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Abstract

A systematic investigation of the coupled adhesion and friction in gecko spatula

peeling from a flat, rigid substrate is carried out using a computational model. A

framework capable of resolving atomic-scale interactions as well as the finite defor-

mations of the interacting bodies is developed within the setting of nonlinear finite

element (FE) analysis. A surface enrichment strategy is employed to accurately and

efficiently capture the nonlinear van der Waals forces at the interface.

It is shown that partial sliding of the spatula in the peeling zone stretches the

spatula, increasing its strain energy. This increase in strain energy is much higher for

low peeling angles, which leads to an increase in the maximum pull-off forces. The

spatula is shown to detach at a constant critical detachment angle, irrespective of

the peeling angle and the shaft angle. It is also shown that the “frictional adhesion”

behaviour, until now only observed from seta to toe levels, is also present at the

spatula level. A detailed parametric study is carried out to investigate the influence

of various parameters – such as the peeling angle, spatula shaft angle, spatula pad

thickness, material stiffness, friction coefficient, and shaft length – on the pull-

off forces and the critical detachment angle. It is shown that increasing the pad

thickness beyond a certain level does not lead to a significant increase in the pull-off

forces. Further, for pad thickness greater than 10 nm, for large peeling and shaft

angles, the sliding of the spatula on the substrate is not observed. This behaviour

is found to influence the invariance of the critical detachment angle. Even though

decreasing the material stiffness, increases the pull-off forces due to the increase in

compliance, it also increases the stresses inside the narrow peeling zone, which could

potentially lead to material failure. For small friction coefficients, it is observed that

the pull-off forces remain constant at low peeling angles. It has also been observed

that the critical detachment angle remains invariant for a wide range of spatula

shaft lengths. Comparison of the FE simulations using two-dimensional (2D) and

three-dimensional (3D) spatula models strongly indicates that the 2D model can

capture almost all the essential features of the peeling behaviour.

Bayesian regularization based backpropagation learning method is used to train

an artificial neural network (ANN) models to predict certain aspects of the spatula

peeling behaviour. It is shown that by augmenting the FE models with ANNs, a

significant reduction in computational cost can be achieved without compromising

on the accuracy.

Since the current computational framework is not limited by geometrical, kine-

matical, and material restrictions, it can be applied to analyse various features of

the gecko adhesive system as well as similar biological adhesive systems.
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Chapter 1

Introduction

The extraordinary locomotion ability of geckos on all kinds of surfaces in nature

and their ability to stick to surfaces even in an inverted position has long fasci-

nated humankind. This fascination to understand and mimic gecko adhesion has

generated a vast amount of scientific literature in the last two centuries. However,

gecko adhesion research has greatly accelerated since the turn of the 21st century

following the breakthrough work of Autumn et al. [1, 2], which revealed the clinging

mechanism at the micro and nanoscales. This elucidation of adhesion mechanics led

to a renewed interest in studying gecko adhesion and locomotion through the lenses

of biology, material science, physics, micro and nanoscale engineering. Further, it

has been revealed that gecko adhesive pads exhibit remarkable properties such as

reversible and anisotropic adhesion, material independent adhesion, self-cleaning,

anti-self matting [3]. This knowledge of gecko adhesion has inspired researchers

to design and manufacture gecko-inspired synthetic adhesives that have found their

way into a wide variety of applications (see Fig. 1.1) such as wall climbing robots [4–

8], wearable medical devices [9], adhesive grippers for reduced gravity and space ap-

plications [10–12], and human climbing aides [13, 14].

1.1 Background on gecko adhesion

In the course of evolution, Gekkonid lizards (Geckos) started diverging from other

lizards over two hundred million years ago [15]. Then, at least a hundred million

years ago, geckos started evolving adhesive structures on their toe pads [16]. Al-

though the adhesion capabilities of geckos were known to humans since the time of

Aristotle [17], adhesive pad morphology has been discovered only in the 19th cen-

tury [18–20]. These adhesive pads are found to have overlapping plate-like structures

referred to as scansors, which are populated by microscopic keratinous hair-like out-

growths called setae [21].
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(a)

(b)

(c)

Figure 1.1: Applications of gecko synthetic adhesives (a) A miniature 9 g µtugbot
climber hoisting two other gecko inspired robots Stickybot I and Stickybot III (Inset,
View from the ceiling, looking down at the robots). Source: Biomimetics and Dexterous
Manipulation Lab, Stanford University ; (b) An attached skin-adhesive film to human
forearm; dashed red line indicates the interfacing border between the adhesive film and
the skin. Scale bar: 1 cm. Reproduced with permission from Drotlef et al. [9] ; (c)
Catching objects in microgravity using a gecko inspired adhesive gripper. Reproduced
with permission from Jiang et al. [10].
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With advances in instrumentation, researchers were able to conduct functional

studies of adhesive pad morphology, and various hypotheses were put forward to

explain how geckos cling to different surfaces. Initially, two major theories of ad-

hesion mechanism were advanced, viz. adhesive secretion and suction. However,

Cartier [20] disproved the adhesive secretion theory citing the absence of secretory

glands. The theory of scansors acting like suction cups and generating vacuum was

widely suggested [18, 19, 21–23]. Whereas, Schmidt [24] believed that electrostatic

attraction was the key to gecko adhesion. However, Dellit [25] disproved the vac-

uum hypothesis using carefully conducted experiments in a vacuum and showed

that there was no difference in clinging forces as compared to normal conditions.

Dellit [25] also refuted Schmidt’s [24] electrostatic force theory by using X-rays to

ionise the atmosphere and yet geckos still adhered to the surfaces. Dellit advanced

the hypothesis that the geckos use setae as hooks to interlock with microscopic ir-

regularities (surface roughness) in the surface. At the beginning of the 20th century,

Haase [26] hypothesized that intermolecular forces (adhäsion) are responsible for

attachment. Haase [26] also observed that adhesion depended on the load and oc-

curred only in the proximal direction (towards the animal), i.e. along the axis of the

toe. Hora [27] observed that gecko attached to the surface only when the gecko is

dragged backwards on a substrate and theorised that setae work simply as frictional

devices with a very high coefficient of friction. Mahendra [28] performed various

experiments on Indian house-gecko and reviewed various adhesion theories of that

time. He criticized Haase’s [26] hypothesis of intermolecular forces as it could not

explain how a gecko can generate such high intermolecular forces and yet is able

to detach quickly facilitating its rapid locomotion. Further, Mahendra [28] also

objected to Hora’s [27] theory of attachment via frictional forces following which it

would be impossible for the gecko to stay attached on a vertical surface. With grav-

itational force acting vertically downwards, there is no normal force pressing down

on the gecko pads to generate friction. Based on his experimental observations,

Mahendra [28] agreed with Dellit’s theory of setae interlocking.

Maderson [29] examined the setal structures on adhesive pads of a tokay gecko

(Gekko gecko) more closely using a light microscope. He observed that the setae

are very long and thin structures and have further terminal structures on them.

Based on his observations, he cast doubts on the hypotheses of Mahendra [28] and

Altevogt [30] that the adhesion is achieved by using the setae as hooks. Although

light microscopy could not resolve the terminal structures on the setae, Mader-

son [29] observed that they are of the order 0.5 µm - 0.1 µm. Hence, Maderson [29]

argued that it is not possible that the setae can be used as hooks to cling to the

surface of the glass as there is no evidence that glass has irregularities of size com-

parable to that of terminal structures. Further, Maderson argued that electrostatic

forces could not be ruled out as an adhesion mechanism.
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Ruibal and Ernst [31], for the first time, used scanning electron microscopy to

resolve the entire hierarchical pad morphology of geckos and anoline lizards. The

authors have observed that in the case of anoline lizards, each seta terminates in a

single spatula-like structure with width in the range of 0.6 - 0.8 µm. However, in

case of tokay gecko, each seta on the adhesive pad branches into hundreds of flat

nanoscale spatula-like structures (Figure 1.2) having a maximum width of 0.28 µm.

This discovery of a large number of spatulae on setae, Ruibal and Ernst [31] argued,

refutes the hypothesis of climbing by setae interlocking as pointed out previously

by Maderson [29]. They proposed that adhesion appears to be due to friction.

Previously, Dellit [25] observed that the setae of geckos are proximally curved,

i.e. towards the animal and that, as pointed out by Haase [26] and Hora [27],

attachment occurs only when the pads (and hence setae) are dragged proximally.

As such, Dellit favoured the theory of setae interlocking. Ruibal and Ernst [31],

however, observed that proximal dragging of the pads in anoline lizards exerts a

tension on the seta and straightens it, which causes the spatula to flattens against

the substrate. Thus increasing the area of contact and hence the frictional force.

The authors believed that similar surface phenomenon happens in case of geckos

and aids in their attachment to a wide variety of substrates.

(a)

(b)

Figure 1.2: Electron microscopy images of a single seta of a tokay gecko (Gekko gecko):
(a) Terminal branching of the seta displaying spatular ends; (b) Enlarged view of the
spatulae. Reproduced with permission from Ruibal and Ernst [31].

A turning point in gecko adhesion research came about with Hiller’s [32–34] series

of observational and experimental investigations into functional morphology of gecko

adhesive system using scanning electron microscopy. He studied gecko adhesion on

different substrates with varying surface tensions. It was observed that clinging
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ability is directly proportional to the free surface energy of the surface. Hiller’s

experiments revealed that the setae adhered more strongly to hydrophilic surfaces

when compared to hydrophobic surfaces. These observations strongly implied that

as the surface energy increased, the adhesive strength increased. Based on these

results, Hiller [32–34] argued that geckos employ intermolecular forces to adhere to

surfaces as hypothesized first by Haase [26]. However, Hiller commented that which

type of intermolecular forces are the dominant mechanism needs to be determined.

Stork [35] studied the adhesion of beetles Chrysolina Polita, which also contain

fibrillar (hairy) structures on their legs, on different surfaces. Based on his obser-

vations, Stork suggested that beetles and in general many animals which employ

fibrillar structures to adhere most likely make use of molecular adhesion with the

substrate. Further, he argued that particularly van der Waals forces are more likely

to be the mechanism of adhesion as they are present all the time. Stork observed

that although van der Waals forces are weak, the sheer number of nanoscale spatulae

making intimate contact with substrates could generate huge adhesive forces. Stork

also observed that a thin fluid layer probably increases the adhesive forces due to

capillary forces, but a thicker fluid layer reduces the adhesion due to intermolecular

forces. Irschick et al. [36] conducted a comparative phylogenetic analysis of differ-

ent lizard species having adhesive pads to understand the correlation between the

attachment forces generated by the whole animal, total subdigital pad area, and

body mass. It was observed that clinging ability is directly related to the pad area,

even without considering the effect of body size. The clinging force increased more

rapidly than the pad area as the body size is increased. However, it was observed

that after removing the body size effects, 50% of the variation in clinging ability

could not be explained. Out of the fourteen lizards tested by Irschick et al. [36],

the tokay gecko (Gekko gecko) has the largest body mass of ≈ 43 g, pad area of

≈ 227 mm2, and its two front feet can generate a total force of ≈ 20 N, which is al-

most 50 times its body weight. The tokay geckos are the heaviest animals known to

employ hierarchical fibrillar structures to adhere [37]. Indeed, most of the insights

into gecko adhesion have been obtained due to extensive studies carried out on the

tokay gecko. More detailed reviews about the history and the development of the

understanding of gecko adhesive structures and their function can be found in the

papers by Russell [38], Autumn and Peattie [39], Autumn [40], Autumn et al. [15],

Russell et al. [41], and the references therein.

1.2 Progress in gecko adhesion research

Although there was a general understanding of gecko adhesion mechanism (inter-

molecular forces), until Autumn et al.’s [1] work, there has been no significant
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effort in reconciling the animal level adhesion, and the way setae are deployed at

the microscopic level. Also, which type of the intermolecular forces (e.g. capillary

forces, van der Waals forces) are actually responsible for gecko adhesion was also

not clear. For the first time, Autumn et al. [1] performed experiments on an iso-

lated seta of the tokay gecko and measured the clinging force it generates. Autumn

et al. [1] used microelectromechanical (MEMS) force measurement methods the

clinging force generated by a single seta of the tokay gecko as shown in Figure 1.3.

Initially, when the seta is brought into contact with the substrate and is removed

by applying a perpendicular load, it did not adhere to the surface. Also, when the

seta is dragged against its natural curvature, it resulted in forces as small as 0.3 µN.

However, when the seta is pressed into the surface with some preload a shear force

of ≈ 40 µN is measured, which is six times the clinging force predicted by Irschick

et al.’s [36] whole-animal measurements. Further, with a maximum perpendicular

preload of 15 µN and a maximum parallel drag of 5 µm, the shear force measured

increased significantly to 194±25 µN. This increase in the force generated is due to

the fact that with a preload and subsequent parallel drag the pads of the terminal

spatulae at the end of the seta come into contact with the substrate thus increasing

the area over which the adhesive forces are acting.

Despite generating such large forces, Autumn et al. [1] found that, as the seta

is pulled away from the surface of a wire as shown in Figure 1.3(G), the seta de-

tached when the angle that the setal shaft makes with the wire surface is increased

above 30.6 ± 1.8◦. Further, Autumn et al. [1] found that this detachment angle

varied only by 15% over a wide range of perpendicular forces. Moreover, as the

detachment angle is increased above 30◦, the seta detached instantaneously with-

out any measurable force. This easy detachment behaviour is also observed by

theoretical [42] and computational [43] models analysing the seta attachment and

detachment. Sitti and Fearing [42] modelled the seta as a cantilever beam with a

spherical spatula end. According to their model, just by changing the direction of

the applied pull-off force, the contact between the spatula and the substrate can be

broken easily. Inspired from the hierarchical structure of the gecko adhesive system,

Sitti and Fearing [42] also proposed different methods to fabricate synthetic gecko

setae and spatulae. They discussed different design parameters to achieve better

adhesion such as the orientation of the setae, compliance to stick to a rough surface,

material stiffness, and density for ensuring non-matting. Gao et al. [43] studied the

design of gecko seta, which enables it strong attachment and easy detachment using

a finite element (FE) model of the seta. The interaction between the seta and a

rigid substrate is modelled by employing cohesive elements at the interacting in-

terface. It is observed that when the seta is pulled at an angle less than 30◦, the

adhesive bonds between the seta and the substrate fail as the seta starts sliding on
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Figure 1.3: Hierarchical fibrillar structures of a Tokay gecko and the apparatus used for
measuring the seta force measurement:
(A) to (E) show the hierarchy of the adhesive system from the gecko, toe, arrays of seta,
seta, and spatulae, respectively;
(F) A single seta attached to a microelectromechanical (MEMS) sensor. The seta is
dragged along the direction of the arrow shown and parallel forces generated are mea-
sured;
(G) Seta adhering to a aluminium bonding wire. The arrow indicates the direction (per-
pendicular to the surface) the seta is pulled. The forces perpendicular detachment forces
are then measured. Here α denotes the angle between the shaft of the seta and the wire.
Reproduced with permission from Autumn and Peattie [39].
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the substrate and eventually the seta detaches from the substrate. However, when

the seta is pulled at more than 30◦, the seta simply detaches from the substrate

without sliding. Chen et al. [44] studied the reversible adhesion of gecko toes using

models of various elements in the hierarchy of the gecko toes viz. the spatula, the

seta, and the toe. Their model showed that by changing the pull-off force angle

from 30◦ to 90◦, a 10 times reduction in the pull-off force could be achieved. At the

seta level, it is observed that a uniform stress distribution can be achieved for values

of seta diameter below a critical value. Also, due to the hierarchical nature of the

adhesive system, the difference between the high attachment and low detachment

forces is more pronounced as we move from the spatula to toe level.

The necessity of perpendicular preload and a parallel drag for the seta to engage

can be reconciled with the directional and load-dependent behaviour observed at

the whole-animal level by Hora [27] and Dellit [25]. Further, functional anatomical

studies of the tokay gecko [45, 46] indicate that during attachment to and detach-

ment from the substrate geckos display a peculiar roll-in and roll-off motion of its

toes, called “digital hyperextension”. The seta bearing scansors on the toe pads

of the gecko are a series of overlapping plates, which the gecko can deploy inde-

pendently. As such, during detachment, as the gecko hyperextends its toes, at any

given moment, only a few setae are being detached, and thus significantly reduc-

ing the force required for detachment. According to Russell [38], geckos can apply

the perpendicular preload by employing the branches of the blood sinuses and the

parallel drag with the help of lateral digital tendons. However, it is yet to be exper-

imentally shown how geckos are able to manipulate the hydrostatic pressure inside

the blood sinuses. On the other hand, geckos apparently do not need to actively

control these actions, as it is observed that they are able to stay attached even after

death [47]. However, active control is extremely useful for a live gecko for hyper-

extending its toes to detach and then re-engage strongly and quickly to facilitate

rapid locomotion.

Experiments of Autumn et al. [48] revealed that the frictional behaviour of gecko

setae is unlike any of the other materials. The authors studied the attachment and

detachment behaviour of isolated gecko setae, setal arrays, and toes. It was observed

that when the setal arrays were loaded in the perpendicular direction and dragged

in the distal direction (away from the animal) against their natural curvature, as

shown in Figure 1.4a, the setal arrays compressed and did not adhere to the glass

substrate. In this case, the frictional behaviour of setal arrays was consistent with

the typical dry friction behaviour of solids, which is generally described by the

Amontons-Coulomb friction law

F‖ = µsF⊥ , (1.1)
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where F‖ and F⊥ represent the tangential friction force and the normal adhesive

force, respectively. Here, µs is the sliding friction coefficient, which for the distal

drag is observed to be 0.31± 0.02.

However, Autumn et al. [48] observed that when the setal arrays were loaded

and dragged in the proximal direction (towards the animal) along their natural

curvature, the arrays briefly compressed and then adhered to the substrate. This

resulted in tensile normal forces in the setal arrays. Even under these tensile normal

loads, the setal arrays generated strong static and kinetic friction, which was sig-

nificantly more than that observed in distal dragging as shown in Figure 1.4b. This

behaviour appears to violate the Amontons’ first law, according to which friction

is proportional to the compressive normal load, and differs from the dry friction

behaviour observed in other materials. Further, adhesive structures (toes, arrays of

seta, and seta) in each level of gecko adhesive system were found to detach when the

angle of the resultant force reached a particular value called the critical detachment

angle α∗, irrespective of the applied load. It was also observed that for a given level

of the hierarchy, this critical detachment angle was constant but differed among the

hierarchical levels. These observations of invariance of critical detachment angle

with the applied force cannot be explained by the traditional peeling models such

as Kendall’s model [49], which predicts that the detachment angle decreases as the

forces are increased. To explain this coupled adhesion and friction, a phenomeno-

logical model called “frictional adhesion” was introduced by Autumn et al. [48],

which defines a limiting normal adhesive force F⊥ for a given critical detachment

angle α∗ and the frictional force F‖

− F⊥
tanα∗

≤ F‖ , (1.2)

According to the “frictional adhesion” model, geckos can stay attached to the

substrate only if the angle between adhesive and frictional forces is less than the

critical detachment angle. Although Autumn et al.’s experiments [1, 48] revealed

that just by changing the resultant force angle various structures in the hierarchi-

cal adhesive system of geckos detach instantaneously, experiments of Gravish et

al. [50] showed that not all paths of detachment are energy efficient. Investigation

of detachment characteristics of setal arrays and single seta revealed that the angle

of detachment influences the energy required for detachment. When the setae are

detached by pulling at an angle of 30◦, the setae required a net positive energy

because of the frictional losses during sliding. However, when the setae are pulled

at an angle of 130◦, instantaneous detachment of the setae ensued as the energy

stored due to tensile loading in the attachment phase is released. This type of shear

sensitive reversible adhesion appears to be a common motif across adhesive pad

bearing animals as observed by Labonte and Federle [51]. Their experiments on
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(a) When the setal arrays are dragged against their natural curvature, it resulted in compression
of the setae. The frictional behaviour consistent with the Amontons-Coulomb friction is observed
with a friction coefficient µs = 0.31 ± 0.02. Negative F‖ represents the reaction forces during a
drag to the left

(b) When the setal arrays are dragged along their natural curvature, compression was observed
initially, and then tension developed as the setae adhered. Positive F‖ represents the reaction
forces during a drag to the right.

Figure 1.4: Evolution of shear and normal forces during load (1), drag (2), and pull (3)
experiments in isolated gecko setal arrays on a glass surface. Reprinted with permission
from Autumn et al. [48].
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Indian stick insect revealed that for large frictional forces, i.e. at small pull-off force

angles, adhesion varied linearly with friction and for small frictional forces, i.e. at

large pull-off force angles, the relationship between adhesion and friction fit very

well with the inextensible tape peeling model. Further, it was observed that despite

the significant difference in the morphology of insect pads and gecko pads, friction

force was approximately twice that of adhesion force suggesting a similar critical

detachment angle of 30◦. Based on these observations, the authors hypothesised

that the increase in the frictional forces is a result of partial sliding of the adhesive

pad in the peel zone.

A tokay gecko has 14, 400 seta per mm2, and the total pad area of two front

feet of a tokay gecko is approximately 227 mm2 [39, 52]. If all the setae of the

gecko (6.5 million) are engaged then, with each seta generating ≈ 200 µN, the two

front feet of gecko can, in theory, generate a total force of approximately 650 N,

which is 32 times the force generated by two front feet as measured by Irschick et

al. [36]. Following these observations, it might appear that gecko adhesive pads are

considerably overbuilt in the sense that by engaging all the setae it could generate

more than 2600 times the force required to support its body mass of approximately

50 g. However, not all setae are of the same size and are not engaged simultane-

ously in the same orientation to generate optimal adhesive forces. Further, it has

been observed that on rough surfaces, it is very difficult for all the spatulae to make

intimate contact, which reduces the adhesive capability. It is suggested that this

apparent high safety factor is useful in weathering difficult situations gecko expe-

riences in its natural habitat such as escaping a predator, high-speed winds, and

unexpected drops [40].

Based on the force values measured for a single seta, Autumn et al. [1] suggested

that these values are consistent with the theory of van der Waals forces as the

primary mechanism of adhesion. Assuming that the spatula end as a sphere with

radius Rsp = 200 nm, interacting with a flat substrate, for van der Waals adhesion,

the force Fvdw between them can be calculated as [53]

Fvdw =
AHRsp

6 r2
0

, (1.3)

where AH is the Hamaker constant which is taken as 10−19 J and r0 = 0.3 nm is

the equilibrium distance between any two particles interacting via van der Waals

forces. Following Eq. (1.3), the force generated by each spatula is calculated as

400 nN, which when summed over for the entire seta (with 100 to 1000 spatulae)

results in 40 µN to 400 µN per seta. The force of ≈ 200 µN per seta observed from

the direct measurement by Autumn et al. [1] is within the range of values computed

from Eq. (1.3).
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Hiller’s [32] experiments revealed that the adhesive force generated by the gecko

is strongly affected by hydrophobicity/hydrophilicity of a surface indicated by the

water contact angle. Hence, it was argued that it is reasonable to assume that the

adhesion is due to thin-film capillary forces. However, the hydrophobic material

employed by Hiller [32] is Polytetrafluoroethylene (PTFE), which is only weakly

polarizable. As van der Waals forces are significantly influenced by the polarizabil-

ity of the contacting bodies and not on the surface polarity, Autumn and Peattie [39]

argued that the fact that geckos could not adhere to PTFE is consistent with the

hypothesis of van der Waals forces as the adhesion mechanism. To resolve this is-

sue, Autumn et al. [2] measured the adhesion forces on two semiconductor surfaces

which are polarizable but with different hydrophobicity. Their results showed that

irrespective of the hydrophobicity, gecko toes generated almost equal parallel forces

on the surfaces of gallium arsenide (GaAs) (which is highly polarizable but highly

hydrophobic with a water contact angle of 110◦) and silicon dioxide (SiO2) (which

is strongly hydrophilic with a water contact angle of 0◦ and polarizable). Further,

it was also observed that a single seta could generate an almost equal perpendicular

force of 40 µN on both hydrophilic SiO2 and hydrophobic Si surfaces. The authors

also found that the setae are highly hydrophobic with a water contact angle of ap-

proximately 160.9◦. This high contact angle is a result of the β−keratin protein

which forms the seta material and the texture/roughness resulting from the spatula

ends. Based on this measured normal adhesion force value and assuming that each

spatula can be represented as a sphere of radius R, the authors computed the di-

mensions of the spatula. Following the Johnson–Kendall–Roberts (JKR) adhesive

contact model [54], the radius of the spatula is estimated to be 0.13 − 0.16 µm,

which is close to empirically measured value [1]. The authors argued that, if the

capillary forces are the dominant mechanism of adhesion, there should have been

a difference in the adhesion forces generated on hydrophobic and hydrophilic sur-

faces. As there was no variation, it was concluded that van der Waals forces are

the primary mechanism of adhesion. These results also suggest that the adhesive

capability of geckos is, for the most part, independent of the adhering material.

Sun et al. [55] questioned Autumn et al.’s [2] conclusion of van der Waals forces

as a major mechanism of gecko adhesion using atomic force microscopy measure-

ments of the force generated by a single spatula in the air with varying relative

humidity and water. The authors used a single toe from a house gecko (Hemi-

dactylus frenatus). As the spatulae at the end of each seta are of uneven lengths,

the authors argued that at any given moment, there is a low probability of more

than one spatula adhering to the surface. They also utilized statistical methods

to eliminate any discrepancy in the measurements. The authors measured a nor-

mal adhesive force of 11.8 nN for hydrophilic surface (water contact angle 30◦) and

4.9 nN for hydrophobic surface (water contact angle 110◦). It was also observed that
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as the relative humidity is increased (or decreased), the adhesion force increased (or

decreased). Presence of water (due to humidity or hydrophilic nature of the sur-

face), the authors argued, decreases the contribution of van der Waals forces as it

highly varies with the distance between the interacting bodies. So, the authors com-

mented that high adhesion on hydrophilic surfaces must mean that in an ambient

environment capillary force rather than van der Waals forces are the dominating

mechanism. However, Huber et al. [56] refuted this conclusion experimentally, in

which they measured the normal adhesion force generated by a single spatula on

different surfaces of varying hydrophilicity and relative humidity. Although Huber

et al. [56] observed similar adhesion behaviour as that of Sun et al. [55], the authors

argued that capillary forces are not the primary mechanism of adhesion. This is

because, in their experiments, Huber et al. [56] observed that even at very high

relative humidity, capillary bridges which are responsible for capillary forces did

not form on the surfaces. Even at 90% relative humidity, only adsorbed monolay-

ers of water formed between the spatulae and the substrate. The size of a water

molecule is approximately 0.3 nm, which is very much in the range of van der Waals

forces. As such, Huber et al. [56] commented that the presence of adsorbed water

monolayers must increase the number of van der Waals interactions and rejected

the hypothesis of “real” capillary adhesion as the primary mechanism.

In their experiments at the whole-animal level, Niewiarowski et al. [57] observed

that increasing the temperature from 12◦C to 32◦C, resulted in a twofold decrease in

the measured clinging force. However, between these two temperatures, the relative

humidity (RH) differed by 15%. Further, when RH is varied from 35% to 80% at

a constant temperature of 12◦C, it was observed that the clinging force more than

doubled. However, at a constant temperature of 32◦C, the effect of humidity was

not significant. The authors note that according to capillary adhesion model, as

the clinging force is directly proportional to temperature in Kelvin at a constant

RH, there should only be a difference of 8% in the forces between 12◦C and 35◦C.

However, their experimental observations show that the difference in the adhesion

forces is significantly higher than 8%. These observations reveal that the effect of

humidity on gecko adhesion is not so straightforward.

Research of Puthoff et al. [58] offered some explanation for the effect of humidity,

in which the authors have shown that the reason behind the change in the clinging

forces with humidity is the change in the mechanical properties of the seta material.

The authors observed that, contrary to the predictions of capillary adhesion, humid-

ity affected clinging forces similarly on both hydrophobic and hydrophilic surfaces.

The authors have shown that as the humidity is increased, the setae softened and

viscoelastic damping increased due to which the adhesion increased. The experi-

mental results Prowse et al. [59] further corroborated these results, who measured
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the influence of RH on tensile, fracture, and dynamic mechanical response of single

seta and lamellae. By varying the RH from 30% to 80%, a threefold decrease in the

magnitude of complex elastic modulus of both a single seta and the lamellae E∗1 is

observed. The authors also observed that when RH is increased from 30% to 80%,

the dimensionless loss tangent2, which describes the viscoelastic damping, increased

three times. Further, the tension stress of single seta and the lamellae showed that

the elastic modulus E0 decreased from 3.7 GPa to 2.13 GPa as RH is increased from

30% to 80%. These results are in contradiction with the measurements of Huber et

al. [60], who observed that the humidity did not influence the elastic modulus of the

seta. However, Prowse et al. [59] argued that Huber et al. [60] conducted their ex-

periments after their seta samples were initially kept in a high vacuum environment

that could have permanently dehydrated the seta and altered its properties. This

could also partially explain the high elastic modulus value 7.3± 1.0 GPa measured

by Huber et al. [60] for a single gecko seta in tension. For the case of bending, both

Huber et al. [60] and Peattie et al. [61], who conducted vibration analysis using

Euler-Bernoulli model, measured similar values of material stiffness E0 = 1.7± 0.6

GPa and 1.6± 0.15 GPa, respectively.

1.3 Modelling adhesion and friction in gecko

spatulae

This section presents a literature review on the modelling aspects of the gecko

spatulae using experimental, analytical, and numerical methods. In each subsection,

efforts of various researchers addressing different facets of adhesion and frictional

behaviour of gecko spatulae are discussed.

1.3.1 Experimental studies

The complex hierarchical nature of the gecko adhesive system makes it a challeng-

ing research area. As such, researchers have studied each structure in the hierarchy

separately as well as their coupled interactions. However, in most of the litera-

ture, the smallest element in the hierarchy of the gecko adhesive system that has

been isolated and studied thoroughly is the seta. Although atomic/friction force

microscopy techniques have been used to study adhesion and friction of solids and

1For a viscoelastic material, the dynamic material behaviour is described by the complex elastic
modulus whose magnitude is defined in terms of the storage E′ and loss E′′ moduli as |E∗| =√

(E′)2 + (E′′)2.

2Dimensionless loss tangent is defined as tan δ =
E′′

E′
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to measure mechanical properties at the nanoscale [62–64], to the best of our knowl-

edge the spatula level, at which the actual interaction with the substrate happens,

has not been investigated in isolation. This could be due to the difficulty in isolating

this nanoscale structure and controlling its orientation in three-dimensional space.

The orientation of these structures is key to achieving high friction and adhesion, as

demonstrated by Hill et al. [65]. However, some researchers employed different tech-

niques to study the spatula adhesion experimentally. One of the first experimental

studies on gecko spatula adhesion is due to Huber et al. [66], who employed atomic

force microscopy to measure the adhesive force generated by individual spatulae

on a glass surface (having surface roughness less than 10 nm). For this purpose,

two individual setae of a tokay gecko with all but four spatulae cut off has been

employed. First, a perpendicular preload of 90 nN is applied, followed by a 7 µm

parallel drag (maintaining the perpendicular preload) is applied to the seta. After

this, the seta is retracted vertically upwards, and the pull-off forces are measured.

They measured that the pull-off force for each spatula is about 10 nN. Further, it

was observed that in multiple trials, in 54% of cases only two out of four spatulae

adhered to the surface and in 44% of the cases only one out of four spatulae adhered.

Three spatulae adhered in less than 3% of the trials and all the four spatulae never

adhered to the surface. This could explain the very high safety factor of the gecko

adhesive pads. However, it is known that geckos generate a substantial amount of

shear forces [1]. Whereas, Huber et al.’s [66] experiments are limited to measuring

the clinging force in the normal direction.

The influence of surface roughness on the adhesive forces generated by the gecko

at both nano and micro scales has been investigated by Huber et al. [67]. Similar

to their previous studies [56, 66], two different specimens of isolated seta with

only four spatulae at their end are used for nanoscale experiments. Atomic force

microscopy is employed to measure the adhesion force generated by the setae at

ambient conditions on different surfaces with root mean square (RMS) roughness

ranging from 20 nm to 1100 nm. The pull-off force corresponding to a single spatula

is found to be minimum for 100 nm to 300 nm RMS roughness and increased on

either side of these values. At the macroscale, live geckos were unable to stay

attached to substrates with small roughness (RMS value of 90 nm). However, for

very rough substrates (RMS value of 3 µm) as well as very smooth substrates

geckos developed strong adhesion. This pull-off force behaviour corresponding to

roughness is quite different from typical bulk materials, for which the pull-off forces

monotonically decrease with an increase in surface roughness. The authors argued

that this is due to the fact that unlike bulk solids, the hierarchical nature of these

fibrillar structures aids the geckos in attaching to different rough surfaces. Further,

as noted by Persson et al. [68], even though the spatula is made of β-keratin, which

is a stiff material, it is a very thin structure and can easily adapt to surfaces with
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very small roughness as well as very large roughness. However, when the roughness

value is close to the dimension of the spatula (around 200 nm) it fails to adapt to the

surface. Thus, at these intermediate roughness values, only some part of the spatula

pad can effectively adhere using van der Waals forces, which greatly varies with the

separation distance. Recently, Pillai et al. [69] conducted macroscale experiments

of gecko adhesion on artificial rough substrates that are more close to the surfaces

geckos encounter in their natural habitat. Their results also show that clinging

performance of the geckos was impaired on intermediate roughness.

