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Abstract

Rayleigh-Bénard convection (RBC) is one of the classical problems in fluid dynamics, in which
a fluid layer is heated from below and cooled from the top. In this thesis, various aspects of
turbulent RBC inside a Cartesian box and cylindrical cell are studied, using direct numeri-
cal simulations (DNS). Our prime focus is to identify and characterize large-scale circulation
(LSC), which is an organization of thermal plumes to form a large-scale coherent structure.
For rotating RBC inside a cylindrical container, we identify different flow regimes based on
the Fourier modes and flow structures. At low rotation rates, LSC is observed, while at higher
rotation rates, wall-bounded flow structures, namely quadrupolar and sextupolar are obtained.
The reorientations of LSC are identified as rotation-led and cessation-led based on their nature
of occurrence, and as partial and complete reversal depending on the azimuthal drift. In addi-
tion to the previously reported rare events like cessations and double-cessations, an interesting
event of multiple-cessation is observed in the present study. We observe that similar to non-
rotating RBC, the probability distribution of the reorientations exhibits a power-law behaviour.
Further, the significance of Prandtl number (P7r) on the flow structure and heat transport in
rotating convection is investigated. We report an intermediate Pr regime where the increase
in heat transfer occurs at low rotation rates. Moreover, the enhancement in heat transfer rate is

observed in the region where the flow structure changes from quadrupolar to dipolar state.

For turbulent RBC inside a cubic cell, we have been able to attain a high Rayleigh number
(Ra) range, up to Ra = 10°, and study various characteristics of the flow, especially thermal
plumes and LSC. We observe that the volume fraction of the plume decreases, while that of the
turbulent background increases with Ra. Comparisons with the theoretical predictions show
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that the dissipation from the plume region follows the Grossmann-Lohse scaling, while consid-
erable deviations are observed in the background contribution. By comprehensive analysis of
the flow behaviour in different planes, a mechanism of flow reversals is proposed. Our analyses
show that the corner-rolls present in the plane containing LSC play a key role in destabiliz-
ing the LSC, and thus, resulting in reversals. We notice that partial reversals are a common
occurrence across all Ra, while complete reversals are rare occurrences and restricted to low
Ra. The evaluation of turbulent kinetic energy (TKE) budget across the LSC and non-LSC
planes indicate that the production of TKE occurs at localized pockets in both the planes, while

dissipation of TKE largely happens near the plane containing LSC.
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Introduction

1.1 Significance of Rayleigh-Bénard convection

Rayleigh-Bénard convection (RBC) is a bottom-heated and top-cooled configuration of a fluid
layer confined between two horizontal surfaces. RBC has been of keen interest to the scientific
community due to its pivotal role in many natural phenomena and technological applications.
For example, solar and stellar systems depend principally on the convective heat transport from
their outer core to the surface [1, 2]. Convective motions inside Earth’s mantle result in tectonic
drift and volcanic activities [3—8]. Further, oceanic convection, coupled with the atmospheric
convection [9], assists in the transport of heat and moisture around the planet, which are cardi-
nal in determining the climate. Figure 1.1 shows a schematic representation of some of these
natural phenomena where RBC plays a crucial role. Apart from these, RBC finds applications
in various engineering fields such as cooling of electronic equipment [10], metal solidifica-
tion processes, fluid storage applications, heat exchangers, nuclear reactors, and solar heating

devices. Even heating a pan of water is also a classic example of Rayleigh-Bénard convection.

The addition of rotation to the Rayleigh-Bénard system makes it more complex, but rel-
evance to the physical world is unparalleled, as rotation is an important ingredient in all the
aforementioned situations. When a fluid layer is rotated, it introduces two extra forces into the
system, namely the Coriolis force and the centrifugal force. Further, if the rotation is time-
dependent, the Euler force is also introduced. Rotating convection is a common phenomenon

in many natural flows and various engineering applications. For planetary and stellar objects,
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Figure 1.1: Schematic representation of (a) convection dynamics inside the Earth [11], (b)
atmospheric convection [12], (c) oceanic convection [13], and (d) stellar convection [14].

many large-scale fluid motions are driven by thermal convection, and the length scales of these
phenomena are large enough to be influenced by their respective rotation [15, 16]. The mag-
netic fields, atmospheric jets, and emitted heat flux patterns of planets are controlled by the
turbulent rotating convective movements of molten metals within the planets [17, 18]. The ro-
tating convection of molten metals inside the Earth’s core plays a crucial role in the generation
of geomagnetic field and its reversals, which resultantly shields the Earth from solar winds [19].
Further, the atmospheric [9], oceanic [20], and the global thermohaline convections [21] are
largely affected by Earth’s rotation, which in turn influence the climate. The interplay between
the rotation and convective motions is the root cause of trade-winds [22], which are extremely
important in weather predictions. Rotating thermal convection is also a key concept in various
industrial applications like convective cooling in turbomachinery [23], centrifugal phase sep-
aration in gas exploration [24], crystallization processes, and many material processing fields.
Thus, modelling of these flows is essential from the astronomical, geological, climatological,
industrial, and technological point of views. In the next section, some general aspects of RBC

and an overview of the existing state of literature on it is provided. After this general introduc-
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tion, a detailed introduction specific to each chapter of the thesis is also presented.

1.2 Rayleigh-Bénard instability and flow transitions

Rayleigh-Bénard instability occurs when a fluid layer is subjected to an adverse vertical tem-
perature gradient (bottom-heated and top-cooled). Due to thermal expansion, the fluid at the
bottom (hot side) becomes lighter than the fluid at the top (cooler side). This top-heavy and
bottom-light configuration is potentially unsteady, and the fluid has a natural tendency to redis-
tribute itself to counter this destabilizing effect. But the viscosity of the fluid acts as a stabilizing
force against this redistribution. Initially, there exists a balance between these forces, and the
fluid remains in a stratified and motionless stage, which is the static conduction state. Once the
temperature gradient exceeds the critical one, the destabilizing force overshadows the stabiliz-
ing force and instabilities set in [25]. The strength of the thermal driving in RBC is quantified
by the Rayleigh number, Ra, which indicates the dimensionless temperature difference across
the system. It is the ratio of the destabilizing buoyancy force to the stabilizing viscous force.
Another non-dimensional quantity that comes in to picture is the Prandtl number, Pr, which is
the ratio of momentum diffusivity (kinematic viscosity) to thermal diffusivity. Prandtl number
is a property of the fluid and varies from 10~® for the Sun’s convective zone to 10 for the
Earth’s mantle. In addition to these two control parameters, the aspect ratio of the container,
I', which is the ratio of the horizontal to the vertical extent of the flow domain, also determines

the dynamics of RBC.

The first quantitative experiment on convective motion of a fluid layer was performed by
Bénard [26], more than a century ago. He studied the dynamics of a thin fluid layer heated
from below and open to ambient air on a levelled metallic plate. Initially, the fluid layer re-
mained static with the mode of heat transfer as conduction only. As time progressed, rolls
of fluid started to appear, as convection begins. Bénard observed hexagonal patterns with a
slight depression at the center on the upper free surface of the fluid layer, called Bénard cells.
He studied the structure and periodicity of these cells. Bénard’s work laid the foundation for
Rayleigh-Bénard convection, the buoyancy-driven flow of a fluid layer between two surfaces

of which the bottom one is heated, and the top is cooled; and Bénard-Marangoni convection,
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surface tension driven flow of a fluid layer heated from below and open to free surface at the
top. Rayleigh [27] in 1916 theoretically investigated the Bénard experiment. He used Boussi-
nesq approximation and assumed the top and bottom walls with no temperature disturbance
(infinite conductivity). Rayleigh quantified the appearance of rolls of fluid using the Rayleigh
number. The minimum value of Ra for which the first convective rolls appear is called the
critical Rayleigh number (Ra.) [28-30]. Jeffreys [31, 32] and Low [33] carried out further on
Rayleigh’s observations. Jeffreys extended it to other boundary combinations and generalized
the occurrence of instabilities using revised theoretical results. For Ra > Ra,, the flow pat-
terns are highly non-linear and depend strongly on both the fluid properties and aspect ratio
of the container [34—-38]. As the Rayleigh number is increased beyond the critical value, flow

transition occurs from static periodic state to chaotic leading to the turbulent state [39].

The transitions between the convective states with the increase in Rayleigh number for dif-
ferent fluids were studied by Krishnamurthi and Howard [40]. For all Pr, the transition from
conduction to convection states occurs at Ra. ~ 1707. For moderate Prandtl number (Pr ~ 1)
and high Prandtl number (Pr > 1) fluids, steady two-dimensional rolls are observed at low
Rayleigh numbers (up to Ra ~ 2 x 10*). Beyond this, three-dimensional steady roll pat-
terns are observed [41]. The structure of these three-dimensional rolls strongly depends on the
shape (geometry) and size (aspect ratio) of the container. Generally, symmetric or asymmet-
ric square patterns are observed in Cartesian box configurations, while in cylindrical domains,
spiral or hexagonal patterns are noticed. As the Rayleigh number is increased, the flow transits
to periodic/quasi-periodic state as a result of various time-dependent instabilities in the system
[41, 42]. This is followed by a transition to a chaotic state, where the temporal coherence of the
flow is lost. With further increase in the Rayleigh number, the flow loses its spatial coherence
also and thus exhibits spatio-temporal chaos, i.e., turbulent state. Here the flow shows random
characteristics in both space and time. However, under certain parameter range, the statistical
coherence of the flow is restored. Here, on an average, the thermal plumes organize to form a
large-scale convection roll with hot and cold fluid rising and dipping, respectively, along op-
posite sides of the container [40]. Such an organization of the flow is termed as ‘large-scale
circulation’ (LSC) or the ‘mean-wind’ [43—47]. The length scale of LSC is comparable to the

size of the container, and the time-scale is of the order of the eddy turn-over time of the flow.
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1.3 Large-scale circulation and its dynamics

LSC is a coherent structure of the flow wherein hot and cold fluid, by their impending motion,
create an organized state amidst background or neighbouring chaos. Generally, two types of
domains are used to study LSC and its dynamics in the RBC system, such as (a) rectangular
box and (b) cylindrical container. An important aspect to investigate is how does the shape of
the container affect the convection dynamics? A prominent work in this direction was carried
out by Daya and Ecke [48], where they showed a direct comparison between the convective
flow inside cylindrical and cubic convection cells of equal volume and height. They observed
that both the magnitudes and scalings of fluctuations as a function of Ra depend strongly on
the geometry of the container. Further, they noted that the features of the boundary layers and
LSC are different for both the geometries. Similar observations were made in the DNS study
by Wagner et al. [49]. The simulations were carried out in a cube and a cylinder with equal
diameter and height, to investigate the main responses of the system. They observed significant
differences in the heat flux and the kinetic energy between both the geometries. An apparent
difference between cylindrical and cubic containers is that the former provides an azimuthal
symmetry, while the latter does not. Figure 1.2 shows the schematic representation of LSC
inside a Cartesian box and cylindrical cell, where the dashed line indicates the direction of
circulation. Note that in both the configurations, the bottom plate is heated while the top one
is cooled, and the lateral walls are adiabatic. The hot plumes erupt from the boundary layer at

the bottom and rise along the lateral wall, while the cold plumes sink along the opposite side.

Generally, the dynamics of the mean wind is investigated in cylindrical geometries. For
cylindrical containers with unit aspect ratio (I' ~ 1), mostly a single-roll structure (LSC) is
noticed [50, 51]. However, for larger or smaller aspect ratio containers, two or more circulation
rolls can be present, which are aligned either next to each other or one roll stacked on top of the
other [52]. It has been observed in laboratory experiments that the vertical plane containing
LSC undergoes diffusive motion in the azimuthal direction of the cylindrical container [53].
Sometimes, in the course of its motion, the plane of LSC changes swiftly by a significant angle.
This phenomenon is called the “reorientation of LSC” [43, 54]. Previous studies have shown
that reorientations occur in two ways: (i) rotation-led, in which reorientation takes place without

changing the amplitude of the LSC, and (ii) cessation-led, where the amplitude of LSC vanishes
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Figure 1.2: Schematic representation of turbulent thermal convection inside (a) cylindrical cell
and (b) Cartesian box. The hot thermal plumes arise from the boundary layer at the bottom and
the cold plumes descend from the top boundary layer, thus forming an LSC.

during the reorientation [51, 54-57]. These issues are of major interest to the community at
present. Several experimental studies have identified these reorientations and quantified them
based on various statistical measures [43, 45, 54, 56, 58—60]. Brown and Ahlers [56] and Xi and
Xia [60] carried out experiments with water inside cylindrical cells to investigate the dynamics
and statistics of reorientations. Both rotations and cessations were identified, and they followed
Poisson statistics in time. It is important to note that a similar attempt to study the statistics of

reorientation using numerical simulations has never been made.

Interestingly, most of the studies on the dynamics of LSC have been carried out in cylin-
drical cells, while those for cubic (or cuboid) enclosures are few. In contrast to the cylindrical
domain, the azimuthal symmetry is absent in cubic configurations, and hence, the reversal of
flow is non-trivial [61]. The experimental works by Zocchi ef al. [62] and Qiu and Xia [63]
with water as the working fluid showed that LSC aligns along the diagonal direction in cubic
containers. Qiu and Xia [63] also reported that there exist secondary flows that sometimes
have opposite directions to the LSC, which could affect the stability of the LSC. Sun et al.
[64] performed similar experiments in rectangular convection cell and observed that the LSC

is aligned with the largest diagonal of the system. In addition, it was seen that the rectangular
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geometry has the most stable flow structure compared to cylindrical and cubical cells. Recently,
Foroozani et al. [65] used large-eddy simulations to investigate the dynamics of LSC inside a
cubic box and reported that the plane of LSC is confined along one of the diagonals of the
box. They observed reorientations of LSC as a result of lateral rotation, and the LSC spent
some finite time in a transition state between the two diagonals. During the transition stage,
the large-scale flow becomes parallel to the sidewalls of the container. Further, they proposed
that there exist four possible orientations of LSC in cubic cells, such as along the two diagonal
planes with clockwise and counter-clockwise rotations. Similar observations were made in the
DNS by Giannakis et al. [66] in turbulent RBC, using Koopman eigenfunction analysis. They
observed that the LSC persists along the diagonal planes as long as a thousand convective free-
fall time units. The first few eigenfunctions quantify the long-term switching of LSC between
these different orientations while higher eigenfunction pairs identify the secondary structures

such as corner rolls.

LSC and its dynamics are interconnected with the characteristics of heat transport and
boundary layers. Wang and Xia [67] experimentally studied the positional dependence of the
thermal boundary layer thickness along the direction of LSC in a cubic box. They observed an
asymmetric distribution of the thermal boundary layer thickness (Jg) with a minimum near the
central region. Similar observations were made by Werne [68] in his numerical study of RBC
inside a two-dimensional (2D) square cell. At higher Rayleigh numbers, 9 remained nearly
constant except near the sidewalls. This is in accordance with the observations made by Lui
and Xia [69] in a cylindrical convection cell. Qiu and Xia [70] studied the spatial structure of
the velocity field in the boundary layer region for RBC of water in a cubic cell. They observed
that the magnitude of the mean flow, the shear rate, and the velocity boundary layer thickness
change considerably in the directions both along and perpendicular to the orientation of LSC.
Further, they noted that the spatial structure of the velocity field in the boundary layer region
does not change with Ra. Foroozani et al. [71] studied the heat flux distribution at the top and
bottom isothermal plates in connection with the alignment of LSC. They observed that the heat
flux at the horizontal plates is distributed non-homogeneously, where the heat flux at one corner
(where the flow impinges on the wall) is much larger than that at the center and on opposite
corners. Numericall simulations by Chandra and Verma [72] observed that heat transport in

2D Rayleigh-Bénard systems is interlinked with flow reversals. In their simulations, they ob-
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served anomalous fluctuations in the Nusselt number during flow reversals. After introducing
the large-scale flow behaviour and its associated characteristics in turbulent convection, in the

next section, we move on to the global heat transport and associated flow regimes in RBC.

1.4 Heat transport in turbulent convection

A recurring theme in both theoretical descriptions and phenomenological pictures of Rayleigh-
Bénard convection is how does the heat transport which is generally characterized by a non-
dimensional parameter, the Nusselt number (Nu), depends on the other non-dimensional pa-
rameters (Ra, Pr, and I'). In RBC, the dynamics of the system are determined by the dimen-
sionless control parameters, the Rayleigh number, Prandtl number, and the aspect ratio, while
the response to the system is measured by the heat flux and kinematic energy, quantified by
the Nusselt number and Reynolds number, respectively. Nusselt number is the ratio of the heat
transport by convection mechanism to conduction alone. It thus quantifies the heat transport
due to fluid motion and is of significant importance in the conceptual and application point of

view.

In turbulent RBC, the scaling relation between Nusselt number and Rayleigh number has
been subject to extensive study over the years [73—75]. The scaling laws of these quantities have
been widely used to identify different flow regimes [76-78]. The early studies on the Nusselt
number scaling were based on single exponent, Nu o< Ra” [73, 75, 79]. For fully turbulent
thermal convection, Malkus [73] proposed the so-called “classical” scaling of Nusselt number

with Rayleigh number as Nu o Ra'/®

. The scaling was based on the assumptions that the
opposing boundary layers do not interact, and the height of the fluid layer, therefore, does not
enter into the heat transfer scaling. It is often argued that the n = 1/3 scaling is suitable for
geophysical systems, where the boundary layers are relatively isolated, such that when they are
much thinner than the convective fluid layer. Recently, using DNS, Iyer et al. [80] showed that
for turbulent RBC inside slender (I' = 1/10) cylindrical cells, the Nusselt number follows the

classical scaling up to Ra = 10%.

Using the mixing length theory, Kraichnan [81] proposed the scalings for Nusselt number as

Nu o Ra'/? for large Prandtl number (Pr>1), Nu x (PTRa)l/ ® for small Prandtl number
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(Pr < 1), and Nu o 1 for very small Pr. Further, at very large Rayleigh numbers or the
so-called "ultimate regime", a scaling behaviour of Nu o< [Ra/In(Ra)]'/? was proposed. The
half scaling is valid only at high Rayleigh number regime ("ultimate" or asymptotic regime),
where the boundary layers undergo a transition from laminar to turbulent, and the heat flux and
turbulent intensity become independent of the kinematic viscosity and thermal diffusivity. The
numerical studies by Lohse and Toschi [82] and Calzavarini et al. [83] also observed similar
scaling in the so-called homogeneous RBC, i.e., in the bulk region. Similar half scaling was
obtained by Cholemari and Arakeri [84, 85], in their experiments on turbulent flow in a long
vertical tube that is axially homogeneous, and sustained purely by buoyancy. They separated
the bulk and the boundary layer effects in turbulent convection, by eliminating the boundary

1/2 scaling. Chilla et al.

layers and proposed that the bulk mechanisms cause the Nu ~ Ra
[86] showed that the thermal conductivity and the heat capacity of the horizontal plates play a

crucial role in attaining the ultimate regime in RBC.

Different experimental results at different Ra and Pr ranges reported a wide variety in
exponents for the Nusselt number scaling. This prompted Grossmann and Lohse [76-78] to
propose a unifying theory that consists of different regimes with different exponents. They
identified different flow regimes in the parameter space Ra — Pr, and established the Nusselt
number and Reynolds number scalings (Nu o< Ra™Pr™ and Re oc Ra”Pr®) at these regimes.
The main idea of the theory is to decompose the volume-averaged kinetic (€,, ) and thermal

dissipation rate (€y) into their respective bulk and boundary layer contributions, i.e.,

€u = €u.BL 1 €upulk, (1.1)

€9 = €9.BL + €gpulk, (1.2)

where the subscripts BL and bulk denote the boundary layer and bulk regions, respectively.
Four different regimes are characterized based on the domination of ¢, and ¢4 inside the bound-
ary layer and the bulk region. The different regimes are:

() both €, and €4 are dominated by their BL contributions.

(IT) € is dominated by €y 51, and €, is dominated by €, 4,,5.

(III) €,, is dominated by €,, g, and €y is dominated by €g py.

(IV) both €,, and €y are bulk dominated.
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Table 1.1: Power laws for Nu in different flow regimes.

Regime Dominance of regime =~ BL Nu

I €u,BL>€0.BL 0y < 0 0.27Ra‘/* Pr'/8

I, 6y > bp 0.33Ra‘/*4pr—1/12

I €u,bulk>€0,BL Oy < Op 0.97Ra'/® Pr'/®

I1, 8y > 0p (~ Ra'/)

111, €u,BL>€0 bulk 0u < Op 6.43 x 10 S Ra? 3 Pr'/3
111, 6y > 0p 3.43 x 1073 Ra®/ " Pr=1/7
A% €, bulk->€0,bulk 0u < Op 4.43 x 10~*Ra'/? Pr'/?
1V, S5y > 0p 0.038Ra'/?

The Ra — Pr phase diagram identifying different flow regimes is shown in Fig. 1.3. Each

regime is further divided into two sub-regimes based on the velocity (d,) and thermal (Jy)

boundary layer thickness. Depending on whether d,, is lesser or larger than dy, the sub-regimes

are identified, where the subscript ‘v’ stands for é, > dy and ‘I’ for §,, < dy9. The Nusselt

number scaling observed in the respective regimes are shown in Table 1.1.
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Figure 1.3: Phase diagram in Ra— Pr plane indicating the different flow regimes by Grossmann
and Lohse theory [76]. The dashed line represents 9, = dy. The shaded regime for large Pr is
where Re < 50, and the shaded regime for low Pr is where Nu = 1.

Generally, from a scaling point of view, detached thermal plumes are considered as a part of

the thermal boundary layers. Thus, instead of BL and bulk decomposition, one may also con-
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1.5. Rotating Rayleigh-Bénard convection

sider the contribution of dissipation rates from the plume (BL-like regions) and background
regions separately. Plumes are coherent structures and play a crucial role in heat transport
in turbulent convection. Mostly, they consist of a mushroom cap with a sharp temperature
gradient and a stem that is relatively diffuse [87, 88]. Over the years, researchers have used
different techniques to identify plumes. Although these structures are seen directly in exper-
iments (shadow-graph and particle-image velocimetry (PIV) techniques) [89], identification
and quantification of thermal plumes are not straight forward in numerical simulations. Some
of the prominent works in this direction have been carried out by Belmonte and Libchaber [90],
Julien et al. [91], Zhou and Xia [92], Alexandre et al. [93], Shishkina and Wagner [94], and
Emran and Schumacher [95]. In most of the studies, plumes are identified based on some cor-
relation between temperature and velocity fluctuations. The experimental study by Xi e al [89]
showed that plumes cluster together to form large vortices that lead to the formation of LSC.
Similar observations were made in the numerical studies by Poel at al. [96] and Parodi et al.
[97]. As a result of the clustering of thermal plumes, heat transport across the system becomes
highly inhomogeneous, both temporally and spatially [98]. Investigation of the morphology,
evolution, and characteristics of these coherent structures is essential to the understanding of

turbulent flows in many natural and industrial systems.

1.5 Rotating Rayleigh-Bénard convection

Rotating Rayleigh-Bénard convection (RRBC) is a phenomenon that is observed all around
us. The addition of rotation to the RBC system makes it more complex. Nevertheless, several
experiments have been conducted in this direction. RRBC was first studied by Chandrasekhar
[99] in 1953. Chandrasekhar [25, 99] extended Rayleigh’s analysis on RBC to the rotating
case. He examined the stability of a fluid layer heated from below, subjected to gravity and
Coriolis force. It was shown that the effect of the Coriolis force was to inhibit the onset of
convection. The extent of the inhibition depends on different non-dimensional parameters.
From linear stability theory he found out that for any Prandtl number greater than one, the
critical Rayleigh number for the onset of convection (Ra.) depends only on the rotation rate,
quantified by the Taylor number 7'a (alternatively the Rossby number Ro or the Ekman number

Ek are also used). But for lower Pr, the critical Rayleigh number depends on both Pr and
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T'a. This was later experimentally confirmed by Nakagawa ef al. [100]. Chandrasekhar [25]
observed that for non-rotating case viscosity has a stabilizing effect on the fluid layer, but when
rotation is introduced, viscosity plays a destabilizing role. This was explained using Taylor-
Proudman theorem [101-103]. A similar stabilizing effect of rotation on the convection system
was observed by Veronis [104]. In the non-rotating case, Ra. was constant for given boundary
conditions, but in the rotating counterpart, it depends on the T'a and the Pr. He found out
that viscosity here plays a dual role, i.e., the familiar role of dissipating kinetic energy and a
special role of releasing energy due to rotational effects. In a different study, Veronis [105]
extended his analysis to a wide range of Prandtl numbers and Taylor numbers with stress-free
boundary conditions. He observed an early onset of instability for low Prandtl numbers, as
compared to those predicted by the stability analysis. The onset of thermal convection and
pattern formation in RRBC have been subject to several experimental [106—109] and numerical

[110-114] investigations.

A detailed experimental study on rotating convection was carried out by Rossby [115] in
1969. He observed an increase in heat transport (of about 10%) at low rotation rates compared
to the non-rotating case. However, for higher rotation rates, a stronger reduction in heat trans-
port was noticed, due to the suppression of vertical velocity fluctuations by the rotation. This
behaviour has been later confirmed by several experiments [116—118]. Niemela et al. [119]
conducted experiments on RRBC at very high Rayleigh numbers (10'! < Ra < 4.3 x 10'%).
For steady rotation, no heat transport enhancement was observed. However, as the rotation rate

varied periodically, an enhancement in heat transfer was reported.

Over the past few decades, numerical simulations have made significant progress in the
field of rotating convection [120—122]. The DNS study by Julien et al. [91, 116, 123], Kunnen
et al [124-126] and King et al [18] investigated the heat transport and resulting flow patterns
under the influence of rotation, for a range of Ra and Ro. Kunnen et al. [124] observed that for
RRBC at low rotation rates, heat transfer increases with Nusselt number increasing up to 5%.
The increase in heat transport was described by the phenomenon of Ekman pumping [127],
which creates a vertical heat flux. However, as the rotation rate increases, the heat transfer
drops. This is due to the suppression of fluctuations in vertical velocity as a result of increased
rotation rate (Taylor-Proudman theorem). Furthermore, Kunnen er al [128-130] performed

experimental and numerical investigations of turbulent rotating convection inside cylindrical
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domain and made direct comparisons between the two. They observed a domain filling large-
scale circulation at low rotation rates, where the hot plumes gather and rise along one side of the
domain while the cold plumes gather and sink along the other side of the container. When the
rotation rate was increased slightly, the LSC was replaced by dispersed vertical local thermal
plumes as the dominant flow structure. At very high rotation rates, the stabilizing effect of
rotation was clearly demonstrated. Oresta ef al. [131] studied the transitional regimes and mean
flow structures for thermally driven flow with background rotation in a cylindrical cell. They
observed that at strong rotation rates, it is a very effective way to inhibit vertical motions and to
prevent horizontal thermal gradients, which is a highly desirable outcome in solidification and
crystal growth processes where thermally induced motions cause material defects and crystal
inhomogeneities. Schmitz and Tilgner [132, 133] carried out numerical simulations inside a
horizontally periodic domain with no-slip and stress-free boundary conditions at the horizontal
plates. The enhancement in transport under the influence of rotation was observed only when

a no-slip boundary condition is used at the horizontal plates.

Previous studies have shown that based on the rotation rate and its effect on global heat
transport, different flow regimes can be identified [134—137]. At weak rotation regime, heat
transport remains nearly constant, but as soon as the rotation rate is increased above a critical
value, an increase in Nusselt number is observed for moderate rotation rate. After the Nu
has reached its peak value, it marks the transition to the next regime, which is dominated by
rotation. Here the heat transfer rate drops steeply with an increase in rotation rates. Note that
this classification is valid only for Pr = 1. For low Prandtl numbers (Pr < 1), no enhancement
in heat transport is observed at any rotation rate [ 138]. Horn and Shishkina [139] used a method
based on the decomposition of the velocity field into toroidal and poloidal parts to identify
different flow regimes and transitions in rotating convection, without any restriction to certain

Prandtl numbers or aspect ratios.

1.6 Motivation and objectives

It has been established that thermal plumes, which are the major carriers of heat, triggers the
onset of LSC in turbulent RBC [89]. Understanding the characteristics of plumes, their mor-

phology, and evolution in connection to LSC is of significant importance, as these coherent
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structures play a crucial role in many physical systems. Despite the fact that there are many
experimental works that have studied LSC and its dynamics over the years, comprehensive nu-
merical studies in this direction are less, especially for convective flow inside a Cartesian box.
Moreover, the effect of rotation on this large-scale structure is also less explored. Some of the
critical questions that arise in the study of these large-scale structures in the presence of rotation
are: (a) how rotation affects the overall flow dynamics, particularly the appearance and orien-
tation of LSC? And (b) how it changes the characteristics of heat transport, dissipation rates,
and boundary layers? In this thesis, DNS of 3D turbulent RBC inside cubic and cylindrical
cells are carried out with a prime focus on LSC, its characteristics, and dynamics. In addition,
a detailed investigation of the effect of rotation and Prandtl number and statistics of thermal
plumes on RBC is performed. Although there are many experimental and numerical works in
rotating convection, we observe that there is much more to be explored in RRBC, particularly
when the flow is significantly dominated by rotation. In spite of the fact that identification of
flow regimes and their transitions in rotating convection have been studied extensively, such
attempts in low Prandtl number flows are less, where no increment in heat transport with ro-
tation is observed. These issues are also addressed in this thesis. The results of the thesis
can be broadly classified into two sections. Chapters 3-5 constitute the first part where DNS
of rotating convection inside cylindrical confinement is presented. In the second part, which
comprises chapters 6 and 7, the results pertaining to highly turbulent flow inside a cubic cell
are discussed. The main objectives of the thesis are as follows:

1. To study the effect of rotation in RBC, and thereby identify different flow regimes, charac-
terize the flow structures and quantify them based on the Fourier modes.

2. Investigate the dynamics and statistics of LSC in turbulent rotating RBC inside a cylindrical
cell.

3. Study the effect of Prandtl number on the heat transport and flow structures in rotating RBC.
4. Identify and characterize thermal plumes, their contribution to thermal dissipation and study
their statistics for highly turbulent RBC.

5. Understanding the dynamics of LSC in a cubic cell and thereby propose a mechanism of

flow reversal.

14
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1.7 Outline of the thesis

The remainder of the thesis is organized as follows. In the next chapter (chapter 2), the details
of mathematical modelling, numerical strategies adopted, parallelization techniques, and code
validation with previous results are presented. In chapter 3, the effect of rotation on turbulent
Rayleigh-Bénard convection inside a cylindrical cell of unit aspect ratio is studied. We primar-
ily focus on the flow structures, heat transport, and boundary layer dynamics and evaluate the
effect of rotation on these aspects. Based on the flow modes and heat transfer characteristics,
different flow regimes are identified. At low rotation rates, a coherence at large-scale is ob-
served, resulting in LSC, while at higher rotation rates, wall-bounded flow structures, namely
quadrupolar and sextupolar modes are obtained. This is followed by chapter 4, where the fo-
cus is entirely on LSC, its characteristics, dynamics, and statistical measures. Reorientations
of LSC are identified, and they are quantified using the Fourier mode analysis of the vertical
velocity along the cylinder azimuth. We identify the so-called cessation-led and rotation-led
reorientations of LSC and present their statistics. Further, the effect of LSC on heat transfer,
dissipation rates, and boundary layers are also evaluated. After investigating the effect of rota-
tion, in chapter 5, we study the effect of Prandtl number in RBC. Based on the Fourier mode
decomposition, different flow states are quantified, and their association with the heat trans-
port and boundary layer dynamics are evaluated. Additionally, the flow dynamics at extremely
high rotation rates are evaluated, and the transition to conduction stage is studied along with its

dependence on the change in Prandtl number.

In chapter 6 we study highly turbulent flow inside a cubic cell in the Rayleigh number range
2 x 10° < Ra < 10°. Thermal plumes are identified and quantified based on the correlation
between the vertical velocity and temperature fluctuations, and their statistics are discussed in
detail. The entire cell volume is decomposed into plume and background dominated regions,
and the thermal dissipation rate contribution from each of these subsets are evaluated, and scal-
ing laws are established. Additionally, temperature and velocity fluctuations, their skewness,
flatness, and turbulent kinetic energy budget are evaluated to asses the statistical behaviour of
the flow. Then we proceed to chapter 7, where LSC, its characteristics, and dynamics inside
cubic confinement are discussed in detail. Flow dynamics in different planes are analyzed com-

prehensively, and a mechanism of flow reversals in cubic cells is proposed. Further, the effect
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of LSC on the boundary layer, dissipation rate, and turbulent kinetic energy budget is evalu-
ated. Finally, chapter 8 presents a panorama of the salient contributions and conclusions of this

thesis and suggests some possible directions for future research.
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Mathematical modelling

This chapter presents the details of mathematical modelling and numerical strategies adopted
to perform the simulations. We first introduce the governing equations and details of the flow
domain with boundary conditions. This is followed by a detailed discussion on the finite volume
formulations, linear solver, and the solution algorithm used. Further, the grid generation and
parallelization techniques employed in the present study are taken up. Finally, comparison

with a few previous literatures is presented.

2.1 Problem description and mathematical formulation

Physically Rayleigh-Bénard convection can be described as thermo-convective instability of an
incompressible Newtonian fluid confined in a container in which the bottom surface is heated
and the top surface is cooled. In this work, two different geometries are considered, namely (a)
cylindrical cell and (b) cubic box, as shown in Fig. 2.1. For both the flow domains, isothermal
boundary conditions are implemented on the horizontal surfaces. The bottom plate is hot (7%)
and the top plate is cold (7¢), and thus a temperature difference of AT = Ty — T is applied
across the surfaces. All the lateral walls are adiabatic. For velocity, no-slip conditions are

applied on all the surfaces.

Mathematically the problem is described using the momentum, mass, and energy conser-
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Top surface
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H

Figure 2.1: Schematic diagram of cylindrical cell and Cartesian cubic box with boundary con-
ditions.

vation equations using the Boussinesq approximation, written in the normalized form as

ou PP s ~ 1

E%—u-Vu — —Vp+\/EV u+06—§(exu), (2.1)
V-u = 0, (2.2)

90 +u-Vh = - V20, (2.3)

ot vV PrRa

where w is the velocity vector, p the pressure, € the unit vector in the vertical direction and
0 [= (T — T¢)/AT] the non-dimensional temperature. Note, € is the unit vector in y and z
directions for Cartesian and cylindrical geometries, respectively. Here Ra, Pr and Ro are the

Rayleigh, Prandtl and Rossby number, respectively, where

gBATH?3 v V9BATH
Rae=———, Pr=—, Ro=-—""———.
vo Q@ 2QH

The last term on the right-hand side of Eq. 2.1 represents the Coriolis force, which appears
in case of rotating convection. The effect of rotation is studied in cylindrical domain, where
rotation is applied about the vertical axis of the cylinder. The effect of rotation is embedded
inside the Rossby number which, by its form, implies inverse of the rotation rate. In literature,
different non-dimensional numbers are used to quantify rotation rate [125, 140]. Alternatively

Taylor number (7'a), or Ekman number (£},) are also used [124], given as
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v Ra
— h = :
72» Where Ro rTa

20 H2\ 2
Ta = ( ) and FEk =

v

We use height of the container H, free-fall velocity V/ = \/gm , and AT as the scales
for normalization of length, velocity, and temperature, respectively. The aspect ratio of the
cylinder is defined as I' = D/H, where D is the diameter of the cylinder. In case of rotat-
ing convection, the governing equations are solved in rotating frame of reference. A detailed
discussion on frame transformation, Boussinesq approximation, and normalization of the gov-

erning equations are presented below.

2.1.1 Rotating frame of reference

A frame of reference is a framework consisting of a coordinate system, an observer, and a
clock, used in the description of a physical phenomenon. There exist two kinds of frame of
reference, namely, the inertial frame and the non-inertial frame. A reference frame that is
either at rest or in uniform motion (without rotation) is termed an inertial frame of reference
or a Newtonian frame of reference. On the other hand, a frame of reference accelerating with
respect to an inertial frame is called the non-inertial frame of reference. A special case of
non-inertial frame is a rotating frame of reference, where the frame is rotating with respect to
the inertial frame. It is more reasonable to work in the non-inertial (or rotating) frames for
geophysical and astrophysical applications where everything is in relative motion. Under such
situations, it is customary to fix the frame to the planet (or any celestial body) rotating with
a particular angular velocity. In the case of RRBC, the governing equations are solved in a

rotating frame of reference.

The dimensional mass, momentum and energy conservation equations in the inertial or

laboratory frame of reference are given by

1
Our +up-Vuy = —=VP+vViug, (2.4)
ot p
0
a—f Y oVour = 0, (2.5)
T
%—t +up- VT = oV?T, (2.6)
19
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where wy is the velocity vector in the inertial frame, 7' the dimensional temperature, and P
the dimensional pressure. Now, let us consider the rotation of a position vector & with angular

velocity € (=0i + 05 + Qk). The rate of change of the position vector in inertial frame of

dx dx
(), (&), e =7

dx
where (E) indicates the rate of change of x in the rotating frame and 2 x @ captures the
R

reference is written as

dynamics due to frame rotation. As the rate of change of position vector gives the velocity, Eq.
2.7 can be written as

ur=ugr+ Q2 x =z, (2.8)

where upg is the velocity vector in the rotating frame. Similarly, the rate of change of velocity

(acceleration ) in the inertial frame can be written as

d'u,I duI
— | = — Q . 2.9
( dt )I ( dt )R+ “ ( )

Substituting Eq. 2.8 in the above equation results in

dur NS (RSO
(W)z_(dt )R+(dt)Rxm+Qx(wa)+2(QX“R)~ (2.10)

If we consider a constant rate of rotation, the second term in the right-hand side becomes zero.
The last two terms represent the centripetal acceleration [€2 x (€2 x &)] and Coriolis acceleration
[2(2xug) = 2Q(éxugr) ]. The Coriolis acceleration acts in the direction perpendicular to the
rotation vector and the velocity in rotating frame. The centripetal acceleration can be expressed
as the gradient of a scalar as Q x (2 x x) = —%V(QQRE), where I, radial distance of the
projection of the vector « on to the horizontal plane. Note that the total derivative of any scalar
quantity is the same in both inertial and rotating frames. Thus, the continuity equation and the
energy equation remain unaffected by the frame rotation. Also, the pressure gradient remains
unaltered as the spatial gradients are identical in both the frames. The unsteady Navier-stokes

equation in the rotating frame of reference can be written as

ou . 1 1 .
8_tR +ur-Vugr +2Q(é X ur) — §V(QQR§) = —;VP + vVug — gé.
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The Coriolis acceleration and the centripetal acceleration terms can be taken to the right hand
side of the momentum equation to become the Coriolis force and the centrifugal force respec-

tively. Thus, one obtains

Jur 1 1
3;:: +ugr Vug = —;VP +vV?ug — gé — 29(é x ug) + §V(QZR§). (2.11)

2.1.2 Boussinesq approximation and pressure modification

We assume Boussinesq approximation under which the density variations are neglected except
for the buoyancy term. It is an approach to model buoyancy-driven flows at not-so-high temper-
ature difference, without solving the complete variable-density Navier-Stokes equation. All the
properties (v, a, 1) of the fluid are considered to be independent of temperature, and the fluid is
considered to be incompressible except for the buoyancy term. Here the density variation occurs
only due to temperature difference. Its variation, thus, can be written as p = p,[1 — (T —1T5,)],
where p, is any reference density corresponding to a reference temperature 7, that may be of
any boundary or the mean temperature in the flow. Note that Boussinesq approximation is ap-
plicable only for low Mach number flows. For high-speed flows, the density variations caused
by velocity divergence cannot be neglected. Similarly, the approximation cannot be used when
the vertical scale of flow is large enough to cause significant changes in density due to hy-
drostatic pressure variations. After applying the Boussinesq approximations, the momentum

equation (Eq. 2.11) is written

9 1
pol 2 tup Vug) = ~V P+ iV ur—gpoé-+gpo(T—T, 0)e—20(éxur)po+5 V(X R)p,

ot
(2.12)
The gravity force (third term on RHS ) and the centrifugal force are conservative forces and
can be expressed as the gradient of some potential function, which has similar effects as the
pressure gradient. In incompressible flow calculations, it is convenient to bury such terms

inside the modified pressure [127, 135, 141] which results in

0 1
% +up Vug = _p_vp + vV ug + gB(T — T,)é — 2Q(é x ug). (2.13)

Thus, the dimensional mass, momentum and energy conservation equations in rotating
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Table 2.1: Normalization scales and the non-dimensional variables.

Variable Scale Normalized variable
length H @ =x/H
velocity VI = \/gBATH  u*=u/\/gBATH
time H/V? t* =t\/gBATH/H
pressure pe(V)? px = p/(pogBATH)
temperature AT =Ty —Tc 0=T—Tc/(Ty —Tc)

frame of reference (dropping subscript g for simplicity), incorporating the Boussinesq approx-

imation is written as

%Jru- Vu = _pivP+Vv2u+gﬂ(T_T0)é_2Q(éXu)v (2.14)
Vou = 0, (2.15)
o uvr = avT (2.16)

On normalization of the above equations (Eqs. 2.14-2.16) using the scales shown in Table
2.1 and discarding * for convenience, we obtain the non-dimensional form of the governing
equations as shown in Egs. 2.1-2.3. Note that the reference temperature is taken at the cold

plate; hence, p, = p. and T, = T¢.

The governing equations (Egs. 2.1-2.3) are solved using finite volume formulations with collo-
cated arrangement of variables [142—144]. Each term of the continuity, momentum, and energy
equation is integrated over a hexahedral volume V. Figure 2.2 depicts typical control volumes
(CV) considered to integrate each term in the Cartesian and cylindrical domain. The variables
u,v,w (U, ug, u,), p and 0 are defined at the centroid of the hexahedral volume (point P). The

integrals are approximated as given below.

Continuity equation: The volume integration of Eq. 2.2 is simplified using the divergence
theorem, followed by second order approximation (denoted as ~ here onwards) of the surface

integrals, as

/V-udV:/u"ﬁ,dS%Zuf-Sf:ZFf
\% S ¥ f

where Iy = u-n dS denotes the mass flux through the face f and 7 (1; in index notation)
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(@)
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Figure 2.2: Schematic diagram of a hexahedral control volume centered at P, showing all
six faces, for (a) Cartesian and (b) cylindrical geometries. Here n,w, e, s,t, and b represent
the north, west, east, south, top, and bottom faces of the CV, respectively, required for the
identification of neighbours in the linear equations.

is the outward unit normal vector to the surface S. Here us and Sy are the velocity at a face

center and the area vector, respectively.

Momentum equation: Integral approximation of different terms in the momentum equation
is shown below. Here n, n + 1 correspond to n'" and (n+ 1)th time step, respectively, and At
is the time increment used for time marching solution. Note that ¢ in general corresponds to
three linearly independent directions which need not be orthogonal. Such a distinction is felt
through the unit outward normals, surface and volume construction. Here u; represents the ve-
locity components ini = x, ¥y, z (or 1, ¢, z) directions, and u;  indicates their face interpolated
counterparts.

1. Unsteady term:
ou uip —uip
v Ot At F

The above integral is approximated by considering u;, P at the cell center while Vp represents

the volume of the control volume.
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2. Convective term:

/u~ VudV = / V- (ugu)dV = /ui(ufﬁjds) %/uisz Zuz}fFf
1% |4 S S

f

3. Diffusive term:

/ V- VudV = / V- VudV = / VuiadS ~ Y (Vug 8)p = Fyp,
14 14 S

f f

where Fyr,, = (Vu;- S) represents the diffusion flux at face f.

4. Pressure term:
/vp-mdvz/(m-vp+pv-m)dvz/v- (pm)dvz/ - 1;dS) & prsfl
1% 1% 1% S

where S, represents the i™" component of the area vector at the face f and py is the face
interpolated pressure.

5. Buoyancy Term:
/ 0dV ~ 0pVp
v

6. Coriolis term:

/(é X u)dV ~ (é X ’U,)PVP
1%

Energy equation: The terms in the energy equation are approximated in a similar way as in

the momentum equation.

1. Unsteady term:

00 «9"“ — 0%
& ) o L Lo
v Ot Ve=—x "

2. Convective term:

/u-VQdV:/G(u-'fzdS) = /esz > 0pFy
\% S S ¥

3. Diffusive term:

/ V- VOdV = / VO-ndS = (V0-S)y~ > Fyo
\% S
f

f
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C(ne)
A Ax = PE
G- An, . B(be) Ax = CD
P 2
Alte) £
D(se)

Figure 2.3: Geometrical features showing the edge centers and three unit vectors required for
the integral of the Laplacian at the east face.

Next, the computation of the diffusive flux Fyy,, is illustrated. Figure 2.3 shows the east face
of a typical CV with centroid P having the neighbouring east centroid £. Here, se, ne, be,, and
te denote the centers of the edges that this face shares with its neighbouring cells located in the

south, north, bottom, and top, respectively. Outward normal vector of a face can be written as
S¢ = a1fg + asfg + asng (2.17)
where 111, Mo, ez are three linearly independent vectors (not necessarily orthogonal). Thus
Vu; . Sy = o Vu; . g + oVu, . iy + a3V, . g

If Az, Axy and Axs are three line segments in the three directions mentioned in Eq. 2.17

and Aw;;, Au; and Awu,z are differential change in u; along them, then
Auﬂ = VUZ . ’ftlAZL‘h AUZ'Q = VUZ . ’szAl‘g, AUZ{; = Vul . 7¢L3AJI3

Thus

Auil AuiQ Aui?)
(VU )f (65} Aa:l + oo A$2 + o3 A$3
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Table 2.2: Calculation of surface areas and volume for a finite volume cell in Cartesian and
cylindrical domains.

Surface area/ Volume Cartesian cylindrical
Se AyAz (r+ Ar)ApAz
Sw AyAz rA¢Az
Shn AzxAz 0.5(rA¢ + (r + Ar)Ag)Ar
Ss AxAz 0.5(rA¢ + (r + Ar)A¢)Ar
St AxAy ArAz
Sh AxAy ArAz
Vp AzAyAz  0.5(rA¢ + (r + Ar)A¢)ArAz

If 7oy, Tig, Tz have the components (711, 12, M13), (M2, Nog, Ne3) and (7i31, s, Ng3), respec-

tively, then Eq. 2.17 can be written in matrix form

T
N1 N1z N3 a1 S f1
No1 N2z T3 e%) =19 12
ng1 N3z 133 ag S f3

Using the above matrix equation o, ap, aig can be solved for each face of a finite volume. Note

as nvq, Mg, Nug are assumed to be linearly independent, the above matrix is always non-singular.

Calculation of surface area and volume

Next, we discuss the computation of the volume and surface areas of the control volume. Table
2.2 shows the calculation of the surface areas at six faces (Se, Sw, Sn, Ss, S¢ and Sp) and
volume (Vp) for a finite volume cell in both Cartesian and cylindrical domains. Here Az, Ay,
and Az are the elemental length in z, 3, and z directions, respectively, for Cartesian domain, as
shown in Fig. 2.2. Similarly, Ar, rA¢ [ or (r + Ar)A¢], and Az are respectively the elemental

length in 7, ¢, and z directions, in cylindrical domain.

