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Abstract

This thesis addresses some problems on frames and their generalizations viz Hilbert

space valued Gabor frames and Hilbert-Schmidt frames. The main objectives of the

thesis are to analyze Gabor frames on amalgam spaces, find solution of a Feichtinger

problem and prove Balian-Low type theorems on L2(C). This thesis consists of six

chapters.

In Chapter 1, we give a brief introduction of frame theory, discuss some well-

known results, basic definitions and provide a literature survey.

In Chapter 2, we prove the convergence of Gabor expansions to identity operator

in the operator norm as well as in weak* sense onW (Lp, Lq) as the sampling density

tends to infinity. Using it we show the validity of the Janssen’s representation and

the Wexler-Raz biorthogonality condition for Gabor frame operator on W (Lp, Lq).

Let H be a separable Hilbert space. In Chapter 3, we generalize and extend the

Walnut’s representation and Janssen’s representation of the H−valued Gabor frame

operator on H−valued weighted amalgam spaces WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞. Also

we show that the frame operator is invertible on WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞, if the

window function is in the Wiener amalgam space WH(L
∞, L1

w). Further, we obtain

the Walnut’s representation and invertibility of the frame operator corresponding to

Gabor superframes and multi-window Gabor frames on WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞,
as a special case by choosing the appropriate Hilbert space H.

In Chapter 4, we study the Hilbert−Schmidt frame (HS-frame) theory for sepa-

rable Hilbert spaces. We first present some characterizations of HS-frames and prove

that HS-frames share many important properties with frames. Then we show that

the inverse of the HS-frame operator can be approximated using finite-dimensional

methods. Also we present a classical perturbation result and prove that HS-frames

are stable under small perturbations. Further, as an application we establish Par-

seval type identities and inequalities for HS-frames.

In Chapter 5, we answer to the spectral problem about positive semi-definite

trace-class pseudodifferential operators on modulation spaces posed by Hans Fe-

ichtinger. Also, we discuss the solutions of several reformulated problems inspired

by the original Feichtinger’s question in Hilbert space operator theory that was

posed by Heil and Larson. These results provide some connections between opera-

tor theory and the theory of modulation spaces.

In Chapter 6, we prove the Balian-Low type theorem (BLT) on L2(C) using the

operators Z and Z̄ i.e., we prove that ‖Zg‖2 and ‖Z̄g‖2 cannot both be simultane-

ously finite if the twisted Gabor frame generated by g ∈ L2(C) forms an orthonormal

TH-1693_126123015



basis or an exact frame for L2(C). The operators

Z =
d

dz
+

1

2
z̄ and Z̄ =

d

dz̄
− 1

2
z

are associated with the special Hermite operator

L = −∆z +
1

4
|z|2 − i

(
x
d

dy
− y d

dx

)

on C, where ∆z is the standard Laplacian on C and z = x+ iy. Also the amalgam

version of BLT is proved using Weyl transform and the distinction between BLT

and amalgam BLT is illustrated by examples. The twisted Zak transform is intro-

duced and using it several versions of the Balian-Low type theorems on L2(C) are

established.

In Chapter 7, we describe a few directions for future research based on the work

of this thesis.
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Chapter 1

Introduction

Bases play a crucial role in the analysis of vector spaces as every vector in the

considered space can be expressed in a unique way as a linear combination of the

basis elements. But the conditions for a family of elements in the vector space to

form a basis are very restrictive since the elements of a basis need to be linearly

independent and some times we even want the elements to be orthogonal with

respect to an inner product. This makes it hard or even impossible to find bases

satisfying extra conditions. Due to this reason one might look for a more flexible

tool. Frames are such tools where every element in the vector space equipped with

an inner product can be written as linear combination of frame elements i.e. if we

consider the sequence of elements {fk} in a Hilbert space H, then every f ∈ H

can be written as f =
∞∑
k=1

ck(f)fk. However the coefficient ck(f) is not necessarily

unique. Thus a frame might not be a basis but a generalization of a basis.

The concept of a frame in Hilbert spaces has been introduced in 1952 by Duffin

and Schaeffer [48], in the context of nonharmonic Fourier series (see [143]). After

the work of Daubechies et al. [41] frame theory got considerable attention outside

signal processing and began to be more broadly studied (see [25, 35, 77]). A frame

for a Hilbert space is a redundant set of vectors in Hilbert space which provides

non-unique representations of vectors in terms of frame elements. The redundancy

and flexibility offered by frames has spurred their application in several areas of

mathematics, physics, and engineering such as sigma-delta quantization [20], neural

networks [23], image processing [24], system modelling [47], quantum measurements

1
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2 Introduction

[53], sampling theory [59], wireless communications [126] and many other well known

fields.

1.1 Frames in Hilbert Spaces

Let us denote H and K as Hilbert spaces, L(H) the algebra of all bounded linear

operators on H, I the identity operator on H, and J as a countable index set. We

start with the definition and some basic properties of frames in Hilbert spaces.

Definition 1.1.1. A family {fj : j ∈ J} in H is called a frame for H, if there exist

constants 0 < A ≤ B <∞ such that for all f ∈ H

A‖f‖2 ≤
∑

j∈J
|〈f, fj〉|2 ≤ B‖f‖2. (1.1)

The constants A and B are called frame bounds. If A = B, then this frame is

called an A-tight frame, and if A = B = 1, then it is called a Parseval frame. If we

only have the right hand inequality in (1.1), we call {fj : j ∈ J} a Bessel sequence

with Bessel bound B. A frame {fj : j ∈ J} is exact if it ceases to be a frame when

any single element fn is deleted, that is, {fj}j 6=n is not a frame for any n.

Example 1.1.2. Every orthonormal basis {ej} for H is a tight frame for H with

A = B = 1. Moreover, {ej} is an exact frame since if we delete any element em,

then {ej}j 6=m cannot be a frame.

Example 1.1.3. Let {ej} be an orthonormal basis for a separable Hilbert space H.

(i) The family {e1, e1, e2, e2, e3, e3, · · · } is a tight inexact frame for H with bounds

A = B = 2, but it is not orthogonal and it is not a basis, although it does

contain an orthonormal basis. Similarly, if {fj} is another orthonormal basis

for H then {ej} ∪ {fj} is a tight inexact frame for H.

(ii) The family {e1, e22 ,
e3
3 , · · · } is a complete orthogonal sequence and it is a basis

for H, but it does not possess a lower frame bound and hence is not a frame

for H.

TH-1693_126123015



1.1. Frames in Hilbert Spaces 3

(iii) The family {e1, e2√
2
, e2√

2
, e3√

3
, e3√

3
, e3√

3
, · · · } is a tight inexact frame for H with

bounds A = B = 1, and no nonredundant subsequence is a frame.

(iv) The family {2e1, e2, e3, · · · } is a non-tight exact frame for H with bounds

A = 1, B = 2.

(v) Let J ⊂ N be a proper subset. Then {ej : j ∈ J} cannot be a frame for H.

However, {ej : j ∈ J} is a frame for span{ej : j ∈ J}.

Since the family {fj : j ∈ J} is a frame for H with bounds A,B, it is also a

Bessel sequence with Bessel bound B, the operator T : ℓ2(J) → H is defined by

T ({cj}j∈J) =
∑
j∈J

cjfj is well-defined, bounded and is called the synthesis operator.

The adjoint operator T ∗ : H → ℓ2(J) is given by T ∗f = {〈f, fj〉}j∈J is called the

analysis operator. The frame operator S : H→ H is defined by

Sf = TT ∗f =
∑

j∈J
〈f, fj〉fj .

Since {fj : j ∈ J} is a Bessel sequence for H, the series defining S converges

unconditionally for every f ∈ H. We state some well known properties of S in the

following:

Lemma 1.1.4. ([35], Lemma 5.1.5) Let {fj : j ∈ J} be a frame for H with frame

operator S and frame bounds A, B. Then the following holds.

(i) S is bounded, invertible, positive, and self-adjoint.

(ii) The family {S−1fj : j ∈ J} is a frame for H with bounds B−1, A−1. The

corresponding frame operator for {S−1fj : j ∈ J} is S−1.

The frame {f̃j = S−1fj : j ∈ J} is called the canonical dual of {fj : j ∈ J}.
If {fj : j ∈ J} is a frame with frame operator S, then the following reconstruction

formula holds:

f =
∑

j∈J
〈f, fj〉S−1fj =

∑

j∈J
〈f, S−1fj〉fj , ∀f ∈ H. (1.2)
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4 Introduction

The series converges unconditionally for every f ∈ H. A frame {gj : j ∈ J} for H is

called an alternate dual of {fj : j ∈ J} if for all f ∈ H the following equality holds:

f =
∑

j∈J
〈f, gj〉fj. (1.3)

The two reconstruction formulas in (1.2) provide a non-orthogonal expansion of f

with respect to the frame vectors fj and the dual frame vectors S−1fj with coef-

ficients 〈f, S−1fj〉 and 〈f, fj〉 respectively. But in contrast to orthonormal bases

the coefficients in the frame expansions (1.2) are in general not unique. Whether

the coefficients in the frame expansion (1.2) are uniquely determined under some

additional assumption on the frame? This question is settled by the following propo-

sition.

Proposition 1.1.5. Suppose that {fj : j ∈ J} is a frame for H. Then the following

conditions are equivalent.

(i) The coefficients c ∈ ℓ2(J) in the series expansion (1.2) are unique.

(ii) The analysis operator T ∗ maps onto ℓ2(J).

(iii) There exist constants A′, B′ > 0 such that the inequalities

A′‖c‖2 ≤
∥∥∥
∑

j∈J
cjfj

∥∥∥ ≤ B′‖c‖2

hold for all finite sequences c = (cj)j∈J .

(iv) The family {fj : j ∈ J} is the image of an orthonormal basis {gj : j ∈ J}
under an invertible operator T ∈ B(H).

(v) The Gram matrix G, given by Gjm = 〈fm, fj〉, m, j ∈ J , defines a positive

invertible operator on ℓ2(J).

A frame that satisfies any one of the conditions of Proposition 1.1.5 is called a

Riesz basis of H. We formally define the Riesz basis in the following.

TH-1693_126123015



1.2. Gabor Frames 5

Definition 1.1.6. A Riesz basis for a Hilbert space H is a family of the form

{Tfj : j ∈ J}, where {fj : j ∈ J} is an orthonormal basis for H and T : H → H is

a bounded invertible operator.

Since the omission of one element results in an incomplete set (can be observed

from Proposition 1.1.5(iv)), Riesz bases are sometimes referred to as exact frames.

Notice that every orthonormal basis is automatically a Riesz basis for the Hilbert

space H. But a Riesz basis need not be an orthonormal basis. If {en : n ∈ N} is an
orthonormal basis for H, then fn = (1 + n2)−1/2(ne1 + en) is a basis of normalized

vectors which is not a Riesz basis for H.

We refer to [25, 35, 40, 77, 88, 91, 143] for basic results on frames. A frame can

be approached in various ways. One way is to consider frame theory as a branch of

functional analysis and investigate general frames in general Hilbert spaces. Also,

one can consider a particular class of frames and explore it. Most articles concentrate

on one of these two aspects. We are interested in Gabor frames or Weyl-Heisenberg

frames generated by time-frequency shifts of a single window function in L2(Rd). In

the next section, we discuss Gabor frames in details.

1.2 Gabor Frames

The theory for Gabor analysis in L2(Rd) is based on two classes of operators on

L2(Rd), namely translation and modulation operators. Fix s, t ∈ R
d and g ∈

L2(Rd). For x ∈ R
d, the translation operator Ts : L2(Rd) → L2(Rd) is defined by

Tsg(x) = g(x− s) and the modulation operator Mt : L
2(Rd)→ L2(Rd) is defined by

Mtg(x) = e2πi〈t,x〉g(x). Gabor analysis aims at representing functions f ∈ L2(Rd) as

superpositions of translated and modulated versions of a fixed function g ∈ L2(Rd).

This can be thought in two ways. First is to ask for integral representations involving

all possible translations and modulations i.e. to find cf (a, b) such that

f(x) =

∫∫

R
2d
cf (a, b)e

2πib·xg(x − a) dadb (1.4)

is valid. Note that we have to specify in which sense (1.4) is valid. Second approach

is to restrict the translation and modulation parameters to a discrete subset Λ ⊂ R
2d

TH-1693_126123015



6 Introduction

and investigate for series representations of f in terms of the functions

{MtTsg}(t,s)∈Λ. (1.5)

Here we are interested in the second approach. To discuss some of the fundamental

properties of Gabor frames, we first define a Gabor frame in the following:

Definition 1.2.1. Given a non-zero window function g ∈ L2(Rd) and lattice pa-

rameters α, β > 0, the collection of functions G(g, α, β) = {MβnTαkg : k, n ∈ Z
d} in

L2(Rd), is called a Gabor frame or a Weyl-Heisenberg frame if there exist constants

A,B > 0 such that

A‖f‖22 ≤
∑

k,n∈Zd

|〈f,MβnTαkg〉|2 ≤ B‖f‖22, ∀f ∈ L2(Rd). (1.6)

An example of a Gabor frame is {MnTkχ[0,1]
d}

n,k∈Zd , which is also an orthonor-

mal basis for L2(Rd). For a Gabor frame {MβnTαkg : k, n ∈ Z
d}, the points

{(αk, βn)}
k,n∈Zd form a lattice in R

2d and we call {MβnTαkg : k, n ∈ Z
d} a regular

Gabor frame. For more general subsets {(µn, λn) : n ∈ J ⊆ Z
d} of R2d, if the collec-

tion {Mλn
Tµn

g : n ∈ J} forms a Gabor frame for L2(Rd), then {Mλn
Tµn

g : n ∈ J}
is called an irregular Gabor frame.

1.2.1 Necessary and Sufficient Conditions

In this section, we provide a necessary and sufficient condition for a Gabor system

G(g, α, β) to be a Gabor frame. The natural question is how to choose g ∈ L2(Rd)

and Λ ⊂ R
2d such that the functions in (1.5) constitute a frame for L2(Rd). The

answer to this question is very difficult and we will mainly discuss the case where Λ

is a lattice in R
2d. In 1946, D. Gabor [72] considered the system {MβnTαkg}n,k∈Zd ,

where αβ = 1 and g is the Gaussian g(x) = e−x
2
/2. It was observed much later

by Janssen [95, 96] that this particular Gabor system leads to unstable expansions.

Gabor analysis took a new direction with the article [41] by Daubechies et al. from

1986. There one may find the initial idea of combining Gabor analysis with the

frame theory. The following result obtained by Ron and Shen [122], provides a
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necessary and sufficient condition for G(g, α, β) to be a frame for L2(Rd).

Theorem 1.2.2. Let A,B > 0 and the Gabor system G(g, α, β) be given. Then

G(g, α, β) is a frame for L2(Rd) with bounds A,B if and only if

βAI ≤M(x)M(x)∗ ≤ βBI a.e. x, (1.7)

where

M(x) := (g(x − nα−m/β))
m,n∈Zd , x ∈ R

d, (1.8)

and I is the identity operator on ℓ2(Zd).

One of the important and interesting concept in Gabor frame theory is to obtain

the necessary condition on the lattice parameters α, β such that the Gabor system

G(g, α, β) constitute a frame. The algebraic structure of the lattice Λ = {(αk, βn) :
k, n ∈ Z

d} has been exploited to derive the necessary condition for a Gabor system

G(g, α, β) to be complete, a frame or an exact frame in terms of the product αβ.

In this direction the following results are known for Gabor frames in one dimension

case (d = 1) with a rectangular lattice Λ = αZ × βZ. In [120], Rieffel proved that

the Gabor system G(g, α, β) is incomplete for any g if αβ > 1. Daubechies [39]

proved Rieffel’s result for the case when αβ is rational and exceeds one. Assuming

further decay on g and ĝ Landau [105] proved that G(g, α, β) cannot be a frame for

L2(R) if αβ > 1.

For the Gaussian g(x) = e−x
2

, it is well known that the Gabor system G(g, α, β),
is a frame if and only if αβ < 1. This was proved in 1991 by Lyubarski and

independently by Seip and Wallsten. The following results says that the product

αβ decides whether it is possible for G(g, α, β) to be a frame for L2(Rd).

Theorem 1.2.3. ([35], Theorem 8.3.1) Let g ∈ L2(Rd) and α, β > 0 be given. Then

the following holds:

(i) If αβ > 1, then G(g, α, β) is not a frame for L2(Rd).

(ii) If G(g, α, β) is a frame, then αβ = 1⇔ G(g, α, β) is a Riesz basis.

Therefore, only possibility for G(g, α, β) to be a frame if αβ ≤ 1, and the frame

is overcomplete if αβ < 1. But the assumption αβ ≤ 1 is not enough for G(g, α, β)
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to be a frame, even if g 6= 0. For example, if α ∈ (12 , 1) the functions G(χ
[0, 1

2
]
d , α, β)

cannot form a frame for L2(Rd). A necessary condition for G(g, α, β) to be a frame

for L2(Rd) is given in the following proposition.

Proposition 1.2.4. ([35], Proposition 8.3.2) Let g ∈ L2(Rd) and α, β > 0 be given,

and assume that G(g, α, β) is a frame with bounds A,B. Then

βA ≤
∑

k∈Zd

|g(x − αk)|2 ≤ βB, a.e. (1.9)

Sufficient conditions for G(g, α, β) to be a frame for L2(Rd) are given by Daubechies

[39], and Heil and Walnut [94]. We state that results in the following.

Theorem 1.2.5. Let g ∈ L2(Rd) and α, β > 0 be given. Suppose that there exist

A,B > 0 such that

A ≤
∑

k∈Zd

|g(x − αk)|2 ≤ B, for a.e. x ∈ R
d (1.10)

and
∑

n 6=0

∥∥∥∥∥∥
∑

k∈Zd

TαkgTαk+n
β
g

∥∥∥∥∥∥
∞

< A. (1.11)

Then G(g, α, β) is a Gabor frame for L2(Rd).

In [39], Daubechies conjectured that if f ∈ L1(R) with positive Fourier transform

f̂ ∈ L1(R) then G(g, α, β) is a frame for L2(R) if and only if αβ < 1. This conjecture

was disproved by Janssen in [99]. In [85], Gröchenig and Stöckler proved that the

result holds if g ∈ L2(R) is a totally positive function of finite type at least 2. This

means that ĝ(ξ) =
∏M

ν=1(1 + 2πiδνξ)
−1 for δν ∈ R, δν 6= 0, and M ≥ 2.

Irregular Gabor systems arise naturally from perturbations of lattice Gabor sys-

tems, e.g., due to jitter or noise. For the irregular setting new tools are needed, and

these were first supplied by Ramanathan and Steger [119], who provided the exten-

sions of the density theorem to irregular Gabor frames. For the lattice Λ ⊂ R
2d,

they proved the incompleteness of Gabor systems that are uniformly discrete (i.e.

there is a minimum distance δ between elements of Λ) in terms of the Beurling
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density defined as follows:

Let Λ ⊂ R
d be uniformly discrete. Let B be the ball of volume one in R

d centered

at origin. For each r > 0, ν+(r) and ν−(r) denote the maximum and minimum

number of points of Λ that lie in any translate of rB, i.e.

ν+(r) = max
x∈Rd

#{λ ∈ Λ : λ ∈ Λ ∩ (x+ rB)}

and

ν−(r) = min
x∈Rd

#{λ ∈ Λ : λ ∈ Λ ∩ (x+ rB)}.

Since Λ is uniformly discrete, both ν+(r) and ν−(r) are finite for every r > 0. The

upper and lower densities are defined by

D+(Λ) = lim sup
r→∞

ν+(r)

rd
and D−(Λ) = lim inf

r→∞
ν−(r)

rd
.

In [104], Landau proved that these quantities are independent of the particular

choice of the set B with measure 1. If D+(Λ) = D−(Λ), then the set Λ is said to

have uniform Beurling density D(Λ) = D+(Λ) = D−(Λ). Ramanathan and Steger

[119] proved the following result for irregular Gabor systems that are uniformly

discrete.

Theorem 1.2.6. (Density theorem) Let g ∈ L2(Rd) and Λ ⊂ R
2d be a uniformly

discrete set.

(i) If D+(Λ) < 1, then {ρ(p, q)g : (p, q) ∈ Λ}) is not a frame for L2(Rd) where

ρ(p, q)g(x) = e2πiq·xg(x − p).

(ii) If Λ = aZd×bZd is a rectangular lattice with uniform Beurling density D(Λ) <

1 then {ρ(p, q)g : (p, q) ∈ Λ}) is incomplete in L2(Rd).

(iii) If Λ has uniform Beurling density D(Λ) such that {ρ(p, q)g : (p, q) ∈ Λ} is a

Riesz basis then D(Λ) = 1.

By the density theorem, there is a clear separation between “overcomplete”

frames and “undercomplete” Riesz sequences with Riesz bases corresponding to the
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critical density lattices that satisfy D(Λ) = 1. A detailed study of the density

theorem for Gabor frames can be found in [90].

1.2.2 Representations of Gabor Frame Operators

The structure of a Gabor frame turns out to have important implications for the

Gabor frame operator, which can be written in several ways. The Gabor frame

operator is defined by

Sgf :=
∑

k,n∈Zd

〈f,MβnTαkg〉MβnTαkg, f ∈ L2(Rd). (1.12)

If g ∈ L2(Rd) generates a Gabor frame G(g, α, β) then there exists a dual window

(canonical dual window) γ = S−1
g (g) ∈ L2(Rd) such that G(γ, α, β) = {MβnTαkγ :

k, n ∈ Z
d} is also a frame for L2(Rd) called the dual Gabor frame. We also denote the

canonical dual window as g̃. Consequently every f ∈ L2(Rd) possess the expansion

f =
∑

k,n∈Zd

〈f,MβnTαkg〉MβnTαkγ =
∑

k,n∈Zd

〈f,MβnTαkγ〉MβnTαkg (1.13)

with unconditional convergence in L2(Rd). The inverse frame operator is given by

S−1
g f = Sγf =

∑

k,n∈Zd

〈f,MβnTαkγ〉MβnTαkγ. (1.14)

The aim of this section is to investigate Gabor frames in detail and state the funda-

mental theorems on Gabor frames. In order to do so, we need to define a particular

function space which can be used as a convenient class of window functions for

time-frequency analysis on L2(Rd).

Definition 1.2.7. A function g ∈ L∞(Rd) belongs to the Wiener space W =W (Rd)

if

‖g‖W =
∑

k∈Zd

‖g · Tkχ[0,1)
d‖∞ <∞.

For 1 ≤ p <∞, we have W (Rd) ⊂ Lp(Rd). Further, W (Rd) is a Banach algebra
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under pointwise multiplication with respect to the norm
∫
R
d ‖f · Txχ[0,1)

d‖∞dx.

There are several different approaches to understand Sg owing to Daubechies

[39], Walnut [135], Ron and Shen [122], and Feichtinger and Zimmermann [68].

Before the detailed investigation of the Gabor frame operator, we define synthesis

and analysis operators. For Gabor systems the synthesis operator

Rg : ℓ
2(Z2d)→ L2(Rd), defined by Rg((ckn)k,n∈Zd) =

∑

k,n∈Zd

cknMβnTαkg (1.15)

and the analysis operator

Cg : L2(Rd)→ ℓ2(Z2d), defined by Cgf(k, n) = 〈f,MβnTαkg〉, k, n ∈ Z
d. (1.16)

If g ∈W (Rd), then the operators Rg and Cg are well-defined and bounded. We can

also define the Gabor frame operator as

Sg,γf = RγCgf =
∑

k,n∈Zd

〈f,MβnTαkg〉MβnTαkγ.

The Gabor frame operator Sg,γ can be written using the correlation functions Gn

of the pair (g, γ), where

Gn(x) =
∑

k∈Zd

g(x− n

β
− αk)γ(x− αk), n ∈ Z

d.

Which is well known as Walnut’s representation [135] of the Gabor frame operator.

Theorem 1.2.8. ([77], Theorem 6.3.2) Let g, γ ∈ W (Rd) and α, β > 0. Then the

frame operator Sg,γ associated to G(g, α, β) has the representation

Sg,γf = β−d
∑

n∈Zd

Gn · Tn
β
f. (1.17)
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Moreover, Sg,γ is bounded on all Lp-spaces, 1 ≤ p ≤ ∞ with operator norm

‖Sg,γ‖B(L
p
) ≤ 2d

(
1

α
+ 1

)d( 1

β
+ 1

)d

‖g‖W ‖γ‖W .

Further, expanding the Fourier series of α-periodic correlation functions gives

Gn(x) = α−d
∑

l∈Zd

〈
γ,M l

α
Tn

β
g
〉
e2πil·x/α, (1.18)

By substituting this expression into Walnut’s representation (1.17) we obtain the

informal expansion

Sg,γf = β−d
∑

n∈Zd

Gn · Tn
β
f

= (αβ)−d
∑∑

l,n∈Zd

〈
γ,M l

α
Tn

β
g
〉
M l

α
Tn

β
f, (1.19)

with the convergence of the series in the operator norm provided

∑

l,n∈Zd

∣∣∣
〈
γ,M l

α
Tn

β
g
〉∣∣∣ <∞.

The expression in (1.19) is called the Janssen’s representation [98]. It represents the

frame operator as a superposition of time-frequency shifts along the adjoint lattice
1
βZ

d× 1
αZ

d. The weak form of Janssen’s representation was introduced by Tolimieri

and Orr [134], and the strong forms were independently proved in [44] and [98].

For any Gabor frame G(g, α, β), one may ask whether there exists a dual window

γ ∈ L2(Rd) such that Sg,γ = Sγ,g = I. A particular dual window which satisfies this

identity is the canonical dual window. But in general the canonical dual is not the

only dual window, there may be other dual windows also satisfying Sg,γ = I. In an

attempt to find an alternative way to compute the dual window of a Gabor frame,

Z. Wexler and S. Raz [138] discovered the biorthogonality relations. The following

conditions, the Wexler-Raz biorthogonality relations characterize all dual windows.

Theorem 1.2.9. Assume that Rg and Rγ are bounded on ℓ2(Z2d). Then the fol-
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lowing conditions are equivalent:

(i) Sg,γ = Sγ,g = I on L2(Rd).

(ii) (αβ)−d
〈
γ,M l

α
Tn

β
g
〉
= δl0δn0 for l, n ∈ Z

d.

The relevance of these identities for the study of Gabor frame have pointed

out in [60, 65, 68, 90]. A special case of the Wexler-Raz biorthogonality relations

says that the two sets G(g, 1β , 1α ) and G(γ, 1β , 1α) are biorthogonal to each other on

L2(Rd). A. Ron and Z. Shen were the first to obtain the relationship between the

Gabor frame G(g, α, β) and the dual Gabor frame G(g, 1β , 1α ) in [122] which is well

known as Ron-Shen duality principle. We state the Ron-Shen duality principle in

the following theorem and refer to [77, 98] for more information on duality principle.

Theorem 1.2.10. ([77], Theorem 7.4.3) Let g ∈ L2(Rd) and α, β > 0. Then the

Gabor system G(g, α, β) is a frame for L2(Rd) if and only if G(g, 1β , 1α ) is a Riesz

basis for its closed linear span.

Next we discuss two important function spaces namely Wiener amalgam spaces

and modulation spaces, which play a significant role in time-frequency analysis.

1.3 Wiener Amalgam Spaces

Let Q denote the unit cube [0, 1)d and Qa = [0, a)d. Let 1 ≤ p, q ≤ ∞. A measurable

function f belongs to the Wiener amalgam space W (Lp, Lq) if

‖f‖W (L
p
,L

q
) :=


∑

k∈Zd

‖f · TkχQ‖qp




1
q

<∞,

with the obvious modification for q =∞. Notice that if p =∞ and q = 1, the amal-

gam space W (L∞, L1) is precisely the Wiener space W (Rd) as defined in Definition

1.2.7.

The closed subspace of W (Rd) containing continuous functions is denoted by

W (C,L1) and is called the Wiener algebra. It is easy to observe that W (Lp, Lp) =
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Lp(Rd). For 1 ≤ p1, p2, q1, q2 ≤ ∞, we have

W (Lp1 , Lq) ←֓ W (Lp2 , Lq), p1 ≤ p2

and

W (Lp, Lq1) →֒W (Lp, Lq2), q1 ≤ q2.

Thus

W (L∞, L1) ⊂ Lp(Rd) ⊂W (L1, L∞), 1 ≤ p ≤ ∞.

The Köthe dual of W (Lp, Lq) is the space of all measurable functions g on R
d

such that g ·W (Lp, Lq) ⊆ L1(Rd). It is equal to W (Lp
′

, Lq
′

), where 1/p + 1/p′ =

1/q + 1/q′ = 1 for all 1 ≤ p, q ≤ ∞. The pairing

〈·, ·〉 :W (Lp, Lq)×W (Lp
′

, Lq
′

)→ C, 〈f, g〉 =
∫

R
d
f(x)g(x)dx,

is bounded. The collection of all bounded linear operators from W (Lp, Lq) to

W (Lp, Lq) is denoted by B(W (Lp, Lq)).

The dual and Köthe dual of the amalgam spaces are given in the following lemma.

Lemma 1.3.1. Let 1/p + 1/p′ = 1/q + 1/q′ = 1. Then

(i) For 1 ≤ p, q <∞, the dual space of W (Lp, Lq) is W (Lp
′

, Lq
′

).

(ii) For 1 ≤ p, q ≤ ∞ the Köthe dual of W (Lp, Lq) is W (Lp
′

, Lq
′

).

We refer to the paper of Fournier and Stewart [70] for detailed study on classical

amalgam spaces.

1.4 The Schwartz Space and the Fourier Transform

Definition 1.4.1. Let S(Rd) denote the class of all infinitely differentiable functions

on R
d such that

sup
x∈Rd

∣∣∣ xαDβϕ(x)
∣∣∣ <∞, ∀ α, β ∈ N

d,
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where α = (α1, α2, · · ·αd), β = (β1, β2 · · · βd), xα = x
α1
1 x

α2
2 · · · x

αd
d and Dβ =

∂
β1

∂x
β1
1

∂
β2

∂x
β2
2

· · · ∂
βd

∂x
βd
d

for x = (x1, x2, · · · xd). The space S(Rd) is called Schwartz class

of rapidly decreasing functions.

Let f ∈ L1(Rd). Then the Fourier transform f̂ of f is defined by

f̂(ξ) =

∫

R
d
f(t)e−2πiξ.tdt, ξ ∈ R

d.

For f ∈ L1 ∩ L2(Rd), one has the Plancherel formula ‖f‖2 = ‖f̂‖2. As L1 ∩ L2(Rd)

is dense in L2(Rd), the definition of Fourier transform is extended to functions in

L2(Rd). The Fourier transform F maps L2(Rd) unitarily onto L2(Rd). The inversion

formula is given by

f(t) =

∫

R
d
f̂(ξ)e2πiξ.tdξ, a.e. for t ∈ R

d.

The Fourier transform f 7→ f̂ is a homeomorphism of S(Rd) onto itself. S(Rd)

is dense in C0(R
d), the class of continuous functions vanishing at infinity, and in

Lp(Rd), 1 ≤ p < ∞. The collection S ′(Rd) of all continuous linear functionals on

S(Rd) is called the space of tempered distributions.

1.5 Modulation Spaces

The modulation spaces were invented and extensively investigated by Feichtinger in

[58, 60]. For a detailed development of the theory of modulation spaces we refer to

the above mentioned references and to Gröchenig’s text [77].

Given a non-zero function g ∈ L2(R), we recall the short-time Fourier transform

(STFT) or windowed Fourier transform of a function f ∈ L2(R) with respect to g

as

Fgf(x,w) =

∫

R

f(t)g(t− x)e−2πiwtdt.

It is well known that if ‖g‖2 = 1, then Fg is an isometry from L2(R) into L2(R2).
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Thus we have the norm equality

‖f‖2 = ‖Fgf‖2 =
(∫∫

R
2
|Fgf(x,w)|2dx dw

)1/2

. (1.20)

For more details of STFT and the inversion formula see [77].

Definition 1.5.1. Fix a non-zero window g ∈ S(R), and 1 ≤ p, q ≤ ∞. Then the

modulation space Mp,q(R) consists of all tempered distributions f ∈ S ′(R) such that

Fgf ∈ Lp,q(R2). The norm on Mp,q is

‖f‖Mp,q = ‖Fgf‖Lp,q =

(∫

R

(∫

R

|Fgf(x,w)|pdx
)q/p

dw

)1/q

<∞,

with the usual adjustments if p or q is infinite. If p = q, then we write Mp instead

of Mp,p.

The definition of Mp,q is independent of the choice of g in the sense that each

different choice of g defines an equivalent norm for the same set Mp,q. Each mod-

ulation space is a Banach space. For p = q = 2, by equation (1.20), we have that

M2 = L2. For other p = q, the space Mp is not Lp. In fact for p = q > 2, the space

Mp is a superset of L2. We have the following inclusion

S(R) ⊂M1(R) ⊂M2(R) = L2(R) ⊂M∞(R) ⊂ S ′(R).

Among the modulation spaces, the space M1 plays an important role. For example,

see [80] for important applications of M1 space in the theory of pseudodifferential

operators. The space M1 is often called the Feichtinger algebra. The Feichtinger

algebra has many interesting properties: it forms a Banach algebra under pointwise

products and convolution, and is invariant under the Fourier transform. Also it is the

minimal non-trivial Banach space contained in L1 which is isometrically invariant

under both translations and modulations.

Let g ∈ S(R), or g ∈M1(R) and G(g, α, β) be a frame for L2(R). Then the Gabor

frame expansions given in (1.13) converge not only in L2 but in all the modulation

spaces, as follows (see [77] for proofs).
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Theorem 1.5.2. Let g ∈ M1(R) and G(g, α, β) be a frame for L2(R). Then the

following statements hold.

(i) The dual window g̃ belongs to M1(R).

(ii) For every 1 ≤ p ≤ ∞ we have that

f =
∑

k,n∈Z
〈f,MβnTαkg̃〉MβnTαkg =

∑

k,n∈Z
〈f,MβnTαkg〉MβnTαkg̃, ∀f ∈Mp(R),

where these series converge unconditionally in the norm of Mp (weak∗ conver-

gence if p =∞).

(iii) For every 1 ≤ p ≤ ∞ the Gabor frame coefficients provide an equivalent norm

for the modulation space Mp, i.e.,

‖f‖Mp =

( ∑

k,n∈Z
|〈f,MβnTαkg〉|p

)1/p

(1.21)

is an equivalent norm for Mp.

The theorem says that any Gabor frame for L2(R) whose window lies in M1(R)

is a Banach frame for every modulation space.

1.6 Wilson Bases

The equivalent norm for Mp given in (1.21) suggests that we should have Mp ∼= ℓp.

There exists a remarkable construction of an orthonormal basis for L2(R), called a

Wilson basis, which is simultaneously an unconditional basis for every modulation

spaces (see [61]). Wilson bases were first suggested by Wilson in [140]. They provide

orthonormal bases for L2(R), which was rigorously proved in [42]. We refer to [77]

for more details on Wilson bases.

The construction of a Wilson basis starts with a twice redundant Parseval Gabor

frame G(g, 12Z×Z) whose generator satisfies a symmetry condition, then forms linear

combinations of elements, namely MnT k
2
g ±M−nT k

2
g and finally extracts from the

set of these linear combinations a subset which forms an orthonormal basis for
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L2(R). Moreover, a Wilson basis will be an unconditional basis not only for L2(R),

but also for all the modulation spaces, if the original window g has sufficient joint

concentration in the time-frequency plane. This is summarized in the following

result (see Theorem 8.5.1 in [77] for proof).

Theorem 1.6.1. Let G(g, 12Z×Z) be a Parseval Gabor frame for L2(R) and g(x) =

g(−x). Define ψk,0 = Tkg, k ∈ Z and

ψk,n(x) =





√
2 cos(2πnx) g(x− k

2 ), if k + n is even,
√
2 sin(2πnx) g(x− k

2 ), if k + n is odd,

and set W(g) = {ψk,n}k∈Z, n≥0. Then W(g) is an orthonormal basis for L2(R). In

addition if we have g ∈M1(R), then the following further statements hold.

(i) For every 1 ≤ p ≤ ∞ we have f =
∑
k∈Z

∑
n≥0
〈f, ψk,n〉ψk,n, for all f ∈ Mp(R),

where the series converges unconditionally in the norm of Mp (weak∗ conver-

gence if p =∞).

(ii) For every 1 ≤ p ≤ ∞, the Wilson basis coefficients provide an equivalent norm

for the modulation space Mp i.e., ‖f‖Mp =

( ∑
k∈Z

∑
n≥0
|〈f, ψk,n〉|p

)1/p

is an

equivalent norm for Mp.

Consequently, f 7→ {〈f, ψk,n〉}k∈Z,n≥0 defines an isomorphism of Mp onto ℓp.

When we consider Wilson bases in this thesis, we assume that they are constructed

from M1 windows. Also, tensor product of Wilson bases are unconditional bases for

the higher dimensional modulation spaces.

1.7 Literature Review and Overview of Main Results

Since the frame theory has been studied by various authors under various settings,

it is extremely difficult to provide the complete literature survey. However, we are

giving a few important results which are necessary for this thesis. The literature

survey has been presented in the order of the chapters of this thesis.
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1.7.1 Gabor Frame Operators

The convergence property of Gabor expansions is a fundamental problem in time-

frequency analysis. It has received much attention and therefore studied widely by

many authors. It is well known that the Gabor expansion converges unconditionally

in L2(Rd). So it is natural to investigate the convergence of Gabor expansions in

Lp(Rd), p ≥ 1. In this direction Grafakos and Lennard [75] in 2001, proved that

the Gabor expansions of Lp functions converge conditionally in Lp(Rd), 1 < p <∞.

