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Abstract

The theory of word-representable graphs lies at the intersection of graph theory and
combinatorics on words. This thesis uses a graph decomposition technique, viz.,
split decomposition, to study the theory of word-representable graphs. Further, the

thesis constructs minimum-word-representants for certain classes of graphs.

In this thesis, a characterization of word-representable graphs with respect to
split decomposition is obtained. Accordingly, the representation number of a word-
representable graph is investigated in terms of the representation numbers of its
split components. As a consequence, a characterization of word-representable graphs
using modular decomposition is presented. In this context, a complete answer to
the open problem posed by Kitaev and Lozin on the word-representability of the
lexicographical product of graphs is obtained. Further, using split decomposition,
the word-representability for specific subclasses of perfect graphs, viz., parity graphs,
and well-partitioned chordal (WPC) graphs is established. In this connection, while
it is shown that all parity graphs are word-representable, a characterization and a
polynomial-time recognition algorithm for the word-representability of WPC graphs
are presented. Moreover, the representation numbers of word-representable WPC
graphs and that of split graphs are determined. In addition, a characterization of
the class of (double-)arborescences in terms of their minimal split-decomposition

trees is obtained and their minimum-word-representants are constructed. It is an
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vi ABSTRACT

open problem in the literature to find the classes of word-representable graphs whose
minimum-word-representants are of length 2n — x, where n is the number of vertices
of the graph and x is its clique number. Contributing to the open problem, the class
of treelike permutation graphs is shown as the first example satisfying the criterion

of the aforementioned open problem, for an arbitrary k.
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Introduction

The theory of word-representable graphs has emerged as a promising area at the
intersection of graph theory and combinatorics on words, offering ways to encode
certain graphs by words. The word-representable graphs can be seen as a natural
generalization of well-known class of comparability graphs, while these graphs were
introduced to study the word problem of Perkins semigroups by Kitaev and Seif
[2008]. This thesis investigates the word-representability of graphs through a graph
decomposition technique, namely split decomposition. Further, the thesis constructs
word-representants of minimum length for specific classes of graphs, addressing an

open problem in the literature.

A graph is said to be a comparability graph if it admits a transitive orientation.
Comparability graphs are extensively studied in the literature and are of particular
interest from the perspective of partially ordered sets (posets). Every comparability
graph induces a poset, based on its transitive orientation. While there can be
multiple transitive orientations of a comparability graph, the posets induced by a
comparability graph have the same dimension [Trotter et al., 1976]. The concept of
transitive orientation of a graph was generalized to the concept of semi-transitive
orientation in [Hallddrsson et al., 2016]. Moreover, in [Halldérsson et al., 2016], it
was proved that the graphs which admit semi-transitive orientations are precisely the

word-representable graphs. Thus, every comparability graph is a word-representable
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2 INTRODUCTION

graph.

A graph G = (V, FE) is called a word-representable graph, if there exists a word
w over V such that for all a,b € V, a and b are adjacent in G if and only if a
and b alternate in w. In this case, we say w is a word-representant of G. If no
such word exists, then the graph is said to be non-word-representable. The class
of word-representable graphs is interesting from a graph-theoretical point of view,
as it contains several important classes of graphs such as circle graphs, 3-colorable
graphs, comparability graphs and cover graphs. Moreover, it was observed that the
class of triangle-free word-representable graphs is precisely the class of cover graphs
of posets [Kitaev and Lozin, 2015; Pretzel, 1985]. Thus, recognizing whether a given
graph is word-representable is an NP-complete problem, as recognizing cover graphs
of posets is NP-complete [Brightwell, 1993; Kitaev and Lozin, 2015]. However, cer-
tain computational problems on graphs that are hard, in general, could be solved
in polynomial time for word-representable graphs, e.g., maximum clique problem
[Halldérsson et al., 2011]. It was observed in [Halldérsson et al., 2011] that this

class of graphs has connection to scheduling problems.

A word-representable graph G is said to be k-word-representable if there is a
word-representant of G in which every letter appears exactly k times; such words
are called k-uniform words. In [Kitaev and Pyatkin, 2008], it was proved that every
word-representable graph is k-word-representable, for some k. The smallest number
k such that a graph G is k-word-representable is called the representation number
of G and it is denoted by R(G). It is evident that R(G) = 1 if and only if G is a
complete graph. Further, in [Hallddrsson et al., 2011], the class of word-representable
graphs with representation number at most two is characterized by the class of circle
graphs. In general, the problem of determining the representation number of a word-
representable graph is computationally hard [Halldérsson et al., 2011]. Nonetheless,
for certain graph classes, the representation numbers were obtained in the literature.

For example, in [Glen et al., 2018], the representation number of a crown graph

TH-4106_216123014



was determined. In contrast to the word-representable graphs with representation
number two, not many graphs with representation number three are known in the
literature. The Cartesian product of K, and K, [Broere and Zantema, 2019], prisms
[Kitaev, 2013], the Petersen graph [Kitaev and Lozin, 2015], stacked book graphs,
and melon graphs [Mozhui, 2025; Mozhui and Krishna, 2025a, 2026] are known to
have the representation number at most three. Recently, the representation number

of a k-cube was investigated in [Hefty et al., 2024].

A graph G is said to be permutationally representable if it can be represented
by a word that is concatenation of some number of permutations on the vertices of
G. If G is represented by pips - - - pr, where each p; is a permutation on the vertices
of GG, then we say GG is a permutationally k-representable graph. It was shown in
[Kitaev and Seif, 2008] that a graph is permutationally representable if and only if it
is a comparability graph. The permutation-representation number (in short, prn) of
a comparability graph G, denoted by R?(G), is the smallest number k such that G
is permutationally k-representable. It is evident that for a comparability graph G,
R(G) < RP(G). Moreover, it was observed that the prn of a comparability graph
is same as the dimension of its induced poset [Halldérsson et al., 2011; Mozhui and
Krishna, 2025b]. Whereas the class of comparability graphs with prn one is the class
of complete graphs, the class of graphs with prn at most two is characterized as the
class of permutation graphs (cf. [Mozhui and Krishna, 2023]). While there is no
classification available for the class of graphs with prn more than two, it is known
that the problem of determining the prn of a comparability graph is computationally
hard [Yannakakis, 1982].

The word-representability of various graph classes was characterized using semi-
transitive orientations in the literature, e.g., Kneser graphs [Kitaev and Saito,
2020], triangle-free graphs [Kitaev and Pyatkin, 2023], (extended-)Myecielski graphs
[Hameed, 2024; Kitaev and Pyatkin, 2025]. In contrast, neither a characterization

nor a recognition algorithm for the word-representability of perfect graphs is known

TH-4106_216123014



4 INTRODUCTION

in the literature. In fact, these problems remain open even for chordal graphs, a
well-known subclass of perfect graphs. However, these problems were completely
settled for one of the subclasses of chordal graphs, namely split graphs, through a
series of articles [Chen et al., 2022; Kitaev et al., 2021; Kitaev and Pyatkin, 2024].
Despite this progress, the representation number of word-representable split graphs
was not known. Starting from the split graphs, there is a hierarchy of well-known
subclasses of chordal graphs as per the following [Ahn et al., 2022]:
split graphs C starlike graphs C WPC graphs C chordal graphs

Ahn et al. [2022] proposed well-partitioned chordal (WPC) graphs as a framework to
bridge complexity gaps in problems that remain hard on chordal graphs but become
tractable on split graphs. Several problems, e.g., tree 3-spanner problem, transversal
of longest paths and cycles, geodetic set problem which are either hard or open on
chordal graphs were proved to be polynomial-time solvable on WPC graphs [Ahn
et al., 2022; Chakraborty et al., 2024]. It has been recently established that WPC
graphs are multi-word-representable (a generalized notion of word-representability)
using two words [Kenkireth et al., 2025]. However, characterizing and recognizing
word-representability, and determining representation number were open for WPC

graphs.

In addition to uniform word-representants, minimum-word-representants of a
word-representable graph have also received attention in the literature. A minimum-
word-representant of a word-representable graph G is a word-representant which has
the shortest length among all the word-representants of G, and its length is denoted
by {(G). Let G be a word-representable graph on n vertices. Then, it is evident that
¢(G) > n. Since the class of circle graphs characterizes the 2-word-representable
graphs [Halldérsson et al., 2011], if G is a circle graph, we have ¢(G) < 2n. In
the seminal work on minimum-word-representants, Gaetz and Ji [2020] considered
the subclasses of circle graphs, namely cycles and trees, and provided explicit for-

mulae for both the length and the number of their minimum-word-representants.
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Srinivasan and Hariharasubramanian [2024] proved that there is no circle graph G
with (G) = 2n and an edgeless graph G is the only circle graph having ¢(G) = 2n—1.
Also, they showed that ¢(G) = 2n—2 for a non-complete triangle-free circle graph G
containing at least one edge. For a word-representable graph G with clique number
r, while they observed that ¢(G) need not be 2n— k, they proved that ¢(G) > 2n—«k.
In this connection, they posed an open problem to find classes of word-representable

graphs G such that ((G) = 2n — k.

A graph is called a treelike comparability graph if it admits a transitive orienta-
tion such that the underlying graph of its transitive reduction is a tree; in that case,
the corresponding orientation is called a treelike orientation. It was established in
[Cornelsen and Di Stefano, 2009] that a treelike orientation of a comparability graph,
if exists, is unique (up to isomorphism of the corresponding oriented graphs or of
the graphs by reversing the whole orientation). If a treelike comparability graph
is also a permutation graph, it is called a treelike permutation graph. A treelike
comparability graph G with an all-adjacent vertex is called a double-arborescence,
i.e., there is a vertex r (called a root of GG) which is adjacent to all other vertices
of G. In addition, under the treelike orientation, if the root r is a source (or a
sink), then G is called an arborescence. A treelike comparability graph G is called a
path of k& double-arborescences (or simply, a path of double-arborescences) if G con-
sists of k& double-arborescences and a path (ignoring the directions) connecting their
roots. Arborescences were first studied by Wolk [1962, 1965] and were characterized
as (Cy, Py)-free graphs, where C,, is a cycle on n vertices and P, is a path on n
vertices. Further, Golumbic [1978] characterized the arborescences as trivially per-
fect graphs. Based on the aforementioned characterizations, linear-time algorithms
for recognizing the arborescences were obtained in the literature (see [Chu, 2008;
Yan et al., 1996]). It was proved in [Cornelsen and Di Stefano, 2009] that a graph
is a treelike permutation graph if and only if it is a path of double-arborescences.

Treelike comparability graphs were also characterized in [Cornelsen and Di Stefano,
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6 INTRODUCTION

2009]. However, no characterization was available for double-arborescences in the
literature. Further, being a subclass of distance-hereditary graphs, treelike com-
parability graphs are circle graphs and hence, are 2-word-representable. Thus, for
a treelike comparability graph G on n vertices, ¢(G) < 2n. However, the exact
value of ¢(G) for treelike comparability graphs or for any of their above-mentioned

subclasses was not known.

Graph decomposition techniques are powerful tools in graph theory. They are
widely used to characterize and recognize various classes of graphs. For example,
the concept of modular decomposition of a graph was first introduced by Gallai
[1967] and subsequently employed to characterize comparability graphs. Further, a
linear-time recognition algorithm for comparability graphs was obtained using mod-
ular decomposition in [McConnell and Spinrad, 1999]. Modular decomposition was
useful in characterizing several other graph classes, including cographs, permutation
graphs, and interval graphs (cf. [Golumbic, 2004]). The concept of split decompo-
sition, introduced by Cunningham [1982], is a more general graph decomposition
technique and it was useful for solving some NP-hard problems [Rao, 2004, 2008|.
It was also used for characterizing and recognizing certain classes of graphs such
as distance-hereditary graphs [Di Stefano, 2012; Gavoille and Paul, 2003], treelike
comparability graphs [Cornelsen and Di Stefano, 2009], circle graphs [Bouchet, 1987;
Gabor et al., 1989; Spinrad, 1994], and parity graphs [Cicerone and Di Stefano, 1999;
Dahlhaus, 2000].

This thesis focuses on the study of the word-representability of graphs using
split decomposition and further constructs minimum-word-representants for certain
graph classes. In fact, it characterizes word-representable graphs and studies their
representation numbers with respect to split decomposition. As a consequence, the
thesis also presents a characterization of word-representable graphs using modu-
lar decomposition. In this context, the thesis provides a complete answer to the

open problem posed by Kitaev and Lozin [2015] on the word-representability of the
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lexicographical product of graphs. Further, using split decomposition, the thesis es-
tablishes the word-representability for specific subclasses of perfect graphs, namely
parity graphs and well-partitioned chordal graphs. While all parity graphs are
shown to be word-representable, the thesis provides a characterization and presents a
polynomial-time recognition algorithm for the word-representability of WPC graphs.
The thesis also determines the representation numbers of word-representable WPC
graphs and that of split graphs. In addition, this thesis characterizes the class of
(double-)arborescences in terms of their minimal split-decomposition trees and con-
structs their minimum-word-representants. Addressing an open problem posed in
[Srinivasan and Hariharasubramanian, 2024], the thesis proves that the length of
a minimum-word-representant of any treelike permutation graph is 2n — k, where
n is the number of vertices of the graph and x is its clique number. Notably, the
class of treelike permutation graphs is the first example satisfying the criterion of
the aforementioned open problem, for an arbitrary .

In this thesis, the necessary background material and related results are presented
in Chapter 1. Starting from Chapter 2, the contributions of the thesis have been
organized into four chapters.

Chapter 2: Split Decomposition

Chapter 3: Modular Decomposition

Chapter 4: Well-Partitioned Chordal Graphs

Chapter 5: Minimum-Word-Representants

Chapter 2. 1In this chapter, we show that the class of word-representable graphs is
closed under split recomposition and obtain a characterization of word-representable
graphs with respect to split decomposition. We also determine the representation
number of a word-representable graph in terms of its split components. Accord-
ingly, we establish the word-representability of a subclass of perfect graphs, known

as parity graphs. The class of parity graphs includes both bipartite graphs and
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8 INTRODUCTION

distance-hereditary graphs. While the class of comparability graphs is not closed
under split recomposition, we obtain a characteristic property by which the recompo-
sition of comparability graphs is a comparability graph. Consequently, we establish
the prn of the resulting comparability graph. Further, we introduce a subclass of
comparability graphs, which we call prn-irreducible graphs, and study their split
recomposition. We provide criteria such that the split recomposition of two prn-
irreducible graphs is a comparability graph and accordingly determine the prn of
the resulting graph. We also observe that the split recomposition of prn-irreducible
graphs is not prn-irreducible. The work contained in this chapter has been published

in the journal Discrete Applied Mathematics [Dwary and Krishna, 2024].

Chapter 3. In this chapter, we characterize word-representable graphs with respect
to the modular decomposition. We also determine the representation number of a
word-representable graph in terms of the permutation-representation numbers of
the subgraphs induced by modules and the representation number of the associ-
ated quotient graph. Furthermore, utilizing these results, we establish the word-
representability of 3-leaf power graphs and obtained their prn and representation
numbers. Additionally, we provide a necessary and sufficient condition under which
the lexicographical product of two word-representable graphs is word-representable,
thereby offering a complete answer to the open problem posed in [Kitaev and Lozin,
2015, Chapter 7]. The work contained in this chapter was presented at the Interna-
tional Conference on Graph Theory and its Applications (ICGTA 2024), Bengaluru,
20-22 June 2024; and subsequently accepted for publication in the journal Commu-

nications in Combinatorics and Optimization [Dwary and Krishna, 2025].

Chapter 4. In this chapter, we study the word-representability of well-partitioned
chordal (WPC) graphs. We show that every split component of the minimal split
decomposition of a WPC graph is a split graph, which gives us a characterization

of word-representable WPC graphs. Based on this characterization, we provide a
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polynomial-time algorithm for recognizing word-representable WPC graphs. We
further determine the representation number of word-representable WPC graphs.
Through an algorithmic procedure, we first establish that the representation num-
ber of a word-representable split graph is at most three, and subsequently extend this
result to word-representable WPC graphs. We obtain a minimal forbidden induced
subgraph characterization of circle graphs restricted to WPC graphs and use it to
classify the WPC graphs as well as the split graphs with respect to their represen-
tation numbers. Further, we characterize WPC comparability graphs and conclude
that the permutation-representation number of a WPC comparability graph is at
most four. Although it remains open whether this bound is tight, we focus on a
subclass of WPC graphs, namely starlike graphs. The starlike graphs include split
graphs. We prove that the permutation-representation number of a starlike com-
parability graph is at most three, and the bound is tight. Moreover, we provide a
characterization of starlike comparability graphs. The part of this chapter concern-
ing the representation number of word-representable split graphs is to appear in the
journal Siberian Advances in Mathematics [Dwary et al., 2026]. The remaining re-
sults on the word-representability of WPC graphs have been submitted to a journal
[Dwary and Krishna, 2026¢].

Chapter 5. In this chapter, we employ the notion of split-decomposition trees and
characterize double-arborescences as well as arborescences. In addition, we also
construct minimum-word-representants of treelike permutation graphs. We first
characterize double-arborescences as Pj-free treelike comparability graphs. Next,
we introduce a notion called s-leaf-path in the minimal split-decomposition tree of a
distance-hereditary graph. Using the concept of s-leaf-path, we provide yet another
characterization for the well-known class of cographs. Further, using split decom-
position, we obtain an alternative proof for the characterization of arborescences

(see [Wolk, 1965, Theorem 3] and [Wolk, 1962]) that arborescences are precisely
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10 INTRODUCTION

(Cy, Py)-free graphs. Consequently, we obtain characterizations of arborescences
and double-arborescences with respect to their minimal split-decomposition trees.
In the context of word-representable graphs, it is an open problem in the literature
to find the classes of word-representable graphs whose minimum-word-representants
are of length 2n — k, where n is the number of vertices of the graph and x is its
clique number. Contributing to the open problem, we prove that the class of tree-
like permutation graphs is one such class. To establish this result, we first construct
minimum-word-representants for double-arborescences in polynomial time and then
extend this construction to treelike permutation graphs. The part of this chapter on
double-arborescences has been published in the journal Discrete Applied Mathemat-
ics [Dwary and Krishna, 2026a]. The remaining work on the treelike permutation
graphs was presented at the 51st International Conference on Current trends in The-
ory and Practice of Computer Science (SOFSEM 2026), Krakéw, Poland, February
09-13, 2026; and has been published in the Lecture Notes in Computer Science
(LNCS) series by Springer [Dwary and Krishna, 2026b].

Epilogue.  Every contributory chapter is concluded with future directions based on

the work embedded in the chapter.
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Preliminaries

This chapter provides the necessary background material for the thesis and fixes the
notation and terminology used throughout. To make the thesis as self-contained as
possible, we present all required definitions and state the relevant results used in the
thesis. We begin by recalling the fundamental concepts of graphs. We then define
partially ordered sets and describe their relationship with comparability graphs.
Next, we present the concept of word-representable graphs and summarize their
key properties. We proceed with the split decomposition of graphs and provide
the essential background for its application. We also present the concept of modular
decomposition of graphs. Finally, we review certain graph classes and related results

that are utilized in this thesis.

11
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12 PRELIMINARIES

1.1 Graphs

In this section, we provide some basic concepts and examples of graphs that are
often used in this thesis. For the concepts on graphs that are not defined in the

thesis, one may refer to [West, 1996].

Definition 1.1.1 (Graph). A graph G is a pair (V, E), where V is a finite set and
E is a set of 2-element subsets of V. The elements of V and E are called vertices
and edges of the graph G, respectively. For a,b € V, if {a,b} € E, we say a and
b are adjacent in G; otherwise, a and b are said to be non-adjacent in GG. In this

thesis, an edge {a,b} € E is denoted by ab.

Definition 1.1.2 (Induced subgraph). Let G = (V, E) be a graph. A graph H =
(V') E’) is said to be a subgraph of G if V! C V and E' C E. A subgraph (V', E') of
G is called an induced subgraph (induced by its vertex set V'), denoted by G[V'], if
E' is the set of all 2-element subsets of V' that are in E.

Definition 1.1.3 (Neighborhood). Let H = (V’, E’) be a subgraph of a graph G.
For a € V', the neighborhood of a in H, denoted by Ng(a), is the set of all vertices
adjacent to a in H. When the context is clear with respect to the subgraph under

consideration, we simply use the notation N(a) for the neighborhood of a. For

A C V', the neighborhood of A, Ny(A) = U Ny(a)\ A.

acA
Definition 1.1.4 (All-adjacent vertex). A vertex of a graph is said to be an all-
adjacent vertex, also known as universal vertex, if it is adjacent to all other vertices

of the graph.

Definition 1.1.5 (A-free graph). For a set of graphs A, a graph G is said to be

A-free if G does not contain any induced subgraph isomorphic to a graph in A.

Definition 1.1.6 (Orientation). An orientation of a graph G = (V, E) is an as-

signment of direction to each edge, i.e., fixing an order for the vertices of each edge.
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Thus, the resulting edge set, say O, is a subset of V x V, is an orientation of G.
If an orientation O is assigned to a graph G = (V, E), then the resulting graph is
denoted by G = (V,0) and it is called an oriented graph. For ab € E, if (a,b) € O,

we write % indicating the orientation/direction assigned to the edge.

Definition 1.1.7 (Path and Cycle). A path in a graph G = (V, E) is a sequence
of vertices ay,ao,...,a, written as a; — ag — -+ — ag, such that @a;;7 € F for
1 <i< k. If a; = ag, the path is called a cycle. If an n-vertex graph is itself a path
or a cycle, the graph is denoted by P, or C,, respectively.

If G is oriented, we also indicate the direction of each edge in the path. For
example, a; — as < a3 — a4 is an oriented path between a; and ay. If all edges
on a path are in the same direction, then we say it is a directed path. For example,

a1 — as — as — ay is a directed path from a; to ay.

Definition 1.1.8 (Distance). Let G = (V, E) be a graph and a,b € V. If there is
a path between a and b in G, the distance form a to b, denoted by dg(a,b), is the
least length of a path (i.e., the number of edges in the path) from a to b in G.

In this thesis, unless otherwise stated, the graphs are connected graphs, i.e., the

graphs in which there is a path between any pair of vertices.

Definition 1.1.9 (Complete graph). A graph is said to be a complete graph if every
pair of vertices are adjacent in the graph. A complete graph on n vertices is denoted

by K,.

Definition 1.1.10 (Clique and Clique number). A clique in a graph G = (V| E)
is a subset of the vertex set V' such that it induces a complete subgraph. The size
of a maximum clique in G is said to be the cligue number of G. Depending on the
context, we use clique to refer either a set of vertices or to the complete subgraph

induced by that set.
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Definition 1.1.11 (Edgeless graph and Independent set). A graph is said to be
an edgeless graph if every pair of vertices are non-adjacent in the graph. A set of

vertices in a graph is said to be an independent set if it induces an edgeless subgraph.

Definition 1.1.12 (Bipartite graph). A graph G = (V, E) is said to be a bipartite
graph if there exists a partition {A, B} of V such that A and B are independent
sets in G. If each vertex of A is adjacent to every vertex of B in GG, then G is called
a complete bipartite graph, and it is denoted by K,,,, where m = |A| and n = |B|
are the number of elements of A and B, respectively. A complete bipartite graph
K is called a star and it is denoted by Sy.

Notation 1.1.13. Let G = (V, E) be a graph and A, B be two disjoint subsets of
V. The bipartite graph with the vertex set AU B and the edge set {ab € E | a €
A,b € B} is denoted by G[A, B]. We say A is complete to B in G if each vertex of

A is adjacent to every vertex of B in G.

Definition 1.1.14 (Permutation graph). A graph is called a permutation graph if
it is an intersection graph! of line segments whose endpoints lie on two parallel
lines. An example of a permutation graph and its lines representation are given in

Figure 1.1.

2 Ll 3 A% 5
4 1
3 5 4 2 5 1 3

FIGURE 1.1: An example of a permutation graph

! An intersection graph is a graph defined over a family of sets/objects as its vertex set in which
two vertices are adjacent if and only if the corresponding objects intersect.
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Definition 1.1.15 (Circle graph). A graph is called a circle graph if it is an in-
tersection graph of chords of a circle. An example of a circle graph and its circle

representation are given in Figure 1.2.

4

FIGURE 1.2: An example of a circle graph

Remark 1.1.16. The class of permutation graphs is a subclass of the class of circle

graphs.

1.2 Posets and Comparability Graphs

In this section, we define the concepts of partially ordered sets and comparability
graphs and describe the relationship between them. For further details, one may

refer to [Trotter, 1992].

Definition 1.2.1 (Poset). A partially ordered set (in short, poset) is a pair (P, <),
where P is a nonempty set and < is a partial order on P. A poset is often denoted

by its underlying set.

Definition 1.2.2 (Linear order and Chain). The elements a, b in a poset (P, <) are
said to be comparable if a < b or b < a; otherwise, we say they are incomparable.
A partial order on a set P is said to be a linear order if any two elements of P are
comparable. If a partial order < on a set P is a linear order, the poset (P, <) is

called a chain.

TH-4106_216123014



16 PRELIMINARIES

1 2 1 2 1 2
A 3 A 3 A 3
G=(V,E) G =(V,0) G=(V,0)

FIGURE 1.3: A transitive orientation O of G and its transitive reduction G

Definition 1.2.3 (Realizer and Dimension). A realizer of a poset (P, <) is a col-

lection of linear orders {Lq, Lo, ..., Ly} on P such that, for every a,b € P, a < b if
k

and only if a L; b, for all 1 < i < k; i.e., < equals ﬂ L;. The dimension of a poset
i=1

P, denoted by dim(P), is the smallest positive integer k such that P has a realizer

of size k.

Remark 1.2.4 ([Trotter, 1992]). A poset has dimension one if and only if it is a

chain.

Definition 1.2.5 (Maximal element and Minimal element). An element a in a poset
P is called a mazimal element if there is no element b in P such that a < b. Similarly,

an element a is called minimal in P if there is no element b such that b < a in P.

We now present the concept of comparability graphs and their connection with

posets.

Definition 1.2.6 (Comparability graph and its transitive reduction). A graph G =
(V, E) is said to be a comparability graph if it admits a transitive orientation, i.e.,
an orientation O in which if % € O and b_c> € O, then the transitive edge at € 0,
for all a,b,c € V. The transitive reduction of a comparability graph G with respect
to a transitive orientation O is the oriented graph G = (V, O), where the edge set

O is obtained by deleting the transitive edges from O.
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Example 1.2.7. An example of a comparability graph G = (V, E), along with
a transitive orientation O and its transitive reduction G = (V,0), is shown in

Figure 1.3.

Remark 1.2.8. Let G = (V, E) be a comparability graph with the transitive re-
duction G = (V, O) of a transitive orientation O of GG. For any a,b € V, there is a
directed path from a to b in G if and only if % e 0.

Remark 1.2.9. Not all graphs are comparability graphs, e.g., for each n > 2,
Cony1 is not a comparability graph. Also the graph given in Figure 1.4 is not a
comparability graph (cf. [Golumbic, 2004, Chapter 5]).

FIGURE 1.4: A non-comparability graph

The following theorem establishes the computational complexity of the recogni-

tion problem for comparability graphs.

Theorem 1.2.10 ([McConnell and Spinrad, 1999]). Recognizing whether a graph is

a comparability graph can be done in linear time.

As stated in the following remark, posets and comparability graphs are related

to each other.

Remark 1.2.11. For every poset P there is a comparability graph whose vertices
are the elements of P and two distinct vertices are adjacent if and only if they

are comparable in P. Conversely, if G is a comparability graph with a transitive
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orientation O, then G induces a poset, say Pg = (V, <), such that a < b in Pg if
and only if % € 0.

Remark 1.2.12. A comparability graph can induce more than one poset, based on

its transitive orientations.
However, we have the following important result in this context.

Theorem 1.2.13 ([Trotter et al., 1976]). If P and Q are two posets induced by the

same comparability graph, then dim(P) = dim(Q).

Further, posets with dimension at most two are characterized in terms of their

underlying comparability graphs.

Theorem 1.2.14 ([Baker et al., 1972]). A poset has dimension at most two if and

only if its corresponding comparability graph is a permutation graph.

The problem of determining the dimension of a given poset is computationally

hard as per the following.

Theorem 1.2.15 ([Yannakakis, 1982]). Let P be a poset. For k > 3, the problem
of determining whether dim(P) < k is NP-complete.

1.3 Word-Representable Graphs

This section is devoted to the theory of word-representable graphs, which studies
the interplay between words and graphs. We refer to the monograph [Kitaev and

Lozin, 2015] for a comprehensive introduction to this topic.

1.3.1 Words

In this subsection, we present some basic terminology and concepts related to words

that are used throughout the thesis.
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Definition 1.3.1 (Word). Let X be a finite set (of letters). A word over X is
a finite sequence of letters of X written by juxtaposing them. The empty word
corresponding to the empty sequence is denoted by . The length of a word w,

denoted by |w|, is the number of letters in the sequence w. Clearly, |e| = 0.