Discretized equations

The governing equations are solved using a cell-centered finite volume method with the vari-

ables defined in a non-staggered fashion. Using the finite volume approximations discussed
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th

above, the continuity equation, "* momentum equation and the energy equation can be written

in discrete form as

Y Fp =0 (2.18)
f
UTI;l _u’LPV Fn 1 n 1 1 n+1 S
e G~ Y = -y Y05 ) 5
! f
+= \/ Ra dle + ZFdfu 9 1 + 0 )Vp — 2R0(3€1~jknjuk — sijknjuk, 1)PVP
!
(2.19)
0TL+1 ITé n n— 1 n 1 n+1 n
Vp + ZFfef ZF QW ZFdfe + D Fij) (2.20)
f

Note that the convective term is discretized using 2"%-order Adams Bashforth scheme, while
the diffusive, pressure, and buoyancy terms are handled by implicit 2"?-order Crank-Nicolson
scheme to retain the stability and robustness of the time marching procedure. The extra source
term arising due to the Coriolis force is approximated by the Adams Bashforth scheme. How-
ever, the buoyancy term in the momentum equation is handled implicitly as the temperature
field can be obtained by solving the energy equation at the beginning of a time step. Now that
we have obtained the fully discretized form of the governing equations, we move on to the

solution algorithm.

2.1.3 Solution algorithm and predictor corrector method

The solution algorithm is based on a predictor-corrector method [145]. Since the latest pressure
p" T associated with the velocity field u”Jrl is unknown, Eq. 2.19 cannot be solved directly.
In the predictor-corrector method, first, a provisional velocity field u; is predicted without ac-
counting for the pressure term. The pressure field is later calculated by invoking momentum

interpolation in the mass balance equation, which is then used to refine the initially approxi-

mated velocity field. As the pressure field at the (n+1)"" time level is not known, the provisional
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velocities are calculated excluding pressure term as given below

“zPTvar ZF}L uly — —ZF“ Pty = \/EZF#ZJFZF#Z
f

+§(e;f1 O Vp —

(2.21)
1 _

%(%Uknjuz — €ijknjuz 1)PVP

The face velocities are then estimated by enforcing the pressure gradient on to the linearly in-

terpolated face values from the provisional velocities (u}) [142]. This is called momentum

interpolation, which invokes a velocity-pressure coupling. This is essential as collocated for-

mulations lead to velocity-pressure decoupling since both the variables (pressure and velocity)

are defined at the same point. The face velocities are estimated as
up = up — At(Vp);. (2.22)

The face velocities are then used to calculate the mass flux, which when inserted into the mass

balance equation, gives the pressure Poisson equation. Thus, the mass flux is given by
Ff = puys - Sf = pu’} : S_f — At(Vp)f : Sf = F}k — At(Vp)f : Sf, (2.23)

where

F} = pu} - Sy. (2.24)

Now, if Eq. 2.23 is inserted into the mass balance expression, Eq. 2.18, the following equation

for the pressure is obtained

d Pt = ZFf Atz Vp)s.Ss=0 :>va f_éZF; (2.25)
! !

Equation 2.25 is the counterpart of the Poisson equation for pressure-correction in SIMPLE-
like formulation. It should be noted here that solution of Eq. 2.25 takes the center stage of this
entire algorithm as the resulting matrix usually is a poorly conditioned one. The converged
pressure field obtained from Eq. 2.25 is used in Eq. 2.23 to calculate new estimate of mass
flux. The converged mass flux along with the pressure field that estimates it correspond to the

divergence-free velocity field. These quantities are then used to solve Eq. 2.19 for the desired
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n+1

i .

velocity field w

The solution algorithm for solving the finite volume approximated, 3-D unsteady govern-
ing equations using the predictor-corrector method is explained below. Before initializing the
computations, the grid is generated, the flow domain is decomposed for parallelization and the

geometric parameters are calculated.

1. Initialize the variables and prescribe boundary conditions. Start with w, v, w, p, € (at

n'™ time level) and the mass flux F + and I’ }‘_1.

2. Solve the energy equation (Eq. 2.20) and get the temperature filed #”", so that it can

be treated implicitly in the momentum equation.

3. Using """ and v™, v"™, w™, 6", find the provisional velocity field u; p using Eq. 2.21.

4. Compute the Flux F; from this provisional velocities using Eq. 2.24.

5. With the available provisional flux F, solve the pressure Poisson equation Eq. 2.25

for p" 1.

6. Estimate the new mass flux /'y from Eq. 2.23

7. Using p”Jrl and I, solve the Eq. 2.19 to obtain the corrected velocities uZJISl.

8. Set n = n + 1 and repeat the steps 2-7 for the next time step and thus time march.

2.2 Linear solver

As aresult of the finite volume numerical approximation of the governing equations and bound-
ary conditions, they are reduced to a set of simultaneous algebraic equations. A general form

of these equations is

asps + apdp + awdw + apdp + apdp + aror + anon = bp, (2.26)
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where ap is the coefficient at point P, shown in Fig. 2.2 and ag, ap, aw, ag, ar, ay correspond
to coeflicients of the neighbouring south, bottom, west, east, top, and north cells, respectively
(also see Fig. 2.4). These are to be solved at each and every grid point within the computational

domain, resulting in a system of algebraic equations.
Ap =0, (2.27)

where A is the coeflicient matrix, ¢ is the column of unknown vectors, and b the column of
known vectors. The matrix A is sparse and banded due to the local nature of the approximations.
For the sparse system considered here, A has seven diagonals, i.e., six from its immediate

neighbours and one from itself. In a generic form, any iterative scheme can be written as
M@t = No' + b, (2.28)

where M and NV are iteration matrices, and [ is the iteration count. Since at the convergence,

P — ¢! — ¢ the above equation yields
M¢=Np+b— (M—N)p=b (2.29)

Thus, for consistency of Eqs. 2.27 and 2.29, A = M — N, which is the relation between the
original coefficient matrix and the iteration matrices. The Eq. 2.28 can be cast into the residual

form by subtracting M ¢' from both the sides as
M¢l+1_M¢l:b_(M_N)q/)l:>M(¢l+l_¢l):b_A¢l:>M(sl+l:pl

where 67! = @'t — @' is an update in ¢ at (I + 1) iteration level and p' = b — Ag' is the

1 can be found by first solving 67! = M~ p' followed by

residual after [ iterations. Note ¢
the update ¢! = @' + §'*!. Clearly, the choice of M is driven by this step, and a suitable
form of M is required for a cheap inversion. Moreover, as M approaches A, Egs. 2.27 and 2.28
become equivalent and expectedly less efforts go in iterations. Thus, the choice of M should

be such that it is easily invertible and is close to A.

One of the better ways of splitting A is the LU factorization. However, complete or direct
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Figure 2.4: Planar view of the finite volume cells and their neighbours.

factorization has two main drawbacks. Firstly, the level of additional calculations can be quite
high if the size of A is large. In addition to this, though A is sparse, one can not ensure the same
for L and U. This spoils the basic structure of A, which should be exploited for a faster tech-
nique. In view of this, L and U are actually chosen form A though subsequent multiplication
LU does not give back A, and this is the reason this class of methods are known as incomplete

LU factorization, in short, ILU [146].

Stone’s strongly implicit procedure [147] (SIP) is a variant of ILU factorization originally
proposed for pentadiagonal sparse matrix obtained in two-dimensional Cartesian grid. For
three-dimensional flows in Cartesian grids, numerical approximations result in algebraic equa-
tion with seven point stencil (refer to Eq. 2.26). In the SIP method, the original matrix is LU
factorized. In doing so, the seven diagonal matrix can be factorized into the following L and
U factors as

A:[Lp LW LS LB] [I UE UT UN]
The main diagonal of U is chosen as unity. Lp, Ly, Ls, Lg and Ug, Up, Uy are non-zero
diagonals of L and U. Thus the original system (Eq. 2.27) can be written as

[Lp Lw Ls Lg||[I Ug Ur Uyx|¢p =0.
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Note that the L factors are always the diagonals corresponding to locations which is already

traversed during the iteration sweep. Writing the above equation for node P,

|Lp Lw Lgs Lg][¢p Ugopr Uré¢r Undn] = bp

On expansion it becomes,

<Ls¢s +| LsUg;_,¢se |+ | LsUr,_,¢sr |+ LsUn;_, ¢P>
(LB¢B +|LgUg, ,¢BE |+ LUr,_,¢p +|LgUn, ,OnNB ) +

<LW¢W + LwUg,_¢p +|LwUr,_, 1w |+|LwUn,_,dnw )
(Lp¢p + LpUgopp + LpUrér + LpUndn) = b, (2.30)

Note that only the locations which differ from ¢, j or k are mentioned in Eq. 2.30,i.e., Ug, , =

Uk and Ly = Ly, ,. It can be observed that the matrix obtained after multiplication

i—1,5.k
is less sparse than the original matrix A. The extra terms arising from LU multiplication is
highlighted in the above equation. As the iteration matrix M is factorized as M = LU, the

diagonals of M can be written from Eq. 2.30 as

Mg = Lg, My = Lw, Mp= Lp, My = LpUy, Mr = LpUp, Mg = LpUg
Mp =Lp+ LwUg;—1 + LsUnj_1 + LUty
Myw = LwUN;—1, Msgp = LsUg;_y, Mrw = LwUr;_;

Msr = LsUr;_y, Mg = LgUgi_1, My = LpUnj_q (2.31)

As the iteration matrix M is given by M = A+ N, the diagonals of M or the product LU have
to be distributed keeping in mind /N should be as small as possible for faster convergence. In
the standard ILU decomposition, /V carries only the extra diagonals (highlighted in Eq. 2.30).
However, in the SIP method, N is assumed to have non-zero diagonals corresponding to the
non-zero locations of M ; i.e., in addition to extra diagonals of M (Myw, Msg, Mprw, Msr, Mpg
and Myp), N also has non-zero diagonals Ng, Ny, Ng, Np, Ny, Ng, Ny. Thus, in view

of faster convergence

N ¢ =~ 0= Ngops+ Npop + Nwow + Npdp + Npog + Nror + Nyon+
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Mywonw + Msgpose + Mrwérw + Msrésr + Mpedpe + Mypong =~ 0, (2.32)

which implies effect of extra diagonals is nullified by the non-zero diagonals of N. This can

be written in the equivalent form as

Myw (dnw — Onw) + Mse(dse — dsg) + Mow (drw — dpy) +

Msr(psr — ¢sp) + Mpe(9pr — ¢pr) + Mnp(dns — dyp) = 0,  (2.33)

where the ¢* quantities can be expressed implicitly in terms of neighbouring nodal values as

Onw = a(on + ow — dp), dsp = alds+ op — dp),
Orw = a(or+ dw — op), dsr = alps + o — dp), (2.34)
Opp ~ a(ép+ op — dp), dng ~ a(dn + ¢ — dp),

where o implicitly relates the nodal values to the locations corresponding to the extra diagonals
of M. It has been seen from numerical exercises that & ~ (.9 gives the best convergence,
though there is no universal value of it which ensures the best convergence for a range of grid
structures having different aspect ratios. When the implicit relations of Eq. 2.34 are inserted

in Eq. 2.33, the resulting equations is

Myw (pnw — apn — adw + app) + Msp(psp — aps — app + app) +
Mrw (prw — apr — apw + agp) + Msp(psr — aps — adpr +agp) +  (2.35)

Mpg(¢pe — app — agp + app) + Myp(énp — ady — agp + adp) ~ 0.

Thus, by comparing Eqgs. 2.32 and 2.35, the non-zero diagonals of N can be obtained as

Ns = —a(Msr + Msg)

Np = —a(Mpg + Myp)

Nw = —a(Myw + Mrw)

Np = a(Myw + Msr + Msg + Mpg + Mrw + Myp) (2.36)

Ng = —a(Msg + Mpg)
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NT = —Oé(MST + MTW)

NN = —Oé(MNW +MNB>

The matrix relation A + N = M can now be written in terms of their individual diagonals,

taking diagonals of N and M from Eqs. 2.36 and 2.31, respectively

as —alLsUr;_y —aLsUg;_y = Lg
ap — aLpUg_1 — aLlpUny_1 = Lp
aw — aLlwUn;—1y — aLwUr;_y = Ly
ap +aLwUy;,_y + aLsUp;_; + aLsUg; 1 + aLgUg;_; +
aLwUr;_y +aLgUn;_y = Lp + LwUg,_y + LsUn;_y + LgUry_; (2.37)
ag — alsUg;_1 —aLgUgy_1 = LpUg
ar — aLsUr;_y — aLwUr;_ = LpUr

ay —oaLlwUy;_y —aLgUyj_1 = LpUy

By solving seven relations written in Eq. 2.37 for seven diagonals (Ls, Lg, Ly, Lp, Ug, Up

and Uy), they can be computed in the order given below

Ls = 43
o 14 OC(UTj_l + UEjfl)
Lp= =
Py a(Ugg—1+ Unp-1)
aw
Lyy

T1+ a(Unj—1 + Uri_q)
Lp =ap+ o(LwUn;—1 + LwUr;—1 + LsUrj_1 + LsUgj_1 + LgUgi_1 + LgUny_1)

—LwUg;—1 — LsUnj—1 — LpUrp_4
ap — a(LsUg;_1 + LpUgj_)

Ug = T
P
ar — a(LsUr;_y + LwUrp;_1)
Ur =
Lp
T a(LwUn; 1 + LpUnj_1)
N = I,
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After obtaining the L and U factors the residual form, Eq. 2.30, can be solved in two steps

M(sk—i-l — pk
LU6k+1 — pk

step 1: forward substitution: Ls = p*

A

step 2: backward substitution: U&"™ = s (2.38)

Pre-conditioned Bi-Conjugate Gradient Stabilized method

Pre-conditioning can be considered as any form of modification of the original linear system,
which makes it easier to solve by a given iterative method [146]. During solution, either the
coeflicient matrix or the right-hand side vector can pick-up errors. A well-conditioned matrix
is less affected by this accumulation of errors. Moreover, conditioning of a matrix refines its
spectral radius in such a way that its eigen values improve the convergence behaviour. Pre-
conditioning of the original matrix A is done by pre-multiplying the original linear system by
an inverse of the pre-conditioning matrix (P~'). Thus instead of solving the equation A¢ = b
we solve for P~'A¢ = P~'b. The resulting system may become easier to solve than the
original system as A¢ = b. For better convergence, P should be easier to compute, and it
should be a close approximation of A. If P is taken as the identity matrix /, it is easier to
compute but the system remains same (A¢ = b). On the other hand, if P is considered as A,
then solution is obtained in one shot as ¢ = A~ 'b since P~'A = I. However, computing A~
is not trivial. Thus, we usually choose P between these two extreme choices, which facilitates

a faster convergence without adding significant computations for P~

Here BiCGSTAB algorithm proposed by Zhang [148] is used as the linear solver. As this
technique does not ensure a monotonic convergence, use of pre-conditioners not only ensure
more smother convergence behaviour, but also accelerate the convergence dramatically. We
use SIP splitting to obtain the pre-conditioner. As M in the SIP method is constructed by
splitting decomposition (LU), its inversion is cheap and thus can be used as a pre-conditioner,
i.e., P = M. As aresult, the preconditioned system is M’lAcb = M7 'b, ie., X(p = b. Thus,

a matrix-vector multiplication Az should be replaced by M ~' Az which can be achieved as

1 =M'Ar — Mxy=Ax = Ls= Ax, Uz, =5 and finally Ax = x;
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The algorithm for the BICGSTAB technique [148] is written below. The optional pre-conditioner

steps are written in red colour.

1. Initialize: ¢ = @i, 7 = b — AQijn, M1y =1, r =11, T = T, po, @, & any large

value, k = 0

2. Compute Mp; = Ap, Ap=p1,p=r+ (p—£Ap)

|7 - 7ol
3. a= ———
| Ap - 7ol|

4. Compute z =r — aAp

Az -z
5. lezAZ, AZ:ZL&:M

6. p=0¢+ap+<&z

r=z—§(Az
aflro - 7|

K Ellro - 7k
7. If ||b — Agl|1, < e, exit;

else, k —> k + 1 and return to step 2 and continue.

2.3 Grid generation and parallelization

(a) (b)

\

L

LT

L W WY

RNRRRNE

\

A

Figure 2.5: Sample grid for (a) Cartesian box and (b) cylindrical domain.

36
TH-2625_136103004



2.3. Grid generation and parallelization

We use a structured and non-uniform grid with refinement near the walls. In the case of
Cartesian box, the refinement is done in x, ¥y, and z directions, i.e., near the top and bottom
isothermal plates and near all the lateral walls. However, for the cylindrical domain, grid is
refined in the radial and axial directions only. Here, the azimuthal direction is periodic (no
wall appears along the azimuthal direction), and hence no refinement is required. We use an
analytical function [149] for the generation of grid. Let x be the coordinate along a particular
direction and L be the maximum length along the same, which is to be divided into different
sizes, then

B
(1+20)(1 + (55) =)

(i—1)
(N Tz 1)
Here 7 is the index and N, represents the total number of grid points in = direction. [ is

(34203 — 542

Tit1 =

provides the (i + 1)th coordinate where n = , v and [ are the refinement parameters.
always greater than 1 and the closer (3 is to 1, more refined the mesh is. « decides the region
of refinement with o = 0 gives refinement only near x = L and o = 0.5 gives refinement
near both x = 0 and L. Figure 2.5 shows sample grid for Cartesian box and cylindrical cell.
For Cartesian box, a = 0.5 is used in all the directions as solid walls appear on both sides in
each direction, as shown in Fig. 2.5(a). However, for cylindrical domain, we use o« = 0.5 in
the vertical direction (z direction) and o = 0 in the radial direction. Note that in the radial
direction, the lateral wall appears only at » = R [see Fig. 2.5(b)]. In the azimuthal direction,

the mesh is taken as uniform.

In the case of cylindrical domain, a complexity arises at the center of the domain, i.e., r = 0.
The grid converges towards the center of the cylinder, and there exists a point (vertical line in
3-D) of singularity. This region hence requires special attention while solving the algebraic
equations. Figure 2.6(a) shows a schematic representation of the horizontal section of a cylin-
drical grid. A sample elemental grid cell at the center and a normal cell are also shown in Fig.
2.6 for reference. It is visible that the cells which are aligned along the center will have one
face degenerated, which makes them one neighbour less. Thus, the algebraic equations must
be modified accordingly. All the flux calculations for this face are trivial since the area is zero,
and they are simply assigned zero. After obtaining a converged solution, the average value of
the variables at the centroid of these cells in a horizontal plane is taken and assigned to the

center point (r = 0) in that plane. This is essential in order to facilitate a smooth variation
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(a) (b) ©)

Figure 2.6: Graphical representation of (a) horizontal section of the grid in cylindrical domain,
(b) degenerated cell at the center, and (c) a normal cell. (d) Computation of any variable 1) at
r=0.

of the variables without any discontinuity at the center owing to the singularity at the center.
However, this value is never required in calculations. This procedure is depicted in Fig. 2.6,

where 1) represents any variable (u,, ug, u., p, or 0).

Parallelization

The numerical code is parallelized based on distributed memory allocation. The computa-
tional domain is decomposed into a number of sub-domains, and each of them is assigned to
a processor. At the interfaces of these sub-domains, communication of solution variables is
performed using Message Passing Interface (MPI) environment to synchronize computations
among the processors. A sample grid distributed among 27 processors is shown in Fig. 2.7 for
both the Cartesian box and cylindrical domain. Generally, processors are denoted as “rank,"
which starts from 0. In Fig. 2.7, note that the processors are distributed in the order of coordi-
nate directions, i.e., x, y, z in Cartesian and 7, ¢, z in cylindrical coordinate systems. Here we
have used three processors each in all three directions, and hence a total of 27 processors. All
the processors are assigned equal number of computing cells, so that the load on each one of

them is as identical as possible. Computations are performed in all processors simultaneously,
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Figure 2.7: Sample grid decomposed into 27 sub-domains (3 in each direction) for (a) Cartesian
box and (b) cylindrical domain. The processors are distributed in coordinate directions z, y, 2

(orr, ¢, 2).

and communications with other processors are carried out as per requirement. As each proces-
sor only deals with its own data and has no knowledge about its neighbours, communication is
necessary along an interprocessor boundary. Suitable MPI libraries are used to facilitate this.
In this work, the most demanding simulation has been the Ra = 10? case in Cartesian box

which required nearly 134 million computing cells spread over 512 processors.

An important performance metric in parallelization is scalability (also referred to as the
scaling efficiency). This measurement indicates how efficient an application is when using
increasing numbers of parallel processing elements (CPUs / threads / processes/ cores / etc.).
There are two basic ways to measure the parallel performance of a given application. These
depend on whether or not the application is cpu-bound or memory-bound. The former method
is generally called strong scaling, while the latter is weak scaling. In the present computations,
we observe a scaling efficiency of about 75% and 55% based on strong and weak scalings,

respectively.
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2.4 Code validation and comparison with existing literature

The present numerical set-up has been validated with data from a number of existing literature.
The comparisons are made in different flow situations such as (a) laminar and turbulent flow
regimes, (b) rotating and non-rotating RBC, and (c) inside Cartesian box and cylindrical flow
domains. For laminar flow situations, we primarily analyze the flow structures and average
Nusselt number to evaluate the flow both qualitatively and quantitatively. In turbulent flows, in
addition to the Nusselt number, statistical measures such as mean and root mean square (rms)

of temperature and velocity are examined.

Table 2.3: Average Nusselt number at the hot wall for different Ra compared with Li er al.

[41].

Ra (Initial condition) Nug Flow structure Nug (Li et al.[41]) Error %
1800(0) 1.0 Conduction stage 1.0 0
3500(0) 1.32 Straight 2-roll Down 1.26 5
3500(c) 1.32 Straight 2-roll Up 1.26 5
10000(0) 2.35 Upward 2-roll 2.27 4
10000(c) 2.35 Downward 2-roll 2.27 4
15000(0) 2.67 Upward 2-roll 2.6 3
15000(c) 2.67 Downward 2-roll 2.6 3

20000(0) 2.97 Upward 2-roll 2.86 4
20000(c) 2.97 Downward 2=roll 2.86 4
45000(0) 32 4-spot kind 3.36 5

For validating non-rotating RBC at low Rayleigh numbers, simulations have been carried
out for 1.8 x 10* < Ra < 4.5 x 10° and Pr = 7 inside a cylindrical cell of aspect ratio
I' = 2 and the results are compared with those obtained by Li et al. [41]. A non-uniform
grid of 40 x 120 x 40 (which was used by Li et al. [41]) with near-wall refinement has been
used with dimensionless time-step varying from 10~% to 10™*. Note that here we have used
the diffusion scale oo/ H as the scale for normalizing velocity. We observe that the critical
Rayleigh number for the onset of convection (Ra. =~ 1.8 x 10°) is in good agreement with
previous studies [35, 36, 41]. Further, different flow states are identified based on different
initial conditions. Figure 2.8 shows the vertical velocity at the horizontal mid-plane along
with the temperature iso-surfaces obtained for different Ra, compared with those obtained by
Li et al. [41]. For Ra = 3.5 x 10, we obtain the so-called straight two-roll patterns (both

upward and downward), as shown in Figs. 2.8(a)- 2.8(d). In addition, the downward two-roll
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11?(1—15><1(J4

Figure 2.8: Flow patterns at different Rayleigh numbers compared with the numerical study
by Li et al. [41]. Upper plots show the vertical velocity at horizontal mid plane, where solid
and dashed lines indicate positive and negative values, respectively. Lower plots show the
temperature iso-surfaces at # = -0.3 (green) , 0 (yellow), +0.2 (red). Flow Patterns observed in
the present study are shown in frames (a,c,e,g), while those obtained by Li et al. [41] are shown
at the right hand side, i.e., frames (b,d,f,h). The frames correspond to (a,b) Ra = 3.5 X 10°
(straight two-roll downwards), (c,d) Ra = 3.5 X 103 (straight two-roll upwards), (e,f) Ra = 10*
(downward two-roll), and (g,h) Ra = 1.5 X 10* (upward two-roll).

and upward two-roll patterns are obtained for Ra = 10* and Ra = 1.5 x 10*, respectively.
It is apparent that the flow structures are in good agreement with those obtained by Li et al.
[41]. Further, for quantitative validation of the numerical code, the average Nusselt number
at the bottom wall is computed and compared with Li ef al. [41], as shown in Table 2.3. The
associated flow structure and the initial conditions used are also shown in Table 2.3, where
0 indicates zero initial value for all the variables, while c represents a static conductive stage

(converged solution from [a = 1800). The results are observed to close to the ones reported
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in the literature.

&
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Figure 2.9: Mid-plane temperature deviation §’ for different Rayleigh numbers. Dark (light)
regions indicate & < 0 (#’ > 0) representing cold descending (warm ascending) fluid. The
patterns on the left and right represent those obtained in the present study and by Rudiger
and Knobloch [150], respectively, for (a,b) Ra = 3.6 x 103, (c,d) Ra = 3 x 10, and (e.f)
Ra =5 x 10"

For validating RRBC at low Rayleigh numbers, simulations are performed in a cylindrical
container (I' = 0.5) at Pr = 6.80 and Ro = 0.00245 for a Rayleigh number range 3.6 x 10® <
Ra < 5.2 x 10" and the results are compared with the DNS study by Riidiger and Knobloch
[150]. Figure 2.9 shows the mid-plane temperature deviation §' (= 6 — 6,,,) for different
Rayleigh numbers which are closest to the reported ones, where 6., is the linear conduction
temperature profile. Dark (light) regions indicate &' < 0 (6 > 0) representing cold descending

(warm ascending) fluid. We observe that the flow patterns are in excellent agreement.

Next, we validate the heat transfer rate in RBC and RRBC by evaluating the Nusselt number
at the bottom wall. The simulations are carried out for Pr = 0.7 in a cylinder of aspect ratio

I' = 0.5 for different Ra, and the results are compared with those obtained by Oresta et al.
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[131]. The critical Rayleigh number for the onset of convection and unsteady regimes agree
well in both the studies. We obtain a critical Rayleigh number near Ra, ~ 2.35 x 10*, where
the Nusselt number departs from unity. The flow remains steady up to Ra = 2 x 10° and
changes to periodic with further increase in Ra. The Comparison of average Nusselt number
at the bottom wall (Nug) with Oresta et al. [131] is shown in Fig. 2.10(a). The results match
well with the error less than 5% in every case. Rotating convection is also validated with the
above study for Ra = 9 x 10° at different rotation rates. Figure 2.10(b) shows the variation
of Nug with rotation rate compared with Oresta et al. [131], which is again observed to be in

good agreement.

20 | (a) —7/\—— Present 18: (b)
15 ¢ ° Oresta et al. (2007) sk
10 F 5
6
5 4
Sl 2|
Z | =
2 -

10 10° 10° 10" 10° 10’
Ra 1/Ro

Figure 2.10: The variation of average Nusselt number at the bottom wall Nug with (a) Rayleigh
number and (b) rotation rate expressed in 1/Ro at Ra = 9 x 10°, compared with Oresta et al.
[131].

For turbulent convection inside a Cartesian box, we have carried out simulation for a wide
range of Ra. To validate the numerical code, the Nusselt number is computed by three different
methods: (a) using the mean heat flux at the horizontal surfaces (Nug = (96/0y) 4+), (b) from
the thermal dissipation rate (Nue, = (RaPr)"*(€y)), and (c) from the viscous dissipation
rate (Nue, = (RaPr)"*(€,) + 1). Here (..) denotes volume and time averaging, while (..) At
represents horizontal surface and time averaging. The simulations are carried out inside a
cubic cell with Pr = 0.7 and 5 x 10° < Ra < 10%, and the results are compared with the
most recently conducted DNS study [151]. Figure 2.11 shows the variation of Nusselt number
computed using different methods with the Rayleigh number. Nusselt numbers computed using

different methods are almost equal, suggesting the simulations are well resolved. It is apparent
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(© Nu,
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Figure 2.11: Variation of Nusselt number with Rayleigh number compared with the DNS by
Kaczorowski and Xia [151]. (a) Surface averaged Nusselt number at the bottom plate Nug,
(b) Nusselt number computed using the thermal dissipation rate Nue,, and (c) Nusselt number
computed using the viscous dissipation rate Nue,.

from Fig. 2.11 that the results are in excellent agreement with those reported by Kaczorowski

0.2857

and Xia [151]. Further, we observe a scaling relation of Nu = 0.16 Ra , which is also in

excellent agreement with previous results [71, 151].

In addition to the flow structure and Nusselt number, we have also evaluated a few tur-
bulent statistics such as mean and rms of velocity and temperature. Generally, the vertical
variation of these statistical measures is used to analyze the characteristics in different re-
gions of the flow domain. Here, we compare the mean and rms values of temperature and
velocity with the numerical study by Kunnen et al. [124]. The simulations are performed at
Ra = 2.5 x 10° and Pr = 1.0 on a square domain with dimension 2 x 2 x 1. We con-
sider three cases, such as a non-rotating case (Ro~! = 0), a low rotation rate (Ro™! = 0.75)
and at a moderate rotation rate (Ro~' = 3). The computations have been carried out using a
non-uniform mesh of grid size 128 x 128 x 64 in z, y and z directions respectively. A dimen-
sionless time step of 107 is used. Figure 2.12 shows the root-mean-square and mean profiles

of temperature and velocity along the vertical direction. The rms of temperature is computed

as 0,5 = \/ (6 — (0)41)?) 4. Similarly the rms of vertical (v;,s = 1/ (v?) 4+) and horizontal
velocity (ul = y/(u? + w?) 4 ;) are also computed. We observe that with increasing rotation
rate, the temperature gradient in the bulk region becomes more pronounced, as shown in Fig.
2.12(a). For the non-rotating case, there is hardly any temperature difference near the central

region. Further, the vertical and horizontal velocity fluctuations reduce considerably with the
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Figure 2.12: Variation of (a) mean temperature (b) rms of temperature (c) rms of vertical ve-
locity and (d) rms of horizontal velocity along the vertical direction at different rotation rates
compared with Kunnen ef al. [124]. The arrow indicates the direction of increasing rotation
rate. The solid black lines and red dashed lines represent the results obtained in the present
study and those obtained by Kunnen et al. [124], respectively.

increase in rotation. However, the rms of temperature increases with rotation rate. It is evident

that the results are in excellent agreement with those obtained by Kunnen ef al. [124].

In the following chapters, we present the results of the thesis. First, we take up rotating tur-
bulent convection inside a cylindrical container. In chapter 3, the flow structures and turbulent
statistics are analysed, and different flow regimes are identified. This is followed by chapter 4,
where a detailed investigation of LSC, its characteristics, dynamics and statistics is carried out.
Then we study the effect of Prandtl number in RRBC in chapter 5. Finally, in chapters 6 and 7,
the statistics and dynamics of turbulent convection inside cubic confinement are investigated,

with a prime focus on thermal plumes and LSC.
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Effect of rotation on turbulent Rayleigh-Bénard

convection inside a cylindrical cell

In this chapter, the effect of rotation on turbulent Rayleigh-Bénard convection inside a cylin-
drical cell of unit aspect ratio is studied. Three-dimensional direct numerical simulations
are performed at Rayleigh numbers 2 x 10° and 2 x 107, for a wide range of rotation rate
(0 < Ro! < 30) with air (Pr = 0.7) as the working fluid. Using the Fourier mode analysis
of time series data obtained from a number of probes placed in the azimuthal direction of the
container at the mid-plane, different flow modes are identified, and these are used to quantify
the flow regimes. At low rotation rates (Ro™* < 1), a coherence at large scale is observed,
resulting in a large-scale circulation. As the rotation rate increases, the fluctuations in the flow
are damped out, and the observed coherence is lost. At even higher rotation rates (Ro~" > 10),
wall-bounded flow structures, namely quadrupolar and sextupolar are obtained. In addition,
the influence of rotation on the flow structures, heat transport, dissipation rates, and boundary
layer dynamics are studied in detail. Overall, rotation has an effect of flow stabilization, and

thus a reduction in heat transfer rate is observed.

3.1 Introduction

Rotation plays a crucial role in many natural flows and industrial applications. For a better
understanding of these systems, it is necessary to investigate the influence of rotation on turbu-

lent convection. Rotating Rayleigh-Bénard convection (RRBC) combines the effects of thermal

46
TH-2625_136103004



3.1. Introduction

buoyancy and rotation-induced Coriolis and centrifugal forces. Heat transport and correspond-
ing changes in the flow structure are some of the most studied aspects in turbulent convection.
As discussed in chapter 1, the heat transfer rate in RBC depends on three control parameters,
namely the Rayleigh number Ra, the Prandtl number Pr, and the aspect ratio I'. In the case of
rotating convection, the rotation rate also affects the heat transport. Generally, rotation has an
inhibiting effect on heat transport. Since the experimental study by Rossby [115], it is under-
stood that rotation (moderate rotation) can also enhance the heat transport in RRBC. Following
this, several experimental [116—118] and numerical [18, 91, 116, 123—-126] studies have been
carried out in this direction. In contrast to an experimental set-up, the addition of rotation is

rather straight forward in numerical simulations.

In RRBC, different flow regimes are characterized based on the behaviour of heat transfer
rates. At low rotation rates, there exists a regime of no heat transfer increment where Nu re-
mains same as the non-rotating case [134]. However, at moderate rotation rates (Ro ~ 0.5),
heat transfer rate increases with rotation depending on Ra and Pr [134, 135]. Kunnen e? al.
[124] numerically studied RRBC for Ra = 2.5 x 10° and Pr = 1 by varying the Rossby
numbers (0.33 < Ro < o0), and found that at low rotation rates, heat transfer increases with
Nusselt number increasing up to 5%. In addition to this, Kunnen ez al. [128, 129] performed
numerical and experimental investigations on the flow structures in turbulent RRBC and iden-
tified different flow regimes. They observed that for low rotation rates (Ro > 2) flow behaviour
is dominated by LSC. The azimuthal dynamics of LSC was found to be dependent on Ro. For
0.1 < Ro < 2, LSC was replaced by vortical columns as dominant flow structure. For higher
rotation rates (Ro < 0.1), the stabilizing effect of rotation was clearly observed. The statis-
tics of turbulent intensities and root mean square fluctuations showed steeper dependence on
Ro. Weiss and Ahlers [137] identified four regimes based on the Ro-dependence of Nu for
Pr = 4.38 and a range of Rayleigh numbers 2.3 x 10° < Ra < 7.2 x 10'°. In the first regime
at low rotation rates, Nu remains constant or increases slowly (depending on Ra) with the in-
crease in rotation. At Ro ~ 2, a second regime was observed where the increase in Nu was
even slower (or decrease for higher Ra). A third regime was identified at Ro ~ 1.18, where
Nu increases significantly with rotation as a result of Ekman vortices. This was followed by
the fourth regime (Ro < 0.33), where Nu decreases with rotation rate due to the suppression

of convective motion [134].
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It is important to note that such classification of regimes based on the rotation rates is valid
only for Pr 2 1. For low Prandtl numbers (Pr < 1), no enhancement in heat transport is
observed at any rotation rate [ 138]. Horn and Shishkina [139] introduced an alternative method
(which is independent of I" and Pr) for the identification of the distinct flow regimes in RRBC,
based on the decomposition of the velocity field into toroidal and poloidal parts. They identified

different flow regimes such as buoyancy dominated, rotation influenced, rotation dominated,

and geostrophic turbulence.

Though there are many existing studies in rotating convection, a profound identification of
different flow regimes in RRBC is less attempted, particularly at low Prandtl numbers were the
increase in heat transport with rotation is not observed. In this study, we attempt to identify dif-
ferent flow regimes based on the Fourier mode decomposition and evaluate the flow structures,
heat transfer, dissipation rates, boundary layer dynamics and other turbulent statistics for a fluid
with Pr = 0.7. Three-dimensional direct numerical simulations are performed at two different
Rayleigh numbers, namely Ra = 2 x 10° and 2 x 107 in a cylindrical cell. The cylindrical
domain is rotated about its vertical axis. Rotation is quantified in terms of Rossby number
(Ro = V/2QH). As Ro is inversely proportional to Q, Ro ' directly measures the rotation
rate. A wide rage of rotation rate is considered, starting from non-rotating case (Ro™* = 0) to

extremely high rotation rate (Ro ™' ~ 30).

The present chapter is organized as follows. The next section discusses the overall problem
setup and the details of the computational grid. This is followed by a comprehensive analysis
of the effect of rotation on turbulent RBC and identification of different flow regimes based on
the flow structure and Fourier mode decomposition. Further, the characteristics of heat trans-
port, dissipation rates, boundary layers, and other turbulent statistics are studied in subsequent

sections.

3.2 Numerical details

In this section, we briefly describe the mathematical formulations of the problem followed
by grid independence study. The problem deals with the investigation of thermo-convective

instability of an incompressible Newtonian fluid inside a cylindrical cell of unit aspect ratio,
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Table 3.1: Different grids with corresponding number of grid points within the thermal bound-
ary layer Npy, the critical grid parameters lya0/Mks AZmaz/Mks and Ay,q./ny followed by
volume averaged Nusselt number Nu,,;, Nusselt number at the bottom wall Nug and ratio
of numerical to analytical dissipation rates, €/ = (€™™)/(¢!") and €, = (€5*™)/(el), at
Ra =2 x 10°% and 2 x 107 for non-rotating and high rotation case.

Ra Ro™! Ny x Nqs X N, NBrL lmaz/'ﬂk Azmaz/nk Amaz/nk Nuyor Nug 62 Eg
9 % 106 0 43 x 101 x 85 9 0.804 0.515 0.455 10.75 10.71 0.981 0.987
10 43 x 101 x 85 13 0.715 0.457 0.404 3.68 3.69 0.978  0.990
Y 106 0 50 x 101 x 101 11 0.804 0.432 0.409 10.68 10.66 0.990 0.983
10 50 x 101 x 101 15 0.715 0.384 0.363 3.68 3.69 0.990 0.982
2 % 106 0 60 x 101 x 115 13 0.804 0.380 0.367 10.65 10.60 0.991 0.984
10 60 x 101 x 115 19 0.715 0.338 0.326 3.67 3.68 0.985 0.984
2 % 107 0 93 x 175 x 185 12 0.968 0.492 0.492 20.47 20.42 0.978 0.986
10 93 X 175 x 185 27 0.724 0.368 0.350 6.49 6.50 0.984 0.989
2 % 107 0 101 x 175 x 201 13 0.968 0.453 0.453 20.46 20.46 0.980 0.988
10 101 x 175 x 201 30 0.724 0.339 0.331 6.37 6.38 0.986  0.992
2 107 0 115 x 175 x 229 15 0.968 0.391 0.391 20.42 20.39 0.982 0.988
X 10 115 x 175 x 229 32 0.724 0.293 0.304 6.39 6.40 0.989  0.993

I' = D/H = 1. A schematic diagram of the flow domain with relevant boundary conditions
used is shown in Fig. 3.1(a). No-slip boundary conditions are implemented on all the surfaces.
For temperature, horizontal surfaces are iso-thermal and the lateral wall is adiabatic. Rotation

is applied about the vertical axis of the cylinder.

. ®
( ) Q//‘ Top surface S S1o S
Pl 13 7
/TC .0 Se >
~ S, S,
] 822 S34
Vertical wall 525 S S31
Z r (Vg)er = O :
u=0
. ¢
H Bottom surface
- 5 - 0=1
u=0

Figure 3.1: (a) Schematic diagram of the flow domain with relevant boundary conditions. (b)
Schematic representation of the location of numerical probes at horizontal mid-plane of the
cylinder used for signal analysis.

While reporting direct numerical simulations an important requirement is that the grid is
resolved adequately to capture the flow physics correctly, and at the same time it consumes

optimum computational resources. Two criteria are imposed for calculating the grid sizes.
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Firstly, the boundary layers are properly resolved, for which we necessitate that at least 10 grid
points are present within the boundary layers (both near horizontal and lateral walls). As aresult
AzZpin & 09/10 and Az, &= Ary,. Here, dy is the thermal boundary layer thickness, while
Azpin and Ar,,;, are the minimum grid size in the vertical and radial directions, respectively.
Secondly, the mesh size is taken to be of the order less than or equal to the Kolmogorov scale
(k). We implement the conditions A0 S ks lnae(= 277 /Nyg) S Mk Azpae < 1 and
AT ez = AZpaz, Where lnaze, ATmaz, and Az, represent the maximum grid size in the
azimuthal, radial, and vertical directions, respectively. Here A,,,, indicates the maximum of
mean grid size calculated as (rA¢ArAz)*/? and 1, is the Kolmogorov scale estimated using
the analytical formula 7, ~ 7(Pr?/RaNu)'/* given by Grotzbach [152]. Table 3.1 shows the
different computational grids with corresponding number of grid points within the boundary
layer followed by the maximum grid size in the azimuthal and axial direction, and the maximum
mean grid size, normalized with the Kolmogorov scale at Rayleigh numbers Ra = 2 x 10° and

1

2 x 107 for non-rotating (Ro~' = 0) and high rotation (Ro~* = 10) case. Time increments of

At =10"? and 5 x 10~ are used for Ra = 2 x 10° and 2 x 107, respectively.

The Nusselt number at the bottom wall is computed as Nug = (00/0z) 4+, where (..) 4
represents averaging over horizontal plane and time. Further, the volume averaged Nusselt
number over the entire domain Nu,, = 1 + v RaPr(wb) is also calculated, where (..) de-
notes averaging over volume and time. Both values agree well and the difference between
the Nu,o (or Nug ) values computed at the coarsest and finest grid for both Ra is less than
2%, which indicates a good grid convergence. To further confirm the spacial resolution, ra-
tio of the numerical to the theoretical estimate of viscous ({€"“"™)/(€!"}) and thermal dissi-
pation rates ((€;"™)/(€%")) are calculated for both non-rotating and sufficiently high rotation
rate Ro~' = 10. Here (€™ = vV2H *(|Vul?) and (€;*™) = a(AT)*H *(|V0|*) are
the numerically calculated values of viscous and thermal dissipation rates, respectively, while
(€™ = V¥ (Nu—1)RaPr—?H *and (€') = a(AT)?NuH ~? are their analytical counterparts
[75]. Note that the theoretical estimates of the dissipation rates are functions of Nusselt num-
ber, for which we substitute the corresponding numerically obtained value [51, 153]. The ratios
are always close to unity (minimum ~ 0.978), suggesting that the present grid is well resolved
to perform the proposed numerical calculations. Considering the computational cost and the

accuracy of the above mentioned parameters, a grid size of 50 x 101 x 101 and 101 x 175 x 201
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are chosen for Ra = 2 x 10° and 2 x 107, respectively.

To study the temporal behaviour of the flow, time signals of velocity and temperature are
recorded at different locations of the cell. Figure 3.1(b) shows a geometric construction of the
locations of the numerical probes (shown only every third) that are used to record the field time
signals. The signals are recorded from 36 equidistant locations (marked as probes S; to Ss4)
at the horizontal mid-plane (z = 0.5H) close to the lateral wall (r = 0.4R). These are used to
identify different flow regimes and flow periodicity/reversals. In addition, the time traces are
used to analyze large-scale circulation and its dynamics, which are to be taken up in the next

chapter.

In the following sections, the results of the present work are discussed in detail. At the
outset, we examine the flow topology in turbulent rotating RBC using a number of visualization
methods, such as instantaneous contours, temperature iso-surfaces, and ) structures. Then
different flow regimes are identified based on the rotation rates, using Fourier mode analysis
of the time signals of vertical velocity. This is followed by a comprehensive analysis of heat
transport, dissipation rates, and boundary layer dynamics in different flow regimes. In addition,
planar statistics such as mean and variance of temperature and vertical velocity are evaluated

to identify the flow characteristics in different regions of the flow.

3.3 Topology of the flow

In fluid dynamics, flow visualizations are used to make the flow patterns visible which helps
construct the required qualitative or quantitative description. Generally, they provide necessary
pieces of information about the whole flow field immediately understandable without the need
for extensive data processing [154]. Flow visualizations in previous experimental and numer-
ical studies have shown that in turbulent RBC, thermal plumes erupt from the top and bottom
plates/boundary layers and traverse towards the opposite plate. Under certain parameter range,
these plumes organize to form an LSC, where hot and cold fluid rises and falls, respectively,

along opposite sides of the lateral wall [40, 61].

The instantaneous temperature iso-surfaces along with the vertical velocity (w or u,) con-

tours at horizontal mid-plane (z = 0.5H) at Ra = 2 x 10% and 2 x 10" are shown in Figs. 3.2
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Figure 3.2: Flow structures for Ra = 2x 107 at (a) Ro~' = 0,(b) Ro~! = 0.1, (c) Ro™' = 0.2,
(dRo ' =03,(e) Ro*=2,(f)) Ro ' =3,(g) Ro" =4, (h) Ro* = 5.7, (i) Ro™! = 10,
(G) Ro™t = 13.3, (k) Ro~! = 20 and (1) Ro~" = 30. Top row: vertical velocity contour at the
horizontal mid-plane (z = 0.5H). Bottom row: temperature iso-surfaces at # = 0.35 (blue)
and € = 0.65 (red). For frames (a)-(d) : & = 0.4 (blue) and 6 = 0.6 (red).
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Figure 3.3: Flow structures for Ra = 2 x 10% at (a) Ro™ = 0, (b) Ro—1 =0.1,(c)Ro ' =02,
(dRo ' =03,(e) Ro*=2,(f)) Ro ' =3,(g) Ro" =4, (h) Ro* = 5.7, (i) Ro™! = 10,
G) Ro™' =133, (k) Ro™! = 20 and (1) Ro~! = 30. Top row: vertical velocity contour at the
horizontal mid-plane (z = 0.5H). Bottom row: temperature iso-surfaces at # = 0.35 (blue)
and 6 = 0.65 (red).
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and 3.3, respectively, for different rotation rates. The iso-surfaces are drawn at § = 0.35 (blue)
and 0.65 (red). At low rotation rates [frames (a)-(d)], the flow structures indicate the presence
of LSC for both the Rayleigh numbers. The hot plumes erupt from the boundary layer and
rise along the lateral wall, while the cold plumes sink along the opposite side. It is apparent
from the vertical velocity contours that the hot and cold plumes are clustered around opposite
sides of the sidewall, hence resulting in an approximate dipolar flow structure, a signature of
LSC. Note that the up-flow (+w) and down-flow (—w) are clearly distinguished by the solid
and dashed lines, respectively. As we increase the rotation rate, the coherence at large scale
is lost and the large-scale flow structures are broken down to multiple small-scale structures,
as shown in frames (e)-(h). Hence, at such intermediate rotation rates (1 < Ro™! < 10), no
specific organization of the flow is observed. Note that vertical velocity contours at the hori-
zontal mid-plane show random fragmented plumes. Here hot and cold plumes appear without

any particular organization.

It is apparent that up until now, thermal plumes appear all over the flow domain. The ver-
tical velocity contours clearly show that convective flow scales almost the entire flow domain.
However, at even higher rotation rates (Ro~' > 10), the plumes become localized and wall-
bounded, as shown in frames (i)-(1). Here, vertical velocity contours indicate the presence of
axial motion only near the walls. The stabilizing effect of rotation is evident at the higher rota-
tion rate regime, as the bulk region becomes stabilized, and the convection rolls get organized
and concentrated near the lateral walls. As the rotation rate is increased, the Coriolis force
overshadows the buoyancy force. As a result, the buoyancy force becomes too small to sustain
the convection rolls throughout the flow domain. The dominant Coriolis force pushes the con-
vection rolls towards the lateral wall. This is called as wall-mode convection, where pairs of

wall-bounded hot and cold plumes appear separately and alternatively [111, 155].

