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Abstract

This work is primarily concerned with the development of schemes and numeri-
cal methods for computing high-speed inviscid and viscous flows, computation of
which frequently encounters various difficulties in the forms of discontinuities like
shocks, contact surfaces, slip streams etc. Dynamics of inviscid compressible flows
is governed by the Euler equations of gas dynamics and their discretization in the
context of finite volume methods has attracted considerable attention of the CFD
practitioners in the last four decades. This is because, for high-speed flows, Euler
equations many a times give physically meaningful results and these can be used
for aerodynamic-design purposes. It is now an accepted fact that for capturing
shocks accurately, the conservative form of the Euler equations has to be numer-
ically solved using conservative discretization schemes. Since the unsteady Euler
equations are hyperbolic in nature admitting wave-like solution, simple central
differencing of the fluxes leads to numerical instabilities necessitating the devel-
opment of upwind schemes which comprise one-sided differencing that respects
the direction of signal propagation. However, these schemes many a times smear
various discontinuities greatly because of the presence of large amount of implicit
numerical diffusion. This suggests alternative ways of flux differentiation. It has
already been mentioned that simple central differencing of the flux terms lead to
numerical instabilities. This is because central differencing is associated with very
low amount of numerical diffusion and some amount is necessary for stability. This
understanding led to a class of schemes that use central differencing of the flux
term with (artificial) addition of some numerical viscosity for stabilization. This
class of schemes is termed central schemes, in which the diffusion-term plays a
very significant role. As already mentioned, if the diffusion is high it leads to
smearing of the various discontinuities, and if the diffusion is low it leads to in-
stabilities. This thesis attempts to address this problem encountered by central
schemes, so that numerical diffusion can be controlled in such a way as to give
a stable scheme, and at the same time produces accurate solution in the form of

sharp discontinuities.
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Local Lax-Friedrichs (LLF) scheme is one of the simplest, but highly diffusive
central schemes, which leaves enough room for the diffusion to be reduced for
accurate computation. In a relatively recent scheme called Diffusion-Regulated
Local Lax-Friedrichs (DRLLF) scheme (J. Comput. Phys., Vol. 221, 2007), a
method for regulating the numerical diffusion in the LLF scheme was proposed
along with a prescribed value of a diffusion-regulating parameter. To gauge the
influence of this parameter on various discontinuities in various problems, initially
a series of 1D and 2D computations are carried out with different values of the
parameter. These computations are also carried out with a relatively accurate
upwind scheme, namely, Advection Upstream Splitting Method (AUSM) and a
robust upwind scheme, namely, van Leer’s Flux Vector Splitting (FVS) scheme for
the sake of comparison. It is shown that the DRLLF scheme computes oblique
(non-grid-aligned) and weak shocks more crisply than AUSM, however, it is the
AUSM scheme that resolves grid-aligned strong shocks better. Besides establishing
relative merits and demerits of the DRLLF scheme, we also show that the scheme
can be used also to compute reacting-air flows at hypersonic speeds. In computing
axisymmetric-hypersonic flow over a hemisphere the DRLLF scheme is found to
produce numerical oscillations in the strong-shock zone. The formulation of the
Diffusion-Regulation (DR) parameter is modified to overcome this problem.

In the second phase of the present work, the possibility of further reducing the
numerical diffusion of the DRLLF scheme in the presence of physical diffusion for
viscous-flow computations is investigated by computing supersonic laminar flow
over a flat plate and hypersonic shock wave-boundary layer interaction (SWBLI)
on a ramped surface. By scaling down the DR parameter throughout the compu-
tational domain below the original inviscid formulation we show that it is indeed
possible to improve the accuracy of the DRLLF scheme for viscous-flow computa-
tions. Further, the effects of numerical diffusion on the performances of the AUSM,
van Leer’s FVS and DRLLF schemes in computing the adiabatic-wall temperature,
skin friction coefficient, laminar-separation-bubble size are also investigated. It is
demonstrated that the adiabatic-wall temperature and the laminar-separation-
bubble size increase with numerical diffusion, whereas the skin friction decreases

with the increase in numerical diffusion.

TH-1901_10610301 S



The nature of viscous flows suggests a possibility of differential regulation of
numerical viscosity inside and outside the shear layer. As an important contribu-
tion from the present thesis-work, the differential control of the numerical diffusion
of the DRLLF scheme is achieved by modifying the original DR parameter. The
modified version of the DR parameter operates based on a new-boundary-layer sen-
sor developed in such a way that the numerical diffusion is further reduced inside
the viscous zone only, and in the outer inviscid zone the parameter reverts back
to the original inviscid formulation. This new scheme is named as the DRLLF-
Viscous (DRLLFV) scheme. The overall performance of the DRLLFV scheme is
better than the AUSM scheme in that it resolves the boundary layer comparable
with the latter and performs much better in resolving the leading-edge shocks. To
implement the various flux schemes for computing a wide range of viscous-flow
problems, a high-speed viscous flow solver (HSVF'S) for structured grids is devel-
oped. The solver is flexible enough to incorporate as many inviscid flux schemes as
one desires. The solver is capable of handling the first- and higher-order versions
of the schemes using appropriate solution-reconstruction methods with different
limiters. The viscous fluxes can be computed by using either the Green’s theorem
or the Cross-Diffusion Method. The solver is validated using ANSYS-FLUENT
simulations as well as numerical and experimental results from literature.

The final important work of the present thesis addresses the need for an in-
expensive scheme that can capture shocks and other discontinuities crisply irre-
spective of their strengh and grid-inclinations. For inviscid flows we develop a
new scheme by hybridizing the AUSM and DRLLF schemes and coupling them
through a novel shock switch that operates - unlike existing switches - on the
gradient of the Mach number across the cell-interface. The AUSM and DRLLF
schemes are chosen for the hybridization owing to their contrasting performances
in resolving grid-aligned (and strong) and non-grid-aligned weaker shocks. It is
our experience that if conventional shock switches based on variables like density,
pressure or Mach number are used to combine the schemes, the desired effect of
simultaneous crisp resolution of grid-aligned and non-grid-aligned discontinuities
are not obtained. To circumvent this problem we design a shock switch based -

for the first time - on the gradient of the cell-interface Mach number with very
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impressive results. Thus the strategy of hybridizing two carefully selected schemes
together with the innovative design of the shock switch that couples them, affords
a method that produces the effects of a multidimensional scheme with a lower
computational cost. The new hybrid scheme obtained for inviscid-flow computa-
tions is termed the AUSM-DRLLF Self-Adjusting Hybrid (ADSAH) scheme. It is
further seen that hybridization of the AUSM scheme with the DRLLFV scheme
using the present shock switch gives another scheme that provides crisp resolution
for both shocks and boundary layers and the new scheme is termed the AUSM-
DRLLF Self-Adjusting Hybrid Viscous (ADSAHV) scheme. Merits of the schemes

are established through a carefully selected set of numerical experiments.
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Chapter 1

Introduction

1.1 Background

One of the main concerns of Computational Fluid Dynamics (CFD) practitioners is
to improve the accuracy and resolution of the computed flow field. The accuracy
and resolution of the computations are affected a great deal by the numerical
scheme for discretizing the governing equations of the flow. In compressible-flow
computations the issues of accuracy and resolution are more complex due to the
presence of features like shocks, slip-lines, contact discontinuities, and various
types of wave interactions- such as shock reflection, shock-shock interaction, shock-
expansion interaction etc.

Historically, in the beginning the method of computing compressible flows in-
volving shocks was that of “Shock Fitting”, in which the states across the shock
were connected using the Rankine-Hugoniot relations and the governing equations
in the upstream and downstream zones of the shock were numerically solved at each
time step. However, this approach has its own pitfalls in that the shock surface
itself may be in motion relative to the network of points in space-time coordinates,
and the differential equations as well as the boundary conditions are non-linear.
Moreover, the shape and location of the shock surface is not always known in
advance, which are determined by the governing equations and the boundary con-
ditions themselves [1]. Consequently, the shock fitting approach involves lengthy
calculations that are mostly done with trial and error at each time step.

In the presence of shocks or contact discontinuities, the flow variables become
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2 Chapter 1. Introduction

non-differentiable at the locations of the discontinuities. Clearly, discontinuous
solutions do not satisfy the partial differential equation (PDE) in the classical sense
at all points, since the space-derivatives of the variables are not defined at these
locations. To overcome these difficulties, “weak solution” to the governing PDE
can be sought. A weak solution (also called a generalized solution) to an ordinary or
partial differential equation is a function for which the derivatives may not all exist
but which is nonetheless deemed to satisfy the equation in some precisely defined
sense. One approach to obtain weak solutions is the “vanishing-viscosity method”,
where a diffusive term is introduced into the governing equations to obtain a
unique-smooth solution and then the solution is sought at the limit when the
coefficient of the diffusive term approaches zero. The addition of artificial viscosity
results in smearing of the discontinuities. As a result of this the mathematical
surfaces are replaced by thin layers where flow variables like pressure, velocity,
density etc. change rapidly but smoothly. Addition of artificial viscosity and
solving the governing equations in conservation form using a stable numerical
scheme with properly posed initial and boundary conditions resulted in automatic
capturing of the shock-shape and location during the space-time evolution. This
new approach resulted to a shift of the computational paradigm from “Shock
Fitting” to “Shock Capturing”.

The dynamics of inviscid-compressible flows is governed by the unsteady Euler
equations of gas dynamics that are hyperbolic in nature. For hyperbolic con-
servation laws, it is a well-established fact that the Forward-Time Central-Space
(FTCS) method is unconditionally unstable. To impart numerical stability it is
essential to add some numerical diffusion to the central dicretization of the space-
derivatives associated with the inviscid fluxes. The major challenge in achieving
high accuracy in compressible-flow computations is to ensure that a right amount
of stabilizing diffusion is added in regions of sharp gradients to ensure stability,
while in the rest of the computational domain the diffusion must be small enough
not to spoil the solution accuracy. It has to be always borne in mind that too high
numerical diffusion causes nonphysical smearing of the discontinuities.

To illustrate the point let us consider the one-dimensional (1D) linear advection
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equation

ou ou

where ¢ = constant > 0 is the wave speed. Let equation 1.1 be discretized by
using a first-order-forward difference in time and first-order-rearward difference in
space. Then equation 1.1 can be represented by the following difference equation:
n+l

J ]
At T As

n_yn
u Uj u

=1 —, (1.2)

n

where u ;

and uj_; represent the discrete solutions for u at locations z; and z; 4

at time ¢, respectively, Az is the grid-spacing, At is the time-step, and u?“
is the discrete solution at x; at time ¢ + At. Equation 1.2 is the first-order-
upwind discretization of equation 1.1. It can be shown that equation 1.2 is actually

equivalent to solving another partial differential equation of the form [2]:

@+ @_ch(l_y)(?Qu_i_c(Ax)Q Pu
ot “ox 2 022 " 6 0

+ 0O [(At), (At Az, At (Ax)?, (Ax)®], (L.3)

3v—2°%—1
( )

cAt

where v = L

The exact solution (free from any round-off error) of equation 1.2
can be viewed as the numerical solution of the original partial differential equation
1.1 with an error given by the truncation error. However, from another perspective,
the exact solution (free from any round-off error) of the difference equation 1.2
constitutes an ezact solution (no round-off error) of a different partial differential
equation, namely, equation 1.3 that is called the modified equation. The leading-
order term on the right-hand side of equation 1.3 contains a term 2273 that has
viscous-like effects. Though the original equation 1.1 was free from any viscous
effects, the upwind discretization of the equation has artificially created viscous-
like effects that are purely of numerical origin. The artificial viscosity or numerical
diffusion results in smoothing of discontinuities in the marching procedure. Figure

1.1 shows a qualitative picture of the smearing of an initial discontinuity due to

numerical diffusion in computing the 1D linear advection equation.

TH-1901_10610301



4 Chapter 1. Introduction

uas
— — — Solution with the first order upwind scheme

Exact solution

\/

Fig. 1.1. Effect of numerical diffusion in computing the 1D linear wave equation

with an initial discontinuity.

1.2 Literature review

The design of schemes that can accurately capture shocks and shear layers in
the computation of inviscid and viscous-compressible flows has found importance
in the recent developments of computational aerodynamics. The unsteady Euler
equations that govern the dynamics of inviscid-compressible flows are hyperbolic
in nature. Even for high-speed viscous applications governed by the compressible
Navier-Stokes equations, the convective fluxes are numerically computed by using
the same flux formulas developed for the Euler equations. The design of a stable,
robust and accurate numerical flux scheme for nonlinear conservation laws is still
a challenging research area. This is due to the fact that such equations admit
discontinuous solutions in the forms of shocks, contact discontinuities, slip surfaces,
and also may develop expansion waves with sonic points [3]. The idea of shock
capturing in hyperbolic conservation laws by the addition of artificial viscosity was
pioneered by von Neumann and Richtmyer [1]. As research in this field unfolded
it gradually became clear that for numerical stability it is essential to add some
explicit numerical or artificial diffusion to the central discretization of the flux
terms [4-6]. However, excessive numerical diffusion spoils the solution accuracy

by smearing the discontinuities and boundary layers [7, 8.
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The initial attempts in designing numerical fluxes for the Euler equations re-
sulted in schemes that had the same theoretical order of accuracy throughout
the computational domain. Laney [9] termed these schemes the “first-generation
methods”. They can be classified as upwind and central schemes. The upwind
schemes choose the stencil taking into account the directions of the wave propa-
gation. These schemes can be viewed as equivalent to central discretization of the
fluxes along with an “implicit” numerical-diffusion term. In contrast, the central
schemes are mathematically simpler in formulation because the “wind-direction”
is not an issue in the design of these schemes. Moreover, the central schemes
employ a central discretization of the fluxes combined with an “explicitly” added
numerical-diffusion term. An upwind scheme provides better nonlinear stability
near shocks since it inherently satisfies the stencil adaptation required to fulfil the
CFL criteria [9]. Although the upwind schemes are the natural choice for shock-
capturing applications, the central schemes also have merits due to their algebraic
simplicity and easier maneuverability of the numerical diffusion.

Godunov’s scheme [10] laid the foundation for a class of upwind schemes. This
scheme, although robust, was computationally expensive and complex owing to
the requirement of using an exact Riemann solver [11]. Later on a series of upwind
schemes like Steger and Warming’s Flux Vector Splitting (FVS) [12], Roe’s Flux
Difference Splitting (FDS) [13], van Leer’s FVS [14], Liou and Steffen’s Advection
Upstream Splitting Method (AUSM) [7], Edwards’ Low-Diffusion Flux Splitting
Scheme (LDFSS) [15] ete. were developed. Steger and Warming’s pioneering idea
in the field of FVS opened up the possibility of constructing upwind schemes based
on the characteristic structure of the Euler equations. However, it suffered from the
“sonic-glitch problem”, which was overcome by van Leer [14]. The van Leer’s FVS
scheme was found to be robust but was found to be highly diffusive for inviscid and
viscous computations. The AUSM scheme could produce much improved results
for both inviscid and viscous computations. However, the AUSM scheme also
needed various modifications for applicability to a wide range of speeds [16, 17].
It also needed other corrections like the entropy fix [18]. Roe’s FDS scheme is
considered a watershed event in the development of approximate Riemann solvers.

In spite of offering high accuracy for a wide range of problems, Roe’s FDS scheme
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6 Chapter 1. Introduction

suffered from limitations like computational cost [7], carbuncle phenomenon and
expansion shock [19]. Depending on the particular version used, Edwards’ LDFSS
scheme could reduce either numerical oscillations near strong shocks or carbuncle
phenomenon but both the problems could not be simultaneously addressed [20].
Further, van Leer reported that although most of the FVS and FDS methods are
good at resolving strong shocks aligned with the grid, they badly resolve shocks
that are inclined to the grid [21].

The Lax family of schemes forms the basis of the central schemes. The Lax
scheme [22], Lax-Wendroff scheme [23], Local Lax-Friedrichs or Rusanov’s scheme
[24], McCormack’s scheme [25] etc. are some of the examples of central flux
schemes. Although simple in mathematical formulation, these schemes suffer from
the disadvantage of either excessive numerical diffusion or nonphysical oscillations
near shocks [9]. Jameson carried out pioneering works in the development of central
schemes with added artificial diffusion. One notable contribution from Jameson is
the Convective Upwind and Split Pressure (CUSP) scheme [5]. Jameson’s central
schemes found a wide range of applicability. However, the performance of these
schemes relied a great deal on the proper choice of the coefficients used in the eval-
uation of the numerical-diffusion terms [6] and as a result the skill and experience
of the user was crucial in the proper use of these schemes.

The first-generation methods have one basic limitation that they “mindlessly”
treat every part of the solution domain as the same. But a solution-sensitive
scheme that can adjust its theoretical order of accuracy based on the smoothness
of the flow field is more desirable in order to achieve high resolution. Many solution-
sensitive methods combine a range of first-generation methods, varying the exact
blend from place to place depending on the solution features such as shocks or
smooth regions. For example, one such method may use Roe’s first-order scheme at
shocks and Lax-Wendroff scheme in smooth regions. The blending of the schemes
is regulated based on the solution or the flux-gradients. This class of schemes can
be called the second- and third-generation schemes [9].

The technique of designing high-resolution schemes by combining two schemes
with complimentary properties is called flux-averaging [9]. Flux-averaged methods

can further be classified as flux-limited, flux-corrected and self-adjusting hybrid
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methods. On the basic philosophy level these three approaches are the same.
The difference arises only in the ways of calculating the weight functions used
for flux-averaging. Some of the examples of flux-limited methods are van-Leer’s
flux-limited method for the linear advection equation [26], Sweby’s method [27],
Osher-Chakravarthy TVD method [28] and Yee-Roe TVD scheme [29].

Boris and Book [30] started the era of flux-corrected methods by combining
an upwind method with the Lax-Wendroff scheme and named their method as
Flux-Corrected-Transport (FCT). Zalesak [31] generalized the original FCT to
combine any two methods provided that one method always had more second-
order-artificial viscosity than the other, so that the flux-correction plays the role of
an anti-diffusive term in smooth regions. Another approach of FCT that corrected
the physical flux rather than the numerical flux was proposed by Harten [4]. FCT
methods are found suitable for simulating violent time-dependent flows, but they
are less suited for steady-state calculations [21].

The self-adjusting hybrid methods obtain a convex combination of two schemes
using a shock switch. As the name suggests the role of the shock switch is to
distinguish shock or sharp-gradient regions from smooth regions, switching on at
shocks and switching off in smooth regions. The pioneering work in the class
of self-adjusting hybrid methods can be attributed to Harten and Zwas [32, 33,
where they combined the Lax-Friedrichs and Lax-Wendroff schemes. Harten [34]
combined a first-order-upwind scheme with the Lax-Wendroff scheme. Jameson
et al. [35] proposed a scheme that combined a semidiscrete first-order-upwind
scheme with a semidiscrete version of a central scheme plus fourth-order-artificial
viscosity. This scheme is popularly known as the JST scheme. Radespiel and
Kroll [18] hybridized the AUSM and the van Leer’s FVS schemes to extract the
benefits of both in resolving boundary layers as well as strong shocks. However, the
weight factor used in this scheme for hybridization is constant rather than being
solution-sensitive. Development of hybrid schemes continues to find importance
as evidenced from the recent literature [36, 37] on this area.

Apart from the flux-averaged methods, other approaches to regulate the numer-
ical diffusion for achieving high shock resolution also exist. The solution-averaging

(also called reconstruction-evolution) [38, 39] and diffusion-regulation of central
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and upwind schemes [40-44] are two common approaches in this direction. The
quest for designing Riemann solvers that can accurately capture a discontinuity ir-
respective of its grid-inclination has led to the development of “multidimensional”
upwind schemes [21]. These schemes have resulted from attempts to redeem the
fact that in the extension of conventional upwind strategies to multidimensional
equations using traditional finite volume method (FVM), discontinuities oblique
to grid faces are mostly worse resolved than those aligned with the grid [21]. As
one remedy to this problem rotated Riemann solvers [45, 46] were developed to
achieve directional upwinding. Flux formulas based on rotated frames do achieve
the goal of uniform resolution of shocks and shears independent of direction, but
are not robust when used in higher-order schemes [21]. The class of residual dis-
tribution (RD) schemes [47, 48] is considered a fundamental and robust approach
and these schemes possess “genuinely multidimensional” features. The residual
distribution schemes are best formulated on finite-element grids [21]. Though el-
egant, the RD approach works mainly for the Euler equations and it requires a
considerable amount of reformulation for extension to any other hyperbolic sys-
tems [49]. The multidimensional HLLE/HLLEM/HLLC Riemann solvers [49-53]
are some recently developed truly multidimensional schemes that are versatile and

robust.

1.3 Motivation and objectives

Literature survey reveals that numerical diffusion plays a significant role in the ac-
curate computation of both inviscid and viscous-compressible flows. A scope exists
to regulate the numerical diffusion of schemes for achieving higher accuracy. In case
of central schemes like the Local Lax-Friedrichs (LLF) scheme, it is relatively easy
to maneuver the numerical-diffusion term. Schemes like the Diffusion-Regulated
LLF (DRLLF) and Directional Diffusion-Regulated LLF (DDRLLF) schemes have
been recently developed in order to regulate numerical diffusion of the LLF scheme.
However, systematic studies on the possibility of further reducing the numerical-
diffusion level of the DRLLF scheme for viscous-flow computations is not available

in reported literature. In addition, a scope exists to design a robust yet simple
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and cost-effective numerical flux scheme with controlled diffusion that can cap-
ture both strong and weak shocks irrespective of their grid-inclinations. In this
backdrop the motivation for the present thesis work is primarily drawn from the
need for the analysis and regulation of numerical diffusion in computing inviscid
and viscous-compressible flows. Based on the literature review and the existing

research gap, the present thesis aims at achieving the following major objectives:

e To develop an understanding on the effects of numerical diffusion in the

computation of inviscid-compressible flows.

e To compare the performances of some of the existing numerical schemes,
namely, van Leer’s FVS, AUSM, DRLLF and DDRLLF schemes in inviscid-
flow computations and qualitatively correlate the shock resolutions with the

numerical diffusion present in these schemes.

e To study the effects of numerical diffusion in the computation of viscous-

compressible flows.

e To investigate whether it is possible to reduce the numerical diffusion of the
DRLLF scheme for viscous-flow computations lower than the level originally

prescribed for the Euler equations.

e To develop a structured grid high-speed viscous flow solver and use the same

with both existing and newly-developed schemes.

e To design a simple and robust numerical flux methodology that can adjust
its numerical diffusion for accurate capturing of a shock irrespetive of its

strength and grid-inclination.

1.4 Organization of the thesis

The thesis is organized in seven chapters. Chapter 2 presents the governing equa-
tions of compressible flows and background information on various numerical meth-
ods used in the present work. The role of numerical diffusion in inviscid-flow

computations along with performance comparison of several upwind and central
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schemes in computing 1D, quasi-1D, 2D and axisymmetric flows are presented in
Chapter 3. Chapter 4 discusses various aspects of viscous-flow computations in-
cluding the effects of numerical diffusion, the possibility of reducing the numerical
diffusion in presence of physical viscosity and performance comparison of different
limiters in the higher-order-solution-reconstruction methods. Chapter 5 presents
a new diffusion-regulated scheme for accurate computation of the compressible
Navier-Stokes equations using a novel-boundary-layer sensor. To address the need
for a simple yet robust finite-volume based scheme with multidimensional-like ef-
fects, a novel hybrid approach using a new shock switch is introduced in Chapter
6. Chapter 7 summarizes the thesis and highlights the major achievements. Some
scopes for future work are also mentioned in this chapter. Seven appendices are

added to improve the clarity of the thesis.
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Chapter 2

The (Governing Equations and

Background Information

This chapter begins with the governing equations for three-dimensional (3D) in-
viscid and viscous compressible flows in differential forms. This is followed by
a discussion on some upwind and central schemes for numerical computation of
the convective flux terms present in the governing equations. Special emphasis
is laid on the artificial viscosity or numerical diffusion associated with different
schemes. Finally the flux-reconstruction and solution-averaging techniques for ob-

taining higher order of accuracy are discussed.

2.1 The Euler equations of gas dynamics

Dynamics of inviscid compressible flows is governed by the Euler equations of gas

dynamics. For 3D flows these equations are written in non-dimensional form as

oU OF 0G OH

EJF%Jr@_ijE*O’ (2.1)

where U is the vector of conserved variables, and F, G and H are the flux vectors
along the x-, y- and z-directions, respectively. The expressions for these vectors

are as follows:
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puU
U= pU s (2.2&)

pw

pem
pU

p+ pu’

F = pww | (2.2b)

pUW

(p+ pem)u

pU
pUY
G = D+ pvQ ; (2.20)

pLW

(p+ pem)v

pw
PUW

H-= pLW . (22d)

p+ pw?

| (p+pem)w |

The symbols have their usual meanings. Details of the non-dimensionalization of

the Euler equations are provided in Appendix A.

2.2 The Compressible Navier-Stokes equations

The non-dimensional form of the 3D Navier-Stokes equations for compressible flows

can be expressed as

8_U+8F1+8G1+0H1_8FV+8GV+8HV (2.3)
ot Ox oy 0z  Ox Ay 0z’ '

where U, F, G and H have the same meanings as before and suffices I and v indi-

cate inviscid and viscous parts, respectively. The expressions for the flux vectors
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13

are as follows:

H; =

TH-1901_10610301

pU
p + pu?
puv
puw
(p + pem)u
pU
pUV
p+ pv?
pUW
(p + pem)v
pw
puw
pUW
P+ pw?
(p + pem)w

TZEZ

(il it Uy S =T ——

UTyg + UTyy + WTy

4z

_qy

(2.4a)

(2.4Db)

(2.4¢)

(2.5a)

(2.5b)
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H, = . (2.5¢)

UT o + Usz + WTyz — 42

Assuming Stokes’ hypothesis for a Newtonian fluid, the stress and heat-flux

terms in the viscous-flux vectors can be expressed as

Tow = RLeL (8_1; - %) = oz (2.6t)
o=\ fmn i o Z7e)
w=\ im0z ) o =)
ol {ReL Pr (’;l— 1) Mfo} aa_z (27)

where p is the non-dimensionalized coefficient of dynamic viscosity, Rey is the
Reynolds number based on the characteristic length L and Pr is the Prandtl num-
ber. If Rey is the Reynolds number with length 1, then Re;, = Re L = ﬁ%.
The quantities Uy, Moo, poo and i represent the velocity, Mach number, density
and coefficient of dynamic viscosity under the free-stream conditions, respectively.

It may be noted that the terms Fy, G; and Hj are identical with the-Euler flux
terms. The details of the non-dimensionalization of the Navier-Stokes equations
are provided in Appendix B. In Finite Volume Method (FVM) the viscous fluxes
require the computation of the flow-variable gradients across the cell-interface

(Appendix D). The Green’s theorem [54] and the cross-diffusion technique [55] for

the gradient computation are described in Appendix E.
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2.3 Upwind schemes

The unsteady Euler equations are hyperbolic in nature. Owing to hyperbolicity
these equations admit wave-like solutions. Some analytical aspects of 1D Euler
equations are presented in Appendix C. It is seen that they can be recast in
characteristic form with wave-speeds u, u+a and u—a, where w is the fluid-velocity
and a is the sonic speed. The wave-speeds are the eigenvalues of the Flux-Jacobian
matrix. For solving the 2D Euler equations using FVM, the interfacial numerical
fluxes can be determined following exactly the same procedure as in 1D, except
that one has to use the flux vector Q,; normal to the cell-interface (see Appendix
D). It can be shown that for 2D flows the Jacobian of the normal flux Q  possesses
four real eigenvalues u,, uy, u; + a and u; — a, where u, is the contravariant
velocity [54]. Depending on the sign and magnitude of the contravariant Mach
number M , the waves or characteristics across a cell-interface may be left-running
or right-running. An upwind method must somehow decompose the solution into
component waves, approximating the right-running waves with a leftward bias and
the left-running waves with a rightward bias. However, the differential equations
appearing in the characteristic form of the Euler equations do not have analytical
solutions except for simple waves [9]. Therefore, for the upwind stencil selection,
most vector upwind methods access the characteristics indirectly using techniques
like the Flux-Vector Splitting (FVS) and Flux-Difference Splitting (FDS). This
section describes the FVS and FDS techniques for 1D flows in such a way that
the numerical-viscosity term is clearly visible. The same concepts can be easily
extended to multiple dimensions. The 2D versions of some FVS schemes, namely,
van Leer’s FVS [14], Liou and Steffen’s Advection Upstream Spliting Method
(AUSM) [7] and Radespiel-Kroll’s Hybrid Method [18] are also described as they

are used for comparing our results with.

2.3.1 Flux-Vector Splitting schemes

Here the Flux-Vector Splitting (FVS) approach will be explained based on the

concept introduced by Steger and Warming [12] in the context of the 1D unsteady
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Euler equations given by
ou  oF

o 0w
In quasi-linear form equation 2.8 can be expressed as
ou n dF oU
ot dU oz
ou ou

0. (2.8)

Figure 2.1 shows typical 1D finite volume cells and a cell-interface along with the
corresponding left and right states. Like the other numerical-flux schemes the
purpose of the FVS approach also is to approximate the flux F; 1 across the
cell-interface I + % between the left and right states L. and R, respectively. The

Jacobian matrix A can be written in the canonical form as
A =TAT, (2.10)

where A is the diagonal matrix with the eigenvalues of A as its diagonal elements,
T is the concatenation of the right eigenvectors and T~ is the concatenation of

the left eigenvectors of A [56]. The details are presented in Appendix C.

Face of control volume Cell-centroid

Fig. 2.1. 1D finite volumes with a cell-interface.

The matrix A can be written as

At 00
A=10 X 0], (2.11)
0 0 As
where
M =ud=u+a, A3 =1u—a. (2.12)
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In general, the characteristic velocities or eigenvalues can be split into positive and

negative parts as

A=A+, i=1,2.3, (2.13)

where
M= AH_QM, (2.14a)
A7 = A—TIM (2.14b)

From equations 2.14a and 2.14b one can easily deduce
Al = A — A (2.15)
Using equations 2.11 and 2.13 the diagonal matrix A can be recast as
A=A"T+A", (2.16)

where AT and A~ are the diagonal matrices with diagonal elements A and A;

(1 =1,2,3), so that

(xf 0 0]

AT=10 X o], (2.17a)
0 0 A
= 0 0]

AT=10 X 0]- (2.17b)
(0 0 A

Also using equations 2.10 and 2.16 the Jacobian A can be written as

A=T(A"+A")T!
=TATT '+ TA T !

=At+A, (2.18)

where
At =TATT (2.19a)
A =TA T % (2.19b)
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If we define a diagonal matrix |A| in such a way that

M0 0
Al=10 |X] 0], (2.20)
0 0 [As]

then using equations 2.15, 2.17a, 2.17b and 2.20 the following expression is ob-
tained:

A=At - A", (2.21)
Subtracting equation 2.19b from 2.19a and using equation 2.21, we obtain

AT—A =T (A" —A")T!

= T|A|T!
= |A], (2.22)
where
|A| = T|A|T . (2.23)

Now using the homegeneity property of the Euler equations [12] the flux vector
can be expressed in terms of the Jacobian matrix A and the vector of conserved
variables U as

F =AU. (2.24)

Using equation 2.18 the flux vector obtained in equation 2.24 can be recast as

F=(A*"+A")U

=A"U+A U
F=F"+F, (2.25)
where
Ft =AU, (2.26a)
F-=A"1U. (2.26b)

Equation 2.25 is the basic expression for any FVS method. For 1D FVM, with
reference to figure 2.1, the interface flux F, L1 can be expressed using the FVS

approach as

F,, =F +Fg, (2.27)
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dF+ .. . dF— . .
where < has all positive eigenvalues and < has all negative eigenvalues. Now

using equation 2.27 one can write

Frop =5 (FF+FD) 45 (B +Fp) — o {(F - FY) — (F ~ Fp)} . (229)

2

DN | —

[N

It follows from equation 2.25 that

Fi +F; = Fy, (2.29a)

Ff + Fg = Fr. (2.29D)

Substituting equations 2.29a and 2.29b in equation 2.28

F.i= % (Fi, + Fr) — % (AH%F* = AH%F‘) , (2.30)

where
ApiFF =Ff —F, (2.31a)
ApyiF =Fy — Fy. (2.31b)

In general the operator A, 1 () can be written as follows:

A1) =0Or — Oc. (2.32)

Using equations 2.26a, 2.26b in equations 2.31a and 2.31b we can write

AI+%F+ = AECUR — AEUL, (233&)
A F- = AUy — AL UL (2.33D)

Substituting equations 2.22, 2.33a and 2.33b in equation 2.30 one obtains

1 1
F;.1=-(FL+Fgr)— 5 (AfUr — Af U, — A Ug + A Uy

1
2

2
1 1 | _

= 5 (FL+Fg) —5{(A§—AR)UR— (Af —A;) U}
1 1

= 5 (FL+Fr) — 5 (|Ar| Un — [AL| UL). (2.34)

Equation 2.34 can be recast in artificial-viscosity form of the FVS methods as

1 1
Fioy =5 (FutFr) = A, (1AD). (2:35)

2

N

The second term in the right-hand side of equation 2.35 represents the numerical
diffusion implicitly added to the central discretization of the interface flux in case

of FVS schemes.
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2.3.2 Flux-Difference Splitting schemes

We shall now explain the construction of the Flux-Difference Splitting (FDS)
schemes based on the Roe-linearization [13] for quasi-linear form of the 1D un-
steady Euler equations given by equation 2.9. In the context of FDS schemes the
coefficient matrix A can be approximated by a linearized matrix A (U, Ug). The
matrix A (Ur, Ug) can be considered as a representative of the local conditions

with the following properties [13]:

1. It constitutes a linear mapping from vector space U to vector space F.

2. As U, — Uy — U, A (U, Ug) — A (U).

3. For any Uy, and Ug, A (Up, Ug) x (Up, — Ug) — Fi, — Fg.

4. The eigenvectors of A are linearly independent.

With the aforementioned properties of A (UL, Ug), the nonlinear system of hyper-
bolic conservation laws given by equation 2.9 can be linearized in an approximate

sense as
ou ~ 90U
— +Ap;,— =0 2.36
B S (2.36)
where Agy, = A (Up, Ug). Similar to equation 2.10 the matrix Agy, can be ex-

pressed as

App, = TriArt Ty, (2.37)

where Apgp, is the diagonal matrix having the eigenvalues (Agy,); of KRL as its

diagonal elements. For ¢ = 1,2, 3 the linearized eigenvalues can be split as
(Are); + [(ArL);]

(M), = 5 : (2.38a)
(Are); = Ohet); _QWRLM. (2.38h)
Thus

(Aew); = (Miw); + (o), (2.39)
(’/\RLD@' = ()‘EEL)Z- - (/\I;LLL-- (2-39b)

The diagonal matrices Af;, and Ay, are defined as follows:

(M), 0 0
Ap=1 0 (Mo, 0 | (2.40a)
0 0 (M)
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(Ar), O 0
Agr=1 0  (Mg), 0 |- (2.40b)
0 0 (ArL)s

Using equations 2.39a, 2.40a and 2.40b it is seen that
Arr, = Al + Agy (2.41)

Using equation 2.41 in equation 2.37 the linearized matrix Agyp, can be expressed

as follows:
Agt, = Tri (AL +Agy) Trp
= TroAfy Tri, + TroAp, Thp
= Al + Ag, (2.42)
where e
Aty = TroAfy Try, (2.43a)
Az = TriAg, Thi. (2.43b)

From equations 2.39b, 2.40a and 2.40b it is seen that
Ay = Agp = [Ara, (2.44)

where |Agy| is a diagonal matrix with (|Agy|); , ¢ = 1,2, 3 as its diagonal elements.