Definition 1.3.2 (Subword and Factor). A subword u of a word w is a subsequence
of the sequence w and it is denoted by u < w. A subword u is a factor of w if

w = zuy, for some words z and y, possibly empty words, denoted by v < w.

Example 1.3.3. Over the set {a,b,c}, w = ababbcac is a word, aabcc < w and

abbc <y w. Note that the subword aabec of w is not a factor of w.
Notation 1.3.4. Let w be a word over a set X.

1. For Y C X, the subword of w restricted to the letters of Y is denoted by w|y,
i.e., the subword of w obtained by deleting all the letters belonging to X \ Y

from w. For example, if w = aacbabea, w|i,py = aababa.

2. If w=ayas---ag (for a; € X), the reversal of w is w® = apap_1 -+ ay.

3. For some positive integer k, ¥ denotes the word zz - - - x, where z is repeated

k times.

Definition 1.3.5 (Alternation of letters). Let a and b be two distinct letters that
appear in a word w. We say a and b alternate in w if w4y is in one of the following
forms: (ab)¥, (ba)*, a(ba)* or b(ab)* for some positive integer k > 1. Otherwise, we

say a and b do not alternate in w.

Example 1.3.6. Consider the word w = aabcbacbe. The letters b and ¢ alternate
in w as w]{b,c} = bebebe, while the letters a and b do not alternate in w as w]{mb} =

aabbab.

Definition 1.3.7 (k-uniform word). A word w is called a k-uniform word if every
letter appears exactly k times in w. A l-uniform word w is a permutation on the

set of letters of w.
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Example 1.3.8. The word aabcbacbe is a 3-uniform word and the word acbde is a

permutation on the set {a,b,c,d,e}.

Definition 1.3.9 (Cyclic shift). A cyclic shift of a word w = uwv is a word vu, where

u and v are two (possibly empty) words.

Example 1.3.10. The words ccabbcddbb and abbeddbbee are cyclic shifts of the word
bbccabbedd.

1.3.2 Definition and Properties

We now introduce the concept of word-representable graphs and present some of

their properties.

Definition 1.3.11 (Word-representable graph). A graph G = (V, E) is said to be
a word-representable graph if there exists a word w over the vertex set V' of GG such
that for all a,b € V', a and b are adjacent in G if and only if a and b alternate in w.
Such a word w is called a word-representant of G and we say w represents GG. An

example of a word-representable graph is given in Figure 1.5.

— 12413423

FIGURE 1.5: A word-representable graph

Example 1.3.12 ([Kitaev and Lozin, 2015]). Complete graphs, cycles, bipartite

graphs are word-representable.
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Remark 1.3.13 ([Kitaev and Lozin, 2015]). Word-representable graphs form a
hereditary class, i.e., every induced subgraph of a word-representable graph is a

word-representable graph.

Remark 1.3.14 ([Kitaev and Lozin, 2015]). Not all graphs are word-representable.
For example, the wheel graph W5 shown in Figure 1.6 is a non-word-representable

graph.

F1GURE 1.6: The wheel graph W5

The following theorem establishes the computational complexity of the recogni-

tion problem for word-representable graphs.

Theorem 1.3.15 ([Kitaev and Lozin, 2015]). It is an NP-complete problem to rec-

ognize whether a given graph is word-representable.

Word-representable graphs are characterized using the notion of semi-transitive

orientation of a graph in [Hallddrsson et al., 2016].

Definition 1.3.16 (Semi-transitive orientation). An orientation of a graph is said
to be semi-transitive if it is acyclic, and for any directed path a; — as — - -+ — ag
either there is no edge between a; and ay, or there is a directed edge (Taj, for every
pair with 1 <i < j < k. A graph is said to be a semi-transitively orientable graph if
it admits a semi-transitive orientation. An example of a semi-transitively oriented

graph is depicted in Figure 1.7.
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FIGURE 1.7: A semi-transitively oriented graph

Theorem 1.3.17 ([Halldérsson et al., 2016]). A graph is word-representable if and

only if it is a semi-transitively orientable graph.

Remark 1.3.18. From Definition 1.3.16, it is evident that a transitive orientation
of a graph is also a semi-transitive orientation. Thus, every comparability graph is

a word-representable graph.

In the following, we summarize some of the properties of word-representants of

a word-representable graph.

Proposition 1.3.19 ([Kitaev and Lozin, 2015]). If a word w represents a graph G,

then the reversal w of w also represents G.

Definition 1.3.20 (k-word-representable graph). A graph G is said to be k-word-

representable if there exists a k-uniform word representing G.

Proposition 1.3.21 ([Kitaev and Pyatkin, 2008]). A cyclic shift of a k-uniform

word representing a graph also represents the graph.

Theorem 1.3.22 ([Kitaev and Pyatkin, 2008]). A graph is word-representable if

and only if it is k-word-representable for some k.

Proposition 1.3.23 ([Kitaev and Pyatkin, 2008]). For every | > k, a k-word-
representable graph is also l-word-representable. Thus, every word-representable

graph has infinitely many word-representants.
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1.3.3 Representation Number

In this subsection, we define the concept of representation number of a word-

representable graph and present some related results.

Definition 1.3.24 (Representation number). The representation number of a word-
representable graph G, denoted by R(G), is the smallest positive integer k such that

G is k-word-representable.
Remark 1.3.25. For a graph G, R(G) = 1 if and only if G is a complete graph.

The representation numbers of trees and cycles are established as per the follow-

ing results.
Theorem 1.3.26 ([Kitaev and Lozin, 2015]). For a tree T, R(T) < 2.
Theorem 1.3.27 ([Kitaev and Lozin, 2015]). For n > 4, R(C,,) = 2.

Further, the class of graphs with representation number at most two is charac-

terized as per the following result.

Theorem 1.3.28 ([Halldérsson et al., 2011]). For a graph G, R(G) < 2 if and only
if G is a circle graph.

Further, in [Fleischmann et al., 2024], the class of graphs with representation
number k, for k > 3, is characterized through the notion of k-circle graphs. In gen-
eral, the problem of determining the representation number of a word-representable

graph is computationally hard.

Theorem 1.3.29 ([Halldérsson et al., 2011]). It is an NP-complete problem to decide

whether a given graph is k-word-representable, for 3 < k < [F].

1.3.4 Minimum-Word-Representants

In addition to uniform word-representants, minimum-word-representants of word-

representable graphs have also been studied in the literature.
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Definition 1.3.30 (Minimum-word-representant). A minimum-word-representant
of a word-representable graph G is a word-representant which has the shortest length
among all the word-representants of G. The length of a minimum-word-representant

of G is denoted by ¢(G).

Remark 1.3.31. A minimum-word-representant of a word-representable graph need

not be uniform. Further, if G is a word-representable graph on n vertices, ¢(G) > n.
Moreover, we have the following result on the lower bound of ¢(G).

Theorem 1.3.32 ([Srinivasan and Hariharasubramanian, 2024]). Let G be a word-

representable graph on n vertices with cligue number k. Then ((G) > 2n — k.

Remark 1.3.33. Since circle graphs are 2-word-representable (by Theorem 1.3.28),

if G is a circle graph on n vertices, we have ¢(G) < 2n.
Moreover, we have the following results related to circle graphs.

Theorem 1.3.34 ([Srinivasan and Hariharasubramanian, 2024]). Let n be the num-

ber of vertices of a graph. Then, we have the following:
1. There is no circle graph G with ((G) = 2n.
2. An edgeless graph G is the only circle graph with ((G) = 2n — 1.

3. For a triangle-free circle graph G containing at least one edge, ((G) = 2n — 2.

1.3.5 Permutationally Representable Graphs

In this subsection, we present a special subclass of word-representable graphs, namely

permutationally representable graphs and review some of their properties.

Definition 1.3.35 (Permutationally representable graph). A graph G = (V, E) is
said to be permutationally representable if it is represented by a word w of the form

p1ip2 -+ * Pi, for some positive integer k, where each p; is a permutation on the vertex
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set V. In this case, since w is concatenation of k& permutations, the graph G is
called a permutationally k-representable graph. An example of a permutationally

2-representable graph is given in Figure 1.8.

1 2
p1
—— 13243142
~—~
P2
4 3

FIGURE 1.8: A permutationally representable graph

Permutationally representable graphs are characterized as per the following the-

oreml.

Theorem 1.3.36 ([Kitaev and Seif, 2008]). A graph is a permutationally repre-
sentable graph if and only if it is a comparability graph.

Throughout this thesis, we use the terms “permutationally representable graphs”
and “comparability graphs” interchangeably, as they refer to the same class of
graphs. Comparability graphs play a vital role in the theory of word-representable
graphs.

Theorem 1.3.37 ([Kitaev and Pyatkin, 2008]). If G is a word-representable graph,
then the subgraph induced by Ng(a) is a comparability graph, for every vertexr a of
G.

Remark 1.3.38. The converse of Theorem 1.3.37 is not true in general. A counter

example can be found in the monograph [Kitaev and Lozin, 2015, Chapter 3].

Moreover, we have the following result connecting the k-word-representability

with the permutationally k-representability of graphs.
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Theorem 1.3.39 ([Hallddrsson et al., 2011]). Suppose a graph G is obtained from
a graph H by adding an all-adjacent vertex. Then G is k-word-representable if and

only if H is permutationally k-representable.

1.3.6 Permutation-Representation Number

We now present the notion of permutation-representation number of a comparability

graph, which coincides with the dimension of its induced poset.

Definition 1.3.40 (Permutation-representation number). For a comparability graph
G, the permutation-representation number (in short, prn) of G, denoted by RP(G),
is defined as the smallest positive integer k such that G is permutationally k-

representable.
Remark 1.3.41. For a comparability graph G, it is evident that R(G) < RP(G).
Remark 1.3.42. For a graph G, RP(G) = 1 if and only if G is a complete graph.

Moreover, we have the following result relating the prn of a comparability graph

with the dimension of its induced poset.

Theorem 1.3.43 ([Hallddrsson et al., 2011; Mozhui and Krishna, 2025b]). For a
comparability graph G, RP(G) = dim(Pg), where Pg is an induced poset of G.

Remark 1.3.44. Although a comparability graph can induce more than one poset,
in view of Theorem 1.2.13, it is enough to consider any poset induced by a transitive

orientation in Theorem 1.3.43.

Thus, in view of Theorem 1.2.14, we have the following characterization for the
class of comparability graphs with prn at most two. However, no characterization

is available for comparability graphs with prn k, where k > 3.

Theorem 1.3.45. For a comparability graph G, RP(G) < 2 if and only if G is a

permutation graph.
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The permutation-representation numbers of even cycles, paths and trees are
established as per the following result. However, in view of Theorem 1.2.15, it is
evident that determining the prn of a comparability graph is computationally hard

in general.

Theorem 1.3.46 ([Trotter, 1992]).
(i) RP(Cy) =2 and, for n > 3, RP(Cy,) = 3.
(ii) Forn >3, RP(P,) = 2.

(iii) For atree T, RP(T) < 3. Moreover, R?(T) = 3 if and only if the tree S shown

in Figure 1.9 is isomorphic to an induced subgraph of T

s

S

FIGURE 1.9: A tree with prn 3

1.4 Split Decomposition

We now present the concept of split decomposition of a graph which is used as a
fundamental tool in this thesis. The literature has several variants of split decom-
position and its inverse operation, namely split recomposition. In this thesis, we use
the version defined by Bouchet [1988]. For more details, one may refer to [Cornelsen

and Di Stefano, 2009].

Definition 1.4.1 (Split). A split of a connected graph G = (V, E) is a bipartition
{Vi,Va} of V (ie., V. = V1 U V5 and V) N Vy = @) satisfying the following: (i)
|[Vi| > 2 and |V5| > 2, (ii) Ng(V1) is complete to Ng(Vs) in G, i.e., each a € Ng(V1)
is adjacent to every b € Ng(V3) in G. If a graph has no split, then it is said to be a

prime graph; otherwise, it is said to be decomposable.
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Remark 1.4.2. If |[V| < 3, then G is a prime graph and G is either K, Ky, K3 or
the star S,.

Definition 1.4.3 (Simple decomposition). A simple decomposition of a connected
graph G with a split {Vi,V5} is represented as a disjoint union of the induced
subgraphs G[V;] and G[V3] along with an edge e = 7703 (called marked edge), where
v; and vy are two new vertices (called marked vertices) such that v; and vy are
adjacent to every vertex of Ng(V2) and Ng(V)), respectively. By ignoring the edge
e, we see two components, say GG and G, over the vertex sets V;U{v;} and VoU{vy},

called the split components.

Definition 1.4.4 (Split decomposition). A split decomposition of a connected graph

G is defined recursively as follows.

1. The graph G is itself a split decomposition of G. In this case, G is considered

as a split component of itself.

2. If H is a split decomposition of G with a split component H, the graph ob-
tained from H by replacing H with a simple decomposition of H is also a split

decomposition of G.

U1 V2
3 4
1 : : 1 5 Vs (%
U1 (%)
3 453 3 4 —> Uy Vg
2 16 9 6 1! 2 5 6
G H H'

FiGure 1.10: Split decompositions of a graph

Remark 1.4.5 (cf. [Cicerone and Di Stefano, 1999; Rao, 2008]). The split compo-
nents of a split decomposition of G' are connected and each split component of G is

isomorphic to an induced subgraph of G.
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Definition 1.4.6 (Minimal split decomposition). A minimal split decomposition of
a graph is a split decomposition whose split components can be cliques, stars and

prime graphs such that the number of split components is minimized.

Example 1.4.7. Figure 1.10 shows various split decompositions of the graph G,
among which H’ is the minimal split decomposition of G. The marked vertices are

indicated as unfilled vertices.

Theorem 1.4.8 ([Cunningham, 1982; Cunningham and Edmonds, 1980]). Every

connected graph has a unique minimal split decomposition.

Theorem 1.4.9 ([Charbit et al., 2012; Dahlhaus, 1994]). The minimal split decom-

position of a graph can be computed in linear time.

Remark 1.4.10 ([Di Stefano, 2012]). For a graph G = (V, E'), the number of split

components of the minimal split decomposition of G is at most |[V| — 2.

We now present the inverse operation of split decomposition, namely split re-

composition of two graphs.

Definition 1.4.11 (Split recomposition). Let G = (V U {m}, E) and G' = (V' U
{m'}, E’) be two connected graphs with disjoint vertex sets, where V and V' are
nonempty. Then the split recomposition of G and G’ with respect to the ver-
tices m and m' (called the marked vertices), denoted by G ,,®,, G', is defined
by G @,y G' = (V" E"), where the vertex set V" = VUV’ and edge set E” consist
of the edges of G[V], the edges of G'[V’] and {ab | a € Ng(m),b € Ng/(m')}.

Example 1.4.12. An example of a split recomposition of the graphs G and G’ with

respect to the marked vertices m and m’ is given in Figure 1.11.

Remark 1.4.13. In Definition 1.4.11, if |V| = 1 and |V’| = 1, the graph G ,,®,,, G’
is Ko. If [V| > 2 and |V'| > 2, the graph G ,,,®,, G’ contains a split, namely
{V,V’}, and hence, can be decomposed. Further, if |V| > 2 and |V'| =1, G,,,®,,v G’

is isomorphic to G.
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G/ Gm®m’ G,

FIGURE 1.11: Split recomposition of two graphs

Remark 1.4.14. Let G = (VU {m},E) and G' = (V' U{m'}, E') be two graphs.
Then G and G’ can be treated as induced subgraphs of G,,®,, G'. For instance, if
b€ Ng(m) and v/ € Ng/(m'), then (G ,,®,y G')[V U{V'}] is isomorphic to G, and G’
is isomorphic to (G, @, G')[V' U {b}].

Theorem 1.4.15 ([Bixby, 1984]). The class of perfect graphs® is closed under split

TECOMPOSItion.

1.4.1 Graph-Labeled Tree

The concept of split decomposition can be viewed in a more general combinatorial
structure, namely graph-labeled tree, introduced by Gioan and Paul [2012]. It was
shown in [Gioan and Paul, 2012] that split decomposition when reformulated in
terms of graph-labeled tree, yields new combinatorial and algorithmic results as
well as simpler proofs for previously known results. We now present the concept of

graph-labeled tree and its relation with a split decomposition of a graph.

Definition 1.4.16 (Graph-labeled tree). Let T" be a tree and F be a set of vertex
disjoint graphs. A graph-labeled tree, denoted by 7%, is the graph obtained from
T by labeling (in fact, by inserting) every internal vertex « of degree k (> 2) by
a graph G, € F on k vertices such that there is a bijection from the edges of T’
incident to « to the vertices of G, (and by replacing the end point « of a tree edge

with the corresponding vertex of G,).

2A graph G is called a perfect graph if for every induced subgraph H of G, the chromatic
number of H is same as the clique number of H.
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(&%) Oy

2/ 4’ 6’

FIGURE 1.12: A tree

Remark 1.4.17. The set of pendant (degree one) vertices of T is precisely the set
of leaves of T'. Given a graph-labeled tree T and the set F, we can determine the
underlying tree structure 7. In the depiction of a graph-labeled tree, we encircle
the graphs G, in Tr that are replacing the internal vertices o of T'. For example,

for the tree given in Figure 1.12, a graph-labeled tree is depicted in Figure 1.13(b).

Definition 1.4.18 (Maximal alternated path). The edges of T in the encircled
portions are called F-edges and the remaining edges are called T-edges, as they
correspond to the tree edges of T. A path in T is called an alternated path if it
alternates between T-edges and F-edges. A mazimal alternated path is an alter-
nated path that cannot be extended by adding more edges while maintaining the

alternatedness.

Definition 1.4.19 (Accessibility graph). The accessibility graph of a graph-labeled
tree Tr is the graph, denoted by T2, in which the vertex set is the set of pendant
vertices in T and any two vertices a and b in T4 are adjacent if and only if there

is an alternated path between a and b in T'x.

We now relate split decomposition with the concept of graph-labeled tree and

define a split-decomposition tree of a graph.

Definition 1.4.20 (Split-decomposition tree). Let H be a split decomposition of
a graph G. A split-decomposition tree of G is a graph-labeled tree T obtained by

extending ‘H by adding one new pendant vertex a’ for each non-marked vertex a of H
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1 5)
Rg
2 6

FIGURE 1.13: (a) The graph G and (b) its minimal split-decomposition tree

such that a and a’ are adjacent, and considering F as the set of the split components
of H. If the split components of a split-decomposition tree are cliques (called clique

components) and stars (called star components), then it is called a clique-star tree.

We rewrite the uniqueness result by Cunningham (Theorem 1.4.8) in terms of

graph-labeled trees in the following theorem.

Theorem 1.4.21 ([Bahrani and Lumbroso, 2018; Cunningham, 1982; Gioan and
Paul, 2012]). For every connected graph G, there ezists a unique split-decomposition

tree Tr of G such that
(i) the accessibility graph T2 is isomorphic to the graph G,
(i) every split component is a clique, a star, or a prime graph,
(iii) every split component has at least three vertices,
(iv) there is no marked edge with end points in two clique components, and

(v) there is no marked edge between the center of a star component and a leaf of

another star component.
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Definition 1.4.22 (Minimal split-decomposition tree). For a connected graph G,
the unique split-decomposition tree described in Theorem 1.4.21 is called the mini-
mal split-decomposition tree of G. For example, refer to Figure 1.13 for the minimal

split-decomposition tree of the graph G.

1.5 Modular Decomposition

In this section, we present the preliminaries of modular decomposition. For more
details, one may refer to the surveys [Habib and Paul, 2010; Mohring and Rader-
macher, 1984], while it is worth noting that [Gallai, 1967] is the seminal paper on

modular decomposition.

Definition 1.5.1 (Module). Let G = (V, E) be a graph. A set of vertices A C V
is called a module of G if for any b € V' \ A, either Ng(b) N A = @ or A C Ng(b).
Note that the set {2,3} is a module of the graph G depicted in Figure 1.14(a).

Definition 1.5.2 (M-prime and M-decomposable graph). A graph is said to be
an M-prime graph if it contains only trivial modules, namely the singletons and
the whole set V. Any module other than the trivial ones is called a non-trivial
module. If a graph contains at least one non-trivial module, the graph is said to be

M-decomposable.

Definition 1.5.3 (Modular partition). A modular partition of a graph G = (V, E)

is a partition of V' into modules of G.

Definition 1.5.4 (Quotient graph). For some positive integer k, let P = {A;,..., Ay}
be a modular partition of G = (V| E), i.e., A; is a module of G for each 1 < i < k.
Choose exactly one vertex a; from each A; and let V' = {ay,as,...,ar}. The quo-
tient graph associated to P of G, denoted by G/P, is the graph (V', E’), where

a;a; € E' if and only if ab € E, for all @ € A; and for all b € A,
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Example 1.5.5. The graph G depicted in Figure 1.14(a) is M-decomposable and
the partition P = {{1},{2,3,4},{5},{6,7},{8,9,10, 11}} of the vertex set of G is a
modular partition of G. Further, the graph shown in Figure 1.14(b) is the quotient
graph G /P associated to the modular partition P of G. Observe that G/P is an

M-prime graph.

Definition 1.5.6 (Modular decomposition). A modular partition P of G and its

quotient graph G/P constitute a modular decomposition of G.

Remark 1.5.7. For some positive integer k, let P = {A;, Ao, ..., Ay} be a modular
partition of a graph G. It is evident that G//P is isomorphic to an induced subgraph
of G. Moreover, the original graph G can be reconstructed from G/P by replacing
each vertex of G/P with the corresponding induced subgraph G[A;], for 1 <i < k.

Definition 1.5.8 (Strong module and Maximal module). A module A in a graph
G = (V, E) is said to be strong if A does not intersect with any other module of G
or whenever AN A’ # @ for some module A’ of G then one is contained in the other.
Note that the whole set V' and the singletons are strong modules of G. A module
A is called mazimal if there is no module A" of G such that A C A’ C V.

Definition 1.5.9 (Maximal modular partition). A modular partition of a graph

containing only maximal strong modules is called a mazimal modular partition.

Theorem 1.5.10 ([Habib and Paul, 2010]). Every graph has a unique mazximal

modular partition.

Example 1.5.11. The maximal modular partition of the graph G, depicted in
Figure 1.14(a), is the partition P, as described in Example 1.5.5. However, the
partition Q = {{1},{2,4},{3},{5},{6,7},{8,9,11},{10}} of the vertex set of G is

a modular partition but not a maximal one.

Remark 1.5.12 ([McConnell and Spinrad, 1999]). All modules of a graph G can be

obtained through the notion called modular decomposition tree of G, whose nodes
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FIGURE 1.14: A graph G in (a) and its quotient graph G/P in (b)

are the strong modules of G. The modular decomposition tree of G has V' as the
root and the children of a node A in the tree are the parts of the maximal modular

partition of the induced subgraph G[A].

Further, we have the following result on the computational complexity of deter-

mining the modular decomposition tree of a graph.

Theorem 1.5.13 ([McConnell and Spinrad, 1999]). The modular decomposition tree
of a graph G and modular decomposition of G can be computed in O(n + m) time,

where n and m are the number of vertices and the number of edges of G, respectively.

We now present a characterization of comparability graphs with respect to a

modular decomposition.

Theorem 1.5.14 ([Golumbic, 2004; Mohring, 1985]). For some positive integer
k, let P = {A1, As,..., Ax} be a modular partition of an M-decomposable graph
G. Then G is a comparability graph if and only if G/P and each of the induced

subgraphs G[A;] are comparability graphs.

1.6 Graph Classes

In this section, we present the graph classes, namely distance-hereditary graphs,

treelike comparability graphs, and well-partitioned chordal graphs, and recall their
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FiGUureE 1.15: Forbidden induced subgraphs for distance-hereditary comparability
graphs

properties that are used in this thesis.

1.6.1 Distance-Hereditary Graphs

Definition 1.6.1 (Distance-hereditary graph). A graph G is called a distance-
hereditary graph if the distance between any two vertices in any connected induced

subgraph of GG is the same as the distance in G.

The literature has various characterizations for distance-hereditary graphs (cf.
[Bandelt and Mulder, 1986] and [Bouchet, 1988]). In the following, we present the

characterization obtained using split decomposition.

Theorem 1.6.2 ([Bouchet, 1988]). A graph G is a distance-hereditary graph if and

only if the minimal split-decomposition tree of G is a clique-star tree.

Theorem 1.6.3 ([Di Stefano, 2012]). A graph G is a distance-hereditary compara-
bility graph if and only if the house, domino, gem, net and cycles of length at least
five (depicted in Figure 1.15) are not induced subgraphs of G.

Further, certain subclasses of distance-hereditary graphs were characterized in

terms of their minimal split-decomposition trees in [Bahrani and Lumbroso, 2018].
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In particular, C;-free distance-hereditary graphs were characterized through a notion

called center-center path, which is defined below.

Definition 1.6.4 (Center-center path). Let G be a distance-hereditary graph with
the minimal split-decomposition tree T=. A center-center path in T is an alternated
path whose endpoints are the centers of star components, and it does not contain

any edge from either of star components.

Theorem 1.6.5 ([Bahrani and Lumbroso, 2018]). Let G' be a distance-hereditary
graph with the minimal split-decomposition tree Tx. Then G is Cy-free if and only

if Tr does not have any center-center path.

We now introduce one of the well-studied subclasses of distance-hereditary graphs,

namely cographs.
Definition 1.6.6 (Cograph). A cograph is defined recursively as follows:
(i) A graph on a single vertex is a cograph.
(i) If Gy,..., Gy are cographs, then so is their union.
(iii) If G is a cograph, then so is its complement.

Cographs are characterized through various parameters. In the following, we

present the forbidden induced subgraph characterization of cographs.

Theorem 1.6.7 ([Corneil et al., 1981]). A graph G is a cograph if and only if G is
Py-free.

In this thesis, we use the terms “cographs” and “Pj-free graphs” interchangeably.

Theorem 1.6.8 ([Bandelt and Mulder, 1986)). Py-free graphs are distance-hereditary

graphs.

Theorem 1.6.9 ([Bose et al., 1998]). Py-free graphs are permutation graphs.
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In Chapter 5, we characterize the class of P;-free graphs in terms of their minimal
split-decomposition trees (see Corollary 5.1.5). In this connection, we need the
following lemmas on maximal alternated paths in the minimal split-decomposition

tree of a distance-hereditary graph.

Lemma 1.6.10 ([Bahrani and Lumbroso, 2018]). Let G be a distance-hereditary
graph with the minimal split-decomposition tree Tx. Any mazimal alternated path

starting from any split component of Tx ends in a pendant vertex of Tx.

Lemma 1.6.11 ([Bahrani and Lumbroso, 2018]). Let G be a distance-hereditary
graph with the minimal split-decomposition tree Trx. If o is an internal vertex of
the underlying tree T' of T'x, then any two mazimal alternated paths P and @) that
start at distinct vertices of G, but contain no interior edges from G, end at distinct

pendant vertices of T'r.

1.6.2 Treelike Comparability Graphs

In this subsection, we present the concept of treelike comparability graphs. We
also define certain subclasses of treelike comparability graphs, namely arborescences,

double-arborescences, path of double-arborescences, and state some relevant results.

Definition 1.6.12 (Treelike comparability graph). A graph is called a treelike com-
parability graph if it admits a transitive orientation such that the underlying graph
of its transitive reduction is a tree. In this case, the corresponding orientation is

called a treelike orientation.

Example 1.6.13. For the graph G = (V| E) shown in Figure 1.16, O is a treelike

orientation of (G, as the underlying graph of its transitive reduction G is a tree.

Remark 1.6.14. Not all comparability graphs admit treelike orientation, e.g., Cy

does not have any treelike orientation.
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1 2 1 2 1 2
A 3 A 3 A 3
G=(V,E) G =(V,0) G=(V,0)

FIGURE 1.16: A treelike comparability graph with its treelike orientation and reduction

Treelike comparability graphs were characterized using split decomposition in
[Cornelsen and Di Stefano, 2009, Theorem 4. In view of the algorithm provided
in [Cornelsen and Di Stefano, 2009, Theorem 5], we rewrite the characterization of

treelike comparability graphs in the setting of graph-labeled trees.

Theorem 1.6.15 ([Cornelsen and Di Stefano, 2009]). Let G be a graph and Tx be
the minimal split-decomposition tree of G. Then G is a treelike comparability graph

if and only if
(i) Tx is a clique-star tree,
(i) each clique component has at most two marked vertices, and

(iii) there is no marked edge between the centers of two star components.

Remark 1.6.16. In view of Theorems 1.6.2 and 1.6.15, it is evident that every
treelike comparability graph is a distance-hereditary graph.

