nm+r) X (nm+r)

ie., L(\) = £&iK()\)E; for some nonsingular constant matrices £, &, € C! :
Assume that Ay € C is an eigenvalue of S(A). Then the map

N:(L(Ao)) = No(K(Xo)), v &, (4.12)

is an isomorphism.
Second, recall that any PGF pencil T, () of S(\) is strictly equivalent to an appro-

priate Fiedler pencil L, () of S(A) (see Lemma [I.T). The main idea for recovery of
eigenvector from GF pencils is as follows: Suppose that T, (\) = M 'L,(A\)M_, then
N (Tu(N) = N (Lo(N)), v = M !v is an isomorphism. We have seen in chapter 3
that F,(S) : N.(Ly(A\)) = N,.(S(N\)) is an isomorphism. Hence the map N,.(T,(\)) —
N:(S(N)), v = F,(S)M, v is an isomorphism. The next result gives eigenvector recov-
ery from PGF pencils of S()).
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Theorem 4.3.1 (Eigenvector recovery from PGF pencils). Let T, (\) = AM,,, — M,
be the PGF pencil of S(\) associated with a bijection w = (wo,w1), where w; : 7, —
{1,..., Kk}, i = 0,1. Suppose that 0 € 17 and 0 is given in (4.7). Let X be a finite
eigenvalue of S(N).

Right eigenvectors. Let z € N,.(T,()\)) and z = 1 with e C"™ and v €
v
Cr. Assume that wy has ¢y consecutions at 0. Then x € N.(S(N)), where z =
(6{7”_00) ® L)u when w # 6 and x = (e ® In)u when w = 0.
v v
Left eigenvectors. Let w € Ni(T,()\)), and w = 7 with w € C" and w €
w
C" and assume that wy has dy inversions at 0. Then y € N(S(N)), where y :=
(e?m_d“) ® Ln)u when w # 0 and y := (e @ Lju when w = 9.
w w

Proof. Suppose that T, (\) = AM,,, — M, is a PGF pencils having ¢, consecutions at 0.
Note that PGF pencil has always less than m+1 factors M, in M, , since M, is a factor
of M,,, i.e., cg < m. Assume that w # 0, where § is given in (47). By Lemma [L.T.1]
we have L, (A) = M, T, (A)M,,, for some oy and o9, is a Fiedler pencil associated with
a bijection o = (01, wp, 02) with m, cg,co + 1 & 09 and has ¢y consecutions at 0. Hence

u

CISS(0) = (co, - --). Now T, (X) = M 'Ly (A)M; . Since z = € N, (T,(N)), then
v
U
M) € N, (L,()\)). Let F,(S) be as in Theorem B3.271 We have to show that
v
U U
IFU(S)M;; =F,(S) . Since o, does not contain m, cg, co + 1, then by the
v v
structure of the Fiedler matrices we have
* 0 0 ¥ 0 0
MU2 = 0 I(co-i—l)n 0 = M;; = 0 I(co—i—l)n 0 : (413)
0 0 I, 0 0 I,
Now
el ®I,)] 0 Mt
B, (S)M;) = |l O ) > = Fo(S)
0 ‘ I, I,
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Hence

u el ®I1,)] 0 u el ® I,)u

Rt || = |G O0) = | e &5
v 0 I, v v
el ® IL,)u
Thus (€lom—co ) e N.(S(N)).
v
Next assume that w = ¢ and define Mg, := M, 1M +2...M,,_1. Then by (£.0), we

have

T (MM, = AM,;, — MM ... M, := Ly (X), (4.14)
is a Fiedler pencil associated with a bijection o’ = (wg, &) with ¢ + 1 € & and has

m — 1 consecutions at 0. i.e., CI1SS(c’) = (co,t0,...,¢,%) = (m — 1,0). Note that

u
o’ does not preserve the consecution of wy at 0. Since z = € N,.(T,(A)), then
v
u
Mg; € N, (L, (\)). Note that & has m — ¢y — 2 consecutions at ¢y + 1, hence by
v

the structure of the Fiedler matrices we have

A, I, ... 0 0 |
—~Ap o 0 .0 0
, , i *
Mg, = | =41 O i N Mgzl _ .
I, 0 0 3
Iegn
I I |
Now
FoS)Mg | | = (€lney @ Ln) | O | | w || (ef @ Ln)u
v 0 I, v y
Ths | 3 W] NL(SN).

v
From proof of the Theorem 328 recall that Aj(S(A\)) = N,.(S(A\)T) and M(LL,(S)) =

N (Ly(S)T). Also recall that L, (8)T = \AMZ — M? =1L,.,,(S8"). Therefore

./\/;(LU(S)T) - Nr(Lreva(ST))‘
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By Theorem B2.8 H,(S) : M(S(\)) — N(IL,()\)) is an isomorphism and K, (S) :
Ni(Lo(S)) = Ni(S(N)) is an isomorphism. Now Ty, ()" = (M 1)L, (A\)" (M )", Note
that since T, () is a PGF, and wy has ¢y consecutions at 0, then m ¢ o, and contains

the indices which are greater than equal to ¢y + 1. Hence

MUl = [con = (M_l)T = [con

Hence the result follows. O
Remark 4.3.1. Note that in Theorem [{.3.1, we are not considering the case 0 € 7.

Theorem 4.3.2 (Eigenvector recovery from GF pencils). Let T,(\) = AM,, — M,,
be the GF pencil of S(\) associated with a bijection w = (wp,w1), where w; : T, —
{1,...,k;i}, 1= 0,1. Suppose that 0 € 9. Let X € C be an eigenvalue of S(\).

u
Right eigenvectors. Let z € N,.(T,(\)) and z = with w € C" and v € C".

Assume that wg has co consecutions at 0.

(€lm—a) © In)u

(i) If co < m and M, is to the left of My, then e N.(S(N)).
v
el ®IL)u
If M,,, is to the right of My, then (Cto-a) ; ) € N.(S(N)), where ¢y =
—E v
co, fw#0d
m—1, ifw=29
AN el @ I)u
(i1) If co = m, then m (@ ) e N.(S(N)).
—E~
Left eigenvectors. Let w € Ni(T,()\)), and w = “ with u e C" and w € C".
w
Assume that wy has dg inversions at 0.
el ®I,)u
(i) If dy < m and M, is to the left of My, then ( (m—do) ) e Ni(S(N)).
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(eT N ®In)u ~
If ML, is to the right of My, then (m—do) € N.(S(N\)), where dy =
—E 1
do, ifw#0
m—1, ifw=94
AN el ® I,)u
(i1) If dy = m, then m €l ) e Mi(S(N)).

—E 1w

Proof. Suppose that T, (\) = AM,,, — M, is a non proper GF (NPGF) pencils, i.e.,
m € Tp. Since wy has ¢y consecutions at 0, so M ;1 appears to the left of M, otherwise
wp has more than ¢y consecutions at 0. By commutativity relation given in (2Z.I1]) and

the fact that wy has ¢y consecutions at 0 allow us to write M, as
M, = Mg(MoMy, ..., M, )M, (4.15)

Note that 0 : ¢g,co + 1 ¢ t. That is My contains Fiedler matrices with indices greater

than ¢y + 1 and also 0 ¢ s. Also note that there two cases:
Case [ : Mg =M, .. .MQM;I or Mg = MM, .. .M, and Mg = M, ... M, .
Case IT : Mg =M, ... M, and My = M'M, ... M, or My = M, ... M; M L.
Assume that Case [ is true, i.e., M, is to the left of M, then Mg and M; are always

nonsingular, and
Ts(A) := M7 T, (A\)M; ' = AM; "M, M; ' — M ... M,

has ¢y consecutions at 0. Since either M ! or M; ' contains M,,, hence Tz()\) is a PGF
pencil having ¢q consecutions at 0. Note that m, ¢y, co + 1 ¢ t. Hence M is of the form
M, given in (AI3]). Hence the result follows from the proof of PGF pencil in Theorem

431l
Assume that Case I1 is true, then M, € I\\/JIt_l. Since ¢y, co + 1 € t, we have

Mt = ](co+1)n
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u u
Let € N,.(T, (X)) then M € N,(Tz()\)). Hence by Theorem 3] we have

v v

(e:(-pm_co) ® In) 0 Mt " = (ec(rm—CO) ® n) 0 u

0 I, v 0 —E! v

| el ® I,)u
_ ( (m—co) ) c ./\/T(S()\))
—E

(77) Suppose that c¢g = m, that is the number of consecutions at 0 is m, then T, (\) =
Momsr — MoMi ... My MY and Lo(A) = To(A)My, = AM,, — MM, ... M,,_1 is a
Fiedler pencil associated with a bijection . Note that L, (\) has (m — 1) consecutions
at 0, i.e., CISS(o) = (co,%0,...,01,4) = (m —1,...). Since T,(A) = L,(A\)M,,, if

u u
€ N.(T,(\)), then M1 € N, (L,(N\)). Let F,(S) be as in Theorem B.2.7
v v
ow
T T
Fo(S) = |—m=e) & I _ | Loy ® In) L
I, Iz
Hence
_ A—l
U e 1, " U
FU(S)M;I = ( 1 ) I(m—l)n
v I, v
L _E—l
Al 0 0 u Al @ I)u
i | _ | AR v s)
—Fak v .

Example 4.5. Let T,(\) = AM,, — M,,, = AM; 'M;"' — MMM, 'M,;M;M;3 be a
GF pencil of S(\), where M,,, has 3 consecutions at 0, i.e, ¢¢c = 3 < 7. Note that
My is to the right of M. By commutativity relation given in (2.I1]) we have M, =
MMM, MMM . Define Mg = My, M; = M; ", and

T5(A\) = M T, (A)M; ! = M7 T, (A\)M; = AM; "M 'M; ' M; — MoM; M,M;.
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u
Then T3 (\) is a PGF and preserves consecution at 0. If z = € N, (T, (X)) with

v
(el ® I,)u
u € C" and v € C", then by Theorem 3.2 we have X eN(S(N)). W
—E v

Corollary 4.3.3. Suppose that the transfer function G(\) is reqular. Let Ty(\) =
MM, — M, be the GF pencil of G(\) associated with the bijection w = (wp,wy), where
wi i —{1,...,ki},i=0,1. Let \g € C be an eigenvalue of G(\).

u
Right eigenvectors. Let z € N,.(T, (X)) and z = with u € C™ and v € C".

v
Suppose 0 € 1y and assume that wy has ¢y consecutions at 0.

co, ifw#9

m—1, ifw=9

(i) If co < m, then (e{m_CAO) ® I)u € N.(G(X\o)), where ¢y =

(ii) If co = m, then A (el @ I)u € N.(G(\g)).

u
Left eigenvectors. Let w € N(T,(N\o)) and w = with uw € C™ and v € C".
v

Suppose 0 € 15 and assume that wy has dy inversions at 0.

do, ifw#0d

(i) If dy < m, then (e(Tm_ZzE) ® L,)u € Ni(G(\y)), where dy =
m—1, ifw=94

(ii) If dy = m, then A el @ I,,)u € Ni(G(\o)).
We illustrate Corollary by the following example.

Example 4.6. Let G(\) = N Ag + -+ + MA; + Ay + C(AE — A)~'B. Consider a GF
pencil T, (\) = AM,,, — M,,, = AMg 'M; "M, " — MMy "M; M,M3M;5Mg, where wy has 3
consecutions at 0. Now ¢y = 3 < 9. By commutativity relation given in (2.11]) we have
M, = MoM;M,M3M; 'MsMg. Define M := My 'M;M;g and

Ts(\) = T, (MM, ! = AMg M5 "M "My M5 "My — MM, M, M.

u
Then T3 (\) is a PGF and preserves consecution at 0. If z = € N, (T, (X)) with
v

u € C" and v € C", then by Corollary 3.3 we have (e @ I,,)u € N.(G()\o)).
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Consider T, () = AM,,, — M, = AM; M7 'M; " — My ' MoM;M,; M,MgMs3, where
M., has 3 consecutions at 0 Now ¢y = 3 < 9. By commutativity relation given in (2.11])
we have M,,, = My "M;MsMoM;M,Ms. Define My := My "M;Mjg and

Ts(\) = M;'T, (M) = AMg "M 'MoMg "M M — MM, M,M;

Then Tz(A) is a PGF and preserves consecution at 0. Hence N,.(Tz(A\)) = N,.(Ty(N)).

Let T,(\) = AM,, — M,,, = AM;'M;' — MMM 'M;M;Mj3 be a GF pencil of
G(\) = NA; + -+ + M, + Ay + C(\E — A)"'B. Now M,, has 3 consecutions at
0, has an inversion at ¢g = 3. By commutativity relation given in (2II)) we have
M, = MMM, M,M3M-!. Define Mg = My, My = M;!, and

Tz(\) = M T, (AMM; = AM "M 'M; 'M; — MM, M,Ms.

u
Then Ty () is a PGF and preserves consecution at 0. If z = € N.(T, (X)) with
v

u € C" and v € C", then by Corollary EE3.3 we have (el ® I,,)u € N, (G(X\;)). B

Corollary 4.3.4 (Eigenvector recovery from symmetric pencils). Let IL(\) be the GF

linearization of S(\) defined in Theorem [{.2-1].
Case I : Let S(\) be regular and \g € C be an eigenvalue of S(N).

u.
(a) Let {z,...,2,} € CO™1) be q basis of N,(IL(X)) and z; = T with u; €
Us.
C" and v; € C". Then {x1,...,x,} is a basis for N,.(S(\)), where x; :=
(ef ® In)uy

forg=1,...,p.
Yj

W
(b) Let {wy,...,w,} C CO™+) be g basis of Ni(IL(N)) and w; = T with u; €
Sj
C"™ and s; € C". Then {y1,...,yp} is a basis for Ni(S(\)), where y; =
el & I,)u;
(€ e forg=1,...,p.
Sj

Case I : Let \g € C be an eigenvalue of G(\).

u .
(a) Let {z,...,2,} C C™) be q basis of N;(L(N\o)) and z; = |~ | withu; € C™™
Uj
and v; € C". Then {x1,...,2,} is a basis for Ni.(G(\o)), where z; := (el, ® I,)u;
forg=1,...p.
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"
(b) Let {wy, ... ,w,} C CP™ ) be g basis of Ni(L(No)) and z; = |~ | withu; € C™™

Uj
and v; € C". Then {y1,...,yp} is a basis for Ni(G(X\o)), where y; := (el, @ I,)u;
forg=1,...,p.