However, for p = 1 they have shown that the Gabor expansions converge to the

functions almost everywhere in the sense of Cesaro. Simultaneously, Gröchenig and

Heil in [81], established that Gabor expansions converge conditionally in Lp(Rd),

1 < p < ∞. This result has been further extended to a much larger class of spaces

than the Lp spaces, namely the weighted amalgam spaces W (Lp, Lq
v), 1 < p <

∞, 1 ≤ q < ∞, in [82] by Gröchenig et al. Further, Weisz [136] considered the

Riemannian sums of the inverse short-time Fourier transform to reconstruct the

original function. He considered the operator

Sα,β;g,γf =
(αβ)d

〈γ, g〉
∑

k,n∈Zd

〈f,MβnTαkg〉MβnTαkγ

and proved that it converges to f in Mp,q(Rd), 1 ≤ p, q ≤ ∞ whenever g, γ ∈
S0(R

d) := {g : Fgg ∈ L1(R2d)} and in W (Lp, Lq)(Rd), 1 < p < ∞, 1 ≤ q < ∞
whenever g, γ ∈W (Rd). In [67], Feichtinger and Weisz used θ-summability method

to prove the Gabor expansion of f converges to f in W (Lp, Lq)(Rd) norm, 1 <

p < ∞, 1 ≤ q < ∞ whenever g, γ ∈ W (Rd). Further, Sun [129] proved that if

g, γ ∈ W (Rd), then the Gabor frame operator Sα,β;g,γ converges to the identity

operator in Lp, 1 ≤ p ≤ ∞ operator norm with some additional local integrability

conditions on g, γ.

In Chapter 2, we extend Sun’s [129] results and show if both g and γ are in the

Wiener space then the Gabor frame operator Sα,β;g,γ converges to the identity oper-

ator in W (Lp, Lq), 1 ≤ p, q ≤ ∞ operator norm, assuming similar local integrability

conditions on g, γ.

Another interesting property of Gabor frames is to know whether the generator
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g and the canonical dual γ have similar properties for a Gabor frame G(g, α, β)
from applications (see [66]) point of view. In this direction the following results are

known: If g has compact support then in general γ is no longer compactly supported

but has exponential decay [22] and in [116] Del Prete proved that if g has exponential

decay, then γ also has exponential decay. If g can be estimated by C(1+ |t|)−s, then

the same holds for γ (see [125]). It natural to ask if g is in a given function space

whether its canonical dual is in the same space? The first result in this direction

is due to Janssen [98] which ensures that if g is in the Schwartz space on R
d then

its canonical dual is in the same space. Gröchenig and Leinert [83] proved that

if g is an element in the Feichtinger’s algebra and G(g, α, β) is a Gabor frame for

L2(Rd), then the canonical dual γ is in the same space. In [102], the authors proved

that if G(g, α, β) is a Gabor frame generated by g ∈ W (L∞, L1
v) then the Gabor

frame operator Sg is invertible on the Wiener amalgam space W (L∞, L1
v), where

v is an admissible weight function and hence γ = S−1
g g ∈ W (L∞, L1

v). In [137],

Weisz extended the analogous result on amalgam spaces W (L∞, Lq
v) for 1 ≤ q ≤ 2.

Last two results were based on the reformulation of a non-commutative Wiener’s

lemma proved by Baskakov[14, 15]. In [102], Krishtal and Okoudjou has used a

generalization of 1/f lemma to prove that for a Gabor frame with generator in the

Wiener space W (L∞, L1) the frame operator is invertible and the canonical dual is

also in W (L∞, L1). In [11], Balan et al. obtained a similar result for multi-window

Gabor frames on Wiener amalgam spaces using a recent Wiener type result on non-

commutative almost periodic Fourier series [12]. We refer to [6] and [88] for detailed

study on multi-window Gabor frames.

The vector-valued Gabor frames or superframes were introduced by Balan [7]

in the context of “multiplexing” and several well-known results for Gabor frames

are extended to superframes in [6, 88]. The super wavelet and Gabor frames in

L2(Rd,Cn) has various applications in mathematics and engineering (see [7, 6, 51,

52, 84, 86, 88, 106, 147, 148]). Using the growth estimates for the Weierstrass σ-

function and a new type of interpolation problem for entire functions on Bargmann-

Fock space, Gröchenig and Lyubarskii [84] obtained a complete characterization of

all lattices Λ ⊂ R
2 such that the Gabor system on first n + 1 Hermite functions is

a frame on L2(R,Cn).
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It is natural to investigate the following statements for superframes:

(i) Walnut’s representation of superframe operator on vector valued amalgam spaces.

(ii) Convergence of Gabor expansions for the superframe on vector valued amalgam

spaces.

(iii) Invertibility of the superframe operator on vector valued amalgam spaces.

In Chapter 3, we investigate the above statements when the window function

is in the vector valued Wiener space. Therefor we consider Hilbert space valued

Gabor frames on WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞, in a general set up. As a result, we

could address the above statements for Gabor superframes and multi window Ga-

bor frames as a special case by choosing the appropriate separable Hilbert space

H (see Remark 3.2.13 and Remark 3.4.3). Further we show that if the window

function g ∈ WH(C0, L
1
w), the subspace formed by the functions of H−valued

Wiener space that are continuous, then the canonical dual is in the same space.

To obtain this result we show that the frame operator Sg(= Sg,g) is invertible on

WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞ and S−1
g : W (Lp, Lq

v) → W (Lp, Lq
v) is continuous both

in σ(W (Lp, Lq
v),W (Lp

′

, Lq
′

1/v)) and the norm topologies. Such type of invertibility

results have been addressed for modulation spaces (see [78, 83]) and for Lp spaces

(see [102]) by using Wiener’s 1/f lemma (see [12, 14, 15]). We construct a Ba-

nach algebra of operators admitting an expansion like (3.14) and use a version of

Wiener’s 1/f lemma (see [12]) to prove that the algebra is spectral within the class

of bounded linear operators on Lp(Rd,H), 1 ≤ p ≤ ∞.

1.7.2 Generalization of Frames

A study on generalization of frames is also an important and interesting branch

in frame theory. Generalized frames or simply g-frames were introduced by Sun

in [127], which include ordinary frame as well as many generalizations of frames,

e.g., bounded quasi-projectors [69], frames of subspaces [30], pseudo-frames [107],

oblique frames [36], outer frames [2], and time-frequency localization operators

[46]. G-frames provide more choices on analyzing functions from frame expan-

sion coefficients. Hilbert−Schmidt frames or simply HS-frames were introduced

in [123] as a class of von Neumann−Schatten p-frames, which includes g-frames

[127] and hence all the above classes of frames are a class of HS-frames. We refer to
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[4, 29, 30, 38, 71, 100, 115, 123, 127] for results on generalizations of frames. It is

well known that g-frames and g-Riesz bases in Hilbert spaces have some properties

similar to those of frames and Riesz bases, but not all the properties are similar,

e.g., exact g-frames are not equivalent to g-Riesz bases (see [127, 128]). The natural

question to ask is: which properties of the frame, or the g-frame may be extended

to the HS-frame for a Hilbert space? In Chapter 4, we establish some necessary and

sufficient conditions for a HS-Bessel sequence, a HS-frame and a HS-Riesz basis in

a Hilbert space. We also characterize HS-frames from the point of view of operator

theory and discuss the relation between a HS-frame and a HS-Riesz basis.

The reconstruction formula for a frame allows to write every element in the

Hilbert space as a linear combination of the frame elements with frame coefficients.

Calculations of those coefficients require knowledge of the inverse frame operator.

But in practice it is very difficult to invert the frame operator if the Hilbert space

is infinite dimensional. Calculations of the inverse frame operator for HS-frames in

infinite dimensional Hilbert space is also very difficult. Christensen introduced the

projection method in [31] and the strong projection method in [33] to approximate

the frame coefficients. In [26, 28, 34], Christensen and Casazza proved that the in-

verse frame operator can be approximated arbitrarily closely using finite-dimensional

linear algebra. Using similar methods the authors of [1] proved approximation re-

sults for inverse g-frame operators. In Chapter 4, we generalize and extend this

result to approximate the inverse HS-frame operator in the strong operator topol-

ogy using finite subsets of the HS-frame.

Given a family {gj : j ∈ J} ⊆ H which is close to the frame or Riesz basis

{fj : j ∈ J} ⊆ H, finding conditions to ensure that {gj : j ∈ J} is also a frame or

Riesz basis is called the stability problem. This problem is important in practice

and therefore studied by many authors [32, 37, 54, 112, 128]. Since frames can be

characterized in terms of operators, many results on perturbations of frames can

also be characterized from the operator point of view (see [27, 87]). In Chapter 4,

we study the stability of HS-frames. We first present a classical perturbation result

of HS-frames. Then we give other perturbation results for HS-frames.
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1.7.3 Identities and Inequalities for Frames

Let {fj : j ∈ J} be a frame for H. For every K ⊂ J , we define the operator SK by

SKf =
∑

j∈K
〈f, fj〉fj, (1.22)

and also we denote Kc as J \K.
In [8], the authors proved a longstanding conjecture of the signal processing

community: a signal can be reconstructed without information about the phase.

While working on efficient algorithms for signal reconstruction, Balan et al. [10]

discovered a remarkable new identity for Parseval frames, given in the following

form. We refer to [9] for a discussion of the origins of this fundamental identity.

Theorem 1.7.1. Let {fj : j ∈ J} be a Parseval frame for H, then for every K ⊂ J
and every f ∈ H, we have

∑

j∈K
|〈f, fj〉|2 −

∥∥∥∥
∑

j∈K
〈f, fj〉fj

∥∥∥∥
2

=
∑

j∈Kc

|〈f, fj〉|2 −
∥∥∥∥
∑

j∈Kc

〈f, fj〉fj
∥∥∥∥
2

.

Theorem 1.7.2. If {fj : j ∈ J} be a Parseval frame for H, then for every K ⊂ J

and every f ∈ H, we have

∑

j∈K
|〈f, fj〉|2 +

∥∥∥∥
∑

j∈Kc

〈f, fj〉fj
∥∥∥∥
2

≥ 3

4
‖f‖2.

The authors in [10] mainly focused on Parseval frames and proved several inter-

esting variants of Theorem 1.7.1. The identity that appears in Theorem 1.7.1 was

obtained in [10] as a particular case of the following result for general frames.

Theorem 1.7.3. Let {fj : j ∈ J} be a frame for H with canonical dual frame

{f̃j : j ∈ J}. Then for every K ⊂ J and every f ∈ H, we have

∑

j∈K
|〈f, fj〉|2 −

∑

j∈J
|〈SKf, f̃j〉|2 =

∑

j∈Kc

|〈f, fj〉|2 −
∑

j∈J
|〈SKcf, f̃j〉|2.
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The following results were obtained in [74], which generalized Theorems 1.7.1

and 1.7.2 to canonical and alternate dual frames:

Theorem 1.7.4. Let {fj : j ∈ J} be a frame for H with canonical dual frame

{f̃j : j ∈ J}. Then for every K ⊂ J and every f ∈ H, we have

∑

j∈K
|〈f, fj〉|2 +

∑

j∈J
|〈SKcf, f̃j〉|2 =

∑

j∈Kc

|〈f, fj〉|2 +
∑

j∈J
|〈SKf, f̃j〉|2

≥ 3

4

∑

j∈J
|〈f, fj〉|2.

Theorem 1.7.5. Let {fj : j ∈ J} be a frame for H and {gj : j ∈ J} be an alternate

dual frame of {fj : j ∈ J}, then for every K ⊂ J and every f ∈ H, we have

Re

(∑

j∈K
〈f, gj〉〈f, fj〉

)
+

∥∥∥∥
∑

j∈Kc

〈f, gj〉fj
∥∥∥∥
2

= Re

( ∑

j∈Kc

〈f, gj〉〈f, fj〉
)
+

∥∥∥∥
∑

j∈K
〈f, gj〉fj

∥∥∥∥
2

≥ 3

4
‖f‖2.

Motivated by these interesting results the authors in [145] generalized Theorem

1.7.5 to a form that does not involve the real parts of the complex numbers is given

below.

Theorem 1.7.6. Let {fj : j ∈ J} be a frame for H and {gj : j ∈ J} be an alternate

dual frame of {fj : j ∈ J}. Then for every K ⊂ J and every f ∈ H, we have

(∑

j∈K
〈f, gj〉〈f, fj〉

)
−
∥∥∥∥
∑

j∈K
〈f, gj〉fj

∥∥∥∥
2

=

( ∑

j∈Kc

〈f, gj〉〈f, fj〉
)
−
∥∥∥∥
∑

j∈Kc

〈f, gj〉fj
∥∥∥∥
2

.

Moreover, the authors in [108, 141] have extended Theorem 1.7.3 for g-frames

and canonical dual g-frames in Hilbert spaces. Also, the authors in [142] have

established an equality and an inequality for the alternate dual g-frame. Further, in

[109], the authors generalized the equality and inequality for g-frame to a g-Bessel

sequence in Hilbert spaces.

In Chapter 4, we generalize the above mentioned results for Hilbert-Schmidt
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frames. Also, we generalize the above inequalities to a more general form which

involve a scalar λ ∈ [0, 1]. As a particular case (for λ = 1/2) the above inequalities

can be obtained. Since g-frames can be considered as a class of Hilbert-Schmidt

frames, the previous equality and inequalities on g-frames can be obtained as a

special case of the results we establish on Hilbert-Schmidt frames.

1.7.4 Feichtinger’s Problem

In 2004, Feichtinger posed a spectral problem about positive semi-definite trace-class

pseudodifferential operators on modulation spaces at an Oberwolfach mini-workshop

on Wavelets, Frames and Operator Theory (see [64]). Later, Heil and Larson in [92],

rephrased the problem in operator-theoretic terms to promote some connections

between the operator theory and the theory of modulation spaces. In Chapter 5, we

solve the Feichtinger’s problem along with the solution of the reformulated problem.

This solution consists of constructing a counterexample that solves Feichtinger’s

problem by first solving the reformulated problem.

1.7.5 The Balian-Low Theorem

The Balian-Low theorem (BLT) is one of the fundamental and interesting result

in time-frequency analysis. It says that a function g ∈ L2(R) generating Gabor

Riesz basis cannot be localized in both time and frequency domains. Precisely if

g ∈ L2(R) and if a Gabor system G(g, α, β) := {e2πimβtg(t−nα)}m,n∈Z with αβ = 1

forms an orthonormal basis for L2(R), then

(∫ ∞

−∞
|tg(t)|2dt

)(∫ ∞

−∞
|γĝ(γ)|2dγ

)
= +∞,

where ĝ is the Fourier transform of g. This result was originally stated by Balian

[13] and independently by Low in [110]. The proofs given by Balian and Low each

contained a technical gap, which was filled by Coifman et al. [39] and extended

the BLT to the case of Riesz bases. Battle [16] provided an elegant and entirely

new proof based on the operator theory associated with the classical uncertainty

principle. For general Balian-Low type results, historical comments and variations
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of BLT we refer to [19, 43].

The Balian-Low type results were proved for multi-window Gabor systems by

Zibulski and Zeevi [147] and for superframes by Balan [5]. The BLT and its varia-

tions for symplectic lattices in higher dimensions (see [60, 79]), for the symplectic

form on R
2d (see [17]) and on locally compact abelian groups (see [76]) are obtained

in the literature. For further results on BLT we refer to [3, 18, 73, 93, 113, 114, 133].

In Chapter 6, we establish the BLT and some of its variations on L2(C) using

the operators

Z =
d

dz
+

1

2
z̄ and Z̄ =

d

dz̄
− 1

2
z.

These operators are associated with the special Hermite operator

L = −∆z +
1

4
|z|2 − i

(
x
d

dy
− y d

dx

)
= −1

2
(ZZ̄ + Z̄Z) (1.23)

on C, where ∆z is the standard Laplacian on C and z = x+ iy. We define twisted

Gabor frames, twisted Zak transform and deduce some of its properties. Also we

prove the amalgam BLT and provide examples illustrating the distinction between

the BLT and the amalgam BLT. Then using the operators Z, Z̄ and the continuity

of twisted Zak transform we obtain a version of amalgam BLT. After that we prove

the BLT for exact frames on L2(C) using the operators Z, Z̄ and the calculations are

non-distributional. Also we obtain a variation of Heisenberg uncertainty principle

(Theorem 6.4.1), weaker version of BLT (Theorem 6.5.2) and show the equivalence

of weak BLT and BLT (Theorem 6.5.5). Finally, we discuss several consequences of

BLT and weak BLT in terms of the operators L,Z and Z̄ in Remark 6.5.6.

bac
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Chapter 2

Gabor Frame Operators on Wiener

Amalgam Spaces

In this chapter, we show that the Gabor expansions converge to identity operator

in the operator norm as well as in weak* sense on amalgam spaces as the sampling

density tends to infinity. Also we obtain the analogue of the Janssen’s representa-

tion and the Wexler-Raz biorthogonality condition for Gabor frame operators on

amalgam spaces.

2.1 Preliminaries

The time-frequency shift τ(t, ω) for the function g on R
d is defined by

(τ(t, ω)g) (x) = g(x − t)e2πi〈x,ω〉, t, ω ∈ R
d,

and the windowed Fourier transform of f ∈ L2(Rd) with respect to g ∈ L2(Rd) is

given by

(Fgf)(t, ω) = 〈f, τ(t, ω)g〉. (2.1)

The inversion formula for windowed Fourier transform is given by

f =
1

〈γ, g〉

∫∫

R
2d
(Fgf)(t, ω)τ(t, ω)γdtdω, (2.2)

27
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where γ ∈ L2(Rd) satisfies 〈γ, g〉 6= 0 and the integral is convergent in L2(Rd) norm

(see [77], p. 48).

Definition 2.1.1. Given a window g ∈ L2(Rd) and a, b > 0, the collection of

functions {τ(na,mb)g : m,n ∈ Z
d} is a Gabor frame for L2(Rd) if there exist

constants A,B > 0 such that

A‖f‖22 ≤
∑

n,m∈Zd

|〈f, τ(na,mb)g〉|2 ≤ B‖f‖22, ∀f ∈ L2(Rd).

If {τ(na,mb)g : m,n ∈ Z
d} is a Gabor frame then there exists a dual window

γ ∈ L2(Rd) such that {τ(na,mb)γ : m,n ∈ Z
d} is also a Gabor frame for L2(Rd)

and

f =
∑

n,m∈Zd

〈f, τ(na,mb)g〉τ(na,mb)γ

=
∑

n,m∈Zd

〈f, τ(na,mb)γ〉τ(na,mb)g, ∀f ∈ L2(Rd). (2.3)

The series in (2.3) converges unconditionally in L2. We refer to [77] for a detailed

study on Gabor expansions on L2(Rd).

Consider the Gabor frame operator on L2(Rd) of the form

Sa,b;g,γf =
(ab)d

〈γ, g〉
∑

n,m∈Zd

〈f, τ(na,mb)g〉τ(na,mb)γ. (2.4)

Then Sa,b;g,γf can be regarded as a Riemannian sum of the integral in (2.2). Weisz

[136] proved that if both g and γ are in Feichtinger’s algebra S0(R
d) := {g : Fgg ∈

L1(R2d)}, then the series in (2.4) converges to f in various norms. In [129], Sun

generalized Weisz’s results to some extent: If g, γ are in the Wiener spaces W (Rd),

then Sa,b;g,γf converges to f on Lp(Rd) as (a, b) tends to (0, 0). Notice that S0(R
d)

is a proper subspace of W (Rd). Moreover, by putting additional condition on g and

γ, Sa,b;g,γ converges to identity operator in B(Lp(Rd)), the space of all bounded

linear operators on Lp(Rd), as (a, b) tends to (0, 0).
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In this chapter, we extend the above results for the amalgam spaces, and obtain

the weak* convergence and the operator norm convergence of the Gabor frame

operator on W (Lp, Lq), 1 ≤ p, q <∞.

2.2 Gabor Frame Operators on Amalgam Spaces

In this section, we consider the convergence of the Gabor frame operator Sa,b;g,γ on

W (Lp, Lq), 1 ≤ p, q < ∞, whenever g, γ are in W (Rd). It was shown in [82] that

the Gabor expansions converge in weighted amalgam spaces when both g, γ are in

weighted Wiener spaces. In this context, the following well known results are used

in the proof of our main result.

Proposition 2.2.1. ([77], Lemma 6.1.2) If g ∈W (Rd) and a > 0, then

∑

n∈Zd

|g(x − an)| ≤
(
1 +

1

a

)d
‖ g ‖

W (R
d
)
, a.e.

For g, γ ∈W (Rd) and a, b > 0, define

Ga,b;n(x) =
∑

k∈Zd

g
(
x− n

b
− ak

)
γ(x− ak), n ∈ Z

d.

Lemma 2.2.2. ([129], Lemma 3.3 ) For any g, γ ∈W (Rd), we have

∑

n∈Zd

‖Ga,b;n‖∞ ≤
(
1 +

1

a

)d
(2 + 2b)d‖g‖

W (R
d
)
‖γ‖

W (R
d
)
, ∀a, b > 0, (2.5)

and

lim
(a,b)→(0,0)

∑

n∈Zd\{0}

ad‖Ga,b;n‖∞ = 0. (2.6)

The Walnut representation of the Gabor frame operator on W (Lp, Lq) (see [82])

is of the form

(Sa,b;g,γf)(x) =
1

〈γ, g〉
∑

n∈Zd

adGa,b;n(x)f
(
x− n

b

)
,
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where g, γ ∈ W (Rd). Using it in the following proposition, we show that the frame

operator is bounded on W (Lp, Lq).

Proposition 2.2.3. Let g, γ ∈ W (Rd) and a, b > 0. Then the operator

(Sa,b;g,γf)(x) =
1

〈γ, g〉
∑

n∈Zd

adGa,b;n(x)f
(
x− n

b

)
(2.7)

is bounded from W (Lp, Lq) to W (Lp, Lq), 1 ≤ p, q ≤ ∞ with operator norm

‖Sa,b;g,γ‖B(W (L
p
,L

q
)) ≤

ad

|〈γ, g〉|
(
1 +

1

a

)d
(2 + 2b)d‖g‖

W (R
d
)
‖γ‖

W (R
d
)
.

Proof. If g, γ ∈W (Rd), then by Lemma 2.2.2,
∑

n∈Zd

‖Ga,b;n‖∞ <∞. Let 1 ≤ p, q ≤ ∞

and f ∈W (Lp, Lq). Then

‖Sa,b;g,γf‖W (L
p
,L

q
) =

∥∥∥ 1

〈γ, g〉
∑

n∈Zd

adGa,b;nTn
b
f
∥∥∥
W (L

p
,L

q
)

≤ ad

|〈γ, g〉|
∑

n∈Zd

‖Ga,b;nTn
b
f‖W (L

p
,L

q
)

=
ad

|〈γ, g〉|
∑

n∈Zd

( ∑

k∈Zd

‖Ga,b;nTn
b
f · TkχQ‖qp

) 1
q

≤ ad

|〈γ, g〉|
∑

n∈Zd

‖Ga,b;n‖∞
( ∑

k∈Zd

‖f · Tk−n
b
χQ‖qp

) 1
q

=
ad

|〈γ, g〉| ‖f‖W (L
p
,L

q
)

∑

n∈Zd

‖Ga,b;n‖∞

≤ C ‖g‖
W (R

d
)
‖γ‖

W (R
d
)
‖f‖W (L

p
,L

q
),

where C = a
d

|〈γ,g〉|
(
1 + 1

a

)d
(2 + 2b)d.

Since Ga,b;0 is independent of b, we define

Ga(x) :=
ad

〈γ, g〉Ga,b;0(x) =
ad

〈γ, g〉
∑

k∈Zd

g(x− ak)γ(x − ak), x ∈ R
d. (2.8)
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By Proposition 2.2.1, we have

M0 := sup
0<a≤1

‖Ga − 1‖∞ ≤ sup
0<a≤1

1

|〈γ, g〉| (1 + a)d‖g.γ‖
W (R

d
)
<∞. (2.9)

Lemma 2.2.4. Let g, γ ∈W (Rd) and 1 ≤ p, q ≤ ∞. Then

(i) For any f ∈W (Lp, Lq),

lim
(a,b)→(0,0)

(‖Sa,b;g,γf − f‖W (L
p
,L

q
) − ‖(Ga − 1)f‖W (L

p
,L

q
)) = 0.

(ii) lim
(a,b)→(0,0)

(‖Sa,b;g,γ − I‖B(W (L
p
,L

q
)) − ‖Ga − 1‖∞) = 0.

Proof. Let 1 ≤ p, q ≤ ∞. Define operators Ta;g,γ and Ra,b;g,γ on W (Lp, Lq) by

Ta;g,γf = (Ga − 1)f and

Ra,b;g,γf =
1

〈γ, g〉
∑

n∈Zd\{0}

adGa,b;n · f
(
· − n

b

)
, f ∈W (Lp, Lq).

Now we can rewrite the Walnut’s representation as

Sa,b;g,γf − f = Ta;g,γf +Ra,b;g,γf, ∀f ∈W (Lp, Lq).

Then, we have

‖Sa,b;g,γf − f‖W (L
p
,L

q
) ≤ ‖Ta;g,γf‖W (L

p
,L

q
) + ‖Ra,b;g,γf‖W (L

p
,L

q
).

Since

lim
(a,b)→(0,0)

∑

n∈Zd\{0}

ad‖Ga,b;n‖∞ = 0,

by Lemma 2.2.2, we have

lim
(a,b)→(0,0)

‖Ra,b;g,γ‖B(W (L
p
,L

q
))
≤ lim

(a,b)→(0,0)

∑

n∈Zd\{0}

ad‖Ga,b;n‖∞ = 0.
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Further, it is easy to observe that

‖Ta;g,γ‖B(W (L
p
,L

q
)) = ‖Ga − 1‖∞.

To prove the strong and weak* convergence, we make use of the following two

lemmas.

Lemma 2.2.5. ([129], Lemma 3.5) Suppose that f ∈ W (Rd) is locally Riemann

integrable. Then we have

lim
a→0

sup
y∈Rd

∣∣∣∣
∑

n∈Zd

adf(y + na)−
∫

R
d
f(x)dx

∣∣∣∣ = 0.

Lemma 2.2.6. ([129]) If f ∈ Lp(Rd) and Ga is defined as in (2.8), then

lim
a→0
‖(Ga − 1)f‖p = 0.

Next we state and prove the convergence of the Gabor frame operator onW (Lp, Lq).

Theorem 2.2.7. Let g, γ ∈W (Rd). Then we have:

(i) For any f ∈W (Lp, Lq), 1 ≤ p, q <∞,

lim
(a,b)→(0,0)

‖Sa,b;g,γf − f‖W (L
p
,L

q
) = 0, (2.10)

and conclusion holds for q =∞.

(ii) Moreover, if g · γ is locally Riemann integrable, then for any 1 ≤ p, q ≤ ∞,

lim
(a,b)→(0,0)

‖Sa,b;g,γ − I‖B(W (L
p
,L

q
)) = 0. (2.11)

Proof. (i) Let f ∈ W (Lp, Lq), 1 ≤ p, q < ∞. Then for any ǫ > 0, there exists some

N ∈ N such that ∑

‖k‖
∞
>N

‖f · TkχQ‖qp < ǫq.
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We have

‖(Ga − 1)f‖q
W (L

p
,L

q
)

=
∑

k∈Zd

‖(Ga − 1)f · TkχQ‖qp

=
∑

‖k‖
∞
>N

‖(Ga − 1)f · TkχQ‖qp +
∑

‖k‖
∞
≤N

‖(Ga − 1)f · TkχQ‖qp. (2.12)

∑

‖k‖
∞
>N

‖(Ga − 1)f · TkχQ‖qp ≤ ‖(Ga − 1)‖q∞
∑

‖k‖
∞
>N

‖f · TkχQ‖qp ≤M0
qεq, (2.13)

where M0 is defined in (2.9). Since

‖f · TkχQ‖p ≤ ‖f‖W (L
p
,L

q
) <∞, ∀f ∈W (Lp, Lq), ∀k ∈ Z

d,

we have f · TkχQ ∈ Lp(Rd) for every k ∈ Z
d. Applying Lemma 2.2.6, on f · TkχQ

we get

lim
a→0
‖(Ga − 1)f · TkχQ‖p = 0,

i.e., for every ε > 0 and sufficiently small a > 0,

‖(Ga − 1)f · TkχQ‖p <
ε

(2N + 1)
d
q

.

Taking q-th power and summation on both sides of the inequality we get

∑

‖k‖
∞
≤N

‖(Ga − 1)f · TkχQ‖qp ≤
∑

‖k‖
∞
≤N

εq

(2N + 1)d
= εq. (2.14)

Now putting (2.13), (2.14) in (2.12) we get

‖(Ga − 1)f‖q
W (L

p
,L

q
)
≤ (M q

0 + 1)εq.
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Hence

lim
a→0
‖(Ga − 1)f‖W (L

p
,L

q
) = 0.

Thus for any f ∈W (Lp, Lq), 1 ≤ p, q <∞, we obtain

lim
(a,b)→(0,0)

‖Sa,b;g,γf − f‖W (L
p
,L

q
) = 0,

using Lemma 2.2.4. This proves (2.10) for 1 ≤ p, q < ∞. For q = ∞, with the

obvious modification similar result can be obtained.

(ii) Further, if g · γ is locally Riemann integrable, we have

lim
(a,b)→(0,0)

‖Ga − 1‖∞ = 0,

by Lemma 2.2.5. Again using Lemma 2.2.4, we get

lim
(a,b)→(0,0)

‖Sa,b;g,γ − I‖B(W (L
p
,L

q
)) = 0.

Now we show that (2.10) is not true for p =∞ by producing a counterexample.

Example 2.2.8. For simplicity, we consider only the case of d = 1. Let us take some

E ⊂ [0, 1] such that E is nowhere dense and is of positive measure. Let g = γ = χE .

For any a > 0, we have

{x ∈ [0, 1] : Ga(x) > 0} =
⋃

n∈Z
(na+E) ∩ [0, 1] =

⋃

‖n‖
∞
≤ 1

a

(na+ E) ∩ [0, 1].

Since each of na + E is nowhere dense, so is
⋃

‖n‖
∞
≤ 1

a
(na + E). Therefore {x ∈

[0, 1] : Ga(x) > 0} is nowhere dense. Hence

|{x ∈ [0, 1] : |Ga(x)− 1| = 1}| ≥ |{x ∈ [0, 1] : Ga(x) = 0}| > 0.

Let f0 = χ[0,1]. Then we have ‖(Ga − 1)f0‖∞ ≥ 1, ∀a > 0.
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Now

‖(Ga − 1)f0‖qW (L
∞

,L
q
)
=
∑

k∈Z
‖(Ga − 1)χ[0,1] · χ[k,k+1]‖q∞ ≥ ‖(Ga − 1)χ[0,1]‖q∞.

That is

‖(Ga − 1)f0‖W (L
∞

,L
q
) ≥ 1, ∀a > 0.

By Lemma 2.2.4, lim
(a,b)→(0,0)

‖Sa,b;g,γf0− f0‖W (L
∞
,L

q
) ≥ 1, i.e. (2.10) fails for p =∞.

Finally we illustrate by an example that the locally Riemann integrability con-

dition in Theorem 2.2.7(ii) is not redundant. The following example can be found

in [63], which also works in this case.

Example 2.2.9. Let us fix some 0 < ε < 1. Let g = γ = χE, where E = (0, 1) \ A
and

A =
⋃

k≥1

⋃

l∈Z

(
l

3k
− ε

32k
,
l

3k
+

ε

32k

)
.

Note that E is nowhere dense and of positive measure exceeds 1−ε. For any a, b > 0,

{τ(na,mb)g : n,m ∈ Z} has no positive lower frame bound (see [63]). Therefore,

‖Sa,b;g,g − I‖B(L
2
(R

d
))
cannot converge to 0. For 2 ≤ p ≤ ∞ and 1 ≤ q ≤ 2, we have

W (Lp, Lq) ⊂ W (L2, L2) = L2(Rd). Hence, Sa,b;g,g cannot converge to the identity

operator strongly on W (Lp, Lq), 2 ≤ p ≤ ∞ and 1 ≤ q ≤ 2. But Sa,b;g,g converges

to the identity operator on W (Lp, Lq), 1 ≤ p <∞, 1 ≤ q ≤ ∞, in weak* sense since

g ∈ W (Rd). Since E = {x : g is not continuous at x} is of positive measure, in this

example the window function g = ḡ · γ is not locally Riemann integrable.

2.3 The Structure of Gabor Systems

In this section, we extend the Janssen’s representation of Gabor frame operators

Sa,b;g,γ on W (Lp, Lq), 1 ≤ p, q ≤ ∞, and the biorthogonality condition of Wexler-

Raz on W (Lp, Lq), 1 ≤ p <∞, 1 ≤ q ≤ ∞. First, we expand Ga,b;n into its Fourier

series. The l-th Fourier coefficient of Ga,b;n is

Ĝa,b;n(l) = a−d
∫

Qa

Ga,b;n(x)e
−2πi〈l,x/a〉dx
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= a−d
∫

Qa

∑

k∈Zd

(Tn
b
g · γ)(x− ak)e−2πi〈l,x/a〉dx

= a−d
∫

R
d
(Tn

b
g · γ)(x)e−2πi〈l,x/a〉dx = a−d〈γ,M l

a
Tn

b
g〉.

Since Ga,b;n ∈ L∞(Qa) ⊆ L2(Qa) by Lemma 2.2.2, Ga,b;n has the Fourier series

Ga,b;n(x) = a−d
∑

l∈Zd

〈γ,M l
a
Tn

b
g〉e2πi〈l,x/a〉, (2.15)

with convergence in L2(Qa). Now substituting this into Walnut’s representation

(2.7), we obtain

Sa,b;g,γf =
ad

〈γ, g〉
∑

n∈Zd

Ga,b;n · Tn
b
f =

1

〈γ, g〉
∑∑

l,n∈Zd

〈γ,M l
a
Tn

b
g〉M l

a
Tn

b
f,

in operator notation,

Sa,b;g,γ =
1

〈γ, g〉
∑∑

l,n∈Zd

〈γ,M l
a
Tn

b
g〉M l

a
Tn

b
. (2.16)

The above expression is valid provided the series on the right-hand side converges.

If g, γ ∈ L2(Rd), then it is unclear how the Fourier series in (2.15) represents Ga,b;n.

The convergence of the series (2.15) and (2.16) can be justified under some additional

condition on the window functions g and γ. In the investigations of Gabor families by

Tolimieri-Orr [134], and Janssen [98], the following technical condition on windows

g, γ were used. Here that condition is provided as definition.

Definition 2.3.1. A pair of window functions (g, γ) in L2(Rd) satisfies condition

(A’ ) for the parameters a, b > 0 if

∑

l,n∈Zd

|〈γ,M l
a
Tn

b
g〉| <∞. (2.17)

TH-1693_126123015



2.3. The Structure of Gabor Systems 37

If g = γ, then g is said to satisfy condition (A) for the parameters a, b > 0 if

∑

l,n∈Zd

|〈g,M l
a
Tn

b
g〉| <∞. (2.18)

Now the condition (A’ ) guarantees the absolute convergence of the series ex-

pansions (2.15) and (2.16). However condition (A’ ) is not always satisfied even for

g, γ ∈W (Rd) (for example see p. 132 of [77]). So we have to put additional condition

on the window function. If we consider g, γ as in Feichtinger’s algebra S0(R
d), then

the condition (A’) is satisfied together for all a, b > 0 (see [77], Corollary 12.1.12, p.

255). Now with this hypothesis we derive representation of the Gabor frame oper-

ator Sa,b;g,γ on W (Lp, Lq), 1 ≤ p, q ≤ ∞. A version of Janssen’s representation can

be found in [62]. However, in the following we establish the Janssen’s representation

for frame operator Sa,b;g,γ on W (Lp, Lq), 1 ≤ p, q ≤ ∞ by considering the window

functions g, γ ∈ S0(Rd).

Theorem 2.3.2. (Janssen’s representation). Suppose that g, γ ∈ S0(Rd). Then

for all a, b > 0 frame operator Sa,b;g,γ on W (Lp, Lq), 1 ≤ p, q ≤ ∞, can be expressed

as follows:

Sa,b;g,γ =
1

〈γ, g〉
∑∑

l,n∈Zd

〈γ,M l
a
Tn

b
g〉M l

a
Tn

b
=

1

〈γ, g〉
∑∑

k,n∈Zd

〈γ, T k
b
Mn

a
g〉T k

b
Mn

a

and converges absolutely in the operator norm.

Proof. Let

S̃a,b;g,γ :=
1

〈γ, g〉
∑∑

l,n∈Zd

〈γ,M l
a
Tn

b
g〉M l

a
Tn

b

and we want to show Sa,b;g,γ = S̃a,b;g,γ. As g, γ ∈ S0(Rd), so by condition (A’) the

series for S̃a,b;g,γ converges absolutely in operator norm and hence its expression is

independent of the order of summations. Therefore

S̃a,b;g,γ =
ad

〈γ, g〉
∑

n∈Zd

(
a−d

∑

l∈Zd

〈γ,M l
a
Tn

b
g〉e2πi〈l,x/a〉

)
Tn

b
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=
ad

〈γ, g〉
∑

n∈Zd

Ga,b;n · Tn
b
= Sa,b;g,γ ,

by using (2.15) and Walnut’s representation.

Next we state and prove the Wexler-Raz biorthogonality condition for frame

operator Sa,b;g,γ on W (Lp, Lq). In [138], the authors found a exceptional relation

between window g and dual window γ. Their conditions characterized all dual

windows. Here we make use of Theorem 2.2.7 and present a version of that important

result.

Theorem 2.3.3. (Wexler-Raz biorthogonality). Assume g, γ ∈ S0(Rd). Then

for any 1 ≤ p <∞ and 1 ≤ q ≤ ∞, the following conditions are equivalent:

(i) lim
(a,b)→(0,0)

Sa,b;g,γf = lim
(a,b)→(0,0)

Sa,b;γ,gf = f on W (Lp, Lq).

(ii) lim
(a,b)→(0,0)

1
〈γ,g〉〈γ,M l

a
Tn

b
g〉 = δl0δn0 for l, n ∈ Z

d.