Theorem 1.6.17 ([Cornelsen and Di Stefano, 2009]). A treelike orientation of a
comparability graph, if exists, is unique up to isomorphism and reversing the whole

orientation.

Theorem 1.6.18 ([Cornelsen and Di Stefano, 2009]). It can be tested in linear
time whether a graph is a treelike comparability graph. Moreover, for a treelike
comparability graph G, the treelike orientation of G as well as the transitive reduction

can be found in linear time.
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Definition 1.6.19 (Treelike permutation graph). A graph is called a treelike per-

mutation graph if it is a treelike comparability graph as well as a permutation graph.

In [Cornelsen and Di Stefano, 2009], a treelike permutation graph is characterized
as a path of double-arborescences. The concepts of double-arborescences and path

of double-arborescences are defined below.

Definition 1.6.20 (Arborescence and Double-arborescence). A treelike compara-
bility graph G with an all-adjacent vertex is called a double-arborescence, i.e., there
is a vertex r such that V' = {r} U Ng(r). We consider r as the root of G. In
addition, under the treelike orientation, if the root r is a source (or a sink), i.e., the
indegree (respectively, outdegree) of r is zero, then G is called an arborescence. The
treelike orientation of a (double-)arborescence is called the (double-)arborescence

orientation.

Remark 1.6.21. Note that every arborescence is a double-arborescence but not

conversely.

Definition 1.6.22 (Strict-double-arborescence). A double-arborescence is called a

strict-double-arborescence if it is not an arborescence.

Example 1.6.23. Some examples of double-arborescences in terms of their transi-
tive reductions are given in Figure 1.17. Note that the graph shown in Figure 1.17(b)

is, in fact, a strict-double-arborescence.

: N
W /f . A
(a) Arborescences (b) Double-arborescence

Ficure 1.17: Examples of double-arborescences in terms of transitive reductions
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The arborescences were first studied by Wolk [1962, 1965] and they were char-

acterized as per the following result.

Theorem 1.6.24 ([Wolk, 1962, 1965]). A graph is an arborescence if and only if it
is (Cy, Py)-free.

Definition 1.6.25 (Path of double-arborescences). A treelike comparability graph
G is called a path of k double-arborescences (or simply, a path of double-arborescences)
if G (precisely) consists of k£ double-arborescences and a path (ignoring the direc-

tions) connecting their roots; such a path is called a root-path of G.

Example 1.6.26. An example of path of 4 double-arborescences in terms of its

transitive reduction is given in Figure 1.18.

[ ]
rs
1 T4
T2

FIGURE 1.18: A path of double-arborescences

Theorem 1.6.27 ([Cornelsen and Di Stefano, 2009]). A graph is a treelike permu-

tation graph if and only if it is a path of double-arborescences.

Theorem 1.6.28 ([Cornelsen and Di Stefano, 2009]). Let G be a treelike permuta-
tion graph. The minimum k for which G is a path of k double-arborescences can be

determined in linear time.

1.6.3 Well-Partitioned Chordal Graphs

In this section, we present the concept of well-partitioned chordal graphs, a subclass

of chordal graphs — graphs in which every cycle on at least four vertices has a
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FIGURE 1.19: The set of graphs D

chord. Well-partitioned chordal graphs were introduced in [Ahn et al., 2022] as a
generalization of split graphs. We first introduce the concept of split graphs and

present some results related to them.

Definition 1.6.29 (Split graph). A graph G is called a split graph if the vertex set
of G can be partitioned into a clique and an independent set. Refer to Figure 1.19

for some examples of split graphs.

The following theorems provide us the forbidden induced subgraph characteri-
zations of comparability graphs, permutation graphs and circle graphs, within split

graphs.

Theorem 1.6.30 ([Golumbic, 2004]). Let G be a split graph. Then, G is a compa-
rability graph if and only if G does not contain any induced subgraph isomorphic to

Dy, Dy or D3 given in Figure 1.19.

Theorem 1.6.31 ([Bonomo-Braberman et al., 2022]). Let G be a split graph. Then,
G is a permutation graph if and only if G is D-free, where D is the set of graphs
gwen in Figure 1.19.

Theorem 1.6.32 ([Bonomo-Braberman et al., 2022]). Let G be a split graph. Then,
G is a circle graph if and only if G is a C-free graph, where C is the set of graphs
gwen in Figure 1.20. Further, each graph belonging to the set C is a minimally

non-circle® graph.

3A graph G is minimally non-circle if G is not a circle graph but every proper induced subgraph
of G is a circle graph.
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FIGURE 1.20: The set C of split graphs. For convenience, except in Fp, the edges of the
clique over the vertices ¢, ¢y, cg, ... (wherever labeled) are not drawn completely in each
graph.

In the following, we present some results on the word-representability of split

graphs.

Remark 1.6.33 ([Kitaev et al., 2021]). Not all split graphs are word-representable,
e.g., for k > 3, an odd k-sun with center depicted in Figure 1.20 is not word-

representable.
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Notation 1.6.34. In what follows, the graph ({/UC, E') denotes a split graph, where
C' is a clique and [ is an independent set in the graph. Further, for a split graph
(IUC, E), we consider C as inclusion wise maximal, i.e., no vertex of I is adjacent to
all vertices of C'. Further, for any two integers m < n, we denote the set of integers

{m,m+1,...,n} by [m,n].

Theorem 1.6.35 ([Kitaev et al., 2021; Kitaev and Pyatkin, 2024]). Suppose G =
(IUC, E) is a split graph. Then, G is word-representable if and only if the vertices
of C can be labeled from 1 to k = |C| in such a way that for each a,b € I the
following hold.

(i) Fither N(a) = [1,m]U [n,k], for m <mn, or N(a) = [l,7], for | <r.

(i) If N(a) = [1,m]U[n, k] and N(b) = [I,r]|, form <mn andl <r, thenl>m or

r<n.

(iii) If N(a) = [1,m] U [n, k] and N(b) = [1,m'| U [0, k], for m < mn and m’ < n/,

then m' <n and m <n'.

Theorem 1.6.36 ([Kitaev and Pyatkin, 2024]). The problem of recognizing word-

representability of split graphs can be done in polynomial time.

Let G = (CUI, E) be a split graph. Consider the partition {C'} U{{a} | a € I}
of the vertex set of GG in which each part is a clique. The partition forms a structure
of a star with C' as the center and the cliques of size one as its leaves.

Well-partitioned chordal graphs are defined by generalizing the aforementioned
structure of split graphs. First, it allows the parts of a partition of the vertex set
to be arranged in a tree structure instead of a star. Second, it permits a clique of
arbitrary size in each part, satisfying certain conditions. In the following, we present

the formal definition.
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Definition 1.6.37 (Well-partitioned chordal graph). A connected graph G = (V, E)
is said to be a well-partitioned chordal graph (in short, WPC graph) if there exist a
partition P of V and a tree T = (P, E’) such that the following hold:

1. Each part A € P is a clique in G.

2. For A,B € P, if AB € F’, there exist subsets A’ C A and B’ C B such that
the edge set of the bipartite graph G[A, B] is {ab | a € A’,b € B'}.
3. For A,B € P, if AB ¢ E’, the edge set of the bipartite graph G[A, B] is empty.

Notation 1.6.38. The tree T in Definition 1.6.37 is called a partition tree of G,
and the elements of P are called its bags. A bag B in a partition tree 7T is called a

leaf bag if the degree of B in 7T is one; otherwise it is called an internal bag.

Example 1.6.39. An example of a WPC graph is depicted in Figure 1.21, where

the bags of the partition of the vertex set are marked within dashed circles.

Ficure 1.21: A WPC graph

Remark 1.6.40. A connected WPC graph can have more than one partition tree.

The class of WPC graphs includes the class of split graphs as stated in the

following remark.
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FIGURE 1.22: Some graphs from the set O

Remark 1.6.41. A connected graph G is a split graph if and only if G is a WPC
graph and there exists a partition tree 7 associated to G such that 7T is a star

centered at a clique and each leaf bag is a clique of size one.

Definition 1.6.42 (Boundary). Let G = (V, E) be a WPC graph with a partition
tree T = (P, E'). For A, B € P with AB € E’, the boundary of A with respect to B
is defined as {a € A | Ng(a) N B # @} and is denoted by bd(A, B).

In view of Definition 1.6.37, we have the following remarks.

Remark 1.6.43. If two bags A and B are adjacent in T, then bd(A, B) is complete
to bd(B, A) in G.

Remark 1.6.44. Let AB € E' for some bags A and B of P. Consider the graph
T \ AB obtained by deleting the edge AB from 7 and let 74 and 72 be the two
components of 7\ AB containing 4 and B, respectively. Then V = VAUV E, where

VA and V® consist of the vertices appeared in 74 and T2, respectively. Moreover,

VANVE = g, and Ng(V4) = bd(B, A) and N(VE) = bd(4, B).

Proposition 1.6.45 ([Ahn et al., 2022]). Every induced subgraph of a WPC' graph
1s also a WPC graph.

The following theorem establishes that the set of graphs O, given in [Ahn et al.,
2022, Figure 2|, is the set of minimal forbidden induced subgraphs for WPC graphs.
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In Figure 1.22, we present some of the graphs from the set O that are used in our

work.

Theorem 1.6.46 ([Ahn et al., 2022]). A graph G is a WPC graph if and only if G
1s a O-free graph.
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Split Decomposition

In this chapter, we characterize word-representable graphs with respect to split
decomposition. Consequently, we determine the representation number of a word-
representable graph in terms of the representation numbers of its split components.
Accordingly, we show that parity graphs are word-representable. Further, we obtain
a characteristic property by which the recomposition of two comparability graphs is
a comparability graph. Consequently, we establish the permutation-representation
number (prn) of the resulting comparability graph. We also introduce a subclass
of comparability graphs, called prn-irreducible graphs. We provide a criterion such
that the split recomposition of two prn-irreducible graphs is a comparability graph

and determine the prn of the resulting graph.

49
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2.1 Word-Representable Graphs

First we observe in Remark 2.1.1 that word-representability is preserved by split
decomposition. Further, we show that split recomposition also preserves the word-
representability of graphs. Consequently, we observe that the class of parity graphs is
word-representable. We also relate the representation number of the graph obtained

by the recomposition with its components.

Remark 2.1.1. If a graph G is word-representable, then its split components are
word-representable, as they are isomorphic to certain induced subgraphs of G (by
Remark 1.4.5) and every induced subgraph of a word-representable graph is word-

representable (by Remark 1.3.13).

Theorem 2.1.2. If G = (VU {m}, E) and G' = (V' U{m'}, E') are two k-word-

representable graphs, then so is the split recomposition G ,,®, G'.

Proof. Let w and w’ be two k-uniform words representing the graphs G and G,
respectively. In view of Proposition 1.3.21, note that a cyclic shift of a k-uniform
word representing a graph also represents the graph. Accordingly, assume w =
wymwsm - - - wim and w' = mwim'w) - - - m'w;. Note that w|y = wyws - --wy and
W'y = wijwh - - - wj,. Moreover, w|y and w'|y are k-uniform words. We will show
that the k-uniform word u = wywjwyw} - - - wrwy, represents the graph G,,®,, G'.

Note that the induced subgraphs G[V] and G’[V’] are induced subgraphs of
G m®,y G'. Further, the k-uniform words w|y and w'|y» represent G[V] and G'[V'],
respectively. Accordingly, since uly = wl|y and uly, = w'|y:, any two vertices of
G[V] or of G'[V’] are adjacent if and only if they alternate in the word w.

For a € V and b € V', note that a and b are adjacent in G,,,®,, G’ if and only
if a € Ng(m) and b € Ng/(m'). Accordingly, we consider the following cases to
complete the proof.

Let a € Ng(m) and b € Ng/(m'). Note that w|gemy = (am)* (i.e., the word

obtained by concatenating am for k times) and w’|my = (M’ b)*. Accordingly, for
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all 1 <7 <k, w; and w] contain exactly one copy of a and b, respectively. Hence,
u|(apy = (ab)* so that a and b alternate in w.

Let a ¢ Ng(m). Since the k-uniform word w represents GG, the vertices a and m
do not alternate in w. Hence, aa is a substring of wy, for some ¢. For any b € V’,
note that b does not appear in w;. According to the construction of u, the subword
Ul{apy has aa as a factor. Hence, a and b do not alternate in w. Similarly, when
b ¢ Ng/(m'), we can observe that b does not alternate with any a € V.

Hence, the k-uniform word u represents G ,,®,, G'. H

Corollary 2.1.3. If G = (VU {m}, E) and G' = (V' U {m'}, E') are two word-
representable graphs such that R(G) = k and R(G') = k', then R(G @,y G')
= max{k, k'}.

Proof. Let t = max{k,k’}. Using Proposition 1.3.23, both G and G’ are t-word-
representable. Consequently, by Theorem 2.1.2, G ,,,®,,» G’ is t-word-representable
so that R(G ,,®,, G') < t. But, by Remark 1.4.14, since G and G’ are isomorphic
to certain induced subgraphs of G ,,®,, G', we have R(G ,,®,» G') > t. Hence,
R(G 1@y G') = max{k, k'}. O

We now summarize the characterization of word-representability of a graph with

respect to its split decomposition in the following theorem.

Theorem 2.1.4. Let H; (1 < i <'s) be the components of a split decomposition of
a graph G. Then G is word-representable if and only if H; is word-representable for
each 1 <i < s. Further, R(G) = max R(H;).

1<i<s

In view of Theorem 1.3.28, since circle graphs are characterized as 2-word-

representable graphs, we have the following corollary of Theorem 2.1.4.

Corollary 2.1.5. Let H; (1 <i < s) be the components of a split decomposition of
a graph G. Then G is a circle graph if and only if each H; is a circle graph.
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Since the components of the minimal split decomposition of a graph are cliques,
stars and prime graphs, we have the following corollary of Theorem 2.1.4 on the non-
word-representability of perfect graphs, while a characterization for word-representable

perfect graphs is an open problem.

Corollary 2.1.6. A perfect graph is not word-representable if and only if at least

one of its prime components is a non-word-representable perfect graph.

Since the class of perfect graphs is closed under split recomposition (by Theorem
1.4.15), non-word-representable perfect graphs are completely determined by the
prime perfect graphs that are not word-representable.

Uisng Theorem 2.1.4, we now establish a class of word-representable graphs,
namely parity graphs, within perfect graphs which includes bipartite graphs as well

as distance-hereditary graphs.

Definition 2.1.7 (Parity graph). A graph is called a parity graph if the lengths of

any two induced paths between a pair of vertices are of the same parity.

Theorem 2.1.8 ([Sachs, 1970]). The class of parity graphs is a subclass of perfect
graphs.

Theorem 2.1.9 ([Cicerone and Di Stefano, 1999]). A graph G is a parity graph
if and only if every component in its minimal split decomposition is a clique or a

bipartite graph.

Since cliques and bipartite graphs are word-representable (cf. Example 1.3.12),

in view of Theorem 2.1.9, we have the following corollary of Theorem 2.1.4.

Corollary 2.1.10. The class of parity graphs is word-representable.

2.2 Comparability Graphs

In this section, we study the split recomposition of comparability graphs. First we

observe that the class of comparability graphs is not closed under split recomposition.
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In Subsection 2.2.1, we give a sufficient condition so that a recomposition of compa-
rability graphs is a comparability graph. Further, in Subsection 2.2.2, we investigate
the prn of a recomposition of comparability graphs. Finally, in Subsection 2.2.3, we
provide a characteristic property by which a recomposition of comparability graphs

is a comparability graph.

Remark 2.2.1. Let G be a comparability graph. Then every split component of G
is a comparability graph, as it is isomorphic to an induced subgraph of G and every

induced subgraph of a comparability graph is a comparability graph.

However, as shown in the following example, split recomposition of two compa-

rability graphs is not always a comparability graph.

Example 2.2.2. The graphs G and G’ shown in Figure 2.1 are comparability

graphs. However, the split recomposition G ,,,®,,» G’ is not a comparability graph

(cf. Remark 1.2.9).

3 3
4 4
o—e O
1 2 m m' "85 1 2 S
6 6
G G’ G @ G’

FIGURE 2.1: Recomposition of two comparability graphs

Notation 2.2.3. For the rest of this chapter, let G = (VU {m},F) and G' =

(V'U{m'}, E') be two graphs with disjoint vertex sets. Consider the graph

H=WVUuV'u{mm'}, EUE U{mm?}),

which is obtained by adding the edge mm’ between G and G’. This graph operation

is useful for investigating a sufficient condition and the prn of G,,®,, G’.
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2.2.1 Sufficient Condition

In this subsection, we give a necessary and sufficient condition for H to be a compara-
bility graph. Further, we also discuss the conditions under which the recomposition
G ,,®,y G' is a comparability graph. As a consequence, we also establish that a

recomposition of bipartite graphs is a bipartite graph.

Theorem 2.2.4. The graph H is a comparability graph if and only if there exist
transitive orientations O and O" of G and G, respectively, such that m is a source

in O and m' is a sink in O', or vice versa.

Proof. Suppose O and O’ are transitive orientations of G' and G’, respectively, such
that m is a source in O and m/ is a sink in O’. We extend O and O’ to an orientation
Oy of H by orienting the edge mm’ as m . Similarly, if m is a sink in O and m/’
is a source in O, then assign ﬂm as the orientation to the edge mm’ in Oy. In
both cases, clearly, O is a transitive orientation of H so that H is a comparability
graph.

Conversely, suppose H is a comparability graph. Let Oy be a transitive orien-
tation of H in which the edge mm/ is oriented as m . We claim that m is a source

and m’ is a sink with respect to Og. On the contrary, we have the following cases:

e m is not a source: Then, for some a € V, we have am in Oy. By transitivity

— e
of Oy, am’ exists in Oy; which is a contradiction as am’ is not an edge in H.

o
e m' is not a sink: Then, for some b € V', we have m’b in Og. By transitivity

of Oy, n% exists in Op; which is a contradiction as mb is not an edge in H.

This proves our claim. Note that H[V U{m}] = G and H[V'U{m'}| = G'. Further,
let O and O’ be the restrictions of Oy to G and G’, respectively. Clearly, O and O’
are transitive orientations of G and G’, respectively. Moreover, m is a source in O

and m' is a sink in O'.
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N —
Similarly, if the edge mm’ of H is oriented as m’m in Oy, then we can show that
there exist transitive orientations O and O of G and G’, respectively, such that m

is a sink of O and m' is a source of O'. O]

We now present a condition under which a recomposition of comparability graphs

is a comparability graph.

Theorem 2.2.5. If G and G’ are comparability graphs such that m is a source of
G and m' is a sink of G' with respect to some transitive orientations of G and G,

then G 1, ®, G’ is a comparability graph.

Proof. By Theorem 2.2.4, H is a comparability graph in which m is a source and m/’
is a sink. In view of the discussion in [Cornelsen and Di Stefano, 2009, Section 3],
we give a transitive orientation to G,,®,, G’ from a transitive orientation of H by
deleting m and m’ and by orienting b, for all adjacent vertices a(# m’) of m and

b(# m) of m/. O

Remark 2.2.6. In Theorem 2.2.5, if m is a sink and m’ is a source with respect
to some transitive orientations of G and G’, respectively, then also a transitive
orientation can be assigned to G ,,®,» G'. Hence, in the rest of this chapter, we

consider one of the combinations to state the corresponding results.

Remark 2.2.7. Note that every bipartite graph is a comparability graph. For
instance, if (AU B, F) is a bipartite graph with bipartition {A, B}, then assign the
transitive orientation to the edges in E as % fora € Aand b € B. In this orientation,
every vertex of A is a source and every vertex of B is a sink. Accordingly, in view
of Theorem 2.2.5, if G and G’ are two bipartite graphs, then the split recomposition

G n®, G' is a comparability graph for any choice of vertices m and m'.
Moreover, we have the following stronger result for the bipartite graphs.

Proposition 2.2.8. If G and G’ are two bipartite graphs, then for any choice of

vertices m and m’, the split recomposition G ,,®,,» G' is a bipartite graph.
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Proof. Let {A, B} be a bipartition of G and {A’, B’} be a bipartition of G’. Without
loss of generality, suppose m € A and m’ € A’. We prove that {(A\ {m})UB’, (A"\
{m’}) U B} is a bipartition of the vertices of G ,,®,, G’. Consider an edge ab of
G m®,y G'. Then ab is in one of the induced subgraphs G[V] and G’[V’], or it
is an edge between Ng(m) and Ng/(m’). In any case, it can be observed that if

a€ (A\{m})U B then b e (A" \ {m'})U B, or vice versa. O

2.2.2 Permutation-Representation Number

In this subsection, we study the prn of the graph H and obtain a partial result
on the prn of G ,,®,, G'. A complete result on the prn of G ,,®,,, G’ is given in

Subsection 2.2.3, subsequent to its characterization.

Lemma 2.2.9. Let G be a comparability graph with a transitive orientation O. If
m 1s a source with respect to O, then m is a minimal element of the induced poset

Pg. Similarly, if m is a sink, then m is a maximal element of Pg.

Proof. Let us assume that m is not a minimal element of Pg. Then there exists an
element a in Py such that a < m in Py which implies there is an edge am in G with
respect to O. This is a contradiction to m being a source. Similarly, the result can

be proved when m is a sink. O

The following remark produces a word to represent a comparability graph based

on a realizer of its induced poset.

Remark 2.2.10. Let C' be a comparability graph and P¢ be the poset induced by a
transitive orientation of C'. Let {Lj, Lo, ..., Ly} be a realizer of Po. For 1 <i <k,
construct permutations p; from (Pg, L;) on the vertices of C such that a occurs before
b in the permutation p; if aL;b. Then, in view of [Halldérsson et al., 2011, Lemma 4],

the word pyps - - - pi. represents C.
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In the following proposition, we present a way of extending the permutations
representing G[V] to the permutations representing a comparability graph G with

m as a source (or a sink).

Proposition 2.2.11. Let G be a comparability graph on the vertex set V U {m}
such that m is a source (or a sink) with respect to some transitive orientation of G.
Then there exist k and permutations p; on 'V, for 1 < i <k, which can be extended
to permutations q; on VU{m}, for 1 <i < k-+1, such that py - - - py represents G[V]

and qi - - - qpqr+1 represents G.

Proof. Consider the poset Pg induced by the transitive orientation of G for which
m is a source. Note that m is a minimal element of P;. Now consider the subposet
of Pg with the elements of V' and note that the corresponding comparability graph
is G[V']. Accordingly, we denote the subposet by Pgiy).

Consider a realizer L = {Ly, Ls,..., Ly} of Pgpy. Using the construction in
[Hiraguti, 1955, Theorem 4.2] (see also [Trotter, 1992, Theorem 9.3 in Chapter 1] and
[Bogart, 1973, Theorem 2.11}), we extend L to a realizer M = {M;, ..., My, M1}
of Pg as per the following: Let U(m) = {a € V | m < a in P} and set

My=m=<L; (1<i<k);

My = L (V\U(m)) < m < Ly (U(m)),

where, for X C V| Li(X) is the linear order on X obtained from Lj by restricting
it to X.

For 1 < i < Fk, construct permutations p; from (Pgpyy, L;) such that a occurs
before b in p; if aL;b. Similarly, for 1 < i < k + 1, construct permutations ¢; from
(Pg, M;). Note that, as m is a minimal element of Pg, we have Ng(m) = U(m).

Accordingly, note that

¢ =mp;, (1<i<k);
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qk+1 = Pk\V\NG(m)mPHNG(m)-

Hence, by Remark 2.2.10, the words pips---pr and q1q2 - - - qxqr+1 represent the
graphs G[V] and G, respectively.

Similarly, if m is a sink, there exist permutations p; on V', for 1 <1 < k, and
permutations ¢; on V U {m}, for 1 <i <k + 1, such that the words pips - - - pr, and
1G2 - - - Qrqr+1 represent G[V] and G, respectively, where the permutations ¢; are as

per the following:

¢ =pm, (1<i<k);

Qk+1 = pk|NG(m)mpk |V\Ng(m) °

]

Note that RP(G) = k implies dim(Pg) = k so that dim(Pgpq) < k. Accordingly,
Proposition 2.2.11 is rephrased in the following lemma for the graphs G and G’. The

lemma is useful for obtaining the prn of their recomposition and also that of H.

Lemma 2.2.12. Suppose G and G' are comparability graphs such that m is a source
of G and m' is a sink of G' with respect to some transitive orientations of G and G'.
Let RP(G) = k and RP(G') = k'. Then there exist permutations p; (1 < i < k) on
V, pi (1 <i<K) onV"which can be extended to the permutations ¢; (1 <i < k+1)
on the vertices of G and permutations ¢; (1 <i < k' + 1) on the vertices of G' such
that the words pips - - - pr. and pipl - - - pi, represent G[V| and G'[V'], respectively, and
the words w = qi1q2 - - - Q1 and W' = ¢\ q5 - - - @ Q. Tepresent the graphs G and

G', respectively, where

¢ =mp;, (1<i<k); ¢ =pm', (1<i<k);

_ . / . /)
qk+1 _pk|V\NG(m)mpk'|NG(m)7 Qi 11 _pk’lwc,(m/)mpk’|v'\NG,(m’)'

Theorem 2.2.13. Let G and G’ be comparability graphs such that R*(G) = k and
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RP(G') = K'. If the graph H is a comparability graph, then RP(H) = max{k,k'} or
1 + max{k, k'}.

Proof. Suppose H is a comparability graph. By Theorem 2.2.4, m is a source and

m' is a sink with respect to some transitive orientations of G and G’, respectively.

As RP(G) = k and RP(G") = k', using Lemma 2.2.12; consider the permutations
pi(1<i<k)onV,p, (1<i<Kk)onV’' g (1 <i<k+1)on the vertices of G,
and ¢ (1 <i < k'+ 1) on the vertices of G’ such that the words w = ¢1¢2 - - - Qeqr+1
and w' = q1q5 - - - @, 444 represent the graphs G and G, respectively.

Suppose k' < k. We construct k + 1 permutations u; (1 < i < k+ 1) on the

vertices of H as per the following:

uy = pympm’,

ug = pymm'pg, (2 < <K

u; = ppmm'p;, (K'+1<j<k)
Uk+1 = Qk+1Q§g/+1

_ / 0
- pk|V\NG(m) mpk|NG(m)pk’ |NG,(m’)m Py |V/\NG’(7"/)

We now show that the word u = wjus - - - ugugy1 represents the graph H. Note

that H[V U{m}] = G and H[V' U {m’}| = G'. Further, since

ulviugmy = Q1¢2 +++ Qe and
X / / 1o
U‘V’U{m’} =q19 " Q1 Qi 0 Qg Qira1s
—_——
k—k'+1 times

we have u|yugmy and ulyrgmy represent the graphs G and G’, respectively. Hence,
any two vertices of G or of G’ are adjacent if and only if they alternate in the word wu.
Also, corresponding to the edge mm’ in H, it is easy to see that m and m’ alternate

inu, as mm’ < u; foralll <i<k+1.
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Note that there are no edges between the graphs G and G’ except mm/; accord-
ingly, we show that the corresponding vertices do not alternate in u. For a € V
and o' € V' U{m'}, as d'a < uy but aa’ < ugyq, it is evident that a and o’ do not
alternate in u. Also, for a € VU{m} and o’ € V', we have a and o’ do not alternate
in u as a’'a < u; but aa’ < ug,1. Hence, the word u represents the graph H.

Similarly, when k& < £/, we can show that the word u = wjug - - - uprug 1 repre-

sents the graph H, where

u = pympym’;

u; = pymm’p;, (2 < i < k);

u; = pymm/py, (k+1<j<KE);
Uk'+1 = Qk+1Q;c'+1

o / /1
= pk|V\NG(m)mpk|NG(m)pk’ |NG/(m')m Py |V’\NG,(m’) :

In any case, since u is concatenation of 1 + max{k, ¥’} permutations, we have
RP(H) < 1+max{k,k'}. Also, since G and G’ are induced subgraphs of H, we have
RP(H) > max{k,k'}. Hence, RP(H) = max{k, k'} or 1 + max{k, k'}. O

Theorem 2.2.14. Let G and G’ be comparability graphs such that m is a source of
G and m’ is a sink of G with respect to some transitive orientations of G and G'. If

RP(G) =k and RP(G") = k', then RP(G ;,®,y G') = max{k,k'} or 1+ max{k,k'}.

Proof. By Theorem 2.2.5, note that G,,®,,» G’ is a comparability graph and hence
permutationally representable. As RP(G) = k and RP(G’) = k', using Lemma
2.2.12, consider the permutations p; (1 < ¢ < k)on V, p, (1 <i < k') on V', ¢
(1 <i < k+1) on the vertices of G, and ¢} (1 <i < k'41) on the vertices of G’ such
that the words w = ¢1¢2 - - - quqr+1 and W' = ¢1¢5 - - - ¢}, @1 Tepresent the graphs G
and G’, respectively.