Proof. Since L()\) has 0 consecutions at 0, the desired results follow from Theorem [£.3.1]

and Corollary 4.3.3
O
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Generalized Fiedler Pencils With Repetition

This chapter is devoted to a new family of linearizations, referred to as generalized
Fiedler pencil with repetition (GFPR), for system matrix. We define operation-free
product of Fiedler matrices to study GFPR. We construct self-adjoint linearizations of

self-adjoint system matrix. We also discuss eigenvector recovery of system matrix from
GFPR.

5.1 Introduction

Given a system matrix of an LTI system, the main purpose of this chapter is to
investigate a new family of linearizations referred to as generalized Fiedler pencil with
repetition (GFPR) for system matrix and for the associated transfer function. These
linearizations allow repetition of Fiedler matrices associated with system matrix. One
important property of the companion form is that there is simple relationship between
its eigenvectors and those of the system matrix S(\) that it linearizes. We have already
seen recovery of eigenvectors of system matrix from its Fiedler pencils and from GF
pencils. In this chapter we also discuss eigenvector recovery of system matrix and of

transfer function from GFPR.
We use the boldface small letters, such as t,q,s,... for index tuples (or ordered

tuples of indices). Recall that, if q = (41,42, ...,4s) is an index tuple, then the reverse
of q, denoted by revq, is defined by revq = (is,95-1,...,%1). Let q = (i1,12,...,is) be

an index tuple and d be an integer. Then we write

—q = (—iy, —ig, ..., —is) and d + q = (d + iy, d + iy, ..., d +1iy).

115
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Recall that P(A\) = > MA; and the Fiedler matrices

0

m

J

I(m—l)n Am
My = ., M, = : (5.1)
—AQ I(m—l)n
M_; =M " fori=0,1,...,m —1and M,, := M~} (5.2)
where
](m—z'—l)n I(m—i—l)n
—A; I, " 0 I,
M; = and M, =
I, 0 I, A;
I Tin | i Livyn |

for : = 1:m — 1. Note that M_,, and M, are invertible if and only if A,, and A, are
invertible. Then as before M;M; = M;M; if ||i| — |j]| > 1.

Now, consider the system matrix

Py| ©
S(\) = (5.3)
B | (A-AE)
and the associated transfer function

G(\) =P\ +CO\E - A)'B. (5.4)

We define the Fiedler matrices of S(\) by

M, —en®C
M, = ] ‘ . M., = , (5.5)

—el' ® B ‘ —A 0 |-FE

M_; :==M;*! fori=0,1,...,m—1and M, :=M"!

—m?

where M = :m — 1. It is easy to see that the commutativity

relation satisfy
MM, = MM, for [lil - |jl] # 1, (5.6)

except for M_y and M_,,.
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Let q = (41,19, ..,1s) be an ordered tuple of indices from {—0,—1,...,—m}. Then
M, is defined by
Mq = MilMig ce MZ’S, M@ = Inm—l—r-

Let q; and q, be two ordered tuple of indices from {0,1...,m,—0,—1..., —m}. Recall
that q; is equivalent to q, (q, ~ qy) if Mg, = Mg,. Observe that this relation is an
equivalence relation and if Mg, can be obtained from Mg by applying the commuta-

tivity relations given in (5.6)), then q; is equivalent to q,.

With this new notation, the GF pencil can be defined as follows.

Definition 5.1.1. Let S(X\) be the system matriz given in (5.3). Let {Co, Ci} be a
partition of {0,1,...,m} (Cy or C; may be empty set). Let o and T be permutations of
Coy and —CY, respectively. Then the pencil

To(A) == AM, — M,

is said to be a generalized Fiedler (GF) pencil of S(\) associated with w = (1,0). If
0 € Cy and m € C1, then the pencil T, (\) is said to be a Proper Generalized Fiedler
(PGF) pencil of S(\).

Note that if Cy = 0, then M, = I(nm4r and if Cy = 0, then M, = Iy, It
is clear that any Fiedler pencil L,()\) of S()\) is a special case of a GF pencil with
Co={0,1,...,m —1} and C; = {m}.

We have seen that a self-adjoint system matrix may not have a self-adjoint GF pencil.
Recall that any PGF pencil T, (\) = AM,,, — M,,, is a linearization of S(A). Note that
for appropriate subsets o; and o9 of {1,2,---,m — 1} and {-1,—-2,---,—(m — 1)}
respectively, the pencil L(\) = M, T, (A)M,, is strictly equivalent to T, (\) and hence
a linearization for S(A). Note however that L(\) may not possess a distinctive feature
of T,()\), namely, that the block entries of L(\) may not consist of 0, I,, A;;i = 0 :
m, A, B,C and E as is the case for T,()\). We now analyze the product of Fiedler
matrices where the block entries of the product consist of 0, I,,, A;, A, B, C, E. We refer

to these products as operation-free product.
5.2 Operation-free products of Fiedler matrices.

Definition 5.2.1. A product M, corresponding to the index tuple q = (i1, l2,...,im)
is said to be operation-free if the block entries of My are either 0,1,,1.,C, B, A, E, and
—Ak,kzo,...,m.
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For example, when o = (0,1,...,m — 1), the product M, = M) - My(n-1) is
operation-free. Thus a Fiedler pencil associated with a bijection ¢ is also operation-
free. So the question is: if we allow to repeat the Fiedler matrices, will that product
still be an operation-free product? Our aim is to analyze products of Fiedler matrices

which are operation-free.
Lemma 5.2.1. The product MM, is not operation-free fori = 0,£1,...,£(m—1), —m.

Proof. For ¢ =0,

I(m—l)n I(m—l)n
MOMO = _AO —C _AO -C
B |-A _B|-A
I(m—l)n
= A2+ CB | A)C+CA
BAo+ B? | BC + A2
is not operation-free. For 1 <¢<m —1
I(m—i—l)n I(m—i—l)n
MM = I, O L, O
Ii—1)n Ti—1yn
I, I,
I(m—i—l)n
A2+ I, —4A;
Ii—1yn
I,

is not operation-free. Similarly, for —(m — 1) < ¢ < —1, M;M is not operation-free,
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since ~ 1
Iim—i—1)n
I, A;
M_M_; = (M;M;) ™" = A AP+,
Ii—1yn

L ]T =

Again for i = —m
A, A, A7
M_,M_,, = Lon—t)n Ign=1yn S Im—1)n
—4 -F E?

is not operation-free.

Lemma 5.2.2. The product M;M,; M, is operation-free for i = 1,2,....m — 2 but
MMMy is not operation-free. Further M, {M;M, {1 is not operation-free for i =
0,1,...,m—2.

Proof. For 1 =0

I(m—2)n
—-A, —Ay | -C
MM M = MgM; Mg =
-4 0 |CA
—B BA | A?
is not operation-free. For 1 < ¢ < m — 2,
I(m—i—2)n
A1 —A I,
—A; I, O
MM 1 M; =
I, 0 0
Iy
L
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So M; M, 1M is operation-free. Note that MMM, =
I(m—2)n ](m—2)n
I(m—l)n
_Al In _Al In
—Ag | —C
I, O I, O
—-B|—-A
L, I,
I(m—2)n
A?— Ay —A | -C
—A; I, 0
-B 0 | -A
is not operation-free. For 1 <i <m — 2,
](m—i—Z)n
A2 A A I,
_Ai—i-l In 0
M 1 MM =
I, 0 0
Iy
I
is not operation-free. O
Corollary 5.2.1. The product M;M,; (1M is operation-free fori = —2,—3,..., —(m—1)

but M_,,M_,,—yM_,, is not operation-free.

operation-free. Further, M, 1 ;M; M, is not operation-free fori = —2,—3,.

Proof. We have M_,,M_,,_1)M_,,

- 0 I,

A An

I In Am—l I
(m=1)n (m—=1)n
I(m—?)n
—E —E
L I,
0 A,
Am Am—l
I(m—2)n
E2

If B = I, then M_,,M_gn_pM_p, is
y—(m—=1).
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is not operation-free. If £ = I, then M_,,M_,,_1)M_,, is operation-free. The proof
for Mi+1MiMi+1 is similar. O

Lemma 5.2.3. [/1] Let T be an index tuple of indices from {0,1,...,m — 1} such
that Mz 1is not operation-free. Then for any two other index tuples I, and Iy from
{0,1,...,m — 1}, Mz, Mz Mz, is not operation-free, where Mz is the product of Fiedler
matrices associated with P(\).

As a consequence, we have the following.

Lemma 5.2.4. Let q = (iy,1a,...,1s) be an index tuple of indices from {0,1,...,m—1}
such that My is not operation-free. Then for any two other index tuples T and o from
{0,1,...,m — 1} the product Ml;M M, is not operation-free.

Lemma 5.2.5. The product M.;) is operation-free and is given by

[(m—j—l)n
'y
L A
; ity M.
M) = e _ | (5.7)
— A,
In Onx(j—i—l—l)n
=y
fori>0,i<j<m-—1 and
I(m—j—l)n
—A;
: L Moy |-en®C
M) = ’ > 0) (5.8)
4, L, @B| -A
_AO Onxjn —-C
-B —-A

Proof. We prove the result by induction on j. Suppose that ¢ > 0. Then for j =7, we
have M;;) = M; which is operation free. So assume that (5.7) is true for j = s. We
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have to show that (5.7) is true for j = s + 1. Now M;.s41) = M. M1 =

_ P _
—A, | I, | Ton—s—2m -
—A,1 10 I, Ay Iy
I, 0
—A; [0 0 I, Ion
I, 0 0 010 i I, |
L ]7. .
_ N _
—Asy1 | In
-A, |0 I,
—A; |0 O I,
I, 0 0 010
L IT .
_ W _
—Ast1
_A,
B M
— . 7
I, 0 0 0
IGi—1yn
L IT .

which satisfies (B5.7). Clearly this is operation-free. Thus proves the case for ¢ > 0.
For the case ¢ = 0 multiply M with the case ¢ > 0. So we have Mq.;) = MM,
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which is equal to

Lm—j-1)n
- . —A; | I,
Im—j-1)n a0 oo
Iin
o] € A4 |0 0 I,
- B4l L |o o 0 0
L IT _
Lm—j—1)n
—A;
: I,
- .
—Ap |0 . 0| -C
L —-B _A i
is operation-free. O

Remark 5.2.1. Similarly the product M_;.—j;, where 1 < j < @ < m 1is operation-free

and 1s given by

I(m—i—l)n

Onx(i—j—l—l)n In

i A=

M(—i:—j) = ) ] <i< m,

Ii—1yn
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Onx(m—j)n Am
Am—l
Lm—jyn

Mgy =

4;

Ij—1n
—F
Theorem 5.2.2. [/1] Each product of the form
0
I My forci € (0:4) U {oo}, (5.9)

i=m—1
is operation-free. The product in ([5.3) is in column standard form.
Theorem 5.2.3. [/1] Let M;,i =0:m — 1 be the Fiedler matrices associated with the

matriz polynomial P(\). Let q be an index tuple of indices from {0,1,...,m—1}. Then
the following statements are equivalent.

(a) M, is operation-free.

(b) q satisfies SIP.

0

(¢c) My can be written in the column standard form as [[,_,

i) U {oo}.

Further, let M_;;i = —1 : —m be as in (51) and (52). Let q be an index tuple of
indices from {—m,,...,—1}. Then the following statements are equivalent.

M(Cm'), fOT’ C; € (0 :

(a) M, is operation-free.
(b) q satisfies SIP.
(¢) My can be written in the column standard form as [[,_" | M(c,.), for ¢; € (—m :

The next theorem provides a canonical form of operation-free product, which helps

us to construct structure preserving linearizations of system matrix.

Theorem 5.2.4. Fach product of the form

1
IT My, forei € (1:4)U{oc}, (5.10)

i=m—1

is operation-free. The product in (510) is in column standard form.
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Proof. We have

Since by Theorem 522 []._, _; M) is operation-free for ¢; € (1 : i) U {oo}, hence
the result follows.
U

Theorem 5.2.5. Let q be an index tuple of indices from {0,1,...,m —1}.
Case I : Suppose that 0 ¢ q. Then the following are equivalent.

(a) M, is operation-free.
(b) q satisfies SIP.

(c) My can be written in the column standard form given in (5.10).
Case I1 : Suppose that 0 € q is a simple index of q. Then the following are equivalent.
(a) M, is operation-free.

(b) q satisfies SIP.

1

(¢) My can be written in the column standard form [[._.

{o0}.

M¢;:i), fore; € (0:4) U

M,
Proof. Case I : If 0 ¢ q then M, = d . Hence My is operation-free < M, is
I

operation-free. Hence the result follows from Theorem [.2.3]

Case II : Suppose that 0 € q. Since 0 is a simple index of q, we have M, =

M, MyM,, for some index tuples o; and oy from {1,...,m — 1}. Now
MO’l MO ‘ _em ® C MO’Q
MolMOMag =
|| -teoB| -4 I,
| MMM, | =M (en @ C) M, | -M,n.@0)
(_671;1 ® B)M02 —A (_671;1 ® B)M02 —A

This shows that M, is operation-free < My, M,, (e, @ C), and (el ® B)M,, are
operation-free. Now My = M, MyM,, is operation free implies that M,, and M,,
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are operation-free. Hence o; and oy satisfies SIP. Since o; and oy are tuples from
{1,2,...,m—1}, by Theorem 523 M,, and M,, can be written in the form Hl M,y

i=m—1
for ¢; € (1 : i) U {oo}. Hence by Lemma [(.2.5] it follows that the block entries of
M, (em ® I,) and (e ® I,)M,, are either 0 or I,. In fact, it is easy to see that
My, (em®1,) = ex @1, and (], @ I,) M, = e] @I, for some k and j. Hence My, (e, @C)
and (el ® B)M,, are operation-free. This shows that M, is operation-free < M, is

operation-free. Hence the result follows from Theorem [5.2.3
U

Remark 5.2.2. The assumption that 0 is a simple index can not be relaxed in The-
orem [5.2.0. For example, H?:g M.y, fore; € (0 : i) U {oo} may not be operation-
free. Indeed, by Lemmal[5.2.7), the product My.sMy.oMo.1 M. is not operation-free since

My.1My.¢ is not operation-free.

Considering index tuple from the set {—m,—(m — 1),...,—1} and using similar

arguments as above, we have the following result.

Theorem 5.2.6. Let ¢ = (iy,1a,...,%,) be an index tuple from the set {—m,—(m —

1),...,—1}.

Case I : If —m ¢ q then the following are are equivalent.
(a) M, is operation-free.
(b) q satisfies the SIP.

(¢) M, can be written in the column standard form H;:(Tl_l) Mc,:4), for c; € (—=(m—1) :
i) U {oo}.
Case 11 : If —m € q is a simple index of q then the following are are equivalent.
(a) M, is operation-free.