Subtracting equation 2.43b from equation 2.43a and using equation 2.44 we obtain
AfL — Az = Tre (Afy, — Agy) Ty,
= Tre |Are| Tgy,
1 ‘KRL‘ , (2.45)
where
‘J&RL‘ = Ty [Ars| TR (2.46)

The linearized flux vectors Fi, and Fy are expressed in terms of the matrix ;&RL

as

Fi, = Ag U, (2.47a)
Fr = ApLUk. (2.47b)
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In FDS methods the difference of the flux vectors across the cell-interface I + % is

split using equations 2.42, 2.47a and 2.47b as
AV 1 F =Fr — Fy,
= ApUg — Ag Uy,
= (;&;{L + AﬁL) (Ur — Up)

= A} (Up — Up) + Ap (Ug — Uy)

where
A FY = A (Up - Uy, (2.49a)
ApiF = Ag (Up—Uy). (2.49b)

It can be observed from equations 2.27 and 2.48 that the F'VS approach splits the
flux vector itself into right-running and left-running components, whereas the FDS
methods decompose the difference of the flux vector into two parts. This is the
reason behind the nomenclature of FVS and FDS. The FVS and FDS methods
differ also in their artificial-viscosity forms. Here we describe how the FDS methods
can be presented in the artificial-viscosity form. Based on the linearized matrix

;‘;RL the interface flux F; 1 can be expressed with the FDS approach as

—FL+ Ay (Ur—Up), (2.50a)

[NIES

Fr,
F; 1 =Fg— Af; (Ug — Uyp). (2.50D)

N

Equations 2.50a and 2.50b can be finally recast in the artificial-viscosity form of

FDS methods using equation 2.45 as

1 1~
Frii=3 (FL +Fr) — 3 ’ARL’ (Ur —Uyp)
1 1~
= S (FL+Fr) - 5 ’ARL’ Ar U (2.51)

The second term in the right-hand side of equation 2.51 corresponds to the numer-
ical diffusion associated with the FDS methods. A comparison of equation 2.51
with the artificial-viscosity form of the FVS methods given by equation 2.35 clearly

shows the differences of these two schemes in the their present forms. However,

TH-1901_10610301



2.3. Upwind schemes 23

irrespective of these differences, the common properties shared by both FVS and

FDS approaches are:
1. Both the methods are upwind.

2. The numerical-diffusion terms in both the approaches are implicity formed

by the basic formulation of these methods themselves.

2.3.3 van Leer’s FVS scheme

van Leer [14] split the flux vector into two parts based upon the split Mach Number

QL= (QD), +(Q)x: (2.52)

where Q| is the flux normal to a cell-interface between upstream and downstream
states L and R, respectively. The contravariant Mach number at the cell-interface

is split as

Moo= (ML) + (ML),

gt o | T AOEML]) or | M| (2.53)
W1 = ‘
+1 (M, £1)>  otherwise

In case of 2D subsonic flow, i.e., |[M | < 1 the split fluxes are obtained as [57]

1
ng(u +2a)
+ pa 2 U+ e
=+— (M - . 2.54
AL R 254
{(=Du £2a} | wlto?—u?
L 2(y>-1) 2 J

For supersonic flow across the cell-interface, i.e. |M,|>1 the fluxes are split in the

following manner to obtain upwinding;:

QI =Q.,Q =0if M, >1

(2.55)
QI =0,Q =Qif M, <—1

In equation 2.54, n, and n, are the - and y-components of the unit vector normal
to the cell-interface and u, is the contravariant velocity as mentioned in Appendix

D.
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2.3.4 Advection Upstream Splitting Method (AUSM)

Liou and Steffen [7] pointed out that the inviscid flux vector at the cell-interface
can be split into two physically distinct components, namely, the convective and

acoustic parts. For 2D flow, this splitting can be represented as

p 0
pu pina A
QL =uy + 1 7 =Q1+Q, (2.56)
pv p%ny
pho 0

where p 1 is the pressure at the cell-interface. The convective terms Q¢ can be
considered as passive scalar quantities convected by a suitably defined velocity u |
at the cell-interface. On the other hand, the pressure terms Q' are governed by

the acoustic-wave speeds. The convective terms can be effectively written as

P Pa
. pU pua
QL =UuyL =M, )
pU pua
(2.57)
_phO_L/R -phoa-L/R

{*}, if M, >0
where {*}; g = 3 :
{*}r otherwise
The contravariant Mach number M can be obtained using equation 2.53 as in van

Leer’s FVS scheme. The pressure at the interface in the flux-vector component

! is split as follows:

pL=p{ + DR,
2 MﬂMQ if M| >1 (2.58)
with p* = 2 M o

k (M+1)* (2FM)  otherwise

To express the AUSM scheme in artificial-viscosity form, firstly the contravariant
Mach number may be split in the form:
M, =M+ M,

) (2.59)
where M7 = 5 (M, +|M,]).
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It is evident from equation 2.59 that

M+t if M, >0
M, =0 : (2.60)

M| otherwise
and

M| = M} — M. (2.61)

Substituting equations 2.59, 2.60 and 2.61 in equation 2.57 the convective part of

the flux vector can be written as

pa pa
Ua UG
Q =nmt| " M|
pva pva
f phoa 1. phoa IR
r( \ ( 1 ( A
pa pa W pa
1 pua pua 1 pua
=M, + < —— M, |A: , (2.62)
2 pva pva 2 2 pva
R phoa ). \ phoa ) o \ phoa )

where
A% {*} ={" — {0 (2.63)
In the right-hand side of equation 2.62 the first term is a Mach-number-
weighted average and the second term is the numerical diffusion associated with
the numerical approximation of the convective part of the flux vector. Comparing
the numerical-diffusion term of the AUSM scheme with the corresponding term
for the FDS approach (equation 2.51), it is seen that for 2D Euler equations the
AUSM scheme requires 4 operations whereas the FDS approach requires 42 = 16
operations. Finally using equations 2.62 and 2.58 in equation 2.56 the interface-

flux with the AUSM scheme can be expressed as

pa pa
1 pua pua
QL= QMJ_ +
pva pva
L \ phoa J L \ Pho& /7 R
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) ] _
pa 0
1 ua pL + PR) N
— 5 M4, P + (bi. = 5) . (2.64)
pva (pL +Pr) ny
\ phoa ) 0

2.3.5 Radespiel and Kroll’s Hybrid scheme

The AUSM scheme, though less robust, is generally more accurate than van Leer’s
FVS scheme in predicting viscous and inviscid flows. The former scores over the
other in terms of low computational complexity and low numerical diffusion [18].
However, it is found that the AUSM scheme suffers from the limitation of producing
pressure-oscillations in the vicinity of strong shocks under adverse-grid situations
and flow-alignment. Radespiel and Kroll [18] designed a hybrid flux vector scheme
that switched from AUSM to van Leer’s FVS at shock waves. In this scheme, the

interface-flux is written using the following expression:

B ) ( ) N
pa pa
1 pua pua
QL=:-M, + 3
2 pva pua
L \ phoa J L \ phoa 7 R4
( 3\ r 7
pa 0
1 ua + 4o Ny
S84 pua || (bl Fpr) | (2.65)
pva (P +pr) 1y
\ phoa Vs L 0 .

The contravariant Mach number M, and split pressures p* are obtained using the
equations 2.53 and 2.58, respectively. The coefficient of the numerical-diffusion

term for the convective part of the flux vetor gb% is obtained using the following

expressions:
¢% = (1—w) gb\%L + w¢r%nodAUSM7 (2.66)
with )
| M| if M| =1
O = IM|+ L {(M) — 1) o< M <1 (2.67)
ML ]+ (M), +1) if-1<M; <0
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and

M| if |My]>é

GIOdAUSM _ (2.68)

2,52 L
M0 < M| <6
where 0 <0 <6< 0.5) is a small parameter required to avoid the numerical diffu-
sion approaching zero as M; — 0, and w (0 < w < 0.5) is a constant. It may be

noted that for w = 0 the scheme given by equation 2.65 becomes the van Leer’s

FVS and for w = 1 it reverts back to the AUSM scheme.

2.4 Central schemes

In central schemes the interface-flux is computed by using a symmetric stencil
without considering the directions of the associated characteristic velocities. An
upwind scheme provides better nonlinear stability near shocks since it inherently
satisfies the stencil adaptation required to satisfy the CFL criteria [9]. On the other
hand the central schemes enjoy the merit of simplicity without bothering about
the ‘wind direction’ for hyperbolic conservation laws. For a system of hyperbolic
conservation laws the coupled nature of the characteristic equations is an integral
part to be considered in the design of upwind schemes. On the contrary the central
schemes can handle each equation of a system of hyperbolic conservation laws as
a separate scalar equation. P. D. Lax was the pioneer of the central schemes
[22, 23]. Later on Jameson played a pivotal role in the development of high-
resolution central schemes [5, 35]. This section presents a general mathematical
framework of the central schemes followed by the formulations of the Local Lax-
Friedrichs (LLF) [24], Diffusion-Regulated Local Lax-Friedrichs (DRLLF) [40] and
Directional Diffusion-Regulated Local Lax-Friedrichs (DDRLLF) [41] schemes.

2.4.1 Artificial-viscosity form of central schemes

It is well-known that pure central discretization of the fluxes for hyperbolic con-
servation laws lead to numerical instabilities. The stabilizing effect is imparted to
a central scheme by the addition of a numerical-diffusion term. The numerical-

diffusion terms lead to second-order derivatives or viscous-like effects in the discrete
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form of the governing equations. However, excessive numerical diffusion degrades
the solution accuracy by smearing the discontinuities and shear layers. In central
schemes it is simpler to control the numerical diffusion explicitly so that it is max-
imum at shocks or discontinuities and minimum in smooth-flow regions. The in-
troduction of viscous-like effects by the numerical-diffusion terms can be explained
with the example of a central scheme having a constant numerical-diffusion coeffi-
cient applied to a 1D hyperbolic scalar coservation law. Consider a 1D hyperbolic
scalar conservation law

ou v Of (u)

ot ox

where u is the conserved variable, f(u) is the flux and

=0, (2.69)

df(“ = q is real. With
reference to figure 2.1, the discrete form of equation 2.69 with the first-order Euler-

explicit time-discretization becomes

—n+1 . fn _ fn

Uy — Uy 3
= A
A + s 0, (2.70)

where E?H and u} are the cell-averaged values of u in the cell I at time levels n+1

and n, f; +1 and f” 1 are the conservative numerical fluxes at cell faces I + 5 L and
1 — 5 at time level n, respectively. Considering a constant numerical-diffusion co-

efficient T" the conservative numerical fluxes can be expressed in artificial-viscosity

form [9] as
SO | _
f}l,% = 5 {f (U?—1) + f(u } - §P ( U?—l) ) (2.71a)
Py = { F@) + f (@) - ;r (@ — ) . (2.71b)

Substituting equations 2.71a 2.71b in equation 2.70 one obtains

WILJrl uy + f (U?H) —f (U}L—l) | | I (U}H — 2uy +ﬂ?—1)

At 2Ax B 2Ax
_ Az {E}l+1 — 2uy +uy } (2.72)
2 (Az)? ' '

Equation 2.72, written in discrete form can be recast in the form of a partial

differential equation with a truncation error as

ou 9f(u) TAzdu 9
5 T T ax2+O{At,(Ax)}. (2.73)

The first term on the right-hand side of equation 2.73 corresponds to the artificial

viscosity caused by the numerical-diffusion terms in equations 2.71a and 2.71b. It
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is to be noted that the original equation 2.69 is inviscid, whereas the addition of
numerical diffusion in the approximation of the discrete numerical fluxes leads to
the dissipative effects seen in equation 2.73. The numerical-diffusion terms in the
central schemes also create the upwinding-like effect without bothering about the
characteristic velocities. This is evident from the similarilty of the correponding
terms in equations 2.71a, 2.71b, 2.51 and 2.35. These equations can also be written

in a more general aritificial-viscosity form of the conservative numerical flux as

-~ 1
ey =3 10 @) + F (@)} = Disy,s (2.74)

where D;_ 1 is the numerical diffusive flux.
2

2.4.2 Local Lax-Friedrichs scheme

The Local Lax-Friedrichs (LLF) scheme was proposed by Rusanov [24]. This is
an improved version of the Lax-Friedrichs (LxF) method [22]. For the 1D Euler
equations the interface-flux can be computed by using the LxF method as:

1 1 Ax
_— é(FLﬂLFR) - §E(UR—UL)- (2.75)

For a constant grid-spacing and a global time-stepping, the numerical-diffusion

coefficient for this scheme is constant and is %. However, using the CFL condition

across a cell-interface it can be written that

’)\max’ At
AT "

1
Ax —

Ax
< — 2.
PRMEES (2.76)

where |[Apax| is the maximum of the moduli of eigenvalues of the flux Jacobian

matrices across the cell-interface I + % given by
[ Amax| = max (Jur| + ar, [ur| + ar) - (2.77)

The LLF scheme replaces the constant numerical-diffusion coefficient of the LxF
method with a reduced one whose value changes locally with the cell-interface in
view of equation 2.76. For the 1D Euler equations the interface-flux is computed
by using the LLF scheme as

1
= - (FL +Fg) -

1
% 9 a |>\max| (UR - UL) . (278)

FI+ 2

TH-1901_10610301



30 Chapter 2. The Governing Equations and Background Information

For the 2D Euler equations the flux vector normal to the cell-interface between the
given left and right states L and R, respectively, is computed by using the LLF

scheme as
Q=5 {(Qu)y + Q) — 5 Pl (U = U, (2.79)

where |Ay |, .. = max{(ui);, +ar, (ui)g +ar}. Equations 2.78 and 2.79 ensure

max
that in the case of LLF scheme the numerical-diffusion coefficients for the Euler
equations are always positive real numbers. This helps in avoiding expansive sonic

points without using any entropy fix [4].

2.4.3 Diffusion-Regulated Local Lax-Friedrichs scheme

The interface-flux using any numerical scheme can be written in a general form:

Qu = 5 {(Qu) +(Qu)} - Do, (2.80)

where D, is the diffusive flux. Jaisankar and Raghurama Rao [40] introduced
the Diffusion-Regulation (DR) parameter @ to regulate the numerical diffusion,

leading to a diffusion-regulated scheme of the form:

Qu = 5{(Qu), +(Qu)g} - #D.. 2.81)

For effective shock capturing the numerical diffusion should satisfy three require-

ments:

1. In most of the accurate schemes, including those by Roe or Osher, the diffu-
sive flux is of the form a AU and therefore assumes small values away from
the shock discontinuities, where AU is amall. Hence a minimal dissipation

for stable solution is sufficient in the zones away from shock discontinuities.

2. For a greater accuracy the dissipation near to a shock, but not at the shock
discontinuity itself, must be adequate and do the job of diminishing the
influence of left state on right state and vice-versd. But most of the schemes
for the vector conservation laws fail to completely eliminate this influence
and as a result the shock becomes smeared owing to the contributions from

both sides of the shock.
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3. The numerical dissipation at the steady contact discontinuities should be

zero to have an exact capture.

The DR parameter is modelled to fulfil the first two requirements to a great extent.
This leads to a low dissipative, yet robust, scheme. In addition, the numerical
dissipation is also driven to zero at a steady contact discontinuity, with the use
of an exponential function of an average Mach number at the cell-interface. This
makes possible the ‘exact’ capturing of the steady contact discontinuities. The
parameter @ is modelled as a simple function of the jump in normal Mach number

across the cell-interface AM | as follows:

AMJ_) +6° } {1 (MJ_)a} when |AM, | <6
¢=1|AM,| when d < |AM,| < 1.0, (2.82)
1 when |[AM,| > 1.0
\

where (M), is the average normal Mach number across the cell-interface. The
suggested value of § when solving the Euler equations is 0.5 [40], which is reported
to have worked well for most of the test cases. Unless otherwise mentioned in the
present thesis, the DRLLF scheme is implemented with 6 = 0.5 throughout. The
parameter k is empirically assigned a value of 10 that works well for the supersonic
test cases. For subsonic flows higher value of  is desirable. It may be noted that

F»(Mi)a} improves quality of results only for slow mov-

the exponential term {1 —e”
ing contact discontinuities in inviscid flows. For high-speed flow applications, such
situation is absent. Further, in certain viscous applications such as near a solid
boundary and flow-separation across a cell-interface, the exponential term may
give rise to an anti-diffusive term that is potentially destabilizing. Accordingly,
the present thesis uses the DR parameter ¢ without the exponential term so that

({(am.)?+52)

55 when |AM | <6

= |AM,| when § < |AM | <1.0- (2.83)

1 when |AM | > 1.0

\
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With the introduction of the DR parameter given by equation 2.83 the diffusion-

regulated version of the LLF scheme, named as DRLLF scheme becomes

Qu= QU+ (Qugt — 3 # Pl (Un—Un). (289)

The variation of @ as a function of AM, without the exponential term is shown
in figure 2.2. A minimum residual dissipation is retained, except when the average
Mach number is close to zero, to prevent the violation of the entropy condition.

=)
16

125

Fig. 2.2. DR parameter ¢ without the exponential term.

2.4.4 Directional Diffusion-Regulated Local Lax-Friedrichs

scheme

Jaisankar and Sheshadri [41] introduced a computational parameter called Direc-
tional Diffusion Regulator (DDR) for some numerical solvers of systems of hy-
perbolic conservation laws. The aim of this new method was to bring forth real
multidimensional physics into the upwind discretization. The basic idea of this
regulator-driven method is to retain a full upwind scheme across local disconti-
nuities, with the upwind bias decreasing smoothly to a minimum away from the

discontinuity. The DDR is designed with the following properties:

1. On the application of DDR to a solver, the full numerical diffusion of the

parent scheme is retained in the normal direction to a discontinuity.
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2. The diffusive flux should vary smoothly to a low value when moving away

from the direction of maximum gradient.

These design requirements are incorporated by considering the ratio of the gradient
across a finite volume interface to the local maximum gradient. Considering any
weak-solution variable ¢ (could be pressure, temperature or density) the ratio
of the gradient across the cell-interface to the local maximum gradient () is
expressed as

He = Tag ‘As Y v (2.85)
As

int_max

where ‘ } is the gradient of ¢ across a finite volume interface and |
As lint As lint_max

is the maximum of gradients at the interface.

/
/ 1, \ /
! I-1, J\H 1, y+1 /J+1 R /

| \"

| -

I F,J T 3‘2( “IFLJ
\ \

Fig. 2.3. (a) Circle ‘A’ encloses a typical finite volume update point (7, .J) con-
nected with its immediate neighbours through dotted lines along which gradients
are computed to obtain maximum gradient about (/,.J) (b) Region (AUB) shows
(a)-like figures for points (/,J) and (/ + 1, J), which are intersecting to form an
interface (thick line) where DDR is computed.

With reference to figure 2.3, the left and right cells of the cell-interface (shown
by the thick line) are (I, J) and (I +1, J), respectively. Representing any arbitrary
cell by the symbol P, and immediate neighbours by ‘k’ the highest value of the

maximum gradient about P is obtained by

Ay e p — Uy
AS max_P dP»k

k= 1,2,3,...,n), (2.86)
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‘dp )’ is the distance between points P and k. The quantity |ﬁ—f’ is then

int_max
obtained as an arithmetic mean of maximum gradients about the left and right
states of the cell-interface.

Ay
As

A
= mean il . (2.87)
int_max As max_right

The parameter p, is then utilized to obtain the DDR @4, which defines the direc-

Ay
As

)
max_left

tional bias to the diffusive-flux term.

.
W for ’ug S 6
Py = 4 |ptgl for § < |pe| < 1.0- (2.88)
1 for pig > 1.0
\
The value of 11, is assumed to be zero whenever !% N <107'2 to avoid blow-

up. The suggested range of ¢ is 0.5 to 0.65. Usually b is taken as 2. In very
fine grids the suggested value of b is in the range 3 to 4 [41]. The DDR given
by equation 2.88 is used with the diffusive flux of the LLF scheme to obtain the
Directional Diffusion-Regulated Local Lax-Friedrichs (DDRLLF) scheme. For 2D

flows the interface-flux using the DDRLLF scheme is expressed as

Qu=3{Quy + Qug} = 3%l (Un = Tr). (289)

2.5 Flux-averaged schemes

It is an established fact that a first-order-upwind scheme such as van Leer’s F'VS
is stable even near shocks, but it may be too diffusive to cause large smearing
of discontinuities. On the other hand a second-order-accurate scheme like Mac-
Cormack’s scheme [25] captures steeper shocks, albeit with numerical oscillations in
its vicinity. In other words, these schemes, named as the first-generation methods
[9] have a basic limitation that they ‘mindlessly’ treat every part of the solution as
same, thereby maintaining a constant theoretical order of accuracy throughout the
computational domain. Flux-averaging is a technique of designing high-resolution
schemes by using a combination of two schemes having complimentary properties.

These schemes belong to the second- and third-generation schemes [9].
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Let us consider a cell-interface 1 +% shared by two adjoining cells having cen-
troids at I and I+1 as shown in figure 2.1. For the sake of lucidity we consider 1D
control volumes; but the same methodology can be easily extended to cell-centred
finite volume methods in multiple dimensions. If ﬁ?% and };i)% are the conser-
vative numerical fluxes of two schemes with complementary properties, then the

flux-averaged conservative numerical flux at the cell-interface is given by [9]
o n P 72
f]_,_% ey anI_i_% (fIJr%? I+%> ) (290)

where avg? L1 1s some averaging function. Equation 2.90 can also be recast in the
2

form
e
Froy = Pl +or (72, - 75, (2:91)
where ¢; 1 is some averaging function that provides a suitable combination of
}} el and fI X In the artificial-viscosity forms the fluxes ‘;1;(—1&-)1 and fI+ , can be
written as
Py = 2 (ot ) — el (un — u) (2922)
141 = g ULt JR) = 5€p, 1 (UR — UL), .
22 _ 1 L 2
fIJr% <fL+fR)_§€I+% (UR—UL), (292]9)
where z—:gl and EI_:I are numerical-diffusion coefficients of the correspondlng
2
schemes. If f]i% is chosen as more diffusive than ]/”L% then 5&22 > g I+2 Substi-

tuting equations 2.92a and 2.92b in equation 2.91 one obtains

Froy = R+ 50ray (&9, — 2,) um — u). (2.93)

The second term in the above equation is anti-diffusive. Now for numerical stability
and high resolution, the parameter ¢, 1 can be so chosen that ¢; 1= 0 near
shocks and ¢, L1 1 in smooth regions. In other words the flux-averaged schemes
belong to the class of solution-sensitive methods, which vary the theoretical order

of accuracy as per the flow-field configuration.

2.5.1 Flux-limited methods

For simplicity the flux-limited framework is discussed here for the 1D hyperbolic

scalar conservation law given by equation 2.69. In the context of flux-limited
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methods the averaging parameter ¢; +1 is called a flux limiter. By tradition, flux-
limited methods often ‘bump’ the spatial index on the flux limiter up or down by

one half, depending on wind direction [9]. In particular, if the wave speed a > 0,

then
o _ () n [ 7(2) ne
Fros =T+ o (F2, - 75,) (2:94)
and if a < 0, then
Froy =P+ o1 (72, - T2,). (2.95)

Equations 2.94 and 2.95 are only the starting points for flux-limited methods,

rather than a rigid framework. It can also be observed that neither of these two

equations satisfy the condition required to compute the interface-flux fﬁl across
2

sonic points, i.e. a = 0. To satisfy these requirements a range of flux-limited
methods are available that use different notations that appear to deviate from the
basic form of this class of schemes shown by equations 2.94 and 2.95. The choice of
the constituent schemes and the flux limiter is crucial in the design of this class of
schemes. The flux limiter is to be so chosen that the flux-limited scheme switches
to one constituent scheme near shocks and to the other one in smooth regions.
In this regard it is crucial for the flux limiter to distinguish shocks from smooth
regions. In the case of flux-limited methods the parameter ¢; 1 is chosen as some
function of the ratios of the neighbouring solution or flux differences. In terms of

solution differences these ratios can be expressed as follows:

T
uy —ut_

rf = X =L (2.96a)
u? U
I+1 I
N 4"
= Ul
Y — U}

The ratios 77 and r; can also be expressed in terms of the ratios of the neigh-

bouring flux differences as

22 R
= —f Ehlie (2.97a)
1= _Fm o ‘
f]+2 fl+%
fI+7 ]‘\(}i_l

It can be shown that for the linear advection equation and for constant differences

between the numerical-diffusion coefficients of the constituent flux schemes the
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ratios computed based on solution differences and flux differences are equivalent.
From equations 2.96a, 2.96b, 2.97a and 2.97b it can be noticed that rf = 1/r;.
The flux-limiter function can be expressed in terms of the ratio of the solution or

flux differences as follows:

o =o(r]), (2.98a)
=9 (i) - (2.98D)

Various limiters like minmod, superbee, van Leer etc. can be used as flux limiters

in designing the flux-limited methods.

2.5.2 Flux-Corrected-Transport methods

Boris and Book [30] started the era of flux-corrected methods by designing a
two-step, flux-corrected blend of the first-order-upwind method and Lax-Wendroff
scheme [23]. They named their scheme as Flux-Corrected Transport (FCT). The
flux-corrected methods for scalar conservation laws can be written in the general

form:

iy =+ A9

= iy + diff} (f(l)l : f}i’;) , (2.99)

;

2

where f}i)l is corrective-numerical flux and diff} , is a differencing function. Equa-
3 2

tion 2.99 can also be written in flux-limited-like form:

Fros =T+ 6 (P2 - 7)) (2:100)

where the second term on the right-hand side of equation 2.100 represents the
corrective-numerical flux of equation 2.99. It is to be noted that a traditional
difference exists between the flux-limited and flux-corrected-transport methods.
The function o7, ! in case of flux-limited methods depends on the ratios of the
solution or fluzx differences 7. On the other hand for the flux-corrected-transport
methods the function ¢7 i relies on the solution or flux differences of neighbouring
cells. Of course the limiter functions like minmod, superbee, van Leer etc. can

also be used for these methods.
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2.5.3 Self-adjusting-hybrid methods

The self-adjusting-hybrid methods use convex linear combinations of two numer-
ical schemes having complimentary properties. This class of schemes can be ob-
tained from the flux-averaged form given by equation 2.91. For this purpose a new

parameter 6; 11 is used that is related to the parameter ¢, 11 as

Substituting equation 2.101 in equation 2.91 we obtain a self-adjusting-hybrid
method:

fﬁ% - 91%1?1(2% (1 i 91%) J/pﬁ)% (2.102)
The parameter ;. 1 is called the shock switch. The convexity condition requires
that 91+% < 1. Near shocks 91+% — 1 and in smooth-flow regions 91+% — 0.
Accordingly, the self-adjusting hybrid scheme given by equation 2.102 acts close
to fl(i)% and ]/”}i)% near shocks and smooth-flow regions, respectively.

e ——

)

———

Fig. 2.4. The same discrete data may represent both smooth and discontinuous

solutions.

The governing principle behind the design of a shock switch is that it should
be close to 1 near shocks and close to zero in smooth regions. In general, shock
switches distinguish shocks from smooth-flow regions, switching on at shocks and
switching off in smooth regions. However, a shock switch that operates in this
fashion is far from perfect. When handling discrete points the same data set may
represent both smooth and shock solutions as shown in figure 2.4 owing to the
reason that any sampling contains only limited information about the solution,
especially solutions with jump discontinuities.

There are various approaches for designing shock switches. One such approach
is presented here. This is based on the proven fact that large divided differences

indicate discontinuous derivatives and accordingly the shock switches are made

TH-1901_10610301



2.6. Solution-averaging: Reconstruction-evolution methods 39

functions of first- or second-divided differences [9]. Let us consider

07,1 = max (67,67.4), (2.103)

where for any solution-variable u,
N I i)
n_ Uy — 2uy +uy_,
I = 2
(Az)

To ensure 67 , > 0 the absolute value of the second-divided differences are con-
2

sidered as follows:
il I )
nd_) ‘UH—I — 2uf + U1—1{

To satisfy the condition 6, e 1 the divided difference is normalized using the

triangle inequality

| @t — 1) = (@ —WG0) | _[wh, — | + 07 — W7,
(Az)” B (Ax)”

One possible expression for 07 is

I

— . 2.104
@ty —ag| + @ — @ (2109

2.6 Solution-averaging: Reconstruction-evolution
methods

The solution-averaging approach, also called reconstruction-evolution or solution-
reconstruction is explained here using the 1D unsetady Euler equations given by
equation 2.8. Any equation from the system of 1D Euler equations can be written

in the form:
ou_ or _
ot or

where U is the conserved variable and F' is the correspending flux. The semi-

0, (2.105)

discrete version of equation 2.105 on a cell-centred FVM approach is given by

dU] " FI+% - Flfé
dt Ax

— 0, (2.106)

where U; is the volume-averaged value of the conserved variable over a cell (refer
figure 2.1), having centroid at I given by

— 1
U= — Udzx,
1=y v
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where V; is the volume of the cell, and F) +1 is the corresponding spatial flux
quadrature. It may be noted from Appendix C that the flux vector F is a function
of the conserved varables Uy, Uy and Us, which in turn can be expressed in terms

of the solution or primitive variables.

1 -
o | —— Cell-average
o — — — Exact solution
8 05}
g ’/ \\
- 0 1 1 1 1 1 1
2 1 2 s[4 5 6/
S /
2 o5}
S

-
L 1]

x-coordinate
Fig. 2.5. Exact function U(z) = sinz and cell-averaged U].

The discretization of the domain as shown in figure 2.1 and introduction of
volume-averages U lead to loss of information regarding U (x,t). Let us consider,
for example, the periodic function U () = sinz within the domain 0 < z < 2.
The exact function U(z) and the cell-averaged values U;, assuming the decom-
position of the domain into ten cells is shown in figure 2.5. From the figure it is
evident that the cell-averaged value is only an approximation of the exact solution.
Of course, the appoximation improves if the size of the cells is reduced. In compu-
tational methods, however, there is a constraint on refining the cell-size because
of higher-memory requirement. This also leads to increased computational cost
and round-off errors. Consequently, it is a standard practice to work with finite
number of cells. Solution-reconstruction is one technique that can improve the
solution-accuracy in spite of using volume-averages.

From equation 2.106 it is seen that finding the time-evolution of U; requires
the fluxes F} L1 which in turn must be computed by using Uy, /g in the vicinity of
Tral- Within each cell I, a local approximate reconstruction U(x) of the exact
function U(z) can be used to compute the fluxes. In doing so it is quite possible
that a local discontinuity may exist at each cell-face, i.e. Uy, # Ug. Thus each cell-
interface may pose a Riemann problem. The numerical-flux scheme to compute

Fry 1, must take this discontinuous behaviour into consideration [56].
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The simplest approximations for the left and right states are Uy, = U; and
Ugr = Uy41, which are first-order accurate. However, this method leads to excessive
numerical diffusion, and generally leads to inaccurate results, especially for viscous-
flow computations [54]. In the solution-averaging approach higher-order accuracy
is achieved by computing the numerical fluxes F} +1 based on Uy, and Ug, which
are obtained by suitable interpolation of the U from the neighbouring cells. There
are various approaches to solution-averaging. van Leer’s Monotone Upstream-
centred Scheme for Conservation Laws (MUSCL) [38], Colella-Woodward’s Piece-
wise Parabolic Method (PPM) [58], Anderson-Thomas-van Leer’s Modified Up-
wind Scheme for Conservation Laws [57], Harten-Osher’s UNO method [59], Harten-
Engquist-Osher-Chakravarthy’s ENO method [60], Barth and Jasperson’s piece-
wise linear reconstruction [61] ete. are a few of the many solution-averaging meth-
ods.

It may be noted that both flux-averaging and solution-averaging aim at ob-
taining higher order of accuracy in computing the numerical-flux terms. Flux-
averaging combines two numerical-flux schemes with complimentary properties
based on solution-sensitive algorithms. On the other hand in case of solution-
averaging or solution-reconstruction, variation of the solution within a cell is re-
constructed from the cell-average and the variables at the cell-interface are then in-
terpolated from both the upstream and downstream sides. To ensure monotonous

solution, some slope limiters are required.

2.6.1 van Leer’s MUSCL approach

One possibility to compute the left and right states is to carry out linear interpo-
lation using the same number of values to the left and right of the face. In other
words, the interpolation is centred at the face. It can be shown that for hyperbolic
conservation laws the central interpolation is unconditionally unstable [56]. On
the other hand, upwind interpolations are based on the characteristics of the Eu-
ler equations. In this approach flow variables are interpolated separately from the
left and the right sides of the face using non-symmetric stencil. van Leer’s Mono-

tone Upstream-centred Schemes for Conservation Laws (MUSCL) approach [38] is
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based on characteristic-based interpolation of the flow variables. With reference
to Figure 2.1, the left and right states for the cell-interface between the cells I and
I+1 are computed by using the MUSCL approach as [54]:

Uy =T, + i [(1 +R) AT+ (1—R) AI_%U} , (2.107a)

1
2

1
2

Up = Ursr — i [(1 +R) AU+ (1-R) AH%U} , (2.107b)

where A, 1 U is given by equation 2.32. If € = 0 the discretization becomes first-
order accurate. For € = 1, the stencil size and the nature of the reconstruction

varies depending on the value of the parameter k. This is summarized in Table

2.1 [56].

Table. 2.1. Dependence of the type of reconstruction on the value of ¥

=)

Type of reconstruction

1 Centered

1/3  Upwind-biased
0 Upwind-biased
-1  Upwind

2.6.2 Piecewise-linear reconstruction

In this approach reconstruction is done assuming that the solution is piecewise
linearly distributed over the control volume. Here the reconstructed value of a

variable U is computed as follows:

U,=U;+ (re. — ;). (YU),, (2.108a)

Up =Uppr + (re —rr41) . (YU) 4y (2.108b)

where r., r; and r;; represent the position vectors of the cell-face centre, and the
cell-centroids of the left and right cells, respectively. VU is the gradient of the
variable U within a cell, which is computed by using the Green’s theorem presented

in Appendix E. But this reconstruction may lead to numerical oscillations. Barth
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and Jasperson [61] suggested the use of a limiter function ® to ensure monotone

solution. Introducing limiters, equations 2.108a and 2.108b are recast as

UL = UI + q)f (rc - I‘]) : (ZU)Ia (2109&)
UR = U[+1 + (I)[+1 (I‘C — I'[+1) . (ZU)I—H . (2109b)

The concept of limiters and some of their variants are presented in section 2.6.3.

2.6.3 Limiters

For a monotone solution, maxima in the flow field must be non-increasing and min-
ima non-decreasing, and no new local extrema should arise during the time evolu-
tion. The Godunov’s theorem [10], however, states that monotone linear numerical
schemes for solving partial differential equation (PDE)s can be at most first-order
accurate. Thus, higher-order accurate numerical schemes require non-linear limiter
functions to suppress the numerical oscillations in the regions of high gradients like
shocks. The function of a limiter is to reduce the slope (i.e., (Ul-i-l — U;) /Ax)
used to interpolate a flow variable to the face of a control volume, in order to
constrain the solution variations. In other words a limiter should carry out the

following functions:

1. At strong discontinuities, the limiter has to reduce slopes to zero to pre-
vent the generation of a new extremum. This implies for the solution-
reconstruction schemes that the (monotone) first-order-upwind scheme is

recovered in the immediate vicinity of high gradients.

2. In order to maintain a low level of numerical dissipation, the original unlim-

ited discretization has to be obtained in smooth-flow regions.

The effect of a limiter on the interpolation of the left and right states is sketched
in figure 2.6. In figure 2.6a the slope of local variation of U changes across the
cells I and I+1. The use of a limiter enforces the slope of the variable inside cell I
as zero and minimizes the slope-differences across adjacent cells as shown in figure
2.6b.

van Leer’s MUSCL approach is converted to a monotonicity-preserving scheme

by employing a limiter function to control the differences A, 1 U as per the re-
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quirement. The MUSCL interpolation formulae given by equations 2.107a and

2.107b are modified by setting ¢ = 1 and using a limiter function as follows:

— 1 o _ R _
U =TUr+ 7 [(1—1—%) O AT+ (1—R)dF éAF%U}, (2.110a)

%
_ 1 R _ N _ _
U =Ura — 5 [(1 +R) DY AT+ (1-R)® EAH%U} , (2.110b)

where (IDIii , are slope limiters, which are functions of ratios of consecutive solution
2

variations, i.e. ®* , = <I>< * ) with [62]

£l "rel
rt = M, (2.111a)
L Ui —Us
- U —Up
ro, =t (2.111b)

1 — — .
tz U —Ugp

UA UA

. -
I+1 I+2 X

(a) (b)

Fig. 2.6. Comparison of (a) direct and (b) limited interpolation to the cell faces.

-1 1 I+1 42 x

(Thick lines represent the reconstructed solution, dotted horizontal lines represent

cell-averages, and vertical-dashed lines represent the cell-interfaces.)

1+3°

Ifry=r, andrg =7
2

1.e.
_ U1+1 -U;
U —Ury

L (2.112a)
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U1 —U
TR = %, (2112b)
Urt2 = U
then equations 2.110a and 2.110b can be recast in the form [54]
— 1 . . — —
U, =U;+ 1 (1 +R)r,® (1/r) + (1 =R) @ (ru)] (U — Uj-a), (2.113a)

UR = UI—H - i [(1 + /I%) TR(I) (1/’/’3) + (1 - /I%) P (’I"R)] (U]+2 - UI-H) . (2113b)

If ®(r) is designed with symmetric property ®(r) = ®(1/r), then equations 2.113a

and 2.113b can be rewrttten as

- 1 _ -
UL = U[+§\I]L (U[—Ujfl) X (2114&)
_ 1 e —
UR = U]+1 - QIIIR (U]+2 - U]+1) y (2114b)
where
1 ~ ~
\IIL/R: 5 [(1+/€)TL/R+(1—I€)] (I)L/R- (2115)

In the case of van Albada limiter = 0 and the slope limiter function is taken as

2r
P = p 2.116
") = e (2,116
In this case the function W(r) corresponds to the van Albada limiter [63]
) ks (2.117)
r) = . .
14 r?