Suppose k < k’. We construct k' 4+ 1 permutations v; (1 < i < k' + 1) on the
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vertices of G ,,,®,,» G’ as per the following:

vi =pipi, (1<i<k)
vj = pPipk, (B+1<5<K)

_ / /
Uk’Jrl - pk’V\NG(m)pk/ ‘NG,(m/>pk’NG(m)pk/ ’V/\NG/ (m/)

We show that the word v = wvvy - - v U1 Tepresents the graph G ,,®,, G'.
Note that G[V] and G’[V'] are induced subgraphs of G ,,,®,,» G’ represented by

Wy = P1P2 *** PrPk |y ng oy Phl ng omy - 20D

/ __ /o /
wlve = phph - PPl o Poe by oy

respectively. Further, note that

vly =pip2 c* Ph—1 Pk Pk Pklywg mPhlg ey a0d
k'—k+1 times

Y A /- /
v = 0102 PPl Pl g o

Thus, any two vertices of G[V] or of G'[V’'] are adjacent if and only if they

alternate in the word v.

For a € V and o’ € V', note that a and &' are adjacent in G ,,®,,, G’ if and
only if a € Ng(m) and o' € Ng(m'). Accordingly, we consider the following cases
to show that a and @’ are adjacent in G,,®,,, G’ if and only if they alternate in v.
If a € Ng(m) and o € Ng/(m'), then from the construction of v, we have a'a < v;
for all 1 < i < k' + 1, so that a and & alternate in v. If a ¢ Ng(m), then for
any ¢’ € V', we have d'a < vy but ad’ < vp41. Similarly, if ' ¢ Ng/(m'), then
for any vertex a € V, we have a'a < v; but aa’ < vp,1. Hence, a and a’ do not
alternate in v, if a ¢ Ng(m) or a’ ¢ Ng/(m'). Hence the word v represents G ,,,®,,» G’

permutationally.

TH-4106_216123014



62 SPLIT DECOMPOSITION

Similarly, when k&’ < k, we can show that the word v = vvs - - - VgV 1 TEPTresents

the graph G ,,®,,, G' permutationally, where

v =pipi, (1<i<E);
v; =ppj, (K +1<j<k);

I / /
Vg+1 = pk|v\NG(m)pk’ |NG/(m’)pk|NG(m)pk, |v’\NG,(m’) :

In any case, since v is concatenation of 1 + max{k, k’'} permutations, we have
RP(G @y G') < 1+ max{k,k'}. Also, since G and G’ are isomorphic to certain
induced subgraphs of G ,,,®,, G’ (cf. Remark 1.4.14), we have R*(G ,,®,» G') >
max{k, k'}. Hence, R?(G,,®,y G') = max{k,k'} or 1 + max{k, k'}. O

In view of Proposition 2.2.8, we have the following corollary of Theorem 2.2.14.

Corollary 2.2.15. If G and G’ are bipartite graphs with R?(G) = k and RP(G') =
K, then RP(G m®y,y G') = max{k,k'} or 1+ max{k,k'}.

2.2.3 Characterization

In this subsection, we provide a sufficient condition (see Theorem 2.2.17) and a
necessary condition (see Theorem 2.2.20) for G ,,®,,» G’ to be a comparability graph.
Consequently, we determine the prn of G ,,®,,, G'.

Recall from Theorem 2.2.5 that recomposition of two comparability graphs is a
comparability graph when the marked vertices are a source and a sink with respect
to their transitive orientations. However, the marked vertices need not be a source or
a sink to give a transitive orientation to the recomposition, as shown in the following

example.

Example 2.2.16. Consider the comparability graphs G; and G, given in Figure 2.2

in which a and b are the marked vertices. Note that b is not a source or a sink under
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any transitive orientation given to G,. However, G; ,®;, G5 is a comparability

graph.

1 3 1 e 3

4 » 4
> < >
2 i 2 |6
G1 GQ Gl a®p GZ

FIGURE 2.2: Recomposition of comparability graphs

Note that in Example 2.2.16, the vertex a is an all-adjacent vertex, i.e., a is
adjacent to all other vertices of GG;. In connection to this observation, we prove the

following theorem.

Theorem 2.2.17. Let G and G’ be two comparability graphs such that at least one
of m and m’' is an all-adjacent vertex. Then G ,,®,, G is a comparability graph.

Moreover, if RP(G) = k and RP(G') = K/, then RP(G ,,®,,y G') = max{k, k'}.

Proof. We prove the result by constructing requisite number of permutations on the
vertices of G ,,®,,» G whose concatenation represents G,,®,, G'.

Let the words pips - - - pr and pip5 - - - p), represent G and G, respectively, where
each p; (1 <i < k) is a permutation on the vertices of G and each p} (1 < i < k)
is a permutation on the vertices of G'.

Suppose max{k,k'} = t. Without loss of generality let &' < k. Set p; = pj,
for all ¥ +1 < j < t and note that pip),---p, represents G’. Then, the words
w = p1pe---pr and W' = pp, - - - p; represent the graphs G and G, respectively. For
1 <i <t let p; =r;ms; and p; = rim’s, so that p;|v = rys; and plly = ris.

Suppose m is an all-adjacent vertex of G. Let u; = rir;s;s}, for all 1 < i < t.
Note that each wu; is a permutation on the vertices of G,,®,,» G'. We show that the

word u = ujus - - - u; represents the graph G,,®,, G' permutationally.
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Note that the induced subgraphs G[V] and G’[V’] are induced subgraphs of
G n®p G'. Further, since uly = pi|lvpa|v - pelv = w|y and u|y: = pllvpblv - - - pilve
= w'|ys, the subwords u|y and u|ys of u represent the graphs G[V] and G'[V"], re-
spectively. Thus, any two vertices of G[V] or of G'[V'] are adjacent if and only if
they alternate in the word wu.

For a € V and o’ € V', note that a and a’ are adjacent in GG,,®,,» G' if and only
if a € Ng(m) and o' € Ng/(m'). However, note that V. = Ng(m) as m is an all-
adjacent vertex of G. Accordingly, we consider the two cases based on a’ € Ng/(m/)
or @’ ¢ Ng/(m') to show that a and @’ are adjacent in G,,®,,, G" if and only if they
alternate in u so that u represents the graph G,,®,,, G'.

e Case 1: a’ € Ng/(m'). Since w’ represents G’, we have a'm’ < p/ for all 7, or
m'a’ < p} for all i, 1 <i < t. Observe that each u; (1 <i <t) is constructed
from p) by replacing m’ with the permutation p;|y. Hence, if a'm’ < p, for all
i, then a'a < u; for all i. If m’a’ < p) for all i, then aa’ < u; for all i. In any

case, a and o’ alternate in u.

e Case 2: a’ ¢ Ng(m'). Then o' and m’ do not alternate in w’. Accordingly,
there exist 4 and j (1 < i,j < t) such that a'm’ < p; and m'a’ < pjj. Again,
as per the construction of u; and u;, we have a'a < w; and aa’ < u;. Hence,

a and ¢’ do not alternate in w.

Similarly, if m/ is an all-adjacent vertex of G’, we can show that the word u =
uyug - - - uy represents the graph G,,®,,, G' permutationally, where u; = r;7}s.s;, for
1 <1<t

Therefore, we have R?(G ,,,®,y G') < t = max{k,k’'}. But, by Remark 1.4.14,
since G and G’ are isomorphic to certain induced subgraphs of G ,,®,,» G', we have

RP(G p®yy G') > t. Hence, RP(G ,,®,y G') = max{k, k'}. O

Notation 2.2.18. Let a be a vertex of a graph C'. Then the graph obtained from
C' by adding a new vertex a’ adjacent only to the vertex a of C' is denoted by C.
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We now recall a theorem that characterizes a source of a comparability graph.

Theorem 2.2.19 ([Gimbel, 1992; Olariu, 1992]). Let C be a comparability graph
and a be a vertex of C'. Then a is a source with respect to some transitive orientation

of C' if and only if C® is a comparability graph.

Now, using Theorem 2.2.19, we find a necessary condition for G,,®,, G’ to be a
comparability graph, when one of m and m’ is not a source (or a sink) with respect

to any transitive orientation of G or G'.

Theorem 2.2.20. Let G and G’ be two comparability graphs such that m is not a
source with respect to any transitive orientation of G. If G, ®,, G’ is a comparability

graph, then m’ is an all-adjacent vertex of G'.

Proof. Let G ,,®,,» G' be a comparability graph. Assume m’ is not an all-adjacent
vertex of G’. Then there exists a vertex ¢ € V' such that ¢ ¢ Ne(m') but ¥/’ € E'
for some vertex ¥ € Ng/(m’). The connectedness of the graph G’ ensures the
existence of such vertex ¢.

Consider the induced subgraph (G ,,,®,, G")[V U{V'}], say "Gy. Note that ¥’ is
adjacent to all vertices of Ng(m) in G,,®,, G'. Hence, ™Gy is isomorphic to G as
it can be obtained from G by replacing m with &. While ™G}y is a comparability
graph, b’ cannot be a source with respect to any transitive orientation of "G, since
m is not a source by the assumption in our statement of the theorem.

Now consider the induced subgraph (G ,,®,, G")[V U{V/,'}] of G,,®, G'. Note
that (G ,®, G)[V U{V,}] = ("Gy)¥, the graph obtained from ™G} by making
¢ adjacent only to . Since &' cannot be a source, (™Gy)" is not a comparability
graph, by Theorem 2.2.19. However, (me/)b' is a comparability graph as it is an
induced subgraph of the comparability graph G ,,®,, G’; a contradiction. Hence,

m' should be an all-adjacent vertex of G’. H

We summarize the results of this section in the following theorem, which provides

us a characterization for G,,®,,, G’ to be a comparability graph.
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Theorem 2.2.21. Let G = (VU{m}, E) and G' = (V'U{m'}, E’) be two compara-
bility graphs with disjoint vertex sets. Suppose RP(G) = k and RP(G') = k'. Then

we have the following:

1. The split recomposition G ,,®,, G' is a comparability graph if and only if one
of the following holds:

(i) The vertices m and m’ are a source and a sink, or vice versa, with respect

to some transitive orientations on G and G'.

(ii) At least one of the vertices m and m' is an all-adjacent verte.

2. Moreover, if the split recomposition G ,,®,y G' is a comparability graph, then

RP(G @y G") = max{k, k'} or 1+ max{k,k'}.

As a consequence, we also provide the prn of the graph construction G™ in the

following corollary.

Corollary 2.2.22. Let G be a comparability graph such that RP(G) = k. If G™ is
a comparability graph, then RP(G™) =k or 1 + k.
Proof. If G™ is a comparability graph, then by Theorem 2.2.19, m is a source of G.
Consider a path Ps: ”LL and note that RP(Ps;) = 2, as the word bam’bm’a
represents P3. Further, it can be observed that G is isomorphic to G,,®,,,» Ps.

If K = 1, then G is a complete graph so that m is an all-adjacent vertex of
G. Accordingly, by Theorem 2.2.17, RP(G™) = RP(G ,,,®,,y P3) = max{1,2} = 2.
Otherwise, for k > 2, max{k,2} = k. Then, by Theorem 2.2.21, R?(G™) = k or
1 + k. Hence, in any case, we have RP(G™) =k or 1 + k. O

2.3 prn-Irreducible Graphs

Following the notion of irreducible posets in order theory (cf. [Trotter, 1992]),

in this section, we define the concept of prn-irreducible comparability graphs and
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study them with respect to split recomposition. In this connection, we character-
ize prn-irreducible graphs such that their recomposition is a comparability graph.
Accordingly, we determine the prn of the resulting comparability graph based on
the prns of its split components. We also observe that the split recomposition of

prn-irreducible graphs is not prn-irreducible.

Definition 2.3.1 (prn-irreducible graph). A comparability graph C' = (V, E) is said
to be k-prn-irreducible for some k > 2, if RP(C) = k and RP(C[V \ {a}]) =k —1
for every a € V. Further, a comparability graph is said to be prn-irreducible if it is

k-prn-irreducible for some k£ > 2.

Remark 2.3.2. A comparability graph is 2-prn-irreducible if and only if it is an
edgeless graph on two vertices. For instance, any connected graph C' on at least 3
vertices with RP(C) = 2 has a vertex a that is not adjacent to all other vertices. If
we remove any vertex adjacent to a from C, the prn of the resulting graph is not

one, as it is not a complete graph.

Example 2.3.3. For n > 3, consider the crown graph H, , (a graph which is
obtained by deleting a perfect matching from the complete bipartite graph K, ).
From [Halldérsson et al., 2011], recall that R*(H,,,) = n. Let H' be the bipartite
graph obtained by deleting a vertex from H,, ,. Note that RP(H') <n—1lasn—1
is the size of one of the partite sets of H' [Mozhui and Krishna, 2025b, Corollary 6],
and n — 1 < RP(H') as H,,_1,-1 is an induced subgraph of H' (cf. [Mozhui and
Krishna, 2025b]). Hence, RP(H') = n — 1 so that H,,,, is n-prn-irreducible.

Example 2.3.4. For n > 3, the cycle Uy, is 3-prn-irreducible. Note that by deleting
a vertex from Cy,, we get the path P, ; with 2n—1 vertices. For n > 3, RP(Cy,) = 3
and RP(P,) = 2 (by Theorem 1.3.46(ii)).

Trotter and Moore [1976], as well as Kelly [1977] independently and simultane-
ously obtained the complete list of 3-irreducible posets. A complete list of 3-prn-

irreducible comparability graphs can be derived from the corresponding posets.
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Proposition 2.3.5. For k > 2, any k-prn-irreducible comparability graph does not

have an all-adjacent vertez.

Proof. On the contrary, suppose a is an all-adjacent vertex of a k-prn-irreducible
comparability graph C' = (V,E). As RP(C[V \ {a}]) = k — 1, let pip2---pr_1
represents the induced subgraph C[V \ {a}], where each p; (1 < ¢ < k—1) is a
permutation on V' \ {a}. Then consider the permutations ¢; = ap;, for all 1 < i <
k — 1, on V and note that the word qiqs - - - qx_1 represents the graph C. Hence,
RP(C) = k — 1; a contradiction. O

In view of Proposition 2.3.5, we have the following corollary of Theorem 2.2.21.

Corollary 2.3.6. Let G and G’ be comparability graphs such that G is k-prn-
irreducible and G" is k'-prn-irreducible. Then G ,,®,» G’ is a comparability graph if
and only if m is a source of G and m' is a sink of G’ with respect to some transitive

orientations of G and G'.

We now obtain the permutation-representation number of the split recomposition

of two prn-irreducible comparability graphs in the following theorem.

Theorem 2.3.7. For k, k' > 3, let G and G’ be k-prn-irreducible and k' -prn-
irreducible comparability graphs, respectively. If G,,®,, G’ is a comparability graph,
then RP(G 1@,y G') = max{k, k'}.

Proof. Suppose G ,,®,,» G’ is a comparability graph. In view of Corollary 2.3.6,
let m be a source of G and m’ be a sink of G’ with respect to some transitive
orientations of G' and G’. Note that R?(G) = k, RP(G’') = k' and R?(G[V]) = k—1,
RP(G'[V']) = k' — 1. Along the lines of Lemma 2.2.12, consider the permutations p;
(1<i<k—1)onV,p,(1<i<k —1)onV".

Suppose k' < k. We construct k& permutations v; (1 < i < k) on the vertices of

G 2 ®, G’ as per the following and show that the word v = vjvy - - - vy represents
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the graph G,,,®,, G'.

v =pipi, (1<i<k —1)
v; =D, (K <j<k-1)

o / /
Uk - pkfl |V\NG(m)pk/71 |NG,(m/)pk71 ’NG(m)pklfl |V/\NG/ (m/)

Note that

vly = pips - pkflpkfl‘V\NG(m)pkfl|NG(m) and
- / ! / / / / /
vy =piph Do P pk’—lpk’—l‘Ncl(m/)pk’—l’vf\NGwm')‘

k—Kk’+1 times

Thus, any two vertices of G[V] or of G'[V] are adjacent if and only if they alternate
in the word v.

For a € V and ' € V', note that a and a’ are adjacent in G ,,®,,y G’ if and only
if a € Ng(m) and a’ € Ng/(m'). If a € Ng(m) and @' € Ng(m’'), then from the
construction of v, we have a'a < v; for all 1 < i < k, so that a and o alternate in
v. If a ¢ Ng(m), then for any o’ € V', we have a’a < vy but aa’ < vy. Similarly, if
a' ¢ Ng/(m'), then for any vertex a € V, we have a’a < v; but aa’ < v;. Hence,
a and o’ do not alternate in v, if a ¢ Ng(m) or @’ ¢ Ng/(m'). Hence the word v
represents GG ,,®,,» G’ permutationally.

Similarly, when & < k’, we can show that the word v = Vv - - - U _1Up TEPTESENtS

the graph G,,®,,, G' permutationally, where

v, =pipi, (1 <i<k—1);
vj = pPipe—1, (K <j<E —1);

_ / /
Uk:/ — pkfl‘v\NG(m)pk-/,l |NG/(m/)pk71‘NG(m)pk/71 ’V/\NG/(TVL/) .

In any case, since v is concatenation of max{k, £’} permutations, we have
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RP(G 1@y G') < max{k,k'}. Also, since G and G’ are isomorphic to certain induced
subgraphs of G,,®,,» G’ (cf. Remark 1.4.14), we have R?(G ,,®,, G") > max{k, k'}.
Hence, R?(G ,®yy G') = max{k, k'}. O

In view of Theorem 2.3.7, we have the prn of the following bipartite graphs,

which are obtained from the recomposition of prn-irreducible graphs.

Example 2.3.8. For k, k" > 3, the prn of the recomposition of crown graphs Hy

and Hj j (with respect to any two vertices of Hyy and Hy x) is max{k, k'}.

Example 2.3.9. For k, k' > 3, the prn of the recomposition of even cycles Cy;, and

Copr (with respect to any two vertices of Coy, and Cyy) is 3.

Theorem 2.3.10. For k. k' > 3, if G and G’ are k-prn-irreducible and k'-prn-

irreducible comparability graphs, respectively, then G, ®,, G' is not prn-irreducible.

Proof. Suppose G ,,®,,» G' is a comparability graph. By Proposition 2.3.5, m and
m’ are not all-adjacent vertices. Also, by Theorem 2.3.7, we have R?(G ,,,®,, G') =
max{k, k'} = k, say, without loss of generality.

Since m’ is not an all-adjacent vertex of G’, there exists ¢ € V' such that
d ¢ Ng/(m'). Consider the induced subgraph L = (G ,,®,, G)[V U (V' \ {c})].
Clearly, RP(L) < k. We show that RP(L) = k so that G ,,®,y G’ is not prn-
irreducible.

For ¥ € Ng/(m'), note that the induced subgraph (G ,,®,, G")[V U {b'}] is
isomorphic to G and it is also an induced subgraph of L. Thus, R*(L) > k and
hence, RP(L) = k. O

2.4 Conclusion and Future Work

The work in this chapter paves a way, in general, to study the word-representability

of graphs using split decomposition and recomposition. As the problem of deciding
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whether a given graph is word-representable is NP-complete, using split decompo-
sition and recomposition, the problem can be reduced to its prime components.
For example, the parity graphs are established as word-representable, because their
prime components are word-representable (see Corollary 2.1.10). In view of Corol-
lary 2.1.6, the open problem of characterizing word-representable perfect graphs can
be approached through the following problem: What are the prime perfect graphs
that are not word-representable? Similar to bipartite graphs, it is also interesting to
find the subclasses of comparability graphs which are closed under recomposition.
If one of the marked vertices is an all-adjacent vertex in a general case, or in the
case when G and G’ are prn-irreducible graphs, we proved that R?(G,,®,, G') = k,
where k = max{RP(G), R’(G’)}. However, there are two possibilities of prn for the
recomposed comparability graph, i.e., R?(G ,,,®,, G') = k or 1 4+ k. Accordingly,
one may target to classify the graphs with respect to the prn of their recomposition

amongst the two categories.
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Modular Decomposition

In this chapter, we study the word-representability of graphs using modular de-
composition. In this connection, we consider a graph operation which replaces a
module in place of a vertex in a graph and provide a characteristic property for
the word-representability of the resulting graph. Consequently, we characterize the
word-representable graphs with respect to modular decomposition. We also de-
termine the representation number of a word-representable graph in terms of the
permutation-representation numbers of the subgraphs induced by modules and the
representation number of the associated quotient graph. In this context, we ob-
tain a complete answer to the open problem posed by Kitaev and Lozin on the

word-representability of the lexicographical product of graphs.

73
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3.1 Characterizations

To study modular decomposition, first we consider the following operation which

replaces a module in place of a vertex in a graph.

Definition 3.1.1. Let G = (V U{a}, E), where a ¢ V, and H = (V', E’) be two
graphs. The graph G,[H] = (V”, E”) is defined by V" = V UV’ and the edge set
E" consist of the edges of G[V], edges of E’ and {% |be V' ce Ng(a)}. We say
G.[H] is obtained from G by replacing the vertex a of G with the module H.

Remark 3.1.2. In Definition 3.1.1, note that V' is a module in the graph G,[H].
For instance, let b € V" \ V' = V. Thus, both a and b are vertices of G, and
we have either b ¢ Ng(a) or b € Ng(a). Thus, by definition of G,[H], either
N, mb) NV =@ or V' C Ng,m(b).

Remark 3.1.3. In Definition 3.1.1, if V = &, i.e., V U {a} = {a}, then G,[H] is
nothing but H. Further, if V' # &, then G,[H] = G ,®, H', where the graph H’ is
obtained by adding an all-adjacent vertex b to H.

Notation 3.1.4. For the rest of this chapter, G and H denote the graphs G =
(VU{a},E) withV #@,a ¢V and H = (V', E’), unless stated otherwise.

Remark 3.1.5. For two word-representable graphs G and H, the graph G,[H] is
not always a word-representable graph. For instance, consider the graph obtained
by replacing one of the two vertices of the complete graph K, with the cycle Cs.
This graph is nothing but the wheel graph W5 (see Figure 3.1), which is not a
word-representable graph (cf. Remark 1.3.14).

The following theorem gives us a sufficient condition for the word-representability

of G,[H].

Theorem 3.1.6 ([Kitaev, 2013]). Suppose G is a word-representable graph. If H is
a comparability graph, then G,[H] is word-representable.
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5 2 5 ‘k 2
a Vv

G 05 Ga [05]

F1GURE 3.1: Replacing the vertex a of G with the module Cj5

Further, on the representation number of G,[H], it was stated in [Kitaev, 2013]
that if R(G) = k and R(H) = k', then R(G,[H]|) = max{k,k’'}. Although it
was stated that k' is the representation number of the graph H, the proof in
[Kitaev, 2013] uses the concept of prn of H. If k' = R(H), then the statement

does not hold in some cases, as shown in the following counterexample.

Example 3.1.7. Consider the graph obtained by replacing a vertex, say a, of G =
K, with the cycle Cg. Note that R(G) = 1 (by Remark 1.3.25) and R(Cs) = 2 (by
Theorem 1.3.27). But R(G,[Cs]) # 2. In fact, G,[Cg] is the wheel Wy and its repre-
sentation number is 3 (by Theorem 1.3.39), as RP(Cs) = 3 (by Theorem 1.3.46(i)).

Based on the original proof in [Kitaev, 2013], we state the correct version of the

theorem on the representation number of G,[H] in the following.

Theorem 3.1.8. Let G be a word-representable graph and H be a comparability
graph. If R(G) =k and RP(H) =k, then R(G,[H]) = max{k, k'}.
Corollary 3.1.9. Suppose the graph H' is obtained from a comparability graph H by

adding an all-adjacent vertex. Then, H' is word-representable and R(H') = RP(H).

Proof. Tt can be observed that the graph H’ is obtained from the complete graph Ko
by replacing one of its two vertices with the module H. Since complete graphs are
word-representable, by Theorem 3.1.6, we have H' is a word-representable graph.

Further, since R(K3) = 1, by Theorem 3.1.8, we have R(H') = RF(H). O
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In fact, the graph H’ in Corollary 3.1.9 is a comparability graph and RP(H') =
RP(H), as described in the following remark.

Remark 3.1.10. Let the graph H' be obtained from the comparability graph H
by adding the all-adjacent vertex b and RP(H) = k. Suppose the word pips - - - pg
represents the graph H, where each p; (1 <1 < k) is a permutation on the vertices
of H. Then, the word bp1bps - - - bpy, permutationally represents the graph H’ so that
H' is a comparability graph and RP(H’) < k. Since H is an induced subgraph of
H' and RP(H) = k, we have RP(H') > k so that RP(H') = k.

Using split recomposition, we now show that the sufficient condition given in
Theorem 3.1.6 by Kitaev [2013] is indeed a characteristic property for the word-
representability of the graph G,[H].

Theorem 3.1.11. The graph G,[H] is word-representable if and only if G is a

word-representable graph and H is a comparability graph.

Proof. Note that by Remark 3.1.3, we have G,[H]| = G ,®;, H', where the graph H’
is obtained from H by adding an all-adjacent vertex b. Thus, by Remark 1.4.14 and
Theorem 2.1.2, we have G,[H] is word-representable if and only if both G and H' are
word-representable graphs. Further, by Theorem 1.3.39, H' is word-representable if
and only if H is a comparability graph. Thus, the result follows. O

In the following theorem, we provide a characterization for G,[H] to be a com-

parability graph and give its prn.

Theorem 3.1.12. The graph G,[H] is a comparability graph if and only if G and
H are comparability graphs. Moreover, if RP(G) = k and RP(H) = k', then
RP(G,[H]) = max{k, k'}.

Proof. Suppose G,[H| is a comparability graph. Since G and H are isomorphic to
certain induced subgraphs of G,[H], G and H are comparability graphs. Conversely,
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suppose G and H are comparability graphs. Note that by Remark 3.1.3, G,[H] =
G ®p, H', where the graph H' is obtained by adding an all-adjacent vertex b to
H. Since H is a comparability graph, by Remark 3.1.10, H' is also a comparability
graph and RP(H') = RP(H). As G,[H] = G ,®, H' and b is an all-adjacent vertex
of H', in view of Theorem 2.2.17, we have G,[H] is a comparability graph and
RP(G,[H]) = max{k, k'}. O

Alternative proofs for Theorem 3.1.11 and Theorem 3.1.12 can be found in
[Dwary and Krishna, 2025]. It can be observed that, using split decomposition,
we are able to provide shorter proofs of these theorems here. Using these results, we

now determine the representation number as well as the prn of 3-leaf power graphs.

Definition 3.1.13 (3-leaf power graph). A graph G = (V, E) is called a 3-leaf power
graph if there is a tree T with V as its leaves such that for all a,b € V, ab € E if

and only if their distance in T is at most three.

These graphs were introduced in [Nishimura et al., 2002], and a forbidden induced
subgraph characterization for this class of graphs was obtained in [Dom et al., 2004].
Further, we have the following characterization of 3-leaf power graphs, which we will

use in the sequel.

Theorem 3.1.14 ([Brandstadt and Le, 2006]). A connected graph G is a 3-leaf
power graph if and only if it is obtained from a suitable tree, say T, by replacing

each vertex of T with a clique. The tree T is called an associated tree of G.

Remark 3.1.15. Since both trees and cliques are comparability graphs, in view of
Theorems 3.1.12 and 3.1.14, it is evident that 3-leaf power graphs are comparability

graphs, and hence they are word-representable.

Furthermore, we have the following theorem on the representation number as

well as on the prn of a 3-leaf power graph.
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Theorem 3.1.16. If G is a 3-leaf power graph, then R(G) < 2 and RP(G) <
3. Moreover, RP(G) = 3 if and only if the graph S (depicted in Figure 1.9) is

isomorphic to an induced subgraph of G.

Proof. Note that by Theorem 3.1.14, a 3-leaf power graph G is obtained from an
associated tree T by replacing iteratively each vertex of Ty with a clique. Let
ai,as,...,a, be the vertices of Ty and M, M, ..., M, be the cliques replacing
ap, asg, . .., ay,, respectively, to obtain G. Recall that RP(M;) =1, forall 1 <i<mn

(by Remark 1.3.42). Hence, in view of Theorem 3.1.8, we have
R(G) = max{R(1g), R* (M), RP(Ms), ..., RP(M,)} = R(Ts).

Similarly, in view of Theorem 3.1.12, we have R?(G) = RP(1). It is known that
the representation number and the prn of trees are at most 2 and 3, respectively
(by Theorem 1.3.26 and Theorem 1.3.46(iii)). Hence, R(T¢) < 2 and RP(1¢) < 3
so that R(G) < 2 and RP(G) < 3.

