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Abstract

This thesis addresses some problems on frames and their generalizations viz Hilbert
space valued Gabor frames and Hilbert-Schmidt frames. The main objectives of the
thesis are to analyze Gabor frames on amalgam spaces, find solution of a Feichtinger
problem and prove Balian-Low type theorems on L2((C). This thesis consists of six
chapters.

In Chapter [l we give a brief introduction of frame theory, discuss some well-
known results, basic definitions and provide a literature survey.

In Chapter 2, we prove the convergence of Gabor expansions to identity operator
in the operator norm as well as in weak* sense on W (L”| L?) as the sampling density
tends to infinity. Using it we show the validity of the Janssen’s representation and
the Wexler-Raz biorthogonality condition for Gabor frame operator on W (L”, LY).

Let H be a separable Hilbert space. In Chapter Bl we generalize and extend the
Walnut’s representation and Janssen’s representation of the H—valued Gabor frame
operator on H—valued weighted amalgam spaces Wy (L”, L), 1 < p,q < oo. Also
we show that the frame operator is invertible on Wy (L”, L), 1 < p,q < oo, if the
window function is in the Wiener amalgam space Wy (L™, L}U) Further, we obtain
the Walnut’s representation and invertibility of the frame operator corresponding to
Gabor superframes and multi-window Gabor frames on Wy (L?, L), 1 < p,q < oo,
as a special case by choosing the appropriate Hilbert space H.

In Chapter M, we study the Hilbert—Schmidt frame (HS-frame) theory for sepa-
rable Hilbert spaces. We first present some characterizations of HS-frames and prove
that HS-frames share many important properties with frames. Then we show that
the inverse of the HS-frame operator can be approximated using finite-dimensional
methods. Also we present a classical perturbation result and prove that HS-frames
are stable under small perturbations. Further, as an application we establish Par-
seval type identities and inequalities for HS-frames.

In Chapter B, we answer to the spectral problem about positive semi-definite
trace-class pseudodifferential operators on modulation spaces posed by Hans Fe-
ichtinger. Also, we discuss the solutions of several reformulated problems inspired
by the original Feichtinger’s question in Hilbert space operator theory that was
posed by Heil and Larson. These results provide some connections between opera-
tor theory and the theory of modulation spaces.

In Chapter B we prove the Balian-Low type theorem (BLT) on L*(C) using the
operators Z and Z i.e., we prove that || Zg||, and ||Zg|5 cannot both be simultane-
ously finite if the twisted Gabor frame generated by g € Lz((C) forms an orthonormal
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basis or an exact frame for L?(C). The operators

on C, where A, is the standard Laplacian on C and z = x + iy. Also the amalgam
version of BLT is proved using Weyl transform and the distinction between BLT
and amalgam BLT is illustrated by examples. The twisted Zak transform is intro-
duced and using it several versions of the Balian-Low type theorems on L2((C) are
established.

In Chapter [1] we describe a few directions for future research based on the work
of this thesis.

TH-1693_126123015



Contents

TH-1693_126123015



|3 3 The Algebra of H-Valued L™°-Wej iftd . ... 61
|3 3.1 H-Valued L*°-Wei

|5, 1.1 __Integral ooeratorsl ........................ 104

|5 1.2 Tvpe A and Tvpe B ()Derators] ................. 106
mwﬁhﬁugﬂim ......................... 107
|6 Balian-Low Tvpe Theorems on L2((C4 .................. 117

AR . e . T 118
|ﬁ, 1.1 __Heisenberg Group and the Weyl Tra.nsfornJ .......... 118

|6 1.2 Hermite ODeratorEI ........................ 119

Xiv

TH-1693_126123015



p.q%

TH-1693_126123015



a o N 2 =

TH-1693_126123015

List of symbols

Set of all real numbers.

Set of all natural numbers.

Set of all integers.

Set of all rational numbers.

Set of all complex numbers.

The d-dimensional Euclidean space.

The imaginary part of z € C.

Hilbert spaces.

The space of all complex valued measurable functions on R whose p-th
power is integrable.

The space of all complex valued continuous functions on R.

The space of all complex valued k times differentiable functions whose
k-th derivative is continuous on R.

The Fourier transform of f.

The space of all complex sequences whose p-th power is summable.
The Lebesgue measure of the Borel set 1.

The indicator function for a set E, xp(z) =1 if z € E, otherwise 0.
The Kronecker delta: 6 ; = 1if k = j, 6 ; = 0 if k # j.

Xvi



Chapter 1

Introduction

Bases play a crucial role in the analysis of vector spaces as every vector in the
considered space can be expressed in a unique way as a linear combination of the
basis elements. But the conditions for a family of elements in the vector space to
form a basis are very restrictive since the elements of a basis need to be linearly
independent and some times we even want the elements to be orthogonal with
respect to an inner product. This makes it hard or even impossible to find bases
satisfying extra conditions. Due to this reason one might look for a more flexible
tool. Frames are such tools where every element in the vector space equipped with
an inner product can be written as linear combination of frame elements i.e. if we
consider the sequence of elements {f;} in a Hilbert space H, then every f € H
can be written as f = § ¢1(f)fi- However the coefficient ¢ (f) is not necessarily

k=1
unique. Thus a frame might not be a basis but a generalization of a basis.

The concept of a frame in Hilbert spaces has been introduced in 1952 by Duffin
and Schaeffer [48], in the context of nonharmonic Fourier series (see [143]). After
the work of Daubechies et al. [41] frame theory got considerable attention outside
signal processing and began to be more broadly studied (see [25 35, [77]). A frame
for a Hilbert space is a redundant set of vectors in Hilbert space which provides
non-unique representations of vectors in terms of frame elements. The redundancy
and flexibility offered by frames has spurred their application in several areas of
mathematics, physics, and engineering such as sigma-delta quantization [20], neural

networks [23], image processing [24], system modelling [47], quantum measurements
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2 Introduction

[53], sampling theory [59], wireless communications [126] and many other well known
fields.

1.1 Frames in Hilbert Spaces

Let us denote H and K as Hilbert spaces, £(H) the algebra of all bounded linear
operators on H, I the identity operator on H, and J as a countable index set. We

start with the definition and some basic properties of frames in Hilbert spaces.

Definition 1.1.1. A family {f; : j € J} in H is called a frame for H, if there exist
constants 0 < A < B < oo such that for all f € H

AlIFIP <D I £ < Bl (1.1)

Jj€J
The constants A and B are called frame bounds. If A = B, then this frame is
called an A-tight frame, and if A = B = 1, then it is called a Parseval frame. If we
only have the right hand inequality in (LII), we call {f; : j € J} a Bessel sequence
with Bessel bound B. A frame {f; : j € J} is ezact if it ceases to be a frame when

any single element f,, is deleted, that is, {f;},, is not a frame for any n.

Example 1.1.2. Every orthonormal basis {e;} for H is a tight frame for H with
A = B = 1. Moreover, {e;} is an exact frame since if we delete any element e,,,,

then {e;},.,, cannot be a frame.
Example 1.1.3. Let {ej} be an orthonormal basis for a separable Hilbert space H.

(i) The family {e;, e, ey, €9, €3, €5, -} is a tight inexact frame for H with bounds
A = B = 2, but it is not orthogonal and it is not a basis, although it does
contain an orthonormal basis. Similarly, if {f;} is another orthonormal basis

for H then {e;} U {f;} is a tight inexact frame for H.

(i4) The family {e;, %, %, -} is a complete orthogonal sequence and it is a basis
for H, but it does not possess a lower frame bound and hence is not a frame
for H.

TH-1693_126123015



1.1. Frames in Hilbert Spaces 3

(13i) The family {eq, IR DV AR L -} is a tight inexact frame for H with

bounds A = B = 1, and no nonredundant subsequence is a frame.

(tv) The family {2e;,ey,e3,---} is a non-tight exact frame for H with bounds
A=1,B=2

(v) Let J C N be a proper subset. Then {e; : j € J} cannot be a frame for H.
However, {e; : j € J} is a frame for span{e; : j € J}.

Since the family {f; : j € J} is a frame for H with bounds A, B, it is also a
Bessel sequence with Bessel bound B, the operator T : KQ(J ) — H is defined by

T({cj}jeq) = > cif; is well-defined, bounded and is called the synthesis operator.
JjeJ
The adjoint operator T* : H — ¢*(J) is given by T"f = {(/, fi)}jey is called the

analysis operator. The frame operator S : H — H is defined by

Sf=TT"f=> (f.f;)f;

JjeJ

Since {f; : j € J} is a Bessel sequence for H, the series defining S converges
unconditionally for every f € H. We state some well known properties of .S in the

following:

Lemma 1.1.4. ([35], Lemma 5.1.5) Let {f; : j € J} be a frame for H with frame
operator S and frame bounds A, B. Then the following holds.

(i) S is bounded, invertible, positive, and self-adjoint.

(ii) The family {S_lfj 2 j € J} is a frame for H with bounds B A7'. The
corresponding frame operator for {S_lfj cjeJ}is st

The frame {f] = S_lfj :j € J} is called the canonical dual of {f; : j € J}.
If {f;:j € J} is a frame with frame operator S, then the following reconstruction

formula holds:

F=Y LS =Y (£ ) fy, YfeH (1.2)

jeJ jeJ
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4 Introduction

The series converges unconditionally for every f € H. A frame {g; : j € J} for H is
called an alternate dual of {f; : j € J} if for all f € H the following equality holds:

F=Y {9t (1.3)

jeJ

The two reconstruction formulas in (I2]) provide a non-orthogonal expansion of f
with respect to the frame vectors f; and the dual frame vectors st f; with coef-
ficients (f, st f;) and (f, f;) respectively. But in contrast to orthonormal bases
the coefficients in the frame expansions (L2]) are in general not unique. Whether
the coefficients in the frame expansion (2)) are uniquely determined under some
additional assumption on the frame? This question is settled by the following propo-

sition.

Proposition 1.1.5. Suppose that {f; : j € J} is a frame for H. Then the following

conditions are equivalent.
(i) The coefficients c € £*(J) in the series expansion (1.2) are unique.
(ii) The analysis operator T* maps onto 0*(J).

(iii) There exist constants A', B' > 0 such that the inequalities
!/ /
Allells < | Y et < Bliels
Jje€J

hold for all finite sequences ¢ = (c;) ;e ;-

(iv) The family {f; : j € J} is the image of an orthonormal basis {g; : j € J}
under an invertible operator T € B(H).

(v) The Gram matriz G, given by Gj,, = (fu, f;), m,j € J, defines a positive

invertible operator on €*(.J).

A frame that satisfies any one of the conditions of Proposition [LT.5] is called a
Riesz basis of H. We formally define the Riesz basis in the following.
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1.2. Gabor Frames 5

Definition 1.1.6. A Riesz basis for a Hilbert space H is a family of the form
{Tf;:j€J}, where {f; : j € J} is an orthonormal basis for H and T : H — H is

a bounded invertible operator.

Since the omission of one element results in an incomplete set (can be observed
from Proposition [LT.5iv)), Riesz bases are sometimes referred to as exact frames.
Notice that every orthonormal basis is automatically a Riesz basis for the Hilbert
space H. But a Riesz basis need not be an orthonormal basis. If {e, : n € N} is an
orthonormal basis for H, then f, = (1 + n2)_1/ ?(ney + e,) is a basis of normalized
vectors which is not a Riesz basis for H.

We refer to [25] 35l 140, [77, [88], O1), 143] for basic results on frames. A frame can
be approached in various ways. One way is to consider frame theory as a branch of
functional analysis and investigate general frames in general Hilbert spaces. Also,
one can consider a particular class of frames and explore it. Most articles concentrate
on one of these two aspects. We are interested in Gabor frames or Weyl-Heisenberg
frames generated by time-frequency shifts of a single window function in L2(Rd). In

the next section, we discuss Gabor frames in details.

1.2 Gabor Frames

The theory for Gabor analysis in L2(Rd) is based on two classes of operators on
Lz(Rd), namely translation and modulation operators. Fix s,t € R? and g €
L2(Rd). For z € R, the translation operator T, : Lz(Rd) — L2(Rd) is defined by
T.g(z) = g(x — s) and the modulation operator M, : L*(RY) — L?(R?) is defined by
M,g(z) = ezm(t’m>g(a:). Gabor analysis aims at representing functions f & Lz(Rd) as
superpositions of translated and modulated versions of a fixed function g € L* (Rd).
This can be thought in two ways. First is to ask for integral representations involving

all possible translations and modulations i.e. to find c(a,b) such that

f(z) = //]RM cr(a, b)e™ ™ g(x — a) dadb (1.4)

is valid. Note that we have to specify in which sense (L.4]) is valid. Second approach

is to restrict the translation and modulation parameters to a discrete subset A C R
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6 Introduction

and investigate for series representations of f in terms of the functions

{Mthg}(t,s)EA' (15)

Here we are interested in the second approach. To discuss some of the fundamental

properties of Gabor frames, we first define a Gabor frame in the following:

Definition 1.2.1. Given a non-zero window function g € L2(Rd) and lattice pa-
rameters o, 3 > 0, the collection of functions G(g,a, ) = {Mp, T, : k,n € Zd} n
Lz(Rd), is called a Gabor frame or a Weyl-Heisenberg frame if there exist constants

A, B > 0 such that

AHf”% < Z |<f7 MBnTak.g>|2 < BHfH%) \V/f € Lz(Rd) (16)
knez?

An example of a Gabor frame is {MnTk:X[O 1 4, which is also an orthonor-

d}n,kEZ
mal basis for L*(R%). For a Gabor frame {Mg,Torg + k,n € Z™}, the points
{(ak,ﬁn)}kmezd form a lattice in R** and we call {Mg, Torg: kyn € 7% a regular
Gabor frame. For more general subsets {(u,,, A,) :n € J C Zd} of R, if the collec-
tion {M, T, g: n € J} forms a Gabor frame for L2(Rd), then {M, T, g: n€ J}

is called an irregular Gabor frame.

1.2.1 Necessary and Sufficient Conditions

In this section, we provide a necessary and sufficient condition for a Gabor system
G(g,a, B) to be a Gabor frame. The natural question is how to choose g € L2(Rd)
and A C R* such that the functions in (LEH) constitute a frame for Lz(Rd). The
answer to this question is very difficult and we will mainly discuss the case where A

is a lattice in R*. In 1946, D. Gabor [72] considered the system {Mg,,T,1g}
—w2/2

n,kez®
where a8 = 1 and g is the Gaussian g(z) = e . It was observed much later
by Janssen [95] [96] that this particular Gabor system leads to unstable expansions.
Gabor analysis took a new direction with the article [41] by Daubechies et al. from
1986. There one may find the initial idea of combining Gabor analysis with the

frame theory. The following result obtained by Ron and Shen [122], provides a
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1.2. Gabor Frames 7

necessary and sufficient condition for G(g, «, 3) to be a frame for L2 (]Rd).

Theorem 1.2.2. Let A,B > 0 and the Gabor system G(g,«,3) be given. Then
G(g,, B) is a frame for Lz(]Rd) with bounds A, B if and only if

BAI < M(x)M(x)" < BBI a.e. z, (1.7)

where
M(z) = (9(x — na— m/ﬂ))m’nezd, z € RY, (1.8)

and I is the identity operator on (*(Z%).

One of the important and interesting concept in Gabor frame theory is to obtain
the necessary condition on the lattice parameters «, 8 such that the Gabor system
G(g,a, ) constitute a frame. The algebraic structure of the lattice A = {(ak, n) :
k,n e Zd} has been exploited to derive the necessary condition for a Gabor system
G(g,, 3) to be complete, a frame or an exact frame in terms of the product af.
In this direction the following results are known for Gabor frames in one dimension
case (d = 1) with a rectangular lattice A = aZ x fZ. In [120], Rieffel proved that
the Gabor system G(g,«, 3) is incomplete for any g if a8 > 1. Daubechies [39]
proved Rieffel’s result for the case when «af is rational and exceeds one. Assuming
further decay on g and § Landau [105] proved that G(g,a, §) cannot be a frame for
L*(R) if a8 > 1.

For the Gaussian g(x) = e_xz, it is well known that the Gabor system G(g, a, 3),
is a frame if and only if «f < 1. This was proved in 1991 by Lyubarski and
independently by Seip and Wallsten. The following results says that the product
af8 decides whether it is possible for G(g, o, 8) to be a frame for L*(R?).

Theorem 1.2.3. ([35], Theorem 8.3.1) Let g € L*(R?) and «, B > 0 be given. Then
the following holds:

(i) If a > 1, then G(g,a, B) is not a frame for L2(Rd).
(i) If G(g,a, B) is a frame, then af =1 < G(g,a, ) is a Riesz basis.

Therefore, only possibility for G(g, «, 5) to be a frame if af < 1, and the frame
is overcomplete if a5 < 1. But the assumption o < 1 is not enough for G(g, a, )
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8 Introduction

to be a frame, even if g # 0. For example, if a € (%, 1) the functions Q(X[O 17, @ B)
2
cannot form a frame for L2(Rd). A necessary condition for G(g, «, ) to be a frame

for L? (]Rd) is given in the following proposition.

Proposition 1.2.4. ([35], Proposition 8.3.2) Let g € L2(Rd) and o, B > 0 be given,
and assume that G(g,«, B) is a frame with bounds A, B. Then

BA < Z lg(z — ak)* < BB, a.e. (1.9)
kez

Sufficient conditions for G(g, @, 8) to be a frame for L*(R%) are given by Daubechies
[39], and Heil and Walnut [94]. We state that results in the following.

Theorem 1.2.5. Let g € Lz(Rd) and o, B > 0 be given. Suppose that there exist
A, B > 0 such that

A< Z lg(z — ak)|> < B, for ae. z € R? (1.10)
kez’
and
Z Z TakgTock—i—%g < A (111)
n#0 || gez? .

Then G(g,«, B) is a Gabor frame for LQ(Rd).

In [39], Daubechies conjectured that if f € L'(R) with positive Fourier transform
f € LY(R) then G(g, v, B) is a frame for L*(R) if and only if a8 < 1. This conjecture
was disproved by Janssen in [99]. In [85], Grochenig and Stockler proved that the
result holds if g € LQ(R) is a totally positive function of finite type at least 2. This
means that g(§) = Hl],V[:l(l + 276, &) " for 0, € R, 8, # 0, and M > 2.

Irregular Gabor systems arise naturally from perturbations of lattice Gabor sys-
tems, e.g., due to jitter or noise. For the irregular setting new tools are needed, and
these were first supplied by Ramanathan and Steger [I119], who provided the exten-
sions of the density theorem to irregular Gabor frames. For the lattice A C ]RZd,
they proved the incompleteness of Gabor systems that are uniformly discrete (i.e.

there is a minimum distance 0 between elements of A) in terms of the Beurling
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1.2. Gabor Frames 9

density defined as follows:
Let A C R? be uniformly discrete. Let B be the ball of volume one in R? centered
at origin. For each r > 0, v*(r) and v~ (r) denote the maximum and minimum

number of points of A that lie in any translate of rB, i.e.

vir) = ma{g#{/\ eA: e ANn(z+7rB)}
r€R
and
v (r)= mir}i#{)\ eA:XeANn(z+rB)}.
r€R
Since A is uniformly discrete, both v (r) and v~ (r) are finite for every r > 0. The
upper and lower densities are defined by
v (r) v (r)

DT (A) = lim sup -— and D (A) = liminf

r—00 r r—00 r

In [104], Landau proved that these quantities are independent of the particular
choice of the set B with measure 1. If DT(A) = D™ (A), then the set A is said to
have uniform Beurling density D(A) = D (A) = D~ (A). Ramanathan and Steger
[119] proved the following result for irregular Gabor systems that are uniformly

discrete.

Theorem 1.2.6. (Density theorem) Let g € L2(Rd) and A C R* be q uniformly

discrete set.

(i) If DT(A) < 1, then {p(p,q)g : (p,q) € A}) is not a frame for Lz(Rd) where

p(p,q)g(z) = ™ g(x — p).

(13) IfA = aZix b7 is a rectangular lattice with uniform Beurling density D(A) <
1 then {p(p,q)g : (p,q) € A}) is incomplete in L*(RY).

(131) If A has uniform Beurling density D(A) such that {p(p,q)g : (p,q) € A} is a
Riesz basis then D(A) = 1.

By the density theorem, there is a clear separation between “overcomplete”

frames and “undercomplete” Riesz sequences with Riesz bases corresponding to the
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10 Introduction

critical density lattices that satisfy D(A) = 1. A detailed study of the density

theorem for Gabor frames can be found in [90].

1.2.2 Representations of Gabor Frame Operators

The structure of a Gabor frame turns out to have important implications for the
Gabor frame operator, which can be written in several ways. The Gabor frame

operator is defined by

Sof = > {f, M3, Toy.9) Mg, Torg, f e L*RY). (1.12)
knez?

If g € Lz(Rd) generates a Gabor frame G(g, a, ) then there exists a dual window
(canonical dual window) v = Sg_l(g) € L*(R?) such that G(v,a, ) = {Mg, Ty -
k,n € Zd} is also a frame for L* (Rd) called the dual Gabor frame. We also denote the

canonical dual window as g. Consequently every f € L? (Rd) possess the expansion

F=> (i Mg Torg) Mg Togy = > (fs My Tory) Mo o9 (1.13)
knez? knez’

with unconditional convergence in L2 (Rd). The inverse frame operator is given by

Sy =8 = > (f, Mg, Toyy) Mg, Ty (1.14)
knez’

The aim of this section is to investigate Gabor frames in detail and state the funda-
mental theorems on Gabor frames. In order to do so, we need to define a particular
function space which can be used as a convenient class of window functions for

time-frequency analysis on L*(R%).
Definition 1.2.7. A function g € Loo(Rd) belongs to the Wiener space W = W(]Rd)
if
Hg”W = Z Hg ’ TkX[O’l)dHoo < 0.
ke

For 1 < p < 0o, we have W(R?) ¢ LP(R%). Further, W (R?) is a Banach algebra
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1.2. Gabor Frames 11

under pointwise multiplication with respect to the norm [oq || f - Toxp l)dHOde.

There are several different approaches to understand S, owing to Daubechies
[39], Walnut [I35], Ron and Shen [122], and Feichtinger and Zimmermann [68].
Before the detailed investigation of the Gabor frame operator, we define synthesis

and analysis operators. For Gabor systems the synthesis operator

R, : 2(Z*") = L*(R?), defined by Ry((ckn)y, egd) = Z CenMppTorg  (1.15)

knez?

g

and the analysis operator

C, : L*(RY) — *(2°%), defined by C, f(k,n) = (f, Mg, Torg), k.n€Z% (1.16)

g

Ifg e W(]Rd), then the operators R, and C; are well-defined and bounded. We can

also define the Gabor frame operator as

Synf =RCof = Y (f, Mg, Torg) Mg, Top.
knez?

The Gabor frame operator S, , can be written using the correlation functions G,

of the pair (g,7), where

G,(x) = Z g(x — % — ak)y(z — ak), n € 7%

kEZ

Which is well known as Walnut’s representation [135] of the Gabor frame operator.

Theorem 1.2.8. ([77], Theorem 6.3.2) Let g, € W(R?) and o, 8 > 0. Then the

frame operator S, ., associated to G(g,, 3) has the representation

Sgrf =871 Gu-Taf. (1.17)

nez
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Moreover, S, ., is bounded on all LP-spaces, 1 < p < oo with operator norm

d d
1 1
I0olsun <2 (£ 1) (5+1) lolwll-

Further, expanding the Fourier series of a-periodic correlation functions gives

G, (z)=a Z <7, MéTv_ég> 2mila/a (1.18)
1€z’

By substituting this expression into Walnut’s representation (L.I7]) we obtain the

informal expansion
—d
Sgnd = B Gu Taf
d

neZ
= (aﬁ)_dzz<%MéT%g> MéT%f, (1.19)

L,nez?®

with the convergence of the series in the operator norm provided

> |(rMiTz0)| <oo

LnEZd

The expression in (L.19)) is called the Janssen’s representation [98]. It represents the
frame operator as a superposition of time-frequency shifts along the adjoint lattice
%Zd X éZd. The weak form of Janssen’s representation was introduced by Tolimieri
and Orr [134], and the strong forms were independently proved in [44] and [98].
For any Gabor frame G(g, «, ), one may ask whether there exists a dual window
v € Lz(]Rd) such that S, , =S, ;, = I. A particular dual window which satisfies this
identity is the canonical dual window. But in general the canonical dual is not the
only dual window, there may be other dual windows also satisfying S, ., = I. In an
attempt to find an alternative way to compute the dual window of a Gabor frame,
Z. Wexler and S. Raz [I38] discovered the biorthogonality relations. The following

conditions, the Wexler-Raz biorthogonality relations characterize all dual windows.

Theorem 1.2.9. Assume that R, and R., are bounded on *(Z*Y). Then the fol-
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1.8. Wiener Amalgam Spaces 13

lowing conditions are equivalent:
(i) Sy =S, 4=1 on L*(R?).
(ii) ()™ <’Y7 MéT%g> = 0100 for I,n € Z°.

The relevance of these identities for the study of Gabor frame have pointed

out in [60] [65] [68, O0]. A special case of the Wexler-Raz biorthogonality relations
1
L*(R%). A. Ron and Z. Shen were the first to obtain the relationship between the
Gabor frame G(g,a, 3) and the dual Gabor frame G(g, %, 1) in [122] which is well

known as Ron-Shen duality principle. We state the Ron-Shen duality principle in

says that the two sets G(g, %, 1) and G(v, %, ) are biorthogonal to each other on

the following theorem and refer to [77, 98] for more information on duality principle.

Theorem 1.2.10. ([77], Theorem 7.4.3) Let g € L*(R?) and o, > 0. Then the
Gabor system G(g,a, B) is a frame for L2(Rd) if and only if G(g, %, é) is a Riesz

basis for its closed linear span.

Next we discuss two important function spaces namely Wiener amalgam spaces

and modulation spaces, which play a significant role in time-frequency analysis.

1.3 Wiener Amalgam Spaces

Let @ denote the unit cube [0, 1)d and @, = [0, a)d. Let 1 < p,q < oo. A measurable
function f belongs to the Wiener amalgam space W (L?, LY) if

I lw e ey = Z If - Tixqly | < oo,
kez’

with the obvious modification for ¢ = co. Notice that if p = co and ¢ = 1, the amal-
gam space W (L™, L") is precisely the Wiener space W(]Rd) as defined in Definition
127

The closed subspace of W(Rd) containing continuous functions is denoted by

W (C, L") and is called the Wiener algebra. It is easy to observe that W (L, LP) =
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Lp(]Rd). For 1 < py,ps,q1,qy < 00, we have
W(Lpl7Lq) « W(Lpzv Lq)v D1 S P2

and
W(Lp7Lq1) — W(va Lq2)7 q1 < q2-

Thus
W(L>®, LY ¢ LP(RY c W(L', L), 1<p< .

The Kéthe dual of W(LP, L?) is the space of all measurable functions g on R?
such that g - W(LF,L?) € L'(RY). It is equal to W (L? ,L?), where 1/p + 1/p/ =
1/q+ 1/q' =1 for all 1 < p,q < oo. The pairing

() W) W 1) 5 €. (fg) = [, )aa)da.

is bounded. The collection of all bounded linear operators from W (L L%) to
W (LP, L) is denoted by B(W(L?, LY)).

The dual and Koéthe dual of the amalgam spaces are given in the following lemma.
Lemma 1.3.1. Let 1/p+1/p' =1/q¢+1/¢' = 1. Then
(i) For 1 <p,q < oo, the dual space of W (L', L?) is W(Lp,,Lq/).
(i1) For 1 <p,q < oo the Kithe dual of W (LY, L?) is W(Lp,,Lq/).

We refer to the paper of Fournier and Stewart [70] for detailed study on classical

amalgam spaces.

1.4 The Schwartz Space and the Fourier Transform

Definition 1.4.1. Let S(Rd) denote the class of all infinitely differentiable functions
on R? such that

sup wO‘DBcp(ac) <00, Ya,BeN,
zeR?
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1.5. Modulation Spaces 15

where a = (aq, a9, --ay), B = (81,82 Bq), % = x(flxgz-uwgd and D’ =
L 9Pd
6xf1 69052 8x5d
of rapidly decreasing functions.

for © = (21,9, - x4). The space S(R?) is called Schwartz class

Let f € Ll(Rd). Then the Fourier transform f of f is defined by
f& = / Lf@R)e ™t ¢ e RY
R

For f € L' N L*(RY), one has the Plancherel formula || f|ls = ||f|l2. As L' n L*(RY)
is dense in L2(1Rd)7 the definition of Fourier transform is extended to functions in
L*(R%). The Fourier transform F maps L*(R?) unitarily onto L*(R?). The inversion

formula is given by
f(t) = /d f(f)ezmg'tdé’, a.e. for t € R%.
R

The Fourier transform f + f is a homeomorphism of S(R?) onto itself. S(R?)
is dense in C’O(Rd), the class of continuous functions vanishing at infinity, and in
r? (]Rd), 1 < p < oo. The collection S'(Rd) of all continuous linear functionals on

S(R% is called the space of tempered distributions.

1.5 Modulation Spaces

The modulation spaces were invented and extensively investigated by Feichtinger in
[58] [60]. For a detailed development of the theory of modulation spaces we refer to
the above mentioned references and to Grochenig’s text [77].