With this definition of W(r) the left and right states of cell-interface are calculated
using the van Albada limiter as [63]
=
UL i— U] + E(SL, (2118&)

_ 1
U =TUri — 30n. (2.118b)

The function 9 is typically the same for both the states given by

a(b* +¢e)+b(a®+e¢)
5:
a? + b2+ 2¢

, (2.119)
so that
aRr = U[+2 - UI-H: bR = UI-H — U[, (2120&)
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a, =Upy —Up, by =U; —Ujpy. (2.120b)

The additional parameter ¢ is required to prevent the activation of the limiter in
smooth-flow regions owing to small-scale oscillations. It has to be set proportional
to the local-grid scale. In the present work it is taken proportional to the cell-

volume V as

e =10 x (V). (2.121)

In the case of Hemker and Koren limiter function ¥ = 1/3. The slope limiter is

given by
3r

() — g —
(r) 272 —p +2

(2.122)

Following van Albada limiter the reconstruction formulae using the Hemker-Koren
limiter become identical to equations 2.118a and 2.118b, with the function  now

having the form [54]
_a(0®+2¢)+b(2a* +¢)
222+ 202—ab+3c

The definitions of the parameters a, b and € are retained as in equations 2.120a,

2.120b and 2.121.

(2.123)

The minmod limiter [64] presents an alternate formulation for the MUSCL
approach. This form can be obtained using the symmetric property of the the

slope limiter ®(r) in equations 2.113a and 2.113b, which can be expressed as [56]

1 e _aill R .
UL =T1+7 [0+R) @ () Ay T+ (1 =R) @ () A U]

o

=T+, [(1 +R)A, T+ (1-R)4, U], (2.124a)

1
2

Up=Urir — - [(1 +R) D (rr) Apa U+ (1—R)® (1) AH%U}

=Una— g [(1 +R) AT +(1-7R) EH%U] , (2.124b)

where
317%7 = (ry) AF%U = minmod (AF%U, bA”%U) , (2.125a)
AH%U =®(r) AH%U = minmod (bAF%U, A”%U) , (2.125D)
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x)

so that b = i’; and

x)

(

x if |z|] < |y| and sign(z) = sign(y)

minmod(z,y) = ¢y if ly| < |z| and sign(x) = sign(y) - (2.126)

0 ifsign(z) # sign(y)
\
The Venkatakrishnan limiter function [39] is used with the piecewise-linear

reconstruction given by equations 2.109a and 2.109b. It is given by

(

L (U? T, AJC> if Ajye > 0

Q) = }}2%\% L (U? — U[, AJC) if AJC <0, (2127)
K1 otherwise
where
a’® + 2ab + w
L(a,b) = 2.128

(a,b) a2+ b2 +ab+w’ ( 2)
AJc = (rc - rJ) : (ZU)J ) (2128b)

—M — — —m o = =
U; :gréaN}I((UJ_U]),UI25161%\%((]‘]_(]]). (2.128c)

In equation 2.127, N; refers to all the neighbouring cells of the cell I and the
subscript ‘¢’ refers to the centre of the cell-face. The parameter w is introduced to
control the amount of limiting. Setting w = 0 leads to full limiting. On the other
hand a large value of w returns a weak limiter function. In the present work w is
assigned a value
w=(Kh)? (2.129)
where K is a constant O (1) set equal to 5 [54] and the parameter h is equal to
the square-root of the cell-volume in 2D.
In the framework of the CUSP scheme [5] the left and right states are evaluated

to second-order accuracy using the following expressions:
U =Ur+ %L (AH%U, A”%U) , (2.1302)
Un = Upsr — %L (8037.8,1,7). (2.130b)
where L(a,b) is a limited average given by
L(a,b) %\If(a, b)(a+b), (2.131)
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and ¥(a,b) is the limiter defined by

a—>b

Y(ag.b)=1—|——F—
(a,0) la| + 0] + &

(2.132)

The constant ¢ is assigned a very small value (e &~ 107%°) to avoid division by zero.
Equation 2.132 shows that when a and b are of equal magnitude but opposite in
sign, then the limiter becomes W¥(a, b) = 0. This results in only first-order-accurate

approximations to the left and right states.
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Chapter 3

Role of Numerical Diffusion in

Inviscid-Flow Computations

3.1 Introduction

In this chapter we present a preliminary study on the role of numerical diffusion in
the computation of inviscid compressible flows. For the study initially the DRLLF
scheme [40] is chosen. This is due to the fact that it is straighforward to control
numerical diffusion of the DRLLF scheme by regulating the DR parameter as
shown by equation 2.83. With the physical understanding developed through the
DRLLEF scheme on the effect of numerical diffusion in resolving flow features like
shocks, contact discontinuities and expansion waves we compare its results with
the AUSM [7], van Leer’s FVS [14, 57], LLF [24], and DDRLLF [41] schemes and
then make comments on the numerical-diffusion behaviour of these schemes. The
numerical results are also compared with the analytical solutions, if available. We
carry out the study through a range of carefully selected 1D, quasi-1D, 2D and
axisymmetric-flow problems. The schemes are tested for subsonic to hypersonic
regimes. The test cases include problems involving both grid-aligned and oblique
shocks, which serve to study the performances of schemes in capturing shocks of

varied strengths. In all the cases discretizations of the Euler equations of gas
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50 Chapter 3. Role of Numerical Diffusion in Inviscid-Flow Computations

dynamics governing the flow are done on the cell-centred FVM framework. We
compute the flows numerically using solvers based on the programming language
“Cr.

For study on 1D and quasi-1D flows the test cases considered are Sod’s 1%
shock tube problem [65] and quasi-1D flow through a converging-diverging noz-
zle [2]. Sod’s shock tube problem is a classic-bench-marking problem to test the
performances of numerical schemes for hyperbolic conservation laws. It finds its
importance because it offers a variety of compressible-flow features like shocks,
contact discontinuities and expansion waves, which can be used to study the ef-
ficacies of various numerical schemes. Sod’s 1% shock tube problem involves an
unsteady shock, where the absolute flows across the shock remain subsonic. In
the computation of high-speed flow through nozzles quasi-1D approximations are
known to give physically meaningful results [2, 66, 67]. We consider flow through
a converging-diverging nozzle with a standing shock in the divergent portion of
the nozzle. Both the test cases possess analytical solutions for validation of the
numerical results [68].

For 2D flows the role of numerical diffusion is investigated with supersonic test
cases of a converging-diverging nozzle, a forward-facing stepped channel [11], a 2D
wedge and a ramped channel. Here the converging-diverging-nozzle flow consid-
ered for the quasi-1D case is computed by using a 2D formulation. Flow through a
forward-facing-stepped channel involves a Mach reflection and a centred-expansion
fan. Flow over a 2D wedge is an external-flow problem with an attached-weak
shock and a centred-expansion wave. The ramped-channel problem involves an
internal flow with interaction of a weak-reflected shock and a centered-expansion
fan. These problems are chosen because the boundary conditions for these prob-
lems have to be handled differently and are as important as the numerical-flux
schemes. The accuracy and robustness of the AUSM, van Leer’s FVS, DRLLF
and DDRLLF schemes to capture shocks of varied strengths are studied. Com-
parisons of the computational time for different test cases using these schemes are
also made.

The study on effects of numerical-diffusion regulation is extended to inviscid-

hypersonic flows. The test cases considered are flows over a semi-cylinder and a
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hemisphere governed by the 2D and axisymmetric Euler equations, respectively.
Inviscid analysis of hypersonic flow is found relevant in calculating the pressure co-
efficients, wave-drag coefficients of hypersonic-blunt bodies and also in establishing
the Mach-number-independence principle [69]. The numerical solution of the gov-
erning equations for inviscid-hypersonic flow is also given importance by various
researchers for studying the numerical stability of various flux schemes, especially
at very high Mach numbers [7, 40, 70-72]. One significant feature of hypersonic
speeds is that in the nose region of the blunt bodies the air temperature may
reach extremely high levels so that chemical reactions like dissociation of oxygen
and nitrogen molecules may occur [69]. If the vibrational excitation and chemical
reactions take place very rapidly in comparison to the time it takes for a fluid ele-
ment to move through the flow-field, we have vibrational and chemical-equilibrium
flow. For an equilibrium-air model properties of high-temperature air are calcu-
lated using the polynomial correlation of Tannehill and Mugge [73]. Correlated and
tabulated data of Tannehill and Mugge are widely used in practical computation of
properties of high-temperature air. The ability of the DRLLF scheme to compute
reacting-air flows is not available in reported literature. This motivates us to study
the aspects of the DRLLF scheme in computing inviscid-hypersonic flows using the
equilibrium-air model of Tannehill and Mugge. Although significant variations in
the temperature fields obtained by the perfect gas and the equilibrium-air models
are reported, the perfect-gas model is found to predict the pressure-field within
2% of the latter one [74]. Keeping this in view comparsions of results with the
equilibrium-air and perfect-gas models are done.

This chapter is organized in five sections. The effects of varying the level of
numerical diffusion on the computation of 1D and quasi-1D flow problems are
presented in section 3.2. The effects of numerical diffusion in resolving strong
and weak shocks for 2D supersonic flows are discussed in section 3.3. Application
of the DRLLF scheme for computing 2D and axisymmetric-hypersonic flows over
a semi-cylinder and a hemisphere, respectively, using an equlibrium-air model is

explored in section 3.4. Concluding remarks are made in section 3.5.
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3.2 Aspects of numerical-diffusion regulation for

1D and quasi-1D flows

This section first presents the governing equations for 1D and quasi-1D flows,
followed by the problem statements for the shock tube and quasi-1D flow through
a converging-diverging nozzle, the application of the boundary conditions for the
quasi-1D flow problem and the results with discussion. In case of 1D and quasi-1D
flows the discontinuities, if they exist, are normal to the flow-direction. Therefore
analysis of the 1D and quasi-1D flows depict the performances of numerical schemes

in resolving grid-aligned discontinuities.

3.2.1 The 1D and Quasi-1D Euler equations

For 1D flow the Euler equations of gas dynamics are given by:

ou JF

4+ = d

ot o Oz 0 (3:1)

where
p
U= pU > (3.2&)
pem
pPU
F= P+ qu . (32b)
| (p+ pem)u

The Euler equations for quasi-1D flows are given by

oU OF

a0 -+ e J, (3.3)
where
_ y
U= | pud |, (3.4a)
I pemA
| puA
F=| (p+p*A |, (3.4b)
| (p+ pem)uA
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0
J = pg—‘; . (3.40)
0

In equations 3.1 and 3.3, U and F are the flux vectors. It may be noted that an
additional source term J appears in the quasi-1D Euler equations given by equation

3.3. The term A in equations 3.4a-3.4c represents the area of cross-section.

3.2.2 The shock tube problem

Figure 3.1 shows a shock tube of length L = 10 m, in the middle (x = 5 m) of
which there exists a diaphragm that separates two gases of different pressures and
densities. The gas on the left-hand side is at a higher pressure (p) and density
(p) than the one on the right-hand side. Initially the gases on both sides of the
diaphragm are at rest (u = 0). Subscript L indicates the left state and R the right
state. The gases can exist at different pressures and densities and initially they
are at zero velocity because they are separated by the diaphragm and the tube
has closed ends. In the present problem we consider the gases on both the sides to
be air whose specific-heat ratio is ¥ = 1.4. The diaphragm breaks at time ¢ = 0.
This makes a flow take place in the tube from the left (higher-pressure side) to
right (lower-pressure side). The Mach number in the flow is high and inviscid-flow
assumption gives physically realistic results. Hence we assume that the flow in the
problem is governed by the 1D Euler equations (1IDEE) given by equation 3.1.

A complex flow pattern develops in the tube. A series of expansion waves move
to the left, and a shock wave and contact surface (a wave across which pressures are
identical but density varies) move to the right. As the flow involves discontinuities
like a shock and a contact surface, one needs to discretize the conservative form of

the governing equations using a conservative scheme. The initial conditions are:
pL = 10° Pa, pp = 1.0kg/m®, wup =0,

pr = 10* Pa, pg = 0.125 kg/m?*, ug = 0.

The flow is to be computed upto time ¢ = 0.0061 sec. The time is so chosen that
at that instant the waves do not reach the ends of the tube and at both the ends of

TH-1901_10610301



54 Chapter 3. Role of Numerical Diffusion in Inviscid-Flow Computations

the tube, even at ¢ > 0, the initial values of U can be used as boundary conditions.

= 5 Jr 2w
AR I i
[T I I
| : : I | | f=t
__________ o t.L______I________' =40
0 5 2, <R
Expansion front Contact surfac%:hoCk wave
=0 X=5m x=10m.  *
t=0 Left state: p, u;, p; AN Right state: g, uy, py

Diaphragm ‘\Shock tube

Shock-tube at instants =0 and 1 = 4

Fig. 3.1. The schematic of the shock tube problem.

3.2.3 The Quasi-1D converging-diverging nozzle-flow prob-

lem

A converging-diverging nozzle of a prescribed geometry given by the following

equation is taken [2]:
Alr) =1+22(x —1.5)% 0 <z < 3.0. (3.5)

The reservoir pressure and temperature are taken as 101325 N/m? and 300 K,
respectively. The back pressure is specified as 0.7 times the reservoir pressure. All
the flow variables are functions of the distance along the nozzle axis (z) only. In
addition, the cross-sectional area is also a function of x only. Such a flow is called
quasi-1D flow. For the given nozzle geometry and back pressure, a standing normal
shock wave is generated in the diverging portion of the nozzle at steady state. The
flow is subsonic in the converging portion, sonic at the throat, supersonic in the
diverging portion upto the normal shock and again subsonic thereafter. The steady

state is to be computed both numerically and analytically.
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3.2.4 Boundary conditions for quasi-1D flow

The inlet and outlet boundary conditions for computing the Euler equations of gas
dynamics are specified depending on the number of characteristics entering and
leaving the domain through the boundary. The number of variables to be specified
at a boundary is equal to the number of characteristics entering the computational
domain through that boundary. The number of variables extrapolated from within
the computational domain at a boundary is the number of characteristics leaving
the computational domain through that boundary [75].

For the quasi-1D nozzle-flow problem governed by the equations 3.3 there are
three characteristic waves crossing any point in the flow domain simultaneously.
The wave speeds are given by u, u+a and u—a. Since the flow is considered to enter
the nozzle from a reservoir where the gas is stagnant, hence the inlet flow is always
subsonic (u < a). Hence at the inlet two characteristics will enter and one will leave
the computational domain. Accordingly two variables are fixed at the inlet and one
variable is extrapolated from inside. In this work, the pressure and temperature at
inlet are specified as those of the reservoir conditions. The conserved variable for
the momentum equation is extrapolated from within the computational domain.
Owing to the presence of a standing normal shock in the divergent section the
flow is subsonic at the nozzle exit. Therefore, two characteristics leave and one
characteristic enters the computational domain. Accordingly the pressure at the
outlet is specified as 0.7 times the reservoir pressure. The conserved variables
for the continuity and momentum equations at the outlet are extrapolated from

within the computational domain.

3.2.5 Effects of numerical diffusion in 1D and quasi-1D

Hows

All the numerical solutions for Sod’s 1°* problem are obtained with 200 cells and
a CFL number of 0.2. Figure 3.2 shows the plot for the variations of density
for Sod’s 1% problem computed by using the DRLLF scheme for different values
of § (see equation 2.83) with increments of 0.1. The figure shows that as the

numerical diffusion is reduced the numerical oscillations grow, especially near dis-
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continuities'. Accordingly numerical oscillations are the maximum for § = 0.1 and
as the numerical-diffusion level is raised these oscillations get reduced. There is
only slight difference in the smearing of the shock and the contact discontinuity
captured with 6=0.7 and 6=0.9. However the numerical oscillations are greatly
reduced for 0 = 0.9. It may be noted that for = 1.0 the DRLLF scheme becomes
equivalent to the fully diffusive LLF scheme. Thus for the computation of the 1D
shock tube problem using DRLLF scheme, the value of § = 0.9 is found to be
the most appropriate in terms of reduction in spurious numerical oscillations with
slight compromise in the resolution of the captured discontinuities. The reason
for oscillations produced near the shock using the DRLLF scheme even at higher
values of ¢ is that the jump in absolute Mach number across the shock is much

less than unity for Sod’s 1% problem since the absolute flows are subsonic.

[ DRLLF {5 = 0.1)
1P T DRLLF {5 = 0.3)
B — — — DRLLF (5 = 0.5)
B ——— DRLLF {5 = 0.7)
W DRLLF (i = 0.9)
08
e |
Bosl
z |
[
c L
O
0 04
0.2
MR BT EETT R ST |
0 2 4 6 8 10

Distance along the shock tube (m)

Fig. 3.2. Comparison of densities for the shock tube problem given by the DRLLF

scheme using different values of 9.

Figure 3.3 shows the comparison of the density-variation plots with the LLF,
DRLLF (6 = 0.9) and DDRLLF schemes for the same problem. For the DDRLLF
scheme, since the DDR assumes the value of unity for values of y, > 1 and for 1D
flow pe > 1, hence @4 will always be close to unity. Thus this method works as an
unregulated method for 1D problems. This is demonstrated in figure 3.3, where

the density-variation plots for LLF and DDRLLF schemes are very close to each

!This work has been published in the proceedings of the 40'" National Conference on Fluid
Mechanics and Fluid Power (2013), National Institute of Technology Hamirpur, India
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other. It is evident that among the LLF, DRLLF (§ = 0.9) and DDRLLF schemes
the DRLLF (6 = 0.9) scheme outperforms the other two in computing Sod’s 1°*

problem.
LLF
] e — DRLLF (5= 0.9)
— — — DDRLLF
08
E |
Dos|
=
=
[7;]
= |
o | T
004 :
02}
e I - e
0 2 ] 6 8 10

Dlistance along the shock tube (m)

Fig. 3.3. Comparison of densities for the shock tube problem given by the LLF,
DRLLF (6=0.9) and DDRLLF schemes.
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Fig. 3.4. Comparison of densities for the shock tube problem given by van Leer’s

FVS and AUSM schemes.

At this point it makes sense to make a comparison between the robust van
Leer’s FVS scheme [14] with the accurate AUSM [7] scheme. Figure 3.4 plots
the density variations for Sod’s 1°* problem using the two schemes. It shows
that the AUSM scheme, being less dissipative, resolves the expansion fan, contact

discontinuity and the normal shock wave better than van Leer’s FVS scheme.

TH-1901_10610301



58 Chapter 3. Role of Numerical Diffusion in Inviscid-Flow Computations

With these observations we compare the AUSM and DRLLF (§ = 0.9) schemes
with the analytical solution for Sod’s 1% problem in the density-variation plot
shown in figure 3.5. The smearing of the shock captured by the DRLLF scheme is
found to be less than that by AUSM. The resolutions of the contact discontinuity
and the expansion fan captured by the two schemes are very much comparable to
each other. Thus the DRLLF scheme appears to be a promising alternative for

computation of inviscid-flux terms in the computation of high-speed flows.
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Fig. 3.5. Comparison of densities for the shock tube problem given by the AUSM
scheme, DRLLF (6=0.9) scheme and the analytical method.
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Fig. 3.6. Comparison of velocities for the shock tube problem given by the AUSM
scheme, DRLLF (6=0.9) scheme and the analytical method.

Figure 3.6 compares the computed velocity profiles for Sod’s 1%* problem us-

ing the AUSM and DRLLF (§ = 0.9) schemes with the analytical results. The
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continuity of the velocity field across the contact discntinuity is maintained by
both the schemes. Along the flow-direction the downstream end of the expansion
wave is marginally smeared by the DRLLF scheme. However the shock smear-
ing is less with the DRLLF scheme compared with AUSM. At the same time the
small-numerical oscillations near the shock produced by the DRLLF scheme leave
a scope for further improvement of the scheme.

The numerical computations for the quasi-1D nozzle-flow problem are carried
out using 60 cells with a CFL number of 0.2. In order to assess the effects of
numerical diffusion in computing quasi-1D flows, figure 3.7 presents a comparison
of the density variation along the nozzle, computed with the DRLLF scheme using
various values of §. For 6 = 0.1 and 6 = 0.3, although the smearing of the captured
normal shock is less, the numerical oscillations near the shock are more. For § =
0.5, with slight reduction in the shock resolution these oscillations are almost
eliminated. At higher values of §, the smearing of the shock increases. Thus from
figure 3.7 it appears that for the computation of quasi-1D converging-diverging
nozzle-flow using the DRLLF scheme, the value 6 = 0.5 produces a reasonably

accurate result.
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Fig. 3.7. Comparison of densities for the quasi-1D nozzle-flow problem given by

the DRLLF scheme using different values of §.

Figure 3.8 compares the density variations for the quasi-1D nozzle-flow com-
puted with the LLF, DRLLF (6 = 0.5) and DDRLLF schemes. As observed for the
shock tube problem, in this case also the DDRLLF scheme acts like an unregulated
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scheme. The DRLLF (¢ = 0.5) scheme outperforms the other two in resolving the
shock. Thus it gets reinforced as reported in [41] that there is no scope to regulate
the numerical diffusion with the DDRLLF scheme for 1D and quasi-1D flows. On
the other hand the DRLLF scheme has a scope for improvement over the LLF
scheme for this class of problems.
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Fig. 3.8. Comparison of densities for the quasi-1D nozzle-flow problem given by

the LLF, DRLLF (6=0.5) and DDRLLF schemes.
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Fig. 3.9. Comparison of densities for the quasi-1D nozzle-flow problem given by

van Leer’s FVS and AUSM schemes.

Figure 3.9 shows the comparison of density variations for the quasi-1D nozzle-
flow problem computed by using the AUSM and van Leer’s FVS schemes and the
curves are in close agreement. AUSM, being less diffusive, captures the normal

shock with marginally less smearing. The density profiles for the problem using the
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AUSM and DRLLF (§ = 0.5) are compared with the analytical solution in figure
3.10. In this case since the flow upstream of the shock is supersonic hence the
jump in Mach number is larger compared with Sod’s 1 problem. As a result near
the shock the DRLLF scheme is more diffusive and therefore the shock captured
by the scheme gets more smeared compared with the AUSM scheme. Similar
observations can be made from the Mach-number profile comparison of the AUSM
and DRLLF (§ = 0.5) schemes and the analytical results for the quasi-1D flow

problem as shown by figure 3.11.
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Fig. 3.10. Comparison of densities for the quasi-1D nozzle-flow problem given by

the AUSM and DRLLF (6=0.5) schemes and the analytical method.
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Fig. 3.11. Comparison of axial variations of Mach number for the quasi-1D
nozzle-flow problem given by the AUSM and DRLLF (§=0.5) schemes and the

analytical method.
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A study on the computational time taken by van Leer’s FVS, AUSM, DRLLF
and DDRLLF schemes for the 1D shock tube and quasi-1D nozzle-flow problems
is done. The same machine and compiler are used for the comparison exercise.
The processor is Intel(R) Core (TM) 2 Duo T5550 with processor speed of 1.83
GHz, and having 1GB RAM. The Microsoft Visual C++ 6 compiler is used to
compile all the codes. Table 3.1 lists the CPU-time for these test problems taken
by the four schemes. For Sod’s 15* problem apparently there is no difference among
the schemes in terms of the CPU-time. For the quasi-1D flow case the DRLLF
scheme competes well with the AUSM and van Leer’s FVS schemes in terms of
the computational time. The DDRLLF scheme falls in between the DRLLF and
AUSM schemes in terms of computational time. However there is hardly any point
in focusing on this observation since the DDRLLF scheme does not actually control

the numerical diffusion of the LLF scheme for the 1D and quasi-1D flows.

Table. 3.1. Comparison of CPU-time for 1D and quasi-1D flows

Test Problem Scheme CPU-time (s)
AUSM 0.281
van Leer’s FVS 0.281
Sod’s 1% problem
DRLLF 0.281
DDRLLF 0.281
AUSM 7.187
van Leer’s FVS 7.406
Quasi-1D flow
DRLLF 6.890
DDRLLF 7.359

3.3 Aspects of numerical-diffusion regulation for
2D supersonic flows

In this section we first present the 2D planar and axisymmetric forms of the Euler

equations of gas dynamics. This is followed by the problem statements for the
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2D nozzle-flow, forward-facing-stepped channel, flow past a 2D wedge and the
ramped-channel problems. Subsequently the treatments of boundary conditions
are presented, followed by the results and discussion. The test problems are chosen
in such a way that the performances of the various numerical schemes can be

studied in resolving both grid-aligned and inclined shocks.

3.3.1 2D and Axisymmetric forms of the Euler equations

For 2D and axisymmetric flows the Euler equations are given by [76]

ou oF 090G
E—F%Jra—eraS—O, (36)

where U, F, G, S, «a are the conserved-variable vector, flux vector along the z-
direction, flux vector along the y-direction, source vector and a parameter governed

by the nature of flow, respectively. These are given by

p

U
u=| ™|, (3.7a)

pv

A

pu

+ pu?
p—| '7° , (3.7h)

pUv

(p =+ pem)u

pv

PUV
G= ' (3.7¢)
p+ pv?
(p + pem)v

pv
1 uUv
s——| ” , (3.7d)

(p+ pem)v

0 for 2D planar flow
a = : (3.7¢)

1 for axisymmetric flow
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where . is the distance from the axis of symmetry.

3.3.2 The problem statements

For the nozzle-flow, the same problem considered in section 3.2.3 is computed
with a 2D formulation. Owing to the curvature of the nozzle wall the streamlines
become more curved at locations away from the axis. The standing normal shock
becomes curved in order to maintain the perpendicularity between the streamline
and the shock at the point of crossing. This problem offers a means to test the
ability of the flux schemes to capture grid-aligned strong shocks.

In the case of forward-facing-stepped-channel problem [11] supersonic flow at
Mach 3 enters a tunnel having a step facing the incoming flow. A detached curved
shock is formed upstream of the step that causes a Mach reflection from the top
wall. A centred expansion fan occurs at the step-corner. The flow configuration is
a strong function of time. We compare the solutions obtained by the AUSM, van
Leer’s FVS, DRLLF and DDRLLF schemes at time ¢ = 8.1 s. Table 3.2 lists the

free-stream and geometric parameters for this problem.

Table. 3.2. The geometric and free-stream parameters for the forward-facing-

stepped-channel problem

Parameter Value
Length of the channel (L) 3 m

Height of the channel (H) I m
Distance of the step from the entrance (Ls) 0.6 m

Height of the step (Hy) 0.2 m
free-stream Mach number (M) 3

free-stream pressure (p,) 101325 N/m?
free-stream temperature (7,,) 300 K

The supersonic flow past a 2D wedge involves interaction between a leading-
edge shock and a centred-expansion fan emanating from the expansion-corner of
the wedge. The interaction leads to gradual weakening of the leading-edge shock

till it becomes a Mach wave at some finite distance from the wedge surface. The
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incidence angle is zero and therefore the flow is symmetric. This problem tests the
performances of the flux schemes in resolving weak shocks for external flows. The
geometric and free-stream parameters for this problem are listed in Table 3.3.

In the supersonic flow through a ramped channel an oblique shock emanates
from the ramp corner. This shock reflects from the top wall and interacts with the
expansion fan centered at the expansion-corner of the channel. The performances
of the flux schemes in resolving discontinuities inclined to the grid for internal
flows are studied through this test problem. Table 3.4 shows the geometric and

free-stream parameters for this problem.

Table. 3.3. The geometric and free-stream parameters for supersonic flow past a

2D wedge
Parameter Value
Total length of the object (L) 20 m
Length of the wedged portion (L,,) 1 m
Half-wedge angle () 10°
free-stream Mach number (M) 2
free-stream pressure (poo) 101325 N/m?
free-stream temperature (7,) 300 K

Table. 3.4. The geometric and free-stream parameters for supersonic flow through

a ramped channel

Parameter Value

Total length of the channel (L) 3 m

Height of the channel (H) 1 m
Location of the ramp from the entrance of the channel (Xz) 1 m

Length of the ramped portion along the channel (Lg) 1m

Ramp angle (6) 20"
free-stream Mach number (M) 3

free-stream pressure (peo) 101325 N/m?
free-stream temperature (7,) 300 K
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3.3.3 Boundary conditions for 2D flows

We begin with the treatments of inlet and outlet-boundary conditions. These
are formulated based on the eigenvalues of the convective-flux Jacobian for the
2D Euler equations. For a stationary grid the eigenvalues of the convective-flux

Jacobian are given by [54]

M= = U,

dy="Tu1F a (3.8)

AN =u; —a.
Depending on the sign of the eigenvalues information is transported out of or into
the computational domain along the characteristics. The number of conditions to
be imposed from outside or extrapolated from within the computational domain
are governed by the theory mentioned in section 3.2.4. It may be noted that the
problem will be well posed only if the full information on the ingoing and outgoing
characteristics can be recovered from the imposed combinations of conservative or
primitive variables [62].

Figures 3.12a and 3.12b show schematics of inlet and outlet boundaries, re-

spectively. Depending on the local Mach number four different kinds of boundary

conditions may appear:
e Subsonic inflow
e Supersonic inflow
e Subsonic outflow

e Supersonic outflow

Subsonic inflow

For 2D subsonic inflow there are three incoming characteristics and one outgoing
(A4 in equation 3.8). Therefore, three characteristic variables are imposed based on
the free-stream values and one characteristic variable is extrapolated from within
the computational domain. The three variables specified are the stagnation pres-

sure, stagnation temperature and the flow angle. The outgoing Riemann invariant

TH-1901_10610301



3.3. Aspects of numerical-diffusion regulation for 2D supersonic flows 67

is extrapolated from the interior, which is defined by [54]

2&1

%;:Vi.n—ﬁ)/_l,

(3.9)

where v; and a; are the fluid-velocity and the acoustic speed in the interior cell,
respectively. The speed of sound in the dummy cell is obtained using the outgoing
Riemann invariant as

R =D cos (v =1)cos0 +2]ag ~v—1
4d = (*y—l)cosQQ—i-Q{ljL 6\/ (7_1)(%;>2 2 }’ (3.10)

where 6 is the flow angle relative to the boundary and ay denotes the stagnation

speed of sound, which are given by

Vi.n

il 7

cosf = — (3.11)

and

1
T (3.12)

The static temperature, pressure, density and absolute velocity at the dummy cell
(see figure 3.12a) are evaluated as follows:

2

Ty = Ty=2
ap
0
(3)
> T (3.13)
Pd

pa = BT, (Equation of state)

IVa| = \/2¢, (T — Ty).

where Ty and pg are the stagnation temperature and pressure, R is the character-
istic gas constant and c, is the specific heat at constant pressure. The velocity
components at the dummy cell can be obtained by decomposing |v4| according to
the prescribed flow angle. This type of boundary condition is to be implemented

in the case of 2D-nozzle-flow problem.

Supersonic inflow

For supersonic inflow, all eigenvalues are of the same sign. Since the flow is entering

the physical domain, the conservative variables in the dummy cell located on the
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inlet boundary are determined by specifying the free-stream values only. Therefore
one can write

Uy = Uy, (3.14)

where the subscript oo refers to the free-stream conditions. This type of inlet

boundary condition can be implemented in all supersonic and hypersonic inflow

problems.
b: Boundary b: Boundary
d: Dummy cell d: Dummy cell
i: Interior cell i: Interior cell
n: Unit normal vector n: Unit normal vector
(pointing outward) (pointing outward)
Flow inlet Flow outlet
b
:> b :>
— 1

(a) (b)

Fig. 3.12. Schematics of dummy cells and interior cells: (a) Inlet boundary and

(b) Outlet boundary.

Subsonic outflow

In this case one characteristic enters the domain and three characteristics leave the
domain through the outlet boundary. Accordingly, one variable is to be imposed
on the boundary and three variables are to be extrapolated from the interior. It
is customary to specify the outlet pressure and extrapolate the z- and y-velocity
components and either the density or temperature from the interior. This type
of outlet boundary condition is to be implemented for 2D subsonic flow through

a nozzle, 2D flow through a converging-diverging nozzle with a standing normal
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shock in the divergent passage and in some cases of supersonic flow through a

forward-facing-stepped channel.

Supersonic outflow

In the case of supersonic outflow, all the eigenvalues are of the same sign and
hence all the four characteristics leave the boundary from the interior. Therefore
all the conserved variables in the dummy cell attached to the outflow boundary

are extrapolated from the interior, i.e.,

Uy =U,. (3.15)

For a solid wall, the wall pressure can be extrapolated from the interior cells
and velocity component normal to the wall can be imposed as zero. This approach
is called the pressure extrapolation boundary condition. However, the accuracy
of the pressure extrapolation boundary condition is highly sensitive to the wall-
curvature [54]. The mirror-image boundary condition scores over the former. This

boundary condition is discussed below.

The mirror-image boundary condition

As shown in figure 3.13 the velocity component parallel to the wall in the dummy
cell is equal to that in the interior cell. On the other hand, the velocity component
normal to the wall in the dummy cell is equal in magnitude but opposite in sign to
that in the interior cell. In this situation the solid wall acts like a mirror for the ve-
locity vector and this is the reason behind the naming of this boundary condition.
In figure 3.13, (u”)i and (u, ), represent the velocity components in the interior
cell parallel and normal to the wall, respectively. The symbols (u”) 4 and (u1)y
are the corresponding velocity components in the dummy cell. The wall is inclined
at angle 6 with the x-axis. Using the mirror-image boundary condition the x- and

y-velocity components, pressure, temperature and density are evaluated as follows:
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Ugq = Ui cos 20 + v; sin 260

vq = U; sin 260 — v; cos 20

Pa = pi (3.16)
Ta=T
pa = Rp_;’d (Equation of state).

\ Solid wall

P

vy |\
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y
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Fig. 3.13. The mirror-image boundary condition for an inviscid wall.

In addition to the standard inlet, outlet and wall boundary conditions the
upper boundary in the 2D wedge and the expansion-corner in the forward-facing-
stepped-channel problems require special care. These are discussed in the following

sections.

Treatment of upper boundary for the 2D supersonic wedge

problem
For the supersonic flow past a 2D wedge the flow is supersonic at both inlet and
outlet. Accordingly, the boundary conditions are set as per the standard procedure

discussed in the preceding sections. The wall is treated with the mirror-image

boundary condition. The upper boundary condition for this problem has to be
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implemented in conjunction with a careful choice of the computational domain.
Far away from the surface the shock becomes a Mach wave leading to isentropic
flow. Therefore, the upper boundary condition can be specified in such a way that
the variables equal the free-stream parameters. However, care must be exercised
that the length and height of the computational domain are taken sufficient enough.
In this work the length and height of the computational domain are taken as 20 m
and 10 m, respectively, through exhaustive numerical tests that suggest a 540 x 400

mesh.

Special-boundary condition at the expansion-corner

The special boundary condition at the expansion corner is required for the forward-
facing-stepped-channel flow. At the inlet since the flow is supersonic the free-
stream conditions are specified. At the outlet the Mach number is checked at
every iteration for each cell and either the supersonic or the subsonic outflow
boundary condition is implemented depending on the outlet Mach number. The

mirror-image boundary condition is used for the upper and lower walls.

:D 2 3

Flow

Expansion corner

Fig. 3.14. Special boundary condition near the expansion corner.

The upper corner of the step is the centre of a sharp expansion fan and hence
is a singular point of the flow. The generation of numerical errors at this corner
of the step may be reduced by applying an additional boundary condition near
the corner. With reference to figure 3.14, in the zones 2 to 5 the density is reset
so that the total enthalpy has the same value as in zone 1. The magnitudes of

velocities are also reset, so that the sum of enthalpy and kinetic energy per unit
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mass has the same value as in the same zone to set the entropy. This condition is
based on the assumption of a nearly steady flow near the corner. Similar boundary

condition was applied by Woodward and Collela [11].

3.3.4 Performances of schemes in computing 2D super-

sonic flows

van Leer's FVS
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(c) (d)

Fig. 3.15. Pressure contours for 2D flow through a converging-diverging nozzle

using (a) AUSM, (b) van Leer’s FVS, (¢) DRLLF and (d) DDRLLF schemes.