Suppose RP(G) = 3 so that we have RP(T;) = 3. In view of Theorem 1.3.46(iii),
the graph S is isomorphic to an induced subgraph of 1. Further, since Ty is an
induced subgraph of G, we have S is isomorphic to an induced subgraph of G. The
converse part holds as RP(S) = 3 (by Theorem 1.3.46(iii)). O

As a consequence of the above results, we now study the word-representability

of the lexicographical product of graphs.

Definition 3.1.17 (Lexicographical product of graphs). Let G = (V, E) and G’ =
(V') E') be two graphs. The lezicographical product of G and G', denoted by G o G’,
defined by G o G' = (V" E"), where the vertex set V” =V x V' and the edge set

E' = {{a,)b.V) | ab€ B or (a=b, a¥F € B)}.
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The word-representability of lexicographical product of graphs is an open prob-
lem posed in [Kitaev and Lozin, 2015, Chapter 7]. In connection to this problem,
the following result was shown in [Choi et al., 2019, Section 6] by constructing an

explicit example.

Proposition 3.1.18 ([Choi et al., 2019]). The class of word-representable graphs is

not closed under the lexicographical product.

First, we observe the relation between lexicographical product and the operation

of module replacing a vertex as per the following remark.

Remark 3.1.19. The lexicographical product G o G’ is nothing but replacing each
vertex of G by the module G’. Hence, both G and G’ are induced subgraphs of
GoG'.

Accordingly, in the following theorem, we provide a necessary and sufficient
condition for GG o G’ to be a word-representable graph. Thus, we settle the above-

mentioned open problem.

Theorem 3.1.20. Let G and G’ be two graphs. The lexicographical product G o G’
is word-representable if and only if G is word-representable and G’ is a comparability

graph. Moreover, if R(G) =k and RP(G") = k', then R(G o G') = max{k, k'}.

Proof. The proof follows from Remark 3.1.19, Theorem 3.1.8 and Theorem 3.1.11.
]

We further state a characteristic property for GoG’ to be a comparability graph.

Theorem 3.1.21. Let G and G’ be two graphs. The lexicographical product G o G’
is a comparability graph if and only if G and G’ are comparability graphs. Moreover,
if RP(G) =k and RP(G') =K', then RP(G o G') = max{k, k'}.

We are now ready to present the main result of this chapter on characterization

of word-representable graphs with respect to the modular decomposition, through

the following lemma.
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Lemma 3.1.22. Let G be a word-representable graph and A be any non-trivial

module of G. Then the induced subgraph G[A] is a comparability graph.

Proof. Consider the graph G’ which is obtained from G by replacing the module A
by a new vertex, say a. Thus, G’ is word-representable as it is isomorphic to an
induced subgraph of G. Note that G can be reconstructed from G’ by replacing
the vertex a with the module G[A]. Hence, by Theorem 3.1.11, we have G[A] is a

comparability graph. O]

Theorem 3.1.23. Let G be an M-decomposable graph and let P = {Ay, As, ..., Ax}
be a modular partition of G, for some positive integer k > 2. Then, we have the

following:

1. G is word-representable if and only if for each 1 <1 < k, G[A;] is a compara-

bility graph and G /P is a word-representable graph.

2. If G is word-representable, then

R(G) = max{R(G/P), R*(G[A1]), ..., R*(G[A))}.

3. If G is a comparability graph, then

RP(G) = max{RP(G/P), R”(G|A]), ..., RP(G[Ax])}.

Proof.

1. Suppose G is a word-representable graph. As G/P is an induced subgraph
of G, it is a word-representable graph. Further, from Lemma 3.1.22, we have
G[A;] is a comparability graph, for each 1 < i < k. Note that the converse is
evident from Remark 1.5.7 and Theorem 3.1.11.
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2. If G is a word-representable graph, then from part (1) we have each G[A;] is
a comparability graph and G/P is a word-representable graph. Hence, the
result follows from Remark 1.5.7 and Theorem 3.1.8.

3. The result is evident from Remark 1.5.7, Theorem 1.5.14 and Theorem 3.1.12.

O

3.2 Conclusion

In this chapter, we characterized word-representable graphs with respect to the
modular decomposition. Furthermore, we have established the word-representability
of 3-leaf power graphs and lexicographical product of graphs and obtained their
representation numbers and also their prn. It is interesting to find further special
classes of word-representable graphs using modular decomposition.

While recognizing word-representability of graphs is NP-complete [Halldérsson
et al., 2011], it is interesting to study methods to prove the non-word-representability
of a graph. To explore more in this direction, one may refer to [Kitaev and Sun, 2024].
In [McConnell and Spinrad, 1999], it was shown that the recognition of comparabil-
ity graphs as well as the computation of modular decomposition of a graph can be
done in O(n + m) time, where n and m are the number of vertices and the number
of edges of the graph, respectively. Hence, in view of Theorem 3.1.23, we have a
polynomial (in m+n) time test for non-word-representability of a graph G: Find the
maximal modular partition of G in O(m + n) time. Note that there are at most n
modules in the partition. Then check the subgraph induced by each of these modules
in O(m + n) time whether they are comparability graphs. If a non-comparability
module is found, G is not a word-representable graph. However, if all modules are
comparability graphs, then the test gives no information. In that case, the problem
is reduced to the problem of recognizing the word-representability of the associated

quotient graph.

TH-4106_216123014



82 MODULAR DECOMPOSITION

TH-4106_216123014



Well-Partitioned Chordal Graphs

In this chapter, we show that every component of the minimal split decomposition
of a well-partitioned chordal (WPC) graph is a split graph, which leads to a char-
acterization of word-representable WPC graphs. Based on this characterization, we
show that the recognition of word-representability of WPC graphs can be done in
polynomial time. Furthermore, we determine the representation number of a word-
representable WPC graph as well as that of a word-representable split graph. We
also obtain a minimal forbidden induced subgraph characterization of circle graphs
restricted to WPC graphs, and use it to completely classify the word-representable
WPC graphs with respect to their representation numbers. Moreover, we character-

ize WPC comparability graphs and study their permutation-representation numbers.

83
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4.1 Characterizations

In this section, we characterize word-representable WPC graphs. Further, we pro-
vide characterizations for circle graphs and comparability graphs, within WPC

graphs.

4.1.1 Word-Representable Graphs

In this subsection, we first observe that not all WPC graphs are word-representable

and accordingly, we provide a characterization for word-representable WPC graphs.

Remark 4.1.1. Since the class of split graphs is a subclass of the class of WPC
graphs (cf. Remark 1.6.41) and not all split graphs are word-representable (cf.
Remark 1.6.33), it is evident that not all WPC graphs are word-representable.

We characterize word-representable WPC graphs through the following lemma.

Lemma 4.1.2. Let G be a WPC graph and H be its minimal split decomposition.
Then every split component of H is a split graph.

Proof. First note that each split component in # is connected (cf. Remark 1.4.5).
Since H is the minimal split decomposition of G, the split components in H are
cliques, stars, and prime graphs. As stars and cliques are split graphs, it is sufficient
to prove that every prime component of H is a split graph. Let H = (V, E) be
a prime component of H such that it is neither a clique nor a star. Then, by
Remark 1.4.2, |V| > 4. Since H is isomorphic to an induced subgraph of G, by
Proposition 1.6.45, we have H is also a WPC graph. Thus, by Definition 1.6.37,
there exist a partition P of V' and a partition tree 7 = (P, E').

Suppose each bag of the partition P is of size one. Then, the WPC graph H
must be a tree. Since H is not a star, there is an edge, say e, in H with the endpoints
a; and as such that neither a; nor as is a leaf. Consider the graph H \ {e} obtained

by removing the edge e from H and let H; and Hy be two components of H \ {e}
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containing a; and as, respectively. Thus, the vertex set V' can be partitioned into
V1 and V5 consisting of the vertices appearing in H; and Hs, respectively. It can be
observed that |Vi| > 2, |Va| > 2, Ny (Vi) = {az} and Ny (V) = {a;}. Hence, the
partition {V;, Vo} forms a split in H. This contradicts the assumption that H is a
prime graph. Thus, there exists a bag B in P of size at least two.

We now observe that the bag B cannot be adjacent to any bag of size at least
two in 7. Assume that BB’ € E' for some bag B’ of size at least two. Consider the
graph 7\ BB’ obtained by deleting the edge BB’ from 7 and let 77 and 77 be
the two components of 7\ BB’ containing B and B’, respectively. Thus, the vertex
set V' could be partitioned into VZ and VZ' consisting of the vertices appeared in
TP and T7, respectively. Since both B and B’ have at least two vertices, we have
VB| > 2 and [VF'| > 2. Further, by Remark 1.6.44, Ny(V5B) = bd(B’, B) and
Nu(VE) = bd(B, B'). In view of Remark 1.6.43, we have Ny (V?) is complete to
Ny(VE) in H so that the partition {VZ V5'} forms a split of H. This leads to a
contradiction, as H is a prime graph. Thus, any bag adjacent to B in T is of size
one.

We conclude the proof by showing that 7 is a star centered at B so that H is a
split graph by Remark 1.6.41. We achieve this by proving that any bag B’ adjacent
to B in T is a leaf of 7. Suppose there is another bag B” adjacent to B’ in T.
As done in the previous paragraph, partition the vertex set V into VE and V%
consisting of the vertices appeared in the components of 7\ BB’ containing B and
B, respectively. Note that [VB| > 2 and, as B’ U B” C VP’ we have |[VF'| > 2.
Thus, in view of Remarks 1.6.43 and 1.6.44, {V5 V') forms a split of H. Again
this leads to a contradiction, as H is a prime graph. Thus, B’ is a leaf of 7. O]

Corollary 4.1.3. If a WPC graph G s a prime graph, then G is a split graph.

Remark 4.1.4. Note that the converse of Lemma 4.1.2 is not true. For instance,

the minimal split decomposition of the cycle Cy has two split components and both
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split components are the star S5 such that the centers of the stars are the marked

vertices. However, Cy is not a chordal graph, and hence it is not a WPC graph.

Theorem 4.1.5. Let G be a WPC graph and H be its minimal split decomposi-
tion. Then, G is word-representable if and only if all components of H are word-

representable split graphs.

Proof. In view of Theorem 2.1.4, G is word-representable if and only if all compo-
nents of H are word-representable. Further, by Lemma 4.1.2, all components of H

are split graphs. Hence, the theorem follows. ]

Thus, Theorem 4.1.5 in conjunction with Theorem 1.6.35 provides us a complete

characterization of word-representable WPC graphs.

4.1.2 Circle Graphs

The forbidden induced subgraph characterization of circle graphs is an open prob-
lem in the literature. However, in [Bonomo-Braberman et al., 2022], circle graphs
when restricted to split graphs are characterized in terms of the forbidden induced
subgraphs. In this subsection, we prove that the set of forbidden induced subgraphs
of circle graphs, when restricted to split graphs, remains the same when restricted
to WPC graphs. This is useful for classification of WPC graphs with respect to
their representation numbers in Section 4.3. Recall that, by Theorem 1.6.32, the set
C (given in Figure 1.20) consists of forbidden induced subgraphs for circle graphs
within split graphs. We now prove the following theorem for WPC graphs.

Theorem 4.1.6. Let G be a WPC' graph. Then, G is a circle graph if and only if
G is a C-free graph.

Proof. Note that by Theorem 1.6.32, each graph belonging to the set C is not a
circle graph. Since every induced subgraph of a circle graph is a circle graph, if G

is a circle graph, then G is C-free. Conversely, suppose that the WPC graph G is
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a C-free graph. We prove that G is a circle graph. On the contrary, suppose that
G is not a circle graph. Let H; (1 <1i < k) be the components of the minimal split
decomposition of GG. Then, by Corollary 2.1.5, there exists at least one component,
say Hy, such that H; is not a circle graph. Further, since H; is a split graph (by
Lemma 4.1.2), and H, is not a circle graph, in view of Theorem 1.6.32, H; must
contains at least one graph, say F', from the set C as an induced subgraph. Since
H,; is an induced subgraph of the graph G, we have F' is an induced subgraph of
G. This contradicts the assumption that G is a C-free graph. Hence, G is a circle

graph. [

Remark 4.1.7. Since each graph belonging to the set C is a minimally non-circle
graph (see Theorem 1.6.32), Theorem 4.1.6 provides us a minimal forbidden induced

subgraph characterization of circle graphs restricted to WPC graphs.
Proposition 4.1.8. Each graph belonging to the set C is a prime graph.

Proof. For G € C, if GG is not a prime graph, then G can be decomposed using split
decomposition. Let H;, 2 < i < k, be the components of a split decomposition of G.
Note that each H; is a proper induced subgraph of G. Thus, by Theorem 1.6.32, each
H; is a circle graph as G is a minimally non-circle graph. Then, by Corollary 2.1.5,

we have (G is a circle graph; a contradiction. O]

4.1.3 Comparability Graphs

In this subsection, we provide a forbidden induced subgraph characterization of
WPC comparability graphs. The minimal forbidden induced subgraph characteri-
zation for the comparability graphs was provided by Gallai [1967] as per the following

result.

Theorem 4.1.9 ([Gallai, 1967]). A graph G is a comparability graph if and only if

G is N -free, where the set of graphs N is given in two parts through Figure 4.1 and
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T N

J.on>3 J'n>3 Ny

FIGURE 4.1: Part 1 of A/

Figure 4.2 as described in the following. One part of N is given in Figure 4.1, and
the complements of the rest of the graphs of N are given in Figure 4.2.

Notation 4.1.10. Let W denote the set of graphs consisting of Js, M,, Ly and L,

from N, where G denotes the complement of a graph G.
Lemma 4.1.11. The set of WPC graphs in N is W.

Proof. Note that the graphs Cs,, 11, for n > 2, belong to the set O (see Figure 1.22),
where O is the set of forbidden induced subgraphs of WPC graphs. Further, the
graphs JY, Ny, and N, (depicted in Figure 4.1) contain the graph O; (see Figure 1.22)
as an induced subgraph. Thus, in view of Theorem 1.6.46, the graphs Cy,.1(n > 2),
JY, Ny and N are not WPC graphs.

Observe that the graph J; is a WPC graph with the bags {1, 3,4}, {0/, 2}, and

{0,5} of its partition tree. However, for n > 3, the graph J, contains O, (see
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N3 Ny
0 0’
1 2 3 4 7n [ J [ ]
Ln, n>1 N5 N6
° °
N~ Ng Ny Nig

FIGURE 4.2: The complements of Part 2 of N/

Figure 1.22) as an induced subgraph induced by the vertex set {1,3,4,5,6,7}. Thus,
in view of Theorem 1.6.46, J,, is not a WPC graph for any n > 3.

For n > 3, the graphs J/ and J contain O, as an induced subgraph induced by
the sets {2,3,4,5,0',2n} and {2,3,4,5,0/,2n+ 1}, respectively. Thus, for n > 3, J/,
and J/! are not WPC graphs.

Note that the complement of Ms, L, and Ly are nothing but the graphs Do, D

and D3 (see Figure 1.19), respectively. Since Dy, Dy, D3 are split graphs, they are
WPC graphs. However, for n > 3, the graphs M,, and L, contain 2K,, whose

depiction is : I, as induced subgraphs induced by the vertex set {0, 1,n,0}. Thus,
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the complement of each of these graphs contains Cy (which is not a chordal graph)
as an induced subgraph so that it is not a WPC graph.

Further, it can be observed that all the remaining graphs, namely C,, (for n > 6),
L’ (for n > 1), N3, Ny, N5, Ng, N7, Ng, Ng and Nyq (see Figure 4.2) contain 2K, as
an induced subgraph. Thus, their complements are not WPC graphs. O]

Theorem 4.1.12. Let G be a WPC' graph. Then, G is a comparability graph if and
only if G is WW-free.

Proof. 1f GG is a comparability graph, then G is VW-free, because each graph in the
set W is not a comparability graph and every induced subgraph of a comparability
graph is a comparability graph. Conversely, suppose G is W-free. On the contrary,
if G is not a comparability graph, then GG contains one of the graphs from the set
N as an induced subgraph. Since every induced subgraph of a WPC graph is also
a WPC graph and any WPC graph in N must belong to W (by Lemma 4.1.11), G

cannot be W-free; a contradiction. Hence, G is a comparability graph. O

4.2 Recognition Algorithm

In this section, using Theorem 4.1.5, we give a polynomial-time algorithm for the

following recognition problem.

Problem

Given a WPC graph G, is G word-representable?

Algorithm

We propose Algorithm 1 based on the algorithms for split decomposition (see [Char-
bit et al., 2012; Dahlhaus, 1994]) and recognition of word-representable split graphs
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(see [Kitaev and Pyatkin, 2024]). In view of the characterization given in Theo-
rem 4.1.5, in Algorithm 1, we decompose a given WPC graph G using split decom-
position and verify whether all the split components are word-representable or not.

If one of the components is not word-representable, then G is not word-representable.

Algorithm 1: Recognizing word-representability of WPC graphs.

Input: A WPC graph G.

Output: Yes, if G is word-representable; otherwise, No.

Compute the minimal split decomposition H of G. Let H;, 1 <1 < k, be
the components of H.

2 Flag = Yes.

3 for each H; € H do

4 if H; is not a word-representable graph then
5 ‘ Flag = No.

6

7

8

[y

end
end
return Flag

Time Complexity

In Algorithm 1, the minimal split decomposition can be computed in linear time as
per Theorem 1.4.9 (step 1). Further, in view of Remark 1.4.10, the number of com-
ponents of the minimal split decomposition are polynomially bounded with respect
to the size of the input graph. Since every H; is a split graph (by Lemma 4.1.2),
by Theorem 1.6.36, the word-representability of each H; can be verified in poly-
nomial time (step 4) on the size of H;. Thus, testing all the components (step 3)
takes polynomial time on the size of the input graph. Hence, we have the following

theorem.

Theorem 4.2.1. The word-representability of a WPC' graph can be decided in poly-

nomial time.
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4.3 Representation Number

In this section, we focus on determining the representation number of a word-
representable WPC graph. In view of Theorem 2.1.4, note that the representation
number of a word-representable WPC graph is the maximum of the representa-
tion numbers of the split components of its minimal split decomposition. Further,
by Lemma 4.1.2, it is evident that these split components are nothing but word-
representable split graphs. In this connection, in Subsection 4.3.1, we first prove
that the representation number of a word-representable split graph is at most three.
Accordingly, we obtain the representation number of a word-representable WPC
graph. Further, in Subsection 4.3.2, we completely classify split graphs as well as

WPC graphs with respect to their representation numbers.

4.3.1 Construction of Word-Representant

In this subsection, first we devise a polynomial-time algorithm to construct a 3-
uniform word-representant of a word-representable split graph so that its represen-
tation number is at most three. The algorithm is based on the vertex labeling of
word-representable split graphs given in Theorem 1.6.35. Consequently, we prove

that the representation number of a word-representable WPC graph is at most three.

Notation 4.3.1. Let G = (I UC, E) be a word-representable split graph. The
vertices of C' are labeled from 1 to & = |C| such that the labeling satisfies the

properties given in Theorem 1.6.35. We now consider the following sets:

A={a€l|N(a)=I[1,m]U][n, k], for some m < n}

B={ael|N(a)=][l,r], for some [ <r}

Remark 4.3.2 ([Kitaev and Pyatkin, 2024]). The above-mentioned labeling of the

vertices of C' can be found in polynomial time.
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FIGURE 4.3: A word-representable split graph

Notation 4.3.3. By Theorem 1.6.35, we have AN B = & and I = AU B. For
a € A, let N(a) = [1,m,] U [ng,, k] and for a € B, let N(a) = [lo, 74].

Remark 4.3.4. By Theorem 1.6.35 (iii), since m, < n, for any a,b € A, we have

max{m, | a € A} < min{n, | a € A}.

Given a split graph G = (I U C, FE) with a semi-transitive orientation (and
hence, a labeling of the vertices of C'), Algorithm 2 constructs a 3-uniform word-
representant of G. In the following example, we employ Algorithm 2 on a word-

representable split graph and present the output.

Example 4.3.5. Consider the word-representable split graph shown in Figure 4.3,
say G = (AUBUC,E), where A = {a,c}, B = {b,d} and C = {1,2,3,4,5}.
Note that the vertices of C' are labeled such that the labeling satisfies the criteria
of Theorem 1.6.35. Given G as input, Algorithm 2 produces the 3-uniform word
1b2ac3d45db123bcdabd12ca345 as the output.

Remark 4.3.6. Algorithm 2 runs in polynomial time.

Notation 4.3.7. For the rest of the chapter, w refers to the output of Algorithm 2.
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Algorithm 2: Constructing a 3-uniform word-representant of a split graph.
Input: A word-representable split graph G = (/I UC, F) with 1,... k as
the labels of the vertices of C.
Output: A 3-uniform word w representing G.
1 Initialize py, p2 and p3 with the permutation 12--- % and update them with
the vertices of I, as per the following.
2 Initialize d = 1.
3 for a € I do

4 if a € A then

5 Let N(a) = [1,my] U [ng, k].
6 if m, > d then

7 ‘ Assign d = m,.

8 end

9 Replace m, in p; with m,a.
10 Replace n, in py with an,.
11 end
12 else

13 Let N(a) = [la, 4]

14 Replace [, in p; with al,.
15 Replace r, in p, with r,a.
16 end
17 end
18 Replace d in p3 with d(pi]a)%. > Note that d = max{m, | a € A}

19 return the 3-uniform word p; (p:1|5)%paps

Remark 4.3.8. In Algorithm 2, note that the order of the vertices of C, i.e., 12-- -k,
in the words pi, p2, and p3 do not alter when they are updated. Hence, we have

wle =12+ k12-- - k12 - k.

Remark 4.3.9. At the end of the algorithm, both the words p; and ps are permu-
tations on the set V| while the word p3 is a permutation only on C'U A. Observe

that the elements of B do not occur in p3.

Through the following lemmas, we prove that the word w is a word-representant

of the word-representable split graph G.

Lemma 4.3.10. If a € A, then myan, is a subword of each of p1, p2, and ps.
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Proof. Note that N(a) = [1,m,] U [ng, k|, for m, < n,. Thus, as per line 1 of
Algorithm 2, we have m,n, < p1, mgng, < pa, and mgn, < p3. As a € A, replacing
mg in p; with mga (see line 9) and replacing n, in ps with an, (see line 10), we have
mean, < p1 and mgean, < po, respectively. Further, in view of Remark 4.3.4, we
have m, < d < n, so that we have m,dn, < p3. Now, as per line 18 of Algorithm 2,

we have m,an, < mydan, < ps. O

Lemma 4.3.11. For a,b €V, if a and b are adjacent in G, then a and b alternate

mw.

Proof. As I is an independent set in G, note that both a and b cannot be in I.
Suppose both a,b € C. As the vertices of C' are labeled from 1 to k, we have
a =1 and b = j, for some 1 < 7,7 < k. Thus, in view of Remark 4.3.8, we have
W|{apy = ababab, if i < j, or w|(py = bababa, if j < i. Hence, in this case, a

alternates with b in w. If @ € I and b € C, then we consider the following cases:

e Case 1: a € A. Note that b € N(a) = [1,m4) U [ng, k|, for m, < n,. If
b € [1,m,], as per line 1 of Algorithm 2, we have bm, < p;, bm, < pa,
and bm, < p3. Hence, in view of Lemma 4.3.10, we have bmy,an, < pi,
bmgan, < po, and bmgan, < p3. As pipops < w and w is a 3-uniform word,
we have w|gq 5y = bababa. Thus, a and b alternate in w. Similarly, if b € [n,, k],
we can observe that m,an,b < pi, mean,b < po, and myan,b < ps3. Hence,

w|{a,b} = ababab so that a and b alternate in w.

e Case 2: a € B. Note that b € N(a) = [lo,ra], for I, < r,. Thus, by line 1
of Algorithm 2, we have l,br, < p1, l,bry < ps, and l,br, < p3. As a € B,
replacing [, in p; with al, (see line 14), and replacing 7, in ps with r,a (see
line 15), we have al,br, < p; and l,broa < po, respectively. Finally, as

w = p1(p1|B)paps, we have wy,py = ababab. Thus, a and b alternate in w.

Thus, in any case, a and b alternate in w. O
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Lemma 4.3.12. Ifa,b € I, then a and b do not alternate in w.
Proof. Since I = AU B, we consider the following cases.

e Case 1: a,b € A. Since both a and b appear in p;, without loss of generality,
suppose ab < pi. Since (p1]4)® < p3 ( by line 18 of Algorithm 2), we have
ba < p3. Thus, if ab < po, we have ababba < pi1paps < w, and if ba <K ps, we
have abbaba < pipeps < w. As w is a 3-uniform word, in any case, we can

see that a and b do not alternate in w.

e Case 2: a,b € B. Since both a and b appear in p;, without loss of generality,
suppose ab < p;. Then, we have ba < (p1|5)®. Since w = pi(p1|)%p2ps,
in view of Remark 4.3.9, abba is a factor of w|(.p. Hence, a and b do not

alternate in w.

e Case 3: a € Aand b € B. Note that N(a) = [1, m,|U[ng, k], for m, < n,, and
N(b) = [l, 1], for I, < ry. Then, from Theorem 1.6.35 (ii), we have l, > m,

or ry < ng. Accordingly, we consider the following cases.

e Subcase 3.1: [, > m,. From line 1 of Algorithm 2, we have m,l, < p;. As
a € A, replacing m, in p; with m,a we have, myal, < p; (see line 9). Further,
as b € B, replacing [, in p; with bl, we have, m,abl, < p; (see line 14) so that
ab < py. Since w = py(p1|p)Fpaps, we have abbpyps < w. Thus, in view of

Remark 4.3.9, abb is a factor of w|,). Hence, a and b do not alternate in w.

e Subcase 3.2: 1, < n,. From line 1 of Algorithm 2, we have ryn, < py. As
a € A, replacing n, in py with an,, we have ryan, < ps (see line 10). Further,
as b € B, replacing 1y, in py with r,b, we have ryban, < ps (see line 15) so that
ba < py. Since w = p1(p1|5)Fpaps, in view of Remark 4.3.9, baa is a factor of

w\{a,b}. Hence, a and b do not alternate in w.

Thus, in any case, a and b do not alternate in w. O
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Lemma 4.3.13. Fora el andb € C, if a and b are not adjacent in G, then a and

b do not alternate in w.
Proof. As I = AU B, we consider the following cases.

e Case 1: a € A. Note that N(a) = [1,m,] U [ng, k], for my, < n,. Asb e C
and b ¢ N(a), we have m, < b < n,. Thus, m.bn, < p1, m.bn, < po
and m,bn, < ps. Accordingly, replacing m, in p; with m,a (see line 9),
and replacing n, in ps with an, (see line 10), we have myabn, < p; and
mgban, < po, respectively. Thus, ab < p; and ba < py so that we have
abba <K pypy. Further, since w = py(p1]5)%paps, in view of Remark 4.3.9, it is

evident that abba is a factor of w|{a’b}. Hence, a and b do not alternate in w.

e Case 2: a € B. Note that N(a) = [l4,7,], for I, <r,. Asb€ C and b ¢ N(a),
we have b < [, or b > r,. Suppose b < l,. Then, we have bl,r, < p1,
bl,re < po, and bl,r, < ps. Accordingly, replacing [, in p; with al, (by
line 14), and replacing r, in py with r,a (by line 15), we have bal,r, < p;
and bl,r,a < po, respectively. Thus, ba < p; and ba < py. Further, since
w = p1(p1|B)paps, and a < (p1]5)%, b < p3, we have baabab < w so that
a and b do not alternate in w. Similarly, if b > r,, we can observe that

abaabb < w so that a and b do not alternate in w.
Thus, in any case, a and b do not alternate in w. O

Thus, we have the following result on the representation number of a word-

representable split graph.

Theorem 4.3.14. Let G = (I UC, E) be a word-representable split graph. Then,
R(G) < 3.

Proof. Note that, if a and b are non-adjacent vertices of GG, then either both a, b are
in I or one of them belongs to I. Thus, by Lemmas 4.3.11, 4.3.12, and 4.3.13, the

3-uniform word w represents G. Hence, R(G) < 3. O
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Consequently, we obtain the representation number of a word-representable WPC

graph as per the following result.
Theorem 4.3.15. If G is a word-representable WPC' graph, then R(G) < 3.

Proof. Let H; (1 < i < k) be the components of the minimal split decomposition
of G. Since G is a word-representable WPC graph, by Theorem 4.1.5, each of H;
is a word-representable split graph. Further, in view of Theorem 2.1.4, we have
R(G) = max R(H;). Since the representation number of a word-representable split
graph is at most three (by Theorem 4.3.14), we have R(H;) < 3, for all 1 < i <k,
so that R(G) < 3. O

4.3.2 Classifications

In this subsection, we consider the word-representable graphs within the classes
of split graphs, WPC graphs, split comparability graphs, and WPC comparability
graphs, and completely classify each class as per the representation numbers.

In view of Theorems 1.6.32 and 4.1.6, we investigate the word-representability as
well as the transitive orientability of each graph from the set C given in Figure 1.20,

in the sequel.