Given a non-zero function g € Lz(R), we recall the short-time Fourier transform
(STFT) or windowed Fourier transform of a function f € L? (R) with respect to g

as

F, f(z,w) = /Rf(t)g(t —xz)e gy,

It is well known that if |[g|l = 1, then F} is an isometry from L*(R) into L*(R?).
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Thus we have the norm equality

1/2
11 = 1511 = [ \FttoPao aw) (1.20)

For more details of STFT and the inversion formula see [77].

Definition 1.5.1. Fiz a non-zero window g € S(R), and 1 < p,q < oo. Then the
modulation space MP4(R) consists of all tempered distributions f € S'(R) such that
F,f € LP9(R?). The norm on MP? is

q/p 1/q
||f\|Mpvq=||FgfuLp,q=( / ( / IFgf(:E,w)lpda:> dw> )

with the usual adjustments if p or q is infinite. If p = q, then we write M? instead
Of Mpvp‘

The definition of M is independent of the choice of g in the sense that each
different choice of g defines an equivalent norm for the same set M”?. Each mod-
ulation space is a Banach space. For p = ¢ = 2, by equation (L.20), we have that
M? = L*. For other p = q, the space MP is not L”. In fact for p = ¢ > 2, the space

M? is a superset of L?. We have the following inclusion
S(R) ¢ M*(R) ¢ M*(R) = L*(R) c M (R) C S'(R).

Among the modulation spaces, the space M ! plays an important role. For example,
see [80] for important applications of M ! space in the theory of pseudodifferential
operators. The space M ! is often called the Feichtinger algebra. The Feichtinger
algebra has many interesting properties: it forms a Banach algebra under pointwise
products and convolution, and is invariant under the Fourier transform. Also it is the
minimal non-trivial Banach space contained in L' which is isometrically invariant
under both translations and modulations.

Let g € S(R), or g € M*(R) and G(g, v, B) be a frame for L*(R). Then the Gabor
frame expansions given in (I.I3]) converge not only in L? but in all the modulation

spaces, as follows (see [77] for proofs).
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1.6. Wilson Bases 17

Theorem 1.5.2. Let g € M'(R) and G(g,a, 8) be a frame for L*(R). Then the

following statements hold.
(i) The dual window § belongs to M*(R).

(i) For every 1 < p < oo we have that

F=> (Mg To@) Mg Targ = Y (fs Mg Targ) Mg, Torg, Vf € MP(R),
k,n€eZ k,neZ

where these series converge unconditionally in the norm of M? (weak™ conver-

gence if p = 00).

(1i1) For every 1 < p < oo the Gabor frame coefficients provide an equivalent norm

for the modulation space M?, i.e.,

1/p
1l = ( S, MgnTakgnp) (1.21)

k,n€eZ

is an equivalent norm for MP.

The theorem says that any Gabor frame for L*(R) whose window lies in M (R)

is a Banach frame for every modulation space.

1.6 Wilson Bases

The equivalent norm for M? given in (L21]) suggests that we should have M? = (¥,
There exists a remarkable construction of an orthonormal basis for L2(R), called a
Wilson basis, which is simultaneously an unconditional basis for every modulation
spaces (see [61]). Wilson bases were first suggested by Wilson in [I40]. They provide
orthonormal bases for L*(R), which was rigorously proved in [42]. We refer to [77]
for more details on Wilson bases.

The construction of a Wilson basis starts with a twice redundant Parseval Gabor
frame G(g, %Z x Z) whose generator satisfies a symmetry condition, then forms linear
combinations of elements, namely MnTg g+ M—nTg g and finally extracts from the

set of these linear combinations a subset which forms an orthonormal basis for

TH-1693_126123015



18 Introduction

L*(R). Moreover, a Wilson basis will be an unconditional basis not only for L*(R),
but also for all the modulation spaces, if the original window ¢ has sufficient joint
concentration in the time-frequency plane. This is summarized in the following

result (see Theorem 8.5.1 in [77] for proof).

Theorem 1.6.1. Let G(g, 3Z x Z) be a Parseval Gabor frame for L*(R) and g(z) =
g(—x). Define ¢y o = Trg, k € Z and

if k+nis even,

V2 cos(2mnz) g(z — &),
T;Z)k,n(x) = L
5), if k+mnis odd,

V2 sin(2mnz) g(z — %)

and set W(g) = {kn}kez, n>0- Then W(g) is an orthonormal basis for L*(R). In
addition if we have g € M* (R), then the following further statements hold.

(Z) For every 1 < p < oo we have f = Z E <fa wk,n>¢k,n’ for all f € MP(R)a
k€Z n>0

where the series converges unconditionally in the norm of M? (weak”™ conver-

gence if p = 00).

(i) For every 1 < p < oo, the Wilson basis coefficients provide an equivalent norm

1/p
for the modulation space M” i.e., ||f|lyr = <kZZ X>:O|<f, ¢k7n)|p> is an
EZn>

equivalent norm for MP.

Consequently, f +— {(f,¥xn) kezn>0 defines an isomorphism of M” onto ¢
When we consider Wilson bases in this thesis, we assume that they are constructed
from M' windows. Also, tensor product of Wilson bases are unconditional bases for

the higher dimensional modulation spaces.

1.7 Literature Review and Overview of Main Results

Since the frame theory has been studied by various authors under various settings,
it is extremely difficult to provide the complete literature survey. However, we are
giving a few important results which are necessary for this thesis. The literature

survey has been presented in the order of the chapters of this thesis.
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1.7. Literature Review and Overview of Main Results 19

1.7.1 Gabor Frame Operators

The convergence property of Gabor expansions is a fundamental problem in time-
frequency analysis. It has received much attention and therefore studied widely by
many authors. It is well known that the Gabor expansion converges unconditionally
in L2(Rd). So it is natural to investigate the convergence of Gabor expansions in
LP(RY), p > 1. In this direction Grafakos and Lennard [75] in 2001, proved that
the Gabor expansions of L” functions converge conditionally in L” (Rd), 1 <p<oo.
However, for p = 1 they have shown that the Gabor expansions converge to the
functions almost everywhere in the sense of Cesaro. Simultaneously, Grochenig and
Heil in [81], established that Gabor expansions converge conditionally in L” (Rd),
1 < p < oo. This result has been further extended to a much larger class of spaces
than the L” spaces, namely the weighted amalgam spaces W(LP L), 1 < p <
00, 1 < ¢ < oo, in [82] by Grochenig et al. Further, Weisz [I36] considered the
Riemannian sums of the inverse short-time Fourier transform to reconstruct the

original function. He considered the operator

(aB)"
(7. 9)

Z <fa MBnTakg>MBnTak7
k,nez?

Sapignf =

and proved that it converges to f in Mp’q(Rd), 1 < p,q < oo whenever g,y €
So(RY) = {g : F,g € LYR*)} and in W(LP,LYRY, 1 < p < 00, 1 < ¢ < 0
whenever g,y € W(R?). In [67], Feichtinger and Weisz used #-summability method
to prove the Gabor expansion of f converges to f in W (L” ,Lq)(Rd) norm, 1 <
p < 00, 1 < g < oo whenever g,y € W(Rd). Further, Sun [129] proved that if

g,7 € W(]Rd), then the Gabor frame operator S, converges to the identity

Big:y
operator in L”, 1 < p < oo operator norm with some additional local integrability
conditions on g, 7.

In Chapter 2] we extend Sun’s [129] results and show if both g and « are in the

Wiener space then the Gabor frame operator S, converges to the identity oper-

Big:y
ator in W (L?, L), 1 < p,q < oo operator norm, assuming similar local integrability
conditions on g, 7.

Another interesting property of Gabor frames is to know whether the generator
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g and the canonical dual 7 have similar properties for a Gabor frame G(g, a, )
from applications (see [66]) point of view. In this direction the following results are
known: If g has compact support then in general v is no longer compactly supported
but has exponential decay [22] and in [116] Del Prete proved that if g has exponential
decay, then 7 also has exponential decay. If g can be estimated by C'(1+ |t|)”*, then
the same holds for 7 (see [125]). It natural to ask if ¢ is in a given function space
whether its canonical dual is in the same space? The first result in this direction
is due to Janssen [98] which ensures that if g is in the Schwartz space on R? then
its canonical dual is in the same space. Grochenig and Leinert [83] proved that
if g is an element in the Feichtinger’s algebra and G(g, «, 3) is a Gabor frame for
L2(Rd), then the canonical dual v is in the same space. In [102], the authors proved
that if G(g, o, B) is a Gabor frame generated by g € W (L™, L!) then the Gabor
frame operator S is invertible on the Wiener amalgam space W(LOO,Ltl,), where
v is an admissible weight function and hence v = Sg_lg e W(L™,Ly). In [137],
Weisz extended the analogous result on amalgam spaces W (L™, L) for 1 < ¢ < 2.
Last two results were based on the reformulation of a non-commutative Wiener’s
lemma proved by Baskakov[I4] [I5]. In [102], Krishtal and Okoudjou has used a
generalization of 1/f lemma to prove that for a Gabor frame with generator in the
Wiener space W (L, Ll) the frame operator is invertible and the canonical dual is
also in W (L™, L"). In [11], Balan et al. obtained a similar result for multi-window
Gabor frames on Wiener amalgam spaces using a recent Wiener type result on non-
commutative almost periodic Fourier series [12]. We refer to [6] and [88] for detailed

study on multi-window Gabor frames.

The vector-valued Gabor frames or superframes were introduced by Balan [7]
in the context of “multiplexing” and several well-known results for Gabor frames
are extended to superframes in [6, 88]. The super wavelet and Gabor frames in
Lz(Rd,(C") has various applications in mathematics and engineering (see [7} [6l 51
52, [84), [86l, [88), 106, 147, [148]). Using the growth estimates for the Weierstrass o-
function and a new type of interpolation problem for entire functions on Bargmann-
Fock space, Grochenig and Lyubarskii [84] obtained a complete characterization of
all lattices A C R? such that the Gabor system on first n + 1 Hermite functions is
a frame on L*(R,C").
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It is natural to investigate the following statements for superframes:

(i) Walnut’s representation of superframe operator on vector valued amalgam spaces.
(ii) Convergence of Gabor expansions for the superframe on vector valued amalgam
spaces.

(iii) Invertibility of the superframe operator on vector valued amalgam spaces.

In Chapter Bl we investigate the above statements when the window function
is in the vector valued Wiener space. Therefor we consider Hilbert space valued
Gabor frames on Wy (LP, LI),1 < p,q < oo, in a general set up. As a result, we
could address the above statements for Gabor superframes and multi window Ga-
bor frames as a special case by choosing the appropriate separable Hilbert space
H (see Remark B.2T3] and Remark B4.3]). Further we show that if the window
function g € WH(CO,L,IU), the subspace formed by the functions of H-—valued
Wiener space that are continuous, then the canonical dual is in the same space.

To obtain this result we show that the frame operator Sg(= S, is invertible on

&g
Wy (L, L)1 < p,q < oo and Sg_l : W(LP, LYy — W(LP, LY) is continuous both
in o(W(LF, L), W (LP I,L({/U)) and the norm topologies. Such type of invertibility
results have been addressed for modulation spaces (see [78} [83]) and for L? spaces
(see [102]) by using Wiener’s 1/f lemma (see [12] 14 15]). We construct a Ba-
nach algebra of operators admitting an expansion like (8.14]) and use a version of
Wiener’s 1/f lemma (see [12]) to prove that the algebra is spectral within the class

of bounded linear operators on L” (Rd,H), 1<p<oo.

1.7.2 Generalization of Frames

A study on generalization of frames is also an important and interesting branch
in frame theory. Generalized frames or simply g-frames were introduced by Sun
in [127], which include ordinary frame as well as many generalizations of frames,
e.g., bounded quasi-projectors [69], frames of subspaces [30], pseudo-frames [107],
oblique frames [36], outer frames [2], and time-frequency localization operators
[46]. G-frames provide more choices on analyzing functions from frame expan-
sion coefficients. Hilbert—Schmidt frames or simply HS-frames were introduced
in [123] as a class of von Neumann—Schatten p-frames, which includes g-frames

[127] and hence all the above classes of frames are a class of HS-frames. We refer to
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[4, 29] 130, B8, [71], 100, 115, 123], 127] for results on generalizations of frames. It is
well known that g-frames and g-Riesz bases in Hilbert spaces have some properties
similar to those of frames and Riesz bases, but not all the properties are similar,
e.g., exact g-frames are not equivalent to g-Riesz bases (see [127, [128]). The natural
question to ask is: which properties of the frame, or the g-frame may be extended
to the HS-frame for a Hilbert space? In Chapter [, we establish some necessary and
sufficient conditions for a HS-Bessel sequence, a HS-frame and a HS-Riesz basis in
a Hilbert space. We also characterize HS-frames from the point of view of operator

theory and discuss the relation between a HS-frame and a HS-Riesz basis.

The reconstruction formula for a frame allows to write every element in the
Hilbert space as a linear combination of the frame elements with frame coefficients.
Calculations of those coefficients require knowledge of the inverse frame operator.
But in practice it is very difficult to invert the frame operator if the Hilbert space
is infinite dimensional. Calculations of the inverse frame operator for HS-frames in
infinite dimensional Hilbert space is also very difficult. Christensen introduced the
projection method in [31] and the strong projection method in [33] to approximate
the frame coefficients. In [26, 28| [34], Christensen and Casazza proved that the in-
verse frame operator can be approximated arbitrarily closely using finite-dimensional
linear algebra. Using similar methods the authors of [1] proved approximation re-
sults for inverse g-frame operators. In Chapter Ml we generalize and extend this
result to approximate the inverse HS-frame operator in the strong operator topol-

ogy using finite subsets of the HS-frame.

Given a family {g; : j € J} C H which is close to the frame or Riesz basis
{fj +j € J} C H, finding conditions to ensure that {g; : j € J} is also a frame or
Riesz basis is called the stability problem. This problem is important in practice
and therefore studied by many authors [32] [37, [54], 112} [128]. Since frames can be
characterized in terms of operators, many results on perturbations of frames can
also be characterized from the operator point of view (see [27), [87]). In Chapter @],
we study the stability of HS-frames. We first present a classical perturbation result

of HS-frames. Then we give other perturbation results for HS-frames.
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1.7.3 Identities and Inequalities for Frames

Let {f; : j € J} be a frame for H. For every K C J, we define the operator Sy by

Sf =Y {f 1) (1.22)
JEK
and also we denote K as J \ K.

In [8], the authors proved a longstanding conjecture of the signal processing
community: a signal can be reconstructed without information about the phase.
While working on efficient algorithms for signal reconstruction, Balan et al. [10]
discovered a remarkable new identity for Parseval frames, given in the following

form. We refer to [9] for a discussion of the origins of this fundamental identity.

Theorem 1.7.1. Let {f; : j € J} be a Parseval frame for H, then for every K C J
and every f € H, we have

2 2
= > WA - H S

jEK® jeK®

P -

JjeK

S

JjeEK

Theorem 1.7.2. If {f; : j € J} be a Parseval frame for H, then for every K C J
and every f € H, we have

3
=

STRE PP+ Y 1)

JEK jeK®

The authors in [10] mainly focused on Parseval frames and proved several inter-
esting variants of Theorem [L.7.Tl The identity that appears in Theorem [[.7.0] was

obtained in [I0] as a particular case of the following result for general frames.

Theorem 1.7.3. Let {f; : j € J} be a frame for H with canonical dual frame
{fj :j € J}. Then for every K C J and every f € H, we have

STUEI =D WSk f I =D K I =D [(Skef. F)I

JEK jeJ yEK jeJ
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The following results were obtained in [74], which generalized Theorems [[71]
and [.7.2] to canonical and alternate dual frames:

Theorem 1.7.4. Let {f; : j € J} be a frame for H with canonical dual frame

{fj:j€J}. Then for every K C J and every f € H, we have

STUEIP D WSk £ Fl2 = D0 KE P+ D 1Sk, F)l?

JEK jeJ jeK® jeJ
3 2
> Y WA

jeJ

Theorem 1.7.5. Let {f; : j € J} be a frame for H and {g; : j € J} be an alternate
dual frame of {f; - j € J}, then for every K C J and every f € H, we have

2

re( U7 5T) +|

> {fa) ks

jEK jEK®
2
= re( ST + | Ttras| = 00
jEK® JeK

Motivated by these interesting results the authors in [145] generalized Theorem
[L 75 to a form that does not involve the real parts of the complex numbers is given

below.

Theorem 1.7.6. Let {f; : j € J} be a frame for H and {g; : j € J} be an alternate
dual frame of {f; : j € J}. Then for every K C J and every f € H, we have

2

- (ZalTi) - | S o,

jeK® jEKC

(SuaT) -

JjeK

Z(fa gj>fj

JjeK

Moreover, the authors in [108] 141] have extended Theorem [[.7.3] for g-frames
and canonical dual g-frames in Hilbert spaces. Also, the authors in [142] have
established an equality and an inequality for the alternate dual g-frame. Further, in
[109], the authors generalized the equality and inequality for g-frame to a g-Bessel
sequence in Hilbert spaces.

In Chapter dl we generalize the above mentioned results for Hilbert-Schmidt
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1.7. Literature Review and Overview of Main Results 25

frames. Also, we generalize the above inequalities to a more general form which
involve a scalar A € [0,1]. As a particular case (for A = 1/2) the above inequalities
can be obtained. Since g-frames can be considered as a class of Hilbert-Schmidt
frames, the previous equality and inequalities on g-frames can be obtained as a

special case of the results we establish on Hilbert-Schmidt frames.

1.7.4 Feichtinger’s Problem

In 2004, Feichtinger posed a spectral problem about positive semi-definite trace-class
pseudodifferential operators on modulation spaces at an Oberwolfach mini-workshop
on Wavelets, Frames and Operator Theory (see [64]). Later, Heil and Larson in [92],
rephrased the problem in operator-theoretic terms to promote some connections
between the operator theory and the theory of modulation spaces. In Chapter Bl we
solve the Feichtinger’s problem along with the solution of the reformulated problem.
This solution consists of constructing a counterexample that solves Feichtinger’s

problem by first solving the reformulated problem.

1.7.5 The Balian-Low Theorem

The Balian-Low theorem (BLT) is one of the fundamental and interesting result
in time-frequency analysis. It says that a function g € LQ(R) generating Gabor
Riesz basis cannot be localized in both time and frequency domains. Precisely if
gEc L2(R) and if a Gabor system G(g, a, 8) := {ezmmﬁtg(t—noz)}m’nez with a8 =1

forms an orthonormal basis for L*(R), then

</_Z ’tg(t)\zdt> </_(: ”Y@(V)IQdfy) AQ)

where § is the Fourier transform of g. This result was originally stated by Balian
[13] and independently by Low in [I10]. The proofs given by Balian and Low each
contained a technical gap, which was filled by Coifman et al. [39] and extended
the BLT to the case of Riesz bases. Battle [I6] provided an elegant and entirely
new proof based on the operator theory associated with the classical uncertainty

principle. For general Balian-Low type results, historical comments and variations
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of BLT we refer to [19] 43].

The Balian-Low type results were proved for multi-window Gabor systems by
Zibulski and Zeevi [147] and for superframes by Balan [5]. The BLT and its varia-
tions for symplectic lattices in higher dimensions (see [60, [79]), for the symplectic
form on R*? (see [17]) and on locally compact abelian groups (see [76]) are obtained
in the literature. For further results on BLT we refer to [3| 18] [73] 93], 113] 114} 133].

In Chapter B, we establish the BLT and some of its variations on L*(C) using
the operators

d 1 - d 1

Z:%—i—?z and Z:$—§z.

These operators are associated with the special Hermite operator

L=—A4 glef i <x% - %) - 22+ 22) (1.23)
on C, where A, is the standard Laplacian on C and z = = + iy. We define twisted
Gabor frames, twisted Zak transform and deduce some of its properties. Also we
prove the amalgam BLT and provide examples illustrating the distinction between
the BLT and the amalgam BLT. Then using the operators Z, Z and the continuity
of twisted Zak transform we obtain a version of amalgam BLT. After that we prove
the BLT for exact frames on L*(C) using the operators Z, Z and the calculations are
non-distributional. Also we obtain a variation of Heisenberg uncertainty principle
(Theorem [6.4.7]), weaker version of BLT (Theorem [6.5.2]) and show the equivalence
of weak BLT and BLT (Theorem [6.5.5]). Finally, we discuss several consequences of
BLT and weak BLT in terms of the operators L, Z and Z in Remark

Y7
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Chapter 2

Gabor Frame Operators on Wiener

Amalgam Spaces

In this chapter, we show that the Gabor expansions converge to identity operator
in the operator norm as well as in weak™ sense on amalgam spaces as the sampling
density tends to infinity. Also we obtain the analogue of the Janssen’s representa-
tion and the Wexler-Raz biorthogonality condition for Gabor frame operators on

amalgam spaces.
2.1 Preliminaries
The time-frequency shift 7(¢,w) for the function g on R? is defined by

(7(t,w)g) (z) = glz =)™ @ ¢ o e RY,

and the windowed Fourier transform of f € L2(]Rd) with respect to g € Lz(Rd) is
given by
(Fyf)(tw) = (f,7(t,w)g)- (2.1)

The inversion formula for windowed Fourier transform is given by

1
f= W //RQd(Fgf)(t,w)T(t,w)’ydtdw, (2.2)

27
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28 Gabor Frame Operators on Wiener Amalgam Spaces

where v € L*(R?) satisfies (7, g) # 0 and the integral is convergent in L?(R?) norm
(see [TT], p. 48).

Definition 2.1.1. Given a window g € L2(Rd) and a,b > 0, the collection of
functions {T(na,mb)g : m,n € Zd} is a Gabor frame for Lz(Rd) if there exist

constants A, B > 0 such that

Alfl < > [(f,m(na,mb)g)* < B|IfI3, Vfe LA(RY).

n,mEZd

If {7(na, mb)g : m,n € Z"} is a Gabor frame then there exists a dual window
v € L*(RY) such that {r(na,mb)y : m,n € Z%} is also a Gabor frame for L*(R%)

and

f = Z (f,7(na,mb)g)T(na, mb)y

n,mGZd

= Z (f, 7(na,mb)y)T(na,mb)g, Vfe€ L2(Rd). (2.3)

n,mEZd

The series in (Z3) converges unconditionally in L. We refer to [77] for a detailed
study on Gabor expansions on L?(R?).

Consider the Gabor frame operator on L° (]Rd) of the form

R gai)d Z (f,7(na,mb)g)T(na, mb)y. (2.4)
Y, 9) .

n,mez

Then S, 4., ~f can be regarded as a Riemannian sum of the integral in (2.2). Weisz

[136] proved that if both g and v are in Feichtinger’s algebra SO(Rd) ={g:Fg¢

L'(R*))}, then the series in (Z4) converges to f in various norms. In [129], Sun

generalized Weisz’s results to some extent: If g,~ are in the Wiener spaces W(Rd),

then S, ., - f converges to f on Lp(Rd) as (a,b) tends to (0,0). Notice that SO(Rd)

is a proper subspace of W(]Rd). Moreover, by putting additional condition on g and

Yy Saig,y converges to identity operator in B (L? (]Rd))7 the space of all bounded

linear operators on LP(R%), as (a,b) tends to (0,0).
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2.2. Gabor Frame Operators on Amalgam Spaces 29

In this chapter, we extend the above results for the amalgam spaces, and obtain
the weak™ convergence and the operator norm convergence of the Gabor frame

operator on W(LP L), 1 < p,q < co.

2.2 Gabor Frame Operators on Amalgam Spaces

In this section, we consider the convergence of the Gabor frame operator S, n

big,y ©
W (LY, L), 1 < p,q < oo, whenever g,v are in W(Rd). It was shown in [82] that
the Gabor expansions converge in weighted amalgam spaces when both g,~ are in
weighted Wiener spaces. In this context, the following well known results are used

in the proof of our main result.

Proposition 2.2.1. ([77], Lemma 6.1.2) If g € W(R?) and a > 0, then

1\d
> lg@—am)| < (14+2) 119 ey, ae
nez®

For g,v € W(]Rd) and a,b > 0, define

Gopn(r) = Z y(x — % — ak‘)v(:p —ak), n€ ze.
kez®

Lemma 2.2.2. ([129], Lemma 3.8 ) For any g,v € W(RY), we have

1\d d
> 1Gatnlog < (1+2) @+ 200Nl ety gy Vasb >0, (25)
neZd
and
lim a|G ol = 0. 2.6
elog 2 IGanl (2.6)
neZ \{0}

The Walnut representation of the Gabor frame operator on W (L?, LY) (see [82])

is of the form

1 n
(Satsgnd)(@) = z @"Gopn(@)f (2= 7).
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30 Gabor Frame Operators on Wiener Amalgam Spaces

where g, v € W(]Rd). Using it in the following proposition, we show that the frame
operator is bounded on W (L, LY).

Proposition 2.2.3. Let g, v € W(Rd) and a,b > 0. Then the operator

(Sutigr )@ Goin(@)f (2 = 7) (2.7)

is bounded from W (LP, L) to W(LP,L?), 1 < p,q < oo with operator norm

d
a

1y d .
HSa,b;g,'yHB(W(Lp,Lq)) < ‘(’Y; g>| (1 + 5) (2 + 2b) HQHW(Rd)H’Y”W(Rd)

Proof. 1t g,v € W(Rd), then by LemmaR2.2.2, »  [|G,ppll, < o0o.Let1<p,qg<oo

nez’
and f € W(LP,L?). Then
1 d
ol = |2 3 gy ]
ISatatwarsny = |55 2 dCusnTyd |y
neL
2
. Ga nTﬂf N7
|<’Y7g>‘ Zd” ,b; 5 ”W(L L")
neZ
o 1
- Gy Tof - Texoll?)®
GEP Z (Z |GapnTs - Tixll§)
e Z [Gasenloe( 2 1f Ty xalh)’
kez*
- (7, H”f”W(Lqu ZHGabn”oo

nez’
< C ”gH[/V(Rd)H’Y”‘/V(R )”f”W(Lp,Lq)7

where C' =

I >| (1+ 172+ 2n)%. O
Since G, 4,0 is independent of b, we define

d d
a a

= ——Gupo(z) = o) Z g(z — ak)y(z — ak), z€R% (2.8)

GZ
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By Proposition [Z2.1], we have

1 d
My := sup |Gy — 1|l < sup ———(1+4a)"||g. 4, < 00. 2.9
0 0<a<1 H a ||oo 0<a<1 <,7’g>| ( ) H 7||W(R ) ( )

Lemma 2.2.4. Let g, € W(]Rd) and 1 < p,q < oo. Then

(i) For any f € W(LF, L),

(a’by_rf%o’o)(”sa,b;g,ﬂyf = fllwr oty = IGa — D fllwzr L)) = 0.

(i1) @ b%i—rf%o 0)(”Sa,b;g,'y — 1w e 1y — 1Ga = 1loo) = 0.

Proof. Let 1 < p,q < oo. Define operators T,., ., and R on W(LP, L) by

a,b;g,y

Togrf = (G,—1)f and

Ra,b;g,'yf = <7+ Z adGa,b;n 2 Jf ( r %) , [ € W(vaLq)'

nez\{0}

Now we can rewrite the Walnut’s representation as

Sa,b;g,*yf —f= Ta;g,*yf + Ra,b;gp{fa Ve W(va Lq)

Then, we have

1S ab9,7F — fHW(L”,Lq) = ”Ta;gﬁfHW(L",L") + ”Ra,b;gnf”W(L”,Lq)'
Since

lin ad Ga m = 07
(a,b)—(0,0) zd: 1Gabinll
neZ \{0}

by Lemma 2.2.2] we have

li R, .. < 4G, ..l =0.
oo VBatioo e oy < im0 D %Gl
neZ \{0}
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Further, it is easy to observe that

1T | Bow (22 ,29y) = 1Ga — oo

O

To prove the strong and weak* convergence, we make use of the following two

lemmas.

Lemma 2.2.5. ([129], Lemma 3.5) Suppose that f € W(Rd) is locally Riemann

integrable. Then we have

lir% sup = 0.
—
@ yERd

d
Z a” f(y + na) _/Rd f(x)dx

nez?

Lemma 2.2.6. ([129)) If f € L’(RY) and G, is defined as in (23), then

lim (G, — 1)/, = 0.

Next we state and prove the convergence of the Gabor frame operator on W (L, L?).
Theorem 2.2.7. Let g,y € W(Rd). Then we have:

(i) For any f € W(LP, L), 1 < p,q < oo,

(a,b%i—IRO,O) ||Sa,b;g,'yf - fHW(Lp,Lq) = 07 (210)

and conclusion holds for ¢ = .

(i9) Moreover, if g -~y is locally Riemann integrable, then for any 1 < p,q < oo,

(a,b}i—n;(l0,0) ||Sa,b;g,'y - I||B(W(Lp,Lq)) = 0. (211)

Proof. (i) Let f € W(LP,L?), 1 < p,q < co. Then for any € > 0, there exists some
N € N such that

Z I1f - Tixelly < €.

IElloo >N
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We have

(G = DS Wy 1,

= Z (Go = 1f - Tixqll;
kez

= > G, -1)f- Tixolly + > G, - Tixelly-  (212)
%]l o >N &l <N

Y MG =1f Tixolll <G =Dl% > If Tixell) < Mo'e?, (2.13)

[1Fll oo >N Ikl oo >N

where M, is defined in (2.9]). Since
If - Tixoll, < 1f e pry < o0, Vf € W(LP,LY), VkeZ,

we have f-Tyxg € Lp(Rd) for every k € A Applying Lemma 2.2.6, on f - Ty xq
we get
lim [[(Ga = 1)f - Texollp = 0;

i.e., for every € > 0 and sufficiently small a > 0,

€
I(G. - Vf - Tixall, < ———.
(2N + 1)«

Taking ¢-th power and summation on both sides of the inequality we get

q

13
S G- Df Tl < Y = o ()
il <N P ioen N +1)

Now putting (2.13)), 2.I4) in (212]) we get

”( )f”v[“LP L‘I S (Mg + 1)€q
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Hence

tin [[(Gy = 1)y g, 00) = 0.