For Ra =2 x 10% at Ro ' =10 a quadrupolar [156] flow structure is observed, in which
two pairs of hot and cold plumes are noticed which are separated azimuthally by approximately
¢ ~ m/2, as shown in Fig. 3.3(i). At even higher rotation rates, Ro™'>20,a sextupolar struc-
ture [156] is seen as shown in Figs. 3.3(j)-3.3(1), where three pairs of hot and cold plumes
appear that are separated azimuthally by ¢ ~ 7/3. Note that with the increase in rotation rate,
the strength of the rolls diminishes and they become more localized near the lateral wall for both

the Rayleigh numbers. At even higher rotation rates, all the temperature and velocity fluctua-
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tions are suppressed, and the flow attains a conduction-like stage [155, 157]. Wall modes can
be considered as a preceding step before approaching a conduction-like profile. The suppres-
sion of flow due to rotation first occurs near the bulk and then moves towards the walls. Wall
modes are associated with a drastic drop in the heat transfer rates, which are discussed in a later
section. Note that instantaneous snapshots do not necessarily give a comprehensive idea about
the flow behaviour. Hence, we use different statistical measures for a better understanding of

the same, which are carried out in the following sections.

Figure 3.4: Q-structures for Ra = 2 x 107 at (a) Ro~* = 0.1, (b) Ro ' = 0.2, (c) Ro~* = 0.5,
(d Ro' =2, () Ro! = 3,(f) Ro' = 4,(g) Ro! = 10, and (h) Ro~' = 20. The
iso-surfaces are drawn at 20% (for 0.1 < Ro™! < 4) and 10% (for Ro ' = 10 and 20) of
Qmaa:‘

Turbulent flows are characterized by multi-scale and multi-layer nature [158]. Interestingly,
it also features certain quasi-deterministic large-scale structures [159]. Such clearly organized
structures in turbulent flows are generally referred to as coherent structures [160]. Identifying
these vortical structures, their orientations, and distributions provide a deeper understanding of
the flow dynamics. One of the most common methods for characterizing vortical structures is

(Q-criterion, which identifies the fluid regions with a positive second invariant of the velocity
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gradient tensor Vu. The second invariant is given by

1
Q = é(Rinij — SijSi5), 3.1
1, 0u; | Ouy 1, 0u;  Ouy
where S;; = 5(8% + 51%)’ and R;; = Q(ij &Ei). (3.2)

Here S;; and R;; are the strain rate and rotational rate tensors, respectively. () only takes into
account the contribution by vortical motions, excluding the shearing motion. Thus regions
with @) > 0 essentially represent strong local rotation. In Figs. 3.4 and 3.5, the (-structures
at different rotation rates are shown for both the Rayleigh numbers. Note that a wide range
of values of () are possible, and thus, an appropriate choice of () is necessary to extract the
relevant information [161]. The appropriate threshold value is based on the global maximum
of @) over the entire flow field (Q,,..). Here the levels are shown at about 10 — 20% of the
corresponding global maximum of (). The structures are seen to become finer with the increase
in Rayleigh number. At low rotation rates, the coherent structures are observed both near the
lateral walls and bulk region. However, at higher rotation rates, the structures disappear in the

bulk region and become localized near the lateral wall. As discussed previously, this indicates

(f) (Q@W
| l, °

Figure 3.5: Q-structures for Ra = 2 x 10% at (a) Ro™* = 0.1, (b) Ro ™' = 0.2, (c) Ro~* = 0.5,
(d Ro' =2, () Ro! = 3,(f) Ro'! = 4,(g) Ro! = 10, and (h) Ro™' = 20. The
iso-surfaces are drawn at 10% of Qaz-
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the suppression of fluctuations in the bulk region due to flow stabilization at higher rotation

rates and thus attainment of wall-mode convection.

3.4 Time evolution of the flow

In order to analyze the characteristics of unsteady flows, time signals are taken from 36 equidis-
tant locations [Fig. 3.1(b)] which are 7 /18 apart along the azimuthal direction in the horizontal
mid-plane (z = 0.5) at a radial distance of » = 0.4R (close to the lateral wall). Time signals
of vertical velocity from these probes are shown in Figs. 3.6 and 3.7, for Ra = 2 x 10° and
2 x 107, respectively. These are helpful in identifying the flow periodicity and switching/flow
reversals. Further, the time traces are used to recognize the azimuthal vertical velocity and
temperature profiles, which in turn assists in quantifying the large-scale circulation and other

flow behaviours.

Figures 3.6 and 3.7 show the vertical velocity signals at different locations in the mid-
horizontal plane. In particular, we analyze the signal probes S7, S7, S19, and Sy9, Which are
located azimuthally at ¢ = 0, 7/3, 7/2, and 7, respectively. At low rotation rates Ro™! <1,
the time traces are anti-correlated and fluctuate around a finite mean value, which indicates
the presence of LSC. Note that in the LSC regime, the signals are shown at either end of a
diametrical plane (0 — 7), i.e., S7 and Sig, to appropriately capture the dipolar nature of the
flow. We observe that the finite mean of the time traces switches after a particular interval
of time. These are identified as reorientations of LSC. Detailed discussion on the dynamics
and statistics of reorientations of LSC are presented in the next chapter. Interestingly, with
increase in rotation rate, the time span for which the LSC persists in a particular diametrical

plane reduces for both Ra.

At higher rotation rates, the dipolar nature of the flow is lost and the time signals fluctuate
around zero mean value, as shown in Figs. 3.6(f-i) and 3.7(f-i). This is a clear indication that
the flow behaviour is far from LSC, as observed in the flow structures in the previous section,
where at intermediate rotation rates random plume behaviour was noted without any particular

flow organization [see Figs. 3.2 and 3.3]. At even higher rotation rates (1 < Ro™ ' < 10), a
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Figure 3.6: Time traces of vertical velocity for Ra = 2x 10%at(a) Ro* = 0.1,(b) Ro~! = 0.2,
(©)Ro'=03,dRo'=05()Ro* =1, Ro ' =1.33,(g) Ro ' =2,(h) Ro* =3,
(i) Ro™' =4,(G) Ro* = 5.7, (k) Ro~' = 10, and (1) Ro™" = 20.

significant reduction in the amplitude of the time traces is observed, as shown in Figs. 3.6(j)-
3.6(k) and 3.7(j)-3.7(k). As we observe a quadrupolar flow behaviour for Ra = 2 x 10° at
Ro™' = 10 [shown in Fig. 3.2(i)], the time signals from locations that are 7/2 apart are
expected to be anti-correlated, and hence the signals from these probes are shown in Fig. 3.6(k).
Similarly, to identify the sextupolar nature of the flow for Ra = 2 x 10° at Ro~' = 20, the
time signals are shown at ¢ = 0 and 7/3 in Fig. 3.6(1). Note that at higher rotation rates, the
amplitude of the signals drops significantly, accompanied by a considerable reduction in the

frequency content, which apparently shows the stabilizing effect of the rotation.
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Figure 3.7: Time traces of vertical velocity for Ra = 2 x 107at(a) Ro™' = 0.1,(b) Ro~! = 0.2,
(©)Ro'=03,d Ro'=05,(e) Ro*=1,f) Ro* =1.33,(g) Ro ' =2,(h) Ro ™' =3,
(i) Ro'=4,(G) Ro' =5.7, (k) Ro~! = 10, and (1) Ro™ ! = 20.

The time-averaged vertical velocity from the above mentioned azimuthally equispaced nu-
merical probes is shown in Figs. 3.8 and 3.9, where the averaging is carried out within a time
over which the mean flow remains in a particular plane. At low rotation rates (Ro~' < 1),
the profiles show a cosine function with a single cycle spanning the entire (27r) domain [see
Figs. 3.8(a)-3.8(b) and 3.9(a)-3.9(b)] which confirms the presence of LSC structure, and is
consistent with previous studies [43, 56, 162, 163]. This particular nature of the flow in the
azimuthal direction can be associated with the dipolar structure. This is consistent with the

flow structures shown in the previous section [Figs. 3.2(a)-3.2(d) and 3.3(a)-3.3(d)], where
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Figure 3.8: The temporal averaged vertical velocity profile along the azimuthal direction for
Ra=2x10%at(a) Ro™' = 0,(b) Ro™' =0.1,(c) Ro™' = 2,(d) Ro™' = 5.7, (e) Ro™" = 10,
and (f) Ro—! = 20. The solid red line indicates the cosine fit.

the hot and cold plumes appear as segregated on opposite sides of the lateral wall. As rota-
tion rate increases, we find a distortion from the cosine fit, as shown in Figs. 3.8(c)-3.8(d) and
3.9(¢c)-3.9(d). Recall that the flow structures at moderate rotation rates showed random plume
behaviour without any specific organization. Hence the azimuthal profiles also do not show
any specific arrangement. With further increase in rotation rate, the azimuthal velocity profiles
approach the cosine function, but of higher periods such as period-two and period-three. For
Ra = 2 x 10° at Ro™! = 10, the flow appears to be more close to the quadrupolar structure,
indicated by two pairs of 4+ve and —ve peaks in the velocity profile [refer Fig. 3.8(e)]. At very

1 = 20), the vertical velocity profile appears to be more close to a

high rotation rates (Ro~
sextupolar behaviour with +ve (up-flow) and —ve (down-flow) velocity separated azimuthally
by /3 [refer Fig. 3.8(f)]. For Ra = 2 X 107, at high rotation rates (Ro™t 2 10), the velocity
profile shows a quadrupolar behaviour. Note that at lower and higher rotation rates we observe

almost perfect cosine fits for the vertical velocity profile, while at intermediate rotation rates it

deviates from the cosine fit.
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Figure 3.9: The temporal averaged vertical velocity profile along the azimuthal direction for
Ra=2x10"at(@) Ro ' =0,(b) Ro " =0.1,(c) Ro ' =2,(d) Ro ' =4,(e) Ro ' = 13.33,
and (f) Ro~! = 20. The solid red line indicates the cosine fit.

3.5 Quantification of the flow based on the Fourier modes

After obtaining a qualitative picture of the flow structure and their temporal evolution, we now
turn our focus on the quantification of the flow and thereby identification of different flow
regimes based on the rotation rate. For this, the Fourier mode analysis of vertical velocity
signals along the azimuthal direction of the cylindrical cell at mid-height is performed. We
identify the dominant Fourier modes and connect these with the associated heat transfer and
other turbulent statistics. Note that u; is the velocity signal from N (= 36) data points along

the cylinder azimuth [refer Fig. 5.1(b)] and its Fourier transform is written as
N
iy, = Y uje” N (3.3)
j=1

where 1, represents the k'™ Fourier mode and i the unit imaginary number. The first (),
second and third modes are associated with the dipolar, quadrupolar, and sextupolar structure of

the flow, respectively [156]. Figure 3.10 shows a schematic diagram of different flow topology
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Chapter 3. Effect of rotation on turbulent Rayleigh-Bénard convection inside a cylindrical cell

at the horizontal mid-plane and the azimuthal velocity profile of the corresponding Fourier
mode. Here, + and — signs indicate the hot and cold poles characterized by the aggregation
of respective thermal plumes. The first Fourier mode represents LSC (dipolar structure) where
hot and cold plumes traverse along opposite sides of the lateral wall, and hence the velocity
profile shows a period-one cosine function. The vertical velocity is maximum near ¢ = 0 (4
pole), drops to zero near ¢ = /2, reaches its minimum value at ¢ = 7 (— pole), then attains
zero at ¢ = 37/2 and finally completes the cycle by attaining the maximum value at 27. The
second Fourier mode identifies a period-two cosine function with two-pairs of maximum and
minimum, hence constitute the quadrupolar structure. Similarly, the third mode corresponds to
a period-three cosine function characterized by the sextupolar flow structure, as shown in Fig.
3.10. On performing the Fourier transform of the velocity signal along the azimuthal direction,
the elemental Fourier modes are distinguished. Further, different flow regimes are quantified

based on the dominance of these modes, which is characterized using the fraction of energy

Dipolar structure (LSC) 1" Fourier mode

0 ) - 3n/2 o

d .
2" Fourier mode

32 0 2 T 32 o

rd .
Sextupolar structure 3" Fourier mode

o w3 23 m  4mw3 sp3 2%

Figure 3.10: Schematic diagram of the flow behaviour at horizontal mid-plane along with the
azimuthal velocity profile corresponding to the Fourier modes.
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Figure 3.11: The variation of energy fraction of the first three Fourier modes with rotation rate
for (a) Ra = 2 x 10° and (b) Ra = 2 x 10".

N/2
Ey/E,o. Here Ej, = |iy,|? is the energy contained in the k™ Fourier mode and E,,; = Z B
k=1
is the total energy. The evidence of LSC is often ascertained from the energy fraction of first

Fourier mode (E} / Ey).

Figure 3.11 shows the variation of energy fraction of the first three Fourier modes with
rotation rate. We identify different flow regimes based on the dominance of specific modes.
In regime 1 (0 < Ro ! < 1), the first Fourier mode is clearly dominant with F/FE;, > 0.5
and is identified as the LSC regime. Consequently, the average vertical velocity profile along
the azimuthal direction clearly shows a perfect cosine fit [see Figs. 3.8(a)-3.8(b) and 3.9(a)-
3.9(b)], as discussed in the previous section. A decrease in the energy fraction of the first
Fourier mode accompanied by an increase in that of the second (Es/FEy,) with increase in
rotation rate is observed here. At high rotation rates, regime II (1 < Ro™! < 10) is identified,
where no dominance by any specific mode is observed as the fraction of energy carried by all
the modes including the first mode is less than 0.5. As a result, the vertical velocity profiles in
this regime are far from perfect cosine fit, as shown in Figs. 3.8(c)-3.8(d) and 3.9(c)-3.9(d). For
Ra = 2 x 10°, although, the second mode marginally dominates at moderately high rotation
rates (5 < Ro~' < 10), it declines at extremely high rotation rates. Here, we even observe a
third Fourier mode dominated flow for Ro~' > 10. This is identified as regime III, where the
higher mode (second or third) shares more than 50% of the total energy. For Ra = 2 x 107,

the second Fourier mode dominates over the other modes in regime II1.
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3.6 Nusselt number and dissipation rates

Next, we discuss the behaviour of the Nusselt number and dissipation rates in different flow
regimes. The Nusselt number quantifies the ratio of total heat flux through the system over the
conductive heat flux (in absence of convection) [164, 165], i.e., Nu = q¢H/KAT, where ¢
is the total heat flux and K the thermal conductivity of the fluid. In RBC, the local Nusselt
number at each spatial location is computed as Nu(r) = vV RaPrwf — %, where 7 is the po-
sition vector [166]. At the horizontal plates, where vertical velocity is zero the Nusselt number
becomes Nu(r) = % Two quantities which play an important role in local and global heat
transport process in RBC are the thermal dissipation and viscous dissipation rates. These two
quantities represent the dissipation of thermal and kinetic energy due to the fluid thermal diffu-
sivity and viscosity. The global averages of dissipation rates can be connected to the global heat
transport via the exact relations (¢”") = v3H~*(Nu — 1)RaPr—2 and {¢}") = a(AT)*NuH >
[75]. These two relations form the basis of the Grossmann-Lohse (GL) theory [76] [167] of
turbulent heat transfer, where scaling laws for the Nusselt number and Reynolds number are
established based on the decomposition of the dissipation rates into their bulk and boundary

layer contributions (refer chapter 1).

a0 Nus=a (I/Ro)’  —aRa=2x 10"
30 F  Nug=m (‘]/R0)+' ¢c —O—Ra=2x10

20

11 I

|
I
I
I
I
I
I
I
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|
!

10" 10° 10" 10°
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Figure 3.12: Variation of average Nusselt number with rotation rate at Ra = 2 x 10° and
2 x 107. The solid green and blue lines indicate linear and power law fits, respectively.
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3.6. Nusselt number and dissipation rates

Figure 3.12 shows the variation of area and time averaged Nusselt number at the bottom
plate, Nug = (%) A, With rotation rate at different Rayleigh numbers. In regime I (0 <
Ro~! < 1) or LSC regime, heat transfer remains almost constant. As rotation rate increases
Nusselt number drops linearly in regime II given by 1 < Ro~! < 10. However, in regime
I (Ro~' > 10) Nusselt number shows a power law behaviour, Nug o (1/Ro)", with the
exponent b = —0.93 and —0.53 for Ra = 2 x 10° and 2 x 107, respectively. The solid green
and blue lines in Fig. 3.12 represent the corresponding linear and power law fits at regimes II

and III, respectively.
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Figure 3.13: Variation of average Nusselt number along the vertical direction for (a) Ra =
2 x 10° and (b) Ra = 2 x 107 at different rotation rates. The arrows indicate the direction of
increasing rotation rate.

The vertical variation of horizontal plane and time-averaged Nusselt number, (Nu)4;: =
W(w@ At — (%) A, for different rotation rates is shown in Fig. 3.13. The profiles are
almost similar in regime I, while the magnitude drops considerably at higher rotation rates
(regimes II and III). Note that (Nu) 4 ; remains nearly constant along the vertical direction as
the the net vertical heat flux across two horizontal sections do not change. It is interesting to
note that inside the boundary layer region (both at the top and bottom), the Nusselt number
shows deviations from its mean profile, which can be attributed to the emissions of thermal
plume. However, these deviations are suppressed with increase in rotation rates as the plume

emissions diminish as a result of flow stabilization.

Next, we evaluate the viscous and thermal dissipation rates. Figure 3.14 shows the volume
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and time averaged non-dimensional dissipation rates, (€,) = /Pr/Ra(|Vu|?) and (€5) =
v/1/RaPr(|V0)?), normalized by the corresponding non-rotating dissipation rates (€%) and
(€g), respectively, for different rotation rates. In regime I where LSC is observed, both dissi-
pation rates remain almost constant and close to the non-rotating value. However, at higher
rotation rates a significant departure from the non-rotating case is noticed. At regime II, the
dissipation rates decrease linearly with rotation rate, as observed for the Nusselt number. This
is followed by rotation dominated regime III, where they follow a power law behaviour as
(€) o< (1/Ro)’, with exponent b = —1.95 and —0.68 for Ra = 2 x 10° and 2 x 107, re-

spectively, for (€, ), while (€4) follows the same power law as that of Nug.

16- —— & — Ra=2x10°, (e

| 4 Ra=2x10",€MNe)

F O Ra=2x10",{e)ep

12  ——+—— Ra=2x10", (eMe))
B |

0 10’ 10°
1/Ro

Figure 3.14: Variation of (€,)/(€2) and (€,)/(€5) with rotation rate for Ra = 2 x 10° and
2 x 10"

10" 10

In RBC, dissipation fields are often expected to follow a log-normal distribution [168].
However, considerable deviations due to the highly intermittent nature of the local dissipation
have also been reported [169—172]. The spatial PDF of the thermal dissipation rate normalized
by the respective rms values are shown in Fig. 3.15 for three different rotation rates (Ro ' =
0.1, 1.33, and 20) corresponding to the three different flow regimes. We observe that at regimes
I and II, both the PDFs show a long tail that fits well with a stretched exponential function
P(X) = C/VX exp(—mX®). Here, C, m and « are the fitting parameters, and X corresponds

to the values of €y/€,™°. The fitting is done for the values which are greater than the abscissa
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Figure 3.15: Spatial PDF of thermal dissipation rate normalized by the respective rms vales for
(a) Ra = 2 x 10° and (b) Ra = 2 x 107 at different rotation rates. The solid lines indicate the
best fits of stretched exponentials (at regime I).

of the most probable value. In both the regimes I and II, the fitting exponents are almost the
same with a ~ 0.4. These findings are consistent with earlier results [169, 170]. However, at
high rotation rates (regime III), the tails of the PDFs get shortened indicating the reduction in

high amplitude dissipation events due to flow stabilization.

Next, we analyze the temporal behaviour of dissipation rates. In Figs. 3.16 and 3.17, the
temporal PDFs of thermal and viscous dissipation rates are represented in log-normal coordi-
nates, where p and o indicate the mean and standard deviation of the logarithmic dissipation
rates. The solid line represents normal distribution curve for reference. In the LSC regime,
both viscous and thermal dissipation rates follow a log-normal behaviour. However, as the ro-
tation rate increases, a clear departure from log-normality is noticed, especially in regime I1I
(Ro™! = 10). Further, the deviations are significant for €, than for €y. For a better compari-
son between different rotation rates, the PDFs are collapsed under a single linear-logarithmic
axes, as shown in Fig. 3.18. It is apparent that the tails of PDFs become shorter in regime III,
implying a reduced probability of high-amplitude dissipation events. This is due to the flow

stabilization at higher rotation rates, which reduces the fluctuations in the flow.

The spatial distribution of the viscous and thermal dissipation rates in different flow regimes
are examined now. The variation of the horizontal plane and time-averaged dissipation rates

along the vertical direction are shown in Figs. 3.19 and 3.20, where the complete profile of
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Figure 3.16: PDF of log €, at Ra = 2 x 107 for different Ro! in log-normal coordinates. As
the rotation rate increases, the PDFs depart from log-normality.
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the rotation rate increases, the PDFs depart from log-normality.

(€p) A+ is shown in the inset of frame (a). We observe that maximum value of the dissipa-

tion rates occurs at the top and bottom plates, which is consistent with the observations made

by Zhang et al. [169] and Emran and Schumacher [95]. In the LSC regime, the bulk region

shows negligible thermal dissipation (in comparison to boundary layers), indicating most of
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Figure 3.18: PDFs of log €, and log €, at Ra = 2 x 107 for different Ro™! in log-normal
coordinates. The tails of the PDFs become shorter at high rotation rates.
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Figure 3.19: (a) Enlarged view (near bottom plate) of the variation of thermal dissipation along
the vertical direction at Ra = 2 x 10° for different Ro~'. The inset shows the complete profile.
(b) Variation of viscous dissipation rate along the vertical direction for different rotation rates
in semi-log scale. Arrows indicate the direction of increase in rotation rate.

the thermal energy is dissipated near the thermal boundary layers. As rotation rate increases
(regime III), the magnitude of thermal dissipation decreases near the top and bottom surfaces.
The straight vertical lines in regime III suggest that the energy is dissipated more uniformly
throughout the domain. On a similar note, the viscous dissipation also follows a different pro-

file in the LSC regime compared to that at high rotation rates. In the LSC regime, two local
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peaks are identified in the (€,) 4+ profile before it becomes stable near the bulk region. How-
ever, at regime I1I, only a single peak is identified. These peculiar features of the dissipation
rates at the interface of bulk and boundary layer may be associated with the interplay between
different forces at different flow regimes. At low rotation rates (regime I), due to the compe-
tition between the viscous and buoyant forces, the viscous dissipation rate changes abruptly
across the boundary layer. However, at higher rotation rates (regime III), the strong Coriolis
force overshadows the buoyant force, and flow stabilization occurs. All the fluctuations in the
system are damped out and as a result, the dissipation rates show a uniform trend along the

vertical direction. The stabilizing effect of rotation on RBC is evident from these profiles.
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Figure 3.20: (a) Enlarged view (near bottom plate) of the variation of thermal dissipation along
the vertical direction at Ra = 2 x 10" for different Ro™'. The inset shows the complete profile.

(b) Variation of viscous dissipation rate along the vertical direction for different rotation rates
in semi-log scale. Arrows indicate the direction of increase in rotation rate.

3.7 Planar statistics

To identify the flow characteristics in different regions of the flow, planar statistics of velocity
and temperature are computed. Rotation primarily has a tendency to suppress the vertical mo-
tion, which leads to stratification of the flow along the rotation axis. Figure 3.21 shows the root

mean square (rms) of vertical velocity (w or u,) along the vertical direction for different rota-

tion rates. We calculate w,,,s = \/<(w — (w)at)?)as, Where (w)a, = 0. Recall that (..) 4,
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indicates horizontal plane (z planes) and time averaging. The magnitude of w,.,, increases near
the bulk and decreases near the no-slip walls. Note that in regime I, the w,.,,,s profiles follow an
almost similar trend, while apparent differences are seen across the higher rotation rate regimes
IT and III. The suppression of w,,,s with increase in rotation is evident from Fig. 3.21, espe-
cially for Ra = 2 x 10°. As rotation rate increases, the rms of vertical velocity is considerably
reduced, accompanied by flow stabilization along the vertical axis. At very high rotation rates,
all the vertical velocity fluctuations are damped out and the magnitude of w approaches zero,
which is theoretically explained by the Taylor-Proudman theorem [101, 102]. The theorem is
generally used in the context of geostrophic flows, where the Coriolis force overshadows the
other forces. The theorem states that in a homogeneous, inviscid flow dominated by Coriolis
force, there is no variation of flow parameters along the flow axis, i.e., the flow behaves as 2-D

in a plane orthogonal to the flow axis, in short

au_

5 0 (3.4)

Thus, there is no velocity variation along the vertical direction.
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Figure 3.21: Variation of root mean square of vertical velocity along the vertical direction for
(a) Ra = 2 x 10% and (b) Ra = 2 x 107 at different rotation rates. The arrows indicate the
direction of increasing rotation rate.

The variation of rms of vertical velocity at the mid-plane (z = 0.5H) with rotation rate is
shown in Fig. 3.22, where the dashed lines demarcate different flow regimes. It is apparent

that w) . remains almost constant at low rotation rate (regime I) and drops at higher rotation

71
TH-2625_136103004



Chapter 3. Effect of rotation on turbulent Rayleigh-Bénard convection inside a cylindrical cell

0.3
0.25

0.2
0.154

U paaas |

0.1

0.05

10" 10° , -
Ro’

Figure 3.22: The root mean square of vertical velocity at the mid-plane as a function of rotation
rate for Ra = 2 x 10° and 2 x 107. The dashed lines indicate the different flow regimes.

m

rates. In regime III, we observe a power-law behaviour with respect to rotation rate as w,,,, =

a(1/Ro)", for both the Rayleigh numbers, as shown in Table 3.2. Note that as Ra increases,
the scaling exponent reduces by half. This indicates that the stabilizing effect of rotation is

reflected more at lower Ra.

—
Q
=
-

o
<)

o
=2}

o Z
N
O P

o

N
|
|
|
=
S
o
N

T T, T T T T T T T T T T T T T T

o

Figure 3.23: Variation of root mean square of horizontal velocity along the vertical direction
for (a) Ra = 2 x 10° and (b) Ra = 2 x 107 at different rotation rates. The arrows indicate the
direction of increasing rotation rate.

Next, we evaluate the fluctuations in the horizontal velocities. Following the formulations

by Kerr [173] and Kunnen et al. [126], rms of net horizontal velocity is computed as ufms =

7
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Figure 3.24: The root mean square of horizontal velocity at the mid-plane as a function of
rotation rate for Ra = 2 x 10° and 2 x 10”. The dashed lines indicate the different flow
regimes.

\Juz + ué, whose variation along the vertical direction is shown in Fig. 3.23. We observe

that u__is zero at the walls, increases within the boundary layer to reach its peak value, and

rms
subsequently drops towards the central region. The vertical distance of the peak rms from
the horizontal wall gives an estimate of viscous boundary layer thickness [173]. Overall, the
horizontal velocity reduces with increase in rotation rate, both near the isothermal plates and
in the bulk region, as shown in Fig. 3.23. However, in the low rotation rate regime I, the
bulk region shows higher fluctuations than the non-rotating case. Due to rotation, the thermal
plumes are spun up as they move away from the top and bottom plates, resulting in increase
of horizontal velocities. This effect is noticed only at regime I, as even higher rotation rates

result in damping of convective motion. Similar effect was observed by Kunnen et al. [126] in

RRBC at low rotation rates.

The variation of rms of horizontal velocity at the mid-plane (¢ = 0.5/ ) with rotation rate
is shown in Fig. 3.24. Similar to w,.,s, the rms of horizontal velocity also remains almost
constant in regime I, and drops considerably in regimes Il and II1, as the rotation rate increases.
In regime III, we observe a power-law dependence with rotation rate, u’? . = a(1/Ro)®, for
both the Rayleigh numbers, as shown in Table 3.2. Similar trend was observed by Kunnen et al.

[126] in their numerical study of rotating convection inside a rectangular domain for Pr = 1.

Note that as Ra increases, the scaling exponent reduces by half as observed for the vertical
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Table 3.2: The power-law fits for the rms of vertical and horizontal velocities at the mid-plane
in regime IIT, w,,,, = a(1/Ro)" and v . = a(1/Ro)®, for Ra = 2 x 10° and 2 x 10".

rms

rms at mid-plane Ra a b
Wrms 2x10° 0.936 —1.26
Wyms 2x 107 0.178 —0.59
ull 2x10° 187 —1.99
ull 2x 107 0505 —1.17

rms

velocity rms, indicating that the stabilizing effect of rotation is less apparent at higher Ra.
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Figure 3.25: Variation of mean of temperature along the vertical direction for (a) Ra = 2 x 10°
and (b) Ra = 2 x 107 at different rotation rates. The arrows indicate the direction of increasing
rotation rate.

In Fig. 3.25, vertical profiles of mean of temperature (0) 4, are shown for Ra = 2 X 10°
and 2 x 107, which clearly indicate different characteristic regions in the flow domain. The
mean temperature shows a sharp gradient in the boundary layer region, which decreases grad-
ually towards the bulk region (z = 0.5H). Note that at low rotation rates (regime I), there is
hardly any temperature difference over the central region [173] and the imposed temperature
difference across the top and bottom plates is accomplished almost entirely within the thermal
boundary layer [140]. However, with increasing rotation rates, the temperature gradient be-
comes pronounced over the bulk. At higher rotation rates (regimes II and I1I), the temperature
gradient stabilizes along the vertical direction and the mean temperature profile approaches the

1

linear one. At extremely high rotation rates Ro~~ = 30, an almost linear profile is obtained for

Ra = 2 x 10°, accompanied by Nu approaching unity. This is a clear indication of suppres-
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sion of the convective motion. As explained previously, at extremely high rotation rates, the
strong Coriolis force ceases the vertical motion and heat transfer occurs purely by conduction.
However, for Ra = 2 x 107, shown in frame (b), the profile is far from a linear one even at the

highest rotation rate (Ro~' = 30), due to higher buoyancy force.
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Figure 3.26: Variation of root mean square of temperature along the vertical direction for (a)
Ra =2 x 10°% and (b) Ra = 2 x 107 at different rotation rates.
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Figure 3.27: The root mean square of temperature at the mid-plane as a function of rotation
rate for Ra = 2 x 10° and 2 x 107. The dashed lines indicate the different flow regimes.

The rms of temperature increases as we move away from the isothermal plates and peaks
near the edge of the boundary layer, where it shows a sharp gradient, as shown in Fig. 3.26.

Subsequently, it drops gradually to attain an almost constant value near the center of the flow
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Chapter 3. Effect of rotation on turbulent Rayleigh-Bénard convection inside a cylindrical cell

domain. The vertical distance of the peak rms from the horizontal wall gives an estimate of
the thermal boundary layer thickness [173]. The nearly constant value of 6,,,, indicates ho-
mogeneity in the bulk region. Overall the temperature fluctuations in the bulk region increase
with rotation rate. Due to the suppression of the vertical motions (see Fig. 3.22) by rotation, the
thermal plumes moving across the flow domain requires a higher thermal contrast [124]. This
was experimentally observed by Fernando ef al. [174]. The variation of rms of temperature
at the horizontal mid-plane (2 = 0.5H) with rotation rate is shown in Fig. 3.27. For both the
Rayleigh numbers, overall ;" _ increases in regimes I and II, although a slight dip in regime 11
is noticed. At low rotation rates, due to better mixing, the plumes are less likely to approach
the central region, resulting in a homogeneous flow in the bulk, and hence shows lower 6,.,,,,.
However, as the rotation rate increases, the vortical columns of plumes appear even in the bulk
region, and as a result, the rms of temperature increases. These observations are in line with
the flow structures discussed in the previous section. It is important to note that this behaviour
of increase in temperature rms does not appear at very high rotation rates. Here we observe a
rapid decrease in the fluctuations, as shown in Fig. 3.26(a) for Ra = 2 x 10°. In regime III, the
temperature fluctuations in the bulk reduce considerably, as shown in Fig. 3.27. This confirms

the laminarization (or approaching towards the conduction stage) at strong rotation rates [126].

m

However, at Ra = 2 x 107 this effect is not apparent, and 6

increases even in regime III (see
Fig. 3.27). This is due to the higher buoyancy force in Ra = 2 x 10" and hence requires even

higher rotation rates to counter it.

3.8 Boundary layer

Boundary layer plays a key role in convective turbulence [76, 175-177]. For instance, the
Nusselt number is directly related to the thermal boundary layer at the top and bottom of the
flow domain, within which essentially all the temperature difference across the flow occurs.
Shraiman and Siggia [75] reported that for large and moderate Prandtl numbers, the thermal
boundary layer remains buried within the viscous layer, while for lower Pr the trend reverses.
Interestingly, almost all the scaling theories for Nu, Ra and Pr are based on the character-

istics of boundary layers, such as the marginal stability theory by Malkus [73], the turbulent
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3.8. Boundary layer

boundary layer assumption by Shraiman and Siggia [75], the laminar boundary layer assump-
tion in Grossmann-Lohse theory [76, 77, 167], and multiple scaling introduced in the so-called

ultimate regimes [178].

In order to characterize the boundary layer, we compute thickness of the thermal boundary
layer using three techniques. Firstly, 5év “ which indicates the analytical thermal boundary layer
thickness obtained from the relation 6, ~ 1/2Nw [179, 180]. Secondly, 65 which corresponds
to the thickness computed as the vertical distance of the peak of the root-mean-square (rms)
of temperature from the bottom plate [52]. Finally, (5§l which is the boundary layer thickness
calculated as the vertical distance of the point from the bottom plate where the linear fit of the
time-averaged temperature profile meets the bulk temperature [69, 181]. A sample temperature
profile is shown in Fig. 3.28, where the geometric construction of the thermal boundary layer

thickness is shown in the inset. Similar technique is adopted at all spatial locations (7, ¢).

| [7m=--ll N
0\\\\1\\\\1\\\\\1\\\\1\

0.4<6>01:6 0.8 1

Figure 3.28: Schematic representation of the time averaged temperature profile showing the
intersection of linear fit near the bottom plate with the bulk temperature. Inset shows the geo-
metric construction of the thermal boundary layer thickness.

Figures 3.29(a) and 3.29(b) show the comparison between the thermal boundary layer thick-
ness computed by different methods for Ra = 2 x 10° and Ra = 2 x 107, respectively. All
the measures show while dy remains constant at low rotation rate, it sharply increases at higher
rotation rates. We observe that in regime I, boundary layer thickness obtained from all three

methods are consistent, while at high rotation rates (Ro~* > 10) the one computed from the
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Chapter 3. Effect of rotation on turbulent Rayleigh-Bénard convection inside a cylindrical cell

Figure 3.29: Thermal boundary layer thickness computed by different methods, as a function
of inverse Ro.

rms profile under predicts the other two. Similar observation was made by Zhou et al. [181] in
two-dimensional RBC, where the thickness from the rms method was found about 20% below

that obtained from the slope method.

The variation of the thermal and viscous boundary layer thickness (obtained from the rms
method) with rotation rate is shown in Fig. 3.30, where the dashed lines demarcate different
flow regimes. For better visualization, the profiles are normalized by dy corresponding to the
non-rotating case, as oy = dg /dp° and 0,, = 67, /5. Inregime I, the boundary layer thicknesses
remain same as that of the stationary case. However, as rotation rate increases, i.e., in regimes
IT and I11, the &, increases while d; reduces. These observations are in good agreement with the
numerical study by King ez al. [140] in a Cartesian box with periodic sidewalls. They identified
different flow regimes in turbulent convection based on the Ekmann number [Fk = v/(2QH?)]
and Rayleigh number, such as Ek ~ oo the non-rotating case, RaEk*? > 10 the weakly
rotating regime, and Ra k*? > 10 the geostrophic regime. For the rotation dominated regime,
they reported a power-law behaviour for the viscous boundary layer as 9, < E k2, Generally,
the viscous boundary layer in rotating flows is called as Ekman boundary layer [140] (named
after V. W. Ekman [182]). In the present study, we obtain similar scaling with exponents 0.57
and 0.41 for Rayleigh numbers Ra = 2 x 10° and Ra = 2 x 107, respectively. For the
thermal boundary layer thickness, King et al. [140] observed the scaling dy < N u~! at low
rotation rates, while significant deviations were noted in the geostrophic regime. Interestingly,

our present results show that dy follows the scaling 8 oc Nu ™!, for all the regimes.

In most of the previous studies, the boundary layer measurements are generally taken along
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3.8. Boundary layer

Figure 3.30: Variation of normalized viscous and thermal boundary layer thickness (obtained
from the rms profiles) with rotation rate for (a) Ra = 2 X 10% and (b) Ra = 2 x 10".

the center of the convecting cell [183, 184]. An important question that arises here is whether
the boundary layers appear uniformly across the horizontal surfaces. The numerical study by
Werne [68] showed that boundary layers are distributed non-uniformly in space. The boundary
layer computations along the cell’s central region cannot reveal all of its properties, especially
in a closed system due to the interactions between the flow and the solid walls [181]. Belmonte
et al. [179] showed that the horizontal variation of the viscous and thermal boundary layers
play a crucial role in the shear produced by LSC and boundary layers and the heat transfer dy-
namics. Hence the evaluation of spatial distribution of boundary layers is important in turbulent

convection.

| ) TR Rotation rate
T Rotation rate i

Figure 3.31: Variation of azimuthal averaged thermal boundary layer thickness along the radial
direction for (a) Ra = 2 x 107 and (b) 2 x 10°, respectively, at different rotation rates.
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The variation of azimuthal averaged boundary layer thickness <5§l)¢ along the radial di-
rection is shown in Figs. 3.31(a) and 3.31(b). We find that the boundary layer is thinner and
almost same as the non-rotating case at low rotation rates and increases considerably at higher
rotation rates. The effect of rotation is evident near the core region of the cylindrical domain.
However, it is less apparent near the lateral wall due to the near-wall viscous effects. Further,
we observe that for low rotation rates, particularly in the LSC regime [red lines in Figs. 3.31(a)
and 3.31(b)], the boundary layer is thicker near the wall and thinner near the core region, while
at high rotation rates the trend is reversed. As rotation rate increases, the flow stabilizes as per
Taylor-Proudman theorem [101, 102] and the temperature field approaches a conduction-like
profile. Here we identify that flow stabilization is reflected noticeably near the core region as

(5§l>¢ is much thicker along the core compared to that near the lateral wall.

3.9 Summary

In this chapter, we have presented a detailed three-dimensional numerical investigation on the
effect of rotation in turbulent Rayleigh-Bénard convection. Direct numerical simulations were
carried out in a cylindrical cell with Pr = 0.7 and two different Rayleigh numbers, Ra =
2 x 10% and 2 x 107, for a wide range of rotation rate (0 < Ro ! < 30). Based on the
flow structure and Fourier modes, different flow regimes have been identified with respect to
the rotation rates. We find LSC dominated flow at the low rotation rate (Ro " < 1), which
is identified as the regime 1. As the rotation rate increases, the fluctuations in the flow are
damped out, and the coherence at a large scale is lost. At intermediate rotation rates, regime
II (1 £ Ro~' < 10) is identified, where random chaotic plumes are observed without any
specific organization of the flow. However, at even higher rotation rates, wall-bounded multiple
roll structures such as quadrupole and sextupole have been observed, which is marked as the
regime III (Ro~' > 10). Here the fluctuations in the bulk are completely absent, and the
convection rolls are primarily concentrated near the lateral walls. This may be attributed to
the strong Coriolis force that overshadows the buoyancy force at the rotation dominated flow
regimes. Further, we observe that the addition of rotation severely affects the characteristics of
the flow such as heat transport, dissipation rates and boundary layer thickness. The results show

that rotation primarily has an inhibiting effect on the heat transfer rate. For both the Ra, Nusselt
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number drops with increase in rotation rate. The decline is meagre at lower rotation rates and
becomes significant at higher rotation rates. In regimes I and II, the PDF of thermal dissipation
rate follows a stretched exponential behaviour, while significant deviations with shortened tail
are observed at regime III, indicating the reduction in high amplitude dissipation events due
to flow stabilization. As the rotation rate increases, the fluctuations in vertical velocity are
considerably reduced, accompanied by flow stabilization along the vertical axis. At extremely
high rotation rates, the strong Coriolis force ceases the vertical motion, and heat transfer occurs

purely by conduction, which is identified by an almost linear mean temperature profile.
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Dynamics and statistics of reorientations of large-scale
circulation in weakly rotating turbulent Rayleigh-Bénard

convection

In this chapter, we present the dynamics and statistics of reorientations of large-scale circu-
lation in turbulent rotating Rayleigh-Bénard convection in a cylindrical cell with unit aspect
ratio. Using the Fourier mode analysis of time series data obtained from different probes placed
in the azimuthal direction of the container at the mid-plane, the orientation and associated dy-
namics of LSC are characterized. Further, the viscous and thermal dissipation rates along with
the thermal boundary layer thickness are analyzed, and their association with the azimuthal
orientation of LSC is studied. The amplitude of the first Fourier mode quantifies the strength
of LSC and its phase ®, gives the information of the azimuthal orientation of LSC. Based on
their nature of occurrence, the reorientations are quantified as rotation-led and cessation-led.
Further, depending on the degree of phase change, they are identified as partial and complete
reversals. Finally, the statistics of reorientations of LSC are also investigated in this chapter.
We observe that on an average, cessations account for about 4 to 7% of the total number of
reorientations. Similar to the non-rotating counterpart, the reorientations in RRBC occur with

a monotonically decreasing probability distribution.
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4.1 Introduction

In turbulent state of RBC above a threshold Rayleigh number, statistical coherence of the flow
is restored with the appearance of large-scale circulation with turbulent background which is a
self-organized structure having length scale of order of size of the container and time-scale of
the order of eddy turn-over time[40, 47, 74, 185-191]. During the course of time, the plane con-
taining LSC exhibits changes in its orientation which is known as reorientations of LSC. This
can occur in two ways in cylindrical domains: (a) by an azimuthal rotation of the plane contain-
ing LSC without considerable change in the circulation strength [43, 54], called as rotation-led
reorientation and (b) by a momentary vanishing of the circulation strength accompanied by
an arbitrary change in the orientation of flow, termed as cessation-led reorientation [54, 55].
Reorientations in which the large-scale flow completely changes its direction of circulation are
termed as flow reversals [43]. Azimuthal changes in the orientation of LSC has been previously
observed in a number of studies [45, 56, 60, 192-195]. Sudden changes in the orientation of
LSC are not only interesting phenomenon but are extremely relevant in many of the geophysical
and astrophysical flows. For example, field reversals are common in the natural convection of
Earth’s atmosphere [196] and magnetic field reversals in geodynamo [197]. Understanding the
genesis of LSC and the nature of the instabilities that lead to the reorientations of LSC is one

of the classical problems in RBC [57].

Experiments have played a key role in understanding the characteristics and dynamics of
LSC in turbulent RBC. Cioni et al [43] identified LSC from dipolar temperature distribution
obtained from probes placed along the azimuth of the container. Reversals in the flow were also
obtained as the fluctuations in temperature switched sign randomly. Niemela et al. [44] and
Sreenivasan et al. [45] also performed experiments in turbulent RBC with helium and reported
reversals of LSC. Similar experiments were carried out by Brown ef al. [54] and Brown and
Ahlers [56] with water as the working fluid. The probes were placed at three different horizontal
planes (z = 1/4H, 1/2H and 3/4H) to get a better idea on the dynamics of LSC. They iden-
tified reorientations of LSC using the phase of the first Fourier mode ®; and quantified them
as rotation-led and cessation-led based on the amplitude of the modes. Brown and Ahlers [56]
observed that rotation-led reorientations were more frequent than cessation-led reorientations.

The rotation-led reorientations exhibited power-law distribution, while cessation-led reorien-

83
TH-2625_136103004



Chapter 4. Dynamics and statistics of reorientations of large-scale circulation in weakly
rotating turbulent Rayleigh-Bénard convection

tations followed uniform distribution. Further, both rotations and cessations showed Poisson
distribution in time. They observed that the probability density function (PDF) of the time in-
terval between successive reorientations follows an exponential function. Similar observations
were made by Xi and Xia [60]. However, Sreenivasan et al. [45] showed that although the PDF
of time interval between successive reorientations shows exponential nature, for lower time
intervals, it could be well fitted with power-law distribution. Xi and Xia [60] experimentally
studied the aspect ratio dependency of reorientations in turbulent RBC. They observed that in
contrast to the power-law distribution in unit aspect ratio container, reorientations in I' = 0.5
geometry follows an exponential distribution. In another study [59], they found that the reorien-
tations occur more frequently in ' = 0.5 than these happen in I' = 1. Funfschilling and Ahlers
[58] observed that in addition to the azimuthal meandering of the direction of circulation, the

upper and lower halves of LSC undergo twisting oscillations.

The numerical studies on the reorientations or reversals of LSC in RBC are rare compared
to the experimental ones. Verzicco and Camussi [180] performed a detailed numerical study on
the effect of Prandtl number on the dynamics of convective flow inside a cylindrical cell. They
noticed that there is a significant drop in Nusselt number when the strength of LSC decreases
for lower Pr compared to higher Pr. Later Stringano and Verzicco [198] studied the mean flow
structure in RBC in a slender cylindrical cell and observed a single convection roll breaking
into two counter-rotating rolls stacked vertically one above the other. Benzi and Verzicco [199]
numerically investigated the statistical properties of the large scale flow in RBC at Pr = 0.7 and
Ra = 6 x 10°, by using an external random perturbation on the temperature field. A detailed
numerical study on the dynamics of reorientations of LSC in RBC was carried out by Mishra
et al. [51], where they reproduced the experimentally observed rotation-led reorientations,
cessation-led reorientations and double-cessations for a Rayleigh number range 6 x 10° <

Ra < 3 x 107, which is considerably lower than its experimental counterparts.

Although, there are many existing studies on the reorientation dynamics of LSC in turbulent
RBC, the effect of rotation on these dynamics is less explored. Kunnen et al. [128] investigated
RRBC both numerically and experimentally at Ra = 2 x 10° and Pr = 6.4. At low rotation
rates (Ro_1 < 0.83), a domain-filling LSC was observed, while it breaks down at higher ro-
tation rates. At higher rotation rates, the Ekman-vortex structures diminish the strength of

the LSC, and as a result, for Ro™! significantly above unity, the LSC structure breaks down
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[134, 200]. They observed a retrograde precession of the LSC structure, which depends on the
rotation rate. However, prograde precession of the LSC at modest rotation rates (Ro™' < 1)
was observed by Weiss and Ahlers [201] in their experimental investigations on RRBC in a
cylinder with aspect ratio I' = 0.5 for Rayleigh number range 2.3 x 10° < Ra < 7.2 x 10'°,
Further, they observed that for large aspect ratio containers, LSC could manifest in the form of
single or double-roll structures. The rotation has a stabilizing effect on the single-roll, while
it destabilizes the double roll. This was later numerically substantiated by Stevens et al. [202]

for the same parameter range.

Some of the critical questions that revolve around the analysis of LSC and its dynamics
are: (i) How the coherent structure appears amidst the turbulent background? (ii) How the
heat transfer and boundary layer dynamics get affected due to its presence? (iii) What are the
different characteristics of the reorientations and the corresponding distributions of occurrence
of these events? As discussed above, there are many experimental works that have taken the
lead in these directions, but still comprehensive numerical and theoretical studies which may

give some quantitative picture to them are lacking.