The 2D converging-diverging nozzle-flow problem is computed with first-order-
accurate van Leer’s FVS, AUSM, DRLLF and DDRLLF schemes. The problem is
solved on a 170 x 51 grid for all the methods with a CFL number of 0.1. Figures
3.15(a)-(d) show the pressure contours obtained with these schemes, showing that
the resolutions of the shocks captured by AUSM and van Leer’s FVS are better
than those by DRLLF and DDRLLF schemes. The DRLLF scheme resolves the
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shock relatively better than the DDRLLF scheme. The reason for this observation
is that the DR parameter approaches its maximum value of unity as the jump in
normal Mach number across the cell interface, i.e., AM, approaches unity (see
equation 2.83). Similarly the DDR approaches its maximum value of unity as the
value of p, in equation 2.88 exceeds a value of unity. Equation 2.85 suggests that
fte > 1 in the vicinity of a normal shock and hence the DDR also assumes its
maximum value. As the DR parameter and DDR tend towards unity, the DRLLF
and DDRLLF schemes behave like the fully diffusive LLF scheme. Therefore, it can
be stated that the strong shocks are resolved better by the AUSM and van Leer’s
FVS schemes than the DRLLF and DDRLLF schemes. This fact gets reinforced
from figures 3.16(a)-(b) that plot the pressure and Mach-number variations along
the nozzle axis, respectively, using the four schemes. Further figures 3.16(a)-(b)
reaffirm the sonic-glitch problem exibited by the AUSM scheme, which is not
present with the DRLLF and DDRLLF schemes, as shown by the encircled regions.
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(a) (b)
Fig. 3.16. Axial variations using first-order-accurate AUSM, van Leer’s FVS,
DRLLF and DDRLLF schemes: (a) Pressure and (b) Mach number.

Figures 3.17(a-d) compare the pressure contours for the supersonic flow through
a forward-facing stepped channel presented in Table 3.2. A 120 x 40 grid is used
for the computations. The CFL number is 0.2. Overall the detached strong shock
upstream of the step is better resolved by the AUSM and van Leer’s FVS schemes.
The AUSM scheme, being less diffusive, produces marginally better results than
van Leer’s FVS.
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AUSM

van Leer's FVS

(b)

DDRLLF

Fig. 3.17. Pressure contours for supersonic flow through a forward-facing-stepped

channel using (a) AUSM, (b) van Leer’s FVS, (¢) DRLLF, and (d) DDRLLF

schemes.

AUSM

10 F van Leer's FVS

Fig. 3.18. Pressure contours for supersonic flow past a 2D wedge using (a) AUSM,
(b) van Leer’s FVS, (¢) DRLLF and (d) DDRLLF schemes.
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Figures 3.18(a-d) compare the steady-state pressure contours of the AUSM,
van Leer’s FVS, DRLLF and DDRLLF schemes for supersonic flow over the 2D
wedge problem (Table 3.3). The flow is symmetric about the axis as the wedge
is considered at zero-incidence angle. Hence the flow is computed over the upper
half of the body only. The gradual weakening of the leading-edge shock due to
interaction with the expansion fan centered at the convex corner till it becomes
a Mach wave is captured by all the schemes. Further it can be seen that the
DRLLEF scheme produces a much better resolution of the weak leading-edge-shock
compared with rest of the schemes. It can be inferred that in the vicinity of
weak shocks the DRLLF scheme offers less numerical diffusion to produce crisp

resolution of grid-inclined shocks.

First order accurate AUSM

First order accurate van Leer's FVS

(a) (b)

First order accurate DRLLF First order accurate DDRLLF

05 05

Second order accurate AUSM with minmod limiter Second order van Leer's FVS with minmod limiter

05 ' 05

Fig. 3.19. Pressure contours for supersonic flow through a ramped surface using
first-order-accurate: (a) AUSM, (b) van Leer’s FVS, (¢) DRLLF,(d) DDRLLF
schemes, and higher-order-accurate: (e) AUSM, (f) van Leer’s FVS schemes.
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The 2D ramp-in-a-channel problem (Table 3.4) is computed with the first-
order-accurate AUSM, van Leer’s FVS, DRLLF and DDRLLF schemes and higher-
order-accurate AUSM and van Leer’s FVS schemes with minmod limiter through
the MUSCL approach. A 120 x 80 grid is used for all the methods with a CFL
number of 0.2. Figures 3.19(a-f) show the pressure contours for this flow computed

2. For the first-order-accurate versions, the oblique shocks

with different schemes
are best captured by the DRLLF scheme compared with the other three schemes.
The DDRLLF scheme also captures the oblique shocks with improved resolution
compared with the normal shocks in the shock tube, quasi-1D and 2D nozzle-flow
problems. From figures 3.19(a-f) it is also evident that the first-order-accurate
DRLLEF scheme resolves the oblique shocks almost as good as the second-order-
accurate van Leer’'s FVS and AUSM schemes. Moreover, in the contours obtained
by the second-order-accurate AUSM and van Leer’s F'VS schemes, oscillations are
seen, especially near the shock. The first-order DRLLF scheme is free from such
oscillations.

The reason for the improved performances of the DRLLF and DDRLLF
schemes in resolving weak shocks over strong shocks is that the jump in nor-
mal Mach number AM, for the former type of shocks is less compared with that
in case of the latter ones. As a result the DR parameter across an oblique shock
assumes smaller values (see equation 2.83) and therefore the DRLLF scheme is
more effective for oblique shocks. Similarly across oblique shocks, the gradients
of flow variables across the interface are not as strong as that in case of normal
shocks. Thus the value of i, (see equation 2.88) in the case of oblique shocks is
also on the smaller side. Accordingly the value of the DDR is smaller and thus the
DDRLLF scheme is more effective for oblique shock waves, especially when these
are not aligned with the grid. Figures 3.19¢ and 3.19d also indicate that even in
oblique-shock resolution the DRLLF scheme outperforms the DDRLLFEF scheme.
Thus the DRLLF scheme is found to be more effective for diffusion regulation in
both 1D and 2D flow problems compared with the more recent DDRLLF scheme

that is useful for 2D (or 3D) problems with grid-inclined shocks only.

2This work has been published in the proceedings of the 40*" National Conference on Fluid
Mechanics and Fluid Power (2013), National Institute of Technology Hamirpur, India

TH-1901_10610301



3.3. Aspects of numerical-diffusion regulation for 2D supersonic flows 77

Table. 3.5. Comparison of CPU-time for 2D supersonic flows

Test Problem Scheme CPU-time (s)
AUSM 365.48
van Leer’s FVS 339.17
Converging-diverging nozzle-flow
DRLLF 322.84
DDRLLF 893.61
AUSM 68.64
van Leer’s FVS 62.34
Forward-facing stepped channel
DRLLF 60.39
DDRLLF 183.24
AUSM 1782.61
van Leer’s FVS 1690.74
2D wedge
DRLLF 1602.39
DDRLLF 3743.67
AUSM 267.12
van Leer’s FVS 245.87
Ramped channel
DRLLF 233.41
DDRLLF 1394.92

Table 3.5 lists the CPU-time for the 2D supersonic flow problems by the four
schemes. The convergence behaviour of the schemes is found similar. Accord-
ingly for a particular problem the CPU-time is reported for the same number of
iterations for all the schemes. This data is a representation of the relative algorith-
mic simplicity of the different schemes. The DRLLF scheme consumes the least
CPU-time owing to its algorithmic simplicity. The CPU-time of the AUSM and
van-Leer’s F'VS schemes are close. The DDRLLF scheme consumes large CPU-
time for 2D-flow computations owing to its increased programming complexity,
since the flow-gradients have to be computed across more number of neighbour-
ing points to compute the value of p,. The saving in computational time by the

DRLLF scheme becomes more prominent as the number of grid points increases.
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Thus the DRLLF scheme holds promise for computation of more complex flows

involving a large number of grid points.

3.4 Aspects of the DRLLF scheme applied to hy-

personic flows

The promising performance of the DRLLF scheme for computing 1D and quasi-1D
flows, and 2D supersonic-flow computations provides the motivation for investigat-
ing its performance in computing hypersonic flows. In this section some aspects
of the DRLLF scheme applied to compute hypersonic flows over a semi-cylinder
and a hemisphere are presented. A comparison of the performance of the DRLLF
scheme with the robust van Leer’s FVS is made. The computations are done for
the perfect-gas model and the high temperature equilibrium chemically reacting air
model proposed by Tannehill and Mugge [73]. The ability of the DRLLF scheme

to compute reacting gas models is demonstrated for the first time3.

3.4.1 The equilibrium-air model of Tannehill and Mugge

For a given free-stream Mach number, computations are initiated by a prescribed
value of 7. As the iterations proceed, 7 is calculated using density and internal
energy per unit mass, which are given by the Euler solver. Remaining thermody-
namic properties such as pressure, sonic velocity and temperature are calculated

using correlated formulae suggested by Tannehill and Mugge [73].

3.4.2 Flow over a semi-cylinder

Hypersonic flow at a free-stream Mach number, pressure and temperature of 15,
1197 Pa and 226.5 K, respectively over a semi-cylinder of diameter 10 m is consid-
ered [77]. A 201 x 201 mesh in the -6 plane is used. The CFL number is 0.2 for all
the computations. The flow is governed by the 2D planar Euler equations of gas
dynamics given by equation 3.6. Figures 3.20 and 3.21 show the pressure and Mach

contours, respectively, for the two gas models using van Leer’s FVS and DRLLF

3This work has been published in the proceedings of the 5th International and 415" National
Conference on Fluid Mechanics and Fluid Power (2014), Indian Institute of Technology Kanpur,

India
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schemes. It is seen that the shock stand-off distance is less for the equilibrium-air
model compared with the perfect-gas model. The DRLLF scheme captures the
detached bow shock without any numerical oscillations, but with more smearing
than van Leer’s FVS scheme.

Scheme: van Leer's FVS Scheme: DRLLF

Perfect gas model Perfect gas model ,

Equilibrium air

model model

(a) (b)
Fig. 3.20. Pressure contours for inviscid-hypersonic flow over a semi-cylinder for

the perfect-gas model and equilibrium-air model using (a) van Leer’s FVS scheme

and (b) DRLLF scheme.

Scheme: van Leer's FVS Scheme: DRLLF

Perfect gas model Perfect gas model /

Equilibrium air Equilibrium air ¥
model model

(a) (b)
Fig. 3.21. Mach contours for inviscid-hypersonic flow over a semi-cylinder for the

perfect-gas model and equilibrium-air model using (a) van Leer’s FVS scheme and

(b) DRLLF scheme.
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3.4.3 Flow over a hemisphere

Hypersonic flow at the same free-stream Mach number, pressure and temperature
as in section 3.4.2 over a hemisphere of diameter 10 m is considered [77]. A 201x200
mesh in the r-6 plane is used. The CFL number is 0.2 for all the computations.
The flow over a hemisphere are governed by the axisymmetric Euler equations of
gas dynamics given by equation 3.6. Figures 3.22 and 3.23 show the pressure and
Mach contours, respectively, computed with van Leer’s FVS and DRLLF schemes
for the two gas models. The contour plots reveal that for axisymmetric-hypersonic-
flow computations numerical oscillations are produced by the DRLLF scheme near

the shock.

Scheme: van Leer's FVS Scheme: DRLLF :

Perfect
g:;f ?:ct)del gas model
ilibri Equilibrium
Ei?l:rlllz)bdnelilm air model

Fig. 3.22. Pressure contours for inviscid-hypersonic flow over a hemisphere for
the perfect-gas model and equilibrium-air model using (a) van Leer’s FVS scheme

and (b) DRLLF scheme.

To overcome the problem of the numerical oscillations in the DRLLF scheme,
the mathematical formulation for the DR parameter is modified. In the modified
algorithm the DR parameter is assigned a value of unity in non-monotonous zones,
so that the DRLLF scheme reverts back to the original dissipative LLF scheme.
This is done as follows:

First the monotonicity at a cell is checked. Let us define a parameter Ajp U =
Ucen— Uleticenl, Where the subscripts ‘cell” and ‘leftcell” represent the cell immediately

to the left of the cell-interface and the next left cell, respectively. Also let AyigneU =
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Usighteel — Uecen, where the subscript ‘rightcell’ represents the cell immediately to

the right of the cell-interface. Then in case of non-monotonic solution at a cell,
At U; X ArightUi <0, ¢=1or 2o0r 3 or4. (317)

Now the DR parameter is computed by modifying equation 2.83 as follows.

¢ = 1if A U; X ArightUi <0, i=1lor2or3ord4,

{(AM;—;MQ} when |[AM | <§ (3.18)
else @ = ¢ |AM, | when 6 < |[AM,| < 1.0
1 when |AM,|> 1.0

0
Here © = 1,2,3and 4 correspond to the continuity, x-momentum, y-momentum
and energy equations, respectively. With the modified DR parameter we term the
DRLLF scheme as the Modified DRLLF scheme. It can be seen from equation
3.18 that wherever the solution becomes non-monotonic, the modified algorithm
drives the scheme locally to the LLF scheme.

Scheme: van Leer's FVS Scheme: DRLLF

Perfect Perfect
gas model gas model

E quilibrium Equilibrium
air model air model

(a) (b)
Fig. 3.23. Mach contours for inviscid-hypersonic flow over a hemisphere for the

perfect-gas model and equilibrium-air model using (a) van Leer’s FVS scheme and

(b) DRLLF scheme.

With modification of the algorithm for computing the DR parameter, the

numerical oscillations could be avoided as shown in the pressure and Mach contours
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for the Modified DRLLF (DRLLEFM) scheme shown in figure 3.24. The results are
found in good agreement with the literature [74, 77].

Scheme: DRLLFM

Scheme: DRLLFM

Perfect
Perfect gas model
gas model
o Equilibrium
E quilibrium air model
air model

(a) (b)

Fig. 3.24. Inviscid-hypersonic flow over a hemisphere with the Modified DR-
LLF scheme using the perfect-gas model and equilibrium-air model: (a) Pressure

contours and (b) Mach contours.

3.5 Conclusions

The objectives of the present chapter are to study the role of numerical diffusion
and its regulation in the computation of high-speed inviscid flow problems, and
to compare the performances of two recent diffusion-regulated methods with es-
tablished numerical flux schemes. The study is done at various levels, namely,
1D and quasi-1D flows, 2D supersonic flows, and hypersonic flows. For the 1D
and quasi-1D flows Sod’s 1% shock tube problem and flow through a converging-
diverging nozzle, both having analytical solutions are chosen as the test cases. The
performance of the Diffusion-Regulated Local Lax-Friedrichs (DRLLF) scheme is
studied with varying levels of numerical diffusion. It is seen that as the level of
numerical diffusion is reduced, the smearing of the captured discontinuities reduces
but the numerical oscillations get augmented. The choice of the extent of artificial

diffusion to be added is based upon a balance between the resolution and numerical
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stability. The most appropriate value of the quantity ¢ for computing the DR pa-
rameter is found to be problem-dependent. The DRLLF scheme is also compared
with the AUSM, van Leer’s FVS and the more recent DDRLLF schemes. The DR-
LLF scheme significantly improves the resolution of the captured discontinuities
compared with original LLF scheme with little added computational complexity.
For moving normal shocks where the absolute flows across the shock remain sub-
sonic (e.g. Sod’s 1% problem) the DRLLF scheme captures the shock with the
least smearing, albeit with small numerical oscillations in the shock-vicinity. On
the other hand, in the case of a stationary shock (e.g. the normal shock standing in
the divergent section of a converging-diverging nozzle), the jump in Mach number
across the cell-interface is large and hence the DR parameter assumes higher val-
ues. As a result the benefits of the DRLLF scheme may not appear prominent for
stationary normal shocks aligned with the grid, where the AUSM and van Leer’s
FVS schemes perform better. The DDRLLF scheme works like an unregulated
method for 1D and quasi-1D flows and the DRLLF scheme scores over the former
in such cases.

Also 2D supersonic flows are computed by using the AUSM, van Leer’s FVS,
DRLLF and DDRLLF schemes. Four test problems of external and internal flows
are chosen so that they provide cases of both strong and weak shocks. The test
problems considered are flow through a converging-diverging nozzle with a standing
normal shock, flow through a forward-facing stepped channel, flow over a 2D wedge
and flow through a ramped channel. For the computation of supersonic flow over
a 2D wedge, the boundary conditions can be correctly implemented only after a
careful choice of the computational domain size. For all flows the AUSM scheme
resolves the strong shocks (e.g. the standing-normal shock in the converging-
diverging nozzle, and the detached shock upstream of the step and the Mach-stem
in the stepped channel) better than the rest of the schemes, especially for grid-
aligned shocks, since it is less diffusive. However the DRLLF scheme scores over
the rest of the schemes in resolving weak shocks, e.g. the leading-edge shock in
the 2D wedge, and the incident as well as the reflected shocks in the ramped
channel problems. The DDRLLF scheme resolves the normal shocks without any

significant improvements and the weak shocks almost as good as the AUSM and

TH-1901_10610301



84 Chapter 3. Role of Numerical Diffusion in Inviscid-Flow Computations

van Leer’s FVS schemes. The oblique shocks captured by the first-order-accurate
DRLLEF scheme are comparable to the second-order-accurate AUSM and van Leer’s
FVS schemes, as shown with the example of the 2D-ramped-channel problem.
Among the four schemes tested, the computational time for the DRLLF scheme is
competitive for different types of flow problems. Although the DDRLLF scheme is
developed later to bring in multidimensional physics still DRLLF appears a better
choice from the point of view of accuracy, robustness and computational cost.
Owing to the promise shown by the DRLLF scheme through its simplicity and
robustness, the applicability of the scheme for the Euler equations to compute hy-
personic flows including chemical equilibrium-air model is investigated. The results
are compared with the robust van Leer’s FVS scheme. It is found that for inviscid-
hypersonic flow over a semi-cylinder the DRLLF scheme captures the detached bow
shock without any numerical oscillations, but with more smearing compared with
van Leer’s FVS scheme for both the perfect gas and the equilibrium-air models.
For the computation of axisymmetric-hypersonic low the DRLLF scheme is found
to produce numerical oscillations. The original algorithm to compute the DR pa-
rameter is modified to successfully enforce monotonicity for such cases. The ability
of the DRLLF scheme to compute reacting-air flows is demonstrated. It is seen
that a scope exists to design a robust and versatile scheme based on the DRLLF
scheme for accurate-shock capturing irrespective of its strength or grid-inclination.

This is going to be explored in subsequent chapters.
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Chapter 4

Aspects of Viscous-Flow

Computations

4.1 Introduction

In this chapter we present a study on the role of numerical diffusion in computing
viscous-compressible flows. The study begins with a test case of supersonic-laminar
flow over a flat plate at zero incidence. The inviscid-flux terms in the Navier-
Stokes equations governing the flow are computed by using first-order-accurate
van Leer’s FVS, AUSM and DRLLF schemes. The results are correlated with
the inherent numerical diffusion of these schemes. The study is also motivated by
the necessity to examine whether reduced artificial viscosity can be used with the
DRLLF scheme in computing viscous flows than was suggested in the original paper
on inviscid computation. It is demonstrated that reduced artificial viscosity is not
only possible, but it results in a scheme that is very efficient in the computation of
the standard supersonic viscous flow over a flat plate, in that it is comparable in
accuracy to the AUSM scheme in the boundary layer and better than the latter in
shock resolution. Even with the reduced artificial viscosity suggested in this study
the DRLLF scheme shows good convergence behaviour comparable with the other
two schemes. Motivated by the encouraging results, similar study is extended to
hypersonic shock wave-boundary layer interaction (SWBLI) on a ramped surface.

The study affirms that in the presence of physical viscosity, scope exists to reduce
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the numerical diffusion of the DRLLF scheme than the level originally suggested
for the Euler solvers. Before making the concluding remarks of the chapter, a study
on the performances of some limiters for the higher-order-accurate computations
of viscous supersonic flow over a flat plate with the AUSM scheme is presented.
For viscous flow over a flat plate, because of the no-slip condition on the wall,
fluid at the wall and some neighbourhood has to be necessarily subsonic. In the
case of a supersonic free-stream this can happen only through a shock emanating
from the leading edge of the flat plate. The region between the surface and the
shock is the shock layer. Also owing to the viscous effects, a boundary layer
develops on the surface. In general, the shock layer can be characterized by the
region of viscous flow and inviscid flow as shown in figure 4.1. It may be noted, that
dissipation of kinetic energy within the boundary layer can cause high-temperature

gradients near the solid surface. This may lead to high-heat transfer rates.

y

| Computational domain
X

/

M,=3.0 Leading-edge shock
B — /

Inviscid Shock layer

60

Leading edge

N\

Boundary layer

A
\

Fig. 4.1. The various zones for viscous supersonic flow over a flat plate.

Aircrafts flying through the atmosphere at supersonic speeds have slender
shapes with very low-wall curvature resembling the flow over a flat plate. Fckert
[78] suggested that the solution of supersonic-viscous flow over a flat plate could
be extended to obtain parameters like skin friction coefficient, recovery factor, and
convective heat transfer coefficient for high-speed flow over slender surfaces main-
tained at constant temperatures. This reaffirms the importance of the classical

problem of boundary layer over a flat plate.
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Various studies have been done on computation of high-speed viscous flows
over flat plates. Aliabadi et al. [79] presented a finite-element-based computation
of viscous-compressible flows based upon the conservation and entropy-variables
formulations. Savelyev [80] showed numerical simulation of laminar viscous super-
sonic flow over a flat plate with a rectangular cavity. Drikakis and Durst [81] pre-
sented a numerical assessment of the effect of angle of incidence and Reynolds num-
ber on the flow-separation for viscous supersonic flow past a flat plate. Aoki et al.
[82] carried out numerical analysis of supersonic-rarefied-gas flow past a flat plate.
Deshpande et al. [83] carried out a computational study of viscous supersonic
flow over a flat plate with moving protrusion. Abbas and Nordstrom [84] demon-
strated that in the numerical computation of the Navier-Stokes equations involving
boundary layers it is advantageous to use weak no-slip boundary conditions. Ar-
nal and Vermeerch [85] gave an overview of the compressibility effects, free-stream
Mach number and wall-temperature effects, on boundary layer laminar-turbulent
transition from incompressible flow to low supersonic Mach number. Tsoutsanis
et al. [86] developed Weighted-Essentially-Non-Oscillatory (WENO) schemes on
arbitrary unstructured meshes for computing laminar, transitional and turbulent
flows. John and Kulkarni [87] carried out numerical assessment of correlations for
shock wave-boundary layer interaction. Matsuyama [88] reported the performance
of all-speed AUSM family schemes for direct numerical simulation of low Mach
number turbulent channel flow. Iyer et al. [89] investigated the boundary-layer
transition in high-speed flows due to roughness. Fang et al. [90] presented an op-
timized low-dissipation monotonicity-preserving scheme for numerical simulations
of high-speed turbulent flows. Xu and Weng [91] proposed a high-order-accurate
and low-dissipation method for unsteady compressible viscous-flow computation
on helicopter rotor in forward flight. However, a comprehensive study of the ef-
fects of numerical diffusion on the computation of viscous supersonic flows over a
flat plate under isothermal- and adiabatic-wall conditions is not available in the
literature.

The study on the effects of numerical diffusion for viscous-flow computations
is relatively straightforward with the DRLLF scheme, since the level of diffusion

can be controlled just the way in case of inviscid flows presented in Chapter 3.
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Moreover, the promising performance of the DRLLF scheme, especially for weak-
shock capuring provides motivation for further investigations on this scheme for
viscous-flow applications. Kannan and Wang [92] used the DR parameter to im-
prove the high-order-spectral-volume formulation and demonstrated the potential
of the diffusion-regulation for viscous subsonic test cases. The performance of the
DRLLEF scheme for computing viscous supersonic flows, however, is an unexplored
area. van Leer’s FVS scheme is known to be robust, although more diffusive es-
pecially for viscous flows. The AUSM scheme was designed with less numerical
diffusion to make it suitable for viscous-flow computations as well [7]. In the
present work, a comparison of the computations of viscous supersonic flow over a
flat plate with a laminar boundary layer [93] using first-order-accurate van Leer’s
FVS, AUSM and DRLLF schemes is done. Based upon the comparison, an analy-
sis of the effect of numerical diffusion on the flow features captured by the different
schemes is presented. Emphasis on further improvement of the flow-field resolu-
tion by the DRLLF scheme is done because of its algorithmic simplicity compared
with the other two schemes.

In the computation of viscous flows, physical diffusion is always present. Mo-
tivation is drawn from this fact to investigate the possibility of reducing the nu-
merical diffusion of the DRLLF scheme for the computation of supersonic viscous
flows lower than the level reported in the original paper for inviscid computations.
Many methods exist for the computation of the gradients in the viscous flux terms
[94]. In this chapter these terms are computed by using simple central discretiza-
tion and using the Green’s theorem [54]. Both these methods are combined with
the three inviscid flux schemes and the results are compared. The equivalence of
the two methods for computing the gradients across the cell-interfaces in a uniform
Cartesian grid is verified.

In hypersonic flows viscous interactions are prominent, especially for thin-
shock-layer problems [69]. At very high speeds, the viscous dissipation on a solid
surface leads to substantially high temperature, leading to increased viscosity.
Thus the boundary layer becomes thicker and displaces the outer inviscid flow.
This type of viscous interaction, also called pressure interaction, influences the

pressure field around the solid surface. Apart from the leading-edge shock, the
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boundary layer may also interact with external shocks as well as shocks generated
at other locations of the surface. This type of viscous interaction, also known
as shock wave-boundary layer interaction (SWBLI) influences the dynamics of

hypersonic flights a great deal.

Leading-Edge Shock Reattachment Shock

Triple point

Separation Shock

Séa

Laminar Separation Bubble

—>
Supersonic flow

Laminar Boundary Layer

Fig. 4.2. Schematic diagram representing ramp-based SWBLI.

Many subsystems for high-speed applications involve flow over a ramped sur-
face. Some examples of such flows are engine-inlets, wing-body junctions, control-
surfaces etc. Figure 4.2 shows the schematic of a ramp-induced SWBLI with
flow-separation. The viscous effects give rise to a relatively weak shock emanating
from the sharp-leading edge of the plate. Additionally, the abrupt deflection of
flow by the ramp at the compression-corner induces an oblique shock. The bound-
ary layer experiences adverse pressure gradient near the region of flow deceleration
or oblique shock. The ramp-induced shock interacts with the flat-plate boundary
layer. Due to the upstream propagation of pressure-disturbances across the sub-
sonic portion of the boundary layer, flow-separation may occur [95], which depends
on many parameters including Mach number, Reynolds number, ramp angle, wall-
temperature and boundary-layer stability. For ramp-induced hypersonic SWBLI
Needham and Stollery [96] suggested an expression for the incipient-separation an-
gle beyond which flow-separation occurs under certain flow-conditions. Boundary-
layer separation affects the lift- and drag-characteristic of the vehicle by creating
separation and reattachment shocks, expansion waves and slip lines. Apart from
boundary-layer separation, the SWBLI phenomenon also leads to enhanced heat-

ing load [97] or even a turbulent re-attachment [98]. Both internal as well as
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external aerodynamics get affected by such interactions.

Holden [99, 100] performed theoretical and experimental studies to under-
stand the effects of free-stream Mach number, Reynolds number, wedge-angle and
leading-edge bluntness on SWBLI phenomena. Rizzeta and Mach [101] computed
the laminar hypersonic flowfield for ramp-induced SWBLI using four different nu-
merical algorithms. John et al. [102] presented a numerical study of the effects
of free-stream Mach number and stagnation temperature on the boundary-layer
separation and heat transfer. In this chapter a study on the effect of numerical dif-
fusion on the laminar-separation-bubble (LSB) length for a SWBLI problem [98] is
presented using first-order-accurate van Leer’s FVS, AUSM and DRLLF schemes.
The possibility of using lower levels of numerical diffusion with the DRLLF scheme
for hypersonic viscous-flow computations than the level prescribed originally for
the Euler solvers is also explored.

First-order-accurate methods are not so accurate for viscous-flow computa-
tions owing to their diffusive nature. Higher-order accuracy of the schemes can be
achieved using suitable variable interpolation techniques like the MUSCL [38] and
piecewise linear reconstruction [61] with limiters. Various limiter functions can be
used for implementing the MUSCL approach. In this chapter three limiter func-
tions, namely the minmod limiter, the van Albada limiter and the Hemker-Koren
limiter functions [54] are used. The piecewise linear reconstruction is also tested
along with the Venkatakrishnan limiter function [39]. The performances of these
limiters in computing high-speed viscous flows by taking the test case of laminar-
boundary layer over a flat plate is investigated. Corresponding improvements over
the first-order-accurate solutions are marked.

This chapter is organized in five sections. Section 4.2 presents the effects
of numerical diffusion in computing viscous supersonic flow over a flat plate. The
extension of a similar study for hypersonic SWBLI on a ramped surface is discussed
in section 4.3. A study on the performance of limiters in the computation of viscous
supersonic flow over a flat plate is presented in 4.4, before making the concludig

remarks for the present chapter in section 4.5.
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4.2 Effects of numerical diffusion in the compu-
tation of viscous-supersonic flow over a flat
plate

This section presents the 2D Navier-Stokes equations governing viscous-compressible
flows, followed by the implementation of the boundary conditions for viscous-
compressible flows and the problem statement for viscous-supersonic flow over a
flat plate along with the grid used. Subsequently an analysis on the effects of
numerical diffusion and its regulation in the computation of viscous supersonic
flow over a flat plate with a laminar boundary layer [93] is presented. The steady
state velocity, temperature and entropy profiles at the trailing edge of the plate
under adiabatic- and isothermal-wall conditions with the AUSM, van Leer’s FVS
and DRLLF schemes are presented, and the results are correlated with the relative
numerical diffusion of the schemes. The equivalence of the central differencing and
Green’s theorem [54] on Cartesian grids for viscous flux evaluation is also demon-
strated. A comparison of the CPU-time with the different flux schemes is also

presented .

4.2.1 The 2D compressible Navier-Stokes equations

The non-dimensionalized form of the Navier-Stokes equations for 2D compressible

flow is given by:

0U | OFy  0Gi_0F, 0G, m
ot Ox oy  Ox y '

The expressions for the inviscid and viscous-flux vectors are as follows:

pu

+ pu?
F=| 777 , (4.2a)

puv

(p+ pem)u
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pU
puv
Gy = , (4.2)
p+p?
| (Pt pem)v |
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The stress and heat-flux terms in the viscous-flux vectors can be expressed as

== {RGL Pr (’5— 1) MZ, ?9_? e
K {ReL Pr (Vu— 1) M3, )

where p is the non-dimensionalized coefficient of dynamic viscosity and Rey, is the

Reynolds number based on the characteristic length L given by Re;, = Re L =

PooUco L

Peezeo™ " The parameters Re,, and Pr are the unit Reynolds number and Prandtl

Moo

number, respectively. The quantities Uy, Moo, poo and i represent the velocity,

Mach number, density and coefficient of dynamic viscosity of the free-stream,

respectively.
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4.2.2 Implementation of boundary conditions for viscous-

compressible-flow computations

At the farfield the inviscid-compressible-flow boundary conditions can be used
when the boundaries are placed far enough from the immersed body [103, 104].
In other words, the characteristic-based boundary conditions for subsonic and su-
personic flows as discussed in section 3.3.3 can be implemented at the inlet and
outlet. The height of the computational domain may be so chosen that no discon-
tinuity, including the leading-edge shock crosses the top boundary. Accordingly
either the free-stream conditions or the zero-gradient boundary condition may be
implemented depending on the chosen height of the domain above the solid sur-
face. The boundary conditions at the solid wall under adiabatic and isothermal
conditions for viscous-flow computations have to be handled differently. Figure

4.3 shows a picture on a solid wall showing the interior and dummy cells.

Solid wall

Fig. 4.3. The no-slip boundary condition for viscous flows.

As shown in figure 4.3, the velocity components both parallel and normal
to the wall in the dummy cell are equal in magnitude but opposite in sign to
the corresponding quantities in the interior cell. In the figure, (uH)i and (u),
represent the velocity components in the interior cell parallel and normal to the
wall, respectively. The symbols (uH) 4 and (up), are the corresponding velocity
components in the dummy cell. The wall is inclined at any arbitrary angle 6

with the x-axis. To enforce the no-slip boundary condition the x- and y-velocity
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components are evaluated as follows:

fam (4.5)

Vg = —;.
For an isothermal wall the temperature in the dummy cell is specified the same
as the specified wall condition. For the adiabatic-wall condition, since heat-flux
along the wall-normal direction is zero, hence the temperature in the dummy cell
Ty is given by

Ta=T, (4.6)

where T; is the temperature at the interior cell. After assigning the temperature
at the dummy cell the pressure pq and density pq are computed as follows:
Pa = pi

Pa

Pd = RT,

where p; is the pressure in the interior cell.

4.2.3 The problem statement and the grid used

Viscous flow of air at Mach 3 over a flat plate of length L = 2.85 x 10™° m is
computed. The free-stream pressure and temperature are taken as 101325 Pa and
288.15 K, respectively. This corresponds to a Reynolds number Rej of around
2000. The Prandtl number is taken as 0.71. Thus, the boundary layer developed
on the plate can be considered laminar. Table 4.1 lists the geometric and free-

stream parameters for this problem [93].

Table. 4.1. The geometric and free-stream parameters for viscous supersonic flow

over a flat plate

Parameter Value
Length of the plate L 0.0000285 m
free-stream pressure p., 101325 Pa
free-stream temperature T, 288.15 K
free-stream Mach number M, 3

Wall-temperature for isothermal condition 7,, 288.15 K
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The height of the computational domain normal to the plate is taken as six
times the boundary-layer thickness at the trailing edge, so that the free-stream
conditions can be imposed in the top boundary. The boundary-layer thickness at

the trailing edge can be computed as follows [93]:

5L
vV ReL

To accurately capture the sharp velocity gradients near the solid surface along the

o = =3.186 x 107 % m. (4.8)

wall-normal direction, grid-refinement is done near the plate. The grid is formed

using the following stretching function [103]:

r=£
(B+1) = (B-1)B" (4.9)

ho 1+ B ’

where h is the height of the computational domain, ¢ and 7 are the transformed

— B+1
= =1

closer to unity, grid-point clustering is higher near the wall. In the present work

co-ordinates, and B (1 < B < o0) is the stretching parameter. As [ gets
B is taken as 1.1. Figure 4.4 shows a typical 40 x 40 grid obtained using equation
4.9 along with the boundary conditions used in the edges of the computational
domain.

The first-order Euler-explicit time-integration method is used with a CFL
number of 0.2 for all the computations. Both isothermal- and adiabatic-wall con-
ditions are considered. In the computation of the Navier-Stokes equations, since
physical viscosity is already present, it is preferable to use a scheme with small
numerical diffusion. From equation 2.83 it can be observed that a reduction in the
value of ¢ implies reduced numerical diffusion in the DRLLF scheme. Hence in
the present work, the DRLLF scheme is adopted by gradually decreasing ¢ from
0.5 to 0.1 in steps of 0.1. The gradients at the cell-interfaces in the viscous-flux
terms are computed by using both central differencing and Green’s theorem. The

results with these two techniques are presented in the following sections.
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Freestream

Supersonic inlet

Supersonic outlet

No slip adiabatic/isothermal wall

Fig. 4.4. A typical 40 x 40 grid for supersonic-laminar flow over a flat plate

showing the computational domain and the boundary conditions.

4.2.4 Results with gradient computation at cell-interfaces

using central differencing

A typical-grid-independence study is presented in figure 4.5 that shows the steady
state normalized temperature (T = T'/T,,) profile at the trailing edge of the plate
under adiabatic condition using the first-order AUSM scheme. The results are
shown for the 40 x 60, 60 x 80, 80 x 100, 100 x 120 and 120 x 140 grids. It is found
that the 80 x 100 grid produces the grid-independent results. All the subsequent
results for this problem are presented on the 80 x 100 grid. As suggested by Van

Driest [105] the non-dimensionalized y-distance is given by

Y= %\/Rex, (4.10)

where Re, = £exU=t
Moo
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Fig. 4.5. Grid-independence test for computation of supersonic-laminar flow over

a flat plate.

2E-05

1.5E-05

1E-05

5E-06

1E-05 2E-05
X

Fig. 4.6. wu-velocity contours for supersonic-laminar flow over a flat plate under

the isothermal-wall condition computed by using the DRLLF scheme (6 = 0.5).

The w-velocity contours using the DRLLF scheme with § = 0.5 for the
isothermal- and adiabatic-wall conditions are shown in figures 4.6 and 4.7, respec-
tively!. The leading-edge shock and the boundary layer captured by the scheme

can be seen clearly in the figures.

!This work is published in International Journal of Applied and Computational Mathematics,

Springer, Vol. 2 (2016)
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Fig. 4.7. u-velocity contours for supersonic-laminar flow over a flat plate under

the adiabatic-wall condition computed by using the DRLLF scheme (§ = 0.5).
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Fig. 4.8. Trailing-edge-u-velocity profile for supersonic-laminar flow over a flat
plate under the isothermal-wall condition. Gradients at the cell-interfaces are

computed by using central differencing.