Proof. (i)⇒ (ii) Let f ∈W (Lp, Lq) and h ∈W (Lp
′

, Lq
′

) (Köthe dual ofW (Lp, Lq))

and assume that lim
(a,b)→(0,0)

Sa,b;g,γf = f . Let l,m ∈ Z
d be arbitrary. Then

δlm〈f, h〉 =

〈
lim

(a,b)→(0,0)
Sa,b;g,γT l

b
f, Tm

b
h

〉

= lim
(a,b)→(0,0)

ad

〈γ, g〉

〈∑

n∈Zd

Ga,b;n · Tn+l
b
f, Tm

b
h

〉

= lim
(a,b)→(0,0)

ad

〈γ, g〉 〈Ga,b;m−l · Tm
b
f, Tm

b
h〉

= lim
(a,b)→(0,0)

ad

〈γ, g〉 〈(T−m
b
Ga,b;m−l)f, h〉.

So we conclude that lim
(a,b)→(0,0)

a
d

〈γ,g〉Ga,b;m−l(·+ m
b )f = δlmf . Now varying l,m ∈ Z

d,

we get lim
(a,b)→(0,0)

a
d

〈γ,g〉Ga,b;0(·)f = f and lim
(a,b)→(0,0)

a
d

〈γ,g〉Ga,b;n(·)f = 0, when n 6= 0.
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Therefore

lim
(a,b)→(0,0)

ad

〈γ, g〉Ga,b;n(x)f(x) = lim
(a,b)→(0,0)

1

〈γ, g〉
∑

l∈Zd

〈γ,M l
a
Tn

b
g〉e2πi〈l,x/a〉f(x),

by (2.15). We conclude by using uniqueness of Fourier coefficients that

lim
(a,b)→(0,0)

1

〈γ, g〉 〈γ,M l
a
Tn

b
g〉 = δl0δn0.

The implication (ii) ⇒ (i) follows from Janssen’s representation: If the biorthogo-

nality condition (ii) is satisfied then

lim
(a,b)→(0,0)

∑

l,n∈Zd

|〈γ,M l
a
Tn

b
g〉| =

∑

l,n∈Zd

|〈γ, g〉δl0δn0| = |〈γ, g〉| <∞,

i.e., for arbitrary small a, b > 0,
∑

l,n∈Zd |〈γ,M l
a
Tn

b
g〉| < ∞, i.e., the pair (g, γ)

satisfies condition (A’) for arbitrary small a, b > 0 and hence the representation

(2.16) converges in the operator norm. Therefore by Theorem 2.2.7, for any 1 ≤
p <∞ and 1 ≤ q ≤ ∞, lim

(a,b)→(0,0)
Sa,b;g,γf = f on W (Lp, Lq).

The next corollary follows immediately from Theorem 2.3.3.

Corollary 2.3.4. In the assumption of Theorem 2.3.3, if g · γ is locally Riemann

integrable then for any 1 ≤ p, q ≤ ∞, the following conditions are equivalent:

(i) lim
(a,b)→(0,0)

Sa,b;g,γ = lim
(a,b)→(0,0)

Sa,b;γ,g = I on B(W (Lp, Lq)).

(ii) lim
(a,b)→(0,0)

1
〈γ,g〉〈γ,M l

a
Tn

b
g〉 = δl0δn0 for l, n ∈ Z

d.

Proof. (i) ⇒ (ii) follows from the fact that lim
(a,b)→(0,0)

Sa,b;g,γ = I on B(W (Lp, Lq))

⇒ lim
(a,b)→(0,0)

Sa,b;g,γf = f on W (Lp, Lq).

The implication (ii)⇒ (i) follows from Janssen’s representation and Theorem 2.2.7:

If the biorthogonality condition (ii) is satisfied then the pair (g, γ) satisfies condition

(A’) for arbitrary small a, b > 0 and the frame operator Sa,b;g,γ converges in the

operator norm. Since g ·γ is locally Riemann integrable then by using Theorem 2.2.7

TH-1693_126123015



40 Gabor Frame Operators on Wiener Amalgam Spaces

we conclude that for any 1 ≤ p, q ≤ ∞, lim
(a,b)→(0,0)

Sa,b;g,γ = lim
(a,b)→(0,0)

Sa,b;γ,g = I on

B(W (Lp, Lq)).

bac
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Chapter 3

Hilbert Space Valued Gabor

Frames in Weighted Amalgam

Spaces

Let H be a separable Hilbert space. In this chapter, we establish a generalization

of Walnut’s representation and Janssen’s representation of theH-valued Gabor frame

operator on H-valued weighted amalgam spaces WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞. Also

we show that the frame operator is invertible on WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞, if the

window function is in the Wiener amalgam space WH(L
∞, L1

w). Further, we obtain

the Walnut’s representation and invertibility of the frame operator corresponding to

Gabor superframes and multi-window Gabor frames on WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞,
as a special case by choosing an appropriate Hilbert space H.

3.1 Preliminaries

Let us begin with the definition of H−valued Gabor frames on L2(Rd,H). Through-

out this chapter, H is denoted as separable complex Hilbert space. Let α, β > 0 and

g ∈ L2(Rd,H). For n, k ∈ Z
d and x ∈ R

d, we define

Mβng(x) = e2πi〈βn,x〉g(x) and Tαkg(x) = g(x− αk).

41
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42 Hilbert Space Valued Gabor Frames in Weighted Amalgam Spaces

Definition 3.1.1. Given a non-zero window function g ∈ L2(Rd,H) and lattice

parameters α, β > 0, the H-valued Gabor system G(g, α, β) = {MβnTαkg : k, n ∈
Z
d} is a frame for L2(Rd,H) if there exist constants A,B > 0 such that for all

f ∈ L2(Rd,H),

A‖f‖2
L
2
(R

d
,H)
≤

∑

k,n∈Zd

|〈f ,MβnTαkg〉L2
(R

d
,H)
|2 ≤ B‖f‖2

L
2
(R

d
,H)
. (3.1)

For g,γ ∈ L2(Rd,H), the associated frame operator is given by

Sg,γf =
∑

k,n∈Zd

〈f ,MβnTαkg〉MβnTαkγ, f ∈ L2(Rd,H).

Definition 3.1.2. For 1 ≤ p ≤ ∞ and a strictly positive function w on R
d,

Lp
w(R

d,H) denotes the space of all equivalence classes of H-valued Bochner integrable

functions f defined on R
d with

∫
R
d ‖f(x)‖pHw(x)

pdx <∞, with the usual adjustment

if p =∞.

Definition 3.1.3. The Fourier transform of f ∈ L1(Rd,H) is defined as

f̂(w) = Ff(w) =
∫

R
d
f(t)e−2πi〈w,t〉dt, w ∈ R

d.

Let f ∈ Lp
′

(Rd,H). Define Λf : L
p(Rd,H) → C by Λf (g) =

∫

R
d
〈f(x),g(x)〉Hdx.

Then the map f 7→ Λf defines an isometric isomorphism of Lp
′

(Rd,H) onto [Lp(Rd,H)]∗.

For a more detailed study of vector valued functions, we refer to Diestel and Uhl

[45].

Definition 3.1.4. For f ,g ∈ L2(Rd,H) the inner product on L2(Rd,H) is defined

by

〈f ,g〉
L
2
(R

d
,H)

=

∫

R
d
〈f(x),g(x)〉Hdx.

Definition 3.1.5. If x, y ∈ H, the operator x⊙ y : H→ H defined by

(x⊙ y)(z) = 〈z, y〉x, z ∈ H.
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Clearly for non zero x and y, x⊙y is a rank one operator with ‖x⊙y‖ = ‖x‖‖y‖.
If x1, x2, y1, y2 ∈ H then the following equalities hold:

(x1 ⊙ x2)(y1 ⊙ y2) = 〈y1, x2〉(x1 ⊙ y2) and (x1 ⊙ y1)∗ = (y1 ⊙ x1).

3.1.1 Gabor Frames in L
2(Rd

,H)

As in the case of Gabor frames for L2(Rd), with the assumption that G(g, α, β) is

a frame for L2(Rd,H) we list out the basic properties of H-valued Gabor frames for

L2(Rd,H) in the following theorem.

Theorem 3.1.6. Let G(g, α, β) be a Gabor frame for L2(Rd,H) with frame bounds

A,B and let h ∈ H with unit norm. Then the following statements hold.

(i) The analysis operator Cg,hf = (〈f ,MβnTαkg〉h)k,n∈Zd is a bounded mapping

Cg,h : L2(Rd,H)→ ℓ2(Z2d,H), and we have the norm equivalence ‖f‖
L
2
(R

d
,H)
≍

‖Cg,hf‖ℓ2(Z2d
,H)
.

(ii) The synthesis operator Rg,hd =
∑

k,n∈Zd〈dkn,h〉HMβnTαkg is a bounded map-

ping Rg,h : ℓ2(Z2d,H) → L2(Rd,H). The series defining Rg,hd converges un-

conditionally in L2 for every d ∈ ℓ2.

(iii) Rg,h = C∗
g,h, and the frame operator Sg = Rg,hCg,h : L2(Rd,H) → L2(Rd,H)

is strictly positive, invertible operator satisfies

AI
L
2
(R

d
,H)
≤ Sg ≤ BIL2

(R
d
,H)

and B−1I
L
2
(R

d
,H)
≤ S−1

g ≤ A−1I
L
2
(R

d
,H)
.

(iv) The dual window γ = S−1
g g generates a Gabor frame G(γ, α, β) for L2(Rd,H)

with frame bounds 1/B, 1/A.

(v) Rγ,hCg,h = I on L2(Rd,H) i.e., we have the Gabor expansions

f = Rγ,hCg,hf =
∑

k,n∈Zd

〈f ,MβnTαkγ〉MβnTαkg (3.2)

for f ∈ L2(Rd,H), with unconditional convergence of the series.
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3.1.2 Weight Functions

Weight functions play an important role in time-frequency analysis and occur in

many problems and contexts. For our study we need the following types of weights.

Definition 3.1.7. A function w : Rd → (0,+∞) is called a weight if it is continuous

and symmetric (i.e. w(x) = w(−x)). A weight w is submultiplicative if

w(x+ y) ≤ w(x)w(y), x, y ∈ R
d.

Definition 3.1.8. Given a submultiplicative weight w, a second weight v : Rd →
(0,+∞) is called w-moderate if there exists a constant Cv > 0 such that,

v(x+ y) ≤ Cvw(x)v(y), x, y ∈ R
d. (3.3)

Definition 3.1.9. A weight w is called admissible if it is submultiplicative, w(0) = 1

and satisfies the Gelfand-Raikov-Shilov condition,

lim
k→∞

w(kx)1/k = 1, x ∈ R
d.

By (3.3) and using symmetry of w one can conclude that the class of w-moderate

weights is closed under reciprocals, and consequently the class of spaces Lp
v using

w-moderate weights is closed under duality (with the usual exception for p = ∞).

We refer to [89] for a detailed study on moderate weights.

Example 3.1.10. (i) For s > 0, w(x) = (1 + |x|)s is a submultiplicative weight

which is a polynomially-growing function.

(ii) If we consider polynomial weights v(x) = (1 + |x|)t, w(x) = (1 + |x|)s, then v
is w-moderate if |t| ≤ s.

The translation-invariance property for moderate weights holds good for Lp
v(R

d,H)

as in Lp
v(R

d) (see [82, 89]). Since the proof follows exactly as for Lp
v(R

d) we only state

the translation-invariant property of Lp
v(R

d,H) with respect to moderate weights in

the following lemma without proof.
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Lemma 3.1.11. (See [89]) Let w be a submultiplicative weight on R
d, and fix 1 ≤

p ≤ ∞. Then the following statements are equivalent.

(i) v is w-moderate.

(ii) Lp
v(R

d,H) is translation-invariant (i.e., for each x ∈ R
d, Tx is a continuous

mapping of Lp
v(R

d,H) onto itself).

(iii) For each compact set K ⊂ R
d, there exists a constant C > 0 such that

sup
t∈y+K

v(t) ≤ C inf
t∈y+K

v(t), ∀y ∈ R
d.

Throughout this chapter, a submultiplicative weight function is denoted by w

and a w-moderate function is denoted by v. Given a w-moderate weight v on R
d,

we will often use the notation ṽ to denote the weight on Z
d defined by ṽ(k) = v(αk),

and for a weight v on R
2d we define ṽ(k, n) = v(αk, βn).

3.1.3 Weighted Amalgam Spaces

Let Qα denote the cube Qα = [0, α)d.

Definition 3.1.12. Given an w-moderate weight v on R
d and given 1 ≤ p, q ≤ ∞,

the weighted amalgam space W (Lp(Rd,H), Lq
v) is the Banach space of all H-valued

measurable functions f : Rd → H for which the norm

‖f‖
W (L

p
(R

d
,H),L

q
v)

:=
( ∑

k∈Zd

‖f · TαkχQα
‖q
L
p
(R

d
,H)
v(αk)q

)1/q
<∞, (3.4)

with the obvious modification for q =∞.

Throughout this chapter, the weighted amalgam space is denoted byWH(L
p, Lq

v)

instead of W (Lp(Rd,H), Lq
v). We refer to [55, 56, 57, 70, 89] for discussions of

weighted amalgam spaces and their applications. The space WH(L
p, Lq

v) is indepen-

dent of the value of α used in (3.4) in the sense that each different choice of α yields

an equivalent norm for WH(L
p, Lq

v) (as in the scalar valued case).
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Weighted amalgam spaces are solid. This means that if f ∈ WH(L
p, Lq

v) and

m ∈ L∞(Rd, B(H)), then m(f) ∈WH(L
p, Lq

v) and

‖m(f)‖WH(L
p
,L

q
v)
≤ ‖m‖

L
∞

(R
d
,B(H))

‖f‖WH(L
p
,L

q
v)
. (3.5)

In addition, WH(L
p, Lq

v) is closed under translations and

‖Txf‖WH(L
p
,L

q
v)
≤ Cvw(x)‖f‖WH(L

p
,L

q
v)
, (3.6)

where Cv is the constant in (3.3). For each w-moderate weight v, and p1 ≥ p2, q1 ≤
q2 we have the following relations:

WH(L
p1 , Lq1

w ) ⊂WH(L
p1 , Lq1

v ) ⊂WH(L
p2 , Lq2

v ) ⊂WH(L
p2 , L

q2
1/w).

In particular, the inclusions WH(L
∞, L1

w) ⊂ WH(L
p, Lq

v) ⊂ WH(L
1, L∞

1/w) hold for

all 1 ≤ p, q ≤ ∞ and all w-moderate weights v.

The Köthe dual of WH(L
p, Lq

v) is the space of all measurable functions g : Rd →
H such that g·WH(L

p, Lq
v) ⊆ L1(Rd). It is equal toWH(L

p
′

, Lq
′

1/v), where 1/p+1/p′ =

1/q + 1/q′ = 1 for all 1 ≤ p, q ≤ ∞. The pairing

〈·, ·〉 : WH(L
p, Lq

v)×WH(L
p
′

, Lq
′

1/v)→ C, 〈f ,g〉 =
∫

R
d
〈f(x),g(x)〉Hdx,

is bounded. As in the case of scalar valued amalgam spaces the dual and Köthe

dual of the H-valued amalgam spaces are obtained with necessary modifications in

the following lemma:

Lemma 3.1.13. Let v be an w-moderate weight and 1/p + 1/p′ = 1/q + 1/q′ = 1.

Then

(i) For 1 ≤ p, q <∞, the dual space of WH(L
p, Lq

v) is WH(L
p
′

, Lq
′

1/v).

(ii) For 1 ≤ p, q ≤ ∞ the Köthe dual of WH(L
p, Lq

v) is WH(L
p
′

, Lq
′

1/v).

For detailed study on Köthe dual for scalar valued amalgam spaces we refer to

the text of Bennett and Sharpley [21].
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3.2 H-Valued Gabor Expansions in Weighted Amalgam

Spaces

The theory of Gabor expansions on Wiener amalgam spaces has been discussed in

[67, 75, 81, 82] for a separable lattice Λ = αZd × βZd, α, β > 0. Here, the Walnut’s

representation of the H-valued frame operator is generalized and extended and the

convergence of H-valued Gabor expansions on WH(L
p, Lq

v) is shown. Let us begin

with some definitions.

Definition 3.2.1. The Fourier transform of f ∈ L1(Q1/β ,H) is the sequence f̂

defined by

f̂(n) = Ff(n) = βd
∫

Q1/β

e−2πiβ〈n,t〉f(t)dt, n ∈ Z
d.

For 1 ≤ p, q ≤ ∞, let FLp(Q1/β ,H) denote the image of Lp(Q1/β ,H) under

the Fourier transform. Since Fourier coefficients are unique in Lp(Q1/β ,H), if d =

(dn)n∈Zd ∈ FLp(Q1/β ,H) then there exists a unique function m ∈ Lp(Q1/β ,H) such

that m̂(n) = dn for every n, and the norm on FLp(Q1/β ,H) is defined by

‖d‖FL
p
(Q1/β ,H) = ‖m‖p,Q1/β

. (3.7)

Definition 3.2.2. Let α, β > 0 be given. Then Sp,q
ṽ (H) = ℓqṽ(FL

p(Q1/β ,H)) denotes

the space of all FLp(Q1/β ,H)-valued sequences which are ℓqṽ-summable. That is, a

doubly-indexed sequence d = (dkn)k,n∈Zd lies in Sp,q
ṽ (H) if for each k ∈ Z

d there

exists mk ∈ Lp(Q1/β ,H) such that m̂k(n) = dkn, k, n ∈ Z
d and

‖d‖Sp,q
ṽ (H) =

( ∑

k∈Zd

‖mk‖qp,Q1/β
ṽ(k)q

)1/q
<∞,

with the usual change if q =∞.

When 1 < p <∞, we can write mk as a Fourier series

mk(x) =
∑

n∈Zd

dkne
2πiβ〈n,x〉, (3.8)

TH-1693_126123015



48 Hilbert Space Valued Gabor Frames in Weighted Amalgam Spaces

in the sense that the square partial sums of (3.8) converge to mk in the norm of

Lp(Q1/β,H), cf. [101, 146]. Hence, for 1 < p <∞ and 1 ≤ q <∞ we can write the

norm on Sp,q
ṽ (H) as

‖d‖Sp,q
ṽ (H) =

( ∑

k∈Zd

( ∫

Q1/β

‖
∑

n∈Zd

dkne
2πiβ〈n,x〉‖pHdx

)q/p
ṽ(k)q

)1/q
.

The analysis and synthesis operators associated with the H-valued Gabor frame are

defined as follows: Take h ∈ H such that ‖h‖H = 1. Let α, β > 0, 1 ≤ p, q ≤ ∞ and

fix g,γ ∈WH(L
∞, L1

w). For f ∈WH(L
p, Lq

v), define the analysis operator by

Cg,hf(k, n) = 〈f ,MβnTαkg〉h

=

∫

R
d
〈f(x),MβnTαkg(x)〉Hhdx

=

∫

R
d
〈f(x), Tαkg(x)〉Hhe−2πiβ〈n,x〉dx

= F(〈f , Tαkg〉h)(βn) = F((h⊙ Tαkg)f)(βn).

So

∑

n∈Zd

〈f ,MβnTαkg〉he2πiβ〈n,x〉 =
∑

n∈Zd

F((h⊙ Tαkg)f)(βn)e2πiβ〈n,x〉.

By using Poisson summation formula we get,

∑

n∈Zd

〈f ,MβnTαkg〉he2πiβ〈n,x〉 = β−d
∑

n∈Zd

((h⊙ Tαkg(x))f)(x −
n

β
) = mk(x).

Let d = (dkn) ∈ Sp,q
ṽ (H). The synthesis operator is defined by

Rg,hd(x) =
∑

k,n∈Zd

〈dkn,h〉HMβnTαkg(x)

=
∑

k∈Zd

〈 ∑

n∈Zd

dkne
2πiβ〈n,x〉,h

〉
H
Tαkg(x) (3.9)

=
∑

k∈Zd

〈mk(x),h〉HTαkg(x),
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where mk(x) =
∑

n∈Zd dkne
2πiβ〈n,x〉 is 1/β-periodic.

From the above observations we obtain the analogue of the Walnut’s represen-

tation for the H-valued Gabor frames in the following theorem.

Theorem 3.2.3. Let v be an w-moderate weight on R
d. Let α, β > 0 and 1 ≤ p, q ≤

∞ be given. Fix g,γ ∈WH(L
∞, L1

w) and h ∈ H with ‖h‖H = 1. Then the following

statements hold.

(i) The analysis operator Cg,hf = (〈f ,MβnTαkg〉h)k,n∈Zd is a bounded mapping

Cg,h : WH(L
p, Lq

v) → Sp,q
ṽ (H), Moreover, there exist unique functions mk ∈

Lp(Q1/β ,H) which satisfy m̂k(n) = Cg,hf(k, n) for all k, n ∈ Z
d, and these are

given explicitly by

mk(x) = β−d
∑

n∈Zd

(h⊙ Tαkg(x))f
(
x− n

β

)

= β−d
∑

n∈Zd

(h⊙ Tαk+n
β
g(x))Tn

β
f(x). (3.10)

The series on the right side of (3.10) converges unconditionally in Lp(Q1/β ,H)

(unconditionally in the σ(L∞(Q1/β ,H), L1(Q1/β ,H)) topology if p =∞).

(ii) Given d ∈ Sp,q
ṽ (H), let mk ∈ Lp(Qα,H) be the unique functions satisfying

m̂k(n) = dkn for all k, n ∈ Z
d. Then the series

Rg,hd =
∑

k∈Zd

〈mk(·),h〉HTakg, (3.11)

converges unconditionally inWH(L
p, Lq

v) (unconditionally in the σ(WH(L
p, Lq

v),

WH(L
p
′

, Lq
′

1/v)) topology if p =∞ or q = ∞), and Rg,h is a bounded mapping

Rg,h : Sp,q
ṽ (H)→WH(L

p, Lq
v).

(iii) The Walnut’s representation

Rγ,hCg,hf = β−d
∑

n∈Zd

Gn

(
Tn

β
f
)
, (3.12)

holds for f ∈ WH(L
p, Lq

v), with the series on the right of (3.12) converging
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absolutely in WH(L
p, Lq

v), where

Gn(x) =
∑

k∈Zd

Tαkγ(x)⊙ Tαk+n
β
g(x) ∈ B(H). (3.13)

Remark 3.2.4. If g,γ ∈WH(L
∞, L1

w), then from the above theorem the Walnut’s

representation of the frame operator on WH(L
p, Lq

v) is

Sg,γf(x) = β−d
∑

n∈Zd

Gn(x)
(
Tn

β
f(x)

)
. (3.14)

Since we deal with vector valued functions, obtaining the above expression is bit

technical. Notice that in the Walnut’s representation for the scalar valued case

(see [82]), the summation is taken over point-wise product of Gn(x) with Tn
β
f(x),

whereas in our case Gn(x) is operating on the Hilbert space element Tn
β
f(x).

To prove Theorem 3.2.3 we need the following results. Since the proof of these

results follows in a similar way as in scalar valued case we only state them without

proof.

Lemma 3.2.5. ([82], Lemma 5.1) Let α, β > 0 be given. Let Kαβ be the maximum

number of 1
βZ

d-translates of Q1/β required to cover any αZd-translate of Qα, i.e.,

Kαβ = max
k∈Zd

#{ℓ ∈ Z
d : |( ℓ

β + Q1/β) ∩ (αk + Qα)| > 0}. Then given 1 ≤ p ≤

∞, we have for any 1/β-periodic function m ∈ Lp(Q1/β ,H) and any k ∈ Z
d that

‖m‖p,αk+Qα
≤ K1/p

αβ ‖m‖p,Q1/β
, where K

1/∞
αβ = 1.

Lemma 3.2.6. If g ∈W (L∞(Rd, B(H)), L1) and α > 0 then

ess sup
x∈Rd

∑

n∈Zd

‖g(x − αn)‖B(H) ≤
( 1
α
+ 1
)d
‖g‖

W (L
∞

(R
d
,B(H)),L

1
).

(3.15)

Lemma 3.2.7. If g,γ ∈W (L∞, L1), then Gn are defined by (3.13) is in L∞(Rd, B(H)),

and

∑

n∈Zd

‖Gn‖L∞

(R
d
,B(H))

≤
( 1
α
+ 1
)d

(2β + 2)d ‖g‖
W (L

∞

,L
1
)
‖γ‖

W (L
∞

,L
1
)
.
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The next lemma is a weighted version of previous lemma that is useful in the

Walnut’s representation of the frame operator (see [135], Lemma 2.2).

Lemma 3.2.8. Let w be a submultiplicative weight, and let α, β > 0 be given. Then

there exists a constant C = C(α, β,w) > 0 such that if g,γ ∈WH(L
∞, L1

w) and the

functions Gn are defined by (3.13), then

∑

n∈Zd

‖Gn‖L∞

(R
d
,B(H))

w
(n
β

)
≤ C ‖g‖

WH(L
∞

,L
1
w)
‖γ‖

WH(L
∞

,L
1
w)
.

Following lemma is an estimate on the effect of translations on the amalgam

space norm.

Lemma 3.2.9. Let v be an w-moderate weight. Then for 1 ≤ p, q ≤ ∞, we have

for each f ∈WH(L
p, Lq

v) and n ∈ Z
d that

‖Tαnf‖WH(L
p
,L

q
v)
≤ Cvw(αn)‖f‖WH(L

p
,L

q
v)
.

The structural results about H-valued Gabor frames can be derived from the

corresponding well-known results for scalar valued Gabor frames. Now we will

present some important results on H-valued Gabor frames in the following remark.

Remark 3.2.10. The l-th Fourier coefficient of Gn is

Ĝn(l) = α−d
∫

Qα

Gn(x)e
−2πi〈l,x/α〉dx

= α−d
∫

Qα

(
∑

k∈Zd

Takγ(x)⊙ Tαk+n
β
g(x))e−2πi〈l,x/α〉dx

= α−d
∫

R
d
(γ(x)⊙ Tn

β
g(x))e−2πi〈l,x/α〉dx

= α−d
∫

R
d
γ(x)⊙M l

α
Tn

β
g(x)dx := α−d[γ,M l

α
Tn

β
g].

Then Fourier series

Gn(x) = α−d
∑

l∈Zd

[γ,M l
α
Tn

β
g]e2πi〈l,x/α〉, (3.16)
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is convergent in L2(Qα, B(H)). By substituting this into Walnut’s representation,

we obtain the expression

Sg,γf = β−d
∑

n∈Zd

Gn

(
Tn

β
f
)
= (αβ)−d

∑

n∈Zd

(∑

l∈Zd

[γ,M l
α
Tn

β
g]
)(
M l

α
Tn

β
f
)
,

or in operator notation,

Sg,γ = (αβ)−d
∑

n∈Zd

(∑

l∈Zd

[γ,M l
α
Tn

β
g]
)(
M l

α
Tn

β

)
. (3.17)

This is H-valued analogue of Janssen’s representation for the H-valued frame

operator Sg,γ . Using Janssen’s representation we obtain the H-valued analogue of

Wexler-Raz biorthogonality relation in the following theorem.

Theorem 3.2.11. (Wexler-Raz biorthogonality relation). Assume that G(g, α,
β), G(γ, α, β) are Bessel sequence in L2(Rd,H). Then the following conditions are

equivalent:

(i) Sg,γ = Sγ,g = I on L2(Rd,H).

(ii) (αβ)−d[γ,M l
α
Tn

β
g] = δl0δn0IB(H) for l, n ∈ Z

d.

Proof. The implication (ii)⇒ (i) is trivial consequence of Janssen’s representation.

For the converse (i) ⇒ (ii), assume that Sg,γ = I. Let f ,h ∈ L∞(Q1/β ,H) and let

l,m ∈ Z
d be arbitrary. Then

δlm[f ,h] = δlm

∫

R
d
f(x)⊙ h(x)dx = δlm

∫

R
d
Sg,γf(x)⊙ h(x)dx

=

∫

R
d
Sg,γT l

β
f(x)⊙ Tm

β
h(x)dx

= β−d
∫

R
d

∑

n∈Zd

Gn(x)
(
Tn+l

β
f(x)

)
⊙ Tm

β
h(x)dx

= β−d
∫

R
d
Gm−l(x)

(
Tm

β
f(x)

)
⊙ Tm

β
h(x)dx

= β−d
∫

R
d
(T−m

β
Gm−l(x))f(x)⊙ h(x)dx

= β−d[(T−m
β
Gm−l)(f),h].
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By density this identity extends to f ,h ∈ L2(Q1/β ,H), so we conclude that

β−dGm−l

(
x+

m

β

)
= δlmIB(H),

for almost all x ∈ Q1/β . Varying l,m ∈ Z
d it follows that Gn(x) = βdδn0IB(H), for

almost all x ∈ R
d. Therefore by (3.16) and uniqueness of Fourier coefficients we

conclude that (αβ)−d[γ,M l
α
Tn

β
g] = δl0δn0IB(H).

Now we will prove boundedness of the analysis and synthesis operator, and

Walnut’s representation in the following proof.

Proof of Theorem 3.2.3. (i) Given that g ∈WH(L
∞, L1

w) and 1 ≤ p, q ≤ ∞. Let f ∈
WH(L

p, Lq
v), which is a subspace of W (L1, L∞

1/w). First we show that the operators

mk given by (3.10) are well-defined. Observe that mk is the 1/β-periodization

of the integrable H-valued function (h ⊙ Tαkg)f and hence the series defining mk

converges in L1(Qα,H). To show that the periodization converges unconditionally in

Lp(Q1/β,H) (weakly if p =∞) and to derive a useful estimate, fix any 1/β-periodic

function h′ ∈ Lp
′

(Q1/β ,H) and for each fixed k, we consider

∫

Q1/β

|〈
∑

n∈Zd

(h⊙ Tαk+n
β
g(x))Tn

β
f(x),h′(x)〉H|dx

≤
∫

Q1/β

∑

n∈Zd

|〈〈Tn
β
f(x), Tαk+n

β
g(x)〉Hh,h′(x)〉H|dx

=

∫

R
d
|〈f(x), Tαkg(x)〉H〈h,h′(x)〉H|dx

=
∑

n∈Zd

∫

Qα

|〈f(x), Tαkg(x)〉H〈h,h′(x)〉H|Tαk+αnχQα
(x)dx

≤
∑

n∈Zd

‖Tαkg · Tαk+αnχQα
‖
L
∞
(R

d
,H)
‖f · Tαk+αnχQα

‖p×

‖h′‖p′,αk+αn+Qα

v(αk + αn − αn)
v(αk)

≤
∑

n∈Zd

‖g · TαnχQα
‖
L
∞

(R
d
,H)
‖f · Tαk+αnχQα

‖p×

K
1/p

′

αβ ‖h
′‖p′,Q1/β

Cvv(αk + αn)w(αn)

v(αk)
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= CvK
1/p

′

αβ ‖h
′‖p′,Q1/β

1

v(αk)

∑

n∈Zd

‖g · TαnχQα
‖
L
∞

(R
d
,H)
w(αn)×

‖f · Tαk+αnχQα
‖pv(αk + αn). (3.18)

Taking the supremum in (3.18) over h′ with unit norm we get,

‖mk‖p,Q1/β
≤ β−dCvK

1/p
′

αβ

1

v(αk)

∑

n∈Zd

‖g · TαnχQα
‖
L
∞

(R
d
,H)
w(αn)×

‖f · Tαk+αnχQα
‖pv(αk + αn), (3.19)

where Kαβ = max
k∈Zd

#{ℓ ∈ Z
d : |

(
ℓ
β + Q1/β

)
∩ (αk + Qα)| > 0}. This shows the

convergence of the series defining mk in Lp(Q1/β ,H). Note that,

m̂k(n) = βd
∫

Q1/β

mk(x)e
−2πiβ〈n,x〉dx

=

∫

Q1/β

∑

m∈Zd

(h⊙ Tαk+m
β
g(x))Tm

β
f(x)e−2πiβ〈n,x〉dx

=

∫

Q1/β

∑

m∈Zd

〈Tm
β
f(x), Tαk+m

β
g(x)〉Hhe−2πiβ〈n,x−m/β〉dx

=

∫

R
d
〈f(x), Tαkg(x)〉Hhe−2πiβ〈n,x〉dx

= 〈f ,MβnTαkg〉h = Cg,hf(k, n).

Finally, we show that Cg,h is a bounded mapping ofWH(L
p, Lq

v) into S
p,q
ṽ (H). Given

f ∈WH(L
p, Lq

v), to show that Cg,hf ∈ Sp,q
ṽ (H) it is enough to show that the sequence

r given by r(k) = ‖mk‖p,Q1/β
, k ∈ Z

d lies in ℓqṽ. To do this, fix any sequence a ∈ ℓq
′

1/ṽ .

Then by using (3.19), we have

|〈r, a〉| ≤
∑

k∈Zd

‖mk‖p,Q1/β
|a(k)|

≤ β−dCvK
1/p

′

αβ

∑

n∈Zd

‖g · TαnχQα
‖
L
∞
(R

d
,H)
w(αn)×
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∑

k∈Zd

‖f · Tαk+αnχQα
‖pv(αk + αn)|a(k)| 1

v(αk)

≤ β−dCvK
1/p

′

αβ

∑

n∈Zd

‖g · TαnχQα
‖
L
∞

(R
d
,H)
w(αn)×

( ∑

k∈Zd

‖f · Tαk+αnχQα
‖qpv(αk + αn)q

)1/q( ∑

k∈Zd

|a(k)|q
′ 1

v(αk)q
′

)1/q′

≤ β−dCvK
1/p

′

αβ ‖g‖WH(L
∞
,L

1
w)
‖f‖WH(L

p
,L

q
v)
‖a‖

ℓ
q
′

1/ṽ

. (3.20)

Since ℓq
′

1/ṽ = (ℓqṽ)
∗ when q < ∞ and is a norm-fundamental subspace when q = ∞,

taking the supremum over sequences a with unit norm in (3.20) we get

‖Cg,hf‖Sp,q
ṽ (H) = ‖r‖ℓqṽ ≤ β

−dCvK
1/p

′

αβ ‖g‖WH(L
∞

,L
1
w)
‖f‖WH(L

p
,L

q
v)
.

Hence Cg,h is a bounded mapping of WH(L
p, Lq

v) into S
p,q
ṽ (H). This proves (i).

(ii) Let 1 ≤ p, q <∞. Given d ∈ Sp,q
ṽ (H), we have

∑
k∈Zd ‖mk‖qp,Q1/β

ṽ(k)q <∞.
That means for every ε > 0, there exists a finite set F0 such that

∑

k/∈F
‖mk‖qp,Q1/β

ṽ(k)q < εq, ∀ finite F ⊃ F0. (3.21)

Since 1/v is also an w-moderate weight, for any fix h′ ∈WH(L
p
′

, Lq
′

1/v), we have

∑

k/∈F
|〈〈mk(·),h〉HTαkg,h′〉|

≤
∑

k/∈F

∫

R
d
|〈〈mk(x),h〉HTαkg(x),h′(x)〉H|dx

=
∑

k/∈F

∑

n∈Zd

∫

Qα

|〈mk(x),h〉H〈Tαkg(x),h′(x)〉H|Tαn+αkχQα
(x)dx

≤
∑

k/∈F

∑

n∈Zd

‖Tαkg · Tαn+αkχQα
‖
L
∞

(R
d
,H)
‖mk‖p,αn+αk+Qα

×

‖h′ · Tαn+αkχQα
‖p′

v(αk)

v(αn + αk − αn)
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≤
∑

n∈Zd

‖g · TαnχQα
‖
L
∞

(R
d
,H)
×

∑

k/∈F
K

1/p
αβ ‖mk‖p,Q1/β

‖h′ · Tαn+αkχQα
‖p′

Cvv(αk)w(αn)

v(αn + αk)

≤ CvK
1/p
αβ

∑

n∈Zd

‖g · TαnχQα
‖
L
∞

(R
d
,H)
w(αn)

(∑

k/∈F
‖mk‖qp,Q1/β

v(αk)q
)1/q
×

( ∑

k∈Zd

‖h′ · Tαn+αkχQα
‖q

′

p
′

1

v(αn+ αk)q
′

)1/q′
. (3.22)

Combining (3.21) and (3.22), we get

∑

k/∈F
|〈〈mk(·),h〉HTαkg,h′〉| ≤ ǫCvK

1/p
αβ ‖g‖WH(L

∞

,L
1
w)
‖h′‖

WH(L
p
′

,L
q
′

1/v)
.

Taking the supremum over all h′ of unit norm, we see that

Rg,hd =
∑

k∈Zd

〈mk(·),h〉HTakg

converges unconditionally. Now replacing F by Z
d in (3.22), we get

|〈Rg,hd,h
′〉| ≤

∑

k∈Zd

|〈〈mk(·),h〉HTαkg,h′〉|

≤ CvK
1/p
αβ ‖g‖WH(L

∞

,L
1
w)
‖d‖Sp,q

ṽ (H)‖h′‖
WH(L

p
′

,L
q
′

1/v)
. (3.23)

Since WH(L
p
′

, Lq
′

1/v) is the dual space of WH(L
p, Lq

v), taking the supremum over all

h′ of unit norm in (3.23) shows that

‖Rg,hd‖WH(L
p
,L

q
v)

= sup{|〈Rg,hd,h
′〉| : ‖h′‖

WH(L
p
′

,L
q
′

1/v)
= 1}

≤ CvK
1/p
αβ ‖g‖WH(L

∞
,L

1
w)
‖d‖Sp,q

ṽ (H), (3.24)

This completes the proof for the case 1 ≤ p, q < ∞. Since WH(L
p
′

, Lq
′

1/v) is the

Köthe dual of WH(L
p, Lq

v) a similar argument as in (3.22), (3.23) will imply the
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convergence of Rg,h in the weak topology when p = ∞ or q = ∞ and the estimate

‖Rg,hd‖WH(L
p
,L

q
v)

as in (3.24). This proves part (ii).