(b) q satisfies the SIP.

(¢c) M, can be written in the column standard form H;:(inl_l) Me,:i), for ¢; € (—m :

i) U {oo}.

Proof. Case I : If —m ¢ q then M = . Hence My is operation-free & My

I,
is operation-free. Hence the result follows from Theorem [(5.2.3]
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Case I : Suppose that —m € q. Since —m € q is a simple index of q, then we have

Mgy = M,,M_,,M,, for some index tuples oy and o9 from {—(m —1),...,—1}. Now
M,, M., | M,
MU1MmM02 -
I, £ 1,
My, M, M,
=

This shows that My is operation-free < M, is operation-free. Hence the result follows
from Theorem [5.2.3 O

Remark 5.2.3. If E = I,, then the product [, M., for ¢; € (—m : i) U {oo} is
operation-free, because B = I, implies that M_,,M_,,_1)ML_,, is operation-free.

Remark 5.2.4. The assumption that —m is a simple index can not be relaxed in Theo-
remZ20. For example, [[- | Mcs), for ¢; € (—4 :i)U{oco} may not be operation-free.
Indeed, by Lemma[5.2.4), the product M_y._1M_4._oM_4._sM_4._4 is not operation-free

as M_y._sM_4 is not operation-free.

5.3 Generalized Fiedler pencil with repetition

We have seen that a self-adjoint S(\) does not admit a self-adjoint GF pencil when
m is even. It turns out that allowing Fiedler matrices to repeat in the products M, and

M, enables a pencil L(\) = AM, — M, to have certain desired properties.
Example 5.1. Consider S(\) with m = 3. Let L(\) := AM_3M; — M;MyMyM;. Then

A3 —A2 _Al ]n 0
A I, -A, —-A 0|-C
L(\) = A 1 - 1 0
I, 0 L, 0 0|0
K 0 -B 0]|-A

Note that L(\) = (AM_3 — M;MsM,)M] is not a GF pencil. Also note that in this
pencil the Fiedler matrix M is repeated and at the same time the pencil is operation-

free. Further, L(\) is symmetric when S(A) is symmetric. W

So we are interested in finding the operation-free pencils which allow repetition of
Fiedler matrices. We define generalized Fiedler pencils with repetition (GFPR), which

are operation-free, as follows.
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Definition 5.3.1 (GFPR). Let S(\) be the system matriz. Let0 < h < m—1, and let o

and T be permutations of {0, 1, ... h} and {—m,—m+1, ..., —h—1}, respectively. Let oy
and oy be index tuples with elements from {1,2,...,h—1}, such that (o1, 0,09) satisfies
the SIP. Similarly, let T and T be index tuples with elements from {—m+1,..., —h—2}

such that (11,7, 72) satisfies the SIP. Then the pencil
L()\) := AM,, M, M, M,,M,, — M,, M,, M, M,,M,,

is called a generalized Fiedler pencil with repetition (GFPR) of S()).

Remark 5.3.1. Note that in the Definition 5.3, 0 is simple index and so L(\) can
always be expressed as M, M, (AM, — M, )M, M., where AM, — M, is a PGF pencil.
Thus a GFPR is strictly equivalent to a PGF pencil.

(1) If M, ,M,,, M,,,M,, are all the empty index tuples, then L(\) = AM, — M, is
a PGF pencil and hence a GF pencil. Note, however, that not all GF pencils are
GFPR. For example, L(\) = AM, "M ' — M3Mg 'MyM; is a GF pencil of S()\)
with m = 6, but not a GFPR.

(2) The constraint A,, being non-singular can be relaxed. We need A,, to be non-

singular only if the index —m s in 71 and 7.

Theorem 5.3.1. Let L()\) = AM,,M,, M, M,,M,, — M,, M,,M,M,,M,, be a GFPR of
S(A). Then LL(\) is a linearization of S(A). If G(A) is minimal, then LL(\) is also a

linearization of G(X).

Proof. We have L(\) = M, M, (AM, — M, )M,,,M,,. Since M, =

M,
: i = 1,2, the pencil IL(A) is strictly equivalent to a PGF pencil. Therefore
I,

every GFPR L()\) of S()) is a linearization of S(\). O

Example 5.2. Consider the system matrix S(\) with m = 12. Consider o = (6,1 : 5,0),
oy = (1:4),7 = (=7,—8,—11 : —=9,-12), 7 = (—11 : —10),07 = {0}, 7 = (—8, —9).
Then L()\) = AM,, M,, M, M,,M,, — M,, M, M,M,,M.,, is a GFPR of S()\). W

Next, recall the block transpose given in Definition 2.4.3

Definition 5.3.2 (Block-symmetry). A block p x p matriz A with m x n blocks is said
to be block-symmetric if A8 = A.
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Since MP = M; for i = 0 : m, by Definition .43, we have (M;)® = M for i = 0 : m.

Thus the Fiedler matrices are block symmetric.

Lemma 5.3.1. [/1|] Let q, and q, be two index tuples from the set {0,1,...,m—1}. Let
Mg, and My, be two products of Fiedler matrices associated with the matriz polynomial
P(X) such that My M, is operation-free. Then (Mg My )P = (My,)5(M,,)". Further,

the result also holds for indices from {—1,—2,... — m}.
We have the following result for Fiedler matrices associated with S(\).

Lemma 5.3.2. Let q, and g, be two index tuples from the set {0,1,2,...,m — 1}.
Let My, and M, be two products of Fiedler matrices associated with the system matriz
S(N) such that My Mg, is operation-free. Then (Mg Mg, )P = (My,)5(M,, )?. Further,

the result also holds for indices from {—1,—2,... — m}.

Proof. Case I : Suppose that 0 ¢ q; Uq,. Then we have

M,

q;

M,

a2

Mg, Mg,

My M

q;tay =

I,

Thus

B
MCI1M(12 4 (MQ1MQ2)B ‘ — Méi
I, L |

Case I1 : Suppose that 0 € q; Uq,. If 0 € q; N q, then My Mg, is not operation-

free. Thus either 0 € q; or 0 € q,. Without loss of generality assume that 0 € q;.
Then Mg, = MMM, for some indices p and p;. Now Mg Mg, = MMM, M, =
MMM | My (e, ® C)

— (el ® B) M —A
is operation-free, we have My, My, is operation-free. Hence My, and Mg, are operation-

M, MM = , where Mg = M, M,. Since Mg, Mg,

free. Thus M, is operation-free. Consequently, from the proof of Lemma [5.2.5] we have
My(en ® I,) = e, @ I, (e}, @ I,) My, = e] ® I, and (e, ® I,) My = €] ® I, for some k,
[ MMM, | —ep 0 C
—e] @ B ‘ —A

. This shows that

J and h. Hence we have My Mg, =

(MM M) | =6 0 C

(M(hMQQ)B =
—ef @ B ‘ —A
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Now

MB
q

(MQ2)B(MQ1)B = 2 I (MPMOMm)B

B
| MMM, | ~My(en 0 C)
I, — (el ® B)M,, —A
B
| e MMM, | —e0C |\
I, —(oB)| -A
18 |1 o080 0) | [ B 00,000,008 | B (e 0 0)
I —feB | -A ~f®B | -A

Since (e}, @ 1,,) Ms = e} ® I, and (e}, ®I,) My, = e] ®1I,, we have (e] ®I,) My, = €] @ I,.
This shows that Mg (e;®1,,) = ep®1,. Hence by Lemmal[5.3.T}, we have (Mg, )% (Mg, )® =

(M, Moy, M) | -ME (e, 00) | [ (,M00)8 | e ©
—e] @ B ‘ —A —ef ® B ‘ —A

= (Mql MQQ )B‘

0

Consider the first companion form C;(\) of S(\) given by

) |-aeC

C1<)\) — )\Mm - Mm—le—2 " ‘MlMO =
—el @ B ‘ —A

)

where C1()) is the first companion form of P(\) given in (LII)). Note that C;(\) is

operation-free. Hence by Lemma [5.3.2] we have

G | -en®C
—el @ B ‘ —A

Ci(\)F = M, — MM - - - M,,_oM,,_; = =Ca(N)

is the second companion form of S(\) given in (2.I7), where Cy()) is the second com-
panion form of P(\) given in (LI2).

Let q; be the index tuple containing indices from {0,1,...,m — 1}. Let Mg, be the
product of Fiedler matrices such that My, is operation-free. Since MP = Mj; then by
Lemma [5.3.2] we have

Mevq, = ME,
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is also operation-free. Further, Mg, is operation-free and block symmetric if and only if
Mg, = Mﬁl = M, cvq, & q; ~ revq;.

For example, consider q, = (0,2, 3,2). Then

_In -
—Ag —Ag In
]4n
Ay L, 0
Mql :MOM2M3M2: —AQ —C
I, 0 0
—-B|—-A
I,
I,
_In -
—As —Ay I,
—-Ay, I, O
— = MoMsMsM.
I, 0 0
—Ag | —C
—-B | -A

Since My, is operation-free and (M;)® = M;, we have (Mg,)? = MSMSMSME =
MoMizMaMg = Moy q, = Mg, , that is, rev q; ~ q;. Thus Mg, is block symmetric.
The following examples illustrate symmetric GFPR of S(A) when S(\) is symmetric.

Example 5.3. Suppose that S()\) is symmetric with m = 3. Consider ¢ = (1:2),7 =
0,00 = 1,75 = 0,00 = 0,71 = 0. Then L(N\) = AM_3M; — M;M,MM; in Example
B is symmetric, since S is symmetric. Note that L()) is block symmetric, since
rev(1,2,0,1) ~ (1,2,0,1) and rev (—3,1) ~ (-=3,1). &

Example 5.4. Suppose that S()\) is symmetric with m = 5. Consider 0 = (1:2),7 =
(—4 : —3),0’1 = @,’7‘1 = @,0'2 = ]_,’7'2 = —4. Then L()\) = )\M_4M_3M_5M1M_4 -
M MMM M _4 is operation-free symmetric pencil, since S is symmetric. Note that

L(A) is block symmetric, since
rev(—4,—-3,-5,1,—4) ~ (—=4,-3,-5,1,—4) and rev (1,2,0,1,—-4) ~ (1,2,0,1, —4).
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The next example illustrates a symmetric linearization of a symmetric S(\), which
is not a GFPR.

Example 5.5. Suppose that S()) is symmetric with m = 4. Then
]L()\) = )\M_3M_2M4M_2M_3 - M1MOM1

is symmetrie, since (M_gM_2M4M_2M_3)T = (M_3M_2M4M_2M_3), (M1M0M1)T =
MMM, and S is symmetric. Note that L(A) does not satisfy SIP. Hence L()) is
not operation-free, but symmetric. Therefore, we have more pencils with repetition of

Fiedler matrices which is not operation-free but have symmetric structure. W

We have already established the eigenvector formula for Fiedler pencil of S(A) and
its associated transfer function G()\). Now, we derive the eigenvector formula for PGF

and NPGF pencil of system matrix.

Theorem 5.3.2 (Eigenvector formula for PGF pencil of system matrix). Let P; for
i =0,1,...,m, be the ith Horner shift of matriz polynomial P(\). Let w = (wp,w:)
and T, (X)) = \M,,, —M,, be a PGF pencil of S(\). Let A € Sp(S).

(a) Define
Euyen (P) | 0
0 I,
where Eyq u, (P) is asin Theorem[LZ3. ThenE,, o, (S) : Nip(S(A)) — N.(T, (X))

s an isomorphism.

Eog 01 (S> =

)

(b) Set rev w = (revwy, revwy) and define

E(T’evw ,T’evwl)(PT) ‘
Hwo,wl (S) = E(revwo,revwl)(ST) = -

I,

Then Hyyw, (S) : Mi(S(N)) —> NM(T,(N)) is an isomorphism.
Proof. Suppose that w; and wy are in column standard form. Assume that w; has c_,,

consecutions at —m. Then, there exists an index tuple 7 such that
T (A) = AMEM (o) — My, (5.11)

Case [ : If c_,, = 0, then T, (\) = AM;M_,, — M, and L,(\) = M_,¢,-To,(\) =
MM, — M(Zrevrwo) is a Fiedler pencil associated with a bijection o = (—revT,wp).
Hence N, (L,(\)) = N,(T,()\)). Observe that the index tuple (—revr,wp) is a permu-
tation of {0,1,...,m — 1}. Set £ = csf(0) = csf(—revr,wy) = (ba,ba—1,...,b1).
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E:(P
Then by Theorem B27 E,, ., (S) := E¢(S) = () is an isomorphism from
I,

N.(S(N)) to N, (T, (N)).

Case I1 : Suppose that c_,,, # 0. Since c_,,, # 0, La(A) = M_ycp 7 T (A)M(m—c_,,:m—1)
= )\M—T’evTMTM(—m:—m-‘rcfm)M(m—c,m:m—l) - M—revTMwoM(m—c,m:m—l)

= )\M(—m:—m+c,m)M(m—c,m:m—l) - M—revTMwoM(m—c,m:m—l)
— )\M—m T M(—rev T,W0,M—C—m:m—1)

is a Fiedler pencil associated with a bijection ¢ = (—rev 7,wp,m — c_,, : m —1). So the

U U
map N, (Lz(\)) — N.(T,(N)), = Mn—c_im—1) is an isomorphism. By
v v

Es(P
TheoremB.2.7 Ez(S) = is an isomorphism from N;.(S(\)) to V. (Lz (X)),
(P) N N
I,

where E5(P) is as in Theorem [3:2.4] (¢). Consequently, the map N,.(S(A\)) — N,.(T,(N)),

x x
= Mn—c_,,:m-1)Es(S) is an isomorphism. Now our aim is to calcu-

) Y
late Mm—c_,.:m—1)Ez(S). Let 0 = ¢sf(0) = csf(—revt,wy,m — c_p,, : m —1). Then

M(m—c—m m— 1)EU (S)

M(m—cfm:m—l) ‘ EO'(P) ‘ M(m—c,m:m—l)EJ(P) ‘
I I,

I,

By Theorem [L2.5][18], we have M(p—c_,..m—1)Eo(P) = Eyyw, (P). Hence My, .m—1)Eo(S) =
Eupw, (S). This completes the proof.

Next, note that V;(S(\)) = N.(S(\)T) and Ni(T,,(S)) = No(T,(8)T) = No(Trevw(ST)).
This shows that Hy, ., (S) = Erepwprevw, (ST) is an isomorphism from A (S(A)) to
Ni(To(N)). [

Corollary 5.3.3 (Eigenvector formula for PGF pencil of transfer function). Let P; for
i =0,1,...,m, be the ith Horner shift of matriz polynomial P. Let w = (wg,wy) and
To(A) = \M,,, —M,,, be a PGF pencil of G(A). Let A € C be an eigenvalue of G(N).