In the previous chapter, we identified different flow regimes in turbulent rotating RBC.
At low rotation rates, LSC dominated flow was obtained, while at higher rotation rates, such
coherence in large scale is lost, and at even higher rotation rates, quadrupolar and sextupolar
flow behaviours were observed. In this chapter, we focus mainly on the LSC dominated flow
regime. Three-dimensional direct numerical simulations are performed at Rayleigh numbers
2 x 10% and 2 x 107, for a wide range of rotation rate (0 < Ro~! < 30) with air (Pr = 0.7)
as the working fluid. To begin with, we identify the LSC using instantaneous flow structures
and time signature of vertical velocity at the mid-height of the cylinder. Then we study the
characteristics of LSC and its relation with heat transfer, boundary layer dynamics, and the
thermal and viscous dissipation rates. Further, the dynamics of LSC are discussed in detail,
where different types of reorientations, such as rotation-led and cessation-led, and partial and

complete reversals are examined. Finally, the statistics of reorientation are presented.
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4.2 Identification and characteristics of LSC

Large-scale circulation is a coherent structure in RBC where the thermal plumes organize to
form a ‘large-scale’ convection roll with hot and cold fluid rising and dipping, respectively,
along opposite sides of the lateral wall. Over the years a number of experimental [40, 56,
58, 89, 188] and numerical [51, 180, 198] studies have reported existence, reversal and a few
statistical measure of LSC in stationary RBC. However, such attempts on the dynamics of LSC
for flows modulated by rotation are less. Here, we focus on the identification of LSC in rotating

and nonrotating RBC using flow structures and time signals of vertical velocity.

(b) Ro'=02 ()  Ro'=05 (d) Ro'=2
I I N e

04 042 044 055 06 0.7 0.4 042 044 055 06 0.7 04 042 044 055 06 0.7

:!Z\IIZQ

Figure 4.1: (a) Temperature iso-surfaces at § = 0.4 (blue) and # = 0.6 (red) indicating LSC
for Ra = 2 x 10" and Ro~' = 0.2. The dashed line indicates the azimuthal orientation of
LSC. (b) Temperature contour at the vertical plane where the LSC is oriented. The dashed line
indicates the direction of circulation. (c) Temperature contour at LSC plane for Ro™' = 0.5.
(d) Temperature contour at ¢ = 0 plane for Ro™' = 2.

A sample view of the LSC is presented through temperature iso-surfaces in Fig. 4.1(a) for
Ra = 2 x 10" and Ro™" = 0.2. The temperature contours at the vertical mid-plane along
which LSC is aligned [indicated in frame (a)] is shown in Fig. 4.1(b) where the motion of the
plume is shown by dashed line. Hot plumes are observed to erupt from the bottom boundary
layer and plunge into the top plate and during its course of motion, it leaves structures along
the lateral wall that are visually close to a wall jet. A similar flow structure is observed for
Ro~! = 0.5, shown in Fig. 4.1(c), although the sense of circulation is reversed. As discussed
in the previous chapter, we observe LSC behaviour at lower rotation rates of Ro ' < 1, while
at higher rotation rates, the plumes are declustered as shown in Fig. 4.1(d), and resultantly the

LSC structure is lost.
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In order to analyze the dynamical characteristics of LSC, time-histories of vertical velocity
are recorded at 36 equispaced azimuthal stations (0, 7/18,7/9,7/6, - - 357/18) that are lo-
cated at the mid-vertical plane (z = 0.5) near the lateral wall (r = 0.4R). Figure 4.2 shows the
time signals of vertical velocity at either ends of two diametrical planes separated by an angle
7/2. Recall that LSC is primarily identified by occurrence of non-zero mean vertical veloci-
ties that are anti-correlated, shown in rectangular windows (red). Note, while the LSC persists
along a diameter, high-variance fluctuations are observed on the other and they switch between
each other. This feature is popularly termed as reversal/reorientation of LSC. The time over
which an LSC persists along a diameter depends strongly on the rotation rate. Figure 4.3(a)

shows that as rotation rate is increased, the switching frequency of the signals increases.
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Figure 4.2: Time traces of vertical velocity from numerical probes at locations ¢ =
0,7/2,37/2, and 7 for Ra = 2 x 10" and Ro~! = 0.1 . The red and blue boxed regions
indicate the anti-correlated signals and high-variance data, respectively, at diameters which are
/2 apart.

Recall that in the previous chapter, we identified the LSC regime based on the dominance
of the energy fraction of the first Fourier mode. Another formalism that can be used to quantify

the mean wind is the strength of LSC, Sy sc [202], defined as

SLSC:Maa:[(EEi; —%)/(1—i>,0]. @.1)

where F; and E,, indicate the energy contained in the first Fourier mode and total energy,
respectively, as discussed in the previous chapter. The value of Sy g lies between 0 and 1.
The strength close to unity indicates that most of the energy is contained in the first Fourier

mode, i.e., F;/F;, ~ 1 and the azimuthal vertical velocity profile is close to a cosine fit, thus
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Figure 4.3: Time traces of vertical velocity from numerical probes at locations ¢ = 0 and 7 for
Ra=2x10"at(a) Ro™' = 0.1, (b) Ro~" = 0.2, (¢c) Ro " = 0.3, and (d) Ro~' = 0.5.

T LN B | (N R |

b |
3 ®™Ra=2x 197
e exp (-0.8Ro™")

i O
O Ra=2x10° \
—--- exp (-0.5R0™") .
|
1/Ro

Figure 4.4: Exponential decay of the strength of the first Fourier mode with the increase in
rotation rate for Ra = 2 x 10% and 2 x 10,
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indicating LSC. On the other hand, its value near to zero implies that the energy fraction of
first Fourier mode is smaller (£ /E;,; << 1), in effect, most of the energy is contained in the
higher modes and hence, the flow behaviour is far from LSC. Thus, Sy s¢ is an indication of
the circulation strength of LSC. In Fig. 4.4, we plot the circulation strength against the rotation
rate. At low rotation rates, the strength is as high as 0.7; however, it drops exponentially with
the increase in rotation rate. We observe a perfect exponential fit as S;gc o exp(—0.5Ro™!)
and Spgc o< exp(—0.8Ro ™) for Ra = 2 x 10° and 2 x 107, respectively. The decay of Sy
is at a higher rate for the higher Rayleigh number. We identify the LSC regime (or regime I)
as Ro~! < 1 where the circulation strength is greater than 0.5. This is consistent with the
observations made by Kunnen er al. [128] and Stevens et al.[202], where they reported the
break-down of LSC for Ro™" > 0.86.

4.2.1 Effect of LSC on the boundary layers

As the LSC appears in the system, the flow near the boundary layers gets severely affected
[69, 203]. At this point, we are interested to see how the boundary layer thickness varies along
and perpendicular to the plane containing LSC. The boundary layer thickness (') is calculated
as the vertical distance of the point from the bottom plate where the linear fit of the time-
averaged temperature profile approaches the bulk temperature [69, 181]. Similar technique is
adopted to compute the boundary layer thickness for all the spatial locations (r, ¢). Details of

computation of the boundary layer thickness can be followed from the previous chapter.

Figure 4.5(a) shows the instantaneous temperature iso-surfaces indicating LSC structure.
The time-averaged flow structure for the same is shown in Fig. 4.5(b), which is used to compute
the thermal boundary layer thickness. Here averaging is performed within a time-span at which
LSC persists in a particular plane. The planar contours thus obtained near the top and bottom
plates are shown in Fig. 4.5(c), where the orientation of LSC is shown by dashed lines. Close
to the bottom plate, thermal boundary layer is thicker near the region where hot plumes rise
and is thinner near the opposite side of the lateral wall where the cold plumes plunge into the
boundary layer. Similar observation is made near the top plate. Further, we plot 551 along
and perpendicular to the direction of LSC in Fig. 4.5(d). Note that perpendicular to LSC, the

boundary layer thickness varies almost symmetrically. However, along the plane containing
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Figure 4.5: (a) Instantaneous temperature iso-surfaces at = 0.4 (blue) and § = 0.6 (orange)
indicating LSC. The dashed line represents the azimuthal orientation of LSC. (b) Time averaged
temperature iso-surfaces at 6 = 0.4 and ¢ = 0.6, obtained from a time span at which LSC
persists. (c) Spatial distribution of thermal boundary layer thickness near the top and bottom
plate. (d) Variation of boundary layer thickness along and perpendicular to the direction of
LSC at the bottom.

LSC, 5§l shows an asymmetric trend, as it is thicker at one side and thinner near the opposite side
of the lateral wall. These observations are consistent with the time traces of the vertical velocity
discussed in the previous subsection (refer Fig. 4.2), wherein, the signal shows high variance
fluctuation along the transverse direction of LSC with zero-mean value, and fluctuation about
finite mean value along the LSC direction. The fluctuation about the finite-mean along LSC
direction can clearly be associated with asymmetric behaviour of boundary layer width near

the lateral wall.

4.2.2 Effect of LSC on heat transfer and dissipation rates

Some of the key issues that generally come up in RBC are: How heat transport occurs from

the hot to the cold plate? And what is the role of thermal plumes in the heat transport and
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4.2. Identification and characteristics of LSC

subsequent dissipation near the boundary layers? Here we analyze how the heat transfer rate
and dissipation rates are associated with the orientation of LSC. As discussed in the previous
chapter, the local heat transfer rate, which is quantified by the Nusselt number at each spatial
location is computed as Nu(r) = VRaPrwé — %, where 7 is the position vector [166]. In
chapter 3, we observed that the average Nusselt number across the flow domain remains almost
uniform. Here, we evaluate how the heat transfer rate varies along horizontal planes close to
the isothermal plates. Similarly, the distribution of the viscous (€, = /Pr/Ra|Vu|? ) and
thermal dissipation ( €5 = 1/v/RaPr|V6/[?) rates are also analyzed in connection with the

thermal plumes which constitute the LSC.

1= 0.00IH 2=0999H

Nu

Figure 4.6: Spatial distribution of (a) thermal dissipation rate and (b) viscous dissipation rate
near the bottom (left panel) and top (right panel) plate. The maximum dissipation is observed in
the region where the plumes splash into boundary layers near the isothermal plates. (c) Spatial
distribution of Nusselt number at the bottom (left panel) and top (right panel) plate. The dotted
line indicates the azimuthal orientation of LSC.

The contours of thermal and viscous dissipation rates near the top and bottom plates [at
the same instant as in Fig. 4.5(a)] are shown in Figs. 4.6(a) and 4.6(b), where the azimuthal
orientation of LSC is represented by the dashed line. We observe that the dissipation rates vary

significantly along the direction of LSC. The thermal and viscous dissipations are maximum in
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the regions where the plumes collide with the boundary layer. Similar high-amplitude dissipa-
tion events associated with the collision of thermal plumes were observed by Schumacher and
Scheel [204]. Further, the contours of Nusselt number at the top and bottom plates are shown in
Fig. 4.6(c), which also suggests maximum heat transfer occurs at locations where the plumes

collide with the boundary layer.

After characterizing the heat transfer and dissipation rates in the LSC regime, we now turn
our focus to the dynamics of the LSC. In the following section, we discuss different kinds of
azimuthal reorientations of the LSC, which is followed by the detailed statistical analysis of the

reorientations.

4.3 Dynamics of reorientations

The vertical plane containing LSC is known to show spontaneous and erratic drifts or direc-
tional changes with time [55, 192—-195, 205]. These sudden and significant changes in the
orientation of LSC are referred to as reorientations of LSC [56]. During some reorientations,
the amplitude of the first Fourier mode almost drops to zero and such events are termed as
cessation-led reorientations. While in others, the LSC rotates azimuthally without consider-
able change in the amplitude of the first Fourier mode [43, 54]. These are referred as rotation-
led reorientations. Although these events are reported experimentally by Brown et al. [54],
Brown and Ahlers [56] and Xi et al. [206], confirmation by numerical studies is rare. Here we
probe the dynamics and statistics of reorientations of LSC in rotating convection using direct

numerical simulations.

Reorientations are generally quantified using the amplitude A, = |u(k)| and phase & =
tan'[Im @ (k) /Re @(k)] of the Fourier modes. Note that i, denotes the k" Fourier mode

obtained from the Fourier transform of the velocity signal (u;) from N (= 36) data points
N

along the cylinder azimuth as i, = Z Uj e~mki/N The characterization of reorientations of
j=1

LSC is not a well established concept, but in literature we find a few works in this direction. For

example, Brown et al. [54] and Brown and Ahlers [56] identified the reorientations based on

the phase of the first Fourier mode ®; using two criteria: (a) The net angular change |A® | has
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Complete reversal (|A®P| = 1)
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Partial reversal  (|A®| £ 1)

@ - B /y -

Figure 4.7: Schematic diagram showing the partial and complete reversals. The solid line
indicates the azimuthal orientation of LSC with up-flow (4) and down-flow (—) on either side
of the lateral wall.

|Ad| = 11/

to be greater than 7/4, and (b) magnitude of the net azimuthal rotation rate |A®, /At| has to
be greater than 7/ 5T aqy, where T, 44, is the eddy turn over time. The above procedure results
in multiple overlapping subsets of reorientations and thus requires further conditioning using
quality factors to pick the appropriate reorientation. To avoid this complexity, in the present
study we ensure that the azimuthal rotation rate between any two adjacent points is greater than
the specified cutoff (7/57¢44,). Here Teqq, = 2H/w'™* and w™* is the average of the rms
of vertical velocity time signals from the previously mentioned 36 numerical probes placed
at the mid-vertical plane. Further, we identify these reorientations as complete reversal if the
phase change |A®,| ~ 7 and as partial reversal if |A®,| # 7, as proposed by Mishra et al.
[51]. Figure 4.7 shows the schematic representation of a partial and complete reversal at the
horizontal mid-plane z = 0.5. The orientation of the plane containing LSC is shown by the
solid line, while dashed lines indicate the intermediate stages during the reorientation. The up-
flow and down-flow of the hot and cold fluid on opposite sides of the lateral wall are denoted
by the + and — signs, respectively. Note that after a complete reversal, the direction of flow is

interchanged as the up-flow and down-flow switches their corresponding sides.

The time evolution of the phase of the first Fourier mode along with the vertical velocity

signals from different numerical probes are shown in Fig. 4.8. Here we identify reversals by

TH-2625_136103004 93



Chapter 4. Dynamics and statistics of reorientations of large-scale circulation in weakly
rotating turbulent Rayleigh-Bénard convection

Ruiton D 7 Ut e

2

(a)

I
o

o

o
o

— W
S o
a1 O O

Co

0.5
0 e Sis
Wl
0.5 S34
T SIO
[N)\;M S4
C : ‘ ‘ = : 22 S,
1000 1200 1400 1600 1800 2000 S

———= [ (free-fall time)

Figure 4.8: (a) Time signals of vertical velocity from different numerical probes at mid-plane
of the cylinder and (b) the phase of first Fourier mode showing complete (blue box) and partial
reversals (green box) for non-rotating RBC at Ra = 2 x 10°. (c) Schematic representation of
the location of the numerical probes.

the sudden and considerable change in the phase ®,, along with the switching of mean vertical
velocity. Att ~ 1380, a complete reversal is observed, where the phase change |[A®;| ~ 7.
This is accompanied by the switching of mean flow across all the probes. However, for the
reversal at ¢ ~ 1810, the mean value of w does not switch at all probes. Clearly, at probes
Sy (¢ = 7/6), Sa (¢ = Tr/6), Sis (¢ = 57 /6) and S34 (¢ = 117/6) the mean vertical
velocity remains unaltered, while it switches sign at Sy (¢ = 7/2) and Sag (¢ = 37/2). This
is a partial reversal where the phase change is less than 7. We observe several partial reversals

in our simulations while the number of complete reversals is very less.

To get better insights into the nature of these reversals, we analyze the time evolution of the
first two Fourier modes. For both RBC and RRBC at low rotation rates (where LSC persists),
the first Fourier mode dominates over the other modes. In Fig. 4.9, we observe that during the
reorientations amplitude of the first Fourier mode A; = |4;| drops below its mean value. On
closer inspection, we observe that although A; shows a small dip in magnitude near ¢ ~ 1380,
the rise in amplitude of the second mode As = |15 is marginal and thus the amplitude fraction
A, /A; remains negligibly small. Thus we identify these as rotation-led reorientation, where

the LSC structure rotates azimuthally to reorient itself to a new direction without much change
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Figure 4.9: (a) The time series of first and second Fourier modes, (b) their corresponding
amplitude ratio As/A; and (c) phase of the first Fourier mode during complete (blue box) and
partial (green box) reversals for non-rotating RBC at Ra = 2 x 10°.
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Figure 4.10: (a) The time series of first and second Fourier modes, (b) their corresponding am-
plitude ratio A, /A1, and (c) phase of the first Fourier mode during a rotation-led reorientation
obtained for Ra = 2 x 10° and Ro™' = 0.1. The boxed region identifies the reorientation.

in the circulation strength.

1

Rotation-led reorientation observed for Ra = 2 x 10° and Ro~' = 0.1 is shown in Fig.

4.10. Att ~ 2765, the phase of the first Fourier mode shows an angular change |A®,| ~ 27/3.
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Figure 4.11: (a) The time series of first and second Fourier modes, (b) their corresponding am-
plitude ratio A,/A;, and (c) phase of the first Fourier mode during a cessation-led reorientation
obtained for Ra = 2 x 10° and Ro~' = 0.2. The dotted line in the amplitude fraction plot
indicates the cutoff value A,/A; = 10, used to identify cessations.

Although A; shows a local minimum at this instant, A is also minimal, and resultantly the am-
plitude fraction is close to zero, as shown in frame (b). However, during a different reorientation
shown in Fig. 4.11, the amplitude of the first Fourier mode drops considerably (4; — 0) and
that of the second rises. These are identified as cessation-led reorientations. Here the strength
of LSC diminishes at the cessation point (peak of A;/A;) and the flow reorients itself at any
arbitrarily chosen direction. Due to the fluctuations in the A; and A, time signals, we use the
amplitude fraction A,/A; to clearly recognize the cessations. In the present study, cessations

> 10, which is in line

~

are identified as sharp peaks in the amplitude fraction such that A5/A;
with the criteria used by Mishra et al.[51] to recognize these events in non-rotating RBC. The
cutoff value is chosen such that it allows the identification of cessations most appropriately.
Here we observe a partial cessation-led reorientation near ¢ ~ 4250 with an angular change
|A®,| ~ 37 /4. The experimental studies by Brown et al. [54], Brown and Ahlers [56] and Xi

et al. [206] have also reported cessation-led reorientations.

The reorientations observed for non-rotating and rotating RBC at Ra = 2 x 10" are shown
in Fig. 4.12. Although the amplitude ratio indicates cessation events, on close inspection of

the phase ¢, two successive angular changes are observed here, i.e., one before the cessation
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Figure 4.12: The time series of (a,d) first and second Fourier modes, (b,e) their corresponding
amplitude ratio Ay/A; and (c,f) phase of the first Fourier mode during cessation-led reorienta-
tion for Ra = 2 x 10" at Ro~* = 0 (top panel) and Ro~' = 0.66 (bottom panel). The dotted
line in the amplitude fraction plot indicates the cutoff value As/A; = 10, used to identify
cessations.

point (spike in A;/A;) and another after it. For Ro™' = 0.66, at t ~ 952 the flow reorients
with an angular change |A®| ~ 27/3, the amplitude fraction spikes up instantly and reaches a
local maximum (cessation point). Instantly, the flow reorients in the opposite direction with an
angular change |A®| ~ 37/4 and A,/A; drops steeply. Note that the rate of angular change

|A®/At| is smaller for the first reorientation (gradual slope), while it is steeper for the second.
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Figure 4.13: (a) The time series of first and second Fourier modes, (b) their corresponding
amplitude ratio A5/A; and (c) phase of the first Fourier mode during double cessation observed
for Ra = 2 x 10% at Ro~! = 0.3. The dotted line in the amplitude fraction plot indicates
the cutoff value A5/A; = 10, used to identify cessations. The boxed region bounds an eddy
turnover time within which the double-cessation prevails.

This means that the LSC gradually slowed down its reorientation in a particular azimuthal
direction, reached a point corresponding to the peak in A;/A;, and then sped up to reorient
in the opposite direction. We quantify these as two reorientations, of which the second one is

identified as cessation-led.

Occasionally, two cessations occur in quick succession, i.e., within a eddy turnover time.
These are referred as double-cessations. Figure 4.13 shows a double-cessation observed for
Ra = 2 x 10° and Ro~! = 0.3. The boxed region bounds an eddy turnover time (1¢qq, ~
11 free-fall time units), within which the double-cessation occurs. The amplitude of the first
Fourier mode drops (A; — 0) at ¢ &~ 1687 and t ~ 1692, accompanied by a sharp rise in the
amplitude fraction Ay/A;. Here we observe that the phase of first Fourier mode ®; changes
successively, first by |[A®;| &~ 7 and second by |A®;| ~ 7/2. The angular change as a result
of the double-cessation is the sum of these two successive events. Double-cessations were first
reported by Xi ef al. [206] in their experimental work. They proposed that these are caused
by the situation that whatever event that triggered the first cessation had insufficient energy to
overturn the flow, and as a result, the mean wind stopped and then started again in the previous

direction. Note that in the double-cessations observed by Xi e al. [206] the effective angular
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Figure 4.14: (a) The time series of first and second Fourier modes, (b) their corresponding am-
plitude ratio A,/A; and (c) phase of the first Fourier mode during multiple cessations observed
for Ra = 2 x 10" at Ro~! = 0.2. The dotted line in the amplitude fraction plot indicates
the cutoff value A5/A; = 10, used to identify cessations. The boxed region bounds an eddy
turnover time within which the multiple-cessation prevails.

change was zero, i.e., no change in the final orientation of LSC. Similar events are observed in
our simulations also. In addition, we observe double cessations where the angular change is
non-zero, i.e., the LSC reorients by a finite angle after the event. Similar events were reported
in the numerical study by Mishra et al. [51]. Note that reorientations are random and erratic
events and the exact reasons for which are still not properly understood. The number of double-

cessations observed is much fewer compared to regular (or single) cessations.

Interestingly, in our simulations, we observe more than two cessations occur within an eddy
turnover time. This has not been reported before, and we term this phenomenon as multiple-
cessation. Figure 4.14 shows the multiple-cessation observed for Ra = 2 x 10" at Ro™* = 0.2.
The boxed region bounds an eddy turnover time within which the multiple-cessation occurs.
We notice that A; drops close to zero successively at ¢ ~ 2199, 2201, 2205 and 2210, and the
amplitude fraction Ay/A; shows sharp peaks at these locations. The discontinuities (sudden
fluctuations) in the phase are due to the spikes near —7 and 7, which represent the same point.

We observe only a single instance of multiple-cessation in our entire set of simulations.

A schematic representation of different cessation events is shown in Fig. 4.15. Here the

horizontal mid-plane of the cylindrical domain is shown with + and — signs representing the
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Figure 4.15: Schematic diagram showing (a) cessation, (b) double-cessation, and (c) multiple-
cessation. The solid line indicates the azimuthal orientation of LSC with up-flow (+) and down-
flow (-) on either side of the lateral wall.

upflow and downflow, respectively. In Fig. 4.15(a), a regular cessation-led reorientation is
shown, where the LSC vanishes at the cessation point and then resumes at a different position.
Note that during the cessation, a dipolar nature of the flow is lost (as A; — 0) and a quadrupolar
structure appears. In Fig. 4.15(b) a double-cessation event is shown. In this case, after the first
cessation, the first Fourier mode (dipolar mode) regains its strength and thus an intermediate
state is observed with a chaotic flow behaviour. Here, the flow structure is neither dipolar nor
quadrupolar. After this intermediate state, the first Fourier mode again approaches zero and
thus a second cessation is observed. Figure 4.15(c) represents a multiple-cessation where more
than two cessations occur within an eddy turn over time. Note that here three cessation points

occur in quick succession.

Next, we study the relation between cessations and the dynamics of flow structure. We

observe that during cessations, as the amplitude of first Fourier mode diminishes, the flow
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Figure 4.16: Snapshots of temperature at the horizontal mid-plane showing quadrupolar and
dipolar structures observed (a) before, (b-d) during, and (e-f) after cessation, for Ra = 2 x 107
at Ro™' =0.2.

structure corresponding to the first mode (dipolar structure) becomes weak, and the quadrupo-
lar structure corresponding to the second Fourier mode becomes dominant. However, after the
cessation, the dipolar structure reappears accompanied by a change in the azimuthal orienta-
tion of LSC. This is consistent with the observations made by Mishra ez al.[51] for non-rotating
RBC. Here we substantiate this by illustrating the instantaneous spatial distribution of temper-
ature at mid-plane (z = 0.5) before, during, and after the cessation, as shown in Fig. 4.16.
Before the cessation, the temperature distribution at ¢ ~ 1865 follows an almost dipolar struc-
ture, where hot and cold fluid appear at opposite sides (7 apart) of the lateral wall, as shown
in frame (a). However, during cessations, i.e., at t ~ 2201, 2205 and 2210 (refer Fig. 4.14
also) the temperature snapshots indicate a quadrupolar behaviour [see frames (b), (c), and (d)].
Here the hot and cold fluids are observed alternately and separated azimuthally by about 7/2.
After the cessations, the flow goes back to the dipolar structure, as shown in frames (e) and (f).

Thus, we infer that cessations are associated with a paradigm shift in the flow structure, where
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it changes from dipolar to quadrupolar and then back to dipolar state.

4.4 Statistics of reorientations

After investigating the dynamics of reorientations of LSC, we turn our focus on its statistics.
The number of reorientations (N7,;) and cessations (N¢.ss) per eddy turnover time at different
rotation rates are shown in Fig. 4.17 for the two Rayleigh numbers. On an average we consider
about 550 and 300 eddy turnover times (7¢qq4y) for Ra = 2 x 10% and 2 x 107, respectively. With
the increase in rotation rate, we observe a considerable increase in the number of reorientations.
As the rotation rate increases, the strength of the LSC structure weakens and other modified
structures, such as the quadrupolar, sextupolar, slowly start to appear in the system. Thus, the
increase in the reorientation of LSC can be attributed to the transfer of energy from the LSC
to these higher modes. This is in agreement with observations made in the previous chapter,
where it was shown that with increase in rotation rate the fraction of energy contained in the first
Fourier mode decreases while that in the higher modes (second and third) increases. Further,
the number of reorientations are higher for lower Ra for both rotating and non-rotating RBC.
Although we observe comparatively more cessations at lower Ra, the number of cessations are

quite low to arrive at any conclusion.
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Figure 4.17: Number of reorientations and cessations per eddy turnover time observed for
Ra =2 x 10°and 2 x 10".

As reported by previous studies, cessations are rare phenomena and double-cessations are

even rarer. Brown and Ahlers [56] observed that cessations account for about 5% of the total
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reorientations. In our simulations, we observe that for Ra = 2 x 10° nearly 4-7% reorienta-
tions are cessation-led. Likewise, for Ra = 2 x 107 the percentage of cessations is about 4%.
However, for the non-rotation case at Ra = 2 x 107 cessations account for about 13% for the
total reorientations. Since our criterion for identification of cessations depends on the ampli-
tude fraction of the Fourier modes (A;/A;), and that of reorientations depends on the angular
change |A®,| and angular rotation rate | A®, /At|, which are independent of each other, some
events appear in both the categories while some are exclusive to either cessations or reorienta-
tions. In the entire set of simulations, we observe only two cessations (A3 /A; 2 10) where the
phase change |A®| is less than 7 /4 and thus do not qualify to be accounted as reorientations.
However, while calculating the percentage of cessations, these two cases are considered as re-
orientations, as we classify cessations as a subset of total reorientations. Note that the number
of reorientations observed in the present study is much lesser compared to the experimental

observations [54, 56, 206] due to the limitations in the recorded length of time histories.

Next, we quantify the possibility of occurrence of the reorientations based on the angu-
lar change |A®,|. Figure 4.18 shows the probability distribution P(|A®,|) for different ro-
tation rates. We observe that the statistics of reorientation follow a power-law distribution as
P(|A®]) < |ADy|™™, where m = 3.7 £+ 0.5. The power-law fit is carried out by maximum
likelihood estimation (MLE) [207, 208], to prevent the errors arising due to the binning of data.
MLE is preferred over least squares method, which can produce substantially inaccurate esti-
mates of parameters for the distribution due to smaller size of the data sample [208]. In MLE,
the parameter values of the distribution are calculated such that they maximize the likelihood
function, which is the product of probability densities of the individual events. The exponent

of the power-law distribution is calculated as

-1
[AD|
—14n Zlnmq)mm| (4.2)

where |[A®! |, i = 1, ...n are the angular changes from n number of observations and | A®7""" | is
the minimum angular change. Similar power-law fits with negative exponents are observed for
all cases (rotating and non-rotating RBC), indicating a monotonically decreasing distribution

of |A®,|. This suggests that smaller reorientations are more frequent events, while the larger

ones are rare occurrences. Note that the exponent is well within the range of —3.25 to —4.45
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experimentally observed for different Ra by Brown and Ahlers [56] and Brown et al. [54]. The
works of Xi and Xia [60] also found the slope of the power-law fit to be of the order of —3.3
for unit aspect ratio container. However, all these experiments were on non-rotating RBC. In

the present study, we infer that even for rotating RBC, the reorientations follow a power-law

distribution.
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Figure 4.18: PDF of the angular change A®, for Ra = 2x10%and Ra = 2x10"at Ro ™' = 0.1
and 0.5. Solid line indicates the power law fit by MLE.

We now evaluate the occurrence of reorientations with time. Here T indicates the time in-
terval between two successive reorientations, with y; its mean value. Experimental studies by
Xi and Xia [60], Brown and Ahlers [56] and Brown et al. [54] have reported that the PDF of
time interval of reorientations can be well fitted with an exponential function, which suggests
that the occurrence of reorientations follows a Poisson process. Figure 4.19 shows the proba-
bility distribution P(t/pu.) for different rotation rates (Ro~* = 0.2 and 0.5), where the solid
line shows the exponential function P(T/t.)=exp(T/ji.). Note that for Ra = 2 x 10° the time
interval is in good agreement with the exponential function, while deviations are observed in
Ra = 2 x 107, which might be due to the lesser number of observations for the latter. Poisson
distribution of the time interval suggests that reorientations are independent of each other and

they do not have any memory of the previous event [60].
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Figure 4.19: PDF of time interval between successive reorientations T for Ra = 2 x 10° and
Ra = 2 x 10" at Ro™* = 0.2 and 0.5. The solid line indicates the exponential function

P(T/p)=exp(T/puc).

Note that numerical studies on the reorientations of LSC in turbulent convection are rare
compared to the experimental ones, especially on the statistics. Further, all the reported works
on reorientations of LSC are on non-rotating RBC. However, in the present study, we discuss
these features in detail for rotating RBC. At the outset, we identify the reversals as partial and
complete using the vertical velocity time signals and connect them with the reorientations by
evaluating the phase of the first Fourier mode. Then we discuss the rotation-led and cessation-
led reorientations, which were earlier reported by Brown and Ahlers [56], Brown et al. [54],
Xi and Xia [60] and Mishra ef al.[51] etc. In addition, we report double cessation, previously
reported by Xi ef al. [206] and Mishra ef al.[51]. A new phenomenon in our simulations is
multiple- cessation, which has not been reported before. Finally, we have evaluated the statistics
of reorientations. We observe that similar to non-rotating RBC [54, 56], the reorientations in
RRBC occur with a power-law probability distribution. Additionally, as reported by previous
experimental studies [56, 60], the time interval between successive reorientations follows a

Poisson distribution, which suggests that reorientations are independent of each other.
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4.5 Summary

In this chapter, we have presented a detailed three-dimensional numerical investigation on the
dynamics and statistics of reorientations of LSC in turbulent RRBC in a unit aspect ratio cylin-
drical cell with Pr = 0.7 and two different Rayleigh numbers Ra = 2 x 10° and 2 x 107,
for a wide range of rotation rate (0 < Ro™! < 30). LSC and its reorientations have been
identified using Fourier mode analysis of vertical velocity signals near the lateral wall at the
mid-horizontal plane. The orientation of LSC significantly affects the heat transfer, dissipation
rates, and the boundary layer thickness (dg). Along the direction of LSC, ¢y shows an asym-
metric trend, as it is thicker at one side and thinner near the opposite side of the lateral wall.
However, perpendicular to LSC, the boundary layer thickness varies almost symmetrically. Fur-
ther, the reorientations of LSC have been characterized as rotation-led and cessation-led based
on their nature of occurrence, and as partial and complete reversal depending on the azimuthal
drift. In addition to the previously reported rare events like cessations and double-cessation, an
interesting event of multiple-cessation has been observed, where more than two cessations oc-
cur in quick succession. Cessation-led reorientations are rare events, which account for about
4-7% of the total number of reorientations. Double-cessations are even rarer, and multiple-
cessations are the rarest of all reorientations. As the rotation rate increases (Ro~! ~ 0.66),
a significant increase in the number of reorientations is observed. Note that due to the lesser
number of cessation-led events in our study, it is quite difficult to claim any specific trend for
the effect of rotation on the cessation-led events. Similar to non-rotating RBC, we find that the
probability distribution of the reorientations exhibits a power-law distribution with the exponent
nearly equal to —3.7. In addition, the PDF of time interval between two successive reorienta-
tions follows a Poisson distribution, which indicates that reorientations are independent of each

other.
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Significance of Prandtl number on the heat transport and

flow structure in rotating convection

Direct numerical simulations of rotating Rayleigh-Bénard convection for different fluids (Pr =
0.015,0.7,1,7,20 and 100) in a cylindrical cell of aspect ratio I' = 0.5 are carried out in this
chapter. The Rayleigh number is fixed at Ra = 10° and the rotation rates are varied for
a wide range, starting from no-rotation (Ro~' = 0) to high rotation rates (Ro~* ~ 100).
The significance of Prandtl number on the heat transfer rate, flow structures, their associated
dynamics, and influence on the boundary layers are investigated. For all the Prandtl numbers,
a reduction in heat transfer with increase in rotation rate is observed. However, for Pr = 7
and 20, a marginal increase of the Nusselt number for low rotation rates is obtained, which is
attributed to the change in the flow structure from quadrupolar to dipolar state. The change
in flow structure is associated with the statistical behaviour of the boundary layers. As the
flow makes a transition from quadrupolar to dipolar state, a reduction in the thermal boundary
layer thickness is observed. At higher rotation rates, the thermal boundary layer thickness
shows a power-law variation with the rotation rate. The power-law exponent is close to unity
for moderate Pr, while it reduces for both lower and higher Pr. At extremely high rotation
rates, the flow makes a transition to the conduction state. The critical rotation rate (1/Ro,)
for which the transition to the conduction state is observed depends on the Prandtl number

according to 1/ Ro,. o< Pr°?.
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Chapter 5. Significance of Prandtl number on the heat transport and flow structure in rotating
convection

5.1 Introduction

In previous chapters, we studied the effect of rotation in turbulent Rayleigh-Bénard convection.
Different flow regimes were identified, and characteristics of the flow, such as heat transfer,
boundary layer, and dissipation rates, were evaluated in these regimes. Apart from the rota-
tion rate, Prandtl number is also expected to alter the flow behaviour. Prandtl number is a fluid
property and varies widely across different fluids. Table 5.1 shows the Prandtl number for some
fluids. Generally, the fluids with Pr < 1 are considered as low-Prandtl number fluids, while
those with Pr > 1 are considered as high-Prandtl number fluids. It has been observed that
the flow dynamics in thermal convection is largely affected by the Pr. For rotating convec-
tion, Chandrasekhar [25, 99] observed that for Pr > 1, the critical Rayleigh number (Ra.) for
the onset of convection depends only on the rotation rate (Ro™'). However, for lower Prandtl
number, Ra. depends on both Pr and the rotation rate. Convective flows with very low Prandtl
number (Pr < 1) are present in flows inside the Earth’s outer core, metal melting processes,
to name a few. The magnetic fields, atmospheric jets, and emitted heat flux patterns of plan-
ets are controlled by the turbulent rotating convective movements of molten metals within the
planets [17, 18]. Air (and other gases) and water, which constitute most of the natural systems
(atmospheric and oceanic), mostly fall under the Prandtl number range 0.1 < Pr < 10. In-
dustrial and technological applications also involve flows with a wide range of Pr (coolants,
lubricants, oils, etc.). Thus, modelling of these flows is extremely important from astronomical,

geological, and technological point of view.

Table 5.1: Typical range of value of Prandtl number for different fluids.

Fluid Pr
Sun’s interior ~ 108
Liquid metals  0.001 — 0.03

Mercury ~ 0.015
Air ~ 0.7

Water ~ 7

Oils 100 — 40000
Earth’s mantle ~ 10%

Weiss et al. [209] experimentally investigated the heat transport enhancement in slowly

rotating turbulent thermal convection in a cylinder of unit aspect ratio for different Prandtl
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numbers (0.74 < Pr < 35.5). They observed that the average Nusselt number increases with
rotation rate up to a threshold, while above it Nu exhibits a decreasing behaviour. The threshold
rotation rate increases with Pr at a fixed Ra, and drops with increase in Ra at a constant Pr.
A maximum heat transfer enhancement of 40% from the non-rotating case was recorded for
higher Pr, while the lowest Prandtl number (Pr = 0.74) showed only 2% increment. King
and Aurnou [17] investigated the effects of rotation on the turbulent convection in liquid metal
gallium (Pr = 0.025) in a cylindrical cell with unity aspect ratio. It was observed that the
behaviour of liquid metal convection with and without rotation was completely different from
those obtained at moderate Pr (Pr ~ 7). A difference in Nu scaling was observed (Nu ~
Ra"%) as compared to the moderate Pr cases (Nu ~ Ra’?3), which was due to the dominant

role of turbulent fluctuations at small scales in liquid metal convection.

Verzicco and Camussi [180] numerically studied the influence of Pr on the heat transfer
in RBC in a cylindrical cell with unit aspect ratio at Ra = 6 x 10°. They investigated a wide
range of Pr (0.022 < Pr < 15) and identified two distinct flow regimes depending on the
Pr. For Pr < 0.35 flow was seen dominated by large scale structures (also responsible for the
heat transfer), while for Pr > 0.35 the flow dynamics were thermal plumes dominated. Effect
of Ra, Pr, and Ro on heat transfer in turbulent RRBC was studied by Zhong et al. [135] in
a cylindrical container with unit aspect ratio at Ra > 10® and 0.07 < Pr < 20. An increase
in heat transfer rate from the non-rotating case was observed in all the Prandtl numbers except
Pr = 0.7. The study was carried out in a plume dominated regime and the increase in Nu
at moderate Pr was explained by Ekman pumping [125, 127]. At moderate rotation rates,
the converging radial fluid in the Ekman layer swirls cyclonically resulting in the formation of
vertical vortex tubes. These vertical vortices suck the fluid out of the Ekman layers and create a
vertical heat flux. This occurs near the top and bottom isothermal plates and depends strongly
on Ra, Pr, Ro, and the boundary conditions. For Pr < (.7 no increment in N« was observed,

due to the larger thermal diffusion, which negates the effect of heat transfer increment by Ekman
pumping.

Stevens et al. [138] numerically showed that at a fixed Ro, there exists a Pr for maximum
heat transfer enhancement. The simulations were performed in a cylindrical domain at Ra =

10® and a wide range of Prandtl numbers (0.7 < Pr < 55). The results showed that for

Pr > 1, heat transfer rate increases (compared to the non-rotating case) due to Ekman pumping
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at moderate rotation rates. It was also found that the critical rotation rate for maximum heat
transfer enhancement increases with the increase in Pr. On the similar line Poel ef al. [210]
studied the connection between flow structures and heat flux in turbulent RBC and observed that
Nu is more sensitive to the flow organization at low Prandtl number (Pr = 0.7) as compared
to moderate Prandtl number (Pr = 4.38). They associated this feature to the dynamics of
viscous and thermal boundary layers. Pharasi ef al. [211] studied the Nusselt number scaling
with Rayleigh number for low Prandtl number fluid (Pr = 0.1) for Rayleigh numbers 10* <
Ra < 10% and Taylor numbers 0 < Ta < 10%. The Nu scales with Ra as Nu o< Ra?*/? for
Nu greater than a critical Nusselt number Nu,. corresponding to T'a/Ra ~ 1. Beyond this
critical value, Nu becomes a function of T'a also. The critical Nusselt number scales with
Ta as Nu. o< Ta’*"". In their DNS study, Guzman ef al. [212] investigated the transition
to geostrophic regime [124] in RRBC at low Prandtl number, Pr = 0.1 and Ra = 1 x 10'°,
In the geostrophic regime, the Coriolis force dominates over the other forces. They observed
that different statistical quantities, such as Nu scaling and thermal boundary layer thickness,
show transition to the geostrophic regime at different rotation rates. In this chapter, we focus on
the significance of Prandtl number in RRBC at Ra = 10°, which is expected to be dominated
by large-scale flow structures. In particular, we investigate the effect of Pr and Ro on heat
transfer rates and its association with the flow structure dynamics. Most works on RRBC are
focused on the enhancement of heat transfer rates at moderate rotation rates and followed by its
suppression at higher rotation rates for high Rayleigh number regime. In this chapter, we mainly
examine the effect of rotation in different Prandtl numbers at a rotation dominated regime and

the transition to conduction stage.

The organization of the chapter is as follows. The next section discusses the overall problem
setup and the details of the computational grid. This is followed by principal findings of the
present study. At the outset, we identify different flow states by evaluating the time signals and
flow structures. Then we study the heat transport dynamics and connect it with the flow struc-
tures, Fourier modes, and boundary layers. Finally, we conclude the chapter by summarizing

the principal findings.
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5.2 Numerical details

We consider a cylindrical domain of aspect ratio I'(= D/H) = 0.5 with bottom heated (T)
and top cooled (7). Rotation is applied about the vertical axis of the cylinder. A schematic
diagram of the flow domain with boundary conditions used is shown in Fig. 5.1(a). For temper-
ature isothermal condition on the horizontal walls and adiabatic conditions on the lateral walls
are implemented, while for velocity no-slip conditions are implemented on all the surfaces.
Figure 5.1(b) shows a geometric construction of the locations of the numerical probes that are
used to record the field time signals. The signals are recored from eight equidistant (¢ = 7 /4

apart) locations at the horizontal mid-plane (2 = 0.5H) close to the lateral wall (r = 0.24H).

a (b) S
( ) Q) Top surface S4 : S2
6=0

@J&«A‘ u=0 S5 / S]
S8

H S6
Vertical wall S 7
Z . (V@)-er =0
0 u=0
TH Bottom surface
=1
D u=0

Figure 5.1: (a) Schematic diagram of the flow domain with relevant boundary conditions. (b)
Schematic representation of the location of numerical probes at mid-vertical cross section of
the cylindrical domain used for signal analysis.

The mesh size is chosen such that it is refined adequately to capture the flow dynamics cor-
rectly, and at the same time, it takes less computational resources. For all the simulations, the
boundary layers are resolved by placing more than 10 grid points within the thermal boundary
layer. A structured and non-uniform grid with refinement near the top and bottom surfaces
and the lateral wall is chosen for the simulations. Three different mesh sizes are used in all
the cases with 10% increase in the number of grid points along the radial, azimuthal, and
axial directions. In addition, a highly refined mesh that is double the size in each direction

compared to the coarsest mesh size is also evaluated to check for grid independence. As dis-
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cussed in chapter 3, we evaluate the Nusselt number and dissipation rates at different mesh
sizes to test for grid convergence. Table 5.2 shows the average Nusselt number and ratio of
the numerically computed values of thermal and viscous dissipation rates to their analytical
counterparts for different Pr at various grid sizes, with the corresponding minimum grid size
in the radial (Ar,,;,) and the axial direction (Az,,;,). Only selected cases, which are expected
to be most sensitive, are presented here. Nusselt number at the walls (top and bottom) is com-
puted as Nug = (00/0z) 4+, where (..) 4, indicates averaging over horizontal plane and time.
The volume-averaged Nusselt number over the entire domain Nu,,, = 1 + M(w& is
also calculated, where (..) denotes averaging over volume and time. Nu is sensitive to the
grid resolution near the walls and Nu,,; to that near the bulk. Both the values agree after
time averaging (refer Table 5.2), which provides an additional check on the spatial resolutions
of the numerical simulations [166, 213]. The difference between the Nu (or Nu,,) values
computed at the finest and coarsest mesh for all cases is less than 5%, which suggests a rea-

sonable grid convergence. Further, the ratio of the numerical to the theoretical estimate of

num
u

calculated. Recall that €™) = vV*H *(|Vul?) and (€;*™) = o(AT)*H *(|VO}?) are re-

the viscous ({(€7 = (€"*™)/(€e™)) and thermal dissipation rates (€ = (e;"™)/(c}")) are also
spectively the numerically calculated values of viscous and thermal dissipation rates, while
(€M = v*(Nu — 1)RaPr—2H * and (€") = a(AT)*NuH * are their corresponding ana-
lytical values [75]. The ratios are always close to unity, indicating that the spatial resolution is
good enough to perform the proposed numerical calculations [51, 153]. Considering the com-
putational cost and accuracy of the parameters shown in Table 5.2, the grid 33 x 49 x 129 has
been chosen for Pr = 100, 20,7,1,0.7. For Pr = 0.015 a mesh size of 41 x 61 x 161 is used.
For unsteady periodic flows, the temporal averaged quantities are calculated after reaching a
statistically stationary state. Time increment of At = 107 is used for all Pr > 0.7, while
for Pr = 0.015 a time-step of 5 x 10™* is used. Note that the time step in each case is well
below the Kolmogorov time-scale 7, = \/ Pr/(Nwu — 1). The ratio At /n, for all cases is below
0.005, which suggests that the flow is well resolved temporally. Further, we make sure that the

Courant-Friedrichs-Lewy (CFL) condition is satisfied, and the maximum Courant number for

all cases is below 0.2.
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Table 5.2: Nusselt number at the bottom wall (Nug ), volume averaged Nusselt number (N ,,,;)
and ratio of numerical to analytical dissipation rates (€;, and €)) at different mesh sizes, with the
corresponding minimum grid size in radial (Ar,,;,) and vertical direction (Az,,;,) for different

Pr at Ra = 10°.

Ny x Ny x N, Arpin(x107%)  Azpin(x107%)  Pr Nus  Nuyo € €,

29 x 45 x 117 2.72 2.56 7 7.99 8.01 0.971  0.993
33 x 49 x 129 2.37 2.32 7 7.99 8.00 0.971 0.994
37 x 55 x 141 2.09 2.11 7 7.98 7.99 0.973 0.996
59 x 91 x 235 1.28 1.27 7 7.98 7.98 0.974 0.997
29 x 45 x 117 2.72 2.56 0.7 9.83 9.84 1.01  0.996
33 x 49 x 129 2.37 2.32 0.7 9.81 9.84 1.00 0.997
37 x 55 x 141 2.09 2.11 0.7 9.80 9.80 1.00 0.998
59 x 91 x 235 1.28 1.27 0.7 9.80 9.80 1.01  0.998
37 x b5 x 145 2.09 2.05 0.015 3.72 3.70 0.93 0.970
41 x 61 x 161 1.88 1.85 0.015 3.68 3.67 0.965 0.981
45 x 67 x 177 1.70 1.67 0.015 3.60 3.62 0.973 0.980
75 x 111 x 291 1.00 1.06 0.015 3.77 3.76 0.964 0.998

5.3 Identification of flow regimes

In Rayleigh-Bénard convection, the flow state changes from steady to periodic, then to quasi-
periodic and finally to chaotic with the increase in Ra [41, 131]. A similar trend is observed here
with decrease in Pr at Ra = 10° and with no rotation. The flow remains steady for Pr > 7,
becomes periodic at Pr = 1, then quasi-periodic at Pr = 0.7, and finally becomes chaotic at
Pr = 0.015. For rotating convection, we identify different flow states and their dynamics with
the increase in rotation rate for different Pr at a fixed Ra by evaluating the time signals and
the flow structures. A general trend of flow stabilization is observed at higher rotation rates for
all Pr, where the time signals become periodic, followed by a considerable reduction in the

magnitude.