(iii) Now we show the frame operator Rγ,hCg,h admits Walnut’s representation

on WH(L
p, Lq

v). Given g,γ ∈ WH(L
∞, L1

w) and 1 ≤ p, q ≤ ∞. Notice that for a

w-moderate weight v and f ∈WH(L
p, Lq

v), 1 ≤ p, q ≤ ∞ and for each n ∈ Z
d, α > 0

we have

‖Tαnf‖WH(L
p
,L

q
v)
≤ Cvw(αn)‖f‖WH(L

p
,L

q
v)
. (3.25)

Replacing α by 1/β in (3.25) we get,

‖Tn
β
f‖WH(L

p
,L

q
v)
≤ Cvw

(n
β

)
‖f‖WH(L

p
,L

q
v)
.

Therefore, for f ∈WH(L
p, Lq

v) consider

∑

n∈Zd

‖Gn

(
Tn

β
f
)
‖WH(L

p
,L

q
v)

≤
∑

n∈Zd

‖Gn‖L∞

(R
d
,B(H))

‖Tn
β
f‖WH(L

p
,L

q
v)

≤ Cv‖f‖WH(L
p
,L

q
v)

∑

n∈Zd

‖Gn‖L∞

(R
d
,B(H))

w
(n
β

)

≤ CCv‖f‖WH(L
p
,L

q
v)
‖g‖

WH(L
∞
,L

1
w)
‖γ‖

WH(L
∞
,L

1
w)
,

by Lemma 3.2.8. Therefore the series
∑

n∈Zd Gn

(
Tn

β
f
)

converges absolutely in

WH(L
p, Lq

v). Now for fixed f ∈ WH(L
p, Lq

v), define mk such that cg,hf(k, n) =

m̂k(n). For h
′ ∈WH(L

p
′

, Lq
′

1/v) we have

〈Rγ,hCg,hf ,h
′〉

=
∑

k∈Zd

〈〈mk(·),h〉HTakγ,h′〉

=
∑

k∈Zd

∫

R
d
〈〈mk(x),h〉HTakγ(x),h′(x)〉Hdx

= β−d
∑

k∈Zd

∫

R
d

∑

n∈Zd

〈〈(h⊙ Tαk+n
β
g(x))Tn

β
f(x),h〉HTakγ(x),h′(x)〉Hdx
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= β−d
∑

k∈Zd

∫

R
d

∑

n∈Zd

〈〈〈Tn
β
f(x), Tαk+n

β
g(x)〉Hh,h〉HTakγ(x),h′(x)〉Hdx

= β−d
∑

k∈Zd

∫

R
d

∑

n∈Zd

〈〈Tn
β
f(x), Tαk+n

β
g(x)〉HTakγ(x),h′(x)〉Hdx

= β−d
∑

n∈Zd

∫

R
d

∑

k∈Zd

〈(Takγ(x)⊙ Tαk+n
β
g(x))Tn

β
f(x),h′(x)〉Hdx

= β−d
∑

n∈Zd

∫

R
d
〈Gn(x)

(
Tn

β
f(x)

)
,h′(x)〉Hdx

= β−d
∑

n∈Zd

〈Gn

(
Tn

β
f
)
,h′〉,

from which (3.12) follows. The interchanges of integration and summation can be

justified by Lemma 3.2.8 and Fubini’s theorem. �

Using the expression formk in (3.8), the synthesis operatorRg,h can be expressed

as the iterated sum as

∑

k∈Zd

〈
∑

n∈Zd

dkne
2πiβ〈n,x〉,h〉HTαkg =

∑

k∈Zd

∑

n∈Zd

〈dkn,h〉HMβnTαkg.

We show that this series of partial sums converge to Rg,hd in the WH(L
p, Lq

v) norm

in the following proposition.

Proposition 3.2.12. Let v be an w-moderate weight on R
d. Let α, β > 0 and

1 < p < ∞, 1 ≤ q < ∞ be given. Assume that g,γ ∈ WH(L
∞, L1

w) are such that

G(g, α, β) is a Gabor frame for L2(Rd,H) with dual window γ and take h ∈ H with

unit norm. Then the following statements hold.

(i) If d ∈ Sp,q
ṽ (H), then the partial sums

SK,Nd =
∑

‖k‖
∞
≤K

∑

‖n‖
∞
≤N

〈dkn,h〉HMβnTαkg, K,N > 0,

converge to Rg,hd in the norm of WH(L
p, Lq

v), i.e., for each ε > 0 there exist

TH-1693_126123015



3.2. H-Valued Gabor Expansions in Weighted Amalgam Spaces 59

K0, N0 > 0 such that

∀K ≥ K0, ∀N ≥ N0, ‖Rg,hd− SK,Nd‖WH(L
p
,L

q
v)
< ε.

(ii) If f ∈WH(L
p, Lq

v), then the partial sums

SK,N(Rγ,hCg,hf) =
∑

‖k‖
∞
≤K

∑

‖n‖
∞
≤N

〈f ,MβnTαkg〉MβnTαkγ

of the Gabor expansion of f converge to f in the norm of WH(L
p, Lq

v) and for

1 ≤ p, q ≤ ∞, in the σ(WH(L
p, Lq

v),WH(L
p
′

, Lq
′

1/v))-topology.

Proof. The idea of the proof is similar to Proposition 4.6 of [82] with appropriate

modifications.

The Walnut’s representation for superframe operator and the multi-window Ga-

bor frame operator can be obtained by choosing an appropriate Hilbert space in

Theorem 3.2.3. However, we list out some consequences of Theorem 3.2.3 and

Proposition 3.2.12 in the following remark:

Remark 3.2.13. (i) If H = C then the rank one operator x ⊙ y turns out to the

point-wise product xy and all the above results for the H-valued Gabor frame viz.

Walnut’s representation of H-valued Gabor frame operator, convergence of Gabor

expansions, etc., coincides with the results for the scalar valued Gabor frames (see

[67, 82, 135, 137]).

(ii) If H = C
n then the H-valued Gabor frame is the super Gabor frame (see

[84]). The Gabor expansions for the Gabor super-frames on vector valued amalgam

spaces also converge by Proposition 3.2.12.

(iii) Let (H1, 〈·, ·〉1), (H2, 〈·, ·〉2), · · · , (Hr, 〈·, ·〉r) be r Hilbert spaces. If H =
⊕r

i=1 Hi (i.e H is the direct sum of r Hilbert spaces) then H is also a Hilbert space

with respect to the inner product 〈x, y〉 = ∑r
i=1〈xi, yi〉 where x = ⊕r

i=1xi, y =

⊕r
i=1yi, x, y ∈ H, xi, yi ∈ Hi, i = 1, 2 · · · , r. If f : Rd → H then

f(x) = f1(x)
⊕

f2(x)
⊕
· · ·
⊕

fr(x) with fi(x) ∈ Hi, i = 1, 2 · · · , r.
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Note that f ∈ WH(L
p, Lq

w) ⇔ fi ∈ WHi
(Lp, Lq

w) for all i = 1, 2, · · · , r. The frame

operator of the Gabor system on WH(L
p, Lq

w) with respect to a single lattice Λ =

αZ× βZ is given by

Sg,γf = β−d
∑

n∈Zd

Gn

(
Tn

β
f
)
= β−d

∑

n∈Zd

∑

k∈Zd

Tαkγ(x)⊙ Tαk+n
β
g(x)

(
Tn

β
f
)

= β−d
∑

n∈Zd

∑

k∈Zd

Tαk

( r⊕

i=1

γi(x)
)
⊙ Tαk+n

β

( r⊕

i=1

gi(x)
)(
Tn

β

( r⊕

i=1

fi

))

= β−d
∑

n∈Zd

∑

k∈Zd

r∑

i=1

(
Tαkγi(x)⊙ Tαk+n

β
gi(x)

) (
Tn

β
fi

)
=

r∑

i=1

Sgi,γi
fi,

where g(x) =
⊕r

i=1 gi(x), γ(x) =
⊕r

i=1 γi(x) and Sgi,γi
is the frame operator of

the Gabor system on WHi
(Lp, Lq

w). If H1 = H2 · · · = Hr = C then the H−valued
Gabor frame turns out to be a Gabor superframe.

(iv) Let Λ = Λ1 × ... × Λr be the Cartesian product of separable lattices Λi =

αiZ
d × βiZ

d and let g1, ...,gr,γ1, ...,γr ∈ WHi
(L∞, L1

w). Suppose the collection

Gi(gi, αi, βi) is a frame for L2(Rd,Hi) with the corresponding frame operator SΛ
i

gi,γi
.

As in the previous set up (as in (iii)) we show that frame operator associated with the

Gabor system onWH(L
p, Lq

w) is the sum of frame operator associated with the Gabor

systems on WHi
(Lp, Lq

w). In this case we consider cartesian product of separable

lattices Λi = αiZ
d×βiZd, i = 1, 2, · · · , r instead of a single lattice αZd×βZd. For 1 ≤

p, q ≤ ∞ the space Sp,q
ṽ (H) turns out to be Sp,q

ṽ (H1)×Sp,q
ṽ (H2)×· · ·×Sp,q

ṽ (Hr) with

the norm ‖d‖Sp,q
ṽ (H) = ‖(d

1, d2 · · · , dr)‖Sp,q
ṽ (H) =

∑r
i=1 ‖d

i‖Sp,q
ṽ (Hr)

, where Sṽ
p,q(Hi)is

defined as in Definition 3.2.2 with respect to the lattice Λi and the Hilbert space

Hi. For x ∈ R
d, k, n ∈ Z

d, α = (α1, α2 · · · , αr) and β = (β1, β2 · · · , βr) with

αi > 0, βi > 0 the translation operator Tαk and the modulation operator Mβn

of f(x) =
⊕r

i=1 fi(x) are defined as Tαkf(x) =
⊕r

i=1 Tαik
fi(x) and Mβnf(x) =

⊕r
i=1Mβin

fi(x). The frame operator of the Gabor system on WH(L
p, Lq

w) is given

by

SΛ
g,γf = β−d

∑

n∈Zd

Gn

(
Tn

β
f
)
= β−d

∑

n∈Zd

∑

k∈Zd

Tαkγ(x)⊙ Tαk+n
β
g(x)

(
Tn

β
f
)
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= β−d
∑

n∈Zd

∑

k∈Zd

( r⊕

i=1

Tαik
γi(x)

)
⊙
( r⊕

i=1

Tαik+
n
βi

gi(x)
)(( r⊕

i=1

T n
βi

fi

))

= β−d
∑

n∈Zd

∑

k∈Zd

r∑

i=1

(
Tαik

γi(x)⊙ Tαik+
n
βi

gi(x)
)(

T n
βi

fi

)
=

r∑

i=1

SΛ
i

gi,γi
fi,

where β−d =
∏r

i=1 β
−d
i ,g(x) =

⊕r
i=1 gi(x), γ(x) =

⊕r
i=1 γi(x) and SΛ

i

gi,γi
is the

frame operator of the Gabor system on WHi
(Lp, Lq

w) with respect to the lattice Λi.

If H1 = H2 · · · = Hr = C and f(x) = f(x)
⊕
f(x)

⊕ · · ·⊕ f(x) (r-times tensor

product of f(x) with itself) where f ∈W (Lp, Lq
w) then the H−valued Gabor frame

turns out to be a “multi-window Gabor frame”.

3.3 The Algebra of H-Valued L
∞
-Weighted Shifts

3.3.1 H-Valued L
∞
-Weighted Shifts

In this section, we mainly aim to prove the spectral invariance theorem for a sub-

algebra weighted shift operators in B(Lp(Rd,H)), the algebra of bounded linear

operators on Lp(Rd,H). For an admissible weight function w we construct a Banach

∗−algebra Aw of weighted shift operators in B(Lp(Rd,H)) and identify with AP p
w(ρ),

the class of ρ-almost periodic elements, having w-summable Fourier coefficients.

Finally we prove the spectral invariance theorem on AP p
w(ρ) which assures spectral

invariance property on Aw. Let us start with a definition of multiplication operator

on B(Lp(Rd,H)).

Definition 3.3.1. Let φ ∈ L∞(Rd, B(H)), then we define the multiplication operator

Tφ : Lp(Rd,H)→ Lp(Rd,H) defined by (Tφf)(x) = φ(x)(f(x)), x ∈ R
d.

Note that Tφ is linear, bounded and ‖Tφ‖ = ‖φ‖L∞

(R
d
,B(H))

. For an admissible

weight w define

Aw := {M = (mx)x∈Rd ∈ L∞(Rd, B(H)) :
∑

x∈Rd

‖mx‖L∞

(R
d
,B(H))

w(x) < +∞},
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with norm

‖M‖Aw
=
∑

x∈Rd

‖mx‖L∞

(R
d
,B(H))

w(x) < +∞.

If M = (mx)x∈Rd ∈ Aw, then M = (mx)x∈Rd ∈ ℓ1w(Rd, L∞(Rd, B(H))) of the

family M = (mx)x∈Rd has countable support. The identification of Aw with the

subclass of bounded operators on L2(Rd,H) is as follows: Given (mx)x∈Rd ∈ Aw

define the operator

T : Lp(Rd,H)→ Lp(Rd,H) by T (f) =
∑

x∈Rd

mx(Txf).

Clearly, T is well defined, linear and bounded on all Lp(Rd,H), 1 ≤ p ≤ ∞ (by

using admissibility of w). The identification f 7→ ∑
x∈Rd mx(Txf) maps Aw into a

closed subspace of B(Lp(Rd,H)). It is then convenient to writeM∈ Aw as

M =
∑

x∈Rd

mx(Tx), (mx)x∈Rd ∈ ℓ1w(Rd, L∞(Rd, B(H))).

If we endow Aw with the product and involution inherited from B(L2(Rd,H)) then

Aw is a Banach *-algebra which embeds continuously into B(L2(Rd,H)): i.e., for

(mx)x∈Rd , (nx)x∈Rd ∈ Aw, define

( ∑

x∈Rd

mx(Tx)
)
·
( ∑

x∈Rd

nx(Tx)
)
=
∑

x∈Rd

( ∑

y∈Rd

mynx−y(· − y)
)
(Tx),

and the involution by

( ∑

x∈Rd

mx(Tx)
)∗

=
∑

x∈Rd

mx(·+ x)(T−x) =
∑

x∈Rd

m−x(· − x)(Tx).

Notice that the identification of families in Aw and operators on B(Lp(Rd,H)) is

one-to-one. We simply write Aw ⊂ B(Lp(Rd,H)) and we treat members of Aw as

operators on Lp(Rd,H). The following result for m ∈ L∞(Rd, B(H)) plays a crucial

role in proving the spectral invariance theorem:
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Lemma 3.3.2. For m ∈ L∞(Rd, B(H)) and x,w ∈ R
d. The following relation hold.

Mwm(TxM−w) = e2πi〈w,x〉m(Tx). (3.26)

Proof. The proof of this result is trivial if H = C. Otherwise, for each y ∈ R
d, m(y)

is a linear bounded operator on H, which we view as an infinite matrix with scalar

entries and prove the lemma. Since H is separable Hilbert space and for y ∈ R
d,

m(y) ∈ B(H) can be written as

m(y)u = m(y)
(∑

n

〈u, en〉Hen
)
=
∑

n

〈u, en〉Hm(y)en =
∑

n,j

〈u, en〉Hanj(y)ej ,

where u ∈ H and (en)n is orthonormal basis for H. Now for f ∈ Lp(Rd,H)

Mwm(y)(TxM−wf(y)) = e2πi〈w,y〉∑

n,j

〈TxM−wf(y), en〉Hanj(y)ej

= e2πi〈w,x〉∑

n,j

〈Txf(y), en〉Hanj(y)ej

= e2πi〈w,x〉m(y)(Txf(y)).

This completes the proof.

The continuity properties of operators defined by the family in Aw is established

by the following proposition.

Proposition 3.3.3. Let 1 ≤ p, q ≤ ∞ and let v be a w-moderate weight. Then the

following statements hold.

(i) Aw →֒ B(WH(L
p, Lq

v)). More precisely, every M =
∑

x∈Rd mx(Tx) ∈ Aw

defines a bounded operator on WH(L
p, Lq

v) given by the formula

M(f) :=
∑

x∈Rd

mx(Txf).

The series defining M : WH(L
p, Lq

v) → WH(L
p, Lq

v) converges absolutely in

the norm of WH(L
p, Lq

v) and ‖M‖B(WH(L
p
,L

q
v))
≤ Cv‖M‖Aw

, where Cv is a
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constant in (3.3).

(ii) For everyM ∈ Aw, f ∈WH(L
p, Lq

v) and g ∈WH(L
p
′

, Lq
′

1/v), Then 〈M(f),g〉 =
〈f ,M∗(g)〉.

(iii) For everyM ∈ Aw, the operatorM :WH(L
p, Lq

v)→WH(L
p, Lq

v) is continuous

in the σ(WH(L
p, Lq

v),WH(L
p
′

, Lq
′

1/v))-topology.

Proof. Using the fact that v is w-moderate along with an appropriate change of vari-

able, proves part (i). Part (ii) follows from the fact the involution in Aw coincides

with taking adjoint. The interchange of summation and integration is justified by

the absolute convergence in part (i). Part (iii) is follows immediately from (ii).

3.3.2 Spectral invariance

In order to identify the class Aw ⊂ B(Lp(Rd,H)) with AP p
w(ρ) which is the class

of ρ-almost periodic elements having w-summable Fourier series, we require the

following definitions and necessary theories.

Let y ∈ R
d and M ∈ B(Lp(Rd,H)), 1 ≤ p ≤ ∞. Define ρ(y)M := MyMM−y.

Then,

ρ(y)Mf(x) = e2πi〈y,x〉M(g(x)), where g(x) = e−2πi〈y,x〉f(x).

Clearly ρ is a representation of Rd on the Banach space B(Lp(Rd,H)). For each

y ∈ R
d, ρ(y) is an algebra automorphism and an isometry.

Definition 3.3.4. A continuous map Y : Rd → B(Lp(Rd,H)) is almost-periodic in

the sense of Bohr if for every ε > 0 there is a compact set K = Kε ⊂ R
d such that

for all x ∈ R
d

(x+K) ∩ {y ∈ R
d : ‖Y (g + y)− Y (g)‖ < ε, ∀g ∈ R

d} 6= ∅

Then Y extends uniquely to a continuous map of the Bohr compactification

R̂d
c of Rd, denoted by Y . Thus Y : R̂d

c → B(Lp(Rd,H)), where R̂d
c represents the

topological dual group (i.e. the group of characters) of Rd when R
d is endowed with

the discrete topology. The normalized Haar measure on R̂d
c is denoted by µ(dy).

TH-1693_126123015



3.3. The Algebra of H-Valued L∞-Weighted Shifts 65

For each M ∈ B(Lp(Rd,H)), we consider the map M̂ : Rd → B(Lp(Rd,H))

defined by

M̂(y) := ρ(y)M =MyMM−y. (3.27)

If the map M̂ is continuous and almost-periodic in the sense of Bohr then the

operatorM∈ B(Lp(Rd,H)) is called ρ-almost periodic. For every ρ-almost periodic

operatorM, the function M̂ admits a B(Lp(Rd,H))-valued Fourier series,

M̂(y) ∼
∑

x∈Rd

e2πi〈y,x〉Cx(M), (y ∈ R
d). (3.28)

The coefficients Cx(M) ∈ B(Lp(Rd,H)) in (3.28) are uniquely determined by M
via

Cx(M) =

∫

R̂
d
c

M̂(y)e−2πi〈y,x〉µ(dy) = lim
T→∞

1

(2T )d

∫

[−T,T ]
d
M̂(y)e−2πi〈y,x〉dy (3.29)

and satisfy

ρ(y)Cx(M) = e2πi〈y,x〉Cx(M). (3.30)

Therefore, they are eigenvectors of ρ (see [12] for details).

Within the class of ρ-almost periodic operators consider AP p
w(ρ), the subclass

of those operators for which the Fourier series in (3.28) is w-summable, where w is

an admissible weight. More precisely, a ρ-almost periodic operator M belongs to

AP p
w(ρ) if its Fourier coefficients with respect to ρ satisfy

‖M‖AP
p
w(ρ) :=

∑

x∈Rd

‖Cx(M)‖
B(L

p
(R

d
,H))

w(x) <∞. (3.31)

Since w is submultiplicative, forM ∈ AP p
w(ρ) the series

M̂(y) =
∑

x∈Rd

e2πi〈y,x〉Cx(M), y ∈ R
d, (3.32)

converges absolutely to M̂(y) on B(Lp(Rd,H)), where each Cx ∈ B(Lp(Rd,H))

satisfies (3.29) and hence (3.30). In particular, for y = 0, eachM∈ AP p
w(ρ) can be
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written as

M =
∑

x∈Rd

Cx(M). (3.33)

Conversely, if M is given by (3.33) with the coefficients Cx satisfying (3.31) and

(3.30), it follows from the theory of almost-periodic series that M ∈ AP p
w(ρ) and

Cx satisfy (3.29). Now we are in a position to establish connection between Aw and

AP p
w(ρ) and prove spectral invariance result for Aw. For that we first characterize

the eigenvectors Cx of the representation ρ.

Lemma 3.3.5. For any 1 ≤ p ≤ ∞ and any m ∈ L∞(Rd, B(H)) and x ∈ R
d,

Cx = m(Tx) is an eigenvector of ρ : Rd → B(B(Lp(Rd,H))). For 1 ≤ p < ∞ these

are the only eigenvectors.

Proof. If Cx = m(Tx), then by (3.26), it satisfies (3.30).

The converse holds only for 1 ≤ p < ∞. Suppose that Cx ∈ B(Lp(Rd,H))

satisfies (3.30). Using (3.26) once again we have,

ρ(y)Cx(T−x) =MyCxM−y(T−x) = Cx(T−x).

It follows that Cx(T−xMy) =MyCx(T−x). Hence, Cx(T−x) must be a multiplication

operator m, so Cx = m(Tx).

For p = ∞, there are eigenvectors of ρ which may not of the form m(Tx). An

example of such an eigenvector is given in ([103], Section 5.1.11) for the case H = C.

Hence AP p
w(ρ) consists of all the operators M =

∑
x∈Rd Cx, with Cx satisfying

(3.31) and (3.30). The previous lemma says that for 1 ≤ p < ∞ an operator

Cx satisfies (3.30) if and only if it is of the form Cx = m(Tx), for some function

m ∈ L∞(Rd, B(H)). Note that ‖Cx‖B(L
p
(R

d
,H))

= ‖m‖
L
∞

(R
d
,B(H))

and thus

‖M‖Aw
=
∑

x∈Rd

‖mx‖L∞
(R

d
,B(H))

w(x) =
∑

x∈Rd

‖Cx(M)‖
B(L

p
(R

d
,H))

w(x) = ‖M‖AP
p
w(ρ).

This gives the identification of Aw with AP p
w(ρ).
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Proposition 3.3.6. For p ∈ [1,∞) the class Aw ⊂ B(Lp(Rd,H)) coincides with

AP p
w(ρ), the class of ρ-almost periodic elements, having w-summable Fourier coeffi-

cients.

For p =∞, the two classes are different. Now we are in a position to prove that

the algebra Aw is spectral within the class of bounded operators on Lp(Rd,H). This

means if an operator from Aw is invertible on Lp(Rd,H) then the inverse operator

necessarily belongs to Aw. In other words, invertibility in the bigger algebra implies

invertibility in the smaller algebra. To prove these kinds of results one may use

Wiener’s 1/f lemma or its several versions. We resort to recent Wiener type result

on non-commutative, almost periodic Fourier series ([12], Theorem 3.2) to obtain

the following theorem.

Theorem 3.3.7. Let w be an admissible weight. Then, the embedding Aw →֒
B(Lp(Rd,H)), p ∈ [1,∞] is spectral. In other words, ifM ∈ Aw defines an invertible

operator
∑

x∈Rd mx(Tx) ∈ B(Lp(Rd,H)) for some p ∈ [1,∞], then M−1 ∈ Aw.

Proof. We will prove AP p
w(ρ) is spectral. For 1 ≤ p < ∞ the result follows from

Proposition 3.3.6 and Theorem 3.2 in [12].

For p =∞, take

M =
∑

x∈Rd

mx(Tx) ∈ Aw ⊂ B(L∞(Rd,H))

with
∑

x∈Rd

‖mx‖L∞

(R
d
,B(H))

w(x) <∞. Define

N =
∑

x∈Rd

(Tx(m−x))(Tx) =
∑

x∈Rd

m−x(· − x)(Tx) ∈ Aw ⊂ B(L1(Rd,H)).

Since ‖Tx(m−x)‖L∞

(R
d
,B(H))

= ‖m−x‖L∞

(R
d
,B(H))

, N is well defined and a straight

forward calculation shows thatM is the transpose (Banach adjoint) of N . Therefore

N is invertible when M is invertible. Since Aw is spectral in B(L1(Rd,H)) we

get M−1 = (N−1)′ ∈ Aw. That means M−1 =
∑

x∈Rd nx(Tx) for some nx ∈
L∞(Rd, B(H)) such that

∑
x∈Rd ‖nx‖L∞

(R
d
,B(H))

w(x) <∞.
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3.4 Invertibility of the H-Valued Gabor Frame Operator

Theorem 3.4.1. Let w be an admissible weight, v be w-moderate weight and g ∈
WH(L

∞, L1
w). Suppose that the Gabor system G(g, α, β) = {MβnTαkg : k, n ∈ Z

d}
is a frame for L2(Rd,H) with frame operator Sg. Then the inverse operator

S−1
g : WH(L

p, Lq
v)→WH(L

p, Lq
v), 1 ≤ p, q ≤ ∞

is continuous both in σ(WH(L
p, Lq

v),WH(L
p
′

, Lq
′

1/v)) and the norm topologies.

Proof. As a consequence of the Walnut’s representation in Theorem 3.2.3 the frame

operator Sg belongs to the algebra Aw. As Sg is invertible in L2(Rd,H), Theorem

3.3.7 implies that S−1
g ∈ Aw. Since Aw is continuously embedded in B(WH(L

p, Lq
v)),

by Proposition 3.3.3 S−1
g ∈ B(WH(L

p, Lq
v)). Hence the theorem follows.

Let C0(R
d, B(H)) be the subspace formed by the functions of L∞(Rd, B(H))

that are continuous. The next corollary shows the continuity of the dual generator,

provided the window function is continuous.

Corollary 3.4.2. In the conditions of Theorem 3.4.1, if window g is continuous

then the dual window g̃ = S−1
g (g) is also continuous.

Proof. Let

Ãw =
{
M = (mx)x∈Rd ∈ ℓ1w(Rd, C0(R

d, B(H))) |
∑

x∈Rd

‖mx‖C0(R
d
,B(H))

w(x) <∞
}
.

Then Ãw ⊂ Aw ⊂ B(Lp(Rd,H)). If g ∈ WH(C0, L
1
w) then Sg = β−d ∑

n∈Zd

Gn(Tn
β
) ∈

Ãw. Since Sg is invertible in B(L2(Rd,H)), applying Theorem 3.3.7 on Ãw we get

S−1
g ∈ Ãw.

Let g be continuous. To show S−1
g (g) is continuous it is enough to show Sg

maps WH(C0, L
1
w) to WH(C0, L

1
w). Let f ∈ WH(C0, L

1
w). Since Gn(x)

(
Tn

β
f(x)

)
is
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continuous for each n,
∑

finiteGn(x)
(
Tn

β
f(x)

)
is continuous. Again,

∥∥∥∥∥∥
∑

n∈Zd

Gn(x)
(
Tn

β
f(x)

)
∥∥∥∥∥∥
H

≤
∑

n∈Zd

‖Gn‖L∞
(R

d
,B(H))

‖Tn
β
f(x)‖H

≤
∑

n∈Zd

‖Gn‖L∞

(R
d
,B(H))

‖f‖
WH(L

∞
,L

1
w)
<∞.

So by Weierstrass M-test
∑

n∈Zd Gn(x)
(
Tn

β
f(x)

)
converges uniformly and hence

Sgf(x) = β−d∑
n∈Zd Gn(x)

(
Tn

β
f(x)

)
is continuous.

Remark 3.4.3. (i) By Proposition 3.2.12 for all f ∈WH(L
p, Lq

v)

Sg(f) = lim
K,N→∞

∑

‖k‖
∞
≤K

∑

‖n‖
∞
≤N

〈f ,MβnTαkg〉MβnTαkg, (3.34)

with convergence in the σ(WH(L
p, Lq

v),WH(L
p
′

, Lq
′

1/v))-topology and for p, q <∞ in

the norm of WH(L
p, Lq

v). Since S−1
g ∈ Aw, using Proposition 3.3.3(c) and applying

S−1
g to both sides of (3.34) and we obtain

f = lim
K,N→∞

∑

‖k‖
∞
≤K

∑

‖n‖
∞
≤N

〈f ,MβnTαkg〉MβnTαkg̃

= lim
K,N→∞

∑

‖k‖
∞
≤K

∑

‖n‖
∞
≤N

〈f ,MβnTαkg̃〉MβnTαkg.

Similarly using Proposition 3.2.12 we get the convergence in the norm ofWH(L
p, Lq

v).

(ii) If G(g, α, β) is a frame for L2(Rd,H) with dual window g̃ = S−1
g (g) ∈

L2(Rd,H), then the inverse frame operator is given by

S−1
g,gf = Sg̃,g̃f =

∑

k∈Zd

∑

n∈Zd

〈f , TαkMβng̃〉TαkMβng̃.

(iii) If H = C then Theorem 3.4.1 coincides with Theorem 3.2 of [102] and

Theorem 2 of [137]. Again if H = C
n the invertibility of Gabor super frames on

vector valued amalgam spaces is obtained. If we take H1 = H2 · · · = Hr = C and
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f(x) = f(x)
⊕
f(x)

⊕ · · ·⊕ f(x) (r-times tensor product of f(x) with itself), where

f ∈W (Lp, Lq
w) as in Remark 3.2.13 (iv) we obtain the invertibility of multi-window

Gabor frames on amalgam spaces (see Theorem 6 of [11]).

(iv) Since the frame operator Sg ∈ Aw and Sg is invertible, the last line of the

proof of Theorem 3.3.7, S−1
g (as an operator on L2(Rd,H)) can be expressed as

S−1
g f(x) =

∑

k∈Zd

Gn(x)(f(x − xk)), where the family of points {xk} may not lie in

the lattice Λ =
∏r

i=1 αiZ
d × βiZd.

bac

TH-1693_126123015



Chapter 4

Hilbert-Schmidt Frames

In this chapter, we study the HS-frame for separable Hilbert spaces. We present

some characterizations of HS-frames and show that HS-frames share many important

properties with frames. Then we show that the inverse of the HS-frame operator

can be approximated using finite-dimensional methods. Also we present a classical

perturbation result and prove that HS-frames are stable under small perturbations.

Finally as an application we establish Parseval type identities and inequalities for

HS-frames.

4.1 Preliminaries

We denote {Kj : j ∈ J} ⊂ K as a sequence of Hilbert spaces and L(H,Kj) as the

collection of all bounded linear operators from H to Kj. Note that for any sequence

{Kj : j ∈ J}, we can always find a larger space K containing all the Hilbert space

Kj by setting K =
⊕
j∈J

Kj. The notion of a frame was extended to a g-frame by Sun

[127]. We start with the definition of a g-frame.

Definition 4.1.1. [127] A family {Λj ∈ L(H,Kj) : j ∈ J} is called a generalized

frame, or simply a g-frame, for H with respect to {Kj : j ∈ J} if there are two

constants A,B > 0 such that for all f ∈ H

A‖f‖2 ≤
∑

j∈J
‖Λj(f)‖2 ≤ B‖f‖2. (4.1)

71
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Suppose {Xj : j ∈ J} is a collection of normed spaces. Then
∏{Xj : j ∈ J} is a

vector space if the linear operations are defined coordinatewise. We define

⊕
Xj ≡

{
x ∈

∏

j∈J
Xj : ‖x‖ =

(∑

j∈J
‖xj‖2

)1/2
<∞

}
.

with the inner product given by 〈x, y〉 = ∑
j∈J
〈xj , yj〉. It is known that

⊕Xj is a

Hilbert space if and only if it is so for each Xj.

Let L(H) be the C∗-algebra of all bounded linear operators on a complex sep-

arable Hilbert space H. For a compact operator T ∈ L(H), the eigenvalues of the

positive operator |T | = (T ∗T )1/2 are called the singular values of T and are de-

noted by sj(T ). We arrange the singular values sj(T ) in a decreasing order and

these are repeated according to multiplicity, that is, s1(T ) ≥ s2(T ) ≥ ... ≥ 0. For

1 ≤ p < ∞, the von Neumann−Schatten p-class Cp is defined to be the set of all

compact operators T for which

‖T‖p = (τ |T |p)
1
p =

( ∞∑

j=1

spj (T )

) 1
p

<∞, (4.2)

where τ is the usual trace functional defined as τ(T ) =
∑
e∈E
〈T (e), e〉, and E is any

orthonormal basis of H. For p =∞, let C∞ denote the class of all compact operators

with ‖T‖∞ = s1(T ) < ∞. For more information about a von Neumann−Schatten
p-class we refer to [121]. We recall that C2 is a Banach space with respect to ‖.‖2,
and also it is a Hilbert space with the inner product defined by

[
T, S

]
τ
= τ(S∗T ).

Moreover, C2 is called the class of Hilbert−Schmidt operators on H. An operator

T ∈ L(H) belongs to the Hilbert−Schmidt class if and only if ‖T‖2HS :=
∑
j∈J
‖Tej‖2 <

∞, where {ej}j∈J is any orthonormal basis for H. Notice that ‖T‖HS = ‖T‖2.

Definition 4.1.2. [123] A family {Gj : j ∈ J} of bounded linear operators from H

to C2 ⊆ L(K) is said to be a Hilbert−Schmidt frame, or simply a HS-frame for H

with respect to K, if there exist constants A,B > 0 such that for all f ∈ H

A‖f‖2 ≤
∑

j∈J
‖Gj(f)‖2HS ≤ B‖f‖2. (4.3)
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If A = B = 1, then {Gj : j ∈ J} is called the Parseval HS-frame for H

with respect to K. If the right-hand side of (4.3) holds, it is said to be a HS-

Bessel sequence with bound B. If {f ∈ H : Gj(f) = 0,∀j ∈ J} = {0}, then

{Gj : j ∈ J} is called HS-complete. If {Gj : j ∈ J} is HS-complete and there are pos-

itive constants A and B such that for any finite subset J1 ⊂ J and Aj ∈ C2, j ∈ J1,

A
∑

j∈J1

‖Aj‖2HS ≤
∥∥∥∥
∑

j∈J1

Gj∗(Aj)

∥∥∥∥
2

≤ B
∑

j∈J1

‖Aj‖2HS , (4.4)

where G∗j is the adjoint operator of Gj . Then {Gj : j ∈ J} is called a HS-Riesz basis

for H with respect to K.

Let y0 ∈ K be an unit vector, the operator U : K → C2 ⊆ L(K), defined by

Ux = x ⊙ y0 is a linear isometry since ‖Ux‖HS = ‖x ⊙ y0‖HS = ‖x‖, where ⊙ is

defined in Definition 3.1.5. So we can consider K as subspace of C2, and hence it is

a subspace of L(K).

Lemma 4.1.3. [123] Let {Λj : j ∈ J} be a g-frame for H with respect to {Kj : j ∈
J}. Then {Λj : j ∈ J} is a HS-frame for H with respect to K =

⊕
j∈J

Kj.

In [127], Sun has shown that bounded quasi-projectors [69], frames of subspaces

[30], pseudo-frames [107], oblique frames [36], outer frames [2], and time-frequency

localization operators [46] are special classes of g-frames. Hence, Lemma 4.1.3 im-

plies that each of these classes is also a class of HS-frames.

Remark 4.1.4. Each Gj ∈ L(H, C2) is an operator-valued function. So HS-frames

{Gj : j ∈ J}, are operator-valued frames. In particular, if we consider Kj ⊆ K ⊆
C2 ⊆ L(K), then g-frames for H with respect to {Kj : j ∈ J} can be considered as

HS-frames for H with respect to K. Thus HS-frames share many useful properties

with g-frames.

4.2 Characterization of HS-Frames

In order to define the synthesis operator for a HS-frame, we need to show that the

series appearing in the definition of a synthesis operator converges unconditionally.

We start with the following lemma.
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Lemma 4.2.1. Let {Gj : j ∈ J} be a HS-Bessel sequence for H with bound B. Then

for each sequence {Aj}j∈J ∈
⊕
C2, the series

∑
j∈J
Gj∗(Aj) converges unconditionally.

Proof. Let J1 ⊆ J with |J1| <∞, then
∥∥∥∥
∑

j∈J1

Gj∗(Aj)

∥∥∥∥ = sup
h∈H, ‖h‖=1

∣∣∣∣
〈∑

j∈J1

Gj∗(Aj), h

〉∣∣∣∣

≤
(∑

j∈J1

‖Aj‖2HS

)1/2

sup
h∈H, ‖h‖=1

(∑

j∈J1

‖Gj(h)‖2HS

)1/2

≤
√
B

(∑

j∈J1

‖Aj‖2HS

)1/2

.

It follows that
∑
j∈J
Gj∗(Aj) is weakly unconditionally Cauchy and hence uncondi-

tionally convergent in H.

Definition 4.2.2. Let {Gj : j ∈ J} be a HS-frame for H. Then the synthesis

operator for {Gj : j ∈ J} is the operator T :
⊕
C2 → H defined by T ({Aj}j∈J) =∑

j∈J
Gj∗(Aj).

The adjoint T ∗ of the synthesis operator is called the analysis operator. The

following lemma provides a formula for the analysis operator.

Lemma 4.2.3. Let {Gj : j ∈ J} be a HS-frame for H. Then the analysis operator

T ∗ : H→⊕
C2, given by T ∗(f) = {Gj(f)}j∈J is well defined.

Proof. Let f ∈ H and {Aj}j∈J ∈
⊕
C2. Then

〈T ∗(f), {Aj}j∈J〉 = 〈f, T{Aj}j∈J〉 =
〈
f,
∑

j∈J
Gj∗(Aj)

〉

=
∑

j∈J

[
Gj(f),Aj

]
τ
=
〈
{Gj(f)}j∈J , {Aj}j∈J

〉
.

Hence T ∗(f) = {Gj(f)}j∈J is well defined.