Thus for any f € W(LP,L?), 1 < p,q < co, we obtain

(a,b%i—IRO,O) HSa,b;g,’yf - f”W(Lp,Lq) =0,

using Lemma 2.2.41 This proves (2I0) for 1 < p,q < oo. For ¢ = oo, with the
obvious modification similar result can be obtained.

(74) Further, if g -~ is locally Riemann integrable, we have

lim |G, —1fjc =0,
(a,6)—(0,0)

by Lemma 2.2.5] Again using Lemma 2.2.4] we get

(a,b%i_rz%o’o) ”Savbh%’y - I”B(W(L”Jﬂ)) = 0.

U
Now we show that (2Z.I0) is not true for p = co by producing a counterexample.

Example 2.2.8. For simplicity, we consider only the case of d = 1. Let us take some
E C [0,1] such that E is nowhere dense and is of positive measure. Let g = v = x .

For any a > 0, we have

{z€0,1]: Go(z) >0} = [ Jna+E)n[0,1] = |J (na+E)n[o,1].

(52 nllo0 < &

Since each of na + E is nowhere dense, so is (Jy,,_<1(na + E). Therefore {z €

[0,1] : G,(x) > 0} is nowhere dense. Hence
{z €[0,1] : [Go(z) = 1| = 1} = {2z € [0,1] : Go(x) = 0} > 0.

Let fy = Xx[0,1- Then we have ||(G, — 1) fyllc > 1, Va > 0.
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Now

1(Ga = D follfy e poy = D IMGa = Dxjo. - Xpwasaile = 1(Ga = Dxpoll.
keZ
That is
1(Go = D follw =y =1, Va>0.
By Lemma [2.2.4] ( b%inzo 3 1Sa,b:9.4fo — follwz>=, ey = 1, i.e. 2.10) fails for p = oo.
a,b)—(0, ’

Finally we illustrate by an example that the locally Riemann integrability con-

dition in Theorem 2:27(i7) is not redundant. The following example can be found

in [63], which also works in this case.

Example 2.2.9. Let us fix some 0 < ¢ < 1. Let ¢ =y = xp, where £ = (0,1) \ A

l l
4=UU (G- oyt 3)

k>11€Z

and

Note that E is nowhere dense and of positive measure exceeds 1—e. For any a,b > 0,
{T(na,mb)g : n,m € Z} has no positive lower frame bound (see [63]). Therefore,
154,639, — I”B(Lz(Rd))
W (LP, L) ¢ W(L? L?) = L*(R"). Hence, Sy 4.4,
operator strongly on W (L, L?), 2 < p < ococand 1 < g < 2. But S,

cannot converge to 0. For 2 < p < oo and 1 < g < 2, we have
cannot converge to the identity
big,g CONVErges
to the identity operator on W (LP, L), 1 < p < oo, 1 < g < oo, in weak™* sense since
g€ W(]Rd). Since E = {z : g is not continuous at x} is of positive measure, in this

example the window function g = g - 7y is not locally Riemann integrable.

2.3 The Structure of Gabor Systems

In this section, we extend the Janssen’s representation of Gabor frame operators
Sabigy o0 W(LP,LY), 1 < p,q < 00, and the biorthogonality condition of Wexler-
Raz on W(LP,L?), 1 <p < oo, 1 < ¢ < oco. First, we expand G p;pn into its Fourier

series. The [-th Fourier coefficient of G, is

Ga,b;n(l) = a_d Ga,b;n(x)e_27ri<l7m/a> dx
Qa

TH-1693_126123015



36 Gabor Frame Operators on Wiener Amalgam Spaces

= Z (T%g ) (x — ak)e_2m<l’x/a> dx

@a kez?

_ / (Tag ) (@)e 20D gy = 7, M, Ty ).
R a

b

Since G, 4 € L(Q,) € Lz(Qa) by LemmaR2.2.2] G, ., has the Fourier series

Ga,b;n(x) — a_d Z <’77 MéT%g>€2m<l’w/a>, (215)
lez?

with convergence in L*(Q,). Now substituting this into Walnut’s representation

[27)), we obtain
d
a 1
Sa,b;gp/f r <— Z Ga,b;n : T%f = T\ ZZ<77MLT7—59>MLT%]07
v,9) =, (v, 9) - a @
neZ l,nEZ
in operator notation,

1
Sabigny = W ZZ<%M£T%9>M£T%- (2.16)
’ I,nez’®

The above expression is valid provided the series on the right-hand side converges.
If g,y € L*(R%), then it is unclear how the Fourier series in (2.1I5) represents G abin-
The convergence of the series (2.15]) and (2.16]) can be justified under some additional
condition on the window functions g and ~. In the investigations of Gabor families by
Tolimieri-Orr [I34], and Janssen [98], the following technical condition on windows

g, were used. Here that condition is provided as definition.

Definition 2.3.1. A pair of window functions (g,) in L*(R?) satisfies condition
(A7) for the parameters a,b > 0 if

> {7, M1 Tag)| < oo (2.17)
L,nez®
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If g =, then g is said to satisfy condition (A) for the parameters a,b > 0 if

> (g, M1 T g)| < oo. (2.18)
l,nEZd

Now the condition (A’ ) guarantees the absolute convergence of the series ex-
pansions (215]) and ([2.I6]). However condition (A’ ) is not always satisfied even for
g,7 € W(Rd) (for example see p. 132 of [77]). So we have to put additional condition
on the window function. If we consider g,y as in Feichtinger’s algebra SO(Rd), then
the condition (A’) is satisfied together for all a,b > 0 (see [77], Corollary 12.1.12, p.
255). Now with this hypothesis we derive representation of the Gabor frame oper-

ator S, on W(LF, L), 1 < p,q < co. A version of Janssen’s representation can

big,y
be found in [62]. However, in the following we establish the Janssen’s representation

for frame operator S, on W(LP L), 1 < p,q < oo by considering the window

big,y
functions ¢, € SO(Rd).

Theorem 2.3.2. (Janssen’s representation). Suppose that g, € So(Rd). Then
for all a,b > 0 frame operator S, .4 4 0N W(LP, L), 1 < p,q < oo, can be expressed

as follows:

and converges absolutely in the operator norm.

Proof. Let

L
Sabigry = .9 ZZW’MéT%mMéT%
Y9 -
n

S

wbigr DS g7 € So(RY), so by condition (A’) the

converges absolutely in operator norm and hence its expression is

and we want to show S, ;.. =

series for S, 4.4

independent of the order of summations. Therefore

d
& a —d wil,
Sa,b;g,'y = < E (CL E <77 MLT%9>62 i m/a))T%
7.9) nez* 1ez* ’
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d
a
) Z Gaom " T = Sa g
neZd

by using (2.I5]) and Walnut’s representation. O

Next we state and prove the Wexler-Raz biorthogonality condition for frame

operator S, on W (LP,L?). In [138], the authors found a exceptional relation

b9,y
between window ¢g and dual window . Their conditions characterized all dual

windows. Here we make use of Theorem[2.2.7]and present a version of that important

result.

Theorem 2.3.3. (Wexler-Raz biorthogonality). Assume g,v € Sy(R?). Then

forany 1l <p< oo and 1 < q < 00, the following conditions are equivalent:

. li S, = i S — W(LP. LY.
(Z) (a,b)l—r>r(l(),0) a’b’g”yf (ayb)grE0,0) a,b,"y,gf f on ( , )

o | d
(i) (a,b§f%o,0) Ty (1 M1 Teg) = 80y for Ln € Z°.

Proof. (i) = (ii) Let f € W(LP,L?) and h € W(Lp/, Lq,) (Kothe dual of W (LP, LY))

and assume that — lim S ;.. f = f. Let [,m € z% be arbitrary. Then
(a,b)—=(0,00

Ginlfi) = (i Suigo T Ty )

d
. a
=  lim —— < > Gopn Tosf, T%h>

(a,6)=(0,0) (75 9) A
neL

d

a
= lim T s Ga sm— -Tmf, Tmh
(a,0)—(0,0) <%g>< o=t Ty d Ty h)

. Cld
= lim
(a,)=(0,0) {7, 9)

<(T—% Ga,b;m—l)fa h>

. d . d

S lude that  lim 29 Gy (-4 ™) f = 60 f. N I,m ez
o we conclude ad (a7b)1—r>rzo,0) o7 Gabim 1+ f d im.f- Now varying [, m

we get (a,b%i—r}%o,o) o Gapo(-)f = f and (a,b%i—r}%o,o) o Gapn(-)f = 0, when n # 0.
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Therefore

d
i a : 1 2mi(la/a)
lim ——G,pp(@x)f(x)=lim S MiTng)e™ ™ x),
(a,6)—(0,0) {7, 9) on(@)] (@) (a,6)—(0,0) {77, 9) E:Zdw : bg> (@)

by (ZI5]). We conclude by using uniqueness of Fourier coefficients that

lim ’)/,MLTQQ =4 5n "
(a,0)=(0,0) <%g>< T390 =m0
The implication (i) = (i) follows from Janssen’s representation: If the biorthogo-

nality condition (i) is satisfied then

(abﬂ% 0 > (7, M1 T g)| = > 10 9)6100m0l = (v, 9)] < o0,

’ " ezt I,nez’®
Le., for arbitrary small a,b > 0, 33, a|(y, M:1Tng)| < oo, ie., the pair (g,7)
satisfies condition (A’) for arbitrary small a,b > 0 and hence the representation

([216) converges in the operator norm. Therefore by Theorem 227 for any 1 <

< d1<g< li Sy pigryf = W (LP, L?). O
p o0 an ~q =00, (a,b)l—I}%O,O) a,b,g,'yf f on ( ) )

The next corollary follows immediately from Theorem 2.3.3]

Corollary 2.3.4. In the assumption of Theorem [2.3.3, if G-~ is locally Riemann

integrable then for any 1 < p,q < oo, the following conditions are equivalent:

=1 on B(W (L, LY)).

(@) (a,b)l—]?%o,o) a,5:9,7 (a,b)fzop) a,b;v,9

@) g (1 MiTy) = Siodng for in € z°,

Proof. (i) = (ii) follows from the fact that  lim

(a,b)—(0,0)
= lim . = W (LP. LY.
(mb)l (070)Sa7b7gﬁf fon W(L", L")

The implication (i7) = (i) follows from Janssen’s representation and Theorem 2.2.7}

Sapig =1 on B(W(LP, L7))

If the biorthogonality condition (i) is satisfied then the pair (g, ) satisfies condition

(A’) for arbitrary small a,b > 0 and the frame operator S, converges in the

big,y
operator norm. Since g-+ is locally Riemann integrable then by using Theorem 2.2.7]
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we conclude that for any 1 < p,q < oo, (a,b%i—IE%O,O) Sabigy = (a,b%i—rf%o,o) Sabiy,g = 1 on
B(W(LP,LY)). O
7R
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Chapter 3

Hilbert Space Valued Gabor

Frames in Weighted Amalgam

Spaces

Let H be a separable Hilbert space. In this chapter, we establish a generalization
of Walnut’s representation and Janssen’s representation of the H-valued Gabor frame
operator on H-valued weighted amalgam spaces Wy (LP, L), 1 < p,q < 0o. Also
we show that the frame operator is invertible on Wy (L”, L), 1 < p,q < oo, if the
window function is in the Wiener amalgam space Wy (L™, L}U) Further, we obtain
the Walnut’s representation and invertibility of the frame operator corresponding to
Gabor superframes and multi-window Gabor frames on Wy(LP, L), 1 < p,q < oo,

as a special case by choosing an appropriate Hilbert space H.

3.1 Preliminaries

Let us begin with the definition of H—valued Gabor frames on L*(R%, H). Through-
out this chapter, H is denoted as separable complex Hilbert space. Let a, 8 > 0 and
ge L2(Rd,H). For n,k € 7% and x € ]Rd, we define

( ) _ eZWi(Bn,x)

Mg, g(z g(z) and T,g(z) =gz — ak).

41
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42 Hilbert Space Valued Gabor Frames in Weighted Amalgam Spaces

Definition 3.1.1. Given a non-zero window function g € LZ(Rd,H) and lattice
parameters a, 8 > 0, the H-valued Gabor system G(g,a, ) = {Mg,Tog : k,n €
Zd} s a frame for Lz(Rd,H) if there exist constants A,B > 0 such that for all
f e L*(RY H),

AHf||iQ(Rd7H) < Z |<f7 MBnTakg>L2(Rd7H)|2 < BHinQ(Rd’H)' (31)
knez®

For g,~v € L? (Rd, H), the associated frame operator is given by

Sg,'yf =3 Z <fa MﬁnTakg>M6nTak77 fe L2(RdaH)‘

k,nez?

Definition 3.1.2. For 1 < p < oo and a strictly positive function w on Rd,
L (Rd, H) denotes the space of all equivalence classes of H-valued Bochner integrable

functions £ defined on R* with Jg I (2)|[gw ()’ de < oo, with the usual adjustment

if p= oo.

Definition 3.1.3. The Fourier transform of f € Ll(Rd,H) is defined as

f(t)e 2 Wbt we RY

f(w) = Ft(w) - |

Rd

((2), g(z))md.

Then the map f +— A¢ defines an isometric isomorphism of L” (Rd, H) onto [L” (Rd, H)]*.

Let f € L” (R% H). Define Ag : LP(R% H) — C by Ag(g) = /

Rd

For a more detailed study of vector valued functions, we refer to Diestel and Uhl
[45].

Definition 3.1.4. For f g € L2(Rd,H) the inner product on L2(Rd,H) is defined
by
R MUC Y

Definition 3.1.5. If x,y € H, the operator x © y : H — H defined by

(x ©y)(2) = (z,y)x, z € H.
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Clearly for non zero x and y, x ®y is a rank one operator with ||z ©y|| = ||z||||y]|-

If 21, 29,vy1,ys € H then the following equalities hold:
(71 @ 22) (Y1 O ya2) = (Y1, 7o) (21 O yp) and (21 O y)" = (y1 © 7).

3.1.1 Gabor Frames in L*(R? H)

As in the case of Gabor frames for Lz(]Rd), with the assumption that G(g, a, f) is
a frame for Lz(Rd, H) we list out the basic properties of H-valued Gabor frames for
L2(Rd, H) in the following theorem.

Theorem 3.1.6. Let G(g,«, 8) be a Gabor frame for Lz(Rd,H) with frame bounds
A, B and let h € H with unit norm. Then the following statements hold.

(i) The analysis operator Cgnf = ((f, Mg, To1g)h) 4 18 a bounded mapping

kneZ
Con: L? (Rd, H) — ¢ (Z2d, H), and we have the norm equivalence ||£||,» ®E) <
Hnghf”f(Zm,H)'

(it) The synthesis operator Rg pd = kaezd (dign, D) Mg, T8 is a bounded map-
ping Rgp : 62(Z2d,H) — L2(Rd,H). The series defining Rg wd converges un-

conditionally in L? for every d € 2.
(i1i) Rgyp = Cgn, and the frame operator Sg = Ry p,Cogy, : L*(RY H) — L*(R? H)

is strictly positive, invertible operator satisfies

Al < Sy < BI,» and B I

1 1
L* (R H) L*(R%,H) <S¢ <A 2 pa

(R?H)

() The dual window v = Sg_lg generates a Gabor frame G(v, o, ) for L*(RY H)
with frame bounds 1/B,1/A.

(v) RynCgn =1 on L2(Rd,H) i.e., we have the Gabor expansions

f =Ry nConf= > (F, Mg, Topy) Mg, Turg (3.2)
k,nEZd

forf e L2(Rd, H), with unconditional convergence of the series.
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44 Hilbert Space Valued Gabor Frames in Weighted Amalgam Spaces

3.1.2 Weight Functions

Weight functions play an important role in time-frequency analysis and occur in

many problems and contexts. For our study we need the following types of weights.

Definition 3.1.7. A function w : R? - (0, +00) is called a weight if it is continuous

and symmetric (i.e. w(x) = w(—x)). A weight w is submultiplicative if
w(z +y) <w(@w(y), w,yeR

Definition 3.1.8. Given a submultiplicative weight w, a second weight v : R? -

(0, 4+00) is called w-moderate if there exists a constant C, > 0 such that,
v +y) < Cuu(@)(y), =,yeR (33)

Definition 3.1.9. A weight w is called admissible if it is submultiplicative, w(0) = 1
and satisfies the Gelfand-Raikov-Shilov condition,

lim w(ka:)l/k —1, z € R%
k—o0
By (8.3]) and using symmetry of w one can conclude that the class of w-moderate
weights is closed under reciprocals, and consequently the class of spaces LY using
w-moderate weights is closed under duality (with the usual exception for p = o0).

We refer to [89)] for a detailed study on moderate weights.

Example 3.1.10. (i) For s > 0, w(z) = (1 4 |z|)° is a submultiplicative weight

which is a polynomially-growing function.

(i7) If we consider polynomial weights v(x) = (1 + |z|)’, w(z) = (1 + |#|)®, then v

is w-moderate if [¢| < s.

The translation-invariance property for moderate weights holds good for Lg(Rd, H)
as in LP(R) (see [82,89)). Since the proof follows exactly as for L2 (R?) we only state
the translation-invariant property of Lg(Rd, H) with respect to moderate weights in

the following lemma without proof.
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Lemma 3.1.11. (See [89]) Let w be a submultiplicative weight on ]Rd, and fixr 1 <

p < 0o. Then the following statements are equivalent.
(i) v is w-moderate.

(i) Lg(Rd,H) is translation-invariant (i.e., for each x € R%, T, is a continuous
mapping of LE(R, H) onto itself).

(t3t) For each compact set K C ]Rd, there exists a constant C > 0 such that

sup v(t) < C inf wo(t), V € R
teny()_ ok v, vy

Throughout this chapter, a submultiplicative weight function is denoted by w
and a w-moderate function is denoted by v. Given a w-moderate weight v on ]Rd,
we will often use the notation @ to denote the weight on Z* defined by (k) = v(ak),

and for a weight v on R* we define 9(k,n) = v(ak, An).

3.1.3 Weighted Amalgam Spaces

Let @Q,, denote the cube @, = [O,a)d.

Definition 3.1.12. Given an w-moderate weight v on R? and given 1 < p,q < o0,
the weighted amalgam space W (LP (Rd,H), L) is the Banach space of all H-valued

measurable functions f : R 5 H for which the norm

1/q

1€l oo a8y = (D0 IE - TabX@ s g gy 2(@R)?) <00, (3.0)
kez?

with the obvious modification for ¢ = oo.

Throughout this chapter, the weighted amalgam space is denoted by Wy (L, LY)
instead of W (LP (Rd, H), LL). We refer to [55, 56, 57, 70, 89] for discussions of
weighted amalgam spaces and their applications. The space Wy (LP, L) is indepen-
dent of the value of a used in (8.4)) in the sense that each different choice of « yields

an equivalent norm for Wy (L?, L) (as in the scalar valued case).
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46 Hilbert Space Valued Gabor Frames in Weighted Amalgam Spaces

Weighted amalgam spaces are solid. This means that if £ € Wy(LP, L) and
m € L™(RY, B(H)), then m(f) € Wy (L", L?) and

Hm(f)HWH(L”,Lg) < ”m”LC’O(Rd’B(H))HfHWH(Lp,Lg)' (3.5)

In addition, Wi (L, LY) is closed under translations and

1Tty 29y < Cow(@)Ellw, v ), (3.6)

where C,, is the constant in (3.3]). For each w-moderate weight v, and p; > py, q; <
g9 we have the following relations:
Wia(L", L) C Wia(L™, L) C Weg(L™, L) C Wig(LP, L, ).

In particular, the inclusions Wi (L, L) € Wig(LP,LI) WH(LI,L(f?w) hold for
all 1 < p,q < oo and all w-moderate weights v.

The Kéthe dual of Wy (LP, LY) is the space of all measurable functions g : R? -
H such that g- Wy (L, L%) € L' (R?). It is equal to Wig(LF ,L‘{/v), where 1/p+1/p =
1/qg+1/q' =1 for all 1 < p,q < co. The pairing

() WD L) x WP I),) 5 €, (£.8) = [ (6a) gle)md,

is bounded. As in the case of scalar valued amalgam spaces the dual and Koéthe
dual of the H-valued amalgam spaces are obtained with necessary modifications in

the following lemma:

Lemma 3.1.13. Let v be an w-moderate weight and 1/p+1/p' = 1/q+1/¢' = 1.
Then

(i) For 1< p,q < oo, the dual space of Wiy (LP, LY) is WH(Lp,,L‘{/U).

(i1) For 1 < p,q < oo the Kithe dual of Wy (LP, LY) is WH(LPI,L‘{/U).

For detailed study on Kothe dual for scalar valued amalgam spaces we refer to

the text of Bennett and Sharpley [21].
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3.2 H-Valued Gabor Expansions in Weighted Amalgam

Spaces

The theory of Gabor expansions on Wiener amalgam spaces has been discussed in
[67, [75], [81], [82] for a separable lattice A = aZ® x ﬁZd, a, 8 > 0. Here, the Walnut’s
representation of the H-valued frame operator is generalized and extended and the
convergence of H-valued Gabor expansions on Wy (LP, L) is shown. Let us begin

with some definitions.

Definition 3.2.1. The Fourier transform of f € Ll(Ql/g,H) s the sequence f
defined by
f(n) = Ff(n) = g e B e at, n ezl
Q1/8

For 1 < p,q < oo, let pr(Ql/B,H) denote the image of LP(Ql/ﬁ,H) under
the Fourier transform. Since Fourier coefficients are unique in L”(Q, /5, H), if d =
(dn),cpa € FL"(Qy/p,H) then there exists a unique function m € L”(Qy /g, H) such
that m(n) = d,, for every n, and the norm on FL”(Q; 4, H) is defined by

(3.7)

”d”}'LP(Ql/B,H) = [|jm

Definition 3.2.2. Let o, 8 > 0 be given. Then S(H) = (3 (FL"(Qy/5,H)) denotes
the space of all pr(Ql/B,H)—valued sequences which are (1-summable. That is, a
doubly-indexed sequence d = (d’f”)kmezd lies in SYY(H) if for each k € 7% there
exists my, € LP(Qq/3,H) such that thy,(n) = dy,,, k,n € Z% and

1/
ldllspa ey (ZH my g o, 5(R)7) < o,

kez?
with the usual change if ¢ = oo

When 1 < p < oo, we can write m;, as a Fourier series

Z d 27rzﬁ n,x) (38)
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in the sense that the square partial sums of (B8] converge to m,, in the norm of
LP(Ql/ﬁ,H), cf. [101], 146]. Hence, for 1 < p < oo and 1 < ¢ < oo we can write the

norm on SY(H) as

”dﬂsg'q(H) = ( Z (/

ezt Qs

I3 e )y .

nEZd

The analysis and synthesis operators associated with the H-valued Gabor frame are
defined as follows: Take h € H such that ||h|jg = 1. Let o, 5 > 0, 1 < p,q < oo and
fix g, v € Wig(L>®, LL). For £ € Wy (LP, L%), define the analysis operator by

Cg,hf(k7 n) . <f7 MBnTakg>h
= /Rd<f(x)7M,8nTakg(x)>thx

= [ @) Teg(@)ae g
f(<f7 Takg>h)(5n) = f((h © Takg)f)(ﬂn)

So

2 MynTouhe ™0™ = 5 F(B O Tug)f) (Bm)e™ ™.
nez’

nEZd

By using Poisson summation formula we get,

>, My, Tog)he?™ 0 = g~ Z (ho Tyg >f><w—g> = my ().

nEZd

Let d = (dy,) € S2“(H). The synthesis operator is defined by

Rgnd(z) = Z (dip, ) Mg, T, 8()
knez?

- ¥ < > dkne2m5<n,x>,h>HTakg($) (3.9)

kez? nez?

— Z (my(z), h)yT,,g(x),

kez?
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where my,(z) =3 djop ™) i 1/p-periodic.
From the above observations we obtain the analogue of the Walnut’s represen-

tation for the H-valued Gabor frames in the following theorem.

Theorem 3.2.3. Let v be an w-moderate weight on RY. Let a,B>0and1 <p,q<
0o be given. Fiz g,y € Wy(L™, L)) and h € H with |||y = 1. Then the following

statements hold.

(i) The analysis operator Cgnf = ((f, Mg, Torg)h), nezd 18 a bounded mapping
Cgn : Wy(LP,LY) — SZ(H), Moreover, there exist unique functions my, €
LP(Qq)8, H) which satisfy vy, (n) = Cgnf(k,n) for all k,n € Z%, and these are

given explicitly by

my(z) = B¢ Z (h® Takg(ac))f<x — E)

nez’ g
= 7Y (0O Tupyn8(@)Tsf(2). (3.10)
nez’

The series on the right side of (310) converges unconditionally in Lp(Ql/B, H)
(unconditionally in the o(L™(Qy /g, H), Ll(Ql/ﬁ,H)) topology if p = o).

(ii) Given d € SPI(H), let my, € LP(Q,,H) be the unique functions satisfying

my,(n) = dy,, for all k,n € Z°%. Then the series

Rgnd = (my(-), h)g T, (3.11)
kez?

converges unconditionally in Wy (L?, L) (unconditionally in the oWy (LP, L),

WH(Lp,, L‘{/v)) topology if p = 0o or ¢ = ), and Rgy, is a bounded mapping

Ry : SU(H) — Wi(LP, LY).

(1i1) The Walnut’s representation

RynConf =873 Go(Taf), (3.12)
nez’

holds for £ € Wy (LF, L), with the series on the right of (312) converging
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absolutely in Wy (L, LY), where

Gu(z) =) Tyv(@)© Tar+z8(z) € B(H). (3.13)
kez’

Remark 3.2.4. If g, v € Wy(L™, L}U), then from the above theorem the Walnut’s

representation of the frame operator on Wyy(LP, LY) is
—d
Sy~ f(z) =B Zd G, (z) (T%f(x)>. (3.14)
nez

Since we deal with vector valued functions, obtaining the above expression is bit
technical. Notice that in the Walnut’s representation for the scalar valued case
(see [82]), the summation is taken over point-wise product of G,,(x) with 7' » f(z),

whereas in our case G, (z) is operating on the Hilbert space element T%f ().

To prove Theorem B.2.3] we need the following results. Since the proof of these
results follows in a similar way as in scalar valued case we only state them without

proof.

Lemma 3.2.5. (/82], Lemma 5.1) Let a, B > 0 be given. Let K,g be the mazimum
number of %Zd-tmnslates of Q1 required to cover any aZ%-translate of Q,, t-e.,

K.5 = g;}é#{ﬁ AR |(% + Qi/8) N (ak + Q)| > 0}. Then given 1 < p <

00, we have for any 1/B-periodic function m € Lp(Ql/B,H) and any k € 72 that

1 1
Im|l, 0k, < Ka/pHme,Ql/57 where KO/BC>O =1.

Lemma 3.2.6. If g € W(L®(R?, B(H)), L") and o > 0 then

1 d
esssup 3, g — an)llsg) < (5 +1) Ielyo@t payen.  B19)

z€R nez?

Lemma 3.2.7. Ifg,v € W(L™®, L"), then G,, are defined by (313) is in L°°(R?, B(H)),

and

1 d
> Gl gt sy < (5 +1) @8 +2) gl o)V lhyae o0y
nEZd
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The next lemma is a weighted version of previous lemma that is useful in the

Walnut’s representation of the frame operator (see [135], Lemma 2.2).

Lemma 3.2.8. Let w be a submultiplicative weight, and let o, B > 0 be given. Then
there exists a constant C = C(a, B,w) > 0 such that if g,~v € W (L, L}U) and the
functions G,, are defined by (3.13), then

n
ZHG ot ey () < © Nl 2z oty

Following lemma is an estimate on the effect of translations on the amalgam

Space norm.

Lemma 3.2.9. Let v be an w-moderate weight. Then for 1 < p,q < 0o, we have
for each £ € Wy (LP, LY) and n € 7% that

[ Tanfllwyr ry < Cowlan)|Elly, 2r L2)-

The structural results about H-valued Gabor frames can be derived from the
corresponding well-known results for scalar valued Gabor frames. Now we will

present some important results on H-valued Gabor frames in the following remark.

Remark 3.2.10. The [-th Fourier coefficient of G,, is

G,(l) = a_d/ Gn(a:)e_27ri<l’m/a>d:1:

@

(3 (@) © Togsgla))e 4"/ da
kez®

= ot / (7(z) © Tug(x))e /) 4y
% B

o —d

= o [ 4@

T @MLT%g(az)dx = a_d['y,MiTv_ég].

a

Then Fourier series

G, (z)=a Z [v, MLT%g]ezma’x/a), (3.16)
ez’
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is convergent in L2(Qa, B(H)). By substituting this into Walnut’s representation,

we obtain the expression

Serf=571Y G, (T%f) =@®)™* Y (Z['y,MéT%g]) (M
nez’

nez?  1ez?

or in operator notation,

Sgy=(af) ™S (Z[’y,MéT%gD (MéT%) (3.17)

nezd 1ez?