5.3.1 Time evolution of the flow

In order to analyze the characteristics of the unsteady flows, time signals are taken from eight
equidistant locations 7 /4 apart along the azimuthal direction in the horizontal mid-plane (z =
0.5H) at aradial distance of » = 0.24 R [refer Fig. 5.1(b)]. Temperature signals at probe points
which are 7 apart are shown in Fig. 5.2, for low Prandtl numbers. For Pr = 0.015 the signals

obtained for all cases (non-rotating and rotating) are chaotic. Figures 5.2(a) and 5.2(b) show
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that the signals at S; (r = 0.24,¢0 = 0,z = 0.5) and S5 (r = 0.24,¢ = 7,z = 0.5) are out
of phase and switch between high temperature (¢ > 0.5) and low temperature (¢ < 0.5) in
a random way. The anti-correlated signals from azimuthal locations that are 7 apart is a sign
of dipolar flow behaviour, as discussed in chapter 3. Note that with increase in rotation the
switching becomes more frequent, accompanied by a reduction of the peak-to-peak amplitude
of the signals, which is an indication of flow stabilization at high rotation rates. The peak-to-
peak amplitude reduces from ~ 0.6 for Ro~! < 1to ~ 0.4 at Ro~' = 3 [see Figs. 5.2(a)-

1

5.2(e)]. Ateven higher rotation rates (o~ = 10), all the temperature fluctuations are damped

out and steady signals are obtained indicating a conduction-like state.
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Figure 5.2: Time traces of temperature from numerical probes S; and S5 for Pr = 0.015 (left
panel) and Pr = 0.7 (right panel) at different rotation rates.

At Pr = 0.7 for non-rotating case, the signals at S; and S5 indicate a quasi-periodic flow.
Figures 5.2(f) and 5.2(g) show that two bands of frequencies are present in the signals. One
corresponds to the large-scale flow and the other represents the fluctuations around it. The

signals at S; and S5 switch between high and low temperatures after specific time interval
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(t ~ 210 for Ro~* = 0). However, for low rotation rate of Ro™!

= 0.1, the time period of such
switching increases considerably (¢ ~ 400). With the increase in rotation rate (Ro~! = 1), the
time period of the flow decreases. Interestingly, the flow characteristic changes to chaotic at
Ro™! ~ 2. Similar chaotic flow behaviour at intermediate rotation rates is observed for Pr = 1

and 7 [see Figs. 5.3(c), 5.3(d), and 5.3(i)]. However, with further increase in the rotation rate,

flow stabilization becomes evident and regular periodic signals are obtained at Ro ' ~ 10.
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Figure 5.3: Time traces of temperature from numerical probes S7, S5 and S5 for Pr = 1 (left
panel) and Pr = 7 (right panel) at different rotation rates.

For Pr > 7, steady state flow is obtained for the non-rotating case. However, for low rota-
tion rates, although the flow structures remain similar to the non-rotating case, the temperature
and vertical velocity signals exhibit periodic nature. Figure 5.3(f) shows that for Pr = 7 at
Ro™' = 0.3, flow is periodic and the time signals at S; and S5, which are 7/2 apart in the
azimuthal direction, are nearly out of phase. This suggests that the flow behaviour is far from

dipolar nature, but close to a quadrupolar (or higher) one. However, for moderate rotation rates
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(0.4 < Ro™! < 1), the dipolar behaviour of the flow is restored, as the time traces at probe
points 57 and S;, which are 7 apart, are out of phase [see Fig. 5.3(g)]. Note that the time

signals from localized probes do not provide a complete picture of the flow; hence we evaluate

the flow structures in the next subsection.
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Figure 5.4: Power spectral density of temperature signals from numerical probe S; for (a)
Pr =0.015, (b) Pr = 0.7, (c) Pr =1, (d) Pr = 7 at different rotation rates.

In order to characterize the unsteady flows, we compute the power spectrum of the above
N

time signals as Py (f) = N~ )~ x;e”?™/2!|2 Here ; is the discrete value of the variable at
time t; = jAt, with At the sam]pzlilng time, f the frequency of the fluctuation and 7' (= AtN) the
total time interval for which data is considered. A sampling time of At = 0.01 and 7" =~ 1000
time units is used for all cases. Figure 5.4 shows the power spectral density (PSD) for different
fluids at various rotation rates. For Pr = 0.015, a continuous spectrum is observed for all cases,
clearly indicating chaotic flows. For Pr = 0.7 at low rotation rates (Ro~' < 0.1), two bands
of frequencies are observed in the power spectrum. For the non-rotating case f; ~ 0.0025
is the dominant frequency and f; ~ 0.1 the second dominant frequency. Note that numerous

smaller frequencies are present near f,. f; corresponds to the frequency of the large-scale flow,

while f, and smaller frequencies indicate the fluctuations around it. At Ro~! = 0.1, the first
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dominant frequency is reduced to f; ~ 0.0013, which explains the larger switching time scale
observed in Fig. 5.2(g). Athigher rotation rates (Ro~ ' & 2), a near continuous power spectrum
is obtained. However, as rotation is increased further to Ro~' = 10, frequency content in the
signals reduces due to flow stabilization by strong Coriolis force. For Pr = 7 and 1, the power
spectrum shows fewer peaks at low rotation rates, indicating quasi-periodic flows (ratio f;/ fs is
an irrational number). However, as rotation rate increases, the frequency content in the signals
increases and a near-continuous power spectrum is obtained at 1 < Ro~' < 2. This justifies the
chaotic flow regime observed at these intermediate rotation rates (see Fig. 5.3). With further
increase in the rotation rate, the frequency content reduces and the power spectrum shows fewer

peaks.

The change in flow states with the increase in Pr at low rotation rates (Ro~ < 0.1) is also
evident from Fig. 5.4. The PSD at Pr = 0.015 shows a continuous spectrum indicating chaotic
flows, while at Pr = 0.7 multiple peaks are observed suggesting quasi-periodic flow behaviour.
The increase in Pr is accompanied by a considerable reduction in frequency content. For

1

Pr = 7, the power spectrum shows a single peak at f; ~ 0.003 for Ro~" = 0.1 indicating

periodic flow.

5.3.2 Flow structures

In order to obtain better insights into the flow states, we analyze the flow structures for different
Prandtl numbers at various rotation rates. Figure 5.5 shows the instantaneous temperature iso-
surfaces along with the vertical velocity contours at the horizontal mid-plane for different Pr
and Ro~'. The iso-surfaces are drawn at § = 0.4 (blue) and 0.6 (red). For Pr = 100 at
Ro™' = 0 (and lower rotation rates Ro~' < 1), the temperature iso-surfaces show a rising
hot plume at one side of the lateral wall accompanied by a falling cold plume at the opposite
side, as shown in Fig. 5.5(a). This represents a dipolar flow structure [156]. Supporting this,
the vertical velocity contours show positive values on one side and negative on the opposite
side. Note that the up-flow (+w) and down-flow (—w) are clearly distinguished by the solid
and dashed lines, respectively. Similar dipolar behaviour was reported by Silano et al. [214]

for non-rotating RBC at higher Prandt]l numbers. As the rotation rate is increased (Ro~ ' = 10
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Figure 5.5: Instantaneous flow structures obtained for (a) Pr = 100, (b) Pr = 20, (¢) Pr =7,
(d) Pr =1, (e) Pr = 0.7, and (f) Pr = 0.015 at different rotation rates. Upper panel shows
the contours of vertical velocity at mid-vertical plane with dotted (solid) lines indicating w < 0
(w > 0). Lower panel shows the temperature iso-surfaces at § = 0.4 and 0.6.
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and 20), a significant increase in the vertical length of the temperature iso-surfaces is observed.

Note that the flow maintains the dipolar behaviour even at high rotation rates.

The flow structures obtained for Pr = 7 and Pr = 20 are shown in Figs. 5.5(b) and
5.5(c). For non-rotating case (and low rotation rates), the hot fluid rises as a single plume near
the bottom wall and bifurcates into two on reaching the mid-height. As a result, at the mid-
vertical plane, two regions of hot up-flow and two cold down-flow exist intermittently along the
azimuthal direction, which suggests a quadrupole mode dominated flow structure [156]. For
Pr = 20, as rotation is increased (Ro ™" ~ 0.05), the flow structure changes to a dipolar state.
However, for Pr = 7, flow maintains the quadrupolar structure up to Ro~' < 0.33. At higher
rotation rates [see Ro ' = 1in Fig. 5.5(c)] it shifts to dipolar structure. As rotation is increased
further (Ro‘1 ~ 20), the plumes become wall-bounded, and the bulk region shows a reduction
in the vertical velocity fluctuations. Recall that in chapter 3 we observed that strong rotation
force stabilizes the fluctuations in the bulk region which results in the so-called wall mode
convection [215], where pairs of wall-bounded hot and cold plumes appear alternatively in the
azimuthal direction. Further, we observed that wall modes are characterized by a significant
drop in the Nusselt number. Here, we observe wall mode convection for all Prandtl numbers at
very high rotation rates. In later sections, the analysis on the association between flow structure

and heat transport for different Pr and Ro~ " will be taken up.

For low Prandtl numbers (Pr = 1 and 0.7), dipolar flow behaviour is noticed for all rotation
rates, as shown in Figs. 5.5(d) and 5.5(e). Similar to Pr = 7, at higher rotation rates (Ro~! =
10 and 20), the fluctuations in the bulk are suppressed, and the flow becomes wall-bounded.
The flow structures observed for Pr = 0.015 at different rotation rates are shown in Fig. 5.5(f).
Although, the vertical velocity contours at mid-plane suggests a chaotic flow behaviour, the
dipolar nature of the flow is apparent. The temperature iso-surfaces scale almost the entire
cylinder even at low rotation rates. A static conduction stage is obtained at Ro~! = 10. In
general, we observe a dipolar flow structure for all Pr except for Pr = 7 and 20, where a
quadrupole dominated flow structure is obtained for low rotation rates (and Ro~' = 0) followed
by dipolar behaviour at moderate rotation rates. After characterizing the flow, now we discuss

the statistics of the mean flow in the next section.
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5.4 Statistics of the mean flow

In order to identify how rotation and change in Pr affect the mean flow behaviour, we eval-
uate the root mean square (rms) and mean of temperature and vertical velocity. The mean
temperature profile ((#) 4,) along the axial direction for Pr = 0.7 at different rotation rates
are shown in Fig. 5.6(a). As the rotation rate is increased, the temperature gradient stabi-
lizes along the vertical direction and the mean temperature profile approaches a linear one. At
Ro™!' = 20, temperature profile is nearly linear. Similar inference can be made from the rms

of vertical velocity profiles shown in Fig. 5.6(b). We calculate the rms of vertical velocity as

Wyms = \/ ((w—(w)ar)?)ar where (w) 4+ = 0. As rotation is increased, the vertical velocity
rms decreases, accompanied by the reduction in magnitude of w. This is an indication of flow
stabilization, which is theoretically explained by Taylor-Proudman theorem [101, 102]. The
theorem states that in a homogeneous, inviscid flow dominated by Coriolis force, there is no
variation of flow parameters along the rotation axis. Further details on the flow stabilization by
Taylor-Proudman theorem in RRBC is discussed in chapter 3. Similar trend in the () 4 ; and
W,ms profiles with the increase in rotation rates was observed by Kunnen er al. [124, 126] in

their numerical simulations of RRBC in a rectangular domain with periodic side walls.
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Figure 5.6: Variation of (a) mean temperature and (b) root-mean-square of vertical velocity
along the vertical direction for Pr = 0.7 at different rotation rates.
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As the main aim of our present study is to analyze the effect of Pr on the overall dynamics of
the flow, we vary the Prandtl number and identify its effects on the statistics of the mean flow.

The variation of the horizontal plane and time-averaged temperature ((¢) 4 ;) along the axial

TH-2625_136103004 120



5.4. Statistics of the mean flow

(a) l;

Pr=100
Pr=20
Pr=17
Pr=1
Pr=0.7
Pr=0.015

0.8
0.6
0.4

0.2

Figure 5.7: Variation of mean temperature along the vertical direction for (a) Ro~' = 1 and
(b) Ro~! = 20 at different Pr.

direction for different Pr at Ro~' = 1 and 20 are shown in Fig. 5.7. At Ro~' = 1, the mean
temperature profiles are almost similar for different Prandtl numbers except for Pr = 0.015 [see
Fig. 5.7(a)]. For higher Prandtl numbers, a steep temperature gradient exists near the top and
bottom walls, and it reduces near the bulk. However, for Pr = 0.015 a much stable temperature
gradient along the vertical direction is observed. At Ro~' = 20, the effect of rotation with the
change in Prandtl number is clearly reflected in the mean profiles shown in Fig. 5.7(b). As Pr
is reduced, the mean temperature profile approaches a linear one along the vertical direction.
For Pr = 100 and 20 the profiles are similar to that obtained at Ro~' = 1. This is due to the
stronger viscous force at higher Pr. For Pr = (0.015, the flow reaches the conduction stage at

Ro~! = 0.05, and as a result, the mean temperature profile approaches a linear one.

The variation of rms of vertical velocity and temperature along the vertical direction for

different Pr is shown in Fig. 5.8, for high rotation rate Ro™*

= 20. For higher Prandtl num-
bers, w,.,,s increases near the bulk and decreases near the no-slip walls. With decrease in Prandtl
number, w,,,, increases in the bulk for Pr > 1. However, for lower Prandtl numbers, Pr = 0.7
and 0.015, the rms of vertical velocity drops considerably. This is due to the significantly strong

Coriolis force that dominates both the viscous and inertial forces. Similar observation is made

from the rms of temperature shown in Fig. 5.8(b). The rms of temperature is calculated as

Orins = \/ ((0 — (0)a.1)?) 4. For high Pr, 6,,,, increases as we move away from the isother-

mal plates and peaks near the edge of the boundary layer, where it shows a sharp gradient. With
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Figure 5.8: Variation of root mean square of (a) vertical velocity and (b) temperature at high
rotation rate Ro~' = 20 for different Pr.

decrease in Pr, both 6,,,, in the bulk and boundary layer region increases, while for Pr < 0.7
they apparently reduce. For Pr = 0.015, all the velocity and temperature fluctuations are
damped out, and w,.,,s and 0,.,,s approach zero, indicating a conduction stage. After character-
izing the flow structures and investigating the effect of Ro~* and Pr on the mean flow, we next

study their impact on the heat transport.

5.5 Effect of rotation and Prandtl number on heat transport

In RRBC, dynamics of heat transport strongly depends on the rotation rate. Itis well known that
at strong enough rotation rates, heat transfer reduces due to the suppression of vertical velocity
fluctuations [115, 120]. However, at moderate rotation rates the Nusselt number increases con-
siderably, depending on Ra and Pr [135, 138]. Horn and Shishkina [139] studied the Nusselt
number trend with increasing rotation rate for 10° < Ra <6.7%x10°, Pr=0.7and T = 0.5,
and observed a general behaviour for all the Rayleigh numbers, i.e., heat transfer rate remained
almost constant for slow rotation and then dropped rapidly at a higher rotation rate. Here we
identify the effect of rotation on heat transfer rate and how these dynamics change with Pr.
A similar study in this direction was performed by Stevens e al. [138] where they identified
the optimal Pr for maximum heat transfer enhancement at Ra = 10% and for 0.7 < Pr < 55.

They observed heat transfer enhancement for all Pr except Pr = 0.7. Here, in addition to the
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moderate Pr regime, we consider two extreme Prandtl numbers, i.e., Pr = 0.015 and 100, and

investigate the associated heat transfer dynamics with rotation.
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Figure 5.9: (a) The average Nusselt number Nu normalized by N as a function of inverse
Ro for different Pr. (b) The variation of Nu/Nu’ with Pr for different rotation rates. The
arrow indicates the direction of increasing rotation rate.

The horizontal plane averaged Nusselt number at the bottom plate, Nu (note that the sub-
script S is dropped for simplicity) is evaluated for heat transfer analysis. For unsteady flows,
Nwu computed is time-averaged (¢t ~ 300 to 500 convective time units) after reaching a statisti-
cally stationary state. A general trend of suppression of heat transfer due to rotation is evident
from Fig. 5.9(a), where the ratio of the average Nusselt number for rotating case to that of
its stationary counterpart Nu/Nu’ is plotted against rotation rate (1/Ro). At lower rotation
rates, the ratio remains almost constant and decreases significantly at higher rotation rates. For
moderate Prandtl numbers Pr = 7 and 20, we obtain an increase in Nusselt number of about
6% and 4%, respectively, from the stationary value, at low rotation rates. A similar increment
in heat transfer rate at moderate Prandtl numbers was found by Zhong et al. [135] and Stevens
et al. [138] at plume dominated flow regimes (Ra > 10%). However, in the present study at
Ra = 10°, flow is mainly dominated by large-scale flow structures. We identify that the incre-
ment in the heat transfer rate is obtained in the region where the flow structure changes from
quadrupolar to dipolar behaviour. A similar connection between heat transfer rate and the flow
structures has been observed by Xi ef al. [156] in their experiments with water. Additionally,

we observe that the increment in Nusselt number occurs at a lower rotation rate for Pr = 20
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Figure 5.10: Critical rotation rate (expressed as 1/ Ro.) for conduction stage versus Pr, show-
ing power law variation.

than for Pr = 7. It is to be noted that heat transfer enhancement is limited to this moderate
Pr regime as no increase in Nu/Nu° is observed for the two extreme Prandtl numbers, i.e.,

Pr = 0.015 and 100.

The critical rotation rate which corresponds to the onset of decreasing trend in Nusselt num-
ber regime is attributed to the change in Pr. It is apparent from Fig. 5.9(a) that the departure
of Nu from its stationary value is delayed with the increase in Pr. This suggests the stabiliz-
ing effect of Pr on RRBC. The effect of Prandtl number on heat transfer rate at different Ro
is evident from Fig. 5.9(b). At higher rotation rates, Nu/Nu’ increases with the increase in
Pr, while at lower rotation rates, it remains almost constant for all Pr. However, for moderate

Prandtl numbers (Pr = 7 and 20), Nu/Nu° rises above unity for low rotation rates.

At extremely high rotation rates, flow essentially becomes two-dimensional. The heat trans-
fer occurs solely by conduction and Nusselt number approaches unity. The critical rotation rate
(1/Ro.) at which flow attains a conduction stage is shown as a function of Pr in Fig. 5.10. The
plot indicates that as Pr increases, a higher rotation rate is required to accomplish the conduc-
tion stage. We observe a power-law behaviour of 1/Ro. oc Pr®°. As Ro approaches Ro,, the
flow becomes geostrophic, i.e., the inertial and viscous forces become negligible as compared

to the Coriolis force [124]. However, with the increase in Pr, the viscous force increases. As
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a result, higher rotation rate (Coriolis force) is required to counter this larger viscous force at

higher Pr.

5.6 Heat transport and associated flow structures

Heat transport and flow dynamics are strongly connected in Rayleigh-Bénard convection. The
relation between the mean flow structure and heat transfer rate in RBC was investigated in the
works of Roche et al. [216], Chilla et al. [217], Nikolaenko et al. [218], and Stringano and
Verzicco [198]. In their experimental study, Weiss and Ahlers [219] reported an increase in
Nusselt number for single-roll convection state compared to double-roll state. Verzicco and
Camussi [180] carried out a detailed numerical study on the dependency of flow structure on
heat transport and observed that as the LSC structure is suppressed, Nu drops substantially for

lower Pr than for moderate Pr.

Here, we turn our focus on the quantification of the flow structures and their temporal evo-
lution. Note that in chapter 3, we identified and quantified different flow regimes based on
the Fourier decomposition of vertical velocity along the cylinder azimuth. Following the same
idea, here, we identify the dominant Fourier modes and connect these with the associated heat
transfer dynamics. For this, Fourier mode analysis of vertical velocity signals is carried out
along the mid-height of the cylindrical cell. If u; is the velocity signal from N = 8 uniformly
sampled data points (/4 apart) along the azimuthal direction, which can be seen from Fig.

5.1(b), then the Fourier transform of u; can be written as

N
i =Y eI, (5.1)
j=1

where 1, represents the k' Fourier mode. The energy of each mode is evaluated as the square
of the amplitude (E), = |i|*) and the total energy E,,; is computed as the sum of energy in
all modes. The ratio of the energy of each mode to the total energy (£ / E;,) is calculated to

estimate the energy fraction.

Table 5.3 shows the time-averaged energy fraction (Fy/ Fyy ), for different fluids at various

rotation rates. For Pr = 0.015 first Fourier mode is active in all cases and contains almost 80%
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Figure 5.11: The temporal evolution of energy fraction E} / E;,; of the first and second Fourier
modes for (a) Pr = 0.015 and Ro~' = 0, (b) Pr = 0.015 and Ro™' = 1.33, (c) Pr = 0.7
and Ro™' = 1,(d) Pr = 0.7and Ro ' = 2, (¢) Pr = 0.7and Ro~' = 10, (f) Pr = 1 and
Ro'=1,(g) Pr=1and Ro ' =2, and (h) Pr = 1and Ro ' = 4.

of the total energy. The time evolution of the energy of the first two Fourier modes for Pr =
0.015 at Ro~! = 0 and 1.33 is shown in Figs. 5.11(a) and 5.11(b). It can be clearly seen that at
Ro~ ! =0, the energy fraction of the first mode F; / E; is dominant, with frequent exchange of
energy between the first and second mode. However, as the rotation rate is increased (Ro™* =

1.33), the magnitude of the exchange of energy between the Fourier modes reduces.

For Pr = 0.7 and 1, first mode dominated flow is obtained even at the non-rotating case.
Table 5.3 shows that for Ro~! < 0.5, more than 90% of the energy is contained in the first
Fourier mode, and there is negligible exchange of energy between the modes [see Fig. 5.11(c)].
At higher rotation rates, a minor reduction in the energy fraction of first mode followed by an
increment in that of second mode is observed, where the flow becomes chaotic (1.33 < Ro < 2
for Pr=0.7and 1 < Ro~! < 2 for Pr = 1). Here, we observe frequent exchange of energy
between the first and second modes, as shown in Figs. 5.11(d), 5.11(f), and 5.11(g). However,
at even higher rotation rates, more than 97% of the energy is contained in the first Fourier

mode, and the magnitude of the exchange of energy between the Fourier modes reduces [see
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Figure 5.12: The left panel shows the temporal evolution of energy fraction Ej. / Ey,, of the first
and second Fourier modes for Pr = 7 at (a) Ro ' = 0.2, (b) Ro™! = 0.3, (c) Ro™! = 0.4,
and (d) Ro™' = 1. The right panel shows the quadrupolar and dipolar mode dominated flow
structures obtained for Ro~' = 0.2 and Ro ! = 1, respectively. Here upper plot shows the
contours of vertical velocity at mid-vertical plane with 4 (—) sign indicating the poles with
w > 0 (w < 0) and lower plot shows the temperature iso-surfaces at # = 0.4 (blue) and 0.6
(red).

Figs. 5.11(e) and 5.11(h)].

Table 5.3: Fraction of energy of the dominant Fourier modes for different Pr at various rotation
rates.

Pr Ro™! (Er/Etot)t (E2/Etot)t
0.015 0<Ro 1<05 ~ 0.80 ~ 0.1
0.015 1<Ro ‘<2 ~ 0.83 ~ 0.095

0.7 0<Ro <1 ~ 0.92 ~ 0.001

0.7 1.33<Ro'<2 ~ 0.81 ~0.12

0.7 10 < Ro~ ! <20 ~ (.98 ~ 0.002

1 0<Ro 1<05 ~ 0.95 ~ 0.002
1 1<Ro ‘<2 ~ (.82 ~ (.12
1 10 < Ro~ ! <20 ~ 0.99 ~ 0.001
7 RoT=0 0.13 0.82

7 0.1 <Ro1<0.33 ~ 0.06 ~ 0.87
7 04<Ro'<1 ~ 0.95 ~ 0.001
7 1.33<Ro'<2 ~ 0.90 ~ 0.05
7 Ro~ ' =10 0.97 0.001

20 Ro~1=0 0.210 0.71

20 0.05< Ro"'<10 ~ 0.96 ~ 0.001

100 0<Ro 1<10 ~ 0.97 ~ 0.001
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For Pr = 7 at low rotation rates, second Fourier mode is dominant and contains more than
80% of the total energy (refer Table 5.3). Figure 5.12 shows the energy fraction of first Fourier

1

mode at Ro~~ = 0.2,0.3,0.4 and 1. The flow remains second mode dominated at lower rotation

rates (Ro~! < 0.3). However, at moderate rotation rates (Ro

~ 0.4), first mode reappears
and contains 97% of the total energy. We observe an increment in heat transfer rates as the
flow makes the transition from second Fourier mode dominated to first mode dominated state.
The flow structures obtained for these cases are shown in Fig. 5.12, where the vertical velocity

contours clearly indicate a quadrupole mode dominated flow for Ro ™"

= 0.2 and dipole mode
dominated flow at Ro~* = 1. The temperature iso-surfaces at Ro~' = 0.2 show that hot plume
rises near the bottom plate and bifurcates on reaching the mid-plane. As a result, two pairs
of hot up-flow and cold down-flow regions exist intermittently and separated azimuthally by
approximately 7 /2 near the mid-planar region. However, at Ro™* = 1, a single pair of hot and
cold plumes is seen. Similar observation is made for Pr = 20, where a second mode dominated
flow is observed for the non-rotating case (and Ro~' = 0.01). It can be established that the
increment in heat transfer rate in the case of Pr = 7 and 20 is an outcome of the change in
flow modes from quadrupolar to dipolar. This is consistent with the experimental observations
made by Xi et al. [156], where they reported the first Fourier mode to be associated with higher

heat transfer rate. For Pr = 100 first Fourier mode dominated flow is obtained for all cases,

with more than 90% of the energy contained in the first mode.

Note that the quadrupolar structures show no symmetry about the centre, while the dipolar
structures are symmetric [see Fig. 5.12(b)]. This can be associated with the interplay between
the Fourier modes at different rotation rates. For the non-rotating case at Pr = 7, about 80%
of the total energy is contained in the second Fourier mode and nearly 10% in the first Fourier
mode (Table 5.3). As a result, the flow structure is more close to a quadrupolar state. But it
does not exhibit a symmetric behaviour due to the presence of other modes (which are less

1 = 1, about 95% energy is contained in the first Fourier mode,

dominant). However, at Ro™
while that in the second mode is less than 1%. This clearly shows that it is a near-perfect first
Fourier mode dominated flow structure (dipolar) and thus displays symmetry about the centre.
After establishing the connection of heat transfer with the flow structure, we now turn our focus

to investigate the dynamics of boundary layer, which is presented in the next section.
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5.7 Boundary layer and heat transport

Heat transport and global features of Rayleigh-Bénard system are strongly related to the bound-
ary layers. In fact almost all the theories of heat transport in turbulent RBC [75-78], are es-
sentially based on the boundary layer dynamics. Here we analyze the thermal boundary layer
thickness and identify its relation with rotation rate and change in Pr. Further, we connect
the spatial structure of the thermal boundary layer with the heat transfer rate. Strong radial
dependence of boundary layer structure in RBC was observed by Stevens et al. [153]. In their
numerical simulations, Verzicco and Camussi [52] reported single roll and two-roll convective
patterns in a cylindrical cell and found that the transition between these states has an apprecia-
ble impact on the boundary layer structure and global heat transfer properties. Here we try to
connect the heat transfer enhancement observed for moderate Pr (at low rotation rates) with

the thermal boundary layer dynamics.

I Ll L Ll
10% 10" ° 10° 10° 10°

10
1/Ro

Figure 5.13: The variation of the ratio of average thermal boundary layer thickness for rotating
case to that of the stationary case, (dy)/(d3), with rotation rate (1/Ro) for different Pr. The
departure of (dy)/(dg) from unity is delayed with the increase in Pr.

Here, the thermal boundary layer thickness is evaluated near the bottom plate. The vertical
distance of the point from the bottom plate where the linear fit of the time-averaged temperature
profile approaches the bulk temperature (6 = 0.5 ) is taken as the local boundary layer thickness

(0p). More details on the computation of dy using the so-called slope method is discussed in
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chapter 3. Same method is adopted to compute the boundary layer thickness for all the spatial
locations (r, ¢). The ratio of the spatial averaged thermal boundary layer thickness for rotating
case to that of the non-rotating case ((dy)/(dg) ) is computed and plotted against 1/Ro for
different Prandtl numbers in Fig. 5.13. We observe that (dy)/(d7) remains almost constant at
lower rotation rates and rises at higher rotation rates. As rotation is increased, the temperature
profile stabilizes along the vertical direction, and boundary layer thickness increases. Further,
the departure of (dy) from its stationary value is delayed as Pr increases, which shows the
stabilizing effect of Pr from the boundary layer aspect. At higher rotation rates we observe a
power law behaviour (d5)/(63) = a(1/Ro)’. The values of a and b for different Pr is shown in
Table 5.4. The exponent b is smallest for Pr = 0.015. At moderate Pr we observe an exponent
close to unity. Thus, the increase in boundary layer thickness with the increase in rotation rate

is reflected more at moderate Prandtl number regime.

Table 5.4: Values of a and b for different Prandtl numbers corresponding to the power law
(d0)/(05) = a(1/Ro)".

Pr a b
0.015 0.82 0.63
0.7 0.41 0.81
1 0.18 0.96
7 0.09 0.94
20 0.08 0.85
100 0.08 0.74
(a) Pr=0.7 (b) pr=7
10 —a—— (3,45, o
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Figure 5.14: Comparison of (dy)/(0g) obtained from mean temperature, rms of temperature,
and analytical method for Pr = 0.7 and 7.

Figure 5.14 shows the comparison between the thermal boundary layer thickness computed

by different methods for Pr = 7and 0.7. Here (0y) (N u) indicates the analytical thermal bound-
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ary layer thickness obtained from the relation 6y ~ 1/2Nwu, while (dg)(rms) corresponds to
the boundary layer thickness calculated from the rms of temperature profile along the axial di-
rection. It is computed as the vertical distance of the peak rms from the bottom wall [52]. (dy)
is the thickness from mean temperature profile, as discussed previously. It is evident that for
both the Prandtl numbers, boundary layer thickness computed from mean temperature profile
agrees with the analytical thermal boundary layer thickness. This substantiate our boundary
layer calculations ({dg)/(dg)) discussed previously. We observe that the boundary layer thick-
ness computed from the rms method agrees with the other two at low rotation rates, while it

over-predicts at higher rotation rates.
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Figure 5.15: Variation of (dg)4/(0g)s along the radial direction for (a) Pr = 0.015, (b) Pr =
0.7, (¢c) Pr = 7, and (d) Pr = 100 at different rotation rates. The arrows indicate the direction
of increase in rotation rate.

The variation of azimuthal averaged boundary layer thickness with respect to the non-
rotating case (0g),/(Jg), along the radial direction for different fluids at various rotation rates
is shown in Fig. 5.15. Here (..),, denotes averaging along the azimuthal direction. For low
Pr, the effect of rotation is more evident near the core region (/D < 0.2) of the cylindrical
domain, where (dg),/(d), increases with the increase in rotation rate, while it remains almost
constant near the lateral wall (r/D > 0.4). The effect of rotation is less apparent along lateral
wall due to the near wall viscous effects. Similar trend is observed at higher Prandtl num-

ber Pr = 100, where (dg)4/(0g)s remains close to unity at lower rotation rates and becomes
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thicker ((dg)4/(05)s ~ 1.3) near the core at stronger rotation rates. For Pr = 7, a consid-
erable reduction in thermal boundary layer thickness is evident at Ro~* = 1 and 0.5, where
(09) s/ (0§)s ~ 0.85 near the core region. This corresponds to the rotation rates where the incre-
ment in heat transfer rate is observed for Pr = 7 [see Figs. 5.9(a) and 5.9(b)]. Here the thermal
boundary layer is thicker near the lateral wall and thinner near the core region compared to the

non-rotating case.
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Figure 5.16: Variation of (J5)4/(d), along the radial direction for different fluids at (a) Ro™" =
0.1,(b) Ro~' =0.2,(c) Ro ' = 0.5, and (d) Ro~" = 10.

The variation of (dg)4/(dg) s along the radial direction for different fluids at specific rotation
rates is shown in Fig. 5.16. Atlow rotation rates Ro~! = 0.1and 0.2, all Prandtl numbers except
Pr = 20 shows negligible variation from the non-rotating boundary layer thickness. However,
for Pr = 20 the thermal boundary layer becomes thinner near the core region and thicker near
the lateral wall (Ro! = 0.1, 0.2 and 0.5). This is the region where heat transfer enhancement
is observed for Pr = 20. Similar reduction in (dg),/(dj) s near the core region is observed for
Pr = 7at Ro~' = 0.5. However, for all other Prandtl numbers the thermal boundary layer
thickness remains almost close to its stationary counterpart throughout the radial direction.
Further, at Ro~! = 0.5, the effect of Pr on the thermal boundary layer thickness is reflected
more in the core region than near the lateral wall. At higher rotation rate, Ro ™' = 10, a
trend of increasing (dy),/(d9), With the decrease in Pr is observed in the core region, while

it is less evident near the lateral wall. With increase in rotation, flow stabilization occurs due
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to the dominance of Coriolis force over the viscous force, and the boundary layer thickness
increases. However, with increase in Pr the viscous force increases and thus larger rotation
rate is required to counter it. This explains the flatter profile of (dg),/(d5)s close to unity

obtained for Pr = 100.

We observe that the heat transport in RRBC is strongly connected with the flow struc-
tures and boundary layer dynamics. For moderate Prandtl numbers (Pr = 7 and 20), we
observe a heat transfer enhancement at low rotation rates where the flow makes a transition
from quadrupolar to dipolar behaviour. Further, we identify that transition in flow states is

accompanied by the reduction in thermal boundary layer thickness.

5.8 Summary

A detailed numerical investigation on the effect of Prandtl number on the flow structure and
heat transfer rate in rotating Rayleigh-Bénard convection at Ra = 10° has been carried out
in this chapter. For all Pr, a reduction in heat transfer rate is observed with the increase in
rotation rate. However, for Pr = 7 and 20, an increase in Nusselt number of about 6% and
4%, respectively, from the non-rotating case is observed at low rotation rates. This is followed
by a steep reduction in Nu at higher rotation rates. The present study reveals that the rise in
heat transfer rate is observed in the region where the flow structure changes from quadrupolar
to dipolar state. Further, as the flow transforms to the dipolar state, the thermal boundary layer
thickness reduces, which in turn results in efficient heat transfer rate. At higher rotation rates,
a power-law behaviour is observed for the boundary layer thickness as (d)/(55) o< (1/Ro)°,
with the exponent b close to unity for moderate Pr. However, it reduces for both lower and
higher Pr. The present work infers that there is an intermediate Pr regime where the increase
in heat transfer occurs at low rotation rates. For lower Prandtl numbers (Pr < 1) and higher
Prandtl number (Pr = 100), no increase in Nusselt number is observed where the flow remains
dipole mode dominated even at low rotation rates and continues to remain so at moderate and
high rotation rates. The critical rotation rate (1/Ro.) for which transition to the conduction

state occurs exhibits a power-law dependence on Prandtl number as 1/Ro,. o< Pr°?.
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Statistics of thermal plumes in turbulent convection in a

cubic cell

In this chapter, the statistics of thermal plumes in turbulent Rayleigh-Bénard convection inside
a cubic cell filled with air (Pr = 0.7) is studied for the Rayleigh number range 2 x 10° <
Ra < 10°. Based upon the product of the vertical velocity and temperature fluctuation (v'¢/),
the entire cell volume is decomposed into plume and background dominated regions. Different
cutoff values (C; = 0-10% of the global maximum of v'0’) are used to demarcate these regions,
and for all C,, the volume fraction of the plume dominated region (v'6' > C;) decreases with
the increase in Ra, while that of the background (v'0" < C}) increases. The thermal dissipation
rate contribution from the plume and background regions show decaying power-law behaviour
with Rayleigh. Further, at C; = 0, the average thermal dissipation rate from the plume and
background approach the global scaling for higher Rayleigh numbers (Ra > 108). At lower
cutoffs, the plume contributions scale with Reynolds number as predicted by the Grossmann-
Lohse theory, while deviations are observed in the background counterpart. The PDFs of
thermal and viscous dissipation rates are well described by a stretched exponential function,
and their tails become more extended with increase in Ra. In addition, statistical measures
like variance, skewness and flatness of velocity and temperature are also evaluated to study

different characteristics of the flow.
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6.1 Introduction

The recurring themes in both theoretical descriptions and phenomenological pictures of Rayleigh-
Bénard convection are how heat transport occurs in the system and what are the roles of ther-
mal plumes in the heat transport and dissipation rates [57, 220]. Flow visualizations of turbu-
lent RBC using various methods revealed coherent structures with mushroom-like appearance
[89, 221]. These coherent structures are called thermal plumes. Over the years, researchers
have used different techniques to identify plumes. The plumes are created near the top and bot-
tom plates in the boundary layers and driven to the opposite plate as a result of buoyancy [222].
The morphology and dynamics of thermal plumes in turbulent RBC have become a subject of
interest recently. Flow visualizations have shown that the plumes have a mushroom-like cap
with sharp temperature gradient and a stem that is relatively diffuse (when observed from the
sides) [87, 89, 94, 186, 222-224]. These are generally referred to as “mushroom-like” plumes.
However, while observed from the top (or bottom) the morphology of the plumes is completely
different, i.e., the thermal plume appears to be extended in one horizontal direction but con-
centrated in the opposite (orthogonal) direction [46, 62, 117, 225-229]. Such structures are
often assumed to have considerable vertical extent and thus are referred as “sheet-like plumes”.
Zhou et al. [228] observed that the sheet-like plumes transform into mushroom-like ones as
they move away from the boundary layer to the bulk region. Moreover, they observed that the
area and heat content of the sheet-like plumes follow a log-normal distribution. In a different
study, Zhou and Xia [224] characterized the geometrical and statistical properties of thermal
plumes. They noticed that as Ra increases, the plume geometry changes from more-elongated
to less-elongated. Further, the plume number followed a power-law dependency with Ra, which
ultimately affects the Ra — Nu scaling behaviour. Bosbash et al. [230] observed that below
the top plate, the plumes undergo fragmentation due to interactions with the fluctuations in the

bulk.

Thermal plumes play an important role in dictating the overall heat transport in turbulent
RBC. Grossmann and Lohse [76, 167, 231] analyzed the viscous and thermal dissipation rates
in turbulent RBC and split their volume averaged contributions from the bulk and boundary
layers separately. As per Grossmann-Lohse theory (GL theory), the contribution of viscous

and thermal dissipation from the background part dominates over that from boundary layers
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for higher Rayleigh numbers. As the bulk and boundary layer decomposition does not ac-
count for the effect of thermal plumes (which can be considered as detached boundary layers),
Grossmann-Lohse [167] divided the thermal dissipation rate into two subsets. One is the ther-
mal dissipation rate in the plumes along with boundary layers and other the contribution from
the turbulent background. The plumes and thermal boundary layers are assumed to have the
same characteristic length dy, which is the thermal boundary layer thickness [167]. He et al.
[232] experimentally measured the local thermal dissipation using thermistors inside a cylinder
of unit aspect ratio filled with water and decomposed the thermal dissipation rates into the mean
and the fluctuating part. They observed that the mean part remains significant in the boundary

layers, while the fluctuating part dominates in the bulk of the container.

Verzicco and Camussi [52] found that the contribution from the boundary layers (excluding
the plumes) to the volume-averaged dissipation rate increases with Ra, which suggests that the
role of plumes decreases for high Ra in thermally driven convection. Emran and Schumacher
[95] investigated the statistics of thermal dissipation rate for a fluid of Pr = 0.7 contained in
a unit aspect ratio cylindrical cell and concluded that the contribution due to the plume in the
dissipation rate decreases with increase in Rayleigh number. From their statistical analysis, they
concluded that the largest thermal dissipation events are always found in the plume dominated
regions. Shishkina and Wagner [222] classified plume and background regions based on the
combined analysis of local heat flux, thermal dissipation rates, and selected components of the
velocity and vorticity fields. Further, they investigated the geometrical (plume area, diameter,
curvature, thickness, etc.) and the physical properties (temperature, heat flux, dissipation, etc.)
of the sheet-like plumes. In a different study, Shishkina and Wagner [94] performed a detailed
analysis of thermal dissipation rates in turbulent RBC in a wide aspect ratio cylinder (I' = 10).
The simulations were performed at Rayleigh numbers 10°, 10° and 10" and Prandtl number
0.7. They found that the turbulent background and its contribution to the volume-averaged
thermal dissipation rate increases with Ra. Further, the ratio of the area-averaged (over the top
or bottom plates) to the volume-averaged thermal dissipation rate was always greater than or
equal to the Nusselt number irrespective of Ra, Pr and I'. They observed that the plumes have
a tendency to be arranged in a regular manner for low Rayleigh number (Ra = 10°), while for
higher Ra, they appear to form a large-scale circulation. On a similar note, the experimental

study by Xi et al. [89] showed that plumes drive the onset of LSC in thermal convection.
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Emran and Schumacher [170] analyzed the fine-scale statistics of temperature and its deriva-
tives in convective turbulence. They observed that the PDFs of temperature or its fluctuations
are always non-Gaussian. The PDFs of thermal dissipation rate deviated significantly from the
log-normal distribution, and the PDF tails were well fitted with a stretched exponential func-
tion. Further, the tails became more extended with the increase in Ra, indicating the increase in
the degree of small-scale intermittency of the dissipation field. Similar observations were made
by Zhang et al. [169] in 2-D turbulent RBC in the Rayleigh number range 10° < Ra < 10"
for Pr = 0.7 and 5.3. They also reported that the tails of PDFs become more extended with
decrease in Pr. Further, the thermal dissipation contribution from the plume and background
regions were computed, and these quantities were compared with the Grossmann-Lohse theory
[76]. The plume contributions scaled as predicted by GL theory, while the background contri-
butions showed significant deviation from it. Bhattacharya et al. [233] carried out the DNS of
turbulent RBC inside a cubic cell at Ra = 10° and 10°, and derived the scaling relations for
viscous dissipation rate in the bulk and boundary layers. They observed that the viscous dissi-
pation rate in the bulk follows a log-normal distribution, while it follows a stretched exponential

distribution inside the boundary layer.

Generally, in turbulent convection, the thermal dissipation rate is divided into two parts:
contribution from the bulk and the boundary layers. It is assumed that the plume contribution
in the thermal dissipation rate mainly comes from the boundary layer and the background con-
tribution from the bulk. In the present work, depending on the positive correlations between
the vertical velocity and the temperature we have divided the box volume into two subregions:
plume and background dominated, and their corresponding contributions in the global thermal
dissipation rate are evaluated. The threshold for separating these regions is varied and scaling
relations with respect to Rayleigh number are established. The simulations are carried out in
a cubic box in a large Rayleigh number range (up to Ra = 10”) and highlight the statistics of
contribution from the plume and background regions in dictating the overall scaling of dissi-
pation rates. Further, different statistical quantities, such as variance, skewness, flatness and
turbulent kinetic energy budget are evaluated in order to identify the flow characteristics in

different regions of the flow.
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6.2 Problem description

We investigate thermo-convective instability of an incompressible Newtonian fluid confined in
a cubic cell with bottom-heated and top-cooled configuration. Figure 6.1 shows the schematic
representation of the flow domain with appropriate boundary conditions. No-slip conditions are
implemented on all the surfaces. For temperature, horizontal surfaces are iso-thermal, while
the lateral walls are adiabatic. Direct numerical simulations are carried out for the Rayleigh
number range 2 X 10° < Ra < 10° with air (Pr = 0.7) as the working fluid. Time advancement
of At =5 x 10~ is used for Ra > 5 x 107, while for lower Ra, At = 1073 is used. The time
step for the time advancement is chosen such that the Courant number always remains less than

0.2.
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Figure 6.1: (a) Schematic diagram of the flow domain with boundary conditions. (b) The
location of the numerical probes at the mid-plane (y = 0.5H) that are used to record the time
signals.

Structured, non-uniform grids with refinement near the walls are used in the present study.
Since the flow dynamics are greatly affected by the boundary layers, it is necessary to resolve
the regions near the top plate, the bottom plate, and the lateral walls. The grid resolution

for a given Rayleigh number is chosen in such a way that the maximum grid spacing (A,,q.)
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Table 6.1: Columns from left to right indicate, Ra, total number of grid points (/V, x Ny, x N.),
number of grid points in the thermal boundary layer (Np,), Nusselt number computed by differ-
ent methods (Nug, Nue,, and Nuge, ), Nusselt number reported by Kaczorowski and Xia [151]
(Nuyer), the convective time over which averaging is performed (%,,), and the maximum grid
spacing normalized by the Kolmogorov length scale (7).

Ra Ny x Ny x N, Npr Nus Nue, Nue, Nuref taw Dmaz/Mk

2% 10° 100 x 100 x 100 10 10.1  10.1 10.2 10.0 1000 0.954
3 x 105 100 x 100 x 100 7 115 11.3 11.4 11.4 800 0.963
5x10% 168 x 168 x 168 13 13.2  13.2 13.4 13.4 800 0.927
1x107 168 x 168 x 168 11 16.0 16.0 16.2 16.2 500 0.962
2 x 107 200 x 200 x 200 8 19.9  19.6 19.8 19.6 250 0.990

3 x 107 200 x 200 x 200 7 223 213 22.0 22.0 225 0.985
5x 107 264 x 264 x 264 8 257  25.3 254 —— 225 0.964
1x10% 300 x 300 x 300 8 31.1  30.8 30.8 31.4 250 0.964
2 % 10% 372 x 372 x 372 7 382 37.6 37.8 — 200 0.989
5x 108 420 x 420 x 420 6 50.7  49.3 49.3 —— 50 1.157
1x10° 512 x 512 x 512 6 62.1 60.6 60.6 —— 50 1.188

remains mostly lower than the global Kolmogorov length scale 7. Here A,,,, indicates the
maximum of mean grid size calculated as max(AzAyAz)"? and 7, is estimated using the
analytical prediction 7, ~ (Pr?/(RaNw))"/* given by Grotzbach [152]. Table 6.1 shows that
the ratio A, /M is almost less than or equal to unity. The thermal boundary layer width (d4)
is computed using the theoretical estimate 0y ~ 1/(2Nwu) and we ensure that the number of
grid points inside the thermal boundary layer (/NVpy) is at least 6-10 [51]. For details refer to
Table 6.1. To validate the numerical code, the Nusselt number is computed by three different
methods: (a) using the mean heat flux at the horizontal surfaces (Nug = (06/0y) 4+), (b) from
the thermal dissipation rate (Nue, = (RaPr)"*(€,)), and (c) from the viscous dissipation rate
(Nue, = (RaPr)"*(e,) + 1). Note that (..) denotes volume and time averaging, while (..) 4,
represents horizontal surface and time averaging. Table 6.1 shows that for all Ra, the Nusselt
numbers computed using different methods are almost equal suggesting that the simulations
are well resolved. Further, the present computed Nusselt numbers are in good agreement with
those reported by Kaczorowski and Xia [151] for similar configuration. Turbulent statistics
are computed for a sufficient sampling time after reaching a statistically stationary state. The
time span (%,,) used for computing the temporal statistics for different Rayleigh numbers are
also shown in Table 6.1. As Ra increases, the turbulent intensity increases and hence lesser

sampling time is required.
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To study the flow dynamics, time signals of velocity and temperature are recorded at differ-
ent locations of the cell. Nine probes each are placed at three different vertical heights given by,
y=0.25H,0.5H, and 0.75H . Figure 6.1(b) shows the location of the probes at the mid-plane
y = 0.5H, where the superscript m indicates mid-plane. Similarly, the notations ¢ and b are
used to identify the probes at top and bottom planes, respectively. The time signals extracted
from the locations are used to evaluate the temporal flow behaviour, compute the PDFs, and
to identify flow regimes. Further, the azimuthally equispaced probes (separated by ¢ = 7 /4),
which are close to the lateral wall (0.1H apart) at the mid-plane, i.e., P/ to ;" are used for

Fourier analysis to be taken up in the next chapter in connection with large-scale circulation.