In the following proposition, we characterize the HS-Bessel sequence in terms of

the synthesis operator.
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Proposition 4.2.4. A sequence {Gj : j ∈ J} ⊆ L(H, C2) is a HS-Bessel sequence

for H with bound B if and only if the synthesis operator T is a well defined bounded

operator with ‖T‖ ≤
√
B.

Proof. Let {Gj : j ∈ J} be a HS-Bessel sequence for H with bound B. Then by

Lemma 4.2.1, T is a well defined bounded operator with ‖T‖ ≤
√
B.

Conversely, let T be a well defined and ‖T‖ ≤
√
B. Let J1 ⊆ J with |J1| < ∞,

then

∑

j∈J1

‖Gj(f)‖2HS =
∑

j∈J1

〈G∗j Gj(f), f〉 =
〈
T ({Gj(f)}j∈J1), f

〉

≤ ‖T‖‖{Gj(f)}j∈J1‖‖f‖, ∀f ∈ H.

Therefore

∑

j∈J1

‖Gj(f)‖2HS ≤ ‖T‖
(∑

j∈J1

‖Gj(f)‖2HS

)1/2

‖f‖ ≤ ‖T‖2‖f‖2 ≤ B‖f‖2.

It follows that {Gj : j ∈ J} is a HS-Bessel sequence for H with bound B.

Definition 4.2.5. Let {Gj : j ∈ J} be a HS-frame for H. Then the HS-frame

operator for {Gj : j ∈ J} is the operator S : H→ H defined by

Sf = TT ∗f =
∑

j∈J
G∗j Gj(f), f ∈ H.

If {Gj : j ∈ J} is a HS-frame with bounds A and B, then we have

〈Sf, f〉 =
〈∑

j∈J
G∗j Gj(f), f

〉
=
∑

j∈J

[
Gj(f),Gj(f)

]
τ
=
∑

j∈J
‖Gj(f)‖2HS , ∀f ∈ H.

Hence

A〈f, f〉 ≤ 〈Sf, f〉 ≤ B〈f, f〉, i.e., AI ≤ S ≤ BI.

Therefore S is a bounded, invertible and positive self-adjoint operator. Also, the
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following reconstruction formula holds for all f ∈ H

f = SS−1f = S−1Sf =
∑

j∈J
G∗j GjS−1f =

∑

j∈J
S−1G∗j Gjf. (4.5)

Moreover, {GjS−1 : j ∈ J} is a HS-frame with bounds B−1 and A−1. We call

{G̃j = GjS−1 : j ∈ J} the canonical dual HS-frame of {Gj : j ∈ J}. A HS-frame

{Γj : j ∈ J} is called an alternate dual HS-frame of {Gj : j ∈ J} if for all f ∈ H

the following identity holds:

f =
∑

j∈J
G∗jΓjf =

∑

j∈J
Γj

∗Gjf. (4.6)

Let {Gj : j ∈ J} be a HS-frame. For every K ⊂ J , define the bounded linear

operators SK , SKc : H→ H by

SKf =
∑

j∈K
G∗j Gj(f), SKcf =

∑

j∈Kc

G∗j Gj(f).

Clearly, SK and SKc are self-adjoint.

The following result provides a connection between a HS-frame and a HS oper-

ator.

Proposition 4.2.6. Let S ∈ L(H) be a HS-frame operator. Then, S is a Hilbert-

Schmidt operator if and only if H is finite-dimensional.

Proof. Let {en}n∈J be an orthonormal basis for H. By Lemma 4.2.1, we get

‖S‖2HS =
∑

n∈J
‖Sen‖2 =

∑

n∈J

∥∥∥∥
∑

j∈J
Gj∗Gj(en)

∥∥∥∥
2

≤ B
∑

n∈J

∑

j∈J
‖Gj(en)‖2HS

≤ B
∑

n∈J
B‖en‖2.

If dim H = card J <∞, we have ‖S‖2HS ≤ B2 card J <∞.
Conversely, let S be a Hilbert–Schmidt operator. Since Hilbert−Schmidt opera-

tors are compact, S is compact. Also, S is invertible on H. Thus SS−1 = I implies
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that the identity I must be a compact operator. Hence dim H <∞.

Lemma 4.2.7. [35] Suppose that U : K → H is a bounded surjective operator.

Then there exists a bounded operator (called the pseudo-inverse of U) U † : H → K

for which

UU †f = f, ∀f ∈ H.

If U is a bounded invertible operator, then U † = U−1.

In the following proposition we establish a relationship between a HS-frame and

the associated synthesis operator.

Proposition 4.2.8. A sequence {Gj : j ∈ J} ⊆ L(H, C2) is a HS-frame for H if and

only if the synthesis operator T is a well defined, bounded and surjective operator.

Proof. If {Gj : j ∈ J} is a HS-frame for H, then S = TT ∗ is invertible. So T is

surjective. Conversely, let T be well defined, bounded and surjective operator. Then

by Proposition 4.2.4, the sequence {Gj : j ∈ J} is a HS-Bessel sequence for H. Since

T is surjective, by Lemma 4.2.7, there exists an operator T † : H→⊕
C2 such that

TT † = I. Hence (T †)∗T ∗ = I. Then for all f ∈ H,

‖f‖2 ≤ ‖(T †)∗‖2‖T ∗f‖2 = ‖T †‖2‖T ∗f‖2 = ‖T †‖2
∑

j∈J
‖Gj(f)‖2HS .

It follows that {Gj : j ∈ J} is a HS-frame for H with lower HS-frame bound ‖T †‖−2

and upper HS-frame bound ‖T‖2.

Now we establish the relation between a HS-frame and a HS-Riesz basis. We

first establish the following lemma.

Lemma 4.2.9. A sequence {Gj : j ∈ J} ⊆ L(H, C2) is a HS-Riesz basis for H with

bounds A and B if and only if the synthesis operator T is a linear homeomorphism

such that

A
∑

j∈J
‖Aj‖2HS ≤ ‖T ({Aj}j∈J)‖2 ≤ B

∑

j∈J
‖Aj‖2HS , ∀ {Aj}j∈J ∈

⊕
C2. (4.7)
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Proof. If {Gj : j ∈ J} is a HS-Riesz basis for H with bounds A and B, then from

the definition of HS-Riesz bases, the synthesis operator T is a bounded, injective

operator with the closed range T (
⊕
C2) and ‖T‖ ≤

√
B. So, from Proposition 4.2.4,

the sequence {Gj : j ∈ J} is a HS-Bessel sequence for H. Let f ∈ [T (
⊕
C2)]

⊥, then

{Gj(f)}j∈J ∈
⊕
C2. Hence we get

0 = 〈T ({Gj(f)}j∈J), f〉 =
〈∑

j∈J
G∗j Gj(f), f

〉
=
∑

j∈J
[Gj(f),Gj(f)]τ =

∑

j∈J
‖Gj(f)‖2HS .

It implies that Gj(f) = 0, for all j ∈ J . Since {Gj : j ∈ J} is HS-complete, we

obtain f = 0, which proves T (
⊕
C2) = H. Hence T is a linear homeomorphism.

Also, from Equation (4.4), for every {Aj}j∈J ∈
⊕
C2 we obtain

A
∑

j∈J
‖Aj‖2HS ≤ ‖T ({Aj}j∈J)‖2 ≤ B

∑

j∈J
‖Aj‖2HS .

Conversely, if T is a linear homeomorphism satisfying (4.7), then by Proposition

4.2.8, we find that {Gj : j ∈ J} is a HS-frame for H with bounds ‖T †‖−2 and ‖T‖2. If
Gj(f) = 0 for f ∈ H and all j ∈ J , then ‖f‖2 ≤ ‖T †‖2∑j∈J ‖Gj(f)‖

2
HS = 0 implies

f = 0. Thus {Gj : j ∈ J} is a HS-complete. Now by the definition of HS-Riesz bases

and the inequalities (4.7), we conclude that {Gj : j ∈ J} is a HS-Riesz basis for H

with bounds A and B. This completes the proof.

Theorem 4.2.10. Let {Gj : j ∈ J} ⊆ L(H, C2). Then the following are equivalent:

(i) The sequence {Gj : j ∈ J} is a HS-Riesz basis for H with bounds A and B.

(ii) The sequence {Gj : j ∈ J} is a HS-frame for H with bounds A and B, and

{Gj : j ∈ J} is an
⊕
C2-linearly independent family, i.e., if

∑
j∈J G

∗
j (Aj) = 0

for {Aj}j∈J ∈
⊕
C2, then Aj = 0 for all j ∈ J .

Proof. (i) ⇒ (ii) From Lemma 4.2.9, the operator T is a linear homeomorphism

with ‖T †‖2 = ‖T−1‖2 ≤ 1
A and ‖T‖2 ≤ B. Thus the operator T is surjective with

‖T †‖−2 ≥ A and

ker T =

{
{Aj}j∈J ∈

⊕
C2 : T ({Aj}j∈J) =

∑

j∈J
G∗j (Aj) = 0

}
= {0}. (4.8)
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It follows that {Gj : j ∈ J} is an
⊕
C2-linearly independent family. Hence by

Proposition 4.2.8, the statement (i) implies (ii).

(ii) ⇒ (i) From Proposition 4.2.8 and (4.8), the operator T is a linear home-

omorphism with ‖T‖2 ≤ B, so is the adjoint T ∗. Since {Gj : j ∈ J} is a HS-

frame for H with bounds A and B, ‖T ∗(f)‖2 =
∑

j∈J ‖Gj(f)‖
2
HS ≥ A‖f‖2. So,

‖T−1‖2 = ‖(T ∗)−1‖2 ≤ A−1. Hence for all {Aj}j∈J ∈
⊕
C2, we have

‖T ({Aj}j∈J)‖2 ≤ ‖T‖2‖{Aj}j∈J‖2⊕C2
≤ B

∑

j∈J
‖Aj‖2HS ,

‖{Aj}j∈J‖2⊕C2
= ‖T−1T ({Aj}j∈J)‖2⊕C2

≤ ‖T−1‖2‖T ({Aj}j∈J)‖2

≤ 1

A
‖T ({Aj}j∈J)‖2.

From Lemma 4.2.9, the statement (ii) implies (i). This completes the proof.

4.3 Approximation of the Inverse HS-Frame Operator

In this section, H denotes a finite dimensional Hilbert space and let {Jn}∞n=1 be a

family of finite subsets of J such that J1 ⊆ J2 ⊆ ... ⊆ Jn ր J. Given a family

{Gj : j ∈ J} ⊆ L(H, C2), we define the space Hn = span{Gj∗(C2) : j ∈ Jn}. Then it

is easy to see that {Gj : j ∈ Jn} is a HS-frame for Hn. The HS-frame operator for

{Gj : j ∈ Jn} is
Sn : Hn → Hn, Snf =

∑

j∈Jn

Gj∗Gjf.

We show that the inverse HS-frame operator S−1 can be approximated by operators

S−1
n using finite dimensional methods. Here Sn is an operator on the finite dimen-

sional space Hn. In the following theorem, we generalize Theorem 3.1 in [31] from

the setting of Hilbert space frames to HS-frames.

Theorem 4.3.1. Let {Gj : j ∈ J} be a HS-frame for H with bounds A and B. Then

for every f, g ∈ H

〈g, S−1
n Gj∗Gjf〉 → 〈g, S−1Gj∗Gjf〉 as n→∞, (4.9)
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if and only if for every j ∈ J and every f ∈ H there exists a constant cj such that

‖S−1
n Gj∗Gjf‖ ≤ cj , ∀n such that j ∈ Jn. (4.10)

Proof. Assume that (4.9) is satisfied. Fix f ∈ H and j ∈ J . For every n with j ∈ Jn,
define

Fn : H→ C, Fn(g) = 〈g, S−1
n Gj∗Gjf〉.

Then each Fn is continuous, and by (4.9) the family {Fn} converges pointwise. By

Banach Steinhaus theorem there is a constant cj such that ‖Fn‖ = ‖S−1
n Gj∗Gjf‖ ≤

cj for all n.

Conversely, suppose (4.10) is satisfied. Let f ∈ H. Fix a j ∈ J , and take an N

such that j ∈ Jn for all n ≥ N . Define Φn = S−1
n Gj∗Gjf −S−1Gj∗Gjf, n ≥ N. Then

SΦn = SS−1
n Gj∗Gjf − Gj∗Gjf

= SnS
−1
n Gj∗Gjf +

∑

j∈J\Jn

Gj∗GjS−1
n Gj∗Gjf − Gj∗Gjf

=
∑

j∈J\Jn

Gj∗GjS−1
n Gj∗Gjf,

thus Φn =
∑

j∈J\Jn
S−1Gj∗GjS−1

n Gj∗Gjf. Therefore, for g ∈ H, we obtain

|〈g,Φn〉|2 =

∣∣∣∣
〈
g,
∑

j∈J\Jn

S−1Gj∗GjS−1
n Gj∗Gjf

〉∣∣∣∣
2

=

∣∣∣∣
∑

j∈J\Jn

〈GjS−1g,GjS−1
n Gj∗Gjf〉

∣∣∣∣
2

≤
∑

j∈J\Jn

‖GjS−1g‖2HS

∑

j∈J\Jn

‖GjS−1
n Gj∗Gjf‖2HS

≤ B‖S−1
n Gj∗Gjf‖2

∑

j∈J\Jn

‖GjS−1g‖2HS

≤ Bc2j
∑

j∈J\Jn

‖GjS−1g‖2HS → 0 as n→∞.
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Thus |〈g,Φn〉| → 0 as n → ∞, i.e., 〈g, S−1
n Gj∗Gjf〉 → 〈g, S−1Gj∗Gjf〉 as n → ∞.

Hence we have the desired result.

The orthogonal projection Pn : H → Hn is given by Pnf =
∑

j∈Jn S
−1
n Gj∗Gjf

for all f ∈ H. Since {Pn}∞n=1 is increasing and (∪∞n=1Hn) = H, we have Pnf → f =
∑

j∈J S
−1Gj∗Gjf , as n→∞. Following Christensen [33], we say that the projection

method works if (4.9) is satisfied for every f, g ∈ H and the strong projection method

works if ∑

j∈Jn

|〈f, S−1
n Gj∗Gjf − S−1Gj∗Gjf〉|2 → 0 as n→∞,

is satisfied for every f ∈ H. Note that the projection method works if the strong

projection method works. Since for any f ∈ H, we have

∑

j∈Jn

|〈f, S−1
n Gj∗Gjf − S−1Gj∗Gjf〉|2

=
∑

j∈Jn

|〈Pnf, S
−1
n Gj∗Gjf〉 − 〈f, S−1Gj∗Gjf〉|2

=
∑

j∈Jn

|〈Gj(S−1
n Pnf − S−1f),Gjf〉|2

≤
∑

j∈Jn

‖Gj(S−1
n Pnf − S−1f)‖2HS ·

∑

j∈Jn

‖Gjf‖2HS

≤ B2‖S−1
n Pnf − S−1f‖2 · ‖f‖2,

it follows that the strong projection method works if any one of the conditions

appearing in Theorem 4.3.2 is satisfied. The result stated in the following can be

found in ([33], Theorem 4.5) for Hilbert space frames. We generalize that result to

HS-frames as follows.

Theorem 4.3.2. Let {Gj : j ∈ J} be a HS-frame for H with the upper bound B.

Then the following are equivalent:

(i) ‖S−1
n Pnf − S−1f‖ → 0 as n→∞, ∀f ∈ H.

(ii) ‖(S − Sn)S−1
n Pnf‖ → 0 as n→∞, ∀f ∈ H.

(iii)
∑

j∈J\Jn
‖GjS−1

n Pnf‖2HS → 0 as n→∞, ∀f ∈ H.
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Proof. (i)⇔ (ii) Let f ∈ H. Then we have

S−1
n Pnf − S−1f = S−1(Pnf − f) + S−1(S − Sn)S−1

n Pnf

(S − Sn)S−1
n Pnf = S(S−1

n Pnf − S−1f)− (Pnf − f)
⇒ ‖S−1

n Pnf − S−1f‖ ≤ ‖S−1‖ · ‖Pnf − f‖+ ‖S−1‖ · ‖(S − Sn)S−1
n Pnf‖

‖(S − Sn)S−1
n Pnf‖ ≤ ‖S‖ · ‖S−1

n Pnf − S−1f‖+ ‖Pnf − f‖.

Since ‖Pnf − f‖ → 0 as n→∞, we obtain that (i) and (ii) are equivalent.

(i)⇒ (iii) For every f ∈ H, we have

( ∑

j∈J\Jn

‖GjS−1
n Pnf‖2HS

) 1
2

≤
( ∑

j∈J\Jn

‖Gj(S−1
n Pnf − S−1f)‖2HS

) 1
2

+

( ∑

j∈J\Jn

‖GjS−1f‖2HS

) 1
2

≤
√
B‖S−1

n Pnf − S−1f‖+
( ∑

j∈J\Jn

‖GjS−1f‖2HS

) 1
2

.

Since
∑

j∈J\Jn ‖GjS
−1f‖2HS → 0 as n→∞, the result follows.

(iii)⇒ (ii) For every f ∈ H, we obtain

‖(S − Sn)S−1
n Pnf‖2 = sup

‖g‖=1
|〈(S − Sn)S−1

n Pnf, g〉|2

= sup
‖g‖=1

∣∣∣∣
〈 ∑

j∈J\Jn

Gj∗GjS−1
n Pnf, g

〉∣∣∣∣
2

≤ sup
‖g‖=1

∑

j∈J\Jn

‖GjS−1
n Pnf‖2HS ·

∑

j∈J\Jn

‖Gjg‖2HS

≤ B
∑

j∈J\Jn

‖GjS−1
n Pnf‖2HS .

Since
∑

j∈J\Jn
‖GjS−1

n Pnf‖2HS → 0 as n→∞, we have the desired result.

Now we derive a general method to approximate the inverse HS-frame operator.

We first establish the following result, which generalizes Lemmas 3.1 and 3.2 in [28]
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to HS-frames in a more general form.

Proposition 4.3.3. Let {Gj : j ∈ J} be a HS-frame for H with bounds A and B.

Let λ > 1 be a scalar. Then for any n ∈ N there exists a number m(n) such that the

following holds:

(i) A
λ ‖f‖

2 ≤ ∑
j∈Jn+m(n)

‖Gj(f)‖2HS for all f ∈ Hn.

(ii) {GjPn}j∈Jn+m(n)
is a HS-frame for Hn with bounds A

λ and B. Moreover, the

HS-frame operator for {GjPn}j∈Jn+m(n)
is PnSn+m(n) : Hn → Hn, with

‖PnSn+m(n)‖ ≤ B, and ‖(PnSn+m(n))
−1‖ ≤ λ

A
.

Proof. (i) Let n ∈ N and λ > µ > 1. Choose ε > 0 such that
√
A/µ−

√
Bε ≥

√
A/λ.

Since {f ∈ Hn : ‖f‖ = 1} is compact, there exist a finite set of elements gk ∈ Hn

with ‖gk‖ = 1, for all k such that the balls B(gk, ε) = {f ∈ Hn : ‖f − gk‖ ≤ ε}
cover the set {f ∈ Hn : ‖f‖ = 1}. Since {Gj : j ∈ J} is a HS-frame for H, we have

A ≤∑j∈J ‖Gj(gk)‖
2
HS for all k. Hence we can choose m(n) such that

A

µ
≤

∑

j∈Jn+m(n)

‖Gj(gk)‖2HS , ∀k.

Now let f ∈ Hn with ‖f‖ = 1. Choose k such that f ∈ B(gk, ε). Therefore

( ∑

j∈Jn+m(n)

‖Gj(f)‖2HS

) 1
2

≥
( ∑

j∈Jn+m(n)

‖Gj(gk)‖2HS

) 1
2

−
( ∑

j∈Jn+m(n)

‖Gj(f − gk)‖2HS

) 1
2

≥
√
A/µ−

√
B‖f − gk‖ ≥

√
A/µ−

√
Bε ≥

√
A/λ.

(ii) Since Pnf = f for all f ∈ Hn, from (i) we get

A

λ
‖f‖2 ≤

∑

j∈Jn+m(n)

‖Gj(f)‖2HS =
∑

j∈Jn+m(n)

‖GjPn(f)‖2HS

≤
∑

j∈J
‖GjPn(f)‖2HS ≤ B‖f‖2, ∀f ∈ Hn.
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Hence {GjPn}j∈Jn+m(n)
is a HS-frame for Hn with bounds A/λ and B. Moreover,

PnSn+m(n)f =
∑

j∈Jn+m(n)

PnGj∗GjPnf =
∑

j∈Jn+m(n)

(GjPn)
∗(GjPn)f, ∀f ∈ Hn.

Therefore PnSn+m(n) is the HS-frame operator for {GjPn}j∈Jn+m(n)
. Now the norm

estimates follow from the fact that

B = sup
‖f‖=1

∑

j∈J
‖GjPn(f)‖2HS = sup

‖f‖=1
〈PnSn+m(n)f, f〉 = ‖PnSn+m(n)‖,

and ‖(PnSn+m(n))
−1‖ = λ

A , which again follows from the properties of dual HS-

frames.

Remark 4.3.4. If we consider λ = 2 in Proposition 4.3.3, then we obtain similar

inequalities as in Lemmas 3.1 and 3.2 in [28].

Now we are ready to prove that S−1 can be approximated arbitrarily closely

in the strong operator topology using the operators (PnSn+m(n))
−1Pn. We use

Proposition 4.3.3 to prove the following theorem.

Theorem 4.3.5. Let {Gj : j ∈ J} be a HS-frame for H with bounds A and B. For

a fixed λ > 1, and for any n ∈ N, choose m(n) such that for all f ∈ Hn

A

λ
‖f‖2 ≤

∑

j∈Jn+m(n)

‖Gj(f)‖2HS .

Then (PnSn+m(n))
−1Pnf → S−1f as n→∞, for all f ∈ H.

Proof. Let f ∈ H. Since (Pn − I)S−1f → 0 as n→∞ and

(PnSn+m(n))
−1Pnf − S−1f = (PnSn+m(n))

−1Pnf − PnS
−1f + (Pn − I)S−1f,

it is enough to show that (PnSn+m(n))
−1Pnf − PnS

−1f → 0 as n → ∞. Using
Proposition 4.3.3, we obtain

‖(PnSn+m(n))
−1Pnf − PnS

−1f‖
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≤ ‖(PnSn+m(n))
−1‖ · ‖Pnf − PnSn+m(n)PnS

−1f‖

≤ λ

A
‖Sn+m(n)PnS

−1f − f‖

≤ λ

A

(
‖Sn+m(n)(Pn − I)S−1f‖+ ‖Sn+m(n)S

−1f − f‖
)

≤ λ

A

(
B‖(Pn − I)S−1f‖+

∥∥∥∥
∑

j∈J\Jn+m(n)

Gj∗GjS−1f

∥∥∥∥
)
→ 0 as n→∞.

Hence, we have the desired result.

Now we are in a position to prove the generalization of Theorem 4 in [26] from

the setting of Hilbert space frames to HS-frames.

Theorem 4.3.6. Let {Gj : j ∈ J} be a HS-frame for H. Then the following are

equivalent:

(i)
∑
j∈Jn

S−1
n Gj∗(Aj)→

∑
j∈J

S−1Gj∗(Aj) as n→∞, for all {Aj}j∈J ∈
⊕
C2.

(ii) S−1
n

∑
j∈Jn
Gj∗(Aj)→ 0 as n→∞, for all {Aj}j∈J ∈

⊕
C2 with

∑

j∈J
Gj∗(Aj) = 0.

Proof. Let T be the synthesis operator for {Gj : j ∈ J}. Since
⊕
C2 is the orthogonal

sum of the range of T ∗ and the kernel of T , we can write any {Aj}j∈J ∈
⊕
C2 as

{Aj}j∈J = {Gj(g)}j∈J + {Fj}j∈J for some g ∈ H and {Fj}j∈J ∈ Ker T. Then

∑

j∈Jn

S−1
n Gj∗(Aj) =

∑

j∈Jn

S−1
n Gj∗Gj(g) +

∑

j∈Jn

S−1
n Gj∗(Fj) = Png + S−1

n

∑

j∈Jn

Gj∗(Fj).

Also, we have

∑

j∈J
S−1Gj∗(Aj) =

∑

j∈J
S−1Gj∗Gj(g) +

∑

j∈J
S−1Gj∗(Fj) = g + S−1

∑

j∈J
Gj∗(Fj) = g,

from which (i) and (ii) are equivalent.
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4.4 Stability of HS-Frames

In this section, we study the stability results for HS-frames. Before we prove the

main results of this section, we first need the following lemma.

Lemma 4.4.1. [27] Let X be a Banach space, U : X → X is a linear operator. If

there exist constants λ1, λ2 ∈ [0, 1) such that

‖Ux− x‖ ≤ λ1‖x‖+ λ2‖Ux‖, ∀x ∈ X .

Then U is a bounded invertible operator on X , and

1− λ1
1 + λ2

‖x‖ ≤ ‖Ux‖ ≤ 1 + λ1
1− λ2

‖x‖, 1− λ2
1 + λ1

‖x‖ ≤ ‖U−1x‖ ≤ 1 + λ2
1− λ1

‖x‖,∀x ∈ X .

The following is a fundamental result in the study of the stability of frames.

Proposition 4.4.2. ([27], Theorem 2) Let {fi}∞i=1 be a frame for some Hilbert

space H with bounds A,B. Let {gi}∞i=1 ⊆ H and assume that there exist constants

λ1, λ2, µ ≥ 0 such that max(λ1 +
µ√
A
, λ2) < 1 and

∥∥∥∥
n∑

i=1

ci(fi − gi)
∥∥∥∥ ≤ λ1

∥∥∥∥
n∑

i=1

cifi

∥∥∥∥+ λ2

∥∥∥∥
n∑

i=1

cigi

∥∥∥∥+ µ

[ n∑

i=1

|ci|2
]1/2

(4.11)

for all c1, ..., cn(n ∈ N). Then {gi}∞i=1 is a frame for H with bounds

A

(
1−

λ1 + λ2 +
µ√
A

1 + λ2

)2

, B

(
1 +

λ1 + λ2 +
µ√
B

1− λ2

)2

.

Similar to ordinary frames, HS-frames are stable under small perturbations. The

stability of HS-frames is discussed in the following theorem.

Theorem 4.4.3. Let {Gj : j ∈ J} be a HS-frame for H with respect to K. Let A,B be

the frame bounds. Suppose that Γj ∈ L(H, C2) and there exist constants λ1, λ2, µ ≥ 0
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such that max(λ1 +
µ√
A
, λ2) < 1 and one of the following two conditions is satisfied:

(∑

j∈J
‖(Gj − Γj)f‖2HS

)1/2

≤ λ1

(∑

j∈J
‖Gj(f)‖2HS

)1/2

+ λ2

(∑

j∈J
‖Γj(f)‖2HS

)1/2

+ µ‖f‖, (4.12)

for every f ∈ H, or

∥∥∥∥
∑

j∈J1

(Gj∗ − Γj∗)Aj

∥∥∥∥

≤ λ1

∥∥∥∥
∑

j∈J1

Gj∗(Aj)

∥∥∥∥+ λ2

∥∥∥∥
∑

j∈J1

Γj
∗(Aj)

∥∥∥∥+ µ

(∑

j∈J1

‖Aj‖2HS

)1/2

, (4.13)

for any finite subset J1 ⊂ J and Aj ∈ C2. Then {Γj : j ∈ J} is a HS-frame for H

with bounds

A

(
1−

λ1 + λ2 +
µ√
A

1 + λ2

)2

, B

(
1 +

λ1 + λ2 +
µ√
B

1− λ2

)2

. (4.14)

Proof. First, we assume that (4.12) is satisfied. Notice that

∑

j∈J
‖Gj(f)‖2HS ≤ B‖f‖2.

From (4.12) we see that

(∑

j∈J
‖(Gj − Γj)f‖2HS

)1/2

≤
(
λ1
√
B + µ

)
‖f‖+ λ2

(∑

j∈J
‖Γj(f)‖2HS

)1/2

.

Using the triangle inequality, we get

(∑

j∈J
‖(Gj − Γj)f‖2HS

)1/2

≥
(∑

j∈J
‖Γj(f)‖2HS

)1/2

−
(∑

j∈J
‖Gj(f)‖2HS

)1/2

.

TH-1693_126123015



88 Hilbert-Schmidt Frames

Hence

(1− λ2)
(∑

j∈J
‖Γj(f)‖2HS

)1/2

≤
(
λ1
√
B + µ

)
‖f‖+

(∑

j∈J
‖Gj(f)‖2HS

)1/2

≤
√
B

(
1 + λ1 +

µ√
B

)
‖f‖.

Therefore,

∑

j∈J
‖Γj(f)‖2HS ≤ B

(
1 +

λ1 + λ2 +
µ√
B

1− λ2

)2

‖f‖2.

Similarly we can prove that

∑

j∈J
‖Γj(f)‖2HS ≥ A

(
1−

λ1 + λ2 +
µ√
A

1 + λ2

)2

‖f‖2.

Next, we assume that (4.13) is satisfied. Let T and S denote the synthesis operator

and frame operator associated with {Gj : j ∈ J}. Also, let V denote the synthesis

operator associated with {Γj : j ∈ J}. Since {Gj : j ∈ J} is a HS-frame for H with

bounds A and B, by Proposition 4.2.4, T is a bounded operator with ‖T‖ ≤
√
B.

From the inequality (4.13), using the triangle inequality, we get

∥∥∥∥
∑

j∈J1

Γj
∗(Aj)

∥∥∥∥ ≤
1 + λ1
1− λ2

∥∥∥∥
∑

j∈J1

Gj∗(Aj)

∥∥∥∥+
µ

1− λ2

(∑

j∈J1

‖Aj‖2HS

)1/2

.

So for any {Aj : j ∈ J} ∈ ⊕C2, the series
∑

j∈J Γj
∗(Aj) is convergent. Hence

{Γj : j ∈ J} is a HS-Bessel sequence for H. Using the definition of a synthesis

operator, we get

‖V ({Aj}j∈J)‖ ≤
1 + λ1
1− λ2

‖T ({Aj}j∈J)‖+
µ

1− λ2
‖{Aj}j∈J‖

≤ (1 + λ1)
√
B + µ

1− λ2
‖{Aj}j∈J‖

=
√
B

(
1 +

λ1 + λ2 +
µ√
B

1− λ2

)
‖{Aj}j∈J‖, ∀{Aj}j∈J ∈

⊕
C2.
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It implies that {Γj : j ∈ J} is a HS-Bessel sequence with boundB
(
1+λ1+λ2+µ/

√
B

1−λ2

)2
.

For any f ∈ H, let {Aj}j∈J = {GjS−1f}j∈J ∈
⊕
C2. Using the inequality (4.13) on

the sequence {GjS−1f}j∈J we obtain that

∥∥∥∥
∑

j∈J
(Gj∗ − Γj∗)GjS−1f

∥∥∥∥

≤ λ1

∥∥∥∥
∑

j∈J
Gj∗GjS−1f

∥∥∥∥+ λ2

∥∥∥∥
∑

j∈J
Γj

∗GjS−1f

∥∥∥∥+ µ

(∑

j∈J
‖GjS−1f‖2HS

)1/2

.

Since for any f ∈ H, we have

∑

j∈J
Gj∗GjS−1f = f,

∑

j∈J
Γj

∗GjS−1f = V T ∗S−1f

and (∑

j∈J
‖GjS−1f‖2HS

)1/2

≤ 1√
A
‖f‖,

from the above inequality we obtain

‖f − V T ∗S−1f‖ ≤
(
λ1 +

µ√
A

)
‖f‖+ λ2‖V T ∗S−1f‖,∀f ∈ H.

So, by Lemma 4.4.1, the operator V T ∗S−1 is invertible, and

‖V T ∗S−1‖ ≤
1 + λ1 +

µ√
A

1− λ2
, ‖(V T ∗S−1)−1‖ ≤ 1 + λ2

1− (λ1 +
µ√
A
)
.

Every f ∈ H can be written as

f = V T ∗S−1(V T ∗S−1)−1f =
∑

j∈J
Γj

∗GjS−1(V T ∗S−1)−1f.

It implies that

〈f, f〉 =

〈∑

j∈J
Γj

∗GjS−1(V T ∗S−1)−1f, f

〉
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=
∑

j∈J

[
GjS−1(V T ∗S−1)−1f, Γjf

]
τ

≤
∑

j∈J
‖GjS−1(V T ∗S−1)−1f‖HS · ‖Γjf‖HS

≤
(∑

j∈J
‖GjS−1(V T ∗S−1)−1f‖2HS

)1/2

·
(∑

j∈J
‖Γjf‖2HS

)1/2

≤ 1√
A
‖(V T ∗S−1)−1f‖ ·

(∑

j∈J
‖Γjf‖2HS

)1/2

≤ 1√
A

(
1 + λ2

1− (λ1 +
µ√
A
)

)
‖f‖ ·

(∑

j∈J
‖Γjf‖2HS

)1/2

,∀f ∈ H.

Therefore, for every f ∈ H

∑

j∈J
‖Γjf‖2HS ≥ A

(1− (λ1 +
µ√
A
)

1 + λ2

)2

‖f‖2 = A

(
1−

λ1 + λ2 +
µ√
A

1 + λ2

)2

‖f‖2.

This completes the proof.

Remark 4.4.4. In general, the inequality (4.12) does not imply that {Γj : j ∈ J}
is a HS-frame regardless how small the parameters λ1, λ2, µ are. A counterexample

for g-frames can be found in [128], and an example can be constructed similarly for

HS-frames.

Corollary 4.4.5. Let {Gj : j ∈ J} be a HS-Riesz basis for H with bounds A and B.

Assume that the condition (4.13) in Theorem 4.4.3 is satisfied, then {Γj : j ∈ J} is
also a HS-Riesz basis for H with bounds given by (4.14).

Proof. From Theorem 4.2.10 and Theorem 4.4.3, we obtain that {Γj : j ∈ J} is a

HS-frame for H with bounds given by (4.14). Let
∑

j∈J Γj
∗(Aj) = 0 for {Aj}j∈J ∈⊕

C2. Since {Gj : j ∈ J} is a HS-Riesz basis for H with bounds A and B, from

(4.13), we get

√
A

(∑

j∈J
‖Aj‖2HS

)1/2

≤
∥∥∥∥
∑

j∈J
Gj∗(Aj)

∥∥∥∥ ≤
µ

1− λ1

(∑

j∈J
‖Aj‖2HS

)1/2

.
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It implies that (
1− λ1 −

µ√
A

)(∑

j∈J
‖Aj‖2HS

)1/2

≤ 0.

Since 1 − λ1 − µ√
A
> 0,

∑
j∈J ‖Aj‖2HS = 0. Hence Aj = 0 for all j ∈ J . It follows

that {Γj : j ∈ J} is an
⊕
C2-linearly independent family. From Theorem 4.2.10, we

find that {Γj : j ∈ J} is a HS-Riesz basis for H with bounds given by (4.14), which

completes the proof.

Corollary 4.4.6. Let {Gj : j ∈ J} be a HS-frame for H with bounds A,B, and

let {Γj : j ∈ J} be a sequence in L(H, C2). Assume that there exists a constant

0 < M < A such that
∑
j∈J
‖(Gj−Γj)f‖2HS ≤M‖f‖2, for all f ∈ H, then {Γj : j ∈ J}

is a HS-frame for H with bounds A[1− (M/A)1/2]2 and B[1 + (M/B)1/2]2.

Proof. Let λ1 = λ2 = 0 and µ =
√
M. Since M < A, µ/

√
A =

√
M/A < 1. So, by

Theorem 4.4.3, {Γj : j ∈ J} is a HS-frame for H with bounds A[1− (M/A)1/2]2 and

B[1 + (M/B)1/2]2.

In [87], the author established the various perturbation results on g-frames in

Hilbert spaces. Motivated by these results, in the following, we discuss some inter-

esting perturbation results for HS-frames.

Theorem 4.4.7. Let {Gj : j ∈ J} be a HS-frame for H with bounds A,B and

{Γj : j ∈ J} ⊆ L(H, C2) be a HS-Bessel sequence with bound D. Assume that there

exist constants λ1, λ2, µ, ν ≥ 0 such that max{λ1 + µ√
A
+ ν

A ·
√
D,λ2} < 1 and the

following condition is satisfied,

∥∥∥∥
∑

j∈J
(Gj∗Gjf − Γj∗Γjf)

∥∥∥∥ ≤ λ1

∥∥∥∥
∑

j∈J
Gj∗Gjf

∥∥∥∥+ λ2

∥∥∥∥
∑

j∈J
Γj

∗Γjf

∥∥∥∥

+µ

(∑

j∈J
‖Gjf‖2HS

)1/2

+ ν

(∑

j∈J
‖Γjf‖2HS

)1/2

,(4.15)

for every f ∈ H. Then {Γj : j ∈ J} is a HS-frame for H.

Proof. Let Sf =
∑

j∈J Gj
∗Gjf and Gf =

∑
j∈J Γj

∗Γjf . Since {Gj : j ∈ J} is a HS-

frame and {Γj : j ∈ J} is a HS-Bessel sequence, S is invertible and G is a bounded
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operator on H. From the inequality (4.15), for each f ∈ H we have

‖Sf −Gf‖ ≤ λ1‖Sf‖+ λ2‖Gf‖+ µ

(∑

j∈J
‖Gjf‖2HS

)1/2

+ ν

(∑

j∈J
‖Γjf‖2HS

)1/2

≤ λ1‖Sf‖+ λ2‖Gf‖+ µ

(∑

j∈J
‖Gjf‖2HS

)1/2

+ ν ·
√
D‖f‖.

Therefore

‖f −GS−1f‖

≤ λ1‖f‖+ λ2‖GS−1f‖+ µ

(∑

j∈J
‖GjS−1f‖2HS

)1/2

+ ν
√
D‖S−1f‖

≤ λ1‖f‖+
(

µ√
A

+
ν

A
·
√
D

)
‖f‖+ λ2‖GS−1f‖

=

(
λ1 +

µ√
A

+
ν

A
·
√
D

)
‖f‖+ λ2‖GS−1f‖.