(a) Define
By (P)

EWOvUJl(G) =
(\E — A)_lB
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where E,(P) is as in Theorem L2 Then By, o, (G) : No(G(N)) — N.(T(N)) is

an tsomorphism.

(b) Set rev w := (revwy, revwy) and define

E(rev wo,revw? ) (PT)

mem (G> =K rev wo,rev wi (GT> =
e (COE - AT

Then Hyyw, (G) : Ni(G(N)) — Ni(Tw(N)) is an isomorphism.

Example 5.6. Consider the system matrix S(\) with m = 3 and the associated transfer
function G(\). Let K, (A) = AM,,, — M, = AM_3sM_sM_; — My be the PGF pencil of
G(A). Here w; has 2 consecutions at —3, i.e., c_3 = 2. Now

0 0 A -1, 0 AAs
L, 0 A A, -1, AAs
M_gM_QM_l = , SO Kw()\) =
0 I, A 0 A, MNA + A C
-F B A—)\E
AAs
N Az + MA,
Thus by the Corollary (.3.3] z € N.(K())), where z € A,.(G()\)). &
I
(AE—A)"'B

The next result describes eigenvector formula for GF pencils of S(\) for the case

when M ! does not appear in the GF pencils.

Theorem 5.3.4 (Eigenvector formula for GF pencil of system matrix). Let T, (\) =
AM; — M, be a GF pencil of S(\). Assume that 0,m € o. Let o' = o~ {m}, £ =
csf(—revt,o’) = (by,...,by), where b, = (ty—1 + 1:t;) fork=1,2,... .

Case I : Suppose that m — 1 is to the left of m in (—revt, o).

(a) If m is to the right of 0 in o then

| AuB, B - Bm_l]B

Eot(S) == (5.12)

£

is an isomorphism from N.(S(N)) to N.(T,(N)), where £(i) € by, for some j =
1,2,...,«a, and the block B;’s are as in Theorem[3.2.4)
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(b) If m is to the left of 0 in o and s is the largest index such that (m—s:m) € o then
B (P)|

set o =0~ {m —s:m}. Then E,(S) = is an isomorphism

I,
from N.(S(X)) to N.(Ty,(N)), where 1y = (—rev(m — s :m), t) and E, ., (P) is as
in Theorem [L.2.3.

Case I1 : Suppose that m — 1 is to the right of m in (—revt, o).
(a) If m is to the left of 0 in o, then
Eoi(S) == Ee(S), (5.13)

is an isomorphism from N,.(S(X)) to N;.(T, (X)), where E¢(S) is given in Theorem
327
(b) If m is to the right of 0 in o and h is the largest index such that (m,m—1, ... h)

, M—
in o then set 0’ = o~ {m,m—1,...,m — h}, o4 = (—revt,0”), o3 = (—(m —
h),—(m —1),—m) =: (t;, —m) and & = csf(—revty,04). Then

Eg,t(S) = M—(m—h) cet M_(m_l)M_mEgl (S)

By 0
B,

By,
= AmBO + Am—lBl + -+ Am—hBh

Bhyo

Bm—l
0 —F

is an isomorphism from N;.(S(X)) to N,(T, (X)), where Ee/ (S) is given in Theorem
[3.2.7 and B;,i =1:m — 1, are given in Theorem [3.2.4)

Proof. Case I: If m — 1 is to the left of m in (—revt, o), then (—revt, o) is equivalent
to either (—revt,o’,m) or (—revt,m,c’), since My and M,,, do not commute, so there

is a possibility for m to be either to the left or to the right of 0.
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(a) If m is right of 0 then (—revt,o) ~ (—revt,o’,;m), so T,(\) = AMy — M, =
AM; — MM, and hence

L’T()\) = M—revtTw()\)M—m - M—revt()\Mt - MU’Mm)M—m - )\M—m - M—revtMa’

is a Fiedler pencil associated with a bijection 7 = (—revt,o’). So v — M_,v is
an isomorphism from N, (L.(\)) to N,(T,(A)). By Theorem B.27, we have E.(S) :

N(S(N) — N.(L.()\)) is an isomorphism. Thus for ! € N.(S(\)) we have
)
R M_,,.E,(S) .| is7ah isomorphism from N,.(S(A)) to N, (T,())). Since
Y Y
E=csf(r) =csf(—revt, o), we have M_,,E(S)

By 0
(P) X :
E:(P)| 0 © |0
:M—m - I(m—l)n
0 I, B, 110
_E R
0 1,
1B
| [ 4nB0 B - Bau

£
(b) Since m is left of 0 in o, we have (—revt,o) ~ (—revt,m — s : m, 7). Con-
sequently, we have T,(A\) = A\My — M, = AMg — M, g.rp—oM, 1M, M. This shows
that
L-(A) = M_repm—s:m) T ()

- M—rev(m—s:m) (AMt - Mm—s:m—2Mm—leMm)
= )\M—rev(m—s:m)Mt = MT() = )‘Mﬁ - MTO

is a PGF pencil. Hence N, (T, (X)) = N, (L,(A)). By Theorem (5.3.2] we have E, ¢(S) =
Erpr(P) |

is an isomorphism from N;.(S(\)) to N,.(T,(X)).

I,

CaselI: (a) If m —1 is to the right of m and m is to the left of 0 in (—revt, o), then
(—revt, o) is equivalent to (m, —revt,o’). So L,(\) = M_,,M_,...sT,(\) = AM_,, —
M_, 1M, is a Fiedler pencil associated with a bijection 7 = (—revt,o’). Hence

N:(L-(N) = No(Ty(N)). Since & = esf(r), by Theorem B2Z7 E,((S) = E¢(S) is
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an isomorphism from N, (S(\)) to N, (T, (N)).

(b) If m — 1 is to the right of m in (—revt, o) and m is to the right of 0 in o, then

(—revt,o) ~ (—revt,0c”,m,m —1,...,m —h). So

LT<)\) = M—revtTw()\>M—(m—h) to M—(m—l)M—m

= )\M—(m—h) T M—(m—l)M—m - M—revtMa” = )\Mag - M04

is a PGF pencil. Hence B = M_(—p) - - *M_(;p—1yM_,,v is an isomorphism from
v
N, (L;) to N, (T,(\)). Since o3 has always 0 consecutions at —m, i.e., c_,, = 0, by
- o <
By
Theorem [5.3.2, E¢/ (S) = : is an isomorphism from N, (S())) to N,.(IL,()\)),
B
0 |1

where B;,i=0:m — 1 are as in Theorem B:2.4l This shows that
Eo6(S) = M) - - M-y M_nEe (S)

is an isomorphism from N,(S(\)) to N,.(T,()\)). Now

0 I, Am
I, A I,
M—(m—l)M—m:
Tim—2)n Tim—2)n
I, -k
0 I,
Am Am—l
I(m—Z)n
-
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and
0 I,
0 0 I,
0 0 I,
M_—p) - - - M_pyM_,,, =
Am Am—l Am—h
](m—h—l)n
—-F
Hence
0 J ¥, .
By
0 0 o
By
0 0 I,
Eo,t(s) =
Am Am—l Am—h
Bm—l
Im—h— n |
( 1) 0 I
g |t .
By 0
By
By,
AmBO + Am—lBl +-+ Am—hBh
Bhya
Bm—l
0 -F
O

Remark 5.3.2. Recovery of eigenvectors of S(X) from GF pencils follows from Theorem

3.2

Corollary 5.3.5 (Eigenvector formula for GF pencil of transfer function). Let T, (\) =
AM; — M, ba GF pencil of a regular G(X\) given in ([54)). Let A € C be an eigenvalue of
G(N). Assume that 0,m € 0. Let o' = o~ {m}, { = csf(—revt, o).
Case I : Suppose that m — 1 is to the left of m in (—revt, o).
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(a) If m is to the right of O then

E,,(G) = : (5.14)
Bm—l
| —E(\E - A)"'B

is an isomorphism from N.(G(N)) to N.(T,(X)), where (i) € b;, for some j =
1,2,...,a, and the block B; is as in Theorem [3.2.4)

(b) If m is to the left of 0 in o and s is the largest index such that (m—s:m) € o then
Eron (P) o .
set o =0~ {m—s:m}. Then E,4(G) = is an isomorphism
(\E — A)~'B
from N.(G(N)) to N.(T,(N)), where 7y = (—rev(m —s : m), t) and E,, ., (P) is as
in Theorem [L.2.1.
Case I1 : Suppose that m — 1 is to the right of m in (—revt, o).
(a) If m is to the left of 0, then
E,(G) := E¢(G) (5.15)

is an isomorphism from N,.(G(X)) to N;.(T, (X)), where E¢(G) is given in Theorem
[3.2.10.

(b) If m is to the right of 0 in o and h is the largest index such that (m, m—1,..., m—h)
in o then set 0’ = o~ {m,m—1,...,m — h}, o4 = (—revt,0”), o3 = (—(m —
h),—(m —1),—m) =: (t;,, —m) and ' = csf(—revty,04). Then

By
By

By,
Eot(G) i= M_(n-n)M_nEe(S) = | AnBo+ Am1Bi+ -+ Ap_nBy,
B
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is an isomorphism from N,.(G(N)) to N;.(T, (X)), where e (G) is given in Theorem
[32.2.10 and B;,i=1:m — 1, are given in Theorem [3.2.4.

The following examples illustrate the result in Corollary [5.3.5

Example 5.7. Consider a rational matrix function G(\) = A\Ag + ... + AA; + Ay +
C(AE — A)~™1B and the GF pencil T(\) = AM — M, = AM_;M_;M_5 — MyMMgM,.
Now o = (2,0,6,4),t = (—1,—5,=3), —revt = (3,5, 1), and (—revt, o) = (3,5,1,2,0,6,4).
Note that 5 is to the left of 6 in (—revt,o) and 6 is to the right of 0 in . This

is the case I(a) of Corollary 535 Hence by Corollary B35, we have ¢’ = (2,0,4),
§=csf(—revt,o’) =(5,3:4,1:2,0), and

B
AgN3L, N, NP, M, APy I,

—E(\E—A)"'B

Eo,t (G> 5

Thus E,+(G)z is a right eigenvector of T(\).

Now, consider the GF pencil Ty, (A) = AM_1M_sM_3 — MgMoMyM, = \M; — M.
Then o = (6,2,0,4),t = (—1,—5,-3), and —revt = (3,5,1). By Corollary 535 we
have ¢/ = (2,0,4) and (—revt,o) = (3,5,1,6,2,0,4) ~ (3,5,1,6,2,0,4). Note that 5
is to the left of 6 in (—revt, o) and 6 is to the left of 0 in o. This is the Case I(b) of
Corollary 535 Thus 74 = (—=6,—1,—5,—3) and 79 = (2,0, 4) Hence by corollary
we have c_,, =1, =(3:4,1:2,0) and

B
NPy NI, NP, M, \Py I,

(\E — A)"'B

Eo,t <G> —

Thus E,(G)x is a right eigenvector of T, ().

Next, consider the GF pencil T(\) = AM_,M_ 1 M_35 — MsMoMgMy = AM — M.
Now o = (5,2,6,0),t = (—4,—1,—-3), and —revt = (3,1,4). Thus ¢’ = (5,2,0) and
(—revt,o) = (3,1,4,5,2,6,0) ~ (3,1,4,5,6,2,0). Note that 5 is to the left of 6 in
(—revt,o) and 6 is to the left of 0 in 0. This is the case I(b) of Corollary [5.3.51 Hence
we have 11 = (—6, =5, —4, —1,—3) and 79 = (2,0). Consequently, by corollary [5.3.3] we
have c_,, =2, ¢ =(3,1:2,0) and

B
NPy NP NI, AP3 APy I,

(AE — A)"'B

Ecr,t (G> =
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Thus E,+(G)z is a right eigenvector of T(\).

Finally, consider the GF pencil T(\) = AM_1M_4M_3 — MoMgMyM;. Now o =
(2,6,0,5),t = (—1,—4,-3),and —revt = (3,4,1). Thus o’ = (2,0,5) and (—revt,o) =
(3,4,1,2,6,0,5) ~ (6,3,4,1,2,0,5). Note that 5 is to the right of 6 in (—revt,o),
and 6 is to the left of 0 in o. This is the case I1(a) of Corollary Hence ¢ =
csf(—revt,o’) = (3:5,1:2,0) and by Corollary [5.3.5] we have

B
[A?Jn NP, APy AL, AP, In]
(\E — A)-1B

Ecr,t (G) =

Thus E,+(G)z is a right eigenvector of T(\).
|

Example 5.8. Consider G(\) = MA, + ...+ AA; + Ay + C(AE — A)"' B and the GF
pencil Ty, () = AM_; — MoMoM;M3 = AM; — M,,. Now 0 = (2,0,4,3),t = (—1). Note
that 3 is to the right of 4 in (—revt,o) = (1,2,0,4,3) and 4 is to the right of 0 in o.
This is the Case 11(b) of Corollary B.3.5l So ¢” = o \ {4,3} = (2,0), —revt = (1) and
o4 = (—revt,o”) = (1). Again by Corollary .35, we have o3 = (-3, —4) := (t;, —4),
So & = esf(—revty,o4) = ¢sf(3,1,2,0) = (3,1 : 2,0) = (bs,by,by), and o = 3.

A r .
A,
Thus by Corollary 5.3.3, we have E¢/(S)z = AP, r € N,(K,;()\)) and by
I,
| (AE-A)'B
Corollary 5.3.5] E, +(G)z = M_sM_4E¢(S)x
[0 1, 1T NI, 1] M, ]
Ay As A, AN2Ay + NAs
= I, MNA +XN2A5+ 0 | 2= | MA + A5+ )04, |
I, I, L,
] ~E || (AE-A7B | | —EQE-A)'B |

is a right eigenvector of T, (N), i.e., E,+(G)z € N;(T, (X)), where z € N,.(G(A)). R

Next, we recall some definitions given in [18] for recovery of eigenvectors from GFPR

and the eigenvector formula of GFPR.
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Definition 5.3.3 (Type 1 indices relative to a simple index tuple [18]). Let h be a
non-negative integer and o be a permutation of {0,1,... h}. Let s be an index in
{0,1,...,h —1}. Then s is said to be a right index of type 1 relative to o if there is a
string (tg—1 + 1 :tq) in csf(o) such that s =tq1 + 1 < 4.