Definition 4.3.16 (Even k-sun). For an even integer k > 4, an even k-sun is
the split graph (I U C, E) with I = {ay,...,ax} and C = {e,...,cx} such that
N(a;) ={c;i,ciz1}, foreach 1 <i < k— 1, and N(ag) = {c1, ¢k}

We now recall the result [Kitaev et al., 2021, Theorem 9] on word-representability

of an even k-sun.

Lemma 4.3.17 ([Kitaev et al., 2021]). For k > 4, an even k-sun is a word-

representable graph.

Definition 4.3.18 (Odd k-sun with center). For an odd integer k > 3, an odd k-sun
with center is the split graph (IUC, E) with I = {a4,...,ax} and C = {c,¢1, ..., ¢k}
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such that N(a;) = {c;,cis1}, for each 1 < i < k —1 and N(ax) = {c1,¢cx}. The

vertex c is called the center.

We now recall the result [Kitaev et al., 2021, Theorem 11] on word-representability

of an odd k-sun with center.

Lemma 4.3.19 ([Kitaev et al., 2021]). For k > 3, an odd k-sun with center is a

non-word-representable graph.

Note that the graph My from the set C is isomorphic to the graph Ty depicted
in [Chen et al., 2022, Figure 3|. Accordingly, the result [Chen et al., 2022, Theorem
19] can be stated as per the following.

Lemma 4.3.20 ([Chen et al., 2022]). The graph My is non-word-representable.
Lemma 4.3.21. The graph Fy is word-representable.

Proof. The graph Fj is obtained from the graph Dy, given in Figure 1.19, by adding
an all-adjacent vertex. In view of Theorem 1.3.39, Fj is a word-representable graph
if and only if D4 is a comparability graph. Note that the split graph D, is a
comparability graph; for instance, see the transitive orientation marked along its

edges in Figure 1.19. Hence, the result follows. O]
Lemma 4.3.22. The graphs M (3) and K1V tent are non-word-representable graphs.

Proof. Note that the graphs M;(3) and KV tent are obtained from the graphs
Dy and D (see Figure 1.19), respectively, by adding an all-adjacent vertex. In a
word-representable graph, the neighborhood of every vertex induces a comparability
graph (see Theorem 1.3.37 or Theorem 1.3.39). However, since none of D; and Dy
is a comparability graph (by Theorem 1.6.30), M;(3) and K,V tent are not word-
representable graphs. O]

Definition 4.3.23 (My(k)). For an even integer k > 4, the graph My(k) is the
split graph (I U C, E) with I = {b1,bs,a1,...,ar_2} and C = {¢y, ..., ¢} such that
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N(by) = {c1,...,ck_2,¢}t, N(ba) = {ca,...,¢c;} and, for 1 < i < k —2, N(a;) =
{eis civa}
Lemma 4.3.24. For k > 4, the graph My (k) is non-word-representable.

Proof. On the contrary, suppose Mi(k) is a word-representable graph. Then, in
view of Theorem 1.6.35, the vertices of C' can be labeled from 1 to k& = |C] such
that, for a € I, either a € A, i.e., N(a) = [1,m| U [n, k]| (with m <n) or a € B, i.e.,
N(a) = [l,r] (with [ <r). We derive a contradiction in each of the following cases,

by considering the possibilities of by, by belonging to the sets A, B.

e Case 1: by,by € A. Note that deg(by) = k — 1 = deg(bs) and N(by) # N(by).
In view of Theorem 1.6.35(iii), without loss of generality, for some m > 1 with
m+ 2 < k, let N(by) = [I,m] U [m + 2,k] and N(by) = [I,mm + 1] U [m +
3,k]. Accordingly, the vertices ¢; and cx_; are labeled as m + 2 and m + 1,
respectively. Further, for each 1 < ¢ < k — 2, since the degree of a; is two,
we have N(a;) = [7,j + 1], for some 1 < j < k, or N(a;) = [1,1] U [k, k].
Note that N(a;) = {c1,ca} and ¢; is labeled as m + 2 (< k). Since m + 1 is
already used as the label of ¢,_1, the vertex ¢y should be labeled as m + 3.
Continuing with this argument, the vertices cs, ..., cx_,n_1 should be labeled
asm+4, ..., k, respectively. On the other hand, since N(ay_o) = {cr_2,cx_1}
and m + 2 is used as the label of ¢, the vertex c,_ should be labeled as m.
Again continuing with this argument, the vertices ¢;_3,...,cr_,, are labeled
asm—1,...,2, respectively. This shows that N(ax_m—1) = {Ck—m—1,Chom} =

{k, 2}, a contradiction to Theorem 1.6.35(i), as k > 4.

e Case 2: by, by € B. Since deg(by) = deg(be) = k — 1, and N(by) # N(bs), one
of N(by) and N(by) is [2, k], and the other one is [1,k — 1]. Without loss of
generality, suppose that N(b;) = [2,k] and N(by) = [1,k — 1]. Thus, ¢; and
cx—1 are labeled as k and 1, respectively. Further, for each 1 < i < k — 2,

since the degree of a; is two, we have N(a;) = [j,j + 1], for some 1 < j < k,
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or N(a;) = [1,1] U [k,k]. Since N(ag—2) = {cr—2,ck-1} and k is already
used as a label of ¢q, the vertex c_o should be labeled as 2. Continuing the
same argument, 3,...,k — 2 must be the labels of the vertices c;_3,...,ca,
respectively. Thus, we have N(a;) = {c1,c} = {k, k — 2}, a contradiction to
Theorem 1.6.35(i), as k > 4.

e Case 3: by € A and by € B. Since deg(by) = k — 1, we have N(by) = [1,k — 1]
or [2,k]. Suppose that N(be) = [1,k — 1]. Since deg(b;) = k — 1, in view of
Theorem 1.6.35(ii), we have N(by) = [1,k — 2] U [k, k]. Thus, k and k — 1
must be the labels of ¢; and ¢;_1, respectively. Since N(ay_2) = {cx_2,ck_1},
ck—2 should be labeled as & — 2. Note that as N(a;) = {¢;,¢ip1}, for each
2 <1 < k — 3, continuing the same argument, the vertices cx_gs,...,co must
receive the labels k — 3, ..., 2, respectively. Thus, N(a;) = {¢1, 2} = {k,2}, a
contradiction to Theorem 1.6.35(i). Similarly, if N(by) = [2, k], we will arrive

at a contradiction.
Hence, the graph Mi(k) is non-word-representable. ]

Definition 4.3.25 (My;(k)). For an even integer k > 4, the graph My (k) is the
split graph (I U C, E) with I = {b,ay,...,a,_1} and C = {¢y,...,cxr1} such that
N(b) o {027 o e s 7ck—1yck+1} and: for 1 << k— 1a N(al) = {Ci7ci+1}‘

Lemma 4.3.26. For k > 4, the graph My (k) is non-word-representable.

Proof. On the contrary, suppose Mi(k) is a word-representable graph. Then, in
view of Theorem 1.6.35, the vertices of C' can be labeled from 1 to k& + 1 = |C] such
that, for a € I, either a € A, i.e., N(a) = [1,m] U [n, k + 1] (with m < n) or a € B,
i.e., N(a) = [I,r] (with [ < r). We derive a contradiction in each of the following

cases, by considering the possibilities of b belonging to the sets A, B.

e Case 1: b € A. Since deg(b) = k — 1, we have N(b) = [1,m] U [m + 3,k + 1].

Thus, one of ¢ and ¢4, is labeled as m+1, and the other one is labeled as m—+2.
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In view of the symmetry, suppose ¢; and ¢, are labeled as m + 2 and m + 1,
respectively. Since N(ai) = {¢1, 2} and m + 1 is already used as the label of
¢k, the vertex ¢y should be labeled as m + 3. Continuing the same argument,
we conclude that the vertices c3,...,c,_,, are labeled as m + 4,..., k + 1,
respectively. On the other hand, as N(ay_1) = {cr_1,cx}, the vertex ¢,
should be labeled as m. Accordingly, the vertices c¢x_o, ..., Ccx_ms1 are labeled
as m —1,...,2 respectively. Thus, N(ar_m) = {Ck—m,Chmi1} = {k + 1,2},

a contradiction to Theorem 1.6.35(i), as k& > 4.

e Case 2: b € B. Since deg(b) = k — 1, we have N(b) = [1,k — 1] or [2,k], or
[3,k + 1]. Suppose N(b) = [1,k — 1]. Thus, one of ¢; and ¢ is labeled as k,
and the other one is labeled as k + 1. Without loss of generality, suppose ¢;
and ¢ are labeled as k and k + 1, respectively. Since N(ay) = {c1, 2}, the
vertex co should be labeled as k — 1. Accordingly, the vertices c3, ..., cx_1 are
labeled as k — 2, ...,2, respectively. Thus, N(ay_1) = {ck—1,cx} = {2,k + 1},
a contradiction to Theorem 1.6.35(1). Similarly, if N(b) = [2,k] or [3,k + 1],

we will arrive at a contradiction.

Hence, there is no labeling of the vertices of C' which satisfies Theorem 1.6.35 so

that the graph My(k) is non-word-representable. O

Definition 4.3.27 (Myy). The graph My is the split graph (I U C, F) with [ =
{a1,a9,as3,a4} and C' = {c1, ¢, 3, ¢4, 5,6} such that N(ay) = {c1,c2}, N(ag) =
{es,cs}, N(as) = {cs,¢6}, and N(ay) = {ca, 4,6}

Lemma 4.3.28. The graph My is a non-word-representable graph.

Proof. On the contrary, suppose My is word-representable. Then, in view of The-
orem 1.6.35, the vertices of C' can be labeled from 1 to 6 = |C'| such that, for a € I,
either a € A, i.e., N(a) = [1,m] U [n,6] (with m < n) or a € B, i.e., N(a) = [I,7]
(with [ < r).
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For 1 <i < 3, since degree of a; is two, we have N(a;) = {1,6}, or {j,j + 1},
for some 1 < j < 5. Further, since the degree of a4 is three, and N(a4) contains
exactly one vertex from each of N(a;), for 1 < i < 3, and N(a;) N N(a;) = @
(1 <i# j <3), we see that N(as) cannot be consecutive, i.e., ay ¢ B. We now
show that as ¢ A, as well; thus, we arrive at a contradiction.

Suppose ay € A. Then the only possibilities are N(aq) = [1,1] U [5,6] or [1,2] U
[6,6]. Suppose that N(as) = [1,1] U [5,6]. As N(a4) contains exactly one vertex
from each of N(a;), for 1 < i < 3, without loss of generality, suppose that 1 €
N(a1),5 € N(az),6 € N(az). For 1 < i # j < 3, since N(a;) N N(a;) = 9, we
must have N(a;) = {1,2} and N(az) = {4,5}. This implies that N(a3) = {3,6}; a
contradiction to Theorem 1.6.35(i). Similarly, it can be shown that N(a4) cannot

be [1,2] U [6,6]. 0

Remark 4.3.29. While odd k-sun with center and My, are known to be non-word-
representable, in Lemmas 4.3.22, 4.3.24, 4.3.26 and 4.3.28, we established that the
split graphs M(3), K1V tent, My(k) (even k > 4), My (k) (even k > 4) and My
are also non-word-representable. Moreover, in view of Theorem 1.6.32, they are

minimal non-word-representable graphs.

Definition 4.3.30 (Fi(k)). For an odd integer k£ > 5, the graph Fi(k) is the split
graph (I U C,E) with I = {by,bs,a1,...,ax_2} and C = {e¢1,...,¢,_1} such that
N(by) = {c1y. .. ch—2}, N(b2) = {co,...,cx—1} and, for 1 < i < k —2, N(a;) =

{ei ez}
Lemma 4.3.31. For k > 5, the graph Fi(k) is word-representable.

Proof. For each 1 < i < k — 1, we label ¢; as ©. Observe that under this labeling
of the vertices of C, we have N(b;) = [1,k — 2|, N(b2) = [2,k — 1] and, for each
1 <i<k—2,N(a;) =[i,i+ 1]. Hence, in view of Theorem 1.6.35, the graph F} (k)

is word-representable. O
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Definition 4.3.32 (F(k)). For an odd integer & > 5, the graph Fy(k) is the
split graph (I U C, E) with [ = {b,ay,...,ax_1} and C' = {¢,...,cx} such that
N(b) ={ca,...,cx_1} and, for 1 <i <k —1, N(a;) = {c;, cit1}-

Lemma 4.3.33. For k > 5, the graph F»(k) is word-representable.

Proof. For each 1 <1 <k, we label ¢; as ¢. Observe that under this labeling of the
vertices of C', we have N (b) = [2,k—1] and, for each 1 <i < k—1, N(a;) = [i,i+1].

Hence, in view of Theorem 1.6.35, the graph Fy(k) is word-representable. O

Notation 4.3.34. Let C3 denote the subset of C consisting of the following graphs:
(i) Fy, (ii) for even k > 4, even-k-sun, and (iii) for odd k > 5, Fi(k) and Fy(k).

In view of the lemmas and remarks established between Lemma 4.3.17 and

Lemma 4.3.33, we have the following result.
Lemma 4.3.35. The class of word-representable graphs in C is Cs.

We now provide the characterization of the class of word-representable split
graphs and that of the class of word-representable WPC graphs having representa-

tion number exactly three.

Theorem 4.3.36. Let G be a word-representable split graph. Then, R(G) = 3 if

and only if G contains at least one graph from Cz as an induced subgraph.

Proof. From Theorem 4.3.14, it is evident that R(G) < 3. Suppose R(G) = 3. Since
circle graphs are characterized as 2-word-representable graphs (by Theorem 1.3.28),
G is not a circle graph. Then, from Theorem 1.6.32, GG contains at least one graph
from the set C as an induced subgraph. Further, as GG is a word-representable split
graph, in view of Lemma 4.3.35, G must have an induced subgraph from Cs.

For converse, note that every graph in Cs is not a circle graph (cf. Theo-

rem 1.6.32). Hence, R(G) = 3. O
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Along lines similar to those of Theorem 4.3.36, the following characterization

can be obtained.

Theorem 4.3.37. Let G be a word-representable WPC' graph. Then, R(G) = 3 if

and only if G contains at least one graph from Cz as an induced subgraph.

We now investigate the transitive orientability of each graph from the set C to
characterize the split comparability graphs and WPC comparability graphs with

representation number three.

Remark 4.3.38. The graphs belonging to C \ C3 are not comparability graphs, as
they are not word-representable (by Lemma 4.3.35).

Hence, it is sufficient to verify the graphs in C3. To prove F}(5) is a comparability
graph, we need the following characterization of split comparability graphs from
[Ortiz and Villanueva, 1996]. The characterization is rewritten in terms of the
vertex labeling, along the lines of Theorem 1.6.35. For an alternative proof of the

following result, one can refer to [Dwary et al., 2025].

Theorem 4.3.39 (|Ortiz and Villanueva, 1996)). Let G = (IUC, E) be a split graph.
Then, G is transitively orientable if and only if the vertices of C' can be labeled from

1 to k = |C| such that the following properties (i) — (v) hold: For a,b € I,

(i) The neighborhood N (a) has one of the following forms: [1, m|U[n, k| form < n,
[1,7] forr <k, or[l,k] forl> 1.

(ii) If N(a) = [1,7] and N(b) = [l, k], forr <k and | > 1, then r <.
(iii) If N(a) = [1,m] U [n, k] and N(b) = [1,r], for r < k and m < n, then r < n.
(iv) If N(a) = [1,m] U [n, k| and N(b) = [I, k], for I > 1 and m < n, then m <.

(v) If N(a) = [1,m] U [n, k] and N(b) = [L,m/|U [0, k], for m < n and m' < n/,

then m < n' and m' < n.
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Theorem 4.3.40. The graphs Fy and F1(5) are the only comparability graphs in Cs.

Proof. Consider the vertex sets {ci, ca, 3, a1, as, as,ai} in even-k-sun (for k > 4),
{ca,¢3,¢4,a1,a9,a3,a4} in Fi(k) (for k > 7) and {co, 3,4, a1, a9,a3,a4} in Fy(k)
(for £ > 5). Note that the subgraphs induced by these vertex sets in the respective
graphs are isomorphic to Dj (see Figure 1.19). Since Dj is not a comparability
graph (cf. Theorem 1.6.30), none of even-k-sun (for k£ > 4), Fy(k) (for £ > 7) and
F5(k) (for k > 5) are comparability graphs.

Recall that the graph Fj is obtained from the split comparability graph D4 by
adding the all-adjacent vertex 0 (see Figure 1.20). Thus, by Remark 3.1.10, Fj is a
comparability graph.

Note that F(5) is the split graph (IUC, E) with I = {a, as, az, by, b2} and C =
{c1, ¢2, c3, ¢4} such that N(by) = {e1, 2,3}, N(ba) = {ca,¢3,¢4} and, for 1 < i < 3,
N(a;) = {ci,ciy1}. We assign the labels 3,4,1 and 2 to the vertices ¢1, ¢, c3 and
¢4, respectively. Under this labeling of the vertices of C, we have N(ay) = [3,4],
N(ag) =[1,1]U[4,4], N(a3) = [1,2], N(b1) = [1,1]U[3,4], and N(by) = [1,2] U4, 4].
Observe that this labeling satisfies all the conditions given in Theorem 4.3.39 so that
Fy(5) is a comparability graph. O

The following characterizations of split comparability graphs and WPC compa-
rability graphs with representation number three can be concluded directly from

Theorems 4.3.14, 4.3.36, 4.3.37 and 4.3.40.

Theorem 4.3.41. Let G be a split comparability graph. Then, R(G) = 3 if and

only if G contains Fy or F1(5) as an induced subgraph.

Theorem 4.3.42. Let G be a WPC comparability graph. Then, R(G) = 3 if and
only if G contains Fy or F1(5) as an induced subgraph.

Remark 4.3.43. Since the complete graphs are the graphs with representation
number one, the characterizations given in Theorems 4.3.36, 4.3.37, 4.3.41 and 4.3.42
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completely classify the word-representable split graphs, word-representable WPC
graphs, split comparability graphs and WPC comparability graphs, respectively,

with respect to their representation numbers.

4.4 Permutation-Representation Number

In this section, we study the prns of WPC comparability graphs. From an existing
result in the dimension theory, we first conclude that the prn of a WPC comparabil-
ity graph is at most four. Further, we determine the prn of a starlike comparability
graph. The class of starlike comparability graphs includes split comparability graphs
and is a subclass of WPC comparability graphs.

4.4.1 Split Graphs and WPC Graphs

In this subsection, we recall the results on the dimension of a split order as well as
that of a cycle-free poset. Accordingly, we present the corresponding results on the

prn of a split comparability graph and that of a WPC comparability graph.

Definition 4.4.1 (Split order). A poset is said to be a split order if its corresponding
comparability graph is a split graph.

Theorem 4.4.2 ([Guenver and Rampon, 2004)). Every split order has dimension
at most three, and the bound is tight.

Definition 4.4.3 (Cycle-free poset). A poset is said to be cycle-free if its corre-
sponding comparability graph is a chordal graph.

Theorem 4.4.4 ([Ma and Spinrad, 1991]). Every cycle-free poset has dimension at

most four.

Thus, in view of Theorems 1.3.43, 4.4.2 and 4.4.4, we have the following results
on the prn of a split comparability graph and that of a WPC comparability graph.
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Theorem 4.4.5. If G is a split comparability graph, then RP(G) < 3, and the bound

18 tight.
Theorem 4.4.6. If G is a WPC comparability graph, then RP(G) < 4.

However, we do not have an example to show that the upper bound given in

Theorem 4.4.6 is tight.

4.4.2 Starlike Graphs

In the following, we consider the starlike graphs in the hierarchy
split graphs C starlike graphs C WPC graphs C chordal graphs

and obtain the minimal forbidden induced subgraph characterization for starlike

comparability graphs along with their prn.

Definition 4.4.7 (Starlike graph). A graph is said to be a starlike graph if it is an

intersection graph of substars of a star.

Remark 4.4.8 ([Ahn et al., 2022]). For a starlike graph G, there exists a partition
tree T of G which is a star. Let T be centered at a clique C' and B be a leaf bag of

T. For a € C, the vertex a is adjacent to either all vertices of B or no vertex of B.

Thus, each leaf bag of T is a module in G.

Remark 4.4.9. Let By, ..., By be the leaf bags of T given in Remark 4.4.8. Con-
sider new vertices d; corresponding to each bag B;, for 1 < ¢ < k. Construct the
split graph G’ = (C'U I, F) from G by replacing each bag B; with the vertex b;,
where I = {b; | 1 < i < k} is an independent set in G’. Note that, since each B;
is a module in G, one can reconstruct G from the split graph G’ by replacing each

vertex b; with the corresponding clique B;.

Thus, we have the following result.
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Lemma 4.4.10. Every starlike graph can be obtained from a split graph (I UC, E)

by replacing each vertex of the independent set I with some cliques.

We now provide a forbidden induced subgraph characterization of starlike com-
parability graphs and show that the prn of a starlike comparability graph is at most
three.

Theorem 4.4.11. Let G be a starlike graph. Then the following hold.

1. G is a comparability graph if and only if G does not contain any of D1, Do
and Dj (see Figure 1.19) as an induced subgraph.

2. If G is a comparability graph, then RP(G) < 3. Moreover, RP(G) = 3 if and
only if G contains Dy (see Figure 1.19) as an induced subgraph.

Proof. In view of Lemma 4.4.10, suppose G is obtained from the split graph G’ =
(I UC, E) by replacing each b; € I with some clique B;, for 1 <i < k = |I|. Then,
in view of Theorem 3.1.12, we have G is a comparability graph if and only if G’
and each B; are comparability graphs. Since cliques are comparability graphs, it
is evident that G is a comparability graph if and only if the split graph G’ is a
comparability graph. Thus, part (1) follows from Theorem 1.6.30.

If G is a comparability graph, then from the previous paragraph, we have the
split graph G’ is a comparability graph. In view of Theorem 3.1.12, we have
RP(G) = max{RP(G"), RP(By),...,RP(By)}. Since the prn of a clique is one, we
have R?(G) = R*(G"). Thus, RP(G) < 3 as R?(G’) < 3 (by Theorem 4.4.5).

First note that the split graph D, is a comparability graph; for instance, see the
transitive orientation marked along its edges in Figure 1.19. Thus, RP(D,) < 3.
Now we recall from Theorem 1.6.31 that a split graph is a permutation graph if and
only if it is D-free (see Figure 1.19). Further, in view of Theorem 1.3.45, note that
permutation graphs are characterized as permutationally 2-representable graphs.

Hence, being in D, the graph D, is not permutationally 2-representable so that
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RP(D4) = 3. Thus, if G contains D4 as an induced subgraph, then R?(G) = 3.
Conversely, suppose RP(G) = 3. Then, we have RP(G’) = 3 so that the split graph
(' is not permutationally 2-representable. Thus, G’ contains at least one graph from
D. But, by Theorem 1.6.30, D, is the only comparability graph from D. Thus, G’
must contain Dy as an induced subgraph. Hence, D, is an induced subgraph of G,

as (' is an induced subgraph of G. m

4.5 Conclusion and Future Work

This work demonstrates that split decomposition has emerged as a powerful and
efficient tool for analyzing the word-representability of WPC graphs. We proved
that the components of the minimal split decomposition of a WPC graph are split
graphs (Lemma 4.1.2) and observed that the converse is not true (Remark 4.1.4). If
the split recomposition of split graphs can be specified to characterize WPC graphs,
it may lead to a linear-time algorithm for recognizing WPC graphs. At present,
only a polynomial-time recognition of WPC graphs is available [Ahn et al., 2022].
A forbidden induced subgraph characterization of word-representable WPC graphs
could be obtained along the lines of proof of Theorem 4.1.6, using the forbidden
induced subgraph characterization for word-representable split graphs from [Srini-
vasan and Hariharasubramanian, 2025]. In view of Theorem 4.4.6, it is interesting

to determine whether a WPC comparability graph with prn equal to four exists.
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Minimum-Word-Representants

In this chapter, we characterize double-arborescences as Py-free treelike comparabil-
ity graphs. We also characterize Pj-free graphs (known as cographs) using the split-
decomposition trees. Consequently, using split-decomposition trees, we characterize
double-arborescences and one of its subclasses, namely arborescences. Moreover,
we obtain an alternative proof for the well-known characterization of arborescences
given in [Wolk, 1965] using split decomposition. Further, we devise an algorithm
to construct a minimum-word-representant for a given arborescence. The algorithm
is then extended to obtain a minimum-word-representant of length 2n — x for a
double-arborescence and more generally, for a treelike permutation graph, where n

is the number of vertices and x is the clique number of the graph.

111
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5.1 Double-Arborescences

In this section, we characterize double-arborescences and prove that the length of
the minimum-word-representants of a double-arborescence on n vertices with clique

number k is 2n — k.

5.1.1 Characterizations

In this subsection, we characterize double-arborescences as P,-free treelike compa-
rability graphs. We also obtain another characterization for double-arborescences
by providing a necessary and sufficient condition for P,-free graphs using the notion
of s-leaf-path in their split-decomposition trees. Further, we obtain an alternative
proof for the well-known characterization of arborescences given in [Wolk, 1965,

Theorem 3].

Lemma 5.1.1. Let G = (V, E) be a path of k double-arborescences with smallest

possible k. If k> 2, then G contains Py as an induced subgraph.

Proof. Let O be the treelike orientation of G' and let G = (V,0) be the transitive
reduction of O. Let G; with root r;, 1 < < k, be the k double-arborescences in G
such that r; — r9 — - -+ — 1 is the root-path in V.

Suppose the edge 775 is oriented as s in O. We claim that there exists a
vertex a; in G5 such that 1Ta1> is in O. On the contrary, suppose 671) in O for all
vertices a in GG;. Then, we have 67; in O for all vertices a in G;. Then, G is a
path of & — 1 double-arborescences, namely G; U Gg, G, ..., Gy with the root-path
rog—7rg—---—17TIn G : a contradiction to the minimality of k. Further, there exist a
vertex aq in U G; such that m is in O, for some t > 2, as shown in the following

2<i<k
cases:

e Case 1: ri+1?i in O for some i > 2. Let ¢ be the least such that Tyl in O.

Then we choose as to be 1.

TH-4106_216123014



5.1 DOUBLE-ARBORESCENCES 113

e Case 2: ryri 1 foralli < kin O. For each i > 2, if m in O for all vertices a in

G, then @ in O for all vertices a in U G; as O is a transitive orientation.
2<i<k
In which case, G is a double-arborescence with the root r1; a contradiction to

the minimality of k. Hence, there exists ay in Gy, for some ¢ > 2, such that
ag_r; is in O.
The path a; — ry — r; — as is an induced P, in G. Indeed, other than these three
edges, there will not be any more edges between ay,r;,r; and as in G as there is no
directed path between a; and ry; a; and as; or r; and as in 3
Similarly, one can observe that if 7175 is oriented as 7?7"{ in O, then there exist

vertices a; in G; and ay in U G, such that a;r} and a3 are in O for some t > 2
2<i<k
so that {aq, 71,7, as} induces a Py in G. O

We now prove that the class of double-arborescences is the intersection of the

class of Ps-free graphs and the class of treelike comparability graphs.

Theorem 5.1.2. A graph G is a double-arborescence if and only if G is a Py-free
treelike comparability graph.

Proof. Suppose G is a double-arborescence with a root r. Since G is a treelike
comparability graph, by Remark 1.6.16, G is distance-hereditary. If G' contains a
P, induced by, say, {ai,as,as,as}, then clearly r # a;, for all 1 < i < 4, as r is
an all-adjacent vertex of G. Note that the graph induced by {r, a1, as, as, as} is the
complement of K; U Py (see gem in Figure 1.15). But, by Theorem 1.6.3, it is a
forbidden induced subgraph for a distance-hereditary comparability graph. Hence,
G is Py-free.

Conversely, suppose a treelike comparability graph G is P;-free. Note that P;-
free graphs are permutation graphs (cf. Theorem 1.6.9). Thus, by Theorem 1.6.27,
G is a path of k£ double-arborescences such that k is the smallest number of double-
arborescences in G. If k > 2, then by Lemma 5.1.1, G induces a P,; which is not

possible. Hence, kK = 1 so that GG is a double-arborescence. O
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FI1GURE 5.1: A portion of some Tr with an s-leaf-path P and its accessibility graph Py

We now characterize the class of Pj-free graphs (in Corollary 5.1.5) through
the notion of s-leaf-paths in their minimal split-decomposition trees. Recall from
Theorem 1.6.2 that the minimal split-decomposition tree of a distance-hereditary

graph is a clique-star tree.