Since max{λ1 + µ√
A
+ ν

A ·
√
D,λ2} < 1, by Lemma 4.4.1, GS−1 is invertible and

consequently G is invertible. It follows that {Γj : j ∈ J} is a HS-frame for H.

Corollary 4.4.8. Let {Gj : j ∈ J} be a HS-frame for H with bounds A,B and

{Γj : j ∈ J} ⊆ L(H, C2) be a family of operators. Assume that there exist a

constant 0 < M < A such that

∑

j∈J
‖Gj∗Gjf − Γj∗Γjf‖ ≤M‖f‖, ∀f ∈ H,

then {Γj : j ∈ J} is a HS-frame for H.

Proof. For each f ∈ H, we have

∥∥∥∥
∑

j∈J
Γj

∗Γjf

∥∥∥∥ ≤
∥∥∥∥
∑

j∈J
(Gj∗Gjf − Γj∗Γjf)

∥∥∥∥+
∥∥∥∥
∑

j∈J
Gj∗Gjf

∥∥∥∥ ≤ (M +B)‖f‖.
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Thus
∑

j∈J Γj
∗Γjf is convergent for each f ∈ H. Therefore for all f ∈ H

∑

j∈J
‖Γjf‖2HS =

∑

j∈J
〈Γj∗Γjf, f〉 =

〈∑

j∈J
Γj

∗Γjf, f

〉
≤

∥∥∥∥
∑

j∈J
Γj

∗Γjf

∥∥∥∥ · ‖f‖

≤ (M +B)‖f‖2.

It follows that {Γj : j ∈ J} is a HS-Bessel sequence for H. Also we have

∥∥∥∥
∑

j∈J
(Gj∗Gjf − Γj∗Γjf)

∥∥∥∥ ≤M‖f‖ ≤
M√
A

(∑

j∈J
‖Gj(f)‖2HS

)1/2

, f ∈ H.

Let λ1 = λ2 = ν = 0 and µ = M/
√
A. Since M < A, µ/

√
A = M/A < 1. So, by

Theorem 4.4.7, {Γj : j ∈ J} is a HS-frame for H.

Theorem 4.4.9. Let {Gj : j ∈ J} be a HS-frame for H with bounds A,B and

{Γj : j ∈ J} ⊆ L(H, C2) be a HS-Bessel sequence for H. Assume that there exist

constants λ1, λ2, µ ≥ 0 with max{λ1 + µ√
A
, λ2} < 1 such that

∥∥∥∥
∑

j∈J
(Gj∗Aj − Γj∗Aj)

∥∥∥∥

≤ λ1

∥∥∥∥
∑

j∈J
Gj∗(Aj)

∥∥∥∥+ λ2

∥∥∥∥
∑

j∈J
Γj

∗(Aj)

∥∥∥∥+ µ

(∑

j∈J
‖Aj‖2HS

)1/2

, (4.16)

where {Aj}j∈J ∈
⊕
C2, then {Γj : j ∈ J} is a HS-frame for H.

Proof. Let T and S denote the synthesis operator and frame operator respectively

associated with {Gj : j ∈ J}. Also, let V denote the synthesis operator associated

with {Γj : j ∈ J}. From the inequality (4.16), we obtain

‖T ({Aj}j∈J)− V ({Aj}j∈J)‖

≤ λ1‖T ({Aj}j∈J)‖+ λ2‖V ({Aj}j∈J)‖+ µ

(∑

j∈J
‖Aj‖2HS

)1/2

.

TH-1693_126123015



94 Hilbert-Schmidt Frames

For any f ∈ H, let {Aj}j∈J = {GjS−1f}j∈J ∈
⊕
C2, then

‖T ({GjS−1f}j∈J)− V ({GjS−1f}j∈J)‖
= ‖TT ∗(S−1f)− V T ∗(S−1f)‖
= ‖SS−1f − V T ∗S−1f‖ = ‖f − V T ∗S−1f‖
≤ λ1‖f‖+ λ2‖V T ∗S−1f‖+ µ√

A
‖f‖

=

(
λ1 +

µ√
A

)
‖f‖+ λ2‖V T ∗S−1f‖.

Since max{λ1 + µ√
A
, λ2} < 1, by Lemma 4.4.1, the operator V T ∗S−1 is invertible

and hence V is surjective. Then by Proposition 4.2.8, the sequence {Γj : j ∈ J} is
a HS-frame for H.

Remark 4.4.10. Since g-frames can be considered as a class of HS-frames, the

previous results on g-frames can be obtained as a special case of the results we

established for HS-frames.

4.5 Identities and Inequalities for HS-Frames

In this section, we establish Parseval type identities and new inequalities for HS-

frames. These results generalize and improve the remarkable results which have

been obtained by Balan et al. [9, 10] and Găvruţa [74]. We generalize the previous

inequalities to a more general form which involve a parameter λ ∈ [0, 1]. As a

particular case, for λ = 1/2, the previous inequalities can be obtained. We first

state a simple result on operators, which can be found in [145].

Lemma 4.5.1. If P,Q ∈ L(H) satisfying P +Q = I, then P − P ∗P = Q∗ −Q∗Q.

Proof. We compute P − P ∗P = (I − P ∗)P = Q∗(I −Q) = Q∗ −Q∗Q.

Now we state and prove a Parseval HS-frame identity.

Theorem 4.5.2. Let {Gj : j ∈ J} be a Parseval HS-frame for H with respect to K.
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Then for all K ⊂ J and all f ∈ H, we have

∑

j∈K
‖Gj(f)‖2HS −

∥∥∥∥
∑

j∈K
G∗j Gjf

∥∥∥∥
2

=
∑

j∈Kc

‖Gj(f)‖2HS −
∥∥∥∥
∑

j∈Kc

G∗j Gjf
∥∥∥∥
2

.

Proof. Since {Gj : j ∈ J} is a Parseval HS-frame, the corresponding frame operator

S = I, and hence SK + SKc = I. Note that SKc is a self-adjoint operator, and

therefore S∗
K

c = SKc. Applying Lemma 4.5.1 to the operators SK and SKc, we

obtain that for all f ∈ H

〈SKf, f〉 − 〈S∗
KSKf, f〉 = 〈S∗

K
cf, f〉 − 〈S∗

K
cSKcf, f〉

i.e. 〈SKf, f〉 − ‖SKf‖2 = 〈SKcf, f〉 − ‖SKcf‖2

i.e.
∑

j∈K
‖Gj(f)‖2HS −

∥∥∥∥
∑

j∈K
G∗j Gjf

∥∥∥∥
2

=
∑

j∈Kc

‖Gj(f)‖2HS −
∥∥∥∥
∑

j∈Kc

G∗j Gjf
∥∥∥∥
2

.

Hence we have the desired result.

The next inequality for a Parseval HS-frame, appearing in Corollary 4.5.3, is a

simple consequence of Theorem 1.7.2.

Corollary 4.5.3. Let {Gj : j ∈ J} be a Parseval HS-frame for H with respect to K.

Then for all K ⊂ J and all f ∈ H, we have

∑

j∈K
‖Gj(f)‖2HS +

∥∥∥∥
∑

j∈Kc

G∗j Gjf
∥∥∥∥
2

≥ 3

4
‖f‖2.

Proof. Since {Gj : j ∈ J} is a Parseval HS-frame, SK + SKc = I. A simple compu-

tation shows that

S2
K + S2

K
c = S2

K + (I − SK)2 = 2S2
K − 2SK + I = 2

(
SK −

1

2
I

)2

+
1

2
I,

and so S2
K +S2

K
c ≥ 1

2I. Since SK +SKc = I, it follows that SK +S2
K

c +SKc +S2
K ≥

3
2I. Notice that operators SK and SKc are self-adjoint and therefore S∗

K = SK ,

S∗
K

c = SKc. Applying Lemma 4.5.1 to the operators P = SK and Q = SKc, we
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obtain SK − S2
K = SKc − S2

K
c ⇒ SK + S2

K
c = SKc + S2

K . Thus

2(SK + S2
K

c) = SK + S2
K

c + SKc + S2
K ≥

3

2
I.

Therefore for all f ∈ H we have

∑

j∈K
‖Gj(f)‖2HS +

∥∥∥∥
∑

j∈Kc

G∗jGjf
∥∥∥∥
2

= 〈SKf, f〉+ 〈SKcf, SKcf〉 = 〈(SK + S2
K

c)f, f〉 ≥ 3

4
‖f‖2.

This completes the proof.

Now we generalize Theorems 1.7.1 and 1.7.5 to dual HS-frames. We first establish

the following result.

Proposition 4.5.4. Let P,Q ∈ L(H) be two self-adjoint operators such that P+Q =

I. Then for any λ ∈ [0, 1] and all f ∈ H we have

‖Pf‖2 +2λ〈Qf, f〉 = ‖Qf‖2 +2(1− λ)〈Pf, f〉+ (2λ− 1)‖f‖2 ≥ (1− (λ− 1)2)‖f‖2.

Proof. We have

‖Pf‖2 + 2λ〈Qf, f〉 = 〈P 2f, f〉+ 2λ〈(I − P )f, f〉 = 〈(P 2 − 2λP + 2λI)f, f〉,

and

‖Qf‖2 + 2(1 − λ)〈Pf, f〉+ (2λ− 1)‖f‖2

= 〈(I − P )2f, f〉+ 2(1− λ)〈Pf, f〉+ (2λ− 1)〈f, f〉
= 〈(P 2 − 2λP + 2λI)f, f〉
= 〈((P − λI)2 − λ2I + 2λI)f, f〉
= 〈((P − λI)2 + (1− (λ− 1)2)I)f, f〉 ≥ (1− (λ− 1)2)‖f‖2.

This proves the desired result.
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Theorem 4.5.5. Let {Gj : j ∈ J} be a HS-frame for H with respect to K and

{G̃j : j ∈ J} be the canonical dual HS-frame of {Gj : j ∈ J}. Then for any λ ∈ [0, 1],

for all K ⊂ J and all f ∈ H, we have

∑

j∈J
‖G̃jSKf‖2HS +

∑

j∈Kc

‖Gj(f)‖2HS =
∑

j∈J
‖G̃jSKcf‖2HS +

∑

j∈K
‖Gj(f)‖2HS

≥ (2λ− λ2)
∑

j∈K
‖Gj(f)‖2HS + (1− λ2)

∑

j∈Kc

‖Gj(f)‖2HS .

Proof. Let S be the frame operator for {Gj : j ∈ J}. Since Sk + SKc = S, it follows

that

S−1/2SKS
−1/2 + S−1/2SKcS−1/2 = I.

Considering

P = S−1/2SKS
−1/2, Q = S−1/2SKcS−1/2,

and S1/2f instead of f in Proposition 4.5.4, we obtain

‖S−1/2SKf‖2 + 2λ〈S−1/2SKcf, S1/2f〉
= ‖S−1/2SKcf‖2 + 2(1 − λ)〈S−1/2SKf, S

1/2f〉+ (2λ− 1)‖S1/2f‖2

≥ (1− (λ− 1)2)‖S1/2f‖2

i.e. 〈S−1SKf, SKf〉+ 2λ〈SKcf, f〉
= 〈S−1SKcf, SKcf〉+ 2(1− λ)〈SKf, f〉+ (2λ− 1)〈Sf, f〉
≥ (2λ− λ2)〈Sf, f〉

i.e. 〈S−1SKf, SKf〉
= 〈S−1SKcf, SKcf〉+ 2〈SKf, f〉 − 2λ〈(SK + SKc)f, f〉+ (2λ− 1)〈Sf, f〉
≥ (2λ− λ2)〈Sf, f〉 − 2λ〈SKcf, f〉

i.e. 〈S−1SKf, SKf〉 = 〈S−1SKcf, SKcf〉+ 2〈SKf, f〉 − 〈Sf, f〉
≥ 2λ〈SKf, f〉 − λ2〈Sf, f〉

i.e. 〈S−1SKf, SKf〉+ 〈SKcf, f〉 = 〈S−1SKcf, SKcf〉+ 〈SKf, f〉
≥ (2λ− λ2)〈SKf, f〉+ (1− λ2)〈SKcf, f〉. (4.17)
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We have

〈S−1SKf, SKf〉 = 〈SS−1SKf, S
−1SKf〉 =

〈∑

j∈J
G∗j GjS−1SKf, S

−1SKf
〉

=
∑

j∈J

[
GjS−1SKf,GjS−1SKf

]
τ

=
∑

j∈J

[
G̃jSKf, G̃jSKf

]
τ
=
∑

j∈J
‖G̃jSKf‖2HS. (4.18)

Similarly

〈S−1SKcf, SKcf〉 =
∑

j∈J
‖G̃jSKcf‖2HS, (4.19)

〈SKcf, f〉 =
∑

j∈Kc

‖Gj(f)‖2HS and 〈SKf, f〉 =
∑

j∈K
‖Gj(f)‖2HS . (4.20)

Using equations (4.18)-(4.20) in the inequality (4.17), we obtain

∑

j∈J
‖G̃jSKf‖2HS +

∑

j∈Kc

‖Gj(f)‖2HS =
∑

j∈J
‖G̃jSKcf‖2HS +

∑

j∈K
‖Gj(f)‖2HS

≥ (2λ− λ2)
∑

j∈K
‖Gj(f)‖2HS + (1− λ2)

∑

j∈Kc

‖Gj(f)‖2HS .

This completes the proof.

Proposition 4.5.6. If P,Q ∈ L(H) satisfy P + Q = I, then for any λ ∈ [0, 1] we

have

P ∗P + λ(Q∗ +Q) = Q∗Q+ (1− λ)(P ∗ + P ) + (2λ− 1)I ≥ (1− (λ− 1)2)I.

Proof. We have

P ∗P + λ(Q∗ +Q) = P ∗P + λ(I − P ∗ + I − P ) = P ∗P − λ(P ∗ + P ) + 2λI,
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and

Q∗Q+ (1− λ)(P ∗ + P ) + (2λ− 1)I

= (I − P ∗)(I − P ) + (1− λ)(P ∗ + P ) + (2λ− 1)I

= P ∗P − λ(P ∗ + P ) + 2λI

= (P − λI)∗(P − λI) + (1− (λ− 1)2)I ≥ (1− (λ− 1)2)I.

Hence the result follows.

Theorem 4.5.7. Let {Gj : j ∈ J} be a HS-frame for H with respect to K and

{Γj : j ∈ J} be an alternate dual HS-frame of {Gj : j ∈ J}. Then for any λ ∈ [0, 1],

for all K ⊂ J and all f ∈ H, we have

Re

{ ∑

j∈Kc

[
Γj(f),Gj(f)

]
τ

}
+

∥∥∥∥
∑

j∈K
G∗jΓj(f)

∥∥∥∥
2

= Re

{∑

j∈K

[
Γj(f),Gj(f)

]
τ

}
+

∥∥∥∥
∑

j∈Kc

G∗jΓj(f)
∥∥∥∥
2

≥ (2λ− λ2)Re
{∑

j∈K

[
Γj(f),Gj(f)

]
τ

}
+ (1− λ2)Re

{ ∑

j∈Kc

[
Γj(f),Gj(f)

]
τ

}
.

Proof. For K ⊂ J and f ∈ H, define the operator Fk by Fkf =
∑
j∈K
G∗jΓjf. Then the

series converges unconditionally and FK ∈ L(H). By (4.6), we have FK + FK
c = I.

By Proposition 4.5.6, we get

(1− (λ− 1)2)‖f‖2 ≤ 〈F ∗
KFKf, f〉+ λ〈(F ∗

K
c + FK

c)f, f〉
= 〈F ∗

K
cFK

cf, f〉+ (1− λ)〈(F ∗
K + FK)f, f〉+ (2λ− 1)‖f‖2

i.e. (2λ− λ2)Re(〈If, f〉) ≤ ‖FKf‖2 + λ(〈FK
cf, f〉+ 〈FK

cf, f〉)
= ‖FK

cf‖2 + (1− λ)(〈FKf, f〉+ 〈FKf, f〉) + (2λ− 1)‖f‖2

i.e. (2λ− λ2)Re(〈(FK + FK
c)f, f〉) ≤ ‖FKf‖2 + 2λRe(〈FK

cf, f〉)
= ‖FK

cf‖2 + 2(1− λ)Re(〈FKf, f〉) + (2λ− 1)‖f‖2

i.e. (2λ− λ2)Re(〈FKf, f〉)− λ2Re(〈FK
cf, f〉) ≤ ‖FKf‖2
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= ‖FK
cf‖2 + 2Re(〈FKf, f〉)−Re(〈If, f〉)

i.e. (2λ− λ2)Re(〈FKf, f〉)− λ2Re(〈FK
cf, f〉) ≤ ‖FKf‖2

= ‖FK
cf‖2 + 2Re(〈FKf, f〉)−Re(〈(FK + FK

c)f, f〉)
i.e. (2λ− λ2)Re(〈FKf, f〉) + (1− λ2)Re(〈FK

cf, f〉)
≤ ‖FKf‖2 +Re(〈FK

cf, f〉) = ‖FK
cf‖2 +Re(〈FKf, f〉).

We have

〈FKf, f〉 = 〈
∑

j∈K
G∗jΓjf, f〉 =

∑

j∈K

[
Γjf,Gjf

]
τ
.

〈FK
cf, f〉 =

∑

j∈Kc

[
Γjf,Gjf

]
τ
.

So finally

Re

{ ∑

j∈Kc

[
Γj(f),Gj(f)

]
τ

}
+

∥∥∥∥
∑

j∈K
G∗jΓj(f)

∥∥∥∥
2

= Re

{∑

j∈K

[
Γj(f),Gj(f)

]
τ

}
+

∥∥∥∥
∑

j∈Kc

G∗jΓj(f)
∥∥∥∥
2

≥ (2λ− λ2)Re
{∑

j∈K

[
Γj(f),Gj(f)

]
τ

}
+ (1− λ2)Re

{ ∑

j∈Kc

[
Γj(f),Gj(f)

]
τ

}
.

This completes the proof.

Remark 4.5.8. If we consider λ = 1/2 in Theorem 4.5.5 and Theorem 4.5.7, then we

obtain the similar inequalities as in Theorem 1.7.4 and Theorem 1.7.5 respectively,

with scalar 3/4.

Next we give a simplified presentation of Theorem 1.7.6 for HS-frames, which

generalizes Theorem 4.5.7 to a more general form that does not involve the real

parts of the complex numbers. We first establish the following result.

Lemma 4.5.9. If P,Q ∈ L(H) such that P +Q = I, then P +Q∗Q = Q∗ + P ∗P.
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Proof. By simple computation, we obtain

P +Q∗Q = P + (I − P ∗)(I − P ) = (I − P ∗) + P ∗P = Q∗ + P ∗P,

which is as required.

Theorem 4.5.10. Let {Gj : j ∈ J} be a HS-frame for H with respect to K and

{Γj : j ∈ J} be an alternate dual HS-frame of {Gj : j ∈ J}, then for every K ⊂ J

and every f ∈ H, we have

( ∑

j∈Kc

[
Γj(f),Gj(f)

]
τ

)
+

∥∥∥∥
∑

j∈K
G∗jΓj(f)

∥∥∥∥
2

=

(∑

j∈K

[
Γj(f),Gj(f)

]
τ

)
+

∥∥∥∥
∑

j∈Kc

G∗jΓj(f)
∥∥∥∥
2

.

Proof. For K ⊂ J and f ∈ H, we define the operator Fk as in Theorem 4.5.7.

Therefore, we have FK + FK
c = I. By Lemma 4.5.9, we have

( ∑

j∈Kc

[
Γj(f),Gj(f)

]
τ

)
+

∥∥∥∥
∑

j∈K
G∗jΓj(f)

∥∥∥∥
2

= 〈FK
cf, f〉+ 〈F ∗

KFKf, f〉
= 〈F ∗

Kf, f〉+ 〈F ∗
K

cFK
cf, f〉

= 〈FKf, f〉+ ‖FK
cf‖2

=

(∑

j∈K

[
Γj(f),Gj(f)

]
τ

)
+

∥∥∥∥
∑

j∈Kc

G∗jΓj(f)
∥∥∥∥
2

.

Hence the relation stated in the theorem holds.

Theorem 4.5.11. Let {Gj : j ∈ J} be a HS-frame for H with respect to K and

{Γj : j ∈ J} be an alternate dual HS-frame of {Gj : j ∈ J}. Then for every bounded

sequence {wj : j ∈ J} and every f ∈ H, we have

(∑

j∈J
wj

[
Γj(f),Gj(f)

]
τ

)
+

∥∥∥∥
∑

j∈J
(1− wj)G∗j Γj(f)

∥∥∥∥
2
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=

(∑

j∈J
(1− wj)

[
Γj(f),Gj(f)

]
τ

)
+

∥∥∥∥
∑

j∈J
wjG∗jΓj(f)

∥∥∥∥
2

.

Proof. We define the operators Ff =
∑
j∈J

wjG∗jΓjf and Gf =
∑
j∈J

(1 − wj)G∗jΓjf .

Note that both series converge unconditionally. Also we have F,G ∈ L(H) and

F +G = I. By Lemma 4.5.9, we have

(∑

j∈J
wj

[
Γj(f),Gj(f)

]
τ

)
+

∥∥∥∥
∑

j∈J
(1− wj)G∗j Γj(f)

∥∥∥∥
2

= 〈Ff, f〉+ 〈G∗Gf, f〉
= 〈G∗f, f〉+ 〈F ∗Ff, f〉
= 〈Gf, f〉+ ‖Ff‖2

=

(∑

j∈J
(1− wj)

[
Γj(f),Gj(f)

]
τ

)
+

∥∥∥∥
∑

j∈J
wjG∗jΓj(f)

∥∥∥∥
2

.

Hence the relation holds.

Observe that if we consider K ⊂ J and

wj =





0 if j ∈ K
1 if j ∈ Kc,

then Theorem 4.5.10 follows from Theorem 4.5.11.

bac
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Chapter 5

On a Feichtinger Problem

In this chapter, we solve a spectral problem about positive semi-definite trace-

class pseudodifferential operators on modulation spaces which was posed by Hans

Feichtinger. Later, C. Heil and D. Larson rephrased the problem in the broader

setting of positive semi-definite trace-class operator on a separable Hilbert space.

This solution consists of constructing a counterexample that solves Feichtinger’s

problem by first solving this second problem.

5.1 Preliminaries

Let H be an infinite-dimensional separable Hilbert space with norm ‖ · ‖ and inner

product 〈·, ·〉. Let T ∈ B(H) be a compact operator and sn(T ) = λn(T
∗T )1/2 be the

singular values of T . If T is self-adjoint then sn(T ) = |λn(T )| and if T is positive

then sn(T ) = λn(T ). The operator T is trace-class if ‖T‖I1 =
∞∑
n=1

sn(T ) < ∞.

The space I1 of trace-class operators is a Banach space under the norm ‖ · ‖I1 . For
detailed study on trace-class operators see [49, 124].

Choose an orthonormal basis {wn}n≥1 for H. We define a subspace H
1 of H by

H
1 =

{
f ∈ H : |||f ||| :=

∞∑

n=1

|〈f,wn〉| <∞
}
. (5.1)

It follows that |||wn||| = ‖wn‖ = 1 for every n and that if f ∈ H
1 then f =

103
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∞∑
n=1
〈f,wn〉wn with convergence of this series in both norms ‖ · ‖ and |||·|||.

We define an operator T : H→ H by

T =

∞∑

m=1

∞∑

n=1

cmn(wm ⊗ wn), (5.2)

where the scalars cmn are such that
∞∑

m=1

∞∑
n=1
|cmn| <∞. It is easy to see that T ∈ I1

with

‖T‖I1 ≤
∞∑

m=1

∞∑

n=1

‖cmn(wm ⊗ wn)‖I1 =

∞∑

m=1

∞∑

n=1

|cmn| <∞.

In addition, note that the series defining T converges not only in the strong operator

topology but also absolutely in trace-class norm.

Further, if H = L2(R) and W(g) is a Wilson basis for L2(R), then the space H
1

defined by equation (5.1) is precisely the modulation space M1(R).

5.1.1 Integral operators

Given a kernel function k ∈ L2(R2), the corresponding integral operator is

Tf(x) =

∫

R

k(x, y) f(y) dy. (5.3)

In terms of the kernel, T is self-adjoint if k(x, y) = k(y, x). Since k ∈ L2(R2),

we know that T is a compact mapping of L2(R) onto itself. In fact, we have the

equivalence that k ∈ L2(R2) if and only if T is Hilbert-Schmidt operator. Also if k

lies in the two-dimensional version of the Feichtinger algebra, i.e., k ∈M1(R2), then

T is a trace-class operator. This result was proved in [92] and it is a special case of

more general theorems proved in [80]. We discuss this result below, as given in [92]:

Let k ∈ M1(R2) and W(g) be a Wilson orthonormal basis for L2(R) such that

g ∈ M1(R). For simplicity of notation, we index this basis as W(g) = {wn}n∈N.
Construct an orthonormal basis for L2(R2) by forming tensor products, i.e., set

Wmn(x, y) := wm ⊗ wn(x, y) = wm(x) wn(y).
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Then W = {Wmn}m,n∈N is both an orthonormal basis for L2(R2) and an uncondi-

tional basis for M1(R2). Since k ∈M1(R2), we have

k =
∑

m,n∈Z
〈k,Wmn〉Wmn, (5.4)

with convergence of the series in M1-norm, and furthermore

‖k‖
M

1 =
∑

m,n∈Z
|〈k,Wmn〉| <∞. (5.5)

Substituting the expansion (5.4) into the definition of the integral operator in (5.3)

yields

Tf(x) =

∫

R

∑

m,n∈Z
〈k,Wmn〉Wmn(x, y) f(y) dy (5.6)

=
∑

m,n∈Z
〈k,Wmn〉

∫

R

wm(x) wn(y) f(y) dy

=
∑

m,n∈Z
〈k,Wmn〉〈f,wn〉 wm(x)

=
∑

m,n∈Z
〈k,Wmn〉(wm ⊗wn)(f)(x)

=
∑

m,n∈Z
〈k,Wmn〉(Wmn)(f)(x). (5.7)

The discrete version of T is given by the matrixK = (〈k,Wmn〉)m,n∈Z or equivalently

T =
∑

m,n∈Z
〈k,Wmn〉Wmn. (5.8)

Since each operator wm⊗wn belongs to I1 and the scalars 〈k,Wmn〉 are summable,

the series (5.8) converges absolutely in I1, and therefore T ∈ I1. Suppose in addition

that T is a positive semi-definite. Then, by the spectral theorem,

T =
∞∑

k=1

λktk ⊗ tk =
∞∑

k=1

hk ⊗ hk
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where {λk}∞k=1 ⊂ (0,∞) is the set of eigenvalues of T and {tk}∞k=1 is the set of

corresponding orthonormal basis of eigenfunctions, and hk =
√
λktk for each k ≥ 1.

It was proved in [92] that hk ∈M1(R).

5.1.2 Type A and Type B Operators

We fix now an orthonormal basis {wn}n≥1 for H, once and for all. This basis

induces the norm |||·||| on the dense subset H1 introduced in (5.1), and repeated here

for convenience of the reader:

|||f ||| =
∞∑

n=1

|〈f,wn〉|, H
1 =

{
f ∈ H :

∞∑

n=1

|〈f,wn〉| <∞
}
.

Definition 5.1.1. An operator T given by (5.2) is of Type A with respect to the

orthonormal basis {wn}n≥1 if, for an orthogonal set of eigenvectors {gn}n≥1 of T

such that T =
∞∑
n=1

gn⊗ gn with convergence in the strong operator topology, we have

that

∞∑

n=1

|||gn|||2 <∞.

The operator T is of Type B with respect to the orthonormal basis {wn}n≥1 if

there is some sequence of vectors {vn}n≥1 in H such that T =
∞∑
n=1

vn ⊗ vn with

convergence in the strong operator topology, we have that

∞∑

n=1

|||vn|||2 <∞.

It is clear that if T is of Type A then it is of Type B. However, it was shown in

[92, Example 2.2] that not every positive trace-class operator is of Type A or Type

B, even when the operator is of finite-rank. We can characterize the finite-rank

operators that are of Type A or Type B, as follows (see [92] for proof).

Theorem 5.1.2. Let T be a positive finite-rank operator. Then the following state-

ments are equivalent.

(i) T is of Type A.

(ii) T is of Type B.

(iii) Each eigenvector of T corresponding to a nonzero eigenvalue belongs to H
1.

(iv) range(T ) ⊆ H
1.
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5.2 The Feichtinger Problem

The problem posed by Hans Feichtinger at an Oberwolfach mini-workshop onWavel-

ets, Frames, and Operator Theory, in February 2004 [64] is the following.

Problem 5.2.1. Let T be a positive semi-definite trace class operator on L2(R)

given by Tf(x) =
∫
R
k(x, y)f(y)dy where f ∈ L2(R) and k ∈ M1(R2). Suppose

that T =
∞∑
k=1

hk ⊗ hk, where {hk}∞k=1 ⊂ L2(R) is a set of orthogonal eigenfunctions

of T corresponding to the eigenvalues {‖hk‖2}∞k=1, such that ‖hk‖M1
(R)

< ∞. In

particular, trace(T ) =
∞∑
k=1

‖hk‖22 <∞. Must we have:
∞∑
k=1

‖hk‖2M1
(R)

<∞?

Heil and Larson later put the problem in the broader setting of positive semi-

definite trace-class operators on a separable Hilbert space H [92].

Suppose that the operator T given by (5.2) is positive semi-definite. Let {hn}n≥1

be an orthonormal basis of eigenvectors of T and {λn}n≥1 ⊂ [0,∞) be the corre-

sponding eigenvalues. It follows that T =
∞∑

n=1

λn(hn ⊗ hn) =
∞∑

n=1

gn ⊗ gn, where

gn = λ1/2n hn. In addition, ‖T‖I1 =
∞∑
n=1

λn =
∞∑
n=1

λn‖hn‖2 < ∞. Heil and Larson’s

generalization of Problem 5.2.1 is the following question [92].

Problem 5.2.2. Must we have
∞∑

n=1

λn|||hn|||2 <∞?

By Theorem 5.1.2, Type A and Type B are equivalent for positive finite-rank

operators. But is it true in general? The reformulation of the previous problem is

the following.

Problem 5.2.3. [92] If T is of Type B with respect to an orthonormal basis {wn}n∈N,
must it be of Type A with respect to {wn}n∈N?

Next problem is an equivalent reformulation of original Feichtinger’s question

Problem 5.2.1, which was shown in [92].

Problem 5.2.4. Let H = L2(R) and {wn}n∈N be a Wilson orthonormal basis for

L2(R). If T is one of the operators defined in (5.2) with respect to a Wilson basis,

must T be of Type A?
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Now we show that the solutions to Problems 5.2.1, 5.2.2 and 5.2.3 are negative by

providing counterexamples for each of them. We answer negatively Problems 5.2.2

and 5.2.3 by constructing a counterexample for the complex Hilbert space H, in

Proposition 5.2.5. This example is then modified to generate an example when the

Hilbert space H is over the real field, in Proposition 5.2.7. From there, we answer

the Feichtinger original problem in Theorem 5.2.8.

Proposition 5.2.5. Let H = ℓ2({1, 2, ...}), and choose p > 1. Let {wℓ}∞ℓ=1 denote

the standard orthonormal basis of H, i.e., wℓ = δℓ. Then H
1 = ℓ1({1, 2, ...}). For

each n ≥ 1, let {en,k}n−1
k=0 be the Fourier ONB of Cn defined by

en,k =
1√
n

(
e−

2πikl
n

)n−1

l=0
=

1√
n

(
1, e−

2πik
n , e−

4πik
n , ..., e−

2πik(n−1)
n

)T
,

and consider the n× n matrix Tn given by

Tn =

n−1∑

k=0

λn,k(en,k ⊗ en,k) =
1

n3

n−1∑

k=0

(
1 +

k

np

)2
(en,k ⊗ en,k) ∈ C

n×n

where λn,k = 1

n
3

(
1 + k

n
p

)2
. We define an infinite block-diagonal matrix T by T =

T1⊕T2⊕ ...⊕Tn⊕ ... Then, T is a positive semi-definite trace-class operator of Type

B but not of Type A with respect to the orthonormal basis {wℓ}.

Proof. By construction, the blocks Tn that make up T are pairwise orthogonal.

Furthermore, for each n ≥ 1, the spectrum of Tn consists of simple eigenvectors en,k

with corresponding eigenvalues λn,k for k = 0, . . . , n − 1. Consequently, for each

n ≥ 1, and each k ∈ {0, . . . , n − 1}, en,k generates a one-dimensional eigenspace of

T corresponding to the eigenvalue λn,k. It is clear that T is positive semi-definite.

Since, ‖en,k‖2 = 1 and T = ⊕∞
n=1

n−1∑

k=0

λn,k(en,k ⊗ en,k), we see that

‖T‖op ≤
∞∑

n=1

n−1∑

k=0

1

n3

(
1 +

k

np

)2
‖en,k ⊗ en,k‖op

=
∞∑

n=1

n−1∑

k=0

1

n3

(
1 +

k

np

)2
‖en,k‖2 =

∞∑

n=1

n−1∑

k=0

1

n3

(
1 +

k

np

)2
<∞.
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Furthermore,

‖T‖I1 = trace(T ) =

∞∑

n=1

n−1∑

k=0

1

n3

(
1 +

k

np

)2

=

∞∑

n=1

1

n3

(
n+

n(n− 1)

np
+
n(n− 1)(2n − 1)

6n2p

)

< ∞, since p > 1.

Hence T is a well-defined trace-class operator on H. We now show that T is of Type

B. To this end we observe that for each n ≥ 1,
n−1∑
k=0

en,k⊗en,k = In, where In denotes

the identity of order n. Then

Tn =
1

n3

n−1∑

k=0

(
1 +

k

np

)2
(en,k ⊗ en,k)

=
1

n3

n−1∑

k=0

(en,k ⊗ en,k) +
1

n3+p

n−1∑

k=0

(
2k +

k2

np

)
(en,k ⊗ en,k)

=
1

n3
In +

1

n3+p

n−1∑

k=0

(
2k +

k2

np

)
(en,k ⊗ en,k).

Thus T can be written as

T = ⊕n≥1Tn = ⊕n≥1

( 1

n3
In +

1

n3+p

n−1∑

k=0

(
2k +

k2

np

)
(en,k ⊗ en,k)

)

= ⊕n≥1

( 1

n3
In

)
+⊕n≥1

1

n3+p

n−1∑

k=0

(
2k +

k2

np

)
(en,k ⊗ en,k)

= ⊕n≥1
1

n3

n∑

k=1

(wn(n−1)
2

+k
⊗ wn(n−1)

2
+k

)

+⊕n≥1
1

n3+p

n−1∑

k=0

(
2k +

k2

np

)
(en,k ⊗ en,k).

Then we have
∣∣∣
∣∣∣
∣∣∣wn(n−1)

2
+k

∣∣∣
∣∣∣
∣∣∣ = 1,

∣∣∣∣∣∣en,k
∣∣∣∣∣∣ = √n, and
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∑

n≥1

1

n3
·

n∑

k=1

1 +
∑

n≥1

1

n3+p

n−1∑

k=0

(
2k +

k2

np

)
· (√n)2

=
∑

n≥1

1

n2
+
∑

n≥1

1

n2+p

(
2 · n(n− 1)

2
+

1

np
· n(n− 1)(2n − 1)

6

)

=
∑

n≥1

( 1

n2
+
n− 1

n1+p +
(n− 1)(2n − 1)

6n2+2p

)
<∞, for any p > 1.

Hence, T is of Type B with respect to {wℓ}ℓ≥1. We now show that T is not of

Type A with respect to {wℓ}ℓ. The key point is that T has only one-dimensional

eigenspaces, so

∞∑

n=1

n−1∑

k=0

λn,k(en,k ⊗ en,k) =
1

n3

n−1∑

k=0

(
1 +

k

np

)2
(en,k ⊗ en,k)

is the unique decomposition of T using sum of rank one projections generated by

orthogonal eigenfunctions of T . Note that
∣∣∣∣∣∣en,k

∣∣∣∣∣∣ = 1√
n
· n =

√
n, and

λn,k
∣∣∣∣∣∣en,k

∣∣∣∣∣∣ = 1

n3

(
1 +

k

np

)2
· √n <∞.

However,

∞∑

n=1

n−1∑

k=0

λn,k
∣∣∣∣∣∣en,k

∣∣∣∣∣∣2 =

∞∑

n=1

1

n2

n−1∑

k=0

(
1 +

k

np

)2

=

∞∑

n=1

1

n2

(
n+

n(n− 1)

np
+
n(n− 1)(2n − 1)

6n2p

)

≥
∞∑

n=1

1

n
=∞.

We can modify the counter-example in Proposition 5.2.5 to deal with the case

of a real Hilbert space H. This amount to use a real-valued ONB for Rn instead of

the ONB {en,k}n−1
k=0 .

For a fix n ≥ 1, let Sn :=
{

2πk
n : 0 ≤ k ≤ n − 1

}
. It is easy to see that for any
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0 ≤ l ≤ n− 1, we have

Sn =

{
2πkl

n
(mod 2π) : 0 ≤ k ≤ n− 1

}
=

{
− 2πk

n
(mod 2π) : 0 ≤ k ≤ n− 1

}
.

Now for each n ≥ 1, let {hn,k}n−1
k=0 denote the Hartley ONB basis for Rn (see [139]),

where

hn,k =
1√
n

(
cos

(
2πkl

n

)
+ sin

(
2πkl

n

))n−1

l=0

=

√
2

n

(
cos

(
2πkl

n
− π

4

))n−1

l=0

.

Lemma 5.2.6. For a fixed n ≥ 1 and any 0 ≤ k ≤ n− 1 we have

∣∣∣∣∣∣hn,k
∣∣∣∣∣∣ =

n−1∑

l=0

∣∣∣∣cos
(
2πkl

n

)
+ sin

(
2πkl

n

)∣∣∣∣ ≥
n√
2
.