As RMS value alone cannot describe all the aspects of surface topography, Pugno

and Lepore [70] considered gecko adhesion on surfaces differing in a number of to-

pographical parameters including RMS roughness, waviness, and roughness ampli-

tude. Their results showed that for intermediate roughness values (RMS = 618 nm,

waviness = 7 − 8µm, and roughness amplitude = 1 µm) pull-off force generated

increases. In addition, they noted that the increase in adhesion force is consistent

with the theory of Briggs and Briscoe [71], who observed that the pull-off force

depends on the adhesion parameter αFT defined by Fuller and Tabor [72]. This

adhesion parameter is a function of standard deviation (SD) of the surface asperity

distribution, mean radius of curvature of the asperity (rasp), surface energy per unit

area (or work of adhesion wadh) , and Young’s modulus (E0) and is given as

αFT =
4 SD

3

(
4E0

3π wadh
√
rasp

)2/3

. (1.4)

1.3.2 Analytical models

Adhesive contact of solids can be modelled using the well known Johnson-Kendall-

Roberts (JKR) contact model [54]. Johnson et al. [54] extended the Hertz contact

theory [73] to account for the elastic deformation due to adhesive force acting in the

contact zone. The force of adhesion is then computed using energy balance between

elastic, potential, and surface energies. The authors assumed that the attractive

forces are finite in the contact zone and zero everywhere else. For a spherical solid

with radius R in adhesive contact with a flat surface, the relationship between the

contact radius rJKR and the applied load F is given as

r3
JKR =

3R

4E∗0

(
F + 3πRwadh +

√
6πRFwadh + (3πRwadh)2

)
, (1.5)

where wadh is the work of adhesion (or adhesion energy), which is defined as the

energy per unit area required to separate two bodies in adhesion and E∗0 is the

average plane strain modulus. The expression for contact radius in Eq. (1.5) reduces

to the Hertz contact radius when the adhesion energy is zero, i.e. wadh = 0. Then,
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the magnitude of pull-off force required to separate the interacting bodies is obtained

as

FJKR =
3

2
πRwadh , (1.6)

which is independent of the elastic modulus.

Autumn et al. [2] showed that the JKR model can be applied to gecko adhesion to

estimate the size of the spatula for the adhesion forces measured in their experiments

on a single seta. Taking the 40 µN adhesion force measured for a single seta and the

adhesion energy of 50 to 60 mJ/m2 for van der Waals interaction, the radius of the

spatula (modelled as a sphere) can be estimated using Eq. (1.6) as R = RJKR = 82

to 98 nm or 164 to 196 nm diameter. This value is very close to the value 200 nm

observed by Rizzo et al. [74] in their electron microscopy analyses. This suggests

that for a given adhesion energy, more adhesion per unit area is generated for a

smaller size of the spatulae.

Following Eq. (1.6), which shows that the pull-off force is proportional to the

size of the fibril, Arzt et al. [75] argued that by splitting the seta contact into

n sub contacts (spatulae) having (R/
√
n) radius each, due to self-similar scaling,

the total adhesion force increases as the square root of the number of contacts n

and the adhesive stress scales as the inverse of the radius R. This suggests that

contact splitting enhances adhesion. These conclusions, Arzt et al.’s [75] argued,

are in-line with their comparative analysis of various animals with fibrillar adhesive

structures in which the setal density scaled as (mass)2/3. However, this conclusion

of the adhesive force scaling with the linear dimension rather than the area has

been questioned by Federle [76]. He argued that Arzt et al.’s [75] “force scaling”

assumes that all the setae (or terminal spatulae) detach simultaneously and that

the stress distribution is uniform over all the setae (or spatulae). However, as the

animal detaches by peeling such that the stress concentration is only at the edge of

the adhesive pad will result in a non-uniform load sharing in the setae (or spatulae).

In this case, the pull-off force would be much smaller than that predicted by “force

scaling”. Further, by surveying the morphology of a variety of species with fibrillar

adhesive structures that employ either ‘wet’ or ‘dry’ adhesion or both, Peattie and

Full [61] rejected the hypothesis of spatula density scaling with the body mass.

Using the phylogenetic analysis, Peattie and Full [61] predicted that within a group,

animals with lower body mass might possess larger safety factor or needless adhesive

pad area per body mass than animals with higher body mass.

As observed by Tang et al. [77], the applicability of JKR theory [54] to analyse

the advantage of contact splitting is limited by the intrinsic features of the theory.

Mainly, JKR theory is applicable only for spherical contacts, while the terminal

features in various biological adhesives are plate-like structures. It also ignores the

contact forces outside the contact region, which once again limits the accuracy of
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its predictions. On the other hand, Derjaguin–Muller–Toporov (DMT) theory [78],

although accounts for the contact forces outside, as pointed out by Tang et al. [77],

just like JKR theory it also predicts that as the radius of the sphere R decreases

the pull-off stress increases boundlessly, i.e. as R→ 0, σpull−off →∞. However, by

considering the limits on the size of the contact region and the Tabor parameter,

Tang et al. [77] defined the regions of validity of JKR and DMT theories.

Gao and Yao [79] investigated the importance of the spatula end shape and size

in achieving optimal adhesion. It was suggested that only if the size of spatulae is in

the order of 100 nm shape-insensitive optimal adhesion is possible. This research has

been further extended by Gao et al. [43], who studied the advantages of nanoscale

spatulae evolved on gecko toe pads and their importance in robust adhesion. The

authors modelled the spatula as an elastic cylinder with a flat tip interacting with

a rigid substrate. It was found that as the radius of the cylinder is decreased

to a critical value, the stress in the contact area reaches the theoretical strength.

Also, the nanometer size of the spatulae has been found to be essential in achieving

optimum and flaw tolerant adhesion, i.e. the spatula structures fail, only when they

reach the theoretical strength and rupture rather than due to build-up of stress

concentration and eventual failure due to crack propagation [80, 81]. Further, it

was observed that compared to the JKR model based hemispherical spatula model,

the flat-ended spatula reaches the maximum adhesion strength more quickly, i.e.

the radius of hemispherical spatula needs to be decreased to few atomic spacings

whereas the flat-ended spatulae need to be around 225 nm.

The gecko spatula is rather a very thin structure, only 5 − 10 nm thick and

is 200 nm at its widest edge. As such, many researchers modelled the spatula as

a thin film/strip and employed peeling models to study different aspects of gecko

adhesion [82–84]. One of the first peeling models is due to Kendall [49], in which the

fracture theory has been applied to peeling of an elastic film from a rigid substrate.

A linearly elastic thin film of thickness h, width b, and Young’s modulus E0, when

peeled steadily by a constant force F at an angle of α, is related to the work of

adhesion wadh as
1

2E0h

(
F

b

)2

+
F

b
(1− cosα) = wadh , (1.7)

which is quadratic in F/b. The first term on the left-hand side in Eq. (1.7) is due

to the recoverable strain energy stored in the film and the second term is due to the

external work done by the pull-off force F considering the film to be inextensible.

The positive root of Eq. (1.7) then gives the steady-state pull-off force as

F

b
= E0h

[√
(1− cosα)2 + 2

wadh

E0h
− (1− cosα)

]
. (1.8)
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Huber et al. [66] employed Kendall’s model [49] to verify their experimental

results of pulling the spatula in perpendicular direction. Considering the pull-

off force value of F = 10 nN measured by Huber et al. [66] for vertical pulling

(α = 90◦) and assuming that the stored strain energy is negligible, for a strip of

width b = 200 nm, Kendall’s model predicts the work of adhesion to be wadh ≈
F/b ≈ 50 mJ/m2. This value is within the range of 10 − 100 mJ/m2 typical for

intermolecular interactions [85]. Chen et al. [44] studied the peeling of a spatula from

a rigid substrate employing Kendall’s peeling model [49] to illustrate the reversible

adhesion of geckos. It was shown that by changing the orientation of the pull-off

force, the gecko is able to achieve high attachment and low detachment forces. Peng

and Chen [86] investigated the effect of relative humidity and the presence of water

layers on the adhesion forces of a nanofilm. It is shown that due to the presence of

adsorbed water monolayers, the disjoining pressure between the nanofilm and the

water molecules compensates for the reduction in the van der Waals forces between

the nanofilm and the substrate. However, for relative humidities greater than 90%,

the water droplets are formed on the substrate and the adhesion forces decrease.

Peng [87] studied the adhesive interaction between a finite length elastic nanofilm

with a rough surface having sinusoidal roughness. The author also investigated

the effect of nanofilm thickness using a model based on Lennard-Jones potential

to describe the van der Waals adhesion. It was found that for the case of film

length larger than the wavelength of the surface roughness, adhesion decreased

with increasing roughness. Whereas, for the case of film length smaller than the

wavelength of the surface roughness, adhesion decreased initially and then increased.

These results are similar to the experimental observations of Huber et al. [67]. It was

also observed that the small thickness of the spatula makes it compliant enough to

make intimate contact with the rough surface and also aids in resisting the fracture

of the spatula pad.

Although the above discussed analytical models provided insights into some of

the aspects of gecko adhesion, they do not address the interplay between friction and

adhesion. Molecular mechanisms of dry friction are varied in nature, which include

asperity interlocking, their deformation, interfacial plastic yielding, wear, fracture

in case of brittle materials, viscous dissipation in case of rubber-like materials,

and adhesion in case of nanoscale interactions and when other dominant forces are

absent [88]. Friction can emerge from these individual mechanisms or a combination

of them. The Amontons-Coulomb friction law in Eq. (1.1) in general can model the

friction between two surfaces where adhesive interactions are absent. However,

as discussed by Jagota and Hui [37], Amontons-Coulomb law is unable to explain

different aspects of friction such as time dependence of static friction [89–91], a

sudden drop from static friction to sliding friction without any slip [92], and the
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effect of tangential loading [93]. Moreover, as noted by Persson et al. [94], for

smooth surfaces or soft elastic solids such as polymers, where the real contact area

approaches apparent contact area due to very strong adhesion, Eq.(1.1) cannot

describe the relationship between the normal load and the friction force.

Derjaguin [95] proposed a generalization of Eq. (1.1) for the interfacial friction

and adhesion in crystal layers by introducing additional parameter to account for

adhesion

F‖ = µs(F0 + F⊥) = µsAreal(p0 + p⊥) (1.9)

where F‖ is the friction force, p⊥ is the average pressure corresponding to the nor-

mal force F⊥, p0 = F0/Areal is a constant corresponding to adhesion force F0 that

depends only on the materials of the contacting surfaces, and Areal is the real/true

contact area. Homola et al. [96] later criticized this model, as their experimental re-

sults on molecularly smooth mica showed that at small and negative normal loads,

friction no longer linearly scaled with the load. Hence, for the case of smooth,

undamaged surfaces where adhesive interactions are present, Homola et al. [96]

proposed that the interfacial friction can be described by

F‖ = τ0Areal + µsF⊥ , (1.10)

where τ0 is the critical shear stress at the contact interface and is constant for a

given material. For small normal loads, Eq. (1.10) reduces to

F‖ ≈ τ0Areal , (1.11)

and is independent of the normal load F⊥. For this case, Homola et al. [96] observed

that the real contact area can be predicted by the JKR theory [54]. This is in con-

tradiction to the Amontons-Coulomb law in Eq. (1.1), as the sliding friction now

varies nonlinearly with the normal load. However, it was observed that for damaged

mica surfaces, Amontons-Coulomb law still holds. The relation in Eq. (1.11) is sim-

ilar to Bowden and Tabor’s [97] equation for the sliding friction in adhesive contact

of nominally flat surfaces. But as observed by Jagota and Hui [37], in Bowden and

Tabor’s theory, it is assumed that the asperities undergo plastic deformation and

thus true contact area is proportional to the normal load. As such, the critical shear

stress τ0 originates from different mechanisms in the theories of Homola et al. [96]

and Bowden and Tabor [97]. Majidi et al. [98] employed a model similar to that of

Homola et al. [96] to show that even for gecko-inspired microfibre arrays manufac-

tured from stiff materials like thermoplastics can generate high friction forces. It

was found that the higher interfacial strength of these stiff materials increases the

effective friction coefficient. However, it was observed that their fibre arrays did not

display any normal adhesion.
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Tian et al. [99] used a thin strip model of the spatula to estimate the adhesion

and friction forces. The spatula pad is assumed to interact with a rigid substrate

via van der Waals forces. The frictional forces are assumed to originate from a

sinusoidal potential and act only in the region where the spatula pad is at an

equilibrium distance r0. The authors assumed that the van der Waals forces act

only in a narrow transition region (where r > r0) from the pad to the shaft called

the “peel zone”, which is curved and has a radius Rp. The total attractive force

Fvdw acting in this peel zone at a given pull-off force angle α is then obtained as

Fvdw(α) =
AH b

√
Rp

16
√

2 [r0 +Rp(1− cosα)]5/2
, (1.12)

where the radius Rp = 4215 × α−1.35 is obtained from an empirical relation. The

maximum friction force acting only in the contacting region (where r = r0) is then

obtained using the attractive force Fc,vdw in the contact region of length Lc as [100]

Fmax
f = µsFc,vdw = µsLcbPvdw , (1.13)

where Pvdw is the van der Waals force per unit area and is obtained by considering

the spatula and the rigid substrate as half-spaces within the contact region [53]

Pvdw =
AH

6πr3
0

. (1.14)

A simple force balance then gives the normal (FN) and tangential (FT) compo-

nent of the total force acting on the spatula at a given pull-off force angle α

FN = F sinα = Fvdw , FT = F cosα = Fvdw cotα , (1.15)

which shows that the entire normal force acting on the spatula is given only by the

van der Waals forces acting in the peel zone.

Combining Eqs. (1.13) and (1.15) and observing that the entire pad will slip if

FT ≥ Fmax
f , Tian et al.’s [99] model essentially reduces to the “frictional adhesion”

model of Autumn et al. [48]

tanα ≥ Fvdw

Fmax
f

. (1.16)

Tian et al.’s [99] model predicts that by varying the pull-off force angle, the

pull-off force can vary by two orders of magnitude. However, their model did not

consider the bending stiffness of the spatula. Moreover, as observed by Jagota and

Hui [37], their model does not consider the deformation behaviour of the spatula as

such variation of the friction force with distance from the substrate is not addressed.

Pesika et al. [101] applied a newly developed tape peeling model called peel-
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zone model (PZ model), which is based on the experimental observations of the

tape peeling, to study the gecko spatula peeling. Similar to Tian et al.’s [99] model,

the curvature of the peel zone is assumed to be approximately circular. In this peel-

zone model, there is an angle α0 below which the geometry of peel zone varies with

the pulling angle α but remains constant above α0. This angle α0 is determined from

experimental observations, which depends on the tackiness of the tape and is an

intrinsic property of the interacting system. Then, the tangential and normal forces

are derived from the force balance. The PZ model differs from Kendall’s peeling

model [49] by an angle-dependent multiplier. As such, the PZ model predicts lower

values of pull-off force than Kendall’s model. This model has been later extended

by Zhou et al. [102] to include the effect of peeling velocity on the pull-off forces.

The proximal drag of gecko toes during attachment is known to decrease the

angle at which the setae are inclined to the substrate, which in turn decreases the

spatula shaft angle. This dragging at a low angle also results in stretching of the

spatula and pretension builds up. By employing a generalized Kendall’s peeling

model that accounts for the pre-tension, Chen et al. [103] showed that the pre-

tension significantly increases the pull-off forces when pulled at smaller angles and

decreases it when pulled at a larger angle. As such for a given pre-tension F0, the

generalized Kendall’s model is given as

F 2 − F 2
0

2Eh
− FF0

Eh
+ F (1− cosα) = wadh , (1.17)

which can be solved to obtain the pull-off force for a given α and pre-tension F0. It

is observed that stable adhesion occurs only if the applied force F lies between the

two roots of Eq. (1.17), i.e. F2 ≤ F ≤ F1, where F2 < F1. It is shown that compared

to Kendall’s peeling model, the pretension increases the pull-off force at small α and

decreases at large α. Moreover, for large enough pre-tension the pull-off force drops

to zero at a critical pull-off force angle αcr. This model was later extended by Peng

and Chen [104] to study the effect of uniform and non-uniform pre-tension on the

peeling behaviour of a two-level hierarchical system. Their results show that pre-

tension at the spatula level contributes significantly to strong reversible adhesion

at the seta as well as the animal level.

Zeng et al. [105] employed JKR contact theory [54] and sliding frictional theory of

Homola et al. [96] to analyse the “frictional adhesion” behaviour of elastic fibrils with

different geometries. Further, the authors suggested that by optimally placing the

flexible and tilted fibrillar structures on an area of 230 cm2 even human beings can

effectively support their weight on rough vertical surfaces. Yamaguchi et al. [106]

employed a curved beam model to analyse the “frictional adhesion” behaviour of

gecko setal arrays. In their study, the authors modelled both the spatula and the

seta as curved beams. It is shown that this model at the spatula level is able
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to describe the attachment, stretching due to parallel drag, and snapping off the

substrate. Whereas, at the seta level, the geometry of the curved beam is able to

demonstrate the coupling of friction and adhesion and dependence on the pull-off

force angle, which aids in strong attachment and easy detachment. The authors also

investigated the effect of drag velocities on the normal and tangential forces. It is

observed that as drag velocity is increased, the normal force and the tangential force

increase, which the authors suggested is due to the fact that the spatula stretches

more when stretched faster.

Jagota and Hui [37] conducted a systematic review of studies on bio-mimetic and

bio-inspired adhesive structures to understand the principles behind the adhesion,

friction, and compliance of the employed fibrillar structures. They analysed various

aspects such as their structure, surface and mechanical properties, and mechanisms

of adhesion. The authors further discussed various experimental techniques, analyt-

ical models presented in the literature to understand the principles of adhesion and

friction and how they can aid in designing better synthetic adhesives. Furthermore,

the authors also presented a new tape peeling model, which can be considered as

an extension of Kendall’s model [49]. In this model, the spatula pad is modelled

as a thin plate-like structure in tension. Then, the energy balance between the van

der Waals adhesion energy per unit area wadh, friction energy required to slide a

unit area of the spatula pad, and potential energy acquired due to work done by

the pull-off force F results in

F 2

2E0b2h
(1− cos2 α) +

F

b
(1− cosα) = wadh , (1.18)

which includes the stretching of the spatula pad explicitly and upon solving gives

the expression for pull-off force as

F

b
=

E0h

1 + cosα

−1 +

√√√√√
1 + 4

wadh

(
1 + cosα

1− cosα

)
2E0h

 . (1.19)

By explicitly accounting for the frictional sliding at the interface, the analytical

model of Begley et al. [107] can analyse large deformation peeling of elastic tape.

The authors analysed double-sided peeling and single-sided peeling. Analytical

expressions have been derived for energy release rate and the steady-state pull-

off force for a given angle of detachment accounting for the frictional sliding at

the contact interface. Their model is very similar to the model of Jagota and

Hui [37]. Contrary to models that consider pure sticking, like Kendall’s model [49],

in Begley et al.’s [107] model, the tangential component of the pull-off force does
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not contribute to the energy released during peeling. Further, it was shown that

the frictional sliding increases the critical pull-off force compared to pure sticking.

Experimental and analytical investigations of double peeling of an elastic tape by

Afferrante et al. [108] showed that there exists a limiting value of pull-off force angle

at which the pull-off force reaches a maximum. Any further increase in the pull-off

force above the maximum value resulted in the complete detachment of the tape.

Gialamas et al. [109] presented an analytical approach to model the peeling of a

nonlinear Neo-Hookean tape with its entire length in contact with the substrate.

The authors modelled the tape as a thin membrane and as such, ignored the effect

of bending stiffness. A Dugdale type cohesive zone model [110] describing the

traction-separation relationship in the contact interface is employed.

Using the principle of minimum potential energy, Peng and Chen [111] derived

an analytical model to investigate the bending stiffness influence on the pull-off

forces. The van der Waals forces are assumed to be responsible for the interfacial

adhesion. The authors derived a closed-form solution to the quadratic equation

similar to Eq. (1.7) with additional terms to account for the thin film bending

stiffness. Their results showed that bending stiffness significantly influences the

pull-off forces. However, after reaching steady-state peeling, the pull-off force was

unaffected by the bending energy. The peeling behaviour of finite length thin-

films was investigated by Peng et al. [112] using both theoretical and finite element

models. It was shown that initial adhesion length influences the steady-state peeling

process of finite film length tapes unlike infinitely long thin-films used in classical

peeling models. It was also observed that initial adhesion length of the film and the

length which is not in adhesion, and its stiffness significantly affect the maximum

pull-off force. He et al. [113] presented a theoretical model for the peeling of a

hyperelastic beam that accounts for its bending stiffness and large stains in the

beam using a finite strain Euler beam model [114]. The boundary value problem

derived from the variational method is then solved using numerical procedures. It

is shown that when the beam is pulled at low angles the bending effect significantly

increases the pull-off forces as compared to those predicted by the Kendall peeling

model [49].

For a more comprehensive understanding of the vast amount of literature avail-

able on adhesion and friction models of geckos and the advancements in the design

and manufacturing of bio-inspired synthetic adhesives one can refer to various re-

view papers and the references therein [37, 41, 115–119].

24TH-2706_146103016



1.3.3 Numerical models

This section presents a literature review on various numerical models used to anal-

yse the gecko spatula adhesion. Local interface models, which describe the local

traction at the interface in terms of the separation between the interacting surfaces,

can be employed to model van der Waals adhesion and friction in gecko spatula

peeling. Interfacial adhesion due to van der Waals forces is generally described by

the Lennard-Jones potential φ(r) [53, 85]. For a pair of molecules separated by a

distance r this Lennard-Jones potential is a function of the depth of potential well

ε and the equilibrium distance r0 and is given as [85]

φ(r) = ε

[(r0

r

)12

− 2
(r0

r

)6
]
, (1.20)

and can be visualized as shown in Figure 1.5.
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Figure 1.5: Variation of Lennard-Jones potential with the separation distance.

The global adhesion potential Πa between two interacting bodies can then be

obtained by integrating Eq. (1.20) for all the interactions between all the molecules

in the interacting bodies as [120]

Πa =

∫
Ω1

∫
Ω2

β1 β2 φ(r) dv2 dv1 , (1.21)

where βk (k = 1, 2) is the molecular density of body Bk in the deformed configuration

Ωk.

Before discussing computational works that model gecko spatulae peeling, a few

methods employed by researchers in continuum formulations to derive the governing
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equation of motion based on the total adhesion potential in Eq. (1.21) are briefly

presented. A general continuum formulation involving the double volume integral in

Eq. (1.21) tends to be expensive. As such, some researchers employed approximation

techniques, which can be computationally less intense, while retaining the accuracy.

A general approximation technique is to transform the volume integrals to surface

integrals [120]. A typical surface based traction-separation law for Lennard-Jones

potential based van der Waals adhesion can be obtained by taking the gradient of

the total adhesion potential in Eq. (1.21). This gives the adhesive traction ta as

ta =
AH

2πr3
0

[
1

45

(
r0

rs

)9

− 1

3

(
r0

rs

)3
]
np (1.22)

where np is the surface normal and rs = ‖rs‖ is the normal distance between the

interacting surfaces.

Many researchers employed different methods to approximate the double volume

integrals with double surface integrals. One such approximation is given by Der-

jaguin approximated [85, 121], in which the total force between two curved bodies,

approximated as half-spaces, is related to the interaction energy per unit area mul-

tiplied by a geometric factor that is a function of their radii which are much greater

than the interaction range. This type of approximation has been extensively used

in solving a variety of adhesive contact problems including coalescence of crystals

during film growth [122], elastic and elasto-plastic adhesive contact [123–126], as-

perity based contact [127, 128], particle adhesion [129], asymmetric adhesion [130].

In order to address the geometrical limitations of the Derjaguin approximation [85,

121], Argento et al. [131] presented a new continuum formulation, in which the body

forces are partitioned to obtain effective surface tractions. The surface tractions are

obtained from the Young-Laplace relation, which describes the surface tractions as a

function of surface energy and curvature. Ardito et al. [132] employed the proximity

force approximation, in which the nodes on the interacting surfaces are paired and

only interact with each other to bypass the calculation of surface integrals. Further-

more, to more accurately capture the deformation behaviour of interacting bodies,

some authors employed body force formulations instead of surface force formula-

tions [120, 133–136]. However, even in these formulations, some approximations are

made, such as considering the master body as a flat half-space in the vicinity of

the projection point from the surface of the slave body. In addition to a body force

formulation, Sauer and Wriggers [120] also introduced a more efficient surface force

formulation, by projecting the body forces onto the surface of the neighbouring body

and obtaining an effective surface traction. A general continuum formulation for

adhesive contact, which is due to interatomic interactions, applicable for large de-

formation analysis, capable of capturing interactions at various length scales along
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Figure 1.6: Illustration of tri-linear traction-separation law.

with its finite element implementation has been presented by Sauer and Li [137,

138]. This model, called the coarse-grained contact model (CGCM) is derived from

the homogenization of the molecular dynamics description of interactions between

the atoms of the interacting bodies. In the current thesis, this CGCM is employed

to formulate the normal adhesion between gecko spatula and the rigid substrate.

Next, various spatula peeling models are described. Gao et al. [43] employed

finite element analysis to illustrate the flaw tolerant adhesion in nanoscale struc-

tures like gecko spatula, which is represented by a flat-ended cylinder. Instead of the

traction-separation laws as in Eq. (1.22) based on the total adhesion potential (1.21),

Gao et al. [43] employed a cohesive zone model of Tvergaard and Hutchinson [139,

140] to fit traction-separation laws. In this model, a layer of cohesive elements is

used to represent the van der Waals interactions between the two contacting sur-

faces. A generalized tri-linear traction-separation law for the Tvergaard-Hutchinson

model is used. It can be defined as [141]

t(r) = −r̄ ×



t0
r

r1

if 0 ≤ r ≤ r1 ,

t0 if r1 ≤ r ≤ r2 ,

t0
r − rc
r2 − rc

if r2 ≤ r ≤ rc ,

0 if rc ≤ r ,

(1.23)

where r := ‖r‖ denotes the magnitude of the interfacial separation and r̄ = r/‖r‖
represents its direction (see Figure 1.6). Here t0, r1, r2, and rc are model parameters,

which depend on the interacting materials.
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One of the earliest computational studies of peeling of adhesive tape was carried

out by Crocombe and Adams [142]. The authors employed the cohesive fracture

theory of Anderson et al. [143] within the setting of finite element analysis. Finite el-

ement analysis of Gao et al. [43] showed that as the spatula size decreases the stress

distribution in the contact area becomes more uniform and stress concentration

vanishes as the size decreases below a critical value. In addition to a generalized

Kendall’s peeling model, as discussed in section 1.3.2, Chen et al. [103] also em-

ployed finite element modelling in Abaqus/Standard to analyse peeling behaviour

of a spatula modelled as a two-dimensional thin strip. The authors, using cohesive

elements deforming according to a traction-separation law to model the adhesive

interactions, demonstrated the way in which a spatula can generate pretension as

it is dragged on a rigid substrate. Peng et al. [144] investigated the influence of var-

ious parameters viz. adhesion length, material stiffness, roughness, thickness, and

pull-off angle on the gecko spatula pull-off force by employing the finite element

method. The gecko spatula is represented by a thin nanofilm. The interfacial con-

tact is once again represented by the Tvergaard and Hutchinson model [140]. It is

observed that at a particular pull-off force angle, the pull-off force remains invariant

only if the length of the film is larger than the effective adhesion length. The effec-

tive adhesion length is defined as the length at which the interfacial tractions reach

the theoretical interfacial strength. It is also observed that at smaller angles, the

tangential component of the pull-off force dominates, while at larger angles, normal

component dominates. Furthermore, the authors have shown that the viscoelastic

property of the spatulae aids in its reversible adhesion. Using computational mod-

elling and analysis, Cheng et al. [145] demonstrated the process in which the geckos

achieve strong attachment and easy detachment. The van der Waals interactions

are modelled using a triangular traction-separation law. The finite element simula-

tions are carried out in the commercial software ABAQUS. The authors’ simulations

showed as the gecko begins attachment, its toes are rolled in, and setae are pulled

proximally, which causes the spatula pads to slide on the surface and make contact

developing a linear distribution of tensile forces. Then, as the gecko disengages, it

changes the pulling angle of the setae, thus creating an instability at the interface,

which then leads to a complete detachment of the spatula pads from the substrate.

Sauer [146] presented a three-dimensional multiscale model for studying seta

and spatula adhesion based on the CGCM of Sauer and Li [137]. This is illustrated

in Figure 1.7. Geometrically exact finite beam elements [147, 148] are employed in

the finite element analysis of both seta and the spatula peeling. After obtaining the

load-displacement relation for each spatula, this effective load is then transferred

to the nodes of FE mesh of setal tips. Sauer [149] further extended this multiscale

model to simulate dynamic peeling of seta and spatula. The author investigated

the rate effects by varying the pull-off velocity by two orders of magnitude. It
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was observed that the maximum pull-off force reached during the peeling process

increased significantly with the increase in pull-off velocity.

Figure 1.7: Multiscale model of a gecko seta. Reprinted with permission from
Sauer [149].

Earlier, Bhushan et al. [150] also presented a hierarchical model with two-levels

to represent the structure of gecko setae, using linear elastic springs in each level.

The authors used this model to investigate the adhesion of seta and spatulae with

rough surfaces with varying roughness amplitude and correlation length. Each

branch of the seta is assumed to be beam with a bending stiffness. By assuming that

the spatulae ends and the rough surface asperities can be represented as spheres, the

adhesive forces are obtained following DMT theory [78]. By employing a numerical

algorithm, the authors simulated the contact between the rough surface and the

hierarchical seta model. It was found that the hierarchical structure enhanced

adhesion on rough surfaces in general. But the relative increase in adhesion with

surface roughness was observed to be not so straightforward and depended on the

particular roughness amplitude and correlation length. It can be observed that

these conclusions are similar to the experimental observations [67, 70, 151, 152].

This model was extended by Kim and Bhushan [153, 154] to simulate three-levels

of hierarchy to study the effect of the applied load and stiffness on the adhesion

characteristics. It was observed that the adhesion enhancement obtained by the
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multiscale nature of the adhesive system increased with increasing applied load and

decreasing spring stiffness. Furthermore, the influence of the capillary forces on the

gecko adhesion was also examined by the authors in [155]. The authors employed a

numerical method to evaluate the elliptical integrals formulated for capillary forces.

Both the Laplace force due to the pressure difference across the water interface and

the surface tension force due to the formation of the meniscus are considered. For

the evaluation of solid-solid adhesion between the spatulae and the substrate the

authors employed the DMT adhesion theory [78] as the spatula material β-keratin is

a very stiff glassy polymer (Young’s modulus E0 ≈ 2 GPa). All the three forces, viz.

Laplace force, surface tension force, adhesion force, displayed distinct behaviours

depending on the hydrophobicity of the surface and the relative humidity.

Schargott [156] has presented a three-dimensional hierarchical model for adhesive

pads with three, four, and five levels of hierarchy. Each structure in the hierarchy is

modelled as a beam with a square cross-section. Numerical simulations are carried

out to evaluate the adhesion performance of three, four, and five layered structures

on stochastic rough surfaces. It is observed that hierarchical structures with vertical

beams although were able to reduce the effective modulus of the overall structure,

it is the tilting of the beams, the high aspect ratio, combined with the hierarchical

construction that made the overall structure compliant enough to adhere to the

substrates. This reveals the principle through which gecko adhesive pads achieve

the effective elastic modulus for tack as dictated by the Dalhquist criterion [157,

158] as also noted by various other researchers [68, 159–161]. It was further observed

that enhancement in adhesion performance on stochastic rough surfaces is obtained

by increasing the number of layers.

Sauer and co-workers studied the gecko spatula peeling extensively using various

computational models. Sauer and Holl [162] presented a detailed three-dimensional

(3D) geometry of the gecko spatula based on the electron microscopy images [74].

The surface force formulation developed by Sauer and Wriggers [120] is employed

for the 3D nonlinear finite element analysis of the peeling of the spatula. In order

to accurately capture the contact tractions due to highly nonlinear van der Waals

adhesion a surface enrichment strategy proposed by Sauer [163] is used. In this

strategy, the contact surface is described by higher-order interpolation functions,

whereas the bulk is described by the standard linear Lagrange interpolation func-

tions. The detailed parametric study showed that the spatula can generate strong

adhesion over a wide range of material and geometrical parameters. This 3D FE

model was utilized by Gautam and Sauer [164] to investigate the dynamic peeling

behaviour of gecko spatula. The effect of finite bending stiffness on the spatula peel-

ing behaviour was studied by Sauer [165]. The spatula is modelled as a thin strip

and the finite element analysis based on a geometrically exact finite beam model
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utilized to demonstrate that as the bending stiffness increases, the pull-off force in-

creases significantly. The continuum theory and the corresponding nonlinear finite

element formulation of this geometrically exact beam theory are presented in [166].

This two-dimensional beam formulation is based on the work of Reissner [167]. Also,

the developed formulation is then used to study the peeling behaviour of the gecko

spatula, whose interactions are described using both van der Waals adhesion and

cohesive zone models. It is shown that this new beam formulation is both accurate

and highly efficient compared to the 3D formulations in [149, 162]. Recently, Grill

et al. [168] also presented a computational model for molecular interactions of three-

dimensional slender beams based on the geometrically exact beam formulation of

Reisnner [167]. They also proposed a new strategy to reduce the computationally

expensive double 3D integrals to more efficient double one-dimensional integrals.

Their model employs various interaction potentials such as Lennard-Jones, electro-

static, steric exclusion, and van der Waals adhesion. The authors then applied this

developed model to study the pull-off behaviour of adhesive elastic fibers [169].

By employing Lennard-Jones potential to represent the surface interactions,

Zhang et al. [170] developed a finite element model to investigate the effect of

tip geometry of the nanoscale adhesive structures on their adhesion performance

with a nanoscale hemisphere. It was observed that at the nanoscale, the adhesion

performance not only depended on the equivalent radius of the structure but also

on the adhesion area and the sticking area. Their numerical simulations showed

that among flat, cup, mushroom, and spherical tips, cup tips provided best ad-

hesive performance and mushroom the worst. However, many other researchers

showed that the mushroom-shaped fibrillar adhesives display superlative adhesive

performance when compared to flat and spherical tips while outperforming even

spatula tips in terms of the normal pull-off forces and the enhancement of adhesion

through size reduction [171–177]. This superior performance of mushroom-shaped

terminal features is attributed to various mechanisms owing to its geometry such

as no stress singularity at the edge, the suction effect due to the formation of pres-

sure void inside the area of contact, distribution of contact stress, increase in the

contact area [177]. Unlike spatula structures which exhibit shear induced adhesion,

mushroom-shaped structures do not require any preload to engage [178]. Further,

it has been observed that mushroom-shaped adhesives are more suited for passive

applications, unlike spatula structures which serve more dynamic applications such

as rapid locomotion of geckos. In nature, mushroom-shaped adhesive structures

are observed in terrestrial as well as aquatic organisms such as male Chrysomelid

beetles, spiders, Echinoderms, corals, jellyfish, algae, plants, and bacteria [172].