Figures 4.8 and 4.9 show the steady-state normalized u-velocity (7 = u/Us)
profiles at the trailing edge of the plate vs. the non-dimensionalized y-distance
for the isothermal- and adiabatic-wall conditions, respectively. For clarity of the
figures, the results of the DRLLF scheme with 6 = 0.1, 0.2 and 0.3 only are shown
along with those of AUSM and van Leer’s FVS schemes. It is seen that the DRLLF
scheme with 6 = 0.1 and 6 = 0.2 are in very close agreement with the AUSM

scheme. This shows that by using a value of 6 much lower than what was reported

TH-1901_10610301



4.2. Effects of numerical diffusion in the computation of viscous-supersonic
flow over a flat plate 99

in the original paper for inviscid computations, it is possible to bring down the
numerical diffusion of the DRLLF scheme and hence improve accuracy without
causing numerical instability. The van Leer’s FVS scheme predicts a much higher

hydrodynamic-boundary-layer thickness, depicting the highly diffusive nature of

the scheme.
30
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| ——— vanlLeer's FVS
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Nomnalized u-velocity at the trailing edge

Fig. 4.9. Trailing-edge-u-velocity profile for supersonic-laminar flow over a flat
plate under the adiabatic-wall condition. Gradients at the cell-interfaces are com-

puted by using central differencing..

Figures 4.10 and 4.11 show the steady-state-normalized-temperature profiles
at the trailing edge for the isothermal- and adiabatic-wall conditions, respectively.
Comparing figures 4.10 and 4.11, two interesting differences in the temperature
profiles for the isothermal- and adiabatic-wall conditions can be noticed, which
are correlated with the numerical diffusion of the different inviscid flux schemes as
follows.

Figure 4.10 shows that for the isothermal-wall condition, a point of maxi-
mum temperature is reached at some distance above the wall. It is seen that as
the numerical diffusion increases the point of maximum temperature shifts up-
wards. Thus for the AUSM scheme this point is nearest to the wall, it moves up
for the DRLLF scheme with increasing values of § and is farthest from the wall
for van Leer’s FVS scheme. It is known that the ratio of the thicknesses of the
hydrodynamic and thermal boundary layers is a function of the Prandtl number.

Accordingly with increasing numerical diffusion, both the hydrodynamic- as well
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as the thermal-boundary-layer thicknesses increase. When the thermal-boundary-
layer thickness is high, the temperature gradients normal to the wall are less and
vice-versa. This explains the reason for the upward shifting of the point of the
maximum temperature with increasing numerical diffusion. The second observa-
tion is that the temperature-variation trends above and below the point of the
maximum temperature reverse for the isothermal-wall condition. Below the point
of maximum temperature, at a certain distance from the wall, the highest diffusive
scheme shows the lowest temperature and vice-versa. This can be ascribed to the
fact that for a scheme with lower diffusion the rate of increase of temperature to
the maximum point is sharper. On the other hand, above the point of maximum
temperature, at a certain y-location, the more diffusive scheme shows higher tem-
perature. This can be attributed to the gradual rate of decrease of temperature

from the maximum point for a scheme with higher diffusion.
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Fig. 4.10. Trailing-edge-temperature profile for supersonic-laminar flow over a
flat plate under the isothermal-wall condition. Gradients at the cell-interfaces are
computed by using central differencing.

Figure 4.11 shows that for the adiabatic-wall condition, the point of maximum
temperature is located on the wall itself. This is thermodynamically justifiable
since the high velocity of the incoming free-stream is decelerated by the viscous
effects on the wall, thereby converting large part of the kinetic energy into enthalpy.

If we consider a streamline connecting the free-stream and the first cell-centre
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above the wall, the summation of the kinetic energy and the static enthalpy at the
grid point is equal to the free-stream-stagnation enthalpy. Since the free-stream-
stagnation enthalpy is constant, hence if the fluid-velocity shown by a scheme at
the grid point is less, the static enthalpy obtained is more and wvice-versa. For the
highest diffusive scheme, because the fluid-velocity at the cell-centroid just above
the wall is the least, hence the static enthalpy is the maximum. Since temperature
is proportional to the static enthalpy, hence the temperature shown at that point
is also the maximum for the most diffusive scheme. For an adiabatic wall, the
temperature gradient at the wall is zero. Therefore the temperature at the wall is
also equal to the temperature at the cell-centroid just above the wall. The second
observation from figure 4.11 is that trend of the temperature variation for the
adiabatic-wall condition remains the same throughout the thermal boundary layer,
i.e. the more diffusive scheme predicts a higher temperature. The reason for this
occurrence is the lower temperature gradient within the thermal boundary layer for
the more diffusive scheme. It can be noted that the van Leer’s FVS scheme predicts
erroneously high adiabatic-wall temperature. However, the DRLLF scheme with

0 =0.1and 0.2 agrees well with the AUSM scheme.
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Fig. 4.11. Trailing-edge-temperature profile for supersonic-laminar flow over a
flat plate under the adiabatic-wall condition. Gradients at the cell-interfaces are

computed by using central differencing.
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From figures 4.8-4.11 it can be further observed that the DRLLF scheme cap-
tures the leading-edge shock better than the AUSM and van Leer’s FVS schemes
as shown by the encircled portions in these figures. The better performance of
the DRLLF scheme in capturing weak shocks for inviscid flows has been demon-
strated in section 3.3.4. Even for the present-viscous-flow problem, since the shock

is weak, the DRLLF scheme is seen to resolve the shock better than the other two

schemes.
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Fig. 4.12. Trailing-edge-specific-entropy profile for supersonic-laminar flow over
a flat plate under the isothermal-wall condition. Gradients at the cell-interfaces

are computed by using central differencing.

Entropy generation along the flow may be considered as a parameter to quan-
tify the relative numerical diffusion of various schemes [6, 106]. However, in
viscous-flow computations, the numerical diffusion may not be the only factor
influencing the entropy profile since there may be other effects such as heat trans-
fer across the wall. Still it will not be out of place to study the change of entropy
for the different schemes as it will provide an insight into the entropy generation
due to diffusion. The free-stream conditions are considered as the datum and in-

crease in specific entropy at any point over this datum is computed by using the
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thermodynamic identity:

T p
As=c¢,ln (i) — Rln (]E) . (4.11)

For compressible-laminar-boundary layer over a flat plate, the pressure ratios are
small compared with the temperature gradients. Thus, the effect of the pressure-
term in equation 4.11 is not prominent compared with that of the temperature-
term. As a result, the trend of the specific-entropy profile is expected to be similar

to the temperature profile as corroborated by figures 4.12 and 4.13.
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Fig. 4.13. Trailing-edge-specific-entropy profile for supersonic-laminar flow over
a flat plate unnder the adiabatic-wall condition. Gradients at the cell-interfaces

are computed by using central differencing.

It appears from figures 4.8-4.13 that for the DRLLF scheme, § = 0.1 gives the
results closest to the AUSM scheme. However at such low value of § the residual
diminishes in an oscillatory fashion. This is evident from figures 4.14 and 4.15,
which show the Lo-norm-residual-history plots for the isothermal- and adiabatic-
wall conditions using the different schemes. However at higher values of ¢, the
convergence of the DRLLF scheme is found similar to van Leer’s FVS and AUSM
schemes. Thus based on a trade-off between accuracy and smooth convergence
rate, 6 = 0.2 is the most suitable value for evaluating the DR parameter in the

computation of this class of problems.
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Fig. 4.14. Residual-history plots for supersonic-laminar flow over a flat plate
under the isothermal-wall condition. Gradients at the cell-interfaces are computed

by using central differencing.
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Fig. 4.15. Residual-history plots for supersonic-laminar flow over a flat plate
under the adiabatic-wall condition. Gradients at the cell-interfaces are computed

by using central differencing.
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4.2.5 Results with gradient computation at cell-interfaces

using Green’s theorem

The u-velocity profile at the trailing edge for the isothermal- and adiabatic-wall
conditions using the different inviscid flux schemes are shown in figures 4.16 and
4.17, where the gradients in the viscous fluxes are computed with Green’s theorem.
The very high boundary-layer thickness computed by using the van Leer’s F'VS
scheme affirms that the scheme is not suitable for viscous-flow computations. The
velocity profiles obtained by using central differencing and Green’s theorem as
shown in figure 4.8, 4.9, 4.16 and 4.17, respectively, are similar. The temperature
and entropy profiles at the trailing edge as well as the residual-history plots for the
Green’s theorem are also found similar to those for the central differencing method,
which demonstrate the equivalence of the two gradient-computation methods on

a regular Cartesian grid.
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Fig. 4.16. Trailing-edge-u-velocity profile for supersonic-laminar flow over a flat
plate under the isothermal-wall condition. Gradients at the cell-interfaces are

computed by using Green’s theorem.
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Fig. 4.17. Trailing-edge-u-velocity profile for supersonic-laminar flow over a flat
plate under the adiabatic-wall condition. Gradients at the cell-interfaces are com-

puted by using Green’s theorem.

4.2.6 Comparison of CPU-time

Table. 4.2. Comparison of CPU-time for computing viscous supersonic flow over

an isothermal-flat plate

Inviscid-flux scheme Gradient-computation scheme CPU-time (s)

central differencing 145.61
AUSM

Green’s theorem 160.08

central differencing 141.39
DRLLF(6 = 0.2)

Green’s theorem 155.987

central differencing 139.183
van Leer’s FVS

Green’s theorem 150.476

The same machine and compiler are used for the comparison of the computational
time for the different scheme-combinations. The processor is Intel(R) Core (TM)

2 Duo T5550 with a processor speed of 1.83 GHz, and having 1GB RAM. The
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Microsoft Visual C++ 6 compiler is used to compile all the codes. Table 4.2
lists the CPU-time for 5000 iterations by the different scheme-combinations for
the isothermal-wall condition. A similar trend is observed for the adiabatic-wall
condition also.

From the residual-history plots, it is seen that the AUSM, DRLLF (§ = 0.2)
and van Leer’s FVS schemes converge almost after the same number of time-
steps. However, van Leer’s F'VS is found to give poor accuracy for viscous-flow
computations. For the present computations, the DRLLF (§ = 0.2) scheme is
found with higher overall accuracy than the AUSM scheme. In addition table 4.2
reveals that the DRLLF scheme consumes marginally less CPU-time per iteration
than the AUSM scheme. This can be attributed to the algorithmic simplicity of
the former scheme. For large-viscous computations, the saving in computational
time by using DRLLF scheme may be significant compared with the AUSM scheme

without any loss of accuracy.

4.3 Effects of numerical diffusion in the compu-
tation of hypersonic shock-wave boundary
layer interaction

This section presents the problem statement for a ramp-induced hypersonic SWBLI
problem and the grid used along with the boundary conditions. This is followed by
the results and discussion on the effects of numerical diffusion in the computation
of hypersonic SWBLI with laminar separation. The level of numerical diffusion in
the DRLLF scheme is regulated by changing the parameter § in equation 2.83 and
a qualitative analysis is offered on its effects on the computed-skin-friction profile,
laminar-separation-bubble (LSB) size, pressure-coefficient profile and convergence
behaviour. Comparisons are made with the AUSM and van Leer’s FVS schemes

as well.
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4.3.1 The problem statement and the grid used with the

boundary conditions

A ramp-induced hypersonic SWBLI problem as discussed in section 4.1 is consid-
ered. The length of the flat surface from the ramp upto the compression-corner
is 0.05 m. The total length of the ramped passage is 0.12 m. The unit Reynolds
number Re,, = % is 8 x 10°m™!. The free-stream Mach number M., is 6.
The free-stream stagnation temperature (7p)_, is 1080 K. The wall is maintained
isothermally at 300 K. The ramp angle is 15°, which, under the given free-stream
and wall conditions, is greater than the incipient-separation angle suggested by
Needham ans Stollery [96]. Table 4.3 lists the geometric and free-stream parame-
ters for this problem [98].

The problem statement is given again in table 4.3. Computations are carried
out on a stretched grid with clustering near the solid wall and the ramp junction.
For the mesh generation, the grid-stretching function given by equation 4.9 is used
in this problem also. Figure 4.18 shows a typical coarse grid with 120 x 80 cells
along with the boundary conditions for the computation of the hypersonic SWBLI
problem. The height of the computational domain is taken as 1.2 times the length
of the flat-plate portion from the leading edge up to the ramp junction [102]. This
is done to ensure that at the top the free-stream boundary condition can be used

without causing significant error.

Table. 4.3. The geometric and free-stream parameters for the hypersonic SWBLI

problem.

Parameter Value

Length of the plate upto the compression-corner (L.) 0.05 m

Total length of the ramped surface 0.12 m
Ramp angle 6 15°
free-stream stagnation temperature (7p) 1080 K
Unit Reynolds number Re, 8 x 10°m™!
free-stream Mach number M, 6
Wall-temperature Ty, 300 K
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Fig. 4.18. A typical coarse grid for computing the hypersonic SWBLI problem.

Since the problem involves non-orthogonal grids, the method of central differ-
encing for gradient-computation will not work in this case. Therefore, the gradient-
terms in the viscous fluxes are computed by using the Green’s theorem. First-order
Euler explicit time-integration method with a CFL number of 0.2 is used for all
the computations. Figure 4.19 shows the grid-independence test for the varia-
tion of skin friction coefficient along the ramped surface computed with the first-
order-accurate AUSM scheme. The plot shows that grid-independent solutions are

achieved for the 192 x 140 mesh. Hence subsequent results are shown for this grid

only.
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Fig. 4.19. Grid-independence test for the hypersonic SWBLI problem with the
first-order AUSM scheme.
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4.3.2 Effects of numerical diffusion on the skin-friction pro-

file

Figure 4.20 shows the skin-friction-coefficient profiles for the problem using the
DRLLF scheme? with § = 0.1, 0.3 and 0.5. Numerical experiments suggest that
the DRLLF scheme becomes numerically unstable for 6 < 0.1. It is seen that
in the attached region, the computed-skin-friction coefficient is the maximum for
0 = 0.1 and its value decreases with increasing §. Since the numerical diffusion
decreases with the reduction of 9, therefore the computed-boundary-layer thickness
also decreases, leading to increased velocity gradients at the solid wall. As a result
the computed-wall-shear stress increases and hence the skin friction coefficient also

mcreases.
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Fig. 4.20. skin-friction profiles for the hypersonic SWBLI problem using the
DRLLF scheme with different values of 9.

Figure 4.21 shows the skin-friction-coefficient profiles computed with the AUSM,
DRLLF (6 = 0.1), DRLLF (6 = 0.2), DRLLF (6 = 0.5) and van Leer’s FVS
schemes. The DRLLF(§ = 0.5) scheme highly underpredicts the skin-friction-
coefficient profile similar to van Leer’s FVS scheme, indicating comparable levels
of numerical diffusion of the two schemes. The DRLLF scheme with (§ = 0.1)

provides a much crisper resolution of the skin-friction-coefficient profile compara-

2This work is published in the proceedings of the International Symposium on Aspects of

Mechanical Engineering and Technology for Industry (2014), NERIST, Arunachal Pradesh, India
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ble with the AUSM scheme. The performance of the DRLLF (6 = 0.2) is close to
the DRLLF (§ = 0.1) scheme upstream of the separation point. However, in the
post re-attachement zone the former scheme underpredicts the skin-friction profile
compared with the latter. It is evident that in the presence of physical viscosity,
there is ample scope for reducing the numerical diffusion of the DRLLF scheme
compared with the level originally suggested for the Euler solvers by Jaisankar and

Raghurama Rao [40].
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Fig. 4.21. skin-friction profiles for the hypersonic SWBLI problem using the
AUSM, van Leer’'s FVS, DRLLF (6 = 0.1), DRLLF (6 = 0.2) and DRLLF (6 = 0.5)

schemes.

4.3.3 Effects of numerical diffusion on the size of laminar

separation bubble (LSB)

A study of the effect of numerical diffusion on the computed LSB length is done.
Table 4.4 lists the LSB lengths obtained by the AUSM, van Leer’s FVS and DRLLF
schemes. For the DRLLF scheme, the values are reported for different values of ¢
by decreasing the parameter from 0.5 to 0.1 in steps of 0.1. The length of the LSB
is calculated as the difference between the extrema of the xz-coordinates where the

skin friction coefficient remains negative. It can be seen that the computed LSB
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length increases with the increase in the numerical-diffusion level.

Table. 4.4. Comparison of LSB length for the hypersonic SWBLI problem

Scheme LSB length (mm)
AUSM 5.24
van Leer’s FVS 14.42
DRLLF (6=0.5) 15.19
DRLLF (5=0.4) 12.18
DRLLF (§=0.3) 9.46
DRLLF (6=0.2) 7.26
DRLLF (6=0.1) 5.56

4.3.4 Effects of numerical diffus

profile

ion on the pressure-coefficient

Figure 4.22 shows the wall-pressure-coefficient profiles with the AUSM, DRLLF
(6 = 0.1), DRLLF (6 = 0.2), DRLLF (§ = 0.5) and van Leer’s FVS schemes.

It is seen that with increased level of num

(encircled) in the pressure-coefficient profile
02}
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Fig. 4.22. pressure-coefficient profiles for the hypersonic SWBLI problem using
the AUSM, DRLLF (6 = 0.1), DRLLF (6 = 0.2), DRLLF (§ = 0.5) and van Leer’s

FVS schemes.
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4.3.5 Effects of numerical diffusion on convergence

Figure 4.23 shows the residual-history plots for computing the SWBLI problem
with the AUSM, DRLLF (6 = 0.1) and van Leer’s FVS schemes. It can be noted
that the residual-history plots for the DRLLF scheme with 6 = 0.2, 0.3, 0.4 and
0.5 are almost the same and therefore the residual-history plots for the DRLLF
scheme with these values of ¢ are not shown for clarity of the figure. The schemes

have markedly similar convergence behaviour.

et AUSM
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05 — — — vanlLeersFVS

log, (relative L,-norm of residual)

)
[

TR ST T T N T R T R A SN RSN S SR SR |
0 5000 10000 15000 20000 25000 30000
Iteration

Fig. 4.23. Residual-history plots for the hypersonic SWBLI problem with the
AUSM, DRLLF (6 = 0.1) and van Leer’s FVS schemes.

4.4 Effects of limiters in the computation of vis-
cous supersonic flow over a flat plate using

higher-order-reconstruction methods

In this section the performances of some limiters in the higher-order reconstruction
of the variables for computing the inviscid fluxes of viscous-compressible flows are
studied. The supersonic-flow problem over a flat plate given in table 4.1 is consid-
ered as the test problem. The inviscid fluxes of the 2D Navier-Stokes equations,
governing the flow are computed with the AUSM scheme. The Green’s theorem

described in Appendix E is used to compute the gradients in the viscous fluxes.
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The minmod, van Albada and Hemker-Koren limiters presented in section 2.6.3
are employed with the MUSCL approach described in section 2.6.1. In addition,
the Venkatakrishnan limiter (see section 2.6.3) is used with the piecewise-linear-
reconstruction techninque presented in section 2.6.2.

Figure 4.24 presents the normalized-velocity (u = u/U,,) profile at the trailing
edge of the plate for the isothermal-wall condition, using the second-order AUSM
with the four limiter functions and the first-order accurate method®. The non-
dimensionalized y-distance is obtained by equation 4.10 as suggested by Van Driest
[105]. As anticipated, the second-order computations with all the limiter functions
yield a less diffused boundary layer compared with the first-order method. As seen
in the encircled portion, the van Albada, minmod and Hemker-Koren limiters are
found to produce similar velocity profiles for the isothermal case, but the one given

by the Venkatakrishnan limiter is more diffused.
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Fig. 4.24. Normalized-u-velocity profile at the trailing edge for supersonic-

laminar flow over a flat plate under the isothermal-wall condition.

The normalized temperature (T = T/T,,) profiles for the isothermal-wall
condition computed by using the first-order method and the higher-order methods
with the four limiters are shown in Figure 4.25. The plot shows that for the first-
order scheme, which is the most diffusive of the methods tested, the maximum

temperature computed within the boundary layer is the highest. This is evident

3This work is published in the proceedings of the International Conference on Frontiers in

Mathematics (2015), Gauhati University, India
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from the encircled portion in Figure 4.25. The computed temperature profiles by
the minmod, van Albada and the Hemker-Koren limiters are very close to each
other. This suggests that these three limiters have similar diffusive nature. For
the Venkatakrishnan limiter the maximum computed temperature is close to that
with the first-order method. This observation affirms that for this type of viscous
computations the Venkatakrishnan limiter is more diffusive than the other three
limiters.
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Fig. 4.25. Normalized-temperature profile at the trailing edge for supersonic-

laminar flow over a flat plate under the isothermal-wall condition.

The normalized u-velocity profiles at the trailing edge of the plate for the
adiabatic-wall condition are shown in Figure 4.26. The Venkatakrishnan limiter is
found to be the most diffusive of the four limiters. The differences in the results
of the Hemker-Koren, minmod and the van Albada limiters are not significant.
However, on a resolved scale the minmod limiter is found to produce the least
diffused results among these three functions. Figure 4.27 presents the normalized-
temperature profiles at the trailing edge for the adiabatic-wall condition using
different methods. It has been demonstrated in section 4.2.4 that a scheme with
more numerical diffusion computes a higher-wall temperature. Accordingly, it
can be seen that the first-order method gives the highest-wall temperature. The
wall-temperature using the Venkatakrishnan limiter is in between the first-order-
accurate result and those using the other three limiters. In the case of adiabatic-

wall condition also, no appreciable differences in the results obtained using the
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minmod, van Albada and Venkatakrishnan limiter functions are seen. However,
among the three, the minmod limiter exhibits slightly less diffusive nature as can

be seen in the encircled portion near the wall.
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Fig. 4.26. Normalized u-velocity profile at the trailing edge for supersonic-laminar

flow over a flat plate under the adiabatic-wall condition.
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Fig. 4.27. Normalized temperature profile at the trailing edge for supersonic-

laminar flow over a flat plate under the adiabatic-wall condition.

The convergence behaviour of the limiters are shown in figures 4.28 and 4.29
for the isothermal- and adiabatic-wall conditions, respectively. The Ls-norm-

residual-history plots show that all the limiters behave in similar fashion for both
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wall conditions. This indicates that the performances of these limiters from the

convergence point of view are similar.
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Fig. 4.28. Ls-norm residual-history for supersonic-laminar flow over a flat plate

under the isothermal-wall condition.
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Fig. 4.29. Ls-norm residual-history for supersonic-laminar flow over a flat plate

under the adiabatic-wall condition.
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4.5 Conclusions

This chapter presents some aspects of viscous-compressible-flow computations in
three stages. The first stage investigates the effects of numerical diffusion in the
computation of viscous supersonic flow over a flat plate with a laminar boundary
layer. In the second stage, similar study is carried out for computing hypersonic
shock wave-boundary layer interaction with a laminar separation. The third stage
presents a study on the performances of some limiters in the computation of the vis-
cous supersonic flow over a flat-plate problem computed with higher-order AUSM
scheme using solution-reconstruction.

In the computation of viscous-supersonic flow past a flat plate, a study is
carried out to examine whether it is possible to use lower levels of numerical diffu-
sion in the DRLLF scheme, than stability permits in the computation of inviscid
flows. This study shows that reduced artificial viscosity is indeed a possibility.
Considering both accuracy and smooth convergence a lower value of the numerical-
diffusion parameter (6 = 0.2) is suggested for computing such flows. However, a
comprehensive mathematical formulation for the regulation of the numerical dif-
fusion applicable to a wide range of compressible-flow conditions can further be
framed. The overall accuracy of the computation using a smaller DR parame-
ter is higher because it resolves the boundary layer as accurately as the AUSM
scheme and additionally resolves the shock better than the AUSM and van Leer’s
FVS schemes. The DRLLF scheme is also comparable with the AUSM and van
Leer’s FVS schemes in terms of CPU-time per iteration. Limitation of the van
Leer’s FVS scheme for viscous-flow computations due to high-numerical diffusion
is affirmed again. For the isothermal-wall condition, the location of the point of
maximum temperature shifts upward when the numerical diffusion increases and
the trends of the temperature profiles above and below this point reverse for differ-
ent numerical schemes. For the adiabatic-wall condition, a more diffusive scheme
predicts a higher-wall temperature. Also it is found that on a regular-orthogonal
grid, the Green’s theorem is comparable with the central-differencing method for
the computation of the gradients across cell-interfaces.

Hypersonic shock wave-boundary layer interaction over a ramped surface is
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computed by using the DRLLF, AUSM and van Leer’s FVS schemes. It is seen that
for hypersonic-viscous-flow computations the numerical diffusion of the DRLLF
scheme can be further reduced below the level prescribed originally for inviscid-
flow computations. A reduced value of § = 0.1 used to compute the DR parameter
is suggested for computing the SWBLI problem. However, the most suitable value
of § for any problem is to be chosen based upon the various flow parameters such
as free-stream Mach number, pressure, temperature, wall-temperature etc. It is
shown that high-numerical diffusion results in under-prediction of the wall-shear-
stress profile due to a diffused boundary layer. Further, a qualitative analysis of
the effect of numerical diffusion on the laminar-separation-bubble (LSB) length is
done. The LSB-length is found to increase with the increase in numerical diffusion.
The convergence rate of the DRLLF scheme for hypersonic-viscous computations
like the SWBLI problem is also comparable with the AUSM and van Leer’s FVS
schemes.

For the study on the performances of limiters in the higher-order-accurate
computations of viscous-compressible flows, the problem on supersonic flow over a
flat plate at zero incidence producing a laminar boundary layer is computed with
the first-order AUSM and higher-order methods of AUSM scheme using solution-
reconstruction. For computation, the MUSCL approach and the piecewise-linear-
reconstruction technique are used. The MUSCL approach is implemented using
the Hemker-Koren, minmod and van Albada limiter functions. The piecewise-
linear reconstruction is applied with the Venkatakrishnan limiter function. The
Venkatakrishnan limiter is the most diffusive among the four functions tested.
The minmod limiter exhibits marginally less diffusive nature than the others. The
convergence behaviour of all the limiters are found similar with the first-order

method.
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Chapter 5

A Diffusion-Regulated Scheme for
Viscous Compressible Flows With

a Novel Boundary-Layer Sensor

5.1 Introduction

Heretofore the DRLLF scheme is used in such a way that the Diffusion-Regulation
(DR) parameter is scaled down equally throughout the computational domain.
However, in flows involving boundary layer the viscous effects are the most promi-
nent on the fluid-solid interface and away from the interface these effects gradually
diminish as one moves towards the edge of the boundary layer. Accordingly, the
nature of viscous flows suggest the possibility of differential regulation of numer-
ical viscosity inside and outside the shear layer. Here the differential control of
the numerical diffusion of the DRLLF scheme is achieved by modifying the origi-
nal DR parameter. The modified version of the DR parameter operates based on
a new boundary-layer sensor developed in such a way that the numerical diffu-
sion is further reduced inside the viscous zone only and in the outer inviscid zone
the parameter reverts back to the original inviscid formulation. This new scheme
is named as the DRLLF-Viscous (DRLLFV) scheme!. Earlier investigations on

viscous-flow computations using the finite volume framework suggest scaling down

!This work is published in Computers € Fluids, Elsevier, Vol. 129 (2016)
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the numerical diffusion in the wall-normal direction only [107]. In conformity with
the same principle, this work also suggests the reduction of the numerical diffu-
sion of the DRLLF scheme within the boundary layer only along the wall-normal
direction.

To implement the idea we undertake the development of a structured grid
high-speed viscous flow solver (HSVFS) that can compute the inviscid and vis-
cous fluxes using as many number of schemes as one desires. The present solver
incorporates the van Leer’'s FVS, AUSM, DRLLF and DRLLFV schemes. The
solver is capable of handling the first- and higher-order-accurate methods of the
schemes using appropriate-reconstruction methods with different limiters. For the
higher-order computation using the van Leer’s FVS and AUSM schemes, the min-
mod limiter [64] and van Albada limiter [63] can be used through the MUSCL
approach [38]. In addition, the Venkatakrishnan limiter [39] can be used through
the piecewise-linear-reconstruction approach [61]. High resolutions of the DRLLF
and DRLLFV schemes can be obtained by combining these two schemes with the
aforesaid limiters as well as Jameson’s limiter originally suggested for the CUSP
scheme [5]. The viscous fluxes can be computed by using either the Green’s theo-
rem [54] or the Cross-Diffusion Method [55].

For the validation of the solver and checking the numerical performance of the
DRLLFYV scheme, the present work considers two test cases. The first test case is
viscous supersonic flow past a flat plate [93] at zero incidence. The second problem
is ramp-induced hypersonic shock wave-boundary layer interaction (SWBLI) under
different free-stream and wall conditions [98, 108, 109]. Throughout the rest of this
chapter, the first and second test cases are referred to as problem-1 and problem-2,
respectively.

For problem-1, the computed results of the HSVFS are compared with corre-
sponding ANSYS-FLUENT simulations for code-validation. In both the HSVF'S as
well as the ANSYS-FLUENT simulations, the inviscid fluxes are computed by us-
ing the higher-order AUSM schemes. The results are found in excellent agreement,
which validates the code. Additionally, the trailing-edge velocity and temperature
profiles computed by the HSVFS through the first- and higher-order-accurate DR-
LLFV schemes are analyzed along with the corresponding results of the AUSM,
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van Leer’s FVS and DRLLF schemes. From the analysis, it is found that the
DRLLFYV scheme resolves the boundary layer far more accurately than the van
Leer’s FVS and DRLLF schemes. The DRLLFV scheme also outperforms the
AUSM scheme both within and outside the boundary layer in that it resolves the
skin-friction profile and the leading-edge shock cripser than the latter.

Further evaluation of the HSVFE'S is done by comparing the computed skin-
friction, pressure-coefficient and wall-heat flux profiles with corresponding pub-
lished numerical and experimental results for problem-2 [98, 108, 109]. In the case
of hypersonic SWBLI problems as well, the DRLLFV scheme is able to resolve
the boundary layer more accurately than the AUSM scheme. As a result, the
skin-friction profile in the attached zone computed by using the DRLLFV scheme
is higher than the AUSM scheme. The wall-heat flux obtained by the DRLLFV
scheme is also higher than the published computed results and closer to the avail-
able experimental data. Thus, the superior performance of the DRLLFV scheme
in computing high-speed-viscous flows is demonstrated.

This chapter is organized in four sections. The philosophy and working of the
boundary-layer sensor and the newly proposed DRLLFV scheme are presented in
section 5.1. The superior performance the DRLLFV scheme compared with the
AUSM scheme for viscous-flow computations and the validation of the HSVFS
are demonstrated in section 5.3. The improved results with the new scheme are

summarized in section 5.4.

5.2 The boundary-layer sensor and the newly
proposed diffusion-control methodology

The proposed method controls the diffusion-regulation parameter @ based upon
the parameter 7, which is the absolute value of the ratio of the velocity gradient

across the cell-interface and velocity gradient at the wall:

(OUna /), o
T,v — mterrace , 5‘ 1
5= | @0 fOn). ..y (5:1)

where Up,, is the velocity component parallel to the wall, 1 is the direction normal

to the wall, and the subscripts ‘interface’ and ‘wall’ represent the cell-interface and
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the fluid-solid interface, respectively. The parameter . is used as a boundary-
layer sensor. The inviscid fluxes at the cell-faces that ‘face’ the flow are computed
by using the DR parameter given in equation 2.83 only. Inside the boundary layer,
the numerical diffusion in the convective-flux computation at the cell-faces that

are ‘aligned’” with the flow is controlled as follows:

1. The location of the edge of the boundary layer is tracked using the parameter
Tvg. At the wall ry, = 1 and it decreases asymptotically from the wall till
the edge of the boundary layer. Thus, a critical height Yca is identified
at the cell for which, r,, < 0.01.

2. In the cells where Y < Yiitical, the computed value of 7y, is returned. For

Y > Yiitical the value of 7y, is taken as zero.

3. A scaling function f is computed by using the following expression:
f=1-—225r, +13r2,. (5.2)

From equation 5.2 it may be seen that f = 1 for r,, = 0 and f = 0.05 for

rve = 1. The DR parameter is now computed by modifying equation 2.83 as

(f{(AMJ_)2+§2}

= ,  when |[AM, | <o

P =1¢ flAM,], when § < |[AM,| < 1.0- (5.3)

1 when |AM,| > 1.0
\

Equation 5.3 reveals that outside the boundary layer the DR parameter is
computed based upon the original inviscid formulation given by equation

2.83.

4. The formulation given by equation 5.2 and equation 5.3 works very well
for viscous flows without boundary-layer separation. However for separated
flows, at some locations, the parameter r,, becomes greater than 1. This is
due to the change of sign of Up,, across adjacent cells close to the separated
zone. Now Equation 5.2 returns a value of f > 1, when r,, > 1. This in

turn scales up the DR parameter instead of regulating it inside the boundary
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layer. Thus, a more generalized formulation is prescribed by modifying the

function f as follows:

1 —2.25r + 1.37‘3g, forry, <1

f= . (5.4)
0.05 otherwise

It is to be noted that the numerical coefficients in equations 5.2 and 5.4 are em-
pirically obtained based upon a set of numerical experiments and analysis. This

procedure is briefly described in Appendix F.

5.3 Results and discussion

Parameters concerned with problem-1 and problem-2 are listed in tables 4.1, 4.3
and 5.1. Problem-1 is chosen with a reasonably small Reynolds number based
on the characteristic length. For problem-2 the ramp angle is chosen in such a
way that it is greater than the incipient-separation angle suggested by Needham
and Stollery [96] for some cases [98, 108] and less than the incipient-separation
angle for the other cases [109]. The test cases have both experimental as well as

computational results for the performance evaluation of the DRLLFV scheme.

Table. 5.1. The geometric and free-stream parameters for problem-2.

Parameter Value

Length of the plate upto the compression-corner (L.) 0.05 m, 0.4389 m

Total length of the ramped surface 0.12 m, 0.8778 m

Ramp angle 6 15°

free-stream stagnation temperature 1080 K, 1747 K, 1800 K
Unit Reynolds number Re 8 x 10°m™1, 236200 m™!
free-stream Mach number M, 6, 14.1

Wall-temperature T, 300 K, 298 K, 297.22 K

For both the problems, the convective fluxes are computed by using van Leer’s
FVS, AUSM, DRLLF and DRLLFV schemes. The gradients in the viscous fluxes
are computed by using the Green’s theorem [54]. The Euler explicit time integra-

tion is done with a CFL number of 0.2. For the better resolution of the boundary
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layer, grid clustering near the wall is done using the stretching function given by
equation 4.9.

In section 4.2.4 it was shown that the 80 x 100 grid produced the mesh-
independent solution for problem-1. Henceforth, all the subsequent results for
problem-1 are computed on a 80 x 100 grid only. Figures 5.1 and 5.2 show the nor-
malized temperature (T' = T/Ts,) and normalized-u-velocity (7 = u/Us) profiles,
respectively at the trailing edge under the adiabatic-wall condition for problem-1,
obtained by using the HSVFS and ANSYS-FLUENT simulations. Both the com-
putations are done on a computational domain of size 2.85x 10> m x 1.91x 107>
m by using higher-order-accurate AUSM schemes. The results are found to be in

good agreement to support the accuracy of the solver.
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Fig. 5.1. Normalized-temperature profiles at the trailing edge for problem-1 under

adiabatic-wall condition using HSVFS and ANSYS-FLUENT.

Figure 5.3 shows the normalized-temperature profiles at the trailing edge un-
der the adiabatic-wall condition for problem-1 by using first-order-accurate DR-
LLF, DRLLFV, van Leer’s FVS and AUSM schemes. Comparison of the results
is made for the first-order methods as it helps isolate the effects of the relative
numerical diffusion of the schemes from the effects of limiters used for the higher-
order methods. It is seen that the adiabatic-wall temperature computed by using
the DRLLF and van Leer’s FVS schemes are much higher compared with the DR-
LLFV and AUSM schemes. The DRLLFV scheme estimates an adiabatic-wall
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temperature close to the AUSM scheme.
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Fig. 5.2. Normalized-velocity profiles at the trailing edge for problem-1 under
adiabatic-wall condition using HSVFS and ANSYS-FLUENT.
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Fig. 5.3. Normalized-temperature profiles at the trailing edge for problem-1 under

adiabatic-wall condition using first-order-accurate schemes.

Figure 5.4 shows the normalized-u-velocity profiles at the trailing edge for
problem-1 under the adiabatic condition using the first-order methods of the four
schemes mentioned in figure 5.3. The plots suggest that the DRLLFV scheme re-

solves the hydrodynamic boundary layer much better than the rest of the schemes.
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The encircled portion shows a zoomed view of the edge of the hydrodynamic
boundary layer. The van Leer’s FVS scheme computes the most diffused edge of
the hydrodynamic boundary layer and the present scheme resolves the edge of the
boundary layer most sharply, followed by the DRLLF and AUSM schemes. It can
be further noticed from figures 5.3 and 5.4 that apart from the accurate compu-
tation of the boundary layer (comparable with the AUSM scheme), the DRLLFV
scheme resolves the leading-edge shock in the inviscid zone better than AUSM.

30| AUSM
_____ DRLLF
i DRLLFVY scheme |
— — vanLeersFVS !
25 / ;

15

10

Non-dimensionalized y-distance

0

0

02 04 06 0.8
Nomalized u-velocity at the trailing edge

Fig. 5.4. Normalized-u-velocity profiles at the trailing edge for problem-1 under

adiabatic-wall condition using first-order-accurate schemes.