Proof. Let E =
∑

x∈Sn
|cos x+ sinx| . Then

2E =
∑

x∈Sn

|cos x+ sinx|+
∑

−x∈Sn

|cos x+ sinx|

=
√
2
n−1∑

k=0

∣∣∣∣cos
(
2πk

n
− π

4

)∣∣∣∣+
√
2
n−1∑

k=0

∣∣∣∣cos
(
2πk

n
+
π

4

)∣∣∣∣

=
√
2
n−1∑

k=0

[∣∣∣∣cos
(
2πk

n
− π

4

)∣∣∣∣+
∣∣∣∣sin

(
2πk

n
− π

4

)∣∣∣∣
]
. (5.9)

Now for any x ∈ R,

(| sin x|+ | cos x|)2 = | sin x|2 + | cos x|2 + 2| sin x cos x| = 1 + | sin 2x| ≥ 1,

⇒ | sinx|+ | cos x| ≥ 1.

Therefore by (5.9) we get 2E ≥
√
2
n−1∑
k=0

1 =
√
2n⇒ E ≥ n√

2
.

Proposition 5.2.7. Let H = ℓ2({1, 2, ...}), and choose p > 1. Let {wℓ}∞ℓ=1 denote

the standard orthonormal basis of H, i.e., wℓ = δℓ. For each n ≥ 1 let Tn denote
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the n× n matrix given by

Tn = An

n−1∑

k=0

(
1 +

k

np

)2

(hn,k ⊗ hn,k) ∈ R
n×n,

where An = n−3. We define an infinite block-diagonal matrix T by T = T1 ⊕ T2 ⊕
... ⊕ Tn ⊕ ... Then, T is a positive semi-definite trace-class operator of Type B but

not of Type A with respect to the orthonormal basis {wℓ}ℓ≥1.

Proof. The proof is identical to that of Proposition 5.2.5. But for the sake of com-

pleteness we provide the details.

By construction, the blocks Tn that make up T are pairwise orthogonal. Fur-

thermore, for each n ≥ 1, the spectrum of Tn consists of simple eigenvectors hn,k

with corresponding eigenvalues λn,k = 1

n
3 (1 +

k
n
p )

2 for k = 0, . . . , n − 1. Thus T is

positive semi-definite. Consequently, for each n ≥ 1, and each k ∈ {0, . . . , n − 1},
hn,k generates a one-dimensional eigenspace of T corresponding to the eigenvalue

λn,k. Since, ‖hn,k‖2 = 1 and T = ⊕∞
n=1

∑n−1
k=0 λn,k(en,k ⊗ en,k), we see that

‖T‖I1 = trace(T ) =
∞∑

n=1

n−1∑

k=0

An

(
1 +

k

np

)2

=
∞∑

n=1

An

(
n+

n(n− 1)

np
+
n(n− 1)(2n − 1)

6n2p

)
.

The choice An = 1/n3 guarantees that the series is convergent in trace-class norm

i.e., ‖T‖I1 <∞. Thus T is a positive semi-definite trace-class operator on H.

We now show that T is not of Type A. The key point is that T has only

one-dimensional eigenspaces, so
∞∑

n=1

n−1∑

k=0

gn,k ⊗ gn,k, where gn,k =
√
An

(
1 + k

n
p

)
hn,k

is the unique decomposition of T using sum of rank one projections generated by

orthogonal eigenfunctions of T . Then

∣∣∣∣∣∣gn,k
∣∣∣∣∣∣ =

√
An

(
1 +

k

np

) ∣∣∣∣∣∣hn,k
∣∣∣∣∣∣

=
√
An

(
1 +

k

np

)
· 1√

n

n−1∑

l=0

∣∣∣∣cos
(
2πkl

n

)
+ sin

(
2πkl

n

)∣∣∣∣
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≥
√
An

(
1 +

k

np

)
· 1√

n

n√
2
=

√
n

2
· An

(
1 +

k

np

)2

and

∞∑

n=1

n−1∑

k=0

∣∣∣∣∣∣gn,k
∣∣∣∣∣∣2 ≥

∞∑

n=1

n

2
· An

n−1∑

k=0

(
1 +

k

np

)2

=

∞∑

n=1

n

2
· An

(
n+

n(n− 1)

np
+
n(n− 1)(2n − 1)

6n2p

)

≥ 1

2

∞∑

n=1

n2An =

∞∑

n=1

1

2n
=∞.

So T is not of Type A.

We now show that T is of Type B. Let λk =
√
An

(
1 + k

n
p

)
and let U be the

unitary operator (matrix) given by U = [hn,0 hn,1 ... hn,n−1]. It follows that

Tn = [λ0hn,0 λ1hn,1 ... λn−1hn,n−1] · (U∗U) · [λ0h∗n,0 λ1h
∗
n,1 ... λn−1h

∗
n,n−1]

= [λ0hn,0 λ1hn,1 ... λn−1hn,n−1] U
∗ ·
(
[λ0hn,0 λ1hn,1 ... λn−1hn,n−1] U

∗)∗

= Gn ·G∗
n,

where Gn = [λ0hn,0 λ1hn,1 ... λn−1hn,n−1] U
∗. Now we compute Gn

Gn = [λ0hn,0 λ1hn,1 ... λn−1hn,n−1] · [h∗n,0 h∗n,1 ... h∗n,n−1]

= λ0hn,0h
∗
n,0 + λ1hn,1h

∗
n,1 + ...+ λn−1hn,n−1h

∗
n,n−1

=
(√

An + λ0 −
√
An

)
hn,0h

∗
n,0 +

(√
An + λ1 −

√
An

)
hn,1h

∗
n,1 + ...

+
(√

An + λn−1 −
√
An

)
hn,n−1h

∗
n,n−1

=
√
An

(
hn,0h

∗
n,0 + hn,1h

∗
n,1 + ...+ hn,n−1h

∗
n,n−1

)
+
(
λ0 −

√
An

)
hn,0h

∗
n,0

+
(
λ1 −

√
An

)
hn,1h

∗
n,1 + ...+

(
λn−1 −

√
An

)
hn,n−1h

∗
n,n−1

=
√
AnIn + (λ1 − λ0) hn,1h∗n,1 + ...+ (λn−1 − λ0) hn,n−1h

∗
n,n−1,

where In is the identity matrix of order n and
√
An = λ0. Let Λn = λn − λ0 then
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Tn = Gn ·G∗
n

=
(√

AnIn + Λ1hn,1h
∗
n,1 + ...+ Λn−1hn,n−1h

∗
n,n−1

)
·

(√
AnIn + Λ1hn,1h

∗
n,1 + ...+ Λn−1hn,n−1h

∗
n,n−1

)

= AnIn + 2Λ1

√
Anhn,1h

∗
n,1 + 2Λ2

√
Anhn,2h

∗
n,2 + ...+ 2Λn−1

√
Anhn,n−1h

∗
n,n−1

+Λ2
1hn,1h

∗
n,1 + Λ2

2hn,2h
∗
n,2 + ...+ Λ2

n−1hn,n−1h
∗
n,n−1

= AnIn +
(
2Λ1

√
An + Λ2

1

)
hn,1h

∗
n,1 + ...+

(
2Λn−1

√
An + Λ2

n−1

)
hn,n−1h

∗
n,n−1

= An

(
δ0δ

∗
0 + δ1δ

∗
1 + ..+ δn−1δ

∗
n−1

)
+
(
2Λ1

√
An + Λ2

1

)
hn,1h

∗
n,1 + ...

+
(
2Λn−1

√
An + Λ2

n−1

)
hn,n−1h

∗
n,n−1

= fn,0f
∗
n,0 + ...+ fn,n−1f

∗
n,n−1 + fn,nf

∗
n,n + ...+ fn,2n−2f

∗
n,2n−2,

where fn,k =
√
Anδk, for 0 ≤ k ≤ n−1 and fn,k =

√
2Λk−n+1

√
An + Λ2

k−n+1hn,k−n+1,

for n ≤ k ≤ 2n − 2. Now we compute |||·|||-norm of fn,k

∣∣∣∣∣∣fn,k
∣∣∣∣∣∣ =





√
An|||δk|||, 0 ≤ k ≤ n− 1

√
2Λk−n+1

√
An + Λ2

k−n+1

∣∣∣∣∣∣hn,k−n+1

∣∣∣∣∣∣, n ≤ k ≤ 2n− 2

=





√
An, 0 ≤ k ≤ n− 1

√
2Λk−n+1

√
An + Λ2

k−n+1

∣∣∣∣∣∣hn,k−n+1

∣∣∣∣∣∣, n ≤ k ≤ 2n− 2.

Since Λk = λk − λ0 =
√
An ·

(
1 + k

n
p

)
−√An =

√
An · k

n
p , then

√
2Λk−n+1

√
An + Λ2

k−n+1 =

√
√
An ·

k − n+ 1

np

(
2
√
An +

√
An ·

k − n+ 1

np

)

=
√
An ·

√
k − n+ 1

np

(
2 +

k − n+ 1

np

)

≤
√
An ·

√
3n

np
.

Also
∣∣∣∣∣∣hn,k−n+1

∣∣∣∣∣∣ ≤
√
2n. Therefore,
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√
2Λk−n+1

√
An + Λ2

k−n+1

∣∣∣∣∣∣hn,k−n+1

∣∣∣∣∣∣

≤
√
An ·

√
3n

np
·
√
2n =

√
6An ·

√
n2

np
=

√
6

n1+p , since An =
1

n3
.

Now

∞∑

n=1

2n−2∑

k=0

∣∣∣∣∣∣fn,k
∣∣∣∣∣∣2 ≤

∞∑

n=1

(2n − 1) · 6

n1+p ≤ 12

∞∑

n=1

1

np
<∞, since p > 1,

and T = ⊕∞
n=1

( 2n−2∑

k=0

fn,k ⊗ fn,k
)
. So T is of Type B.

We can now give an answer to Feichtinger’s question, i.e., Problem 5.2.2.

Theorem 5.2.8. Suppose that {wn}n≥1 is a Wilson basis for L2(R) with g ∈M1(R).

Let p ≥ 2, and for each n ≥ 1 set λn,k = 1

n
3 (1 + k

n
p )

2. For fix n ≥ 1 and any

0 ≤ k ≤ n− 1, let hn,k ∈ L2(R) where

hn,k =
1√
n

n−1∑

l=0

(
cos

(
2πkl

n

)
+ sin

(
2πkl

n

))
wn(n−1)

2
+l+1

.

Let T be an operator define by T =

∞∑

n=1

n−1∑

k=0

λn,khn,k ⊗ hn,k. The following holds:

(i) {hn,k : 0 ≤ k ≤ n− 1, n ≥ 1} is an orthonormal basis for L2(R).

(ii) T is a positive semi-definite trace-class operator on L2(R) that provides a

counter-example to Problem 5.2.2.

Proof. (i) It is easy to see that for each n ≥ 1, {hn,k}n−1
k=0 is an orthogonal set in

L2(R). Also, 〈hn,k, hn′

,k
′〉 = 0, for n 6= n′. They are normalized in L2(R), since

〈wn, wm〉 = δn,m.

(ii) It is also easy to see that T is a well defined operator on L2(R). In fact,

the series defining T converges in the operator norm. Furthermore, since ‖hn,k ⊗
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hn,k‖I1 = 1, it follows that

‖T‖I1 =
∞∑

n=1

n−1∑

k=0

λn,k =
∞∑

n=1

1

n3

n−1∑

k=0

(
1 +

k

np

)2

=

∞∑

n=1

1

n3

(
n+

n(n− 1)

np
+
n(n− 1)(2n − 1)

6n2p

)
<∞.

Consequently, T is a trace-class operator. By Lemma 5.2.6,

‖hn,k‖M1 =

∞∑

m=1

|〈hn,k, wm〉|

=
1√
n

∞∑

m=1

∣∣∣∣∣

〈
n−1∑

l=0

(
cos

(
2πkl

n

)
+ sin

(
2πkl

n

))
wn(n−1)

2
+l
, wm

〉∣∣∣∣∣

=
1√
n

n−1∑

l=0

∣∣∣∣cos
(
2πkl

n

)
+ sin

(
2πkl

n

)∣∣∣∣ ≥
1√
n
· n√

2
=

√
n

2
.

Also each term

λn,k‖hn,k‖M1 =
1

n3
(1 +

k

np
)2 · 1√

n

n−1∑

l=0

∣∣∣∣cos
(
2πkl

n

)
+ sin

(
2πkl

n

)∣∣∣∣

≤ 1

n3
(1 +

k

np
)2 · 2√n <∞,

but

∞∑

n=1

n−1∑

k=0

λn,k‖hn,k‖2M1 ≥
∞∑

n=1

1

2n2

n−1∑

k=0

(1 +
k

np
)2

=

∞∑

n=1

1

2n2

(
n+

n(n− 1)

np
+
n(n− 1)(2n − 1)

6n2p

)

≥
∞∑

n=1

1

2n
=∞.

bac
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Chapter 6

Balian-Low Type Theorems on

L
2(C)

In this chapter, we prove the Balian-Low type theorem (BLT) on L2(C) using

the operators Z and Z̄ i.e., we prove that ‖Zg‖2 and ‖Z̄g‖2 cannot both be si-

multaneously finite if the twisted Gabor frame generated by g ∈ L2(C) forms an

orthonormal basis or an exact frame for L2(C). The operators

Z =
d

dz
+

1

2
z̄ and Z̄ =

d

dz̄
− 1

2
z

are associated with the special Hermite operator

L = −∆z +
1

4
|z|2 − i

(
x
d

dy
− y d

dx

)

on C, where ∆z is the standard Laplacian on C and z = x+ iy. Also we present the

amalgam version of BLT using Weyl transform and illustrate the distinction between

BLT and amalgam BLT by examples. We introduce the twisted Zak transform and

using it we establish several versions of the Balian-Low type theorems on L2(C).

117
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6.1 Preliminaries

6.1.1 Heisenberg Group and the Weyl Transform

One of the simple and natural example of non-abelian, non-compact groups is the

famous Heisenberg group H, which plays an important role in several branches of

mathematics. The Heisenberg group H is a unimodular nilpotent Lie group whose

underlying manifold is C× R and the group operation is defined by

(z, t) · (w, s) = (z + w, t+ s+
1

2
Im(zw̄)).

The Haar measure on H is given by dzdt. By Stone-von Neumann theorem, the only

infinite dimensional unitary irreducible representations (up to unitary equivalence)

are given by πλ, λ ∈ R \ {0}, where πλ is defined by

πλ(z, t)ϕ(ξ) = e4πiλte4πiλ(xξ+
1
2
xy)ϕ(ξ + y),

where z = x+ iy and ϕ ∈ L2(R).

The group Fourier transform of f ∈ L1(H) is defined as

f̂(λ) =

∫

H

f(z, t)πλ(z, t)dzdt, λ ∈ R \ {0}.

Note that for each λ ∈ R\{0}, f̂(λ) is a bounded linear operator on L2(R). Under the

operation “group convolution” L1(H) turns out to be a non-commutative Banach

algebra.

Let

fλ(z) =

∫

R

e4πiλtf(z, t)dt

denote the inverse Fourier transform of f in the t−variable. Therefore f̂(λ) =∫

C

fλ(z)πλ(z, 0)dz. Thus we are led to consider operators of the form

Wλ(g) =

∫

C

g(z)πλ(z)dz, (6.1)
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where πλ(z, 0) = πλ(z). For λ = 1 we call (6.1) as the Weyl transform of g. Thus

for g ∈ L1(C) and writing π(z) in place of π1(z) we have

W (g)ϕ(ξ) =

∫

C

g(z)π(z)ϕ(ξ)dz, ϕ ∈ L2(C). (6.2)

For f, g ∈ L1(C), the twisted convolution is defined by

f × g(z) =
∫

C

f(z −w)g(w)e−2πiIm(z·w̄)dw.

Under twisted convolution L1(C) is a non-commutative Banach algebra. For f ∈
L1 ∩ L2(C) the Weyl transform of f can be explicitly written as

W (f)ϕ(ξ) =

∫

C

f(z)e4πi(x.ξ+
1
2
x.y)ϕ(ξ + y)dz, ϕ ∈ L2(R), z = x+ iy,

which maps L1(C) into the space of bounded operators on L2(R), denoted by B.
The Weyl transform W (f) is an integral operator with kernel

Kf (ξ, η) =

∫

R

f(x, η − ξ)e2πix(ξ+η) dx.

If f ∈ L2(C), then W (f) ∈ C2, the space of all Hilbert-Schmidt operators on

L2(R) and satisfies the Plancherel formula ‖W (f)‖C2
= 1

2‖f‖L2
(C)
. In general, for

f, g ∈ L2(C), we have 〈W (f),W (g)〉C2
= 1

2〈f, g〉L2
(C)
. The inversion formula for

Weyl transform is f(z) = τ(π(z)∗W (f)), where π(z)∗ is the adjoint of π(z) and τ is

the usual trace on B. For detailed study on Weyl transform we refer to the text of

Thangavelu [131, 132].

6.1.2 Hermite Operators

Let Hk denote the Hermite polynomial on R, defined by

Hk(x) = (−1)k d
k

dxk
(e−x

2

)ex
2

, k = 0, 1, 2, · · · ,
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and hk denote the normalized Hermite functions on R defined by

hk(x) = (2k
√
πk!)−

1
2Hk(x)e

− 1
2
x
2

, k = 0, 1, 2, · · · .

Let A = − d
dx + x and A∗ = d

dx + x denote the creation and annihilation operators

in quantum mechanics respectively. The Hermite operator H is defined as

H =
1

2
(AA∗ +A∗A) = − d2

dx2
+ x2.

The Hermite functions {hk} are the eigenfunctions of the operator H with eigenval-

ues 2k+1, k = 0, 1, 2 · · · . Using the Hermite functions, the special Hermite functions

on C are defined as follows:

φm,n(z) = (2π)−
1
2

∫

R

eiξxhm

(
ξ +

1

2
y

)
hn

(
ξ − 1

2
y

)
dξ,

where z = x+ iy ∈ C and m,n = 0, 1, 2 · · · . The functions {φm,n : m,n = 0, 1, 2 · · · }
form an orthonormal basis for L2(C). The special Hermite functions are the eigen-

functions of a second order elliptic operator L on C. To define this operator L we

need to define the operators Z and Z̄ as follows: Z = d
dz +

1
2 z̄ and Z̄ = d

dz̄ − 1
2z. The

functions φm,n are eigenfunctions of the special Hermite operator

L = −∆z +
1

4
|z|2 − i

(
x
∂

∂y
− y ∂

∂x

)
= −1

2
(ZZ̄ + Z̄Z), (6.3)

with eigenvalues (2n+1), where ∆z denotes the Laplacian on C. We list out some of

the properties (see [131, 132]) of the operators Z and Z̄ in the following proposition,

which will be useful at several places.

Proposition 6.1.1. (i) Z(φm,n) = i
√
2n φm,n−1 and Z̄(φm,n) = i

√
2n + 2 φm,n+1.

(ii) W (Zf) = iW (f)A and W (Z̄f) = iW (f)A∗ for every Schwartz class func-

tion f . (This expression is similar to the relation ( d
dxf )̂ (γ) = 2πiγf̂ (γ)).

(iii) [Z, Z̄ ] = −2I, where [Z, Z̄ ] = ZZ̄ − Z̄Z is the commutator of Z and Z̄.

(iv) The adjoint Z∗ of Z is −Z̄.
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The motivation to prove the BLT on L2(C) arises from the classical Heisenberg’s

uncertainty principle on L2(R):

Let P and M be the position and the momentum operators defined by Pf(t) =

tf(t) and Mf(t) = d
dtf(t), on a suitable domain.

Theorem 6.1.2. (Classical Heisenberg’s uncertainty principle on L2(R)).

Let f ∈ L2(R). Then

‖Pf‖2 ‖Mf‖2 ≥
1

4π
‖f‖22, (6.4)

and equality holds in (6.4) if and only if f(t) = Ce−st
2

, s > 0 and C ∈ C.

Observe that the Laplacian L0 on R can be written as

L0 =
d2

dx2
=

1

4
(A∗ −A)(A∗ −A) = 1

4
(A∗B +AB∗) (6.5)

and satisfies [A,B] = [A,A∗] = −2I, where B = A∗ −A. The expression for special

Hermite operator L is similar to the Laplacian L0 on R (see (1.23) and (6.5)) with

[Z, Z̄ ] = −2I. The classical uncertainty principle requires the operators P and M

to be self-adjoint and uses the fact that [P,M ] = −I, whereas the operators Z and

Z̄ are not self-adjoint. However, we obtain a variation of Heisenberg’s uncertainty

principle (see Theorem 6.4.1) involving the operators Z and Z̄. Motivated by this

result we prove the BLT on L2(C) for twisted Gabor frames using the operators Z

and Z̄ (see Theorem 6.3.4).

6.1.3 Twisted Gabor Frames

Definition 6.1.3. Let f ∈ L2(C) and a, b > 0. For (m,n) ∈ Z
2 we define twisted

translation of f , denoted by T t
(am,bn)f , as

T t
(am,bn)f(z) = e2πi(bnx−amy)f(x− am, y − bn), z = x+ iy ∈ C. (6.6)

For a = b = 1 the properties of twisted translation are listed below (see [117]).

(i) The adjoint (T t
(m,n))

∗ of T t
(m,n) is T

t
(−m,−n).

(ii) T t
(m1,n1)

T t
(m2,n2)

= T t
(m1+m2,n1+n2)

.
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(iii) T t
(m,n) is a unitary operator on L2(C) for all (m,n) ∈ Z

2.

(iv) The Weyl transform of T t
(m,n)f is given by W (T t

(m,n)f) = π(m,n)W (f).

Definition 6.1.4. For a, b > 0, g ∈ L2(C) the collection of functions Gt(g, a, b) =
{T t

(am,bn)g : m,n ∈ Z} in L2(C), is called a twisted Gabor frame or a twisted

Weyl-Heisenberg frame if there exist constants A,B > 0 such that

A‖f‖22 ≤
∑

k,n∈Z
|〈f, T t

(am,bn)g〉|2 ≤ B‖f‖22, ∀f ∈ L2(C). (6.7)

Then one can define the twisted Gabor tight frames, Riesz basis and the frame

operator analogously. It is natural to ask about the density result as in Theorem

1.2.6 for twisted Gabor frames. For a, b > 0 and g ∈ L2(C), the sequence {T t
(am,bn)g :

m,n ∈ Z} is complete in L2(C) if and only if the system {ρ(p, q)g : (p, q) ∈ Λ ⊂ R
4}

is complete in L2(R2), where p = (am, bn), q = (bn,−am). In this case uniform

Beurling density is D(Λ) = 1/(ab)2. So by Theorem 1.2.6, if ab > 1 then the

twisted Gabor system Gt(g, a, b) = {T t
(am,bn)g : m,n ∈ Z} is incomplete in L2(C).

Therefore without loss of generality we consider the case when a = b = 1 throughout

the chapter.

6.1.4 Twisted Zak Transform

The Zak transform Zf on L2(R) is formally defined by

Zf(x, t) =
∑

k∈Z
Tkf(x) ·Mk1(t), x, t ∈ R,

where 1 is the constant function 1. Since we are interested to obtain the BLT for

twisted Gabor frames we define the twisted Zak transform with a slight modification

in the following way.

Definition 6.1.5. Let f ∈ L2(C). The twisted Zak transform Ztf of f is the

function on C
2 defined by

(Ztf)(z, w) =
∑

k∈Z2

Tkf(z) · T t
k1(−w) =

∑

k∈Z2

f(z − k)e2πiIm(wk̄), z, w ∈ C,
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where k̄ is the complex conjugate of k and Im(wk̄) is the imaginary part of wk̄.

Clearly Ztf is well-defined for continuous functions with compact support and

converges in L2−sense for f ∈ L2(C). In fact Zt is a unitary map of L2(C) onto

L2(Q × Q), where Q := [0, 1) × [0, 1). The idea of the proof is similar to the Zak

transform on L2(R) as in [35]. The unitary nature of twisted Zak transform allows

to transfer certain conditions on frames for L2(C) into conditions on L2(Q × Q).

More precisely, {fk} is complete or a frame or an exact frame or an orthonormal

basis for L2(C) if and only if the same is true for {Ztfk} in L2(Q×Q).

As in case of Zak transform on L2(R) we obtain the similar properties of twisted

Zak transform on L2(C) in the following lemma. However, our main results are still

valid if Zak transform on L2(R2) is applied in place of twisted Zak transform on

L2(C).

Lemma 6.1.6. Let f ∈ L2(C). Let z = x+ iy, w = r + is and Q := [0, 1) × [0, 1).

Then the following holds:

(i) Ztf(z + 1, w) = e2πisZtf(z, w), Ztf(z + i, w) = e−2πirZtf(z, w)

and Ztf(z, w + 1) = Ztf(z, w + i) = Ztf(z, w).

(ii) Zt(T t
(m,n)f)(z, w) = e2πi(x.n−y.m)e2πi(r.n−s.m)Ztf(z, w).

(iii) {T t
(m,n)f} is complete in L2(C) if and only if Ztf 6= 0 a.e.

(iv) {T t
(m,n)f} is minimal and complete in L2(C) if and only if 1/(Ztf) ∈ L2(Q×

Q).

(v) {T t
(m,n)f} is a frame for L2(C) with frame bounds A,B if and only if 0 <

A1/2 ≤ |Ztf | ≤ B1/2 <∞ a.e.. In this case, {T t
(m,n)f} is an exact frame for

L2(C).

(vi) {T t
(m,n)f} is an orthonormal basis for L2(C) if and only if |Ztf |2 = 1, a.e.

(vii) {T t
(m,n)f} is a Riesz basis for L2(C) with bounds A,B if and only if 0 < A1/2 ≤

|Ztf | ≤ B1/2 <∞ a.e.

(viii) If Ztf is continuous on C
2 then Ztf has a zero in Q×Q.
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Proof. The proof of the lemma follows similarly as in the Zak transform for L2(R)

(see [19, 35, 77] or [97]). We only prove part (viii). Assume that Ztf(z, w) 6= 0 for

all (z, w) ∈ C
2. Since Ztf is continuous on a simply connected domain C

2, there is

a continuous function ϕ(z, w) such that

Ztf(z, w) = |Ztf(z, w)|e2πiϕ(z,w) for (z, w) ∈ [0, 1]2 × [0, 1]2.

By part (i), we have

Ztf(z + i, w) = e−2πirZtf(z, w) and Ztf(z, w + 1) = Ztf(z, w + i).

Therefore for each z and w there are integers lz and kw such that

ϕ(z, 1) = ϕ(z, i) + 2πlz and ϕ(i, w) = ϕ(0, w) + 2πkw − 2πr.

Since ϕ(z, 1)−ϕ(z, i) and ϕ(i, w)−ϕ(0, w) + 2πr are continuous functions of z and

w respectively, so lz = l (say) and kw = k (say), for all z, w ∈ C. Therefore,

0 = ϕ(0, 1) − ϕ(0, i) + ϕ(0, i) − ϕ(i, i) + ϕ(i, i) − ϕ(i, 1) + ϕ(i, 1) − ϕ(0, 1)
= 2πl − 2πk − 2πl + 2πk − 2π

= −2π,

contradicting our assumption.

6.2 The Amalgam BLT

In this section, we prove a variation of the BLT called the amalgam BLT in terms

of Wiener amalgam space using certain properties of twisted Zak transform.

For p ≥ 1, consider the amalgam space defined byW (C0, L
p) = {f ∈W (L∞, Lp) :

f is continuous}. Clearly W (C0, L
1) ⊆ L1(Rd) ∩ L2(Rd) ∩ C0(R

d). The amalgam

BLT in terms of W (C0, L
1) and a subspace of C2 is obtained in the following.

Theorem 6.2.1. (Amalgam BLT) Let g ∈ L2(C). If the twisted Gabor system
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Gt(g, 1, 1) is an exact frame for L2(C) then g 6∈ W (C0, L
1) and W (g) 6∈ W, where

W = {T ∈ C2 : h(z) = τ(π(z)∗T ) and h ∈W (C0, L
1)}.

Proof. Suppose that g ∈ W (C0, L
1). Then by the definition of twisted Zak trans-

form, Ztg is continuous. By Lemma 6.1.6 (viii), Ztg must have a zero. Therefore

|Ztg|−1 is unbounded and by Lemma 6.1.6 (v), Gt(g, 1, 1) cannot be a frame. Again

assume that Gt(g, 1, 1) is an exact frame and W (g) ∈ W. So by the inversion

formula for Weyl transform g(z) = τ(π(z)∗W (g)) and g ∈ W (C0, L
1), leads to a

contradiction.

The BLT and amalgam BLT are two distinct results. There exists a function

g ∈ L2(C) satisfying BLT but not amalgam BLT and vice-versa. The following

examples illustrate the difference between the BLT and amalgam BLT.

Example 6.2.2. Let f : R2 → R defined by

f(x, y) =




e
−
[

1
x(1−x)

+ 1
y(1−y)

]

, (x, y) ∈ (0, 1) × (0, 1),

0, otherwise.

Let z = x+ iy, and define g : C→ R by

g(z) =
∑

(k1,k2)∈N
2

1

k
3
2
1 k

3
2
2

f(x− k1, y − k2).

Then clearly g ∈W (C0, L
1). Further,

W (g) =
∑

(k1,k2)∈N
2

1

k
3
2
1 k

3
2
2

Wf(x− k1, y − k2).

Clearly W (g) ∈ C2. From the inversion formula for Weyl transform it follows that

W (g) ∈ W. Next we show that ‖Z̄g‖2 =∞. Consider

‖Z̄g‖22 =
∫

C

|Z̄g(z)|2dz

≥
∑

m,n∈N

∫

[m,m+1]×[n,n+1]
Z̄g(z) · Z̄g(z) dz
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=
∑

m,n∈N

∫

[m,m+1]×[n,n+1]

[∣∣∣∣
dg(z)

dz̄

∣∣∣∣
2

+
1

4
|zg(z)|2 − Re

(
z̄g(z)

dg(z)

dz̄

)]
dz.

Note that for each m,n ∈ N and (x, y) ∈ (m,m+ 1) × (n, n + 1), the integrand

∣∣∣∣
dg(z)

dz̄

∣∣∣∣
2

− Re

(
z̄g(z)

dg(z)

dz̄

)

=
1

4m3n3
e
−
[

2
x(1−x)

+ 2
y(1−y)

]

[
(2x− 1)2

x4(1− x)4
+

(2y − 1)2

y4(1− y)4
+

2(2x − 1)

x(1− x)2
+

2(2y − 1)

y(1− y)2

]

≥ 0.

Therefore

‖Z̄g‖22 ≥
1

4

∑

m,n∈N

∫

[m,m+1]×[n,n+1]
|zg(z)|2 dz

≥ 1

4

∑

m,n∈N

∫

[m,m+1]×[n,n+1]

m2 + n2

m3n3
|f(x−m, y − n)|2 dxdy

≥ 1

4
‖f‖2

∑

m∈N

1

m
=∞.

Example 6.2.3. We shall construct a function f such that Zf and Z̄f ∈ L2(C)

but f 6∈ W (C0, L
1) and W (f) 6∈ W. For sufficiently large k (say k > N) choose

ak 6= bk such that [ak− 1
k , bk +

1
k ] ⊂ [k, k+1] and b3k−a3k < k. Define the continuous

function gk by

gk(x) =





1

log k
(x− ak + 1

k ), x ∈ [ak − 1
k , ak],

1

k log k
, x ∈ [ak, bk],

1

log k
(bk +

1
k − x), x ∈ [bk, bk +

1
k ],

0, x 6∈ [ak − 1
k , bk +

1
k ].

Clearly the function g =
∑∞

k=N gk is continuous on R. Also
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‖g‖2 ≤ 2
∞∑

k=N

1

(k log k)2
<∞, ‖xg‖2 ≤ 3

∞∑

k=N

1

k(log k)2
<∞,

and

‖g′‖2 ≤ 2

∞∑

k=N

1

k(log k)2
<∞,

where g′ is the classical derivative of g, defined except at countably many points.

Define f(z) = f(x, y) = g(x)g(y). Since Zf = 1
2(fx − ify + xf − iyf) we have

‖Zf‖2 ≤ 1

2
(‖fx‖2 + ‖fy‖2 + ‖xf‖2 + ‖yf‖2)

=
1

2
(‖g′‖2‖g‖2 + ‖g′‖2‖g‖2 + ‖xg‖2‖g‖2 + ‖yg‖2‖g‖2) <∞.

Similarly ‖Z̄f‖2 <∞. Further,

‖f‖
W (L

∞

,L
1
)
=
∑

k∈Z2

‖f · Tkχ[0,1)
2‖∞ =

∞∑

k1,k2=N

1

k1 log k1

1

k2 log k2
=∞.

Again, if W (f) ∈ W then the inversion formula for Weyl transform gives f ∈
W (C0, L

1), which is a contradiction.

Now we investigate the relationships between the operators Z, Z̄ and the conti-

nuity of twisted Zak transform. A version of BLT assuming the Wiener amalgam

condition is obtained in the following theorem:

Theorem 6.2.4. If g ∈ L2(C) and

Zg, Z̄g ∈W (C0, L
2), (6.8)

then {T t
(m,n)g} cannot be a twisted Gabor frame for L2(C).

Proof. Given that g is continuous and hence Fundamental theorem of calculus for

complex variables and ML-inequality can be applied. Now we claim that g ∈
W (C0, L

2). To prove the claim it is sufficient to show

∑

k

|g(zk + k)|2 <∞ (6.9)
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for every sequence {zk} ∈ [0, 1] × [0, 1]. Since g ∈ L2(C) we have

∑

k

|g(z + k)|2 <∞, a.e. on [0, 1] × [0, 1]. (6.10)

For fixed z0 ∈ [0, 1]× [0, 1] and any sequence {zk} ∈ [0, 1]× [0, 1] together with (6.10)

gives

(∑

k

|g(zk + k)|2
) 1

2

≤
(∑

k

|g(zk + k)− g(z0 + k)|2
) 1

2

+

(∑

k

|g(z0 + k)|2
) 1

2

=

(∑

k

∣∣∣∣
∫ zk

z0

∂g(z + k) dz

∣∣∣∣
2
) 1

2

+

(∑

k

|g(z0 + k)|2
) 1

2

=

(∑

k

∣∣∣∣
∫

γk

(
Z − z̄

2

)
g(z + k) dz

∣∣∣∣
2
) 1

2

+

(∑

k

|g(z0 + k)|2
)1

2

≤
√
2

(∑

k

(Mk +mk)
2

) 1
2

+

(∑

k

|g(z0 + k)|2
) 1

2

≤
√
2



(∑

k

M2
k

) 1
2

+

(∑

k

m2
k

) 1
2


+

(∑

k

|g(z0 + k)|2
) 1

2

<∞,

where γk is the straight line joining the points z0 and zk, with

Mk = ess sup
z∈γk
|Zg(z)|, and 2mk = ess sup

z∈γk
|zg(z)|.

Observe that
∑

kM
2
k and

∑
km

2
k are finite, since g satisfies (6.8). Without loss of

generality we choose the curve γk, because Fundamental theorem of calculus assures

that the complex line integral is independent of path. Therefore g ∈ W (C0, L
2).

Using this fact and the definition of twisted Zak transform yields Ztg is continuous

on C. Thus {T t
(m,n)g} cannot be a twisted Gabor frame for L2(C) (see Lemma 6.1.6

(v) and (viii)).
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6.3 Non-Distributional Calculations and the BLT

In this section, we prove BLT using non-distributional calculations. Unlike the

Fourier transform of functions in L1(R), the Weyl transform of functions in L1(C)

are bounded operators on L2(R). Therefore it is difficult to estimate the suitable

upper bound for the oscillation of the twisted Zak transform of f ∈ L2(C) in terms

of ‖Zf‖2 and ‖Z̄f‖2. We make use of Weyl transform to estimate the variation of

twisted Zak transform of f ∈ L2(C) over small cubes of length r < 1. We start with

the following lemma.

Lemma 6.3.1. Let f, Zf and Z̄f ∈ L2(C). Fix ǫ = (ǫ1, ǫ2) ∈ C. If f̃(z) =

f(z)e2πi(yǫ1−xǫ2), τǫf(z) = f(z − ǫ) and fǫ(z) = f(z − ǫ)e2πi(xǫ2−yǫ1), then there

exists an Nǫ ∈ N such that

(i) ‖f̃ − f‖2 ≤ 2π|ǫ|(1 + |ǫ|)Nǫ‖f‖2.

(ii) ‖τǫf − f‖2 ≤ 15
2 π|ǫ|

(
‖Zf̃‖2 + ‖Z̄f̃‖2 + ‖f̃‖2 + (1 + |ǫ|)Nǫ‖f‖2

)
.

(iii) ‖fǫ − f‖2 ≤ 15
2 π|ǫ|

(
‖Zf̃‖2 + ‖Z̄f̃‖2 + ‖f̃‖2 + (1 + |ǫ|)Nǫ‖f‖2

)
.

Proof. (i) Choose the smallest positive integer Nǫ such that 1

(1+|ǫ|)Nǫ
< |ǫ|. Therefore

‖f̃ − f‖2 ≤ 2‖f‖2 ≤ 2π|ǫ|(1 + |ǫ|)Nǫ‖f‖2.

(ii) Notice that Zf ∈ L2(C) ⇔ Zf̃ ∈ L2(C) and Z̄f ∈ L2(C) ⇔ Z̄f̃ ∈ L2(C).

Since f ∈ L2(C) we have ‖τǫf − f‖2 = ‖W (τǫf)−W (f)‖C2
. Then

W (τǫf)φ(ξ) =

∫

C

f(z − ǫ)e4πi(xξ+
1
2
xy)φ(ξ + y) dxdy

=

∫

C

f(z)e4πi[(x+ǫ1)ξ+
1
2
(x+ǫ1)(y+ǫ2)]φ(ξ + y + ǫ2) dxdy

= e4πi(ǫ1ξ+
1
2
ǫ1ǫ2)W (f̃)φ(ξ + ǫ2), ∀φ ∈ L2(R).