Numerical simulations of Pantano et al. [179] investigates the advantage of a

particular geometrical feature of the spatulae structures, i.e. their gradual tapering
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of the pads in terms of both thickness and width. By modelling the van der Waals

adhesion by Lennard-Jones potential, the authors carried out finite element analysis

in the commercial software ABAQUS. From the results obtained it is observed that

the negative gradient of the thickness aids in enhancing the resistance to detach-

ment. Whereas, the positive gradient of the width contributes to the stability of the

detachment. Mergel et al. [180] applied the geometrically exact beam formulation

of Sauer and Mergel [166], to perform shape optimization of adhesive structures.

A two-dimensional beam with continuously varying cross-section is considered. A

genetic algorithm is used for optimization to maximize the contact surface of the

beam, external work done in peeling, and minimize the strain energy. Their results

showed that, for given model parameters, the optimal shape of the beam closely

resembles the gecko spatula. Furthermore, it was shown that the increase of the

width towards the tip increased the maximum pull-off force, which is similar to

the observations of Pantano et al. [179]. The authors further extended the model

to study the effect of peeling direction on the optimum shape by using a cohesive

zone model of Xu and Needleman [181] to account for normal as well as tangen-

tial debonding [182]. The nanoscale spatula-shaped terminal feature of fibers has

been shown to aid gecko adhesion on microscale rough surfaces by Gillies and Fear-

ing [183]. The authors modelled the fibers as a combination of linear spring along

the length and a rotational spring at the base. Numerical simulations of arrays

of these hairs have shown that the spatula-shaped hairs provide ten times larger

adhesive forces than hemispherical-shaped tips.

Interatomic interactions can also be modelled by Morse potential φm(r), which

for a two atoms separated by distance r is defined as [184]

φm(r) = D(e−2a(r−r0) − 2e−a(r−r0)) , (1.24)

where D represents is the bond-dissociation energy, r0 is the equilibrium distance,

and a is a material parameter that characterizes the width of the potential well.

Chiu et al. [185] used Eq. (1.24) to model the interaction between the atoms in

a nanoscale thin film. Finite element analysis is performed in LS-DYNA software

package to investigate the effect of size and atomic vacancies to understand mate-

rial sliding, stress development. Filippov et al. [186] numerically investigated the

contact formation dynamics of spatulae on rough surfaces by describing the van der

Waals interactions by Morse potential (1.24). Their numerical simulations show

that under shear loading, the spatulae spread on both the smooth and the rough

surface, thus increasing the contact area even in case of prior misalignment. It was

also shown that there exists optimum shear force at which the contact is maxi-

mum; hence the adhesion is maximum, but there is no slip. Further, similar to

the observations of Pantano et al. [179], the negative thickness gradient was found
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to enhance adhesion. Mishra et al. [187] investigated the adhesion and debonding

characteristics of an elastic film cast on various patterned rigid surfaces by em-

ploying finite element analysis. It was found that the surface features of the films

cast on the patterned surfaces depended only on the RMS value of the roughness

irrespective of the pattern. Further, it was found that during debonding, the rate

of peeling increased the work of adhesion. Kovalev et al. [188] also investigated

the spatula adhesion behaviour on surfaces composed of individual round particles

and numerically generated rough surfaces derived from surface topography of real

surfaces. Numerical experiments of adhesion of a two-dimensional elastic spatula

on different rough surfaces showed that for surfaces with the characteristic size of

the roughness in the range of the spatula size, adhesion dropped as only some part

of the spatula makes contact with the substrate. These results are in agreement

with the experimental observations [67].

Most of the numerical models discussed above, especially the van der Waals

adhesion models, do not consider the contribution of friction at the interface. Also,

in some of the numerical simulations [150, 153–155], the underlying adhesive contact

description is derived from analytical models such as the DMT theory [78]. Further,

the numerical approaches employing the cohesive zone models [43, 103, 144, 145]

although consider the tangential tractions they do not account for the frictional

sliding at the interface. However, it has been established that the geckos attach to

surfaces by generating much larger frictional forces than the normal adhesion [1].

Hence, in order to realistically model the coupled adhesion-friction behaviour of the

spatula computational models incorporating the friction contribution are needed.

Various researchers have incorporated sliding friction according to the

Amontons-Coulomb law (see Eq. (1.1)) in cohesive zone models. In the compu-

tational formulation of Tvergaard [189] and the subsequent generalization of Lis-

senden and Herakovich [190], the sliding friction is brought into the model when the

interfacial debonding is complete, and the interface can only sustain compressive

loads and tangential tractions. In modelling decohesion behaviour in composites,

Chaboche et al. [191] extended the frictional formulation of Tvergaard [189] to allow

for continuity between the tensile and compressive loading conditions. A thermo-

dynamic coupled adhesion-friction contact model has been developed by Raous et

al. [192, 193] that accounts for sliding friction even for partial debonding conditions.

This model was extended by Cocou et al. [194] to account for recoverable adhesion

for the case dynamic adhesive contact between rubber and glass. Snozzi et al. [195]

presented a mixed-mode debonding model for fracture of brittle materials that can

capture the interfacial behaviour starting from the nucleation of crack to the pure

frictional sliding state where the friction is represented by Eq. (1.1). Similar cohe-

sive zone models that model sliding friction according to Amontons-Coulomb law
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using micromechanical approaches for masonry structures have also been developed

by other authors [196–198].

Deng et al. [199] performed friction force microscopy experiments of an AFM tip

sliding on a nanoscale graphite structure. It was observed that when the adhesion

between the tip and the graphite increases, a partial delamination of atomic layers

of graphite occur and the friction increases as the load decreases as the tip is re-

tracted. To understand this, the authors performed FE analysis (see supplementary

information S1 of [199]) of adhesion between the tip and the graphite, in which the

van der Waals adhesion is modelled using the Lennard-Jones potential in Eq. (1.20)

and the adhesive friction is introduced using the reduced model of Homola et al. [96]

in Eq. (1.11) with a constant shear strength corresponding to local compression in

the interface. Jiang and Park [200] proposed a Gaussian-type potential in addition

to the Lennard-Jones potential to describe the interfacial friction and adhesion for

layered structures like graphene. This model, however, is applicable only for static

friction.

Most of the friction models discussed above, model the sliding friction only

when the local normal stress is compressive. However, as discussed in sections 1.2

and 1.3.2, in case of gecko adhesion, it has been experimentally observed that the

adhesive structures generate high friction when the local stresses are tensile [48].

Further, experimental observations of Eason et al. [201] have shown that in gecko

adhesive pads, during attachment and detachment, there is a non-uniform stress

distribution and the local contact stresses vary from tensile to compressive with

the same contact area. To address these issues, Mergel et al. [202] developed

two continuum-based phenomenological contact models for adhesive friction that

account for sliding friction for both local compression and tension. In both the

models authors define a threshold value for the static friction beyond which the

interacting surfaces are sliding with respect to each other. Further, for both the

models, a cut-off distance is defined beyond which it is assumed that the interacting

surfaces do not experience friction. In the first model, called “Model DI”, the

sliding threshold is equal to a constant shear strength which is independent of

the separation distance between the surfaces. In the second model, called “Model

EA”, which can be considered as a generalized local form of Eq. (1.10), the sliding

threshold is a function of normal adhesive traction (derived from Lennard-Jones

potential) which in turn is a function of the separation distance. The authors

showed that these models could accurately predict the frictional sliding behaviour

of elastomers on glass. A detailed finite element framework incorporating these

coupled adhesion and friction models can be found in [203]. As such, in the current

thesis, “Model EA” is employed to capture the coupled adhesion and friction in

gecko spatula peeling.
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1.4 Artificial neural networks

Machine learning (ML) techniques have found applications in a wide range of data-

driven research areas including computational mechanics [204–210]. The probabilis-

tic and flexible nature of machine learning enhances the capabilities of conventional

computational models. Artificial neural network (ANN), a subset of ML, is one

of such successful statistical methods that has been used in various engineering

problems to analyse discrete data and find complex interrelations therein [211–214].

ANNs are modelled to loosely mimic the neural network in a brain such that each

artificial neuron communicates with other connected artificial neurons similar to

synapses in the brain [215]. The inputs to each of these artificial neurons and their

connections to other neurons are associated with a weight value. These neurons are

generally grouped into layers to form a network. Typically, a neural network has

an input layer and an output layer, with one or more hidden layers. At each layer,

the collection of neurons receive a weighted input, which is passed to a nonlinear

function called activation function in that layer, which produces an output. The

neural network formed by these layers is trained by comparing the network output

corresponding to a given input with the target output. The difference between the

network output and the target output, called the error, is then used to adjust the

weighted associations at each layer. Thus, the network learns to produce an output

close to the target output by successive iterations. This iterative process is stopped

when a certain criterion is met.

ANNs have been employed to study various problems in the computational me-

chanics, such as inverse problems [216, 217], constitutive modelling [218–220], frac-

ture [221], and damage detection [222, 223]. Using ANNs, Manevitz et al. [224]

predicted the optimal placement of nodes on a two-dimensional geometry to gen-

erate a finite element mesh. Rapetto et al. [225] employed ANNs to predict the

relationship between the surface roughness parameters and the real contact area

in elastic contact between a rough surface and a flat rigid substrate. Gyurova et

al. [226] predicted sliding friction and wear characteristics of polymer composites

using ANNs. Liang et al. [214] proposed a fast and accurate method based on

deep learning to estimate the stress distribution in aortic walls of the human heart.

Hamdia et al. [227] used a deep neural network algorithm to understand the ma-

terial response of a flexoelectric cantilever nanobeam. They obtained the data for

training by solving the governing differential equations using NURBS based isoge-

ometric analysis. Gu et al. [228] used neural networks to propose a new design

methodology for bio-inspired hierarchical composite materials. The designs are op-

timized based on strength and the toughness of the materials. The finite element

(FE) analysis is used to obtain the training and testing data. They have shown
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that employing neural networks can significantly reduce the high computational

costs involved in FE simulations. It was observed that their neural network could

evaluate billions of material designs in a matter of hours, for which the finite ele-

ment method would take years to solve. Oisihi and Yoshimura [229] proposed a new

local node-to-segment contact search method using deep neural networks to reduce

the high computational times involved. Recently, this work has been extended by

Oishi and Yagawa [230] to surface-to-surface local contact search between arbitrar-

ily curved surfaces, which are described by non-uniform rational B-spline (NURBS)

basis functions. Nowell and Nowell [231] used ANNs to predict the total fretting

fatigue life of an aluminium alloy. Using deep learning techniques, Kim et al. [232]

performed shape optimization to design adhesive pillars with uniform stress dis-

tribution and high adhesive strength. The deep neural networks combined with

genetic optimization could predict the stress distribution in the interface and the

detachment mechanism with great accuracy and computational efficiency. Khoei et

al. [233] used backpropgation learning method based neural network with Nelder-

Mead method [234], to develop a novel efficient stress recovery technique in adaptive

finite element method. It was observed that their neural network model particu-

lar performed much better than the conventional superconvergent patch recovery

(SPR) technique and weighted superconvergent patch recovery (WSPR) technique,

especially in the regions of high stress-concentrations.

Backpropagation algorithm is a learning method, in which the neural network is

trained to form associations between the input and output pairs. In this algorithm,

first, the inputs are propagated forward through the input, hidden, and output lay-

ers. Then, the error gradients, called the sensitivities, are propagated back to the

input layer. At the end of each iteration, the weight values are updated accordingly

to reduce the error. Backpropagation learning method is extensively used to train

neural networks [235] in machine learning. However, backpropagation algorithm

tends to be slow and are prone to overfitting during training. To address these issues

associated with backpropagation algorithms, several generalization methods such as

Bayesian regularization (BR) [236, 237] and Levenberg–Marquardt (LM) [238] are

used. Generalization methods minimize the likelihood of overfitting the training

data. The LM optimization method, especially, decreases the computational time

of the backpropagation algorithm by increasing the convergence rate [239]. Both

the BR and LM methods are often employed owing to their advantage in obtaining

a lower mean squared error [240]. However, it has been observed that Bayesian

regularization performs better than LM [240] with BR achieving the highest corre-

lation coefficient and the lowest sum of square errors. As such, Bayesian regulariza-

tion has been employed to successfully study various problems such as constitutive

modelling, data mining, predicting stock price movement, magnetic shielding, and

chemical adsorption [241–245].
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1.5 Objective of the thesis

From the literature discussed in this chapter, which is by no means an exhaustive

list, the following observations can be made:

� Experimental investigations, though have contributed to a vast amount of

knowledge about gecko adhesive system. Yet, there have been no direct studies

that explored the coupled adhesion and friction behaviour at the spatula level.

� Most of the analytical models that study the peeling of gecko spatula, though

provide insights into the various aspects of the peeling behaviour, they are

applicable only in the regime of steady-state peeling. However, it has been

observed that steady state peeling generally occurs, only if the structures are

quite long [112]. As such, most of the analytical models are unable to predict

the whole peel-off process, including the snap-off behaviours.

� Numerical models although can describe the peeling process, most of these

studies which model the van der Waals adhesion using Lennard-Jones poten-

tial do not include the contribution of friction. Some of the cohesive zone

models that include friction are only applicable for compressive normal loads.

However, it has been established that geckos can generate sliding friction even

when for tensile loads [48].

� There have been very few studies, which employed a three-dimensional spat-

ula model to analyse its peeling behaviour. Although Sauer and Holl [162]

performed a three-dimensional FE analysis, in their work the contribution of

interfacial friction was not considered.

� Numerical analyses using methods such as FEM, require large computational

time. As mentioned in the previous section, the use of machine learning

techniques such as artificial neural networks has the potential to reduce these

computational costs, while retaining the accuracy of the numerical methods.

Based on the above observations, the objective of the present work is to conduct

a systematic investigation of the coupled adhesion and friction behaviour in gecko

spatula peeling using a continuum-based computational model that captures the

contribution of sliding friction even under tensile loading. To achieve this objective,

several sub-objectives are set. They are as follows.

� To develop a computational framework in the setting of nonlinear finite ele-

ment analysis to study the peeling behaviour of a gecko spatula.
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� To understand the strong attachment and easy detachment behaviour of the

spatulae as well as to perform a detailed investigation of the influence of

various material and geometrical parameters on the pull-off forces.

� To explore the possibility of presence of the critical detachment angle and the

“frictional adhesion” phenomenon, until now only observed from seta to toe

levels of gecko in the literature, at the spatula level.

� To carry out a detailed study in order to understand the influence of different

parameters on the critical detachment angle.

� To extend the computational framework to study the peeling behaviour of the

gecko spatula using a three-dimensional finite element model.

� To develop an artificial neural network model to predict a few important

aspects of the spatula peeling behaviour such as the maximum normal pull-

off force, the maximum tangential pull-off force, and the resultant force angle

at the detachment.

1.6 Structure of the thesis

The thesis is organized into six chapters which are followed by three appendices

and references. The thesis is structured as follows.

Chapter 1: This chapter introduces the current state of gecko adhesion re-

search. First, the beginnings of gecko adhesion research starting from the discovery

of adhesive pads and the microscopic structures populating them is presented.

Next, the efforts by various researchers understanding various aspects of gecko

adhesion are presented. Then, advances in modelling the gecko spatula adhesion

and friction employing different experimental, analytical, and numerical methods

is detailed. Finally, the application of artificial neural networks in solving different

computational mechanics problems are presented.

Chapter 2: In this chapter, the continuum formulation of the computa-

tional model employed in the current thesis to study gecko spatula peeling is

presented. First, the formulation of coarse-grained contact model used to model

the adhesive contact between the spatula and the substrate is described. Then,

the adhesive friction model used to study the frictional behaviour at the contact

interface of the spatula and the substrate is presented along with its algorithmic

treatment.
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Chapter 3: In this chapter, the finite element formulation of the weak

form derived in Chapter 2 is presented. Using isoparametric mapping the force

equilibrium equations are derived for adhesive friction contact between two bodies.

Also, the internal and contact tangent matrices are derived. Further, the surface

enrichment strategy used for accurate and efficient evaluation of the contact

tractions is also discussed.

Chapter 4: This chapter presents and discusses the numerical results ob-

tained using the framework of nonlinear finite element analysis developed in

previous chapters. The finite element formulation is first validated using an

example problem from the literature. Next, by modelling the gecko spatula as

a two-dimensional thin strip in plane-strain, the coupled adhesion and friction

behaviour of the gecko spatula is investigated. This investigation is carried out

by examining the normal and tangential pull-off forces generated and by studying

the presence of critical detachment angle observed at the spatula level. Further,

a detailed parametric study is carried out to understand the influence of various

parameters on the pull-off forces and the critical detachment angle. Finally, the

finite element formulation is extended to study the peeling of gecko spatulae using

a three-dimensional model. Using this 3D model, frictionless and frictional peeling

behaviour of the gecko spatula is investigated.

Chapter 5: This chapter discusses the application of artificial neural net-

works to predict some aspects of the peeling behaviour. A Bayesian regularization

based backpropagation learning method is employed to train the neural networks.

The input data set is taken from the finite element simulations in Chapter 4. Using

the optimized parameters obtained from training the neural networks predictions

are made, which are then compared to the FE results to evaluate the performance

of the neural networks.

Chapter 6: This chapter concludes the thesis by summarizing the work

done and provides an outlook on expanding the current work.
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Chapter 2

Mathematical Formulation

In this chapter, the quasi-continua model employed to study the nanoscale adhesion

and friction due to intermolecular interactions between two deformable solids is

presented. In order to study to the frictionless adhesive contact at the nanoscale,

the coarse-grained contact model (CGCM) proposed by Sauer and Li [137] is used.

Mergel et al.’s [202] “Model EA” is employed to model the coupling of adhesion and

friction. First, a brief overview of the concept of CGCM is presented in section 2.1.

The governing weak form for the normal adhesive contact is derived in section 2.2. In

section 2.3 the adhesive friction model and its algorithmic treatment are described.

2.1 Coarse-grained contact model

Interaction of nanoscale solids where the effects of atomic-scale interactions be-

come significant is generally studied using the molecular dynamics (MD) simula-

tions [246]. However, MD simulations become computationally quite expensive

as the size of the system being analysed increases. In addition, for many practi-

cal applications, such detailed atomic description is not required. On the other

hand, macroscale continuum contact mechanics models are only governed by the

impenetrability constraints. As such, to model the interaction of solids governed by

molecular interactions, Sauer and Li [137] proposed a multiscale, quasi-continuum

model which considers the intermolecular interactions of the deforming bodies and

utilizes the continuum framework to capture their finite deformations.

In the quasi-continuum model [247–249], named coarse-grained contact model

(CGCM), the continuum description used to model the interactions of two bodies at

the macro-scale is combined with the atomic scale interaction potentials employed

to describe the interactions at the atomic scale. The CGCM takes the form of

constitutive relations to model the material response under external or internal

loads from the continuum hypothesis. For the hyperelastic material considered in
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this thesis, stored energy function W is employed to derive the material response.

From the atomic-scale interactions, the CGCM employs the inter-solid potential φ

describing the interaction between the atoms/molecules of participating bodies and

the intrasolid potential ψ describing the interaction between the atoms/molecules

of the same body. The intrasolid potential ψ and intersolid potential φ are then

used to derive the constitutive relation such as an internal potential W = W (ψ)

and an external potential field Φ = Φ(φ), respectively.

The continuum formulation of the CGCM can be derived either by coarse-

graining the molecular dynamics description or by using the setting of large de-

formation continuum mechanics. In this thesis, the latter approach, originally pre-

sented by Sauer and Li [138], is employed and is detailed in the following sections.

For the derivation of the continuum formulation from molecular dynamics, readers

are referred to [137]. More detailed descriptions of continuum contact mechanics

can be found in [250], [251], and [252].

2.2 Weak form of normal adhesion

In this section, the weak form governing the normal adhesive interaction of two solid

bodies undergoing large deformations in the framework of continuum mechanics is

derived. The problems considered in this thesis are of quasi-static nature, and as

such, the inertial effects are not considered in the formulation.
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Figure 2.1: Illustration of adhesive contact between two deformable solids. Adapted
with permission from Sauer and Li [137].

Consider two deformable bodies B1 and B2 occupying initial (and reference)

configurations Ω10 and Ω20 with initial atomic (or particle) densities β10 and β20,

respectively as shown in the Figure 2.1. These two bodies B1 and B2 undergo
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deformation due to the interaction between their atoms and occupy current (or

deformed) configurations Ω1 and Ω2. Then, an initial (and reference) point with

position vector Xk ∈ Ωk0 in body Bk will now occupy a position xk ∈ Ωk in the

current (deformed) configuration, where k = 1, 2. The positions Xk and xk are

related by the expression

xk = ϕk(Xk), (2.1)

where the one-to-one and orientation-preserving mapping ϕk is known as the defor-

mation mapping. The deformation gradient F k corresponding to ϕk is then defined

as

F k :=
∂ϕk
∂Xk

. (2.2)

Corresponding to this deformation gradient F k, a Lagrangian strain measure known

as the Green-Lagrange tensor is defined as [253]

Ek =
1

2
(Ck − I) , (2.3)

where Ck = F T
kF k is the right Cauchy-Green deformation tensor and I is the

identity tensor.

The determinant of the deformation gradient tensor, Jk = detF k, called the

Jacobian, relates the infinitesimal volume elements dvk ∈ Ωk and dVk ∈ Ωk0 as well

as the particle densities βk0 ∈ Ωk0 and βk ∈ Ωk as

dvk = Jk dVk, βk0 = Jkβk. (2.4)

In this thesis, it is assumed that there is no influx or efflux of particles. Hence, from

the principle of conservation of mass it follows that

βk0 dVk = βk dvk and ρk0 dVk = ρk dvk, (2.5)

where ρk0 and ρk are mass densities of body Bk in undeformed and deformed con-

figurations, respectively.

Assuming that the current system is conservative, the total potential energy Π

of the system is the sum of the internal Πintk, external Πextk potential energies of

each body, and the adhesion potential Πa between them, i.e.

Π =
2∑

k=1

[Πintk − Πextk] + Πa. (2.6)

A constitutive relation that governs the internal response of the material is used
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to calculate the internal potential energy Πintk in Eq. (2.6) as

Πintk =

∫
Ωk0

Wk(F k) dVk. (2.7)

where Wk(F k) is the strain energy density function. In this thesis, the interacting

bodies are considered to be compressible Neo-Hookean materials with nonlinear

stress-strain response for which the strain energy density function W (F k) is defined

as [254]

W (F k) =
Λ

2
(ln Jk)

2 +
µ

2
(I1 − 3) − µ ln Jk, (2.8)

where I1 = tr(Bk) = tr(Ck). Here, the tensor Bk = F kF
T
k represents the left

Cauchy-Green tensor. Further, Λ and µ are material Lamé constants defined as

Λ =
2µ ν

(1− 2ν)
and µ =

E0

2 (1 + ν)
, (2.9)

where E0 and ν are the Young’s modulus and Poisson’s ratio of the material, re-

spectively.

The second Piola-Kirchoff stress tensor Sk is then derived from the strain energy

density function W (F k) as

Sk :=
∂W (F k)

∂Ek

= 2
∂W (F k)

∂Ck

= Λ ln JkC
−1
k + µ (I −C−1

k ), (2.10)

and the corresponding Cauchy stress tensor σk is related to the second Piola-

Kirchoff stress tensor Sk as

σk = J−1
k F k Sk F

T
k

=
(Λ ln Jk)

Jk
I +

µ

Jk

(
F kF

T
k − I

)
.

(2.11)

The tangent of the second Piola-Kirchoff stress tensor Sk known as the material or

Lagrangian elasticity tensor Ck can be obtained by differentiating Eq. (2.10) with

respect to the right Cauchy-Green deformation tensor Ck as [254]

Ck = 2
∂Sk
∂Ck

= ΛC−1
k ⊗C

−1
k + 2(µ− Λ ln Jk)I, (2.12)

where the fourth-order tensor I is defined as

I = −∂C
−1
k

∂Ck

; Ipqrs =
∂(C−1

k )pq
∂(Ck)rs

. (2.13)

Then, the Eulerian or spatial elasticity tensor ck corresponding to the Cauchy stress

tensor σk can be obtained by pushing forward the material elasticity tensor Ck in
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Eq. (2.12) as [254]

ck =
Λ

Jk
I ⊗ I +

2µ∗

Jk
I , (2.14)

where µ∗ := µ− Λ ln Jk is the modified shear modulus and I represents the fourth-

order identity tensor. This fourth-order identity tensor is obtained by pushing

forward the fourth-order tensor I. Its components are expressed in terms of the

Kronecker delta: Ipqrs = (δprδqs+δpsδqr)/2 [254]. The spatial elasticity tensor c can

be written in Voigt notation by dropping the subscript k as

cv =
1

J



2µ∗ + Λ Λ Λ 0 0 0

Λ 2µ∗ + Λ Λ 0 0 0

Λ Λ 2µ∗ + Λ 0 0 0

0 0 0 µ∗ 0 0

0 0 0 0 µ∗ 0

0 0 0 0 0 µ∗


. (2.15)

2.2.1 Adhesion potential

In CGCM, the intersolid potential φ(r), i.e. the interaction potential between the

particles of the two bodies with position vectors x1 ∈ Ω1 and x2 ∈ Ω2, and separated

by a distance r = |r| = |x2−x1| is assumed to be due to the van der Waals forces.

These van der Waals interactions between any two particles separated by a distance

r are in general described by the Lennard-Jones potential [85] as

φ(r) = ε

[(r0

r

)12

− 2
(r0

r

)6
]
, (2.16)

where ε and r0 represent energy and length scales and are material specific constants.

Here, the first term gives the steric repulsion for distances smaller than r0 and the

second term describes the attraction as the distance between the particles increases

beyond r0 as shown in Fig 2.2. The force, Fφ(r), between the particles corresponding

to the potential φ(r) is given as

Fφ(r) = −∂φ(r)

∂r
=

12ε

r0

[(r0

r

)13

−
(r0

r

)7
]
. (2.17)

Eq 2.17 shows that r = r0 is the equilibrium distance at which there is no force

acting on the particles as shown in Figure 2.2. Further, ε is the energy at r = r0.

2.2.2 Weak form derivation

From Figure 2.2, it can be observed that as the distance r between the particles

increases the interaction potential weakens very quickly. For example, when r = 2r0,
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Figure 2.2: Lennard-Jones potential φ(r) acting between two particles separated by a
distance r and the corresponding force Fφ(r). Here r0 is the equilibrium distance at which
no force acts between the particles.

the absolute value of the adhesion potential is only 3% of the value at r = r0. As

such, for the case of interaction between the particles in two different bodies there is

cut-off distance rc beyond which the interactions are negligible. Hence, in computing

the total adhesive interaction potential only a subset Ωa
k ⊆ Ωk of the total domain

is considered. The total adhesive interaction potential can then be obtained by

summing the interactions of all the particles in body B1 with each particle of body

B2 and vice-versa as

Πa =

∫
Ωa

1

∫
Ωa

2

β1 β2 φ(r) dv2 dv1 =

∫
Ωa

10

∫
Ωa

20

β10 β20 φ(r) dV2 dV1 . (2.18)

For quasi-static motion, principle of stationary potential energy states that at

equilibrium, among all the admissible variations δϕ for the actual motion ϕ the

total potential energy has a stationary value. Therefore, at equilibrium

δΠ =
2∑

k=1

[δΠintk − δΠextk] + δΠa = 0 , ∀δϕk. (2.19)

The variation of the internal potential energy δΠint,k can be written as

δΠintk =

∫
Ωk0

Grad(δϕk) : P k dVk =

∫
Ωk

grad(δϕk) : σk dvk, (2.20)

where Grad(·) and grad(·) are the gradient operators with respect to the initial

and current configurations, respectively. Here, P k is the first Piola-Kirchoff stress
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tensor and is related to the second Piola-Kirchoff stress tensor as

P k = F k Sk. (2.21)

Using Eq. (2.18), Eq. (2.5), and the chain rule the variation of the adhesion potential

can be calculated as

δΠa =

∫
Ωa

1

∫
Ωa

2

β1β2

(
∂φ(r)

∂x1

· δϕ1 +
∂φ(r)

∂x2

· δϕ2

)
dv2 dv1. (2.22)

Rearranging and grouping the terms gives

δΠa = −
∫

Ωa
1

δϕ1 · β1 ba1dv1 −
∫

Ωa
2

δϕ2 · β2 ba2dv2, (2.23)

where ba1 and ba2 are considered to be the body forces defined as

ba1(x1) := −∂Φ2

∂x1

, Φ2(x1) :=

∫
Ωa

2

β2 φ(r) dv2,

ba2(x2) := −∂Φ1

∂x2

, Φ1(x2) :=

∫
Ωa

1

β1 φ(r) dv1.

(2.24)

The body force bak acting at the point xk ∈ Ωk of body Bk emerges from the

interactions with the field Φl enveloping the body Bl, where l 6= k. Pulling the

gradient into the integration and from the definition of force of the Lennard-Jones

potential F (r) in Eq. (2.17), the expressions for the body forces in Eq. (2.24) can

be further simplified as

ba1(x1) =

∫
Ωa

1

β2 Fφ(r) r̄ dv2,

ba2(x2) = −
∫

Ωa
2

β1 Fφ(r) r̄ dv1,

(2.25)

where r̄ =
r

r
is the unit vector between the points x1 and x2. Using Eqs. (2.20)

and (2.23), the variation of the total potential energy in Eq. (2.19) can be written

as

δΠ =
2∑

k=1

[∫
Ωk

grad(δϕk) : σk dvk −
∫

Ωa
k

δϕk · βk bak dvk − δΠextk

]
= 0 , ∀δϕk,

(2.26)

which forms the governing weak form of the system of interacting bodies shown in

Figure 2.1.

To evaluate the body forces bak due to the adhesive interaction between the

two bodies, Sauer and Wriggers [120] proposed two methods namely the “body

force (BF)” formulation and the “surface force (SF)” formulation. In both of these
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formulations, a point xk ∈ Ωk of body Bk, is projected normally on to the surface

∂Ωl of the neighbouring Bl (l 6= k). The corresponding projection point on the

surface is denoted as xp ∈ ∂Ωl. Further, at the point of projection body Bl is

approximated as a half-space. Accuracy of this assumption is examined by Sauer

and Wriggers [120] and it was found that for bodies with radius greater than 9 nm,

the half-space assumption is very accurate. Following this, body force at point xk

which is at a distance rk from the projection point xp (i.e. rk is the normal distance

between the point xk and the projection point xp on the surface ∂Ωl) is obtained

as [120]

bak(rk) = π βl ε r
2
0

[
1

5

(
r0

rk

)10

−
(
r0

rk

)4
]
np. (2.27)

∂Ωl

(a)

∂Ωl

(b)

Figure 2.3: Illustration of body force and surface force formulations (a) Computation
of the minimum distance rs from xk to the surface ∂Ωl at the projection point xp (b)
Projection of body forces in Bk on to the surface ∂Ωk to obtain an effective surface
traction tk. Here, req denotes the equilibrium distance and rc is the cut-off distance after
which the effect of intermolecular forces is assumed to be zero. Reprinted from Sauer and
Wriggers [120] with permission from Elsevier.

In this thesis, only the “surface force (SF)” formulation is used owing to its efficiency

and accuracy [120]. In this approach, an effective surface traction corresponding

to the body force bak is obtained by projecting it parallelly onto the surface of the

body Bk as is illustrated in Figure 2.3. A volume element dvk ∈ Ωk of body Bk is

projected onto its surface giving an area element dak opposite to the direction of

normal np to the surface ∂Ωl (l 6= k) and can be written as

dvk = cl(rk) drk cos(αk) dak , with cl(rk) =

(
Rl

1 + rk
Rl

1 + rs

)(
Rl

2 + rk
Rl

2 + rs

)
, (2.28)

where Rl
1 and Rl

2 are the principal surface radii of curvature of ∂Ωl of body Bl and rs

is the normal distance between the interacting surfaces. Here, αk denotes the angle
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that the area element dak makes with the projection −np, i.e. cos(αk) = −np ·nk.
Then, the weak form (2.26) can be rewritten as

2∑
k=1

[∫
Ωk

grad(δϕk) : σk dvk −
∫
∂Ωa

k

δϕk · tak dak − δΠextk

]
= 0 , ∀δϕk, (2.29)

where tak is the effective surface traction which is defined as

tak := cos(αk)

∫ rc

rs

cl(rk) βk bak(rk) drk, (2.30)

where bak is the body force given by Eq. (2.27) and cl is defined in Eq. (2.28). In

order to integrate analytically it is further assumed that the particle density βk is

constant between the integration limits rc and rk. As shown in Figure 2.3, rc denotes

the cut-off distance after which the effect of intermolecular forces is assumed to be

negligible. Whereas rk is the normal distance between the interior point xk of body

Bk and the projection point xp. This leads to

tak ≈ cos(αk) βk

∫ rc

rs

cl(rk) bak(rk) drk. (2.31)

Setting rc =∞, using Eq. (2.27), and performing the integration results in

tak(rs) = π cos(αk) βk βl ε r
3
0

[
f1(Rl

1, R
l
2)

45

(
r0

rs

)9

− f2(Rl
1, R

l
2)

3

(
r0

rs

)3
]
np,

(2.32)

where f1 and f2 are functions of surface radii of curvature of body Bl and are

approximated as unity for all the problems in this thesis. Introducing Hamaker’s

constant AH = 2π2β10β20εr
6
0 [85], the effective surface traction can be written as

tak(rs) =
tak np

JkJl
, tak = cos(αk)

AH

2πr3
0

[
1

45

(
r0

rs

)9

− 1

3

(
r0

rs

)3
]
, (2.33)

Nanson’s formula [255] relates the area differentials in initial and current configu-

rations as

nkdak = JkF
−T
k N kdAk, (2.34)

where N k is the outward normal to the surface ∂Ωk0. Then, the weak form in

Eq. (2.29) can be rewritten in the reference configuration as

2∑
k=1

[∫
Ωk0

Grad(δϕk) : P k dVk −
∫
∂Ωa

k0

δϕk · T ak dAk − δΠextk

]
= 0 , ∀δϕk,

(2.35)

where T ak is the effective surface traction in the reference configuration and is
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defined as

T ak :=
θk Taknp

Jl
with Tak(rs) =

AH

2πr3
0

[
1

45

(
r0

rs

)9

− 1

3

(
r0

rs

)3
]
. (2.36)

Here, Jl = detF l is the determinant of the deformation gradient F l of body Bl and

represents its volume change due to deformation and θk := −np · F−Tk N k , which

characterizes the influence of the angle between the surfaces and the influence of

the dilation of body Bk at the surface. Investigations of Sauer and Wriggers [120]

showed that even for problems with moderate to strong adhesion, such as gecko

spatula adhesion, sufficiently accurate results can be obtained by setting θk = 1.