This is H-valued analogue of Janssen’s representation for the H-valued frame
operator Sg . Using Janssen’s representation we obtain the H-valued analogue of

Wexler-Raz biorthogonality relation in the following theorem.

Theorem 3.2.11. (Wexler-Raz biorthogonality relation). Assume that G(g, o,
B), G(v,a, ) are Bessel sequence in L2(Rd,H). Then the following conditions are

equivalent:
(i) Sgry = S g =1 on L*(R* H).
(@) (aB) ", M. Trg] = doonolpm) for l,n € z*,

Proof. The implication (i7) = (¢) is trivial consequence of Janssen’s representation.
For the converse (i) = (i7), assume that Sy, = I. Let f,h € L™(Q1 /3, H) and let
l,m e 7% be arbitrary. Then

S, [Eh] = &, /R £(2) © h(z)dz = /R SgAf(2) O h(2)da

Rd
= BTGy (E), 1)
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By density this identity extends to f,h € Lz(Ql /3, H), so we conclude that

4G, <33 + m) = O I B(m)

)
for almost all z € Q5. Varying I,m € 7% it follows that G,(x) = ﬁd5nolB(H), for
almost all z € R?. Therefore by (B16) and uniqueness of Fourier coefficients we
conclude that (aﬁ)_d[’y, MLT%g] = 010001 B(m)- O

Now we will prove boundedness of the analysis and synthesis operator, and
Walnut’s representation in the following proof.
Proof of Theorem 323, (i) Given that g € Wig(L™, L,,) and 1 < p,q < cc. Let f €
Wy (LP, L), which is a subspace of W(Ll, L(f;w). First we show that the operators
m,, given by (B.I0) are well-defined. Observe that m; is the 1/3-periodization
of the integrable H-valued function (h ® T,,g)f and hence the series defining my,
converges in Ll(Qa, H). To show that the periodization converges unconditionally in
LP(Q /5, H) (weakly if p = c0) and to derive a useful estimate, fix any 1/8-periodic
function h’ € L? /(Ql /B?H) and for each fixed k, we consider

L (b0 Tory g Ty o), W (sl
1/8

nez?

< 1 2 M50 oty e el

= [, 16@). Tor(a)at, W)l
- Z/ akg )> <h’h,($)>H|Tak+anXQa(:E)d:E

< Z ||Takg : Tak-{—anXQa HLOO(Rd’H) Hf i Tak—l—omXQa pr
nez®
v(ak +an — an)

/
[ N —— v(ak)

< Z ”g ’ TomXQa HLO"(Rd’H)”f ' Tock—i—omXQa ”px
nez®

1/p Cyv(ak + an)w(an)
K] P'\Q1/p v(ak)
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1/
= C,K,[J W NW} 5 2 I8 Tona = ety em)
nEZ

IIf - Tok+anXQ, |pv(ak + an). (3.18)

Taking the supremum in (3I8) over h’ with unit norm we get,

~dr gl 1
mcll,s < B CK s 3 8 T, =ty o(om)
nez®
||f : Tak:—i—omXQa ||pU(Oék7 + om), (319)

where K5 = max#{€ e z° ](% + Q1/5> N (ak + Q)| > 0}. This shows the
kez?
convergence of the series defining my, in LP(Q; /5,H). Note that,

iy(n) = B[ my(@)e " de

Q18

Qup 3 5

2 / Z <T%f(x),Tak+%g(x»Hhe—Qﬂ'i/B(m:c—m/ﬁ)dw
Qu/s mezd
- / (@), Topg (@) whe "7 de
R
= <f7 MBnTakg>h = Cvgyhf(k7 n)

Finally, we show that Cy , is a bounded mapping of Wy (L”, L) into S¥?(H). Given
f € Wy(L?, LY), to show that Cg ,f € SL?(H) it is enough to show that the sequence
r given by r(k) = ”m’fHPle/B’ k € Z% lies in 2. To do this, fix any sequence a € E‘fl/ﬁ.
Then by using (3:I9]), we have

(ra)l < D Imllp g, ,lalk)]

kez?

—d 1
< BICKY 3 lg Tonxa, | et oy w(@n) %
nez®
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1
f-T k —
3 IE Tussanxa Iy ek + amla(®l s
kEZ

—d 1
<pC, K /p Z Hg ’ TomXQa ”LC’O(Rd’H)w(an)X
nez’

< Z Hf . Tak+anXQaHgU(Ozk‘ —|—an ) < Z |a ak)q )l/q/

kez? kez?

—d 1
<BCK”MMLLJW%wyM\ (3.20)

q
gl/u

Since 6‘{ /5= = (¢1)* when ¢ < oo and is a norm-fundamental subspace when ¢ = oo

)

taking the supremum over sequences a with unit norm in (3:20]) we get

—d 1
|Cantllszogm = lrlle < BCEM gl oo 1o €l v 20y

Hence Cg y, is a bounded mapping of Wy (L, L) into SL(H). This proves (7).

(ii) Let 1 < p,q < oo. Given d € SP/(H), we have 3°, Hmng’Ql/ﬂfD(k)q < 0.
That means for every € > 0, there exists a finite set Fjy such that
> lmy 5, 5(k)! < e,V finite F > F, (3.21)

k¢F

Since 1/v is also an w-moderate weight, for any fix h’ € Wiy (L? , L /v), we have

> (), h)uTo,g W)

kF

<Z/!m (e W (@)

k¢ F

=5 [ o) B o)W ) T, (o)

k%F eZd Qa

< Z Z ”Takg ’ Tom—l—oekXQa HLO"(Rd’H) ”mka,om—i-ak-‘rQa X
kEF ezt

v(ak)
v v(an + ak — an)

”h Tom+akXQa H
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< Z Hg'TanXQa”LOO(Rd’H)X

d

nezZ
C,v(ak)w(an)
KP W.T , Zv A SR
%; I e L S N e rrrarpy
<R Y g Toka | () (X Il g, vtak)) "
= Yviap g anXQa Loo(Rd’H)’w an k Ple/ﬁU 6]
nez’ k¢F
, 1 1/d
< > Hh'~Tan+akaaHf,/—,) : (3.22)
ezl v(an + ak)?

Combining (3:21)) and ([B.22]), we get

y / 1/p / ,
kiZF |<<mk:( )7h>HTakgah >| < ECvKaﬁ HgHWH(Lw,LL)Hh HWH(LP 7L<11/U)'

Taking the supremum over all h’ of unit norm, we see that

Rg nd = Z (my,(+), h)pT,g
kez®

converges unconditionally. Now replacing F' by 7% in B22)), we get

[(Rgnd, )| < > [((my,(-), h)gTayg, b))
kez®

1
CoK R llElly o o1 Il sz 11|

IN

Jog o (3.23)
W]HI(L 7L1/v)

Since Wy (LP ,L‘f /U) is the dual space of Wy (LY, L1), taking the supremum over all
h' of unit norm in (323 shows that

— h/ : h/ / / == 1
HRg,hdHWH(Lp,LZ) Sup{|<Rg,hd7 >| H ||WH(LP 7L(11/v) }

1
CoB o I8l o oy sz (3.24)

IN

This completes the proof for the case 1 < p,q < oo. Since Wy (L¥ ,L‘f /U) is the
Kothe dual of Wy(LP, L) a similar argument as in (3.22), (3:23) will imply the
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convergence of Ry 1, in the weak topology when p = oo or ¢ = oo and the estimate

| Rg ndllyy, (rr ey as in 3.24). This proves part (i).

(iii) Now we show the frame operator R, ,Cg , admits Walnut’s representation
on Wy(LP,L1). Given g,~ € WH(LOO,LL) and 1 < p,q < oo. Notice that for a
w-moderate weight v and £ € Wig(L?, L%), 1 < p,q < oo and for each n € Z%, a > 0

we have

[ Tonfllwi(zr L2y < Cowlan)|[flly, 2 L2)- (3.25)
Replacing « by 1/ in ([3.25]) we get,
||T"f||W W(LPLY) S C. w(/@)HfHW]HI LP,LY)-

Therefore, for f € Wy (L, L) consider

Z 1Gn (T3 ) lw(zr.coy

< Z G H (H))HT%fHWH(LP,LZ)

n
< CvaHWH(LaLg) > HGnHmd,Bm»w(E)

nez®
< CCvaHWH(LP,Lg)HgHWH(LO"7L:U)H'Y”WH(LOOL:U)?

by Lemma [B.2.81 Therefore the series Zn czd G, <T%f> converges absolutely in
Wy(LP,LY). Now for fixed f € Wy(L”, L), define my such that ¢, nf(k,n) =
1 (n). For h' € WH(Lp L({/ ) we have

<R'y7hcg7hf’ hl>
= > (g (), )Ty, )

kez®
- kzzj [ (o) T (o). W o)
= ﬁ‘dz Z (h ® Topy ng(2))Taf(2), h)u Ty (2), b (2))uda
kEZ
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kezt " ez

= 51y y > (T f(2), Taksn8(@))uTory(2), B (7)) de
kez® nez’

= B D Ty (@) © Tapyng(@)To f(2), ' (2)
nez’ kez®

=y / (Gue) (T4E(2)) W (@)l

_ 5—dn§ (G (Tf), 1),
nez’

from which (812]) follows. The interchanges of integration and summation can be

justified by Lemma B.2.8 and Fubini’s theorem. O

Using the expression for my, in (3.8]), the synthesis operator R}, can be expressed

as the iterated sum as

Z (Z dkne%riﬁ(n,@’ h>HTak:g = Z Z (dlww h>HMBnTakg

kez? nezd kez? nezd

We show that this series of partial sums converge to Rg pd in the Wy (L, L) norm

in the following proposition.

Proposition 3.2.12. Let v be an w-moderate weight on R, Let a,B > 0 and
l<p<oo, 1<qg< o0 begiven. Assume that g,y € WH(LOO,LL) are such that
G(g,, B) is a Gabor frame for Lz(Rd,H) with dual window ~ and take h € H with

unit norm. Then the following statements hold.

(i) If d € SPU(H), then the partial sums

SK,Nd: Z Z <dkn7h>HMBnTakg7 K,N >07
lkllo <K Inlloo <N

converge to Rg nd in the norm of Wy (LP, L), i.e., for each € > 0 there exist
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Ko, Ng > 0 such that

(it) If £ € Wy(LP, LY), then the partial sums

SK,N(R’y,th,hf) = Z Z <f7 MﬁnTakg>MﬁnTak7
klloo <K [Inlloo <N

of the Gabor expansion of f converge to f in the norm of Wy (L*, LY) and for
1 <p,q < oo, in the o(Wy(LP, LL), Wy (L¥ ,L‘{/v))-topology.

Proof. The idea of the proof is similar to Proposition 4.6 of [82] with appropriate

modifications. O

The Walnut’s representation for superframe operator and the multi-window Ga-
bor frame operator can be obtained by choosing an appropriate Hilbert space in
Theorem B.2.31 However, we list out some consequences of Theorem [B.2.3] and

Proposition B.2.12] in the following remark:

Remark 3.2.13. (i) If H = C then the rank one operator z ® y turns out to the
point-wise product xy and all the above results for the H-valued Gabor frame viz.
Walnut’s representation of H-valued Gabor frame operator, convergence of Gabor
expansions, etc., coincides with the results for the scalar valued Gabor frames (see
167, 82, 135} 137]).

(i7) If H = C" then the H-valued Gabor frame is the super Gabor frame (see
[84]). The Gabor expansions for the Gabor super-frames on vector valued amalgam
spaces also converge by Proposition

(13i) Let (Hy, (-,-)1), (Hy, (-,)2), -+, (H,,(-,-),) be r Hilbert spaces. If H =
P;_, H; (i.e H is the direct sum of r Hilbert spaces) then H is also a Hilbert space
with respect to the inner product (z,y) = > ;_;(x;,y;) where x = ®j_jz;, y =
&y, v,y €H, 2,y €Hy i =1,2--+ v If f:R? — H then

f@)=f2)P L@)P--Pflx) with fi(z)eH,;, i=1,2---,r
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Note that f € Wy(L”, Ly,) < f; € Wy (L”, LY,) for all i = 1,2,---,r. The frame
operator of the Gabor system on Wy (L?, LL) with respect to a single lattice A =
aZ, x BZ is given by

)

Senf = 573 Gu(Tof) =57 30 3" Tupv(2) © Topeg(@) (T
nez’ nez® kez?
= 87N T (P @) © Toxss (Peil@)) (72 (P 1) )
nez® kez’ =1 =l =1
= Y DY (Taen@)© Tar @) (T28) = Y S
nez® kez® =1 1

where g(z) = @j_, g(z), v(x) = @j_;7i(x) and S, ., is the frame operator of
the Gabor system on Wy (L”, Ly,). If Hy = H,--- = H, = C then the H—valued

Gabor frame turns out to be a Gabor superframe.

(iv) Let A = A' x ... x A" be the Cartesian product of separable lattices A" =
oziZd X @Zd and let g1,..., 8, Y15V, € Wy, (LOO,L%U). Suppose the collection
G;(gi, oy, B;) is a frame for L2 (Rd, H,) with the corresponding frame operator Sg:m'
As in the previous set up (as in (ii7)) we show that frame operator associated with the
Gabor system on Wy (L, L) is the sum of frame operator associated with the Gabor
systems on Wy, (LP,LL). In this case we consider cartesian product of separable
lattices A* = aideﬂiZd, i=1,2,--- ,rinstead of a single lattice adeﬁZd. For 1 <
p,q < oo the space S2Y(H) turns out to be SPI(H;) x SPY(H,) x - - - x SPI(H,.) with
the norm ||d||sf.j’q(H) = ||(d1,d2 L 7dT)HS§’q(]HI) =i ||di||squ(HT)’ where S;"(H, )is
defined as in Definition with respect to the lattice A" and the Hilbert space
H,. For z € ]Rd,k;,n IS Zd, a = (ag,a9- -+ ,,) and 8 = (B, ,B,) with
a; > 0,8; > 0 the translation operator T,; and the modulation operator Mg,
of f(z) = @j_; fi(z) are defined as T,.f(z) = @j_; T, 1fi(x) and Mg, f(z) =
@,_, Mg, f;(x). The frame operator of the Gabor system on Wy(L”, Lj,) is given

Seaf = BN G (Tuf) = 5730 3 Tpv(2) © Tagy () (TF)
nez’

nezt kez?
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T

- S (@Tnt0) o (D 000) (B73)

nez® kezt =1 =1

- ’B_d Z Z ET: (Taik7i(w) ®Taik+/g,—zgi(w)) (Tﬁ%fz) = zr:sé\:qifm
=1

nez? kez® =1

where 87¢ = T, B glz) = D, gi(x), v(x) = B,_; vi(z) and Sé\im is the
frame operator of the Gabor system on WHZ_(LP , L) with respect to the lattice A°

IfH, =Hy ---=H, =C and f(z) = f(2) D f(z)P--- P f(x) (r-times tensor
product of f(x) with itself) where f € W (L, L) then the H—valued Gabor frame

turns out to be a “multi-window Gabor frame”.

3.3 The Algebra of H-Valued L°-Weighted Shifts

3.3.1 H-Valued L-Weighted Shifts

In this section, we mainly aim to prove the spectral invariance theorem for a sub-
algebra weighted shift operators in B(L” (Rd,H)), the algebra of bounded linear
operators on L” (Rd, H). For an admissible weight function w we construct a Banach
«—algebra A, of weighted shift operators in B(LP(R?, H)) and identify with AP (p),
the class of p-almost periodic elements, having w-summable Fourier coefficients.
Finally we prove the spectral invariance theorem on APE(p) which assures spectral
invariance property on A,,. Let us start with a definition of multiplication operator
on B(LF(R® H)).

Definition 3.3.1. Let ¢ € LOO(]Rd7 B(H)), then we define the multiplication operator
T, : IP(RY,H) — LP(R, H) defined by (T, f)(z) = ¢(z)(f(x)), = € R™.

Note that Ty is linear, bounded and [|Ty|| = [[¢]] ( . For an admissible

R", B(H))
weight w define

Ay = {M = (m:c)meRd € Loo(RdaB(H)) : Z meHLOO(Rd,B(H))w(x) < +oo},
zeR*
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with norm
’M”.A Z me”L (R ,B(H)) ( )< +00.
zeR?
If M = (m,) i € A, then M = (m,) _a € {,(RY, L(R?, B(H))) of the
family M = (m,) _pa has countable support. The identification of A, with the

subclass of bounded operators on L*(R?, H) is as follows: Given (my), pe € Ay

define the operator

T:LP(RYH) — LP(RYH) by T(f) = > m,(T,f).

z€R?

Clearly, T is well defined, linear and bounded on all L” (Rd,H), 1 <p < oo (by
using admissibility of w). The identification £ — >° _-m,(T,f) maps A, into a
closed subspace of B(LP (Rd,H)). It is then convenient to write M € A, as

M = Z m,(7,), (mz)xeRd € ézlu(Rd’Loo(RdaB(H)))'

z€R?

If we endow A, with the product and involution inherited from B (L2(Rd, H)) then
A, is a Banach *-algebra which embeds continuously into B(L? (Rd,H)): i.e., for
(my), pa; (1) _pa € Ay, define

(2 mal@) (2 nalf) = 2 (X myne-y(=9)(To)

meRd meRd :BER yeR

and the involution by

(3 mu(r) =3 m(+a = ¥ mo G- D)),

z€R? z€R? z€R?

Notice that the identification of families in 4,, and operators on B(L” (]Rd,H)) is
one-to-one. We simply write A, C B(LP(R?,H)) and we treat members of A, as
operators on LF (R, H). The following result for m € L°(R?, B(H)) plays a crucial

role in proving the spectral invariance theorem:
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Lemma 3.3.2. Form € L™(R%, B(H)) and z,w € R®. The following relation hold.
M,m(T,M_,) = I m(T,). (3.26)

Proof. The proof of this result is trivial if H = C. Otherwise, for each y € ]Rd, m(y)
is a linear bounded operator on H, which we view as an infinite matrix with scalar
entries and prove the lemma. Since H is separable Hilbert space and for y € Rd,

m(y) € B(H) can be written as

m(y)u = m(y) < Z(uv en>Hen) = Z<ua en>Hm(y)en - Z<u7 en>]HIanj (y)ej7

n n n,j

where u € H and (e,,),, is orthonormal basis for H. Now for f € LF(R?, H)

M,m(y)(T,M_,£(y)) = ™V S TM_£(y), e, )ua,;()e;

n7j

| 2mi(wa) Z(wa(y), €n)Han;(Y)e;

n’j

= & m(y)(T,E(y)).

This completes the proof. O

The continuity properties of operators defined by the family in A4, is established
by the following proposition.

Proposition 3.3.3. Let 1 < p,q < 0o and let v be a w-moderate weight. Then the

following statements hold.

(i) Ay, — B(Wg(LP,LL)). More precisely, every M = erRd m,(T,) € A,
defines a bounded operator on Wy (L¥, L) given by the formula

M(f) =) m,(T,f).

:(:E]Rd

The series defining M : Wy (LP, LY) — Wy (LP, L) converges absolutely in
the norm of Wy (L*, L) and Ml iy rr L2y < Col M| 4, where C, is a

TH-1693_126123015



64 Hilbert Space Valued Gabor Frames in Weighted Amalgam Spaces

constant in (Z3).

(i1) For every M € A,,,f € Wg(LP, L) and g € WH(L‘”/,L‘{/U), Then (M(f),g) =
(£, M (g))-

(iii) For every M € A,,, the operator M : Wy (LP, LY) — Wy (LP, LY) is continuous
in the o(Wy(LP, LT), Wy (LP ,L‘f/v))-topology.

Proof. Using the fact that v is w-moderate along with an appropriate change of vari-
able, proves part (z). Part (ii) follows from the fact the involution in A4,, coincides
with taking adjoint. The interchange of summation and integration is justified by

the absolute convergence in part (i). Part (iii) is follows immediately from (7). O

3.3.2 Spectral invariance

In order to identify the class A, C B(LF(R% H)) with APP(p) which is the class
of p-almost periodic elements having w-summable Fourier series, we require the
following definitions and necessary theories.
Let y € R? and M € B(LP(RY, H)), 1 < p < co. Define p(y)M := M,MM_,,.
Then,
ply) ME(2) = ™0 M(g(2)), where g(a) = 8 (a).

Clearly p is a representation of R? on the Banach space B(LY (Rd,H)). For each

Yy € ]Rd, p(y) is an algebra automorphism and an isometry.

Definition 3.3.4. A continuous map Y : R — B(Lp(Rd,H)) is almost-periodic in
the sense of Bohr if for every e > 0 there is a compact set K = K, C R? such that
for all x € R?

(@+K)N{y eR: |Y(g+y) - Y(g)l <&, Vg eR} #£0
Then Y extends uniquely to a continuous map of the Bohr compactification
R? of R?, denoted by Y. Thus Y : R? — B(L(R? H)), where R? represents the

topological dual group (i.e. the group of characters) of R? when R? is endowed with

the discrete topology. The normalized Haar measure on chi is denoted by m(dy).
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For each M € B(LP(R?,H)), we consider the map M : R - B(LP(R? H))
defined by
M(y) := ply)M = MyMM_,. (3.27)
If the map M is continuous and almost-periodic in the sense of Bohr then the
operator M € B(L” (Rd,H)) is called p-almost periodic. For every p-almost periodic
operator M, the function M admits a B (LP(R?, H))-valued Fourier series,

M(y) ~ > E™0D0, M), (yeRY). (3.28)
xERd

The coefficients Cy(M) € B(LP(R%,H)) in B28) are uniquely determined by M

via

ColM) = [ M) tay) = Jim

M{(y)e 2™ gy (3.29
e () v (3:29)

and satisfy
p(y)Ca(M) = E™WTC(M). (3.30)

Therefore, they are eigenvectors of p (see [12] for details).

Within the class of p-almost periodic operators consider APY(p), the subclass
of those operators for which the Fourier series in (3.28]) is w-summable, where w is
an admissible weight. More precisely, a p-almost periodic operator M belongs to

APP(p) if its Fourier coefficients with respect to p satisfy

IMILapp) = 30 ICHM) ggm g gy 0() < 0. (3:31)
zeR?

Since w is submultiplicative, for M € APY(p) the series

My) =Y &m0, M), yeR? (3.32)
xERd

converges absolutely to M\(y) on B(L*(R%,H)), where cach C, € B(L'(R% H))
satisfies (3:29) and hence ([3.30). In particular, for y = 0, each M € APY(p) can be
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written as

M= Cp(M). (3.33)

Conversely, if M is given by ([B.33) with the coefficients C,, satisfying ([B.31) and
(30, it follows from the theory of almost-periodic series that M € AP (p) and
C, satisfy ([3.29). Now we are in a position to establish connection between A, and
AP?(p) and prove spectral invariance result for A,,. For that we first characterize

the eigenvectors C,, of the representation p.

Lemma 3.3.5. For any 1 < p < oo and any m € LOO(Rd,B(H)) and © € R?,
C, =m(T),) is an eigenvector of p : R? - B(B(Lp(Rd,H))). For 1 < p < oo these

are the only eigenvectors.

Proof. If C, = m(T,,), then by ([B.26]), it satisfies (3.30).
The converse holds only for 1 < p < oo. Suppose that C, € B(L” (Rd,H))
satisfies (3.30). Using (3.26]) once again we have,

p(y)Cx(T—x) = MyC:cM—y(T—x) = Cz(T—:c)’

It follows that C,(T_,M,) = M,C,(T_,). Hence, C,(T_,) must be a multiplication
operator m, so C, = m(T,). O

For p = oo, there are eigenvectors of p which may not of the form m(7,). An
example of such an eigenvector is given in ([103], Section 5.1.11) for the case H = C.
Hence APY(p) consists of all the operators M = > et Oz, with C, satisfying
B31) and B30). The previous lemma says that for 1 < p < oo an operator
C, satisfies (3.30) if and only if it is of the form C, = m(7,), for some function

m € L™(R?, B(H)). Note that [|C, |, @ty = Il g g, and thus

||M||A Z ||m:E|| ]R B(H Z ||C HB(LP(]R H)) ( ): HMHAPIZ;(p)

This gives the identification of A,, with APL(p).
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Proposition 3.3.6. For p € [1,00) the class A, C B(LP(R*,H)) coincides with
APY(p), the class of p-almost periodic elements, having w-summable Fourier coeffi-

cients.

For p = 0o, the two classes are different. Now we are in a position to prove that
the algebra A, is spectral within the class of bounded operators on L” (Rd, H). This
means if an operator from A, is invertible on L” (Rd,H) then the inverse operator
necessarily belongs to A,,. In other words, invertibility in the bigger algebra implies
invertibility in the smaller algebra. To prove these kinds of results one may use
Wiener’s 1/f lemma or its several versions. We resort to recent Wiener type result
on non-commutative, almost periodic Fourier series ([12], Theorem 3.2) to obtain

the following theorem.

Theorem 3.3.7. Let w be an admissible weight. Then, the embedding A, —
B(LP(R? H)), p € [1,00] is spectral. In other words, if M € A,, defines an invertible
operator 3 pam, (1) € B(LP(R% H)) for some p € [1,00], then M~' € A,

Proof. We will prove APY(p) is spectral. For 1 < p < oo the result follows from
Proposition [3.3.6] and Theorem 3.2 in [12].

For p = oo, take

M= m,(T,) € A, C B(L*(R?,H))
:(:E]Rd

with 3° [[my||
zcR?

Loo(Rd7B(H))'UJ(ZL') < 0. Define

N = Z (Tm(m—x))(Tm) = Z m—x(' 3 x)(Tz) €A, C B(Ll(Rd’H))'
zeR? zeR?

Since HTx(m_w)”Loo(Rd7B(H)) = ”m_xHLoo(Rd’B(H)y N is well defined and a straight

forward calculation shows that M is the transpose (Banach adjoint) of N'. Therefore
N is invertible when M is invertible. Since A,, is spectral in B(Ll(Rd,H)) we
get M~ = (W'Y € A,. That means M™' = > pert Nz (1) for some n, €

L®(R?, B(H)) such that Y°___a (LR w(z) < oo. O

R?, B(H))
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3.4 Invertibility of the H-Valued Gabor Frame Operator

Theorem 3.4.1. Let w be an admissible weight, v be w-moderate weight and g €
WH(LOO,L%U). Suppose that the Gabor system G(g, o, ) = { Mg, Torg : k,n € Zd}

s a frame for L2(Rd,H) with frame operator Sg. Then the inverse operator
Sg': Wa(LP, L) = Wy(LF, L}), 1<p,q<oo
is continuous both in o(Wyg(LP, L), Wy (LP ,L‘{/U)) and the norm topologies.

Proof. As a consequence of the Walnut’s representation in Theorem [3.2.3] the frame
operator Sg belongs to the algebra A,,. As Sg is invertible in LQ(Rd,H), Theorem
B.3.7implies that Sg '€ A,. Since A, is continuously embedded in B(Wy(LF, L1)),
by Proposition 3.3.3] Sg leB (Wg(LP, LY)). Hence the theorem follows. O

Let Co(R?, B(H)) be the subspace formed by the functions of L*°(R%, B(H))
that are continuous. The next corollary shows the continuity of the dual generator,

provided the window function is continuous.

Corollary 3.4.2. In the conditions of Theorem [3-4.1] if window g is continuous

then the dual window g = Sg_l(g) s also continuous.

Proof. Let

Ay = { M= (m,), g € £,(R), Co(R", B |Z Il 5y (@) < 00 -

Then A, C A, C B(LP(R?,H)). If g € Wy(Cy, L)) then Sy = 5~ z G (Ts) €
nez?
A,,. Since Sg is invertible in B (L*(R%,H)), applying Theorem B3 7 on A, we get

Sg' € A,
Let g be continuous. To show S _1( ) is continuous it is enough to show Sg
maps Wiy (Cy, L) to Wi(Cy, Li,). Let £ € Wiy(Cy, L,). Since G,,(x) (T%f(x)> is
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continuous for each n, > ¢ ... G, () (T%f (a:)) is continuous. Again,

> Gu@) (Tof@) | < 301Gl et oy I T2 £
nez* H nez*
< Z ”G"”LO"(R‘I,B(H))”fHWH(LO",L}U) < 0.
nGZd

So by Weierstrass M-test Znezd G, (x) (T%f (33)) converges uniformly and hence
Sef(x) = B4 > ezt Gn(@) (T%f(x)> is continuous. O

Remark 3.4.3. (i) By Proposition for all f € Wy (L, LY)

Sg(f) = kan—%oo Z Z <f7 MﬁnTakg>MﬁnTakga (334)
’ [Elloo <K lInlloo <N

with convergence in the o(Wyy (L, LY), Wy (L” , L{ /v))—topology and for p,q < co in
the norm of Wy (L”, Lj). Since Sg ! € A, using Proposition 3:3.3(c) and applying
Sg_1 to both sides of (3.34) and we obtain

f = lim Z Z <faM5nTakg>M,8nTakg

K,N—oo
Ikl oo SK |Inf|oo <N

= K,%n—l)oo Z Z <f7 MBnTakg>MBnTockg’
[klloo <K [Inlloc <N

Similarly using Proposition B.2.12 we get the convergence in the norm of Wy (L¥, LY).
(i5) If G(g,a, B) is a frame for L*(R?,H) with dual window g = S '(g) €

L2(Rd,H), then the inverse frame operator is given by

Sg_éf = Sggf = Z Z (£, TorMp,8) T, Mp, 8.
kez® nez?