Definition 5.1.3 (s-leaf-path). Let G be a distance-hereditary graph with the min-
imal split-decomposition tree 7. We call a leaf of a star component in Tz as s-leaf.
An s-leaf-path in T'x is an alternated path P such that the endpoints of P are s-
leaves of two star components and P does not contain any edge from either of star

components (e.g., refer Figure 5.1).

Theorem 5.1.4. Let G be a distance-hereditary graph and Tx be the minimal split-
decomposition tree of G. Then G contains an induced Py if and only if there exists

an s-leaf-path in Tr.

Proof. Note that by Theorem 1.6.2, T'r is a clique-star tree. Since G is isomorphic
to the accessibility graph T2 (see Theorem 1.4.21(i)), we prove that T2 contains an
induced P, if and only if there exists an s-leaf-path in T». Let P be an s-leaf-path
between two star components G, and Gg in Trx. Let ¢ € G,, b1 € Gg be the
endpoints of P. Since T'r is the minimal split-decomposition tree, both G, and Gg

have at least three vertices each (see Theorem 1.4.21(iii)). Thus, there are at least
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two s-leaves in each of the star components G, and Gg. Then, there are at least two
maximal alternated paths from G, that do not use any edge of GG, and, by Lemma
1.6.11, these maximal alternated paths end at distinct pendant vertices of Tx. Of
these paths, suppose one path, say P,/, is from an s-leaf a; in G, to a pendant vertex
a’ of T, and the other path, say Py, is from the center ¢, of G, to a pendant vertex
b' of T'r. Similarly, there are at least two maximal alternated paths from Gg one,
say P, is from its center ¢z to a pendant vertex ¢’ of T, and the other, say Py, is

from an s-leaf, say d;, in G to a pendant vertex d’ of T'x, as shown in Figure 5.1.

We show that @’ — & — ¢ —d' is an induced path in T4. As shown in Figure 5.1,
note that the path consisting of P, followed by the edge @;¢, and then P, is an
alternated path from @’ to ¢ in T so that @’ and ¥/ are adjacent in T2. Further, the
path consisting of Py followed by the edge ¢,c1, the path P, the edge @, then the
path P. is an alternated path from ¥ to ¢ in Tx. Thus, b’ and ¢’ are adjacent in T7.
Similarly, the vertices ¢’ and d’ are adjacent in T2. Consider the underlying tree T
of T and note that there is a unique path between a’ and ¢’ in T" that should pass
through the vertices a and 8 of T'. Thus, any path between a’ and ¢’ in T should
pass through G, and Gpg, and by construction, that path must use two edges of G,
so that it cannot be an alternated path. This shows that @’ and ¢’ are not adjacent
in T#. Similarly, one can show that b'd’ and a’d’ are not in T#2. Hence, T# contains

an induced Pj.

Conversely, suppose T4 has an induced Py, say @’ — b — ¢ — d'. Since b/a/, b'c
are edges of T2, there exist alternated paths, say Py . and Py, which begin at the
pendant vertex b’ of T and end at the pendant vertices a’ and ¢ of Tx, respectively.
Similarly, there exists an alternated path P. s between the pendant vertices ¢ and

d of T]:.

Let G, be the split component of T'x until which the paths Py, and Py ~ have
the common segment and they split thereafter. Let ¢, € G, be the vertex at which

the common segment ends, and a; and ¢; be the vertices of GG, at which the paths
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Py o and Py o exit G, respectively. We now show that a; and ¢; are not adjacent
in G, so that G, is a star component. Otherwise, we can have an alternated path
between o' and ¢/, namely P, ,, followed by the edge @i¢; of G, and then P, .,
where P, ,, is the segment of Py , between a; and d', and P,, » is the segment of
Py between ¢; and ¢. Thus, a’ and ¢ are adjacent in T4; a contradiction. Hence,
(G, must be a star component. It is evident that ¢, is its center and aq, ¢; are its
s-leaves.

Let Gg be the split component of T’ until which the paths P. 4 and Py~ have
the common segment and they split thereafter. Let cs € G be the vertex at which
the common segment ends, and b; and d; be the vertices of G at which the paths
Py o and P 4 exit Gpg, respectively. As shown above, observe that G is a star
component, in which cg is the center and 0y, d; are s-leaves.

Note that the alternated path Py . passes through the split components GG, and
Gs. We observe that the pendant vertex 0’ is nearer to G, than G4 on the path
Py . On the contrary, suppose G is nearer to b'. Then, clearly, G, would be nearer
to . Since the path Py .~ exits G, at ¢; towards the pendant vertex ¢/, the vertex
¢ is closest in G, to ¢. Similarly, the vertex b is closest in G to I'. Accordingly,

the vertices V', ¢/, ¢1, b1, ca, ¢g Will appear in the following sequence on the path Py .:
b/a b17 €3, Ca, C1, C/

Thus, the segment of Py . between ¢, and cg is a center-center path in T'x, as
shown in Figure 5.2. Then along the lines of the proof of Theorem 1.6.5, as given in
[Bahrani and Lumbroso, 2018], it can be observed that o' —b' —¢ —d' —a’ forms a C}
inT }4; a contradiction to induced P, over these vertices. Hence, the pendant vertex
b' is nearer to G, than Gz on the path Py so that the vertices ¥',c, c1,b1,cq, s

will appear in the following sequence on the path Py .:

/ /
b y Cary C1, b17057c
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FIGURE 5.2: A center-center path

Evidently, the segment of Py » between ¢; and b, is an s-leaf-path between G, and

Gﬁ in T]:. ]

Since Py-free graphs are distance-hereditary (see Theorem 1.6.8), and the distance-
hereditary graphs are characterized as the graphs whose minimal split-decomposition
trees are clique-star trees (see Theorem 1.6.2), we have the following corollary of

Theorem 5.1.4.

Corollary 5.1.5. Let T be the minimal split-decomposition tree of a graph G.
Then G is Py-free if and only if T is a clique-star tree and T'r does not have any

s-leaf-path.

We now consolidate the following characterization of double-arborescences in

terms of their minimal split-decomposition trees.

Corollary 5.1.6. Let G be a graph and Tx be its minimal split-decomposition tree.

Then G is a double-arborescence if and only if the following statements hold.
(i) TF is a clique-star tree.
(ii) Fach clique component has at most two marked vertices.

(iii) There is no marked edge between the centers of two star components.
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(iv) T does not have any s-leaf-path.

Proof. First note that the statements (i), (ii) and (iii) characterize treelike compara-
bility graphs, by Theorem 1.6.15. Further, by Corollary 5.1.5, the statements (i) and
(iv) characterize Pj-free graphs. Hence, the result follows in view of Theorem 5.1.2

that P,-free treelike comparability graphs are precisely double-arborescences. O]

We now continue to provide an alternative proof for the characterization of ar-
borescences as (Cy, Py)-free graphs using split decomposition. First we characterize
the strict-double-arborescences and consequently show that arborescences are pre-
cisely (Cy, Py)-free treelike comparability graphs. Further, we prove that (Cy, Py)-

free graphs are treelike comparability graphs to conclude the alternative proof.

Lemma 5.1.7. Suppose G is a strict-double-arborescence with a root r and O is the
treelike orientation of G. There exist two non-adjacent vertices a; and as in G such

that 771} and 772) m O. Similarly, there exist two non-adjacent vertices az and ay in

G such that cﬁ and cﬁ m O.

Proof. Suppose G = (V, E) is a strict-double-arborescence with a root r. Let G =
(V,0) be the transitive reduction of O. Let A4y = {a € V | 74 in O} and A, =
{a € V | af in O}. Note that by definition of strict-double-arborescence, we have
Ay £ @, Ay # @, and V = {r} U A; U Ay. Moreover, if a,b € A; are adjacent in
G, then they are on a directed path from r in G. Accordingly, if the vertices of A;
form a clique in G, then the vertices of A; are on a directed path from r in G. In
that case, G' can be seen as an arborescence whose root would be the end point, say
a’, of the above mentioned directed path, i.e., V. = {a'} U{a € V | od in O}; a
contradiction to GG is a strict-double-arborescence. Hence, there exist two vertices
ai,as € Ajp such that a; and ay are not adjacent in (. Similarly, there exist two

non-adjacent vertices in A,. m

Theorem 5.1.8. Let G be a double-arborescence. Then, G is a strict-double-

arborescence if and only if G contains Cy as its induced subgraph.
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Proof. Let O be the treelike orientation of G = (V,E) and G = (V,0) be the
transitive reduction of O.

Suppose G is a strict-double-arborescence with root r. Then, by Lemma 5.1.7,
there exist two pairs of non-adjacent vertices ay, b; and as, by in G such that 7?{ , ﬁ,
aof and l;“ exist in O. Then {ay, by, as, bo} induces a Cy, namely ay —as—b; —by—ay,
in G.

Conversely, suppose G contains a Cy = a} —ah — b} — b, — a} (say) as its induced
subgraph. We show that the double-arborescence GG is not an arborescence so that
G is a strict-double-arborescence. On the contrary, let G be an arborescence with
root r such that r is a source in O. Without loss of generality, suppose CZLZ e 0.
Since 0] is adjacent to @/, but non-adjacent to @} in G, we must have l;’;tz € O. Thus,
there are two directed paths, one from a/ to a), and the other from b, to d} in G.
Further, since r is an all-adjacent vertex in G, we must have directed paths from r
to a} and from r to b} in G. These four paths together form a cycle in the underlying

undirected graph of G, but as it is a tree, we have a contradiction. Hence, G is not

an arborescence. [

In view of Theorem 5.1.2, since double-arborescences are precisely the P,-free

treelike comparability graphs, we have the following corollary of Theorem 5.1.8.

Corollary 5.1.9. A graph G is an arborescence if and only if it is a (Cy, Py)-free
treelike comparability graph.

Using the split decomposition, we now present an alternative proof for the well-
known characterization of arborescences given in [Wolk, 1965, Theorem 3| (also see

[Wolk, 1962]).
Theorem 5.1.10. A graph G is an arborescence if and only if G is (Cy, Py)-free.

Proof. Suppose G is an arborescence. Then, by Corollary 5.1.9, G is a (Cy, Py)-free
graph.
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Conversely, suppose G is a (Cy, Py)-free graph. We show that G is a treelike
comparability graph so that it is an arborescence (by Corollary 5.1.9). For that, we
use the characterization given in Theorem 1.6.15. Since G is Py-free, GG is a distance-
hereditary graph (by Theorem 1.6.8) so that the minimal split-decomposition tree
Tx of G is a clique-star tree (by Theorem 1.6.2). Further, as G is (Cy, Py)-free, note
that T has neither a center-center path (by Theorem 1.6.5) nor an s-leaf-path (by
Corollary 5.1.5). In particular, there is no marked edge between the centers of two
star components; otherwise, we will have a center-center path in T'x.

Finally, we claim that each clique component of T has at most two marked
vertices. On the contrary, suppose there is a clique component in T» with three
marked vertices say a1, as and ag. For 1 < i < 3, let e; be the marked edge in Tr
with one end point a; and the other end point, say, b;. Since T is the minimal split-
decomposition tree of G, by statement (iv) of Theorem 1.4.21, each b; (1 < i < 3)is
a vertex of a star component. Note that not all b;’s can be centers of the respective
star components; otherwise, T'= will have a center-center path, e.g., by — a; — as — bs.
Also, not all b;’s can be s-leaves of the respective star components; otherwise, Trx
will have an s-leaf-path, e.g., by — a; — as — by. Hence, one of b;’s will be the center
(or a s-leaf), without loss of generality assume that it is by, and the other two will be
s-leaves (or the centers, respectively) of the respective star components. In any case,
by — as — a3 — bz is an s-leaf-path or center-center path in 7=, which is not possible
in T'x. Thus, there will be at most two marked vertices in any clique component of

Tr. Hence, by Theorem 1.6.15, GG is a treelike comparability graph. O

We reconcile the following characterization of arborescences in terms of their

minimal split-decomposition trees.

Corollary 5.1.11. Let G be a graph and T’ be its minimal split-decomposition tree.

Then G is an arborescence if and only if the following statements hold.

(i) Tx is a clique-star tree.
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(ii) T does not have any center-center path.
(iii) T does not have any s-leaf-path.

Proof. Suppose G is an arborescence. Then, by Theorem 5.1.10, we have G is a
(Cy, Py)-free graph. Since G is Ps-free, the statements (i) and (iii) hold (by Corol-
lary 5.1.5). Further, the statement (ii) holds by Theorem 1.6.5.

For proof of the converse, first note that the statement (i) implies that G is
distance-hereditary. Thus, using statements (i) and (ii), G is Cy-free (by The-
orem 1.6.5) and using statements (i) and (iii), we have G is Py-free (by Corol-
lary 5.1.5). Hence, G is a (Cy, Py)-free graph so that G is an arborescence (by
Theorem 5.1.10). O

5.1.2 Taxonomy

Figure 5.3 depicts the taxonomy of various classes of graphs in the context of
distance-hereditary graphs discussed in this work, namely treelike comparability
graphs, Pj-free graphs (known as cographs), Cy-free graphs, arborescences (marked
by X in the figure) and strict-double-arborescences (marked by Y in the figure).

Observe that X U Y is the class of double-arborescences.

Distance-hereditary graphs

FIGURE 5.3: Taxonomy of various graph classes
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5.1.3 Minimum-Word-Representants

In this subsection, we devise an algorithm to find minimum-word-representants of
arborescences and extend it to double-arborescences. Moreover, we prove that for a
double-arborescence G on n vertices with clique number &, the length of a minimum-

word-representant ((G) = 2n — k.

Remark 5.1.12. In [Bouchet, 1988], it was established that the class of distance-
hereditary graphs are circle graphs. Further, by Theorem 1.3.28, we have circle
graphs are 2-word-representable. Thus, being a subclass of distance-hereditary
graphs, the double-arborescences are 2-word-representable. Hence, if G is a double-

arborescence on n vertices, it is evident that ¢(G) < 2n.

Notation 5.1.13. In what follows, for a comparability graph G = (V, FE) with a
transitive orientation O, we use the following notations. For a € V', the upper set of
a,U(a) ={beV| % € O} and p_, p., q,, ¢, denote permutations on U(a). Further,
the lower set of a, L(a) = {b € V| % € O} and p,,p,q,,q, denote permutations

on L(a). A permutation on the empty set is considered to be the empty word.

Algorithm

Let G = (V, E) be an arborescence on n vertices with clique number x. Note that
a maximum size clique in a comparability graph can be found in quadratic time
[Even et al., 1972]. Suppose C' is a maximum clique in G. As G is a treelike
comparability graph, by Theorem 1.6.18, the treelike orientation of G as well as
the transitive reduction can be found in linear time. Suppose G = (V, O) is the
transitive reduction of the treelike orientation O of G. Recall that G is a directed
rooted tree and the root r is the source or the sink of O. Note that the elements of
C form a longest directed path in G and r € C.

In Algorithm 3, we give a procedure based on breadth-first search (BFS) on the

underlying tree of G to construct a word of minimum length representing G. For
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BF'S, one may refer to [Cormen et al., 2009].

Algorithm 3: Constructing minimum-word-representant of an arbores-
cence.
Input: The transitive reduction G of an arborescence G and a longest
directed path C in G.
Output: A word w representing G.
1 Initialize w with the root r.
2 Append r in @ (where @ is the queue used in BFS)
3 while () is not empty do

4 Remove the first element of ), say a.
5 if a is not a leaf then
6 Let ¢1,¢a, ..., ¢ be the children of a and append them in Q).
7 if a € C then
8 Without loss of generality let ¢; € C' and update w by
C1Co * * - CtWCCt—1 * = * Ca.
9 end
10 else
11 Replace the first occurrence of a in w by ¢i¢s - - - ¢;a and the
second occurrence of a in w by ¢;ci_q - - - c1a.
12 end
13 end
14 end

15 return w.

Notation 5.1.14. In what follows, w refers to the output of Algorithm 3.
We have the following properties of w.

Remark 5.1.15. If G is an arborescence on n vertices with clique number , the
length of the word w is 2n — k, as each element of C' appears exactly once and the

remaining elements of V' appear twice in w.
Remark 5.1.16.

(i) If r is the source in O, then V' = {r} UU(r) and the word w is of the form
p.ru, where u is a subword of w such that no element of C' appears in u, and
each element not in C' has one occurrence in p_ and the other occurrence in u.

Moreover, for any vertex a € U(r), p.a < p. <5 w.

TH-4106_216123014



124 MINIMUM-WORD-REPRESENTANTS

(ii) If r is the sink in O, then V' = {r} U L(r) and the word w is of the form
q,mv, where v is a subword of w such that no element of C' appears in v, and
each element not in C' has one occurrence in ¢, and the other occurrence in v.

Moreover, for any vertex a € L(r), q,a <5 q, <; w.

Proposition 5.1.17. Let r be the source in O and (r =)a; — ag — -+ — as
be a directed path in G, for some integer s > 2. Then, for all1 < i < s —1,

Py i1 KLy Py KL Py Kf W.

ait1

Proof. In view of Remark 5.1.16(i), we have P2 Lj P <y w. Thus, the result is
true for i = 1. Supposefor2 <i =1t < s—1, we havepmatﬂ Lf oy K P L w0
We show that the result is true for i = ¢t + 1. Since {a;1o} U Ulars2) € U(at1),
exactly one occurrence of each element of U(asy2)U{a2} appears in Parr Further,

since p. (o Ky

ay?

arr2 <y Py (by Remark 5.1.16(i)) and p,_ < p,, we have p___

at4+2

Py <y Py Thus, the result is true for ¢ = ¢ + 1. Hence, for all 1 <i <s—1, the

at+1

at4+1 2

result follows. O
Similarly, if 7 is the sink in O, we have the following result.

Proposition 5.1.18. Let r be the sink in O and as — as 1 — -+ ay — a1 (= 1)
be a directed path in G, for some integer s > 2. Then, for all 1 < i < s — 1,

Qo yy Ci1 < 4a; < 95 <5 w.

Proof. The result follows from the proof of Proposition 5.1.17 upon replacing p,_
with ¢, and U(a;) with L(a;) throughout the argument. O
Correctness

We now prove that the word w represents the arborescence G through the following

lemmas.

Lemma 5.1.19. Fora,b €V, if a and b are adjacent in G, then a and b alternate

mw.
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_>
Proof. Without loss of generality, suppose ba € O. Let b = a3 = a5y — -+ —
ap = a be the path from b to a in G. Suppose the root r is the sink in O (if r is the
source in O, the proof will be similar). Thus, according to the construction of w, a

is visited first then aq,ao,...,as_1 and lastly b is visited.

e Case 1: Suppose a ¢ C. Then a; ¢ C for all 0 < i < s and consequently all
of them occur twice in w. For 1 <t < s, using induction on ¢, we show that
w\{a,at} = a;aaza. Hence, in particular for ¢t = s, w|{a,b} = baba so that a and

b alternate in w.

For t = 1, since a; is a child of a, as per line 11 of Algorithm 3, we
have ajaa;a < w and both a and a; appear exactly twice in w. Hence,
W{q,a} = araara. For t = p suppose wl(sa,} = apaaya. For t = p 4 1,
since a,1; is a child of a,, both the occurrences of a, in w are replaced by

a word containing a,y1a, as a subword. Hence, a,y1a,aa,110,0 < w so that

w|{a,ap+1} = Ap+100,410.

e Case 2: Suppose a € C. If bis also in C, then both a and b occur exactly once
in w so that they alternate in w. If b ¢ C, then let m be the smallest possible
index with 1 < m < s such that a,, ¢ C. For m <t < s, using induction on
t, we show that w|(s 4,3 = asaa;. Hence, for t = s, we have a and b alternate
in w.

Since a,,_1 € C, note that a,,_; appears exactly once in w. If m = 1,
clearly a,,aa,, < w. For m > 1, note that w|{a7am_1} = Qy_1a. Since a,, is
a child of a,,_1, in view of line 7 of Algorithm 3, a,, appears twice in w such
that a,,a,,-1aa,, < w. Thus, for t = m, w]{a,am} = a,aa,. Fort =m+p
SUPPOSE W|{a,amsp} = Gmtpllmip. FOr t = m + p+ 1, since apipi1 is a child
of G4y, both the occurrences of a,,4, in w are replaced by a word containing
Ut pt+1@mip as a subword. Hence, Gpyipi1QmipAQmipti1Gmyp < w so that

w‘{a7am+p+1} = Qm+p+10QAm+p+1-
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Hence, in any case, a and b alternate in w. O

Lemma 5.1.20. For a,b € V, if a and b are not adjacent in G, then they do not

alternate in w.

Proof. Suppose the root r is the sink in O (if 7 is the source in O, the proof will be
similar). Since a and b are non-adjacent in G and r is the sink in O, there exists
¢ in G such that there are two disjoint directed paths from a to ¢ and from b to ¢
in G. Leta=ay > a51 — -+ —>a cand b=by - by_1 — -+ = b = ¢
be the directed paths in G. Hence, ¢ is visited first and then a;, b; are visited in
Algorithm 3. Note that aq, b, are children of ¢ and let a; is visited before b; in the

algorithm.

e Case 1: One of a and b is in C' but the other is not; say, a € C' and b ¢ C.
Then c € C, a; € C,forall 1 <i<s,and b; ¢ C, forall 1 < j <. For

1 <t < s, using induction on ¢, we first show that w|¢a, 5,3 = a:b1b;.

For t = 1, since ay, by are children of ¢ and a; € C, as per the algorithm,
we have a;b;ch; < w. Hence, w4, 5,} = a1b1b1. For t = p, suppose w4, 4,1 =
aybiby. For t = p + 1, since a,y is a child of a, and both a, and a,4, € C,
as per the algorithm, we have a,1;a,b10; < w so that w]{apﬂ,bl} = ap1101b;.

Hence, in particular for t = s, we have w|s 4,3 = abib;.

Now for 1 <t < ¢, using induction on ¢, we show that w\{a,bt} = ab:b;.
For t = 1, we have w|,p,3 = abib;. For t = p, suppose w|(q,} = abpb,. For
t = p+1, since b,y is a child of b,, both the occurrences of b, in w are replaced
by a word containing b,1b, as a subword. Thus, we have ab,1b,0,11b, K w
so that w|(ap,,,} = abpt1bp41. Hence, in particular for ¢ = s', we have w|(q 5 =

abb so that a and b do not alternate in w.

e Case 2: Both a and b are not in C'. Then we have the following cases.
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e Subcase 2.1: Suppose a; ¢ C and by ¢ C. Then note that a; ¢ C for all

1<i<sandb;¢ Cforalll <j<ys.

For 1 <t < s, using induction on ¢, we first show that w|(q, s} = a:b1b1as.
Note that ay, by are children of ¢ and both a; and b; are not in C'. Hence, if
¢ € C, as per the algorithm, we have a;bicbja; < w and if ¢ ¢ C, as per the
algorithm, we have a1bicbia;c < w. Hence, in any case, for t = 1, we have
W{a; 5} = @1b1bray. For t = p, suppose w4, 5,3 = apbibia,. For t = p + 1,
since a4 is a child of a,, both the occurrences of a, in w are replaced by a
word containing a,i1a, as a subword. Thus, we have api1a,b101ap110, < W
so that wl{ap+1,b1} = api1bibiayy. Hence, in particular for ¢ = s, we have

W|{a,p} = abibia.

Now for 1 <t < ', using induction on ¢, we show that w|. 4,3 = ab:ba.
For t = 1, we have w|qp,3 = abibia. For t = p, suppose w|(4p,1 = abpbya. For
t = p+ 1, since b,y is a child of b, and both the occurrences of b, in w are
replaced by a word containing b, b, as a subword, we have aby;1b,b,+1bpa <
w so that wlgep,,,3 = abpi1byy1a. Hence, in particular for ¢ = s', we have

w\{a,b} = abba so that a and b do not alternate in w.

e Subcase 2.2: One of a; and b; is in C' but not the other; say, a; € C' and
by ¢ C. Thence C and b; ¢ C forall 1 <j <s'. Let m(> 1) be the smallest

positive integer such that a,, ¢ C. Therefore a; ¢ C for all m <i < s.

For m < t < s, using induction on t, we show that w|{at7b} = q;bba,.
Hence, in particular for ¢ = s, we have w4 = abba. As shown in Case 1, we
can have w|g,,, | = Gm—_1bb. For t = m, since a,, is a child of a,,—1 but a,, ¢
C, as per the algorithm, we have a,,a,,_1bba,, < w. Thus w|{am7b} = a,,bba,,.
For t = m + p, suppose w|{am+p7b} = U pbblpyip. Fort = m—+p+1, as amipr1
is a child of a,+, and both the occurrences of a,,, in w are replaced by a word

containing @y, 4p+1am+p as a subword, we have @, 4p+1am+pbbam1pr1am1p <K W.
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Thus w{a,, 16} = Gmtp+100@mipr1. Hence in particular for ¢ = s, we have

W {a,py = abba.

Hence in any case a and b do not alternate in w. O]

We now conclude in the following theorem that the word w produced by Algo-

rithm 3 on an arborescence GG is a minimum-word-representant of G.

Theorem 5.1.21. If G is an arborescence on n vertices with clique number x, then

U(G) =2n— k.

Proof. Let w be the word obtained by Algorithm 3 on an arborescence GG. From Lem-
mas 5.1.19 and 5.1.20, it is evident that w represents GG. In view of Remark 5.1.15,
the length of the word w is 2n — & so that ¢(G) < 2n — k. Further, as the size of a
maximum clique in G is x, by Theorem 1.3.32, we have 2n — k < ¢(G). Hence, w is

a minimum-word-representant of G and ¢(G) = 2n — k. O

We now prove a more general theorem for the minimum-word-representants of

double-arborescences.

Theorem 5.1.22. Suppose G is a double-arborescence on n vertices with clique

number k. Then ((G) = 2n — k.

Proof. Let r be a root of a double-arborescence G = (V, E) and G' = (V, O) be the
transitive reduction of the double-arborescence orientation O of G. If C' is a longest
directed path in G, then note that the size of C' is .

Let A={r}UL(r) and B={r}UU(r) sothat ANB = {r} and AUB =V.
Consider the restrictions O4, Op of O and O A Op of O on the vertex sets A and B ,
respectively. Then both G4 = (A,04) and Gz = (B, Op) are directed rooted trees
with root r. Note that r is the sink in OA and it is the source in OB. Let G4 and
G be the induced subgraphs of G on the vertex sets A and B, respectively. Thus,

both G4 and G are arborescences.
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Let C4 = CNAand CP = CN B so that C4 and CF are longest directed
paths in G4 and Gp, respectively. We run Algorithm 3 separately on G4 and
Gp by considering the respective longest directed paths C4 and CP. Let u and
v be minimum-word-representants of G4 and Gp, respectively, obtained from Al-
gorithm 3. Suppose that v = ¢, ru; and v = p_rv;. Note that the reversal of u,
u = ui'rq! also represents G4 (cf. Proposition 1.3.19). We show that the word
w' = ui'p.rq’v; represents the graph G.

First note that w'|4 = u{zrqf. Hence any two vertices a and a’ of G4 are adjacent
in G if and only if @ and a’ alternate in w’. Also w'|p = p_rv; so that any two vertices

b and V' of Gp are adjacent in G if and only if they alternate in w’. We now show

that r alternates with any @ € V' \ {r} in w’ in the following cases:

R

e a € A\ {r} such that a € C*: Then a occurs exactly once in uf* as well as

in w’. Moreover, since r occurs exactly once in w’, we have a and r alternate
in w'. Similarly, if @ € B\ {r} such that a € CP, then both a and r occur

exactly once in w’ so that they alternate in w’'.

e a € A\ {r} such that a ¢ C*: Then a occurs exactly twice in u® as well as
in w’. Further, in view of Remark 5.1.16, we have w'|{,,} = ara. Similarly,

when a € B\ {r} but a ¢ C”, then w'|,,} = ara.

Finally, let a € A\ {r} and b € B\ {r}. In view of Remark 5.1.16, the positions
of a’s in ¢, and u; and the positions of b’s in p_ and v; are evident as shown in the

following cases so that a and b alternate in w’.
e Ifae C*andbe CP, then w'|(, = ba.
e Ifa e C*and b ¢ CP, then w'|(, 4 = bab.
e Ifa¢ C*andbe CP, then w'|(, = aba.

e Ifa¢ C*andb¢ CB, then w'|(,4y = abab.
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Hence, the word w’ represents the graph G. Note that the elements of C' appear
exactly once in w’ while the rest of the elements of V' appear twice in w’ so that the
length of the word w’ is 2n — k. Further, since the size of a maximum clique in G

is K, we have ((G) = 2n — k. O

Further, based on the construction, we present some structural properties of the
minimum-word-representant w’ = uf'p_rq™v; of the double-arborescence G. We use
these properties in Section 5.2 to construct minimum-word-representants for treelike

permutation graphs.

Remark 5.1.23. The word w’ is of the form vop_rp, vy, where vy = uf and p, = ¢

is a permutation on L(r). Moreover, we have the following properties of p_ and p,.