Therefore, in the current thesis it is assumed that the value of θk is unity [162].

In order to satisfy the impenetrability condition for contact between two bodies

and to account for the resulting ill-conditioning, regularization of the the effective

surface traction Tak = ‖T ak‖, referred to as adhesive traction from here on, for

very small normal gaps rs −→ 0 is done by modifying the adhesive traction as (see

Figure 2.4)

T reg
ak (rs) =

Tak(rs), rs ≥ rreg,

Tak(rreg) + T ′ak(rreg)(rs − rreg) rs < rreg,
(2.37)

where rreg is a regularisation distance and is chosen to be equal to the equilibrium

distance req [202]. Here, T ′ak indicates the derivative of the adhesive traction Tak

with respect to rs and is given as

T ′ak(rs) =
∂Tak(rs)

∂rs

= − AH

2πr4
0

[
1

5

(
r0

rs

)10

−
(
r0

rs

)4
]
. (2.38)

Sauer and Li [138] defined two material parameters γL and γW that characterize

the weak form given by Eqs.(2.29) and (2.35). The first parameter γL characterizes

the size of the chosen geometry with respect to the length scale of the interaction

potential φ(r) and is defined as

γL :=
R0

r0

, (2.39)

where R0 is the global length scale of the problem under consideration and r0 is the

length scale of Lennard-Jones potential φ(r) defined in Eq. (2.16).

The second parameter γW characterizes the internal elastic energy density due to

the deformation with respect to the energy density due to the adhesive interactions
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Figure 2.4: Evolution of adhesion traction with the separation distance. Here T0 =
AH/(2πr

3
0).

and is defined as

γW :=
E0(
AH

2πr3
0

) . (2.40)

Considering the Tabor parameter [256] for adhesion between a cylinder of radius R

and a flat rigid substrate

µTabor =

(
Rwadh

E∗0 r
3
0

)1/3

, (2.41)

where E∗0 = E0/(1− ν2) and wadh is the work of adhesion. In CGCM, the work of

adhesion can be computed from the adhesive traction T a as [162]

wadh = −
∫ ∞
req

‖T a(rs)‖ drs =
3
√

15
AH

16πr2
0

. (2.42)

Then, the two material parameters γL and γW can be related to the Tabor parameter

as

µTabor =

(
3
√

15π

8

)2/3(
γL

(γW)2

)1/3

. (2.43)

2.3 Adhesive friction formulation

The weak form derived in the previous section considers only the normal forces

developed due to the intermolecular interactions. In order to evaluate the frictional

forces developed due to adhesive interactions between the bodies in Figure 2.1,

Mergel et al. [202] proposed two models based on the coarse-grained contact model

discussed in section 2.2. In this thesis, “Model EA” of Mergel et al. [202] which is
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based on the extended Amontons’ Law of Derjaguin [95] is employed. In this model,

a tangential (or frictional) traction T fk corresponding to a normal traction due to

adhesion T ak is obtained. Following the sign convention of Laursen [252] the total

contact traction is computed as

T ck = T ak − T fk, in the reference configuration, (2.44)

tck = tak − tfk, in the current configuration. (2.45)

The weak form (2.35) can then be modified as

2∑
k=1

[∫
Ωk0

Grad(δϕk) : P k dVk −
∫
∂Ωa

k0

δϕk · T ck dAk − δΠextk

]
= 0 , ∀δϕk,

(2.46)

and in the current configuration,

2∑
k=1

[∫
Ωk

grad(δϕk) : σk dvk −
∫
∂Ωa

k

δϕk · tck dak − δΠextk

]
= 0 , ∀δϕk. (2.47)

The tangential traction varies within the contact area and is defined for both

compressive and tangential normal loads. The interacting bodies are either in stick-

ing or sliding with respect to each other based on a criterion for the magnitude of

tangential traction, which is given as (the subscript k is dropped for brevity)

‖T f(rs, rT)‖

= Tslide for sliding,

< Tslide for sticking.
(2.48)

where rT is the tangential slip and Tslide denotes the sliding threshold. The sliding

threshold is obtained first by shifting the adhesive traction Ta(rs) by a value equal

to the adhesive traction Ta(rcut) at a cut-off distance rcut beyond which frictional

forces are zero. The expression for rcut is given by

rcut = scut rmax + (1− scut) req, scut ∈ [0, 1], (2.49)

where rmax is the distance at which the adhesive traction Tn given by Eq. (2.36) has

the global minimum and scut is a parameter taking values between 0 and 1.

Then, the sliding threshold is proportional to Ta(rs) + |Ta(rcut)| and is defined as

(also see Figure 2.5),

Tslide(rs) =


µs

Jcl
[Ta(rs)− Ta(rcut)] , rs < rcut,

0, rs ≥ rcut,
(2.50)
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where Jcl is the local surface stretch of the neighbouring body and is related to the

volume change Jl as Jl = Jcl ·λl where λl is the stretch along the thickness. For van

der Waals potential φ(r) which is effective only for short-range λl ≈ 1 [257]. For

biological adhesives, the static friction coefficient takes similar values as the kinetic

friction coefficient [202]. As such, in this work, it is assumed that the value of the

friction coefficient µs is the same for sticking and sliding. In the current thesis, the

cut-off distance rcut is taken to be equal to rmax, i.e. scut = 0, in order to capture

sliding friction even for tensile loading. If scut = 0, the sliding traction is given only

for compressive forces, which is equivalent to the Amontons-Coulomb friction law.

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

Figure 2.5: Variation of adhesive traction Ta and sliding threshold Tslide with the normal
distance rs according to adhesive friction model (“Model EA”) of Mergel et al. [202]. Here,
T0 = AH/(2πr

3
0), µs = 0.3, and scut = 1.

The elasto-plasticity framework is used to formulate the constitutive equations

for the friction [250]. Following penalty regularization, the tangential slip is divided

into two parts: an elastic sticking part re
T, and an inelastic (or plastic) sliding part

rs
T, i.e.

rT = re
T + rs

T. (2.51)

For sticking, the tangential traction is given by a linear force-gap dependence

T f = εT r
e
T = εT (rT − rs

T) , (2.52)

where εT is the penalty parameter and is equivalent to the elasticity modulus. The

inelastic tangential slip rs
T is determined using a constitutive evolution equation.

The dissipation due to inelastic slip rs
T and the relative plastic tangential velocity

ṙs
T can be introduced as

Ds = T f · ṙsT ≥ 0. (2.53)
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Considering an elastic domain of feasible contact tractions

Et := {T f ∈ R2 | fs(T f) ≤ 0}, (2.54)

where fs is the slip function containing all possible tangential tractions and defined

as

fs(T f) = ‖T f‖ − Tslide ≤ 0. (2.55)

The evolution equation can then be derived from the principle of maximum dis-

sipation. It states that for the given inelastic (plastic) slip velocity ṙs
T, the true

tangential traction T f resisting the sliding motion is such that it maximizes the

dissipation Ds [250] i.e.,

(T f − T ∗f ) · ṙs
T ≥ 0 ∀ T ∗f ∈ Et. (2.56)

where T ∗f is any tangential traction in the domain of feasible contact tractions

Et. Then, the constitutive evolution equation for the plastic slip is obtained by

differentiating the slip function fs with respect to the tangential traction T f , i.e.

ṙs
T = γ

∂fs

∂T f

= γ nT with nT =
T f

‖T f‖
, (2.57)

where the plastic parameter γ ≥ 0 is determined from the Karush-Kuhn-Tucker

conditions similar to those in plasticity. These are given by [250]

γ ≥ 0, fs(T f) ≤ 0, γ · fs(T f) = 0. (2.58)

Furthermore, during sliding as fs = 0, the tangential traction satisfies

T f = TslidenT. (2.59)

2.3.1 Algorithmic treatment of adhesive friction

For solving Eq. (2.55) and Eq. (2.57), the unbiased frictional formulation of Sauer

and De Lorenzis [258], which is based on the classical predictor-corrector algorithm

is used.

Before proceeding with the algorithmic treatment of the frictional formulation

for a general three-dimensional problem, description of the interacting surfaces in

terms of two-dimensional parametric space is presented. In order to map the three-

dimensional surface ∂Ω to a two-dimensional parametric space P , a mapping be-

tween the surface point x ∈ ∂Ω and a point in parametric space ξ ∈ P is sought

as

x = x(ξ) , ξ = {ξ1, ξ2}. (2.60)
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To determine the normal distance between the surfaces of two interacting bodies,

first the closest point of projection xp ∈ ∂Ωl for an arbitrary surface point xk ∈
∂Ωk(l 6= k) needs to be determined. Then, the normal gap vector is defined as

rs := xp−xk. The projection point is defined in terms of its parametric coordinate

ξp as xp = xl(ξp). Further, at this projection point the surface ∂Ωl can be described

by the surface normal np and the co-variant and contravariant tangent vectors ap
α

and aαp (α = 1, 2) which are defined as

ap
α :=

∂xl(ξ)

∂ξα

∣∣∣∣∣
ξp

, (2.61)

aαp := aαβp a
p
β ,

[
aαβp

]
=
[
ap
αβ

]−1
, ap

αβ = ap
α · a

p
β, (2.62)

np :=
ap

1 × a
p
2

‖ap
1 × a

p
2‖
. (2.63)

where ap
αβ and aαβp represent the co-variant and contra-variant components of the

metric tensor characterizing the basis at xp.

The parametric coordinates ξp can then be determined by solving the nonlinear

equation [257]

(xp − xk) · ap
α = 0 , α = 1, 2. (2.64)

As the bodies deform, the projection point xp moves on the surface ∂Ωl. Considering

a pseudo-time step from t to t + ∆t, the parametric coordinates of the projection

point are updated as

ξt+∆t
p = ξtp + ∆ξt+∆t

p . (2.65)

Similar to the decomposition in Eq. (2.51), ξtp can be divided into sticking part ξte

and sliding part ξts, i.e.

ξtp = ξte + ξts. (2.66)

Following Sauer and De Lorenzis [258], displacement of the projection point ξp is

given as

∆ξt+∆t
p =

[(
xt+∆t
l

(
ξt+∆t

p

)
− xtl

(
ξtp
) )
·
(
aαp

)t]
ap
α. (2.67)

The tangential traction (T f)
t is given in analogy to Eq. (2.52),

(T f)
t = εT

[
xtl
(
ξtp
)
− xtl

(
ξts
) ]
. (2.68)

Then, the trial traction corresponding to the sticking state at time t + ∆t is given

as

(T f)
t+∆t
tr = εT

[
xt+∆t
l

(
ξt+∆t

p

)
− xt+∆t

l

(
ξts
) ]
. (2.69)

The trial function can then be used to determine the stick/slip state:
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1. If fs =
∥∥ (T f)

t+∆t
tr

∥∥ − T t+∆t
slide < 0 , then the projection point xp is in

sticking state. The tangential traction is then obtained as

(T f)
t+∆t = (T f)

t+∆t
tr and ξt+∆t

s = ξts. (2.70)

2. If fs =
∥∥ (T f)

t+∆t
tr

∥∥ − T t+∆t
slide ≥ 0 , then the projection point xp is sliding

state. Then, an additional corrector step is preformed to determine the

actual tangential traction (T f)
t+∆t .

In the sliding state, the inelastic slip velocity can be written in terms of parametric

coordinates as

ṙsT = ξ̇
α

s = ξ̇αs a
s
α, (2.71)

where as
α is the co-variant tangent vector at ξs and is given as

as
α =

∂xl
∂ξα

∣∣∣∣
ξs

. (2.72)

Then, the evolution equation in Eq. (2.57) in parametric coordinates can be written

as

ξ̇αs = γ(nT · aαs ), (2.73)

which is then discretized in time using implicit Euler method to yield,

(ξαs )t+∆t ≈ (ξαs )t + ∆γt+∆tnt+∆t
T · (aαs )t+∆t . (2.74)

Using Eq. 2.74, the updated coordinates of the point xl(ξs) can be obtained as

xt+∆t
l

(
ξt+∆t

s

)
= xt+∆t

l

(
ξts
)

+ ∆γt+∆tnt+∆t
T . (2.75)

Then, the tangential traction during sliding at time t + ∆t, defined in Eq. (2.68)

for any time t, can be obtained by using Eq. (2.75) as

T t+∆t
f = εT

[
xt+∆t
l

(
ξt+∆t

p

)
− xt+∆t

l

(
ξts
)
−∆γt+∆tnt+∆t

T

]
. (2.76)

Using Eq. (2.69), it can be written as

T t+∆t
f = (T f)

t+∆t
tr − εT ∆γt+∆tnt+∆t

T , (2.77)

By rearranging the terms, Eq. (2.77) can be rewritten as

(
‖T t+∆t

f ‖+ εT ∆γt+∆t
)
nt+∆t

T = ‖ (T f)
t+∆t
tr ‖ (nT)t+∆t

tr , (2.78)
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which then implies that

nt+∆t
T = (nT)t+∆t

tr . (2.79)

The scalar ∆γt+∆t can be determined by setting the slip function f t+∆t
s = 0 as

∆γt+∆t =
‖ (T f)

t+∆t
tr ‖ − T t+∆t

slide

εT

. (2.80)

It should be noted that, since ∆ξt+∆t
e is assumed to be very small, (aαs )t+∆t is equal

to
(
aαp
)t+∆t

. Finally, the algorithm that can be used to determine the frictional

tractions for adhesive friction is summarized in Algorithm 1.
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Algorithm 1: Predictor-Corrector algorithm for adhesive friction.

Step 1. Known values at pseudo-time t, t+ ∆t

ξtp , ξ
t
s Parametric coordinates of the projection and sliding points

at t

xt+∆t
k , xt+∆t

l Position of the surface points corresponding to body Bk
and Bl at t+ ∆t

ξt+∆t
p Parametric coordinate of the projection point at t+ ∆t

Step 2. Compute trial step (Elastic Predictor):

Trial traction at t+ ∆t : (T f)
t+∆t
tr = εT

[
xt+∆t
l

(
ξt+∆t

p

)
− xt+∆t

l

(
ξts
) ]

Trial function at t+ ∆t : (fs)
t+∆t
tr =

∥∥(T f)
t+∆t
tr

∥∥ − T t+∆t
slide

Step 3. Check slip criterion:

if (fs)
t+∆t
tr ≤ 0 then

sticking; set ∆γt+∆t = 0 ;

elseif (fs)
t+∆t
tr > 0 then

sliding; set ∆γt+∆t =
f t+∆t

s

εT

Step 4. Radial return mapping (Inelastic Corrector):

Compute the parametric coordinates of the slip point at t+ ∆t as:

(ξαs )t+∆t ≈ (ξαs )t + ∆γt+∆tnt+∆t
T ·(aαs )t+∆t ; nt+∆t

T =
(T f)

t+∆t
tr∥∥(T f)
t+∆t
tr

∥∥
Obtain the tangential traction by projecting the trial traction onto the

slip surface as:

(T f)
t+∆t = (T f)

t+∆t
tr −∆γt+∆t εTn

t+∆t
T

Go to step 1.
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Chapter 3

Finite Element Formulation

In this chapter, the weak form derived in chapter 2 is discretized using the finite

element method. The force equilibrium equation is derived by approximating the

displacement field using the interpolation functions. Then, the internal and contact

force vectors and tangent matrices are given in sections 3.2 and 3.3. Next, the sur-

face enrichment strategy used for accurate and efficient computation of the contact

solution is discussed in section 3.4. The finite element formulation followed here is

based on Wriggers [259].

3.1 Finite element discretization

In finite element method, the domain (Ωk0 or Ωk) of the each interacting body

Bk(k = 1, 2) is decomposed into a finite number nel,k of smaller subdomains called

(bulk) elements,

Ωk0 ≈ Ωh
k0 =

nel,k⋃
e=1

Ωe
k0 and Ωk ≈ Ωh

k =

nel,k⋃
e=1

Ωe
k, (3.1)

where Ωh
k0 and Ωh

k represent the finite element approximated initial and current ge-

ometry of the body, respectively. The boundaries (∂Ωk0 or ∂Ωk) of these interacting

bodies are also divided into nsel,k number of surface elements,

∂Ωk0 ≈ ∂Ωh
k0 =

nsel,k⋃
e=1

∂Ωe
k0 and ∂Ωk ≈ ∂Ωh

k =

nsel,k⋃
e=1

∂Ωe
k, (3.2)

Each of these finite elements is connected to the other element through nodes

and each element is assumed to contain ne number of nodes (for a volume element

ne = nve and for a surface element ne = nse). The field variable such as displacement

uk of each finite element belonging to body Bk and its variation δϕk are then
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approximated as

uk ≈ uhk =
ne∑
I=1

NIkuIk = Ne
ku

e
k, δϕk ≈ δϕhk =

ne∑
I=1

NIkvIk = Ne
kv

e
k, (3.3)

where Ne
k, uek, and vek represent arrays containing shape functions, displacements,

and variations of all the nodes of element e. They are given as

Ne
k =


N1Id

N2Id
...

NneId


T

k

, uek =


u1

u2

...

une


k

, and vek =


v1

v2

...

vne


k

, (3.4)

where Id is the identity matrix of dimension d and uIk = [u1, u2, u3, ..., ud]
T
Ik and

vIk = [v1, v2, v3, ..., vd]
T
Ik are the nodal displacement and variation of the node I of

body Bk for a d−dimensional problem and NIk is the chosen shape function. It

should be noted that Ne
k is different from the outward normal Nk to the surface

∂Ωk0 in the reference configuration.

In the current thesis, isoparametric concept [250] is followed which means the

geometry and the field variables are both approximated using the same shape func-

tions. As such, the position of any particle Xk ∈ Ωk0 (or xk ∈ Ωk) is approximated

using the same shape functions NIk as

Xk ≈Xh
k =

ne∑
I=1

NIkXIk = Ne
kX

e
k, xk ≈ xhk =

ne∑
I=1

NIkxIk = Ne
kx

e
k, (3.5)

where Xe
k and xek represent positions of all the nodes of element e in initial and

current configurations. They are given as

Xe
k =


X1

X2

...

Xne


k

and xek =


x1

x2

...

xne


k

, with uek = xek −Xe
k , (3.6)

where XIk and xIk are the vectors containing positions of the node I in

d−dimensions. These are given as

XIk =


X1

X2

...

Xd


Ik

, xIk =


x1

x2

...

xd


Ik

. (3.7)
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The shape functions NIk are evaluated numerically in terms of a local orthogonal

coordinate system ξ∗ ∈ [−1, 1]d within a master element Ω�, i.e. NIk = NIk(ξ
∗).

This master element can be mapped to each element either in the initial Ωe
k0 or

current Ωe
k configurations as shown in Fig. 3.1. Thus, each point in any given

element Xh
k = Xh

k(ξ
∗) ∈ Ωe

k0 or xhk = xhk(ξ
∗) ∈ Ωe

k is mapped in a one-to-one

fashion to the coordinates ξ∗. The deformation gradient F e
k and its determinant

can then be written as

F e
k = jek(J

e
k)
−1 and Jek = det(F e

k) =
det(jek)

det(J ek)
, (3.8)

where the gradients jek and J ek are transformations from master element to cur-

rent and initial configurations, respectively. These transformations are known as

elemental Jacobians and are defined as [259]

jek := Gradξ∗(xhk) =
∂xhk
∂ξ∗

=
ne∑
I=1

xeIk ⊗
∂NIk

∂ξ∗
, (3.9)

J ek := Gradξ∗(Xh
k) =

∂Xh
k

∂ξ∗
=

ne∑
I=1

Xe
Ik ⊗

∂NIk

∂ξ∗
, (3.10)

which can be used to relate the partial derivatives of the shape functions with

respect to the global coordinates xhk and Xh
k and the partial derivates of the shape

functions with respect to the local coordinate system ξ∗ as

∂NIk

∂ξ∗
= (jek)

T ∂NIk

∂xhk
, (3.11)

∂NIk

∂ξ∗
= (J ek)

T ∂NIk

∂Xh
k

. (3.12)

A master surface element ∂Ω� can be introduced similar to the bulk element Ω�

for which the surface stretch is given as

Jeck =
jeak
JeAk

, with jeak =
√

det(akαβ), and Jeak =
√

det(Akαβ), , (3.13)

where akαβ and Akαβ are the co-variant components of the metric tensor in current

and reference configurations. The volume and surface elements can then be written

in terms of master elements as

dvk = det(jeak) dξ∗ , dVk = det(Jeak) dξ∗, (3.14)

dak = jeak dξ† , dAk = Jeak dξ† , ξ† ∈ [−1, 1]d−1. (3.15)
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Figure 3.1: Two-dimensional isoparametric mapping of the bulk Ω� and surface ∂Ω�

master elements to their respective finite elements in the deforming body in reference and
current configurations.

Using the relations in Eq. (3.3) and performing an assembly over all the volume

and surface elements, the weak form in Eq. (2.46) can then be rewritten as

2∑
k=1

vT
k [fintk + fck − fextk] = 0, ∀ vk ∈ Vk, (3.16)

where fintk, fck, and fextk denote the global internal, contact, and external nodal force

vectors for body Bk, respectively. In the current work, as there are no external forces

acting, fextk = 0. Since, the variations vk are arbitrary, Eq. (3.16) leads to

f(u) :=
2∑

k=1

[fintk + fck − fextk] = 0, (3.17)

where

fintk =

nel⋃
e=1

f eintk and fck =

nel⋃
e=1

f eck. (3.18)

Here, f eintk and f eck represent the elemental internal and contact force vectors of body

Bk (k = 1, 2), respectively.
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3.2 Internal force vector and tangent matrix

The first term in weak form (2.46) represents the virtual work done by the internal

forces which in the discretized form can be written as

δWintk =

nel⋃
e=1

∫
Ωe

k0

Grad(δϕk) : P e
k dVk. (3.19)

Using the relation given by Eq. (2.21) and rules of tensor inner product, Eq. (3.19)

can be written as

δWintk =

nel⋃
e=1

∫
Ωe

k0

(F e
k)

TGrad(δϕk) : Sek dVk (3.20)

=

nel⋃
e=1

∫
Ωe

k0

1

2

[
(F e

k)
T Grad(δϕk) + GradT(δϕk)F

e
k

]
: Sek dVk, (3.21)

which follows from the fact that S is symmetric. From the definition of Green-

Lagrange strain E (see Eq. (2.3)) it follows that

δEe
k =

1

2

[
(F e

k)
T Grad(δϕk) + GradT(δϕk)F

e
k

]
. (3.22)

Using Eq. (3.3), Eq. (3.22) can be written in index notation as

(δEe
k)IJ =

1

2

[
(Fk)ImNe

k ,J + Ne
k ,I (F e

k )mB

]
vekm, (3.23)

where Ne
k ,I = ∂Ne

k/∂XkI . In order to incorporate into matrix formulation, quanti-

ties are generally expressed in Voigt notation. For the variation of Green-Lagrange

strain tensor δEe in case of a three-dimensional problem it reduces to a vector with

six independent components

δEe =



δE11

δE22

δE33

2 δE12

2 δE23

2 δE13


= BTL ve, (3.24)

where BTL is known as the elemental strain-displacement operator matrix corre-

sponding to material description. It is assembled from individual nodal contri-

butions BTL = [B1
TL ,B

2
TL , · · · ,Bne

TL]. Here, the subscript “TL” represents to-

tal Lagrangian formulation. For a three dimensional problem the nodal strain-
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displacement matrix is given by

BI
TL =



F11NI,X1 F21NI,X1 F31NI,X1

F12NI,X2 F22NI,X2 F32NI,X2

F13NI,X3 F23NI,X3 F33NI,X3

F11NI,X2 + F12NI,X1 F21NI,X2 + F22NI,X1 F31NI,X2 + F32NI,X1

F11NI,X3 + F13NI,X1 F21NI,X3 + F23NI,X1 F31NI,X3 + F33NI,X1

F12NI,X3 + F13NI,X2 F22NI,X3 + F23NI,X2 F32NI,X3 + F33NI,X2


,

(3.25)

where NI,Xi
= ∂NI/∂Xi represent the partial derivatives of the shape functions

with respect to the reference coordinates. Substituting Eq. (3.24) into Eq. (3.21)

and writing in matrix notation

δWintk =

nel⋃
e=1

(vek)
T

∫
Ωe

k0

BT
TL S

e
vk dVk, (3.26)

where Sevk denotes the Voigt notation representation of the second Piola-Kirchoff

stress tensor, which for the case of three-dimension is given as

Sek = Sevk = [Se11 , S
e
12 , S

e
13 , S

e
22 , S

e
23 , S

e
33]T. (3.27)

Then, the elemental internal force vector in the reference configuration can be com-

puted as

f eintk =

∫
Ωe

k0

BT
TL S

e
vk dVk, (3.28)

and in the current configuration as

f eintk =

∫
Ωe

k

BT
UL σ

e
vk dvk, (3.29)

with the Cauchy stress tensor σek can be written using the Voigt notation as

σek = σevk = [σe11 , σ
e
12 , σ

e
13 , σ

e
22 , σ

e
23 , σ

e
33]T. (3.30)

Here, BUL is the elemental strain-displacement operator matrix corresponding to

the spatial description. The subscript “UL” denotes the updated Lagrangian

formulation. It is also assembled from individual nodal contributions BUL =

[B1
UL ,B

2
UL , · · · ,Bne

UL] similar to its material description equivalent matrix given

by Eq. (3.25) as
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BI
UL =



NI,x1 0 0

0 NI,x2 0

0 0 NI,x3

NI,x2 NI,x1 0

NI,x3 0 NI,x1

0 NI,x3 NI,x2


, (3.31)

where NI,xi = ∂NI/∂xi represent the partial derivatives of the shape functions with

respect to the current coordinates.

The internal tangent matrix is obtained by linearizing the internal virtual work

δΠintk (see Appendix A for details). It contains two parts: one corresponding to

the material nonlinearities kmat and the second corresponding to the geometrical

nonlinearities kgeo. For a given element e they are given as

kegeok =

∫
Ωe

k0

(Ne
k,Xi

)T Sij Ne
k,Xi

I dVk =

∫
Ωe

k

(Ne
k,xi

)T σij Ne
k,xj

I dvk, (3.32)

kematk =

∫
Ωe

k0

BT
TL Cvk BTL dVk =

∫
Ωe

k

BT
UL cvk BUL dvk, (3.33)

where Cv is the fourth-order elasticity tensor associated with the second Piola-

Kirchoff stress tensor S written in Voigt notation whose components can be obtained

from

C = 2
∂S

∂C
(3.34)

= ΛC−1 ⊗C−1 + 2 (µ− Λ ln J)I, (3.35)

where I is the fourth-order tensor defined as

I = −∂C
−1

∂C
; Ipqrs =

∂(C−1)pq
∂Crs

. (3.36)

3.3 Contact force vector and tangent matrix

For a given finite element e, the contact force vector f eck can be derived from the

virtual work done by the contact tractions which from the weak form (2.46) is given

as

f eck = −
∫
∂Ωae

k0

δϕk · T ck dAk = −
∫
∂Ωae

k

δϕk · tck dak. (3.37)

This can then be rewritten using the relations in Eq. (3.3) as

f eck = −
∫
∂Ωae

k0

(Ne
k)

TT ck dAk = −
∫
∂Ωae

k

(Ne
k)

Ttck dak. (3.38)
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From Eq. (2.44)

f eck = −
∫
∂Ωae

k0

(Ne
k)

T (T ak − T fk) dAk = −
∫
∂Ωae

k0

(Ne
k)

T (tak − tfk) dak, (3.39)

The contact tangent matrices can be obtained by linearizing the contact forces (see

Appendix B for details) as

keckk =
∂f eck
∂uek

= −
∫
∂Ωae

k0

(Ne
k)

T

[
∂T ak

∂uek
− ∂T fk

∂uek

]
dAk, (3.40)

keckl =
∂fck

∂uel
= −

∫
∂Ωae

k0

(Ne
k)

T

[
∂T ak

∂uel
− ∂T fk

∂uel

]
dAk. (3.41)

3.4 Enrichment strategy

The nonlinear finite element equation (3.17) is solved using the Newton-Raphson

method. For this, as both the contact force vector and the internal force vector are

nonlinear owing to the contact, material, and geometric nonlinearities present in

the system, Eq. (3.17) needs to be linearized as

f(u) +
∂f

∂u
∆u = 0 , (3.42)

where the partial derivative of the force vector with respect to the displacement

field represents the system tangent matrix k, which is obtained from the internal

and contact tangent matrices as

k = kint + kc

=
∂fint(u)

∂u
+
∂fc(u)

∂u
, (3.43)

which are obtained from the assembly of elemental internal and contact force vectors

and tangent matrices. At each iteration, Eq. (3.42) is then solved using Newton-

Raphson method until the convergence criterion such as R = f(u) · ∆u < εtol is

met. Here, εtol is the convergence tolerance.

However, in numerically solving the contact integrals some difficulties arise. As

demonstrated by Sauer [163], highly nonlinear nature of the interfacial interactions

due to van der Waals adhesion necessitates accurate evaluation of the surface force

vectors and tangent matrices (see Eqs. (3.39), (B.2), and (B.2)). Further, it was

observed that in numerical methods such as FEM, employing coarse finite element

meshes along with standard Lagrangian four-noded quadrilateral elements, although

efficient, results in poor convergence in the Newton-Raphson iterations. This is due
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to the inaccurate representation of the contact surface. One way to address these

convergence issues is to represent the interacting bodies with very fine meshes.

However, refining the mesh uniformly in the surface as well as in the bulk leads to

very high computational cost, which is not desirable from the point of efficiency.

Further, accuracy of the solution is governed for the most part by the description

of the contact interface. As such, Sauer [163] addressed these issues by introducing

a surface enrichment strategy for finite element simulations based on p-refinement.

In this strategy, the contact surface is locally enriched using higher-order Lagrange

polynomials for their description, while bulk of the body is approximated using only

linear interpolation.

In the present work, two types of enriched contact finite elements are considered

for the surface description: quadratic (second-order) and quartic (fourth-order).

They are denoted as Q1C2 and Q1C4, respectively. The formulation of these el-

ements can then be derived from the standard linear elements denoted as Q1 in

which the displacement field in a given element Ωe for a two-dimensional problem

is approximated as

uhe =
4∑
i=1

N0
i ui, (3.44)

where the shape functions N0
i are given as

N0
1 (ξ, η) =

1

4
(1− ξ)(1− η), (3.45)

N0
2 (ξ, η) =

1

4
(1 + ξ)(1− η), (3.46)

N0
3 (ξ, η) =

1

4
(1 + ξ)(1 + η), (3.47)

N0
4 (ξ, η) =

1

4
(1− ξ)(1 + η). (3.48)

The description of Q1C2 elements can then be obtained by inserting an addi-

tional node at (ξ, η) = (0,−1) between node 1 and 2 as shown in Fig. 3.2a which

gives the modified shape functions as

N5(ξ, η) =
1

2
(1− ξ2)(1− η), (3.49)

N1(ξ, η) = N0
1 −

1

2
N5, (3.50)

N2(ξ, η) = N0
2 −

1

2
N5, (3.51)

with the modified shape functions corresponding to the nodes 3 and 4 remaining

the same, i.e. N3 = N0
3 and N4 = N0

4 .
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(a) Mapping of enriched contact element Q1C2 from master element to corresponding domain.
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(b) Mapping of enriched contact element Q1C4 from master element to corresponding domain.

Figure 3.2: Representation of enriched contact elements. Adapted with permission from
Sauer [163].

Then, the displacement field of the element Ωe is approximated as

uhe =
5∑
i=1

Niui. (3.52)

The description of the Q1C4 contact elements can be obtained similarly by inserting

three additional nodes at (ξ, η) = (0,−1), (−0.5,−1), and (0.5,−1) as shown in

Figure 3.2b and the corresponding shape functions are defined as

N5(ξ, η) = 2

(
ξ4 − 5

4
ξ2 +

1

4

)
(1− η), (3.53)

N6(ξ, η) = −4

3

(
ξ4 − 1

2
ξ3 − ξ2 +

1

2
ξ

)
(1− η), (3.54)

N7(ξ, η) = −4

3

(
ξ4 +

1

2
ξ3 − ξ2 − 1

2
ξ

)
(1− η). (3.55)
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Then, with N0
3 and N0

4 remaining the same, the modified shape functions for the

enriched contact surface element follow

N1 = N0
1 −

1

2
N5 −

3

4
N6 −

1

4
N7, (3.56)

N2 = N0
2 −

1

2
N5 −

1

4
N6 −

3

4
N7. (3.57)

With this, the displacement field in the interior of the contact element is interpolated

as

uhe =
7∑
i=1

Niui. (3.58)

The modified shape functions obtained for both Q1C2 and Q1C4 elements satisfy

the property

Na(ξb, ηb) = δab, (3.59)

at nodes a and b. Here, δab is the Kronecker delta such that

δab =

1 if a = b,

0 otherwise.
(3.60)

Further, the modified shape functions also satisfy the property of the partition of

unity
nenrich
e∑
i=1

Ni = 1, ∀ ξ, η, (3.61)

where nenrich
e is the number of nodes in the enriched element. For a Q1C2 element

nenrich
e = 5 and for a Q1C4 element nenrich

e = 7.