(i7i) If H = C then Theorem [B41] coincides with Theorem 3.2 of [102] and
Theorem 2 of [137]. Again if H = C" the invertibility of Gabor super frames on

vector valued amalgam spaces is obtained. If we take H; = Hy--- = H, = C and

TH-1693_126123015



70 Hilbert Space Valued Gabor Frames in Weighted Amalgam Spaces

fx)=fe) B f(x)P-- P f(z) (r-times tensor product of f(z) with itself), where
f e W(LF,LL) as in Remark B.213] (iv) we obtain the invertibility of multi-window
Gabor frames on amalgam spaces (see Theorem 6 of [11]).

(iv) Since the frame operator Sy € A,, and S, is invertible, the last line of the
proof of Theorem [3.3.7, Sg ! (as an operator on L2(Rd,H)) can be expressed as

Sg_lf(ac) = > Gu(z)(f(z — x)), where the family of points {z;} may not lie in
kez’
the lattice A = []_; o, 2% x BZ°.

&
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Chapter 4

Hilbert-Schmidt Frames

In this chapter, we study the HS-frame for separable Hilbert spaces. We present
some characterizations of HS-frames and show that HS-frames share many important
properties with frames. Then we show that the inverse of the HS-frame operator
can be approximated using finite-dimensional methods. Also we present a classical
perturbation result and prove that HS-frames are stable under small perturbations.
Finally as an application we establish Parseval type identities and inequalities for

HS-frames.

4.1 Preliminaries

We denote {K; : j € J} C K as a sequence of Hilbert spaces and L(H,K;) as the
collection of all bounded linear operators from H to K;. Note that for any sequence
{K; : j € J}, we can always find a larger space K containing all the Hilbert space
K; by setting K = 62] K;. The notion of a frame was extended to a g-frame by Sun
J

[127]. We start with the definition of a g-frame.

Definition 4.1.1. [127] A family {A; € L(H,K;) : j € J} is called a generalized
frame, or simply a g-frame, for H with respect to {K; : j € J} if there are two
constants A, B > 0 such that for all f € H

ANFIZ < DA O < BIFI (4.1)

jeJ

71
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Suppose {X; : j € J} is a collection of normed spaces. Then [[{X;:j € J}isa

vector space if the linear operations are defined coordinatewise. We define

D ={ec[[2: = (Xlal?)” <.

jeJ jeJ

with the inner product given by (z,y) = > (x;,y;). It is known that @ X} is a
Hilbert space if and only if it is so for eachjié]j.

Let £(H) be the C*-algebra of all bounded linear operators on a complex sep-
arable Hilbert space H. For a compact operator 7" € L(H), the eigenvalues of the
positive operator |T'| = (T*T )1/ % are called the singular values of T and are de-
noted by s;(7). We arrange the singular values s;(7") in a decreasing order and
these are repeated according to multiplicity, that is, s;(7) > so(T") > ... > 0. For
1 < p < oo, the von Neumann—Schatten p-class C), is defined to be the set of all

compact operators 1" for which

T, = T|T|“=(Zs ) o, (12)

where 7 is the usual trace functional defined as 7(7') = > (T'(e),e), and E is any
orthonormal basis of H. For p = oo, let C', denote the Claesibz)f all compact operators
with [|T']|sc = s1(T") < oo. For more information about a von Neumann—Schatten
p-class we refer to [121I]. We recall that C5 is a Banach space with respect to |||,
and also it is a Hilbert space with the inner product defined by [T ; S]T = 7(S™T).
Moreover, (., is called the class of Hilbert—Schmidt operators on H. An operator
T € L(H) belongs to the Hilbert—Schmidt class if and only if | T3¢ := 3 HTejH2
oo, where {e, };c; is any orthonormal basis for H. Notice that ||T']zg jZEJHTHQ.
Definition 4.1.2. [123] A family {G; : j € J} of bounded linear operators from H
to Cy C L(K) is said to be a Hilbert—Schmidt frame, or simply a HS-frame for H
with respect to K, if there exist constants A, B > 0 such that for oll f € H

AIFIP <D NG;(Nlls < BIFI (4.3)

jeJ

TH-1693_126123015



4.2.  Characterization of HS-Frames 73

If A= B =1, then {G; : j € J} is called the Parseval HS-frame for H
with respect to K. If the right-hand side of ([43]) holds, it is said to be a HS-
Bessel sequence with bound B. 1If {f € H : G;(f) = 0,Vj € J} = {0}, then
{G; : j € J} is called HS-complete. If {G; : j € J} is HS-complete and there are pos-
itive constants A and B such that for any finite subset J; C J and A; € Cy,j € Jy,

2
<BY | Als, (4.4)

JeJy

A A s <

JeSy

>G5 (A)
J€S

where Q; is the adjoint operator of Qj. Then {Qj :j € J}is called a HS-Riesz basis
for H with respect to K.

Let yo € K be an unit vector, the operator U : K — Cy C L(K), defined by
Ur = x O g, is a linear isometry since [[Uz|gs = ||z @ yollgs = ||z||, where ® is
defined in Definition So we can consider K as subspace of Cy, and hence it is
a subspace of L(K).

Lemma 4.1.3. [123] Let {A; : j € J} be a g-frame for H with respect to {K; : j €

J}. Then {A; : j € J} is a HS-frame for H with respect to K = @ K.
Jjed

In [127], Sun has shown that bounded quasi-projectors [69], frames of subspaces
[30], pseudo-frames [107], oblique frames [36], outer frames [2], and time-frequency
localization operators [46] are special classes of g-frames. Hence, Lemma [.1.3] im-

plies that each of these classes is also a class of HS-frames.

Remark 4.1.4. Each G; € L(H, Cy) is an operator-valued function. So HS-frames
{G; : j € J}, are operator-valued frames. In particular, if we consider K; C K C
Cy C L(K), then g-frames for H with respect to {K; : j € J} can be considered as
HS-frames for H with respect to K. Thus HS-frames share many useful properties

with g-frames.

4.2 Characterization of HS-Frames

In order to define the synthesis operator for a HS-frame, we need to show that the
series appearing in the definition of a synthesis operator converges unconditionally.

We start with the following lemma.
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Lemma 4.2.1. Let {G; : j € J} be a HS-Bessel sequence for H with bound B. Then
for each sequence {A;};c; € @ Cs, the series Y- G;"(A;) converges unconditionally.
jeJ

Proof. Let J; C J with |J;| < oo, then

G(A)| = sup < g-*(A-),h>‘

J;l 7 heH, [|h]|=1 Jg]:l 7
, \2 , \2
< HA-HHS) Jup ( Hg-<h>uHs)

<J%;1 ! heH, [|h]|=1 g;l 4
, \ 2
< @(ZHJ‘EHHS) :
JEJ

It follows that > gj*(Aj) is weakly unconditionally Cauchy and hence uncondi-
JjeJ

tionally convergent in H. O

Definition 4.2.2. Let {G; : j € J} be a HS-frame for H. Then the synthesis

operator for {G; : j € J} is the operator T : @ Cy — H defined by T({A,}jcs) =

> G5 (A)).

JjeJ
The adjoint T of the synthesis operator is called the analysis operator. The

following lemma provides a formula for the analysis operator.

Lemma 4.2.3. Let {G, : j € J} be a HS-frame for H. Then the analysis operator
T :H — @ Cy, giwen by T*(f) = {G;(f)};es is well defined.

Proof. Let f € H and {A;},c; € @ Cy. Then

(T AA ) jer) = <f,T{Aj}j€J>=<f,2gj*<Aj>>

jer
= > G Al = {G;(H}jes LA er).
jes

Hence T"(f) = {G;(f)},e. is well defined. O

In the following proposition, we characterize the HS-Bessel sequence in terms of

the synthesis operator.
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Proposition 4.2.4. A sequence {G, : j € J} C L(H,Cy) is a HS-Bessel sequence
for H with bound B if and only if the synthesis operator T is a well defined bounded
operator with ||T|| < v/B.

Proof. Let {G; : j € J} be a HS-Bessel sequence for H with bound B. Then by
Lemma 2] T is a well defined bounded operator with ||T'|| < v/B.

Conversely, let T be a well defined and ||T|| < v/B. Let J; C J with |J;| < oo,
then

YoNGiNIEs = (GG ) = (TUG(NYjen)s f)

jEJ, Jjei

IA

ITNHG; (DY jen llFl; VF e H.

Therefore

1/2
> lIg;(f Ile<HTH<ZHQ HHs> A1 < ITIPIA < BIAI.

Jj€J1 Jj€J1

It follows that {G, : j € J} is a HS-Bessel sequence for H with bound B. O

Definition 4.2.5. Let {G; : j € J} be a HS-frame for H. Then the HS-frame
operator for {G; : j € J} is the operator S : H — H defined by

Sf=TT"f =Y G;G;(f), feH.

jed

If {G;: j € J} is a HS-frame with bounds A and B, then we have

(Sf, f) = <Zgg > > 1G;(h = 1IG;(£)lrs, Vf € H.

JjeJ jeJ jeJ

Hence

A(f,f) < (ST, f) < B{f, f), ie., AT < S < BIL

Therefore S is a bounded, invertible and positive self-adjoint operator. Also, the
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following reconstruction formula holds for all f € H

F=85""r=8"sf=3"G:G;s'f=> 576G (4.5)

jeJ jeJ

Moreover, {ng_l . j € J} is a HS-frame with bounds B~ and A™'. We call
{éj = ng_l : j € J} the canonical dual HS-frame of {G; : j € J}. A HS-frame
{I; : j € J} is called an alternate dual HS-frame of {G; : j € J} if for all f € H
the following identity holds:

F=Y_GiI;f =) I°G;f (4.6)

jeJ Jj€J

Let {G; : j € J} be a HS-frame. For every K C .J, define the bounded linear
operators S, S : H — H by

SKf: Zg;gj(f)v Sch: Z g;gj(f)'

JEK jeK®

Clearly, Sk and Sy are self-adjoint.
The following result provides a connection between a HS-frame and a HS oper-

ator.

Proposition 4.2.6. Let S € L(H) be a HS-frame operator. Then, S is a Hilbert-

Schmidt operator if and only if H is finite-dimensional.

Proof. Let {e, },es be an orthonormal basis for H. By Lemma [L.2.1] we get

2
I1SIHs =D I1Seal> =" D.6,°Gi(en)|| < BY D N1G;(en)lls
neJ neJ ' jeJ nedJ jeJ
< BY Ble,l”.
neJ

If dim H = card J < oo, we have ||S||3g < B card J < oc.
Conversely, let S be a Hilbert—Schmidt operator. Since Hilbert—Schmidt opera-

tors are compact, S is compact. Also, S is invertible on H. Thus SS o implies
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that the identity I must be a compact operator. Hence dim H < oo. ]

Lemma 4.2.7. [35] Suppose that U : K — H is a bounded surjective operator.
Then there exists a bounded operator (called the pseudo-inverse of U) U H— K
for which

UU'f=f, VfeH

If U is a bounded invertible operator, then Ut =yl

In the following proposition we establish a relationship between a HS-frame and

the associated synthesis operator.

Proposition 4.2.8. A sequence {G; : j € J} C L(H, Cy) is a HS-frame for H if and

only if the synthesis operator T is a well defined, bounded and surjective operator.

Proof. If {G; : j € J} is a HS-frame for H, then S = TT" is invertible. So T is
surjective. Conversely, let T" be well defined, bounded and surjective operator. Then
by Proposition £2.4], the sequence {G; : j € J} is a HS-Bessel sequence for H. Since
T is surjective, by Lemma [£.2.7] there exists an operator TN H = P C5 such that
TT' = I. Hence (T')*T* = I. Then for all f € H,

LA < W@ PN £ = NT 120717 = 0T D 1G5 (s

Jj€J

It follows that {G; : j € J} is a HS-frame for H with lower HS-frame bound [heatdins
and upper HS-frame bound ||T'||°. O

Now we establish the relation between a HS-frame and a HS-Riesz basis. We

first establish the following lemma.

Lemma 4.2.9. A sequence {G; : j € J} C L(H,Cy) is a HS-Riesz basis for H with
bounds A and B if and only if the synthesis operator T is a linear homeomorphism

such that

AZ 14, 117s < IT{A e < BZ 14,1175, ¥ {A;}jer € @02- (4.7)

jeJ jeJ
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Proof. 1f {G, : j € J} is a HS-Riesz basis for H with bounds A and B, then from
the definition of HS-Riesz bases, the synthesis operator T is a bounded, injective
operator with the closed range T(@ Cy) and | T|| < v/B. So, from Proposition E2.4]
the sequence {G, : j € J} is a HS-Bessel sequence for H. Let f € [T'(P Cy)]™", then
{G,(f)}jes € @ Cy. Hence we get

0 — (TG (1)} jon). f <Zgg > 16,(7) = S0 () s

JjeJ jeJ jeJ

It implies that G;(f) = 0, for all j € J. Since {G; : j € J} is HS-complete, we
obtain f = 0, which proves T'( Cy) = H. Hence T is a linear homeomorphism.
Also, from Equation ([4)), for every {A;};c; € @ C5 we obtain

A IMllEs < ITHA eI < BY - [1A;ll7rs-

jed Jj€J

Conversely, if T is a linear homeomorphism satisfying (£.7]), then by Proposition
[4.2.8, we find that {G; : j € J} is a HS-frame for H with bounds |7t ~2 and ||T||. I
G;(f) =0 for f € Hand all j € J, then [|f]|* < [|T7(1* 3¢, 1G; ()| Frs = 0 implies
Jf =0.Thus {G; : j € J} is a HS-complete. Now by the definition of HS-Riesz bases
and the inequalities (4.7)), we conclude that {G; : j € J} is a HS-Riesz basis for H
with bounds A and B. This completes the proof. O

Theorem 4.2.10. Let {G; : j € J} C L(H, Cy). Then the following are equivalent:
(i) The sequence {G; : j € J} is a HS-Riesz basis for H with bounds A and B.
(ii) The sequence {G; : j € J} is a HS-frame for H with bounds A and B, and

{G; :j € J} is an @ Cy-linearly independent family, i.e., if ZJGJQ (A;)=0
for {A;}jes € @ Cy, then A; =0 for all j € J.

Proof. (i) = (i) From Lemma [.2.9] the operator T is a linear homeomorphism
with ||T]LH2 = HT_1H2 < % and HT||2 < B. Thus the operator T is surjective with
ITT|™ > A and

kerTz{{A}]eJeeBcQ (A} es) = Zg;-%Aj):o}:{O}. (48)

jeJ
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It follows that {G; : j € J} is an € Cy-linearly independent family. Hence by
Proposition .28 the statement (i) implies (i7).

(1i) = (i) From Proposition .2.8] and (4.8]), the operator T' is a linear home-
omorphism with ||T||> < B, so is the adjoint T*. Since {G; : j € J} is a HS-
frame for H with bounds A and B, ||T*(f)|* = > jeJ ng(f)H%IS > A|fl?. So,
1T = 1(T") > < A™'. Hence for all {A;}jes € @ Cs, we have

A

ITEA eI S ITIP A jesll e, < B Y. Al

jeJ
TP IT (A )P
< ZITAA eI

HA Y e l@ o = 1T THA e lg o

IA

N

From Lemma [4.2.9] the statement (47) implies (). This completes the proof. O

4.3 Approximation of the Inverse HS-Frame Operator

In this section, H denotes a finite dimensional Hilbert space and let {.J,},—; be a
family of finite subsets of J such that J; C J, C ... C J, 2 J. Given a family
{G; : j € J} C L(H,Cy), we define the space H,, = span{G;"(Cs) : j € J,,}. Then it
is easy to see that {G; : j € J,} is a HS-frame for H,,. The HS-frame operator for
{G;:jed,}is
S, H, = H,, S.f= G/Gf
J€dn

We show that the inverse HS-frame operator S ~! can be approximated by operators
S, ! using finite dimensional methods. Here S, is an operator on the finite dimen-
sional space H,,. In the following theorem, we generalize Theorem 3.1 in [31] from

the setting of Hilbert space frames to HS-frames.

Theorem 4.3.1. Let {G; : j € J} be a HS-frame for H with bounds A and B. Then
for every f,g e H

(9,8,'G;°G;f) — (9.57'G,"G,f) as n— oo, (4.9)
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if and only if for every j € J and every f € H there exists a constant c; such that

15, GG, fIl < ¢, Vn such that j € J,,. (4.10)

Proof. Assume that ([4.9) is satisfied. Fix f € Hand j € J. For every n with j € J,,,
define
F,:H—C, F(g)=(9.5,G,G,/).

Then each F,, is continuous, and by (4.9) the family {F},} converges pointwise. By
Banach Steinhaus theorem there is a constant ¢; such that [|F, | = ||S;1gj*gjf\| <

c; for all n.

Conversely, suppose ([4.10) is satisfied. Let f € H. Fix a j € J, and take an N
such that j € J, for all n > N. Define ¢, = S;lgj*gjf — S_lgj*gjf, n > N. Then

S®, = SS,'G,°G;f —G,"G,f
= 8,86 °G;if+ > G°6;5,'G;°G;f — 6;°G,f

JEINI,

= > 0,°6;5.'6,°6;f,

JEINI,

thus @, = > S‘lgj*gjsglgj*gjf. Therefore, for g € H, we obtain

JEINT,
2 1 1 2
g, )" = |<9= Y 57'G°G;S, gj*gjf>
JENT,
3 ] '
= | > (6,5 '9,6;5.'G,°6;)
JENI,
< > G;S glhs > 19551676 f s
JEINI, JEINI,
< BIS G G 1P D 16,8  gllus
JEINT,
< Bc? Z HQJ-S_lgH%IS—)O as n — oo.
JENI,
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Thus [(g,®,)| — 0 as n — oo, i.e., (g, S;lgj*gjﬁ — (g, S_lgj*gjf> as n — 00.
Hence we have the desired result. O

The orthogonal projection P, : H — H,, is given by P,f = ZjEJn S;lgj*gjf
for all f € H. Since {P, },—; is increasing and (U,—,H,,) = H, we have P, f — f =
ZjeJ S_lgj*gjf, as n — o0o. Following Christensen [33], we say that the projection
method works if ([A9]) is satisfied for every f, g € H and the strong projection method

works if

> UF S0 G ST G AP =0 as n— oo,

J€In
is satisfied for every f € H. Note that the projection method works if the strong

projection method works. Since for any f € H, we have

> UF 865G f =876 G )

jeJn

= > UPf,S71GGf) — (£,.S7'G7°G; )
JjE€Jn

= S UGS B~ ST .G )P
Jj€Jn

< SNGH(S Bt = ST s - Y G Fls
i€l J€n

< B2|S,'P.f = STV IR

it follows that the strong projection method works if any one of the conditions
appearing in Theorem [4.3.2] is satisfied. The result stated in the following can be
found in ([33], Theorem 4.5) for Hilbert space frames. We generalize that result to

HS-frames as follows.

Theorem 4.3.2. Let {G; : j € J} be a HS-frame for H with the upper bound B.

Then the following are equivalent:
(@) 1S, P f — S f| =0 asn— oo, Vf € H.
(i) ||(S —S,)S, P fll =0 asn—s oo, Vf € H.

(iii) > 1G;Sn ' Pufllis =0 asn— oo, Vf € H.
JjeNJ,
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Proof. (i) < (ii) Let f € H. Then we have

SAPf—ST'f = STHPf-H+S5(S =5, P.f
(S =808, Pf = S(S,'Pf—S7'f)—(Puf—f)
= NS P = ST < ST P = £+ ISTH IS = Sa) Sy P
1S = S)Sn Pafll < S| - 187" Puf = ST Fll + |1 Paf = £1I-

Since ||P,f — f|| — 0 as n — oo, we obtain that (i) and (ii) are equivalent.

(1) = (ii7) For every f € H, we have

( 3 ug]-sglpnfuifs)z

JjeINI,

< ( 3 ||gj<s;1Pnf—s—1f>u%{s) +< 3 ||gjs—1f||%s)
GEINJ, JeINT,

< \/EHS;anf—S_lfHJr( 3 ngs—lfu%,s) .

JEINI,

Since Y- ic n g, ngS_IfH?qS — 0 as n — o0, the result follows.

(13i) = (4i) For every f € H, we obtain

(5= $)8 PufIP = sup (S =S.)5"Puf g}
g =
2

= sup < Z gj*gjsglpnfa9>
llgll=1 jeN\I,

< sup 0 GS, Buflls - Y 199llis
lal=1 jens, JENT,

< B Y 68, Pufls

ASUAUA
Since Y, ngS,:anfH%{S — 0 as n — oo, we have the desired result. O
JEINI,

Now we derive a general method to approximate the inverse HS-frame operator.

We first establish the following result, which generalizes Lemmas 3.1 and 3.2 in [28]
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to HS-frames in a more general form.

Proposition 4.3.3. Let {G, : j € J} be a HS-frame for H with bounds A and B.
Let X > 1 be a scalar. Then for any n € N there exists a number m(n) such that the

following holds:

. 2 2
@ fIIF< 5 1G;(Dlis for all f € H,.
jEJner(n)
(i1) {ngn}jeJner(n) is a HS-frame for H,, with bounds é and B. Moreover, the
HS-frame operator for {G;P,} c; o U5 P, Snimm) : Hy — H,,, with

n+mi((n

”PnSn—i-m(n)H < B, and ”(PnSn-i-m(n))_1H -

| >

Proof. (i) Let n € Nand A > p > 1. Choose £ > 0 such that \/A/u—+/Be > \/A/\.
Since {f € H,, : ||f|| = 1} is compact, there exist a finite set of elements g;, € H,,
with [|gi|| = 1, for all k such that the balls B(gy,e) = {f € H,, : |f — gi]| < ¢}
cover the set {f € H, : || f|| = 1}. Since {G, : j € J} is a HS-frame for H, we have
A<y ey ||gj(gk)||%{s for all k. Hence we can choose m(n) such that

< Z ng(gk)”%{Sa Vk.

jEJn+m(n)

=

Now let f € H,, with ||f|| = 1. Choose k such that f € B(g,e). Therefore

1

(X 100iks) = (X Igelhs) (X ng(f_gk)'@s);

jeJn+m(n) jeJn+m(n) ]e‘]n+m(n)

VA= VBIf = gill = A/ — VBe > /A

Y

(71) Since P, f = f for all f € H,,, from (i) we get

A
XHfHQS Y>ooGNlas = D N9 Pu(Hlls
je‘]n+m(n) je‘]n+m(n)
< Y NG Pu(Nlis < BIfIP, Vf € H,.

jeJ
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Hence {G,; P, },c

n+m(n)

is a HS-frame for H,, with bounds A/\ and B. Moreover,

je‘]n+m(n) jEJner(n)

Therefore P,S, 4 m(n) is the HS-frame operator for {G; P, };c oy’ Now the norm

estimates follow from the fact that

B = sup Z ngpn(f)H%{S = sup <Pn5n+m(n)f7 f> — ||Pnsn+m(n)||y
11=14 1 Fl=1

and H(PnSner(n))_lH = 4, which again follows from the properties of dual HS-
frames. O

Remark 4.3.4. If we consider A = 2 in Proposition [£.3.3] then we obtain similar

inequalities as in Lemmas 3.1 and 3.2 in [2§].

Now we are ready to prove that S™! can be approximated arbitrarily closely
in the strong operator topology using the operators (P,S,, +m(n))_1Pn. We use
Proposition [£.3.3] to prove the following theorem.

Theorem 4.3.5. Let {G; : j € J} be a HS-frame for H with bounds A and B. For
a fited A > 1, and for any n € N, choose m(n) such that for all f € H,

A
SUAP S NGl

jeJn+m(n)

Then (PnSn+m(n))_1Pnf — S f asn — oo, for all f € H.

Proof. Let f € H. Since (P, — I)S_lf — 0 as n — oo and
(PnSn—l—m(n))_anf - S_lf = (PnSn—l—m(n))_anf - PnS_lf + (Pn - I)S_1f7

it is enough to show that (PnSn+m(n))_1Pnf — P,S'f - 0 as n — oo. Using
Proposition £.3.3] we obtain

||(Pnsn+m(n))_lpnf - Pns_lfH
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< N (PaSnsmm) " 1Pt = PrSnim(my PuS ™ £
< S P~ 7
< 5 (1S 0imer (P = D871+ S ™7 = £1)
< %(B\|(Pn—1)5‘1f||+ 3 g-*ng‘lfD 0 as n— oo
FE€EINTntm(n)
Hence, we have the desired result. O

Now we are in a position to prove the generalization of Theorem 4 in [26] from

the setting of Hilbert space frames to HS-frames.

Theorem 4.3.6. Let {G; : j € J} be a HS-frame for H. Then the following are

equivalent:

(i) 2 Sp'G 5 (A) = X ST'G (A)) as n— oo, for all {A;}ics € @Oy

jed, jeJ

(i) S0 G;"(Aj) = 0 as n — oo, for all {A;};c; € P Cy with

J€JIn

> G Ay) =

JjeJ

Proof. Let T be the synthesis operator for {G; : j € J}. Since  C, is the orthogonal
sum of the range of 7" and the kernel of T, we can write any {A;},c; € @ Cy as
{A;}ier =1G9;(9)}jes +{F;}jes for some g € H and {F;};c; € Ker T. Then

NS A) = D 8G9+ Y 8GN (F) = Pug + 5,0 Y 6(F)

j€d, j€d, JEIL j€d,

Also, we have

D USTIGHA) =D 876G )+ > STIG(F) =g+ ST G (F

jedJ jeJ jeJ jeJ

from which (i) and (i7) are equivalent. O
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4.4 Stability of HS-Frames

In this section, we study the stability results for HS-frames. Before we prove the

main results of this section, we first need the following lemma.

Lemma 4.4.1. [27] Let X be a Banach space, U : X — X is a linear operator. If

there exist constants A, Ay € [0,1) such that
Uz —z| < Mlz]| + AUzl Vo € X.

Then U s a bounded invertible operator on X, and

14 1+>\1

1+ A I+ A
< ||U=z|| <
o) < s

Il H I< U™z <

Hx” Ve e X.
The following is a fundamental result in the study of the stability of frames.

Proposition 4.4.2. ([27], Theorem 2) Let {f;}i=1 be a frame for some Hilbert
space H with bounds A, B. Let {gi};’fl C H and assume that there exist constants

A1y Ag, it > 0 such that max(A; + \f ,A9) < 1 and

n

Z ¢i(fi — 9:)

i=1

1/2

<X\ + Ay +u[2|ci|2] (4.11)
=1

n
Zcifi
i=1

n
Z Ci9i
i=1

for all ¢y, ...,c,(n € N). Then {g;}i=1 is a frame for H with bounds

A+ A+ 42\ AL+ g+ 2
Al VA) g LT VE
1+ T— X

Similar to ordinary frames, HS-frames are stable under small perturbations. The

stability of HS-frames is discussed in the following theorem.

Theorem 4.4.3. Let {G; : j € J} be a HS-frame for H with respect to K. Let A, B be
the frame bounds. Suppose that I'; € L(H, Cy) and there exist constants Ay, Ay, jt > 0
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such that max(A; + ﬁ, A9) < 1 and one of the following two conditions is satisfied:

1/2
(Z I - Fﬂf\l%s)

JjeJ
1/2 1/2
< M(ZHQ HHS) w(Zur HHS) . (a12)
Jjed jeJ

for every f € H, or

Jje€Sy
1/2
Ml o] + 2] 3o 1 +u<ZH«4 \|Hs> (1)
JEN JEJ jE

for any finite subset J; C J and A; € Cy. Then {I : j € J} is a HS-frame for H

with bounds

AL+ Ag+ £\ AL+ A+ 22
VA VB
A Lot SENINNCIENY 5N 4.14
< 1+ > y 1— X (4.14)

Proof. First, we assume that ([4.12)) is satisfied. Notice that

> 1G;(lizs < BIFI*

jeJ

From (£I2]) we see that

(Z\|<gj—rj>f||%s)l/2 < (VB +a) I+ 2 ( Z ||Hs>1/2.

jedJ jeJ

Using the triangle inequality, we get

<Zu<gj—rj>f|r%s>l/2 <ZHF HHS)W (Zug HHS)UQ.

Jjed JjeJ jeJ
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Hence
1/2 1/2
C-x( Sinls) < (WB ) U1+ (D 1600s)
jed jeJ
L

< VB(1+4A +—> .
(1420 L= )i

Therefore,

A+ Xp + 2
S ||HS<B< %) 1417

jeJ

Similarly we can prove that

BN 2
D IT(Hlzs > A ( %) 112
jed 2

Next, we assume that (LI3]) is satisfied. Let 7" and S denote the synthesis operator
and frame operator associated with {G; : j € J}. Also, let V' denote the synthesis
operator associated with {I7; : j € J}. Since {G; : j € J} is a HS-frame for H with
bounds A and B, by Proposition &2.4] T is a bounded operator with ||T'|| < /B.
From the inequality (4I3]), using the triangle inequality, we get

1+)\1

> G(A

JjE€Jq

doITA| <

Jjedy

L (X 1) S

jeJq

So for any {A; : j € J} € P Cy, the series ZJ—EJFJ-*(.A]-) is convergent. Hence
{I; : j € J} is a HS-Bessel sequence for H. Using the definition of a synthesis

operator, we get

IVEAL el < FITAA )] + 2 A el
< “*i_)(”um bre
2

)\1—1—)\2+
= B I gl e < @
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It implies that {I : j € J} is a HS-Bessel sequence with bound B (H—
For any f € H, let {A;};c; = {gjs_lf}jeJ € @ C,. Using the inequality (£I3]) on
the sequence {gjs_lf}jeJ we obtain that

Z(gj* o Fj*) J

jeJ

A1+A2+H/Vr7)
A

< N

+ A

1/2
+M<Z Ilng_lfH?qs> .

jedJ

jed JjedJ

Since for any f € H, we have

Zgj*gjs—lf 5 faZFj*ng_lf _ VT*S—lf

jed JjeJ

and

1/2
(Z ugjs*fu%fs) <=7l

jEJ

from the above inequality we obtain

If — VTSl < (M . ﬁ) 11+ A [VIS~L], Y € .