(i) Since p_rvy is a minimum-word-representant of the arborescence Gz, by Re-

mark 5.1.16(i), if a € U(r), then p_a < p. <5 w'.

(ii) Since g,ru; is a minimum-word-representant of the arborescence G 4, by Re-
mark 5.1.16(ii), if @ € L(r), then g,a <y ¢, so that ap, <y p, <; w', where
)2

(q,a)" = ap,.

Remark 5.1.24. Let a and b be two distinct vertices of the double-arborescence G
such that ra € O and 7“? € O. Thus, a and b are non-adjacent in G and a,b € U(r).
Then, in view of Remark 5.1.23(i), we have p,a <; p, and p.b <; p.. Since
U(a)NU(b) = 9, p, = z1p,azap,brs (if a appears before bin p.) or p. = x1p_brop axs

(if b appears before a in p_), for some words 1, s, T3.

Remark 5.1.25. Let a and b be two distinct elements of the double-arborescence

- N -
G such that af € O and br € O. Then, in view of Remark 5.1.23(ii), we have

P, = y1ap,y2bp,ys (if a appears before b in p,) orp, = Y1bp,y2ap, Y3 (if b appears

before a in p, ), for some words y1, y2, ys.

Remark 5.1.26. In view of Propositions 1 and 2, and Remark 5.1.23, we have the

following properties of the word w'.
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(i) Let (r =)a; — ay — --- — a, be a directed path in G, for some integer s > 2.

Then, forall 1 <i<s—1, Doy Gitt K Do K Py L w'.

1

(i) Let ay — as_1--- — ay — ai(=r) be a directed path in G, for some integer

s > 2. Then, forall 1 <i <s—1, a;pip, <pp, <5p, <pw'

a4

5.2 Treelike Permutation Graphs

This section consists of two subsections. In Subsection 5.2.2, we give a polynomial-
time algorithm to construct a minimum-word-representant of a treelike permutation
graph, which uses permutations representing arborescences. While the literature has
various methods for constructing permutations representing a permutation graph
(cf. [Golumbic, 2004; McConnell and Spinrad, 1999]), we construct a specific type
of permutations for arborescences in Subsection 5.2.1, which are useful in Subsection

5.2.2.

5.2.1 Permutations for an Arborescence

Let G = (V, E) be an arborescence with root r in the treelike orientation O of G. Let
G = (V,0) be the transitive reduction of O. As G is a treelike comparability graph,
by Theorem 1.6.18, both O and G can be found in linear time. In Algorithm 4, we
give a procedure based on breadth-first search (BFS) on the underlying tree of G to

construct two permutations ¢ and ¢’ such that the word ¢q' represents G.

Remark 5.2.1. Algorithm 4 runs in O(n?) time, where n is the number of vertices
of GG. Note that, in each iteration of total n iterations, testing condition in step 4

and updating ¢ and ¢’ in step 6 can be done in O(n) time.
Remark 5.2.2. We have the following properties of ¢ and ¢':

(i) If 7 is the sink in O, the permutations ¢ and ¢’ are of the form ¢ = ¢, and

¢’ = q_r such that the word ¢,¢/ represents the induced subgraph G [L(r)].
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Algorithm 4: Constructing two permutations for an arborescence.

Input: The transitive reduction G = (V, O) of the treelike orientation O of
an arborescence G = (V, E).
Output: Two permutations ¢ and ¢ on V.

1 Initialize ¢ = r, ¢ = r and Q with r (where @ is a queue as in BFS).
2 while Q) is not empty do

3 Remove the first element of @, say a.

4 if a is not a leaf then

5 Let ¢q,cs, ..., ¢y be the children of a and append them in Q.
6 Replace a in ¢ by ¢i¢3 - - ¢pa and in ¢’ by ¢t - - - c1a.

7 end

8 end

9 return ¢ and ¢'.

(ii) Moreover, if a € L(r), then p,a <y ¢, and pla < ¢ such that p,p/ represents
the induced subgraph G[L(a)].

(iii) If r is the source in O, the permutations ¢ and ¢ are of the form ¢ = ¢_r and
q' = ¢.r, and for a € U(r), we have p.a <y ¢. and p'a <y ¢/ such that ¢ ¢’
and p_p’ represent G[U(r)] and G[U(a)], respectively.

Remark 5.2.3. In view of Remark 5.2.2, we further observe the following.

(i) Let r be the sink in O and a5 — as_1 — - - -ay — a1(= r) be a directed path in

G, for some integer s > 2. Then, forall 1 <i <s—1, Doy Gitr L Doy K 4,

and p’ IERS 28 _— q ¥ where for 1 < i < s, the word pﬂpi1 . Tepresents

the induced subgraph G[L(a;)].

(ii) Let r be the source in O and (r =)a; — ag — -+ — a, be a directed path in

G, for some integer s > 2. Then, forall 1 <i < s—1, Paryit1 Kf Py L Gy

1

and p/ i < p, <y q._, where for 1 <i < s, the word p,_p/_represents

1

the induced subgraph G[U (a;)].

Lemma 5.2.4. For a,b € V, if a and b are adjacent in G, then a and b alternate

in the word qq'.
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Proof. Without loss of generality, suppose &; € 0. Let (b=)as » as_-1 = -+ —
aog(= a) be the directed path from b to a in G. Suppose the root r is the sink in O
(if r is the source in O, the proof will be similar). As per Algorithm 4, a is visited
first, then ay, as,...,as_1 and lastly b is visited. For 1 <17 < s, using induction on 4,
we show that a;a < ¢ and a;a < ¢’. Then, in particular for i = s, we have ba < ¢
and ba < ¢’ so that a and b alternate in ¢q'.

For i = 1, since a4 is a child of a, as per line 6, we have a1a < ¢ and a;a < ¢'.
Hence, a; and a alternate in the word ¢¢’. For i = ¢ suppose a;a < ¢ and a;a < ¢'.
For i =t + 1, since a;41 is a child of a;, a; is replaced in both ¢ and ¢’ by a word
containing a;,1a; as a subword. Thus, we have a;,10;a < ¢ and a;110:0 < ¢ so

that a;110 < g and a;q1a < ¢'. Thus, ¢¢'|{ep = baba so that @ and b alternate in

/

qq’. O

Lemma 5.2.5. For a,b € V, if a and b are not adjacent in G, then they do not

alternate in the word qq'.

Proof. Suppose the root r is the sink in O (if 7 is the source in O, the proof will be
similar). Since a and b are non-adjacent in G, and r is the sink in O, there exists a
vertex ¢ in G such that there are two disjoint directed paths from a to ¢, and b to
cin G. Let (a=)as — as1 — -+ —>a; —c,and (b=)by = by_1 — -+ = b — ¢
be the directed paths in G. Note that a; and b; are children of c.

Without loss of generality, suppose a1b; < q. For 1 <17 < s, using induction on
i, we show that a;b; < ¢ and bja; < ¢'. For i = 1, since aq,b; are children of ¢,
by line 6, we have a;b; < a;bic < ¢ and bja; < biaic < ¢'. For i = t, suppose
a;by < q and bya; < ¢'. For i =t + 1, since a;, 1 is a child of a;, a; is replaced in
both ¢ and ¢’ by a word containing a;,1a; as a subword. Thus, we have a;,1a;b; < ¢
and byas1a; < ¢'. Hence, a;11b1 < q and bya; 1 < ¢ so that in particular for i = s
we have, ab; < ¢ and bja < ¢'.

Now for 1 < ¢ < &, using induction on ¢, we show that ab; < ¢ and b;a < ¢'. For

i =1, we have ab; < ¢ and bja < ¢'. For i = t, suppose ab; < g and b;a < ¢'. For
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i = t+1, since by is a child of by, b; is replaced in both ¢ and ¢’ by a word containing
bii1b; as a subword. Thus, we have ab; 1 < abyi1b; < q and by 10 < byy1bia < ¢
Hence, in particular for i = s, we have ab < ¢ and ba < ¢’ so that a and b do not

alternate in q¢’. ]

Thus, in views of Lemmas 5.2.4 and 5.2.5, we have the following theorem estab-

lishing the correctness of Algorithm 4.

Theorem 5.2.6. The word qq' represents the arborescence G.

5.2.2 Minimum-Word-Representants

Let G = (V, E) be a treelike permutation graph (hence, a path of double-arborescences,
by Theorem 1.6.27) and O be the treelike orientation of G. Suppose C'is a longest
directed path in the transitive reduction G' = (V, O) of O. Note that C' can be found
in quadratic time [Even et al., 1972]. In this subsection, we construct a minimum-

word-representant of G through Algorithm 5.

Algorithm

In Algorithm 5, we consider a smallest possible root-path in G and the double-
arborescence G, = G[{r;} UU(r;) U L(r;)], where r; is the first amongst the roots
that appear in C. Using the construction given in Theorem 5.1.22, we first construct
a minimum-word-representant of GG, and extend it to that of G iteratively. In each
iteration, in a specific order of the roots, we include two permutations on the lower
or on the upper set of each root that is already included in the word. Similar to
the notation of permutations on U(a) and L(a), in Algorithm 5, we denote the
permutations on U¢(b) by ¢ or q;?, and the permutations on L¢(b) by q,. or ql’i.
A demonstration of Algorithm 5 is given in Table 5.1, in which we provide stepwise

results by indicating the line number from Algorithm 5.
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Algorithm 5: Construction of minimum-word-representant of a treelike
permutation graph.

Input: A treelike permutation graph G = (V, E), the transitive reduction
G = (V,0) of the treelike orientation O of G, and a longest directed

path C in G.
Output: A minimum-word-representant of G.
1 Let riy —r9 — -+ — 1, be the root-path in G such that m is the smallest

possible, and 7, be the first amongst the roots that appear in C.
2 Let G,. = (V,_, E,_) be the double-arborescence G[{r,} U U(r;) U L(r;)].
3 Let w,. = wv, v’ be the minimum-word-representant of G,._, constructed
using C' and the restriction of G to V;., where v, =p_r.p, .
4 Set a = r; and consider a queue Q = (Ir_1, 779, ..., "1, Tr1, "r42,« -+, T'im)-
5 while @) is not empty do
6 Let b = head(Q). If b= r,41, then set a =r,, v, =v,, and V, = V,,.
if ab € O then
Let Le(b) = L(b) \ (L(a) U{a}).

9 Using Algorithm 4, construct two permutations ¢ and ¢’ for the
arborescence G[{b} U L¢(b)] with G restricted to the arborescence.

10 Let ¢, and ql’) . be the permutations obtained from ¢ and ¢’ by
deleting b so that g, g/, represents G[L(b)].

11 Let v, be the word obtained by replacing a factor p_b in v, with the
word g, p-bq;, .

12 Set w, = wv,u’ and V, = V, U L(b).

13 end

14 else

15 Let U¢(b) = U(b) \ (U(a) U{a}).

16 Using Algorithm 4, construct two permutations ¢ and ¢’ for the
arborescence G[{b} U U¢(b)] with G restricted to the arborescence.

17 Let ¢ and qlee be the permutations obtained from ¢ and ¢’ by

deleting b so that qﬁqg? represents G[U€(b)].

18 Let v, be the word obtained by replacing a factor p,b or bp,
(whichever is available) in v, with the word qupr(Z]T or qb;bpgq;? ,
respectively, as appropriate.

19 Set w, = wv, v’ and V, =V, UU*(b).

20 end

21 Remove head(Q) from @Q; and update a by b.
22 end

23 return w,,,
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FIGURE 5.4: A path of double-arborescences G

Input: The transitive reduction G = (V,O) depicted in Figure 5.4 of a graph
G = (V,E) and a longest directed path C : 13 -7y =7 — 1 =3 = 4in G.
1. ry < ry < r3is the root-path in G and Ty = T9.

2. G, =G[{r:} UU(rs) U L(rs)].

3. wy, = uv,u’, where u = r3, v’ = (12)(11)25 and

Ury = PTaD,,, Where p__ = 453217, (11)(12) and p,, = r3(13).

a=ryand Q = (ry,r3). -

-~

First iteration

6. b= ™

7. €O

8. L°(r) = {6,7,8,9,10}

9. ¢ =869(10)7r1, ¢ = (10)97867

10. 4e = 869(10)7, q:‘f = (10)9786

11. v,, = 869(10)74532171 (10)9786 (11)(12)rars(13)
12. w,, = rav,, (12)(11)25

Second iteration

6. b=r3, a="ry0, =0,

14. @ cO

15. U¢(rs) = {14,15,16}

16. g = (14)(16)(15)rs,¢ = (16)(15)(14)r3

17. 4 = (14)(16)(15), ¢ = (16)(15)(14)

18. v, = 869(10)745321r1(10)9786(11)(12) ro(14)(16)(15)r3(16)(15)(14)(13)
19. Output w,, = r3v,,(12)(11)25

Table 5.1: Stepwise details of implementation of Algorithm 5 on Figure 5.4

Correctness

We establish the correctness of Algorithm 5 through a series of results, as per the

following. In the first iteration of Algorithm 5, the availability of the factor p___r, 4

Tr—1
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(in line 11) or the factor r,_1p,  (in line 18) of the word v, is ensured by the

following remark.

Remark 5.2.7. If 7,7, € O, by Remark 5.1.23(i), we have p___r, 1 <5 p_ <s

—1

v,,. Also, in view of Remark 5.1.23(ii), if r,_17; € O, then r,_1p L L5, Lf vy,

Tr—

Further, from the second iteration onwards, the presence of the factors p.b, p,b,

or bp, in the word vg, if b # 7.4, is ensured by the following propositions.

Proposition 5.2.8. Suppose v, is obtained at the end of the i* iteration and b =

head(Q) in the (i + 1)™ iteration such that b # r..,. If % € O, then pb <Ly v,.

Proof. Note that b € U(a) and a # r,. We prove that p.b < v, in various cases as

per the following. If a € V,._\ {r.}, we consider the following cases.

e Case 1: a € U(r;). Then, we have the portion of the root-path r, — -+ —
a — a — bin G. Hence, as per line 11 of Algorithm 5, in the i iteration, the
word v, is obtained from the word v, (or from v,,, if @ = r;11) by replacing
the factor p.a of vy (or of v, ) with the word ¢,.p.aq, . Thus, p, <; v,.
Further, in view of Remark 5.1.26(i), we have p.b < p, <y v,.

e Case 2: a € L(r,). Then, we have the portion of the root-path b +— a — o’ —
.-+ — r, in G. Hence, as per line 18 of Algorithm 5, in the i" iteration, the
word v, is obtained from the word v, (or from w,,, if @ = r; ;1) by replacing
the factor ap, or p,a of vy (or of v, ) with the word qafeapgq;? or q(Tepgaq(’Te ,
respectively, as appropriate. Thus, in any case, ¢_. < v,. Further, since

{b} UU(b) C U(a), in view of Remark 5.2.2(iii), we have p.b <; ¢ <y v,.

Suppose a ¢ V, . Then a ¢ {r._1,7-41}; otherwise, a would belong to either
U(r;) or L(r;). Also, note that a ¢ {ry,r,}. Further, observe that a € L*(r,) or
a € U(rg), where s ¢ {1,7,m} and ry appears before a in the queue Q). We consider

the following cases.
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e Case 1: a € L°(rs). Then, we have the portion of the root-path b < a —
a — -+ — 1y in G. Since 1y appears before a in Q, ry is visited first, then
a’,a are visited in the algorithm. Hence, as per line 18 of Algorithm 5, in the
ith iteration, the word v, is obtained from the word v, by replacing the factor
p,a or ap, of v, with the word qafepgaq(’? or qafeapgq%e , respectively. Thus, in
any case, ¢_, <y v,. Since {b} UU(b) C U¢(a), in view of Remark 5.2.2(iii),

we have p.b <y q_ <y 0,.

e Case 2: a € U%(rs). Then, we have the portion of the root-path ry — --- —
d — a—bin G. Thus, as per line 11 of Algorithm 5, in the " iteration, the
word v, is obtained from the word v, by replacing the factor p_a of v, with

the word q,.p,aq’,. In view of Remark 5.2.3(ii), we have p.b < p, <y v,.

Hence, in any case, we have p.b <y v,. O

Proposition 5.2.9. Suppose v, is obtained at the end of the i™ iteration. If (1,41 #)
N -
b = head(Q) in the (i + 1)™ iteration and ba € O, then p,b <s v, or bp, <; v,.

Proof. Note that b € L(a) and a # r.. We prove that either p,b or bp, is a factor of

v, in various cases. If a € V,._\ {r;}, we consider the following cases.

e Case 1: a € U(r;). Then, we have the portion of the root-path r, — -+ —
d — a <+ bin G. Thus, as per line 11 of Algorithm 5, in the i iteration, the
word v, is obtained from the word v, (or from v,,, if a = r;;1) by replacing
the factor p a of vy (or of v,,) with the word g¢,.p,aq’, so that q. <y v,.
Since {b} U L(b) C L*(a), by Remark 5.2.2(ii), we have p,b <y q,. < v,.

e Case 2: a € L(r,;). Then, we have the portion of the root-path b — a — o’ —
.+« = r, in G. Hence, as per line 18 of Algorithm 5, in the i*" iteration, the
word v, is obtained from the word v, (or from v,,, if @ = r; ;1) by replacing

the factor ap, or p,a of vy (or of v,) with the word ¢_ap,q_ or ¢_p,aq_,
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respectively, as appropriate. Note that in any case, p, <y v,. Further, in view

of Remark 5.1.26(ii), bp, <y p, <; v,.

Suppose a ¢ V,_. Thena ¢ {r,_1,7-+1}; otherwise, a would belong to either U(r.,) or
L(r;). Also, note that a ¢ {ry,r,,}. Further, observe that a € L*(ry) or a € U¢(r;),
where s ¢ {1,7,m} and r, appears before a in the queue (). We now consider the

following cases.

e Case 1: a € L%(rs). Then, we have the portion of the root-path b — a — ¢’ —
. — r, in G. Since 7y appears before a in Q, r, is visited first, then ¢/, a

are visited in the algorithm. Hence, as per line 18 of Algorithm 5, in the 7*®
iteration, the word v, is obtained from the word v,/ by replacing the factor p,a
or ap, of vy with the word q?pgaq;? or qafeaplq(’? , respectively, as appropriate.

Further, in view of Remark 5.2.3(i), we have p,b < p, <y v,.

e Case 2: a € U%(rs). Then, we have the portion of the root-path ry — -+ —
d — a <+ bin G. Thus, as per line 11 of Algorithm 5, in the " iteration, the
word v, is obtained from the word v, by replacing the factor p_a of v,» with the

word q,.p,aq’,. Since {b} U L(b) C L¢(a), by Remark 5.2.2, p,b < q,. <; v,.

]

If b=r,;41, we show that either Pry 741 OF TrgaD, is a factor of v,,.

il

rr+1 1S a factor of v, . Otherwise,

1

Proposition 5.2.10. If r.r .1 € O, then Prey

Fr4ap, ., 18 a factor of v,,.

Proof. Suppose 1,111 € O. Recall that Vp, = DT7p, . W rir 1 € O, then both

rr—1,77+1 € U(r;). Thus, in view of Remark 5.1.23(i), p Tr41 are

Tr—1

rr—1 and p__

factors of p_. Since U(r.—1) N U(r;41) = &, no element of U(r,_;) appears in

p— and no element of U(r,41) appears in p___. Hence, if 7,1 appears before

T+1
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Tr41 in p_, then v, = UNP T r1U2D T USTTD,, 5 and if .17, 1 < p,_, then

Up, = U1Pr—T741U2D Tr41 <<f (o

- —Tr—1usr.p, . In any case, p

Tr4+1

Recall that the algorithm obtains v,, by iteratively updating v,, to v,,_, (for

T > i > 2) through concatenation of two permutations on the either side of the

factor p___r;_1 or Ti-p,, , OT P, Ti-1. Observe that the factor that is updated in

Ti—1

any step is either p___r._y or it appears in p___ or it appears in the permutations

1 1

that are included in one of the previous iterations. Thus, p_ ;7741 Temains a factor

1

of v,_ in any iteration so that we have Py Tr1 < Uy

1

If 7, € O, then r,_, € L(r;) and .41 € U(r;). Thus, by Remark 5.1.23,

rr+1 is a factor

Up, = 1P T4 1 X2+ T30 1P T4, for some words x;, so that -

Tr41 1

Tra1 <Kf Upy -

of v,_. Hence, as in the previous case, we have p
™ ) i Tr+1

Along the similar lines, one can prove that Tr41b, | is a factor of v, if r 177 €

0. O
We now prove that w,, represents the graph G using the following lemmas.

Lemma 5.2.11. Fori > 0, if% €0, letV, and V, =V, U Le(b) be the subsets of
V obtained at the end of i™ and (i + 1)™ iterations of Algorithm 5, respectively. For
a; € L¢(b) and by € V,,, ay and by are adjacent in G[Vy] if and only if either by = b
or by € U(b).

Proof. Note that for i =0, a = r, and V, = V,._. Further, note that {b}UU(b) C V.
If by = b or by € U(b), then clearly b, is adjacent to a;. For the converse, suppose
a; and by are adjacent in G[V3]. Since a; € L¢(b), we have (Zg € O. Thus, if by = b,
we are done. Suppose b; # b. Note that C_Ll—lZ € O; otherwise, by € L(a;) C L(b), a
contradiction that b; € V,. Thus, there is a directed path from a; to b; in G. Also,
since cfg € O, there is a directed path from a; to b in G. Moreover, observe that the
directed path from a; to by is via b in G. Hence, Iz € O so that b, € U(b). Note
=v,and V,=V,. O

that the above argument also works if b=1r,,1, a =1,,v

a
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Lemma 5.2.12. Fori > 0, z'f% € O, suppose V, and V, = V,UU(b) are the subsets
of V obtained at the end of i and (i + 1)™ iterations of Algorithm 5, respectively.
For a; € U¢(b) and by € V,, a1 and by are adjacent in G[V,] if and only if either
by =b orb € L(b).

Proof. Note that for i = 0, a = r, and V, = V,_. Further, note that {b} U L(b) C V.
If by = bor by € L(b), then clearly b, is adjacent to a;. For the converse, suppose
a; and by are adjacent in G[V;]. Since a; € U¢(b), we have ZE € O. Thus, if by =D,
we are done. Suppose b; # b. Note that lrai € O; otherwise, by € U(ay) C U*(b), a
contradiction that b; € V,. Thus, there is a directed path from b; to a; in G. Also,
since b—a_l> € O, there is a directed path from b to a; in G. Moreover, observe that
the directed path from b; to a; is via b in G. Hence, lﬁ € O so that by € L(b). Note

that the above argument also worksif b =71, a=r;,v, =v,, and V, =V,,. O

Lemma 5.2.13. Let A and B be two disjoint subsets of a set X, p, be a per-
mutation on A and q,,q, be permutations on B. For some words x1 and x3, let
W = T14,P,q, 72 be a word over X such that each letter of X appears at most twice

in w. Then, by € B alternates with by € X \ B in w if and only if by € A.

Proof. Suppose an element b; € B alternates with an element b, € X \ B in w. Note
that if by ¢ A, by cannot appear in p,. Further, since by ¢ B and b; appears in g,
as well as in ¢/, w|g, 5,) has a factor b1b;, a contradiction.

Conversely, let by € A. Then, by the construction of w if by occurs exactly
once in w, we have wl{bl,bﬂ, = bbby, and if by occurs exactly twice in w, we have

w\{bl,bZ} = b1bob1by o1 bybiboby. Thus, by and by alternate in w. O

Theorem 5.2.14. For i > 0, let w, and w, be the words obtained at the end of ith
and (i + 1) iterations of Algorithm 5, respectively. If w, represents G[V,], then w,

represents G[V,]. Hence, the output w,, represents G.

Proof. Note that, for © = 0, w, = w,_ represents GG, by Theorem 5.1.22. Further,

observe that w, = wv, u’. As per line 6 of Algorithm 5, if b = r,,1, we consider
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a =7y, w, =w,, v, =1, and V, = V,, in the following argument. We prove the

a a

result in the following cases.

e Case 1: % € O. Then, as per line 12 of Algorithm 5, we have Vj, = V, U L¢(b)
and w, = uv,u’, where the word v, is obtained from the word v, by replacing
the factor p.b of v, with the word ¢,.p.bg, . Observe that w, = xq,.p bq, 2’
for some words x, 2" over V;, in which w, = xp.bz’. Thus, w,|y, = w, and

Leb) = e, - Since the subwords w, and ¢,.q),

w, of w, represent G[V,] and

G[Lf(b)], respectively, any two vertices of V, (or any two vertices of L¢(b))
are adjacent in G[V3] if and only if they alternate in the word w,. Suppose
a; € L¢(b) and by € V,. Then, by Lemma 5.2.11, a; and b; are adjacent in G[V}]
if and only if either by = b or by € U(b). Further, in view of Lemma 5.2.13,
a; alternates with by in w, if and only if either by = b or by € U(b). Thus, w,

represents G[V}].

e Case 2: ﬁ € O. Then, as per line 19 of Algorithm 5, we have Vj = V, U Ue(b)
and w, = uv,u’, where v, is obtained from v, by replacing the factor p,b
or bp, of v, with the word qb?pébq;? or qﬁbpgqg? , respectively. Observe that
w, = Yq._p, qulTe y' or yqbfebpgql’)T y', for some words y, y’ over V;. Also, w,|y, = w,

and w, |yep) = qb?q;? . Since the subwords w, and qﬁqg? of wy represent G[V,]

and G[U*¢(b)], respectively, any two vertices of V, (or any two vertices of U¢(b))

are adjacent in G[V,] if and only if they alternate in w,. Suppose a; € U¢(b)
and by € V,. Then, by Lemma 5.2.12, a; and b; are adjacent in G[V}] if and
only if either by = b or by € L(b). Further, by Lemma 5.2.13, a; alternates
with by in w, if and only if either by = b or by € L(b). Thus, w, represents
G[Vi).

Thus, by induction, we have w,  represents G. O]

We now conclude that the output w,, of Algorithm 5 is a minimum-word-

representant of G.
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Theorem 5.2.15. If G is a treelike permutation graph on n wvertices with clique

number k, then ((G) = 2n — K.

Proof. Note that the number of vertices in the longest directed path C'is k, as k is
the clique number of G. Since w,. is a minimum-word-representant of the double-
arborescence G, , by Theorem 5.1.22, the length of w,._ is 2|V,._|—k. In each iteration
of Algorithm 5, exactly two vertices of L¢(b) or of U¢(b) are inserted in the word w, .
Thus, the length of the output w,, (a word-representant of GG, by Theorem 5.2.14) is
2|V|—k so that £(G) < 2n—k. Further, in view of Theorem 1.3.32, we have 2n—x <

((G). Hence, w,,, is a minimum-word-representant of G and ((G) = 2n — k. O

Remark 5.2.16. The time complexity of Algorithm 5 is a polynomial in the size
of the graph. For instance, note that the root-path in step 1 can be found in linear
time (by Theorem 1.6.28). Further, step 3 can be done in O(n?) time, where n is
the number of vertices of G. Also, construction of permutations in steps 9 and 16
representing an arborescence can be performed in O(n?) time (by Remark 5.2.1). Tt
can be observed that each step inside the while loop can be executed in O(n?) time.

Hence, Algorithm 5 runs in O(n?) time, as the number of iterations is at most n.

5.3 Conclusion and Future Work

The characterizations of (double-)arborescences given in this work may be useful
in addressing various enumeration related problems of double-arborescences. In
[Castelo and Wormald, 2003], the arborescences were enumerated both exactly and
asymptotically. However, no such results are available for double-arborescences.
Considering the characterizations based on split decomposition for certain sub-
classes of distance-hereditary graphs, some grammars enumerating the subclasses
were produced in [Bahrani and Lumbroso, 2018]. As our characterizations given in

Corollaries 5.1.6 and 5.1.11 for double-arborescences and arborescences are using
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the split-decomposition trees, taking a clue from the work in [Bahrani and Lum-
broso, 2018], one may produce grammars to enumerate the (double-)arborescences.
Moreover, the recognization algorithm for treelike comparability graphs given in
[Cornelsen and Di Stefano, 2009, Theorem 5] may be customized to both double-
arborescences and arborescences, using the characterizations given in this work.
Considering the open problem given in [Srinivasan and Hariharasubramanian,
2024], we established that the length of a minimum-word-representant of a treelike
permutation graph on n vertices with clique number « is 2n — . In this context, it
is natural to ask the following question. Can this work be extended to a more gen-
eral class of treelike comparability graphs? Note that a minimum-word-representant
of a treelike permutation graph need not be unique. In fact, the minimum-word-
representant produced by Algorithm 5 on a treelike permutation graph differs de-
pending on the maximum size clique chosen. It is also interesting to enumerate all
minimum-word-representants of treelike permutation graphs, in line with the work

in [Gaetz and Ji, 2020].
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