Similar descriptions can be obtained for three-dimensional (3D) elements. How-

ever, in case of a three-dimensional element a transitional element is required be-

tween the enriched contact elements and the trilinear element in the bulk. In 3D,

for an eight-noded trilinear brick element, the standard Lagrangian shape functions

can be obtained by

N0
i =

1

8
(1 + ξiξ)(1 + ηiη)(1 + ζiζ), (3.62)

where (ξ, η, ζ) = (±1,±1,±1) denote the corner coordinates of the master element

shown in Figures 3.3 and 3.4.
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Figure 3.3: Representation of a three-dimensional enriched contact element Q1C2 (a)
Mapping of Q1C2 master element to corresponding finite element in the current domain.
(b) Depiction of a transition element Q1T2 connecting a Q1C2 element to a Q1 element.
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Then, a 3D equivalent of the Q1C2 element can be obtained by inserting five

extra nodes, out of which four are in between the corner nodes and one is at the

center of the contact surface as shown in Figure 3.3. Similar to the 2D case, shape

functions corresponding to the interior nodes 5, 6, 7, and 8 remain the same as those

in Eq. (3.62), i.e. N5 = N0
5 , N6 = N0

6 , N7 = N0
7 , and N8 = N0

8 . Then, the modified

shape functions for a Q1C2 element in 3D, which satisfy both the properties given by

Eqs. (3.59) and (3.61), can be obtained by multiplying the biquadratic Lagrangian

shape functions with (1− ζ)/2 for the ζ direction as [163]

N1 = 1
8

(ξ2 − ξ)(η2 − η)(1− ζ)

N2 = 1
8

(ξ2 + ξ)(η2 − η)(1− ζ)

N3 = 1
8
(ξ2 + ξ)(η2 + η)(1− ζ)

N4 = 1
8

(ξ2 − ξ)(η2 + η)(1− ζ)

N9 = 1
4

(1− ξ2)(η2 − η)(1− ζ) (3.63)

N10 = 1
4

(ξ2 + ξ)(1− η2)(1− ζ)

N11 = 1
4

(1− ξ2)(η2 + η)(1− ζ)

N12 = 1
4

(ξ2 − ξ)(1− η2)(1− ζ)

N13 = 1
2

(1− ξ2)(1− η2)(1− ζ),

which can then be employed to approximate the elemental displacement field as

uhe =
13∑
i−1

Niui. (3.64)

Each 3D Q1C2 contact element, thus, has 13 nodes and 39 degrees of freedom. In

addition, a transition element is also defined which is needed to connect a Q1C2

element to a Q1 element. This transitional element, denoted as Q1T2, has one extra

node along an edge in an eight-noded brick element. Then, the new shape functions

corresponding Q1T2 element shown in Figure 3.3b can be obtained as [163]

N2 = 1
8

(1 + ξ)(η2 − η)(1− ζ)

N3 = 1
8

(1 + ξ)(η2 + η)(1− ζ) (3.65)

N9 = 1
4

(1 + ξ)(1− η2)(1− ζ).

A Q1C4 contact element in 3D can similarly be obtained by placing 21 extra

nodes on the contact surface, out of which 12 are in between the corner nodes on

the edges and 9 are in the center of the surface as shown in Figure 3.4a. Similar to

a 3D Q1C2 element, the interior shape functions N5, N6, N7, and N8 remain the

same and the new shape functions for corresponding to other nodes can be obtained
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by multiplying the biquartic shape functions with (1− ζ)/2 for the ζ direction as
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A 3D Q1C4 contact element, thus, has a total of 29 nodes and 87 degrees of freedom.

The displacement field of the contact element can then be approximated using these

shape functions as

uhe =
29∑
i−1

Niui. (3.67)

A transition element denoted as Q1T4 connecting a Q1C4 element to a Q1 element

can be obtained by placing three extra nodes on an edge as shown in Figure 3.4b
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and the modified shape functions follow as
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Figure 3.4: Representation of a three-dimensional enriched contact element Q1C4 (a)
Mapping of Q1C4 master element to corresponding finite element in the current domain.
(b) A transition element Q1T4 that can connect to Q1C4 element to a Q1 element.
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Chapter 4

Spatula Peeling - Numerical

Results and Discussion

In this chapter, numerical results for the gecko spatula peeling problem obtained

using an in-house MATLAB code developed for implementing the finite element

formulation presented in Chapter 3 are discussed. Section 4.1 presents the validation

of the FE formulation. Section 4.2 discusses the two-dimensional spatula model

employed in this study and the different types of peeling simulations carried out

in this work. Section 4.3 discusses the coupled adhesion and friction behaviour of

the gecko spatula based on the finite element peeling analysis1. Finally, Section 4.4

presents the three dimensional spatula model and the corresponding finite element

results.

4.1 Validation of the formulation

Based on the continuum formulation and the corresponding nonlinear finite element

(FE) discretization presented in Chapters 2 and 3, an in-house nonlinear FE code

is developed. The implementation is validated by solving an example problem from

the literature. As the goal of the current thesis is to analyse the peeling of a gecko

spatula, which is often modelled as a thin strip [99, 144], it is only appropriate

to verify the validity of the formulation with a relevant example problem such

as peeling of a thin two-dimensional strip. Further, improvement in the contact

solution obtained using the different surface enrichment strategies employed is also

investigated. The results are then compared with the peeling results of Sauer [165].

1All the results in this section, except for section 4.3.1f, are published in
The Journal of Adhesion at https://doi.org/10.1080/00218464.2020.1719838 and
https://doi.org/10.1080/00218464.2020.1746652. As such, all the figures are taken from
these papers and the permission for the same has been obtained from the journals.
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θ

Figure 4.1: The set-up of peeling of a deformable strip from a rigid substrate. The strip
is peeled off by applying a rotation angle θ to its right end RS. Adhesion is considered
only for bottom (PQ) 75% of the strip.

The set-up of the adhesive contact between a deformable strip and a rigid sub-

strate, as shown in Figure 4.1, is taken from Sauer [165]. The deformable strip has

the dimensions L × h = 200R0 × 10R0, where R0 = 1 nm. The elastic response of

the strip is described using an isotropic, Neo-Hookean material model with Young’s

modulus E0 = 2 GPa and Poisson’s ratio ν = 0.2. It is assumed that the adhe-

sive interactions, due to van der Waals forces, act only on the bottom 75% of the

strip. The adhesive traction T a in Eq. (2.36) is computed using r0 = 0.4 nm and

Hamaker’s constant AH = 10−19 J. These values correspond to gecko adhesion [99].

The strip, initially at equilibrium with the rigid substrate, is peeled off by ap-

plying a rotation θ to its right end (RS), yielding a constant peeling moment. Three

different finite element meshes are considered: mesh m1 has 160× 8 elements, mesh

m2 has 240× 12 elements, mesh m3 has 320× 16 elements along the length (x-) and

height (y-) directions, respectively. The bending moment Mb required to peel off

the strip is shown in Figure 4.2 for the m2 mesh. It can be observed that the bend-

ing moment initially increases linearly and after a certain rotation angle it remains

constant. However, on enlarging the bending moment curve, it can be seen that the

bending moment is not actually constant but oscillates around a mean line. These

oscillations are due to the inability of the FE mesh to capture the nonlinear inter-

facial tractions. Moreover, convergence of the Newton-Raphson iterative method

employed in solving this nonlinear peeling problem, is significantly influenced as

these oscillations lead to uneven convergence rates. For coarse mesh m1 in con-

junction with Q1C1 elements, the peeling computations do not even converge and

fail. Further, as shown in Figure 4.3, as the strip is peeled off, very high stresses

are generated in a very narrow peeling zone. In order to alleviate the convergence

issues as well as accurately resolve the stresses in the peeling zone, one can em-

ploy finer finite element meshes. However, this is computationally expensive. To

overcome this issue, surface enrichment strategies can be used, in which only the

contact surface is discretized using higher-order Lagrange polynomials, while the

bulk is described using standard linear Lagrange polynomials.
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Figure 4.2: Variation of the bending moment with applied rotation angle θ with Q1C1
elements used for contact surface description. Inset shows the enlarged view of the bending
moment. Here E0R

3
0 = 2nN-nm.

Rigid substrate

Figure 4.3: Deformed configuration of the strip at rotation angle θ = 90◦. The colourbar
represents the normalised stress I1/E0 = tr(σ)/E0.

For the purpose of accurate and efficient contact description, the two surface en-

richment strategies described in Chapter 3, viz. Q1C2 and Q1C4 are employed. As

such, in this peeling problem, only the finite elements in the bottom 75% of the con-

tact surface, which experience the interfacial interactions are approximated using

Q1C2 and Q1C4 elements. Whereas, finite elements in the bulk are approximated

using the standard linear Lagrangian elements. Performance of these contact ele-

ments are compared with the Q1C1 formulation for the three finite element meshes,

m1, m2, and m3. Table 4.1 shows the total number of degrees of freedom corre-

sponding to the three different contact formulations and mesh sizes. The peeling

performance is mainly characterized by the oscillation error ∆Mb, the wavelength

of the oscillations ∆θ, the minimum and maximum average slopes of the bending

moment curve Mb,θ = ∂Mb/∂θ.
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Table 4.1: Total number of degrees of freedom for different contact elements and meshes.

Element Mesh m1 Mesh m2 Mesh m3

(160× 8) (240× 12) (320× 16)

Q1C1 2898 6266 10914

Q1C2 3138 6626 11394

Q1C4 3618 7346 12354

Figures 4.4 and 4.5 depict the enlarged views of the part of the bending moment

curves between θ = 135◦ and 138◦ obtained with the Q1C1, Q1C2, and Q1C4

formulations for meshes m2 and m3, respectively. For a given mesh, the oscillation

error reduces as the contact surface is descritized using higher-order elements. For

mesh m2, the Q1C2 formulation produces 3.7 times less oscillation error (∆Mb)

and the Q1C4 formulation produces almost 10 times less oscillation error, when

compared to the Q1C1 formulation. The minimum average slope min(Mb,θ) reduces

by a factor of 11 for the Q1C2 formulation and by a factor of 34 for the Q1C4

formulation when compared to the Q1C1 formulation. The wavelength ∆θ, however,

remains the same for all the three formulations but varies for different mesh sizes.

The presence of more number of degrees of freedom (DOFs) along the contact

surface enables the Q1C2 and Q1C4 elements to capture the nonlinear adhesive

tractions much more accurately than the Q1C1 formulation as shown in Table 4.1.

Comparison of the peeling performance of the Q1C1, the Q1C2, and the Q1C4

element formulations for three different finite element meshes is shown in Table 4.2.

The results obtained by Sauer [163] for the same meshes and the contact elements

are shown in Table 4.3. From this, it is clear that the current results match very

well with those of Sauer [165].

The results discussed show that the Q1C4 formulation performs better than both

the Q1C2 and Q1C1 formulations for all three meshes due to the advantage of large

number of DOFs along the contact surface, which aids in accurate contact solution

computation. In Table 4.4 performance of the Q1C4 elements is compared for three

different mesh sizes. As the mesh size increases, the oscillation error reduces. But

the computational time also increases as the mesh size increases. However, the

most gain in performance is achieved just by changing the mesh size from m1 to

m2. Comparing meshes m1 and m2, for a decrease of 87% in ∆Mb and 86% in

min(Mb,θ) the computational time increases by 50%. Whereas, from mesh m2 to

m3 although there is an additional 11% and 12% reduction in ∆Mb and min(Mb,θ),

it comes at cost of 120% increase in the computational time compared to mesh

m1. Therefore, it can be concluded that the Q1C4 formulation along with mesh m2

provides sufficiently accurate results with good computational efficiency.
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Figure 4.4: Comparison of the variation of the bending moment Mb with the applied
rotation angle θ for three different contact surface descriptions with mesh m2.
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Figure 4.5: Comparison of the variation of the bending moment Mb with the applied
rotation angle θ for three different contact surface descriptions with mesh m3.
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Table 4.2: Comparison of the performance of different elements used for contact surface
description with different mesh sizes. The code failed to converge for Q1C1 element with
mesh m1.

Element Mesh Oscillation error Wavelength min(Mb,θ) max(Mb,θ)
∆Mb × 10−3 ∆θ ×10−3 ×10−3

Q1C1 m1 (160× 8) − − − −
Q1C2 m1 (160× 8) 4.0984 1.3600 −75.6570 5.3850

Q1C4 m1 (160× 8) 1.6364 1.3599 −5.5430 2.8892

Q1C1 m2 (240× 12) 2.1013 0.9199 −27.0876 4.5176

Q1C2 m2 (240× 12) 0.5609 0.9200 −2.3148 1.6809

Q1C4 m2 (240× 12) 0.2169 0.9199 −0.7975 0.7072

Q1C1 m3 (320× 16) 0.2705 0.6800 −1.3952 1.1313

Q1C2 m3 (320× 16) 0.0826 0.6799 −0.3828 0.3616

Q1C4 m3 (320× 16) 0.0329 0.6799 −0.1414 0.1399

Table 4.3: Comparison of the performance of different elements used for contact surface
description with different mesh sizes as obtained by Sauer [163]. The code failed to
converge for Q1C1 element with mesh m1.

Element Mesh Oscillation error Wavelength min(Mb,θ) max(Mb,θ)
∆Mb × 10−3 ∆θ ×10−3 ×10−3

Q1C1 m1 (160× 8) − − − −
Q1C2 m1 (160× 8) 4.612 1.363 −100.003 5.539

Q1C4 m1 (160× 8) 1.798 1.363 −6.619 2.998

Q1C1 m2 (240× 12) 2.267 0.9081 −23.55 4.699

Q1C2 m2 (240× 12) 0.6082 0.9090 −2.461 1.806

Q1C4 m2 (240× 12) 0.2283 0.9090 −0.7978 0.7553

Q1C1 m3 (320× 16) 0.2684 0.6812 −1.385 1.131

Q1C2 m3 (320× 16) 0.0914 0.6815 −0.4388 0.3958

Q1C4 m3 (320× 16) 0.0405 0.6815 −0.1902 0.1764
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Table 4.4: Comparison of the performance of Q1C4 elements at different mesh sizes.
The results of mesh m1 with Q1C4 formulation is used for reference.

Mesh Oscillation error Downward slope error Computational time
∆Mb (%) min(Mb,θ) (%) (%)

m1 (160× 8) 100 100 100

m2 (240× 12) 13.20 14.38 150

m3 (320× 16) 2.08 2.55 220

4.2 Spatula model

As mentioned in the previous section, owing to its thin structure, gecko spatula

is often modelled in the literature as a two-dimensional strip [99, 103, 144, 165].

Hence, in the current thesis, a similar approach is followed, and the spatula is

represented by a thin strip having L×h as previously shown in Figure 4.1. As such,

the words “strip” and “spatula” are used interchangeably in the following text. It

is considered that the bottom 75% of the strip surface (“PQ”) is in adhesion, while

the rest 25% (“QR”) is not. Hence, “PQ” represents the bottom surface of the

spatula pad, while “QR” represents the bottom surface of the spatula shaft.

The finite element mesh m2 is employed due to its computational efficiency and

accuracy, as discussed in the previous section. This mesh contains 240×12 elements

along x and y directions. Plane strain2 finite element simulations are carried out

using the same parameters as those mentioned in section 4.1. These are once again

listed in Table 4.5 [99, 158, 163]. As the current thesis also studies the influence of

some of the parameters listed here, it should be noted that unless mentioned other-

wise the parameters given in Table 4.5 should be considered as default parameters.

This results in γW = 25.266 and γL = 2.50 according to Eqs. (2.40) and (2.39).

The friction coefficient µs = 0.3 corresponds to the experimental data on gecko seta

friction on glass surfaces [1, 2, 48]. The initial area of the spatula pad is taken as

Apad = 49, 524R2
0 [162]. Then from the parameters in Table 4.5, the average width

of the pad for the strip configuration becomes wpad = 330.16R0.

4.2.1 Application of peeling

The spatula is peeled off the rigid substrate in four different ways:

1. In “Type I” simulations, the spatula is peeled off the rigid substrate from its

initial configuration by applying a displacement ū to the right end (RS) at an

2As the spatula is very wide (up to a few hundred nm), plane strain is a reasonable simplification
of the full 3D case.
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Table 4.5: Geometrical, material, and adhesion parameters used in the current study.
Here, R0 = 1 nm is introduced for normalization.

Length (L) 200R0

Height (h) 10R0

Young’s Modulus (E0) 2 GPa

Poisson’s ratio (ν) 0.2

Friction coefficient (µs) 0.3

Equilibrium distance (r0) 0.4 nm

Hamaker’s constant (AH) 10−19 J

angle called peeling angle θp as shown in Figure 4.6a.

2. In “Type II” simulations, first an external rotation is applied to the right end

(RS) of the strip. After achieving a desired rotation angle θsh, called the shaft

angle, on the right end, a displacement ū is applied at a constant peeling

angle θp = 90◦. As shown in Figure 4.6b, the shaft angle θsh represents the

direction of the cross-section normal n̂ with respect to the horizontal.

3. In “Type III” simulations, similar to “Type II” peeling, the spatula is first

rotated up to a desired shaft angle θsh and then the displacement is applied

at an angle equal to that of the shaft angle θp = θsh. Hence, as visualized

in Figure 4.6c, the displacement direction is along the direction of the cross-

section normal n̂ at “RS”.

In all the three types of simulations, the displacement ū is applied through

its horizontal and vertical components ux = ū cos θp and uy = ū sin θp on

each node of “RS”, where ū = ‖ū‖ is the magnitude of the applied displace-

ment. This results in a tangentially constrained motion of the spatula shaft.

As such, these three types of peeling simulations can broadly be classified

as tangentially-constrained peeling. In addition, unlike Kendall type peeling

models [49], in the current analysis, the bending stiffness of the strip is con-

sidered to be finite. As a consequence, the resultant pull-off force Fres is not

parallel to the applied displacement ū. Instead Fres acts in the direction (see

Figures 4.6b and 4.6c)

α = arctan(FN/FT) , (4.1)

where FN and FT are its normal and tangential components. Particularly,

it should be noted that, peeling with θp = 90◦ is not equivalent to peeling

with a force perpendicular to the substrate, i.e. with α = 90◦, in these three

tangentially-constrained peeling simulations.
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Therefore, “Type I” peeling is used to study the influence of the peeling angle

at a constant shaft angle of θsh = 0◦, whereas “Type II” and “Type III”

peeling simulations both are used to study the influence of the shaft angle as

well as peeling angle.

4. In addition to the three peeling simulations described above, another peeling

simulation which is called the “vertical pulling” (discussed in section 4.3.1g)

is also carried out. In this, for any given shaft angle θsh = 0◦ to 90◦ (with

θsh = 0◦ indicating the initial configuration), a vertical displacement ūy, i.e.

perpendicular to the substrate, is applied on the shaft end RS. As such, the

shaft end RS is free to move in the tangential direction. Hence, the resultant

force F res is parallel to the applied displacement ūy. As such, this peeling can

be contrasted with the first three tangentially-constrained peeling simulations

as it describes the tangentially-free peeling.

In order to completely peel off the spatula adhering to the substrate in its initial

configuration (shown in Figure 4.1), a certain amount of energy must be expended,

the absolute value of which can be computed from the work of adhesion wadh as [162]

Πa,0 = Apadwadh where wadh = −
∫ ∞
req

‖T a(rs)‖ drs =
3
√

15
AH

16πr2
0

, (4.2)

and Apad is the initial area of the spatula pad in contact with the susbtrate. As the

spatula is gradually peeled off the substrate, the adhesion energy Πa increases from

−Πa,0, and eventually becomes zero when the spatula is completely peeled off.
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(a) Type I peeling: peeling from the initial configuration by applying a displacement ū in the
direction θp, called the peeling angle.

(b) Type II peeling: peeling from different rotated configurations at a constant peeling angle of
θp = 90◦. Here, n̂ denotes the normal to the cross-section at “RS” and θsh is the angle n̂ makes
with the horizontal, while α is the angle resultant force F res makes with the horizontal.

(c) Type III peeling: peeling from different rotated configurations by applying displacement ū in
the direction of the normal to the cross-section n̂ at “RS”. Therefore, the peeling angle is equal
to the shaft angle, θp = θsh.

(d) Vertical pulling: peeling from different rotated configurations by applying displacement ūy
only in the vertical direction. Therefore, the resultant force angle is in the direction of the vertical
displacement ūy, i.e. α = 90◦.

Figure 4.6: Visualization of different types of peeling simulations.
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4.3 Coupled adhesion and friction behaviour

In this section, a detailed investigation into the normal (adhesive) and tangential

(frictional) behaviour exhibited by the gecko spatula as it is peeled off a rigid sub-

strate is presented for the four peeling simulations discussed in the last section. The

peeling behaviour is studied first by examining the pull-off forces and the influence

of various parameters such as the peeling angle, shaft angle, pad thickness, material

stiffness, and spatula size on them. Next, presence of the critical detachment angle

at the spatula level and its variation with different parameters is analysed. It should

be noted that unless stated otherwise the results correspond to “Type I” peeling.

To begin with, typical peel off behaviour of the spatula for a given peeling angle

θp is described. This forms the basis for the discussion in the next sections.
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Figure 4.7: Evolution of the magnitude of the resultant pull-off force Fres = ‖F res‖ and
the dimensionless strain energy (see Eq. (2.7)) with the magnitude of applied displacement
ū = ‖ū‖ for peeling angle θp = 60◦ in “Type I” peeling. Here, Πa,0 = 1.523× 10−15 J.

Peeling of the spatula from the substrate for any given peeling angle can be

divided into two phases. This can be illustrated with the help of Figure 4.7, where

the evolution of the magnitude of the resultant pull-off force Fres = ‖F res‖ and

the dimensionless strain energy (see Eq. 2.7) with the magnitude of the applied

displacement ū = ‖ū‖ for θp = 60◦ are shown3. The first phase begins from the

point of zero pull-off force (denoted by “ūa”) and ends at the maximum value of the

pull-off force (denoted by “ūc”). The second phase is from “ūc” to “ūe”, the point

at which the spatula pad snaps-off from the substrate. Figure 4.8 shows the strip

deformation at the displacements marked in Figure 4.7.

3In the following text, for simplicity, the quantities Fres and ū are referred to as resultant
pull-off force and applied displacement, respectively.
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(a) ūb = 11 nm

(b) ūc = 31 nm

(c) ūd = 56 nm

(d) ūe = 79 nm

Figure 4.8: Deformed configurations of the spatula for peeling angle θp = 60◦ at the
applied displacements ū marked in Figure 4.7 (ūb to ūe). The spatula remains in partial
sticking contact until ūc, beyond which full sliding ensues. The colourbar shows the
normalised stresses I1/E0 = tr(σ)/E0.

In the first phase, the spatula remains in partial sticking contact and is being

continuously stretched while peeling (Figures 4.8a and 4.8b). Moreover, in this

phase, a part of the spatula pad behind the peeling front, that is still in contact,

starts sliding as the spatula is pulled by the applied displacement. However, the
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rest of the spatula pad remains in sticking contact. This leads to stretching of

the spatula, resulting in an increase in the stored strain energy of the spatula as

shown in Figure 4.7. As a result, the force required to peel-off the spatula from

the substrate increases. After reaching the force maximum at ūc, the spatula pad

begins to fully slide on the substrate as it is peeled off (Figures 4.8c and 4.8d). In

this second phase, the strain energy that has been stored during the first phase is

gradually released (see Figure 4.7). As the displacement is applied beyond “ūe” the

remaining part of the spatula pad immediately snaps-off from the surface releasing

all the stored strain energy. At point “ūf” the spatula is completely peeled off the

surface.

4.3.1 Pull-off forces

This section4 presents a detailed discussion on the influence of various parameters

on the spatula pull-off forces. Further, easy detachment of the spatula via vertical

pulling is also discussed.

4.3.1a Influence of the peeling angle
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ūb

ūc
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Figure 4.9: Evolution of the normal pull-off force FN with the applied displacement ū
for different peeling angles θp. “Type I” peeling. Here, the marked points ūa to ūf on the
θp = 15◦ curve are analogous to those in Figure 4.7.

Evolution of the normal (FN) and tangential (FT) (which is equal to the interfa-

cial friction force Ff) components of the pull-off force with the applied displacement

ū from initial configuration is shown in Figures 4.9 and 4.10. For all cases, both

the normal and the tangential pull-off force increase up to a maximum value and

4A version of the results in this section, except for section 4.3.1f, are published in The Journal
of Adhesion and can be found at https://doi.org/10.1080/00218464.2020.1719838
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ūb

ūc
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Figure 4.10: Evolution of the tangential pull-off force FT with the applied displacement
ū for different peeling angles θp. “Type I” peeling. Here, the marked points ūa to ūf on
the θp = 15◦ curve are analogous to those in Figure 4.7.

then decrease after that. Further, this maximum value decreases with increasing

peeling angle. This can also be seen from Figure 4.11, where the maximum values

of the normal component FN, tangential component FT, and the resultant pull-off

force Fres (occurring at “ūc” in Figure 4.7) for different peeling angles are plotted.

These results show that the friction force is the major contributor to the total force

generated by the spatula. Further, the friction force increases more rapidly than the

adhesion force as the peeling angle decreases. By decreasing the peeling angle from

90◦ to 10◦, the adhesion force increases by a factor of two, whereas the friction force

increases almost by a factor of seven. The maximum normal (Fmax
N ) and frictional

force (Fmax
T ) values of approximately 174 nN and 1723 nN, respectively, are observed

for θp = 10◦.

As discussed at the beginning of the section 4.3, in the first phase, the spatula

is stretched as it is peeled off the substrate due to partial sticking/sliding in the

peeling zone, which increases the strain energy. This increase in strain energy is

much higher for low peeling angles as compared to high peeling angles as observed

from Figure 4.12, where the evolution of dimensionless strain energy with the applied

displacement ū is plotted for different peeling angles. From these results combined

with those in Figures 4.9, 4.10, and 4.11, it can be stated that the stretching of the

spatula due to partial sliding close to the peel front leads to the increase in pull-off

forces at small peeling angles. These results confirm the hypothesis of Labonte and

Federle [51] that the partial sliding of the attached spatula pad could be one of the

reasons for increased pull-off forces at small peeling angles. It should be noted that

the curves for θp = 90◦ in all these figures, as discussed in section 4.2.1, corresponds

to tangentially-constrained peeling. This results in the generation of considerable
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Figure 4.11: Evolution of the maximum pull-off force with peeling angle θp for “Type
I” peeling.

friction forces. Hence, this is not equivalent to pulling the strip with a force acting

perpendicular to the substrate, i.e. α = 90◦, which implies zero friction forces.
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Figure 4.12: Evolution of the dimensionless strain energy with the applied displacement
ū for different peeling angles θp (“Type I” peeling). The points ūa to ūf for the θp = 15◦

are analogous to those discussed in Figure 4.7. Here, Πa,0 = 1.523× 10−15 J.

Figure 4.13 shows the evolution of normal (FN) and tangential (FT) forces up to

the point of detachment ūe for different peeling angles θp. As the spatula is peeled

at higher angles, the so-called “adhesion region” [260], i.e. the range of the normal

(FN) and the tangential (FT) pull-off forces throughout the peeling process up to

ūe, decreases. In addition, for all the peeling angles, from the onset of sliding to

detachment, i.e. from ūc to ūe, the spatula follows a similar peeling path. But the

maximum force values reached (ūc) decrease with increasing θp, while they remain
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the same at the point of detachment (ūe). Further, the spatulae store more strain

energy when peeled at small angles and high pull-off forces are reached. Then, it can

be understood that the spatula can remain attached at higher values of normal and

tangential forces. However, at high peeling angles, the adhesion region is very small

and thus detachment of the spatula can be easily accomplished. These observations

are similar to the conclusions drawn by Hu and Greaney [260] and Sekiguchi et

al. [261] in their respective experimental and analytical studies on setae inclined at

different angles.
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Figure 4.13: Evolution of the normal FN and the tangential FT pull-off forces for different
peeling angles θp (“Type I” peeling).
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Figure 4.14: Comparison of different peeling models.

Dependency of the maximum pull-off force on the corresponding force angle α

(at “ūc” in Figure 4.7) as obtained by the current model is compared with that of

Kendall’s peeling model [49] and the frictional sliding model of [37] in Figure 4.14.
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The latter model is identical to the frictional sliding model of Begley et al. [107].

The current model predicts a similar trend as that of the other two models: the

pull-off force is high for very low force angles and rapidly decreases as the force

angle is increased. This behaviour is also consistent with experimental observa-

tions and other analytical models [51, 99, 103, 201]. However, the current coupled

adhesion-friction model predicts larger pull-off forces than those of Kendall’s [49]

and the frictional sliding model of Jagota and Hui [37]. Both the current model

and Jagota and Hui’s [37] model incorporate the influence of the frictional sliding

of the spatula. As such, both models predict larger pull-off forces than the Kendall

peeling model [49]. Further, the current adhesive-friction model also includes the

influence of the non-zero bending stiffness of the spatula5, which is absent in the

peeling model of Jagota and Hui [37]. Also, as α increases, all the three curves

approach each other. However, even for vertical pulling i.e. α = 90◦, the effect of

non-zero bending stiffness still contributes to slightly larger pull-off forces and is

discussed in section 4.3.1g.

4.3.1b Influence of the shaft angle
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Figure 4.15: Evolution of the bending moment Mb with the applied rotation θ = θsh.
Here, E0R

3
0 = 2 nN·nm.

In order to understand the influence of the shaft angle θsh on the pull-off forces, it

is varied for a given peeling angle θp. This is achieved by first applying the rotation

angle θsh at the right end of the strip (CD), and then applying the displacement ū

to that end at an angle θp, see Figure 4.6b.

Figure 4.15 shows the evolution of bending moment Mb that is required to

achieve the desired shaft angle θ = θsh. These results show that this bending

5The non-zero bending stiffness implies a bending moment at end CD.
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Figure 4.16: Deformed configurations of the strip for various rotation angles. The
colourbar shows the normalised stresses I1/E0 = tr(σ)/E0.

moment reaches a constant value after a certain angle. The deformed configuration

of the strip at different shaft angles is shown in Figure 4.16.

Once the desired spatula shaft angle is obtained, the spatula is peeled-off by

applying a displacement at a peeling angle of θp = 90◦. This corresponds to the

“Type II” peeling described in section 4.2.1. Figure 4.17 depicts variation of the

resultant pull-off forces for various spatula shaft angles. For a given peeling angle

θp, the pull-off forces are observed to decrease as the spatula shaft angle increases.

This is due to the fact that as the shaft angle increases, the spatula pad area that

is still in contact with the substrate decreases as shown in Figure 4.16. As a result,

the force that is required to detach the spatula from the substrate reduces. Also,

the influence of the shaft angle is more pronounced for θsh > 60◦, as the maximum

force reached decreases more rapidly. This can also be understood by examining

the deformed configurations in Figure 4.16. Here, it is clear that there is not much

change in the spatula pad area for small shaft angles. It is only after θsh > 60◦ that

the spatula pad area still-in-contact reduces more rapidly.

Similar results are observed for “Type III” peeling as illustrated in Figure 4.18.

Comparison of these results with the maximum values for “Type I” peeling shown

in Figure 4.11 indicates that for the same peeling angle θp = 15◦, just be changing

the shaft angle from θsh = 0◦ to 15◦, the maximum resultant pull-off force decreased

by 20%. This reduction is even higher (≈ 30%) when the shaft angle is changed

from θsh = 0◦ to 30◦ for the same peeling angle of θp = 30◦. This demonstrates the

importance of inclination of the spatulae shafts for increasing and decreasing the

clinging forces generated by a gecko for its rapid locomotion.
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Figure 4.17: Evolution of the resultant pull-off force Fres with the applied displacement
ū for different shaft angles θsh and peeling angle θp = 90◦ (“Type II” peeling). The points
ūa to ūf for the θsh = 15◦ are analogous to those discussed in Figure 4.7.
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ūe

ūf

Figure 4.18: Evolution of the resultant pull-off force Fres with the applied displacement
ū for different peeling and shaft angles θp = θsh (“Type III” peeling). The points ūa to
ūf for the θp = θsh = 15◦ are analogous to those discussed in Figure 4.7

4.3.1c Estimation of the pull-off force at seta level

Although there have been no direct measurements of friction as well as normal forces

at the spatula level for different peeling angles in the literature, Autumn et al. [1,

39] observed a maximum friction force of approximately 200µN and a maximum

normal force of 20−40 nN for a single seta. Taking the number of spatulae per seta

to be 100− 1000 [99], the maximum friction and normal forces for a single spatula

are estimated to be 200− 2000 nN and 20− 400 nN, respectively. The values, 1723

and 174 nN obtained here (see Figure 4.11), fit well within these ranges.
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At first, these maximum friction and adhesion forces obtained here might appear

to be an overestimation when summed over the maximum limit of 1000 spatulae per

seta. However, Figure 4.14 shows that these values correspond to a very low force

angle α = 5.77◦. Tian et al. [99] calculated a maximum friction force of 900 nN at

a resultant force angle close to α = 8◦. The corresponding friction force obtained

in the current work is 1139 nN. The difference between these observations can be

attributed to the fact that in case of Tian et al. [99], the strip thickness is h = 5

nm and the friction coefficient µs = 0.2. Whereas, the current results are for h = 10

nm and µs = 0.3 and both of these parameters influence the pull-off forces. This is

discussed in detail in section 4.3.1d.

Moreover, when a seta attaches to a substrate after a perpendicular preload

and parallel drag [1], it is not clear as to whether all the spatulae adhere to the

surface or not. It is also doubtful that all the spatulae reach their force maximum

at the same time. In the experiments of Huber et al. [66] with a seta with only four

spatulae at its end, most of the time, only one or two of the spatulae adhered to

the substrate. This shows that not all the spatulae adhere even after a considerable

parallel drag of the seta. This behaviour was also observed at the animal level by

Eason et al. [201], who measured the stress distribution and contact area on the

toes of geckos. They observed that the stress distribution is non-uniform owing

to the fact that a significant portion of the setal arrays on the gecko toes did not

adhere to the substrate. Further, as estimated by Autumn et al. [158], for a seta to

generate 200µN force, the seta contact area must increase from 6% to 46%. This

clearly shows that even at peak adhesion and friction, not even half of the seta area

is in contact, which implies that not all the spatulae are in contact. Moreover, even

if all the spatulae are in contact with the substrate, it is not clear at what angles

spatulae shafts are inclined and at what angles they experience pull-off forces. As

shown in section 4.3.1b, the shaft angle significantly affects the maximum pull-off

forces reached during peeling.