Definition 5.3.4 (Associated simple tuple [18]). Let h be a non-negative integer and o
be a permutation of {0,1,...,h}. Let csf(c) = (bas1, ba,- .., b1), where b; = (t;_1 +1:
ti),i=1,...,a+1, are the strings of csf(o). Set s(c) := csf(o) Then we say that s(o)
1s the simple tuple associated with o. If s is an index of type 1 with respect to o, say

s =tq_1+ 1 < tq, then the simple tuple associated with (o, s) is the simple tuple:

5(0,5) := (bas1s Das - - -, bast, by, by_1, ba_s, ..., by), where

i)d == (td—l +2: td) Bd—l =i (td—2 +1: td—l + 1) ZfS 7A 0
and

5(0’, 0) = (ba—i-lu ba, -y El, i)o)where
51 = (1 o tl) BO = (0)
Definition 5.3.5 (Index tuple of type 1 [18]). Let h be a non-negative integer and o be a
permutation of {0,1,... h}. Let o9 and oy be tuples with indices from {0,1,... h—1},
possibly with repetitions. We say that oy = (81, ...,S,), where s; is the ith index of o9, is
an index tuple of type 1 relative to o if, fori=1,...,r, s; is a right index of type 1 with

respect to s(o, (s1,...,8i-1)), where §(o, (s1,...,8i-1)) := 5(s(0, (S1,...,Si—2)), Si—1) for
1> 2.

5.3.1 Eigenvector formula for GFPR

We derive eigenvector formula for GFPR, when the tuples are of type 1.

Lemma 5.3.3. Let 0 < h < m — 3, and let ¢ and T be permutations of {0,1,...,h}

and {—m,—m +1,...,—h — 1} respectively. Assume that 01,09 are index tuples with
elements from {1,2,... h — 1}, and 7, 7o are index tuples with elements from {—m +
I,—m+2...,—h—2}. Then M,, commutes with M, and M,,, and M, commutes with
M, .

Proof. Since the distance between each pair of indices in 75 and o is greater than 1, by

commutativity relation M, commute with M,. Similarly, the other cases follow. O
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Lemma 5.3.4. Let 0,7,01,09, 71,72 be as in Lemma such that (01,0,02) and
(11, T, 72) satisfy the SIP. Suppose that To and o9 are type 1 tuples relative to T and
o, respectively. Let s(o,09) and s(7,73) be the simple tuple associated with (o,03) and

(1,72). Then (0,09) ~ (09,5(0,02)) and (1,73) ~ (72,5(T,T2)).

Proof. First we prove (o, 02) ~ (02,8(0, 02)) by induction on the number of indices of o,
(other one follow similarly applying induction on 75). Assume that oy = (71,72, ...,7p),
where r; denotes the ith index in 09, and 0 = (by, ba_1,...,b1), where b; = (t;,_1+1,t;),
fori=1,2,...,a. Since oy is of type 1 relative to o, we have r; =t;_1+1 < t4 for some
1<d<a So(o,m1) ~ (tge1 + 1,ba,...,bay1,ta1 +2 : tg,bg1,tq1+1,...,by)) =
(r1,8(o,r1)), if d > 1. We mention that o, does not contain 0. Hence d # 1. Applying
induction on indices of o9 we have (o, 03) ~ (02,8(0,03)). Similarly applying induction

Ty we get (7,72) ~ (72, 8(7, T2)). 0O

Example 5.9. Consider m = 10. Let 0 = (7,5: 6,2 :4,0: 1) = (by,bs,bs,b;), 00 =
(5) such that o9 is of type 1 relative to 0. By Lemma (.34 here a = 4, and for
Go =ty +1=5d=3>1. So (a,00) = (7,5:6,2:4,0:1,5) ~ (5,7,6:6,2:4,5,0:
1) = (5,b4,6 : 6, by, 5,by)), and 5(a,05) = (7,5: 6,2 :4,0:1,5) = (5,7,6: 6,2 : 4,0 :
1,5) = (7,6 :6,2:4,0:1,5), and (09,8(0,09)) = (5,7,6 : 6,2 :4,0:1,5) = (5,7,6:
6,2:4,5,0:1). Therefore (o,03) ~ (09,58(c,03)). B

Example 5.10. Consider m = 12. Let ¢ = (6,1 : 5,0) = (b3, bs,b;),00 = (1 :4) =
(r1, 79,73, 74) such that oy is of type 1 relative to 0. By Lemma[5.3.4] here o« = 3, d = 2,
and =ty 1+1=1. So (o,71) = (6,1:5,0,1) ~(1,6,2:5,0,1) = (1,b3,2:5,by, 1),
and s(o,r;) = (6,1 :5,0,1) = (1,6,2 : 5,0,1) = (6,2 : 5,0,1), and (ry,s(0,r1)) =
(1,6,2:5,0,1). Therefore (o,71) = (r1,8(0,71)). Again (o,ry,r2) = (6,1 :5,0,1,2) ~
(1,2,6,3 : 5,0,1,2) = (1,2,bs,3 : 5,b;,1,2), and s(o, (r1,72)) = (6,1 : 5,0)(1,2) =
(1,6,2 : 5,0,1)(2) = (6,2 : 5,0,1)(2) = (6,3 : 5,0,1,2), and ((r1,72),5(0, (7’1,7‘2)))
(1,2,6,3 : 5,0,1,2). Therefore (o,r1,72) = ((r1,72)8(0, (r1,79))). Similarly we get
(0,09) ~ (02,8(0,09)). A

The following result gives eigenvector formula for GFPR and eigenvector recovery
from GFPR.

Theorem 5.3.6 (Eigenvector formula of GFPR). Let 0,7, 01, 09,71, To satisfy the condi-
tions in Lemmal5.3.3 and Lemmal[5.5.4 Let L(\) = AM,, My, M;M,, M., —M, M, M;M,,M;,
be a GFPR of S(A). Let A € C be an eigenvalue of S(X) and 6 be as in ([{.7).

(a) Set wy = s(0,02), w1 = 8(7,72) and w = (wp,w1). Define EL(S) := E,y 0, (S),
where By, o, (S) is as in Theorem [5.3.2. Then EL(S) : N.(S(A)) — N.(L(X))
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1s an isomorphism. Further, assume that wy has cy consecutions at 0. Define

T
FL(S) = Fupw,(S), where Fyy, 0, (S) = (Clon—c) @ In) if w # 0 and
L
(ef ®1,) .
Fopun (S) == if w =40. Then FL(S) : N.(L(A\)) = N.(S(N))

I,
s an isomorphism.

(b) Assume that rev 71 and rev oy are type 1 tuples relative to rev T and rev o, respec-
tively. Also suppose that s(revo, revay), s(revr, revr;) are the simple tuples associ-
ated with (revo, revoy) and (revt, revr) respectively. Set & = s(revr,revn), §o =
s(revo,revoy) and & = (&, &1). Define H(S) := Egy ¢, (ST), where Eg, ¢, (ST) is as
in Theorem [5.3.2. Then Hy(S) : M(S(A\)) = N(IL(N)) is an isomorphism. Fur-
ther, assume that & has cy consecutions at 0. Define Ki,(S) := Kg, ¢, (ST), where

(ef; ) & I,) (ef ® I,)

(m—co

K&h& (ST) =

when & # 6 and K¢, ¢, (ST) =

I,

when & = 9. Then Ki(S) : Mi(IL(N\)) — Ni(S(X)) is an isomorphism.
Proof. Given that L(\) = AM, M, MM, M, —M, M,, M,M,,M_, is a GFPR of S(}\).
By Lemma (.33 M, commutes with M, and M,,, and M, commutes with M,,,. Hence
by Lemma [5.3.4], we have

L<)\) — >\M71 Mol MTz M0—2 ME(T,Tz) - Mn Mal M’TQ M0—2 Mﬁ(a,az)
= MTl Mal MT2 M(Tz ()‘MB(T,TQ) B Ms(a,az) ) = MT:[ Mal MT2 Mog ]Cw (A) )

where ICy,(A) = AMg(r,r) — Ma(o,00) = AM,, — ML, is a PGF pencil. This shows that
NA(L(N)) = N, (Ky(X)). Hence by TheoremB5.3.2, Ey(S) := E,y ., (S) is an isomorphism
from N (S(N)) to Nj(IL(X)). Since K, ()) is a PGF pencil and wy has ¢y consecutions at
0, then by Theorem [L31] Fy(S) : N.(L(X\)) — N.(S())) is an isomorphism.

Next, note that Aj(S(A)) = N.(SN)T) and Aj(L(A)) = N(L(A)T). Now
L()‘)T = ()‘MHMMMTM@MW)T - (MT1MU1M0MU2MT2)T
= AT, MM, M, — M AT, AT

~ ~ ~ ~ —~ ~
= )\Mrev T Mrev o2 Mrev TMrev o1 Mrev T Mrev Ep) Mrev o2 Mrev oMrev o1 Mrev 1

where I\\A/JIj = M;(S7) is the Fiedler matrices associated with ST(\). Note that by
Lemma [(5.3.3] we have M, M, = M,M,,. Taking transpose we have Mreval\\]lrevﬁ =
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Mm, TII\\7JL,6M. Similarly, by Lemma[5.3.3] I\Aﬂm, - commutes Mm, oy, and MWUT commutes
with I\\A/Jlrewl. Since rev 7 and rev o; are type 1 tuples relative to rev 7 and rev o,
respectively, and s(revo, revoy) and s(revt, revr ) are the simple tuples associated with
(revo, revoy) and (revr, revr ), respectively, by Lemma [5.3.4] we have (revo,revoy) ~

(revoy, &) and (revr,revr) ~ (revr, & ). Therefore

~ ~ A~

T ~ ~ ~ ~ ~ ~ ~
L()\) Mrev Ep) Mrev o2 Mrev 1 Mrev o1 M& - Mrev P Mrev o2 Mrev 1 Mrev o1 Mgo

I
>

I
=)

rev To Mrev o9 Mrev T Mrev o1 ()\M& - Mfo )

~ ~

Mrev T Mrev o9 Mrev 1 Mrev o1 ()\M& (ST) =7 Mfo (ST>)

o~

= Mrev () Mrev o9 Mrev T1 Mrev o1 Hf (ST ()\)) )

where H¢(ST(N\)) = AMg, (87) — M, (87) is a PGF pencil. This shows that NV;(L(\)) =
NAL)T) = N (He(ST(N))). By part (a) it follows that Hy (S) := Eg ¢ (S7) is an
isomorphism from A;(S()\)) to M (L(A)). Since H¢(ST(N)) is a PGF pencil and &, has
co consecutions at 0, then by Theorem 31l we have Ki(S) : M(L(\)) — M (S(N)) is

an isomorphism. O

Example 5.11. Consider the system matrix S(\) with m = 12 and the associated trans-

fer function G(A). Consider the GFPRIL(A) = AM,, M,, M. M,,, M, —M;, M,, M[,M,, M[,,,.
Choose ¢ and o5 as in Example and consider 7 = (=7,-8,—-11: =9, —-12), 1, =

(=11 : =10),00 = {0}, 1 = (—8,—9). Now (0,02) = (6,1 : 5,0 : 4) and wy =

s(o,09) = (6,5,0 : 4), and (7,72) = (—7,—8,—11 : =9, —-12 : —10), wy = s(7, ™) =

(=7,-8,-9,-12: —10). So Ky,(A) = AM(7.r,) — Ms(0,0,) is @ PGF pencil. By Theorem

(.32, we have c_,, = 2 and esf(s(1, 7)) = (s1,—m : —m +c_p) = (—7,—8,—9,—12:

—10), where s; = (=7,-8,—9). So £ = (9,8,7,6,5,0: 4). Hence

B
[Aﬁpo NP ML M, NI, NI, M, I, Ps Py Py Pll}
(AE - A)~'B

x € N (L(N)),

where x € N,.(G())).

Now (revo, revoy) = (0,5,4,3,2,1,6) ~ (5:6,4,3,2,0: 1) and & = s(revo, revo;) =
(5 :6,4,3,2,0 : 1), (revr,revry) = (—12,-9,-10,—-11,-8,-7,—-9,-8) ~ (-9 :
—7,-10,-12: —=11,-9: =8), and & = s(revt,revr) = (=7, —10,—12 : —11, -9, —8) ~
(7,210 1 —8,-12 : ~11). So He(S"(N) = Wherrpean(S7) — Matresmenon(ST) is
a PGF pencil, and by Theorem 532 we have ¢_,, = 1, and csf(s(revr,revr)) =

(11, —m : —m-+c_,,), where 1y = (=7, =10 : —=8). So & = csf(—revm,s(revo,revoy)) =
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csf(8,9,10,7,5:6,4,3,2,0:1) = (8:10,7,5:6,4,3,2,0: 1). Hence

B
NPT XSI, MPT XSPT NI, A, MPI NI, X1, A, I, P}

(COAE - AT

is a left eigenvector of IL()\), where y € Nj(G()\)). B
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6

Sensitivity Analysis of Eigenvalues

We develop a general framework for sensitivity analysis of invariant zeros of LTI system
and eigenvalues of rational matrix functions. We derive explicit computable expressions
for condition numbers of invariant zeros of LTI system and hence of eigenvalues of
rational matrix functions. We analyze the effect of linearization on the conditioning of

invariant zeros of an LTT system and the eigenvalues of a rational matrix function.

6.1 Sensitivity of invariant zeros of LTI system

We develop a general framework for sensitivity analysis of invariant zeros of system
matrix. When we restrict our zero A € Sp.(G) then we get the condition number of

simple eigenvalues of transfer function G(\).

Recall the LTT system X given by
Ei(t) = Az(t) + Bu(t)
y(t) = Ca(t) + P(Mu(t),

the Rosenbrock system matrix

and the associated matrix transfer function
G(\) =P\ +C\E—A)"'B=P\+CH\) B,

where H(\) = AE — A. Consider the eigenvalue problem G(\)x = 0. Also recall that

Sp(S) is the set of invariant zeros of ¥ and Sp(G) is the set of transmission zeros of X.

147
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When ¥ is both controllable and observable we have Sp(S) = Sp(G). Also recall that if
L,(A) is a Fiedler pencil of S(\) then Sp(S) = Sp(L,) and Ind()\,L,) = Ind(A,S) for
A € Sp(S).