Viscosity increases the thicknesses of hydrodynamic and thermal boundary
layers. Thus, owing to numerical diffusion the boundary-layer thickness computed
by using any numerical scheme is always higher than the actual value. In other
words, a numerical scheme which predicts the lowest value of the boundary-layer
thickness is generally preferable. Higher hydrodynamic boundary-layer thickness
leads to lesser velocity gradient on the wall. This in turn leads to the under-
estimation of the wall-skin-friction coefficient. Figure 5.5 shows the variation of the
skin-friction coefficient along the flat plate computed with the first-order-accurate
AUSM, DRLLF, DRLLFV and van Leer’'s FVS schemes. As expected the van
Leer’s FVS scheme underpredicts the skin-friction coefficient. The skin-friction
coefficients computed by using the DRLLFV scheme at corresponding locations

are the highest.
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Fig. 5.5. Variations of the skin-friction coefficient along the flat plate for problem-

1 under adiabatic-wall condition using first-order-accurate schemes.
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Fig. 5.6. Normalized-temperature profiles at the trailing edge for problem-1 under

adiabatic-wall condition using higher-order-accurate AUSM and van Leer’s FVS

schemes.

The higher-order versions of the DRLLF and DRLLFV schemes are imple-
mented with the limiter proposed by Jameson for the higher-order-accurate com-
putation of the CUSP scheme [5], referred to in the present work as the CUSP
limiter. The AUSM and van Leer’s schemes are used in conjunction with the

minmod and van Albada limiter. Figure 5.6 shows the normalized-temperature
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profiles at the trailing edge of the flat plate under adiabatic-wall condition us-
ing the minmod and van Albada limiters with the AUSM and van Leer’s FVS
schemes. It is seen than that the AUSM scheme with the minmod limiter and
van Albada limiters provide much better resolutions of the temperature field than
the higher-order-accurate versions of the van Leer’s FVS scheme. The AUSM
scheme coupled with the minmod limiter shows marginally improved results over
the AUSM scheme in conjunction with the van Albada limiter. Figure 5.7 shows
the normalized-temperature profiles at the trailing edge of the plate under the
adiabatic-wall condition computed by using the higher-order-accurate DRLLF and
DRLLFYV schemes and compares the results with the second-order AUSM scheme
with the minmod limiter. Clearly, even in the higher-order-accurate computation
also the DRLLFV scheme resolves the temperature field better than the DRLLF

scheme and nearly as accurately as the AUSM scheme.

led 0 e AUSM with minmod limiter
el DRLLF with CUSP limiter

- DRLLFV with CUSP limiter
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Non-dimensionalized y-distance

1 z
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Fig. 5.7. Normalized-temperature profiles at the trailing edge for problem-1
under adiabatic-wall condition using higher-order-accurate DRLLF, DRLLFV and
AUSM schemes.

Figure 5.8 compares the normalized-u-velocity profiles at the trailing edge
for adiabatic-wall condition of problem-1 computed by using the higher-order-
accurate DRLLF, DRLLFV and AUSM schemes. It can be seen that in this case
also, the DRLLFV scheme produces a less diffused hydrodynamic boundary layer
compared with the AUSM scheme. This means that the skin-friction-coefficient
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profile computed by using the higher-order-accurate DRLLFV scheme should be
higher than that obtained by the higher-order-accurate AUSM scheme. Figure 5.9

corroborates this fact.

WFE ----- AUSM with minmod limiter
DRLLF with CUSP limiter

- DRLLFV with CUSP limiter

Non-dimensionalized y-distance

0 0.2 0.4 08 0.8 1
Normalized u-velocity at the trailing edge

Fig. 5.8. normalized-u-velocity profiles at the trailing edge for problem-1 un-
der adiabatic-wall condition using higher-order-accurate DRLLF, DRLLFV and
AUSM schemes.
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Fig. 5.9. Skin-friction profiles at the trailing edge for problem-1 under adiabatic-
wall condition using higher-order-accurate DRLLF, DRLLFV and AUSM schemes.

For problem-2 when the ramp angle is greater than the incipient-separation
angle [96], a separation bubble appears in the ramp junction due to adverse-

pressure gradients. Figure 5.10 shows the u-velocity contours for the hypersonic
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SWBLI problem, where, the free-stream stagnation temperature is 1080 K, free-
stream Mach number is 6, length of the flat plate up to the ramp junction is 0.05
m, Re,e = 8 x 10° m~! and the wall-temperature is 300 K. The convective fluxes
are computed by using the AUSM scheme with minmod limiter. The enlarged
view of the separation bubble is shown in the encircled region. The leading-edge
shock, the separation, as well as the re-attachment shocks and their merger further

downstream of the ramp junction can also be seen in the figure.

Enlarged view of the
separation bubble

0.08

>0.06

Fig. 5.10. u-velocity contours for problem-2 obtained using AUSM with minmod

limiter.

A typical grid-independence test is done for problem-2. Here the free-stream
stagnation temperature is 1080 K, free-stream Mach number is 6, length of the
flat plate up to the ramp junction is 0.05 m, Re, = 8 x 10°m™~! and the wall-
temperature is 300 K. The computations are carried out on 144 x 100, 168 x 120,
192 x 140, 216 x 160 and 240 x 180 grids. Figure 5.11 shows the grid-independence
test with the skin-friction-coefficient profile along the ramped surface computed
by using the AUSM scheme with minmod limiter. The plot shows that grid-
independent solutions are reached for the 192 x 140 mesh. Hence subsequent

results are shown for this grid only.
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Fig. 5.11. Grid-independence test for problem-2 using higher-order AUSM

scheme with minmod limiter.

For further validation of the HSVFS, the computed results for problem-2
are also compared with published numerical and experimental results. Figure
5.12 compares the skin-friction profiles along the ramped surface for the same
problem using the second-order AUSM scheme with the published results [102].
The results are found to be in nice agreement, thus validating the solver. The
improved performance of the DRLLFV scheme in resolving the hypersonic shock
wave-boundary layer interaction can be seen from the skin-friction profile along the
plate as shown in figure 5.13. In conformity with the observations of figures 5.5 and
5.9, for this problem also, the DRLLFV scheme computes a better-resolved skin-
friction profile comparable with the AUSM scheme. The DRLLF and van Leer’s
FVS schemes badly fail to capture the same. Another important aspect that can be
noticed is that in the post-reattachment zone, the skin-friction coefficient computed
by using the DRLLFV scheme is on the higher side compared with the AUSM
scheme. It is known that in hypersonic shock wave-boundary layer interactions, a
point is reached after the re-attachment where the boundary layer becomes very
thin [69]. This point is considered crucial for hypersonic-vehicle design since it
corresponds to high-skin friction as well as high-heat transfer. There is a possibility
that a more diffusive numerical flux scheme might lead to under-estimation of the

skin friction and heat-transfer rates, especially in the post-reattachment zone owing
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to a smeared boundary layer. Thus the present scheme holds good promise.
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Fig. 5.12. Comparison of skin-friction profiles for problem-2 obtained by the

HSVFS with John et al.’s computational results [102].
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Fig. 5.13. Comparison of skin-friction profiles for problem-2 using the higher-

order-accurate schemes.

Figure 5.14 compares the wall-heat-flux rates computed by using higher-order-

accurate AUSM and DRLLFYV schemes with the published results of John et al.

[102]. The results are in close agreement with each other. As expected from the

observation of figure 5.13, the peak-heat flux in the post re-attachment zone com-
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puted by using the DRLLFV scheme is the highest. Thus, excellent performance
of the DRLLFV scheme for high-speed viscous computations is demonstrated for

this case as well.
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Fig. 5.14. Comparison of wall-heat fluxes for problem-2 with John et al.’s com-

putational results [102].
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Fig. 5.15. Comparison of pressure-coefficient profiles for problem-2 with John et

al.’s computational results [102].

Accurate computation of the pressure coefficient is crucial for computing the

wave-drag force. Figure 5.15 compares the pressure coefficient for problem-2 using
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the higher-order-accurate AUSM and DRLLFV schemes with the published results
[102]. The results are in good agreement, except that for the present computa-
tion the lengths of the upstream-influence zones are slightly smaller for both the
schemes. In conformity with figures 5.12, 5.13 and 5.14, the difference might be
due to the difference in the smearing of the computed boundary layer by different
schemes. A more diffusive scheme computes a longer zone of upstream influence

by adding to the physical viscosity.
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Fig. 5.16. Comparison of wall-heat fluxes for problem-2 with Marini’s computa-

tional results [108].

Further cases of high-enthalpy-hypersonic flows are studied. Figure 5.16 com-
pares the wall-heat fluxes for problem-2 computed by using higher-order AUSM
and DRLLFV schemes with computed results of Marini [108]. The free-stream
stagnation temperature for this case is 1800 K and wall-temperature is 300 K. The
rest of the free-stream and geometric parameters are the same as in figures 5.11
to 5.15. The DRLLFV scheme computes the wall-heat flux for this case also in
agreement with the AUSM scheme and the computed results of Marini [108]. In
general, it is seen that both DRLLFV and AUSM schemes estimate the heat-flux
on the higher side compared with the computed results of Marini. The higher
resolution of the schemes in the present computation can be attributed to this
observation. This is further substantiated by the fact that the wall-heat fluxes
computed by using the higher-order-accurate AUSM and DRLLFV schemes are in
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excellent agreement with Marini’s experimental results [108] as can be seen from

figure 5.17.
Freestream stagnation temperature: 1747 K
120000 ~ , , Wall temperature: 298 K
100000 -
"Es0000|
3
5
&=60000 |-
T
']
£
©40000 -
2
20000 [~ & Marini's experiment [108]
————— AUSM with minmod limiter
DRLLFV with CUSP limiter
| | 1 | | |
00 002 0.04 0.06 0.08 0.1 012

Distance from the leading edge (m)
Fig. 5.17. Comparison of wall-heat fluxes for problem-2 with Marini’s experi-
mental results [108].
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Fig. 5.18. Comparison of pressure-coefficient profiles for problem-2 with Marini’s

computational results [108].

Figure 5.18 compares the pressure-coefficient profiles computed by using the
higher-order AUSM and DRLLFV schemes for problem-2 with the computational
results of Marini [108]. The present computations are in nice agreement with the
reference. The pressure-coefficient profiles for problem-2 computed with higher-

order AUSM and DRLLFV schemes are compared with the experimental results of
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Marini [108] in figure 5.19. For this case also the present computations are found

in good agreement with the experimental data.
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Fig. 5.20. Comparison of skin-friction profiles for problem-2 with Grasso and

Marini’s computational results [109].

A case of high-Mach number and high-enthalpy hypersonic flow in problem-2

is also considered in the present work. It involves flow over a ramped surface at

Mach 14.1. The free-stream Reynolds number per unit length is 263200 m~!. The

length of the flat plate

up to the ramp junction is 0.4389 m. The wall-temperature

is 297.22 K. and the ramp angle is 15° [109]. Under these free-stream conditions,
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this ramp angle is less than the incipient-separation angle suggested by Needhaam
and Stollery [96]. Figure 5.20 shows that the skin-friction profiles computed by
using the higher-order AUSM and DRLLFV schemes are in good agreement with
the results of Grasso and Marini [109]. It deserves to be mentioned that the DRLLF
and van Leer’s FVS schemes produce under-estimations of the skin-friction profile.
Thus, the improvement of the DRLLFV scheme over the DRLLF scheme for high-

Mach number viscous computations is also demonstrated.

5.4 Conclusions

An improved version of the DRLLF scheme is developed for the accurate computa-
tion of high-speed-viscous flows. This new method, named as the DRLLF-Viscous
(DRLLFYV) scheme, works based upon a boundary-layer sensor that reduces the
DR parameter only inside the boundary layer by using a scaling function. The
function is formulated in a manner such that the scaling down of the DR pa-
rameter is the maximum on the solid wall and outside the boundary layer the
scheme works like the original DRLLFE scheme. Thus, the new scheme intends
to control the numerical diffusion in the presence of strong physical diffusion and
still retaining the numerical stability. The numerical effectiveness of the DRLLFV
scheme is demonstrated by comparing the computed results of standard test cases
involving supersonic flow over a flat plate and hypersonic flow over a ramped sur-
face involving shock wave-boundary layer interactions with existing computational
and experimental results. Excellent agreement of the results computed by using
the DRLLFV scheme with the experimental results is observed. The new scheme
is found to perform significantly better than the DRLLF and van Leer’s FVS
schemes. It is, therefore, not surprising that, for high-speed-viscous-flow compu-
tations, the DRLFLV scheme can capture many flow features even better than
the AUSM scheme. Inside the boundary layer, the new scheme resolves the flow-
separation and reattachment as accurately as the AUSM scheme, whereas, in the

inviscid zone, it captures the weak shocks better than the latter.
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Chapter 6

A Novel Hybrid Approach with
Multidimensional-like Effects for

Compressible-Flow Computations

6.1 Introduction

A multidimensional scheme achieves good resolution of strong and weak shocks
irrespective of whether the discontinuities are aligned with or inclined to the
grid. However, these schemes are computationally expensive. In this chapter
we present a method which is computationally inexpensive and yet produces
multidimensional-like effects. This is achieved by hybridizing two schemes, namely,
AUSM and DRLLF and coupling them through a novel shock switch that oper-
ates — unlike existing switches — on the gradient of the Mach number across the
cell-interface!. The schemes that are hybridized have contrasting properties. The
AUSM scheme captures grid-aligned (and strong) shocks crisply but it is not so
good for non-grid-aligned weaker shocks, whereas the DRLLF scheme achieves
sharp resolution of non-grid-aligned weaker shocks, but is not as good for grid-
aligned strong shocks. It is our experience that if conventional shock switches
based on variables like density, pressure or Mach number are used to combine
the schemes, the desired effect of crisp resolution of grid-aligned and non-grid-

aligned discontinuities are not obtained. To circumvent this problem we design a

!This work is published in Journal of Computational Physics, Elsevier, Vol. 340 (2017)
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shock switch based — for the first time — on the gradient of the cell-interface Mach
number with very impressive results. Thus the strategy of hybridizing two care-
fully selected schemes together with the innovative design of the shock switch that
couples them, affords a method that produces the effects of a multidimensional
scheme with a lower computational cost. It is further seen that hybridization of
the AUSM scheme with the recently developed DRLLFV scheme using the present
shock switch gives another scheme that provides crisp resolution for both shocks
and boundary layers. Merits of the schemes are established through a carefully
selected set of numerical experiments.

The performance of a self-adjusting hybrid method greatly depends on the
proper functioning of the shock switch. If the switch gets activated in smooth
regions or assumes large values in zones involving weaker shocks, it may contami-
nate the solution leading to poorly resolved shock structures. On the other hand
inability of the switch to recognize zones of moderate shock strength may lead to
spurious numerical oscillations. Shock switches with varied applicability and com-
plexity have been reported in the literature [33-37, 40, 41, 110-114]. The present
work explores a new route for designing a shock switch which is simple yet effective.
The switch is designed as a quadratic function of the contravariant-Mach-number
gradient across the cell-interfaces. As a result it gets activated in such a way as to
capture both strong and weak discontinuities crisply. Another advantage of this
shock switch is that it relies on few user-adjustable parameters and therefore is
relatively straightforward.

The choice of two Finite Volume Method (FVM)-based schemes is crucial in
the design of a self-adjusting hybrid scheme that offers multidimensional upwinding-
like effects with simplicity. In this context it is shown in chapter 3 that for in-
viscid flows the AUSM scheme resolves the grid-aligned shocks better than the
DRLLF scheme, whereas the DRLLF scheme outperforms the AUSM scheme in
resolving weak shocks inclined to the grid. Accordingly in chapter 5, we modi-
fied the DRLLF scheme for computing viscous flows involving weak shocks only,
using a boundary-layer sensor. This scheme is named as the DRLLF-Viscous
(DRLLFV) scheme. The DRLLFV scheme outperforms the AUSM scheme both

inside and outside the viscous shear layer in flows involving weak-leading-edge
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shocks and hypersonic shock wave-boundary layer interaction problems involving
weak shocks. The contrasting performances of the AUSM and DRLLF/DRLLFV
schemes in resolving strong and weak shocks offer an opportunity to hybridize
the schemes for accurate-shock resolution irrespective of its inclination with the
grid. This provided the motivation to hybridize the AUSM scheme with the DR-
LLF/DRLLFV schemes using the novel shock switch. The scheme is simple yet
robust and produces “multidimensional-like” effects. For inviscid flows the hybrid
method combines the AUSM and DRLLF schemes and it is termed the AUSM-
DRLLF Self-Adjusting Hybrid (ADSAH) scheme. Similarly, for viscous flows the
scheme combines the AUSM and DRLLFV schemes and the resultant method is
termed the AUSM-DRLLF Self-Adjusting Hybrid Viscous (ADSAHV) scheme. It
is found that the ADSAH/ADSAHYV schemes achieve high accuracy in problems
involving stationary and moving, strong as well as weak shocks in compressible
inviscid and viscous flows.

All computations with the present methods are carried out using cell-centered
FVM codes based on programming language “C”. The present chapter is organized
in five sections. The mathematical formulations of the new shock switch along with
the self-adjusting hybrid methods for inviscid and viscous flows are presented in
section 6.2. Sections 6.3 and 6.4 present the results of the ADSAH and ADSAHV
schemes, respectively, for inviscid and viscous compressible flows. In these sections
the superior performances of the new schemes are also highlighted by comparison
with analytical, computational and experimental results available in the literature.

Concluding remarks are made in section 6.5.

6.2 The new shock switch and the hybrid method-

ology
In the present work the smoothness of the flow-field is assessed based on the gra-
dient of the contravariant Mach number across a cell interface. The Mach number
is chosen as a smoothness-indicating parameter because it changes across both
shocks as well as contact discontinuities. This is not the case with parameters like
pressure and velocity as they remain unchanged across a contact discontinuity. Al-

though parameters like density, entropy etc. can also be used in the design of shock
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switches yet the contravariant Mach number is chosen in this work for devising the
new switch. This is because density and entropy are static properties that are in-
dependent of the direction, whereas Mach number is direction-dependent. The use
of Mach number as a parameter to design a shock switch has the potential of pro-
ducing multidimensional-like effects. In our experience a switch that is based on
the jump in contravariant Mach number may not be effective in capturing moving
normal shocks in cases where the absolute flows across the shock remain subsonic,
as in Sod’s 1st shock tube problem [65]. The new shock switch based on the gra-
dient of the contravariant Mach number overcomes this problem. Moreover the
strategy of basing the switch on Mach-number gradient takes better cognizance of
the strong and weak shocks, grid-aligned or otherwise. The mathematical formu-
lation of the sensor is based on the fact that for a cell-face aligned with a shock,
the gradient of the Mach number normal to the cell-interface increases as the
shock strength increases and it decreases with increased inclination of the shocks.
This approach has two benefits: firstly it can distinguish zones of strong shocks
from weaker-shock zones or smooth regions. Accordingly the switch can assume
higher or lower values. Therefore, a hybrid scheme using this switch can attain
a genuinely-multidimensional-like quality, provided the constituent schemes are
properly chosen. Secondly, in this approach the gradient of contravariant Mach
number is high for strong shocks or shocks aligned with the grid irrespective of
whether the absolute flow across the shock is subsonic or supersonic.

In what follows the mathematical formulation of the proposed switch is ex-
plained for a 1D flow for clarity. The same methodology can be easily extended to
more than one dimensions by replacing the Mach numbers with the correspond-
ing contravariant terms and the changes of the parameters with their components
along the direction normal to the cell-face, as presented in Appendix G. Figures
6.1(a)-(b) depict the schematics for the present shock switch design in case of a
1D flow, where the variations of normalized Mach number along the flow-direction
(i.e. z-axis) for a typical formulation are plotted. A shock is shown starting at
cell I in figure 6.1(a). Many a times undesirable numerical oscillations arise in the
vicinity of the shock. In order to show how these oscillations are eradicated, figure

6.1(a) considers a non-monotonous solution developed at cell /—1. Figure 6.1(b)

TH-1901_10610301



6.2. The new shock switch and the hybrid methodology 145

shows a flow-field with a smooth extremum at cell /—1. To calculate the shock
switch 6, 41 across the cell-interface (I43), the gradients of the normalized Mach

number across the cell-interfaces (I—3), (I—3) and (I+3) are computed as:

Vi1 (M)
YL
_ Vi (M)
9175 VI (X) (61)
V41 ()
T VLX)

where M is the normalized value of the Mach number, X is the normalized z-
coordinate of the cell-centroid and V is the backward-difference operator. The

Mach number is normalized by

— M
M=—. 6.2
max | M | (6.2)
The normalized coordinates X of the cell-centroids are given by
— X
X=— 6.3
max | X|’ (6:3)

where X is the xz-coordinate of the cell-centroid. The backward-difference operator

for any parameter © is given by
Vi(©)=0;—-0;_,. (6.4)

In the presence of a shock, gradient of the normalized Mach-number curve across
a cell-face becomes steep. Therefore, the angle v, made by the curve with the
z-axis at a cell-face is generally large (close to /2 ). On the other hand for the
cells within the shock or in smooth zones, the gradients of the curve across the
upstream and downstream faces of a cell do not change appreciably. Accordingly,

g 1s expressed in terms of the gradient ¢ as follows:
(79)173 = tan™ (91_g>
(79)17% = tan " (91—%> (6.5)

).

(’Yg)[_;_% = tan™" <gl+

[SIE
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Solution with different slopes of M Solution with different slopes of M

B

=

Fig. 6.1. Schematics for shock-switch computation in case of 1D flow: (a) Flow
with a shock at I and a sharp extremum at /—1, (b) Flow with a smooth extremum
at [—1.

The difference « of the angles 7, across each of a pair of adjacent cell-faces
is a measure of departure from smoothness in the flow-field at a particular cell

bounded by the two faces. For cells /—1 and [ these angles are written as

Q-1 = ‘(%)1_% - (Wg)I,g ) (6.6)

ar = |()rey — ()i (6.7

It is desirable that the shock switch assumes higher values with increase in the
smoothness-indicating angle a and asymptotically approaches zero in smooth-flow
zones. A quadratic function of sin« fulfils this requirement. Also to limit the
shock-switch value to a maximum of unity, we propose the following relation to

compute the shock switch:

0,11 = min [ sin® {max (a1, o)}, 1], (6.8)

where k can be assigned any value greater than unity. Choosing x close to unity
results in less sensitivity of the switch to the change in Mach-number gradients. On
the other hand if k is assigned very large values, the switch tends to get activated

even in smooth zones. Based on a series of numerical experiments we recommend
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a value of Kk = 2.5, which works satisfactorily for a wide range of problems. Figure
6.2 shows the variation of the shock switch with the angle o for k = 2.5. Equations
6.1-6.8 also show that the shock switch requires a stencil size of four cells for its
operation. It is preferable to choose the computational domain in such a way that
the flow is smooth at the boundary. Otherwise the value of the switch at the

boundary can be judiciously estimated from the interior.

i1

09

08 -

Shock switch ©
[an ]
(3]
1

1 1 1 1 1 1 1 1 ]
00 10 20 30 40 50 60 70 80 90
Smoothness-indicating angle «in degrees

Fig. 6.2. Variation of the shock switch () with the smoothness-indicating angle
(o) for k = 2.5.

Equation 6.8 indicates that even in non-monotonous zones the shock switch
assumes higher values, thereby inhibiting numerical oscillations as it choses the
maximum of the smoothness-indicating angles a;_; and a;. This can be seen
from figure 6.1(a), which shows that as the Mach-number profile attains a sharp
extremum at cell /—1, the angle a;_; attains a value higher than a; and accord-
ingly value of the shock switch 6, 11 also increases. Further it may be noted that
the computation of the shock switch using the relative angles a of the normalized
Mach-number curve offers the additional advantage of assuming small values in
smooth extrema. For example as shown in figure 6.1(b), if the cell /—1 contains
a smooth extremum, then the angle a;_; will assume a very small nonzero value
and the angle a; will approach zero. In that case the shock switch will equal
#sin? (a_1), which will also be very small. Therefore, the nature of equation 6.8

ensures that the switch assumes high values near a sharp extremum such as cell
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I—1 in figure 6.1(a), but it does not shoot up near a smooth extremum such as
cell I—1 in figure 6.1(b).

Here it needs to be mentioned that in the extension of the switch to com-
putation of 2D flows with weak-oblique shocks, the changes in gradients of the
contravariant Mach numbers across neighbouring cell-interfaces are relatively less,
resulting in smaller values of a. As indicated by figure 6.2 the shock switch across
a weak shock assumes smaller values with increased inclination of the shock, pro-
ducing a benign transition from strong shocks to weaker shocks.

Finally, for the Euler equations, the flux at the cell-interface is obtained by
hybridizing the AUSM and DRLLF schemes through the shock switch as follows:

Loy if (Fl+%)AUSM i (1 B 91%) (F“%)DRLLF' (6.9)
As mentioned previously this scheme is termed AUSM-DRLLF Self Adjusting
Hybrid (ADSAH) scheme. The above scheme works close to the DRLLF scheme
in smooth regions. It has, however, been observed in chapter 5 that the DRLLF
scheme becomes over-dissipative for viscous-flow computations and for such flows
the DRLLFV scheme is found to be much more accurate. Hence for the Navier-

Stokes equations, the flux at the cell-interface is computed by hybridizing the
AUSM with the DRLLFV scheme as

Froy =01y (FH_%)AUSM * (1 4 9”%) (F”%)DRLLFV' (6.10)
We term this scheme as AUSM-DRLLF Self Adjusting Hybrid Viscous (ADSAHV)
scheme. It may be noted that while hybridizing the AUSM with the DRLLF or

DRLLFV schemes, higher-order accuracy can be obtained by blending the higher-

order versions of the constituent schemes.

6.3 Inviscid-compressible-flow results

To check the numerical performance of the ADSAH scheme a number of test cases
of inviscid-compressible flows involving strong as well as weak shocks including
subsonic, supersonic and hypersonic flows are considered. In the next seven sub-
sections (6.3.1-6.3.7) we present the results and comparative analysis of the Sod’s

1D shock tube problems [65], Quasi-1D flow through a converging-diverging nozzle
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[2], 2D flow through a converging-diverging nozzle, oblique-shock reflection [40],
supersonic flow through a ramped channel [40], 2D Riemann problem [49-52, 115]
and hypersonic flow over a semi-cylinder with perfect gas and equilibrium-air mod-

els [77].

6.3.1 Sod’s shock tube problems

Sod’s shock tube problems are famous bench-marking problems because they offer
a variety of compressible-flow features such as shock waves, contact discontinuities,
expansion waves and sonic points. Additional advantage enjoyed by these problems
is the fact that they possess analytical solutions to compare the results with.
Figures 6.3(a)-(b) plot the first-order-accurate solutions of the two shock tube
problems using the AUSM, DRLLF, Radespiel-Kroll Hybrid [18] and ADSAH
schemes to compare with the analytical solutions. All the numerical computa-
tions are done on 200 cells. The ADSAH scheme captures the shocks and contact
discontinuities more crisply than the AUSM and Radespiel-Kroll Hybrid schemes.
In moving shock problems where the absolute flows across the shock remain sub-
sonic the DRLLF scheme exhibits numerical oscillations near the shock, which are
overcome by the ADSAH scheme (see figure 6.3(a)). It can further be seen from
the encircled region in figure 6.3(b) that the DRLLF and the ADSAH schemes
are free from the sonic-point error that the AUSM scheme suffers from. Figures
6.4(a)-(b) show the shock-switch profiles along the length of the shock tube. As the
shock switch is based on the gradient of the Mach number, expectedly it assumes
high values near the beginning and end-points of the shocks. Across a contact
discontinuity the change in Mach number over a finite distance between the ad-
jacent cells is somewhat less compared with that across a shock. Therefore, for a
contact discontinuity the shock switch assumes moderate values near its starting
and end-points. Owing to the same reason the shock switch peaks locally near the
terminal points of the expansion waves. In smooth zones, since the gradients of
the Mach number do not change much, the switch-value is close to zero. These

observations are in agreement with the construction of the equations 6.1-6.8.
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Fig. 6.3. Density variation for Sod’s shock tube problems: (a) Sod’s 1% problem
and (b) Sod’s 2°¢ problem.
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Fig. 6.4. Variation of the shock switch with the ADSAH scheme along the tube:
(a) Sod’s 1°* problem and (b) Sod’s 2°¢ problem.

6.3.2 Quasi-1D flow through a converging-diverging nozzle

In quasi-1D flow all the flow parameters as well as the cross-sectional area are
functions of the axial coordinate z. The geometric and free-stream details for
quasi-1D flow through a converging-diverging nozzle are listed in table 6.1. Under
steady state, a standing-normal shock exists in the diverging portion of the nozzle

at the assigned back pressure. This problem also offers the advantage of possessing
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an analytical solution.

Table. 6.1. The geometric and flow parameters for quasi-1D converging-diverging

nozzle-flow.
Parameter Value
Length of the nozzle (L) 3m
Cross-sectional area of the nozzle A(z) A(z) =1+ 2.2(z — 1.5)°
Reservoir pressure (pg) 101325 N/m?
Reservoir temperature (7p) 300 K
Back pressure (py) 0.7 (po)
s Anialytical
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Distance (m)

Fig. 6.5. Quasi-1D flow problem: (a) Variation of density along the nozzle and
(b) The shock-switch profile.

The density variation and the shock-switch profile along the nozzle for the
quasi-1D-flow problem are plotted in figures 6.5(a)-(b). The number of cells in
the computational domain is 60 for this computation. Figure 6.5(a) shows that
the ADSAH scheme resolves the standing-normal shock with much less smearing
like the AUSM and Radespiel-Kroll Hybrid schemes and much better than the
DRLLF scheme. It can be seen from figure 6.5(b) that the shock switch assumes
high value only in the vicinity of the shock and does not get activated in smooth
regions. In conformity with equations 6.1-6.8, the switch approaches unity near

the upstream end of the shock since there is a sharp change of the Mach-number
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gradient in that location. Within the shock the gradient does not change abruptly
across neighbouring cell-faces and therefore the value of the shock switch drops.
Near the downstream end of the shock the change in the Mach-number gradient
is milder compared to that in the upstream end. This fact gets reflected in the
unequal peaks in figure 6.5(b). Owing to this reason the ADSAH scheme acts close
to the AUSM scheme near the end-points of the shock and close to the DRLLF

scheme within the shock as given by equation 6.9.

6.3.3 2D flow through a converging-diverging nozzle

0 __I , . . Ragespielroll Hybrid
0 05 1 15 2 25 3

(c) (d)
Fig. 6.6. Pressure contours for 2D flow through a converging-diverging nozzle

using (a) AUSM, (b) DRLLF, (c) Radespiel-Kroll Hybrid and (d) ADSAH schemes.

The same problem mentioned in table 6.1 is computed by using a 2D formulation.
The 2D Euler equations governing the flow are solved on a 120 x 51 grid. Figure
6.6(b) shows that the DRLLF scheme resolves the normal shock poorly. But the
ADSAH scheme captures the normal shock with less smearing comparable with
the AUSM and Radespiel-Kroll Hybrid schemes as seen in figures 6.6(a), 6.6(c)
and 6.6(d). The centreline pressure and Mach-number variations with the AUSM,
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DRLLF, Radespiel-Kroll Hybrid and ADSAH schemes are shown in figures 6.7(a)-
(b). Expectedly the DRLLF scheme captures a more smeared shock compared
with the AUSM scheme. On the other hand the present hybrid scheme resolves
the shock almost as crisply as the AUSM and Radespiel-Kroll Hybrid schemes. In
addition the ADSAH scheme is free from the sonic-glitch problem exhibited by the

AUSM scheme as shown by the encircled region in figures 6.7(a)-(b).
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Fig. 6.7. Variations along the axis for 2D flow through a converging-diverging

nozzle: (a) pressure and (b) Mach number.
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Fig. 6.8. The shock-switch profile with the ADSAH scheme for the 2D flow
through a converging-diverging nozzle: (a) contours and (b) variation along the

nozzle axis.
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Figures 6.8(a)-(b) show the shock-switch contours and the variation of the
shock switch along the nozzle axis, respectively, for the ADSAH scheme. Similarly
to the quasi-1D flow problem the switch attains a value close to unity at the end-
points of the standing-normal shock. In addition the switch does not shoot up in
the smooth regions including the cells contained within the shock and approaches
zero. As a result the ADSAH scheme acts close to the AUSM scheme near the end-
points of the standing-normal shock and like the DRLLF scheme in the smooth

regions including the cells contained within the shock.

6.3.4 Oblique-shock-reflection problem

The geometric and free-stream parameters for the oblique-shock-reflection problem
are shown in table 6.2. A 120 x 90 grid is used for all the computations. Figures
6.9(a)-(d) compare the pressure contours for the oblique-shock-reflection problem
that reveals the improved performance of the ADSAH scheme. The DRLLF scheme
resolves the oblique shock much better than the AUSM scheme. The ADSAH
scheme outperforms the AUSM and Radespiel-Kroll Hybrid schemes in capturing
the incident and reflected shocks and resolves them almost as good as the DRLLF
scheme. Figures 6.10(a)-(b) compare the pressure and Mach-number variations at
a height of 1/3 m from the plate obtained by the four schemes. It reaffirms the
superior performance of the ADSAH scheme over the AUSM and Radespiel-Kroll

Hybrid schemes in resolving weak shocks.

Table. 6.2. The geometric and flow parameters for oblique-shock reflection.

Parameter Value

Length of the plate (L) 3

free-stream Mach number (M.,) 3

free-stream pressure (p,) 101325 N/m?
free-stream temperature (7y,) 300 K

Incident wave angle (/3) 30°
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Fig. 6.9. Pressure contours for the oblique-shock-reflection problem using (a)

AUSM, (b) DRLLF, (c) Radespiel-Kroll Hybrid and (d) ADSAH schemes.
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Fig. 6.10. Variations at a height of 1/3 m from the plate for the oblique-shock-
reflection problem: (a) pressure and (b) Mach number.

It is desirable that across the cell-interfaces intercepted by weak-oblique shocks,
the shock switch should assume smaller values compared with those crossed by
stronger shocks. Figures 6.11(a)-(b) show the shock-switch contours and the vari-
ation of the shock switch at a height of 1/3 m from the plate. The zoomed region

in figure 6.11(a) shows that the maximum value of the shock switch within the
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captured shock is less than 0.4. Figure 6.11(b) reaffirms this fact.
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Fig. 6.11. The shock-switch profile for the oblique-shock-reflection problem: (a)

contours and (b) variation along a line at a height of 1/3 m from the plate.

6.3.5 Supersonic flow through a ramped channel

This problem involves the interaction between an oblique-reflected shock and an
expansion wave centred on an expansion-corner. The geometric and free-stream
parameters for this problem are shown in table 3.4. All the results are reported

for a 120 x 90 grid.
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Fig. 6.12. Pressure contours for the supersonic flow through a ramped surface

with (a) AUSM, (b) DRLLF, (c) Radespiel-Kroll Hybrid and (d) ADSAH schemes.
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The AUSM and Radespiel-Kroll Hybrid schemes resolve the oblique shocks
poorly compared with the DRLLF scheme. However, the ADSAH scheme succeeds
in resolving these flow features comparable with the DRLLF scheme. Figures

6.12(a)-(d) corroborate this fact.
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The variations of pressure and Mach number along a line at a height of 0.88 m
with all these schemes are compared in figures 6.13(a)-(b). The crisp resolution of
the weak shocks offered by the ADSAH scheme is evident from the figure. It may
be noted that the ADSAH scheme creates less numerical diffusion than the AUSM
and marginally more numerical diffusion than the DRLLF scheme in capturing
weak shocks, as seen in figures 6.10 and 6.13. The same trend is also observed for
moving normal shocks as seen in figures 6.3(a)-(b). In case of stationary strong
shocks, the numerical diffusion of the ADSAH scheme assumes a smaller value
than the DRLLF and slightly higher value than the AUSM scheme as evident
from figures 6.5(a), 6.6 and 6.7. Thus the numerical diffusion of the ADSAH
scheme gets self-adjusted based on the type of shocks. It can also be seen from
figures 6.10(a) and 6.13(a) that as the numerical diffusion increases the computed
pressure downstream of the shock decreases. Figures 6.13(a) and 6.13(b) show
that the ADSAH scheme also eliminates the numerical oscillation produced by
the DRLLF scheme near the shock emanating from the compression-corner, which
is shown by the encircled regions in these figures. It is important to note from

figure 6.13(b) that the gradient of the Mach number reverses sign at the point of
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intersection between the centred expansion wave and the reflected shock wave.
Figures 6.14(a)-(b) show the contours of the shock switch and the variation
of the shock-switch values at a height of 0.88 m. The shock switch peaks near the
end-points of the oblique shocks. At the intersection point of the reflected shock
and the centred expansion wave the switch reaches unity owing to the large change

in the contravariant-Mach-number gradient.
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Fig. 6.14. The shock-switch profile for the ramp-in-a-channel problem: (a) con-

tours and (b) variation along a line at a height of 0.88 m.