Based on the setal density and branching characteristics, it is estimated that

there are around 512 spatulae per seta [262]. To get an estimate of the total friction

force per seta, two different spatula distributions are considered here. In the first

distribution (Figure 4.19a), spatulae follow a normal distribution and experience the

applied displacement ū at a mean angle of θp = 50◦. By summing the maximum

frictional forces per spatula at different peeling angles obtained in section 4.3.1a

for this distribution, a total friction force of 422µN per seta is obtained. Similarly,

for the distribution in Figure 4.19b, in which 60% of total spatulae experience the

applied displacement ū at angles ≤ 30◦, the total friction force per seta is equal

to 606µN. However, these values correspond to the case when all the spatula are

initially lying flat on the substrate i.e. θsh = 0◦ and experiencing forces at very low

94TH-2706_146103016



0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

(a) Normal distribution

0 10 20 30 40 50 60 70 80 90 100
0

10

20

30

40

50

60

70

80

(b) Skewed distribution

Figure 4.19: Assumed spatula distributions for different peeling angles.

angles α = 5◦ − 20◦. But, it is shown in section 4.3.1b that the pull-off forces are

also affected by the angle at which the spatula shafts are inclined to the substrate.

Changing the shaft angle from 0◦ to 90◦ at constant peeling angle of θp = 90◦,

decreases the pull-off forces by as much as 2.5 times. Moreover, the probability of the

configuration of θsh = 0◦ is low as that could lead to crowding of the spatulae, i.e. the

spatulae start to touch their neighbours and limit the adhesion. The setal shafts in

their natural state are curved and are inclined to at an angle of 43◦ to the horizontal.

When they deform and adhere to the substrate, the crowding model of Pesika et

al. [263] showed that as their inclination decreases below 27.8◦ the setae in an array

start to crowd and this impacts the clinging force generated by them. A critical tilt

angle of 12.6◦ is reported by Pesika et al. [263], which limits maximum achievable

adhesion. As the gecko adhesive pads are of hierarchical nature with structures in

each level influencing the structures above and below them, it is reasonable to infer

that a limiting tilt angle at the seta level also limits the spatula shaft angle. This,

as shown in section 4.3.1b significantly influences the adhesion and friction forces

generated. Hence, it is reasonable to conclude that the maximum frictional force of

200µN measured by Autumn et al. [1] has to be understood as the summation of all

the spatulae interactions accounting for different spatulae inclinations and pulling
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angles. However, as pointed out by Puthoff et al. [262], it should be noted that

the spatula distribution and the pull-off forces follow more sophisticated statistical

principles than the rough estimates considered here. Hence, it can be concluded

that any multiscale peeling model for gecko adhesion should consider the different

spatula peeling and shaft angle distributions based on statistical principles.

4.3.1d Influence of the spatula pad thickness
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Figure 4.20: Evolution of the maximum resultant pull-off force Fmax
res with the peeling

angle θp for different pad thicknesses (“Type I” peeling).

In this section the influence of bending stiffness on the pull-off forces is studied by

varying the spatula pad thickness h. Figure 4.20 shows the influence of the spatula

pad thickness h on the variation of the maximum resultant pull-off forces with

peeling angle θp. As the thickness increases, the maximum pull-off force achieved

during the peeling increases. As the thickness increases, the bending stiffness of

the spatula increases and a higher force is needed to peel the spatula from the

substrate. However, as observed from Figure 4.20, this increase in the pull-off force

is more significant for low h than for high h. This is clear from the fact that the

minimum increase in the pull-off force for h = 5 to h = 10 nm is equal to 25%,

whereas the maximum increase in pull-off force is only 22% for the increase h = 10

to h = 15 nm. At first, this increase in adhesion with spatula thickness might lead

us to conclude that a large thickness is preferred. Geckos generate a large amount

of friction and adhesion by increasing the area of contact with the help of the large

number of thin spatulae. Although increasing the spatula thickness generates more

adhesive forces, it also increases the volume (and mass) of the gecko body faster

than the increase in the surface area [68], which for a dynamic species like gecko is

undesirable. Rizzo et al. [74], in their investigation of the gecko spatula with an

electron microscope, observed that the thickness of the gecko spatula pad is only
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5−10 nm. It has also been suggested by Persson and Gorb [68] that the spatula pad

thickness needs to be approximately 5−10 nm, in order for it to be compliant enough

to adhere to a variety of substrates which in nature are mostly rough. Moreover,

as the bending stiffness scales as the third power of the thickness, a thicker spatula

would be undesirable as it increases the effective modulus of the setal arrays, which

as shown by Autumn et al. [158] is around 110 kPa in order to meet the Dahlquist

criterion [157] for tackiness.

4.3.1e Influence of the material stiffness
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Figure 4.21: Evolution of the maximum resultant pull-off force Fmax
res with the peeling

angle θp for different material stiffness (“Type I” peeling).

In this section, the influence of bending stiffness on the pull-off forces is studied

by varying the material stiffness E0 (via material paramter γW).

Geckos inhabit a wide range of environments such as tropics, urban, and deserts.

As such, they have to endure changes in geographical and atmospheric conditions

such as the temperature, wetness, and relative humidity (moisture) [264]. It has

been experimentally observed that the humidity greatly affects the mechanical prop-

erties of gecko setae [58, 59, 264]. Prowse et al. [59] observed that at 80% relative

humidity (RH), the complex elastic modulus E∗6 of a single gecko decreased to

one-third of its value at dry conditions. The elastic modulus E0 has been found

to decrease by a factor of 1.73 when RH increased from 30% to 80% i.e. the seta

material becomes softer. This has been observed to affect the adhesion capabilities

of the geckos [58]. Hence, it would be helpful to study how these changes in me-

chanical properties affect the adhesion behaviour using the current computational

model.

6|E∗| =
√

(E′)2 + (E′′)2, where E′ and E′′ denote the storage and loss moduli, respectively.
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Variation of the maximum resultant pull-off force with peeling angle θp for dif-

ferent values of material stiffness E0 is shown in Figure 4.21. This is achieved by

changing the material parameter γW. From the definition in Eq. (2.40),

γW :=
E0(
AH

2πr3
0

) , (4.3)

it follows that an increase in γW corresponds to an increase in the material stiffness.

As the material stiffness decreases, the pull-off force increases as seen from Fig-

ure 4.21. This is due to the fact that as the stiffness decreases, the spatula becomes

more compliant and adheres to the substrate more readily. This is illustrated in

Figure 4.22, which shows that at a given shaft angle of θsh = 90◦, the strip with

lower material stiffness has more pad area that is still in contact with the substrate.

Moreover, the stress developed at the peeling front increases as the material stiffness

decreases. As such, even though compliant material can generate more adhesion

and friction force, accumulation of high stresses in the peeling zone could poten-

tially lead to failure of the material. These results can also be considered from the

point of adhesion strength as increase in γW corresponds to decrease in the adhesion

strength. This decrease in adhesion strength results in lower pull-off forces. The

current results allow for a better insight into this complex system, which in turn

allows for designing better gecko inspired synthetic adhesives.

Figure 4.22: Deformation and stress for different material stiffnesses for a rotated con-
figuration of θsh = 90◦. The colourbar shows the normalised stresses I1/E0 = tr(σ)/E0.
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4.3.1f Influence of the friction coefficient

The friction coefficient between two surfaces is one of the key parameters in de-

termining the interfacial contact and locomotion behaviour. Figure 4.23 shows

the influence of the friction coefficient µs on variation of the maximum resultant

pull-off forces Fmax
res with the peeling angle θp. The current model predicts that

as the friction coefficient decreases, the maximum pull-off forces achieved at any

given peeling angle decreases, which is consistent with the known behaviour of dry

friction phenomenon. Further, at high peeling angles, the relative influence of the

friction coefficient diminishes, and the pull-off forces vary only slightly with the

friction coefficient. From these results it can be understood that the friction forces,

which are dominant at low angles, increase with increasing friction coefficient. This

aids the gecko in achieving much better grip. At the same time, at high angles, this

relatively low change in the pull-off force works in favour of the gecko to detach from

any kind of surface more easily just by changing the angle of the resultant pull-off

force. Interestingly, as the friction coefficient decreases, at low peeling angles, the

maximum pull-off force seems to be independent of the peeling angle. For µs = 0.1,

the maximum pull-off force remains constant for peeling angles θp ≤ 30◦.
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Figure 4.23: Evolution of the maximum resultant pull-off force Fmax
res with the peeling

angle θp for different friction coefficients µs (“Type I” peeling).

4.3.1g Vertical pulling and spatula detachment

Despite generating high attachment forces, geckos can detach from a substrate in

just 20 ms and with very small force [265]. However, for the case of tangentially-

constrained peeling discussed so far, at the point of detachment (shown by “ūe” in

Figure 4.7) the pull-off forces are still quite high (see Figures 4.9 and 4.10). As
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such, in order to facilitate quick detachment with small force, the frictional forces

should vanish. This can be achieved through tangentially-free peeling as described

in section 4.2.1. As the spatula is pulled perpendicular to the substrate, this type

of peeling is referred to as “vertical pulling” here.
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Figure 4.24: Evolution of the resultant pull-off force Fres = FN with the applied dis-
placement ūy = ‖ūy‖ for different shaft angles θsh for vertical pulling (where FT = 0).

Evolution of the corresponding resultant forces with the applied vertical dis-

placement ūy for various shaft angles θsh is plotted in Figure 4.24. For this case,

the tangential forces are zero by design. Similar to the behaviour observed in sec-

tion 4.3.1b for tangentially-constrained peeling, the maximum pull-off force reached

decreases as the shaft angle increases. The maximum pull-off force is lowest for

θsh = 90◦ and is equal to 12.62 nN. This value is close to the value of 10 nN ob-

served by Huber et al. [66] in their experiments, where the spatulae shafts are

inclined at 90◦ and are pulled vertically. This result is also within the range of

2− 16 nN obtained experimentally by Sun et al. [55] for vertical pulling of the spat-

ula. These results also match well with the beam results of Sauer [165]. Therefore,

gecko spatulae can detach with very small amount of force by changing the shaft

angle θsh to 90◦ and then peel like a tape perpendicular to the substrate as shown

in Figure 4.25.

It has been observed that during the attachment step, geckos perform a roll-in

action to grip their toes when they adhere to a substrate and they peel off their toes

while detaching (which is called “digital hyperextension”) [39, 266]. The gripping

action causes the setae to slide very slightly and brings the spatulae in contact

with the substrate. At the same time, this gripping action also changes the angle

between the setal shaft and the substrate, which in turn decreases the angle between

the spatula shaft and the substrate [99]. This dragging at a low angle causes the

spatulae to stretch [103, 145], increasing the stored strain energy (see Figures 4.7
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Figure 4.25: Deformed configurations of the strip for vertical pulling with θsh = 90◦ at
various applied displacements ū. The colourbar shows the normalised stresses I1/E0 =
tr(σ)/E0.

and 4.12). This corresponds to tangentially-constrained peeling: As shown in in

the previous sections (see Figures 4.9 to 4.14) the spatulae stretch and very high

maximum pull-off forces are reached at small resultant force angles. Similarly, when

the gecko hyperextends its toes to disengage from the substrate, this action again

changes the angle between the seta shaft and the substrate. Rolling out the toes

results in a lever action of the setal shafts as described by Tian et al. [99]. Autumn

et al. [48] observed that the seta spontaneously detaches from the substrate when

the angle between seta shaft and the substrate increases above 30◦. At the spatula

level, these actions increase the angle between the spatula shaft and the substrate

to 90◦ and one by one each spatula disengages from the substrate. This spatula

disengagement corresponds to tangentially-free peeling: As seen from the results in

Figure 4.24 this action requires very small amount of force.

4.3.2 Critical detachment angle

This section7 discusses presence of the critical detachment angle at the spatula level

in the hierarchy of the gecko adhesion system. Influence of various parameters on

the critical detachment angle is also discussed.

Autumn et al. [48] observed that irrespective of the applied load, at each level

in the hierarchy of the gecko adhesive system, down to the setae, the structures

detach from the substrate when the angle between the resultant force vector and

7A version of the results of this section are published in The Journal of Adhesion and can be
found at https://doi.org/10.1080/00218464.2020.1746652
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the substrate α, equals the critical detachment angle α∗. This critical detachment

angle varies among setae (α∗seta = 30◦), seta arrays (α∗array = 24.6 ± 0.9◦), and toes

(α∗toe = 25.5 ± 0.2◦). However, since no experiments have been performed for the

spatula, it is not clear if similar values are found at the spatula level. As such, in this

section, presence of critical detachment angle at the spatula level in the hierarchy

of gecko adhesive structures is examined.
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ūe

Figure 4.26: Evolution of the resultant force angle α with the applied displacement ū
for different peeling angles θp (“Type I” peeling). At detachment (point ūe) the common
value α∗spatula = 25.58◦ is observed. The points ūa to ūe for the θp = 15◦ are analogous to
those discussed in Figure 4.7.

Figure 4.26 shows the resultant force angle α with the applied displacement ū

for different peeling angles θp. It can be seen that the resultant force angle changes

throughout the peeling process. Except for θp = 90◦, the resultant force angle curves

follow similar paths. This is illustrated with the help of the curve for θp = 15◦. The

points ūa to ūe on this curve directly correspond to those in Figures 4.9, 4.10, and

4.12. The point ūf is not shown here as at this point, both the normal and tangential

forces become zero. The resultant force angle α initially increases up to a point ūb,

which is when the pad (PQ in Figure 4.1) starts to detach from the substrate8.

The resultant force angle then decreases until it reaches the point ūc, which, as

seen from Figures 4.9, 4.10, and 4.12, is the point where the pull-off forces and

the strain energy reach their maximum values. Beyond the point ūc, α increases

monotonically until the critical point ūe which is the jump-off contact point. For the

case of θp = 90◦, points ūa and ūb coincide as the spatula pad starts to peel off as

soon as the displacement is applied. This can be clearly seen from the evolution of

8As the L-J potential is a continuously varying function, a cut-off criterion is assumed in the
current study to define when spatula detachment starts. It is assumed that detachment has started,
if at least one of the contact surface points is displaced such that the adhesive traction acting at
that point becomes less than 95% of the maximum adhesive traction.
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the dimensionless strain energy and the dimensionless adhesion energy for different

peeling angles shown in Figure 4.27. For θp = 90◦, there is a sharp increase in the

adhesion energy from its initial value −Πa,0 (see Eq. 4.2).

0 2 4 6 8 10 12 14 16

-1

-0.8

-0.6

-0.4

-0.2

0

ūa
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Figure 4.27: Evolution of the adhesion energy with the strain energy for different peeling
angles θp (“Type I” peeling). Here, Πa,0 = 1.523 × 10−15 J. The points ūa to ūe for the
θp = 15◦ are analogous to those discussed in Figure 4.7.

The most important observation from Figure 4.26 is that irrespective of the

peeling angle θp, the spatula detaches from the substrate at a constant detachment

angle of α∗spatula = 25.58 ± 0.07◦, even though α changes throughout the peeling

process.
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Figure 4.28: Evolution of the resultant force angle α with the applied displacement
ū for different shaft angles θsh and the peeling angle θp = 90◦ (“Type II” peeling). At
detachment (point ūe) the common value α∗spatula = 25.64◦ is observed. The points ūa to
ūe for the θp = 15◦ are analogous to those discussed in Figure 4.7.
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Figure 4.29: Evolution of the resultant force angle α with the applied displacement ū
for different peeling and shaft angles θp = θsh (“Type III” peeling). At detachment (point
ūe) the common value α∗spatula = 25.64◦ is observed. The points ūa to ūe for the θp = 15◦

are analogous to those discussed in Figure 4.7.

Similar behaviour is observed for “Type II” simulations when the spatula is

pulled at a constant peeling angle θp = 90◦ from various pre-rotated configurations,

i.e., with different shaft angles θsh as shown in Figure 4.28. These results show that

irrespective of the shaft angle, the detachment angle is approximately the same for

all peeling simulations and is equal to α∗spatula = 25.64◦. Furthermore, “Type III”

simulations (see Figure 4.29) also show similar behaviour with α∗spatula = 25.64◦. In

addition, the resultant force angle at the force maximum (point ūc), denoted as αc,

is shown to increase with increasing peeling angle. However, this αc is observed

to be less than the critical detachment angle α∗spatula, except for θp = θsh = 90◦

for which αc = α∗spatula. From all these results, it is clear that irrespective of the

spatula shaft angle and the peeling angle, the critical detachment angle remains

nearly invariant. It should be noted that the points ūa to ūe marked in Figures 4.28

and 4.29 correspond to the instances discussed at the start of section 4.3 and shown

in Figure 4.7. Table 4.6 lists the critical detachment angle for all three types of

simulations.

To understand the invariance of the detachment angle, evolution of the resultant

pull-off force vs. the strain energy up to the critical point at which spatula snap-off

occurs (at ūe) is plotted for different peeling angles θp, see Figure 4.30. These curves

show the strain energy and pull-off force values for which the spatula maintains

attachment as it is peeled off the substrate. Even as the sliding starts (at ūc) and

the contact becomes unstable, the spatula resists detachment until it reaches the

critical point ūe. Also, the curves follow the same paths for the initial stretching

and also after the sliding starts. Most importantly, irrespective of the peeling angle
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Table 4.6: Critical detachment angle α∗spatula for different types of simulations.

Type I (θsh = 0◦) Type II (θp = 90◦) Type III (θp = θsh)

Peeling an-
gle (θp)

Critical
detach-
ment angle
(α∗spatula)

Shaft angle
(θsh)

Critical
detach-
ment angle
(α∗spatula)

Peeling angle
(θp = θsh)

Critical
detach-
ment angle
(α∗spatula)

10◦ 25.65◦ 10◦ 25.45◦ 10◦ 25.57◦

15◦ 25.58◦ 15◦ 25.63◦ 15◦ 25.64◦

20◦ 25.56◦ 20◦ 25.53◦ 20◦ 25.41◦

25◦ 25.60◦ 25◦ 25.48◦ 25◦ 25.42◦

30◦ 25.61◦ 30◦ 25.62◦ 30◦ 25.69◦

35◦ 25.55◦ 35◦ 25.49◦ 35◦ 25.46◦

40◦ 25.56◦ 40◦ 25.52◦ 40◦ 25.49◦

45◦ 25.62◦ 45◦ 25.70◦ 45◦ 25.57◦

50◦ 25.65◦ 50◦ 25.55◦ 50◦ 25.67◦

55◦ 25.62◦ 55◦ 25.61◦ 55◦ 25.69◦

60◦ 25.54◦ 60◦ 25.69◦ 60◦ 25.68◦

65◦ 25.66◦ 65◦ 25.49◦ 65◦ 25.66◦

70◦ 25.52◦ 70◦ 25.63◦ 70◦ 25.70◦

75◦ 25.50◦ 75◦ 25.53◦ 75◦ 25.50◦

80◦ 25.70◦ 80◦ 25.48◦ 80◦ 25.65◦

85◦ 25.45◦ 85◦ 25.63◦ 85◦ 25.69◦

90◦ 25.50◦ 90◦ 26.39◦ 90◦ 26.39◦
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Figure 4.30: Resultant pull-off force and dimensional strain energy evolution for different
peeling angles θp for “Type I” peeling. Here, Πa,0 = 1.523× 10−15 J. The inset shows an
enlargement of the curves at the point of detachment at ūe.

and the maximum force reached during the peeling process, the spatula reaches

approximately the same critical point ūe (see inset in Figure 4.30). These curves

are similar to the stability envelopes for the peeling of thin tapes shown by Federle
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and Labonte [119]. In their work, these stability envelopes are obtained by plotting

the pull-off force as a function of the pre-strain. For small peeling angles, the tape

stretches such that the pre-strain exceeds a critical value called the minimum pre-

strain εmin. Federle and Labonte [119] have shown that once the tape is stretched

beyond εmin, it can be spontaneously detached by decreasing the applied force below

the minimum force required to stabilize the contact. In the current study, these

minimum force values are given by the resultant pull-off force values on the curve

from ūc to ūe. Further, the minimum strain of Federle and Labonte [119] can be

related to the strain energy at point ūe.

Similar behavior can also be observed in Figure 4.27, which shows that all the

peeling curves for all the peeling angles follow similar paths. Moreover, at the

snap-off point ūe, all the peeling curves reach approximately the same energy state

(see inset in Figure 4.27). These results reveal an interesting observation that

irrespective of the peeling angle, the spatula follows similar paths in detaching from

the substrate and finally reaches the same critical energy state beyond which it

cannot sustain any more loading and detaches from the substrate completely.

According to the “frictional adhesion” model of Autumn et al. [48], the normal

adhesive force is limited by the frictional force and the critical detachment angle α∗

and is given by

tanα∗ ≥ FN

FT

. (4.4)

In the current work, where α∗spatula ≈ 25.6◦, the maximum friction force must always

be greater than 2.1 times the maximum normal adhesive force according to Eq. 4.4.

From, the resultant force angle curves shown in Figure 4.26, it is clear that the

ratio of the maximum friction force to the maximum normal force is always more

than 2.1. For θp = 10◦, maximum value of the friction force can be as high as

8.6 times the maximum value of the normal force. As a consequence, even when

the spatula starts to fully slide on the substrate (point ūc), it is still attached to

the substrate until the critical point ūe is reached. However, for θp = θsh = 90◦

this is not true (see Figures 4.28 and 4.29), and as soon as the force maximum is

reached and the spatula pad starts to fully slide on the substrate, it snaps-off from

the substrate, i.e. points ūc and ūe coincide for θp = θsh = 90◦. This supports

the experimental observations of Autumn et al. [265] that when geckos adhere

to a substrate, they generate much greater forces than are required for them to

stay attached to the substrate according to Eq. (4.4) (a shear force of 5 times the

adhesive force for the gecko front legs was measured by Autumn et al. [265], while

we find a shear force as high as 8.6 times the adhesive force for the spatula). From

these results, it can be concluded that adhesive friction, starting with the spatula

level, is present at all hierarchy levels in the gecko adhesive system. Moreover, the

critical detachment angle of 25.6◦ implies that at detachment, the adhesive force
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is about half of the shear force. This particular trend is observed to be true for

many of the climbing animals which use “dry” as well as “wet” adhesion [119]. This

shows that the current model can be employed effectively to study other kinds of

biological adhesive systems.

4.3.2a Influence of the spatula pad thickness
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Figure 4.31: Variation of the critical detachment angle α∗spatula with peeling angle θp

for different spatula pad thicknesses h (“Type I” peeling).
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Figure 4.32: Variation of the critical detachment angle α∗spatula with peeling angle θp =
θsh for different spatula pad thicknesses h (“Type III” peeling).

In Figure 4.31, variation of the critical detachment angle α∗ with peeling angle

θp for different spatula pad thicknesses h is shown. These results indicate that in

general, as the thickness decreases the spatula detaches at higher angles. This trend

is consistent with the theoretical results of Chen et al.[103]. These results also agree
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well with the experimental observations of Schubert et al. [267], that stiffer fibrillar

structures detach at lower critical angles than softer structures.

However, for “Type III” peeling simulations (see Figure 4.32) where the spatula

is peeled from a pre-rotated configuration (see section 4.2.1), behaviour of the spat-

ula to detach at a constant angle (= α∗) irrespective of the peeling angle θp = θsh,

is observed only for thickness values of 5 − 10 nm. For large thickness values i.e,

h = 12 and 15 nm, it is found that the spatula does not detach at a constant angle

for all the peeling and shaft angles. Instead, for a large value of the spatula pad

thickness, at high angles, i.e., θp ≥ 75◦, the detachment angle is considerably higher

than that for low peeling angles, i.e., θp ≤ 60◦.

In order to understand this behaviour, the horizontal displacement of point P

(see Fig. 4.1) as a function of the applied displacement ū is plotted in Figure 4.33

for different peeling angles θp = θsh and spatula pad thicknesses. As seen from these

figures, for large spatula pad thicknesses, at large peeling and shaft angles, there is

still no full sliding of the spatula after the force maximum is reached. For θp = 85◦

sliding of the spatula is not observed for both h = 12 and 15 nm. Correlating these

results with those in Figure 4.32, it is reasonable to concluded that full sliding of

the spatula is needed for an invariant critical detachment angle α∗spatula.

The electron microscopy analyses of Rizzo et al. [74] revealed that the spatula

pad of Tokay Gecko is only around 10 nm thick. Persson and Gorb [68] suggested

that the pad thickness is approximately 5 − 10 nm, making it compliant enough

to adhere to any kind of substrate. This has also been confirmed by Sauer and

Holl [162] through detailed 3D finite element simulations. From the results in Fig-

ure 4.32, it can be concluded that thickness of the spatula pad should be small

enough to attain constant critical detachment angle. At the same time, as argued

by Persson and Gorb [68] the pad thickness should be large enough to provide suf-

ficient stiffness. In this regard, h = 10 nm seems to be an optimum value, i.e., it is

the largest value of h with invariant α∗spatula.

4.3.2b Influence of the shaft length

Recently, Peng et al. [112] have shown that the film length significantly influ-

ences its peeling behaviour, particularly, evolution of the pull-off forces. In this

section, influence of the spatula shaft length (“QR” in Figure 4.1) on the criti-

cal detachment angle α∗spatula is examined. Keeping the spatula pad length con-

stant (PQ = 150R0), a total of five different shaft lengths are investigated,

i.e. QR = 0, 50R0, 100R0, 200R0, and 400R0. “Type I” simulations are carried out

for different peeling angles. It is observed that a critical detachment angle exists

irrespective of the shaft length, i.e. for a given shaft length, irrespective of the

108TH-2706_146103016



0 20 40 60 80 100 120 140 160 180
0

50

100

150

200

(a) θp = θsh = 30◦

0 10 20 30 40 50 60 70 80
0

10

20

30

40

(b) θp = θsh = 75◦

0 10 20 30 40 50 60 70 80
0

5

10

15

20

(c) θp = θsh = 85◦

Figure 4.33: Horizontal displacement of strip point P (see Figure 4.1) with the applied
displacement ū = ‖ū‖ at different peeling angles θp = θsh for different values of strip
thickness h (“Type III” peeling).
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peeling angle the spatula detached at the same resultant force angle. Even when

the entire length of the spatula interacts with the substrate, i.e. “QR” vanishes,

there exists a critical detachment angle α∗spatula. The critical detachment angle for

different shaft lengths is given in Table 4.7. For QR = 0 to 200R0 very little change

in the value of critical detachment angle is observed. However, for QR = 400R0

there is a slight decrease in the value of α∗spatula. These results indicate that the

critical detachment angle is independent for a wide range of shaft lengths.

Table 4.7: Critical detachment angle α∗spatula for different spatula shaft lengths. Here,
R0 = 1 nm is introduced for normalization.

Shaft length (QR ) 0 50R0 100R0 200R0 400R0

Critical detachment angle α∗spatula 25.46◦ 25.58◦ 25.45◦ 25.14◦ 24.16◦

4.4 Three-dimensional spatula peeling

In addition to the investigations detailed in the previous sections, the finite ele-

ment formulation has been extended to study the peeling of gecko spatulae using a

three-dimensional (3D) finite element model. In this section, both frictionless and

frictional peeling of the spatula using a 3D model are discussed.

The three-dimensional spatula model is taken from the work of Sauer and

Holl [162], which is based on the atomic microscopy images of Rizzo et al. [74]

as shown in Figure 4.34. The spatula structure is made up of a thin pad with a

flat contact surface and a long shaft tapered down towards the pad. A finite el-

ement model of the idealized geometry of the spatula [162] shown in Figure 4.35.

Trilinear hexahedral elements are used to mesh the spatula geometry. Figure 4.35a

shows the top view of the spatula and Figure 4.35b shows the cross-sectional side

view. The spatula pad is only h = 10 nm thick and has a maximum width of

wpad = 250 nm. The pad length is taken to be Lpad = 350 nm. The pad is sur-

rounded by a comparatively thick rim. The maximum diameter of the shaft end is

taken to be dsh = 120 nm, which tapers down and connects to the pad. Therefore,

axis of the spatula shaft is inclined at an angle of θsh = 4.91◦ with the horizontal in

its initial configuration. A detailed description of the construction of the idealized

spatula geometry is discussed in Sauer and Holl [162].

In their FE analysis, Sauer and Holl [162] considered three different finite ele-

ment meshes, viz. coarse, mesh, and fine. As the spatula is symmetric about the

y-axis, only half of the spatula mesh is considered. The total number of elements

and contact elements in these meshes is given in Table 4.8. The element size of the

contact elements in these meshes is quite large when compared to the interfacial
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Figure 4.34: Gecko spatula and its 3D model: (a) atomic microscopy image of the gecko
spatula. Reprinted with permission from Rizzo et al. [74]. (b) idealized three-dimensional
model.
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Figure 4.35: Gecko spatula mesh (a) top view (b) cross-sectional side view.

distances for van der Waals force. The maximum adhesive traction between the

interacting surfaces occurs at a distance of 0.3057 nm according to the parameters

considered for the gecko spatula adhesion in the current thesis (see Figure 2.4 and
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Table 4.5). As such, these meshes combined with standard linear Lagrangian dis-

cretization (Q1C1) fail to capture nonlinear interfacial adhesive forces. As such,

Sauer and Holl [162] employed the Q1C2 contact elements, i.e. contact surface is

discretized using the second-order Lagrangian elements, whereas the bulk is dis-

cretized using linear Lagrangian elements. However, fine mesh is computationally

quite expensive. Therefore, in the present work, to overcome this issue, the coarse

mesh is employed in conjunction with the Q1C4 contact elements, i.e. the contact

elements are described using the fourth-order Lagrangian approximations. The

coarse mesh has 10 times fewer total elements and 4 times fewer contact elements.

The Q1C4 formulation combined with the coarse mesh can provide comparable re-

sults as that of the fine mesh with Q1C2 formulation. This is due to the fact that

the Q1C4 elements introduce 25 additional number of nodes on the contact sur-

face when compared to the 5 additional nodes in Q1C2 element (see Figures 3.4a

and 3.3a). These additional degrees of freedom at the contact interface results in

accurate computation of the interfacial adhesive tractions.

Table 4.8: Details of the finite element meshes considered for half of the spatula [162].

Mesh Total number Contact elements Largest diameter of
of elements contact elements [nm]

Coarse 784 139 22.39

Medium 9808 2224 5.71

Fine 101728 8896 2.87

4.4.1 Frictionless peeling

In this section, results for the frictionless peeling of the spatula are described. Two

types of peeling simulations are considered: (a) peeling by applied rotation and (b)

peeling by vertical pulling.

4.4.1a Peeling by applied rotation

The spatula is peeled off by applying a rotation θsh to the shaft end face. Figure 4.36

shows the evolution of peeling moment with the angle of rotation of the shaft θsh as

obtained by the current FE model and the results of Sauer and Holl [162]. Unlike

the case of the peeling of a strip with constant thickness (see section 4.3.1b) the

bending moment does not remain constant but varies throughout as the thickness

of a 3D spatula is continuously varying.

In case of the peeling simulations of Sauer and Holl [162], the peeling moment

initially increases linearly until θsh = 31◦, at which an instability occurs as a result
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Figure 4.36: Variation of the peeling moment Mb with shaft rotation angle θsh. Here
E0R

3
0 = 2nN·nm.

there is a sudden drop in the peeling moment. This is caused by the sudden drop

in the bending stiffness (due to sudden drop in the thickness) at the meeting point

of shaft and the pad. Further, at this point the spatula pad starts to detach from

the substrate on which highly nonlinear adhesive forces are acting. As a result, the

FE model of Sauer and Holl [162], which employs fine mesh with Q1C2 formula-

tion, is unable to resolve these sudden changes. However, use of the coarse mesh

in conjunction with the Q1C4 elements allows the current model for more stable

resolving of these sharp changes. As a result, the peeling moment curve obtained

in the current work is continuously varying with no instabilities. Further, after this

sudden drop, the peeling moment obtained by the current model follows the peeling

moment obtained by Sauer and Holl [162] very closely. The current computations

show that the spatula detaches from the substrate at an angle of θsh = 135◦ in con-

trast to θsh = 128◦ obtained by Sauer and Holl [162]. The two-dimensional strip, as

seen from section 4.3.1b, can support rotations even up to 180◦.

Figure 4.37 shows the deformed configurations of the spatula at different shaft

angles along with the normalised first invariant of the Cauchy stress distribution.

Similar to the case of strip peeling, at the peeling front large tensile and compressive

stresses are observed on the bottom and top surface of the pad, respectively. As

the spatula peels off the substrate, this peeling front moves across the surface of the

spatula pad.
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(a) Isometric view

(b) Bottom view

Figure 4.37: Deformed configurations of the spatula during peeling by applied rotation
at different shaft inclinations θsh = 0◦, 15◦, 45◦, 90◦, 120◦, and 135◦. The colourbar
indicates the normalised stresses I1/E0 = tr(σ)/E0.
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4.4.1b Peeling by vertical pulling

In this section, results for the frictionless vertical pulling (“tangentially-free”) of the

spatula from various rotated configurations are presented. These results are then

compared to those of Sauer and Holl [162]. The rotated configurations are obtained

from the peeling simulations discussed in the previous section. The spatula is pulled

by applying a displacement ūz in the vertical direction from a rotated configuration.

Figure 4.38 shows the evolution of resultant pull-off force with the displacement of

the shaft end face in the vertical direction ∆uz from different shaft angles θsh. The

displacement of the shaft end face ∆uz is measured from the initial configuration

shown in Fig. 4.35.
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Figure 4.38: Evolution of the pull-off force with the vertical displacement of the shaft
end face ∆uz. The dashed lines correspond to the results of Sauer and Holl [162] and the
solid lines correspond to the results of the current FE model.

Results in Fig. 4.38 show that for a given shaft angle θsh the pull-off force

increases up to a maximum value and then decreases. Also, as the shaft angle

increases, the maximum force reached during the peeling decreases. The maximum

value of the pull-off force ranges from 4.4 nN to 7.6 nN, which is very close to the

results obtained by Sauer and Holl [162] as evident from Figure 4.38.