We analyze sensitivity of invariant zeros of ¥ with respect to small perturbations
in the coefficient matrices in the LTI system 3. In particular, we analyze sensitivity
of the eigenvalues of G(\) when the coefficient matrices {Aq, ..., A, A, B,C, E} are
subjected small perturbations. Since invariant zeros of Y are the eigenvalues of the
system matrix S(\), for sensitivity analysis, we have to choose perturbations AS such
that S(\) + AS()) is again a system matrix. For this purpose, we consider the space of

Rosenbrock polynomials S given by

PO | ©
S = . P € L,,(C™™), L(\) € L (C™"),C € C™", B € C™"
B |LO\)

Note that S is a subspace of L,, ((C(””)X("J”’)) and hence inherits the norm and inner-
product on L,, (C(“”)X(”“)).

Subspace norm: Let ||.|| be a norm on L,, (C®**(*)) and S(\) € S be given
by S(A) = 3 S;A\. Then
i=0

ISI == [l Soll, 1S, -+« 1SmlDIl, , where 1 < p < oo, (6.1)
is anorm on S and (.,.)s : S x S — C given by
(X, Y)s = (X, Y) (6.2)

is an inner product on S. We denote the dual norm of ||.|| with respect to the inner-
product (., .)s by |||+, i-e., for Y €S

[Vl = sup {(X,Y)s:X €S}
1X)=1

Then we have
(X Y)s] < XYL

and there exists X, € S such that | X[ =1 and (Xop, Y)s = ||V
Lemma 6.1.1. Let V = {diag(A, B) : A € C™" and B € C"™*"™} be the space of block

diagonal matrices. Let ||.|| be a maz-norm on CTm)*m+m) gng A = eV.

0|B
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Then there exists X = €V such that || X|| =1 and

01Y

[All = (X, A) = [[A]l« + || B|--
Proof. Proof is easy. O

Lemma 6.1.2. Let 1 < p < oo and 1/p+1/q = 1. Let ||.| be a maz-norm on
Cl+r)x(4r) - Then for

SAN| C

S(\) = |_i=0 €S,
B \ A—\E
we have
Ay | C Al 0
ISl = : Azl A (6.3)
B | A 0 |—-F
p

and there ezists X € S such that || X|| =1 and

Ay | C
IS]l« = (X, S)s = s (Al + 1ED, [ Azlls - [[Am <l
B |A

Proof. The proof follows from Lemma [6.1.1] and (1.42)), (1.43]).

q

In particular, for Holder p-norm on C”, we have

Ay | C Al O
IS, = : M Az2|lp, - s [[Amllp
Bl A 0| —-F
p P P
Then
Ay | C
ISl = (Al + 11ENg)s 1Az2llg, - - -5 1 Amlgll
B|A

d q

is the dual norm of ||S||,, where 1/p+1/q = 1.
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Product norm on S: Note that S can be identified with the product space X =

P| ©
L, (C" ™) x C™*" x C™*™ x L{(C™*™). Hence for S(\) = €S we
B | -HM
have the product norm
IS == LI NS B 1H D, where 1< p < oo. (6.4)

The innerproduct (.,.)s on S coincides with the innerproduct of the product space X.

Xi1(A ‘ X Y11 (A ‘ Y,
Tndeed, for X,Y € S with X = uld | X _ || Ve . we
Xa1 ‘ Xn(A) Yoy ‘ Yoo (N)
have
(X, Y)x = (Xu, Yi) + (Xa2, Yi2) + (Xan, Yar) + (X292, Yao) = (X, V)s.
The dual norm ||.||. of ||.|| with respect to the innerproduct (.,.)s is given by
IS 1 == NCIPN CTs Bl 1H | )llq, where 1/p+1/q = 1. (6.5)

Thus
(XY < XYL

and there exists X, € S such that | Xy =1 and (Xop, Y)s = ||V

We denote the unstructured condition number of an eigenvalue A of S(\) by cond(\, S).
Recall that

cond (A, S) := lim sup
I1x{l—0

{dist()\, SP(S =+ X)) X e Lm((c(n—l-r)x(n-l—r))} .
1X)

We now restrict the perturbation X to S so that S + X € S.

Definition 6.1.1. Let A € C be an eigenvalue of S(\). Define

{dist()\, Sp(S + AS))
IAS]|

cond®(\, S) := limsup
IAS]—0

:ASES}.

We refer to cond®(\,S) as the structured condition number of the eigenvalue .

Observe that if A is not a pole of the transfer function G(\) = P(A\)+C(AE—A)™'B
then condS()\, S) measures the sensitivity of A with respect to small perturbation in the

coefficient matrices. Thus we have the following.

Definition 6.1.2. For A\ € Sp,(G), we define cond(\, G) := cond®(\,S) and refer to
cond(\, G) as the condition of X\ as an eigenvalue of G(\).
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x
Lemma 6.1.3. Let ¢ = and y = Y be right and left eigenvector of S(\)

v u
with x,y € C" and u,v € C*. If X € Sp,(G) then x and y are right and left eigenvector
of G(A) and y* O\S(A\)x = y*O\G(N)x, where O\G () is the derivative of the matrix
function G(z) evaluated at .

Proof. We have

* arv| o [[=] . *
YOS A\)x = [ y*out ] =y OP(\)z — u"Ev.
0 ‘ K v
x x
Since A € Sp,(G) by Theorem B.2.6] we have x = = and
v (AE — A)"'Bx

Y

— Yy s
. [ u } (COE -4y
A)T'E(AE — A)'Bx = y*h\G(\)z. O

. Now y*O\P(\)z—u*Ev = y*O\P(N)x—y*C(A\E —

Lemma 6.1.4. [32] For matrices C,Q, R, we have
C(adjC) = adj(C)C = I det C, (6.6)
Rladj(QCR)|Q = (adjC’) det(RQ)

adj(CQ) = adj(Q)adj(C)
Lemma 6.1.5. ([1]) Let (A, x,y) be a simple eigentriple of G(X). Then

adj(G(A)) = zy”
for some right and left eigenvectors x and y of G(X\) corresponding to the eigenvalue A.

Now, we consider the system matrix S(\) and derive an explicit computable expres-

sion for condition number of simple eigenvalue of S(\).

x
Theorem 6.1.1. Let A be a simple eigenvalue of S(z). Let © = |: ] and y =
v

[ } , respectively, be right and left eigenvector of S(\) corresponding to X. Set s(z) =
u

det(S(z)) and A, = (1, N, -+, A™). Then for X € L, (Cr+mxm+)

_ —Trace(adjS(A) X (N))

DA(S)X = T8y = (S, VA(S)),
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where Rp @adi(SN)*  —An ® ya
TA@S) = —An @i —An © y2
s'(\) Yy ohS(\)zx

Hence cond(\, S) = ||A,, ® yx* \|\*/\y*8)\8(>\)w|. Further, if X is not a pole of G then

J7,

2diG) | adjGNCH(O)!
H(N) " BadjG(\) | HO) ™ BadiGCH ()

vA@S) = ®;‘(‘E)(S(A))* _

where H(A) = AE — A, and r(z) = det(G(2)).
Proof. First part follows from Theorem [[L5.1l Now

ry| ¢ | [1]-cER)
B |-HN | |o] 1
Then by Lemma G.1.4]
[G()\) 0 } ({In 0
T := adj] = adj
0 | -HM 0| —H()

adj[G()\) o}adj | o }adj[c;(x)o
0 |1

0| —H(N)
By the definition of adjugate we have

S(\) =

e o} adiG()\) 0]
adj =
0 |1 0 |0
Consequently, we have
T = det(—H () ade(A)O} [I" } _ det(—a () |2 0]
0 o] | o]-EN" 0 |0
Hence by Lemma [6.1.4] we have
. 1, |o adjc) |0 ] [ 1. | cron
adj(S()) = det(—H(A))
HO\'B| I, o o] lo| =&
ey |t o | [ adjem | adiccE() ]
HO)'B| I, 0| 0
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e iGN | adi@NCH(N) ! }

H(N)BadjG(A) | H(\) " BadiG\)CH(A) ™!
Since s(z) = det S(z) = det(—H(z)) det G(z), we have s'(\) = det(—H (X))r’ (). Hence
the proof. O

Theorem 6.1.2. (a) Let (A, z,y) be as in Theorem[6.1.1l. Define

m

S 2 (Niya*) v*
Ng(,\)(z) = 1=0 *y ‘ (1 y}\)( *> /y*a)\S()\)m.

Then Nspy(z) € S and DA(S)X = (X, Nspy)s for X € S.

(b) Set r(z) := det(G(2)). If A is not a pole of G then

N 3 Nadi(GO)" | (H(\) BadiG(\))" /W
s\z) = =0 r'(A).
(ade()\)CH()\)_l)* (1+ 25\)(H()\)_lBade()\)CH()\)_l)*
Proof. Let
X(\) = X“(A)‘ LB
Xa | XM

Then by Theorem [6.1.1] and Lemma [6.1.5] we have

~ —Trace (adjS(A\) X()))  —Trace ((yx*)*X(}))  —y" X(M\)x
ol ) Y

i)
Xor | Xaa(N)
Again, by Theorem [6.1.1], we have

*

{ ’ ] — (X, Nso)-

(%

adiG) | adiGO)CH() !
H(N™BadjG(\) | H(N) ™ BadjG(\)CH(A)™

VA(S) = trace

It is easy to see that (X, VA(S)) = (X, Ns()) for X € S. Hence the proof. O

Theorem 6.1.3. The condition number cond®(\,S) with respect to the norm in (6.4)

s given by

cond®(X, S) = || (1A @ y2*|l«, lyo* [l [luz* (|, 11, =A) @ wo*|l,) |, /\y*5A5(A)wI-
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Proof. Let N\ be as in Theorem [6.1.2 Then we have
cond®(X, 8) = [[Ns(y -
Hence by (6.5]) we have

IVsoolle = [ (1Am ® gl llyo* [l [lua® [l (1, =2) @ uv*]l.) TS (A)x|.

O

Theorem 6.1.4. The condition number cond®(\,S) with respect to the norm in (6.3)

15 given by
cond®(A, 8) = [|(lly" [l A (" Lt lluv*[lL), APy, - - IAI’”IIW*II*)IIq/Iy*(‘?AS(A)wI-

Proof. Let Ng(z) be as in Theorem [6.1.2 Then

Hence by Lemma [6.1.2, we have cond®(\,S) = [[Nso |l

= [[(ly>"ll«, I Clya [l + v L), NPyl - - IAImIIySE*II*)IIq/Iy*(‘?AS(A)XI-

Corollary 6.1.5. Let A € Sp,.(G) be simple.

(a) Then the condition number cond(\, G) with respect to the norm in (6.4) is given
by

cond(A, G) = H (Ilf_\m ® adj(G(\))" [l [I(H (N) "' BadiG (X)), [ (adiGA) CH (X)) s,

/Iro
/Iy*f)&

(=1, %) ® (H(A)~ BadjG(\)CH(A )

= || (I1Am @ y2* .,y [l [lua”{ls [1(=1, A) @ w]l.)

where v = (A\E — A)"'Bz and u = (C(A\E — A)™Y)*y
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(b) The condition number cond(\, G) with respect to the subspace norm in (6.3) is
given by

cond(A, G) = [|(lya" [l A/ (ly" Lt v 1), APy, - - MlmHyfﬁ*H*)Ilq/ly*ﬁxG(A)xL

where v = (AE — A)"'Bz and u = (C(\E — A)~Y)*y.
Proof. Since X is not a pole, by Theorem [6.1.2] we have

INslls = H <||Am ® adj(G(A))" [, | (N) "' BadiG(N) ", | (adiGA) CH (X)) s,

ey}

T
Also, since A € Sp,.(G), we have x = andy = Y

(\E — A)"'Bx (C\E — A))y
]

(-1, ® (H(A)_lBade(A)CH(A)_l)*II*)

Hence the result follows.

Next, we consider the system matrix and the Fiedler linearizations of system matrix.
Then we compare the unstructure condition number of simple eigenvalue of system

matrix with the condition number of Fiedler linearizations.

6.2 Condition number of Fiedler pencils

Let L,(\) be a Fiedler pencil of S(A). We now determine condition numbers of

simple eigenvalues of L, ().

Theorem 6.2.1. Let L,(\) be a Fiedler pencil of S(\) and let (A, x,y) be a simple
eigentriple of S(\) be as in Theorem [6.1.1. Then

L ) ll[Eq (S) |, [[Ho (S) yllg
[y SNz ’

where E,(S) and H,(S) are as in Theorem [3.2.7] and Theorem [3.2.8, respectively, and
1/p+1/q=1.
Proof. By Theorem [6.1.1] we have

cond,(\, L,) = I

1L Mlgl[Eq (S)x[[[Ho (S)y llg
|(Ho (8)y)*0rLo (M) (Eq (S)x)] -

cond,(\,L,) =

Let L, (\) = AM,,, — M,.. Now

(Hy (S)y) OxLo (M) (Eo (S)x) =
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M,, E,(P)x . .
= | (P w | — (Hy(P)y) M Eo (P — u* Ev
- U
=y O P(N)x —u"Ev =y OhS(N)x,
where E,(P) and H,(P) are as in Theorem [3.2.4l and Theorem B.2.5, respectively. O
Theorem 6.2.2. Let 1 < g < oo and A € C be an eigenvalue of S(\). Then for the

Spectral norm on C™*" we have

1L Mg
[Amllq

Proof. We have

cond(A, Ly) » (1, M)l
cond(A\,S) T [[Anllg

Omin (EU (8))0min (HU (8)) S Omax (EU (8))0max (HU (S) )

cond(A, o) _ [I(1, Mlo[[Eo (S)x|[|[Ho (S)y |2

cond(\,S) [Amllglixll2llyl2
1, A
S H(A/\Ao-max(ﬂzo (8))0max (HU (S>>
[ Amllq
Note that d(\,L,) (L))
con
)y Mo > ) q . ]E . H .
cond(,S) = [l Cmin B (5)0min(Ho(S)
Hence the proof. =

Next, we compare the condition number of simple eigenvalue of S(\) with condition
number of first companion form. Suppose that C;()) is the first companion form of S(\)
and A € C is an eigenvalue of S(\). Then for matrix polynomial norm p = 2 and matrix

2-norm, we have

Az Hy
1L, M)l2

cond(X,Cy) v 5 U p

cond(\,S) . ’
1Al [ } [y}
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I

(A, + Apr)T

where A = A1 .. A\ 1T and H = . Now

()\m—lAm + )\m—2Am_1 4+t Al)T

x Hy
cond(A,C1) _ [I(LA)[l2flAll [IL Y Jllo[TL * 1ly
cond(\, S) | Arnl|2 . Y
v u
2 2
Since 1 < H(LII/XJ!LZI:LAM < (Z2)'2 [10], we have
Hy
1/2 1/2
cond(\, Cy) < om \ " u > < om \ " o (H).
cond(\, S) m+1 m+ 1
u
2
Again, note that
cond(A,Cy) S ||(1,)\)H20 . A® I, o H
cond(\,S) = |[Anll2 ™" I, e I

Theorem 6.2.3. Let (A, z,y) be simple eigentriple of S(\) as in Theorem and
Lo, (X) be the Fiedler pencils associated with a bijection o. Let E,(S) and H,(S) be as
in Theorem [3.2.7 and Theorem [3.2.8, respectively. Set H,(P)y = z and E,(P)x = w,
where E,(P) and Hy(P) are as in Theorem[3.2.7 and Theorem [F.2.5, respectively.