In the following sections, the turbulent structures in RBC are discussed in detail using a
number of visualization methods, i.e., instantaneous contours, temperature iso-surfaces, and ()
structures. This is followed by a comprehensive analysis of heat transport, dissipation rates,
and thermal plumes. Scaling relations with Rayleigh number are established and are compared
with existing results. Further, a number of turbulent statistics are calculated to describe the

flow characteristics aptly.

6.3 Flow structures and heat transport

Flow visualizations provide a deeper understanding of the characteristics of a turbulent flow,
such as the presence of multiple scales, plumes, homogeneity, and turbulent mixing. In turbu-
lent RBC, thermal plumes erupt from the top and bottom plates/boundary layers and traverse
towards the opposite plate. As discussed in previous chapters, under specific parameter range,
these plumes organize to form a large-scale coherent structure with hot and cold fluid rising
and dipping, respectively, along opposite sides of the lateral wall, i.e., the large-scale circula-
tion (LSC) [40, 61]. The instantaneous temperature iso-surfaces for different Rayleigh numbers
are shown in Fig. 6.2, which indicates the presence of LSC (especially at higher Ra). The hot
plumes erupt from the boundary layer and rise along a diagonal corner, while the cold plumes
sink along the opposite corner. Generally, in box configurations, the LSC shows a tendency
to align along one of the diagonals of the box [65]. A detailed discussion on LSC and its dy-

namics are carried out in the next chapter. Note that the organization of the plumes to form
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a coherent LSC is more pronounced at higher Ra, as their appearance changes from domain
filling and disorganized structures to organized wall-bounded circulation. In Fig. 6.2, apparent
differences are seen across different Ra, as smooth and broad structures give way to sharp and
smaller structures with the increase in Rayleigh number. This is an indication that the range of

Ra considered in the present study spans both the so-called “soft” and “hard” turbulent regimes.

Figure 6.2: Temperature iso-surfaces for (a) Ra = 2 x 108, (b) Ra = 107, (¢c) Ra = 5 x 107,
(d) Ra = 108, () Ra = 5 x 10%, and (f) Ra = 10°. The structures become finer with the
increase in Rayleigh number.

Plumes are generally referred to as columns of fluid that rise or descend through a compar-
atively quieter ambient fluid. The characteristics of a plume are determined by its momentum
and density difference. In the case of thermal plumes, it is the temperature difference (buoy-
ancy) that primarily characterizes it. In bottom-heated and top-cooled configurations like RBC,
hot and cold plumes originate from the bottom and top plates, respectively. Usually, as a plume
moves away from its source, it widens because of entrainment of the surrounding fluid at its
edges. The hot plume being lighter than the surrounding fluid, rises, and the cold plume being
heavier, falls. To get a better understanding of the plume behaviour, the contours of instan-
taneous temperature are analyzed at different planes. Figure 6.3 shows the snapshots of the

temperature at planes z = 0.5H, y = 0.5H and z = 0.5 H for different Rayleigh numbers. It is
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evident that the flow becomes homogeneous in the bulk as the Rayleigh number is increased. At
higher Ra, the plumes appear mainly near the walls, and a well-mixed fluid occupies a signifi-
cant portion near the central region. This is due to the enhanced turbulent mixing at higher Ra,
which also results in increased heat transport. The appearance of large scale structures with
the finer structures in the background is also noticed at higher Ra. The apparent similarity of
the temperature contours in the three different planes (x = 0.5H, y = 0.5H, and z = 0.5H)
shows the isotropic behaviour of the flow [see Fig. 6.3(d)]. Further, the reduction in the ther-
mal boundary layer thickness with the increase in Ra is evident from the temperature contours
in the vertical planes. In the following sections, these aspects are investigated in detail using

turbulent statistics.

From the above observations, a possible mechanism of plume dynamics emerge. The hot
plumes erupt from the boundary layer at the bottom due to thermo-convective instabilities and
move upwards due to the buoyancy force. During the course of their motion, the plumes cluster
towards the side walls. In the bulk region, they lose their strength due to the interaction with
the adjacent fluid. This results in a well-mixed homogeneous region. The plumes near the side
walls reach the top plate and spread horizontally, thereby creating horizontal motions, which
results in instabilities in the top boundary layer that trigger the formation of cold plumes at the
top plate. Note that the formation and dynamics of the cold plumes are similar to that of the hot
plumes. However, their locations of formation are always on opposite sides of the horizontal
plates. For instance, in the case of Ra = 10?, shown in Fig. 6.2(f), the hot plumes are seen
primarily near the left corner of the bottom plate, while the cold plumes originate from the right
corner of the top plate. Itis evident from Figs. 6.2(d)-6.2(f) that hot (cold) plumes emerge from
the bottom (top) plate, impinges on the opposite plate, and thereby inhibit the formation of a
cold (hot) plume near those locations. A comprehensive discussion on the quantification of

thermal plumes and their statistics is performed in the following section.

Turbulent flows are purely random phenomena that are characterized by multi-scale vor-
ticity fluctuations and chaotic motions. However, it appears to contain an element of clearly
organized structures, referred to as coherent structures [160, 234]. The main characteristic of
coherent structures is their consistency (for example, a consistent pattern in the velocity, tem-
perature, or vorticity field), and their primary influence is to instil some degree of organization

[235]. Fiedler[160] defined coherent structure as a flow structure with discernible correla-
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Figure 6.3: Contours of instantaneous temperature fieldatz = 0.5H,y = 0.5H and z = 0.5 H
mid-planes for (a) Ra = 2 x 10%, (b) Ra = 107, (¢) Ra = 10%, and (d) Ra = 10°.

tion, i.e., an element of turbulent motion which is set off against the stochastic background
and which by its repetitive specific properties characterizes a specific flow. Thermal plumes,
eddies, vortex-rings, hairpins, and even large-scale circulation are loosely understood as coher-
ent structures [159]. Identifying these vortical structures, their orientations, and distributions
provide a deeper understanding of the flow dynamics. One of the key identifiers of a coherent
structure is the coherent vorticity [159]. Several methods have been used to identify vortical
coherent structures, such as minimum pressure regions, closed-loop streamlines, and pathlines,
and absolute magnitude of vorticity. It has been observed that the minimum pressure regions
do not necessarily identify the vortex filaments. Though the streamlines and path lines provide
the locus of the fluid particles, they do not truly identify vortex cores as the particles may not
realize a complete revolution around the vortex core, thus making these methods less reliable.
Several studies [236-238] suggest that the second invariant of the velocity gradient tensor and
the negative part of the second-largest eigenvalue of the same tensor are reliable indicators of

coherent structures in a variety of flow situations. The second invariant is given by

1
Q = §<Rinij_Si'Sij)- (6.1)
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Recall that S;; and R;; are the strain rate and rotational rate tensors, respectively, as discussed
in chapter 3. As the shearing motion is excluded, () only takes into account the contribution
by vortical motions and essentially represents a strong local rotation in regions with () > 0.
In Fig. 6.4, the second invariant of the velocity gradient tensor for different Rayleigh numbers
is shown. The appearance of large-scale structures with finer structures in the background is
observed across three decades of Ra. Note that a wide range of values of () are possible, and
thus, an appropriate choice of () is necessary to extract the relevant information [161]. The
appropriate threshold value is based on the global maximum of () over the entire flow field.

Here the levels are shown at about 1% of the corresponding global maximum of ().

Heat transport and plume dynamics are interlinked in turbulent RBC [222]. The thermal
plumes carry heat from the boundary layers at the top and bottom towards the bulk region.
The Nusselt number provides a globally integrated description of the heat transport in thermal
systems. To characterize the heat transport for different Ra, we present the Nusselt number

scaling with Rayleigh number (Nu ~ Ra™) in Fig. 6.5. Scaling laws facilitate an excellent
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Figure 6.4: Coherent structures characterized by the second invariant of the velocity gradient
tensor (Q) for (a) Ra = 2 x 10°% (b) Ra = 107, (¢) Ra = 5 x 107, (d) Ra = 10%, (e)
Ra = 5 x 10%, and (f) Ra = 10°. The structures become finer with the increase in Rayleigh
number.
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Figure 6.5: (a) Scaling of Nusselt number with Rayleigh number, where the solid line represents
the best fit by least-squares method. (b) The compensated plot (N uRa~*" Vs Ra) for the same
data.

way of studying physical systems, especially in geophysical and astrophysical flows, as they
provide a basis for extrapolation to extreme parameter regimes that are inaccessible to current
computational and experimental efforts. In turbulent RBC the scaling relation between Nus-
selt number and Rayleigh number has been a matter of extensive study over the years [73-75].
The unifying theory of scaling in thermal convection proposed by Grossmann and Lohse [76]
(GL theory) suggests that there are no pure power laws for the Nusselt and Reynolds numbers
as a function of the Rayleigh and Prandtl numbers in the experimentally accessible parameter
regime. By decomposing the viscous and thermal dissipation rates into the bulk and bound-
ary layer contributions, Grossmann and Lohse [76, 77] identified different flow regimes in the
parameter space (Ra, Pr), and established the Nusselt number scalings (Nu ~ Ra"Pr™) at
these regimes. Later Stevens et al. [239] updated the theory by determining the prefactors for
the scaling relations using newer experimental and numerical data, and based on the modern

understanding of the physics of RBC.

The experimental study by Chu and Goldstein [240] showed deviation from the classical
theory (Nu ~ Ra'/?) in the Rayleigh number range 2.76 x 10° < Ra < 1.05 x 10%. At
moderate Rayleigh numbers, the flow organizes to form an LSC, which is comparable to the
size of the flow domain. The presence of this circulation results in communication between
the boundary layers. By including the effects of shear flow across the thermal boundary layers,

Shraiman and Siggia [75] deduced the scaling exponent n = 2/7 in turbulent RBC. Since
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Figure 6.6: The time signals of Nusselt number computed by different methods for Ra =
2 x 10° 107, 10® and 10°.

then a number of experimental [241, 242] and numerical studies [57, 166, 243] have reported
the scaling exponent as 2/7, for moderate Rayleigh number regime, Ra < 10'° [164]. The
recent LES study by Foroozani et al. [71] reported a scaling of Nu = 0.15Ra’% for 10° <
Ra < 10" inside a cubic cell. In the present study, we observe a scaling behaviour Nu =
0.16Ra*" [refer Fig. 6.5(a)], which is in good agreement with previous results [71, 151].
Further, a compensated Nusselt number versus Rayleigh number plot is shown in Fig. 6.5(b).
Here the flat line (zero slope) or the plateau demonstrates the robustness of the scaling relation.
As discussed previously, we compute the Nusselt number using different methods. The time
variation of Nusselt number computed by the three different methods (Nug, Nu., and Nu.,)
are shown in Fig. 6.6. Although the mean values of all the signals are in excellent agreement,
the Nusselt number computed using the viscous dissipation shows maximum fluctuations, while
those computed from the thermal dissipation and wall normal gradient follow a similar trend.

Table 6.1 shows that for all Ra, average Nusselt numbers computed using different methods
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are almost equal, suggesting the simulations are well resolved. The volume averaged Nusselt
numbers are sensitive to the resolution in the bulk, and the Nusselt number computed at the
isothermal walls (Nug) to the resolution in the near-wall regions. The agreement of these
quantities provides an additional confirmation on the spatial resolution used in the numerical
simulations [153, 166, 244]. Further, the values of the scaling exponent (Nu ~ Ra™) calculated

from all these methods are found identical up to two decimal places.
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Figure 6.7: (a) The spatial PDF of Nusselt number at different Ra. (b) The PDF of Nusselt
number normalized by standard deviation for different Ra.

To get better insights into the distribution of heat transfer in different parts of the flow
domain, probability density function of Nusselt number at different Ra is evaluated. In their
experimental study, Shang ef al. [245] computed the histogram of vertical heat flux at the
center of the convecting cell and observed a non-symmetric distribution. The histograms were
skewed towards the right, indicating more fluctuations in positive heat flux, which results in a
small positive mean value. Recently, Kaczorowski and Xia [151] also obtained a skewed PDF
for vertical heat flux in the bulk region. They observed that for higher Pr, the Nusselt number
fluctuations are stronger, and thus the PDFs become more skewed. The spatio-temporal PDF
of Nusselt number for different Ra is shown in Fig. 6.7(a). The Nusselt number at each spatial
location is computed as Nu = v/ RaPr(v0) — 80/8y. The PDFs are computed by taking at
least 20 samples of instantaneous volume data. As observed in the previous studies, the PDFs
are asymmetric, and they become more skewed with the increase in [Ra. Note that the PDFs
are skewed towards the right and hence results in a positive mean for the net heat transfer rate.

Similar skewed distribution of Nusselt number was observed by Lulff [246] for turbulent RBC
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inside a cylindrical domain. Plumes are the major carriers of heat in turbulent RBC. As the hot
plumes move upwards (in the buoyancy direction), they induce positive fluctuations in local
heat transfer. However, when a cold plume descends, the convective motion is in opposite
direction of buoyancy, which is indicated by the negative values of Nusselt number. Note that
the net effective heat transfer is always in the buoyancy direction, as suggested by the positive
global value of Nusselt number. The PDFs are non-Gaussian and spread with the increase in
Rayleigh number, which indicates the increase in high amplitude temperature fluctuations at
high Ra. Note that the volume and time average of Nu also agrees well with the Nusselt number
computed using the previously mentioned methods (Nu,, Nu., and Nug), which also suggests
that the simulations are locally well resolved. In Fig. 6.7(b), the PDF of normailzed Nusselt
number is shown. Here the Nusselt number is divided by the respective standard deviation
(Ntyps) for different Ra. After normalization, we observe that the core of the PDFs collapse

to each other, while the tails do not.

6.4 Statistics of dissipation rates

Statistical description of viscous and thermal dissipation rates and their possible connection to
the global heat transport is constructed here. These quantities signify the dissipation of kinetic
and thermal energy due to the effects of fluid viscosity and thermal diffusivity [169]. They
are quantified by the norm of the gradients of velocity and temperature fields. As discussed in

chapter 3, the non-dimensional viscous and thermal dissipation rates are computed as

R, 9
u J— — 5 6-2
€ Ra |Vul (6.2)
1 2

Dissipation rates are often used to identify different flow regimes [167], establish scaling laws,
and quantify different flow characteristics. These quantities form the backbone of the GL theory
[76], where they are decomposed into their bulk and boundary layer contributions to identify
different subsets in the parameter space defined by Ra and Pr, leading to predictions of scaling

behaviour of Nusselt and Reynolds (associated with the large-scale flow) numbers in these
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6.4. Statistics of dissipation rates

regimes. Shishkina and Wagner [94, 222] investigated the formation and interactions of thermal
plumes by evaluating the dissipation rates. They identified boundary layers and thermal plumes
as regions associated with large values of the thermal dissipation rate. Recall that the global
average of dissipation rates are connected to the global heat transport through the analytical
relations [75]

(" = Vv H*(Nu—1)RaPr2, (6.4)

u

(€ = a(AT)*NuH 2. (6.5)

Note that here (..) indicates volume and time averaging, as defined earlier. The above equations

are normalized to obtain the relations
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Figure 6.8: Area and time averaged vertical profiles of viscous and thermal dissipation rate for
different Ra.

First, the spatial distribution of dissipation rates is taken up. The variation of the horizontal
plane and time averaged dissipation rates along the vertical direction are shown in Fig. 6.8,
where the insets show zoomed view near the bottom plate. Note that the maximum value of
the dissipation rates occur at the top and bottom plates, which is consistent with the observa-

tions made by Zhang et al. [169] and Emran and Schumacher [95]. In the bulk region, both
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Figure 6.9: Scaling of viscous and thermal dissipation rates with Rayleigh number.

(€u) . and (€g) 4 remain nearly constant which indicates a well-mixed homogeneous region.
However, near the top and bottom boundary layers, the dissipation rates increase sharply to
attain maximum values on the isothermal plates. This suggests that the thermal and viscous
dissipations occur mainly in the vicinity of the horizontal plates. Note that with the increase in
Ra, the homogeneity in the bulk increases, and the dissipation rates become more concentrated

near the isothermal plates.

Next, we examine the Rayleigh number scaling of the dissipation rates. The variation of the
ensemble averaged non-dimensional dissipation rates, (€,) = \/Pr/Ra(|Vu|?) and (€5) =
V/1/RaPr(|V0|?) with Ra are shown in Fig. 6.9. The solid lines indicate the least—square fit
to the corresponding data, which gives the scaling relations (€,) = 0.14Ra""*" and (&) =
0.19Ra"%2!. Note that the scaling behaviours are in excellent agreement with the theoretical
predictions, which are obtained by plugging the relation Nu ~ Ra?'7 into the global estimates
of the dissipation rates, given by Egs. 6.6 and 6.7, resulting in (€;") ~ Ra~%%" and (€) ~
Ra02!

The spatio-temporal PDF of the thermal and viscous dissipation rates normalized by their
respective root mean square (rms) values (€, = y/(€5) and €, = +/(€2) ) are shown
in Fig. 6.10 for different Ra. For both thermal and viscous dissipation rates, the tails of the

PDF become more extended with increase in Ra, suggesting an increased level of small-scale
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Figure 6.10: Spatio-temporal PDF of the thermal and viscous dissipation rates at different Ra
fitted with a stretched exponential function.

intermittency of the dissipation fields. This is consistent with the observations made by Zhang
et al. [169] and Emran and Schumacher [95]. Intermittency is one of the key issues in turbu-
lent flows. In an intermittent flow field, turbulent activity is characterized by intervals of low
intensity turbulence interrupted irregular bursts of strong turbulence [247]. PDFs and struc-
ture functions are generally used in turbulent flow analysis to quantify the intermittency effects
[247-249]. PDFs of intermittent fields are usually observed to show strong tails of extreme
fluctuations and a pointed peak, which indicates the frequent low amplitude events. Figure.
6.10 shows that low amplitude dissipation events are more probable, while the high amplitude
events are rare. However, with increase in Ra, the magnitude of these extreme events increases,
which is shown by the extended tails at higher Ra. To quantify the dissipation rates, the tails

of the PDF are fitted with a stretched exponential function as
P(X) = C/VXexp(—mX®). (6.8)

Here, C', m and « are fitting parameters, and X corresponds to €(r)/€"™*. The fitting is carried
out for the values which are greater than X = 1. For all the cases, we obtain a scaling exponent
a = 0.3 - 0.4, which is in good agreement with earlier results [169, 170, 233]. The stretched

exponential function (Eq. 6.8) was used by Overholt and Pope [250] and Schumacher and
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Sreenivasan [171] to quantify passive scalar dissipation in homogeneous isotropic turbulent
flow, where in the limit of large Peclet numbers, v = 1/3 was obtained. This was later adopted

for active scalar dissipation in various studies [170, 172].
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Figure 6.11: Spatio-temporal PDF of (a,b) log €4 and (c,d) log €, at different Ra in log-normal
coordinates. The solid line represents the standard normal distribution. The data is represented
in (a,c) linear plots and (b,d) linear-logarithmic plots.

InRBC, dissipation rates are often expected to follow a log-normal distribution [168]. How-
ever, considerable deviations due to the highly intermittent nature of local dissipation have also
been reported [169—172]. Emran and Schumacher [170] investigated the spatial distribution
of thermal dissipation rate in two different sub-volumes of the domain, i.e., the bulk and near-
wall region, and observed that dissipation rate in both the regions deviate significantly from

log-normality. Zhang et al. [169] also observed deviations of dissipation rate from log-normal
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behaviour. Bhattacharya er al. [233] observed that the viscous dissipation in bulk follows a
log-normal distribution while it follows a stretched exponential distribution inside the bound-

ary layer.

To examine such deviations in the present study, the PDFs of thermal and viscous dissipa-
tion rates are represented in log-normal coordinates in Fig. 6.11, where ;o and o indicate the
corresponding mean and standard deviation of the logarithmic dissipation rates. The solid line
represents the normal distribution curve for reference. In order to distinguish the differences
in the PDFs, the data is shown in both linear [Figs. 6.11(a) and 6.11(c)] and linear-logarithmic
[Figs. 6.11(b) and 6.11(d)] axes. It is evident that for both €4 and €, the cores, as well as
the tails of the PDFs, deviate considerably from log-normality. Figure 6.11(b) shows that for
thermal dissipation rate, both the small and large amplitude tails are more scattered than the
log-normal curve. The right tails depart with a bump and then drop steeply. A similar fea-
ture has been reported by Kaczorowski and Wagner [243]. Emran and Schumacher [170] also
reported such bumps in the PDFs of €4 and associated it with the boundary layer dynamics.
They analyzed the PDFs of €, in bulk and boundary layers separately and observed that both
the regions show a significant departure from the log-normal curve, although the bumps were
identified only in the boundary layer region. Figures 6.11(c) and 6.11(d) show that the PDFs of
viscous dissipation rate appear to converge towards log-normality with increase in Ra. Here
the right tails almost follow the log-normal behaviour while the core region and left tails devi-
ate from it. With the increase in Ra, the left tail and core also approach towards log-normality.
It has been shown in previous studies [233] that the viscous dissipation in the bulk follows a
log-normal behaviour, similar to the predictions by Obukhov [251] for hydrodynamic turbu-
lence. The deviations in the present study are primarily due to the presence of solid walls and
boundary layers. As Rayleigh number increases, bulk homogeneity also increases, leading to
thinner boundary layers. This is reflected in Fig. 6.11(d), as the distribution functions approach

the log-normal behaviour.

6.5 Plume and turbulent background decomposition

In the past few decades, a number of methods have been explored for identifying thermal

plumes. Belmonte and Libchaber [90] identified plumes by analyzing the skewness of the
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temperature derivative. A threshold value of the vertical velocity and temperature was used
by Julien ef al. [91] for recognizing plumes, while Zhou and Xia [92] used a cutoff on the
temperature difference for the same. Ching et al. [252] quantified plumes by decomposing
the local velocity into two parts and analyzing its correlation with the local temperature fluc-
tuations. Recently, Alexandre ef al. [93] characterized plumes based on positive temperature
fluctuations and on a threshold value of the turbulent heat flux, which is the product of temper-
ature and vertical velocity fluctuations. The central theme of these methods is that plumes are
generated by buoyancy, and their velocity is expected to be related to the temperature fluctua-
tions in one way or the other. Shishkina and Wagner [94] used an approach based on the local
thermal dissipation rates. They considered the thermal boundary layers and plumes as regions
associated with larger thermal dissipation rates. In the present study, we identify plumes based
on the product of the vertical velocity and temperature fluctuations ( v'6’), a proposition made

by Emran and Schumacher [95].

In the present technique, the cell volume is decomposed into two disjoint subsets, such
as, the plume-dominated regions and the remaining turbulent background. The decomposition
is achieved based on the amplitude and sign of the correlation between vertical velocity and
temperature, v'6’. Here v and #' are the fluctuations about the mean, given by, 8’ = 0 — (6) 4,
and v' = v as (v)4; = 0. A plume can be considered as a local phenomenon of fluctuation of

vertical velocity and temperature about the mean. Thus, the regions are identified as

V'8 > C, : plume, (6.9)

V"0 < Cy : background, (6.10)

where C} indicates the cutoff value that demarcates the plume and background. Five different
values of C; are considered in the present study, which are 0, 0.1%, 1%, 5% and 10% of the
instantaneous global maximum of v'¢’. For each cutoff, the volume of the plume and turbulent

background regions are calculated, which are denoted by V,,; and V},,, respectively, where

Veew = Vi + V. (6.11)

Here V,.; represents the total volume of the cell, while the subscripts pl and bg correspond

to the plume and background regions, respectively. The volume fractions of each regions are

TH-2625_136103004 154



6.5. Plume and turbulent background decomposition

calculated as V,; = Vj,1/Veey and Vb’g = Vig/Veeu-

Table 6.2: Volume fraction of the plume and background at Ra = 107, Pr = 0.7 and I' = 1,
for different cutoffs compared with those obtained by Emran and Schumacher [95].

C% Vi Vi ViI95] Vj,[95]
0 076 024 074 026
0.1 071 029 069 031
1 058 042 056 044
5 030 070 028  0.72
10 020 080 019 081

For validating the plume and background decompositions, simulations are carried out at
Ra = 10" and Pr = 0.7 in a cylindrical container with aspect ratio I' = 1, and the results
are compared with the numerical study by Emran and Schumacher [95]. Table 6.2 shows the
volume fractions of plume and background regions for different cutoffs, which are in good
agreement with those obtained by Emran and Schumacher [95]. With the increase in cutoff,

the volume fraction of plume decreases, while that of the background increases.

Figures 6.12 and 6.13 show 3-D perspective of the thermal plumes obtained for Ra = 10°
and 10° corresponding to the threshold value C;, = 10%. The plumes are further identified as
hot or cold based on whether the instantaneous temperature is greater or less than the mean
temperature (§ = 0.5). As discussed previously, using the temperature iso-surfaces (refer Fig.
6.2), the organization of hot and cold plumes to form a coherent LSC is quite evident. Here red
and blue colours indicate hot and cold plumes, respectively. The plumes become finer with the
increase in Ra. Further, the planar view of the plumes in the diagonal plane containing LSC
is shown in 6.14(a), which clearly shows the organized motion of the hot and cold plumes to
form an LSC in the clockwise direction. However, in the other diagonal, a four-roll structure
is observed [refer Fig. 6.14(b)]. Here the hot and cold plumes coming from opposite planes
collide near the mid-plane y = 0.5/, which results in disconnected fragments of plumes in the
bulk region. Detailed discussion on the flow structure and dynamics in the LSC and non-LSC

diagonals are carried out in the next chapter.

Planar view of the plume and background regions at different mid-planes, i.e., v = 0.5H,
y = 0.5H and z = 0.5 H are shown in Figs. 6.15 and 6.16 at C;, = 0 and C; = 1%, respectively,

for Ra = 10°. It is evident that plume regions are identified mainly near the boundary layers
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m Hot plume  mCold plume

Figure 6.12: (a) Thermal plumes identified using the correlation between vertical velocity and
temperature fluctuations for cutoff C; = 10% at Ra = 10®. (b) Hot and cold plumes for the
same cutoff and Ra.

(b)

m Hot plume = Cold plume

Figure 6.13: (a) Thermal plumes identified using the correlation between vertical velocity and
temperature fluctuations for cutoff C; = 10% at Ra = 10°. (b) Hot and cold plumes for the
same cutoff and Ra.

and close to the side walls. However, at C; = 0, disconnected, finer fragments of plumes
are observed in the bulk region, which are absent for C; = 1%. The apparent similarity in the
appearance of plume and background regions in different planes (especially Fig. 6.15) signifies
the isotropic nature of the flow. The observed plume behaviour and its structure are in good
agreement with earlier studies [95]. However, the present study does not identify any so-called

“mushroom” shaped plumes.

Next, the plume morphology near the boundary layers and their evolution as they travel
towards the bulk are evaluated. Near the top and bottom boundary layers, the so-called “sheet-
like” or “line-like” [222, 229] structures are observed, which are evenly distributed throughout
the horizontal plane, as shown in Figs. 6.17(a) and 6.17(c). However, on reaching the mid-
plane, the plumes get clustered and thus loose their line-like behaviour and segregate near the

lateral walls [see Fig. 6.17(b)]. Note that although the formation of the plumes takes place
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(a) (b) m Hot plume = Cold plume
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Figure 6.14: Hot and cold plumes for Ra = 10° and cutoff C, = 1% at (a) diagonal plane
containing LSC and (b) four-roll structure. The arrows indicate the direction of plume motion.

(b) vy =0.5H

Figure 6.15: Plume and turbulent background regions identified using the correlation between
the vertical velocity and temperature fluctuations for Ra = 10° and cutoff C;, = 0 at (a) z =
0.5H, (b)y =0.5H, and (c) z = 0.5H. Red and blue colours indicate plume and background

regions, respectively.
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Figure 6.16: Plume and turbulent background regions identified using the correlation between
the vertical velocity and temperature fluctuations for Ra = 10° and cutoff C;, = 1% at (a)
x = 0.5H, (b)y = 0.5H, and (¢) z = 0.5H. Red and blue colours indicate plume and

background regions, respectively.
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(C)y = 0.9925H

Figure 6.17: Plume and turbulent background regions identified using the correlation between
the vertical velocity and temperature fluctuations for cutoff C;, = 1% at Ra = 10° at different
planes; (a) y = 0.0075H, (b) y = 0.5H, and (c¢) y = 0.9925H. Red and blue colours indicate
plume and background regions, respectively.
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Figure 6.18: (a) Hot and cold plumes identified using the correlation between the vertical ve-
locity and temperature fluctuations for cutoff C; = 1% at Ra = 10° in the diagonal plane
containing the large-scale flow. (b) The contours of Nusselt number in the same plane.

uniformly across the boundary layers (near the top and bottom plates), they are swept away in
the direction of the large-scale flow. As a result, away from the boundary layers, the plumes

appear clustered near the lateral walls.

Plumes are primarily responsible for a significant share of heat transport in turbulent con-
vection. Here, we investigate how the thermal plumes are associated with the local heat transfer
rate, Nu(r). The hot and cold thermal plumes, along with the contours of Nusselt number, are
shown in Fig. 6.18, in the LSC diagonal plane of the box. It is evident that plumes are strongly
associated with higher magnitudes of local Nusselt number. Note that positive values of Nu
are associated with the hot plumes due to positive vertical velocity (upward motion), suggest-
ing its movements in the buoyancy direction. On the other hand, the negative values of Nusselt

number are connected to the cold plumes.
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The variation of volume fraction of the plume and background with Ra for different thresh-
old values (Cy) is shown in Fig. 6.19. It is evident that for all values of C;, volume fraction
of the plume drops, and that of the background increases with the increase in Ra. Thus, at
very high Ra, the plume dominated regions are negligible and the background region domi-
nates. Further, power-law behaviour, Vp/l = aleabPl and Vb’g = abgRabbg, are observed with
respect to Ra. The values of the fitting parameters are listed in Table 6.3. The power-law ex-
ponent b, shows a decreasing trend with the increase in threshold value, while the exponent
for background fraction does not show any particular trend. The volume fractions show a clear
dependence on the threshold value C}, i.e., larger the C} is greater the probability of identifying
a local region as turbulent background. These trends are consistent with the numerical study

of Emran and Schumacher [95].
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Figure 6.19: Variation of volume fraction of the plume and the background regions with Ra
for different threshold values. The volume fractions exhibit a power-law behaviour with Ra.

Next we turn our focus to the contribution of plume and background to the thermal dissi-

pation rate, computed as

1

(€9)pt = (5 / €pdv), (6.12)
pl Vpl
1

(€)pg = (v / €odv). (6.13)
bg Vig
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Table 6.3: The power-law fits for volume fraction of the plume and turbulent background region,
Vo = ay Ra’" and Vg = apy Ra™s, at different cutoffs C.

C’t(%J Qpj bpl Qpg bbg
0 1.14 —0.025 0.078 0.070
0.1 1.31 -0.038 0.079 0.080
1 220 —0.085 0.108 0.086
3.45 —0.147 0.280 0.054
10 434 —-0.189 0.440 0.036
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Figure 6.20: (a) Variations of the contribution of the plume and the background to the thermal
dissipation rate with Rayleigh number at different cutoffs (C; = 0, 0.1%, 1%, 5%, and 10%).
(b) For C; = 0, the contributions of the plumes and background become equal and approach
the global scaling at high Rayleigh numbers.

Here (€g),; and (€y)p, are the average thermal dissipation contributions from the plume and
background dominated regions, respectively, which follow the global balance V.. {(€g)y =
Vou(€o)pi + Vig(€o)pg. The variation of (€4),, and (€5)p, with Ra for different threshold (C})
is shown in Fig. 6.20. Similar to the global averaged dissipation, (€y),, and (€p)s, also follow
a power-law behaviour with Rayleigh number. The power-law fits to the data result in the
scaling behaviour (€y),; = a, Ra’" and {(€p),, = ay,Ra". The exponents and prefactors
obtained from least-squares fit for different cutoffs are shown in Table 6.4. Note that the power-
law exponent b,; shows decreasing trend with the increase in threshold value. However, the
exponent for the background dissipation shows only slight variations with C;. Interestingly,
for C; = 0, the contribution from the plume and background to the thermal dissipation rates

approach the global ({€y) ~ Ra~?") scaling for higher Rayleigh numbers (Ra > 10%).
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6.5. Plume and turbulent background decomposition

Table 6.4: The power-law fits for thermal dissipation in the plume and turbulent background
region, (€p), = aleabpl and (€9)py = abgRab”g, at different cutoffs C}.

Ct% Qpl bpl Qpg bbg
0 0.138 —0.197 0.553 —0.269
0.1 0.115 —-0.198 0.838 —0.279
1 0.072 —-0.182 0.919 —-0.287
5 0.033 -0.144 0.531 —0.265
10 0.02 —-0.118 0.377 —0.248
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Figure 6.21: Temporal PDF of the volume fraction of the plume and background regions for
different cutoffs at (a) Ra = 2 x 10°, (b) Ra = 107, (c) Ra = 10®, and (d) Ra = 10°. The
solid lines represent the corresponding normal distribution.

The temporal PDFs of volume fraction of the plume and background regions are shown in
Fig. 6.21. For all cutoffs, the PDFs follow a normal distribution, although small deviations are
observed at Ra = 10°. Dependence of the cutoff on the plume and background decomposition
is evident from the frames shown. For C; < 1%, the volume fraction of the plume dominates
for all Ra, as Vp’l is shifted towards high amplitude events (right side) while Vb’g to the low

amplitude events. However, for higher values of C}, the trend reverses and background fraction

TH-2625_136103004 161



Chapter 6. Statistics of thermal plumes in turbulent convection in a cubic cell

dominates. Further, with the increase in Ra, the PDFs become thinner and more localized near

the respective mean values.

Grossmann and Lohse [167] split the thermal dissipation rates into their contributions from

the plume and background regions. The theoretical estimates are given as

AT)?
ngpl ~ a—( 2> R€1/2PT1/2fl/2, (614)
6271)9 ~ X 3 RePT’f, (6'15)

where f is the shedding frequency of the plumes which has no dependence on the Reynolds

number Re. The Reynolds number associated with the large-scale mean flow is computed as

Re = UH /v, where U = /(u2 + v2 + w?) [169, 253]. The equations can be further cast into

AT)? 1

€h ~ V( Re'2pypl/2 /2, 6.16

o H \Rabr / ©10
AT)? 1

€y ™~ yal) RePrf. (6.17)

H +/RaPr

Thus, the non-dimensional thermal dissipation rate contributions are written as

ey Re'*pri/2fii2, (6.18)

RaPr
1

€ ~
s vV RaPr

RePrf. (6.19)

To check these scalings in the present study, the normalized thermal dissipation contribution
from the plume and background regions are plotted against [Ze in Fig. 6.22, where solid lines
show the exact scalings corresponding to v/RaPr €0 ~ Re'? and VRaPr €9,pg ~ Re. Note
that here €y, = (€9) V1 and €gpy, = (€g)py Vi, are the effective dissipation from the plume
and background regions, respectively. The power-law fits of the dissipation rates in the form
vV RaPr €o.pl ~ Re® and vV RaPr €0,bg ~ Re™s are attempted using the least-squares method,
and the observed exponents are shown in Table 6.5. For lower values of cutoff (C; = 0, 0%
and 1%), the thermal dissipation from the plume region scales well with the GL theory [167]
with an observed exponent (b,;) between 0.46 — 0.55, while for higher values of C; deviations
are observed. On the other hand, the background dissipation does not follow GL scaling for all

values of C,.
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Figure 6.22: Variation of the normalized thermal dissipation contribution from the (a) plume
and (b) background with Reynolds number at different cutoffs (C; = 0, 0.1%, 1%, 5%, and
10%). The solid lines represent the corresponding scaling obtained by GL theory.

Table 6.5: The power-law fits for the normalized thermal dissipation rate from the plume and
background region, v RaPr €g, ~ Re®' and v RaPr €9,bg ~ Re’s, at different cutoffs.

Ci% by by
0 055 0.63
0.1 0.52 0.64
1 046 0.63
5 039 0.61
10 0.37 0.30

In their 2D simulations on turbulent RBC, Zhang et al.[169] also observed such deviations
in the bulk scaling and they attributed it to inverse energy cascade[254]. Note that similar devi-
ations for the bulk contributions have already been reported in many three-dimensional works
also. Calzavarini et al.[83] reported that these deviations in the bulk are due to the presence of
large vertical jets. These jets are associated with the formation of strong vertical temperature
gradients on the surfaces at their boundaries. In their simulations in spherical shells, Gastine
et al.[255, 256] also observed deviations from theoretical predictions. They proposed that the
problem is due to the inherent difficulty in the separation of the bulk and boundary layer con-
tributions. The dynamical plumes constantly departing from the boundary layers obviously
complicate matters. Similarly, in the present work also we infer that the deviations from the-
oretical predictions might be due to the errors arising from the decomposition of plume and

background regions. Note that different researchers use different methods for identifying the
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Chapter 6. Statistics of thermal plumes in turbulent convection in a cubic cell

plume and background regions and there exist no hard and fast rule for the same. Hence, devi-

ations from the theoretical predictions are expected.

6.6 Temperature and velocity fluctuations

Kaczorowski and Wagner [172] analyzed the turbulent fluctuation of velocity and temperature
in turbulent RBC, and observed that the velocity and temperature fields are correlated within
the thermal boundary layers and tend to be uncorrelated in the core region of the flow. The
decorrelation was also observed with increasing Ra, when the flow becomes fully turbulent.
Generally, the transition from Gaussian to exponential distribution of velocity and temperature
is used to characterize the soft and hard turbulence regimes [257, 258]. However, based on Ra,
Pr, and aspect ratio (I') of the container, the nature of transition changes. For unit aspect ratio
containers, Heslot et al. [257] and Sano et al. [185] reported that the distribution of temperature
fluctuations at the center of the domain transforms from Gaussian in soft turbulent regime to
exponential distribution in the hard turbulent regime, and the transition occurs approximately
around Ra =~ 107. However, Deluca et al. [259], Solomon [258], and Solomon and Gollub
[260] observed exponential distribution in the Rayleigh number range 10° < Ra < 2x 10%. On
the other hand, Qui et al. [261] obtained a clean Gaussian distribution for velocity fluctuations
at the center of the cell for Ra = 3.7 x 10°. Also, a mixed Gaussian and exponential distribution
was observed by Christie and Domaradzki at 2.5 x 10° < Ra < 6.3 x 10° for larger aspect
ratio containers (I' &~ 5). Here, we evaluate the distribution of temperature and vertical velocity
to identify the flow behaviour in different regions of the flow domain. Firstly, the temporal
behaviour of the flow at the center of the flow domain is examined. Following this, the spatial
PDFs are analyzed at different horizontal sections of the cubic cell. Further, we examine how

these statistics are connected with the flow structure and plume behaviour.

The normalized PDFs of velocity and temperature fluctuations at the center of the cubic
cell (measured by the probe P;") are shown in Fig. 6.23, where the abscissa is (6 — pg)/0g
or (v — ,)/0, and the ordinate is its corresponding PDF. Here i and o represent the mean
and standard deviation of the respective variables. The solid lines represent the corresponding

normal distribution. The velocity fluctuations approach a Gaussian profile with the increase in
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Figure 6.23: PDF of vertical velocity and temperature fluctuations at the center of the cell for

different Ra. The solid lines represent the corresponding standard normal distribution.

Figure 6.24: Spatial PDF of (a) temperature and (b) vertical velocity at mid-plane (z = 0.5H)
for different Ra.

Ra, while the temperature fluctuations show a clear departure from it. The PDF of temperature
at Ra = 2 x 10° follows a near Gaussian distribution, while at higher Ra, it shows significant
deviations. For higher Ra, an exponential distribution is observed, which is consistent with
the observations made by Heslot ef al. [257] and Sano ef al. [185]. It is evident that as the
Ra increases, the temperature PDFs become more skewed as the left tail becomes shorter,
and the right tail extends beyond the standard normal curve. The stretched behavior of the
high amplitude tail indicates the increased level of small-scale intermittency at high Rayleigh

numbers.

The spatial PDFs of temperature and vertical velocity at the horizontal mid-plane (y =
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Figure 6.25: Spatial PDF of temperature (top row) and vertical velocity (bottom row) at mid-
plane (z = 0.5H) for (a) Ra = 2 x 10°%, (b) Ra = 107, (c) Ra = 10%, and (d) Ra = 10°. Solid
line shows the Gaussian distribution curve.
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Figure 6.26: Spatial PDF of temperature (top row) and vertical velocity (bottom row) at various
heights (z = 65/2, 89, 264, 409, 1085, and 0.5H ) for (a) Ra = 2 x 10°, (b) Ra = 107, (c)
Ra = 108, and (d) Ra = 10°.

0.5H) of the cell for different Rayleigh numbers are shown in Fig. 6.24. The PDFs of tem-

perature become narrower with the increase in Ra as shown in Fig. 6.24(a), which was also

observed by Emran and Schumacher [170]. Recall that in the previous sections, we observed

that with the increase in Ra bulk homogeneity increases, and the turbulent background dom-
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inates the plume region. The plumes are high amplitude events, i.e., they are associated with
high or low temperatures. Hence, the decrease in plume dominated regions reduces the spread
of the PDFs of temperature. Thus at higher Ra, the PDFs become thinner and more localized
near the mean temperature [see Fig. 6.24(a)]. The PDF of vertical velocity does not follow any
particular trend with Ra. To check the deviations from Gaussian distribution, the same data set
is shown in Fig. 6.25, where the solid lines represent the corresponding Gaussian distribution.
It is apparent that the profiles are non-Gaussian at all Ra for temperature. Moreover, the de-
parture from Gaussian becomes pronounced as the Rayleigh number is increased. For vertical
velocity, though at low [Ra the PDFs show a near-Gaussian distribution, significant deviations

are observed at high Rayleigh numbers.

To evaluate the variation of the temperature and velocity field with vertical height, PDFs are
computed at different heights from the bottom plate, such as, y = /2, dg, 209, 409, 1004 and
0.5H, as shown in Fig. 6.26, with dy being the thermal boundary layer thickness. The disparity
in the PDFs of temperature and vertical velocity is apparent. Note that the PDFs of temperature
become more symmetric with the increase in height. At the center of the cell, symmetric
profiles are obtained for all Ra. On the other hand, the PDFs of vertical velocity are always
symmetric, and they appear to become narrow with the increase in height. At any horizontal
plane, the upward and downward flow cancels out, and hence the effective vertical velocity
becomes zero. Thus, the distributions of vertical velocity are always symmetric and centered
around v = 0. However, for temperature distribution, other than the turbulent bulk region
(near the horizontal midplane y = 0.5/), the horizontal plane averaged temperature is either
higher or lower than the bulk mean temperature. At mid-height the mean temperature is 0.5,
and hence the PDFs are seen to center around ¢ = 0.5. However, away from the bulk, they get
skewed towards either higher or lower temperatures. It is apparent in Fig. 6.26 that the PDFs of
temperature near the bottom plate are skewed towards higher temperatures (§ > 0.5). Similarly,
the PDFs near the top plate will appear shifted to lower temperatures (f < 0.5). This is also
reflected in the vertical profiles of the horizontal plane and time averaged temperature ((0) 4 ;)
discussed in later section. These observations are in line with previous studies [170, 173]. The
height dependent symmetry of the temperature and velocity fields is quantified by evaluating

the skewness ( of v and ), which is carried out in the next section (Fig. 6.34).
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Chapter 6. Statistics of thermal plumes in turbulent convection in a cubic cell

6.7 Planar statistics

To identify the flow characteristics in different regions of the flow, planar statistics of temper-
ature and velocity are computed. Four different measures of temperature fluctuations, namely,

the average temperature (6) 4, variance oy, skewness Sy, and flatness F are evaluated as

0° 0
)it ana py = & 0ae, (6.20)

032 (02,

oo = (0% a4, So=

Here the averages (..) 4 ; are obtained by time averaging the horizontal plane (y planes) averaged
quantities. Similarly, the variance (o,), skewness (S,), and flatness (F},) of vertical velocity are
also calculated. Statistical convergence of the flow is ensured by the symmetric profiles of the

mean and variance about the mid-plane (y = 0.5H).

Ra = 2x10°
Ra = 3x10°
Ra = 5x10°
Ra = Ix107
Ra = 2x10"
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Figure 6.27: Area and time averaged vertical profiles of mean temperature (#) 4 ; and variance
of temperature oy at different Ra.

In Fig. 6.27, vertical profiles of mean and variance of temperature are shown, which clearly
indicate different characteristic regions in the flow domain. The mean temperature shows a
sharp gradient in the boundary layer region, which decreases gradually towards the bulk re-
gion (y = 0.5H). With increase in Ra, the temperature in the bulk becomes almost constant.
Hence, at high Rayleigh numbers, the imposed temperature difference across the top and bot-
tom plates is accomplished almost entirely within the thermal boundary layer [140]. Note,
Nusselt number is defined as the ratio of total heat transport to that of the conductive (only)

heat transport (Nt & Gota1/ Geona)- The conductive heat transport across the fluid layer is given
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bY Geona = KAT/H, where K is the thermal conductivity of the fluid. In an idealized case,
where the entire imposed temperature gradient is lost in the thermal boundary layers, the to-
tal heat transport can be written as g0 = K AT /25y. Thus, we obtain the relation between

Nusselt number and thermal boundary layer thickness as

Nu ~ Gtotal ~ £
Geond 260

(6.21)

The variance of temperature increases as we move away from the isothermal plates and peaks
near the edge of the boundary layer where it shows a sharp gradient, as shown in Fig. 6.27.
Subsequently, it drops gradually to attain an almost constant value near the center of the flow
domain. This nearly constant value of oy indicates homogeneity in the bulk region. Note that
the homogeneous region widens with the increase in Ra, as the peaks shift towards the top
and bottom plates. As discussed in the previous sections, at low Ra, thermal plumes extend
over the entire cell domain, and they are more likely to travel across the bulk region. Thus,
the magnitude of variance of temperature (and velocity) becomes larger in the bulk. However,
with the increase in Ra, due to better mixing, the plumes are less likely to approach the central
region, resulting in a homogeneous turbulent flow in the bulk. Hence, the variance reduces in

the bulk with increase in Ra.

For both mean and variance of temperature, the high gradient region represents the thermal
boundary layers. The thermal boundary layer thickness &y is computed as the distance of the
local maxima in variance profile from the plates [173], as shown schematically in Fig. 6.28.
Figure 6.29(a) shows thermal boundary layer thickness obtained from the peak variance of
temperature for different Ra, which follows a power-law behaviour 6 = 2.82Ra "%, Substi-
tuting the Nusselt number scaling (Nu = 0.16 Ra’?*%) observed in the previous section in Eq.
6.21 yields the relation 6, = 3.12Ra %%, which is in good agreement with the observed scal-
ing relation. Further, the comparison with the numerical study by Verzicco and Camussi [52]
(cylindrical cell) is shown in Fig. 6.29(a), which suggests adequate resolution of the present
simulations. On a similar note, a scaling exponent of (0.285 was reported by Wagner et al. [50].