Applying mean value theorem on the Schwartz class function φ on R we have

|[W (τǫf)−W (f̃)]φ(ξ)|
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= |e4πi(ǫ1ξ+
1
2
ǫ1ǫ2)W (f̃)φ(ξ + ǫ2)−W (f̃)φ(ξ)|

≤ |[e4πi(ǫ1ξ+
1
2
ǫ1ǫ2) − 1]W (f̃)φ(ξ + ǫ2)|+ |W (f̃)(φ(ξ + ǫ2)− φ(ξ))|

≤ 4π|ǫ||W (f̃)(ξ + ǫ2)φ(ξ + ǫ2)|+ π|ǫ||W (f̃)φ(ξ + ǫ2)|+ |ǫ||W (f̃)φ′(ξ + θǫ2)|,

for some θ ∈ (0, 1). Writing 2ξφ(ξ) = (A + A∗)φ(ξ) and 2φ′(ξ) = (A∗ − A)φ(ξ) we
get

‖[W (τǫf)−W (f̃)]φ‖2 ≤ 4π|ǫ|‖W (f̃ )ξφ‖2 + π|ǫ‖W (f̃)φ‖2 + |ǫ|‖W (f̃)φ′‖2
≤ 5

2
π|ǫ|(‖W (f̃)Aφ‖2 + ‖W (f̃)A∗φ‖2 + ‖W (f̃)φ‖2).

But ‖W (τǫf)−W (f)‖C2
≤ ‖W (τǫf)−W (f̃)‖C2

+ ‖W (f̃)−W (f)‖C2
. Thus for any

othonormal basis {φj}j∈N for L2(R) we have

‖W (τǫf)−W (f̃)‖2C2

=

∞∑

j=1

‖[W (τǫf)−W (f̃)]φj‖22

≤ 25

4
π2|ǫ|2

∞∑

j=1

(‖W (f̃)Aφj‖2 + ‖W (f̃)A∗φj‖2 + ‖W (f̃)φj‖2)2

≤ 75

4
π2|ǫ|2

∞∑

j=1

(‖W (f̃)Aφj‖22 + ‖W (f̃)A∗φj‖22 + ‖W (f̃)φj‖22)

=
75

4
π2|ǫ|2(‖W (f̃)A‖2C2

+ ‖W (f̃)A∗‖2C2
+ ‖W (f̃)‖2C2

)

=
75

4
π2|ǫ|2

(
‖Zf̃‖22 + ‖Z̄f̃‖22 + ‖f̃‖22

)
.

Therefore by (i) we get

‖W (τǫf)−W (f)‖C2
≤ 15

2
π|ǫ|

(
‖Zf̃‖2 + ‖Z̄f̃‖2 + ‖f̃‖2

)
+ 2π|ǫ|(1 + |ǫ|)Nǫ‖f‖2

≤ 15

2
π|ǫ|

(
‖Zf̃‖2 + ‖Z̄f̃‖2 + ‖f̃‖2 + (1 + |ǫ|)Nǫ‖f‖2

)
.

(iii) From (i) and (ii) we get

‖fǫ − f‖2 ≤ ‖fǫ − τǫf‖2 + ‖τǫf − f‖2
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≤ 15

2
π|ǫ|

(
‖Zf̃‖2 + ‖Z̄f̃‖2 + ‖f̃‖2

)
+ 4π|ǫ|(1 + |ǫ|)Nǫ‖f‖2

≤ 15

2
π|ǫ|

(
‖Zf̃‖2 + ‖Z̄f̃‖2 + ‖f̃‖2 + (1 + |ǫ|)Nǫ‖f‖2

)
.

This completes the proof.

We use the following notation to estimate the upper bound for the oscillation of

the twisted Zak transform over small cubes. Let x = (t, w) ∈ R
2 and r > 0. Then

Q(x; r) is the square centered at x with radius r, i.e.

Q(x; r) =
[
t− r

2
, t+

r

2

]
×
[
w − r

2
, w +

r

2

]

=
{
(u, v) : u ∈

[
t− r

2
, t+

r

2

]
, v ∈

[
w − r

2
, w +

r

2

]}
.

Thus the square Q = [0, 1) × [0, 1) can be represented as Q(12 ,
1
2 ; 1).

Theorem 6.3.2. Let f, Zf , Z̄f ∈ L2(C), G = Ztf,

α0 = (z0, w0) ∈ Q(z0, 1) ×Q(w0, 1) := Q[α0, 1], z0 ∈
[
− 3

2
,
3

2

]
×
[
− 3

2
,
3

2

]

and w0, ǫ ∈ C be given. Let fǫ, f̃ be as in Lemma 6.3.1. Then there exists an Nǫ ∈ N

such that

‖T t
ǫ,1G−G‖L2

(Q[α0,1])

≤ 8π|ǫ|‖f‖2 +
15

2
π|ǫ|

(
‖Zf̃‖2 + ‖Z̄f̃‖2 + ‖f̃‖2 + (1 + |ǫ|)Nǫ‖f‖2

)
,

and

‖T t
ǫ,2G−G‖L2

(Q[α0,1])
≤ 2π|ǫ|(1 + |ǫ|)Nǫ‖f‖2 + 8π|ǫ|‖f‖2,

where T t
ǫ,jG(z, w) is the twisted translation of G in the jth variable for j = 1, 2.

Proof. Notice that T t
ǫ,1G(z, w) = e2πiIm(z̄ǫ)Zt(τǫf)(z, w). Then by using the fact

that the twisted Zak transform Zt is an unitary operator of L2(C) onto L2(Q[α0, 1])

we get,

‖T t
ǫ,1G−G‖L2

(Q[α0,1])
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≤ ‖T t
ǫ,1G− Zt(τǫf)‖L2

(Q[α0,1])
+ ‖Zt(τǫf)−G‖L2

(Q[α0,1])

= ‖
(
e2πiIm(z̄ǫ) − 1

)
Zt(τǫf)‖L2

(Q[α0,1])
+ ‖Zt(τǫf)− Ztf‖

L
2
(Q[α0,1])

≤ 8π|ǫ|‖f‖2 + ‖τǫf − f‖2
≤ 8π|ǫ|‖f‖2 +

15

2
π|ǫ|

(
‖Zf̃‖2 + ‖Z̄f̃‖2 + ‖f̃‖2 + (1 + |ǫ|)Nǫ‖f‖2

)
,

by Lemma 6.3.1 (ii). Observe that

T t
ǫ,2G(z, w) = G(z, w − ǫ)e2πiIm(w̄ǫ) =

∑

k∈Z2

f(z − k)e2πiIm((w−ǫ)k̄)e2πiIm(w̄ǫ)

= e−2πiIm(z̄ǫ)
∑

k∈Z2

f(z − k)e2πiIm((z−k)ǫ)e2πiIm(wk̄)e2πiIm(w̄ǫ)

= e2πiIm(w−z)ǫ
∑

k∈Z2

h(z − k)e2πiIm(wk̄)

= e2πiIm(w−z)ǫZth(z, w),

where h(z) = f(z)e2πiIm(z̄ǫ). Therefore

‖T t
ǫ,2G−G‖L2

(Q[α0,1])
≤ ‖(e2πiIm(w−z)ǫ − 1)Zth‖

L
2
(Q[α0,1])

+ ‖Zth− Ztf‖
L
2
(Q[α0,1])

.

Choose same Nǫ as in Lemma 6.3.1 (i) to get

|(e2πiIm(w−z)ǫ − 1)| ≤ 2 ≤ 2π|ǫ|(1 + |ǫ|)Nǫ .

Then

‖(e2πiIm(w−z)ǫ − 1)Zth‖
L
2
(Q[α0,1])

≤ 2π|ǫ|(1 + |ǫ|)Nǫ‖f‖2.

Thus ‖T t
ǫ,2G−G‖L2

(Q[α0,1])
≤ 2π|ǫ|(1 + |ǫ|)Nǫ‖f‖2 + 8π|ǫ|‖f‖2.

Corollary 6.3.3. Let f, Zf, Z̄f ∈ L2(C), G = Ztf . For 0 < r < 1, fix α0 =

(z0, w0) ∈ Q(z0, r)×Q(w0, r) := Q[α0, r], z0 ∈ [−3
2 ,

3
2 ]× [−3

2 ,
3
2 ] and w0, ǫ ∈ C. Then

∫

Q[α0,r]
|T t

ǫ,1G(z, w) −G(z, w)|dzdw ≤ r2|ǫ|Cǫ
1,f (r) (6.11)
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and

∫

Q[α0,r]
|T t

ǫ,2G(z, w) −G(z, w)|dzdw ≤ r2|ǫ|Cǫ
2,f (r), (6.12)

where T t
ǫ,jG(z, w) is the twisted translation of G in the jth variable with lim

r→0
Cǫ
j,f (r) =

0 for j = 1, 2.

Proof. As in the proof of Theorem 6.3.2 we have

‖T t
ǫ,1G−G‖L2

(Q[α0,r])

≤ ‖
(
e2πiIm(z̄ǫ) − 1

)
Zt(τǫf)‖L2

(Q[α0,r])
+ ‖Zt(τǫf)− Ztf‖

L
2
(Q[α0,r])

= ‖
(
e2πiIm(z̄ǫ) − 1

)
Zt(τǫf) · χQ(z0,r)

‖
L
2
(Q[α0,1])

+‖(Zt(τǫf)− Ztf) · χQ(z0,r)
‖
L
2
(Q[α0,1])

≤ 8π|ǫ|‖f · χQ(z0,r)
‖2 +

15

2
π|ǫ|

(
‖Zf̃ · χQ(z0,r)

‖2 + ‖Z̄f̃ · χQ(z0,r)
‖2

+ ‖f̃ · χQ(z0,r)
‖2 + (1 + |ǫ|)Nǫ‖f · χQ(z0,r)

‖2
)
.

Again

‖T t
ǫ,2G−G‖L2

(Q[α0,r])

≤ ‖(e2πiIm(w−z)ǫ − 1)Zth‖
L
2
(Q[α0,r])

+ ‖Zth− Ztf‖
L
2
(Q[α0,r])

= ‖(e2πiIm(w−z)ǫ − 1)Zth · χQ(z0,r)
‖
L
2
(Q[α0,1])

+‖(Zth− Ztf) · χQ(z0,r)
‖
L
2
(Q[α0,1])

≤ 8π|ǫ|(1 + |ǫ|)Nǫ‖f · χQ(z0,r)
‖2 + 8π|ǫ|‖f · χQ(z0,r)

‖2.

Applying Cauchy–Schwartz inequality in the left hand side of (6.11) and (6.12) the

proof follows immediately, where

Cǫ
1,f (r) = 8π‖f · χQ(z0,r)

‖2 +
15

2
π
(
‖Zf̃ · χQ(z0,r)

‖2 + ‖Z̄f̃ · χQ(z0,r)
‖2

+ ‖f̃ · χQ(z0,r)
‖2 + (1 + |ǫ|)Nǫ‖f · χQ(z0,r)

‖2
)
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and

Cǫ
2,f (r) = 8π(1 + |ǫ|)Nǫ‖f · χQ(z0,r)

‖2 + 8π‖f · χQ(z0,r)
‖2.

Further, using the fact that ‖f.χQ(z0,r)
‖2 → 0 as r→ 0, we have lim

r→0
Cǫ
j,f(r) = 0 for

j = 1, 2.

Now we are in a position to state and prove the BLT. Motivated by the proof

of BLT on L2(R) (Coifman and Semmes [39], Benedetto et al. [19] etc.), we obtain

the following proof of BLT on L2(C).

Theorem 6.3.4. Let g ∈ L2(C). If the twisted Gabor system Gt(g, 1, 1) = {T t
(m,n)g :

m,n ∈ Z} forms an exact frame for L2(C), then ‖Zg‖2 ‖Z̄g‖2 = +∞.

Proof. Assume that {T t
(m,n)g} is an exact frame for L2(C). Then by Lemma 6.1.6

(v) we have

0 < A1/2 ≤ |Ztg| ≤ B1/2 <∞ a.e. (6.13)

Assume that both Zg and Z̄g ∈ L2(C). We will show that our assumption together

with (6.13) leads to a contradiction in the following three steps.

Step 1: (Construction of an continuous averaged function Gr(z, w) that approxi-

mating G(z, w) = Ztg(z, w).)

Let ρ(z, w) = χ
[0,1)

4(z, w) and for r > 0, let ρr(z, w) =
1

r4
ρ
(z
r
,
w

r

)
. Define

Gr(z, w) = G× ρr(z, w) =
∫

[0,1)
4
G(z − z′, w − w′)ρr(z

′, w′)e−2πiIm(z
¯
z
′

+w
¯
w

′

) dz′dw′.

Then Gr satisfies the following properties:

(a) |Gr(z1, w1)−Gr(z2, w2)|

≤ 2

(
π(r +max{|z1|, |w1|}) +

1

r

)
B

1
2 (|z1 − z2|+ |w1 − w2|) .

Using (6.13) we have

|Gr(z1, w1)−Gr(z2, w2)|
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=
1

r4

∣∣∣∣∣

∫

Q[z
∗

1 ,w
∗

1 ;r]
G(u, v)e2πiIm(z1 ū+w1v̄) dudv

−
∫

Q[z
∗

2 ,w
∗

2 ;r]
G(u, v)e2πiIm(z2 ū+w2v̄) dudv

∣∣∣∣∣

≤ 1

r4

∣∣∣∣∣

∫

Q[z
∗

1 ,w
∗

1 ;r]
G(u, v)

[
e2πiIm(z1ū+w1v̄) − e2πiIm(z2ū+w2v̄)

]
dudv

∣∣∣∣∣

+
1

r4

∣∣∣∣∣

∫

Q[z
∗

1 ,w
∗

1 ;r]
G(u, v)e2πiIm(z2 ū+w2v̄) dudv

−
∫

Q[z
∗

2 ,w
∗

2 ;r]
G(u, v)e2πiIm(z2 ū+w2v̄) dudv

∣∣∣∣∣

≤ 2π

r4
B

1
2 (|z1 − z2|(r + |z1|) + |w1 − w2|(r + |w1|)) |Q[z∗1 , w

∗
1; r]|

+
1

r4
B

1
2

∫

Q[z
∗

1 ,w
∗

1 ;r]∆Q[z
∗

2,w
∗

2 ;r]
dudv

≤ 2πB
1
2 (r +max{|z1|, |w1|}) (|z1 − z2|+ |w1 − w2|)

+
1

r4
B

1
2 |Q[z∗1 , w

∗
1 ; r]∆Q[z∗2 , w

∗
2 ; r]|

≤ 2

(
π(r +max{|z1|, |w1|}) +

1

r

)
B

1
2 (|z1 − z2|+ |w1 −w2|) ,

where ∆ is the symmetric difference operator and

Q[z∗j , w
∗
j ; r] = Q[zj −

r

2
(1 + i), wj −

r

2
(1 + i); r], j = 1, 2.

(b) (i) Gr(z, w + 1) = Gr(z, w) + ψ1,r(z, w) and Gr(z, w + i) = Gr(z, w) + ψ2,r(z, w),

(ii)

Gr(z + 1, w) = e2πiIm(w)Gr(z, w) + ψ3,r(z, w)

and

Gr(z + i, w) = e−2πiIm(iw)Gr(z, w) + ψ4,r(z, w),

where |ψj,r(z, w)| ≤ 2πB1/2r, j = 1, 2, 3, 4.

Gr(z, w + 1)
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=

∫

[0,1)
4
G(z − z′, w + 1− w′)ρr(z

′, w′)e−2πiIm(z
¯
z
′
+(w+1)

¯
w

′
) dz′dw′

=

∫

[0,1)
4
G(z − z′, w − w′)ρr(z

′, w′)e−2πiIm(z
¯
z
′
+w

¯
w

′
) dz′dw′ + ψ1,r(z, w)

= Gr(z, w) + ψ1,r(z, w),

where

ψ1,r(z, w) =

∫

[0,1)
4
(e−2πiIm(

¯
w

′

)−1)G(z−z′, w−w′)ρr(z
′, w′)e−2πiIm(z

¯
z
′

+w
¯
w

′

) dz′dw′.

Further

|ψ1,r(z, w)|

=

∣∣∣∣∣

∫

[0,1)
4
(e−2πiIm(

¯
w

′

) − 1)G(z − z′, w − w′)ρr(z
′, w′)e−2πiIm(z

¯
z
′

+w
¯
w

′

) dz′dw′
∣∣∣∣∣

≤ B1/2
∫

[0,1)
4
|2πIm(w̄′)|ρr(z′, w′) dz′dw′ ≤ 2πB1/2r.

Similarly we can obtain the other identities with |ψj,r(z, w)| ≤ 2πB1/2r, j = 2, 3, 4.

(c) Fix (z, w), (z′ , w′) ∈ C
2 and using (a) one has

|G(z, w) −Gr(z, w)|
≥ |G(z, w)| − |Gr(z, w) −Gr(z

′, w′)| − |Gr(z
′, w′)|

≥ A
1
2 − 2B

1
2

(
π(r +max{|z|, |w|}) + 1

r

)
(|z − z′|+ |w − w′|)− |Gr(z

′, w′)|.

In particular for fixed (z, w) ∈ [0, 1)4, c < 1 and (z, w) ∈ Q[z′, w′; cr] we have

|G(z, w) −Gr(z, w)|

≥ A
1
2 − 2cr

(
π(cr +max{|z|, |w|}) + 1

cr

)
B

1
2 − |Gr(z

′, w′)|. (6.14)

Step 2: For any (z0, w0) ∈ [0, 1)4, c < 1 and r < 1 we have

c4r4(A
1
2 − 2crcrz,wB

1
2 − |Gr(z

′, w′)|)
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≤
∫

Q[z,w;cr]
|G(z, w) −Gr(z, w)|dzdw

≤ c2r4C(r), (6.15)

where crz,w =
(
π(cr +max{|z|, |w|}) + 1

cr

)
and C(r) is independent on the point

(z, w) and

lim
r→0

C(r) = 0. (6.16)

∫

Q[z0,w0;cr]
|G(z, w) −Gr(z, w)| dzdw

≤
∫

[0,1)
4
|ρr(z′, w′)|

∫

Q[z0,w0;cr]
|G(z, w) −G(z, w − w′)e−2πiIm(w

¯
w

′

)|dz′dw′dzdw

+

∫

[0,1)
4
|ρr(z′, w′)|

∫

Q[z0,w0;cr]

∣∣G(z, w − w′)

−G(z − z′, w − w′)e−2πiIm(z
¯
z
′

)

∣∣∣∣ dz
′dw′dzdw

≤
∫

[0,1)
4
|ρr(z′, w′)|

∫

Q[z0,w0;cr]

∣∣∣∣G(z, w) −G(z, w − w
′)e−2πiIm(w

¯
w

′

)

∣∣∣∣ dzdwdz
′dw′

+

∫

[0,1)
4
|ρr(z′, w′)|

∫

Q[z0,w0−w
′

;cr]

∣∣∣∣G(z, s) −G(z − z
′, s)e−2πiIm(z

¯
z
′

)

∣∣∣∣ dzdsdz
′dw′.

Using Corollary 6.3.3 and the fact that |z′| < 1, |w′| < 1, we have |Cz
′

1,g(r)| < C1,g(r)

and |Cw
′

2,g(r)| < C2,g(r), where

C1,g(r) = 8π‖g · χQ(z0,r)
‖2 +

15

2
π
(
‖Zg̃ · χQ(z0,r)

‖2 + ‖Z̄g̃ · χQ(z0,r)
‖2

+ ‖g̃ · χQ(z0,r)
‖2 + 2‖g · χQ(z0,r)

‖2
)

and C2,g(r) = 16π‖g ·χQ(z0,r)
‖2 +8π‖g ·χQ(z0,r)

‖2. Putting C(r) = C1,g(r)+C2,g(r)

we get (6.16). Then the inequality (6.15) can be obtained by (6.14) and applying

Cauchy-Schwartz inequality in the last term of the above calculation.

Step 3: Claim: inf
(z,w)∈[0,1)4

|G(z, w)| = 0.

From (6.15) we get |Gr(z
′, w′)| ≥ A

1
2 −2crcrz,wB

1
2 − C(r)

c
2 . Choose c < 1 such that
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A
1
2 − 2crcrz,wB

1
2 > A

1
2

2 and letting r → 0 we get |Gr(z, w)| ≥ A
1
2

2 . Since Gr(z, w)

is continuous real valued function on [0, 1)4 (see [118], pp. 377-385), there exists a

continuous real valued function θr such that Gr(z, w) = |Gr(z, w)|eiθr(z,w). Define

δ1,r(z, w) = 1 +
ψ1,r(z, w)

Gr(z, w)
,

δ2,r(z, w) = 1 +
ψ2,r(z, w)

Gr(z, w)
,

δ3,r(z, w) = 1 +
ψ3,r(z, w)

e2πiIm(w)Gr(z, w)
,

δ4,r(z, w) = 1 +
ψ4,r(z, w)

e−2πiIm(iw)Gr(z, w)
.

Clearly δj,r is continuous and non vanishing on [0, 1]4 for each r > 0 and every

j = 1, 2, 3, 4. Therefore there exists a continuous real valued function θj,r such that

δj,r(z, w) = |δj,r(z, w)|eiθj,r(z,w) for j = 1, 2, 3, 4. Since

Gr(z, w + 1) = Gr(z, w)δ1,r(z, w),

Gr(z, w + i) = Gr(z, w)δ2,r(z, w),

Gr(z + 1, w) = e2πiIm(w)Gr(z, w)δ3,r(z, w),

Gr(z + i, w) = e−2πiIm(iw)Gr(z, w)δ4,r(z, w),

for each r > 0 and for all z, w ∈ [0, 1] × [0, 1], there are integers Ir, Jr,Kr and Lr

such that

θr(z, 1) = θr(z, 0) + θ1,r(z, 0) + 2πIr,

θr(z, i) = θr(z, 0) + θ2,r(z, 0) + 2πJr,

θr(1, w) = 2πIm(w) + θr(0, w) + θ3,r(0, w) + 2πKr,

θr(i, w) = −2πIm(iw) + θr(0, w) + θ4,r(0, w) + 2πLr.

Now

0 = [θr(0, 1) − θr(0, i)] + [θr(0, i) − θr(i, i)] + [θr(i, i) − θr(i, 1)]
+[θr(i, 1) − θr(0, 1)]

= [θ1,r(0, 0) − θ2,r(0, 0) + 2π(Ir − Jr)] + [−θ4,r(0, i) − 2πLr]

+[θ2,r(i, 0) − θ1,r(i, 0) + 2π(Jr − Ir)] + [−2π + θ4,r(0, 1) + 2πLr]

= θ1,r(0, 0) − θ2,r(0, 0) − θ4,r(0, i) + θ2,r(i, 0) − θ1,r(i, 0) − 2π + θ4,r(0, 1).
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Letting r → 0 we get 0 = −2π, a contradiction.

Remark 6.3.5. Using Plancherel formula for Weyl transform we have

‖Zg‖2‖W (g)A∗‖C2
=

1

2
‖Zg‖2 ‖Z̄g‖2 = +∞.

This expression is analogous to the conclusion of the classical BLT.

6.4 Uncertainty Principle Approach to BLT

Motivated by the proofs of BLT for orthonormal basis and Riesz basis (see [16, 43]),

we prove several versions of BLT on L2(C) analogously. We start with a variation

of Heigenberg’s uncertainty inequality for L2(C).

Theorem 6.4.1. Let f ∈ L2(C). Then

∫

C

|Zf(z)|2 dz +
∫

C

|Z̄f(z)|2 dz ≥ 2‖f‖22.

Proof. Let S(C) be the collection of all Schwartz class functions on C. Let f ∈
S(C) ⊂ L2(C). Therefore

‖Zf‖22 =

∞∑

m,n=0

|〈Zf, φm,n〉|2 =
∞∑

m,n=0

|〈f, Z̄φm,n〉|2

=
∞∑

m,n=0

(2n+ 2)|〈f, φm,n+1〉|2 =
∞∑

m,n=0

2n|〈f, φm,n〉|2 (6.17)

and

‖Z̄f‖22 =
∞∑

m,n=0

|〈Z̄f, φm,n〉|2 =
∞∑

m,n=0

|〈f, Zφm,n〉|2

=

∞∑

m,n=0

2n|〈f, φm,n−1〉|2 =
∞∑

m,n=0

(2n + 2)|〈f, φm,n〉|2. (6.18)
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Using equations (6.17) and (6.18) we get

‖Zf‖22 + ‖Z̄f‖22 =
∞∑

m,n=0

(4n + 2)|〈f, φm,n〉|2 ≥ 2

∞∑

m,n=0

|〈f, φm,n〉|2 = 2‖f‖22.

Using the fact that Zφm,0 = 0 for m = 0, 1, 2 · · · we conclude that equality holds in

the above inequality if and only if n = 0 i.e. f =
∑∞

m=0 cmφm,0.

6.5 The Weak BLT

Let us start with the following lemma.

Lemma 6.5.1. The operator T t
(m,n) commutes with Z and Z̄ i.e. T t

(m,n)Z = ZT t
(m,n)

and T t
(m,n)Z̄ = Z̄T t

(m,n).

Proof. Enough to show that the commutators [Z, T t
(m,n)] = [Z̄, T t

(m,n)] = 0. For a

Schwartz class function f on C we have

〈[Z̄, T t
(m,n)]f, f〉 = 〈Z̄T t

(m,n)f − T t
(m,n)Z̄f, f〉

= 〈Z̄T t
(m,n)f, f〉 − 〈T t

(m,n)Z̄f, f〉
= −〈f, T t

(−m,−n)Zf〉+ 〈f, ZT t
(−m,−n)f〉

= −〈W (f), iπ(−m,−n)W (f)A〉+ 〈W (f), iπ(−m,−n)W (f)A〉
= 0.

Similarly we can show that [Z, T t
(m,n)] = 0.

Hereafter let us denote T t
(m,n)g as gm,n for simplicity.

Theorem 6.5.2. Assume g ∈ L2(C) is such that {gm,n} is an exact twisted Ga-

bor frame for L2(C) and g̃ be the dual function. Then we cannot have all of

Zg,Zg̃, Z̄g, Z̄g̃ ∈ L2(C), i.e., we must have ‖Zg‖2 ‖Zg̃‖2 ‖Z̄g‖2 ‖Z̄g̃‖2 = +∞.

Proof. Assume that Zg,Zg̃, Z̄g, Z̄g̃ ∈ L2(C). Since {gm,n} is a twisted Gabor frame
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for L2(C), any f ∈ L2(C) can be expressed as

f =
∑

m,n

〈f, gm,n〉g̃m,n =
∑

m,n

〈f, g̃m,n〉gm,n.

Using Lemma 6.5.1 we get

〈Zg,Zg̃〉 =
∑

m,n

〈Zg, g̃m,n〉〈gm,n, Zg̃〉 =
∑

m,n

〈g−m,−n, Z̄g̃〉〈Z̄g, g̃−m,−n〉

=
∑

m,n

〈Z̄g, g̃m,n〉〈gm,n, Z̄g̃〉 = 〈Z̄g, Z̄g̃〉. (6.19)

Therefore, bi-orthogonality relation (Proposition 5.4.8 of [35], pp. 101) and the

above equality gives

1 = 〈g, g̃〉 = −1

2

(
〈g, [Z, Z̄ ]g̃〉

)
= −1

2
(〈Zg,Zg̃〉 − 〈Z̄g, Z̄ g̃〉) = 0,

a contradiction.

Remark 6.5.3. If the twisted Gabor frame {gm,n} forms an orthonormal basis then

g = g̃ and the above theorem is precisely analogue of Battle’s proof of BLT in [16].

The BLT will follow from the weak BLT if Z̄g ∈ L2(C) ⇔ Zg̃ ∈ L2(C) and Zg ∈
L2(C) ⇔ Z̄g̃ ∈ L2(C). However we show that BLT and weak BLT are actually

equivalent.

Proposition 6.5.4. If g ∈ L2(C) and {gm,n} is an exact twisted Gabor frame for

L2(C), then there is a unique g̃ ∈ L2(C) such that Ztg̃ = 1/Ztg.

Proof. Let h = Zt−1
(

1

Z
t
g

)
. By Lemma 6.1.6 (v), h is well defined and h ∈ L2(C).

Let z = x + iy and w = r + is ∈ C. Using Lemma 6.1.6 (ii) and bi-orthogonality

relation (Proposition 5.4.8 of [35], pp. 101) we have

〈h, gm,n〉 = 〈Zth,Ztgm,n〉

=

∫

Q×Q

1

Ztg(z, w)
e−2πi(x.n−y.m)e−2πi(s.n−t.m)Ztg(z, w) dzdw

= δm,0δn,0 = 〈g̃, gm,n〉, ∀ m,n ∈ Z.
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Since {gm,n} is complete in L2(C) and h, g̃ ∈ L2(C), it follows that h = g̃.

Theorem 6.5.5. If g ∈ L2(C) and {gm,n} is an exact twisted Gabor frame for

L2(C), then

Z̄g ∈ L2(C)⇔ Zg̃ ∈ L2(C) and Zg ∈ L2(C)⇔ Z̄g̃ ∈ L2(C).

Proof. Assume that Zg ∈ L2(C). Then

Zt(Zg)(z, w) =
∑

k

Zg(z − k)e2πiIm(w.k̄) =
∑

k

( d
dz

+
1

2
z̄
)
g(z − k)e2πiIm(w.k̄)

= ∂z(Z
tg)(z, w) +

1

2
z̄(Ztg)(z, w) − 1

2π
∂w(Z

tg)(z, w). (6.20)

Similarly,

Zt(Z̄g)(z, w) = ∂z̄(Z
tg)(z, w) − 1

2
z(Ztg)(z, w) − 1

2π
∂w̄(Z

tg)(z, w). (6.21)

Now using Proposition 6.5.4, we compute

Zt(Zg̃)(z, w) = ∂z(Z
tg̃)(z, w) +

1

2
z(Ztg̃)(z, w) − 1

2π
∂w(Z

tg̃)(z, w)

= ∂z̄

(
1/Ztg

)
(z, w) +

z/2

(Ztg)(z, w)
− 1

2π
∂w̄(1/Z

tg)(z, w)

= −∂z̄(Z
tg)(z, w)

(Ztg)2(z, w)
+
z

2

(Ztg)(z, w)

(Ztg)2(z, w)
+

1

2π

∂w̄(Z
tg)(z, w)

(Ztg)2(z, w)

= −∂z̄(Z
tg)(z, w) − z

2(Z
tg)(z, w) − 1

2π∂w̄(Z
tg)(z, w)

(Ztg)2(z, w)

= −Z
t(Z̄g)(z, w)

(Ztg)2(z, w)
. (6.22)

Thus it follows that Z̄g ∈ L2(C) ⇔ Zg̃ ∈ L2(C) provided all the calculations are

justified in distribution point of view. Similarly the other equivalent relation can be

obtained.

Remark 6.5.6. Let g ∈ L2(C) and {gm,n} be an exact twisted Gabor frame for
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L2(C). Then the following statements hold.

(i) The functions L
1
2 g and L

1
2 g̃ cannot both be in L2(C): If L

1
2 g ∈ L2(C), then

‖L
1
2 g‖22 = 〈L

1
2 g, L

1
2 g〉 = 〈g, Lg〉 = 1

2
(‖Zg‖22 + ‖Z̄g‖22).

Therefore

L
1
2 g ∈ L2(C)⇔ Zg, Z̄g ∈ L2(C).

Now if L
1
2 g and L

1
2 g̃ ∈ L2(C) then Zg, Z̄g, Zg̃, Z̄g̃ ∈ L2(C), contradicting the

Theorem 6.5.2.

(ii) The functions ZZ̄g and Z̄Zg cannot both be in L2(C): If ZZ̄g, Z̄Zg ∈ L2(C),

then

Lg ∈ L2(C) and L
1
2 g = L− 1

2 (Lg) ∈ L2(C).

This would imply Zg, Z̄g ∈ L2(C), a contradiction to Theorem 6.3.4.

(iii) The functions Lg and g cannot both be in L2(C).

(iv) Consider the operators R and R̄ (Riesz transforms) defined by

Rg = ZL− 1
2 g and R̄g = Z̄L− 1

2 g.

Then the functions Z̄Rg and ZR̄g cannot both be in L2(C): If Z̄Rg, ZR̄g ∈
L2(C), then

L
1
2 g = −1

2
(Z̄Z + ZZ̄)L− 1

2 g = −1

2
(Z̄R+ ZR̄)g ∈ L2(C),

leading to a contradiction.

The classical uncertainty inequality on L2(R) can be written as

‖|x|f‖2 ‖(−∆)
1
2 f‖2 ≥

1

2
‖f‖2,

where (−∆)
1
2 is defined by ((−∆)

1
2 f )̂ (ξ) = |ξ|f̂(ξ). If we consider the special Her-

mite operator L on C, then the inequality on L2(C) has the form ‖|z|f‖2 ‖L
1
2 f‖2 ≥
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1
2‖f‖2 (see [130]). Therefore we consider the following:

Remark 6.5.7. Let g ∈ L2(C) and {gm,n} be an exact twisted Gabor frame for

L2(C). Then the functions L
1
2 g and |z|g cannot both be in L2(C): We have

L
1
2 g ∈ L2(C)⇔ Zg, Z̄g ∈ L2(C).

If |z|g ∈ L2(C), then by Lemma 6.3.1(i), ‖g̃ − g‖2 ≤ 2π|ǫ|‖|z|g‖2 and the upper

bounds in Lemma 6.3.1(ii) and (iii) can be obtained accordingly. Then proceeding

exactly as in Theorem 6.3.4, we get ‖L
1
2 g‖2 ‖|z|g‖2 =∞.

bac
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Chapter 7

Future Work

In this chapter, we describe some problems related to the results discussed

in this thesis. In [111], the generalized Fourier transform on L2(R) is defined in

connection with the differential-difference operator. One can investigate Balian-Low

type theorems (as discussed in Chapter 6) with respect to the generalized Fourier

transform. We first introduce the differential-difference operator in the following

section.

7.1 The Differential-Difference Operator

Let us consider the differential-difference operator Λ on R, given by

Λf =
df

dx
+
A′(x)
A(x)

(
f(x)− f(−x)

2

)
, (7.1)

where

A(x) = |x|2α+1B(x), α > −1

2
.

B being a positive C∞ even function on R.

For λ ∈ C, the differential-difference equation:




Λu = iλu, λ ∈ C,

u(0) = 1,

(7.2)

145
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admits a unique C∞ solution on R, denoted by Φλ and given by

Φλ(x) =




φλ(x) +

1
iλ

d
dxφλ(x) if λ 6= 0,

1 if λ = 0,

(7.3)

where φλ denotes the solution of the differential equation

∆u = −λ2u, u(0) = 1, u′(0) = 1

and ∆ being the second-order singular differential operator defined by

∆ =
1

A(x)

d

dx

(
A(x)

d

dx

)
.

Moreover, Φλ is entire in λ. For a detailed study of the differential-difference oper-

ator, we refer to [50].

7.2 The Generalized Fourier Transform

Let us denote D(R) as the space of compactly supported C∞ functions on R.

Definition 7.2.1. The generalized Fourier transform FG of function f ∈ D(R) is

defined by

(FGf)(λ) =

∫

R

f(x)Φ−iλ(x)A(x) dx, λ ∈ C. (7.4)

The important properties of this generalized Fourier transform is given by the

following theorem ([111], Theorem 2.2):

Theorem 7.2.2. (Plancherel) (i) There is an even positive tempered measure σ

(and only one) on R such that for all f ∈ L1 ∩ L2(R, A(x) dx),

∫

R

|f(x)|2A(x) dx =

∫

R

|(FGf)(λ)|2dσ(λ).

(ii) The generalized Fourier transform FG extends uniquely to a unitary isomor-

phism from L2(R, A(x) dx) onto L2(R, σ).

TH-1693_126123015



7.2. The Generalized Fourier Transform 147

Now we list few problems that can be explored using the generalized Fourier

transform.

• (BLT). Let g ∈ L2(R) and α, β > 0 satisfy αβ = 1. If the Gabor system

G(g, α, β) is an exact frame for L2(R), then can we prove that

‖xg(x)‖2‖λ(FGg)(λ)‖2 = +∞?

• (Amalgam BLT). Let g ∈ L2(R) and α, β > 0 satisfy αβ = 1. If the Gabor

system G(g, α, β) is an exact frame for L2(R), then can we prove that

g /∈W (C0, L
1) and FGg /∈W (C0, L

1)?

It is well known that if {eimβxg(x− nα) : m,n ∈ Z} is a Gabor frame for L2(R)

with bounds A,B, then the following inequalities hold:

A ≤ 2π

β

∑

n∈Z
|g(x − nα)|2 ≤ B, a.e.

and

A ≤ 1

α

∑

m∈Z
|ĝ(w −mβ)|2 ≤ B, a.e.

In [144], the authors proved the similar inequalities for multi-generated irregular

Gabor frames. One can investigate the similar problem using the generalized Fourier

transform.

Problem 5.2.3 in chapter 5, leads to the following problem, posed by Heil and

Larson [92] and answer of this problem is still unknown.

Problem 7.2.3. Let {wn}n∈N be an orthonormal basis for H. Find a characteri-

zation of all positive semi-definite trace-class operators T that are of Type B with

respect to {wn}n∈N.

bac
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basis with exponential decay, SIAM J. Math. Anal., 22:554–573 (1991).

[43] I. Daubechies and A. J. E. M. Janssen, Two theorems on lattice expansions,

IEEE Trans. Inform. Theory, 39(1):3–6 (1993).

[44] I. Daubechies, H. J. Landau and Z. Landau, Gabor time-frequency lattices and

the Wexler-Raz identity, J. Fourier Anal. Appl., 1(4):437–478 (1995).

[45] J. Diestel and J. J. Uhl, Jr., Vector measures, Math. Surveys, Amer. Math.

Soc., Providence 15 (1977).

[46] M. Dörfler, H. G. Feichtinger and K. Gröchenig, Time-frequency partitions for
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[82] K. Gröchenig, C. Heil and K. Okoudjou, Gabor analysis in weighted amalgam

spaces, Sampl. Theory Signal Image Process, 1:225–259 (2002).
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