(a) The condition number cond®(\,L,) with respect to the norm in (6.4) is given by

cond*(A, L) = [|([I(1, M@z, 20", luw|l., [1(1, —X)®uv*II*)IIq/\yWAS(A)wI-

(b) The condition number cond®(\,L,) with respect to the norm in (6.3) is given by

cond* (A, Lo) = || (|[Ho (S)Y(Eo (S)2)* ||« IA] (20" [|. + [[uv”[L))]], /\y*5AS(A)w\-

m m

¢ 2\1/2
Lemma 6.2.1. If B = or B = then || Blls < (1+[|C5)".
I,| 0O I,
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c I,
C |1, B
Proof. Define A := = I, 0 | = , where D = [ Iy O } :
In| 0 — D
Ipnemy O
B Iy O |
Then A*A = [ B* D ] — B*B+D'D, and D*D = . Since A*A
D 0 0

is positive semidefinite matrix, so we have Apax(A*A) > Apax(B*B) = (Amax(A*A))/2 >
(Amax(B*B))'/2. Consequently, we have

1Allz > [|Bll2 = | Bll2 < (1 + O3

O

Theorem 6.2.4. Let L(\) and T(\) be n x n matriz pencils such that L(\) = NT(\)F,
where N and F' are non-singular matrices in C™*™. Let A € C be a simple eigenvalue of

L(\). Then
1 - cond (A, L)

< |INL U,
IN|2]|Fll2 = cond(\,T) — | [l2]] ll2

Proof. Let u and v are left and right eigenvector of L(\) associated with A. So

I Mlalullzflv]ls

cond(A, L) = WENACNE

Since NT'(A\)F = L()\) and N is nonsingular then for v € N,.(L), we have L(\)v = 0 &
(NT(\)F)v =0« T(\)Fv=0< Fv e N, (T). Similarly, since F is nonsingular we
have, u € Ni(L) & NTu € Ni(T). Thus

1L Mllaflullallvllz I Ml2ll(NT) N |~ Foll,

cond L) = o Lol WTON(NTO)F)el
< NN Tl NT) ol N ulla | E7 o[ F'v ]l
- [uTO\(NT(N)F)v|
_ @M ANl E N ulla[[Foll _ xy et
o (NTw)TO\T (M) (Fv) = [N l2[[F [[2cond (A, T').
So
cond(\, L)

T <IN [ FTY.
cond()\,T)_H 2| F |2

TH-1270-08612306



CHAPTER 6. Sensitivity Analysis of Eigenvalues 159

Again
||(17)‘)HQO-min(N_l)HNTU||2Umin(F_1)HFUH2
d(\ L) >
con ( ) )_ ‘(NTU>T6AT()\)<FU)|
= Omin(N ) omin (F~Hcond(X, T)
1 1
- cond(A, 1), since Tpin(N71) = ———
NI TFT2 ()
cond(A, L) < 1
cond(A, T') ~ || N2 F[|2
Thus 1 d(\, L)
cond(\, r _
< < INTHlF 2. (6.7)

NIl Fl[2 = cond(A, T)
0

Lemma 6.2.2. Let M;,i = 1 : m—1 be the Fiedler matrices associated with S(\). Then

for j < i, we have

A;
1/2
IM(—i:—lla < (14 [[Yinll3) ", where Y. =
A;
Proof. By Remark B.2.1] we have
I(m—i—l)n
0n><(z‘—j+1)n In
A;
I isim A
M(_i—j) = i & 1<j<i<m. (68)

Ii—1yn

I,

. . . Onxn(i—j-‘rl) ‘ I,
Consider the middle block matrix of (6.8) and set X =

, where
Lijia ‘ Y.

A;
Ai— 0 i—i n ] i—i n Z
Yo =| | Define A= ScALUE Tl AL , where Z = [ 0 Li—jiim
‘ Li—jrin | Y X
Aj
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So by Lemma [6.2.1] we have
1X[l2 < (14 (Y0 [15) "2

Therefore

1/2

IM(—iiyll2 < max (1, (1 + [Yipl1)'72) = (1 + 1¥apl)
U
Theorem 6.2.5. Let T,,(\) = AM,,, — M,,, be a PGF pencil of S(\), where p1 and p

are index tuples in column standard form. Suppose that py has c_,, consecutions at —m,
and Cs.f(,ul) = (_as : _bsa —Qs-1 ¢ _bs—la ceey a1 _b17 —-m: —m+ C—m) = (7-177-2)

where 11 = (—ag : —bs, —as_1: —bs_1,...,—a1: —=b1) and 7o = —m : —m + c_,.

(a) Then M_,cpr, T,\,(AN)Mz, =L, (X) is a Fiedler pencil of S(\), where 7o = (m—c_y,
m—1).

(b) If csf(—revr) = (cs : ds,Cs-1 : ds_1,...,¢1 :dy) =: 71 and |¢; — d;_1| > 1 for all

i€{2,...,s} then
1 < cond(\, L,)
a.f ~ cond(A, T,)

< a.p,

where

@ = max (14 [ViewanlI3) 7+ (1 + 1 ¥iewa ) ) 08 = (1 + ¥ ommepim-[13)

A,

Ag,—
and }/Ecs:ds) = d‘s '

A,

Proof. (a) Since p; has c_,, consecutions at —m, part (a) follows from proof of Theorem

3.2

(b) Since csf(—revn) := (cs : dsycs—1 1 ds_1,...,¢1 : dy) =: Ty, we have ¢g > ds_1 >
. > g > dy > ¢p. Since |¢; —d;—1| > 1 for all i € {2,..., s}, we have M;ll is a block
diagonal matrix. Hence the result follows. O

Remark 6.2.1. If csf(—revr) := (c3 : d3,co : do, ¢y : dy) := Ty with |c3 — dy| > 1 and

|ca —dy| = 1. Then
i < cond(\, L,)

25 = condnT,) =
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where

£ = maxx [ (14 Ve 13) 7% (U ¥ l)°] - (14 e 13)

One can generalize this to csf(—revr) = (¢s : dg,cs—1 : ds_1,...,c1 = dy) = T, where

some |ciy1 — d;| > 1 and |¢; — d;i—1| = 1.

Example 6.1. Consider the system matrix S(\) with m = 10. Consider the PGF pencil
H"H()\) = )\M_GM_4M_2M_1M_1O - MOM3M5M7M8Mg == )\Mul - MHO

of S(A). Then esf(p) = (=2 : —1,—4: —4,—6: —6,—10 : —10). Thus by the Theorem
6.2.5 we have Mz, = MMM Mg, where 73 = (6,4,1,2) = (6,4,1 : 2) and M;, = [.

Now F .
]?m
—As I,
I, 0
—As I,
Mﬁ = :
I, O
—-Ay, I, O
-A; 0 I,
I, 0 0
and
a =max [(1+ [V lI3)'2, (1 + [ 46lI3)2, (1 + | A4l13)"?] -
Therefore
1 _ cond(\ L,)
— < — < .
a ~ cond(\,T,) —
[ |

Example 6.2. Consider the system matrix S(A) with m = 13 and the PGF pencil
LM()\) = )\M_QM_gM_ﬁM_g,M_13M_12M_11 — MOM4M1M7M8M9M10 = )\IMIM1 — MMO

of S(A). Then esf(py) = (—2:—-2,-3:—=3,—6: —5,—13 : —11). Thus by the Theorem
620 we have Mz, = MsMgM3Ms, where 71 = (¢3 : d3,co : da, 1 :dy) = (5:6,3:3,2:
2) and M, = My M;,. Then Mz T, (A)Ms, = L,(A) is a Fiedler pencil of S()). Since
lcs — do| > 1 and |cy — dy| = 1 we have

1/2

£ =max [ (1+ Vs [3) 7% (L4 14513)°] - (1 14203)7 and 8= (1+ [Vawan I13) .
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Therefore
1 < cond(A, L

(8 = cond(\, T,) —
|

Example 6.3. Consider the system matrix S(A) with m = 13 and the PGF pencil

L,(A) = AM_;M_sM_sM_,;M_gM_7M_;5M_;5 — MoMoMoM;oM;; Mg = AM,,, — M

Ho
of S(A\). Then esf(p) = (—=1:—-1,-3: =3,=5: —4,—-8 : —=7,—13 : —12). Thus by
the Theorem [6.2.5] we have Mz = M;MgM;MsM3M;, where 71 = (¢4 : dy,c3 : ds, ¢ :
do,cr:dy) = (7:8,4:53:3,1:1) and M;, = Mys. Then M; T, (A)Mz, = L,(A) is a

Fiedler pencil of S(A) and since |c3 — da| = 1 we have
1/2 1/2 1/2 1/2
£ = max [ (1+ Ve I13) 7" (U Vi) 3) 2] - mac [ (1 + 143118) 72, (1 + 144013) %)

and 8 = (1+ ||Ap]2)"*. Therefore

1 cond(A L,)
<

(8 = cond(\, T,) =

Corollary 6.2.6. Let S(\) be the PGF pencil be as in Theorem[4.2.1. Then M_,c,r, S(N)M;, =

L, is the Fiedler pencil, where —revr; = (1,3,...,m — 2), T» = ¢ and

cond (A, L,)

e ko
~— cond()\,S) -~

1
(0%
where o = max ((1+ [[A1[I3)Y2(1 + [|4s]3)/2 - (1 + [ An—2]13)"/?) -

Proof. Note that csf(—revr) = (¢s : ds,c5-1 : ds_1,...,¢1:dy) =(m—2,...,3,1) and
le; — d;_1| > 1 for alli € {2,...,s}. Hence by Theorem [6.2 -(b), the result follows. O

Example 6.4. Consider T, (\) = AM; 'M; "My — MM, = AM_3;M_ ;M_, — MM is a
block tridiagonal PGF pencil of S(A\). Then MyM3T,,(A) = AMy —M;MzMMy = L, ()
is a Fiedler pencil of G(\). By Corollary 6.2.6] we have Mz = M;Mj and M;, = I.

Since 7; has no consecutions, o = max ((1 + ||A]|3), (1 + || A3]|3)) . Hence

1 cond(\Ly,)
—<———F" <«
a ~ cond(\, T,)
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Now, we can compare the condition number of the first companion form with that
of G(X). Define

* * * 1/
T = [IAmligllylislzllg + lywll3 + sz 13 + (1 + A9 [[swl3] ",

where w = (A\E — A)™'Br and s = (C(AE — A)™')*y. We have

cond(A,C1)  [[(L, Mllgllvfl2]lull2 (6.9)
cond(\, G) J '

Theorem 6.2.7. Let 1 < g < oo. Let (A z,y) be simple eigentriple of G(\) and
(A, u,v) be simple eigentriple of first companion form C1(\) of G(X). Then for ||[(C(AE —
A *yll2 # 0 and |[(AE — A)~LBz||s # 0 we have

Gl el _ condd ) - Jull ol
Il lzll> = eond (3, G) = *yla alla =

5.cond((AE — A)"'B)cond(C(AE — A)™)

[[eell2 Jlv]l2
yll2 [l]l2”

where

_ 1@ Mg
[TAm g + 0 (VF — A)~1B) + 0, (COE — A)~1) + (1 + [X[1) (o

min min(

51 CONE — A)—1)ol((AE — A)-1B))]1/1’

_ I, Mllq
B [”Aml‘g + U?nax(()‘E - A)ilB) + Ug‘xax(c()‘E - A)il) + (1 + |>“q)(og‘1ax(c(>‘E — A)il)o'gnax(()‘E T A)ilB))}l/q
and
I Aoy
()\Am +Am—1)* Am—27
T
2 Wl AL A + A2 A0 1 4o+ AL)* I
(CAE — A)~1)y* (AE - A)~1B
Proof. Since
1 - 1
(A = A)"' B[l — opin(AE — A)7'B) |23
1 < 1
(CAE —A) ) yllf ~ onw(CAE = A) D lyll3
by ([€9) we have
cond(A,C1) - lullz [|v]]2
>~ o1- )
cond(A, G) [yl [[=]]2
where s; =

(1, A llq
(COAE = A=) + (1 + N9 (07, (COE — A)~Nog, (AE — A)=1B))Ha

min min

HAmNG + oin(AE = A)71B) + o

min min
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Again, since [|(AE — A)™ Ba|§ < [|[(AE — A) 7 B§]|2[|3 = ot (AE — A) 7' B)||[13,

max

ICOE = A) )yl < ICOE = A3yl < o (CAE — A) Iy 13

max

1 1 1 1
then a5 2 Fnce—aEn 04 [eeEmATE 2 oA
So
cond(\, Cy) - [[ull2 [|v]]2
cond(A\,G) —  lyll2 [zl
where
_ 11, Mg
[”Am”g + U?nax((AE - A)ilB) + Uglax(C(AE i A)il) + (1 + |>“q)(ggxax(c()‘E L A)il)oglax((AE - A)le))]l/q ’
Hence A0,
§.||U||2 v]]2 A5 (A, C1) S81_||U||2 IIUIIz’ (6.10)
yll2 [|z][2 — cond(A, G) |2 (||

where 2L > 1. Let & = opax(AE—A)7'B), B = 0max(CAE—A)™"), & = omin(AE —
A)IB), B = omin(C(AE — A)™Y). Then

¥ 16 M1l o
(1A 17+ a? + B4 + (1 + [A[9)as 59 /s
. 1L Mg
T (AllE + @ B (T Aot e
Now
17)\ ﬁq Oéq 6
M—[HA I+ q+5/qﬂ'q+ e ga® B L T

< |[cond((AE — A)™'B)]?[cond(C(\E — A)~1))¢
1/q

(IAR[IE+ o™ + B + (1 + |A[)a'B")

= cond((AE — A)™'B)cond(C(\E — A)—1)7||<1;)‘)Hq

= % < cond((\E — A)"B)cond(C(AE — A)7Y).