It has been observed in various experimental [74], numerical [173], and theoretical [75]

studies that the maximum variance of temperature, o,"** (at the edge of the boundary layer )
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Figure 6.28: Sample profile of variance of temperature showing the locations of maximum

variance o,'*", variance at center oy, and the thermal boundary layer thickness corresponding

to maximum variance dy.

and the variance at the bulk, oy (at the center of the domain) follow different power law be-
haviour with Ra. Figure 6.28 schematically shows the locations of 0,"*", 0y, and the thermal
boundary layer thickness corresponding to maximum variance. Here the superscripts ¢ and
max correspond to the domain center and maximum value, respectively, which are also fol-
lowed in case of velocity profiles. Figure 6.29(b) shows the scaling behaviour observed for the
variance of temperature where we observe a power-law behaviour as o' = 0.048 Ra %!
and 0§ = 1.15Ra~"?". The scaling exponent for maximum variance is in good agreement with
the —1/14 scaling of Kerr [173]. However, the bulk scaling shows significant deviation from

the theoretical prediction ( —1/7 scaling) by Castaing et al. [74] and Shraiman and Siggia [75],
and the DNS of Kerr [173].

Vertical profiles of rms (uy,s = /0y and w,.,s = +/0y,) of the horizontal velocities are
shown in Fig. 6.30. Both the horizontal components show high fluctuations near the wall
which eventually flattens to yield a homogeneous central region. With increase in Ra, the
bulk homogeneity increases, and thus the rms values of the horizontal velocities reduce, as
observed in case of gy. The vertical distance of the peak rms from the horizontal wall gives an
estimate of viscous boundary layer thickness. For better representation, total horizontal velocity

is considered as u? = \/u2 .+ w? _, which is subsequently normalized to Peclet number,

rms

Hx

A+ H/a, where u’*, = V u¥ s the dimensional rms (with V' being the

rms rms

given by Pe, = u
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Figure 6.29: (a) Scaling of the thermal boundary layer thickness with Ra. (b) Scaling of max-
imum variance of temperature, 0,"** and the variance at the bulk, oy with Ra. The solid lines
represent the corresponding power-law obtained by least-squares approximation and dashed

line represents the observations by previous study.
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Figure 6.30: Vertical profiles of rms of horizontal velocities (u,,s and w,.,,s) at different Ra.
The arrows indicate the direction of increasing Rayleigh number.

velocity scale). As in the present computation we use only non-dimensional quantities, Pe is
calculated from the non-dimensional rms as Pe, = v/ RaPr u* . Similarly, the normalized
rms of vertical velocity, given by Pe, = v} H/a = V' RAPT ¥y, is also calculated. The
vertical variation of the normalized rms of the horizontal velocity and vertical velocity is shown

in Fig. 6.31. Pe, increases as we move away from the isothermal plates, peaks near the edge of

the viscous boundary layer, where it shows a sharp gradient and subsequently reduces gradually
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Figure 6.31: Vertical profiles of the normalized effective horizontal velocity and vertical veloc-
ity, in terms of Peclet number, at different Ra. The arrows indicate the direction of increasing

Rayleigh number.
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Figure 6.32: Scaling of the viscous boundary layer thickness with Ra constructed using the

least-square approximation.

The dashed lines represent the observations by previous studies.

in the bulk region. In contrast to the horizontal velocity, the variance of vertical velocity Pe,

increases all the way up to the center of the cell, as shown in Fig. 6.31. The large value of Pe,

near the top and bottom plates suggest that the flow is dominant in the horizontal direction (note

that Pe, is negligible near the isothermal plates). On the other hand, away from the horizontal

plates, flow occurs predominantly along the vertical direction, and as a result, Pe,, reduces and

Pe, increases. The large-scale behaviour of the flow to form a coherent LSC mentioned in
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the previous sections is apparent from these observations. Further, with increase in Rayleigh
number, the magnitude of the normalized variances increase (see Fig. 6.31), indicating the

dominance of the LSC at higher Ra.

Kerr [173] defined the viscous boundary layer thickness as the vertical distance of the peak
value of Pe, from the horizontal wall. Figure 6.32 shows the velocity boundary layer thick-
ness for different Ra, which follows a power-law behaviour as §, = 0.5Ra %', The exponent
is in reasonable agreement with Qiu and Xia [63], Castaing et al. [74] (cylindrical cell), and
Kerr [173]. The experimental study by Lam er al. [262] showed that the viscous boundary
layer thickness depends on both Ra and Pr, and follows the relation &, = 0.65Ra™%'0 Pr0-24,
For fixed Prandtl number of Pr = 0.7, the power law behaviour becomes 8, = 0.6Ra'°,
which agrees well with the present study as shown in Fig. 6.32. Previous studies [165, 173]
have shown that the maximum rms of horizontal velocity, Pe;"“* (at the edge of the boundary
layer ) and the rms at the bulk, Pe; follow a power-law behaviour with Ra. Figure 6.33(a)
shows the scaling observed for the rms of velocities. The least-squares fits of the data show
a power-law behaviour of Pe"** = 0.21Ra’*" and Pe’, = 0.18 Ra’*°. The rms of vertical
velocity at the center also follows a power-law behaviour, Pe¢ = 0.12Ra’?®, as shown in Fig.
6.33. The scaling relations obtained in the present study are compared with those obtained by
Kerr [173] in Fig. 6.33(b) which shows excellent agreement. In their experimental studies with

water in cubic cell, Qiu and Xia [63, 70] also reported a scaling behaviour of Pe, Ra’?.

The mean and variance provide a qualitative description of thermal boundary layer and the
bulk region, while skewness being the third-order moment, indicates a measure of the sym-
metry around the mean value. Positive skewness means that the tail on the right side of the
distribution is longer or fatter, whereas negative skewness indicates a fatter left tail. If the dis-
tribution is symmetric, then the skewness becomes zero. Willis and Deardorff [263] showed
that the skewness of vertical velocity and temperature are crucial for turbulent diffusion in at-
mospheric boundary layers. The vertical profiles of skewness of temperature Sy and vertical
velocity S, are shown in Fig. 6.34. Both skewnesses show a skew-symmetric distribution about
the center with significant negative fluctuations near the hot plate, which renders Sy, S, < 0.
While vertical velocity loses its intensity to saturate in the intermediate and bulk regions, tem-
perature fluctuations follow a slow linear variation. This feature is different from free surface

flows where only positive skewness is reported. A similar effect can be observed here if the
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Figure 6.33: (a) Scaling of maximum variance and the variance at the bulk of normalized ve-
locities with Ra, constructed using least-square approximation. (b) Comparison of the present
results with those obtained by Kerr [173].

upper surface is insulated so that the effect of the cold plumes are negated. In RBC, hot and
cold plumes extend into the flow domain and approach the opposite plate. In the boundary
layer at the bottom, the cold plumes coming from the top plate dominates the background flow
intermittently, and thus Sy and .S, are negative near the hot plate [165, 173]. A similar effect is
noticed at the top plate, where the intermittent presence of hot plumes results in positive values

of skewness.
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Figure 6.34: Vertical profiles of skewness of temperature and vertical velocity at different Ra.
The arrow indicates the direction of increasing Rayleigh number.
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Figure 6.35: Vertical profiles of flatness of temperature and vertical velocity at different Ra.
The arrow indicates the direction of increasing Rayleigh number.

The vertical variation of skewness of temperature is consistent with the corresponding PDFs
at different heights of the cell shown in Fig. 6.26. The PDFs of temperature near the bottom
plate are evidently skewed due to more high amplitude fluctuations in temperature. As a result,
skewness of temperature shows significant deviation from zero. With the increase in height,
the PDF of temperature becomes symmetric centered around the bulk mean temperature. This
is reflected in the vertical profile of Sy shown in Fig. 6.34, i.e., as y — 0.5H, Sy approaches
zero. In contrast to Sy, the skewness of vertical velocity is trivial all along the bulk region,
which is due to the symmetric distribution of vertical velocity in both positive and negative
directions (refer Fig. 6.26). Both the vertical velocity and temperature skewness switch sign
across the center of the domain and thus exhibit a skew-symmetric profile. These observations
are consistent with previous results [165, 173, 263]. With the increase in Ra, the skewness
profiles show sharp gradients near the top and bottom plates, which also supports the reduction

in boundary layer thickness with increase in Rayleigh number.

Figure 6.35 shows the flatness or kurtosis of temperature and vertical velocity for different
Ra. Flatness is a fourth-order moment which measures the deviation of a distribution from
Gaussian. Skewness indicates the degree of symmetry of distribution, whereas the kurtosis
represents the degree of peakedness. Large values of flatness (Fp >> 3) indicate that the dis-
tribution is “heavily tailed”, i.e., the tails extend much beyond the normal distribution. On the
other hand, lower flatness represents a “light tailed” distribution, where the tails are generally

shorter than that of the normal distribution. The flatness of any normal distribution is 3. It

TH-2625_136103004 175



Chapter 6. Statistics of thermal plumes in turbulent convection in a cubic cell

(@)  Ra=2x10° (b) Ra=10" (€) Ra=10°
10"k : 10k : 10'E i
100} b
o 10"
10" y o 107
-0.4 -0.2 ' 6 0‘.2 0‘4
10'¢ 10’

02 04 06 08 1 02 04 .06 08 1 02 04 .06 08 i 02 04, 06 08

6 7 8

Figure 6.36: Spatial PDF of vertical velocity (top row) and temperature (bottom row) for (a)
Ra = 2 x 10°, (b)Ra = 107, (c) Ra = 10%, and (d) Ra = 10°. The solid line represents the
corresponding normal distribution.

is evident from Fig. 6.35 that the flatness of temperature increases with the increase in Ra.
At low Ra, Fy is close to 3 in the bulk, indicating a near Gaussian distribution, and it departs
significantly at higher Rayleigh number. However, flatness of vertical velocity shows F,, ~ 3 at
the bulk region, suggesting a Gaussian distribution even at a very high Ra. Near the boundary
layers, I, shows a significantly high value indicating a non-Gaussian distribution. To elucidate
this, the spatial PDFs of temperature and vertical velocity fields for the entire cell are shown in
Fig. 6.36. Itis apparent that the vertical velocity follows a near Gaussian distribution, although
slight deviations along with a bump in the core region are observed for all Ra. This is due to the
effect of the boundary layer region (as the PDF is computed over the entire volume, i.e., includ-
ing the boundary layers). On the other hand, the temperature fields show significant deviation
from the Gaussian profile for all Ra, as indicated by Fy. Note that the PDFs of temperature are

heavily tailed, and as a result, Fj shows large positive values (see Fig. 6.35).

6.8 Turbulent kinetic energy budget

Evaluation of turbulent kinetic energy (TKE) budget is crucial in understanding convective tur-
bulence. It facilitates a deeper understanding of multiple layers based on the local flow dynam-
ics which include boundary layers close to the wall, turbulent bulk region in the center [57, 76],

and mixing zone embedded in between these two [74]. These layers are generally quantified
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using the vertical profiles of velocity and temperature, which shows different behaviour across
them [181, 183]. The relative strength of dissipation and production of TKE within these layers
is understood to considerably affect the dynamics of convection, particularly the heat transport
[76]. Petschel et al. [264] analysed the kinetic energy budget for a range of Prandtl numbers at
a fixed Ra. They observed that the kinetic energy is mainly produced in the bulk region where
the temperature field is well mixed, from where it is transported outwards and dissipated near
the walls. Similar observations were made by Deardorff and Willis [265] and Kerr [266]. Here
a global budgetary analysis of each term of the dynamical equation governing turbulent kinetic

energy is carried out. The same is written in its most popular form as

0,1— 0 1—— 0 [— | Pr— 1
at(2 7 z) +UJ8 (2 ;UD - _8_%<U’;p/ —2 RCLUZSU N 2u;u;u;>

J/

-~ -~

Ap Tk

(6.22)
Pr—
—uuSU—l—uH’éy 2VR_S Siis
\  N———
Pg Pp

€

where u; (=u; — Uy, p/ (=p— P),and s;j (= s;; — S;; ) are the fluctuating components of
velocity, pressure and strain rate tensor, respectively, while U;, F;, and S;; represent their corre-
sponding mean counterparts. The left-hand side of the above equation indicates the advection
of turbulent kinetic energy Ay. The first term on the right-hand side is the transport (7} ) which
is a conserved quantity (of the form V- ¢) that redistributes the kinetic energy in the domain.
The second and third terms on the right-hand side are production due to buoyancy (Pp) and
shear (Pg), while the fourth term is the dissipation (€) of turbulent kinetic energy. The main
difference between a shear flow and thermal convection is the presence of the production due
to buoyancy (Pp) in Eq. 6.22. In the case of steady, homogeneous shear flow turbulence, an
approximate balance between shear production and dissipation is observed. However, similar

dynamics in case of buoyancy driven flows are less explored.

Figure 6.37 shows the vertical variation (horizontal plane and time averaged) of different
terms of the above equation for different Rayleigh numbers. It is interesting to note that the
contribution of shear production is negligible at all Ra. However, the buoyancy production,
though trivial at the walls, increases with a steep gradient to attain a maximum outside the

boundary layers. In the vicinity of the walls, high dissipation is observed while it decreases
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Figure 6.37: Vertical variation of different TKE budget constituents for different Rayleigh num-
bers.

across the boundary layers and becomes nearly constant near the bulk region. Note that high
dissipation observed near the walls, the production being negligible, indicates the importance
of the transport term, which shows a high positive value [267]. Dissipation acts as the sink for
turbulent kinetic energy. Based on the distribution of TKE, Petschel er al. [264, 268] iden-
tified different regions of the flow, such as source layer which is characterized by enhanced
kinetic energy production, flux layer with dominant transport, and dissipation layers close to
the boundary with significantly enhanced dissipation. They defined the edge of the dissipation
layers as the location at which the dissipation becomes equal to the volume-averaged dissipa-
tion. For Ra = 5 x 10% and Pr = 1 the dissipation layers were found to be thicker than the

classical boundary layers.

Figure 6.38 shows the zoomed view of the TKE budget near the boundary layer and the
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Figure 6.38: Zoomed vertical profiles of Pg, € and 7} for Ra = 107 near (a) boundary layer
region and (b) bulk. The dotted line represents the thermal boundary layer thickness.

bulk region for Ra = 10”. As the advection and shear production terms are trivial, they are not
shown in these frames. For better visualization, the vertical direction is scaled appropriately
using the boundary layer thickness (dg) in Fig. 6.38(a). Near the wall, owing to stronger vis-
cous effects, velocity fluctuation is small, which results in a smaller buoyancy production, but
viscous transport is significant, which leads to an approximate balance 7}, ~ €. Note that the
transport term indicates the divergences of energy fluxes, and consists of the transport by vis-
cous stresses, turbulent velocity fluctuations and pressure gradient work [269]. Petschel et al.
[264] analyzed the contribution of different flux terms near the horizontal walls and observed
that all flux divergences vanish at the boundary, except for the viscous stresses. They hence
concluded that the dissipation near the walls is balanced by the divergence of the shear-stress
flux only. In the bulk region, although an approximate balance between buoyancy production
and dissipation is observed, the transport term is also non-trivial. Note that the transport ap-
pears with a negative sign in bulk which implies the extraction of TKE. Thus, kinetic energy is
mainly produced in the bulk region due to buoyancy effect, from where it is transported towards
the walls, and dissipated in the boundary layers. The homogeneity of the bulk is also evident

from the flatter profiles in Fig. 6.38(b).

The production of TKE due to buoyancy and its dissipation at different Ra are shown in Fig.
6.39. It is evident that Pp drops considerably with the increase in Ra. The peak production is

observed in the bulk, and it scales with the Rayleigh number as Pj'** = 0.19Ra~%*'?. This
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Figure 6.39: Vertical variation of buoyancy production and dissipation of TKE for different
Ra. The arrows indicate the direction of increasing Rayleigh number.
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Figure 6.40: Vertical variation of total production and imbalance (I, = Ps + Pg + €) of TKE

for different Ra. The arrows indicate the direction of increasing Rayleigh number.

power-law behaviour is in good agreement with the recent observation by Chand et al. [270]

in 2-D RBC. With increase in Ra, the dissipation drops in the bulk region and becomes con-

centrated near the isothermal plates. We observe that the dissipation in the bulk (at y = 0.5H)

scales with Rayleigh number as |€| = 0.11Ra~%2. Both buoyancy production and dissipa-

tion assume nearly constant values outside the boundary layer which becomes thinner with the

increase in Ra, as shown in Fig. 6.39.

The total production of TKE and the imbalance (I, = Ps + Ppg + €) are shown in Fig. 6.40.

TH-2625_136103004



6.9. Summary

Table 6.6: Columns from left to right represent Ra, volume averaged advection, transport,
dissipation, shear production, buoyancy production, imbalance and production ratio for all the
cases.

Ra <A > <Ty > < €> < Pg > < Pg > <Ip > < Pg/Ps >

2x10° 545 x 1077 —278x10°F —6.85x10"° —537x10"° 7.78x10°° 875x10°*F  1.45 x 10°
3x10% 867x1077 —6.14x107° —6.81x107% —335x10"° 7.19x1073 351x10"%  2.15 x 102
5x10% 279x1077 —1.02x107% —368x1072 —156x10"% 657x107% 274x1073  4.23 x 10!
1x107 3.80x1077 —147x10"% —155x10"3 —270x10"* 5.75x107% 3.92x107% 213 x 10'
2x107 1.25x107% —738x107% —285x107% —225x107% 5.04x107% 1.97x107% 224 x 10!
5x 107 6.64x1077 —711x10"* —2.07x107% -249x10"* 4.15x107% 1.83x 1073 1.67 x 10"
1x10% 2.05x1077 —949x10"* —868x10"* —1.96x10"* 359x107°% 253x107%  1.84 x 10*
2x10% 348 x1077 —693x107% —1.13x107% —1.83x10"% 3.15x107% 1.84x107% 1.72x 10!
5x10% 6.59x 1077 —459x107% —124x107% -—125x10"% 264x107% 1.28x107%  2.11x 10!
1x10° 3.85x1077 —453x107* —941x107* —1.12x10"* 230x107% 1.25x107%  2.05x 10*

It is apparent that both production and imbalance of TKE decreases with increase in Ra. In the
bulk region, an approximate balance between the total production and dissipation is observed
as the imbalance is close to zero. The maximum imbalance is observed near the isothermal
plates. Further, with increase in Ra, the imbalance in the bulk region reduces considerably
as shown in Fig. 6.40. This suggests the lack of TKE transport in the bulk at higher Ra. It
is apparent from Fig. 6.37 that as Rayleigh number increases, 7} approaches zero in the bulk
region. The volume averaged contribution of different terms in the TKE equation, along with
the imbalance and ratio of buoyancy to shear production are listed in Table 6.6. Note that the
buoyancy production reduces, and the shear production increases with Za. To quantify this,
the ratio of buoyancy to shear production is calculated, which drops nearly ten manifolds across
two extreme Ra, as seen in the last column. Hence, although the flow is conceivably driven by
buoyancy, TKE production due to shear becomes increasingly important with the increase in

Ra.

6.9 Summary

In this chapter, we have presented the statistics of thermal plumes in turbulent RBC inside a
Cartesian box. The cell region is locally identified as plume or turbulent background based on
the correlation between vertical velocity and temperature fluctuation (v'6"). We have shown
that the volume fraction of the plume as well as background exhibit a power-law behaviour,
where the plume fraction decreases, and the background fraction increases with Ra. Further,

we have computed the dependence of the contribution of the plume and background regions
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to the thermal dissipation rate and found that both contributions exhibit a decreasing trend
with Ra. At cutoff C; = 0, both the contributions become equal and approach the global
scaling for higher Rayleigh numbers (Ra > 10%). Comparisons with the theoretical predictions
show that the dissipation from the plume region follows the GL scaling at lower cutoffs, while
considerable deviations are observed in the background contribution. The PDFs of thermal
dissipation rate deviate considerably from a log-normal distribution, while those of viscous
dissipation approach log-normality at higher Ra. We observe that the PDFs of both viscous
and thermal dissipation rates compare well with a stretched exponential function and their tails
get more extended with the increase in Ra. The mean and variance of temperature clearly
show the boundary layers and a near-homogeneous bulk region. With the increase in Ra, the
boundary layer thickness decreases and bulk-homogeneity enhances. Turbulent kinetic energy
budget unveils a transport-dissipation balance near the walls with buoyancy production nearly
sustains turbulent fluctuations in the bulk region. Turbulent kinetic energy is mainly produced
in the bulk region; from there it is transported towards the walls, and finally dissipated in the

boundary layers.
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Dynamics and statistics of large-scale circulation in

turbulent Rayleigh-Bénard convection in a cubic cell

In this chapter, the characteristics and dynamics of large-scale circulation in turbulent Rayleigh-
Bénard convection inside in a cubic cell is presented. The simulations are carried out for air
(Pr = 0.7) with Rayleigh number ranging from 2 x 10° < Ra < 10°. Using the Fourier mode
analysis of time series data obtained from different probes placed at the mid vertical plane
of the container, the strength, orientation, and associated dynamics of LSC are characterized.
We observe that the plane containing LSC is generally aligned along one of the diagonals of
the box accompanied by a four-roll structure in the other. In addition to the primary roll, two
secondary corner-roll structures are also observed in the LSC plane which grow in size and
destabilize the LSC resulting in partial (A®, ~ 7/2) and complete (A®| ~ ) reversals. In
addition to previously reported rotation-led reorientations, we also observe cessation events
which are rare in cubic cells. We observe that at higher Ra, the strength of LSC increases and
the corner-rolls reduce in size, which leads to the reduction in the occurrence of reorientations.
By evaluating the kinetic energy budget, we discuss the energy transfer mechanism that con-
nects the dynamics between the LSC and non-LSC planes. Further, the effect of LSC on the

dissipation rates and the boundary layer thickness are also investigated.
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convection in a cubic cell

7.1 Introduction

Large-scale circulation is a coherent structure of the flow in which the fluid particles ascend
from one side of the wall and descend from the opposite side. As discussed in chapter 4,
in cylindrical containers, the vertical plane containing LSC drifts in the azimuthal direction
swiftly, called as the reorientations of LSC. Recall that such reorientations occur in two ways:
(i) rotation-led, in which reorientation takes place without changing the amplitude of the LSC,
and (ii) cessation-led, where the amplitude of LSC vanishes during the reorientation that typi-

cally leads to flow reversals [51, 56, 57].

Over the years, a number of works on LSC dynamics in 2D RBC have reported that corner-
rolls play an important role in flow reversals. Here the LSC is confined to a single plane and the
complex three-dimensional dynamics are absent [55, 271-273]. Sugiyama et al. [274] com-
bined both numerical and experimental analysis to evaluate the LSC dynamics in 2D/quasi-2D
systems for a range of Ra and Pr. They observed that the kinetic energy and size of the corner
rolls grow with time as a result of plume detachment from the boundary layers, and finally they
take over the main large-scale diagonal flow, thus resulting in reversal. Similar relevance of
corner-rolls in flow reversals has been reported in many numerical and experimental studies in
2D/quasi-2D systems [72, 275-279]. However, in 3D, these phenomena are much more com-
plex. It is now established that corner-rolls do exist in 3D systems also [65, 188], but unlike the
2D/quasi-2D counterparts, these rolls are not strictly confined to the LSC plane (for 3D sys-
tems). Resultantly, when fed with energy, the corner rolls need not essentially grow in diameter
at the expense of shrinking the main LSC roll; rather, they can move or grow outside the LSC

plane.

In box configuration, the plane containing LSC is generally known to align along one of
the diagonals [63]. This is contrary to the cylindrical domain, where the LSC can settle in any
diametrical plane owing to the azimuthal symmetry. A number of experimental studies have
reported these dynamics of LSC in cylindrical geometry [45, 59]. However, the reorientation
dynamics of LSC in cubic box configuration is a less explored area. Bai af al. [61] experimen-
tally observed the switching of the plane containing LSC between the two diagonal directions

of the cubic cell. The experiments were conducted with water (Pr = 6.4) at Ra = 10°. They
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demonstrated that the time intervals between switching of the orientation between the two cor-
ners of the box follow a Poisson distribution consistent with the low dimensional model for
turbulence. The model consists of stochastic ordinary differential equations, which are derived
as a function of boundary geometry from the Navier-Stokes equations [280]. The model con-
siders the diagonal orientations of LSC as the two minimum states of a double-well potential
and the switching between them as the stochastic crossing of a potential barrier. The switching
was understood as a result of turbulent noise which assists the system in making the transition

from one diagonal to another.

Foroozani et al. [65] used large eddy simulation to investigate the dynamics of the LSC for
air inside a cubic box. They observed that while the plane of LSC is confined along one of
the diagonals of the box, two counter-rotating vortices are developed consequently in the other
diagonal plane. They reported that this flow structure is not static and the plane containing
LSC reorients or switches between the two diagonal planes at non-periodic time intervals. The
average switching rate between the diagonals was in good agreement with the experimental
results of Bai ef al. [61]. Further, they observed that these reorientations are a result of lateral
rotation of the plane of LSC and some finite time is spent in a transition state between the two
diagonals where the large-scale flow becomes parallel to the side walls (faces) of the container.
They identified all reorientations as rotation-led [43, 54] and no such event of cessation-led
reorientation [54-56] was observed. Further the observed reorientations were restricted to
angular change of 7/4 < A¢ < 3m/4. Thus the so-called “complete reversals”, where the
LSC changes its azimuthal orientation by ¢ ~ 7 (mostly seen in cylindrical containers as

discussed in chapter 4), were not observed in their LES study.

Although there are many experimental works that have investigated LSC and its dynamics
over the years, comprehensive numerical studies in this direction are less, especially for tur-
bulent flow inside a Cartesian box. In this chapter, using three-dimensional simulations, we
aim to obtain more insights into the reorientation dynamics of LSC inside a cubic box. Some
of the prime objectives are to probe for any possible event of complete reversals, to identify
and characterize the reorientations as rotation-led or cessation-led using the same methodology
adopted for cylindrical cells, and to evaluate and propose a mechanism of partial and complete

flow reversals.
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7.2 Identification of LSC and its dynamics

One of the striking features of turbulent RBC is the presence of LSC, which is a large-scale
discernible convection pattern comprising thermal plumes sustained by its own dynamics, de-
pending not only on the state of the turbulence but also on the geometric constraints. The
instantaneous iso-surfaces of temperature for Ra = 10° are shown in Fig. 7.1(a), where hot
plumes erupt from the boundary layer inducing cold plumes to sink along the opposite cor-
ner giving rise to a large-scale coherent structure, i.e., LSC. Previous numerical [65, 66] and
experimental [61] studies have shown that in cubic enclosures, LSC has a tendency to align
along the diagonal planes. Here the LSC is aligned along the diagonal plane labelled as d;,
shown in Fig. 7.1(b). On the other hand, owing to such a large spatial occupancy of the LSC,
a four-roll structure [refer Fig. 7.1(c)] is seen confined along the other diagonal d;. Note the
apparent similarity in planar boundary layers and the stark difference in subsequent plume for-
mation along the indicated diagonals. In the diagonal plane containing LSC, the hot and cold

plumes primarily traverse along the opposite sides. However, in ds, the hot plumes arise and

cold plumes fall from both the sides, finally to intermix along the central region.

Figure 7.1: (a) Instantaneous temperature iso-surfaces indicating LSC oriented along the diag-
onal plane d; for Ra = 10°. The contours of temperature in the diagonal planes (b) d; and (c)
ds.

In order to identify and characterize the LSC, time traces of vertical velocity are sampled at
eight azimuthally equispaced stations, shown in Fig. 7.2(a), at horizontal mid-plane (y = 0.5H)
located 0.1H distance from the lateral walls. The time signals from the probes located across
the two diagonals are presented in frames (b) and (c), where red and blue windows indicate
the alignment of LSC along the diagonal planes d; and ds, respectively. The LSC identifies by

opposite finite mean vertical velocity, i.e., anti-correlated signals along a diagonal. However,
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in the other diagonal, the time signals show high variance fluctuations due to the intermixing
of hot and cold plumes. Note that this finite mean of the signals switch sign intermittently as
the anti-correlated and high-variance fluctuations swap between the diagonals, which indicates
the reorientation of LSC. We observe that LSC remains confined in a particular diagonal plane
for a longer duration for Ra = 107 than Ra = 2 x 10° [see Figs. 7.2(b) and 7.2(c)], though it
also becomes erratic. At even higher Rayleigh numbers reorientations are unlikely as it remains
locked along a diagonal for a very long time. Further details on the reorientations of LSC are

discussed in the subsequent sections.
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Figure 7.2: (a) Schematic diagram of the mid-plane (y = 0.5H) showing the location of nu-
merical probes along with the diagonal planes. Time signals of vertical velocity at numerical
probes placed across the two diagonals for (b) Ra = 2 X 10° and (¢) Ra = 107.

The time average vertical velocity and temperature along the above-mentioned azimuthally
equispaced numerical probes are shown in Fig. 7.3, where the averaging is carried out within
a time span over which LSC remains in a particular diagonal plane. The profile shows a co-
sine function with a single cycle spanning the entire (27) domain, which confirms the presence
of LSC, and is consistent with previous studies [43, 56, 162, 163]. This particular nature of
the flow in the azimuthal direction can be associated with the dipolar structure and is generally

identified as the signature of LSC. Recall that a similar dipolar nature of LSC was also observed
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in the cylindrical domain, discussed in chapter 3. It is interesting to note that the domain shape
does not affect the primary nature of the large-scale flow. We observe that with increase in
Ra, magnitude of the temperature profile reduces considerably, which signifies the bulk stabi-
lization at higher Ra. As the Rayleigh number increases, the imposed temperature difference
across the top and bottom plates is accomplished almost entirely within the thermal boundary
layer [140] (as discussed in the previous chapter). On the contrary, the velocity profile almost
remains the same for all Ra. This points towards the loss in correlation between # and v due to

a better turbulent mixing at higher Ra.
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Figure 7.3: The temporal averaged vertical velocity and temperature profiles along the az-
imuthal direction for different Rayleigh numbers. The solid red line indicates a pure cosine
fit.

To gain insight into the large-scale flow structure, the time-averaged velocity and temper-
ature fields are evaluated. Here also the averaging is carried out within a time span during
which LSC is aligned along a particular diagonal. Figure 7.4(a) shows a 3D perspective of the
time-averaged streamlines colour coded with the magnitude of vertical velocity. The dotted
line shows the diagonal plane d;, along which the LSC is oriented, while the arrows indicate
the direction of flow. The streamlines show that the hot fluid rises through the right side of the
box and impinges on the top plate. The dark spot that appears on the top plate represents this

collision of the hot plumes onto the top plate [see Fig. 7.4(b)]. Near the top plate, flow occurs
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Figure 7.4: (a) Time-averaged velocity streamlines colour coded with the magnitude of vertical
velocity for Ra = 107. (b) Top-view of the streamlines. (c) () structures drawn at about 10%
of the global maximum, showing the corner vortices that extend beyond the diagonal plane to
form a “boomerang” shape.

horizontally (along the diagonal direction as indicated by the arrow). Similarly, the cold fluid
descends along the left side and impinges on to the bottom plate. In the other diagonal plane,
fluid rising and falling, respectively, from the bottom and top plates collide on to each other
(converges) at mid-height (around y = 0.5H), and the flow occurs inwards from the corners to

the interior part of the box.

Interestingly, as the hot fluid impinges on the top plate, a parcel of entrapped cold fluid is
visible near the top-right corner of the cell, as shown in Fig. 7.4(a). This interaction between the
ascending hot fluid and the cold plumes generated near the top plate results in a recirculating
vortex. A similar phenomenon near the bottom plate gives rise to a corner vortex near the
bottom left side of the box. It has been well established that these corner vortices play a crucial
role in the stability and dynamics of LSC in 2D Rayleigh-Bénard flows [72, 274, 275]. However,
in 3D RBC, such dynamics are less explored. To quantify these vortices, the second invariant of
the velocity gradient tensor, () (refer chapter 6), is shown in Fig. 7.4(c). Here () > 0 represents
regions of strong local rotation, i.e., high vortical motions. It is apparent from Fig. 7.4(c) that
the corner vortices are not restricted to the LSC plane (as are destined in 2D RBC), but they
extend along the adjacent faces sharing the diagonal plane to yield a “boomerang” shape. In
Sec. 7.4, we provide a detailed discussion on the dynamics of these corner vortices and their

role in the reorientations of LSC.

We observe that in cubic geometries LSC is generally aligned along a diagonal plane ac-
companied by a four-roll structure in the other. In the following analysis, we focus primarily

on these planes. Time-averaged velocity vectors superimposed on the temperature contours at
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Figure 7.5: Velocity streamlines superimposed on the temperature contours at different planes
of the box. (a) Diagonal plane containing LSC and (b) four-roll structure. The same at face-
planes (¢) z = 0.5H and (d) x = 0.5H and horizontal planes (e) y = 0.97H, (f) y = 0.5H,
and (g) y = 0.03H for Ra = 107. The left panel shows the schematic diagram of different
planes and the arrows indicate the direction of flow in the corresponding planes.

different planes of the cube, for Ra = 107, are shown in Fig. 7.5, where the left panel shows the
schematic location of these planes. In the diagonal plane containing LSC, a counter-clockwise
(CCW) rotating primary roll (LSC) along with two corner rolls are observed [see Fig. 7.5(a)].
Note that the direction of circulation of the corner rolls is clockwise (CW), which is opposite
to that of the LSC. In the opposite diagonal, two pairs of CW and CCW convective rolls are
noticed, forming a four-roll structure, as shown in Fig. 7.5(b). The inflow from the corners
to the interior part of the box at the mid-plane, as discussed previously, is apparent from this
frame. The flow behaviour in the face planes is shown in Figs. 7.5(c) and 7.5(d), which also
indicates a large-scale structure. Note that the presence of corner rolls is reflected even in the
face planes, though their size has reduced substantially from the diagonal plane (with LSC).

The horizontal planes near the top and bottom plates [see Figs. 7.5(e) and 7.5(g)] clearly show

TH-2625_136103004 190



7.3. Characterization of LSC

the horizontal motion along the diagonal direction. The rising hot plumes hit the cold plate,
from where the velocity vectors apparently diverge to horizontal directions, as shown in see
Fig. 7.5(e). The flow primarily spreads horizontally towards the opposite corner (along the
diagonal direction), while some fluid also moves to other corners. The horizontal flow towards
the nearest corner results in a recirculating vortex discussed above. The red colour identifies
(corresponding to hot fluid) the region of impingement of the hot plumes onto the top plate,
where magnitude of the velocity vectors is nearly zero. Similar behaviour is observed near
the bottom plate (blue coloured region), as shown in Fig. 7.5(g). In the horizontal mid-plane
y = 0.5H, the presence of the four-roll structure and LSC across the two diagonals are clearly
reflected [refer Fig. 7.5(f)]. Along the LSC diagonal flow occurs normal to the horizontal
plane. However, in the opposite diagonal, the hot and cold fluid coming from the bottom and
top plates, respectively, collide onto each other, resulting in a strong inflow towards the interior
of the cell. These coherent structures are interconnected, and they change their orientations,
resulting in reorientations. More discussions on which will be carried out in the following
sections. After identifying the orientation of LSC and flow behaviour in different flow planes,
we investigate the characteristics of LSC and its association with the heat transfer, dissipation

rates, and boundary layer thickness.

7.3 Characterization of LSC

Recall that in chapters 3 and 4, we characterized LSC and its reorientations inside a cylindrical
cells using Fourier mode decomposition. Similarly, we carry out the Fourier analysis of the
vertical velocity recorded along the azimuthal direction at the mid-vertical plane (y = 0.5H).

Fourier transform of the velocity signal is defined as
N
iy = Y uje N, (7.1)
j=1

where u; is the velocity signal from the previously mentioned N (= 8) data points [see fig-
ure 7.2(a)] and iy, is the k" Fourier mode. Based on the formalism proposed by Kunnen et al.

[128], Weiss and Ahlers [201] and Xi et al. [156], we have characterized the LSC using the frac-
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tion of energy contained in the k" mode Ej,/E,.;, where Ej, = || and E,,; = Z E,.. The

k=1
evidence of LSC is often ascertained from the energy fraction of first Fourier mode (£ / Eyo).

Figure 7.6(a) shows the variation of the energy fraction of first three Fourier modes with Ra.
It is evident that energy content of the first mode F;/E,,; increases steadily with Ra only to

reach 0.8 asymptotically at Ra ~ 2 x 10°® while influence of all the higher modes are on the
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Figure 7.6: The variation of (a) energy fraction of first four Fourier modes (£} / E;,;) and (b)
the strength of LSC (Sps¢) with Ra.

Further, we compute the strength of LSC [202, 281], Spsc, defined as

S Max[(éit - Nis>/<1 - i),o] (7.2)

where Ny = N/2 and N is the total number of probes in the azimuthal direction. The value
of Spsc lies between 0 and 1. The strength close to unity indicates that most of the energy is
contained in the first Fourier mode, i.e., Fy / E;,; ~ 1 and the azimuthal vertical velocity profile
is close to a cosine fit, thus indicating LSC. On the other hand, a value near to zero implies that
the energy fraction of first Fourier mode is smaller (£ / E;,; << 1), in effect most of the energy
is contained in the higher modes and the flow behaviour is far from LSC structure. Similar to
the energy fraction, the strength of LSC also increases with the increase in Ra and settles at a
somewhat smaller value (Spsc ~ 0.75) as shown in Fig. 7.6(b). Thus, we observe that with
the increase in Ra, the LSC structure becomes more prominent, and the higher flow modes

become weaker, which effectively reduces the frequency of flow reversals. This indicates that
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high-resolution studies of LSC are not practically viable as at higher Ra, a prohibitively long

time integration is required.

7.3.1 Vertical velocity profiles

The time-averaged vertical velocity at the mid-height (y = 0.5H) along the LSC and non-LSC
planes are shown in Fig. 7.7(a). It is apparent that the flow is dominant in the diagonal plane
containing LSC and nominal in the opposite diagonal. Further, the wall-bounded nature of the
flow is evident from Fig. 7.7(a). The maximum velocity is observed near the lateral walls and
is negligibly small near the bulk region. Figure 7.7(b) shows the average velocity profile along
the LSC diagonal compared with that observed in the LES study by Foroozani ez al. [65]. The
profiles match well in the bulk region, but the LES under predicts the peak velocity near the

walls, which might be due to insufficient near-wall resolution.

031 Ra =2x10 031 Foroozani et al. (2017)
LSC diagonal r Present study
0.2 non-LSC diagonal 0.2 8
s Ra =10
0.1 0.1
~ ~ |
2 2
0.1} -0.1
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Figure 7.7: (a) The temporal averaged vertical velocity profile along the LSC and non-LSC
planes at mid-height y = 0.5H for Ra = 2 x 107. (b) Time-averaged vertical velocity along
the LSC plane compared with the LES study by Foroozani et al. [65].

The time-averaged velocity profile along the LSC plane for different Ra is shown in Fig.
7.8. With the increase in Ra, the peak velocity shifts towards the corners as the flow become
more wall-bounded. This is because, at higher Ra, the LSC becomes more “squarish” in shape
with unidirectional motion near the horizontal and vertical walls. Detailed discussion on the

change in flow behaviour of LSC with increase in Ra is carried out in the following sections
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(refer Fig. 7.21). Further, as the LSC becomes more wall-bounded, the bulk region becomes
homogeneous, which is indicated by the flat vertical velocity profiles with v ~ 0 in the bulk.
The maximum value of the vertical velocity increases with Ra, which also indicates the rise in
the strength of the large-scale flow. This is in good agreement with the quantitative description
defined using the strength of LSC, discussed previously (see Fig. 7.6), which also increases

with increase in Rayleigh number.
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Figure 7.8: The temporal averaged vertical velocity profile along the LSC plane at mid-height
y = 0.5H for Ra = 2 x 107, 10® and 10°. With increase in Ra, the peak velocity increases
and shifts towards the corners of the box.

7.3.2 Effect of LSC on the boundary layer

As the presence and evolution of spatial boundary layer is central to the classical 1/3 law based
heat transfer regime, effect of the LSC on the boundary layers is in order [69, 203]. At this point,
we are interested to see how the boundary layer thickness varies along and perpendicular to the
plane containing LSC. Figure 7.9(a) shows instantaneous temperature iso-surfaces for Ra =
107 indicating LSC structure, where the dashed line indicates the diagonal plane containing
LSC. The time-averaged flow structure for the same is shown in Fig. 7.9(b), which is used to

compute the thermal boundary layer thickness. Here averaging is performed within a time-span
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at which LSC persists along a particular diagonal plane. The thermal boundary layer thickness
is computed by the slope method, as discussed in chapter 3. The contours of boundary layer
thickness at the bottom and top are shown in Figs. 7.9(c) and 7.9(d), respectively. Close to
the bottom plate, the thermal boundary layer is thicker near the region where hot plumes rise

and is thinner near the opposite side of the lateral wall where the cold plumes plunge into the

boundary layer, as shown in Fig. 7.9(c). A similar observation is made near the top plate [Fig.

7.9(d)].
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Figure 7.9: (a) Instantaneous temperature iso-surfaces for Ra = 10" indicating LSC. The dotted
lines indicate the diagonal plane containing LSC. (b) Time averaged (within a span of LSC)
temperature iso-surfaces for the same configuration. The contours of boundary layer thickness
at the (c) bottom and (d) top.
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Figure 7.10: Average thermal boundary layer thickness along the LSC plane and non-LSC
plane for (a) Ra = 2 x 10°, (b) Ra = 107, (¢) Ra = 10%, and (d) Ra = 10° . Time averaging
is carried out within a time span during which LSC persists along a particular diagonal.

The variation of 9, along the LSC and non-LSC planes are shown in Fig. 7.10 for different
Ra. Note that along the non-LSC plane, the boundary layer thickness varies almost symmet-

rically. However, along the LSC plane, d, shows an asymmetric trend, as it is thicker at one
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side and thinner near the opposite side of the lateral wall. These observations are consistent
with the time traces of the vertical velocity discussed in the previous subsection (refer Fig.
7.2), wherein, the signal shows high variance fluctuation along the transverse direction of LSC
with zero-mean value, and fluctuation about finite mean value along the LSC direction. The
fluctuation about the finite-mean value along LSC direction can be associated with asymmet-
ric behaviour of boundary layer width near the lateral wall. Recall that similar dependence
of the orientation of LSC on the spatial structure of the thermal boundary layer thickness was

observed in the cylindrical domain also, discussed in chapter 4.

7.3.3 Effect of LSC on the thermal dissipation rate

Here we analyze the thermal dissipation rate in connection with the orientation of LSC. The
contours of thermal dissipation rate in the diagonal planes d; and d; are shown in Figs. 7.11(a)
and 7.11(b), respectively. As the magnitude of dissipation is much higher near the horizon-
tal plates compared to the bulk region, the contours are shown in logarithmic dissipation rate
for better visualization. The LSC is aligned along d;, where the direction of circulation is in-
dicated by the dashed line. Note that though maximum dissipation occurs near the top and
bottom plates (inside the boundary layers), significant amount of dissipation is apparent near
the regions where the LSC interacts with the corner-rolls. The nature of the thermal plumes
(hot or cold) and the flow direction of the corner rolls are always opposite to that of the pri-
mary large-scale roll. As a result, the regions where these corner vortices interact with the
primary large-scale flow are associated with high gradients of temperature and hence, gener-
ates high thermal dissipation rate. Similarly, in the other diagonal plane, dissipation becomes
considerable at the mid-plane, where the hot and cold plumes collide onto each other. This
is more evident from the horizontal mid-plane y = 0.5H, as shown in Figs. 7.11(d), where
the azimuthal orientation of LSC is represented by the dashed line. Here the dissipation is
negligible along the LSC region (along the dashed line) due to nearly uniform motion, while
significant dissipation is noted near the four-roll structure due to the intermixing of hot and
cold plumes. The contours of the thermal dissipation rate near the top and bottom plates are
shown in Figs. 7.11(c) and 7.11(e), respectively. We observe that the dissipation rate varies

significantly along the direction of LSC. The thermal dissipation is maximum in the regions
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Figure 7.11: Contours of logarithm of thermal dissipation rate at the diagonal planes (a) con-
taining LSC and (b) four-roll structure, and three horizontal planes, (¢c) y = 0.998H (close
to top plate), (d) y = 0.5H (mid-plane), and (e) y = 0.002H (close to bottom plate), for
Ra = 10". The dotted lines indicate the alignment of LSC.

where the plumes collide with the boundary layer. For example, in Fig. 7.11(c), the red colour
indicate regions associated with high dissipation rate where the hot plumes collide on to the
top plate. Similar high-amplitude dissipation events associated with the collision of thermal

plumes were observed by Schumacher and Scheel [204].

7.4 Reorientations of LSC

Previous numerical and experimental works have shown that in cubic domain, LSC has four
preferable orientations: along the two diagonals with clockwise and anti-clockwise circulation
[65, 66, 282]. These states switch between one another by lateral shift, which is a multiple of
/2. In most of these studies the reorientations were predominantly due to the rotation of the
plane containing LSC, i.e., rotation-led reorientation [61, 65, 282]. It is interesting to note that
the cessation-led reorientations that are observed in cylindrical domains are rarely seen in cubic
configuration. Further, previous studies indicate that the partial reversal of LSC, i.e., reorien-

tation of one diagonal plane to another is a more probable event than the complete reversal of
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the LSC plane. Vasiliev et al. [283] proposed a new approach to identify the reorientations of
LSC, where instead of the conventional single-roll along the diagonal plane, they introduced
a superposition of a pair of large-scale orthogonal (to the faces) two-dimensional rolls. Dur-
ing the reorientation of LSC from one diagonal to another, one of these planar LSCs (PLSCs)
stops and reappears in the same or opposite direction, and the mechanism is called “planar
cessation-led reversal.” Additionally, they observed complete reversals of LSC where both the
PLSCs reverse the direction of flow and as a result, the LSC remains in a single diagonal, but
the direction of circulation changes. This is identified as a complete flow reversal where the
LSC drifts azimuthally by A® ~ 7. In the present study also, we observe similar large-scale
convection rolls along the faces [see Figs. 7.5(c) and 7.5(d)] with the direction of circulation
associated with the LSC along the diagonal plane. The different possible orientations of LSC in
the diagonal planes along with the circulation direction are shown schematically in Fig. 7.12.
Here different colour shades are used to identify the two diagonal planes of the box, while ar-
rows indicate the direction of the large-scale flow in the corresponding plane. A and B shows
the orientations along the diagonal plane d; with CW and CCW rotation, respectively, while C'

and D shows the alignment along the opposite diagonal d,.

A B C D

Figure 7.12: Schematic representation of four possible orientations of LSC in the diagonal
planes with CW and CCW rotation.

The existence and transition of LSC between these states are examined using the global
angular momentum (L = 7o X w) about the center of the cell, where 7o = (0.5,0.5,0.5). In
Fig. 7.13, L,, L, and L, are the components of angular momentum in z, y, and z directions,
respectively. The top panel shows the time signals of vertical velocity from probes located at the
diagonal planes, where A, B, and C correspond to the respective flow states shown in Fig. 7.12
with the same notations. The locations of the numerical probes are shown in Fig. 7.2(a). Note

that the vertical component (L) is essentially zero suggesting the mean wind is always aligned
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along the vertical planes. However, the components L, and L, show quasi-stable periods with
fluctuations around mean value close to £0.25 and switch their signs at irregular intervals of
time. Such changes in the magnitudes of L, and L, are associated with the reorientation of
LSC. A change in sign of any one of these components corresponds to the lateral shift of LSC
by 7/2, i.e., a partial reversal. In Fig. 7.13 the switching from C to A (at ¢ ~ 8500, identified
by the red window) and B to C (at £ ~ 9100) show such reorientations. Note that here the LSC
shifts from one diagonal plane to the other. However, the simultaneous change in the sign of
both L, and L, indicates a complete reversal, where the LSC remains in the same plane while
the direction of circulation reverses. In Fig. 7.13, the reorientation from A to B at ¢ ~ 8800,
marked by the blue window, represents a complete reversal. Note that complete reversals are

rarely observed.