So, by Lemma F.4.1], the operator VTS ~! is invertible, and

A \T=E 1
s e S VR sy b
1— X 1—(A\ + f)

Every f € H can be written as

f=vr s vrsT) =Y 17g s vrtsTh

jeJ

It implies that

Gof) = <ij*9j5_1(VT*S_1)_1f,f>

jeJ
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= > g8 VvT ST LI,

jeJ
< DG ST VTS Fllws - I fllus
JjeJ
1/2 1/2
< (Z||gj5‘1<VT*S‘1>‘1f\|zs> -(Zurjfnifs)
jeJ jeJ
1 1/2
< —||(vTrst L
< i -1 (;}u qus)
1 14 A (2
< ﬁ(w)wn (;urans) VfeH

Therefore, for every f € H

1= (A + =25)\2 AL+ Ag + =\ 2
e > A VAT 7o _ e VA 2
S fls 2 A( 2 ) P = A{1= =52 ) i)

jed

This completes the proof. O

Remark 4.4.4. In general, the inequality (£12) does not imply that {I; : j € J}
is a HS-frame regardless how small the parameters A;, Ag, pt are. A counterexample

for g-frames can be found in [128], and an example can be constructed similarly for
HS-frames.

Corollary 4.4.5. Let {G, : j € J} be a HS-Riesz basis for H with bounds A and B.
Assume that the condition ({.13) in Theorem[{.4.3 is satisfied, then {I; : j € J} is
also a HS-Riesz basis for H with bounds given by ({.14)).

Proof. From Theorem 210l and Theorem EZ.3] we obtain that {I7; : j € J} is a
HS-frame for H with bounds given by @I4). Let >5;; I3 (A;) = 0 for {A;};c; €
@ C,. Since {G; : j € J} is a HS-Riesz basis for H with bounds A and B, from

[E13), we get
, /2 1/2
M(ZHA]-HHS) <6 < (ZHA HHS) |
jeJ jeJ jed
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It implies that
1/2

<1 N %) <]§6; ”Aj”%fs> <0.

Since 1 — \; — ﬁ >0, > ey ||Aj‘|%{g = 0. Hence A; = 0 for all j € J. It follows
that {I; : j € J} is an @ Cy-linearly independent family. From Theorem E2Z.T0, we
find that {I : j € J} is a HS-Riesz basis for H with bounds given by (&.I4]), which

completes the proof. O

Corollary 4.4.6. Let {G,; : j € J} be a HS-frame for H with bounds A, B, and
let {I'; : j € J} be a sequence in L(H,Cy). Assume that there exists a constant
0< M < A such that 3 |(G; — I}) fllizs < MI|f||*, for all f € H, then {I};: j € J}
jed

is a HS-frame for H with bounds A[l — (M/A)l/2]2 and B[l + (M/B)1/2]2.

Proof. Let A\; = Ay = 0 and pu = /M. Since M < A, p/v/A = /M/A < 1. So, by
Theorem B43] {I; : j € J} is a HS-frame for H with bounds A[1 — (M/A)Y?)? and
B[l + (M/B)Y*?2. O

In [87], the author established the various perturbation results on g-frames in
Hilbert spaces. Motivated by these results, in the following, we discuss some inter-

esting perturbation results for HS-frames.

Theorem 4.4.7. Let {G; : j € J} be a HS-frame for H with bounds A,B and
{I;:5€J} CLH,Cy) be a HS-Bessel sequence with bound D. Assume that there
exist constants Aj, Ay, 1,V > 0 such that max{\; + ﬁ + % VD, A} < 1 and the
following condition is satisfied,

560760 - 50| < w660+ x| |
jed jeJ jeJ
, O\ V2 , O\ 2
+u<§jugjfuﬂs) +V(Z|rrjqus) (4,15)
jeJ JjeJ

for every f € H. Then {I7; : j € J} is a HS-frame for H.

Proof. Let Sf = Zjejgj*gjf and Gf = ZjeJFj*ij' Since {G; : j € J} is a HS-
frame and {I; : j € J} is a HS-Bessel sequence, S is invertible and G is a bounded
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operator on H. From the inequality ([@I5), for each f € H we have

1/2 1/2
1SF—Gfll < Alusmwucfu+u(§jugjfu?gs> +u<§jurjf|rifs>
jeJ JjeJ
1/2
< >\1H5f||+A2HGf||+M<Z||ij\|%fs> v VDI
jed
Therefore
If —GS™
1/2
< A1||f||+A2\|Gs—1f||+u<2||gjs—1f||%1s> /DS )
JjE€J
I 4 -1
< Alfl+ (D544 V)l + xles )
_ _P -1
= (M+ 5+ 5 VD)l + allGS

Since max{\; + ﬁ + 4 - VD, Ay} < 1, by Lemma 41, GS™! is invertible and
consequently G is invertible. It follows that {I’; : j € J} is a HS-frame for H. O

Corollary 4.4.8. Let {G; : j € J} be a HS-frame for H with bounds A, B and
{I; :j € J} C LMH,Cy) be a family of operators. Assume that there exist a
constant 0 < M < A such that

SO1G;°6,f - I Iy fl < MIfl, Vi € B,

jeJ

then {I'; : j € J} is a HS-frame for H.

Proof. For each f € H, we have

Y IS

jeJ

E

S0, G 0~ 1) +

jeJ

> GGt

jeJ

]g (a1 + B[]
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Thus > jeJ Fj*Fj f is convergent for each f € H. Therefore for all f € H
S Ll =y nan = (X rnss) < [ Snne -
= jeJ jeJ jed
< (M+B)f|*.

It follows that {I7; : j € J} is a HS-Bessel sequence for H. Also we have

1/2
56,61 - Fj*ij)H <M< XL (Z |rgj<f>u%ﬁ) fem
jed A jed

Let \y = Ay = v = 0 and u = M/A. Since M < A, u/v/A = M/A < 1. So, by
Theorem A4, {I; : j € J} is a HS-frame for H. O

Theorem 4.4.9. Let {G; : j € J} be a HS-frame for H with bounds A,B and
{Iy:j€J} CLH,Cy) be a HS-Bessel sequence for H. Assume that there ewist
constants Ay, Ao, it > 0 with max{\; + ﬁ, Ao} < 1 such that

D (G7A - T A))

jed
1/2
< a6 ]+ x ZQ*(AJ-)]w(ZHAjH%S) L (416)
=vi JjeJ JjeJ

where {A;};c; € @ Csy, then {1 : j € J} is a HS-frame for H.

Proof. Let T and S denote the synthesis operator and frame operator respectively
associated with {G; : j € J}. Also, let V' denote the synthesis operator associated
with {I; : j € J}. From the inequality (£I6]), we obtain

IT({A;}jes) = VHA;}jes)ll

1/2
< MITHA el + AV A el + M<Z H&H%s) ~

jeJ
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For any f € H, let {A;},c; = {ng_lf}jeJ € @ Cs, then

IT({G,;5 " fYies) = VUGS fien)ll
ITT*(S~" f) = VTS~ /)|
1SS~'f— VT ST | = |f - VTS~ |

MIFI+ A VTS| +
IFIF+ Aa fl \/lefll

- (Al . %) LA+ Al VTS LS.

IN

Since max{A; + ﬁ, Ao} < 1, by Lemma 4], the operator VT*S™! is invertible
and hence V' is surjective. Then by Proposition £.2.8] the sequence {I7 : j € J} is
a HS-frame for H. O

Remark 4.4.10. Since g-frames can be considered as a class of HS-frames, the
previous results on g-frames can be obtained as a special case of the results we

established for HS-frames.

4.5 Identities and Inequalities for HS-Frames

In this section, we establish Parseval type identities and new inequalities for HS-
frames. These results generalize and improve the remarkable results which have
been obtained by Balan et al. [9) 10] and Gavruta [74]. We generalize the previous
inequalities to a more general form which involve a parameter A € [0,1]. As a
particular case, for A\ = 1/2, the previous inequalities can be obtained. We first

state a simple result on operators, which can be found in [145].

Lemma 4.5.1. If P,Q € L(H) satisfying P+ Q = I, then P — PP = Q" — Q" Q.

Proof. We compute P— P*P=(I-P ) P=Q"(I-Q)=Q" - Q"Q. O
Now we state and prove a Parseval HS-frame identity.

Theorem 4.5.2. Let {G; : j € J} be a Parseval HS-frame for H with respect to K.
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Then for all K C J and all f € H, we have

> NIG (s —

jeK

Z 1G;(F)Ezs —

JjeK

Proof. Since {G; : j € J} is a Parseval HS-frame, the corresponding frame operator
S = I, and hence Sk + Sy = I. Note that Sy is a self-adjoint operator, and
therefore Syc = Sye. Applying Lemma 51l to the operators Sk and Spe, we
obtain that for all f € H

(Sicf. ) = (SkSicf, f) = (Sicefo ) = (SyeeSee o £
ie. Sk fif) = ISk fI? = (Skef, f> — [ISke£1

i.e. Z ||g HHS Z ||g HHS ‘
JEK

JjeEK JjeEK

Hence we have the desired result. O

The next inequality for a Parseval HS-frame, appearing in Corollary .53 is a

simple consequence of Theorem

Corollary 4.5.3. Let {G, : j € J} be a Parseval HS-frame for H with respect to K.
Then for all K C J and oll f € H, we have

2
3
> 2111

> NG ()llzrs +

JEK

> Gigf

JEK®

Proof. Since {G; : j € J} is a Parseval HS-frame, Sy + Sge = I. A simple compu-

tation shows that

2
Si+s§<c:5§<+(1—sK)2:25§—2SK+1:2<5K_%1> +%1,

and so SK+SK > 11. Since S + Syee = I, it follows that SK+SK + Spee + 5% >
%I . Notice that operators Sy and Sy are self-adjoint and therefore Sy = Sk,
Sye = Ske. Applying Lemma [L5.1] to the operators P = Sk and Q = Sye, we
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obtain Sy — Sk = Sy — Sae = Sy + Spe = Sye + Si. Thus

3

Therefore for all f € H we have

S lG,( HH5+\

JEK

= (Skh ) +(Sues e f) = ((Sxc + 85) . 1) 2 112

JEK®

This completes the proof. O

Now we generalize Theorems[[.7.T]and [[.7.5lto dual HS-frames. We first establish

the following result.

Proposition 4.5.4. Let P,Q € L(H) be two self-adjoint operators such that P4+Q =
I. Then for any A € [0,1] and all f € H we have

IPFIP +2XMQF, ) = QI +2(1 = N{(PF, f) + A= DIIFI* > 1 — (A= DI F]*
Proof. We have

IPFI? +20MQF, f) = (P2 f, f) + 2X{(I = P)f, f) = (P* = 2AP + 2\]){, f),

and
IQfI1* +2(1 = M(PF, f) + (A — D]
= (I =PPL. 1) +20 = N(PFf) + 23 = D{f, )
= ((P —2)\P+2)\I)f )
= ((P—- /\I) /\I+2/\I)f,f>
= (P=AD"+(1—=A=D)Df )= 1= A=1))|f]*
This proves the desired result. O
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Theorem 4.5.5. Let {G; : j € J} be a HS-frame for H with respect to K and
{Q} : j € J} be the canonical dual HS-frame of {G; : j € J}. Then for any A € [0,1],
for all K C J and all f € H, we have

SNGSkfllas+ D NG:(HlEs = D 1G;Skeflts + Y 1G:(HlFs

Jjed jEK® jeJ JEK

(2 — 2 Z 1G; (F)I[7rs + (1 — A Z 1G;(F)|7rs-

JeK JEK®

Y

Proof. Let S be the frame operator for {G; : j € J}. Since Sy + Sge = S, it follows
that
STV8p s 4 87 VAG 5T P = 1

Considering

p— 5_1/251(5_1/27 Q= S_1/2SKcS_1/2,

and S*? f instead of f in Proposition EL5.4, we obtain

1SSk £II? + 208~V 2 S £, 512 1)

ISTH2S e fIIP +2(1 — M(S™2Skc £, 82 f) + (23 — 1|18 £
(1= =)[8" 1)
(ST Sk f, Sk f) +2X(Skef, f)
(S Sk fi Sk f) +2(1 = M(Skcf, £) + (A — 1)(SF, f)

> (20 = X)(SS, f)
<
<
(
(s

Vv

i.e.

ST Sk f, Sk f)
ST Skef, Sicef) + 2S£y £) = 2M(Sc + Ske) f, £) + (22 — 1)(SF, f)
2X = N)(Sf. f) = 2M(Se ], f)

15Kf Sicf) = (S7"Sxef, Sief) +2(Scf. f) = (Sf. f)

l.e.

v

i.e.

> 2MSkf, f) — N(SF. f)
ie. (STUSkf. Sk f) + (Syef, f) = (ST Spee f. See f) + (Skc f, f)
> (20 = NSk fo )+ (1= N)(Sge f, ). (4.17)
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We have

(S7'Sich Sich) = (ST Sicf, ST Sk f) = (D650, Skt 57 S ek )

jed
jeJ T
= (G5 f.G;8xkf| =D NG Sk tlns: (4.18)
jeJ TR
Similarly
(S™'Skef, Sief) = 311G S ke fllrs, (4.19)

JjeJ

(Sgetfs £) =D 1G;(Hlirs and  (Sgfs f) =D 1G;(H)l7rs- (4.20)

JEK® JEK

Using equations (4.18])-(4.20) in the inequality (4£.17]), we obtain

SONGiSkflEs + D NGi(OliEs = D NG;Skefllzs + DG (s

jeJ jEK® jeJ JjEK

(@A = X) D NG (Hlls + (1= X3°) D 11G;(f)llzrs-

JEK JEK®

Vv

This completes the proof. O

Proposition 4.5.6. If P,Q € L(H) satisfy P+ Q = I, then for any A € [0,1] we

have
PPAANQ +Q) = Q°Q+(1— NP +P)+ @A~ 1)I > (1 - (A-1)’)L.
Proof. We have

PP+ ANQ +Q)=P'P+AI—P'+1—P)=P'P—-\P"+P)+2A,
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and
QQ+(1-N(P" +P)+ (2 -1I
= (=PI =P)+ (1 =NP +P)+ @2 —1I
= P'P—\P" "+ P)+2)
= (P=M)'P-A)+(1-OA=DHI>01—-OA-1)>1.
Hence the result follows. O

Theorem 4.5.7. Let {G; : j € J} be a HS-frame for H with respect to K and
{Ij:j € J} be an alternate dual HS-frame of {G; : j € J}. Then for any X € [0,1],
for all K C J and all f € H, we have

.&{E:UMﬂ£MﬁL}+ > _GiI(f)
jEK® jekK
= Re{ > [Fj(f),gj(f)]T} S anm
JjEK JEK®
> (2\— )\2)Re{ > [rj(f),gj(f)}f} +(1- )\2)Re{ > [Fj(f),gj(f)],}.
jeK JEK®

Proof. For K C J and f € H, define the operator F, by Fi.f = > Q;ij. Then the
JjEK
series converges unconditionally and Fy € L(H). By (£.0), we have Fy + Fye = 1.

By Proposition 5.6, we get

1= A=D1 < (FicFrcfo f) + M(Fpee + Free) . f)

= (FgeFef, £)+ 0= N((F + F)f, £) + @A = D £]°

ie. (A= A)Re((If, f)) < |Ficf1* + A(Fe f, F) + (Fiee £, )
= |Fge fIP+ (= NFcf, ) + (Fe £, £) + @A = DI £

ie. 2\ = N)Re(((Fx + Fxe)f, ) < |Fx fII” + 2ARe((Fi< £, f))
= ||Fge £+ 201 = MRe((F £, £)) + (22 = D)|| £

ie. (2= A)Re((Fx f.f)) = N'Re((Fyef, f)) < |[Fx f1?
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= ||Fxef? +2Re((Fx f, f)) — Re({Lf, f))

ie.  (2A=M)Re((Fxf.f)) = N’Re((Fye f, f)) < | Fi fII*
= |[Fief* + 2Re((Fy £, f)) — Re(((F + Fye) £, f))
ie. (A= M)Re((Fxf, [))+ (1 = X*)Re((Fxef, )
< | FxfI? + Re({Fie £, £)) = | Fiee fI* + Re((Fic £, f)).

We have
Frf, )= QG it 0 =) [1£.9f].
jEK jeK
(Exefo fy= > (135,611,
JEK®
So finally
2
Re{ > [Fj(f),gj(f)]T} S anm
jEK® JjEK
2
- Re{ S (1 f),gjm]f} ; ‘ S G
jEK jeK®
> @ =R X 500,60, | + 0 - ¥)red 3 [r50.6,001],
JEK JEK®
This completes the proof. O

Remark 4.5.8. If we consider A = 1/2 in Theorem 5.5 and Theorem [£5.7], then we
obtain the similar inequalities as in Theorem [[L7.4] and Theorem [.7.5] respectively,
with scalar 3/4.

Next we give a simplified presentation of Theorem for HS-frames, which
generalizes Theorem [L.5.7] to a more general form that does not involve the real

parts of the complex numbers. We first establish the following result.

Lemma 4.5.9. If P,Q € L(H) such that P+ Q = I, then P+ Q*Q = Q" + P*P.
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4.5. Identities and Inequalities for HS-Frames 101

Proof. By simple computation, we obtain
P+QQ=P+(I-P)I-P)=(I~-P)+PP=Q +PP,

which is as required. O

Theorem 4.5.10. Let {G; : j € J} be a HS-frame for H with respect to K and
{I :j € J} be an alternate dual HS-frame of {G; : j € J}, then for every K C J
and every f € H, we have

2

(T [n060.) + | S onm
jEK® JjEK
2
- (Zmngwl)+| T gnw
jeK jEK®

Proof. For K C J and f € H, we define the operator F; as in Theorem [£.5.7]
Therefore, we have Fi + Fye = I. By Lemma [£.5.9] we have

2
< > [Fj(f>,gj<f>]T> +11 D67 Ty(f)
jEK® jEK
= (Fxf, f)+ (FreFgef, f)
= (B f, /) + | FgeefIP
2
= <Z [Fj(f>,gj<f>]T> +11 D G
JEK jEKC
Hence the relation stated in the theorem holds. O

Theorem 4.5.11. Let {G; : j € J} be a HS-frame for H with respect to K and
{Ij:j € J} be an alternate dual HS-frame of {G; : j € J}. Then for every bounded
sequence {w; : j € J} and every f € H, we have

2

<Z w; [15().65(£)] ) "

jeJ

> (1= w)GT;(f)

jeJ

TH-1693_126123015



102 Hilbert-Schmidt Frames

2
> wiGiIi(f)

jeJ

_ (Zu —wj>[rj<f>,gj<f>]7> n

jed
Proof. We define the operators Ff = > w;G;I;f and Gf = > (1 —w;)G; I;f.
jeJ jeJ
Note that both series converge unconditionally. Also we have F,G € L(H) and
F+ G =1. By Lemma[£5.9] we have

2

> (1= w)GiT;(f)

jeJ

<Z w; [1(£),65(/) ) "

JjeJ
= (Ff.f)+ (GG f)
= (G"f. 1)+ (F'FL.f)
= (GLA+IFSIP

- (Sa-wlrh.60),) +

jeJ

2
> wiGiIy(f)

JjeJ

Hence the relation holds. ]

Observe that if we consider K C J and

0 ifjekK
w, =
1 ifj e K¢,

then Theorem [.5.10] follows from Theorem [.5.111
Y3&

TH-1693_126123015



Chapter 5

On a Feichtinger Problem

In this chapter, we solve a spectral problem about positive semi-definite trace-
class pseudodifferential operators on modulation spaces which was posed by Hans
Feichtinger. Later, C. Heil and D. Larson rephrased the problem in the broader
setting of positive semi-definite trace-class operator on a separable Hilbert space.
This solution consists of constructing a counterexample that solves Feichtinger’s

problem by first solving this second problem.

5.1 Preliminaries

Let H be an infinite-dimensional separable Hilbert space with norm || - || and inner
product (-,-). Let T € B(H) be a compact operator and s, (1) = )\n(T*T)l/2 be the
singular values of T. If T is self-adjoint then s,,(T) = |\, (T)| and if T is positive
then s,(7") = A,(T). The operator T is trace-class if [Tz, = ioj sp(T) < oo.

The space Z; of trace-class operators is a Banach space under the norm | -z, For
detailed study on trace-class operators see [49] [124].

Choose an orthonormal basis {w,, },>; for H. We define a subspace H' of H by

H = {f e H:[Ifll = Y I{f,wa)l < oo} (5.1)
n=1
It follows that ||w,|| = |w,| = 1 for every n and that if f € H' then f =
103
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104 On a Feichtinger Problem

[ee)
> (f, w,)w, with convergence of this series in both norms || - || and |||
n=1

We define an operator T : H — H by

M8

-3

m=1n

Conm (Wy, @ W), ), (5.2)
1

[e.0) o0
where the scalars ¢, are such that > > |c,,,| < 0o. It is easy to see that T' € 7,
m= =
with

Tz, € 33 lemmtom @ w,)llz, = 333 lem] < o0

m=1n=1 m=1n=1
In addition, note that the series defining 7" converges not only in the strong operator
topology but also absolutely in trace-class norm.
Further, if H = L*(R) and W(g) is a Wilson basis for L*(R), then the space H'
defined by equation (5.1)) is precisely the modulation space M (R).

5.1.1 Integral operators

Given a kernel function k € L? (Rz), the corresponding integral operator is

= /Rk‘(w,y) f(y) dy. (5.3)

In terms of the kernel, T is self-adjoint if k(z,y) = k(y,z). Since k € L*(R?),
we know that T is a compact mapping of L2(R) onto itself. In fact, we have the
equivalence that k € L?(R?) if and only if 7T is Hilbert-Schmidt operator. Also if k
lies in the two-dimensional version of the Feichtinger algebra, i.e., k € M 1(R2), then
T is a trace-class operator. This result was proved in [92] and it is a special case of
more general theorems proved in [80]. We discuss this result below, as given in [92]:

Let k € M'(R®) and W(g) be a Wilson orthonormal basis for L?(R) such that
g € M*(R). For simplicity of notation, we index this basis as W(g) = {w,, }nen.

Construct an orthonormal basis for L? (R2) by forming tensor products, i.e., set
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Then W = {W,,, }im.nen is both an orthonormal basis for L*(R?) and an uncondi-
tional basis for M'(R?). Since k € M"'(R?), we have

mne”

. - 1
with convergence of the series in M -norm, and furthermore

”kH]u1 = Z | (s Wi )| < 00 (5.5)

m,ne’l
Substituting the expansion (5.4]) into the definition of the integral operator in (5.3])

yields

Tf(z) = /R S (b W)W (59) £(3) dy (5.6)

m,neL

= (k,Wmn)Awm(x) wy,(y) f(y) dy

mne”

= > (b, W) (fw,) w,, (2)

m,ne”

= D (5 W) (W, ® w,)(f) (@)

m,nEZ

= > (ks Wann) Wi () (@) (5.7)

m,ne”L

The discrete version of 7" is given by the matrix K = ((k, W,,,,,) ) nez Or equivalently

mne”

Since each operator w,, ® w,, belongs to Z; and the scalars (k,W,,,,,) are summable,
the series (B.8]) converges absolutely in Z;, and therefore T' € Z,. Suppose in addition
that T is a positive semi-definite. Then, by the spectral theorem,

o o
T=> Nty ®t,=> h@hy
k=1 k=1
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106 On a Feichtinger Problem

where {\;}72; C (0,00) is the set of eigenvalues of T' and {t,};—; is the set of

corresponding orthonormal basis of eigenfunctions, and h;, = /At for each k > 1.
It was proved in [92] that hy € M*(R).

5.1.2 Type A and Type B Operators

We fix now an orthonormal basis {w,},>; for H, once and for all. This basis
induces the norm [[-|| on the dense subset H' introduced in (5.1)), and repeated here

for convenience of the reader:
A0 =Y 1ifwa)l, B ={f € H: 3 [(f )l < oo}
n=1 n=1

Definition 5.1.1. An operator T given by (5.2) is of Type A with respect to the

orthonormal basis {w, },>1 if, for an orthogonal set of eigenvectors {g, },>1 of T
o0

such that T = 3" g, ® g, with convergence in the strong operator topology, we have

n=1
(o)
2
that 3~ [lg, I < oo.
n=1

The operator T' is of Type B with respect to the orthonormal basis {w,,},>1 if
o

there is some sequence of vectors {v,},>1 in H such that T = 3 v, ® v, with
n=1

o
convergence in the strong operator topology, we have that Z llo,lII* < oo.

n=1
It is clear that if 1" is of Type A then it is of Type B. However, it was shown in
[92] Example 2.2] that not every positive trace-class operator is of Type A or Type
B, even when the operator is of finite-rank. We can characterize the finite-rank

operators that are of Type A or Type B, as follows (see [92] for proof).

Theorem 5.1.2. Let T be a positive finite-rank operator. Then the following state-
ments are equivalent.
(1) T is of Type A.
(7i) T is of Type B.
(7i1) Each eigenvector of T corresponding to a nonzero eigenvalue belongs to H'.
(

iv) range(T) C H'.
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5.2 The Feichtinger Problem

The problem posed by Hans Feichtinger at an Oberwolfach mini-workshop on Wavel-
ets, Frames, and Operator Theory, in February 2004 [64] is the following.

Problem 5.2.1. Let T be a positive semi-definite trace class operator on Lz(R)
given by Tf(x) = [pk(z,y)f(y)dy where f € L2(R) and k € Ml(R2). Suppose

o
that T = > hy, @ hy,, where {h;}r—1 C L2(R) is a set of orthogonal eigenfunctions
k=1

of T corresponding to the eigenvalues {||hy ||}y, such that ||thM1(R) < o0. In

o o
particular, trace(T) = 3. ||hy||5 < co. Must we have: 3 Hhk”?ul(R) < 007
k=1 k=1

Heil and Larson later put the problem in the broader setting of positive semi-
definite trace-class operators on a separable Hilbert space H [92].
Suppose that the operator T given by (5.2) is positive semi-definite. Let {h,,},>1

be an orthonormal basis of eigenvectors of T" and {\, },>1 C [0,00) be the corre-

[o.¢] [o.¢]
sponding eigenvalues. It follows that T = Z)\n(hn ® h,) = Z gn R g,, where

n=1 n=1
\1/2 o & 2 2 . ,
9n = Ay “hy,. In addition, [Tz, = > A, = > Allh,||” < oo. Heil and Larson’s
n=1 n=1

generalization of Problem [5.2.1] is the_following question [92].

Problem 5.2.2. Must we have Z Allnll? < 00?

n=1
By Theorem B.1.2] Type A and Type B are equivalent for positive finite-rank
operators. But is it true in general? The reformulation of the previous problem is

the following.

Problem 5.2.3. [92] If T is of Type B with respect to an orthonormal basis {w, } e,
must it be of Type A with respect to {w, },en?

Next problem is an equivalent reformulation of original Feichtinger’s question
Problem [5.2.1] which was shown in [92].

Problem 5.2.4. Let H = L2(]R) and {w, },en be a Wilson orthonormal basis for
L*(R). If T is one of the operators defined in (5.3) with respect to a Wilson basis,
must T be of Type A?
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108 On a Feichtinger Problem

Now we show that the solutions to Problems(.2.1] and (.23 are negative by
providing counterexamples for each of them. We answer negatively Problems
and [£.2.3] by constructing a counterexample for the complex Hilbert space H, in
Proposition This example is then modified to generate an example when the
Hilbert space H is over the real field, in Proposition £.2.7l From there, we answer

the Feichtinger original problem in Theorem [(.2.8

Proposition 5.2.5. Let H = (*({1,2,...}), and choose p > 1. Let {w,};2, denote
the standard orthonormal basis of H, i.e., wy = 6,. Then H' = ¢*({1,2,...}). For
eachn > 1, let {emk}z;é be the Fourier ONB of C" defined by

1 _2miki\ n—1 1 _2mik _ Amik _2mik(n—1)\ T’
en,k:—<e n ) :—<1,e no.e no,..,e n ) ,

vn =0 +/n
and consider the n x n matrix T, given by
n—1

1
T, = )‘n,k( nk®enk: = 73 ( ) n,k®en,k)e(c
k=0

nxn

2
where A\, . = 5 (1 4 %) . We define an infinite block-diagonal matriz T by T =
’ n
T'0T,®..0T,®... Then, T is a positive semi-definite trace-class operator of Type
B but not of Type A with respect to the orthonormal basis {w}.

Proof. By construction, the blocks 7,, that make up T are pairwise orthogonal.

Furthermore, for each n > 1, the spectrum of T}, consists of simple eigenvectors e,,

with corresponding eigenvalues A, ;, for & = 0,...,n — 1. Consequently, for each
n > 1, and each k € {0,...,n — 1}, en,k generates a one-dimensional eigenspace of
T corresponding to the eigenvalue A, ;. It is clear that T" is positive semi-definite.
n—1
Since, [le, kllo =1 and T'= @, Z Ank(€n i ® ey, ), we see that
k=0

—_

3

WE

1 k
1T lop < (14 5) Tene © nillp
n=1k=0"
oo n—1 oo n—1
1 k\2 9 1 2
= —3(1+ﬁ> lensl® = —3( > < 0.
n=1k=0" n=1k=0"
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Furthermore,

co n—1 k
Tz, = trace(T) = ZZ ig(l + ?)2

< o0, since p > 1.