6.3.6 2D Riemann problem

Schulz-Rinne et al. [116] demonstrated the importance of multidimensional Rie-
mann problems for testing the efficiency of numerical schemes. The initial con-
ditions were explicitly specified by Brio et al. [115] and have been used as test
cases in the recent literature on multidimensional Riemann solvers [49-52]. The
performance of the ADSAH scheme in computing a 2D Riemann problem is tested
and compared with the AUSM, DRLLF and Radespiel-Kroll Hybrid schemes. The
initial conditions in the four quadrants are specified in table 6.3. A computational
domain of [—1,1] x [—1, 1] is considered. A 400 x 400 grid is used for the compu-

tations with a CFL number of 0.9. The solutions are obtained at time ¢t = 1.1.
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Table. 6.3. The initial conditions for the 2D Riemann problem.

x- and y- locations

Parameters

z>0,y>0
r<0,y>0
r<0,y<0

x>0,y<0

=15,p=15,u=0,v=0

p=0.3, p=0.5323, u=1.206, v =0

p = 0.029, p = 0.1379, v = 1.206, v = 1.206
p=0.3, p=0.5323, u =0, v=1.2006

(The symbols p, p, u and v in the table denote the pressure, density, xz-velocity

and y-velocity, respectively.)
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Fig. 6.15. Density contours for the 2D Riemann problem with (a) AUSM, (b)
DRLLF, (c¢) Radespiel-Kroll Hybrid and (d) ADSAH schemes in the lower-left

quadrant using 15 contour levels in the interval [0.2, 1.6].
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For the given initial conditions the 2D Riemann problem results in simultane-
ous interaction of four shocks with double-Mach reflection and shock-propagation
at 45° to the mesh. Figures 6.15(a)-(d) compare the density contours in the lower-
left quadrant computed with the first-order-accurate AUSM, DRLLF, Radespiel-
Kroll Hybrid and ADSAH schemes. Owing to the presence of the Mach-stems
and strong-shock interactions the DRLLF scheme exhibits more diffusive nature
than the other schemes. The Radespiel-Kroll Hybrid scheme resolves the non-grid
aligned strong shock better than the other schemes. This is due to the robustness
contributed by the van Leer’s FVS part of the hybrid scheme, which imparts higher
accuracy for strong shocks [18]. However, both ADSAH and AUSM schemes cap-
ture the non-grid aligned weak shocks better than the Radespiel-Kroll’s scheme.
The slip lines using the ADSAH scheme are less diffused than those of the DR-
LLF and Radespiel-Kroll’s schemes, and are comparable to those of the AUSM
scheme. Thus it is observed that the ADSAH scheme adjusts itself close to either
the AUSM or the DRLLF scheme, whichever performs more accurately for any

particular flow-situation.
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Fig. 6.16. The shock-switch variation of the ADSAH scheme for the 2D Rie-

mann problem: (a) contours in the lower-left quadrant using 10 contour levels
in the range [0.05, 1.0] and (b) variations along the z-direction at two different
y-locations.

Figure 6.16(a) shows the shock-switch contours in the lower-left quadrant and

figure 6.16(b) presents the shock-switch profiles along the a-direction at y = —0.75
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and y = 0. Expectedly the strong shock inclined at 45° to the gridlines gives the
highest value of unity.

6.3.7 Hypersonic flow over a semi-cylinder
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Fig. 6.17. Pressure contours for hypersonic flow (M., = 15) over a semi-cylinder

using (a) AUSM, (b) DRLLF, (c) Radespiel-Kroll Hybrid and (d) ADSAH schemes.

TH-1901_10610301



Chapter 6. A Novel Hybrid Approach with Multidimensional-like Effects
162 for Compressible-Flow Computations

The hypersonic flow over a semi-cylinder involves a detached bow shock located at
a certain stand-off distance from the solid body. The shock is the strongest in front
of the nose of the blunt body where it resembles a normal shock. Away from the
nose, the strength of the shock gradually becomes weaker till it becomes a Mach
wave. Thus this problem offers itself as a single test case involving shock waves of
various strengths. The present work considers flow at free-stream Mach number
M,, = 15, free-stream pressure p,, = 1197 N/m? and free-stream temperature
T = 226.5 K over a semi-cylinder of diameter 10 m [77].

Figures 6.17(a)-(d) show the pressure contours for hypersonic flow over the
semi-cylinder using the AUSM, DRLLF, Radespiel-Kroll Hybrid and ADSAH
schemes. The results for the perfect-gas model and the equilibrium-air model
of Tannehill and Mugge [73] are shown on the upper and lower halves of the semi-
cylinder. To obtain a contrast of the shock resolutions a coarse grid of size 51 x 51
is used for all the computations. The ability of the ADSAH scheme to compute

reacting-air flow is also demonstrated here.
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Fig. 6.18. Variation along the stagnation line for hypersonic flow (M., = 15) over

a semi-cylinder (perfect-gas model): (a) pressure and (b) Mach number.

Figures 6.18-6.19 compare the pressure and Mach-number variations along the
stagnation line with various schemes for the perfect-gas model and the equilibrium-
air model, respectively. It is clear that the shock-stand-off distance for the equilibrium-
air model is less than that for the perfect-gas model. The figures also indicate that

the AUSM scheme produces large overshoots in the pressure field just behind the
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shock, which are reduced to a large extent by the ADSAH scheme with a little more
smearing of the shock. The reason for this improvement is that for standing-normal
shocks the ADSAH scheme performs like the AUSM scheme at the end-points of
a standing-normal shock and it acts close to the DRLLF scheme in cells lying
within the shock. Therefore the AUSM part of the scheme offers low-numerical
diffusion, resulting in a crisp-shock structure. On the other hand the DRLLF part
of the scheme, which is highly diffusive across standing-normal shocks, contributes

towards resisting the kinks in the computed pressure fields.
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Fig. 6.19. Variation along the stagnation line for hypersonic flow (M., = 15) over

a semi-cylinder (equilibrium-air model model): (a) pressure and (b) Mach number.

6.4 Viscous-compressible-flow results

In the next two subsections (6.4.1-6.4.2) we present the results of our second hybrid
scheme ADSAHYV developed for computing viscous-compressible flows. Test prob-
lems from both supersonic and hypersonic regimes are considered. The supersonic-
test problem involves laminar-boundary layer for flow over a flat plate with a
sharp-leading edge. The hypersonic-test problems deal with shock-wave bound-
ary layer interaction (SWBLI) in flows over a ramped surface. The test cases are
computed by incorporating the ADSAHV scheme in the High-speed Viscous Flow
Solver (HSVFS) presented in chapter 5. Higher-order accuracies of the AUSM and
Radespiel-Kroll Hybrid schemes are obtained by the MUSCL approach [38] with
the minmod limiter [64]. Higher-order accuracy of the DRLLF scheme is obtained
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through the reconstruction approach using CUSP limiter [5] as has been done for

the higher-order-accurate DRLLFV scheme presented in section 5.3.
6.4.1 Viscous-supersonic flow over a flat plate

This problem involves viscous supersonic flow of air over a flat plate with a sharp-
leading edge at a zero incidence. The geometric and free-stream parameters that
are listed in table 4.1 are so chosen that the flow remains laminar throughout the
length of the plate [93].

It has been found in section 5.3 that mesh-independence for this problem is
achieved for an 80 x 100 grid and hence all the results are shown for this grid. Fig-
ures 6.20(a)-(b) show the normalized-temperature profiles at the trailing edge of
an adiabatic-flat plate using the first-order and higher-order-accurate AUSM, DR-
LLF, Radespiel-Kroll Hybrid and ADSAHV schemes. The non-dimensionalized
y-distance is calculated as suggested by Van Driest [105]. Inside the boundary
layer the ADSAHV scheme resolves the flow-field with high resolution compara-
ble with the AUSM scheme. The former scheme performs better than the latter
in resolving the weak-leading-edge shock outside the boundary layer. The DR-
LLF and Radespiel-Kroll Hybrid schemes prove to be over-dissipative for viscous
computations in that they predict a much higher adiabatic-wall temperatures.
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Fig. 6.20. Temperature profiles at the trailing edge of the flat plate under

o

adiabatic-wall condition: (a) first-order and (b) higher-order-accurate schemes.
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adiabatic-wall condition: (a) first-order and (b) higher-order-accurate schemes.
Figures 6.21(a)-(b) show the comparative plots for the non-dimensionalized
velocity profiles at the trailing edge of the plate for the first-order and higher-
order-accurate schemes. It can be seen that the ADSAHV scheme resolves the
edge of the boundary layer marginally better than the AUSM and Radespiel-Kroll

Hybrid schemes as shown by the zoomed-in encircled regions. Accordingly the

ADSAHYV scheme predicts a higher skin-friction-coefficient profile as evident from

Figures 6.22(a)-(b).
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Fig. 6.22. Skin-friction-coefficient profiles at the trailing edge of the flat plate
under the adiabatic-wall condition: (a) first-order and (b) higher-order-accurate

schemes.
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6.4.2 Hypersonic shock wave-boundary layer interaction

This problem involves the interaction of a laminar boundary layer with a ramp-
induced shock for hypersonic flow over a plate having a compression-corner. The
ramp-angle is higher than the incipient-separation angle suggested by Needham
and Stollery [96]. As a result a separation bubble is formed at the compression-
corner. The geometric and free-stream parameters for this problem [98, 108] are
listed in table 5.1.

For comparing our results with the literature [98, 108], computations are car-
ried out using higher-order-accurate schemes on a 192 x 140 mesh that provides the
mesh-independent solutions. The skin-friction and wall-heat-flux profiles for the
hypersonic SWBLI problem [98] are shown in figures 6.23(a)-(b). The ADSAHV
scheme produces significantly less smearing of the boundary layer because of which
the skin friction coefficient obtained by this scheme is on the higher side as seen
from figure 6.23(a). The reduced numerical diffusion succeeds in overcoming the
under-prediction of the wall-heat flux. This is corroborated by figure 6.23(b). It
can further be seen that the DRLLF and Radespiel-Kroll Hybrid schemes highly

under-predict the skin-friction and wall-heat-flux profiles.

[ Freestream stagnation temperature: 1080 K : v
oos . Ersssream Hadhntar 5 e o e e
i W"eﬁt"eam teV“Pausnnlz-'m er per unit length: L 300000 [~ Freestream Reynolds number per unit length: 8X10° m”
j all temperature: Wall temperature: 300 K
ool
50.04H 250000
s T
: Sx00000]
| 200000
S0.03 “ & :
3
§ “ John et al.[102] £ . John et al. [102]
5 ‘ — = AUsSM siso000ft 00000 .. AUSM
F002 ... DRLEE ; = —-—-— DRLLF
< ‘ — — — Radespiel-Kroll Hybrid = — — — Radespiel-Kroll Hybrid
= v ADSAHV =,100000 ADSAHV
|
001
50000
\‘i g T _,'/,,/L ,,,,, e, nay
o P o PR S 0| AR i s A DR T A
0 002 004 006 008 0.1 0.12 0 002004 006 _ 0.08 0.1 0.12
Distance from the leading edge (m) Distance from the leading edge (m)

(a) (b)
Fig. 6.23. Hypersonic SWBLI problem [98]: Comparison with John et al.’s

computational results [102] of (a) skin-friction and (b) wall-heat flux profiles.
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Fig. 6.24. Hypersonic SWBLI problem with Marini’s computational results [108]:

Comparison of (a) Wall-heat-flux and (b) pressure-coefficient profiles.

210000 g svr:ﬁ?g%:rzl:ﬁ?;;g%nl(tempemnwe: 74Tk 0.25 L Freestream stagnation temperature: 1747 K
. L Wall temperature:298 K
| [
180000 | | i A K o
i | A Marini's Experiment[108] 02
1s0000 V0 === AUSM - i
P il —-—-— DRLLF H +
E [ — — — Radespiel-Kroll Hybrid 8 3
120000 [ ADSAHV SO
2 8 [
g [ s
5 0 [ [
£ g0000 5 o
= I @ 0.1
5 [ 7] L
= il [
60000 | o [
i\\ B Marini's experiment [108]
[ 005 4 —— AUSM
30000 _ r —-—-— DRLLF_ )
P~ — o V& [ — — — Radespiel-Kroll Hybrid
: STy L — ADSAHV
oL s U i M SR 1 1 1 o i i |
0 002 __ 004 0. 0.08 0.4 0.12 05 — e
Distance from the leading edge (m) ’ Distance from the leading edge (m)

(a) (b)
Fig. 6.25. Hypersonic SWBLI problem with Marini’s experimental results [108]:

Comparison of (a) Wall-heat-flux and (b) pressure-coefficient profiles.

Further cases of higher-enthalpy flows having computational and experimen-
tal data of Marini [108] are also computed. Figure 6.24(a) compares the wall-heat
fluxes for the SWBLI problem using higher-order AUSM, DRLLF, Radespiel-Kroll
Hybrid and ADSAHV schemes with computed results of Marini [108]. The free-
stream stagnation and wall-temperatures are 1800 K and 300 K, respectively. The
rest of the free-stream and geometric parameters are the same as given in figures
6.23(a)-(b). The wall-heat-flux profiles using the ADSAHV and AUSM schemes
are in nice agreement with each other. In general it is seen that both ADSAHV
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and AUSM schemes estimate the heat-flux on the higher side compared with the
computed results of Marini. However, the wall-heat fluxes using the ADSAHV
and AUSM schemes are in much better agreement with Marini’s experimental re-
sults, where the free-stream stagnation and wall-temperatures are 1747 K and 298
K, respectively, as seen in figure 6.25(a). It can further be seen that the AD-
SAHYV scheme agrees with the experimental wall-heat-flux profile closer than even
the AUSM scheme, especially in the post-reattachment zone. In both the com-
putational and experimental test cases, the Radespiel-Kroll Hybrid and DRLLF
schemes severely under-predict the wall-heat flux. From these observations it can
be concluded that the higher-order ADSAHV scheme is able to resolve the SWBLI
with marginally better resolution than the higher-order AUSM scheme and much
better than the computations of Marini [108]. As can be observed from figure
6.24(b) and figure 6.25(b), the pressure-coefficient profiles for both the cases ob-
tained by using the AUSM, Radepsiel-Kroll Hybrid and ADSAHV schemes are in
reasonable agreement with Marini’s results [108]. However, the DRLLF scheme
expectedly computes much larger zones of upstream influence owing to the highly

diffusive nature of the scheme for viscous-flow computations.

6.5 Conclusions

For computing viscous and inviscid flows the necessity of a numerical scheme with
provisions for controlling dissipation so as to sharply capture both grid-aligned
and inclined strong and weak shocks cannot be overemphasized. To that end
we develop a self-adjusting hybrid methodology that results in two schemes, one
for inviscid and the other for viscous flows. For inviscid-compressible flows, the
ADSAH scheme combines AUSM scheme with DRLLF scheme whereas for viscous-
compressible flows the ADSAHV scheme combines AUSM scheme with the very
recently developed DRLLFV scheme. The numerical experiments demonstrate the
superior capability of the ADSAH scheme to sharply capture both grid-aligned and
inclined strong and weak shocks for a wide range of Mach numbers. The viscous
counterpart of the scheme, namely ADSAHV, computes boundary layer and shock-
boundary layer interaction problems very accurately with sharp resolution of both

boundary layer and inclined shocks for a wide range of Mach numbers. The su-
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perior performance of the scheme over the large range of Mach numbers can be
ascribed not only to the careful selection of the constituent schemes that are hy-
bridized but also to the novel strategy adopted to design the shock switch. In a
significant departure from the earlier shock-switch-design strategies, the present
shock switch is based on the cell-interface gradient of the Mach number. This inge-
nuity equips the switch with the quality of benign transition from strong shock to
weak shock to smooth-flow regions. This is what makes the schemes highly suitable
for computing flows with both strong and weak shocks, thus giving the schemes
built-in ability to produce effects similar to multidimensional schemes. Unlike
many hybrid schemes that are efficient only for a specified range of Mach num-
bers, the present schemes are highly robust producing results for low supersonic to
hypersonic Mach numbers and at the same time retaining their ability to provide
sharp resolution of discontinuities. The schemes also display excellent-sonic-point
behaviour absent in many of the established schemes. One notable property of the
schemes is their ability to capture contact discontinuities crisply; for example in
the Sod’s shock-tube problem the ADASH scheme does not smear the shock and
contact discontinuity as much as the AUSM scheme. Unlike many of the popular
schemes, the ADSAH scheme is free from the pre- and post-shock undershoots
and overshoots in the wide variety of problems studied. For 2D inviscid-flow com-
putations the ADSAH scheme resolves both strong and weak shocks with good
resolution comparable with the AUSM and DRLLF schemes, respectively. The
test problems demonstrate the capability of the ADSAH scheme to adjust itself
close to either the AUSM or the DRLLF scheme, whichever performs more accu-
rately for any particular-flow situation. For viscous flows such as the flow over a
flat plate the present ADSAHV scheme resolves the boundary layer comparable
to the AUSM scheme and the leading-edge shock better than it. The accuracy of
the ADSAHYV scheme is further reaffirmed by the excellent agreement of its results
with the available numerical and experimental results for the ramp-induced hyper-
sonic shock wave-boundary layer interaction problems. Thus the present schemes
are important additions to the existing family of hybrid schemes in that they are
robust, versatile and accurate with the extra ability to produce multidimensional-

like effects without being as expensive.

TH-1901_10610301



TH-1901_10610301



Chapter 7

Summary and Conclusions

This chapter highlights the major achievements of the thesis and enlists the scope
of future work that can be taken up based on the experience gained from the
present work. Whenever an observation is made or an inference drawn, the work
done is also briefly described so as to set the context.

All the results in this work are produced by codes developed in the program-
ming language “C” with meticulous care to ensure that the merits and demerits of
the schemes, developed and used, get accurately reflected in the results presented.
The inviscid part of the solver has the provision for using various numerical-flux ex-
pressions of existing and newly-developed schemes. For computing viscous flows,
viscous-flux discretization has been incorporated in the same solver using more
than one method to ensure accuracy through comparison. Sufficient care has been
taken to present grid-independent results unless a coarse grid is deliberately used
to study the relative diffusive behaviour of various schemes.

The thesis focuses on the analysis and regulation of numerical diffusion for
accurate computations of both inviscid and viscous-compressible flows. Towards

this end, the work can be divided in the following stages:

1. Carrying out a qualitative study on the effects of numerical diffusion present

in various schemes in the computation of inviscid flows.

2. Exploring the possibility of using reduced-numerical diffusion in viscous-flow

computations.
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3. Development of an accurate diffusion-regulated scheme for accurate compu-
tation of the compressible Navier-Stokes equations using a novel boundary
layer sensor which enables differential numerical diffusion to be used in and
outside the shear layer. The knowledge of dissipation-control gained in the

earlier stages becomes useful here.

4. The observation that the schemes developed in the preceding stages gave im-
proved results mainly for computation of flow situations involving weak and
grid-inclined shocks, made it necessary to devise diffusion-regulated schemes
that work equally well for strong and weak shocks, whether grid-aligned or
otherwise. This is accomplished in the final stage of the work. Here a hybrid
approach using a cleverly designed shock switch is developed so that both
inviscid and viscous flows involving grid-aligned and grid-inclined shocks can
be accurately computed with less computational cost than the conventional

multidimensional schemes.

In the course of what follows these works will be briefly described in conjunc-
tion with explanatory observations and comments.

As already indicated, initially we study the role of numerical diffusion and its
regulation in the computation of high-speed-inviscid flows and compare the perfor-
mances of two recent diffusion-regulated methods with established-numerical-flux
schemes. The study is done at various levels, namely, 1D and quasi-1D flows, 2D
supersonic flows, and hypersonic flows. For the 1D and quasi-1D flows Sod’s 1%
shock tube problem and flow through a converging-diverging nozzle, both having
analytical solutions are chosen as the test cases. The performance of the Diffusion-
Regulated Local Lax-Friedrichs (DRLLF) scheme is studied with varying levels of
numerical diffusion. Reduction in numerical diffusion leads to less smearing of
the captured discontinuities but augments nonphysical oscillations. This indicates
that amount of artificial diffusion to be added should be based upon a balance be-
tween the solution-resolution and numerical stability. The most appropriate value
of a variable § for computing the Diffusion-Regulation (DR) parameter is found
to be problem-dependent. The scheme is also compared with other established

schemes. It is observed that for moving normal shocks where the absolute flows

TH-1901_10610301



173

across the shock remain subsonic the DRLLF scheme captures the shock with the
least smearing. However, in computing the flow in a converging-diverging nozzle
with a standing shock in the divergent part, the jump in Mach number across
the cell-interface is large providing a relatively high value of the DR parameter.
Thus for flows involving grid-aligned stationary normal shocks, the DRLLF scheme
does not compare favourably with established schemes like AUSM and van Leer’s
Flux Vector Splitting (FVS). To have a better understanding of the diffusive be-
haviour of various schemes a number of 2D test cases are also solved. Expectedly
the DRLLF scheme performs worse than AUSM in resolving normal and strong
shocks; however, it scores over the other schemes in resolving oblique shocks that
arise, for example, in problems like supersonic flow over a ramped channel where
grid-inclined-weak shocks are generated from a compression-corner and when it
gets reflected from another solid surface. Further the DRLLF scheme is tested
for hypersonic flows including chemical-equilibrium-air model to get an idea as to
whether diffusion control can be effectively used to compute such flows. However,
in computing axisymmetric-hypersonic flow over a hemisphere, the scheme is found
to produce numerical oscillations. The original method of computing the DR pa-
rameter is modified to successfully enforce monotonicity for such cases. The main
achievement of this phase of work however is to get an idea about the types of
problems where diffusion-regulation can be effectively used and to recognize that
a scope exists for designing a versatile-diffusion-regulation scheme for accurate
capture of discontinuities irrespective of their strength or grid-inclination.

An attempt is now made to explore the possibility of regulating numerical
diffusion in computing compressible-viscous-flow problems. It is well known that
for such flows viscous-flux discretization has to be coupled to inviscid-flux dis-
cretization mentioned above. However, presence of physical viscosity suggests
that it might be possible to regulate numerical viscosity lower that it was origi-
nally suggested for Euler computations. To examine this, two test cases, namely,
viscous-supersonic flow over a flat plate with a laminar-boundary layer and viscous-
hypersonic flow over a ramped surface that leads to shock wave-boundary layer
interaction (SWBLI) with a laminar separation are taken up. For the flat-plate

problem reduced diffusion (6 = 0.2 as against originally suggested value of 0.5)
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throughout the domain gives better overall accuracy because it resolves the bound-
ary layer as accurately as the AUSM and, additionally, resolves the leading-edge
shock better than the AUSM and van Leer’s FVS schemes. Limitation of the van
Leer’s F'VS scheme for viscous-flow computations due to high numerical diffusion
is affirmed again. For the isothermal-wall condition, the location of the maximum
temperature shifts outward from the wall when the numerical diffusion increases.
For the adiabatic-wall condition, a more diffusive scheme predicts a higher-wall
temperature. Also it is found that on a regular orthogonal grid, the Green’s theo-
rem is comparable with the central-differencing method for the computation of the
gradients across the cell-interfaces. The higher-order-inviscid-flux discretization is
also employed to study the effect of limiters. However, it is found that choice of
limiters generally does not have a highly-significant effect.

Effect of reducing numerical diffusion all over the computational domain in
computing the hypersonic SWBLI problem also gives improved results. For this
problem the value of the parameter § can be as low as 0.1 (a lower value of
) indicates lower numerical diffusion); however, it is to some extent problem-
dependent and the most suitable value is better chosen based upon the various flow
parameters such as free-stream Mach number, pressure, temperature, stagnation
temperature etc. It is seen that high-numerical diffusion leads to under-prediction
of the wall-shear stress owing to a diffused-boundary layer. Further it is seen that
laminar-separation-bubble length increases with numerical diffusion.

So far, for accurate-viscous-flow computations, numerical diffusion is uni-
formly reduced all over the computational domain that includes viscous-boundary-
layer region and the outer-inviscid region alike. Encouraging results obtained
provide the motivation to explore whether or not it is possible to scale down nu-
merical diffusion even more in the viscous-shear layer where viscous effects are
concentrated. Effort in this direction resulted in an accurate scheme for viscous-
flow computations, which we call the DRLLF-Viscous (DRLLV) scheme. The
scheme is based on a newly developed boundary-layer sensor that reduces numer-
ical diffusion only inside the boundary layer by using a polynomial that scales
down the diffusion-regulation parameter to the maximum on the solid wall and

outside the boundary layer the scheme works like the original DRLLF scheme. To
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demonstrate the effectiveness of the new scheme it is employed to compute the
supersonic-viscous flow over a flat plate and the shock wave-boundary layer inter-
action problems described earlier. Excellent agreement of the results computed by
the DRLLFV scheme with the experimental results is observed. The new scheme
is found to perform significantly better than the DRLLF and van Leer’s FVS
schemes. It is, therefore, not surprising that, for high-speed-viscous-flow compu-
tations, the DRLFLV scheme can capture many flow-features even better than
the AUSM scheme. Inside the boundary layer, the new scheme resolves the flow-
separation and reattachment as accurately as the AUSM scheme, whereas, in the
inviscid zone, it captures the weak shocks better than the latter.

For computing viscous and inviscid flows the necessity of a numerical scheme
with provisions for controlling dissipation so as to sharply capture both grid-aligned
and inclined strong and weak discontinuities cannot be overemphasized. To that
end we develop a self-adjusting hybrid methodology that results in two schemes,
one for inviscid and the other for viscous flows. For inviscid-compressible flows, the
ADSAH scheme combines AUSM scheme with DRLLF scheme whereas for viscous-
compressible flows the ADSAHV scheme combines AUSM scheme with the very
recently developed DRLLFV scheme. We have detected that shock switches de-
veloped so far to hybridize schemes have a general weakness in that they are based
on the cell-interface parameters like normal Mach number, pressure, entropy etc.
In a significant departure from this approach we design a shock switch that is
based on the gradient of the normal Mach number at cell-interface. The impor-
tance of this novel shock switch is readily understood from the facts that (i) The
ADSAH scheme demonstrates superior capability to sharply capture both grid-
aligned and inclined strong and weak shocks for a wide range of Mach numbers,
(ii) The ADSAHV scheme computes boundary layer and shock-boundary layer in-
teraction problems very accurately with sharp resolution of both boundary layer
and inclined shocks for a wide range of Mach numbers. The superior performance
of the schemes over the large range of Mach numbers can be ascribed not only
to the careful selection of the constituent schemes that are hybridized but also
to the novel strategy adopted to design the shock switch. The ingenuity of using
the cell-interface gradient of the Mach number equips the switch with the qual-
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ity of benign transition from strong shock to weak shock to smooth-flow regions.
This is what makes the schemes highly suitable for computing flows with both
strong and weak shocks, thus giving the schemes built-in ability to produce effects
similar to multidimensional schemes. Unlike many hybrid schemes that are effi-
cient only for a specified range of Mach numbers, the present schemes are highly
robust producing results for low-supersonic to hypersonic Mach numbers and at
the same time retaining their ability to provide sharp resolution of discontinuities.
The schemes also display excellent-sonic-point behaviour absent in many of the
established schemes. One notable property of the schemes is their ability to cap-
ture contact discontinuities crisply; for example in the Sod’s shock-tube problem
the ADASH scheme does not smear the shock and contact discontinuity as much
as the AUSM scheme. Unlike many of the popular schemes, the ADSAH scheme
is free from the pre- and post-shock undershoots and overshoots in the wide vari-
ety of problems studied. For 2D inviscid-flow computations the ADSAH scheme
resolves both strong and weak shocks with good resolution comparable with the
AUSM and DRLLF schemes, respectively. For viscous flows such as the flow over
a flat plate the ADSAHV scheme resolves the boundary layer comparable to the
AUSM scheme and the leading-edge shock better than it. These schemes are thus
important additions to the existing family of hybrid schemes in that they are ro-
bust, versatile and accurate with the extra ability to produce multidimensional-like
effects without being as expensive.

Thus it will not be unreasonable to to claim that the goal we set ourselves
at the outset has been fulfilled to a large extent in that the volume of work is

substantial and the element of novelty is significant.

Scope for future work

The present work opens up a number of possibilities for pursuing further research.

Some of these are mentioned below.

1. A mathematical framework can be developed for exact assessment of the

error due to numerical diffusion in compressible-flow computations.
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2. A scope exists to investigate more deeply the sonic-point behaviour of the

DRLLF scheme.

3. The diffusion-regulated scheme using the novel boundary layer sensor can be

extended with suitable modifications for solving problems with mixed grids.

4. A study can be carried out on the performance of other boundary-layer
sensors like the Ducros sensor or the blending function used in the Menter
k — w model, to regulate the numerical diffusion of the DRLLF scheme in

viscous-flow computations.

5. Detailed studies can be carried out on the performance of DRLLFV scheme

in computing vortical flows.

6. Attempts can be made to extend the present hybrid schemes to unstructured-

grid applications.

7. Further studies on the higher-order-accurate extensions of the DRLLF, AD-
SAH and ADSAHV schemes can be carried out.

8. The present hybrid scheme can be tested in high-Reynolds-number situa-

tions.

9. The DRLLF, ADSAH and ADSAHV schemes can be extended to three di-

mensions.

10. The possibility can be explored to develop a hybrid approach for viscous-flow
computations that works as the AUSM scheme for the major portion of flow,
including shear layers and blends in DRLLF only in the presence of shocks

and sonic transitions.
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Appendix A

Non-dimensionalization of the

Euler equations of gas dynamics

The 3D Euler equations of gas dynamics can be written in compact form as follows:

0U  OF  0G  OH _
ot  Ox 0Oy 0z

where the the vector of conserved variables U and flux vectors along the z-, y-

0, (A1)

and z-directions F, G and H, respectively are given by

p
pu
U=| mw |, (A.2a)
pw

PEm

p + pu?
F = puv , (A2b)
pUwW

(p + pem)u

pv
puv
G = p+ pv? : (A.2¢)
pow

(p+ pem)v
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180 dynamics
~ . -
puw
H= pow : (A.2d)
p+ pw?
| (p+pemw |

The symbols have their usual meanings. To carry out the non-dimensionalization
of the Euler equations of gas dynamics given by equation A.1, the variables are

normalized as follows:

4 T
T ==
L
y =2
L
. Z
2 ==
L
t*_tUoo
B -
. U
u = —
Uso
. U
U_Uoo (A.3)
. w
w = —
Ylss
« P
p__
P
p=—=
pUZ
oo L
T
* €m
em:U—2,

where L is the characteristic length, Uy is the free-stream velocity, p. is the free-
stream density, and T, is the free-stream temperature.

The continuity equation is

dp  O(pu)  9(pv) O (pw)
o " Tor oy T os

~0. (A.4)

Introducing the normalization of the variables given by equations A.3, equation

A .4 can be non-dimensionalized as

0(p"pa) | (P Pocti™Usc) | O (p7poct™Usc) | O (p" Pt Usx)
9 (Z_L) d(xz*L) d(y*L) d(2*L)

oo

=0
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pcloc [Op" O (pur) | O(p™v") | O(pwr)

L ot* ox* dy* 0z* =0
Op*  O(p'ur) O(pv)  O(pw)
o o T o + =5 =0. (A.5)

Equation A.5 is the non-dimensionalized form of the continuity equation.

The z-momentum equation is

Olpw) , Olp+pu?)  O(puv) O (puw)

ot Oz Iy R (4.6)

Using equations A.3 to normalize the parameters in equation A.6 one obtains

0 (p"postUss) O {P"pocU2 + oo (0*Us)’}
o (%) (L)

Uso
4 (P Pt Ut Uss) | (0" Poct Usow* Uss) —0
9 (yL) 0 (z*L)
pooUQ a(p*u*) a{p* + px (u*)Q} 6(p*u*v*) a(p*U*w*)
) = A.
L ot* * ox* * oy* * 0z* 0, (ATa)
d(prur)  O{p +px ()} A(prurv) O (prutwr) 1
o oz =y t o %A

Equation A.7b represents the non-dimensionalized form of the z-momentum equa-
tion. Proceeding in a similar fashion the non-dimensionalized forms of the y- and

z-momentum equations can be written as

0(pv) , Olpruv) | O+ pr ()} | Do)

ot oz dy* N (A.8)
0 (prw*) | d(pwwt) | (pviw)  O{p*+px(w)}
5t 7 Jgar emappemmt 0= =0 (A.9)
The energy equation is
Opem) | 0{(p+ pem)up  O4(p + pem)v}  O{(p+pem)w} (A.10)

ot Ox Ay 0z

Applying the normalization of the variables given by equations A.3 in equation

A.10 one obtains

0 (P P Us) | 0P PoclUs + 0 pocty Us } " Uso)
+
9 (t*L) 0 (z*L)

Uoo
O {P* U2 + 0" poctinUS } 0" Us]
9 (y*L)

_|_
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0 [{p* pocU2 + P Pooi UZ } w Us]

* (L)

=0

Pools 0p"en) | Pocls 04" + per) u'}
L ot* L ox*

poUL 00" + i) v} pocl% O4(0" + pe) ')
L oy* L 0z*

_|_

=0

d(p*e;,) n o{(p* + p*er,) u*}
ot* oxr*

- o{(p* + pey,) v*} ; o{(p* + prer,) w}
oy* 0z*

—0. (A11)

Equation A.11 represents the non-dimensionalized form of the energy equation.
Combining equations A.5, A.7b, A.8, A.9 and A.11 and dropping the superscript ‘*’
for ease of representation, the non-dimensionalized form of the 3D Euler equations

are obtained in the form given by equation 2.1.