05 C A B pl 2
ST o WAL it “"‘* M
1 ] 0.5 X
TR O T e ww 0 =
2 8500 9000 9500 0000 0
L. <0 L. >0 L. <0 L. <0 — L
1pL<0 L<o  L>0 L, <0 I

| . v —

—

L

05Ff z
0 E ' M'L‘l‘kh} ‘u* hhi}“d f.‘ 02 I'\J'v‘"']“"l‘&_ "‘ fly 1 A ‘ I8 "‘;ll J‘“‘ ‘ IA,\'LH. gt ' hf. ‘I

~ / w 7 lw i
J y ") ' i

i ey

8500 9000 { 9500 10000

Figure 7.13: Top panel: The time signals of vertical velocity from probes located in the diagonal
planes. The notations A, B, and C correspond to the different orientations of LSC, which are
shown in Fig. 7.12. Bottom panel: The components of global angular momentum about the
centre of the flow domain.

Next, we characterize the reorientations based on the formalism used in chapter 4, which
dealt with convection inside a cylindrical cell. Reorientations are generally quantified using the

amplitude Ay = |1i},| and phase ®; = tan~*(Im 1} /Re 1}) of the k-th Fourier mode. During
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cessation-led reorientations the amplitude of the first Fourier mode (A;) almost drops to zero
while in rotation-led ones the LSC rotates azimuthally without significant change in A; [54].
Although these events are well explored experimentally in a cylindrical cell [56, 206], their

occurrence in a Cartesian box is rare.
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Figure 7.14: Time signals of (a) vertical velocity, (b) amplitude fraction A5/A;, and (c) phase
of the first Fourier mode ®; for Ra = 2 x 10°. The notations A, B, and C correspond to the
different orientations of LSC, shown in Fig. 7.12.

Time evolution of vertical velocity, amplitude ratio of the first two Fourier modes (As/A;),
and phase of the first Fourier mode (®,) are shown in Fig. 7.14. The corresponding orientations
of LSC (following the notations in Fig. 7.12) are also shown in the top panel. Note that A
and B are orientations along the diagonal d;, while C represents the alignment along ds, as
discussed earlier. Initially LSC is observed along d; where it stays for about ¢ ~ 230 time
units. Then it switches to ds (see red windows) accompanied by a change in phase A®; ~ 7/2
[see frame (c)] which represents a partial reversal (A to C). Note that the amplitude fraction
remains negligibly small [frame (b)] during this event, and thus it is identified as a rotation-led
reorientation. A similar occurrence is observed at ¢ ~ 8515 where the LSC switches back from
dy to d; (C to A). However, at t ~ 8760, a different reorientation is observed as Ay/A; shows

a spike accompanied with a phase change of A®; ~ 7 (blue window). Here, the amplitude
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of the first Fourier mode drops considerably (A; — 0) and that of the second rises, and is
identified as cessation-led reorientation. Note, though LSC persists along d; before and after
the reorientation, the sense of rotation reverses with a phase shift of A®; ~ m, resulting in
a complete reversal (A to B). We have observed many such partial and complete reversals for
Ra = 2 x 10°%, while for higher Ra the reversals are restricted to partial ones only, as seen Fig.

7.15.

Interestingly, at ¢ ~ 8410, a similar spike in the amplitude fraction is observed [see Fig.
7.14 (b)], but the time signals show that LSC persists in d, without any change in orientation.
Here the LSC ceases and restarts in the same diagonal with the same sense of rotation resulting
in no effective change in angular measure, A®; ~ 0. This is identified as a cessation, but not
as a reorientation since there is no change in the orientation of LSC. Note that similar event was
observed in the cylindrical domain also, which is discussed in chapter 4. In all previous studies
of LSC dynamics in cubic configuration, the reorientations were predominantly rotation-led
[61, 65, 282]. It is interesting to note that the cessation-led reorientations that are observed in
cylindrical domains are rarely seen in cubic configuration. In the present study, we observe
several cessations resulting in partial, complete or no reversal at Ra = 2 x 10°, while for

Ra = 107 very few cessation events are observed (see Figs. 7.15 and 7.16).

The complete time histories of vertical velocity, amplitude fraction of the Fourier modes
Ay /Ay, and phase of the first mode ®1, up to 8000 free-fall time units for Ra = 107 and 2 x 10°
are shown in Figs. 7.15 and 7.16. Note that the vertical velocity signals are extracted from
probes located across the diagonals (p}*, ps', p5" and p7") and faces (py', pg', py* and pg*). The
locations of the numerical probes are shown at the bottom right corner for reference. Similar
to the diagonals, the probes located at the faces also show anti-correlated behaviour [frame
(b)], although their mean value is comparatively less than the signals from the diagonal planes.
This is in accordance with the single-roll structures observed in the face planes, as shown in
Fig. 7.5. Similar flow behaviour was observed by Valencia et al. [282], where they identified
these single-roll structures as planar LSCs or PLSCs. Note that both the faces always show a
mean flow, irrespective of the alignment of LSC in any of the diagonal planes. During a partial
reversal, as the LSC drifts from one diagonal plane to the another, the flow reverses in one of the
faces, while in the other it remains the same. For Ra = 107, only partial reversals are observed

(see Fig. 7.15), where the phase changes by A®; ~ 7/2 [see frame (d)]. Effectively, the flow
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behaviour in face f; remains the same during the entire simulation run, while that in f; changes
accordingly, as shown in frame (b). For Ra = 2 x 10°, both partial and complete reversals are
realized, as shown in Fig. 7.16. For instance, at t ~ 6800 and ¢ ~ 7000, complete reversals are
observed, where the LSC remains in diagonal plane ds, but its direction of circulation changes
and thus resulting in an azimuthal change of A®; ~ 7. Note that during this event, the mean
flow switches in both the faces, while high variance fluctuations persist in the diagonal plane

d;.
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Figure 7.15: Time signals of (a,b) vertical velocity along the two diagonals and faces, (c) am-
plitude fraction Ay/A;, and (d) phase of the first Fourier mode for Ra = 10”. The location of
the numerical probes is shown at the bottom right corner.

Dynamics and interplay between the Fourier modes can be evaluated by computing cross-
correlation between them. Figure 7.17 shows correlations between the first and second mode,
(1. At lower Ra, the first and second modes are negatively correlated and as the Rayleigh

number increases they become nearly uncorrelated. This suggests that for lower Ra, a drop in
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Figure 7.16: Time signals of (a,b) vertical velocity along the diagonals and faces, (c) amplitude
fraction A,/A;, and (d) phase of the first Fourier mode for Ra = 2 x 10°. The location of the
numerical probes is shown at the bottom right corner.
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Figure 7.17: Cross-correlation between the first two Fourier modes at different Ra. The first
and second modes are negatively correlated at low Ra, while at higher Ra they become nearly
uncorrelated.

E is accompanied by a gain in F5, which is a signature of cessation events. However, at higher
Rano such correlation is observed. This indicates that at lower Ra, cessation-led reorientations

are more probable than at higher Ra, and consistently the cessations are observed only for lower

Ra.
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convection in a cubic cell

7.4.1 Mechanism of flow reversals

So far, we have observed that the LSC is locked in one diagonal plane, accompanied by a four-
roll structure in the other, and these patterns switch intermittently with time. Here we attempt
to explore the mechanism that leads to the change in flow topology in different planes. In this
section, we analyse the flow during the reorientation of LSC. Previous 2D/quasi-2D studies
[274, 275] on the dynamics of LSC have emphasized the role of corner rolls in flow reversals,
though in such a set-up, LSC is forced to coexist with the rolls at all times in a plane with
no possibility of rotation-led reversal. Alleviating such limitations, we discuss dynamics and

reversal of the mean wind in a 3D Cartesian box.
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Figure 7.18: Time-averaged velocity vectors superimposed on the temperature contours at di-
agonal (d; and ds) and face (f; and f;) planes (a) before, (b) during, and (c) after a partial
reversal of LSC for Ra = 2 x 10°.

The series of events that lead to a partial reversal for Ra = 2 x 10° is pictorially summarized
in Fig. 7.18 where time-averaged (5-10 convective time units for the transition and 150-200 for
stable persistence) velocity vectors are superimposed on temperature contours. At the outset,
LSC is oriented along d; [see frame (a)] as a clockwise primary roll accompanied by two
counter-clockwise secondary rolls near the corners, while in d, a four-roll structure is noticed.

During reversal, the corner rolls in d; grow in size [refer frame (b)] while they induce the
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Figure 7.19: Schematic representation of the LSC and corner-rolls in the LSC plane and four-
roll structure in the non-LSC plane before, during, and after a partial reversal. The intermediate
stage clearly shows that the corner-rolls grow sequentially in the LSC plane.

primary roll to break into two, which results in a four-roll structure in frame (c). Note that the
corner rolls do not grow simultaneously, rather sequentially, and they maintain the same sense
of rotation before the reversal. On the other hand, only a set of rolls with the same sense of
rotation appear to grow and merge in d, only to form an LSC retaining the sense of rotation.
This effectively shrinks the remaining two rolls towards the corners. Thus, the LSC and four-
roll structure switch between the diagonal planes during a partial reversal. Interestingly, flow
topologies in both the diagonal planes are similar during the transition stage. In contrast to the
diagonal planes, we observe a single-roll structure accompanied by two substructures inside
the primary roll in the faces f; and f;. This flow topology is almost similar to the abnormal
single-roll state (ASRS) reported in the recent experimental study by Chen et al. [284]. After
the reversal, the sense of circulation in one face reverses, while it remains the same in the
other. For better representation of the partial reversal, a schematic representation of the flow
topology in the diagonal planes are shown in Fig. 7.19, where the arrows show the direction of
flow circulation. The solid lines indicate the roll behaviour before and after the reversal, while

the dotted lines indicate the transition stage during the reversal. The intermediate stage clearly
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Figure 7.20: Time-averaged velocity vectors superimposed on the temperature contours at di-
agonal (d; and ds) and face (f; and f5) planes (a) before, (b) during, and (c) after a complete
reversal of LSC for Ra = 2 x 10°.

shows that the corner-rolls grow sequentially in the LSC plane. After the reversal the LSC and

four-roll structure switch between the diagonal planes.

The flow topologies in the diagonal and face planes before, during, and after a complete
reversal is shown in Fig. 7.20. In the case of a complete reversal, corner rolls in the diagonal
plane containing LSC grow in size to yield a four-roll structure, which further merges to pro-
duce an LSC with opposite sense of rotation. However, on the other diagonal plane, the same
four-roll structure is maintained during the entire reversal process. Note that the direction of
circulation reverses in both the faces during complete reversal, as shown in Fig. 7.20. Inter-
estingly, the sequence of flow structures and vortex reconnection in the LSC-plane during a
complete reversal is very much similar to that observed in 2D/quasi-2D [274, 275] cases. On
the contrary, partial reversals which can occur due to a CW or CCW rotation of the LSC are im-
possible to appear in 2D. Thus, the confinement in 2D reduces the possible flow configurations

of LSC and its reversals by half.

Time-averaged velocity streamlines superimposed on temperature contours in the diagonal

(containing LSC and four-roll structure) and the face planes are shown in Figs. 7.21(a)-7.21(d)
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Figure 7.21: Time-averaged velocity vectors superimposed on the temperature contours at di-
agonal (d; and dy) and face (f; and f,) planes for (a) Ra = 2 x 10°, (b) Ra = 107, (c) Ra = 10,
and (d) Ra = 10°. With increase in Ra, the LSC becomes more dominant and the corner-rolls
get suppressed.

for different Rayleigh numbers. With increase in Ra, the LSC structure becomes more promi-
nent and “domain-filling," which effectively suppresses the corner-rolls. This observation is in
line with increase in the strength of LSC with Ra. Athigher Ra, the LSC becomes aligned with
the horizontal direction causing nearly unidirectional motion along its path. Similar observa-
tions were made by Niemela and Sreenivasan [285] in their experimental study with helium gas
in a cylindrical container. They reported that the LSC changed from a tilted and nearly elliptical
shape at low Rayleigh numbers to a squarish shape at high Rayleigh numbers. We observe that,
in contrast to the LSC, four-roll structure on the other diagonal remains geometrically similar
across all Ra. As the corner vortices play a pivotal role in flow reversals, a decrease in the fre-

quency of reversals at higher Ra can thus be attributed to the suppression of these corner rolls.
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Note the presence of substructures inside the single roll in the face plane for Ra = 2 x 10°,
which is absent at higher Ra. Recent study by Chen ef al. [284] has shown that the emergence
of substructures inside the LSC makes it less stable and thus increases the probability of re-
orientations. Hence, in addition to the corner-rolls, the structure and stability of LSC are also
critical to its reorientations. With the increase in Ra, the LSC becomes more dominant and the
corner-rolls get suppressed. This effectively reduces the occurrence of reorientations. To show
the 3D perspective of the corner vortices the time-averaged () structures are shown in Fig. 7.22
for different Ra. The levels are shown at about 10% of the corresponding global maximum of
Q. As discussed earlier, the corner vortices extend along the adjacent faces sharing the diag-
onal plane to yield a “boomerang” shape. Note that as the Rayleigh number increases, these

corner vortices shrinks in size considerably though they retain their spread and orientation.

(a) Ra = 2x 11 (b) R = 107

E,x

z

Figure 7.22: Time-averaged () structures for (a) Ra = 2 X 108, (b) Ra = 107, (¢) Ra = 108,
and (d) Ra = 10°, drawn at about 10% of the global maximum of (). The corner vortices
diminish with increase in Ra.

7.5 Effect of LSC on the turbulent kinetic energy budget

Dynamical coupling between the activities in the diagonal planes is crucial to understand the
reorientations of LSC. In order to address this aspect, we investigate the mechanism of energy
transport by looking at the contributions coming from different terms in the turbulent kinetic

energy (TKE) budget equation. Recall that the TKE budget equation is written as
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As discussed in the previous chapter, the terms are cast as advection (Ay), transport (7}), pro-
duction by shear (Ps) and buoyancy (Pp), and dissipation (€) of turbulent kinetic energy to

facilitate a systematic discussion.

Py Ps T}
(@ d, EIITIW (o d, BECICOW (g d

0.002 0008 0014 004 0 00
L]
Y '
c _ &
dQ 0002 0008 0014 -DDI 001 003 005 f) dz 004 0 oo 0. 00 -

-

Figure 7.23: Contours of (a,b) buoyancy production, (c,d) shear production, (e,f) transport and
(g,h) dissipation of TKE in the diagonal planes d; (top row) and ds (bottom row) when the LSC
is oriented along d;. The arrows indicate the direction of circulation of the mean flow and the
four-roll structure.

Contours of production, transport, and dissipation of TKE in the diagonal planes are shown
in Fig. 7.23, when the LSC is aligned along d;. Here the top and bottom rows show the
contours in diagonal plane d; and ds, respectively, while the arrows indicate the corresponding
direction of circulation of the mean flow and four-roll structure in these planes. We observe
that, in the LSC plane, production by both buoyancy and shear occurs mainly near the regions
where the corner-rolls interact with LSC [see frames (a) and (c)]. However, in the non-LSC
plane, production occurs primarily where the counter-rotating rolls of the four-roll structure
interact with each other, as shown in frames (b) and (d). Note that these regions are associated

with large negative values of transport [see frames (e) and(f)], which indicate the extraction of
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Table 7.1: Columns from left to right represents the average advection (Ay), transport (7}),
dissipation (€), shear production (F), and buoyancy production (F,) of TKE, along with the

imbalance ([, = € + Pg + Pg) in the diagonal planes d; and ds.

Plane AR(x107%)  Tp(x107%)  €(x107%) Pg(x107%) Pg(x107%) I(x107%)
(a) d;: LSCin d; 2.48 —5.39 —42.9 12.8 39.1 8.99
(b) dy: LSC in d; 3.75 —13.4 —39.7 21.9 35.9 18.1
(c) dy: Transient 4.52 —-7.33 —-33.4 14.1 20.8 1.56
(d) do: Transient 0.33 —2.63 —28.4 14.7 17.5 3.71
(e) d: LSC in dy 5.32 ~15 —35.5 25.2 28.0 17.7
(f) da: LSC in dy 3.16 5.57 —38.7 7.40 29.6 —-1.71

TKE. The dissipation of TKE is shown in frames (g) and (h), which indicate that dissipation is

negligible in the bulk region and mostly restricted to the boundary layers.
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Figure 7.24: Vertical profiles of TKE constituents in the diagonal planes, (a,b) before, (c,d)
during and (e,f) after reversal. The top row shows the TKE profiles in the diagonal plane d;,
while the bottom row corresponds to ds.

Next, we evaluate the vertical variation of different energy budget terms (Eq.7.3) before,
during, and after a reorientation with top and bottom rows correspond to the diagonal plane d,
and d,, respectively, as shown in Fig. 7.24. Here, time and horizontal direction averaging (in
d; and d») is used as the ensemble in order to obtain vertical profiles. It is important to note that
the pairs (a,b), (c,d) and (e,f) indicate alignment of the LSC along d;, transient stage from d; to
ds, and alignment along ds, respectively. Overall [considering all frames (a)-(f)], the buoyancy

production remains small near the wall and increases as we move away from the wall to attain
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its maximum value. However, dissipation exhibits an opposite trend with maximum near the
wall, which asymptotically drops across the boundary layer. To sum up, we observe that the
energy is mainly produced in the bulk, transported through large-scale structures and finally

dissipated near the walls.

Now we concentrate on the situation in which the LSC is aligned along d; [see Figs. 7.24(a)
and 7.24(b)]. The dashed lines in d; show the approximate location (y = 0.3H and 0.7H) of the
regions where the corner-rolls interact with the LSC (also refer to Fig. 7.23). Similarly, in do,
the dashed lines indicate the mid-height region (y = 0.5H) where counter-rotating rolls of the
four-roll structure interact with each other. In the LSC plane d;, shear and buoyancy production
are significant at the interface of LSC and corner-rolls, identified by positive bulge in Pg and
Ppg, as shown in Fig. 7.24(a). This is accompanied by a negative peak in the transport term
near the same location, which indicate the extraction of TKE. Thus, unlike homogeneous shear
flow turbulence, as fluctuations are largely sustained by buoyancy, a different mechanism than
a simple Ps ~ € is anticipated here. To make the energy transfer more quantitative, we also
compute the planar averaged quantities along with the imbalance between total production and
dissipation, as shown in Table 7.1, where different rows (a-f) are identified based on the plane
and orientation of LSC corresponding to that mentioned in Fig. 7.24. As LSC is aligned along
d;, here the buoyancy production is apparently dominant over shear (39.1 over 12.8). However,
in dy, both P and Ps are nearly comparable, and maximum shear production is observed in
the bulk at the interface of the counter rotating rolls [see Fig. 7.24(b)]. Interestingly, shear
production dominates over Pg in the bulk unlike the LSC plane due to strong friction between
the counter-acting plumes. Here, the imbalance (marked in red) is seen much higher than the
LSC plane (18.1 over 8.99), which is mainly balanced by the transport term, that redistributes
TKE in the domain. Note the negative bulge in the transport term, which shows the extraction
of TKE, as shown in Fig. 7.24(b). Thus, the excess TKE generated in the bulk is extracted and

carried towards the walls, where it is finally dissipated.

The TKE profiles during the transient stage is shown in Figs. 7.24(c) and 7.24(d). In both
the diagonal planes, buoyancy and shear production are comparable which are balanced by
dissipation rendering a trivial transport process. Note that the imbalance of TKE is minimal
during the transient stage in both d; and d,, as shown in Table 7.1. During reorientation,

the LSC makes transition from d; to ds resulting in interchange of TKE profiles between the
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Figure 7.25: Lateral variation of TKE constituents at (a) y = 0.5H, (b) y = 0.3H, (¢) y =
0.7H,(d)y = 0.02H, and (e) y = 0.98 H, when the LSC is oriented along d;. The dotted lines
indicate the azimuthal locations of d; and d.

diagonal planes. Figures 7.24(e) and 7.24(f) correspond to the situation in which LSC is aligned
along d,. This leads to dominance of buoyancy in d; and maximum imbalance in d; (17.7 in

Table 7.1) with a typical bulge in 7}, as shown in Fig. 7.24(e).

Next, we turn our attention to the process of energy transfer across these planes. To this
end, we compute the azimuthal variation of different energy budget terms (Eq. 7.3) at various
vertical heights, namely, bulk (y = 0.5H), boundary layer (y = 0.98H and 0.02H), and near
the corner rolls (y = 0.3H and 0.7H), during the time span when LSC is oriented along d;,
as shown in Fig. 7.25. Here dashed lines indicate the azimuthal locations of d; and d;. At
the mid-plane [Fig. 7.25(a)], both shear and buoyancy produce kinetic energy in d, owing to
a chaotic mixing, identified by positive peaks in their respective profiles. This TKE is in turn
extracted by the transport mechanism (note the -ve sign). Similar high amplitude production
events are observed at horizontal planes y = 0.3H and 0.7H, near the corner-rolls at dy, as
shown in frames (b) and (c). Note that production of TKE occurs at localized pockets, seen as
spikes in the Pg and Pp profiles. These are primarily the regions where two counter-rotating
convective rolls interact with each other [see the red spots in Figs. 7.23(a)-7.23(d)]. In the
LSC-plane, these cells comprise of the LSC and corner-rolls, while in the non-LSC plane they

constitute two counter-rotating rolls of the four-roll structure.
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Figure 7.26: Contours of production of TKE by shear in the horizontal planes (a) y = 0.02H,
(b) y = 0.5H, and (c) y = 0.98H. The dashed lines indicate the orientation of LSC, while
-+ve and —ve signs represent rising and dipping plumes.

Azimuthal variation of the TKE constituents in the boundary layer is shown in Figs. 7.25(d)
and 7.25(e). It is apparent that dissipation is dominant in the boundary layers, especially in the
diagonal plane d;. This is accompanied by large positive values of transport, which indicates
the supply of TKE. The buoyancy production is trivial inside the boundary layers, while shear
production shows a negative peak near d;. It is a common understanding that the shear produc-
tion indicates the correlation between Reynolds stress and the mean strain rate tensor. Positive
value of Ps represents the transfer of kinetic energy from the mean flow to turbulence [286].
Commonly, the energy exchange involves a loss to the mean flow and gain to turbulence. How-
ever, here we observe negative peaks in Pg which suggests a source of mean kinetic energy at
the expense of the fluctuating field [269, 286]. Figure 7.26 shows the contours of shear produc-
tion in horizontal planes at the bulk and boundary layer regions. Here dashed lines indicate the
orientation of LSC (along d;), while 4+ve and —ve signs represent rising and dipping plumes.
We observe that in the bulk region, shear production is positive as shown in frame (b). How-
ever, inside the boundary layers [see frames (a) and (c)], Ps is negative with maximum near
the regions where rising (dipping) thermal plumes collide onto the top (bottom) plate. Hence
inside the boundary layers, the LSC (mean flow) derives energy from the turbulent fluctuations.
Note that although negative Pg is observed inside the boundary layer region, the integral of Ps

over the whole domain always remains positive [287].

For better evaluation of the distribution of dissipation, the contours of € are plotted at hori-
zontal planes in the boundary layer and mid-plane region, as shown in Fig. 7.27, where dashed
lines indicate the orientation of LSC. As discussed previously, dissipation of TKE is negligi-

ble in the bulk [see frame (b)] and dominant inside the boundary layers [frames (a) and (c)].
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Figure 7.27: Contours of dissipation of TKE in horizontal planes (a) y = 0.02H, (b)y = 0.5H,
and (¢) y = 0.98 H. The dashed lines indicate the orientation of LSC, while +ve and —ve signs
represent rising and dipping plumes.

Further, the maximum dissipation of TKE is observed in the regions where the plumes collide

with the top or bottom plates.

Overall, we observe that the production of TKE occurs at localized pockets in both the di-
agonal planes where two counter-rotating rolls interact with each other. The turbulent transport
mechanism extracts TKE from these locations and feeds it to the boundary layers where the en-
ergy is finally dissipated. Our analysis show that the dissipation of TKE largely happens near
the diagonal plane containing LSC at regions where thermal plumes collide with the horizon-
tal plates. The mean flow (LSC) derives this energy from the turbulent fluctuations inside the
boundary layers, while in the bulk region it losses energy which is identified as the positive
production of TKE. Redistribution of TKE along the diagonals at different heights, thus, plays

a crucial role in sustaining the LSC as well as the turbulent fluctuations.

7.6 Summary

In this chapter, dynamics of LSC in turbulent RBC inside a cubic box has been investigated for
2 x 10° < Ra < 10°. LSC is primarily aligned along one of the diagonal planes accompanied
by a four-roll structure in the other diagonal. The Fourier mode analysis of velocity signals
in the mid-plane revealed the presence of rotation-led as well as cessation-led reorientations.
Further, stronger negative cross-correlation between the first two Fourier modes at low Ra
becomes nearly uncorrelated as Ra increases. This explains the observation that at lower Ra,

cessation-led reorientations are more probable than at higher Ra. Switching of LSC from one
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diagonal to other, defined as partial reversal, marked by a lateral shift A® ~ x/2, is seen as
common occurrence across all Ra. In contrast, complete reversals, where LSC only switches
its sense of rotation staying in the same diagonal, is a rare occurrence and restricted to low Ra.
Further, we have analyzed the flow topology in different planes and proposed a mechanism of
the reorientations. During a partial reversal, the LSC weakens at the expense of growth of the
corner-rolls to form a four-roll structure, while in the opposite plane two rolls merge together
to form LSC. In the case of a complete reversal, corner rolls in the diagonal plane containing
LSC grow in size to yield a four-roll structure, which further merges to produce an LSC with
opposite sense of rotation. However, on the other diagonal plane, the same four-roll structure is
maintained during the entire reversal process. Using kinetic energy budget, we have analyzed
the energy transfer mechanism that connects the dynamics between these planes. This analysis
highlights the importance of shear production and transport of TKE, as shear and buoyancy
produced energy is extracted via transport mechanism to feed its drainage largely along the
LSC plane. With the increase in Ra, the LSC becomes more dominant and suppresses the

corner-rolls. This effectively reduces the occurrence of reorientations at higher Ra.
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Conclusions and future scope

In this thesis, using direct numerical simulations, we have studied various aspects of turbulent
Rayleigh-Bénard convection inside cylindrical and cubic enclosures. We have mainly focused
on LSC, its characteristics and dynamics in these two geometries. In addition, a detailed in-
vestigation on the effect of rotation, Prandtl number and statistics of thermal plumes have also
been carried out. The principal findings from each part of the thesis are summarized in this

chapter. Finally, we present a brief overview of the prospects for future research on turbulent

RBC.

8.1 Conclusions

The novelty of the work lies in the profound analysis of LSC and its dynamics in turbulent
RBC inside cubic and cylindrical enclosures. In the cylindrical domain, we have been able
to study some of the statistical features of reorientations which were previously reported only
in experimental works. Further, for the first time, we have observed a rare phenomenon of
multiple-cessation. In Cartesian box, we have been able to attain a high Rayleigh number range,
up to Ra = 10°, which is rarely attempted in numerical studies. In addition, by evaluating the
topology of the flow in different planes, we have been able to propose a novel mechanism of

flow reversal. The main findings of the thesis are summarized below.

For rotating RBC inside a cylindrical cell, we have been able to identify different flow

regimes based on the flow structure and Fourier modes. At low rotation rates, we observe an
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LSC dominated flow structure (regime I), while with an increase in rotation the coherence at
large scale is lost. At intermediate rotation rates, marked by regime II, no specific flow structure
is observed as the Fourier modes share almost equal energy. However, at higher rotation rates
(regime III), the larger Fourier modes dominate (second or third), and as a result, we observe
wall-bounded, multiple roll structures such as quadrupole and sextupole. The behaviour of the
Nusselt number and dissipation rates at these regimes have been evaluated. Overall, the flow
statistics remain almost unchanged in the low rotation rate regime, while significant changes are
observed in regimes II and III. Both the Nusselt number and dissipation rates show a power-law
behaviour at the rotation dominated regime. At high rotation rates, the fluctuations in velocity
are reduced, and the mean temperature profile approaches a linear one, which indicates the

suppression of convective motion due to rotation.

We have studied the effect of Prandtl number on the flow structure and heat transfer rate
in RRBC. We have shown that there is an intermediate Pr regime where the increase in heat
transfer occurs at low rotation rates. For all Pr, a reduction in heat transfer rate is observed
with the increase in rotation rate. However, for intermediate Pr regime, an increase in Nu of
about 4 — 6%, from the non-rotating case is observed at low rotation rates. The rise in heat
transfer rate is observed in the region where the flow structure changes from quadrupolar to
dipolar state. At extremely high rotation rate, the fluctuations in the flow are damped out, and
the flow attains a conduction stage. The results show that higher Prandtl number delays the
attainment of conduction stage. The critical rotation rate for which transition to the conduction

state occurs exhibits a power-law dependence on Prandtl number as 1/Ro,. o< Pr°?.

One of the major accomplishments of our study has been the identification and characteri-
zation of LSC, its dynamics and statistics. Figure 8.1 shows a flow chart of the novel findings
of the present work, along with the already known facts. The reorientations have been iden-
tified as rotation-led and cessation-led based on their nature of occurrence, and as partial and
complete reversal depending on the azimuthal drift. In addition to the previously reported rare
events like cessations and double-cessation, an interesting event of multiple-cessation has been
observed in cylindrical geometry. Further, we have shown that the orientation of LSC signif-
icantly affects the heat transfer, dissipation rates, and the boundary layer thickness. We have
been able to study some of the statistical features of reorientations, and the results are in good

agreement with previous experimental works. As observed in the case of non-rotating RBC,
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Foroozani et al. (2017)
(LES, Ra < 10°),
* Characterised flow structures
* Identifeid only rotation-led
reorientations.
* Observed only partial reversals
* Proposed four possible
orientations of LSC.
Giannakis et al. (2018)
» (Ra=10"), also observed four
orientations of LSC.

Mishra et al. (2011)

(RBC, DNS, Ra < 3 x 107)
Observed rotation-led and
cessation-led reorientation,
in agreement with earlier
experiments.

Classified partial and
complete reversals.
Kunnen et al. (2008)

Sugiyama et al. (2001)
Proposed a mechanism of
flow reversal in 2D.

Kinetic energy and size of
corner rolls grow with time
resulting in flow reversals.
Chandra and Verma (2011)
Heat transport is interlinked
with flow reversals in

Brown et al. (2005, 2006)
Quantified reorientations
using Fourier mode
decomposition.

Classified rotation-led and
cessation-led reorientation
Studied the statistics of
reorientations.

Xi and Xia (2008) and
Sreenivasan et al. (2002)
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(RRBC, DNS, Ra = 10%): 2D RBC. .
* LSC at low rotation rates

and It breaks down at

higher rotation rates.

Studied the statistics

Vasiliev et al. (2018) B

(LES, Ra < 10°),

* Proposed the idea of planar
LSC (PLSC) at the faces to
identify flow structures.

¥ Present work: RBC in Box

Achieved Ra=10°, and studied the
characteristics of the coherent structures
in different planes.

Identified four-roll structure in non-LSC

Box \

Bai et al. (2016)

Observed switching of LSC
between the diagonals.
Valencia et al. (2018) and
Vasiliev et al. (2018)

¢ Present work: RRBC in Cylinder .

* Numerically studied the dynamics and
statistics of LSC in rotating RBC for the

first time * LSC aligned along diagonals
plane ; + Identified rotation-led and cessation-led and switches between them
* Proposed a novel mechanism of flow . . randoml
reorientations y.

reversals based on corner rolls
Identified rotations and cessations
previouly seen in cylindrical domains
Identified partial and complete

reversals of LSC

Analyzed the energy transfer mechanism
that connects the dynamics between the
LSC and non-LSC planes

» Classified partial and complete reversals
* Observed multiple cessations which has
not been reported in any previous studies.
» Studied the statistics of reorientations
for the first time using DNS.
* Trends are in good agreement with
previous experiments.

Figure 8.1: Flow chart showing the novel findings of the present work along with previous
studies on LSC and its dynamics.

we find that cessation-led reorientations are rare events compared to the rotation-led ones for
RRBC. Double-cessations are even rarer, and multiple-cessations are the rarest of all reorien-
tations. As the rotation rate increases, a significant increase in the number of reorientations is
observed. Similar to non-rotating RBC, we find that the probability distribution of the reorien-

tations exhibits a power-law distribution.

For turbulent RBC inside a Cartesian box, we have been able to attain a high Rayleigh
number range, up to Ra = 10°, and study various characteristics of the flow, especially ther-
mal plumes and LSC. We have identified plume and turbulent background regions and showed
that the volume fraction of the plume decreases with Ra, while the background fraction in-
creases. Further, we have computed the contribution of thermal dissipation rate from the plume
and background regions and found that both contributions exhibit a decreasing trend with Ra.

Comparisons with the theoretical predictions show that the dissipation from the plume region
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follows the Grossmann-Lohse (GL) scaling at lower cutoffs, while considerable deviations are
observed in the background contribution. Turbulent statistics like variance, skewness, and flat-
ness of velocity and temperature have been evaluated to study different characteristics of the
flow. We observe that the PDFs of both viscous and thermal dissipation rates compare well
with a stretched exponential function and their tails get more extended with the increase in Ra.
The evaluation of kinetic energy budget shows that TKE is mainly produced in the bulk region;

from there, it is transported towards the walls and dissipated in the boundary layers.

One of the principal achievements of the thesis has been the investigation of LSC and its
dynamics inside a cubic cell at a high Rayleigh number range. LSC is primarily aligned along
one of the diagonal planes accompanied by two corner rolls, while in the other diagonal a four-
roll structure is noticed. Similar to that obtained in cylindrical confinement, we have identified
both rotation-led and cessation-led reorientations of LSC. However, due to the lack of symme-
try in the azimuthal direction, the azimuthal drift of the LSC is restricted to AP, ~ 7/2 and
A®, ~ 7, which are characterized as partial and complete reversals, respectively. Our analysis
shows that partial reversals are a common occurrence across all [?a, while complete reversals
are rare and restricted to low Ra. By evaluating the topology of the flow in different planes,
we have been able to propose a mechanism of flow reversal in the box geometry. During a par-
tial reversal, the LSC weakens at the expense of growth of the corner-rolls to form a four-roll
structure, while in the opposite plane, two rolls merge together to form LSC. In the case of a
complete reversal, corner rolls in the diagonal plane containing LSC grow in size to yield a
four-roll structure, which further merges to produce an LSC with opposite sense of rotation.
With the increase in RRa, the LSC becomes more dominant and suppresses the corner-rolls.
This effectively reduces the occurrence of reorientations at higher Ra. Using kinetic energy
budget, we have analyzed the energy transfer mechanism that connects the dynamics between
the LSC and non-LSC planes. Our analysis shows that the production of TKE occurs at local-
ized pockets in both the diagonal planes, while its dissipation largely occurs near the diagonal
plane containing LSC. The transport mechanism redistributes energy between these planes. It

thus, plays a crucial role in sustaining the LSC and four-roll structure.
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8.2 Future scope

Based on the observations made during the present work, here we list some of the avenues of
future research in turbulent convection. Some of the critical issues that we are presently looking

forward to are discussed below.

e Effect of surface roughness on turbulent RBC: We have observed that thermal plumes
organize to form LSC in cylindrical and cubic enclosures. Introduction of surface rough-
ness is expected to significantly affect the pattern of plume emissions and, thus, the for-
mation and dynamics of LSC [288]. These aspects are of our prime future interests. It is
generally believed that surface roughness enhances the heat transport [289-294], which
depends on both the height and wavelength of the roughness elements [295-297]. The
interaction of these surface elements with the boundary layers and their association with
the behaviour of thermal plumes and overall heat transfer dynamics are important areas
to focus on. Attainment of the so-called ultimate regime [81] is another aspect that has
been of recent research interest. We aim to attain the ultimate regime by introducing sur-
face roughness and thereby perturbing the boundary layers [57]. Note that most of the
numerical studies on surface roughness have been carried out in 2D systems. It will be
interesting to explore these avenues using 3D simulations, although, introducing random

3D roughness elements is a challenge in its own.

e Effect of tilt on turbulent RBC: Tilting the flow domain can significantly affect the flow
structures, heat transport and various other characteristics of the system [298-300]. In a
tilted convection cell, the symmetry of the system is broken, and the orientation of the
LSC is locked, which allows the analysis of LSC and its dynamics more convincingly.
Recall that in chapter 7, we have seen that with increase in Ra, the LSC becomes more
squarish. Similar observations were made in the experimental study by Guo ez al. [301],
where they observed that the LSC changes from oblique elliptic-like to squarish-like
structure with the increase in tilt angle. Thus, with the introduction of tilt, we might see
some specific aspects of LSC that are generally seen at higher Ra. The effect of tilt angle
on the structure and dynamics of LSC and its association with global heat transport are

also interesting aspects to explore.
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e [arge-eddy simulations of turbulent RBC: In chapter 7, we have shown that with the in-
crease in Ra, the frequency of reorientations of LSC reduces considerably. This makes
DNS investigation of the dynamics of LSC a strenuous task, as the LSC stays in a par-
ticular plane for a very long time without reversing. We find that to study the dynam-
ics of LSC at very high Rayleigh numbers, large-eddy simulation (LES) is the way for-
ward. LES is a better choice than DNS in terms of computational cost and is superior
to Reynolds averaged Navier-Stokes (RANS) in terms of dynamic approximation of the
flow. As our prime focus has been on large-scale structures, their dynamics and global
quantities, LES provides the best balance between computational cost and numerical res-
olution. We aim to investigate different kinds of reorientations of LSC and study their

statistics using LES in future.

TH-2625_136103004



Appendix

Calculation of Nusselt number

To get the estimate of global heat transport in Rayleigh-Bénard convection, the Nusselt number

is computed. Now let us consider non-dimensional energy equation

00
SV (uh) = arv?, 8.1)

where 0 = (T —T¢) /(T — T¢) is the normalized temperature having values 1 and 0 at bottom

and top plates, respectively. Above equation can be cast into the heat flux form as

00
g — 2
5 TV a=0 (8.2)

where ¢ = (ufl — arV0) is the total heat flux (sum of the conductive and convective fluxes)
and o depends on the choice of velocity scale (V"¢/). Considering heat transport in verti-
cal direction (let it be z), Nu, which is the ratio of convective and conductive heat fluxes, is

estimated as

n wl — ap??
Nu = Gconv _ 89T8Z (83)
Geond —ar ( 9z cond)

In the conduction state, non-dimensional temperature 6 varies linearly in vertical direction (2)

0
as 0.ong = 1 — z. Thus, 8_ = —1. This implies
aZcond
1 06
Nu=—(wb) — — 8.4
Y ar (wd) 0z 84)
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If we consider the diffusive velocity yref = a/H, then ar = 1. However, on using the
buoyancy scale V™ = \/gBATH, then oy = +/1/(RaPr). Thus, the Nusselt number is

obtained as

Nu = wh — % (for V™ = o /H) (8.5)
Nu = v RaPr(w) — % (for V™/ = \/gBATH) (8.6)

Further, the volume and time averaged Nusselt number, (Nu), is written as

(Nu) = (wh) — <%> (for V™ = a/H) (8.7)
(Nu) = V' RaPr{wd) — <%> (for V™ = \/gBATH) (8.8)

Now, when 06/0z is summed up over the volume, the intermediate values get cancelled out,

and thus reduces to —1 as shown below.

90\ T [06, 1 0.y —0]. L
<%>‘v v@zd“‘v{<z=1>—<z:o>}v‘ |

This implies
(Nu) =1+ (wb) (for V™ = a/H) (8.9)
(Nu) = 14 vV RaPr(wb) (for V™ = \/gBATH) (8.10)

Nusselt number based on thermal and viscous dissipation rates

The thermal and viscous dissipation rates play an important role in the local and global heat

transport process. If the Eq. 8.1 is multiplied by 6, each term is simplified as

000/0t = 0(1/20%)/00 (8.11)
OV - (ud) = Ou-Vl=u-V(1/20*) =V - (1/2ub?) (8.12)
OV = OV - (V) =V - (V) — |VH? (8.13)

TH-2625_136103004 223



Appendix

Thus,
o(L0?
%t ) + V- (%uéﬂ) = ar{V - (6V0) — |VO*}

Integrating it over the volume V' (surrounded by the surface .S) gives

/‘/%(%GQ)dU+/‘/V~(%u&z)dv:aT{/VV'(GVQ)dU—/V]V0|2dv}

Assuming that the volume V' does not change with time and using the divergence theorem, the

above equation further reduces to

1 1
% (562)dv+/(§u02) - fds = aT/(é’VH) - fds — aT/ (V0| dv (8.14)
14 S S \%4

Note that u = 0 on the no-slip walls. Further, for periodic boundaries u6? is same on opposite

walls but 7 is in opposite direction. Thus we obtain
I
(zub?) -nds =0
g 2

Also on adiabatic wall V@ - n = 0. For periodic walls, V8 - n is same on opposite sides but
n is in opposite direction. Thus, the first integral on the right hand side reduces to the surface

integrals at top and bottom walls.

. 00 00 00
/S(QVQ) -nds = 0,1 /Z:1 ads + 0],—0 /ZZO &ds y A &ds

Owing to the normalization, 6|,—o = 1 and 6|,—; = 0. Thus, Eq. 8.14 becomes

d 1 Bl
— [ (26H)dv = « / —ds—« / Vo|%dv (8.15)
dt V(2 ) r 2=0 aZ T A4 | |

Now, on multiplying Eq. 8.1 by z, the resulting terms are

200/0t = 0(z0)0t
2V (uh) = V-(zubf) — (ub) -Vz=V-(zul) —wb
2V = 2V-(V0) =V (2V0)—Vz-VO=V-(2V0) —00/0z
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Thus, we obtain
0(20)
ot

+ V- (zub) — wl = ap{V - (2V0) — %} (8.16)

Integrating Eq. 8.16 over the volume V' yields

/V@dm/vv.(zue)dv—/vwedv:aT{/Vv.(zve)du—/V%dv}

Applying divergence theorem, the above equation reduces to

i/ z@dv—i—/(zu@) - nds — / whdv = aT{/(zV9)~fzds —/ @dv} (8.17)
dt Jv s v s v 02

By the virtue of no-slip boundary condition on the horizontal plates and no-slip/periodic bound-

ary condition on the lateral walls,

/(z'u,é’) -nds = 0.
5

Now, as S is a piece-wise continuous surface and owing to adiabatic or periodic boundary

conditions, V8 - i = 0 on the lateral walls. Thus, we obtain

—00 00 00
e = 1l . Y e — &
/S(zVO) nds /221 5 ds+0/zz0 8zd8 /Z:1 aZals

Thus, Eq. 8.17 reduces to

d a0 a0
e _ = - - = 1
o /Vzé‘dv /Vwedv OzT(/Z:1 5 ds + /V P dv) (8.18)

On integrating energy equation (Eq. 8.1) over the volume and applying the divergence theorem,

it results in
d
— [ Odv + /(u&) -nds = aT/ Vo - nds (8.19)
dt Jy s s

Owing to no-slip boundary condition on horizontal plates and no-slip/periodic boundary con-

dition on the lateral walls, / (uf) - nds = 0. Thus, Eq. 8.19 reduces to
S

d 00 00
— [ Odv = —ds — —d 2
i |, V= g /Z:O ER S — Qg o S (8.20)
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Adding Eq. 8.15 and Eq. 8.18 and subtracting from the above Eq. 8.20 results in

;lt = —02 —z@)dv—i—/

\%

whdv = aT/ —dv—l—aT/ |VO|*dv (8.21)

Now let u consider a bounded function f(¢) such that |f(¢)] < C' < oo, where C is any real

constant. Time average of derivative of the bounded function f(¢) can be written as

@_ . l/t+T df(t/)

T _
i AT dt’ = lim T(f(t—i—T) (1)

dt/ T—o0

Maximum value of this function can be obtained as
max{f(t+T)— f(t)} = max{f(t+T)} —min{f(t)} = C — (-C) = 2C.

Thus,

daf .. 20
2 < — = .
=T =" ®22

On taking time average of the Eq. 8.21,

jt (0 — —92 — 20)dv + / whdv = aT/ —dv + aT/ |VO|2dv (8.23)
1%
where,
d 00 0l.—1 — 0].—
262 — — 29 =0 - _
pr (9 9 20)dv = 0 (using Eq.8.22) and 8zd =) (= O)V V

00/90z when summed up over the volume reduces to the above as the intermediate values get

cancelled out. Thus, Eq. 8.23 can be written as

/ whdv = ap(=V) + ozT/ |VO|2dv (8.24)
v

Dividing by V' on both sides of Eq. 8.24 gives

—/ whdv = ar(—1+ —/ |V0|%dv) (8.25)
(wh) = ap(—1+ (|VO|*)) (8.26)
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If the reference velocity is V" = a/H (diffusion scale) then ap = 1 and Nu = 1 + (wf).
Thus,

Nu=1-1+ (VO] = (V] (8.27)

On the other hand, for buoyancy scale V™ = \/¢BATH, ar = (RaPr)_l/ 2and Nu =
1+ (RaPr)Y?(wh). Thus,

Nu =1+ (RaPr)"Y*(RaPr)?(—1 + (|V]?)) = (|V6]?) (8.28)

Now consider the non-dimensional momentum equation

)
a—"t" tu-V(w) = —Vp+ aV2u + 80z (8.29)

Note that for diffusion scale V"* = a/H, a,, = Pr and a;, = RaPr. Similarly for buoyancy
scale V"/ = \/gBATH, o, = (Pr/Ra)"? and oy, = 1. Here § is the Kronecker delta. On
contracting the above equation by w, the different terms become

du o(3U?)

u-— =
ot ot
1
u-{u-Vu} = V- (§U2u)

u-VP = V. (up)—pV-u=V-(up)
w-Vu = V-(u-Vu)— |Vu|?

u-opfd, = opwl

Here U is the magnitude of the velocity vector u. Thus, we obtain

(5%

1
o +V. (§U2u) = -V (up) +a, V- (u-Vu)— a,|Vul* + ayw

Integrating the above equation over the entire volume V' gives

(3U?) 1,
/—dv+/V~(—U u)dvz—/V'(up)dv+/auv‘(u~Vu)dv
v ot v 2 v v

—/ozu|V'u,|2dv—|—/abw9dv
v v
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Assuming constant volume and using the divergence theorem, we get

4 (1U2)dv + /

(leu) -nds = — /(up) - nds + / ay(u - Vu) - nds (8.30)
dt J,,\2 2

s s
—/ozu|Vu|2dv—l—/ apwhdv
v v

Owing to no-slip boundary condition on horizontal plates and no-slip/periodic boundary con-

dition on the lateral walls,

Thus,

d 1
— (—U2)dv:—/ au|Vu\2dv—|—/ apwldv (8.31)
dt Jy 2 % v

Taking time average and subsequently dividing it by the volume results in

1d 1

1 1
~ 2 | Cudy = —= Vul|2dv + — 0 32
T V(QU) v V/Vozu| u| dv-l—v/vabw dv (8.32)

Using the result from Eq. 8.22, we obtain

This implies,

(wh) = Z—:<Wu|2> (8.33)

For V'e/ = a/H, o, = Pr,a, = RaPr, and using Eq. 8.9, the Nusselt number becomes
(Nuy =1+ (| Vul?) (8.34)
u) = _ u .
Ra
Similarly, for V"¢/ = \/¢BATH, o, = (Pr/Ra)"?, a;, = 1, and using Eq. 8.10
(Nu) =1+ Pr{|Vul?) (8.35)
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