Hence T is a well-defined trace-class operator on H. We now show that T is of Type
n—1

B. To this end we observe that for each n > 1, > e, ,®e, = I,,, where I,, denotes
k=0

the identity of order n. Then

1 n—1 k? 9
T = 3 <1+ p) (enk®enk)
ko
1 n—1 n—1 2
= 3 (enk®enk)+ 3+pz<2k+_p)(enk®enk)
Ly k=0
1 n—1 2
= =+ = Z (2]‘3"’ p)(enk ® en k)
k=0
Thus T can be written as
1 iy k2
T — @nZlTn = @n21 <_3In aF 3—_‘_10 Z <2k + _;n> (enJ’C & en,k))
n n =0 n
1 1 n—1 k2
= Op>1 (_3In) + On>1—35, Z (21{7 + _p) (Enk @ enk)
" k=0 "

n

1
== @77/21_3 Z(wn(rgfl) +k & wn(n271)+k)

o p=1
1 n—1 k2
+ On>1 375 Z <2k7 + _p) (€ @ € )
k=0 "
Then we have H‘wn(n271)+km =1, Menkm = /n, and
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DALY 3+p2(2k+ EY v

n>1" n>1 "
n—l) 1 nn—-1)2n-1)
= Z 2+Z 2+p< Ty TP 6 )
n>1 n>1
1 n—-1 (m-12n-1)
— Z <?+ T 4 R ) < oo, foranyp> 1.

n>1

Hence, T' is of Type B with respect to {wy}y>;. We now show that 7" is not of
Type A with respect to {wy},. The key point is that 7" has only one-dimensional

eigenspaces, SO

oo n—1 1 n—1 9
323 dnslens® enr) =15 0 (1 55 (enr® en)
n=1 k=0 " k=0

is the unique decomposition of 7' using sum of rank one projections generated by

orthogonal eigenfunctions of T'. Note that |HenkH| = ﬁ -n = +/n, and

1 k\2

However,

n—

0 1 = 1 —

> MWMW=Z;Z< )

n=1 k=0 "
= nln—1) | nln=1)(0 1)
- nz::l?( + 6n2P >
> i%:oo.

S
Il
—

O

We can modify the counter-example in Proposition to deal with the case
of a real Hilbert space H. This amount to use a real-valued ONB for R" instead of
the ONB {e, 1 }1 -

For a fixn > 1, let S, := {% 0<k<n— 1}. It is easy to see that for any
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0<l<n-—1, we have

Sn:{zLM(monW):nggn—l}:{—@(monW):nggn—l}.

n n

Now for each n > 1, let {hn,k}z;é denote the Hartley ONB basis for R" (see [139]),

where

1 okl _(2rkI\\"! 2 orkl  w\\" "
thf = % COS T 4+ sin T = E COS T — Z .
=0 =0

Lemma 5.2.6. For a fixed n > 1 and any 0 < k <n — 1 we have

o 21kl o 2wkl > n
n V2

|cos z + sinz|. Then

n—1

nilll =32

=0

Proof. Let E =5

z€eS,
2E = Z|cosaz+sinaz|+ Z |cos z + sin x|
z€S, —x€S,

fzcos<@_i> +fz
- A ()

()
sm<¥?—g>u. (5.9)

Now for any x € R,

(Isinz|+ |cosz|)? = |sinz|* + |cos z|* + 2|sinz cos 2| = 1 + | sin 22| > 1,

= |sinz| + |cosx| > 1.

n—1
Thereforeby([@])wegetQsz/?Z1:\/§n:>E2%. O
k=0

Proposition 5.2.7. Let H = (*({1,2,...}), and choose p > 1. Let {w,};2; denote

the standard orthonormal basis of H, i.e., wy = §,. For each n > 1 let T, denote
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the n X n matriz given by

n—1

k 2
Tn = An Z <1 + ?) (hn,k ® hn,k) € Rnxn’
k=0

where A,, = n3. We define an infinite block-diagonal matriz T by T =T, & Ty ®
e ®T, @ ... Then, T is a positive semi-definite trace-class operator of Type B but

not of Type A with respect to the orthonormal basis {wy}e>1.

Proof. The proof is identical to that of Proposition But for the sake of com-
pleteness we provide the details.

By construction, the blocks 7T,, that make up T are pairwise orthogonal. Fur-
thermore, for each n > 1, the spectrum of 7T}, consists of simple eigenvectors h,,
with corresponding eigenvalues A, . = ;15(1 + n—’%)z for k=0,...,n—1. Thus T is
positive semi-definite. Consequently, for each n > 1, and each k € {0,...,n — 1},
h,, ;. generates a one-dimensional eigenspace of T' corresponding to the eigenvalue

M- Since, [|hy, gllo =1 and T = @52, Z;é Age(€n i ® €, 1), we see that

oo n—1 2
k
Tz, = trace(T) = ZZAn <1 + ?>

The choice A4, =1 /n3 guarantees that the series is convergent in trace-class norm
i.e., [Tz, < co. Thus T is a positive semi-definite trace-class operator on H.

We now show that 7 is not of Type A. The key point is that T has only

oo n—1

one-dimensional eigenspaces, so Z Z In.k @ Gnk» Where g, . = /A, (1 + n_kp) P e
n=1k=0
is the unique decomposition of 7' using sum of rank one projections generated by

orthogonal eigenfunctions of 7'. Then
k
llgnill = VAn {1+ =5 ) [l[nill
k 1 n—1
= VA (1) R

<27rl<:l> ) <27Tk:l> ‘
cos| — | +sm | ——
n n
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and
oo n—1 ) 0o n n—1 k 2
S Mol = 354X (1+35)
n=1 k=0 n=1 k=0
2n nn—1) nn—-1)2n-1)
) ;::5 n<n+ n” 6n" >
1 — — 1
S SR P Dt

So T is not of Type A.

We now show that T is of Type B. Let A\, = A, (1 + %) and let U be the
unitary operator (matrix) given by U = [h,, o hy, 1 ... Iy 7). It follows that

Tn 3 P‘Ohn,o )‘lhn,l /\n—lhn,n—l] (U*U) P‘OhZ,O /\lh;kz,l )‘n—lhz,n—l]
I [)‘Ohn,O Alhn,l )‘n—lhn,n—l] U* : ([)‘Ohn,o Alhn,l )‘n—lhn,n—l] U*)*

where G,, = Aol AMPng o Ma—1hpn—1) U Now we compute G,

Gr = Pohno Mhng o Acahnn ]« Wog By oo s ]
= Aohnohno + AMhpahn + o+ X 1hyp1bn 1
= <\/A_n + X — \/AT) hohoo + <\/A_n + A — \//Tn) hoihit + ...
+ (VAL + Xt = VAL BB
= VA (Bnohig + iy + e i) + (Ao = VA ) B ohig
(M= VA By + ot (A = VAL) il

= VAL, + (A = Xo) byt + o+ (Mm1 — o) P11,

where I, is the identity matrix of order n and /4,, = A\g. Let A,, = A,, — A\g then
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T, = G, -G,

= (VAL Mhahiy o Ay ah i ) -
(VCZ;L1+-A1thh;J-+”.+-Aﬂ_1hnm_1h;m_1>

= ApL, + 20 A by By 2007/ Ak, ol o+ o 20 N A B
+A%hn,1h;,l + Aghn,Zh:Q + o+ Ai—lhnm—lhz,n—l

= Anly+ (2800V/ A+ AF) B bl e+ (28013 Ay AT ) 1B

- &4%%+mﬁ+“+%4&4y+@mvﬁgwﬁy%m%+m
(2801 V/A A2 ) PP

= fn,Of;:,O ot fn,n—lf;:,n—l + fn,nf;:,n T fn,2n—2f;,2n—27

where f, p = VA, 0, for0 < k <n—land f, , = \/2Ak_n+1\/An + A%—n-{—lhn,k—n—i-l?

for n <k < 2n —2. Now we compute [|-|[-norm of f, »
VA0l 0<k<n-1
Il fnslll =

\/QAk—n—l—l\/Z; + Ai—n—l—lmhn,k—n—klma n<k<2n-2
VA, 0<k<n-1

\/QAk:—n—i-l\/A_n + Ai—n—l—lmhn,k—n—klma n < k <2n-—2.

Since A, = XA\, — Ao = VA, - (1 + nip) — VA, =VA,- %, then

k—ntl k—n+1
V2 VAL A = ¢ VA At (o g vy )
k—n+1 E—n+1
- VA”'\/T(“T)
3n
Vo

Also mhn,k—n—i-lm < v/2n. Therefore,

IN
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\/2Ak—n+1\/ Ap + Ai [ crm—

3n [n? [ 6 .
S \/An' ?‘V2TL:\/6ATL‘ ?: W, SlnceAn:—

Now
oo 2n—2 0o 6 00 1
Z Z mfnkm < Z (2n-1) 45 < 122—;,, < 0o, sincep > 1,
n=1 k=0 n=1 n a1
2n—2
and T = EBZO:l< Z g ® fn,k:) So T is of Type B. O
k=0

We can now give an answer to Feichtinger’s question, i.e., Problem [5.2.2]

Theorem 5.2.8. Suppose that {w,,},,>1 is a Wilson basis for L*(R) withg € M'(R).

Let p > 2, and for each n > 1 set A\, = (1 + %)2 For fir m > 1 and any
? n

0<k<n-—1,leth,y¢€ L2(R) where

n—1
1 2kl 27kl
h, . =— —_— i —_— o= .
nk \/_E:0<os< - >—|—sm< - >>w(21)+l+1

oo n—1

Let T be an operator define by T = Z Z An kb i @ by, . The following holds:
n=1k=0

(@) {hnk:0<k<n-—1,n>1} is an orthonormal basis for L*(R).

(19) T is a positive semi-definite trace-class operator on L2(]R) that provides a

counter-example to Problem [5.2.2.

Proof. (i) It is easy to see that for each n > 1, {hmk}z;é is an orthogonal set in
L*(R). Also, (ho s By g7y = 0, for n # n'. They are normalized in L*(R), since
<wn7wm> = 5n,m'

(i) It is also easy to see that T is a well defined operator on L*(R). In fact,

the series defining 7' converges in the operator norm. Furthermore, since [/h,, ; ®
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hy kllz, = 1, it follows that

oo n—1 0 n—1 2
1 k
EEED I BWES SE DM (B
n=1 k=0 n=1" k=0
1 -1 —1D@2n -1
:Z—3<n—|—n(np )+n(n )(an )><oo.
- n n 6n

Consequently, T is a trace-class operator. By Lemma [5.2.6],

WE
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but
" e
;kzzoxn,knhn,kuif > ;WH(H?)Q
% i # <n + "("n; 1)  nn —617)1(2?771 - 1)>

vV
NE
Sl

I

1Y

Y&

TH-1693_126123015



Chapter 6

Balian-Low Type Theorems on

L*(C)

In this chapter, we prove the Balian-Low type theorem (BLT) on LQ(C) using
the operators Z and Z i.e., we prove that ||Zg||, and ||Zg|y cannot both be si-
multaneously finite if the twisted Gabor frame generated by g € Lz((C) forms an

orthonormal basis or an exact frame for LQ((C). The operators

are associated with the special Hermite operator

1, 2 . d d
L=-A 4o il —y L
Z+4]z\ z(mdy ydw)

on C, where A, is the standard Laplacian on C and z = x 4 iy. Also we present the
amalgam version of BLT using Weyl transform and illustrate the distinction between
BLT and amalgam BLT by examples. We introduce the twisted Zak transform and

using it we establish several versions of the Balian-Low type theorems on L?(C).

117
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118 Balian-Low Type Theorems on L*(C)

6.1 Preliminaries

6.1.1 Heisenberg Group and the Weyl Transform

One of the simple and natural example of non-abelian, non-compact groups is the
famous Heisenberg group H, which plays an important role in several branches of
mathematics. The Heisenberg group H is a unimodular nilpotent Lie group whose

underlying manifold is C x R and the group operation is defined by
1 _
(z,t) - (w,8) = (z+w,t+ s+ §Im(zw)).

The Haar measure on H is given by dzdt. By Stone-von Neumann theorem, the only
infinite dimensional unitary irreducible representations (up to unitary equivalence)

are given by my, A € R\ {0}, where 7, is defined by
3 3 1
a2, )p(6) = e MM 6 4 y),

where z = z + iy and ¢ € L*(R).
The group Fourier transform of f € L* (H) is defined as

FOU = /H F(oOmy (2 )dzdt, A€ R\ {0},

Note that for each A € R\{0}, f()\) is a bounded linear operator on L*(R). Under the
operation “group convolution” LI(H) turns out to be a non-commutative Banach

algebra.
Let
£ = [ A e
R

denote the inverse Fourier transform of f in the t—variable. Therefore f N\ =

/ f)‘(z)m\(z, 0)dz. Thus we are led to consider operators of the form
C

W(g) = /C o(2)mx (2)dz, (6.1)
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where m,(z,0) = m\(z). For A = 1 we call (6.1]) as the Weyl transform of g. Thus
for g € L'(C) and writing 7(z) in place of 7 (z) we have

W(@el) = [s@me@ds  ¢e O (62)
For f,g € Ll((C), the twisted convolution is defined by
£x9) = [ £ wiglw)e ™™D du,
C

Under twisted convolution Ll((C) is a non-commutative Banach algebra. For f €

L'nr? (C) the Weyl transform of f can be explicitly written as
W(f)e(€) = /(Cf(2)64”i(x'5+5””’y)<p(§ +y)dz, ¢ € L*(R), 2=z +iy,

which maps Ll((C) into the space of bounded operators on LQ(R), denoted by B.
The Weyl transform W (f) is an integral operator with kernel

K(&,n) = /Rf(az,n — 5)62””(&’7) dz.

If f € L*(C), then W(f) € C,, the space of all Hilbert-Schmidt operators on
L*(R) and satisfies the Plancherel formula W (N, = %”f”L2((C). In general, for
f.g € L*(C), we have W), W(g)e, = $(f, g>L2(C). The inversion formula for
Weyl transform is f(z) = 7(7(2)*W(f)), where m(2)" is the adjoint of 7(z) and 7 is
the usual trace on B. For detailed study on Weyl transform we refer to the text of

Thangavelu [131], 132].

6.1.2 Hermite Operators

Let H;, denote the Hermite polynomial on R, defined by

k —z?\ Z?
Hk(w):(_l) —(6 )6 ) k:071727”' )
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120 Balian-Low Type Theorems on L*(C)

and h;, denote the normalized Hermite functions on R defined by
k -1 —1g?
hi(z) = (2°Vmk!) 2 Hp(z)e” 2%, k=0,1,2,--- .

Let A= —% +x and A" = % + x denote the creation and annihilation operators

in quantum mechanics respectively. The Hermite operator H is defined as

e taar - © e

2  dd? .
The Hermite functions {h; } are the eigenfunctions of the operator H with eigenval-
ues 2k+1,k =0,1,2--- . Using the Hermite functions, the special Hermite functions

on C are defined as follows:

ma() = @4 [ oh (€4 Gy (6= 5v) e

where z = x+iy € C and m,n = 0,1,2---. The functions {¢,, ,, : m,n =0,1,2---}
form an orthonormal basis for L?(C). The special Hermite functions are the eigen-
functions of a second order elliptic operator L on C. To define this operator L we
need to define the operators Z and Z as follows: Z = dle <= %2 and Z = % — %z. The

functions ¢, ,, are eigenfunctions of the special Hermite operator

% i AVt

with eigenvalues (2n+1), where A, denotes the Laplacian on C. We list out some of
the properties (see [131,132]) of the operators Z and Z in the following proposition,

which will be useful at several places.
Proposition 6.1.1. (i) Z(¢p.,) =iV2n ¢y and Z(¢p ) = iv/20 42 dppy sy

(it) W(Zf) =iW(f)A and W(Zf)=iW(f)A" for every Schwartz class func-
tion f. (This expression is similar to the relation (%f)A (y) = 2mivf(v)).

(iii) [Z, 2] = —2I, where [Z,Z] = ZZ — ZZ is the commutator of Z and Z.

(iv) The adjoint Z* of Z is —Z.

TH-1693_126123015



6.1. Preliminaries 121

The motivation to prove the BLT on L2((C) arises from the classical Heisenberg’s
uncertainty principle on L? (R):

Let P and M be the position and the momentum operators defined by Pf(t) =
tf(t) and Mf(t) = %f(t), on a suitable domain.

Theorem 6.1.2. (Classical Heisenberg’s uncertainty principle on L%(R)).
Let f € L*(R). Then

1
I1Pfll2 (1M fll2 = Ellfllg, (6.4)

2
and equality holds in (6.7)) if and only if f(t) = Ce™™ ,s>0and C eC.

Observe that the Laplacian Ly, on R can be written as

2
1 * * 1 * *
Lo= Y~ ayar—ay= LB+ apy (6.5)
dx 4 4

and satisfies [A, B] = [A, A*] = —2I, where B = A™ — A. The expression for special
Hermite operator L is similar to the Laplacian Ly on R (see (L23]) and (6.5)) with
[Z,7Z] = —2I. The classical uncertainty principle requires the operators P and M
to be self-adjoint and uses the fact that [P, M| = —I, whereas the operators Z and
Z are not self-adjoint. However, we obtain a variation of Heisenberg’s uncertainty
principle (see Theorem [6.4.1)) involving the operators Z and Z. Motivated by this
result we prove the BLT on L? (C) for twisted Gabor frames using the operators Z
and Z (see Theorem [6.3.4)).

6.1.3 Twisted Gabor Frames

Definition 6.1.3. Let [ € L2((C) and a,b > 0. For (m,n) € 7% we define twisted
translation of f, denoted by T(tambn)f, as

Tfam’bn)f(z) = e2ﬂi(b"x_amy)f(:n —am,y—bn), z=ux+iyeC. (6.6)

For a = b = 1 the properties of twisted translation are listed below (see [117]).
() The adjoint (T(tm,n))* of T(tm’n) is T(t_m,_n).

.. t t t
(1) Ty n0) T ng) = Tlmy +mona+ny)-
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122 Balian-Low Type Theorems on L*(C)

(7i7) T(tmm is a unitary operator on L*(C) for all (m,n) € Z*.
(iv) The Weyl transform of T(tm’n)f is given by W(T(tmm)f) = 7(m,n)W(f).

Definition 6.1.4. For a,b > 0, g € Lz((C) the collection of functions gt(g,a, b) =
{Tfam’bn)g . m,n € Z} in L*(C), is called a twisted Gabor frame or a twisted
Weyl-Heisenberg frame if there exist constants A, B > 0 such that

AIFIE < D W Thmpmya)? < BlIfI5, ¥f € L*(C). (6.7)

k,n€eZ

Then one can define the twisted Gabor tight frames, Riesz basis and the frame
operator analogously. It is natural to ask about the density result as in Theorem
[[.2.6l for twisted Gabor frames. For a,b > 0 and g € L2((C), the sequence {T(tam’bn)g :
m,n € Z} is complete in L*(C) if and only if the system {p(p, q)g : (p,q) € A € R*}
is complete in L2(R2), where p = (am,bn),q = (bn,—am). In this case uniform
Beurling density is D(A) = 1/(ab)®. So by Theorem 2.6, if ab > 1 then the
twisted Gabor system G'(g,a,b) = {T(tam,bn)g : m,n € Z} is incomplete in Lz((C).
Therefore without loss of generality we consider the case when a = b = 1 throughout

the chapter.

6.1.4 Twisted Zak Transform
The Zak transform Zf on LZ(R) is formally defined by

Zka ) Mpl1(t), =zt €R,
kez

where 1 is the constant function 1. Since we are interested to obtain the BLT for
twisted Gabor frames we define the twisted Zak transform with a slight modification

in the following way.

Definition 6.1.5. Let f € L2((C). The twisted Zak transform Z'f of f is the
function on C? defined by

(Z'f)(z,w) Z T.f(z Z f(z e2mim( wk), z,w € C,

kez? kez®
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where k is the complex conjugate of k and Im(wk) is the imaginary part of wk.

Clearly Zt f is well-defined for continuous functions with compact support and
converges in L®—sense for f € L*(C). In fact Z' is a unitary map of L*(C) onto
L2(Q X @), where @ := [0,1) x [0,1). The idea of the proof is similar to the Zak
transform on Lz(]R) as in [35]. The unitary nature of twisted Zak transform allows
to transfer certain conditions on frames for L*(C) into conditions on L*(Q x Q).
More precisely, {f.} is complete or a frame or an exact frame or an orthonormal
basis for L?(C) if and only if the same is true for {Z'f,} in L*(Q x Q).

As in case of Zak transform on L*(R) we obtain the similar properties of twisted
Zak transform on L (C) in the following lemma. However, our main results are still
valid if Zak transform on LZ(R2) is applied in place of twisted Zak transform on

L*(C).

Lemma 6.1.6. Let f € LQ(C). Let z=x+ iy, w=r+1is and Q :=1[0,1) x [0,1).
Then the following holds:

() Z'f(z +1,w) =™ 2" f(z,w), Z' f(z +i,w) = e " 2 f(z, w)
and Z' f(z,w+1) = Z'f(z,w+ i) = Z'f(z,w).

(ZZ) Zt (T(tm,n)f)(zy w) _ eQﬂi(x.n—y.m) eQﬂi(r.n—s,m) th(Z, w)
(13i) {T(tmm)f} is complete in L*(C) if and only if Z'f # 0 a.e.

(iv) {T(tmm)f} is minimal and complete in L*(C) if and only if 1/(Z'f) € L*(Q x
Q).

(v) {T(tmm)f} is a frame for L2((C) with frame bounds A, B if and only if 0 <
AV? < |th| < BY? < x ae. In this case, {T(tm,n)f} s an exact frame for
L*(C).

(vi) {T(tmm)f} is an orthonormal basis for L*(C) if and only if |Z' f|* = 1, a.e.

(vii) {T(tmm)f} is a Riesz basis for L*(C) with bounds A, B if and only if 0 < AY? <
Z'f| < BY? <> ae.

(viii) If Z'f is continuous on C? then Z'f has a zero in Q x Q.
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Proof. The proof of the lemma follows similarly as in the Zak transform for L (R)
(see [19} 85, [77] or [97]). We only prove part (viii). Assume that Z°f(z,w) # 0 for
all (z,w) € C2. Since Z° f is continuous on a simply connected domain (Cz, there is

a continuous function ¢(z,w) such that
Zt(z,w) = | Z f (2,w) [ for  (z,w) € [0,1)% x [0, 1]%
By part (i), we have
Z'f(z+iw) =e ™ Z f(z,w) and  Z'f(z,w +1) = Z'f(z,w +9).
Therefore for each z and w there are integers [, and k,, such that
o(z,1) = ¢(2,4) + 2wl, and (i, w) = p(0,w) + 27k,, — 27r.

Since ¢(z,1) — p(z,1) and (i, w) — p(0,w) 4+ 27r are continuous functions of z and

w respectively, so [, = (say) and k,, = k (say), for all z,w € C. Therefore,

0 = QD(O, 1) — QD(O, Z) + 90(0’ Z) [ @(Za Z) + Qp(iv Z) — QD(Z’ 1) + (10(2.7 1) _ (10(0’ 1)
= 2nl — 27wk — 27l + 27wk — 27

=4 — 2

contradicting our assumption. ]

6.2 The Amalgam BLT

In this section, we prove a variation of the BLT called the amalgam BLT in terms
of Wiener amalgam space using certain properties of twisted Zak transform.

For p > 1, consider the amalgam space defined by W (Cy, L?) = {f € W(L™, L) :
fis continuous}. Clearly W(Cy, L') € L'(R%) N L*(R?) N Cy(R?). The amalgam
BLT in terms of W (Cy, Ll) and a subspace of Cj is obtained in the following.

Theorem 6.2.1. (Amalgam BLT) Let g € L2((C). If the twisted Gabor system
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G'(g,1,1) is an ezact frame for L*(C) then g & W (Cy, L") and W (g) & W, where
W ={T € Cy: h(z) = 7(n(2)*T) and h € W(Cp, L")}

Proof. Suppose that g € W(Cy, Ll). Then by the definition of twisted Zak trans-
form, Z'g is continuous. By Lemma (viii), Z'g must have a zero. Therefore
|Z'g|™" is unbounded and by Lemma B8l (v), G'(g,1,1) cannot be a frame. Again
assume that G'(g,1,1) is an exact frame and W(g) € W. So by the inversion
formula for Weyl transform g(z) = 7(m(2)*W(g)) and g € W(Cy, L"), leads to a

contradiction. O

The BLT and amalgam BLT are two distinct results. There exists a function
g € L*(C) satisfying BLT but not amalgam BLT and vice-versa. The following
examples illustrate the difference between the BLT and amalgam BLT.

Example 6.2.2. Let f: R? — R defined by
_[;Jr#]
e Le0= Tvl=nl - (z,9) € (0,1) x (0,1),

flz,y) =

0, otherwise.

Let z =z + iy, and define g : C — R by

02 = S @ kyy— k).

2.2
(k1 ,ka)EN® ot k3

Then clearly g € W(Cy, L'). Further,

1
W)= Y —asWla—k,y—k)
(K ,ky)EN? ki kg

Clearly W(g) € Cy. From the inversion formula for Weyl transform it follows that
W (g) € W. Next we show that || Zg||, = co. Consider

1Zgl2 = /C Zg(2)2d=

> 3 / Z9(2) - Zg(z) dz
[m,m+1]x[n,n+1]

m,neN
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-y / ' dg(z)
[m,m+1]x[n,n+1] dz

m,neN

2

+ i[zg(z)\2 —Re <zg(z)d“zl—(zz)>] dz.

Note that for each m,n € N and (z,y) € (m,m + 1) x (n,n + 1), the integrand

dg(2) |” _ o \dg(2)
‘ iz | e (Zg(z) dz >
_ 1 [aaty] (20 —17%  (2y-17 202z-1) 202y—1)
SRt L‘*a—w)“+y4<1—y>4+x<1—x>2+y<1—y>2]
> 0.

Therefore

> 21 2
1Zgl3 =2 3 20()P dz

m,neN
1

/[\m,m—l—l] X [n,n+1]

m2+n2 2
3 3 |f(z —m,y —n)|" dzdy

212
[mm+1]x[n,n+1] M N

m,neN

1 1
21||f||2z -

meN

Example 6.2.3. We shall construct a function f such that Zf and Zf € L2((C)
but f & W(CO,Ll) and W (f) € W. For sufficiently large k (say k > N) choose
ay, # by, such that [a;, — %, b, + %] C [k, k+1] and b} — aj < k. Define the continuous
function g;, by

logk(x_ak—i_%)’ T € [ak_%aak]a
1
s T € [ak,bk],
o) = | o
@(biﬁr%—x% x € [by, by + 1),
O, x&[ak—%,bk—k%]

Clearly the function g = Y 7 y g is continuous on R. Also
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> 1 > 1
lglla <2 —— <00, |zglls <3 < 00,
]Z]:V (klogk)? i k(log k)?

and

> 1
", < 2 —s < 00,
HQ ||2 > I;V k(log k;)2

where ¢ is the classical derivative of ¢, defined except at countably many points.
Define f(z) = f(x,y) = g(x)g(y). Since Zf = %(fm —if, +xf —iyf) we have

1
1Zfllz < 5Ufallz + 1 flla + llzflla + ly£ll2)

1
= 5(gllzllgllz + llg'llzllgllz + lzgllgll2 + lygllzligllz) < oo-
Similarly ||Z f||y < oo. Further,

1 1

1l ity = D2 I - Txgopelle = D kylogky kyloghy -
kez? kiky=N

Again, if W(f) € W then the inversion formula for Weyl transform gives f €
W (Cy, L"), which is a contradiction.

Now we investigate the relationships between the operators Z, Z and the conti-
nuity of twisted Zak transform. A version of BLT assuming the Wiener amalgam

condition is obtained in the following theorem:

Theorem 6.2.4. If g € L*(C) and
Zg, Zg € W(Cy, L?), (6.8)

then {T(tm,n)g} cannot be a twisted Gabor frame for L*(C).

Proof. Given that ¢ is continuous and hence Fundamental theorem of calculus for
complex variables and ML-inequality can be applied. Now we claim that g €

W (Cy, L*). To prove the claim it is sufficient to show

> gz, + k)P < o0 (6.9)
k
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for every sequence {z,} € [0,1] x [0,1]. Since g € L*(C) we have

> gz +k)|* < 00, a.e. on [0,1] x [0,1]. (6.10)

For fixed zy € [0, 1] x [0, 1] and any sequence {z;} € [0,1] x [0, 1] together with (6.10])

gives

< Ig(zk+k)l2>
k

a < l9(zx + k) = g(z0 + k)| ) <Z|920+k >
k k

- ( " og(z + k) dz ) (Z\920+k )
k1720 k

i ( [ (2-) s +na ) (z|gzO+k )
k Tk

A A
SR
P N
M
g 5
\/‘i‘
S
x
VR \\_:i/
D=
F§+
\?l/
-]
Ne
ES
VRS
M =
o
& \\__’/
+
o
N————
A
3

where -, is the straight line joining the points z; and z;, with

M,;, = esssup |Zg(z)|, and 2m;, = ess sup |zg(z)|.
ZEY 2€Vk

Observe that M} and >k mj are finite, since g satisfies (6.8). Without loss of
generality we choose the curve v;, because Fundamental theorem of calculus assures
that the complex line integral is independent of path. Therefore g € W(C’O,L2).
Using this fact and the definition of twisted Zak transform yields Z'g is continuous

on C. Thus {T(tmm g} cannot be a twisted Gabor frame for L?(C) (see Lemma .10
(v) and (vii7)). O
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6.3 Non-Distributional Calculations and the BLT

In this section, we prove BLT using non-distributional calculations. Unlike the
Fourier transform of functions in L'(R), the Weyl transform of functions in L'(C)
are bounded operators on L2(R). Therefore it is difficult to estimate the suitable
upper bound for the oscillation of the twisted Zak transform of f € L2((C) in terms
of ||Zf||ly and || Z f]]o- We make use of Weyl transform to estimate the variation of
twisted Zak transform of f € L* (C) over small cubes of length r < 1. We start with

the following lemma.