Figure 4.39 shows the deformed configurations at different values of ∆uz corre-

sponding to vertical pulling of the spatula from shaft angle θsh = 60◦. At ∆uz = 768

nm, the spatula is completely separated from the substrate. Also, the stresses de-

veloped in the spatula during the vertical pulling are lower than those in peeling by

applied rotation (see Figure 4.37).
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(a) Isometric view (b) Bottom view

Figure 4.39: Deformed configurations of the spatula during vertical pulling from a pre-
rotated configuration with shaft angle θsh = 60◦ at different vertical displacements of the
shaft end face ∆uz = 548 nm, 610 nm, 690 nm, and 768 nm. The colourbar indicates the
normalised stresses I1/E0 = tr(σ)/E0.

4.4.2 Frictional peeling

This section presents the results obtained for frictional peeling of the gecko spatula

from the rigid substrate. The spatula is peeled off by applying a displacement ū

on the shaft end face at a peeling angle θp from its initial configuration shown in

Fig. 4.35. These peeling simulations are same as the “Type I” peeling described in

Section 4.2.1. As discussed in section 4.2.1, the displacement ū is applied on the

shaft end face such that ux = ū cos θp and uz = ū sin θp. As such, this constrains

the tangential movement (in the x-direction) of the spatula shaft, resulting in con-

siderable frictional forces. Extending the discussion on the influence of the friction

coefficient from section 4.3.1f, here the peeling simulations are carried out for low

friction coefficients. The default friction coefficient is taken as µs = 0.05.

4.4.2a Influence of the peeling angle

The three-dimensional peeling simulations show that both the normal and tangential

pull-off forces first increase up to maximum value and then decrease after that

Figures 4.40 and 4.41 show the evolution of FN and FT with the applied displace-

ment ū for different peeling angles. It can be observed that both FN and FT first

increase up to a maximum value and then decrease after that. Except for θp = 90◦,

the maximum value of both the normal and the tangential pull-off force remains

invariant irrespective of the peeling angle θp.
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Figure 4.40: Evolution of the normal pull-off force FN with applied displacement ū for
different peeling angles θp.
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Figure 4.41: Evolution of the tangential pull-off force FT with applied displacement ū
for different peeling angles θp.

These results differ from those for high friction coefficient µs = 0.3 ( Figs. 4.9

and 4.10). In case of high friction peeling, the maximum value of both FN and FT

are reached when the strip starts to fully slide on the substrate. However, this is not

the case for spatula peeling with low friction coefficient. Although the maximum

value of the tangential traction FT is reached when the spatula starts fully sliding,

the maximum normal pull-off force is reached when the spatula pad first starts to

peel off the substrate. Further, for low peeling angles, i.e. θp = 15◦ to 60◦, after the

spatula starts to fully slide on the substrate, FT decreases only very slightly, as such

can be considered to achieve an apparent steady state. Finally, the tangential force

monotonically decreases with the applied displacement as the spatula pad starts

peeling off the substrate. Further, as the peeling angle increases, the length of the
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steady state, i.e. the displacement range in which the tangential traction remains

almost constant, decreases.

To clearly understand this behaviour of the pull-off force evolution for θp = 15◦

to 60◦, peeling of the spatula at θp = 30◦ is selected. In this case, the spatula starts

full-sliding around ū = 40 nm, at which the tangential pull-off force FT reaches

maximum value. The normal pull-off force FN reaches its maximum value around

ū = 160 nm. From ū = 40 to 160 nm, there is only a slight decrease in the tangen-

tial pull-off force FT. Whereas, the normal pull-off force FN continues to increase

although at a lesser rate than before. Figures 4.42a to 4.42d show the deformed

configurations of the spatula from ū = 20 nm to 180 nm. It can be observed that

after ū = 40 nm the spatula starts sliding on the substrate. However, the spatula

pad is still fully attached to the substrate. It is only after ū = 160 nm, that the pad

starts to gradually detach from the substrate as shown in Fig. 4.42d. At ū = 180 nm

it can be clearly seen that a part of the spatula pad has detached from the substrate.

From this point onwards, the normal force decreases as the pad area still attached

to the substrate continues to decreases. As such, the maximum values of FN and

FT occur at different values of ū.

x [nm]

z
[n

m
]

(a) ū = 20 nm.

x [nm]

z
[n

m
]

(b) ū = 40 nm.

In the pull-off force curves in Figures 4.40 and 4.41, towards the end of the

peeling process, there are visible oscillations. This is due to the fact that even

though the Q1C4 element formulation employed here is able to capture the nonlinear
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Figure 4.42: Side-view of the deformed configurations of half of the spatula at different
values of applied displacement ū. The colourbar indicates the normalised stresses I1/E0 =
tr(σ)/E0.

adhesive tractions, the coarse mesh used is still not enough to provide a smooth

response. As such, finer meshes are required to resolve this issue. Another way to

overcome this issue is by using other local enrichment techniques, which represent

the contact surface accurately. For example, Corbett and Sauer [268] proposed an

enrichment technique, in which the contact surface is discretized by the NURBS

basis functions, which can accurately represent the contact surface. While, the

bulk is discretized by standard linear Lagrangian elements. This technique provides

highly accurate and efficient contact solution.

Comparison with 2D peeling:

Figures 4.43 and 4.44 show evolution of the normal and the tangential pull-

off forces with the applied displacement ū for different peeling angles using the

two-dimensional spatula model discussed in section 4.2 with the friction coefficient

µs = 0.05. Comparison of these results with those in Figures 4.40 and 4.41 shows

that the maximum pull-off force values for any given peeling angle predicted by

these two models are very close to each other. For example, the maximum normal

pull-off force corresponding to θp = 15◦ computed using 2D model is 70.75 nN, while

the 3D simulations predict a value of 62.6 nN. Similarly, the maximum tangential

pull-off force values corresponding to θp = 15◦ are 276.6 nN and 270.3 nN, with 2D
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and 3D model, respectively.
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Figure 4.43: Evolution of the normal pull-off force FN with applied displacement ū for
different peeling angles θp using the two-dimensional spatula model (see section 4.2).
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Figure 4.44: Evolution of the tangential pull-off force FT with applied displacement ū
for different peeling angles θp using the two-dimensional spatula model (see section 4.2).

It can also be observed that invariance of the maximum pull-off forces reached

for peeling angles θp ≤ 60◦ is also observed for two-dimensional spatula model.

Also, similar to the 3D simulations, the normal pull-off force and tangential pull-

off force reach their maximum at different values of applied displacement. For the

case of θp = 30◦, the maximum normal force occurs at ū = 21 nm. Whereas, the

maximum tangential force occurs very early on at ū = 6.9 nm. Further, in these

two-dimensional simulations, for low peeling angles θp ≤ 30◦, the tangential pull-

off force briefly reaches an apparent steady state, similar to the observations in
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Figure 4.41. However, the length of the steady state, i.e. the displacement range in

which the tangential traction remains almost constant, is less than that of the 3D

simulations. This is due to the fact that the total length of the spatula considered in

the 3D simulations (1000 nm) is much greater than that of the two-dimensional strip

(200 nm). As observed by Peng et al. [112], for thin films with large lengths, the

pull-off forces can reach steady state unlike thin films of small length. These results

clearly indicate that two-dimensional spatula model employed in the current thesis

has the potential to capture almost all the characteristics of the peeling behaviour

of the actual gecko spatula.

4.4.2b Influence of the friction coefficient
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Figure 4.45: Variation of the maximum resultant pull-off force Fmax
res with the peeling

angle θp for different friction coefficients.

Figure 4.45 shows the variation of the magnitude of the resultant pull-off force

Fres with the applied displacement ū at peeling angle θp = 45◦ for friction coefficients

µs = 0.01, 0.05, 0.07, and 0.09. For really low friction coefficient µs = 0.01, the

resultant pull-off force is quite small and remains invariant with the peeling angle.

The resultant pull-off force naturally increases as the friction coefficient increases.

Further, as the friction coefficient is increased, this invariance of the resultant pull-

off force is not observed at high peeling angles. Even for µs = 0.09, the pull-off

force remains constant for low peeling angles θp ≤ 45◦ and decreases sharply as

the peeling angle is increased. This behaviour shows that friction is an important

factor for generating high adhesion as well as friction. Also, the sharp drop in pull-

off forces at high peeling angles once again indicates how geckos can achieve easy

detachment by pulling their toes at high angles.
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Chapter 5

Application of Artificial Neural

Networks To Peeling

Computations

In this chapter, Bayesian regularization based backpropagation neural networks

are employed to predict the peeling behaviour observed in the finite element anal-

yses discussed in Chapter 4. This chapter contains three sections: Section 5.1

describes the Bayesian regularization based backpropagation neural network (BR-

BPNN) employed in the current study, Section 5.2 discusses the implementation of

the BR-BPNN, and Section 5.3 discusses the corresponding results.

5.1 Bayesian regularization based backpropaga-

tion neural network (BR-BPNN)

In this section, a backpropagation neural network (BPNN) along with the Bayesian

regularization learning algorithm are described.

A classical neural network architecture mimics the function of the human brain.

The brain neurons and their connections with each other form an equivalence re-

lation with neural network neurons and their associated weight values (w). In a

single layer network with multiple neurons, each element uj of an input vector is

associated with each neuron i with a corresponding weight wij. A constant scalar

term called bias bi corresponding to each neuron, which is like a weight, is generally

introduced in order to increase the flexibility of the network. This bias bi is multi-

plied by a scalar input value (chosen to be 1 here) and is added to the weighted sum

wijuj of the vector components uj to form a net input ni. This net input ni is then

passed to an activation function f (also called transfer function) that produces an
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output value ai. In general, a neural network consists of two or more layers. Adding

a hidden layer of neurons between the input layer and output layer constitutes a

multi-layer neural network, also named shallow neural network. Furthermore, ad-

dition of more than one hidden layer in the multi-layer neural network is called a

deep neural network.

Traditionally, a BPNN model, a kind of multi-layer neural network, comprises

three layers: an input layer, one or more hidden layers, and an output layer, as

shown in Fig. 5.1. The input layer associates the input vector u having R elements

with input weight matrix W1 and first bias vector b1 to yield an effective input n1 to

the activation function f1, which produces an output vector a1. The output vector

a1 from the first layer forms the input to the hidden layer and is associated with

the weight matrix W2 and bias vector b2 of the hidden layer. At last, the hidden

layer output a2 is given as an input to the output layer and delivers a predicted

output a3 with weight matrix W3 and bias vector b3. In a neural network with a

total of nl number of layers, the weight matrix Wl and bias vector bl for layer l

(where l = 1, 2, . . . , nl) can be written as

Wl =


w l

11 w l
12 w l

13 . . . w l
1R

w l
21 w l

22 w l
23 . . . w l

2R
...

...
...

. . .
...

w l
N l1

w l
N l2

w l
N l3

. . . w l
N lR

 , b l =



b l1

b l2

...

b l
N l


, (5.1)

where N l denotes the number of neurons in layer l and the effective input nl is then

given as

nl = Wlal−1 + bl , with a0 = u . (5.2)

The number of neurons in the input layer (N1) and output layer (N3) is linked

to the number of input and output vectors, respectively. However, the number

of neurons in the hidden layer (N2) are accountable for the quantification of the

weights and biases. The optimal network structure is versed by the optimum number

of neurons in each layer required for the training and denoted as N1-N2-N3. A

variety of activation functions are used in backpropagation neural network viz.,

hard limit, linear, sigmoid, log-sigmoid, hyperbolic tangent sigmoid [269]. In the

current work, linear activation functions are employed in all the layers according to

which, the output is equal to the input i.e. al = nl.

The network error e is calculated by subtracting predicted output ao from target

output to. The sensitivity s, i.e. the measure of how the output of the network

changes due to perturbations in the input, is back-propagated from output layer

(s3) to input layer (s1) via the hidden layer (s2). Through the backpropagation
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Figure 5.1: A typical backpropagation neural network with input, hidden, and output
layers. Adapted with permission from Hagan et al. [270].

process, the error of the neurons in the hidden layer is estimated as the backward

weighted sum of the sensitivity. Thereafter, to update weights, different learning

algorithms are used in association with the sensitivity such as the steepest descent,

LM, and conjugate gradient algorithms. The sensitivity at layer l is calculated using

the recurrence relation [269]

sl = Ḟl
(
nl
)

Wl+1 sl+1 , where l = nl − 1, . . . , 2, 1 , (5.3)

with snl = Ḟnl
(
nnl
)

(to − ao) , (5.4)

where Ḟl(nl) is a diagonal matrix containing the partial derivatives of the activation

function f l with respect to the net inputs nl and is given as

Ḟl
(
nl
)

=


ḟ l
(
nl1
)

0 . . . 0

0 ḟ l
(
nl2
)

. . . 0
...

...
. . .

...

0 0 . . . ḟ l
(
n l
N l

)

 , where ḟ l
(
nlj
)

=
∂f l
(
nlj
)

∂nlj
, (5.5)

and for the considered linear activation function is equal to the identity matrix.

The purpose of a backpropagation neural network model is to ensure a network

with small deviations for the training dataset and supervise the unknown inputs

effectively. The intricacy of the BPNN, monitored by neurons in the hidden layer

and their associated weights, leads to overfitting, i.e. the network tries to make

the error as small as possible for the training set but performs poorly when new

data is presented. However, a robust network model should be able to generalize

well, i.e. it should predict well even when presented with new data. Therefore,

Bayesian regularization based learning of BPNN models is utilized to achieve better

generalization and minimal over-fitting for the trained networks [236, 237].

Consider a neural network with training dataset D having nt number of input
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u and target to vector pairs in the network model, i.e

D =
{

(u1, to1) , (u2, to2) , . . . ,
(
unt , tont

)}
. (5.6)

For each input to the network, the difference between target output (to) and pre-

dicted output (ao) is computed as error e. In order to evaluate the performance of

the network, i.e. how well the neural network is fitting the test data, a quantitative

measure is needed. This measure is called performance index of the network and is

used to optimize the network parameters. The standard performance index F (w̄)

is governed by the sum of the squared errors (SSE)

F (w̄) = ED =
nt∑
i=1

(ei)
2 =

nt∑
i=1

(toi − aoi)
T (toi − aoi) , (5.7)

where w̄ denotes the vector of size K containing all the weights and biases of the

network

w̄T =
[
w1, w2, . . . , wnl

]
1×K

, (5.8)

where

K = N1 (R + 1) +N2
(
N1 + 1

)
+ . . .+Nnl

(
Nnl−1 + 1

)
, (5.9)

and (
wl
)T

=
[
w l

11 , w l
12 , . . . ,w

l
N1R , b l1 , b

l
2 , . . . , b

l
N l

]
. (5.10)

As described in the introduction, in order to generalize the neural network, the

performance index of Eq. (5.7) is modified using a regularization method. A penalty

term (µr/νr)Ew is added to the performance index F (w̄) [271],

F
(
w̄
)

= µrEw + νrED , (5.11)

where µr and νr are the regularization parameters and Ew represents the sum of the

squared network weights (SSW), i.e.

Ew = w̄T w̄. (5.12)

Finding the optimum values for µr and νr is a challenging task, as their comparative

values set up the basis for the training error. If µr << νr, smaller errors are gener-

ated, while if µr >> νr, there should be reduced weight size at the cost of network

errors [240]. For the purpose of finding the optimum regularization parameters, a

Bayesian regularization (BR) method is employed.

Considering the network weights w̄ as random variables, the aim is to choose

the weights that maximize the posterior probability distribution of the weights

P
(
w̄|D,µr, νr,MN

)
given a certain data D. According to Bayes’ rule [236],
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the posterior distribution of the weights depends on the likelihood function

P
(
D|w̄, νr,MN

)
, the prior density P

(
w̄|µr,MN

)
, and the normalization factor

P
(
D|µr, νr,MN

)
for a particular neural network model MN and can be evaluated

from

P
(
w̄|D,µr, νr,MN

)
=
P
(
D|w̄, νr,MN

)
P
(
w̄|µr,MN

)
P
(
D|µr, νr,MN

) . (5.13)

Considering that the noise in the training set has a Gaussian distribution, the

likelihood function is given by

P
(
D|w̄, νr,MN

)
=

exp
(
− νrED

)
ZD
(
νr

) , (5.14)

where ZD =
(
π/νr

)Q/2
and Q = nt ×Nnl .

Similarly, assuming a Gaussian distribution for the network weights, the prior prob-

ability density P
(
w̄|µr,MN

)
is given as

P
(
w̄|µr,MN

)
=

exp
(
− µrEw

)
Zw

(
µr

) , (5.15)

where Zw =
(
π/α

)K/2
.

The posterior probability with the network weights w̄ can then be expressed as

[240]

P
(
w̄|D,µr, νr,MN

)
=

exp
(
− µrEw − νrED

)
ZF
(
µr, νr

) =
exp
(
− F (w̄)

)
ZF
(
µr, νr

) , (5.16)

where ZF
(
µr, νr

)
= ZD

(
νr

)
Zw

(
µr

)
is the normalization factor.

The complexity of the model MN is governed by regularization parameters µr and

νr, which need to be estimated from the data. Therefore, Bayes’ rule is again applied

to optimize them as follows:

P
(
µr, νr|D,MN

)
=
P
(
D|µr, νr,MN

)
P
(
µr, νr|MN

)
P
(
D|MN

) , (5.17)

where P
(
µr, νr|MN

)
denotes the assumed uniform prior density for the parameters

µr and νr. From Eq. (5.17), it is evident that maximizing the likelihood function

P
(
D|µr, νr,MN

)
eventually maximizes the posterior probability P

(
µr, νr|D,MN

)
.

Moreover, it can be noted that the likelihood function in Eq. (5.17) is the nor-

malization factor of Eq. (5.13). Therefore, solving for the likelihood function

P
(
D|µr, νr,MN

)
and expanding the objective function in Eq. (5.11) around the

minimal point w̄∗ via a Taylor series expansion, the optimum values of regulariza-
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tion parameters can be evaluated as follows [272]

µ∗r =
γep

2Ew

(
w̄∗
) and ν∗r =

Q− γep

2ED
(
w̄∗
) , (5.18)

where γep signifies the “number” of effective parameters exhausted in minimizing

the error function

γep = K − µ∗r tr
(
H∗
)−1

, for0 ≤ γep ≤ K , (5.19)

and H∗ is the Hessian matrix of the objective function evaluated at w̄∗. This

minimum point is found by using Levenberg-Marquardt algorithm and the Gauss-

Newton approximation is used to evaluate Hessian matrix [269]

H = ∇2F (w∗) ≈ 2νrJ
TJ + 2µrI , (5.20)

where J is the Jacobian matrix formed by the first derivatives of the network errors

e with respect to network weights wij. In (5.19), tr(·) denotes the trace operator.

The normalization factor ZF (µr, νr) can then be approximated as [269]

ZF
(
µr, νr

)
≈
(
2π
)K/2 [

det
(
H∗
)]−1/2

exp
(
− F

(
w̄∗
))
. (5.21)

The problem of computing the Hessian matrix at the minimal point w̄∗ is implicitly

solved in the Levenberg-Marquardt (LM) optimization algorithm while finding the

minimum of F (w̄). The network weights and biases at the kth iteration are updated

following the Levenberg-Marquardt optimization algorithm as [236, 272]

w̄k+1 = w̄k −
[
JTJ + λLMI

]−1
JTe , (5.22)

where JTe is the error gradient, which needs to be close to zero at end of the

training. Here, λLM denotes the Levenberg’s damping factor. As λLM increases, LM

optimization algorithm approaches steepest descent algorithm with small learning

rate, while as λLM is decreased to zero, the LM algorithm is identical to Gauss-

Newton optimization.

5.2 Implementation of BR-BPNN

In this work, the inputs u of the BR-BPNN models are the seventeen peeling angle

values θp ranging from 10◦ to 90◦ at an interval of 5◦. The seventeen peeling

angles are divided into the training, validation and testing sub-datasets as shown

in Table 5.1. The training dataset is used to train the neural network model using
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Table 5.1: Division of the input dataset.

Input Dataset Peeling angles (θp)
Training set 10◦, 15◦, 20◦, 25◦, 30◦, 35◦, 40◦, 45◦, 60◦, 65◦, 70◦, 75◦, 80◦

Validation set Not required
Testing set 50◦, 55◦, 85◦, 90◦

Bayesian regularization method and the trained model is further validated with

the validation dataset. The validation dataset, in other back-propagation training

algorithms, is used to optimize the hyperparameters for effective training. The

hyperparameters, like the number of neurons in the hidden layer and the learning

parameters such as γep and λLM, are defined as the variables required for training

the neural network. However, for BR based learning networks, the hyperparameters

in the form of the regularization parameters (µr, νr) are implicitly optimized using

Eq. (5.11). Therefore, the validation set is not essentially required in this case for

optimizing the network hyperparameters. Finally, the testing dataset is utilized

to predict the targeted output to and analyze the model performance, accordingly.

Appendix C.2 presents a simple algorithmic overview of BR-BPNN.

Next, three BR-BPNN models are formed with three different output datasets;

each having two output vectors, as shown in Table 5.2. The two output vectors for

BPNN-I are the applied displacement at force maximum ūmax and the maximum

normal pull-off force Fmax
N , for BPNN-II they are the applied displacement at force

maximum ūmax and the maximum tangential pull-off force Fmax
T , and for BPNN-III

they are the applied displacement at detachment ūdet and the resultant force angle

at detachment αdet, respectively. Each output vector consists of 17 elements in all

three models. However, only thirteen elements corresponding to the input training

dataset (see Table 5.1) are selected for training the BPNN models. Then, the input

and output vectors are normalized by the corresponding maximum values. The

performance of BR-BPNN models are estimated by comparing the MSE values with

the number of neurons in the hidden layer and determining the optimal number.

The MSE is computed using the network error and defined as the mean of the sum

of squared networks errors, i.e.

MSE =
1

nt
ED. (5.23)

5.3 Results and discussion

This section presents the BR based backpropagation neural network predictions

of the maximum normal pull-off force Fmax
N , the maximum tangential pull-off force
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Table 5.2: Output dataset for three different BR-BPNN models (see Appendix C.1 for
the FE results).

BPNN-I

Applied displacement at force maximum ūmax := [ūmax
1 , ūmax

2 , . . . . . . , ūmax
16 , ūmax

17 ]T

Maximum normal pull-off force Fmax
N :=

[
Fmax
N1

, Fmax
N2

. . . . . . , Fmax
N16

, Fmax
N17

]T
BPNN-II

Applied displacement at force maximum ūmax := [ūmax
1 , ūmax

2 , . . . . . . , ūmax
16 , ūmax

17 ]T

Maximum tangential pull-off force Fmax
T :=

[
Fmax
T1

, Fmax
T2

. . . . . . , Fmax
T16

, Fmax
T17

]T
BPNN-III

Applied displacement at detachment ūdet :=
[
ūdet

1 , ūdet
2 , . . . . . . , ūdet

16 , ū
det
17

]T
Resultant force angle at detachment αdet :=

[
αdet

1 , αdet
2 . . . . . . , αdet

16 , α
det
17

]T

Fmax
T , and the resultant force angle at detachment αdet along with the corresponding

displacements ūmax and ūdet. Predictions of the networks are then compared with

the finite element results obtained in Chapter 4 that have not been yet used for

training.
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Figure 5.2: Mean square error vs. number of neurons in the hidden layer for different
BPNN models.

To define the optimal structure of each network model, the mean square error

(MSE) of Eq. (5.23) is investigated along with the number of neurons (1 to 16)

in the hidden layer. For the three BR based BPNN models (BPNN- I, BPNN- II

and BPNN- III), training is performed with 1 to 16 hidden neurons. The MSE

values for all three models with only one hidden neuron are found to be very high

i.e. 152, 9.47 and 5.79, being incapable to form an efficient network. However, as
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the number of hidden neurons increases to two, a sudden drop in the MSE values

(0.03, 2.74, and 1.24) is recorded. Each model is trained 15 times independently for

different number of neurons to mitigate the unfavorable effects by choosing random

initial weights. Each network model is trained for a maximum of 2000 epochs. An

epoch is completed when the entire training dataset is passed forward and backward

through the network thus updating the weights once. For the BPNN-II, the mean

square error attains a broad minimum and continuous to decrease between 8 and 10

hidden neurons as shown in Fig. 5.2. For N2 greater than 11, the MSE value again

starts to rise due to overfitting of the network models. Therefore, for BPNN- II the

number of neurons in the hidden layer is selected as 8. The number of neurons in

the input and output layers are taken as 1 and 2 as there is one input vector and two

output vectors for each model. Then the optimal network structure of BPNN-II is

formed as 1-8-2. Following a similar trend, the optimal number of hidden neurons

for BPNN-I and BPNN-III models is found to be 6 and 5, forming the network

structure 1-6-2 and 1-5-2, respectively (see Table 5.3).

Either of the following criteria are selected to terminate or complete the train-

ing process: maximum number of epochs reached, minimum value of performance

gradient reached, minimum constant value of effective parameters (γep) reached,

maximum value of Levenberg’s damping factor (λLM) attained, or MSE reached

within the performance limits. The training results are achieved at 717, 1992, and

1000 epochs for the three different models having MSE of 0.003, 0.09, and 0.006. The

minimal converged value of number of effective parameters γep (Eq. (5.19)) for the

three models are recorded as 19.5, 19.8, and 14.2, respectively. The other network

training parameters like the training time, sum of square errors (SSE) (Eq. (5.7)),

sum of square weights (SSW) (Eq. (5.12)), Levenberg’s damping factor, and error

gradient (Eq. (5.22)) values are also shown in Table 5.3.

Table 5.3: Training parameters for the three BR-BPNN models.

Network Network Epochs Time MSE SSE SSW Number of effective LM Gradient
Models Structure [Min:sec] (ED) (Ew) parameters (γep) Parameter (λLM) (JTe)
BPNN-I 1-6-2 717 00 : 07 0.003 0.053 137 19.5 1.1× 1010 1.16× 10−3

BPNN-II 1-8-2 1992 00 : 55 0.090 1.097 70.8 19.8 1.1× 1010 8.18× 10−4

BPNN-III 1-5-2 1000 00 : 10 0.006 0.036 82.2 14.2 2.0× 1010 4.79× 10−4

After training the models with input-output dataset containing thirteen values,

the testing dataset having the four peeling angles 50◦, 55◦, 85◦ and 90◦, are utilized

to predict the corresponding desired output values. The relative error (RE) is

used to measure the accuracy of the network predictions. RE is calculated as the

deviation of the predicted result from the desired target result, i.e.

RE =

(
ti − ai
ti

)
, (5.24)
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where ti and ai denote the desired target result and the network prediction for a

particular peeling angle of the testing data set, respectively.

5.3.1 Case I: Maximum normal pull-off force

Based on the training parameters from Table 5.3, Fig. 5.3 presents the predicted

(BPNN-I) results of the maximum normal pull-off force Fmax
N and the corresponding

applied displacement ūmax. It can be seen from Fig. 5.3a that the predicted values

of Fmax
N for θp = 50◦, 55◦, and 85◦ are very close to the desired target results (that

are obtained by FE). However, for θp = 90◦, the predicted results show slightly

more deviation compared to the other testing angles. The predictions are similar

for ūmax as shown in Fig. 5.3b. This can also be observed from Table 5.4, which

lists the relative error (RE) for the four testing angles.
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Figure 5.3: Predictions from BR-BPNN-I (a) maximum normal pull-off force Fmax
N and

(b) applied displacement values at the force maximum ūmax.

Table 5.4: Relative error (RE) for the predictions of BR-BPNN-I model.

Peeling angle θp [degrees] RE in ūmax[%] RE in Fmax
N [%]

50◦ 0.1008 0.0276
55◦ 0.0328 0.0244
85◦ 1.8180 0.7779
90◦ 8.5212 3.0867

132TH-2706_146103016



5.3.2 Case II: Maximum tangential pull-off force

From Table 5.3, the training parameters of BPNN-II are utilized to predict the

maximum tangential pull-off force Fmax
T and the corresponding applied displacement

ūmax at the four testing angles. As shown in Fig. 5.4a, deviations of the values

predicted using BR-BPNN for all the testing angles θp = 50◦, 55◦, 85◦, and 90◦ are

very small. However, for ūmax the predicted values show slightly larger deviation

from the desired target results for θp = 90◦. The RE for both Fmax
T and ūmax is

given in Table 5.5. These results show that except for ūmax at θp = 90◦, the current

neural network is very accurate.
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Figure 5.4: Predictions from BR-BPNN-II (a) maximum tangential pull-off force Fmax
T

and (b) applied displacement values at the force maximum ūmax, at four testing peeling
angles.

Table 5.5: Relative error (RE) for the predictions of BR-BPNN-II model.

Peeling angle θp [degrees] RE in ūmax [%] RE in Fmax
T [%]

50◦ 0.0812 0.0301
55◦ 0.0860 0.0129
85◦ 1.6023 0.0935
90◦ 4.0927 0.2420

5.3.3 Case III: Resultant force angle at detachment

Figure 5.5 shows the predictions for the output dataset of BPNN-III, i.e. the applied

displacement at detachment ūdet and the resultant force angle at detachment αdet

using the corresponding training parameters from Table 5.3. As shown in Fig. 5.5b,
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the predicted values of αdet are also very close to the desired target results as seen

from Fig. 5.5a. The RE values corresponding to αdet predictions for 50◦, 55◦, 85◦,

and 90◦ are estimated to be 0.2%, 0.08%, 0.73%, and 0.61%, respectively. Similarly,

the predicted values of ūdet for θp = 50◦ and 90◦ are found to be very close to the

desired target results (see Fig. 5.5a). This can also be observed from the RE results

in Table 5.6. It can be observed that the predictions are very accurate even outside

of the training data set.
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Figure 5.5: Predictions of BR-BPNN-III (a) the resultant force angle at detachment
αdet and (b) applied displacement at detachment ūdet, at four testing peeling angles.

Table 5.6: Relative error (RE) for the predictions of BR-BPNN-III model.

Peeling angle θp [degrees] RE in ūdet [%] RE in αdet [%]
50◦ 0.1748 0.2099
55◦ 0.2704 0.0803
85◦ 0.3880 0.7256
90◦ 0.2482 0.6140

From all these results, it can be observed that out of the three BR-BPNN models,

predictions of BPNN-III are closer to the target outputs compared to other two

models. Also, for BR-BPNN-I and BR-BPNN-II, deviations in the predictions are

larger for umax than for Fmax
N and Fmax

T . BPNN-III performs better even for the data

outside the training data set, which is due to the fact that αdet is fairly invariant with

the peeling angle θp as observed in section 4.3.2. Thus, for this case, extrapolation

is straightforward. Whereas, in case of BPNN-I and BPNN-II, the values of ūmax,

Fmax
N , and Fmax

T vary significantly with the peeling angle θp. As such, extrapolation

becomes difficult for the network. However, both BPNN-I and BPNN-II extrapolate

reasonably well in case of maximum normal and tangential forces, but deviate in case

of the corresponding applied displacement. This behaviour of the neural network
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is consistent with the fact that the Bayesian regularization generalizes very well in

interpolation but is not good at extrapolation [269].

The important advantage of these ANN models lies in the significant reduction

in computational cost. As seen from Table 5.3, the time to train the networks

with the data corresponding to 15 peeling angles for all the three networks is only

one minute. Similarly, once the network is trained, any number of predictions can

be made within minutes. In contrast, the finite element simulations of the two-

dimensional spatula model for a particular peeling angle θp, take anywhere between

10 hours to 1 hour depending on the peeling angle. Thus, augmenting the FE

models with ANNs can significantly reduce the computational times.
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Chapter 6

Conclusions and Scope for the

Future Work

This chapter concludes the thesis first by presenting a summary of the work car-

ried out, followed by discussing the conclusions that can be drawn from the work.

Finally, the possible extensions to the current work are presented.

6.1 Summary

A continuum-based computational framework is developed within the setting of

nonlinear finite element analysis, to study the coupled adhesion and friction be-

haviour in gecko spatula peeling from a flat rigid substrate. The adhesive inter-

actions between the atoms of the spatula and the substrate due to van der Waals

forces are described by the Lennard-Jones potential. The global interaction poten-

tial is then computed using the methodology of homogenization and coarse-graining

of these interatomic interactions [137, 138]. The weak form governing the normal

(adhesive) interactions is then formulated using the principle of minimum potential

energy. The constitutive relation governing the elastic response of the spatula is

modelled using the isotropic, nonlinear Neo-Hookean material model. As the gecko

can generate friction forces even for tensile normal loads, the classical Coulomb-

Amontons friction law, which defines friction only for compressive normal loads,

cannot be applied to evaluate the frictional response. As such, in order to model

the interfacial friction due to adhesion a continuum model of Mergel et al. [202]

is employed. A distance-dependent sliding traction threshold is defined which is

a function of the normal adhesive traction to capture the sliding friction even for

zero and negative normal pressures. If the tangential (frictional) traction becomes

equal to or greater than this threshold value, the interacting bodies start to slide

with respect to each other. Constitutive equations for the friction are formulated
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following the elasto-plasticity framework in which principle of maximum dissipation

is used to derive the evolution equation. An algorithmic treatment following the

unbiased friction formulation of Sauer and DeLorenzis [258], which is based on the

classical predictor-corrector algorithm, is outlined to solve the formulated evolution

equation. The finite element method is employed to discretize to the weak form

governing the adhesive friction contact. Following the isoparametric concept, the

geometry and field variables of each finite element are approximated using the same

shape functions. Using the finite element approximations for each element and per-

forming assembly over all the elements, a global nonlinear boundary value problem

is formulated. Expressions for the tangent matrices corresponding to internal and

contact force vectors are derived. The nonlinear equation describing the system

response is linearized and solved using the Newton-Raphson iterative method. To

address the issue of convergence in Newton-Raphson iteration arising due to inac-

curate capture of the nonlinear contact tractions and to reduce the computational

cost in utilizing very fine finite element meshes, a local surface enrichment strategy

is employed. In this strategy, the contact surface is discretized using higher-order

Lagrange polynomials, while the bulk is described using standard linear Lagrangian

approximations.