Thus (6.10) becomes

gllullz fIvllz - cond(.Cu) - lulz flvllz
lyllz llzllz = cond(x,G) =" [lyll2 IItz

The last part follows from the Lemma B.1] and (B.5]).

llull2 floll2

.cond((A\E — A)~ 1B).Cond(C’(>\E—14)71)Hy|‘2 llzllz

O

Next, we compare the condition number of quadratic eigenvalue problem (QEP) with

that of the rational eigenvalue problem obtained from the QEP.
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6.2.1 Comparison of Condition Numbers for QEP

Consider the quadratic eigenvalue problem (QEP)
QN)z = (N Az + A, + Ag) = =0, (6.11)

where Ay, A;, and Ay € C"*". The companion linearizations of QQ(\) is given by

AZ 0 Al AO )\l‘
LNv=[A + =0 (6.12)

0 I, —I, O T

I,

and the left eigenvector of L(\) is defined by u = y, where y is the left

(AN + Ap)*

eigenvector of P(\). Let
AO = CB

be the full-rank decomposition, where C' € R"*" B € R"™"™ and r is the rank of Aj.
Then the QEP in (6.11]) can be written as [37]

GNz = [AMy+ A1+ C(A\L, —0)"'B]z =0. (6.13)
Then we have

. Ay A C z
CA)o=[A + =30 (6.14)

-1, B 0 s

- x ~ Yy
where v = is a right eigenvector of C(\) and u = is a left
A'Br ATIO)*y

eigenvector of C(A).

The following result compares condition number of the quadratic eigenvalue problem

with that of the companion form given in (6.14]).
Theorem 6.2.8. Let Q(N) be as in (6.11]) and C(X\) be as in (6.14). Then

cond()\ C)

AL el
2 > = Cond (X, Q)

V1I+ A

< [lall2]lo]l2

and

w‘ilw ((1 + Ml‘g ?mn(B>) ( + ﬁoﬁ,m(c‘)))m < % < ((1 + #oﬁ)ax(BQ (1 + #oﬁ)ax(c‘)))m.
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Proof. Let x and y be the left and right eigenvector of Q(\) corresponding to the eigen-
value A with [|z|| =1 and ||y|| = 1. Then

cond(A,C) _ [[(L A)[allallofloflz |y oaQ(A)z|
cond(), Q) [y G (M| [[(1, A 22222y ]2
_ (L, Ml2lla@ll2][9]]2 [y 0, Q(N)]
[(LAN) 2 [y* G (N)z|
_ A Mallall2)1o]]2

A
e
_ IS 2llallz]|o]]
(1, X, A2)]]2
NOW 2\ |12 2 4
A AR+ A )
LNA5 T+ AR+ A~
and
IO PN 11 P
(LA A2)[15 L+ [A24 [A] THARPHA T TH[A2 T+ [A
So A A N2
M M)l
VIHPE T A A2
Hence \)\| d( )
con ~ ~

Since @ and v are left and rlght eigenvector of C ( ) given in (6.14), we have

1 y 1
\/1 + Wo-mm(c) S ||U||2 S \/1 + Wo-?nax(c)

1 5 1
\/1 + ngm(B) < |lof]2 < \/1 + Wgrznax(B>

Consequently;,

$%W«Hﬁﬂﬁwg+@;mw”gg%%s@+#ﬁww@ﬂ;mmw“.

O

Theorem 6.2.9. [15] Let A be a simple, finite, and nonzero eigenvalue of the quadratic
matriz polynomial Q(N) given in (6.11)and L be the corresponding companion lineariza-
tion given in (6.13). Then

I|luel|2 < cond(A, L)
[yll2 ~ cond(A, Q)

2 |lulls

V3 lyll

IA
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Theorem 6.2.10. Let G()\) be given in (6.13) and C(\) be the corresponding companion

linearization given in (6.14)). Let X\ be a simple, finite, and nonzero eigenvalue. Then
A2+ 02 (B) (AP + 02, (CD]? _ cond(A,€) _ [(IA2 + 02, (B) (AP + Umax(C))]l/z.
(A2 + 02 (B) (A2 + 02, (O)]/* T~ cond(A,G) = A+ 020 (B2 (O] 2
Proof. By Theorem [6.2.7] we have

sl < 2AAE o apy)a)
o]l o]le < ond()\,G)_I' 21|02,
where
. (eI
(1L M3+ 02 (A1B) + 02, (A71C) + (1, M]3 (020 (A1 B) 02, (A-1C))]?
L) |
[H(l M3 + 02, (A1 B) + 02, (A71C) + |1, A)][3 (02, (A1 B)o2,, (A1) 2
(6.15)
Now
R 1
' (A=1B)+02,..(A"1C) 2 1 2 1 .
I+ Tt ||(17)\)|I|%ax + 02 (A1B)oZ, (A710)
5 1
T [+ 02 (AB) + 02, (A1C) + 02, (A1 B)o2, (A10)] 2
1
[(1+ 02, (A 1B)) (1 + 02, (A1C))]/?
and
T _ y 1/2
lall2ll7ll2 > [(1+ 02(A1B)) (1 + 02, (A 10))] 2.
Hence
cond(A,€) _ [(1+ 00\ B))(1 + o (A~ LO))]'?
cond(A\, G) = [(1 + 02, (A1B))(1 + 02, (A 10))]/2
cond(A,€) _ [(IAP + opun(B) (1A + 02:,(0))]?
cond(A, G) = [(JA]? + 02, (B) (A2 + 02, (C)]/*
Now, from equation (6.I5]) we have
1
02 (A\~1B)+02. (A-1C) ~ 1/2°
I+ H(1>\)||2 _'_O-mln()\ 1B). mm( 10)]
Note that f(t) := m is strictly increasing function on [0, 00) and f(t) — \/11+—a
as t — oo. Hence
! ft) < ——
(1+a+p)2 — ~ (14 a)l/?
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This shows that

1
<s1 <
[1 + O—Inll’l(A 1B) I2Yl 1n (A 10) Illlll(AilB) 1'21111') (A 1C 1/2 \/1 + O'mln mll’l(

-10)

Now
[@]l2]|5]l2 < V(1 + 02, (A1B)) (1 4 02, (A10)).

max

Consequently,
cond(\,C) _ [(1+02, . (A'B))(1+02,. (A —1C>)]1/2
cond(A, G) [1+ 02, (\1B)o2, (A-1C)]Y?

_ O + omax(B)) (1A + amax(c))]l/{
[|>\|4 + O-mm(B)U?nin<C>]l/2

IN

This completes the proof. O

Theorem 6.2.11. Let G(\) be given in (6.13) and C(\) be the corresponding companion
linearization given in (6-17)). Let \ be a simple, finite, and nonzero eigenvalue. Then

cond(A, C) #HB‘T”% + #HC*?JH%
= cond(0, @) = | T 1+ LB LI yR

Proof. Let x and y be the left and right eigenvector of G(\) corresponding to the eigen-

value A with ||z|| =1 and ||y|| = 1. Then
_ 11, A)lal@l2]l5]]2
[1C5, MIB + 1 B)* 13 + 1A-1C)*yl3 + 1L, MBI Ba)* [311(A-C)*y3)]

cond(\,C)
cond(\, G)

911/2 ~ N
Now [l = [lell3 + A~ Ballg]* = [1+ all B3] and 5]z = [14 kellC7l3

1/2 1/2
1Ml (14 7 1B213) (14 S0l

cond(A,C)
cond(\\, G) -

G T3 + el Bl + el Ol + (L M) (1Bl e [Col3)]

1/2 /2
(14 alBzg) ™ (1 + elicwyl)
N (6.16)
W2||B:c|\2 ‘/\‘QHC yli3 1 1/2
L+ T3 <T |B:):||2 arllCyl3 )

= <1+‘A'2HB$H> <1 2”0*3/”5)1/2

> /
[1+ gl Bally + sl + (el Bl e )
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1 9 1/2 1 9 1/2
(1+elBz3) (1 + plicyl3)

1/2
(1+ e Bal) " (1+ ghllcyl3)

12

So
cond(A,C)

cond(\, G)
Again from equation (6.16]) we have

1.

v

1 2 1/2 1 2 1/2
cond(r,¢) _ (1 el BelB) (14 e llc i)

cond(\,G) —

1 2 i 2 1/2
1+ 32 I Bal3- = lICry 3]

1/2
1+ 2l Bal3 + llCtyl + el BrlplICy 3]
:|1/2

1+ e | BalBall Cyl3

1/2

[ slBal3 4 gl
1+ BB CylR

O

The following result compares the condition number of Q(\) given in (6.I1]) with
that of G(\) given in (G.13).

Theorem 6.2.12. Let Q()\) be given in (611) and G(X) given in (613). Let X be a
simple, finite, and nonzero eigenvalue. Then

\/Urznin(c) + Orznin(B) < COI’ld()\, G)

—1 1/2
1A = cond(), Q) (Ao

< [(1+ 02 07'B) (140

max max

Proof. We have Cgid(A’G)

cond(A,Q)

(1L M3 + 1O B)*[[2 + [|ATC) 2 + (1 + AP (A Ba)* [Pl (A~ )yl 2]
1A A2 2z |2y ]2

ly" L, Q(N)z|
wachs O
_ AN B+ 1A B3 + IO wlI3 + (1L + AN B l3(AC)*y[13) N
1(1, A, A%)][2 '
Hence
cond(A, G) <
~ cond(\, Q) — oL
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where
_ I M2 + 02in (A1 B) + 0 (ATHO) + (14 [AP) (03 (A B)oin (A Ao
1L, A, A2 ’
_ AT, M + 03ax (AT B) + 000 (ATHC) + (14 [AP) (0p0x (A B) o (A Aoy
H(lv}V )‘2)”2

AL A2 1+ @ity 4 (62 (A1B)o2,, (A10))]

1/2

[N
1(1, A, A%)]l2

(1402 (A" B) + 02, (A71C) + (020 A" B)o2 (A 10))] 7

< P, Ml
= WA,

_ A M
AN

(14 02, A" B) (1 + o2e(A1C))] 2.

Now

AN AWVIERE (M)W \
(1, M, A2)]|, 1T+ M2+ [ T+ A2+ VP <

cond(A, G)
cond(\, Q) —

So
< [0+ 02 A B)(1 + 02 (A0

Now

1A A2 Tmin(A'B) + 02:(A10)
= 1
Ak [ TERE + Thin
Thus
\/ mln( ) Umln(B) COIld()\7 G)
<
1AM~ cond(A, Q) —

2V B) 72 (31) "

[(1 + UIH&X(A_lB)) (1 + Umax( _1C>)] i :

O

Example 6.5 (Loaded elastic string, [37]). Consider the rational eigenvalue problem

A

where A; and A, are tridiagonal and symmetric positive definite, and E = e,el is the

last column of the identity matrix and ¢ > 0 is a parameter. Then we have

1
G\z = |A; +enel —NAy + e, (i — 1) el

g

x =0, (6.19)

and C1(AN)v = (AX —Y)v =

(A A, ]_ [(A1+ene}§) en]) { 3 ]0‘ 620)
—1/o —el -1 (2-1) ez
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The quadratic eigenvalue problem of ([6.18)) is given by
Q\)z = [NA; — MAL + oAy +epel) +0AlJr =0, o >0, (6.21)

Here

() ) e () ") e (o))
o (en (% — 1)_ )

By Theorem [6.2.7, we have s = s;. So

cond(\, C) - |ullz [|v]l2
cond(\, G) lyll2 Izl

where
) Il
NG+ 15 =1+ 15 = 12+ (1 +A]o) (|5 — 1]72)] 1/
N (L4 N9
[1+ A+ 357 + e + (L4 A9 (JA(SQ;P‘Z)
| (1+ e .
[(1+ [AJ9) + 205517 + (14 [A9) (|55 [2))]Ve —
wd 1< e <oma | | e (| D) <1
o (en(3 =171 (5 -17'el
A6 — 1|2

This shows that
cond(\, C1)

cond(\, G)
Next, considering G/(A) and Q(A) given in (6.19) and (G.21]), respectively, by Theorem

6.2.12] we have
2
cond(\, G) (142 ‘
cond(\, Q) A —ol?

<14+ |N6—172
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Conclusions

In this thesis, we have developed a framework for solutions of rational eigenvalue
problems. We have achieved this goal by reformulating a rational eigenvalue prob-
lem G(A)u = 0 to that of computing transmission zeros and zero directions of a linear

time invariant (LTI) system ¥ given by

Ex(t) = Ax(t) + Bu(t)

y(t) = Ca(t) + P(g)u(t)
for which G () is the transfer function. Since eigenvalues of G(\) form a subset of the
transmission zeros of the LTI system X and the transmission zeros form a subset of
the invariant zeros of the system 3, we have focused on computing invariant zeros and

zero directions of the LTI system which are in fact eigenvalues and eigenvectors of the

Rosenbrock system matrix S(A) given by

Py| ©
B | (A-AE)

S(\) =

Hence we have developed a framework for computing eigenvalues and eigenvectors of the
Rosenbrock system matrix S(A). For this purpose, we have introduced three families of
linearizations - which we referred to as Fiedler pencils, Generalized Fiedler (GF) pencils
and Generalized Fiedler pencils with repetition (GFPR) - of the Rosenbrock system
matrix S(A). Thus invariant zeros of the LTI system > could be computed by solving

generalized eigenvalue problems for the Fiedler pencils.
We have described construction of Fiedler pencils of the Rosenbrock system matrix

S(A) and have shown that these Fiedler pencils are linearizations for S(A\). Further, we
have shown that the Fiedler pencils of S(\) are linearizations of G(\) when the LTI

system Y is both controllable and observable, that is, when ¥ is a minimal state-space

172
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realization of the transfer function G()\). Furthermore, we have shown that GF pencils
and GFPR could be utilized to obtain structure (such as symmetric and Hermitian)

preserving linearizations of the Rosenbrock system matrix.
We have also described eigenvector recovery of G(A) from that of Fiedler pencils of

the system matrix S(\). In fact, we have shown that the eigenvectors of G(A) could
be recovered from those of the Fiedler pencils of S(A\) without incurring any additional
computational cost. Further, we have shown that the state-space framework so devel-
oped could be utilized to linearize a higher order LTT state-space system so as to analyze
and solve the higher order L'TT system. Furthermore, we have shown that the linearized
systems so obtained are strict system equivalent to the higher order systems and hence

preserve system characteristics of the original systems.
We have also developed a framework for sensitivity analysis of eigenvalues of the

system matrix S(A) and the transfer function G(\). We have defined condition numbers
for simple eigenvalues of S(A) and G()), and have obtained explicit computable expres-
sions for the condition numbers. We have also analyzed the effect of linearization on

the conditioning of the eigenvalues of the system matrix S(\).
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