Lemma 6.3.1. Let f,Zf and Zf € L*(C). Fiz ¢ = (e1,65) € C. If f(2) =
f(z)ezm(yel_“?),nf(z) = f(z —¢€) and f(2) = f(z — 6)627”(“2_3/61), then there
exists an N, € N such that

@) |F — £l < 2lel@ + )™l £]l2-
(@) |7ef = fllo < Brle] (Hzfuz +1ZFla + 1)l + @+ \e\)NerHQ) :

() 1S = flle < Slel (12712 + 120 + 17l + (1 -+ 1e)™ 17112

1
(1+el)

Proof. (i) Choose the smallest positive integer N, such that v~ < |€|. Therefore

I1F = Fll2 < 201F 2 < 2nlel(X + )™ || f]la-

(ii) Notice that Zf € L*(C) & Zf € L*(C) and Zf € L*(C) < Zf € L*(C).
Since f € L*(C) we have ||7.f — flly = |[W(7.f) = W(f)ll¢,- Then
Wir£)o©) = [ 1= ™V o(e 1y dudy
_ / ()bl i @rentrally e 4yt ) dady
C

_ e4m(51£+%elsz)W(f)¢(§ +e), Vo € L*(R).

Applying mean value theorem on the Schwartz class function ¢ on R we have

(W (7ef) = W(Hle©)]
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= UGG (PG (E + ey) — W(F)(E)]
[T HOE39L) _ )W (Fa(E + )] + W (F(B(E + e2) — $(E))]

<
< Anle|[W(F)(E + e2)d(€ + €)| + el [W(F)(E + ea)| + [l W (f)e' (€ + bea),

for some 6 € (0,1). Writing 26¢(¢) = (A + A%)p(€) and 2¢'(€) = (A" — A)p(€) we
get

4%\6\\\W( FEdlla + el W (F)8llz + [ellIW (F)¢ll2
—W! [IW () Adllz + W (HA Sll2 + W ())dlls).

W (ref) = W (Dol

<
<

But |W (r.f) = W(H)lle, < IW (T f) = W(Hlle, + W (f) = W(f)lc, Thus for any

othonormal basis {¢,},cy for L*(R) we have

HW( Tef) = (~)|’202

= ZH W (F))é;15

< %ﬁq Z(||W(f)A¢j||2+||W(f)A*¢j||2+||W(f)¢j”2)2
Jj=1

< %WQI ? (IIW( A1z + W (A 511z + W (F;12)

=il

- %r%eﬁ(nvv( DAL, + WA, + IWHIE)

75
= g lel (12715 + 12715 + 1713)

Therefore by (i) we get

15 | 1. .
IWEs) = Wle, < —rlel (12712 + 12l + 17ll) +2nlel(L+ 1) 115
15 . _ .

< Sorlel (12702 + 127l + 12 + (0 + 1) 17112

(7i1) From (i) and (i7) we get

Ife=Fl2 < e =Tefll2 + ll7ef = £ll2
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15 ~ . ~ N
< 2l (122 + 1ZFla + 1 Fl2) + 4mlel(1 + )™ 151
15 ~ =~ ~ N
< ol (122 + 1Zfle + 1l + (1 + 1) 1£1l2) -
This completes the proof. O

We use the following notation to estimate the upper bound for the oscillation of
the twisted Zak transform over small cubes. Let = (£,w) € R® and r > 0. Then

Q(x;r) is the square centered at x with radius r, i.e.

P r r r
Qair) = [t-Fr g x[w=g.0+3]
r r r r
= {(u,v) tu € [t—g,t+§] U E [w—i,uw—ﬂ}.
Thus the square @ = [0,1) x [0,1) can be represented as Q(3, 3;1).
Theorem 6.3.2. Let f,Zf, Zf € L*(C), G = Z'f,
3 3 3 3
ap = (20, wp) € Q(20,1) x Q(wp, 1) := Qlawg, 1], 2y € {— 2 5} X [— 57 5]

and wy, € € C be given. Let f,, f be as in LemmalG31. Then there exists an N.eN
such that

171G = Gl 2 gag
15 Ny . . 4
< srlellflla + el (NZF+ 1270 + 17l + (L4 e 1712

and

”T5t,2G - GHLZ(Q[Q 1

1y S 2rlel (1 + 16D 71l + 8lell 1l

where T:,jG(z,w) is the twisted translation of G in the jth variable for j = 1,2.

Proof. Notice that T, G(z,w) = 2 ImE) 7 £)(z,w). Then by using the fact
that the twisted Zak transform Z' is an unitary operator of L*(C) onto L*(Q[ag, 1])

we get,

t
HTe,lG - GHLQ(Q[(XO,”)
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< HTth - Zt(Tef)HLZ(Q[aOJD + HZt(Tef) - G”LQ(Q[QOJ])
= (79 = 1) Z' G2 gy + 12T = 2 200
< 8rlell fllz + 17 f = £l
15 ~ S = ; N,
8rlelll fll2 + = mlel (HZsz FNZFll2 + 1 ll2 + (1 + Jel) Hsz) :

IN

by Lemma (i7). Observe that

TégG(z,w) _ G(z,w s 27erm(we Z f 2mIm( w— 5)1_6)627rilm(u’)5)
kez’
- —27rz[m (ze) Z f P 27r21m ((z=FK)e) 2#ilm(wl§)e2wilm(we)
kez’
e27ri[m(m)e Z h(Z o k)GQWiIm(wl_f)
kez?

e27ri1m(m)ezth(z7 w)7
where h(z) = f (z)e%”m(ze). Therefore

1T} 4G — G| 2 (™D 2] 2 ey + 128 = 2 Fl 2 g 1)

Qg = I

Choose same N, as in Lemma [6.3.1] (i) to get
[(* I 1)] < 2 < 2mlel (1 + Je])

Then

I = )2 2 gy < 21el(L+ 16D 1l

[@o0,1])

Thus || 725G — Gl 2 < 2nlel (1 + le)™ | fll2 + 8xlell| - 0

[ao,1])

Corollary 6.3.3. Let f,Zf,Zf € L2((C), G=2Ff For0<r<l1, fixrag =
(207w0) € Q(Z07r) X Q(w07’r) = Q[a07 ] 20 € [_§ %] X [_%7 5] and Wy, € € C. Then

/ ]TélG(z,w) — G(z,w)|dzdw < T2\6\Cif(r) (6.11)
Q[O!O,T]
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and

|G w) - G wldadu < r*1(Ch (), (6.12)
Q[O‘OvT]
where TéjG(z, w) 1s the twisted translation of G in the jth variable with 71»1—% Cs 4(r) =

0 for j=1,2.

Proof. As in the proof of Theorem [6.3.2] we have

t
||TE,1G il GHLQ(Q[QOJ})

< | <62m’1m(26) i 1) Zt(TEf)HLZ(Q[aO,r]) + HZt(Tef) — th”L2(Q[ao7T])
= (™" =1) 2"  Xaton | 2(0fen )
+HI(Z(7ef) = Z' F) - X (o) | £2(Qlao.1))
15 . > 5
< 8rlellf - Xaom 2+ 5lel (1125 - Xagomlle + 1ZF - Xawom Iz

o+ (1 le)™Ilf X l2) -

+ ”JF XQ(zg,r)
Again

t
||Te,2G - GHL2(Q[%7T])

2rilm(w—z)e t tp ot
I(e DZ0 12 glagy T 12770 = 2 fll 12

— ”(627T’L'Im(m)e o 1)Zth . XQ

IN

ag,r])
(o) L2 Qa1

+1(Z'h = Z' 1) - Xaeo 2 Qo)
< 8rlel (X + )™ IIF - X llz + 87lelllF - Xq(egml2-

Applying Cauchy—Schwartz inequality in the left hand side of (G.I1]) and (G.12) the

proof follows immediately, where

e 15 ~ _ .
Cl,f(r) = 87T||f : XQ(zO,r)||2 + ?ﬂ- (HZf : XQ(zO,r)||2 + ||Zf : XQ(zO,r)||2

17 Xatomll + L+ DI - Xaem )
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and

Cs. () = 81(L+ )™ F - Xa(zp.m |2 + 8TIF - X0 (g l2-

Further, using the fact that ||f.xg(.,mll2 = 0 as 7 — 0, we have lim C5 ;(r) = 0 for
: r—0 )
j=1,2. 0

Now we are in a position to state and prove the BLT. Motivated by the proof
of BLT on L*(R) (Coifman and Semmes [39], Benedetto et al. [I9] etc.), we obtain
the following proof of BLT on L*(C).

Theorem 6.3.4. Let g € L*(C). If the twisted Gabor system G'(g,1,1) = {T(tm’n)g :
m,n € Z} forms an exact frame for L*(C), then || Zglls || Zglls = +oc.

Proof. Assume that {T(tmvn) g} is an exact frame for L2((C). Then by Lemma [6.1.6]

(v) we have
0<AY? < 12| < BY? <0 ae. (6.13)

Assume that both Zg and Zg € L? (C). We will show that our assumption together
with (6.13]) leads to a contradiction in the following three steps.
Step 1: (Construction of an continuous averaged function G, (z,w) that approxi-
mating G(z,w) = Z'g(z, w).)
1
Let p(z,w) = X[O’l)él(Z,UI) and for 7 > 0, let p,(z,w) = —p <i, E) . Define

r TlF

G,(z,w) =G X p.(z,w) = Gz -2, w—uw)p, (7, w/)e_%”m(zzl+wwl) dZ'dw’.

[0,)*
Then G, satisfies the following properties:

(a) |GT(21,ZU1) - Gr(z27w2)|
< 2 (sl max(lal ) + 1) B

[NIES

(|21 = 22| + lwy —wyl) .

Using (6.13]) we have

|G, (21, w1) — G (29, w3)|
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1

. / G(u, U)e2ﬂi1m(z1ﬁ+w117) dudv
T QLT wir]

Qlzzw3ir]

1

4
r

IN

/ G(u, ’U) eZWiIm(zlﬁ-l—wlT)) . 627rilm(z2ﬁ+w217)] dudv
Qlz1 wisr]

1
T
T

/ G(u, v)e2mlm(22ﬂ+w2f)) dili
Qa1 wysr]

_/ G(ujv)e%rilm(zzﬂ—l—wzﬁ) ao
Qlzg,wyr]

[\)

™
4

(S

IA

r_B (lz1 — 2al(r + |z1]) + |wy — wa|(r + w1 ])) |Q[21, wi; 7]
1

—B /

r Qlz1 w11 AQ[z5,w3;r]

=

dudv

+

1
2w B2 (r + max{|z [, [wi[}) (|21 = 2| + w1 — wa])

1 1 * % * ok
+FB2 |Q[z1,w1;T]AQ[Z2,w2; TH

IA

IN

1 1
2 (n(r e [un ) + 1 ) B (12— al 4y — )
where A is the symmetric difference operator and
*  x r . r . .
Qlej )il = Qly — 5+ i)y — S(1+i)ir], j=1,2
(b) (1) Gr(sz - 1) = GT(Z,ZU) + ¢1,r(z7w) and GT(Z,ZU + Z) = Gr(sz) = ¢2,r(z7w)7

(i)
G.(z+ 1,w) = ezmlm(w)Gr(z, w) + 13 (2, w)

and
G, (z+i,w) = e_zmlm(iw)Gr(z, w) + Py (2, w),

where [t (2, w)| < 2w BY?r, j=1,2,3,4.

G, (z,w+1)
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= ot Glz—2,w+1—w)p, (7, w,)e_zmlm(zz_/ﬂwﬂ)@;/) dz' duw’
= o1y Gz -2, w—uw)p, (7, w/)e_%”m(zz_urmy) d2'dw’ + 1y (2, w)
= Colew) iy (2w,
where
Yy, (z,w) = /[0 " (e_zmjm(“;/) —1)G(z =2 w—w)p, (7, w')e_%”m(zz_,w“;,) dz' dw'.
Further
(%1, (2, w)|
4 /[0 e (e_zmjm(u;,) —1)G(z — 2, w—w)p, (7, w/)e—zmlm(z;’wzﬂ’) dz'duw’
=

Bl/2/ \ ]27TIm(11_)/)|pr(z/,w/) dz'dw' < 2xBY?r.
[0,1)

Similarly we can obtain the other identities with [¢); .(z, w)| < orBY?r, j =2,3 4.

()

v

v

Fix (z,w), (z,w’) € C? and using (a) one has

|G(sz) e Gr(zaw)|
’G(va)‘ o |Gr(27w) - Gr(zlvwl)‘ - ’Gr(2/7w/)’
At 25t (a4 max(le] lul)) + 1) (2 = 2] + o= 0') = Gl ).

In particular for fixed (z,w) € [0,1)* ¢ <1 and (z,w) € Q[2/,w’; cr] we have

|G(Z,’LU) - Gr(sz)|
> A2 — 2cr <7r(cr + max{|z|, |w|}) + C%) B2 — G (2 w)].  (6.14)

Step 2: For any (zg,w) € [0, 1)4,6 < 1and r <1 we have
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< [ (GG - Gulew)idad
Qlz,w;cer]

Ario(r), (6.15)

IN

where ¢}, = (m(cr + max{|z|, |w[}) + 1) and C(r) is independent on the point

cr

(z,w) and

lim C(r) = 0. (6.16)

r—0

/ |G(z,w) — G,.(z,w)| dzdw
Qlzo,woser]

)

< / , lp, (2, w"))| / |G(z,w) — G(z,w — w/)e_%um(ww,)\dz'dw/dzdw
[071) Q[ZOJUO;CT}
s [ ) Glzyw — )
[071) Q[Z07w0;cr]
—G(z— 2w — w/)e_%“m(zzl) dz' dw' dzdw
< / |pr(z/,w/)|/ G(z,w) — G(z,w — w/)e_zmlm(wwl) dzdwd?' duw'
0.n)* Qlzo,woier]

G(z,8) - Gz — 2, s)e_%um(zzl) dzdsdz dw'.

AR
[0,1) Q[zg,wo—w ;cr]

Using Corollary [6.3.3 and the fact that |2'| < 1, |w'| < 1, we have |C’1Z:g(r)| < O 4(7)
and |Cy ()| < Cy 4(r), where

)

15 - =4
Cl,g(r) = 87T||g : XQ(zO,r)H? + ?ﬂ- (HZg : XQ(zo,r)H2 + HZ.g 1 XQ(zo,r)||2
+ Hg X XQ(zO,r)HQ + 2”9 : XQ(zo,r)||2)

and Cy 4(r) = 167||g - XQ(ZO,T)HQ +87llg - XQ(zO,r)”2- Putting C(r) = Cy 4(r) +Cy 4(r)
we get (6I6]). Then the inequality (6.I5]) can be obtained by (6.I4) and applying

Cauchy-Schwartz inequality in the last term of the above calculation.

Step 3: Claim: inf  |G(z,w)| =0.
(z:w)ef0,)*

From (6.15) we get |G, (2", w')| > A2 —2crc, wB% — 2 Choose ¢ < 1 such that
’ c
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1 1
A — 2c7‘cz7wB% > ATQ and letting r — 0 we get |G, (z,w)| > ATQ. Since G, (z,w)
is continuous real valued function on [0,1)" (see [I18], pp. 377-385), there exists a

continuous real valued function 6, such that G, (z,w) = |G,(z, w)|ei€"(z’w). Define

wl,r(zv w)

G, (z,w)’
1/)277,(2, w)

G, (z,w)’
w?:,r(zv w)
e27riIm(w)GT (Z, w)
¢4,r(27 w)

e—27riIm(iw) G

5177«(2,?11) =1 +

52,T(Z7w) =l

5377“(2,111) =1+

9

0a (2, w) =1+

r(z,w)
Clearly ¢;, is continuous and non vanishing on [0, 1]4 for each » > 0 and every

J =1,2,3,4. Therefore there exists a continuous real valued function 6;, such that
8ir(z,w) = |5j,r(z,w)|ew”(z’w) for j=1,2,3,4. Since

il
G, (z,w +1) = G.(2,w)d5 (2,
G, (z + Lw) = MG, (2,w)55., (2, w),

Gy (z +iyw) = e MG (2 0)5, 4 (2, w),

G,(z,w+1) = G, (z,w)d ,(z,w),
w

for each r > 0 and for all z,w € [0,1] x [0,1], there are integers I, J,, K, and L,

such that
97’('27 1) — 07"(2;’ 0) + el,r(zv 0) + 27TIT’7
0,(z,1) = 0,(2,0) + 05,.(2,0) + 27J,.,
97"(17 w) = 27TI’I7L(ZU) + 07‘(07 w) + 93,7‘(07 w) + 27TK7‘7
0,(i,w) = —2wIm(iw) + 0,(0,w) + 0,,(0,w) + 27L,.
Now
0 = [97‘(07 1) - 97‘(07 Z)] + [97‘(07 Z) - 97‘@? Z)] + [Hr(i7 Z) - Hr(iv 1)]

+[0,(i,1) — 6,.(0,1)]
= 101,(0,0) = 65,(0,0) + 27(L, — J;)] + [-04,(0,i) — 27L, ]
+[927T(Z’,0) — 917r(i,0) +2n(J, — I)] + [-27 + 9477,(0, 1)+ 2nL,]
= 61,(0,0) = 62,(0,0) — 0,,.(0,) + 6,(i,0) — 01,.(4,0) — 27 + 64,(0,1).
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Letting » — 0 we get 0 = —27, a contradiction. O

Remark 6.3.5. Using Plancherel formula for Weyl transform we have
x 1 >
1Zgll=[lW (9)A%llc, = 511Z9llz 1 Zg]l> = +oo.

This expression is analogous to the conclusion of the classical BLT.

6.4 Uncertainty Principle Approach to BLT

Motivated by the proofs of BLT for orthonormal basis and Riesz basis (see [16], [43]),
we prove several versions of BLT on L (C) analogously. We start with a variation
of Heigenberg’s uncertainty inequality for L? ©).

Theorem 6.4.1. Let f € L2((C). Then

/ \Z5(2)2 d + / Zf(2)2dz > 2|12
C C

Proof. Let S(C) be the collection of all Schwartz class functions on C. Let f €
S(C) c L*(C). Therefore

m,n=0 m,n=0
= > @42 fi i) = D 200(fi bl (6.17)
m,n=0 m,n=0

and

1ZFllE = D WZfbmn)?= D Wf Zéma)l

m,n=0 m,n=0
= Z 2’1’L|<f, ¢m,n—1>|2 = Z (2n+2)|<f7 ¢m,n>|2' (618)
m,n=0 m,n=0
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Using equations (€.17) and (6.I8) we get

IZFIE+IZFIE = D n+2I(f, dmu® =2 Y (i bmn)l” = 2II£]5-
m,n=0 m,n=0

Using the fact that Z¢,, o = 0 for m =0,1,2--- we conclude that equality holds in
the above inequality if and only if n =01ie. f= 3" (¢pPpmo- O

6.5 The Weak BLT

Let us start with the following lemma.

Lemma 6.5.1. The operator T(tm,n) commutes with Z and Z i.e. T(tmm)Z = ZT(tm,n)

Proof. Enough to show that the commutators [Z, T, (tm,n)] =[Z ,T(tmm] = 0. For a

Schwartz class function f on C we have

(2, Tinm)f: ) = (ZTmm)f — Tin) 255 )
= (ZTinmyf F) = Tlnm)Z 5. f)
—~(F, Ty 2F) + {F, ZT(_n -y f)
—(W(f),im(=m, =)W (f)A) + (W (f), in(=m, —n)W () A)

I
S

Similarly we can show that [Z, T(tmm)] =0. O

Hereafter let us denote T (tmm) g as gy, for simplicity.

Theorem 6.5.2. Assume g € L*(C) is such that {9mn} is an evact twisted Ga-
bor frame for L2((C) and § be the dual function. Then we cannot have all of
29,7§, 29,23 € L*(C), i.e., we must have || Zg|l3 | Zdlla | Zgl> | Z§]l2 = +oo.

Proof. Assume that Zg, 2§, 7Zqg, 72§ € Lz((C). Since {g,,., } is a twisted Gabor frame
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for L*(C), any f € L*(C) can be expressed as

[ = Z(fa gm,n>§m,n = Z(fa gm,n>gm,n'

m,n m,n

Using Lemma we get

(29,25) = > (29, Gmn) Gmn> Z8) =D (Imon» 292G, Gy, —n)

= Y {29, Gmn) G- 25) = (Zg, Z7). (6.19)

Therefore, bi-orthogonality relation (Proposition 5.4.8 of [35], pp. 101) and the

above equality gives

1= (9,9) = —5 (9:[2, 219)) = —5((29,23) — (Z9, Z5)) =0,
a contradiction. O

Remark 6.5.3. If the twisted Gabor frame {g,, ,,} forms an orthonormal basis then
g = g and the above theorem is precisely analogue of Battle’s proof of BLT in [16].
The BLT will follow from the weak BLT if Zg € L*(C) & Zj € L*(C) and Zg €
L*(C) & Z§ € L*(C). However we show that BLT and weak BLT are actually

equivalent.

Proposition 6.5.4. If g € L2((C) and {gy, n} is an exact twisted Gabor frame for
L*(C), then there is a unique § € L*(C) such that Z'g=1/Z"g.

Proof. Let h = z:7! (%) By Lemma [6.1.6] (v), h is well defined and h € L*(C).
g

Let z = z + iy and w = r 4+ is € C. Using Lemma [6.1.0] (i7) and bi-orthogonality

relation (Proposition 5.4.8 of [35], pp. 101) we have

<h7 gm,n> = <Zth7 Ztgm,n>

1 o _ o _ —_—
_ / — e 2mi(xz.n y.m)e 2mi(s.n t'm)Ztg(Z, w) dzdw
QxQ Z g(z,w)

= 5m,05n,0 = <§79m,n>7 V. m,n € Z.
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Since {g,, ,, } is complete in L*(C) and h,§ € L*(C), it follows that h = . O

Theorem 6.5.5. If g € L*(C) and {9m.n} s an exzact twisted Gabor frame for
L*(C), then

Zge L*(C) & Zje L*(C) and Zg € L*(C) & Zgj € L*(C).
Proof. Assume that Zg € L (C). Then

t _ il 2milm(w.k) i 1_ _ 2miIm(w.k)
Z(Zg)(z,w) = %:Zg(z k)e = zk: <dz + 2z)g(z ke

—_

(Z')(2,0) — =0y (Z'g)(zw).  (6.:20)

. t ~5

Similarly,

24(Z0)(zw) = 0:(2'g) (z,w) — 32(Z'9)(20) — 5-0u(Z'g) (2 w). (6:21)

Now using Proposition [6.5.4] we compute

ZZ3)ew) = %Z)w0) + 5229 (2 w) — 50,79z w)
_ ta) (2. w 72/2 b i ') (z,w
= 8:(1/7'9) w) + s = 506(1/2'9) )

_ ) |z (Zg)w) 1 9s(Zg)(zw)
(Z'g)'(zw)  2(Z'g)(zw) 2T (Z'g) (2 w)

0:(Z'9)(2,w) — 5(Z'g) (2, w) = 5:0(Z'g) (2, w)
(Z'9)* (2 w)
Z'(Zg)(z,w)

- gz 6.22
(Z'9)*(z,w) (622

N W

Thus it follows that Zg € L*(C) < Z§ € L*(C) provided all the calculations are
justified in distribution point of view. Similarly the other equivalent relation can be

obtained. 0

Remark 6.5.6. Let ¢ € L*(C) and {9m.n} be an exact twisted Gabor frame for
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L?*(C). Then the following statements hold.

(7) The functions L%g and Lég cannot both be in L*(C): If L%g € L*(C), then
19 1 1 1 2 = 12
IL2gllz = (L>g,L2g) = (g, Lg) = ([ Zgll2 + I Zgll2)-
Therefore
Lige LX(C) & Zg, Zg € L*(C).

Now if L%g and Lég € L2((C) then Zg, 29, 2§,2§ € L2((C), contradicting the
Theorem [6.5.2]

(i4) The functions ZZg and ZZg cannot both be in L*(C): If ZZg, ZZg € L*(C),
then
Lge L*(C) and L2g= L 3(Lg) € L*(C).

This would imply Zg, Zg € L*(C), a contradiction to Theorem B34
(iii) The functions Lg and g cannot both be in L*(C).

(iv) Consider the operators R and R (Riesz transforms) defined by
Rg = ZL_%g and Rg= ZL_%g.

Then the functions ZRg and ZRg cannot both be in LQ((C): If ZRg,ZRg €
L*(C), then

D=

L

- o1 1 - r
9=—522+22)L 59:—5(2R+ZR)96L2(<C),

leading to a contradiction.

The classical uncertainty inequality on Lz(]R) can be written as

el 1l N=2)2 £l = 5151l

where (—A)% is defined by ((—A)%f)A (&) = [€]f(€). If we consider the special Her-
mite operator L on C, then the inequality on L?(C) has the form |||z| ]| \|L%f||2 >
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11 fll2 (see [130]). Therefore we consider the following:
Remark 6.5.7. Let g € L?(C) and {gmn} be an exact twisted Gabor frame for
L*(C). Then the functions L%g and |z|g cannot both be in L?(C): We have

Lig e L*(C) & Zg, Zg € L*(C).

If |z|g € L*(C), then by Lemma B.3.1(4), ||§ — glls < 27|e||||z|g]l; and the upper

bounds in Lemma [6:3.1)(#4) and (iii) can be obtained accordingly. Then proceeding
1

exactly as in Theorem [6.3.4] we get |[L2g||5 |||z]g]l2 = oo

Y&
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Chapter 7

Future Work

In this chapter, we describe some problems related to the results discussed
in this thesis. In [I1I], the generalized Fourier transform on L*(R) is defined in
connection with the differential-difference operator. One can investigate Balian-Low
type theorems (as discussed in Chapter [6]) with respect to the generalized Fourier
transform. We first introduce the differential-difference operator in the following

section.

7.1 The Differential-Difference Operator

Let us consider the differential-difference operator A on R, given by

a = L ) (fo) g, -

where

A(z) = |22 B(z), o> —%.

B being a positive C™ even function on R.

For A € C, the differential-difference equation:

Au =i\, MeC,
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admits a unique C solution on R, denoted by ®, and given by

146 @) if
B, (z) = oa(z) + ix dm¢A(w) if A #0, (73)

1 if A=0,

where ¢, denotes the solution of the differential equation

and A being the second-order singular differential operator defined by

A = ﬁ%@(@%).

Moreover, ®, is entire in A. For a detailed study of the differential-difference oper-

ator, we refer to [50].

7.2 The Generalized Fourier Transform

Let us denote D(R) as the space of compactly supported C* functions on R.

Definition 7.2.1. The generalized Fourier transform Fg of function f € D(R) is
defined by
FO) = [ F@Ps@)A@) s, AeC (74)

The important properties of this generalized Fourier transform is given by the

following theorem ([I11], Theorem 2.2):

Theorem 7.2.2. (Plancherel) (i) There is an even positive tempered measure o
(and only one) on R such that for all f € L' N L*(R, A(z) dz),

/ﬁuﬁmmmzjm%ﬁmﬁw&
R R

(i9) The generalized Fourier transform Fg extends uniquely to a unitary isomor-
phism from L*(R, A(z) dz) onto L*(R, o).
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Now we list few problems that can be explored using the generalized Fourier

transform.

e (BLT). Let g € L*(R) and o, 8 > 0 satisfy a8 = 1. If the Gabor system

G(g,, B) is an exact frame for Lz(R), then can we prove that
[zg(z)[l2INFag) (Ml = +o07

e (Amalgam BLT). Let g € L*(R) and a, 8 > 0 satisfy a8 = 1. If the Gabor

system G(g, o, 8) is an exact frame for L2(R), then can we prove that

g ¢ W(Co, L") and Fgg ¢ W(Co,L')?

It is well known that if {eimﬁxg(az —na) : m,n € Z} is a Gabor frame for L*(R)
with bounds A, B, then the following inequalities hold:

2T 2
A< — g(x —na)|” < B, a.e.
5Z|( )|

nEZL

and

1 2
A< = g — <B .e.
_amEE:ZLG(w mB)|" < B, ae

In [144], the authors proved the similar inequalities for multi-generated irregular
Gabor frames. One can investigate the similar problem using the generalized Fourier
transform.

Problem [5.2.3] in chapter [ leads to the following problem, posed by Heil and

Larson [92] and answer of this problem is still unknown.

Problem 7.2.3. Let {w, },en be an orthonormal basis for H. Find a characteri-

zation of all positive semi-definite trace-class operators T that are of Type B with

respect to {wy, }nen-

H7E
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