A nonlinear finite element code is developed to implement the finite element

formulation. The code is first validated by solving the problem of peeling a two-

dimensional thin strip from a flat rigid substrate. The performance of the enrich-

ment strategy is evaluated, and the results are compared with those in the existing

literature. The code is then used to analyse the coupled adhesion and friction be-

haviour in the peeling of gecko spatula. A thin strip under plane strain conditions

is used to represent the spatula following other studies in the literature [99, 144,

165]. The coupled adhesion and friction phenomenon is investigated by studying

the normal and tangential pull-off force characteristics and the presence of critical

detachment angle at the spatula level. The influence of various parameters such as

the peeling angle, the shaft angle, spatula pad thickness, material stiffness, friction

coefficient, and the shaft length on the pull-off forces and the critical detachment

angle is investigated. Next, a three-dimensional (3D) finite element model is also

used to study the peeling behaviour of the gecko spatula. Both frictional and fric-

tionless peeling of the 3D gecko spatula is analysed to estimate the pull-off forces

and deformation of the spatula. Variation of the pull-off forces with peeling angle

for small frictional coefficients is investigated.

Finally, the application of artificial neural networks to peeling computations

is discussed. A Bayesian regularization based backpropagation learning method

is used to train artificial neural networks (ANN) to predict certain aspects of the

spatula peeling behaviour viz. the maximum normal force, the maximum tangential
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force, and the resultant force angle at detachment corresponding to different peeling

angles.

6.2 Conclusions

Based on the results presented in Chapters 4 and 5, the following conclusions are

drawn:

6.2.1 Pull-off forces

(i) Partial sliding at the peeling front during the peeling off the spatula leads to

an increase in the stored strain energy. This, in turn, increases the maximum

pull-off force reached during peeling. The increase in strain energy is much

higher when the spatula is pulled at low peeling angles as compared to high

peeling angles. As a result, gecko spatula generates higher pull-off forces at

low peeling angles.

(ii) Investigating the influence of peeling angle shows that the major part of large

pull-off forces at small peeling angles is due to the large friction forces. The

normal (adhesion) forces decrease as the peeling angle is increased despite

the fact that the total area of contact on which the van der Waals forces act

remains the same at any given peeling angle. This is because, although locally

the normal forces are only dependent on the distance-dependent adhesion,

globally, the effect of local tangential (friction) forces contribute to the total

normal forces generated. Thus, as the tangential forces decrease at higher

peeling angles, normal forces also decrease.

(iii) The maximum normal and the tangential pull-off forces obtained using the

current computational model match well with the analytical results of Tian

et al. [99].

(iv) Further, as the peeling angle is increased, the “adhesion region”, which is

the range of normal and tangential pull-off forces for which the spatula can

remain attached to the substrate, decreases. However, the pull-off forces at

the snap-off point remain invariant with the peeling angle.

(v) The partial sliding at the peeling front and the non-zero bending stiffness,

significantly influence the pull-off forces as observed by comparing the current

model to other analytical models [37, 49].

(vi) For a given peeling angle, the pull-off forces decrease, as the shaft angle in-

creases. This is because the total area of the spatula pad in contact with the
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substrate decreases. Further, configurations of the spatula with really small

shaft angles and peeling angles probably do not occur as it could potentially

lead to crowding of the neighbouring spatulae.

(vii) Spatula pad thickness significantly influences the maximum pull-off forces

obtained during the peeling. However, this effect is greater for the increase

in thickness from 5 − 10 nm than for thickness greater than 10 nm. For

thicknesses greater than 10 nm, the increase in pull-off forces comes at the

cost of compliance and increase in the mass.

(viii) As the material stiffness decreases, the maximum pull-off forces increase. This

is because, the spatula becomes more compliant and readily attaches to the

substrate. As such, greater force is required to separate the small from the

substrate. However, this increase in compliance also increases the stresses in

the peeling zone, which could potentially rupture the spatula material.

(ix) Easy detachment of the spatulae is made possible by changing the shaft angle

and pulling vertically such that no frictional forces develop. The corresponding

results match well with the experimental observations of Huber et al. [66] and

Sun et al. [55].

6.2.2 Critical detachment angle

(i) At any given peeling angle, as the spatula is peeled off the substrate, the

resultant force angle changes throughout the peeling process. However, at

the point of detachment, irrespective of the peeling angle and the shaft angle,

the spatula detaches at a constant resultant pull-off force angle called critical

detachment angle α∗spatula. For the considered parameters, it is approximately

equal to 26◦.

(ii) The spatula can stay attached to the substrate even after the sliding starts

(and the contact becomes unstable) if the pull-off force and the strain en-

ergy values fall within the stability envelope (the pull-off force versus the

strain energy curve) corresponding to that peeling angle. Once the spatula

is stretched beyond a critical value, called the minimum pre-strain, the spat-

ula can be spontaneously detached by decreasing the applied force below the

values given by the stability envelopes. Further, irrespective of the peeling

angle, the pull-off force versus the strain energy curves followed same paths

initially and after the sliding starts. Moreover, the spatula reaches approxi-

mately the same critical energy state irrespective of the peeling angle, which

could explain the invariance of the critical detachment angle.
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(iii) The spatula exhibits the behaviour governed by the phenomenological “fric-

tional adhesion” model [48]. Following the critical detachment angle of

α∗spatula ≈ 26◦, irrespective of the peeling angle the maximum friction force

is always greater than 2.1 times that of the maximum normal force.

(iv) The critical detachment angle, in general, decreases with increasing spatula

pad thickness, consistent with the observations in the literature [267]. How-

ever, for thicknesses greater than 10 nm, the spatula does not detach at the

same angle for large peeling and shaft angles. For large peeling and shaft an-

gles, the spatula does not slide on the substrate, and this is found to influence

the invariance of the critical detachment angle.

(v) Invariance of the critical detachment angle remains constant for a wide range

of spatula shaft lengths.

6.2.3 Three-dimensional spatula peeling

(i) The Q1C4 contact element formulation even with a coarse mesh is observed to

provide sufficiently accurate results compared to the Q1C2 formulation with

a fine mesh used in the literature [162].

(ii) In case of the 3D spatula peeling simulations with low friction coefficient,

at small peeling angles, an apparent steady-state is observed for tangential

pull-off forces. Also, at small peeling angles, the maximum normal and the

tangential pull-off forces reached are invariant with the peeling angle. As

the friction coefficient decreases, the maximum pull-off forces reached remain

constant with the peeling angle, even at high peeling angles.

(iii) Comparison with 2D spatula peeling simulations reveals that the 2D spat-

ula model can capture most essential characteristics of the peeling behaviour

observed with the 3D models.

6.2.4 Application of artificial neural networks to peeling

computations

(i) Artificial neural networks trained using Bayesian regularization based back-

propgation algorithms can provide sufficiently accurate predictions for peeling

computations.

(ii) Artificial neural networks have the potential to significantly reduce the high

computational times involved with finite element simulations.
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6.3 Scope for the future work

In this section, various possible extensions to the current work are discussed.

� In the current work, the coupled adhesion and friction behaviour is evaluated

for static peeling of the gecko spatula. However, in practice, the peeling

phenomenon is a dynamic process. As such, the current formulation can be

extended to investigate dynamic peeling behaviour and analyse the effects of

peeling rate.

� The computational framework developed in the thesis is employed to study

the gecko spatula peeling. However, the current computational model is not

limited by geometrical, kinematical, and material restrictions. Therefore,

one possible extension is to employ the current framework to study termi-

nal structures having different geometries such as conical (in stick insects)

and mushroom-shaped (in beetles and spiders). Further, the current model

can also be extended to model the viscoelastic behaviour exhibited by many

biological materials.

� The computational framework can also be used in the design and analysis of

gecko-inspired synthetic adhesives.

� In the current work, the surface of the rigid substrate is considered to be

smooth. However, in its natural habitat, gecko encounters surfaces which have

roughness on various length scales. In order to model the peeling behaviour

on these rough surfaces, the current model can be combined with different

micromechanical models like that of De Lorenzis and Wriggers [273].

� The macroscale behaviour of the gecko adhesive pads is due to the complex in-

teractions between individual structures in each level of the hierarchy. This be-

haviour can be modelled by casting the current coupled adhesion and friction

model into a multiscale framework such as the one developed by Sauer [146].

� The finite element analysis of the detailed 3D solid model of the gecko spatula

tends to be computationally expensive. Various approaches can be employed

to reduce the computational time. One such method is to employ a reduced

beam model as in the work of Sauer and Mergel [166], in which the 3D solid

model is represented by a geometrically exact beam with continuously varying

cross-section. Compared to the fine mesh of the 3D spatula model described

in Section 4.4, reduced beam model of [166] has 100 times fewer degrees of

freedom. This would lead to much lower computational time.
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� Another approach to reduce the computational time as well as improve the

accuracy of the solution is to employ a hybrid approach such as the one pro-

posed by Corbett and Sauer [268]. This approach combines the accuracy of

isogeometric analysis (IGA) with the efficiency of the finite element method.

In this approach, the contact surface is described using NURBS basis func-

tions, which can represent the surface geometry accurately. Whereas, the bulk

is discretized using simple linear finite elements. Yet another approach is to

employ the varying-order NURBS discretization method [274] to overcome

the high computational costs involved in the traditional IGA technique. In

this method, the contact surface is discretized using higher-order NURBS ba-

sis functions while the bulk is represented by the minimum order of NURBS

basis functions capable of representing the geometry accurately.

� Further, the neural network models described in the current thesis can be

extended to predict the influence of various geometrical, material, and envi-

ronmental factors on strip peeling. Another interesting problem that can be

investigated using BR-BPNN is the constitutive modelling for the hierarchical

structures in the gecko adhesion mechanism.

143TH-2706_146103016



144TH-2706_146103016



Appendix A

Internal Tangent Matrices

A.1 Linearization of the internal virtual work

In this section, linearization of the internal virtual work and derivation of the cor-

responding tangent matrices is discussed. Linearization of the quantities associated

with a nonlinear boundary value problem is required for their algorithmic treatment

such as in the Newton-Raphson iterations used to solve the nonlinear equilibrium

equation in Eq. (3.17). The linearization procedure is followed from the detailed

discussion in Wriggers [259].

In general, any tensor-value function f(ϕ) can be linearized using the Taylor

series expansion at ϕ̄ in the direction of the vector ∆ϕ as

L(f)
∣∣∣
ϕ=ϕ̄

= f(ϕ̄) + Df(ϕ̄) [∆ϕ] , (A.1)

where Df(ϕ̄) [∆ϕ] represents the directional derivative of the function f in the

direction of the vector ∆ϕ evaluated at ϕ̄ as

Df(ϕ̄) [∆ϕ] =
d

dε∗
[f(ϕ̄+ ε∗∆ϕ)]

∣∣∣∣
ε∗=0

. (A.2)

The virtual work done by the internal stresses is given by the first term of the

weak form in Eq. (2.46) as (here the index k is dropped for brevity)

δWint(ϕ, δϕ) =

∫
Ω0

Grad(δϕ) : P dV (A.3)

with

Grad(δϕ) =
∂(δϕ)

∂X
= δF . (A.4)

Then, the directional derivative of δWint(ϕ, δϕ) in the direction of δϕ at ϕ̄ is
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obtained as

DδWint(ϕ̄, δϕ) [∆ϕ] =

∫
Ω0

(
DP (ϕ̄) [∆ϕ]

)
: Grad(δϕ) dV . (A.5)

Noting the relation P = FS, we get

DδWint(ϕ̄, δϕ) [∆ϕ] =

∫
Ω0

{[
DF (ϕ̄) [∆ϕ]

]
S̄+F̄

[
DS(ϕ̄) [∆ϕ]

]}
: Grad(δϕ) dV ,

(A.6)

where the ¯(•) indicates that the quantity is evaluated at ϕ = ϕ̄. Using Eq. (A.2),

the directional derivative of F at ϕ̄ in the direction of ∆ϕ is given by

DF (ϕ̄) [∆ϕ] = Grad(∆ϕ) . (A.7)

Also, the directional derivative of the second Piola-Kirchoff stress tensor S at ϕ̄ in

the direction of ∆ϕ is given by

DS(ϕ̄) [∆ϕ] =
∂S

∂C
DC(ϕ̄) [∆ϕ] (A.8)

=
1

2
C̄
[
F T Grad∆ϕ+ (Grad∆ϕ)TF

]
(A.9)

= C̄DE(ϕ̄) [∆ϕ] , (A.10)

due to Eq. (2.3). Here, C is the material elasticity tensor corresponding to the

second Piola-Kirchoff stress tensor S and is similar to the spatial elasticity tensor c

defined in Eq. (2.14). By denoting the directional derivative of the Green-Lagrange

strain tensor E at ϕ̄ in the direction of ∆ϕ as

DE(ϕ̄) [∆ϕ] = ∆Ē , (A.11)

Eq. (A.6) can be written as

DδWint(ϕ̄, δϕ) [∆ϕ] =

∫
Ω0

{
Grad(∆ϕ) S̄ + F̄ C̄∆Ē

}
: Grad(δϕ) dV (A.12)

=

∫
Ω0

{
Grad(∆ϕ) S̄ : Grad(δϕ) + F̄ C̄∆Ē : Grad(δϕ)

}
dV

(A.13)

=

∫
Ω0

{
Grad(∆ϕ) S̄ : Grad(δϕ) + C̄∆Ē : F̄

T
Grad(δϕ)

}
dV .

(A.14)
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Using the major and minor symmetry properties of the fourth-order tensor C, the

second term in the above equation can be rewritten as

C̄∆Ē : F T Grad(δϕ) = C̄∆Ē :
1

2

(
F̄

T
Grad(δϕ) + GradT(δϕ) F̄

)
, (A.15)

= C̄∆Ē : δĒ (A.16)

due to the definition of the Green-Lagrange strain tensor E, see Eq. (2.3). Then,

the directional derivative of the internal virtual work in Eq. (A.14) can finally be

written as

DδWint(ϕ̄, δϕ) [∆ϕ] =

∫
Ω0

{
Grad(∆ϕ) S̄ : Grad(δϕ) + C̄∆Ē : δĒ

}
dV , (A.17)

where the first term corresponds to the geometrical nonlinearities arising from the

finite deformations through the stress tensor S and the second term corresponds

to the material nonlinearities through the material tensor C. As such, it can be

written that

DδWint(ϕ̄, δϕ) [∆ϕ] = DδWgeo(ϕ̄, δϕ) [∆ϕ] + DδWmat(ϕ̄, δϕ) [∆ϕ] (A.18)

with

DδWgeo(ϕ̄, δϕ) [∆ϕ] =

∫
Ω0

Grad(∆ϕ) S̄ : Grad(δϕ) dV (A.19)

DδWmat(ϕ̄, δϕ) [∆ϕ] =

∫
Ω0

C̄∆Ē : δĒ dV . (A.20)

By using the approximations in Eq. (3.3) the gradients of δϕ and ∆ϕ at point X

of an element ‘e’ can be obtained as

Grad(δϕ) = ve ⊗∇Ne , (A.21)

Grad(∆ϕ) = ∆ϕe ⊗∇Ne , (A.22)

where ∇ = ∂/∂X. Then, the geomterical part (A.19) can be modified as

DδWgeo(ϕ̄, δϕ) [∆ϕ] =

nel⋃
e=1

∫
Ωe

0

∆ϕe ⊗∇Ne S̄ : ve ⊗∇Ne dV . (A.23)

Observing that S is a symmetric tensor and using the rules of double contraction

and dyadic product it can be written that
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DδWgeo(ϕ̄, δϕ) [∆ϕ] =

nel⋃
e=1

∫
Ωe

0

S̄ : [∆ϕe ⊗∇Ne]T ve ⊗∇Ne dV (A.24)

=

nel⋃
e=1

∫
Ωe

0

S̄ :
[
(∆ϕe · ve) (∇Ne)T ⊗∇NI

]
dV (A.25)

=

nel⋃
e=1

(∆ϕe · ve)
∫

Ωe
0

[
∇Ne · S̄∇Ne

]
dV (A.26)

which can be further modified by noting that ∆ϕe · ve = ∆ϕe · I ve to get

DδWgeo(ϕ̄, δϕ) [∆ϕ] =

nel⋃
e=1

ve · kegeo ∆ϕe , (A.27)

where kegeo is called the elemental geometrical tangent matrix or the initial stress

matrix. It is given as

kegeo =

∫
Ωe

0

[
∇Ne · S̄∇Ne

]
I dV , (A.28)

In the matrix form it is expressed as

[kegeo]ij =

∫
Ωe

0

(Ne
,Xk

)T Skl N
e
,Xl

δij dV , (A.29)

where Ne
,Xk

= ∂Ne/∂Xk with k = 1, 2, ..., d. It can also be written in the current

configuration as

[kegeo]ij =

∫
Ωe

0

(Ne
, xi

)T σij Ne
, xi
δij dv . (A.30)

Since the structure of ∆Ē and δĒ is same as seen from Eqs. (A.9) and (3.22), the

matrix form of ∆Ee for a given finite element e follows from Eq. (3.24) as

∆Ee = BTL ∆ϕe , (A.31)

Inserting the above relation and Eq. (3.24) into Eq. (A.20) and writing the material

elasticity tensor in C in Voigt notation as Cv leads to

DδWmat(ϕ̄, δϕ) [∆ϕ] =

nel⋃
e=1

ve ·
∫

Ωe
0

BT
TL Cv BTL dV , (A.32)

=

nel⋃
e=1

ve · kemat ∆ϕe , (A.33)
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from which the elemental material tangent matrix follows as

kemat =

∫
Ωe

0

BT
TL Cv BTL dV , in the reference configuration (A.34)

kemat =

∫
Ωe

0

BT
UL cv BUL dv , in the current configuration , (A.35)

where cv is the Voigt notation representation of the spatial elasticity tensor c.
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Appendix B

Contact Tangent Matrix

B.1 Tangent Matrix for Adhesive Friction

In this section, the tangent matrices corresponding to the contact forces is derived.

This is done by linearizing the contact forces, which is required in the Newton-

Raphson iterations. Following the procedure detailed in Sauer and De Lorenzis [257,

258], the contact force f eck acting on any given surface element δΩae
k can be linearized

as

f eck(u
e
k + ∆uek,u

e
l + ∆uel ) ≈ f eck(u

e
k,u

e
l ) + keckk(u

e
k,u

e
l )∆uek + keckl(u

e
k,u

e
l )∆uel (B.1)

where k = 1, 2 and l 6= k. The two tangent matrices kckk and kckl can be obtained

from Eq. (2.44) in the reference configuration as

keckk =
∂f eck
∂uek

= −
∫
∂Ωae

k0

(Ne
k)

T

[
∂T ak

∂uek
− ∂T fk

∂uek

]
dAk , (B.2)

keckl =
∂fck

∂uel
= −

∫
∂Ωae

k0

(Ne
k)

T

[
∂T ak

∂uel
− ∂T fk

∂uel

]
dAk , (B.3)

where the partial derivatives of the normal (adhesive) and tangential (frictional)

tractions are derived in the following sections.

B.1.1 Contact tangent in normal direction

The partial derivatives of the normal tractions
∂T ak

∂uek
and

∂T ak

∂uel
are derived in this

section. Recalling the definition of adhesive contact traction in Eq. (2.36) and

noting that θk = 1 in the current thesis, it can be written that

T ak :=
Taknp

Jl
with Tak =

AH

2πr3
0

[
1

45

(
r0

rs

)9

− 1

3

(
r0

rs

)3
]
. (B.4)
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Using the approximations given by Eq. (3.5) and noting that uek = xek − Xe
k, the

partial derivative of the adhesive contact traction acting in the normal direction

can be written as
∂T ak

∂uek
=

∂T ak

∂xk

∂xk
∂uek

=
∂T ak

∂xk
Ne
k . (B.5)

Observing that the adhesive traction is a function of three parameters, i.e. T ak =

T ak(np, rs, Jl), and noting that for the Lennard-Jones potential, volume change is

approximately equal to the local surface stretch, i.e. Jl ≈ Jcl (see Section 2.3), the

partial derivative of the adhesive traction with respect to the point xk in Eq. (B.5)

can be rewritten as

∂T ak

∂xk
=

1

Jecl

∂Tak

∂rs

np ⊗
∂rs

∂xk
+

Tak

Jecl

∂np

∂xk
+

∂T ak

∂Jecl
⊗ ∂Jecl
∂xk

. (B.6)

Evaluation of the partial derivatives in the three terms in Eq. (B.6) is discussed in

the following:

B.1.1a First term

In the first term of Eq. (B.6),

∂Tak(rs)

∂rs

= T ′a(rs) = − AH

2πr4
0

[
1

5

(
r0

rs

)10

−
(
r0

rs

)4
]
. (B.7)

Since rs = |xk − xp|, the partial derivative of the normal distance with respect

to the point xk can be evaluated as

∂rs

∂xk
=

[
I −

(
∂xp

∂xk

)T
]
np . (B.8)

From the mapping of the physical space to the parametric space given by Eq. (2.60)

and FE approximations given by Eq. (3.5), we can write

xp = Ne
l (ξp) xel ,

∂xp

∂xk
=

∂xp

∂ξαp
⊗
∂ξαp
∂xk

, (B.9)

where the partial derivatives ∂xp/∂ξ
α
p are simply the co-variant tangent vectors

ap
α (α = 1, 2) at the projection point as defined in Eq. (2.61). They can be evaluated

as

ap
α =

∂xp

∂ξαp
= Ne

l,α(ξp) xel , (B.10)

where Ne
l,α = ∂Ne

l /∂ξ
α. The parametric coordinates ξ of the surface at xp are
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obtained from the nonlinear equation defined in Eq. (2.64) as

(xp − xk) · ap
α = 0 , (B.11)

which when differentiated with respect to xk, as shown by Sauer and DeLoren-

zis [257], gives the partial derivative ∂ξαp /∂xk as

∂ξαp
∂xk

= cαβp ap
β , (B.12)

where the contra-variant components cαβp of the tensor cp are obtained from the

inversion of the covariant components of the tensor d defined as

d = dp
αβ a

α
p⊗aβp , where dp

αβ =
[
ap
α ·a

p
β−rsnp ·ap

α,β

]
and ap

α,β =
∂ap

α

∂ξβp

∣∣∣∣∣
ξp

, (B.13)

which leads to
∂xp

∂xk
= cαβp ap

α ⊗ a
p
β . (B.14)

The partial derivative in Eq. (B.8) can then be found using Eq. (B.14) as

∂rs

∂xk
=

[
I −

(
cαβp ap

α ⊗ a
p
β

)T

]
np . (B.15)

From the definition of dyadic product

(ap
α ⊗ a

p
β)Tnp = (ap

α · np)ap
β , (B.16)

and as the covariant tangent vector ap
α is always normal to the surface normal np

at the projection point xp it follows that

ap
α · np = 0 , (B.17)

which finally results in

∂rs

∂xk
= np . (B.18)

B.1.1b Second term

In the second term of Eq. (B.6), the gradient of the surface normal np with respect

to xk can be obtained by first recalling that

np =
1

rs

(xk − xp) . (B.19)
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Differentiating Eq. (B.19) with respect to xk, we get

∂np

∂xk
=

1

rs

∂(xk − xp)

∂xk
+

∂

∂xk

(
1

rs

)
⊗ (xk − xp)

=
1

rs

[
∂xk
∂xk
− ∂xp

∂xk

]
+

∂

∂rs

(
1

rs

)
∂rs

∂xk
⊗ (xp − xk) . (B.20)

This can be rewritten using Eqs. (B.18) and (B.19) as

∂np

∂xk
=

1

rs

[
I − ∂xp

∂xk
− np ⊗

∂rs

∂xk

]
, (B.21)

Substituting Eqs. (B.14) and (B.18) into Eq. (B.21) finally results in

∂np

∂xk
=

1

rs

[
I − cαβp a

p
α ⊗ a

p
β − np ⊗ np

]
. (B.22)

B.1.1c Third term

In the third term of Eq. (B.6), the partial derivative ∂T ak/∂J
e
cl, can be obtained

from Eq. (B.4) as

∂T ak

∂Jecl
=

∂

∂Jecl

(
Taknp

Jecl

)

= − Taknp

(Jecl)
2 . (B.23)

The local surface stretch Jecl of body Bl is defined as

Jecl :=
‖ap

1 × a
p
2‖

‖Ap
1 ×A

p
2‖

in 3D , (B.24)

Jecl :=
‖ap‖
‖Ap‖

in 2D . (B.25)

Its gradient can be obtained following Eq. (B.12) and Appendix D of Sauer and

DeLorenzis [257]

∂Jecl
∂xk

=
∂Jecl
∂ξαp

∂ξαp
∂xk

= Jecl,α c
αβap

β . (B.26)

Here,

Jecl,α :=
∂Jecl
∂ξαp

= Jecl

[
aβp ·

∂ap
β

∂ξαp
−Aβ

p ·
∂Ap

β

∂ξαp

]
, (B.27)
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where aβp and Aβ
p are the contra-variant tangent vectors corresponding to their

co-variant counter parts ap
β and Ap

β, respectively. They are defined in Eq. (2.62) as

aβp = aαβap
α ;

[
aαβ
]

= [aαβ]−1 and aαβ = ap
α · a

p
β ,

Aβ
p = AαβAp

α ;
[
Aαβ

]
= [Aαβ]−1 and Aαβ = Ap

α ·A
p
β .

(B.28)

The partial derivatives ∂ap
β/∂ξ

α
p and ∂Ap

β/∂ξ
α
p can be computed following Eq. (B.10)

as
∂ap

β

∂ξαp
=Ne

l,αβ(ξp) xel ,

∂Ap
β

∂ξαp
=Ne

l,αβ(ξp) Xe
l .

(B.29)

If the second body Bl is rigid and motionless then Eq. (B.26) becomes zero.

The partial derivatives of the adhesive traction T ak with respect to the nodal

displacement vector uel of body Bl (see Eq. (B.3)) can be obtained similarly as [257]

∂T ak

∂uel
= − T ′aknp ⊗ np Ne

l + Tak
∂np

∂uel
− T ak

Jecl
⊗ ∂Jecl
∂uel

, (B.30)

with

∂np

∂uel
= − 1

rs

[
I − np ⊗ np − cαβp a

α
p ⊗ aβp

]
Ne
l (ξp)− cαβp a

α
p ⊗ np Ne

l,β(ξp) (B.31)

and

∂Jecl
∂uel

= −Jecl,α cαβp ap
β Ne

l (ξp) +
[
Jecl a

β
p + rs J

e
cl,α c

αβ
p np

]
Ne
l,β(ξp) . (B.32)

Finally, substituting Eqs. (B.7), (B.18), (B.22), (B.26) into Eq. (B.6), the partial

derivative of the adhesive traction with respect to the point xk can be evaluated.

This in turn can be used to compute the partial derivatives of the normal (adhesive)

tractions in Eq. (B.2). Similarly by combining Eqs.(B.30) with Eqs. (B.31) and

(B.32), the partial derivatives of the normal (adhesive) traction with respect to the

nodal displacement vector uel of body Bl in Eq. (B.3) can be computed.

B.2 Contact tangent in tangential direction

In this section, the contact tangent matrix related to the tangential tractions during

sliding and sticking are derived following Appendix B of Sauer and DeLorenzis [258].

It should be noted that unless stated otherwise, all quantities refer to the current

pseudo-time step t+ ∆t.
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B.2.1 Tangential sticking

The tangential traction during sticking is given by the elastic predictor given by

Eq. (2.69), i.e. T fk = (T f)tr, where

(T f)tr = εT

[
xl
(
ξt+∆t

p

)
− xl

(
ξts
) ]

. (B.33)

The partial derivative of T fk with respect to the nodal displacement uek then follows

with xp := xl(ξp) [258]

∂T fk

∂uek
=
∂(T f)tr

∂xk

∂xk
∂uek

= εT
∂xp

∂xk

∂xk
∂uek

(B.34)

Eq. (B.34) can be rewritten using Eq. (B.14) and approximations in Eq. (3.3) and

(3.6) as
∂T fk

∂uek
= εT c

αβ
p ap

α ⊗ a
p
β Ne

k , (B.35)

The partial derivatives of the tangential traction during sticking with respect to

the nodal displacement vector uel of body Bl can be obtained similarly as

∂T fk

∂uel
= εT

[
∂xp

∂uel
− ∂xl(ξ

t
s)

∂uel

]
. (B.36)

Following Sauer and DeLorenzis [257] we can write,

∂xp

∂uel
= Ne

l (ξp)− cαβp ap
α ⊗

(
ap
β Ne

l (ξp)− rsnp Ne
l,β(ξp)

)
; (B.37)

∂xl(ξ
t
s)

∂uel
= Ne

l (ξ
t
s) . (B.38)

B.2.2 Tangential sliding

If the bodies in contact are sliding with respect to each other, then the tangential

traction is given by Eq. (2.59) or Eq. (2.77) as

T fk = TslidenT , with nT =
(T f)tr

‖(T f)tr‖
. (B.39)

where the trial traction (T f)tr is given by Eq. (2.77) and the superscript t + ∆t is

omitted. Then, the partial derivatives of the tangential traction in Eqs. (B.2) and
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(B.3) can be evaluated as [258]

∂T fk

∂uek
= Tslide

∂nT

∂uek
+ nT ⊗

∂Tslide

∂uek
, (B.40)

∂T fk

∂uel
= Tslide

∂nT

∂uel
+ nT ⊗

∂Tslide

∂uel
, (B.41)

From Eq. (B.39), we can compute

∂nT

∂uek
=

∂nT

∂(T f)tr

∂(T f)tr

∂uek
, (B.42)

∂nT

∂uel
=

∂nT

∂(T f)tr

∂(T f)tr

∂uel
, (B.43)

with
∂nT

∂(T f)tr

=
1

‖(T f)tr‖

[
I − nT ⊗ nT

]
. (B.44)

Using the above equations, Eqs. (B.40) and (B.41) can be rewritten as

∂T fk

∂uek
= Tslide

∂nT

∂(T f)tr

∂(T f)tr

∂uek
+ nT ⊗

∂Tslide

∂uek
, (B.45)

∂T fk

∂uel
= Tslide

∂nT

∂(T f)tr

∂(T f)tr

∂uel
+ nT ⊗

∂Tslide

∂uel
, (B.46)

The partial derivatives of the sliding threshold in the above equations can be derived

from Eq. (2.50) as[
∂Tslide

∂uek

]T

=

[
µs

Jecl
T ′ak(rs)np −

Tslide

Jecl

∂Jecl
∂xk

]T

Ne
k , (B.47)[

∂Tslide

∂uel

]T

=
µs

Jecl
T ′ak(rs)n

T
p Ne

l −
Tslide

Jecl

[
∂Jecl
∂uel

]T

, (B.48)

where T ′ak(rs) is given by Eq. (B.7). The partial derivatives of the local surface

stretch ∂Jecl/∂xk and ∂Jecl/∂uel are given by Eqs. (B.26) and (B.32), respectively.

Similar equations can be obtained for the quantities in current configuration.
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Appendix C

Supplementary Material for

Bayesian Regularization Based

Backpropagation

C.1 Results from finite element simulations

Table C1 lists the values of the maximum normal force Fmax
N , maximum tangential

force Fmax
T , applied displacement at force maximum ūmax, applied displacement at

ūdet, and resultant force angle at detachment αdet for different peeling angles as
obtained in Chapter 4 using nonlinear finite element analysis.

Table C1: Data from finite element results for “Type I” peeling of Section 4.3.1a.

Peeling Applied Maximum Maximum Applied Resultant force

No. angle displacement at normal tangential displacement angle at

θp force maximum force Fmax
N force Fmax

T at detachment detachment αdet

[degrees] ūmax [nm] [nN] [nN] ūdet [nm] [degrees]

1 10 41.8 174.1584 1722.719 393.4 25.64973

2 15 35.6 171.1613 1529.699 263.8 25.57726

3 20 33.8 165.5169 1370.545 199.6 25.56427

4 25 32.4 160.1255 1240.153 161.6 25.59890

5 30 31.2 155.0284 1129.391 136.6 25.60988

6 35 30.6 150.3356 1034.944 119.0 25.55115

7 40 30.2 145.7655 950.3074 106.2 25.55958

8 45 30.0 141.2537 872.9422 96.6 25.61840

9 50 30.2 136.8172 801.4117 89.2 25.65779

10 55 30.6 132.2554 733.2346 83.4 25.62680

11 60 31.4 127.5051 667.3803 78.8 25.53845

12 65 32.8 122.5176 602.7001 75.4 25.66338

13 70 34.4 117.0706 537.6730 72.6 25.51802

14 75 36.8 110.9777 471.2534 70.6 25.49363

15 80 40.2 104.0514 402.4569 69.4 25.69447

16 85 44.8 95.87533 330.1474 68.4 25.44845

17 90 51.8 86.18540 254.5306 68.2 25.49894
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C.2 Framework of Bayesian regularization based

backpropagation

The algorithm for the Bayesian regularization based backpropagation is composed

of the following steps:

1. Pick training data set D containing the 13 cases specified in Table 5.1, 5.2

and Appendix C.1.

(a) Input vector, u: Peeling angles θp

(b) Target output vector, to : ūmax, Fmax
N (for BPNN-I)

ūmax , Fmax
T (for BPNN-II)

ūdet , αdet (for BPNN-III)

2. Initialize neural network with

(a) Number of neurons in the input layer equal to the number of input vec-

tors, which is equal to 1 for all the three BPNN models as described in

step 1(a), i.e. N1 = 1.

(b) Number of neurons in the output layer equal to the number of output

vectors, which is equal to 2 for all the three BPNN models as described

in Table 5.2, i.e. N3 = 2.

(c) Number of neurons in the hidden layer equal to one, i.e. N2 = 1.

3. Set learning method to Bayesian regularization

(a) Set maximum number of epochs to 2000.

(b) Divide the training data set as per Table 5.1.

4. Train the network

(a) Compute regularization parameters µr and νr using Eq. (5.18).

(b) Backpropagate sensitivities calculated using Eqs. (5.3) and (5.4).

(c) Update weights using Eq. (5.22).

5. Compute mean square error (MSE) using Eq. (5.23).

6. Loop over steps 4 and 5 with different number of neurons in the hidden layer.

7. Plot the MSE vs. number of neurons in the hidden layer as in Fig. 5.2.
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8. Select the number of neurons in the hidden layer to be the value from which

MSE attains a broad minimum and decreases as N2 is further increased. This

determines the optimal network structure N1-N2-N3.

9. Retrain the neural network model with optimal network structure from step

8.

10. Save the model parameters (as in Table 5.3) along with weights and biases.

11. Using the saved parameters in step 10, predict for the testing data set in

Table 5.1.
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