Further, the equation of state for a perfect gas can be non-dimensionalized as

follows:

p=pRT

P*pocU%, = p pocRT T
. TRTw
U2

CL2

1
M2

* *

pT*. (A.12)

For a perfect gas, the non-dimensionalized total energy per unit mass e}, is ob-

tained in terms of the non-dimensionalized temperature and non-dimensionalized

velocities as follows:

em:cUT+1(u2+v2+w2)

2
ef U2 = %T*Tm + % {(@W)?+ ()2 + (w)?}
i} YRT ., . 1 w2 4+ (02 & ()2
= oozl Tl ) )
- (e @ A
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Appendix B

Non-dimensionalization of the
Compressible Navier-Stokes

equations

The Navier-Stokes equations for 3D compressible flow are given by

ou oF, 0G; o0H; 0F, 0G, O0H,
+ ="+ +

oL B.1
F Y 2 (B.1)

where U is the vector of conserved variables, Fy, G; and H; are the inviscid-flux
vectors and F,, G, and H, are the viscous-flux vectors. The conserved variable
vector for the compressible Navier-Stokes equations have the same expressions as
the corresponding terms for the Euler equations and are given by equation A.2a.
The inviscid-flux vectors have the same expressions as those of the Euler-flux terms
given by equations A.2b-A.2d. The expressions for the viscous-flux vectors are as

follows:

F, = , (B.2a)

TIZ

UTgz + VTxy + Wy, — 4z
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184 equations
0
Tya
G, = Tyy , (B.2b)
Tyz

UTyg + UTyy + WTy, — Gy

I‘IV = Tay i (BQC)

UT g + Usz + WTyz — (2

Assuming Stokes’ hypothesis for a Newtonian fluid the stress and heat-flux terms

in the visous-flux vectors can be expressed by

Toy = 1 (Z—Z - g—Z) = Tye (B.3d)
- (% N Z_Z) A (B.3¢)
b — . (% %) o (B.3f)
L= —’fg—:7 (B.4a)
0 = _kg_; (B.4D)
. = _kg_Z’ (B.4c)

where p is the coefficient of dynamic viscosity and k is the thermal conductivity
of the fluid. The coefficient of dynamic viscosity is obtained as a function of the

absolute temperature using the Sutherland’s law of viscosity:

T\*? /T, + 111
_ 1 T B.5
u MO(TO) <T+111)’ (B.5)
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where the parameter pg is the reference viscosity at the reference temperature 7.
For a fluid with a Prandtl number Pr and specific heat at constant pressure c,,

the thermal conductivity k is obtained using the following relation:

HCp
= —. B.
k By (B.6)

For the non-dimensionalization of equation B.1 the variables are normalized as

follows:
e | T
H = —
L
y =2
L
) z
25 ==
L
t*_tUoo
L
. U
u = —
Uso
" )
vt = —
Gl
. W (B.7)
w = —
Vs
« P
p__
Poo
p=—1
PcUZ
i
T = S
Ty
* €m
Bm:U—2
Y
no=—
Hoo

where L is the characteristic length, U, is the free-stream velocity, p. is the
free-stream density, T, is the free-stream temperature, and p, is the free-stream
dynamic-viscosity coefficient. The continuity equation for the Navier-Stokes equa-
tions given by equation B.1 is the same as that for the Euler equations (equation
A.1). Using the variable-normalization given by equations B.7 and following the
procedure adopted in Appendix A, the non-dimensionalized form of the continuity

equation for 3D viscous compressible flow can be written as

Op" | 9(pmur)  O(pv') O (p"w?)

o oz dy* Frea (B.8)
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The z-momentum equation is

d (pu) N d(p + pu?) N d (puv) N 0 (puw) 0Ty N OTya N OT sz

ot ox oy dz  Ox oy 0z
a(pu>+a<p+pu2>+a<puv>+a<puw>_a{iﬂ%—ﬁﬂ( +5)}
ot ox oy 0z ox
o{n(B+%))  ®9
+
dy
()
0z

Equation B.9 can be non-dimensionalized using the normalization given by equa-
tions B.7. Introducing variable-normalization the first term on the right-hand side
of equation B.9 can be written as

Pt~ (54 %)) o(ngy)

or or
rfoss)
ox
o {dm s )
0 (z*L)
) [3u 4 {8(’(’ 4 agg;f]g;)}]
8 (z*L)
_ HooUs0 9 (514 557)
L2 oxr*

* [ Ov
Moo Uoo a { §M ( dy
L2 ox*

Proceeding in a similar fashion, the non-dimensionalized forms of the second and

811)*)} (B.10)

third terms on the right-hand side of equation B.9 can be obtained as follows:

(54 5)) _ 0 (57 + 52} (B.11)

Ay L? Gy* ’
O{n (%5 +3)} _ nolUn 0 {1 (35 +55)}
o I3 e . (B.12)

It may be noted that the left-hand side of the x-momentum equation from the
system of Euler equations given by equation A.6 and that of the x-momentum
equation from the system of compressible Navier-Stokes equations given by equa-
tion B.9 are exactly the same. Moreover, equations A.3 and B.7 show that the nor-

malization strategies in both cases are identical, except that in the latter equation,
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the variable p is normalized in addition to the rest. Accordingly, after introduc-
ing normalization of the variables, the left-hand side of the non-dimensionalized
form of equation B.9 is identical to equation A.7a. Therefore, the left-hand side
of equation B.9 can be written using equation A.7a as
O(pu)  O(p+pw’)  O(puv) O (puw)
ot ox dy 0z

_pUL |0 (prur) O {p* + px(u } d(pru*v*) O (p*u*w*)
- o 0z o T | B

Substituting equations B.10-B.13 in equation B.9 one obtains

0w OLp ko (w)’} o) 0(puw)
ot* or* oy* 0z*

Poo Uo20
L

U@ (42) o, O {30 (55 + 55}

L? or* L2 ox*
* [ Ou* ov* w
iU U (B 8} 0 (B 4850}
L2 oy* L2 Oz ' '

Dividing both sides of equation B.14 by M we get

J (p*u®) | o {p* + px (u } 0 (p*u*v®) y J (p*u*w*)

ot* ox* oy* 0z*
e 90 e OB (o)
PoolUso L or* PoolUoo L Gl

Equation B.15 can be recast as

8(p*u*) . a{p* + px (u*>2} £ a(p*u*v*) - 8(p*u*w*)

ot 1 b (B i)
~ Reyp Oz Rer, d*

x [ Ou ov* u
+R16La{’u <aay*y* *>}+R16La{’u (az* = )} (B.16)

where Rej = £Uel
oo

is the Reynolds number based on the free-stream flow prop-
erties and the characteristic length L. Equation B.16 can be further recast in

compact non-dimensional form of the z-momentum equation as
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O(pru) 0P +px (@)} (o) O (prutw)
ot* ox* oy 0z*
orr, 0ty 0T
— xTx T zT Bl
or* + oy* * 0z*’ (B.17)
where
. pto(40ur 2 fovt Ow*
_ = _z B.1
T2z = Re, {36x* 3 (8y* - 9z* ) )7’ (B-18)
. woout  Ov* .
Tve = Re, (ay* + 5x*) Tay> (B.18b)
» w o (ow*  Ou* .
= =1,. B.1
Taw Rer, (8:15* az*) Tz (B.18c)

Proceeding in a manner similar to equations B.9-B.17, we can obtain the non-

dimensionalized forms of the y- and z-momentum equations as follows:

O(pvr) | O(puw) | O{p"+px ()} O (prvw)
ot* or* oy* 0z*
ory, ~orr, Ot
_ lzy yy 2y
- Oz Oy o (B.19)
o) dpuw) o) oy +prw))
ot* ox* dy* 0z*
87—;2 aT?jZ aT:z
=9 dy* o (B:20
where
" wo [40v° 2 (Out  Ow*
= - —— | — B.21
w = Rep {3ay* 3 <8x* o)y (B21a)
. w' (40w 2 (Out  Ov*
= - - = B.21b
22 = Rey {3 dz* 3 (8x* ody*) |’ ( )
L ot fOvT Towry
Toe = Re, (82* 8y*) =Tl (B.21c)
The energy equation is
O(pen)  O4p+pen)u) 010+ pen) v} O{(p+ pen)w)
ot ox dy 0z
0 (UTe + VToy + WTys + kg—g) . 0 <u7'ya; + UTyy + Wy, + k%)
N ox oy
Dlora et un ) g
z

The first term on the right-hand side of equation B.22 can be expanded as follows:
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0 (uTm + Uy + WTy, + kg—z;)
ox

_O(uTe) | O(vTy) | O (wTe) O (KG)
- Oz + ox + ox + ox - (B.23)

The first term on the right-hand side of equation B.23 can be written in non-

dimensional form using the normalized variables given by equations B.7 as follows:

o) O [u{ing 30 (5 +5))]

ox ox
0wt {3 5
d (z*L)
ot (it }] ol (it
y 0 (2*L) B d (x*L)

*, % ) 40u* 2 [ ov*
> /LOOUOQOa |:’LL H {589@* 3 (8y*

+ 2w
= o i’ >H . (B.24)

Proceeding in a similar fashion as in equation B.24, the second and third terms on

the right-hand side of equation B.23 can be written in non-dimensional form as

&) B2

0(vm) _ 2 2100 (5

ox L? ox* 1
0 (wrp:)  pooUZ O {w i (5% + 35) }
T oy ; (B.26)

The fourth term in equation B.23 can be non-dimensionalized as

o(ve) {5 % )

Oz 0 (x*L)

9 { ¥ piso R O(T* T }
(y=1)Pr 9O(z*L)

0 (z*L)
e RTw 0 (0 %)
(y=1)PrL2 O
A O )

= 0 ) B.27
(y—=1)M2Pri? Oux* ( )

Substituting equations B.24-B.27 in equation B.23 we get

0 (UTM + VT + WTy, + kg—g)
ox
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)}

* % [ Ou* ov*
ez, 00w (G + 3

+ L? oxr*
UL 0 e (3 + 2))
L? ox*
2 * 0T
+ poolly 0 5) (B.28)

(y—=1)M2PrL? Oz

Proceeding in a line similar to deriving equation B.28, one obtains

0 (m'yx + UTyy + Wy, + k%)
dy

* % [ Ou* ov*
otz O (55 + 55 }
L? dy*

* OT*
focUZ, 0 (” .

(y—1)M2Pri?2 Oy* (B.29)

0 (Usz + U7,y + W, + k%—f)
0z

_ U 0w (55 + 55) )

L? 0z* ) }

* ok [ Ov* ow*
oo U2, © {U . (82* + oy
x % ) 4 0w 2 [ Ou* ov*
/LOOUQ 0 |:'LU i {§ oz 3 (690* oy*

)

[ S Vi =)
(y—1)M2PrL? 0z¢

_|_

(B.30)

Applying the normalization of variables by using equations B.7 and following the

steps adopted in equation A.11 it can be shown that

O(pem) 2w+ pem)u} 040+ penm) v} | D40+ pen) w)
ot ox dy 0z
_ U 9 (per) N pocUs 0{(p" + pre;,) u'}
L ot* L Ox*
pocUS, 0{(p" + prey,) v'} N PUs O{(p* + prey,) w*}
L oy* L 0z* '

n (B.31)
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Applying equations B.28-B.31 in equation B.22 we obtain

PoUS 0 (per)  pcUS 0{(p* + per,) u*}

L ot* L ox*
N pUS O {(p* + pre,) v*} N poUS 0{(p* + pref,) w*}
L oy* L 0z*
* % ) 4 0u* ov* ow*
etz @ | {385 -3 (5 55) )
L2 Ox*
*, % [ Ou* ov*
+ MooUEOa{” . (W * 696)}
L2 ox*
* % [ Ow* ou*
+MOOU§08{wlu (8m*+82*)}
L2 ox*

S )
(y—1)M2PrL? Oz

wov2, 0 {wn (3 + 55

+

_|_

L? dy*
Lt 0 {457 -3 (B 485}
L? oy*
02 2 (3 87))
I2 oy*
PR - S (%)
(y—1)M2PrL?2 Oy*
L el 9 e (35 4+ 52))
L? 0z*
e ofer (2 52))
L? oz*
22w {5 =8 (55 1 57) )
L? 0z*
/U S U =) BeS

(y—=1)M2Pri2 0Oz
Dividing both sides of equation B.32 with % we get

d(per,) N o{(p* + p*er,) u*} N o{(p* + p*er,) v*} N o{(p* + p*er,) w*}
ot* ox* oy* 0z*
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poo 0w (G + 55)}
PocUso L ox*
N oo 0 (1 5)
(v = 1) poUsc LM2 Pr  Ox*

* % [ Ou* ov*
o a{“ . <8y* +8m*>}

_|_

+

PoclUso L oy*
*, % ) 4 0v* 2 (Ou* ow*
4 Moo 8|:U H {an* _5(8:1:* + 82*)}i|
PocUso L oy*
*, % [ Ov* ow*
+ Moo a{w H <8z* + 6y*>}
PoolUso L oy*
* OT*
+ oo o (n4)
(v = 1) pocUsc LMZ Pr Oy
*, % (Ou* ow*
LMo o{uwp (5= + 5)}
ool L B2+
*, % [ Ov* ow*
- o{om (35 + 4)}
PoolUoo L oz*
*, % ) 4 0w* 2 [ ou* ov*
R )
PooUso L oz*

* 0T
1 )
(v = 1) pooUscLM2 Pr  0z*

(B.33)

Equation B.33 can be written in a compact non-dimensional form of the energy

equation:

Olprer) A" +prep)uy  O{(p" + pren) v} | O{(p" + pep) w'}
ot* ox* oy* 0z*
O (U}, + v*Th, + Wi T, — ¢F)
or*
0 (U*T;x T U T A qZ)
oy*
0 (U*T;C + Ut T, W, — q:)

0z* ’

(B.34)

where

o
= (v — 1) Rey M2 Pr Ox*’
* W ar

= — B.36
T (v — 1)Re, M2 Pr Oy*’ (B:36)
P _ e o1"
%= (y —1)Rey M2 Pr 9z*

(B.35)

(B.37)
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Combining equations B.8, B.17, B.19, B.20, and B.34 and dropping the superscript
“* for ease of representation, the non-dimensionalized form of the 3D Compressible

Navier-Stokes equations are obtained in the form given by equation 2.3.
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Appendix C

Analytical aspects of the

one-dimensional Euler equations

of gas dynamics

The 1D Euler equations of gas dynamics in conservative form are given by

U o
ot or

where

0, (C.1)

pu |
pem
pu
p + pu?

(p + pem)u (C.2b)

pu
p+ pu?
puhg

In equation C.2b, e,, is the total energy of the fluid per unit mass and hg is the

specific stagnation enthalpy that are obtained as follows:

1

em = T + =u?

_ 1
S (v=Dp 2
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196 gas dynamics
1
ho h + 2U
B P 1, (C.3b)
= 42
(y=1p 2
Using chain rule equation C.1 can be recast as
8U dF oU _0
ot dU or
ou ou
— +A—=0 C4
or T Y (C4)
where A = &= is the flux Jacobian. It can be demonstrated that the Euler fluxes

exhibit what is known as the homogeneity property. The vector of conserved

variables U and the flux vector F can be written as follows:

T
U=| 0,
_U3
P
=1 pu |, (C.5)
| pem
" pU
F=|F|=| p+p?
F3 (p + pem) u
Us U,
=| o-n(-F)+d | =] o= E)E | ©O)
(=) (Us 5 ) 2 + %52 - () o

The flux Jacobian A can be expressed in terms of the conserved variables as follows:

0 (Fy, Fy, Fy)

A=A(U)= 122
( ) a(U17U27U3>
OF" OF! OF:
a0, oU oUs 0 1 0

_3U2
=@ @ owl=|  ww L R

OFy  OF;  OFy — 202l 4 ( ~ Y s 300U ol
oU, oUs oUs U? Uy 2 U2 U,

We know that F is a nonlinear function of U, i.e., F = F(U) and 9& = J£9U —

A%—g. Using equations C.2a, C.2b and C.7 it can be shown that, F = AU.
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This is known as the homogeneity property. It can further be shown that the
unsteady Euler equations are hyperbolic. If A has all real eigenvalues with distinct
eigenvectors, then (1D) Euler equations are hyperbolic [2]. As seen from equation
C.7, matrix A is somewhat unwieldy and the process of finding the eigenvalues is
tedious. From the nonconservative form of the Euler equations we will generate
another matrix A that is easier to handle and has the same eigenvalues as A. Thus
for finding the eigenvalues of A one can conveniently use the matrix A.
Expressing e,, in terms of the primitive variables using equation C.3a, the

conservative form of the 1D Euler equations can also be written as

9 o o &
5 pu tos | Pt pu? = 0. (C.8)
751 + g 8+ sou’

Carrying out the differentiation and rearranging we obtain the following noncon-

servative form:

ap dp ou
ou Oou 10p

dp dp ou
e + o + o = 0. (C.9¢)

Equations C.9a-C.9¢ can be written in terms of the following primitive variable

vector:

V=|ul. (C.10)

p u p 0 p
0 |9
FrR +10 wu AR =0
p 0 yp w p
oV~ 0V
- — =0 C.11
ot ox ’ ( )
where
u p 0
A=10 u L (C.12)
0 vp u
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It can be shown that matrix A can be expressed as A = NAN-! (similarity

transformation) so that both the matrices have the same set of eigenvalues.

71 T aru

dU=d o

LY
v—1

+ s pu?
dp
= pdu + udp

% + pudu + %u2dp

=lu p 0 du | - (C.13)
b2 o | |
Equation C.13 shows that

dU = NdV, (C.14a)
ou oV
— =N— C.14b
ot ot’ ( )
ou oV
— =N—. 14
ox Ox (C.14c)

Premultiplying equation C.11 by N one obtains

OV Y
NZY f NAZY —
g TNAG, =0
oV - OV
N— + NAN ' (N— | =
ot ( 8:1;) 0
ou ~ U
C FNAN1ZZ — . 1
=t 7 =0 (C.15)

Comparing equation C.15 with equation C.4 we get that the flux Jacobian A =
NAN (similarity transformation) and hence A (A) = X (J&) This can be proved
as follows:

Let A be an eigenvalue of A so that

Ax = )x
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NAx = ANx. (C.16)
Let x = N~'y. Then substituting x = N1y in equation C.16 we get
NAN 'y = \NN'y
Ay = \y. (C.17)

Equation C.17 shows that A is also an eigenvalue of A and the corresponding

eigenvector is y = Nx (as x = N™!

y). Now we see that in order to find the
eigenvalues of A it is possible to use A instead. The characteristic equation for A

18

A=u,u+ta. (C.18)

We see that matrix A, and hence A, has real and distinct eigenvalues and hence
the eigenvectors must also be distinct. Thus the system of equations %—? + g—z =
%—? + A%—g = 0, i.e., the 1D unsteady Euler equations are hyperbolic. It may be
noted that the unsteady Euler equations are hyperbolic even in higher dimensions.
Steady Euler equations are, however, elliptic for subsonic flows, parabolic for sonic
flow and hyperbolic for supersonic flows. For transonic flows generally it is not
possible to know the boundaries across which the mathematical character of the
equations changes and compatible boundary conditions are difficult to formulate.
Thus unsteady Euler equations are frequently used even to compute steady flows
as the mathematical character of the unsteady equations remain hyperbolic all
over the domain. We know that hyperbolic PDEs admit wavelike solutions. Let
us now demonstrate the wavelike nature of the unsteady 1D Euler equations. We

start with A (A) = w,uta. If r; (i = 1,2,3) is a right eigenvector of A then
Ar; = \ir; [r;is a three-component column vector | . (C.19)
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If 1, (i = 1,2,3) is a left eigenvector of A then
LA =\l [l;is a three-component row vector | . (C.20)
Matrix of right eigenvectors of A is given by
R=r ry rs)y . (C.21)

Matrix of left eigenvectors of A is given by

3x3

A can be expressed in Jordan canonical form as
A =RAL =RAR ' =L 'AL, (C.23)

where A is a diagonal matrix whose entries are the eigenvalues of A. Thus

A 000
A=10 X 0. (C.24)
0 0 As

For Ay = u —a, Ay =u and \3 = u + a it can be shown that

1 1 1
ry = U—a , o= U , Iy = u+a . (0.25)
ho — ua u?/2 ho + ua

Applying equation C.23 in the quasi-linear form of the Euler equations given by

equation C.4 we get

oU U

5 +RAR 2 =0
ou ou
R Y + AR e 0. (C.26)

If we freeze the Jacobian locally, then equation C.26 can be recast as

J(R-'U)  9(R-'U)
S A N S D A
o0 AT o 0
o0  au
9U LAY g, 2
A =0 (C.27)
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If we write U = [ﬁl (72 (73] , then equation C.27 can be written in expanded form

as
U, M O 0 U,
ol ~ ol -
Us 0 0 M\ Us

Equation C.28 represents three (decoupled) wave equations:

oU; oU;
5 TAig =0, i=123 (C.29)

Thus the eigenvalues \; of the Jacobian A correspond to the wave speeds. In other
words (Afl is an invariant along fl—’f = \; and is known as Riemann invariant. It can
be shown that for A\ = u — a, \s = u and A\3 = u + a we can write the Riemann
invariants as (71 = % — u, [72 = p% and [73 = % + u.
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Appendix D

Finite Volume Method for
two-dimensional compressible

Navier-Stokes equations

Let us consider the 2D compressible Navier-Stokes equations:

U OF, 0G, OF, 0G.
ou _ D1
5t G [, (D-1)

where U is the vector of conserved variables, F; and G; are the inviscid flux

vectors, and F, and G, are the viscous flux vectors that are given by

U
v=| ™|, (D.2a)

pv

P

pu
+ pu?
=] P77 , (D.2b)

puv

(p+ pem)u

pv
pUv

P+ pv?

(p + pem)v
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204 Navier-Stokes equations
0
7-3}'33
F, = , (D.2d)
Ty

UTyzy + UTxy — Qx
0

Tyz
G, = . (D.2e)

Tyy

UTyz + UTyy — Qy |

Assuming Stokes’ hypothesis for a Newtonian fluid the stress and heat-flux terms

in the visous-flux vectors can be expressed by

Toz = %l % - ; Z_Z’ (D.3a)
Tyy = gug—;} = % %, (D.3D)
Toy = [ (g—Z - g—Z) = Tymy (D.3c)
Go = —kg_Z’ (D.3d)
qy = —kg—z, (D.3e)

where g is the coefficient of dynamic viscosity and k is the thermal conductivity

of the fluid that are calculated using equations B.5 and B.6, respectively.

i+

_ V: Control Volume
ar: Control Surface

Fig. D.1. (a) An arbitrary control volume and its control surface and (b) A

rectangular finite volume.
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Integrating equation D.1 over an arbitrary finite volume with volume V;; and

cell-centre i, j (see figure D.1(b)) one obtains

GIJ 8P& 8(}1 B 8F¥ a(;V

Let Qi = i,F1+1,Gy, so that divQ; = V.Q1 = %—i—%—?. Also let Q, =i, F,+i,Gy,

so that divQ, = V.Q, = % + 88—]’;“. Gauss-divergence theorem applied to equation

D.4 yields

U
a—d:(;dy + Qr.ndS = Q,.ndS. (D.5)
Vij ot Vij Vij

If U is constant within a cell with value U which can be thought of as the cell

average
— [ Udzdy

U =<4 — iy D.6

dxdy (D-6)

The first integral on the left-hand side of equation D.5 can be written using equa-
tion D.6 as L
ou dU

—dzdy =V, ,—. D.7

A T (D7)

For the quadrilateral finite volume with four edges the second integral on the
left-hand side of equation D.5 can be written as

4

QindS => " (Qi), Sk (D.8)

oVy,j .

where S; is the area vector for the ™ surface. Similarly, the integral on the

right-hand side of equation D.5 can be written as

Q,ndS=>"(Q,), Sk (D.9)
k=1

oVi;

Thus equation D.5 can now be written as

dﬁ 4 4
Visqr + 22 (Q), S =2 (Qv), S
k=1 k=1
U 1 . .
Tl r@seyes) oo
b k=1 k=1

To show how the products (&)k .Sk and (%)k .S are evaluated for a typical 2D

cell or finite volume, let us consider figure D.2.
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\l§

Fig. D.2. Face of a quadrilateral finite volume with components of the surface-

area vector.

From figure D.2 it can be seen that

AABC =2 ADEF,
DE = Ay,
EF = Axz.

Therefore, the surface vector can be written
S =i,Ay —i,Az
—ny/(A2) + (Ay)*.

The unit outward surface normal can be written as

_ S

S|
Ay IA$
S| YIS

n
=1,

= L,n, +iyn,,
Ay
S|’

where n, = (D.12a)
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Ax
S|

Dropping the subscript ‘&’ the terms Q.S and Q,.S appearing in equation D.10

(D.12b)

ny:

can also be written as follows:

Q.S = Qin|S|

= Qu |9, (D.13a)
Q.S =Q.n|s|

= Q.. 9/, (D.13b)

where Qr; and Q,, represent the components of the invicid and viscous flux
vectors, respectively, normal to the (straight) cell-face having a unit normal vector
n. Therefore substituting equations D.13a and D.13b in equation D.10 we can

write the semi-discrete equation on the FVM framework as follows:

dU 1
o = v T {Qui 181+ (Quu)y - (el +(Quu); 18] + (Quus- [Sil}
+ ‘;j {(QuL)y - 1S1] 4+ (Qui)y - [S2] + (Qui)s - [S3| + (Qur)y - [S4l}] - (D.14)

If the fluid velocity is given by q = i,u + i,v, then velocity normal to the cell-face

or the contravariant velocity is
uy =q.n = (Lu+iyw).(izn, +iyny) = ung + vny,. (D.15)

The inviscid flux vectors normal to an edge of a 2D finite volume Qp, is given by

QL =Qrn
— (L F1 +14,G1) . (Len, +1yn,)
= Fmn, + G,
| PUTYy | [ pUNy ]
B g + pu2nz PUVTY,
B PUUTL, ! pny + pviny
i (p + pem) un, | I (p + pem) vny |

p (ung 4+ vny)
png + pu (un, + vny)
pny + pv (ung + vny)

(P + pem) (ung +vny) |

TH-1901_10610301



Appendix D. Finite Volume Method for two-dimensional compressible
Navier-Stokes equations

208

puL
P, + puug
Py + put L

(p + ,0€m) Uy |

(D.16)

Similarly the viscous flux vector normal to a cell-face Q. is obtained as follows:

QVJ_ = &Il
= (i,F, +1,Gy) . (izn, +iyny)

= Fn, + Gyn,

0
TaxNg

Tl

(UTM + Ty + k:g—:) Ny

0

TeaNa + TayMy

TayNz + TyyTy

0
TyaTly

TyyTy

(m'ym + UTyy + k%) i

I (UTow + VTay + kZL) 0y + (m-yz + 0Ty, + k%) ny

(D.17)

From equations D.3a-D.3e and D.17 it is seen that computation of Q,, requires

the values of u, v, k, u at the cell-faces, which are obtained by volume-averaging

of the corresponding cell-averages from the left and right cells sharing that face.

Further, the computation of the stress and heat-flux terms require the gradients

of u, v and T across the cell-faces. Appendix E presents two methods, namely, the

Green’s theorem and the cross-diffusion method for the computation of gradient

of a scalar ¢ across a cell-face.

TH-1901_10610301



Appendix E

The Green’s theorem and the
Cross-Diffusion Method for

gradient-computation

Gradient-computation using Green’s theorem

Figure E.1 shows a finite volume centered at ¢, j and surrounded by its neighbour-

ing cells. For a 2D structured grid application, each cell consists of four faces.

& : Cell-face centres

m : Cell-centroids
Fig. E.1. A cluster of finite-volume cells for gradient computation.

With reference to figure E.1, the gradients of any variable ¢ within an arbi-

trary cell centred at 7, j is obtained as follows:

090) 1 /
— = pdS,
(8$ ij Vi Vi
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210 gradient-computation
| &
~ Z SOme,ma (Ela)
‘/i’j m=1
0@) 1 /
— = edS
(ay 2,] ‘/17.7 8Vi,j !
1 &
L) m=1
e s
V),j =l (—) +1 (—) : E.lc
( ) \J or i Y ay i ( )

where V; ; is the cell-volume and S, and S, are the x- and y-components of the

surface vector that are obtained as

S, = Ay
(E.2)
Sy = —Ax
in figure D.2 and equation D.11. It may be noted that ¢,, is computed by volume-
averaging based on the cells that share the m™ face. For example when m = 1,

w.r.t figure E.1, ¢, is computed as

b ©ijVij + pij—1Vij-1
Vg =t Vi1 .

[ I B
LB
e §A§
/\

Cell-interface %

(E.3)

M Cell-centroids
L: Centroid of left cell
R: Centroid of right cell

Fig. E.2. Two typical finite volume cells for computing the gradients across a cell

face.

1

5 between a left cell and a right cell with

Figure E.2 shows a cell-interface
cell-centroids at L and R, respectively. In order to compute the gradient of ¢ at
the cell-interface the gradients of ¢ within the left and right cells are obtained by
applying equations E.la-E.1c as follows:

(8_g0) = lig@ S (E.4a)
8x LR szl m~x,m ; .

L/R
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(a—‘p) — 124: S (E.4b)
O ) \V ) '

L/R

. [(0p . (Op
Vo) p =l (—) +i (—) : (E.4c)
LR O L/R “\ oy L/R

A provisional gradient at the midpoint of the cell-interface is obtained by averaging

the gradients inside each adjoining control volumes L and R, which is given by [54]

(V) prov = 5 (X)L, + (Y)gl - (E.5)

1
2
Now the gradient of ¢ along the direction from the left to the right cell-centroid

0p\ PR~ ¥L
(a_g)m ¥ AE (E6)

where A¢ represents the distance between the cell-centroids L and R. If e is the

is obtained as

unit vector in the direction from L and R, then

_ e
Ag
. TR — 7L . Yr — UYL

1y A§ +ly Af 9

€¢
(E.7)

where r g = rg — rp, and r in general, represents the position vector of a point.

Finally, the gradient across the cell-interface is obtained by

(S = = | e = (52) e (£3)

Gradient-computation using the cross-diffusion method

Let us consider a face ab as the interface between two cells with their centroids at
L and R as shown in figure E.3. The gradient of any variable ¢ can be written as

fOHOWS:
8@ 890 ag& 8(0

o 8_y —n%—kena—n,

where n and e,, are the unit vectors normal and tangential to face ab, respectively.

(E.9)

If e¢ represents the unit vector in the direction LR, then the expressions for n, e,

and e¢ are obtained as follows:

n=i, — i, : (E.10a)

(E.10b)
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. TR — 2L . Yr — YL

A +1, AL
where An = \/(xb — xa)2 + (yp — ya)2,

T e e

(E.10c)

By using the cross-diffusion term it can be shown that [55]

Oy nn Yr — Y, €€, Yy — P,
Vo= = — 1 , E.11
= o ne: A ne: An ( )

The first term on the right-hand side of equation E.11 is called the direct-gradient
term and the second term is called the cross-diffusion term. The values of ¢,
and ¢y are obtained through volume-averaging based on the cells sharing the

corresponding nodes.

Cell-interface %
m: Cell-centroids

L: Centroid of left cell
R: Centroid of right cell

Fig. E.3. The method of cross diffusion terms for gradient computation.

Once g—i is known from equation E.11, the values of g—f and g_<p are computed with
Y

reference to figure E.4 as follows:

Op _0p, 0%

S P E.12
ar _ on an "y ( 2)
dp ¢ 9
AR, s E.12b
dy  On ™t on ( )
where %ﬁs = ubA_n 2 Ny = yb&;’a and n, = ——”bA_nxa.

Fig. E.4. Relation among flow gradients along different directions.
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Appendix F

Methodology adopted for finding
the coeflicients of the scaling

polynomial

A second-order polynomial f in terms of the boundary-layer sensor is defined as

f=a+bry+ecr? (F.1)

vg?

where the constants a, b and c are evaluated using three boundary conditions. The

boundary conditions are:
rve =1, f=A 1,=0, f=1landr,, =0.5, f = B. (F.2)

Depending on the chosen values of A and B one can get different polynomials for f.
Many combinations for A and B may be considered. If the following combinations
for A and B are chosen, five forms of f are obtained as follows:

Case 1: A =0.1 and B = 0.5. On solving for the constants a, b and ¢ one obtains
fi=1—11r,z+02r, (F.3)
Case 2: A =0.1 and B = 0.2. On solving for the constants a, b and ¢ one obtains
Jo=1=23r+ 1477, (F.4)
Case 3: A =0.05and B = 0.5. On solving for the constants a, b and ¢ one obtains
fs =1—1.05ry5 + 0.177,. (F.5)

TH-1901_10610301 213



Appendix F. Methodology adopted for finding the coefficients of the
214 scaling polynomial

Case 4: A =0.05and B = 0.1. On solving for the constants a, b and ¢ one obtains
f1=1—265r + 1777, (F.6)
Case 5b: A =0.05 and B = 0.2. On solving for the constants a, b and ¢ one obtains
fs =1—=2.25r, + 1.3r%,. (F.7)

To isolate the effect of limiters from the inherent numerical diffusion of the schemes,
the non-dimensionalized temperature profiles at the trailing edge of the plate are
computed by the first-order-accurate AUSM, DRLLF (6 = 0.5) and DRLLFV
schemes using the polynomials fi, fo, f3, f1 and f5. From section 4.2, it is seen
that a scheme that produces the minimum smearing of the boundary layer and
computes the least value of the adiabatic-wall temperature is the least diffusive.
Figure F.1 compares the temperature profiles at the trailing edge of the flat
plate [93] obtained by using the polynomials f; and f; with the DRLLEFV scheme.

It shows that polynomial fs produces marginally less dissipative results than f;.
35 -

DRLLFYV scheme with f,=1.0-1.1 I;,g+0.2rv§

—— DRLLFV scheme with F,=1.0-2.3r,:+1.41,2

— — (8} ] [
o a o a o
I I I I I

Non-dimensionalized y-distance

a
I

1 1.5 2 \2Iy

Normalized temperature at the trailing edge

Fig. F.1. Comparison of the temperature profiles at the trailing edge of the
adiabatic flat plate obtained by using the polynomials f; and f, with the DRLLFV

scheme.

Figure F.2 compares the temperature profiles obtained by using the first-
order DRLLFV scheme with the polynomials f3, fy and f5. It is seen that the
polynomial f3 produces the most diffused result among the three. The polynomial

fa4 causes marginally less dissipation than f;. However, keeping in mind that the
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DRLLFYV scheme is to be designed to compute flows at larger Mach numbers, a
little accuracy is sacrificed with some anticipated robustness. Hence in figure F.3,
the temperature profiles computed by the AUSM scheme, DRLLF (§ = 0.5) and
DRLLFV schemes using polynomials f; and f5 are compared. It is seen that the
DRLLFV scheme with both the scaling polynomials f5 and f, produces results
pretty close the AUSM scheme in terms of the adiabatic-wall temperature. Hence
it can be inferred that there may be various combinations of the coefficients in the
scaling polynomial f. However, empirically the coefficients used in equation 5.2

produced reasonably accurate results for all the test cases.

35—

DRLLFV scheme with £,=1.0-1.05¢, +0.1 rvs
— — — DRLLFV scheme with f,=1 .0-2.65q,g+1.?rv§
s DRLLFV scheme with f;=1.0-2.25r, +1 .3rv§

- — by ) W
o o o (33 o
1 1 I 1 1

Nen-dimensionalized y-distance

(4]
I

]
¢ 1 1.5 2 25

Normalized temperature at the trailing edge

Fig. F.2. Comparison of the temperature profiles at the trailing edge of the
adiabatic flat plate obtained by using the polynomials f5, f; and f5; with the
DRLLFV scheme.

As a justification for the coefficients used in equation 5.4 it is to be noted
that in case of separated flows, the parameter r,, may attain value larger than
1. In that case, from equation F.7, the scaling polynomial fsbecomes negative.
This will result in a negative-artificial-viscosity coefficient that may destabilize
the computations. In fact physical dissipation tends to increase the tendency for
separation. Thus, to maintain the accuracy of the computations, the numerical
diffusion should be minimum in the vicinity of separated flows. Hence, inside the
separation zone, where r,, > 1, the scaling polynomial f is assigned its minimum

possible value, i.e. f = 0.05.
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o R AUSM scheme
e n DRLLFV scheme with 1,21.0-2.3r, +1.4r,2
30| £ — — — DRLLFV scheme with f,=1.0-2.25c,+1.3r,]
: DRLLF scheme
25
20}

Non-dimensionalized y-distance

1 15 2 w

Normalized temperature at the trailing edge

Fig. F.3. Comparison of the temperature profiles at the trailing edge of the flat
plate obtained by using AUSM, DRLLF (6 = 0.5) the DRLLFV scheme with the

polynomials fy and f;.
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Appendix G

Computation of the new shock

switch for two-dimensional flows

Let us consider a 2D structured grid-system as shown in figure G.1. The four
faces of an arbitrary cell (7, j) are marked as Face-1, Face-2, Face-3 and Face-4.
It may be noted that Face-3 and Face-4 of cell (i,7) are the same as Face-1 of
cell (i—1,j) and Face-2 of cell (i,j—1), respectively, of course with opposite signs
of corresponding unit outward normal vectors. In other words, for each cell, the

shock switch is to be computed only for Face-1 and Face-2.

PR -
i-1,j+1 i:Jac§/-2 it+1,j+1
nF?ce- '3\~_> _ fF:ace--l
=L “ itl, ]
- Face-4 -
i-1,7-1 ij—1 i+1,7-1
/ T
- : Cell-centroids
n : Outward unit vector normal to the

i+%,j cell-face between cells (i,j) and (i+1,))

Fig. G.1. A cluster of finite-volume cells for shock-switch computation.
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The methodology for computing the shock switch along Face-1 is discussed
here. The same methodology can be adopted for Face-2 as well. First, the nor-

malized contravariant Mach number at each cell (E) ; is obtained as follows:

Z’7

. (M),
(M), = max [M]’ (G.1)
Qig- 0y 1 S . . .
where (ML)”. = Ja—Jr%J, q;,; = izu; ; +1i,v; ; and a;; is the speed of sound. The
) i,5

normalized position vector of a cell-centroid T; ; is computed as
Ty = LTi; + 1,7, (G.2)

where 7, ; and y, ; are the normalized x- and y-coordinates of the cell-centroids

that are obtained as follows:

T = ] , G.3
Vg max || (Gi3e)
— Yij

R Y G.3b

Now the gradients of the normalized Mach number across the cell-interfaces (2’—%, 7),

(i—3,j) and (i+3,j) are computed as:

Vi-g; (M)
gz—gd vi—g,j f> n,_s
L Ve U (G.4)
i-3.i Vi1, (F)m_1 '
VH—%J (MJ—)
L1
i Vi (T 'ni-i-%,j’

where (i+1,7) represents the cell-face between cells (z,7) and (i + 1, ), V is the
backward-difference operator, and n is the unit normal vector to a cell-face. The

backward-difference operator for any parameter © is given by
VH%,;‘ (©) = 0411, — 04 (G.5)

By using equations G.4, the gradients 9i3j> il and 9i-1,; are converted to
angles made by the normalized-Mach-number curve with the axis drawn along the

cell-face-normal direction as
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;) (G-6)

(79)i+%,j = tan”' <9i+%7j> ‘

The angles (vg); s ;; (79); 1, and (7y);,1; are used to find the smoothness-
2> 2 2

(79)1;%7]‘ = tan_l <gi_

indicating angles using the following expressions:

Xi-15 = V-5 T V-3

(G.7)

Xij = |Vitdi — Vi-4i

Finally, the shock switch across the cell-interface (z’+%, j) is calculated using the

following equation:

0,1, = min [ sin® {max (c;_1;, a; )}, 1]. (G.8)

The suggested value of the parameter « is 2.5 which is found to work satisfactorily

for a wide range of flow-problems.
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